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T ABSTRACT

Analytical solutions are obtained for steadyfstate>smhmetr1c and
unsymmetric solidifications of'forcednlaminar Tiquid flows in parallel-.
plafe‘cnannels with convective boundary conditions. The classical-
Graetz type analysis based on the physical model of Zerkle and Sunder-
land is made by using the'confluent:hypergeometric function- for the
case with un1form convective coolings at upper and lower plates and
lthe case with perfect insulation at lower plate and uniform convective
cooling at upper plate. Numerical results are obtained for 11qu1d soli-
dification-free 1ength ice 1ayer thickness, pressure drop, bulk tempera— .
ture, heat transfer rate and Tocal Nusselt number for a range of valyes '
‘of Biot number and superheat rat1o._ The conf19uration and thermal con-
ditions under consideration may be encountered in heat exchangers using-
cryogen1cs and freezing of ice sheets on northern rivers and lakes

The Graetz probJem w1th axial heat conduction effects in
paraliel-plate channe1s ¢ansidering both the upstream andvdownstream
regions is"extendea to the case of convective boundary condition. It
is found that enaiytical solu;ion in freezing zone cannot be obtained

for low Peciet_number fiow regime and numerical solution must be sought.
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R ‘Liquid'soTidiFication in Parallel Plate Channels

In recent years, the problem of quuid so1idification in cir-

)
e

cular tubes with fully deveioped laminar flow at the thermal entrance by
has been studied by several investiqators for the therma] boundpry con-

ditions of uniform wall temperature and c0nvective cgoiing The solidi-

% fication of liquids flowing through tubes: or channe]s is of technical
;} N importance and may occur in water maiksu process equipment and.othe¥ 2

| various hydraulic systems subjected to extreme ambient temperatures
nels with convective boundary conditions is encountered in natural
phenomena such as the freezing of northern rivers and lakes and in
various industrial processbn such as the soiidifyivg of metaT castings

in mo]ds, freezing of foods and solidification within ]iguid flow heat
/

exchanges using a cryogen as the coolant For the spec1fic configura-.‘” "

tion of the paraiiei p1ate'channe1 one notes ‘that’ the iiquid soiidifi-

The solidification of flowing liQuid 1n_B;:aJiel piate chan-" '

: cation problem has been studied so far for the case of uniform'wall

-

temperature condition only. Z,,, i

$r S

The purpose of this 1nvestigation 1S to study a c]ass of

Tk

|

liquid solidification problems in paral]el -plate channels Wlth convec- .

tive boundary conditions. o “ - e

1.2 Statement of the Problem S | f ‘-
The problem is concerned with plane P01seui]1e 1Aquid fToW in

P



'parailel—plate channels with surface solidification. At the thermal
_-entrance (X = 0), the liquid has a fully developed ve]ocitytprof{]e,
}and a uniform temperature distributton ~ In the downstream region‘

' (X > 0) heat is transferedaby cchvect1on from the channel surface
‘to the surrdund1ng medtum with an ambient temperature below the free-
zing temperature of’a warm flow1ng liquid.

With a- step,de;rease_ln.wa11.temperature, ice Wi11'coyer the
’entire wai]'startingrfromfthejthermai.entrance X = O.‘In constrast;
wtth'a*unfform externa1 convectfve coo]ﬁng;'ice-will not form‘until a
'_ suff1c1ent amount of sens1ble heat has been removed Thus the thermal
.entrance regron con51sts of a so]1difrcat1on -free zone and a freez1ng
zone where a grow1ng SO]ld Jayer. appears a]onq the channe] wall. In
this 1nvestigat1on the 11qu1d flow rate 1nto the coo]ed section is
~ assumed to be ma1nta1ned constant and onTy the steady-state cond1tion |
'1s under cons1derat1on | B

Apparently, the f]ow f1eld in the freez1ng zone is characte-

' -;rized by a boundary layer flow due to the 1nterface between the solid

“_.and the 1iquid phases -ov1no inward. A fu11y developed f]ow 1s reached h‘, y‘

B

further downstream The present 1nvestigat1on ut111zes the physica]
;_modeﬂ emp]oyed by Zerkle and Sunder]and [1} wh1ch asshmes that the ax1a1
"ve]oc1ty prof11e of the liquld remalns parabo]tc even as the liquid -

N accelerates due to a constr}ctIOn of the f!ow area by the so]1d phase

- Th1s bas1c assumpt1on together\w1th the assumpt1on that the axxal var1-”'

.at1on of the so]1d 1ayer th1ckness 1s gradual: leads to a cons1derab1e
xsxmp]rf1cat1on 1n theoret1ca1 analys1s and enab]es one to emp]oy a _
| Graetz type analysis 1n the freez1ng zone |

Forﬂpa:qlls] p]ate channe]s, var1ous comb1nattons of therma]



vboundary conditions at the upper and lower plates ‘are possible How¥
ever, the fo]low1ng two cases are under cons1derat1on in this study:
1. ;Un1form external convect1ve coo11ng at upper and lower plates
| (Chapter 2). ,
2. Different but uniform external convective coo]ings at upper and |
| lower -plates (Chapter 3). 4 |
~The first Case,represents a symmetricalf solidification problem and
‘the.second case deals with an unsymmetricaIIOne. For the second case,
numer1ca1 resu]ts are obtained only for a specific case with perfect
‘?nsulat1on at the lower plate and a uniform convect1ve coollng at the
upper p1ate | The analytical so]ut1ons for the foreQOIng two cases are
obalned by the e1genfunct10n expans1on method us1ng the confluent hy-
pergeometrlc funct10n | |
For low Pec]et numbér f]ow'regime, axfaleheat eonduction
effects are known to be: 1mportant in thermal ‘entrance reg1on prob]em
Thus, 1t is of practtcal 1nterest to cons1der the axial conduct1on
effects on 11qu1d so]1d1f1cat1on in paral]el p]ate channels ‘with con-
' vect1ve boundary conditions (Chapter 4) It is found that analyt1ca1
: solut1on 1n the freez1ng zone cannot be obta1ned when one cons1ders the

ax1al heat conductlon.effects Consequently, numer1ca1 results are

obta1ned on]y for the sol1d1f1cat1on free zone and are presented in

Chapter 4.

] 3 Format of Presentation‘;

'-_ A remark regardlng the structure and the method of presen-

>

tation for the present the51s 1s now 1n order In view of. the analyt1cal

o

so]ut1ons obtaxned for three d1fferent cases, 1t 1s dec1ded that each



case will be treated independehtly in each Chapter. Thus, the litera-

~ ture review can be made separately for each case and the scope of re-

, AR e _ . ‘
sults, conclusions and significance for each case can be examined

separately.

4

REFERENCE » |
1. Zerkle, R.D. and Sundér‘]and, J.E., "The".effect of 1liquid solidifi-
| cation in a tubé.upon IamihaféfTow heat tiansferband pre$sure drop",

" J. Heat Tranéfer 90C, 1968; pp. 183-190.



CHAPTER II

. LIQUID SOLIDIFICATION INA
CONVECTIVELY—COOLED PARALLEL-PLATE CHANNEL

A theoretica] analysis of 1iquid'solidification in the thermal
:entrance reg1on of a para]]e]-plate channel with a uniform externa1
-convect1on is carrled out by us1ng the conf]uent hypergeometric func- :
t1on in the so]ut1on for 1am1nar flow and steady- state condit1ons |
' Theoret1cal results are obta1ned for 11qu1d SO11d1f1cat1on free 1ength
:11qu1d-so]1d 1nterface prof11e, pressure drop, bu]k temperature. heat
‘ transfer rate -and local Nusselt number for the cases of B1ot numbers
Bi 0 25 0.5, 1, 2, 10, 5 superheat ratios e=1,2, 4 8 Pr = 13 2
‘T_ and kl/k = 0 25 us1ng 20 e1genva]ues The resu]ts can be used 1n '

}assess1ng the effect of therma] 1nsu1at10n and predict1ng the therma1 ’
}1nsu1at1on requlred to- protect a channel f1ow from a severe co]d en- |

: 'Yir_onment.
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NOMENCLATURE

.parameters in Kummer's equation

Biot numbers, hqlL/k and (kl/ks)Bi

constants in Eq. (8) : )
specific heat at constant pressure |
eigenconstants, Eqs, (3) and (29)

function of x, Eqr (25)

‘Jocal heat transfer coefficient, Eqs. (55) and'(SS);

overall heat transfer coefficient between inner nall‘and

_‘amb1ent def1ned by -k(aT/aY)Y L- h (T L)

’,vpereture

,Prandt1 number, v/a a

thermal conduct1v1ty of 11quid

half- d1stance between paralle] p1ates -

'confluent hypergeometric function

_eigenfunct1ons. Eqs (26) and” (4)

Nusselt number -

pressure and pressure at X=0
.‘J . M . . )

Peclet number,’4 UJL/a

d1men510n1ess pressure drop, 2(P P)/pU2

.total heat transfer rate and dlnen51on1ess Q. Eq (50)
Tocal heat transfer rate, Eqs (55) and (56)

11&u1d temperature, bulk temperature and freez1ng tem-

-

un1form entrance temperature and ambient temperature :

.ax1a1 and transverse ve10c1t1es

average ax1a1 ve]ocity L



Greek Letters

a .=
.5' S =

e =

' subscripts,
L, s o=

L2 =

so]dtion of Kummer's equation = . oo
rectanguiar cobrdinatest

axial coordinate with origin at solid phase entrance”
(X/LPe), (Y/L)

(X'/LPe), (Y/L) in freezing ione

d mension]ess so11d1f1cat1on free length

,transformbd variab]e

s

therma] d1ffusiv1ty

eigenva]ues in Eqs (3) and (29)

-transverse coord1nate pf 11qu1d -solid. 1nterface and 6/L

~superheat rat1o, (T - Tf)/(T -T )

d1mens1onless\transverse coord1nate, y/S = Y/G

"dimensionless temperature d1fference (T - T )/(T - T ) _
: d1mension1ess bu]k temperature, Eqs (47) and (48) |
(T -1 )/(T - T, ) '
5 -dynamic viscosity and k1nematic vwscosity
= density j“x}», jﬁ__ . o '{ -
:f:d1mension1ess temperature d1fferenée\ (T - T )/(T - Tf)i'_“ -

'11qu1d and solid phase

soT1d1f163t1on free and freezing zone



| 2.i Introduction | o o | . g ‘

The problem of 1iquid solidificatfon and pressure drop in a
c1rcu1ar tube with laminar floWw has been studied by Zerk]e and Sunder-
land [1], DesRuisseaux and Zerkle [2], Bilenas and Jiji [3,4] and Hwang |
and Sheu [5] for the case of a uniform wall temperature below the free-

- zing point Hhen a pipe is exposdd to a meteoroiogical environment or
_.is buried underground in the permafrost region with thermal insulation,
then the convective boundary condition (thermal boundary condition of
“a third kind) Outside the pipe is more realistic The case of convec-
.tive boundary condition was studied by Zerk]e [6] and Lock Freeborn
and Nyren {7]. One notes that the uniform wall temperature repreants
/;\U/a/1imiting case of the conveciive boundary condition'with Biot numbert.
equal to infinity P f o , 't' o
The solidification problem of 1iqu1ds fiowing through ducts

or channeis 1s of considerab1e practica] importance 1n various engineer-

1ng processes or. devices ranging from casting ‘of metals 1n metailurgical‘-f o

processes ‘to. freezing of water pipes under northern climatic conditions.
fLee and 1erkle [8] presented theoretica] resu1ts for iiquid solidifica- '
tion fn a paral1e1 piate channe] with 1aminar flow using the physica] o

"hfmodET of Zeriie anﬂ Sunderland [l] e o |
.Thef,"_ent problem is concerned with the solidification and

'fpressure drop'f " superheated iaminar 1iquid f]ow in a parailel-t .

"‘plate channe?”m to a uniform convective coo1 ing condition with

, the sunrounding's

~ ing in paraileiepi i*ajels occurs, for exampi!w}in~various plate f

~f-cooiers 51!@ 1
'f'constant finite thnwwnl resistance between the channe1 inner wal] and :

.". .u" .
e . 1“"
Y

‘:V;SGIes sﬁgady-st‘te conditions [1.2 6] and a

'vaature below the freéging point The freez- 1{_"‘,:



‘the external COld7environment Hith a convective boundary condition. o
1iquid soldification will not occur over an initial thennal entrance
'length due to insufficient cooling Thus, the thermal entrance region
'consists of a solidification free. zone and a zone with solid phase .;«-
-'where soldification grows inwards with the distance along the channel. |
The purpose of this investigation is, to study the effects of superheat-
;'ing and thermal 1nsulation on heat transfer. solidification free. zone, )
liquid- solid 1nterface profile and pressure drop in parallel -plate chan-
nels. . The solution for thermal entry problem is obtained by- the eigen- “

| function expanSion method using the confluent hypergeometric function

9-12).

'72 2 Problem Formulation and Physical Model P
Consider the steadyostate freezing of a liquid with constant |
-phy51cal properties flowing between two parallel plates from the up- S
”sstream adiabatic section to the downstream section with a uniform con--“
}vective cooling (see Fig l) It ds assumed that the flow 1s a steady .
'»plane P01seuille'flow with a uniform entrance temperature To at X=0 ;

'which-is greater than the freezing temperature Tf The basic assumption S

”_'[l 6 8] that the axial velocity profile of the liquid 1n the region with

_surface solidification remains panabolic even as the liquid accelerates

.idue to a continuously increasing constriction of the flow area along the ;W-"r,

e hannel ax1s proves to be a good approximation [3 5] and leads to a .""

| ,4cous energy diSSipation and free convection will be used in the present

,;considerable simplification enabling one to employ a Graetz type analy-'ix

' sis;. This assumption together with the aSSumptions of negligible vis-'

| analy51s An order of magnitude analysis given in appendix l reveals

Tt



"where X = X/LPe,A_ Y/L.‘ (T-T )/(T -T ) and Bi h L/k and aii
.,'other symbois are defined 1n Nomenclature By separation of vari- o

| 4:ab1es, the solution to Eq (1) 15 found as ‘}f'i"""

8 e igafjfj(y)euoi-‘ﬁnjx?.jii ;InfInu:i{ if’“'”jn _,1;e. ;.N . }‘3)

10

1]
that axial heat conduction may oe'neglected if 1/Pe << 1.
2.3 The Liquid SoiidificatiOn Free Zone
2. 3 1 Ana]ysis -
The energy equation and its boundary conditions describing
. the temperature fie]d in the liquid are, o o ‘,;
aT. 9 T
U.._._
3 ax aY2
: T(O v)
aT(X, 0)/8Y ='0 _
| .-kaT(X L)/av 0[T(x L) 1]
".LThe Poiseuiile veioc1ty profile which satisfies the constant mass‘fiow
-Arate criteria fO‘UdY LU is. given by ' o
X n . (—-)2] Ea
Thus, the energy equation 1n dimensioniess~forﬁkand-the ther-'
'~haivboundary=condition_can be written‘as |
,fe(O,y)-— i, ae(x O)Iay ge(x,i)/ay -Bie(x 1) 'f"i N ‘1_‘: (2)! N



where the‘e‘igenvalues.aj and eigenfunction Yj satisfy the following

Sturm-Liouville system of equations

N

—f«(Ly) _,v'L E (4)

dYJ.(O)/dy = 0, dY,(1)/dy = -BIY,(1)) | ()
. In order to 6vefc6me the_diffjcu]fy in obtaining the higher eigen-
'values, the series. soTution is‘replaced by ‘a solution Tnvolving the
confluent hypergeometric function [9-12]J  By introducing the trans-
- formatfons, z = a,y” and w(z) = exp(2/2) * Y, (y), Eq. (5) becones

- dz

—% d- 2 (%-fm=o S (6)

' ,‘}uhich'is-seen to_be}KUmmerFs.equation;1" .
AP eaw=0 ()
dz- T o e L L

with a = (1-6')/4 5'5-1/2 The generai SO1ution of'Eq (7)'can.be_ |

expressed 1n terms. of the con’ﬁuent hypergeometr1c function [11]

.M(a,b z) and the eigenfunction Y (y) becomes

Y; (y) = exp(-Ol % /2)[8 M(aj,1/2.ajy )

yhereJ;lj'gnd‘sz_afe thelcéqstéﬁts.; L

aallz (a +1/2 3/2,a y )] ~ C -; :'  ,_ ~ (8) |

1



- in Eq (5), one obtains

2.3.2 Eigenvalues and Eigenfunctions

From Eq. (8), one obtains
dY (y)/dy = exp(-a .y /2)[ -By 525 yM(aj,l/z,ajyz)

1 2
+ szaj P2 (1-0,0° M(a 41/2,3/2,057)

+4B]aayM(a+] 3/2ay)

(8,0, YA 0 1M, +3/é 5/2,0,9°)] (9

Applying the symmetry conditioﬁ de(O)/dy = 0, one obtains sz =0
indicating that all odd: terms vanish. With By; = 0, the constants
(8) and (9) become

~can be absorbed by the e1genconstants EJ in Eq. (3). Thus, Eqs.

. ' _ . 2 ‘ ' iy
= exp(-a,y%/2)[-a.yM(a. 2,
dYJ.(_y)/dy "‘ EXP(‘QJ.Y /2)[ aJyM(aJ,l/Z,ajy )
+ 4ajajy”(aj+]f 3/2: ajy )] | ) ‘ - (11)__

' The conf]uent hypergeometr1c function M(a b, z) is

a a+] ¢ o a a(a+])"°(a+n ]) z s o e
- M(a, b z) =1+2 ,* b(b+T 2- R b(b+])-o-(b+n 1) n' *

- With b= 1/2 and a (1-a )/4, one obta1ns

-: | (]-a )...(4n-3-a )
"M(aj,l/gqu) ] + f B (Zn)! .._i:vag

o’

Subst1tuting Eqs (10) and (11) 1nto the convegﬁ1ve boundary condition

> -
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(B - ay - Zaj)M(cj.]/Z.aj) + 2ajM(aj+1.l/2,uj) =0 : (12)

after applying the foltowing recurrence formula.
zM(a,b+1,z) = bM(a,b, z) - bM(a-1,b,z) ' (13)
It is convenient to express Eq.'(lz) in series form as

| (1-a.):+-(4n-3-a) ,
(Bi-ay) f n§1 - (an!n 3 ag (Bi‘+ 2n - uj) = Oe ' | (14)

The eigenva]ues aJ are the roots of Eq. (14) and can be found by tabu-
1at1ng the value of . the left-hand side of Eq (14) versus a sequence of
closely spaced va]ues of aJ' One may thus 1nspect the whole spectrum
of the e1genva1ues before they are 1mproved by the variable secant

method

- 2.3.3  Eigencohstahts _ o _
Ut11iz1ng the orthogona11ty re1at1onsh1p, the eigenconstants

E can be determtned from

e 11 Ay (P)veay = 7 [a—yal L (‘Y')J (15)
- - (1-a Jee o (4n- 3-a; ) .
Y (y) = exp(-a VEr2)[1 + f — 1 o} 2"] - (16)

where

S o a )---<4n- -a) "
[ ] ',ex'p(-aj/Z)[- '—- :] © (2n)' : ajn.




1.,n n 1
(-3¢ E} i} pglwl4p-3-aji)]

dv o () (4n-3-ay)
[an (ayl)] yu1 = Exp(-aj/Z)[-I + %1-+ nz] JT?n)! il ujn

a, 2 n '
] - -—J- - g.!l... - ] ’ |
( 1+ 2. 2n +_ aj pg'l Z4p-3-‘ajv’) (Zn—aj))]

 The first twenty eigenvalues, derivatives and_constaots are computod_

for n = 150 and are 919%n in Table 1 for Bi ='0.25,:0.5,'1. 2, 10,

2 3 4 L1quid Solid1f1cat10n Free Length

- The so]1dif1cation starts at the point where the wall tem-

'. pgroturé reaches the freezing temperature. Using Eq. (3), the liquid

solidification-free length x. can be evaluated from [
et ep s D B s o
-fe(xf?])'z.af P I E Y (l)exp( -8a xf/3) c .‘ v (17)

where Oc (T - Tw)/(T0 - T_). For the deteﬁmina;ion of xg, it is

‘conven1ent to define a superheat ratio € as’®

It is readiiy,seen that x. =Af(e.Bi)i‘

'_2 4 The Freezing Zone

2. 4 1. Analysis

Assuming that the ax1a1 velocity prof11e remains parabo]ic '
A 8] in the freezing zone (see Fig 1 for coordinate system) the ve-

e e

14
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_‘\i o

locity components which satisfy continuity relations andf50un3ar)>con-

1

dition can be shown to be.

LSy

P

) = G 2al - ety 19)

ew

v(X',Y) = (3/2)(Lumv/52)(d6/dX‘)[« - (Y/a)zl
| {

Substituting Eg. (19) into energy equation u(at/ax') + V(aT/aY)
= a(a T/aY ), one obtains

-

e LU

LU : 2. :
3 Y Y2, 7, 3 N, Yy2, 07 . of1 |
2 & [] - ( ) ] X’ + 2 dx- [] .(6) ] aY 2 . (20)
A 6 aY
_'Defining the»dinensioniess variables,
®

x= (X'/LPe), ¥y = Y/L, & = 8/L, ¢ = (T-T.)/(T-Tc), Eq. (20) becomes ..

2 N
%‘—[ (-’1) 220 , 148 24y . 24 N 1 I
3 Tk Sdxay  ay -
The boundary conditions are
¢(§,8) éAQ-linterface); a¢(i,0)/8§ = 0 (symmetry), Ny

i ¢(0=Y) [(1 +JE)/s]e(xf.y)15 (1/e) (entrance condition)

where the temperature distribution at the solid- phase entrance e(xf.y) ‘
can be detenmined from £q.. (17) Introducing the variabie—transforma-“
tion: [i 8] from ¢(x,y) to ¢(x,n) uith n=y/s = Y/8, one obtains the

B foiiowing system of equations which is of the same fonn as the classi-

cai Graetz problem
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8 5% ‘3"(1-11. )y an ¢ S

8(x,1) = 0, 3¢(x, 0)/8n = 0, ¢(0,n). = [(1+e:)/6]e(xf,y) -(1fe) - (24)

Separating.the'variables by putting ¢ = G(x)N(n); oﬂe;obtains:'

354d6, g2 1% | o '
;-fl + B HURE )N = 0, dN;(0)/dn = 0, N;(1) = 0 .- (26)
’ Integrating Eq. (25),:one obtains

~Since Eq. (26) can-be transforméd,into Kummer's equation,.the_§olutidn_-

is found to be

meatméuﬁswmﬁmfwwﬁm)u e

:»¢(i,n)A= 52{ KN (n)exp[( 8/3)ejfx d*',f' o [ . (29)

where K. are thebeigenéon§tahts,
® RS

2.4, 2 E1genva1ues and E1genconstants

The eigenvalues B can be determrned by us1ng the boundary



M

- where ¢(0,n) - e ;L4 EiYi(h)eXD[(-8/3)a§Xf] -1

L "20 | o
155:%.(l§$02351 ‘(1)exp[( 8/3)a xf]/[(a2 -8%) -sgg-a

condition-Nj (1) = 0. This leads to
| R N , |
By o
1. - | | -
"7 1/2, Bj) 0 | | | (30)
N _

The roots represent1ng the eigenvalues can be determined by the proce-'

dure us1ng var1ab1e secant method discussed earlier
| App1y1ng the entrance cond1t1on for ¢(0,n) and u51ng the

orthogonal1ty re]at1onsh1p, the elgenconstants can be evaluated from

*s:f‘fl]_“‘-"'25“3("’“‘"""‘"’f’-w “,'“'2>F‘§‘f‘,’““ e

€

Y

"It can be shown (see Appendix 2) that‘the.expressiOn for_Kj redueesftb

’ aN (1)

| - . The expressions for the‘derfvatives aNj(])/égj hnd_dNS(T)/dﬁ;are

CoaN, '_1*'ﬂu u -8, %--(M13 -8:)
(g = el g o Bj

s -

- X

'zngﬁkw&%u”. B

17

e AT e



S

N, (1-8,)++(4n-3-8 y
(a;féné] - exp( 8,72)[-8; + B — go) L gln-s)1  (34)

The first twenty eigenvalues and the corresponding eigencOnstants

~ together with dN, (1)/dn ~ dN,q(1)/dn are 1isted in Table 2.

