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Abstract

In D-dimensional spacetimes which can be foliated by n-dimensional
homogeneous subspaces, a quantum field can be decomposed in terms
of modes on the subspaces. Substitution into the field equations re-
duces the free quantum field in D dimensions to a collection of quan-
tum fields in D — n dimensions. This dimensional reduction estab-
lishes a formal relationship whereby objects in the physical theory,
such as the Green function and the effective action, can be written
as sums of the corresponding objects in the dimensionally reduced

theories.

In this thesis we examine dimensional reduction in the context of
renormalization. Quantities of physical interest in quantum field the-
ory, such as the expectation value of the stress tensor, are divergent
and must be renormalized. Though the equivalence of the original
and dimensionally-reduced theories is easily established at the bare
level, we demonstrate that the divergent terms which must be sub-
tracted to renormalize the higher- and lower-dimensional theories are
not related by the mode decomposition. As a result, renormalized
expectation values in D dimensions can be obtained by summing

over their renormalized (D — n)-dimensional counterparts only if the
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contribution of each mode is modified by an extra anomalous contri-

bution. We call this effect the dimensional-reduction anomaly.

We explicitly calculate the dimensional-reduction anomaly in the
field fluctuations and the stress tensor for several classes of space-
times of physical interest, with particular emphasis on spherical and
static spaces. In each case, the anomaly is shown to produce signif-
icant mode-by-mode corrections to renormalized expectation values
in the dimensionally reduced theories. For spherical geometries we
investigate the relevance of the anomaly to recent attempts to cal-
culate the stress tensor and Hawking radiation from Schwarzschild
black holes using two-dimensional dilaton-gravity models. For static
spaces we find an intriguing relationship between the anomaly and
a new, general approximation scheme for renormalized expectation

values of quantum fields.
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e V. Frolov, P. Sutton, and A. Zelnikov, “Dimensional-reduction
anomaly”. Physical Review D 61 024021 (2000).

e P. J. Sutton, “Dimensional Reduction of the Effective Action
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Chapter 1

Introduction

In the absence of a full quantum theory of gravitation, attempts to model the
behaviour of quantized matter incorporating gravitational interactions are forced
to rely on the semiclassical approximation. In this approach, the gravitational
field is treated as a classical background on which the quantized matter fields
propagate. Quantum amplitudes may then be calculated perturbatively to the
desired order.!

Even at the semiclassical level, vacuum polarization effects in quantized mat-
ter are notoriously difficult to compute. As a result, much effort has been de-
voted to calculating vacuum polarization and particle production in privileged
spacetimes which possess a high degree of symmetry; these include homogeneous
cosmological models [1-4], and eternal black hole spacetimes [5-19]. In these sys-
tems, one can take advantage of the continuous symmetries of the geometry to
simplify the calculation of field-dependent functions. By selecting a coordinate
system based on the symmetries and using separation of variables, the quantum

field may be decomposed in terms of modes in the symmetry directions to effec-

ISmall gravitational fluctuations about the classical background may be treated as a sepa-
rate matter field of gravitons and quantized to the one-loop level, the non-renormalizability of

gravity preventing a consistent extension to higher orders.
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CHAPTER 1. INTRODUCTION 2

tively reduce the dimensionality of the system. For example, in a D-dimensional
static spacetime one can decompose the quantum field in terms of Fourier time
modes e**. Substituting this Fourier transform into the field equation yields a
new field equation in (D — 1) dimensions with an w-dependent potential. Quan-
tities of interest in the physical theory can then be obtained by solving for the
corresponding quantities in the dimensionally reduced theory and summing over
all w (performing the inverse Fourier transform).

This technique is standard in the solution of partial differential equations for
classical fields. There is, however, a difficulty that one encounters in applying
dimensional reduction to quantum field theories. Specifically, quantities of phys-
ical interest in quantum field theories, such as expectation values, typically are
divergent and must be renormalized to yield a finite, meaningful result. This
raises the question of how renormalization affects the relationship between the
dimensionally reduced theory and the original physical theory. In the language
of operators, we ask whether dimensional reduction and renormalization com-
mute. In this report, we find that they do not. This may be understood from
the fact that renormalization is a purely local operation, depending only on the
short-distance or high-frequency behaviour of the theory. Mode decomposition,
however, is sensitive to global characteristics such as topology, and so probes the
long-distance or low-frequency behaviour. Integrating out some portion of the
manifold can change the global properties of the system, a change to which the
renormalization is insensitive. This leads to different results when renormaliza-
tion is carried out before versus after the mode decomposition. In subsequent
chapters we will see that further discrepancies between renormalization in the
two theories arise due to local effects depending on the curvature and field po-
tential. We call the resulting non-commutability of dimensional reduction and

renormalization the dimensional-reduction anomaly.
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CHAPTER 1. INTRODUCTION 3

The problem of dimensional reduction and renormalization may be of rel-
evance to various issues that have appeared in the literature in recent years.
One of the most notable of these is the attempt to calculate the stress ten-
sor and Hawking radiation of Schwarzschild black holes using two-dimensional
dilaton-gravity models [20-31]. In this case, a massless, minimally coupled scalar
field in a four-dimensional spherically symmetric spacetime (such as that of a
Schwarzschild black hole) is decomposed into spherical harmonics, reducing the
field to one propagating in two dimensions. Using the conformal properties of
two-dimensional spaces, the calculation of the effective action is greatly simpli-
fied. One can then obtain the contribution of the ¢ = 0 spherical mode to the
stress tensor and Hawking radiation in the original, physical spacetime. Various
attempts along these lines [32-39] have been rewarded with unsettling results [40],
including in some cases a negative Hawking flux, and in all cases two-dimensional
stress tensors that are qualitatively different from the expected four-dimensional
one near the black hole. We show that the dimensional-reduction anomaly sup-
plies a state-independent contribution to the stress tensor which appears to cor-
rect the predictions of the dimensionally reduced theories near the event horizon,
while leaving the asymptotic behaviour (including the Hawking radiation) unaf-
fected.

A second system that we shall consider is that of a scalar field in static
space at finite temperature. In this case we demonstrate that the dimensional-
reduction anomaly can be used to derive a new general analytic approximation
for the renormalized physical theory which is based on the high-frequency be-
haviour of the field. This technique can be viewed as an extension of previous
approximations for conformal fields by Page, Brown, and Ottewill [8,9] and by
Frolov and Zelnikov [10], as well as the approximation of Anderson, Hiscock, and
Samuel [11, 12] for fields in static spherically symmetric spacetimes.
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CHAPTER 1. INTRODUCTION 4

This thesis is organized as follows. In Chapter 2 we review some of the
basic formalism of free quantum fields in curved space. We then examine the
dimensional reduction of a quantum field in a spacetime with a homogeneous
subspace. We indicate how the dimensional-reduction anomaly arises and relate
it to the more general multiplicative anomaly. Chapter 3 is devoted to explicit
calculations of the dimensional-reduction anomaly for the simple case of spherical
decompositions in flat space. We show how the anomaly arises and why it must be
included for the dimensional reduction to yield standard results for flat spacetime.
In Chapter 4 we extend our considerations to general four-dimensional spherically
symmetric spaces, with particular emphasis on the Schwarzschild geometry. We
calculate explicitly the anomalies in ($2), the effective action, and the stress
tensor. Comparisons to known results for renormalized quantum fields in two and
four dimensions demonstrate the significance of the anomaly to dilaton-gravity
models. In Chapter 5 we examine dimensional reduction in four-dimensional
static spaces and derive the corresponding anomaly. For the zero-temperature
case, we demonstrate in Chapter 6 how this anomaly may be used to obtain a
new approximation scheme for quantum fields in static spaces. We conclude in
Chapter 7 with a summary of our results and point out some prospects for future

work.
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Chapter 2

Quantum Field Theory in
Curved Spacetime and

Dimensional Reduction

Our main subject is special properties of quantum fields propagating in curved
spacetimes. In this chapter we collect some general results which will be useful
later. We begin in Section 2.1 with a brief review of the quantization of a free
scalar field in a gravitational background, with emphasis on such topics as Green
functions, the effective action, the heat kernel, and the choice of quantum state.
In Section 2.2 we examine the dimensional reduction of such a theory when the
spacetime contains a homogeneous subspace, showing how it may be rewritten as
a collection of fields in a lower-dimensional spacetime. In Section 2.3 we indicate
how this dimensional reduction breaks down under renormalization, producing

the dimensional-reduction anomaly.
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CHAPTER 2. QFTCS AND DIMENSIONAL REDUCTION 6
2.1 Quantum Field Theory in Curved Space-
time

Let us review the general scheme for the quantization of a free field in a gravi-
tational background. It will be sufficient for our purposes to consider real scalar
fields only, though the following formalism is easily extended to more general
bosonic or fermionic fields. For more general and detailed accounts see, for ex-

ample, DeWitt [41,42], Berezin [43], Birrell and Davies [44], and Wald [45].

2.1.1 Classical Field

A self-consistent description of a classical scalar field  propagating in a curved
spacetime with metric g,,, where the gravitational interaction of the matter is
taken into account, may be formulated in terms of the actions for the scalar and

gravitational fields. The classical action for ® is taken to be

S = é/dx\ﬂg‘mm, (2.1)

where F is a self-adjoint operator.! Combining the action (2.1) with the classical

Einstein-Hilbert action for general relativity,?

—— / dz/[g] (R~ 2A] , (2.2)

and setting the variation of the total action S + S,,,, with respect to the metric

equal to zero yields the Einstein equations,

'Qur F is self-adjoint if, for any smooth complex functions #;, ¥. having compact support

in an open spacetime region of interest,

/ dz\/gl [$1(Fa) — (F,)4a] =0,

where the bar denotes the complex conjugate.
2We ignore the surface term that should be included for rigour [46].
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CHAPTER 2. QFTCS AND DIMENSIONAL REDUCTION 7

Here T, is the stress tensor for the field ®, and is defined by

7 Val Sgw

In this thesis we will consider the gravitational background as a fixed external

(2.4)

field and ignore the back-reaction of the (quantized) matter on the geometry,
focusing rather on the vacuum polarization of the scalar field.
For a fixed background geometry the field equation satisfied by ® is found by

setting to zero the variation of the action (2.1) with respect to the field, and is
F&=0. (2.5)

The self-adjointness of the field operator F' can be used to show that there
exists an invariant “inner product” for solutions of the field equation which is
bilinear in the fields and independent of the Cauchy surface on which it is eval-
uated. Specifically, if ®,, ®, are any two complex solutions of (2.5) and £ is a

complete Cauchy hypersurface, one can show that
. T =
(®1,9) = -1/ dx* @, f, @,
>

is invariant under smooth deformations and displacements of ¥. (If the space
is noncompact, one assumes that the solutions fall off sufficiently rapidly at

«
infinity.) Here f, is related to F' via

/dm\/l?l[%(sz)—(F_%)dzz] =/d2”$1?p¢2,
Q an

where 2 is any compact region of spacetime with smooth boundary 9%, dX* is
the outward-directed surface element of €, and 9, ¥ are any smooth complex
functions defined on an open region containing §2. Using this inner product, one
can introduce a complete, orthonormal set of solutions {®;, 3,-} (the bar denoting

the complex conjugate) such that

(Qh(pj) = -(6;’, 5}) = 61']' ’ ($i1 Q,1) = (Qiygj) =0. (2'6)
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CHAPTER 2. QFTCS AND DIMENSIONAL REDUCTION 8

Since the set {®;, ®;} is complete, we can decompose the field ¢ as
¢=) [ud:+a3d], (2.7)

where a; represents the constant amplitude of the field in the mode ®;. Note

that the set {<I>,-,5,~} is not unique; this will be of some importance later.

2.1.2 Canonical Quantization

Assuming that the spacetime is globally hyperbolic, so that it may be foliated
by spacelike Cauchy hypersurfaces, we can define a canonical momentum II con-

jugate to ¢ via
=95
=5,

Here the z° coordinate enumerates the hypersurfaces.

(2.8)

A standard procedure for quantizing the theory (2.1) is to elevate @, II to

operators and impose on each slice the standard canonical commutation relations

[«i(z°,x),<i>(z°,x')] = 0, (2.9)
[fl(zo,x),f[(xo,x')] = 0, (2.10)
[@(x°,x),f[(1:°,x’)] = i§(x—-x), (2.11)

where the x are the coordinates on the hypersurfaces.

In the decomposition (2.7) the a;, @; become operators:
=% [a,-@,- + 536,-] : (2.12)

where the dagger (t) denotes the hermitian conjugate. The commutation rela-
tions (2.9)—(2.11) then imply that the a;, &;‘ act respectively as the annihilation
and creation operators for quanta in the mode ®;, as they satisfy the commuta-
tion relations

[a:, 8] = [al,al] =0, [a:,al] = 6;;. (2.13)
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CHAPTER 2. QFTCS AND DIMENSIONAL REDUCTION 9

The free quantum field thus decomposes to a collection of independent quantum
harmonic oscillators, and we can construct a Fock basis for the Hilbert space just
as one would do for the quantum oscillator. In particular, the vacuum state |0)

is defined as that state annihilated by all a;:
@;|0) =0. (2.14)

Multiparticle states can then be built up by repeated applications of the creation

operator &I .

2.1.3 Vacuum States

It should be noted that the physical nature of the vacuum state (2.14) depends
on the choice of basis modes {®;, ®;}. One of the most interesting features of
quantum field theory in curved spacetime is that in general there is no set of
modes which is “preferred” by the geometry. As a result, there is no unique
vacuum state.

To see the consequences of this, consider two complete, orthonormal sets of

states,
{uiyﬁi} ’ {'Ui, ﬁt} y (2.15)
with associated creation and annihilation operators
{d‘?&r}'l {511 5{} y (2.16)
and vacua |0)y, |0), such that
@]0)y =0, b;|0), = 0. (2.17)

Since both sets are complete, we must be able to write the {v;,%;} as linear

combinations of the {u;, %@;}. For example,

v = Z[a,-kuk + ﬁikﬁk] . (2.18)
k

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. QFTCS AND DIMENSIONAL REDUCTION 10

This is known as a Bogoliubov transformation. The orthonormality and com-

pleteness of both sets of modes dictates that the matrices & and § must satisfy
act - gpt=1, (2.19)

apt - Bat =0, (2.20)

where [ is the identity matrix.
The operators {b;,5} can also be written in terms of the {a;,a!}. For exam-
ple,
bi = Z[aik&k — Budf]. (2.21)
k

If 8 # 0, the annihilation and creation operators are mixed in the Bogoliubov
transformation. As a result, the vacua |0), and |0), are inequivalent. In par-
ticular, the number of particles in the mode v; contained in the |0), vacuum
is

W{01B!B:[0)0 = ) |Buil® . (2.22)
k

If the gravitational field vanishes (or becomes static) at very early or very
late times, the vacuum state in these asymptotic regions can be chosen naturally.
To do so, one identifies the basis modes ®; with positive-frequency solutions
(® o e™*!, w > 0). For such a definition the corresponding vacuum state is the
state of lowest possible energy. For z° - —oo it is known as the “in” vacuum
and denoted by |0;in), while for z° — +o00 it is the “out” vacuum |0;out).
In the presence of both “in” and “out” asymptotic regions one has at least
two generically different privileged vacuum states. If at intermediate times the
gravitational field is non-trivial, a given “in” mode ®}* will typically scatter into
a linear combination of the late-time modes {®3*,®3*}. In particular, if the
decomposition of ®* into “out” modes contains any of the ®3* (i.e., if 8 # 0)
then the vacuum states |0;in) and |0; out) are not equivalent. In this case a field
which begins in the state |0;in) at early times will contain “out” particles at late
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CHAPTER 2. QFTCS AND DIMENSIONAL REDUCTION 11

times. The interpretation is that the nontrivial gravitational field has produced

particles of the quantum field.

2.1.4 Green Functions

The various Green functions associated with the quantized theory may be defined
as expectation values or matrix elements of products of the field operators for
a given quantum state. Of particular interest to us are the Hadamard Green
function G")(z, z') and the Feynman Green function G¢(z, z') for some vacuum
state |0):

GW(z,z') = (0|{®(z), D(z") }|0) , (2.23)

Gr(z,z') = i(0|T($(z), 8(z'))|0) . (2.24)

Here {, } denotes the anticommutator and T'() the time-ordered product,
T($(z), $(') = O(z,2')@(2) @ (') + (', 2)8(2')2(2)

where 8(z,z’) = 1 if z lies to the future of a spacelike hypersurface through
z’, and vanishes otherwise. The choice of hypersurface is arbitrary, as the field
operators commute for spacelike separations.

Using the commutation relations (2.9)—(2.11), one can show that the Green

functions obey the differential equations

FGW(z,z') =0, (2.25)
_§(z-2)

Vil

Note that the boundary conditions obeyed by the Green functions are contained

FGp(z,1') = —6(z,2) = (2.26)

implicitly by the choice of modes {®;, ®;} used to define the vacuum state.
For a given mode set {®;, ®;}, the Green functions can be found by substi-
tuting the mode decomposition (2.12) into (2.23) or (2.24). For example, for the
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Hadamard function we find

GW(z,z') =) _[@:(z)i(z’) + Bi(z)Di(z')] - (2.27)

]
The stress tensor for the quantized theory may also be expressed as a sum over
modes by taking the quadratic-in-® expression resulting from the differentiation
of the action with respect to the metric in (2.4), making the replacement ® — &,

and taking the expectation value. For the vacuum state we obtain
(Olfwlo) = Z T[MI(Qiy 3:) ] (2.28)

where T,,,,(<I>g,5i) is the expression resulting from (2.4); it is symmetric in z, 2’
and in ®;, ®;. Equivalently, we will see in Section 2.2 that the stress tensor can
be written as the coincidence limit 2’ — z of a differential operator acting on the
Hadamard Green function G*)(z,z'). Using the mode-decomposed form (2.27)
for GM)(z, z') then yields (2.28).

2.1.5 Effective Action

We will be interested in calculating the expectation value of the stress tensor for
quantized scalar fields. While the mode-sum technique is physically transparent,
the required mode set is typically extremely difficult to find. An alternative
approach which is both elegant and enlightening is to define a quantized ver-
sion of the action (2.1), called the effective action and denoted W, from which
the expectation value of the stress tensor for a given state can be obtained by

functional differentiation in analogy to (2.4):

. 2 W
Tw) = ———.
1T Vel dgm

Using the ‘in-out’ formalism, it is not difficult to show that W may be ob-

(2.29)

tained from the vacuum-to-vacuum transition amplitude (0;out|0;in). With
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hindsight we define
W = (0; 0ut|0; in) = / D[@] e (2.30)

where we use the path integral representation for (0; out|0; in) (see, e.g., [44, 47]).

Under a change 4S in the classical action, the corresponding variation in W is

given by
W = eW / D[®] 55 " (2.31)
(0; out|4S|0; in)
(0; out|0; in) (2.32)

Equation (2.32) is a statement of the well-known “Schwinger variational princi-
ple” [48]. For the special case where the variation 4S5 is due to a variation §g**

in the metric, we have by definition of the stress tensor

5S = % / dz\/[g]6g% T . (2.33)

Substituting (2.33) into (2.32) it clearly follows that
(0;0ut|T,,[0;in) 2 W
(0;outj0;in) ~ |/[g[dg*
Other expectation values such as (0;in|T},, |0; in) differ from (2.34) by finite, well-

(2.34)

defined amounts [42].

The next task is to find a convenient method for calculating W, which is
typically a difficult problem. Returning to (2.30) and inserting the expression
(2.1) for the classical field action, we obtain a Gaussian path integral for the free
field. This evaluates to [44,47]

eV  [det(F)]"?, (2.35)
where we treat the field operator F' formally as a matrix. From this we determine
i i
In writing (2.36) we have dropped a metric-independent additive constant, as it

Trin(F). (2.36)

will not contribute to the stress tensor.
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2.1.6 Heat Kernel

The result (2.36) for the effective action can be reformulated in a more convenient
manner through the introduction of a quantity known as the heat kernel. Let us

formally consider G as an operator on the space of vectors |z) normalized by
(zlz') = 8(z,2"), (2.37)

such that
Gr(z,z') = (z|GFlz') . (2.38)

The differential equation for G then becomes Gr = —F~!, and hence one can

write
Q0
Grp=-F'= z/ dse'F*, (2.39)
0
o0
In(F) = -—/ ?ew’, (2.40)
0

where in the second equation we have discarded a metric-independent infinite
constant. For rigour, we should add a small positive imaginary part to F to
ensure that the integrals over s converge in the s — oo limit; for a massive field
this is equivalent to setting m?> — m? — ie. This procedure also assures that
(2.39) evaluates to the Feynman Green function rather than one of the other
Green functions [49).

Taking matrix elements, we find

Gr(z,2') = i/ ds K(z,z'|s), (2.41)
0

i [®ds
W=-3[ - [dzVlgK(z,zls), (2.42)
0
where the function K(z,z'|s) = (z|e'F*|z’) is known as the heat kernel for the

operator F. It is clearly a solution of the Schrédinger-like equation

(i % + F) K(z,2'|s)=0 (2.43)
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with initial condition

K(z,z'|s =0) = 4(z, ). (2.44)

These results can also be obtained through alternative means which avoid the
formal constructions (2.37)-(2.40) [50].

The heat kernel formulation has several virtues. It provides a unified means
of studying both the Green function and the effective action. From a conceptual
standpoint, it is interesting because it gives a quantum-mechanical solution® to a
field theory problem. Most important for our purposes, the heat kernel formula-
tion is convenient for renormalizing quantum field theories in curved spacetime,

which we consider next.

2.1.7 Renormalization

One of the principle features of quantum field theory is that quantities of physical
interest contain infinities. For example, the expectation value of the square of the
field operator, which is a measure of the quantum fluctuations in the field, can
be obtained from the coincidence limit of the Hadamard Green function (2.23):

(#%(z)) = lim %G“)(z, ). (2.45)

' =z

However, this Green function diverges in the coincidence limit, so that ($2(z))
is not well-defined. Similar infinities plague the stress tensor and the effective
action. The procedure by which these infinities are eliminated to yield finite,
physically meaningful results is known as renormalization.

The heat kernel formalism just discussed provides a powerful method for
renormalizing quantum field theories in curved spacetimes. In (2.41)-(2.42),

the divergences in both the Green function and the effective action come from

3Note that the heat kernel is formally identical to the amplitude for a quantum-mechanical
particle to propagate from z’ to z in “time” s under the “Hamiltonian” —F.
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the s — 0 limit of the s integral (the s — oo limit is well-behaved due to
the ie prescription). The advantage of the heat kernel formulation is that the
small-s behaviour of the heat kernel is known for arbitrary curved spaces of
any dimension, in the form of the Schwinger-DeWitt expansion [41,42,51]. We
postpone a detailed examination of this expansion until Section 4.1; suffice it to
say that the divergences in the effective action (Green function) in D-dimensional
spacetime are contained in the first Np terms (Np — 1 terms) of the Schwinger-
DeWitt expansion of the heat kernel, where
% +1 for Deven,
Np = (2.46)
B+l for D odd.

Moreover, the coefficients in the Schwinger-DeWitt expansion are purely local
functions of the background fields appearing in the classical gravitational and
matter actions: the curvature, the field potential, and their covariant deriva-
tives. (This is because the divergences come about in the 2’ — z limit, and so
must be independent of boundary conditions and the global nature of the space-
time.) Because of their purely local form, the divergences can be absorbed into
the classical actions (2.1), (2.2) by redefinitions of the Newtonian gravitational
constant, the cosmological constant, the coupling in the potential, and the other
parameters in these actions. From a practical standpoint, that means that we
can renormalize a given expectation value by simply subtracting the contribution

from the first few terms of the Schwinger-DeWitt expansion.

2.1.8 Euclidean Approach

Until now we have been considering quantum field theory on Lorentzian mani-
folds; i.e., on spacetimes with indefinite metric. An alternative approach which
is frequently used for quantum field theory calculations is to define and compute
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all quantities of interest on a Euclidean manifold; i.e., on a space with positive-
definite metric [52]. For static spaces, this is equivalent to moving from real to
imaginary time via the ‘Wick rotation’ ¢ — —it. Results for the physical space-
time can be obtained by analytic continuation from Euclidean space at the end
of the calculation.

The Euclidean approach has several advantages. Foremost among these is
that the differential operator F', which is hyperbolic in Lorentzian manifolds,
becomes elliptic in Euclidean manifolds. For a wide class of Euclidean spaces
and operators, its inverse (the Green function) is then well-defined and unique
[52]. This Green function G obeys the differential equation
P(X - X
_\/57 )

and vanishes as the separation distance goes to infinity in noncompact manifolds.

FG(X, X)) =62(X,X") = (2.47)

One can also obtain the Euclidean Green function from the heat kernel, which

is so named because in Euclidean signature it obeys the heat equation
(— 9 + F) K(z,z'|s) =0 (2.48)
ds
with initial condition
K(z,7'|s =0) = d(z,z). (2.49)

The heat equation is obtained from (2.43) by the replacement s — —is, t = —it.
Similarly, the Euclidean Green function and effective action are related to the

Euclidean heat kernel via

G(z,z') = /0. cmds K(z,z'|s), (2.50)

1 [®ds
W= -3 - dz\/9 K(z, z|s) . (2.51)
0
Note that for massive fields these integrals are well-defined in the s — oo limit

because the Euclidean heat kernel is exponentially damped for large s; no ie

prescription is needed.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. QFTCS AND DIMENSIONAL REDUCTION 18

Because of these properties, it is often more convenient to work in Euclidean
space and continue the final results back to Lorentzian spacetime. For a static

space, the inverse Wick rotation gives

Lorentzian Euclidean
Gr = iG |, (2.52)
W = ZW 't—n’t *

Note that the Green function that results from the continuation of this G back
to real time is the Feynman function G [49, 52].

