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.- ABSTRACT '

g:I‘wo approaches to'solving problems inVolvinéfthin

shells based on. the standard methods of structural ana1y51s

_are d1scu55ed In the stlffness method the govern1ng shell
. oI .
equatlons are- expanded into a Four1er seties. and rédgged to

a set of e1éht fLrst order: different1al equations. A forward.
numerfoal\antegratlon technlque.1s used to form. the

stiffness

matrix and the part1cular solut1ons. In the I
fleX1b1h' y method, the govern1ng -shell pquatlons are’

51mp11f1ed by l1m1t1ng the analys1s to axlsymmetrlc shells

K of constant thlckness. Closed form solutlons are’ obtalned ’

for the flexibility coeffrerents for spec1f1c shell

geometr1es. Part1cular solutlons are approxlmated by the

. appropriate membrane solutlon.,
4 2 .

A -computer program was‘developed,to'perform the

flexibility analysis basedion the approaoh presented; The

) reSplts are compared:‘gth.the results;frgm a proggam,

developed by Shazly (5) based on the stiffness method. The

- solutions from the two programs show excellent_agreement..
. . » . (‘ T .
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1. INTRODUCTION !

l. Introéuctory Remarks | {_ ‘ R

Aghell of revolution.is a surface generated by
rotating a.plane curve about an axis lying in the same
plane. Shells of revolution form part of such structures es
pressure vessels, storage tank? silos, nuclear containment
structures, and cooling towers, Apart from their ag}ractive
appearance, the widespread use of such shells as structural
elements is attributed to their. efficiency'in resisting
load This leads to’ thinner sections and reduced material
costs.

The genefal theory of shells ef.revolutioﬁ, originally
developed by Flugge, applies to any type of meridian
geometry with either equtant.or variable tﬁickness;.and
subjeCted to any type qf'loading. However, for many
practical applications ‘the shell seg;ents are of constsnt
thickness and the loads are axisymmetric. The analysis of
such shells can be simplified by separating the solution
‘into two parts: firstly, the particulas.solution
approximated by fhé membrane sfresses due to the applied-
loads; and secondly, the bending stresses due to the edge
effects. ﬁoreov r, if the shell segments are sufficiently
long such thst{:hege is virsually no interaction between the
edges of a shell segment, the computatipns can be simplified
even furthef. This method is snalpgods tc"the method of,

consistent deformation in elastic frame analysis. And since



.

accountlng for the boundary effects 1nvolves evaluatlng the
- flexibility coeff1c1ents, th1s method of. analys1s will be
referred to as the flex1b111ty method.

1.2 The Objectives of the Study

The objectives of this stﬁdy are:

1.. To review the so}htlons to the general.theory of shells
of revolution; = ‘

2., To obtain solutions for the membrane stresses and
flexibility influence coefficients in closed form for
cylindrical spherical, and conical segments under
various ax1symmetr1c load1ngs.

3. To 1ncorporate these solutions into the computer program
FLEXSHELL,

4. To evaluate the limitations of an approximation,used-in

obtaining the solution for spherical segments kmown as

Geckeler's assumption.

1.3 Structure of Thesis

The thirteen basic dlfferentlal equations of shells of
-revolutlon are formulated in detall in Chapter 2. Chapter 3
ptesents the two solutlon_technlques to solve these
goverhing shell equations based on standard methcds of
structural analysis. The formulatlon of program FLEXSHELL B
based on the flexibility approach is presented in Chapter 4,
An evaluation of the accuracy of the closed form solutions

used in this approach is presented in Chapter 5. Fihal]y,



Chapter 6 consists of a brief summéry and conclus1ons of the
study. Detalled derlvat1ons, the prpgram llstlng, sample
1nput and output files, and the user' s manual for program.

FLEXSHELL are found in the Appendices.
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=, ' 2{ THEORY OF SHELLS OF REVOLUTION

2.1 Shell Geometry .
As shown in Figq.. 1; a shell is geomeerically defined
by its mldsurface which blsects the shell thlckness, h. A
surface of revolutlon is generated by the rotation of a
plane curve about an axis in its plane. This generating
curve is called a meridian. Another term frequently used is
the parallel circle, which is the intersection of the |
surface witn a plane pefpendicular to the axis of
revolution. To spgc1fy an arb1traty point on the midsurface,
two coordinates need be spec1f1ed 6, the angular dlstance_
of the 901nt from the datum meridian, and ¢, the,angle
. between a normal to the shell and its axis‘offreiplution. To
measure.the distanee along a normal fo'the mfggurfaee,.a'
third coordlnate z, may be spec1f1ed The rad11 of curvature
of a shell of revolutlon are:
r¢g = radlus of the parallel circle;
r; =" radius of curvature of.a meridian;
' f; = length of the nofmai between any'point;on
the miasurface and the axis of revo{ution.

‘The following relations can be derived from Fig. 2.1.

g = r{%in¢' ' B L '- ‘ 2.1(a)
- ds = r,d¢ ) 2.1(b)
o Q_ ='l; g_ g N } | 2.1(¢)

df —“ds cos¢/; -
A e e Vet

. .;.: - ; o cL e
- .' -y # "v‘ 5 '“m ‘& gﬂ& m¢ . d:"f??»f;’tl/ o -‘:’,ﬁ;& ‘_/3:&, iy o .
. . ) - o . . I
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dr; = r,-r;cot¢p . - L 2.1(F)
fea = momgeote . B

The internal st:ess'resultants.in'Fig. 2.2, is .
determined by integratingffhe internal stresses through the

- shell thickness as foliowé ‘

. h/2 . ' : . . :
Ng = ] ’h / "Og ( 1”‘2/1’2 )dz (? .,2_.(9,3)
-h/a2 T
No = J h 09(1+Z/‘r1)d2 - ' ' - 2.2(b)
) T 2 : N . " .
. h/2 S . : ' ' '
Neo = /  7oell*z/r;)dz . L 7 2.2(e)
~h 4 - ,
| . : h72 - ! ' ; ‘ . :
Noo .= Ih/ r°¢(1+z/r1)dz L . 2.2(4)
. T 2 ‘ C ‘ ®
. hizoowr - . o
Qe = !;h/ TQ;-(]"'Z/rZ)d'z ’ PRI . 2.2(e)
/2 . ' , s
R Qe = J " To.(1+2/r,)dz 2.2(f)
- -'.- 2 ’ -—
L vn/z oo ] _ ) :
Mg = . zog(1+2/r,)dz : ,’ 2.2(q)
hrz o o . o ' : :
Mg = J z2oe(1+z/r,)dz S - 2.2(h).
, P -h/a . S . e
Mgo = Ih/ Z‘Too(\""jz/rz)dZ_‘ ‘ N 2.2(1)
o - 2 . . .
T h/2 C ' R
Moo = [‘h/ zr°¢(1+z/r,)’dz : . 2.2(])
/?- ' - -...' \



' 2.2-The Fundamental Assumptions

e,

A

]

The fundamental equations of the general theory of

shells of revolution first!Eresented by Flugge (1) are based

on taf followihg set of as

1..

Now

'normél.after bepdiné.»

gneglecfed. : : : ' }

mptions: Sg o
Thin shell - the shell thickness is Amall in comparison
. \ :

to the other dimensions of. the shell.'Thﬁs, the stresses

on-the z-face, and the twisting moments about the z-axis
may be neglected. -

Sﬁéll deflection theory applies. The displacements of

‘the shell due to the applied loads are sufficiently

small thaq\phgiequilibﬁﬁum equations developed from the
initial shellﬁggbmetry do not chahgeT '
Material'is linéarly elésfic, i.e., Hooke's.law'app}iés.
Plane séctions remain pIané after'bending. ilé., the
normals to. the middle surface before bending reméih"

.

Defdfmations of the shell due to radial shears can be

¥

, based on these set of assumptions and the shell

gedmetry; the geheral theory Qf shells of revolution may%be

formulated: by:

1.

