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Abstract 

Debris flow entrainment refers to the increase in mass by way of erosion of the channel beds or 

undermining the channel banks. Entrainment makes the calculation of travel distance and 

velocities of debris flow much more complex and difficult. Shear failure of the material in the 

channel bed is usually considered to be the dominant mechanism in entrainment analysis. 

However in granular flow, material at the surface of the channel bed can be eroded by 

progressive scouring under the base of the debris. This may result in more material being eroded 

and entrained than just considering the shear failure mechanism.  

A new analytical model is proposed to calculate entrainment in debris flow analysis by 

considering both rolling and shearing motion. Newtonôs Law of Motion is used to calculate 

accelerations, velocities, and displacements of granular particles. To study the entrainment 

process inside granular flow and to verify the new entrainment model, numerical experiments 

have been carried out using the Discrete Element Method (DEM). Velocities, including 

translational velocity, rotational velocity and average velocity, total volume, shear stresses are 

monitored using measurement circles in the numerical experiment. Variations of the depth of 

erosion at specific locations along the debris flow channel are monitored and the average 

entrainment rates are calculated. By comparing the numerical experimental results with the 

analytical solutions, it is found that results from the analytical model agree well with that from 

the numerical experiments. 

In order to use the new entrainment model into debris flow runout calculation, the new 

entrainment model has been incorporated in a runout model based on an energy approach. 

Entrainment calculation governed by a second order partial differential equation is solved using 

the finite difference method. The total mass and profile of the channel bed are adjusted during 
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the entrainment calculation. Sensitivity analyses have been carried out on the new model by 

varying the model parameters including internal friction angle, basal friction angle, turbulent 

coefficient and mean of Probability Density Function (PDF) etc.  

Back analysis of historical cases is carried out using the new model.  Several case histories have 

been studied which include the Tsingshan debris flow, Niumian Rock Avalanche, Fjærland 

debris flow, Faucon debris flow and Zymoetz River rock avalanche. An extremely large rock 

avalanche occurred on April 9, 2000 at Yigong is also studied in the thesis. Measurements 

obtained from site investigation, including flow velocity, flow height, entrainment depth at 

specific locations, run-out distance and total volume at deposition fan, have been used to 

evaluate the model.  The results are encouraging based on comparisons of the run-out distance, 

front velocity and total volume of the debris.  Improvements are required on the entrainment 

depth and total volume in some cases when lateral spreading of the debris is significant. 
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1. INTRODUCTION  

1.1. Introduction to debris flow 

Debris flows are rapid mass movement in steep hilly terrains where earthly materials flow down 

in a valley or channel usually triggered by a landslide. Debris flow poses significant geologic 

hazards worldwide resulting in fatalities, property damage, and limiting the use of land in 

populated urban areas. Also referred to mudslides, mudflows, or debris torrents, these events 

tend to occur in association with heavy rainfall, tropical storms, earthquakes, volcanic activity, 

snowmelt, glacial melt, and after land disruption such as wildfire, mining, logging, or vegetation 

removal. Debris flows can be defined as rapidly flowing mass, predominantly coarse granular 

material and mud mixtures that may consist of large unsorted materials such as boulders, trees, 

and other debris (Hungr et al. 2014). It can be usually fast-moving with variable solid 

concentration and large runout distance.  

Due to the fast moving characteristics, debris flow is one of the most hazardous and 

unpredictable surface process that results in many losses of lives and property damages (Schürch 

et al. 2011). Human activities and increase in rainfall intensity in mountainous regions, cause the 

increase of the number of cases of debris flow over recent years. This leads to an increase in the 

number of casualties caused by debris flow because there are still many people living in 

hazardous areas such as the base and valleys of mountains. 

Considering the percentage of human casualties caused by debris flow and the occurrences of 

debris flow in all natural hazards, it is revealed that debris flow results in more casualties than 

any other events. It means that once a debris flow is initiated, the element of surprise and the 

destructive power of the debris usually cause more casualties than other natural hazards.  
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1.2. Introduction to debris flow entrainment 

In many debris flow events, flow channels are typically covered by surficial deposits, sometimes 

several meters thick of loose granular material. Rapid moving debris could mobilize these 

materials that could significantly change the total volume of the debris during the flow process 

(Table 1-1). The inclusion of solid and fluid from the boundary of the flowing debris is called 

entrainment (Iverson 2012). The rate of this process is affected by the shear stress applied on the 

bed sediment, the internal friction between the particles, the velocity of the flowing debris, the 

slope angle of the channel, the cohesion of the bedding material and the pore water pressure 

generated by shearing of fine grained materials in the bed (Iverson 2012; Mangeney et al. 2010; 

Egashira et al. 2001). Field observations following debris flow events in many cases indicate that 

large volumes of sediment are often entrained by debris flows from the channel bed and banks 

(McCoy et al. 2013). 

One of the mechanisms causing material entrainment in debris flows is bed destabilization and 

erosion. Destabilization of bed material is the result of drag forces acting at the base of the flow 

channel which may be aided by strength loss due to rapid undrained loading, impact loading and 

liquefaction of the saturated channel fill. Another important mechanism of material entrainment 

results from instability of stream banks undercut by bed erosion. It is important to consider that 

steep stream and gully channels are often being actively incised. Thus, their banks may exist in a 

state of marginal equilibrium that is easily disturbed by lowering of the bed, such as often occurs 

during passage of a debris flow surge. The bank may respond immediately and release a shallow 

landslide directly into the body of the surge, or may release with a delay, to provide material 

available for incorporation into the next surge (Jakob et al. 2005). Such entrainment mechanisms 
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are able to change the mobility of the material through changes of the flow volume and its 

rheological behavior (Luna et al. 2012). 
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Table 1-1: Summary of rock avalanche and debris flow involving entrainment 

Case 

Initial 

volume 

(m3) 

Entrained 

volume 

(m3) 

Average slope 

angle of 

entrainment zone 

Final volume 

(m3) 

Entrainment 

material 
References 

Huascaran, Peru, 1970 

Rock and ice avalanche 
1.4 ³ 107 3.9 ³ 107 20º ~ 45º 5.2 × 107 Glacial till and ice 

Evans and Clague 

(1994) 

Mt. Ontake, Japan, 1984 

Volcanic rock avalanche 
3.4 ³ 107 2.2 ³ 107 20º ~ 45º 56 × 106 

Colluvium and 

alluvium 

Voight and Sousa 

(1994) 

Nomash River, Canada, 1999 

Rock slide-debris avalanche 
3.0 ³ 105 3.0 ³ 105 20º ~ 45º 600 × 103 

Till -derived 

colluvium 

Hungr and Evans 

(2004) 

Tsingshan, Hong Kong, 1990 

Debris flow 
4.0 ³ 102 196 ³ 102 23º ~ 35º 20 × 103 

Colluvium, residual 

soil 
Lo and Chau (2003) 

Faucon, French,2003 

Debris flow 
8.5 ³ 103 36.5 ³ 103 3º ~ 50º 45 × 103 

Tills, kame terraces 

and moraines 
Remaître et al. (2009) 

Fjærland, Norway, 2004 

Debris flow 
2.5 ³ 104 21.5 ³ 104 4º ~ 60º 240 × 103 

Quaternary till and 

older debris-flow 

material 

Breien et al. (2008) 

Wenjiagou, China, 2010, Debris 

flow 
--- 3.1 ³ 106 12º ~ 32º 6 × 103 Colluvium Tang et al. (2012) 

Niumian, China, 2008, Rock 

Avalanche 
3.7 ³ 106 3.8 ³ 106 30º ~ 70º 7.5 × 106 Colluvium Xing et al. (2014a) 

Yigong, China, 2000, Rock 

Avalanche 
90 ³ 106 70 ³ 106 30º ~ 35º 160 × 106 Colluvium Xu et al. (2012) 

Zymoetz river rock avalanche 9 ³ 105 5 ³ 105 35º ~ 78º 14 ³ 105 Glacial sediment Boultbee et al. (2006) 

Guanling, Guizhou 12.3 ³ 105 4.7 ³ 105 25º ~ 35º 17 ³ 105 
Quaternary 

sediments 
Xing et al. (2014b) 

Dolomites, Italy, 1997 

Debris flows 
6 ³ 102 54 ³ 102 7º ~ 30º 60 ³ 102 

Postglacial 

sediments 
Berti et al. (1999) 
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1.3. Introduction to entrainment rate  

Although bed material entrainment and basal erosion rate are similar and have the same unit, 

their definitions are quite different and it can be easily confused. Basal erosion rate is defined as 

the rate of change of the channel elevation (m/s) which is a local scale definition. Instead, bed 

material entrainment rate is the volumetric flux of material per unit area that enters the flowing 

mass. It is the average rate of the change of channel elevation which also has a unit of (m3/s)/m2 

(Iverson and Ouyang 2015). The unit of bed material entrainment rate can be simplified into m/s. 

Since the mechanism is different, it is critical to distinguish them. In this thesis, entrainment rate 

is defined as the rate of change of the channel elevation. 

1.4. Scope of study 

Entrainment is an important part of debris flow analysis. Many debris flow cases involve 

significant changes in mass during the flow process. Therefore it is necessary to study the 

entrainment process and to develop a method of analysis and a numerical model to be 

incorporated into debris flow analysis using the continuum approach.  