One other useful characteristic of Euclidean spaces is that they are very con-
venient for considering quantum fields at nonzero temperatures [53]. In partic-
ular, one can show that expectation values for a quantum field at temperature
t = 87! can be obtained by treating the field as propagating on a manifold which
is periodic in imaginary time with period 8 [54,55]. From this it follows that
the Euclidean Green function and the Lorentzian Hadamard function are both
periodic in Euclidean time (antiperiodic for fermions) [56,57]. These properties
will be useful when we consider quantum fields at finite temperatures.

One drawback of the Euclidean approach is that many spacetimes of interest
are not sections of a complex manifold which also contains a unique Euclidean
section. However, this formulation is applicable to the spacetimes we shall be
most interested in: flat spacetime, Schwarzschild spacetime, and general static
spacetimes. In future chapters our calculations of the dimensional-reduction
anomaly will be done for Euclidean manifolds.

2.2 Dimensional Reduction

In this section we consider the dimensional reduction of a scalar field in a formal

manner. We demonstrate how field objects such as the effective action and stress

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. QFTCS AND DIMENSIONAL REDUCTION 19

tensor may be related to the corresponding objects in a dimensionally reduced
theory. In the following section we will indicate how this relationship breaks
down under renormalization to give rise to the dimensional-reduction anomaly.

Henceforth we work in Euclidean space unless stated otherwise.

2.2.1 Spacetime Metric and Notations

Consider a D-dimensional space with a line element of the form
ds® = g, (XT)dX*dX" = hey(z°)dz’dz® + e =V (yF)dyidy’ . (2.53)

Here X® = (z°,3'), Q; is the metric of an n-dimensional homogeneous space
called the internal space, and hy; is an arbitrary (D — n)-dimensional Euclidean
metric. The function ¢ is known as the dilaton, and sets the scale of the internal
space. The normalization of the dilaton field is a question of convenience; we
set it by requiring that /g for the metric (2.53) be proportional to e~2* for
any number of internal dimensions n. Well-known examples of metrics of the
form (2.53) are those of spherical spacetimes, and metrics connected with a
dimensional reduction in Kaluza-Klein theories.

At this point some conventions on notation are in order. We shall need to be
able to distinguish quantities like Green functions defined in different dimensions.
“Ordinary” letters such as G, W are used for the original D-dimensional theory,
while calligraphic letters such as G, W refer to dimensionally reduced quanti-
ties. All curvatures will be with respect to h unless explicitly labelled otherwise;
for example, R = R[h] and PR = R|[g]. As for differential operators, we shall
understand O and (),,, V, to represent the d’Alembertian and covariant deriva-
tive using the metric g, while A, ()4, V, are the d’Alembertian and covariant
derivative using the metric h. We also use the shorthand (VU)? = h“"UlaU,,,,
VU-VS = h®U,,Sp. For the dilaton ¢ we shall understand @4, ¢a, etc. to
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denote multiple (D — n)-dimensional covariant derivatives of ¢ calculated using
the metric h. In the rare cases where we need to take derivatives in the internal
homogeneous space, we use the notation Agq, ().;. These conventions are repeated

in Table 1, which is located at the beginning of the thesis for easy reference.

2.2.2 Quantum Field in D Dimensions

Let ® be a scalar field propagating in the spacetime (2.53) and described by the

classical action
S= -;- / X /G [g%0@ 0,5 + (m? + V) 2] , (2.54)
variation of which with respect to ® yields the field equation
Fé=(0-m?*-V)®=0. (2.55)

Note that we explicitly separate the mass term m? from the potential V. The
latter may contain an interaction with the curvature, £R[g], for a non-minimally
coupled field, but is not fixed at the moment. We only assume that when calcu-
lated on the background (2.53), the potential V is independent of the y* coordi-
nates.

The stress tensor for this theory is obtained by varying the action (2.54) with
respect to the metric g,, as in (2.4). Since we need to know the behaviour of
the potential under variations of the metric to compute the stress tensor, we
calculate T}, for the physically interesting case V = £R[g]. We find

2 4S
Vg og
= (1-20)8,®, — 22,2 + R, [g]9°

+ (26~ g [070®aBy + (m? + RG], (257)

T,

(2.56)

where we have used the field equation (2.55) to remove O® terms. Note that this
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classical stress tensor is traceless for conformally invariant fields, i.e., for m? = 0,
In the quantum theory, the field ® is elevated to an operator. Quantities of

physical interest, such as ($2) and (T,,,,), can be written in terms of the Euclidean

Green function,

G(X, X') = (#(X)®(X")), (2.58)
which satisfies
n_ _ no 0(X-X)
FG(X,X') = -6(X,X') = % (2.59)
Clearly,
(®*(X)) = xl,igle(X,X'). (2.60)

Using (2.57), the expectation value of the quantum stress tensor can be written

in terms of a differential operator acting on G(X, X') as follows:
(T,,) = Jim D, G(X, X), (2.61)
where for V' = £R|[g]
1 al al al ﬂl
Du = (5-8 (05 Var Vo + 65’ VuVr) =€ (VVs + 95 o Vr Vi)
1 ’
+(2€ - 5)9;“' (!]ms VoV + m? + £R[9]) +&Ru[g]. (2.62)

Here g,‘f' is the bivector of parallel transport, and V, (V) is the covariant
derivative at X (X’) using the metric g. If the Green function has been ‘renor-
malized’ so that it and its first two derivatives are finite as X’ — X then one

may set gﬁ' - gy-

2.2.3 Mode Decompositions

Let us now consider what happens when we take advantage of the homogeneity

of the internal space (;;dy'dy’. Using the line element (2.53), the operator O
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becomes

O=A,—2Ve-V+e®"Aq, (2.63)

where Aj, Aq are the d’Alembertians corresponding to the metrics hgy, ;)
respectively, and V is understood to denote the covariant derivative with respect
to the metric hgp.

Considerable simplification of the problem in spacetime (2.53) is connected

with the fact that for a wide class of homogeneous metrics the eigenvalue problem
AY(y) = -AY(y) (2.64)

is well-studied [58]. We denote by Y}, the harmonics or eigenfunctions of (2.64),
and use a collective index p to distinguish between different solutions of (2.64)
for the same A. These modes may be chosen to obey standard orthonormality

and completeness conditions,

/ dy VQYo(y)Vre () = bavée » (2.65)
_— 6n —
2 Vil Preld) =801 = =, (2.66)

We write summation over indices assuming that the spectrum is discrete (or
equivalently, that the internal space is compact). For a continuous spectrum one
must replace summation by integration over the spectrum. In what follows we
shall assume that this rule is automatically applied.

Owing to (2.65), (2.66), the field & can be decomposed in terms of the har-

monics Y),(y):

B(X) = e*) Y cxppa(2) Yioly) (2.67)
Ae

where c), are constants. Substituting this mode decomposition into the classical

action (2.54) and using (2.64), (2.65) gives

5w L[l [ [0 19,5 109
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1 " —
= Z Z CrelNe 5 / dzvh / dyvQ [e“’/ "oron Y)Y g5

e Mg
+ h®(Gapr + ©ra) (Ds0x + Pup)YaoY vg + (M2 + V)pron YaoY vy ]

= ; |erel® é / dzvVh [h®pyaoap + (M? + V + 6%, — ¢2 + Aet?/™) 2] .
¢ (2.68)

We use complex notation in (2.68) in case the modes Y;, are complex.*
The classical action S for the D-dimensional theory can thus be written as

the sum of (D — n)-dimensional actions S,,

=Y lerl*Sa, (2.69)
Ao

where
1 ab 2 4 2
S, = 5 d:z:\/l_z [h Vaeor Vs + (m +V,\) (p,\] , (2.70)
and the ‘induced potential’ V) is
V\=V — Apo + (Vo)? + re'é/m . (2.71)

In other words, by expanding the field in modes we effectively reduce the original
D-dimensional system to a similar system in (D — n)-dimensional space with an
effective potential V) depending on the dilaton field ¢.

An important feature of this dimensional reduction is that the (D — n)-
dimensional action S, is independent of g. As a result, for a given A each p
makes an equal contribution to the classical action (2.68) up to the choice of the
constants cj,. In the quantum theory, the c,, will be replaced by creation and
annihilation operators, and each g contributes equally to the quantum action

and other expectation values. The total action due to all modes p for a given A

4One can always choose real Y3,. In practice, however, it is often more convenient to work

with complex modes, such as the Fourier modes e**™* or the spherical harmonics Yyy,.
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will then be simply the action for any one g multiplied by the degeneracy of the
eigenvalue A.

The (D — n)-dimensional field ¢, (z) obeys the equation
fx pr= (Ah - m2 - VA) P\ = 01 (2'72)

which may be derived from the variation of the reduced action (2.70) or by
direct substitution of the mode decomposition (2.67) into the D-dimensional
field equation (2.55) and using (2.63). The special case V = £R[g] is of particular
interest. Substituting for R[g] in terms of R[h], R[], and the dilaton (see, for

example, Appendix B.1), we have

n+1

Va=¢ERR]+(1-4 E)(V)? + (46 = 1)And + (A + ER[Q))e*/™ . (2.73)

Note that R[] is a constant, since {;; describes a homogeneous space.

The stress tensor 7;(,,'\) for our dimensionally reduced theory is obtained from
the variation of (2.70) with respect to the (D — n)-dimensional metric h*. For
the potential (2.73), we find
TV = %(‘:}% (2.74)
= (1-20)VepsVigs — 260 VaVspr + (2 — 3)has (Vo) + ERulfle}

n+1
—£)(Ve)*

+ (2€ - -;-)h.,b [m2 +&R[h] + (46 - 1)And + (1 -4

n+1
n

€)badop}

+ e/ (ER[Q) + A)] Yi+(1-4
+ (1 —4€)pa [¢avb + $Va — %h..oA;,q& - ha,,v¢-v] @, (2.75)

where we use the field equation (2.72) to remove A, terms. It is interesting that
this dimensionally reduced theory is only conformally invariant for D —n = 2
(i.e., when the reduction is to a two-dimensional theory), A =0, m =0, and
€=0. In this case the classical stress tensor (2.75) will be traceless, while
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the trace of its quantum counterpart will be determined entirely by the con-
formal trace anomaly. This useful property, combined with the fact that any
two-dimensional space is conformally related to flat space, is at the heart of
most efforts involving dilaton gravity models (see Section 2.2.7).

Strictly speaking, the dimensionally reduced stress tensor does not have any
components in the y* sector. It is easily demonstrated, however, that one can
write the D-dimensional T;* in terms of the functional derivative of the action
(2.54) with respect to the dilaton. Defining the effective pressure P = T;!/n, one

finds
_1; 148
P=lT'= 2,/90¢"
For the dimensionally reduced theory we thus define analogously

(2.76)

_ 155
— 2vh é¢
= (2= )(Ten) + (26 = ) [m+ ERIH + (46 — Ddno

“EL0(T0 + en(eRln) + )| o}

n+1
n

P (2.77)

+(1-4

— -4 V6.9 + 3000 1
+ %e“"’/"(gR[Q] +A) e} (2.78)

For the quantized theory, the Euclidean Green function is defined by

Gr(z,2) = (@r(z)@a(2')) (2.79)
and satisfies
FrGa(z,7) = ~6(z,7) = -‘5(“"\/“;' ). (2.80)
In analogy to (2.60) we have
(¢3(z)) = lim Gy(z, 7). (2.81)
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Replacing ¢, by its operator equivalent and taking the expectation value of both

sides of (2.75), one finds that the quantum stress tensor may be calculated using
A\ 1 (») ’
(T = lim Dy Ga(z, '), (2.82)
where
W - 1 ¢ ¢ ¢ d
Dy = (5-6) (ha VeV + hE vavd) —¢ (v,,v,, + RS e vdv,,,)

+ (26— %)h,,,,hw'vcvd, + ERw[h] + (26 — %)ha,, [m2 + ER[A]

n+1

n
n+1 1 c &
——6)guts + (26 ~ 3)hast® (Ve + hE Vo)

_ (2 - -;-) [6a(Vs + V) + 60(Va + K V)] - (2.83)

+4EAKD + (14

£)(Va)? + eI (eRIQ) + A)]

+(1-4

Similarly, the effective pressure P™) may be calculated using

(P¥) = lim DF G, (2, 2'), (2.84)
=z
where

n+
n

DY = (2 - %)hw'vcv.,, - % (1-4"F1g [6° (Ve hEVe) + 0]

+ (26 - %)h,,,, [m2 + ER[h] + (46 — 1)Apd + (1 - 42 : 1

€)(V¢)?

+e*/m (RO + ,\)] + % M ER[Q] + A) . (2.85)

2.2.4 Dimensional Reduction of ($2) and (T,,)

Mode-decomposition relations such as (2.67) for the field and (2.69) for the action
can be extended to expectation values in the quantized theories. For example,
by considering the differential equations (2.59), (2.80) for the Green functions
and using (2.63) and the properties (2.64) and (2.66) of the Y),, one can easily
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verify that G and G, are related by

G(X, X') = ) e* Y, (1)Vo(y) Ga(2. 7)) - (2.86)

e

Let us assume for convenience that the homogeneous space is compact (similar

results will hold for the noncompact case). Then one can show that

i 3 e Vo) = =, (287)

where Vj is the volume of the homogeneous space, and N, is the degeneracy® of

the eigenvalue A:
M=) (2.88)

e
Taking the coincidence limit of both sides of (2.86) then yields

# =2 % N* e (@) (2.89)

Similarly, inserting the decomposition (2.86) into the expression (2.61) for the
D-dimensional stress tensor, applying the operator D,;, and comparing to (2.82),

(2.83), one finds

(L) = Jim D} e**Y, ()Y (4)G (. 2)
79

— Ze¢(z)+¢(z')y:\ (y)y,\e(y)p( Gi(z, ")

.1:’-»1:

_ Z NA &% (T (2.90)

This demonstrates formally that the z* sector of the D-dimensional stress tensor

can be obtained as the sum of the stress tensors for the dimensionally reduced

SFor discrete spectra N}, is the dimension of the space of eigenfunctions Y), with fixed A.
It is finite [60].
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theories. A similar procedure can be carried out for the components of the stress
tensor in the y* sector (the pressures), yielding an analogous result:
(Py=Y_ Q/A e (PV) . (2.91)
T Va
Another elegant means to obtain these dimensional-reduction results is by
employing the heat kernel. In Section 2.1 we were introduced to the heat kernel
as a standard approach to renormalization in curved space. For a field satisfying
the differential equation (2.55) in Euclidean space, the heat kernel K (X, X’'|s)
is a solution of of the heat equation (2.48) with initial condition (2.49); from it
the Euclidean Green function and effective action may be obtained using (2.50),
(2.51). Analogous formulae also hold for the dimensionally reduced theory with
operator F), heat kernel K, (z, ’|s), Green function G\ (z, z’), and effective action
Wi.
Using the field equations (2.55), (2.72) and the properties (2.65), (2.66) of
the Y),, one sees that the heat kernels K(X, X'|s), Kj(z,z'|s) obey a mode-

decomposition relation exactly analogous to that for the Green functions, (2.86):

K(X,X'|s) =) _ e* =Y, ()2 (y)Ka(z, Z']s) . (2.92)
Ao

This relation provides an easy way to produce the mode-decomposition relations
for the (unrenormalized) Green function and the effective action. For example,
in the compact case, integrating both sides of (2.92) over s as in (2.42) yields the

mode decomposition of the quantized effective action,
W =Y MW, (2.93)
A

in analogy to the result (2.69) for the classical actions. The mode decompositions
of the stress tensor and pressure can then be derived from (2.93) by functional
differentiation.
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For noncompact internal spaces, the decompositions (2.86) and (2.92) for the
Green function and heat kernel still hold, but Vo — oo and (2.87) is no longer
valid. We must therefore go back to (2.89)-(2.91) and replace N, /Vnh — oo by
> 0 Y30 (y)Y2,(y), which is easily shown to be y-independent. We will see explicit

examples of this case in Chapters 5 and 6.

2.2.5 Dimensional Reduction of the Conservation Equa-
tion

The D-dimensional action S is invariant under the variation

0Guw = Tuw + Mo,
i = n*d,, (2.94)

where 7 is an arbitrary smooth vector field. This invariance implies that the

D-dimensional stress tensor obeys the conservation equation

T, *=0. (2.95)

uv

This invariance survives quantum corrections (see Section 2.3), and so applies to

the quantum stress tensor as well:
(Tw)* =0. (2.96)

Substituting the mode-decomposed form for (7)) yields the corresponding (non)-

conservation equation for the dimensionally reduced stress tensor,
VTS = —20,(PY). (2.97)

The same result could also be derived directly in (D — n) dimensions by noting

the invariance of S, under the transformation

Ohay = Tajp + Mhja»
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590»\ = ’IG‘PMM
56 = 7°0,. (2.98)

This invariance also survives quantum corrections.

2.2.6 Induced Boundary Conditions

A final point regarding general dimensional reductions which will be very impor-
tant for us later concerns global properties of the space and induced boundary
conditions.

Let us assume that there exist points z* = z, in the space (2.53) such that
e~%#®) = (; i.e., at which the volume of the internal space vanishes. If the D-
dimensional manifold is regular at these points, then for a regular quantum state
the (renormalized) expectation values of the field in that state will also be finite
there. Considering the mode decomposition formulae (2.67) and (2.86), it is clear
that the dimensionally reduced field ) and Green function G, must vanish at
these points. We call this effect “induced boundary conditions”. It will be very
important in future chapters.

Note also that the induced potential (2.71) diverges at zo if A # 0.

2.2.7 Dilaton-Gravity Models
Classical Background

One of the interesting examples of dimensional reduction appearing in the liter-
ature in recent years is the spherical reduction of Einsteinian gravity in D > 4
dimensions to two dimensions [20]. As an example, consider the total (mat-
ter plus gravitational) action for a minimally coupled massless scalar field in a

four-dimensional spacetime with zero cosmological constant:

Sy +5 = --;- [ d*X/|g| [S%R[g] + (V<I>)2] : (2.99)
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Under the assumption that both the spacetime and field configuration are spher-
ically symmetric (i.e., keeping only the £ = 0 mode of the field in an expansion

in spherical harmonics), this action reduces to
Seav +5 = —% /dz:z:\/lfl [%e““ (R[h] + 4Ane — 6(V$)?) + %R[Q]
+ (Vpe=0)® + ((V9)? — And) pio | (2.100)
where we write
3(z) = L olz)

Vir

and R[Q] = 2 is the curvature of the unit two-sphere.

(2.101)

The first line of (2.100) describes two-dimensional gravity interacting with a
dilaton background field ¢. This theory can be generalized from Einsteinian grav-
ity in D > 4 dimensions to include models inspired by string theory [21] and other
sources [22-28]; the resulting class of systems is known as dilaton gravity. All
classical solutions for dilaton gravity containing one event horizon and one singu-
larity in the absence of matter are known [22, 25, 26], and their global properties
and other characteristics have been studied [29-31]. The second line of (2.100)
contains the classical action for a massless, minimally coupled two-dimensional
scalar field propagating in the dilaton-dependent potential (V@)? — Apé. This
corresponds to the s mode (the £ = 0 harmonic) of the four-dimensional scalar
field ®. The quantization of this sector of the theory has been the subject of

much interest in recent years, and we will discuss it momentarily.

Quantum Fields: Vacuum Polarization and Particle Creation

The interest in dilaton-gravity models stems from the fact that semiclassical [32-
39] and quantum-gravitational [61-63] calculations seem to be much easier to
perform in two dimensions than in higher-dimensional spacetimes. For example,

the Riemann tensor in two dimensions has only one independent component, and
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two-dimensional spaces are conformally flat. As well, for conformally invariant
fields in two dimensions the quantum stress tensor is largely fixed by knowledge
of its trace. These properties make it possible to perform some vacuum polar-
ization and other calculations for arbitrary metrics, making the study of the
back-reaction of quantized matter on the gravitational background possible [64].
This leads to the hope of being able to use dilaton-gravity models to obtain in-
formation on the quantum creation and evaporation of genuine four-dimensional
Schwarzschild black holes, including insight into the information-loss puzzle and
black-hole thermodynamics [65].

If dilaton-gravity models are to shed light on the nature of black-hole evapo-
ration and quantum gravity, it is clear that effects which are already known must
be reproduced by them. The most interesting of these is Hawking radiation [66—
68]. The first attempt to calculate the Hawking radiation in the ¢ = 0 mode
for a four-dimensional black hole using a two-dimensional model was made by
Mukhanov, Wipf, and Zelnikov [32]. They used the conformal anomaly in two
dimensions to calculate the effective action for a massless scalar field coupled
minimally to gravity but nonminimally to the dilaton background. This tech-
nique leaves undetermined a conformally invariant term. The authors developed
a perturbative technique to compute this conformally invariant part but were
unable to calculate it completely. Various attempts since then by a number of
other authors [33-39] have led to different results for the Hawking radiation and
stress tensor for dilaton-gravity, and disagreement on the correct approach to
computing them. (Some authors [36] have stated that the Hawking radiation
should be derived by integrating the (non)-conservation equation (2.97) for the
two-dimensional stress tensor, while others [37] maintain that the effective action
formalism is sufficient.) In addition to questions concerning their asymptotic be-

haviour, comparison of the stress tensors obtained from dilaton gravity to the
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four-dimensional stress tensor for a massless scalar field near the event horizon
also shows qualitatively different behaviour. These problems call into question
the usefulness of dilaton-gravity models for understanding the physics of four-
dimensional black holes, and at present there does not appear to be a consensus
on the issue of the quantum effective action for dilaton gravity.

Part of this thesis (Chapter 4) is devoted to an examination of this issue, and
the connection between spherically reduced quantum fields and physics in four

dimensions.

2.3 The Dimensional-Reduction Anomaly

In the preceding section we saw that in a space (2.53), the main objects which
characterize a free quantum field, such as the Green function, the square of the
field operator, and the stress tensor, can all be written as formal sums of the
corresponding objects in dimensionally reduced theories. These arguments have
been applied to the field theory at the classical or bare level, and have commonly
been assumed to hold for the renormalized theories as well. A central point of
this thesis is to demonstrate that relationships like (2.89)-(2.91) in fact break
down under renormalization.

The need for renormalization is apparent when one considers, for example,
the expressions (2.60) and (2.81) for the expectation value of the square of the
field operator. The Green function is divergent in the coincidence limit. As a
result, our mode-decomposition expressions like (2.89) are purely formal; both
sides contain divergences which must be removed to yield physically meaningful
results. This raises the question of whether the renormalization in D dimensions
is equivalent to renormalization in (D — n) dimensions. Specifically, is the sum
over A of the divergent terms in (D —n) dimensions equal to the divergent terms

in D dimensions?
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As discussed in Section 2.1, the divergences in the effective action W in D-
dimensional spacetime can be removed by subtracting the first Np terms of the
Schwinger-DeWitt expansion of the heat kernel K for the operator F, where Np
is given by (2.46). By contrast, the dimensionally reduced action W), is renormal-
ized by subtracting the first Np_, terms of the Schwinger-DeWitt expansion of
the heat kernel K, for the operator F,. In subsequent chapters we will calculate
the “divergent” parts of these heat kernels for various spaces and demonstrate
explicitly that they do not satisfy a mode-decomposition relation like (2.92). As
a result, the renormalization procedure destroys the formal representation (2.93)

for the effective actions, so that after renormalization one gets
Wea =D N [Waea + AWA] . (2.102)
A

We call the additional contribution AW, the dimensional-reduction anomaly.

Similar anomalies occur in the other expectation values of physical interest:

Grn(X, X') = 32 ¥, (1) 30(4") [Gopoa(z, ') + AGa(z,2)] , (2.103)

Ae
(e = 3 P2 (et A (2.104)
A
(Tus)oe = N* & [(T)m+ ACTSY)] (2.105)
(B)un = Z %ez" [(150’),.. + A(‘f?"‘))] . (2.106)
A

In each case the anomaly is found as the difference between the renormalization
terms for the (D —n)-dimensional theory and the mode-decomposed renormaliza-
tion terms from D dimensions. For example, using the orthonormality condition
(2.65) for the Y),, one can show that for compact internal spaces the anomaly in

the Green function is

AGA(Z,Z') = Gpain(, ') —e~ O+ / dyvQ / YV Y ), (y) Yao(v') Gan(X, X",
(2.107)
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where the subscript ‘div’ denotes the divergent part obtained from the Schwinger-
DeWitt expansion. In subsequent chapters it will be demonstrated that this
anomaly is generally nonvanishing.

One might observe that there exists a relationship between the dimensional-
reduction anomaly and the so-called multiplicative anomaly [69-71]. Formally,

one can write

F= H}:\, (2.108)
xo
—2logdet F = —= 3" N logdet F; (2.109)
2 g - 2 n A g A .

The latter relation is nothing but (2.93) for the quantum action. The violation
of the formal relation (2.109) for products of operators after renormalization is
known as the multiplicative anomaly.

