University of Alberta

POLYNOMIAL REPRESENTATIONS OF THE GENERAL
LINEAR, SYMPLECTIC, AND QUANTUM GENERAL
LINEAR GROUPS

by

Anna Stokke {

A thesis submitted to the Faculty of Graduate Studies and Research
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy
in

Mathematics

Department of Mathematical and Statistical Sciences
Edmonton, Alberta
Spring, 2003

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



National Library Bibliotheque nationale

of Canada du Canada

Acquisitions and Acquisisitons et
Bibliographic Services services bibliographiques
395 Wellington Street 395, rue Wellington

Ottawa ON K1A ON4 Ottawa ON K1A ON4
Canada Canada

The author has granted a non-
exclusive licence allowing the
National Library of Canada to
reproduce, loan, distribute or sell
copies of this thesis in microform,
paper or electronic formats.

The author retains ownership of the
copyright in this thesis. Neither the
thesis nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

Canada

Your file Votre référence
ISBN: 0-612-82168-4
Our file  Notre référence
ISBN: 0-612-82168-4

L'auteur a accordé une licence non
exclusive permettant a la

Bibliothéque nationale du Canada de
reproduire, préter, distribuer ou
vendre des copies de cette these sous
la forme de microfiche/film, de
reproduction sur papier ou sur format
électronique.

L'auteur conserve la propriété du
droit d'auteur qui protége cette thése.
Ni la thése ni des extraits substantiels
de celle-ci ne doivent étre imprimés
ou aturement reproduits sans son
autorisation.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



University of Alberta

Library Release Form

Name of Author: Anna Stokke

Title of Thesis: Polynomial Representations of the General Linear, Symplectic,

and Quantum General Linear Groups
Degree: Doctor of Philosophy

Year This Degree Granted: 2003

Permission is hereby granted to the University of Alberta Library to reproduce
single copies of this thesis and to lend or sell such copies for private, scholarly, or

scientific research purposes only.

The author reserves all other publication and other rights in association with
the copyright in the thesis, and except as herein before provided, neither the thesis
nor any substantial portion thereof may be printed or otherwise reproduced in any

material form whatever without the author’s prior written permission.

e Stbke

Department of Mathematical and Statistical Sciences

University of Alberta
Edmonton, Alberta
Canada, T6G 2G1

Date: /2 V#ﬁy;'«z,ﬁp'z 4 (z AE A

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UNIVERSITY OF ALBERTA

Faculty of Graduate Studies and Research

The undersigned certify that they have read, and recommend to the Faculty of Graduate
Studies and Research for acceptance, a thesis entitled Polynomial Representations of the
General Linear, Symplectic, and Quantum General Linear Groups submitted by

Anna Stokke in partial fulfillment of the requirements for the degree of Doctor of

Philesophy in Mathematics.

Dr. Bruce Allison (Chalr)

‘/é Z;? /1/*%@5"’/ \ b

Dr. Gerald Chff (Supemsor) /
7

4 g

Dr. Ten?fGannon

Dr. Hans Brungs

/j(jl//éw

. Joe C erson

Ll i;a, c A W eshehey
Dr. Alexander Kleshchev (University of Oregon)

November 26, 2002

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



To my precious daughter Ava

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ABSTRACT

The polynomial representations of the general linear, symplectic, and quantum
general linear groups are studied. Three methods which yield spanning sets for the
irreducible polynomial GL(n, K)-module L()\) are discussed. It is shown that the
spanning sets given by the first two methods are the same, up to sign, and are
related to the third spanning set by the Désarménien matrix.

A symplectic version of the Désarménien matrix is defined and it is shown that
this matrix gives a symplectic straightening algorithm. A standard basis is given for
the symplectic Weyl module and as a corollary to this basis theorem, a spanning set
for the irreducible polynomial Sp(2m, K)-module, m, is obtained. The basis given
for the symplectic Weyl module is shown to be related to the basis for the symplectic
Schur module by the symplectic Désarménien matrix.

Quantum analogues of these results are also given. In particular, a quantized ver-
sion of the Désarménien matrix is defined which proves to give a quantum straight-
ening algorithm. A new proof of the standard basis theorem for the g-Weyl module
is given and it is shown that the standard basis for the ¢-Weyl module is related to

the basis for the ¢-Schur module via the quantized Désarménien matrix.
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Chapter 1

Introduction

Polynomial representations of GL(n,C) were first studied by Isaai Schur in his doc-
toral thesis of 1901, [S]. There he proved that the irreducible polynomial repre-
sentations of GL(n,C) of homogeneity r are in one-to-one correspondence with the
partitions of 7 into at most n parts. Many others have worked to give characteristic-
free versions of his results. One of the first major works in this direction was that
of Carter and Lusztig [CL]. There they work over an infinite field K and use the
hyperalgebra for GL(n, K) to construct for each partition A of r > 0 a GL(n, K)-
module A(X), called the Weyl module, which is a subspace of tensor space. Each
Weyl module A(\) possesses a unique maximal submodule M so the quotient mod-
ule L(\) = A(N)/M is irreducible. Moreover, the set of GL(n, K)-modules L(}),
where ) is a partition of r into not more than n parts, forms a complete list of non-
isomorphic irreducible polynomial GL(n, K)-modules. When K has characteristic
zero, A(A) and L(\) are isomorphic and Weyl’s dimension formula ([H], §24.3 ) gives
the dimension of A()\). When K has non-zero characteristic the dimensions of the
irreducible G L(n, K)-modules L(A) are in general not known.

In the celebrated work of Green [G], Green maps out the entire polynomial repre-
sentation theory of GL(n, K) without the use of the hyperalgebra. There he replaces
Carter and Lusztig’s hyperalgebra with certain finite dimensional K-algebras called

Schur algebras. The Schur algebras may be used to study polynomial representations
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of GL(n, K), where K is any infinite field, from a combinatorial perspective.

Throughout this thesis, we assume that K is an infinite field of arbitrary charac-
teristic. We begin with a preliminary chapter, which follows [G], where we discuss
the theory of Young tableaux and polynomial representations of GL(n, K). In Chap-
ter 3 we address the problem of finding the dimensions of the elusive irreducible
GL(n, K)-modules L()). We give three different methods which yield spanning sets
for L(\). We prove that the first two spanning sets coincide up to sign and show
that they are related to the third via an upper triangular, unimodular matrix known
as the Désarménien matrix. Various versions of this matrix play a significant role
throughout this dissertation.

From there we shift our attention to the symplectic group, Sp(2m, K). Using
the hyperalgebra for GL(n, K) and semistandard Young tableaux of shape A, Carter
and Lusztig proved the standard basis theorem for the Weyl module, A(A), in [CL].
There are also Weyl modules for the symplectic group Sp(2m, K), but a symplectic
version of the standard basis theorem has not been given. In Chapter 4 we provide a
standard basis theorem for the symplectic Weyl module using the symplectic tableaux
of R. C. King [K] and operators in the hyperalgebra for Sp(2m, K).

To accomplish our goal, we develop a symplectic version of the Désarménien
matrix. The Désarménien matrix is defined in [De] and [DKR] using what they call
Capelli operators, which can be viewed as elements of the hyperalgebra for GL(n, K).
This matrix is interesting in its own right and may be looked at from three different
viewpoints. It is a combinatorial object in that the entries of the matrix may be
determined in a purely combinatorial manner, it provides a straightening algorithm
for writing a given bideterminant as a linear combination of bideterminants given by
semistandard A-tableaux, and it provides the connection between the Carter-Lusztig
basis for the Weyl module, A()), and the basis of bideterminants for the Schur
module, V(). We prove that our matrix is upper triangular and unimodular, and
that it gives a straightening algorithm for bideterminants in the symplectic Schur

module. We proceed to employ this matrix to prove our symplectic standard basis
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theorem and our proof shows, as in the original setting, that the basis we give and
the basis of semistandard symplectic bideterminants for the symplectic Schur module
are connected via our matrix. We close the chapter by giving a spanning set for the
irreducible polynomial representation, W, of Sp(2m, K).

In Chapter 5, we work in the quantized version of the hyperalgebra for GL(n, K).
Given an indeterminate ¢, we have the C(g)-algebra Ug), called the quantized uni-
versal enveloping algebra. Let A denote Z[g, ¢ ], the ring of Laurent polynomials
in ¢q. There is an integral form Uy for Ugy), where Uy is an A-subalgebra of Ugg .
The quantum hyperalgebra, U,, is defined by base change; U, = U4 ®4 K. This is
an interesting object of study and when one sets g = 1, the classical theory is recov-
ered. Thus, results about the classical hyperalgebra for GL(n, K) are special cases of
results about the quantized hyperalgebra. Even more interesting is the case where ¢
is taken to be a pth root of unity in K, a field of characteristic zero. In this case, the
representation theory of U, bears a striking resemblance to the representation theory
of the classical hyperalgebra for GL(n, F)) when F has characteristic p. Thus, it is
natural to see if our results in the previous chapters quantize.

We begin by defining a quantized version of the Désarménien matrix. Our ma-
trix is an upper triangular, invertible matrix and gives a straightening algorithm for
quantum bideterminants in the ¢-Schur module. We also use this matrix to prove
the standard basis theorem for the ¢-Weyl module. This is not the first proof of this
theorem; it was proved previously by Dipper and James [DJ] and by R. Green [Gr].
Our proof is substantially different from the former two and as a consequence of our
proof, we see that the basis of semistandard quantum bideterminants for the ¢-Schur
module is related to the standard basis for the ¢g-Weyl module by our quantized
Désarménien matrix. We conclude the dissertation with a discussion of the spanning
set for the irreducible U,-module L () that arises as a consequence of the standard

basis theorem.
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Chapter 2

Preliminaries

2.1 Young tableaux

Throughout the thesis we take K to be an infinite field and n and r fixed positive
integers. If m is a positive integer, let m = {1,...,m}. Most of this chapter follows
Green [G].
A partition of 7 is a k-tuple A = (Ag,...,Ax) where \; € Ny Ay > A > ... > A,
and Zle A; = r. Throughout the chapter we work with a fixed partition A of r.
The Young diagram of shape A is the set

A ={(75):4>1,1<5 < A}

The Young diagram of shape A is usually depicted in the plane by an arrangement of

r boxes in k left-justified rows with the ¢th row consisting of A; boxes.
Example 2.1

If r =5, then A = (2,2,1) is a partition of r and the Young diagram of shape A is

The conjugate of X is the s-tuple u = (1, po, - - ., tis) Where y; is the length of
the ¢th column of the Young diagram of shape A\. As can been seen by examining

Example 2.1, the conjugate of the partition A = (2,2,1) is u = (3,2).

4
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A X-tableau is a map T : [\] — n depicted in the plane by filling the boxes of the
Young diagram of shape A with numbers from the set n. The map 7 is not necessarily

bijective.
Example 2.2

If A =(2,2,1), the following are A-tableaux:

1]1 311
214 143}
3 6]
The content of a A-tableau T is the n-tuple a = (a1, 09, ..., q,) where q; is the

number of entries equal to 7 in 7. In Example 2.2, if we let n = 6, the first tableau

has content & = (2,1,1,1,0,0) and the second has content a = (1,0,2,1,0,1).

Definition 2.1 A A-tableau is called semistandard if the entries in each row increase
weakly from left to right and the entries in each column increase strictly from top to

bottom.

In Example 2.2, the first tableau is semistandard while the second is not.

A basic A-tableau is a bijection 7' : [\] — r. There are many choices for T in
this work we shall always take T to be the M-tableau which is obtained by filling the
Young diagram of shape A with the numbers 1, ..., 7 canonically across the rows. For
a given partition A of r, we denote this basic A-tableau by ﬁ.

Let I(n,r) denote the set of r~tuples I = (4,...,%,) withi, enfor 1 < p <.
Each I € I(n,r) is in fact a function I : r — n. Given a A-tableau T, we will
sometimes associate a unique I € I(n,r) with T where T = I o Ty. We denote T by
Tt in this case. Thus, 77 is the A-tableau that arises from filling the Young diagram

of shape \ canonically across the rows with the numbers in I.

Example 2.3

If1=(,3,4,2,5), then Ty =

lcn.-b-b—‘
[ ]

[
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Let S, denote the symmetric group on r letters. We define a right action of S, on
I(n,r) by

Io="ig1,-,00r) (2.1)

Then S, acts on the set of A-tableaux with entries from n by Tyo = T}.,. The column

stabilizer of Ty, denoted C (ﬁ), is the set of ¢ € S, which preserve the columns of 7}

under this action and the signed column sum for ﬁ is the sum

C@r= Y sg(o)o.

oeC(Ty)

Example 2.4

[o—
[N]

Let A = (2,2). Then Ty = and C(T)) = {(1), (13), (24), (13)(24)}.

2.2 The Schur algebra and polynomial GL(n, K)-

modules

Let 1 < 4,5 < n and define z;; : GL(n, K) — K to be the function which associates
each matrix g = (gij)1<i j<n With its ijth entry g;;. The function x;; is called the ijth

coordinate function of GL(n, K).

Definition 2.2 Define A(n) to be the K -algebra generated by the n® coordinate func-

tions z;;, 1 < 1,7 < n.

Since K is infinite, we may regard A(n) as the algebra of all polynomials over K in
the n? indeterminates z;;, 1 < 4, j < n. Let A(n,r) be the subspace of A(n) consisting
of polynomials in the z;; which are homogeneous of degree r. The K-algebra A(n)
has grading

A(n) = ®r>0A(n,r)

where A(n,1) = K1.
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Given I = (i1,...,4,) and J = (J1,...,J) in I(n,r), we let x;; denote the
element @, j, Tiyj, * * * Tinj, i A(n, 7). The symmetric group S, acts on I(n,r) xI(n,r)
by (I,J)-0 = ({-0,J-0) where [ - ¢ is the right action defined in (2.1). Given
LJ, I, J € I(n,r), we write I ~ J if there exists a permutation o € S, with J =10
and (I,J) ~ (I, .J') if there exists a permutation o € S, with (I', J') .0 = (I, J). Let
" be a set of representatives of the S,-orbits of I'(n,r) x I(n,r). Clearly z1; = zp p

if and only if (I, J) ~ (I',J’) and the set
{ZEI,J :1,J € F}

is a K-basis of A(n,r).
The K-algebra A(n) is a coalgebra with comultiplication § : A(n) = A(n)®x A(n)
given by

§(zig) = D Tip @ T,
p=1
and counit € : A(n) — K given by
£(zij) = 0

and A(n,r) is a sub-coalgebra of A(n). Since the dual of a coalgebra is an associative

algebra, the dual of A(n,r) is a finite dimensional associative K-algebra.
Definition 2.3 The Schur algebra S(n,r) is the dual space of A(n,r);

S(n,r) = (A(n,r))" = Homg(A(n,7), K).
Multiplication in S(n,r) is given by

En(e)= Y &aran(@my), &ne S(n,r), I,J € I(n,r).

Mel(n,r)

For I,J € I(n,r), define

1 if (I, J) ~ (I', "
§I7J($I’,J’):{ it (7, 7)~ ( ) .

0 otherwise
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Then the set
{&ry: (I, J) €T} (2.2)
is the dual basis for S(n,r).

We now discuss some of the important GL(n, K)-modules. All of the modules in

this thesis are assumed to be finite dimensional.

Definition 2.4 A GL(n, K)-module V' with basis vy, ...,v, is said to afford a poly-
nomial representation of GL(n, K) if for each g € GL(n, K),

quj = ZCU(Q)%‘: where each c;j(g) € A(n). (2.3)

i=1

We say that V is a polynomial module of degree r if each ¢;;(g) in (2.3) isin A(n, r).
Let M(n) denote the category of left polynomial GL(n, K)-modules and M(n,r) the
category of left polynomial GL(n, K)-modules of degree r. The following theorem
([G], 2.2¢.) shows that it is enough to study polynomial GL(n, K)-modules of degree

T

Theorem 2.1 Let V' be a polynomial GL(n, K)-module with V € M(n). Then
V =@V

where each submodule V. of V' belongs to M(n,r).

Given A € GL(n, K), define e4 € S(n,r) by ea(P) = P(A) where P € A(n,r).
One can extend the map A — e4 linearly to get a map e : KGL(n,K) — S(n,r)
which is a morphism of K-algebras. Let mod(S(n,r)) denote the category of left
S(n,r)-modules. A module V in either of the categories M (n,r) or mod(S(n,r)) can

be studied as a module of the other category via the rule

kv = e(k)v, for all k € KGL(n,K), ve V. (2.4)
We have the following theorem ([G], Proposition 2.4c)).
Theorem 2.2 The categories M(n,r) and mod(S(n,r)) are equivalent.

8
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Example 2.5

Let V be an n-dimensional vector space with basis vy,...,v,. Then GL(n, K)
acts on V by
gu; = ZQijvi = inj(g)’ui, g & GL(’I’L, K) (25)
i=1 i=1

Thus V is a polynomial GL(n, K)-module of degree one; that is V € M(n,1). The
GL(n, K)-module V is called the natural module. By (2.4), the S(n,r)-action on V

is given by

gvj = Elay)vi, £€Sn,r), 1<j<n

=1
Let V® denote the r-fold tensor power V@V ®---®V (r times). For I € I(n,r),
we let vy denote the element vy, ® - - - ® v;, € V. The following set is a K-basis for
yver.
{vi=v,® - Qu;, : I =(i1,...,4) € I(n,7)}.

We define a GL(n, K)-action on V® by extending the action in (2.5):

gv; = (gv;;) ® - @ (gvj,)

= : : giljl Tt ngJTUI

Iel(n,r)

- Z z1y(g)vr, g € G, J € I(n,r).

Iel(n,r)

Thus V® € M(n,r). The S(n,r)-action on V& is given by

vy = Z E(zr gy, €€ S(n,r), Je€ I(n,r).

