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Abstract 

Emulsion droplets are present in various systems and their dynamic behaviors are important to the 

design of efficient processes in different biological and industrial applications. Studying the 

interaction mechanisms of deformable droplets provides fundamental insights into many unsolved 

problems in the field of droplet dynamics. Also, the properties of the thin liquid film between 

droplets during their interactions is of significant importance in the stability of emulsions. During 

the past few years, oil-in-water systems have been the center of attention in many theoretical and 

experimental studies due to their numerous applications, and hence, the dynamic behaviors of oil 

droplets inside aqueous solutions are well understood. However, water-in-oil systems are relatively 

new and require more studies to fully appreciate the underlying interaction mechanisms of water 

droplets within surrounding oil phases. Our investigations show that the Stokes–Reynolds–

Young–Laplace model, as the currently established model for the study of droplet interaction in a 

medium, does not describe the experimental force versus piezo-displacement data for two water 

droplets inside a pure oil medium in the literature, and a further relatively long-ranged attractive 

force is required to explain these observations. In this study, we hypothesize that the source of the 

unexplored long-ranged force pertains to the presence of charges at the interface of the water drops 

with the oil phase. We propose fixed-surface-charge–bulk-dipole attraction, or charge–dipole 

interaction for short, as a new interaction force between water-in-oil droplets and then derive an 

equation for its disjoining pressure to add into the current Stokes–Reynolds–Young–Laplace 

model. The numerical results demonstrate that the force versus piezo-displacement curves deviate 
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from experimental data in the literature in the absence of charge–dipole attraction while they are 

in excellent agreement with experimental data when charge–dipole attraction is included. 

Furthermore, we mathematically prove that electric double layer and surface electrostatic 

interactions are absent between two water droplets inside a pure organic phase as suggested by the 

experimental data, and therefore van der Waals and charge–dipole interactions are the only 

intermolecular and surface forces between water drops immersed within a pure oil medium. Our 

mathematical derivations show that although charges are present at the interface of water with a 

pure oil phase, no electrostatic interaction is present. This research indicates that charge–dipole 

attraction can adequately explain the unexplained attractive force observed in literature and 

provides a critical foundation for the study of water-in-oil emulsions with significant implications 

in different industries. 
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Chapter 1  

 

Introduction 

1.1 Background  

Emulsion droplets are ubiquitous in our daily life, and their dynamics are relevant in many 

applications, such as those in the oil industry,1,2 pharmaceuticals,3,4 and food science.5,6 An 

emulsion can be simply formed via agitating two immiscible or partially miscible liquids, leading 

to the appearance of liquid–liquid interfaces or deformable droplets (e.g., water-in-oil or oil-in-

water droplets) within the system. The status of these drops inside emulsions is of significant 

importance in terms of their interaction with other drops or components, for instance, solid 

particles, surfactants, and polymers;7–9 hence, they play a paramount role in the path to design 

efficient processes.  

In systems containing droplets, the curved interface that separates the two immiscible phases 

results in a pressure difference across the interface, called the Laplace pressure. This is in contrast 

to immiscible liquids separated by a flat interface which have the same pressure. Laplace pressure 
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is proportional to the interfacial tension and inversely proportional to the radius of curvature. When 

the radius of the drop reaches the microscale or nanoscale level, the role of curvature becomes 

more remarkable and alters the behavior of the system. As a result, Laplace pressure becomes 

important in studying the interaction mechanisms between small drops or between small drops and 

other components.   

The interactions between two droplets are governed by a number of forces that appear at small 

separations. According to Figure 1.1, when two spherical drops are far apart, no interaction is 

present;10 however, when they approach one another, and the separation between the droplet 

interfaces becomes smaller, the liquid film between them is drained to the sides due to the 

hydrodynamic pressure, and the droplets begin to interact. At this stage, the hydrodynamic 

pressure becomes comparable to the Laplace pressure, and the droplets deform accordingly.11 At 

much smaller separations, around 100 nm, the intermolecular and surface forces come into play 

and govern the stability of the drops through the corresponding imparted pressures,12,13 i.e.,  

 

 

Figure 1.1 Schematic illustration of two general cases that appear during the interaction of two drops 

within a medium. (A) Attractive surface forces dominate at small separations and induce the coalescence 

of the droplets. (B) Repulsive surface forces dominate at small separations and result in the formation 

of a stable film between the droplets.  
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disjoining pressures, where the concept was first introduced by Derjaguin in 1936.14,15 These 

surface forces can either be attractive or repulsive depending on the nature of the interaction force.  

If attractive surface forces, such as van der Waals (vdW) forces, dominate the interaction, then the 

confined film between the drops will rupture, and the drops will coalesce (Figure 1.1A), whereas 

repulsive surface forces, such as electric double layer (EDL) and steric forces, lead to the 

stabilization of the confined film. In this case, no droplet coalescence occurs, and the interface of 

the droplets form a flat shape within the interaction zone (Figure 1.1B).  

Experimental techniques provide a strong foundation to study the interactions between 

droplets. Various tools, such as the surface force apparatus (SFA),16,17 the dynamic force apparatus 

(DFA),18,19 and the atomic force microscope (AFM),20,21 have been implemented to measure the 

interactions between millimeter to micron sized droplets in various polar and organic systems. 

However, these techniques cannot distinguish the contributions of different surface forces because 

they can only measure the total interaction force between the droplets. As a result, alternative and 

complementary methods are required to realize the contributions of hydrodynamic forces and 

various surface forces, such as vdW and EDL interactions, to the total interaction force. In recent 

years, theoretical methods have been implemented to model the behavior of drops inside a 

medium,17,22,23 and a strong theoretical framework has been developed. Many years ago, the 

importance of liquid drainage and droplet deformation became apparent through the work of many 

scientists. Among them, Thomas Young,24 Pierre-Simon Laplace,25 Carl Friedrich Gauss,26 Josef 

Stefan,27 and Osborne Reynolds,22 made tremendous efforts in this path. The Stefan–Reynolds22,27 

model can be used for the film thinning between two perfectly flat surfaces. However, this model 

cannot be implemented for the film drainage and surface deformations of drops, and an alternative 

model is required. Ivanov et al.28 for the first time introduced the well-known Stokes–Reynolds–
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Young–Laplace (SRYL) model and formulated it mathematically. This model can capture the film 

drainage and surface deformations using coupled partial differential equations (PDEs). Also, this 

model can provide the ability to effectively evaluate the temporal magnitude of each force present 

and identify their role during the interaction using Derjaguin’s approximation.17,29 As a result, 

during the past few decades, the so-called SRYL model has been applied to various droplet–

droplet30,31 and droplet–solid32,33 systems.  

In the earliest studies, oil droplets were considered in aqueous solutions, and the role of 

various surface forces, such as vdW and EDL forces, were investigated. Shi et al.34 studied the 

interaction of two oil drops in different aqueous solutions containing NaCl and asphaltenes using 

an AFM, and reported the interaction force versus time diagrams. For instance, their force versus 

time diagram and drop profile for two pure toluene droplets in 1 mM NaCl solution show that at 

nanometer separations, the EDL interaction is dominant, and a stable film forms between the 

toluene droplets. In a very similar study Shi et al.35 used the same approach to investigate the 

interaction of an oil drop with a flat solid surface in different aqueous solutions and provided the 

force versus piezo-displacement diagrams. The results of their force versus piezo-displacement 

and drop profile interacting with mica as the solid surface for pure toluene and heptol droplets 

show that the EDL force is the dominant surface interaction at very small separations, and a stable 

film forms between the droplets and the solid surface. In general, in systems containing water as 

the continuous medium, ions are dispersed inside the continuous phase, and thus, an electric double 

layer forms around the surfaces. This repulsive interaction dominates the system and does not 

allow attractive vdW interactions to cause the coalescence of the drops or attachment of drops to 

solid surfaces. Hence, in most aqueous systems, a stable film can be observed between the surfaces.  
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The presence of water-in-oil systems in various processes has made their study a necessity. 

Studies on water-in-oil systems have been less abundant compared to those on oil-in-water 

systems, and thus, more attention needs to be focused on the physics of water drop interaction 

inside oil media. As a result, during the past few years, the interaction mechanisms of water-

droplet–water-droplet31,36–39 and water-droplet–solid-surface32 have been investigated, and some 

aspects of their interaction have been identified. However, most of these studies are experimental, 

and almost no theoretical foundations are provided.31,37–39 For instance, Shi et al.37 studied the 

interaction of two water droplets suspended in a pure oil phase or in an asphaltene-containing oil 

phase, and observed that a relatively long-ranged attractive force exist between the water drops. 

Moreover, Xie et al.38 focused their investigation on the interaction of two water drops within 

pentol (a mixture of pentane and toluene at a volume ratio of 1:1) as the organic phase. Also, Mao 

et al.31 investigated the interaction of two water droplets within a different oil phase, namely n-

dodecane, in the presence or absence of pH-responsive nanoparticles. For water droplets 

suspended in pure n-dodecane, they did not utilize the Hamaker constant calculated from Lifshitz 

theory in their computations, and instead they performed the fitting for Hamaker constant, meaning 

that if they had carried out the simulations using the Hamaker constant found by Lifshitz theory, 

their numerical results would deviate from the experimental data. In other words, an additional 

attractive force is required to fully explain the experimental observations. Sun et al.39 chose toluene 

as the oil phase and studied the interactions of relatively larger water drops compared to the 

previous studies mentioned here inside either pure or polymer- or surfactant-containing toluene. 

Most of these studies do not provide any theoretical foundation on the interaction of water drops 

through an organic phase. Also, the theoretical fitting for the Hamaker constant provided by Mao 

et al. does not explain the actual physics during the interaction of two water drops inside a pure oil 



CHAPTER 1 INTRODUCTION 
 

6 

 

phase. Furthermore, our investigations show that implementing the SRYL model with the 

conventional surface forces (i.e., only vdW forces) does not describe the experimental observations 

made in the literature, and a further relatively long-ranged attractive force is required to explain 

these observations. The research gap we found in the literature is fundamental since it pertains to 

the physics of many applications, such as those in the oil industry. As a result, new explorations 

are required to fully understand the physics of water droplet interaction inside surrounding oil 

phases.  

Several studies have reported that charges are present at the interface of water with other 

fluids, such as oil or air. Tammet et al.40 observed the presence of negative charges at the interface 

of water droplets with air, and Chaplin reported that when deionized water is in contact with air, 

the number of surface charges per unit area are approximately 1015 m−2.41 Moreover, a number 

of studies reported that the surfaces of water droplets are charged when they are submerged in oil 

phases (i.e., nonpolar) with different permittivities, and the number of these surface charges per 

unit area is of the order of 1013–1014 m−2.42–45 

Here, we hypothesize that the unexplained additional interaction between water droplets in oil 

is related to the presence of surface charges at the interface of water drops with organic phases and 

propose that fixed surface charges of one water droplet interact with dipoles within the bulk of 

another water droplet, i.e., a fixed-surface-charge–bulk-dipole (CD) interaction. Since the SRYL 

model requires the disjoining pressure term, we develop an equation for the disjoining pressure of 

this CD interaction and incorporate it in the current SRYL model. This step allows us to better 

investigate the behavior of water droplets in different organic phases and understand the 

mechanism of their interaction.  
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1.2 Thesis Scope 

The physics of water drop interaction within organic phases, such as toluene, pentol, and n-

dodecane, is still incomplete due to the shortcomings in the use of the conventional Stokes–

Reynolds–Young–Laplace (SRYL) model for such systems. As a result, a reliable theory is 

required to accurately describe the fundamentals of water droplet interaction through a surrounding 

oil phase. The main objective of this thesis is to develop a new theory that sufficiently explains the 

interaction mechanism of water drops in pure organic phases with useful implications in various 

industries and then apply it to analyze different experimental results for water drops suspended in 

oil phases reported in the literature. In summary, this thesis has the following objectives: 

1) Explore the literature to find useful force versus piezo-displacement or force versus time 

data for the interaction between two water drops inside various pure oil phases (e.g., 

toluene, pentol, n-dodecane) and implement them in the study. 

2) Collect various input parameters and system properties from the literature papers that 

report the force data. In the case that the essential properties, such as dynamic viscosity, 

have not been provided by the papers, we use data from other literature sources at 

temperatures at which the experiments had been carried out.  

3) Perform simulations using the SRYL model with van der Waals (vdW) contributions as 

the only disjoining pressure and analyze the force results and the degree of deviation of 

conventional theoretical simulations from the experimental data. It is worth mentioning 

that since there are no ions inside the pure oil phase, no electric double layer (EDL) 

disjoining pressure is present.  

4) Develop a new theory based on fixed-surface-charge–bulk-dipole (CD), or charge–dipole 

interaction for short, and derive a disjoining pressure equation. 
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5) Perform simulations using the SRYL model by adding the newly introduced CD interaction 

with the number of surface charges per unit area as the only fitting parameter during force 

calculations to the SRYL model and compare the fit values with independent 

measurements and calculations of their value in the literature. In other words, attractive 

vdW and CD disjoining pressures are the only disjoining pressures in the simulations.  

6) Draw the spatiotemporal thicknesses of the thin oil film confined between two water 

droplets and also droplets profile at nanometer separations and explain the droplets 

coalescence mechanism.  

7) Draw various pressure profiles, such as hydrodynamic and disjoining pressures, and 

analyze the pressure distributions along the droplet profile.  

This thesis consists of five chapters that provide new knowledge on the interaction 

mechanisms of water droplets within oil phases and seeks to boost the current understating of such 

systems. 

Chapter 1 provides a basic overview on the current status of droplet dynamics and significance 

of the study of water droplets in surrounding oil phases. In this chapter, the research gap present 

in the literature is introduced, and the objectives of the thesis are presented.  

Chapter 2 outlines a new theory that provides a foundation for the study of water-in-oil 

systems and sufficiently describes the behavior observed in such systems. The developed theory 

is tested against two different literature cases in which two water droplets interact in pure toluene 

or pentol as the oil phase.  

Chapter 3 extends our understandings of the developed theory from Chapter 2 to two other 

cases in which two water drops interact in pure n-dodecane or toluene as the oil phase.  
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Chapter 4 expands on the reasons why the EDL interaction is not present between two water 

drops within a pure oil phase, and that why the experimental data from the literature suggest that 

the electrostatic interaction is zero, from a mathematical point of view.  

Chapter 5 summarizes the work presented in this thesis and highlights the main outcomes.  

 



 

10 

 

 

 

 

 

Chapter 2  

 

Charge–Dipole Attraction as a Surface 

Interaction Force between Water Droplets 

Immersed in Organic Phases1 
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Abstract 

The dynamic behavior of emulsion droplets during their interactions with one another or with solid 

surfaces plays a paramount role in their ultimate stability in various applications. While the 

interaction of oil droplets through a surrounding aqueous phase is well understood, recent studies 

on the interaction of water droplets through a surrounding pure organic phase showed the presence 

of an unexplained attraction between water droplets at relatively long ranges. In this research study, 

we propose fixed-surface-charge–bulk-dipole attraction as a new interaction force between water-

in-oil droplets and then derive an equation for its disjoining pressure. The behavior of water 

droplets in the presence and absence of this charge–dipole interaction was numerically quantified 

using the Stokes–Reynolds–Young–Laplace model and compared to the experimental data. 

Numerically calculated net force curves are in excellent agreement with experimental data from 

the literature when charge–dipole attraction is included, while they deviate in its absence. In 

addition, the water droplet and thin oil film profiles in the presence and absence of charge–dipole 

attraction were calculated and compared. This research indicates that charge–dipole attraction can 

adequately explain the mysterious force observed in some studies, which demonstrates its 

unexplored potential to capture the physical properties and dynamic behavior of water droplets in 

organic phases with useful implications to unravel unidentified interactions between emulsion 

droplets in different industries. 

2.1 Introduction 

In recent years, the importance of droplet dynamics has been increasingly recognized in a variety 

of biological and industrial processes, such as those in cosmetics,46,47 therapeutics,48,49 food,50,51 

and oil1,52 industries. In these processes, emulsion stability, i.e., the status of droplets inside a 
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second immiscible liquid, is a critical factor. The underlying mechanisms of droplet attraction or 

repulsion must be understood to design processes with high efficiencies.7,53 In some applications, 

such as targeted drug or gene delivery, the droplets need to remain stable (separate from one 

another) to efficiently deliver therapeutic agents to the target site, while in other applications, such 

as bitumen production, the presence of water-in-oil or oil-in-water droplets is undesirable, and they 

need to be removed by destabilization (coalescence).18 From the thermodynamic perspective, in 

these applications, surface-active elements, for example, surfactants, solid particles, polymers, and 

lipids, can adsorb on the surface of the droplets and dramatically alter their interfacial properties, 

ultimately influencing droplet interactions.7,29,54 As a result, the interfaces of droplets need to be 

closely managed to result in the desirable outcome (i.e., either separate or coalesced).  

Unlike solid particles, droplets can readily deform in response to external forces. The shape 

of the droplets is governed by the interplay between several droplet properties and external 

phenomena. The droplet properties include the interfacial tension and droplet size, exerting their 

influence in the Laplace pressure. The external phenomena can be either related to the 

hydrodynamic pressure in the draining liquid film, originating from the approach velocity of the 

droplets, or the disjoining pressure due to the intrinsic interactions between approaching droplet 

surfaces or between approaching droplets and solids.11 The eventual stability and behavior of the 

emulsions are determined by the intermolecular and surface forces that generally come into effect 

when the thickness of the thin liquid film confined between the droplets or between the droplets 

and solids is below 100 nm.11 Basically, attractive surface interactions, such as van der Waals 

(vdW) and hydrophobic forces, tend to thin and rupture the confined thin film, destabilizing the 

emulsion. In contrast, repulsive surface interactions, such as electric double layer (EDL) and steric 

forces, result in stable films, stabilizing the emulsion. 
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Diverse experimental tools have been implemented to directly measure the interaction forces 

between bubbles, droplets, and solids (either dispersed solid particles or flat solid surfaces). 

Among them, the dynamic force apparatus (DFA),19 atomic force microscope (AFM),55 and 

surface force apparatus (SFA)56 are the most widely utilized tools for measuring the intermolecular 

and surface interactions. In addition, theoretical models have proven to be powerful assets in the 

numerical computation of the underlying interaction mechanisms between various surfaces.57 

These experimental and numerical techniques have been applied to various pairs of systems 

immersed in aqueous or organic phases, and different intermolecular and surface interactions have 

been identified.  

The interaction of bubbles with other components is of great interest in many applications, 

such as mineral floatation.58 Therefore, in the earliest studies, the interaction force between a 

cantilever-anchored spherical particle and a bubble was measured in a surrounding aqueous phase 

via an AFM.23,59 Then, these studies were extended to different combinations of bubbles and/or 

solid surfaces immersed in aqueous phases to elucidate the interface behavior and discern different 

force interactions between interfaces. Hence, numerous investigations were carried out on bubble–

bubble,60–62 bubble–solid,63,64 and solid–solid65 systems in later studies.  

Since droplets are important components of abundant systems, tremendous efforts have been 

made to understand the fundamentals of their physical behavior during their interaction with other 

droplets or components. The earliest investigations were focused on droplets submerged in 

aqueous phases. Examining the interaction between spherical particles (or colloidal probes) and 

oil droplets can be considered as one of the foundational studies that brought droplets into the 

center of attention.55,66,67 Later on, the interaction mechanisms in droplet–solid68,69 and droplet–

droplet30,70,71 systems were explored within systems with water as the continuous phase. Although 
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the number of studies on droplet-in-water systems has been substantial, less attention has been 

paid to droplet-in-oil systems, and thus, a deeper understanding is required. Water-in-oil systems 

can be composed of various pairs of constituents, for instance, droplet–solid,18 droplet–particle,32,72 

and droplet–droplet36,73 pairs. Hence, understanding the interaction mechanisms between different 

components in water-in-oil systems can be advantageous for various applications. 

