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Abstract

This thesis is dedicated to the study of some geometric properties on Banach
spaces associated to hypergroups. This thesis contains three major parts.

The purpose of the first part is to initiate a systematic approach to the
study of the class of invariant complemented subspaces of L. (K) and Cy(K),
the class of left translation invariant W*-subalgebras of L., (K) and finally
the class of non-zero left translation invariant C*-subalgebras of Cy(K) in
the hypergroup context with the goal of finding some relations between these
function spaces.

The second part consists of two themes; fixed point properties for non-
expansive and affine maps. The first theme provides a condition when a
non-expansive self map on a weak (weak*) compact convex subset of several
function spaces over K has a fixed point while the second theme present some
applications of common fixed point properties for affine actions of K.

The main concentration of the third part is on initiating the study of inner
amenable hypergroups extending amenable hypergroups and inner amenable

locally compact groups.
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Chapter 1

Introduction and Backgrounds

1.1 Introduction

A hypergroup is a locally compact Hausdorff space equipped with a convolution
product which maps any two points to a probability measure with a compact
support. Hypergroups generalize locally compact groups in which the above
convolution reduces to a point mass measure. It was in the 1970’s that Dunkl
[15], Jewett [30] and Spector [66] began the study of hypergroups (in [30]
it is called a convo). The theory of hypergroups then developed in various
directions, namely in the area of commutative hypergroups (|9], [16], [59],
[61]), specifically orthogonal polynomials ([38] and [77]), function spaces [75]
and weighted hypergroups ([21], [22]). It is worthwhile to mention that there
are some axiomatic differences in the definition of hypergroups given by these
three authors, however, the core idea remains the same. Since almost all of the
analysis on hypergroups has been based on the definition of Jewett, we shall
base our work on his definition. For a complete history, we refer the interested
reader to (|60] and [61]). Throughout, K will denote a hypergroup with a left

Haar measure .

The idea behind amenable hypergroups came from a well-known object
called F-algebras, also known as Lau algebras. The class of F-algebras was

created and analysed in 1983 [41]. The construction was made to generalize
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the notion of several algebras. This rich structure contains the Fourier algebra
A(G), the Fourier-Stieltjes algebra B(G), the group algebra L,(G) and the
measure algebra M (G) of a locally compact group G. It also contains the hy-
pergroup algebra L;(K) and the measure algebra M (K). Lau introduced left
amenable F-algebras (|41], § 4) and provided various characterizations of this
object (see also [20] and [51]), from which one can obtain in particular that
Li(K) is left amenable if and only if L;(K)* has a topological left invariant
mean ([41], Theorem 4.1). With this groundwork, the class of amenable hy-
pergroups came to existence |64]. By (|64], Theorem 3.2) K is amenable if and
only if Ly (K) is left amenable. On the other hand, L;(K) demonstrates differ-
ent behaviours in terms of amenability and weak amenability (|64] and [37]) in
comparison with its group counterpart. See ([31], Theorem 2.5) for amenabil-
ity and [32] for weak amenability of the group algebra L;(G). Amenability of
hypergroups has attracted the attention of many authors ([2| and [74]).

Let Lo (K') be the W*-algebra of all essentially bounded measurable complex-
valued functions on K with essential supremum norm and point-wise multi-
plication and let Y be a closed, translation invariant subspace of L (K). A
closed, left translation invariant subspace X of Y is said to be invariantly
complemented in Y if X is the range of a continuous projection on Y, which
commutes with all left translation operators on Y or equivalently if Y has a
closed left translation complement in X. This concept was introduced by Lau
[42] for locally compact groups and was studied in ([19] and [18]). However,
this area was open in the theory of hypergroups on which we started an in-
vestigation. Motivated by the harmonic analysis considered by Lau [42] and
Lau-Losert [46], we initiate the study of the class of invariant complemented
subspaces of Lo (K) and Cy(K), the class of non-zero left translation invari-
ant C*-subalgebras of Cy(K) and finally the class of left translation invariant
W*-subalgebras of L.,(K) in the hypergroup context with the goal of finding

some relations between these function spaces.

Let X be a left translation invariant W*-subalgebra of L., (K). Takesaki
and Tatsuuma in 1971 showed that X = {f € Loo(K) | R.f = f, Yn € N}, for
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a unique closed subgroup N of a locally compact group K (|70], Theorem 2, see
also [42], Lemma 3.2 for a different proof). A decade later, Lau ([42], Theorem
3.3) proved that K is amenable if and only if X is invariantly complemented
in Lo (K), where K is a locally compact group.

In section 2.2 we shall initiate a formal study of the class of left translation
invariant W*-subalgebras of L..(K) in the hypergroup setting. In the process
of building a bridge between this class and closed subhypergroups, by the
nature of our framework, we encounter a feature which is dormant in the
group context. We note that the constructed W*-subalgebra X has a certain
property that we assume for obtaining a reasonable correspondence. This
new notion, “local translation property T'B”, extends the notion of translation
property T'B, which was considered by Voit [73]. We say that X has the local
translation property T' B if for each element kg € K

kox{g € K| fleeg = f(k), Vfe X, ke K}
={9€ K| Ryf =Ry, f, VfeX}

After providing this definition we demonstrate our main theorem of this sec-
tion and we prove that X is a left translation invariant W*-subalgebra of
Lo (K) such that X N CB(K) has the local translation property T'B if and
only if there exists a unique closed Weil subhypergroup N such that X =
{f € Loo(K) | Ryf = Rrf, Vg € kN, k € K}. Furthermore, the
normality of N is characterized by X being translation invariant and in-
version invariant (Theorem 2.2.5). For compact hypergroups we even have
X ={f€Lo(K)|R,f =f, ¥ne N}, for a unique compact subhypergroup.
As a consequence, then we prove that every left translation invariant W*-
subalgebra of L. (K) such that X NCB(K) has the local translation property
T B is invariantly complemented in L. (K), where K is a compact hypergroup
(Corollary 2.2.6).

Let X be a non-zero left translation invariant C*-subalgebra of Cy(K).
DeLeeuw (|12], Theorem 5.1) proved that X is the algebra Cy(K/N), for some

subgroup N of K, if K is a commutative locally compact group. Lau-Losert
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(|46], Lemma 12) extended his result to any locally compact group K. In sec-
tion 2.3, we commence an investigation of the class of non-zero left translation
invariant C*-subalgebras of Cy(K'), when K is furnished with a hypergroup
structure. We first set up a basis by providing a characterization of hyper-
groups admitting an invariant mean on the space WAP(K), the space of all
continuous weakly almost periodic functions on K (Lemma 2.3.2). As another
fundamental result, we endow X with the local translation property T'B and
we prove that X is a non-zero left translation invariant C*-subalgebra of Cy(K)
with the local translation property T'B if and only if there exists a unique com-
pact subhypergroup N of K such that X = {f € Co(K) | R.f = f, Yne€ N}
(Lemma 2.3.5). Then in one of our major results we show in particular that
X is invariantly complemented in Cy(K) provided that X has the local trans-
lation property T'B (Theorem 2.3.6).

Let C' be a non-empty closed bounded convex subset of a Banach space F.
Then C' is said to have the fixed point property if every nonexpansive map-
ping from C' into C' has a fixed point. It is shown by Browder ([8], Theorem
1) that a nonempty closed bounded convex subset of a uniformly convex Ba-
nach space has the fixed point property. However, not every non-empty closed
bounded convex subset of [; has the fixed point property [34]. In addition,
there is a weakly compact convex subset D of L;[0,1] and an isometry 7" from
D into D without a fixed point ([1], see also [5], Theorem 4.2 and [4]). In 1965
Kirk proved that if C' is weakly compact convex and has normal structure,
then C has the fixed point property [33]. Furthermore, if E is a dual Banach
space, C' is weak*™-compact convex and has normal structure, then C' has the
fixed point property [54]. Therefore, it is useful to determine whether a (dual)
Banach space E has weak (weak™)-normal structure (every weakly (weak™)
compact convex subset of £ has normal structure). In 1988, Lau and Mah
studied conditions under which various dual of function spaces over a locally
compact group G have weak*-normal structure or certain geometric properties
related to weak™-normal structure [48| (for other related geometric properties

of Banach spaces see [71]). Inspired by their work, in section 3.2 we shall ini-
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tiate a formal study of interconnection between the structure of a hypergroup
and weak*-normal structure and the weak (weak*) fixed point property (every
weakly (weak™) compact convex subset has the fixed point property) for (dual
of) function spaces or algebras associated with the hypergroup. The central
result of this section states that if weak™ convergence and weak convergence
for sequences agree on the unit sphere of X*, then K is discrete, here X is a
closed subspace of CB(K) containing Cy(K) (Theorem 3.2.1). With the help
of Theorem 3.2.1, among other results we provide a necessary and sufficient
condition for M (K) to have weak*-normal structure or the weak™ fixed point
property, for Li(K) (M(K), where K is a separable hypergroup) to have the
weak (weak™) fixed point property for left reversible semigroups (Corollaries
3.2.3 and 3.2.4).

Let (E, 7) be a separated locally convex space. In 1973 Lau [43] gave a char-
acterization of topological semigroups S for which AP(S) has a left invariant
mean; if S acts on a compact convex subset C' of a locally convex topologi-
cal vector space (E,7) and the action is separately continuous equicontinuous
and affine, then C' contains a common fixed point for S ([43], Theorem 3.2,
see also [28]). Moreover, in 2008 Lau and Zhang [52] characterized separa-
ble semitopological semigroups S having a left invariant mean on the space
WAP(S); whenever S acts on a weakly compact convex subset Y of (E,7)
and the action is weakly separately continuous, weakly quasi-equicontinuous
and 7T-nonexpansive, Y has a common fixed point for S ([52], Theorem 3.4).
One of the purposes of section 3.3 is to commence an investigation on com-
mon fixed point properties of affine actions of a hypergroup K possessing an
invariant mean on the space WAP(K) or AP(K). We prove in Lemma 3.3.1
that AP(K) has an invariant mean if and only if for any separately (jointly)
continuous, equicontinuous and affine action of K on a compact convex sub-
set Y of (F,7), Y has a common fixed point for K. In addition, we show
in Theorem 3.3.4 that WAP(K) has an invariant mean if and only if for any
separately (jointly) weakly continuous, quasi weakly equicontinuous, weakly

almost periodic linear representation {7, | g € K} of K on (E,7) and for any
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weakly compact convex T-invariant subset Y of F, there is in Y a common

fixed point for K.

Let LUC(K) be the space of all bounded left uniformly continuous complex-
valued functions on K. In 1982, Lau proved that a locally compact group G is
amenable if and only if every weak*-closed left translation invariant subspace
of Lo(G) which is contained and complemented in LUC(G) is invariantly
complemented in LUC(G) ([42], Corollary 4.4). Four years later, Lau showed
in ([47]) in particular that a locally compact group G is amenable if and
only if every weak*-closed left translation invariant complemented subspace of
Lo (G) is invariantly complemented in Lo (G) ([47], Corollary 2). With these
backgrounds, we also launch in section 3.3 an investigation to find similar out-
comes when the ground work is a hypergroup. As a result, we provide three
important applications of common fixed point properties for affine actions on
an amenable hypergroup (Lemma 3.3.5 and Theorems 3.3.7 and 3.3.11). Be-
ing equipped with these fertile seeds, we conclude that K is amenable if and
only if for every weak*-closed left translation invariant subspace X of L. (K)
which is contained and complemented in LUC(K) with norm < +, there is
a bounded linear operator P from LUC(K) into X with ||P|| < ~ such that
Pf € co(Lxf) . for f € X and that PL, = P, for all g € K (Corollary
3.3.6), K is amenable if and only if for every weak*-closed left translation
invariant complemented subspace X of L., (K), there is a bounded linear op-
erator P from L. (K) into X such that Pf € WW*, for f € X and that
PL, = P, forall g € K (Corollary 3.3.12). As another application of Theorem
3.3.7 we state in Corollary 3.3.10 that if A and X are closed left translation
invariant subspaces of L,(K) with 1 < p < oo such that X is contained and
complemented in A, then there exists a continuous projection P from A onto

{feX | L.f=f, Vne& N}suchthat PL, = P, for all g € K, where N is a
closed Weil subhypergroup of an amenable hypergroup K.

Inner amenable locally compact groups GG are ones possessing a mean m
on L (G) such that m(RyLy,-1f) = m(f), for all f € L,.(G) and g € G. This

concept was introduced by Effros in 1975 for discrete groups and was studied
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by several authors ([11], [10], [17], [49], [50], [56] and [57]). It has been shown
by Losert and Rindler [56] that the existence of an inner invariant mean on
L+ (@) is equivalent to the existence of an asymptotically central net in L, (G)
which is in the case of groups equivalent to the existence of a quasi central net
in L;(G). In section 4.2 we define the notion of inner amenable hypergroups
extending amenable hypergroups and inner amenable locally compact groups.
We say that a hypergroup K is inner amenable and m is an inner invariant
mean if m is a mean on Lo (K) and m(L,f) = m(R,f) for all f € Lo(K) and
all g € K. An inner invariant mean m on a discrete hypergroup K is nontrivial
it m(f) # f(e) for f € [(K). In the process of constructing a discrete
hypergroup with no nontrivial inner invariant mean we also define the concept
of strong ergodicity of an action of a locally compact group on a hypergroup.
Then we prove a relation between nontrivial inner invariant means on bounded
functions of the semidirect product K . G of a discrete hypergroup K and a
discrete group G and strong ergodicity of the action 7; If K is commutative
and 7 is not strongly ergodic, then I (K X, 4 S) possesses a nontrivial inner
invariant mean for each subgroup S of G, however, if 7 is strongly ergodic
and [, (G) has no nontrivial inner invariant mean, then /(K %, G) has no
nontrivial inner invariant mean (Theorem 4.2.4). Then we prove that inner
amenability is an asymptotic property; there is a positive norm one net {¢,}
in Ly (K) such that ||Lypa — A(g)Ry¢all1 — 0, for all g € K if and only if K is
inner amenable (Lemma 4.2.1), while the existence of a positive norm one net
{¢a} in Ly(K) such that ||Ly¢o—A2(g)Rydalls — 0, for all g € K only implies
the inner amenability of K (Lemma 4.2.5) and implies the existence of a state
m on B(Ly(K)) such that m(L,) = m(Az(g)R,), for all g € K (Theorem
4.2.6). Furthermore, in Corollary 4.2.8 we characterize inner amenability of a
hypergroup K in terms of compact operators; K is inner amenable if and only
if there is a non-zero compact operator 7" in B(L(K)) such that TL, = TR,,
for all g € K and T'(f) > 0, for f > 0.

Classical Hahn-Banach extension theorem and monotone extension prop-

erty are well known and are widely used in several areas of mathematics. As
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one deals with (positive normalized) anti-actions of a semigroup on a real
(partially ordered) topological vector space (with a topological vector unit),
it is also interesting to know the condition under which the extension of an
invariant (monotonic) linear functional is also invariant (and monotonic). In
1974 Lau characterized left amenable semigroups with these properties ([40],
Theorems 1 and 2). In section 4.3 we shall be concerned about hypergroup
version of Hahn-Banach extension and monotone extension properties and we
prove in Theorem 4.3.1 that RUC(K) has a right invariant mean if and only
if whenever {1, € B(E) | g € K} is a separately continuous representation
of K on a Banach space F and F' is a closed Tx-invariant subspace of F. If
p is a continuous seminorm on E such that p(T,z) < p(x) for all x € E and
g € K and ® is a continuous Tk-invariant linear functional on F' such that
|®(x)| < p(x), then there is a continuous Tk-invariant linear functional ® on
E extending ® such that |®(z)| < p(z), for all z € E, if and only if for any
positive normalized separately continuous linear representation .7 of K on a
partially ordered real Banach space E with a topological order unit 1, if F
is a closed 7 -invariant subspace of E containing 1, and ® is a .7 -invariant
monotonic linear functional on F, then there exists a .7 -invariant monotonic
linear functional ® on F extending ®. The three statements above are also
equivalent to an algebraic property: for any positive normalized separately
continuous linear representation 7 of K on a partially ordered real Banach
space E with a topological order unit 1, E contains a maximal proper 7 -
invariant ideal. As an application of these important geometric properties we
provide a new proof of the known result; if K is a commutative hypergroup,

then UC(K) has an invariant mean (Corollary 4.3.2).

Let X be a weak™*-closed left translation invariant subspace of Lo (K). The
concentration of section 4.4 is mainly on weak*-weak*-continuous projection
from L. (K) onto X commuting with left translations. It turns out that
similar to the locally compact groups ([42], Lemma 5.2), if X is an invariant
complemented subspace of L. (K), then there is a weak*-weak*-continuous

projection from L. (K) onto X commuting with left translations if and only
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if X NCy(K) is weak*-dense in X (Theorem 4.4.1). This theorem has a major
consequence; if K is compact, then X is invariantly complemented in L. (K)
if and only if there is a weak*-weak*-continuous projection from L. (K') onto
X commuting with left translations (Corollary 4.4.2). Furthermore, we also
characterize compact hypergroups; K is compact if and only if K is amenable
and for every weak*-closed left translation invariant, invariant complemented
subspace X of L (K), there exists a weak*-weak*-continuous projection from

Lo(K) onto X commuting with left translations (Corollary 4.4.4).

Finally, in chapter 5 we provide some related remarks and open problems.

1.2 Notations

Throughout, K will denote a hypergroup with a left Haar measure \. For
basic notations we refer to Jewett |30] and the book of Bloom and Heyer [7].

The involution on K is denoted by x — Z.

Let Loo(K) be the W*-algebra of all essentially bounded measurable complex-
valued functions on K with essential supremum norm and point-wise multi-
plication and let CB(K') denote the Banach space of all bounded continuous
complex-valued functions on K and C.(K') denote the space of all continuous
bounded functions on K with compact support. Let LUC(K) (RUC(K)) be
the space of all bounded left (right) uniformly continuous functions on K, i.e.
all f € CB(K) such that the map g — L,f (9 — R,f) from K into CB(K) is
continuous when C'B(K) has the norm topology and let AP(K) (WAP(K))
denote the space of continuous (weakly) almost periodic functions on K, that
is the collection of all f € CB(K) for which the set {L,f | g € K} is rela-
tively compact in the norm (weak) topology of CB(K). Each of the spaces
AP(K), WAP(K) and LUC(K) is a norm closed, conjugate closed, transla-
tion invariant subspace of C'B(K) containing constant functions and we have
that AP(K),Co(K) C WAP(K) € LUC(K) [65].

We denote by W*.0.t, the weak*-operator topology on B(X*) determined
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by the family of seminorms:

{peo | z€ X", ¢ € X}, where p, o(T):=|<Tz,¢>|, Te€ B(X"),

where B(X™*) is the space of bounded linear operators on X*.

1.3 Basic definitions

Definition 1.3.1. [30] A pair (K, *) is called a hypergroup if the following are

satisfied:

1. K is a non-empty locally compact Hausdorff space.

2. The symbol * denotes a binary operation (x,y) — 0, % &, from K x K to
M (K) which extends to an operator * : (u,v) — pxv from M(K)x M (K)
to M(K) such that for f € Cy(K),

pirtd) = [ fawsv= [ [ [ i «)duwyiv),
K KJK JK
This tdentity will then hold for all bounded Borel measurable functions f
on K.