: . FaR '
Determining the equilibrium of forces acting on the

differential element shown in Fig.)2.2; (six equations

with ten unknowns) ‘ , g : /

-

'Estéblishind the'Strain—displacement relationships; (six

equations with six unknowns)

Establishing the stress-strain relationships from



1)
Hooke's Law; (three equations with six dpkn0wns)
4. Transforming the stréSs-resultant_equatiohs into the

force-displacement equations; (six equations with three
unknowns) ‘ "

5. Obtaining a complete formulation by combining the
, force-dfsplécement equations with.thg—equilibrium

equations. (thirteen equations with thirteen unknowns)

2.3 Equations‘of Equilibrium

VRS

Consider the diffefe@tial.elemeﬁt shown in #ig. é.z..-
From thevsummation of foééés in each of the coordinate
:directions and moments aﬁouf éach~of the coordinate aﬁés, J,
6, qhd z, the six equations‘ofvequiiibrium are: |
(roNg) + r (Nge)' - ;1N;COS¢>5 roQe + roripe = 0 © 2.3(a) i
. (toN.oo).l + f1.(Nox)'. + I'1No‘oc'05¢ - r1Q‘oéi’n¢ + I‘ovl".ipo ":’\Q

2.3(b).

T1NosSing + roNe -+ ‘)'1(Qo),' + (£oQe) = Torips = 0 2.3(c)
(roMy) + ri(Moo '-Ar,yocbs¢‘- Tol1Qe sﬂO | 2.%(d)
'(roM;OY-+ ry{Mg)' + r,ngcés¢ - rori1Qo = 0 - €.2.3(e)
Moo ~ Moo = N,é,; Neo -~ - 2.3(f)
; - \

where *

() = ()

a¢

3¢ ) = ()

06

No, N¢ = meridional and circumferential forces
respectively; 2
Noo, Nop = meridional and circumferential shear forces;



Qe Qe = transverse shear»fefdes; A; ' \\\J{,ﬂ/”*
‘M,nbug = meridional and circumferential moments,

'respeCtiveIYh ! . |
(fMg., M;o_s meridiénal ané cirgnmferential tvieting .
moments, respectlvely. ; ;a; | o ‘ih )
Note that all forces and mements are expressed 1n unlts
of force per ‘unit length The s1gn convention used is as
shown in Fig. 2.2, where N, and N. are positive for ten51on
;alongxﬁge_meridianvandmcxrqumference, respectively. M, and
‘Mo are pnsitine'when‘thef;utef shell sufface is in
‘compression.
2.4 Force-Displacement Equations
| The deformation of a She;I element consists of the ‘
change in length of the sheil:edées,'r,d¢ andurode and of
the\Ehange of the angle between these edges. In reference to

}19 2.3, the mldsurface stra1n dlsplacement relat1onsh1ps

for a. shell element are-

Meridional strain, e, = l_(v'— w) . : " 2.4(a)
' Hoop strain, v oeg = l_tu'bf-véos¢ - wsing) . - 2.4(b)
, - n ,
Shear strain, Yoo = V' + u - u cos¢ ‘ 2,4(c)
- ’ Lo L, ro oo )
where

u = midsurface dlsplacement component in. the c1rcumferent1al
4 dlrectlon, p051t1ve in the d1rect1on of 1ncreas1ng 6.
v = mldsurfaqe dlsplacement component -in the mer1dlonal

d1rect10n, positive in the d1rectlon of 1ncreas1ng 9.



Nl

w = mzdsurface dlsplacement component in the rad1a1

- d1rect1on, p051t1ve in the d1rect10n avay from the centre of

curvature ot

Cons1der a po1nt i at a dlstance z to the mldsurface,

B

i. e., (r.). =r, + 2z, and (rz), = rz + z. From Egn. 2. 1(a)

.the stralns at p01nt i are:.

B )\v< ) .
R e

.'+ chos¢ - W, s1n9)

(!.o) = (U.'
S (rz + z)s1n¢

(Yoo)l = v kL

uj

-  u,;cos¢

(rz + z)sing 'r;

where

W, =W
Vi =‘V(r1 +z) -z W
r, ) Y .
L N
u; = ulr, +2) -z w

ra ra

‘ Hooke s law forms the ba51s
stress straln equations.

Oog = E .(ea + Veo)

g = (e° +- veo).

Toeo = ‘ E

201+p)

Yoo

+ 2

(r, + 2z)sing

for the formulation

-2_.5(5) -
2.5(b)

2.5(c)

2.6(a)

2.6(b)
2.6(c)

of the

';2.7(a)

 §§7(b5

2 2.7(c)

‘where E 1s the modulus of elast1c1ty and v is P01sson s

ratio. Comb1n1ng the strain-displacement relatlonshlps

(Eqns. 2.5° and 2. 6) and 'substituting these 1nto the

stress- stra;n equations (Egns. 2.

oy L,

7), and,i;pelly,

substituting theSeﬁiﬁto~the-stress—resulfani3eqdafiéhsﬂe'



' (Eqns. 2. 2) and 1ntegrat1ng through the. shell thzckness, the

“-force d1sp1acement relatxon9h1ps are as follows:

N. - K[v +w + p(u'+v cos¢+VSIDQ)]

r, ’ Lo
+ D .rz-r,[v-w Iy +w +w] ' 7‘- '
rd ra r, r, r, 2.8(a)
~ ° o
Ng = K[u +vcos¢+w51n¢ + v(v7+w)]
. ) ’ ro -, T {
‘." N B ' ) v ' . / ]
= D rz-r,|-v rz-r,cos¢ + wsing+ w'' + wtcos¢
ol L2 T4 rs - ra- Lo r, 2.8(b) ?
Ngo = K(1- v)[u + v -ucosg] +D 1-v r;-r,[g'tz-rl
2 r, ! r 2 "ra try rg
+ U ry-rzcotg + w' - w' Licos¢] ’
" rz I3 : To o Lo 2.8(c)
Noo ='K(1-v%[g'f,v'~ucosg]
.2 Ly . re =
A ‘ . T
+ D 1-» -rl-r,[gl rz-ry; - W'+ w'cdsg] 2.8(d)
Loy 2 r; *tr, r: b | ‘To '
M, = D[i_(W" - W :—'“w"(-r-]-rz)) - v +v i
' Tt r, - . r; r,r, ri r, -
+ pw'' + vw'Cds¢. - pu' ~_vvcos¢] S - 2.8(e)
i rd ‘Lol Lo, Lol oo
' . . o . B =
Mo ='D[w + W CoSp - W rg-ry - _u -~ VCOS¢ 2r,-r,
ré - Lol ri L3 Lo, . Loy rs;
+-1_(w - W Ei) -yt o+ vvr,] L 2.8(F)
ri r, r oo o



-

M.o = D("‘l’)[zw "’.""'ZW"CIOSQ - U . 2ry-r.
2 Loly r2 rLiC2 ) o

4'2; (2r,-r;)cote - _v' ] . . .2.8(9)
r; ry . Loly .

‘M.. - D(1 v)[Zw - 2w'cos¢ - u' "
2 lrory rd R AT
| (20y-r)
-+ u cote -~ W (2r2-r, ]
R Tol, rz

2.8(h) -

Where the extensional rigidity‘K and the flexural rigidity
"D, are defined respectively as

K = Eh o P
. 1_ 2 : )
Z 14 5 { ~~.\/

D = Eh?
(1-v7?)

There are now fémrteen eduetione (Eqns.‘2.é ané 2.8)..
with thirteen unk~n.owhs,. Ne, No, Nog, Noo, Mo, 'ﬁo,’Moo: Moo,
~ Qe, Qs u, v, w. Note that there ie one equation too meny.
‘Since both sides of Eqn. 2.3(f) are emall differencéSg
between small quantities which are a;mqst ethi; this
equation may be discardeg:'Thus, the;e'ie;gbw‘e:balance of
_jfunknowns'amd equations._The c{assical meﬁﬁod of solution
'mbuld be to teduée'these differential equations inté'h ‘
s1ngle elghth order equat1on in terms of one varlabl\\ ThlS
'aprocedure tends to be too complicated, and cumbersome to
-Eolve. Therefore, alternative solut1ons to these equatlons
based on the standard methods of structural analysis will be

» . -

presented in the follow1ng chapter.

c
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3. METHOD OF ANALYSIS

Structures that geemetrically consist of several
segments of shells of revolution can be analyzed by either
of the two standard methods of structural analysis, namely:
the stiffness method and the flexibility method. With the
stiffness method, the stiffness matrix reiating the forces
and deformations at the edge of each shell segment are
computed using the procedures outlined in Section 3.1. These
element stiffness matrices are then superposed to form the
- structural stiffness matrix from which the segmeht edge
deformations are computed. With the flexibility approach
(Section 3.2), the flexibility influence coefficients for
each shell segment are obtained. Equatlons of geometrlc
compatlblllty at the segment boundaries are written to
.obtaln the forces at segment junctlons.

