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Abstract

To determine *~ ares~ near plume releases the relative height of
the plume to the guﬂd n- .. = determined. Since the worst hazards occur when
the plume is dowrres
is important. To FE‘ the warﬁﬁry of a plume :xpen;ncmg downwash a accurate
model of downwash 5 necessar

This study == ~sertaben to develop a new model for downwash, which
would accurately peeds— the trajectories of plumes over a wide range of stack
operating conditioms. A dowmwash velocity model was derived specifically for this
thuil. mmmmnmm* mﬂgeﬁmdntlm:ﬁﬂ@p,,

imbaddedinﬂteuk:;tﬂgnnkﬁphe@undmnpﬂmmgmernmuthe
wake spreads. The line vortices produce a negative velocity which causes a
downward displacement of the plume. The downwash velocity model was found to
predict, for subcritical Reynolds number flows, the trajectory of plumes to within
£2% over exit velocities ranging from 0 to 8 times the free stream velocity. An
entrainment coefficient which varies based on the momentum ratio was used, and was
found to predict plume trajectories more accurately than a constant entrainment
coefficient of 0.6. A discussion of the effects of increasing Reynolds number on the

vehaty mﬁdelmemduaed. hl;hll.hmijmohhdnﬁeremm

mptumdfﬁmpmw virtulnﬂ;h £0 ;:;L:,;mdmiﬁth!
entrainment model.

The visualization of the time averaged vortex pair at the stack tip, using a new
and innovative method for applying fluorescein dye directly to the stack surface,
Wmmmnnmﬂummmg

rf:iinmﬂﬁmMﬂﬂgm'b“
r—gmuummhﬂmwmmhﬁmﬂy

“mmm:nmhuehdMMhl

velocity, which very accurately corrects the trajectory of a downwashed
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Chapter 1

Introduction

This study was undertaken to develop a new downwash model that would
accurately predict the trajectories of plumes over a wide range of stack operating
conditions. Three downwash models will be presented: Briggs' virtual origin
correction, an initial entrainment model and the downwash velocity model. The
downwash velocity model and initial entrainment model were specifically derived for
this thesis, but the virtual origin correction and the initial entrainment model were
used primarily for comparison. The development of the downwash velocity model
enmpmdmmymonmdymchnhgrhﬂmﬂmmmmm

rhe.mm&thaemculmimmdinmmte.mmmmndﬂfm
(1941) began studying the problem. Their determination that downwash occurs in
plumes with ratios of stack exit velocity to free stream velocity lower than 1.5 is still
widely accepted, see Ooms (1972), Briggs (1975), Rittmann (1982) and Weil (1968).
Sherlock and Stalker (1941) were also the first to suggest that a coherent vortex
structure was the mechanism for downwash. They found a streamwise vortex pair at
the stack tip that they feit would cause a plume to be forced down into the von
Karman vortex street. The von Karman vortex street would then transport the
maserial toward the ground. Sheriock and Stalker (1941) envisioned the von Karman
hlﬂ(lﬂl). muhmmﬁmmﬂgmm
vOoriex | aents reported by Sherlock and Stalker (1941). Thanudy
mm&m&m:—wq&_(ﬂﬂ)

m of m for m was an em m vhnl ﬂhh




2

assumption has been widely accepted by Scorer (1959), Overcamp and Hoult (1971),
Weil (1988), Carhart and Policastro (1991), and Snyder and Lawson (1991) as the
physical explanation for downwash.

Scorer (1968) suggested that placing an annular disk, one stack diameter wide,
at the stack tip would shield the plume from the low pressure region. This method
was adopted in the design of many stacks, but never achieved the success Scorer
envisioned. The examination of the trajectories of downwashed plumes indicates that
plumes are being pushed down long after the force due to the low pressure region
has become negligible, suggesting the low wake pressure near the stack is not the sole
mechanism in downwash.

The most recent investigation of downwash was conducted by Snyder and
Lawson (1991). They investigated the effect of changing Reynolds number on
dﬂwnwnh Their ﬂndinp mmued a plume mmtg inm a mhcﬁti:nl Re.ynol&

into a :upgrcﬁtkgl Reymkh number flow ( Re, > 210° ). While this is an
interesting result with definite consequences for downwash models, Snyder and
Lawson (1991) did not suggest a physical explanation for the results, nor did they
present any new models for predicting downwash. Snyder and Lawson continued to
assume that downwash is caused by the low pressure region behind the stack. They
did, however, conclude that Briggs’ virtual origin correction is too conservative in its
prediction of downwash, and a more sophisticated model for downwash is required.
me mmmammmm
by regulatory agencies like Alberta onment and the US Environmental
hmw &bmreuﬂmkuaﬂ,daﬂwthgﬁﬂhhmm
where Sherlock and Stalker (1941) left off, by modelling a time averaged vortex pair
at the stack tip. This pair of line vortices influences the trajectory of a plume by
superimposing a8 downwash velocity on the plume’s vertical velocity. The plume rise
model used in this thesis will also be evaluated and a variabie entrainment coefficient
correction proposed for the rise of a fully bent-over plume.
mma&mmmmmﬁmw
' 'f,;d;emuihe.h-:




in visualizing the vortex structure from a finite cylinder, will also be described.

The results of the flow visualization experiments to determine the vortex
structure shed from a finite cylinder and of the experiments on wake development
behind the stack will be presented. By comparing theoretical predictions of trajectory
by the virtual origin, initial entrainment and downwash velocity corrections to
experimental data, the downwash velocity model will be shown to most accurately



Chapter 2

Modelling Plume Rise and Downwash

2.1 Introduction

One of the first analytical studies dealing with entrainment in a rising plume
was carried out by Morton, Taylor and Turner (1956). In the time since, at least five
different methods for modelling the rise of a plume have been developed. In this
thesis, however, the object was not to develop a new model to describe plume rise,
but to develop a model to describe plume downwash. The problem of downwash is
one that has been investigated systematically for over the past 50 years. Sherlock and
Sulker(lﬂl)mideredunpmblemofmmwm-m
on the top of the stack to reduce downwash. Only a few methods for predict
downwash have developed, such as Briggs’ mmmmmmq
Briggs (1973). By Briggs’ (1984) own admission, “Little guidance is available on how
to calculate plume rise if downwash does occur”.

This chapter will be concerned with the physical and theoretical description of
plume rise and downwash. Briggs’ existing model for plume rise will be presented
and an equation for the rise of a bent-over plume derived. Once the foundations of

22 Plume Rise Equations
(1975). HhmdmmmZ’,,’,,f’fhbﬂﬁ!ﬂhWﬂﬂm
Davidson (1989) and Sayder and Lawson (1991).
The modelling of plumes is based on the balance of mass, momentum and
assumptions.
section.
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* The free stream velocity is constant above the height of the stack exit, and
the bent-cwer plume is :arried dmtream at the wind :’peed. U ( Tlm

. Plum: riie is not :ﬁected by ambient turbulence.

* The model for the plume is one dimensional varying only with x, having

uniform velocity and concentration across the cross section.

As the plum: rises it cmrgim ambient fluid at its edgg: and incr:m it:
illunnte: the enminment velocity mneept and the mher bunc quamities used in the
balances. The subscript, s, indicates a source qu:nmy. subscript, p, a plume quantity
and subscript, a, quantities from the atmosphere.

Conservation of mass for the plume can be determined by examining a

,,mﬁnlvulmthmghwhi:hﬂleplumm By integrating over the

can be important. The conservation of thermal energy can be used to show that
buoyancy fiux is conserved at each cross section of the plume. The buoyancy flux at
the stack exit is the prodiict of the buoyancy force per unit mass and the mass flow
rate at the source. The buoyancy force per unit mass of stack gas is g(p, - p,Vp,
and the source mass flow rate is p,yR,? w,. The buoyancy flux becomes

= ‘( p')w R @2

The RHS of Equation 2-2 should be w,sR 2, but the ¥ is deleted 10 follow the



‘suonenbo asu swnid ay jo Jwawdopmop
M W pIsn sidjouwreIed sty Sunensnip awnyd Jo newegs 17 sl




7
convention of Morton, Taylor and Turner (1956). Using the Boussinesq
approximation from Briggs (1975), (p, - #,) << p, the density of the plume is
mumedmbecluletuthelmblemdemityformtdtherﬁe 80 p, is used as the

lizing density. The momentum flux, F, of the plume is defined in the same
manner as the buoyancy flux. For a cylindrical plume clement of radius R, and
length dx, we need only consider the conservation of momentum in the vertical
direction. The vertical plume mass flux is matched to the bent-over plume mass flux
to maintain mass conservation. The momentum flux is defined as the product of the
vertical stack gas momentum per unit mass (p, w,)/p,, and its mass flow rate p,#R,w,

F, = DewiR2 @)

density.

In order to determine the rise of a buoyant plume the entrainment velocity
introduced in the mass balance must be related to the rise of the plume. This is done
using the Morton, Taylor and Turner (1956) entrainment hypothesis. The rate at
ﬁhi:hmbien m ”uirisdﬁwninmmeplm’ gmumedmbehneaﬂy 2 mmnnl al to

ized by the ambient

mnybentmrmsmhﬁvgvgbmybw -Mm
v, = Bw, (2-4)

oo, mphmﬂmnﬁﬂuﬁdﬁn“hpmﬁ“

ment coefficien iMWhm
' tic ficti o example, a vertical jot has § =
alﬁ:wwmmp-hp:m-mnm-
(1975). The ¢ nental data in this thesis suggest a plume with a source velocity
ﬂm&huhﬁanﬂm:uﬂgwyWQd
ximately 0.45. Coelho and Hunt (1988) found that a plume which starts as a
mpﬂmmmwhmhﬂﬂ-ﬂﬁﬂ The
jnment cosfficient would ocbviously change from the beginning t0 final stages of
rhenthhhﬂm Hnﬂnﬂ‘el(ﬂﬂ).“(lﬂ)ﬁdm-nﬁ




Briggs' (1975) suggestion of using an entrainment coefficient that varies with exit
velocity will be adopted. A further discussion of the entrainment coefficient will be
found in Chapter 6.

From the analysis in Appendix A, the trajectory of a non-buoyant jet rising in
a ncutrally stable atmosphere is

[ a9
pzuz

This is known as the "1/3 Law” for momentum rise. A new variable, M, known as the
momentum velocity ratio can be defined as

7/}
[ (&] 3-6)
e.) \U,
Substituting Equation 2-3 and Equation 2-6 into Equation 2-5 yields

calculation of rise less time consuming.

MFQMM(IW)MMM&:MMM&,&M
past 45° would fit x'? rather than x'? but once the plume had bent-over it would
again follow x'°, The x'? dependence is due 10 their assumption that the plume only
slightly departs from vertical in the early stages of rise. In this thesis, the °1/3 law”
will be used for all times in the rise, but the entrainment coefficient will be varied.

Part of Appendix A reproduces, in the present notation, the analysis of Briggs
(1975) for the rise, by, of a purely buoyant plume

n.-iflx’)"’ a®

This is the "2/3 Law” for buoyency rise since h, = (x*)'°. The equation for the
combined rise of a plume with both momentum and buoyancy, derived by Briggs



(1975) and used by Weil (1988) and Davidson (1989), is

, \
3R, ., 30, 2-9)
ﬂz u? 2p? U,

Equation 2-9 combines the effects of both momentum and buoyancy for a point
source release. Equation 2-9 can be written as the sum of cubes of h, and h, such
that

h = (b + b.’)" (2-10)

As Equation 2-10 suggests, either the momentum or buoyancy will dominate the rise
of the plume. Near the stack, where downwash is most important, h, is usually
dominant, with h, taking over at a transition point where h, = h_. In this thesis, it
was assumed the transition occurred long after the region where downwash is of

Acurrecﬁoncunbe:ppliedeqmtinnHmmmfnﬂhemkmdiu.

mﬁnadby&vi&m(lm),hmmmthsphmrhequm Thhmhl
mass flux. For the bent-over mass flux, the plume fluid moves downstream at spoed

AN 211)
R. = (EF‘) R' (2-11)

The radius of the plume, R, at any point during rise is then R, = gz + R, From
Equation A-30, the corrected plume rise equation will be

- 35*‘7;,,*:, LN
B P’U’ 2p? U, b
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2.3 Downwash Models

Over 30 investigations of plume trajectories, neglecting the effects of
downwash, have been conducted by investigators from Bryant (1949), Sutton (1930),
Fan (1967) and Hoult, Fay and Forney (1969) to more recent studies by Ooms
(1972), Briggs (1975), Weil (1988) and Davidson (1969). Briggs (1984) noted that
little attention has been paid to predicting trajectories of plumes experiencing
stack affected the plumes ability to rise. This theory was advanced by Scorer (1968)
mwmmumum-mnuum&ﬂm
mmWhmMmmm

Perhaps downwash is due t0 8 mechanism acting throughout the plume’s rise
(or descent in the case of a downwashed plume). Bl'!gl(lﬂl)w:mhud
of accounting for downwash:

width, which grows in proportion to (Dx)'? (Overcamp and Hoult, 1971).
Some fraction of this could be subtracted from the 2/3 law up to the

WMMWlMMMEmm For
comparison, a virtual origin displacement and an initial entrainment model will also

be preseated.

