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1. Introduction

Classical continuous-time filtering theory requires that the signal process satisfies the finite energy condition given
below in (1). However, some signals like the -stable processes, or stochastic processes satisfying a large class of stochastic
differential equations (SDEs) driven by a-stable processes, will no longer satisfy the moment condition (e.g. the second
moment of an w-stable random variable does not exist when 1 < o < 2). In this paper, we generalize the classical filtering
equations, by weakening the finite energy condition. Our new results can be applied to parameter estimation, and filtering
for the geophysical models discussed in e.g. Ditlevsen (1999a,b). In these models, climate change is related to an SDE driven
by an «-stable process (with @ & 1.75), and inference is done through massive ice core samples corrupted by such things
as dating error, ice shifting and melting and refreezing.

Let {X;, t > 0} be a measurable Markov process, taking values in a complete separable metric space S, and living on a
complete probability space (2, #, P). The classical filtering problem is to describe the conditional distribution of signal X;,
given the collection {Ys, 0 < s < t} of distorted, corrupted, partial observations

t
Ye :/ h(Xs)ds + W,
0

where h : § — R?is measurable and W is a standard Brownian motion independent of X. A common goal is to derive a
stochastic differential equation (SDE) for the conditional distribution. Under the finite energy condition

T
/ E[Ih(X)P1dt < oo, (1)
0

with | - | denoting the Euclidean distance, Fujisaki et al. (1972) obtained a SDE for the conditional expectations
E[f(X;)|Ys,0 < s < t] with f belonging to the domain of the generator of X. We shall refer to this equation as the FKK
equation, but it is equally well known as the Kushner-Stratonovich equation. An equivalent, yet simpler, equation is the

* Corresponding author.
E-mail addresses: mkouritz@math.ualberta.ca (M.A. Kouritzin), hlong@fau.edu (H. Long).

0167-7152/$ - see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.spl.2008.06.005


http://www.elsevier.com/locate/stapro
http://www.elsevier.com/locate/stapro
mailto:mkouritz@math.ualberta.ca
mailto:hlong@fau.edu
http://dx.doi.org/10.1016/j.spl.2008.06.005

3196 M.A. Kouritzin, H. Long / Statistics and Probability Letters 78 (2008) 3195-3202

Duncan-Mortensen-Zakai (DMZ) equation for the unnormalized conditional expectation (see Zakai (1969)). There are two
methods to derive the DMZ equation. The first one is to use the Kallianpur-Striebel formula, the FKK equation and Ito’s rule
(e.g., Szpirglas (1978) and Davis and Marcus (1980)). The second method is to derive the DMZ equation directly under (1)
as done by Ocone (1984) (see also references therein).

The finite energy condition (1) has previously been imposed in the derivation of the FKK and DMZ equations. Yet, these

equations (see (6) and (7) in Section 2) are well defined only under the condition E fOT |h(Xs)|ds < oo. Indeed, it follows
from Section 3, that a martingale formulation of the filtering problem holds under the condition fOT [h(Xs)?ds < oo a.s.
Therefore, it is natural to ponder (see Remark 3 of Kurtz and Ocone (1988)), whether solutions to these filtering equations
exist under conditions weaker than (1). In this paper, we answer this question in the affirmative.

Herein, we derive the DMZ equation without assuming right continuity or the standard finite energy condition. In
Section 2, we provide our notation and main results. In Section 3, we consider a martingale problem related to the
unnormalized filter and prove Theorem 1. In Section 4, we derive the DMZ equation and FKK equation (Theorem 2). The
Appendix contains some technical results used in previous Sections.

2. Notation and main results

We let X and Y be as in the introduction, and define ¥ = o{X,,0 < s < t}, ) = o{F*, ¥}, f:ﬁ = Ne>o ?ﬁ_g.

FV = o{W;,0 < s < t}, F¥ = of{o{Ys,s < t}, N}, where W is the collection of P-null sets. Let B(S) be the class
of R-valued bounded measurable function on S and P(t,x, I") (t > 0, x € S, I’ € B(S)) be the transition function for
X. Its transition semigroup T;, defined by T.f (x) = fsf(y)P(t, x, dy) for f € B(S), is generally only measurable. We let
Jo = {f € B(S) : bp — limn\o T;f = f}, where bp-lim stands for bounded pointwise limit, and assume that (T;f)(x) is a
jointly measurable function of (t, x) for all f € J,. Then, Jo would contain the continuous bounded functions if X were right
continuous, which we do not assume. We define

t
D= {f €Jo : thereexists g/ € Jo such that (T,f) (x) = f(x) —|—/ (Tg"(x)ds, Vx € S}
0

g’ is uniquely determined so we let Lf = g/ for f € D. L is called the weak generator of {X;,t > 0} and D is its domain
(e.g. Dynkin (1965)). It follows from Kallianpur and Karandikar (1985) that £ is measure-determining class if Jy is bp-dense
in B(S).

