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Abstract

As Mercury orbits the Sun, solar induced gravitational torques give rise to
a planetary libration, which has been detected by Earth based radar speckle
patterns. The amplitude of this libration suggests that only the mantle partic-
ipates in the libration motion, thereby indicating a decoupling with the core.
This is seen as proof that the outermost part of the core is fluid. While the
planet undergoes its 88 day period libration, the axes of minimum moment of
inertia of the mantle and solid core, if present, become misaligned, leading to a
gravitational torque between the two. This initiates a free-mode of axial oscil-
lation between the inner core and mantle. For a large gravitational torque, the
free-mode period approaches the period of the libration forcing, and should
participate in the planet’s libration response. The goal of this work is to deter-
mine whether Mercury’s observed librations can be used to place constraints
on the size of its inner core. We model Mercury with three concentric layers,
including a solid mantle and fluid and solid cores. By numerically solving
the governing set of coupled differential equations, perturbations in Mercury’s
rotation rate are simulated for a range of interior structures. The model re-
sponse is compared to spin rate observations. For models where the free-mode
interferes with the libration signature, a marginally better fit between model
response and observations is obtained, compared to models which exhibit the
libration signature alone. We show that the best fit to observations occurs for
an inertial ratio £2=4n = (2.19 4 0.04) x 10~ and inner core radius r, > 500

km.
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Chapter 1

Introduction

Mercury is one of the least explored planets in our Solar System. Lim-
ited information regarding the planet’s dynamics and bulk physical properties
have been provided by Earth-based telescopic measurements and the Mariner
10 satellite mission of 1975. The close proximity of Mercury to the Sun how-
ever, makes the planet difficult to observe from Earth, and as a consequence
Earth-based measurements are sparse, both in terms of planetary coverage
and in quantity. The data retrieved from the Mariner 10 mission also lacks
the precision that could be gained by using newer measuring techniques. An
increase in precision is imperative for placing tighter constraints on physical
models of the planet, and will inevitably improve the accuracy of simulations
of internal physical processes. The deficit of comprehensive data pertaining
to Mercury’s composition, internal structure and magnetic and gravitational
fields has been the driving impetus behind the launch of two new satellite mis-
sions, MESSENGER, an acronym for MErcury Surface, Space ENvironment,
GEochemistry, Ranging (Solomon et al. 2001) and BepiColombo (Anselmi &

Scoon, 2001), which are projected to be in full orbit in the years 2011 and



2020 respectively. The aim is to gather data on a range of properties with
increased precision and coverage, whilst capturing any time dependence that
these properties exhibit. Ultimately, the data will be used in an attempt to
unlock the key to terrestrial planet evolution.

Despite the currently limited information that is available, much can still
be learned using the existing data. It is critical to work out models that make
testable predictions in order to prepare the necessary framework in which to
discuss the measurements the two future missions will be able to carry out.
This research in particular assesses the role of inner core-mantle gravitational
coupling on Mercury’s rotation rate. There has been little discussion regarding
this type of coupling on Mercury, and it is most often neglected due to its
seemingly negligible effect on rotation rate (e.g. Peale et al. 2002). The
present work provides a more extensive investigation into the role of inner
core-mantle gravitational coupling for a range of models of Mercury’s interior
structure. We also discuss how Mercury’s spin rate is affected by its shape and
the magnitude of the gravitational couple, along with how the comparison of
simulated spin rates with observations might be able to provide constraints on
inner core radius. The size of Mercury’s inner core radius in particular is a
vital prerequisite for determining Mercury’s evolutionary history as well as its

dynamo generation mechanism.

1.1 Observations of Mercury’s Shape and Com-

position

Mercury has the highest uncompressed density! (5300 kg m~3) of the ter-

'Reduced to standard conditions of room temperature 20°C and pressure 0.1 GPa.



restrial planets (Spohn et al. 2001). In comparison, the uncompressed density
of Earth is 4400 kg m™2 and Mars, 3800 kg m~3. Mercury’s high density
suggests that the planet has a large core with an iron-silicate ratio that is
more than twice that of the other terrestrials (Wasson, 1988; Balogh & Gi-
ampieri). This comparatively anomalous value has led to a host of theories
regarding the mechanism of the planet’s accretion (e.g. Weidenschilling, 1978;
Cameron, 1985; Fegley & Cameron, 1987; Benz et al. 1988; Wetherill, 1988),
since it almost certainly differs from that of the other terrestrial planets.
Mercury is not perfectly spherical in shape, and consists of a broad range
of perturbations from spherical symmetry. Although these perturbations are
manifest in the physical shape of the planet, they are also related to a spec-
trum of perturbations in the gravity field which can be described by a set of
surface spherical harmonic functions with coefficients Cj,,, Si,. The degree
[ and order m describe how the gravitational potential depends on latitude
and longitude, while the magnitude of Cj,,, S, describe the relative magni-
tude of each coefficient in the description of the global gravitational potential.
It should be noted that the perturbations in the shape of the planet do not
necessarily coincide with the perturbations in the gravity field, except in the
circumstance of hydrostatic equilibrium. The largest perturbation in Mer-
cury’s shape from spherical symmetry is caused by the planet’s oblateness
(e.g. flattening in a pole to pole sense), which is related to the gravitational
coefficient Cyy = (-6 & 2) x 107° (Anderson et al. 1987). This value is larger
than the suggested value of Coy ~ 1075 for a body in hydrostatic equilibrium
at its current rotation period of 58.65 Earth days (Balogh & Giampieri, 2002).
It has been hypothesised that the excess equatorial bulge must be either a
remnant of a more rapid rotation rate in the past (Lambeck & Pullan, 1980),

a consequence of non-hydrostatic processes such as internal mantle convection



(past or present), or a finite strength lithosphere (Zuber et al. 2007).

The second largest perturbation in Mercury’s shape is from equatorial flat-
tening (i.e. the equatorial cross-section is elliptical), which gives the planet a
slightly prolate shape. The amount to which the planet is prolate is related to
the gravitational coefficient Coe = (1.0 £ 0.5) x 107 (Anderson et al. 1996).
The non-zero Cy, value is the consequence of a difference in the two planetary
equatorial moments of inertia, which has a significant effect on the planet’s
rotation and internal coupling, as discussed in section 1.2. A summary of Mer-

cury’s bulk properties can be found in table 1.1.

Table 1.1: Bulk properties of Mercury

PARAMETER VALUE
Mass' (kg) 3.302 x 10%
Mean radius' (km) 2440
Mean uncompressed density? (kg m~—3) 5300
Mean density! (kg m~3) 5427
Surface gravity! (m s=2) 3.70
Co (6 £ 2) x 1075
C22 (10 + 05) x 107

IFrom Yoder (1995); 2From Wood et al. (1981).

1.1.1 Composition of the Mantle and Crust

Compared to Earth, there is currently little knowledge on the structure of
Mercury’s mantle and crust. Furthermore, there are no observed surface fea-
tures with typical length scales associated with a subsurface chemical or rheo-
logical discontinuity that hint at the existence of a low density crust (Solomon
et al. 1981). An average crustal thickness of 200 £+ 100 km has been calculated

by comparing Mercury’s equatorial ellipticity to the gravitational coefficient



U5 and assuming that the equatorial ellipticity is isostatically compensated
due to Airy isostasy (Anderson et al. 1996). However, since it is expected that
pressure, density and elastic moduli vary little through the crust and mantle
(Spohn et al. 2001), the mantle and crust are often collectively referred to as
a ‘thin, silicate shell” with a typical silicate density of approximately 3300 kg
m 3. Mercury’s high iron-silicate ratio demands that the silicate shell is thin
(~ 400 — 700 km), since a large, dense core is necessary to match observations

of the mean density of the planet.

1.1.2 Core structure and Composition

Mercury’s core is relatively large in comparison with the cores of the other
terrestrials. Schubert et al. (1988) have used the mean density to deduce that
a metallic core with a radius of at least 0.7R must persist, possibly even as
large as 0.75R (Siegfried & Solomon, 1974) where R is the planetary radius.
The chemical composition of the core is known to consist predominantly of
iron, since no other heavy element has a cosmic abundance that can account
for Mercury’s observed density (Zuber et al. 2007). Recent observations of
Mercury’s spin rate suggest that the outermost part of the core is fluid (Mar-
got et al. 2007)(see section 1.2.1), though this does not discount the possible
existence of a solid inner core. The presence of an inner core is expected as a
result of planetary cooling, and is predicted by thermal history models (e.g.
Solomon, 1976). Observations of uniformly distributed lobate scarps on Mer-
cury’s surface, interpreted as surface features of large scale faults, are thought
to be a consequence of planetary contraction (Strom et al. 1975; Watters et

al. 1998), with estimates of radial decrease around 3 km (Solomon et al. 2008;



Heimpel & Kabin, 2008). This observed contraction is consistent with the
presence of a solid inner core, due to the density increase upon solidification.
The presently on-going solidification of an inner core is also consistent with
Mercury’s global magnetic field, which is suspected to be dynamo generated
(see section 1.1.4). Inner core freezing provides a mechanism for compositional
buoyancy, where the segregation of chemical compounds occur by virtue of dif-
ferences in melting temperature (Loper & Roberts, 1981). The energy release
from the effects of buoyancy and also the release of latent heat both promote
convection and dynamo action.

The present work examines Mercury’s core structure. Our aims are twofold:
(a) To assess the role of a solid inner core on Mercury’s spin rate, and, in the
affirmation of (a), (b) to extend the groundbreaking work of Margot et al.
(2007) by determining whether the size of Mercury’s solid inner core can be

constrained using observations of its spin rate.

1.1.3 The Role of Sulphur in the Core

The detection of a fluid core by Margot et al. (2007) contradicts older
thermal evolution models, which show that if Mercury’s core were composed
of pure iron, it should have fully solidified since the planet’s accretion (Steven-
son et al. 1983; Schubert et al. 1988). However, it has been postulated by
Stevenson et al. (1983) that the presence of sulphur could enable a fluid core
to be retained by depressing the melting point of iron-sulphur mixtures. Other
volatile elements (those that vaporise at relatively low temperatures) such as
oxygen and silicon may also be present, but are unable to depress the melting
temperatures of metallic alloys (Williams & Jeanloz, 1990). The addition of

sulphur in a metallic mixture also has the effect of reducing the density of the



mixture. These combined effects make core sulphur concentration a control-
ling factor over the radii of both the outer and inner cores. A high sulphur
concentration, for example, would imply a larger radius of the whole core (due
to its reduced density) and delay the precipitation of a solid inner core. In
contrast, a negligible quantity of sulphur would imply a smaller core, and a
quicker attainment of a fully solidified core. The state of the core can there-
fore be used to determine the presence of volatile elements in the core, which
is conducive to modelling Mercury’s evolution. Other studies have considered
the concentration of sulphur by looking at heliocentric gradients (changes with
respect to distance from the Sun) in the composition of condensed matter in
the Solar System. The conclusion of such studies show that if Mercury con-
densed from the solar nebula at its present location, it should be depleted in
volatile elements including sulphur (Lewis 1972; 1988; Chapman 1988; Goettel
1988). This result is in conflict with Margot et al’s (2007) detection of a fluid
core, suggesting that Mercury did not accrete in situ, but at another location
in the solar nebula where a greater abundance of volatile elements exist (e.g.
Wetherill, 1988). A catastrophic collision may have then removed a substan-
tial part of Mercury’s mantle and forced the planet to migrate to its current

position (Benz et al. 1988).

1.1.4 Reconciling a Fluid Core with Mercury’s Mag-

netic Field

Between 1974 and 1975, the Mariner 10 space mission detected an un-
equivocally intrinsic global magnetic field (Ness et al. 1974). More recent
data coming from the Messenger mission flybys have revealed that the field is

predominantly dipolar, with a tilt between 5° and 12° from the rotation axis



(Anderson et al. 2008). Although the magnetic moment of the field is roughly
1.1% of Earth’s, it is strong enough to create a magnetosphere that acts to
deflect the solar wind. The sparseness of magnetic field data has resulted in
little knowledge of the temporal and spatial variation of the field, which is
necessary to determine the field’s origin. One possibility is that the field may
be the result of magnetisation of Mercury’s crust, either by a presently active
dynamo, or from a frozen-in remnant magnetisation. Any remnant magneti-
sation may have been acquired through either an internal dynamo that has
since decayed, or an external source such as the primordial Sun or solar neb-
ula (Schubert et al. 1988). The latter is unlikely since the high temperatures
that are expected at this early stage of evolution are least favourable for mag-
netisation. The dipolar structure of the global field favours a dynamo origin,
but observations of temporal changes in the field are required to confirm that
this is the case. Although the Messenger flybys have detected no change in
the planetary dipole from the Mariner 10 data, core dynamo simulations have
shown that secular variation is likely to occur over timescales of centuries
rather than decades if a stagnant layer at the top of the outer core is present
(Anderson et al. 2008). Thus, long term observations of the magnetic field
will be likely necessary if temporal changes are to be found. If Mercury’s
magnetic field is internally generated, constraining the size of the inner core
will confirm whether the dynamo exhibits a ‘thick’ or ‘thin’ shell regime. The
shell size refers to the thickness of the fluid outer core relative to the total core
radius and hence gives an indication of the size of the inner core. Modelling
of the two regimes (eg. Christensen, 2006; Stanley et al. 2005; Heimpel et al.
2005) has shown different field structures at the core-mantle boundary (CMB),
so magnetic field observations from Messenger and BepiColombo should also

be able to distinguish between ‘thick’” and ‘thin’ shell scenarios (Zuber et al.