2.4. 3 So]1d Phase Layer Profile v
| | Cons1der1ng an energy ba]ance for steady state at the
1iquidrsq11d 1ntgrface‘ one obtains the following 1nterfa;e equat1on

which is a characteristic feature of the solidification problem.

kiaTl(x',a)/_\uv: =k aT"(vx",a)/a'v' o R (35) |
where 3T LS [(T ST )/(La)]a¢(x 1)/an _7"'._ | -.(és)"

The temperature 1n the so]id phase Iayer is. descr1bed by the'

fo110w1ng system of equations

dPr | 'f- a7 (X'.L) b | "_”, S
'-—-2— 0, T (x ,6) = Te —-——av——e = - hO[T (x .L) - T ] '(37)
The temperature-so]ytiohvis L
. B (T T)
Ts 77 urisy (v - 5)

where Bis = hoL/hs = (k /k )Bi
~ The l-inear’»_t*perature gragjeht for solid l_ayer' is

dT. . BiS(Tf-j;j?:z

A T I () )

my

(39’), !

e



"From Eq;.(35),-one then obtains | RN
o um ool 1)/an
IR T R ETe Qv (40)
' o 20 dN, (1) | ' | ‘
U 13 1Y79n = J 2 (X dx S x
_where 3¢(x,1)/9n jgl.a S exp[( 8/3)8 f 6 | - (41)

Solutions for 8 (x) can be found numer1ca11y by, a method of successivev :

_Asubstitution[B]

2.5 :Pressure Drop and Heat'Trénsfer‘Cnaraeteristies'“
:-Q}S.J Pressure Distribution .
The pressure drops linearly with X in the sol1d1f1cat1on-

.free zone w1th a pressure grad1ent dP/dX = (- 3uU )/L Introducing

"the d1mens1on1ess pressure d1fference p = (P P)/(pU /2) and upon C

1ntegrat1ng, one obtains .

g p~=-24v_-P.rx,;- -'Qfxfxf ' . e Lo (e2)

f—"f

_To determine the pressure drop inﬁ#ﬁe'freezing'zone; one
integrates the axial momentum. equation. UaU/ax'. + Vau/aY = ~3P/paX"
+v (%usaxt? + 3 U/av ), from Y = 0 to Y.« 6 and obtains

- s AP, 8 D, L A(X,8) L (aa)
,dx.[Udv pdx.w[omdrf» ) R _(43)_

Subst1tut1ng U from Eq. (19) and assuming (R Y] (d6/dx ) , (d 6/dx‘ )<<1,

Eq (43) in dtmens1on1ess form becomes v

19



= - ,l!
9 dx - 83

% l%_ _'
) Ou

- After integrating_from,x =0toXx =X and;notinglthat P =24 Prx at.

x =0, one obtains

i g'(éf f.]).+'24fp”(* fx % A i"j(4s)'__f f,'[

- One- notes that the. first term represents the momentum effect and the

second term 1s due to the v1scous effect

- 2.5.2 Bu]k Temperature

The dnmens1on1ess bu]k temperature 1n the so]1dif1cation-

N .

free zone is B

v

Iouedy Io Jz, E.(1-y )Y (y)exp[(-e/s)a x]dy
_eb ‘
by --fo(l-y)dy
Using Eq. (4), one obtains S T
[0 (dy = [- ¥ & ]y=o‘

% =

Thus, Eq. (46) reduces‘to'
- 3 20 dy. (1) . e
8, = -3 j& E ——%y——-exp[( 8/3)a x]/a » o Ox<xe I (47)

Foi1owing the same procedure, the dimensionless bu]k:temperature in

the freezing'zone can be shown to be

_d8 + 08 P Pr . . - R : (44). :

20
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ebcwj%E" g'T_"Io ?1 (“” )K N (n)exp[( 8/3)82fx ]dn N

After making USe:of_Eq: (26),,one.obta1ns

N (1)

o
II-MO

'_e_[l i_
e -2 3=l 7] _

2.5.3 Heayf‘m

The d1mension1ess total rate of heat transfer from the

"-.11qu1d per.unit. depth of the- channel -in.the solid1f1cation free zone

. from x :_O.to.x_= x can. be found from(“

& ;" | ; T T “:.‘;;,:- "s5;)' R ;_ o ) .
v-% ,-_—.wwmpcwq Tf)._ o Q S )
2 'where Q 2f0 ktaT(X L)/aY dX 0<x<xf- .‘

One notes that Q assumes a value of l when the l1qu1d 1s coo]ed to 1tsv ‘fh

x freez1ng temperature U51ng Eq (3), one obtains f

4, (”E)( )[ —‘L—‘-(exp[( 8/3)a 21- 1)/o2],” Osxsxe (1)

S1m11ar]y, the dimens1on]ess heat transfer rate in the freezing zone

“from x = 0 to X =X 1s found as

(52)

3

. ‘\"-
2,
Q-.
1 i
~
L J

l
5 d

OXI

{

Thus " the tota] heat transfer rate between the thermal entrance (x=0)

and any axia] locatlon (x—x) in the freezing zone is simply g1ven by

\J

I K, —g— exp [(-8/3)st3 dx]/a?] v "-.(49.)' -
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"2 5. 4 Local Nusselt Number -

The local Nusselt number provides further in51ght in under- f ,i"'

standing the heat transfer mechanism for the present liquid solidifica-:n

©oe

| -tion problem and is defined by ' '3:_ ST

: Nu = ""k 2 M/Bb. . "0<vX<-x.f" A oy E - (53) S
R SRR T e

e h(2L) ] g;aé(i,i))zll bgys TR
o LB/ oxe ()

K

Inhderiving the abOVefequatiOnsﬁgone'notesfthat"

e y ili!ikl MTT). Oxexe o .. (58)

. ‘§ =.‘ k¢ QI!§%1§1;= h(Tbifm)» 'i%#*flff‘ii.w~i.f*ii;'55‘%'{;';*VE*(SG)
2.6 Results and Discussion ' _ d

_ The theoretical results for the solidification-free length
f.versus superheat ratio € are’ shown graphically in Fig 2 with Bi

= 0.25, 0.5, 1, 2, lO As~expected for a‘given-value ofpe, xg in-
pcreases with the decrease of Biot number. 'The'limiting'caSe Bi = =

corresponds to a uniform wall temperature with xf 0. Tﬁe superheat"

ratio E=0" lO is con51dered to be the practical range 1n engineering

applications [7] _
Plots of the solid-phase layer thickness 8 versus the en- -

. trance distance x are given in Fig 3 for €= l, 2, 4 8 and Bi =1,

22



2 10, 100 ®, The Tocation where the departure of the~curve from 5§

1 occurs represents the solidif1cation-free Tength x : The soTid-
'phase 1ncreases its thickness with but‘stops short of reaching 5

=0 s1nce a constant mass flow rate 1s assumed in the analys1s This

'4,g precludes the "freezing shut” of the channel The effects of Biot

n'number or superheat ratio on the solid- phase layer profile can be
‘u'.seen c]ear]y in Fig 3. The Timiting case Bi = o corresponds to a

~__1constant wall, temperature stud1ed by Lee and ZerkTe [8] An examina-

‘f_tion of Eq (40) reveaTS that as Bi +w »the express1on given by Lee ~

and Zerk]e 8]%s recovered —w//gf/‘
‘ / ’ .
. The: P”QSSUPE drop resuTts are presented in F19 4 for Pr

=13.2 (water) The stra1ght line part of the pressure dtstr1bution

" curve represents a pressure drop ‘in the solidiftcatton free zone “which .

15 independent of B1 and €. Hhen 1ce is be1ng formed, the: f10w acce-.'”

Terates due to the reduct1on or the f]ow area and the pressure drop

.1ncreases rapidly in the freezing zone.. Thus, a Targe pressure dif-
ference is required to ma1nta1n a constant flow rate when the ice .'

growth near]y fills up. the channe] Eqs (42) . and (45) show that the
pressure drop increases w1th Prandt] number. -

‘ ~ The dimension]ess bulk temperature distributions for Bi

1,2, 10,« are shown in Fig. 5 withe = 1 and 4. Noting that ef~

l/(1+e) in. Eq (48), one sees that the asymptottc va]ue for eg

Hhen e

is e ef, the bu]k temperature approaches the freezing

\ fr b
"a’temperature For a given vaTue of €, the thermaT entrance Tength
' for approaching eb 0. decreases with the 1ncrease of Biot number

The amount of sensible heat to be removed before the bulk

dﬁ'f,hitemperature approaches the ?reezing temperature is of considerable |



| ‘ﬁ.practica] 1nterest The dimensTon]ess heat transfer rate 6 as a func-

| ';_TtIOn of X is shown in Fig 6 for Bi = 1, 2, 10‘ o wlth € 1 and 4.

’fxt s noted that Q + 1 as eb -+ ef (see Fig 5) and the effect of super-
'heat ratjo is considerab]e . o ' _' L

.T‘ : The local NusseTt number results are’ shown in F1g 7 and the

‘yesu]ts may be contrasted to the ax1a1 variations of eb and O It 1s o
: Ugf lnterest to note that a loca1 m1nimum va]ue for Nu ex1sts The n
; 7gffect OF the Biot number an superheat rat1o is- ev1dent In th1s study,._1*'
\‘fthe solut1on is term1nated Jﬁen 5. < 107 w3 is reached since the phys1cal |

o mode] may nék be va]id with further reduction of the flow area. One may"'“

! fu1sh to define a Toca] Nusse]t number 1n the freez1ng zone by us1ng the

'tifreez1ng temperature Tf instead of the sunrounding f]uid temperature T _-;f
Nn Eq (56) Then the d1scontinu1ty in local NusseTt number OCCurs at

| tthe end of the 5011dif1cation-free zone and the results are presented

AL F1g 8 F1gs 7 and 8 show that the local Nusselt number decreases o

| and 1ncreases monotonicaT]y 1n the so]1d1fication-free and freezing o

3 zones, re5pect1ve1y The behavior of Nu 1n the solidification-free

wone is we11 understood and is due to the entrance effect caused by

 the growwng thermal boundary Iayer For 81 1 and 2 the end of the
so]idif1cation-feee zone corresponds to the ful]y—deve]oped condit1on

.Yhe increase in Nusselt number in the-freezlng zone is caused by the
incréased axial-ueloeity-due-to'the“presenee of_the increasing solid

'iphase‘Tayer ‘rFurther insight”regarding'the local NuSselt numher be-

havior can be gained by not1ng the fo]low1ng relat1onsh1p and con-

’fgider1ng the reIative magnitudes of the numerator and denominator
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aT(x L)/aY . “hg(TEXL)-T.)
TR MR A

o

‘The TocaT Nusse]t number behavior fof the freez1ng probTem in a. circu-
) lar tube or channeT does not seem to have been eTucidated 1n earlier o
’stud1es The 1ncrease of ‘the pressure drop in. the freezwng zone (see

"-Fig 4) is cTearTy related to the correspondwng incre&qsﬂ?; 10ca1

'~;Nusse1t number o 7,’ ;‘ S S e

'_2;7' | ConcTud1ng Remarks | | o

o | The soTut10n of the steady-state T1qu1d so]1d1f1cat1on pro-
.bTem in a paraTTeT-pTate channeT fTow w1th un1fonm externaT convect1on o
‘31s obtawned by u51ng the confTuent hypergeometr1c function The first L
:1 s1x e1genva1ues 1n the so]1d1f1cat1on free zone for B1 = T 2 agree |

fwith ‘the ava11abTe resuTts [TZ] 1n the T1terature‘ The use of the con- - A

',: ‘fTuent hypergeometr1c funct1on 1n f1nd1ng the e1genva1ues from Eqs.'t ey

'(14) and (30) proves to- be very eff1c1ent computat1ona11y and requ1res':: :
'considerabTy Tess comput1ng time than the Runge Kutta method for '
example ' o | ' |
_ Recent theoret1ca1 and experlmental resuTts of Hwang and'-
' Sheu [5] for the liquid sode1f1cat10n in combined hydrodynamic and
| 'thermal entrance region of a c1rcular tube w1th a uniform waTT tem- |
perature show that the physical model ‘used by Zerkle and Sunderland .
[1] is a reasonable one Thus, one may reason. that the present:ana;'
Tys1s for 11quid soT1d1fication in a paraTTeT-plate channeT using
" the same phys1ca1 model represents a good approximate soTution iThe

. T1m1ting case of the present ana]ys1s w1th Bi = o corresponds to an



: isotherma] wal] stud1ed by. Lee. and Zerkle [8]

For 11qu1d f1ow between horizonta] para]le] plates, the free

'convect1on effects wi]] appear only after the onset of a secondary f1ow o
: '1n the form of 1ong1tud1na1 vortex roo]s [13 14] The therma] 1nstab1- '
11ty prob]em in the sol1d1f1cat1on -free zone represents a separate pro-"

o b]em | However, ‘the: free convect1on effects in the freez1ng zone are

' not expected to be important since the temperature dlfference across

v}'the potentlally unstab1e 1a§er between the m1dp1ane and the upper ]1qu1d-

. so11d 1nterface is very small. Th1s is in contrast to the case - of tube

flow where the free convect1on effects always (1] ex1st and are repre- -

sented by Grashof number. : o

The pressure drop resu]ts shown in F1g 4 together with the .

_other results are usefu] in. est1mat1ng the cond1t1ons [2] under. which
| ,'a para]]e] p]ate channel may freeze shut by not1ng that the so]ut1on

3 1s reached One notes that

s tenm1nated 1n th1s study when 8 =
'..solut1on us1ng the conf]uent hypergeometric funct1on can. a]so be app11ed
to the internal ax1symmetr1c free boundary prob]em 1nvo]v1ng freezing
in a cooled c1rcu1ar tube [1 7] More e1genva1ues and e1genfunct1ons .
- are requ1red to obtain an accurate so]ut1on near the therma] entrance -

at’x.— Q or xf. r
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Table 1.

Eigenvaiues, Eigenconstants and Related,Derivafives for.

Solidification-Free Zone with Bi = 7,25, 0.5, 1._2, 10

'@
-9
0.577972E+00

0.4398578+01 "

0.837617E+01
0.123665P+02
0.163609E+02
0.203572E+02

10.283546E+02

0.283525E+02

0.323509E+402 -

0.363U96E+ 02
0.403485E+02

 0.483876E+02
" 0.#83468E+02
0.523461E¢02
- 0.563455E+02
1 0.603450E+02
 0.683445E+02

0.683041E+C2

0.7238378+02
0.763433E+02

= 0.5

0.775508E+00
0.8495862+01
0.844313E+01
0. 124193E+02
0.164052E+02

0.203958B+02
0.24838908+02"
' 0.283837E+402
" 0.323796B+02"

0.363762E+02

" 0.403734B+02
0.443710E+02
- 0.483689E+02
. .0.523671E¢02
' 0.563655E+02

- 0.603681E+02
 0.683628E#02
0.683617E+402.
0.723606E+02"
" 0.7635978+02
e Lo

av, (1)
&
-0.463532E+00
0.568570E+00
-0.636071E+00
0.679274E+00
-0.711551E400
0.737577E+00
-0.75952 7B 400

0.778591E400

-0. 7954 96E+00
0.810718B+00
-0. 824589E+00
0.837350E+00
-0.889181E+00

0.860218E+00
-0.870573E+00
0.880330E+00

-0.889563E+00

0.898329E+00

-0.906678E+00

10.918651E+00
1E+00

~0.602888E+00

0.644911E+00 .
- =0.693286E+00

0.727128E+00

-0.753568E+00°
'0.775502B+00
-0. 7943 74E+00.
0.811014E+00 -
-0.825943E+00

0. 839515E+00
~0.851981E+00

0.863526E+00
' ~0.E74291E+00 .
0. 884384E+00
~0.893893E+00

70.902890E+00 -

20.911432E+00

- "02919568E+00
.=0.927338E+00
. 0.934778E+00

. dyi(]))
daj - dy
-0.723511E+00
0.277094E+01
-0.471687E+01
0.652784E+01
-0.82u826E+01

0.990208E+01.

-0.115038E4+02

0.130630E+02
-Q.145865E+02
0.160793E+02
-0.175452E+02
© 0.189873E+02
-0.208080E+02

0.218095E+02-

-0.231933E402

" 0.285609E+02
-0.259136E+02
0.27252UE+02
~0.285783E+02
0.298921E+02

"=0.921506E+00
. 0.284490B+01
-0.475908E+01
0.655691E401
-0.82701SE+01

- 0.991946E+01
~0.115181E+02

- 0.160882E+02
~0.175530E+02
" 0.189943E¢02
~0.208143E+02

. 0.285655E+ 02
-0.259178E+02

0.130750E+02
=0.145968E+02

0.218151E+02
~0.231983E+02.

0.272562E+02 -
'20.285818E402
- 0.298953E+02

=0,
Xy

Ey
0.103062E¢+01

-0.390217e-01%

0.122425e-01
-0.603670E-02

0.362686E-02

~0.243507E~02
1 0.175565E-02
~0. 133018E-02

0.104532E-02
-0.844820E~03 -

0. 698090203
-0.587320E-03
0.501541E-03
~0.433689E~03

0.3790462-03

=0.334357E~03
- 0.297317E-03 .
~-0.266256E-03
- 0.239940-03
'50;217“37Bf03'

' 0.1050408+01

~0.7022882-01

0.231974E-01
-0.116351E-07

0. 704946E-02
-0.475684E-02 -
" .0.394118E-02
'~0.2613508-02 -
' 0.205757E-02 - -
-0.166529E-02:
0.137765E-02 -
~0.116036B-02
. 0.9915128-03. -
-0.857965E-03
0.750312E-03. '
 =0.662196EK-03 . "
" 0.5891118-03
-0.5277848-03 -

29

0.875798B=03

AR

e

-0.3313168-03

~
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Table 1 continﬁed |
Bt = 1 '

-9y
'0.100000B+01

‘0856202E+01

0.125158E+02
0e164876E+02

0.284432E+02

20 0.763917E+02

£

«ﬁm¢4¢¢npcqsa~

_Bi =. zA‘

0. 122015E*01
0.488090E+01
Q§8749955*01
0.126773E+02
U.166300E+02

0.24571 GE+02
«28551 GE+02
32534 EE+02

10 0.365214E+02

.11 0.405100E+02

17 0.644661E+02

18 0.684613E+02
19 0.72456EE+02 .
20 0.764527E+02

' 0.465614E+01

0.204684E+02
0+244542E+02

0.32434SE+02"
‘10 04364273E+02-
11 0.404213E+02
12 0.444161E+02
13 0.484117E+02
14- 0.52407EE+02
15 0.564044E+02
16 0.604013E+02
17 0.64398SE+02
13 0.683960E+02
19 0.72383&8E+02

0.205964E+02 -

12 0.4450028+02 .
13 0.483917E+02
14 0.524842E+02
15 0.564775E+02
16 0.604715E402

dY.(l)
y

'=0.741558E+00

0.762846E+00

-0.7903365*00-
o811580E*00-

éﬂ 829404E+00
O« 844862E+00

'-0.85&867E*00

0+871491E+00
-0+ B33086E+00
0.893831E+00

. =0.903859E+00

0.913273E+00
—0.922153E+0V
10.930565E+00
-04938561E+00
0.946186E+00

~0.953478E+00

0.960467E+00

'=0e3967181E+00

0. S73644E+00
.3

.-0L852741E+ob

0.908862E+00
-0e930076E+00
" 0eY942519E+00
—0.952282E+00
0.960877E+00
-0.96 §801E+00
0.9762SSE+00

. ~0+983337E+00
 0.990106E+00
~0%99659YE+00
0.100284E+01 -

-0.1008875*01

0.101468E4+01 .
~-0.102030E+01 "

0L10257SE*01

-0+103103E+01
0.103616E+01
‘—0+104114E+01

- 0«104598E+01

v
g ()

—0.109628E+01

. 0e292682E+01
-0.430039E+01
0.658039E+01
-0.828395E+01
0.992730E+01

-0.115219E+02
 0.130761E+02
-0.145958E+02°

0.160857E+02
~0.1754Y3E+02
0. 189896E+02
~0.204088E+02
0.218090E+02

~0.231918E+02

0.245586E+02
~0.25910SE+02
0.272487E+02
~0.285740E+02
0.298872E+02

-0.120537E+01
0.295200E+01
—0.477S39E+01
0:653247E+01
-0.822439E+01
0.986142E+01
~-0.114525E+02
0.130047E+02
J=0n145235E+02
=160 129E+02
<0.174766E+02
. 0.189171E+02
=0203367E+02
0+217374E+02
-0.231208E+02
0.244881E+02

-0+258407E+02 -

06271796E+02
~0,285056E+02
0.298195E+02

‘EJ‘ |
" 0. 108824E+01
-0.116414E+00
0.417816E-01

'-0+.216177E-01 -
0.13310SE-01"

-=0.907069E-02
0. 660584E~02 .

-0.504141E-02
- 0.398367E-02

—0.3233545‘02'
0.268132E-02

-0.226242E-02
‘0e 193673E-02

" =0e167323E-02
0.146945E-02

-0.129826E-02
0.115607E-02
-0.103660E~02
0.935193E-03

~0.8483508-03

0.112623E+01 .

-0.171817E+00
0.683932E-01
-0+374843E-01
0.237466E-01
~0. 164819E-01
0.121577E-01

-0.936669E-02.

0.745568E-02

~0.6058703E-02
0.507151E6-02
~0+429615E=-02

0.369002E-02
-0.320672E-02
0.281482E-02

~0e24Y238E-02 .

 0.222372E-02
-0.199738E-02

0.180481E-02
. =0.1639538-02

o
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-Tab1e_1'cont1nued
Bi =10

uj_
0.155181E+01
"0.53977SE+01
0.830256E+01
0.13230&E+02
0.171731E+02
0.211250E+02
0.250840E+02

CTNCMDWN= o

0.3J0171E+02
10 0.369892E+02

11 0.409642E+02.

12 0.44941€E+02
13 0.459211E+02
14 0.529023E+02
15 0.568850E+02
16 0.608690E+02

17 0.648542E+02"
18 0+658404E+02

19 0.728276E+02

20 0.768155E+02

0.290484E+02 -

_flﬁl)
dy
—0.965764E+00
0.113374E+01
—-0.121755E+01
0.126844E+01
-0.130276E+01
0.132737E+01
~04134579E+01
.0«136001E+01
-0.137126E+01
0.138034E+01
-0.138781E+01
0.139404E+01
—0.139931E+01
Ve140383E+01
-0.140775E+01

0.141118E+01.
" ~0.141421E+01
 Ue141693E+01
=0.141837E+01

0.142160E+01

N

L dnm
S day dy

J

~04123633E+01

0.258474E+01
~0+404776E+01
0.553874E+01
-0.703411E+01

0.852376E+01

-0+ 10U028E+02
0-114689E+02
-~0.129208E+02
0.143554E+02

~0+157816E+02.
Ve171906E+0U2

-0.185860B+02
0.199682E+02
-0.213377E+02
0.226950E+02

—~0.240406E+02 -

0.253750E+02

. ~0.266987E+02
0.280121E+02

)

0.118305E+01

~0.266141E+00
0.132522E+00

~0.829508E~-01
0.580516E~01
-0,434337E-01
0.339854E-01
-0.27464SE-01
0.227439E-01

—0.191997E-01

0.164611E-01
-0.1429351E-01
. 0+ 125486E-01

" =0e111171E-01
099827576~ 02

~0.892701E-02

0.807653E~02

-0.734688E-02
0¢671570E-032
~0.616566E-02
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-Table 2. Eigenva]des, Eigenconstants and Related Derivatives
for Freezing Zone with £ = 1, 4, k,/k. = 0.25

B;

0.168158E+01
0.566986E+01

0.966824E+01, .

0.136677E+02

0.176674E+02

0.216672E+02 -
0.256671E+02
029667 CE+02
0.336670E+02
0.376668E+02
0.416669E+02
0.456668E+02
0.49666EE+02
0.53666EEB+02
0.576668E+02
0.616668E+02

‘065666 EE+02

0.69666EE+02
0.736668E+02
0.77666EE4+02

Kj(B‘i = 1)
0.654970E+00

-0.994100E-02 .

0.176365E-02
~0.585210E-03
0.258909E-03
~0+135493E-03
0.791797E-04
-0.500314E-04
' 0.335097E-04
~0.23479SE-04

" 0.170542E-04

—0e127563E—-04
0.977741E-0S

=0e765034E—05
~0e544095E-05

0.572895E-0S
~0.585895E-05

0+<588349E-05 -

-0.583978E-05
0.575181E-05

. 0.168111E+00

-0.239915E-02
0.434408E-03

-0.1444278-03

0.639367E-04
-0.334678E-04

0. 195599E-04

-0.123596E-04
0.827790E-05
-0.579981E-05
0.421230E-05
-0.3150412-05
0.241842E-05

-0.188890E-05

0.150407E-05

-0.1216078-05

0.996428E-06

. -0.826122E-06

" 0.692120E-06

-0.585297E-06

KJ(B1 = 2)

0.107370E+01

-0.909721E-01
0.101645E-01
~0.254599E~-02
0.105709E-02

-0+535656E~03

0.308331E-03

-0.192815E~03"

0.128106E-0J3
~0.891460E-04
0.643446E-04

-0.478386E-04

0.364472E-04

—0.283443E-04
0.224313E-04

-0.1802076-04
0.146677E-04
—0.120759E-04

0.100430E-04
- —-0.842759E-05

"0.333912E+00°

-0.363302E-02

..0.650903E-03"

-0.215809E-03

0.954247E-04

-0.499166E~04
0.291593E-04
-0.184180E-04

0. 123311E-04

-0.863657E-05
0.627033E-05
-0.868787E-05
0.359128E-05

-0.280843E-05

0.223528E-05
-0.180642E-05
0.147942E-05
-0.122592E-05
0.102650E-05
~0.867569E-06

’,K5(31= 10)

G.120092E+01
-0.299388E+00

" 0.161183E+00
-0e107916E+00 -

0.802462E-01
~0.63487SE-01
0.523656E-01
~0.444863E~01
0.386539€-01

'~0.3J41916E-01

0.306928E-01
~0.279003E-01

 0.256456E-01

~0.2381645-01
0.223400E-01

-0.211750E-01

0.203137E-01

-0+198041E-01"

0.198481E-01
~0.215625E~-01

0.113648E+01

-0.161154E+00

0.284912E-01 -

-0.475455E-02
0.121068E-02

=0.529474E-03

0.292206E-03
-0.179697E-03
0.113693E-03

-0.781662E-08

0:558245E-04
-0.410947E-04
0.310072E-04

-0.238791E-04 -

0.187081E-04
-0.148723E-0%
0. 1157 14E-08
-0,974059E-05
0.799963E-05
-0.662318E-05

v
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Table 2 continued

[ VN

N
3Bj
—-0.990437E+00
0.117911E+01
~0+.128625E+01
0«136202E+01
~0.142133E+01
0.147040E+01
-0.151246E+01
'0+154939E+01
~0.158238E+01
0+161226E401

Cam

—&

-0.142915E+01
0.380706E+01

-0+.592023E+01

0.78%25J3E+01
~0e977094E%+01
0.115798E+02
-0.133339E+02

0.150430E+02 "
-00167141E+02

0.183525E+02

11
12

13
14
‘15

16
17
138
19
20

aN.(1)
i
J.
-04163960E+01
0.16 6484E+01
-0.168831E+01

0.171024E+01 ‘
‘~0e261680E+02 .

~0173086E+01

0.175031E+01

-0.176875E+01
0.178626E+01

=0.180296E+01

.0.18;8925*01

le( 1.)
dn

—0.199622E+02
0.215463E+02
~0.231074E+02
0.246477E+02

0.276729E+02
-0.251589E+02

0.306J316E+02
~0.320903E+02

0.335358E+02



34

Ewu.wzw ._m_.u.mc_.v;o,.ou pue (apou [ed1SAyd 1 m;:mﬁ...

co:uom mc;oou co;uw>cou | .| uoyssg
o - : : G ) i " —
| Uo7 mc_NmEu_ mCON ooi co;Ou.t_u__om . 24pPJqoipy
e A >l e o
w@wco:ozac_.oeho;h iy

e /?_..oi.. 1 1
INNNN // N /7///////,///////‘

N \\\\ x\\mw\ 22— e
B 3| [ eupj|q/
.I esoyq .IMA_ lu VAA <9 I..
. . v__om o A . ._ ‘ — > _
//////////M / /,////// ////// N\ |

.f E Tfoi e H_. *.,

; > % ;cmEco:.>cm P1oD




35

0001

GL'8

‘ . oLzt
40 uojoung

g

I TAY

-0%G2° 0=} 40} 0}3ed JeaYadns
e se fmcmp\wu&..co_pnu_t_v:om PinbiT

[}

2

0S5,

R AS

oL

_ 05¢

g @anbiy

sz

.A._.“ |- 70

80

%._O.,MX@

90 .