3. With this operation, M(K) is a complez (associative) algebra.

4. The map (g, k) — 64%05 from K x K to M(K) is continuous when M (K)
is given the cone topology, i.e, the weak topology o(M(K), C.(K)U{1}),
which is the weak*-topology if and only if K is compact

5. 05 %0y is a probability measure for x,y € K and supp(d, *6,) is compact.

6. The map (x,y) — supp(d, * 6,) from K x K to €(K), the space of
all non-empty compact subsets of K, where € (K) is given the Michael
topology, is continuous.

7. There exists a unique element e € K such that . * 0, = 0, % 0, = 0, for

each z € K.
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8. There exists a homeomorphism x — & of K such that forz € K, © = x,
9. For x,y € K, e € supp(d, *6,) iff y = &.

Definition 1.3.2. Let (X,T") be a Hausdorff topological space and € (X) be the
space of all non-empty compact subsets of X. The Michael topology on € (X)
is the topology generated by collections of the form {A € €(X) | ANU; #
0 and ACU;_, Ui, i=1,2,..,n}, where Uy,Us,...,U, are open subsets of X
[50].

Definition 1.3.3. [30/

1. A hypergroup K is said to be commutative if 64 * 0, = O * 64 for all
g9,k e K.

2. If A, B are subsets of K then the set A x B is defined by A *x B :=
Uzeasupp(d * 6y).
yeEB
3. A closed non-empty subset H of K is called a subhypergroup if H = H

and H+x H C H.

4. A subhypergroup N of K s said to be normal in K if g« N = N * g for
all g € K.

5. A subhypergroup H is called a subgroup, if 6y, * 05, = de = 0, * Op, for all
h e H.

6. The mazimal subgroup G(K) is defined by {g € K | ;%55 = 65%0, = d.}

Example 1.3.1. 1. All locally compact groups are hypergroups. A hyper-
group s a locally compact group precisely when the convolution product

of every two point measures is again a point measure [30].

2. Let G be a locally compact group. Let H be a compact, non-normal
subgroup of G. The space of double cosets, G//H := {HzH | z € G}
with the quotient topology and the convolution given by dmym * Opym =

[y Ortwymdt, for x,y € K is a hypergroup [30].
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3. The cosine-hypergroup on R, is giwen by the convolution
0p % Oy = 1/2(0p4y + Ojo—y|), @,y € Ry,

4. The cosh-hypergroup on R, s given by the convolution

5.6 — cosh(k —m)

~ 2coshk.coshm

cosh(k +m)
2coshk.coshm

Olk—m| + Oktm, kym e Ry,

Definition 1.3.4. Suppose H is a compact hypergroup and J is a discrete
hypergroup with H N J = {e} where e is the identity of both hypergroups. Let
K := H U J have the unique topology for which H and J are closed subspaces
of K. Let o be the normalized Haar measure on H and define the operation .

on K as follows:
1. If s,t € H then 05.0; := 05 * 0.
2. Ifa,be J and a # b then 6,.0, = 0, * 0.
3. Ifsec HandaecJ (a#e ) then 6,0, = 5.0, = 0g.

4. Ifae J and a # e and 0z % 04 = >, ; 04 * 04(D)dy, then

0a-00 = 0a % 0a(€)o + D 85 % 0a(t)5.

teK\{e}

The hypergroup K is called the join of H and J and is written by K = HV J.

Definition 1.3.5. A (left) Haar measure A on a hypergroup K is a non-

zero, non-negative, possibly unbounded, reqular Borel measure which is left

translation-invariant, i.e, o, x A = X [30].

Remark 1.3.1. It remains an open question whether every hypergroup admits
a left Haar measure. However if K admits a left Haar measure, it is unique
up to a scalar multiple by Jewett ([30], 5.2). It has been shown that every
compact, commutative, or discrete hypergroup admits a left Haar measure.

(Jewett 1975, Spector 1978, Jewett 1975 resp.)
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Remark 1.3.2. In contrast to the group case, AP(K) and WAP(K) need
not be algebras even for discrete commutative hypergroups ([75], Remark 2.8).
By ([64], Remark 2.3 and Proposition 2.4) if the mazimal subgroup G(K) of
K is open or if K is the hypergroup join of a compact hypergroup H and a
discrete hypergroup J with H N J = {e}, where e is the identity of H and J,
then LUC(K) is an algebra.

Definition 1.3.6. For any f € Lo, (K) we define the left (right) translation
operator L, and R, by R, f(z) = = [ f(w)do,x0,(u), for any x,y € K
if this integral exists though it may not be finite. In addition we define an
inversion operator f by f(x) = f(&) [30].

Note that in contrast to the group case, the operators L, and R, are not

wsometry if we deal with hypergroups.

Definition 1.3.7. Let ¢pxu(g) = [ Rpo(g)du(k) and ®u(g) = [ A(k)Rié(g
forpe M(K) and ¢ € Li(K). Then (¢ ® p)A = o\ * p.

We note that ¢ ® p is denoted by ¢ * p in the group setting.

Definition 1.3.8. Let N be a closed subhypergroup of K. Then K/N =
{gxN | g € K} is alocally compact space when it is equipped with the quotient
topology. N s called a Weil subhypergroup if the mapping f — Ty f, where
(ITnf)(g* N) = [ R.f(g9)dAn(n) and Ay is a left Haar measure on N is a
well defined map from C.(K) onto C.(K/N) [26]. This map can be extended
to a well-defined surjective map from Co(K) onto Co(K/N) by the density of
C.(K) in Cy(K).

Remark 1.3.3. It is well known that the class of Weil subhypergroups include
the class of subgroups and the class of compact subhypergroups ([26], p 250).

Definition 1.3.9. If N is a closed normal subhypergroup, then K/N is said
to be a hypergroup if the convolution dgun * Okn (f) = [ f(ux N)dd, * 6 (u)
(f € C.(K/N)) is independent of the representatives g x N and k x N [72].

Remark 1.3.4. It has been proved that K/N is a hypergroup if and only if N
is a closed normal Weil subhypergroup of K ([72], Theorems 2.3 and 2.6).
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Definition 1.3.10. Let (K, x) and (J,.) be hypergroups. Then a continuous
mapping p - K — J is said to be a hypergroup homomorphism if 6p(g).0px) =
p(0g % 0;), for all g, k € K ([72], p 291).

Definition 1.3.11. Let G be a locally compact group and let T be a con-
tinuous group homomorphism from G into the topological group Aut(K) of
all hypergroup homomorphisms on K (with the topology of pointwise conver-
gence). The semidirect product K x G of K and G is the locally compact space
K x G equipped with the product topology, the convolution O, g,) * O(ky,g,) =

51431 * 5Tg1 (k2) X 59192 [74]

Definition 1.3.12. Let X be a closed translation invariant subspace of Lo (K)
containing constants. A left invariant mean on X is a positive norm one
linear functional, which is invariant under left translations by elements of K.

A hypergroup K is said to be amenable if there is a left invariant mean on

Loo(K) [64].

Remark 1.3.5. Amenable hypergroups include all compact hypergroups and
all commutative hypergroups [64].

Remark 1.3.6. It is still an open question as to whether WAP(K) (AP(K))
always has an invariant mean. It is clear by an application of the Ryll-
Nardzewski fized point theorem [62] that W AP(G) (AP(G)) has a unique in-

variant mean when G is a locally compact group.

Definition 1.3.13. Let Y be a closed, translation invariant subspace of Lo (K).
A closed, left translation invariant subspace X of Y is said to be invariantly
complemented in Y if X is the range of a continuous projection on Y, which
commutes with all left translation operators on Y or equivalently if Y has a

closed left translation invariant complement in X.

Definition 1.3.14. The action 7 ={T, | g € K} is a separately continuous
representation of K on a Banach space X if T,: X — X, T, =1, ||T,|| < 1,
for each g € K, the mapping (g9,x) — T,x from K x X to X is separately
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continuous, and Ty, Tyx = [T,xddy, * d4(u), for x € X and g1,92 € K.
If 7 is a separately continuous representation of K on X, then for g € K,
peMK), feX“andp € X definef.g=M,fby<f.g,¢>=<fTyp>
and f . pu=M,fby<f.pud>=[</fT,0>dulg). Then f . pe X*,
f.6g=Ff.gand(f.p) . .v=f.(uxv), for pve M(K). We say that a
subspace Y of X* is K-invariant if Y . g C Y, for all g € K. Moreover, let
< Ngm, f >=<m,Myf >, < Nym,f >=<m,f . u> and Ny = Ny, for
peMEK),¢eli(K),meX™ fe X and g€ K. Then N,N, = N,.,
and NyN,, = Ny, for each p,v € M(K). In addition, ||My|| <1, ||Ng|| <1,
1Ml < [lpll and [[NL[| < [ull, for all p € M(K) and g € K.

Remark 1.3.7. A hypergroup K 1is amenable if and only if whenever there is
a jointly (separately) continuous representation 7 = {1, | g € K} of K on a
non-empty compact convex subset C' of a locally convez topological vector space
such that T,x = z, for x € C, the mapping g — Tyx is affine for each x € C
and T/ Tyx = 0y % 0 . x, for all g,k € K and x € C, then there is a point
zg € C such that T,xg = xg, for all g € K [65].
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Chapter 2

Hypergroups and invariant

complemented subspaces.!

2.1 Introduction

The purpose of the present chapter is to initiate a systematic approach to the
study of the class of invariant complemented subspaces of L..(K) and Cy(K),
the class of left translation invariant W*-subalgebras of L. (K) and finally
the class of non-zero left translation invariant C*-subalgebras of Cy(K) in
the hypergroup context with the goal of finding some relations between these

function spaces.

Among other results, we construct two correspondences: one, between
closed Weil subhypergroups and certain left translation invariant W *-subalgebras
of Lo(K), and another between compact subhypergroups and a specific sub-
class of the class of left translation invariant C*-subalgebras of Cy(K). By the
help of these two characterizations, we extract some results about invariant

complemented subspaces of L. (K) and Cy(K).

LA version of this chapter has been published. N. Tahmasebi, Hypergroups and invariant
complemented subspaces, J. Math. Anal. Appl. 414 (2014) 641-655.[68]
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2.2 Invariant complemented subspaces of L. (K)

The strict topology on C'B(K) is a locally convex topology determined by the

seminorms:

{ps | ¢ € Co(K)}, where py(f) = ||foll, f e CB(K),

and the relative weak*-topology on CB(K) is defined by the seminorms:

{ps | & € La(K)}, where py(f) = | / f(9)8(9)dA(g)], | € CB(I).

Remark 2.2.1. Let X be a locally compact Hausdorff space and A be a closed
self-adjoint subalgebra of CB(X) (with the strict topology) which separates X
in the sense that for any pair xq,xo of distinct points of X there is an f in A
with f(z1) =1, f(xe) =0. Then A= CB(X) ([23], Corollary).

Definition 2.2.1. The representation {T, | g € K} of K on a Banach space
X is (weakly) almost periodic if the orbit {T,x € X | g € K} is a relatively
(weakly) compact subset of X, for each x € X.

The goal of this section is to originate a systematic approach to the class

of left translation invariant W*-subalgebras of L., (K).

Lemma 2.2.1. Let K be an amenable hypergroup and let the representation
{T, € B(X) | g € K} be a separately continuous representation of K on a
Banach space X. Then there exists a continuous projection P from X* onto
the weak*-closed subspace F' = {f € X* | Myf = f, Vg € K} of X* and P
commutes with any weak*-weak*-continuous linear operator from X* into X*

which commutes with operators {M, | g € K}.

Proof. Let K be an amenable hypergroup and fix a non-zero function f € X*.
Then coMKfW* is nonempty , weak*-compact convex subset of X*. Define
an affine action (g,¢) — My¢ from K x coMKfW* into coMKfW . This

. . — W
action is separately continuous when coMg f  has the weak*-topology of X™.
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Thus, there is some v, € WW* N F, since K is amenable (|65], Theorem
3.3.1). We will show that coMyx" “isa semigroup of operators. If { P,} and
{Ps} are nets in coMk such that P, — P, and P3 — P, in W*.0.t, where
Py =3"" 1 NiaM,,, and Py =3"" X gM,, , then for ¢ € X and f € X*

9i,87

< Pa(PBf)7¢ >= Z/\i,oc < Mgi,apﬁfa¢ > Z)‘i,a < Mgi,aPvagb >=< PaP2f7¢ >,

i=1 i=1

since M, is weak™-weak*-continuous. In addition, P, (Psf) € mw*' Con-
sequently, P, o Pof € WW*, since < P,Pof, ¢ >—>< P Py f, ¢ >, for each
¢ € X. Therefore, there exists a continuous projection P from X* onto F
such that P commutes with any weak*-weak*-continuous linear operator from
X*into X* which commutes with {M, € B(X*) | g € K} (|45, Theorem 2.1).
In ([45], Theorem 2.1) it is the part of assumption that My is a semigroup,
however, by a close look at the proof, one will see that the only requirement is
that the representation is norm-decreasing and mw*'o't is a semigroup. [
Corollary 2.2.2. Let N be a closed amenable subhypergroup of K. Then for
each 1 < p < oo there exists a continuous projection P from L,(K) onto
{fe LK) | R.f =f, VYné€ N} and P commutes with any weak*-weak*-
continuous linear operator from L,(K) into L,(K) which commutes with right

translations {R, | g € N}. In particular, P commute with left translations.

Proof. Consider the continuous representation of N on L,(K) (1 < g < o0)
given by {R, € B(L,(K)) | n € N}. Then apply Lemma 2.2.1 to get the

required projection. O
Next definition is originally due to Voit [73].

Definition 2.2.2. Let N be a closed subhypergroup of K. Then N has the
translation property T B if

X: ={feCB(K) | R.f = f, Vn € N}
—{f € CB(K) | Ryf = Rif, Vg€ kN, keK)
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We note that in this case X = {f € CB(K) | flgn = f(9), Vg€ K} and X

is a left translation invariant subalgebra of CB(K).

Definition 2.2.3. Let X be a closed subspace of CB(K). We say that X has
the local translation property T B if for each element kg € K

kox{g € K | flsg = f(k), Vfe X, ke K}
={9€ K | Ryf =Ry, f, VfeX}

It turns out that there is a connection between the local translation prop-
erty T'B and the translation property T'B. The relation appears as we change
our perspective from subhypergroups to subspaces of C'B(K); the translation
property T'B of a subhypergroup N is an equivalent condition of the local
translation property TB of {f € CB(K) | R,f = f, Vg € N}. Therefore,
this property can be considered as an extension of the translation property
TB.

Remark 2.2.2. Let N be a closed subhypergroup of K. Then N has the
translation property TB if and only if X = {f € CB(K) | R,f = f, Vg€ N}
has the local translation property T B.

Proof. Let ko € K, kox N1 =kox{g € K | flig = f(k), Vf e X, k€ K} and
Ny* ={g€ K | Ryf = Ry, f, Vf € X}. Then ko x N} C N5° since X is left
translation invariant. In addition, NzkO C ko N. In fact if g € Nfo \ ko x N,
let f € CB(K/N) such that f(go* N) # f(ko * N) and let f(k) = f(k * N),
then f € X and Rgof(e) + Ry, f(e). This statement contradicts the definition

of N5°. Now it is easy to check the equivalence. ]

Example 2.2.1. Let K = HV J, where H is a compact hypergroup and J is a
discrete hypergroup with H NJ = {e}. Then by Remark 2.2.2, ([64], Example
3.8) and Corollary 2.2.2, X = {f € Loo(K) | Ryf = f, Vg € H} is a left
translation invariant W*-subalgebra of Loo(K) such that X N CB(K) has the

local translation property TB and X is invariantly complemented in Lo (K).
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In 1993 Hermann [26] defined the notion of a Weil subhypergroups on which
the Weil formula may be applied. The definition of a Weil subhypergroup
involves its left Haar measure, however, a more concrete equivalent condition
can be obtained from [73|; see Remark 2.2.3. As a consequence, in Lemma

2.2.3 we are able to provide a strong connection between a Weil subhypergroup
N and the algebra {f € CB(K) | f|s«n = f(g), Vg € K}. This relation plays

a prominent role in the main Theorem of this section.
Remark 2.2.3. :

1. Let N be a closed subhypergroup of K, p1 : g — gxN andpsy : g — Nxg be
canonical mappings from K to the corresponding quotient spaces. Then

by taking the hypergroup involution it is easy o see thatl

{Li(fop1) | f € Co(K/N), k€ K} C{f € CB(K)| flgen = f(9), Vg€ K}
iof and only if

{Bi(fop) | f € C(K/N),k € K} C{f € CB(K) | fln+g = f(9), Vg € K}.

2. Using part 1 of this Remark, we can remove the normality condition in
Theorems 2.3 and 2.6 of [73] to obtain that N is a Weil subhypergroup
if and only if

{Li(fop1) | f € Co(K/N),k € K} C{f € CB(K) | flgnw = f(9), Vg € K}.
Lemma 2.2.3. Let N be a closed subhypergroup of K. If we put X to be
X ={fe€CB(K)| flgn = f(g9), Vg€ K}, then the following are equivalent:
1. N is a Weil subhypergroup.
2. X 1is left translation invariant.

3. X has the local translation property T'B.
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4. {f € OB(K) | flnsg = f(9), Vg € K} is right translation invariant.

Proof. (2) — (1) follows from Remark 2.2.3.

For (1) — (2), let f € X and view f as a function f on the locally
compact space K/N, where f(g* N) = f(g). Then f € CB(K/N). Let {f.}
be a net in C,.(K/N) converging to f in the strict topology of C B(K/N) and
put fu(g) := fa(g* N). Then for g,k € K

Ly falk) = Lyf(R)] = | [ Falu) = F(u)dd, * 5, u)
< [ 1Falw) = F(u)|ds, * 6u(u) — 0,

since strict convergent implies pointwise convergent. Let g,k € K, kg € kx N
and let € > 0 be given. Pick aq such that |L,fo(ko) — Lyf(ko)| < 5 and
Ly falk) — Lyf (k)| < &, for @ > ap. Then

|Lgf(k0) - Lgf(k)| < |Lgfa(k0> - Lgf(k0)| + |Lgfoe<k0) - Lgfoz(k)|
H Lofalk) = Lof (k)| <,

by Remark 2.2.3 (2). Hence, L, f(ko) = L,f(k) since € > 0 is arbitrary.
For (2) < (3), let ko € K,

kox Ny =ko*{g € K| flesg = f(k), Vf€ X, ke K}
and ko x No ={g € K | Ryf = Ry, f, Vf € X}. Then by (2),
kox Ny =kox{g€ K | R,f = Rpf, Vf € X,k € K,v € kxg}

Thus, ko * N C ko« N1 C ko * No. If gg € ko * Ny \ ko x N, let f € CB(K/N)
such that f(go * N) # f(ko* N) and let f(k) = f(k* N). Then f € X and
R, f(€) # Ry, f(e). Hence, kg% N = ko Ny = ko * Ny, i.e. X has the local
translation property T'B. Conversely, if X has the local translation property
TB,u€kyxn,ne Nand f € X, thenue {g€ K| Ryf =Ry, f, VfeX}.
Thus, L flke«n = Lif(ko), for k € K.

