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Abstract
\ ’ . .
! The low temperature conflguratlonal data obtalned

: by Betts et al (1974) for the sp1n 1/2 151ng model on the

'thydrogen perox1de 1att1ce are used to derlve serles in

G olg = exp ( - 2J/kT) valong the coexlstence curve for the

{magnetlzatlon, M& and 1ts flrst flve derlvatlves, 8 M/au ;
'whereou = exp { % 2mH/kT) oerles in u alonq the crltlcal
:1sotherm are also derlved for M and“lts flrst flve derlva-
tlves, 3 M/az . Crltlcal exponents an ¢r1t1ca1 amplltudes
are estlmated by Padé dpprox1mant ?naldgﬁs. Except for a‘b
few estnmates which are not rg good agreement w1th\sca11ng,\ 
:the majorlty of the estlmated cr1t1cal exponents support

p , o
.scallng theory. , : T
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Phase transitions 'are common'enough occurrences»
that the 1ayman.is wellhaware of them.» Yet hlS cur1051ty
does not extend beyond a mere acknowledgement of the fact.
The phy51c1st however 1sL1mpelled by a strong cur1031ty to
get to the bottom o} thlngs. ‘We' know gases can undergo
condensatlon toll;gulds under the rlght condltlons- SOlldS
can - be melted and~the components of a mlxture in solutlon
can be nlade to separate. Tx n51tlons of sudh assemblles

. belong to a spec1al ¢ tegorijwhlch may be ap roprlately
labelled as cooperatlve phenomena, or cr1t1cal phenomena.

We shall use both terms 1nterchangeably.‘ we%use the des-
crlptlon "cooperatlve"-because a detalled 1nvestlgatlon '
reveals that the pecullar behaviour of such assemblles result
from. the 1nteractlons between 1nd1y1dual mlcroscopic systems;;

'These interactions cause the cooperatlon of large numbers of
systems to give rlse to the phenomena listed abovl In many
of such phenomena, 51ngular1t1es or. dlscontlnultles are.
iencountered in the thermodynamlc descrlptlon of these assem-

?blles, aﬁg SO an alternatlve term for such phenomena ‘has

" been critlcal.phenomena

¢

The cla881ca1 era of crlt;cal phenomena began ith
;},

Andrews" 1869 publlcdﬁion of experlments on the critic
polnt of -carbon dioxide. A cl&Laic gheoreticaﬂ attempt to o
deacribe the critical region was made by van ddr Waals three

'years

ater, in hia ‘Ph. D, diasertation{\'On the continuity
of the 1 quid and ga;eous statoa.‘ To this dayathil des-

A Y .
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@r i ‘_‘”3
cription islfairly-accurate for temperatures’that'are not
‘too close to T .y the-critical temperature. Unfortunatelyt
there is a certain shortcoming in the van der Waals'
theory. For-all subcritidal isotherms (T < T ) there

hexists a region where the slope/BV/aP is pOSitive, corres-,
ponding o the unphysical occurrence of a negative iso-
thermal compressibility, Kn = ’ (BV/aP) The theory
was saved by tPe ad hoc. construction named after its famous
prOposer, James Clerk Maxwell. -For~further details of the
Maxwell construction one should refer to Huang (1963)
Folloang the spirit d@ van der Waals work, .the
next development of importance to the understanding of
v-critical phenomena came'from theoretical efforts~to undere“
'vstand.magnetic transitions. ‘In the early twentieth century,
'important pioneering work on experimental magnetism was4done
_ay Curie, Hopkinson and others. Of;interest to us.are the

phySical'properties of ferromagnets;‘ At temperatures lower

than a certain critical temperaturé ‘known as the Curie tem-

u<iij;ature, TC, a ferromagnet poss\spes a sponta///us magneti-
a

\

tion. . For temperatures above T . the spontaneous magneti—‘
tzation vanishes, but the paramagnetic smsceptibility becomes
vinfinite at T v while the specific heat exhibits a- A type
Singularity.‘ To explain ahd consolidate the experimental
-findinqs, a- number of important theories were advanced

’Pierre Weiss (1907) proposed a phenomenological theory of S

‘ferromaqnetism in which he squested the spins interact w1th .
one another th;ohgr an‘effective molecular field.“ Moreover,



this field is proportiona1 to the auerage magnetization.h'
iLater modifications of this ideahof,interacting
'magnetic moments assume theICOnstituent'magnetic moments
to be localized on. fixed iattice'sites, with pairwiée
ihteraction of the'spins,‘ In partiCular, the Ising-model
" has been'exceptionally sUcce§sfu1_in explaining"uagnetic-
cooperative phenomena. The mode;cwasvsuggested bnyilheﬂgf
| henzdto,his.student E. ising in the early 1920's, which is
why the model is.occasiona}ly‘referred to as the Lenz- -
“Ising model. The spins»are'assumed7capab1e of tuo'oriehta—t
,tiohs: "up" or-“down H w1th parallel allgnment of neigh~
bourlng splns energetlcally favoured | ,
‘Ising (1925) succeeded in solv1ng the model with
-nearest nelghbour 1nteractlons only for the case of a llnear
chaln (;.e._a one-dimensional lattlce w1th coordlnatlon
number-Z). The solution d1d not dlsplay a phase transltlon
{at f1n1te temperatures greater ‘than zero.' Pelerls (1936)
demonstrated that a two-dlmen51onal or three dlmen81ona1
model would exh1b1t ferromd&netlsm.- This was~substant1ated
in part by a ma]or breakthrough by Onsager (1944) when he
“obtalned the exact solutlon of the two—dlmensional 131ng
:model in the absence of a magnetlc field.
’ | At the +1me of writing there is as yet no exact
solutlon to the three-dlmen81onal Islng/;ZSSi.a Fortunately,

4approx1mat10n methods are available ih the form of .series

'exp nsions of the partltlon.function at 10w and.hlghhtem—'



peratures (Domb, 1960). More recent reyiews can‘be'found
in Fisher (1967),3Stephenson (1971), andeomb and Green
(1974). With the aid of hxgh temperature serles expan51ons,
the cr1t1ca1 temperatures and the cr1t1cal index, Y' of
~ the 1n1t1a1 susceptlblllty for the f.c.c., b.c.c., s.e. and”
‘ diamond lattlces (coordlnatlon.numbers 12, é; 6 and 4-ree%'
4pect1v§1y) have been 1nvestlgated and are well known for
some t1me now (Domb and Sykes, 1957- Essam and Sykes, 1963)
'However 1nvestlgat10ns on the~low temperature side have been_
quite scarce unt11 recently (Essam and Hunter, l968° Betts
-and Flllpow, 1973- Betts and Chan, 1974)

The general theory of 1ow temperature serles expan-
sions have been 1a1d out in a serles of papers. Sykes,
'Essam‘and_Gaunt 1965 (paper I); Sykes, Essam; Gaunt and.

'Hunter,.1973 (paper II), and Sykes, ,Gaunt, 'EsSam, Mafgiﬁafy
and Elliott, 19?3_(paper III).- Now the hydrbgenxperoxide
lattice (Heesch and Qaves,‘1933} and‘Wells,a1954); is the
three.dimensionai.lattiCe with.the smailest coordination_
number (q = 3). Using it as a lattice forvextending;thé
,three-dlmenslonal model to the lowest limit of coordlnatlon
number.poezlble for a thrcc d1men51ona1 Lattlce, Leu, Bettq
:and Elllott (1969) 1nvestlgated the cr1t1ca1 propertles on
the high te perature sxde (r>T). The hlgh fJ.eld (Low
’temperature) Serles expansxons for the 131nq model on the:f~

”. hydroqen peroxxde lattlce were derlved in a later paper by

Betts, Elliott and Sykes (1974).} We shall make _use of the



" configurational daté’obﬁained by Betts et*al‘(1974) fo |
investigate the follow%ﬁg; For T < Té, we shalilstudy the.
cfitical'behaviour of the magnetization M, and its first |
five derivetives with ieSpeet to the field.variable,

U= exp (=2mH/KT) on the coexi tence curve (H = 0). We'
shall also derive serles ekXpansions in M along the crltlcal'
1sotherm (T = T ), for M nd its flrst flve derlvatlves'
lw1th respect to'the temperature varlable,fz.= exp( 2J/kT)
The technlques of P é approxlmant anaf?sks will be applled‘
to the serles so otalned to estlmate cr1t1ca1 exponents

[4

" and Crltlcal a 1itudes.v




CHAPTER 2

: < 3 Thebry_of the critical r'egi_on’.‘

1



2.1 Critical exponents |

In the study of‘critiéal phenomena itbhas been T~
foun@ that mést of the thermodynamic functions of interest,
such as thé‘specific'heét, the magnetization and‘its highef
derivatives, usually vary with'temperéture or éome qther

independent thermodynamic variable according to the form:

f(x) ~ ‘A{($Fxc)/xc}x +less siﬁgular terms, x>x_

i, -

\\\  ' , A’{(XCAX)/XC}%f+lessvsinquiar terms, xixc,-‘(Z.i)
where A, or A', a numerical constant; is calféﬁfthé critical