36

S L T U

g o Z°0= x\ ] 403 mgmumsugun s8'3 u:n _m au*z

mu:mpmwv povxm m:mgm> m momw;mucw b_gomuu*=c9~ opmuw avmwum ” mWMummmm«w:w.\_mg

.;m.

\ N\ TL 9

— =3 'Z=1g




37

0050 s/£0.  ogzo . suo - o

FRY L

- R . su3r3weded se 3 usm *m zuwz R
mucﬂﬂvzwuom:mg?ano.s m.‘smmm.a 33.0. %mmum .¢.2=.mr.__

L ; T . T . { .. ‘ 3 B ].'U_ N |

Z€l=4d o
- x4d pz <d-




38

. p¢1=3 pue =‘Q|‘g‘l=18 403 :
SUOLINqLJ3SEp d4njedadwdl FING [eLXY °§ aanbiy




- 39

pc1=3 pue «*Q|*2°[=1g 404 uoL3sod . . _
eLXe SNSUdA D 33ed J49jsued3 jeay [ejol ‘9 3unb4

X

[

90 S0 ¥0 g0 20




a0

aunjeaadud] 3Jusuajad se | __ﬁ,z e‘. =3 pue :
01°2°1=1g 404 SI|NSBL JBQUNU 3[3SSNN | @207 */ 3unbid

Ol

o.—



4]

3

auoz Buyzeauay m;u ug m;:pm;maemu 3ouauaau se 7| yaum o - B

p1=3 u:m oL¢z* F wm Lom mupzmms Jaqunu upommaz 12307 '8 3anbLq .

Ixex Lom :
ks Sx3Q 40y 3.
einjpiedws| mucm:mwom

M| WS STEE N N AW Y S O U B T TR R

ot N

oL

—! 02



’ "<=ruare obta1ned for quu1d sol1d1ficat1on-free 1ength, ice layer

CHAPTER II1I

ASYMMETRIC SOLIDIFICATION OF FLOWING LIQUID.IN
A CONVECTIVELY COOLED PARALLEL-PLATE CHANNEL

In thlS Chapter, an ana1y51s 15 made of. steady state unsymmetr1cf co

11qu1d 5011d1f1cat1on bf forced 1am1nar flow 1n a para]]e] p]ate AR

channe] w1th d1fferent uniform externa] convect1on coo11ngs at the
..x}upper and lower plates - The class1ca1 Graetz type ana]ys1s is: made
by us1ng the confluent hypergeometrlc funct1on The case of one

p]ate with perfect 1nsu1at10n and the other p1ate w1th a. un1form j

) r'_externa‘l convectmn coohng is stud1ed 1n detaﬂ Numer'lca’l rm

' 51 ness; pressu:e drop, bu]k temperature, heat transfer rate and 1oca1.~
F¥M%ﬂtwmgfwBﬁ—0 mz:lz 10, wme-om1mpne'
‘13 2 and k, /k =00, 25 using 10 elgenvalues The configuration and
vﬁthermal cond1t1ons may be encountered for example, in heat,exchan-
"zgers us1ng cryogenics and freezwng of 1ce sheets on northern r1ver5»

.and lakes J’L.TT_ : 'i N A_~”_ﬁ’ Co T p'f

a2



Bi Bi

M(a.b,Z)'
YL
Ny s
N
P, ?0 .
Pe
.Pr

¢e1genfunct1ons o

temperature

NOMENCLATURE

parameters in Kummer s equation ’

Biot numbers at ]ower and upper p]ates h L/k th/k
(ko/k)BY, | |

constants in eq. (8) P S ;
constants PRI | |

speeific heat at‘constant_pressure

eigenconstants, eqs. (4) and (33)

funct1on of X only, equat1on (31)

1oca1 heat transfer coeffic1ent eqs (54) and (55)
overa]] heat transfer coeff1c1ents def#ned by kaT(X, 0)/aY

= h [T(X,0)-T_1, - k3T(X,L)/3Y = h [T(J L) -T ]

therma] conductivity of 11qu1d

d1stance between para]]el plates

confluent hypergeometr1c function N

Nusse]t numbenm hL/k '

Pressures at X and X = 0 e e ;" .

Pec]et number, 4 U, L/a - ""»'; “éﬂ

,Prandtl number, v/a
id1mens1on1ess pressure drop, (P P)/(du /2)
tota1 heat transfer rate and d1mens1ué!ess Q, eq. (51)Vh-3,

Yocal heat transfer rate, egs. (54) and (55) | y

11quid temperature, bulk temperature,and freezing

f

1
™

un1form entrance temperature and amb1ent temperature

‘, S
£

O

4



‘transformed variab]e

ax1a1 and transverse veloc1t1es o
average ax1a] veTocity o -, ;

solution of Kummer's equatio‘n B

rectangular ceordinates |

axiaT.cnordinate witn origin at-solid—nnase entrance

(x/3LPe), (Y/L)

-

(X'/3LPe), (Y/L)'in freezing zone

'd1mens1on1ess soT1d1f1cat10n free Tength :

therma] diffusivity
eigenvalues . - B o R
transverse coord1nate of 11qu1d so]1d 1nterfaceTand 6/L
superheat rat1o (T -Tf)/(T -T) |

d1mens1onless transverse coordinate; y/é = Y/d =

fd1mens1on1ess temperature d1fference, (T T )/(T -T )

dimensionless buTk temperatures eqgs. (48) and (50)

(Te=T )/ (T, T)

..dynam1c v1sc051ty and k'lnematm v1scosity ‘

denSIty

d1mens1on1ess temperature difference, (T T )/(T -Tf)

‘liquid and solid-phase.
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3.1 _Introduction.
.hThe freeaingrofiliquids'in:forced*]aminar,flowtinside'
| 'cjrcutar tubés'istofttechniCal“importance:and has'been studied by
~ Zerkle end SUnderland t]] DesRuiSSeaux'andfzerkle [2]' 5zisikuand )
a Mu111gan {33*\811enas and Jiji 4, 5] and. Hwang and Sheu [6) for
-“un1form wall: temperature cond1t1on and by Zerkle [7] and Lock,
Freeborn and Nyren [8] for unlform externa] convect1on coollng ihe-
ana]ys1s of Zerkle and. Sunder1and [1] emp1oys the ba51c assumptwon

N

of a parabo]1c axial ve]oc1ty prof1}e even 1n the presence of steady—

- ’state 1ce layer and reduces the problem to Graetz type ana]ys1s which -

| .proves to -be a good approxlmatIon conf1rmed by numer1ca] so]ut1ons :' _ Q§% o
[4 6] and exper1ments 0, ] Lee and Zerk]e [9] extended the ana]y~ |
:s1s to steady -state’ 11qu1d so]1d1f1cat1on 1n a para]]el p]ate channe1
' _~W1th unxform wEJ] temperature be1ow the freezing temperature "&’

. Turn1ng to the one p]ate prob thé trans1ent freez1ng of
"a 11qu1d f]ow1ng over a f]at plate was treated by Lapadula and Mue]]er

_fﬁo} and- Beauboeuf and Chapman [11] for. the case qf constant wa11

’.'_utemperature and by M111er and J1J1 [12] for the case w1th constant e

_heat removal Savino and S1egel [13 14] carrled out exper)mental
- and ana]yt1ca1 1nvestigat10ns on transxent solldif1cation of a wann |
) 11qu1d flow1ng over a- convect1ve1y coo]ed flat plate Their 1nves- .'
't1gat1ons where motwated by the apphcat'lon 1n 11qu1d hquid .t
. exchangert employing the coolant at a temperature be]ow the freezing f'.
" point of the warm quuid [13] One notes that thexr test apparatus
torreSponds to the configurat1on with 11qu1d flow between two par-v
a}]e} p]ates S1nce thé convect1ve heat transfer decreases w1th |

1__1ength onng»the'plate.~the,1ce th}cknessvrncreases-jn,the~dounstream”'
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»

. . . o
direction and the ice-]ayer profile (see.Fig. 6(b) of [13]) resembles

that of Zerkle and Sunderland [1]. o _

*.. The purpose of this study is to analyze the steady-state
‘ twoedimensionai asymmetric so]idification'of laminar forced liquid
flow in a parallel-plate channel with different, uniform external con-
vection coolings at the upper and lower'p]ates- VThe investigation was
motivated by the applications in so11dification of meta] castings in
molds, freezing of northern rivers with ice cover “and solidification
'-within 11qu1d flow heat exchangers uSing a cryogen as the coo]ant
\such as plate coolers [13] | |

One notes that the two-plate prob]em represents a generali-

eation of the one-plate problem Since flow over-a flat plate .can be
recoyered when the distance'between the tdo p]ates approaches infinity.
B On the other hand the present ipvestigation can be regarded to be
the exten51on.and generalization of the ana1y51s by Lee and Zerkle
[9] to the convective boundary conditions at the upper and lower

plates. For the convective boundary condition, the 1imiting cases-

of Bi =0 and ~ represent the perfect insulation and the upiform wall

L
N ¢
x

temperature, respectively. The case Bi # 0 represents a finite ther- it
. . . . R . ) - N -
ma1 resistance between the inner wa11 and'the cold ambient * The -

'present ana1y51s is. valid for any combination of Biot numbers at "

'~‘the upper and lower p]ates but numerica] results are obtained for

at upper plate. This type of asymmetric solidification problem arises

=0 (perfect insulation) at lower plate and Bi2 ], 2 10 100

' in free21ng of northern rivers discharge of wann water from power
p]ants to the frozen northern lakes and various plate coolers

For Graetz problem 1n para]]e] p]ate channels with- unsymme-

s,;,-O +
e
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.trfc boundary'conditions, one may mention the works by Schenh'[ls],
‘ Dennis and Poots [16], and Cess and Shaffer [17, 18] for reference.
‘In this study, the solution fo the thermal entry problem is obtained -
by the eigenfunction‘expansiOn method using the confluent hypepgeo-
metric fonctioh'[IQ, 20]. | | |
' 3.2 The Liquid Solidification-Free Zone
3.2.1 Physieal Problem and Analysis

The physical model is depicted'jn Fig. 1. The warm:]iodid
with an established plane Poiseuille f]ow‘eoters the therma]jentrance
(X = d) at a untforh'temperafure Te Upifferent, buf cohstaht‘oyerd]f
heat transfer coefficients,/h; and hz,-between the “inner wall and the
cold ambient are prescribed at the ]ower and upper plates, fespectiﬁely, :
in the coo]ing section' The liquid is cooled as it‘flows through the

channel and eventually, at some downstream 1ocat1on, the ﬁreez1ng tem-

- perature is reached at the wall and so]1d1f1cat10n begwns N1th h f

h2, the 1ocat1on of point of 1nc1p1ent solidification is ‘different at

_‘'the 1ower and upper plates ~Thus, the therma] entrance reglon cons1sts

of a sol1d1f1cat1on-free zone and a freez1ng<;5ne/where the so]id 1ayer
increases its thickness monoton1ca1]y a]ong the channel wall. It is

' assumed that the physical propert1es‘are canstant and,ax1a1.heat con-h -
duction, viscous,energy;dissipation and free_cohvecﬁion~are néél%dible.

The fully developed velocity profile is given as o | ‘,

CU0GY) = s (L-(VL)] R o m

" The energy equat1on in d1men51onless form for the steady state and the

. ¥

* “'thermal boungary conditions ‘can be written as

-



a2 L | o o
Ly - :—3 | - . | (2)
8(0,y) = 1, 26(x,0)/3y = Bi e(x 0), %(x,1)/3y = -Bi A1) (3)
where x = X/(3LPe), y.= Y/L, 6 = (T-T Ty T s Biy = Kal/K,

and all othef'symbols'are defined in Nomenclature. By using the methed
of separation of variab]es, the solution takes the form

- 8(x,¥) = 3 E,Y, (y)expw S o (4)
: _ J-] . » ' . Lo _
where aJ and Y are the e1genva1ues and elgenfunct1ons which sat1sfy

the fol]ow1ng system of equations.

d¥, - dv.(0) a (1) R
_?-h o y(l-y)Y =0, —-k BY, Y, Y5(0), ——Jy— - -Bi YD (5)

3.2.2 Eigenvalues

. In order to overcome the dlfficulty in obta1n1ng the hlgher ‘

e1genvalues, the series solut1on is rep]aced by a so]ut1on using the

confluent hypergeometr1c funct1on [19 20]. By 1ntroduc1ng the trans-‘.v'

- formations, 2 = ay (y—l/zf)2 and v(z) Y, (y) . exp(z/Z)- equation (5)

becomes"
| z:—-z- (1/2 z) (1/4 T’si) V=0 N o (6)

'mh is recogmzed to be Kumer s equation.,""”‘

g'f + (b-z)——-- ev =0. S : . % --(7).f‘



with a = (1/4)-(a;/16), b = 1/2.. Noting that the general solution -
‘of equation (7) can be expressed in terms of the.cohfluent.hypé}-
'geometric function M(a,b,z) [20], the expression for Yj(y) takes

the form

1) = el -(y-i/z’)?/zJ-;c]'jri(aj.1/z;aj__(y41/z)?). |

Oy J"z(y VaMazY e 2] )
ubérelclj and CZ' are the constants. The series expansion for
M(a,b,z) is'[20] - | o |
- ] ‘ ' 2 . .
)= 1e g afa) 22 alar])er (atn-1) 2. . gy
abiz) =1+ 3 e b(bsT)=+=tbm-T) ar * 7 ()

Thus, ohe obtains ‘ ; o .

Y; (y) = exp[-a (y-1/2) /2]

L (- /4>---<4rx-'-a M oo ap
'{f]j[H né’l o (2n)1 ' a (.Y‘]/Z) n] + CZJ i \'. 
; ‘ (3-a /4)~--(4n- 1-a, /4) | '
[(y—J/Z) + 5 k (2n+])| J n(y ]/2)2n+1] (10)
Cay |
iy exp[-j(y-llz) /2]

o T Tt
“*l-{fcjaj(y:IIZ)ﬁu;/2[1.g_(,;1/2)?]..n‘~. o

(l-a /4)--°(4n-3-a /4) i R ‘_ 1‘vl._ o
j 5 — j0- 1/2)2"[ - (y- 1/2)+1;§$7§71 ERE




E -from (13) yields e ?;” '

(3-u /4)°-°(4n 1-aj/4)

1/2
an/' a1 T o0 "z)zn
[-a (y-1/2)2+2n+'l]} e (1)

5 where‘ca. is being absorbed by the e1genconstant in equation (4) and

Cj‘is the new constant.. Substituting equations (10).and (11) into

the conVective boundary'conditions in equation (3), one obteins

Eggl- .chi]' +va}/‘2(5;—]; 1 -A;;i)'

A
—l—-—-i bo
'E%_.ucjm;,_ 1,5 (_f ‘] __1) ’ .. .. 3 \
V;/z ."7‘ (3#./42;;;1(;?Jf /.m éj‘-) (—— - —1+ 2n + 1) ° (‘3) ! -‘ |

bBy addang and subtracting the above two equations, one can so]ve for
}AIC and obtain the equation for aj‘ The subtraction of equation (12)

(3- - /4)-°-(4n-1-u /4) o
1
(” "”1) /2[” zl B2 3) | E— —i),n] |

. .50



' while the addition of the two equations gives
Ly — 3 £ 77) CREs LK =
f . - oee n_ -
| ¥ _1)"]

- where

N e BiL4BIL ,'2(3-0.‘1’4)'"-"(4""»’v"’:‘j/'4)' 1

©
1]

. ﬂequation (16) becomes ;f._ :‘*

1/2
°2

: '(B'l]'-BiZ')['lt- -'n — (2n)'

Loy

\

' (1-0. /4)---(4 -3 /4) -
‘(Bi +812) "' :] = (zn),n .a (_1) [a ‘8""81]'812]

"

e Rt RV I
2 vlf.'4 * 2 +“nzl : A (§n+1)1 - (4

Bi +Bi, @ ‘ S
*‘3?‘1 z’i*?"”] N

| Equat1ng equations (14) and (]5), one obtains #

(3-a /4)---(4n- -a /4) E:L

| .‘ )2, + o *B‘z) U" & =5 (2n+1)! '- -,(,4-_-)"‘]‘. |

1
(lda ‘4)---(4n-3-u /4) -
[]"’ f] (20)' T "i)n] = 0
| | S _' a8
In present study* only the specif1c case of Bil = 0 (perfect

t‘i fnsu]ation at bottOm p]ate) wil] be studied in detaf1 Hith Bil = 0

/ -~

(3-a /4)--~(4n-1-a /4) 31

"'v-_.'.4°1°z * “2[‘* g‘l o - )n] :

(1-« /4)---(4n-3-u /4) o —1-)'; '_ 0 |

O Z, . m! ;]. R ]

as)

'1 (i§)-1'
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: where one notes that Bi] = 0 in the expre531ons for 01 and ¢2 The .
eigenva]ues aJ are the roots of equation (17) and 1nitia1 estimates
of the roots can be obtained by tabu]ating the va]ue of the left-
hand 51de of equation 7y versus a sequence of closely spaced values
of aJ 's. The values of aJ 's at which the 51gn of the 1eft hand side.
of equation (17) changes give the upper and lower bounds of the root
and may serve as a starting point in computing the eigenva]ue using

.the variable secant method

o The 1im1t1ng case w1th Bi].= Bi2 Bi (symmetric boundary
fconditions) are of speciai interest since comparison of the eigen-

' vaiues w1th the pubiished,results can_be made. From the symmetry
condition'Yj(O)eYj(i);’one notes‘from eouation (10) ‘that-all odd

“terms vanish. Thus, theieigenfunction Y.(y),becOmes '

S | (- /4)---(4n3 /4)
Yj(y),c en’{ a. (y- 1/2) /2] [1+ ‘f — i (20),A“'f94 n(y 1/2)2n]

| (18)
After app]ying the convective boundary condition dY (1)/dy = -BiY (l); .

one obtains ] = 0, i.e.

2 B“. n§1 ,g (2n7" "l)"[-‘i 4"-Bil (19 .

'- The: first three eigenvalues are obtained for Bi = 2 20 and the resu}tS'
Vare ]isted in Table l where the resluts from Van Der Does De Bye and R
Schenk [ZT] and the approximate values of Dennis and Poots [16] are

also given for comparison.
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| 3.2.3 Eigenconstants

From the orthogonality of the eigenfunctions the eigen-

constants can be determined from

foy(l-y)Y (y)dy/foy(l-y)Yz(y)dy - _ . (20)

The 1ntegrals appearing in the numerator and denominator can be writ-

" ten as
’] : ' 1 dv.(1)
foytl-y)Yj(y)dy_f - '3?'-{h7-f
R

| Y, dY,
(-2 Ll -y .
foy(l_y)Yj(y)dy 2 [aaj TR dy (3a )]y=0

Thus, the eigenconstants for the case Bij;= 0 are

I AR (21)

aY (o) dY (1)

‘where $ = Y (0)-—( }i( dy
The first ten eiqenva]ues eigenconstants together with C] n C 10° and ;_;§%&§
Y] n Y]0 are iisted in Tab]e 2. for Bi] 0 and Biz = 1,2, 10 100. o

The ten eigenvalues are found to give sufficient]y accurate so]ution

| 3.2.4 Location of Point of . Incipient So]idification
| Noting that the solidification starts at the location
where the wa11 temperature at the upper plate reaches the freezing '

' temperature, the 1iquid soldification-free length xf can be eva]uated :



from

10

e(x-, =0 .= z]E ¥, (1)exp(-aj f) a | f _M*‘ oy

where 0 (T -T )/(TO-T ). For the determ1nat10n of xf, it is con-

ven1ent to define a superheat ratio € as

Tf)/(Tf°tm) = 0 ta S @)

One observes that X¢ = f(e, 81 )

_ §o1id.layer is well discussed in [1, 7]. In present anelysis,

. steady state §olqtion for Bi]=oj(perfect;insulation'et'bettOQ plate)

- is 'sought and np soldification occurs at‘the'bdttom p1ate' The . ve]o~1

.c1ty components satisfying the cont1nu1ty equat1on BU/aX +aV/aY 0,
'IGU(X Y)dY LU ‘and the no- s]1p boundary cond1t1ons are found to be

| 6LU j C
"Subst1tut1on equatwon (24) 1nto energy equat1on uaT/ax +V8T/aY '
uﬂleaYz |

= X' /(3LPe) Y/L 3 -6/L ¢ = (T- f)/(T f)

and 1ntroduc1ng the dimenszonless variables, -

4 ]

S

" one obtains__->

e v)- '“(—)(1 R (L) F
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- . - 2 ' o
}%ﬂ-?§+%ﬁ1§n§=3%‘ e
-‘with_boundary conditidns‘ A _
'¢(i;§)¥0.(inter%acé), 8¢(§;0)/§y=0 (1nsu1ation) L (26)
¢(o-.§)=[(1+e)/aJe(xf,y)-~(1/e) (initial condition) S (27)

Applying the variable transformatlon 1, 9] fr0m>¢(§,§) to
¢(x,n) with n=y/8=Y/s, 6 can be e]iminated from the boundary condftion

and one obtains the fo]]ow1ng system of equations which is s1m11ar in

form to the classical Graetz problem | _ ﬁ-‘.
3x " ]'.n Y T
C#(x,1)=0, ag(x,0)/5%=0 . . (29)
-.,:¢(q,n)=[(1+e)/e]e(xf;y)-(1ﬁe) T S (30)"
US1ng the method of separat1on of. varlables by setting '
¢-H(x)N(n), one obtains
84 g% 0, H(0) - Myd)-— N £ 1)
e n(1-n)8N=0, dN(0)/dn=0, N(1)=0 . (32)
S dn- o . o T
;ﬂThe"soiutfon to équafion.(3i)A1§; L

H(X) _exp. [ 8 fo dx] o

’ ungh¢e.;§he seriéS'solution.forlﬁfi;n) is -

" 55
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.where Bj and N\j are thé eigénvé]uesiand eigenfunctions.

Using the'tkansformations, zésj(n-1/2)2 and Nj(n)éw(i)exp(-z/2), |

equation (32) is reduced to Kummer's equation’and:onefqbtqihs ,
: (1-B./8)+e+(an-3:8.8) - .
N (n) -expl-8, (n-1/2)272]- [o,(1+ F —L (ZH)! —i— gln-172%"

n‘]

| | (3—3 /4) --(4n 1 B /4) .
1/2 n 2n, - . .
* 8 (n 1/2)(1f fl (2n,]y. - Bj(n-]_/Z) | )] | SN

- From the boundary condition N (1)= 0, DJ can be found as

-

D tﬁ /z)c>3/o S S
g B 2
. 3-8./4)+ 44 (4n-1-8./4) 8 o 4
where &5 = 1+ f | ‘(2n+1)| ‘ir’(ZJQ . ' -
o -8, /4)'"(4n-3~8 /4) Byin R ) -
T HE (2n)T | _(—1_ | I o

n=1"
The other boundary condition dN (0)/drF 0 yie]ds the fo]]ow1ng equation

from which the eigenvalues B “can be. eva]uated.},

3/2 )

dnN,(0) N By
B R exp( B /8){81/2 -—%—— '

S dn

| ; | +. D [—i-+ g

n=1

(1 B /4)"'(4n-3-8 14y, R
SR D] "1"(‘1 4")

A (3-8, A+ (4n1-8,/4) _ -
4*53& : T (‘1)"( ‘i* 2"*”]}’



Thus. one Has = - ‘, | f ';. ‘qg v
R 8,/4)- < (an-3- -8, /4) |
F(B )= ¢3[~J~ ,,Z] — T —1 "(—1- 4n)]
8 (3-8 "%/4';“'(%-1-8:/4‘) B
caglgh -1 L=t
i By . o L ' ' :
g y=0 S - (36)

. The ‘roots representing the e1genva1ues can be determined oy using the
procedure described in Sect1on 3. 2 2 | 4

The eigenconstants KJ can be eva]uated from _-,' '

xJafonu nN, (n)¢(0,n)dn/f0n(1 in) dn j R )

It is noted that ¢(0,n) depends on the superheat ratw as we]'l as the
B1ot number The 1ntegration in equation (37) is. eva‘luated by
S1mpson s rule (IBM-SSP-DQSF) emp]oymg 200 equa] step sizes ‘The

-’ f1rst ten eigenvalues, constants D] " DID and va]ues for dN (l)ldn

eigenconstants for

- ‘, '~ de(])/dn are given in Table 3. - Table 4 Hsts\

".‘_("the»iase B'i]=0, Biz 1 2 10withe=1.191 4, 9.5. The

eigenvaTues in freezmg zone can be compared with tose given by

| Schenk [15] for the case. Bi] =0, Big'.‘ °° (constant wan temperature) 3

and the agreemegt 1s found to be very good, - . .
. ‘ 7 ’ . '~, -

3 3 2 Steady-State Frozen Layer Growth . ;‘ - |

_ . AppHcation of the energ ba’lance at Qme Hquid solid
interface for steady state yield' . ' S
k BT (x' 5)/8Y = k aT (x',s)/av j’ . SR -{38) R

57



el T (e .5) A - ? B
where —% 0 Tt 43¢(x ]) ' Co - (39)
- ‘ ) SR L3 on . _ '
KA (4 ' )
The temperature in the szjif phase layer 1s described by the. ?bllowing

A

g L) .
%<0, _Ts,(x,.',a) = ‘oE, RS+ h[T(x',L)-T 1 =0 _(40)

"system of equations 1

'h.lr.x
e

o :The so]ution isa

B, [(T -1 )/L] .'(41:5'

'I’ P . .
. ) where Bis= hzl./ks- | | | ' . o .

‘Using the above resuit, the steady staté.thickness of frozen 1ayer L

'_S(x) can be foupg from equat1on (38) as - i ',.‘ - 'r ' s

L i el Won e
L Mg [a¢(x.g/aq-(ks/k a1 L w
° | ‘ ' p‘ﬁ. ‘ , : . g
i | \, . . v’
N | 3;4'“- Pressure Drop and Heat TransFer Characteristics ’

=S

3.4 Pressure Drop Vo o : o %’_"~f‘ :4,’ A
}v,;.,: ' ";'.‘3“ .3 The 1nformation on pressure “drop is of pract1ca1 1nterest

tq prevent the channe] from “freeze-shut"- The pr€§Sure drop is iinear

in the so]idiﬁncation free zone. with a pressu&e gradient dP/dx

3 - ' o

’ S .5;( 12uU )/L ' Defining the dimen51on1ess pressure difference o
E%ih-;;aﬁ ,-p'- Py -P)/(pU /2), one obtains g R
- o " ,..:'} “:/‘ B : .4 o P v

b ’°_.f.xf*;f. B -



s R ’
o

In order to determine the pressure dro‘p in the freezmg zone.

