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"Abstract o : - o

’ ' ’ . ‘ . ‘ : .
The work presented herein is essentially divided into two parts-.

The first deals with'computing the'effectivefaétion for a scalar fleld
: ' e . o X :
model, to the two loop level. This has been discussed at great length
; : R : ' ~ ' .

elsewhere. However; the approach used here provides, one hopes, a more

.

coherent picture of the renormalization procedure. Thus fts valueida

t

perhapa largely pedagogical ¥ ' '. ' o
The remaindq§ of the work is concerned with aspects of a

formalism, developed by various people over the last twelve yﬁars,
: £

k which admits the incorporation of temperature into quantum field

theory. This i8. achieved in such a way as to allow the calculation of

)
i

thermodynamical quantities using the Feynman rules and diagrams already

45;;
familiar to particle physicists. . The quantity considered here 1s jthe
. i |

ere energy, which 1s ahown to: be related to a generalization of the

effective potential of Chapter %ne. Two models are examined a single

real scalar field with ¢ interaction,‘and a scalar field'interaeting

: gwith a fetmibn field.

D e~
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" Chapter lf An Approach To‘Calculating.the Effective Action | "‘nf

‘ /-
1. ,lntroductidm

\
'

oy
'
I

‘The effécttye actlon has great importsnce in quantum field

(F'Z)Q‘ The functions it generates are intimately related to the
. R} e : 0 ) : .
~scsttering.smplitudes of the particulsr theory it‘represents. ) -

Furthermore, it embbdies the symmetries of the theoty, allowing them to

‘theory

be expressed in a compsct way via the Wsrd—Tskshashi identities. The

v !\‘ (I

I

..effective potentisl, which Ls'the first term’ in the momentum expansion ,
. . N . ' “; ' )

 of the effectiveé action, 1s a useful tool in studying symmetry

n . PRI
. L

breaking. Lo N ;
0 . 1 \\ . . ! ,

'ThiS'chspter presents e’straightﬁorwsrd method for,cslculsting
t ' ‘ . : )
perturbatively the coefficients of the momentum expansion of the

effective sctidh. It should be pointed‘out that more sophisticated

(3-5)

methods sre svailable for these calculations ,, but they‘don't‘seem

to havd the generality of the method presented here. For example, in
(4)

the review atticle/by lliopoulos et al. > the two loop calculation of

'Z($) requires deft msnipulgtion of operdtors in a way that 1s not at
. ’ , { v ‘ S "
all tramsparent..
3

| To'begin~with the formalism iS’reviewed}‘ Although“only_a single
/- . . . s
L
real scslsr field sppears explicitly, the generslizstion to more

complicated models is straightforward.

The functions V(o) and Z(¢) ‘are then computed to. two loops in ..

}

. a model with a’ single, real self-interscting scalar field.‘ These sre‘

compared with previous calculscions, snd -a discrepancy between the o -

\ o

results for Z(3) . is discussed. , :,ff\f"fﬁ_‘ Alf' ' ‘L/

- p— . )

| B To demonscragz how simply the meshod.lends itself to higher orders,




L2
o ‘ ‘ . 4 '(( o
. in the momentum expansion, the order. p . functions are compuced to one

.,loop. ' . , X o
‘ ' ' . L |
Finally, it 18 pointed out that this method providem an efficient

way of determining the coefficencs of the renormalizanion group *

-
o

' equations. y ‘ .

L ; . | )
2. Review of the formalism

The generating functional of renormalized,‘cqnfigurscion—space o v

-
\

‘Green“s functions‘of‘a scalar field theory has the pethfintegral

representation - . ‘ o o T

I[d$1exp 1Id x(L<$)+ﬁ> T

A.‘zljl -
l [[d$]exp 1 [a x L(})

-

there, L(3) ‘1s the renormalized Lagrange densitf (1.e:; wirh
counterterms included). The Green's functiohs*geuerated by 2(3} are
B . S ‘ ' ﬁ\

o n 692 Y -
o Galmpeenmy) = ODY RS IGy) 'ym0

- <o|r(o(xr);.0(;n)|o>

. The latter equality expresses :he link be:ween the path—integral and

'the operator fornalisms. 0(x) is the scalar field operstor, snd T

}..

is the time-ordering operator._ ¢ (x ) - 1s the sum . of all smplitudes of -

i

'J,

| n psrticles crested at spsce-time pointsv x1 This can be decomposed

3

1nto s sun of products of connected Green 's. functions,-which are




generated\yy: C - ///. o . ’? : PR /r‘

G {1 = 2az(4] o B V%

. ¢
/ [ . . . .
. v ' , a

/o
Thue, the n—-point coRnected,GFeen's function 1s

/ GG[j]
- 0" 3G -810) 130

1 : /
. .G
‘ Cr”(

Al
.

. The coqnected n—?oint‘creeﬂfs function cen itseLf be decohposedh‘by
‘fiest faetoring/oen the extefnal 1egs (two-point functione) and' |
‘expressing t?e remaineer as a eum of producte of proper functions.
These are pepresented by Feynman graphs that cannot be disconnected by

the removal of one internal 11ne, hence theit alternate designation of

"one particle irreducible" (lPI) functions. ‘ . . 3 T

/ﬂhe proper functions are generated by the Legendre tranaform of

[

é;}éa with respect to the functional variable ¢ (x) defined by

/ .

| ) L
¢(X) - ‘.1. —GT(X—) | : : 1-‘ :
‘Thus
Tl ke - e e T

,
a

f genetates the‘n—peiﬁ; proper fuﬁccioes'-




° L
B ‘. N ‘ | | L‘/ “ | \ |
: | . s“rm o |
R Pﬁf’&)\ s¢(x1),.6¢(x ) |¢'0.

r[¢] lshthe‘object‘whinh 1s called the effective action. By

It - . T Y .
translation invariahce, I{¢] has the momentum space expansion

" -
y

e VAT 7S S e
rge). = {0 %Trfd py--dp (27) 6 )(E'pi)Fn<P1,‘:-.Pn)¢(pl)--¢(pn)
R O T o

| S ST o o 1-8

’ Y ) " ’

Bere, ,O(p) is the Fonrier transform of ¢(x)/ and r (pi) 18 the

L -

‘renormalized n-point proper function 1n momentum space.f This function

.18 calculpted perturbatlyely to a given order (number of loops) by

. .summing all proper n-polnt Feynman graphs up to that order, each graph

. being evaluated using the Feynman rqles,aﬂa\the counterterms contained

1n L(Q) The counterterms depend on what interpretation is given to

the field, mass and coupling,parameters occurring.in L($). These

parameters can be fixed by 1mposing normalization conditions on the

,functionaf T (pi)' For example, ln a scalar theory with ¢ ,

iminteraction, there are Ehree renormalizations, .mass, cOuplrhg ‘constant

and wavefunction.‘ So, there are three conditiodh to be imposed.‘
2.

’Conventionally, one specifies the values of r2 ; ar /ap and QRA' at..

'Q,some choice of external momenta. .»"f:, SRR

PO s o . e o [ P .
- PR i . ! : . i .
) : o . . e e . L0
. . . ' [P : .
! A . f RN » . . ,

"‘)A

B

‘Of

s
L DR - .

S H .-
!

¥

N

~

',J.Nov;‘translatlonwinvariance.aled,lmplieefthat_the effective action'.



has the expansion

]

) = (v - prweet roeh)

li : ' . Cos ‘
. - This 1s essentially an expansion about zero' momentum, so in calculating

v
,///' the functions on the right hand‘eide,‘it‘is convenient to specify

normalization conditions at zero momentum. Thus for thé&\ ¢4 ‘model, we

might require: s ; o C ' '
T (p=0) = ~im>  1-10a
2\P 0 .
- | , =4 o 1-10b
‘ ‘ ‘ ap p =0 o o
I'A(pi'O) ' Lo 1-10¢

Thesejate'the tree—level values fer’a_model with Lagranglan

. L@ -% (?9 )2 - %—mg ¢‘3 - %T ¢ + (counterterms of O(M)) - - 1-11
' ’ . o a ‘ . ’—‘—-‘ . ’ w
. . - \ J. oo T e , s a

' M -,<.
Proceeding to highet orders 1n h (the number of loops), the

e‘normalization conditions 1—10 detetmine the counterterms uniquely. In.
" four dimensions, these counterterms ate of course 1nf1n1te, but with a‘j‘

suitable regularization scheme, the (1n pringiple measurable) functions

a

rn(pi) are finite and well-defined.

&

. o . i . . . .
o . LT Lo Lo . ; [ ‘ [P R IS

»




3. The Shifted—-fi1eld method

The first step in calculating the functions on the rfght—hand side
of equation 1-9 18 to observe that the path integral is invariant under
: r
a translatlon of the integrated field; &(x) » $(x) + a , vhere a 1is

a coanstant. Performing this translation in equation 1-1 gives
<

z()) “ZaU]eKP[l fdl'x a J(x)] -~ 1-12

7

\

where Za(j] 1s the generating functlonal\for a theory with Lagrangian

density La($) - L(3+a) . Equation 1-3 then implies

6 (4] = ta [d x3) + 6, 13) 113

where Gca[j] 'géqerates connected Green's functions in the shifted

theory. Now, déYining‘a fleld 03(39\ by .

L ) I
- Ceam) 2 T T e (x)e 1-14
“'\ ‘.‘ ;.‘ 1 -

' L - .
the effective. action in the shifted theory is

£ o
AT - -

CARI s
R ' ! -~

rle ] = tha'x 30 (0 - 6131 - —

1-15
© =Tie] e




f \ 7

where use was made of 1-7, 1-13 and 1~14. Thus,

P (e] = Tle+a) : 1-16

h .

f
Now, the left-hand side is expanded according to equation 1-8, and the

.

right~hand 1s expanded according to equation 1-9, about ¢ = 0. 1In the

first case, we have

r (o) - 20 ,:\_rfdﬁpl...dt»pn(z,,>45<4>(2p1)rm<pj)$(pl>.;.’5<pn>
n= i

1-17

where Fna(pj) fs the n-polint proper functlon in momentum space
! .

calculated with the Feynman rules and counterterms of the shifted

Lagrangian L(3+a). On the other hand, we have

Plova = ~tfa'x( T v apeo - 5 1 2P @etmes
n=0 . ) n=0
+ 0(34)}
1-18

e

The orddr 34 terms will be considered sepafately later. If we now
Fourier transformt§he fields in 1-18, and perform the x-integration we

obtain



<7

8

[ (¢+a] = 1 Zo v a) fd'p - d*p (2n )"fi(l')(ii P ¥ (py )6 (p)
n

Ly L () 4 4 b (8) ~ ~ ‘
L1 g (@) 4 p B8 (I )8py)-#CPryg) L oy

+ O(pA) ‘ ' 1-19

comparing to equation 1-8, we see that

P (pyreeeopy = V@) ~ 12 @) Lecey op")  1-20

In particuler,

[, = -1V(a) 1-21

\,/,\,«\\\ o, (o) .
- 2a'P
———%——— | , - 1 Z(a) 1-22

.dp p =0 . 7\\\

The left side of 1-21 is simply the sum of the vacuum diagrams in the

ghifted theory. The left side of 1-22 is the coefficient of p2 in

. ' )
the proper. two-point function in the shifted theory.