23.1 Vistual Origin Downwash Correction

The most widely wsed correction for desawash was suggested by Briggs (1973).
Briggs’ correction is a virtual origin correction , h,, thet is subtracted from Equation
2-9. This correction is

B, =20(15 - M)D for M<l$ a1
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h

Conlinuous Downwash Velocity
Distibuted Along Plume
)

Figwre 2-2: Characteristic diffsrences betwesa virtual origin correction, the initial
eatrainment mode! and the downwash velocity model.



unchanged plume trajectory. This model is used to correct for downwasl
regulatory agencies such as Alberta Environment and the US. E:anmemgl

Protection Agency. Briggs (private correspondence), now suggests this correction is
not robust enough to accurately account for plume downwash.

2.3.2 Initial Entrainment Downwash Correction

Another possible mechanism for downwash is increased air entrainment close
to the stack. A model was developed for this thesis incorporating an initial
entrainment process. The entrained air, Q,, has no vertical velocity and acts to
increase the mass of fluid the plume must transport upward. The entrainment
velocity model used in the basic plume rise equation still applies with the addition
of the initial entrainment at the origin. To incorporate this additional entrainment,
the mass and vertical momentum balances must be re-evaluated. From Equation A-
31, the mass balance for the plume is

PQ, +p,.Q = PR, @14
where R, is the effective source radius needed to accommodate the addition of Q.

PQY, * PQ¥, = PERUw,, @1

where w,, is the plume vertical velocity with the initial entrainment included. We

entrainment, 20

Where b, is the momentum rise height and R, is the offoctive initial radius dus 10
the initiel ontrainment. The derivation of this equation is similer 10 the derivation
for the initiel radius R, and can be found in Appendix A. The value of Q, is lely
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a function of M. The effective radius R,, for a non-buoyant plume, can be found
using Equation A-37, where

R} =M (1 ‘ %) R? @17

Qne diﬂiculty in this mgdei is t]m the mrrectian is applied only at the stack exit,

here produces a correction caused by the interaction of the plume and a counter
rotating vortex pair along the plume trajectory.

The streamwise vortex pair is created by the streamwise component of the
bridges which link the von Karman vortex street. Performing our own flow
were observed. Fkumz-kbimmmdmmnlﬂnmugm

ﬁwh). memummmpimunma.m
hmﬁmﬂhﬂm FMHilmnhnﬂhmthkﬂdl
m-&m:-dhﬁﬂyﬁqﬁﬁMtnmh
idea of a tip vortex peir. However, Sherfock and Stalker (1941) did not link the
vorsex peir 10 the von Karman vortex street.

Ammb " M-ﬂbﬂhhmm-ﬂﬁ

hﬁiﬁnﬂﬁ. Th-ﬂ-h.l.hﬁnnlm" D ,,,;1;jhﬁ:hs
ream. It is assumed the distance betwoen the longitudinal vortex pair

mﬁlmaﬂunpﬂﬁﬂhﬁhm Pists 22 s an

instantancous (1/250 sec exposure) image of the wahe behind the stack.
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Figure 2-4: Velocity vectors in a crosswind plane of Sheriock and Stalker's stack
suggesting the presence of a streamwise vortex pair.



Plate 2-1: menﬂhmﬂﬂ(u,t_p- 1041).

Pinte 2-2: mmnd“( mg):ﬁﬁ-ﬁﬁ
shedding of the von Karman vortex strest.
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In Plate 2-2, the vortex street appears to follow the growth of the wake, providing
some support for the vortex separation assumption. By assuming a vortex pair is
embedded in the wake, an expression to correct plume rise for downwash was
derived. However, to derive the downwash correction, two additional assumptions
must be made.

* To produce a closed form solution for the downwash velocity, the angle of
divergence of the wake is assumed to be small and is neglected in the
derivation. Since the wake's angle of divergence is between 1° and 4°, this

assumption is reasonable.

* The theory developed here assumes the circulation, Ty , of the vortex pair
is constant with x. Each packet or leg of the von Karman vortex street will
be of constant and equal circulation. Therefore, it follows that the cross
linking vortices of the vortex street will have constant and equal circulation.
Since the time averaged vortex pair would result from the streamwise
component of the linking vortices, which have constant circulation, it is
assumed that the time averaged streamwise line vortices will have constant
circulation.

The circulation around a line vortex is defined as

I = {0, ds @19

where U, is the velocity tangent to the path defined by ds, which is a closed contour
enciosing the entire vortex. Considering one of the line vortices in the vortex pair,
an equation for the velocity at any point away from a line vortex can be derived from
the Biot-Savart Law. Batchelor (1967) derived this expression where

r‘ | & (2-19)
' pp

Pigure 2-5 shows the parameters used in this equation. We can simplify Equation 2-
19 by noting from Figure 2-5 that
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7| = ‘[i 1,12 (2-20)

and by simplifying the cross product to
f x dx = |dx| || sin®

SR 2.LHA R.,
R, LY P " dx (2-21)
= R‘.dx

Substituting Equation 2-20 and Equation 2-21 into Equation 2-19, noting the vortex

velocity field will be perpendicular to the plane of the page and defining the induced
downwash velocity w,,

j 2-22)
LR vr'*
Here, the vortex velocity field due to the line vortex is determined at a distance R,
from the line vortex. In Equation 2-22, R,,, is constant. Some confusion might occur
from this assumption when considering the earlier statement that the separation of
the vortex pair increases in the downstream direction. While R,,, is dependant on
downstream distance, the derivation of the velocity field considers only the effects of
the line vortex at one x position. Therefore, R,,, is constant in the integration of
Equation 2-22. When the downstream dependence of R,,, is introduced, it allows the

velocity at a variety of locations 10 be determined. The intogration of Equation 2-22
can be easily carried out and yields

=) -

where R,,, can be any distance away from the line vortex. Simplifying Equation 2-23
and multiplying by 2 0 include the contribution of both vortices in the pair produces
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—_F‘

— (2-24)
ER

W"

In this derivation no information concerning the vortex core is needed other than to
specify it must be enclosed in the area swept out by R,. In Chapter 4, it will be
shown that this condition is satisfied.

An alternative view to this derivation of the downwash velocity is to assume the
vortex pair is embedded in the plume. With the vortex pair embedded in the plume
the downwash velocity would be a result of the self-induced velocity of the vortex
Equation 2-23. The distance separating the cores in Figure 2-6 is 2R,,,. By
velacity of the vortex pair is found to be

' @-29)

T

If the vortex pair was trapped in the plume, then the downwash velocity would be
given by Equation 2-2S. By comparing Equation 2-25 and Equation 2-24, we see that
clsc remains the same.

is weed t0 estimste how the downwash velocity will change in the downsream
is

8§ = x* 2-26)

wake, R, = § = x". Introducing a constant of proportionality, B,, and normalizing
by the stack outside diameter D,
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, _ i embedded in

Figure 2-6: Schematic of the vortex pair outside the plume and the voriex pair
imbedded in the plume.
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The downwash velocity produces a downwash displacement on any fluid in the
mdﬁﬂu@mdﬂgmﬂy Figure 2-7 shows how the vortex separation grows
with the wake and how the downwash velocity would change with the distance

wastream. The downwash velocity produces a displacement h,, governed by
w, = & @)
N

Muﬁﬂﬁm“nmwﬁm(lﬁﬁ)
entrainmont hypothesis, where eatrainment is proportional 10 the plume vertical
Mﬂhﬁhml lelnm'lhhﬂﬁnﬁ(lﬁi)m
hypothesis 10 be unafecte
ﬁhhnﬂdlmdhmmmmﬁﬂ
the dowawash velocity.
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Equating w, in Equation 2-28 and Equation 2-31 and rearranging

-T', o
[ d.d"'fu-ﬂ“ 2-32)
uB,(l) D
\D
Integrating Equation 2-32 and assuming U, is constant

h, = —L . Te (E)H + B, (2-33)
‘ 1-n =xUB, \D, |

If we evaluate Equation 2-33 at x=0, where hy=0, then B,=0. Integration in
Equation 2-32 requires that B, is not a function of x, but it may be a function of M,
D or other variables that are independent of downwind distance x. Making B, a
function of M and D would allow a virtual origin displacement at the stack exit, kike
Equation 2-13, to account for stack gas entrainment into the recirculating wake
Mmmmmmm sent will be used here, and
B, = 0 will be assumed. Non-dimension "';Emzpsshymmm
D produces,

(231

S ik o () as

If Equation 2-29 were equated with Equation 2-31 snd thon intograted, the resulting

non-dimensionalised downwash displacoment for the case where the vortex pair is
embedded in the plume would be

A o1 T (;)" @9

D 1-2 4zDU,

We can definc
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i Ty

— (2-36)
xU,D(1-n)

as a constant with x, for the case where the vortex pair is outside the plume. When
the vortex pair is embedded in the plume the coefficient would be defined as
rj

= . (2-37)
By, 4xU D(1-n) (@3N

The only difference between Equation 2-36 and Equation 2-37 is that B,, = By/4, the
normalized circulation I',/U,D, will be expressed as an empirical function of the
momentum ratio M.

* the vortex pair lies outside the plume. Using this assumption the distance

Ry (L)H | @

D
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experience by the influence of the vortex pair. This makes the non-dimensionalized
plume rise equation for a non-buoyant fully bent-over jet, accounting for downwash,

eI

The value of the exponent (1-n) is different for two-dimensional than for three-
dimensional wakes. For example, n is 0.5 for a two-dimensional wake, according to
Panton (1984), producing (1-n) = 0.5. Athrge-dimeminmluhelmn-m;l.m
in Batchelor (1967), producing a downwash correction exponent of (1-n) = 0.67.

2.4 Summary

In this chapter, the equations of plume rise and three models for downwash
were presented. Several important considerations for both plume rise and downwash
were discussed. The main points were:

* The entrainment coefficient is trajectory averaged to reduce errors due to

* The virtual origin correction is an empirical correction reducing the rise of
a plume by moving its origin down by b,

¢ The initial entrainment correction adds an extra entrain
d.mm-.dph-. Tﬁmﬂﬂ(ﬂymm

nwmmmwmmm

* The downwash velocity correction is based on a vortex pair at the height of
plumes.
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Chapter 3
Laboratory Simulation Methods and Equipment

3.1 Introduction

The experimental methods and equipment used to simulate and measure the
nwash of a plume will be discussed in this chapter. Methods for measuring wake
vebdtypmﬁlamdvhmlﬁuﬂuw:mmdnﬁnﬂeqﬁnderﬁ“lhobedm
Methods used to study the downwash of a plume were:

* Velocity profiles using Laser Doppler Anemometry (LDA).

* Full Field flow visualization of flow around a finite cylinder using a newly
developed technique of applying fluorescein dye directly on the stack
surface.

development of a downwash model.

3.2 Water Channel

All the experiments in this study were conducted in the Mechanical
Engineering water channel. The water channel test section is 5000 mm long x
684 mm wide x 476 mm deep. A schematic of the water channel is shown in Pigure
m ﬁﬂﬂyﬂﬂ“m&ﬂh
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3.3 Velocity Measurements

To collect velocity data a Laser Doppler Anemometer (LDA) and particle
counter signal processor were used. The LDA consisted of two key components: the
laser and the focusing/receiving optics. The laser used was an lon Laser
Technologies 300 mW argon-ion continuous wave laser. For these experiments the
laser was run at a single wavelength of 514.5 nm (green). This reduced the maximum
power to 100 mW, which was regulated to 7S mW to increase the life of the laser.

The focusing/receiving optics were manufactured by Thermo Systems Inc. (TSI)
and consist of several components which included:

¢ Beam splitter - separated the single beam into two equal intensity beams.

* Bragg cell - shifted the frequency of one beam enabling the measuring of
negative velocities.

* Beam expander - further separated the beams and made each beam thicker.
Produced a smaller measuring volume when the beams were focused.

* Focusing lens - spherical lenses which focused the beams to a crossing point.
Two lenses were used: a 571 mm focal length lens, 50 the entire width of
the channel could be traversed and a 351 mm focal length lens, for its
increased spatial resolution.

* Receiving optics - light scattered back from the messuring volume was
focused onto a photomultiplier. The photomultiplier coaverted light
intensity into voltage and sent the signal 10 a TSI 19808 signal processor.
The signal processor then passed the information t0 a 386/33MHz PC.

The laser and optics assembly were mounted on computer controlied thres axis
traverse. To seed the flow, 25 mL of a 2 g/1. mixture of Tianium dioxide (TIO,) was
wed. This amount of seeding would be sufficient 10 keep the flow properly seeded
for 7 10 10 days. The data collected in the water channel flow were 50 sscond
averages, st approximately 250 randomly spaced data points per sscond. The
velocity data of the stack exit flow wsed 30 second averages, also st approximately 250
samples per second. The software used 10 ansiyas the data was written by B.W. Zah,



and is described in detail in Zelt (1991).

3.4 Concentration Measurements

Concentration measurements were made using Planar Laser Induced
Fluorescence (PLIF). In the present experiment, disodium fluorescein was
illuminated using a laser light sheet. A video image was taken of the dye, and the
concentration of the dye determined from its intensity.

The PLIF system used was similar to the one developed by Campbell (1991).
The present study was performed in the water channel rather than Campbell’s towing
tank, so the apparatus and procedures were refined for that environment. The laser
used was a Coherent Innova 70, 4 watt argon-ion continuous wave laser run in multi
green). The beam was split using a 50/50 dielectric mirror beam splitter, shown in
Plate 3-1. These beams were then passed through 20x microscope objectives to make
their diameter smaller than the 50 um core diameter fiber optic cable. The fiber
optic cable was run to two optics stands which held the optics necessary to produce
a light sheet.