Recently, a long-range attractive force between two micron-sized water droplets in organic 

phases was observed via an AFM, and the source of this unexpected force is unknown.37 Moreover, 

the studies on the interaction between water droplets inside various surrounding oil phases were 

experimental, and no theoretical foundations were provided.37,38 As a result, these observations 

demonstrate a research gap in the literature, and new explorations are required to unravel the source 

of this mysterious force. Several studies have reported the presence of charges on the interface of 

water.40–42,45 For instance, Tammet et al. observed that water droplets in air carry negative charges 

on the interface by means of electric mobility spectrometry under atmospheric conditions and in 

the laboratory, having important implications in atmospheric physics.40 Furthermore, Chaplin 

reported the presence of negative surface charges for deionized water in contact with air of 

approximately 1015 surface charges per m2.41 Schoeler et al. observed the presence of positive 

surface charges for systems containing pure water microdroplets submerged in silicone and 

paraffin oils with experiments by means of video optical microscopy and molecular dynamics 

simulations.42 The result of their study showed that the surface charge density of water droplets 

directly after addition to the oil phase was of the order of 10−6 C/m2,42 which is equivalent to 

about 1013 elementary surface charges per m2. By implementing the relatively simple models 

provided by Leunissen et al.43 using confocal microscopy imaging and modified Poisson–

Boltzmann theory and Zwanikken and van Roij using modified Poisson–Boltzmann theory,44 de 
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Graaf et al. showed that the number of surface charges per unit area for micron-sized water droplets 

in various oil phases containing colloidal particles is of the order of 1013–1014 m−2.45 Also, the 

numerical calculations using Poisson–Boltzmann theory by de Graaf et al. for micron-sized water 

droplets suspended in oils with different relative permittivities demonstrate that the number of 

charges per unit area is of the order of 1013–1014 m−2.45  

In this study, we hypothesize that the source of the unexplained additional force between water 

droplets in oil pertains to the surface charges present at the interface and propose that there is an 

interaction between the fixed surface charges of one water droplet and dipoles within the bulk of 

another water droplet, i.e., a fixed-surface-charge–bulk-dipole (CD) interaction. We develop an 

equation for this CD interaction and incorporate it in the current Stokes–Reynolds–Young–Laplace 

(SRYL) model to accurately capture the behavior of water droplets in different organic phases and 

compare the results with measurements reported in the literature.  

In the following sections, we review the SRYL model (applicable to droplets, bubbles, and 

solid surfaces), which includes the hydrodynamic, vdW, and EDL forces that dominate the 

interaction of oil-in-water droplets. We validate our computational method and input parameters 

by comparison with experiments for oil-in-water droplets. For water-in-oil drops, because the 

continuous phase is nonpolar, there are no EDL forces. We introduce the CD force and show that 

this force when added to hydrodynamic and vdW forces explains the water-in-oil experiments in 

the literature. 
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2.2 System Definition and Governing Equations 

2.2.1  Model Configuration 

The system to be investigated computationally is composed of an AFM probe, where a micron-

sized water droplet is anchored to its tipless cantilever (water droplet probe), and a second water 

droplet is placed on a substrate under the first droplet (Figure 2.1A). The droplets are perfectly 

aligned to create an axisymmetric system and ensure a head-on collision. The entire components 

are surrounded by a continuous oil phase to create a water-in-oil system. Figure 2.1B shows the 

side-view schematics of the water droplet probe along with the essential parameters utilized to 

calculate the dynamic interaction force between water-in-oil droplets. Note that while our main 

interest is the water-in-oil system shown in Figure 2.1, we will also describe and make calculations 

for the inverse, that is, an oil-in-water system in the validation computations. 

2.2.2  Review of Stokes–Reynolds–Young–Laplace (SRYL) Model 

The underlying mechanism of the drainage of the thin film between two surfaces can be 

approximated based upon the Stokes–Reynolds–Young–Laplace (SRYL) model.74 The SRYL 

model is a robust time-dependent theoretical model implemented to calculate the interaction force 

between droplets, bubbles, and solid surfaces. It has been shown that the theoretical prediction or 

fitting of experimental AFM, DFA, and SFA results can be accomplished using the SRYL model 

for various droplet–droplet75 and droplet–solid35 systems. In particular, this model leads to 

promising outcomes for oil-in-water systems.76 The model is composed of two main equations: 

the Stokes‒Reynolds equation and the augmented Young–Laplace equation. The former simulates 

the film drainage between two surfaces while the latter captures the deformation of the interfaces  
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Figure 2.1 Schematic representation of two interacting water droplets within an organic phase. (A) 

Three-dimensional configuration of the AFM probe for measuring the dynamic force between the 

droplets. (B) Side-view illustration of the setup along with the necessary geometrical parameters for the 

theoretical study.    

 

due to their interaction. Herein, we present these equations for two interacting droplets and 

describe the circumstances to which they can be applied. 

The Stokes‒Reynolds thin film drainage model for an axisymmetric film and tangentially 

immobile interfaces is written using Reynolds lubrication theory as follows:10,16,17,22 

𝜕ℎ

𝜕𝑡
=

1

12𝜇𝑟

𝜕

𝜕𝑟
(𝑟ℎ3

𝜕𝑝

𝜕𝑟
) (2.1)  

where ℎ(𝑟, 𝑡) is the film thickness; 𝑡 is the time; 𝑟 is the radial coordinate in the film; 𝜇 is the 

dynamic viscosity of the film (e.g., aqueous or organic), which is assumed to be Newtonian, and 

𝑝(𝑟, 𝑡) is the hydrodynamic pressure in the thin film confined between two surfaces relative to the 

bulk fluid. Equation (2.1) defines the connection between the thinning rate of the continuous film 

between the surfaces and the radial parabolic velocity profile or the Poiseuille flow, compelled by 
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the radial pressure gradient. The so-called no-slip boundary condition is inherently present in eq 

(2.1) and thus accommodated at all interfaces.17,23,35,60,76,77 When a droplet moves with a drive 

velocity 𝑉, there is a hydrodynamic drag acting on the bulk of the droplet. The Reynolds 

lubrication approximation neglects this hydrodynamic drag outside the interaction zone (the 

interaction zone or inner region is the region in which the interaction force between droplets is 

significant).76,77 This is owing to the fact that the Capillary number (Ca = 𝜇𝑉/𝜎, where 𝑉 is the 

drive velocity of the droplet and 𝜎 is the interfacial tension), which demonstrates the ratio of 

viscous drag forces to surface tension forces, is very small and generally falls in the range of 10−8–

10−6.76,77 

The interaction force between droplets can readily alter their shape owing to their 

deformability. Therefore, the surface deformation of the droplet must also be considered in the 

governing equations. Here, the augmented Young‒Laplace equation is exploited to simulate the 

quasi-equilibrium behavior of the interacting deformable droplets. Since 𝜕ℎ/𝜕𝑟 ≪ 1 (the film 

thickness is very small compared to the droplet radius), the linearized form of this equation can be 

applied to the corresponding system with two interacting droplets, given as17 

𝜎

2𝑟

𝜕

𝜕𝑟
(𝑟

𝜕ℎ

𝜕𝑟
) =

2𝜎

𝑅
− 𝑝 − Π (2.2)  

in which 𝜎 is the interfacial tension between the droplet phase and the surrounding medium and 𝑅 

is the unperturbed harmonic mean radius of the two interacting droplets, 𝑅−1 = (𝑅t
−1 + 𝑅b

−1)/2, 

where subscripts t and b stand for “top” and “bottom”, respectively. In addition, Π(ℎ(𝑟, 𝑡)) is the 

disjoining pressure in the film, which in general stems from intermolecular and surface forces, 

such as vdW and EDL interactions. Since the density difference between the two phases ∆𝜌f is 
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small and the radii of the drops are not large, the Bond number (Bo = ∆𝜌f 𝑔𝑅2/𝜎) is well below 

unity; therefore, the role of gravity 𝑔 is neglected in eq (2.2).  

As mentioned earlier, the deformation of droplets takes place in a quasi-equilibrium manner.77 

In other words, the interacting droplets or bubbles instantaneously respond to the changes in the 

hydrodynamic and disjoining pressures and immediately adapt to the new condition. This is a 

feasible assumption because the surfaces of the droplets and bubbles are flexible and deform 

rapidly. Furthermore, in order to be able to utilize the SRYL model, the 𝑅 ≫ 𝑟f ≫ ℎ condition 

must hold for the system, where 𝑟f is the radial length of the film.17 Also, the characteristic fluid 

velocities must be within the regime in which the Stokes‒Reynolds equation is applicable.17  

The overall instantaneous interaction force 𝐹(𝑡) between two surfaces, which has 

contributions from hydrodynamic and disjoining pressures, can be determined using Derjaguin’s 

approximation, written as17,29 

𝐹(𝑡) = 2𝜋 ∫ [𝑝(𝑟, 𝑡) + Π(ℎ(𝑟, 𝑡))]
∞

0

𝑟d𝑟 = 2𝜋𝜎𝐺(𝑡) (2.3)  

where 𝐺(𝑡) is a characteristic length associated with the interaction force 𝐹(𝑡) and will be utilized 

in the forthcoming equations and numerical computations.17,78 The use of Derjaguin’s 

approximation for force calculation using the hydrodynamic pressure and disjoining pressure due 

to the surface forces is well established in the literature, and many researchers have implemented 

eq (2.3) to calculate the interaction force between different surfaces.16–18,34,63,68,75,77,79–81 In eq (2.3), 

it is assumed that the range of hydrodynamic forces is very small compared to the radii of the 

droplets or bubbles. As a result, the surfaces of interacting droplets or bubbles are almost flat and 

parallel.17 The result of this assumption can be exploited in the formulae for disjoining pressures 

due to the surface forces. 
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The so-called SRYL model is a system of coupled non-linear partial differential equations 

(PDEs), which was first numerically solved by Lin and Slattery in 1982.82 This model requires an 

initial condition and four boundary conditions. For this purpose, the appropriate radial domain, 

0 < 𝑟 < 𝑟max, must be selected, where 𝑟max is sufficiently large that an increase in its magnitude 

does not affect the results of the numerical approach. To put it differently, 𝑟max is a point that is 

positioned outside the interaction zone and produces results that are independent of its position. 

The magnitude of 𝑟max can be roughly approximated by 𝑟max
2 ≈ 𝑅ℎ.77  

The initial condition at 𝑡 = 𝑡0, which demonstrates the initial separation or film thickness 

between the interfaces of two interacting droplets, can be taken to be17,29,74,77 

ℎ(𝑟, 𝑡0) = ℎ(0, 𝑡0) +
𝑟2

𝑅
 (2.4)  

in which ℎ(0, 𝑡0) or ℎi is the initial apex separation or film thickness at 𝑟 = 0 (at 𝑟 = 0, 

ℎ(0, 𝑡) = ℎ0 is the minimum separation or film thickness between two spherical droplets at all 

times) and 𝑅 is the unperturbed mean radius of the droplets. Equation (2.4) assumes that each 

droplet possesses an undeformed spherical shape at large separations because of the zero film 

pressure.23 For further information on the derivation and inherent assumptions of eq (2.4), see the 

Appendix, Section A.1. Axisymmetric considerations of the droplets’ interaction lead to the 

formation of two boundary conditions, where at 𝑟 = 0, the film thickness and pressure do not vary 

with the radial coordinate. These boundary conditions are 

𝜕ℎ

𝜕𝑟
|
𝑟=0

=
𝜕𝑝

𝜕𝑟
|
𝑟=0

= 0 (2.5)  

Outside the interaction zone, the hydrodynamic pressure 𝑝 decays as 𝑟−4. Consequently, at 

𝑟 = 𝑟max, the asymptotic form of the hydrodynamic pressure is exploited as83 
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𝜕𝑝

𝜕𝑟
+

4𝑝

𝑟
= 0          at  𝑟 = 𝑟max (2.6)  

When the radial domain 𝑟 becomes greater than 𝑟max, the local film thickness ℎ(𝑟, 𝑡) reaches 

a large value (> 100 nm) such that the magnitude of disjoining pressure becomes insignificant, 

which means Π(ℎ(𝑟 > 𝑟max, 𝑡)) ≪ 2𝜎/𝑅.17 Hence, the overall instantaneous interaction force 

from eq (2.3) can be expressed as 

𝐹(𝑡) ≅ 2𝜋 ∫ [𝑝(𝑟, 𝑡) + Π(ℎ(𝑟, 𝑡))]
𝑟max

0

𝑟d𝑟 + 2𝜋 ∫ 𝑝(𝑟, 𝑡)
∞

𝑟max

𝑟d𝑟 (2.7)  

i.e., in the second integral of eq (2.7), the disjoining pressure parameter Π(ℎ(𝑟, 𝑡)) has been 

ignored. Furthermore, because the second integral falls beyond the interaction zone, its magnitude 

is significantly smaller than the value of the first integral. Thus, the calculation of the overall force 

is typically done by solely considering the first integral of eq (2.7).  

In AFM probes, the two droplets interact in a way that they maintain their constant volume 

during the whole interaction period. The reason that the constant volume boundary condition was 

introduced is that the surfaces of the droplets outside the interaction zone tend to move at a 

different velocity than they move inside the interaction zone (thus, a constant velocity boundary 

condition cannot be used). The constant volume boundary condition was first introduced by Carnie 

et al.77,78 This boundary condition for two droplets with the same properties is defined as17,74,84 

𝜕ℎ(𝑟max, 𝑡)

𝜕𝑡
=

d𝑋(𝑡)

d𝑡
−

d𝐺(𝑡)

d𝑡
[−

2𝜋𝜎

𝐾
+ 2ln (

𝑟max

2√𝑅t𝑅b

) + 𝐵(𝜃t) + 𝐵(𝜃b)] 

                      =
d𝑋(𝑡)

d𝑡
− 𝛼

d𝐺(𝑡)

d𝑡
 

(2.8)  

The constant terms inside the bracket are denoted 𝛼 for the sake of simplification. In eq (2.8), 𝑋(𝑡) 

is the displacement function of the cantilever with time and 𝐾 is the spring constant of the 
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cantilever. In most cases, the cantilever-adhered droplet moves with a constant drive velocity, and 

thus, d𝑋(𝑡)/d𝑡 is a constant number, i.e., ±𝑉, where negative and positive values demonstrate the 

approach and retraction of the cantilever-adhered droplet, respectively. It is worth mentioning that 

𝛼d𝐺(𝑡)/d𝑡 accounts for the events occurring because of droplet deformations outside the 

interaction zone.17 In eq (2.8), 𝜃 is the contact angle of the droplet on a surface, where subscripts 

t and b stand for “top” (cantilever) and “bottom” (substrate), respectively. Also, the constant 𝐵 is 

dependent on the behavior that the three-phase contact line of the droplet exhibits during its 

deformation. For the purposes of this work, the three-phase contact line is considered to be pinned 

to the cantilever or the substrate, and the 𝐵 terms are given by17,67,74 

𝐵(𝜃) = 1 +
1

2
ln (

1 + cos 𝜃

1 − cos 𝜃
) (2.9)  

Deriving a formula for the shear stress on the droplet–liquid interface and its investigation are 

interesting means to understand the flow behavior within the draining film during the interaction 

between droplets or between droplets and surfaces. Considering the immobile interface assumption 

mentioned earlier, the velocity profile of the draining film confined between two droplets is 

parabolic and for an axisymmetric film (relative to vertical plane 𝑟 = 0, shown in Figure 1.1B) is 

given by23 

𝑢f = −
1

2𝜇

𝜕𝑝

𝜕𝑟
(𝑧2 − (

ℎ

2
)

2

) (2.10)  

The shear stress formula at the droplet–liquid interface (𝑧 = ℎ/2) can be derived by taking the 

derivative of 𝑢f in eq (2.10) relative to 𝑧 and multiplying it by the dynamic viscosity of the film 𝜇 

as23,77 
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𝜏f = 𝜇
d𝑢f

d𝑧
= −

ℎ

2

𝜕𝑝

𝜕𝑟
 (2.11)  

2.2.3  Disjoining Pressure 

In general, the disjoining pressure Π originates from the intermolecular and surface forces. When 

the disjoining pressure is positive, the interaction between the interfaces is repulsive (i.e., film 

thickening), whereas a negative disjoining pressure describes an attractive interaction (i.e., film 

thinning). With the assumption of the parallel and flat surfaces at small separations that was 

mentioned previously,17 the vdW and EDL disjoining pressures for two flat and parallel surfaces 

can be exploited. These assumptions have proven to work favorably for the prediction or fitting of 

disjoining pressures between two droplets or bubbles.17 The disjoining pressure due to the vdW 

interaction is given by85,86 

ΠvdW = −
𝐴H

6𝜋ℎ3
 (2.12)  

where 𝐴H is the nonretarded Hamaker constant, which can be calculated using Lifshitz theory.87,88 

Furthermore, the disjoining pressure due to the EDL interaction for symmetric systems where the 

electrolyte ions have the same valency (e.g., NaCl) is defined as7,13,86 

ΠEDL = 64𝑘B𝑇𝜌∞ tanh2 (
𝑍𝑒𝜓0

4𝑘B𝑇
) exp(−𝜅ℎ) (2.13)  

Here, 𝑘B is the Boltzmann constant (𝑘B = 1.3806 × 10−23 J/K), 𝑇 is the absolute temperature, 

and 𝜌∞ is the number density of each type of electrolyte ion, i.e., salt ions (Na+ or Cl−) and water 

ions (H+ or OH−) in the aqueous solution far from the surface (i.e., ∞), 𝑍𝑒 is the charge of the ions 

in which 𝑍 is the valency and 𝑒 is the elementary charge (𝑒 = 1.602 × 10−19 C). Moreover, 𝜓0 

denotes the surface potential and 𝜅−1 is the Debye length. It should be noted that in eq (2.13), the 
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number densities of each type of salt ion and water ion are the same because they have the same 

number of moles. Moreover, the contributions from both ion species of the electrolyte have already 

been considered in the coefficient “64” during the derivation of eq (2.13), and consequently, we 

do not need to multiply 𝜌∞ by 2.13 

2.3 Proposed New Force in Water-in-Oil Systems: Charge–Dipole (CD) 

Interaction 

Herein, we propose a new interaction force between water droplets immersed in organic phases 

and derive a suitable equation for its calculation. As mentioned earlier, an unknown attractive force 

has been observed recently between two water droplets inside an organic phase.37 While there are 

experimental studies on the interaction between water droplets in organic phases, these studies 

lack a theoretical foundation for computing the interaction force.37,38 The current governing 

equations that work well for oil-in-water systems no longer produce accurate and dependable 

outcomes for water-in-oil systems, and some modifications are required. As mentioned earlier, 

many investigations have shown the presence of charges on the interface of water.40–42,45 We 

hypothesized that the observed extra attractive force between two water droplets in a surrounding 

organic phase can be attributed to the interaction of surface charges on one droplet with the bulk 

dipoles in the second droplet, a fixed-surface-charge–bulk-dipole interaction, or charge–dipole 

(CD) interaction for short. Below, the detailed derivation steps of the CD interaction between two 

bodies are described.  