]



4. V(@); Z($) ro two 160ps

We now turn to the computation of the effective potential V()

and the func;ion Z(¢) , for a real scalar fleld ¢ with a ¢A

interaction. ' Dimensional regularizqcion‘is used (fdr specific

notation, see Appendix I). The Lagrangian density in D(=4-¢)

didenslons is

L(o) = 3 (@9)

w 1s an arbritary mass scale entering at

2

2 2 €
Sy

&\J)‘

A
h

¢4 +

N}

4
A(3¢)2>— % Bmé¢2 ~ uc %T ¢
1-23

N
i

D ¢ 4 dimensions, used to

keep the céupling A dimensionless. A, B, and C are counterterms of

‘order one loop and’ higher, determined loop by loop by the normalization
conditions 1-10, which,

using 1-21 and 1-22, can also be written

L ($) = L)

n

¥

v 0 = o

V(iv?(O) = A

-

‘2(0) = f

The shifted Lagréngian is

‘1-24a

1-24b

1-24¢-

N



22 € A 4 1 22 €. A
-~ 7 moa - ZT a - E~Bmoa - C ZT a
* -
' A
S 3
-(m§a2+u€%Ta +Bm0a2+u c" a> )
1 2 1 2 2 e Aaz ‘ e a\
+7 @9)°- 7 (mga” +u" 3 RN X,
N ' ‘ 2"
1 2 €. Aa .2 €. a\
-uC 37 ¢

- 1 2
+ 7 A@9) - 5 (Bmg +w Sral

-

io

1-25

The relevant Feynman rules are listed in Fig. 1-1, with the more

€ Aaz

compact notation X =4 —5 -
' 2m,

4

0(0)(¢) is simply the vacuum “vertex”

\ | A . 4 -

(0)(“ - “‘0“ x +%

and, of course

2y =1

. ‘ ~ »
(1) The one Ioop functions

-~

The one-loop contribution to the vacuum proper function is ‘simply

the bubble diagtam (Fig. 1-2(3))

xz)

O

\

The tree level effective potential

i~

1-26

1-27

To ezaluate it, we first

—



11
. s
differentiate it by 'm , using ' . -
: r
3 1 L, §§5? L e _ \
222272 22 1-28
Qdm” pm  p-m P -m "
. h
- 1
This gives Ta -
o ' . .‘
-9 1 I 1 , . : ‘ )
- = - 3 dk '——— : . - 0
3,“'2 2 kz_mz o x
. 1~
i € ! )
" -- I (5 -1)(m
2n i’ 2 50 .
so that . ; ' _ o L
. € _ : _€
. Lo e 2%
)’ 2- S .
(47) ol ,
€
2- =
2 2 . 8
1(mo). 2 2 - 3 ". ' :
- —5— (14x) (Z-v+3- tn(l+x))  1-29
4(4m) : o o
where terms of order. €. have been"dropped. Now, t_hg'one loop v‘acudm
counterterm
A
g N
! % B

T



12

serves the role of subracting terms of order.-az, a (x,xz) in 1-29, so
as to maintain the norﬁali;ation conditlons 1-24.  This defermineq_

[ T

. RS ‘u v, 2 ‘ ‘ »
B =+ — 5 (;).(e— - Y+1) 1-31a
N 2(4n) 0 ‘ S ,
c .+-———f(")€§—+) ' 1-31b
‘ 2(4m) S '

?

Finally, adding 1- 29 and 1-30 gives the one loop effective action,
¥ ) . \ ‘ ‘
and %

4
m

vl(‘a‘) -

[(1+x) zn(1+x) -x-3x ] 1-32
I'd A(lﬂl) ! X

~

The one-fbop wavefdnction counterterm Al *is zero, becauge at one loop
¢ in the uﬁsﬁif;ed‘theoty‘there are no ﬁz—depéndent diagrams: So the

' -eatire pontributién to Zl(a) comes from f;g; 1-2(%) which 1s

Nlﬁ

‘; 1321 u

1‘(2)! dY[m ~y(1-y)p] - - 1-33
,2("‘) S

V%b

S ——
B L

" the pdrt'bf‘this’propotcionél to <p2 gives -
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e
S
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Cam T

13-

- A O S v R

6(“,")2 1

(11) The two loop functions B L . o
- The two loop contribution to theieffective ae&fbn 1s gi;en‘by the
‘diagrams in figure 1—3. In fig. 1-3(c), the dot represente.the one
iloop, two- point counterterm; given by figure 1-1 anq equations 1- -31.
" There Ls, in add#tion, an overaill two loop vacuum‘coupterterm, which
mereii serves to eubtraet terme of otder' x,xz from thejeum‘of tteee

v , v Sty
diagrams. The results are (see Appendix I for details of

*éalculations)
i e L o L .
() Du® 2,27 x(i)( Ly - L+ g—e-) ()T 1-35
(4n ) e A -
-~ . e ‘ o o }
(b = - B (xﬁ,)“ ; oty -T+ o™ 16
(om) ' 2 | |
€ ‘ IR O
. o = B @22 e assn(be D) ¢ (1+2 9+ Ja™
(4rm) S o & .

Lo . i

U

'
3

finite terms will only contribute terms of order 1 x,vxz ,f dhich‘are .

to besubtracted '1n the.end enyway. 'l.'hey would have to be 1nc1uded,

EE

" Note that.qnlyjﬁole\tetms,'(li-;'lJ ;haveVbeep retained. The omitted



"

however, 1f bne were to proceed to a three—loop caléulation

Adding .1f35 1 36 and 1- 37, one sgees that terms of the type ;
£E£l——l cancel:. If they did not , che theory would be
unrenotmalizable, as 1t would requxre non-polynomial counterterms to be

retdered finite. xThe sum of the three expressions 1s

o, 2.2+ | ' '
-  (mg)” {(1+4x+3x a2 (14x) - 10x(1+x)ln(1+x)

8(4w) . ‘ . o ‘ .
o b 1 38 .

v

- 6(1+4x+3x )(— - L) - A(x-x H

It follows that the necessary two loop counterterms are .

2 ' \ : Co
2\ u y2e..1 Y . “
B, = —— (9" (5 - -+ 0()) 1-39
2 (4")4‘ my’ e2 € _ ‘
v 9&2 1(“ 2¢e 1 Y ’1 \ ‘ S
c, = (P (5-L-=+01)). S 1-40 .
22 ‘Z(Aw)a my €2 e 3 | o :

andi;he twb‘lobpbconttibut;on to the effective potential 18
R . ) ‘ ,
BT B T
2(1r) - ‘—'—T[(lﬁx'iﬁx )zn (1+x) - 10x(1+x)!.n(1+x) + 9x ] C1-61
' 8(4w) ) ‘ ‘ C

[§]

(@)

which agrees with ptevious calculatibns. ; f‘!: L R

The cwo loop contributions to 1Z(¢) are given by the diagrams of



[

‘>F1§dre 1—4 apart from an overall counterterm —iAZ , which 18

\

' independenc of x(- u® 52—9 Figurea 1-4(a) End 1-4(b) COntaiﬁ;
2m , . ‘

0
.tespeotifely,‘the,one loop two-point and threeﬁpoint‘cbuntertérﬁsL The
_ results are (upoh aifferentiating the diagrams by‘lpz, and setting'pz -

0); = Y L

(@ = - B (& )“[ (k- m) + 2 L Pl ™/
| eyt T | | |
| : 1-42
RORE- e CELE Sy )<1+x>1’2 L 143
» (A")A moy 1+§, ‘ . B ‘
o 21x2 L2 - 4 L
(c) = x 2 (9 J + §) ».HA ‘  1-44
O aem® (14x) S ,
f@5;—iﬁ;ULf€—l——(q-éJ;éﬁu}n* - bb
3gem)® 0" (1+x)2 LA
' (35 -,- .£.:£.(“ )25 _3;:(1:- ;'Z;J-+ Z)£1+x)'§.“ | 1?46‘ 1
oy 3(lm)4 L+x £ R R R
(f) - (" )“ (L )<1+x>“? S .

12(41) "o

AW



1X2‘\" (H)ZE X 1 ) ' "'€ ". ‘ 4
@) = - —2 (97 = ()=~ * R
T aamyt mg Mxoe T _ ‘ | .
1X2i\ W2 x (L T e o
() = ——— ()7 1375 (F v)ax) - \ ‘ 1-49
6C4m) 0 , o
The numﬁé;‘ J' occurring in'1-44, 1-45 and 1-46 is defined by
!
\ 1 ., i“ ‘ .
I = ax = 1-50
0 1-xéxT '

Again, some details. of the galéhlationsxéan'béffonnd.in Appendix 1.

A Now, adding the above COntfibutidnsytogethef, all nonfpolynomiai

~ poles (é'lzx"‘é' ‘x '2) cancel, leaving only a constant term to be
, ‘ () , _ ‘ ‘
subtracted by the two loop wavefunction renorﬁaliiatioq counterterm;
N GO " U '
1204yt Mo . : o
~The rémaindetuiézs;mply iZz(Q);vthus{ ‘ -
N .:% o | ' o
2 {f: 43 242 ] er gl
Z2,(¢) = ———Z -1 + + — = '|2n(1#+x) + + 1-52
Ii o ,

vhecs & = 150 - 15 and g5 - - 30455 Ve nore herea

R ‘e
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o : - ' . ' R

discrepancy with the‘results obtained by Iliopoulosjet’aisb) .Thej ,

-

obtsined o ‘ - . ‘ g

NS U R, o _ 8 6

"
l

‘Now, ic is always possible to change the non—logarithmic parts of Z2

\by altering the finite parts’ of the one loop counterterms. In general,

this‘would'alter the 2£n(l+x) term inp V2 . However, even if one could

fadjust the ffnite parts of A1 1’ C so‘ss‘to leave‘ V2 ”unchanged,'

there would still be a change in the normalizatiOn conditions at the

one 100p level

2(0) = 1 + A ; v (0) - ﬁg(l+631) . vy - A(14C) )
where A1 » denote the finite changee in theocdunterterms.‘

L )

So,, if one requries any .kind of consistency in maintaining ‘the

normalization conditions, one is tempted to conclude that the result of

Iliopoulos et al. was in error. In case. . there is any doubt about the

validity of the shifted field methodein the calcﬁlation of - Z2 ; there‘

54'is a way to cheek the coefficients 51 and 52 5 independently of this

‘method. The check was made for 51 . and bngan with the observation

- . <

A

) —

L2, I AR .
az - e E - . ‘4‘" .“ . : .‘ I.”“‘ :..“‘.
S e RO T

v
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[d

« coefficient of 2 p1 3 in F (pk) in the
i(J

"unshifted theory. g
'This follows directly from equations l~8 and l~9, and does not depend
'a on shifting the field. Upon computing the relevant part of the

4

four—point function 4n the unshifted theory to two loopsy\the result

!

for Ei was verified.

5.. Fourth order functions in the momentum expansiOn‘

o ' All functions occurring at fourth order {in the momentum expansion
(order 34 or .p ) will be: denoted by a square bracket with
subscript '4.. Thua, the relevant part ‘of the effective action (first

. term excluded 1a equatipn 1 9) 1s

~J

[F1e1], = -1f a*s(b@)@9) @)% + ctre)a’ +aen 2 922"

- o r

22 2
+ e 92 + £(4)0"02 2%
AU P "‘L 1‘$3i
e aaMaY 202
+8(9)3 34373 ¢ + h($)(37) "¢}
) b@_‘tjilﬂe fitst note that the function h(¢) can be absorbed into f(o) by :
‘an 1ntegration by parts. Expanding, ) before, about ¢- a, and taking o

f._fFourier Ttansforms, one can obtain the 0(p ) part of the n~point 1f’

\ . [




| S €

proper function in the shifted theory. For n‘ZJA,

- ‘ m . ‘ 4 n

vx[rhé(pi;.r.,pn>]éo. 3 (Pi)g[,f(“”2)lé(ﬂf3)+c(ﬂ43);5;(nfé)]

4=}
s Z 91 5[ (n—2> <(r3) 1 (a8))
. A 1<g " o | o
o . , S 1-sh
- S 4 273 ‘(pi‘pj>2 (g7 2)q(n73) 42 ("))
<y - o

: The superscrlpts denote differentiation wlth reppect to a. 'lt s
convenient for later calculations to expreaa the momentum functions in
.

terms of the scalars PPl A ) which will‘be denoted S '(a =
‘ b S | , ' o Y

~1,2,...;'%_n(n—l)). For n 2 4, 1t can bg.éhown that

o 2 (p )2 2) s + 2 7 s s : . 1-55 . .
'l. B )
i o . Q<B '
o p j -y s +3 { s, JSg + b 2 S8 ' 1-56
. 1<j a * - a<B . a<lB - o
v/ ~ - Lt “
X(pi ) st S et
1<}4 : ; oL ,
v - . ‘ o .. o -
Z:‘ denotes a sum over products 1n which S SB. have'one momentum in .

,Vcommon (e g. (p1 pz)(p1 p3)) ZL denotes a sum over products in

T

' which all four momenta in S SBf areodifferent (c.g.