Entrainment analysis often adopts a static approach by calculating the shear stresses in the soil 

under the channel bed and comparing with the shear strength of the material. The Mohr Coulomb 

criterion is often used to determine failure in the soil which will enable the calculation of the 

depth of erosion. However in granular flow, material at the surface of the bed can be eroded by a 

different mechanism. Granular soil can be eroded by progressive scouring at the base of the 

debris. The progressive scouring mechanism requires less shear stress to mobilize the material 

under a rolling motion and this may result in more material being eroded and entrained than the 

shear failure mechanism. Presently, there is no model that can incorporate the progressive 
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scouring mechanism. In consideration of the issues discussed above regarding entrainment in 

debris flow simulation, the purposes of this research are focused on the following area: 

(1) Review of debris flow runout models, entrainment experiments and models; 

(2) Understand the progressive souring mechanism of erosion; 

(3) Develop a numerical model that can calculate the amount of entrainment; 

(4) Incorporate the model into debris flow runout analysis; 

(5) Calibrate the model through numerical experiments; 

(6) Perform sensitivity analysis of parameters in the new model; 

(7) Verify the model with case histories; 

(8) Apply the new model to simulate debris flow; 

1.5. Outline of thesis 

The above work is presented in the thesis in a paper format. In this format, each chapter is a self-

contained discussion of an issue or presentation of the model. The papers have been published, 

submitted or in preparation for journal publication. 

Chapter 2 reviews the existing entrainment models including empirical models and analytical 

models. Analytical models will be introduced in detail. Besides, experiments and field 

measurements involving entrainments, including river bed erosion, are briefly summarized in 

this chapter. 

The main ideas and mathematical formulation of the new entrainment model are presented in 

Chapter 3. Assumptions and analytical interpretation of the terms in the model are presented. 
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Chapter 3 is taken from the paper that has been submitted to the International Journal of 

Geomechanics. The paper is currently under review.   

Chapter 4 presents a numerical experiment that is used to verify the new entrainment model. The 

numerical experiment is carried out using the Discrete Element Method. The DEM model 

provides a deeper insight into the erosion mechanism and it can estimate the entrainment rate and 

erosional depth during the simulation. Entrainment rates at specific locations are used in model 

verification. 

Chapter 5 provides the implementation of the new entrainment model into an energy based 

runout model. The mathematical formulation and numerical scheme are provided in this chapter. 

Sensitivity analysis of the key model parameters have been carried out. The model is also used to 

study Tsing Shan debris flow case (1990) that has been observed to have significant amount of 

entrainment. 

The Yigong rock avalanche is one of largest non-seismic mass movement in recent years. Since 

this case is a very specific one with huge amount of entrainment, it is exclusively studied in this 

research and presented in Chapter 6. This chapter has been accepted by the Journal of Landslides 

and it is now available online on the journal website.  

The new entrainment model is also used to back analyze four debris flow cases in Chapter 7. 

Simulation results from the new model and that from case histories are compared. The results 

from the proposed entrainment model are also compared with that using the dynamic 

entrainment model. 

Chapter 8 concludes the work and discusses the problems encountered in model testing and 

validation. Suggestions for model improvements are also provided. 
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2. LITERATURE REVIEW  

Erosion and deposition are important processes of a debris flow event but they are usually poorly 

understood due to many uncertainties associated with debris flow characteristics. In analyzing 

debris flow, traditional approaches are inadequate if the debris flow is susceptible to erosion and 

deposition (Coe et al. 2008). Most debris flows have some sort of entrainment during the flow 

process and the incorporation of erosion and deposition makes the analysis much more 

complicated. Mathematical models have been developed to calculate the amount of entrainment. 

The parameters for the model can be determined from laboratory or field tests. This chapter will 

briefly discuss various approaches in debris flow modelling and different constitutive models for 

analyzing the debris material. Various entrainment models are also mentioned in this chapter. 

Flume experiments and field tests used to understand debris flow entrainment are also 

summarized here. For comparison with debris flow entrainment models, models used in 

estimating the amount of river erosion are also discussed. 

2.1. Debris flow runout models 

To assess the extent of damages caused by a debris flow event, numerical modelling and debris 

flow analysis are often conducted. There are several approaches in debris flow modelling 

including the empirical approach, the discontinuum approach and the continuum approach.  

2.1.1. Empirical approach 

In empirical approach, calculations of the volume, speed, runout distance and the extent of a 

debris flow are based on historical observations of a large number of events (Fannin et al. 2012; 

Moffat et al. 2011). Depending on the classification and the characteristics of a debris flow, 
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predictions are made for a future event or back analysis is carried out to understand a current 

event (Fannin and Wise 2001; Miller and Burnett 2008). This approach requires large amount of 

data which can only be applied on a regional scale. 

2.1.2. Discontinuum approach 

In the second approach using the discontinuum method, debris flow is modelled using many 

small elements that interact with each other, see Cundall and Strack (1979). The discrete element 

method (DEM) has been used in simulating many large movements of granular assemblies. 

However, DEM is limited by the size of the problem that can be practically analyzed and it is 

difficult to determine the material parameters in the DEM model that will simulate the real 

material response. Although DEM gives realistic simulation, it is not very accurate in predicting 

debris flow characteristics. 

2.1.3. Continuum approach 

The third approach is based on continuum models in which the body of the debris is considered 

to be a continuum. The formulation of the model is based on physical laws such as Newtonôs 

Law of Motion, the Laws of the Conservation of Mass and the Law of the Conservation of 

Energy. The equations governing the motion of the debris are derived to calculate the flow 

characteristics, such as velocity, depth, runout distance etc., see Wang et al. (2010). Numerical 

techniques, such as the finite element method, finite different method or the block continuum 

method, are often used to provide the numerical solution for debris flow analysis. This approach 

is one of the most common approaches and it is one of the most effective ways of analyzing 

practical debris flow problems. The continuum approach is adopted in this research. 
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2.2. Constitutive modelling of debris flow 

It is essential to adopt an appropriate constitutive law in modelling and predicting debris flow 

behavior. Many constitutive models have been proposed to describe the rheological properties of 

debris flow using an equivalent fluid. According to the properties of debris, the following 

constitutive models for debris have been proposed: Newtonian fluid model, non-Newtonian fluid 

model, dilatant fluid model, Coulomb friction model, Coulomb friction model and Voellmy fluid 

model (Table 2-1). These models shows the relationship between shear rate and shear stress 

exerting on channel bed and are applied to different flow condition. Normally, the relationship 

between shear rate and shear stress for Newtonian model is linear instead of that for Non 

Newtonian fluid models are non-linear. The shear stress exerted by coarse particles on channel 

bed is normally estimated using Coulomb friction model or Voellmy fluid model. Correlations 

between shear rate and shear stress indicated by some typical models are plotted in Figure 2-1. It 

is seen from the figure that yield strength must be exceeded before debris flow occurs if 

Bingham flow model is used. If the slope of the curve increases with the increase of shear rate, 

shear-thickening will be detected. Inversely, if the slope decrease, shear thinning can be detected. 

Table 2-1: Summary of constitutive models for  debris flow analysis 

Models Equation Application 

Newtonian model 
du

dz
t m=

  

Solid concentration 

below a certain 

limit  

Non 

Newtonian 

fluid 

model 

Bingham model 

0
du

dz
=  for 0t t<  

0

du

dz
t t m= +  for 0t t>   

Mudflows and fine-

grained slurries. 

Herschel-

Bulkley Model 

0
du

dz
=  for 0t t<  

0 ( )
du

dz

h
ht t m= +  for 0t t>  

Fines fraction 

higher than 10%. 
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Models Equation Application 

Quadratic model 

0
du

dz
=  for 0t t<  

2
0 ( )

du du

dz dz
t t m x= + +  for 0t t>  

Hyperconcentrated 

sediment flows 

Dilatant 

fluid 

model 

Bagnold 
2 2 2( ) sini s d

du
d

dz
t a r l f=   Dispersive stress 

The generalized 

viscoplastic 

model 
1cos sin ( )

du
c p

dz

ht f f m= + +   General debris flow  

Coulomb friction model tant s f=   Granular flow 

Coulomb viscous model 

0
du

dz
=  for tanct t s q< +  

tanc

du

dz
t t s f m= + +  for tanct t s q> +  

Transport of large 

clasts 

Voellmy fluid model 
2

tan
u

t s f g
z

= +

 
Snow avalanche 

Notes: Ű is the shear stress, ɛ is effective viscosity and du/dz is shear rate; Ű0 is the yield strength; 

ɛɖ is the consistency index, ɖ is the flow-behavior index; ɝ is a turbulent-dispersive parameter; 

Ŭi is a numerical constant; rs is the grain density; l=((Cm/C)1/3-1)-1 is the linear concentration; C 

and Cm are solid volumetric concentration and maximum possible volume concentration (0.74 

for uniform spheres), respectively, d is grain diameter, fd is the dynamic angle of internal 

friction; p is mean normal pressure which is rate-independent; ɛ1 are consistency index; ů is 

normal stress; Űc is cohesive strength; ɔ is the unit weight of material andz is a turbulence 

coefficient with the dimension of acceleration. (Modified from Wang (2008)) 

 

Figure 2-1: Shear stress against shear rate for different fluid models 
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2.3. Numerical modelling of debris flow entrainment 

Some efforts have been made in the past to estimate the volume of erosion and incorporate basal 

entrainment. The models for estimating the amount of material incorporated from channel bed 

can be roughly summarized as analytical models and empirical models. In the analytical 

approach, Newtonôs Law of Motion or force equilibrium are used to calculate the entrainment 

rate or depth of erosion of the channel base. Shear stress and shear resistance are the most 

important factors in calculating entrainment. Diffusion process caused by the difference of 

sediment concentration between erodible channel bed and the main body of the debris is also 

considered as one possible mechanism of entrainment (Iverson and Ouyang 2015). On the other 

hand, in the empirical approach the entrainment rate is empirically related to flow velocity or 

shear stress exerting on the erodible bed. The coefficient of correlation between entrainment rate 

and flow velocity or shear stress is often determined by model calibration based on a large 

number of case histories.  

2.3.1. The analytical approach  

Al though it is difficult to use the analytical approach to predict entrainment, and some scholars 

said that analytical techniques are unlikely to be useful in the foreseeable future (Jakob et al. 

2005), it is still possible to calculate entrainment analytically by considering stresses and 

resistances in the debris flow channel.  

2.3.1.1 Static analysis 

In the static approach, static shear stresses in the channel bed under the debris are calculated and 

failure is considered when the static shear stress exceeds the shear strength of the material. The 

depth in which failure occurs is determined and the amount of material is calculated which will 
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be added to the main body of the debris. Limitation of the static analysis is that it can only 

estimate the upper bound of the depth of erosion since rate effect is not taken into account.  