Iel(n,r)

2.3 The Schur module

The general linear group GL(n, K) acts on A(n) by
gP(X) = P(Xg), g e GL(TL, K), Pe A(n), X = ($ij)1§i,j§n-

9
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Moreover, A(n,r) belongs to M(n,r).

Given an n X n matrix A = (dij)1<ij<n, and subsequences I, J of (1,2,...,n)
let A% denote the determinant of the minor of A whose rows are indexed by I and
columns indexed by J. If I = (i1,4s,...,%), J = (j1,72,---,jk), we shall also denote
AL by

i'l,’ig,...,ik
31502500508 "

Suppose that A\; = s, so the Young diagram of shape A has s columns. For a tableau
T, let T(j) denote its jth column. Given two A-tableaux S and 7' the bideterminant

(S:T) € A(n,r) is given by
oy 3 S() 452 S(s
(8:T)= XTéngm? o 'XTés;'

Example 2.6

Let A =(2,1). Then

|\
fanl
[ie

(3 3t U) = X23x3

= (£E24£U32 e 1'223634)5041-

N

Let T), denote the A-tableau whose entries in the sth row are all ©’s. In this dis-
sertation, we shall mainly be concerned with bideterminants (T : T') and we let
[T] = (T : T). In this notation, [T] = (T : T») is then the product of the determi-
nants of the principal minors of X of sizes p1, pg, . - . , is Where g = (ug, o, - - -, fs) i8

the conjugate of A.

Example 2.7

Let A = (3,2). Then T) = | 111 1|and[TA]—_—( 1111, |1]1 1|),
212 212 2|2
T = [2/3]4] then
56
] = (Tn:7T)
= X;5X35X]

= (33123525 - 5615IE22)($13$26 - $16$23)1‘14

10
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Let A be a partition of r such that the Young diagram of shape A has at most n
rows. Let g = (gij)1<ij<n € GL(n, K) and J = (j1,42,.-.,4r) € I(n,r). It can be
shown that

g-[T)= Y gaTl= Y wy(9)T]. (2.6)

Iel(n,r) Iel(n,r)
Thus the K-span of the bideterminants [T"] where each T is a A-tableau is a non-zero

GL(n, K)-invariant submodule of A(n,r) which belongs to M(n,r).
Definition 2.5 The Schur module V() is the K-span of the set
{[T]: T is a A-tableau}.

There is a very nice basis for V() given by the set of bideterminants which
come from semistandard A-tableaux. The proof of this result involves a so-called
straightening algorithm which allows one to write a bideterminant [T as a K-linear
combination of bideterminants [S] where each S is a semistandard A-tableau with
the same content as 7. There are a number of versions but we shall use the method

given in [F], §8.1, p. 108 - 110, (see also [To], p. 420) which we now describe.

Theorem 2.3 (Straightening algorithm) The following relations hold in V(X):
1. If T is a A-tableau with two repeated entries in a column then [T] = 0.
2. Suppose that I € I(n,r). Then if o € C(f\) we have [Tj,| = sgn(o)[T7].

3. Let J be a fixed subsequence of column j + 1 of a A-tableau T, and let I be a
subsequence of column j of T, having the same size as J; we denote this size by
|Z|. Let T*(I,J) be the tableau obtained by interchanging the elements in I and
J, maintaining the ordering of the elements. Let T(I, J) be the column increas-
ing tableau obtained from T*(I,J) by applying a suitable column permutation;
we will denote this permutation by oy, since we keep J fized and vary I. Then

we have

[T1= > [T, D))= D sgn(on)[T(L, )], (2.7)
i &

11
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where the sum runs over the subsequences I of the jth column T(j) of T with

the same cardinality as J.

Proof. Since [T is the product of determinants corresponding to each of its columns,
it suffices to prove 1. and 2. for a one-column tableau. Both follow immediately from
the definition of bideterminant. If [T] has repeated entries in a column then [T is
the determinant of a matrix which has two identical columns so clearly [T] = 0. To
see 2., suppose that [77] is the determinant of the matrix A. Then if o is a two-
cycle with o € C (ﬂ), T}, is the same as Ty except that two distinct column entries
have been interchanged. Thus [T},] is the determinant of B where B is the same
as A except that two columns have been exchanged. Since detA = —detB, we have
[Tr,] = sgn(o)[T7] and the result for a general permutation o now follows.

Part 3. of the theorem follows from a linear algebraic identity that was proved by

Sylvester in 1851, see [F], §8.1. Namely for £ x k matrices A and B, we have
detA - detB = Z detA’ - detB'

where the sum is over all pairs (A’, B') of matrices obtained from A and B by inter-
changing a fixed set of m rows of A with m rows of B preserving the ordering of the
rOWS. O

To derive a straightening algorithm, order the set of A-tableaux by S > 7' if, in
the right-most column which is different in the two tableaux, the lowest box in which
they differ has a larger entry in S. If T is column increasing but not semistandard,
suppose that the entry in the kth row of the column j is larger than the entry in
the kth row of the column j 4+ 1. Then if J is taken to be the sequence of entries in
column j of T" which occur in rows 1 through k£, and 7 is any subsequence of column

j having the same size as J, we have
T({,J) = T. (2.8)

Combined with (2.7), this gives a straightening algorithm, by downward induction

on .

12
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Example 2.8

[132|}:‘123J"+'135]'

4[5 INENERINE
_ el sl
AR 43 |
_ [aremll _ EnTsl
a5 | |32 |
:”123l~125t+[135l]_
4[5 3[4 | " |[2]4

O
We now state the basis theorem for V(). There are several proofs, see for instance

[G], 4.5a, [F], Theorem 1, p. 110, or [DKR], p. 78.

Theorem 2.4 (Basis theorem for V()\)) The Schur module V() has K -basis con-

sisting of bideterminants [T| where each T is a semistandard A-tableau.

When the characteristic of K is zero, V(A) is irreducible. When K has non-zero
characteristic, this may no longer be the case. The Schur module V() does, however,

possess a remarkable GL(n, K)-submodule.
Definition 2.6 Let L()\) denote the GL(n, K)-submodule of V() generated by [T)].

We shall study L(A) in more detail in Chapter 3. For a proof of the following, see
[G], 5.4c, 3.5a, where L(J) is denoted by DY} or [Ma], Theorem 3.4.1, where V())
is denoted by M ().

Theorem 2.5 The submodule L()) is the unique irreducible GL(n, K )-submodule of
V(A). Moreover, every irreducible polynomial representation of GL(n, K) is afforded
by L(X) for some partition \.

13
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2.4 Weights and weight spaces

Let D(n) C GL(n, K) be the subgroup of diagonal matrices and B(n) C GL(n, K)
the subgroup of upper triangular matrices. If V is a polynomial representation of

GL(n,K), v € V is called a weight vector of weight x = (x1,---,Xn), Xi € No, if
d-v=dg---d&-v

for all d = diag(dy1,- -+ ,dnn) € D(n).

Example 2.9

A bideterminant [T] in V() has weight x = (x1,-..,Xn) Where x is the content of
T'; that is x; is equal to the number of i’s in T. This can easily be seen using (2.6),

for if d = diag(diy, .. ., dny), We have

d-[Ts)= > dij, -+ dis [T1) = djyjy - - dj 5, [Ts].

IcI(n,r)

For instance, d - [ 112 DJ] = di1d3,dus [ }1 2]2 q 0

Definition 2.7 Let V be a GL(n, K)-module. A vector v € V is a highest weight
vector if B(n) -v=K*-v.

Example 2.10

Let A = (2,1). Then [T)\] = [ ; 1 q is a highest weight vector since

S

g- D= > 0n10nimlTi] = guggelD,
Iel(n,r)

if g € B(n). O
In general, equation (2.6) shows that the bideterminant [T)] € V(A) has weight A

and is the unique highest weight vector in V(A), up to multiplication by a non-zero

scalar.

14
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Given a polynomial GL(n, K)-module V and an n-tuple x = (x1,..., Xn) of non-

negative integers, the weight space associated to x is defined as
VX={veV:id-v=df - --d& v foralld e D(n)}.
We have the following theorem; see [G], Proposition 3.3f.

Theorem 2.6 A polynomial GL(n, K)-module V' is the direct sum @, VX of its weight

spaces.

2.5 The Weyl module

In this section we give Green’s definition of the Weyl module, see [G], 5.1. The Weyl
module may also be defined using the hyperalgebra for GL(n, K). We will discuss
this equivalent definition in Chapter 4. We first discuss contravariant duality.

The dual space V* of a module V' € M(n,r) becomes a left GL(n, K)-module in
the usual way by defining (g - f)(v) = f(¢7'v), for g € GL(n,K), fe V*, v €V,
but V* equipped with this action will not necessarily belong to the category M(n,r).

Instead, we define
(9- f)(v) = f(g'). (2.9)

where gt denotes the transpose of the matrix g. The dual V* equipped with this new
action, denoted V°, is called the contravariant dual to V. The contravariant dual of
a module V € M(n,r) does belong to M(n,r).

To express the action (2.9) in terms of the action of S(n,r), define an involutory

anti-automorphism J : S(n,r) — S(n,r) by

J(E)(zrg) = &zsp), I,J € I(n,r).

Then the contravariant dual V° is the S(n,r)-module with action

(&)= f(J(E)w), £€8(n,r), FEVS, veV.

15
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Given modules V and W in M(n,r), a K-bilinear form (,) : Vx W — K is

contravariant if
(Ev,w) = (v, J(Ow), E€ S(n,r), veV, we W
We have the following basic result.

Theorem 2.7 Let V and W be modules in M (n,r). There is a one-to-one correspon-
dence between contravariant forms ( , ): V x W — K and morphisms ¢ : V — W°
given by

P(v)(w) = (v,w), veV, weW.

The form is non-degenerate if and only if % is an isomorphism.

Our aim is to define the contravariant dual of the Schur module, V(A). To do so,

we begin with an S(n, r)-module epimorphism ¢ : V" — V() defined by

¢(vr) = [T7].

Let N denote the kernel of ¢.
Given I, J € I(n,r) define &;; = [[;_; 6,j,- Define the canonical form

():VE XV 5 K

by
(vr,v5) = d1,5. (2.10)
The form {,) is contravariant and non-degenerate so the orthogonal complement to

N with respect to (,) is an S(n,r)-invariant submodule of V&".

Definition 2.8 The Weyl module A(X) is the orthogonal complement to N with re-
spect to (,);
AN ={z € V® :(z,N)=0}.

16
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Now define a form (,) : A(A) x V(\) = K by
(z,¢(¥) = (z,y), z € AQN), y € V.
The form (,) is non-degenerate and contravariant, so by Theorem 2.7,
AN = (V)"

When the characteristic of K is zero, A(A) & V(A) and A()) is irreducible. If the
characteristic of K is not zero, this is not necessarily the case. However, the Weyl
module A(X) has a unique maximal submodule M and the irreducible GL(n, K)-
module L(A) of Definition 2.6 is isomorphic to A(A)/M.

Define a right action of S, on V®" by vjo = vy, where I € I{n,r) and o € S,.
Let I(X) € I(n,r) denote the r-tuple which satisfies Ty(x) = T and define

Uy = ’U[()\){C(TA)}. (211)
For example, if A = (2,1), then Ty = Ty where I(A) = (1, 1,2), so
Uy =V @V QU — V2 QU1 ® V1.

We now state Green’s version of the standard basis theorem for A(X). The theo-
rem was originally proved by Carter and Lusztig in [CL]. In the form given here, it

appears in [G], Theorem 5.3b.

Theorem 2.8 The set
{&ripvn I € I(n,r), T1 semistandard}

is a K-basis for A(X).

17
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Chapter 3

Determining irreducible

G L(n, K)-modules

3.1 Introduction

If K has characteristic zero, it is well known that the Schur modules V() are irre-
ducible; that is V(A) = L(A). The dimension of V(A) is given by Weyl’s dimension
formula. When the characteristic of K is p > 0, L{A) may or may not be isomorphic
to V()), and in general the dimension of L(\) and the dimensions of its weight spaces
are not known.

In this chapter we discuss three methods which yield K-spanning sets for L()\)
from which its dimension may be determined. We first give a new method which is
based on the Binet-Cauchy formula for expanding the minor of a product of matrices.
The second method we discuss is due to Pittaluga and Strickland [PS]. The third
spanning set we give, originally due to Clausen [C], consists of the set of sums ﬁ(T)
where 7" is a semistandard A-tableau and ﬁ(T) denotes the sum of bideterminants

corresponding to tableaux S which are row equivalent to 7. The proof we give

The results in this chapter were obtained in collaboration with Gerald Cliff and a version of this

chapter shall appear in [CS].

18
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that these elements form a spanning set is different from Clausen’s and uses the
Schur algebra and Green’s version of the Carter-Lusztig standard basis theorem for
the Weyl module A()A). In Section 3.3 we show that the first two spanning sets are
the same up to sign and in Section 3.4 we show that the first two spanning sets
are related to the third by a triangular, unimodular matrix called the Désarménien

matrix, {1 [De].

3.2 The first spanning set

Fix A = (A1,..., Ax) a partition of r and suppose that g = (py, . .., t5) is the conjugate
of \. In this section we present a new method for obtaining a spanning set for L())
which is based on linear algebraic techniques.

We know that L()) is K-spanned by all A - [T3] where A varies over GL(n, K).
In [Mu], §222 a formula is given for evaluating a minor of a product of matrices. In

particular, if I and J are two subsequences of (1,2,...,n) of size m, then
(XA); =) XA
H

where H varies over all subsequences of (1,2,...,n) of size m. This follows from the

Binet-Cauchy formula, [P], 2.3, p. 10 or [Mu], §217. Let X = (z;;)1<ij<n. Then

A D)X) =[DI(x4) = [[xAge =T xpPmal, .
k=1

k=1 Iy
] 8
— S 1y25---7ﬂk H Ik
Iidaynds k=1 k=1
where for each k, I varies over all subsequences of (1,2,...,n) of size py. For

each s-tuple ([1, 1y, ..., Ix), [Ties X}f""’”’“ is a bideterminant [T] = (T) : T), and
iy A{’jzj_"’% is a bideterminant (7" : 7)) evaluated at the matrix A; we denote the
latter object by T"(A). (We have written 7" because the rows and columns of the
bideterminant T" are switched in evaluating (7" : 7)) at A.) So

A1) = Y1) - T(4) (3.1)

T

19
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where T varies over the set Cy of all column increasing A-tableaux T
Write the bideterminant [T'] as a K-linear combination of bideterminants given

by semistandard tableaux;

[T} = 7rslS]

SeTh
where T, denotes the set of semistandard A-tableaux. Apply the K-algebra automor-

phism on A(n) which takes z;; to z;. Then we get

T'(A) = ) rsS'(A)

SeTy

where S'(A) is the bideterminant (S : 7)) evaluated at A. Then A - [T)] can be

written as
Aml=> (Z 'YTS[SD (Z ’YTUU'(A)) =Y U'(A)( > ’YTU’YTS[S])-
TEC, SeTh UeT, UeT, T€Cy,SeT)
(3.2)
Define

B = { Z fYTU'YTS[S] U e 7;\} . (3.3)

Tel),SeTy

We have shown that every element of L(}\) is a K-linear combination of elements of

B. Let M()\) be the K-span of the set B. We have
L)) €M) S V(A).
We want to show that L(A) = M()). Define

Py= Y ywwslSl, UeTh.
TeCy,SETH

We must show that for each semistandard A-tableau Uy, Py, is a linear combina-
tion

D cad [T = cal'(A)Py,
A AU

for some elements A of GL(n, K) and some scalars ¢4 € K.

20
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Lemma 3.1 Suppose that fi, fo, ..., fr, are linearly independent polynomials, over
K, in variables 11,%g,...,Zm. Then there exist m-tuples Ay, A, ..., Ay € K™ such

that
det (fi(Ai)i<ig<r) # 0.

Proof. We use induction on k. Suppose that for every linearly independent set of r

polynomials with 1 < r < k there exist m-tuples A,,..., A, with

det(f;(Ai)i<ij<r) # 0
and assume that

det(f;(Ad)i<ig<k) =0
for all m-tuples Ay, As,..., Ay € K™. Expand this determinant along the last row.
Let G; be the (k — 1) x (k — 1) matrix obtained from (f;(A;)) by deleting the last
row and j-th column. Then

Z(*l)j+kfj (Ak) det Gj

J
is the zero polynomial in Ag. The set {f; : j = 1,...k} is linearly independent so
each det G; = 0, for all choices of m-tuples A;, Ay, ..., Ay_1. However, by induction,
there exist A;, A, ..., Ag—1 such that det G; # 0. This is a contradiction, and the

proof is complete. O

Lemma 3.2 Suppose that {f1, fa, ..., [} and {p1,p2, ..., e} are sets of polynomials

in m variables over K, and that {fi}1<i<k is linearly independent. Then for each l,

there exist m-tuples Ay, Ag, ..., Ar € K™ and scalars ¢1, ¢y, ..., ¢ € K such that
p= Y cfi(A)p;
1<i,j<k

Proof. From the previous lemma there exist Aj, Ay, ... Ay, satisfying det ( fj(A,;)) # 0.

Consider the system of k equations in the k-unknowns ¢;, 1 < < k:

k

docfi(4) =0, j#
=1

k

D ah(A) = 1.

i=1

21
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Since det ( fj(Ai)) # 0, this system has a (unique) solution ¢, ¢ ...¢; € K. Multiply
the jth equation by p; for each 1 < 7 < k and add, giving

b

> afi(Aps.

1<i,j<k

Theorem 3.3 The set B is a spanning set for L(A).