L . L ‘ ;
* . | e o ‘ . 20
el

~( f.FZ)(p3 pa)) So one can re-write equation 1-~54 as
N -. .4,\ | o ‘ ' ‘ , |
- ' ‘ , /,

:4‘;’

LD (PPN 3 Vs

t

- 2): Si(e<n—'.2~)"f(n—‘2)+8(n~2))
a

o +‘2'z' s SB(Be(n—z)Af(n~2)+d(n“3)ﬁzc(n—3))
T a8 a |
| | S | o © 1-58
o .‘ v“ R . 4+ 8 2 S 3 (e(n 2) (n 3)+b(n 4))
| & : K ’a(B

o .
\
\ o .
i s s
oy »

Two ghinge are obvious from-equacion 1~ 56 or 1-58. Firstly, all the
taformation about the functions b,:..,g ,18 contained in the twoi,
three~, and four—point'functions in the shiffed theory. Higher values
of n s}mpj have deflvativesl(with regpect to a) of the same

| oombingt%onjzbfthese functions. Secondly; chere ére on}y Fhree
equations determining the six functtons byees,8- ' So%ﬁrarines?

\ 18 to be expected, as they can be "mixed up” by integragiﬁg by perts in

equagion,l-Sg. This gives one a dertain freedom in choosing the

solution. One possibilify is f = c =d = 0. From equation 1-58, the

[
5\

two-; three—, and four-point functions are, respectively;

, - 2 |
. _ "“1[r28(r)]a - gr (etg) | 1-59

£
>
o
[}
o
-
T
©
©
p—t
o
~N
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¢

21

C 1[r,,0,0], = 260242 y(etHgt) + 201 (3e') 1-60

where o = Py" P> T =Py"Py Pl‘P3 -0

A

i[P[‘a(S,t)]A ",\‘2(32”12)(?"‘%8") + 83:(3"(”)) 1-61

where 8 = pl'pz » L = P3'p4 ’ Pl° P3 - Pl'PA - pL'P3 - pl' PA = 0. So,

one now can write

\
etg-= 2-3—2 L, (O ' 1-62
: ar r=0
2.
1 23 ‘
et =22 D (o,1)] | 1-63
6 303t " 3la g =0
2
1 3 . .
. b = 3 5ea¢ Lsal® )] me - 1-64
. PR s=t =0 .

[
[

the functions to one loop order,—-the relevant diagrams are
1

given in figure L;S; The* calculations are done with the external

t

To calculate

. momenta given above. The results are (again expressed in terms of x =

re%/2md)
-A 7 5 )

- 1-65
1080(4n ) my (14x)?

e(¢) =



E:; | | | 7

-A 2 4
g(¢) = ( . 1-66
1080(47)%m X )2 ,
% 1 12 10
b($) = ( - + ) 1~67

720(An)2mg Tam? (o? oo’

: n ,
6. The Renormalization' Group

/
‘ <,
The essence of the renormalization group 18 contalned in the "

behaviour of the path {ntegral 1~1 under scaling of the field and
dynamical parameter§ occurring in the Lagrangian. Por example, in a

A¢4theory with mass parameter mz;‘coupling parameter A and specific

counterterms, one can define new scaled parameters (with ¢ belng the,

field integrated over in the path integral) - l s
¢ I ) ’ J
¢ = &6 ; o = ¢a?; A =of g 1-68

It then follows readily that

e

A A

rle;a 2

2 A] - P{ES;C&

a22] = Tio;m ,m] " 1-69

where the left~hand side 1s the effective action for a theory with

Lagrangian *

B L(¢,az x) - L(5¢,cm2,nx) o 1-70
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s

From 1—69;Ione infers that the n—point proper functions satisfy

~ ~2 2 | |
Fn(pi;m ,X) - ;nfn(pi;m‘,k) 1-71

3

Another way of expressing this lnvariance 1is to start with unspecified
/\2 ~N ~
parameters m , A , and determine the proper functions Fn by

déaning the normalization conditions (i.e. —~the counterterms) with

respect to some mass scale uz . This could be a chardacteristic
; .

external momentum squared, or a parameter entering via regularization .
Then the proper functions are cowmpletely determined as functions of

~
~

Py» m2 , ‘A and uz. The requirement that these functions descrlbe the

v
Y

. t
same physical theory as the original functions Ph(pl;mz,k) is then .

expressed as ' B

° ~2.2 2 2 |
Pateyat A - €T _(p5mA) 1-72

fhe three normalization conditions on the Fn's then determine the

~

parameters 32,‘A and £ as functions of uz ,{mzv and A. 1In terms .

_ of the effective action, 1-72 reads

- @’"21 - rlgosmi Al 173

‘ R @

: The ekpansion 1-9 also yields



et
-

N

a

‘ : ‘ )
Cot A A R ~ . ~ ‘1 ~ )
V(¢;m2,k,u2) - V(5¢;m2,x) 1-74

% zw;&z,x,uz)“‘- 622(E¢;m2,)\) ‘

I

1-75

(3]

Differenti&ting these expressions with respect to u,/keyping mz and

A fixed, gives us the renormalization group equations

[t)

1-77¢

(v g?* b 27 + e 37 -/ a*x () " reesaia,ml) <0 1-76,
a0 86 (x)
where .
X
) A
B =¥ o w1-77a
®
{ Y - ‘.‘_gl Il-77‘b\
2
Ye =¥ 5y An

The value of the rédotmalization'gtoup‘equatibns.is the following:.

When the3cqeff1cienté 14?7 are computed to some order, the,adlutions of

1-76 are in general valid over a larger range (of the field ¢ in the
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case 1-76.1s applied to the effective potential; of the external =

‘momentd when 1t 'is applled to the proper functions Uﬁ(pl)), thah 1f

one were to .simply compute the effective action to the same order.

Hence the phrase “renormalization group—-improved”. We now turn to the

computation of these coefficlénts in a ,X@A,theogy., It will be seen

that the method expounded in the'previous sections' provides an

efficient way of‘detérmining them. Henceforth the caret notation will

be gropped) and it 1s to be gnderstdod that tﬁe parameters : m2
now depeﬁd on the mass scale ’u. |

Using diméns1oﬂhifrggul§rizatidn, at D(=b4-¢) ‘d;mendioﬁa
four-point coupling“aéquﬁres avdiménéibn (méss)e, aqd th1s can

45 the renormalization scale u. The D-dimensional Lagrangian

o

L = ;_ (1+A)(a¢)2 -4 2(1.+13)¢2 - ,1‘—! Aue(}ﬂ)§4

ad

»

where A, B and C are counterterms. The cotresponding‘bare

tagrangian is

which implies Eﬁat

I T JETPRN SRS I
,’fB’ : ¢ (14A) ‘¢ (.1+aje ) |

and A
the

be used
is

1-78

" 1-79

i
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) | mg-m(““) -niz(ubj'e”) L '1-80b
I .,x'-ux-(——L-px(uceJ- . 1-80c
‘ (1+A) x ' L

bl ' '
N ’

Here, the renormalization conscants have been expanded in powers of

lle. The index j is eummed»over'from j - 0 to J -,q; ~The .
dimensionlese coefficients ’aj , bjf, cj;‘are.in general functions of _‘
A and W /m . Now the,bare parametérs are to be uﬁderstood to be

1ndependenc of any particular tegularization scheme, and

are t:hus %ndependent‘ of the egale u‘zl - So, .differentiat‘i.n‘g equbat‘ionsv-
1-80 by wu wil} yield 'i‘nformation‘abo’u‘t th:a func‘tiéns‘ 8 Ty "Y'E .
1f thé cpdnterferms A, B, and C are chosen t; be inaeéendent of m2
Iand‘ uz » .these‘functions will ofily ‘depg.nd on A. This 18 éssun::ed in

. ‘pthe following. Diffe;enciéting equations 1—80, and equating powers of

" ¢, one obtains

. . ; "‘ 2 N
. o) R \ o
B mp = [c (1+c c ] - '1-8la
, A 2 °1 “0 . ‘ .
[1.+(A 0) ] -
' ‘ 0 ay 8o, e Cani
| ZY (“"‘0) . 1+(xc )' i+a 0 '81] N '1_'81,"‘ ‘
x(1+c b b"

)
07 170
1]

2y (1+bo) - —Bb + 1+(xc ), [1+b 1,-7-81cv.



e

"has: a., = b, = ¢

_brackets. - ‘ . R

Here the prime denotes differentiation with respect to ' A. In the
minimal subtraction schenme, where only pole terms are subtracted, one
0 0

0 " o, and equationa l 81 simplify to

| -" 2 [ 2 [ - ' \ . | '_
8 =aTep =aT(c) - ) - ' 1-82a
S ' ﬁa
' I O T S L
LS s S s S 1o8ze
‘ . Wi
g v -*lkb' .1_ Bl-A o | " 1-82
T " 2AP 72 (1 Do 2c

&

The subscript l here denotes the single~pole coefficient of the'

counterterm, to all orders in the perturbation expansion. This is not

to be confusedpwith.the previous notation, whichvsignified.the one loop ~

: counterterm."The loop order will now be denoted by a superscript. in

The method outlined in the previous sections provides one: with an

efficient way of evaluating the counterterma A B and C, and thus the

‘coefficients"B,‘Y vand Ym" The only modifications to thel-*

'g

“counterterms already evaanted (equations'1-3l 1-39 1—10 and 1- 51)
-are to have them i the minimal subtraction scheme.ﬂ In terms of the
.single pole (—) parts, this ieans only a re-evaluation of the diagram‘p‘
of Fig. 1—3(c), which involves the one loop counterterm. This 18'

readily done, yielding oo . ‘};h" . 1 O | \'3 rf“r‘;", v

L
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Bfl) A e A Afl)'- 0 - 1-83
B RGN L
@y A w2 oy a2
vaz) - - __}‘_Z_ . .Cfl) -— _Q__A 'Ai'l)"' ~ __)‘___4_ 1-84
- \ C2(4m) ‘ v (Ar) 2 : 12(4m)°
s And éo, we‘have‘ frdm“éduatioﬁél 1-82, with® a = A/(lm)z
o ,\(3a - -1-% 2 ro@dy . 1-85a -
- | ‘~ ‘ 2 | i“ | ' }
: Y,E 12 + 0(0 ) o x 1-85b
"'.;'Ym:-—(a—-z—az'FO(a 9 i 1-8se
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Fig. 1-1." Feynman rules and counterterms 1nﬂthe”shifted‘theorfﬂ(thh, o
‘ : ‘ ‘ ' A PR A
. . e, 2,2 Y, »
}-uAa/zmo) \ N S )
. | S 4 €
‘ o imqu N
.- zero—poinmt .vertex -~ —y
T o €
' three-point vetex ~faiu
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‘ : . ‘ .\ €
L‘- four-point vertex ~ 1
propagator 75
A 'p.-m
N
\iero—point counterterm -
two—point couanterterm 41Ap - imo(B+Cx)
' three-point counterterm
,-.fodr-pbint ‘counterterm
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(b) Contribution to Z($)
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Fig. 1-3. Feynman ‘dia'grx'ims contributing to the effective potential
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Eig.‘1~§. Feynman diagrams‘cqﬁtribﬁcing to qurthvopder {n the

/ . momentj# expansion of the effective action at the oné loo
mentyx | ‘ | op |

"

~ ' ) .

level : o
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:Chahter Two A Brief Survey of Field Theory at Non~Zer0‘Temperathe.