Plate 3-2 is a picture of the optics used to produce a laser light sheet. The
beams emerged from the fiber optic cable as an expanding cone. To produce a
narrow light sheet, the emerging light first required refocusing into a narrow light
beam. mmmmmmmwmm:&m
objective and 100 mm and 300 mm focal length spherical -
MHWMHmm‘ﬂnhq&ﬂm Thlﬂ)ﬁm
300 mem focal length spherical lenses were 5 mm and 400 mm from the microscope
nﬂaﬂmm Alﬂﬁhﬁlhﬁhfjﬁhlhﬁ.i!ﬁﬂmhﬂ
increasing 10 about 3 mm at 2500me from the minimum. The distribution of light
intensity acroms the light sheet was gaussian. The gaussian intensity profiie made the
cemter brighver than the edges of the light sheet. The overall power transmission
efficiency from laser output shutter 10 light sheet, of this system wes approximately




Plate 3-1:  Laser and splitting optics used in PLIF.




32

:Q,

——ww 75yl

I31em Y1 OF JANWAU WAL pue oPful ‘Spuns WY JO wopmod  T-¢ amBy]

III'III-II,S, g9 —>
ﬁ |

A\

- b
o]

.....
-

jouuoy) Jejom



KX )

3.4.1 Behaviour of Disodium Fluorescein Tracer Dye

When stimulated with the argon-ion laser, disodium fluorescein emits light at
wavelengths ranging from 530 nm to 580 nm, with peak output at 550 nm. The laser
light was at 488 and 514.5 nm. The difference in wavelength between the laser light
and the fluorescing dye allowed the laser light to be removed using filters. No filters
were used in this thesis because it was found that by using appmpﬂme intemhy
thresholds, the laser light could be removed. As Walker (1987) described, the
intensity of the light emitted by fluorescent dye depends on several factors. These
factors include:

e dye concentration
* laser sheet light intensity
* pH of the solution

¢ dye temperature

If light sheet intensity, pH and temperature were constant, dye concentration would
be directly proportional to dye intensity. Unfortunately, the light sheet intensity has

It was found by Walker (1987) that disodium fluorescein emission intensity will
&opupl-ldthedﬁﬁibglﬁvm A!ipHmm,;;j_ uhhadya

mmmmﬁmmnmﬂdumnﬁm The
Wulu(lm:hhm&sﬁamd

%0 reach a constant temperature of 18°C £2°C. h__;dhmh
cach run was constant. Aymwhﬂuwﬂﬁvuuﬂﬁﬁiﬁﬁm
were removed by normalizing the A in each run by the known injection




dye concentration.

3.4.2 Image Processing Equipment

* collection using video tape to allow expanded-time playback
* digitizing from video tape and averaging of digitized images

ction for background, lightsheet non-uniformity and system non-linearity

* analyses to determine concentration profiles and plume centroids

The experiments were recorded on video tape to maximize the amount of data
acquisition possible since the image processing system was not able to work in real
time. Saving the images on video tape permitted playback at a slower rate 50 each
image could be digitized. Using video tape to record data also made both individual
signal is NTSC or composite video. Under this standard both color and intensity
information is contained in one signal. An adaptation of this standard is Super VHS
&V@mmmmmam:jﬂ:; In this
study, only intensity information was used in determining entrations, so S-VHS
was used. mwhﬂyﬁﬁﬂMlmmmwh
obtained using composite video. ﬁmﬁdhﬁnﬂ“ihmul
S-VHS/RGB color video camera. It had an Interiine-transfer OCD (Charge Coupled
D!vb)l-ﬁﬁm:mmmmm

The camera also had an electronic shutter foeature with shutter speods ranging
from 1/30th of a second 0 1/10000® of a second. For these experiments the shutter
speed was set at 1/250" of a second instead of the NTSC standard 1/30® of a second.
ﬁﬁr“pﬂﬁﬂdﬁﬂmﬂm&hhnﬂﬁhh

, Sﬁﬁﬂﬁhm_ Wﬁhmwﬂln
Uﬂ-di-ﬁ.ﬁl—ﬂﬁmﬂﬁl_mﬁlﬁlwhﬁ-lﬁ
for a frame.
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Using the electronic shutter created an interesting problem for individual
images. An entire frame was scanned as two distinct fields. In the first 1/60™ of a
second, the even lines of the frame were scanned and in the second 1/60™ of a
second the odd lines of the frame were scanned. When the shutter speed was 1/30*
of a second, there was no time between fields, as shown in Figure 3-3. When the
shutter speed was increased, there was a gap between the two fields, also shown in
Figure 3-3. At the faster shutter speed the two fields were still 1/60™ of a second
apart, but the shutter was only open for a fraction of the 1/60* of a second. The
problem in using the electronic shutter was that during the time shift between the
scanning of each field the image changes. However, the two fields were still required
to make up a single image.
analyzed. At a shutter speed of 1/250® of a second, the difference between the two
fields was found to be significant for instantaneous images but was inconsequential
for the S0 second time averages used in the downwash study.
The S-VHS signal was recorded on a JVC editing VCR. Figure 3-4 is a
schematic of the images collection process showing the prccessing order and the type
of signal used at each step.

Digitizing from video tape:

To digitize images from the VCR, a conversion from S-VHS 0 RGB wes
necessary. To do this, a NEC SVC-10, S-VHS 0 RGB decoder was wed. An RGB
processing boards, taking RGB or NTSC as an input. Thess boards were howsed in
a 486-66MHz personal computer. The three boards were: s frame grabber, an
auxiliary frame processor and a composite 10 ROB converter, as shown in Figure 3-4.
capable of digitizing a standard RGB television signal, converting 10 HSI ( Hue,
Saturation and Intensity) for processing and back 10 RGB. The images in this study
were wed in the HSI format for extracting concentration information from the
intemsity array. The digital output image hes a spatial resclution of 512 x 512 pieh
Inst 32 horisontal ines unwsed. The information for each image is stored in
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three buffers, one for each of the red, green and blue signals or the hue, saturation
and intensity signals. Each of the pixels stored for the three buffers uses 8 bits. This
corresponds to 256 different levels (including zero) for each pixel. After the images
were stored, they were transferred from the frame grabber to disk, as illustrated in
Figure 3-4.

The frame averager was a Data Translation model DT2858 auxiliary frame
processor. This was used to perform high speed mathematical operations on one of
the three frame buffers. The operation that it performed for this study was the
online averaging of video images. Unfortunately, the DT2858 could not average in
real time and was limited to averaging a maximum of 10 frames per second. It

produced the same spatial resolution (512 x 512 pixels) as the frame grabber, but
each pixel was stored with 16 bits of memory, allowing it 10 average a minimum of
256 frames before overflowing,

The video converter was a Data Translation model DT2869 real time video
conversion board. The video converter allowed digital images to be displayed using
a standard composite monitor.

Correction for various image anomalies:

The correction and analysis of images was done independently of the image
acquisition system. The first step in image correction was to remove the background
concentration accumulated during image collection. As described earlier, dye
relcased into the water chaamel was recirculsted, increasing the background
fluorescence. To produce a clear plume image, this background intensity had to be
removed. A time sverage of approximetely 60 images was taken of the background
st the end of each run. The background time average was thea subtracted from the
time averaged plume image, removiag the backgrownd fluorescence. The pinel
intensity of the background time average ranged from 5 10 7, compared to the
injection dye intensity, I, of 200.

Two sliernste methods of removiag the background were also tested:
subtracting the background inteasity from the individual images, thea averaging, and
a time weighted background intensity. Both of thess methods wers compared 10 the
method wed in this thesis, but did not produce noticeably different results.

Ths second step in image correction was adjustment for the laser light sheet
non-uniformity. As described earlier, the intensity of the dye depeaded on four hey
factors. Dys temperature and pH were comtrolied during the experiment, but
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correcting for varying laser sheet light intensity was done after collection.

If the light sheet intensity had been constant in space, with pH and
temperature controlled, the concentration of the dye would have been directly
proportional to the dye fluorescence intensity. The light sheet intensity was not
constant, varying with a gaussian intensity distribution across the sheet in the
transverse direction. Also, the intensity of a light sheet is reduced as the sheet
expands radially away from the source. Using two light sheets reduces these non-
uniformities but does not eliminate them. By combining two light sheets, on opposite
sides of the test section the radial decrease in intensity was reduced to 10%.

Using two light sheets also reduces the effects of attenuation by dye absorption.
The higher the concentration of dye, the greater the light sheet attenuation. For a
typical experiment conducted in this study the theoretical maximum attenuation was
attenuation are found in Campbell (1991). Since two sheets were used for all
experiments, the effects of attenuation were neglected.

To ecliminate the effects of changing intensity of the light sheet, a digital
intensity map of the light sheet was made and used to remove the variations. The
map was an image of the light sheet illuminating a background of a known
concentration of dilute disodium fluorescein (1x107 mol/L). Since the concentration
would be due to the changes in intensity of the light sheet. The concentration C,,
filsered using 3 x 3 pixel arrays t0 remove any small variations in the intensity of the
be found in Campbell (1991).

The next stop was t0 normalise the intensity of the plume image. To provide
a value 10 wse in normalizing the intensities, a bottle of the injection solution, placed
ot the stack exit, was video taped before each rua. This imags was uwsed 10 determin
the intensity, I, of the initial injection concentration, C,, 10 wee in the
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An experiment was conducted in which a bottle containing disodium fluorescein was
immersed in a tank of water with the same dye concentration as the water in the
bottle. The image was digitized and it was found the bottle had no effect on the
measured intensity of the dye if the measurement was taken more than 1 cm from
the edge of the bottle. The normalization image was also divided by the light sheet
intensity map to remove any intensity variations.

The intensity of the injection concentration was averaged over 100 pixels (10
x 10) in the center of the bottle. This number of pixels was determined by a trial and
error process, and was found to produce the most repeatable results. The intensity,
1, varied only £3% between all runs performed. Any larger or smaller number of
pixels produced too much deviation in I, from run to run. The intensity of each pixel
in the plume image was normalized by the averaged intensity produced by the
injection concentration. Since both the plume intensity and the injection intensity
were referenced to 1, when the light sheet intensity variations were removed,
normalizing the plume intensities by I, ecliminated any dependence on [
Consequently, I, does not appear in any equations and the value of C,, does not
need to be known, as shown in Equation 3-1.

Ve 1 @)
i ]

The intensities ranged from 0 to 1 after being normalized by the injection
concentration.

A correction for system non-linearity was made which converted the measured
intensities into concentrations. TBMMW“M“ID
mmdm prescein, ranging from 1x10° moll, the
injection comcentration, 10 3.125x10° moll. The response of the system was
mdaﬂnaﬁnﬁnnmpbﬂﬁmnh&weﬁ The equation thet
was chosen to fit the calibration was

C _ aniac I
= = 0.018S expl4.0—
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the results agreed within £2%. The concentration correction was applied to each
pixel to account for any non-linear response in the system and to convert the
intensities to concentrations. The plume image was then in terms of concentration,
from 0 to 1, normalized by the injection concentration of 1x10 mol/L.

Small errors in concentration contours could be introduced through the
subtraction of the background intensity before conversion to concentrations. When
the background intensity is subtracted from the plume images, the intensity of the
entire image is reduced. Since ambient fluid is entrained as the plume moves
downstream, very little ambient fluid has reached the plume centerline near the stack
exit. Therefore, when the background is subtracted near the stack the actual intensity
of the plume is changed. For example, if the plume intensity on the centerline was
180 and a background of 5 was subtracted, the apparent normalized intensity would
be 0.87S, while the actual normalized intensity would be 0.90. The error in
concentration, from Figure 3-S, would be about 10%. As the normalized intensity
moves towards /1, = 0, Figure 3-5 suggests the same change in intensity will produce
an increasing error in concentration. Fortunately, the error introduced by subtraction
of the background intensity produced no effect on the measured centroids of the
plume. Different methods of removing the background concentration should be
considered in future work.

Anslysis of plume images:

Sampiles of the time averaged, fully corrected image can be seen in Plate 3-3.
False colored images are shown for momentum ratios of M = 0.25, 1.5, 3.0, 8.0. The
different colors represent different ranges of concentration starting at C/C, = 1.0 (
the white area ) stepping down in intervals of C/C, = 0.0625 to sero. The thresholds
of concentration for each color can be akered, allowing the display of different
combinations of concentration. Using several specially written programs, these
images are used to determine the trajectory and the concentration profiles of the
plumes.

3.5 Flow Visualization by Surface Application of Fluorescein

A major aspect of this study was 10 visualize the flow around the end of a finke
cylinder t0 determine the structure of the shed vortices. Sheriock and Stalker (1941)
reported a vortex pair could be found at the tip of a stack and suggested it was shed
from the stack tip. The flow around infinite or scmi-infinite cylinders has boen



Plate 3-3:  Fabse colored, time averaged images for M = 0.25, 1.5, 3.0 and 80.
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studied but very littie has been reported on the structure of flow around the tip of
a finite cylinder. To ascertain the structure of vorticity shed off a finite cylinder a
method of visualizing the vorticity as it was shed off of the stack was needed.

In a study done by Bays-Muchmore and Ahmed (1992), the vortex shedding
from an infinite cylinder was studied by painting the cylinder with fluorescein
dissolved in a corn starch and water mixture. They were able (o visualize the flow
for less than a minute before the fluorescein mixture would flake off the cylinder.
Williamson (1989) conducted another study of the modes of vortex shedding off an
infinite cylinder by painting fluorescein onto the cylinder. His method of applying the
fluorescein was not given.