In this study, the use of the flexibility approach is
. éxPla4PQQ§}“;§et3rlff9r'5E59c§95§§fw}§h px;symmetr;c_
wleeaingtwfhelmembtene solutions arerSed'er-the”particular”
Csolutien. LR

- 9

'53 1 The Stxffness Approach” ‘é'
| Program SASHELL analyzes a segmented shell structure

based on the stiffness method ‘To establish the stiffness
matrix and flxed end forces vector the basic shell equations
must be solved numerically. But in order to do this, the
‘jshell eQuatkpns JMUst be reducedAto a set of elght f1rst

ua.«)—

" order dlfferentlal equatlons, correspondlng to the e1ght

15 o o o,
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natural boundary conditions of the shéll segment by:
1. Expanding the equations using a Fourier series to
eliminate the necessity of forminé the equilibrium

equations in the circumferential direction.

¢

2. Introducing the adkilliary equations to eliminate the

in-plane shear force in the circumferential direction

-~

and the meridional twisting moment.

»

3. Performing matrix operations to eliminate the forces in

the circumferential direction.

9

Introducing the s coordinate, which'measu:gs the

A

distance along the shell meridian, the five inéependent

equations of equilibrium (Eqns. 2.3) become :

r,(roN,)° + r,N¢,' - r,Nocos¢ - roQ,.+ Lolyp, = 0 3.1(a)
 r,(r°N.9)° + rNg' + r,Na.cés¢ - r,Q;sin¢ + rol'yPo =.0

' . 3.1(b).

r{Ngsin¢ +4roN, +. r1Qe' * r 1(reQ,)°® - ror.p: =0 " 3.1(ce)

r,b(oM,)°'+ ri+Mo,' - rMgcos¢ - rorQ, = 0 3.1(4)

ry(roM,e)® + r,Mg' +Af,Mo.éos¢ - roriQe = 0 | | 3.1(eY)

where

k )= ()° ' : 3.1(£)
ps : .

f}The.force—displécement equations (Egns. 2.8) in terms of the

s-coordinate are

N,.= K{v°+z + v(u'+v,cos¢+wsin¢)]
r, Lo

3.2(a)



’

U3

Ng = K[u‘+vcos¢+wsin¢ + vv't!_] - -

Ne,

Mg

" M:O

.

oly .l‘z Ty T . o " To o 3.2(b) : _
K(1—u)[u°+ v'—qusQ] + D  1-» rz-r,{u°r1?r,
2 Lo r{ 2 ry r;
+ U r;-rycote¢+r,w'®- !L‘gicos¢] :
r, r, . Fo - Lo Lo 3.2(c)
K(1—v)[u°+ v'-ucosg]
2 - To '
X . , ¢ o o -
+ D 1-v ‘rz-r,|v' rzer; -w'° + w'cos¢ 3.2(4)
Lol 2 r. Lr, ry . Lo -
4
D[w°° = wr; %= wilry-rz) - v+ v r,
r, rpri. r ri
+ yw'' + pw®cos¢. - vu' - vvCos¢]- v 3.2(e)
rd ‘o = . Tofy ' Fol,
D[w" + wcos¢ - W rgp-r, - u' - VCOS¢ 2r,-r,
rd Lo ri Ly | Lo, - Toly =~ - I3
+ yw®® = pw®r,° - pv° 4+ vv:,°] 3.2(8)
r, r, r% .
D(1-v)[2w'° - 2w'cos¢ - u° 2r,-r,
2 ) ) ra . rs r,
+u (2r,-r;lcotd - _v' ] 3.2(g).
o ri r, ol
_ ‘ o .
n(1—v)[2w'-? - 2w'cosg - w° L
2 tro. ;& T rg i iermiais g 2

Lo Ty

- D t;-r1[-g La-r,cos¢ + wsing+ w'’ +'w°cos¢]~

17
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.
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‘ 3. 10t Four1er &erxes . )

For any varlable, say F(x,yﬁ belng arbltrary-functrons

of X and y, may “be" represented_1n .the” form

Z | (x)cos(ny) + Z*f;kkjs}bkn§3'w gy

-»-v.a»oeo4 ou.:-pw > s s A

where n 1s the harmonlc number and varlable F, 1s how a

2
L .

,- functaon of x only. 51m1larly, the loadecomponents*pu, po,
. and pzr and forces Nif NOI NIQI Nbsll_‘er M MOSF Ml°1 sz.

and Qo, ‘and dlsplacement components u, v, and w, may be AT

2
¥

AN
expressed as a Fourler ser1es, where the var1able compon@nts.
become a functlon of s only. The flrst and second serles in
each expre5510nr{epresent the portlons of the variables ~

whlch are respectlvely symmetrlc ‘and anti-symmetric with

respect to the meridian p3551ng through the411ne 6. = 0.

P. = Z p,n(s)cos(nf) + I .p,.(s)sin(ng) - 3.4(a)
Po = pon(s)cos(ne)_f z pgn(s)51n(n9)  3.4(b)
- B - o
P: = I p:a(s)cos(ng) + & pzn(s)sln(ne) - 3.4(c).
hnE o n=, .
- ® ’ - B @
N, = Z N,,(s)cos(nf) + EN N
~zﬂ{;; ::u.e_. T T m;‘;;;31‘ R .i;
S Ne¢~ --~Z-No.Ls)cos(n6) +. I Nqn(s)s1n(n9) . ’
.,,,_';__,‘,0 ; “-_-.“,ll'o. o : "'j_-.!l‘ll s ‘:“o '.',Zf~ . ‘




........

Ng

o

Qe

.Mo

w

AN

s

[ -]

oo

Z

z * n7:‘.‘Q..,(s)sm(n9)
"EoQo;};)cos(nO) ff;§1Q§§(s)§;ntn9)'
;§°M.n(s)cos(n&) 7ﬁ"§t%2"(8)51n(n9),..r |
;g;Mo@(Sg?oe(n9);4ng?Mont;;eln(ne)

n

n

-4

>

ﬂ'G‘

-4

z

h=p

"™ 8
o

-

Qan(S)COS(ne)

.
™ -

ﬂ"

D> N.en(s)cos(ne) + I N.on(s)51n(ne)

z No.n(s)cos(ne) + Z_N}{n(sjsin(ﬁe)'

Z'M.Bﬁ(s)cos(ne):+ Z M,on(s)51n(ne)

z Mo.n(s)cos(ne) + Z Mo.n(s)51n(ne)

=0

-

Un (s)cos(ne) +

vno(s)cos(ng) +

'wn(sYcosknG) +

B |

o™ -

Z u, (5)51n(n9)

£y

'z vo(s)sin(ng)

n

Z W (s)51n(n6)

4

'n]g,.

s
‘ 3".4(hf

| o, 3eali) o
f 2 (3) o
a0

3.4(1).

3iam). 7
3§4(n)
3.4(0) -

3.4(p);

3.4(q)

/For an arbitrary applied ldédVeXbressed’as'a Fourier

ser1es of order N,

component af the load Ln = O 1 F 2y

serles and-(n ' 2 3

For each value of n, the s dependent Vatlab1654ﬂlth

there are 2N+71 terms that represent each

e, N) for the Symmetrlc .

N) for the ant1 symmetrlc serles

.....
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L we

N

d_.zo'f

N

subscrrpt n (Eqn. 3.4) can be substrtuted into the bas1c o

| shell equatrons (Eqns. 3 1 and 3&2) because the sequences
&*.//

sin{n#@) and cos(né) are 11nearly 1ndependent.‘

'r

leferentlatlons w1th respect to 6 can be performed and the
terms grouped‘accordlng to the common factors, cos'(né) and
51n(n8) ‘Since the coeff1c1ent of each of these factors must
be zero, each factor. produces a separate equatlon. For.

example, for any n,. the cosine. terms 1n Eqn. 3. 1(a) become

vag ¢
L]

- < s

roN ncos(ne) + cosﬁN.ncos(ne) +‘nN°.ncos(n€)

‘:j cos¢N9ncos(ne) 2 _QQ.ncos(ne) + Rop.ncos(ne) 3.5

- 3! 5] r'
e e v L, . e e ."_‘_-4 .

which' upon factoring out the common term y1elds

rONLWr+ CQS¢N;m + nNOxn‘i CQS¢NOn ; _chn + rOpln ?,O 3'6f.