Ae y '
k3 , i

. e

b

'

. The imaginary time thermal field theory formalism (ITF) was

g

introducgd by Matsubara< ) Kirzhnitz was the first to apply the

' formalism to the discusdion of gaugé theories and phase trpnsitions'ét

high témperaﬁure(7), followed by other authors.(8> The starting point

18 the statistical average of ‘a physical quantity F, at temperature

-
'

T = kzg H f". \;
<n|e HF|n>

| )
<E>, = 2 . 2-1
§ < .
n

g ale 0>

Now, the time development of the states 1s given by

|n t) = e

'
LI At
L]

'3 I
Thus, if the time argument 1is continued into the complex plane, the

. 1 N
statistical average above can be written, at least formally;

t

a\ S « . ) <n3t-18|F|njt>
r,'-., " . y ’ '- n N . ‘
v '<F)B,‘ 1 <n;t-18 |n;t>

T L g

The numerator of this expression can now be cast into a path'!ntegral

defined on g contout extendind!irom t to t-iB in the complex time

plane. Exwgyding chese arguments to a relativistic field theory, in a
‘ e , - a o
.3 :

—1Ht| 0 | 262 &?

t’:‘
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manner analogous t9 the generating functlonal at %ero temperature, the
result 18 a formalism which allows the computifig; of st;tfscical
quantities by Feynman ruleg ana diagrams. ‘For\d scalar field, one

. . N
obtains the propagator; ‘ T

2-3

1
’ 2
(Zﬂn/8)2+k *mF
b
and the usual momentum integration changes *
4 3 .
LTS L 2-4
(2n) (2n) n o

rAnother approach to equation 2-1 was invented by Takahashi and

Umezawa(9), and developed by Matsumoto ard others(10—¥7)y4

The
resulting formallism was denoted thermo field theory (TFT).‘ In
describing this approach, Fhe example of a one—dimensional harmonic
osgﬁglator_will be Qsed. Then, equation 2-1 becomes

@, = (1- e'%"’) I e lr|n> 2-5

o :
N

This can be writtgn as an amplitude in a single, temperature &épgndent
stafe'if one introduces a "fictitioue"‘copy of the.Otiginal state |

space, with states denoted "|n> , whose creation and annihilation

operators commute with those of the original states.
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E>g = <0(B)|F|O(8)> - 2-6

-
nfw \
e |n,n> 2-7

N)»
=~

0@ )> = (1~ &)

Further, fc can be easlly demonstrated, by differentiating with respect

to B8 , that this state is related to the vacuum by a Bogoliubov

transformation;
y .
i
oy = 05 . 2-8
)
where
GB) =0(8)aa - aa) ' 2-9
o A
and N
A
8(B) = lJzn_cor;h("ﬁ) . 2-10
7 72 A VA :
or — T
: ‘ : \ PR —Bw
cosh? = —L _ sinh% = —& 2-11
4 -Buw . -Bw
l- e S -

. . ¥ -
- ’ ' . + ~e P N . - . . N
In equation 2—9,, a, a (a;a are the aannihilation and creation

&
.
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: L@ Y

. operators of the states |n> (IE)) s satisfying o C

\ (a,a'] = [337] =0 2-12

and \ ‘ ‘ "

‘ n ~ n
> Lfil—‘|o> ;- 2 B 2-13

The identification of‘\|0(8)> as a “thermal vacuuﬁ" 1s more complete
\ .

if one demands that it have zero energy. This requires -the total

. Hamiltonian to be |

/ .
i
\HT - W a+a —'3+3)

\

. N ,+
Note, however, that the phyg*cal energy is wa a .

. 2-14
Vo

o
»

/
One can now define cemperatugk*degendent creation and annihilation

operators

< .
L + . c(s) + ,CB) a *.osh 6 - a sihn Gy . 2-15

- a+cosh 6 - a sihn 8

and so forth. Eitendihg these argu ents to, for example, a scalar
field theory,‘dng now has two field8i~¢, $ ‘(dgno:ed 701;‘¢2 in

xeﬁéning chdétere). The creation opetitpys?f;+(k) ‘Bf.the fielﬁ”*z
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create states of momentum (-ku) . Expamding themfiexde in terms of
the et‘ation and annihiiationmoperetors, one can readily compute the.
pt?¢é£jtors from the time—ordered‘ptodmCts; | | |

A, (xy) = <O)|TEE (0 (D]0®)> |
2(x 7). = O(8)|T(4(x)$(7))]0(8)> 216
N - . (x-y) - <0(3)|T(¢(x)¢(>'))|°(8)> |

'

" ‘ Sy
‘The results are juet those obtained in Chapter Three. The other g
/I

Feynman rules are obtained esgsentially by generalizing the expression -

2-12 for the Hamiltonian

L($,8) = L) - LB 27
, ,

The corresponding pétm—integral‘approacﬁ'to,relativietic_thermalrfieid
theory”has Eermulated’by'Niemi amd'Semenefﬁ; They:showedlthat‘the

real*time formalism outlined ebove, with ~some differencee, ariees frem‘.
a path 1ntegral defined ‘'on a-contour in the complex time plane

‘extending ‘along the real-time axis, and doubling back along the 1ine’

t - %ﬂ. . (See Figure 3-2)

Until recently, the applications of thermal quantum field theory
have been latgely in solid state physics(l}). The development of a.
real—time fornalism has made it more palatable to particle physicists,

‘with a reaulting 1ncrease in 1ntepest.‘ ' ", , - . g-

(<



”conventiona used here are‘gbmewhat different, so derivations of the

~
"

Chapter 3'lFinite Temperature Propagators and Vertices. N

a

1. Iantroduction

.
A V . . Y

,The tools required for thermo field theoretic;caldulations are

presented here. The Feynman rules as derived from a path integral

(14,15) .

approach have been discusaed elsewhere However, the

. 9
{ .,\

thermal propagators for scalar, spinor and massless Vector fielda‘are

given. A degree of arbitrariness in the Feynman rules, arising from -
the presence of an unphysical degree of freenom, is .discussed. The

starting point assumes familiarity wi&h path integral formalism in

0

'general and with the initial applications to thermo field theory by

Niemi and Semenoff(14 15), in particular.

2. The Thermal Generating Functional

\
»

L]

The contour in the complex time plane relevant to thermal quantum,

field theory, is one joining an initial re&l time t to a final time

t-i8. The imaginary time formalism is derived uaing the contour in Fig

(331). Thermo field theory arises from the contour in Fig (3-2), which~

1s characterized by variation in the real-time direction. This o f-l

doubling up of . the contour results in ‘the appearance of a, "fictitious

field for each physical degree of reedom. There is,.of course, 'no
reaaon vhy one could not consider a contour as a Pig (3-3), which

zigqgaga 20 times. The resulting model will then contain 2n-1

”fictitioua fields for each degree of freedon.’ Bowever, henceforth

C
.

3§f‘
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\r. ‘

- ‘only the coatour in Fig (3—2) will be considered.'.
' Now conaider a ‘'model with one 8calar field ¢ , one apinor field

‘,? ana its conjugate ,& » and a maasleaa vector field A Their

respective generating currenta will be denoted J(x) E(x), n(x), _and
‘ Ju(k) (E; n \being,Grossman—valeed»spinors)._ The 1nCerac;;Qn potenﬁial
ﬁia 1Q(¢5w,$:A).V Then‘the geaerato; ofarealetime ;hermal Green's
| feactioas in this model 1s | | |
‘ . “‘F |
“‘ze - N,éip[—ilvfd”x(vl‘-vé)] |
x exp 1 [d*yfa'e(3 9,8, 03, (2)

REERET I

. Cay

e .Sik(y—x)"‘“m] 3-1

. Bere, the indices' i1, ke (1, 2)‘, where ‘1-1 corresponds to the
physical field and ‘1-2"corresponds to the fictitios fleld. A“D'

and S are the chermal propagacors for the sealar, vector and spilnor

lff;'fvy . fielda respectively. Finally, o 3 L
16 1.6 1~ L&y uo .
VeVt —s T T - 32
1 183, _‘1‘551 Ty “1837 T
\ 16 1 8. 18 1l &y o aa
Lel-rsm ot — TR e ¥
: 20T A8yt gy Tldny T8N T
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B8
‘differentiation‘bithIrespect to'the type—l currents. The type‘Z

‘Now, any physical quantity generated by 2 is'ootained by'functionai _ E

currents are thus dummy variables, and can be re—defined arbitrarily, !

'

with resulting changes in the vertices of V2 and the components of
‘the propagators. The cqhsequences of the’ current conventions impiicit
in equatioms 3-1, 3-2 and 3-3 ‘will now be. outlined-

-

B} Denote the generic propagator (scalar, spinor or vector) on the

contour C in Fig (3-2) by A(T) Spatial as well as internal indices

have been suppressed, and T‘ is the ordered time parsmeter on the

'

»

‘contour. A(T) satisfles the‘equation

D'c(a")A(;%.‘)‘- ,6[;(;;‘) . T 34

ch is the relevant différentiél operator for‘the particular field in

- question, modified to the contour C. Thus, time differentiation o
. ”~ . '
‘becomes differentiation with respect to the parameter T. Likewise,

62 .18 the four—dimensional delta function defined on Cs One next

»

5,writesA

| ”,,"ﬂ‘(f.'?-eccr‘)%(r')'féc(e;»(mt DR S R

i
o 3

Lwith o, being the step function defined ‘on C..‘The-trace“naturebe;f
»‘;zé implies the boundary condition R ‘: ‘. e BRI -»&f; e ﬁj;
, L R w0l R
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o vhere the negative sign 1s for fermions."qu, with tﬁeleenveetions for
 che type—2 currente used in equations 3*1 3—2 and 3;3 ‘the‘coméonente
| 'vof the thermal propagators appearing in 3-1 satisfy the following

2 relat@ona (with t being real time),
tu(c) - ec(c)A>(:) + ec(-\t)A<(‘t)‘ N | 3-7

| S T T A
B1,(t) =8, (t) A>(t 15) o 33

B

Azz.(c“) -t ‘[e(t“)A‘((t) +9(—t)A>(t)] e 3f9

In equation 3-9, the negative sign is’ for fermions. Some possible

vertices arising from these conventions are given in Table 3-1

v .
l

 ‘. Tyﬁe T fype 2
o o 3‘ R 3 ‘-"
N PR > 8%y B
‘;“,J(i)“Scalart&e‘} T T I 1
c e T
Lo My ,“*¢2.

4

ti) Spinor-Vector ; e*1‘1* e¢2A2w2

w000 Table 3-1 Vertices - L 1

- et

'ftffhéf@oﬁehthﬁfsﬁaeetthgtmeitpfepegatétglwili no§ ﬁe'eqmputed;[hs1qg'the‘5‘;_ 




Ajig

equations‘qf mbt}on 3—4; and'edﬁagioné'S-S £6‘5—9. Uﬁliké ché
"zero—temp;rat;re case, one cannot simpl; perforﬁ a Foﬁ;%ef'tréhsfd?m on”
qhe‘éonfiguragion~épace équgﬁloné'of‘motion, siﬁcélthefti&e:dgrivat;vé |
_Asldéfiﬁei,od‘the‘cpntéurx C.' first, a spa:iélfFoPriér transforﬁ ié?
pérfb:yeq; and. the réé;lting é@&ét;ons are .solved fpt‘thé‘pelev;qt
Gtéen;s{fuﬂctloh é(*,h{)(ki bging the‘sbgcé coqponeﬁtb of the
‘mOméntum). The components pf'the prpbagégbr are then identified o
according to edﬁations 3-7 to 3-9. Fiﬁally:‘;he'momehtuﬁjppaéé :
:pfopagaﬁoys4are'obtginéd b&\de}fer-;r;néfdrming over the real time’ é;

regulated by a_"éwitching—off" term €

3. . Scalar Propagator

The. equation of motion 1is
(82 + mz) A(i) - GA(x)i“ e 3-10
Défining ' . BECEE E ‘ A ’
. . f%'

e
e A $'3-12

e :

iy '




- The genétai&homogenépugqulgtion of;3;13‘ibb

'80 one writes

"' To completely specify ‘4 ',

. ' ) . . )
i . . ot LN I . . . N .
N . . 1S4 | . ,9 . . N . ‘ -
. . . , . .

© “one gbtains v LT L e

. o Y N ' ) N e
R T P L ; L
Ty : ) ‘«" /’/“ . .-“. .
N vy ;. T ‘v';;‘r‘* R N ‘ ﬁv‘ .
! ' ! “\' ’1 2 v 2 o '. ‘ ." ,;I)%._ R A ) ,
N RN e " Xz k) =8 (1) é.g 313
oo o N [ . . ‘ | ‘ !
"v" o ; v . . . i . ) _',,.‘,‘, Yy
* ' t N " ,\‘ ur

- DRI § P

ATk = eé(r)[Ae'f”T £ e |
| +9c(-_'r)[Ce_i('M +pelet) -0

the boundary condition 3-6 implies

L c=aete B.= De

- < o ‘
P 36

Tategrating equation 3-13 from 0 to 0, ylelds . '~ - .