‘amplitude, xlis a'general, inaepehdent thermbdyﬁémiéjvariable,

l X is the.véige of the'indepéndent fhermodynéhic variablé,at-'ﬁ
the critical poinf,,and f(x) is a general thermodynéhic ‘ |
function.of interest. Then thé ndmerical cbnsfaht, A, or A',.
is defined as'the»criticalVexponent'chafacterizinj the asym-
pfotié beﬁaviour of the thermodynamic function;-f(k), atvthe‘
'Criticai'pdint;41n view.oflfhe iess siﬁgular terms in:(2.1),

.ﬁﬂe critiéal expohents, A or A', are_séhetiﬁes defined'more

rigorously as:

. }
A = 1lim , , XX
x_’xz : P.n(X'.'xc)/Xc _ - C .
... an f(x : o
| .
A= llm_ A CEESAVE ‘ ’ x<xc
XX . ¢ S Te :

: . . . ) : o !
. We look next at a few selegted critical exponents
: - el . :

-and amplitudes. wQ'definc't; (T?Té)/TC . where T is the



s

-

ﬁemperatufe, and Tc the temperature at ehe criticai point.
Since we are interested in tegions close to the critical
.point we ignore,less singular Eerms‘in the définitione
that follow.‘ For -a magnetlc system the specific heat at

constant maqnetlc f1e1d 'H = 0, has the following asymptotic

functlonal form near T = TC. v
| ,CH - A (.t)‘ e T > T, '(1.e., t > ,0). | | L
Nk {A'-8)TY, T < T (i.e. t < 0) o (2.3)

. The dlmen51onless quantltles A and A' are the cr1t1ca1 ‘amp- "

U )
litudes. The crltlcal exponents a. and a characterlze theAﬁv

1y

A,

behav1our of the specific heat at constant f1e1d when the 4‘
&%
‘crltlcal point is approached from above and below T re =

nectlvely. For the three d1mensxona1 stng model it is”

N T

believed that (Sykes, Hunter, McKenzle and Heap, 19723‘%?r

a ~ 1/8

field magnetxzatlon, M(t) near the cr1t1ca1 p01nt ls

descrlbed by : " o ,l - IR TP | g W

R - - | . , o
_Mo_(t) = m, (£)/ ?)t-o(—.l.) B (-6)7, <0 (2.5)
(97 is used here to denote ‘the magnetization in"the'vordinary

sense.)



‘ 10~ -
~ .
We note that B, the crltlcal amplltude, is ‘again dlmen51on—
less and 8 is the crltlcal exponent characterizing the |
behav1our of- the zero fleld magnetlzatlon 1n the ne1qhbour~
hood of the critical” p01nt The estlmates of R (Flsher,

1965) lie in the range 0.303 < R < 0. 318 The c0n)ecture is

B~ 5/16 = 0.312500 - o (2.6)

A ‘ ‘ - , 7. e
The exponent §. descrlbes .the varlatlon of the

reduced magnetlzatlon, M; w1th the reduced field (h = mH/ch)-

-

on the crltlcal 1sotherm t 0 (T#Tc) :

AT

t -

o 57 S L |
nl ~ §|n|Y L (2.7)
(k is.BoItzmann'e constant, and m.is the magnetlc moment

©.per spin). %ometlmes the above expre551on 1s written as

h D M I ,' (2.8)

'It is. belleved (Gaunt and qykeq, 1973) that for the three-

dlmen51onal ISLng model:
Prsee T (2.9
Con51der ;the H-M 1qotherms for a magnetlc system

The slopes of these 1sothermq are proport10na1 to the_g

inverse 1sothermal susceptlblllty, XT 1, and XT d1verges'*



‘JgA

AT

»

to‘infinity as T aéproaches,Tc. ‘S0 we define critical

11 -

exponents, y‘and Y'} and critical amplitudes; C and C' b

‘to describe this behaviour. ) o

ERS

4 c! : . ’
cre-e)77 QT:TTC, HL 0 | (2.10)

Id

0

.XT is the isothermal éusbeptibility of a'system of non-.

1nteract1nq maqnetlc moments (paramagnet) at the crltlcal
point. It is believed that (Flsher, 1967- Sykes, Gaunt,
Roberts and Wyles 1972),,

Y2 5/4, ‘and v' - 5s4 . (2.11)

For convenience let:

.\.-Q

>
1]

Ls . - : ©(2.12)



2.2 Exponent Inequalltles

N

(1963), Fisher (1964 1967 1969), Grlfflths (19%5a,b,

12

The work[of Rushbrooke (1963), Essam and Fisher Hﬁ

1968

and Grlfflths, Hurst and Sherman (1970), dhong others,‘

have focusga>attentlon on a: nunber of rigourous relatlons

amonq crltlcal exponents e(pressed 1n the form of 1nequal—

gy ities,

:The Rushbrooke Ineghality

[~

For a magnetlc system we ‘may def;ne Spec1f1c heats

at constant*magnetlzatlon, CM' or at constant fleld C

mens S R

M

N

. ~ K . “ ‘ ‘ v‘./ - 2
. - a8\ - 30) - (3 A)'
C z T — = = =T —=:
RO (5 M (ET'M,, Aap2/
and:

ERCRORECN

i
! 2
. N T

aM - _ (a G)

' 3§§4eJthe adjabetic shsceptibility is:

a2

o G, - - (5F)

w{fhé”isgthgrmal susceptibility is.giVen by:
Ay .:" . - . . . } . ‘ R

HT

(2.14)

)

(2.13)

(2.15)

(2.16)

v

{



In the four expressions above’ we have:

U : internal énergy

'S = entropy . '¢f o SR .
| A‘E:Helmholtrwpotential 'FI ‘ p('A |

. G = Gibbs potential . . \

‘ E = enthalpy

hermodynamic’ considerations it can be shown that

((2:17)

‘Grlfflths (1964) showed that (1) the Gibbs potentlal G(T, H),

. is a concave functaon of both magnetlc fleld and temperature,

and (11) the Helmholtz potentlal ~A(T, M), is a concavej

functlon of the temperature and a .convex function of the

\

'magnetlzatlon, for a magnetlc system whose Hamiltonlan 1s

of the form:

P = MyreHM | " (2:18)
JL is: the maqnetlzation operator.

N

(The Isinq model has a Hamlltonlan of the form (2. 18) )
051ng the convexlty property of A(T M) it can Be shown th t
'~C ‘must be positive. Then taking equation (2. 17) it is-
found that

&

o . 2 . _ | , S
: 1 oM : : . , ;
m 2T ;-(W]u 2 o s

Lol
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;JFroﬁ (2;19) and the definitiOES of_the critical exeonents
diseuesed ih_section‘Z;l; Rushbré;ke {1963) showed that
at v 28 4yt r2. T 2.20

(2.20) is called the Rushbrodke inequality.

.J

The G§;ff1ths Inequallty : "\ ;b "L:\- f". ¥ =
The other 1nequa11ty of 1nterest to ‘us 1s the'
Grlfflths 1nequa11ty..
s
- Aa_' +B(L+8) >2. R o (@)
by _ | : o

we omit the proof here, and 1nstead refer the reader to?‘$a

Griffiths (1965a, 1965b) . L o "‘? .
. , T - o QA

N



2.3 Scaling Ideas

An . immediate question is, “whenpare the inequal- .
ities discussed in section 2.2 equalities?" Approaches
J N . .

investigatlng whether these inequalities are indeed
‘equalities were first described by Widom (1965a b,
| Patash1nsk11 and Pokrovsk11 (1966), D%mb and Hunten (1965)
and Kadanoff (1966).' Today these ideas are embodled 1n
what has come to be descrlbed as sca11ng theory.
| | It should be p01nted out that.standard scaling
theory is essentlally a theory for crltlcal exponents. It
has also come to be called the homogeneous functlon approach
At the heart of this approach is the assertlon that the Glbbsl
potent1a1 ‘or free enerd& is a generallzed homogeneous -
. function. Then from the form of the Gibbs potential and the
;prOperties_of homogeneous functions it becomes apparent that
«all of‘the‘cr1t1cal exponents can be expressed in terms of
two parameters, if we con81der a magnetlc system where the
Glbbs free enerqy is’a functlon of the\temperature and the,
applled fleld Two cr1t1cal exponents, B and s, have o
already been xntroduced in the precedlng section. Two'/
methods w111 be used to . show how the cr1t1ca1 exponents of
/ the hlqher derxvatlves of. the magnetlzavlon are related to‘
B and 6. E o o '» .Uf{l e
We beqln w1th the approach ‘due. to wldom(1965a.b).