Several methods of applying fluoresce onto the cylinder surface were
considered for this study. The first was to duplicate the method of Bays-Muchmore
and Ahmed (1992). This method did not work well, as very little fluorescein could
be deposited on the cylinder. Several other binders, such as latex paint and corn
syrup, were tried but none were effective. A new method was suggested by a
colleague (Bill Peck); the fluorescein would be suspended in an insoluble varnish
applied to the cylinder. The flow would then dissolve the dye particles exposed on
the surface. This method of applying the dye to the stack sounds impractical but
works effectively. First, 1.5 g of disodium fluorescein was mixed with 10 mL of
butyrate dope. Butyrate dope is a clear, viscous fluid that is used to add strength to
fabric covered model airplanes. The dope was thinned using 15 mL of thinner or
acetone. The thinned dope did not dissolve the fluorescein but held it in suspension.
This mixture was slightly more viscous than water. It was applied to the cylinder
using a Passche single action air brush, shown in Plate 3-4, with 15 psig air pressure.
To cover a 1 cm diameter cylinder 235 cm long, 10 mL 10 15 ml of the fluorescein
mixture was noeded. Once the fluorescein-dope mixture was applied it required 10
%0 15 minutes 10 dry. A light seading wsing 600 grit sand paper wes performed on
the dry surfacs 0 exposs fluorescein particies in suspension. The amount of tims dys
was visible during an experiment was between 45 and 60 minutes, depending on the
conceatration of fluorescein on the stack. it was necessary 10 occasionally re-sand the
surface 10 expose more flucrescein particles.

The filucrescein disscived into the water was illuminated using a modification
of the light sheet described in Section 3.4. The 300 mm spherical lons was moved
23 cm back from the cylindrical lens. This created a light sheet that was 3 cm thick.
Ths dys from the cylinder was also visualined wsing a Zenona strobe but the laser



Plate 34 Pamnting stack with tlucrescemn tor flow sisualization,
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sheet allowed greater detail to be seen in the vortex structure. The results of these
experiments will be discussed in Chapter 4.

3.6 Stack Orientation

Normally, a stack would be orientated vertically to include the effects of
buoyancy, but in this experiment the effects of buoyancy were not studied. The
orientation of the stack in the water channel was also not limited by the presence of
a shear layer since the approach flow had uniform mean velocity. Since the water
was to place the stack perpendicular to the side wall and view the stack from below
the water channel. Figure 3-6 is a schematic showing the stack position and
eqﬁpmemmedfuwﬂgdyednm mmnmmmngm
L container and transferred into the 60 L pressure vessel shown. The vessel was
through a needle valve used for fine flow control and a solenoid shut-off valve. A
rotameter was used to measure the flow rate. The dye passed into the stack and was
injected into the flow.

mummmmam,m:m&mmnmm
origin at the center of the stack tip. The x axis for the model was in the downstrea
mromqmmmmhMMMmm
to be marked. The zero position ( center of the stack tip ) of the model and a point
wamhmmhaud“a ositiond :m Uﬁm

M&?umMnﬂu mﬁ-mmﬁmm
section A-A wes illuminated. To view section A-A, the video camera was located
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view of the plume, a periscope was constructed. The periscope was fabricated out
of 12" PVC pipe. A mirror was placed inside the elbow at 45° and the opening facing
upstream was scaled using a piece of giass and silicone sealant. A piece of straight
tubing was attached above the elbow and mounting brackets and camera mounts
were fastened (o the extension. The mounting brackets attached to a frame secured
to the water channel railing. The camera was attached to a bracket at the top of the
periscope.

To change from a center-line to a cross-section image, the optics stands did not
need to be moved. hlemly-djmmmmquhdm:mmﬂnseylm

mmmmmuﬁamgm‘n Tnmm"mm

38 Summary
Three experimental methods, and the equipment required in each, were

* A Laser Doppler Anemometer, consisting of a ILT 300 mW laser and TSI

¢ Planar Laser Induced Fluorescence (PLIF) was wsed %0 collect full field

light shoot imtemsity had a goussion intewsity distribution in the axial
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dilute, constant concentration background of disodium fluorescein.

Using a pair of opposing light sheets the effects of attenuation could be
neglected.

Flow visualization of the vortex street shed off a finite cylinder was done by
painting disodium fluorescein , suspended in butyrate dope, onto the stack
model.

Two views of the plume were used in studying downwash. A plume
centerline profile using a horizontal light sheet, was viewed through a
soction was viewed using a vertical light sheet and a periscope pointed
‘upstream.
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Chapter 4

Flow Visualization of Vortex Shedding

4.1 Introduction

The downwash velocity model presented in Chapter 2 is based on the existence
of a counter rotating streamwise pair of line vortices at the stack tip. An early study
on downwash, conducted by Sheriock and Stalker (1941), suggested a stack tip
streamwise voriex pair exists and presented evidence, shown in Figure 2-4, to support
this claim. Maull and Young (1973) performed studies that support Sherlock and
Stalker’s claim. Ayoub and Karamcheti (1962), contend that such a streamwise
vortex pair could not exist.

Flow visualization experiments were performed to help ascertain if a tip vortex
pair existed. By painting fluorescein onto a stack, as described in Chapter 3, the flow

streamwise vortex pair exists.

4.2 Tracking Vorticity
The key 10 successfully visualizing the vorticity is placing the dye where the

the stagnation poiat. The largs increases in vorticity flux suggest a significant amsount
of new vorticity is being produced. In Pigure 4-1, the shaded region on elther side
of the cylinder.

vorticlly tramsport. The positive ( clockwiss ) vorticity produced on ons side of the



Figure 4-1:  Vorticity production on a cylinder.

33
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of the cylinder are carried to the rear of the cylinder. Ultimately more of each sign
of vorticity is present at the rear surface than is needed to satisfy the no slip
to oscillate. At regular intarvaks, rotating fluid is shed into the wake as discrete
vortices. mmmmham“wmmdma
either side of the stack. Batchelor (1967) suggests that most of the vorticit
mhmﬂmmm

Some & enters try to track vorticity in the wake by releasing dye into the
mmdmmmuﬁmwmmmmn
deflected by the vortical flow. To follow the actual vortical fluid, dye must be placed
mﬁﬁhﬂﬁﬂk‘hﬂﬂﬂﬂﬁ,ﬁm
dﬂhmmﬂnvmﬁg ,i,fd’hﬂnﬁmmm [nimd
trial, only one side of the stack was painted. Again, 100 much dye was released
mﬁhﬂmﬂnﬁﬂhﬂmm Painting 25% of the stack

umference on either side of the stagnation point, see Figure 4-1, was the final and
most effective method usod. The vorticky wes tracked effectively because most of
mmﬂyhmmmﬂmﬂﬂMQﬁHMmm

mqmmqm Ammm“q‘
%0 track vorticity is which will diffuse faster, the dye or the vorticity? If dye diffuses
This could cast swspicion on conclusions made from the flow visualisation. The
relative diffusion can bs determined by compariag the diffusion rate of vorticity and

dye from a line sowrce. Appoadix B is a dotalled derivation of the ratio of diffusion
for the vorticity and dye. The result, from Equation B-29, is

i_ﬁ!;' @1)
3 7 (4]

“Chhmwnﬁn-ﬁﬂdhﬁdﬁqu@im
We recognins the Schmidt aumber, s ratio of the viscous diffusion t0 concentration
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diffusion, appearing in Equation 4-1 s>

i = Sc% (4-2)
BG

Therefore, the vorticity will diffuse Sc'? times faster than the dye. The Schmidt
number in this experiment was much greater than one. Therefore, the vorticity would

Only a few studies have been reported for the structure of the von Karman
vortex street shed near the end of s finite cylinder. Visualizing the von Karman
vortex street was the first goal of the flow visualization. Phud-lh:plemenlh
mhmnmmmmnumvyhhmﬁlﬂm Twnhypnhnm

ﬂhmm mohlqudiedﬁghm;“ ';",*'*:-\Vikm(lm)
showed oblique shedding could be produced by changing the pressure conditions at
the end of a cylinder 50 the end condition did not match the flow over the span (in
different than the flow at the free end, oblique shedding should result.

It is known, from Betchelor (1967), that a lins vorisx must either end on itsel, at
infinity or at a boundary satisfying the no slip condition ( i.e. spinning disk). In the
case of the vortex street, which does not extend 10 infinity, the line vortex making wp
stack, the vorticity from each sids appeared 10 comnect over the stack tip. As each
#dﬁmh_mm_ﬂmn#hm
remained intact. This produced a criss-cross pattern of vorticity connecting each
vortex in the voriex strest. This patiern is shown in Figwe 2-3. h!ﬁl—l.h
ﬁ#n““mhﬂiﬁhhmﬂﬁqdh“
strest. Bﬂdhﬁmﬂhﬁ-mﬁy omponent in the streamw

' s oty ”*’*,”*;dh“ﬁﬁﬁ*

ﬁm*bmm
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Plate 4-2 is a picture of the vortex shedding close to the stack tip. The dashed
line in Plate 4-2 traces a vortex filament that is connected to the already shed packet
nndeﬁnmmﬂlepeketlhnmmhem As the vortex street moves
ynstream, the filament remained connected to both packets of the vortex street.
The cross connection of the vortex street suggests a net streamwise vorticity
could be created producing a flow pattern similar to a vortex pair. To examine the
streamwise vortices the vortex shedding was visualized looking upstream at the stack.

The laser sheets were positioned so the periscope, looking upstream, could be
used to view a cross section of the vortex street. Inhﬂvﬂuﬂlhﬁpmnﬂwﬁeﬂ
did not appear to resembie the flow field produced by a voriex pair. There appearec
to be a single vortex moving laterally at approximately the frequency of the shedding
vortex street. F’hﬂ!—SMhmdeﬂymhmﬂ
its lateral travel. In Plate 4-3a, a vortex is seen on the left side of the stack (deshed

Figure 4-2 is a concentration contour plot of a 50 second time averaged image
atx = 2D and x = 30D downstream. In Figure 4-2a, the comtour lines suggest a flow
image. This side 10 side y direction fluttering was removed by aligning the
concentration centroids of the individusl images and then time averaging. The
mﬁwm“ufifi mmhma h
peir exists at the stack tip as a time averaged quantity. Since each packet ia the von
Karmaa vortex street is connected by a linking vortex which hes vorticlly components
hhm_*ﬁm&hw“ﬁﬂhi“d
the connecting vorticity from many pachets. The structure ocbesrved in Pigure 4-2 and
hﬂhlﬂﬂﬂ“hm“ﬂ Since plame
quantities such as rise height and dilution are based on time averaged plumes, the
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Figure 4-2:  Conceatration contour plot of  time averaged y-g cross section looking
upstream of the von Karman vortex strest at a) x=2D and b) x=30D
downstream.



Pigure 4-3: mmﬁd‘ tims averaged y-g cross section looking
up‘ream of the von Karman vortex street with cemtroid flutter
removed at a) x=2D and b) x=30D downstream.
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appearance of a time averaged vortex pair is consistent.

The presence of a time averaged vortex pair, produced as a result of the
connection of each packet in the von Karman vortex street, provides an expianation
of the results found by other experimenters, like Sherlock and Stalker (1941).
According to Ayoub and Karamcheti (1982), a vortex pair is dynamically impossible
a time averaged vortex pair at the stack tip.

4.5 Effect of Stack Effiuent Jet on Vortex Structure

The vortex structure behind a stack emitting a momentum jet was also studied.
A plume would be expected to have some impact on the connection of the vortex
street. To examine this, similar experiments t0 those deacribed in Section 4.2 were
mmdm-phmulﬁhiﬂbwﬂvehﬁﬁa The low exit velocity jet (

M = 0.5 ) did not seem to noticeably change the vortex shedding pattern and the
exit velocity ( M = 8.0 ) the result was quite different. Plate 4-4 shows how the
ﬂnnmttﬁwuackdp. ﬁnﬂdmmmewmmﬂnnm

Mwmmammmmmmm
of the pair of streamwise line vortices, as M increases.

4.6 Summary
The investigation of the structure of vortex sheddis

* The cross conmection of each of the packets in the voriex street produces set
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* The horizontal vorticity does not produces a continuous steady vortex pair.
A steady, time averaged streamwise vortex pair is produced by the streamwise
component of the connection of each packet in the vortex street. The time
averaged vortex pair will produce the same average downwash effects as a

stationary vortex pair.

* The connection of the von Karman vortex street is not significantly altered
when a low exit velocity plume exits the stack. The connection is altered
when a high velocity plume exits the stack. The von Karman vortex street
appears to connect into the plume, but the nature of the connection was not
clear.



Chapter §

Velocity Measurements

5.1 Introduction

Thh ehnpler pﬂleﬁu the multi of the Luer Doppler Anemumetry
ugmekeﬁtﬂaw“mmenured ﬁhhfmﬁmwmdmdeﬁmlmm
numbers and momentum correction factors.

Two and three dimensional wakes behind the stack were studied, as well as the
wake at the stack tip with and without a jet . The wake at the stack tip with a jet

5.2 Velocity Measurements of the Water Channel

The velocity and turbulence intensities are shown in Figure 5-1 and Figure 3-2.
Data wer: ollected at distances from the stack exit x = -30D, -20D, -10D and 0D,
hﬂoﬂbﬂgﬁhnx-miﬁm" mgmmnmmm tion

Mndmmmmm anes-llhuulhvehd!y and
mm&&lm:aph-dhmm 'I‘iuhetﬁ

ﬂrhmlmmmhﬁﬂwﬁﬂiﬁﬂntum‘ﬂ_ Aﬂ
average velocity of sbout 19.3 cavs was found with a maximum velocity of 20 cm/s

and a minimum of 188 cms. Once outside the sidewall boundary layer the
turbulence intonsity was approximesely 2%. The dotted line indicates the position of
the source in this plane. ans-zmmmmnnhmﬁ

planc. There was a boundary layer near the bottom wall, an average velocity of
19.3 c/s and turbulence inmensity of about 2%. The dotied lines on this figure

represest the source height and the water level.
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u schematic of the stack showing how it was designed to inject horizontally. The long
end could be attached to the water channel using a clamp and positioned so the short
end was perpendicular to the flow. The stack was made of thin walled brass tubing
(96 mm O.D., 0.4 mm wall thickness) and was painted flat black to reduce any
reflections of the laser light.