Capeapller 0 s
:ﬂthérg"remaips‘cbdtinqiii aé“@fe'o;

g

L@@

[
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‘:Combining 3-16 to 3-18, ome obtains

k) = g fo T P
: : ~e ‘ ‘ : o
+-6c(—r)(‘e_‘8mle—iwT + éh”T)}
3-19

the components of the propagator afe idéntlfied from equations 3?7‘to
. 3-9;

- o,
b o ' -tw t . . dw.t.
‘ ‘ = -Bw +
A (tk,) = —————{o(t)e < +e e )
o 11 | i 2!1)( 1.‘e-6w) ) ‘ - ,
' ~-w  t iw t

| 3-20
1f o | » L . +\6(-t)(ef8ee . f + qi B )}

S .'f"_ * a
 Bg(eky) = b (k) 321

e Abies Uiaibe hsc (R

. N . W l," K ' .
18‘5:: ‘{ X x( -lw_t - ‘i.m+t) ‘
3 - —_——a e(t) e . + e!
C T ey BERe T

: LT 3-22
R irhn+§'A o e S
o+ e(-t)e T te )}

" -In the al_:)_ov'ék, the ‘r:eg‘lula‘tliug t_erm” ‘,e-elrtlf 'ha‘s;' Bée\n included, 5an_dl‘
- absorbed into - e . 7 ST

. R

. -

B N A S

Lo :

1 ;
L
g4

. e
. . .
L) . :
,
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It only remains now to perform the. 1ntegration f dt e °\ : c0‘ obCa%‘n
66" e '

in . AT
r o RTAN
.

b

they yleld ' 3 . .
. ! KS 4+ w o Py : , ' 5 \" ,

-1 i o C 2w o, o i Cot

A, (k) = 4+ ‘ : 3-26
e kf —w? Pl Wt (kz 2)2+a 2.2 ‘ s
Vi o

: x R 4 o ;r‘

. b= Ay (0 Bt R

Py ) . .

\ .
“ N v

L ‘ — T @ ‘

o : S ieBVT kf+m2 2em- — ‘
A, (k) =8, (k) = ; ‘ —— 3-26
12 | 21‘ eﬂm_l | w2 (,koz_wz)\zﬂ 2 2 -

€

v' ‘ B C
Using the identification

' ' e‘ '
Beliemadaliol

“'e¢0.x+€

these can be written’ T B TS

N

SR kf"!’i Lo eamél

Lt

e

* 5¢ f‘~f7ﬂjQAnmi{%ﬁ&X"‘f\f

. ' ‘/ "
. -

e AN R B
S, ‘ 3
, . : »
¢ : .

. : Y .
- . ‘
P
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By () = 8y (%) = ——g5-

v

.

4. -Ferm16h‘Propagato§

K SR LA
, The - equation of motion is . : .
" ‘f !
S (13"~m) e sh 3-30
N - ay 76 Cabie - e T
;' A spatlal Fourtier transform gives
LN : L ' Y
v._,!. . ,'-.. . . "‘ “ . o . - - ! -
: Ldya 4+ k"iyl,,i-—' m)S =6 (1) . 3-31 .

Gt ’
. X
L,

RV
Vo

¢ ; LA
. . - . oo -

S which can be written < .o

v

YA

V..‘ . N ."I I _°v /‘1‘ . )
§ 3,8 - v (kv -m)s

- [cos wt, + 17"
A(T)S°

w -

(fiy GC(?)

(kg )
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. | S =8 (TAIS, + 0 _(-1)A(T)S] 3-34

1)
‘ WY

The trace conditlon for'fermiona is

n

S‘<(r)‘- ,s>(r‘,—m) L | 3-35

'.and equation 3-32 when integrated gives

A
N 5,00 _¥§$(0> = -1y 3-36
The unique solution 1is
- kv 1m0 :
i ( b 2
s, mmgle m (1- eg,,,ﬂ)] 3-37
& ’ i A
v (kv +m) -
1 i 2
s; ==l 4 —— (- 5] 3-38
. : e +1

'
L]
[

To obtain the 1l-component of the momentum-space propaéator, one simply:

<le|

-

puts T = t in equation 3-34, idcludes the regulating term e

"and integrates;

3-39
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2n 16( k2 ~w?)

1
- (K + m)[ + ]
o kfdnz eBmf 1

o

The 22-component is obtained from equaéion 3-9. The result 1s

' N 2n16(kf~w2)
Sy (k) = (K + )| 7+ ™ ] 3-40
&w+‘ e + 1 ‘

" Then 12— and 21- components follow from equation 3-8;

Bw

—_—

: 2
: 2 2 e
’ SlZ(R) - 821(k) = —{e (lg\‘)ZHG(ko—m ) eB—w:—l* 3-41

Ay
el

v
where, at the risk pf confusing symbols,

M, k >0
ek =1« <o

p—

5. Massless vector propagator
- The equation of motion 1is

2 ‘1 R 4
{9 gy " (I—»;)auav]nx - gﬂcc . 3-42



~|'.‘ 1

A spatial fourier transform glves (w - (k ) )

" DJ) - g, A (t)

2, 2, 1y
(ag + 07D, - (1- 2o (am <l

A

(af + “2)D1x~+ (1- éaiki(aTD 1kJDA) giAG (t)

Furthermore, differentiating equation 3-42 glves
/

and its spatial Fourler transform

§ (t) © , A =0
2 2y . o0 20 .
. (aT +w )(aTDA - 1ij£) -.a {_1k£6,é(1) A2

The homogeneous solution to equation 3-46 1s

1mr'f
aT(Dh)A ‘ 1k (D )A Axe R

\

-
- —_—

. X o
where Ak and B are conatant four-vectors :o be determined.

the homogeneous form of equations 3-43 3—66 can be nrltten

| (3f+lm2)(Dh)°A + (i+ éaim(éké-19t;uBXe

' v< 4 )
9 3\)[)A GBASC h <

‘1w7} ..olyl

50

3-43

3-44

- 3-45

3-46

3=47

" Now

" 3-48



-

2, 2 | Ly, oca futy
(a7t w )(Dh?ix + (1~ E)‘ 1ki(A?‘e Wt Be ot

-0 3-49

Defining (ki )u.- (w, tk) these can be coxﬂﬁlned;'

(a2+ w?) @), *+ 1= D) AT~ () BT - 0 350

The general solution to this {is
\\

o,

- 1 ~ 1wt
(Dh)uk [2_(1 )(k A4 *a,le . 3-51
T iurr
[E(l— ~)(k) By +b,]e
where a and bu)\ are constant tensors to be determined.
Consistency with equaéion 3-47 requires
0 .
A - -2, ) B, = 22 ) b '3-52

A B

“

The sdlutio_n‘-to the. homogeneous equation 3-50-is therefore

P ' - S ‘ \
‘ FRA 11 a-1 -iut
N 0 P & ety gk)(k)]
. it.a-1
+ [gu + =T (k_)u(k_) .]bvxe |
= N T 17 ¢ ’ -
. 8 P+(t)uav)‘e "+‘P-‘(T)ubvls. . ‘3 53
r SR

' . Using the trace condition D:v(t) - D‘Tv(r-iﬂ) , the §01utioti to
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eqpatioﬁs 3-43, 3-44 18

\

>

v - P v ' et
‘Duv P‘h.(r )u ‘a\’k €

+ P_(THB ): L e Buelat . 3-54

< B \ -B‘w fwt ' v lwt _
Duv P+(T 18 ?uavkg e + P__('r)ubw\e - 3-55
The tensors a , buv are determined by two conditions at T =0 ;
continuity:
A ‘-“
> < 0 B .
D7, (0) = D\ (0) | 3-56

A

and the integrated equation of motion;

3“1Duy(0)‘ arnw(q) | 8 + (a 1‘)8.;108\30 3 57
The. faghet tedious details of the arithmetic ace omitted. In

presenting the result, Lorentz indices are suppressed. ' Thus, g, s

"
Y

wriﬁten simply g, (k+);n (k+)v 1s written' k_,_‘k_?_ , and- 8o on.
am—2b — (g4 LAy ‘

' -8w Bw + '+ ‘
2(1-e ) C2w(e™ 1) ‘ 3-58

, o o | W = =5 (k k_+k_k)]
< K . . ‘ . - ’ ' . . ° ' &w?l + . .' +

and b 1is this same expression, but with k+.- and " k_ 'intérchanged.
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o o '
Substituting into equations 3-54 and 3-55 gives, with
1
Q= g - L8 Gk k),
4w
O (1) o
' ‘lw) B8 iwt - ety
+ % -—e&"d (k ke + kk.e ) |
+ S———~ 1T(k k e lot k_k_e-smeimr)}
| 3-59
. D< - i ;3m {Q(e-ﬁme—imr'+ e;mr) .
P TEC DR |
B ‘ ", (1-a) - lwt
+ 21.0 k_k;_e ] )

+ Slz;— 1r(k+k+e Bwe—imr; k_k_eiw?)}
| Lo - 3-60

Theill-component of the‘thermal probagator 1Q'momentuh space 1is
(Lorentzdindicee subpreSsed);
4o ikt

Dli(k)‘-:f dt e ! é'eltl[n (c)e(c) +D (:)e(-c)] -61

-0
'

ngain omitting the elementary integrations and subsequent arithmetic. - S

the result 13‘

T




"‘,conventional factors of i included.

54

. ‘ ' ! “ a " v, /v.‘ 0

(p (k))11 g,y = Aok K amz]All(kZ_ ‘ 3-62.
.where A 1(k) is the 11 component of the massless scalar boson .
‘propagatorf It turns out that the other components follow the same

- pattern, so that - °

%—]A‘“(k) . 3-63
Wl o

nw‘(k))“' - [gw-’fx—‘u)kukv -
‘There 18 one caveat that‘shooid,be mentioned. The
temperatOre-dependent exoonential‘Occurring invthese eﬁdations.ie
‘exp(Bw) , oot exp(dlk ) as occurs 1n other coaventions. This would
not be significant were it not for the derivative 3/8&2' occurring in
the vector propagator. “Using exp(BIk I) in -the above expressione

would give a. different distribution.

A}

" 6.  Summary : U ‘ - SO
e L L e e

The thermal propagatora for scalar, fermion and massless vector

11“fie1da have been computed. They are presented here together with

-‘;(i).vgc;ler of mags mi; o
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- All(k)” Aié(k) '. o AB(k) + AB(k) Ka(k)':‘
A(k) = r " - : T
: 22100 By ()

Bpkd - By 800

, 3-645

! Ikt ~ 1
b (k) > 55— , b8 (k) = 5—F5——
B k2|~m‘2+1€ B kz—mz-is‘ ‘

208 (k*-n")e 5 k).

(>
o -
~
=
~
]

[
w
~~
Ll
A
]

208 (kP n” g (B) e

CBw

— . f

A 2
. . e
8 ’ 8B(k) eBw

]
o E
—~-

=

~

]

~— -
N r~

\ ‘ '
A N ,
B

(ii)-‘Férmion of mass m

‘ ) o f |
' S(k) - (u + w)x AB(k) - 2«5(; - )f (k) ‘e(k€32w6ti2-m2)gF(E) |

= le (k, )2ﬂ6(k -m )gF(k) {‘ B(k) + 2n5(k -m )f (k)
L e T 3-66‘

i

where .

(k ) 0)

e(k ) { a1 (k ¢ 0) o e




(111) Massless vector boson

S e P S IR
o7 e ’ ‘ 3 -
P

where A(k) {s the thermal propagator for a massless acalar boson, as
. } . o ) R ) E ‘ . Lt -

o
Vi

. ta (1) with @ = O.
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'Chapter 4 . The Free Energy and\the Finite Temperature Effective

Potential. Scalar Field Theory.