In the following chapters we discuss special examples of the dimensional-
reduction anomaly. For simplicity, we restrict ourselves to the physically inter-
esting case where the number of spacetime dimensions D is 4, and the number
of dimensions of the “internal” homogeneous space is 1 or 2. Unless specified
otherwise, we work with manifolds of Euclidean signature. When we do con-
sider Lorentzian spacetimes, our metric signature is always (— + + +). We use
the conventions of Misner, Thorne, and Wheeler {72] for the definition of the

curvature.
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Chapter 3

Spherical Decompositions in Flat

Space

We begin our study of the dimensional-reduction anomaly with an examination
of one of the simplest and most familiar examples of dimensional reduction: the
decomposition of a scalar field in flat space into spherical harmonics. This sur-
prisingly nontrivial example illustrates most aspects of the dimensional-reduction
anomaly, and allows their direct physical interpretation. At the same time, it is
simple enough for exact results to be obtained, and will serve as a check on later
calculations for the anomaly in curved spherically symmetric spaces.

We will be particularly interested in the role of the s mode (the ¢ = 0 spheri-
cal harmonic) for quantum fields at nonzero temperatures. Accordingly, we begin
in Section 3.2 with a direct calculation of the s-mode contribution to ($2) and
(T,,) at finite temperature in four dimensions. We then consider in Section 3.3
how to solve the same problem via dimensional reduction to a two-dimensional
theory. We will demonstrate that renormalization of the dimensionally reduced
theory fails to yield the correct expectation values, and explain why. We will

then show how the dimensional-reduction anomaly corrects the predictions of
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the dimensionally reduced theory to reproduce the expected results for four di-

mensions.

3.1 Spherical Dimensional Reductions

In section 2.2 we examined in a formal manner the dimensional reduction of a
scalar field without specifying the nature of the mode decomposition. As prepa-
ration for Sections 3.2 and 3.3 and for Chapter 4, we rewrite the more important
formulae from Section 2.2 for the special case of spherical decompositions in a
four-dimensional space.

Choosing standard’ angular coordinates (6,7), the line element for a four-

dimensional spherically symmetric space may be written as
ds® = g,,(X7)dX*dX" = hop(z°)dz®dz’® + p*e~**) (d6? +sin’Gdn?) . (3.1)

Here p is a constant with the dimensions of length. The radius of a two-sphere
of fixed z° is given by r = pe~®(*). In the general case kg is an arbitrary
two-dimensional metric; in this chapter we consider only flat two-dimensional
space.

Consider a massive scalar field propagating on the space (3.1) and obeying
the field equation (2.55), where the potential V' is also spherically symmetric. A

natural procedure is to decompose the field into spherical harmonics Y (6, n),

=3 comprtat)TmC2) (52)

=0 m=-¢

where the ¢, are constants. Using the orthogonality and completeness of the

Yem(6,7n) on the two-sphere, one easily verifies that the dimensional-reduction

We denote the azimuthal coordinate by 7 rather than ¢ to avoid confusion with the dilaton.
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formulae from the previous chapter can be carried over directly for this decom-

position using D = 4, n = 2, R[Q] = 2, and making the substitutions

YAg(y) - },lm(or TI) ’ (3'3)
Ao f(e+1), (3.4)
M —2+1, (3.5)
Va — 4rm, (3.6)
YooY (3.7)

A =0

In addition,
[4
- N 2041

> Yin®)Vem(8' ) = == Pilcos ). (3.8)

m=-{

Here P, is a Legendre polynomial and we now use A to represent the angular

separation of the points X, X', given implicitly by
cos A = cos@ cos @ +sinf sin# cos(n — 7). (3.9)

Following the analysis of Section 2.2, we see that ¢, behaves as a field propa-
gating in the two-dimensional space with metric h,;. It satisfies the field equation
(2.72) with induced potential

(+1)
re

Vi=V+ - Ad +(Vo)?, (3.10)

and obeys Dirichlet boundary conditions wherever r = 0 (provided the manifold
is regular there). The corresponding two-dimensional Green functions G, are
related to the four-dimensional G via
o
N\ (20+1) ,
GX,X) =) - Pu(cos )Ge(z, 7) (3.11)

=0

while the renormalized quantities (2.102)—(2.106) take the following explicit form:

=~ (2¢+1
Gl X, X') = Z (41rrr’)

=0

Py(cos ) [Garea(z, 2') + AGe(z, )] (3.12)
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(3% een = g (2“;1) [(@3)een + A(@D)] (3.13)
W = lZ(ze +1) Wy + AW] (3.14)

o
(T eew = lz; (25;21) () + AT (3.15)
(P = Z (25;21) [(15(")".,+A(1"“’)] : (3.16)

In each case the anomaly is the difference between the divergent subtraction
terms for the dimensionally reduced theory and the mode-decomposed subtrac-

tion terms from four dimensions. For example, in analogy to (2.107) we find
1
AGi(z,2') = Gyai(z, 2') — 2177’ / d(cos ) Py(cos V)G (X, X') . (3.17)
-1

The remainder of this chapter is devoted to explicit calculations of these anoma-
lies and elucidation of their importance for dimensional reductions in flat space.

General spherically symmetric geometries are considered in Chapter 4.

3.2 s-mode in Flat Space at Finite Tempera-

ture

To better understand the role played by individual angular modes in spheri-
cal decompositions, we calculate the contribution made by the s modes to the
square of the field operator and the stress tensor of a scalar field in flat four-
dimensional spacetime at finite temperature. These follow the calculations of
Balbinot, Fabbri, and Frolov for (T,,) in the massless case [73]. We use the
metric signature (— + + +).
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3.2.1 Formalism

In Section 2.2 we saw explicitly how the expectation values of the square of the
field operator and the stress tensor for a scalar field in Euclidean space can be
obtained from the Euclidean Green function. Formulae (2.60)-(2.62) hold in
Lorentzian geometries as well with the replacement G — 3G(!), where G is the

Hadamard function for the quantum state of interest. Thus,

(8 = Jim %G(”(X, X", (3.18)

= . 11 1 1
(fu) = Jim (-8 (U +00) - 56 (W +GUL) + 3€RulaIGY

+ (6~ g [#7GY + (m? +€RIDHGD] (3.19)

where Gf‘l,,), = ¢gf V,V,GV(X, X"), etc. Let us decompose the field operator L
in terms of a complete orthonormal set of modes {®xsm, Prem}

00 ¢
ex)=>_ > / dk [&,,,mtbum(X) +&,",,m$k¢m(X)] : (3.20)

=0 m=-¢
where
Yem(6,
Prem = Pre(t,T) ﬂ(r__"_) . (3.21)
Under this spherical decomposition the four-dimensional field equation
(O - m?) Bkm =0 (3.22)
reduces to
(e+1)
(-ag+a3-m2- € )¢u=0. (3.23)

In particular, for the £ = 0 mode the (g are just plane waves. However, to ac-

count for the fact that r € [0, 00), we must impose Dirichlet boundary conditions
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on the i, at r = 0. The correctly normalized? s modes are then

-1

Proo = 2mrfiog
where k € (0,00), and wx = Vk% + m? is the energy eigenvalue of the mode

e~k sin(kr), (3.24)

L T

It can be shown that choosing the time dependence of the modes such that
®rem o< e~k guarantees that the vacuum state associated with these modes will
be the ordinary Minkowski (zero-temperature) vacuum. The zero-temperature
Hadamard function is then given by (2.27):

oo ¢

{o <]
CloX, X =" 3" /o dk (‘I’klmﬁm + ‘I’ktmq’;ctm) , (3-25)

=0 m=-¢
with & = &(X'). Meanwhile, the Hadamard function at temperature T = 5~}

can be shown to be [44]

XX =3 3 [tk (SenTBron + Butnlan) o (320
8 ' e L o m m ) 1 — e—Bur

In flat space with vanishing potential, a free quantum field is renormalized by
subtracting from the bare quantity the corresponding result for the Minkowski
vacuum state. Taking the difference of (3.26) and (3.25), one finds

(B2 = i 2e+1)f9, (T.)= i (2¢+1)t, (3.27)
=0 =0

where the contributions to ($2)# and (T},,)? due to modes of fixed ¢ with m = 0

are

00 2 _
fO= /o dk = %o Bian, (3.28)

2The normalized s-modes are those satisfying

QQ
(B5,00, Bry00) = —idm /0 dr 1 (®1,000tB 300 — Bt Br,00Bas00 )izt = S(k1 — ka) -
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* 2 1 - —_
tfg = /(; dk Y — [(E - f) (6“<I>k¢06,<bk¢o + 6,<I>k¢06,,<1>k¢o)
1 - -
+ (26 - ’2‘)!qu (9% 8,91200:Breo + M* RrsoPreso)
— & (Rko(VuVoRieo) + (Vi V., Breo) Prao) | - (3.29)

Since each value of the azimuthal number m for a given ¢ gives the same con-
tribution to (®2) and (T}, ), (3.28) and (3.29) are written for the m = 0 mode
alone, and the degeneracy N; = 2¢+ 1 is accounted for in (3.27).

Since in the following we deal solely with the s mode, we drop the superscript

(€) and understand f, t,, as referring to the £ = 0 mode only.

3.2.2 s-mode Contribution to ($2)?

Computing (3.28) for the ¢ = 0 modes (3.24) we find

2 o 1 sin? (kr)
This can be expressed in terms of the known integral
o3 e‘ﬂm

/0. dk ﬁ COS(2k7’) = Ko(m\/ ,32 + 41'2) (3.31)
by rewriting the 3-dependent factor in (3.30) as a geometric series in e#“*. The
result is -

1
- - 2 2)| . .
= Gorye 2 [Kolnm8) — Ko(m /B + 47| (3.3

Massless limit
Taking the limit m — 0 in (3.32) reduces the K, Bessel function to a logarithm:
R 2r\?
fm=o = —(27".)25;111 [1 + (;IE) ]
1 1, sinh(27r/B)

= @mrz® @) (3:33)
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The same result could also be obtained by taking the m — 0 limit in (3.30)
before evaluating the integral. As expected, f,—o is finite at r =0,

r=0 1
while for large r it decreases as
r—00 1
fm=0 =" = h (3.35)

Low-temperature limit of massive theory

For mB > 1, the n > 1 terms in (3.32) are exponentially damped with respect

to the n = 1 term, so we may neglect them to obtain

1
fmgz1 = 75—z | Ko(mB) = Ko(m /BT +4r7)| . (3.36)
(27r)
Here the limiting values for large and small r are
r=0 1m

fmae1 = 2?79'1{1("15) y (3.37)

r—co KO(mﬂ)
fmgs1 = o (3.38)

High-temperature limit of massive theory

The evaluation of the sum (3.32) in the previous cases has relied upon the asymp-
totic behaviour of the Bessel function Kj for large and small values of its argu-
ment. However, in the high temperature limit, m8 <« 1, these arguments are
neither always large nor always small, making the sums difficult to evaluate for
general r. In spite of this, for very large and small values of mr we can still
obtain f by making use of the sums

2

-~ Kinb) _ 7w 1 LA WS SR
2w T wm 4(7+1n41r)+8+0(b)’ (3:39)

n=1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. SPHERICAL DECOMPOSITIONS IN FLAT SPACE 44

o _ 1 b 2

ZKo(nb) = 5+3 (”““2{;) +0(%), (3.40)
< Konb Kl(nb) — _7"4_.*.7"_2_£+l +1 LA
i e A T Rl T KA

(see, e.g., 5.9.1.4 of [74]).
For r — 0 a Taylor series expansion for Ko(m/(nB)? + 4r2) yields

2 ©©
r=0 M K;(nmp)
fmoer = 22 nz=:l nmf

1 m m?

= - mB\ .
- 1262 47‘l’ﬂ 81!'2 (7 +1In 47 ) 167 1R-2 +O(ﬂ2) (342)

Note that taking the m — 0 limit returns the expected result (3.34) for a massless
field.

For mr > 1, we can ignore the Ko(my/(nf)? + 4r?) terms as exponentially
damped with respect to the Ko(nmfB). We then have

ro 1 ¢
frscr = WzKo(nmﬂ)

- [2m . L (’y+ln 'Z—f) +0(ﬂ2)] . (3.43)

Note that the m — 0 limit is ill-defined. This is not surprising, since the as-
sumption mr >> 1 used to derive (3.43) excludes m = 0.

It should be noted that our results (3.34), (3.37), and (3.42) for the s-mode
contribution to ($2) at r = 0 exactly reproduce the value obtained by summing
over all modes [see (A.5), (A.7), (A.8) in Appendix A]. This occurs because as
r = 0, ®xim o ¥, so only the s-mode makes a nonvanishing contribution to
($?) at the origin. Meanwhile, the r — oo limit taken in (3.38), (3.43) equals
(47r2)~! times the corresponding results for ($2)? in two dimensions [see (A.17),

(A.18)]. Similar phenomena will be seen with the stress tensor.
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3.2.3 s-mode Contribution to ('i‘,,,,)ﬁ

Using (3.29), one finds that the stress tensor due to the s-modes has only diagonal

components,

ty = ;/wdk _2 1 Leqoe L cos(2kr)T®¥
s (27r)2 J,  ePer — 1w, |27 T 2 s

k 1
—si L) T & (4)v
+5 sin(2kr)T")Y + oo (1 — cos(2kr)) T,
2
+o-(1- cos(2kr))T<f,)"] : (3.44)

where the constant matrices 7" are

(-1000

0 100

T = v 000l (3.45)

\ 0 000

(40 o 0

00 0 0

T = , (3.46)
00 4-1 0

\o 0 0 46-1

[ —4c+1 0 0 0
0 46-1 0 0
T(i)" = ¢ , (3.47)
0 0 —66+1 0
\ 0 0 0 —66+1
(16-1 o0 0 0
0 -8+1 0 0
Ty — J , (3.48)
0 0 8-1 0
\ o 0 0 8-1
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-1 000
0 000

TV = o 000l (3.49)
0 000

It is easy to verify that all of the integrals in (3.44) can be written as derivatives
with respect to r of the integral (3.31) after expanding the S-dependent part as
a geometric series in e #“*, Defining u, = /(nB)? + 4r2, we find

(s <}

2, v __ Ln_ (1)v
(2mr)?tr = ; - ﬂKl(nmﬂ) T
2. [m 8r? 4m?r? Y
+ Z [; (1 - u—z) Ki(mpa) - 72 Ko(mpn)| T%)
n=1 n n

=]
2m
+ Z IKl(mﬂn) T(i)"

n=1

1 oo
to2 nz=:1 [Ko(nmB) — Ko(mpa)] T

+m? i [Ko(nmB) — Ko(mpa)] TS . (3.50)

n=1

These sums can be evaluated for the massless, low-temperature, and high-
temperature limits just as was done for the s-mode contribution to ($2)?. More-
over, it is easily verified that this stress tensor is conserved for all £ at all r, and

that it is traceless for £ = } and m = 0.

Massless limit

Taking m — 0 in (3.50) replaces the Bessel functions by their small-argument
limits. Using the sums

g[rﬂ-i- 2 = % [coth(wx)—;—z], (3.51)
Sufie(2)] - moe o
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one finds

1
(t#u)m=0 = 47rr2652 (l)u

32n2rt  8B2r2sinh?(27r/B) #
1
(3) v
(8 B3 coth(2xr/B) — 161r2r4) T

1 sinh(27r/B) @)
+ 16724 ln{ 2nr/B } TR (3:53)

The same result is obtained by taking the m — 0 limit before evaluating the

integral over k in (3.44).

This stress tensor is finite at r = 0:

v r= m? v v v
).y = T (6T@Y 4 4T®¥ 4+ TW¥) | (3.54)

In particular, for £ = i,

-1 000

W e |0 L0
(t, )m=0 = 36| o o Lo (3.55)

0 00 }

Comparing to (A.11), we conclude that at the origin  of the total stress tensor
(i.e., that obtained by summing over all ¢) is due to the s mode. The difference
is made up by the £ = 1 mode, which can make a nonvanishing contribution at
the origin due to the fact that the expression (3.29) for the stress tensor contains
up to two derivatives per term quadratic in the field.

Finally, at large r we have

-1 000
v r—oo 1 T 0 100 1
(tu )m_.o = 4nre 6/32 0 00 0 +0 (B_ri‘) . (3.56)

0 000
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Note that the leading order term is just (4wr2)~! times the stress tensor for a

massless scalar field in two dimensions, (A.19) .

Low-temperature limit of massive theory

For low temperatures, mf8 > 1, the arguments nmf, my/(nB)2 + 4r2 of the

Bessel functions in (3.50) are large for all n and so the Bessel functions are
exponentially damped. The leading contribution to the sums then comes from

the n = 1 term alone, as we saw earlier for (<i>2)". Recalling that u, = /52 + 4r2,

we find

(27r)? (t”")mﬂ)1 = %Kl(mﬁ) T

m 81'2) 4m?2r?
12 (1= Ky (muy) - Ko(mu,)| T@v
[m( 7 ) Kamin) — = Kalmu)| T8

2
+ u_mKl(mul) TG"
!

+ 2—; [Ko(mp) — Ko(mp)] TO”
+m? [Ko(mpB) — Ko(mu)] TS)”. (3.57)

As in the massless case, the stress tensor is finite at r = 0:

v r=0 Y Y N 1 [m? m
(t, )mﬁ»1 = — (6T +470)v + TW )W [ﬁKo(mﬂ)+FK1(mﬁ)]
1 2md
(5) v e
+ T o Ki(mB). (3.58)
In particular, for £ = £,
-1000
v rs0 .| O 300 1 [m? 29m
G Vmas = 3| Lo | 7 Ko(mB) + 5 Ki(mB)
0 00!}
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-1000
0 000 ]| 1 2md

+ ——=——K(mB). 3.59
0 000

Let us compare this result to the total stress tensor (due to all ¢) for a massive
field at low temperature, (A.14). We see that the second term in (A.14), which
vanishes in the massless case, is due entirely to the s mode, while % of the first
term is due to the s mode.
Meanwhile, as r — oo we find
2

v r—00 v K ﬂ v 1
(6" masr = (2':—1,)2 [Ko(mﬂ) TG - ‘ff,‘—mﬂ) T ] +0 (F) . (3.60)

By comparing to (A.20) we see that the leading-order terms are just (47r?)~!

times the low-temperature stress tensor for a scalar field in two dimensions.

High-temperature limit of massive theory

For m3 <« 1 we can evaluate the stress tensor for r — 0 and r — oc only.
Let us consider the case 7 — 0 first. By expanding the r-dependent Bessel
functions in (3.50) for small r and making use of the sums (3.39)—(3.41) one finds

2 3

2 m m
1805 T 1832 248
mt b 3mt
64r2 (7 1o E) - 2561r2]
3

2 4 4
v | m _ m  mt by, m
+ T4, [ ('y+ln41r) + 16”2] . (3.61)

(mper =~ 6T 4479479 |

Note that taking the m — 0 limit returns the massless result (3.54). Also, if we
take £ = é- and compare to the total stress tensor for a high-temperature field,
(A.15), we see that the second term in (A.15) is entirely due to the s mode, while

2 of the first term is due to the s mode.
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For mr > 1, all of the Bessel functions Kj(mpu,) will be exponentially small
compared to the K;(mnf), and may be ignored. We then find

Y maew 1 [72 mm m? mB\ |, m*] ).
Wnser ™= Ty 3~ 3 - 1 (10 57) + 5 78

1 [rm m? mf 5)v 1
s ()] 9o (%)
(3.62)
Again, the leading-order terms are just (4wr2)~! times the corresponding result
for a scalar field in two dimensions, (A.21). As well, for m — 0, this leading part

reproduces the 1/r2 part of the stress tensor from the massless case, (3.56).

3.3 The Dimensional-Reduction Anomaly in Flat
Space

In the previous section, we calculated directly the s-mode contribution to the
expectation values ($2) and (T,w) at finite temperature in four dimensions. In
this section we attempt to solve the same problem using dimensional reduction.
We show that naive dimensional reduction fails to produce the correct expecta-
tion values for flat space. We then examine the dimensionally reduced theory
in detail and show how the anomaly corrects its predictions to yield expectation
values in agreement with those of the previous section.

Consider a quantum field ® in four-dimensional flat space. For convenience,
we will calculate the anomaly in Euclidean space and continue the final results
back to Lorentzian signature. We assume that the field satisfies the field equa-
tion (2.55), where the potential V' vanishes inside the region of interest and is
spherically symmetric outside. In this case, the Green function for a given state

is renormalized by subtracting the Green function for the Euclidean vacuum. In
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four dimensions the latter is®

m

4n2\/20

where o is one-half the square of the geodesic distance between X and X', and

Gaun(X, X") = K,(mV20), (3.63)

K, is a modified Bessel function. In spherical coordinates X* = (t,r,8,n) the
line element is

ds® = dt® + dr? + r? (d6* + sin®6dn?) , (3.64)

and

20 =(t—t') 2 +(r—r)2+2rr" (1 —cos)) , (3.65)

where ), the angle between X and X', is given by (3.9).

If there exists a boundary ¥ surrounding the region M under consideration
and the field obeys a non-trivial boundary condition at ¥, or equation (2.55) in-
cludes a non-vanishing potential V which vanishes in M, then the Green function

G(X, X") will differ from Gg,. The renormalized Green function is then
G X, X')=G(X, X') - Guo(X, X). (3.66)

It is evident that ($2),., and (T,w)m vanish in the absence of the external field
V and boundaries.

If before renormalizing we first decompose the field ® into spherical harmonics
as in (3.2), we will be left with an effective field ¢, propagating on the two-
dimensional space with line element ds® = dt? + dr?, where ¢t € (—00,00) and
r € [0,00). The geodesic distance function o is simply 3[(¢t — ')+ (r —r)?], and
from (3.10) the induced potential is

(€+1)

14
V="

, (3.67)

3Eq. (3.63) may be obtained using the Schwinger-DeWitt expansion, as described in Sec-
tion 4.1.
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as A¢g — (V¢)? = 0 for the line element (3.64). Though this induced potential
is nonvanishing, it does not influence the divergences in two dimensions, as we
shall see later. As a result, the theory is renormalized by subtracting the two-

dimensional vacuum Green function*

a5, ') = 5= Ko(my/E= EF+ (= 779). (3.68)

By this point one might have noticed a curious feature of the dimensional re-
duction. For the original theory in four dimensions, one typically expects the
renormalized stress tensor and field fluctuations to be finite everywhere (such as
for a finite-temperature state). In particular, for the Euclidean vacuum state, all
expectation values should vanish identically. By (3.2) and (3.11), finiteness at
r = 0 in four dimensions implies that the dimensionally reduced field and Green
function must vanish there. On general grounds, however, one expects that this
boundary condition will produce infinite vacuum polarization which causes the
dimensionally reduced stress tensor to diverge as r — 0 [75]. Thus, if one at-
tempts to calculate (T}, )., by naively summing over the (77.(5)),.‘,, the resulting
four-dimensional stress tensor will diverge® at r = 0, even for the vacuum state!
A key result of this section is that the dimensional-reduction anomaly cancels
these divergences in the two-dimensional theory to yield finite results in four
dimensions.

The dimensional-reduction anomaly arises because of the inequivalence of the

divergent subtraction terms for the higher- and lower-dimensional theories. To

1Eq. (3.68) can be obtained using the Schwinger-DeWitt expansion in Section 4.1.
SIn fact, one can show that the sum over £ will diverge at all r. For example, the anomaly

A(p?) varies as £ as £ — 00, and hence sums like

S Ctaw, ¥ o
=0

4nr?

are divergent. Similar effects were noticed in [6, 11,12].
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illustrate this, we decompose G, into spherical harmonics and compare to Gy, -

Defining the mode decomposition by

Ganl, X = 3 D 08 )Gl ) (3.69)
=0
in accordance with (3.11), we have
1
Gave(z,2') = 27y’ / d(cos M) Py(cos V)G (X, X') . (3.70)
-1

Inserting (3.63) into (3.70) and using the well-known integral representation for
K.,
/wdx " exp {—x - -Cﬁ} =2 (3) uK‘,(a) (3.71)
0 4z a
(see Appendix C.3.1), the integral

ol
/ dz Py(2) @79 = (-1)% foewz(p), (3.72)
-1

where Ip.1/, is a modified Bessel function (see e.g. [74], vol.2, eq.2.17.5.2), and

the representation

(€+k)! 1 T

(o) = \/2— Zk‘(é o Gr (0T B

(see, for example, 8.467 of [76]), we obtain

Gdiv|t($,l‘ = > E (e‘l',‘:)l [ ) [20‘ ]"/ m\/__

< K= b)! @mrr)E
k/2
- (-1)f g;:]r,) Ki(mv20+) ] (3.74)
where
ot = %[(t — (). (3.75)

Let us compare this result for the mode-decomposed subtraction terms from

four dimensions with the subtraction term for the two-dimensional theory, (3.68).
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While Gyy;, is the free-field Green function in two dimensions, it is not difficult to
verify that G4, is the Green function for a field propagating in the centrifugal
barrier potential (3.67) and obeying Dirichlet boundary conditions® at r = 0.

The anomaly in the Green function, given by
AGi(z,1") = Gyain(z,2') — Guye(z, '), (3.76)

is then simply the negative of the renormalized Green function for a field propa-
gating in the centrifugal barrier potential (3.67) in two dimensions and obeying
Dirichlet boundary conditions at 7 = 0. The infinite vacuum polarization ef-
fects in the effective two-dimensional theory due to the boundary at r = 0 will
thus be exactly canceled by the dimensional-reduction anomaly. In particular,
for the four-dimensional vacuum state the anomaly exactly cancels the renor-
malized two-dimensional Green function, yielding vanishing expectation values
in four dimensions. Failure to include the anomaly will leave one with divergent
results for four-dimensional expectation values, even for the vacuum state.