Medina et al. (2008a) developed a static equation of entrainment by considering static 

equilibrium between the flow frictional stresses and the basal resistance stresses (Figure 2-2). 

The upper layer represents the debris which the lower layer shows the erodible material. The 

dash line in the Figure 2-2 is the new channel surface after the channel bed is eroded by hent in 

depth. Shear resistance is estimated using Mohr-Coulomb law. Therefore, entrainment depth can 

be estimated using  

(cos tan sin )

b res
ent

f bed

h
g

t t

r q f q

-
=

-
  [2-1] 

where Űres is the resistance stress of the material due to internal friction of the particles, Űb is the 

active force, g is the gravity acceleration, q is the slope angle, fbed is the friction angle of 

sediment particles and rf is density of debris. 

 

Figure 2-2: Schematic graph of analytical entrainment models-static approach 
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Sovilla et al. (2006) proposed a formula to calculate bed erosion of snow avalanche. The 

entrainment process has three modes: ploughing, step entrainment and basal erosion modes. The 

snow pack is divided into several layers in the entrainment calculation. In the model, driving 

force for entrainment is calculated from the shear component of the normal force acting on the 

layer. The frictional force comes from the cohesion of the snow depending on the snow texture. 

Based on mass and momentum conservation of each layer, the speed of the snow entering the 

avalanche is calculated from:  

( , ) ( )
( , )

( )
(1 )s

a

a

p x t p x
W x t

xr
r

r

*-
=

-

 [2-2] 

where W(x,t) is the entrainment velocity (m / s), p(x,t) is the normal stress the avalanche applies 

on the layer, p*(x) is the layer strength, ra is the mean flowing density of the avalanche, rs(x) is 

density of the layer. This formulation can be used to calculate the rate of erosion for the three 

entrainment mechanisms. 

The mass entrainment rate is estimated from: 

1

( , ) ( , )
n

e si i

i

M x t W x tr
=

=ä   [2-3] 

where eM (x,t) is entrainment rate (kg / (m2s)) of unit area, rsi is density of i th layer and n refers 

the number of layers in the calculation. For more detailed information, see Sovilla et al. (2006). 

2.3.1.2 Dynamic analysis 

In the dynamic approach, the rate of entrainment is calculated based on the rate of erosion of the 

material in the channel bed. The rate of erosion is determined based on shear failure at the 
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surface and the material is removed from the surface based on the velocity of flow of the main 

body of the debris (Medina et al. 2008a). It is assumed in this approach that the velocity of newly 

eroded material is the same as the average velocity of the debris. Entrainment occurs when the 

bed shear stress is greater than the shear resistance (Figure 2-3). Therefore the quantity of the 

new incorporated mass is dependent on the availability of momentum which is given by: 

( cos tan )b f bedc h gz

t v

t r q f

r

- -µ
=

µ
  [2-4] 

in which µz/µt is the rate of entrainment (m/s), and v is mean velocity of the debris (m/s).  

The difference between static and dynamic entrainment model is that the static model calculates 

the entrainment depth according to the stress equilibrium/failure of the erodible layer, while the 

dynamic model calculates the rate of erosion based on the net driving stress exerting at the 

interface between the debris and erodible layer. 

 

Figure 2-3: Schematic graph of analytical entrainment models-dynamic approach 

The entrainment model proposed by van Asch et al. in 2004 (Luna et al. 2012) is a dynamic one 

dimensional debris flow model that takes into account the entrainment concept based on the 
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shear stress and shearing resistance which is affected by the generation of excess pore water 

pressure under undrained loading on the in-situ material. The increase in pore water pressure is 

calculated by using Skempton (1954) equation. Flow is treated as a laminar, single phase and 

incompressible continuum process. Debris flow and channel bed are divided into three layers 

from top to bottom: top layer (flowing debris), erodible layer (erodible bed) and substrate layer 

(stable bed). Due to the moving mass overlays the erodible bed, a loading on the bed deposits is 

generated. The model calculates this load on the in-situ soil through changes in the vertical 

normal stress and shear strength caused by the debris flow. Then, factors of safety at the bottom 

and top of the erodible bed are calculated as follows: 

( ) tanbot bot bot bot
bot

bot

c P
F

s d

t

+ -
=   [2-5] 

( ) tanbot bot
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c P
F

s d

t

+ D -D
=

D
  [2-6] 

where cbot is the cohesion and dbot is the friction angle of the in-situ soil, Dů, DP and DŰ are the 

changes in normal and shear stress caused by the variation characteristics of debris above the 

channel bed, and pore water pressure respectively, ůbot and Pbot are the normal stress and pore 

water pressure at the bottom of the erodible bed respectively. 

The depth of erosion can be calculated by analyzing the factors of safety at the top and bottom of 

the erodible layer. In the case when Ftop < 1 and Fbot < 1, then dsc, thickness of eroded layer, 

equals the total thickness of the erodible layer d; In the case where Ftop > 1 and Fbot < 1, then dsc 

is again equal to the total thickness of in-situ materiald ; In the case, where Ftop < 1 and Fbot > 1, it 

is showed that only a portion of d will fail and it can be calculated as follows. 
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1 top

sc

bot top
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d d

F F

-
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-
  [2-7] 

This model is similar to the dynamic model except that it involves the FOS for erodible layer. 

Although the interaction between debris flow and in-situ soil is considered here, entrainment rate 

is not taken into account. The influence of debris flow velocity on entrainment is omitted (Luna 

et al. 2012). Besides, the effect of grain size is not considered in the entrainment calculation 

process. 

Iverson (2012) considered the behavior of a slide block descending on an erodible slope with the 

ability of incorporating soil from the static bed, see Figure 2-4. Newtonôs Second Law is applied 

on the sliding material. Coulomb friction rule is employed to estimate basal frictional resistance 

which also takes into account the shear rate. The entrainment rate based on the change in the 

weight of the sliding block is calculated from:  

[ ( )]
dm m dv

G v
dt v dt
= -G -   [2-8] 

where G = g ( sinq- ɛ0 cosq ), G = g ɛv cosq / V, g is gravitational acceleration, q is the uniform 

angle of inclined plane, t is time, v is its velocity, m is the slide-block mass, ɛ0 is basal frictional 

coefficient, ɛv and V are constants. 
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Figure 2-4: Schematic illustration of slide block model in entrainment analysis 

If an ideal case is considered in which frictional resistance is zero (G = G0 = g sinq, G = 0) and v 

is constant, then: 

0

max 0

dm m
G

dt v

è ø
=é ù

ê ú

 [2-9] 

The equation above is an upper-bound condition for sustainable entrainment. Therefore, it is 

postulated that: 

dm m
G

dt v
a=   [2-10] 

in which Ŭ is an entrainment-efficiency parameter. The value of Ŭ must satisfy 0ŮŬÒ1, but it 

needs not be a constant. If the value of Ŭ changes, it always satisfies Ŭ = 1 ï [(dv / dt + Gv) / G], 

but this will lead in indeterminate value. Therefore, a continuum mechanical analysis is needed 

to determine the parameter a. 

After analyzing the slide-block problem, Iverson (2012) considered mass and momentum 

exchange between three continuous layers, a flow layer with a free upper surface, an erodible 
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bed sediment layer, and a deeper substrate that cannot be entrained owing to high strength, 

respectively, see Figure 2-5. 

 

Figure 2-5: Schematic illustration of velocity profiles (Iverson 2012) 

Based on the assumption that the variations of all quantities in the transverse direction are 

negligible, mass balance and translational momentum balance equations in a continuous material 

are integrated using kinematic boundary conditions that relates velocities at the top and bottom 

of the erodible layer to the other velocity components at the same location. After the momentum 

equations for those three layers are obtained, it is considered that the flow and erodible bed 

layers can exchange momentum and momentum must be conserved during such an exchange. By 

adding the equations for flow layer and erodible layer, it is found that the bed sediment 

entrainment rate can be calculated from: 

1 2

1 2
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bot bot
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where Ű1bot is the shear stress at the bottom of the first layer, Ű2bot is the shear stress at the bottom 

of the second layer, v1bot is the velocity at the bottom of first layer, v2bot is the velocity at the 

bottom of first layer, r is the bulk density of flow and bed material. The numerator of this 

equation can be interpreted as an excess boundary shear stress, which expresses the difference 

between the basal shear stress exerted by the flow and the boundary shear resistance exerted by 

the channel bed. The threshold for entrainment in this equation is consistent with the dynamic 

equation proposed by Medina et al. (2008a).  

If basal slip is considered and bed-sediment layer is stable prior to entrainment, equation [2-12]  

can be used to estimate the entrainment rate using the Coulomb friction rule to calculate the 

shear stress.  

1 1 2 2 2 1 1

1 1
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(1 )

top botgh p p
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s v

r m m q m m

r

- + -
=

-
  [2-12] 

where ɛ1 and ɛ2 are Coulomb friction coefficients for layers 1 and 2, p1bot and p2top are boundary 

pore fluid pressures for layers 1 and 2, s1 is a fitting parameter ranging from s1=0 if there is no 

simple shear to s1=1 if there is no basal slip, 1  is depth-averaged velocity in first layer, h1 is 

height of layer 1 in the z direction, and r is bulk density. 

On the other hand, the equation above indicates that E will decrease as the basal slip velocity 

v1bot increases. This contradicts conventional understanding but proves the results of the slide-

block analysis to be correct when:  

1 2 1 1 2 2

1 2 1
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bot topgh p p
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r q m r q
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=

-
 [2-13] 

Iverson and Ouyang (2015) updated the equation for estimating basal erosion rate. Jump 

conditions at the interfaces between each layer, which descripts the sudden change of shear stress 
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and horizontal velocity in the debris, were considered in the derivation. The general bed erosion 

formula can be expressed as:  

1 2 2 1

1

1 1 1 2
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u z
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t t s s

r t t

è ø- -µ
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  [2-14] 

where 1ris the depth averaged density of the first layer, u1(zb) is the velocity at the interface 

between first and second layer, ů2top is normal stress at the top of second layer, ů1bot is the normal 

stress at the bottom of second layer. 