2007). This will possibly provide a future alternative method to constraining

Mercury’s inner core radius.

1.2 Mercury’s Rotational Characteristics

Mercury is the closest planet to the Sun, and follows an eccentric orbit
with eccentricity e = 0.206. It takes approximately 88 Earth days for Mercury
to orbit the Sun, during which it rotates about its spin axis once every 59
Earth days. The rotation period is exactly 2/3 the orbital period, resulting
in a 3:2 spin-orbit resonance (Pettengill & Dyce, 1965), which is thought to
be a consequence of tidal dissipation (Colombo, 1965; Colombo & Shapiro,
1966; Goldreich & Peale, 1966). Mercury’s obliquity (the angle between the
equatorial and orbital planes) is very close to 0° (Peale, 1988), so all motion,
at least on timescales similar to the rotation period, is restricted to the orbital

plane. A summary of rotation and orbital characteristics is given in table 1.2.

Table 1.2: Rotation and orbital parameters

PARAMETER VALUE
Sidereal orbital period (Earth days) 87.97
Sidereal rotation period (Earth days) 58.65
Orbital eccentricity 0.206
Obliquity (arc minutes)! 2.1+0.1
Semi-major axis (km) 5.79 x 107
Perihelion (km) 4.60 x 107

Data from Yoder (1995) except 'from Margot et al. (2007).



1.2.1 The Origin of Mercury’s Libration

Mercury’s prolate figure has a significant effect on the way the planet ro-
tates about its spin axis. As Mercury orbits the Sun, solar induced gravita-
tional torques, which reverse as Mercury rotates, act on the planet’s equatorial
structure (figure 1.1). The effect of the torque changes the spin-angular mo-
mentum balance about Mercury’s spin axis and causes small perturbations in
its resonant spin rate. Since the spin axis is approximately perpendicular to
the ecliptic, the perturbation acts almost entirely in the planet’s axial plane
and is observed as a change in Mercurian Length of Day (LOD). Such oscil-
lations in longitude are known as physical (or forced) librations, and have a

period that coincides with Mercury’s orbital period of approximately 88 days.

Reverse -
torque -

)

Figure 1.1: Top down view of Mercury’s counter-clockwise orbit around the
Sun at successive time intervals. Dots mark one end of the axis of minimum
moment of inertia. The gravitational torque acts to realign this axis with the
Mercury-Sun line. Adapted from Zuber et al. (2007).

The amplitude of libration ¢q is defined as the maximum deviation of the

axis of minimum moment of inertia from that which would result from uniform

10



rotation, and can be written as (e.g. Peale, 1972)

_3(B-A , 959 ,
¢0—2< o )(1 116+486 -I—) (1.1)

where A < B are the principal equatorial moments of inertia and C' is the
polar moment of inertia of the entire planet. The quantity B — A is a measure
of the degree to which the planet is prolate, as expressed by the second degree,
second order gravitational coefficient Cyy (Anderson et al. 1987) given by

(B - 4)

Co = 7R

=(140.5) x 107°. (1.2)

The quantities M and R denote the planetary mass and radius, respectively.
The polar moment of inertia C'is a measure of resistance to changes in rotation
rate and acts to reduce the amplitude of libration in equation (1.1). The axes
A, B and C in (1.1) are the moments of inertia for the entire planet, which
implies that the whole planet participates in the libration. However, if the
entire core or at least its outermost region is fluid, the silicate shell (mantle
and crust) will effectively be decoupled from the core and the libration would
no longer be that of the whole planet. In this case, only the outer rigid shell
would participate in the libration and the relevant moments of inertia should
be that of the silicate shell alone.

Measurement of the amplitude of libration therefore provides a mechanism
for remotely determining the existence of a fluid core (Peale, 1976; 2002).
Margot et al. (2007) employed this technique to compare Mercury’s observed
libration amplitude to the expected amplitude for a rigid planet. They found
that the observed amplitude, as measured by radar speckle data was twice as
large (¢ = 35.8 & 2 arcsec) compared to that expected from a solid planet.

This conclusive evidence suggests that Mercury’s mantle is decoupled from a

11



core that is at least partially molten, with only the mantle? participating in the
libration. However, a possible weakness in the work of Peale (1976; 2002) and
Margot et al. (2007) is the assumption that the entire core is perfectly spherical
and therefore does not contribute to the difference in equatorial moments of
inertia for the whole planet (i.e. B — A = B,, — A,,, where subscript m
refers to the mantle). In reality, the prolate shape of the mantle will force
the whole core to occupy a similar prolate shape, such that the difference in
equatorial moments of inertia of the core cannot be neglected (see section 3.1).
In Margot et al’s models for which only the silicate shell participates in the
B—A

libration, the assumption that the libration amplitude ¢ o< 7= is made,

when a more accurate representation is ¢y o . This alteration makes

Bu—Am
Cm
the problem more difficult to solve; instead of making the assumption that
B—-A=B,,— A, and using measurements of (s, to find its numerical value,
it is necessary to determine B,, — A,, in isolation for the mantle, in such a

way that both ¢ and Cyy are matched for a given model of Mercury’s internal

structure (see section 3.2).

1.2.2 Core-Mantle Coupling

Previous studies on Mercury’s libration (e.g. Peale et al. 2002) investi-
gated the effects of several coupling mechanisms (magnetic, viscous, gravita-
tional and topographic) between the mantle and core, but concluded that each
is likely too small to significantly influence the libration. However, a similar
study by Van Hoolst et al. (2007) on the Galilean satellite Europa has revealed
that gravitational coupling plays a significant role in Europa’s libration. In

this paper, we revisit only gravitational coupling between the mantle and inner

2From hereon the term ‘mantle’ will refer collectively to the mantle plus crust.
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core, and provide a quantitative investigation into the interior conditions re-
quired for inner core-mantle coupling to affect the libration. Magnetic torques
between the mantle and fluid core (Rochester, 1960) caused by flux shear are
omitted in our discussion, since estimates of the magnitude of magnetic cou-
pling on Mercury are at least three orders of magnitude smaller than typical
estimates for gravitational coupling (Peale et al. 2002). Alternative studies
by analogy with Earth (e.g. Love & Bloxham, 1994), further suggest that
magnetic coupling is several orders of magnitude smaller than gravitational
coupling. We also omit topographic coupling at the CMB between the fluid
core and mantle due to its almost negligible influence on the libration ampli-
tude (Rambaux et al. 2007). Viscous coupling between the mantle and fluid
core is similarly rejected, since it has been shown by Peale et al. (2002) that

1

a fluid core kinematic viscosity of v ~ 10* m?s~! is necessary for the core to

be coupled with the mantle at the 88 day period. Because this value is many

! (e.g. Gans,

times larger than typical planetary estimates of v ~ 107> m?s~
1972), it is highly unlikely that viscous coupling will affect the forced libration
signature.

We first consider a three layer model of Mercury consisting of a solid
mantle, a fluid outer core and solid inner core. The equatorial ellipticity of
Mercury’s mantle induces a perturbation in the surfaces of constant gravita-
tional potential throughout the whole of the core. This perturbation forces the
equipotential surfaces in the core to occupy an ellipsoidal form similar to that
of the mantle. As a result, both the solid inner and fluid outer cores deform
to the prolate shape imposed by the mantle (figure 1.2a). The mantle and in-
ner core, in isolation, are expected to have different libration amplitudes (see

section 4.1). This causes the axis of the mantle’s minimum moment of inertia

¥, to misalign with that of the inner core 1, and a gravitational torque is

13



established between the two (figure 1.2b). The quantities 1, and s represent
the angular displacement of the mantle and inner core respectively from the
unperturbed state shown in figure 1.2a. The torque acts to realign the axes,
and a rigid rotation of inner core ensues. An equal and opposite torque is
also imposed on the mantle from the inner core, which acts to decrease the
amplitude of the mantle libration.

The inability of the fluid outer core to withstand shear stress results in its
continuous deformation over the timescale of the 88 day libration period, in
order to accommodate the change in gravitational potential. Thus, the fluid
core does not undergo a rigid body rotation. In contrast to the fluid core,
we make the assumption that on short timescales (~ 88 days), the inner core
acts as a rigid body, and its rotation cannot be compensated by viscous de-
formation. The misalignment that ensues between the mantle and inner core
provides a means to initiate a free-mode of oscillation, which is a mechanism
for the transfer of angular momentum between the mantle and inner core.
On theoretical grounds, the gravitational free-mode should be visible in ob-
servations of Mercury’s spin rate, with the spin rate being a superposition of
the mean rotation, 88 day libration, the gravitational free-mode and the free

libration of the mantle (discussed in section 4.1).
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fluid core

gravitational
torque

)

fluid core

(b)

Figure 1.2: (a) Top down view of unperturbed state. Axes of minimum mo-
ment of inertia (dashed line) for the mantle and inner core are aligned. Mantle,
CMB and core ellipticity denoted by €, €; and €; respectively (see chapter
3). (b) Differential rotation between mantle and inner core causes angular
separation (15 — 1,,) between the two. The resulting gravitational torque acts
to realign the axes, establishing an oscillatory free-mode. Figure (b) does not
necessarily reflect the exact orientation of 1), and ).

15



1.3 The Role of the Inner Core on Mercury’s
Libration

The period of the free gravitational mode is controlled by the magnitude of
the torque imposed by the mantle, and also the polar moments of inertia of
both the mantle and inner core. Since these quantities are dependent on the
planet’s interior geometry, the period of the free-mode presents an indirect
method of probing Mercury’s interior.

The intent of this project is to investigate the effects of gravitational cou-
pling between the mantle and inner core on Mercury’s 88 day libration. We
also look at the conditions that are necessary for the free-mode to play a role
in the planet’s rotation. By following the growth of the inner core from an
initial, entirely fluid core to a final, fully solidified core, we calculate the mag-
nitude of the gravitational couple and moments of inertia for a range of core
geometries and initial core sulphur concentrations. We also assess the effect of
the free-mode on Mercury’s spin rate by numerically solving the governing set
of coupled differential equations, and comparing the modeled solutions with
current observations. Finally, we measure the quality of the fit between each
of the modeled solutions and current observations with the aim of finding a
preferential interior planetary structure.

Chapter 2 outlines the details concerning the model and describes how the
core composition evolves over time. Chapter 3 features a complete discussion
on mantle-inner core coupling, focusing primarily on developing expressions
for the gravitational torque and the shape of equipotential surfaces through-
out the planet. In chapter 4, the equations of motion that govern Mercury’s
rotation are introduced, along with a quantitative technique for comparing

simulated and observed spin rates. Finally, results and discussions are pro-
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vided in chapter 5, where we show how comparisons between modeled and

observed spin rates provide an insight into Mercury’s interior geometry.
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Chapter 2

Modelling Mercury’s Interior

Our simple model of Mercury’s interior consists of three layers: a mantle,
a fluid outer core and a solid inner core. We choose to incorporate the crust
as part of the mantle due to its relatively small thickness. Because Mercury is
small, compression effects are not likely to be significant, and densities do not
vary much with radial distance from the planet’s centre. For this reason, each
of the layers is chosen to be homogeneous in its structure and composition, with
density contrasts only at the surface, the CMB and the inner-core boundary
(ICB). We choose a typical silicate density of p,, = 3300 kg m—2 for the mantle
(Rivoldini et al. 2009); this value is used throughout the study. The density of
the fluid core (py) and solid inner core (ps) must be chosen such that Mercury’s
bulk mass and density, as shown in table 1.1, are matched. To do this, we
follow a similar approach to van Hoolst & Jacobs (2003) by considering the
compositional properties of the interior as the planet undergoes cooling. As
a result, the model is not only constrained by bulk parameters such as mean
density, but also by conditions that determine the chemical composition of

the core as the planet evolves. As we will see, the volume and densities of
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each of the mantle, fluid core and inner core can be completely determined by
specifying only two parameters; the inner core radius and initial core sulphur
concentration (see section 2.1). For all combinations of inner core radii and
sulphur concentrations, the model remains consistent with the bulk parameters

shown in table 1.1.