The anomaly in the Green function can be used to calculate the anomalies
in ($2) and (T},). For ($?) we find

AW} = lim [Gra(,2') = Gae(,7')] (3.77)
! k+l ¢ ¢t
- L B LR e 6T
For example, for the first three modes the anomalies are
M) = -Ko(2mr), (3.79)
Alpr ) = 51; [("-117’_)2 — Kyo(2mr) — (—7:T—)K1(2mr)] , (3.80)
Al@pR,) = 2_111'- [ (m3r)2 - (mi)“ + Ko(2mr) + -(-TSEKIer)

8Since (3.72) is finite for p = 0, Gy;,je obeys Dirichlet boundary conditions at r =0, r’ =0
due to (3.70).
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12
(mr)?

Note that the anomaly diverges logarithmically as r — 0, and vanishes as r — oc.

+

Kz(2mr)] . (3.81)

The divergence at r = 0 precisely cancels the corresponding divergence in the
renormalized two-dimensional theory due to the boundary condition.

The expressions for the anomaly in the stress tensor are more complicated,
so we show the results for the £ = 0 mode only. Substituting (3.76) into (2.82),
(2.83) we obtain

. 2 1

AT = Tt~ ofemn) + (126 - ) 2D
+ (8~ 2)5(;(%7;:—)] : (3.82)

AR m? K,(2mr) Ko(2mr)
A(TOR) = o [(2 - 85)—(2-1-51_—)— +(2- 16§)W . (3.83)

) 2

APy = ’;‘—“ [(45 - 1)Ko(2mr) + (16€ - 3)%(—72;’—)")

+ (166 - 2) )| (384
In the m — 0 limit the anomalous stress tensor becomes

A(TOY = # (1 - 4€){y + lnmr} + (6£ - 1)] , (3.85)
M) = @ -Diy+hmr}+(1-4),  (386)
A(PO) = 8“% [(2-166) {7y +Ilnmr} + (166 —3)],  (3.87)

where the m in the logarithms must now be considered an arbitrary parameter.
Note that the anomalous stress tensor diverges as In (r)/r? as r — 0, and vanishes
as r — 00. As was the case for A(¢?), the divergence at r = 0 precisely cancels
the corresponding divergence in the renormalized two-dimensional theory due to

the boundary condition, leaving a finite stress tensor in four dimensions.
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3.3.1 Scalar Field at Finite Temperature

Let us return to the spherical decomposition of a scalar field at temperature
T = B! in four-dimensional flat space, and use this case as an illustration of
the role of the dimensional-reduction anomaly. From the preceding discussion,
the dimensional reduction of a free scalar field with vanishing potential produces
a dimensionally reduced field ¢, propagating in the centrifugal barrier potential
£(€+1)/r? and satisfying Dirichlet boundary conditions at r = 0. The bare zero-
temperature Green function for this theory is just (3.74). The finite-temperature
Green function is most conveniently obtained by recalling that in Euclidean space
the temperature dependence can be realized by requiring the field to be periodic
in (imaginary) time with period 8. Thus, the finite-temperature Green function
in two dimensions can be obtained from the zero-temperature function (3.74) by

the replacement (¢ —t') — (¢ — t' + nf) and summing over all integers n:

¢+ k)! 20, —
gf(a:,x Z 27rzk('(£ k)! [ bt ([2mrr')’° Ki(my/207)

k/
(1)t ([22::] i Kk(m\/2o+] (3.88)
where
ot = %[(t —t a2+ (r£r)Y. (3.89)

The zero-temperature result is the n = 0 term, Gg.j¢(z,2’). The renormalized

value of (3?) for the dimensionally reduced field is then

(@)% = lm [gé’(z,z')-ge.m(x,z')] (3.90)
£+k)
N 22 27rz k(l(e+ k)u[ b* ( nﬂz) Ki(nmf)

_ (1)t (V(“ﬂ) + (2r) ) Ki(m/ (B + @) )}

2mr?

+ :];iﬂ [Gdivu(x! x,) - gl]div(xi zl)] (3'91)
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Note that we have separated the n = 0 term and grouped it with the two-
dimensional renormalization term, Ggq;,. This last line is precisely the negative
of the anomaly A({y?), (3.77). As we have seen, this last part will produce
a contribution to (p?) which diverges as r — 0. However, in calculating the
renormalized ($2)? in four dimensions this term is precisely cancelled by the
dimensional-reduction anomaly:

2.2 +1

2
s 47r

2 +1 £+ k)! 8 \*
= Z 472 Zzﬂ-zk(le k [(_l)k (2:;1_2) Kk(nmﬁ)

(-1t (V (b)Y + (2"’2) Ku(m /B + @)

(9%)5, (D)2, + Ale})] (3.92)

- (3.93)

The remaining terms are the finite, temperature-dependent contributions to
($?)8_in four dimensions. For example, the ¢ = 0 mode alone makes a con-

ren

tribution of

(¢=0) _

o3 2 | Kolnmb) - Katm/BE + GP)| - (394
n=1

This is precisely the result (3.32) obtained in the previous section by working
directly in four dimensions.

To summarize, we have demonstrated that expectation values such as (@2),,.,
and (T,w),,.. can be expressed as sums of the corresponding renormalized quanti-
ties from the two-dimensional theory using relations like (3.12)-(3.16). However,
to obtain the correct result we see that each term in the decomposition must be
modified by adding a state-independent” anomaly term, such as (3.78), (3.82)-
(3.84). Failure to account for these extra terms would result, for example, in

nonzero expectation values in the Minkowski state. We conclude that one can

7See also the discussion at the end of Chapter 5.
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model correctly quantum fields using lower-dimensional theories, but only if the

dimensional-reduction anomaly is accounted for.
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Chapter 4

Spherical Decompositions in

Curved Space

In the previous chapter we demonstrated the existence of the dimensional-
reduction anomaly using the simple example of spherical decompositions in flat
space. We saw that the anomaly has to be accounted for if the dimensionally
reduced theory is to yield correct expectation values for the physical theory in
four dimensions. In this chapter we extend our analysis to the more general
case of spherical decompositions in curved spherically symmetric spaces. These
include the very interesting example of the Schwarzschild black hole, which we
shall consider at some length.

We begin in Section 4.1 with a detailed derivation of the dimensional-reduction
anomaly in ($?). The techniques developed there are then applied in Section 4.2
to the calculation of the anomaly in the effective action. In Section 4.3 we derive
the anomalous stress tensor for a general spherical decomposition, and in Sec-
tion 4.4 apply these results to the interesting case of the s-mode in Schwarzschild

spacetime.
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4.1 The Dimensional-Reduction Anomaly in
(®?)

While our chief aim is the study of the dimensional-reduction anomaly in the
effective action, in order to illustrate more clearly the effect of curvature on local

reduction anomalies we begin with the simpler case of the anomaly for (<i>2)m.

4.1.1 Structure of Divergences

We take as our system a massive scalar field with arbitrary coupling to the four-

dimensional scalar curvature, described by the field equation (2.55) with
V =¢€*Rlg). (4.1)

We assume that the space of interest is Euclidean and described by the line
element (3.1).

As we saw in Section 3.1, under the dimensional reduction (3.2) the quantum
field & reduces to a collection of effective fields ; in the two-dimensional space
with metric hg,. These dimensionally reduced fields propagate in the induced
potential (3.10),

Ve = &'Rlgl+ 5D ag+ (g

ER[h] + [€(€ + 1) + 2€] p~%e™ + (46 — 1)And + (1 — 6€)(V)?, (4.2)

where 7 = pe™%, and vanish at any regular points of the manifold where r = 0.
We wish to compute the anomaly associated with renormalizing this dimension-
ally reduced theory versus (2.55).

Since the dimensional-reduction anomaly is connected with the divergences,
let us discuss first the general structure of these divergences. The most conve-

nient way for our purposes is to use the so-called Schwinger-DeWitt proper-time
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formalism [51], [41], {42]. In this approach, one can write the Green function
G(X, X') and effective action W in the form

GX,X') = / “ds K(X,X']s), (4.3)

W=} / / X JGK(X, X|s), (4.4)
where K(X, X'|s) is the heat kernel for the operator F, defined by (2.48), (2.49).
Analogous formulae also hold for the dimensionally reduced theory with operator
Fi, heat kernel Ky(z,z’|s), Green function G,(z,z’) and effective action W,.
The divergences in both the Green function and the effective action come from
the s — 0 limit of the s integral. The advantage of the heat kernel formulation
in curved space is that the small-s behaviour of the heat kernel is known for
arbitrary curved spaces of any dimension, in the form of the Schwinger-DeWitt
expansion (41,42, 51]. In four dimensions this is

K(X,X'|s) = %exp{-mzs—g-(—)g’sfx’l}Zai(X,X’)s‘. (4.5)
=0

Here again o(X, X') is one-half of the square of the geodesic distance between
the points X and X' (sometimes referred to as the Synge world function [77]),
while D(X, X') is the Van Vleck-Morette determinant {78, 79],

a a

NZ10% \/g(X' [ Xk 8X"
The a, are the Schwinger-DeWitt coefficients for the operator F' of (2.55) with
potential (4.1). In the coincidence limit X’ — X the first few of these are [41]

D(X,X') =

(X, X')] (4.6)

ad~¢® = 1, (4.7)
S~ (3-¢) ', (48)
ag“'E‘R - 1;0 [4Raﬂ'764Raﬂ76 4ROB4Raﬁ+D4R]
1(1 1(1 2
bl A LT - S P2 )
+5(5-¢)ar+z(5-¢) m (49)
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Note that, as promised, the a, are purely local functions of the curvature, the
potential, and their covariant derivatives. They are independent of the field
mass, as this is accounted for separately in (4.5).

For the two-dimensional operator F, of (2.72) with induced potential (4.2)
we shall need the Schwinger-DeWitt expansion of the heat kernel only in the
coincidence limit. This is

Ke(z, z|s) = ‘hll_—sexp {-m?s} [1 +3 (%R - V() + - ] . (4.10)

Considering (4.3), (4.4), it is clear that in four dimensions the divergences in
G (W) arise from the first two! (three) terms in the Schwinger-DeWitt expansion
for K, while in two dimensions we need consider only the first term (first two
terms) in Ks. The anomaly in ($2) or W can then be calculated by mode-
decomposing the appropriate terms from K, comparing to the heat kernel K,
for the dimensionally reduced theory, and finally integrating the difference over
s according to (4.3) or (4.4).

4.1.2 Calculation of the Anomaly

Let us begin with the anomaly in ($2?). The divergent part of the Green function

in four dimensions is given by
o0
GunlX, X') = / ds Ko (X, X'l5), (4.11)
0

where Kj;, consists of the first two terms of (4.5):

Kao(X, X'|s) = @:T)z exp {—mzs - ;—s} [&tf,’" R(x, X') + sROER(X, X')] .
(4.12)

!Comparing to (3.63), one sees that the integral representation used for G;, in Section 3.3
was just the heat kernel representation (4.3) with (4.5)-(4.8).
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Here we use the convenient notation
RO-€*R(X, X") = D3(X, X") o8¢ R(X, X"). (4.13)

In principle, the anomaly in ($?) is straightforward to calculate. We mode-

decompose K, in terms of Legendre polynomials in the usual manner:
oo

20+1
Kdiv(x, X'Is) = 2 (47"1'1" ) Pg(COS A) thu(z’, :E'IS) ; (4-14)
=0

1
Kayue(z,2'|s) = 2nrr / d(cos A) Py(cos \) K4 (X, X'|s).  (4.15)
-1

The anomaly in ($2) is then just the coincidence limit of the difference between
the subtraction terms in two dimensions and those mode-decomposed from four

dimensions, integrated over s:

A(g*(z)) = /:ods [Kl[div(:r’a:ls) - Kdivll(xvxls)] . (4.16)

We encounter a difficulty, however, when we try to perform the mode decom-
position. For a general space, o and the aZ~¢'® are known only for infinitesimal
separations? of X and X', while evaluation of the mode-decomposition integral
(4.15) requires knowing o and the aS~¢*R for finite separations of X, X’ on the
two-sphere. We proceed by determining an approximate K, for finite separation

based on the following criteria:

1. Our approximate K, must reduce to the known value in the flat-space

limit.

2. Our approximate K, must respect the periodicity of the two-spheres (i.e.,
it must be periodic in the angular separation A with period 27).

2In terms of momentum integrals, finite separations correspond to the low-frequency regime,
where the renormalization terms are not fixed by the divergences in the theory.
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The first criterion may be met in the following manner. We split the points
X and X' in the angular direction only. Using the well-known short-distance
expansions obtained in [80,81), o and the R~ ‘R may be expanded in powers
of the angular separation A, which is equivalent to expanding in powers of the
curvature. These expansions are then substituted into K, and, assuming small
curvatures, truncated at first order in the curvature for A(?) and at second order
for AW,. To take account of the periodicity of the two-spheres, the resulting
expansions in powers of A? are then converted into expansions in (1 — cos ).

Defining z = cos A, we have

A2=2(1—z)+§(1—z)2+:;—15-(1—z)3+~-. (4.17)

We then substitute (4.17) for each A2, truncating at the lowest order in (1 — z)
which will yield the correct flat-space limit. This replacement of A2 by a finite
series in (1 — z) means that our expansions are only modified for large angular
separations, where the renormalization terms are inherently ambiguous. Our
choice simply corresponds to a natural extension of the flat-space heat kernel
which respects the periodicity of the two-spheres for large angular separations.
The details of this procedure are presented in Appendix B.2.

Following this procedure, one finds that to first order in the curvature

20 = 2r¥(1-2z)+ ;—2[1 - r3(Vo)3(1 - 2)?, (4.18)
ROER = 14 é“R“u —2), (4.19)
RO-ER = (é —5) ‘R, (4.20)

Inserting these expansions into (4.5) yields our approximation for the “divergent”

part of the four-dimensional heat kernel,

K..(X, X'|s) = ﬁexp{-mzs—g(l—z)} [1+s (é——&) ‘R

+ 14300(1 -z)— Lz-[1 - r3(Ve)?|(1 - 2)2] . (421)
6 12s
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The mode decomposition (4.15) of this K, then boils down to evaluating the
integral .

Jn = —p / dzP(2) 07 (1= 2", (4.22)
where p = —r2/2s is a dimensionless parameter and n is an integer. The integrals
for n # 0 can be obtained from the n = 0 result (3.72), (3.73) used in the flat-
space case by differentiating with respect to p, yielding

@+k) [ (=12 (k+n) ?™  (k+a)nl
Z < KI(¢— k)! [ —2p)nHE kI 1)e™ ; (—2p)o+k klal(n — a)!
(4.23)

The mode-decomposed heat kernel subtraction terms for a general four-

dimensional spherically symmetric spacetime are then

_m2

4rms

Kae(z, z|8) = [Jzo +s (- - E) ‘Riw+ = RoaJn - —-[1 - 7’2(V¢)2]Jez]
(4.24)
The first term in (4.24) is the mode decomposition for flat space, while the other
terms carry the contributions due to the curvature. Meanwhile, the various parts
of the Jy, fulfill several roles. First, the k& # 0 terms in (4.23) are associated with
the centrifugal potential (¢ + 1)/r? induced by the the mode decomposition.
This potential is ignored in the renormalization in two dimensions, since only
the first (potential-independent) term in the Schwinger-DeWitt expansion of the
heat kernel contributes to the divergences of the two-dimensional Green function.
Second, the terms in (4.23) proportional to e® = e~"*/* enforce the Dirichlet
boundary condition at r = 0 (if this point belongs to the four-dimensional man-
ifold), which is required if the four-dimensional subtraction term is to be finite
there [see (4.14)].
These results are to be compared with the subtraction term in two dimensions,

which consists of the first term of (4.10):

-m?s

Kea(z, zl8) = (4.25)

47s
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In contrast to K¢, Ky is independent of both the position, the two-metric hg;,
and the mode number £. It matches just the first term in the k£ = 0 contribution
to the flat space part of Ky

The anomaly in the heat kernel is found by subtracting (4.24) from (4.25). It
is clear that part of this anomaly is due to the different number of terms in the
Schwinger-DeWitt expansion used to renormalize the four- and two-dimensional
theories. One might hope that the anomaly could be eliminated by keeping the
second term in the Schwinger-DeWitt expansion in two dimensions, (4.10). It is
easily verified, however, that doing so only cancels the first term in the k =1
contribution to the flat-space part of K, and the first term in the £k = 0
contribution to the curvature-dependent parts of K. Furthermore, there is
no hope that renormalization, a purely local procedure, could cancel the terms
responsible for the induced boundary condition at r = 0, which is essentially
nonlocal.

The anomaly in (@2) is now obtained by integrating the difference of Ky,
and Ky as in (4.16). We find

M) = e |-Tmsdnl = o (=€) RIUms) Jol = G Bos T Te]

+ 280 (90 1l (4.26)
where
¢ _ (E+k)! , (=1)* (k+n)
I[(m?s)'Jm] = k_zz; _EE—k) [2 ()™ (k+t+n- 2)]
L4k IS (k+a)n! Kiiesao1(2mr)
- (1) Z kl(g k)! 7 — 1 2 [E klal(n — a)! (m:)k—t+a+1 :

(4.27)
(The I[(m?s)'Jy] result from integrating terms of the form (m2s)t~2Jp, over
s.) Note that the anomaly in (@2) generally diverges at any point z* such that
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r(z*) = 0, while for asymptotically flat spaces it vanishes as r — 0o. From the

discussion of Section 3.3, this behaviour is to be expected.

4.1.3 Spherical-Reduction Anomaly in Schwarzschild

Spacetime

As an example, let us consider a quantum field in Euclidean Schwarzschild space,
with line element

-1
ds® = (1 - g) dt® + (1 - %) dr? +r? (d6® + sin’9dn?) , (4.28)

-
where M is the black-hole mass. For this geometry ‘R =0, ‘R,, =0, and

2M

[1-r*(Ve)] = =— (4.29)

Figure 4.1 shows plots of Ky,je=0(z, z|s) for fixed s and various values of M/\/s.
Note that large values of M cause the mode-decomposed subtraction terms to
become negative.

The anomaly in ($2) for the £ = 0 mode is

. Ko(2mr) M 1
A(‘ﬁ?:o = 0( )L [

2
or  3ar |(mr)? E;Kl(2mr) - 2Ky(2mr) - mrKl(er)]

(4.30)
Plots of A(@2_,) for various values of mM are shown in Figure 4.2. Note that

in the M — 0 limit we recover the exact anomaly in flat space, (3.79).

4.2 The Dimensional-Reduction Anomaly in the
Effective Action

In the previous section we calculated the dimensional-reduction anomaly in ($2)

for a general four-dimensional spherically symmetric space. We now use the same
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r2/s
Figure 4.1: Kjy¢=0(z,z|s) in Schwarzschild space for fixed s and
M/\/s = 0,2, 4,8 from top to bottom. The common factor e=™"*/(47s)
has been removed. The two-dimensional subtraction term Ky, would

be a horizontal line at 1 on this plot.

procedure to determine the anomaly in the effective action, denoted by AW, in
(3.14). Functional differentiation of AW, with respect to the metric hy, and the
dilaton ¢ will then give the corresponding anomalies in the stress tensor and
pressure in (3.15), (3.16).

The divergences in the four-dimensional effective action (4.4) come from the

first three terms of the heat kernel expansion (4.5):

1 a - _ 3
Ku(X, X'|s) = Wexp {—m2s - —2;} [se},’ R sRY R4 s2R5 E‘R] .
(4.31)

As in the previous section, we split the points X, X’ in the angular direction
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Figure 4.2: A(p2_,) in Schwarzschild space for mM = 0.1, 1,10, from

top to bottom.

only. Then one can write

20 = 2 [(1-2)+u(l—-2+v(l—-2)%+--], (4.32)
-€4 —£°R 0-§4R 0-¢4R
RO-ER = Rs(of +§Rn(1§ (1-2)+ Rn(z)f (1-2)*+---, (4.33)
where z = cosA. From the calculations for the anomaly in ($2) we have seen
. - —£4
that u = L[1—r3(Ve)?), Ropf ® =1, Ry § ® = L Rep, and Rf # = (1 - ) ‘R.
The other 3‘25&5‘3 and v are found in Appendix B.2. Inserting these expansions

into (4.31) and truncating at second order in the curvature, we find

' 1 1.2 -€*
Ku(X, X')s) = Wexp{—m%— —(l-z)} [1+s§%‘13(0f R

20y0—€4R O—¢4R a-€4R
+s 3{2(0)5 (30(1) t+s s“'1(1)5 ) (1-2)

O-§4R Tzu U—E‘R
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2 4,2
D_e(ﬂ _ TV _ 3 ru _ 4
+ ( RO(I) _23) 1-2°+ el (1-2) ] . (4.34)
The decomposition of the heat kernel subtraction terms (4.34) is done in the

same manner as in the previous section. Employing the definition (4.15) of the

spherical decomposition and using the functions J, of (4.22), (4.23), we obtain

1
Kae(z, z|s) = hm21rr f d(cos A) Py(cos A) K. (X, X'|s)

= T (14 sOnER . 2O
= + sty (g) RZ(O) €0
O-£4R O-€4R

2 2
D—E‘R r°u T u D—{‘R
(30(2) -5 Ry ) Je

2s 2
r2y  riu_._.s riy?
+ <—¥ ~ 2 5(1)6 R) Jiz + 332 JM] - (4.35)

Meanwhile, the divergences in the effective action for the two-dimensional theory

with the potential V; of (4.2) arise from the first two terms of (4.10):

4ms

The anomaly in the effective action is found by integrating the difference of
(4.35), (4.36) over s as in (4.4):

AW, = _l/d?z\/ﬁ /'°° d—s Kgldi,,(.’r,:tIS) -Kdivll(zvxls)]

’Ct[div(x, zls) = e [1 +s (éR - Vz)] . (4.36)

= m /d?z\/- [ Jm] + ﬁf'(;f RI[m SJ(o] + 4322(06 RI[m“ssz]

g4 - - 1‘ u -
+R5E RI[Ja] +— se“ ER [im2sJy] +(a§'(2,f"*— sef’mf"‘).r[J,21

1(1)
(mr)2 (mr)

I[ — Ja]

(mr)“u2 1
3 I[m"szJ“]

The I[(m2s)tJy,] are given by (4.27). Using (4.37) and the values of u, v, and

the RS&?‘R given in Appendix B.2, one can compute the anomalous contribution

O-¢4R T
= (R +v)1[msz,3]

(4.37)

to the stress tensor. This is done in the next section.
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4.3 The Dimensional-Reduction Anomaly in the
Stress Tensor

The stress-tensor induced by a given effective action W in a space with metric

hqe may be calculated using

- 2 oW
(Tav) = ﬁéh_“" . (4.38)

In the previous section we found the anomaly in the effective action for the
decomposition of a general four-dimensional spherically symmetric space, (4.37).
We now calculate the anomalous contribution to the stress tensor due to this
action. We do this by substituting the values of u, v, and the Rs(ﬁm given in
Appendix B.2 into (4.37), using integration by parts to cast the action into a form
suitable for performing the variations, and then calculating A(’fj,f)) using (4.38).
The anomaly in the pressure, A(P9), is most easily computed once A(73Y) is
known by using the dimensionally reduced conservation equation (2.97), which
implies
1

2(Ve)?

This procedure is straightforward but tedious, so we skip most of the details.

(PO = - 6* V(T . (4.39)

There are only a limited number of invariants dependent on h% (such as
Ard, (V¢)?, and R[h]) which enter AW,. For this reason it will be convenient
to define the following functions which result from the variation of these objects.
Assuming S and N are scalar functions, and that NV = 0 (but not §S) under a

variation dh%, one can show that

[ vEs(veps = [ dovhsn® Fy(S), (4.40)
/ PVRE(VP)S = / Po/h oK FL(S), @
/ d%VhE(AN)S = / d%Vhh® FL(N, S), (4.42)

/ ZvVRE(R)S = / VR h® FA(R, S) |
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where
FG(S) = ¢utsS, (4.43)
FL(N,S) = % (—NaBs — Noda + hasDaN + hasVN-V]S,  (4.44)
FL(R,S) = %[-v.,v,,+h,,,,A,,+%h,,bR s. (4.45)

The other variations which we shall require can be written in terms of these

functions. For example,

/ d*vh(*R)S = / dzVhh® [F%(R, S) +4FL (6, S) — 6F%(S)] , (4.46)

/ FVRO(ASR)S = / PR 6h® [FA(R, AxS) + FL('R, S)
+4F) (6, AnS) — 6F5(ARS)] - (4.47)

We also have
f d*8(Vh)S = / d*vVh k% [-%h@s] : (4.48)

For convenience, we divide our effective action (4.37) up into 9 separate parts,
m?
AW, = — W;. 4.49
(4 ar ;—t i ( )

These parts and their associated stress tensors for the case V = £“R are listed
below. The second form shown for each W; is obtained using integration by parts
and is used for the calculation of the (Tg;);. Note that each W; is constructed
using a different I[(m?s)*Jp,). For convenience, we write the I{(m?s)Jem] as

simply [ on all but the first line of each result.