The ba31c postulate of stat1"'sca11ng theory tells us that

the Glbbs free enerqy 1s a generallzed homogeneous functlon

T e



- ..
of the field, and the temperature. Without loss of
generality,vwe shall W rk With the'reauced'temperature, s

-t = (T—T ) /T criand the reduced field h = mH/ch. Intro-

\ . . -
duc1ng two: gengral parameters, a, and”ah, the Gibbs free
energy may be written:

G(A "t, A "h) = ) @(t,h) . , (2.22)

The above is then'differentiated with respect tg h:
a, a, ;‘ a I SRR
Patet e, 2 Mmlz a0 M) A agee,n)/eh - (2.23)

o ~ o C
But the reduced mSgnet‘zation is defined as:

. ) R
) L - 7
. o
.

M(t,h) = - 3G(t,h)/3h Lo ' (2.24)

‘Hence (2.23) simplifies to:’
~ , SHPLY ‘

Ry
N

h % %

X M(x "t, X2 "h)

AM(E,h) - (2.25)

1t now becomes apparent that there are 2 cr1t1ca1 exponents v
associated with the behavxour of the maqnetlzatlon nearx the,'

rrltlcal p01nt dependlng on whether

. o ah'i e e - SR B
or i) AP/ ero0 . o L e
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Case (i)

o a{ ay o o
When A "t/A "h + 0, equation (2.25) becomes:

a, -1 - a

M@O,h) = 2 P M(0,) Phy T (2.26)

Setting A = h , one obtains: . o ‘
. (t-a)/a. -
M(O,h) =h BT R M,

4 ¢

But @roﬁ (2.7), M({(),‘h)ﬂ~}-wh‘l./‘S

Therefore: - . a G(I—ah)'t (2.27)

1gr"b S = a/ma) e

CaSl'(ii) . o
_ % .
: ’ a at_- '

When A.hh/lﬁ t - O,Qequaiibn“(Z.QS) re8uces to:

M(E,0) =2 P MO E ok, 0) B (2.29)

.'Now upon ch .sing A = (-1/t) ?,‘we get: - ST

o l-ag/ag
S M(E,0) = (=eN o SR M(-1,0)

=g L]

- -:;"'

. . w

2

o A o ah_ - ’-at
. However when' A h/x =

s

t -~ 0, the recil_\icea-‘-fmacjnet"iza'tionﬂ .
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503 :
becomes such that: . . .
‘ | 9
N M(t,0) ~ (-t)P . | | (2.30)
! . T o o ,
. (Note that less singular terms are neglected as before.)
T_'I'hus , - B = (l—ah)/at - o : : ‘(2.3;X

_:Solvinq for ag:

e

' Solving (2.27) for' a :

ooay =,'8_l(6 + l{%?T‘a , _'///;/$2,32)

Ay, = 8/(8 41 (2.33)
. SUbStitutinq for atvand ah in equation (?.25) yieldsz
ST s o
Crran e s 5+1 y el
With a choice of A = § . (2.34) beccmes:
CM(t/h) = 57 M(sl/“t LI N o (2.35)

The above can . be 51mp11f1ed 1nto two convenlent expre581ons '

by either ChOOSlng § = t"B or § = h-1/6 o | “ .‘5



with § = ¢t 8,

Jmee by = ef maLnety

w3

FI

BS. .. . (2.36)

>
1l

: ( ,
Slnce we are 1nterested in the 1ow temperature (T < T )

'Slde of the cr1t1ca1 p01nt, equatlon (2 36) is modlfled to

read
‘_ __n(-t;ﬁ7:= -6)% 67n/(-0) % R - (2.37)
& S » : IR
WhenﬂgwihoiCe of § = h" Y% in (2.35) ie,made:
M(e,h) = /9 M(t/hl/A S0 (2.3

.
a

The above 1s consistent w1th the form obtalned by Betts and
' F111pow (1972)
A second and shorter approach is to say that in

general for a magnetlc system, one ~may wrlte

s

2
1]

M(t,h)

or - h=h(,m | - | (2.39)

»

challnq theory tells us that 1nstead of (2. 39) any two of

'the varlable@?h/u Y M/ e 'h/tA, may be used to descrlbe
the funct10na1 form of M or h ‘ tt;-' \ b//—\\”/
Thus onc may write: | _{ ' : | : S -

o ~.h/M° = (M/t fy - ""‘ (2.)?)

L ' ' "' x(%
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-‘Or o '
nw® = £, /et | (2.41)
or ) : . N |
wef = ey L a2y
. - ' : ’ E i

3 + constant.

in (2.42) and, modifying the'equgtion for t < 0, we find

‘Also scéling theory tells us that as h/tA +0, f

)

along the coexistence curve:

I3

mge) ~ (=) B (2%43)

-
The isothermal susééptibility, XT' is 'given by
Xp.= (3M/3h),. From (2.25), on differentiating with respect

to h kéeping T (and hence t) constant: -~ » o f
O XY N R YD

'Bﬁt'by definition of the critical exponent v

~ ,t-Y

C Xg (2.45)

_Setting h_/'tA * 01in 52;44)." ‘
: e - .
Xep - tt (2.46).

Comparing (2.45) and (2.46):
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Y = A-B . (2.a1)

.

' In three dlmen31ons no cr1t1cal exponents have been estab—
llshed exactly. The work of Sykes, Gaunt oberts and
Wyles (1972) however, strongly indicates that the susceptl—
b111ty exponent Y. is very likely 5/4 We' shall assume'

Y = 5/4.

Tha

Nl

Thus: v .. a-B = 5/4 a » ’ o (2;48).

On differentiating (2;22):twice.w1th‘respect:to t, and

_using (2.14) and (2.3), it can be shown that:

@+ 28B4y =2 - 2.49)

As mentloned earller in sectlon 2.1, there is every 1nd1ca-_<

tlon from Sykes, Hunter, McKen21e and Heap (1972), ‘that a
'_15 probably 1/8 We shall assume a = 1/8. Then u51ng (2.4

and (2 49), we have.'

B =5/16, and A = 25/16 = o (2.50)

The next step is to compute the cr1t1ca1 exponents for the

higher derlvatlvesiof the magnetlzatlon. Two cases are-

considered In one case the crltlcal p01nt is approached

I



point is™ +f .

N

e

. i . ‘ . LY "
Pigure 2.1 Paths along which the crit&ﬁalf

W

apprdached, 

.

..Z.'Zc,
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yalohg the critical isotherm. In'Fhe second case it 1is
approached along the coexistence curve. See figure 2.1,

i

Case (i) critical isotherm,

To examine the temperature derlvatlves of the. mag—

i éénetlzatlon on the crltlcél 1sotherm, it is more convenient»
to %flte (2 38) as:

o g /A C -
M(e, ) = WY g eml/ty | (2:51)
v“y "J‘ ’

‘Ignoringeleés singular terms:
: ) L (R=2) /A R o =
BN CRVE T DR . (2.52)

N 2 ' -€ : | S 5
.1(3 M/3§ )t50fm h ~¢ ‘ » ' : ‘(5.53)
"Where fg . = (Q¥Ri/ﬁ " Table 2, 1 glves the scallng

- predictions for ¢, ¢=0,1, 2, 3,4,5.

‘(9'

.‘Cese (ii) coexistence curve
Recall equation (2.37):

e

M(t,h) = (-t) T/ (-0) %y

Therefore, taklng derlvatlves with respect to h, and

omttxng less sznqular terms: ' : R
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atmzanty v (-0 TR (2.54)
,i;e..(BQM/éhZ)h=0.m (-t) Yo | "' . (2.55)
Lo Y

where Yé = RA—Bf Table 2.1 'gives the scalihg predictions
for vy, , £=0,1,2,3,4,5. We note that: @&

) *

R(5-1) ,

<
1
< .
.
0

| R— .
Yy = <R .
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Table 2.1. Scaling predictibns for €, and vy,
- 2=0, 1, 2, 3, 4, 5,

2 0 o1 2 3 4 5

T _ v » E

y; | -0.3125 1.25 2.8125 . 4.375  5.9375 7.5
U R 11 C 2700 a3 59 . o

ER 0.2 23-‘-‘-0.44 E—I.OB 2-5':1.72 2-5—2.-36_” 3

‘yl( :




CHAPTER 3

. . : \

The threcg@iméhsional Ising. model on the
: : TEp S : .

o h?dgggenlperdxide lattice
o \\‘g. .

L



-

3.1 Configurational Energy ;' | Lﬁ\ |

7 We present here ‘a brief outline of a ‘method due to'
Sykes, Essam and Gaunt - (1965) for. der1v1ng the free energy :
of the three d1mensiona1 sSpin 1/2 151ng model:y Let 2J
be: the energy galned if 2 first nelghbour spins alter
allgnment trOm-parallel to- antiparallel orlentatlon, H. be
the applled magnetlc field, g be the coordlnatlon number'

: (3, 1n the case of the hydrogen peroxlde latt’ge), and m :
be. the magnetlc moment per spln.v At absolute zero there

! b
is. complete order and all the spins 901nt one way, thus

g1v1ng rlse to a spontaneous magnetlzation. _The energy_of'
 the ground state_for N 51tesgls | | | |
N(1/2 T + mH) .

t. As the tempegeLure rises,. thermal dlsorder\occurs. &

The . overturnlng of s SplnS with r flrst nelghbour bonds~w111 ‘,

1]

lead to an 1ncrease 1n energy of

- 2(g8 - 2r)J + 2msH = . (3.2) -
We definﬁﬁ'
3= exp(-ZJ/kT),;. S |
.= exp(-2mH/kT) | o . (3.3)

where k is Boltzmann‘s constant, and T is the'tempereture-
in degrees Kelvin.