Proof. We must show that for each Uy € Ty, there exist elements A € GL(n, K) and

scalars ¢4 € K such that
Py = cad [ =) cal'(A)Py,
A AU

where the sum runs over the U € Ty, by (3.2) and the definition of Py. Enumerate
the elements of Ty as Uy, Us,...U;. Then for integers i, 1 < ¢ < k define

pi=Py,= Y yrurslS)
TeCy,56Th

Let f; = (U; : Ty). The set { f;}1<i<s is linearly independent, so applying the previous

two lemmas, we find A; and scalars ¢; such that for each [,

1

YY)

> afi(Aip;

1<i,j<k

and det(f;(4;)) # 0. Each f; and p; are polynomials in the n® variables x;; so each
A; can be regarded as an n X n matrix A;. We want the A; to be in GL(n, K).

First suppose that pu; = n so that A is a partition of r > n. Since det ( fj(Ai)) # 0,
for each ¢ there must exist j such that f;(4;) # 0. By definition

=0T =X} X5 .
where Iy, ..., I, are the columns of U;. Since y; = n, we have
(AT = (AU = det(4;) # 0.

22
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Thus
p=Y_ cfi(A)p; € L)
which proves that L(A\) = M(}) in 1ujhis case.

In the general case, let ' be the partition obtained from A by placing a column
of length n to the left of the Young diagram of )A; thus the conjugate y' of X is
(n, g1, ph, - - -, ptg). Consider L(N) C M(X) C V(X). Since p} = n, it follows from
the previous paragraph that L(\') = M(X'). But all the elements in each of L(})
and M()) can be obtained from those of L()') and M(X'), respectively, be dividing
by det{X). Hence L(A) = M()) and the proof is complete. O

The spanning set B is well adapted to the weight space decomposition of L(\).
Each bideterminant [T} has a well defined weight x, and if T' is not semistandard,
the straightening procedure gives us [T] as a linear combination of semistandard
bideterminants, each of which also has weight x. Let 7,% be the set of semistandard
A-tableaux of weight x, and define

B={ 3 mwwsls]:UeT}.

T€eC),STn

The following result follows by projecting onto weight spaces.
Corollary 3.4 The weight space L()\)* has spanning set BX.
Example 3.1
Take n =4, A = (2,1).
A-[D] = (XA)5(XA)
= (X0 A0S + XS AS + XUZAYS + X ATy + X3 AYS + X AT))
(XTA] + X5AT + XA + X1 A))
Let x = (1,1,0,1) and consider the projection (A-[T)])X of A-[T},] onto the x-weight
space of L(A).

(-m = |

) aigat+ |20 apga o 210 g

2
4]

[po]=] [ro]

1
4
4@A£Aﬂ+[iquﬁA%
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— S

- a9 - [P s - [ ()

= ([BR] - [ cat - aigay
4

Thus the weight space L(A)X is spanned over K by the elements

- [, -0

L L b ]

Note that these two elements are linearly independent unless the characteristic of K
is 3, when they are equal; so dim L(A)X is 1 if the characteristic of K is 3, and is 2

otherwise. |

3.3 The Pittaluga-Strickland method

In this section we present a method due to Pittaluga and Strickland [PS] for finding
a spanuing set for L(\). Our use of rows and columns of tableaux is reversed from
that in [PS].

Let A = (A1,..., \s) be a partition of r with conjugate y = (u1,. .., us). Define g
to be the partition given by i3 =n — fts, ..., fis = 1 — piy, and let X be the conjugate
of 1. For example, if A = (3,2) and n =7 =5, then p = (2,2,1), 50 i = (4,3, 3) and
A= (3,3,3,1). Pictorially, the Young diagrams for A and X form an n X s rectangle
when placed side by side with X rotated by 180°.

>

We shall define an SL(n, K)-equivariant map from the dual V(})* to V()).

Since Homg(V(A)*, V(X)) is naturally isomorphic to V()) ® V(X), we first find an
SL(n, K)-invariant element of V() ® v(N).
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Consider the rectangular-shaped Young diagram with n rows and s columns; the
top part of this is the Young diagram associated to A and the bottom is associated
to A. Fill column k of the A part of the diagram consecutively with the numbers
1,2,..., ug; fill each column of the X portion consecutively with the numbers n +
1,n+2,...,2n— . This gives us a rectangular tableau R. In the following example

n =4, A is the partition (3,1), and R is

OO [t
~J| DO
=~

In this section we replace our n X n matrix X of indeterminates by a 2n X n matrix
X = (@ij)1<i<ani<j<n- Let C(n) be the polynomials Kz : 1 <4 <2n,1 < j < nl
Then GL(n, K) acts on C(n) by ¢g-p(X) = p(Xg), for p € C(n), g € GL(n, K).

Let R(k) denote the determinant of the minor of X whose rows are indexed
by column k of R, and whose columns are 1,2,...,s. Expand R(k) using Laplace

expansion on the first u;, rows (see [Mu], P. 80 or [P], 2.4.1, P. 11):
v 1,200ty 31,042, 20
R(k) — Z(_l) (Ik)XIk I—HcXI;:- n L fig
Iy
where I}, varies over all subsequences of (1,2,...,n) of size yg, I} is the complement
of I in (1,2,...,n), and

v(ly) = ZZ - w“k(§k+l).
1€l
Now define

a =[] Rk).
k=1
Then

8§ 8
o = Z (H(——l)"(l’”)X};z""’”’“) (H X}L}[ﬁ+1,n+2,...,2n—/.nk). (3.4)

Iy ds k=1 k=1
Let A'(n) be the polynomials K(z;; : n+1 <14 < 2n,1 < j < n] which again is
a GL(n, K)-module via right translation. There is a GL(n, K)-isomorphism o from

C(n) to A(n) ® A'(n) given by o(z;) = 2;; ® 1 if 1 <4 < n and o(z;;) = 1 ® x5 if
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n+1 < i< 2n. There is also a GL(n, K)-isomorphism 7 : A'(n) — A(n) given by
T(Zitn,;) = Tsj. Applying o and then 1 ® 7 to o we get the element

Z (ﬁ(_l)y(lk)XIlf’mpk) ® (ﬁ Xll;f,...,n—uk)
k=1

Iidgydy k=1
in A(n) ® A(n).

For each s-tuple (I1, s, ... 1), [Ti-; X}f""’“’* is a bideterminant [T'] such that
the jth column of the A-tableau T is I; = T(5). As well, T];_, X}},f""’"*”’“ is a

bideterminant [T] where T is a A-tableau whose jth column is I/_

Define s
v(T) =Y v(T(k)).
k=1
Then . 5
H(—-l)U(Ik) — H(_l)v(T(k)) - (_1)Zi=1v(T(k)) _ (_1)V(T) and
8= (-1O[Te T e V) e V(). (3.5)
TECy

Suppose that the entries in column k of R are ry,r9,...,7,. Then for g € GL(n, K)

we have

R(k) = (Xg)is7i™ = X152 917 = (det ) R(K).

Hence g-a = (det g)°c, and g- 8 = (det g)°B. Now S gives us ¢ in HomK(V(X)*7 V(X))
given by

$(f) =D _ (V)" DFINITL,  fe VO

TeCy
Since gf = (det g)*F, then

3(gf) = > (V"D INIT] =g > (~1)*Df(g7 [T)g ™ [T] = (det g) g8 ().
TeCy TeC),

Thus the image of ¢ is a GL(n, K)-submodule of V(\). It can be shown, as in [PS],
that im ¢ is L(\); this also follows from Theorem 3.9 below.
In the sum (3.5) for 3, write the tensor factors in [T'] ® [T] as linear combinations

of semistandard bideterminants. Let TX denote the set of semistandard A-tableaux.
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Then
B= asy[S]® V() ® V()

STy
UET;
for some integers agy regarded as elements of K. The basis {[U] € 75} of V(}) gives

rise to the dual basis {[{U]* : U € T} of V(})*, and
Ur) =3 asulS]
SETy
Define
§=A{¢(UI":U e T},
which is a spanning set of im ¢.
Let CY denote the set of all column increasing A-tableaux of weight x. For T' € C¥

the bideterminant [T] where 7" is a A-tableau has a certain weight, which we shall

call ¥. Define
g =3 (-1P[T®[T] € VIN*® VWX

TeCk
Straightening [T'] gives us a linear combination of semistandard bideterminants of the

same weight x, hence

B =" asw[S1® U] € VOO ® VX
SeTY
UETXX

and if [U] with U € 75 has weight X then

Define
5= {g(UT) : U € T,

which is a spanning set for (im ¢)X.
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Example 3.2

Suppose that n =4 and A = (2,1). Then

R =

= [
oo~

. 1,2 15,6 1,2 15,6 1,2 15,6 1,2 15,6 1,2 15,6 1,2 15,6
a = (X(5Xgy — Xy Xoy + XX + X Xy — X Xys + X3 Xs) -
1v5,6,7 1567 | v1v56,7 1+-5,6,7
(X1 Xy — Xo X3y + X3 X1y — X3 X17533)
Expand f ials in X2 X1 X587 56 where {i, j,d, e} = {k,a,b,c} =
xpand « as a sum of monomials in X" X, oo where {i, j,d, e} = {k,a,b,c} =

a,b,c €

{1,2,3,4}; consider the sum of the monomials for which {3, j,k} = {1,2,4} that is,

consider the sub-sum oX where x = (1,1,0,1), giving

X _ v12 13 1-5,6,7 v5,6 1,2 13 v5,6,7 15,6 1,24 1 15,6,7 15,6
oX = X5 (=X ) X103 X3y + X (—X0) X5 X + (= X50) X1 X5 X0 s

Then
- - Ay o 172 571
ﬂ"=~—§4l® 24—}121169 33~{21|]® 313
i - S It R R £ 3 R — 14
- R - T2
= 14 e | aT] - |B2| e |[513
L_z_ A Lg -_4_ 4
1121l 113
(B - ) e\ | sl - |t
| 4] |2 ] 4| 3]
- 173
- (o[ ) [
5 4
L= L) i ]
T2
(1) [
9 )
— (4
Hence i
173 -
o1 274 =2 14'}+[121]and
2 4
—i L] W
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So 8X consists of the two elements

- ) -

Compare with Example 3.1 l

We want to show that the elements of S are the same, up to sign, as those in B of
(3.3). In the expression (3.5) for 8, we want to examine what happens to [T] when
we write [T] as a linear combination of semistandard bideterminants. Consider the

following example.

Example 3.3

— 3 — —
Letn =4. If T = |1 4', then T = 4| The first column T'(1) of T is the

2

 ——

LD

L

complement of the second column T(2) of T and T(2) is the complement of T'(1).
Both tableaux are semistandard. 0

We first show that T is semistandard if and only if 7 is.
Theorem 3.5 If T is a semistandard A-tableau, then T is a semistandard \-tableau.

Proof. It is enough to prove the result for a two column tableau. Suppose that the
entries in columns one and two of T are a1 < as < ... < @y and by < by < ... < b,
respectively. Since T is semistandard, a; <bjfor1 <j<r. Let 1 < B < ... < By,
and oq < @g < ... < @p_m be the entries in columns one and two of T. By definition,
T(2) is the complement of T'(1) and T(1) is the complement of T'(2).

We shall use induction to show that 8; < o; for 1 < j < n — m. Suppose
that 8; > oy and let @y = I. By definition of T, «; is the minimal entry in 7(2),
ay = 1,03 =2,...a;-1 = 1—1, and a; > [ (since { does not occur in 7'(1)). The minimal
number which does not occur in T(2)is 61 >y =1, s0b; = 1,bp =2,..., by =1-1,

and b; = [ > a;. Since this contradicts the fact that T is semistandard, 81 < a;.
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Now assume that ;-1 < ;- and suppose that §; > «;. Then, since 8;_; <
a1 < g < f3j, a; must occur in T(2) for there is no number which is in T(1) that
falls between ;-1 and B;. Since there are j numbers less than or equal to ¢; in T(2),
there are s = a; — j numbers less than a; which are not in T'(2). These s numbers
must occur in the first s rows of T'(1). Since ¢; is not in T(1), as41 > ;. We will
show that b,y = o;.

Since 81 < o; < f;, there are j — 1 numbers less than or equal to o; — 1
which occur in T(1), so there are s = o; — 7 numbers less than «; which occur in
T(2). Again, they occur in the first s rows of T'(2). Since a; occurs in T'(2), so
bs+1 = o < asq; which contradicts the fact that T is semistandard. Consequently,
Bj < ;. This completes the proof. 1

Next, if T" is not semistandard, we apply the straightening algorithm described in
(2.7) to [T]. We want to see what then happens to [T] in the sum 8 when we straighten
[T], so we consider tableaux of the form T'(7,J) and determine what happens to T

when I and J are interchanged in 7'. We first illustrate with an example.

Example 3.4
_ 211
Let n = 4 and let T = [ 21 1], Then T = [373]. Also, [T] = [ 1 2*] - [ 1 4|]
4 ; 14 2
_ 112 143 _ — _
and [T] = 3131 — |24 . I we write [T] = [T1] — [T%], then [T] = [T1] — [T3).
4 3

Lemma 3.6 Suppose that T is a tableau with two columns and that I and J are

subsets of the same cardinality of the first and second columns of T respectively.
1. IfINJ#0, then T(I,J) =TI -1INnJ,J-1InNJ).

2. If o and 0 are permutations such that T*(I,J) = sgn(o)T(I,J) and T (I,J) =

sgn(0)T (1, J) then sgn(o) = sgn(6).

Proof. (i) We will show that if INJ # @, then T(I,J) =TI -INJ,J—-INJ).
Suppose that INJ = {z}, I = (i1,...,im,,...), and J = (j1,...,Jk, Z,...). Since
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the entries in T which are not members of I or J are irrelevant to our proof, we

consider the following tableaux where T* = T*(1, J) and T* = T*(I — {z}, J — {z}):

{5 h J i1 7 31
o Jk gk Jk 1k
lgt1 X T gy Jkv2 T
T — , T* o - . , T** o
im ]m Jm im jm-l—l im
T Jmat Jmi1 X T gl

Now, T*(1,J) = sgn{o)T*(I — {z},J — {z}) where o is the product of the two
permutations which make T*(1, J) and T*(I —{z}, J— {z}) identical. It is clear from
the above tableaux that these permutations have the same length, so sgn(o) = 1,
and T*(I,J) = T*(I — {z},J — {z}). By induction on the size of INJ, T'(I,J) =
T(I—-INnJ,J—InNJ)where INJis of any size.

(ii) By part 1 we may assume that INJ = (. Then, INT(2) = 0 and JNT(1) = 0,
for otherwise T'(I, J) = 0. It follows that I C T(1) and J C T(2) so T' (I, J) is well-
defined. We will show that if |I| = |J| = 1, then the permutations under consideration
have the same sign. The result then follows for subsets / and J of any size since one
may interchange the corresponding elements in I and J one at a time.

Let I = {a}, J = {b}, T* =T*(I,J) and T =T (I,J). Suppose that T%(1) is
not column increasing and suppose that there is an z € 7%(1) with z > b but z < a.
(The argument is essentially the same if there is an z € T*(1) with x < b but z > a).

Let X; = {z € T*(1)|z > b but z < a} and suppose that
O < Ogyy < ... < O

are the elements of X;. Then 7*(1) becomes column increasing after one applies the
cycle o which places b in the row in which o, occurs and moves o; down a row for

s < 1 < t. There is a similar cycle o5 which makes 7*(2) column increasing, and
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cycles 7, and 7, which make T" (1) and T (2) column increasing.

Lt A={zeX:x¢T}sothat X, = (M NT)UA Let X, ={z €T (1): 2>
bbut z <a}and B={re€ X, :2¢T}. Then, X; = (X;NT)U B, and if 01 # 0,
then A # 0 or B # 0, or both.

Suppose that A # @ and let z € X;, z ¢ T. Then x € T*(2), and since z > b but
T < a, T*(2) is not column increasing. It follows that x € A, = {z € T*(2) : z >
bbut z < a} and Xy = (X, NT) U A. Similarly, if B # @, the set Xy = {z € T (2) :
z>bbutz <a}=(XNT)UB.

Let |X NT| =}, and [X,NT]| = l,. Then the length of o, is [(c1) = I; + |A| and
l(o9) = la + | A]. Since I(37) = Iy + |B| and I(63) = Iy + |B|, sgn(o102) = sgn(o71 73).
O

Lemma 3.7 If T is a two-column tableau, and J is an ordered subset of the second

column of T, then

Proof. We will prove that

> sgn(en)[T N = Y sgnlon)[T(I, )],

Hi=1J| [l=|J|

ICT(1) ICT(1)
from which the statement follows, since the right-hand side is certainly equal to [T
by (2.7) applied to T .

Applying Lemma 3.6, part 1 to 7, we may assume that 7 N J = 0. As noted

at the beginning of the proof of Lemma 3.6, part 2., we have J C T(2) if and
only if J € T(2), and I C T(1) if and only if I C T(1) so T(I,J) is well-defined.

Furthermore,
{I:Il=J,ICcT), InJ=0}y={I:|I|=|J|, ICT(1), InJ =0}

Since INJ =@, T(I,J) = T(I,J). Since the permutation which makes T*(I, J)
column increasing has the same sign as the permutation which makes T (I, J) column

increasing, the two sums are identical. O
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Theorem 3.8 Suppose that {T; : 1 < 1 < m} is the set of semistandard A-tableau.
[T = Y0, ailli] , then [T) = S0, oi[T3).

Proof. We apply downward induction on the ordering > given in (2.7). If T is
semistandard, then so is T by Theorem 3.5, so the result holds in this case. In
particular it holds for the largest tableau 7' in the ordering, since if this 7" were not
semistandard one could write [T] as a sum of bideterminants [T"] with each 7" > T
by (2.7) and (2.8).