The implication (2) <> (4) is by taking the hypergroup involution. O
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Consider the set & of all left translation invariant W *-subalgebras X of
Lo (K) such that X N CB(K) has the local translation property T'B. Then
it reveals to the author that there is a one-to-one correspondence between
elements of 2 and closed Weil subhypergroups of K. This characterization is

given in Theorem 2.2.5.

Lemma 2.2.4. Let X be a weak*-closed left translation invariant subspace of

Lo(K). Then X N LUC(K) is weak*-dense in X.

Proof. Let {e,} be a bounded approximate identity for L;(K) and let f € X.
Then {e, * f} € X N LUC(K), since X is left translation invariant and the

net e, * f converge to f in the weak*-topology of L (K) (|65], Lemma 2.2.5,
if). O

Remark 2.2.4. Let X be a translation tnvariant inversion invariant subspace
of CB(K). Then X has the local translation property T B if and only if for
each element ky € K

{9€ K| flgw = fk), Vf € X,k € K}xko={g€ K | Lyf = Ly f, Vfe€ X}

We are now ready to prove the main Theorem of this section

Theorem 2.2.5. X is a left translation invariant W*-subalgebra of Lo (K)
such that X N"C'B(K) has the local translation property T' B if and only if there
exists a unique closed Weil subhypergroup N of K such that

X ={f € Lo(K) | Ryf = Rif, Vg€ kN, keK)}.

Furthermore, N is normal if and only if X s inversion invariant and trans-

lation tnvariant.

Proof. Let N be a closed Weil subhypergroup of K and let

X = {f € CBE) | flgon = f(g), Vg K} .
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Then X NCB(K) has the local translation property 7B and by Lemma 2.2.3,
X ={f € Lo(K) | Ryf = Rif, Vg € kxN, k € K}. Thus, X is a
weak*-closed, conjugate-closed, left translation invariant subspace of L, (K).

In addition, X is also an algebra, since X N CB(K) is weak*-dense in X.

Conversely, let X be a left translation invariant W*-subalgebra of L. (K)
such that X N CB(K) has the local translation property 7'B. Then X N
CB(K) is strictly closed in C'B(K) since strict convergence implies pointwise
convergence. Set N := {g € K | fliy = f(k), Vf € XNCB(K), ke K}.
Then N = {ne€ K | R,f = f, Vf € XNCB(K)} since X N CB(K) has
local translation property. Hence, N is closed since X NC'B(K) is closed in the
relative weak*-topology of C B(K'). Next we prove that N is a subhypergroup.
To this end let f € X NCB(K), g € K and a € ny * ny, for some ny,ny € N.
Then f(g) = f(b) = f(c), for b € g*n; and ¢ € bxny. Hence, f(u) = f(g), for
u€ gkaC gkngkng = Ubgg*'rllb*nQ, ie, Nx N CN. Let k€ K, n € N and
u € k*n that is to say that k € uxn. Then f(u) = f(k), for f € XNCB(K)
by the definition of N.

Let A = {f € Loo(K) | R,f = Rpf, Vg € kx N, k € K} and let
Y = {f€CBE) | flyw = f(g), Vg€ K} . Then X NCB(K) C AN
CB(K) CYNCB(K) since XNCB(K) is left translation invariant . We will
next show that Y NCB(K) C X NCB(K). First observe that each function f
in Y NCB(K) or X NCB(K) can be regarded as a continuous function f on
the locally compact Hausdorff space K/N, where f is given by f(g*N) = f(g).
Define a function p : f — f from CB(K/N)to CB(K), where, f(g) = f(g*N).
Then p is continuous when CB(K/N) and CB(K) equipped with their strict
topologies, hence, p is a strict-isomorphism from CB(K/N) onto Y N CB(K)
and p preserve the conjugation. In addition, XNCB(K) is closed when CB(K)

equipped with the relative weak*-topology, and so it is strictly closed. Thus,
p HXNCOCB(K))={f|fe€ XnNCB(K)} is a strictly closed subalgebra of
CB(K/N) which separate points of K/N. In fact suppose f(z) = f(y), for
all f € XNCB(K). Then R, f(k) = Lif(z) = Ly f(y) = R, f(k), for k € K
and f € X NCB(K), since X N CB(K) is left translation invariant. Thus,
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x € yxN because XNCB(K) has the local translation property T'B. Therefore,
p Y(XNCB(K)) = CB(K/N) by the strict Stone-Weierstrass Theorem ([23],
Corollary). Consequently, X N CB(K) =Y N CB(K) and an application of
Lemma 2.2.4 shows that X = A =Y. Moreover, N is a Weil subhypergroup
by Lemma 2.2.3 since ANCB(K) =Y NCB(K).

Suppose to the contrary that Ny is another closed Weil subhypergroup of
K such that X = {f € CB(K) | flyone = f(9), Vg€ K} . Then Ny C N.
If g ¢ N\ Ny, let f € CB(K/Ny) such that f(g * No) # f(No) and let
F(k) == f(k* Ny), then f € X NCB(K) and f(g) # f(e) which contradicts
the definition of N. Therefore, Ny = N.

Finally, if N is normal, then

X ={T€CBE) [Jlyn=1(9), VgeK}
~{T€CBE) [ flnw=1(9), VgeK]} .

Thus X is right translation invariant by Lemma 2.2.3. In addition, X is also
inversion invariant, let u € g x N, for some g € K and f € X N CB(K),
then @ € Nxg§ = g+ N, hence f(u) = f(g). Thus, f € X N CB(K).
Conversely, if X is inversion invariant and translation invariant, then by the
same process we find a unique closed subhypergroup N; of K such that X =

{F € CBE) [ flgm, = f(g), Vg€ K}, where

Ni={g€eK | flg=f(k), Vfe XNCB(K), ke K}.

Then Ny = N. In fact if go € N \ Ny, then by Remark 2.2.4, there is some
h € XNCB(K) such that L,h # h since X NC'B(K) has the local translation
property T'B. Thus, Rgh # hand h € X N CB(K) since X and CB(K)
are inversion invariant which is a contradiction by the definition of N. Thus,
N; € N. The converse inclusion follows similarly. To see that N is normal,
let w € N % g, then there is some g, € K such that v € g, *x Ny = g, * N. For
any f € X NCB(K) we have that f(g) = f(u) = f(g.) by the definition of
N and N;. Thus, g, * N = g * N since {f € CB(K/N) | f € XN CB(K)}
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separates points of K/N. Hence, N x g C g+ N. Using the same argument we
obtain the equality. O

Remark 2.2.5. Let X be a left translation invariant W*-subalgebra of Lo (K),
N ={g € K| flig = f(k), Vf € XNCB(K),k € K} and also let
A={f e Lo(K) | Ryf =Ryf, Yge€k«xN,keK}. Then

1. XNCB(K) has the local translation property TB if and only if {f | f €
X NCB(K)} separate points of K/N.

2. X NCB(K) has the local translation property T'B if and only if X = A.

If X N CB(K) does not have the local translation property TB and xy € x *
No\ zx N for some x € K, where

$*NQZ:{96K|Rgf:Rxf7 VfEXﬁCB(K)},

then f(xg) = Ry f(e) = Rof(e) = f(x), for all f € X N CB(K). Hence
{f| f € XNnCB(K)} does not separate points of K/N. In addition, let
f e CB(K/N) with f(zo* N) # f(xz* N) and put f(g) = f(g* N). Then
feAand Ry, f(e) # Ryf(e). Thus, f ¢ X since xy € xxNy. For other parts
see the proof of Theorem 2.2.5

Corollary 2.2.6. Let K be a compact hypergroup. Then every left translation
invariant W*-subalgebra X of Loo(K) such that X N CB(K) has the local

translation property T' B is invariantly complemented in Lo (K).

Proof. By Theorem 2.2.5, X ={f € Loo(K) | R.f = f, ¥n € N}, for a com-
pact subhypergroup N of K since compact subhypergroups have the trans-
lation property TB (|73], Lemma 1.5). Now the result follows from Lemma
2.2.2. m

Example 2.2.2. Consider the example of Jewett (/50], 9.1.D), where K is
the conjugacy class of Ay, the subgroup of even permutation of Sy. Let X be a
proper translation invariant W*-subalgebra of Lo (K) such that the character

¢ € X. Then X NCB(K) does not have the local translation property T B.
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Proof. Suppose that X has the local translation property T'B. Then by ([73],
Lemma 1.5) and Theorem 2.2.5, there is a compact subhypergroup N such
that X = {f € Loo(K) | R.f = f, Vn € N}. In particular, R, = ¢, for all
n € N. Thus, N = {e} since 0 = Ry§ # &£, 0 = R.£ # € and R,{(a) # £(a).
Therefore, X = L (K). O

Example 2.2.3. :

1. Let K be the cosh-hypergroup on Ry or Ny. Then in view of Theorem
2.2.5 and ([73], 4.3), {f € Loo(K) | Ryf = f, Vg € Hy} is the only
non-trivial translation invariant W*-subalgebra of Loo(K) such that X N
CB(K) has the local translation property T B, where Hy = {0,2,4,...}.

2. Let K be the cosine-hypergroup on R, or No. Then by Theorem 2.2.5,
([75], 4.2) and ([T7], Remark 5.3) all translation invariant W*-subalgebra
of Loo(K) such that X N CB(K) has the local translation property T B
are of the form X,, = {f € Loo(K) | Ryf = f, Vg € H,}, where
H, ={0,n,2n,3n,...} and n € Ny.

3. Let K be a hypergroup on Ry with supp(d, *0,) = [|x —y|,x +y|. Then
an application of Theorem 2.2.5 together with ([77], Remark 5.3) show
that for any non-trivial translation invariant W*-subalgebra of Loo(K),

X NCB(K) does not have the local translation property T'B.

Remark 2.2.6. Skantharajah ([64], Proposition 3.5) proved that every closed
subgroup N of an amenable hypergroup is amenable and if in addition N is
normal, then K/N is also amenable ([64], Proposition 3.6). However, from
the proofs of these results it follows that these Propositions not only hold for
closed subgroups, but in fact hold for any closed Weil subhypergroups.

2.3 Invariant complemented subspaces of Cj(K)

In this section we initiate the study of the class of non-zero left translation

invariant C*-subalgebras of Cy(K'). Our investigation is based on two impor-
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tant characterizations: one for hypergroups admitting an invariant mean on
the space WAP(K) (Lemma 2.3.2) and one for the class of non-zero left trans-
lation invariant C*-subalgebras of Cy(K') with the local translation property
TB (Lemma 2.3.5).

Let X be a linear subspace of L. (K). X is said to be left introverted if
for any n € X* and h € X the function n;h : g — n(Lyh) belongs to X. If
X is left introverted, then it is easy to see that X*, with the multiplication
given by < m ® n,h >=< m,nh >, for m,n € X* and h € X becomes a
Banach algebra and the set Mean(X) of all means on X renders a semigroup
structure. Moreover, we can embed K into X* via point evaluations, d,, for
g € K. It is known that spaces WAP(K) and AP(K) are left introverted
(|65], p 101).

Lemma 2.3.1. Let X be a Banach space and let {T, € B(X) | g € K} be
a (weakly) almost periodic separately continuous representation. Then ¢, f
is an element of AP(K) (WAP(K)), for each f € X and ¢ € X*, where
(01 f)(9) =< &, Ty f >.

Furthermore, for each m € Mean(W AP(K)) and each f € X, there is a
unique P, f in the closed convex hull of T f = {T,f | g € K}, where P, f is
gwen via < ¢, P, f >=<m, ¢p, [ >, for ¢ € X*.

Proof. We first note that for each f € X, the function ¢r, f € CB(K), since
g — T, f is continuous from K to X. Fix ¢ € X* and define a bounded linear
operator T}, from X into CB(K) via Ty(f) = ¢, f. Then T, is also weakly
continuous and Ry(ér, f)(g) = [ < ¢, Tuf > di, * 0p(u) =< ¢, T, T f >=
o1 (T f)(g), for each f € X. Therefore, Rx(¢r,f) = Ts(Tx f) is relatively
(weakly) compact, since the action is (weakly) almost periodic.

The rest follows by the point of view taken in (|65], Lemma 4.3.1). O

Lemma 2.3.2. WAP(K) admits an invariant mean if and only if for any
Banach space X and any weakly almost periodic separately continuous repre-
sentation {T, € B(X) | g € K} of K on X, there exists a representation
{Pn € B(X) | me Mean(WAP(K))} such that:
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1. For each m € Mean(WAP(K)), < ¢, Ppf >=< m,¢r,.f >, where
(¢TKf)(g) =< gba Tgf > and QS e X*.

2. ||Pnl| <1, for each m € Mean(WAP(K)).
3. Bs, =1T,, for each g € K.
4. Pnon = Py o P, for myn € Mean(WAP(K)).

5. There exists an element my € Mean(W AP(K)) such that Py, is a con-
tinuous projection from X onto F ={f e X | T,f = f, Vge K}.

6. P, commutes with any continuous linear operator T' from X to X which

commutes with {T, € B(X) | g € K}.

A similar statement is true for AP(K) if {T, € B(X) | g € K} is a separately

continuous almost periodic representation.

Proof. Let X be a Banach space, {T, € B(X) | g € K} be a weakly al-
most periodic separately continuous representation. For each f € X, ¢ €
X* and m € Mean(WAP(K)), we let < ¢, P,f >=< m, ¢r, f >, where
(o1 f)g) =< ¢,T,f > (Lemma 2.3.1). Then P,, is a bounded linear op-
erator on X (Lemma 2.3.1), ||Py|| < 1 and Ps5, = T,. We will show that
Pron=PnoP,. For fe X, ¢ € X" and g, € K,

Ly f(x) = [ bncf(u)ddg * 0x(u)
= [ < ¢, Tuf > dog* . (u)
=<, T, T, [ >=<T;¢,T.f >

Hence, for m,n € Mean(WAP(K))

b f(g) =<n, Lypr, f >=<n,(T;¢)r, f >
=< T;¢7 Pnf >=< ¢7 Tgpnf >= ngKPnf(g)

28



Therefore,

<@, Pponf > =<mOn,¢r f >=<m,mor, f >
=< m, ¢r Pof >=< ¢, P(Pof) > .

since WAP(K) is left introverted. i.e, Py,o, = Py, 0 P, because X* separates
points of X. If my is an invariant mean on WAP(K), then by an idea similar
to that of (|46], Lemma 10) P, is a continuous projection from X onto
F, commuting with any continuous linear operator 7' from X to X which
commutes with {7, € B(X) | g € K}.

Conversely, let X = WAP(K) and consider weakly almost periodic sepa-
rately continuous representation { R, € B(WAP(K)) | k € K} ([65], Lemma
4.2.1 and Proposition 4.2.4). If mg € Mean(WAP(K)) such that P, is a
continuous projection from WAP(K) onto C.1 with ||P,,|| < 1 commuting
in particular with left translation operators on WAP(K), then P(L,f) =
L,(Pf)=Pf, for fe WAP(K) and g € K. In addition, for ¢ € WAP(K)*

< @, Pyl >=<mg, pr, 1 >=<mg, ¢(1) >=< ¢,1 >.

Hence, P,,1 = 1, since WAP(K)* separate points of WAP(K). Thus,
|| Prol| = 1. Therefore, P, is a left invariant mean on WAP(K). O

Remark 2.3.1. Let X be a Banach space, {T, € B(X) | g € K} be a (weakly)
almost periodic separately continuous representation of K on X and let mg
be an invariant mean on AP(K) (WAP(K)). Then by an argument similar
to that of ([65], Proposition 4.5.2, see [24], Theorem 3.8.4 for semigroups) we

have

LX={feX|T,f=f VgeKlo<{l,f—f g€k, J€X}>.

2. Phf=coTxf)n{feX |T,f=f VgeK}.

Where < {T,f — f | g € K, f € X} > denote the closed subspace of X spanned
by {Tyf —flgeK, feX}
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It follows from (|72|, Theorem 1.6 and [65]|, Proposition 4.3.4, i) that if
N is a closed normal Weil subhypergroup of a hypergroup K possessing an
invariant mean on the space WAP(K) (AP(K)), then there is an invariant
mean on WAP(K/N) (AP(K/N)) since the natural mapping K — K/N is
a hypergroup homomorphism and WAP(K) (AP(K)) has an invariant mean.
Next we will prove the converse, in case that WAP(N) (AP(N)) has also an
invariant mean and N has the translation property T'B. This result is one of

the applications of Lemma 2.3.2 which is of independent interest.

Corollary 2.3.3. Let N be a closed normal subhypergroup of K with the trans-
lation property TB. If WAP(N) has an invariant mean, then WAP(K/N)
when viewed as a subspace of WAP(K) is invariantly complemented in W AP(K).
If, in addition, WAP(K/N) has an invariant mean, then there is an invariant
mean on WAP(K).

This result can also be obtained for AP(K).

Proof. Let N be a closed normal subhypergroup of K with the translation
property TB. Then the canonical mapping 7 from K onto K/N is an open
hypergroup homomorphism ([72], Theorem 1.6 and [73], Lemma 1.7). Hence
by (|65], Proposition 4.2.11) we have

—_~—

WAP(K/N) = A:={f €e WAP(K) | R,f = f, Vg€ N},

where for f € WAP(K/N) we let f(g) := f(g* N). Now the first asser-
tion follows from Lemma 2.3.2 by taking X = WAP(K) and the representa-
tion {R, € B(X) | n € N} which is weakly almost periodic and separately
continuous. Next let my and mg/y be invariant means on WAP(N) and
WAP(K/N), respectively. If P, is a continuous projection from WAP(K)
onto A commuting with left translations, then set P, (f) := P, f, where
Poyflg* N) = (Puyf)(g9) and f € WAP(K). Now it is easy to see that
m =m0 P, is an invariant mean on WAP(K), since m(1x) = ||m]| = 1
and LyP,,, f = Lyun Py f, for g € K. O
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Lemma 2.3.4. Let X be a closed translation invariant subspace of WAP(K)
and let N be a closed subhypergroup of K. If WAP(N) has an invariant
mean, then there exists a continuous projection P from X onto the closed
subspace {f € X | Ryf = f, Vg € N} of X with ||P|| <1 and P commutes
with any continuous linear operator from X into X which commutes with right

translations {R, | g € N}. In particular, P commutes with any left translation.

Proof. This is a direct consequence of Lemma 2.3.2 by considering the repre-

sentation {R,, € B(X) | n € N}. O

Lemma 2.3.5. X is a non-zero left translation invariant C*-subalgebra of
Co(K) with the local translation property T'B if and only if there ezists a
unique compact subhypergroup N of K such that

X ={feCG(K) | Bnf=f VneN}

Furthermore, N is normal if and only if X s inversion invariant and trans-

lation tnvariant

Proof. Let N be a compact subhypergroup of K and define X as X :=
{f € Co(K) | Rof = f, Vn € N}. Then X can also be written as
X ={f € Co(K) | flesn = f(k), Vk € K} ([73], Lemma 1.5). Thus,
X is a left translation invariant C*-subalgebra of Cy(K). In addition, since
X 2 Cy(K/N), in which we identify f € X by for € X, where 7 : g+ g* N
is the canonical mapping from K onto K/N, X is non-zero.