"
¥
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 The probability for the thermal.perturbation is

ugivenAby the Boltzmann factor:

exp¥[ 2(qs-2r)J - ZsmH]/km} = 2357 -2r. ps (3.4)

Let Awwbe the partitioh function for N sites, and A he
. . ’ ) ' . N
the partition function per site. For ‘large N, AN %jAJ.

At low temperatures A, which‘involves the sum of prodﬁct

‘of factors like those appearlng in (3 4), can be exoanded
21n terms of succe551ve dev1at10ns (correspondlng to more
and more overturned splns) from the lowest energy state,

t as Domb (19%0) has p01nted So the free energy per spin
'-may be wrltten as’ (log 1mp11es taklng the natural’ logarlthm)

v

’ - % qJ - mH - KT 1og A(u,z) . . (3.5)
Once the pé¥tition function is known, thé f&tmalism-of o
- statistical mechanics enables us to calculate;the various e

thermodynamic functions of interest. v MEEX
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. g \
: ! R

3.2 The Low Temperature;'HiCh Field PolynomiaIS‘

We are now faced with the problem of obtalnlng a
serles expan31on for the natural logarlthm of ‘the partltlon
'functlon per 51te. To derlve tﬁls serles, perturbatlons
of the ordered state must be stud1ed _ In general the ot
nurber of perturbatlons of a glven conflguratlon on a
1arge lattlce of N 81tes will be some . polynomlal in N , Q\\

Domb {1960) showed that Adu z) can be expanded in the form'

o
o

_I\N(u,z'). =1+ UF) (N,z) + uze(N,S)+._..+»uﬂst(N,'z‘)};-..v_
| | — o (3.6) .
anch F (N z) is a. polybomlal whlch can be expanded in T

. powers of N. Domb, also showed that lf 1nstead an, expanslon_ﬂ'
vofilogA(u,z) is preferred, then:- |

10gA(u z).— uL (z) + uzL (z) f...+ p L (z) +... “'(3.7y

( .where L (z) lS but ‘the coeff1c1ent of N in Fg (~, z) ‘ L (z)
is 1tse1f a polynomlal in zf The set of polynomlals, 4
iLs(z)}, is the set of low temperature (hlgh fleld) poly-
5 nomiai&.

| TO'specify A*giveﬁ'n (z)'we‘require'the'contribu—'

tlons from perturbations with s overturned splns. The 'S

:' spxns may occur with zero flrst-nelghbour bond 1 flrst

nelghbour bond 2 first neighbour bonds,j,:. and so on.

.

Accordlngly, following Sykes, Essam and Gaunt (1965), we

A

wrlte- : j R o _ . ?‘



%—s (s-1)

CLgtz) =] [sir) z

gs-2r

t The.complete high field polynomialsdfor'the hy rogen
peroxlde lattlce for s < 24 were obtained by Be s,
Elllott and Sykes (1974), and are presented in append;x |
2 for‘reference. | | | |

Take the hydrogen perox1de lattlce. ’Consider ;

'single 51te of the lattlce., Then if the three nearest

' ‘nelghbour sites are taken as - vertlces of a trlangle it

‘is p0551ble,.by omlttlng the 51te we started W1th to

hderive a: sublattlce of second nelghbour vertlces.v The

; sublattlce so obtalned 1s called the hypertrlangular

1att13% by Betts, Elllott and Sykes (1974). The hyper—_'

'trlangular 1att;7e derlved from the Hzo lattlce‘ls

trlangular lattlce der1ved from thefu

T

N v

‘analogous to th

. /- ‘
honeycomb‘lattice.‘ In»appendlx 1 the"hypertrlanqular -

......

rlattlce graphs| and hnvtemperature lattice constants needed,f’

)..

. for obtalnlng_ S(s'< '12) are given. | o ‘fiv,:

on ex ininé the hydrogen perOXide'lattice one

1

., . seep that it may be easy to determlneé:izpally the number'

of ﬁays in wh ch a polygon of ten edg ay be embedded }n

the. lattlce. However as polygons of more edges are con—'

51dered the task of dec;dlng how many ways a polygon may

be embedded 1n ‘the hydrogen perox1de 1att1ce becomes more

' dlfflcult._ To handle thlS dlfflCultY sophist1cated book-.f

(3.8)

30 .

;keeplng has to be developed To see how thlS 1s done, one -

should refer ‘to the work of Leu, Betts and E111ott (1969),

N
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and Betts,_Elllott and Sykes (1974)
Armed w1th the low temperature (hlgh fleld)
.polynomlals we are now ready to derive’ varlous thermo- -

dynamlc functlons of 1nterest from the free energy glven ;

“in (3 .5). - e
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- 3:3 The Magnetization and its Derivatives

'By;definitiOn thenﬁnqnéﬁizationvper spin'is given

’ﬂ = - (3§/3H)

We shall work with the fudueed free enerquper‘spini
4 /KT
' 5\

- (g logz )/4-hT /T ] L (z)v® . (3.9)
o o s . S :

o
1l

i

Thus we hqyé for the reduced magnetizatiOn per spin
(h = mH/kT ) :

~

=
I}

- (36/3h)

-Ge/ay Guwamy (a0

ie. M(u,z) = 1 - 2 ] 8 L_(z)p°
' . s 8 .

Among the p0551b1e paths one can take in approachlnq the
crltlcal p01nt two are partlcularly convenlent. One is
R

a path along tha coexiatence curve and the other ia along

the critlcal isotherm. Figure 2. 1 nhows these two paths-j' o

" The estimate of the cr1t1ca1 poxnt z is necessary before,

oone proceeds wiﬁgPthe analysis of the Ising model on the
hydrogen peroxlde lattice. Leu. Betts and Elllott (1969)
have estlmate;\v tanh(J/kT ), from thCh they Obtalned

iic 0 317401 + 0. 000010 for the hydrogen peroxlde lattlce
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They dld thls by analy51ng the h1gh temperature expanslon
ﬁ4

of ‘the susceptlblllty. : S

-,(?5«:on the crltlcal 1sother .

. By setting z = z in .10) one obtains:

M) =1 -2 ] sLz (3.12)
T . s oo o

: In general thellth-derivativef f ‘the magnetlzatlon with'

b ."

.respect to z.can be written as (2 >0)

LhtMa,zezty, = 2lSet @izedtl, (an

_ A c . s Lo . Te
o = : . |
- . Therefore upon summariiing (3.12) and (3.13{
23

[3"M(u,2z)/02")___ .= ]}
: o . n=0

altlyn (3.14)
The summatientisvtruneated at‘s'=r23 because at the moment
.we knew Lg (2) Only-up’to s‘=ﬁ§3;¢‘The.series (3.14) for

~Ro= 0 1...5 are glven in Appendlx 3. The coefficients are

" quoted to only six flgures because they are dependent on

¢
z, whlch 1s known to only six flgures.

(b) on the coexlstence curve,
when (3. 11) 18 differentlated with respect to u,

keeping: z constant we have for the lth derlvatlve.»

;_ . L . »’_“ o vi- vd /
A" M(u,2z)/3n =-27) s (s—l)...(s-2+l)$L \Z)u
- - g=xl R '

1

N .

SO

33

© (3.15)



Along the'coexiStence curve we set p = Mo = 1
(zero field, h = 0), and write: R ' \\
[(3"M(u,2) /30" _ = -2 | s%(s-1)...(s=2+1)L_(z) - (3.16)
. H=H = . '8 B z
: . e s=L v o : o
/
' Henée: ’ ' o ‘ o
o 3 _ 17 ) n e
[8"M(u,z)/3u™) _ = § b "'z™ L (3.17)
. u=u = n ) o
: c n=0 " -

fhe-reaSOAafor‘truncating the‘sefies‘in z ie that we know -
.L (i),only up te s ;;23. 'Each L (z) when written out in
ascending powers of z, beglns w1th a leadlng term W(b p)z
where w(s,p) is the flrst non- zero numerlcal coeff1c1ent of
2P in L (2). When s is tabulated agalnst P we notlce that
the trend 1ndlcates that w1th L 4(z), P is 18. Soit 15;;
,»‘sen51ble to retaln terms in z up to’ 217 only. Hence‘the

‘series in z in (3.17) are truncated at 217; - The Series'fo:

%2 =0, 1, 2...5 in (3.17) are given in Appendix 4.

Table 3.1. A table of p vs. s where p is the smal st

power of z in L (z).