As previously stated, at small separation distances (∼100 nm), the interfaces of the droplets 

can be considered as almost flat and parallel.17 Hence, the CD interaction can be derived for two 

identical, parallel, and flat plates, similar to the assumption that was made for vdW and EDL 
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interactions in eqs (2.10) and (2.11). The interaction free energy between a single charge and a 

single dipole 𝑤(𝜌) is given by13 

𝑤(𝜌) = −
𝑄2𝑢2

6(4𝜋휀0휀r)2𝑘B𝑇𝜌4
 (2.14)  

where 𝑄 is the electric charge (i.e., equivalent to 𝑒); 𝑢 is the electric dipole moment; 휀0 and 휀r are 

the dielectric permittivity of the free space (휀0 = 8.854 × 10−12 F/m) and relative permittivity of 

the medium, respectively; 𝑘B is the Boltzmann constant; 𝑇 is the absolute temperature; and 𝜌 is 

the distance between the interacting species (i.e., charge and dipole). It is noteworthy that the CD 

interaction is proportional to 𝜌−4. Thus, it acts at longer ranges when compared to dipole–dipole 

interactions (i.e., vdW interactions), which are proportional to 𝜌−6. Equation (2.14) can be simply 

written as  

𝑤(𝜌) = −
𝜆CD

𝜌4
 (2.15)  

where 𝜆CD, which we call the charge–dipole constant, is equal to 𝑄2𝑢2/6(4𝜋휀0휀r)
2𝑘B𝑇 (J m4). 

In order to determine the interaction energy, interaction force, and disjoining pressure between 

surface charges of one plate and bulk dipoles of another plate, a single point-like charge is 

considered at point 𝑃 separated by a distance ℎ from an infinitely large plate with a thickness 𝑙 and 

number density or molecular density 𝑁 (m−3),89 as shown in Figure 2.2A. The potential energy of 

the single charge at point 𝑃 is calculated by integrating the interaction energy in eq (2.15) between 

the single charge and a ring of radius 𝑎 with volume 2𝜋𝑎d𝑎d𝑧 over the entire volume of the plate 

(Figure 2.2A). The total number of molecules in this ring is 𝑁 × 2𝜋𝑎d𝑎d𝑧. Therefore, the potential 

energy at point 𝑃, 𝐸P, can be calculated by integration as follows89 
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𝐸p = ∫ ∫ 𝑤(𝜌) 𝑁 2𝜋𝑎 d𝑎 d𝑧
∞

𝑎=0

ℎ+𝑙

𝑧=ℎ

 (2.16)  

By substituting 𝑤(𝜌) from eq (2.15) into eq (2.16) and knowing that 𝜌 = √𝑎2 + 𝑧2 

𝐸p = ∫ ∫ −
𝜆CD

(𝑎2 + 𝑧2)2
 𝑁 2𝜋𝑎 d𝑎 d𝑧

∞

𝑎=0

ℎ+𝑙

𝑧=ℎ

  

      = 2𝜋𝑁𝜆CD ∫ d𝑧 ∫ −
𝑎

(𝑎2 + 𝑧2)2
 d𝑎

∞

𝑎=0

ℎ+𝑙

𝑧=ℎ

 

(2.17)  

The integral over 𝑎 on the right-hand side of eq (2.17) can be named as  

𝑆 = ∫ −
𝑎

(𝑎2 + 𝑧2)2
 d𝑎

∞

𝑎=0

 (2.18)  

where it can be readily calculated as 

𝑆 =
1

2

1

𝑎2 + 𝑧2
|

∞

𝑎 = 0
 

     =
1

2
[0 −

1

𝑧2
] = −

1

2𝑧2
 

(2.19)  

By substituting eq (2.19) as the result of the integral 𝑆 in eq (2.17), one can write 

𝐸p = 2𝜋𝑁𝜆CD ∫ −
1

2𝑧2
d𝑧

ℎ+𝑙

𝑧=ℎ

 (2.20)  

The integral in eq (2.20) is calculated as 
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Figure 2.2 Schematic of the essential steps for the derivation of the equation for the charge–dipole 

interaction between two plates. (A) Interaction between a point charge at P and a plate. (B) Interaction 

between 𝑁′ surface charges of plate 1 and 𝑁 bulk dipoles of plate 2. The same interaction also exists 

between the surface charges of plate 2 and bulk dipoles of plate 1. The surface charges in (B) are 

arbitrarily chosen as negative for schematic representation only.  

 

𝐸p = 2𝜋𝑁𝜆CD [
1

2𝑧
] |

ℎ + 𝑙

𝑧 = ℎ
 

      = 𝜋𝑁𝜆CD [
1

ℎ + 𝑙
−

1

ℎ
] 

(2.21)  

In particular, as 𝑙 → ∞, eq (2.21) becomes 

𝐸p = −
𝜋𝑁𝜆CD

ℎ
 (2.22)  

ℎ

𝑁′

𝑁

Plate 1 Plate 2

A

B

∞

z

d

l

dz
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which is the derived interaction energy between a single charge and bulk dipoles of an infinitely 

thick plate at a distance ℎ from the charge. According to Figure 2.2B, the interaction energy per 

unit area (J/m2) between all charges on the surface of plate 1 and the dipoles of plate 2 is found 

by multiplying eq (2.22) for a single charge by the number of surface charges per unit area 𝑁′ 

(m−2) (Figure 2.2B), giving the overall interaction energy per unit area 

𝐸 = −
𝜋𝑁𝑁′𝜆CD

ℎ
 (2.23)  

Knowing that 𝐹 = −d𝐸/dℎ, the force per unit area (N/m2) is found by taking the derivative of eq 

(2.23) with respect to ℎ, as follows 

𝐹 = −
𝜋𝑁𝑁′𝜆CD

ℎ2
 (2.24)  

For the interaction between two droplets with identical interfaces and bulk fluids, we need to 

consider the interaction of surface charges of both droplets interacting with the bulk dipoles of the 

other droplet by multiplying the interaction energy and force per unit area by 2 giving 

𝐸CD = −
2𝜋𝑁𝑁′𝜆CD

ℎ
 (2.25)  

𝐹CD = −
2𝜋𝑁𝑁′𝜆CD

ℎ2
 (2.26)   

As a result, eqs (2.25) and (2.26) describe the fixed-surface-charge–bulk-dipole (CD) interaction 

energy and force per unit surface area between two identical thick plates separated by a distance 

ℎ, respectively. The disjoining pressure due to the CD interaction is simply the interaction force 

per unit area (i.e., eq (2.26)), given by  
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ΠCD = −
2𝜋𝑁𝑁′𝜆CD

ℎ2
 (2.27)  

Equation (2.27) may then be added to other disjoining pressures in the augmented Young–Laplace 

equation, eq (2.2), to determine the contribution of surface forces in droplet–droplet interactions. 

Equation (2.27) shows that the disjoining pressure due to the CD interaction is proportional to ℎ−2, 

whereas according to eq (2.12), vdW disjoining pressure is proportional to ℎ−3. Hence, we can 

conclude that the CD interactions act at longer ranges than vdW interactions. 

2.4 Methods 

2.4.1  General Methods 

Details of the computational methods are given in the Appendix, Section A.2.23,90,91 In summary, 

first, the capability of our numerical approach to solve eq (A.21) from the Appendix, Section A.2, 

and calculate the results of oil-in-water experimental cases using conventionally included forces 

(vdW, EDL, and hydrodynamic forces) is assessed. It is worth mentioning that the inclusion of 

vdW and EDL forces results in the conventional Derjaguin–Landau–Verwey–Overbeek (DLVO) 

theory.92–94 This step assures the accuracy of the implemented computational approach and its 

potential application for other types of systems. Then, theoretical fittings with the number of 

surface charges per unit area 𝑁′ as the only adjustable parameter are made for the interaction force 

between two water droplets in an organic phase by including vdW and hydrodynamic forces and 

adding the new CD disjoining pressure to the system. We fit experimental results from the 

literature for which theoretical study has not been done previously. Finally, the viscous shear stress 

at the water-droplet–liquid-oil interface will be discussed in detail.  
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Here, we summarize the reasons why the above-mentioned surface forces were considered in 

each system. In aqueous solutions, ions are dispersed in the medium and cause the existence of 

EDL interactions, while in organic media, these ions are absent and result in zero EDL forces.18,92,95 

In both oil-in-water and water-in-oil systems, the interaction between dipoles within the bulk of 

one droplet and bulk dipoles of another droplet (i.e., vdW forces) is one of the dominant forces.89 

As introduced in this work, in water-in-oil systems, the presence of charges on the surface of the 

droplets leads to the emergence of an attraction between the fixed surface charges of one water 

droplet and dipoles within the bulk of another water droplet (i.e., fixed-surface-charge–bulk-dipole 

attraction). Furthermore, we assume that because the organic phase is pure, the droplet interfaces 

are free of interfacially active species, and thus, that steric effects are absent.96 We also assume 

that no hydrophobic interaction is present between the droplets. 

2.4.2  Computational Approach Validation for Oil-in-Water Systems 

In order to validate our numerical approach, an oil-in-water system in which two oil droplets 

interact with each other in an aqueous continuous phase is selected. Oil-in-water systems have 

been broadly investigated in the literature, and the SRYL model has proven to work well for them. 

As a result, the fundamentals and physics of the interactions have been well established. In this 

regard, the experimental data from the study of Shi et al. for two oil droplets in an aqueous solution 

are considered.11,34 The oil phase is pure toluene immersed in a 1 mM NaCl solution with a pH 

value of 5.6 as reported in the study. One of the oil droplets is adhered to the AFM cantilever and 

approaches the second one, which has been anchored to the substrate. The valencies of Na+ and 

Cl− ions are unity. We calculated the number density of ions 𝜌∞ for a 1 mM NaCl solution with a 

pH value of 5.6. The concentration of ions in the solution has a contribution from the added salt 
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(i.e., NaCl) and pH of the solution. The concentration of ions due to the pH is 10−5.6 mol/L, which 

can be summed with the concentration of ions due to the added salt (10−3 mol/L) and multiplied 

by Avogadro’s number (𝑁A = 6.022 × 1023 mol−1) to get 𝜌∞ = 6.037 × 1023 m−3. As 

mentioned before, in eq (2.13), the contributions from both ion species of water (H+ and OH−) 

and salt (Na+ and Cl−) have already been considered in the coefficient “64”, and thus, we do not 

need to multiply 𝜌∞ by 2.13 The experimental input parameters and system properties required to 

calculate the interaction between the droplets are summarized in the Appendix, Section A.3, Table 

A.1.11,17,34,97,98  

For the oil-in-water system, the magnitude of the surface potential in the experiments by Shi 

et al. is unavailable and consequently needs to be fitted. It is noteworthy that the zeta potential has 

been provided in Shi et al.’s article, and therefore, after the fitting for the surface potential in our 

numerical study, the surface potential magnitude can be compared with the zeta potential to assure 

the correctness and feasibility of our fit (generally, surface potential is larger than zeta potential). 

Furthermore, our fitting can be compared with the fitting done by Shi et al. in the same article to 

further confirm our results.11,34 The initial apex separation ℎi is also unknown and is required to 

be adjusted based on the fit value for the surface potential and experimental force-versus-time data. 

The least squared error method can be implemented to find the best fit with the lowest root mean 

sum of squared errors (RMSE). In this regard, the experimental force-versus-time data were 

extracted from Shi et al.’s paper and fitted for the surface potential and initial apex separation 

based on the lowest RMSE. 
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2.4.3  Theoretical Analysis for Water-in-Oil Droplet Interactions Incorporating the 

Proposed New Charge–Dipole (CD) Interactions  

In this chapter, a novel surface force, namely a fixed-surface-charge–bulk-dipole interaction, or 

charge–dipole (CD) interaction for short, has been introduced for describing the interaction 

between water drops immersed in a surrounding organic phase. In order to thoroughly understand 

the role of the CD contributions to the disjoining pressure, two distinct experimental studies that 

investigate the behavior of water droplets in pure toluene11,37 or pentol (i.e., the mixture of pentane 

and toluene at a volume ratio of 1:1)38 are considered. These previous studies lack theoretical 

predictions or fittings and will be used here to evaluate the new theory developed in this work.  

In order to theoretically evaluate the interaction mechanism between water drops in pure 

organic phases, the input parameters and system properties are required. The temperatures of both 

systems are assumed to be 25 ℃. The dynamic viscosity of toluene is approximately 

0.56 mPa s.99,100 Moreover, the dynamic viscosity of pentol is reported to be 0.39 mPa s in the 

literature.101 A very close value can also be found for the viscosity of pentol via mixing rules. For 

more information, see the Appendix, Section A.4.99–108 For water droplets suspended in toluene, 

the contact angle of the water droplet on the substrate 𝜃b is 90°, and the contact angle of the 

cantilever-adhered droplet 𝜃t is 45°.38 Because of the lack of information on the contact angle of 

water droplets on the substrate and cantilever in the pentol case, the same contact angles as the 

ones in the toluene case are assumed. Besides the fluid-related parameters, several surface-force-

related parameters are also required for the computation. The relative permittivity of pure toluene 

휀r is 2.38 at 25 ℃.109 Using the Bruggeman mixing rule for the homogeneous mixing110 of toluene 

and pentane with relative permittivities of 2.38 109 and 1.82 111 (at 25 ℃), respectively, the relative 

permittivity of pentol is calculated to be 2.09. For detailed information on the calculation, see the 
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Appendix, Section A.5.109–112 The number density or molecular density of water 𝑁 is found to be 

33.3291 × 1027 m−3 using the density of water (997.04 kg/m3) 113 at 25 ℃, its molar mass 

(18.015 g/mol),114,115 and Avogadro’s number (using 𝑁 = 𝜌f 𝑁A/𝑀, where 𝜌f is the density, 𝑀 

is the molar mass, and 𝑁A is Avogadro’s number). The nonretarded Hamaker constant for water–

toluene–water is reported to be 9.72 × 10−21 J by Shi et al.37 We calculated the Hamaker constant 

for water–pentol–water based on Lifshitz theory to be 5.20 × 10−21 J. The detailed steps of the 

calculation of the water–pentol–water Hamaker constant are provided in the Appendix, Section 

A.6.13,87,88,102,104,116,117 The experimental input parameters and system properties required to 

calculate the interaction between the droplets are summarized in the Appendix, Section A.7, Table 

A.2 11,34,37,99,100,109,113–115,118–120 and Table A.3 11,37,38,101–107,109–111,113–120 for toluene and pentol, 

respectively. It should be noted that according to Xie et al.,38 the radii of the water droplets 

submerged in pentol in various experiments are 50–70 𝜇m (see the Appendix, Section A.7, Table 

A.3). In this study, because of the lack of information on the exact value of the sizes of the droplets 

(i.e., a single number rather than a range), we carried out the simulations and fittings based on radii 

of 60 𝜇m as mentioned in the Appendix, Section A.7, Table A.3. However, as a sensitivity 

analysis, we also checked the results with the minimum possible radii suggested in the 

experimental work of 50 𝜇m since the interaction force is more sensitive to the radii of the drops 

than other input parameters. Moreover, the magnitude of the cantilever spring constant 𝐾 is 

reported to be 300–400 mN/m in both Shi et al.’s (toluene)11,37 and Xie et al.’s (pentol)38 papers. 

Although we chose the magnitude of the cantilever spring constant to be 350 mN/m, we also 

performed numerical simulations using 𝐾 = 300 mN/m and 𝐾 = 400 mN/m for both toluene 

(Shi et al.) and pentol (Xie et al.) cases in order to realize the effect of the cantilever spring constant 

on the calculated force and the resulting fit value for the number of surface charges per unit area. 
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For the water-in-oil systems being studied in this work, the number of surface charges per unit 

area 𝑁′ on the interface of the droplets is the only fitting parameter in the fitting process of the 

force curves and is found by either (i) fitting to all the experimental data by minimizing the RMSE 

between the fit and all the data or (ii) fitting to only the last point (i.e., at the smallest piezo-

displacement, Δ𝑋). 

2.5 Results and Discussion  

2.5.1  Computational Approach Validation for Oil-in-Water Systems 

Figure 2.3A shows the measured temporal force values of the study carried out by Shi et al.11,34 

(red squares) and our fits (black line) during the approach of the two pure toluene droplets. When  

 

 

Figure 2.3 Interaction force between two pure toluene droplets suspended in an aqueous solution plotted 

vs time. (A) Comparison between the theoretical total force curves fit using the numerical approach of 

this study (black solid line) and the measured data points (red squares) of Shi et al.34 (B) Contributions 

of different forces to the fit shown in (A).  

 

Toluene-in-Water
1 mM NaCl, pH = 5.6
 = 89 𝜇m
V = 1 𝜇m/s
 0 = −33 mV

A

Approach

Toluene-in-Water
1 mM NaCl, pH = 5.6
 = 89 𝜇m
V = 1 𝜇m/s
 0 = −33 mV

B



CHAPTER 2 CHARGE–DIPOLE ATTRACTION AS A SURFACE INTERACTION … 

 

35 

 

the cantilever-adhered droplet approaches the fixed droplet on the substrate, the overall interaction 

force increases gradually until a separation distance below which the film thickness becomes very 

small and the resultant force from hydrodynamic and surface forces grows strong; consequently, 

the force curve shoots up. In both experimental and fitted cases, the magnitude of the overall force 

is repulsive (positive value) owing to the dominance of the EDL force. The maximum overall force 

in the fitting was found to be 4.36 nN during the approach. The comparisons in Figure 2.3A show 

that the fits are in excellent agreement with the experimental results. 

In order to calculate the EDL force, the magnitude of the surface potential is required in eq 

(2.13), which is unknown. Hence, its value must be fitted. Using the least squared error method, 

the best fit for the surface potential was found to be −33 mV. Shi et al. reported a measured value 

of the zeta potential for the oil drops of −30 ± 3 mV for the same case as in the experiments.11,34 

Since, in general, the magnitude of surface potential is close to and larger than the zeta potential, 

our fitting value is reasonable. In addition, Shi et al. reported that the magnitude of their fit value 

for the surface potential was −35 ± 5 mV.11,34 The comparisons show that our fitting number is 

consistent with the results of Shi et al. and falls within their proposed range. Also, adjusting the 

magnitude of the initial apex separation leads to a fit value of 1.18 𝜇m. 

Figure 2.3B shows the contributions of various forces, including hydrodynamic (red), vdW 

(orange), and EDL (blue) forces, in dashed lines. Hydrodynamics is the main origin of the repulsive 

force at relatively large distances, where the surface forces are negligible. The attractive vdW and 

repulsive EDL interactions begin to appear around 1.1 sec (i.e., below 90 nm) and become large, 

particularly the EDL force. From Figure 2.3B, one can also realize that the magnitude of the vdW 

force is small in contrast to that of the EDL force at very small separations. This is due to the fact 

that the 1 mM NaCl concentration cannot sufficiently screen ions around the droplet (𝜅−1 =
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9.6 nm), and thus, at very small separations, the EDL force dominates the system and sustains the 

water film between the droplets, preventing the jump-in behavior and eventual coalescence of the 

droplets. At this point, the droplets' heads flatten, and the confined film between them nearly 

stabilizes. Hence, the hydrodynamic force tends to become almost constant above 1.2 sec, which 

was also observed in similar studies.17 When the drops’ heads become flattened, the radial change 

of the film thickness becomes equal to 0 (𝜕ℎ/𝜕𝑟 = 0), and thus, the sum of the hydrodynamic and 

disjoining pressures is balanced by the Laplace pressure of the drops in that region. This behavior 

was found to occur at a minimum separation of around 30 nm, which was also reported in the 

numerical study by Shi et al.11,34 

2.5.2  Theoretical Analysis for Water-in-Oil Droplet Interactions Incorporating the 

Proposed New Charge–Dipole (CD) Interaction  

Figure 2.4 shows the experimental force measurements at different piezo-displacements Δ𝑋 and 

the corresponding theoretical fitting curves for two water droplets suspended in pure toluene or 

pure pentol when the cantilever-anchored droplet moves toward the substrate-adhered droplet at a 

drive velocity of 1 𝜇m/s. In water-in-oil systems, the EDL interaction is absent, and because of 

that, the jump-in behavior is observed between the water drops, which brings about their 

coalescence due to the presence of attractive vdW and CD interactions. This behavior suggest that 

water-in-oil emulsions are generally unstable in the absence of stabilizers.36 In Figure 2.4, the 

jump-in is indicated by a green arrow.  