The undisturbed velocity profile exiting the stack is shown in Figure 5-4. The
undisturbed velocity profile did not satisfy the top-hat profile assumption of the
plume rise model. To develop a flat, turbuient profile a turbulence generating plug
was placed in the stack to force the undisturbed flow to become turbulent. Several
different plugs were tested and are labelled a) though d) in Plate 5-1. The fluted
turbulence generator used in this thesis, seen in Figure 5-3 and labelled d) in Plate
5-1, had three 5.0 mm diameter holes drilled at 120° intervals with their center’s on
the plug circumference, producing an open area of 44%. The turbulence generator
was 30 mm in length and was placed 2.5 diameters from the exit. This plug acted not
only as a turbulence generator, but also as a flow straightener. It produced the
velocity profile shown in Figure 3-5, with approximately 12% turbulence at Re =
1600.

An interesting, but unusual result was that the turbulence intensity at the exit
for the turbulent flow, shown in Figure 5-3, was lower than for the undisturbed flow,
shown in Figure 5-4. A possibie explanation for this difference is that a secondary
flow was produced by the elbow, causing the increased turbulence in the undisturbed
flow. Another cause for the difference muﬂhe&nemtheﬂsmhﬁe
undisturbed and turbulent velocity profiles. Since the velocities in the undisturbe
mmmmnumnmmmmmm
would be higher for in the undisturbed flow due 0 the definition of turbulent
intensity. The undisturbed flow was not used in any experiments. Profiles takea in
thy.ﬁ:ﬁaﬁhnhﬁaﬂdﬁshmﬂhmm

5.3.1 Average Velocity ,
The momentum ratio in Equation 2-6 was based on the assumption the
stack exit velocity was a uniform top-hat profile. 'I'Ilhmﬁgmm
Mhmdhlhahﬁﬁmﬂhﬂ_mmﬂm Agnhu

profile. Toﬁﬁﬂfipﬁﬁﬁnhﬂyhﬂﬁﬂ“,:
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flux. This correction factor is defined by

oS Jofife

where R, is the radius of the exit, w, is the plume velocity at any radius r, and w, . is
the plume centerline velocity. This correction is made in other studies such as
Neiman (197"). The extreme values for a, would be 2.0 for a laminar parabolic
profile and 1.0 for a uniform flow. The correction factor for a full scale stack,
assuming a 1/7* power law profile, would be about 1.03. Using the trapezoidal rule
to integrate Equation S-1 over the stack exit, a,, was found to be 1.28. This was also
done for a velocity profile 90° to the original plane and agreed within £3%. This
affects Equation 2-6 so the corrected momentum ratio would be

The momentum correction term was included in the calculations to
flow rates used in the experiments.

5.4 Seclecting Averaging Time and Sampling Rate for Plume Images
Several factors affected the decision on what averaging time 10 wse and the
number of images %0 average per second. o.:m-umm
channel is a closed system and any dye injected into the water channel recircy
causing an increase in the background concentration. 'l'hcmve-duﬂh
this experiment was able 10 hold 60 L of injection dye, allowing experiments t0 rua
for 30 minutes. Injecting dye for 30 minutes would produce excessive background
levels. It was originally felt that to obtain stationary statistics an averaging time of
100 seconds was needed 0 capture the time-dependant movements of the plume.
However, injocting dye for 100 seconds incressed the background concentration $00
quickly. To determine a suitable averaging time less than 100 seconds, data were
collected at two velocity ratios, M = 0.5 and 3.0. Ten frames per second were
was analyssd 10 determine its controid. From the 1000 individual controids, statistics
for several smalier sets of data were caiculnted. The mean rise height remained
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constant, within £2%, from 100 to 40 seconds of data. Averaging for less than 4
seconds produced errors in the mean rise height as high as 20%. The standard
deviation increased from 100 to 40 seconds within the expected range, where the
ratio of standard deviation is (n,/ny)**. To ensure that the statistics wouk remain
constant, an averaging time of 50 seconds was chosen. Averaging for only 30 seconds
also significantly reduced the high background concentrations.

The next question was how many frames per second nced to be averaged to
produce stationary statistics. Figure 5-6 and Figure 5-7 are plots of the mean and
standard deviation of plume rise height over 50 seconds of data, averaging several
different numbers of frames per second. From Figure 5-6 and Figure S-7, it is
apparent averaging all possible images ( 30 frames per second ) was not necessary,
and averaging only five frames per second produced acceptable plume statistics. The
image averaging hardware could only average a maximum of 256 images before
overflowing. By averaging only S frames/second over 50 seconds, 250 images would
be averaged and the time averaging hardware would not overflow. Averaging $
frames/second over 50 seconds satisfied the constraints of long averages for stationary
statistics and low background concentrations.

5.5 Wakes Behind Cylinders

One of the key assumptions in the downwash velocity model is that the
streamwise vortex pair scparation increases at the same rate as the momentum wake
growth. This assumption requires the growth of the wake, §, to be known. The
exponents, n = 0.5 and n = 0.33, for a two dimensional and three dimensional selif
similar wakes are derived in Batchelor (1967) and Panton (1984). For this study,
howeves, it was the growth of the wake at the tip of the stack that was of greatest
interest. Unfortunately, no existing data or theory could be found on the wake at the
stack tip, and a study of the growth of three types of wakes was studied (o gain new
information and confirm existing theories. The three wakes studied were:

¢ two dimensional wake behind a cylinder
e wake at the stack tip with no effluent jet

o wake at the stack tip with a strong effluent jet
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5.5.1 Two Dimensional Wakes

The stack shown in Figure 5-3 was used with a 200 mm extension added to the
end to model a full channel width (infinite) cylinder. The velocity data were collected
at z = 0 (the stack exit) s0 no changes in the background flow could affect the wake
measurements, and no end effects would affect the wake measurements. Velocity
measurements were taken over y = 11D on either side of the stack centerline.

Figure 5-8 is a plot of the wake velocity profiles at seven positions downstream
of the stack. The growth of the wake was determined by measuring its width §,
where the velocity was (U, - U )2 or AU/2. One point of interest in Figure 5-8 is
that in the very near wake (x = 2D and 3D), the wake velocity profile has a slight
increase in velocity above free stream before decreasing in the wake. For these
positions, self-similar wake theory will not apply since a mass balance would be
wake theory that AU << U, would not be true at x = 2D and 3D, invalidating the
self-similarity of the wake at those locations.

The exponent of the wake growth n, in §, -(x-x,)‘mdeﬁnedin
Equation 2-23. In Figure 5-9, the wake growth has been plotted against downstr
distance and n = 0.40 was determined. Tnﬁtﬂlhhpuurlwrtullmuf
x/D = 1.0, was used in determining n for all three types of wakes studied here. The
theoretical exponent for a two dimensional wake is expected to be 0.50. A plausible
acceleration in the water channel that would transpos mmmm:-u_t.
and would reduce n from 0.5. A set of measurements of U, with x showed U, « x**,
making the exponent n = 0.4(1 + 0.08) = mmmnms&hmm
th.ﬂ“mmmAUl As Figure 39
constamt, suggosting the far wake behind a 2D cylinder is self similar for x > 20D.

5.5.2 Tip Wakes

growth of the wake downstream from the tip of a stack is not. The present study
attempied 10 detsrming how the waks behaved at the stick tip height (z = 0). The
first attempt 50 measure the wake in the x-y plane wit.s M = 0 at the same height as
veloclly in the wake were about 0.1% of free steam approach velocity, U,. This did



77

‘(31e3s 01 s0u suopssod x :3s0N)
TNV 18 pUnIp o (x-X) = ‘9 P TN  SUONEIO| WEIANIWMOP |
x5 10J 19purAd (PPLM [FUURYD [0)) NuyU! ue putyaq sagoad o g5 unly

0







100 v v vvv"v' v v rovovyvy

b
b
b
b
h
»

A A A A& A

8,,.Wake Growth [mm] and Wake Invariant [mm ? /s)

10} -
[ )
[ 2D-Wake Similarity Invariant, AU &, |
I e e — g o a @

- a
1 a a . a a_ A A A l Y a a VUl U U W ¥
1 10 _ 100
(x - x, YD, Downstream Distance

Figure 5-9: Growth of momentum wake and wake invariant for a two dimensional
wake behind an "infinite” (full channel width) cylinder.
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not permit any reasonable calculation of wake growth. Beyond five diameters
downstream of the stack, no detectable velocity difference could be observed. Later
flow visualization showed that the tip streamline deflects down about 5D, so the tip
level velocity profiles were in free stream fluid that was washed down into the stack
wake. Since the x-y plane measurements provided no usable data a new approach
was taken to try and determine information concerning the flow around the stack tip.

To produce some insight of the growth of the wake at the stack tip, the rate
of streamline deflection from the stack tip height was measured in the x-z plane.
Velocity measurements were made from z = 11D above the stack tip to z = 13D
below, along the length of the stack. Figure 3-10 shows the velocity profiles from the
seven downstream locations. The top dashed line is the stack height and the bottom
line represents the point where the velocity is (U, - U, )/2. The shaded region is the
transition region between the free stream flow and the full two dimensional wake.
The exponent n, of the transition growth, §, « (x-x,)" was determined to be n = 0.36.
This is very close to the theoretical three dimensional axisymmetric value of 0.33. To
determine if the transition region could be approximated as a three dimensional
wake, the 3D momentum invariant, AUS,% was determined. The invariant, plotted
in Figure 5-11, is constant for the far wake and verifies that the transition region

exhibits three dimensional axisymmetric wake behaviour.

5.5.3 The Wake Around the Tip with a Strong Exit Jet

The growth of the wake at the stack tip with a strong exit jet was also studied.
The behaviour of the flow around a jet from a stack or hole has been studied by
study, a jet with a momentum ratio of 6.0 was emitted from the stack, and the wake
in the x-y plane measured. Figure 5-12 shows the velocity profiles at various
downstrea mhﬁtinmindniemekﬂpm” mm hsremu* tilenh:

velﬂchyhAUIz. mexpmemﬂﬁmhmmd:nﬂmmdmhen-m as seen
mF‘igureS—lS m--m&mlmﬂemnmmhﬂdfnrmem

idcntical. thﬂﬂ:ﬁhmmnzmhehﬁdﬂeﬁﬁﬁlm
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constant in ‘= ¢ resson for x > 10D, This is an interesting result when

compared © | «cton 5.5.2, where no momentum wake could be found
in the x-y otane at the -tack 2ip with no exit jet, M = (0,

5.6 Detesmuning - Power of Growth For the Downwash Velocity Model

Semr reas swng was required to determine what exponent, n, would be sui able
for use in e o -wnwash velocity model. The wake at the tip would probably not be
a two dimens:: 1. wake, since the downwash over the tip displaced the wake edge
belmv the ;im‘i “f) it was decided that the etxpxmem n=0 4(') should be us;d in the

* It is close to the measured values of the wake growth exponent of n = (.39
with M = 6.0 and n = 0.36 for the §, wake width for M = 0,

* It is a compromise between the two and three dimensional axisymmertric
self-preserving wake exponents of n = 0.5 and n = (.33,

Using an exponent of n = 0.40 is a logical choice because it is near the measured
values of n found for both the 2D and 3D wakes. It is a semi-cmpirical
determination, based on the physical properties measured in the present study.

5.7 Summary
In this chapter the results of several LDA experiments were discussed. The
main conclusions of these experiments were:

¢ The water channel had a mean velocity of about 19.3 cm/s and a turbulence
intensity of 2%, which were constant £ 1% over the range of stack positions

* To produce a uniform mzm-:mmmgmq s turbulenoe
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averages to reduce the background concentration an averaging time of 50
seconds taking 5 frames/second was used.

The growth of three wakes was examined to help determine what exponent,
n, should be used in the downwash velocity model. For the 2D wake
n = 0.40 was found and for the 3D wake in the x-z plane n = 0.36 was
found. For the x-y crosswind the wake behind a jet of M = 6.0 the
exponent, n, was found to be 0.39, close to the value of the 2D wake. No
useful data could be collected for the x-y wake at the stack tip when M = 0,

The exponent, n, in the downwash velocity model was set at n = 0.40. This
is a compromise between the theoretical values of n = 0.5 and n = 0.33, for
a 2D and 3D wake and was close to the values of 0.36 and 0.39 observed
in the present study for M = 0 and M = 6.0.



Chapter 6

Comparison of Downwash Models to Experimental Data

6.1 Introduction

In this chapter, three methods of predicting downwash will be compared to
experimental data taken for this study. The three models are: a virtual origin
correction, an initial dilution correction and a downwash velocity correction.  The
effects of the entrainment models and changing Reynolds numbers on downwash will
be discussed. Finally, the ability of the downwash velocity model to predict dilution
and buoyant rise will be examined.