2.1 Initial Composition of an Entirely Liquid

Core

We begin with an initial two-layer model in which Mercury’s core is en-
tirely liquid, and follow the growth of the solid inner core until the entire core
has become solid. The growth of the inner core is due to the cooling of the
planet, but we do not consider temperature evolution with time. Alterna-
tively, we consider the change in density and composition of the core at the
onset of cooling. We assume the core to be composed mostly of iron (Fe),
with traces of the light element sulphur in the form of iron sulphide (FeS).
Other light elements are undoubtedly present, but are not included here since
their inclusion will not likely affect the results (van Hoolst & Jacobs, 2003).
The significance of including sulphur as a light element is demonstrated in
its ability to lower the freezing temperature of the Fe-FeS metallic mixture.
However, the concentration of sulphur in Mercury’s core is currently unknown.
Critically, it depends on the location of Mercury’s accretion in the early Solar
System (Wetherill, 1988). If Mercury accreted at its current location, it is
expected that light element concentration would be significantly diminished
as volatile fractions were among the first ejected from the cooling Solar nebula

(Lewis, 1988). However, if Mercury formed in the same feeder zones as Venus,
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Earth and Mars, we might expect the concentration to be higher and closer
to that of those planets. In the model used here, we range sulphur concen-
tration in the initial, entirely fluid core y%' from 0.1 to 14 weight percentage.
The lower value represents a core that is almost entirely Fe, while the upper
limit is chosen to match the predicted sulphur concentration of Mars’ core
(Longhi et al. 1992). The initial state of the core is thus uniquely defined by
core sulphur concentration, and we follow inner core growth from this initial
state. One distinct advantage of using composition of the core as a chemical
constraint is that every possible interior structure that Mercury might exhibit
can be prescribed by knowledge of only the initial core sulphur concentration
and inner core radius (as will be seen in later chapters).

Both Fe and FeS can occupy a number of phases, depending on pressure
and temperature. At typical conditions of Mercury’s core, iron is in the ~
phase (Anderson, 2003) and FeS is in phase III (high pressure phase). It
should be noted that although phases IV and V exist at these pressures and
temperatures (Fei et al. 1995), models with these included vary little in com-
parison from those with FeS III (Harder & Schubert, 2001). Density values
for v iron and phase III FeS at core conditions are taken from van Hoolst &
Jacobs (2003) and shown in table 2.1 below. Under mean core conditions, the
average pressure and temperature are taken to be 20 GPa and 1700 K respec-
tively (Baumgardner & Anderson, 1981; Stevenson et al. 1983). Also given
in table 2.1 are the Fe and FeS densities in liquid form, which are 3.5% lower

than their solid counterparts.
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Table 2.1: Densities of solid and liquid Fe and FeS under core conditions

PARAMETER SYMBOL AND VALUE
Density of solid Fe (kg m™ pioid = 8160 kg m 3
Density of solid FeS (kg m™2)  ps¢'id = 5808 kg m~3
Density of liquid Fe (kg m™3)  p%4“? = 7874 kg m~3
Density of liquid FeS (kg m™) p{4%? = 5605 kg m 3

For an initial core composed of pure iron, the core density would be exactly

liguid - .o . . .
P, since the initial core is fluid. In contrast, a core composed of pure iron

sulphide would have a density plggd. In reality the core composition is likely
to be in between these two extremes i.e. with a sulphur concentration chosen

here to be between 0.1 and 14 wt%. The density of the initially liquid core is

then a function of sulphur content, given by (e.g. van Hoolst & Jacobs, 2003)

n n -1
in __ XFeS 1— XFesS
Py = ( liquid + liquid ) ) (21)
PFes Pre

where x% ¢ is the initial concentration of FeS in the core. The term % g is
not the same as x%. Although we define the core composition in terms of
sulphur concentration x%', sulphur does not reside in elemental form in the
core, but in the compound form, FeS. The concentration of FeS is related to
the concentration of sulphur! through,

FeS ™ ().3648

(2.2)

where 0.3648 is the ratio of atomic mass between sulphur and FeS. In order
to match the overall mass of the planet, equation (2.1) requires changes in y%'

to be accompanied with a change in core radius, ry. The core radius can be

'In the above and all subsequent equations, chemical compositions y, take on their
decimal, rather than percentage form.
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calculated by expressing the total mass of the planet as

M = Mcore + Mmantle

pre = piri+ pm(rd = 17%)

and rearranging to give

_ 1/3
Tf = Te i s
pf — Pm

(2.3)

where r, = 2440 km is the planetary radius and p = 5427 kg m~2 is the

mean planetary density. The subscripts e,m, f and s denote whole planet,

mantle, fluid core and solid core respectively unless otherwise stated. Table

2.2 shows the corresponding core densities and radii for a range of initial

sulphur concentrations x%'. These values serve as a set of initial outer core

radii from which we subsequently allow the growth of an inner core.

Table 2.2: Core density and radius as a function of initial sulphur concentration

X (wt%) | pf (kg m™) 7y (km)
0.1 7866 1891
2 7703 1915
4 7540 1939
6 7383 1963
8 7232 1988
10 7088 2013
12 6949 2038
14 6815 2064
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2.2 Interior Evolution and Core Precipitation

As Mercury cools, the initially fluid core begins to freeze and the thickness
of the fluid core shell decreases. The freezing begins at the centre of the
planet and a solid inner core begins to grow in an outward radial fashion.
This is a result of the melting temperature of iron increasing more rapidly
towards the centre, due to the higher pressure, than the real temperature of
the material (Stevenson et al. 1980). Recent experimental studies (e.g. Chen
et al. 2008) have also suggested that precipitation of an inner core may arise
from solidification of iron near the CMB as a result of cooling. The consequent
‘snow’ that forms as the iron falls back towards the planet centre may also
be a valid mechanism for inner core growth. In either case, we neglect the
light element concentration in the solid core and assume that only pure iron
precipitates out of the fluid core to form the solid core. Upon solidification,
the lighter elements, most notably sulphur, will remain the outer core. Not
only does this increase the concentration of lighter elements in the outer core
as the solid core continues to grow, but will also induce convective motions as a
result of compositional buoyancy (Braginsky, 1964). Such convective motions
may be relevant for a dynamo generated, global magnetic field.

Invoking homogeneity of the inner and outer cores, we find that upon

precipitation of an inner core, the density of the inner and outer cores become

Ps = p%oelid (2.4)
and
Xres 1= Xrpes\
Pr= ( liquid + liquid ) (25)
pFeS PFe

respectively. Equation (2.5) is of the exact same form as (2.1), but now xges
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changes with inner core growth as sulphur is excluded and remains in the outer
core. To determine how xr.s depends on 7, we assume that no mass exchange
occurs between the whole core and the mantle, so that the mass of the whole

core remains constant over time. Applying mass conservation of the core we

find
My _ Xes (2.6)
Mcore XFeS
Substituting M; = Mo — M reveals
XFes = —XFEA‘Z : (2.7)
1 B MCOST'C

which results in the FeS enrichment of the outer core as the mass of the inner
core increases. Using equations (2.5) and (2.7) ensures that mass is conserved
in all possible interior configurations. Figure 2.1 demonstrates the change in
X Fes With inner core radius for a range of initial sulphur concentrations. The
flattening of curves at xpes = 0.61 represents the eutectic limit, a feature of

the model that is discussed in the following section.
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Figure 2.1: Outer core FeS concentration x p.s versus inner core radius. Lines
represent different initial core sulphur concentrations ¢

2.3 The Eutectic Limit

As the solid iron core grows in size, the sulphur content in the diminishing
liquid core increases. Evidently, the solid core cannot grow until the whole core
is solidified since this would require the solid core to consume the sulphur that
had previously resided in the liquid part. If this was the case, the inner core
would no longer consist of pure iron and we would require the solidification
of a mixture that is highly concentrated in FeS. However, there is a point
known as the eutectic limit at which sulphur compounds are able to solidify.
At this limit, the sulphur compound takes on a eutectic composition, which
represents the single mixture of Fe and FeS that has a freezing temperature
lower than any other Fe/FeS mixture. On a phase diagram, the eutectic point

is characterised by a sharp minimum in the liquidus curve. Before the eutectic

25



point has been reached, we assume that no sulphur can solidify in the core
(van Hoolst & Jacobs, 2003). From the eutectic point on, the fluid outer core
continues to freeze and the solid deposits on the inner core have the same light
element concentration as the fluid core, x5 (fig 2.2). From equation (2.7),
it follows that the eutectic composition is reached when the inner core has a

mass

ew X’iFT}eS
Ms ¢ = Mcore (1 - W) . (28)

XFeS
This can be translated into an inner core radius by expressing the inner core

radius in terms of the mass ratio M /M.y,

3 Mcare Meut 1/3
ot — [__ (_>] . (2.9
A ps \ Meore
Substituting the result from (2.8), and recalling that inner core density is equal
to pi%lid reveals
3 MCOT’@ o 1/3
pout — | 2 Zeore (4 Ares . (2.10)
Am piee! XFes

The eutectic composition of Mercury’s core, x%Zs has been experimentally

determined to be 0.61 (Usselman, 1965). This value correlates to a 22% weight
fraction of sulphur. After the liquid outer core has attained this composition, it
will no longer change in composition, and will freeze on to the solid inner core.

At this point, the inner core consists of two distinct layers: The inner layer

eut
s

solid

with density ps = pi.'® and radius 7", and an outer most layer of thickness

rs — r¢ and density p* where
t XFes 1 — X5s o
eut __ e e
Ps = ( liquid + liquid ) : (211)
FeS PFe

The effect of the inner core consisting of two layers has a small influence on

the moments of inertia of the inner core and the gravitational torque between
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the inner core and mantle, as we discuss in chapter 3.2.

P, =3300 kg m”

eut

Figure 2.2: Inner core growth. Dashed line represents the eutectic radius r{*,

beyond which the solid deposit takes on the eutectic composition.

As soon as the eutectic point has been reached, compositional buoyancy
ceases due to the lack of exchange of sinking iron and buoyant light elements
between the fluid and solid cores. This remains an important power source for
convection, and it is uncertain whether a dynamo generating a global magnetic
field can exist beyond the eutectic limit (Braginsky, 1964). If early measure-
ments from Messenger and BepiColombo detect temporal changes in the global

magnetic field, indicating an active, self-sustaining dynamo, it will point to an

eut
s -

inner core radius that is likely smaller than r

2.4 Core Contraction

It was assumed in section 2.2 that no mass exchange occurred between
the mantle and core. This assumption enabled a constant mass core to be

maintained as the inner core increased in radius. Following mass conservation
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of the mantle, one would expect the core radius r; to also remain constant as
the inner core grows, implying that the mean density of the whole core must
remain equal to pjc”. However, table 2.1 shows that the difference in density
between solid Fe (FeS) and their liquidus counterparts is 3.5%. The combina-
tion of a 3.5% density increase of iron upon solidification and applying mass
conservation of the core inevitably creates a scenario in which it is necessary
for the core (and also the whole planet) to contract during the planet’s evo-
lution. As an example we consider an initial scenario in which the whole core
is completely fluid, and a final scenario in which the core has completely so-
lidified. The solid core has density that is 3.5% greater than the liquid case.
In order to maintain mass conservation of the core, a decrease in core (and

planetary) radii is required. The change in core radius is given by

% = _EM (2.12)
Ty 3 Pcore , ‘

where Ape,r is the difference between initial core density and core density after
solidification. Using values of core radii from table 2.2 it can be shown that
the maximum decrease in 7 occurs for the highest sulphur concentration x4
= 0.14, while the smallest radial contraction occurs for models with no sulphur
content. For a concentration of x4 = 0.14, the decrease in 7 is approximately
24 km. In order to translate the decrease in core radius to the decrease in
planetary radius, we use conservation of mantle volume to find

Are_%

2 2
T‘f Tre

(2.13)

Substituting values for y%' = 0.14 gives a maximum decrease in planetary
radius of 16 km. Figure 2.3 shows the change in both core and planetary radii

as a function of inner growth for a sulphur concentration of %' = 0.14.
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Figure 2.3: Decrease in radius of the core and planet as a function of inner
core radius for x4 = 0.14.

A comparison between the radial contraction for models with core sulphur
concentrations of Y% = 0.14 versus %' = 0.001 shows very little difference
between the two. Figure 2.4 reveals a planetary radius decrease of 13 km
after full solidification of the core. The small difference in values suggests

that contraction of the planet due to inner growth gives little indication to

Mercury’s core sulphur content.
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Figure 2.4: Decrease in radius of the core and planet as a function of inner
core radius for x4 = 0.001.