1. Introduction

\

The link between thermodynamics and quantum field theory, via the
(159\‘ An-

formalism of Thermo Field Theory, has been discussed elsewhere

important expresbion of this connection is the equation

f(o) is ‘the free energy of the vacuum at some non—zero temperature in

a model with a scalar field ¢,-‘ Fl 0 is the one-point thermal proper

" function, with the external field being the physical one (¢') . This

is calculable perturbatively, using the Feynman rules discussed

.

previously.‘ Before more is said about these calculations, perhaps a

. few remarks should be made abOut the physiéal significance of the free Y q

'
L

'fenergy.
nrhfdrvf;‘ There has been much interest in the last decade or' so in grand

'anjunified theoriﬁs of matter, for which various models have been

' proposed.- Any realistic model must include al mechanism for

ffsymmetry—breaking,_to account for the asymmef//es of the observed

l

‘ ﬂparticle apéctrum and its interactions. Having adopted a particuler

7,




.
; - energies increase. The standard picture is that,daa the disparate '
'.partlcles"energies 1ncrease, they and‘thelr interactlons 7conrerée",
untll a pplnt‘ls’reached‘nhere‘full‘symmetrylis restored;
| Another appreach could be to‘uiew:the‘varlous}partlclea.as

lnteracting in a thermal background..‘Thermo field theory,pr601des the

A

- formalism«wlth which to embark on this approach- The physical

\

| parameters of a model would now develop ‘a temperature dependence, which )
would determine in particular the behaviour of the. model in the early
“universe (i e. at extremely high temperatures) The' restoration of

.'symmetry with 1ncreasing temperature would now - be expressed as a phaee

~——

transition occurring at. some critical temperature T e This crltical

et

temperature would in principle be calculable Ln terms of the obaerved ‘ ; .
parameters appearing in. the model (masses ‘and’ coupling “constants

_measured in the laboratory). lt 1s,the‘free energy, as deflned 1n’
equation'4—1; which allows‘one tolexamine the‘behavlsur eftthe

effective, temperature—dependeut parameters.‘ For example; in a model

» .
N

: of a single, real scalar field ¢ with ¢ lnteraction, the‘effective

parameters yould be the mass <squared o R ‘ ‘ v
S AR : ‘ SN

A " m (T) - |¢-0
and  the: coupling ‘l,. | ipt.';‘ o ﬁ: : ‘ B 4-2"° lff”

T ,e"rlg'ht“-éhatid s‘id‘ea‘ ‘of these equatiqt:xs",'_,as l'.cdﬁpﬁ,ﬁéd"‘ using ‘eauatlpn‘..“f '

. oo Pt :
i . . V- !

J . . o ‘ . P e
Ty PR . VL
I Lo f P

' o . . 4

‘
i
)
i
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.'4—1 would depend on’ ‘the phyaical parametera and the temperature T .

; The remainder of thia chapter will be concerned with the

?\‘ : calculatlon of f(¢) in the A¢ model.J The elucidatlon of the

" ‘
"

‘techntques employed would, it ‘1s hoped, facilitate‘their"appllcatlon to
| more reailatic models.' ' |
After establishing a derivative formula for the thermal

propagatora of Chapter Three, ‘this 18 ‘used ln an . examlnation of the

<

two-and three—loop contrlbutlona to the one-point functlon I‘L O(a a) .

It 1a demonatrated to thia order that at leaat in" the-aimple model

‘considered here,«the free energy 1s 1dentical to another, more. easily

‘ computed functlon, which shall’ be called the finlte temperature

-~

leffective potential (FTBP) It 1s glven this deeignation in

'Hrecognitiqn of 1ts similarity to the effective potential of Chapter

.m

‘-Qne. .
L ‘: N ,i~ The appearance or 1maginary contributlons to the free energy 1n
‘ 7more complicated models is dlscussed.," . o - :i e l
fﬁ_r:~.7¥h a‘i,: 3 Next, a two;loop computation 19 done enpllcitly 1n both the Thermo;

Field and the Imaginary Time formalisms,‘and the tesults are shown to
' agree, apart from an 1maglnary term 1n the.Thermo Fiela calculation.

Flnally, a‘complete two—loop calculation of the FTEP 1s

P [ . . . .
- N . . ; L . ' Lo ) ) L
. . T K . BTSN

”“"perfotmed.‘:ﬁ $or
I R I SO

"jl‘2;."‘thQ;Flnl;e”Tenperatureztffectfve P§§e°£1#i5A



'vThese formulae will bé‘useful in discussing‘the

"Chapter One (Fig~2—1)

\‘(¢1*01+8’¢2"¢2+8)"

® . .
' .cfﬂﬁ“ o ‘ A I ‘ 6
e go,  Blk, | 3
/ formulae (with the change of: e + e . );
. 'y . . ) .
e L ‘ .

. O o
(1) Scalar Bosgn

E ‘: .
‘N‘ , . *‘ ' . 1 A(k)T -, [A(k()T]n+1 " 14 B 4_\3
n! 2 ‘

. m o ' . .‘ . ‘ . N k

A“ o Do i 3 ) ,‘ - ‘| ' ‘ \ ‘ ‘:t
where ) \ i \ '
ﬁ‘ ‘m ‘ l

- T.m |0 _1| 4-4
. A
(11)- Fermlon’ —
n+l . n“, : A—5>

n! *°

. ) R » “1 B ".a “' N ‘.“ ’

f Rt sw = swlE
taming of serious
N

usingularities thatrappear in"individual Feynman dlagrams. They will

also help 1n the formulationwof the FTEP. ”‘ S -

) n” Apart from the ptopagators, the Feynman rules for the type~1“

"(physical) fields are identical to those in the model considered 1n

-

In additton, there is a corresponding set of

lvettices and countetterms for the type—Z field differing from the

' The thermal propagators 1n the shifted theory

L7
aré juet those of Chapter Three, with

ftype-l only in sign.

st
‘ RO i

.v"‘




' ! ‘ . ‘ . . 6 2
The Feynman diagrams coatributing to two loops, to the one~point
ﬁuﬁccionl rl O(A,a) “are shown in Figures 4-1, 4~2 and 4-3, apart.from
" » ! .

\\an‘overall two—loop counterterm. The extsrnal leg is understood to be
N ' - .
alwvays of type.l." The vertices and counterterms are labelled according

to their type (1L or 2). The propagators are determined by the types 6f

a

the .vertices that they join. Thus, the propagator carrylng momentum
"k , and Joining a type—i\vertex to a type-] vertex;”would be Aij(k) .

For the purpose’of defining the F

. o s | o
diagrams of 4-2 to 4-5 will be considered for the tite being. ’

%3]

3‘only the two— and three—loop

The two-loop contributions to the one—point function.tre shown in

.  ~.Figure 4-2." Those of Figures 4-2(a) and (b) are -

N a2 D 4 2 a2 (iNeo |
k| izn)D ji)n [An(k?Ail(p) ) A12('%22(")]: S

: Figures 4-2(c) add (d) give

, . ng del dqp - ) '
S o 5 (81,0008, (@38, Getp) - 12(k)A12(p)A12(k+p)]

6 - D.
Lo \_(2.') (27) _ . Ger
\\\S(Q)s (f)‘ and (ﬁ) contribute = , - o L .:
. - .!‘: . I N ~ ) <
. }‘_ b . L. . : ‘ —. ) .
: - 33 D ,
, S L I 4k - d D [A (k)A (
an S p)a,, (k+p)
an % )P (2') S ALEaS PRLESH] |
- . u(k)Alz(k)AIZ(p')Au(kﬂ) + Alz(k)Azz(p)AzzD’P)]
- - | 4-8
_\  )
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The contributions involving one-loop counterterms are; from (h) and

(4):

2

. AAa a’
27 (2m)

= (14K _imé(B + C)\aZIZn%)][Ail(k)“'“ “fé(k)] 4-9

And from (])

D
- —1(l2‘3‘~jdeAu(k) 4-10
(2r) ‘
In 4-6, ons can use the identity
L ] . ) Al
D D
k .
) f e a0 = s, 4-11
(2m) ' (2n)

\

Then, using the Aerivative formula equation 4;-3, this iaplies ‘that

1l 2 4%
2 a2t T en? en

N D D
iA 3 dk dp

([expression 4-6] = 5 An(k)Au(p)'

7Y " "8%a D
| o :oen) @
\ . ‘ ) ;
. ey % [ Rig 4-4(a)] 4-12
~ . » \3da, — -~ )
‘\_/ % \,' ‘ \.\

<~

So, it is now appafent hqw the. individual terms in 4-6, which

Lk
’ *
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- o , 2,,2_2 :
contain the dangerous singular' term & (k"-m") , combine to give a
well-defined distribution. It 1is siﬁply by the derivative formula
4-3. ' ‘ | o o N

Here, use was made of the  relation aAQ/BmZ = 3/3a . In 4-7, the

gecond term in square brackets vanishes because of the three delta
. ,\‘, - . *
functions involved. The arguments of these delta functions cannot

[N

- gimultaneously vanish. So, oné can write
. ) X ",

Ik

\

‘ : 3 A282= de dDP .
(expression 4-7] = ~— (- A, (k)A  (plA,; (k+p)
| da 12 (Zﬂ)D (2")0 11 11 11
. 4-13
P e ‘ ' " § _~_._|,,__

With some manipulations, the expression 4-8 can be written °

~

33 D D -

ﬂ 2 N 2

-a p AR SR [l ) - a00)a; (e, (ktp) 4R 4-ld
(2n)" (2m) :

R 18 a term that contains the factor

s22alys (pP0D)s (etp) iy 4-15

© .
'This is & troublesome distributiom, in that a naive gvaluation of R
yields a finite result which.depends on the ptescription.uéed to define.
the ‘delf:a function. An argument for discarding it is presented by -
Niemi and .Seméno'ff'u”. Discarding R enableusv one to combine 4-13 and

- \ N ‘
L)
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1A2a2
12

. D D .
dk _dP _ 4 (A, (pA (k¥p)
(ZF)D (2")9 11 11 11 ]

- 52 [F1g 4-4(b)] 4-16

Finally;, the expressions 4—9,‘4—10 containing one-loop counterterms can

be combined;-énd written RS

"[expression 4-9+4-10) =

| D, . | |
- {%j dzk = [mkz—im(z)(n + CXa2/2m§)]Au(k@
(2m) '

- 2 {Fig. 4-4(c)] I ‘ - 4-17

‘So, ithhas been shown théé the two-loop contribution to the omne-point
function 1s Just the detivatiée of theACwo-loop contribution to the
“effeétive potential” calculated with only type 1 vertices and |
probagators.  Oﬁe<may then naively equaté the'ftee eﬁergy'and this
effective potential. Howévef, this asqbciatibn breaks down at the
three-iobp levgl, where diagrams likésthose of‘Fig. A-S:contain a
gingﬁlar/ybrm Ail(k) . instead, one considers £he<oﬁe;poinf.diagramé‘

of ?13.‘643, which combine to-give

(P1g. 4-3] '=

2 b D D N o
a2t d% a4 2 .2
52 - 15/ 5 An®Ilt ) 81,(P]a,, (@)}

- (2%)

@) (2x)
. . 4-18
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_The expreaaion in curly brackets’can be represented by the vacuum

'diegramdof F13,~4—5 if one mnkes the eubetitution \

(k) r 1 =5 11( ) | 4-19
am .

-

One may now’postolate the following presciip;ion for combucing the free
energy; , I

- 1. Draw all dliagrams contributiné‘to'fﬁﬁieffectiie_pocehtial just as

in Chapter One.

I'd
f
l

2. Use the temperature-dependent propagator All(k) in plaee of the

zero-temperature one i/(kz- m2 + de) .