6.2 Effects of Entrainment Coefficient on Predicting Plume Trajectories

The choice of entrainment coefficient for a plume has a large effect on
predicted trajectory. The entrainment coefficient encompasses many assumptions in
the rise of the plume, as discussed in Section 2.2. Some investigators, such as Hoult
and Weil(1972) and Weil(1988) suggest that the entrainment coefficient should be a
constant, 8 = 0.6, while others like Briggs (1975) suggest that 8 should have some
dependence on the momentum ratin. Fay, Escudier and Hoult (1970) found a
dependence on momentum ratio up to M= 1.2, after which they suggest 8 would be
constant. There are also those, like Ooms (1972), who suggest the entrainment
coefficient should vary over the path of a plume, changing for the vertical and
horizontal portions of plume rise.

In this thesis the entrainment coefficient will be varied as a function of the
momentum ratio. The reason for varying # with momentum ratio is that as M
increases, more of the rise of the plume is near vertical (0 in Figure 2-1 goes towards
90°) and # will be smaller, 30 introducing a dependence on M is a simpie way of
varying trajectory averaged f. To support this assumption, Figure 6-1 illustrates how
using constant g is inaccurate. The momentum ratios examined (M=4.0, 6.0 and
80) are cases where downwash is negligible 50 the effects of the entrainment
coefficient on the trajectory can be seen. In Figure 6-1 the trajectories of plumes
with no downwash correction and g = 0.6 are plotted. It is cicar that the assumption
of constant # causes overprediction of the trajectory at M = 4.0 and underprediction
for M =60and M = 80.

To determine the entrainment coefficient dependence on momentum ratio, #
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was varied s0 the theoretical predictions for M = 4.0 10 R0, matched the
experimental data. A function was fit to these values of entrainment coefticients
assuming the maximum and minimum entrainment coefficients would be (0.8 and 0.3,
Figure 6-2 is a plot showing the entrainment data and the function used to predict

[

i + OOSMz

This function was found by an empirical fit, however varying g is supported by other
studies, shown on Figure 6-2.

Table 6-1:  Entrainment coefficients from various studies over a range of
Mnmgmum ﬂm{x

Reference

thnlum

Hoult, Fay andrFéi?'niey .90 ' d | Buoyant
(1969)

Hn:hn:nndLnae(lWﬂ) . 7 | I Lab Eﬂc}i’tpémum

Overcamp and Hoult 0.78 1. 0.02 | Lat Buaoyant
(1971)

Ooms (1972) B

ainment coefficient :ppmndnd IH as lh: momentum rliin

. ercamp and hoult (1971) perdicted an entrainement coefficient
d‘ﬂ?!ﬁrmmmrﬁﬁamﬂ.ﬂml.s For this madel the choice of
the asymptote of 0.3 was based on the Hochne and Luce data, but was lower 0
produce a smooth fit through the data in this study. A lincar fit was also made, and
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curve. Figure 6-3 shows the predicted trajectories with the entrainment coetlicient
varying as Equation 6-1. Comparing Figure 6-1 and Figure 6-3 supports the
assumption of varying the entrainment coefficient with the momentum ratio.

6.2.1 The Fully-Bent Over Assumption for Non-Buoyant Plumes

Ta determine haw clﬁu- to the fully bent-over aisumpliﬂn the plume in lhix
fo M - 39 to M 8.0 me Equ:a!mn 2-39, an expression fur dhald,x ( \vhnh is
tan®, where 0 is the angle with the horizontal shown in Figure 2-1 ) was determined.

: - R .
. (2 Fa A (1-n) 5 1 (6-2)
dx op2U,)] x¥  Dp'*x

increases. A plume mth M 8.0 rzached 85‘36 ()f lhe I,mnl nhﬂ:rvcd rise before it
bent over to 45°. Since the M = 3.0 plume spends less of its rise vertical and more
bent-over than the M = 8.0 plume it is clear an M = 3.0 plume woukl require o
hr;er entrainment coefficient than a M = 8.0 plume, supporting the concept of a

The ﬁﬂyheﬂm ' .
mmmm-mg Ahﬂ,ﬁlpﬂgmﬂ-ﬁn
small vertical velocity would be carried down stream at the ambient velocity and rise
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rise and the entrainment coefficient would tend to g > 0.6. The assumptions used
to derive the plume rise equation are more appropriate for a buoyant plume than for
a momentum jet, making it is surprising the plume rise equation predicta the path of
a momentum jet as accurately as it does in Figure 6-2,

6.2.2 Added Mass Acceleration Effects on the Entrainment Coefficient

Dilution predictions often over-predict dilution when the entrainment coefficient
for matching trajectory is used. The concept of added mass is used in several plume
rise models to compensate for that problem. The added mass approach multiplics
the effective mass in a plume cross-section of length dx, by a factor (1 + f) to
account for the force required to displace ambient fluid as the plume accelerates
vertically. This added mass approach has been used by Escudier and Maxworthy
(1973), Briggs (1975), Weil (1988) and Davidson (1989) in their derivation of the
plume rise equations. If the fully bent-over plume is modelled as a solid circular
cylinder rising with its axis parallel to the wind, potential flow theory predicts that the
added mass will simply be the mass of ambient fluid displaced by the plume. The
added mass factor f, would be 1.0 for this case, essentially doubling the mass of the
plume. In Davidson (1989) the plume rise equations are derived including the added
mass where the result was expressed as a variation of the entrainment coefficient so,

P = (1 ¢ (3)

Briggs (1975) suggested a value of f = 1.3, which means 8 would be 1.5 times larger
predictions.
a fully bent-over plume, an analogy for the application of added mass is a log rising

around the plume. In the fully bent-over stage of risc it is entraining more fluid than
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scepticism.

6.3 Virtual Origin Downwash Correction

It is apparent in Figure 6-4 that the predictions of rise when downwash is
occurring require some correction, due to large discrepancies between predicted and
actual rise. The difference between the predicted and actual rise are greatest for the
lower momentum ratios, since downwash affects these cases most. Equation 2-13
presented by Briggs (1973) is a simple empirical correction for downwash. Briggs’
virtual origin correction attempts to compensate for downwash by adding a
displacement at the origin of the plume. The virtual origin model has no correction
for downwash above M = 1.5, the momentum ratio which Sherlock and Stalker
(1941) first suggested as the downwash cut-off.

Figure 6-S shows the predicted trajectories when Briggs’ virtual origin correction
is used. This virtual origin reduces the rise of plume but does not aiter the plume
rise function. Since the plume rise function is not altered, the predicted trajectories
always rise, never descending. The data in Figure 6-S clearly show the plume
descends for highly downwashed plumes. Briggs' correction assumes downwash
effects can be lumped into one correction applied at the source.

The effects of downwash appear to be felt far downstream of the source, as the
data in Figure 6-5 and Snyder and Lawson’s (1991) data indicate, showing some
plume trajectories continuing downwards even at 30D downstream. We concluded
that the virtual origin correction is very limited in its ability to accurately predict
downwash.

6.4 [Initial Entrainment Downwash Correction

The second madel for comparison is the initial entrainment model. This
model’s key assumption is that when downwash occurs a large quantity of ambient
fluid is entrained into the plume close to the stack. Again the model assumes the
effects of downwash can be lumped into one initial correction. It is accounted for by
defining an new plume radius, R, This radius is determined by a balance of the
source mass flux and the added initial entrainment 10 the bent-over mass flux, where
the plume is carried at speed U,

This model has advantages over Briggs’ empirical correction in that it akers the

shape of the plume trajectory. The variable in determining the amount of dowawash
in this model is the ratio Q/Q,. This ratio can be interpreted 0 repressat the
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amount of initial dilution the plume experiences when downwashed.  Figure 6-6
compares the plume trajectories this model predicts. It is apparent the high
downwash cases are not accurately predicted. The large initial dilution simply forces
the plume, for M < 0.75, to remain level. For the cases of M > 1.0 the trajectory
is more closely approximated, but still under-predicts most of the rise of the plume.

Perhaps the most critical downfall of the initial dilution model is that, as shown
in Figure 6-6, the predicted trajectories never fall below z = (). Since the data clearly
indicates descending trajectories, the initial dilution model is not suitable for
predicting downwash.

6.5 Downwash Velocity Correction

The final model for comparison is the downwash velocity model. The
downwash velocity model is based on the existence of a time averaged tip vortex pair
aligned in the streamwise direction from the stack tip. The plume experiences the
downwash velocity produced by this vortex pair. As described in Chapter 2, a key
assumption in the development of this model is that the separation between the two
vortices increases at a rate equal to the growth of the stack wake width and that the
influence of the vortex pair acts along the entire path of the plume. In this model,
it is assumed that a jet emerging from the stack disrupts the vortex pair, causing a
reduction in the vortex strength, I'y. It is then reasonable to assume, as a first
approximation, that the downwash correction coefficient, B,, would be a function of
the momentum ratio.

The function for B, was determined experimentally for two scparate cases,
constant entrainment coefficient and variable entrainment coefficient. Figure 6-7
shows the function chosen for B, when entrainment was assumed constant at g = 0.6.
The function seems to fit the coefficients for low momentum ratios, but is poor at
matching B, at higher M values (M>4.0). This is another subtie suggestion that #
should not be a constant.

Figure 6-8 shows the downwash velocity models predicted plume trajectories
using # = 0.6 and the downwash correction coefficient shown in Figure 6-7. The
predicted trajectories are better than the other models, but using a constant
entrainment coefficient seems t0 under or overpredict the trajectory for certain
momentum ratios. The trajectory for M = 0.23 is overpredicted, which suggests
# = 0.6 models to little entrainment into the plume, and the trajectory for M = 6.0
and 8.0 is underpredicted, which suggests § = 0.6 models 0 much entrainment. The
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conclusion which can be drawn from Figure 6-8 also supports the use of a varinble
entrainment coefficient.

The second case was for a variable entrainment coefficient. The function
chosen for the downwash correction coefficient for a variable entrainment coefficient
is shown in Figure 6-9. The function chosen to describe the downwash correction
coefficient was

0.367 _

f (6-4)
1 + 0.38M?

The downwash correction coefficient follows a much smoother and continuous path
using plume rise with a variable entrainment coefficient, # from Equation 6-1. At
high momentum ratios M > 8.0, the function, B,, will predict downwash coefficients
which will be small compared to the rise and the error between measured B, values
and the approximation of Equation 6-4 is negligible. For exumple, at M = 8 the
downwash correction coefficient would be 0.022, thus, at 30 diameters downstream
the downwash correction, hy, would be 0.169D. The plume would have risen 18D,
producing an error of 0.94%, casily neglected.

The downwash correction coefficient could not be determined directly from
Equation 2-36 because the circulation of the streamwise vortex pair would be very
difficult to determine. Since the vortex pair is time averaged an accurate
ammamwmwkmmmm While Lquation 2-36
does not include any direct dependence on momen raf Ort
mmeathﬁhmmnnﬁa.ﬂmintheﬂwviuﬂhﬁmhmpdﬁuﬂ
should produce 8 momentum ratio dependence. The high velocity jet appeared to0
mapﬂbmm&m

Using the coefficient B,, given by Equation 6-4, the downwash velocity model
could be used 10 predict plume trajectories. Figure 6-10 shows the comparison




101

0.60

¥ v
L g
L Y
¥ e p—

p - 0.8(1 + 0.0156M?
1+ 0.04M?




4

o

2
g - 03(1 + 0.015M
1 + 0.04M2
0.567
Ba =

1 + 0.38M?

)

102




103

initial entrainment models. The downwash velocity model is able to predict
descending trajectories as well as ascending trajectories.

One surprise was the accurate prediction of the trajectory for a plume with no
exit momentum ( M=0 ). No other data for this case were found in the literature
on plume rise. The zero momentum case was simulated by placing a plug in the
stack, applying fluorescein to the top of the plug and tracking the dye. The match
of the trajectory and data were unexpected as the test of M=0 was done, primarily
for mteresl. after the bulk of the plume rile d:tl hld been mllected. lt is important

dctcrmmamn uf lhe eemrmd dlfﬁeult. Hmr, aﬁer ]0 dmmeterl the error du=
to the visualization technique was negligible.