To see that X has the local translation property T'B, for ky € K we let
kox Ny =kox{g € K| flesg = f(k), Vfe X, ke K}

and let ko* Ny ={g € K | Ryf = Ry, f, Vf € X}. Then, ko N C ko Ny C
ko * Ny since X is left translation invariant. If gy € ko x Ny \ ko * N, let
f € C.(K/N) such that f(go* N) # f(ko * N). Then find some h € C.(K)
such that [ R,h(z)dAn(n) = f(z*N), where Ay is a normalized Haar measure
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on N ([26]) and let f(z) := f(z* N). Then f € X and Rgof(e) + Ry, f(e).
This shows that X has the local translation property T'B.
Conversely, let X be a non-zero left translation invariant C*-subalgebra of

Co(K) with the local translation property T'B and let
N:{gEK’f|k*QEf(k)7 VfEX,kEK}

Then by the same argument as in the proof of Theorem 2.2.5 we can show
that N is a closed subhypergroup of K. Set Y := {f € Co(K) | R,f =
f, Vg € N}. Then X C Y. For the converse inclusion we first note that
each f in Y or X can be regarded as a function f in Cy(K/N) ([73], Lemma
1.5), where f(g* N) := f(g). Let o = {f € Co(K/N) | f € X} and
B = {f € Co(K/N) | f € Y}. Then o C %. By the Stone-Weierstrass
Theorem o/ = 8. We note that &7 separates points of K/N, because X has
the local translation property T'B (see the proof of Theorem 2.2.5 for details).
Consequently, X =Y.

Suppose Ny is another compact subhypergroup of K such that X is also
given by X = {f € Co(K) | R;f = f, Vg € No}. Then Ny C N. In
addition, if g ¢ N \ Ny, then we will have a contradiction. In fact let f €
C.(K/Ny) such that f(g* Ng) # f(Ny). Choose some h € C.(K) such that
[ R,h(z)dAn,(n) = f(x* Np), where Ay, is a normalized Haar measure on Ny
(|26]) and let f(a:) := f(x* Np). By this setup, one can see that f € X, while
Rgf(e) + f(e). Therefore, Ny = N.

The last assertion also can be proved similar to that of Theorem 2.2.5 with

the observation that </ separates points of K/N. O

Remark 2.3.2. Let X be a left translation invariant C*-subalgebra of Cy(K).
Let N = {g € K| flisg = f(k), Vf € X,k € K} and consider A as
A={feCyK)| R.,f=f, Yne N}. Then

1. X has the local translation property T B if and only if the subspace {f €
Co(K/N) | f € X} separates point of K/N.
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2. X has the local translation property T'B if and only if X = A.
Proof is similar to that of Remark 2.3.2.

Theorem 2.3.6. Let X be a non-zero left translation invariant C*-subalgebra
of Co(K') with the local translation property TB. Then there exists a contin-
uous projection P from Cyo(K) onto X and P commutes with any conlinuous
linear operator from Cy(K) into Co(K) which commutes with right transla-
tions.

In particular, P commutes with any left translation operator on Cy(K).

Proof. 'This follows directly from Lemmas 2.3.4 and 2.3.5 with the observation
that compact hypergroups are amenable (|64], Example 3.3). O

Remark 2.3.3. Let X be a non-zero left translation invariant C*-subalgebra
of Co(K) with the local translation property TB and N be a compact subhy-
pergroup of K given by N = {g € K | R,f = f, Vf € X}. Then we have
a correspondence between the projection P in Theorem 2.53.6 and the mapping
f = Tnf, where (Inf)(9) = [ Raf(9)dAn(n) and Ay is a normalized Haar
measure on N which maps Co(K) onto Co(K/N) when Co(K/N) viewed as a
closed subspace of Co(K).
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Chapter 3

Fixed point properties, invariant
means and invariant projections

related to hypergroups.!

3.1 Introduction

A closed bounded subset C' of a Banach space E is said to have normal struc-
ture if for every nontrivial convex subset B of ', there is some xy € B such
that sup,cp [[ro — y|| < diam(B), where diam(B) = sup, ,ep|lr — y||. In
addition, a (dual) Banach space E has weak (weak*)-normal structure, if ev-
ery weakly (weak*) compact convex subset of F has normal structure. It is
known that a C*-algebra A has weak-normal structure if and only if it is finite
dimensional ([53|, Theorem 4.5). The concept of weak*-normal structure was
introduced by Lim who showed that [; has weak™-normal structure ([54], p
189). A self mapping T on a subset F' of a (dual) Banach space is said to be
nonexpansive if [Tz — Ty|| < ||z — y||, for z,y € F. Furthermore, a (dual)
Banach space E has the weak (weak™) fixed point property weak-FPP (FPP*)

if for every non-empty weakly (weak*) compact convex subset C' of F and for

LA version of this chapter is under review. N. Tahmasebi, Fixed point properties, invari-
ant means and invariant projections related to hypergroups, [67].
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every nonexpansive map 71" from C' into C, T has a fixed point in C. It follows
from ([53], Theorem 4.5) that Cy(K) has weak-normal structure if and only if
K is finite.

Definition 3.1.1. T = {1, | g € K} is a continuous representation of K on a
compact convex subset X of a separated locally convex topological vector space
(E,7) if Ty: X = X, T, =1 and < f, T, Tyx >= [ < f, T,z > ddy, *d,,(u),
forze X, fe E* and g1,90 € K. Moreover, ¥ is called equicontinuous if for
each y € X and € > 0 there is some § > 0 such that whenever p,(z —y) < §
for all p, € QQ where Q) s the set of seminorms that generate the topology T,
one has p,(Tyx — Tyy) < € for all g € K and p, € Q.

3.2 Fixed point properties for nonexpansive map-
pings

In this section we initiate the study of various geometric property including
weak (weak™)-normal structure and the weak (weak™) fixed point property

weak-FPP (FPP*) on several function spaces over K.

Theorem 3.2.1. Let X be a closed subspace of CB(K) containing Cy(K).
If weak™* convergence and weak convergence for sequences agree on the unit

sphere of X*, then K 1is discrete.

Proof. If K is not discrete then A({e}) = 0 (|30], Theorem 7.1.B). Let U, be a
sequence of open neighbourhoods of e such that U, is compact and A\(U,,) — 0.
Define a function hy € Cy(K) via

1 ifr=
ha(z) = nrEe (3.1)
0 ifzeUs

and 0 < hy(x) < 1, for x € K and let V] := {g € K | hi(g) # 0}. Then

35



‘/1 Q Ul. Define hg S CQ(K) via

() 1 ifz=e, (3.2)
xTr) = .
: 0 ifxeUsuVy

and 0 < ho(z) < 1, for z € K. Let V4 := {g € K | ha(g9) # 0}. Then
Vo C U N V;. Define h, 1 € Co(K) recursively by

1 ifx=e,
hpi1(z) = . (3.3)
0 ifxecUs, UV

and 0 < h,yq(z) <1, for x € K, where V,, = {g € K | h,(g9) # 0}. Now for
each n define a function d,, on K x K by

dn(ave) ‘= Sup |hn|a*k(g) - hn<k)|

k,ge K

and
dy(z,y) ;== inf d,(a,e).

a€ax
We will show that d,, is a pseudo-metric. Clearly d,(x,x) = 0, since e € x * .
In addition,
dn(a,e) = supy ger |hnlak(g) — hn (k)|
= SUPg ge K ]hn(g) - hnl(z*g(k>|
=d,(a,e),

since g € ax k and k € @ * g are equivalent. Thus,

dy(z,y) = inf d,(a,e) = inf d,(a,e) = inf d,(a,e)=d,(y,x).

acT*y ACyY*T ACy*T

To see the triangle inequality, let € > 0 be given, a; € x x ¢y and ay € y * Z are
chosen such that d,(a1,e) < d,(z,y) + € and d,(az,e) < d,(y, z) + €. Hence,
apxag N *Z # () since ay € 2% ay. Take a3 € ay xasNx*Z and let ky € K

and g1 € az x k; C a; * as x ky be such that d,(as,e) — € < |h,(g1) — hn(k1)].
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Choose a4 € @y * g1 Nag x k1. Then

dyp(as,e) —e < |hn(g1) — hn(k1)]
< Jhn(as) = ho(g1)] + |hnlas) — ho (k)|
< dp(ay,e) + dn(ag, €)
=d,(a1,e) + dy(as, €)
< du(z,y) + dn(y, z) + 2.

Thus, d,(as,e) < dn(z,y) + d,(y, z). Therefore, d,(z,2) < d,(z,y) + du(y, 2),

since az € x * Z. For each n let

C,: ={x e K |dy(z,e) =0}
={z € K| supy ger [Pnlear(9) = hn(F)| = 0}
={z € K| hulai(9) = ha(k), Vk,g€ K}

Then C), is a compact subhypergroup of K (see the proof of Lemma 2.3.5).
Let C:=(._, Cys. Then d,(C*x,C xy) := d,(x,y) defines a metric on K/C.
In fact if Cxx # C *y, then C*xxxyNC = (. Thus, for each a € x * 7,
Cxa # C. Hence, d,(a,e) > 0, for all n. Therefore, d,(C * z,C % y) =
inf,epuy dn(a,e) > 0. Observe that {V,} is a decreasing sequence, e € V,,
Vo, C U, C CV,, for each n and finally A(V,,) — 0 as n — oo. Since K/C has
a countable base at the identity C, let W, be a decreasing sequence of relatively
compact neighbourhoods of C' such that C = (02, W,. Let ¢, = %,
where xyw, is the characteristic function on W,,. Then ¢, € L;(K) and for
every f € CB(K) we have ¢,(f) = [ fénd\ — [ fdhc, where \¢ is the
normalized Haar measure on C. In particular, ¢, converges to A¢ in the weak™
topology of X*, hence, it also converges in the weak topology of X*. Since
the weak topology on X* is the relative weak topology for a subset of M (K),
¢n, converges to A\¢ in the weak topology in M (K). Then Ao € Li(K), since
¢n € L1(K) and Li(K) is weakly sequentially complete. Thus, A\c(C) = 1

which is a contradiction since A\(C') = 0. O

Corollary 3.2.2. The following are equivalent:
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1. K 1s discrete.
2. M(K) is isometrically isomorphic to I, (K).

3. Weak* convergence and weak convergence of sequences agree on the unit
sphere of M(K).

4. M(K) has weak*-normal structure.
5. M(K) has the weak™ fixed point property FPP*.

Proof. 3 = 1 follows from Theorem 3.2.1 and other parts are obvious (for

details see [48], Theorem 1). O

Let S be a semitopological semigroup, i.e, a semigroup with a Hausdorff
topology such that for each a € S the mappings s — as and s — sa are
continuous from S into S. Then S is called left reversible if aSNbS # (), for any
a,b € S. Tt is known that all commutative semigroups and all semitopological
semigroups which are algebraically groups are left reversible. In 1973, Lau
proved that if 7 = {Ty | s € S} is a separately continuous nonexpansive
representation of a left reversible semitopological semigroup S (i.e, Ty s, =
T, Ts,, for si,s2 € S) on a nonempty compact convex subset C' of a Banach
space E, then C' has a common fixed point for S(|43], Theorem 4.1). A (dual)
Banach space F is said to have the weak (weak*) fixed point property for left
reversible semigroups if whenever .7 is a separately continuous nonexpansive
representation of a left reversible semitopological semigroup S on a nonempty
weakly (weak™) compact convex subset C' of E, C' contains a common fixed
point for S. Lim showed that E has the weak fixed point property for left
reversible semigroups if it has weak-normal structure ([55], Theorem 3), [; and
any uniformly convex Banach space have the weak* fixed point property for

left reversible semigroups ([54], p 189 and [55], Theorem 3).

Remark 3.2.1. Let C be a nonempty, weakly compact conver subset of E
and assume that C' has normal structure. Let S be a topological semigroup

and {T, | g € S} be a left reversible semigroup of nonerpansive, separately
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continuous actions on C. Then C contains a common fixed point for S, i.e.

there exists x € C' such that Tyx = x for every s € S ([55], Theorem 3).
Corollary 3.2.3. The following are equivalent:

1. K s discrete.

2. Ly(K) has the weak fized point property for left reversible semigroups.

Proof. 1 = 2 follows from Corollary 3.2.2, ([55], Theorem 3) and the fact that
weak*-normal structure implies weak-normal structure. Conversely, if 2 holds
while K is not discrete, then L;(K') has weak fixed point property and contains
an isometric copy of L]0, 1] ([35], Corollary, p 136) which is not possible ([1],
The example). O

Corollary 3.2.4. Let K be a separable hypergroup. The following are equiv-

alent:
1. K s discrete.
2. M(K) has the weak™ fized point property for left reversible semigroups.

Proof. 2 = 1is a consequence of Corollary 3.2.2 and 1 = 2 can be derived from
(|54], p 189) since if K is discrete and hence countable, then M (K) =1;. O

The following is a consequence of (|48], Lemma 3).
Lemma 3.2.5. Let X be a C*-subalgebra of CB(K) containing Co(K)
1. If X* has weak-normal structure then K is discrete.

2. If X contains the constants and X* has weak*-normal structure then K

15 finite.

Remark 3.2.2. 1. Weak™ convergence and weak convergence for sequences

agree on the unit sphere of LUC(K)* if and only if K is discrete.
2. Suppose that LUC(K) is an algebra. Then
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(a) LUC(K)* has weak*-normal structure if and only if K is finite.
(b) LUC(K) has weak-normal structure if and only if K is finite.
Proof. The first part follows from Theorem 3.2.1 and ([13]|, Theorem 15, page

103). For the second part apply Lemma 3.2.5, and ([53], Theorem 4.5) respec-
tively and note that Cy(K) C LUC(K). O

Example 3.2.1. 1. Let K = H Vv J be the hypergroup join of a compact
hypergroup H and a discrete hypergroup J with H N J = {e}, where e is
the identity of H and J. Then

(a) Weak* convergence and weak convergence for sequences agree on the
unit sphere of LUC(K)* if and only if H is finite.

(b) LUC(K)* has weak*-normal structure if and only if H and J are
finite.

(¢) LUC(K) has weak-normal structure if and only if H and J are
finite.

(d) L1(K) has the weak fized point property for left reversible semi-
groups if and only if H s finite.

(e) M(K) has weak® fized point property FPP* if and only if H is
finite.

2. Let K be any hypergroup structure on Ny. Then

(a) M(K) has weak*-normal structure.

(b) CB(K)* does not have weak*-normal structure.

(¢) CB(K) does not have weak-normal structure.

(d) Li(K) has the weak fized point property for left reversible semi-

groups.

Proof. 'This follows from Corollaries 3.2.2 and 3.2.3 and Remark 3.2.2 since in
both cases LUC(K) = CB(K) is an algebra (|64, Proposition 2.4). O
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3.3 Common fixed point properties for affine maps

It is the goal of this section to present several applications of common fixed
point properties for affine actions of a hypergroup K.

Note that if F is any locally convex space, and A is any equicontinuous
subset of the dual £*, then the weak* topology and the topology of uniform

convergence on totally bounded subsets of E coincide when restricted to A.

Lemma 3.3.1. AP(K) has an invariant mean if and only if for any separately
continuous equicontinuous and affine representation {T, | g € K} of K on a
compact convex subset Y of a separated locally convex topological vector space

(E,T) one of the following holds:
1. 'Y has a common fized point for K.

2. There exists a uniformly continuous retraction P from Y onto {¢ €
Y | ¢ =T,0, Vg e K} and P commutes with any affine continuous
operator from'Y into Y which commutes with {T, | g € K}.

Proof. Let m be an invariant mean on AP(K) and let f € E* be fixed. For
each y € Y define a continuous bounded function h, s on K via h, ((g) =<
f, T,y > and consider an operator 7" : Y — (CB(K), ||.||), where T'(y) = hy .
Then T is continuous, since the action is equicontinuous. Thus, h, ; € AP(K)
because Ry (hy ) = T(Txy). If m is an invariant mean on AP(K) and for
each ¢ € Y, let P¢ be an accumulation point of the net {1 X Ty, o},
where {37 Xiadg, .} is a net of convex combination of point evaluations on
AP(K)* converging to m in weak*-topology of AP(K)*. Then P¢p € Y since Y
is compact. In addition, < f, P¢ >= m(he ) = m(Lyhe ) = m(hs s  4) =<
f.g9,Pp>=< f,T,P¢ > since the action is affine. Thus, T, P¢ = P¢ because
E* separates the points of E. Let Q = {qg | 5 € I} be the family of seminorms
generating the topology 7 of E and let ¢ > 0 be given. Then there is some
d > 0 such that ¢z(T,¢1 — Ty¢2) < € for all g € K, whenever ¢y, ¢, € Y and
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q3(¢1 — ¢2) < 0. Hence,
qs(Po1 — Pey) < liglz Xias(Tyt1 — Ty, o) < €,
=1

which means that P is uniformly continuous. Moreover, it is easy to see that
P is a retraction and commutes with any affine continuous function from Y
into Y which commutes with {7, | g € K}. Conversely, let £ = AP(K)*
and Y = Mean(AP(K)), where Y is equipped with the weak*-topology of FE.
Consider an affine representation 7 = {L; | g € K} of K on Y. Then J is
jointly continuous since AP(K) C LUC(K). For each f € AP(K), define a
seminorm py on AP(K)* by pp(V) := sup,cx | < V,Lyf > |, ¥ € AP(K)*
and let Q = {ps | f € AP(K)} be the family of such seminorms and 7 be the
locally convex topology determined by ). Then .7 is T-equicontinuous. In fact
let € >0, f € WAP(K) be given and choose § := €. If my,my € WAP(K)*
such that sup,cx | < my —mao, L, f > | < 0, then for each gy € K,

SUD, ek | < Ly my — L} mo, Ly f > |
<supgek [ | <mi—ma, Lyf > |ddg, * 0,(w)
<d=e

In addition, 7 agrees with the weak* topology on Y. Hence, the action of K
on Y is equicontinuous. Therefore, the common fixed point of the action is an

invariant mean on AP(K). O
Theorem 3.3.2. The following are equivalent:
1. AP(K) has an invariant mean.

2. K has the following fixed point property:

Let {T, € B(E) | g € K} be a separately continuous representation of K
as contractions on a Banach space E such that Tk [ is relatively compact
in E for each f € E. If X is a closed Tk -invariant subspace of & and if
there exists a bounded linear operator Q@ on E* with ||Q|| <~ such that
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Q@O\m = f, for some &y € E* and for all f € X, then there exists a
linear operator P on E* with ||P|| < such that P®| 575 = f, for all
f € X and that M,P = P.

Proof. Let
P ={P e B(E")| [|P|| <vand P®| 77 = f, forall f € X}

and let 7, and 75 denote locally convex topologies defined on E* and B(E*)

respectively by the family of seminorms:
{ps | f € E}, where ps(®) = 8161]13| <O, T,f>]|, ®eckE”
g
and
{pes | ® € E*, feE}, where pgs(T)=ps(T®), T e B(E*).