In Figure 2.4A,B, the results of the fitting are illustrated for toluene and pentol. The blue 

squares are the experimental measurements, and the red dashed–dotted lines and black solid lines  
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Figure 2.4 Measure interaction forces between two water droplets suspended in pure toluene (A,C) or 

pure pentol (B,D) vs piezo-displacement and the theoretical fits from this work. (A,B) Comparison 

between the force curves in the presence of CD interactions obtained using fitting to all data by the least 

squared error method (red dashed–dotted line) and fitting to only the smallest piezo-displacement (black 

solid line). (C,D) Comparison between the force curves in the absence (orange dashed line) and presence 

(black solid line) of CD interactions. The measured data points for the toluene and pentol cases are from 

the experimental studies (blue squares) conducted by Shi et al.11,37 and Xie et al.,38 respectively.    

 

demonstrate the fitting to all the data by the lowest RMSE and fitting to only the last point, 
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the drops becomes extremely small, and the force magnitude reaches a value of about 0.16 nN for 

toluene (Figure 2.4A) and 0.17 nN for pentol (Figure 2.4B), the vdW and CD interactions grow 

strong and induce the jump-in behavior and coalescence of the droplets. Table 2.1 summarizes the 

important outputs from our studies for the toluene and pentol cases. The fitting to all the data by 

the lowest RMSE predicts the jump-in at a force value of 0.13 and 0.15 nN for toluene and pentol 

cases, respectively. Obviously, this fitting method cannot accurately predict the actual jump-in 

because the lowest RMSE is attained at the expense of losing the accurate calculation of the last 

point (i.e., jump-in point). The alternative method that leads to the accurate computation of the 

original jump-in and the subsequent reliable results is the fitting to only the last point (smallest 

Δ𝑋). This approach can accurately evaluate the jump-in point for both toluene and pentol, 

respectively, and leads to more reliable and correct results compared to the previous approach even 

though its RMSE value is slightly larger (Table 2.1). Since the jump-in point describes the location 

at which the attractive interactions can finally overcome the hydrodynamic interaction and initiate 

the droplets coalescence process, we are interested in the accurate calculation of its exact 

occurrence point. Fitting to all the data by the lowest RMSE cannot accurately describe this 

location and compute the magnitude of attractive surface forces and the hydrodynamic force, while 

fitting to only the last point is capable of capturing the real behavior observed in the experiments. 

In addition, the RMSE difference between the two methods is very small, and consequently, the 

minor difference can be omitted at the expense of acquiring more precise results, particularly 

computing the actual jump-in point. Therefore, fitting to only the last point has been chosen as the 

most important fitting method in our study. The numbers of surface charges per unit area for each 

method and each system are summarized in Table 2.1. Table 2.1 shows that the magnitude of the 
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Table 2.1 Important outputs from our studies for the toluene and pentol cases 

Method of fitting Output parameter 
Value 

Water-in-toluene Water-in-pentol 

All points (lowest 

RMSE) 

Jump-in force, 𝐹 0.13 nN 0.15 nN 

Number of surface 

charges per unit area, 𝑁′ 
9.65 × 1013 m−2 4.20 × 1013 m−2 

RMSE 1.18 × 10−2 nN 7.52 × 10−3 nN 

Last point (smallest Δ𝑋) 

Jump-in force, 𝐹 0.16 nN 0.17 nN 

Number of surface 

charges per unit area, 𝑁′ 
8.51 × 1013 m−2 3.88 × 1013 m−2 

RMSE 1.25 × 10−2 nN 7.77 × 10−3 nN 
 

 

fitted number of surface charges per unit area for each case is within the range previously reported 

for a water phase in contact with various oil phases, which is 1013–1014 m−2.42–45 This agreement 

lends strong support to our theory. 

In Figure 2.4C,D, the results of force prediction in the absence of CD interactions (orange 

dashed line) and force fitting to only the last point in the presence of CD interactions (black solid 

line) are compared for toluene and pentol. This could be achieved by including or leaving out the 

contribution of disjoining pressure due to the CD interactions (eq (2.27)) in the augmented Young‒

Laplace equation (eq (2.2)). In the absence of the CD force, the attractive vdW force is not alone 

able to decrease the repulsive dominance of the long-ranged hydrodynamic effects, and as a result, 

the jump-in occurs at a much larger interaction force (0.37 nN for toluene and 0.33 nN for pentol). 

In the absence of the CD force, the force curve deviates from the real behavior. Thus, the attractive 

vdW force cannot alone be responsible for the jump-in behavior of the droplets and there must be 

another attractive surface force that leads to smaller overall repulsive interaction forces at small 

separations. Conversely, when the effects of the CD interactions with a number of surface charges 
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per unit area consistent with the known number of surface charges in the literature are incorporated 

into the computation, the theory can accurately describe the exact behavior of the droplets and can 

capture the actual jump-in point. As mentioned earlier, a sensitivity analysis was also carried out 

on the effects of choosing the minimum possible droplet radii of 50 𝜇m (rather than the average 

of the radii suggested in the experimental work of 60 𝜇m) in the pentol case. The results of force 

prediction in the absence of CD interactions and force fitting to only the last point in the presence 

of CD interactions are shown in the Appendix, Section A.8, Figure A.3. The results indicate that 

when the radii of the drops are taken to be 50 𝜇m, the same conclusions are reached from the 

fitting results, i.e., that the experimental results cannot be explained in the absence of CD 

interactions, and that the fit number of surface charges per unit area is within the independently 

known range of surface charges. For more information, see the Appendix, Section A.8.42 

Moreover, our calculations using cantilever spring constants of 300, 350, and 400 mN/m show 

that changing the magnitude of this parameter within the values reported by Shi et al. and Xie et 

al. does not alter the shape of the resulting force curves and has a negligible effect on the 

magnitudes of the jump-in force. As a result, it does not change the magnitude of the fit value for 

the number of surface charges per unit area in both toluene and pentol cases. 

Figure 2.5 shows the magnitude of different forces versus piezo-displacement (Figure 2.5A,B) 

and versus time (Figure 2.5C,D) during the interaction of water droplets in pure toluene or pentol 

calculated using the theory. According to Figure 2.5A,B, the magnitude of the hydrodynamic force 

(red dashed line) is slightly larger than the sum of vdW (orange dashed line) and CD (blue dotted 

line) forces, and consequently, the overall force is slightly repulsive (black solid line). When the 

film between the droplets becomes very thin, the hydrodynamic force increases at a larger rate due 
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Figure 2.5 Contributions of different forces to the fits shown with black solid lines during the interaction 

between two water droplets submerged in pure toluene (A,C) or pure pentol (B,D). (A,B) The force 

curves vs piezo-displacement. (C,D) The force curves vs time. 

 

to a rise in the hydrodynamic pressure of the thin film. As the separation distance decreases, the 

contribution of surface forces enhances, until a point at which the attractive vdW and CD 
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point. Figure 2.5A,B also shows the fact that the CD force acts at much longer ranges in 

comparison with the vdW force (around 200 nm). Furthermore, the magnitude of the CD force is 

comparable to the hydrodynamic force at intermediate distances (i.e., around 200 nm). These 

observations highlight the major role of the CD force in the destabilization of the thin film between 

drops during the interaction of water drops in pure organic media. Moreover, the behavior of these 

force versus time curves is described in Figure 2.5C,D. The initial apex separations between the 

water drops in toluene and pentol phases are 1 and 0.805 𝜇m, respectively. Since the drive velocity 

is constant at 1 𝜇m/s, it should take about 1 and 0.805 sec for the final coalescence of the droplets 

in the surrounding toluene and pentol, respectively. However, due to the existence of strong 

attractive surface forces, namely vdW (orange dashed line) and CD (blue dotted line) forces at 

very small distances, the droplets’ interfaces are deformed, and the required time for the 

coalescence deviates slightly from the above-estimated values. These jump-in times are found to 

be 0.9951 and 0.8023 sec for droplets in toluene and pentol, respectively. Figure 2.5C,D also 

shows that the magnitude of all forces increases suddenly when the film thickness between the 

drops becomes very small. This behavior can be observed near times 1 and 0.8 sec for toluene and 

pentol, respectively. 

In Figure 2.6 the computed droplet profiles, as well as the spatiotemporal profiles of the oil 

film confined between the water droplets for both toluene and pentol cases, are shown. In order to 

appreciate the effect of CD interactions on the two droplets profiles and film profiles, an interesting 

comparison is also carried out in their presence and absence. Figure 2.6A–D shows the droplet 

profiles in the presence (solid lines) and absence (dashed lines) of CD interactions at the beginning 

of the droplets’ jump-in (Figure 2.6A,B) and at coalescence (Figure 2.6C,D) for toluene and pentol. 

The droplets’ jump-in occurs at the critical film thickness, i.e., the critical separation (at 𝑟 = 0), 
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Figure 2.6 Theoretical water droplet profiles and spatiotemporal profiles of the thin film for two water droplets submerged in organic phases. (A–D) 

Comparison between the theoretical water droplet profiles in the presence (solid lines) and absence (dashed lines) of CD interactions for toluene 

(A,C) and pentol (B,D) at the critical film thickness (A,B) and at the beginning of the collision (C,D). (E,F) Spatiotemporal thicknesses of the thin 

oil film confined between two water droplets in the presence (solid lines) and absence (dashed lines) of CD interactions for toluene and pentol, 

respectively. (G,H) Temporal evolution of the film thickness difference between the theoretical calculations in the presence (solid lines) and absence 

(dashed lines) of CD interactions for toluene and pentol, respectively.  
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ℎcr, where the attractive surface interactions overcome the repulsive hydrodynamic interaction and 

result in the jump-in. According to Figure 2.6A,B, at the beginning of the jump-in, in the presence 

of CD interactions, the critical film thicknesses are 8.1 and 6.2 nm for toluene and pentol, 

respectively. At the same instant of time (0.9951 sec for toluene and 0.8023 sec for pentol), these 

values for the case in which the CD interactions are absent are 14.7 and 10.9 nm, respectively. In 

the presence of CD interactions, an additional attractive force pulls the droplets toward each other, 

which facilitates the droplets’ jump-in and results in a smaller film thickness as opposed to the 

case in which the CD interactions are absent and the drops are less attracted to each other. The 

necessary step to induce the coalescence of the droplets is that first, the disjoining pressure due to 

the attractive interactions must overcome the hydrodynamic pressure, and then, at the jump-in, it 

exceeds the Laplace pressure of the droplets.63 The disjoining pressure initially becomes larger 

than the hydrodynamic pressure at 0.9877 sec and a minimum separation of 16.5 nm for toluene 

(Π = −187.64 Pa, 𝑝 = 180.30 Pa at minimum separation ℎ0) and at 0.7973 sec and a minimum 

separation of 11.8 nm for pentol (Π = −254.03 Pa, 𝑝 = 243.32 Pa at ℎ0). Therefore, the initial 

barrier toward the coalescence of the droplets is removed. The Laplace pressures of the water drops 

suspended in toluene and pentol are calculated to be 1183.33 and 1355 Pa, respectively. The 

corresponding attractive disjoining pressures associated with the critical film thicknesses (i.e., at 

the jump-in) for both cases are −1292.66 and −1434.87 Pa, which shows evidently that the 

attractive disjoining pressure overcomes the Laplace pressure at 0.9951 sec for toluene and 

0.8023 sec for pentol. 

When the jump-in takes place, the oil film instantaneously ruptures and induces the 

coalescence of the droplets.63 As demonstrated in Figure 2.6C,D, at the beginning of the collision, 

the droplets’ heads contact, and the film thickness at this location and around it becomes 0. Then, 
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the droplets merge and form a single drop. It is interesting to note that at the same time, in the 

absence of CD interactions, the vdW force alone cannot yet trigger the droplets’ collision, and the 

film thicknesses are 13.3 and 9.7 nm for toluene and pentol, respectively. One must bear in mind 

that although in the absence of CD interactions the results deviate from the experimental 

observations, the vdW forces can eventually induce the collision of the droplets in the succeeding 

times, i.e., longer than 0.9969 and 0.8037 sec for toluene and pentol, respectively (orange dashed 

line in Figure 2.4C,D). This conclusion coincides with the observations made in previous studies 

where vdW forces are the only governing surface forces that induce the collision in systems 

containing droplets or bubbles.34,60 Furthermore, Figure 2.6A–D shows that the droplets deform 

rapidly in response to external forces and coalesce in less than 2 ms starting from the jump-in 

point. All these observations in our study emphasize the fact that, unlike solid particles, droplets 

and bubbles can readily deform in response to external forces.77,121,122 

The spatiotemporal thicknesses of the thin oil film confined between two water droplets are 

shown in Figure 2.6E,F. The solid lines represent the theoretical results in the presence of CD 

interactions, while the dashed lines represent the same results in their absence. As the cantilever-

anchored droplet approaches the second droplet on the substrate, the film thickness decreases, and 

due to the existence of attractive surface forces, the profile becomes deformed near the center at 

small separations (i.e., 0.9951 sec for toluene and 0.8023 sec for pentol). The effect of the CD 

force on the film profiles, which begins approximately from 𝑡 = 0.8518 sec and 𝑡 = 0.7213 sec 

for toluene and pentol, respectively, can be noticed from the slight mismatch between the solid 

and dashed curves. In the absence of the CD force, the vdW force alone is not able to instantly 

cause the coalescence of the droplets, and thus, the dashed curves fall behind the solid curves 
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through time. The extra CD force pulls the drops more toward each other and initiates the jump-in 

at earlier times. 

The evolution of the difference between the theoretical results of interfacial thin film profiles 

in the presence and absence of CD effects is shown in Figure 2.6G,H. As the upper drop approaches 

the lower drop, the film profile in the absence of CD interactions falls behind the one in their 

presence, and consequently, their difference increases through time. According to Figure 2.6G,H, 

although the initial difference between the film thicknesses is small, as the separation decreases, 

the CD effects become stronger, and their ability to pull the droplets together increases. As a result, 

the film thickness difference Δℎ = ℎc rre t − ℎc  ve ti  al becomes larger. The maximum 

difference occurs at the center of the film profile at the jump-in (𝑡 = 0.9951 sec and 𝑡 =

0.8023 sec for toluene and pentol, respectively), where the CD force is the strongest. This 

difference is found to be 6.6 and 4.7 nm for toluene and pentol, respectively.  

Figure 2.7 shows the time evolution of the hydrodynamic and disjoining pressures along the 

radial coordinate for both toluene and pentol cases until the jump-in. As can be seen in Figure 

2.7A,B, when the separation between the droplets is relatively large (blue curve with ℎ0 =

207.6 nm and ℎ0 = 182.5 nm for toluene and pentol, respectively), the hydrodynamic pressure 

𝑝(𝑟, 𝑡) is nearly 0 along the radial coordinate (𝑡 = 0.7929 sec and 𝑡 = 0.6229 sec for toluene and 

pentol, respectively). As the upper drop proceeds toward the lower drop, the separation becomes 

small, and the hydrodynamic pressure develops within the confined thin film between the drops. 

Moreover, for a particular time, the hydrodynamic effect reduces along the radial coordinate 

because of the increase in the film thickness. The maximum hydrodynamic pressures (purple 

curve) at the critical film thicknesses for toluene and pentol are 959.39 and 1073.85 Pa, 

respectively. 
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Figure 2.7 Temporal evolution of pressure profiles for the interaction between water droplets immersed 

in pure toluene (A,C,E) or pure pentol (B,D,F) along the radial coordinate. (A,B) Hydrodynamic pressure 

profiles in the draining oil film. The filled circles indicate the inflection points of the curves. (C,D) 

Disjoining pressure profiles due to the attractive surface forces (vdW and CD interactions here). (E,F) 

Total dynamic pressure profile in the film. 
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Furthermore, the behavior of the disjoining pressure, Π(𝑟, 𝑡), including vdW and CD forces 

along the radial coordinate is shown in Figure 2.7C,D. As mentioned earlier, the surface forces act 

at small distances. Therefore, at relatively large separations, the disjoining pressure is 0 along the 

radial coordinate (blue curve, for the same times and separations as in Figure 2.7A,B). As the 

separation reduces, the attractive disjoining pressures due to the surface forces come into play and 

increase the pulling effect between the drops. As a consequence, the pressure curves move toward 

larger negative regions over time. Also, the disjoining pressure decays along the radial coordinate 

since the film thickness enlarges, and the interfaces of the droplets become farther from each other. 

The maximum disjoining pressures (purple curve) at the critical film thicknesses for toluene and 

pentol are −1292.66 and −1434.87 Pa, respectively.  

An interesting outcome of this study, which is shown in Figure 2.7E,F, is the total dynamic 

pressure 𝑝 + Π. At small separations and small radial coordinates (near the drops’ heads), the 

droplets’ interfaces are close to each other. Hence, as the separation lessens, the disjoining pressure 

due to the surface forces begins to prevail over the hydrodynamic pressure and results in negative 

total pressures (i.e., attractive). Thus, the initial barrier against the collision of the droplets is 

removed. The magnitude of this total dynamic pressure increases as the heads of the droplets are 

brought closer together. It is worth noting that the total pressure becomes positive (i.e., repulsive) 

at intermediate radial coordinates (around 500 nm). The film thickness enlarges along the radial 

coordinate, and both hydrodynamic and disjoining pressures reduce in size. However, the surface 

forces are more sensitive to separation change in contrast to the hydrodynamic effects. Thus, the 

disjoining pressure decays more rapidly along the radial coordinate compared to the hydrodynamic 

pressure, which leads to positive total pressures. The maximum total dynamic pressures at the 

critical film thickness (purple curves) for toluene and pentol are −333.27 and −361.02 Pa, 
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respectively. The numerical calculations for hydrodynamic, disjoining, and total dynamic 

pressures were also compared to previous studies with droplets and bubbles, and the same trends 

were identified.16,77,80,84 

The computed hydrodynamic and disjoining pressure profiles along with the total dynamic 

pressure are plotted versus the minimum separation ℎ0 until the jump-in for both toluene and pentol 

in the Appendix, Section A.9, Figure A.3. In order to observe the jump-in, the attractive disjoining 

pressure must initially overcome the hydrodynamic pressure and then, become larger than the 

Laplace pressure of the drop. For more information, see the Appendix, Section A.9. 