To calculate the conditional expectations 7, (f) = E[f (X;) |J‘7tY], f € B(S),we fix T > 0 and use the conditions on h

T
f [h(Xp)|?dt < oo a.s.and (2)
0

T
/ E|h(Xy)|dt < oo. (3)
0

Compared with the finite energy condition (1), our new conditions (2) and (3) are more general, allowing for instance h(x) =
x and X; to be an a-stable process witha > 1. We set 7" = o{FX, ¥}, FL' = Neso FLL Y = Nonp o {F L, FLL,
and

t
M) =00~ 0% = [ 100, ¥ € . @
0

It follows by Lemma 6 in the Appendix that fot Lf (Xs)ds € ?i( and {M;(f), t > 0} is an {?f}—martingale under P. We define
the innovation process v, = Y; — fot 1s(h)ds. Then, by Lemma 2.2 and Remark 2.1 of Fujisaki et al. (1972), we know that
(ve, }‘IY, P) is a d-dimensional martingale with a continuous version under the condition (3). Now, we define

t t
Atzexp{ / <h(xs),dvs>—% / |h(x5)|2ds} (5)
0 0

and find that {A;',t € [0,T]} is a {%'}-martingale and {(W,, ¥°), t > 0} is a d-dimensional Brownian motion on
(82, F, P). These results are standard in filtering theory, and can be easily derived by using the independence of W and X.
Now, we define a new probability measure via Girsanov’s theorem

dﬂy[ 1 1
=A""=E[A;11Y"].
dPlye (A1)
Then,Po (X,Y)"' =Po X, W)L {(Ar, YY), t € [0, T]} is a martingale under P, and {Y;} is a standard Brownian motion
independent of {X;} under P. Moreover, one has the Kallianpur-Striebel formula

E[f (X,)A,;|FY =Y
() = Ef X0 7,1 = Uf([ﬁ)@'yf I 55’3
t t t
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where [Jf (f) = E[f X)A: |$’ry] for all f € D. Hence, the conditional statistics of X; given &, in terms of P, can be calculated
from those for the new measure P. Now, we state our main results.

Theorem 1. Suppose that h satisfies (2). Then, p! () — pgy () — Ot[);’ (Lf)ds is an {F," }-martingale under P for each f € D.

Theorem 2. Suppose h satisfies (2) and (3). Then, the DMZ and FKK equations
t t
B =3+ [ Bands+ [ 6/hn.av) as (6)
0 0

t t
() = mo(f) + f y(Lf)ds + / (o hf) — () (). dvs) as. )
0 0
hold forallt € [0, T], f € D.

Remark 1. In Egs. (6) and (7) as well as their proofs we take {p! (hf), t > 0} and {m(hf), t > O} to be the optional

projections of {E[f (X;)h(X))A;|F,'], t > 0} and {E[f (X,)h(X,)|F,'], t > O}, respectively.

Remark 2. When Kurtz and Ocone (1988) considered the uniqueness of solutions to (6) and (7) (in the case S is locally

compact), they used the condition (3) and fOT |rs(h)|>ds < oo a.s. which is similar to our condition (2). In Theorem 2, we
provide existence of solutions to (6) and (7) under conditions (2) and (3), which complements the results in Kurtz and Ocone
(1988).

3. Proof of Theorem 1

We give some preliminary results before proving Theorem 1. Note that the augmented filtration {SC}X ’Y}tzo need not be

right continuous. By Lemma 7 in the Appendix, {A;, t > 0} is indistinguishable from an almost surely continuous {}”tx"y}—
progressively measurable process. In the sequel, {A;, t > 0} is taken to be this progressively measurable process.

Note that M;(f) = f(X;) — f(Xo) — f(f Lf (X;)ds is an {?f}—martingale but not necessarily to be cadlag, and {?)[(} is not
necessarily right continuous. We define

M (f) = lim M,
¢ H) lim s(F),
which makes sense by upcrossing inequality. Then, M;" (f) is actually a cadlag {?ﬁ}—martingale (see Meyer (1966)). Let
Z:(f) = fXo) + fot Lf (X;)ds + Mf (f). We first prove the following result:
Lemma 3. p! (f) = E[f (X)A(| 7] = E[Z:(F)A| 7).
Proof. We need only show E[M;" (f)A;| %] = E[M,(f)A;| %, ]. However, one has that

E[(Myys(f) — Me(F)ANF,'] = E[E[(My45(F) — Me(F)ANF T 117,
= E[AE[(Mess(F) — Mc (D) F 17
= 0.