Suppose that the conclusion holds for all S > T'. Suppose that T is not semistan-
dard. Write

Tl= > sgn(on)T,J)] (3.6)
[I|=J}
ICT(k~1)

where J is a subsequence of T'(k), chosen as in (2.7). Then, by Lemma 3.7,

Tl= > sgnlo)[T,J).
Hi=|J|
ICT(k—1)

Write each [T'(Z, J)] in the right side of (3.6) as a sum of semistandard bideterminants:
[T, 7)] = arT).

From (2.8), each T(I,J) in (3.6) satisfies T'(I,J) > T, so by induction, for each
T(I,J) on the right of (3.6) we have

[T D) =Y arilTil.

i

so that
T1=>" > sgnlona, [T=)_ > sgnlonar{T).
i=1  |I|=|J| =1 |I}={J]
ICT(k-1) ICT(k=1)
This completes the proof. O

Due to the above theorem, we may write § as follows:

g = Z(_l)u(T)[T] ® [T] = Z(‘“l)ym (Z ’YTS[S]> ® Z yrulU]

TEC) SET, UET;
= Z (Z(“l)u(T)’YTS’YTU) [S)® [U].
SUET, \TeCy
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We know that {U : U € T;} is the set of semistandard X-tableaux. Hence

s = > > 1" DyrsyrulS].

S, UeT, TeCy

We now have that

S={ Z (=1 Drypgyry]S) : U € Ta}-

TEeC),5eTs,

The following theorem explains the relationship between the two spanning sets.

Theorem 3.9 The elements of the Pittaluga-Strickland spanning set S are, up to

sign, the same as those in the first spanning set B.

Proof. Note that we need only show that for each U € 7, the sign (—1)*™) is
the same for each T € Cy. Then 3 (~1)"Typsyry[S] = £ yrsyrr([S] which is
the same as the element Py € B up to sign. Given T € C, T = ZSen yrslS],
where all bideterminants [S] in the sum have the same weight as [T]. So, for each
U € Ty, each [S] in the sum ) rec, Yru7yrs[S] has the same weight as [T]. If suffices
to prove, then, that if [T] and [gT::re two bideterminants with the same weight, then
(=1)*T) = (=1)"%), But,

8

u(T) = Y v(T(k)

k=1

_ (Z t_m(u12+1)> L. (Z t*us(ﬂs)2+1)>

teT(1) teT(s)

5 pualp + 1)
) (e
k
(Z t) - (}: M—“(fﬁz—-_{;l—)—> , since [S] and [T] have the same weight

tes
s

= Y _v(S(k)) =v(9)

k=1

i

fl

from which the result follows. O
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3.4 A third spanning set and the Désarménien ma-
trix

Suppose that S and T are two A-tableaux. We say that S and T are row equivalent,

denoted S ~, T if they are equal up to a permutation of the rows. Define

SrepyT

The following theorem is also proved in [C], 6.7(2). The proof we give here uses
the Schur algebra and the Carter-Lusztig standard basis theorem, Theorem 2.8, for
the Weyl module, A(}).

Theorem 3.10 The set A = {R(T) : T is a semistandard \-tableau} is a spanning
set for L()).

Proof. Since {&1.5: (I, J) € T'} forms a basis for S(n,r), L(\) is generated by the set
{&.5-1T0\] : (I, J) €T} But if I, .J € I(n,r), then

&1 = Z &r,0(xas,100) [Tn]

MeI(n,r)

and &7 7(zar,10) = 0 unless J ~ I(A). If J = I())o for some o € S, then

Er.inye [Tl = Eroron [T

so {&r4[h] : I,J € I(n,r)} is K-spanned by the set {&r,ry)[Th] : I € I(n,r)}. But

EninlTh] = z Er100(@n,ro0) [ 1]
M

and & o (zarrny) = 0 unless I = Mo where o € S, is such that I(A\)o = I()). But

this is true if and only if o permutes the entries in the rows of 7;. Thus,

Erinlh] = Z (Trey : Tnr) = R(Ty).

Tar~rT7

This shows that L()) is K-spanned by the R(T) where T is a A-tableau.
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We know that A(X) has a unique maximal submodule M and A(X)/M is irre-
ducible with A(X)/M = L(X). Thus we have an S(n, r)-isomorphism ¢ : A(\)/M —
L()\). Since ¢ must preserve weight spaces and [T)] is the unique vector (up to
a scalar) in L(\) with weight )\, using the Carter-Lusztig basis for A()), we have
S(Er i + M) = &[T Since ¢ is surjective and {&; ;yva : Ty semistandard}
is a basis for A(N), {&1,r09[Th] : Tr semistandard} = {R(T) : T semistandard} gener-
ates L(A). O

Example 3.5

Let n =3, A= (2,1) and x = (1,1,1). There are two semistandard A-tableau which

give bideterminants of weight x; 71 = 3 2] and Th = ; 3 ] The elements in the

() -2 B - [

s~ [ [ < [ - )

spanning set A are

R(T) =

—

O
In order to investigate the relationship between A and B we introduce a definition
and lemma. Given T € C, and S € Ty, let yrs denote the straightening coefficient of
[S] in the straightening decomposition of [T]. Define
9(S) = > yrs[T).
TeC
For example, if A = (2,1) and x = (1,1,1), there are three column increasing A-

tableaux:

112] [1]3] [2]1]

-

Then since
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Lemma 3.11 Each element in the spanning set B corresponds to a g(S) where S €
Txs
B={g(S):S €T}

Proof. We showed in (3.1) that A-[T)} = 3 pee, [T]-T'(A). Write T"(A) as a K-linear

combination of semistandard bideterminants. This yields

AL = YIM-T(4)

= > 7] (Z »yTSs%A))
TeC) SeTy
= > 54 (}: m[T]>
S€Th TeC
= > S(A)g(S)
S€TH
It follows that A = {g(5) : S € Th}. O

To prove our next result, we state some results from [De]. Let #T (respectively
“T) be the tableau obtained by writing 7" so that its rows (respectively columns)
are weakly increasing (respectively increasing). If “U is the image of U under the

action of the permutation o, then let s(U) = sgn(c). Given two column increasing

A-tableau T and 7", define
QUT,T) =) {sU): U=T, *U=T1". (3.7)
Example 3.6

Consider the tableaux

11212 o [A]2]4
T=131314|, T =[213]5
505 315

There are exactly two tableaux U which satisfy “U = T and #U = T'. They are as

follows:
11274 11274
U=[5[3]2|, and U =[3]52
305 503
37
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Since s(U) = s(U") =1, Q(T,T") = 2.
Write each A-tableau T as Ty for some I € I(n,r). We order the set of A-tablean
by declaring

Tr < Ty if I < J with respect to the lexicographic order on I(n,r). (3.8)

In other words, T; < T if the first entry in the first row in which they differ is
smaller in T than in Ty. Let Zy = {I € I(n,r) : Ty is a semistandard A-tableau}.

The Désarménien matriz is the matrix

Q = [QUT1, TDl1,0ez,-

It is proved in [De| that £ is a unimodular triangular matrix. Moreover, if S is a
column increasing tableau, then {2 bears the following relationship to the straighten-
ing coefficients of [S] (recall that ysr, is the coefficient of [T] in the straightening

decomposition of [S]):

(Vs1y)sezy - 0 = (US, T1)) 1€z, - (3.9)

Theorem 3.12 The spanning sets B and A are related via the Désarménien matriz.
In particular,

B-Q=A

A~

Proof. Fix S € Ty. It will be shown that D ;. g(U)Q(U, S) = R(S). By definition,
R(S) = > vi.slU'];, and for each U’ in the sum we have [U’'] = sgn(oy)[U] where U
is a column increasing tableau. So we may write

R(S)= 3 U= Y sgn(ow)U],

Ulnr S U~y S
Ul~eU

where all U in the sum are column increasing. Let T be a column increasing tableau,
and let ar be the coefficient of [T] in R(S). Then
ar[T) = Y sgn(or)[T] = Q(T, S)[T].

T oS
T/ ~eT

On the other hand, if br is the coefficient of [T in the sum 3 ;o g(U)QU, S) =
R(S), then by = Yover, 1rvUU, S) = T, S), by (3.9). Hence, ar = by, and the

result now follows. J
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Chapter 4

The symplectic Weyl module

4.1 Introduction

In this chapter, we work with the symplectic analogues of the Schur and Weyl
modules. Following [D1], we place a bar over a GL(n, K)-module to represent its
symplectic analogue. The symplectic Schur module for instance is denoted —m

In Section 2.5 we discussed Green’s version of the Weyl module for GL(n, K). In
[G], Green works exclusively with the Schur algebra to give results about polynomial
GL(n, K)-modules and his version of the standard basis theorem for the Weyl module
is given in terms of the Schur algebra. A symplectic version of the Carter-Lusztig
standard basis theorem for the symplectic Weyl module has not been given and one of
our goals in this chapter is to provide one. There is a Schur algebra for the symplectic
group (see [D3] or [Dol) but the theory surrounding it is not fully developed. For
instance, there is not a nice combinatorial description of the basis elements as there
is in the traditional Schur algebra. Thus we cannot give a symplectic analogue of the
standard basis theorem using the symplectic Schur algebra.

There is an alternative approach to using the Schur algebra for the study of the
representations of the classical groups. Many authors work with the hyperalgebras
of GL(n, K) or Sp(2m, K) to study their representations. There is an equivalence of
categories similar to that given in Theorem 2.2. Let V be a module for GL(n, K)
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with basis vy, ..., Up. Then V is said to be a rational module if for each g € GL(n, K)
gui =Y cii(g)v;

where each ¢;;(g) is a rational function in the n? indeterminates Zij, 1 < 1,7 < n.
Let Ug denote the hyperalgebra for GL(n, K). The category of finite dimensional
Ug-modules is equivalent to the category of finite dimensional rational GL(n, K)-
modules. Furthermore, every finite dimensional rational GL(n, K)-module is isomor-
phic to a polynomial module tensored with a suitable negative power of the deter-
minant representation. There are symplectic analogues of these results as well. This
explains why the hyperalgebras for GL(n, K) and Sp(2m, K) play such a critical role
in the theory of their representations.

Carter and Lusztig define the Weyl module in [CL] using the hyperalgebra for
GL(n,K) and the standard basis theorem they give involves certain elements from
the hyperalgebra of GL(n, K). To give a symplectic version of the standard basis
theorem it is natural then to work with the hyperalgebra for the symplectic group.

Although we use the hyperalgebra instead of the Schur algebra, we are still able
to use an approach similar to that taken by Green in the case of the general linear
group to prove a symplectic standard basis theorem. The main tools in the proof
of Green’s version of the standard basis theorem are the Carter-Lusztig Lemma, the
Désarménien matrix, and the fact that V(X) has a basis consisting of bideterminants
given by semistandard A-tableaux. In [D1], a symplectic version of the Carter-Lusztig
lemma is given. It is also shown in that work that the symplectic Schur module, TX},
has K-basis consisting of bideterminants given by semistandard symplectic King-
tableaux. Thus if one defines a symplectic version of Green’s module V), many of
the tools needed to prove the symplectic basis theorem are already at one’s disposal.
'The missing piece in the puzzle is the Désarménien matrix so we develop a symplectic
version of this matrix along the way.

The Désarménien matrix is defined in [De] and [DKR] using operators which they
call Capelli operators. The Capelli operators are actually elements of the hyperal-

gebra, although the authors do not make use of this fact. We use operators in the
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hyperalgebra for Sp(2m, K) to define a symplectic version of the Désarménien matrix.
As is the case with the usual Désarménien matrix, our matrix may be used to give a
straightening algorithm for bideterminants in ——(—):5 Donkin provides an alternative
symplectic straightening algorithm in [D1].

We define an Sp(2m, K )-module V', which is the symplectic analogue of Green’s

Vi in Section 4.4. Namely, the module we define is the contravariant dual to the

symplectic Schur module V(). The symplectic Weyl module A(}) is usually defined
in terms of the symplectic hyperalgebra. We prove that the module V' we define is
isomorphic to -—(_5\7 in Corollary 4.12. We use the symplectic Désarménien matrix
and the symplectic Carter-Lusztig lemma to give a symplectic version of the Carter-
Lusztig standard basis theorem in Theorem 4.11. As in the original setting, the
symplectic Désarménien matrix is the connection between this basis and the basis of

bideterminants given by semistandard symplectic MA-tableaux for V().
4.2 The hyperalgebras for GL(n, K) and Sp(2m, K)

We begin by defining the hyperalgebra for GL(n, K). A nice reference for this
section is [JK], §8.2. Let the matrix X;;,1 < 4,5 < n, in the Lie algebra gl(n,C)
denote the n x n matrix with a 1 in the ¢jth position and zeros elsewhere. The
universal enveloping algebra, Uc, of gl(n, C) is the associative C-algebra generated by

the set {X;; : 1 < 4,5 < n} subject to the relations
Xij X — XXy = 06 Xa — 03 Xgj, 1<4,5,k,1<n.
Define elements e;;, fi;, and h;, where 1 <14, 5 < n, in Uc by

eij = Xij  fij o =Xji hi=Xi
& = €iiy1 fi:= fisr1 hij = hy —hj. (4.1)

Given X € Ug, and « a positive integer, let

X© =—)§-!- and (f) = blZX(X—l)(X~2)--~(X~oz+1).
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Kostant’s Z-form for Ug, denoted Uy, is the subring of Ug with Z-basis given by

{ H 62“) H (g:) H z'(y%) :%'ja/Bz':O‘z'jEZZ()}- (4.2)

1<i<j<n 1<i<n 1<i<j<n

The first product is ordered ef]ﬁl" ) gln) () emn) L 19)(2) i the order

in the third is the opposite of this. This basis is known as the PBW-basis for Uy,
Definition 4.1 The hyperalgebra of GL(n, K), denoted Uk, is defined as

Ug =Uz Ry K.

We write u € Uy to mean the image in Ug of the element u € Uz under the map
¢ : Uz — Uk defined by ¢(u) = u®1. Note also that if V is Uz-module, then V ®z K
is a Ug-module, and we often drop the tensor when discussing Ug-modules.

The operators in Uk act as derivations on V®", the rth tensor power of V, with

eij, fij, and h; acting as follows
€ijUk = OjkVi, [fijUr = Oix¥j, hivk = Gipvy (4.3)

and u(vy, ®---®u;,) = (uvy, ) Q- ®u;, + i, @ (Uvy,) - QU+ 405, @ - (uvy,)
where u € Ukg.

We may define a similar Ug-action on A(n, r);
€Tk = Ok, [ijTwe = STy, hi%ue = Ok, (4.4)

and w(Zyk, Tk, ) = (UZyEy ) Tk, o Tigky - - - (U, ) Where u € Ug. The
Schur module V() is a Ug-invariant submodule of A(n,r). Indeed, if [T] € V(}A),
then e;[T] = > ,[T;] where the sum runs over the distinct A-tableaux T} which
are obtained from T by replacing a j in T by an i. The operator f;; acts on a
bideterminant [T] in a similar manner and h;[T] = o[T] where « is the number of i’s
inT.

Recall from (2.11) that I()) denotes the subsequence which satisfies Ty, = T}
and vy, = vI(,\){C(T\A)}. Let A(M)z be the left Uz-module generated by vy. We now
state the definition of the Weyl module as given by Carter and Lusztig.
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Definition 4.2 The Weyl module, A()), is the left Uy -module defined as
A(N) =AMz ®z K.

Green proves in [G], 5.2b, that the module V) of Section 2.5 and A(A) coincide.
To give the Carter-Lustzig version of the standard basis theorem we define certain
operators in Ug. Let T be a semistandard A-tableau. Define Fr € Uk by

Fr= T[ £ (4.5)
1<i<j<n
where ;; is the number of entries equal to j in row ¢ of T and product is ordered as

n (4.2);
— fl(’le)f('ns) fl("nn)f('yza) . (7zn) f(’)’n 1n) .

n~1,n

We now state the Carter-Lusztig standard basis theorem, [CL], P. 118, Theorem.
Theorem 4.1 (Standard basis theorem) The set

{Fruy : T is a semistandard A-tableau}
is a K-basis for A(N).

To define the symplectic group, we let n = 2m where m is a positive integer and
introduce symbols 1, 2,...,7. Following [D1], we let m = {1, 2,...,7m}. Through-
out the remainder of the chapter, we shall identify the set n = {1,...,n} with the
set m U T via the map ¢ : n — M U m defined by ¢(:) =7 and ¢(2m +i — 1) = 1,
1 <1< m.

Let V be a finite dimensional vector space over K with dimV = n and let

{v1,... U, Vs, - .., vy} be a basis for V. Define a non-degenerate bilinear form
():VxV =K
by
(vi,v3) =1 = —(v;,v3), 1 <i<m, and (v;,v;) = 0 otherwise.
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The symplectic group, Sp(2m, K), is as follows:
Sp(2m,K) = {g € GL(2m, K) : (gz,gy) = (z,y) for all z,y € V'}.

Note that there are other forms that can be used to define Sp(2m, K). We are, for
instance, using a different form than the one used in [H].

The Lie algebra sp(2m, K) is the subalgebra of gl(n, K) given by

sp(2m, K) = {¢ € gl(n, K) : (8(v), w) = —(v, p(w))}-

If 4,j € m with j # 4, then Xj;, X;7 and X3 do not belong to sp(2m, K). For

instance,

(Xigv7v7) = (vi,05) = 1

while

(v- X”'ul) = (.
However, X,z + X;; does belong to sp(2m, K). The above problem is remedied since
(X5 + Xz, v5) = 1
and
‘—(’Uj, (Xﬁ + Xﬁ)vz—') = _(,U_% ’Uj) = L.