3. ﬁhenever a product of propagators carrying the same momentum

'\...0\ hl B
occurs, make the subssitution

NNL 1 3 yn-1, .
| (8, 00% > T (0 amz} b 4-20

The resu{ting fuhccion will be called the finite temperatute effective

potentialh and is poetulated to be equal to the free energy. The
economy of. this 1dent1f1catiou is’ ~apparent from the drastic reduction

“fn the nnmber of diagrams to be evaluated.

leas
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3. Imaginarcy contribution.to £(¢)

gA complication arises'when other fields areﬂpresent. ‘In this
case; diagrams of the typeih—Z(d)-do not vanish,‘if‘the‘propegators are
those of different fieldstd For exhmple, ,consider a modei‘withbtwo
‘dnteracting scalar fields ¢ and‘ 0»,‘with masses m and M‘ 'j
respectiVely.; If‘one calculates the“bwo-loop‘contribution to the free

’
energy f(@) from overlapping diagrams 1ike those of Fig. 4. 2(c) to
ha
(g), the result is (having shifted the field ¢+¢+al;

_,»-;\ : 1 | . |
1[1 I 1] + 11 1+ 5 1 2] 4-21

. Here, the solid lines are ¢ propagators, the dashed lines are ¢

propagators, and the vertices are labelled according to their thermal

N \

' type. In this case,,the prescription given in Section ‘Two fails

’ because of ‘the contribution of the second diagram in the second term of

4-21. Note, however, that this contribution is manifestly imaginary,

due to ‘the real nature of the 12 components of the propsgators- It has

(19) '

"been demonsttated that the imaginary part of the free energy must

- vanish. Thus, the imaginary contribution of the‘last diagram is.;

cancelled by-imaginary contributions from the second diagram. The only . a

modification to the prescription given in section two, therefore, s to‘

neglect any imaginary contributions 'arising from vacl.xum graphs.
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4. '“Comp;rison #ith'the‘lmaginary Time Eormalism (18)

' e
A . .
T

-

The Imaginary Time Formalism (ITF) also admits the‘use of

| conventional Feynman rules in the computation of thermal Green s
‘functions. One striking difference between ITF and Thermo Field Theoryg
‘(TFT) 1s the absence of the time co-ordinate in the former, due to ‘the
‘nature of the analytic continuation in time (see Chapter Three) In
practical calculations, ITF presents further difficulties. Firstly,“
‘the separation between temperature—dependent and |

temperaturefindependent terms is.not appareat, because of the nature of

the propagator; for a.scalar field, this is

- ‘ "“,‘21_2 7 "-." 4~25
2ro/B)" +k "+ @ '
Secondly, at'ordera higher than one 1oop,.manipulation of the
B
Jsummations in the propagators becomes unwieldy.

SR
The purpose of this section is to perform a calculation of the

'two-loop diagram Fig. 4-4(b) in both formalisms, and compare the

~

,resulta. It vill be assumed that the massea occurring in the‘
‘propagators are sll different. This comparison will demonstrate the

hpfdifficulty of doing higher order calculations in_ITF

| With the relevant masses being my ms m, ; the. integral
,‘5,fcorresponding to Fig. 4-4(b) in TFT is |

8 ;o . fo V . L 3 E
B .-,,‘,f [ . . . . . o« ) '
1.t w - [ . - . . B ) R

iapd k Cak 1 1 L e e
L= f { 7. T 72, v

S (2:) (2!) k -m +ie (k—l) -mb+ie L7m +is
: e
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S e S ”““’ Lo o
+ i : ‘ O ’ 2"6(" —m ) : . - . ‘ L u:
2 2 7—. 2 2 ‘ Bll l— ): ..‘ ,, .. ‘ "“I
Km He (k-2)"-m He | o i o

‘r‘ o ‘ ‘ .' ‘ ‘fl

" Cyl 2w6((k—2.) “‘b)
kz-mzﬂe l.z-mzﬂe ‘ 8“‘0 ,'OI X
a S K e 1 ‘1
2“6(k2‘m§)‘ “ , | ol . . ":
‘ ‘.‘4f27

T 7 o BT
‘1 —mcﬂe (kl) -mb 0 -1,

Ja

‘ 2176((k-£ )2‘) fnG(l ) — | e
2_2 Blky %, , s]zol | | L
e . -1

. | ‘115'“ de(k -m ) 2w6(22 2 v

(e )2l He Sl eﬂ“olf_ o

~

e z,s(kz--mg)'z,su@“z‘ﬂ,@,t; C
‘ 2 %=m>He ~ 1O 0 s S AR
Toen el Teliel

21r6(k -'ma) m((k z) —-mt) m(z : S
4-29 ..

elk I ,sjko“oj T Bllol R

‘ e' Here,_the contributions involving zero, gre, two and three etatistical

:"fhctors have been numbered individually. The last term (4-29) is

”.;;ptecisely the one discussed in section three, giving an imaginary i:?ﬁ‘
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ST N ontribution to the free energy. Ihe corresponding expression 1n the 2T\Q

T .‘- . | '
\WIFT formaliem can be written » P o ' , ;
v ; ‘ . o ' v ah \‘ 'l v o . '
FO R N A L B S ST GOUT GHITRIRE WIS
RN, 1= 1l —3—5 77 77 2, ® 730
o B = mew- . (20)7 (2n)7 x¥a (x-y) 4b y t o
R e T
where R = , C e b

B . x =2va/8, y = 2ru/8, al= K2+ mi‘, b2 (k f-vi)2+ ,}ni, :c-zi‘z_z#,mifv
o : B N o ‘ oL o : 5-31

i ) . . | . | -vv" | ‘ ', B .“"’
e . . - ) . . h @
[ ‘ . ,
L R ERC N 1 ;
' One approach to evaluating 4-30.is to use the forumla, Co S
i ) : . B . ‘ _‘ . . 'H b . . ‘ ' . '
3 o o f(z)CeL§2/2 32/2) .

L . ‘ . . B n-L f(m ) - ‘_I dz ;7 182/2 -82/2 .‘ ':'.. } ':'.v"“‘r' . .
R -f‘.;f , .lf"fwi,y;‘:‘ “#\f,"in-mfis u ‘%;F""

R

‘;‘ ‘ . ': = S ‘ P -:l -‘0 15 b 18212
“‘ ' - . 9 N '
where s

t {21rn/8 '
(2n+1)r/8
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Re-arranging terms in 4- 33,,u§{hg 6—32 agJin, and fipally re-agganging

che result, one obtains ﬁ k ,_f S *.[ gnE :
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inequivalence between the two formalisme. .

To end this‘section, the result of integration 4—26 to 4- 29 is

presented; with‘ m, = ms = mc]- o (chS eaueing the laat term to

ﬁanish).‘.‘ K ) ; o - . SR ., '
+ { Lt . .
3?42 22 g
I= ‘—2—*2-[— Ejlnlm + 2nm” + (47 . -6)2n m ]f :
'4(4N> L : | a ' ;
. o n. 1l
A2, - | 7
T+ 3im4‘[___ 7 - %n m2 + (2— n//3 )] f dx iZEZLL_
32t % , 1 ewnrl
2 e e ‘zn(x /x_) -
N 31“‘41_43‘] dy —3 By = 40
a2 1 1 (P -)e “""/
‘wherev
‘ 1 , ‘l o o o
2 ‘22
, =1t 2<x 1221 ] Saxdy? 0 4
(16)

5. The,FTEP to two leoﬁs‘in,scalar fba-.theory
Since the effective potential (FTEP at T-O) haa been calculatedvgﬂ,f X
in Chapter One, only the temperatute-dependent contributions will be -
T ujj‘considered here.‘ The relevant Feynman diagrams are: those of Figures
1 -Z(a), and 1—3(a5~(b) (c), with the teplacement of the

Al

‘vﬂ‘zeto-temperature p:opagators by the thermal propagator A 1(k)

" ARecall that the mass in the shifted theory is
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‘ ‘ mz -~ m(z) + /\52/'2A " o . 4-42
[N . K ) \ } " N !
s . Tﬁe one-loop contribution 1is weil—kn'own; and 1s
. . if |  _ L
' ' s . I ' o AR -l ' ' 2 ' '
N o . I et 4-43
e et L e -
) ' . S a ' ' ! . : ’ '\-‘
, At the two-loop level one has to’ 1nc1ude the one—loop counterterms,
and 80" reuormalization—scheme dependeqce enters t:he temperature
. contribucions.l In particular, any temperature—dependent divergences
. ' must be‘cancelledﬁby”cbe effeec of these coun:ertverms, otherwise new,
‘ . temperature—dependent counterterms would have to be ‘i‘ncroduc‘:ed. o
o Fig.e 1-3(a) has been presen;ed in the last section; 1qc1qd1né coupli‘ng
c‘onet‘anté and .the symmetty fec"tor,‘ the tempverature-dependent part. is
L o ne22 = o= zn(x /x_)
‘ AT T et T ") (e5-1)
‘ RS ‘:le Z;nZ S Lo _
L "‘+"—&4—* (—-Y~2.nm +(2-v_))17 (Bm) 444
= o © o 1280 < , S
' yhere s R

.
-ﬂ

4s4s.



| Fig- 1—3(b) conttibuqes B ' . , | ‘ %f‘ S S o
) | | ,Q,J? ‘52 o

IB - }—Lm [ l(B )] + hat (~ -y A Le- zn mZ)F (m) 4“,‘—5‘2{’6‘1:;

v ‘(

| S ) L . : “rl s . . f
o \‘ . o
Using the two point counterterm determined 1n Chapter One, che flnal e
‘j concribution, from Fig. 1~3(c), ‘ \ ir ;“‘ "
R . L T - S 2 %j
) (’,F‘ !

Adding 'I., IB,‘IJ;"the cancellation of temperature—dependenaf
° \ -~

(13-16) - n

divergences is evident ‘ \
L Lo ’f/? " = ) :
. oy . ‘ i
s 4l f ' i
. @, A ) .
. . .
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Figure 4-1 One loop contributian to the one-point function ‘ ‘ (
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Chapter 5 Two—loop FTEP with férmiona(17)'

1. ‘Introduccion.

’

‘@' s
A step up in complexity is now taken, by the addition of an
g N

interacting fermion field into the previous simple scalar model. 1In '
this way, one‘can gain experlence in performing calculations in a more
realistic model.

The (zero—temperature) Lagrangian density considered here will be

l

i

»
N

L(o,¥) = L(o) + 197 ~ M¥¥ - fyve + (Additional cognéercerms)
' | - C5-1.

.

. A .
where L(¢) 1is the scalar Lagrangian used thus far (see equdagion

1-23). The aqdiiional counterterms -are those arising from the fermion
fleld. . | ] o

This hhapter will present the contribution to two' lqops from the

-~ P
. Iy

fermipn, to the PTEP.

% -

+

. 2. Zero. Temperacure

¢

v

> The thtee .new patame:era occurring 1n the Lagrangian W Mo,f)

-

require three normalization conditiona. The one 1nvolving the

lfermion-fermion-scalar vertex is not relevant to the calculation done

here, as the correaponding counterterms do not conttibute up to and 1nc

luding the two-loop 12::1. The normalization conditions adopted for
" lthe fermion two-;oint fuﬁction will be .‘ o ."-A S 'g;é%:
..&mw :%ﬂ 5 é ;a.{;:: ¢ ’41; é;;;‘ ";_MJ\ ,
FeRlae . Y a0

L

P



s V(k=0) = 1M,

ast
M

ak

(k=0) = ~ty"

Upon—shifting the field ¢ +~ ¢ + a 1n equation 5-1, the effective

) ’ s .
fermion mass becomes

! il
\

M. + af . : 5-3

M= H,

wa, in the two-loop célchlation ode will requite the countertefms
" for the two-point functions arisiné from the presence of the fermion
) 7 ' W ) ’
field. These are necessitated by the diagrams of figute 5-2. If the

counterterms for these diagrams are denoted

! ~ . . ‘
' “ . [d
i .

52k + (S FermBy -

. . . . 5-4
:‘ ) Q v . . < R ‘.Aq v . ‘.
: : 52.k% + (8M )m>" (Scalar) @ :
Then satisfying the ﬁor@plizgtion éopditidna requires .
. . i " . : ‘ B ;
t 7 i e L 0g202 27 2y -
L Sgyme (T -y - FoinMg ¢
SRS L S
%l y
.‘ .
B AL —
'. * c " ’ L e e .," .. ‘*l‘_ i \ B
) g . - ‘ L e !
PS8
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i 2,1
6z_ = = f(=-%-¢)
F ()oﬂ) € 2 1
My = - (szzn2 (———1 +-§-—ln MO)
(4w)
‘ 1 2 2"#
M = - £5(= 4y -c,) 5-5
- MF ([.“)2 elé;t‘ 2
where
' 2 2 2
Mo 2 .M M
1, 2.1 0 1 0
/ C1"7"“"‘0‘*'2'(2_Mz)"“2 Z*z(z_uz)
By = Yo 0 N
o -
1,2 .2 2 2, .. _ -
By ~. %o
.
3. Non-zero temperachre ' . { e )
[ . fa

The fermionic concribution to the FTEP will be compuCed using ‘ -

the prescription of chapter four, section two. - The’ relevant fermion

propagator 13 the ll-componen: of the matrix 1n equatiqn 3-66 winh
A .