W, = / dxVh I[Jn), (4.50)

(Tas)r = —hal, (4.51)
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1 -
W, = /d’z\/ﬂ ? Rllj(of‘a I[mszgo]

- 629 [avhar, (4.52)
T = 2 [ Lhter - om0 +4mb6, 0 + FA(R.D)] L (459

Wy = / dzVh 4§R2(0) 4RI[m4s2J¢o]
- ._6.:__ / VR (‘R
- /d?z\/' [AW'RI+2°RAG T +2°RV$-VI]
6m

/ dxvh [(A,.“R-i- ~R? + 10(Ang)? + )

180 4
(2R+12Ah¢ 8(Ve)? + )w VI

+ 2(V¢)2A,,I] , (4.54)

2
Tt = S [ L (RIT - 2FACRI) + 8R40, R)

m4

+2F2(R, ‘RI )]

L_

+ (6375) [--;-h,,,, (ARRI+2°RAp I +2°RV$-VI)
+ 2R dalsy — 6F (20001 +2V9-VI + ALl)
+ FL(6,2°RI + 8AnoI +8V¢-VI +4A,1)

+ FL(*R,I) + F%(R, 2401 + 2V ¢-VI + AgI)

L[ L (apy Lpe 0 2
+90m4|: 2hab ((AhR+2R + 10(Ano) +7‘4)I
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+ (2R + 12440 — 8(V9)? + r4—2) Vo¢-VI + 2(V¢)2Ahl)

+ (23 +12A,0 — 8(Ve)? + ;4;) bialb)

+ F%(—8V¢-VI — 4A,I)

+ FL(6, 204401 + 12V$-VI + 4A,1)

+ F(1,2(V9)?) + F5 (R, 1)

+ FX(R,RI +2V¢-VI + A,,I)] : (4.55)

Wy = / dzvh ﬂf,‘(;,f““r[Ju]

/ d*vh %(1 +7mB)I, (4.56)

(T = %[—%hab(1+r28)1—2Ffb(rzl)+Fa‘,,(¢,r21) , (4.57)

1 o-¢t
Wv = /d’tc\/l_zﬁﬁ?uf RI[msza]

_ =9 / dxvh [ *R(I - r*V¢-VI)]

6m?
1
180m?

+ (3040 - 2V¢"’)r2A,.I] , (4.58)

+

/ d%Vh [321 + (=R - 2006 + 4(V9)2)r V- VI
T

_(%_5) _l 4 2T, _4p,2
(Tab)v = _31712 - 2hab R(I L V¢ VI) Rr ¢(aIb)
—6F%(I — r*V¢-VI) +4FL (¢, I —12V¢-VI)
+FX(R,I- 1'2V¢-VI)]
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1 1 2 2 2
+90m2 [—ihab (T—zI + (—R - 20,0 + 4(V¢) )r V¢-VI

+ (3Axo — 2V¢2)r2A,.I)

+ (=R — 2840 + 4(V)*)r?d(aly)

+ F2(4rV¢-VI — 2r2A,1)

+ FL(6, —2r*V$-VI + 3r2A,T)

+ FL(I, (3Ane — 2V¢?*)r?)

+ F%(R, —r2V¢-VI)] , (4.59)

4 2 4

= _(_6"1'2_5) / dzVh [(1 - r}(V¢)?) ‘RrI]

1

+ 360 / d%Vh (191 + (20An¢ ~ 40V)r2I

+ (RV¢? — 3(Ano)? + 10A,0V 9% — 8V )rtI
+ (—8Ane + 6V r'Ve-VI + 2V4*riA,l] (4.60)

l_
(Tao)w1 = —(6 5 J [—%hab(l -r*V¢?) ‘Rl
+ Fo(—*Rr*l - 6(1 — r*Ve?)r?I)
+4F(9, (1 = r*Ve*)r’I) + F4(R, (1 — r2V¢2)1'21)]

+ 1;—0 [—%h.,,, (191 + (20840 — 40V$?)r2]
+ (RV¢? — 3(Ano)? + 10A,6V¢% — 8V*)rtl
+ (~8And + 6V V-V + 2V¢2r“AhI)
+ (—8And + 6V ) rid(ly)
+ F%(—407%I + [R+ 10Ax¢ — 16(V)riI + 6r'Ve-VI
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+ 2rtART)
+ FL(,20r2] + [-6Ano + 10(Ve)?r*I — 8rV$-VI)
+ FL(I,2(Ve)*r)
+ F3R (VD) (461)

Weu = — / d*zVh [MI[;I-JQ]]

2 2g

- [ Vi (0 -rgyr, (462)

Tuhws = -T2 [

= -lha,, (1-7r2V¢?) - r2¢a¢b] r2l, (4.63)

2

2 _e4 1
Wy = "./.d%\/ﬁ [@(Uﬁalf R+U)I[-Tn_%Jl3]]

2
= _?% / d%vh [131'2[ + (5Ar0 — 25V I

+ (=256 V?)rST + 3rﬁv¢2v¢»vz] , (4.64)

m2

(Tahmn = 3o [has (13721 + (5209 — 25V %)
+ (—2Ar¢V )T + 3r°V 2V ¢-VI)
— 6V rio Iy
+ FO.(50r*] + 4AngrSI — 6r°V - V1)
+FL (4, —10r41+4V¢2r61)] : (4.65)
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4,2 1
Wi = / dov/h T g

- / d?m/‘ 1—r29g?)rr] (4.66)
(Tan)ix ;Z; [hab (1 — 72V 4?) + 4r¥gag] (1 — rPVe?)ril. (4.67)

The total anomalous stress tensor in the z° sector is
A(TH) = Z(Tab); (4.68)
t=I
The anomalous pressure is most easily calculated for a given geometry using
(4.39). In the next section, both A(T:?) and A(P) are computed explicitly
for the £ = 0 mode in the Schwarzschild geometry.

4.4 Anomalous Stress Tensor in Schwarzschild
Space

In this section we calculate the anomalous contribution to the stress tensor for
the ¢ = 0 mode in the Schwarzschild geometry. This example is of particular sig-
nificance to attempts to calculate the stress tensor of four-dimensional black holes
using dimensionally reduced dilaton-gravity theories [32-39], discussed briefly in
Section 2.2.7.

Using (4.68) and expressions (4.50)-(4.67), we can calculate the dimensional-
reduction anomaly in a spacetime with given metric. In particular, for the £ =0
mode in the Euclidean Schwarzschild geometry (4.28), we find

A(TOY = W [-28rM +54M? + (—15m?r* — 30m*r® + 56m*r* M
+82m*r° M — 108m?*r’M? — 96m*r* M?) Ko(2mr)
+ (56mr*M + 110m*r*M + 20m°r®M — 108mrM?
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— 162m*r* M? — 30m®r°M?) K, (2mr)]

+ ngr;ﬁi [20rM — 45M? + (3m?r* + 6m*r® — 49m*r3M
— 26m*r° M + 90m?r?M? + 30m*r* M?) K,(2mr)
+ (9m*r® — 40mr®M — 55m°r*M — dm®r’ M
+90mr M2+ 75m*r* M? +8m°r° M?) K, (2mr)], (4.69)
A(TOry = m [20rM — 42M? + (~15m?r* — 40m?*r* M
— 38m*r° M + 84m?*r*M? + 24m*r* M?) Ky(2mr)
+ (30m*r® — 40mr®M — 58m*r* M + 84mr M?
+ 54m°r* M? + 10m°r*M?) K, (2mr)]
+ gi;j_z [—- 10rM + 15M? + (—6m?r + 29m*r* M
+4m*r° M — 30m*r*M? — 6m*r* M?) Ko(2mr)
+ (—6m3r5 +20mr’M + 23m3r*M — 30mr M?
- 21m’r* M?) K, (2mr)] , (4.70)
APy = Eb?rlﬁiﬁ [—50rM + 150M? + (15m?r* — 30m*r®
+ 100m*r* M + 92m*r’ M — 300m*r*M?
- 108m*r*M? — 10m®r® M?) Ko(2mr)
+ (-15m3r® + 100mr* M + 142m*r* M + 38m°r° M
— 300mrM? — 246m*r* M? — 44m*r°*M?) K, (2mr)]
+ ngr;z?a [25rM — 60M? + (6m*r* + 6m*r® — 68m?*r* M

— 28m*r° M + 120m*r*M? + 36m*r*M?) Ko(2mr)

+ (12m®*r® - 50mr*M — TIm*r*M — 4m®r* M

+ 120mrM? + 96m’r* M?

+8m°r° M?) K, (2mr)] . (4.71)

While these stress tensors were calculated for Euclidean Schwarzschild space,
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they are also valid for Lorentzian signature.? It is easily verified that the anoma-
lous stress tensor is finite on both the past and future event horizons. In the
M — 0 limit we recover the exact results obtained earlier for the spherical de-
composition of flat space, (3.82)-(3.84). Other limits of interest are m — 0 and

mr > 1. For massless fields we find

=0y _ 1 M _ E
AT = 60772 [5('7‘*'111#7‘)+9r 9—
(€-3) M v M
Ry —4+12—1;- (y+lnur)+6 10-r—-10r_2 ’
(4.72)
- 1 M M‘Z
0)ry _. .M M
ATON) = 502 [5('y+ln,ur)+5 3r 5r2]
(€-3) M MM
T e 8_127 (7 +In pr) 4+27+6—r-2— ,
(4.73)
R M A
©y - _ _ M M
A(PT) = 120”2[ 10 (v + ln pr) 5+14r +18 rz]
(§-3) M A
+ 8772 -16+ 487 (y+Inpr)+16 287— - 321'_2 ,
(4.74)

where the p appearing in the logarithms is an arbitrary parameter with units of
mass. In the large mr limit, the Bessel functions in (4.69)—(4.71) are exponen-
tially damped and may be dropped, leaving

oty _ L [_pgM o M _ 1Y oM _ s
A(T(‘>“1801rm2r4[28r+54r2 +60(§ 5) Q0= 45—,

(4.75)
A(FOry = 1 [ 9 M M? M?

—_— e 1 M
180rm2re OT -4 r2 +60 (6 - E) (—107 + 157-_2)] ,
(4.76)

30ne converts from Euclidean to Lorentzian signature by changing the sign of (T3;) and
(T*), but leaving (T,*) and the other diagonal components of the stress tensor unchanged.
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A(PO) = W [—100% + 3001.%2 + 60 (5 - é) (50% - 120%4-;)] .
(4.77)
Plots of (4.75)—(4.77) versus the full expression (4.69)—(4.71) indicate that the
asymptotic form is valid for all r > 2M for approximately mM > 3.
To appreciate the significance of the anomaly, it will be convenient to analyze

the massless and massive cases separately.

4.4.1 Massless Field

The calculation of the vacuum expectation value of the stress tensor for a massless
scalar field in the Schwarzschild geometry has long been of interest [5-15]. In
particular, in recent years numerous attempts have been made to obtain the
stress tensor due to the £ = 0 mode using dimensionally reduced models [32-39].

For an analysis of the dimensional reduction, let us consider the stress ten-
sor for a field in the Hartle-Hawking state |H) [82]. This is the state for a
black-hole spacetime which is regular on the past and future event horizons and
which reduces at infinity to thermal radiation at temperature Ty = (87 M)~1. It
represents a black hole in (unstable) thermal equilibrium with radiation; i.e., it
most closely corresponds to the thermal states considered in the previous chap-
ter. As well, it is the state obtained by continuation from the regular Euclidean
Schwarzschild geometry [82].

Anderson [11] and Anderson, Hiscock, and Samuel [12] (henceforth AHS)
have developed an approximation scheme for ($?) and (T“") for scalar fields in
four-dimensional static, spherically symmetric spacetimes. Their approach is to
write the Green function as a mode sum, as discussed in Section 2.1.4, where the
time dependence is of the form e“* and the angular dependence is in terms of
spherical harmonics Y;,(6,7). A WKB (high-frequency) approximation is then
used to obtain the radial modes. The mode sum is evaluated for large w and ¢,
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and renormalized using point splitting [80,81]. The resulting stress tensor has
been verified numerically for massless scalar fields with arbitrary coupling ¢ in
the Schwarzschild geometry [12]. For a field at temperature T = 8~! they find

- 1 4 M2 M3 A’I‘t
(T Yans = W [—96 4/94 +60— 216—— + 198—]
161r2r4 12 [8 4+ 12— - 10, (4.78)
frr ri M3 M4
(T, Vans = 2880”%4 f2 [327r4 + 4—— — U +30— ]
(€-3 2 2M2 M2 M3 M4
481r2r4 Iz [ —16m°—5- + 247 3 +8 3 24— = 18
(4.79)
- r M3 M4
(Tg%)ans = m [32 i +24 - 18—]
(-3 [,  Mr M"’ _ M3 M
* igninape |87 g 107+ 48 (4.80)

where f = (1-2M/r). (In a spherical geometry the effective pressure P is equal
to (T,?).) The Hartle-Hawking state corresponds to the choice 8 = 87 M. Note
that (4.78)—(4.80) is the stress tensor due to all modes (£ = 0,1,2,...) of the
field.

Recently, Balbinot, Fabbri, and Nicolini (henceforth BFN) have used the AHS
technique to calculate the stress tensor for the £ = 0 mode of the dimensionally
reduced massless scalar field with £ = 0 in the Schwarzschild geometry [83]. For
the Hartle-Hawking state they find

1

R M M2 M3
(T: Yaex = T [1 +2—+4+ 407] (4.81)
R 1 M W M3
R 1 M3
(Plosw = sz [144 — ] (4.83)

The reader is reminded of our convention of using Latin letters to denote four-
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dimensional quantities (e.g., (T}*)) and calligraphic letters for two-dimensional
quantities (e.g., (7; ).

In Sections 3.2 and 3.3 we saw that in flat space the s-mode makes the
dominant contribution to the stress tensor near the origin. However, the stress
tensor calculated from the dimensionally reduced theory for the { = 0 mode is
larger than the expected result in four dimensions for approximately r < $, and
in this region the contribution of the dimensional-reduction anomaly must be
taken into account to obtain the correct stress tensor for a given mode. It is
interesting to analyze the situation for the Schwarzschild geometry. Does the
¢ = 0 stress tensor ('7; 5)gex Serve as an approximation for the full stress tensor
(Tab)z\us in the immediate vicinity of the black hole, and is the dimensional-
reduction anomaly significant?

To test these ideas, we multiply the two-dimensional stress tensor of BEN
by (4nr?)~! as in (3.15) and compare to the stress tensor of AHS in four di-
mensions. The results are displayed in Figures 4.3 and 4.4. Near r = 2M, the
two-dimensional stress tensor of BN (from the £ = 0 mode alone) is approxi-
mately an order of magnitude larger than and of opposite sign to the expected
four-dimensional stress tensor of AHS (due to all modes). Clearly, the £ = 0 con-
tribution alone cannot serve as a useful approximation for the full stress tensor;
furthermore, it seems unlikely that £ > 0 modes should cancel this £ = 0 result to
a sufficiently high degree to restore agreement with the four-dimensional stress
tensor. This indicates a dismal failure of the dimensional reduction.

The resolution of this dilemma may be that we have not taken into account
the dimensional-reduction anomaly. The anomalous stress tensor is shown in Fig-
ures 4.5 and 4.6; it is of the same order as but of opposite sign to the predictions
of BFN near the horizon. If the anomaly is added to the two-dimensional stress

tensor and the total compared to (Ta") ans; we see that the agreement between
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20-05 T

-1e-05 ¢

-4e-05 ¢

-6e-08 T

-2¢-0% 4+

-10e-0% ¢

-12¢-0% ¢

Figure 4.3: Comparison of the two-dimensional stress tensor of BFN for
the ¢ = 0 mode to the four-dimensional result of AHS for a massless,
minimally coupled scalar field. The upper curve is (T’t‘) ans; the lower
curve is (4mr2)"1(T})gex. This plot uses u = M~L. The horizontal axis

is r/M; the vertical axis is M* x [stress tensor].
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2e-05 1

-1e-0S8 T

-4e-03 1

-6e-05 T

-fe-0% T

-10e-03 ¢

-13e-03 1

Figure 4.4: Comparison of the two-dimensional stress tensor of BFN for
the ¢ = 0 mode to the four-dimensional result of AHS for a massless,
minimally coupled scalar field. The upper curve is (T;.’) ans; the lower
curve is (4772)~1(77)gey. This plot uses 4 = M~!. The horizontal axis

is 7/M; the vertical axis is M* x [stress tensor].
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15e-08 1

10e-35 ¢

Se-05 1

-Se¢-05 T

-10e-03 T

Figure 4.5: Comparison of the two-dimensional stress tensor of BFN
for the £ = 0 mode to the four-dimensional result of AHS when the
dimensional-reduction anomaly is taken into account. From top to bot-
tom near the horizon, the curves are (47r2)~1A(T), (4nr2) "' [{(T)een+
AT, (T ans, (4772)"1(T)een- This plot uses u = M. The hori-

zontal axis is #/M; the vertical axis is M* x [stress tensor].
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15¢-05 4

10e-05 1

Se-05 1

-5e-05+

-10e-0% +

Figure 4.6: Comparison of the two-dimensional stress tensor of BFN
for the £ = 0 mode to the four-dimensional result of AHS when the
dimensional-reduction anomaly is taken into account. From top to bot-
tom near the horizon, the curves are (47r2) ' A(TT), (47r2) " [(T7 ) een+
AT, {TT) aus, (4772)~YT7)gen. This plot uses u = M. The hori-

zontal axis is 7/M; the vertical axis is M* x [stress tensor].

the two- and four-dimensional stress tensors is much improved near the event
horizon. In fact, we find the remarkable result that at » = 2M the anomaly-
modified stress tensor agrees ezactly with the four-dimensional approximation of
AHS.

As we move away from the horizon towards r = 3M, the match between the
anomaly-corrected stress tensor and the AHS result is worse. This is likely due to
the fact that the stress tensor of AHS includes the £ > 0 modes, which become
more significant at larger radii. It is also possible that the potential barrier,
which is largely ignored by the WKB approximations of AHS and BFN, may
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be of some relevance. (Note that the high frequency modes used in the WKB
approximation penetrate the potential barrier with little reflection, and so it has
little influence on these approximations.)

Finally, at very large distances from the black hole (r &~ 10°M or greater),
the anomaly is vanishingly small compared to the two-dimensional stress tensor,
and so does not influence the asymptotic behaviour of the dimensionally reduced
theory. At the same time, the geometry becomes flat and ('7..'1 ®)aen and (T’a 5) ans
reduce to the stress tensors for a massless scalar field at the Hartle-Hawking
temperature in two and four dimensions. The results of Section 3.2 then assure
us that in this regime the s-mode contribution to (T,%).us is precisely (4nr2)~!
times the dimensionally reduced stress tensor (7, ®)gex.

This analysis indicates that dilaton-gravity models may indeed be used to
model vacuum polarization and particle creation effects for massless fields in
higher-dimensional black-hole spacetimes, but only if the dimensional-reduction
anomaly is taken into account. Specifically, it appears that in order to obtain
the correct expectation values in the vicinity of the event horizon from a reduced
theory one must include the contributions of the dimensional-reduction anomaly.
It should be noted, however, that while the improvements in the dimensionally
reduced stress tensor due to the anomaly are impressive, they are still tentative.
For example, the anomaly for the £ = 0 mode cannot be fixed exactly due to the
inherent ambiguity in low-frequency structure of the divergences for a quantum
field. Furthermore, the anomaly for the massless field contains an arbitrary
infrared cutoff parameter u which has a strong influence on the anomalous stress
tensor. The value u = 1 which was used in Figures 4.5 and 4.6 is merely that
which gives the closest match between the dimensionally reduced theory and the
full four-dimensional stress tensor near the horizon (though the exact agreement

at = 2M occurs for all ). Finally, the accuracy of the two-dimensional stress
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tensor of BFN has not been determined; indeed, one would expect from general
principles that it should also contain the cutoff parameter u.

These difficulties could be reduced and our conclusions strengthened if the
dimensionally reduced stress tensors for £ > 0 could be calculated accurately.
In this case, by combining the stress tensors for each ¢ with the corresponding
anomaly and summing over even the first few £ a much better match with the
four-dimensional stress tensor may be obtained in the vicinity of the horizon and
the potential barrier. In particular, the effect of the low-frequency ambiguity
in the anomaly would be lessened since the sum of the anomaly over all modes
is well-defined. In any case, it is clear that the dimensional-reduction anomaly
induces very significant alterations in the predictions of dilaton-gravity models
for local observables in the vicinity of a black hole, and likely must be included

for a proper comparison to physics in higher dimensions.

4.4.2 Large-Mass Case

For mM > 1, the Compton wavelength m~! of the quantum field is small
compared to the length scale M over which the geometry changes. In this case
one can use the Schwinger-DeWitt expansion for the heat kernel directly as an
approximate solution for the system. Taking the coincidence limit of (4.5) and
integrating over s results in an expansion for the effective action in terms of
a,/m? =~ (R/m?)" =~ (mM)~2". For large mM, one can obtain an approximate
effective action for the field by simply discarding the divergent terms in the
Schwinger-DeWitt expansion and keeping the first finite term (the a3 term in
four dimensions, or the a, term in two dimensions). The stress tensor for large
field mass can then be calculated from this approximate effective action.

For four-dimensional black-hole spacetimes the Schwinger-DeWitt approxi-
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mation has been calculated by Frolov and Zelnikov [16]. They found

Ay M? M3 1 M3
(Tt )Ds =A [( 285—— + 6267) + 14 (f -— E) (360_ — 792 r_s)] :
2 3 3 (4 84)

(T, os = A [(105& - 154£) +14 (g- %) ( 144 +216 ‘%)]
(4.85)

- 2 3 9 3
(Ty%0s = A [( 315@. + 734 ) +14 (g - %) (432£ _ 1008%)} ,

3

(4.86)
where A = (1008072m?r®)~!. Anderson, Hiscock, and Samuel [12] have verified
numerically that (4.84)-(4.86) is a good approximation to the total stress ten-
sor for the Hartle-Hawking state near the event horizon in four dimensions for
mM > 2.

In the dimensionally reduced Schwarzschild geometry the Schwinger-DeWitt
approximation for the ¢ = 0 mode is easily calculated, and is precisely the neg-
ative of the large mr limit of the anomaly, (4.75)-(4.77). We denote this stress
tensor by (77 ®)os.

One can compare the Schwinger-DeWitt approximations in two and four di-
mensions just as we compared the stress tensors for the massless field; the results
are shown in Figure 4.7. As in the massless case, we see that the stress tensor pre-
dicted by dimensional reduction for one mode alone is much larger than the full
stress tensor in four dimensions. Again, the cause (and cure) are clear. In four di-
mensions W is constructed starting with the a3 Schwinger-DeWitt coefficient,
which is O(R®). In two dimensions the first contributions to Wys come from
the a, coefficient, which is O(R?). To reproduce the four-dimensional results,
this O (R?) contribution must be removed somehow. The dimensional-reduction
anomaly is the difference between the mode-decomposed subtraction terms from
four dimensions (the ay, a;, and a, terms) and those from two dimensions (the ag

and a; terms); i.e., it is essentially the negative of the mode-decomposed a; from
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four dimensions. This is why adding the anomaly to the stress tensor in the two-
dimensional Schwinger-DeWitt approximation exactly cancels the leading (as)
contributions. Thus, by taking the dimensional-reduction anomaly into account,
the leading mode-by-mode contributions to the stress tensor in four dimensions

will be O(R3), as expected.

) :_z_,_j %
.10 ¥+

Figure 4.7: Comparison of the stress tensors from the Schwinger-

DeWitt approximations for the £ = 0 mode in two dimensions and
the total stress tensor in four dimensions. The plot uses § = 0,
mM = 1. From top to bottom near the event horizon, the curves
are (4772)~ T )os, (4772) =T os, (T7) sy (T%)ps, The horizontal axis
is 7/M; the vertical axis is 9072(8 M)* x [stress tensor].

From these examples it is clear that the dimensional-reduction anomaly in-
duces very significant corrections to the contribution of modes of fixed angular
momentum to the stress tensor when calculated from spherically reduced models.

It is thus vital to account for the anomaly if one is to obtain the correct stress
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tensor for a quantum field in the Schwarzschild spacetime from dimensional re-
duction. (In fact, it can be shown that the sum of the anomaly over all modes is
divergent, so that the total error in the four-dimensional stress tensor from ig-
noring the anomaly is infinite.) Note, however, that the anomalous stress tensor
does not contribute to the Hawking radiation, as the flux terms A('f{,.) vanish.
More generally, we see that the anomaly vanishes at large r in the dimensionally
reduced spacetime, and so cannot affect the asymptotic behaviour of the dimen-
sionally reduced system. This indicates that the dimensional-reduction anomaly
is not associated with the negative Hawking flux from spherically reduced gravity
obtained by some authors [37].
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Chapter 5

Static Decompositions

In this chapter we consider the dimensional reduction of a scalar field when
the internal space is flat and of dimension n = 1 or n = 2. If one of the
internal-space coordinates is the Euclidean “time,” and if the internal space
metric is independent of this coordinate, then these spaces are static. As we saw
in Chapter 2, static spaces are physically very important for their close connection
to quantum field theory at finite temperature. Specifically, a quantum scalar field
which is periodic in Euclidean time with period 2 corresponds to a thermal state
at temperature §-!.