It can be shown that sp(2m, K) is generated by the matrices X;; € gl(n, K), 1 <

i,J < m, where

X—ﬁ:Xﬁ —X_":X"'
:_X:”:XM—X"“ X X +X“‘]#Z
—X =Xy — Xz, J#1 X——X i+ X5, JF 0

The universal enveloping algebra, Ug, for sp(2m, K) is the subalgebra of Uc generated

by the above elements.
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We adopt similar conventions to those in (4.1) for labelling elements of Ug;

€= Xy fiy=X5u hi=Xy

€ =€ Ji:=fiim hiji=hi—hy

!

>

where 4,7 € m U M. Kostant’s Z-form for Uc, denoted Uy, has PBW-basis as in

(4.2), simply bar all operators in the product.
Definition 4.3 The hyperalgebra of Sp(2m, K) is defined as Ux = Uz @z K.

The modules V® and A(n,r) are both Ug-modules via the actions (4.3) and
(4.4).

4.3 The symplectic Désarménien matrix

In order to define the concept of a semistandard symplectic A-tableau, we reorder the
set m U by

T<1<2<2<---<m<m. (4.6)

A version of symplectic A-tableauz were introduced by King, [K]. A symplectic A-
tableau T is obtained by filling the boxes of the Young diagram of shape A with
elements from the set mUm. A symplectic tableau T is called semistandard symplectic
if it is semistandard in the usual sense (with respect to the ordering given in (4.6))
and satisfies the additional property that the elements of row ¢ are all greater than

or equal to 4 for each 1.

Example 4.1

[N R}

Let A= (2,2,1), T = ,and S =

[ool DO -}
fool| = =i

Then T is a semistandard symplectic A-tableau, while S is not. [
The coordinate ring K[Sp(2m, K)] is the restriction to Sp(2m, K) of the algebra
of polynomial functions K[GL(n, K)] on GL(n, K). The symplectic Schur module,
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denoted V()), is a subspace of K[Sp(2m, K)] defined as the restriction of V(}) to

Sp(2m, K). Given a symplectic tableau T, the bideterminant [T in V(A) is the
restriction of the bideterminant [T} to Sp(2m, K). We refer to the bideterminant [T
where T is a symplectic tableau as a symplectic bideterminant. We will omit the bar
on [T] and it shall be understood that unless we state otherwise, we are working with
symplectic bideterminants in this chapter. As one would hope, we have the following

theorem.
Theorem 4.2 The set

{[T]: T is a semistandard symplectic A-tableau}

forms a K -basis for V(X).

A version of Theorem 4.2 was first proved by DeConcini in [Dc] where he used
his own version of symplectic tableaux. In [B], the theorem is proved using the King
tableaux in the case where K has characteristic zero. The result was later shown to
hold true for arbitrary infinite fields in [D1].

Given a semistandard symplectic tableau T" with k¥ < m rows, we define operators
Er and Fp in Ug as follows:

Er = H Ez(-;-”") and Fr = H _gﬁ )
1L Ze
where ;; is the number of entries equal to 7 in row ¢ of T' and the product runs over
all j € mUT. Note that for a fixed 4, we must have i < jorj =i forall j e mUm

since T is semistandard symplectic. We order the product Er as

—(VYmm) —=(72m) —(v23)={("127) ={Y1m ) —(712)=(113)=(NT)
€mm " "Cm €3 €55 €1y €y €577

and we order F'y in the opposite way.
Given a semistandard symplectic A-tableau T and a column increasing tableau S,
we may write E7[S] as a unique linear combination of semistandard bideterminants

[U] by Theorem 4.2. We make the following definitions.
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Definition 4.4 Let S and T be A-tableauz and suppose that T is semistandard sym-
plectic. Define Q(S,T) = ¢ where c is the coefficient of [T3] in the sum E7[S].

Example 4.2

Let T = 2] and let S = 2] Then

N3
[l Lt

Ny

1
2

Er[S] = &génesls]

= egy(e1z — esy)(esz + es1) [

pnd fped |
[NH e

(3]
| IE—

= exple1 — e) [ % % 2']

1|J
l] =-[N],

so Q(S,T) = —1. O
We order the symplectic A-tableaux as in (3.8); that is 7y < T if I < J with

ol —

respect to the lexicographic order on I(n,7). Let
T, ={I € I(n,r) : Ty is a semistandard symplectic A-tableau}.
Definition 4.5 The symplectic Désarménien matriz is the matriz
Q=T Tl gez, -

We want to prove that the matrix Q is a unimodular upper triangular matrix.

The following example should serve to motivate Theorem 4.4.

Example 4.3

Let T = _;_ g 2|, Then Er = 2551985 = eg3(e12 — e57)(eg3 + e57) and
1T = enfenn — o) | L1 21}= ,[1 1 1|}:[1 1 1|]:T
T_[-] exs(e12 — e51) [ 512 €y 573 519 (73]
so Q(T,T) =

O
In the proofs of the theorems that follow, we will often make use of the following
lemma which we state without proof. Its validity may easily be shown using a simple

inductive argument.
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Lemma 4.3 Suppose that A = (1) and suppose that the one-row A-tableau T contains

only j’s. Then %‘ [T] = [S] where S is a one-row A-tableau which contains only i’s.
Theorem 4.4 If T is a semistandard symplectic A-tableau, then Q(T,T) = 1.

Proof. We need to prove that E¢[T] = [T}]. Since T is semistandard symplectic,
there are exactly v,7 1’s in 7 and they all occur in the first row. By Lemma 4.3,
‘e‘g“) [T = [U] where U is identical to T except that the entries in the first ;7 columns
of the first row of U are equal to one. Let k € m UM with x < m and suppose that
glm) égﬁ) [T] = [U] where the first y;7 + 11 + - -+ + 71« columns of the first row
of U contain ones while the remainder of the tableau is identical to 1. Note that
there are no 1’s in U as they were all changed to ones by the operator €, “(7” . Let n be

('Yln)

minimal in m U with 7 > & so that &, occurs in the product Er dlrectly after

E(Jj") If n =7 € m, then €1y = €35 + €;7 and since there are no T’s in U, any product
of operators which contains ;1 takes [U] to zero. Thus (e;; + e,7) "7 [U] = 6(1}17) [U).
Since U is semistandard symplectic, any j’s which appear in U below the first row
must occur in the first y;7+- - -+ 1, columns. Since a one occurs in the first row of U
above each of these j’s, changing any of them to a one results in a zero bideterminant.
So by Lemma 4.3 e(’h’ [U] = [U’] where U’ is identical to T except that the entries
in the first y;7 + 11 + -+ + 715 + Y14y columns of the first row of U’ are equal to
one. If n = j € m, then &, = e;; — e57 and we form the same conclusion. By
induction we have shown that &{"™/&{17 .. é(z“)[T] = [U] where U is identical to
T except that the first row of U consists entirely of ones. A similar argument shows
that g52m ez .. E%”) - ‘égﬁ) [T] = [U] where the first two rows of U coincide with
T and the remainder of the tableau coincides with 7. Inductively, we get the general
result.

O

Let V be a Ug-module and let x = (x1,...,Xn) be an n-tuple of non-negative
integers. The weight space VX is defined

VXZ{’UEVZhi’l):XiU, ’i=1,...,’n}.
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The vectors in VX are called weight vectors of weight x. If [T] € V(A) and x7,; denotes
the number of 4’s in 7', the weight of [T] is x = (x7,1 — Xo1)-- -+ XTym — X1ym)- FoOr
instance, if m = 2, the bideterminant [T'] where T is as in Example 4.3, has weight
x = (1,0). Up to multiplication by a non-zero scalar, the bideterminant {T}] is the
unique vector of weight X in V().

Given a symplectic A-tableau T with &k rows, the row sequence associated to T
is the subsequence I which satisfies 7' = Tj. The tableaux 7" and S in Example 4.1
have row sequences I; = (1,2,2,3,3) and I, = (1,2,1,2,3) respectively so we see

that S < T.

Theorem 4.5 Suppose that S and T are symplectic A-tableauz and that T is semis-
tandard.

1. If QS,T) # 0 then [S] and [T] have the same weight.

2. If S is semistandard and Q(S,T) # 0 then S < T.

Proof. If [U] is a bideterminant with weight x = (x1,..., Xm) then it is easy to see

that €5 = e;5 + e;; takes [U] to the weight space V(A" where

a=(x,...xitL.. x5+ ... Xm);

that is every bideterminant in the sum €;z[U] has weight o. Similarly, 2;; = e;; — e
takes [U] to V(—)T).a where @ = (x1,...,xi+1,...,x;— 1, ..., xm) and clearly €; takes
[U] t0 V(A" where & = (x1, ..., Xi+2, . - -, Xm). Soif [T1] and [T}] are bideterminants
that do not have the same weight, and 1 < i < k, k € mUT, then &;,[T;] and &;,[73]
lie in different weight spaces. To prove 1., suppose that [S] and [T] do not have the
same weight. Inductively we see that Er takes [S] and [T] to different weight spaces.
But Ep[T] = [Ty] by Theorem 4.4, so [T3] does not appear in the sum E7[S]. Thus
Q(S,T) = 0.

To prove 2., we may assume by 1. that [S] and [T] have the same weight. Suppose
that S > T and let the first place in the row sequences where the two tableaux differ be

at tin T and s in .S where ¢ is in the ith row of 7. We shall consider two cases. Suppose
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first that ¢ = 4. Then since S and T are identical in the first ¢ — 1 rows, an argument
similar to that used to prove Theorem 4.4 shows that ‘éﬁ”l" ;;1"‘) . .g(g.l'f)[S] = [U] where
the first ¢ — 1 rows of U are identical to T and the remainder of U coincides with S.
Since s > 4, S contains fewer 1’s than T in the ith row; that is S has fewer than v;'s
in the ith row. But S is semistandard symplectic so contains no ¢’s below the ith
row. Thus the only #’s in U are those that occur in the ith row so U contains fewer
than ~; ©'s. Thus ¥ [U] = 0 and it follows that Er[S] = 0.

Now suppose that ¢ > 7. We first argue that ¢ # i. Suppose that ¢ = 7 so that
the two row sequences first differ at 4 in the ith row of T and at s > i in the ith
row of S. Then T contains more #’s than S and since [S] and [T] have the same
weight, T also contains more 7’s than S. Since both are semistandard symplectic,
this contradicts the fact that S and T are identical in their row sequences prior to
i>14in T. So we may assume that ¢ > ¢. Let x € m U be maximal with x < ¢ so
that By = - -- el .. -Egﬁ). Since S and T are identical in their row sequences
prior to ¢ in T we have that & .. ~‘égﬁ) [S] = [U] where the first i — 1 rows of U
coincide with T}, the first y;; + - - - + 7y, columns of the ith row of U contain ¢’s and
the remainder of U is identical to S. The next operator to appear in the product Er
is ;.. Since S is semistandard symplectic and ¢ > i, there are no 7’s in U. Thus we
may assume that 'ég;m) = eﬁt%"). Indeed, if t = j € i, then &, = ¢; + e;; and the
latter operator plays no role since U contains no i’s. We form the same conclusion
if t = j € m. Again, we see that there are less than ~;; t’s in the ith row of U and
since S is semistandard symplectic, any t’s which appear below the ith row of U must
appear in the first v; + vi; + - - - + 7i columns. Since each of these columns contains
an 4, changing such a ¢ to an i results in a zero bideterminant. Thus, 5™ [U] = 0

from which it follows that E7[S] = 0. O

We have the following immediate corollary to Theorems 4.4 and 4.5.

Corollary 4.6 The matriz Q is an upper triangular unimodular matriz.

50

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proof. By Theorem 4.4, Q has ones on the diagonal and by Theorem 4.5, the entries
below the diagonal are zero. O

As in the case of the usual Désarménien matrix, this matrix does provide an
algorithm for writing a symplectic bideterminant as a linear combination of bideter-
minants given by semistandard symplectic tableaux. Before deriving the algorithm,

we prove the following lemma.

Lemma 4.7 Suppose that S is a column increasing A-tableaw and T a semistandard

A-tableau and suppose that [S] and [T have the same weight. Then

Er[S]=Q(S, T)[T].

Proof. Since [S] and [T'] have the same weight, Er takes [S] and [T'] to the same weight
space. By Theorem 4.4, E[T] = [T4], so every bideterminant in the sum Ez[S] has
weight A. Since [T}] is the unique vector of weight A in ——(—)\7 up to multiplication by
a scalar, we have Er[S] = ¢[Th] = Q(S, T)[T)]. O

We now discuss a method for “straightening” a symplectic bideterminant. If Sisa
symplectic A-tableau then by Theorem 4.2 we can write [S] as a sum of semistandard

bideterminants, and it can easily be shown that these bideterminants must have the

same weight as [S]. Let x be the weight of [S] and let
Ty = {I € Ty : [T}] has weight x}.
Let Q2 = [UT7, T1)]; jezy- Then [S] = 3 7y as[T7] and given J € 7y we have

Er,[S] = Z arEr,[Ty] = }: a;Q(Ty, T7)[Ty] by Lemma, 4.7.
I€Z% IeTX%
But
ETJ [S]= G(S, T[]

so we have
QS, THIT) = > arfU(Ty, To)[TAl-

IeZ}
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Thus §(S,T7) = 3 1ezx aiUT1, Ty) for all J € T5. Tt follows that

[Q(s, TI)]IGT§ = [al]leﬁﬁx
and since —Qx is invertible by Corollary 4.6, we have

lar) ey = [US, Tr)l ez ()~

Example 4.4

Let m = 2, A = (2,1). We would like to apply the straightening algorithm to
il

T = { There are two semistandard symplectic A-tableaux which yield

1
2]
bideterminants of weight x = (0, —1); T} =

ﬂ, T, = 2]

1 2
2. 2]
= 1 2 7 Q Q b

Er, = 5(epp+ey1)” and Eq [Th] = —[13], s0 Q(T1, T) = —1. Thus, )y = o 1)

Also Eq,[T] = [T3] and Eq[T] = 0 so Q(T,Ty) = 1 and Q(T,T3) = 0. If a, is the
coefficient of [71] in the straightening decomposition of [T'] and as that of [T3] then

11
(a17a2) = (170) ( ) = (17 1).
01

4.4 A basis for the symplectic Weyl module

Define A()),, to be the left Uz-module generated by vy, where vy is as defined in
(2.11).

Definition 4.6 The symplectic Weyl module is the left U x-module defined as

AN = AN, ®z K.

We now construct the contravariant dual of the Schur module V() which we will

call Vj since it is the symplectic analogue of Green’s GL(n, K)-module V), defined
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in Section 2.5. The contravariant dual of V(\) was also defined in [W], where it is

denoted W), using a somewhat different approach. It can be shown using the theory

of algebraic groups that V(/\)O = A(A). We will show this directly in Corollary 4.12
so we refer to V), as the symplectic Weyl module throughout the remainder of the

chapter.
Define an anti-automorphism J : Ux — Uk by J(&;) = fi;, J(f;) = &;, and

J(h;) = h;. The dual module V* becomes a left Ux-module via the action

(9f)(w) = f(J(g)v), feV*, geUk, veV.

The left U g-module V* with the above action is the contravariant dual to V', denoted
Vve.

Given two U g-modules V and W, a K-bilinear form (,) : V x W — K is called
Sp(2m, K)-contravariant if

(wv,w) = (v, J(uw)w), forallu € Uk, v €V, w e W.

As in Section 2.5 define the map ¢ : V& — V() by ¢(vy) = [T1]. Let

YV = V()

denote the composition of ¢ with restriction to Sp(2m, K). Then ¢ is a well-defined
U g-epimorphism so N =kery is a U g-module.

Let (,): V& x V® — K be the canonical form on V®" defined in (2.10);

(vr,v5) = 014

where I = (i1,...,4.), J = (j1,...,4,) € I(n,7) and 61y =[]} 8s,.4,-
Define V) to be the orthogonal complement to N =kerty) in V®" with respect to

the above form. In other words,
W={zeV® :(z,N)=0}.

It is easy to see that (e;v, w) = (v, f;w) and (hy,w) = (v, h;w) for all v,w € VO,

so the form (,) is Sp(2m, K)-contravariant. Furthermore, if u € Ug,v € V,, and
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x € N, we have
(wo,z) = (v, J(u)z) =0

since J(u)x € N. Thus Vj is a U g-submodule of V. The form

(): W xVQA) =K

defined by

() = (z,9), €3, ye V' (4.7)
is a non-degenerate, U g-contravariant form since (,) is non-degenerate and U k-
contravariant. To see that the form is U x-contravariant, let u € Uk, z € Vy,and y €
Ve Then (uz,(y)) = (uz,y) = (z,uy) = (z,%(wy)) = (z,upp(y)) since ¢ is
a Ug-epimorphism. It follows from a symplectic analogue of Theorem 2.7 that
(Vo).

In [D1], Donkin proves a symplectic version of the Carter-Lusztig lemma ([CL],
Lemma 3.3 or [G], 4.6a.). The Carter-Lusztig lemma is usually stated in terms of
a so-called Garnir identity as in [G], 4.6a. In the following version of the lemma,
we replace this condition with one which comes from Sylvester’s identity. Recall
from (2.7) that if J is a fixed subsequence of column j + 1 of a A-tableau T, and I
a subsequence of column j of 7', having the same size as J we let T*(1,J) be the
tableau obtained by interchanging the elements in I and J, maintaining the ordering

of the elements. We let 7(\) denote the set of A-tableau.

Lemma 4.8 (Carter-Lusztig Lemma) Let f : T(X) — F be a map into an abelian

group F' which satisfies the following conditions:
1. f(T) =0 if T has equal entries at two distinct places in the same column.

2. f(S)=—f(T) if S is obtained from T by interchanging two distinct entries in

the same column.

3. For any subsequence J of column j + 1 of T, we have
F(T) =) H(T"(1, 7))
I
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where the sum is over the subsequences I of the jth column of T' that have the

same cardinality as J.
Then the image of T(\) under f is contained in the set

{f(T): T is semistandard }.