21 22 23

4
i

17. 16 17
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N, g .
|

. I ! -
From (2.52) and (Z. 54), scallng theory predlcts

“that: on the cr1t1ca1 1sotherm,‘ / B

A

IR s |
and on the coexistence cutve,

-y !
(-t)" Yo |

ey
(3°M/an*)

Slnce our serles expan51on varlables are u and 'z, then,

prov1ded less sxngular terms. are omltted. _ &
*mzacty (Bz/at) (3*m/az%)
hp t—- t= o‘ - z=z
and
N ] ' 2 L £
(?. M/3h ')’h=0 (3U(ah)h=o (3 : M/al.l )u.-_-‘ -

Hence by studylng the asymptotlc behav1our of (8 M/Bz ) =3
c

we would know the correspondlng behav1our

\

d (3 du s
.an ( M/ u=u

of (3 M/at ) and (3 M/ah )
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4.1 Padé Approximants -

We have seen that the magnetization‘and its
derlvatlves with respect to z and p are expre351ble in

the form-of serles expansions. Since the h1gh field poly—'

vnomlals L (z) are known only to s = 23, there are unav01dable

truncatlons of terms of the series for (9 M/a z=z and
c

{9 M/Bu u=u . Our problem then is to extraCt the'critical

behav1our from a given finite series. We hope that in splte

of lts flnlteness it already contalns the characterlstlcs of

the cr1t1ca1 behav1our. Thls is not a va1n hépe as the

, success of several workers in thls field has shown..

nsuch_that

¥

n

" Consider a functlon f(x) = Z ‘W xn. Suppose we
’ Toon=0
truncate it at n = L. The Padé approx1m%nt to f(x), [N,D],

(Baker, 1961; Gammel Marshaﬂ.and Morgan 1963~ Baker, 1965)

is the ratlo of 2 polynomlals of orders N and D respectlvely,

!

R . Pn-+ P X +...~_+ X : . : .
i.a.  IN,D) (x) =2 1 LY - @)
A ' ' 'qo +,qix‘+...+ qu

anyz q x" | C 4.2y
0 s n=0 “n™ 3 IR

The coeff1c1ent qo is chosen to be 1 w1thout loss of

Il e~ 1
£
®

o
It
It~

0‘“n n

generallty. If each wn 1s known (n ='O; l 2...L) then

~the other coeff1c1ents can be - determlned provxded N+ D < L.
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Yo w
.

Y

This is done in the following mariner. From (4.2) we have:

, Lo L . D, _ _% N
‘(wo + oW x oLt wLx')(l f qlg +o..t gpX ) = PotPX+.. . +pyx
By equating coefficients of the éonstant Eerm-up to xN-wé

find that:

O .
Wo T Pp @
and ‘
. :W r N £ ‘(v 3\
w Yo 9y P
v, Wy vy d,: P,
I . o=, o (4.3).
. : . - . » - ’ - N . : €
h ¢
Llel LwN-l wN-2 e s o wo‘. Lqu LpNt !
where,.lf D < N, we get Qb+l’ Apyor = qﬁ = 0. .
By equating coefficients of fol to xN+D we have:
S v
[ p [ R 3\ ( h
B T8 B b "R VO SRR N S T R A
N+2| YN+l YN “N-D 92 .
. + . . . . =0 .(444‘)'7 o
. : . " ‘;
“N+D)  |¥N+D-1 ¥N4D-2 - "N | {qol
v
where if N < D we set w;l; w_z-.;;;to-zérg.‘,Equatidhs

, (5.3) and (4.4) may be solved.on‘the'édmputef.ﬁ

~
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Due to the Padé approximant being a ratlonal

functlon 1t is very su1table for appllcatlons to thermo—

/

"dynamlc functlons which have a: power law 51ngular1ty.'

8%
~ For example we may consider ?
X(T) = ] ar~a-n)Y 4
n=0 ™ : c .. i : _ ‘
. Taking logarithmic denivatiyeiof the_above'yielde:
ﬂ).‘b L v o ' ’ . ‘
dlogx(T)/dT ~ Y/(T &T) Col ‘ (4.6)
We see. by the expressxon (4 6) that the Padé approx1mant to. &

A\

-\..

at T T and that the negatlve of the re81due of this Padé
approx1mant is the crltlcal exponent Y.if ‘ . S >
. Suppose the negative of the re31dué (i.e. v) is_
) plotted on the ordlnate ax15, ‘and the pole (an approx1mat10n
Llof T ) on the absc1ssa axis. Each Padé approx1mant to (4. 6)
’ 'prov1des us wlth a"p01nt A smooth curve can be drawn .
usually through the collectlon of polnts due to the set of
‘Padé. approx1mants, {IN, D]} used to approxlmateV(A 6). The
tbest estimate of-y -isg . that ordlnate on the curve forzghlch

the absc1ssa is the true T, (assumlng T '1svknown). :



) n‘ - .
4.2 Logarithmic Derivatives»

We now w1sh to apply the method mentloned in the

preceding section to the series (9 = 0, 1, 2, 3, 4, 5):
23
. g ¢ 3 . L
(a)(aRM/az£)2=i» =7 Attty (4.7)
- c  n=0 |
and ‘ : - ' (\\\\
. . oy 17 (00 A R ST o .

Ly (omzonty o= f o et © o (4.8)

MEHG n=0" : ' )

Case (a).
The nost 31nqular parts of "(4.7) are expeqted}to
v dlverge as. g _
L - oL e, T
e , _ —€ S ' : ‘ o
(s'm/azhy o~ Ea-m 2 O (4.9)
c Co : ‘ ' :

- When the]ogarlthmlc derlvatlves to (4.7)‘are formed we

would expect them to diverge as
(@7am (log(3*m/az’y 1~ o /- ¢ T (ai10)
C . - . :

Each Padé apptqkthant to (4.10) should yield a pole &lose
.to_uc = l,‘and'a COrrespondinqifeéidue that is an- estimate
of 'Ei’ o o . - | : mw:  | |

' ?1gures 4.1 to 4. S are plots of" the negatlve of

the re51dues oftiu:Padé approxlmants to d{log(Ea( ) n)}/du'

versus thelr cotrespondlng poles closest to the phy31cal



et

41

[

s;ngulerity, Mo = l, for 2 = 0 1, 2, 4, 5{; The results'
for % = 3 are 8o scattered that the meanld;léss plot has
been omltted Note that EO = —1/6 where § is definedq |
in sectlon 2.1. In table 4.1 estimates of €y w1th their

confldence 11m1ts, as obtalned from the graphs, are listed.

It can be €-:n from flgure 4,1 that the points are
kbrowded 1nto a reglon well . below He ='l. This makes for
'dlfflcult estlmatlon of eb Slmllarly the concentratlon,
of p01nts‘above u =1 in figure 4 2 renders a prec1se
estlmatlon of gl 1m§0851b1e. The 62 S so estlmated -

(2 = 0,\1,;2; 4, 5) ‘are used as guides to the ChOlOeS of

powers made in a mére prec1se technlque that of ne1ghbour1ng~

~ powers.

.;“, . . o
Case (b). fr
| \%mh¢g 1@£@25h-of (3"M/3u™) _ =~ proceeds in a similar’
fashlon to thq§ m&* .239'!~1/329”)z‘___z . The most singular parts 7
. " B e i . L ’ :
of 4;8'are.supposed“tojdiverge“as
. ‘ : . - ' ! . : .
B C L T T R S ©(4.11)
- u_ucv. 2__ c’ ‘ o S

When the logarlthmlc derlvatlv -~ O (4 11) are computed the
fol%ow1ng dlvergent behaviour would be expected~_<

s 1 —

b B

-

o n 1 w

(a/dz) (1og (a*M/dut) /lz_ -z) - (4.12)
) ‘ ' , u—uc S c o = -



a giuen Padé'approximant to (4.12) may have a number of
poles but ‘the pole of rnterest is that one closest to .

LB oz= zéﬁ‘ “The negatlve of the residue computed for thls |
pole is plotted against the pole. Flgures-4 6 to 4. ll are
such graphs of the negative of the re81dues versus the poles
of the Padé approxxmants to d{log(Zb(l)zn)}/dz for u =1,

L =0, 1, 2, 3, 4, 5. The estimates of vy obémed_ froin'
.“these graphs;are displayed in table 4.2;.together with theirv
4confidence limits. . e | |

In figure 4 6 the poles cluster well below

II /"\

z, 0 317401 maklng it dlfflcult to plnp01nt YO precxsely.