Although the effects of core contraction have been included in the models
of van Hoolst & Jacobs (2003) and Schubert et al. (1988), we choose not to
include them here. The magnitude of the planet’s contraction is approximately
0.5% of the planetary radius, and for this reason, it is unlikely that planetary
contraction will have a measurable effect on our results. Including the effects
of core contraction would only add unnecessary complexity to the model, and
our goal is to assess the effects of gravitational coupling between the mantle

and inner core to a first order approximation.
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Chapter 3

Gravitational Interaction
Between the Mantle and Inner

Core

Up to this point we have been able to use the free variables x4 and r, to
completely determine a density model for all possible Mercury interior config-
urations. We are now in a position to begin developing the framework in which
we can estimate the magnitude of the gravitational couple between the mantle
and inner core. We begin with a discussion on how the shape of equipoten-
tial surfaces in the core deform in response to the prolate shaped mantle. In
sections 3.1 and 3.2 we write expressions for the physical shape of the mantle,
CMB and core in terms of model parameters, in a way that maintains consis-
tency with observations of Cy. We introduce the concept of a gravitational
torque between the mantle and inner core in section 3.3, and derive appropri-
ate equations to estimate its magnitude. Finally, in section 3.4, we use the

concept of mantle-inner core angular momentum exchange and how it can be
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used to approximate the gravitational free-mode period.

3.1 Deformation of Material Surfaces in the

Core

In order to calculate the magnitude of the couple between the mantle and
inner core, it is necessary to determine the shape of gravitational equipotential
surfaces inside the core. We assume a mantle of density p,, = 3300 kg m~3,
with a simple, equatorial elliptical shape defined by €,, and €; at the surface
and the CMB respectively. The subscript notation used for e varies slightly
from what has been used previously; m still refers to mantle, but f now
represents the solid (mantle) side of the CMB.

The manner in which hydrostatic deformation occurs in response to a grav-
itational forcing from the mantle has been derived in the studies of Wahr &
de Vries (1989) and Dehant & Wahr (1991). Were Mercury not rotating and

everywhere in hydrostatic equilibrium, variations in pressure (pg), density (po)

and gravitational acceleration (gg) would be purely radial and related by

() = —(r)an(r), 3.1)

where go(r) is related to the gravitational potential ®y by

go(r) = 5130(7’). (3.2)

At long wavelength (low spherical harmonic degree), departures with respect
to this spherically symmetric, hydrostatic reference state are dominantly the

result of lateral heterogeneities in the mantle and crust which deform the planet
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to give it a prolate figure. In order to retain a purely homogeneous p,,, we
model these heterogeneities in terms of equivalent mass variations produced
by €, and €;. The factors €, s represent perturbations from this reference
state and are a measure of the equatorial ellipticity of their respective com-
ponents. The origin of Mercury’s prolate figure is probably not due to Solar
tidal forces, but a combination of a large impact, reorientation and despinning
(Matsuyama & Nimmo, 2009). Mantle convection, whether it be currently
maintaining Mercury’s shape or a frozen in remnant from a time when active
convection was occurring may also contribute to the planet’s shape. The to-
pography associated with Mercury’s prolate shape leads to global variations
in the gravitational potential. We express the gravitational potential ® every-
where inside Mercury by a sum of its radial component ®(r) and its deviation
from spherical symmetry in terms of spherical harmonic functions Y;™ with co-

efficients 697" (r),
O =Bo(r)+ Y > 5O (r)Y". (3.3)
I m

To simplify the notation, from this point onward we drop the indices [ and m
on the spherical harmonic coefficients. Thus, & = 09", though it has to be
understood that d® is the coefficient for one particular degree | and order m.
This convention applies to the deviation of any quantity X; the notation §.X
represents one spherical harmonic coefficient of X.

Inside the core, the gravitational potential is related to density anomalies

dp through Poisson’s equation,

V25® = 47Gép, (3.4)
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or in its expanded form (e.g. Dahlen, 1974),

0?0 206D I(l+1) 47G 9pg
- — 0P = 0. )
or? + r Or 72 + go Or 0 (3.5)

9po

An exact solution can be found if o=

= 0. We have chosen constant density
layers in our model in part for this convenience, revealing an exact solution
given by

5B = Fgo(r)ry (%)H, (3.6)

where the coeflicient F' is

2 1 d
7"f 2(l — 1)gf + 471'G,0f7”f

The term d® ), represents the gravitational potential from density anomalies in
the mantle and topography at the surface and CMB (measured at the CMB),

and can be expressed in the generalised form

S0a1(r) = 5= S lpolds )] s Ab(dy), (3.5)

where Ah(d;) is the spherical harmonic coefficient of the displacement from
the j-th density discontinuity with radius d;. The notation [X(d;)]T is used
to represent the discontinuity in a quantity X at r = d;. With our choice
of a homogeneous mantle, density anomalies are not present and the only
contribution to d®,; is from the prolateness of Mercury’s mantle and CMB.
Since the equatorial ellipticity of Mercury’s surface and CMB are characterised

by the I = 2, m = 2 component of 0®,,, we can note that Ah(d;) = ed; where
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€ is equatorial ellipticity, and expand equation (3.8) to give,

47 G

0Py = 5(—%@%+@WWW@®

= _Trjzf( — PmEm T+ (pm - pf)Ef)~ (3'9>

The contribution of the elliptical surface and CMB to the imposed mantle
gravitational potential d®,; induces the deformation of equipotential surfaces
throughout the whole core, causing the whole core to occupy a similar elliptical
profile to that of the mantle. It is possible to relate 0®,, to the elliptical shape

(I =2, m = 2 component) of the core ¢; through

5 JP
Q:—F:——< M ). (3.10)
rr\ 297 +4nGpyry

A full explanation and derivation of (3.10) is covered in appendix C. The
subscript ¢ refers to the whole (fluid + solid) core due to the assumption
that the inner core is also in hydrostatic equilibrium (see also appendix C).
Because the whole core is thought to be in hydrostatic equilibrium (i.e. over
long timescales gravity is sufficient to overcome rigidity), the physical shape of
the core coincides with surfaces of constant gravitational potential and other
material surfaces such as density. Therefore ¢; represents both the physical
shape of the core, and also the shape of gravitational equipotential surfaces
within the whole core. This is not the case for the mantle, which is known not
to be in hydrostatic equilibrium from observations of Cyy and Cs,. Equation

(3.10) may be re-written by substituting the result from (3.9) and replacing

gy with
GMcore 4m _
gf = 2 = _Gpcorerf; (311)
Ty 3

where peore (:p’f") is the mean core density. The expression for ¢; can be
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written as

€ = kmem + krey, (3.12)

where

k= —L"— and  kp = gL Pm (3.13)

%ﬁcore + Pr %pcore + Pf '

It is evident from (3.12) that the elliptical shape of the whole core is determined
by the ellipticity of both the mantle and the CMB. The amount to which either
€m Or €5 contributes to ¢; is governed by the dimensionless factors &, and k;
respectively. Both factors can be determined easily, since they depend only on
density structure. This is an expected property since it is the density structure
that governs the shape of gravitational potential surfaces inside the core, and

therefore the ellipticity of the entire core.

3.2 Deformation of Material Surfaces in the

Mantle and at the Core-Mantle Boundary

In the previous section we showed that the ellipticity of the whole core ¢;
can be written in terms of the ellipticity of the mantle €, and CMB ¢;. It is
necessary to express €,, and €; in terms of known quantities, which in turn can
be determined from the free variables x%" and r,. A requirement of the expres-
sions for €, ; is that they must be consistent not only with Ca = 1 x 1077,
but also (albeit limited) observations of libration amplitude ¢, for all model
interiors. Since the eccentricity e of Mercury’s orbit is assumed constant, the

Am

constraint on ¢y is effectively a condition on the moment of inertia ratio BT"C;
m

(see equation (1.1)). The moment of inertia ratio is referred to, in shorthand,
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as A7, and any changes in €, y must be accompanied by an adjustment in

Avp,. Using current observations of libration amplitude ¢y = 35.8 & 2 arcsec

and orbital eccentricity e = 0.206, equation (1.1) can be rearranged to yield

A5, = 2.03 x 10~%. We use this value as a constraint in our formulations of

€m and €.

We begin determining €, and €; by considering the two constraining equa-

tions,

B, —A

A’)/m: % and
B-A

O = AM72"

Using the respective definitions of B — A, B,, — A,, and C,

m [T 0
— A = B ; po(’l")E(TﬁG(T’))dT,
&t [T 0
B, — A, = T : po(r)g(r e(r))dr,
C, = 8—7T ) po(r)ridr,
3 v

8
B—-A= % [pm(rgem - rfcef) + pf(r]sfef —re) + pS(T’?Ei)} )
8 5 5
B, — A, = 5 {Pm(reem - Tfef)] )
87T 5 5
Cm = Epm(re - rf)'
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(3.14a)

(3.14b)

(3.15)

(3.16)

(3.17)

(3.18)
(3.19)

(3.20)



Substituting the above results into (3.14a) and (3.14b) reveals

(3.21a)

— pp)rle;|. (3.21b)

We simplify (3.21b) by dividing through by r® and writing M in terms of

the mean planetary density p = 5427kg m*

and radius r.. Using the result

= ky€m + krep which was derived in section 3.1, enables a system of two

equations with two unknowns. The resulting simultaneous equations are

5 5
A [1 - <T—f> } =€n — (T—f) €f and (3.22a)
Te Te
r\ 5
10pCo = {pm + km(ps — py) (_S> ]Em

Te

+ {(Pf — Pm) (2)5 +ky(ps — py) (%)T €f- (3.22b)

e

Manipulating the simultaneous equations to eliminate €, reveals

05— 2, {1 _ (_fﬂ [pm+km(ps —py) (—)5] 3.2
o) e bon (]

Using a similar technique to eliminate e; we arrive at the expression

O e O | (RN ORI
R S Y N
(3.24)

Equations (3.23) and (3.24) allow us to obtain specific values of €, and €

from any given interior structure in terms of r, and x%'. Significantly, they
are both consistent with observations of A-~,, and Cyy for all of our models
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of Mercury’s interior. The three equations (3.12), (3.23) and (3.24) take on
a slightly different form beyond the eutectic radius because of the additional
layer on top of the inner core that must be accounted for. Their modified
expressions are given in appendix B.

With equations (3.12), (3.23) and (3.24), the ellipticity of the core, CMB
and mantle have been written in terms of known parameters. It is important
to reiterate that all of the parameters in these equations (and throughout
this study) can be determined in terms of %' and r,; they are the only free
variables of the full system. Each combination of x%" and r4 produces a model
of Mercury’s interior that not only satisfies its bulk mass and density, but also,

through €,, and €y, matches observed values of Cyy and Avy,,.

3.3 Deriving the Gravitational Torque

In the previous two sections we have taken a basic density model of Mer-
cury’s interior and assessed the hydrostatic deformation of the core as a result
of an imposing gravitational potential from a prolate mantle. The ellipticities
of the mantle and CMB have also been expressed in a way such that they are
consistent with observations of Cy, and the moment of inertia ratio %,
while also being fully determined by the free variables x4 and r.

It is now possible to consider the gravitational interaction between the
mantle and inner core, and we proceed by deriving the gravitational torque

between the two. The torque, I' is dependent on both the interior structure of

the planet and the angular displacement between the mantle and inner core:

[ = Tsin2(¢, — Y). (3.25)
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The coupling parameter, I' depends purely on Mercury’s interior geometry,

and can be written as (Dumberry, 2008)

-  4nG ,
U= e 4 preal (B~ A) — (B, — A)) (3.26)

where G is the gravitational constant. The term (Bs; — A;) represents the

difference in equatorial moments of the inner core, and is defined by

8 [ 0

B, — A = ) p(r) == (r’¢e(r))dr, (3.27)

which, for our assumption of constant density can be simplified as

8
B, — A, = 1—75Tps?";r’ei. (3.28)

The term (B, — A) is evaluated by replacing p(r) with p; in equation (3.27),

8t [ 0, 4

B/ —A/ =2 [ p 2 d
5 ), Mg
8
= 1—5pfr§ei. (3.29)

Physically, B, and A/ represent the equatorial moments of inertia of a body
having the shape of the inner core but with density p;. Only the elliptical
components (I = 2, m = 2) of the core, mantle and CMB are considered,
since it is these components that are responsible for the difference in equatorial
moments of inertia, B—A. In reality however, the gravitational torque depends
on higher degrees (I > 2), but the contribution from these is expected to be
much smaller than the dominant [ = 2 component due to spatial attenuation.
As a first order approximation, only the [ = 2 component of the gravitational

torque is considered. The term pé characterises the deviation of mass from
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spherical symmetry and is given by

pE = /Te p(r)ge(r)dr (3.30)

= [ gt [ ot et

which, again, for constant density layers can be simplified to
E:pf(ef —ei)—l—pm(em—ef). (331)

Substituting the results of (3.28), (3.29) and (3.31) back into (3.26), we obtain

a simplified expression for the coupling constant,

(4G (8
T = (WT) (1—75T>r5e (05 = 1) (Pres + Pmem — Pmes).- (3.32)

Noting that the polar moment of inertia of the inner core Cj is defined by

& [T

Cs p(r)rtdr
3 Jo
8T 5
= 5 PsTs (3.33)
we can rearrange (3.32) as
— ArG
= (?) ( — %)C’sei((pf — Pm)Ef + pmem). (3.34)

Equation (3.34) relates the magnitude of the coupling constant to parameters

that can be calculated upon specification of x" and rs. The addition of the

eut

¢ on top of the inner core, which occurs after the

thin layer with density p
eutectic composition has been attained, necessitates a small change in our

expression for I'. This adjustment is shown in appendix B.
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The estimation of the magnitude of the coupling constant enables us to
look at the dynamics of Mercury’s gravitational free-mode, which arises after

the mantle and inner core are misaligned from their equilibrium positions.