Proof. The lemma follows immediately from the argument in (2.8). O

The symplectic version of the Carter-Lusztig lemma that is proved in [D1] does
involve the traditional Garnir identity, but replacing this identity with the one we give
above does not require alteration of the proof given there. Before stating the lemma,
we define the necessary notation. In order to avoid confusion with the notation
used in (2.7), we use different notation from that used in [D1]. In particular, if
Q = (q1,q2,. . .,q;) is a fixed subsequence of a fixed column of T and I = (i1, i3, ..., i)
is a subsequence with entries from m U T with the same cardinality as ), we let
T(Q, I) denote the tableau which arises by replacing the elements in ) with those in

I maintaining the ordering of the elements.

Example 4.5

912
Let T = _g_ 3] and let Q = (2,2,3,3) be the subsequence of the first column of T'.
3]
1|2
If I = (1,1,,4), then T{(Q, I) = % 31,
4

Let 7()) denote the set of symplectic A-tableau.

Lemma 4.9 (Symplectic Carter-Lusztig Lemma) Let F be an abelian group and

let f:T(A\) — F be a map satisfying 1 - 3 of Lemma 4.8 and the following additional

condition:
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4. For any subsequence Q = (G1, ¢1, - . -, Uay ¢a) Of even cardinality of the jth column

of T, withqp, € m for 1 <k <a, and ¢ < gy < -+ < g, we have
HD) = (1)) _T@Q,1)
I

where the sum runs over all sequences I = (11,11, ... ,%q4,%,) With i € m and

i1 < iy < --- < i, which are disjoint from Q).
Then the image of T(X\) under f lies in the subgroup of F' generated by

{f(T) : T is semistandard symplectic}.

We give an example to illustrate property 4.

Example 4.6

Suppose that m = 4 and A = (1,1,1,1). Foramap f: T(\) — F to satisfy property

4. of the lemma, we need for instance

and

The symplectic Carter-Lusztig lemma allows us to describe N = kery more pre-

cisely. We give a brief proof of the next result which follows the proof of [G], 5.2a.
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Theorem 4.10 The Ux-module N is the K -span of the subset R = R{URyUR3 URy

of V@ where
1. Ry consists of all vy such that Ty has equal entries in a column.
2. Ry consists of all vy — sgn(o)vy, where o € C’(TA).

8. Ry consists of all elements vk — Y_;vry where if J is a fired subset of the
(4 + 1)th column of Tk, the sum runs over all L(I) € I(n,r) for which Ty =
Tx(I,J) for some subset I of the jth column of Ty with the same cardinality

as J.

4. Ry consists of all elements vk — (—1)* >, vru) where if Q@ = (@, ¢1, - -, Ta, 4a)
is a fized subsequence of a fived column of Tx with g € m for 1 <k < a and
g < @ < -+ < g then the sum runs over all L(I) € I(n,r) with Ty =
T{(Q,I) for some sequence I = (iy,i1,...,14,1q) which is disjoint from Q and
satisfies i, € M and 11 < ig < -+ < 4,.
Proof. Tt follows from Theorem 2.3 that R; U Ky U Rj is contained in ker¢. Since 9 is
the composition of ¢ with restriction to W, the K-span of R;URyURj is contained
in keryy = N. Donkin shows in [D1], Theorem 2.3b, that [Tx]—(-1)*>_,[T(Q, )] =0
where ) and I satisfy the hypotheses of part 4. of Lemma 4.9, so R, is contained
in kery as well. Thus if A denotes the K-span of R; U Ry U Rg U Ry, we have
A C N = kery.
Define an epimorphism g : T(A) — V® /A by ¢(T;) = v; + A. Then g satisfies
1 — 4 of the symplectic Carter-Lusztig Lemma, so the image of ¢ is contained in the
K-span of {v; + A : T; semistandard symplectic}. Since the bideterminants given by
semistandard symplectic tableaux form a basis for W and the map p: V¥ /A —

V(A) defined by p(vy + A) = ¢(vy) maps {v; + A : T7 semistandard symplectic} onto
{[Ty] : Ty semistandard symplectic}, p is injective. Thus N C A. O

Note that the argument above can be modified to show that ker¢ is equal to the
K-span of Ry U Ry U R3. Simply let A be the K-span of By U Ey U Rz in the above
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proof, use Lemma 4.8 and the fact that the bideterminants given by semistandard
A-tableaux form a basis for V()). We will use this fact in our proof of the symplectic

standard basis theorem below.

Theorem 4.11 The set {Fyvy : T is a semistandard symplectic A-tableau} forms a

K -basis for Vy.

Proof. We first show that vy € V. In [G], 5.3a, it is shown that (v, 7) = 0if z € ker.
Since ker¢ is the K-span of Ry U Ry U Ry, we have (vy,z) =0if z € Ry U Ry U R3.
If z € Ry, then = vg — (—1)* 3, vy where by definition, each K and each L(I)
contain at least one 7 for some 4 € m. Thus (vy,z) = 0 which shows that vy € V.
Since Vj is the contravariant dual to V(}), V; and V() have the same dimension
(see [G], Proposition 3.3e). Since {[T] : T is a semistandard symplectic A-tableau}

is a basis for V(A), we need only show that the set under consideration is linearly

independent. Consider the non-degenerate U g-contravariant form
(,):VWxVQ) =K

defined in (4.7). Let Z) = {I € I(n,r) : T; semistandard symplectic}. Given I,J €

T, we have

(Frun¥(vs)) = (va, Enp(vs))
= (ox, Eqy[T7])
= (00, UTs T[] + ) am[Tw))
M

where for each M, ap; € K and [Ts] has weight different from A. But

(U)‘,Q(TJ,T[)[T}\] -+ ZaM[TM]) = ﬁ(TJ,TI)('UA,'U](A)) -+ Z CLM<?J,\, {TMD

= QTLTY).

By Corollary 4.6, [Ty, T1)]; sz, is a triangular, unimodular matrix so the matrix
[(Fryon [TiD)y gez, = [(Fryoa, 9(v0))]; sez, is as well. We now have that {Frv, :

I € 7} forms a basis for Vj. O
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Corollary 4.12 The Ug-module V is the symplectic Weyl module; Vi, = A()).

Proof. Due to the above theorem, V) is a submodule of A(\). In [D1], it is shown
that the dimension of V()) is given by Weyl’s dimension formula. But V, and V()

have the same dimension, and it is well known that the dimension of A()) is also

given by Weyl’s dimension formula. This completes the proof. 0

4.5 A spanning set for the irreducible U g-module
L(X)

The Weyl module A(X) has a unique maximal U k-submodule M (symplectic version

of [G], 5.4b) so the quotient module A(A)/M is irreducible. It can also be shown that
V()\) has a unique minimal submodule L()) which is generated as a U x-module by

[T3] and A(X)/M = L()) (see [G], 5.4¢, 5.4d). Furthermore, the set

{L(A) : X is a partition of r into not more than m parts}

forms a complete list of irreducible non-isomorphic Ux-modules. We can use the
argument we used in the proof of Theorem 3.10 to get a spanning set for the irreducible
U g-module w as a corollary to our standard basis theorem. In that case, we
simplified the elements of the spanning set using the basis for the Schur algebra.
There is a symplectic version of the Schur algebra (see [D3]), but a combinatorial
basis for this algebra like the one in (2.2) has not been given so were are unable to

apply the same argument here. We can, however, get a spanning set by applying the

elements Fir to [T3].

Corollary 4.13 The set {Fr[T] : T is a semistandard symplectic A-tableau} is a

K -spanning set for L()).

Proof. The map

|

/M — T

B

o:
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defined by ¢(Frvy+ M) = Fr[Ty] where T is semistandard symplectic is a surjective
U x-homomorphism. Since the set { Fyvy : T is a semistandard symplectic A-tableau}
is a basis for A()), the set {Fz[T)] : T is a semistandard symplectic \-tableau} is a

spanning set for L(}). O
Example 4.7

Let A = (2,1), m = 2, x = (0,1). There are two semistandard symplectic tableaux

which give bideterminants of weight x;

T1: -1- HandTQ: .2‘ 2‘
2] 2]
Now,
Fr[T] = —J?ﬂ[flz 1l]
_ [1‘ 1] +[1 "ﬂ}
2] 1 L2
= [1— 1] + [ 1 ﬂ] + [ 2 21],by the straightening algorithm
20 1 2] 2]
-1 [
2] 2]
and

FTz [TA]

(o + fd e ) | [B13)]
e+ fe) | [12]
- [ (B - [
3{3‘ 21}+[i1

and the above two elements give us a spanning set for L()\)X.

-

H

] , by the straightening algorithm
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Chapter 5

A quantum version of the

Désarménien matrix

5.1 Introduction

In this chapter, we work in the quantized version of the hyperalgebra for GL(n, K).
Given an indeterminate g, we define a C(g)-algebra Ug(q called the quantized univer-
sal enveloping algebra. Let A = Z[g,¢']. There is an integral form Uy of Ugy) due
to Lusztig [L] which is an A-subalgebra of Ug(,). As in the classical case, the quantum
hyperalgebra U, is defined by base change; U, = Uy ®4 K. When we let ¢ = 1, we
recover the classical theory so results about U, give results about the classical case.
When ¢ is taken to be a pth root of unity in K, where K is a field of characteristic
zero, the representation theory of Uy is similar to that of Uy when L has characteristic
p. There are many conjectures regarding this similarity (see [CP] Conj. 11.2.13).
Our main aim is to define a quantized version of the Désarménien matrix using
elements in U,;. There are quantum analogues of the familiar Schur and Weyl modules
called ¢g-Schur modules and ¢-Weyl modules and we discuss these modules in some
detail. Our quantized Désarménien matrix gives an algorithm for writing a quantum
bideterminant in the ¢-Schur module as a K-linear combination of quantum bideter-

minants given by semistandard A-tableaux. We give a quantum version of Green’s
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Weyl module in Section 5.4. This requires the introduction of a Uj-contravariant
form since the canonical form used in the previous chapter proves not to be U,-
contravariant. We use our matrix and the techniques from Chapter 4 to prove the
standard basis theorem for the ¢-Weyl module. The standard basis theorem was
proved previously by Dipper and James [DJ] and then by R. Green [Gr] using a dif-
ferent approach, but the proof we give is substantially different from the former two.
A consequence of our proof is that the bases for the ¢-Schur and ¢g-Weyl modules are
connected by the quantized Désarménien matrix. We conclude the chapter by dis-
cussing the spanning set for the irreducible U,-module L,()\) that arises as a corollary

to the standard basis theorem.

5.2 The quantized hyperalgebra

In this section, we construct the quantum analogue U, x of the hyperalgebra for
GL(n, K). We then discuss the quantum analogues of the Schur and Weyl modules.
Further details may be found in [J}], [CP], or [Ta].

Let g be an indeterminate and let C(g) be the field of rational functions of ¢ with
coefficients in C. The quantized enveloping algebra, denoted Ug, is the associative
C(q)-algebra with generators E;, F;, Kj, Kj“l with 1 < i <n, 1 <j < n, subject
to the relations that follow. We let K; ;. denote K; K}

i+1°
KiK' = KUK =1 KK, = K;K,
KiE; = i—%in B K KiF; = gfini—0s FLK;
BiE; = E;E; if i — j| > 1 FiF; = FF;if li—j] > 1
EiFy~ FyE; = 850K

E2E; — (q+ ¢ V) EE;E; + B B2 = 0 if [i — j| = 1
F2F; — (q+ ¢ YEFF + FFE=0if i — j| = 1.

The algebra Ugy is a Hopf algebra over C(g) with comultiplication

A Ugg) = Ugg) ® Ugy)
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defined by

()

Note that U,y possesses other comultiplications which are preferred by some authors.

Given a,c € N, we define
qa . q—a
la] = ~—-
q-—4q
The quantum factorial is defined as

[a]! = [a][a — 1] ---[1].

Given X € Ugy) and a € N, let X(®) denote the divided power 7y and define

!
K\ _ ﬁ K - g K
a g —q .

s=1

Let A = Z[q,q7'] be the ring of Laurent polynomials in ¢. The integral form Uy4 of
Uc(q) is the Hopf A-subalgebra of Uy generated by the set

E® F@ . k-1 K; ca€eN, 1<i<n, 1<j<ng.
I Rl T Bl 7 ? Q

If we consider our arbitrary field K with ¢ a unit in K, we may regard K as
an A-algebra with ¢ € A acting as multiplication by ¢ in K. Thus U4 ®4 K is an
A-algebra.

Definition 5.1 The quantum hyperalgebra is defined as Uk g =Us @4 K.

We shall drop the K and write U, for Ux 4. We write u € U; to mean the image of u
in U, via the map ¢ : Uy — U, defined by ¢(u) = ® 1.
Let V4 be the A-module generated by vy, - ,v,. Then V4 is a U4-module, called

the natural module, via
5
Ez"Uj = 5,‘_{_1’]"05, Fin = 5ijvi+1’ Kz"l)j =g vj.

The coassociative comultiplication A defined in (5.1) defines a U 4-module action on

V. Thus V§" ®4 K is a Up-module. We drop the A and write simply V and V.
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Example 5.1
Suppose that V has dimension 3 and let v3 @ vo € V ® V. Then

Es(v3 ® v9) = vg @ Eavg + Fovg @ Ko 3vs = quy ® 0.

Define z, € V®" by

Z) = Z (—9) vy

UEC(T\)\)
where [(0) denotes the length of the permutation o € S, and, as always, I(\) € I(n,r)
is the subsequence that satisfies Ty = T7(»). Define A(X) 4 to be the left U4-submodule

of V®" generated by 2.
Definition 5.2 The g-Weyl module is the left U,-module
AyA) =AM AQ4 K.

There is also a quantum analogue of A(n). An n X n matrix A with entries in an

A-algebra is a g-matriz if its entries satisfy the following relations:

Qi = ¢ tagai 1<i<y<n
Qik Uik = q"lajkaik 1<k<i<n (5 2)
Q1G5 = QjkA40 1<i<ji<n1<k<i<n

Qirj — ot = (@ — @)agajy 1<i<ji<n, 1<k<li<n
Define A,(n) be the A-algebra with generators z;; subject to the relations which
require X = (%) 1<ij<n t0 be a g-matrix.

Example 5.2

We have the following relations in A4(2):

— a1 1
T11T12 = ¢ "T12T11 T21%22 = ¢ "T22T21
P 1
T11%9 = ¢ "To1ZT11 Ti12%22 = q " T22T12

-1

L1221 = T21T12 T11%gp — X22%11 = (q - Q)$12$21-
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It can be checked (see [Ta] ) that 44(n) is a Us-module with action
Eip = 6iy10%k, FiTw = OuTrivr, Kitw = ¢"ok

and E;j(PQ) = P(EQ) + (EiP)(KiinQ), F(PQ) = (K ;11P)(FiQ) + (FiP)Q,
Ki{(PQ) = (K;P)(K;Q) where P,QQ € A,(n). These Leibniz formulas come from

(5.1). An inductive argument shows that

Ei(PPy---P) = PPy---(EiP)+ P (BiPs1) (K1 Ps)
+ o+ (EiP)(Kij1 Po) -+ (K P)  and (5.3)

Fi(PPy---P) = (K} P) (K Poo) (FiPy)
+ ot (KL P)(FP) - P+ (FP)Py - - Py,

where Py, ..., P; € Ay(n) and 1 < ¢ < n. The Ug-module A,(n) becomes a Uj-module

via base change.
Example 5.3
Take 72, € A,(2) and Ef € Uq. Then

2 - -1
Eix1511s = Ei(@12211 + ¢ 211212)
-1
= gz11%11 +¢ T11ZTu

(g+qY)z?

H

O
The quantum determinant of the matrix X = (z;)1<ij<n lies in Ag(n) and is

defined by
deth = Z (_Q)——l(a)xla(l) * Tog(n)-

oESy
If I,J € I(n,r), the quantum minor deth§ is the quantum determinant of the

submatrix of X with rows indexed by I = (4y,...,1%,) and columns by J = (j1,...,jr);

deth§ = Z (—Q) ﬁl(a_)'rilja-l v xirjo‘r'
oESy
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Example 5.4

Let X = (:Eij)lgz',jgb’- Then d@thtg = T11T23 — q_1$13$21. O
Given A-tableaux S and T, the quantum bideterminant (S : T) € Ay(n) is defined
as

51 S(2 g
(S: T), = det, X7\, dety X33} - - - det, X 7

where s is the number of columns in the Young diagram of shape A and 7'(i) denotes
the subsequence corresponding to the entries in the ith column of T. As always, we
are only interested in bideterminants of the form (T : T'), and take [T to represent
such a bideterminant. All bidetermiants [T] in this chapter are taken to represent
quantum bideterminants. Using (5.3), we may determine the action of E;, Fj or K;
on a bideterminant [T]. Suppose that T is a A-tableau with s columns. Let [T}] be
the bideterminant which is given by the one-column tableau that corresponds to the
ith column of T so that [T] = [T1][T2]- - - [Ts], where s is the number of columns in

T'. Then

EiT] = [0]---(E[T)) +[T1] - - - (BilTsr]) (Kiin [T6])+
o (BT (K [To)) - - - (K [T5]), (5.4)

T = (K uh)) - (KT ) (BIT]) + -
HEA TN ED]) - (L] + (BT () - - [T

A proof of the following theorem can be found in [NYM]. It is also a consequence

of (5.4) combined with Lemma 5.5 which we prove in the following section.

Theorem 5.1 The K-span of the quantum bideterminants [T], where T is a A-

tableau, is a Uy-invariant submodule of Az(n).