It is readlly seen . that the scatter 1n the poxnts of the
graphs:used for estlmatlng Y4 and YS are qulte bad (flgures, ;

a. 10, 4 ll). One p0551b1e reason for the erratic behav1our%

v

of the Padé apprqxlmants used for these estlmations is the
| presence of non—phy51cal 51ngular1t1es. These non-physical

31ngular1t1es prove troublesome ihen the1r locatlons in the
< . F:) ’
complex plane of the 1ndependent variable (1n thls 1nstance’

c¢ OF

are clustered very close to the physxcal singularlty at .

yff ~the complex z plane) are nearer to the orlqgn than z_

.z =iic.' In a subsequent section w: w4ill look at transfor-

' matlonstthat may facxlltate anz’" ..8 of series expansions

‘with such problems o
. "'



Figure 4.1 Estimates Qf b, -and eb from poles ‘and

o

residueé of Padé dbproximantg to (d/dw)'ibg M(u,zc).”
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and €1 from poles and resiﬁués" '

u z
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Figure 4.3 Estimates ‘of u
1 . \v‘ . ' . ; : \ 2 ‘ ‘ ' |
of Ph\clé approximants to.a.dﬁ{lgg;:l 9 H(MQZ) .

and €, from poles and residues
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Figure 4.4
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Estimates of Ve and 54 from poles and

residues of Padé approximants to

A 2=2Z

C,
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Figure 4.5 Esﬁﬁixﬁ&p@s of U arld ESI" from poles and
o resiues of Padé approximants to
N~ 4 1 [Mu,er]
) 3; 10g I ——-g— .

' z=2
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 Figure 4.6 Estimates of z_ and Yw";'“f%&n‘poles and
_ : - c T A0,

residues of P‘za‘é_é ‘approximants to . .

I {log ,M(_z)}. .

A

s i




Figure 4.7 Estimates of z, and v{ from éoles and
. . . \) ‘ Y . . .
3 ‘residues of Padé approximants to - ‘
.a 1 M (u, z) - e
Iz log —3 [T ] _ }. o : ‘% .
B : z u-—uc Do g S -
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Figure 4.9 Estimat of z, andya from_polés and

residues of.Pagé approximants to
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Figure 4s10k‘Estimatés of z énd Ya from poles and

residues of Padé approximarits to
G

<

~
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V‘m?igure 4.11"Estimates of z_ and Yépf:bm poles and
’ residues of Padé approximants to
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4. 3 Nelghbourlng Powers

In the precedlng séq;;on estlmates of Yl and €
-were made u31ng the technlque of computlng Padé approxlmantsn
to the logarlthmlc derlvatlves of (4 .8) and (4.7). We
recall the dlvergent behaviour of the most singular parﬁs

of (4.8) and (4.7):

¢
L 2 'M(u,2) _ _ '3 . -
C z__.,zc.,
i |
: ( . ) v - i_ . ) | 3
M(u,2 ~ ~ - - B : . ‘ .
oy ‘ C, (1 z/zc} o . («31;)

Bl s

On ralslng (4 9) to the power I/El' and (4 11) to the power

. 1/71' we get ] ; : . '

o

| o f .' 1/6'9.' co ‘l/E . ) - : : )
.//\\“ftgfsf%LEl']”“' o~ (E: ) ‘/(1—p) o Way
: and - -
AT SRS 2 2N Iy !
B ERCTOTEY N R R VA /)
T

~ € Cra-zzy) (4.14)
‘au ) : o .

;\Nﬁixom tables 4. 1 -and 4.2'ue have best estimates od
ei and yl by ‘the method of taklng logarithmic derivatives.v
r Call thesé\estlmatea El and ?l In the technzque of takxng _
.nelghbourlng powers, Je compute Padé apptoxlmants to - q"”

¥ _ Lt

|

AN

3
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A[agM(u,z)/azzl 2= ' for a series of valkes of €,.in the
c g . ~ . N

) ne1ghbourhood of €1; For each € and e ch‘Padégapprcii—

mant to (4.13) we get a pole whlch is an- estimate of L
. l/eb\

and a re51dueﬁ?h1ch is an. estlmate of (E) .

then possible to plot a qraph of the estlmated u (‘N D])

Aversus €y for each Padé approx1mant (N, D].,'The best

estlmated cg in thls technlque is that cl which corresponds

similarly, for a fixed %, we form Padé'appé@ximants,
_ : /v, : I L
{IN*,D']} to [BEM(u,z)/Bun] . for a number of values of
v;"in the neighbourhood of ;. This time, for a chosen Y},

,the‘simcle pole of‘the'Padé approximd—~‘to (4. 145-yield§’an

estlmate of zc, while the residue calculated at that pole is
. ap_estlmatlon of (29) . » It is agaln possible to plot for

each-Padé«approximaht '[N' D'j algraph of-z ([N*,D*']) versus -

‘Yl.' The best value of Yz 1s that value whlch best reproduces

2z, = 0.317401. It 1s clear from an ‘inspectfon of flgures

4.12 to 4.22, how we arrlvé at confldence 11m1ts in the'

,

estimation ofre£3and Yg'by thls’technrque;of ne;ghbour1ng~
powers.
In practice,.to improve the graphécal resolution, B

we seldom plot e ([N D)) versus sl, nor zg}[N' ,D! ]) versus
S

-yg Instead the dev1ations of the estlmatlons from a

- 3

refeﬁ%nce 11ne are used 1n place of U ([N, D]) and z, ([N"D ])

m‘that is we ‘use - ]F. R A
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Mg (IN,D]) = u_(IN,DI) ~ ac, = b e sy
‘and ‘ | |
b2 (IN*,D'1) = 2 (IN*,D*]) - a'y; - B! (4.16)

S ‘ c -
where z ‘= a'yi‘f b* ', and p = ac, + b are the reference
lines mentioned. _ L - R

~~ Figures 4.12" to 4.15 are graphs of Au,. versus €o

gvare indicatéqd

for>2 =1, 2, 4, 5. The bestestimates . £

in table:{;B. The éraphﬁ-of.Azg versus ;i given in‘

figﬁrés‘q;ls,to 4.21 for £ =0,1, 2, 3, 4, 5. The best
.eétigﬁfes.éf Yi‘é;e ihdicated in table.4;3.' o

. PN . v _ N

ag» 

forming ﬁéighbouring powers is morévelaboraté.and precis

that of taking logarithmic derivatives is much faster.

®
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Figure 4.13 Deviations, Au, from a standard line,
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- Figure 4.19 Deviations, 4z, from a standard line,
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_ Deviations, Az, from a_standard line,

z=a'yl+b', ol poles of Padé approxi-
. mants to 1 3 M(u,z) 4

versus Y' .
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Figﬁre 4.21 'DeViations, Az , from a standard line,
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2 4.4 Transformations

P

- : ‘s Alreadykln sect1on 4.2 we have seen that the presence
\Bf non—phy51cal 81ngular1t1es can prevent the ana1y81s of
: serles expan81ons from proceed:.ng smoothly. ‘ Flrﬁ of z(il
| ‘we w1sh to find out the locatlons of these 51ngu1ar1t1es.
We seek therefore the&poles cof central h1gh degree Pade

“to (d/dz)logld My, z)/au | . Figure 4.22

Lpprox1mants
: deplcts the case foref = 4 and flgure 4. 23 the case for '
sg‘sfs It appears that there 1s a pair of 51ngular1t1es
1 ,1n the qomplex z plane maklng an angle of about 60°_w1th
&he positlve real axis. -In both-these cases these non—_.
physlcal singularities appear nearer to the orlgln than z'.
Thls unfortunate 51tuat10n may account for the greater
error we must assooiate with our estlmates of 73, y4, yé.
l-ﬁjﬂ Moreover, on scrut1n121ng flgure 4 54 we notlce the lrrl— .
tatlng presence of a negative real 51ngular1ty in '.1_u ’
|M-‘1 SR
Many 1ngenious technlques have been developed for:h'

d

(d/dz)logla M(u.z)/au

B ."‘ N

-

1 deallhg w1th non-phy81cal sxngular1t1es (Gaunt and Guttmann, d
1974) ' We follow hare the.. methodfof conformal mapping as
developed by Betts, Elliott and Ditzian (1971). ‘We rewrxte;r'

the series ‘to be analysed'“

[ .2y, 7 t . o |
_"’_“_ﬂg_ﬁ’ S = % 'bé.“ 2. S (4.17)

- ... n=0 Y



- The most general conformal transformation of

[a&ntu z)/au Tyey

.-O

‘where L (L =

,'terms in the original series expansion,'(4 17).

The resulting new polynomial 1s obtained

>

- auE ' _ n=0 . .
L . H u(.!

For the pair of singularities at an angle of t 60°

kffansformation'

7
»

‘from the origin.

Wz =12/(1 - 2727) =

i

. hasrtheffollowing effect,oh~points of distande‘lzf

2n/3 are shifted radially nearer to the origin.

14

'fradially farther from the origin. e

.’ )
v R

- Bs for the case of [3 M(uﬁa)/au |._.

_is achieved by the substitution of

. 4.18)

17 here) is the maximum degree of the known :

' to the. real axis in the complex z-plane we notice that the .

(4.20)

= 1/3

Such points on the rays argument z =0,

a
R

Points i

on the rays argument z - Ty o2 n/3 however, are. pushed

1, neither
‘the technique of logarithmio dorivativnn nor that of

neighbouripg powara were uuooclltul in the oltimation of .