In the following sections we calculate the dimensional-reduction anomaly
in static spaces. For a finite-temperature field (0 < 8 < oo) we derive the
anomaly in ($?) for a one-dimensional internal space. For zero-temperature
fields (8 — o0) we calculate the anomalies in ($2) and W for both n = 1 and
n = 2. We begin in Section 5.1 with the anomaly for the decomposition of flat
space in Rindler coordinates, where the internal space is compact (¢ € [0, 27])
with n = 1. Sections 5.2 and 5.3 deal with noncompact (8 — oo) internal spaces.
Finally, in Section 5.4 we derive the dimensional-reduction anomaly for the case

n = 1 when the time coordinate has arbitrary periodicity 3.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. STATIC DECOMPOSITIONS 93

5.1 Rindler space

In our consideration of dimensional reductions in spherically symmetric spaces,
we began with the simplest example of flat space. This system had the advan-
tage of being exactly solvable, which aided in the physical interpretation of the
dimensional-reduction anomaly.

To begin our study of dimensional reductions in static spaces, we shall again
begin with the simplest nontrivial example: quantum theory in Rindler space
[84]. Because Rindler space is simply flat space in non-inertial coordinates, we
can again perform mode-decomposition calculations exactly. We will find results
closely analogous to those for spherical decompositions in flat space.

Consider a scalar field obeying the field equation (2.55) in Euclidean Rindler
space,

ds® = 2%dt® + d2? + dz? + dy? , (5.1)

where ¢ € [0,27], z € [0,0), z,y € (—00,00), and the points ¢t = 0, t = 27 are
identified. This corresponds to the special case of the line element (2.53) where
1% = (2,9, 2), ¥ =t, hap = Oap, % = 1, and pe~?® = 2. The Rindler-space line

element may be obtained from the standard flat-space line element
ds® = dT? + dX? + dY? + dZ? (5.2)
by the coordinate transformation

T =zsin(t), X ==z,
Z=1zcos(t), Y=y, (5.3)

and is clearly just flat space in polar coordinates.
Since Euclidean Rindler space is not periodic in the usual Minkowski time

coordinate T of (5.3), an inertial observer will see a zero-temperature state.
However, a line of fixed Rindler coordinates (z,y, z) is periodic in Rindler time
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with period 2wz; hence a Rindler observer at fixed z will find the quantum field
to be in a thermal state with temperature (2rz)~!. This is a statement of the
well-known Unruh effect: for two systems in relative accelerated motion, the
vacuum of one system appears relative to the other as a state with thermally
distributed particles at a temperature which is proportional to the acceleration
(67, 85].

Because the line element (5.1) is static, a quantum theory on this space may
be dimensionally reduced by decomposing the field in terms of Rindler “time”
modes cos(k[t —t'])/v/2r. We wish to calculate the anomaly associated with this
dimensional reduction.

We assume that the potential V' is t-independent and vanishes in the region
of interest. Hence, the Green function for a given state in four dimensions is

renormalized by subtracting the Euclidean vacuum Green function (3.63), where
20=(-2)2+@Wy-y)2+(z-2)2+222'[1l —cos(t - t')] . (5.4)

Since any physical quantity must be periodic in ¢, we may decompose this Green
function in terms of the Rindler time as an ordinary Fourier cosine series,!

: 1 & L
Gan(X, X)) = — ﬁ?kz cos(kft — ') Gawe(£, &), (5.5)

Gap(Z,%) = V27 21:l(t—t’)cos(k[t-—t’])Gdi,,(X,X'), (5.6)
0

where £ = (z,y, z); note that G4, -k = Gk One may verify that Gy (Z, Z)

is a solution of the three-dimensional Green-function equation
Fe G(Z, &) = (A - m? - Vi)Gi(£,7) = —0(z - ') 6(y - v) 6(z — &), (5.7)

where A = 82 + 82 + 62 and

4k? -1
422 '’
IThis is a special case of the decomposition for arbitrary 8 discussed in more detail in

Vi(2) =

(5.8)

Section 5.4.
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and which vanishes at z = pe™2 =0, 2’ = 0. [The potential (5.8) follows from
(2.71) with A — k2, where V is assumed to vanish in the region of interest.]
We may obtain an explicit expression for G.x(Z,Z’) by decomposing the four-
dimensional Green function as in (5.6). Using the integral representation for
K, from Appendix C.3.1 (i.e., the heat kernel representation for G;,), combined
with the integrals

2r

dz cos(kz)eP (=) = 2 [, (p) (5.9)
0

and

/mdz%e‘“'%lk(cz) = 2Li(v/b(a +c) — V/b(a - ¢c))
0
x Ki(v/b(a + ¢) + v/b(a — c)) (5.10)

(see, for example, 5.1.937.2 of [76] and 2.15.6.4 of [74] respectively), one can show
that

- 2 k 1 1
Gan(,T) = —Tzn; z2' [(Ik-i-l(a—) + ka(a-)) Ki(oy) (r—n—fi: - E)

~ L) (Krlas) - a":Kk(a+)) (- + —1—)]  (5.11)

md+ md_.

where we have defined

=D td), d=VE-TPIG-YPTEER. (512)

Note the similarity of d+ to o* of (3.75).
The physical observable of interest, ($2)..., can be calculated from the full
Green function G(X, X') with a t-independent boundary or potential outside the

region of interest using

(%) = Jim [G(X, X") = Gau(X, X)] . (5.13)
Decomposing G in the same manner as G, then allows us to write a decomposed
form for ($2)...:

k=-00

21z
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On the other hand, the renormalized value of (%2) for the three-dimensional oper-
ator F in (5.7) is obtained by subtracting from the full three-dimensional Green
function Gi(Z,Z’) not Guuk(Z,Z'), but rather the first term in the Schwinger-
DeWitt expansion for F, denoted Gy, (Z, ). Specifically, for each k we have

(GHT))ren = hm [gk(f ) = Grawl(Z, )] (5.15)
where? .
Gi(5,8) = (4«2@5&) " Ky (mV35) (5.16)

Comparing (5.14) to (5.15) we find
F@e = 7 3 (D + A (5.17)
k=—

where for each k£ the anomaly is

A(Sak(f)) = :_:!,igg [gkldw(f’ fl) - Gdivlk(fa f')] (5.18)
= in; [—1 +mz (Ik+1(mz)Kk+1(mz) + Ik(mz)Kk(mz))

+k (Ik(mz)KkH(mz) - I,H.l(mz)Kk(mz))] . (5.19)

Once again, the anomaly is seen as the difference in the subtraction terms used
to renormalize the higher- and lower-dimensional theories. It is easily shown that
(5.19) falls off as O(z!) for large mz, and diverges as O(z~!) when mz — 0 for
k # 0. For k = 0 the anomaly is finite as mz — 0.

The divergence of the anomaly as z — 0 is familiar from the spherical de-
compositions, and arises for the same reason. As in the spherical decomposition
of flat space, the dimensionally reduced theory obeys Dirichlet boundary condi-
tions (i.e. the Green function vanishes) at z = pe=2® = 0. We therefore expect

divergences in the three-dimensional renormalized expectation values at z = 0

2Equation (5.16) can be obtained from the Schwinger-DeWitt expansion in three dimensions
[41].

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. STATIC DECOMPOSITIONS 97

due to the vacuum polarization produced by this boundary. These are cancelled
by the dimensional-reduction anomaly, leaving finite expectation values in four
dimensions, as expected for flat space.

These results are qualitatively very similar to those from the spherical de-
composition of flat spacetime in Section 3.3. This should not be surprising, con-
sidering that the Euclidean Rindler space (5.1) is simply flat space in polar coor-
dinates. As a result, the calculations of this section amount to a one-dimensional
“spherical” decomposition of flat space.

To be precise, recall that mode decompositions take advantage of a contin-
uous symmetry of the manifold. For flat space, there are three distinct sets of
continuous symmetries (the Poincare group): translations, rotations, and boosts.
The translations are fairly trivial; one can get the dimensional-reduction anomaly
for these by taking ¢ — 0 in the results of the next section. Rotations were cov-
ered in Chapter 3. Translations in Rindler time are the boosts, which mix the
Cartesian time and space coordinates. Of course, in Euclidean space they are
just another set of rotations. As a result, the decompositions of this section
are the one-dimensional counterparts of the two-dimensional decompositions of

Section 3.3.

5.2 The Dimensional-Reduction Anomaly in
(2%)

In the previous section we examined the dimensional-reduction anomaly for the
decomposition of a field in flat space into Rindler time modes. There the internal
space was compact and of dimension 1. In the next two sections we consider
general static spaces with internal spaces which are noncompact and of dimension

1 or 2. While qualitatively different from Rindler space, we shall see in Section 5.4
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how the anomalies in these two examples may be related.

5.2.1 (1+43) Reduction

We begin with the case n = 1 and write the metric (2.53) in the form
ds? = g,, dX* dX¥ = e~ di? 4 h,y(z)dz dz?, (5.20)

where a,b € {1,2,3}. We assume that t € (—00, ), corresponding to a zero-
temperature state. The scalar field operator is again taken to be F = O-m?-V,
where the potential V' is independent of Euclidean “time” ¢. It is easy to see that
the operator Aq for the metric (5.20) is 82/8t2. Hence, the mode decomposition

in terms of its eigenvalues is simply the standard Fourier transform with

_ exp(—iwt)

V) ===

(5.21)

In the language of Section 2.2 we have

A=uw?, Z:/ dw . (5.22)
Ao -

For example, the orthogonality and completeness relations become

/ %i—e“(“"“")‘ =(w-u'), (5.23)
%e"““‘" Y=4(t-1). (5.24)

The bare ($?) is obtained from the coincidence limit of the Green function,
52 JENE !
(@°(X)) = xl,lglx G(X,X'). (5-25)

We saw in the previous chapter that for a general four-dimensional space the

divergences of the Green function in the coincidence limit come from the first
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two terms of the Schwinger-DeWitt expansion of the heat kernel. From (4.11)
and (4.12),

20 + €2
4s

Ga(t,z;t',2') = /0 cmds ﬁ exp {—mzs - } [Re™Y +sRTV] .
(5.26)
Here 0 = o(X, X') is one-half of the square of the geodesic distance between
points X = (¢, %) and X' = (¢, '), RT~V is defined as in (4.13), D(X, X') is the
Van Vleck determinant (4.6), and the first few Schwinger-DeWitt coefficients for

arbitrary potential V in the coincidence limit X’ — X are

ag”’ = 1, (5.27)
a?V = %“R—-V, (5.28)
al2:l-V = % [4Roﬂ'76 4Raﬂ-76 _ 4R°3 4RaB]
1/1, 2 1 .1
~ (2R - —0O‘R--0OV. .
+2(6R v) +350R-z0V (5.29)

Expansions of o and the R2-V for the metric (5.20) with £ = z’ and e~2%(¢ — t')
small are given in Appendix C.1. We also include a cut-off parameter ¢ in the
exponent of the integrand in (5.26) which ensures convergence of the integral for
small s with ¢ vanishing. The anomaly is independent of this regularization pa-
rameter, and it is useful for displaying intermediate results. (This is the way the
calculations of the anomaly were done in Chapter 4; € did not appear explicitly
since only final results were displayed.)

Our purpose is to compare the divergences of four- and three-dimensional
theories related by a Fourier time transform. Unfortunately, it is not possible
to evaluate the Fourier transform of (5.26) exactly for general hy, as o and
the RZ-V are known in the general case only for infinitesimal point separations.
Our response is the same as that in Chapter 4: we make point splitting in the
t-direction, expand all t-dependent quantities in powers of the curvature, and

truncate all expressions at first order in the curvature (two derivatives of the
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dilaton or metric). Denoting 7 = e?%(t — ¢') and putting z = =’ we have up to

first order in the curvature

20(t, 5 t'z) = rz-é(w)?r*, (5.30)
RSV = 1+lc|¢r2, (5.31)
RV = é“R—V. (5.32)

See Appendix C.1 for details. Note that in this case the internal space is not
compact, and so there is no need to make our expansions periodic in (¢ — ¢').
Substituting (5.30) into (5.26), expanding the exponent, and keeping in the

exponent only terms which are quadratic in 7, we get
—mzs—(72+¢’)/4a
Gav(t,T;t',z) = / ds — [(1 + (Y;) )Rg‘“’ +s§R'f"V] .
(5.33)
The integral over the parameter s can be taken with the following result (see
Appendix C.3.1):

Ga(t,z;t',7) = 51% [ (% ‘R- V) Ko(z) + m? (1 + %Dq&rz) K,(2)
+ 4(1‘? . K()] (5.34)
Here z = mv/72 + €2, )
k()= () Kula), (5.35)

and the K, are modified Bessel functions. For example, putting ¢ = 0 and

expanding G£, in a Laurent series in 7 we get

L1 11, m27?
Gdiv(tvzytvz) = ) 87l'2 6 R-V — m "]+ l_n n

(V¢)2  O¢
T + o2 + an? +.... (5.36)

Here + is the Euler constant, and the dots denote terms of higher order in 7. The

terms displayed are just the usual DeWitt-Schwinger expansion for the divergent
parts of G for the metric (5.20).
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The renormalized value of ($?) can be written in the form

(®%(, Z))a = lim lim [G(t,z; ¥, 1) — Gu(t, z; ¢, 2)] . (5.37)

e—=0t-t'—0

Taking the limit € — 0 in this expression is a trivial operation since the difference
in the square brackets is already a finite quantity.

Let us now analyze what happens when we mode decompose G, and com-
pare to the corresponding divergent terms from the three-dimensional theory.
Following (2.86) and (5.21)-(5.24), the Fourier time-transform pair is defined as

o0
Ga(7:7'w) = &=+ / d(t ~ ¢') 40 G (t, 7 ¢, "), (5.38)
-0
; © stJ .
Gau(t, z; ', 2') = el4*¥) / o e~ W=t G, (7; ' |w) . (5.39)
-0

Since G, (t, z; t', z’) depends only on the difference t—t’, the function G4, (z; z’'|w)
does not depend on ¢t and ¢'. Calculating the integral in (5.38) using (5.34) and
(C.57) we obtain

11 1 (1 m?0¢ = m*(Vg)?
Ga(z; T|lw) = o [ Tt % <6 ‘R- V) + 6u3¢ + éusd’) + O(e) ] ,
(5.40)

where p = vVm? + e%%w?2. Meanwhile, the operator F, which determines the

reduced equation of motion (2.72) is
Fu =0 —m? -V,[4], (5.41)

where

Vo] =V +w? + (V9)? — Ang. (5.42)

The Schwinger-DeWitt expansion of the heat kernel [41] for the operator F, in

three dimensions is

K.(z,z|s) = exp {—m?s} [1 +5 (%R - V,,,) +-- ] . (5.43)

1
(4rs)?
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The divergent part of the Green function for F, is generated by the first term
in this expansion,

%em{—mzs—§}=i[l—m+0(e)] . (5.44)

© 1
Gulain(T3 T) = / ds
0 S

(4ms) €

Hence, if we start with a three-dimensional theory with the field equation
Fubu(z) =0, (5.45)
we will obtain for the renormalized value of (2) the representation
(@5(2))n = lim [G(2:2) — Gupan(z:7)] - (5.46)

By comparing (5.37) with (5.46) we can get the following relation between ($2)

in the four- and three-dimensional theories:

()= [ 2 [+ A (5.47

where the anomalous term is
AL = lim [Guan(z:2) - Gavl(z; z|w)] (5.48)
- 211? [p —m- i (%‘R—- V) - m;;kb - m4§;¢)2 ] . (5.49)

Since A{@2) does not vanish we have another example of the dimensional-
reduction anomaly.

It is useful to note that for large frequencies A(p2) is proportional to w.
Thus, the integral over w of the anomaly diverges as w — +00. Since the renor-
malized ($2) in four dimensions should be finite, this implies that the integral
of (32 )en OVer w also diverges. Thus, if one attempted to calculate ($2?).., in
four dimensions by summing over the ((2)..., the result would diverge. Similar
results held for the spherical reductions considered in Chapters 3 and 4.
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5.2.2 (2+42) Reduction

Let us discuss now the dimensional-reduction anomaly for ($?) for the case when
the metric of the internal space is flat and two-dimensional; that is, the spacetime

metric is of the form
ds? = e7 2 (g2 + dt?) + hap(z)dz*dz?, (5.50)

where A, B € {2, 3}. First of all, it should be noticed that this metric is a special
case of the metric (5.20) when the dilaton field does not depend on one of the
coordinates z2. Equation (5.50) can be obtained from (5.20) by rescaling the
dilaton field ¢ — ¢/2 and putting

hopdz®dzb = e~ 2@ dt? + hyp(z)dr dz? . (5.51)

For the divergent part of the four-dimensional Green function expanded to first

order in the curvature we have an expression similar to (5.34),

2
Gan(t,z;t',2) = 5-11-13 [m2 K (z) + Lv‘l%)m"‘r4 Kj(z) + —?—;mz'rz K,(2)
+ (é“R - v) Ko(z)] : (5.52)

See Appendix C.2. Here *R refers to the curvature of the full four-dimensional

space with metric g, of (5.50), and we define
z=mVri+ e, TP=ePtiz=e (2 +17). (5.53)

To obtain the mode decomposition of the divergent part of the Green function

we make a Fourier transform similar to (5.38)

o0
Gu(z;2'|p) = e+ / d(t — t) Pt G (8, z; ¢, 2') (5.54)
-0
{o ]
Gan(t, z; ¢, 2') = e+ / 9Bt G, (5;2']p). (5.55)
—oo (2m)2
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Here we use the vector notations p = (pg, p1) and pt = poto+p1t;. We also denote
p? = p2. Since the function G, (t, z; t’, z') depends only on the difference t — t’,
its Fourier transform depends only on p. Calculating the integrals we obtain

1 1 p2e? 1 /1
Gdiv(l';l"lp) = %[—{'y+§ln( 4 )}+2—;42(64R V)

' WD‘” o (V¢)2 ] 100, (5.56)

where
p=/m?+p2e?®. (5.57)

The adopted mode expansion into plane waves exp(:pt)/2n reduces the initial
system for the four-dimensional operator F = O — m? — V a two-dimensional
system with a dilaton-dependent potential. The corresponding wave operator F,
is

Fp=Ap—m? - V,[¢], (5.58)

where
V(8] = V +p’e®® + (V¢)? — Apg. (5.59)

The divergent part of the two-dimensional Green function for the operator F,
can be obtained from the first term of the Schwinger-DeWitt expansion for this
operator, (4.10) with V;, = V,. With the regularization parameter ¢ inserted,

* 1 2 1 1 2¢2
Gplaw(73T) = / 34733(13{—"7-23—%}=-'2'; {7+§1n(m4e )}-i-o( ).
(5.60)

We define the four- and two-dimensional renormalized values ($2(z))... and
($2(Z))en by expressions similar to (5.37) and (5.46) respectively. By comparing
these definitions, and using relations (5.56) and (5.60), we obtain the represen-

tation

() = [ B (0D + AR (5.1
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where the dimensional-reduction anomaly A(¢2) is

) 1 2 1 1 2 2 4
26D = w[1(5) -5 (32-7) - Sos - Tower] o

Compare this to the anomaly for the (1 + 3) reduction, (5.49).

5.3 The Dimensional-Reduction Anomaly in the

Effective Action

5.3.1 (1+3) Reduction

For the static spacetime (5.20), the calculation of the anomaly in the effective

action W, where
Wlig] = / dX\/7L, (5.63)

proceeds analogously to the calculation of the anomaly in (@2). To analyze the
divergent part of the effective action we introduce first a point-split version of
the effective Lagrangian® L. Using the Schwinger-DeWitt expansion for the heat
kernel, we have for the divergent part of L

[R™Y + RV +s*REY] .
(5.64)

As earlier, the points are split in the ¢ direction. Since the internal space is homo-

1/-00 ds e—m"'s—(f’-{-e’)/h
1]

Lozt z)=-= [ =
dw( ,I,t,l') 2 s (4”3)2

geneous, the point-split Lagrangian depends on ¢ and t' only in the combination
t—t.
Faced with the same problem as before, we expand ¢ and the R2~" in terms

of T = e~2%(t—t') for z = ', this time truncating at second order in the curvature

31t is more convenient to work with L than W for noncompact internal spaces, as the

spacetime volume integral (5.63) contains an infinite volume factor Vo — oo.
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(four derivatives of the metric or dilaton). Writing

20(t,z;t'z) = PP+urt+ourt+..
RVt ot z) = Rog  +RG TR+ (5.65)
we have Ro(o) = 1, while u, v, and the other Rn(k) may be found in Ap-

pendix C.1. Inserting and truncating at O(R?) gives

Ly (t, z; ¥, 1) - (411r)2 [m‘Kg(z) - %(u‘r4 + v7%)mPK;3(2)
+ 3l2-u2r8m8K4(z) + Ry v'm’ <K2(Z) - -uT m Ks(z))

+ Rog) 7' m*Ka(2) + Rl ™ (Kl(z) - iur msz(z))
+ RV PmPK, (2) + ms(;;’xow] . (5.66)

The function K, (2) is defined by (5.35).
We define the Fourier transform of Ly, as in (5.38). (This follows from
using the heat-kernel decomposition formula (2.92) and the mode (5.21) from

the previous section.) Evaluating the transform as before yields
1
Ldiv(xlw = _E {63 3“ + 280(2) + RI(O) - ]
1 3
Suw?el® + m2uw?e'®  15mSy + 105m8u?
2u 2u8 2u’ 8u®
2,46 6 4
a-v we 15m°u a-v [ 3m
% [— PR ] *Fa [F
Imiu

e [ 52 ][] - o

Meanwhile, for the three-dimensional theory with the field operator F,, given
by (5.41) we have

®ds 1 e 1
Luwlz) = —3 0 s(47r8)%exp{—mzs—g}[1+s(§R—Vw)]
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11 1 m® m/(1l
—411’[63 26<6R Ve, — m)+?‘—-§'(6R—%)]+0(6)

(5.68)

Here V,, is the effective potential of the three-dimensional system, given by (5.42),
and R is the scalar curvature calculated from the three-metric hgy. It is related

to the four-dimensional curvature “R via
‘Rlg] = R[h] + 40¢ = R[h] + 4A4¢ — 8(V4)*. (5.69)

The renormalized effective Lagrangians in four and three dimensions are ob-
tained by subtracting from the exact effective action its divergent part, as given
by (5.66) and (5.68) respectively. By comparing these divergent parts using
(5.38), (5.39) and (5.67) we can write

Lo.(z) = e? / > %“’; (Lupe(z) + ALul2)] (5.70)

where AL, is the term representing the dimensional-reduction anomaly of the

renormalized effective Lagrangian,

AL, = 2 { L =) = L= m) (éR V- (Vey+ Aw) - Lt

4r
9 a-v 1 2 2p0-V a-v
m2 m2 m4
o (- st ™ (apo-v _ 3 po-v
T ( DT ) T ( o) ~ 7*0)

mS 15 15 __ m® (105
i (7”'?“*515 )+5 ()} .

5.3.2 (2+2) Reduction

As we already mentioned, the (2 + 2) reduction is a special case of the “static”
spacetime reduction. The calculation of the dimensional-reduction anomaly is

very similar to the calculations of the previous subsection - straightforward but

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. STATIC DECOMPOSITIONS 108

quite involved. We do not reproduce the details of these calculations here but
simply give the final results.
The mode decomposition of the renormalized effective Lagrangian for the

operator F' = 0 — m? — V has the form

L =c? / (2‘2’)2 [Copen + AL,) | (5.72)

where the dimensional-reduction anomaly AL, is

»N

2
AL, = = gl; [ —p2e® + (éR -V +A¢p—(Ve):-—m? - p2e24’) In (T:—)

1
a-v -V 2 2n0-v
m2 m4
2 a-v a-v a-v

7
6

m m8
+ 5 (—96v - gsuag‘(;,") tom (192u?) ] : (5.73)
Recall that u is given by relation (5.57).

In the next chapter we will use these anomalies to derive analytic approxi-
mations for (#2?) and W at zero temperature. First, however, we will consider
an approach to mode decompositions in static spaces with arbitrary periodic-
ity B in an attempt to unify the Rindler-space results of Section 5.1 with these

zero-temperature anomalies.

5.4 The Dimensional-Reduction Anomaly in
(®?) at Finite Temperature

In this section we determine the dimensional-reduction anomaly in ($2) for the
decomposition of a scalar field in a static space where the Euclidean time co-

ordinate has an arbitrary period 5. In the context of thermal quantum field
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theory, this corresponds to a field at temperature T = f~!. Although we con-
sider only the anomaly in ($2), the techniques used here are readily applied to
the calculation of the anomaly in W.

Consider the line element (5.20),

ds? = eV dt2 o hoy(2°)dzdzb (5.74)

where we now choose ¢ € [0, 8] with ¢ = 0 and ¢t = 3 identified. Rindler space
(5.1) corresponds to B = 2w, e = 13 = z with he = dg, while the zero-
temperature case (5.20) corresponds to 3 — oo.

Following the steps of the previous sections, we split the points in the
t-direction only, and expand all geometric quantities in powers of (¢ — t')2. Since
the internal space of (5.74) is periodic, as for the spherical decompositions, we
follow the technique of Section 4.1 and make our expansions periodic as well.
Guided by the Rindler space example, in which the t-dependence of o was in the
form (1 — cos(t — t')) with ¢ € [0,27], we define an effective angular coordinate

A by
-t

2r (¢ 3

A

€ [0,2n]. (5.75)

We then replace all (t — t)2 by

2
_mye= (L - L —cos AP+ 21— cosA)P 4+
(t=-t) = (27r> [2(1 cos\) + 3(1 cos A) +45(1 cosA)® + ] ,

(5.76)
truncating at the lowest order that gives the correct flat-space limit. With this

technique our expansions (5.30)—(5.32) for o and the RS~ become

20 = 2L*(1 —cos))+L? [% - %(V¢)2L2] (1—cosA\)?, (5.77)

LZ
RV = 1+ ?Clqs (1—cos)), (5.78)
®o-v = lg_y, (5.79)

6
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where for convenience we define

Be??