Then (&2, W*.0.t) is a non-empty closed convex subset of {P € B(E*) | ||P|| <
v}, and hence (£, W*.0.t) is also compact. Furthermore, since weak™ topology
on P agrees with the topology of uniform convergence on totally bounded
subsets of E and Tk f is totally bounded because it is relatively compact for
each f € FE, 1 agrees with the weak™ topology on Z®, for each & € E*
(note that Z® is an equicontinuous subset of E*). Thus, 7, agrees with
the weak™ operator topology on . Hence, the action (g, P) — M,P from
K x(Z,W*.o.t) into (£, W*.0.t) is separately continuous, affine and equicon-
tinuous. For let € > 0, ® € E* and f € E be given and choose ¢ := e. If
T1,T, € B(E*) such that pe (17 — T3) < 0, then for each g € K,

pos(MyTy — MyTy) = suppe | < My(Ty — T2)®, Tif > |
< suppex | < (T = To)®, T, f > |dog * 0y (u)
<d=c=e
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In addition, for ® € E* and f € E,

< M,MyP®, f > =< P® T,T,f >
= [ < PO, T,f > dby = dy(u)
= [ < M,P®, f > doy * d,(u)

and (B(E*),W*.0.t)" ={da s | ® € E*, f € E}, where 0¢ s(P) =< PO, f >,
for P € B(E*). Therefore, by Lemma 3.3.1 there exists Fy € & such that
MyPy = Py, for all g € K.

Conversely, let £ = AP(K) and X = C.1. Consider the representation
{L; € B(AP(K)) | g € K} of K on AP(K). Then My® = L;® for & €
AP(K)* and g € K. In addition, the map (g, f) — L, f is jointly continuous
from K x (E,||.|]) to (E,||.||) and L f is relatively compact, for f € AP(K).
Let @ be an identity operator on E* and m € Mean(AP(K)). Then <
Qm,h >=<m, f >= f for each f € X and h € coLx f = f. By assumption,
there exists a continuous linear operator P on AP(K)* with ||P|| < 1 such
that Pm(f) = f, for all f € X and that L7 P = P. Then Pm(1) =1 = [|Pml||

and hence, Pm in an invariant mean on AP(K). O

Definition 3.3.1. A collection of separately weakly continuous mappings 7 =
{T, | g € K} as linear maps from a separated locally convex topological vector
space (E,7) into (E,T) is said to be weakly almost periodic if coTxx is relatively
weakly compact in E, for each x € E. In this case the weak vector valued
integral [ T,xdd,, = 0y, (u) exists and is a unique element in E and hence T
defines a representation on E. i.e, < f, Ty, T,z >= [ < f,T,a > diy, =6, (u),
forx e B, f € E* and g1,92 € K. 7 is called quasi weakly equicontinuous if
the closure of Tk in the product space E¥, consists of only weakly continuous

mappings.

The following Lemma is a consequence of (|6], Theorem 4.2.3):
Lemma 3.3.3. For f € CB(K) the following are equivalent:

1. fe WAP(K).
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2. Lxf is o(CB(K),A(CB(K)))-relatively compact.

3. Rif is o(CB(K),A(CB(K)))-relatively compact.

Where, A(CB(K)) is the spectrum of C B(K).

Theorem 3.3.4. The following are equivalent:

1. WAP(K) has an invariant mean.

2. Whenever {T, | g € K} is a separately weakly continuous, quasi weakly
equicontinuous, weakly almost periodic linear representation of K on a
separated locally convex topological vector space (E,7) and Y is a weakly
compact conver Ti-invariant subset of E, there is in'Y a common fixed

point for K.

Proof. Let mg be an invariant mean on WAP(K) and {7, | g € K} be sep-
arately weakly continuous. For each f € E* define h, ((g) =< f,T,y >,
for g € K and y € Y and let T be an operator from (Y,w) to CB(K)
defined by T'(y) = hy s, where CB(K) has o(CB(K), A(CB(K)))-topology.
Let m € A(CB(K)) and let {d,, } be a net in CB(K)* converging to m in
the weak*-topology. Without loss of generality assume that T, converges to
some continuous function ¢ € (Y,w). If {ys} is a net in Y converging to
some y € Y, then < m,T(yg) >=< f,d(ys) >=< f,o(y) >=< Ty,m > .
Therefore, T is continuous. In addition, for each y; € Y we have that
W f(k) =< f, TiTgyn >= [ < f,Tuyn > dopxd4(u) = Ryhy, (k), for f € E*
and k € K. Thus, Rixhy, f = T(Tky1). Consequently, h,, r € WAP(K) since
Ty is relatively weakly compact and T is continuous (Lemma 3.3.3). Let
$o € Y be fixed and let ¢ be a weak cluster point of the net {>""* A\, Ty,  do}a

in Y, where {37 Aoy, }o 18 a net of convex combination of point evalua-

1=
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tions on WAP(K) converging to mg in weak*-topology of WAP(K)*. Then

< 1,0 >=mo(hgy,r,) = mo(Lihe,s)
=Um > N [ < fi, Tudho > dby, % 8, , (u)
=1lim Y " Ao < f1, TiTy, . ¢0 >
=lim ) " N < fi -k, Ty, .0 >
=< f1. k¢ >=<Tiy, f1 >,

for each f; € E*, since f; . kK € E* by the linearity of the action. Conversely,
let E=WAP(K)*, Y = Mean(WAP(K)) and define a family of seminorms
@ on E by:

{ps | f € WAP(K)}, where ps(¢)) = sulfg | <, Lyf > 1, e WAP(K)".
ge

Let 7 be the topology determined by (). Then, the weak topology of (E, 7) and
the weak*-topology on WAP(K)* coincide, by Mackey-Arens Theorem on FE.
Hence, Y is a weakly compact convex subset of (£, 7). Consider the separately
weakly continuous weakly almost periodic representation .7 = {L; | g € K}
of K on (WAP(K)*, 7). In addition, the action is T-equicontinuous (see the
proof of Lemma 3.3.1). Thus, .7 is also quasi weakly equicontinuous since it
is affine and weakly continuous ([52], p 2541). Consequently, the fixed point
in Mean(W AP(K)) under this action is an invariant mean on WAP(K). O

By a similar argument as in Theorem 3.3.4 we have the following common
fixed property:
Remark 3.3.1. The following are equivalent:

1. WAP(K) has an invariant mean.

2. Whenever {T, | g € K} is a separately weakly continuous, equicontin-
uous, weakly almost periodic linear representation of K on a separated
locally convex topological vector space (E,T) and let Y be a weakly com-
pact conver Ty -invariant subset of E, there is some ¢ € Y such that
Typ = ¢, for all g € K.
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Lemma 3.3.5. The following are equivalent:
1. K s amenable.

2. K has the following property:

Let {T, € B(E*) | g € K} be a separately weak* weak*-continuous
representation of K as contractions on the dual of a Banach space E.
Let A be a closed Ty -invariant subspace of E* such that the mapping
(g,2) = Tyx is separately continuous from K x (A, ||.]|) to (A, ||.]]). If
X is a weak*-closed Tk -invariant subspace of E* contained in A and if
there exists a continuous projection Q from A onto X with ||Q|| < 7,
then there ezists a linear operator P from A into X with ||P|| < such

that Pf € co(TKf)W*, for f € X and that PT, = P, for all g € K.

Proof. Let

_—W*
Y

P ={PeB(AX)| ||P||<vand Pf € co(Tkf) for fe X}

and let 7 be the relative weak*-operator topology on B(A, X) defined by the

family of seminorms:
{pro | feA ¢e B} wherepso(T) = | <Tf,¢>| TeB(AX).

Then (£, 7) is a non-empty subset of B(A, X) . In addition, WW* is a
weak*-compact convex subset of X for each f € X because the representation
is contractive. Hence, (£, 1) is compact and convex. Consider the action
(g9, P) — PT, from K x (Z,7) to (#,7). Then for g € K the map P — PT,
is clearly affine and continuous from (£, 7) to (£, 7). Also, for P € & the
map g — PT, is continuous from K to (£?,7). Moreover, since the map
g — T,f is continuous from K to (A,]||.||) and A is a Banach space, the weak

vector valued integral < T, T, f, ® >= [ < T,f, ® > doj, *d,(u) exists, for each
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e A g ke Kand f € A. Thus, for fe A, ¢p € Fand g,k € K

< PTT,f, ¢ > =<TiT,f, P*¢ >
= [ < Tuf, P*¢ > dby % 04(u)
= [ < PT,f, ¢ > doy * 04(u),

since P*¢ € A*. By Skantharajah ([65], Theorem 3.3.1) there exists P, € &
such that T, = P, for all g € K.

Conversely, let A = LUC(K), X = C.1 and consider the representation
{L; € B(Loo(K)) | g € K} of K on Lo(K). Then A is a closed left translation
invariant subspace of L (K) containing X (|64], Lemma 2.2). In addition, the
map (g, f) — Ly f is jointly continuous from K X (A4, ||.||) to (4, ||.]|). Define a
continuous norm one projection @) from A onto X by Q(f) = f(e)l, for f € A.
Then by assumption, there exists a continuous linear operator P from A into
X with ||P|| < 1 such that Pf € co(Lxf)  ,for f € X and that PL, = P,
for all g € K which in this case is also a projection. Let m(f) = (Pf)(e), for
each f € A. Then m(1) = 1 = ||m|| and m(f) = m(Lyf), for each g € K,
f € A. Thus, K is amenable (|64], Theorem 3.2). O

As an application of Lemma 3.3.5 one has:

Corollary 3.3.6. K is amenable if and only if for every weak*-closed left
translation invariant subspace X of Loo(K) which is contained and comple-

mented in LUC(K) with norm <+, there is a bounded linear operator P from
LUC(K) into X with ||P|| <~ such that Pf € co(LKf)W , for f € X and
that PLy, = P, for all g € K.

Theorem 3.3.7. Let N be a closed Weil subhypergroup of K. Then the fol-

lowing are equivalent:
1. K is amenable.

2. K has the following fixed point property:

Let {T, € B(E") | g € K} be a separately weak™*-weak*-continuous repre-

sentation of K as contractions on the dual of a Banach space E. Let A be
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a closed Tk -invariant subspace of E* such that the mapping (g, z) — Ty
is jointly continuous from K x (A, ||.||) to (A, |].||). If X is a weak*-closed
T -invariant subspace of E* contained in A and if there exists a contin-
uous projection @ from A onto X with ||Q|| < v, then there exists a
continuous projection P from A onto {f € X | T.f = f, Vn € N} with
||P|| <~ such that T,,PT, = P, for allg € K andn € N.

Proof. Let & be as in Lemma 3.3.5 and let 7 be the relative weak*-operator
topology on B(A,X). Then (£,7) is a non-empty compact convex subset
of B(A,X) (Lemma 3.3.5). Consider the action ((n, k), P) — T,PTj from
(NxK)x(Z,7)to (Z,7). Then for k € K and n € N the map P — T, PT;,
is affine and continuous from (£, 1) to (£, 7). Also, for P € & the map
(n, k) — T,,PTj, is continuous from N x K to (£, ) by the joint continuity of
the action on A. Moreover, since the map g — T, f is continuous for f € A and
is weak™*-continuous for f € E, the weak vector valued integral < T, T, f, & >=
[ <Tuf, ® > doy, % 64(u) and < TpT,h, ¢ >= [ < T,h,¢ > doy, = §,(u) exists,
foreach ® € A*, gk e K, f€ A, ¢ € Fand h € E*. Thus, for fe A, ¢ € F,
g1, k1 € N and g9, ko € K

f <T,PTyf, ¢ > d5(k1,k2) * 5(91792)(% U>

= f f < T PTyf, ¢ > dog, * 04, (u)d0, * 0g,(v)
= f < T3, T, PTy f, ¢ > dby, * 0,4, (v)

= f < T{,f, P*Mgle1¢ > d5k2 * 5g2(”l))

=< Ty, T}, f, P*Mg, My, ¢ >

=< T}, Ty, PTy, Ty, f, ¢ >

since P*My, My, ¢ € A*. By Skantharajah ([65], Theorem 3.3.1) there exists
P, € & such that T,P,T;, = P,, for k € K and n € N since N x K is
amenable (|64], Proposition 3.8 and Remark 2.2.6). In this case, P, is an
operator from A into F'={f € X |T,f = f, Vn € N} and if h € F, then
Pyh € mw* = h. Thus, P, is a continuous projection from A onto F.

For the converse see the proof of Lemma 3.3.5. O
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Corollary 3.3.8. Let N be a closed Weil subhypergroup of an amenable hyper-
group K and let X be a weak*-closed translation invariant subspace of Lo (K)
which is contained in WAP(K). Then there is a continuous projection P from
X onto {f € X | L,f = f = R.f, VYn € N} such that PL, = P, for all
ge K.

Proof. By Remark 2.2.6 N is an amenable subhypergroup. Thus, WAP(N)
has an invariant mean. In addition, F:={f € X | R,f = f, Yn€ N} isa
weak*-closed left translation invariant subspace of L..(K) and F' is contained
and complemented in X ( Lemma 2.3.5). Consider the representation {L; €
B(Lo(K)) | g € K}. Then the mapping (g, f) — Lgf is jointly continuous
from K x (WAP(K),||.||) to (WAP(K),||.||) since WAP(K) C LUC(K).
Therefore, there is a continuous projection P from X onto {f € F' | L,f =
f, Vn € N} such that PL, = P, for all g € K (Theorem 3.3.7). O

Corollary 3.3.9. Let N be a closed Weil subhypergroup of an amenable hy-
pergroup K and let 1 < p < oo. Then there is a continuous projection P from
L,(K) onto {f € L,(K) | L,f = f = R.f, VYn &€ N} such that PL, = P, for
all g € K.

Proof. This follows from Theorem 3.3.7 and Corollary 2.2.2. [

Using Lemma 3.3.5, Theorem 3.3.7 and Remark 2.2.6 we have the following

fixed point properties:

Corollary 3.3.10. Let K be an amenable hypergroup and let A and X be
closed left translation invariant subspaces of L,(K) (1 < p < oo) such that
X is contained and complemented in A. Then there exists a bounded linear
operator Py from A into X such that P f € m, for f € X and that
P Ly= P, foralgec K.

In addition, for any closed Weil subhypergroup N of K, there exists a
continuous projection Py from A onto {f € X | L,f = f, Vn € N} such that

PyLy =Py, for all g € K.
Theorem 3.3.11. The following are equivalent:
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1. K is amenable.

2. Let {T, € B(X) | g € K} be a separately continuous representation of
K on a Banach space X as contractions and Y be a weak*-closed K -
invariant subspace of X*. If there is a continuous projection Q) from X*
onto Y with ||Q|| < 7, then there exists a bounded linear operator P
from X* into Y with ||P|| <~ such that Pf € co{f . g | g € K}W*, for
feYand Pf=P(f .g), for fe X* and g € K.

Proof. Let m be a left invariant mean on L. (K) and {¢,} be a bounded ap-
proximate identity for L;(K'). For each ¢ € X and f € X* define h, 4 ¢(9) =<
Q(f - Lypa), ¢ >. Then h, 4 s is bounded by ||Q|| ||¢|| and is continuous since
the mapping g — L;¢, is continuous. Define a bounded linear operator P on
X* by < Pf,¢ >=lim, < P,f,¢ >, where < P, f, ¢ >= m(hqyey). Then
||1P|| < ||Q|| and Pf €Y, for each f € X* since < P,f,¢ >= 0, for ¢ € Y|
and f € X*. We will show that Pf = P(f . g), for f € X* and g € K. To this
end, define a continuous function ¢y, from K into X* by ¢s4(9) = f . Lyda-
Then the Bochner integral [(f . Luga)dd, * d,(u) exists since

S Laga)lldoz + 64(u) < [ [ Ladall |[fI] dde x dq(u)
< Jll@all 1£1] dog * 64 (u)
= [|@all IFI] < o0

In addition, for each m € X**
< /(f - Lo )doy * 0g(u),m >= / < f . Lapa,m > dd, * d4(u).
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Thus, for ¢ € X

< [(f . Lutpa)dd, x 8y(u), ¢ > = [ < [ . Lypa,d > do, x §,(u)
= [ [ < f,Lid > Ladu(k)AN(K)dS, * 8, (u)
— [ [ < f.Lié > Lada(k)dd, + 5,(w)dA(K)
= [ < f,Lud > LiLyoa(k)dN(K)
=<f.LiLi¢pq, 9 >

Therefore, f . LiLgpoa = [(f . Lapa)ddy * dy(u). For z € K, f € X* and
6 X
Lihags(9) = [ <Q(f - La¢a), ¢ > do, + 5,(u)

= [ <[ . Li¢a, Q¢ > do, * d,(u)

=< [(f . Luga)dd, * 0q(u), Q*¢ >

=< [ LiLy¢a, Q"¢ >

=< [ (0u* Lgda), Q"0 >

=< QUf - 7). Lyda), ¢ >

= hag,f . 2(9)-

Hence,

< Pafa (b >= m(ha,¢,f> = m(Lmha,¢>,f> = m<ha,¢,f . ac) =< Pa(f . LC), ¢ > .

Let {>°7 , Xi30q, 55 be a net of convex combination of point evaluations on
Lo (K) converging to m in weak*-topology of L (K)*. Then for each ¢ € X
and f €Y

< Pf,¢> =lim,limg) " N < Q(f . Ly, ;00), ¢ >
= lim, limg D1 Nig < f . Ly, ¢, ¢ >
=lim, limg Y Nig < [ . (g5 * Da)s @ >
=lim, limg Y 0 Nig < (f - Gig) - Pas ® >
— limglim, S Mg [ < f - g,y Lit > Ga(k)dA(K)
=limgY " Nig<[f.g.,¢>
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since f . Lyga € Y, for g € K (]47], Lemma 2). Thatis Pf € co{f . g | g€ K} .
Conversely, let X = L1(K), Y = C.1 and let ¢g € L;(K) with ||¢g|| = 1 be
fixed. Define the representation {L; € B(Li(K)) | g € K} of K on L;(K).
Then f.g=L,f, for g € K and f € Lo(K) ([30], Theorem 5.1.D). Consider
a weak*-continuous norm one projection @ from L..(K) onto C.1 defined by
Qf = f(¢o).1. By assumption, there exists a continuous linear operator P
from Lo, (K) into Y with |[P|| < 1 such that Pf € co(Lgf)  , for f € Y
and that PL, = P, for all g € K. We note that P is also a projection since

co(LKf)W* = f, for f € Y. Define a bounded linear functional on L. (K)
by m(f) = cif Pf = c.1. Then m(1) =1 = ||m|| and m(f) = m(L,f), for
f € Loo(K) and g € K. Thus, K is amenable. O

Corollary 3.3.12. The following are equivalent:
1. K 1is amenable.

2. Let Y be a weak*-closed left translation invariant subspace of Loo(K). If
there is a continuous projection Q from Lo (K) onto Y with ||Q]]| < 7,

then there exists a bounded linear operator P from L..(K) into Y with
||P|| < such that Pf € coLKfW*7 for feY and P = PL,, forg € K.

Proof. This follows directly from Theorem 3.3.11 by considering the represen-
tation {L; | g € K} of K on Ly(K). O

Corollary 3.3.13. Let K be an amenable hypergroup. Let X be a closed
left translation invariant subspace of LUC(K) and Y be a weak*-closed left
translation invariant subspace of X*. If there is a continuous projection ()
from X* onto Y with ||Q|| < v, then there exists a bounded linear operator
P from X* into Y with ||P|| < v such that Pf € WW*, for f €Y and
P =PLy, forg € K.

Proof. Apply Theorem 3.3.11 to the representation {L; | g € K} of K on
X. [
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Chapter 4

Inner amenable hypergroups,
Invariant projections and
Hahn-Banach extension theorem

related to hypergroups.!