D(.’ .;/9

b
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€4 (see,tableg 4.1 and,473)."Mos£ unfériUnateiy, when

the poies Qf\h;gﬁ @egreé central Padé approximants to

- {(d/du) 2n [33M(u;z)/323]z=z are examined, a singularity
appéars'on thq realip axis,gt.p = 0.95; This is rather
LdiSCOncerting'and as 'yet n6 simple fechnique has iucceéded
in overcomipg this'impedancé to the analysis‘ofiihe ériticai

'beha@iour at Mo = .1 for this funcf}on.
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Figure 4.22  Poles of Pade approximants to
d log L 34M(u z2) | 'Iéttéd on the
)9 @ 4 | P , e

- z-plane. .The ¢ircles drawn have.radii z,-
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- Figure 4.23 Poles of 'Padé appidximants.to

f,/"'(//‘ R \‘ ‘ ’ . . &9 ’ ‘ ) l . \ . | - ] 74 .

AN " 5 3 ) : e
agz— log —17 3—34—&—‘1—5'-51 _ plotted on the ‘
, g z S _ : |
‘Ht'gdmplex:szlane; ’
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. 3

4.5 Results of Transformatlons oy

051ng the transformatlon (4.20), =z hc #‘OJBIinI

‘ishtransformed to zc»= 0. 222721. Th transformatien (4 20)

‘was applled to. {a M(u,z)/3

' poies'pf:Padé apprpxima}'s to o ; f "' -

< o o \,,[
R g'_ S . . “'H S
/; oy s, (
. —{log : .",E 2)
- dz z- o S A
,\; .o AR . .

. are dlsplayed in flgures (4 24) and (4 25) respectlvely. -

 Next, [o M(u 2) /o 1 ' and a3ma, z)/au 1,
: C uc

4fwere anrlysed by the method of nelghbourlng powers described

'%:1n sect on 4‘3, after the transformatlon (4 20) was applled

[

14

'”ﬁfThe results are 1llustrated in flgures 4, 26 andﬁ? 27 res--ff“

'77}”pect1vely. We obtaln from these flgures the 1mproved '_?{r

estlmates o£

-
(%, ]
it
~
A
I+
[=]
.
o
@



)'yapprec1ab1y the analyses of . the setﬁes for [3 M(u, z)/au ]

f{ “ and [a M(u z)/au ] . There is agmarked 1mprovement 1n

-:‘1 . : T i

The transfbrmation (4. 20) appears to improve

llc.

C

S fnprec181on as shown by the better confidence llmlts we attach o

)

‘,.to 74 and 75. The best estlmates of e and Yy in the oyerall.l

 '-ana1yses are glven in table 4 4.
s 3 , L T

Cel s
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Estimations of Ya and zc-from_re51dues
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anq pdies of'égdéfaéproximénts to -
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Figure 4.26
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4.6 Calculation of Critical Amplitudes - «

We have 'so far analysed the asymptotic behaviour

of (8 M/Bu )u = and (32M/8 Q z=z .. The expected bEhaviour
. o

of the most 51ngula1 parts of thes(‘functlons Yy be ‘Lﬁ

£

expressed as: ' t : K . H;;:  . -
: ’ ) »
. i’ i ' - ‘ ! - : ' .
(agm/auz) - v c' (1ez/z’)'YQ s ‘ (4.,21)
u-uc 2 L e R : -
Y ' | _ o | . S
| N ) _— : 4Ew\ > )
(0™M/3z7) ., ~E, (1 - "% T (4.22)
: c L Co S '

A

Theories of critical phenomenaware usually

. expressed in terms Of the reduced temperature t =1 -'T/Tc..

and the reduced magnetlc fleld h .mH/ch,‘for_a magnetic -
s - ' .

system. The>expected crltlcal behaviour in terms of t and h-

-

should then read:

.D 13
\ ) v v} :
a (37M/3h™)y y ~ Cprt T (4f23)
+ . ’ ¢ T~
* Q A\ g, ’ B n —f o
~ (3 M/t )y _, ~E, h 0 : (4,24)
. C £=0 /.a_ . N _ _
. ating (4.21) and}(4.23) we get: - " ' E Cii
Kcﬁ)fZYi = (c )1/Vv (du/dh)“/Yo 2z (-at/az)
- , : C . zZ=7
. , ‘ , I N . .C
h ' o . .'\ [ ' A
= (2 “/*5:<E'?1/*i & vy (anyas
= (=2) ’ o) % Ve w'(' z=2

&



o= (-t €/ 109 2)Y0 . (a5

) , N
We note that log zglis~nega%ive,‘so (-log zc) is positive.

*

: T .
- Upon equating (4.22) tc (4.24) we get:

/€, _ = 1/e, o s ise
g = ‘EQ)_ [} ( dh/du)u (zC log,zc) 3?

(E) /€5 ‘ _
- . . C
’ 15 = (F./ 2%0°) (z_ log z )% PP
S A A Zc 799 7. . RS
LI X ';‘

- The resulting valhes of EQ and C& estimated‘argggiﬁéﬁ=in.
Ld .B ¥, o M L. . . o

table 4.4, ' _ o ‘: \\\ e



e
.&2?

4.7 ‘Investigation of*luﬁ%)zh(u,z)luzu o w@“@ﬁ};

We have seen that the series (L =0, 1, 2, 3, 4, 5)

17

Uzl = 1 b @

Ve n=0

has its leading non—iero'coefficient b(z) cat r= 2+ 2

;for 2 > 0. For £ =1, our truncated serles in (4. 27) ‘has
» .

15 non—zérpfterme. Flnally,‘when l = 5, the serles *for

Slu:u. héds decreased to 11 non- zero terms ~ We know
c

‘that the important terms are the higher powers of z, for‘

e

-aSM/au

-example terms in 27 where*p > 17 Also -in general the
longer the series the more accurate the estlmatlons made
from the series. To obtaln terms 1nvolv1ng zp; where ,t
; p> 17, we would need to have higher L (z)_polynomlals.'
Since we only know ‘exactly the L (z) polynomials up to

s é 23,)we cannot for the moment, ‘extend the serieé in
"(4 27) beyond zl?;: However, is there a way of 1ncreas1ng

the strlng of non- "Zero térms in (4.27)2

as many non-zero terms in

2z as p0551b1e is to study 1n tead the series expans1ons
representlng the asympto"c behaviour of . (ua/au) HI
'Becall equation (3.11) » ' ;

4
A
o

‘ M(u,z) = 1.- 2 ;I sts(i)uB TR .
T - . Bﬁl . s L ’
e _ ’ 23 S
Cwamu = -2 sk (2"

N



_.In general -

Lo 28

,,,,,

”In“particﬁlar,'on the coexistence‘curvei

. - o . - ‘ 23 R -/'_(""
y 9.8 S 2+1 RN
- | (u ;E) M(u z)l‘J —u, T -Hszi s Lg (2) e
e e T T T e . (4.29)
R A = =20 'B(g) zP '
L o pso R

|
I
N

Ex

E - : . : S P :  ' 17 . L ' E
:wy. The table of coeff1c1ents for - 2 _2* Béz) z,,‘z = 0,1, 2,
5 ; - o v K . p 0 . . i .
f.....3, 4,5, are glven in appendlx 6. -

For L = 0 1, the serles representlng (ua/au)Ml

-and the series representlng 8 M/ou l’ ’ are the same.{f

uc

ﬁror'l =2, the series representlng (ua/au) MI =n has 15 non-7“
A c.

'3i%ero terms while the serles representlng 32M/auzlu =y has 14

“QH’ZGKO terms. The truncated serles f"
. (21")"n-_~ ";,‘dﬂzti- etf7n.e”vj SO SN
2,%69 "zi T[<U‘§Ul; M!Hfué "w‘“;g'ﬂ, %‘ » (4.30) ‘

was analysed by computlng poles and te\;%ues of Padé approx1-fe
. mants tO' o E | .' oL o .v ; x
v | . o o s
. Q, ] L . . N




'h;exam1ne ‘the locatlons of the 31nqu1arities in the complex h

"f‘

86

. s
. N Q
‘A 3 by'4 Padé (approximaut)'tablé-waABSet up pnd the -
computed poles and re51dutq are llsted in appendix / v
”yé estlmated by thlS method was found to be
Y; = 2.98 + 0.10 R  (4.32)
- S ”Next poles and residues of Padé approximants to
T 17 /vy, - [ N |
g [gz B(R) n= 3] 2.5 were compUted. By thls method for
Ln=3 ,'1“"h- - . :
. ‘a range of values of- Y2 such that 2. 90 < Y2 < 3.00,'it
i was found that S
¥) £ 2.94 + 0.04 T (4.33)
In the case of g =-3, an analysis o£ the poles and-
: '. B ' ' : “‘/ :
~ residues to “«
17 ~ DR
3 Jlog ) i3 -3 L B VTS
.. n=3 - Yoo _ o
vielded: =
Yy = 4.9 4 0.7 o (4.35)
It was suépected.from,the 1axgeﬂuhCertainty'in (4.35) that
ftroublesome non-physical_singulatities were hampéring,the‘;
analy51s of the serles. - A natural ‘step to take is to

-’



\he USUal technlques of serles analy51s whereas .o

i

&P
ries; (4%2y) ¢an. We have therefore chosen QO
e

. !
¥ ,
ate‘bd the ana1y51s of the series in (4.27).