In this model, the difference in density between each layer is considered. The first term on the 

right side of [2-14] accounts for excess shear stress that causes erosion. The second term 

represents the effects of dilatancy. If no dilatancy exists, it will reduce to the model proposed by 

Medina (2008b). 

2.3.1.3 Diffusion process  

Diffusion is also being considered as one of the mechanisms of entrainment of bed sediment. It is 

noticed that difference in the solid concentration is the main trigger for particles to be eroded. 

Takahashi et al. (1991) proposed a formular for estimating the entrainment and depostion of 

debris flow based on this mechanism. Sediment concentration is considered as the main factor in 

the estimation. Flow height and particle size are also taken into account.  

    for 0

( )      for 0

e

e

e

c c h
v E

c c d
E

h
v c c E

d

a

b

*

-ë
²î -î

=ì
î

- <î
í

  [2-15] 

in which Ŭ and ɓ are the experimental coefficients, ce is the equilibrium sediment concentration 

of debris flow by volume, c is the ediment concentration of debris flow by volume, c* is the 
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sediment concentration by volume of bed sediment (non-moving layer), h is the flow depth, d is 

the grain size of debris flow. 

Egashira et al. (2001) proposed a formula to calculate erosion rate assuming that the slope of the 

channel bed is always adjusted to the angle corresponding to limiting equilibrium conditions. 

The material in the channel left behind by an unsaturated debris will approach the limiting 

equilibrium slope angle. Using mass conservation for the eroded material yields 

E x Ev t c v z*D = D = D  [2-16] 

where E is the erosion rate, v is the average velocity of the debris flow, Dx is the distance 

increment, Dt is the time increment, c* is the sediment concentration by volume of bed sediment 

(non-moving layer) and Dz is the erosion depth during Dt. 

Geometrical relationship between the initial bed slope and equilibrium slope angle, q - qe = 

arctan (Dz / Dx), is incorporated into the mass conservation law of eroded material in order to 

obtain the entrainment rate E (m/s). 

tan( )eE c v q q*= -  [2-17] 

in which q is the bed slope and qe is the equilibrium bed slope. 

As an important property, the size of sediment could influence the entrainment rate greatly. Papa 

et al. (2004) analyzed the influence of sediment size on bed erosion. It is found that when the 

sediment size of debris flow body is the same as bed sediment, the velocity profile is in the 

equilibrium flow condition. However, when the bed sediment size increases, the velocity 

distribution becomes similar to a velocity profile in flow over the rigid bed. 
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2.3.2. Empirical models 

Empirical models are primarily developed based on the analysis of statistical data from field 

cases and laboratory experiments. Flow velocity, shear stress and solid concentration are 

generally used in the development of empirical entrainment model. 

De Blasio et al. (2011) suggested a semi-empirical model to calculate the rate of erosion. In the 

model, the rate of erosion depends solely on the tangent component of the weight at the base of 

the flow channel and on the average velocity of the debris. Critical shear stress is used as the 

thereshold to determine the occurance of entrainment. Measurements from Fjæland debris flow 

is utilized to calibrate the model. This model seems promising since it relates debris flow 

velocity and basal shear stress to entrainment.  

( )
y

xy

dh
c U

dt
t t= -  for xyt t>  [2-18] 

0
dh

dt
=  for xyt t<  [2-19] 

where dh/dt is the rate of bed erosion (m/s), U is the velocity of the debris flow, tis the critical 

shear rate for erosion, c and  y are constants. In principle these constants should be determined 

experimentally. 

McDougall and Hungr (2005) incorporated a simple material entrainment algorithm, based on 

the assumption of natural exponential growth with displacement, into a new computer model 

designed to simulate rapid landslide motion across 3D terrain. The bed erosion velocity (m/s) 

and the volume growth rate (s-1), defined as bed-normal depth eroded per unit flow depth and 

unit displacement, can be related by:  
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z
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µ
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  [2-20] 

where E is volume growth rate (m-1), h is flow depth and v is flow velocity. 

The growth rate, E, is determined by trial and error. Therefore average volume growth rate, ǚ, is 

suggested to be used to replace E which can be preliminary estimated from: 

0ln( )fV V
E

S
=   [2-21] 

where V0 is the estimated total volume entering the zone, Vf is the estimated total volume exiting 

the zone and S is the approximate average path length of the zone. Limitation of this equation is 

that it is assumed that material is eroded evenly along the channel. 

Chen et al. (2006), for preliminary estimates, proposed a relationship to estimate the yield rate E 

(dimensionless): 

eroded

affected com

V
E

A d
a@  [2-22] 

where Veroded is the total eroded volume, Aaffected is the total erosion affected area, dcom is the 

travel distance of the centre of mass, and Ŭ is a correction coefficient to account for the system 

non-linearity. Before the application of the model, the correction coefficient should be 

determined by the calibration. 

Pitman et al. (2003) proposed an empirical formula to estimate the entrainment rate es (m/s).  
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where Ŭ is proportionality constant to be fitted to experimental results, and u and v are horizontal 

and vertical components of velocity, respectively.  

Hsu et al. (2008) considered different velocity profiles of granular flows for different basal 

behavior and divided the granular flows into four types: a flow with full slip, a flow with zero 

slip, partial slip with positive velocity at the base and plug flow with no slip. It is suggested that 

for all-slip case, erosion rate, -µz/µt (m/s), based on Archard wear equation, can be written as:  

nkp vz

t H

µ
- =
µ

 [2-24] 

In which, pn is the normal pressure, v is the sliding velocity, H is the hardness of the surface 

being worn away, k is a nondimensional wear coefficient dependent on the materials in contact. 

Stock and Dietrich (2006) noted that the valley slope is adjusted to the long-term frequency of 

debris flows. Valleys soured by debris flow should not be modelled using conventional bedrock 

river-incision laws. A new model is proposed in which the depleting rate of the channel bed is 

proportional to the integral of the solid inertial normal stresses from particle impacts along the 

flow and the number of upvalley debris-flow sources. The expression of model is found to be: 
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where K0 is a constant of proportionality that relates the bulk inertial normal stress to higher 

excursions of inertial normal stress, K1 is the proportionality constant between rock resistance 

and incision rate that has dimensions that vary with ύ and ὲ so that the right side of the 

expression with units of erosion rate, T0 (Pa) is the tensile strength of the bedrock, Eeff (Pa) is the 

elastic modulus of the bedrock, F (m) is a function of the fracture spacing of bedrock and size of 
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eroding boulders, f (a-1) is the is the frequency of flows over the bedrock per annum, De (m) is 

the effective grain size, us (m/s) is the surface velocity, h (m) is the flow height, L (m) is the 

length of eroding flow, and w and n are empirical exponents. 

Wicklein and Papanicolaou (2000) suggested the equation for estimating the entrainment rate of 

material that could potentially be entrained into the flow. In the model, it is considered that bed 

shear stress fluctuation is the dominant mode of the sediment entrainment which had been 

discussed by Cao (1997) and Jain (1992). 
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where r is water density, SG is specific gravity, A is bed area, di is particle size, p is porosity, pA 

is the percent active layer, Fi is the probability density function of excess shear stress and Tb is 

the bursting event period. In theory, all of this material can be entrained into the flow. Since the 

flow has a finite carrying capacity for material, excess material would redeposit on the bed. 

Cao et al. (2004) presented a theoretical model upon the conservative laws of shall water 

hydrodynamics. Entrainment and deposition are considered in the model. Variation of bed 

channel elevation is defined as 

1

z D E

t p

µ -
=

µ -
  [2-27] 

where E and D is sediment entrainment and deposition fluxes across the bottom boundary of 

flow, and p is bed sediment porosity. E and D are determined using following empirical 

relationships. 
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where w0 is settling velocity of a single particle in tranquil water, Ca is near-bed sediment 

concentration, m is exponent, R is particle Reynolds number, q is Shields parameter, qc is critical 

Shields parameter for initiation of sediment movement, d is sediment particle diameter, h is flow 

depth and UŜ is free surface velocity. 

2.3.3. Incorporation of entrainment into debris flow simulation 

Different frames of reference are used in the momentum equations in different debris flow 

models, which include the Lagrangian and Eulerian frame of reference. To incorporate 

entrainment term into these models, conservation of momentum should be considered carefully. 

In the Lagrangian framework, if eroded mass enters the debris flow body with a velocity that 

differs from the depth-average velocity, the equations for calculating the entrainment using 

Lagrangian frame is not easy to be conservative. Depth-integrated velocity of debris and velocity 

of entrained material can be distinguished if Eulerian frame is used (Iverson and Ouyang 2015).  

2.4. Experiments and field tests in debris flow entrainment study 

To verify the analytical equations for entrainment calculations and find the relationship between 

parameters referred in empirical equations, laboratory experiments and field tests have been 

carried out. Small-scale and large-scale flume experiments were conducted by Egashira (2001), 

Mangeney (2010) and Iverson (2011). Field tests were also carried out and devices for 

monitoring entrainment in real time have been developed (McCoy et al. 2010 and Berger et al. 

2011). 
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2.4.1. Flume experiment 

2.4.1.1 Flume Apparatus 

To test the entrainment of debris flow, experiments have been conducted on inclined flumes. 

Different sizes of flume had been built and used (Iverson and Ouyang 2015). The experimental 

setup mainly consists of a tank, an erosional zone and a deposition pad (Figure 2-6). The tank is 

used for storing the source material. Source material generally consists of fines and coarse 

granular particles. The erosion zone is composed of erosional part and two transition parts, one is 

located in front of erosional zone and one behind. Some of apparatuses have only one transition 

zone or no transition zone. Deposition zone is also optional in some apparatus. Some of the 

apparatus use the tank to collect the debris instead of a runout pad. The geometrical properties of 

the flumes developed for testing the entrainment are summarized in   
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Table 2-2. 