B o Lo
\ .

Slmllarly, for the sine terms, Eqn. 3.1(a) become

roN.n + coswrn - nNo.n - C05¢N0n - LoQuin + ToPun = 0 3.7
. r 1 :

Let Ro, Ri, R, be defined as shell curvature, i.e.

. Ro = 1
PP = - -
- .- .,[‘O. - . ] . a
' R, =;l' ) -
sy
Rz = l‘ ‘
R rz

L4

Thus, for the nth set of equations, the fiveTinaependent

equ1l1br1um equatlons ‘derived from Egns. 3.1 become

i‘N;no t ROCOS¢N‘? * nRoNo‘" - RoCOS¢N9n - R]an + Psn =r0;

4N39n° + ROCOS¢NJOn ¥ nRONGn + ROCOS¢NO;n‘_ RZQOn + pOn = 0

. _ | : 3.8(a5

3.8(b)

R Nen + R}Ncn 1,n§oQon:+-an° + RoCOS9Q,n =~ 'Pza = 0 3.8(c)

|
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& PN

Vﬁist;ﬁ + R6C05¢M;n i hBOMO)ﬁ""RDCOS¢MBn -YQ'“~= .'. 3.8(d)‘

",M.o;°-+ RoCOS¢M,qn ; nRoMgn.+ RbCOS¢M¢.J "Qon ? 0 3 B(G)

[DR chos¢]un - [DR ]Uﬂw}

. Nwhere Bn and Bn, is an aux&lllary varlble whlch w1ll be

"def1ned in- the fdllpv1ng séction. Note that there are two ;7

“.4.00 . {

e e

T;Eand the e;ghb force d1sp1acement eQustlons*obtalned from .
Eq'n. 32become _ ‘
N.o = [DR (R, Rz)rgolﬁn; tDiR.-Ri)]B; e P*(Rﬂprz) i ~,h -
- DR?(R, Rz)]Wn:% [VKRocos¢ - DR}{(Ry-Ry)r;° ]vn +-[R +" c
DR, (R,- R:)1v,® * [vnKRoIu, 3 9(a)
-Nogﬂ= [DR, (R\-Rz)cos¢1B, + KRz #R,) ¢ D(R,-R, )(Rsn’vRé)]wn‘
.= *. LERqcas¢ - ~-DROR2cos$(R, “R; )}vn + [vK]vn; Iano]un »,
' o '3.9(b)
¢ Moo = 0. 5(1 ) {£[DRo (R =Ry ) 18, % [nDR&c05¢(R R IE
' [ano + nDRoR (Ry-Rz)]Jv, - [KRocos¢ - DRocos¢(R1 R )? ]un
<.+ TR ¥ D(RR:) 10 L o 3.9(e)
NOsnu“ 0. 5(1 v){+{nDRo(R1 R;)1}B. * [nDR} cos(&v>(R, R,)Jw, ¥
* [nKRo + NDRoR,(Ry=R3)Iv, - [KRocoséTun + [K]u,® 3.9(a)
M.n = [DRyr,°® - vDRoc6$¢]Bn - [D]B.° + [DR‘(R1-R2) -
vDREn*Jw, - [DR3ir(°Jv, +‘[D(R,-Rz)]vn F [vnDRoR ]un
'hﬁi:-"‘[”DR1f1 o DRoc05¢]Bn [vD]Ba°;+ [Dn R} * C
"~ DR, (R, - Rz)]wn [uDRqr,6f+ DRocos¢(R‘ R )]vn E: )
[nDRoR Ju, . f‘ 5 ».", ‘_ - 3 9(f)?".n
‘M,gn = 0.5(1- V){+[2nDRo]Bn + [2nD§;cos¢ﬂwn ¥ [nDRoR ]v“
| [DRocos¢(R1-2R Ylu, + [D(R,—ZR )]un b '3.9(§)
Mo,n = 0.5(1- v){+{2nDR°]Bn + [2nDR cos¢>]wn F [nDRoR, v, +
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.sets of equatlons, grouped accordlng to the cosine and s1ne

- terms. The- flnal solutlon is: obtalned by solv1ng each set

. . - “Q""‘ ~ .
o - ",« . & e Aa -~ v PR -

x separately and_superlmposrng the two 501ut1bns._

Lo T - v . . T ' . . . 4

”Lf-3?1:2‘Aui{iliary‘Eadatiohs R
-‘The,QUahtities¥in.thé'natUralfhouﬁdary‘conditionslon“
the edges of a shell segmeht are the fohr displacementu

.~?3‘components,-the rotatlon of -the mer1d1an (B) the rad1a1

e
- - o

~displacement (w), the merldlonal dlsplacement (v, 'andfthe:‘
c1rcumferent1al.d;splacement (u);‘and the four correspondihg'
’forces;?Ehe“meridfbﬁal'momeht'(M ), the effective transverse
shearvforce (S.), the normal 1n ~plane merldlonal force [(N,),
and the effectlve tangentlal shear force (T,). Three of

these vaTxables B, T,, and S . do not appear 1n the ba51c

shell equatlons. They may be 1ntroduced by settlng up the

-

so- called auxlllaary equatlons whlch express ‘these variables -

P

in terms of 1n plane shear forces in the c1rcumferent1al

d1rect;on and-theAmerld*QSal twistlng moment ' h;%}_’ j'”«"
i;f; CQnSLder the side view of the top edge of the shell

L]

element’shown on Fig. 3 1 w1th two adjacent elements of
.length ds =" rodG. (Note that ds‘= rzde for very small ds) L
The'moments acting on the 1nf1n1tesrmal‘e1ement ds can be
replaced by a set ‘of statlcally equivalent forces F, and F,
(5) such that

Fi

.Mse
) F" = Fnde ) | . o - R ‘.n“"‘.'

FrOm‘the'figure,~superimposing these' forces with the. .. - -

PR PR
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trad%verse\force Q., and the in-plane shear force, N.o,
respectlvely, yields and expre§§3on for the Klrchhoff & .
» ‘shears, ~S, and'ﬁ co T T U o (
R T S
h T, =:N,o ‘A_Rsz'-.od
Expending these into a Fourier series yield =~ -~ -
Ittf,;‘g:}” San= Qe nRoM.gn“fx‘aj__?:;,;”?;,,mh J;?ﬁw3;¢oj!ﬂa
) , | .'Tsn = N,on =~ zM.en SRR "" SR '3'. 11'
-081ng the geometr1ca1 relatlons 1n Egns. 2.1 and 3. 1(f) the
) c ~derivatives of these forceSVW1th'respect the'cOordinate7s=
may be writteg as 7 o _ . |
©n° = Q:n° % NRoM,0.° 7 dRo=cos¢x.;, | _ §{12‘
T;f° = N,on® - R M;°,° - R,(R{—Rz)cot¢M.9n 3.13
L Also by. superlmp081ng F1gs. 3 2(a) ‘and, (b),rthe.apgle by

e

- »e P
NP . ,..4,,, B e "

' vwhlch an element of the mer;dlan rotates during deformatlon

may be expressed in terms of the displacement components as
folloys, _t;gziﬁhtm’x;‘gw~--~a;; ,.m;fgymf.r,nr;rJﬁ~'~’ R
o RS ST SATRG T s e gy

3.1:3" Reduct1on of the Shell Equatxons~f T

"

f Rewrltlng Eqn. 3 10 to form an expre551on for Q.n, and

substltutlng this into Eqns. 3. 8(a) and -(4d) respectlvely,

’

yields ' -
N.eo® = RiS,n = RoCOSON,, T NRoRM,5r + RoCOS$Ngn -3 NRoNg,s -

psn . . . L S '-,." 'G - 3.15

R ;M"_v,.‘_'o‘,'z ;S. n - Ro*COSd"M.IIn‘ + RoCOSdJM"é n’“ -+ 'n'RO ('M'O'rh"fM'i-é n;') T {3 J16 0

e
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Rewritiflg thé. 3.11, 3{13,¢;nd 3.8(e) to form
’ gxpreésions for N,on, N.os®, and Qon. Ylelds
Niow = Tun + RiMion = |
Nion® = Tiu® + RiM,0,° + Ry (R,-R;)cOtSM, on
Qon = Mios + RoCOSOM,0q ¥ NRoMen *+ RoCOSEMo., .
.Substituting.£he above expressions.ipto Egn. 3.8(b), and
ﬂusing thé4re1ation, Rosiné =-R3, yields
T,n° = -Roc0S¢(R1~R;)M,en = RocOSET,, i NRoNgn = RegCOSONg,

;‘nRoRzMQn + RQR2C05¢MQ,,| =~ Pen 3.17

( .