L= o

(5.80)

which is the effective radius of a line of constant {. The local temperature is
then given by T,,. = (2wL)~!. It is easily verified that (5.77)—(5.79) reduce to
the previously derived results for both Rindler space and zero-temperature static
space.

The mode decomposition is similar to that for the Rindler-space example:

et+d &

K(t,z;t,z'|s) = 3 Z e FE) K (1, z'|s), (5.81)
n=-—00
ﬂ o 3% ¢
Ka(z,2'|s) = e‘("*"')/ d(t —t") e F ) K(t, ;¢ 2')s) (5.82)
0
where we use
e—in’*t o 2 o0
Yie(y) = 7 A (nF) D2 D (5.83)
Ao n=-00
The renormalized values of the square of the field operator will then be related
via
£ e & ~2 ~2
(@) =7 D (@R +AED)] - (5.84)
n=-00

Note also that we can return to the zero-temperature (8 — oo) formalism with

the replacements

or 1 & 1 [
ng w, En;w - 5> /_mdw, (5.85)
B8 oo
/ d(t - t) — / d(t - 1), (5.86)
0 -0

By inserting the expansions (5.77)-(5.79) into the expression (4.12) for the

divergent part of the heat kernel in four dimensions and performing the mode
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decomposition (5.82), we obtain

em's 1 L?
Kan@als) = Lo [Ta+s (R=V) Ja+ 000
L2
- - 48P 5.87)
where ,
Jo= [ dhem -1 _ cos M), (5.88)
0

and p = —L2/2s. These integrals are evaluated by taking derivatives with respect
to p of the ¢ = 0 result (5.9) used in the mode decomposition of Rindler space:

Jno = 2n(—-1)"e’Ir(p) , (589)
d1
an = EJ,;O . (5.90)

Equation (5.87) is to be compared to the subtraction term for the dimensionally
reduced theory, consisting of the first term of the Schwinger-DeWitt expansion

(5.43) in three dimensions:

2
-m
e s

= 5.91
Kﬂ[d ( 471’8) % ( )
The anomaly in ($?) can now be obtained by integrating the difference of

(5.91) and (5.87) over s:

Ap2) = / ds [Knjan(T, 718) — Kain (2, 2]3)] . (5.92)

Employing the formula (5.10) from the Rindler example, one can show with much
tedious algebra that the anomaly is given by

A = ;”;}[—un(zn(mm Knsa(mL) — s (mE)Ka(mL))

+ mL (Iy(mL) Kn(mL) + Ins1(mL) Kny1(mL))

L

T (s R~ V) Io(mL)Ky(mL)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. STATIC DECOMPOSITIONS 112

+ 2o [nI,,(mL)K,.(mL) ~ 5L ([a(mE) Knii (L)

_ ,,H(mL)K,.(mL))]

R
12#L
n—1

+ L1 - 4(vayy [(n2 _ n)Ip(mL)Kn(mL)

+

mL (In+l(mL)Kn(mL) - In(mL)Kn-l-l(mL))

+

N =
[\

(mL)? (In(mL) Ka(mL) - I,.H(mL)K,.H(mL))] . (5.93)

Using uniform asymptotic expansions of the Bessel functions, one can verify that
in the L — oo (8 = oo, T — 0) limit (5.93) reproduces the zero-temperature re-
sult (5.49).* As well, the special case of 8 = 27 with line element (5.1) reproduces
the exact Rindler-space anomaly, (5.19).

In the following chapter we turn our attention to making “practical” use of
these dimensional-reduction anomaly results. First, however, a few comments
regarding the dimensional-reduction anomaly and the choice of quantum state
are in order. The anomaly is determined by the divergent subtraction terms
of the D- and (D — n)-dimensional theories, and the mode decomposition. The
divergences are local, depending on the geometry and potential, and so are state-
independent. The mode decomposition, however, is sensitive to the global be-
haviour of the internal space (at least for low frequencies), and so may be affected
by the choice of state. In particular, if the time direction lies in the internal
space, the mode decomposition will be sensitive to the temperature; this means
that the dimensional-reduction anomaly for static spaces will be state-dependent.
By contrast, for the spherical reductions considered previously, the decomposi-
tion was over spatial directions, and so the dimensional-reduction anomalies of

Chapters 3 and 4 are state-independent.

this by replacing n by wf/2r and holding w constant as § —+ oo.
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In either case, it is important to recognize the distinction between the low- and
high-frequency parts of the dimensional-reduction anomaly. The high-frequency
part of the anomaly is responsible for the divergences in the D-dimensional the-
ory. It is purely local, and so is universal and unambiguous. By contrast, the
low-frequency part of the anomaly is sensitive to the global behaviour of the
system. As a result, it is inherently somewhat ambiguous in the sense that dif-
ferent assumptions for the large-distance behaviour of the system will alter the
anomaly at low frequencies. In particular, the assumption of periodicity used in
the spherical decompositions of Chapter 4 and in the static decompositions of
this section do influence the anomaly. While they are perhaps the most natural
choices for determining the anomaly for compact internal spaces, they are not

unique.
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Chapter 6

Analytic Approximations for

(®2) and W

In the preceding chapter we examined mode decompositions and the dimensional-
reduction anomaly in static spaces. In this chapter we will see how these results
may be used to derive a new type of analytic approximation for renormalized
expectation values in static spaces. At the present time, this scheme has only
been applied to zero-temperature fields; its generalization to fields at arbitrary

temperature is still underway.

6.1 Analytic Approximation for ($2)

In Section 5.2.1 we derived the dimensional-reduction anomaly in ($?) for a field

at zero-temperature in the static space (5.20),

1 (1,

1 m20¢ m*(Ve)?
A {52 - — —_ —_——_— ] = - - —_
Mo =g [“ ™ (6 R V) 643 2p° ] ’ (6.1)
where the four- and three-dimensional theories are related via
292 2 dw 1, .9 ~2
(=€ o [(@2)en + A(E0)] - (6.2)
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The anomalous term A(@?) is finite and can be written in the form

A(@R) = A(BE) + A(R2Y (6.3)
where!
1 m? 1 /1
CICINL I PSSR B B P T N
AN (7 ypm [w-ﬁ- "™ 5 ( 5 R V) ] , (6.4)
1 m2 1/(1 1 1\ m?20¢ m4(Ve)?
a2\h _ * AL B § » I ade i I _

AR = 47 [“ “Tw 3 (6 " V) (# GJ) 6p° 2p8 ] '
(6.5)

Here and later we use the notation @ = e*®w. The quantity A{@2)* is that part
of the anomaly which dominates at high frequencies (w — oo); it consists of
all terms of O(w™') and higher in the large-w expansion of A{@2). These are
the terms which diverge in the integration over w, and hence which lead to the
divergences in the four-dimensional Green function as ¢ — ¢’ — 0. The part of
the anomaly that remains when A(p2)? is subtracted off is denoted by A(2)’.
It is of O(w=?) for high frequencies, so the inverse Fourier transform of A{2)°
is finiteas t — t' — 0.

Let us examine the inverse Fourier transform of A(52)°. Defining
. © da
(@)= [ T A, (66)
0 T
and performing the integration (see Appendix C.3.2), we obtain

2 2,—4¢ 2
R T R = (6 R-V-m ) b —r " 24 " ez - 67

The parameter 7 is a low-frequency cut-off which is required to make the integral
convergent. It corresponds to a well-known ambiguity in the renormalization
prescription. This ambiguity is absent for a conformally invariant theory, when
m=0and V =1R.

1The symbol § (sharp) is borrowed from musical notation to denote the high-frequency part
of the anomaly; the remainder is labelled with b (flat).
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The reason that (6.7) is of interest (and the justification for the name ($2),,,..)
is that in certain special cases it reproduces previously known approximation
schemes for quantum fields in curved spacetimes. In particular, for a mass-
less, conformally coupled field (6.7) reduces to the zero-temperature limit of the
Killing approximation of Frolov and Zelnikov [10] for static spacetimes. This
scheme is based on the assumption that one can approximate the expectation
value of interest (($2) or (T},,)) by a tensor which is a local function of the curva-
tures, the Killing vector for the static spacetime, and their covariant derivatives.
Imposing physical properties, such as the covariant conservation of (T,,y), then
uniquely determines the approximate tensor up to a few arbitrary constants
which depend on the choice of state. For the further specialization to static
Einstein spaces the Killing approximation contains the approximations of Page
[8], and Page, Brown, and Ottewill [9], and so our result (6.7) is equivalent
to the zero-temperature limit of these approximations as well. Finally, for the
special case of static spherically symmetric spacetimes (6.7) also reduces to the
zero-temperature limit of the WKB approximation of Anderson [11]. (The corre-
sponding result for the stress tensor, derived by Anderson, Hiscock, and Samuel
[12], was discussed in Section 4.4, where it was denoted (T,,,) AHS*)

The agreement between our ($2),,,... and the results of Anderson is particu-
larly interesting when we recall that (6.7) is constructed using the low-frequency
part of the dimensional-reduction anomaly, A(@2)’. We are thus led to the seem-
ingly paradoxical conclusion that there is a connection between the low-frequency
part of the anomaly and the high-frequency behaviour of the field.

A more careful examination of how (62).‘,,,‘, is constructed resolves this mys-
tery. Note that the renormalization terms G4, (5.44) from the dimensionally
reduced theory do not contribute? to A(¢2)’. The analytic approximation is

2This is because of their dependence on the frequency, w. Specifically, the renormalization
terms from the dimensionally reduced theory are polynomials in w? [w only enters Kojdiv
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therefore constructed using only the renormalization terms Gy, (5.40) from

four dimensions. Schematically, we have

FE D = [ 2 [AG N - MEE)]

_ /0 > ? [G¥(z: 2w) — Gun (23 2l) ] (6.8)
= lim [G‘(t, z;t' 1) — Ga, (¢, x;t’,z)] . (6.9)

t st
Here G*(t,z;t',z) denotes the high-frequency part of the Green function, ob-
tained by Fourier transforming the Green function, keeping only the terms of
O(w™!) and higher in the large-w limit, and then inverting the Fourier trans-
form. Viewed in this manner, we see that the analytic approximation is simply
the expression resulting from using a high-frequency approximation for the Green
function, renormalized in the standard manner in four dimensions (using (5.36)).
This is why our technique reproduces the WKB approximation of Anderson.

There are several points to note regarding our approximation. First, it is
unambiguous since it is constructed using the high-frequency behaviour of the
Green function, which is determined by the ultraviolet divergences of the theory.
In particular, G* is completely independent of the particular ansatz used for the
Green function for large point separations in the Fourier transform. Different
choices change only the low-frequency behaviour of the Green function, which is
discarded anyway in the high-frequency limit. This means that we can construct
G* using any ansatz for the Green function which contains all of its divergences
for the given point-splitting; the Schwinger-DeWitt expansion is merely the most
convenient and general such ansatz.

Similarly, the low-frequency part of G, used for renormalization in four di-

mensions is also unimportant, as it is not affected by the subtraction in (6.8) and

through the induced potential V,,, given by (5.42)]. Thus, they are unaltered in the high-

frequency expansions and so are removed identically when we subtract the high-frequency
limit, A(Z2)%.
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is just returned identically in four dimensions when the mode sum is done. For
example, note that the terms in (5.36) which are finite as 7 — 0 all appear iden-
tically in the analytic approximation (6.7) [except for a sign reversal, since (5.36)
is subtracted from G* in the renormalization]. As a result, these finite terms need
not be mode-decomposed in the first place. We could just as easily have begun
with the Laurent series (5.36) for G, and only Fourier-transformed those terms
which diverge as t — 0. Removing the high-frequency limit and performing the
inverse Fourier transform would then yield our analytic approximation (6.7).
The only knowledge used to construct ($2),,,.. is the structure of the diver-
gences of the physical theory and the static nature of the space. Since the diver-
gences are known for arbitrary spaces and field parameters via the Schwinger-
DeWitt expansion, this method can (in theory) be applied to any spacetime
with a continuous symmetry. This is a distinct advantage over the WKB ap-
proximations used by Anderson, Hiscock, and Samuel and by Balbinot, Fabbri,
and Nicolini, which require explicit mode solutions for the entire field &, not just
for the temporal behaviour. Our approach does not presume detailed knowledge
of the spacetime; in particular, we do not need to assume any symmetries other
than being static. Furthermore, since our approximation is constructed (in the
massless case) using only covariant objects from the static space (i.e., the curva-
ture, the Killing vector, and their covariant derivatives), it is clear that it must
reduce to the Killing approximation of Frolov and Zelnikov and the approxima-
tions of Page, Brown, and Ottewill for massless conformally coupled fields. Our
high-frequency approximation is not restricted to conformal fields, however, and
hence relation (6.7) can be considered as an extension of these approximations
to the general case when the spacetime is static, but not necessary spherically
symmetric, and the field equation includes an arbitrary mass and potential V.
This approximation should be valid whenever the high-frequency limit of the
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Green function is appropriate for modelling the full Green function.

Finally, we note that our approximation for ($2) is the same if we were to
use the anomaly from the (2 + 2) reduction in Section 5.2.2. In this case, the
square of the field operators for a (2 + 2) decomposition of the space (5.50) were
shown to be related by (5.61),

(87,00 = € / @d;f)— (@2 + AWGD)] (6.10)

where the dimensional-reduction anomaly A(@3) is
1 p2 1 /1 m? 2m*
Al = — 2 V_ - {_4p _ - —0O¢ - =— 2 . (6.
s = Ln(£) -5 (Erv) - Zoe-Twer] o
The part of A(p2) which dominates at large “momentum” p and which is
responsible for the divergences of the four-dimensional Green function in the
coincidence limit t — t' — 0 is

AR = — [m F_1 (%412 _v- m'-’)] : (6.12)

dr | m? P2
where we define § = pe®. Defining the sub-leading part A(qbg)” of the anomaly
and (@2),,,,“ by relations similar to (6.3) and (6.6), respectively, we obtain an
expression for ((if").,,‘,“m which is identical to (6.7); see Appendix C.3.3. One can
expect this result, since the (2 +2) reduction may be considered as a special case
of the (1 + 3) reduction.
Thus confident as to the physical meaning of our new approximation scheme,

let us apply it to the effective action and the stress tensor.
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6.2 Analytic Approximation for the Effective
Action

Our approximation procedure is easily applied to the effective action. From

(5.70), the effective Lagrangians in four and three dimensions are related by

Lo(z) =e* / ° % (Lo (z) + ALu(z)] | (6.13)

where AL, is the dimensional-reduction anomaly (5.71),

AL, = = {%oﬂ —m?) = u=m) (§R=V = (Vo) + A,.qs) - tma?

4
5 RD— 1 ) 2 23{0 |4
0(2) # MU + Mgy + 4%2(0)

24
4
m m? a-v m o-v o-v
tE < U gt1(2) ) ra (3320(4) - z“ﬁum )
15 o-v mé (105 ,
( ? - R0(2)) '225' (Tu . (614)
As earlier, we write
AL, = AL + AL, (6.15)

where AL? is the part of the anomaly which dominates at high frequencies

(w = 00),
1 (1., 1 m? 1(1
| S ey S —-=\z
AL = 417{3(‘1 5™ +w[2 5 (GR V- (V¢)? +Ah¢)
5u _ m (1 m’
+ 5w+ |3 (38~ V- 07+ a00) - ]
3mt m?/[1 -v
= [T - (ER—V—(V¢)2+A1‘¢+3“‘2$€(2) )
4&2(0) ] } (6.16)

By subtracting this large-w limit from the anomaly (6.14) and making the inverse

Fourier transform, we can construct an approximate effective Lagrangian for the
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four-dimensional theory:

] — / AE" (6.17)

Performing the w-integration (see Appendix C.3.2) gives

3m?! m? 1
Lipeox = 128“2 +352 [_ER +V+ (V)2 —Anp+u-— 2853 ]

[&1(2) + 43?0(4) — uRy) —8uRg; —8v+ 12u2]

1 4
+ 3072 [ - m—+m2 (ER—V— (V¢)2+A;,¢+3u —2%51(—2')‘/)
m2e=4
RV ] (T?z ) . (6.18)
The effective action corresponding to this Lagrangian may be simplified consid-
erably using integration by parts. Substituting for the u, v, and &ES(;;’ from
Appendix C.1 and neglecting surface terms, one can show that the effective ac-

tion for the important case V = £‘R may be written as

m2e~4¢ 1
Ve = [t5/5{ - sztn () [+ 3 (s
3m* m?(Ve)?
_4 dpaB | o 4 _
Ras "R + R)] T 12872 T " 24m?

+ g0 | Resd"® — (@07~ 408(747 - 470
+ %ﬂﬁ [mz ‘R - %“R(qu)2 +In (mZ:;‘“’) (--m2 ‘R+ %D‘R) ]
(5]

Note that (6.19) has been written entirely in terms of four-dimensional quantities.
The stress tensor (T}, )upprex resulting from the variation of this action with respect
to the metric is displayed in Section 6.3. It can be shown that in the special case
of a static, spherically symmetric spacetime (i",‘.,).,,,,,tm coincides with the analytic
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approximation of Anderson, Hiscock, and Samuel [12] for the zero-temperature
case. Furthermore, in the massless, conformally coupled limit (6.19) coincides
with the zero-temperature Killing approximation [10] and the zero-temperature

Page-Brown-Ottewill approximation (8, 9).

6.3 Analytic Approximation for (T,w)

Using the result (6.19) for the approximate effective action for a scalar field in a
static four-dimensional spacetime with potential V = £ %R, one can calculate the
resulting stress tensor. For convenience, we split the action into pieces according

to its dependence on the field mass m and coupling & as follows:

1 1\?
Wpprex = W,?,-u +W,?,2 +W,c,',o + (f - é’) [W,;z + W,;o] + (f - '6-) W,?,o ; (6.20)

where
Whe = 3= 2/@* \/‘{---1 (";;f)} (6.21)
Wpa = W / d'z\/g {—5(\7«#)"}, (6.22)

Woo = 72(1)7{2 / d*z\/g { [2R4p0°¢° — 3(00)? — 80¢(Ve)? — 8(V9)*]
_ lln (m2x2) (R0575R0ﬂ76 _ RaBRm‘J + DR)} , (6.23)

8 dn?
Wl = 32 2/d“a:\/'{R Rln( m’x 2)} (6.24)
Wi, = 32 = / d‘zf{——R Vo) + ( 42"2)03}, (6.25)
Woo = 35 / d“:c\/_{——R2 ( 4;22)} : (6.26)

Here and for the remainder of this section we assume all curvatures and deriva-
tives to be four-dimensional; i.e., calculated using the metric g,,. For ex-
ample, multiple four-dimensional covariant derivatives of ¢ are represented by

Pas = 0.0, etc. Also, x# is the Killing vector of the space (5.20), with x* =e™%
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Using

- 2 W
T,,) = —— |
Tuvd Vg 69+

the stress tensor due to each part of the effective action is found to be (in Eu-

(6.27)

clidean signature)

4 2,—4¢
T 0 — 1 XuXu 1 m-e _ g
e = 2 [y [ha(7%) 9]}, o
~ m4 v
(Tpu)?nz = m‘f { X“X D¢ + g;w(v¢) - 2¢u¢u} ’ (629)
N 1 1 m2y? 1 o
(Tuvlmo = _28807r2§ln( 42 ) [12(3"“’”" ~ 19w les) R ?

- 4R(R,, - %g,“,R) +60R,, — 2R, — g, 0R ]

1 XuXv
+ 788072 —-;2 [ (R"ﬂ‘vtmeg’"s _ RaﬂRaﬁ + DR)
+ 4 (~RP g — 2B gog — 30°6 — 40((V4)?) + 8(00)’

+8V¢-V(09) + 160¢(V¢)? + 16Ve-V((V)?)) ]

1 1
+ Wguv [ - Raﬂ¢aﬂ - '2‘R' ®o + C12¢ - 2Raa¢o¢ﬂ
+2(¢°¢°) a8 — 3(09)* — 6V¢-V(Og) — 8V¢-V((V¢)?)

+8(Ve)* ]

2507 | ARt + 3 (Rast + Rurt)?)

+3 (Rua = By — Ruags) 6°

— (08} + 4 (Raph + Bau) 6° +20(6,,)

= 2 ((#uba)” + (#v8a),”) + 6 (8u(0), + 6.(00),4)

+8 (6.((V6)®)w + 6u((V)?) i) — 16(6u6,) T
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_ 32(6,6,)(V9)’ ] , (6.30)
X m2 1 m2x? XuXv
(Tyu)he = W{ (R,,.,— Eg‘“’R) [l—ln( po: )] + ;2 R
+ 49,00 — 49, } , (6.31)
(Ty)ro = L{ XuXv [R“’qb + RO¢ — lomr| -2 (R _1 R) (Vo)?
weim® = oqma | T2 o 1 w T 9w
— R,,06 — 9,0 (06 + 2(V9)?) + (Oo +2(V9)?)_,
1 X
- 2R¢u¢v + 5 (R;u.¢u + R:u¢u - gpuR'a¢o) } ' (632)

. 1
Bt = gz { 10( 55 [ 3w+ 2w — 2000 - 2R ]
+ ——X;§y R2 -8 (R;p¢u + R:"¢I‘ + R¢"")
+ 89, (RO9 + R;a¢a)} . (6:33)

As noted before, in the special case of a static, spherically symmetric space-
time this stress-energy tensor coincides with the analytic approximation of An-
derson et al {12] for the zero-temperature case. Furthermore, in the massless,
conformally coupled limit, it coincides with the zero-temperature Killing ap-
proximation [10], and the zero-temperature Page-Brown-Ottewill approximation
[8,9]. Our high-frequency approximation can in fact be considered as an ex-
tension of these schemes to the general case when the spacetime is static, but
not necessary spherically symmetric, and the field equation includes an arbitrary

mass and potential V.
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Chapter 7

Discussion and Future Work

In the presence of a continuous spacetime symmetry, the field equation can be
solved by decomposition of the field into harmonics. This effectively replaces
the single field in the physical theory by a collection of lower-dimensional fields.
One can then express quantities of interest, such as the Green function and the
effective action, as sums of the corresponding objects in a dimensionally reduced
theory. Due to the presence of ultraviolet divergences, however, these decom-
positions have only formal meaning, as the renormalization violates the exact
form of such representations. As a result, the expression for the renormalized
expectation value of the object in the physical spacetime can be obtained by
summing the contributions of corresponding lower-dimensional quantities only if
additional anomalous terms are added to each of the modes. We call this effect
the dimensional-reduction anomaly.

The anomaly may have several sources. The dimensional reduction may
change the global properties of the spacetime, inducing additional boundary
conditions which the dimensionally reduced field must satisfy. This effect was
seen in the decomposition of flat space into spherical modes (Section 3.3), and

into Rindler-time modes (Section 5.1). Because of its nonlocal nature, this effect
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cannot be eliminated by additional finite renormalization of the dimensionally
reduced theory. In addition to this “global” contribution to the dimensional-
reduction anomaly, there also exist “local” contributions due to the curvature
and the potential induced by the dimensional reduction. The corresponding
anomalous terms are local invariants constructed from the curvature, the dila-
ton field, and their covariant derivatives. Comparison to the Schwinger-DeWitt
expansion shows that these additional anomalous terms also cannot be elimi-
nated by additional finite renormalizations. The dimensional-reduction anomaly
is therefore not merely an artifact of renormalization ambiguity, and cannot be
ignored in the analysis of quantum fields via dimensional reduction. Failure to
account for the anomaly will lead to incorrect predictions for the contributions
of fixed modes to expectation values in the physical theory. Furthermore, when
summed over all modes, the renormalized expectation values of the dimension-
ally reduced theory will in general diverge if the anomaly is not included. Naive
dimensional reduction and renormalization (ignoring the anomaly) cannot yield
finite results for the physical theory.

We have explicitly demonstrated the importance of the dimensional-reduction
anomaly for the study of the stress tensor of a quantum field in a black-hole
spacetime using dimensional reduction. The stress tensors predicted by two-
dimensional dilaton-gravity models for the £ = 0 mode are qualitatively very
different near the event horizon from the stress tensor in four dimensions. The
anomaly appears to correct the predictions of the dimensionally reduced theory
at the event horizon, while leaving the asymptotic behaviour from individual
modes unaffected.

We have also demonstrated how mode decompositions can be used to obtain
a very simple and general high-frequency approximation scheme for renormalized

expectation values of quantum fields in static spaces. This scheme requires only
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the structure of the divergences in the theory and minimal assumptions about
the spacetime (the existence of a Killing vector). It can therefore be applied to
fields with arbitrary parameters in a wide class of spacetimes.

There are a number of topics presented in this thesis which merit further
investigation. In dilaton-gravity theories, the contribution of the £ > 0 modes is
of interest, particularly near the potential barrier at r ~ 3M. The high-frequency
approximation scheme developed in Chapter 6 may be useful here for confirming
the WKB approximation of Balbinot et al for the £ = 0 mode, and for deriving
the dimensionally reduced stress tensors for £ > 0. Better approximations for
the stress tensor in black-hole spacetimes would aid in the accurate modelling of
the back-reaction on the geometry and the subsequent evaporation process.