'one 1ntegrates the ax1a1 momentum equation, UaU/BX' + vaU/y{ ='-3P/3X'
+ \:(-a u/ax' + 3 U/aY' ), fronY =0 to Y = § and obta‘ins

f ' @ 63% u(x',) aux' oy
/- ‘deUdY&,é‘dx. vfode+v[ ] L

It is Mssume ﬁat the ax1a1 var1at1o%of the soTid 1ayer thickness
.a.g,; i radua#'so that’ d26/dX' (d6/dx ) << 1. -Substituting the expres-

A W fb?%u 1htq. equatwn (44), one obtams the momentum equatlon in
L 5 R _ |

/." thmerggomess form as

s :f%im R : L . . ,
\ G’d_ \‘?:' 1% _-ln_g'd- + ]443PT ) Tvr-.'..;'g = - \ .r,‘ 4 . . . ) | (45) e .
dx ° - 57 dx 5 £, B ER

Integratmg from x = 0 to x and app]_ymg the 1mt1a1 cond1t1on p |

N | L ‘h‘
. -IM Prox, at. x ='0, one obtains PR '
. : :4 . ' _ ‘4,. : .
| “p(x) -2 (—- - 1) 144 Pr (x + f" d") PR (46)
¥ f 0 3 ’ A ' S
: . B v Q . - B

: ’second term denotes the viscous effect . ‘
e i v R S
S S T -.'j' -
‘ :_'3 4 2 Bu‘lk‘ Temperature I '

vy

‘Qg.dmenswn]ess bulk temperature in the sohdlfication- ER

9 ﬁ,:,free zone is }k ’, S|
. -A(T -T )/(T -T ) g fouedy/IOUdj V{ ffﬁ T.  1.'>;A : : pl..;(47)f e

'_-;_o_" '"".“-where,u'»é}(ium)g(];y), Using equatwns (4) and (5), one has A -
- M a . 6‘; s W . . N - £y

. It is noted that the ftrst term represents the momentum effect and the

&
Py L
47 .
S8
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_b=‘5 51 B

E. dY (1)/dy exp(-a x)/a R 0<x<xf

where de(l)/dy =.48121Yj(1).

For the freeiinghzone, it can be shown;similarly.thatr _

by = Ty T/ (T

'Notingfthat ¢b.=

s
|
=1 _ _6¢
O = 79 - Teegirk

-Tf) = ‘.

(beTf)./ (Tg=Te) =

bulkﬂtemperatureﬁeb'beeomes"'

10
J=1

0 dN, (1)

dn

___i{’{.

®

3 4 3 Heat Transfer

The dimension]ess total rate. of heat transfer from the e

—*L—. . exp[ ii!j/"“”‘]/ﬁ2

> KJdN (1)/dn exp[ BZI" d"]/tsJ

- (48)

f(ite)eb[e;1/e;'the expression'for-,

11qu1d per unit depth of the channel. 1n the so]1dif1cat1on free zone |

from X = 0 to X is

N4

4:"

-

’ﬁ] = Q/Lumpcp(To-Tf),: OfoXf )

where Q f - k3T(X L)/3Y dX.

s

B v,lt. . ’
. Lo
SR
boe k -
.“ -

(51)

: The value of Q] becomes 1 when the 11quid is cooled to 1ts freezjng

’-temperatihe.. Using equation (4), one obtains

o 40
. 1+e

Ad

~dY (l)

f—l =
i dy

-‘+,

'sq

(exp(-a ) -1)/a2] 0<:e<xf

. /
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".’Sini}arfygﬂthexdimenSjoniess_heatltransfer rate in the.freezinghzone_-;l n
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~ from i =0 to i_is found as
g, - _6]05 b dx | S . .(53)

Thus, (Q] + 02) represents the tota] heat transfer rate between the '
hermal entrance (x 0) to any axiaT location (x-x) 1n the freezing
zone e ST L '
3. 4 4 Local Nusse]t number ' -
The ﬁO‘cal heat transfer coeffic1ent, h is

: a’ . ) .' .
e :

- v ‘»-.T.‘_"’-L’.’_,.,"?.’.‘f.’ff* |
'q'- —31-("—-—‘51 h(T Tf). x>xf

Thus, the Tocal Nusse'lt number. Nu = hL/k beC(‘E | . .
= [-38(x,1)/9y ][0, (x)-e(xi)] ocxx, . W (56)

o= [E1B) 0 R, Dy e S e

Tr;e locaT Nusse]t mmber provides further insight into the heat trans-.

" ‘fer mechanism’ particularly in the freezing zone.

| 3. 5 ResuTts and Discussion L ‘. | o _ o *

*

3.5:1 Temperature Distributions C S . -

4 ‘l“he deve]oping temperature profiles in both the so]idifica- .
‘ .
'.tion free and freezing zones for Bi] 0, Bi2 2, ¢ =4 are shown in
‘Fig. 2. The differencexbetween the temperatures at the upper and. Tower

- pTa'tes is of interes-t The profi]e at xf =.0. 15 represents the entrance

£ - T :

e



Vtemperature"distribution'for the freezing zone. For x>0.15, the ieé-'
water interface is at the equilibrium free21ng temperature T ‘whereas

f\s. -

the temperature at the insuiated 1ower piate decreases toward Tf -At

%= 0, 220,'the temperature profiie becomes fully deve]oped and. is\re-.

o
et " P

1ative1y fiat '_ - ..;,‘ ,‘ S "*’ L . tg-,‘
o \\ Numerica] resuits for iiquid soiidification free length Xe
_rverSUS superheat ratio c are p]ogted in Fig 3 for both the symmetric
 case (Bi 'f Bi 2 Bi) and t nigzmetric case with Bi] O Bi2 =~l,‘

> ‘P
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’ 32"10 As. expected xf decreases with the increase in Biot number ,A'lnj',~

--and increases wnth the superheat ratio. -For a: ‘given . Bibt ‘number, xf

for the unsymmetric case (Bi =.0) is seen to be about 2 to 3 times

Tonger than that of the symmetric case (Bi = Biz) o :_.,f.i;.,i” ,:,{ﬂ_f

The axial distributions -of the dimen51oniess buik temperatures _
eb for 31] =0 and €= 1,4 with Bi2 = 1. 2, 10, 100 are ‘Show in Fig. 4 f
vNot ng that eb = 1/(™€) as X+ in equation (50), all the curves, .7 -
approach the same asymptotic vaiue depending on €. . The' development '
‘1ength required to reach the freezing temperature eb* ) depdids on

PR

Biot number and superheat ratio

¢ 3.5 2 Steady-State Ice Layer Thickness

-

"‘Lxﬁﬁ fecQs of Biot mihger'and sudﬁ?heat ratio on the ice Iayer profile can

RS

“*ﬁ 3 e if(', The shape of the steady-state ‘ice iayer growth aiong the .
'?fj; convectiveiy coo]ed upper piate ts of considerab]e 1nterest ‘he axiai"'
Lx q'ya'riation 9ftthe ice iayer thickness for'Bi] 0, 31 2 10 with
;;} € 7 1, 1. %9 5 and- ky /k; = q‘ip is. presented in- Fig 5 The ef-
»

. ¥

be seen clearly ‘Thetsolition is terminated when 5 reaches a ‘value of
JID p-3 and the’ compiite "freeze shut" of the channei will. not occur be—

’ ‘ ...




"‘r‘ .
.

c - | | co~ .
-cause of a constant mass flow rate ass"nption _With further reduction o
of §, the assumptions employed in the anaTySTs may not be valid .As

" can be inferred from the characteristic of fTat pTate boundary Tayer%"

heat transfer, the convective heat transfer coefficient of the warm’

X

'water 1s high neer the soTid-phase entrance and the ice Tayer is seen

- to have zero thickness at: x = xf Further downstream, the convective

' heat transfer decreases with iength along the pTate and thus the ice.-

.'thickness increases in the downstream direction The ice-water inter-

' ",face contour apparently resembles that of forced flow over a flat

"'_'piate [12 13

3 5.3 Pressure Drop and Heat Transfer »

" The: pressure drop resu]ts are given in Fig 6 for Pr = ]3 2

L rapid]y and the deviation from the curve representing a Tinear pressure

' drop (p—]44 Pr x)*!occurs The pre e dr0p is caused by the flow

_acce'leration due to the‘reduotion oﬁthe flow area It 1s _aaarent

o that the channel will. freeze shut if the pressure grad)'ent‘“ﬁ not high |
L gnough ' ‘i: ,' _' o

'4 - The removal 'of the sensibie heat before the. bulk temperature
| approaches the freezing Jt.emperature is of practica] interest. Th_

dimenswnless total heat transfer rate Q as a function of x is s’mwn tn -

: ;'clearly seen., One notes that g+ ‘l as eb *> ef (see Fig 4)

L mrther ksight reqarding heat transfer mechanism can be
gained by studying ‘the Toca] Nusselt number behavior. The effects of

R Biot wumber and' supeﬁeat ratio on local Nusseit number results are '

N

63 .

) (water). "After the onset of ice formation, ‘the pressure drop increases o

._Fig ] where the effects of Biot number and superheat ratio are aTso } }‘ }



.

64

“shownfin Fig. 8." As in the‘case.offclassiCal.Graetz'problem,*the*"“"
local Nusselt number decreases withnthe‘axial distance in the soli-

"dification-free zone. The increa'se of local Nusselt num‘be: in the_
freezing zone is related to the increased axial velocity du%ﬂﬁﬂ?the
presence of the growing ice layera Apparently, the increase in
Nusselt number in the freezing zone is related to the corresponding
increade in the: pressure drop. For the cases, Bi] 0, Bi2 l 2'

r and € = 4, the. liquid-solidification free zone is long enough so

that the fully developed Nusselt number is already reached bafbre

the freezing zone begins It 1s noted that”the local Nusséit number

) in the solidification-free zone is ﬂidependent of superheat ratio. -

B The local Nusselt number can’ alsq;be defined using the am- ‘

biéﬁt temperature T «§;:§hg reference temperaturgwthroughout the whole .

convection cooling St The numbe;ical results for Nu thus defined »Q

are plotted in Fig 9 where the effects of Biot number and superheat ;il'

ratdo are seen more distinctively than those shown in Fig 8 but the X

} trend is generally similar It is of interest to note that the asym- ~7;-7_"’
ptotic Nusselt number, Nu =1 125, in the solidificatidn-free zone N
-for Bi] =0, Bi2 = 2 agrees we]l with the asymptotic value Nu = l l3
given by Schenk [lS] B _y’ i T q'

3 Concluding Renlarks *ar

f,.

R insulation at the louer plate is obtained by the classical Graetz

| - The' solutien of the steady-state ]iqu'id solidification ig SR
problem for laminar forced flou in a parallel-plate channel with
uniform external cgnvection cooling at the\upper plate and perfect

method using the confluent hypergeometric function,: The use of‘the

terl L Lot . '_' B . ! ° ) e
e . . . Sl P



..‘

1

- ern rivers estuaries waterways and lakes with thermal discharge It _‘“

.l |® ) ..“‘ . : . -_'- '."‘t ‘.-. .if

: confluent hypergeometric function is particularly effective when the ’

boundary conditions are unsymmetric and a large number of eigenvalues '

¢
is required E

The configuration and thethermalconditions considered in

the present solidification analysis are encountered in various impor-' -

tant engineering applications such as casting of metals in molds. _f

heat exchanger§“esing cryogenics and freezing of ice sheets on: north-

P*r N

must be p01nted out that the real phy51cal problems mentioned above

'r.f

. are of . great complex}ty and the present physical deT represents a ,

somewhat idealized one. However, the analysis does provide consider— '

able in51ght into the conditions under which the northern river, for

eXGMple, may freeze completely Inithis connection, the pressure-drop

"; and heat transfer results presented are useful in estimating the. con- -

ditions foﬁ'the complete blockage of the flow in channels.
The transient so]idification analysis to reach the presont
steady-state solidification problem is. not the subj_

However, the method described in [8] can be- appliedti "the transient

W solidification analysis involving a parallel-plate channel

" The developing temperature profiles in Fig 2 show that the -
flow fieldtis potentially unstable because\of top heavy situtation in .
the case of a horizontal channel For laminar forced convection in

borizontal parallel-plate channels, the free convection effects will

. 3 appear only after the onset of a. secondary flow in the form of longi-

tudinal vortex rolls [22 23] However, the free convection effects in )

the freezing zone are not expected*to be important since the tempera-

3- ture difference between~the lower and, upper plates is rather small

e -
-‘."

".of present study.

i
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The ‘thérma] ihStabilify énaiysfs is ﬁeydnd the Scope of preéént,in-
. vestigation. o - . a
' | ' The experimental fnvestigation'fdrnthe present problem dde#_
not appear to have béen.repoftedi1n the past. Thus, fhe experiméntalAi .jiﬁkg

investigation is apparenﬁly'in'order.
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Table 1. Comparison of Eigenvalues for Symetric Case - .
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~ Table 2, Ei‘genva]ues, Eigenconstants’ and Related AR
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o CHAPTER IV _

. EXTENDED BRAETZ PROBLEM AND LIQUID SOLIDIFICATION FREE' -
. zoms IN couvecnvm COOLED PARALLEL PLATE CHANNELS‘ v

-9

-w . * ’
A .q‘ o : ~
o T w? . 1
q h.. N RPN .
e - -

o The extenged Graeiz prob!ed with axia] heat conduction 1s con- | R
;L{:sidered for the dnlin?!b regfoy consisting of- Zhe upstream adiabatic 'h_w.o'j 1‘
| f‘regioh (-'b < x < 0) and the downstream convec!'velyqpooIed region - | X
i ':‘(0 < x < eo) i% paralle]-plate channels with fu'ny develdhed 1am1nar

-""'flow The solut'hon 1s. ob‘tained by the eigenfunction exﬁansfon method
" "Bsing. the confluent hypergeometric functiOn and the Galerkin method _
fOfQ‘Qe"Cb"St‘"ts Hé‘ tt‘ansfer resu?ts ar‘g, obtained for Pec‘let > .' " a

v kd” R P S

nunibers 1, 5 I}J 50 and B'Iot numbers L, 2‘ 10, > by using the first

' twehty eigenvatues and the related constants. The axiaI heat conduc- ¢,
o

tion effeots on the Iength of Hquid solidi“ﬁcation—free zoné are L -i.,'.ff..:
studied and v.e \mpﬁcations on nquid sondfffcaun pré’hem in m A

Pec!et number f]ow| regime are pointed out.
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ab = parameters {h Kummer' s equaytion

Blot nw‘er h L/k

| B}.*»C‘ . eigenconstants. eqs‘ (3) and (4)
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pov
I

Acl_d,’_czjf_’_ = constants 1n eq.. (10) B “.;.,. Cow i - ,\.. .
overall heat transfer coeff1c1ent between 'lnner waH and
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= (Te - T V(T - T)

= asymptotic temperature solution
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'4.1 vIntroduction

Theoretical analysis on liquid solidification inside circular

tuhes [1-5] or parallel plates [6] with forced flow is of considerable

~practical interest. The prediction of solid phase formation within the

tubes or channels is closely related to the well-known Graetz problem
[1,6]. The analyses [1-6] are all based'on the assumption that. the |
liquid temperature‘is uniform at the thermal entragce X = 0. Recent .
theoretical investigations [7-12] on Graetz problem with 5%@51 heat

conduction consider1n§ both the adiabatic region (X = =~ 0) and the

thermal entrance region (X = 0~ ) show clearly the importance of up-

stre?ﬁ’heat penetrat1on through X =20 for low Peclet number flow fegime.

The ana]yses_[7-12] reported in literature are all limited to the cases
of either uniform wall temperatdre_or,uniform-wafd‘heat flux for the

" heated or cooled sect1on - In many practical situatidns 1nvo1v1ng ;E-'
_»co]d env1ronment ~one may w1sh to evaluate the effects of the thermal
1nsu1at1on and the surround1ng sink - temperature Thus; the convective
boundary condition is 1mportant and was con51dered in [7, 13, 14] for

thermatl. entrance region problem.

_ The purpose of this 1nvest1gat1on is to study the a§1a1 heat

conduct1on effects on thermal entrance region heatxtransfer and lfquid :

_ sol1d1f1cat1on free zone in convect:ve]y coo]ed parallel- plate channels.

The problem does.not appear to have_been stud1ed in the past. The in-

vestigation was motivated'by a desire to determine the cbnditions~pnder :

which the'assumption ofvuniform 1iquid-temperature at the thermal en- -
' trance X 0 1s app]icab]e for liquid sol1d1f1cat1on analysis in para]-
lel- p]ate channels. ThlS 1nvest1gat1on w111 shed some 1lght on liquid

sol1d1f1cat1on in ducts or channe1s w1th forced flow for low Peclet

o
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number flow regime where thé axial heat conduction {s important.

*4 The elliptic-type energy'eqUation is solved by the method
‘of separation of variables and the eigenvé]ues and eigenfunctions are
obtained by using the donfluent hypergeometric function [15-18). The

eigenconstants are determined by using the Galerkin method [19].

4.2 Theoretical Analysis
4.2.1 Problem and Solution

Cons{der a fluid with constant physical properties flowing
between parallel p]ates froﬁ the upsfream adiabatic sectian to the down-
stream convectively-coo]ed section (see Fig. 1). It 1k-assumed that the
flow1is7a steady plane Poiseui]1e flow with Qniform temperature TO at
X .= -, The Poiseuille veloc1ty is given by U = 3U [1 (Y/f3 172.  Ne-
‘glect1ng v1scous d1ss1pat1on the energy equat1on with axial heat

c0nduct1on in d1mens1onless form can be written as

N )y

I 90

(1-y>—" - +
3x p??

g
D
A3

(1)
with the boundafy cohdition54
=] at x ='~»§'ae/ay = 0 at y=0and 1,

1 38,/3y = 0 aty =0, 36,/3y - Big, at y = 1 (2)

87 O at x =
= 6., 30 - =g
By = 6,5 36,/3x ’ 36,/3x at x} 0 |

where x = X/LPe, y = Y/L, 6= (T - Tm)/(T0 = tm) and_Bi =‘hoL/k
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and all other symbols are defined in Nomenclature. For the present
problem, it is shown in Appendix 3 that 8_ = 0 (asymptotic so]ut10n)
The solution to the system of eqs. (1) and (2) can be

obta1ned by the separation of variab]es method and the expressions . for

tempefature fields, o i and 92, in the upstream ad1abat1c and downstream

entry regions, respectively,_are

(e}
n

1+h§BgMHwM%$NL~§<x§o - | 3) -

D
(AN
1}

a1 CR(V)exp(-882x/3), 0 < x<cm (4)

where the eigenfunctions and'efgenVa]ugs satisfy the following system

N

of equations:

d

2 e . | . .
d°y | . .dY (0) dy (1) -
Pe ol oy s, S L Tl
dy " gpe?, " o dy . dy
2 . »
AR, I | ,
g (62 (1 A1k =0 . ~(e)
9Pe o _ .
dR (0) dr (1) o S
dy = 0, ) dy = ‘B]R (]) . . . . ‘ (7)

By introducing the transformagﬁohs

= Bny2 and w(z) = exp(z/2)R (y)

equation (6) becomes

dw, 1 dw 1 Fn 64 24 _ . o .
AR RE R RN S AU gpa2 Enldw = 0 | (8)
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which is seen to be Kummer's equation,

2 - - | |
2 ——§-+ (b - z) gz -~ * 0" = ' (9)
dz - -

where a = (1/4) - [1 + (64§ﬁ/9pe?)](sn/4) and b = 1/2.

v

The'general_so1ution of eq. (9) tan be expressed in terms of the con-
fluent. hypergeometric function M(a;b,z) [17]. Thus, the eigenfunctions

F"Rj(y)'are given by
R'(y) = exp(-8 y2/2)[C'-M(a 1/2,8 yz)
I ‘ J L A RS

1/2

. "2 ‘
+ c2 i85 yM(aj+1/2.3/2,8jy ) (10)

nhere C]j and c2j are the constants.

4.2.2 Eigenvalues and Eigenfunctions

| The first twenty eigenvalues and e1genfunct10ns accurate
to seven s1gn1f1cant figures for eq. (5) with Pe = 1, 5, 10 and 50 are
obtained in-a recent related study [14 20] and will be ut111zed in th1s
study. The f1rst twenty e1genva1ues only are 11sted in Table 1. Equa-
t1on (5) was so1ved by a fourth-order Runge Kutta method employing two
hundred equal steps. | |

For the downstream reg1on, the e1genva]ues are found by

-~

application of eq. (7). From eq. (10), one obtains

dR, (y)/dy = expf B5Y /z)[‘t]igagngaj,l/z,sjy )

Y
*

D e

q



9

172

v e (- ejyz)M(aj +=1/2,3/2.ejy2)

ZJBJ

2
+ 4513 i3 yM(aj +1,3/2,8,97) |

3/2 2

+ (4/3)(C,587 "y (a; + 1/2)M(a; +‘3/2.5/2,8Jy2)] o)

From' the symmetry condition dR (0)/dy = 0, one obtains C2j = 0 (all

~odd terms van1sh) It is 1nterest1ng to note that the constants CZJ

correspond to odd eigenfunctions in [12,20] where thymwpper and Tower
p]ates"are'at unequél but constant wall temperatures. Equations (10)
and (11) now becqmé:

-‘. - 2 h . . 2 . . ! )
Rj(y)-- exp(-8,¥ /2)M(aj,1/2t83y ) o (1)

B 4 .

. _  - 2- . 2
_.de(y)/dyi? exp(,ejy /2){ Bij(aijKZ.Bjy )

' - e TR ' :
.B. . + . ' ,
+ 4aJBJyM(aJ 1,3/2 Bj¥ )] ) 4 ‘ _ .'_(t?)

: . . . . . - . ) L . R ™

where the constants Ctj are being absorbed in the eigenéonstants'Cn

Cdneq (). | SR
Suﬂ%tituting'eqs. (1T) and (12) into the convective bonndany'COnditinn .
., of eq. (7), one obtain§ - 3 o | i%f OF
. M
(Bi. - Bj -_Zaj?M(aj,1/2,5j) +H2§3”(aj + l;]/Z,BJ) =0 - ; (j3)@)f s

o : el
;O - . :

L 7 ’
N 17
VG .

where the following recurrence formula is utilized,

DM, b, D) =bME b D) -bMal b ) L (9
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The first estimates of the roots of eq. 113) can be obtained by tabu-
lating the value of the ‘left-hand side of eq. (13) versus‘h sequence

of closely spaced values of Bj' The values of BJ at which the sign of
the left-hand side of eq. (13) changes give the upper and lower ends

of the root and may serve as the starting points for computation. Thus,
~one may inspect the whole spectrum of eigenvalues before the e1genva1ues
are improved by using the variable secant metnod.

The series expansion for M(a,b,z) is

e
/

aarl) 22, .. . 4 afat))eec(atn-) 20, Ly
blr1) 27 T T T b(oAT) S(ban=l)nt

M(a,b,z) = 1 + +

o
~N

With b = 1/2, a; = (1 - A8j)/4 and A = 1+ (54sj)/(9pe ), eq. (15)
becomes

‘ .(I-AB.)"'(4n43-AB.) .
M(a;,1/2,8;) = 1 + £ T ] 32 . (16)

The above expression is used tn eva\uat1ng Kummer 'S funct1on M(a,b, z)
for -2 < aj < 2 where the values of aJ 's are most]y negat1ve in th1s-<A
study For 1arge aJ 's and B s,.the va]ue of Kummer 's funct1on eva-
1uated tends o be very 1arge and one cannot ma1nta1n the same compu-
tational accuracy as for smaller aJ 's if the series expans1on formula

from eq. (16) is used. For aj < -2, eq. (16) is used in conjunction

with the recurrence formula [16].
(b-a)Ma-1,b,2z)=aM(a+1,b,2)-(2a-b + z)M(a,b,z)  (17)

The Kummer's function is thus evaluated at two smaller aj's utilizing -

eq. (17).



- 4.2.3 Eigenconstants

The series expansion coefficients Bn' Cn are détermined by
. ™
applying the matching conditions at x = 0 given in eq. (2) as

¢
BY =1 (18)

2 2,
nr'l C BnR + f BanY = ( (19)

nnn n®*l 'n

With the axial conduction term, the eigenfunctions are nonorthogonal
<and the eigeﬁfunction expansion technique commonly used for the Sturm-
Liouv;l1e system is not applicable. To overcome the difficulty, the
Galerkin method [19] is used in this study. After multiplying eq. (18)

by Ym'and eq. (19) by R and integrating from 0 to 1, one obtains the

"following system of equations by taking the first N terms of the series.

N 'N |
1.6, jOR Y.y - I, B fov \ dy -jov dy ~ (20)

¢

2,1 | L |
ano Rand¥ + [0 YR dy 0 S . '(21).

where m = 1,...N. The system.of simulataneous Tinear equations for

= 20 is solved by usfng the Gaussian elimination method (IBM-SSP-
DGELG) with a relative to1erance of 10 8 The numerical integration
is performed w1th Simpson S rule The first twenty eigenvalues,
eigenconstants B, v B,q, C; v C,q along with dR](l)/dy Ly dRzo(l)/dy‘
for Bi = 1, 2, 10, « and Pe = 1,5, 10, 50 are listed in Table 2.

The ffrst matching cdndition 61 = 62 at x = 0 is checkéq

for all conbinations of Peclet and Biot numbers, and it is found that
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’
k‘.

three significant‘figures agree except at points on the upp;r and lower
plates where two significant figures agree. The agreemént for ae]/ax
= 362/8x at x = 0 is generally one order lower than that for 8, = at,
One notes that a discontinuity from iero to a finite value exists for
(ae/ay)yz] at ¥ = 0 and this causes the discrepancy. For bulk tempera-
ture, four significant figures agree at x = 0. Thus, one may conclude
that the Galerkin method is very satisfactory in determining the eigen-

constants involving nonorthogonal eigenfunctions.