Pinally, rewriting Egn. 3.12 to form an expression for
Q.o°, and substituting this, in addition to the expressions
for Q¢n, and Qen derived earlier, 'into Egn. 3.8(a), gives

Sin® = “RaNen - RiN,, + "D'REMo, ¥ NRECOSY(Mo,n+M,en) -

B g -
A BT -

Roeos'¢s.";,‘+ p,,. B ' .. 3,18
Eqns. 3. 15 to 3. 18 may be wrltten symbolxcally as T
.‘ » ‘Mcno-':z F!O(Mlnrsln)MOnIMO:nrMADn)

,,S?"i;? F21(slﬂ' lnrMOHrMOlnv :OnrNOnvpzﬁ)"

AR e

_Nhn‘o = Fz(z,(_s:-n annlM-rOn rN_ﬂn'IN03~n7pin)' A
o Tsn e = Fay (T, n+Mon Mg yn 'NO n rNGs n >r ISOn)
R s p—g
“or,. in matrix. form, ,

o : . > .

{Flo} =\[B1‘B ] Fs + {BZ} 3;19
B A1 S | |
<

where
<F,> = <M,¢n S,n N,p T,n>
<F,°> = M, 00 ° 84 N, W® T,,% .
<F9> = <Mon Mo.n M.on Non No-n\/ “

~and the cOefflc1ents of [B, B.] is a function of the

geometric and material properties of the shell; and {B;} is 4
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5

: ,the loéd vector. These matrices are definea in Table 3.1.
‘The plus and minus signs relate to the two sets of
éﬁuatlons, grouped accordxng to the cosine anA? 51ne térms in
the Fourier series expansion.

To form express1ons for ‘the displacement variables,
manipulate the force-displacement equations a= follows |

Let

CA,

K + DR, (R,-R,) . | 3.20(a)

CA, = K + DR, (R,~R,) E . 3.20(b)

Multiply Egn. 3.9(a) b; (R{~R,),

Nin(Ri-Rz) = [DRy(Ry-R;)%r,?18, - [D(R,-R;)?18,° *
[K(R +YR;) ¥ DRI(R,-R,)]J(R,-R;)w, + [vDRocos¢ -
DR} (R -Rz)]1(R,=R;)v, + [CA, (R1 Rz) v, ¢
[vKnRo(R,—Rz)Jun '

and multiply Egn. 3.9(e) by CA,/D, ' .

rA,M,n/b = [R,r,° - VRocos¢1CA B, - CA,B8,° + [R,(R,~R,) -

»n?REJCAw, - CARIL,°v, + [CA,;(R,~R;)]v,°
" ‘. . 4

[»nRoR, CA Ju,
Subtract:ng the first from the second exprescloﬂ and
simplifying by means of Eqns 3.20 yields,

Bn® = {-CAM,,/D + (R,-R,)N,, * [R,r,°CA, - VRoc0S¢CA1]bn
[CA,»n*R3 '+ YKR,(R,-R,) lw, [#KRocos¢(R,-R;) +
RIr,°CA,Jv, ¢ [vnkoR,CAglun}/CA, R 3.2t
Similarly, subtragting Egn 3.9(a) from the product of

(R,-R,) and Eqn. 3.9(e), and simplify the expressionrﬁéing

EQns. 3.20 yields | | |

]

v, = {“(R1‘R2)M!n + N,, - ‘[VDR0C05¢(R1"R2.)I]BH - ’



[vDn*R§(R,-R;) *+ R,CA, + »KR,lw, - [vKRocos¢lv, ¥~
< .
[VnROCAzlun}/cAz v , 3.22

Rewriting Egn. .3.14 yields
. = V.R, - B ﬁl 3.23
Finally, substituting Egn. 3.9(g): into 3.11, and rewriting
~.the equation to form an expression for N,e,, then  o
substituting this inta Eqn. 3:9(c),_and simplifying, "
u,® = {2T,,./(1-») * [DnR;jR,-an,)]Bn 7 [nnnscos¢(n,-3ng)]w,
t [nCA,R, - DnRoRR;Jv, + [Rocos¢CA,]dh}/CA, 3.24
.whege‘ | | |
CA; = K + D(R}-3R,R;+3R}) ~ 3.25
Eqﬁs; 3.21 to. 3.25 may be written éymboiiéallé.as /;
go £

wno FZB(BnIVn)

x.F'zl‘(Bn'wl"v"'M""N'") [

]

V"O F')Q(Bnrwnrvnlun!Miﬂ’Nlﬂ)

U“D F:v(B",w...\'~,L1",T‘,;)
or, in matrix forw,

{p°} - I'a, A,]|D 2.26
F,

where {D} and {D°} consiéts of displacements R,. w,, u,, and
V., é d their derivatives with réspect to the coordinate =,
respectively: [A, A-1 is » function of the geometrin and
material properties of the shell, defined in Tab]e'3.?.

Again, the plus-minus signs relate to the set of equatiors,

grouped accorfiing V6 the sine and cosine terms ‘i the #
o 2 :
Fourier series. Yk

The vector <Fo> which appéérg in Bgqn. 3.19, is formed
A T o )
by writiqg}thezforcgUQi lacement eguationg in the following

* P
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e » TN Lo ‘A(i ". - I R O B ». - & »
» @ - @« 3 X ey ® - - L
order, 3. 9(f) ( )a (g) (b), . (d). In matrix form, -
{m - (B, By ]{ } N " - 3.27

vhere {D}Cand {D°} are defined as before. The cpfficients of
. [Bw Bsl, ié a function of the geometric and material |
propertles ofﬁths,shell defined in Tables 3. 3.:
R Substltutlng Eqn. 3.27 1nto 3.19 ylelds
{F,°} = [B, ]{F } o+ [ﬁ ]([B ]{D } + [Bs1{D}) + {B,}

Simplifying, o . -

4 - e

{F.°} = [a,]{D} + [AJJ{F.,} + {B,] 3.28
where

[A;1 = [B:][B.][A,] + [B;]1[Bs]

[A.] = [By] + [B.1[B41[A;]
Combininé Egns. 3.26 and 3.28 to form a single matrix

eqﬁation yields

D° A, A, ||D 0 : .
= + . ', 3.29
F,° A A4 ||F, Bs .
Matrix equation 3,29 relates, at any point, eight

: : [N
fundamental dependent variables, that appear in the natural

boundary conditions of shells of revolution, and their

derivatives with respect to the independent variable s.

3.1.4 Solution of fhe Governihg SYstem of'Eéuations
To establish the stiffness matrix, the eight first
order di{ferential_eqﬂations expanded into a Fourier series,
’ repreéeﬁted by matrix Egn. 3.29, must‘be.SQLVed numerically.

In general, Egn. 3.29 can be written as



- o - -

{y.°} = [A,}{y.} + {B,} ) | 3.30
where {y,} and {y,°} are vectors of eight dependent
variables, four displacement\componente and four
corfesponding forces, and their derivatives, respectively.