3.4 Inner Core-Mantle free-mode

The free-mode of oscillation that occurs between the mantle and inner core
allows for angular momentum exchange between the two. We can determine
the effects of gravitational coupling and polar moments of inertia on the free-
mode period by considering the angular momentum of both the mantle and
inner core. The angular momentum balance in a planetary fixed reference
frame is given by

Cil—lf +(2xH) =T, (3.35)

where H is the angular momentum vector, €2 is the rotation vector and I is
the torque external to the region considered. Taking the axial (z) component
of equation (3.35), using 2 = Q,z and H, = Cf),, we find that @ x H=10
and (3.35) becomes

dH, d

=2 (09.) =T (3.36)

Evaluating (3.36) for the mantle and inner core, respectively, gives

© = 2T, — ) (3.37a)
%C’SQS — oT(y — ). (3.37D)

where equation (3.25) has been used, and the small angle approximation in-
voked, to provide the internal torque between the mantle and inner core. If we

were to include magnetic, inertial, or viscous coupling, the angular momentum
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budget would have to include the fluid core. By omitting these, angular mo-
mentum exchange is simplified and occurs only between the mantle and inner
core.

The free-mode consists of the mantle and inner core oscillating about the
equilibrium position with the free-mode frequency w, hence we rewrite the
terms (2, s as periodic functions ,, ;¢™*. Subtracting (3.37b) from (3.37a)
and taking a time derivative gives

d2

5 [ (O = G Q)€™ | = 4T(Q = Q)™ (3.38)

where %¢m,s =, s. Carrying out the differentiation reveals
—w?(CpQy — C8,) = 4T(Q2, — Q). (3.39)

This result can be simplified by eliminating €2, ; using a result which comes

from adding (3.37a) and (3.37hb),
O = — 220, (3.40)

which expresses conservation of angular momentum between the mantle and

inner core. Upon substitution of (3.40) into (3.39), we finally arrive at

V20, = 2F<M>, (3.41)
Cm
which can be rearranged to show
2I(C,, + Cy)
= ———. 3.42
w C.C (3.42)
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The corresponding free-mode period is given by

Tpe = 25 = | 2CCn (3.43)
free — o T(CerCS) .

As expected, the period of the free-mode depends on the interplay between
the magnitude of the gravitational couple and the polar moments of inertia
of the mantle and inner core. Strong coupling (large I') will tend to realign
the inner core with the mantle more effectively if a misalignment is created
between them. Large polar moments of inertia increase the difficulty with
which changes in rotation rate can occur, and tend to lengthen the free-mode
period. By exploring a range of interior structures, different combinations of T’
and (), s will be used to evaluate T'yee. If T approaches the 88 day period
of the libration forcing, we can expect that this mode may be excited to a large
amplitude and significantly participate in the libration response of Mercury.

The gravitational free-mode is analysed further in chapter 5.
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Chapter 4

Modelling Mercury’s Rotation

4.1 Equations of Motion Governing Mercury’s

Rotation

The coupled differential equations that dictate the way Mercury rotates
are well established. To determine the effects of an elliptical inner core on the
librations of the mantle, we write two coupled equations for the libration of

the mantle and inner core respectively (e.g. Danby, 1962)

Conthm + g(Bm — Am)G‘;wQ sin 20, = —I sin 2(Y, — 1s), (4.1a)
orb
Ciyths + ag(Bs — AS)% sin 20; = L sin 2t — 1) (4.1b)

orb

where M, denotes the Solar mass and 1Z)ms = %@bms. The term « is shorthand
notation for the density contrast 1 — 2—f, Torp 18 the Mercury-Sun distance and
Om,s are the angles between the Mercury-Sun line and the axes of minimum

moment of inertia of the mantle and inner core, respectively. From figure 4.1 it

can be shown that d,, s = ¥, s— f, where f is the angle that specifies Mercury’s
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position in its orbit around the Sun. The angle f is referred to as the true
free anomaly. We write ¢, s = %M + Ym,s With M = n(t — ty) being the

mean anomaly of the orbital motion such that %M represents Mercury’s mean

rotation and 7, s = d,, s when Mercury is at perihelion. The latter follows
from the fact that Mercury’s spin rate is 1.5n, where n = 2§ays is Mercury’s

orbital frequency. The term 7, s now represents any perturbation in rotation

from the mean rotation rate.

Y
/
/
/
/
/
/
/
/
/
7 Mercury
/
o
/
/
/
/ Yy
P , m
© X
Sun /

Figure 4.1: Angles used in libration discussion. Sun-X line is the Mercury-
Sun line at perihelion. Dashed line marks the axis of minimum moment of
inertia. For illustrative purposes, only angles pertaining to the mantle are
shown. Figure adapted from Peale et al. (2007).

Substituting these definitions into (4.1a) and (4.1b) we find

3 GM _
Cinm + §(Bm — Am> 3 © gin (Bn(t —to) + 2Vm — Qf) = I'sin 2(vm — 7s)s
Torb

(4.2a)

M, _
Csvs + ag <BS — AS) % sin (3n(t —to) + 275 — 2f) = I'sin 2(y, — 7s)-

orb

(4.2b)
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We write r,,, in terms of the semi-major axis of Mercury’s orbit a and the

true free anomaly f, where

a(l—¢€?)
"~ 14ecosf’

Torb

Substituting this into equations (4.2a), (4.2b) and dividing through by <42 =

a3

n? (a relation arising from the definition of the orbital period T = 27,/ G’};@ ),

reveals
S 3 /B, — A\ (1 +ecos f)? .
) ) v
Ta® .
G g S 20m -
and

Fs 3 (BS—A5>(1~I—ecosf)3

2 2%\ T emye o (3n(t —to) + 295 = 2f) -
Ta® .
Garc, S0 20m = %) (4.3b)

Finally, we transform the variable ¢ to the dimensionless nt so that an orbital

period equals 27 and #d{;z{” = dil% where t' = nt. Dropping the primes on ¢

and taking ty = 0, we arrive at the set of differential equations

. 3(/Bn—Au\(1+ecosf)®
n = =5 (T ) T+ 2 =2

Ta® |
GM.C Sin 2(Ym — ¥s) (4.4a)

and

_3&(35 — As> (1+ ecos f)? sin(3t+ 27, — 2f)

Cs (1 —e2)3
Ta?
GM,C,

Sin 2(Ypm — ¥s)- (4.4b)
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The final differential equation needed to solve for the spin rate 4, is one that
describes the rate of change of the true free anomaly with respect to time,
given by

1

f= m(quecosf) : (4.5)

and is derived from Kepler’s second law. A full explanation of its origin is
given in appendix A. In solving (4.4a), (4.4b) and (4.5), a set of initial con-
ditions is required for 7y, s, ¥m s and f. Since observations of 4, (Margot et
al. 2007), with which we eventually want to make comparisons, are measured
from perihelion, we automatically constrain the true free anomaly to be f =0
at t = 0. There are effectively no restrictions on our choice of initial values
for 7,5 Or Ym.s, SO they can take on non-zero values when f =0, ¢ = 0. One
mechanism that arises from non-zero initial conditions is a free libration, which
is an oscillation of v, (or 1) about the Mercury-Sun line at perihelion. The
free libration should not be confused with the free-mode that occurs between
the mantle and inner core. Peale et al (2002; 2005) expect that over time, any
free libration of the mantle or inner core will be damped, which may be true if
neither internal core convection nor mantle-inner core interaction are present.
However, the possibility of convective core motion and the associated zonal
flows are likely to couple electromagnetically with the inner core. This would
represent a source of long term fluctuations in ¢, and, by virtue of gravita-
tional interaction, in 1,,. Such internal dynamics are then likely to promote
the misalignment of both 1, and s with the Mercury-Sun line at perihelion,
and so we do not expect free librations to be damped out. Estimations of
the period of the free librations can be made by dropping the coupling terms
on the R.H.S of (4.4a) and (4.4b) and expanding sin(3t + 2v,, s — 2f), which
gives rise to the factors (a®/r3,)sin2f and (a®/r3,)cos2f. Expanding the

two factors in terms of the mean anomaly M and using Cayley’s (1859) tables
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gives

N + 3<C—>H(p, e)Ym =0 (4.6a)
and

. Bs - As

5, + 304<T>H(p, e)ys = 0, (4.6b)

for the mantle and inner core respectively, where H(p,e) is a power series in

eccentricity for a given resonance ratio p. For p = % from Kaula (1966),

3 7123,
H(a,@) = 56 — 1—66 . (47)

Solving the second order, linear differential equations given in (4.6a) and (4.6b)
results in the well known solution for simple harmonic motion for both the

mantle and inner core (e.g. Peale, 2007),

B (Bo— A) (7T 123
Wy, = n\/3 - 5¢ ~ 16 ¢ (4.8a)

B (B,—A) (7T 123,
Ws = n\/?)a c T (4.8b)

respectively. Estimating w,, for an inertial ratio % =2.03 x 107* (Margot

and

et al. 2007) results in a free mantle libration period of 12.08 Earth years (50.1
orbital periods). The free libration period of the inner core depends on the
chosen internal model of Mercury. These oscillations are likely participating
in Mercury’s spin rate, and their amplitude and phase are determined by the
choices of initial conditions for 7, s, ¥m,s. The mechanism for which the initial

conditions are chosen is discussed in the following section.
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4.2 Comparison Between Simulated and Ob-

served Spin Rates

Solving the three differential equations (4.4a), (4.4b) and (4.5) provides
the evolution of spin rate ¥, over time. In an attempt to find the interior
structure that best represents Mercury’s current configuration, it is necessary
to compare the modeled solution for #,, with spin rate observations. The
comparison between simulated and observed spin rate data can be quantified

using a residual technique. The residual is found using the method of least

squares,
E*=(d-p)'C.l(d~p) (4.9)
where
o2, 0 ... 0
c, - 0 o2 ... 0
0 0 ... oy

The root mean square (rms) residual E, is a measure of success of the model
in fitting the data. A value of F = 0 would indicate a perfect fit. The terms
d and p are one dimensional vectors comprising of spin rate observations and

model predictions and are given by

d:(dl,dg,...,d]v) (410)

and

pP= (p17p27"'7pN)7 (411)
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respectively. Because the spin rate is an evolution in time, the indices on both
vectors denote elapsed time from perihelion. The two dimensional covariance
matrix C. holds information on the standard deviation o;; of the observed
spin rate measurements.

The observations of Mercury’s spin rate and their respective standard devi-
ations o;; are shown in table 4.1. The observations from Margot et al. (2007)
give spin rates at specific times during Mercury’s orbit. We compute predic-
tions of spin rate at these specific times by integrating the set of differential
equations (4.4a), (4.4b), (4.5) and evaluating them at each time for which
there is an observation.

Table 4.1: Observations of 7, from Margot et al. 2007. Spin rate is in units
of 3/2 of the mean orbital frequency.

Date (yymmdd) Spin rate o

020513 0.999985 1.61 x 107°
020522 0.999893 1.58 x 107°
020602 0.999861 1.69 x 107°
020612 0.999945 1.78 x 107°
030113 1.000097 1.37 x 1075
030123 1.000073  5.28 x 1076
030531 0.999932 8.21 x 1076
030601 0.999949 1.02 x 107°
030918 1.000093 5.03 x 107°
030919 1.000065 5.50 x 107°
030920 1.000067 5.18 x 107°
040331 1.000098 1.20 x 107°
041212 1.000070 1.55 x 1075
041218 1.000067 1.05 x 1075
041219 1.000075 9.67 x 10~°
050313 1.000035 3.19 x 1075
050316 1.000047 1.45 x 107°
050318 1.000056 1.52 x 1075
060629 0.999866 8.35 x 107°
060712 0.999882 6.43 x 10°°

All observations are mutually independent of one another, and the covari-
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ance matrix is reduced to a diagonal one, with o;; = 0 for ¢ # j. This simplifies

the expression for the residual (4.9) to
N
o i Dl 4.12
D (4.12)

which has been written in index notation for clarity. This technique allows
us to assess the behaviour of the residual F for a range of interior geometries,
each of which is uniquely defined by the parameters x%" and r,. The existence
of minima in E would suggest interior structures that are considered more
probable representations of Mercury’s current interior state.