A second point is the obvious mismatch between the predicted trajectory and
data in the ﬁﬁt 10 dinmeteri for M = 0.25. T‘hh underptediﬁim by the dmwmh

mck, Ammnlum ratio nl' 0.15 mufth: plume nsmppedaw,lyimmedmely
sfl:r release and r:'circulates in the low preisure repﬂn Thi: renml of mitr.n‘:l
X = ZD, 11gecmeemminn pmﬁle at M = E.On:ymmemc lhom the centroid, but
the concentration profile of the M = 0.25 plume shows a large amount of material
sucked down into the wake, which would effect the centroid. Another view of this
is seen in Figure 6-12, a concentration contour plot of a y-z cross section of the
plume at M = (.25 at four downstream locations.
m&lhmmmmdpﬁmmgmlbyhmm

\ ,fjfi;(ﬁslﬁ);tlgeﬁeﬁdﬁﬂhfg ev ’ﬂj; im::
mwmmﬁmmmemMﬁﬂmm

dz:u:kup(ﬁ-lﬁ). mgﬁeadth:m”;f' a dowmw
mﬁhﬁﬁlﬂh:@:lﬂﬂlnmmmm
Fg-eﬁsl;hﬂFMGMnﬂmﬁmﬁuiMﬂM-m
For M=1.5, (6-13) downwash is still a consideration but the effect of the recirculation
does not appear to be present. hthill-umn.(éu).mnmm
and contours show the natural tendency for a time averaged plume 10 take the a
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Figure 6-11: Measured concentra ration profiles at x = 2D for plumes at M = 0.25
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kidney shape. This kidney shape is due to a plume vortex pair, distinet from the
stack tip pair, which is established within the plume. The rotation of the in-plume
vortex pair, opposite to the tip pair, causes the plume to suck fluid into the bottom
ind praduee the uniquei shgpe The ihence nf the kidney shape in Figu're 6-]1
reduer. the m-plume clrculamn

The images used to determine concentration centroids used for Figure 6-10
were vertical profiles from the x-z plane at the plume centerline. These sections cut
the plume in the middie and produced a side view of the plume. A closer
examination of Figure 6-14 c) suggests one possibie problem with this method of
determining rise height. Cutting the plume in the center means the centerline profile
would be taken at the narrowest y-z cross section of the plume, as shown in Figure
6-14 c). The centerline profile would appear to be narrower than the plume’s actual
shape. To determine if this was a serious problem, centroids were determined for
the y-z plane at 5D, 10D and 30D downstream and compared to the centerline
trajectories. Figure 6-15 shows the comparison for various momentum ratios. The
centroids from both streamwise and cross-stream sections match closely, suggesting
the shape of the plume did not effect the measurement of the centroid. This also
provided some verification that trajectories measured were correct,as even M = (.25

6.6 Revnolds Number Effects on the Downwash Velocity Model
umnﬂnmﬂwﬁ:ﬁm“ﬂg J.Silﬂ‘ In this region the
oundary layer of the cylinder undergoes a transition from laminar t0 turbulent. The
mmhmmmme.mmmmmmm
upper transition point. The effects of Reynolds number mismatch are a problem
when modelling full acale flows with a prototype. The experiments in this study were
conducted at a Re, = 1800 (based on outside stack diameter), where full scale stack
Reynokds numbers would be of the order of 10° to 10”. This presented a significant
One major effect of the Reynolds number mismatch is the upparent change in
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(empty symbols) and a y-z cross section (filled symbols).



transition fmm ;uh to ;upercﬂucal ﬂuw occurs at ,ﬂbuut Red - 2;]()'. ac;:ordmg to
Rmhko (196()) Snyder and Lawmn (1991) midicd the difference in lhe rise nf a

plumc: releued into :ubcmn;gl ﬂmv had Iﬂw\‘.r l'inal rise h:nghu and dlfferem
trajectories than plumes in supercritical flow. No explanation for the difference was
given and an empirical fit was used for the plume trajectories. The effects of
downwash were still present in the supercritical case but the difference raises several
concerns about modelling downwash.

To confirm whether the plumes in this study were exhibiting sub or supercritical
behaviour, the downwash velocity model was compared to both sets of data from
Sﬂyﬂer :nd umn‘z ;mdy It was found that the duwmmh v;-lucily maodel prednc:ed

were preformed at subcnu:al R;:ynolds numbgr;. Flgure 6—16 isa mmparm,m of the
downwash velocity model and Snyder and Lawson’s data for several momentum
ratios. The match of the model to subcritical data produced two key concerns:

* The form of B, for the downwash velocity maodel is applicable 1o subcritical
flow and but may not be directly applicable to full scake supercritical flows.
What error is likely?

* What difference between the sub and supercritical flows would have (0 be
incorporated into the model to predict trajectories for full scale flows?

The answer to these questions is not clementary. If the downwash velocity model
vortex pair on the plume? To determine how operating in the subcritical,
supercritical or tranacritical flow regime effects downwash, the changes in base
pressure coefficient, wake growth and vortex structure as the flow progresses from
one flow regime to the next need to be examined.

6.6.1 ReynolﬁNumber Effects on Base Pressure Coefficient
wtant factor in downwash is the tramition of the base pressure
mmm:nmmm:m The trend of the base
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pressure coefficient through the three flow regimes is a large negative coefficient for
the subcritical flow (-C,, = 1.2 to 0.8), sharply decreasing in the supercritical regime
(-Co» = 0.2) and then increasing in the transcritical regime, close to the range of
subcritical values (-C,, = 0.8 to 0.9).

Data plotted from Nieman (1979) in Figure 6-17 illustrates the trend of the base
pressure coefficient over the full range of Reynolkds numbers. The Reynolds number,
Re, = 1800, which this study was conducted at corresponds to a base pressure
cneffi:iem ﬁf ihnm 0.85, measur:d fmm F‘igure 6-17. This wlue ::nrresrmmh well

thc full scale nlue nf base pr,euum euefﬁcl:m
6.6.2 Reynold.s N'umber Eft‘ect: on Wake Gmwth

Rcynoldl numbgr is !he size of the w,ak:, ln I,hc ,luh:mﬁ:al regime l,he ﬂuw ::pam!:s
from the cylinder at an angle, measured from the stagnation point, of about 85", as
reported by Roshko (1960). The separation point for supercritical flow is moved
forward on the cylinder to an angle of about 120°. The separation point for the
transcritical regime is moved back, to an angle of 80°, due t0 the stack boundary layer
going turbulent cartlier, according to Roshko (1960). Since the scparation points for
the subcritical and transcritical are at approximately the same angle, the wake which
forms behind the cylinder will also be about the same size and grow at the same rate.
In the supercritical regime the wake will be narrower than the other two cases

6.6.3 Reynolds Number Effects on Vortex Shedding

cylinder for different Reynolds number ranges. There are several factors affecting
vortex shedding, which will also effect downwash. In this section these factors will be
discussed and the differences between the three flow regimes presented.
khmmhttkmdmmmnt:mm

of ap :
mdlmmﬁhnmm St= Mﬂﬂmuﬁﬁ
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documented. The Strouhal number found for the vortex street in the present study
was 0.19, very close to the established subcritical values. However, as suggested by
Roshko (1960), very little is known about the vortex shedding for the super and
transcritical ranges. These areas were very difficult to study in laboratories because
the high Reynolds numbers could not be easily produced.

Since the time of Roshko's (1960) study, considerable more investigation has
been done on vortex shedding from a cylinder, see Chen (1972), Guven, Farell and
Patel (1@) and Williamson (lﬂQ) For the dmmwash velncity maodel the key

Qf the core uf !he vorticity.

The presence of organized structure in turbulent flow was, at one time,
considered to be unlikely. When found, it was considered a special case since
structure in turbulence was found so rarely as Roshko (1976) suggested. One of
these special cases was the vortex shedding from a cylinder at Reynolds numbers
greater than 10°. In the transcritical case the presence of a vortex street is well
documented by Rashko (1960) and Chen (1972), however, data on the frequency of
shedding is less certain, As reported by Chen (1972) the range of Strouhal numbers
over which vortex shedding occurred in the transcritical regime was 0.15 to 0.30.
Several factors might affect this, such as surface roughness or free stream turbulence,
but the important factor is a vortex street occurs at very high Reynolds number flows.
This statement could not be made as forcefully for the supercritical regime.

In the supercritical regime the presence of a vortex street is more complicated
supercritical flow the scparation point is at 120°, producing a very narrow wake.
When this occurs the presence of a vortex street is not certain.  According 10 Chen
(1972), the narrow wake produces a narrow voriex street. Themrmwvm:xnreﬂ
hmhhmmne, s.s;no’nm com ,;L;Iylwbulent. The instabi

thmhnlﬂepmﬂnm“ﬂgmmuimqmn; ulence
be avoided. Tlgpazmmihleneedm“imymm:mm“
is obviously a very complicated problem for which no definitive answer can be made.
However, in the transcritical regime there is ample evidence to conclude that a vortex
street is present, as shown by Chen (1972).
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is the change in core growth from the subcritical to the supercritical and transcritical
ranges. In the subcritical range the vortex core is considered to be laminar and its
growth is well established as

Vortex Core Radius ~ y4vt (6-5)

For this study, the core would grow, over 30 diameters, to be about 7.7 mm. Since
the separation radius would grow to about 20 mm the assumption the core is
contained in the separation radius, R, is acceptable. However, the growth of a
vortex core under turbulent conditions is not as well established. For laminar flow
diffusion governs core growth. In the turbulent case the addition of convective will
significantly change the rate at which a core will grow. No longer simply a diffusion
problem, both diffusion and convection must be included. Very little data is available
on the growth of a turbulent core. An analogy of the difference can be found by
cxamining the different growths of a shear layer. For a laminar shear layer, the
growth of the layer is scaled based on x'2, where as a turbulent shear layer scales as
x. Whether the growth of a vortex core follows the same trend is uncertain, but the
fact that a vortex core would grow at different rates for subcritical and super or
transcritical flows is likely. This is one arca where the comparison between this study
and full scale would be difficult.

This discussion of Reynolds number mismatch poses as many new questions as
answers. The uncertainty in the differences between laboratory experiments and full
mimﬂmmmqmm-mmmmummm
supercritical or the transcritical flow regimes. ﬁhmﬂagﬂmmhm
lﬂhplmhgh:vmdtgmkeymm Qne conc] ', hthg

ﬂnwnF‘ue&leﬁmm. Iﬂeﬂeﬁhemﬁurphmsh upercs
mmg;:mmmmmawsmmm
which can be transferred between different Reynold

mmmmh.lﬁmpﬂemnfimm Any further

muﬁyumgmpﬁm l!lmevermm
plumes are driven by not only momentum but akso by buoyancy. There$
mmmhmmmmnmmmmm
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buoyancy is the dominant force. To determine what effect buoyancy will have on
the trajectory of a plume three cases where examined.

A set of sample calculations were performed for a full size stack with
momentum and buoyancy driving the plume. A 2 m diameter stack, in a 5 n/s (18
km/hr) cross wind was modeled at three momentum ratios (M = 0.5, 1.0, 2.0) and
three density ratios (p,/p, = 1.0, 0.75, 0.5 ). Figure 6-18 illustrates the different
trajectories the downwash velocity model would predict under the different
circumstances.

The case where p,lp, = 1.0 is the none-buayam plume Cnmrmring lhat plume

the stack thc rise is dominated by the momentum term gnd t,hs mc:k tip pair can
push the plume down. However, as the plume moves further downstream the
buoyancy term dominates the momentum term. This makes sense when the h « x!?
term for momentum is compared to the h « x*” term for buoyancy in Equation 2.9,
The increasing buoyancy force enables the plume to lessen the influence of the
downwash velocity. As the buoyancy of a plume increases ( for the same M ) it will
more casily overcome downwash. However, before any definite conclusions
concerning the downwash velocity model’s application to buoyant plumes are made
greater investigation into buoyant plumes should be done.

6.8 Empiricism in the Downwash Velocity Model

e Wake Growth Exponent, n. The constant n, has a low level of empiriciam.
This constant was determined by comparing measured values of wake growth
power for 2D and 3D wakes with powers pre f:;;byumy The eventual
choice of the n = 0.4 exponent was determined by experimentation but is

also the average of the 2D and 3D theorctical values of n.
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* Entrainment Coefficient, 8. The entrainment coefficient possess a moderate
amount of empiricism. The function used to describe entrainment was
of # for different momentum ratios. The determination of the best fit was
entirely empirical. The determination that g varies was found through

which is bent-over its entire trajectory. For models where 8 is varied, the
function is u* .ally determined empirically, as in Briggs (1975).

* Downwash Correction Coefficient, B,, The downwash correction coefficient
has a high level of empiricism. Like the entrainment coefficient, the function
to describe B, was determined by curve fitting. However, when the
downwash velocity correction was applied to Snyder and Lawson's (1991)
data the predicted trajectories matched the data closely. Certain aspects of

question of transferability to full scale plumes requires further study. The
current model predicted the downwash of a plume in subcritical stack
Reynolds number very well.
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Chapter 7

Summary and Recommendations

7.1 Summary

The primary goal of this thesis was to present a new approach to modelling
downwash in stack gas plumes and compare it to Briggs’ virtual origin model and the
initial entrainment model. The downwash velocity model incorporates the effects of
a time averaged pair of diverging line vortices in the rise of a plume. The line
vortices are assumed to be imbedded in the wake at the stack tip and separate at the
same rate as the wake. The line vortices produce a negative velocity which causes
a downward displacement of the plume. The two key components of the downwash
velocity model investigated were the existence of a vortex pair at the stack tip and
the growth of the momentum wake at the stack tip.

In Chapter 2, the plume rise model used in this thesis was presented and an
equation for the rise of a fully bent-over plume derived. The effects of various
entrainment assumptions on plume trajectories were also considered. In order m
provide a comparison to the downwash velocity model, two additional dowm
maodels were presented. Briggs’ virtual origin model and an initial entrainment nmdel
fmdmﬂwndwludeqmtbmfmptﬂhhqm&m
Finally, the downwash velocity model was developed and its assumptions and
limitations discussed.

In Chapter 3, the experimental apparatus and methods were outlined. First,
wm.mmdnﬁwum An crsemble average was
taken of the stored images and saved for computer manipulstion by digital image
processing equipment. A description of the specific image processing techniques
anmmwmmmwmw

summarizsed. Finally, dnmmammmsﬁph determine
centroids, wsed to plot plume trajectories, were developed.
dye directly t0 a surface. This method used a Butyrste dope as a biader which
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suspended fluorescein particles rather than dissolving them. The fluorescein particles
were then dissolved by the passing flow and used to track the vorticity produced on
the stack surface.