4.2.4 Bulk Temperature and Local Nusselt Number

The expressions for bulk temperature and local Nusselt num-

ber are

| | L
_ 301 2 I 1S PR N 2
81, = 5/g (1- )e]&y -1 - 31 () 5y B,Y exp(8ax/3)dy, < < x < 0

RNu

1b
(22)
3,2 N o2 -
8oty = ifo (1-y°) 1 Canexp(-eﬁnx/3)d¥, 0<x<m | (23)
N ' o N ,
= [-2 L CnanU)/dy exp(-88nx/3)]/92b,,_0 Sx<= (2»4),

The integration is performed using a Simpson's rule (IBM-SSP-DQSF)’
using 200 equal step sizes. One notes that Nusselt number in the

upstream region is zero-
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4.2.5 Solidification-Free Length
The.prediction of Tiquid.so¥idification-free Ienatﬂuis
important when a severe cold environment is involved. The soltdi-

,c-’ “

fication starts when the wall temperature reaches the FtEethg tem-

LA

perature. Beacuse of upstream heat peneta&tion for'TO$,Ra§:et number

flow regime, solidification may start in the ad; v r n. Us1ng

1. S

(‘ N \»J‘ ;
A
eqs. (3) and (4), one may determinegtﬁé“11QU1 iéﬁld\fidation free
2 .
N

length xf from the following equat1ons:é§\ e
\

2 7

« k- |
. ' N o, N |
6](xf.l) = ef =]+ n§1 BnYn(l)exp(Banxf/B), - < Xg < 0 (25)

[ ]
N 2 .
0,(x,1) = O¢ = &y C R (1)exp(-88 x./3), 0 < Xe < @ _ (26)

where 6, = (Tf - Tm)/( T0 - Tm) is the dimensionless freezing tempera-

f
ture. For the determination of xf, it is'convifjent to define the

superheat ratio € as | o

= . - = - ] -
e = (Tg - T/(Te - 1) o -1 <27
It is readily seen that Xg = f(e,Bi,Pe); In evaluating x¢ for given -
values of Bi and Pe, the superheat.ratio ¢ at which xe = 0 1s deter-
mined first. For € less than this value, the upstream solution is

- used. Otherwise,'the so]idification occurs in the downstream regiom.

4.3 Results and Discussion
'4.3.1 Developing Temperature Profiles

.The temperature profiles at x = 0 with Biot and Peclet
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numbers as parameter are shown in F1g§..2 énd 3 where‘the extent of
upstream heat penetration can bé assessed from the degree of deviation
from the uniform profile 6(0,y) = 1. It is useful to note that Bi =«
is equivalent to a constant temperature-boundary~condition, and Bi =0
represents perfect insulation. The effects of Biot and Peclet abmbers
on the wall temperature 6(0,1) are of particular interest. At Pe =1,
the axial heat conduction effect on entrance temperature 8(0,y) 1s
considerable. At Pe = 50 and Bi = 1, the profile for 6(0,y) is not
yet uniform.

The deve;;ping temperg&gge profiles with Pe = 1, 5, 50 in both
the upstream and downstream regions are shown in Figs. 4‘and 5 for Bi
= 1 and 10, respectively. At Pe =1, ft is seen that the uniform tem-
perature profile representing the pure axial cgnduction regime is‘ap~
proached at the upétream location x = -0.5 but the uniform entrance
temperature 6 = 1 is nearly approached only at x = -ZO.Z'The extent
of upstream heat penétrat1oh {s considerable with Pe = 1. At Pe = 50,
- the uniform entrance temperature & = 1 is ngched at x = -0.1. The
deﬁeloping temperature profiles shown are useful in understanding the

heat transfer characteristics in the thermal entrance region.

4.3.2° Heat Transfer Characteristics

The effect of Peclef numbéf on the axial distribution of
the bulk temperature is shown in Figs. 6 and 7 for Bi = 1, 10 and Bi
= 2;,w, respectively. At Pe = 1, the axiaf heat conduction effect is
quite éppreciab]e but at Pe = 50 the effect is rather small. The bulk
temperature: curves for varibus Peclet numbers cross 6ne another at

some downstream location before approaching the asymptotic value 92b=0.

»
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> Y

The asymptotic trend is reasonable since the thermal entrance length
) . .

is longer for lower Peclet number. The upstream and downstream deve-

lopment lengths for approaching the asymptotic values eb = 1 and 0,

respectively, depend on bo;h Biot and Peclet ndmbers. The downstream

_development length increases wifh the decreaselbf Biot number but the

o

Pe

opposi;e trend is observed for the ﬁpstream development length.

| The local Nusselt number results for Bi = 1, 2 and B = 10,
© are shown in Figs 8 and 9, respectively, with eclet number as pdra-
metér For a given Peclet number. the Biot number 7ﬁfect on local
Nusselt number is quite appreciable. Near the thermal entrance x = 0,
the Nusselt number curve is nearly flat for Pe < 50 excluding the case
of Bi = ». For the semi- 1nf1n1te region analysis [14] with axial heat
conduction effect, Nu +®as x + 0 since theventrance temperature is
assumed to be unfform.. This model is apparently not correct when Pe
< 56 because of "back“ heat diffusion through x'= 0. In contrast, MNu
is finite at x = 0 for the present infinitg region analysis. The limit-
ing case of Bf = o (constant wall temperature) is similar to low Peclet
humber mass transfer in laminar flow through circular tubes considered
in [21]. | |

The asymptotic Musselt numbers based on the agreement of four

figures for Nu at the consecutive axial locations are listed in Table 3. .

On this basis, the asymptotic value is a]feady approached at x = 5 for

Pe

1 and x ~ 0.2 for Pe = 50. The asymptotic value Nu_ = 3.773 for.

Bi = =, Pe % 50 from this study agrees well with Nu_ = 3.7 for Bi =

» (no axial conduction) given in [13].
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TABLE 3. Asymptotic Nusselt Numbers

.. Bi Pe‘- Y 5 jfl 50 ke
SR 1'335 380 3% vl
2 ';2‘097,', 2.026  2.000 ©  1.986
10 3434 3.305 3.20  3.213
~. 4003 3.874  3.815  3.773 |
4.3.3 Liquid Soldification-Free Length D 2; | A

- The computed resu]ts for the solidification free length’ f

- N

e as & funCtIOn of the superheat ratio cddre/shown in Fig: 10 for Bt =1, . |
.2, 10 with Pec]et number as parameter. AtJ e = ] Bi = 10, for exampie. j
the so]idification occurs entirely in the upstream adiabatic region for
the range of superheat ratios e =0~ 10Vunder consideration. On. the
other hand, with Pe = 50, Bi = 1;&ewnmﬁaﬁmamwsMQW1n'
the downstream region. withi?'z 10, Bi = 10, one oh~\?hs Xg = - 0. -
Fig. 9 prov1des some insight into the iiquid so11d1fication inside the
tubes or channe]s with forced 1aminar f]ow in the 1ow Peclet numSer
f]ow regime V . '
4.4° Conc]uding Remarks _"l 7_ .,; e a
Use of the conf]uent hypergeometric function for the so]u-
tion of the characteristic eq. (6) invo]ving the infinite reqion proves .dii
B to be very efficient computationa]]y and requires considerably less com-\
| puting time ‘than the. Runge—Kutta procedure used in’ [10 12]
The Galerkin method of obtaining the series expansion toef- -

,ficients involv1ng the nonorthagona1 eigenfunctions is direct, simp]e
#. . , ) :

s .
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and more efficient as compared w1th the rather tedious Gram-Schmidt
orthonorma]izat1on procedure used in [TO 12].

Present numer1ca1 results show that when the axiaT-heat con-
”duction_is included in the energy-equation,for the extended Graetz
Tproblem, the-assumption of a uniform entrance fluid temperature at'

=0 is 1ncompatib1e'with the-phystcal situation and a uniform t ,
perature“must.be prescribed at x = -, ' —;%b

The presentdanaTysis‘does not consider the region x s'xf
. where the pred1ct1on of the 5011d -phase prof11e is. of pr1mary interest
[1-6] However, the present 1nyest1gat1on does provide some 1ns1ght

into the scope of the problem to be expected when soTv1ng quu1d solidi-
f1cat1on probTem with axial heat con;uct1on 1n a convect1ve]y~cooled
.pwpe or channel by a numerlcal method The heat transfer resuTts pre-
'sented are usefuT in assess1ng both the Peclet and B1ot numbers effects
A d1scu551on on the anaTys1s in the freez1ng zone (x>xf) is g1ven in
iAppend1x 4 for.future reference | |

4 The B1ot number in this ana]ys1s sorresponds to the waTT;
NusseTt number def1ned in [13] and’ the amb1ent s1de Nusselt number
:used 1n [7] -The probTem of Tam1nar fTow mass transfer in a fTat :
'channeT w1th permeabTe wulls [18] 1s analogous to thé present heat.

| transfervproblem w1th a convectwve boundary cond1twon Thus, the |
o wall Sherwood number 1s analogous ito “the B1ot number The‘theore-.”l"
- t1ca1 techn1que used 1n this anaTysws can aTso be applled to probTems

of heat and mass transfer 1n/a c1rcuTar p1pe The reTevant equat1ons

- for the'case of c1rcular p1pé<5?e,g1ven 1n Append}x 5
\
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n.

1
2
3
[}
5
6
7
8
9

19

11

12

13

14

15

16

17
18
19
29

Table 1.

Pe = 1

2.39604J0E+00
Le 11058228+91
%+ 155°C91E+¢C1
3, 1892395E+21
ve2181588E+01
~+2436687E+01
1. 2667499E+01
2. 237986972401

2e3)7T6T9E4IT
5. 32634CBESDT

J.34391752+01
©.36)6386%+01
0e3766180E+)1
7. 3919465E+01
N, 85669772+
Te82093228401

D 43476397401

2.08830678421
. 46103635401
T 47361142401

EigenVa]ues for Adiabatic Region

5

5.1508323E+)1

D.2678328E+1
J.36066)TE+"1

J.U345600E401

0.4976383E+01
0.5536188E+901

Ve6UUUSI6E+OT

0.6513350E+01
J.695C688E+Q1
Z.7362123E+01

" C.7751771E+01
3.8122765E491
0.84775492+01.
C.8818078E+0 1
0.91453435461

0.9462U60E+I1
3.,9768730E+J1

0.1006569E+02 |
3,1035414E+02
0. 1063477E+02

REL44

10

0.2891829E+01

0.42363C1E+91

. 0.53658(03E+01

0.6355316E+01
D.7216786E+01
ve7988J397E+01
0.8692240%E+01
C.9344008E+01

. 0.99535CUE+G1

9,1652797E£+02
0,1107281E+02
£.1159217E+)2
0.1208929E+32
$.1256682E+02

0.130269CE+02
0,13471298+02
0.1390152E+02
0.1431884E+02
7. 14724352402
5.15119CUE+02 "

50

0.1051927E+02
0.1584147E+02
C.1786702E+02
0.188S5u37E+02

C.1982894E+02
C.2104313E+02

0:2227199E+02
0.234T410E+Q2

"Q0.2463882E+02
£.2576402E+02

C.2685069E+02

0.2790096E+02

7.2891733E+02
0.2990226E¢02
C.3085812E+402

0.3178705E+02
0.3269101E+02
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0,3357178E+02 -

C.3443091E402
10.3526995E+02 .
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n
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~ Table 2.

=1, Pe=1

B

"\ 5204216E+00 -0.6392275E+40) -0.752UB85E+00
5.1554215E-01

G.1115477E+01

0. 1539332E+01

0. 18782662401
~.216700 1E+01

2.2422377E+0 N

G.2653666E+01
S . 2866555E+01
(30648108401

5+3251072E+91

C.3427275%+01.
7+ 3594886E+01

£.37550472+01
- 3.3908670E+01

v.UO56U92E+01
{.8199125E+91
€. 4337C77E+01
3.UU70782E+01
{.46006G8E+01
Z.4726874E+01

3. 8787878E+00
$+2345772E+01
2+3318760E+01

(. 40944265401

0.4752635E+01

€.5332484E+01

C.58565644E+01
3.6338035%401
2:6765803E+G1
$.7206022E+01
C.7633197E+01
5. 7987731E401

£ .8341266E+01
0.86869G3E+01
0.9019343E+01
0.93399902+01
0.9650011E+01
- 0.995C397E+01
0.1028199E+02
C. 1052553E+402

v

Efaenvalues and Related Constants for
Bi = 1.2, 10, = with Pe = 1, 5,410, 50

drR (1)/dy

J.9785680E+C0

=0+1C21277E+01

0.1503929E+1
-0.1004108E+J1
0.1903840E+01
-0. 10035945401
0.1033189E+01
~3.1292911E+01
J.120267GE+01
-0.1902863E+3 1
0.1002283E+01
-0.10J2126E¢91
0.1601988E+01
-0.1901867E+0 1
0.1001760E+31

-0.1001663E+31.

Ce1201577E+01
~0.1C01498E+01
0.1C71429E+01

-3.6165786E+00
0.16397
- 0. 1059/4¢
0.1C4]576E+01
-0.1032621E+01
0.1027023E4+01
-0.1G22990E+01
0.1019977E+0'1
-0,1017650E+01
0.1015892E+01
-0.10143008+01
0.1013058E+01
~0.1012013E+J1

9.1611121E+01

-0.1010353E4+01
9.1009683E+91
-0.1009G95E+01

0.1008574E+01.

-0.1008107E+01
0.1007694E+01

Bn

-0.4429145E~02
0.2078580E-02

-17.1204935F-02 -
0.7861793E-03

~0.5533766%-03
2.4106531#£-03

-J.31685C7E-03

0.2519028E-03

-0,2050752E~03

¢.1701994E-03
-0.,1435267E-03
0.1226706E-03
-3.10605U5E-03

J.9260096E~-04

-0,8155575E-04
037237496E-04
-0.6466 155E-04
0.5812442E-04

-0.2641423E+00"

0.4030128E-01
1208564E-01
10.5759726E-02
-0.3366117E702

5.2207274E-02

-2.89638622-03

" 0.7136556E-03

-0.,58164572-93

2,4831712E-03
~0,4077574E-03 "
0.3487222E-03

-0.30164C7E~03
. 0.2634872E-03
-.2321386E-03

0.206G779E-03

.~0.1842780E-03
© 0.16655C7E-03

n

0.2776517E+00

~C.2201501E-01

0.6091974E-02

-0.2693922E~02
0.T496491E-02
~0.9471816E<03
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0.6518684E-03

-0,4754652E-01
. €.3618938E-03

=0.2845650E-03

0.2295801E-03
-0.1891075E=03
0.1584657E-03
-0.1347182E-03

G.1159498E-03"

-0.1CCB691E-03

€.8858623E~04.

-C.7848445E-04
0.7219801E-04

-0.6457625E-04

0.8170123E+00

-0.6231960E-01

C.1799514E-01":

-0.7948064E-02

0.4394690E-02
-0.2770800E-02 -
-9.1558902E-02 0.1901311E-02"
0.1159645E~02 -0, 1383683E-02

.0.1051333E-02

-0.8255451E~03
0.6652909E-03 .
-0.5475161E-03

0.4584705E-03

-C.3895494E-03

0.3351532E-03

-0.2915259E-03 - -
' 0.2561068E-03

-0.2272137E-03 -

, 0,2040766E-03

-0.2047998E-03"



* Table 2 continued

Bi=1, Pe=10

n

13
14
15
16
17
18
19
20

Bi=1,

- ’
QO I YT NE W

- b b
WN -

—h b ad
N2 O0OWOD~~NNAOU £ W -

By

Ca308471CE+01
J.4491519E+01
C.5612634E+01
7+6561905E+( 1

c.81uBBU3E+(T
. .8833795E+01
S.9479480B+I1
C.1008003E+02
3. 106471CE+)2
2. 1113568E+)2
2.11699658+02
5.12192102+02
1.1266550E+02
T¢13121912¢32
7,1356302E+02

Yo 1399027E+402

J.1440488E+02
J. 1482793E+02

Pe=50

£.9981068E+I0
Qo UU29122E40 1
. 7486342E+01

- .1006235E402

«123CCBSE+C2
. 1429260E+02
3.16G9381E+02
5.1774397E402
J:1927251E%02
4.2069950B%02

()

- 00 2234275B402

" v 233143384

2.264524C 9B P!
G.2567992E402
.2678820E902
G.278541TE+C2 . B
2.2888222B402 ~

7.2987599E+02

13.3083863E+402 0,

G+ 3177291E402

3.73965132+401 .

i

dR. (1)/dy

0.9588549E+70 -0.61C0638E+0)

. 1060758E+01
-0.1103029E+21
0. 1034CT0E+ D1
-0.1067366E+21
0.1755551E5+71
-0, 1u47980E+91
G.1C40785E+01
-3.1035946E+01
0.1032120E+01
-2.1029922E+1
0.1026 U65E+0 1
~0.1024320E+01
9.1022496E+) 1

-3.10229232+01

7.1919557E+J1
-0.1018356E+01
0.1C17295E+)1
-0.1016349E+01

0.1015501E+01

-0.6066959E+()

0.1¢53174E+J1
-0.1244283E+01
0.1303495E+51

-0.1291197E+01%
0.1258689E+01

~0.1226433E+01
0.119916 1E+0 1

=0, 11769138401

" 2.1158778E+)1
-3 114 3846B+C1

. 1120882E+01
0.1111901E+) 1
~C.HOB158E401

L $0974T0E+01

091278E+01
496 2E+0 1
8902E+01

.1131398E+01

L9176 E+D 1

B>
n

N k]
~0.9679815E-01
2.3317524E-01
" 0,79947Z8E-02
-3.1657131E-01
-0.38676C6E-02
7,2575463E~02
-2,1832555E-02
0.1370165E-)2
-3.1C63004E-02
0.8487263E-03

-3.69335(0E-03

f.5769831E-03
-0.4876694E-03
0.4176933E-03
-0.36162C2E~03
0.3161995E-03
-0.2788834E-03
9.248G179E-03
-0.2229359E-03
€.2052633E-03

=0.2965549E-03
€.2492789E-03
-C.1258323E-02

S 0,2620914E-02"
-0.,2698127E-02"

C.1988914E-02
-0.1519342E-02

0.1196967E-02
=0.9661946E-03

0.7958934E-03
-0.6671596E-03

¢.5680932E-03

-0.4911451E-03
0.4317880E-03
-0.3880232E-03

0.36059% 1E~03
~0.3532824E-03
0,3711478B¢03

=0, 4086 TEUE-03
0.4096598E-03

"
3 :
o ¥
3
.
¢ a
Cn | _
0.9886881E+00

.~0.7676043E-01
0.2558956E-01

-0.9523924E-02
2.5450691E-02
-0.3474181E-02
(.2382968E-02

-0.1729613E-02

0.1310616E~-02

-0.1026718E-02.

0.8257740E-03

-0.6784669E-03

6.5673445E-03
-0.48151398-03
0.4139075E-03
-0.3598028E-03
0.3160028E-03
-0.2804661E-03
0.2502431E-03
-0.2805005E-03

0.1083281E+01

-0.1080273E+00
0+352C996E-01
-0.1633908E~01

0.8954873E-02 .
=0.5475571E-02

0.3633079E-02

~-0.2564836E-02
0,1898833E-02 -
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-o.1use77sz-oz-.ﬂ

0.1154128E-02

-0.93508138-03

 0.7726228E-03

-9.6489935E~03
0.5527517E-03

-0.4778923E-03

0.4062569E-03

-0.4159654E-03

"0.1671461E-03
-0.5221364E-03
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Bi=2, PefT
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16
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18
19.
20

Bi=2, Pe=5
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J.1151697E+01
2 +.1556622E+01
2. 1888351E+01
742173713E401

2+.2869512E+0 1
7.3067235E+01
~.32531C6E+01
1.3429013E+0 1
", 3596393E+01
2. 3756371E+01
S, 3979BULE+] 1
S 8)57583E401
L U200P 720401

5047275392401
©.4T68250E+01
.5343827E+01

7¢721069CE+Q1
2.7697176E401

‘-12’2;798H17AE€01

13
14
15

16

-
18
19 _ 3

20 5.10527032+402 0.2014532E+01"

5. 8689576E+01

3.9651964E+01
2.9952179E+01
0. 10283638402

«2427232E+01
1. 2657382E401

. 4337938E+01
L. 44715672407
L.U601329E+01

Lo 1035311E+01
Ty 2429733E+017
" 7343360059P+01
e U31B4T7CEFOT.

2.5865165E+01
1. 634486584071
5.6791382E+01

3. 8348284E+01

2095217338401
2.9342182E+01

Ve

AR (1) /dy

" 0.1774416E+01
-9.1935231E+)1
Cp 1975359E+)1
-0\, 1989438E+G1
£.1995531E+01
~0.1998531E+C1
0,205 134E+5 )
-0.20G1036E+01

5.+ 265155TE+G1

-0.2C01861E+401
2.2002033E+3 1
-9,2002124E+C1

C+.2002165E+31

-0.2002172E+01
0.2002158E+C 1
-0,2002730E+)1

0.2002095E+5 1

-3.2092953E+01
9.2002C08E+01 .

~0.8844U404E+(C)
0.1824453E+01
~0,2€13896E+01

-0,2343287E+01
' 0.208C234E+01
~(.2036532E+21

0.2033097E+01

-=0.2036102E+9 1"

6.2027531E+01
<0.2025325E+01

 0.2023424E+C1

-0.202177SE+C1

. 0+202C334E+01

-0.2C19G66E+21
~0.2716942E+G1

0.2016045E+01
-0.20152¥9E401

<+

0.2041562E+01

0.2217944E+OT

B i .
n .

3.5942087E+G0 ~0.926 5680E+C D -0.80186822+oo
9.1983371E-01

~0,5883518E-02
G.2814536E-02
-2.1650659E-82
9.1985592E-02
~5.7685927E-03
0.5729242E-03

" =5.,84363€6E-03

0.3537323E-03
-56.2886791E-03
C.24C0837E~03
-0.2%28226E~-03
C.1736226E-03
-6.1573141E-03
0.13161C7E=-03
-¢.1158693E-03
0.1029376E-03
~0.920703GE-04
0.8291077E~04

K4

-6.343C053E+00
" 0.56619€2E-01
-0.1767858E-01
0.8567198E-02
-0.5059287E-02

- $.3341589E-02
-0,2372682E-02
0.1772342E-C2

-0.1374554E~-02

0.1097345E-02

-0.,8964170E-03

C.7461131E-03

-C.6307318E-03

0.5432232E-03
-0.,4679138E-03

€.4092292E~-03
'=C.3609583E-23

0.3208173E-03
-0,2873317E-03
.2607667E~03

o C
n

0.2355142E+00
~C.2778959E-01

' 0.8781252E-02

-0.8013791E-02
0.22499U9E-02
-0, 1427062E-02
0,9819252E-03

-C.7154890E-03

0.5439171E-03
~G,4271694E=-03
6.3442395E-03
-0.2832704E-03
€.2371704E-03
~0.2014918E-03
©.1733353E-03
<0.1507495E-03

¢.1323928E-03

-0.1173432E-03

C.1050736E~03

-0.9696313E-04

 0.7664347E+00
-C.8461467E~01

06,2799449E~01

-0.12867798<01

106

"0.,7199226B-02 -

~0.4554065E=02

0.3126262E-02

-C.2273684E-02 "
0.1725836E-02 . -

-C.1353733E-02

 0.1089828E-02
-0.8960718E~-03

0.7497454E-03

-0.6366286E-03
 0.5474706E~03

-G.4760721E-03

0.4182156E-03

-0.3711446E-03

C.3336256E-03
-0.3353907E-03



200,

Table 2 continued
Bi=2, Pe=10

no B, .
1 5.1152744EQ1
2 1.3204189E+401
3 1,4554698E401
4 . 5649146E+01
5 *.6585693E+0 1
6 3.7413416E+01
7 5.8161599E+01
8 1.8348843E+D1
2. 9487653E+01
~.10CB68UE+D2
11 2. 1065288F+02
12 7. 1119067E+02
13 1. 11704G2E+(2
14 £, 1219596E+02
15 0. 1266895E+02
16 ©.1312501E+02
17 . 1356583E+02
18
19
20

o

1"

S 14407 23E+02

Bi=2, Pe=50
16.1216892E+01

2 5.4634373E401

‘.30.76359#& 01
B e 1016738
5 3.1237364E+02
6 ~. 14 3U431F+02

7 $5.1613204E402

8 5. 1777335E+02"
9 2.1929536E+02
13 0. 2071857E+02

11 0.2205866E+02

-~ 12 0.2332785E+02
.'”“13:¢2a535763*02
18 . 25590123*02

150.26797208#02
16 2. 27862208402

' 170.2888943E+02
380,2988251E+02
 19.0.3084557B+02

31778338402

7.1399283E+02.

C.1481009E8+02 -

+02 0
=0,25C002UE+01
OE+01

'an(l)/dy

~0.8699626E+C0

G.1837647E+D1
~0.2092915E+J1
0.2118419E+0)
~C.2108278F+31
0.2094973E+01
~0.2083377E+01
0.2073879E+J1

=0,206614 1B+, 1

0,2059781E+01

~-0.2054490E+01

0.2050C31E+01
-0.2046232E+31
0.2042956E+01
-0.204C109F+01
0.2C37610E+0C1

-G.20354C0E401

V.2033436E+01
-0.2031675E+01

T

~0.8615370E+C0

0.1740219E+01

~0,2227868E+J1.

0.2454515E+01

©0.2471480
-G.2425363E+01

0.2380583E+01
~0.2341652E+01
0.2368772E+01
~0.1178173E-02

~0.2281099E+01
0,2257683E+21

~0.2237708E+371" -0+8704793E-03 |

0.2229511E401
-0.2205532E401
0.2192366E401 -

<0. 2180821E+01
“0.2173576E+01 .

-0.2160303E+01

0.2154883E+401

0.203C08BE+01

B
n

-C.1406812EB+0C
2.5046375E-01

0.1246043E-01 .