In the previous section (4.1), we referred to our choice of initial conditions
on v, s and ¥, s, and discussed how they were not constrained to definite values
like the free anomaly f. Because of the large range of possible values for these
conditions, we employ the downhill simplex method of Nelder & Mead (1965).
For a given internal model structure, the simplex method searches for the set
of initial conditions on 7, ; and 7, s that give the best fit to observations of
Ym- A set of semi-random initial conditions is still required as input, and it
is from these values that the simplex begins to converge on the set of optimal
conditions that return minimum E. The reasoning for using semi-random and
not fully-random initial conditions as input is primarily because it reduces
computational time. This augmentation appears not to inhibit the process of
finding optimal initial conditions because it is apparent from brief examination
of spin-rate observations that the solution of 4, with minimal E can only take
on a limited range of suitable initial conditions. To ensure that the simplex is
contracting around the minima of E, we repeat the convergence process five

times, each with a different set of semi random initial conditions.
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Chapter 5

Results and Discussion

In this section we attempt to relate changes in interior structure to changes
in Mercury’s spin rate. Our aim is not necessarily to determine how inner core
growth affects the libration observations, but rather on trying to determine,
using the libration, where the inner core is in its evolution. We begin this
section by showing how the bulk properties of the planet are affected by inner
core growth for a single core sulphur concentration. We then extend our results
in an attempt to visualise how certain parameters vary as a function of both
& and r,. Finally, we look at specific examples of simulated spin rates for
different interior geometries, followed by a discussion on how estimations of
libration amplitude are affected by including gravitational coupling between
the mantle and inner core.

At first we look at density changes in the fluid core resulting from inner
core growth. In all subsequent figures, we follow the growth of the inner core
until the whole core is solidified; that is, until ry = r¢. Figure 5.1 compares the
evolution of outer core density for models with sulphur concentration x4 =

0.05 to the evolution of outer core density for models with no sulphur content.

53



For the case with no sulphur, the density contrast remains constant at «

= 0.035 as a consequence of the 3.5% density difference between p5%* and

pl}ffi“id, along with the fluid core maintaining the density plﬁmd = 7874 kg m~3
(as given in table 2.1) until it has solidified. For the case with sulphur, the
increase in « is a response to the increasing concentration of sulphur in the
fluid core as the inner core grows. Even for small inner core radii, the impact
of sulphur on the density of the fluid core is very apparent, with « for the case
with sulphur approximately twice as large as the case without. The change in
a becomes greater with inner core radius, due to the increasing surface area

available for the fluid core to precipitate on to. Beyond the eutectic radius,

the composition of the fluid core does not change in sulphur concentration,

eut

resulting in a constant density contrast with o =1 — py/pS

025
— x"=0.05
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Figure 5.1: Comparison of density contrast « = 1—p¢/p, as a function of inner
core radius r, for different initial sulphur concentrations. Red line represents
x@ = 0.05 while blue line is for a model with no sulphur.

Since the density contrast depends on both inner core radius and initial

core sulphur concentration, we are able to present a more complete analysis by

o4



plotting « as a function of both x%" and r,. Figure 5.2 shows a larger density
contrast for models with higher sulphur concentrations, a result which is com-
mensurate with the associated reduction in fluid core density that is incurred
with high concentrations of sulphur. In the same fashion as in figure 5.1, « is
maximum and its value remains constant beyond the eutectic radius. In figure
5.2 it is also apparent that the maximum density contrast that can be obtained
is the same for all core sulphur concentrations, where a™** ~ (0.24. This result
comes from the fact that the eutectic composition of x5 = 0.61 (section 2.3)
is independent of initial core sulphur concentration. Substituting this value
of eutectic composition into equation (2.5) and using it in the definition of «

returns the upper limit o™ ~ 0.24.
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Figure 5.2: Density contrast « as a function of initial core sulphur concentra-
tion and inner core radius.

Other factors which are influenced by inner core growth are the polar mo-
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ments of inertia of the mantle C,,, fluid core C; and inner core Cs. Figure 5.3
demonstrates the change in moments of inertia for the mantle, fluid and inner
cores. Here we have normalised C,,, C'y and C with the planetary moment of
inertia C'. The moment of inertia of the mantle, C,, remains constant as the
inner core grows because there is no change in mantle density and, for a given
x4, no change in r; and hence, no change in mantle thickness. The same is
not true for the inner core, which shows an increase in C purely because of

the increase in its radius.
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Figure 5.3: Evolution of polar moments C,, (green), C; (blue) and C; (red)
as inner core grows. All values are normalised by the planetary polar moment
C. Example shown is for y2" = 0.05.

As the inner core radius increases, the fluid core diminishes in both density
and thickness. The combined effect causes a reduction in Cy. Beyond the
eutectic radius, the decrease in fluid core density no longer occurs, and only
the continuous decrease in fluid core thickness contributes to the reduction in
Cy. The differences in the two regimes that occur before and after the eutectic

radius is noticeably small, but can be seen in figure 5.3 at the eutectic radius
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eut

r¢"* = 1740 km. A similar change is seen in the C; curve, but is caused by

eut

¢ on top of the solid iron core which

the thin layer of material of density p

eut

is introduced beyond 7¢

. The apparent anti-symmetry between Cy and CYy
indicates that the normalised change in polar moment of inertia for the whole
core Core/C remains constant as the inner core increases in radius. However,

upon closer inspection it can be shown that the moment of inertia for the

whole core decreases (figure 5.4).
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Figure 5.4: Evolution of normalised polar moment of the entire core (C5/C +
Cr/C).

This can be reconciled with the redistribution of mass inside the core that arises
upon precipitation of the inner core. Initially, when the core is entirely fluid,
the distribution of mass is assumed to be homogeneous. The solidification
of an inner core, which exhibits a greater density than the initial fluid core,
creates a geometry where mass is concentrated toward the planet centre. After
the eutectic limit has been reached, the geometry consists of a dense inner core,
with an overlaying, less dense layer. The excursion from core homogeneity to

heterogeneity is responsible for the decrease in core inertia.
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5.1 Shape of the Mantle, CMB and Core

The ellipticities of the mantle, CMB and core are important considerations
if the model is to conform to observations of Cy, and A7,,. In this section,
we look at changes in the equatorial ellipticity of the mantle, CMB and entire
core as the inner core grows.

Figure 5.5 shows curves of ¢, €; and ¢; as a function of inner core growth
for the core sulphur concentration x%* = 0.05. The quantities €, and €; show
similar characteristics. Both exhibit a sharp decline after an initial, approxi-
mately constant regime. The decreases in €, and €; are responses to the inner
core becoming closer to both the CMB and Mercury’s surface as the inner core
radius increases. As the mass inside the inner core boundary encroaches on
the latter two density discontinuities, the inner core makes a greater contri-
bution to the gravitational potential at both the CMB and Mercury’s surface,
and hence a greater contribution to the Cys coefficient (which is measured at a
point external to Mercury’s surface). The relatively high density of the inner
core means that it also provides a larger contribution to gravitational potential
than, for example, a body with similar dimensions but smaller density. If there
were no compensation for the increased gravitational potential (as measured at
Mercury’s surface) caused by the increasing contribution from the inner core,
the magnitude of the Cys coefficient of the model would be elevated above the
current observed value and the model no longer consistent with observations.
To accommodate for the increase in Cy, a decrease in the ellipticity of the
mantle and CMB occurs, which in turn reduces the contribution to Cyy so

that the observed value is not violated.
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Figure 5.5: Equatorial ellipticity of (a) the mantle €,,, (b) core-mantle bound-
ary €7 and (c) core ¢ as a function of inner core radius.

X = 0.05.
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The constant values that are exhibited by €, and €; beyond the eutectic
radius can be easily explained; both factors are obtained from observations of
Csy and A~y,,, but the variables that contribute to these expressions no longer

change when ry > r¢ (see equations (B.5) and (B.6)). In other words, Ca

eut
s

and A7, do not change beyond r The increase in the ellipticity of the
core €; = kp€n + kpep with inner core radius can be attributed to the factor
k.., since all other terms in the expression for ¢; tend to decrease with inner
core growth. In figure 5.6 both factors k,, and ky are plotted versus r,. The
decrease in py associated with inner core growth invokes an increase in ky,,
and is the reason for the increase in ¢; seen in figure 5.5c. The constant value

of ¢ for rs > r¢"* can be attributed to the constant values of k,, and ky, which

in turn follow on from the fact that ps is constant beyond the eutectic radius.
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Figure 5.6: Factors k,, (red) and k; (blue) versus inner core radius for %' =
0.05.
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5.2 Torque Magnitude and Free-Mode Period

The expectation that the gravitational coupling constant I' should be ap-
proximately proportional to C (see equation 3.34) is largely consistent with
the numerical predictions in figure 5.7. The coupling between the mantle
and inner core is strongest when the thickness of the decoupling fluid core is
smallest, or in other words, when the inner core radius is largest. Beyond the
eutectic radius, the magnitude of T remains constant since only the redistri-
bution of homogeneous material of the same density occurs after this point.
However, this would not be the case for T if we were to account for the 3.5%

density difference due to the phase change of Fe and FeS (see appendix B).
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Figure 5.7: Magnitude of gravitational coupling constant I' as a function of
rs. Curve is for x2 = 0.05.

Since the radii of the CMB and the eutectic boundary change with core
sulphur concentration, along with density contrasts between the mantle, inner

and outer cores, we also assess how the coupling constant changes with y%'.
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The surface plot seen in figure 5.8 shows the magnitude of I as a function
of both % and r,. For illustrative purposes, T has been plotted using a
logarithmic scale. The magnitude of the couple has little dependence on core
sulphur concentration; it is inner core radius that is the controlling factor. As
mentioned above, this is an expected result since our expression for torque
(3.34) shows that T’ oc Cy o< 72 for r, < 7%, whereas only the density terms

are affected by changes in %"
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Figure 5.8: Two dimensional surface plot representation of I' (Nm) as a func-
tion of & and r,.

The corresponding period of the associated free-mode between the mantle
and inner core T}, is plotted first in one dimension (figure 5.9). Again, the
curve is shown for a sulphur concentration of %' = 0.05. The general trend
shows a decrease in period with increasing r,. This is mainly a consequence
of stronger gravitational coupling between the mantle and inner core, which
locks the inner core to the mantle more efficiently. The period of the free-
mode is minimum at the eutectic radius, beyond which the period begins to

lengthen. The reason for this reversal is due to the fact that T’ does not grow
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beyond the eutectic limit, whereas the polar moment of inertia for the inner
core continues to increase, thus impeding changes in rotation rate and reducing

the effectiveness of the coupling.
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Figure 5.9: Free-mode period versus inner core radius for x4 = 0.05.

In a similar fashion to our illustration of T', we also present the free-mode
period T, as a function of both x& and 74 (figure 5.10) . In comparison to
T, Tfree has less of a dependence on the inner core radius, and is relatively
more susceptible to changes in core sulphur concentration. The contrast in
functional dependence on inner core radius becomes evident in the expression
for the free-mode period (3.43), in which T¥,c. \/CIS 75 °% in comparison
to [ oc Oy ox 72 for 7y < 7¢%*. The sharp minimum in the period is shown clearly
in figure 5.10, with 7. establishing periods as low as 1000 Earth days (~ 11
orbital periods). The minima occur at progressively smaller inner core radii

as the sulphur concentration increases; this is a consequence of the eutectic

eut

<“* in models with

radius r¢* becoming smaller with increasing x%'. Beyond r

high concentrations of sulphur, we also observe the increase in T, that was
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exemplified in figure 5.9.

Core sulphur concentration "

Inner core radius (km)

Figure 5.10: Two dimensional surface plot representation of free-mode period
T'tree in orbital periods as a function of x' and r;.

5.3 Free Libration of the Mantle and Inner

Core

As mentioned in section 4.1, the free mantle libration period has a constant
value of 50.1 orbital periods for an inertial ratio of % = 2.03 x 1074
However, the free libration period of the inner core is dependent on the density
contrast o and the inertial ratio of the inner core BSC;SAS, so the libration
period of the inner core is expected to change with the model parameters r;
and x7. Figure 5.11 shows the magnitude of the free libration period of the
inner core as a function of x4 and r,. The free libration period ranges from
150 to 550 orbital periods. As expected, the libration period is longest for

small inner core radii (small Z:4+) and low sulphur concentrations (small a).
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The converse is true for short libration periods. However, even the shortest
periods are approximately three times as long the free libration period of the
mantle. Based on these values, we do not expect the inner core free libration

to participate significantly in the mantle’s forced libration period of 88 days.

Core sulphur concentration "

0 500 1000 1500 2000

Inner core radius (km)

Figure 5.11: Two dimensional surface plot representation of the free libration
of the inner core, measured in orbital periods, as a function of %' and r,.