2.5.3  Shear Stress at the Droplet–Liquid Interface in Water-in-Oil  

One of the best ways to gain insight into the flow behavior of the draining liquid between the drops 

is to determine the exerted shear stress at the droplet–liquid interface. Viscous shear stress can 

accurately capture the incidents occurring within the draining film during the interaction of 

droplets. In the Appendix, Section A.10, Figure A.4, the time evolutions of viscous shear stress 

profiles at the droplet–liquid interface are shown for both toluene and pentol until the jump-in. It 

should be noted that the filled circles in Figure 2.7A,B are inflection points of the hydrodynamic 

pressure profiles, which correspond to the shear stress maxima in the Appendix, Section A.10, 

Figure A.4. The shear stress calculations here have similar trends with the results of previous 

studies on droplets or bubbles that had vdW forces as the only attractive force;16,84 however, the 

results of our calculations differ numerically since we included CD attraction. For more 

information, see the Appendix, Section A.10.  
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2.6 Conclusions 

In this study, the fundamental behaviors of water droplets interacting through oil phases were 

quantitatively investigated, and for the first time, a novel theory based on the charge–dipole (CD) 

interaction between the water droplets was developed. An unexplained attractive interaction 

between water droplets suspended in pure organic phases had been observed experimentally and 

reported in the literature. We hypothesized that this interaction could be attributed to the presence 

of charges on the surface of the droplets, which gives rise to an attractive interaction between 

surface charges of one droplet and bulk dipoles of the second droplet, i.e., a fixed-surface-charge–

bulk-dipole interaction, or charge–dipole (CD) interaction for short. An equation for the disjoining 

pressure due to the CD interaction was developed and then incorporated into the SRYL model. 

First, the computational approach was validated with an oil-in-water system where two pure 

toluene droplets interact in an aqueous solution. Then, two distinct AFM experimental studies that 

investigate the behavior of water droplets in pure toluene and pentol (i.e., a 1:1 mixture of pentane 

and toluene by volume) were considered, and the effect of the CD interaction on the behavior of 

the droplets was examined. The results indicated that in the absence of CD interactions, the 

numerical net force curves deviated from the experimental data, which demonstrates the fact that 

vdW forces are not the only surface forces that govern the interaction. Conversely, when the CD 

interaction with number of surface charges per unit area as the only fitting parameter was added 

to the model, the numerical force curve followed the experimental data and showed an excellent 

match. Importantly, the fit values of the number of surface charges per unit area so obtained were 

in agreement with independent measurements and calculations of their value in the literature. The 

contributions of different forces, the droplet and film thickness profiles, the contribution of 

hydrodynamic and disjoining pressures, and the imparted shear stresses to the surfaces of the 
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droplets were also investigated. It is worth mentioning that in this study, in situations where the 

properties of the phases in the experiments are not provided in the literature, the properties of pure 

water and pure oil are utilized to make calculations. The slight solubility of water in oil only alters 

the properties of the oil, not the equations, and could be considered in future work. Our findings 

provide useful insight into the interaction mechanisms of water droplets submerged in organic 

phases with practical implications to the behavior and stability of water droplets in a variety of 

applications. 
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Chapter 3  

 

Application of the Developed Theory of 

Charge–Dipole Interaction to Additional 

Water-in-Oil Systems 

In this chapter, the developed theory of fixed-surface-charge–bulk-dipole interaction, or charge–

dipole (CD) interaction for short, is applied to two additional water-in-oil systems in which two 

water droplets interact in a pure oil medium, either n-dodecane (a different oil than those in Chapter 

2) or toluene (larger droplet radii than those in Chapter 2). The experiments that we will analyze 

for water drops inside n-dodecane and toluene were performed by Mao et al.31 and Sun et al.,39 

respectively. First, in the Methods section (Section 3.1), the detailed steps of simulation are 

described and the required physical parameters are presented. Then, the results of the theoretical 

simulations for the two aforementioned systems are introduced in the Results and Discussion 

section (Section 3.2).  
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3.1 Methods 

In order to perform the theoretical simulations for the two new systems, namely water-in-n-

dodecane and water-in-toluene with larger drops, we used the Stokes–Reynolds–Young–Laplace 

(SRYL) model presented in Chapter 2 along with the computational methods outlined in the 

Appendix, Section A.2. Because the oil media are nonpolar and do not contain any ions, the electric 

double layer (EDL) interaction is absent; hence, attractive van der Waals (vdW) and charge–dipole 

(CD) interactions are the only surface forces present in the simulations. Like Chapter 2, the number 

of surface charges per unit area 𝑁′ is the only adjustable parameter (i.e., fitting parameter) for 

calculating the interaction force between two water droplets in an organic phase. We again fit 

experimental results from the literature for which theoretical study has not been carried out 

previously. These experimental data are for two distinct studies in which water drops interact in 

pure n-dodecane or pure toluene. It is worth mentioning that we performed the fitting for another 

water-in-toluene system in Chapter 2 as well, and the analysis of this new water-in-toluene system 

in this chapter allows us to compare the fit value for the number of surface charges for this new 

system with the fit value for the other system found in Chapter 2. Also, we need to compare the fit 

value of the new systems with independent measurements and calculations in the literature. Our 

reviews of the literature in Chapter 2, showed that the number of surface charges per unit area for 

water droplets immersed in oil phases (i.e., non-polar) are approximately 1013–1014 m−2.42,43,45 

Herein, we present the input parameters and system properties required to evaluate the 

interaction between water droplets in pure organic phases, namely n-dodecane and toluene. The 

temperature of the water-in-n-dodecane31 and water-in-toluene39 systems are 21.5 and 20 ℃, 

respectively. The interfacial tension of water–toluene in water-in-toluene system is calculated 

using123 
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𝜎 = 0.03663
10000 − 𝑇c

2

10526 − 𝑇c
2
 (3.1)  

where 𝑇c is the temperature in ℃. The interfacial tension of water–toluene is calculated to be  

34.73 mN/m. The contact angles of cantilever-anchored water drops and water drops on 

substrates are assumed to be 45 and 90°, respectively, the same as the ones in the water-in-toluene 

system analyzed in Chapter 2.11,37 It is worth mentioning that according to Sun et al.,39 the radii of 

the water droplets immersed in toluene in various experiments are 120–130 𝜇m. In our 

simulations, because of the lack of information on the exact value of the sizes of the droplets (i.e., 

a single number rather than a range), we carried out the fittings based on radii of 125 𝜇m. The 

magnitude of the cantilever spring constant 𝐾 is assumed to be 350 mN/m based on the reported 

values of Shi et al.11,37 and Xie et al.38 According to Sedrez et al.,124 the relative permittivity of n-

dodecane can be calculated using 

휀r = 0.817886 +
1.00289

𝑇
+ 1.47205 × 10−3𝜌f +

4.18223 × 10−2𝜌f

𝑇
 (3.2)  

where 𝑇 is the absolute temperature in K and 𝜌f is the density of the liquid (i.e., n-dodecane here) 

in kg/m3. The relative permittivity of n-dodecane is found to be 2.0287 using a temperature of 

294.65 K (i.e., 21.5 ℃) and the density of n-dodecane (748.074 kg/m3)125 at 21.5 ℃. The number 

densities or molecular densities of water 𝑁 are found to be 33.3576 × 1027 m−3 (at 21.5 ℃) and 

33.3684 × 1027 m−3 (at 20 ℃) using the densities of water (997.880 at 21.5 ℃ and 

997.203 kg/m3 at 20 ℃),113 its molar mass (18.015 g/mol),114,115 and Avogadro’s number 

6.02214 × 1023 mol−1 (using 𝑁 = 𝜌f 𝑁A/𝑀, where 𝜌f is the density, 𝑀 is the molar mass, and 

𝑁A is Avogadro’s number). We calculated the nonretarded Hamaker constant for water–n-

dodecane–water based on Lifshitz theory (using eq (A.26) and values in Table 3.1; see the 
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Appendix, Section A.6 for more information) to be 4.863 × 10−21 J. Moreover, the nonretarded 

Hamaker constant for water–toluene–water is reported to be 9.72 × 10−21 J by Sun et al.39 It is 

worth mentioning that the temperature of the water-in-toluene system was not reported by Sun et 

al.,39 and only the value of Hamaker constant (9.72 × 10−21 J) was mentioned in the paper. As a 

result, we used the values of parameters in Table 3.2 at different temperatures to find the 

temperature of the water-in-toluene system. Our calculations show that the reported Hamaker 

constant by Sun et al. belongs to the temperature of 20 ℃. We used this temperature to collect the 

input parameters and physical properties of the water-in-toluene system. The experimental input 

parameters and system properties required to calculate the interaction between water droplets 

within pure organic phases are summarized in Table 3.1 and Table 3.2.  

For both water-in-oil systems being studied here, we only fit for the number of charges per 

unit area 𝑁′ at the interface of water drops with oil phases and find the force curves by fitting to 

only the last point (i.e., at the smallest piezo-displacement, Δ𝑋). In Chapter 2, we described our 

reasons why fitting to only the last point was chosen as the main fitting method in our study.  

3.2 Results and Discussion 

Herein, we extend our research on the role of CD interaction during the interaction of two water 

droplets within a pure organic phase to two new cases by fitting for the number of surface charges 

per unit area 𝑁′ using the total interaction force in the experiments carried out by Mao et al.31 and 

Sun et al.39 Figure 3.1 shows the force measurements in the experiments at different piezo-

displacements Δ𝑋 and the corresponding theoretical curves fitted for the number of charges per 

unit area at the interface as well as the contributions of different forces to the overall interaction  
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Table 3.1 Various input parameters used in modeling the interaction of water droplets in pure n-dodecane at 21.5 ℃ for the theoretical fitting. 

Type Physical parameter Value 
Literature 

source 
Notes 

F
lu

id
 

Viscosity of n-dodecane, 𝜇 1.457 mPa s 125 
Interpolated linearly between the values at 

288.15 and 298.19 K for 21.5 ℃ 

Interfacial tension, 𝜎 52.774 mN/m 126 
Interpolated linearly between the values at 20 

and 25 ℃ for 21.5 ℃ 

Capillary number, Ca 2.76 × 10−8 - 
Ca = 𝜇𝑉/𝜎; calculated for this work from 

other values in this table 

Density of water, 𝜌f 997.88 kg/m3 113 Value at 21.5 ℃ 

Density of n-dodecane, 𝜌f 748.074 kg/m3 125 
Interpolated linearly between the values at 

288.15 and 298.19 K for 21.5 ℃ 

Molar mass of water, 𝑀 18.015 g/mol 114,115 - 

Radius of curvature of the droplets, 𝑅 75 𝜇m 31 - 

Droplet contact angle on the cantilever, 𝜃t 45° 11,37 

Assumed in this work; the same as the 

exploited number in the referenced water-in-

oil study 

Droplet contact angle on the substrate, 𝜃b 90° 11,37 

Assumed in this work; the same as the 

exploited number in the referenced water-in-

oil study 

S
u
rf

ac
e 

fo
rc

e 

Dipole moment of water, 𝑢 2.651 D 127 
Interpolated linearly between the values at 

290 and 298 K for 21.5 ℃ 
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Relative permittivity of water, 휀r 79.5633 117 
Interpolated linearly between the values at 20 

and 25 ℃ for 21.5 ℃ 

Relative permittivity of n-dodecane, 휀r 2.0287 124 
Calculated using eq (3.2) and density of n-

dodecane at 21.5 ℃ 

Number density of water, 𝑁 33.3576 × 1027 m−3 - 

Calculated for this work from other values in 

this table; see Section 3.1 for more 

information 

Refractive index of water, 𝑛 1.3332 128 

Interpolated linearly between the values at 20 

and 25 ℃ for 21.5 ℃ at the wavelength of 

589 nm 

Refractive index of n-dodecane, 𝑛 1.4215 129,130 

Interpolated linearly between the values at 

293.15 and 303.15 K for 21.5 ℃ at the 

wavelength of 589.3 nm 

Electronic absorption frequency in the 

ultraviolet (UV) region, 𝑣e 
3 × 1015 s−1 13 - 

Nonretarded Hamaker constant (water–n-

dodecane–water), 𝐴H 
4.863 × 10−21 J - 

Calculated for this work from other values in 

this table using eq (A.26); see Sections A.6 

and 3.1 for more information 

A
F

M
 

Cantilever spring constant, 𝐾 350 mN/m 11 
300–400 mN/m in the literature reference; 

assumed to be 350 mN/m in this work 

Initial apex separation of droplets, ℎi 3 𝜇m 31 - 

Drive velocity, 𝑉 1 𝜇m/s 31 - 
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Table 3.2 Various input parameters used in modeling the interaction of water droplets in pure toluene at 20 ℃ for the theoretical fitting. 

Type Physical parameter Value 
Literature 

source 
Notes 

F
lu

id
 

Viscosity of toluene, 𝜇 0.589 mPa s 100 
Interpolated linearly between the values at 

290 and 295 K for 20 ℃ 

Interfacial tension, 𝜎 34.73 mN/m 123 Calculated using eq (3.1) at 20 ℃ 

Capillary number, Ca 1.70 × 10−8 - 
Ca = 𝜇𝑉/𝜎; calculated for this work from 

other values in this table 

Density of water, 𝜌f 998.203 kg/m3 113 Value at 20 ℃ 

Molar mass of water, 𝑀 18.015 g/mol 114,115 - 

Radius of curvature of the droplets, 𝑅 125 𝜇m 39 

120–130 𝜇m in the literature reference; 

assumed to be  

125 𝜇m in this work 

Droplet contact angle on the cantilever, 𝜃t 45° 11,37 

Assumed in this work; the same as the 

exploited number in the referenced water-in-

oil study 

Droplet contact angle on the substrate, 𝜃b 90° 11,37 

Assumed in this work; the same as the 

exploited number in the referenced water-in-

oil study 

S
u

rf
ac

e 

fo
rc

e 

Dipole moment of water, 𝑢 2.656 D 127 
Interpolated linearly between the values at 

290 and 298 K for 20 ℃ 
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Relative permittivity of water, 휀r 80.1030 117 Value at 20 ℃ 

Relative permittivity of toluene, 휀r 2.3925 109 
Interpolated linearly between the values at 15 

and 25 ℃ for 20 ℃ 

Number density of water, 𝑁 33.3684 × 1027 m−3 - 

Calculated for this work from other values in 

this table; see Section 3.1 for more 

information 

Refractive index of water, 𝑛 1.3334 128 Value at 20 ℃ 

Refractive index of toluene, 𝑛 1.4971 102 

Extrapolated linearly using the values at 25 

and 30 ℃ for 20 ℃ at the wavelength of 

589 nm 

Electronic absorption frequency in the 

ultraviolet (UV) region, 𝑣e 
3 × 1015 s−1 13 - 

Nonretarded Hamaker constant (water–

toluene–water), 𝐴H 
9.72 × 10−21 J 39 

Calculation made in the literature reference. 

Used to find the temperature of the system 

using values of the parameters in Lifshitz 

theory at 20 ℃ (values of the parameters at 

20 ℃ result in this value) 
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A
F

M
 

Cantilever spring constant, 𝐾 350 mN/m 11 
300–400 mN/m in the literature reference; 

assumed to be 350 mN/m in this work 

Initial apex separation of droplets, ℎi 2.2 𝜇m 39 - 

Drive velocity, 𝑉 1 𝜇m/s 39 - 
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Figure 3.1 (A,B) Measured interaction forces (blue circles) and the theoretical fits from this work (black 

lines) for interaction of two water droplets suspended in pure n-dodecane (A) or pure toluene (B) vs 

piezo-displacement. The measured data points for the n-dodecane and toluene cases are from the 

experimental studies conducted by Mao et al.31 and Sun et al.,39 respectively. (C,D) Contributions of 

different forces to the fits shown with black solid lines during the interaction between two water droplets 

submerged in pure n-dodecane (C) or pure toluene (D). 

 

force for two water droplets suspended in pure n-dodecane or pure toluene when the cantilever-

adhered drop moves toward the second drop on the substrate at a drive velocity of 1 𝜇m/s. 

According to Figure 3.1, the so-called jump-in behavior occurs at very small nanometer 
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separations, and then, the drops coalesce. This is due to the fact that the repulsive EDL interaction 

is zero, and thus, attractive vdW and CD interactions induce the collision of the droplets. The 

jump-in is indicated by a green arrow in Figure 3.1. 

In Figure 3.1A,B, the results of force fitting to the last point in the presence of CD interactions 

are shown. The blue circles represent the experimental measurements, and the black solid lines are 

the fittings to only the last point. We only report the results of fittings in the presence of CD 

interactions since in Chapter 2, we clearly proved that this additional attractive force (i.e., CD 

interaction) is required to sufficiently explain the behavior of water droplets during their 

interaction in a pure oil phase. According to Figure 3.1A,B, the experimental measurements show 

that the overall interaction force is repulsive (a positive value), and jump-in takes place when the 

separation between the droplets reaches an extremely small quantity, called critical separation ℎcr 

(for more information see Chapter 2, Section 2.5). At this separation, the overall interaction forces 

are 0.14 and 0.24 nN for water-in-n-dodecane and water-in-toluene cases, respectively. At 

relatively large separations, the magnitude of hydrodynamic forces dominates over the attractive 

surface forces (which are almost negligible), and hence, the overall force is repulsive. However, 

when the separation between the interfaces of the droplets reaches the critical separation, attractive 

vdW and CD interactions grow strong and induce the jump-in and subsequent coalescence of the 

drops. Table 3.3 summarizes the important outputs from our studies for the n-dodecane and toluene 

cases. According to Table 3.3, the number of surface charges per unit area are 4.17 × 1014 and 

3.24 × 1014 m−2 for n-dodecane and toluene cases, respectively. The magnitude of the fit value 

for the number of surface charges per unit area for each case is very close to the range previously 

reported for a water phase in contact with various oil phases, which is 1013–1014 m−2.42–45 Also, 
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Table 3.3 Important outputs from our studies for the toluene and pentol cases 

Method of fitting Output parameter 
Value 

Water-in-n-dodecane Water-in-toluene 

Last point (smallest 

Δ𝑋) 

Jump-in force, 𝐹 0.14 nN 0.24 nN 

Number of surface charges 

per unit area, 𝑁′ 
4.17 × 1014 m−2 3.24 × 1014 m−2 

 

our comparisons for the fit value of the number of surface charges per unit area for the water-in-

toluene case found here (3.24 × 1014 m−2) with the fit value for the other water-in-toluene case 

in Chapter 2 (8.51 × 1013 m−2) show that the number of surface charges per unit area are very 

close, which lends strong support to our theory.  

In Figure 3.1C,D, the contributions of various forces, including hydrodynamic, vdW, and CD 

forces, versus piezo-displacement for the interaction of water droplets in pure n-dodecane and pure 

toluene computed using the theory are shown. According to Figure 3.1C,D, hydrodynamic forces 

(red dashed line) are dominant at intermediate and larger separations because as the film thickness 

between the droplets decreases, the hydrodynamic pressure increases. As the droplets reach small 

separations, the magnitudes of attractive vdW (orange dashed line) and CD (blue dotted line) 

forces start to grow, and their sum becomes comparable to the magnitude of the hydrodynamic 

forces. When the sum of vdW and CD disjoining pressures (i.e., a negative value) prevails over 

the Laplace pressure of the drop, the thin film between the droplets becomes destabilized, and 

jump-in happens (i.e., at the critical separation or critical film thickness). In Figure 3.1C,D, this 

phenomenon can be observed by the sudden growths of vdW and CD forces near the jump-in point. 

Moreover, it should be noted that the CD force acts at much longer ranges in comparison with the 

vdW force, and that here, the magnitude of the CD force is larger than the vdW force before the 

jump-in point at all separations. Figure 3.1C,D sufficiently describes the role of the CD force and 
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sheds light on the fact that CD interaction is required to completely explain the actual physics of 

water droplet interaction within organic phases. 