 

Figure 2-6: Schematic graph of the apparatus adopted for flume experiments 
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Table 2-2: Summary of size of the flumes in entrainment study 

Properties 

Tank 
Transition 

length (m) 
Erodible bed Channel size 

Depositi

on zone 

HT 

(m) 

LT 

(m) 
Material 

L1 

(m) 

L3 

(m) 

HB 

(m) 

L3 

(m) 

Materia

l 

Width 

(m) 
q (°) L4 (m) 

Iverson 

(2011) 

å 

1.6 
4.7 SGM

1
 6 42 

å 

0.12 
47 SGM1 2.0 31 --- 

Mangeney 

(2010) 

0.1

4 
0.2 

Glass 

beads 
0 0 

0 - 

0.00

6 

3 
Glass 

beads 
0.1 

0 ï 

30 
--- 

Egashira 

(2001) 
--- --- 

Water&S

and 
4 0 0.1 2 

Water&

Sand 
0.1 12 --- 

1 -56% gravel, 37% sand and 7% mud-sized grains 

2.4.1.2 Material and variations in the test 

In the flume tests, erodible material sometimes is the same as the source material, but sometimes 

not. Egashira et al. (2001) and Papa et al. (2004) built a small scale flume experiment to test the 

debris flow entrainment. A sand stopper was placed at the lower end of the flume to separate the 

flume into two parts. In the upstream part, a debris was produced by water and sediment supply. 

Sediment bed was formed using the same material as the supplied debris. In the test, grain size, 

channel slope and sediment discharge varied. When the bed sediment size increases, the velocity 

distribution becomes similar to a velocity profile in flow over the rigid bed. It is also found that 

the relative erosion rate, E/E0, has an almost unique relation which decreases monotonically with 

increase in the relative grain size, d/d0 , although it varies slightly with sediment flux 

concentration, where E is the mean erosion rate, d is sediment size, d0 is grain size of debris, and 

E0 is the erosion rate in the case that solid material of debris is the same as the bed sediment.  

Mangeney et al. (2010) setup the flume experiment to test the effect of the channel slope and 

erodible depth on the runout distance. Glass beads that are subspherical, cohesionless and highly 

rigid were used as source and erodible material. Channel slope varies from 0 to around 25.2 
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degrees. The thickness of the erodible material ranges from 0 to 5 mm. Flow height, deposition 

height, deposition angle, front velocity and runout distance were used as the criteria to analyze 

the effect of channel slope and thickness of erodible bed on debris movement. 

Scaling is a critical issue in the design of laboratory experiments (Iverson 2015). On the basis of 

employing miniature experiments with sand-air mixtures, Iverson et al. (2004) revealed that 

although miniature experiments are unlikely to mimic some avalanches behavior that is possible 

at geophysical scales, it can be applied to test models of ideal granular avalanches by neglecting 

the effects of intergranular fluid and cohesion. Rickenmann et al. (2003) found that the limited 

volume available for the surges is a major restriction during the laboratory experiments. It is then 

estimated that scaling effect could be an important factor contributing to the relatively large 

scatter when analyzing the erosion volumes and can also affect the surge properties in the test. 

Therefore, Iverson et al. (2011) carried out a large scale entrainment experiment in which an 

erodible bed is formed by discharging SGM abruptly from a headgate (Figure 2-7). Then, same 

material is released from the tank to simulate the debris material. The key variable manipulated 

is the bed-sediment volumetric water content. The impact of bed-sediment water content on 

entrainment is analyzed by measuring flow-front speed, flow volume and momentum gains at 

specified locations. Normal stress, pore water pressure and height of debris material are 

monitored by electronic sensors during the test. The results show that pore pressure generated as 

wet bed sediment is overridden and progressively entrained by debris can reduce friction and 

lead to synergistic growth of debris mass and momentum. 
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Figure 2-7: USGS debris-flow flume during an experiment. (A) and (B) show the flow state 

at t = 0.8 s and t = 1.0 s, respectively. (c) shows the debris is descending flume 

about 5 s. (Iverson et al. 2015) 

2.4.1.3 Other entrainment study devices 

Hsu et al. (2008) developed a new devise to test bed rock erosion caused by granular material. 

The drum is made from a section of PVC pipe with an inner diameter of 56 cm. Both sidewalls 

are composed of Plexiglas, bounding a 15 cm wide channel. In the test, erosion occurs between 

granular flow and erodible sample inserted in the drum bed. Magnitude of erosion is determined 

by weighting the erodible sample before and after the test. Average erosion rate can be estimated 

in the test, but variation of erosion rate with time cannot be obtained. 

Bowman et al. (2010) creatively use a geotechnical centrifuge apparatus to study debris flow 

entrainment under undrain and drained conditions. Both fixed and erodible bases are used in the 

experiment. It is noted that using the centrifuge apparatus could produce a better approximation 

of real-scale physical process 
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2.4.2. Field observation 

Berger et al (2011) designed an erosion sensor to monitor the entrainment process. It consists of 

a column of sensors, initially 1 m long, composed of 20 cylindrical aluminum tubes (50 mm tall 

and 25 mm in diameter). Electronic resistor inside of each tube is connected to the adjacent 

elements. As debris erodes one or more elements, shear force is exerted on each connection. If 

the shear resistance of the connection is smaller than shear force, it will be broken and a drop in 

the total resistance is recorded on a data logger. Therefore, the erosional rate can be obtained by 

dividing the erosional depth by the duration of erosion process. Due to the detection limit and 

presence of a sediment layer covering the sensors, the magnitude of erosion and the timing of 

erosion for small debris flow cannot be determined respectively (Berger et al. 2011). Although 

those drawbacks restrict the use of the sensor, this method at least offers a new thought to 

monitor the entrainment during the process of debris flows. 

Subsequently McCoy et al (2013) designed an apparatus using sensors to measure changes in the 

height of the bed sediment after Berger et al. (2011). The resistor in each element is connected 

using small plugs easy to unplug. Variation of the length of the resistance chain is detected by 

measuring voltage at the bottom of the chain. During the test, rainfall, bed force, flow height, 

flow stage and pore water pressure are monitored at the same time. Besides, incision bolts had 

been used to measure the average incision rate by McCoy et al. (2013). The bolt essentially 

provides a record of the pre-flow channel surface. After the debris flow, the variation of covered 

length of the bolt can be measured, average incision rate in one debris flow event is therefore 

estimated. 
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2.4.3. Numerical experiments 

Numerical simulation is a fast and convenient method to predict erosion during a debris flow. 

Normally, Discrete Element Model (DEM) is used to simulate the movement of debris. As a 

typical DEM in simulating granular flow, Particle Flow Code (PFC) is capable of describing the 

mechanical behaviours of assembles of discs and spheres by calculating the contact forces and 

subsequent displacements of each individual particle in response to its interaction with adjacent 

particles.  

Banton (2009) tested channelized granular flows by considering the particle properties and basal 

surface properties. It was found that rebound coefficient between particles is important in the 

simulation when the flow is turbulent with a high velocity gradient. Three laboratory 

experiments in which granular materials released from a rough inclined slope, carried out by 

Savage and Hutter (1991) and Hutter et al. (1995) were simulated. The simulation results agree 

very well with the measurements in the test.  

Iimura et al. (2009) studied the entrainment of agglomerates deposits on plate surface by shear 

flows using discrete element method. Effect of shear rate, structure of deposits and adhesion 

between particle and plate surface on the entrainment is examined by counting the particles 

remaining on the plates. It is concluded that there is a critical value for shear force beyond which 

entrainment will be observed. This study is of help to understand of entrainment for cohesive 

fine particle.ò 

The dynamic response of colluvium accumulation slopes in Sichuan Province of China was 

studied by He et al. (2010). Horizontal shearing waveforms of Wenchuan earthquake were used 

to study the dynamic response of the colluvium. It is concluded that material properties and 

interface in the accumulation affected the velocity a lot. Effect of moving debris on retaining 
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wall and earthfills was tested using PFC2D by Li et al. (2010) and Salciarini et al. (2010). A 

slope with constant inclined angle was constructed and a retaining wall was placed away from 

the toe of the slope. By varying the size of the retaining wall and particle properties, influences 

of geometry and particles properties were examined by measuring the impact force acting on 

retaining wall. Though plenty of numerical flume experiments have been conducted, very few 

have taken entrainment rate into account in numerical flume experiment using PFC2D.  

2.4.4. Summary  

Using sensors to monitor the change of channel bed in large-scale flume or small-scale flume is 

also a good choice in studying entrainment. It can measure the variation of channel bed under 

field situation. However, it is really difficult to capture other kinematic characteristics of debris 

flow that is useful in verifying the new analytical entrainment model. Therefore, simplified 

numerical experiment, in which ideal particle shape and size are assumed, will be used to study 

entrainment in this thesis. Normal stress, shear stress and velocity at different time stage are 

monitored. 

2.5. River erosion 

2.5.1. Channel erosion 

2.5.1.1 Analytical approach 

Fukuda and Lick (1980) found that the entrainment rate and equilibrium concentration are 

closely related to the shear stress applied at the sediment-water interface and upon the water 

content of the sediment. Linear increases in sediment water content could cause linear increases 

in the entrainment rate:  
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where dC/dt is the slope of the concentration versus time curve and h is the depth of the 

overlying water. 

Mehta and Partheniades (1982) related dC/dt to the time-rate of change, dz/dt, of the depth of 

erosion, z, below the initial bed surface according to: 

dz h dC

dt dtr
=  [2-31] 

where h is the depth of flow, dC/dt is the time rate of change of suspended sediment 

concentration, C, and r is depth varying dry density of the bed.  

Shrestha and Orlob (1996) divided the basal erosion into two types, mass erosion and surface 

erosion. Mass erosion is defined as bulk erosion en masse, of the sediment from the topmost 

layer, downward to new deposits. Surface erosion is considered as particle-by-particle 

resuspension from the bed.  