£

{ o : R

N
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We found that'the estimated ?i fluctuated between 2. 95 o 5

88

‘4:8’ Dropping Off Terms ZQ
 We have also attempted to investigate the effect
of dropplng off leadlng non-zero terms ln ‘the fleld derlva—
thES of the magnetxgatlon on the coexlstence curve. For
‘Vuf]{example the known non-zero coeff1c1ents in the truncated .
hff.series_expan31on for . -
ey o~ § b 0o
*{T
are n(Z? to“big)  From the -poles and residues of Pads o
. approx1mants to the logarlthmlc derlvatlves of . the modlfled
' iseriés:
BRI
F7 @ a5 Y @) n-e 17 (2) a7
z bn L4 Z bn 7 Z bn 14
n=5 n=6 = n=7
' 17 - 17 o, 17
z b(2) 2" 8’ X .bAZ)‘zn—Q'v 2 béZ) n lO’
n=8 ‘ . n#9 n=10 i
hY

and 2. 55 We reallse that the 1mportant térms are those

1nvolv1ng the hlgher powers ofpz.' If thls is the cdse then

‘dropplng off the terms 1nvolv1ng the smaller powers of z

should not affect adversely the asymptotlc behav1our of

£
the serles at all

This procedure of analy81s was repeated w1th the
) 17 (2) n-r 1 . i .
1 b z where : | L , -

series
- n

L. n=r-

-l



r=6,7, ... 0 for & = 3,

) | r=6, ... 9 for 2

]
'
. -

and = r

8, 9, 10 ltor 1 - s.
Y} was discovered to vary fromb4.2.to 5$2, Y&'from 6 to
6.8, and Yé from 7.8 to 8.5. . The fluctuatlonsiln YR seems

17 » ik
to indicate that the serles ) b(z) z" are too short to

n
n=0

‘represent[/§§i the true asymptotlc behav1our of the functions
(3° *M/3u by oo o ( , o s o R

c o S
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. }‘ » V ’ | .A,_._
o | ‘ | |
: Beginning w1th the spin 1/? Ising model on the

hydrogen peroxide lattice, the low temperature (high field)

2

series expan81on for the Gibbs free: energy has been
obtained from the‘configurational data of Betts, Lfliott

.'and Sykes (1974) ‘The magnetization and its first five

'5"’# K
-

‘field derlvat v on. the coexistence curve, ah

;e magneti-d
zation and its irst five derivatives vdth respect‘t ’

-z = exp( ~2J/kT) on the critical isotherm have been dzgived
bNext using the techniques of taking. logarithmic derivativee
and neighbguring power?t the ‘series for - (a M/au ) =10 and

c
(azu/az ")y, havé been analysed. Where the analySis has

(X

" been impeded by the odburrence of non-physical- Singularities_l

4'near the physical singularity, transformations have been

‘sought to facilitate and enhance the analysis. From the_

l/Y' _
residues of Padé approximants to (3 u/a Y ana oot

‘ u Mo

- 1/62 , : ' ‘

(3 M/az z=2 the gritical amplitades cz and El (cf. 4 27
z.'

and 4.28) have been computed Finally, the best estimates

.",Qof yz and el (L. = 0 l .2, 3, ', 5) have been tabulated in

' table 4 5 tOgether with those predicted by scaling theory
: for theﬂ@ﬁﬁﬁﬁse of comparison. T ;.w."’

3 ggﬁhe series for (3 M/au ) =u are examined we find

. " ., C .
that for approximating M(z) (i e. the case £ = 0) J?‘have a
‘17 ' a

series‘of 18 terms Ji.e - Zv‘b(o)gz ). 'At the other'extreme;-”

n=0 .
.for‘zgé.s; ‘we are approx1mating (3 M/au )) ﬁ' by a series of .
' SRR 17 c -
only ele terms, ive. b(s) - - This means that ‘when
n=7 ' '




¥

. . M- ; . ‘ -
- o - o /
- v,h B l/‘Y. . L’ . .
(B‘M/aus) _ BY to (BSM/SUS) _AS ,.we_are_resbricted to
u—uc R U__u.c ) .. : '. NS _,
a smaller Padé table than rn the case of 2 = 0. This may_

explain the, general trend towards a smaller degree of

prec 1s*on-(1 e. wider confldence limits) as 2 increases.

N Nevertheless, as has been pointed out by Betts and Chan

(1974), all the critical exponents y, (£ = ';—%7f37“17~;ﬂi—7‘

I e

T

. are 1n_g . reement w1th statlc scalxng predlctléns where

»

, it has been assumed that a = 1/8 and vy = 5/4.

' From. table 4 4, the %Q values agree W1th1n confldence
.llﬁlts‘;lth scallng predlctlons for 2 = 0,‘2, 3, 4, ~In the
vcases of § = ,.and>5, the dlsagreement‘w1th scallng predlc—
tions 1is never greater than-4% The confrdence llmlts‘tends

’to 1ncrease w1th 1ncreasrng L whlch is a reason why 1nvest1-'

‘gatlons were conflned to L < 9 On- the whole the crltlcal
-/

v.exponents, Yg' along tﬁ% coexlstence c@rve are 1h good

agréement with scallng;pred;ctlons.'

'In the case of ¢ on the critical isotherm, Betts

" and Filipow (1972) hayeﬁinvestigated €y for a number»of»two

dimensibnal lattices: the ﬁ%neycomb,fthe square and the
trlangular lattlces, u51ng the conflguratlonal data of Sykes,
Gaunt, Mattlngly, Essam and Elllott (1973) They f07ﬁd it

‘lmpoggible to estlmate €

.-;-

4 at all. They obtalned qulte pre-

L01sely, estimates of €gr 52 and ES' which agree closely thh

scaling predictions. -Their values for €y and 82 were not so

prec1se but nevertheless the agreement with scallng predlc—

tlons is Stlll satlsfactory. For the three dlmensgonal

D .



o hydrogen p?roxide lattlce 1t was not poss;ble&to estlmate '

S e iﬂf‘
o ; "? -

'excellent. 'For €1 and 62 the agreement is falr.g It is

. e e -
- . - e h . .

”ca at all Also, whllﬁz;% could estlmate 80 by the method

]

of logarlthmlc derlvatlves the method of nelghbounlng

/
powers falled completely to yield an stlmate-of EO

the agreement wlth the correspondxng €y sSof scallng is

',u

r

clear éhat there i some gualltatlve 81m11ar1ty between tPe

“

two dimen31onal cases and the three dimensional hydrogen

peroxlde lattice case. sMost of the crltlcal exBonents agree
very well w1th scaling. Some agree only satlsfactorlly,~

‘whlfgja few are not. even estlmatable.f

On the whole we conclude that the results obtalned

<

in the analyses of thewcritlcal exponents YQ ‘and €y for i

the hydrogen peroxide lattice support static sgaling for

.the three dlmen810na1 Ising model ~ To obtaln even more

«
prec1se results we have to calculate more terms in the low
: .

»

~’temperature .series exp&ns;ons, espec1a11y for the fleld

N

derlvatlves of the magnetlzatlon on the coexlstence curve.‘-
A subsequent exten51on of thls work is to test lattlce- 5

\lattlce scallng, or unlversality theory, usxng the crltlcal

amplltude data obtaxned here for the hydrogen perox1de lattlce

'2 é'0 4 5 1n the case, of t§§ hydrogen peroxlde lattlce, L

For

and elsewhere for| other lattlces. AR d o : 1”~:“

&
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_é%f log %7 3;2,2n—”
n=73
l?’c; in Re _s-i,duei

PADE (6,7) 0;33§45784d9908i45"- +0;6796§26647§$912p o1
"PADE (7,6} :o@321357055081§27'g;..—05334§13316940444b'0%
PADE (5,7) 'ov295750439416626 —0'1854;0516806951D ‘

’ pADE;(s;G) 0. 316746646694]32 . =o. 2949079184671180 01

_ PADE (7;5)  0. 286112700532900 B 9829888320777690'00.'

PADE" (4,7) . _0;303230925282§78 1;—0 213986211 468160.91
 PADE (5,5)gﬁ -0;30119;854662016 -0. 2033820973549680 01 

PADE (6,5) o;§27263151675791 . 3889798248360325201
'.éADéwkq;e)ﬁ. “Oeé9§259734449363' 7i-o 1920920342393@00A01f
1;PADE (5,5) ;:0;289504969941134' -0, 159349122735093DV01‘ _

(6,4)" T'd.34961567409§252_ -0. 6731130356370420~Qlﬂ-
.PAQEf(3,6)4g: 0. 291765371343721 ':;-0.1709754830127170 Oi;
 PADE (4,5)ﬂ2. 0. 249918303485047~f :5-0;534731203514976p
f‘babé.(s,g)f _"9;276290868518204f'«, ro;119025223233dezn Qi
;.
o ‘ ?