-0.,1644055E-01
-C.6151661E-C2
G.4122499E~02
-0.2947328E-02
£.22118C9E-02
-C.172%239E-02

5.1377725E-02

-7, 1127811E-02
0.9403075E-03
-5.79602158-03

 6.6826155E-03
~0,5918722E-03

0.5181588E-903

-0, 4575665E~-03 "

6.8075121E-03
-0,3671927E-03
0.3403517E-03

-o. 49748 78E-03
0.4296820E-03

-0.2182913E-02
-0.4558777E-02

=Q.4704227E-02

0.3476974E-02
-0.2662555E-02
‘C+2102180E-02

=0.,1700220E-02

0.1403080E-02
0.1004973E-D2
0.7669594E-03

-0 6911903E-03
0.6448287E-03

~-0.6350628E~-03

0.6712105E-03

-0.7428653E-03

C.7463652E-03

G,
0.9791802E+00
-0.1676118E+00
0.410C793E-01
-0.1629191E-01
0.9386051E-02
-0.6000108E-02
0.4119488E-02

-G.,2989511E-02°

'0,2263775E-02

-0.1771900E-02

0.1423873E-02
~0.1168925E-02
N.9767787E-03

-C.8285198E-03
0.7118763£-03

~G.6186516E-03
0.5433037E-03

0.4305662E-03

~0.4828713E-03

0.1117993E+01

~-0.4823042E-03

107

-0.1577561E400 -

0.5775639E-01.
-C,2846094E-01

0.1611470E~01
~0.1001358E-01

0.,6693736E-02

-C.4740881E=02

6.3514124E-02

~0,27060401E-02 -

0.2135998E-02
-C.1729879E-02

0.1428625E-02 -
-0.1199828E-02

'0.1021085E<02

-G, 882"“722 03

0.7
=0.767

9564E-03
412-03

0.3108554E-03

~0.9583752E~03



‘Table 2 continued

Bi=10, Pe=l

n

-l
QP RITNE W

-t h
N —a

13
14
15
16
17
18
19

20 ~

By

5.6926U18E+00
2.1293301E+01
f.16332248+01
2. 19444128+01
2.2215943E+01
1,2060763E+01

3.2683648E+J1
*.2891J49E4+4D1

Z.3085257E+01
1. 32684488401
L. 3442263E+01

5.3607T977E+01

3.3766605E+01
0.3918967E+01
S 40657T39E+01

7 B4207487E+01
.4344687E+01
SLUUTTTUUESOT
2. 465T7CC8E+OT

L4732784E+01

' Bi=10, Pe=5

W:Q-Qq~u|gs~h)d

10

SR b

12
13
R

15
16

17
18
- 19

© 20

;.1255729z+01
F.2653116E+01

3.3535772E+01

. 4248L81B+0Y
3.U4866173E+401
S 5419779E+01
1.5925749E+01 -
346394398E+01 -

7:6832730E+01
1.7245811E+01

3.7637450E401
5.8019598E+01

7.8367594E+01
).87103BOE¥01
J. 93“03593+01
u.9358976E¢01

2.9667273E+01

0,9966177E8+401
G 13256“98+02

0'10538903402

CdR (1)/dy

-0.1384287E+01
C.3936592F+01
~0.5861049E+G1

6.7158693E+C 1
-0.7999682E+01

G.85466U46E+01

-0.8910897E+01

0.9162629E+01
-0.9337232E+01
0.9465759E+0 1
-0.9561588E+01
0,963467TE+D 1
-0.9691529E+01
0.9736521E+01
-0.9772676E+01
0.9802125E+01
-3.9826UC0E+01

' 9,9846630B+51

-3.,9863651E+01

0.9878096E+0 1

-C. 131814
.38 362
-5.5851900E+91
‘D.7215799E+01

+Q1

~0.8093221E+31

- 0.8655882E+01
-0.9024171E+01

"0.9567667F+01
-0.,9657827E+01

0.9725388E+91
-0.9777028E+G1

0.9817181E+01

'-0.98688923*01;
0.9874273E+01"
-0,9894832E+)1.

0.9911662E+01
-0.9925574B+01

+J1

- 0.9272311E+01 -
=D, 94 UB06ELDT

0.9937168E+01

"B
n
~-0.8636188E+(00C
C.2887543E-01
-0.9474614E~02
D.4794428E-02
-0.2918983F~02
0.1972744E-02

-0.1426306E-02

$.1381218P-02
-0.8489188E-03
0.6848595E-03
-0.5645821E-03

Q.47372GUE-03

-0.4033771E-03
£.3477968E-03
-9.3031245E-03

D.2667305E-03

-0.,2366571E=-03
0,2116752E-03
-€,1909257E-03

0.1747065E-03

Z0.4747655E+0Q

'0.9369382E~01

-0.3197363E-01
0.1631811E-01
~0,9980659E~02.
0.6764605E~02
-0.4900471E-02"
-0+ 3720177E-02,
<G.2924131E-02

6.23611131E-02

-0.1947867E-02

0.1635405E-02
-0.1393332E-02

0.1201965E-02 .

-0.1048119E-02
0.9227153E~03

-0.8194446E-03

'9.7341168E~03
-0.6653545E-03
0.6223528E-03

Cn
0.1807202E+00
-0.3086735E-01
0.1376716E-01
-0.7742185E-02
0.u88C063E-02
-0.3311993E-02
0.2372584E-02

-0.1772100E~02"
0.1368385E~02

~0.1085676E~02

0.8809555E-03
-0.7285074E-03
0.6122893E-03
-0.5219273E-03
0.6505131E-03
~0.3933446E-03

0.3472054E~03

-0.3100067E-03

0,2809938E-03 .

‘0.266598?3‘03

- 0.6704588E+00.
-0.1037169E+00
0,4712713E-01

-0.2684494E-01

0.1702844E-01

108

20.1158942E-01

0.8311004E~-02 -~

-0.6268806E~02
0.4793351E-02

-0.3801566E-02

0.30832993402

-C.2548517E-02

0.21“09523’02

-0.18241898-02
0.1573974E-02
-0.1373827E-02 -

0.1212547E-02

:=0.1083123E-02
0.9833906E~-03
-0.101C893E-02 -



Table 2 continued

Bi=10, pe=10

NSOVODNOITVEWNN-S 3

15

16 .

18
19

20

g

4&>4>m-qoxh=1»hs

;l.‘-l

13

L1e
© .15 J.2686683E*02
'.160 2792“563*02_

IO
18

20

Bn

L. U4ROGH6L0E+D1

045839 725E+01

", 6729877E+)1
i+ 7525123E401
3. 825)7481E+91
£.8921302E+01
".9547971E+01
Y. 1713795E+02

k 11478975*02
7 1173775E+02
\

»122259432+02

). 1269582EB+02
13149272402
2, 1358786B+9)2
7. 14012962402
e 1442571E+02

2, 14827138402

Bi=10, pe-50

0.1545663E+01.

J.5112520E+91

3.81163732+01
;J.1069631E¢02
Yo 127U611E+02
u.146ﬂ8u57+02
.2.1637828E+02
1. AT9TH16B4I2
_u.19u6132P+92,
.3.2035777E+02
)4 22177092402
270, 23u2991°+32'

Ne2G620T74E+92
0. 25768“83#02

G.2993355E402
49 1,3089117E+02
% 31321113*02

3. 1433665E+01
V. 3578)55E+01.

« 176968UB+02

dr_(1)/dy

~0.1290536E+01

0.3716410E+01
~0.5802546E+01
0.7256938E+01

~2.8190195E+C1
D.8779734E+01 .

-0.,915770UE+01
0.9426U96E+01
~5.9575045E+)1
G.9692416E+J1
-2.9776198E+21

¢ +983732SE+51.

~0.96827T4E+D1
'0.9917124E40 1
=3.994 3453+ 1
9.9963876E+01
=0.9979887E+01

0. 99925usz+o1“
~6.1000262E+22
Q. 1001070E+02[

-0,12717092;01v
. 0.3268026E+01"

~0.5144398E+01

2.6307335E+01"

-0.831511os+01

0.9282812E+01
-0.9888682E+01
0.1025C078+2

=0, 16459798+ 02
0.10578138+02

-0.1G64161E8+02 -
‘0+106 72008402 -
‘=0.1068227E+C2
0.1068031E402 °
~0.1067095E+02
0.10657T17E+C2 -
~0.1064178E+02
0.1062339E+02 "

-0. 106 03'72E+02
o 1058797z+02

B
n
~0.2329176E+00
0.9382434E-01
0.2591372E~01
-0,3267986E-C1
-0.1321577E-01
0.90702u3E-02

-0,6607769E-02.

0.5935249E-02
-0.39689C0E-02
0.3211742E~-02

-0.2654346E-02
0.2231910E-02.

~0.1994055E-02
0.1644557E~02
-0,1435834E~-02
0.12658€ 3E-02
~2,1126582E-02

0.1013668E=02
-0.9300202E~03

7.9016691E~ 03

-0.1133542E-02

0.1086195E-902

-0.5672956E-02

9.1198956E-01

-0,1250854E-01
0.9363708E-02

-0,7257337E-02
0.5794559E-02

'~0.47365C6E=02

;0.39u91923~02

0.3350885E-02 .

9.2890190E-02
-0.2535169E-02
Ce22682U4E-02

=0.2085129E~02

0.1996795E~02
-0.2031162E-02
0.2218553E~02
~0.2511063E-02

0.2531075E-02

¢
n
0.93u6199E+00
-0.1378U46E+00
0.7192631E-01
~0.3655905E-01
0.2358690E-01
~0,1624276E-01
0.1169244E-01
-0.8740877E-02
0.6745069E-02
~6.5344810E=~02
0,4330657E-02
~0,3575942E-02
0.3001180E-02
~5.2554831E-02
0.2202551E-02
~0.1921002E-02
C.16943358-02
~0.1512761E-02
0.1360423E~02

-0.1552778E-02 _

' 0.1166415E+01

109

-0.2325519E400 -

C.10u6635E+00

-0.6149086E~01

G.4051010E-01

-6.2823629E~01

6.2042779E-01
-0.1524133E-01

0.11687068-01
=-0,9182287E-02
€.7370603E~02 .
-0.6028511E-02 -

0.5Q12588E-02

-0.4228706E-02

0.3612733E-02
-0.3131589E-02
0.2665728E-02
-0,2736190E-02

f0.33619§23f02 



Table 2 continued

Bi==, Pe=]

3

_CD\)QmSwN-AUto(DsJO‘U!GwN-!

19
20

B
n

5.7287309E+00
5. 1311250B+01
Y., 1702419E+01
C.2019032E+01
20 2292299E+01
7.25362858+01
3.2758776E+01
D.29645615E+01
Je31577:61E+01
. 3338432E+01
J.35100u442+01
e 36744137+01
1. 3831371E+01
0.,3982148E+01
2. 41274208+01
T, U26775074 01
5., 440238128 +01
ve 4535403E+D1
3., U663472E+91

C. 47881188401

Bi=e, Pe=5

QWM OV U & W)=

- =D od b
& W R -

_A_.-l.._a
O 00~

e
(=

0.1337162E+01

0,2776457E+01.

5, 3686892E+01
%, 4413191E+01
1,5036002E+01
$.5589979E+01

0. 6093883E+01
0.6559240E¢01
'3.6993735E401
5, TWO2TIUE+0 T

0. 77904205401

0.8153665E+01

J,8512917E+01
G.8852¢91E+01

'Q;91787u52f01
S 2.9494171B+01

0,97994522+01

0.1099551E8+02

Q. 1038313E+02

. 0, 1066300E+02

an(l)/dy

~0.1542929E+J1

0.4680637E+J1

-0,7822316E+J1
0.1096400E+J2
-0.,1410566E+)2
0.1724730E+)2
-0.2038892E+02
0.2353G54E+92
-0,2667215E+02

¢.2981375E+02 -
-0,1349645E-02

-0,3295536E+02
J.3609696E¢02
-0.3923856E+C2
0.4238016E+¢02
-0.4552176E+02

0.U866336E+02 248 |
-.7824948E-03

-0.5180496R+)2
JD.5494655ER+92
-0.5808815E+02
0.6122974E+402

-0.1879343E+0 1
9.4550386E+01

~0.7689307E+0 1
0.1083221E+02

-0.1397521E+02
CDJFTT1751B492
<0.:2025979E+92

0.2340191E+02
-0.2654391E402
'0.2968584E+02
-0.3282771E+02
0.3596953E+02

~0.3911132B402

0.4225338E+)2

~0.4539481E+02
0.4853653B+02

~0.5167824E+02

+0+5481993E+402
~0.5796112E402
0.6110328E+02

B

‘ n
-n,8925384E+00

0.3689196E-01
-0.1371363E-01

D.7617861E-02
-0.5908130E-02

n,3617687E-02
-1,2776724E~02
1 0.2224118E-02
-9.,1839238E-02"

0.1559511E~02

0. 118844 1E-02
-0.,1062575E~-02
D.9634121E-03
-0.8853425E-03
0.8248987E-03

0.7528367E-03

-0,7472849E-03

0.7846638E~03

-0,5525819E+00

~0.2729398E-01

-J.1800209E-01

0.1373296E-01 .
~9.1002090E~01
0.8038987E-02"
-0.6657483E-02 .
0.5653177E-02
-0.4899887E-02
0.4321822F-02

~0.3871382E-02

6.3517860E-02
-3.32415482-02
0.30307648-02.

-0,2881285B-02

0.27988C7E-0Q2.
-0.2809788E-02

0.2995387E-02

Cn‘

0.1525937E+C0
-0.2432326E-01
" 6.71102643E~01

~0.6615073E-02

0.4541284E-02
-0,3377582E-02
6.2650224E-02
20.2161536E-02
0.1815989E~02

<0.15624408-02

¢.1371400E-02

-0.1224936E-02 -

C.1111784E-02

-0.1024863E~02

C.9600609E~03

-0.9159050E-03
0.8943686E-03

-0.9046658E-03

0.9615463E-03
-0.1483502E-02 .

0.6043114E+00 =
D,1272379E+00~-C.B8691208E-01 -
~0.,4884889E-01 " 0.3936687E-01
-0.2365227E-01
0.1624685E-01

~0.1208336E-01

0.9477545E=02 -
-0.77264966E-02
0,6484522E-02
-0.5573307E-02
0.4885672E-02 "
-0.4357222E-02.. .
0.39473168-02 '
-0.3630110E-02

110

'0.3390025E-02 -

~0.3220117E-02

0.3123593E-02 .
-0:31221138-02°

0.3248209E-02 -
-0.547G0498-02 =



Table 2 continued

Bi=

=-

OO~V & WN -

10
11
12
13
148

15 2.

16
17
18

19

20

=, Pe=10

Bn

dR (1)/dy

B
n

7.1539808E+01 -0, 1459941E+01 -0,3006565E+00

. 36721468+01
$.52122572+01
7. 6268040E+01
7,6967728E+J1
2477649208401
7.84881528+91

). 91547735401
72 9776265E431

1. 1036069E402
5.1091397E+32
ce 11645598+02
c.1194408E+)2
C 12427228402
1289230E+02
2. 13341208402
1.13775512+02

a.1u1965aa¢02

. 14605U46E+02

..1sdb3253+oz

Bi=w, Pe=50

=Y o _
O'@Qﬂv\u{!cww.ﬁ

s

12

13
-1u

16
17

18

2«1673G94E+01

7¢5363987E+01 -

u.&UD7N5OEOO1

s 11036478402

0.1319919b+02
0. 1513469E+02

0.16880972+402.
3. 184BTT4EF02
=0.2892366E+02
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Devéldpingitemperat\tre p'-r<of1’1eks for Bi=1 with Pe-1,5,50

 Figure 4.
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Figure 10 4.1quid sohd1f1cat1on—free 1ength as ‘a functmn of superheat
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CHAPTER V
CONCLUSIONS -
B

5.1 'Scope'of Results |

| The present invest1gatlon represents a generalizaﬂﬁbn and

;‘further development of liquld solid1fication 1n a. parallel‘blafe chan- ;Al>_~

| - nel with a constant un1form wall temperature cons1dered by Lee and

.'Zerkle [l] The problems con51dered 1n th1s study are more general
and the work of Lee and Zerkle becomes a spec1al case w1th Bi
'W1th convect1ve boundary cond1t1ons (Newton 's law of cool1ng) one
‘may assess the effect of thermal 1nsulat10n and the results can be
“used to predict the 1nsulation requ1red to vo1d "freeze shut" of a
"channel exposed to a cold env1ronment Recent theoretlcal analysis on':
_;l1qu1d solwdificat1on in comb1ned hydrodynam1c and thermal entrance |
- ,reglon ofa,cxrcular tubelwlth constant wall temperature and the related -

‘rfexper1mental results by Hwang and Sheu [2] cbnfirm that the phys1cal

”-,:‘model used by Zerkle and Sunderland [3] leads to a good approx1mate ana-ﬁj

_{j‘lyt1cal solution R B oy

| For both symmetric and unsymmetr1c liquid solid1f1cat1ons in

'if:parallel-plate channels w1th uniform convectlve boundary condutions
/r(boundary condvtfon of third k1nd) theoretical results are. obta1ned |
"for l1qu1d sol1d1f1cat1on free length, liqu1d sol1d 1nterface profile, ,
';pressure drop, bulk temperature, heat transfer rate and local Nusselt A

a"number for a range of values of Biot number and superheat rat10 a

The Graetz problem wlth axlal heat conduct1on effects 1n

'V'|parallel-plate channels cons1der1ng both the upstream and downstream
122
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reg1ons has been extended to the case of convective ‘boundary condition
v»It is found ‘that ana]yt1ca1 solut10n in freezlng zone cannot be obtained

' ﬁor.1ow_Pec1et number flow regime and numer1ca1-so]ution-must be‘sought.

5. 2 Conc1usaons and S1gnif1cance
o The use of confluent hypergeometr1c funct1on in f1nding the

elgenva1ues and e1genfunct1ons proves to be very eff1cient computatlon-
ally and requ1res consideranyJﬂess computing time than say the Runge— S
:ﬂ_Kutta method It 1s part1cu1ar1y effect1ve when- the»boundary cond1t1ons'

“at the upper and lower p]ates are unsymmetric and a 1arge number of .
| gue1genva1ues are required o ' e
_A The Galerkin method of obta1n1ng the serles expans1on coef-
':lf1c1ents 1nvo]v1ng the nonorthOQOnal e1genfunctions for Graetz problem
';.w1th ax1a1 heat conduct1on effects is found to be S1mp1e d1rect and "
. con51derab1y more effic1ent than the Gram Schm1dt orthonormalization |
‘h,>procedure ‘ ' | R I |

“The: effect of externa1 therma] insu]ation on lwquid solidifi- :

. cation in paral]e] plate channe]s has been 1nvestigated ana]ytwcal]y S

'for steady-state cond1t1ons ~The Biot numbers 0 and ©, represent per- .
}fect 1nsu1at1on and constant wall temperature, respect1vely Noting =~
"that the solutlon in freez1ng zone has been term1nated at the dimensfon-

-3 ' ' :

Tess 1iouﬁd solid interface thickness § = 107°, one may estimate the

vcond1t1ons for “freeze shut“ using the pressure dr0p and ‘heat transferv

results presented | | E
_ The 11quid so]idxfwcatlon free 1ength depends on Superheat E

- ratjo and Bjot number. On the other ‘hand, the - so]1d layer th1ckness

- in}the freezing zone depends on thermal.conductivmty-,ratw-kz/kS and



. Prandtl number additionally.: _ . _ _
 The symmetrical” solidification problem in parallel plate
channels with convective boundary conditions arises in plate coolers
or liquid liquid heat exchangers in which the coolant 1s at a tem-»
.perature below the freez1ng point of the warm liquid The unsymme-
trical solidification problem in parallel-plate channels with convec—
tive boundary conditions such as perfect 1nsulation at lower plate
‘ and uniform convective cooling at upper plate arises in 1mportant
applications such as free21ng of rivers and continuous casting of
.pmetals However, it should be p01nted out,that thé‘physical models._

considered in this study are considerably simplified ones.

| 5.3 Some Suggestions for Future Work

Tt is desirable to verify the theoretical results reported

in this thesis by experimental investigation. It s believed that the
'experimental investigatiOnvfor.unsymmetrical-solidification with per-:< s

fect insulation at one plate and convective cooling at other plate may~.“ |

serve as a good starting point in understanding the freezing of river;

 For the analys1s on liqu1d solidification in parallel plate channels

v_-Wlth axial heat conduction effects (lqw Peclet number flow), one must -

use numerical method ’ E )
Future investigations on freeZing of liqu1ds in tubes or
'channels may include the case of turbulent flow In some applications

'it may be. de51rable to promote freezing such as the use. of a portable

124

4-refr'lgeration device as a t%lporary shut-off value for a hydraulic line.,,j '

This pOSSibility may have future application in nuclear reactor field

.51nce the leakage of flowing liquid such as heavy water may be dangerous

L3 o ) ‘/»



125

REFERENCES
1.7 Lee, D.G. and Zerk1e R. D.;‘"The effect of liquid soIidiffcation
| inua parallel p]ate channe1 upon 1aminar~f10w heat transfer and

_'pressure drop". J Heat Transfer 91c, 1969, PP. 583-585.
e waang. 6.J. and. Sheu, J,P. '"Liquid sol1dification in combfned n'
"hydrodynam’ic and thermal entrance region of a circular tube",
:'can, J. Chem Eng. 54,7976, pp. 67-71.
| 3. Zerkie. R. D “and Sunderland J. E "The effect of hquid soHdi-
e ficatwn m a tube upon laminar-ﬂow heat transfer and pressure

f.:drop", J. Heat Transfer 90C, 1968 PP 183 190



APPENDIX 1
'-A:An Onder of M‘Bnitude Analysis‘of’the Governing Equations ‘
The channel is placed horizontally so that body»f%rcemeffect7is :
négiigibfe _For Cartesian co- -ordinates assuming no heat sources, no

pressure work and negligible viscous energy dissipation, the governing }

equations are

_,Contin‘u_‘i‘ty:’ ) g%+ p (g—-lxJ +§T) =0 o ‘
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_ First,. consider the energy equation U51ng the follow1ng normalized
f"variab]es X -X/X »'Y = Y/Y:;.u U/U ’ "y = V/V t[t i p' = p/p _
P/P , ¢ e/e where 6 = TVEATW, Eqpation.(41;can_be,ur1tten_ps, -e-?' ’
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- A L .
After normalizing, one obtains

 .v(t

Yo o LR Y 2 2
() 52+ )[ B (5 v 2. (g2 2% 0
ate o1 x - ULY [ W 3 2

7‘,If”atC/Y§ >> 1, then the unsteady termgis in%ﬁgnificant; 5Theréfqré;_.’

U y2 26, !

. VX 2. 2.
2 3% ; 2%
(Cc)[ ( )v 2] = (75) + ;-
L aX TR ax. oy X kn9x21 oy’

Assuming the convection terms to be of the sahé_ordér of'mégnitqde;as
the conduction terms by setting | |

2
U Yc

a, ey o Je2a% 0%
Uax gy vay T )T o R £
cc : c  ox 3y o
MNext, cons1der ‘the cont1nu1ty equat1on rewr1tten in the fo]]ow1ng"
- form, ‘ .

: Q, w\ . . ) .. . . . . ’_" .. - .'.»4
-xlc L e

c‘ ﬁi éUc » cv; et U )
) -+ % )“'Q’+-( C)VEQL”T‘) b

._ 127 |
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But if Vp = (dp) VG =f-BpVé;'bne obtains
, P ) .

d = Ldp s _ ae -
o eX'*j'e € = Bp (ax ex ray v)

Q>

_'One‘noticeS~fhat‘ .

.‘.—a-e‘r. -.. _a_.Q.', . | a =~-_‘a_é_ .
cax T Eear A gyt oEe gy

.or, .in dimensionless form, - ‘~ T

3L e B gy B0l g B0
D 1}$° 9? | .?“d o Bo. 9, ay

i

‘Qwhere 8 15 the coeff1c1ent of therma] expansion

U51ng these re]at1onsh1ps 1n the cont1nu1ty equat1on, one obtains -

Pt B ¢Vc gg"‘
(%) e (-—i) usp 0, - (£ vBp' o,

.]:é]fj" S e ~-91 - 3y

U N
+_(-C C)" v gz ( C C) pJ g; _.0

,fxc[__; Ye
A_;5;;Mq1tipiyingf;heiAboqgfgquationbjnxékééué.yiéias(’-*""'f:'

g s R )

" The coeff"ic,ieht' .f.o}"v‘t-he’f;sihsi,jt“e?dy" tefm 'caﬁ "-be.-ﬂrfttehi’ésf"- .
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One notes that the coeff1c1ent is exactly the same as that 1n the energy
equat1on Therefore, 1f the unsteady term is 1nsign1f1cant in the -
‘energy equation, it can a]so be neglected in the continuity equation

c max.
‘the right- hand side of equation (6) can be suppressed since

- For water under atmoSpher1c pressure one has BO << 1. Thus,

.""'

[u ( ) v y] is of order one.

It is also seen that

‘The cbntinuity equation now becomes

. au _8_.,__’.'0" “ , . ' L N ()

-_ax ay . -

-_The-x and;yf-vmomentum_equations in normalized form.are'given by

gl

e " oy |
S C C C
(tc) ( ) + ( Y )V "'"( ax
Vo2 U .2
e e w2
X2 ax~ .Y 3y ‘
e T e ™
Y P
(=) <°) -G R
t Y, oY, By
V. o.2 VvV 2
: oV C 9 V-
tv[5 <X+ 5]
XZ zax2 ;E.;;?



Mu1t1p1y1ng the first equat1on by Y /vU and the second equatwon

by Y /vv » One obtains "

2 uy
() 34 + (
€. co T
= - (PCYC ).22_ ‘(ISJZ-QE%:+s32': Y: »
uUcx-c X xc AxT Ry L
Y uy : .
£y v € Cyr, 8V . . C Cy . VY
(vtc) 3t (v)(c ) [“,ax + (U \ ) ¥ 3y]
22y 2
29°v , 3y
( ) ( c) -
| X' ad 5_2

~< .

‘; Assuming the pressure ‘term to be of the same order of maqnltude as the
'v1scous term, then one has P.Y, /uU X, = 0(1) or P

'notices that-the coefficments_ln the momen;'

in alternate form as, -

2 v2 ' 2
£ - ay -

: (mt ) - ( 2t ,,,
L2 ‘ '2
‘UCYC = )(G = __

aX‘c

Pl . (u UXe Yo | (xc)
uyC;“ Yi e . Y
fISf=‘(‘ Yéh ) = - LEE
.XC o Y?U-/af ReY _r Pe:

x5 [u gy #}(ﬁ)v.g.;] o
O I N X

uUcXC/Yc . One

equat1ons can be expressed

130



131

Again, if one assumes that at /Y 2 >> 1 and Pr > ], the unsteady xerms

in the momentum equat1ons can a]so be neglected 'T?us, the X and y -

. ‘momentum equat1ons now become ~ o o = S

1 . Su 3u B, 1 3%, 3% ‘
——[u—+v ) = - ac t Y (8)
LERIEVIRNE T .3_2_%+32 S
T _ax v % %. ;;7 T Lyt o

e T L)
| -. 1 tu 3_U+v ~_§£].='_ QP_+__]__ 2%y + 2% - - - o 7. (ﬁ).
1, =_'gg+_1_i+ 1A (2
orpe? ax TV ayl T 2oy pe? 32 | an? EERN L T
u 3, 1..52¢'+'32§ C '1  v' e _: | _.‘. >(13)
8x % Pes2 axl ys SR

where the following re]at{onships'ere‘QSed“:

1. - o ey
‘Ucvc;= v ' chc,= 1 ’.' ?cYc =1 ,
c Ucrp' S WX '
2 . S
: c , .pg : o -
a > 1 ‘ . Becmx"«._f-lff . | R - : s

‘The-aBOVe‘equétions wiil‘now.be3épplied to;tne soiidification-free zone



132
and the freezing z'one.‘

A So]1d1f1cat10n Free Zone _ -
The flow 1s hydrodynam1ca11y fu]]y deve10ped in this. region,

thus continudty equation becomes -

' 'ay/ay»=‘0 orv=0
If the flowing 11quid under consideration is water (Pr = 7.88 for
water-at 66°F and'13'35 for fce at 32°F)‘ then the axial: neat‘conduc-
tion effect can be neglected if ‘the Reyno1ds number is oforder(lo) or

N larger. -The momentum: and energy equations are then g1ven by

- .3p/ax

i (T:)
op/ay = 0 | Coas)
ude/ox = o%/ay% R : o e

,For'fhis“analysis, if one»takes Y L and U as the average veloc1ty,'

‘u;the other reference quant1t1es can be found accord1ng]y The-resu]ts
ﬁ}-__. : : : S '

. are.