Chapter 4 covered the investigation of the structure of vorticity shed from a
finite cylinder, using the method of applying fluorescein outlined in Chapter 3. This
section of the thesis produced data which supported the idea of a stack tip vortex
pair. The von Karman vortex street shed from a finite cylinder was oblique to the
stack and each packet of the vortex street was connected to its adjacent packets by
horizontal cross connecting vortices. The streamwise projection of these bridges from
many shed vortices produce a time averaged vortex pair. This conclusion is
consistent with data from other investigations, such as Sherlock and Stalker (1941)
and Maull and Young (1973). The vortex pair was not continuous, but cxisted as a
time average. Flow visualization also demonstrated that when a high velocity jet was
issuing from the stack, the connection of the vortex street became embedded in the
plume and was carried up with the plume. This change in the connection of the
vortex street reduced the downwash of the plume by altering the structure of the time
averaged vortex pair.

Chapter S reported the results of the Laser Doppler Anemometer experiments
conducted in the water channel and at the stack exit. The results of an investigation
into the wakes produced behind a cylinder for three conditions were ako discussed.
the wake growth at the stack tip was determined to be n = 0.40. This was based on
and an average of the theoretical values (n = 0.50 and n = (1.33 for a two and three
dimensional wake).

Onw6p¥n=dum:ilh=Mdmmﬂﬂm
MMRMMMHMM Lf ' ',

&ummammgmuhaﬁdhhﬁﬂm
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that the plume experiences downwash along its entire trajectory and the function of
the trajectory differs when downwash is experienced. The initial entrainment
correction was also compared to the experimental data with equally poor results.
The initial entrainment model was able to predict only positive rise heights, an
unﬁccepmble result ennsidering lhe lirge nepthe dﬁpheement; (below the stack tip)

Tlg&wnmhvebcﬂynmﬂglmmmmiﬂprediﬂhndphmg
trajectories, matching the experimental data very closely. The downwash velocity
maodel was found to accurately predict, for subcritical Reynolds number flows, the
trajectory of plumes ranging from M = 0 to M = 8.0. A discussion of the effects of
highlighting some of the differences and similarities between modelled and full scale
plumes. To predict plume trajectories in super or transcritical Reynolds number
mm:mmmm;mweﬁmﬂmm
coeflicient, growth of the wake and vorticity shed from the stack must be considered,
a task beyond the scope of the present study.

The effects of the entrainment coefficient on plume trajectories were also
ummpted ln lhii thesis an emﬁiﬁmem enemcieni whieh is a function of the

mmmbzhn:ﬂnt:nmhmmmsﬁﬁeﬁaf! Maﬁpeféendedby
considering the level of empiricism which the downwash velocity model included.
Using the simple assumption that the line vortices grow apart as the wake
mmmqmmmmm&-mm
which very accurately corrects the trajectory of a downw '
mmmmh-mqhmmmmﬂm

finike cylinder should be undertaken 10 try and determine the strength of the time
ﬁﬂﬂhhﬂ“hmmmmnuﬁhd

the vorticity.
The inclusion of an effective vortex pair in the downwash velocity model is &
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good first attempt in modelling downwash. Yet, the results of the fliw visualization
experiment suggest improvements which could be made to the existing model. To
improve the downwash velocity model, it might be more accurate to base the
downwash velocity, w,, on the distance from the streamwise vortex pair at z = 0 (0
the plume centroid at z = h. This approach would require an iterative solution to
determine the plume height at each downstream position. The next iteration in
modelling might also include a component of downwash due to the obliqueness of the
vortex street. The angle at which the vorticity is shed and the sign of the vorticity
would produce a velocity which would also contribute to downwash.

The importance of vorticity shed off the stack as a mechanism for downwash
represents a new physical modelling approach that has been successfully applied in
this thesis.
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Appendix A

Derivation of Plume Rise Equations

The plume rise equations are derived through the conservation of mass,
momentum and energy for a bent-over plume. The model includes several key
assumptions stated in section 2.1.

Conservation of mass for this plume model can be determined by examining
a cylindrical control volume through which the plume passes. As the plume rises it
is entraining ambient fluid at it edges and is increasing the plumes volume. In the
balance of the mass of the plume the entrainment is described by and entrainment
velocity, v,. Therefore, the change in volume flux can be written as

ot QDT AL
= " 2RV (A-D)
The absence of a ¥ is a convention which was started by Morton, Taylor and Turner
(1956) (MTT hereafter).

The amount of buoyancy flux that a plume has is caused by the density
difference between the plume and the ambient fluid (p, - p,). The actual source
buoyancy flux is found by multiplying the source volume flux by the buoyancy flux per

Q - Rlw, ()
s(p, - P) (A3)
Therefore the total source buoyancy flux is
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\ Ps (A-4)

This equation has the densities normalized by the ambient density according to the
Boussinesq approximation.

The change in buoyancy over the plume trajectory can be found by integrating over
a control volume of the plume, see Briggs (1975) and Weil (1988). The result is

% sfa (A5)
dx U

The new variable S, is the stability parameter. This parameter will be zero for
neutrally stable conditions, greater than zero for stable conditions and less than zero
for unstable conditions. Since this study was done in neutrally stable conditions the
stability parameter will be zero.

The source momentum flux is found in a similar manner to the buoyancy flux.
For the bent-over plume the momentum that will be considered is the vertical
momentum. The volume flux is already given in Equation A-2 and the vertical
momentum per unit volume is

P,V (A-6)

The source momentum flux is

P (A-7)

In this case the density is also normalized by the ambient density.
The change in momentum flux is also found through a control volume approach from
Briggs (1975) or Weil (1988)



129

= 2 (A-8)

Using Morton, Taylor and Turner's (1956) definition the entrainment velocity is
defined as
vV, = Bwp (A-9)

where # is an entrainment coefficient, constant with x.
For the case of a bent over momentum jet the buoyancy force will be zero.
From Equation A-8, this means that the vertical momentum flux will be constant.
Therefore, if we writc the momentum flux and applying the Boussinesq
approximation for any time of the plume rise
F,=wQ * ﬁ'pQ' (A-10)
Now, by using the bent over assumption the volume flux for the plume will be
Qi = Rf'ij. (A-11)
Substituting this back into Equation A-10 yiekds
_ 2 ) )
F_ = Wy (R, U) (A-12)
R, = Pz (A-13)

If Equation A-13 is substituted into Equation A-12 the result is
F, = p*U, 2w, (A-14)
Now a substitution for w, is made by noting that

L, . Gz
" = ; (AP!-‘)

Equation A-1S is substitwed into Equation A-14 t0 yield
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- U2 S dz (A-16)

Using the substitution d/dx =U, d/dt and rearranging the equation for integration

F ‘-
]’ —® dx = fgidz (A-17)
0 BZU-2 0

h, - (%%x}m (A-19)

This is called the "1/3 Law" for momentum rise.

Fﬁf the case where the plum:. rising in ngutmlly nabka mﬁdum is also
conservation equgm imph:s that the changg in butyancy ﬂux \vnll be z¢ero a,n;,l !hus
the buoyancy flux will be constant. Equation A-8, the momentum equation can then
be easily integrated to

F,
WPQ' = F_ + F-x (A-19)
If in Equation A-19, Equation A-11 is substituted for Q,, Equation A-13 for R, and
Equation A-15 for w, an integration can be written where
h
j CPRY Y L VL Y P (A-20)
° ol U?p? u’p’

Performing this integration produces the combined rise equation for a plume with
both momentum and buoyant components
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w
- (_3_ Ful. L_"L,z) (A21)

If the momentum rise component of Equation A-21 is removed, the remaining
expression would express the rise do to buoyancy, which is

(A22)
B (z p? U, vt

For the remainder of this Appendix the buoyancy contribution for plume rise will be
neglected since this study only mmined momentum jeu.

correct. It is fairly obvious a plume has an initial radius. Totryandmmfcnhil
a correct is added to Equation A-13. An initial radius, R, is included so that the
new expression for the growth of the plume will be

R,-pz+ll° (A-23)

R, is found by conserving mass from the vertical exit conditions at the source to the
bent-over case. This is done so the mass flux and momentum fluxes are the same.
R, is defined by

p.:ll.’w. - p.zR.’U. (m

If Equation A-23 was substituted into Equation A-12 instead of Equation A-13 in the
derivation of the momentum rise, Equation A-14 would become

F,=(Px + R.)’U.w’ (A-29)
substituting Equation A-13 into Equation A-25 and expanding the terms
Fa = S, « 201K, + RY) (na9)

Rearranging the terms, substituting for the time derivative and integrating gives



"4 3
ij = U.z[azh- + Bhinn M anh-)

3
Transposing U, and g produces

o \2

The RHS of Equation A-28 can be put into the form (h + R/8)’ by adding a (R /8)"

to both sides
1 F- VR‘j ) ,RQ”! 2 e
P U (T) ‘(“- ' (F)) -

Finally, by solving for h,

e N

where R, is defined by the initial conditions in Equation A-24.

»
*

Initiel Entralament Mo

The initial entrainment model for downwash assumes that a mass of ambient
ﬂﬂudﬂgﬁmﬂm me,th:hﬁhlrﬂudmehenlmm
would not be R, but R, where R, is the plume radius after the initial entrainme
Ammtﬁ@&imtﬂgmmmmtm
mnmmmmnmmﬁm With the addition of the

P Q, * 2, Q - Pjiljzuj (A31)
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P QW, ¢ P,QW, = p,ARU,w, (A32)

Since it has already been noted that the entrained fluid has no vertical velocity, w,
in Equation A-32 will be zero. Now, the growth of the plume will be remain the
same with the exception of the initial radius. The initial radius will now become R,
such that

R, = pz + R, (AY3)

The derivation now proceeds in the same manner as the derivation for the initial
radius R, as shown above. Therefore the equation to describe the plume trajectory
with an initial downwash entrainment is

.._.15,*(&)’"1[2) s
o\pPu2 \B B

In this casc R, is defined by the initial mass and momentum balances. If Equation
A-31 were written for the momentum jet where there is no density differences would
be
Q + Q = R, a3
2, URZ2 o
Q W’
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(A-37)



Appendix B

Length Scales for Vorticity and Dye Diffusion

We first will consider the vorticity equation

%— + @Vo = (W + vWo ®D

vortex ind lh:re is no nn! strain. The mﬂmty equ;tion can be re-wﬁlgn as

0, Fo,
bt S
ot

(3-2)
axz

Now by writing this equation in polar coordinates we get

,11( 6‘") 9
X ror o

Nﬂﬁbﬂih;p@ﬁ:mm“ﬂﬁmwmdﬂm
Pi method we can produce two non-din
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90,

a

(% :(n)) (B-6)

¥lo

which can be expanded to become

% . Loy + gm0 (B-7)
x tzll(u) 'z(n) x

We can also write this in terms of the radius, r, such that

P -g'(n)—

We may now use these bases in order to fully expand the vorticity equation. We can
now substitute back into the original vorticity equation and get

af 0w,) 1,
;(l'&] *‘()

-8m) - isz'(n) - !,(1’(11) + (i}”(n)) ®19
t vt — vt

By cancelling the ¢ terms on both sides of the equation and realizing that o -

‘:‘. \I} N

2 '7 =
¢ rlz”(ﬂ)iz + Igmi e
vi?

-g/n) - ng'(n) = 4@g'(n) + ng"(n)) ®ih
Which can be further simplified 10 be
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-(ng(n))’ = 4(ng'(n)y (B12)

Integrating both sides of the equation we get
4ng'(n) + ng(n) = B, ®-13)
If g(n) is finite and n=0 then from Equation B-13 B, = 0. Now we can write
4g'(n) + g) = 0 (B-14)
which leads to
s = -1gtn) ®15)

From this equation we can sce that the solution will be the decaying exponential with

the following form
gn) = a,up(-l}) (®-16)

Now replacing for g(n) and n we get

— 17
o (r) “4 4vt)

K, can be determined by using the realationship for the circulation given by

I = fo @) 25nde ®-18)
]
by substituing for @, and performing the integral we find that
« L ®-19)
4xv

and 30 we can write the final form of w, as
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w(rt) = r ex;{ -—'2—] (B-20)
4nvt 4vt

Now if we define a radius, §,, such that 90% of the vorticity is contained within that
radius we can find an expression for this radius which will be an indication of the
diffusive length scale for the vorticity.

We start by defining

2
o1 . _T .8 ®-21)
4xvt 4% vt 4vt
which becomes
2 _
0.1 = ex -i"’_ (B-22)
4vt

Now by taking the natural log of both sides and solving for §, we get
3, = 1.52(4vt)*s (3-23)

memﬂmnﬁemhhﬂfmammmﬁﬁhh
mmdmnmemuywmﬂmumnmmem
derivation as the vorticity we will find that

e
Cat) = C, u;{ 4K~.t (B-24)

where C, is the constant that would describe the constant amount of concentration
that would be found if the integral

C, = [C.e0) 2xrdr (B-25)
o
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We would now take the are which contains 90% of the concentration of dye
and determine the radius, &, at which this is true. Again, we do this by solving the
concentration equation for the radius at which the concentration is 0.1C,.

' xp| - B-26)
Oa lcg = cﬁ 7 - ( )
y K

By cancelling the C_terms, taking the natural log of both sides and solving for §, we

find that
8, = 1.52(4K, 0)°° (B-27)
To find the ratio of the diffusivity of vorticity and dye we divide §, by §, and get
o | €7 (4ve)0S
-~ . ;ljgi,’!t)ﬁi (B-28)
8  1.52(4K, 0%

By cancelling all common factors on top and bottom we find that
L \0S
L (" ) (8-29)
[

We can recognize from Batchelor that the Schmidt number is 8¢ = K" , 50 we
e

can write our relationship in terms of the Schmidt number, such that

e

This can be interpreted to say that any vortex line that is being tracked by dye will