3.3 Conclusions 

In this chapter, our theory of fixed-surface-charge–bulk-dipole interaction or charge–dipole (CD) 

interaction for short developed in Chapter 2 was applied to two additional water-in-oil systems 

where two water droplets interact within a pure n-dodecane or pure toluene. The water-in-n-

dodecane system contains a different oil than those in Chapter 2 that was not analyzed before, and 

the water-in-toluene considers the interactions of larger droplet radii than those in Chapter 2. We 

again fitted for the number of charges per unit at the interface of water with pure oil medium using 

experimental force versus piezo-displacement data and compared the numbers of surface charges 

per unit area with the independent measurements and calculations of their value made in the 

literature. The results of comparisons show that the fit values for the number of surface charges 

per unit area for water-in-n-dodecane and water-in-toluene systems are very close to the range 

previously reported for a water phase in contact with various oil phases. The results presented in 

this chapter for two additional water-in-oil systems support our theory of charge–dipole interaction 

and adequately describe the underlying physics of water drop interactions suspended in pure oil 

phases.  
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Chapter 4  

 

Elaboration on the Absence of Electric Double 

Layer and Electrostatic Interactions 

In this chapter, the reasons why the electric double layer (EDL) interactions are absent between 

two water drops within a pure oil phase, and why the surface electrostatic interaction is zero are 

presented from a mathematical perspective and by comparisons with experimental data. In Chapter 

2 and Chapter 3, we had assumed that the EDL interaction is zero because there are no ions 

dispersed inside the oil phase. We developed our theory in Chapter 2 based on the inclusion of a 

fixed-surface-charge–bulk-dipole interaction and conducted the simulations by considering this 

charge–dipole (CD) interaction and van der Waals (vdW) interactions as the only surface forces. 

The results of our fittings for a single parameter, the number of surface charges per unit area at the 

oil–water interface, had excellent agreement with the experimental data, and the obtained values 

were either within, or very close to, the range of the numbers of surface charges that we collected 

from independent measurements and calculations in the literature, which lent strong support to our 
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theory. However, one might ask whether there are electrostatic interactions that arise from the 

presence of these charges at the oil–water interface. Herein, we mathematically prove that EDL 

and electrostatic interactions between two water droplets with surface charges within a pure oil 

phase (i.e., nonpolar) are zero from a mathematical viewpoint and by comparisons with 

experimental data and provide a discussion on the role of EDL and electrostatic interactions in 

such water-in-oil systems.  

4.1 Poisson–Boltzmann Theory for Electric Double Layer Interaction between 

Two Identically Charged Plates   

Here, we utilize Poisson–Boltzmann theory13,95,131,132 to mathematically prove that the disjoining 

pressure due to the EDL interaction between two water droplets within a pure oil phase (i.e., 

nonpolar) is zero. Figure 4.1 illustrates two parallel flat plates with identical surface charges 

separated by ℎ immersed within a nonpolar phase (i.e., oil here). The charges are distributed in 

space by the arrangement of water and oil molecules at the interface but their distribution is 

assumed to occupy a thickness less than the size of one water molecule, i.e., on the order of 1 Å, 

or a few Å. Thus, the potential decays to zero over a region out from the interface shown by 𝛿 in 

Figure 4.1. Outside this region, no charges or ions are present inside the oil medium. As a result, 

the medium is nonconductive, and electric fields that these two identically charged surfaces create 

in between cancel out. In other words, the net electric field between the surfaces is zero. The 

surface potentials of the plates are 𝜓0, and the potential between the plates in the medium outside 

the region 𝛿 is zero. This means that the electric potential decreases from 𝜓0 on the surface of a 

plate to 0 very quickly in the region 𝛿 and remains constant at zero until it increases again to 𝜓0 

on the second plate (Figure 4.1). 
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Figure 4.1 Two parallel flat plates with identical surface charges in contact with a nonpolar medium 

(e.g., oil). Surface charges are distributed at the surface and occupy the region 𝛿. Electric potential 

decreases from 𝜓0 at the surface of a plate to 0 very quickly in the region 𝛿 and remains constant at zero 

until it increases again to 𝜓0 on the second plate. 𝜎c represents the surface charge density of the plates.   

 

We use the symmetry of the system to derive the disjoining pressure due to the EDL 

interaction between the plates and show that its magnitude is zero. According to Figure 4.1, the 

potential at the midplane 𝜓m is equal to zero because as mentioned earlier, there are no charges or 

ions within the nonpolar medium. The change in pressure Π at any point 𝑧 on bringing two plates 

together from an infinite separation to a separation of ℎ at constant temperature is given by13,131,132 

𝜓m = 0

𝜓0

𝜎c

𝜓0

𝜎c

𝑧 = ℎ/2

𝑧 = ℎ𝑧 = 0

𝛿𝛿
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Π𝑧(ℎ) − Π𝑧(∞) = −
1

2
휀0휀r [(

d𝜓

d𝑧
)

𝑧(ℎ)

2

− (
d𝜓

d𝑧
)

𝑧(∞)

2

] + 𝑘B𝑇[𝜌𝑧(ℎ) − 𝜌𝑧(∞)] (4.1)  

where 휀0 and 휀r are the dielectric permittivity of the free space (휀0 = 8.854 × 10−12 F/m) and 

relative permittivity of the medium, respectively; 𝜓 is the electric potential; 𝜌𝑧 is the concentration 

of charges (i.e., number density of charges); 𝑘B is the Boltzmann constant (𝑘B =

1.3806 × 10−23 J/K); and 𝑇 is the absolute temperature. It is worth mentioning that the first two 

terms represent the contribution of the Maxwell stress tensor or the pressure that arises from the 

electric field and the third and fourth terms correspond to the osmotic pressure due to the charge 

concentration difference between the surfaces and midplane.131,132 The effects of osmotic pressure 

is considered owing to the fact that the potential does not instantly become zero as we move away 

from the surface, and it happens over 𝛿. For 𝜌𝑧 we have 

𝜌𝑧 = 𝜌m +
휀0휀r

2𝑘B𝑇
(
d𝜓

d𝑧
)
𝑧

2

 (4.2)  

in which the first term 𝜌m is the charge concentration (i.e., number density of charges) at the 

midplane (𝑧 = ℎ/2) and the second term represents the contribution of surface charges. 

Incorporating eq (4.2) into eq (4.1) yields 

Π𝑧(ℎ) − Π𝑧(∞)

= −
1

2
휀0휀r [(

d𝜓

d𝑧
)
𝑧(ℎ)

2

− (
d𝜓

d𝑧
)
𝑧(∞)

2

]

+ 𝑘B𝑇 [𝜌m(ℎ) +
휀0휀r

2𝑘B𝑇
(
d𝜓

d𝑧
)
𝑧(ℎ)

2

− 𝜌m(∞) −
휀0휀r

2𝑘B𝑇
(
d𝜓

d𝑧
)
𝑧(∞)

2

] 

(4.3)  
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where 𝜌m(ℎ) and 𝜌m(∞) are the midplane charge concentration when plates are positioned at 

separation 𝑧 = ℎ and 𝑧 = ∞ apart, respectively. Rearranging eq (4.3) and knowing that at 𝑧 = ∞, 

the pressure Π𝑧(∞) is zero we have 

Π𝑧(ℎ) = 𝑘B𝑇[𝜌m(ℎ) − 𝜌m(∞)] (4.4)  

Equations (4.3) and (4.4) show that the electric field plays no role in the EDL disjoining pressure 

equation because the terms owing to the contribution of electrostatic pressure cancel out with the 

terms that are due to the osmotic pressure of charges in region 𝛿 in eq (4.3). Since there are no 

charges or ions inside the medium, the concentrations at the midplane 𝜌m when the plates are 

separated by 𝑧 = ℎ and 𝑧 = ∞ are equal to zero (𝜌m(ℎ) = 𝜌m(∞) = 0). As a result, the pressure 

due to the EDL becomes zero  

ΠEDL = Π𝑧(ℎ) = 0 (4.5)  

Equations (4.1)–(4.5) evidently show that when two identical parallel plates with the same charges 

are immersed inside a nonpolar medium, the EDL interaction between the plates is zero. The 

results of the mathematical derivations in this section can be applied to two identical water droplets 

immersed within a surrounding oil phase (i.e., nonpolar).  

4.2 Electrostatic Interaction between Two Identically Charged Plates 

As mentioned previously, according to Figure 4.1, the decrease in potential from 𝜓0 on the surface 

of a plate to zero inside the medium takes place in a region called 𝛿, with a thickness on the order 

of 1 Å, or a few Å. In other words, the potential does not instantly become zero as we move away 

from the surface and it happens over 𝛿. As a result, the effects of osmotic pressure must be 

considered in the calculation of the disjoining pressure due to the presence of surface charges. 
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However, here, we explore what would happen if we only considered the effects of electric field 

and use the electrostatic pressure due to the interactions of charges on two parallel flat plates with 

the same charge signs. The electrostatic pressure between two charged infinite parallel flat plates 

is given by13,131,133 

ΠCC =
𝜎𝑐

2

2휀0휀r
 (4.6)  

where 𝜎𝑐 is the surface charge density of the flat plates in C/m2 and 휀0 and 휀r are the dielectric 

permittivity of the free space (휀0 = 8.854 × 10−12 F/m) and relative permittivity of the medium, 

respectively. Substituting 𝜎𝑐 = 𝑄𝑁′, where 𝑄 is the elementary electric charge (i.e., equivalent to 

𝑒) and 𝑁′ is the number of surface charges per unit area into eq (4.6) yields  

ΠCC =
𝑄2𝑁′2

2휀0휀r
 (4.7)  

One might wonder if eq (4.7) should be used to calculate the electrostatic pressure between two 

water droplets submerged in a pure oil phase.  

4.3 Results and Discussion 

In Section 4.1, we showed that the EDL interaction between two water droplets within a pure oil 

phase (i.e., nonpolar) is zero (eq (4.5)). Hence, the disjoining pressure due to the EDL interaction 

ΠEDL is absent in the augmented Young–Laplace equation (eq (2.2)), which means that vdW and 

CD disjoining pressures are the only surface interactions between water droplets submerged in a 

surrounding pure oil medium. However, because one might wonder whether eq (4.7) should be 

used instead, the magnitude of the electrostatic disjoining pressure due to the surface-charge–

surface-charge interaction shown by eq (4.7) needs to be examined.  
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Here, we show that the magnitude of the electrostatic disjoining pressure found by eq (4.7) is 

not in agreement with experiments, and thus, eq (4.7) cannot be correct for water droplets within 

a pure oil phase. We consider two different water-in-oil systems analyzed in Chapter 3, i.e., water-

in-n-dodecane and water-in-toluene systems. According to eq (4.7), the electrostatic disjoining 

pressure is not a function of the distance between the droplets and thus is a constant value. In Table 

4.1, the input parameters for eq (4.7) for water-in-n-dodecane and water-in-toluene systems are 

summarized. For the sake of understating the magnitude of the electrostatic disjoining pressure, 

we use the fit values of 𝑁′ from Chapter 3. Also, as mentioned before, the electric charge 𝑄 is 

equivalent to the elementary charge 𝑒, having the magnitude of 1.602 × 10−19 C.  

As shown in Table 4.1, the electrostatic disjoining pressures between two water drops in a 

pure oil phase for water-in-n-dodecane and water-in-toluene systems predicted by eq (4.7) are 

124.23 and 63.59 Pa, respectively. These pressure values are constant at all separations and along 

all radial coordinates. Hence, according to Derjaguin’s force approximation (eq (2.3)), this 

electrostatic disjoining pressure produces a huge repulsive force that does not allow the approach 

 

Table 4.1 Input parameters for calculating the magnitude of electrostatic disjoining pressure between 

two water droplets immersed in either pure n-dodecane or toluene and the values of the disjoining 

pressure predicted by eq (4.7). 

Water-in-oil 

system 

Number of 

surface charges, 

𝑵′ 

Relative 

permittivity, 𝜺𝐫 

Electrostatic 

disjoining 

pressure, 𝚷𝐂𝐂 

Electrostatic 

force, 𝑭𝐜𝐜 

n-Dodecane 4.17 × 1014 m−2 2.0287 124.23 Pa 56.90 nN 

Toluene 3.24 × 1014 m−2 2.3925 63.59 Pa 63.42 nN 
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of two droplets and prevents the coalescence of the drops, while the jump-in behavior and the 

subsequent coalescence of water drops have been observed in various pure oil phases in the 

experiments.31,37–39 We calculated the electrostatic forces due to the presence of surface charges 

for water-in-n-dodecane and water-in-toluene systems to be 56.90 and 63.42 nN, respectively, 

using eq (2.3) for 𝑟max
∗ = 12.5 (a value that showed our computations are independent of the 

position of 𝑟max
∗ ), which is used in our entire simulations in this thesis. For more information on 

the choice of 𝑟max
∗ , see the Appendix, Section A.2. According to Table 3.3, the values of the jump-

in forces for water-in-n-dodecane and water-in-toluene systems are 0.14 and 0.24 nN, which are 

the maximum force values in Figure 3.1A,B. If we add the value of the constant repulsive 

electrostatic force found above in each case to the total interaction force calculated between the 

drops in each system (i.e., force curves in Figure 3.1A,B without the contributions of electrostatic 

forces), the force versus piezo-displacement results extensively deviate from experimental 

observations in the literature because the addition of electrostatic force shifts the total force curve 

to higher regions on force versus piezo-displacement graph.31,37–39 The observations in the 

literature suggest that such huge repulsive force due to the electrostatic interaction is unrealistic 

and cannot be present between the drops in a pure oil medium. Our calculations using CD and 

vdW surface forces adequately describe the physics of water droplets interaction inside pure oil 

phases, and addition of electrostatic disjoining pressure to the force calculations causes a huge 

deviation of numerical force versus piezo-displacement curves from experimental data. As a result, 

the discussion made here proves the fact that neither EDL nor electrostatic forces are present 

between two water droplets immersed within a pure oil phase as suggested by experimental data. 
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4.4 Conclusions  

In this chapter, we mathematically proved that electric double layer (EDL) interaction is absent 

between two water drops inside a pure oil phase, and that electrostatic interaction is zero. Although 

charges are present at the interface of water drops and pure organic phases, no EDL interaction is 

present. The pure oil acts as a nonconductive medium, and the electric fields that the surfaces of 

the charged water drops create in between are the same and thus cancel out. In other words, the 

net electric field between the surfaces of the droplets inside the oil phase is zero. Our derivations 

of the EDL disjoining pressure showed that the pressure that originates from the contribution of 

electric field cancels out with the terms related to osmotic pressure because of the presence of 

charges in the region 𝛿 near the surfaces. Moreover, our calculations of hypothetical pure 

electrostatic disjoining pressures for two water-in-n-dodecane and water-in-toluene systems 

showed that the magnitude of the resultant forces from these disjoining pressures are very large 

and unrealistic, whereas no such repulsive force has been detected in various water-in-oil 

experiments. Therefore, this electrostatic interaction cannot be present between two water droplets 

within a pure oil medium, and the contributions of osmotic pressure due to the presence of charges 

in the region 𝛿 must be taken into account. Our discussion in this chapter shows that neither EDL 

nor electrostatic forces are present between two water droplets immersed within a pure oil medium 

as suggested by experimental data. 
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Chapter 5  

 

Conclusions 

In this study, we developed a new theory based on fixed-surface-charge–bulk-dipole interaction, 

or charge–dipole (CD) interaction for short, to fully describe the unexplained behavior observed 

between water droplets immersed within a pure oil phase in various experiments. More 

specifically, Chapter 2 develops a fundamental understanding on the interactions of two water 

drops suspended in a pure oil medium. Our investigations indicated that most of these experimental 

studies lack a theoretical foundation and do not explain the physics of water drop interactions 

within oil media. Moreover, we realized that implementing the Stokes–Reynolds–Young–Laplace 

(SRYL) model with the conventional surface forces, i.e., only van der Waals (vdW) forces, does 

not explain the experimental observations in the literature, and there is a huge deviation between 

force calculations and the experimental force data; hence, a further relatively long-ranged 

attractive force is required to fully describe these experimental observations. In order to fill the 

research gap found in the literature, we hypothesized that the unexplained additional attractive 



CHAPTER 5 CONCLUSIONS 
 

75 

 

interaction between water droplets in oil pertains to the presence of charges at the interface of 

water drops with organic phases and proposed that fixed surface charges of one water droplet 

interact with dipoles within the bulk of another water droplet, i.e., a fixed-surface-charge–bulk-

dipole interaction. It is worth mentioning that the same interaction exists between the surface 

charges of the second droplet and dipoles within the bulk of the first droplet. Since the SRYL 

model requires the disjoining pressure term, we developed an equation for the disjoining pressure 

of this CD interaction and incorporated it in the current SRYL model. This equation only requires 

a single fitting parameter, namely the number of charges per unit area at the interface of water with 

the pure oil phase. For further validation of our theory, we compared this fitting parameter with 

independent measurements and calculations of its value in the literature. In Chapter 2, we first 

validated our SRYL computational approach using an oil-in-water system where two micron-sized 

toluene drops interact within an aqueous solution. Then, two different oil-in-water systems, namely 

water-in-toluene and water-in-pentol systems in which two water droplets interact in a surrounding 

pure oil phase, were considered, and our theory was tested against their force versus piezo-

displacement data. Next, we evaluated our new theory, the SRYL model with the added new CD 

interaction for water-in-oil systems. Our results showed that in the absence of the CD interactions, 

the numerical force versus piezo-displacement curves deviated from the experimental data, 

suggesting that an additional attractive force is required to fully explain the physics behind the 

interaction of the drops, and that vdW interaction is not the only surface force between the droplets. 

In contrast, when the CD interactions with number of surface charges per unit area as the only 

fitting parameter were included in the SRYL model, the numerical force curves followed the 

experimental data and showed an excellent agreement. The number of surface charges at the 

interface of water with various oil phases that we collected from independent measurements and 
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calculations in the literature were 1013–1014 m−2. Also, the fit values of the number of surface 

charges per unit area found for water-in-toluene and water-in-pentol systems were 8.51 × 1013 

and 3.88 × 1013 m−2. Hence, our calculations in Chapter 2 showed that the fit values of the 

number of surface charges per unit area so obtained for water-in-toluene and water-in-pentol 

systems lied within the range previously reported for a water phase in contact with various oil 

phases. The results and comparisons for the developed theory here adequately explain the 

experimental observations in the literature. Moreover, we studied the contributions of different 

forces to the total interaction force that indicated that the CD interactions act as relatively long-

ranged forces compared to vdW forces, which can explain the observation that a relatively longed-

ranged force is required to fully explain the physics of water drop interactions inside pure oil 

phases. We also investigated the droplet profiles during interaction at the jump-in and coalescence, 

the spatiotemporal film profile, the hydrodynamic and disjoining pressures profiles along the radial 

coordinate of the droplet, the shear stress applied to the interface of the droplets, and the droplets 

rim position at various instants of time. Finally, in an Appendix, some important details were 

provided, including the computational methods, the required properties, detailed steps for the 

calculations of the input parameters, and some important results. 