Re; PrL:f,b7-

-
. @
><

. ZRey PfL>‘
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Where F is the flow rate per unit depth of the 1nf1nite p]ate,

F = 2LU and ReY is a Reynolds number based on Y A Howeyer,_jn the A “_,'

- c
text, an equivalent hydrau11c d1ameter 1s used

B. Freezing Zone
The freez1ng zone can be subd1v1ded into two parts the

11qu1d phase and the solid phase

1. Liquid Phase o
Because of the format1on of frozen layer a]ong the channel,.

the reduction of flow area causestthe f]ow in thxs reg1on to acce]erate

Energy equat1on is thus g1ven by

SO | 2, .2
i’h W T WA/
3 Vo L2 2 ¢

Pe ax° 2y |

The rate of solld layer qrowth 1s governed by the—fo1low1ng energy
, balance at the 11quid so]1d interface ' ' Y

AT, e
ko [=2] - ds _ . =31
- Ky Gy _ et dt - ks_FaY 1.

| QWhere’the subscr}pts 2 and s denote propert1es in 11qu1d and solld S
'_.phase§, respec1tve1y, | | o " o
§ is. the 1stance measured from centre 11ne to the 11quid so]1d 1nter- f
. face. and o S ' ' B

o L; 1s the Tatent heat of. fusion

E Norma11zation gives :
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-k 3, p L Y 9, P o B
(e E)[“lq (-§p§-5-0 - [4—§J o S (17)

where the dimehsioh]ess variabies arehdefined by

A A T .

—
)
—‘
o
]
-—'
D
?Q.

£ = superheat ratio..

©-
*
it
-
-
i
D
o -
3
Q.
m
]
"’l

c« Yes o .cs,

g

When the solid layer is grow1ng, the coeff1c1ent of the m1ddle term of

_‘equat1on (17) ‘cannot. be suppressed Therefore, one obta1ns .

If l/Pe << 1, then the axia? heat conduction effect 1s neg]1glb1e.;.

-'Thus the. energy equat1on becomes )

"a¢it ‘o, . 3%,

US4y

So1id Phase . o
The energy equation 1s ,f‘;_fﬁ“;,]



s 2.
: :5——5—-=a (—:x?e-i*"

. vze,

QJ

Sy

' NOrmalization yields

S _ (_€\2 37¢s , 3°¢s
_..(‘xc) = + —%— o

d

2
| %)

°’,

va one takes Y = | and X = ReY PrL orie not1ces that Y /X ; I/Pe
- C v
.Thus, 1f 1/Pe < 1, axial conduct1on can be neg]eqted in the sol1d

.regwn too The- coefﬁment in the unsteady term ,s -
Y o Y - cp 6 .- .

C .. o« _-SCS .
ot = — = = Ste. "

¢ apsLsYc/k 0. Ls

-For Ste << 1 the problem is quasw steady If'the quuid;solidlihter-

face reaches a steady state, then

Y ds

9T =0 and' “ d-r

w

|

Q2

l_ TherefOre, the energy equatlgn for the solwd phase reduces to a Laplace .

S+ 520 ‘or .f;g?;'o ~without akial heat conduction. (20)

-9y S
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APPENDIX ‘2
_. e » N

Derivation of the Expression~forekj-in;Chapter II

The determinatlon of the elgenconstants K from. Eq. (31) in

Chapter I1 resolves to eva]uat1on of the fo]]ow1ng 1ntegra]s
= 1 (1.2
= IO (]'n.)Nj(ﬂ)dn ’
- 11 =) (N, (n)dn
0 i J
Ve 202,
= !0 égl;in )NJ(n)dn

'~ Using Eq.‘(éﬁ) and integrating, the first integral becomes

: Next consider the second integral After some man1pu1at10ns us1ng

qs (d)‘and (26), the 1ntegra] I2 can be shown to be >
o dy, -~ dN, A
s ' - ___1 - _.i ; YL U7 . . v .
g Ll Y%(]) )

2 - b 2 2y o 2 _ ;. 2y dn

N (ai_ - Bj )‘ ‘héo (ai ,Bj‘) |

where the following boondary conditions are used

.’ . il. | S n s y d“;' :Av j: ) v.. ‘ in -t
M=o --El(o_) 0 am H =0

" Following:the same proeedure.:13,can'be'fonndvand'is_gfveneby_ o
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NN, AN . N dN
= ] —l - 'g—~ ——l 1 = —lmkmél __i :
3w N o Gl = 58, (1) g7 (1)
RO S =0 T3

Upon substitution of I 12 and‘i3‘into Eq. (31), the expression for

Kj-be¢om95

: 20 : -
- [(]fG)/g]zﬂj i§; Eivi(l)EXp(‘Bain/a) + (2/8) .

. - 2 g » . . . ' 5
(§i-6j)anj(1)/aej o -.sjaNj(L)/asj N o

K,
- d



APPENDIX 3

-»iDeterminationrdf Fully Developed Temperature

in Thermal Entry Region

“From physical consideration of the problem, one expects the fully
deQé]Oped-tempgrature profile to be independent of x and is of the fol-
'lbwihgfform A
0eg = ¥(¥). - | - i (1)

Eq. (T)Amust.aISO'satisfy thevehergy eduation;

2 2 o
309 %“‘= §;§;+ ;iz'g;%" (2)
and the boundary conditibnsv
'ée(x,d)/é&_= 0 L NG
] .Eae(x;l)/ayv= :'Bié(x,l) S o - | i ,.‘ . E | (45.;
:  Substi£ﬁtih§.Eq, (i)-into‘qu (2);:one_obféins‘” |
'1d2w . o
_L:;;?.— 0 \
or : "’5?."..313\/.4'#2; | - f -(5),

* From Eq. (3), it is found that C, = 0. Thus, substituting ¥ =.C, into
Eq. (4) yields -

138 L | S
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In order to ga1n a better understand1ng of the problem, a heat balance |

~from X = = > in the adiabatic region to X = X is performed as fol]ows. '
. o X __-2_ . - d
PCUATg == o ke 3y .(X,,.L) dx- - zfo o (LY dy o
9. o S R -
oc U f ),] dedY ‘ D)

. The term on the left hand s1de is the energy 1nput entering the channe1
at X = -, The first term 0n the r1ght hand side is a heat 1oss through‘ :

i ) convection to the surround1ng, whw]e the second and th1rd terms repre-

R sent the axial heat conduction and energy ]eav1ng the channe1 at X, _‘ ‘ ":‘g’
respective]y E e-.if‘.é ; f'; ;~':n -
| N

Lettmg 8, (T =T )/(T —.T ) y = Y/L, X = X/LPe where
Pe = 4pC U L/kz, Eq (7) ‘cdn . be transformed to ' o

' pC U L 2 ff°;T L 39 T 88, T
p .0 "fd _ . 2 1 21 %%d .
kg Pef A < S} ry "‘ Ddx-—glos & @

e ne et 1 )09 ‘Tq_‘."v T
Notingtthat L

pC U L ;f]V" ' T0 de

LUk .'5'f' .,v,pi o
‘rf'%zﬁg g and To T@ ﬁ fd’ Eq (8) becomes RETEOR
3 | ] 2, | | aefd " e
.5[0 (1 y )(1-9 d) dy 4 [0 a (x.l) dx+ ™ 2 fo E3 dy 0 (9)



: Nithﬁefd ?_O;.one'obtains'51mp1y;“,, o
1=-4[03 (x 'I) dx R B (]o)

'fIt can ‘be conc]uded that a11 the energy enter1ng the channel will

eventua]ly be transfered oht through*convedtion to the surrounding



APPENDIX 4

t

- Analysis.for Solidification with Axial Heat Conduction
| 41 . Heat, etion

]
. Lo t
¥

'h'To , S

. —_—T
<. FROZEN ~

LAYER '

OO\

(o ]y ' L . . 4L -
-'F1g AT Conf1gurat1on and Co-ord1nate Systenm for 8
' Sol1d1f1cat1on Reo1on with Ax1a] Conduction o

|
A
[N

' _The so]1d1f1cat1on region is subd1v1ded 1nto two: systens, the Lo
11quid and the solld The two systens are coup]ed through the heat

ba]ance cond1t1on at the interface " This coup11ng together w1th the

fact that the so]1d1f1cat1on boundary cannot- be found 1n advance, makes L

"iuthe present so]1d1f1catlon probﬂem very diff1cu]t to so]ve N1th the

"“h,_axgpl heat conduct1on effect the. 1ncip1ent po1nt of so}1d1f1cat1on may

f,occur 1n the ad1abat1c reglon However, 1n tp1s ana]ysis, on]y caSes L L

. ;,'Where so11d1f1cat1on occurs in the convectlve coo]1ng reg1on (down-

.stream region) are considered. .

o As so1id layers are be1ng formed aTong the Upper and lower :
- wal]s of the channe] the f1u1d acce]erates 1n the ax1a1 d1rection due
'-to the constr1ct10n of . flow area The ax1a1 and transverse ve]ocities

which sat1sfy the mass - flow rate cr1ter1a and a]so the no s11p boun- ;*.

o
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1dai‘yf_cbh'ditfions ;;ar,e ‘given by
. ‘ U(X Y) = E‘ [T_f{(g)c] D SRR :_ B . (1)
| 3 L” . SR
V(X Y) ='2‘—6—[ (5) ] . - | RS (2) "
Subst’itutivng Egs. (1_) ‘and‘_-v(2): i_n‘to, :fhe em‘a“_rjiéy,';equv'_é’tion,
U, /AK VAT /Y = (el saxeE w rand),
one obtains

Ly o oT LU R T :
-3 3 d .
':f_"éﬂ[]'(é)]—x—& ; a__[ ()]T

Is

SN

St azr
‘_a[ 2+ ] A ] . . .
. aX'é R ; , o L >

' vIntroducmg the foﬂowing dimenswn]ess vanab]es X = X! /LPe y = Y/l., |

ST 5/|_ b = (Ty - Tf)/(T =T ). the energy equation can now be writ-

' ’ '. o ;-'A.; _ . | 2. L e
e, %, 4 9% L
- 24 V8 1 2 Dot
0=y =y b L (3)
”44343125¥;f27P§Tfr:g'}-f & S

31 v % 37

31 L Yy2 ¢ 3y d
- [1 = (%)

83[ s ('51 '-]‘3x__' 8 32

'.‘i". Ion

HithiboundaRY~?Ohditi§n531 DR
—(0)=0, o e e (e)
v ST e T

gEH=0 T g

W



' “from 0 to- 1 when measured from the centre line of the channeI to the L

8

143

»

B

where € is the superheat ratio |
" The boundary cond1t1ons (5) and (6) show ‘that the: temperature at the e
11qu1d solid interface: remawns constant at its freezing temperature Tf -
and the initial cond1t1on pre5cr1bgd at X' = 0 1s, in fact, the tem-
perature squt1on of the so]1d1f1cat1on free zone at X xf. Thus, one
: hasjf | - | ' |
8(x,y) = § CR (.);') exp(.-882x'/3)
NS & 1371 nnv’ n.f L
o ' . . ‘ ' . .
. It can be seen that the unknown soI1d th1ckness 3 appears in Eq
R (5).I In order to e11m1nate S from the boundary cond1t1on, var1able
transformat1on as described 1n Chapters II and III may be used. OneQ ‘
 defines | ' | | o
n-#_§73;%[Y76 ’h ;»-. . o ;" : o o m
. R —— : oy ‘ i

';3The purpose here 1s ta transform B(x,y) to e(x.n) so that n changes

""“‘]hqmd solid boundary. - T B S

e Eq (3) now becomes T o o .i‘ 'Tt; e pfit.' ' ﬂy"g{;f
1 . 2 3“’2 | 1 32“"11' ‘ds 2 a"z ‘» d28 “z
L E( V5 [aiz 't'&’?‘:e(dx) y_f a2
: (L 982 7 o, _y_dS 32"’1{ ‘fa_'?fi," | R

82 dx ,anz 8 dx anax 76?faﬁ?<' :



Assuming that the axial soTid-thickne%s variation is gradual, one

- - << - 1. The energy.equation then reduces. to
dx= dx . - _ ' ' s

: N 22
(1-n?) —2 = [a e —x-ds —%

1 21 2%
5§ ek ;;2- aiz 52 dX andx - 62

=

~ with the boundary_cunditions

i a¢z(§,0)/ah =1 o - , 4‘ »g‘ (9)

- The;bdundahy cond{tionSfater'

0, (%.1) = 0

4;¢£(0,n)?=-(1+e)e(xf.n)/e ;"]/e -

kad

(10)

'(11)_‘

It shou]d be noted that if the axial heat conduct1on effect 1s

negllg1b1e, the energy equation reduces to that given in Chapter II.

i'p

. So]1d System

For the sol1d region, 1t is convenient to. shtft the co-or-

‘ d1nate orig1n to the upper plate of'the channe] as shown 1n Fig A]Q ‘
,;Thus, the steady-state energy'equation fbr pure conduction 1s simp]y

a Laplace Equation

:f :V.n.*
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'8 v = " - . S . R L3
kg 3y7 (X'50) = - hg [T(X',0) - T3~ . (14)
T,k finiteas X'+ e - (18)
| \ A

- The ‘interface condition which represents the coupling betweerl the

1iqqid and solid-sys;ems is giveniby-

'a‘rl AT = I .
‘,&[3Y ]Y o [g,,—r]\('_l__<S - S ‘ - (e)

"y

Eq. ‘(12) can be wrjt.ten in dimensionless form.as |

" M’M 0o |  (17)."
_ ax'2> ay'z B o o
‘ where the dimenswnless variab]es. ® 'A-»(T =T )/(T - Tf), X' = X'/LPe,
¥y =Y andS G/L are used. . )‘ -

In order to. ehminate 6 from the boundar_y condltion, a vamab]e trans-
formation of the fo]lowmg form may be used | | |

Q5')'/(1-3)

After transfomation, Eq (17) becomes

1 S. Ly 2 dS 2 s S
{ +.2 _LB' . .

ré okt S5 g ek ag a8 o

' g % “ +-‘:[ ¥ d5]23¢s} R 3 ¢s=0 L
-3 d"“g T U L
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. . N
With —= 4% and (dG ) «<1,
d ' dx .

4 . . -
the energy equation becomes ’

‘.2 ‘ ..-, 2 3 - -} R ;_e;ﬂj
S -1 v g o . .
—5 - ] + —— =0 (18)
(1:3)% dx* ax'ag  (1-8) oE? S

9 - -, -
]2 [ _¢2+ 2 Y 4§
- Pe” 3x'

E‘%" 'With the bdnndary‘eonditions

&t
B
s,

35

,o)=———[¢(x.0)+-] PR RN
gﬂnite . as ;l_,“ B ‘ (21)

‘(22) since it ;}>;ires that the temperature solution in the liquid ‘_-;
. jphase.must alsow ; known Hhen the axial heat conduction t&rm is - g
' ;nretained,“the'en?ff equation changes from a parabolic type to an .
’>>__e111ptic-type :T;terms with 3 and dK/dx are present 1n the dif— o
‘_::ferential equatio ;‘one hotices that the separation of - variable tech- ~’



nique eriployed in Chapters II and 111 is not applicable fbf»the‘bre;

~ sent problem. ThuS':wfth-the 1n¢1u$fon'of the éxiél*héat~¢ond0ct1bn
term,. it becomes extreme1y difficult to seek an analyt1ca1 solution

'One notlces that the system of equations obtained after ‘the foregoing
transformat1on is no more easier ‘to solve than .the orig1na1 set of |
equations. For the present problem, numerical methods such as finite  .'

difference method or finite eIement.méthod.are apbarent1y-bref§fred. :



© Mathematical Formulation for Pofseutlle Pipe Flow
For the COrVGSPOHding prob]em 1n crrcular pipes the governing ‘tﬁ"t ~
energy eQuation can be written as IEENCI S

R

| T, 12T A
2u, [1 --(r/ro) ] sl 5 .ﬂ+;: T] (1 = 1, 2) (1)

L ar

" where ro is the rad1us of the p1pe, U the mean ve]ocity and 1 = 1 «ﬁffthif;
, and 2 refér to the regions - < x < g (upstream) and 0 < x <m ”J’” '

(downstream), respective]y ~ The: appropriate boundany condit1ons to 'ffaiif§?
be satisfied are, . v T

For-,oo<x5"0,. '

My 3T1‘ Lo
ar (x0) = g () =07
ST =Ty,

. For0<x<w | ‘F#i |
—2 (v oY =0
r .‘*‘9)1 70‘ :

Kap (rg) = by [Tylorg) - 10

Je 7 T LR S

11§8ﬂ;



At x = 0
T{0,r) = Ty(0sr)

T] af- :
(0 r) = (0 r)

.-T .
PR = E.= v b
o i"-TQ T, (1 -} 2) T .

Edsﬁ"(l)_thrdugh'(4) can be‘trahsfofmed‘tO' u

% s __' 2, o
*_+ L ‘] (i = Lo
Pe an . L

- 30,
0 ) an‘ [——-Ezi

mﬂ-a
m

U For-e<ng0.

‘IntrdducTng:the{fq1Iowfng diménsibn]ess.variqbies,

(4)

'L(s) o

_.”  o

l:.(7a)' |

..(7p)

)
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" Atn=0

8,(0,£) = 6,(0,¢)

20, . 88, | N
sﬁ—(o’g) = Sﬁ"(o’;) _ o o . (8)

Using the same, procedure as for the paral]e] -plate channels the;

 fully deve]oped temperature 1s found to be -

 _vqu =.‘0 ) ,: | :'. . - | . :. .. \' . ,(9)
Thé_temperaturé soTutions 6, and az'are now sought in the following
o 2 . .

e et i ey
4 lvf nZ1 “n n £re - IR x_' _ L _." AR o

[<» BN
]

= AE] Can(g) e ? n,' ‘ : 1"v x >0 ' . . . . ‘ (]Ob)

.. ©®
~nN
1]

".TOh_substituting"EQL,(IOa)‘into Egs. (5) and (6), theﬁfo]]owfhg‘charac- -
teertib equaf1on isrobtafned,_‘,- ' ' ' o
v oy

.'dgz 0 g dﬁ + a [ = (] -£ )] Y : o . , T (]])

~ with tﬁe‘bbuhdarx_¢ohdftion§;-. ’

~ similarly, substituting Eq. (10b) into Eqs. {5)iand (7) yields the -



folTowihg charqﬁtefis;fc equatidh'.

a8 [ D+ (1 € )] R B )

N
. |—

D= g R ay g ClL T  _ (14b)

"sblvediby Hsu [loj Forélﬁe downttream reg1on, Kummer's transform can
again be employed. Thus one has | | |

el

V'OI:R"(E)z‘ e | n ‘€ “(z) l' . - (]%) N

R & s /2 ‘»".‘-’*B’;z/“

AR fdE = .an e (z) ‘e e (z)s (25)
BES/2 vﬁ{-”]q,-;~;¢ﬁ 't:;,,. L
o - B E[-W(z) + -’.-';-Nr_.'?(.z)‘]_a‘-, AL TI

-

N
o -

CodRyagtee M aglehin (2 (m, 4% N (2)+ (828 W)

o Pufting ;hg;férggoiﬁg tyo‘derfvatives into'Eq. (13), one’ obtains

.
-

. SEAAR
. A At R < St .

C 15
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‘2

ddw 2) 4 (1-2) —“—(51 lre-s (—7+ NIWz) =0 (16
‘h;%‘i |

which is seen to be'Kummer's equatidn with

a =lr-s (Bi .;.1)] ;gd'b =

. Ni‘h the symmetric boundary condition dR (0)/d£ -0, the eigenfunctions.
then, are given by v.; - "j S ‘5;_ e

'-_eng/z ZB(HB/Pe) | s
R () = e M(—g  BED an

Differentiating Eq. (17) with respect to & ylelds | L
e 2.8 (1+82/pe?)
dR /dE = e -8E M—Lpt—— 1, g%

_n
2-8 (1+8°/Pe”)  6-B-(1+BS/Pe") , .
v A 2,887 . (18)

n

The eigenvalues are then obtained as rodtS'of the.fOITowing;eqdetion_'1
' z-Bn(i¥B§/Pez)' SQBH(T+B§/Pe2) o
by 7 M 208

..

L ;_: x.2-:l2;., j.nwfl_ S o o
_ - 2-8 (1+8/Pe®) S R , ,
'Alf'(Bi-- B )H(__‘FH‘4;F"_e,j,sie_ah)f=;o o ) i (19)'

n

It shouTd be noted that the above anaiysts can a]so be applied to -
the case without ax1a1 conduction and with different boundary conditions

K -
. A\

| ;
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k \ - o \ Ry
Crd
cc A -‘. " .l‘ .
cc DECK POR CORPUTING EIGEBVALDES llD zxcxncousrlurs S~
cc 'IN SOLIDIFICATION rnxs LU
cc
e INPLICIT REAL*8 (A-B,O~l)
. DINENSION P(3) :
az;n-(s,?b1) BI . :
WRITE (6,1001) BI
.. m1=150 ) o
cc. - ~ ,
CC. 20 EIGENVALUB
ce
- " 'DO 100 Jas1 20 ,
READ  (5,902)\ IL
: READ. (5,902) ‘IR
Lol
' CC sECANT E‘rncn
ce
U CALL zulcr (ax.xa.l1.rn ¥, l.l2)
ce _ R o K
“ec 30 I!BBltIOIS S - = LD
cc B S I
.. .p0o20 xuqa,ao e - S
- gu-(xntu-xmn)/(n-n) ' ) : _
éleL FONCT (BI,XN,N1,PH,P, n,:z)
w RITE (6,100A) KK, P8,X8
§m S(ru) .1.!.1 n—'l) o T0 21
“* o T ot
e .
T XR=XN SRR “,_.~ : j o
.. FR=PH’ . ' | B
o L Ir (DABS (PL-PR) . LT.1. n-10) GO to 21 :
20 CONTINUE ,
2% WRITE. (6.1005{ u,ru,uz
. WRITE (6,002 " '
B=X8 , -3;~‘ a a
. "ﬁ‘c . - "‘"-:4 e » z i
?* cg conpurn sxexlcousrnnrs -“,,.¢.a; SERAET Y. S
: c : SR Lot
| »;YSRIULT(B,I) R -,__~33! . -
.. RBRY=Y . o ~_‘:-: S T .'
- " po 30~ nsz,zoo T SN
o -g!sunaun(x,n) N L



30
31

.80

.50,

ge

A

IF (DABS(Y-REP1) LT 0.1

REF1=Y

Y=(1, DO#!)/DBXP(B/Z DOT
IF (B. EQ DO) GO TO 55

- N=1

Y1=RMOLT (E, ) * (0. 5D0+1.

D7) GO TO 31

" WRITE (6,480) S .

,‘ .
\
DQ/B~SS(E,H))

Y2=RMULT (E, N)*( 3 DO*E/Z 0042 DO/E-SS(B H)*(?&DO E))

"REP2=Y1

" ~REP3=Y2 o -
. DO 40 '§=2,200 o B
_]!1=r1+850Lr(3 N).* (-0, 500*:/3-55(3,!)) o
IR (DABS(!1 REF2) .IT.0.

REP2=Y1 0

. '4RITE (6,444)
a1

- Y1=(~0., 500+11)/nnxp(z/2

. DO S0 u=2,200 -

‘doy,
Y2=Y2+RBULT (E,8)% (~1. D0
X-SS(B,N)'(Z. #J-E) ~
IF. (DABS (Y2- 3) LT. 0.
REF3=12 " RN
¥BITE (6, aua) : :

- Y2=(-1.D0+E/2, n0¢rz)/nsxp(n/2.no) e

GO !0 71

x1=o.5no, HE
_’Z?OQSDO .Uﬂf
£1=0.500 )"

' REP=YZ

DO 60 ll=2,200
U=2%g¥

-
1Dp-7) GO. TO 41 o

DO)
*3/2 DO 2.DO*I+2 DO*N*I/E

10-7) 60 TO 51

.

_T1=4, no*(uu-1)nm1/1u*(u—1))

TY1=Y14T1 ..
!2=!24!1*(u—1) o

- IF (DABS(!Z-BBP) LT 0 1
RBP‘!2 oo :
WRITE (6 444

- Y1=(-0, 5»0-!1)/nzxp(3/2

o _12 {~0.500-Y2) /DEXP (0.5

-2.00/(3*(!1+!2/BI))
xxaxctr
“HRITE (6,222) JJ EK,RC,
ABITE - (8,555) - n*nc 1,21

§;i;:COITIIUB

‘ s

o

. X .
D-n G0 &0 61. .

DO)

Y1,12,1,E
'2 ST .\fﬁ?