Definition 5.3 The g-Schur module, denoted V,(A), is the K-span of the quantum
bideterminants [T') determined by A-tableauz T

In the following section, we will construct the contravariant dual to V() as we did in
the symplectic case and, as stated in the following theorem, the module we construct

will be isomorphic to A4()). For a proof see [D2], Proposition 4.1.6.
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Theorem 5.2 The g-Weyl module is the contravariant dual to V,()); that is

We shall also use the following quantum analogue of the basis theorem for V,(A)

in Section 2. There are several different proofs of this result; see for instance [Hu] or
[HZ].

Theorem 5.3 The set {[T]| : T is a semistandard A-tableau} forms a K -basis for
Vi(A).

5.3 A quantum version of the Désarménien matrix

In this section we use operators in U, to define a quantum version of the Désarménien
matrix. We introduce a number of technical lemmas which will ease our task. Our

first lemma may be proved using the relations (5.2).

Lemma 5.4 Let T a one-column A-tableau.
1. If T contains two entries which are equal, then [T] = 0.

2. Let S be a A-tableau which is the same as T except that two of the entries have
been interchanged. Then [T]+ (—¢)~[S] = 0.

Proof. See [TT], Proposition 2.1. O

Lemma 5.5 Let T be a one-column tableau for which [T # 0.

1. If T contains an i + 1, we have E;[T] = [S] where S is the A-tableau that is
identical to T except that the ¢ + 1 has been replaced by an i. If T does not
contain an i+ 1, then E;[T] = 0.

2. If T contains an i, then K;[T| = ¢[T] and K;[T| = [T otherwise.
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Proof. Let T = T; where J = (j1,...,7,) € I(n,r) and j; < ja < --- < j,. By

definition,

[T5) = > (=) Dz, -

€Sy

If T does not contain an ¢+ 1, then none of the jj is equal to 1 + 1 so E;[Ty] = 0
since E;(z1j,, ** Zrj,,) = 0 for all 0 € S;. So suppose that T' does contain an ¢ + 1
and let j; = ¢ + 1 where 1 < < r. Since [T] is non-zero, this is the only element in
the subsequence which is equal to i + 1. If none of the ji isequal toifor 1 <k <,
k # 1, then K;; 115k = ji for k # 1, so E;[T;] = [Ta], where M is identical to J except
that j; = i, since E; simply changes an 7 + 1 to an ¢ in each of the summands of T}.

Suppose that one of the jy =i and jy =i+ 1 for 1 < k,I < r. We will show that
in this case E;[T] = 0. To accomplish this, we prove that for each o € S, there is a

unique 0 € S, for which
E(—q) "z, -+ 2o, + Bi(—q) Oy, - 34, = 0.

From this it certainly follows that E; Y .o (—q) " @xy;,, - - 2y, = 0.
Fix 0 € S, and suppose that j,; = ¢ and j,; = ¢ + 1. Assume s < ¢ for the
alternative case is proved similarly. Let 6 be the unique permutation in S, with

Jos =1+ 1, jgr = 1, and Jom = Jom for m # s,t. Then

Ei(—Q)—l(e)IEljm Tl T Ty, T (—Q)*l(a)ﬂ?ljﬂ co (Bixsgra) o (K - -
== ("Q)_‘(l(a)+1)q$1jc,1 .o 33'51: e e xti [T xjar
= _(_q)l(a)xljo—l s msi IR xti R ‘(Ejar

— —l(o
— __.E'L(__q) ( )xljal"'xS’i..'mt,i‘i‘l.”xjar?

so the sum of the two is zero. It follows that E;[T;] = 0 and the proof of 1. is
complete.
To prove 2., note that since [T is non-zero, there can be at most one 7 in J. The

result then follows easily from the definition of [T] and the fact that K;zy = Pty
O
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Remark. By altering the proof of 1., we can prove that if T" is a one-column tableau
that contains an ¢, then F;[T] = [S] where S comes from T by changing the i in T to
an 1+ 1 and F;[T] = 0 otherwise.

Using Lemma 5.5 and (5.4), we can compute the action of an element of U, on a

bideterminant [T7].

Example 5.5

oo [P - () -+ (] o ] o

We are interested in working with operators in U, which serve as the quantum
analogues of the operators e;; and f;; in Ug. Let E; = E;;,, and F; = F;,, and for

1<i<j<nwith |i — j| > 1, define operators E;; and Fj; inductively as follows:
Eij = q 'EiEi11j — By ;B and Fyj = ¢ FiFy - FiFi

Example 5.6

Eyy = ¢ 'E\Ey — EyE;
= ¢ 'E(q ' EyEsy — E3yFy) — (g7 ExEsy — By En)E,

O

Due to the recursive nature of the operators E;; where |i — j| > 1, it can be
quite difficult to compute E;;[T] for an arbitrary A-tableau T. Fortunately we will
frequently be encountering tableaux for which the task becomes simplified. We illus-
trate the type of tableau in which we are interested in the next example and prove a

general result about such tableaux in Lemma 5.6.
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Example 5.7

ek
5 et
ok

o
N
=
=
&
3

Let T =

W OO [N | bt
THOR N |
(=2}
[0.]

ElT) = (¢7'EsEs — EwEs)[T)
= ¢ ' E3E[T), since E3[T] =0
= ¢ 'B3(q " ByEs — EsEy)[T)
= ¢ ?E3E.Es|T) since E3EsEy[T] = 0.

Lemma 5.6 Suppose that T is a column increasing A-tableau that coincides with T
in the first i — 1 rows. Suppose also that if m is an integer with i < m < j, then m

does not appear in the ith row of T. Then
Eij {T] = qi—j+1EiEi+1 ve Ej_l[T].

Proof. We fix j and induct on i. For the case where ¢ = j — 1, the result is trivial.
Now assume that the conclusion holds for all £ with i < £k < j—1;that isif U is a
tableau that coincides with 7' in the first 7+ — 1 rows and the ith row of U contains
no entries between k and j, then Ey;[U] = ¢*9*E,Fy,y--- E;1[U]. Since the ith
row of T contains no 7 + 1’s and the first ¢+ rows of T are identical to T}, any ¢ + 1’s
which occur in T must occur below the ith row. Since T is column increasing and
each of 1,...,7 ~ 1 appear in the first 4 — 1 rows above such an 7, there must be an 1

above each so we have E;[T] = 0. Thus,
EylT) = ¢ 'EiEi1;[T) — By Bi(T)
= ¢ 'Ei(¢T" T By -+ BT
qi~j+1E7; [ Ej*_l[T].
O
The following example should help to motivate Theorem 5.7. Note that a special

case of the type of tableau that satisfies the hypotheses of Theorem 5.7 is a one-row

tableau with all entries equal to j.
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Example 5.8

Let T'=[5]5] Then
E%[T] = Eysq *E2E3ET) by Lemma 5.6

= ¢ ?ExEyF; ( + lfl)
= ¢ B ( +q7 )

= ()BEE ([5]3) + 4 [3]5))
= (¢ e+ [2]2]

= (¢)’[2'[2]2)-

For the proof of our next theorem, we introduce some notation. Given I € I(n,r),
define d(I) to be the number of pairs (a,b) which satisfy ¢ < b and i, < @. For
instance, if I = (1,2,1,4,3), then d(I) = 7. In our proof, all r-tuples I contain only

i’s and j’s where i < j. For example, if I = (i, §,1,14,1,1, 7,1), then d(I) = 6.

Theorem 5.7 Let T be a semistandard A-tableau that coincides with Ty in the first
7 — 1 rows. Suppose that T' contains v j’s in the ith row and if m is an integer with

i < m < j then m does not occur in the ith row of T. Then
EGT] = (¢ ) [r)ls]

where S is identical to T except that the r j’s in the 1th row of T have been replaced
by i’s.

Proof. We want to consider Ej[T] for 1 < s < r and we first argue that in doing
80, we may assume that T is a one-row tableau which contains r 7’s. By Lemma 5.6,
Eyj|T) = ¢ E;E;y1 - - - E;1[T). Suppose that the j’s in the ith row of T' appear
in columns p through p' = p+ r. Only the integers 1,...,7 — 1 appear in the first
i — 1 rows and T is semistandard, so if m > p' there are no entries between 7 — 1

and j + 1 in the mth column T'(m) of T. So if m > p' and i <1 < j — 1, we have
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K1 [T(m)] = [T(m)]. Thus the operators E;,-- - , Ej;.1 have no effect on any of the
columns T'(m) for m > p'.

We now claim that the only non-zero bideterminants in the sum E;E; 1y - - - E; [T
are those that come from applying the operators to the j’s in the ith row of T'. If
m is an integer with ¢ < m < j and if m appears in T' then by hypothesis, m must
appear below the ith row. Furthermore, since T' is column increasing and the integers
1,...,7— 1 appear in the first ¢ — 1 rows above m and no integer between 7 and j
appears in the ith row of T, there must be an ¢ in the ith row of T' above m. Now
if [S] is a bideterminant in the sum £;_;{T"] that comes from changing a j below the
ith row of T' to a 7 — 1 then we claim that F;E,,; - -+ E;_5[S] = 0. Since there are no
j—1’s in the ith row of S, any bideterminant in the sum F;_,[S] arises from changing
a j — 1 below the ith row of S to a j — 2, either the j — 1 that came from changing
the § below the ith row to a j — 1 or some other j — 1 that appears below the ith
row. Either way, there is an 4 in the ith row of S above this 7 — 1. Continuing, we see
that any bideterminant in the sum F;E;; - - E;_1[S] comes from changing an ¢ + 1
below the ith row to an i in a bideterminant [S'] in the sum E,,; - - - E;_;[S] which
appears below the ith row. Since there is an ¢ in the ¢th row above such an i, we have
E;[S] = 0s0 E;E;1--- E;_2[S] = 0. Thus, we may assume that all bideterminants
in the sum E;_;{T] come from changing a j in the ith row of 7 to a j — 1.

We then apply the same argument to see that any non-zero bideterminant [S] in
the sum F;_oF; 1{T] that comes from a bideterminant [T"] in the sum E;_,[T] by
replacing a j — 1 below the ith row of 7" with a j — 2 satisfies E;F;.q - - - E;_3[S] = 0.
Inductively, we see that every bideterminant in the sum FE;E; i, ---E;_1[T] comes
from changing a j in the ith row to an ¢ and so the operator E;; effects only the
portion of 7' in columns p through p' of T. We apply the same argument to EEJ [T;
that is if [U] is a bideterminant in the sum E;;[T], then it is enough to consider what
E;; does to the entries in columns p through g of the ith row of U and inductively we
see that in considering Ef;[T], it is enough to see what happens when T is a one-row

tableau which contains r j’s; that is [T] = z7;.
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We will show that E§[T] = (¢"71)*[s]' 30, ¢~ D[T}] for 1 < 5 < r where the
sum runs over all r-tuples I which contain s ¢’s and r — s j’s. This will prove the
statement, for when we let s = r, the only r-tuple 7 that satisfies the hypotheses of
our claim is that which contains r ¢’s and no j’s and for this I we have d(J) = 0.
Then we will have EJ[T] = (¢ 1) [r]![S].

We first let s = 1. By Lemma 5.6, E;;[T] = ¢" 7" E;E;y1 - - - E;1[T)] and

roo_ —~1 —(r—-1
Bia[T] = EBjaxl=ay- 2y + ¢ 0y Doy + o+ g7 a0y

= Y (T,
M

where the sum runs over all r-tuples M which contain one 7 —1 and r — 1 j’s. Thus

Eij[T] = qi~j+1EiEi+1 cee Ej_l[T]

= ¢MEEn- B Z g MM[Ty).
M
Since Ky 1215 = o1 for 1 <1 < j — 1, we have

¢ IHEEyy - “Ej_y Zq d(M) [T = g it Zq—d(J)

where the sum runs over the r-tuples J which contain one ¢ and r — 1 j’s.
Now suppose that for all 1 < m < s we have ER[T] = (¢ 9™ [m]! 3, ¢ 4D[Ty]

where the sum runs over all r-tuples I which contain m 4’s and 7 — m j’s. Then
ET) = BB T) = (7)Y s Z g~ "D E;,[T7] (5.5)

where the sum is over the r-tuples I which contain s —1 ¢’s and r — (s — 1) j’s. Since
for each I, every tableau in the sum Ey[T7] = ¢ 71 FE;Eiyy - - - E;_1[T7] results from

changing a 7 to an ¢ in 77, we have

> BylTr] = ¢~y Ty (5.6)

where v;; € K and the sum runs over all J which contain s ¢’s and r — s j’s.
Furthermore, v;; = 0 in case J cannot be formed by changing a j in I to an . We

will examine the coefficients ;s a little later in the proof.
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Substituting (5.6) into (5.5) we have

Ef] [T] — (qz—-_H—l)s lrg Z q~d(I)E
= (¢7)s Z g~ Z vr3{Ts]
(g7’ Z Z q I)'YIJ Ty,

where the sum runs over all J which contain s i’s and r — s j’s. To complete the

induction, then, we need to prove that for each J with s 7’s and r — s j’s, we have

> a Dy = [slg ",
I

where the sum is over all J which yield J when a j in I is changed to an ¢. For a
fixed J with s i’s and r — s j’s, , let I; in the sum ), g~ %D, ; be the r-tuple that
comes from changing the first ¢ from the right in J to a j, Iy the r-tuple that comes
from changing the second ¢ from the right in J to a j, etc.

Then ,
> g Wy =Ygy,
I k=1

Let o be the number of j’s to the right of the right-most ¢ in J, ay the number of j’s
to the right of the second 7 from the right in J, etc., so that d(J) = Y ;_; ax. Then

since the place in which the kth ¢ from the right in J occurs is a j in Ix, we have

d(ly) = i+ +opog+ (g +1)+ -+ (a5 + 1)
= f:ai—ak—}-(s—k)
= d:(J) — o+ (s—k).
Now, to examine v,y € K we apply E;F;;---E;_; to [T,] and look at the
coefficient of the portion of this sum that gives J. By definition of I, this is the

portion of the sum which changes the j in [ which is in the same position as the

kth ¢ from the right in J to an ¢. We write 7 (E;)[T’] to mean the portion of the sum
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E;[T] that effects the entry in this position of T,. Then since there are ay j’s to the
right of this j,

Tk (Ei) e (Eigr) - - 'Wk(Ej—l)[TIk] = T Ei)me(Big1) - - - mx(By-2)q” ™ [T1]
where I' is the r-tuple obtained by changing the j in question to a j — 1. Now,
Tk (Bo)mi(Big1) - (B —2)g” Ty = ¢~ % i (E;) Ty
where I" is the r-tuple that corresponds to changing the j to an i 41 and
g (Ey)Tyn = g% ¢* 1Ty

since there are k — 1 7’s to the right of the j by definition.

Thus we have

Vi, = q *¢"!
for each k. Then
q—-d(Ik),YIkJ — q—-d(Ik)q-—Otqu*-l — q~d(.])+ak-—(s—k)q-—aqu——1 — q——d(.])q——s+2k-1.

Recall that

§ _ —8 $

[8] — q q — q—~s+2k—1.
qg—qt
k=1

It follows that

L

S s
q—d(Ik) Vi = Z g gmst =1 Z g4 B
k=1 k=1 k=1

and this completes the proof. |

We now define operators Er, and Fr, in U, which are the quantum analogues
of the operators Er and Fr that were defined in Chapter 4. The operators Frp, also
appear in [Gr] and we note that our definition is slightly different than R. Green’s
since our definition of F;; differs from the one used there.

Given a semistandard A-tableau T with k < n rows, define

Brg= ] £§*) and Fro= [] A
1<i<k 1<i<k

1<j<n 1<j<n

75

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where 7;; is the number of entries equal to j in row ¢ of T. The product Er, is

ordered
Br,= E](c"ﬁuillgk)Elszicg——’zk) . Eg’:z;e) . Eégza)Eglk) . 'E§g13)E§'%’12)5

and we order Frg in the opposite way.
We are now ready to give quantum analogues of the definitions and theorems we

gave in Chapter 4.

Definition 5.4 Given a semistandard A-tableau T and a column increasing A-tableau

S, define (S, T) = c where c is the coefficient of T3] in the sum Exr4[S).
Definition 5.5 The quantized Désarménien matriz is the matriz

Qq - [Qq (TI: TJ)]I,JEI,\

where Iy = {I € I(n,r) : Ty is a semistandard A-tableau}.
We begin with an example to motivate the next theorem.

Example 5.9

Let T' = é é 6], Then Erg= Eé? Eis and if 1 = 1 and j = 6, then T satisfies the

hypotheses of Theorem 5.7. Thus,

EQ BT = ¢ By [; : ”]
1
_ -4t pe fl1]1]1]
! {2]!E25[5 5 ]
. -
At N2 11111
= e R 512 q by Theorem 5.7
_ q—4(q~2)2[é ; 1]
Thus Q,(T,T) = ¢ *(¢7%)% O
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Theorem 5.8 Suppose that the Young diagram of shape A has s rows and let T be
a semistandard A-tableau. Then
(T, T)= [] (&7
1<i<s
i<j<n

where y;; is the number of entries equal to j in row ¢ of T.