4.1 Introduction

Let G be a locally compact group. A mean m on L. (G) is called inner
invariant and G is called inner amenable if m(LyR,-1f) = m(f), forall g € G
and f € Lo(G) (see [17] for discrete case) which is equivalent to saying that
Lym = Rym, for all g € G. However, this equivalence relation breaks down
when one deals with hypergroups. We say that a hypergroup K is inner
amenable if there exists a mean m on L. (K) such that m(R,f) = m(Lyf)
for all g € K and f € Lo (K). Of course amenable hypergroups are inner
amenable. An inner invariant mean m on a non-trivial discrete hypergroup is

called non-trivial if m # 4., the point evaluation function on I (K). If this

m—m({e})de

Tomi{e]) 1S an inner invariant mean on Iy (K) and

is the case, then m; =

LA version of this chapter is under review. N. Tahmasebi, Inner amenable hypergroups,
Invariant projections and Hahn-Banach extension theorem related to hypergroups, [69].
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mi({e}) = 0. Any invariant mean on [, (K) is a non-trivial inner invariant
mean and hence any non-trivial discrete amenable hypergroup possesses a

non-trivial inner invariant mean.

4.2 Inner amenable hypergroups

Example 4.2.1. Let H be a discrete amenable hypergroup and J be a discrete
non-amenable hypergroup. Then K = H x J 1s a non-amenable hypergroup

and l(K) has a non-trivial inner invariant mean.

Proof. Let H be a discrete amenable hypergroup and J be a discrete non-
amenable hypergroup. Let K = H x J with the identity (e, es). If m is an
invariant mean on [ (H) and f € [ (K), then for each k € J define a function
fr € l(H) via fr(g9) = f(g, k). Furthermore, define a mean m; on [ (K) by

mi(f) = m(fe,). Then my(f) = m(f.,) # fe,(e1) = f(e1, e2). In addition, for
(g1,92) € K and k € H we have

(Ligigo) fea (k) = Ligy 2)f (F, €2)
= Z(u,v)eK J(,0)0(g, g0) * O(en) (1, V)
=2 uen 2oves S (U, 0)0g, % 6 (u)dg, * bey (v)
= 2 uen Joo (w)dg, % Op(u)
= Ly, fg, (k).

Hence, (L(g,,g0)f)es = Lg, fg,- Similarly, (Rg, g2)f)es = Ry fgo- Thus,
m(L91f92) = m(R91f92>
= m((R(g1,g2)f)€2) = m1<R(91192)f)'

]

The modular function A is defined by A * d; = A(g)A, where X is a left
Haar measure on K and g € K.

The following result shows that similar to the locally compact groups ([57],
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Proposition 1), inner amenability of a hypergroup is also an asymptotic prop-

erty.
Lemma 4.2.1. The following are equivalent:
1. K s inner amenable.

2. There is a net {¢o} in Li(K) with ¢o > 0 and ||pa||1 = 1 such that
|ILyba — A(9)Rydalls — 0, for all g € K.

3. There is a net {g} in Li(K) with ¥g > 0 such that WHLQW —
A(g) Ryl — 0, for all g € K.

Proof. For 3 = 2 put ¢, = II?/j_ZH We will prove the equivalence of 1 and 2.
Let m be a mean on L (K) such that m(L,f) = m(R,f), for f € Lo(K)
and g € K. Then there is a net of positive norm one elements {g,} in Ly (K)
such that < L,q, — A(g9)Ryq,, f >— 0, for each f € Lo (K). Let T be a map
from Li(K) into Li(K)* defined by T'¢(g) = A(g)Ry¢ — Ly, for f € Loo(K),
¢ € Li(K) and g € K. Thus, 0 € T(P,(K)) by Mazur’s theorem, where
P(K) ={¢p € Li(K) | ¢ >0, |l¢|]|] = 1}. Therefore, there is a net of
positive norm one elements {¢,} in L;(K) such that ||Lypo — A(g9)Rydal|| —
0. Conversely, let m be any weak*-cluster point of {¢,} in Lo (K)*. Then
m is a mean on L. (K) such that m(R,f) = m(L,f) for all ¢ € K and

f € Loo(K). O

Corollary 4.2.2. Let K be a discrete hypergroup. Then the following are

equivalent:
1. There is an inner invariant mean m on ly(K) such that m({e}) = 0.

2. There is a net {¢o} in l1(K) with ¢ > 0 and ||¢a|l1 = 1 such that
dale) =0 and that ||Ly¢0 — A(g)Rydalls — 0, for all g € K.

Let G be a locally compact group and let 7 be a continuous group homo-
morphism from G into the topological group Aut(K) of all hypergroup homo-

morphisms on K with the topology of pointwise convergence. The semidirect
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product K x,G of K and G is the locally compact space K x G equipped with
the product topology, the convolution o, g,)* O(ky.g,) = Ok, * Oz, (k2) X gy [74]-
In this case, there is a natural action 7 of G on L,(K) (1 < p < 00) defined
by 7,f(k) = f(r4k) for f € L,(K), g€ Gand k € K. If G and K are discrete,
then we say that 7 is strongly ergodic if the condition ||7,¢0 — @all2 — O,
for some positive norm one net {¢,} in lr(K) and all g € G implies that
¢a(e1) — 1, where e; is the identity of K. In addition, a mean m on I (K)
is T-invariant if m(7,f) = m(f), for all ¢ € G and f € [(K). The trivial
T-invariant mean on [ (K) is given by d., (f) = f(e1), for f € [(K) ( for the
corresponding definitions in the countable group setting see [10]).

The following three results are inspired by [10].

Lemma 4.2.3. Let G be a discrete group and let 7 be a continuous group
homomorphism from G into the topological group Aut(K) of all hypergroup
homomorphisms on a discrete hypergroup K. Then there is a non-trivial 7-

invariant mean m on lo(K) if and only if T is not strongly ergodic.

Proof. Let m be a non-trivial 7-invariant mean on [ (K). Without loss of
generality assume m(d.) = 0, where e is the identity of K. By a standard
argument (see the proof of Lemma 4.2.1 for example) find a positive norm one
net {1, } in {1 (K) such that ||7,0, —14|| — 0 for all ¢ € G and lim, ¢, (e) = 0.
Then {¢, = 2/10%} is a positive norm one net in ly(K), lim, ¢,(e) = 0 and for

ge G
17600 — ball3 = [I7s(vd) = V&3 = [[(rg¥ha)® — 2|13 < |I7gtba — thalls = 0.

Therefore, 7 is not strongly ergodic. Conversely, let {¢q}acr be a positive
norm one net in l(K) such that ||7,00 — ¢all3 = 0 and that lim, ¢,(e) # 1.
Choose oy € I such that ¢,(e) # 1 for all « > ap and put I} = {«a €
I| o> ay}. Then {¢, = %}aeh is a positive norm one net in ly(K)
such that ||7,00 — ¥all? — 0 and ¥,(e) = 0 for all « € I;. Let m be a

weak*-cluster point of {12 }oer, in loo(K)* and by passing possibly to a subnet
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assume m(f) = lim < 9?2, f >. Then m is a nontrivial 7-invariant mean on

loo (K). O

Theorem 4.2.4. Let K x,G be the semidirect product hypergroup of a discrete
hypergroup K and a discrete group G.

1. If K is commutative and T s not strongly ergodic, then for each subgroup

S of G, (K X7, S) possesses a non-trivial inner invariant mean.

2. If T is strongly ergodic and l(G) has no non-trivial inner invariant

mean, then l(K x; G) has no non-trivial inner invariant mean.

Proof. Assume that there exists a subgroup S of G' such that I (K x4 5)
has no non-trivial inner invariant mean. Let m be a mean on [ (K) such
that m(r,f) = m(f), for all g € S and f € [(K). We will show that m is
trivial. For f € I.o(K x4 S) and g € S define a function f, € [(K) by
fo(k) = f(k,g), (k € K). Let M(f) =m(fe,), for f € l«(K x4 S). Then
M is a mean on loo (K X S). For f € loo(K %7 S), (k1,g1) € K %74 S and
ke K
(Likr,gn) fea (k) = Likygi) (K, €2)

=D () S (W 0)0(k 1) * Ohes) (4, V)

= 2w 2 F (W, 0)0k, % 07y ()01, (v)

= > fu, 91)0k, * 67 1 (u)

= 2w Jou )0k, % 07y 1 (u)

= L, fo (19, k)

= T, (L, fo, ) (F).

Moreover,

(Rkr,g) f)ez (k) = Ry g0) [ (K, €2)
=2 (u) S (U 0)0(kea) * O 1) (1, V)
=D 0 D0 (U 0)05 % Or iy (1) Oeng, (V)
= > fou ()0 * Ok, (u)
= Ly, fg, (),
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since K is commutative. Hence,

M(L(khgl)f) = m((L(kl,gl)f)EQ) = m(Tgl (Lk1f91)> = m<Lk1f91)
= m((R(khgl)f)@) = M(R(khyﬂf)'

Therefore, M is inner invariant. Then M is trivial, i.e, M(f) = f(e1, ez). For
f € lo(K) let fi(k,g) = f(k) if g = e and zero otherwise, ((k, g) € K %, 5).
Then (fi)e,(k) = fi(k,e2) = f(k). Thus, f(er) = fi(er,e2) = M(f1) =
m((f1)e,) = m(f) which means that m is trivial. Consequently, 7 is strongly
ergodic by Lemma 4.2.3.

Suppose m is a non-trivial inner invariant mean on /(K x,G) and assume
without loss of generality that m(d(, c,)) = 0, where (eq, e2) is the identity of
K x; G. Then m(R, g-1)L(e,, gh) = m(h), for all h € I (K x, G) and
(e1,9) € K x; G. For f € I(K) let fi(k,g) = f(k) if g = es and zero
otherwise, ((k,g) € K x; G). Then f; € (K x, G) We will show that
m(Xkx.e,) = 0. If not, then my with m(f) = — =) 7 (f € loo(K)) Is a

(XK><1 eg

mean on [ (K) and my(d.,) = 0. For (k1, 1), (e1,9) € K >47G and f € [ (K)

Re,,g) (79 )1(k1, 1) = Z(u,v) (79 )1(w, v)é(khgl) * O(er,9) (u, v)
= Zu Zv(Tgf)l(u’ U)(Slﬁ * 561 (u)(sglg(v)
= (79/)1(k1, 19)

Hence,

(4.1)

ki) = k) if —
R(el,g)(Tgf)l(kl,gl):{ ggf( 1) = f(mylk)) 0919 = ex,

if g19 # e

In addition,

L(el,g)fl(k?h gl) = Z(u,v) fl (u7 U)a(ehg) * 5(7%’1,91)(“7 U)
= Zu ZU fl (u, U)(Sel * 5Tg(k1) (u)d(sgm (U)
= fl(Tg(kl)vggl)
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Thus,

L(m,g)(f)l(klagl) _ { g(Tg(kl)) if gg1 = ey, (4.2)

if gg1 # eo.
Therefore, R, (T f)1 = Liey,9f1- In other words (7,f)1 = Rey g-1)Lier,9) f1-

Now observe that
m((1ef)1) MRy g-1)Lierg) 1) m(f1)

M) = o) mlene) - mlaone) )

A contradiction with the strong ergodicity of 7 (Lemma 4.2.3). Consequently,
M(Xkxre;) = 0. For a subset C of G let ma(xc) = m(xxx.c) and let mg be
an extension of my to a mean on [ (G). Then mg is a mean on l(G) and
m3(0ey) = M(XKx,e,) = 0. Furthermore, ms is also inner invariant since mg is
an extension of my and (K x gCg~!) = (e1,9)(K x C)(ey, g7 ") for each g € G
and each subset C of G. O

Lemma 4.2.5. The following conditions hold:

1. If there is a net {¢o} in Lo(K) with ¢o > 0 and ||¢a|lo = 1 such that
|| Lgpo — Az(g) Rypull2 — 0, for all g € K, then K is inner amenable.

2. If K is unimodular and there is a net {V,} of Borel subsets of K with
0 < ANVa) < oo such that HL"XVQ — R"XV“Hl — 0 for all g € K, then
there is a net {1} in Lo(K) with ¥, > 0 and ||a|l2 = 1 such that
[|Lgtha — Rgtball2 = 0, for all g € K.

Proof. (1): For each « put ¢, = ¢. Then for g,k € K

f f(¢a(u) - A%(g)gba(v))Qdég * O (u)doy, * 59(“)
= Ly (k) + A(g) Rgd2 (k) — 24 (9) Ly (k) Rya (k)
= (Lgta(k) — A2(g)Ryda(k))? + Le@? (k) + Alg) Ry¢? (k) — (Lyda)?(k) — Alg)(Ryta)? (k)
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Hence,

—f J [ ($a() = A2 (g)¢a(v))2d5, * 01 (u)ddy, * 6, (v >dA<k>]

= —[[ (Lg@a(k) — AZ(g)R g%()?cu ) + [ Le@?(k)dA(k) + [ A(g)Ry@? (k)dA(k)
— [ (Lyg$a)*(k)AA(K) = [ A(g)(Rya)*(k)dAA(K)]

< —[|Lyda(k) — A2(g)R gqﬁa( B = 11¢all? = [1¢all3 + l|6al3 + [1¢all} — 0,

because fA(g)(Rg¢a)2(k)d)‘(k) =< A(Q)Rg¢a7R9¢a >=< QbongRggba ><

||po||3 and each @, is positive. In addition,

AZ(g)Lyda(k)Ryda(k) — Alg)Ry0%(k) < A2(9)Lyda(k)Rya(k) — Alg)(Ryta)?(k)
= [Lypa(k) — Aé(Q)Rg@x(k)] A%(Q)Rg¢a(k)a

by Holder’s inequality. Thus,

J18%(9) Lyda (k) Rya(k) — Alg) Ry@2 ()|dA(K)
< A3 (g)l| Ry@allz [|Lg@alk) — A3 (9) Rya(k)]|2 — 0.

Therefore,

1Lgta — A(g) Retbally = [ [Lgd3 (k) — Alg) Ryq (k) |dA(K)
< J 1S J(Ga(u) = D2(g)¢a(v))2ddy + 61(w)db % 5, (v)|dA(K)
+ [ 1282 (9) Lyda (k) Ryda (k) — 2A(9) Ry &2 (k)| dA(K) — 0,

since,

[ [(Ga(t) — A2(g)pa(v))2d6, * 6 (u)ddy, * 54(v)
= [ [162(u) + A(9) 42 (v) — 2A%(9)Pa (1) Pa(v)]dSy * 54 (w)ddy * 5y(v)
= Ly62 (k) — A(g) Ry (k) + 2A(g) Ry2 (k) — 2% (9) Ry (k) Lg% (k).

By Lemma 4.2.1 then K is inner amenable. The rest follows by a similar

argument as in (|64], Theorem 4.3) if K is unimodular. O

Remark 4.2.1. Let K be a discrete hypergroup. If there is a positive norm
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one net {¢q} in lo(K) with ¢o(e) = 0 such that ||Lypa — A%(g)Rg¢a||2 — 0,

for all g € K, I(K) has a non-trivial inner invariant mean.
Theorem 4.2.6. The following are equivalent:

1. There is a net {pa} in Lo(K) with ¢o > 0 and ||¢all2 = 1 such that
|Lydo — A2(g)Rydollz — 0, for all g € K.

2. There is a net {¢a} in Lo(K) with ¢ > 0 and ||pal||l2 = 1 such that for
each g € K

|| Lyg@al[3—A2(9) Lyba*Lydale)] — 0 and | ||AZ(g)Ry¢all3—A%(g) Lyda*Lydale)| — 0.

In this case K is inner amenable and there is a state m on B(Ly(K)) such
that m(L,) = m(A%(g)Rg), for all g € K, where L, (R,) is the left (right)

translation operator on Lo(K).

Proof. 1f (1) holds, then for g € K

| [|Lydall3 — A2(9) Ly * Lgda(e) | =] < Lyda, Lyba > — < Lyda, A2(9) Ryt > |
= | < Lyoa, Lyda — A2(9) Ryt > |
< || Lyba — A2(g)Rydal| — 0.

Similarly, | ||A2(g)Rydall2—A2(g)Lypa*Lydale) | — 0, for g € K. Conversely,
for each g € K we have

| LgPa — A%(Q)Rg@x”% =< Lg¢pa — Aé(Q)RQ@M Lgpa — A%(9>R9¢a >
= [1Zg0llf + [182(9) Ryballf — 2 < Lyda, A2(9) Ry >
= [|LySall3 + [|A2(9) Ry@al[3 — 287 (9) Ly * Lydale)
< || Lg@al 3 — A2(g)Ly@a * Lydale) |
+1 |82 (9)Rydal[3 — A2 (9)Loda * Lydale) | = 0.

For each T' € B(Ly(K)) let mo,T =< T'¢q, oo > and let m be a weak™-cluster
point of the net {m,} in B(Lo(K))*. Without loss of generality assume that
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mT = lim, my,(T"). Then m is a state on B(Ly(K)) and for g € K

[m(Lg) = m(AR(g)Ry)| = |limg < Lyba, do > —limg < AZ(g) Ry, Ga > |
= |lim, < Lya — AZ(g) Ryda, ba > |
<limg || Lypa — A2(g)Ry¢al| = 0.

In addition, K is inner amenable by Lemma 4.2.5. O

Let G be a locally compact group. Then G is an [IN]-group if and only
if G possesses a compact neighborhood V' of e with Lyxy = Ryxv, for all
g € GG. However, one may not expect this equivalence relation to hold in the
hypergroup setting. A hypergroup K is called [/ N]-hypergroup if there is a
compact neighbourhood V of e such that g«V = Vxg, for all g € K. It is easy
to see that each of compact or commutative hypergroups are [/ N|-hypergroups
and possess a compact neighborhood V' of e with Lyxy = Ryxv, forall g € K.
For a discrete hypergroup K the situation is quite different: although K is
an [IN]-hypergroup, we have that L,0. = R0, for all g € K if and only if
0y % d5(e) = g % dg4(e), for all g € K.

Corollary 4.2.7. Let K be a hypergroup possessing a compact neighborhood V'
of e with Lyxv = Ryxv, for all g € K. Let Qv be the operator on Ly(K) given
by Qvf =< f,xv > .xv for f € Ly(K). Then the following are equivalent:

1. Thereis a net {po} in Lo(K) with o > 0, < ¢o, xv >= 0 and ||pa||]2 = 1
such that ||Ly¢a — A%(g)RggbaHg — 0, forallg € K.

2. There is a net {¢pn} in Ly(K) with oo > 0, < o, xv >= 0 and ||¢a||2 =1
such that for g € K

|| Ly@al 3= A2 (9) LybarLgdale)] — 0, and | [|A2(g)Rybul2—A%(g) LydarLydale)| — 0.

In this case

a. There is an inner invariant mean m on Lo (K) with m(xv) = 0.
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b. There is a state m on B(Lq(K)) such that m(Qv) = 0 and m(L,) =

m(A%(g)RQ), forall g € K.
c. The operators id — Qv and id + Qv are not in the C*-algebra generated
by {Ly — A%(Q)Rg | g€ K}

Proof. We will show b = ¢, for all other parts we refer to the proof of Theorem
4.2.6. Let T =" Mi(L,, — A2(g;)Ry,). Then m(T) = 0 and hence

|7 = (id = Q)| = [m(T) —m(id — Qv)| = 1.