“mass’ H. Wich a slight change of notation to avoid confusion with che

:

boson propagator, this will be written;

R O RN u?[AF(k) - 21_:5(13 -] 5T

" The one-loop .fermionic contribution to the FTEP comes from the diagram

e

T o e



80
’

of Figure™5-1 and its counterterm. This is readily evaluated to be ‘

9 .
£ 1 4 M f
v - - - _-M fn — - AV .
l-lgop 161!2 H(Z) 1-1loo0p
5—-8
ZMA © (x2-‘1)3/2
- __ff dx 8 mx
3 1 e +1
where o
Y
o = - ‘ ‘™ .
£ 1 3,222, 104 33 62 4.4
Avl—loop 642(88ﬂ‘l +7an0+ 3 fM0+—-§af)_\?9

The two—-loop fermionic cont,ributi‘o_ns come from the diagrams of Figure
‘ 5-3. The counterterms in Figﬁre S-A3‘ .(b) and (c) are, respectively, the

' scéllar‘ and fgr;rion Cwo?pofnt équntengxims 5-}. Each s:on'ttibhtion will
_ o be sepaf\ated into te'rms' ;'rith zero, one"an‘d two stdtist%—éai—fectors# )
. '
p o \The Cem\with three 'statistical factors in Figure 5-3(a) will be
‘\ qﬁneglected, as its cont:tibution to the FTEP is‘imaginaty.

P " ; Figure 5-3(a) conttibutes . ’
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x [ag(t) - 2m6 (12 —'Mz,).fF(k )] '
= Iya) + 1 (A) + I 2(A) ‘ T | 5-10
( ’ | ’ ) v _‘,A ’ ‘ . ' ' . h q . )
Figure 5-3 (b) gilves o ‘ o
. ¢ '»L . K . ) ot . N Co e »‘,;."};
S : e
1 dD ‘ “ 2’ o g | “:;‘ . ' "‘.‘:'.;’h ‘
1(B8) = 3 f (cz K-+ GM 5™ )[AB(k) + 2ms a? - ) )fB(k)]
‘ (2n ) ‘ 4
. A *5-—11
= 1,(B) + I, (B) ” R
‘Figure 5-3(c) contributes ‘ __ L U - .
N B ' dD I -
v I(C) = -Tr [ (cz x +6MFM)[A (k) - 21r6(k - ub)s (k)]
) @en)P | . |
N I R 5-12
= I,(C) + I _(C) A R |

The evaluation of IO(A), the zero tempetature parc of Figure

o —3(a), 1s 1nstruct1ve in_thé’ handling .of Feynman integrals. Déiailst

"of the calculation are given in Appenaix II. In,presenting tﬁe

;results, polynomials in m, M are omitted‘ these are {nbtrac:ed by a -
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_. As 1n the~purelfgécalar1éaaé;11ttis observed that temperature-

o CE , ‘ ‘.
., dependent divergent “terms cancel.
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Appedhix\x* A Twé-Loop Contribution fo Z(#)

'Detaile are’ given of the calcula:ion of - che two—loop diagram of Fig.

.
-b(d), contributing to the function Z(¢) This 4is probably the most
involved of the calculationa, and the ochers present no' adﬁigional '
| I‘difficulties.; First , some pteliminary rematks._ ‘7w R
The D-dimensional momentum—space (Minkowskian) 1ntegra1 of$a iﬁ " T
prOduct: of'p:opaga'tors is; o ' t 3 o
. a0 e B L v o
\H Lo f de‘. 1~ ( 1) i P(n 2) 2)2 n -1 ‘ :
o LT D 2 2.on r(n) ”
, " (2n) (k fm‘) bn .
o SR NI R - ).
( "'],. . ‘\“ . 4 ) . : ~
" Liberal uge’ 1s also made of the relation, '
! L R 1 “.‘\“.I? r(n +o.o"'nk) ’1 | | ‘ -Xjn
TR r(nl)...P(n ) j dxl...f dxks(z X —1)[A1x1+...+Akxk] |
Al ."Ak . L . ; \ s i ‘i‘l- "
T L :.‘“n,‘i.\‘_; S R »‘ I—2.f' S !

‘¢
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The'2§ound 1s now prepared for the evaluation of diagram 4~1(d). The
A [ toa '

Feynman rules give;

(Fig 4-1(d)] =
e ( a® % o | g
27 any® @n)? )P ((erp) 2m ) (a2 nd ) ((aH) 2 nd)

-

v >

Here, pu is the external momentum. Use is now made of relation 1-2
to combine the propagators which depend on qr . Equan}on I-1 18 used
to perform the q-integration. Then this procedure is repeated to do

the k-integration.,~The result is h

\

>
4 4 1 +5 17 = -11-y
A 2 2
- 1-55L-r ) [ ax[xt-x)] T ayy* [ dz(l-y-z)
‘ 0 . 0 0 '
+e)
1-10

-~

x [ymz +_(l-y)x(1.-1:)1112—x(1—x)z(1--z);.)2].(1

To obtain the coantribution tTJ Z(%) ,‘one mugst differentiate this with

.
3
\

/
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. ‘ ™
reépect to p2 , and set p2 = 0. This ylelds >
1ah® 2 ~(24e) RGAE A
~ = T (2+e)(a") [ ax[ x(1-x)] ~
24?41! ) ‘ 0
E .
1 77! 3,
A-y)"(3+y)
0 A (y+(1~y)x(1l-x)] . I-11

where the trivial z-integration has been done.’ In the limit as € + O
. ) R AN

5 -1

(D + 4) , this expression diverges.due to the y term in the

integrand.x Since the divergence arise from y = 0, {t can be extracted

by putting y = O 1in all other terms. This gives the integral

€
1 7 -1 . .
[ dy yz - §~(1+e+0(e2)) I~12
0 '

1 . —_
f dx[x(1~x)]
0

N]ﬂ

To obtain the finite remainder, one simply subtracts the ingegrand of
I-12 from that of I—ll,'an& puts € = 0. The resulting finite

~remainder of the parameter integration gives

+ 3J1 - 12-J + 3J I-13

-1
z "z7 73

121, - 161 3

2 3+614

'Using the relations I-8, this can be reduced to

16 19 ‘ 1w
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Adding this to che<31vergent‘part I-12 and {ncluding the multipller.of

the parameter integration ‘gives the contribution of Fig. 4-1(d) to

~

Z(¢$) ) . | ' ' ' o
a8 2 ~(24¢32 16 - 17
R v LA Gt I IR R )
24(4m ) . .
4 4 -4 '
A 1 2 : 8 . .53
ST R e I T
12 (47 ) |
[ -
. - \ ‘
where the expansion T (24e) = l+ e - €y was usedl_ and Y 1is Euler's
constant. . ' / / e /
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Appendix II-CALCULATION OF I,(A) - —_— ,

. A

Dé;gils of the calculation of the zero—Cemperat;re part IO(A) of
Figure:513(a).arefp;esented. jUse 1s made bf the relations set down in
Appendix‘l. | |

To begin with

1£2 / dx a0 TeR + M@ M) L

20)® (2n)P (kZ—M2+ie)(22—M2+1e)((k—2)?fm2+ie)

Io(A) -~

»

The trace term is

-

TeQk + M)(F + m) & b(ke2 + M%) W

<

N "
i

- 2{-((k2)%m?) + P4%) + %u?) + a® - o

(o]

I1-2
Putting this fato" equation II-1 ylelds
2. .2 , .2 2
I,(A) = -1f [~°M) + 23(mI)F (44" )K(m,M,M)] 11-3
where ,
D .
- d 'k 1
' JW)'I D 2 7
(2r) k™ -~ u'+ 1e
//r‘. N i N °
N R e o~
-1 ﬂ%<n@5 2 II-3

I

-—

x(Notgz the € occurrihg in the denominator of the propagator 1Ejpo£ to

93
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The last term requries considerably more effort. Using the relations

. 9
be confused with the dimensfonal € = 4-D. The former will only appear
‘ . " . i ! T
in explicitly written propagators). : '? o _‘
‘ ' . ‘ ‘ ' '
And " K ' I S o
: . : ‘ S
4 v ,
) D ) K ' '\\‘ |‘
. D . : .
K(m; ,m §m3>-f'dk 42 > —— —  II-5
1272 D D', 2 2 2 2 22 .
: (2n )" (2n) (k —m1+1e)(l —m2+1e)((k—l) myHe)
‘ o SN
» ' , . [N ) ‘ ;- ‘ Yy
. ‘ y o C ] v
The first two terms on the right-hand side of II-3'are easily J ;
. : ‘ I s ' .\ K v‘ ""? ~‘
-expanded; ' QW} : -y‘ A
. i : ConY | !
. SO |
2.2 ' ' ‘ r AR
21 (m)I (M) = - 22 "4 {(—7: -y + 1)2 - z(l —y + 1)(An n® + £n M%)
(l’ﬂ) N “\ *
+ —;—znz(mznz)} , | " 11-6
2 W2 2 1 2 2
-J°M) = 4{(——74»1) = 4(=~y'+ 1)tn ¥ +21nZM}‘ CI1-7 -
. € € : -
— (47) .- : . ‘ -

© . PR . ‘
in Appendix I, 1t can be integrated to the form;
T GO - G S
- K(m,M,M) = ———T(e-1)f dx[x(l-x)] [ dy y°
(4m) K : 0 ' : .
1I-8

x [(~y)x(l-x)n” + ¢t

N o
-

The pole cqnttibutioua.bf the parameter integration are now igsolated.-

Y
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They come from the limits x ;‘Q , x+ 1, and y + 0. The followingi?
'\‘v

limiting forms of the 1ntegrand are chosen,to extract the poles (the‘

choice is not- unique),

i*s’ P O
. < | 4
—E/Z (mZ)l—e oy e 0 .

x0T ;

- Integrating tﬁese gives,'rgspectiveiy , : - f L

2
«"‘j V ' e . €

1«

-ad

2t " - A
. ' 2 ,p—
€

T a2yte \ 11-10
-5 A

Eon

e

2 aresEtna®)!™ L

b

il

Beving 1eola£ed ‘the pole terms, one now~subttaccs'the 1ntegrands”1n
| II-9 from the paremeter integration in II-8. Unlike the example

. considered in Appendix I however, one is not free ‘to then set .€ = 0.

;ZThia 13 because thete 13 another pole, 1n the form of P(e-l), sitting'
. . . : e '

F ot

[
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in front of the integral. This ‘means that the integrand hae to ‘be

expanded to order €, to ensire that all finite contributions are taken

R .

1nto account. When the expansion has been made, terms'can be collected
in such a way that they can be fatrly easily 1ntegrated with onein
exception. The result.of the subcracted, expanded parameter

\

.integration 1is’

/
: B vy 2, ‘
g .o —mz'+‘e[%ﬁm2(22n m2 -3) - g%—-MZ - ng(u)] JI-11
where ' '
YR sy SR PPy PR put S
’ - gla) = " dx. dy = o {1+ y(—F7—< - !)
D 0 0 y ' - (!il((l x) .
II-12
2 . ‘ _ )
al - .u—l_ . - ‘ : K ’
Mz SR o o ‘ = ' /

When II -11 is added to the pole contributions of II- ygl_and the sum 1s
¢ .

multiplied by P(e—l)/(4n): , the computation of K(m,M M) 13 completed.

Expanding the tesnlt An €, and discarding polynomials in m and M

f‘(which are irrelevant unless one wishes to proceed to a thtee-loop

calculatton), the outcOme‘is

.

R(m,M,M) = —1— (% - v)calen w® + 20%tn'n?) + 6Mitn M2
o Gge)* 5 T e e
| o 1I-13 e
' | SR
+ 3m2£n mz -2 anH? -m lnzm? + m g(a)} ST .i o

,Insetting II-13 II-6 and II-7 1nto equation II-3 finally give IO(A);

. as written in equation 5-13. g -
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