Using dominated convergence theorem and letting s — 0, one has E[M;" (f)A;| Y] = EIM;(NA:|FY]. O
Lemmad4. t — AM; (f) isan {}‘t)iy }—martingale under P.
Proof. For T < t, we have that
E[am )1 75 = E[Elac yimf o175 ]
= AE M ()| Y]
=AM (f) as. O

We define

t
ML) = Ze(F)A — f (Xo) — / ALF(X)ds, Vf € D. (8)
0

Lemma 5. {M;(f), t > 0} isan {?tfgy}-martingale under P.
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Proof. By integration by parts, we have

t
Zi(HA = M:r(f)At + f(Xo)A; +f Lf (X;)ds - A;
0

t t u
= M (A A+ FKo)A + / AL (Xs)ds + / f L (X,)dsdA,.
0 0 0

This implies that M, (f) is an {?})_&Y}—local martingale. Moreover, by (8), we find

M) < +F o) + / ALF(Xp)ds
0

(f(Xo)+ / Lf(xs)ds+Mf(f)) A
0

xeS xeS

t
< (SUP [f X)| + t sup ILf(X)I) Ac+ IMF (DA + sup IF )] + sup ILF ()| | Asds.
XE. XE. 0

So, M (f) is of class DL, hence an {ﬁ’iy}-martingale, by the fact that A; and M, (f)A; are both {ﬂ’iy}—martingales, hence of
classDL. O

Proof of Theorem 1. We take conditional expectations on (8), and use Fubini’s theorem as well as independent increments
to find

t
ElZ:(FA: | 71 = Elf (Xo)] +/ E[ALF (X)) | #'1ds + M. () as.,
0

where A (f) = E [M,(f) | %] is an { " }-martingale by Lemma 5. Hence, by Lemma 3, p! (f) — by (f) — [, B! (Lf )dsis a
zero mean {#,' }-martingale. O

4. Proof of Theorem 2

To derive the DMZ equation, we identify M.(f) as the desired stochastic integral. By martingale representation
(e.g., Problem 3.4.16 of Karatzas and Shreve (1988)), we know that M, (f) is continuous, and there exists R?-valued {?ty}—

progressively measurable process {a{,t > 0} such that M;(f) = fot(af, dY;) and fOT |0[{|2dt < 00 a.s. Also, M, (f) is
the unique %,'-measurable random variable with E[M:(f)&] = E[M(f)&] for all bounded & € F.Y. Without loss of
generality, we can take & = E [&r | ]| with & € #'. Since {#"} _ is continuous, we have that t — E [& | #"] hasa
continuous modification (see I1.2.9 of Revuz and Yor (1991)), and by almost sure monotonicity of conditional expectation, we
can make this modification bounded. Thus, M, (f) = f0[ (a{ , dY;) is the #,Y -measurable random variable with E[M:(f)&] =
E [M(f)&] for all continuous {Tty}—martingales & = fot(q)S, dY;) with @ progressively measurable and

ce = sup & (w)] < .
w,t

We can also take @; bounded by Lemma 8 in the Appendix.
Now, in order to calculate E [M(f)&;], we define the stopping times

/ (ozjst,dYs) >N}.
0

Then, fot E [|a§|215§aN] ds < 00 s0 that [af |15<,, € £2(P) almost everywhere.

oNiinf{t>O:

Proof of Theorem 2. Since the FKK equation can be easily derived by using Ito’s formula, integration by parts and the DMZ
equation, we just derive the DMZ equation here. From the proof of Theorem 1, we know that

t
() — L) — / B (1)ds = e (F), ©)
0

where M, (f) = E[M(f) | 7] = [, (e, dY,) is an {#Y }-martingale. To derive the DMZ equation, it suffices to prove

that oe{ = pY(hf) as. We set & = fot(qﬁs, dYs), let {zJ', =", . .., )7} be a refining partition of [0, T] and define operator
ATA; = Atm{" — Amz,-’ﬁl- By Doob’s optional sampling theorem, we have

Mepoy (F) = E[E[Mc(D)IF" ] 155,y ] = E[M:(DIF,, ] as.
It follows that
E[e/"{ma,\, (f)EtAaN] =E [M[ (f)fr/\a,\,] . (10)
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By martingale difference technique, the {4}-martingale property of &, and Lemma 5, we find that