Similarly, ||T" — (id + Qv)|| > 1. Thus, id — Qv and id + Qv are not in the
C*-algebra generated by {L, — A%(g)Rg | g€ K}. O

Remark 4.2.2. Let K be a unimodular hypergroup possessing a compact
neighbourhood V' of e with Lyxv = Rgxv, for all g € K and let 1 < p < o0.
Then there is a compact operator T in B(L,(K)) such that L,T = R,T,
LiTL, = R;TR,; and TLy =TR,, for all g,k € K.

Proof. Let Tf :=< xv, f > xv. Then for f € L,(K) and g,k € K,

LiTLyf =<xv,Lgf > Lixv
=< Lgxv.[ > Lixv
=< Ryxv, [ > Ryxv
=< xv,Ryf > Rpxv
= R;TR,f.

Hence, L;TL, = R;TR,, for all g,k € K. Similarly we can prove other
parts. [

Example 4.2.2. 1. Let K = H V J be the hypergroup join of a compact
group H and a discrete commutative hypergroup J with H N J = {e}.
Then there is a compact neighbourhood V' of e with Lyxv = Ryxv, for
all g € K.
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2. Let K = HV J be the hypergroup join of a finite commutative hypergroup
H and a discrete group J with HNJ = {e}. Then §,%dz(e) = 5% d4(e€),
for all g € K and hence Ly0, = Ry, for all g € K.

Lau and Paterson in ([50], Theorem 2) proved that a locally compact group
(G is inner amenable if and only if there exists a non-zero compact operator in
.., where o, = {T € B(Loo(Q)) | L1 R,T =TL,R,, Vg€ G}. We note
that o, = {T € B(Lw(G)) | R;TRy1 = L,TL,, Vg € G} which is not
the case as we step beyond the groundwork of locally compact groups. The

following is an extension of (|50, Theorem 2):
Remark 4.2.3. The following conditions hold:

1. If K is inner amenable, then there is a compact operator T in B(Ls(K))
such that T(h) = 1, for some h € Ly(K), LyTL, = R;TR,, TL, =
TRy, for all g, n,m € K and T(f) > 0, for f > 0.

2. If there is a non-zero operator T in B(L(K)) such that TL, = TR,,
for all g € K and T(f) > 0, for f > 0, then K is inner amenable and
T(f) =0, for f>0.

Proof. 1. If m is an inner invariant mean on L. (K), then the operator T
in B(Ly(K)) defined by T'(f) = m(f)1, for f € Ly(K) is the desired

operator.

2. Let m be a mean on L (K). Then m o T is an inner invariant positive
linear functional on Lo (K). Let fy € Loo(K) such that T(fy) > 0.
Then fy can be decomposed into positive elements and if f > 0, then

T(f) < ||flIT(1). Hence, moT(1) # 0 and mf;(Tl) is an inner invariant

mean on L (K).
[

Corollary 4.2.8. K s inner amenable if and only if there is a non-zero com-
pact operator T in B(Lo(K)) such that TL, = TR,, for all g € K and
T(f) >0, for f >0,
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Corollary 4.2.9. Let G be a locally compact group. Then G is inner amenable
if and only if there is a non-zero operator T in ;Z{O/O such that T'Ly = TR, for
all g€ G and T(f) >0, for f > 0.

We say that K satisfies central Reiter’s condition Py, if there is a net {¢,}
in L;(K) with ¢, > 0 and ||¢4||1 = 1 such that ||L,¢n — A(g)Rypalls — 0
uniformly on compact subsets of K. By Lemma 4.2.1 if K satisfies central
Reiter’s condition Py, then K is inner amenable. Sinclair (|63], page 47) in
particular called a net {¢,} in Li(G) quasi central if ||p * ¢o — Po * p|| — 0,
for all p € M(G), where G is a locally compact group. We say that the net
{po} in Li(K) is quasi central if || * ¢po — ¢po ® p|| — 0, for all p € M(K).

Remark 4.2.4. If the net {¢,} in L1(K) satisfies central Reiter’s condition
Py, then

1. For given {1}, C Li(K) and € > 0, there is an element ¢ € Li(K)
such that ||t x ¢ — dx|| <e, fori=1,2,...,n

2. The net {¢a} is a quasi central net in Ly (K).

Proof. (1): Let € > 0 be given and let C; be compact subsets of K such
that [, o, [¥il(9)dA(g) < e Let C = i, C; and let a € I be such that
||Lgpa(k) — A(G)Ryda(k)|| <€, for all g € C. Then

|0 * —%*willl

= [ | [ 4i(g)Ly¢a(k — [ ©i(9)A(9) Ryda(k)dA(g)|dN(K)

< [ 1¥i(9)] f|Lg¢a - (9) g¢a(k)|d>\( ) dA(g)

= Jie [0 [ [Lgoa(k) — A(g)Ryda(k)|dA(K) dA(g)

+ Jo 109l [ 1Lgda(k) — A(G) Rypa(k)|dN(K) dN(g) < € + € Mawizr,__al[¢ilh

(2): Without loss of generality assume that p € M(K) has a compact
support C. Let € > 0 be given and let o € I be such that ||L;¢a—A(§) Ry¢al| <
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€, for all g € C. Then

i % o — da @ pll = [ [(Lgda(k) — A(G)Ryda)du(g)|dA(k)
< [ Jo|Lgda(k) —A(v) Rya|du(g)dA(k)
+ [ Jioo 1 Lg®alk) — A(G) Rydaldp(g)dA(
< ¢f|ul].

k)

]

Losert and Rindler called a net {¢,} in Li(G), G is a locally compact
group, asymptotically central if H¢ I (A(g)RyLy-1¢0 — ¢o) — 0 weakly for all
g € G (|56]). We say that the net {¢,} in Li(K) is ( hypergroup) asymptot-
%o H(A(Q)Rgl’gﬁba ¢a) — 0 (||¢ H( (9)Ry¢a — Lgda) — 0)
weakly for all g € K. The reason for our definition is that Z(L,(K)) = {¢ €
Li(K) | A(g)Ry¢ = Lyp, Vg € K}, where Z(L,(K)) is the algebraic center
of the hypergroup algebra L;(K). Then it is easy to see that if K is discrete

ically central if

and unimodular or commutative, then any approximate identity in L;(K) is

hypergroup asymptotically central.

Remark 4.2.5. If Li(K) has an asymptotically central bounded approximate

wdentity, then K is an inner amenable locally compact group.

Proof. Let {¢,} be an asymptotically central bounded approximate identity
for Li(K) and m be a weak*-cluster point of {¢,} in Lo (K)*. Without loss
of generality assume that ¢,’s are real-valued and lim < ¢, f >=<m, f >
for each f € Loo(K). Then m(LyR;f) = m(f), for each f € Ly (K) and
g € K. In addition, m(¢ * f) = lim < ¢, ¢ % f >=lim < A¢ * ¢, f >=<
Ag, f >= ¢ x f(e), for ¢ € L1(K) and f € Loo(K). Thus, m(f) = f(e), for
each f € Cy(K) (|64], Lemma 2.2). Therefore,

0g % 0(f) = Ry f(9) = LyRyf(e) = m(LyRyf) = m(f) = d.(f),

for f € Cy(K). i.e. 0,%d5 = I, for all g € K and hence G(K) = K. It follows
then by the proof of ([56], Theorem 2) that the locally compact group K is

67



also inner amenable. O

In 1991, Lau and Paterson characterized inner amenable locally compact
groups G in terms of a fixed point property of an action of G on a Banach
space ([49], Theorem 5.1). This characterization can be extended naturally to

hypergroups and we have:
Remark 4.2.6. The following are equivalent:

1. K s inner amenable.

2. Whenever {T, € B(E) | g € K} is a separately continuous repre-
sentation of K on a Banach space E as contractions, there is some
T e{N,|oeli(K), [ol=1, =0 " such that N,T = TN,,
forallge K.

Remark 4.2.7. Let N be a closed normal Weil subhypergroup of K. If K 1is

inner amenable, then K/N is also inner amenable.

Proof. Define a linear isometry ¢ from L., (K /N) to the subspace {f € Loo(K) | Ryf =
Rif, g€ kxN, ke K} of Loo(K) by ¢(f) = f om, where 7 is the quotient
map from K onto K/N. Then

J1Lg(0f) (k) — ¢(Lgen f) (k) |dA (K —flff N)dbg * b (u) — (Lg*Nf)OW(k‘)IdA(k)
= 07

since N is a Weil subhypergroup. Thus, ¢(Lg.n f) = Ly(¢f) for f € Loo(K/N)
and ¢g € K. Similarly, ¢(Rynf) = Ry(¢f) for f € Loo(K/N) and g € K. Let
m be an inner invariant mean on L. (K) and define my(f) = m(of), f €
Loo(K/N). Then my is a mean on Lo (K/N). In addition, for f € L. (K/N)
and g € K

ml(Lg*Nf) = m(¢<Lg*Nf)) = m(LQbe) = m(Rg¢f) = m(¢(Rg*Nf)) =nmy (Rg*Nf)'

]
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4.3 Hahn-Banach extension and monotone ex-

tension properties

Definition 4.3.1. Monotone extension property: If X is a subspace of a par-
tially ordered linear space Y, p is a positive-homogeneous, subadditive (sub-
linear) function from Y to R, f is an additive monotonic function from X
to R such that f(z) < p(x), v € X, then there exists an additive monotonic
extension F' of f defined from'Y to R such that F(y) < p(y), for ally € Y.

It is the purpose of this section to provide a hypergroup version of Hahn-
Banach extension property and monotone extension property by which amenable
hypergroups can be characterized.

Let E be a partially ordered Banach space over R. An element 1 € F is
called a topological order unit if for each f € E there exists A > 0 such that
—Al < f< A andtheset {f € E|1< f <1} isaneighbourhood of F and a
proper subspace [ of E is said to be a proper ideal if [0, f] C I, for each f € FE.
Moreover, a separately continuous linear representation .7 = {7}, | g € K} of
K on FE is positive if T,f > 0 for all ¢ € K and f > 0. .7 is normalized if
T,1=1forall g € K.

Definition 4.3.2. (Riesz, 1928) A wvector lattice E is defined to be a vector

space endowed with a partial order, <, that for any x,y,z € E, satisfies:
1. z <y impliesx+ 2 <y—+ 2.
2. For any scalar 0 < a, v < y implies ar < ay.

3. For any pair of vectors x,y € E there exists a supremum in E with

respect to the partial order of the lattice structure (<).

Definition 4.3.3. A Banach lattice E is a vector lattice that is at the same
time a Banach space with a norm which satisfies the monotonicity condition,

i.e, © <y implies ||x|| <||y||, for all xz,y € E.
Theorem 4.3.1. The following are equivalent:
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1. RUC(K) has a right invariant mean.

2. Let {T, € B(E) | g € K} be a separately continuous representation of
K on a Banach space E and let F be a closed Tk -invariant subspace of
E. Let p be a continuous seminorm on E such that p(T,x) < p(z) for
allz € E and g € K and ® be a continuous linear functional on F such
that |®(x)| < p(z) and (Tyx) = ®(x) for g € K and x € F. Then there

is a continuous linear functional ® on E such that

(a) O|lp = .
(b) |®(z)| < p(z) for each z € E.

(¢c) ®(T,z) = ®(z) forg€ K and x € E.

3. For any positive normalized separately continuous linear representation
T of K on a partially ordered real Banach space E with a topological
order unit 1, if F' is a closed T -invariant subspace of E containing 1,
and ® is a T -invariant monotonic linear functional on F, then there

exists a 7 -invariant monotonic linear functional ® on E extending .

4. For any positive normalized separately continuous linear representation
T of K on a partially ordered real Banach space E with a topological

order unit 1, E contains a mazimal proper 7 -invariant ideal.

5. Whenever F = {T, € B(E) | g € K} is a separately continuous rep-
resentation of K on a real Banach space E and let F be a closed 7 -
wvariant subspace of E and p is a continuous sublinear map on E such
that p(T,x) < p(z) for all x € E and g € K. If ® is a continuous
T -invariant linear functional on F such that ®(x) < p(x) for x € F,

then there is a continuous J -invariant extension ® of ® to E such that

®(z) < p(x) for each x € E.

Proof. 1 = 2: By Hahn-Banach extension theorem there is a continuous linear

functional ®; on E such that |®1(x)| < p(z) for each x € FE and ®4|r = ®. For
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each f € E define a continuous bounded function hg, ; on K via he, f(g) =

®(T,f). Let {ga} be a net in K converging to e. Then

Ry hayp — hay sl = supger [Ryoha, 1(9) — hay r(9)]
= supycge | [ @1(Tuf)ddg * b, (u) — P1(Tyf)|
= supeg |P1(Ty Ty, f) + Po(=T,f)]
< supge p(TyTy. [ — Ty f)
< p<Tgaf - f) — 0,

since ®; € E*. Hence, he, s € RUC(K) (|64], Remark 2.3). Let m be
a right invariant mean on RUC(K) and let ®(f) = m(he, ), for f € E.
Then ®|p = ® since he, 1(g) = ©1(T,f) = ®(f), for f € F. Furthermore,

|D(f)] < supyes |[®1(Tyf)] < p(f), for f € E and

b, s (k) = By(TLTf) = / Dy (T, ) dbyxd, (u) = / o, (1) dSy6, (1) = Ryha 5 (k).

Thus,
O(T, f) = m(ha,1,1) = m(Rgha, ;) = m(he, ;) = (f).

2=1: Let E = RUC(K), F = C.1 and consider the continuous representation
{R, | g € K} of K on RUC(K). Define a seminorm p on E by p(f) = ||f]|-
Then p(R,f) < p(f), for f € E and g € K. In addition, J, is a left invariant
mean on F' for a given a € K with [6,(f)] < p(f). Therefore, there is some
m € RUC(K)* such that m|p = 0, m(f) < ||f|| and m(R,f) = m(f), for
f € E and g € K. Then m is a right invariant mean on RUC(K) because
m(1) = da(1) =1 = [[m]].

For all other parts we refer to ([40], Theorem 2) and a similar argument as

above. O

Let CBr(K) denote all bounded continuous real-valued functions on K
and UCg(K) (RUCR(K)) denote all functions in C'Bg(K) which are (right)
uniformly continuous. It is easy to see that UCg(K) and RUCg(K) are norm-

closed translation invariant subspace of C'Br(K') containing constants. How-
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ever, in contrast to the group case, RUCg(K) need not be a Banach lattice in
general. The following result is a consequence of Theorem 4.3.1 and the proof

of ([40], Theorem 1).

Remark 4.3.1. Let K be a hypergroup such that RUCR(K) is a Banach lat-

tice. Then the following are equivalent:
1. RUC(K) has a right invariant mean.

2. For any linear action 7 of K on a Banach space E, if U is a 7 -invariant
open convex subset of E containing a 7 -invariant element, and M is a
T -invariant subspace of E which does not meet U, then there exists a
closed T -invariant hyperplane H of E such that H contains M and H

does not meet U.

3. For any contractive action = {1, € B(E) | g € K} of K on a
Hausdorff Banach space E, any two points in {f € E | T,f = f, Vg€
K} can be separated by a continuous 7 -invariant linear functional on

E.

Example 4.3.1. 1. Let K be a hypergroup such that the mazimal subgroup
G(K) is open. Then RUCg(K) is a Banach lattice.

2. Let K = HV J be the hypergroup join of a compact hypergroup H and a
discrete hypergroup J with HNJ = {e}. Then RUCg(K) = CBg(K) is

a Banach lattice.

Proof. To see 1, let f,h € RUCR(K) and {g,} be a net in K converging
to e. Then g, € G(K), for some ag and all a > «p since G(K) is open.
Thus, R, (f Vh) = Ry fV Ry, h for a > ag. Therefore, the mapping g —
(Ryf, Ryh) — Ryf V Ryh from K to CBgr(K) is continuous at e and hence
fVheRUCR(K). O

Next we use Theorem 4.3.1 to prove that UC(K) = LUC(K) N RUC(K)

has an invariant mean, for any commutative hypergroup K.
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Corollary 4.3.2. Let K be a commutative hypergroup. Then UC(K) has an

mwariant mean.

Proof. Let & ={T, € B(E) | g € K} be a separately continuous representa-
tion of K on a real Banach space E and let I be a closed .7 -invariant subspace
of E. Let p be a continuous sublinear map on E such that p(T,z) < p(x)
for all x € E and ¢ € K and ¢ be a continuous .7-invariant linear func-
tional on F such that ¢(x) < p(z) for x € F. Define a representation
{T, € B(E) | p € M{(K)} of M{(K), the probability measures with com-
pact support on K, on E via T,x = [Tyxdu(g). Then T,., = T,T,, for
p,v € M{(K). Tn addition, p(T,z) = p([ Tyzdu(g)) < [ p(Tyz)du(g) < p(x).

Define a real valued function ¢ on E via ¢(z) = inf{ p(T),,x+ ...+ T, x)},
where the inf is taken over all finite collections of probability measures with
compact support {1, ..., 4} on K. Then ¢(z) < p(x) for x € FE since for
each m € N,

%p(me +..+T,.r) < # [p(me) + ... —|—p(Tuma:)} < p(x).

Moreover, ¢ is sublinear. In fact for m € N, a € Rt and z € E,

Lp(Ty, (ax) + ... + Tp,,, (o)) = ap(T, @ + ... + T, @).

Thus, g(ax) = aq(z) for « € R and © € E. To see that g(x + y) <
q(z) + q(y), let z,y € E and ¢ > 0 be given. Choose probability mea-
SULES [L1, ey fbms V1, ..oy Uy O K with compact support such that %p(TMx +

it Tpw) < q(x) + €, and 2p(T,,z + ... + T, z) < q(y) + e. Consider the set
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and similarly, %p[xll S T,,j*uiy} < q(y) + €. Hence,

p | S T T + )|

= | S T Doy + Yy S0 Tt

= %p [ 22;1 > TVj*#i$] + %P[Z?ﬁ > i TVj*Miy:|
< q(z) + q(y) + 2e.

Therefore, ¢(x +y) < q(x) + q(y). For p € M{(K), x € E and m € N,

#p(TmTul‘ +..+1,,.T,.x)
p(TT,x+ ...+ 1,1, )
p(Tx+ ...+ T, x).

1
< L
Hence, ¢(T,x) < q(z). Furthermore, for each m € N

%p(Tm:z: +..+T, ) < %[p(Tmm) + ..+ p(T},.2)] < p(z).

Thus, ¢(x) < p(z). By Hahn-Banach extension theorem there is a continuous

linear functional ¢ on E such that ¢(x) < q(z) for each € E and ¢|r = ¢.
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Forx € £, n € Nand p € M{(K)

I/\S\

u
n_Hp[( (@ — Tpx) + Tu(w — Tuw) + TuTo(x — Tyz) + .. + T Ty o
—_——

n times

%Hp(ﬂf + 1,1, T, (-x)) < %H[p(x) +p(—2)] = 0.
———

n+1 times

Therefore, ¢(z — T,x) < q(z — T,x) < 0. Since ¢ is linear By replacing =
by —x, one has é(Tux) = gg(x) In particular, é(Tgx) = qg(a:) for g € K and
x € E. Therefore, UC(K) has an invariant mean (Theorem 4.3.1). O

4.4 Weak*-invariant complemented subspaces of

Loo(K)

Let X be a weak*-closed left translation invariant, invariant complemented
subspace of Lo (K). Then this section provides a connection between X being

invariantly complemented in L. (K) by a weak*-weak*-continuous projection
and the behaviour of X N Cy(K).