Chapter 3 applied our theory of CD interaction developed in Chapter 2 to two additional water-

in-oil systems in which two water drops interact within pure n-dodecane or pure toluene. The n-

dodecane was a different oil phase than those investigated in Chapter 2, and the toluene was an oil 

phase that had already been studied in Chapter 2, but with larger water drops radii in Chapter 3 

than those studied in Chapter 2. Again, we fitted for the number of surface charges per unit area 

as the only fitting parameter while calculating the total force curves for water-in-n-dodecane and 

water-in-toluene systems. Then, we compared the numbers of surface charges per unit area with 
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the independent measurements and calculations made in the literature. As mentioned earlier, the 

number of surface charges at the interface of water with various oil phases that we collected from 

independent measurements and calculations in the literature were 1013–1014 m−2. Our fittings for 

the number of surface charges per unit area for the two additional water-in-n-dodecane and water-

in-toluene systems led to the values of 4.17 × 1014 and 3.24 × 1014 m−2. The comparisons 

indicated that the numbers of surface charges per unit area found by fitting here were very close 

to the range previously reported for a water phase in contact with various oil phases. The 

contributions of various forces, including hydrodynamic, vdW, and CD interactions were also 

investigated, indicating that the CD interactions act as relatively long-ranged forces compared to 

the vdW forces. It is worth mentioning that the same conclusions were also made in our studies in 

Chapter 2. The results presented in Chapter 3 for two additional water-in-oil systems add further 

support that our theory of CD interaction when added to the SRYL model adequately describes 

the underlying physics of water drops interactions suspended in pure oil phases.  

In Chapter 4, we presented the reasons why the electric double layer (EDL) interactions are 

absent between two water drops within a pure oil phase, and why the surface electrostatic 

interaction is zero from mathematical points of view and by comparing with experimental data. In 

Chapter 2 and Chapter 3, we assumed a priori that the EDL interaction is zero because there are 

no ions dispersed inside the oil phase. The results of our fittings for a single parameter, i.e., the 

number of surface charges per unit area at the oil–water interface, had excellent agreement with 

the experimental data, and the obtained values of the number of surface charges per unit area were 

either within, or very close to, the range of the numbers of surface charges that we collected from 

independent measurements and calculations in the literature. In Chapter 4, we mathematically 

proved that although charges are present at the interface of water droplets and pure oil phases, the 
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EDL interaction is absent. We used Poisson–Boltzmann theory to mathematically derive the EDL 

interaction between two identical parallel flat plates due to the presence of identical charges at 

their surfaces. The EDL disjoining pressure consisted of the terms that arise from the electric field 

and the terms corresponding to the osmotic pressure due to the charge concentration difference 

between the surfaces and midplane. Our derivations showed that the pressure that originates from 

the contribution of electric field cancels out with the terms related to osmotic pressure owing to 

the presence of charges in the region δ near the surface of the plates. Moreover, because there are 

no charges or ions inside the oil phase (since the oil phase is nonpolar), the osmotic pressure due 

to the presence of charges or ions inside the oil medium was zero. Therefore, the EDL interaction 

is zero between the water drops. To further investigate whether this was the correct interpretation, 

we also made calculations for the hypothetical pure electrostatic disjoining pressures between two 

water drops in the water-in-n-dodecane and water-in-toluene systems. The results showed that the 

magnitude of the resultant forces from these disjoining pressures are very large and unrealistic, 

whereas no such repulsive force has been detected in various water-in-oil experiments. Our 

discussion in Chapter 4 indicated that the contribution of electrostatic disjoining pressure cannot 

be considered alone since the charges in the small region δ also play an important role (i.e., osmotic 

pressure) in the EDL disjoining pressure calculations. In other words, the presence of these surface 

charges in the region δ cause the appearance of an osmotic pressure that cancels out the pressure 

because of the electrostatic pressure. As a result, the conclusion made in Chapter 4 that the EDL 

and surface electrostatic interactions between two water droplets suspended in a pure oil medium 

are zero as suggested by experimental data provides a strong support to our theory of CD 

interaction. 
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This thesis provides a strong theoretical foundation for the interactions of water droplets 

within organic systems and adequately explains the unexplored underlying physics behind such 

water-in-oil systems in various applications.  

In summary, the main contributions of this work are as follows: 

1) We hypothesized that the unexplained additional attractive interaction between water 

droplets in pure oil is related to the presence of charges at the interface of water drops with 

organic phases and proposed that fixed surface charges of one water droplet interact with 

dipoles within the bulk of another water droplet, i.e., a fixed-surface-charge–bulk-dipole 

interaction or charge–dipole (CD) interaction for short.  

2) We derived a disjoining pressure equation for the CD interaction and incorporated the 

equation in the current Stokes–Reynolds–Young–Laplace (SRYL) model. Our resulting 

modified SRYL model requires only one fitting parameter, namely the number of charges 

per unit area at the interface of water droplets with a pure oil phase. The obtained fit values 

for four different water-in-oil systems, namely water-in-toluene with small droplet radii, 

water-in-pentol, water-in-n-dodecane, and water-in-toluene with relatively large droplet 

radii, were either within, or very close to, the range of the numbers of surface charges that 

we collected from independent measurements and calculations in the literature, which lent 

strong support to our theory. 

3) Various useful input parameters and system properties, including dynamic viscosity, 

relative permittivity, and refractive index, were calculated for pentol (i.e., a mixture of 

pentane and toluene at a volume ratio of 1:1). Furthermore, we calculated the nonretarded 

Hamaker constant for the water–pentol–water system using Lifshitz theory since no values 

were provided in the literature.  
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4) Both in the presence and absence of CD interactions, spatiotemporal thicknesses of the thin 

oil film confined between two water droplets and also droplet profiles at nanometer 

separations were drawn and the droplet coalescence mechanisms were explained. These 

profiles extend our understanding of the mechanisms of thin oil film drainage between 

water droplets.  

5) In the presence CD interactions, various pressure profiles, such as hydrodynamic, 

disjoining, and total dynamic pressures were drawn and analyzed along the droplet profile. 

The theoretical pressure profiles provide useful insight into the required disjoining pressure 

for observing the jump-in between the droplets. 

6) We mathematically proved that neither electric double layer (EDL) nor surface electrostatic 

forces are present between two water droplets immersed within a pure oil medium and 

provided a discussion on our proof by comparisons with experimental data. 
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A.1 Initial Condition between Two Interacting Droplets 

Here, we describe the different steps toward deriving the initial condition. The initial condition 

represents the initial vertical separation between the interfaces of the droplets at different locations 

on the interface, which requires a number of assumptions. Droplets possess an undeformed profile 

at large separation distances because of the zero film pressure, where they can maintain their 

spherical shape.A1,A2  

First, we assume that the geometry of two drops with unperturbed harmonic mean radius of 𝑅 

can be approximated by considering two equal drops, each of radius 𝑅. Suppose two droplets each 

of radius 𝑅 are positioned at an initial apex separation of ℎi (i.e., ℎ(0, 𝑡0)) as shown in Figure A.1. 

Every location on the interface of one droplet has a distinct separation with the mirrored position 

on the interface of the second droplet. Parameter 𝜙 is the angle between the line that connects an 

arbitrary point on the interface (point 𝐵) to the center of the droplet (point 𝑂) and the vertical line 

that passes this center. Because the interaction between the droplets occurs in a relatively small 

region, i.e., the interaction zone or inner region,A2 the magnitude of 𝜙 is small. Parameter 𝑟, i.e., 

the radial coordinate in the film, is the length of the line that connects point 𝐵 to the vertical line 

𝐴𝐶 that passes the center of the droplet 𝑂 and is a small length according to the small magnitude 

of 𝜙. Also, 𝑑 is a small length on 𝐴𝐶, which indicates the unknown portion of ℎ(𝑟, 𝑡0) and needs 

to be found based on other known parameters. From Figure A.1, the magnitude of ℎ(𝑟, 𝑡0) is the 

sum of ℎ(0, 𝑡0) and 2𝑑,  

ℎ(𝑟, 𝑡0) = ℎ(0, 𝑡0) + 2𝑑 (A.1)   
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Figure A.1 Two interacting drops each of radius 𝑅 (representing two drops with an unperturbed 

harmonic mean radius of 𝑅) positioned at a minimum separation of ℎi. 

  

For triangle 𝐵𝑂𝐷, one can write 

𝑅2 = 𝑟2 + (𝑅 − 𝑑)2 (A.2)   

Rearranging eq (A.2) for 𝑟2 results in 

𝑟2 = 𝑅2 − (𝑅 − 𝑑)2 

      = 𝑅2 − (𝑅2 − 2𝑅𝑑 + 𝑑2) 

      = 𝑅2 − 𝑅2 + 2𝑅𝑑 − 𝑑2 

(A.3)   

𝑅

𝑅
𝑅 − 𝑑
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      = 2𝑅𝑑 − 𝑑2 

Because 𝑑 is a small value, its square 𝑑2 is very small and can be neglected from eq (A.3). Thus, 

eq (A.3) can be approximated 

𝑟2 ≈ 2𝑅𝑑 (A.4)   

Rearranging eq (A.4) for 𝑑 gives 

𝑑 =
𝑟2

2𝑅
 (A.5)   

Substituting eq (A.5) into eq (A.1) leads to 

ℎ(𝑟, 𝑡0) = ℎ(0, 𝑡0) +
𝑟2

𝑅
 (A.6)   

Equation (A.6) can be used as the initial condition for the interaction between two droplets with a 

mean radius of 𝑅.  

A.2 Computational Methods  

In this section, the selected approach to solving the governing equations is described in detail. 

Non-dimensionalization of the equations simplifies the numerical simulation procedure and 

reduces the computation time; consequently, the equations are transformed to their dimensionless 

form. The capillary number Ca = 𝜇𝑉/𝜎 is exploited to describe the scaling factors for the non-

dimensionalization process, where 𝑉 is the drive velocity of the cantilever-adhered droplet, 𝜇 is 

the dynamic viscosity of the film, and 𝜎 is the interfacial tension. The scaling factors were first 

proposed by Klaseboer et al. and are written asA1 
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ℎc = 𝑅Ca1/2 

(A.7)   

𝑟c = 𝑅Ca1/4 

𝑝c = 𝜎/𝑅 

𝑡c = 𝜇Ca−1/2/𝑝c 

The dimensionless forms of the parameters (with asterisks) are given by ℎ∗ = ℎ/ℎc, 𝑟∗ =

𝑟/𝑟c, 𝑝∗ = 𝑝/𝑝c, and 𝑡∗ = 𝑡/𝑡c, which links them to the original dimensional variables. 

Substituting the relationships in eq (A.7) in the dimensionless forms of the parameters (ℎ∗, 𝑟∗, 𝑝∗, 

and 𝑡∗) gives  

ℎ = ℎ∗𝑅Ca1/2 

(A.8)   

𝑟 = 𝑟∗𝑅Ca1/4 

𝑝 = 𝑝∗𝜎/𝑅 

𝑡 = 𝑡∗𝜇Ca−1/2/𝜎 

The dimensional variables in eqs (2.1)–(2.13) and eq (2.27) from Chapter 2 are replaced by 

the relations shown in eq (A.8) to establish their dimensionless form. This process for eqs (2.1)–

(2.3) from Chapter 2 yields 

𝜕ℎ∗

𝜕𝑡∗
=

1

12𝑟∗

𝜕

𝜕𝑟∗
(𝑟∗ℎ∗3 𝜕𝑝∗

𝜕𝑟∗
) (A.9)   

1

2𝑟∗

𝜕

𝜕𝑟∗
(𝑟∗

𝜕ℎ∗

𝜕𝑟∗
) = 2 − 𝑝∗ − Π∗ (A.10)   

𝐹∗(𝑡∗) = 2𝜋 ∫ [𝑝∗(𝑟∗, 𝑡∗) + Π∗(ℎ∗(𝑟∗, 𝑡∗))]
∞

0

𝑟∗d𝑟∗ = 2𝜋𝐺∗(𝑡∗) (A.11)   
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where 𝐹∗ = 𝐹Ca−1/2/𝑅𝜎 and 𝐺∗ = 𝐺Ca−1/2/𝑅. The dimensionless forms of the initial and 

boundary conditions in eqs (2.4)–(2.6) and eq (2.8) from Chapter 2 are  

ℎ∗(𝑟∗, 𝑡0
∗) =

ℎ∗(0, 𝑡0
∗)Ca−1/2

𝑅
+ 𝑟∗2

 (A.12)   

𝜕ℎ∗

𝜕𝑟∗
|
𝑟∗=0

=
𝜕𝑝∗

𝜕𝑟∗
|
𝑟∗=0

= 0 (A.13)   

𝜕𝑝∗

𝜕𝑟∗
+

4𝑝∗

𝑟∗
= 0          at  𝑟∗ = 𝑟max

∗  (A.14)   

𝜕ℎ∗(𝑟max
∗ , 𝑡∗)

𝜕𝑡∗
+ 𝛼

d𝐺∗(𝑡∗)

d𝑡∗
= ±1 (A.15)   

where  

𝛼 = −
2𝜋𝜎

𝐾
+ 2ln (

𝑟max
∗ 𝑅Ca1/4 

2√𝑅t𝑅b

) + 𝐵(𝜃t) + 𝐵(𝜃b) (A.16)   

In eq (A.15), the negative and positive values of unity are associated with the approach and 

retraction of the upper droplet, respectively. For shear stress at the droplet–liquid interface, in eq 

(2.11) from Chapter 2 we have 

𝜏f
∗ = −

ℎ∗

2

𝜕𝑝∗

𝜕𝑟∗
 (A.17)   

where 𝜏f
∗ = 𝜏f 2𝑅Ca−1/4/𝜎. Similarly, the disjoining pressures in eqs (2.12), (2.13), and (2.27) 

from Chapter 2 are non-dimensionalized to give 

ΠvdW
∗ = −

𝐴HCa−3/2

6𝜋𝑅2𝜎ℎ∗3 (A.18)   

ΠEDL
∗ =

64𝑘B𝑇𝜌∞𝑅

𝜎
tanh2 (

𝑧𝑒𝜓0

4𝑘B𝑇
) exp(−𝜅𝑅Ca1/2ℎ∗) (A.19)   
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ΠCD
∗ = −

2𝜋𝑁𝑁′𝜆CD

𝑅𝜎Caℎ∗2  (A.20)   

where Π∗ = 𝑅Π/𝜎. In order to solve eqs (A.9)–(A.20), the method of lines is utilized to discretize 

eqs (A.9) and (A.10) with the central differencing scheme in 𝑟∗ for the points 𝑗 = 2, 3, … , 𝑁 − 1. 

Also, forward differencing applies to the boundary conditions in eq (A.13) for the initial point 𝑗 =

1 and backward differencing to boundary conditions in eqs (A.14) and (A.15) for the last point 

𝑗 = 𝑁. These difference approximations of the derivatives in 𝑟∗ are second-order (i.e., truncation 

error of order 2 (𝑂(𝑟∗2))), increasing the precision of the numerical solution. Simpson’s rule is 

applied to eq (A.11) to approximate the integral value.A3 All these procedures convert the initial 

system of partial differential equations (PDEs) to differential-algebraic equations (DAEs) of index 

1. 

Conversion of PDEs to DAEs of index 1 generates a linearly semi-explicit problem here, 

which needs to be solved for  dℎ∗/d𝑡∗, d𝐺∗/d𝑡∗, and d𝑝∗/d𝑡∗. In other words, the equations need 

to be written in the form �̇� = d𝑦/d𝑡 = 𝑘(𝑡, 𝑦, 𝑧), where time-dependent variables ℎ̇∗, �̇�∗, and �̇�∗ 

are positioned on one side of the equation and the terms from discretization on the other side (for 

equations related to 𝑝∗, d𝑝∗/d𝑡∗ is zero). Furthermore, the mass matrix needs to be produced based 

on these equations. As a result, using this method, the final system of equations becomes 

(

 
 
 
 
 
 
 

0 0 ⋯ ⋯ ⋯ ⋯ ⋯ 0

0 1 0 ⋯ ⋯ ⋯ 0 0

⋮ ⋱ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮

0 0 ⋱ 1 𝛼 0 ⋯ 0

0 0 ⋱ ⋱ 0 0 ⋯ 0

0 0 ⋱ ⋱ 0 0 0 0

⋮ ⋮ ⋱ ⋱ ⋱ ⋮ ⋱ ⋮

0 0 0 0 0 0 ⋯ 0)

 
 
 
 
 
 
 

(

 
 
 
 
 
 
 
 

ℎ̇∗
1

ℎ̇∗
2

⋮

ℎ̇∗
N

�̇�∗

�̇�∗
1

⋮

�̇�∗
N)

 
 
 
 
 
 
 
 

=

(

 
 
 
 
 
 
 

𝐻1
∗

𝐻2
∗

⋮

±1

𝐺∗ − 𝐼

𝑃1
∗

⋮

𝑃N
∗ )

 
 
 
 
 
 
 

 (A.21)    
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in matrix form where 𝐻 
∗ and 𝑃 

∗ are the contributions from the discretization of eqs (A.9) and 

(A.10), respectively, and 𝛼 is a constant value described in eq (A.16). Moreover, using Simpson's 

rule, 𝐼 which is the integral in eq (A.11) can be written as ∑ 𝜔𝑗(𝑝𝑗
∗ + Π𝑗

∗) 𝑟𝑗
𝑁
𝑗=1 , where 𝜔𝑗 is the 

coefficient of each node in Simpson's rule. In this study, composite Simpson’s rule is employed to 

evaluate the value of 𝐼. 

In order to solve the DAEs outlined in eq (A.21), the grid in 𝑟∗ is chosen to be uniform with 

Δ𝑟∗ = 0.04 and 𝑟max
∗ = 12.5. The choice of 𝑟max

∗  in our study satisfies the condition 𝑟max < 𝑅 

required for employing the SRYL model.A4 Furthermore, the quantity of 𝑟max
∗  was closely 

examined to guarantee that the results, such as the values of forces, are independent of its 

magnitude. The overall interaction forces, including hydrodynamic and surface forces between 

two droplets, have shown to vary rapidly at small distances. This behavior is called stiffness, and 

as a result, the selected approach to solving the DAEs in eq (A.21) must consider very small step 

sizes in time 𝑡∗ when the numerical approach tends to become unstable. MATLAB® provides a 

variety of ODE solvers for stiff differential equations and DEAs. Among them, ode15s, which 

demonstrates a great ability to solve eq (A.21), was implemented in our study. 

A.3 Values of Parameters Used in Oil-in-Water Simulations 

In this section, the experimental input parameters and system properties required to calculate the 

interaction between two pure toluene droplets within an aqueous solution are summarized in Table 

A.1. 
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Table A.1 Various input parameters used in modeling the interaction of pure toluene droplets in the aqueous solution for validating the numerical 

approach. 