Ms

E[M(Dénoy] = O E[AMM(H)Eeroy)]

Il
-

E[A'"Mt(n smNAfm11+ZE[MWm )+ Al'&inoy] +ZE[A’"Mf(f>A'"smN

U

E[A!M (f) AT &ty 1. (11)

1

Then, using (8), we have for some constant C; > 0

Y E[AMM(N) AT Enoy ] — Y E[AT (DA AMEroy | ASLf (X) Al oy ds
i=1 — [A'L'inll
_ t
< GE [/ AsdsmaXIA}"éle], (12)
0 j=m

which tends to zero when m — oo by dominated convergence theorem. Therefore, E [M[(f )érA(,N] is the limit of

m m
Y ELATA AT po Zenen (D] + D ElAcnen Alipey, ATZ:()] (13)
i=1

i=1

asm — ooc. By the {%'}-martingale property of &, it follows that E[HA"&;,y] = 0,VH € £! (.Q yoraty ﬁ) so the
second term in (13) is zero. For the first term in (13), one uses integration by parts to find that

m

tAri m

tAri

(As s, dY) + / (h(Xs)AsEsnoy » dYs) (14)

m
AT

tArim NON

AR, — [

m
AT

1550N (h(Xs)As» ¢s)d5 = /

m
EAT;Z | AON

and notes that the right hand side of (14) is a {Y‘}-local martingale difference by Proposition 3.2.24 of Karatzas and Shreve
(1988) (h(X) is Y'-progressive). Moreover, there is some constant C, > 0 such that

N

ATAATE o — / Ty (HCX)As, 3)ds

m
AT

t
=G (IATAtI +/ Aslh(Xs)ldS> :
0

Thus, if we define

t t
Pk = inf {t >0: f (As®Ds, dYs) | v / (h(xs)Asgs/\oNy dys)
0 0

> k} AT,

then {ATAW,,{A;"EMPW,N - ftmpkm" Ts<oyAs(h(X;), @ )ds} is uniformly integrable by condition (3) and the fact that

/\PkAT,‘ k=1
{A;, t > 0}is a {Y}-martingale under P, hence of class DL. Therefore, by (14), Lemma 9 in the Appendix and the fact that
Zmr,-m (f) is bounded and ’,l,lt“i”l1 -measurable, we have

[/\rim

ELATA AP roy Zonn (F)] — / El 1=y As(h(X5), )Z,ron (F)1ds
N

= lim E A;nAtApkA:‘ﬂgtApkAoN Zmrim ) _/

k=00 tApEAT

EAPRAT]"
Ts<oyAs{h(Xs), (pS)Zt/\‘rim (f)ds

_ EAT AON AP AT Apk
= lim E ZtArim (f) / (As(ph dYs) +/ (h(XS)ASSSAO“Na dYs)
t

k=00 A'rinll/\aNA/)k [Afﬂﬂ\pk

_ r _ tA'rimArrN/\pk [/\tim/\,o;< m
= lim E ZMIz‘m (HE / (AsDs, dYs) + / (h(XS)As;;:S/\ana dys) yf/\fi,]
t

>
k=00 AT ANON A DK AT Ap

=0. (15)
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By condition (3) and the fact that 1,<,,As(h(X;), ®5) € a{f } we find that

E[ Tucoy A (00X, @M () = M) | = E [ufwAs(h(xs), )M o (F) = M)

+E [1szay As(h(Xs), ®5) (M (F) — Ms(F)) ]
=0 ae.

Foranys € [t A T, t A /"], we have by (4)

N

Zinem (f) = f(Xo) + / Lf (X,)du + / Lf(xu)du+Mt+Mm(f)
0 s

[/\Zl
= f(X) + M;\rm ) = M;(f) + f Lf (X,)du.