Definition 4.4.1. A closed left translation invariant complemented subspace
Y of Loo(K) is called invariant subspace, if there is a continuous projection
P from Lo (K) ontoY commuting with left translations. If Y is weak*-closed
and P is weak*-weak*-continuous, then we say that'Y is weak*-invariant com-

plemented subspace of Lo (K).

Theorem 4.4.1. Let X be a weak*-closed, left translation invariant, invariant
complemented subspace of Loo(K). Then X N Cy(K) is weak™ dense in X if
and only if there exists a weak™*-weak*-continuous projection @ from Ly (K)

onto X commuting with left translations.

Proof. Let P be a continuous projection from L., (K) onto X commuting with

left translations. We first observe that P(LUC(K)) C LUC(K). In fact if
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f € LUC(K) and {g,} is a net in K such that g, — g € K, then
Lo Pf = LoPfI| = |P(Lgo f = Lo DI < |IPI| | Lgo f = Ly fI] = 0.

Thus, P|cyk) is a bounded operator from Cy(K) into CB(K). Define a
bounded linear functional on Co( ) by ¥1(f) == (Pf)(e). Let p € M(K)
be such that (Pf)(e) = [ f() , for each f € Cy(K). Then for x € K
and f € Cy(K),

(Pf)(z) = Lo Pf(e) = PLof(e) = [ Lo f(§)duly) = f* pu(z).

Hence, P(f) = f * p, for f € Co(K). Define an operator T': Ly(K) — Ly(K)
via T'(h) := h*fi. Then QQ = T* is weak*-weak™-continuous and < Q f, h >=<
fihxi>=< fxpu,h > for h € L1(K) and f € Co(K). Thus, Q(f) = f*u for
f € Co(K). In addition, @) commutes with left translations on L. (K), since
for h € L1(K) and f € L(K)

< QL f,h>=<L,f,h*fi> =< f,(Lzh)* i >=<Q(f), Lzh >=< L, Q(f),h >

We will show that @) is a projection. For f € Co(K)N X, and h € Ly(K),

< fruh> =[(f*p)*hl(e)
= [f = (hx 1) J(e)
(

= [(h* 1) = f](e)
= [(h* ) () f(&)dx
=< f,hx*j>.

Hence,

<Q(f),h> =< fihsxp>=<f*xpu,h>=<P(f),h>=< f,h>.

If X NCy(K) is weak® dense in X, let {fo} be a net in X N Cy(K) such
that f, — f in the weak*-topology of L. (K). Then, Q(f) = f since @Q is
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weak*-continuous.

Moreover, for f € Cy(K) and h € X+,
<Q(f),h> =< fihxp>=<fxpuh>=<P(f),h >=0.

Thus, < Q(f),h >= 0, for each f € Lo(K) and h € X+, since Cy(K) is
weak*-dense in L (K). i.e. Q(f) € X.

Conversely, if @ is a weak*-weak*-continuous projection from L., (K) onto
X commuting with left translations, then there exists some p € M(K) such
that Q*|r,(x)(h) = h* p, for h € Li(K) ([7], Theorem 1.6.24). Hence, for
f € Co(K) we have Q(f) = f = o which is in Co(K) N X (7], Theorem 1.2.16,
iv). Then Cy(K)NX is weak*-dense in X = {Q(f) | f € Loo(K)} since Cy(K)

is weak*-dense in L. (K) and @ is weak™-weak*-continuous. O
As a direct consequence of Theorem 4.4.1 we have the following result:

Corollary 4.4.2. Let K be a compact hypergroup and let X be a weak*-closed
left translation invariant subspace of Lo(K). Then X is invariantly com-
plemented if and only if there is a weak* weak*-continuous projection from

Lo (K) onto X commuting with left translations.

Corollary 4.4.3. Let K be a compact hypergroup and let X be a left trans-
lation invariant W*-subalgebra of Loo(K) such that X N CB(K) has the local
translation property TB. Then X is the range of a weak™ weak*-continuous

projection commuting with left translations.

Proof. This follows from ([68], Corollary 3.13, Lemma 3.9) and Theorem 4.4.1.
[

Corollary 4.4.4. The following are equivalent:
1. K s compact.

2. K is amenable and for every weak*-closed left translation invariant, in-

variant complemented subspace X of Lo (K), there exists a weak*-weak*-
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continuous projection from Lo.(K) onto X commuting with left transla-

tions.

Proof. If K is compact, then item 2 follows from (68|, Lemma 3.9), Theorem
4.4.1 and (|64], Example 3.3) since Cy(K) = LUC(K) and LUC(K) N X is
weak*-dense in X. Conversely, consider the one-dimensional subspace X =
C.1. Then X is a weak*-closed left translation invariant, invariant comple-
mented subspace of L. (K), since K is amenable. If P is a weak™-weak*-
continuous projection from L., (K) onto C.1 commuting with left translations,
then there is some ¢ € Li(K) such that P(f) = d4(f) for f € Loo(K). Hence,
dp(1) =1 and < 6y, Lyf >=< 0y, f >. i.e., Lyp = ¢, for g € K. In particular,
Lyo(e) = ¢(g) = ¢(e), for all g € K. Therefore, 1 = 6,(1) = [ #(g9)dA(g) =
¢(e)A\(K) which means that K is compact. O
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Chapter 5

Final remarks and open problems

5.1 Remarks related to chapter 2

A subspace X of M(K) is said to be Cy(K)-invariant if X.Cy(K) C X, where,
d(p-9)(g) = ¢(g)du(g). Similar to locally compact groups, we have the follow-
ing characterization of non-zero weak*-closed, Cy(K)-invariant x-subalgebras

of M(K) (for the group case see [3], Theorem 3.1).

Remark 5.1.1. X is a non-zero weak*-closed, Cy(K)-invariant *-subalgebra
of M(K) if and only if X = {u € M(K) | supp(n) C N}, for some closed
subhypergroup N of K, where N = UueX supp(f).

Remark 5.1.2. X is a left translation invariant strictly closed, C*-subalgebra
of CB(K) possessing the local translation property T'B if and only if there
exists a unique closed Weil subhypergroup N such that X is given by X =
{feCB(K) | R,f =Rif, Ygek=*N, keK}.

Furthermore, N s normal if and only if X 1is inversion invariant and

translation invariant.

Proof. The proof is very similar to that of Theorem 2.2.5. [

By a similar method as in Lemma 2.3.2 we observe that:
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Remark 5.1.3. Let K be an amenable hypergroup. Then for any reflexive
Banach space X and any jointly weak*-weak*-continuous representation {T, €
B(X*) | g € K}, there exists a semigroup . of operators in B(X*) such that
each P € ¥ commutes with any continuous linear operator T from X* into

X* which commutes with {T, € B(X*) | g € K} and for each f € X*,

coTxf)N{fe X* | T,f =f, Yge& K} is the set of all Pf such that P € .

and P is a continuous projection from X* onto F.

Corollary 5.1.1. Let N be a closed Weil subhypergroup of an amenable hy-
pergroup K. Then there exists a semigroup ./ = {P,, € B(L,(K)) | m €
Mean(LUC(K))} of operators on L,(K) (1 < p < oo) such that for each
f € LK), coRnf) N{f € LK) | Rof = f, ¥n € N} is the set
of all Pf such that P € . is a continuous projection from L,(K) onto

{fe LK) | R.f=f, Vne N} commuting with left translations.
Proof. This follows from Remarks 2.2.6 and 5.1.3. [

Open problem 1. Does any left translation invariant W*-subalgebra of Lo (K)
contain the constant functions? This statement is true when K is a locally

compact group ([42], Lemma 3.1).
The answer is affirmative if K is a compact hypergroup.

Remark 5.1.4. Let K be a compact hypergroup and let X be a non-zero
weak*-closed left translation invariant subspace of Loo(K). Then X contain
the constant functions. In fact let f € X be non-zero. Then 1x f € X s a

non-zero constant function in X since L;(K)* X C X.

Open problem 2. Provide an example of a Weil subhypergroup without the
translation property T B.

Open problem 3. Let N be a closed, normal Weil subhypergroup of K such
that WAP(K/N) and WAP(N) both have invariant means, does WAP(K)

possess an invariant mean? Is a similar statement true for AP(K)?
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5.2 Problems related to chapter 3

Open problem 4. Let K be an arbitrary hypergroup such that W AP(K)* has

weak*-normal structure. Can we conclude that K is finite?

Open problem 5. If AP(K) is finite dimensional, then AP(K)* has weak*-

normal structure. Is the converse true?

Open problem 6. Can amenability of K be characterized by any common

fized point property for non-erpansive mappings?

Open problem 7. Can we characterize hypergroups possessing an invariant
mean on the space WAP(K)(AP(K)) with any common fized point property

for non-expansive mappings?

Open problem 8. By a similar argument as in the proof of Remark 3.3.1
(Theorem 3.3.4) one can show that if for any separately (weakly) continuous,
(quasi weakly) equicontinuous and nonexpansive representation {T, | g € K} of
K on a compact convex subset Y of a separated locally convex topological vector
space (E,7), Y has a common fized point for K, then AP(K) (WAP(K)) has

an invariant mean. Is the converse true?

Open problem 9. Let K be an amenable hypergroup and let X be a weak*-
closed left translation invariant subspace of Loo(K), which is contained and

complemented in LUC(K). Is X invariantly complemented in LUC(K)?

Open problem 10. Let K be an amenable hypergroup and X be a weak*-
closed left translation invariant, complemented subspace of Loo(K). Is X in-
variantly complemented in Lo (K)? We do not know the answer even if K is

commutative.

Open problem 11. Let K be an amenable hypergroup and let m be an in-
variant mean on WAP(K). Is AP(K) complemented in WAP(K)?
It is known that WAP(G) = AP(G) @ {f € WAP(G) | my(|f]) = 0},

where G is a locally compact group and my is an invariant mean on WAP(G).
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However, by ([75], p, 72) if K a hypergroup arising from the Jacobi polynomial
p/21/2) (%), then there is a non-zero element h* € Cy(K) N AP(K). Hence,
m(|h*|) = 0 (/65], Remark 3.4.2). Therefore, AP(K)N{f € WAP(K) | m(|f]) =
0} # {0}

Open problem 12. Let K be an amenable hypergroup such that Cy(K) N
AP(K) = {0} and let m be an invariant mean on WAP(K). Do we have that
AP(K) N {f € WAP(K) | m(f]) = 0} = {0}7

5.3 Problems related to chapter 4

Open problem 13. Is there any non-inner amenable hypergroup K such that
Z(L1(K)) is non-trivial?

Open problem 14. Let K be a hypergroup such that Li(K) has a positive

non-trivial center. Is there a compact neighbourhood V' of the identity with
A(Q)RQXV = LgXV?
Open problem 15. Let K be a connecled, inner amenable hypergroup. Is K

amenable?

We say that a hypergroup K is topologically inner amenable if there exists
amean m on L. (K) such that m((A¢) * f) = m(f ) for any positive norm
one element ¢ in Li(K) and any f € Lo (K). It is easy to see that any inner
invariant mean on UC/(K) is topologically inner invariant since for a positive

norm one element ¢ in Ly(K) and f € LUK(K)

m(f*¢) = [ <m, Ryfog) > dX(g)
= [ <m,Lyfe(g) > d\(g)
=<m, [ Lyf¢(g)dN(g) >
=<m, [ Lyf$(9)A(g)dA(g) >
=m((A¢) *[).

However, on the space L., (K) the relation between topological inner invariant

means and inner invariant means is not clear.
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Open problem 16. Let m be a topological inner invariant mean on L. (K).

Is m also an inner invariant mean?

Open problem 17. Let K be an inner amenable hypergroup. Is there any

topological inner invariant mean on Lo (K)?

Open problem 18. Let K be an inner amenable hypergroup. Does K satisfy
central Reiter’s condition Py ? (see ([57], Remark) for the group case).

5.4 Other remarks and problems

Let A be a closed translation invariant subalgebra of L. (K) containing con-
stant functions. In what follows we provide an equivalent condition for A
to possess a multiplicative left invariant mean. This equivalence is given in
terms of a fixed point property which is a generalization of Mitchell fixed point

theorem ([58], Theorem 1).

Definition 5.4.1. Let A be a closed translation-invariant subalgebra of L (K)
containing constant functions. Let E be a separated locally convex topological
vector space and Y be a compact subset of /. Let X be the space of all probabil-
ity measures on'Y . Let 7 = {T, | g € K} be a continuous representation of K
on X. Suppose that B:={y €Y |T,y €Y, Vg K} #0 and for eachy € B,
define hy 4(g9) = ¢(Tyy), for g € K and ¢ € CB(Y'). It is easy to see that hy
is continuous and ||hy || < ||¢|]. Therefore, hy : ¢ — hy 4 is a bounded linear
operator from CB(Y) into CB(K). Let Yy :={y € B | hy(CB(Y)) C A}.

The family 7 is an E — E-representation of K, A on X if B # 0 and
Y1 #0,

Definition 5.4.2. The pair K, A has the common fized point property on
compacta with respect to £ — E-representations if, for each compact subset Y
of a separated locally convex topological vector space E and for each E — E-

representation of K, A on X, there is in'Y a common fixed point of the family

T.
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Remark 5.4.1. Let A be a closed translation-invariant subalgebra of Lo (K)

containing constant functions. Then the following are equivalent:

1. A has a multiplicative left invariant mean.

2. The pair K, A has the common fixed point property on compacta with

respect to I/ — E-representations.

Proof. Let 7 be an E — E-representation of K, A on X. Then there exists
an element y € Y such that h,(CB(Y)) C A and Tyy € Y for all g € K.
Let hy be the adjoint of h, and let m be a multiplicative left invariant mean
on A. Then < hym,1 >= 1, where 1 is the constant 1 function on Y. Also
hy(f1f2) = (hy ) (hy.s,), for fi, fo € CB(Y) and g € K. In addition, since m
is multiplicative, hym is a nonzero multiplicative linear functional on CB(Y)
and < hy(m), h >= W, Thus, there exists an element z, € Y such
that f(z,) =< h;m, f >=<m,hy; >, forall f € CB(Y).

Foreach g € K, defineamap ¥, : E* — CB(Y) via (V, f)(z) =< f, T,z >,
for f € E*, z € Y. Then hy,y,; = Lgylh, ] since f € E*. Hence,

< f,xy >=m(hys) = m(Lyhy ) = m(hyw,r) = hyw,r(ry) =< f, hyw,r >

Thus, T,z, = x,, for each g € K since m is left translation invariant and £~
separates point of E.

Conversely, let E = A* and Y be the set of all multiplicative means on A.
Then X = Mean(A). Define (g, m) = Lim from K x Mean(A) into Mean(A),
where Mean(A) has the weak*-topology of A*. Then J = {L? | g € K}
is a separately continuous representation of K on X. We note that each
¢ € CB(Y) corresponds to an element f, € A such that ¢(m) = m(f,), for
meY. Let P(K)={g € K | 0, is a point mass measuse, 0y,, Vk € K},
g € P(K) and k € K. Then

59LK¢(k) = QZ)(LI:(S!/) = Cb((skg) = 6kg(f¢) = Rgf¢(k)-

Hence, §,, ¢ € A, since A is right translation invariant. i.e, §,, (CB(Y)) C
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A, for g € P(K). Thus, 7 is an E— E-representation of K, Aon X. Therefore,
there is some mg € Y such that Lymo = my, for all g € K. O

Let T be a bounded linear operator from L., (K) into L. (K). Then T
commutes with convolution from the left if T'(¢ x f) = ¢ x T'(f), for all ¢ €
Li(K) and f € Lyo(K). The following can be proved by a similar argument
as in (|44], Theorem 2).

Remark 5.4.2. The following are equivalent:
1. K 1is compact.

2. Any bounded linear operator from Lo (K) into Lo (K) which commutes

with convolution from the left is weak*-weak* continuous.

Using bounded approximate identity of L;(K), one can show that any
bounded linear operator from L. (K) into Lo, (K) which commutes with con-
volution from the left also commutes with left translations. However, the
converse is not true in general. For instance, if K is a direct product G x J
of any locally compact non-discrete group G which is amenable as a discrete
group and a finite hypergroup J, then for any left invariant mean m on L., (K)
which is not topological left invariant, the operator T'(f) := m(f).1 commutes
with left translations but not with convolutions from the left. It is important
to note that in contrast to the group case, there is a class of compact commu-
tative hypergroups for which any bounded linear operator from L., (K) into

Lo (K) commuting with convolution is weak*-weak* continuous:

Example 5.4.1. Fiz 0 < a < 5 and let H, be the hypergroup on Z, U {oco}
gwen by Om * On = Omin(n,m), for M # N € Ly, 0oo * 0y = Oy * 0o = Oy and

O %0, = 12205, 43 aFéy, ([16]). Then any bounded linear operator from

Lo (H,) into Lo (H,) commuting with translations is weak*-weak* continuous.

Proof. Let T be a bounded linear operator from L. (H,) into L. (H,) commut-
ing with translations. For each ¢ € Li(K) and n € Z, define a function ¢, on
K which coincide with ¢ on {0, 1, ...,n} and zero otherwise. Then ||¢, —¢[]1 —
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0. In addition, for each f € L. (K) we have ||T(¢, * f) — T(¢ * f)|| — 0 and
||pn xTf —¢xTf|] — 0 ([30], 6.2 C). For each f € Lo(K)

T(¢n* f) =T (koo n(k)(1 = a)a" Lif)
= 2o On(k)(L — a)a" T (L f)
=20 @u(k)(1 — a)a" LT f
= ¢nxTf

we have that T'(¢* f) = ¢*T f. Now the result follows from Remark 5.4.2. [

Open problem 19. Let K be a compact hypergroup such that L. (K) has a
unique left invariant mean. Let T be a bounded linear operator from L..(K)
into Loo(K) which commutes with left translations. Can we conclude that T

commutes with convolution from the left?

As a consequence of Remark 5.4.2 and a similar argument as in (|47],

Proposition 1) we have the following:

Corollary 5.4.1. Let K be a compact hypergroup. The following are equiva-

lent:

1. Any bounded linear operator from L. (K) into Lo (K) which commutes

with left translations is weak*-weak*-continuous.

2. Any bounded linear operator from Lo (K) into Lo (K) which commutes

with left translations also commutes with convolution from the left.
Each of items 1 or 2 implies that Lo (K) has a unique left invariant mean.

Remark 5.4.3. Let T be a representation of K on a finite dimensional vector

space V. Then there is an inner product <, >y on V such that T is unitary.

Proof. Let <,> be an inner product on V' and define an inner product <, >
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on V by < vy, vy >1:= [ [ < Tyv1, Tyva > dA(g)dA(k). Then for ky € K

< Thov1, Tiova >1 = [ [ < TyThyvr, TiThpva > dA(g)dA (k)
= [ [ [ [ < Tov1, Tyva > db, % 04, (2)d0y * Sy (y)dN(g)dA(k)
= [ [ < Tyvr, Tyvg > d) * 64, (2)d) * 0y, ()
= [ [ < Tyvr, Tyvg > dA(z)d\(y)

=< V1,02 >1 .
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