{a,]) is the coeff1c1ent matrix relating the variables and

" . a
s & v Ll S - * )

their der1vat1ves con51st1ng only of functlons of the
material properties and geometry of the shell. {B,} is a
~function of themapplied“}oedsJ _ ot

4
The general solution of Egn. 3.30 consists of two

®

- parts: the homogeneous solution and the particular solution.
From Egn.. 3.30, the . form of the homogeneous part is
{h,°} = [A,1{n,} - o330
_and the particular Solution is o .
(P,°} = [A,1{p,} + {B,} | 3 3,32
Now, consiaey the solution of Egn. 3.31 for a segment
in the region j 2 s 2 i. Let the eight arbitrary eonstants‘
of integration be the eight boundary conditions at edge.i,
and denote these values by {C}, then - '
{h;} = {cC} 3.33
Substituting Egn. 3.33 into 3.31, for s = i, '
(h,°} = [A,]{C} - 3.34
Integrating this numerically, as an initial boundary value
pfoﬁiem, allows the value: of h, &t any point in'the~region
to be determined as
RNERTRICS | D BT
where [H;] reptesents,the matrix arising from the’

integration of [A,] along the meridian. {C} is a vector of
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PP

‘arbitraryvcdnstants of integration.uForJEQﬁ.'3}55'td¥f§dﬁee:

to Egn. 3.33 when s = i, [H{] must be the identif?fahtrix,

i.e.,
' Eqn. 3 36 may be con51dered to. be a 'boundary condltlon 0N .
: " . S e ,.«ﬂ L. ’I}/J"
the numerical 1ntegrat10n of [H ] >

Now, turneto solve Eqn. 3.32, which for s = i may be
written as - : _  f .
| (P.°} = [A,1{C*} + {B,} 5.3
where {C»} representsianvarbitrary set of~initieE>values of
. {P,}. Integration yields |

(.} = [H,]{Cx} + {Q.) 3.38
where [H ] is deflned as before, {Q,} is a vectof afisihg
from the 1ntegrat10n of {B }. Since the particular solution

is any solution which sat1$f1e$ the inhomogeneous equatlons,

it is adequate to select . \

| {cx} = 0 | J

Hence, Egn, 3.38 teduce to : - ‘ o
(P} = {0Q.} | | 3.39

Therefore, the final solution is formed by superimposing the
two solutions, Egns. 3.35 and 3.39. o -
{y.} = tu,2(c} + (0.} = ' 3.40
3.1.5 Segment Stiffness Matrix
. For s = j, Egn. 3.40 becomes
{y;} = [H;1{y:} + {Q;} | 3.41
where each column vector of [H;] reptésents the variables at
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.- - . & e ! L
@ oe o

'];,jj: ccrresponding to each unit. vas1able applzed atm~-~-iﬁu-?7v'-

D <,

" the absence of any external loads. {Q,} rﬁaresents the ¢

varlables at 'j' corresponding to zero dzsplacemeﬁts, b, and

forces, F at 'i' in the presence of the external loads.

Thus, Eqn. 3.41 can bée expanded lnto ff"'ff“'”f”” -
) e ™. DR W . o@m W P A L A viesE - @ L R T ..
0;, :""’?'f ;;"-..f" @ ewco e " &,r\ 31w to 0. % ettt WM i m @ tet 08 o0, 7 D
¢ . |Py| |Hy Hz||D, Qu A
o = | : ‘,+ £ - : S 3.42
Fj H; H, Fil . Qf S i

 where Qd.and‘Qf'afe the dispiacemeﬁtg andwforceé from%the :
particular solutloﬁ respectlvely. The total matrix. 1n Egn.

3. 42 is usually referred to as a 'transfer. matr1x

Expanding Eqn. 3.42 into two equat1ons

e ' w

, _”1 . o
D, 1 0 D, 0 D, 0
4 =1 4 e [¥4] o \ "3.43
D, |H: Hz2 | (Fy Qu Fi) (Qe¢} .
and ‘ A
iR o o1 ffpi] fo [p] (o
= A TR G C A TR Sa U 3.44
Fj H3 H. Ffi Qf - Fl , Qf
Solving for <D; F,> and sub@titutihg into 3.44 yields
Fi ‘s i 0 o '
. = [vx){¥,]- <" s . ) 3.45
Fj . D;"‘Qa Qf}
“dand .
F, D, Foi ) ' T o
= [K] . 1 © 3.46
F, D) Fo, : '

where the coefficients of [K] represent the forces at each
shell edge due to a unit displacement at each end while all

other displacements are restrained. This matrix is known as .



. ‘the stiffnessvnatrix,'{Fo}xrepresents;theffixediend’forces; '

3 1 6 Stlffness Hatrlx Szgn Conventxon
" In the derlvat1on og the element st1ffne$s matrlx and

..the fixed end- stresses, tbe 51gn convent1on used corresponds

. - .e Y = . .
ey . v, ‘”;o A re . Nt T e e R N e v ey ;, v
© p

to that generally used in shell theory as g1ven.i 2‘2
As a result, the stiffness matr1x will have some negative

. elements“on the,main;diaQOnal Thls caﬂ be corrected by

- R IR -

Zdapting the so-called stlffness matrlx 51gn canvent1on

oW

ThlS sign conventlon is shéwn 1n Flg 3 3. It can be. seen :Wr-

. EEA aam ~B e, .

-

that the p051tiﬁe'dlrECtron of the top normal in- ‘place force
“N.,'the top tangentlalashear force T., the bottom ﬁoment M,) ﬁ;_

and the bottom transverse shear S have been changed to’the .
- ,gppos;te‘dyrectxona TR e we T m
3.2 The’Flexibility'hpproaChh
s The §6lut1on to the basic ‘shell equatlons may be Spllt
1nto two: parts, namel&. ‘the part1cular solutlon, whlch can .- - ¥
be s1mp11f1ed to the membrane solutlon with negllglble loss
of accuracy, and the homogeneous solutlon ‘which cons1der51m
"'the bending stresses. This procedure is analogous to the,
flexibility'meﬁgég\bf analysis for a statically |
1ndeterm1nate structure. Program FLEXSHELL was developed
based on this approach ‘To 51mpl1fy the shell equatlons and -
limit the particular solutions, the follow1ng assumpt1qns' ’

will be made:

1.7 Loads are axisymmetric, i.é.,fa/ae =0, pe =0,



L.

A

3.

- rad11 of curvature,

e

'z (from Eqns. 2. 5 and 2.6 is smal

g

-t

il

B

~ s C.
L

1 eo,

g_(_l'oNo) - ft‘NoCOS¢ = Qoro +. l'ol'-'tpo =0

~e - o

o

u

, —d(rQMQ) +vl"1M;9’CQS¢V + ‘QQ‘r_or1 = 0

d¢

oo R ()

N = K

B A

l'o

4

. -'rf‘

dé

(1 _dw

4M¢ = ’D”1 d )
_ rde\ride:

Mo =. -D

~*vd(r¢Qg) +~N}f ging +- rbN¢°’“£¢f|p§
. as |

" and the"fo%ceFdﬂspléoementLnelstgoqsgbe;ome_

R LR

+ v (vcos¢ w51n¢)

(do;h) (vcos¢ w51n¢)
X r o .

]

+ ycos¢ dw

" Tolt

v ’,- SR
v

B e e g e e e g -
g Y e - - Voo e, PRI - -
K LU . e e . o'
R WAL e P AN “ A‘.a,z_‘. PP
. - . . . P - .
e . .-y B °
g - - > " -
Lt - » o ro» -~ -
L . :

omparedwwith-the

r,+z o r, and rp+z o= r;.

'TThus, the equatlons of - equ1libr1um become

Csarw

0

. 3.47{b) ...

-~ » u o,

'3.47(c)

L3

- LO

“3.48{a)

‘;r\: j3,48(b)
3.48(c)

3.48(d)

The method of analysis is outlined as follows:

Determineithe particular solution forces and the

deformatlons at the edges of the shell due to the

appl1ed load5°7

Establlsh the flex1b111ty matr1x-

Solve for the edge ‘rces and moments necessary to

"between-adjoiniﬁg elementsv

restore the 1ncompat1b111t1es of the deformat1ons¢"

-

N



74 Determine the frnal stresses by- superlmp051ng ;he-.m,u,m.
f;part1cular solut1on stresses and the stresses gpe to the

-1ncompat1b111t1es.-»w--<»-- . ;[u';;.-;z,‘g, S

~N
'3.2.1.The Particular Solution 5 :

As mentloned earlier, the part1cular solutlon is

. approxlmated by the membrane sofutlon. ‘The membrane theory =

-

of shells approxlmates the. solut1on to Eqns. 3. ﬂ7 and 3. 48.'

by neglectlng the bendlng componentsfﬂbased on the"
assumptlon that the displacements duq\to the membrane
stresses do- not 1nduce any apprec1ab1e bend1ng Thus, Eqn.