,g12 6,10:,-xc-€,r12.6 5x,

. ", )
.-,'f T S ’
S e

§¢§  o 7

00) B
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%/ 1001 FPORMAT

I

-

x'n!-',r12 6, sx.'nn!=',r12 6, 5x,'!=',r12 s,sx,'n="
XF12.6)

344  POBMAT (' NEED uoan THAN 200 TBRHS"

555  FORMAT (5D15.8)

901 - POBMAT (D15. 8)

902 FORMAT (D8.4). )

903 ° FORHAT ”0 10 D20. 0) ’
,15!@}81 ,lo. =1,D10. 3)

- : ) b

". 1002 PORMAT (-qj,esx. nm =1 ,D15.8) ~
1004 '& '2¥,D15.8,10n'E =',D15.8)
1005 o. ;{ -nzstuvAan ',Iz,a; ,F14,8,10X,

L 4 . } - S
\." . K24 N ﬁ", ) o

SICCh g N B

CC /1?‘:;»’5,' r, . A?_‘ ¢

W su' urtlx FUscr (BI,E,¥1, rn.r.n.uz)
/' : 1T REAL*8 (A-H,0-Z) . :
i vDIJE*SIQ' P(3) .

e 11£(1 no-x*x)/n.no Lo, T e
NE1=A1 L

" 14 - CALL POW (BL,A1, x,u1 PH,PU,H2) o
L ;awru/nxxp(n/z ) | o o .
DO 60 J=1,3 L e T
] S ».

w . p(3)=0.D0

60  cosrrIsoE - . e o .
.. END e ‘ L S
§C L ) : L el
Lo suaxour:nx FCH (ax,r,x,l1.rl,rn ¥2) s R AU
 INPLICIT REAL*8 (A-H,0-Z)’ S . S
DINENSION RA 1(800) - S ‘- SRR

S PU=0.D0 | -""‘

e L "l2=l1 - L o S . - “.‘;.,"i .' .
9 AN=G potr o . . jw Co o
S 3:351(1)=Au¢n/2.no I A
CCPE=1.DOeRMI(Y 0 4 o T o
- FCT=2,D0%C g S ‘ .
DO jo.1=1‘q S o S

v MELe1 P | ﬁt
o au1(a)-au#au1(1)*n/( ft(zcr 1 DO))
rl-rl+xu1(u) o

~ T et T
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10 CONTINOE : ’
Ir. ((0135(351(1201))+nnas(nu1(lz))) LT.1 n-12)

. XGO TO 12 . | 5 w4
. N2=H2+50 . - R '
Ir (nz.sn 400) GO TO 11 R . ;
o “* GO TO 9 - '
1P% WRITE (6,1003)
STQP. - ‘ L e

12, PU=BI-E
"~ D030 K=1,K2

T rn=ru+nu1(x)t(ax-x+2500¢x) .
30 . CONTINUE '
1003 FORNAT ('NERD uonx THAW 400 rnnus')
31 RETURN .
cc ‘ < '. . L I
cc A . |
" REAL PUNCTION -REULT*S (z,l) ’ A R
INPLICIT REAL*8 (t-n 0-z) .- A ’
RNULT=1,D0 | S e
. DO 37 L=1¢@P SRR | | T
: 'usztl,- ' B T I
31 BEOLY=(4.p0d1-3, no-n)tntnuuxm/(ut(u-1)) B S
RETURE o | R S
- BEND S ST o T
ee S N A SR SR
e
'REAL FUNCTION SS#8 (B,l)
~ _IMPLICI® nxntta (1-a,o-z) o o
" §5=0.D0. . 4 A § L B
DO 80 J=1,N . LA o .
80  SS=SS+1, n0/(4 DOta-s.oovs) - P
C . RETORE® . - L R ‘L,;\;* .‘J;T'w",d 'y

vB‘.D : o : S . ;
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cc o
CC CALCOLATE °*DE®, AND *DRE"
cc.
INPLICIT BEAL*8 (A—a , 0~ z)
Do 100 3=1,20 ,
_READ (5,111) B
E=1 '
. C=RMOULT (E,N) |
&+ | DB=C*(-0. 50001.90/3-55(3,!))

DEE=C* (2.D0-B) C S
'REP1=DE . . o m L e
BEF2<DM . S S ey
. DO 80 n=2 150 x : st R
o D!—DBOIGULT(E N) * (- O'QDOOI/E-SS(B n)) e T
IFP (nnasﬂax-n§r1) .LT.0.1D-6) GO TO 81 . T

‘80 . REF1=DE
o WRITE (6, 555)
81 DE=(-0. 500003)/DBXP(B/2 Do)
+ po 70 R=2,150

: Dln—nnn+nuunt(n,3)-(2 DO*N-E)
S § (nansgnnu-anrz) ‘1T. 0.10-6) GO T0 1,
70 REP2=DNR . .
y . WRITE (6,555) : Co -
<71 ,nlns(-nonul)/onxp(z/z.DO)

- . WRITE (6,222) J,B nn,nul ,
100 CONTINODE o _ ®

111 . PORNAT (P10.6) - - ’;, )
222  PFORMAT ('0°, sx,'J~'.12 1ox.'n=',r1o 6 1 'nn—'
' XF10.6, 10X, *DEN=" ,F10.6)" ﬁ
555 . PORNAT (' "BEED. %onx THAN. 150 rxaus ') ‘ '
STOP . .
28D
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cc | R

cc K : ., :
occ DECK POR CONPUTING nzcnlco;srlurs, ICE PROPILE,
€C. ... PRESSURE DROP, -HEAT TRENSFER RATE, BULK
cc oo IREP., Loan nussth BO.IN ranxlec zoux ]
cc - ’ o S SRR

INPLICIT REAL*8 (A-H,0-Z) '
. DIMENSION BSQ(20),SQ(20), zx1(20) 32(20) nx(zo)
 DIMENSION. nsnrn(wsy,nz(zo) nnu(zo) R .

DO 3.I=1,15
3 . READ (5,333) DBLTA(I)
. DO 49 I=1,20
%9 nnm (5, utm) DE(I), mmw b .
cc a ' .
‘%.cc RIGENVALUES FOR 'PRERZING zonz cAN BE nuxnunsn-
S cC As sonxnxr:carxon PREE ‘ZONE L _

A DO 52 I=1,20 ' . - PR
x 8BAD (5, 333) 82(1) ‘ R
~52. CONTINOER L . _ S
READ (5,111) BI XX, TS R e
" 'READ (5,904)" er Lo R . ' -
 WRITE (6,222) BI,X!,TS L S T
DO 50 'I=1,20 - ' S |
an:n (8,902) EB1, BC1,!,D! nn!_ co
(I)=BCi1*Y . S
(Iy=E1*R1
902“ IOBHIT (5D15.8) _ . L R R
: DO 100 J=1,20 : S U :
so(:)azz(a)#xzca) R g R 1
_ SuE=0.p0 S ‘ o S
t-&.no*nsﬁfx)*xx/z po - Lo
[T ST=RE¥(K) / (DBXP (V) * (ESQ(K) -50 ) )y
. it IP (DABS(S1). Lr.o.1n+6) 60 TO 56
E . SUBESUBeS1

“;gi‘ , CONTISOR Tt
- WRITE (6,6 6) x.sna f'j-y L e R
Jrery SS= (1.D@eXS) *B2(J)*sShR | Lo T ”‘?»L.,
e lFZP(2 DUV(DB(J)*!S))‘(i-DO/BZ(J)*SS) o L -

- BaAt gR(9)=2C23DNR(J) R
TR WERITR (64 5{»"’“ m.w-u Wh”‘" @ .




REPLACH B9
»
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R,

e .
=Y

LN
,{“

a8

‘ )

P
— L T -

222 poREAT (0%, 'BIOT uo.'s-,rs 6, Sx,'x=°,ra 6, sx,

T oah XerSme,r8.6)

- 333 " PORMAT (F184%) |
. 848, POREAT 129.6,F12.6) : '
555  FORMAT {(*07,10X,°'J=',12, 10X, 'EIGENCONSTANT=". ,P10. 6,,
x1ox,-sc=',315 6,5X,'DE=',F10.6,5X, 'DNN=",F10.6) © " .
666  PORMKY (-o'.zx,-xsv,xz sx,'snna-,r1o 6) . . \\-'

cc | | .
cc. .. : | . : d
CC K POE-ZCE = 1. 28310/(33-!1-1) |
¢ K FOR WATER = 0.332 BTU/ (HR-FI-F)
CC ' UEL/ES IPPROX._O 25
cc
21 nnnn\]s 901) XMAX, gn L ' .

777  PORNAT (PB.6,F10. S)T F e A L
© IP (XHAX. BQ.-O DO) Go 70 300 I . Lt

BIS=BI/4.D0" " o . Lo

. TE=8.D0/T B '

o - WRITE (6,888) TE,PR : o '

s 888  PORHAT . ('1',101,"1‘U=',1'10 6.10!.'?3. no. =1, F10. 6)
=0 . - . . _ .' :

Jg=1

K=1

IsTe=-1 4 . .. c4&
pEL=1.D0. . . - Me

. DEL1=1.D0 = - \?'.,, s 3 o
' DEL2=1.DO = A -iﬁ'- , o ..;,?“%-5~-
a .. B=0.DO . T R
. xfo.p@ . . f . e T
SRR :Xilbnlttl(1) T A -
.- PPEEE=2_AD1#PR®XX . .- . - ©
: P"*d DO _” ) ‘r, ¥
oo er=0.p0 ¢ R S G
8 I=Te1 - L BT -
U IR (I~10) 5 5 6 I T
6 i gmIet. ’ ST o S
'ﬂg.§; (DELTA())- 21,21 51 R

' Ir"{IP). 3, 7 8 w L R C :
. D'-“Dkl'!l (J) *((1. DO/DBL ‘l) . (1. DO/D!I.) ) /2 DO
- Ip=y sl
o "”éb !0 Q ';ﬂ ?; . . .
8 .. D=D81.ﬁ {J3) "l ( (IW/DBLZ) 0 (I. DO/DBL’I) 0 (1 DO/D!L) )

!.,l. ': ‘i .

QUn
X -h

‘ .' ®

-



- .

' X/3.D0

22

10

25
286

23

13

N 5 8

1§

16-

14

12

g ,1000

200 v

. WRITE(6, 16y °©

201

29,
4+ #

28

.3t

L

1P=0
BN=A+D 4
© SUNI=0.D0
SUNJ=0.D0
DO 10 N=1,20" o .
’Anoaws.no#SO(u)tnula.no T T
IF (8.D1+ARG) 25,25,22 =~ - ‘ ,
~“C=BN(M)*DEXP(ARG) -
SUMI=SUNI+C -

: snna—snna+(clso(u))

CONTINUE . °
GO TO 23

FORMAT (5!.'ARG. axcanns 80.0')'

1.DKSSUHI*(I.DO*BIS)/(BIS*(Spl —TB))

IF (DN¢LT+1.D-4) GO TO 21
IF (DN-DEL+041D-3) 11.12.13 R
XF ( DN~-DEL-0+1D-3) 12.12 1 7 %

. %gh-nu S L0 T
‘e s ‘;‘, P R Y N
. KER+1 . v.,@wﬁyﬁ R TN e

(x-15) 14,14,

S R 7

FORMAT . (1:.-uor convxnoxuc-) R

GO” TO 21.. ‘ . . SR

IF (IP) 8 8.7 SRR . e
'iptrn €6451000) suxt.sunJ ‘ S

"FORMAT (-' v30X,B14.6, sx.314.6)

QINI=SUNMI/DN .. .

IF (ISTT) 200.200.201
30131180181 BRI T -

CISTT=1 : ' ; : Sl
QT-OT-Z.DO*DBLTA(J)*(OINTI*OINT) . R
DELIT=DEL1*DEL1%DEL1. S S
DNT=DN*DN*DN :

IF (IP) 28,28,29 S
,S=DBLTA(J)#((L.DO/DBLIT)+(l.DOIDNT))IZ.DO

0 TO 3% :
sanerA(J)*((l.DO/BBL2T)*(4-D0/DBLIT)*(LdQQIDNT))
' X/3.D0 | | |

L4

‘pv=2.4ntirat(a+s;

- X2=X1
| X1=X

x=x+nzzrata) .
K=t

" DPDBL= (Dﬂ-wxnz)i;x-xz) SRR RN

© A

161

Cthemec s oL oLa . s L



DZDBL=( ( DN—DBLI M X—Xl )-'( DBL1~DBL2 )/( X1-X2) )I( !-12 )

‘PM=6eD0*( I.DO"DBLI*DBLI )/( 5.D0*DEL1#DBL1 )

il _ P=PN#PV1l -
U IF (IP) 34 34.21 ‘
34  VWRITE (6,18). xl.nnnl.nnnn.nznnn,au
.18 ~ FORMAT (!0‘.2:.?9.6 4(2X,E14.6)) -
o . . TB=TS*( 1.D0/T8~3D0*SUNI/2.D0)/( 1.no+'rS)
Vo TT=1.D0/TS-TB¥( 1.D0+TS )/TS .
' RN=2.DO*SUNY $ DEL1%TT) :
el ‘WRLTE (6,323%,Pu,PV1,QT1, TB,RN.X
W32 ° -FORMAT (7(2X4F12.5) -
AXSX#XX . . g g - ' .
. PP=P+PFRER . - R S : n , o .
'QQQ=aQTi+Qx¥ - ‘ % L e
s WRETR, (94905) X,AX.DBLI.PP'QOQpT N e
L 905" FORMAT. ('- ,310.3,810 3,5?10.3) ' {:)
. '.27 . DBL2=DEL1° L
... DBL1=DBL.
e .- DBL=DN R
rbBL:r:ninlt
'PVith o
: bxnrt=oxn1 SN S o
. QTE=QT - S A L
oot AR C(IP), 20 .20.19 S - : o ]
18 ‘\wlP (I-IIAX) 494921 } R . .
"7 300 - 'CONTINUE - P T
... sTOP - . - .~:,, o - W
¥ j\‘

‘31621;



4

e

SR ee e

. cc

”"3j:'CG§*V,
“’*?LTCd:GTT
SRR+ MBS
RN TLCCLi'”"”
;w“f¢C”i
S ee
cc

. ¢cc
cc

T D — S0LID
axra aorroa PLATE IN

PROGBAHS FOR SOLIDIP

'*;1;,g;czuanuBs

. DIMENSION X(20), r(zo)
~_ax1 =0.D0

BI2 = 1 , 2 ,'10 , 100

.,IBPLICIT BEAL*8 (A-H,

IPICATIOU :
SULATED BI1t1 = 0-

ICATIOH FREE ZOHE

0-=z)

t

),r(1),pui1,pﬂlé,n1,32)

¢

I) P(II) PBI1 PHIZ R1,R2)

KK)*P(II))/(P(KK) P(II)) ,1

@4d) - o
7) 66 10 6"

'a

. CALL PCH (BI?,BIZ,X(JJ) 20, PBI1,PHIZ,R1 R2)

cc u
.. .. DO 200 I=1,4
. -BEAD (5,901) BI2
.. .. . 'WRITE (6,902) BI1, 512
.CC .
10 xxsznsznns
cc. .
DO 100 J=1,10
- BRBAD (S, 901) X1y
- nzxn (5,901) x(2)
cc
cC. sxcaur azrnon
cc
2 caxx rcu (811,812 x(l
DO 5 K§=1,20
- 1I=K} - .
 Ja=xfRy :
- CALLYICH (311.312 x(I
x(aa)efx(II)tr(nx) x(
- DD=X (3J) =X (1IX)
WRITE {(6,908) KK,DD%X
Ir (0155(3») 17.0.1D=
'S "CONTINOE
6
: C1=(-BI14BI2)*(1.D0+R
- WBITE (6,905) a,x(Ja)
- WRITE (6,906) c1 -
100 - cCONTIRNOR .
200 CONTINUE S
901 ' FOREAT (F10.6) .

2)*DSQRT(!(JJ))/(PKI1*2.DO)

N~

63



9oz=”
904
905

906

cc

FORNAT ('1°, 'BOTTOH PLATB BIOT NO. = ,P10 6 sx,'oppza,-

XPLATE. BIOT HO.'=',?10.6) .

FORMAT (°*0°,"NO. 3’,12 5!,'DIPFBRBICB =9,P10 6, 10!,
X'X =1,F10.6) '

PORBAT ( 0',60!,'BIGBUVLLUB ( ',IZ,' ).—' 310 6, 1OX,A
PORHAT ('0',60X,'C 3' P10 6)

‘STQP B

. END »g‘ . E o ‘~f;é.;ﬂ

SUBRdBTIlB PCH (811 BIZ ER,PU, PHII PBIZ R1 32) N
TMPLICIT REAL*S (A-H,O-Z) - : ‘

~ DIMENSION 851(200) 852(200)

B=EE/8.D0
1(1)= (1.no—n)tn/2 DO
M2 (1) =(3. -DO-E) *B/6. no

, i 21=RNE1 (1)

“10

”'_39

R2=BN2 (1} -

DO 10 ¥=2,150

FCT=2.DO0#N o | |

At R | | .
RET (N)=(4.DO%N-3. no-n)tast(u)*s/(rcxt(rcr-1.90))
'BN2{R)=(8.D0%N-1. no-n)*nuz(n)-n/(rcr*(rc1+1 00))

© RI=F1sRET(N) - e
B2=R2+BE2(N) DTN i

_CONTINOR-

IFP (9155(351(150)—351(149)) sm 10-7) WRITE (6,903) |

S1=0.D0"

- 82=0.00 R - . .ﬁ: ,- A, S
, / DO 20 It= 1 150 - . e e
- | s1=s 1*351(11;-(33~e no~11-1311»512)) L

GOBTIBOR

- po-30 12=1, 1505 - - e
_sz-sztaaztrz)*((3110312)/~.no-zoz 00t12+1 no)

CONTINDR

 PRI1=EB- (BI1+BI2)+S1 - .
- PHI2= (E114BI2) /4. DO-R+1. 90052

. B=(BI1= BIZ)*(Bi1-BI2)fl.DO

cc
.cc.

. FU=PBIVSPEI2+B* (1.DO+R1)* (1.D0+R2)"
7903

PORMAT ("NEED" HGRB THAR 150 !ERBS')

o ERD L
v cc ;. _.. . X P .‘ o . e - '_ ) - A.'Al . . o |
| *2. EIGENCONSTANTS AND ICE-PREE LENGER

164



ccC

'”73951 :
LY Na)

,*_;100 
e xcx FREE LENGTE ;'4}. LY

oec

. 50
51

- 60
901

INPLICIT nznnta (A—B 0- z)

‘DIMENSION 36(10),280(10),!1(10) P1(201) P2(201)

xz1(201) 22(201)

BI1=0.D0 . -

po 200 I1=1,8 .

READ (5, 901) BI2 o
'anxt£\(6 '902) BI1,812 :
PO 190 J=1,10

READ (5, 901) ER -

"ESQ (J)=ER*EE

. B=EE/4.D0

READ (5,901) C

" RDIA=201

DO 90 BmE=1, UDIH

. K=#p-1 . =

L Y=0. 05D~ 12K

' .CALL PN (Y,E.EE,C,W, LA nzh.
. PY(BB)=R1’ :

- F2(BB)=N2

.coN us

SP=0. osn-
'CALL. DQSF (SP,F1,21,§DIN)
CALL DQSP (SPB,P2,32,HDIN) .
BG(d) =21(201) /22(201)

© WBRITE 16,908) J4,EE, BG(J,,f1(J)I.'

}ébltxnux . % |
Y

ot &
}{{l: s

ﬁnx&n 6,908 LT .
iao po . SR T T
Do 60 I1=1, 50 , =
X=X+0.10-1

=0.D0

DO 50 12=1,10
DOMZESQ (I2) *X

IF (DOM.GT.8.D1) GO 10 51
‘IxT*EG(I2)*!I(12)/0319(005)
‘CONTINOE -

T5=(1.D0-1) /T
. . WRITE (6,906) x.rs
", CONTINUE .
200

CONTINGE . .
_PORNAT (i1o.5)

B

L
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902
. 904

905

906

. cc

FORMAT (*1°, ‘BOTTOH PLATE BIOT NO. =',P10.6 SX,'DPPBR o
XPLATE EICT NO. =!,P10. 6) :
- PQRMAT (°'0°,°'J =',12, 10!,‘BIGBHVALUE =',P10 5, 10!,

X IG!HCONSTANT *',110 6,10X,%11 =¢,02.6)

PORBAT - (*1°*,* ICR PRBE LB!GTB')

. PORBAT (°* 0' 5!,'X ﬂ ,P10 6, 10!,'TBUP. oF SUPERHEIT “_‘
1,21‘0.6) ) . ' . . N : &

STOP.
END

iSUBROUTIHE Pl~(!,B,BB,C B UI,HZ)

IAPLICIT REAL*8 (A=H;,0-2).

- DIMENSION BH1(200) , BAZ (200)

"YY=Y-1.D0/2.D0

- REI(1)=(1. n0~n)*ﬂxt11ttz/2,no
. RE2(1)=(3. DO~B)*BE*!!*!!/6 oo
CUR1=RE1(Y) | .

 R2=RN2:(1)

. D0 10 N=2,150°
' FCT=2.D0%W -
H=N-1

*iiii.A

. RM1(N)=(4.DO*R-3. DOdE)*Ru1(u)*BB*!!#!!/(PCT*(rCT-l D0))
* BM2 (M) =(4.DO*N-1. DO—B)*RHZ(u)*EB*!!‘!!/(rCT#(!CT¢1 DO))

R1=R1+BN 1 (N)

.o R2=B2+RE2 (A)
10

CONTINUR.

SEN ¢ (DABS(R!1(1SO) nu1(1u9)) LT.O0. 10-1) eo T0 11

S, IR (DABS(I!Z(!SO) R!Z(1Q9)) LI.O 1n¢7) Go TO 11
‘MRIYE (6, 903) : -

. STOP .- ;

W= C#(1.D0081)0DSQRT(BB)*!!*(1.DO*82))

X/DEXP (EESYY#YY/2.D0) "
Wi=tx (1, DO-Tj*W -

sg}'fy,i-wzzittn
- -RETORE - - -

“PORMAT (~lEBD BORB TBII 150 TBRHS') e

. _xnn

PIOGIIHS POR PRBBZI'G ZOlB

fai.vxlcnlanuxs

' INPLICIT REALSE (A-B, o—z) o R

DIBBISIOI 1(20) P(ZO)

166



.1CC'”

cc
CC SECANT azmaon
cc

. CALL TP (1(11),r(11),n1 R2)

e

Id

YRITE (6,901) -

. DO 100 J=1,10

BEAD (5, 902) x(1);x(2)

CALL FP (X(l) r(1) R 32)

. DO. 5 KK=1,20 - A SR S o
. II=KK*1 . - SR L R

JI=KK#2 -
!(JJ)‘QX(II)‘P(KK)’X(KK)*?(II))/(P(KK)‘E(II))

‘..noax(aa)-x(xx)

 _WRITE (6,904) KK nb,t(aa)

908
. 906

- IP- (DABS(DD) LT 1D-7) GO TO 6
CONTINOE .
. CALL X¥ (X(JJ),PU,R1 32)

WRITE (6,905) J,X(JJ),F0 SR
’DSQ!!(X(JJ))*(1.D0i32)/(2 DO*(1 90081))

T WRITE (6,906) C S
100 s ‘ ‘
901
902
908
XX #9,710.6)

CONTINOE - -,,“a ST ;».I,;'. o
PORMAT (71°, 'rnnxzxnc zoxx-)'u‘,. . j f-,.f. R oW
PORMAT: (¥10.6,P10.6) - : :
FORSAT (07, 'no. =-.12,sx,-nxrrnaxucn =4 P10. s 1ox, -

‘PORMAT ('0',601,'316!!11102 (',12.') =-,r10 -6, 16!,
X'FU =%,P10.6)" o
"FORMMY- ('o'.sox,-c =° P'Qrs)

- STOP
- mEDe

'fsunxouzxnn PP (xz.ru.i1 82y
INPLICIT REAL®8 (A-H,0-3)
 DINENSION :a1(200;,nu2¢zoo)

BSB!/‘ 1

B2 {1)= (3. no-x)ﬂn/s b0 ;ff,?.7:w7ﬁuffi_,; S
R1=B81(1) . o A

- B2=BE2(1) . . -  ff;‘Q

Do 10 W=2, 150

Pore2. 008, 5 2 A
CT=2.D0%W. . - . o v

T3 )

REV{H)= (0. DO*N-3. DO-B)*RH1(U)*B/(rct*lrcr-t p0)) -
A2 (¥) = (3.D0*N-1. Do-n)#nnz(u)tn/(rcrti%cr¢1 Bo) )

.'fl1=ﬁ10381(l)

‘ ZS!IOBHZQI}



3 msdaz) pELTA(D) x

’ : [ : : -_fp R
10 cosrraos IR
- oL IF (DABS(nal(iso) Rul(149)).LT 0.10-7) co re 11
IE_(DAES (RN2(150) ~BN2(149)) .1T. 0.10-7) co O
VRITE (6, 903 ‘ _ -
.. STOP- | o R AR
11, St=2.B0%E - . S L IR Y
) S2=E-1.D0 S T gl
DO 20 @= 3,150 - U e e S
. S1=S19BM1(J) %(2.D0%E-8.D0%3) . . AT R
. i:szssz-nuz(a)t(-x+z 90*001.00) D RS SR R
20.  COWTINUE ' . T TR P
e ro=s1~(1.noonz)*2 no*c1.oo+ni)tsz SRR AR S
903  FORMAT g-uznn HoBR THAE 150 g;aus' ~ R
~° BETORN R _
END R

cC s et ,;;;i: ','-j‘, L
cc o e T - : G
cc 2. EIGBICOIS!A!!S, ICB Inlcklxss 2!0!1;3, :
€c ' '~ PRESSURB DROP, BULK TREP., HEAT . bq, o
cc . IRAISPB! BATB, LOCLL ussnnr no.-“ PONEE
: I!PLICI! 'REAL*8 (x-a o~z) S PRI REp
iv -DEBBUSION b JALY x1(10),32‘1o) BK2(10) c1r10),-;e‘~;j@a
xc:cto),nnu(\O),i§§301)'r2(10,) zi(10');235191)n S
xzx(to).SQ(lo), 1(15) e S I
" RBAD (5,901) BI1,BI2 o ;f*f‘, R p
. ' WRITE (6,908) BI2, BII ' L e e
a .- DO 50 151 10 . .
~~x~~~nnnn (5, 903) BH(I), sxt(x),c1(1)
~ RBAD {5,901) 32(1),c2(1)
. 50(1)=12(1)*32(1)
- se-» coi!Ilun
“ v DO 52 1Is3, 1o e
52 ' BEAD (5,232) DII(I)
o 'po3 Ist 15

DO 300 NE=1,3 T

° . - LT e
L. B : L 7 . "
- w = T - ] . - R R
A . L . 5 . S R PR T R
2 Lol 0T . . o [ s . - re L e .
ey N ‘ o s - R i .t T P P e
e R aie L . T - L, S
ot . .. S o e . AR B P
. A . - S PR . ST
A - . . ceos B . . LT i L

- BEAD. (5.90i) T,EB. . wroa . ST
- BEAD (5,222) Qxr CE ey T
WRITE (6, 906) r. R A it
. DO.900 J=1,10 S e g Y

 WDIR=101" R T A

D0 100 nn=1,loxu el o

K=KH-1 o N B
: 1=o 1n«1tx S R S A

é .



7“ "'_J",. 90
o1

CC ..

CC

ﬂ 6 :;9°§

 cC

i e

,cci-“

‘ 3“CC'

“7-«cc,.
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