5.4 Misfit

The preceding results have been used to lead up to the most significant part
of this study, in which a direct comparison between modeled and observed spin
rate data is conducted. After calculating all the necessary parameters that are
prerequisite for solving the set of equations governing Mercury’s rotation, we
are now able to discuss the impact of the free-mode oscillation on Mercury’s
spin rate, and determine the most probable model representation of Mercury’s

current state. Figure 5.12 shows the misfit between modeled libration curves
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and spin rate observations as a function of %' and r,; smaller misfit values
indicating better fits to the observations. The most conclusive feature of fig-
ure 5.12 is the relatively poorer fit to observations with inner core radii less
than 500 km. Misfit values in this region are on the order of ~ 1.05. For
rs > 500 km, there is little variation in misfit in both inner core radius and
sulphur concentration, with almost all misfit values falling between 0.7 and
0.85. The region of r, at the eutectic radii exhibits a slightly increased misfit
value due to the high free-mode frequency. Beyond the eutectic radius, the

misfit begins to decrease as a result of the lengthening period of the free-mode.

Core sulphur concentration "

0 500 1000 1500 2000

Inner core radius (km)

Figure 5.12: Misfit between modeled and observed spin rate data plotted
against x4 and ;.

The region showing the smallest misfit of ~ 0.7 occurs where ry ~ 900 —
1500 km and x%" = 0-0.02. Despite the marginally smaller misfit, it would be
highly presumptuous to conclude that Mercury’s current interior structure was
distinguished by these exact parameters. A more prudent argument suggests

that the results show a preferred inner core radius greater than ~500 km, but
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the invariance of the misfit with respect to x* reveals no information on the
chemical composition of the core.

To elucidate the results encapsulated in figure 5.12, two values of inner
core radii and core sulphur concentrations have been chosen to demonstrate
two extremities of misfit. The associated modeled spin rate solutions of the
mantle ¥, are shown in figure 5.13 with the mean rotation rate removed,
thus representing spin rate deviations from the mean rotation rate. The spin
rate evolutions shown are the best possible fit to observations for a given
combination of x%' and r,, where the optimum initial conditions on ~,, ; and
Ym,s are found from the Nelder & Mead (1965) minimisation scheme discussed
in section 4.2. The observed spin rate values from Margot et al. (2007) are
also plotted in figure 5.13 as points measured from the perihelion passage on
April 17" 2002.

The complex behaviour of Mercury’s spin rate at perihelion has been de-
scribed by Peale (2005). In figure 5.13a, there exists a local minima in “,,(¢)
at perihelion, with two local maxima before and after perihelion, correspond-
ing to the planet’s axis of minimum moment of inertia (the long axis) being
aligned with the Mercury-Sun line. We ignore the variation in rotation due to
the physical librations in determining the torque on Mercury by assuming the
planet is rotating uniformly with Um = 1.5n. At perihelion, the long axis is
also pointing toward the Sun, but f > wm = 1.5n at this point in the orbit.
The long axis lags behind the motion of the Sun with respect to Mercury as
the planet passes perihelion, and therefore starts to point away from the Sun
in the direction of the orbital motion. The angle between the Sun and the long
axis continues to grow until it reaches a local maximum when f = 1/1m The
torque on Mercury during this time increases the angular velocity, correspond-

ing to the increase in 1), with time just after passing the point of perihelion.
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The increase in v, with time experiences an inflection and starts to decrease
after the point in time when f = z/}m, which corresponds to the time at which
the angle between the long axis and the Sun starts to decrease. To bring the
planet’s long axis back into alignment with the Sun after passing the point of
perihelion, Mercury must rotate through the same angle as it has moved in its
orbit. Once this occurs, the long axis is ahead of the motion of the Sun with
respect to Mercury, and the angular velocity starts to decrease. Mercury is
almost synchronously rotating with its instantaneous orbital motion near the
point of perihelion, during which time the long axis never deviates much from
pointing toward the Sun. Therefore, Uy 1S nearly constant for a time near
perihelion, as seen in figure 5.13a.

In figure 5.13a we have chosen values of %' = 0.02 and 7, = 100 km that are
commensurate with a large misfit value (~ 1.05). The resulting solution to %,
in 5.13a shows the 88 day period forced libration superimposed on to a much
longer period oscillation. The long period oscillation is a combination of the
excitation of 50 orbital period free libration of the mantle and the mantle-inner
core free-mode. The free libration period of the inner core is too long at 420
orbital periods, to be observed. Although the period of the long oscillation
cannot be seen fully, figure 5.13a shows a half period of approximately 25
orbital periods, corresponding to an estimated full period on the order of 50
Mercurian orbits. A numerical evaluation of the gravitational free-mode for
& =0.02, 7y = 100 km gives a value of T' 'tree ~ 3 orbital periods. This shows
that for this given choice of Y& and r, the best fit to observations is obtained
with a free-mode period which is not excited and a long period oscillation
dominated by the free libration of the mantle alone.

In comparison to 5.13a, 5.13b demonstrates the evolution of spin rate for

a model with a combination of y2 = 0.02, 7y = 900 km that exhibits a
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Figure 5.13: (a) Example of spin rate deviation from mean rotation rate 4., (t)
shown by red curve for x# = 0.02, 7, = 100 km. Blue points are spin rate
observations with standard deviation, from Margot et al. (2007). (b) Same as
(a) but with x% = 0.02, r, = 900 km.
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relatively small misfit of ~ 0.73 (see figure 5.12). It is clear from 5.13b that
the 88 day forced libration is also superposed on to a relatively long (i.e.
longer than 88 days) period oscillation. However, unlike in figure 5.13a, the
gravitational free-mode between the mantle and inner core is more excited.
The observed half-period in figure 5.13b is approximately 10 orbital periods,
revealing a full period of 20 orbital periods. However, this observed period is
shorter than both the calculated free-mode period of T',.. ~ 30 orbital periods
and the free mantle libration of 50 orbital periods. The observed 20 orbital
period oscillation can be explained by looking at the beat periods (77, T5)
resulting from the interaction between the gravitational free-mode (T'f¢.) and

free mantle libration (7};). The beat periods are given by

2m 1 : .
T, = (2= — =) = — = 75 orbital periods, (5.1a)
Tf’ree Thiv Tfree Tiiv
2m 1 . .
Ty = - N = 77 — = 19 orbital periods. (5.1b)
(Tf'ree + m) (Tfree _I_ ﬂzb)

The observed oscillation in figure 5.13b represents the beat period T, indi-
cating that both the free mantle libration and gravitational free-mode are
present. Although the difference in fitting ,, to observations in the two sce-
narios is more discernible in figure 5.12, it is still apparent without pursuing a
numerical quantification of misfit. By including the gravitational interaction
between the mantle and inner core, we provide an extra parameter with which
the observations can be fit. The extent to which the extra parameter can be
used to fit the data is limited by the interior structure of the model as defined
by X%, r,, but at inner core radii greater than ry > 500 km, the period of
the free-mode appears to be short enough to enable a marginally better fit,
although for some interior geometries it remains possible for the period to be

too short and inhibit the fit to observations. Unfortunately, our results are not
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able to constrain more precisely the present radius of the inner core. However,
it is interesting to note that our results are also consistent with an inner core
radius of ~ 1000 km, which can be inferred from the estimated 3 km decrease
in the planetary radius (see figures 2.3 and 2.4).

Even if new observations of Mercury’s global magnetic field confirm the
existence of an internal dynamo, our constraint that r; 2 500 km cannot dis-
tinguish between thick and thin (fluid) shell dynamo regimes. However, numer-
ical dynamo models have shown that the magnetic field signatures of thick and
thin shell geometries exhibit different characteristics, such as field partitioning
between poloidal and toroidal components, and the latitude of flux bundles
(e.g. Heimpel et al. 2005; Stanley et al. 2005; Christensen, 2006). Hence, new
magnetic field observations from Messenger and BepiColombo should be able
to infer the core geometry in which Mercury’s dynamo is operating, and in the
near future it is anticipated that more independent estimations or constraints

on the radius of the inner core will be available.
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5.5 Revising the Libration Amplitude

Throughout this study we have adopted the moment of inertia ratio A~y,, =

B m A'm

Zm—fm given by Margot et al. (2007), who measured Avy,, = (2.03 £ 0.04) x
10~*. The aim of this section is to investigate whether the inclusion of mantle-
inner core gravitational coupling will reveal an optimal moment of inertia
ratio that differs from that of Margot et al. (2007). We do not treat A~,, as
a parameter to be optimised, but rather repeat the analysis of the previous
section for a range of values of A~,,. Figure 5.14 shows misfit plots for a
range of inertial ratios between Av,, = 1.99 x 10~* and A~,, = 2.26 x 10~%.
All plots use the same colour scale for comparative purposes. Figure 5.14b
uses Margot’s estimated libration amplitude of Ay, = 2.03 x 107%, and is
used a basis for comparison. The changes in libration amplitude induce subtle
changes in the magnitude of the misfit, although the contours of the plots
are similar. The fact that the general shape of the misfit plot does not change
significantly suggests that this method is sufficient to extract the optimal value
of Av,,. The pixellation that can be seen in figures 5.14f to 5.14h is a result
of non-convergence to the minimum £, and is a consequence of the downhill
simplex method (discussed in section 4.2).

It is surprising to note that plot 5.14b (for which A~,, = 2.03 x 107%)
does not represent the optimal amplitude with the smallest misfit magnitudes.
Increasing the libration amplitude to approximately Ay, = 2.19 x 107* in
figure 5.14f provides the best fit to observations of Mercury’s rotation rate.
A further increase in the amplitude beyond A~,, = 2.19 x 10~* illustrates
a general increase in misfit magnitude, suggesting that the amplitude is too

large to provide an optimal fit.
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Figure 5.14: Misfit for range of libration amplitudes.

73



In order to refine the value of A~,, which provides the best fit to obser-
vations, the iteration process has been repeated for 2.16 < A~,, < 2.22 in
increments of 0.01 (figure 5.15). It becomes nearly impossible to observe any
discernible differences in any of the plots from A~y,, = 2.19 x 107 It is
therefore reasonable to keep the previously stated Ay, = 2.19 x 10~* as the
preferred value for the moment of inertia ratio. One of the residing difficulties
in finding the optimum moment of inertia ratio is that for a given combination
of x4 and 74, the same misfit value might be obtained for a range of moment
of inertia ratios. For example, the misfit value in figure 5.14b (A~,, = 2.03
x 107%) for & = 0.01 and r, = 900 km is approximately the same as that
found in figure 5.14f (Av,, = 2.19 x 10~*) for the same model parameters.
Therefore, a more diligent argument would conclude that there is a higher
probability of finding a smaller misfit with the optimal moment of inertia ra-
tio Ay, = 2.19 x 107*, although the uncertainty on this value is likely to be
of the order 0.1 x 1074

The implication of obtaining an moment of inertia ratio larger than that
found by Margot et al. (2007) is that the libration amplitude might be larger
than previously acknowledged (38.6 arc sec compared to 35.8 arc sec), although
this hypothesis cannot be tested until more observations have been collected
by Messenger and BepiColombo. The discrepancy between these two values is
not solely due to the inclusion of gravitational interactions within our model.
It is also because the model used in this study considers the ellipticity of
material surfaces throughout the whole planet, and is therefore fully consistent
with measurements of the Cs, harmonic coefficient. In contrast, Margot et al.
(2007) implicitly assumed a spherical fluid core for which B, — A,, = B — A.

This represents a significant difference between the two models.
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Chapter 6

Summary and Future Outlook

It has been shown that by including gravitational interaction between the
mantle and inner core, we are able to generate a mode of oscillation which,
in the case of strong coupling is significant enough to improve the fit between
the modeled and observed spin rate variations of Mercury. However, in the
case of some model geometries, the free-mode period is too short and is not
able to improve the fit to observed spin rate variations. This suggests that
gravitational inner core-mantle coupling participates in Mercury’s librations.
Despite quantifying the residual between model and observations for a range
of plausible interior geometries, we are unable to obtain a precise combination
of inner core radius and core sulphur concentration that presents the most
probable state of Mercury’s interior. However, our results suggest that the
existence of an inner core with a radius smaller than 500 km is unlikely. This
result concurs with expectations that Mercury’s core is at least partially so-
lidified as a consequence of cooling. By including gravitational interaction, we

have also found a difference in the optimal moment of inertia ratio found here

BmfAm
Cm

= (2.19 £ 0.1) x 10™*, compared to the original estimate of %

76



= (2.03 £ 0.04) x 10~ found by Margot et al. (2007). While the results of
this study provide some insight into Mercury’s interior structure, the results
show no preferred initial core sulphur concentration and therefore provide little
insight into the interior evolution of the planet.