Consequently, by (16), the boundedness of Lf, @ as well as condition (3), we have

m

m t/\fl
im > [ Bl AdhO0, @200 (s = fim Z / { oo As (), DY X)]
[/\r

m—0o0 m—0o0
i=1 [/\'L’i 1

S

+ E[ Lo AChO), @) (M, o) — M) + / " o A @)Lf(xu)]du}ds

t
=/ E[lsgaNAsUl(Xs)a ¢s>f(xs)]d5~
0

Therefore, by (10)-(17), it follows that

t
E [‘M[/\UN (f)EtAaN] = /) E[lsgaNAs (h(Xs), @s)f (Xs)]ds

Now, by Ito’s isometry property, we note that

t
E[‘M[/\UN(f)ét/\o‘N] = / E[]S<(TN <a ¢S>]d
0

Combining (18) and (19), we get

B [Menn 80n] = E [Tz (o 00) | = E [z (00 (X0AL, @)
By (3), it follows that E[h(X,)f (X,)A| F,"] exists for a.e.t € (0, T] and
of = lim Ticyof = lim E 1o, h(0f XA 7]
= lim Teco E [hXOf (XA 7]

= E[h(X)f (X0Ad 7]

(16)

(17)

(18)

(19)

(20)

as.forae. t € (0, T]since 1;<q), is ﬁy—measurable. Thus, we find thata{ = ﬁf (hf) as.fora.e.t € (0, T]. Hence, by Fubini’s

theorem, we have that

T
/
as.forallT > 0and

t t
ﬁf(f)=ﬁg(f)+/ ﬁ;’(Lf)der/ (b¢ (hf), dYs) as.
0 0

2
'Y(hf)’ dt =0

This completes the proof. O
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Appendix
In this Appendix, we provide some technical results which have been used previously.
Lemma 6. fot Lf (X;)ds € ?f and {M;(f),t > 0} isan {?f}-martingale.

Proof. It follows as in Remark 3.2.11 of Karatzas and Shreve (1988) that fo‘ Lf (X;)ds is indistinguishable from an {?f}-

progressively measurable process and consequently we can redefine fot Lf (X;)ds such that fot Lf (X5)ds € f:): forallt > 0.
Then, it follows from Ethier and Kurtz (1986) p. 162 that

E[(M.(f) = M()IF ] =0 as, t>t.

The lemma follows by noting § = {G € ?f : E[(M:(f) — M:(f))1g] = 0} is a monotone class. O

Lemma 7. {A;, t > 0} is indistinguishable from an almost surely continuous {}'[X ’Y}-progressively measurable process.

Proof. There exist R%-valued {?f}-simple processes {U"} with non-random times {tj"} satisfying 0 = tf < tf <
o, limjs o tj" = oo such that

t
sup | Y ( g'zl’ytj”_yf}h)_/o (h(X;), dY;)| —> 0

t<T [t

in probability (e.g. Proposition 3.2.26, Remark 3.2.11, the development on p. 146, and the development of Proposition 3.2.6
of Karatzas and Shreve (1988)). Now, we define the {Y'}-cadlag martingales

1 2
Al =expy ) [(U Vg = Yo ) = o lUp (6 = rﬁn]

jith<
Jafst

By Doob’s inequality, we have for any given ¢ > 0
ﬁ(sup |AT — A;| > s) <E|A} — Ar| /e.
t<T

Now, by Lemma 9 (to follow), A" — Ay in probability and E|A}| = E|Ar| = 1 imply that E|A} — Ar| — Oasn — oo.
Therefore,

lim T)(sup AT — A;| > e) =0, Ve>0.
n—o0o t<T

Thus, there is a subsequence ny, such that sup,_r |A{'”1 — A[] —> 0 as. Moreover, {A{™,t > 0} is {}‘tx'y}—progressively

measurable. Now, we redefine A, = limsup,, ., A'™, {A,,t > 0} is continuous as. and {%"}-progressively
measurable. O

Let £y, = { continuous {ﬂy} -martingales M on [0, T] with sup, ,, [M;(w)| < oo} and

/ (Bs., dYs)(w)D < 00} :
0

Proof. We let M; = fot (Bs, dYs) be in L5 and define B! = B;14,/<n. By dominated convergence, we find

LY = {/‘(ﬂs, dys) : Bis {?}Y} -progressively measurable and sup <|f3t(a))| \Y
0

t<T,w

Lemma 8. £ is L2-dense in L5

2 T
E =E/ |Bs — B[*ds — 0.
0

T
f (B — B, dYy)
0

Now, we define A™™ = inf{t >0: fot( 1 dY)

> m} A T and find that A™™ ~ T as m — oo by continuity. Then,

tANEM B
M = / (By, dYs) € Ly
0

and there is a sequence M;"™ that converges to My in £2. [
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For the reader’s convenience, we state the following basic result (see Theorem 4.5.4 of Chung (1974)) that we have relied
upon heavily.

Lemma?9. Let 0 <1 < o0, V,, € L" and V,, — V in probability. Then the following three properties are equivalent:

(i) {IVa|"} is uniformly integrable;
(ii) V, > VinlL";
(iii) E(IVal") — E(IV[").
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