The mean rate of mass erosion per unit bed surface area over a time interval Dt is equal to the 

mass transferred to the water column as given by:  
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where Se is the rate of change of sediment concentration in the water column due to erosion, T is 

thickness of erodible layer, h is average flow depth, rs is density of sediment material, rb is bulk 

density and rw is density of the suspending medium, respectively. 
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The mean rate of surface erosion is estimated using properties of the sediment, fluid 

characteristics and hydrodynamic shearing stresses. 
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where M¡ is erodibility constant determined empirically, Űb is bed shear stress determined from 

the hydrodynamics of the fluid at bed level, and Űce is critical shear stress. Critical shear stresses 

and erodibility constants for specific cohesive materials can be determined in the laboratory 

using a rotating cylinder device. 

2.5.1.2 Empirical approach 

Maa and Lee (1997) and Maa et al. (1998) proposed empirical equations to estimate the 

entrainment rate based on in situ and laboratory experiments.  

0  tE E el-=   [2-34] 

where E0 is an initial re-suspension coefficient in g/ cm2 / s, ɚ is a rate constant in s-1 and t is 

time. 

 n

exE mt=   [2-35] 

where m and n are two dimensionless empirical constants and Űex is approximated excess bed 

shear stress. 

Lee and Mehta (1994) related the rate of erosion to the applied bed shear stress after a review of 

laboratory data on the erosion of cohesion sediment beds.  
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where Űb is the erosion bed shear strength for a placed bed, Űs is the bed shear strength as a 

function of depthz below the bed surface for a deposited bed and Ŭ1, Ŭ2 and Ŭ3 are empirical 

coefficients. Equation 2-36 can be approximated by Equation 2-37 in certain cases. 

2.5.2. Bank erosion 

Besides the erosion of channel bed, erosion of material coming from channel banks is also an 

important part in river channel erosion. Duan (2001) developed a two dimensional numerical 

model to estimate the bank erosion rate by considering the mass balance within a control volume 

near the bank. 
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where w is bank erosion rate (if bank advance, w > 0 ; if the bank retreats, w < 0; and if the bank 

is unchanged, w = 0); dr is defined as the width of the control volume that is nearest to the edge 

of bank; hb is flow depth at the near bank region; ql and qr are total sediment transport rates in the 

longitudinal and transversal directions, respectively; and qbr is transversal component of the 

sediment transport rate at the near bank region as a results of bank erosion. 

2.5.3. The summary of river erosion 

The model used to calculate the rate of erosion is mostly based on the diffusion process that 

means the rate of erosion is a function of the change of sediment concentration. Although some 

of the models consider the difference between shear stress at the base of the debris and shear 

resistance of bed material, at least one empirical constant is used in the equation which makes 
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the model difficult to be used in debris flow cases since the constant is mostly dependent on the 

slope of the channel, particles shapes and size (Egashira et al. 2001). 
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3. ENTRAINMENT MODEL FORMULATION FOR DEBRIS 

FLOW ANALYSIS 1 

3.1. Abstract 

Debris that entrain sediment by undermining channel beds or scouring channel banks can 

become exceptionally mobile and destructive. Therefore, the calculation of entrainment plays an 

important role in debris flow runout analysis. An entrainment model is proposed that takes into 

account surface erosional effects by considering progressive scouring and shear failure on the 

channel surface. By considering simple geometry and particle configurations, the equations for 

the progressive scouring are developed. In deriving the equations for the progressive scouring 

mode of erosion, two types of motions are considered: rolling motion and sliding motion. 

Newtonôs Law of Motion is applied to calculate the acceleration, velocity, and displacement of 

the particles. A probability density function (PDF) is used in the calculation of the entrainment 

rate for different configurations of particle contact. Measurements from flume experiments are 

used for model verification. It is found that the entrainment rate can be calculated using a normal 

distribution PDF. The proposed entrainment model has been shown to be effective in calculating 

debris entrainment. 

3.2. Introduction  

Debris flows are rapid mass movement in steep hilly terrains where earthly materials flow down 

in a valley or channel usually triggered by a landslide or heavy rainfall. It is usually fast-moving 

with variable solid concentration and long runout distance. Due to its fast moving characteristics, 

                                                           
1 This chapter has been submitted to the International Journal of Geomechanics in May 2016. The paper is 

currently under review. 
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debris flow is one of the most hazardous and unpredictable surface process that results in many 

losses of lives and property damages (Schurch et al. 2011). For example, between 2004 and 2010 

there were 2,327 people killed by debris flow in China out of 6,910 who were killed by natural 

disasters. One recent example showing the destructive power of debris flow is the Zhouqu debris 

flow which occurred on August 7, 2010. It caught the residents of Zhouqu by surprise and 1,765 

people were killed and more than 5,500 houses were destroyed. 

In order to assess the extent of damages caused by a debris flow event, numerical modelling and 

debris flow analysis are often carried out. There are several approaches in debris flow modelling. 

This includes the empirical approach, the discontinuum approach and the continuum approach. 

In the empirical approach, calculations of the volume, speed, runout distance and the extent of a 

debris flow is based on historical observations of a large number of events, see Fannin et al. 

(2012) and Moffat et al. (2011). This approach requires the observation of a large number of 

events in different geological conditions. Moreover the result is only applicable in similar 

geological conditions. In the second approach using discontinuum model, debris flow is 

modelled using many small elements that interact with each other, see Cundall and Strack 

(1979). The advantage of this approach is that it can simulate large deformation and changes in 

mass can be accommodated easily. However it is difficult to determine the property for the 

debris and very difficult to incorporate the effect of water. The third approach is based on 

continuum models in which the body of the debris is considered to be a continuum. The 

formulation of the model is based on physical laws such as Newtonôs Law of Motion, the Laws 

of the Conservation of Mass and the Law of the Conservation of Energy. The equations 

governing the motion of the debris are derived to calculate the flow characteristics, such as 

velocity, depth, runout distance etc., see Wang et al. (2010). Numerical techniques, such as the 



 

52 

finite element method, finite different method or the block continuum method, are often used to 

provide the numerical solution for debris flow analysis. This approach is one of the most 

common approaches and it is one of the most effective ways of analyzing practical debris flow 

problems.  

In many debris flow events, flow channels are typically covered by surficial deposits, sometimes 

several meters thick of loose granular material. A rapidly moving debris could mobilize these 

materials which could change the volume of the debris significantly during the flow process. The 

inclusion of material through erosion of the flow channel is called entrainment. Many debris 

flows have significant amount of entrainment resulting in a substantially larger final volume than 

its initial volume, see Table 3-1. In these cases, the final volume is much larger than the initial 

volume since the debris erodes and includes the material along its flow path. Tsingshan debris 

flow is a special case in which the entrained volume is about fifty times the initial volume. This 

can change the mechanics and characteristics of flow thus making prediction and back analysis 

of debris flow much more difficult. The rate of this process is affected by the shear stress applied 

on the bed sediment, the internal friction between the particles, the velocity of the flowing debris, 

the slope angle of the channel, the cohesion of the bedding material and the pore water pressure 

generated due to shearing of fine grained materials in the bed.  

Table 3-1: Example of rock avalanche and debris flow involving entrainment 

Case 

Initial 

volume 

(m3) 

Entrain

ed 

volume 

(m3) 

Average 

slope 

angle of 

entrainme

nt zone (º) 

Final 

volume 

(m3) 

Entraine

d volume 

/ Final 

volume 

(%) 

Entrainme

nt material 
Reference 

Huascaran, Peru, 

1970 

Rock and ice 

avanlanche 

13×106 39×106 20~45 52×106 75 
Glacial till 

and ice 

Hungr and 

Evans 

(2001) 
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Case 

Initial 

volume 

(m3) 

Entrain

ed 

volume 

(m3) 

Average 

slope 

angle of 

entrainme

nt zone (º) 

Final 

volume 

(m3) 

Entraine

d volume 

/ Final 

volume 

(%) 

Entrainme

nt material 
Reference 

Mt. Ontake, 

Japan, 1984 

Volcanic rock 

avalanche 

34×106 22×106 20~45 56×106 39 

Colluvium 

and 

alluvium 

Hungr and 

Evans 

(2004) 

Nomash River, 

Canada, 1999 

Rock slide-

debris avalanche 

300×10
3 

300×10
3 

25~45 
600×10

3 
50 

Till -

derived 

colluvium 

McDougall 

and Hungr 

(2005) 

Tsingshan, Hong 

Kong, 1990 

Debris flow 

400 19600  23~35 20000 98 

Colluvium

, residual 

soil 

Lo and 

Chau 

(2003) 

Faucon, 

French,2003 

Debris flow 

8.5×103 
36.5×1

03 
3~50 45×103 81 

Tills, 

kame 

terraces 

and 

moraines 

Remaître 

et al. 

(2009) 

Fjærland, 

Norway, 2004 

Debris flow 

25×103 
215×10

3 
4~60 

240×10
3 

90 

Quaternar

y till and 

older 

debris-

flow 

material 

Breien et 

al. (2008) 

Dolomites, Italy, 

1997 

Debris flows 

600 5400  7~30 6000 90 
Postglacial 

sediments 

Berti et al. 

(1999) 

Studying entrainment, being an important part of debris flow analysis, will  help the 

interpretations and understandings of significant changes in the mass during the flow process. 

Presently entrainment analysis often adopts a static approach in which shear stresses are 

calculated in the soil in the flow channel. The Mohr Coulomb criterion is used to determine the 

depth of failure in the soil in calculating the depth of erosion. Depth-averaged approach was used 

to describe erosion process (Bouchut et al. 2016 and Iverson and Ouyang 2015). However, in 

granular flow, material at the surface of the bed can be eroded by progressive scouring which is 

physically in particle scale. McCoy et al. (2012) and Reid et al. (2011) studied the scouring 
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process in the channel bed adopting field experiments. Mangeney et al. (2010) and Farin et al. 