3.47 and 3.48 reduce to two'equat1ons with t&o”uhknowns as”

~ shown: - _
v w(roNg)' - riNocos¢ + Fol1Po = 0 3.49(3)
’riN;siﬁ¢ + roNp + FofiPr = 0 - 3.49(b)'

The in-plane forces N, and N, are obtained"more siméiy,

'f;om the d%rtical and normal equilibrium*of.the-statically

determinate shell segment«underjthe applied loads} Since‘the,

radii of'cqrvature r, and 3 vary. in form depending on the
type of shell of revolution,rso does”thevformfof"thew‘“

membrane solution.

-\
S

1. Cylinder R . -
N, = -/,p.ds L 3.50(a)
Noo= =pr c0  3.50(b)

2; -Sphere o o .

'. | Ng = -R . 3.51(a) -

LN



SO - 1}
- Eeee e e L - . :"‘.' ._."“ .,-._ :_. L T , g o
Clewiieanneea._ . Ng & . 4R Fp.ra ... ..3.50b) -
g e T 2wr,51n’¢ ' ' e e
3. -Cone |
N, = . -R ’ : o
’ 27scosa ' .. 3.52(a).
No = ¥p.r, . 3.52(b)

'where R is the total vert1cal load pos1t1ve when dlrected
toward the supports, p: is the component o£ the external

; load per un1t area normal to the shell surface in the

dlrectlon towards the ax1s of revolutlon. The uppet and - ;';T.

lower signs relate to Flgs. (a) and (b) respectlvely, of

J?ables 3 4 and 3.6. The expre551on for the membrane in-plane

-
(324

forces for the spher1cal,.5yllndr1cal -and- con1¢al segments,

subjected to various load1ng conditions shown in Tables 3.4

to 3.6 nere derived_trom Egns. 3.50 to.3.52. The solﬁtion‘
due to the thermal effects were obtajined from Billington{(3).

o

3.2.2vThe'ﬁomogeneous Solutionv X
Consider the vertical'eguilibrium‘of a shell element,
then / L ‘ o : | .
2wroN¢51 ¢ + 2ﬂroQ¢COS¢ + R=20
~from wh1ch _ ._ .
No = -Qscoté - R e | 3,53
2wr051n¢ . -
where R is def1ned as before. Note that the second term is
" the membrane force wh1ch can be evaluated separately as
.shpwn earlier, Therefore, the_homogeneous'solutlon is

obtained'by solving the simplified shell equations (Egns.

3.47 to 3.48)fignoring'all load terms.'Thusi the homogeneous"

-



”‘p§°1utioh'fbr'the'mef{dionalﬁforce is. -

.-£qns. -3.54 dhd%3.%é become

L e

o . No.= r-root¢

Subst1tut1ng thlS 1nto Eqn.'3 47(b)

p,,jana us1ng the relat1on,

Ly = r251n¢

tﬁeh
E N; ___‘, -r; dQ Q‘
. 1 L 98] d¢ '
“Let ' | .
Curgy
K v e 1 [veay]
L, d¢-

Yt

Ne = -1 U cote

r;
Ne = -1
: r

e,
ela”

_Rearranging Egns. 3.48(a) an%-f.48(b),".a substituting

3.55 yields,
dV - W = __L(Ng - VNQ)
do Eh

vcotg - w = rz(Ng - uNg)

Eh .

from-which w may be eliminated to yield,

dv - vcoty¢ =
d¢

5

Differentiating Egn. 3.62, and combining with-Eqn,t

gives,

<
+
Q.
£
]
la
<
i

ds Eh

[(.l‘1+l‘lr2)N‘¢ - (.rz'+Vr1)N9_]

3.54

_1gnoring the load term

3.55

M3f57ﬁf -

3.58

A .

»

-

3.63

COte[(ry+vra)Ne = (rytvr INe]

Egn.

3,61
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~m—-~d'[i;(No*uN6)} T D 3.64-
d¢'Eh - - S L

- a7

. 3.59 and 3.60 into

Subs'itufing.Eqns _Eqﬁ. 3;B4 yields one -

n Witb_ﬁaand'v tgrms Only;. Y

420 + 1 |d_(ra)* rzcote - r_ dhlay

r;, d¢z ) d¢ b o ry r1h.;d¢ d¢
-1 glcot¢'?'v - » dh cot¢|U = EhV 3,65
r;, er . H 376 ] B -

Subétituting Egﬁs. 3.57 and 3.58 into Eqns. 3%48(c) and |

-

3.48(d),
Coo Mo = -D|V_cots + »  av| . '3.66
l ’ ‘rz r1 d¢-‘ - - . C :

: M, = -D|yVcotg + 1_ Qv - 3.67
it o i 8
s _ |

ubsfitUting these two equations and Egn. 3.57 into

Eqn. 3.47(c) yields,

<

Vo+ 1 g;4£1'+ £1epf¢ + 3c dh]gy
r: d¢* T, ¢(f1)'.l’1x ﬁ%‘“’

-l_[b - 3vcot¢ ‘gg'+ Ty Cot‘¢]v = -U 3.68
| o h d¢ T2 D . :

Egns. 3;65 and}3.68ipermi£ a closed form solution of
.the equa;ions of shellsubf revolution. The solution of these
equations may be furthef simplified by applying the
‘geoﬁetrical properties of each:shell.

For théchlindricai segment with ry, = « and r, = r; =

r, these equations redch_to the form (See Appendix A for.



Jetails)

aay ¢ epag=0 L o 3u89(a)
ds* ‘ ' ‘
where- »
B* =,3 (1_,,'1) » . — C 3.69(b)
lhz- o I

for wh1ch the solution can be. expressed in closed form as
Ay= eB'(C1cosBs + C,sinBs) + e'B'(CgcosBs + C.51nBs)
o o | 3.70
For the conical seoment with ro = s sina, r; = =, r, =

r

s taha; and ¢ = n/2 - a, the closed form solut1on in terms

of’ the Kelv1n functlons ber, be1, ker, kei as shown in

detall in Append1x A 1s

Q. = 1(C,ber,¢ + C,beik + Cokerst + Cokeizf) 3.71
. S .
where
A= 12(1-v2) - 3.72
hitan®a . | » :
b= oavs - : | © 3,73

For a spherical segment with r, = r, = a and r, = a

sin¢, EqQns. 3.657andﬁB.68‘become

d + cote¢d = (cot?¢ - »)Qe = EhV : 3.74
d5%ur cotedas = ;

4V + cot¢dV - (cot?¢ - »)V = -aQ, 3.75
de¢? - de , D ‘ ,

Assume that the bend1ng effects are 51gn1f1cant over
;only a short distance from their point of introduction.
Thus, EQns. 3.74 and 3.75 can be reduced to one differential
equation intterms of a single variable, for which the closed.

form solution is a function of
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where \ is 1arge and d1mens1onless. Note that each t1me the

solutlon is dlfferentlated with respect to ¢, the result is

a multiple of the large parameter A. Consqquently, the

second derivative will be two orders of A greater than the

'solution'i;self'and so on.

So all lower order derivatives with respect to ¢ may be

neglected in the formulat1on of the flnal solutlgn

d¢? d¢

Therefoie;

42Q0 >> dQe >> Qe - -

'assumptlon was flrst 1ntroduced by Geckeler in 1926. Hence,1

it wil? be' referred to as Geckeler's a55umpt1on (2 9) Thus,

Egns..

.74

and 3.75 reduce to

159 = EhV

0,

Combining these to eliminate V,

where

The final solution is

’ Qo = e*‘(C1cosl¢ + C351nk¢) + e~ A‘(C,cosM + C.slmk¢) ,
_ "3.80

where C,, C,, C;, and C.fare~arbftrary ;onstants of

integration.

d92+ 4N Q¢ = 0
¢C .

At = 3(1-p2)a:2
Hz

.

discussed in Chapter 5.

\

3.76

3.77

3.78

3.79

The limitations of this approximation will be
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3.2.3 Segment Flex1b111ty Matr1x

The construction of the flex1b111ty matrix for the
chindrxcalh con1ca1, and spherical segments will be
discusséd in this section. Note that for the spherical
segment, Geckeler's assumption will be used as ind{cated. By
definition, the flexibility matrix coefficieng, ééy‘F(i,jf,
is the deformation of the segment at i due to a unjt value
of the load applied to the segment at j.