The Messenger and BepiColombo missions that are expected to achieve
full orbit in the years 2011 and 2020 respectively are vital to extending our
knowledge of Mercury’s interior. Both missions are expected to retrieve more
accurate and extensive measurements of the libration amplitude, along with
an improved and tighter constrained value of the gravitational coefficient Cy,.
Accommodating for these changes in our model will undoubtedly improve the
accuracy of results found here. Detailed measurements of Mercury’s global
magnetic field will provide insights into its origin, and if, as suspected, the
magnetic field is sustained by an active dynamo, the measurements of field
structure should be able to decipher the approximate core geometry in which
the dynamo operates.

Measurements of Love numbers, which describe the reaction of Mercury to
tidal forcing are promising to provide relatively detailed estimates of interior
geometry (Van Hoolst & Jacobs, 2003). Van Hoolst et al. (2003) have shown
that the differences in Love numbers associated with different core geome-
tries will be able to place tight constraints on the core size and composition
of Mercury. Furthermore, Milani et al. (2001) have demonstrated that the
BepiColombo mission is expected to provide Love number measurements with
a precision of a few percent. Thus, tidal displacement measurements will be
able to offer a further mechanism to determine inner core size and sulphur
concentration.

It will ultimately be Messenger and BepiColombo that provide the first

opportunities to fully understand Mercury’s interior. Only after their data are

7



made available we will be able to trace back into Mercury’s past and illuminate

the conditions under which the planet accreted.
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Appendix A

Derivation of f

From Kepler’s second law we know that the Mercury-Sun line sweeps out

equal areas A during equal intervals of time, i.e.

%_rgrb%_o
a2 dt

(A.1)

where 7, is the Mercury-Sun distance and f is the true free anomaly which
measures the angular position of Mercury with respect to perihelion. Noting
that the angular momentum magnitude of Mercury is given by L = Muvr,.
with v being the planet’s tangential velocity, M is the planet’s mass, and

substituting for L in (A.1) gives

dA L

= = A2
dt  2M’ (.2)
which can be compared to (A.1) to show that
. df L
=== —. A.
/ dt  Mr?, (A.3)
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It is possible to rewrite equation (A.3) by integrating (A.2) over one orbital

period P an rearranging to get

_2MA

L
P Y

(A.4)

and also recalling that the area of an ellipse is given by A = mab, where the

semi-major axis, a and the semi-minor axis, b are related by
b =a*(1—é?). (A.5)

The above result can be used to express the angular momentum as

_ 2M7a®\/(1 —€?)

L A.
/ (A6
Upon substitution of equation (A.6) into (A.3), we find
. 2ma®\/(1 — e?)
- . A.
f =T (A7)

We also use the geometric equation which relates the distance between Mercury

a(1—e?)

and the Sun to the major and minor axes of the orbit, r,., = Thecos [ to show
.27 1 9
f: F m(l"’eCOSf) . (AS)

As a final step we non-dimensionalise our differential equation such that one

orbital period P equals 27 such that

1

f= m(l +ecos f)°. (A.9)
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Appendix B

Core Solidification Beyond

Eutectic Point

Section 2.3 describes how the inner core obtains an outer layer of eutectic
composition as a result of fluid core solidification. The addition of a thin layer
of thickness r, — r¢* is significant because the inner core as a whole begins
to take on a heterogeneous structure. We model this by adding an extra
homogeneous layer on top of the pure iron inner core. This effect induces a
small change in our expressions for the moments of inertia of the inner core.
We ignore the 3.5% density increase that occurs as the fluid core solidifies on
to the inner core. For this reason, the density of this additional homogeneous

layer is assumed to be the same as that of the outer core after the eutectic

limit has been reached,

t XFes 1 — X% o
piu = ( liquid + liquid ) : (B 1)
FeS PFe

This expression is analogous with (2.5) but the composition yp.s has been

replaced with the eutectic composition x%Z;. The mass of the inner core
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becomes
A7

M= Lo+ 02 - )| (B2

and the moments of inertia take on the form

8T

B A= a5 20 - (02 (B.3)
81

Co= T2 |pars 4 542 = 2) (5.4)

The subtle changes in inertia have a small effect on the ellipticity of equipo-
tential surfaces in the mantle €,, and at the CMB ¢€;. These adjustments are
manifested throughout all of the parameters that require the use of inertia in
their definition. In light of these changes, the ellipticity of the mantle and the

core-mantle boundary can be revised to give

105Cs5 — Ay, [1 —~ (ﬂ [pm + km(ps — p*) (_>5] (B.5)

5 5
pi”(i—ﬁ) + (ps —fﬁ“@(%) {kf + Fm (‘f) }

Ef:

and
> > 5 eut 5
10/“’22(#‘) —A’Ym[l—@) H@i“ pm><r£> + Ky (ps pz"t><ie)]
em: > eut 5 5
P e = | N O
(B.6)
respectively.

The coupling constant I' must also undergo a transformation. From (B.3)

we note that 2 =5 A: — ¢;. Substituting into the torque equation we find
= 47TG’
T = 2% [ge 4 pyeil [(B, — A,) — (B, — A)| (B.7)
e ~
— <T) (CS — C’S)ei((pf — Pm)Ef + pmem), (B.8)
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where C, = % p¢r3. The coupling parameter is constant beyond the eutectic

radius, and in order to prove this is the case, we expand C, — Ci,

€= Cu= T2 pulrsy? = (e, (5.9)
which is constant. In order for ' to be constant for r > ry, €,,, € s and ¢; must
also be constant for the same range of radii. The fact that equations (B.5) and
(B.6) do not depend on 7, proves that €,,, €; are indeed constant for r > r
(also see figure 5.5). This is also the case for ¢; = k€, +kyey, since k,, and ky
are also constant for inner core radii larger than the eutectic radius (see figure
5.6). It should be noted that this would not be the case for I if we accounted

for the 3.5% density difference due to the phase change since the expression

would be a function of inner core radius.
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Appendix C

Deformation of Material

Surfaces in the Core

The lateral density anomalies associated with mantle and crustal structure
lead to global variations in the gravitational potential. We express the gravita-
tional potential ® everywhere inside Mercury as a sum of its radial component
®y(r) and its deviation from spherical symmetry in terms of spherical har-
monic functions ¥, (e.g. Dahlen & Tromp, 1988) with coefficients 6@} (7).
The radial component ®¢(r) is related to the reference, spherically symmetric
state which is in hydrostatic equilibrium, as defined by equations (3.1) and
(3.2). We thus write

O =Po(r)+ Y > SO (r)Y,™. (C.1)
l m

To simplify the notation, from this point onward we drop the indices [ and m
on the spherical harmonic coefficients. Thus, & = 69", though it has to be
understood that d® is the coefficient for one particular degree [ and order m.

This convention applies to the deviation of any quantity X; the notation §.X
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represents one spherical harmonic coefficient of X.

Each coefficient 0P can be separated into five different contributions,

The first part, 0P, represents the gravitational potential from density anoma-
lies in the mantle. At Mercury’s CMB, it is related to density anomalies by
(e.g. Kaula, 1968)

47 G e Op
0Py (1) = T 1T§c/ Fda, (C.3)
rf

where dp is the spherical harmonic coefficient of the same degree and order
expressing density variations from spherical symmetry. The part §®,,, repre-
sents the contribution from topography at density discontinuities in the man-
tle. This includes Mercury’s surface and the CMB. At Mercury’s CMB (e.g.
Kaula, 1968),

5D (rp) = S o ()] L A(dy), (C.4)

20 4+ 1 ’dg.—l

J
where Ah(d;) is the spherical harmonic coefficient of the displacement from
the j-th density discontinuity with radius d;. The notation [X(d;)]T is used
to represent the discontinuity in a quantity X at » = d;. Just below the
CMB, 6®,; and §®7,, are externally imposed potentials and they must satisfy
Laplace’s equation. Therefore, they must be harmonic functions, and for r <
ry

1
,
3Py (r) = 6fI>M(7"f)<E) , (C.5)
and similarly for 0®7y;.

The part 0®; represents the contribution from density anomalies within
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the inner core due to non-hydrostatic processes, whereas d®r; is that from
topography at the inner core boundary (ICB) and any additional density dis-
continuities that may exist within the inner core, also due to non-hydrostatic

processes. At the ICB,

ArG 1 "
o = — — "2da. :
0P (ry) 1 /o dp a“da (C.6)
Ar G dl-+2
SOrs(ry) = 5 3 lpold)] s AR ()
j (2

However, we assume that deformation in the whole core is caused only by a
response to the gravitational forcing from the mantle, and the terms due to
non-hydrostatic processes become d®; = dPr; = 0. These results are con-
sistent with the assumption that the inner core is in hydrostatic equilibrium,
at least on timescales shorter than the expected timescale of characteristic
changes in 0®,; and 6Pry,.

In response to 0®,; and d®7,, the fluid core must deform in a similar
manner to the inner core so that the surfaces of constant density within the
whole core remain coincident with surfaces of constant gravitational potential
and hydrostatic equilibrium is maintained. Density anomalies result from the
deformation of the spherically symmetric reference state. The contribution to
the global gravitational potential in response to these anomalies is the part
denoted by 0®r in (C.2), and includes the contributions from hydrostatic
deformation of the outer and inner cores. If we note the displacement of
surfaces of constant gravitational potential in the core as du, then the change
in density in the core dp is

dpo

The potential 0P is caused by this density perturbation and inside the whole
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core the two are related through Poisson’s equation
V25®p = 4wGop. (C.9)
In the mantle, 0® satisfies Laplace’s equation, so
r (I+1)
IPp(r) = 6Pp(ry) (—f) , for r>ry (C.10)
r
Since 0Pr is a consequence of an externally imposed potential, it must be
related to it and we now proceed to determine this relationship.

The static equilibrium in the core is governed by the linear first order

perturbations in the hydrostatic balance,

where dp is the change in pressure and d®g represents all the potentials ex-
ternal to the outer core, i.e. &g = 0Py + dPpy,. Since dPr must satisfy
Laplace’s equation in the fluid core, we can add this contribution to equation

(C.9) and solve for the equivalent problem

V25® = 4nGép, (C.12)

0=—Vép— poVéd — 5p gof, (C.13)

where d® is the total gravitational potential in the fluid core, as specified by
(C.2) (with §®; = §®7; = 0). By taking the transverse component of (C.13),
it follows that

0p = —ppdP. (C.14)
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Taking the radial component of (C.13) reveals
—Tgo, (C.15)

where the result of (C.8) has been used in (C.15). A further substitution of

the result dp = —pd® into equation (C.15) reveals

d
du = —6—. (C.16)
9o

Equations (C.8), (C.14) and (C.16) represent the coherent displacement of
surfaces of constant density, gravitational potential and pressure that charac-
terises hydrostatic equilibrium.

By combining (C.8), (C.12) and (C.16), 6@ in the core must respect the

differential equation
47G 8/)0

2
(P:
V<4 o or

0P, (C.17)
or in its expanded form (Dahlen, 1974),

0?6 206D (1+1) 4nG 9po
- — o =0. 1
or? + r Or r? + go Or 0 0 (C.18)

Solutions to (C.18) can be found by specifying four boundary conditions on

0P. The two conditions at the ICB,

[60®]" =0, (C.19)

o +
% +4nGpoAh| =0, (C.20)

represent continuity of gravitational potential and gravitational flux across

the ICB, respectively. The same conditions apply at the CMB, but can be
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constructed into a single condition,

86_@ l+15q):2l+1
or Tf Tf

(0@ (75) + 6Pras(ry)). (C.21)

The final condition is one at the origin, and can be found by expanding 6®
in a power series (e.g. Crossley, 1975). Exact solutions to (C.18) can be
constructed by a numerical integration. For the special case where %% =0,

and so for the models used in our study, an analytical solution exists, given by

5B = Fgol(r)ry (r—:)ll. (C.22)

The constant F' can be determined from (C.21) and is

C2A+1 6Dy + 5By

F .
Ty 2(l — 1)gf + 471'G,0f7”f

(C.23)

This is a useful result because we can use it to calculate the ellipticity of
material surfaces inside the core ¢;. Temporarily reinstating the indices [ and

m and substituting (C.22) into (C.16) gives

-1
Su = —Frf(i) . (C.24)

If we relate the displacement of equipotential surfaces du;" to the core ellipticity

€]" through the expression du]" = re), we can rewrite (C.24) to show

€ = —F(L)l_2. (C.25)

rf

Solving for the [ = 2, m = 2 component reveals

5(6<I>M+5CI>TM) (C.26)

2
“ T rr \ 295 +47Gpyry
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which can be used to calculate the shape of equipotential surfaces in the entire
core. Thus, the ellipticity of equipotential and material surfaces are constant
throughout the core. Note that for our interior models of Mercury, with homo-
geneous mantle density p,,, the term d®,; = 0. Hence, the only contribution
to non-spherical gravity comes from d®7;, and the elliptical geometries of the

core and CMB.
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