(2014) carried out several laboratory experiments to study this process. The progressive scouring 

refers to the propagation of the entrainment front. This may result in more material being eroded 

than considering shear failure alone using a static approach. Presently, there is no model that can 

capture the progressive scouring mechanism and very little research has been done to understand 

this process. The purpose of this paper is to understand the progressive souring mechanism, to 

develop a numerical model that can calculate the amount of entrainment and to incorporate the 

model into debris flow analysis.  

3.3. Review of previous work 

3.3.1. Debris flow entrainment models 

During the movement of a debris, material from the channel boundary are often eroded and 

mixed with the main body of the debris and becomes part of it (Iverson 2012). There are various 

models in calculating the amount and rate of entrainment in debris flow analysis (Iverson and 

Ouyang 2015). Some efforts have been made in the past to estimate the volume of erosion and 

incorporate basal entrainment. The models for estimating the amount of material incorporated 

from channel bed can be roughly summarized as analytical models and empirical models. In the 

analytical approach, there are basically two approaches in calculating entrainment: the static 

approach and the dynamic approach. Newtonôs Law of Motion or force equilibrium are used to 

calculate the entrainment rate or depth of erosion of the channel base. Shear stress and shear 

resistance are the most important factors in calculating entrainment. Diffusion process caused by 

difference of sediment concentration between erodible channel bed and the main body of the 

debris is also considered as one possible mechanism of entrainment (Iverson and Ouyang 2015). 

On the other hand, in the empirical approach the entrainment rate is empirically related to flow 
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velocity or shear stress exerting on the erodible bed. The coefficient of correlation between 

entrainment rate and flow velocity or shear stress is often determined by model calibration based 

on a large number of case histories. 

In the static approach, static shear stresses are calculating beneath the channel bed under the 

debris and failure is considered when the static shear stress exceeds the shear strength of the 

material. The depth in which failure occurs is determined and the amount of material is 

calculated which will be added to the main body of the debris. In the dynamic approach, the rate 

of entrainment is calculated based on the rate of erosion of the material at the channel bed. The 

rate of erosion is determined based on shear failure at the surface and the material is removed 

from the surface depending on the velocity of flow of the main body of the debris (Medina et al. 

2008, Iverson and Ouyang 2015 and Bouchut et al. 2016). It is assumed in this approach that the 

velocity of newly eroded material is the same as the average velocity of the debris flow 

(Fraccarollo and Capart 2002, Medina et al. 2008 and Ionescu et al. (2015). Bouchut et al. (2016) 

and Ionescu et al. (2015) proposed a model based on depth-averaged approach in which variation 

of static/flowing interface is considered as the erosion rate. Compared with other models, this 

model is deduced directly from the viscoplastic constitutive law. This model can show the 

continuity of shear stress and velocity across static/flowing interface. 

Egashira et al. (2001) proposed a formula to calculate the erosion rate assuming that the slope of 

the channel bed is always adjusted to the angle corresponding to the limiting equilibrium 

conditions. The material in the channel left behind by an unsaturated debris will approach the 

limiting equilibrium slope angle. Geometrical relationship between the initial bed slope and 

equilibrium slope angle is incorporated into the mass conservation law of the eroded material to 

obtain the entrainment rate.  
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The entrainment model proposed by van Asch et al. in 2004 (Luna et al. 2012) is a one 

dimensional dynamic debris flow model that takes into account the entrainment concept based on 

the generation of excess pore water pressure under undrained loading on the in-situ material. 

Flow is treated as laminar, single phase and as an incompressible continuum process. Due to the 

moving mass flowing on top of the erodible bed, loading on the bed deposits is generated. The 

model calculates this applied load on the in-situ soil through changes in the vertical normal stress 

and shear strength caused by the debris flow. The increase in pore water pressure is calculated 

based on Skemptonôs (1954) equation. The depth of erosion is approximated using the 

relationship between the factor of safety at the bottom and top of soil in the channel.  

Iverson (2012) considered the behavior of a slide block descending an erodible slope with the 

ability of incorporating soil from the bed. Newtonôs Second Law was first applied on the sliding 

material. Then, Coulomb friction rule was applied and basal friction resistance calculation was 

improved by taking the shear rate into account. The frictional resistance consists of a constant 

component of frictional resistance and a velocity-dependent component. After considering the 

rate-dependent friction, entrainment rate based on the change in weight of the sliding block was 

obtained. . Iverson and Ouyang (2015) considered the rapid change of stress, density and flow 

velocity between two layers: moving upper layer and static lower layer. A new entrainment 

model is proposed based on depth-integrated mass and momentum conservation equations. 

De Blasio et al. (2011) suggested a semi-empirical model to calculate entrainment. In the semi-

empirical model, the entrainment rate is dependent solely on the tangential component of weight 

at the base and on the average velocity of the debris flow. Critical shear stress was used as the 

thereshold to determine the occurance of entrainment. Data from the Fjæland debris flow was 
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used to determine the dynamic quantities and erosion effects in calibrating the model. This 

model seems promising since it relates debris flow velocity and basal shear stress to entrainment. 

It is seen that the current approach in entrainment calculation considers shear failure of the soil in 

the channel base. Often static shear strength parameters are used. 

3.3.2. Debris flow entrainment experiments 

Flume experiments are normally conducted to test the entrainment of debris flow. Egashira et al. 

(2001) and Papa et al. (2004) built a small scale experimental flume, 10 cm wide by 20 cm high 

with 12º slope. The erodible bed, consisted of particles having uniform grain size, was placed at 

the lower part of the flow channel. The same material was used for the debris-flow body. During 

the test, the debris had different solid concentration which resulted in different erosional profile 

of the bed with different equilibrium slope angle. Particles and sediment flux concentration were 

varied in the test to understand the impact of solid concentration on entrainment rate. 

Mangeney et al. (2010) constructed a similar flume for entrainment tests. A 20 cm long by 14 cm 

wide tank was placed at the crest of the channel which is evenly covered by granular material. In 

the experiments, subspherical, cohesionless and highly rigid glass beads, ranging from 600 ɛm to 

800 ɛm, fill the tank and erodible bed. The thin layer of erodible bed was formed by cutting the 

supply of the steady uniform flow to allow the layer to deposit. The thickness of the erodible bed 

varied from 0 mm to 6.5 mm. Slope angle changed from 0º to 30° during the test. The effect of 

slope angle and thickness of erodible channel on runout distance was studied. The shape of the 

granular mass during movement was recorded and analyzed. It is concluded that runout distance 

increases almost linearly as a function of the thickness of the erodible bed suggesting that 

erosion is mainly ñsupply dependentò. The runout distance increases about 40% on the slope 
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close to the repose angle of the grains. As well, erosion is positively related with the slope angle 

that means erosion increases with the increase of slope angle. Farin et al [18] found that there is a 

critical value of slope angle, around 10º to 16º in the experiments, below which the erodible bed 

has no effect on runout distance or no difference can be detected after comparing the results from 

the channel bed with and without erodible material. However, if the flows over an erodible bed, 

larger than the critical slope angle, the runout distance increases by up to 50% comparted with 

the over a rigid bed. 

A series of large-scale experiments were conducted between 1992 and 2013 using the USGS 

debris flow flume for gravel, sand and mud-size particles on erodible bed sediment with different 

moisture content (Iverson and Denlinger 2001; Iverson et al. 2004; Iverson et al. 2011; Iverson, 

R. M. 2012). The USGS facility is located about 45 miles east of Eugene, Oregon, in the United 

States of America (USA). The experimental flume is a 95 m long, 2 m wide and 1.2 m deep 

reinforced concrete channel. The properties of the erodible bed including moisture content and 

type of material, and solid concentration and grain composition in the tank were varied in the 

experiment. Different characteristics of granular flow were measured in each test. In this 

entrainment study, it is found that increase in water content usually leads to an increase in the 

rate of entrainment. On the basis of progressive shear entrainment, a preliminary theory on 

entrainment has been developed. Iversonôs theory postulate that entrainment is accompanied by 

increased flow momentum and speed only if large positive pore pressures develop in wet bed 

sediments when the sediments are overridden by the debris. The increase in pore pressure 

facilitates progressive scouring of the bed, reducing the basal friction and resulting in an increase 

in the flow speed, mass and momentum (Iverson et al. 2011).  
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Sovilla et al. (2006) studied 18 snow avalanches that occurred between 1997 and 2003 in 

Switzerland and Italy. Information such as velocities, pressures and flow depths were collected. 

The average depths of erosion were estimated in ñpotential entrainment areasò. Based on the 

analysis on the mechanism of the entrainment process, a cohesionless dense snow avalanche 

model have been developed. In this model, the total entrainment rate is assumed to be a function 

of the location, velocity and time of the avalanche. 

3.3.3. Introduction on runout calculation 

In continuum modelling, there are two approaches in formulating the equations for debris flow 

runout analysis. The first approach is based on the Law of Conservation of Momentum. The 

debris is divided into slices in two dimensional analysis, or columns in three dimensional 

analysis, and the motion of individual slices can be calculated by applying Newtonôs Law of 

Motion. An example of this force based formulation is the Dynamic Analysis Model (DAN) 

developed by Hungr (1995). There are also other depth-averaged models in debris flow runout 

calculation such the models proposed by Bouchut et al. (2016) and Iverson and Ouyang 

(2015).The second approach is based on the Law of Conservation of Energy. The energy 

formulation has been developed by Wang et al. (2010). The motion of the debris can be 

calculated by considering the energy dissipation on the boundary as well as internal dissipation 

of the mass of the debris in a Lagrangian framework (Wang 2008). The momentum formulation 

of the first approach cannot take into account the internal energy dissipation. Lateral pressure 

and basal resistance on individual slices are determined using the Rankine and Mohr-Coulomb 

theories. The momentum equations for the overall sliding mass are not required in the 

calculation.  
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In analyzing debris flow with significant amount of entrainment, an entrainment model should be 

incorporated into a runout model to simulate the erosion process, inclusion process and 

movement process. The energy-based runout model has been selected to incorporate entrainment 

model in this study. 