Proof. By Theorem 5.7, we have EJ3*[T] = [y12]{{U] where U is the single tableau that
results from changing the 715 2’s in the first row of T to ones. Thus, B [T] = [U].
Suppose that E{?’_j{ DL BT = T2 (¢ ™) e (U] where the first 71 + 712 +

-+« 4 71,j-1 columns of the first row of U contain ones while the remainder of U is

identical to T'. By Theorem 5.7, we have

j-1 j-1
‘ o 1 —m y
g [l@ 0l = o [l @B U]
m=1 fyl]'m:l
1 I .
= ORI H(ql“m"‘“l)')’lm(ql“‘]'f‘l)'}'lj [y, MU
f){l]'m::l

J

= [Ty

m=1

where the entries in the first 33 +712+- - - +71, columns of the first row of U’ are ones

and the remainder of U coincides with T'. This proves that B ... EQ?[T] = [U]

where the first row of U consists entirely of ones and the remainder of U’ is identical

to T. The general result follows by repeating the argument for each of the rows in

T. O
If V is a Upmodule and x = (x1, - ., Xn) a0 n-tuple of non-negative integers, the

weight space associated to x is the subspace
VX={veV:Kwv=g¢%, 1 <i<n}

A vector v € VX is a weight vector of weight x. It is easy to see, using Lemma 5.5,
that the weight of a bideterminant [T'] in V(A) is x = (x1,.. -, Xn) Where ¥; is equal
to the number of #’s that occur in the tableau 7. (In other words, x is the content
of T.) In particular, [T}] is the unique bideterminant in V() with weight A, up to

multiplication by a scalar.
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Lemma 5.9 Let T be a A-tableau. Then Ej[T) = 3, ax[Us] where each A-tableau

Uy in the sum has one less j and one more i than T and oy € K.

Proof. Fix j. The result is trivial for the case j = i — 1. Suppose that E,,;[T] satisfies
the hypothesis if i <m < j — 1. Then

EylT) = ¢ 'EEi14[T) — Eip1;E:[T)
= ¢ 'E Z ap[Ui] + Eiy1 Z AR

where each U, has one less j and one more i+ 1 than T by the induction hypothesis,
each S; has one more ¢ and one less i + 1 than T, and a, b € K. But then for
each k, E;[Us] = 3, o, [U},] where each [U,] has one more ¢ and one less i + 1 than
Uy, so one less 7 and one more ¢ than 7', and «, € K. By the induction hypothesis,

Ei1;181] = 3 B:S%;] where each [S!)] in the sum has one more i + 1 and one less j

than 5;. The result now follows. O

Theorem 5.10 Suppose that S and T are A-tableaur and suppose that T is semis-
tandard.

1. If Q,(S,T) # 0 then [S] and [T'] have the same weight.

2. If S is semistandard and Q,(S,T) # 0 then S < T.

Proof. By Lemma 5.9, Ej; takes a bidetefminant of weight x = (x1,-.-,Xn) to the
weight space V¢ where @ = (x1,...,xi +1,-..,X; — L,..., Xn)- So if [S] and [T
do not have the same weight, Er, takes [S] and [T] to different weight spaces, by
induction. But Er ,[T] lies in the weight space V,4(A)* by Theorem 5.8 so there is no
bideterminant in the sum Er,4[S] with weight A and Q,(S,T) = 0. This proves 1.
Now to prove 2. we may assume that [S] and [T] have the same weight. Suppose
that S > T and let ¢ be the first entry in the row sequence of T which differs from
the corresponding entry in the row sequence of S. Suppose that the corresponding
entry in S is s so that s > ¢. Let ¢ be the row of the Young diagram in which ¢

occurs in T'. Suppose that the number of #’s in the ith row of S is equal to k. Since
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S > T, we have v > k. Thus Er,[5] = --- ES* M E® ... EQ)[S] where v;,—k > 0.
Repeatedly applying Theorem 5.7 we have EL .- EI* ET22[S] = [k]!- - - [ya3)![y22]![U]
where the first ¢ — 1 rows of U and the first v; + ¥i 41 + - - + & columns of the ith
row of U coincide with T), and the remainder of U coincides with S. Now, since S is
semistandard, there are no t’s in the ith row of U and any which appear below the
ith are in the first 7;; + v, ;41 + - - - + k& columns. Since each of these columns contains

an i in a row above such a ¢, we have EJ* *[U] = 0 and it follows that E; ,[S] = 0. [J

Corollary 5.11 The quantized Désarménien matrix is an invertible upper triangular

matri.

Proof. Theorem 5.8 shows that the entries on the diagonal of {2, are powers of g, so
are non-zero. The entries below the diagonal are zero by Theorem 5.10. [
The following lemma allows us to deduce a straightening algorithm for quantum

bideterminants. For an alternative straightening algorithm, see [LT].

Lemma 5.12 Suppose that S and T are A-tableaur and that T is semistandard.
Suppose also that [S] and [T| have the same weight. Then

Er,o[S] = Qq(S, T)[T3].

Proof. Since [S] and [T] have the same weight, F7,[S] and Er,[T] lie in the same
weight space. By Theorem 5.8, they both lie in the weight space V,(A)*. Since any

bideterminant with weight X is a scalar multiple of [T}, we have

Erg[S] = 5] = Qo(S, T)[T].

The method that the quantized Désarménien matrix gives for writing a quantum
bideterminant as a linear combination of semistandard bideterminants works in es-
sentially the same way as the method we discussed in Chapter 4. Let £, be the
submatrix of £, that runs over the Q,(S,T’) where [S] and [T'] have weight x. Let
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I¥ = {I € I, : Ty has weight x}. If U is a A-tableau such that [U] has weight yx,
then (U] =3 ey ai[Th]. I J € Z¥ then
QU,THIT] = Er,4U] by Lemma 5.12
= Y arBr, o[T1]

Iez}

= Y arQ(Ty, To)[Th.

Iez}

Thus Q,(U, Ty) = ZIGI,’\‘ ar$dy(Ty, Ty) for all J € Z¥. In other words,
(U, TD)lrezz = lar]rezxQax
and since 2, is invertible, we have
larlrery = (U, Tn)]iezz Q) ™
Example 5.10

Let A = (2,1), n = 3, and x = (1,1,1). There are two semistandard A-tableaux

which give bideterminants of weight x;

7= [12] and 1y = [1]3]
13 2]

By Theorem 5.8, we have Q4(73,T1) = 1 and Q,(13,T2) = ¢~ *. To find Qu(T1, T3), we
compute ETg,q[Tl] = E13{T1] = (q~1E12E23 - EQgElg)[Tl] = 0. ThUS,

Let T = g 1] Then Eq o[T] = ExsExs[T] = ¢Ty, so Q,(T,T1) = ¢g. Furthermore,

Er, o[T) = (¢ E1pEas — EgaEy)[T] = —q[T3), so Qu(T,Tz) = ~q. Let ap, and ar,
be the coefficients of [T1] and [T] respectively in the straightening decomposition of

[T]. Then

%

10
(a’Tua'Tz) = (Qa '_Q) ( ) = ((], -q2), and
0 ¢

[T] = q[T1] — QQ[T2]-
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5.4 The standard basis theorem for A (})

A quantized version of the Carter-Lusztig basis theorem has been proved by R. Green,
[Gr]. We shall prove the standard basis theorem using the quantized Désarménien
matrix in Theorem 5.15. Our proof also shows that the standard basis for A4()) and
the basis of bideterminants for V() are connected by the quantized Désarménien
matrix.

We first construct the contravariant dual to V,()). As stated in Theorem 5.2,
A (N) =2 (V4(N)°. We begin with the map ¢ : V® — V,(A) as defined in the

classical case.

Proposition 5.13 The K-linear map ¢ : V& — V,(A) given by ¢(vr) = [T;] is a

U,-epimorphism.

Proof. Tt is clear that ¢ is an epimorphism, so we need only prove that ¢(uvy) = u[T]
for each r-tuple J and each u € U,. Suppose first that A = 1" so that ¢(vy) = [T]
where T’ is a one-column tableau for each J. We will prove that ¢(Kvy) = K;¢(vy)
and ¢(Evs) = E;¢(vy) for each J and 1 < ¢ < n. The proof that ¢(Fvy) = Fid(vy)
is similar to the proof of the latter. If J contains more than one % then by Lemma
5.5 [T] = 0 since [T] has one-column, so if ¢ denotes the number of i’s in J (a >
2) then ¢(Kiv;) = ¢*[Ty] = 0 = K;¢p(vy). If J contains less than two 4’s then
d(Kwy) = ¢*[Ty] (a =0 or a = 1), but K;¢(vy) = K;[T,] = ¢*[T] as well, so indeed
P(Kvs) = Kip(vs).

We now prove that ¢(E;v;) = E;¢(vs). If J does not contain an ¢ + 1, then
Ewy = 0 = E[Ty], so we suppose that J contains at least one i + 1. If J also
contains an 4, then Eju; = Y apvp where ap € K and each r-tuple M contains at
least two ¢’s. But then E;p(vy) = 0 for each M and E;[T] = 0 as well, since [T7]
is a one-column tableau that contains two i + 1’s. Further, if J contains more than
two 7 + 1’s, we also have ¢(Ew;) = 0 = E;[Ty] since E;uy = Y apvy where each
vp in the sum contains at least two ¢ + 1’s. So the only remaining case is when J

contains no i’s and one or two 7+ 1’s. If .J contains exactly one i+ 1, then Ev; = vy
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where M is identical to J except that the 7 4+ 1 has been replaced with an 7. Thus,
¢(E;vg) = [Tnm) = Ei[Ty]. Now suppose that J contains exactly two i + 1’s and no
i’s. Since E;¢(vy) = E;[Ty] = 0, we need to prove that ¢(E;vs) = 0 as well. Suppose
that J = (ji,...,4+1,...,i+1,...,5,). Then

Evy=vj,® Q11Q QU ®  Quj, +¢ 0, QU ® Qi1 @ - Quj,

so ¢(Ewy) = [Tar] + ¢ ' [Tnr] where the tableaux Ty and Ty are the same except
that an 7 and an 7 + 1 have been interchanged. But [Ty] + ¢~ [Th] = 0 by Lemma
5.4. Thus, ¢(E;vy) = 0.

For the general case, let u = (u1,...,1s) be the conjugate of the partition A =
(A, .-, Ap). Given I € I(n,r), let I = (11,012, ;810" s 8s1,° ", 9sp,) and let
I = (1, %12, yh ), Jo = (f21,%20, l9ps), « - oy L = (811,812, , S1p,) SO that
vy = vy, @ vy, ® -+ ®vy,. It is now easy to check that the map

:Ve — vq(ﬂl) ® VQ(H'Z) X Q vq(”s)

defined by 8(v;, v, ®- - -Quy,) = ¢(vy ) Qd(vr,)®- - -®@¢(vy,) is a Ui-homomorphism.
As well, the map ¥ : V(1) @ Vg(uz) ® -+ - ® Vg(s) = V4(A) given by

P([Tn]® [Tn] ®@ - @ [T1,]) = [Tn][Ts] - - - [T7,]

is a U;-homomorphism. Thus, ¢ =1 0 8 is a U,-homomorphism as well.

We have an anti-automorphism J : U, — U, defined by
J(B)=F, J(F)=E, JK)=K,

which is a K-algebra homomorphism. If V and W are two U,-modules, a bilinear
form (,) : V x W — K is said to be Uj,-contravariant if for all u € U,, v € V, and
w € W, we have

(uv, w) = (v, J(u)w).
The canonical form (,) on V®" defined in (2.10) is not a U,-contravariant form. For
instance,

(Fi(v1 ® 13), 2 ® v2) = (V2 ® Vg, V3 ® v2) = 1,
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while

{(v1 @ Vg, E1(v2 ® v2)) = (V1 ® V2,12 @ vy + g v @ ug) = g .

Thus, if we are to define the quantum analogue of Green’s Weyl module, we must
define a new form on V®" which is Uj-contravariant. To do so, we introduce the
following notation. Given I € I(n,r), define B(I) to be the number of pairs (a, b)
for which @ < b and i, # 4. For example, if I = (1,3,2,1) then (/) = 5. Define a

bilinear form {(, ), : V® x V& — K by
(v1,vs)g = ¢"Dép,.
For example, (v; ® v3 ® 12 @ v1,v; ® U3 ® U2 ® v1) = ¢°.
Theorem 5.14 The form (vr,v5)q: V® x VO — K is a Uy-contravariant form.

Proof. It suffices to prove that (Kvr,v;) = (v, K;us) and (Fyur,vs) = (vr, E;vy) for
single tensors vy and v; where I, J € I(n,r).

Let I,J € I(n,r) and let a be the number of ¢’s in I and b the number of i’s in
J. Using (5.1) we have K;u; = ¢“vr and Kjvy = ¢’v;. Thus (Kjvr,vg) = q*(vr, vy)
and (vr, Kjvs) = ¢*(vr,v;s). Both are equal to zero if I # J and if I = J thena = b
so (Kvr,vy) = (vr, K;uy).

Applying (5.1), we have

Fi(vi, ® vg -+ - @ v;,)

I

(KEI:]:I—]_’UZ'I) ® e ® (K’l;,—i{f—lvir—l) ® (Ei’uiw)
+ (Kihavi) ® - ® (Kihvi_,) ® (Fivi,_,) ® v,

+ oot (Fuy) ® v, ® - @ g, and

Ei(v;, ®v;,® - ®w;,) = v;, Quj, @ @ (Ewy,)
+ vjl ® e ® vjr—2 ® (Eivjr—-l) ® (Kiyi+lvjr)
+ o+ (Bwy,) ® (Kiiv),) ® -+ @ (Kijivs,),

For a fixed k£ with 1 < k£ < r we will prove that
< i—,—z‘:_lvil - itig-l’uik—l X Fivik Q- QV;,,V;; OV, -+ & vj})q is equal to
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(Vi ® - QU @+ @, V), @+ ® Eyjwj, @ K105, @+ @ Kii4195,)g-

Since (, )4 is bilinear, this will complete the proof. We may assume that the r-tuples
I and J coincide before and after the kth place for otherwise both forms above are
equal to zero so we replace all such #;’s in the first form by j;’s. Furthermore, we may
assume that v;, = v; and v;, = v;41 for again both forms are zero if this is not the
case. Suppose that a; i’s occur in the r-tuple J prior to the kth place and suppose
that there are ay 7 + 1’s in J prior to the kth place. Let b; denote the number of ¢’s
which appear in J after the kth place and by the number of ¢+ 1's that appear after
the kth place. Then

(Kf,ﬁd”ﬁ@' : .®K’;i{l-1vjk—1 QFv;®- - -®uj,, v, ® - @Uip1®- - ®Vj, )g = g~ q%¢?),
where J' = (j1,..., Jk-1,4+ 1,...,7r) and

(0, ® - ®V;, @ - BV, V;, ® @ Evi 1 O K j 1105, @ QK 1410, )¢ = g"q ")
where J = (1, -, Jk—1,%---,Jr). But 8(J) = B(J) + a1+ by —ay — by s0

a4

a2

B8(J") qblq-bz B(J)

g 979 a7,

as desired. O
We now take V), to be the orthogonal complement to N = kerg with respect to

the form (,),. It is clear that V), is a Uj-submodule of V®" and the form
(, )g: Vg x VW) = K

defined by
(,0(y))g=(z,Y)gy TEWVrg, Y E ver (5.7)

is a non-degenerate contravariant form since (, )4 is non-degenerate and contravariant.

Thus V), = (V,(N))° via the map ¢ : V) g = (V4(A))° defined by

Y()(y) = (2,9)g T € Vag, ¥ € Vy(N).
By Theorem 5.2 V) , = Ay(A).
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Theorem 5.15 The set {Frqzy : T is a semistandard \-tableau} is a K-basis for
Ag(A).

Proof. By definition 2z, € Ay (A). Let Ty and T; be semistandard A-tableaux and let
(, )q be the non-degenerate contravariant form on A,(A) x V,()) defined in (5.7).
Then

(Frieon [T1))g = (20, Ery g[Ta])g

= (20, (T, T[T + Y an(Tul)g

where each ap € K and each [Ty has weight different from A. But

(za, [Taal)g = (2a, var)g = 0

for such M, so

(20 (T, T + Y aulTul)y = Q(T5, Tr){z vigy)g

—_ qﬂ(I(’\))ﬂq(Tj, 1)
where by definition §(J) is a non-negative integer. Thus for each J € T,
(Prya2n [To))g = ¢TI0 (T5, Ty).

Since Qg = [Q4(Ts, T1)}1ez, is an upper triangular matrix and the set of semistandard

A-tableaux forms a K -basis for V,(A), the set
{Frg4zx : T is a semistandard A-tableau}

is a K-basis for Ag(X). O

As in the classical case, the ¢-Weyl module has a unique maximal submodule
M so the quotient module Ay(A)/M is irreducible. As well, A,(A)/M is isomorphic
to the irreducible submodule L,(\) of V,()) where L,(}) is generated by [T3]. All
irreducible U,-modules are obtained (up to isomorphism) in this way. The proof of

the following corollary is similar to that of Theorem 3.10.
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Corollary 5.16 The set {Fr,[T)] : T is a semistandard \-tableau} is a K-spanning

set for Ly(N).
We close with an illustration of this corollary.

Example 5.11

Let A = (2,1), n = 3, and x = (1,1,1). There are two semistandard tableaux which

give bideterminants with weight x. They are T} = 1/2] and Ty =

3
following two elements form a spanning set for Ly(A)X:

[ - s

; 3 [

!
s
p————y
DD | b
[y
[—
Il
)
w
e
—t
et
N —"

I
=
o
By

}
"
o

o]

fam—

- (o [ () o [P P

113] The
2]

2]] — ¢ [ 113 l] by Example 5.10

Note that if ¢ = 1, we get back the spanning set for L(A)X that we calculated in

Example 3.5. The more interesting case is when we let g be a cube root of unity.

Then we have

quTz{l 1'] = ——q?’[ 2*]+(1+q4)[; 31]

- o 3] -

2]

11].

Thus the two vectors are linearly dependent as in the case where we consider the

irreducible Ug-module L(A) over a field K of characteristic 3. It is common for this

86

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



sort of phenomena to occur and it is conjectured (see [CP], Conjecture 11.2.13) that
the representation theory of U, when ¢ is a pth root of unity (and K has characteristic
zero) behaves like the representation theory of Uy, over a field L of characteristic p

under certain conditions.
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