Type Physical parameter Value 
Literature 

source 
Notes 

F
lu

id
 

Viscosity of the aqueous solution, 𝜇 0.97 mPa s A5,A6 Value at 25 ℃ 

Interfacial tension, 𝜎 35.5 mN/m A7,A8 Reported by the literature references 

Radius of curvature of the droplets, 𝑅 89 𝜇m A7,A8 - 

Droplet contact angle on the cantilever, 𝜃t 90° A7 - 

Droplet contact angle on the substrate, 𝜃b 50° A9 
Assumed in this work; same as the exploited 

number in the referenced oil-in-water study 

S
u

rf
ac

e 
fo

rc
e 

Electrolyte concentration (i.e., NaCl), [NaCl] 1 mM A7,A8 - 

Solution pH 5.6 A7,A8 - 

Valency, 𝑍 1 - 
Deduced for this work from the valency of Na+ 

and Cl− ions in an NaCl solution 

Number density of ions, 𝜌∞ 6.037 × 1023 m−3 - 
Calculated for this work from other values in 

this table; see Section 2.4 for more information 

Nonretarded Hamaker constant (toluene–water–

toluene), 𝐴H 
9.80 × 10−21 J A7,A8 Calculation made in the literature references 

Debye length, 𝜅−1 9.6 nm A7,A8 Calculation made in the literature references 

A
F

M
 Cantilever spring constant, 𝐾 350 mN/m A7 

300–400 mN/m in the literature reference; 

assumed to be 350 mN/m in this work 

Drive velocity, 𝑉 1 𝜇m/s A7,A8 - 
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A.4 Calculation of the Viscosity of Pentol 

The dynamic viscosity of a mixture, such as pentol, can be found using mixing rules. Here, we 

implement a simple mixing rule in which densities and molar masses of both toluene and pentane 

are utilized to calculate their mole fractions and then find the dynamic viscosity of pentol using 

these mole fractions and the dynamic viscosities of toluene and pentane. First, the volume of each 

liquid (with a volume ratio of 1:1) is converted to mass using their densities (𝑚 = 𝜌f∀, where 𝑚 

is the mass, 𝜌f is the density, and ∀ is the volume). Then, the number of moles of each liquid is 

found using their masses and molar masses (𝑚𝑜𝑙 = 𝑚/𝑀, where 𝑚 and 𝑀 are the mass and molar 

mass of each component, respectively). As a result, the mole fraction of each component 𝑥 can be 

simply computed using their numbers of moles 

𝑥1 = 𝑚𝑜𝑙1/(𝑚𝑜𝑙1 + 𝑚𝑜𝑙2) (A.22)   

𝑥2 = 𝑚𝑜𝑙2/(𝑚𝑜𝑙1 + 𝑚𝑜𝑙2) (A.23)   

Finally, the dynamic viscosity of pentol can be found using 

𝜇pe t l = 𝑥t l e e𝜇t l e e + 𝑥pe ta e𝜇pe ta e (A.24)   

where 𝜇 is the dynamic viscosity and 𝑥 is the mole fraction. The densities of toluene and pentane 

are 862.1 kg/m3 A10–A12 and 621 kg/m3,A12 respectively at 25 ℃. Also, their molar masses are 

92.14 g/mol A13,A14 and 72.15 g/mol,A15 respectively. After finding the masses of toluene and 

pentane, they can be used with their molar masses to calculate the numbers of moles. In this study, 

using the calculated number of moles for each component, the mole fractions from eqs (A.22) and 

(A.23) are found to be 0.5209 and 0.4791 for toluene and pentane, respectively. The dynamic 

viscosities of toluene and pentane are 0.56 mPa s A16,A17 and 0.212 mPa s,A18 respectively at 
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25 ℃. From eq (A.24) using the dynamic viscosities and computed mole fractions of toluene and 

pentane, the dynamic viscosity of pentol is found to be 0.393 mPa s, which is very close to the 

reported value of 0.39 mPa s A19 used in Chapter 2. 

A.5 Calculation of the Permittivity of Pentol 

The Bruggeman mixing rule can be utilized to calculate the effective permittivity of a mixture 

consisting of two components.A20,A21 The mixing occurs homogenously and the components are 

not distinguishable in the solution after mixing. The basic form of the Bruggeman mixing rule can 

be written asA20,A21 

(1 − 𝑓)
휀e − 휀eff

휀e + 2휀eff
+ 𝑓

휀i − 휀eff

휀i + 2휀eff
= 0 (A.25)   

where 𝑓 is the volume fraction of one component, 휀eff is the permittivity of the mixture, and 휀e 

and 휀i are the permittivities of the two components. The relative permittivities, 휀r, of toluene and 

pentane are 2.38 A22 and 1.82 A23 at 25 ℃, respectively. In this study, pentol is a 1:1 mixture of 

toluene and pentane by volume; hence, the volume fraction 𝑓 is 0.5. Substituting these numbers 

into eq (A.25) gives the value of 2.09 for the relative permittivity of pentol.  

A.6 Calculation of the Water–Pentol–Water Hamaker Constant 

The Hamaker constant for a particular system can be calculated by Lifshitz theory.A24,A25 The non-

retarded Hamaker constant (only the first two terms of an infinite series) for two macroscopic 

phases 1 and 2 interacting across medium 3 is given byA26 
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𝐴132 =
3

4
𝑘B𝑇 (

휀1 − 휀3

휀1 + 휀3
) (

휀2 − 휀3

휀2 + 휀3
)

+
3𝑣e(2𝜋ℏ)

8√2

(𝑛1
2 − 𝑛3

2)(𝑛2
2 − 𝑛3

2)

(𝑛1
2 + 𝑛3

2)1/2(𝑛2
2 + 𝑛3

2)1/2[(𝑛1
2 + 𝑛3

2)1/2 + (𝑛2
2 + 𝑛3

2)1/2]
 

(A.26)   

where 휀1, 휀2, and 휀3 are the permittivities of the three components, 𝑛1, 𝑛2, and 𝑛3 are the refractive 

indices of the three components, 𝑘B is the Boltzmann constant (𝑘B = 1.3806 × 10−23 J/K), 𝑇 is 

the absolute temperature, ℏ is the reduced Planck’s constant (ℏ = 6.626/2𝜋 × 10−34 J s), 𝑣e is the 

main electronic absorption frequency in the ultraviolet (UV) region, which is reported to be 

approximately 3 × 1015 s−1.A26  

In order to calculate the nonretarded Hamaker constant for water–pentol–water, the relative 

permittivities and refractive indices of both pentol and water are required. However, the refractive 

index of pentol is unknown and can be calculated via mixing rules. Here, we implement a simple 

mixing rule like the one that was described in Section A.4 in which density and molar masses of 

both toluene and pentane are utilized to calculate their mole fractions and then find the refractive 

index of pentol using these mole fractions and the refractive indices of toluene and pentane. The 

refractive index of pentol can be written as 

𝑛pe t l = 𝑥t l e e𝑛t l e e + 𝑥pe ta e𝑛pe ta e (A.27)   

where 𝑛 is the refractive index and 𝑥 is the mole fraction. The refractive indices of toluene and 

pentane are 1.4943 A10 and 1.3547,A12 respectively at 25 ℃. From eq (A.27) with the values of 

𝑥t l e e = 0.5209 and 𝑥pe ta e = 0.4791 computed in Section A.4, the refractive index of pentol 

is calculated to be 1.4274. Furthermore, the refractive index of water is 1.3325 at 25 ℃.A27 From 

Section A.5, the relative permittivity of pentol is calculated to be 2.09. Also, the relative 

permittivity of water is 78.3 at 25 ℃.A28 Substituting the relative permittivities and refractive 
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indices of pentol and water into eq (A.26) leads to a value of 5.20 × 10−21 J for the Hamaker 

constant of water–pentol–water system. For other combinations of systems, the same procedure 

can be implemented. 

A.7 Values of Parameter Used in Water-in-Oil Simulations 

The experimental input parameters and system properties for the interaction of two water droplets 

inside pure toluene and pentol (1:1 mixture of toluene and pentane by volume) can be found in 

Table A.2 and Figure A.3, respectively.  

A.8 Sensitivity Analysis on the Effect of Droplet Size on the Overall Interaction 

Force between Water Droplets Suspended in Pentol 

In Figure A.2, the results of force prediction in the absence of CD interactions (orange dashed line) 

and force fitting to only the last point in the presence of CD interactions (black solid line) are 

compared for two droplets with radii of 50 μm interacting in pure pentol. Fifty micrometers is the 

outside value given in the literature used, whereas, in the main text a value of 60 𝜇m that is in the 

middle of the literature range was used. In the absence of the CD force, the attractive vdW force 

cannot alone reduce the repulsive dominance of the long-ranged hydrodynamic effects, and 

consequently, the jump-in occurs at a larger interaction force, which is 0.22 nN. The results 

indicate that in the absence of the CD force, the overall force curve deviates from the experiments, 

and there must still be another attractive surface force present, leading to the behavior observed in 

the experiments. On the other hand, when the CD interactions with a number of surface charges 

per unit area consistent with known number of surface charges in the literature are incorporated  
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Table A.2 Various input parameters used in modeling the interaction of water droplets in toluene for the theoretical fitting 

Type Physical parameter Value 
Literature 

source 
Notes 

F
lu

id
 

Viscosity of toluene, 𝜇 0.56 mPa s A16,A17 
Around 0.55–0.56 mPa s at 25 ℃ in the 

literature; taken as 0.56 mPa s in this work 

Interfacial tension, 𝜎 35.5 mN/m A7,A8 Reported by the literature references 

Capillary number, Ca 1.58 × 10−8 - 
Ca = 𝜇𝑉/𝜎; calculated for this work from 

other values in this table 

Density of water, 𝜌f 997.04 kg/m3 A29 Value at 25 ℃ 

Molar mass of water, 𝑀 18.015 g/mol A30,A31 - 

Radius of curvature of the droplets, 𝑅 60 𝜇m A7,A32 - 

Droplet contact angle on the cantilever, 𝜃t 45° A7,A32 - 

Droplet contact angle on the substrate, 𝜃b 90° A7,A32 - 

S
u

rf
ac

e 
fo

rc
e 

Dipole moment of water, 𝑢 2.6 D A33–A35 

In a recent study, it was reported to be 

2.6 D.A34 Some references propose a range; the 

overall range from the references is 2.4–2.9 D 

Relative permittivity of toluene, 휀r 2.38 A22 Value at 25 ℃ 

Number density of water, 𝑁 33.3291 × 1027 m−3 - 
Calculated for this work from other values in 

this table; see Section 2.4 for more information 
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Nonretarded Hamaker constant (water–

toluene–water), 𝐴H 
9.72 × 10−21 J A7,A32 Calculation made in the literature references 

A
F

M
 

Cantilever spring constant, 𝐾 350 mN/m A7 
300–400 mN/m in the literature reference; 

assumed to be 350 mN/m in this work 

Initial apex separation of droplets, ℎi 1 𝜇m A7,A32 - 

Drive velocity, 𝑉 1 𝜇m/s A7,A32 - 
 

 

Table A.3 Various input parameters used in modeling the interaction of water droplets in pure pentol for the theoretical fitting 

Type Physical parameter Value 
Literature 

source 
Notes 

F
lu

id
 

Viscosity of pentol, 𝜇 0.39 mPa s A19 
Reported by the literature reference; see 

Section A.4 for more information 

Interfacial tension, 𝜎 40.65 mN/m A36 - 

Capillary number, Ca 9.59 × 10−9 - 
Ca = 𝜇𝑉/𝜎; calculated for this work from 

other values in this table 

Density of water, 𝜌f 997.04 kg/m3 A29 Value at 25 ℃ 

Density of toluene, 𝜌f 862.1 kg/m3 A10–A12 Value at 25 ℃ 

Density of pentane, 𝜌f 621 kg/m3 A12 Value at 25 ℃ 

Molar mass of water, 𝑀 18.015 g/mol A30,A31 - 

Molar mass of toluene, 𝑀 92.14 g/mol A13,A14 - 

Molar mass of pentane, 𝑀 72.15 g/mol A15 - 
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Mole fraction of toluene, 𝑥 0.5209 - 

Calculated for this work from other values in 

this table; see Section A.4 for more 

information 

Mole fraction of pentane, 𝑥 0.4791 - 

Calculated for this work from other values in 

this table; see Section A.4 for more 

information 

Radius of curvature of the droplets, 𝑅 60 𝜇m A36 
50–70 𝜇m in the literature reference; assumed 

to be 60 𝜇m in this work 

Droplet contact angle on cantilever, 𝜃t 45° A7,A32 
Assumed in this work; same as the exploited 

number in the referenced water-in-oil studies  

Droplet contact angle on substrate, 𝜃b 90° A7,A32 
Assumed in this work; same as the exploited 

number in the referenced water-in-oil studies 

S
u

rf
ac

e 
fo

rc
e 

Dipole moment of water, 𝑢 2.6 D  A33–A35 

In a recent study, it was reported to be 

2.6 D.A34 Some references propose a range; the 

overall range from the references is 2.4–2.9 D 

Relative permittivity of water, 휀𝑟 78.3 A28 Value at 25 ℃ 

Relative permittivity of toluene, 휀𝑟 2.38 A22 Value at 25 ℃ 

Relative permittivity of pentane, 휀𝑟 1.82 A21,A23 Value at 25 ℃ 

Relative permittivity of pentol, 휀𝑟 2.09 - 

Calculated for this work from other values in 

this table; see Sections 2.4 and A.5 for more 

information 

Number density of water, 𝑁 33.3291 × 1027 m−3 - 
Calculated for this work from other values in 

this table; see Section 2.4 for more information 

Refractive index of water, 𝑛 1.3325 A27 Value at 25 ℃ 

Refractive index of toluene, 𝑛 1.4943 A10 Value at 25 ℃ 
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Refractive index of pentane, 𝑛 1.3547 A12 Value at 25 ℃ 

Refractive index of pentol, 𝑛 1.4274 - 

Calculated for this work from other values in 

this table; see Section A.6 for more 

information 

Electronic absorption frequency in the 

ultraviolet (UV) region, 𝑣e 
3 × 1015 s−1 A26 - 

Nonretarded Hamaker constant (water–

pentol–water), 𝐴H 
5.20 × 10−21 J - 

Calculated for this work from other values in 

this table; see Section A.6 for more 

information 

A
F

M
 

Cantilever spring constant, 𝐾 350 mN/m A7 
300–400 mN/m in the literature reference; 

assumed to be 350 mN/m in this work 

Initial apex separation of droplets, ℎi 0.805 𝜇m A36 - 

Drive velocity, 𝑉 1 𝜇m/s A36 - 
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Figure A.2 Comparison between the force curves in the absence (orange dashed line) and presence 

(black solid line) of CD interactions for water-in-pentol droplets with radii of 50 𝜇m for the sensitivity 

analysis. The measured data points are from the experimental studies (blue squares) conducted by Xie et 

al.A36 

 

into the computation, the theory can accurately describe the behavior of the droplets and can 

capture the actual jump-in point. The number of surface charges per unit area is found to be 

1.30 × 1013 m−2, which resides in the reported range (1013–1014 m−2).A37–A40 The results 

indicate that when the radii of the drops are taken to be the minimum reasonable size of 50 𝜇m, 

the same conclusions can be deduced from the fitting results as when a value of 60 𝜇m had been 

used, which suggests that our proposed new force is applicable.  

 

 

Ju
m

p
-i

n

Water-in-Pentol
N′ = 1.30 × 1013 m−2

 = 50 𝜇m
V = 1 𝜇m/s
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A.9 Hydrodynamic and Disjoining Pressures versus Minimum Separation 

Figure A.3 shows the computed hydrodynamic and disjoining pressure profiles along with the total 

dynamic pressure versus the minimum separation, i.e., the separation between the droplets’ heads 

(ℎ0) until the jump-in for both toluene (Figure A.3A) and pentol (Figure A.3B). It is evident that 

the magnitude of the pressures is large at the jump-in (i.e., at critical separation ℎcr) and they decay 

gradually as the separation between the droplets’ heads increases. The magnitude of the attractive 

disjoining pressure (green dashed–dotted line) at small separations grows large and destabilizes 

the film. This phenomenon gives rise to the jump-in and initiates the collision. In other words, the 

attractive disjoining pressure due to the surface forces initially prevails over the hydrodynamic 

pressure (see the total pressure, black solid line), and then, when the magnitude of this disjoining  

 

 

Figure A.3 Theoretical curves of different pressure contributions for the interaction between two water 

droplets submerged in pure toluene (A) and pure pentol (B) vs minimum separation h0. 

 

A

Water-in-Toluene
 = 60 𝜇m
V = 1 𝜇m/s

Water-in-Pentol
 = 60 𝜇m
V = 1 𝜇m/s

B
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pressure becomes larger than the Laplace pressure (purple dashed–dotted line), the jump-in 

occurs.A41 

A.10 Shear Stress at the Droplet–Liquid Interface in Water-in-Oil Systems 

The reason that a maximum point (i.e., the droplet’s rim) is observed along the shear stress profile 

can be explained by eq (2.11) from Chapter 2. The shear stress formula is proportional to the 

change of the hydrodynamic pressure along the radial coordinate (𝜏f ∝ 𝜕𝑝/𝜕𝑟). From the 

mathematical viewpoint, there are two inflection points on each hydrodynamic pressure profile 

(marked by circles in Figure 2.7A,B in Chapter 2) at which the curvature sign alters (due to 

𝜕2𝑝/𝜕𝑟2 = 0). In other words, at these points, the slope of the shear stress curve becomes zero 

(𝜕𝜏f/𝜕𝑟 = 𝜕2𝑝/𝜕𝑟2 = 0) and two extremum values appear on its profile. These maximum points 

are demonstrated by circles in Figure A.4 as well (one on each side of the droplet). Before the 

inflection point, the curvature of the hydrodynamic pressure profile is concave downward, while 

it is concave upward after passing this point (evident in Figure 2.7A,B in Chapter 2). This point is 

also known as the rim of the droplet.A1,A42  

Since, in this study, droplets eventually coalesce, the thin liquid film between the droplets 

experience huge alterations. As the upper droplet approaches the lower one, the film thickness 

reduces, and the interface of the droplets becomes more prone to deformation due to the existence 

of strong hydrodynamic effects and large attractive surface forces (i.e., vdW and CD). The 

attractive surface forces tend to rupture the film and lead to the coalescence of the drops. Therefore, 

the attractive surface forces drastically alter the behavior of the draining film and affect the shear 

stress profiles. As can be seen from Figure A.4, the shear stress curves move toward the upper 
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Figure A.4 Temporal evolution of shear stress at the water droplet and oil interface for pure toluene (A) 

and pure pentol (B). The filled circles at the peaks of the profiles indicate the corresponding inflection 

points on the hydrodynamic pressure profiles shown in Figure 2.7A,B in Chapter 2. These points reflect 

the movement of the rim positions toward lower absolute radial regions. 

 

regions over time, and their magnitude at a given radial coordinate becomes larger than the one 

for a previous curve (at an earlier time). Here, this phenomenon is shown until the jump-in point 

(𝑡 = 0.9951 sec for toluene and 𝑡 = 0.8023 sec for pentol) in Figure A.4. The maximum shear 

stresses at the critical film thickness for toluene and pentol are 7.69 and 7.54 Pa, respectively, 

which occur at the radial positions of 349.66 and 308.78 nm, respectively. When the water 

droplets are at very close separations, the attractive surface forces pull them together to induce the 

jump-in and coalescence. As a result of this pulling, the heads of the droplets sharpen, and the rim 

moves towards the center or lower radial values over time. This movement of the position of the 

rim 𝑟m is illustrated in Figure A.5 over time for both toluene and pentol cases. This phenomenon 

can also be observed by the shifts in the position of maximum shear stresses in Figure A.4 (shown 

 

A
Water-in-Toluene
 = 60 𝜇m
V = 1 𝜇m/s

B
Water-in-Pentol
 = 60 𝜇m
V = 1 𝜇m/s
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Figure A.5 Theoretical curves of the position of the rim (𝑟m) along the radial coordinate at various 

instants of time for water droplets immersed in pure toluene (red squares) and pure pentol (blue squares). 

 

by circles) or the inflection points in the hydrodynamic pressure curves in Figure 2.7A,B (circles) 

in Chapter 2 toward lower absolute radial positions on each side of the drop (for 𝑟 > 0, the shift 

is toward left and for 𝑟 < 0, the shift is toward right). The shear stress calculations have similar 

trends in terms of profile shape and movement of the position of the rim (either toward higher or 

lower radial values) to the results of previous studies on droplets or bubbles that had vdW forces 

as the only attractive force;A42,A43 however, the results of our calculations differ numerically since 

we included CD attraction. 

  

 = 60 𝜇m
V = 1 𝜇m/s

Collision
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