The dimensional-reduction anomaly could also be of relevance to Kaluza-
Klein theories [86,87], in which the assumption of extra ‘hidden’ dimensions
is used in attempts to explain the physical properties of our four-dimensional
universe in a more natural manner. Such theories arise, for example, as a natu-
ral consequence of the low-energy limit of string theory [88]. The dimensional-
reduction anomaly implies that one might expect additional quantitative and
even qualitative differences between the higher-dimensional quantum field the-
ory and the effective four-dimensional behaviour of matter in our universe, and
this possibility has yet to be fully explored [89].

The generalization of our approximation scheme to include finite-temperature
effects would be of great value. In that case, one could regard our scheme as a
proper extension of the Killing and WKB techniques to general static spaces
with nonconformal fields.

Also important is the testing of our approximation scheme to establish its
range of validity. While in the special cases of conformally invariant fields and
Schwarzschild spacetimes it reduces to known approximation methods (Killing
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and WKB respectively), one does not expect this high-frequency approximation
to be useful in all cases, such as for fields of large mass. A determination of the
criteria for the validity of this scheme is required if it is to be applied to other

systems.
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Appendix A

Quantum Fields in Flat

Spacetime at Finite Temperature

As an exercise we derive the renormalized expectation values of the square of the
field operator and the stress tensor for a scalar field in four- and two-dimensional
flat spacetimes at finite temperature. These are useful for interpreting the con-
tribution of s mode alone, derived in Section 3.2.

The total renormalized values of ($2)? and (T},,)? for a scalar field in flat
spacetime are easily calculated using (3.18), (3.19) of Section 3.2. Decomposing
the field ¢ in terms of the standard plane-wave modes

pikaz®

V2w(@r)-1’

where K =wp; = Vk2 +m?, k= |k|, and each of the components of the vector k

®; (A.1)

range over (—o00,00), we find the renormalized Hadamard Green function to be

(X, X)) = Cdf - (cp-“’-+ -<1>'.) (A.2)
o oo €PUE—1 \ EET TETE) '
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A.1 Four dimensions

In four dimensions we have

/ dk = 4n / dk k?. (A.3)
-00 0

Using the modes (A.1) with (3.18), we obtain

1 k?
P = — / dk .
(2% 212 J, eBVEEm? _ | /Ek2 + m2
Note that this is equal to the expression for the contribution of the s-mode alone,

(3.30), evaluated at r = 0. For a massless field we find

(A.4)

. 1 [* w 1
2y8 = — dw =
(‘P ) =0 — = /0. o — 1 12ﬂ2 y (A5)

while in the massive case we have

. 2 2K
@ = Z ‘é—;’;@ (A.6)
mg>1 2—‘2-1;-K1(mm (A7)
mogl 1 m m?2  m? mf
T 128 4nB T l6m B2 (7 +ln Zr-) : (4.8)

Similarly, for the total stress tensor we have

k.k¥
L = Gy / F S T (4-9)

Note that (T, *)? is diagonal, independent of £, and also traceless for m = 0. In

the massless case we need only compute the time-time component,

R 1 [® W w2
p_ 1 _m
(T = 3 /0 do o = 2T, (A.10)
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and the total stress tensor is then!

-1 000
R & 0 300
(T,*) = %T“ 3 1 (A.11)
0 0tlo
0 00}

In the massive case let us consider first the low temperature limit, mg > 1.

The trace of the stress tensor is given by

(’f’ vy — -m? /ozk K e—aﬁ’?ﬁf
v /m8»1 = 27['2 0 \/m—z
1 2m3
= e [—TKl(mﬂ)] . (A.12)
Combining this with the time-time component
o
(Tee)mamr = %/dkkz\/kz-&m?e‘ﬂ“"*m
0
1 [2md 6m2 12m
= W[-ﬁ—fﬁ(mﬁ)+F‘Ko(ml3)+FK1(mﬁ)] (A.13)
yields the total stress tensor
-1 000
. 0 L 00| 1 [6m? 12m
(T, Ymps1 = 0 0 Lo W[FKo(mﬂ)'FFKl(mﬂ)]
0 00 3
-1 000
0 000 1 2m?
+ ————K;(mB). Al4
0000(2w)2ﬂ1() (A.14)
0 000

1 These calculations have been performed in Cartesian coordinates; however, in transforming
to spherical coordinates any second-rank tensor of the form T, = diag(a, b, b, b) has the same
components in both spherical and Cartesian coordinates.
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The high-temperature limit can be obtained from the low-temperature result
by substituting 8 — nf and summing over n from 1 to co. Using the sums
(3.39)-(3.41), we obtain

<Tuy)mﬂ<1=

-1 000

S I . (AL W
0 o L o |Ll1808% d488% 24rf  64n? Ll Bl v
0 00O %
1000
0 000 |[me m m i

" 0 000 [1252_5’5—.8-1;5(74- ! )+161r2] (A.15)
0 000

A.2 Two dimensions

Repeating these calculations for two-dimensional space, where

o ] - o0
/dk=2/dk, (A.16)
- 0

we find that ($2)# is divergent for a massless field, while in the massive case we

have
. m 1
(§2F " ;Ko(mﬁ), (A.17)
= B + 5 ('y +In o ) . (A.18)
The stress tensor is
. - 2 -10
T om0t T , A.19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX A. QUANTUM FIELDS IN FLAT SPACETIME 133

maP1 m_2 -10 Kl(mﬁ) 0
mggr [ "L O)f7m m m mB\ m?
B ( 0 1){652 28 47r(+1n ) 87r}
-1 0 m m? mp
+( ) 0){ﬁ+—(v+ln4—7r)}- (A.21)

Note that the r = oo limit of the contribution of the s mode alone in four

dimensions, derived in Section 3.2, are (47r2)~! times these.
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Appendix B

Spherical Decompositions

B.1 Spherical Decomposition of Curvatures

Consider a line element of the form
ds® = g,,dX*dX" = hgydz*dz® + pPe Pw;dy'dy’ | (B.1)

where hgy = hay(z€) is an arbitrary two-dimensional metric and w;; = w;;(y*) is
the metric of a two-sphere. The dilaton ¢ is a function of the z% only, and p is
a constant with the dimensions of length. The radius of a two-sphere of fixed z°
isr = pe”®.

We wish to decompose our field theory in terms of modes on the two-sphere.
This requires rewriting four-dimensional geometric quantities like the curvatures
in terms of the corresponding curvatures for the metric h.

Our notational conventions are as follows: four-dimensional covariant deriva-
tives are denoted by (),s, while O is understood to represent the d’Alembertian
with respect to g. Meanwhile, V, ()| and A, are the two-dimensional covariant
derivatives and d’Alembertian calculated using the metric hy,. For the dilaton
¢ we shall understand ¢g, ¢4, etc. to denote multiple two-dimensional covari-

ant derivatives of ¢. For example, the four-dimensional d’Alembertian of an
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angle-independent scalar S decomposes to
0S = ApS —2V¢-VS. (B.2)

In particular,
D¢ = Ang — 2(V)2. (B.3)

For the given line element, the nonvanishing Christoffel symbols are

Ticlg]l = i, (B.4)
Tilel = %94, (B.5)
‘Tialgl = —6ud;, (B.6)
4Ffj[g] = 21":-3[0.:]. (B.7)

Selecting coordinates (6, n) on the two-spheres, where
wijdy’'dy’ = df? + sin®0 dn?, (B.8)

one finds

. cos @
‘Thlgl = —sinfcosf,  ‘Thlg] = v (B.9)
For convenience, we define the following commonly occurring functions of the

dilaton field:

A = 1-1%(Ve)?, (B.10)
B = Axd—-2(Ve)?, (B.11)
Tos = dab— bats, (B.12)
T = h®T, = App— (Vo). (B.13)

Since the two-sphere metric has constant curvature, ?Rfw] = 2, explicit reference
to it may be dropped. Henceforth we shall assume all curvatures to be with

respect to the two-dimensional metric h,, unless explicitly labelled otherwise.
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Using this notation, one can show that the only nonvanishing components of the

four-dimensional curvatures are

Rosalt] = 3 R (hachsa = hashc), B.149)
Raivilg] = giiTu (B.15)
A
‘Rijkmlg] = r—g(gik!]jm = GimJik) » (B.16)
‘Rulg] = %Rhawmb, (B.17)
1

4Rij[!]] = Gij [r_2+B] , (B.18)
‘Rlo] = R+401~6(Ve)+ 5, (B.19)

while the only nonvanishing *‘R,g., are

Ruscll = 3has Ric + 2Tase, (B.20)
Ramals] = gon |(-3R+ 5 +B) 0=t . (B2
‘Ronalg] = gmn (r—lz- + B) . (B.22)
Also,
oalel = sma (3 +58) (B.23)
Reniiklg] = — (Gkmnj + GknGm;) [(—% R+ rig + B) (Vo) - 2Tab¢“¢"]
= gjkgmn (le + B> . ¢*, (B.24)

O onle] = amn {80 =296 9) ( 5+ B) + RV6P -2 (5 4 B) (v

+ 4T.,,,¢“¢"} , (B.25)
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‘R[] = (R + 4040 — 6(Ve)? + %)I , (B.26)
Rolg] = (R + 406 — 6(V4)2 + f—z) R (B.27)
Fonnle] = ~un (Bt 4009 =699+ 5) 4 (B.28)
O'Rlg] = [As-2Vé-V] (R +4And — 6(V9)? + ,2—2) : (B.29)

B.2 Small-Distance Expansions

To perform the decomposition into spherical harmonics it is necessary to know
the behaviour of o and the D3a, for X and X' separated along the two-spheres.
Without loss of generality we take the points to be split in the @ direction only,
with angular separation A = 6 — 6. Our procedure will be to calculate the
desired quantities first as expansions in powers of A2, and then to convert them to
expansions in powers of (1—cos A) for use in the mode-decomposition calculations.

We take as our ansatz for the geodetic interval o
2 (z,y; 2", y') = FA)2 + U@E)FN* + V(E)FA)E + - -+, (B.30)

where & = }(z + z’). Taking the derivative of & with respect to each of the

coordinates and requiring o = %g"ﬂaaaﬁ in the coincidence limit, one can show

that
U@) = -35(VeY, (B.31)
—_ i 4 _ L a b
V@) = 55(V8) - 159" 0, (B.32)
and
1 17 1
(@%)? = X [1 - 37 (V) + 7t (-lgﬁ(wr‘ - %¢“¢°¢a¢) A4 +] , (B.33)
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o" =0, (B.34)

a __ _l a 2 _i ab i 2.0 4 e
o® = 2¢ (rA)* + [ 24¢ oy + 12(V(i)) & (rA) +---. (B.35)

The expansion (B.30) for o can be converted into one in terms of (1 — cos A)
using
/\2=2(1——z)+%(1—z)2+%(1—z)3+—--, (B.36)

where z = cos M. Defining the functions u(z), v(z) by

20(z,y;7,y) =2r* [(1 - 2) +u(z)(1 - 2)* +w(z)(1 —2)3+--+] , (B.37)

we obtain
ue) = l1-r(Vey, (B.38)
v(z) = %[ —Zrz(v¢)2+r4(w)4—gr‘v¢~V[(V¢)2] . (B.39)

Combining (B.33-B.36) with the results of Appendix B.1 and the short-
distance expansions of [80, 81], one can derive expansions for the Dia, in powers

of (1 — z). Writing
Dial~¢'R = RI-€R = RO SR+ ROSP(1 - 2) +REG R(1-2)2 -+, (B40)
it can be shown that

Rom = L (B41)
—€4 1
R~ = 5(l+r°B), (B.42)

U-E‘Rzizl 22_1_ 2 A2 2
Ro) 90A +72(1+r B) +36(1+r B)(1 - 4r%(V¢)%)

r* 3 2 a b ab
+ 180 [2R(V¢) + 6T49°¢° + 2T 5T

+12(ri2+3) (V¢)2+6(:—2+B)Ia¢“] : (B.43)
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g 1 2
oo™ = (5-¢)(R+40m0-6(Ve)+ 5 ), (B.44)
e 1/1 2
Ry = '6(6 -E) [(1+7*B) +r*V¢- V] (R+4Ah¢_5(v¢)2+;5)

2
+ 1%0 [RT + 3R(V$)? + 8T, T + 12T ,,6%¢°
2 2 a
+(B+aduo-6(V9)+ 5 ) o

oo (4+2) (4 0) w0

%U—f‘k _

o % 5)2(R+4A,.q>-6(v¢)2+r%)2
+

l(é_g)[A,,—2V¢-V](R+4An¢—5(v¢)2+%)

N
D
|

1 2
o [[Ah—2V¢-V](R+4A,.¢—6(V¢)2+r—2)

1, a, 42 2 2 py2
+2R 2RT + 4T, T +T4A r4(1+r B)*| . (B.46)
It is easily verified that for flat spacetime each of the ?Rﬁ(',‘j‘n vanishes, except

for R&;f ‘R
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Appendix C

Static Decompositions

These appendices contain formulae required for the calculations in Chapters 5

and 6, which deal with mode decompositions in static spaces.

C.1 Small-Distance Expansions for (1+3)

Reductions

The line element for a static space may be written in the form
ds? = e~ 4@ gt? 4 hy(z)dzdz® . (C.1)

For this static metric hg, is an induced 3-metric and n® = e*@§2 is a unit
vector normal to the surfaces of constant ¢. The extrinsic curvature K, on these

surfaces vanishes. The nonvanishing Christoffel symbols are
4ch[g] = :c[h] ’ 4F30 = 29_“@“ s 4Fga =-2¢, . (C.2)

Because we will be using some quantities defined in terms of the full four-
dimensional metric g and others defined in terms of the three-dimensional metric
h, some conventions on notation are in order. Henceforth four-dimensional cur-

vatures and covariant derivatives will be denoted by “R... and ()., respectively,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX C. STATIC DECOMPOSITIONS 141

while O is understood to represent the d’Alembertian with respect to g. All
other curvatures and covariant derivatives are understood to be calculated using
the three-metric h. In particular, V and ()|, are three-dimensional covariant
derivatives, and A, is the three-dimensional d’Alembertian. For the dilaton ¢
we shall understand ¢,, @qs, etc. to denote multiple three-dimensional covariant
derivatives of ¢.

With these conventions we have, for example,
O¢ = Apd — 2(Vo)?. (C.3)

It is convenient to define the following three-dimensional tensor which occurs

naturally in the 1 + 3 reduction:

¢’
i

2(Pab — 20as)] (C.4)
T =T = 2[Anp-2(Ve)?] = 20¢. (C.5)

In terms of Ty, the only nonvanishing components of the four-dimensional cur-

vatures are
*Rabed = Rabed,  *Roae = € % T, (C.6)
Ry =Ry+Tw, ‘Ro=e*T, ‘R=R+2T. (C.7)

We shall also need the following expressions for ‘Rag;y, ‘Ragirés ‘Ria, and *Rias:

Rape = (Rap+Tus)ye (C8)
‘Race = —2¢7* [(Rap + Tus) ¢° — Ta] , (C.9)
‘Rooe = e T, (C.10)
Ropea = (Rop+Tat)ia » (C.11)
Ravoo = =27 [(Rop + Tus), 8 — 46a04T + 260 (Rac + Tic) 6°

+ 264 (Rac + Tuo) ¢7] , (C.12)
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Raveo = —27 [(Ros + o)}, 8° + 26" (Ras + Tus) &

~26a6T — 4aTe] | (C.13)

Ravoa = —2¢7** [(Rap + Tas) 6° — Tdha) o (C.14)
Roved = € **Tiea, (C.15)
‘Roogo = 267 [4(Rap + Tws) 6°¢° — 479" ¢0 — Tiad"] , (C.16)
‘R, = (R+27),, (C.17)
R = (R+27),, (C.18)
‘Roo = —2e7°(R+2T),¢°. (C.19)

For the mode decomposition (Fourier time transform) we need to know the
behaviour of the two-point functions o and D*/2a8-V for points X° = (¢,z) and
X' = (¢, z) where T = e~2¢(t—t') is small. Using the procedure of Appendix B.2

one can easily show that
2t 5it,7) = 72-1¢°¢¢r‘+i[8(¢“¢¢.)2—3¢“¢°¢..b] 4., (C20)
Talt, it 2) = —@aT?+ - [¢°¢b¢a o] T+, (C.21)
ot,z;t,z) = e™¥r [1—§¢“¢ar +1—15[8(¢“¢..)2—3¢"¢°¢w] r*]
P (C.22)

Combining the above expressions with the results of [80,81] for small-o®
expansions of the DY2a,, it is easily shown that for the operator O — V, where
the potential function V is independent of ¢, the first three D25~V to O(R?)

are

D28V = 1+ —Tr? + 360 [ (Rap + Tup) 6°¢° — 16T¢%¢, + 6T}o6"

+ ZTZ + T"”Tab] ™, (C.23)
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DV2gEY = (%R—V+-§T)+{%( %R—-V+%T)Ia¢°

lo, a1 1 2 ab
(Mt - VT ) + 2 [3A4T + 6T° + 6T T,
+ 5RT + 2R®T, + 24 (Rap + Tup) 8°¢° — 24T ¢,

— 18R6° — 42T|,,¢°] } 2, (C.24)

Diggv = L ( én _valp )2 + = [An(R +2T) - 2(R + 2T)a6°]

) 3 30
+ % [Rabca R + 4T% Ty — (R® +T) (Rap + Top) — T?]
- é [AV - 2Vig°] . (C.25)

C.2 Small-Distance Expansions for (2+42)
Reductions
Consider a spacetime with the line element
ds? = e~2) (df2 + dt?) + hp(z)dzdz® . (C.26)

In this case we will be using some quantities defined in terms of the full four-
dimensional metric g,,, and others in terms of the two-dimensional metric hsp
(A, B = 2,3).! In analogy to the (1 + 3)-splitting case, four-dimensional cur-
vatures and covariant derivatives will be denoted by ‘R.. and ()., respectively,
while O is understood to represent the d’Alembertian with respect to g,,. All
other curvatures and covariant derivatives are understood to be calculated using

the two-metric hqp. In particular, V and ()4 are two-dimensional covariant

1 We use uppercase Latin indices for the n = 2 decomposition to avoid confusion with the

n =1 case.
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derivatives, and A, is the two-dimensional d’Alembertian. For the dilaton ¢
we shall understand ¢,4, ¢.4p, etc. to denote multiple two-dimensional covari-
ant derivatives of ¢. For example, with these conventions the four-dimensional

d’Alembertian of a y-independent scalar S decomposes to

OS = ARS - 2V¢-VS. (C.27)
In particular,
06 = And — 2(V)? = ——;-e""’A,.e"“ : (C.28)
For the given line element, the nonvanishing Christoffel symbols are (i,5 =
0,1)
1
P“Blc[g] = Fgc[h] = EhAD(hDB,c + hep,s — hBC.D) R (C.29)
Tilgl = ¢'e™®ny = ¢%gy, (C.30)
Tialg] = —048; = —dag;, (C.31)
Tajlgl = -Tijalgl = ¢ae™n; = dagy;- (C.32)

Meanwhile, the only nonvanishing components of the four-dimensional curvatures

are
1

‘Rapcplgl = §R (9ac98D — 94DgBC) 5 (C.33)

‘Rambnlg]l = gmn[dan — d4ds], (C.34)

‘Riikmlg] = —046”(gikGim — im9jk) » (C.35)

‘Raslg] = %R gas +2[¢as — dads], (C.36)

4Rdmn[g] = gmn[¢‘: - 2¢A¢A] 3 (C37)

‘Rlg] = R+4¢% —60%0a. (C.38)
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We shall also need the following components of “Rag., *Ragiys, ‘Ria, and *R.q5:

‘Rapclg] = %QABR.C + 2[paB — dadBlic, (C.39)
Ramnlg] = 9mn [ - %RtﬁA + ¢alnd — 205054 ] ' (C.40)
4-Rrrm;.‘l[g] = gmn[Ah‘lS - 2(v¢)2]lA ’ (041)
4I'?'mn;AB[g] = gmn[AMb - 2(V¢)2]|AB ’ (042)
Rijumlg] = (9ikGim + Gim3ik) [ %R(Vfﬁ)2 — (V6)*Ard + 20708 dan }
= (9i9km) [And — 2(V9)?] A ¢4, (C.43)
4R;.-l[g] = [R + 4Ah¢ - 6(V¢)2] A (044)
4R;AB[g] = [R + 4Ah¢ - 6(V¢)2] |AB (C'45)
4R;mn[g] = —9mn [R + 4An¢ — 6(V¢)2] |A ¢A . (C46)

Note again that operators and curvatures are with respect to the two-dimensional
metric h,p unless explicitly labelled otherwise.
We now write out the expansions of o (t, z; t', ) and the D'/2a,(t, z;t', z) for

small separations. Defining ™ = e~*(t* — ¢*), we have to second order in the

curvature
%2 (t, z;t',z) = 12— —(V¢)2r“ + o 360 [4(Ve)* — 3¢"6P¢as] 7°, (C.47)
bt z) = e [1 — 204047 + = [4(84%) — 366°65] 74| , (C.48)
0*(t,7i,7) = —2g*T — o (474 — 20%9%) r*

s [— 12(995)?6" + 86° 656044 + 96*6P¢Cpsc

~ 3765044 ~ S48608%°4 | 1°. (C49)
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Combining these expressions with the results of [80, 81], it is easily shown that
for the operator O — V, where the potential function V is independent of ¢, the
first three D'/2a2-V are

D25V = 1+ 1—2- [Ane - 2Ve)"] 7+ [3R(v¢>)2 +48(Vg)*
— 36(Ve)’Angp — 446" 6% dap + 5(And)? + 49 5d45

+ 12¢A(A,.¢)A] ™ +0(r9), (C.50)

D%V = [ %R -V+ 345" — ¢ | + ] ; [‘le" - EV[AM = 2(V¢)’]
1 A = _~ 2
+ 35 Ras" + R[ S0 V¢ I+ 120 180 (60(V¢)*
~ 62(V¢)?And - 52¢"¢B¢AB +16(Ang)? ~ 46*%845

+ 186" (Arg)4 — 126" An(94) +30%6) | 7 +O(r),  (C51)

1r1 2 2 1 1
DY%a3-V = 5 [ —R-V+ —¢ﬁ - ¢A¢A] - EAhV + 5":A¢A —30AhR
- l A _1_ 2 _ - 2 2
15 RAd" + 180 [2R 2R[Ar¢ — (V)*] + 8(Ve)*Ard

+1366%0% ¢4 — 2(Ane)? — 680 Bpap — 7201 An(d4)

— 4807 (Apd) 4 + 24A ¢] +0(rY). (C.52)

C.3 Useful Formulae

C.3.1 The Modified Bessel Function K,

The modified Bessel functions K, (z) may be defined via the integral

/Omdx ™' exp {—:c - g} = (%) ”K,,(z) . (C.53)
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It may be shown that K_,(z) = K,(z). Furthermore, for v > 0 the K, (z) obey
the differential relation

LAY ok ) = 2K (2) (C.54)
zdz v v '
In particular, for z = mv/72 + €2 one can easily show that
1 1 d\" <
Hale) = (o) Kl (©:55)

Combining (C.55) with integral (6.677) of {76],

/ dr cos(wt) Ko(mVe? +12) = \/_m;_:-_:_;

allows us to evaluate the (1 + 3)-splitting Fourier transforms of Sections 5.2.1,
5.3.1 as follows:

exp(—evm? +&?), (C.56)

[wdr COS(U-JT) Tzk Z'WT—;:_*-_'ET;Kn(mV €+ 1-2)
= (-1)* d® (L dY’ exp(—evm? + @?) . (C.57)
do(%) \  m2ede \/m2 + @2 P ’

For convenience, we have used the notation @ = e?*®w introduced in Section 6.1.

C.3.2 Integrals of y® for the (1+3) Reduction

For u = vVm? + z2 it is easily shown that for large @

/om dzp® = %u‘;“ + Zm%.)2 + 392m + 2m“ In % (C.58)
/:da:p = %Qz + im + %mzlni—“:- , (C.59)
/oa dz% = m% . (C.60)
In addition, for n > 1,
/:o dzp~ () = mlzn 22;;@ I)'];)' . (C.61)

See for example (2.271) of [76]. These results are sufficient to perform the sums

over modes in Sections 6.1 and 6.2.
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C.3.3 Formulae for the (2+2) Reduction

The Fourier transforms of Sections 5.2.2 and 5.3.2 were computed before perform-
ing the s-integration by expanding all z-dependent quantities for small curvatures

and using
@ 1 2
/ d*zexp {—:gzz + ip‘z}zz" = (4ms)e P *(4s)"I, , (C.62)
—-00

where p = e®p and

L =1, (C.63)
L = 1-p%, (C.64)
L, = 2-4p°s+p's?, (C.65)
I; = 6—18p%s+9p's® — p%s®, (C.66)
Iy = 24-96p%s + 72ps* — 16p%s° + ps* . (C.67)

For the summation over modes referred to in Sections 6.1 and 6.2 one may use

the integrals

4 2 1, p? +m?2 1
/0. dzz ln%f = E(p2 +m2)lnp = §p2 ) (C.68)
P =2 2
/(; dezp™? = % In 2 ;;2m , (C.69)
and forn > 1,
” ! = L C.70
/‘; drzp™" = (n — )mzn-D (C.70)

where u = vVm2 + 2.
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