3.4. Formulation of the progressive scouring model 

It has been demonstrated that sediment entrainment will occur progressively from the sediment 

surface rather than by a mass failure along the bedrock-sediment interface (McCoy et al. 2012; 

Reid et al. 2011). In this study, an erosional mechanism that considers material lying on the 

channel bed being eroded progressively downward in a rolling motion is examined. This process 

is called progressive scouring. The current methods in entrainment calculations mainly consider 

shear failure under the channel bed. The equation to calculate the depth of entrainment based on 

basal shearing mode of erosion has been developed (Medina et al. 2008a, Iverson and Ouyang 

2015 and Bouchut et al. 2016). However, the progressive scouring process in particle scale is not 

considered in the models. This could lead to an error in the estimation of the rate of erosion in 

granular flow. To address this deficiency, the proposal model takes into account surface 

erosional effects by considering progressive scouring and shear failure in the channel bed. In 

developing the model, it is assumed that friction between particles satisfy the requirement for a 

ñpureò rolling motion. However in entrainment prediction, the friction between particles is 

needed to determine the types of motion which includes rolling and sliding motions. 
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3.4.1. Analysis of shear failure and rolling motion 

3.4.1.1 Rolling motion  

In order to develop a theoretical framework for the progressive scouring process, soil particle is 

assumed to be round. The formulation is based on 2D analysis. Although 2D analysis is a 

simplification of 3D analysis, it provides the response of the structure in the 2D plane. In some 

cases, the 3D world can be simplified into a 2D plane which can reasonably capture all the 

physical characteristics of the 3D reality. Therefore, in the 2D model, soils can be represented by 

round 2D particles.  

In calculating the drag force for the initiation of the rolling action, it is assumed that a particle 

will rotate around a point O as shown in Figure 3-1 where TR is the drag force required to initiate 

particle rolling, q is the slope angle of the channel bed, m is the mass of the particle (for 2D, 

m=p R2rb), rb is the density of bed sediment particle, g is the gravity acceleration, R is the radius 

of the rolling particles, a0 is the angle between the channel surface and the line connecting the 

centers of two adjacent particles. For soil with variable particle sizes, R is assumed to be equal to 

d50/2. F is the required friction between two adjacent particles during rolling. N is the normal 

force existing on a particle. Ǖ is the translation acceleration which has same direction as particle 

moving direction.  ax and ay are x-component and y-component of Ǖ. 

Based on particle rolling analysis presented in Appendix A, it can be shown that the force 

required for impending motion is given by: 
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Equation [3-1] is based on the moment balance about contact point O which can be used to 

calculate the drag force required to initiate the rolling action. The equations governing the 

motion of the particle after it starts to move are given in Appendix A. 

 

Figure 3-1: Free body diagram of particle when rolling occurs 

3.4.1.2 Shear failure calculation 

In addition to the rolling motion, material can be eroded in the channel bed due to shear failure. 

In this case, material will be sheared progressively with the thickness of the first layer is equal to 

the particle diameter or mean particle diameter in the case of non-uniform size particles. When a 

particle starts to move, the driving force is equal to the resisting force. Hence,  

( ) 2                 2     cos   tan   2  -    4   sin s f b bT g h g R R g Rr r q f r q= +   [3-2] 
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where Ts is the shear force required for incipient motion of the particles, Tr is the shear 

resistance, f is the internal friction angle, rf and rb are density of debris flow and bed sediment, 

respectively.  

 

Figure 3-2: Definition sketch of shear erosion 

3.4.1.3 Rolling mechanism versus sliding mechanism 

Equation [3-1] calculates the drag force required for the initiation of the rolling motion and 

Equation [3-2] provides the drag force for the sliding mechanism. The actual mechanism that 

will occur in a particular situation depends on the smaller one of these two forces. 

Consider the difference of the two drag forces as follows:  
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Rearranging Equation [3-3], it becomes: 
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When TR = Ts 
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 for a material, then TR < Ts, progressive scouring will occur 

before basal shearing for a coarse granular material with high internal friction angle. It means 

that particles will rotate first. If TR is kept constant and it is less than Ts, particle will always be 

eroded by rolling motion. Figure 3-3 shows the general division between rolling and shearing 

motion. In reality, it is more likely that bed sediment can be eroded by both mechanisms at 

different times (Li and Komar 1986). 
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Figure 3-3: Threshold between rolling motion and shear failure 

It is seen that omitting the progressive scouring mechanism may lead to underestimating the total 

volume of the debris. 

3.4.2. Derivation of new entrainment model 

3.4.2.1 Selection of motion of entrainment  

There are two modes of erosion: progressive scouring and basal shearing. First it is necessary to 

calculate the shear forces required for rolling and shearing motions. If the actual shear force is 

less than these limiting values, no erosion is expected.  If TR < T < Ts, particles will be mainly 

eroded by rolling. If T is greater than both of them, particle will  be moved by both rolling and 

sliding motions (Figure 3-4).  
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Figure 3-4: Changes in the entrainment modes 

3.4.2.2 New entrainment model 

To develop the equations for the progressive souring mode of erosion, it is necessary to consider 

simple geometry and particle configurations. In this formulation, uniform size spherical particles 

(circles rod with unit length in 2D analysis), have been used. In this formation process, 2D 

analysis is performed. It is recognized that real soils are not spherical in shapes and they are not 

uniform in sizes. However the equations for the uniform size and spherical shape particles 

provide the form of the expression to calculate the rate of erosion for this mode of failure. 

Modifications of this theoretical equation may be necessary when applying it to analyze real 

debris flow.  

Drag forces due to the moving debris above the bed are assumed to apply at the center of the 

particles. Particle is considered to be eroded when it rolls over the crest of another particle. 

Valyrakis et al. (2013) compared the minimum flow energy supplied for entrainment by saltation 

and rolling assuming the same order of magnitude of energy transport coefficients. It was 

revealed that a greater amount of mechanical work is required for saltating grains. Shodja and 

Nezami (2003) analyzed the distribution of all contact normal forces (combined rolling and 

sliding) and confirmed that rolling is the dominant mechanism. If there is no slipping between a 

particle and the underlying substrate, the particle will roll along the bed and it becomes part of 
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the debris. Newtonôs Law of Motion is applied to calculate the acceleration, velocity, and 

displacement of the particle. 

Supposed that friction coefficient satisfies the requirement for rolling without slipping between 

particles. If there is slippage between particles and its underlying substrate, sliding motion will 

occur. Again, Newtonôs Law of Motion will be used to calculate the movement of the particle. 

Appendix A shows the derivation of the equations for both sliding and rolling mechanisms. 

In order to determine if progressive scouring by rolling action occurs before basal shear failure, 

the drag force requires to initiate rolling should be less than the drag forces required for basal 

shear failure. The expressions to calculate initiation drag forces for both cases are presented in 

Appendix A. 

3.4.2.3 The calculation of rolling time t 

Entrainment rate is defined as the change of the depth of erosion in a unit time, therefore it is 

necessary to estimate the time (t) needed for a particle to move from the initial location to the 

crest of adjacent particle. The angle for a particle to rotate before it becomes part of the debris 

flow can be calculated once the initial resting angle a0 is known. Based on the angular velocity 

of the moving particle, see Appendix A, the rolling time t can be estimated.  

As a0 varies for each location, time t should be calculated specifically for each a0. The 

relationship between t and a0 is shown in Figure 3-5. It can be seen from the figure that t 

decreases with the increase of a0. Determination of a0 will be discussed in the following section.  
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Figure 3-5: tn against Ŭ0 for constant drag force 

3.4.3. Entrainment rate estimation 

To incorporate the entrainment time into entrainment rate calculation in a continuum model, a 

probability density function (PDF) of the initial resting angle a0 is introduced to relate the 

entrainment time to entrainment rate. The PDF provides the probability distribution of the 

relative location between two adjacent particles. 

3.4.3.1 Relative location of adjacent particles 

Firstly, different possible locations and configurations between two particles are considered and 

shown in Figure 3-6. The classification of these different cases is based on the position of 

particle 1 in one of the four quadrants of particle 2. The four quadrants are divided by two lines 

perpendicular to each other. One of them is the line parallel to the slope surface. 
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Particle 1 is the moving particle and particle 2 is the non-moving particle which particle 1 must 

override. It is interesting to note that if only the relative location between two adjacent particles 

is considered, Case I and Case III  are the same. Similarly, Case II  and Case IV are also the same. 

For Case II , if particle 1 is located in the second quadrant, for equilibrium, there must be another 

particle 3 keeping particle 2 stable. Therefore it means that the arrangement of particles 2 and 3 

in Case II  is the same as the arrangement of particles 1 and 2 in Case I. Hence, all the cases can 

be simplified into only one case, Case I. Therefore the formulation below is based on Case I. 

  
Case I Case II  

  
Case III  Case IV  

Figure 3-6: Possible configurations of two particles in 2D cases 
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3.4.3.2 Characteristics of the entrainment of two adjacent particles  

 

Figure 3-7: Range of angles of each region on the non-moving particle 

According to the relative locations between the moving and non-moving particles, the region 

upstream of the non-moving particle can be divided into three regions (Figure 3-7): Region I -

particle 1 cannot be eroded by rolling; Region II  - particle 1 can be eroded; Region III  - Unstable 

region for particle 1 and it has already eroded. Therefore, the erodible depth for Region III is 

zero. 

In this framework, it is assumed that the probability of Ŭ0 in the range [(p/2)-q, p/2] is zero since 

these particles should have already been eroded. Since the range of the independent variable 

using the normal distribution function goes from negative infinity to positive infinity, the PDF of 

the normal distribution function should be normalized in the range [0, (p/2)-q], see Figure 3-8. 

Pnor is modified to Pmod and average distribution is also shown in Figure 3-8. 


































































































































































































































































































































































































































