Only those deéormations which violate continuify and
the corresponding forces whicﬁ‘produce these deformations

need be .identified in the formilation of the flexibility

matrlx. For arieymmetric loading, ‘these are the horizontal

"
s,

dlsplacement A, and the merldlonal rotation A and the
corresponding forces H and M, at each discontinuous edge of
the shell. Combining Egn. 3.76 and 32.67 and again for the
sphere neglecting the lower order differentials with respect

to ¢, *the expression for the meridiona) mmment becomes

Mo = -D_ dQ, - o 3.81
" Fha d¢?

‘

and from the geometry of +the shell, the h~rizontal force,

H , can be ex ressig as a function of +the meridiann) force

B

'1»' -

No. Thus,.fak&

PR
3.87

Consistent with the sign cenventions shown in fié. 1
expressions for the moment aﬁd horizontal force at each
shell edge may he expressed in ferms of the_,homogene~iis
solution, as shown ip matrix fdrm.below for the spherica)

R v

segment (Egn. 3,74)
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¢, - o ' “cos\¢ R, = ex‘(qosk¢'+nsink¢)i

¢, - e ‘sinkg A, ~ el (coshg - sin)¢)”

6, = e Xcosle 63 ~ e ‘4(c$SX¢ + sinXéa )

¢ = ¢ mipha oo 'lenedg  sinkg)

than

ra A 0 0 0 | ¢ 2 @) ¢1-PC'-

Mi 0 a/% 0 0 61 83 8. 01| |C,

H' 0 0 gire 0 ol 04 04 9l tC-$

M 0 n 0 A2 61 64 64 €]
1, '

{

iy r:zvnrlv
.

{7 + IT,3[T,1Ir}

M tvieg matricae [T,) and '7,) simplifiec ra

40

fvi = [1T){ " 1.0
S€imj'~nv1:,  wrremaion~ f v the AefnArmrtions at earh shell
edge miv ke  cpo-occal i reama f the hemogenenus enlution
ac f- c
'Ag Aeine n 0 0 iP—o; pi gl 9L~-C,‘

N 0 ED 0 0 -85 A} 04 -641|C,
A&f g 0 0 Deina 0 pl 68| -61 6] <c,
Al 0 o " 2 -ad ol ¢l -ed||C.
P
(Al = IT,[T. ]
Pl ity g m’*YiEes [T,1 and [T.] yields
{6}y - [TAlf{r) 3.84
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A ) - J
Combining Eqgn. 3.83 and 3.84 yields

{a} = [TAI[TT]-'{V} 3.85(a)

{a} = [F1{v} . 3.85(b)
where [F] is the segméhéfflexibility m?t;ix, such that

[F] = [TA][TT]- 3.85(c)
Similarly, the flexibility matrices for the cylindrical and
cOnic;l‘segments arg‘consgfuctea ﬁsing the hombgengous
solutions, Eans. 3.76 and 3.75 respectively, as shown in
detail in Appendix B.

The base segment is coﬁsidered to be a circular plate
supported on a Winkler type foundation, whose stiffness is
expresseds«as the subgrade modulus, k (4). The segment
flexibility matrix Qas developed in the same manner as the

spherical, cylindrical, and conical segments, based on the

asymptotic solution to the fourth order plate equation,

(d’ ' 1d)(d’w' 1dw> - g -~ kw
D

Ar* ¥ dar/\ar: r dr
where w is the deformation component, r is the radius of the
circular rlate, g is the lo0ad term, and D is the flexural

rigidity.
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TABLE 3.1 Coefficients of

/7

Matrices Bl, By and Load Vector By in Eqn.

3.19

;_Rn

_T_Ron

iRgn cos ¢'

2
;Ron cos ¢

-T-RoRln

Rocos ¢

RoRZ cos ¢

-Rocos ¢

tRbn

Matrix BZ

—Rocos ¢

'-Ro cos ¢

Cofps

—Rocos ¢

Matrix Bl

Vector B3

42
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TABLE 3.2 Coefficients Of Matrix A, and A, in Eqn. 3.26

L.

43

Matrix A,

o ' ; 2_0
erz—vRocos¢ CAy |- vKRz(Rl-Rz) —-erl -T-"RoRln.
$ CA, CAZ '
- ngnz cA ~VKR cosé (R;-R,)
€A, CA,
(
. -1, Ry
~vD R cos¢ (Rl—Rz) -R1-VKR, -VKR, cos ¢ F VRon
cA, CA, CA,
g , N
2.2 ‘ |
-vDR on (Rl—R2 )
CA,
DR, (R;~3R,) sDRZ2n cos¢(R;-3R,) |+ R ncAq R coso
CA, CA, CA;
- DnR_RqR,
‘ Matrix A;
- CAp Ry - R,
DCA, CA,
- (Ry - Ry) | 1
— CA, ¥
2 1
T3 o



TABLE 3.3 (a) Coeffiecients of Matrix B, in Eq. 3.27

-vD

4

(1_;_3'){D(R1-R2}
.~V'K .
A x
Matrix B

44
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Table 3.4 MEMBRANE SOLUTION- FOR A SPHERICAL

, ~ SEGMENT J
MERIDIAN UPbER. AND LOW R. SIGNS
N, -— NS
PARALLEL Z-AXIS ° RELATE TO Figs. (a) AND(b)
CIRCLE N RESPECTIVELY
el P d .
\\ Ny 1:"0(0 | —

IN-PLANE FORCES & DEFORMATIONS

L2
pa , sin_ "y

2 2

Np =~ —2
sin o

. 2
sin e
)

Ng=- 221+
©" " 2 e 3

~ 'Ng = T'}{hq- (cos ¥ — cos g)
: ' - sing

-~

- [ ) Ne = ¥ hi (cos w -cos &) _ cos gj )
. Mdo * e ? [ : Siﬂzﬂ -+ ]

A= -Cofrasine -

A (b) | - ;
c\ / .°(° (o] .




Table 3.4 (cont'd)
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LOAD CASE .IN-PLANE FORCES & DEFORMATIONS '
ac I ~ AC o -
, do\ 4 . acolrEh
ad V@ Mo * =i
\ﬂdo/
(b)
(5)
pvvvvl vtva
. — PO sSin ¢
Ne= F -5 (1- =)
2 sin?"o
4 pa smz't
Ne =% —2—[(1- > )+2cos c]
: sin“ o

%

—

. rwht*acos W), -
“Ng=F¥a[ = )(I-

sin®-y .
sin ¢ ,
30 - oS t)

. sin2 o

2

g (cos

04

— o [(wht* acos 1)
Ne,':‘ +¥°[ 2 (1 + )

_a (cos 3¢ —gos3'l).‘
+3 sin2g

Facos ¢]

NOTE :

Q sing

AT T (Ng-vNy)

A '.0-9-'—"(I+9XN =N, ) -

[

! |
dt [N»o-”NG] En

s’

~
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Table 3. 5 MEMBRANE SOLUTION FOR A CYLINDRICAL
: SEGMENT ,

LOAD OASE

. “

!.
L
o
1

() & (3)

P v i

¥

F i

Ns z=¥%¥hs

K

-— -— - -

- — - —
¢

z~colal

[3)
(2
X
~

(4)




" Table 3.5 (cont'd)

‘ap case IN-PLANE ' FORCES .8 DEFORMATION
- . . ,'
l Acd.r Ehz- | . )
ac i . I ac Ms= '2("’” '/"/— T
|
(s)
. Neg=0
|,-.r'.| Ng = ¥rs
| ,
(7)
NOTE :

= 1 -
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Table 3.6 MEMBRANE SOLUTION FOR A CONICAL
" SEGMENT

. = UPPER AND LOWER SIGNS .
RELATE_TO Figs (a) AND (b) "

RESPECTIVELY .
T~ X S0
Yo *
) ‘ Y
LOAD CASE. | IN-PLANE FORCES 8 DEFORMATIOS
_ N P i
P !
\y i K’, | (s°—y?
_ . ! 4 ' Ns = ~ptan o %5
! 4
' > I \ - L p
l>/>\ i /\< No ps tan of
P | ™ . .
I a(3) ' ®
¥ ” N
ﬁ ! *” N = = ¥ h (s2-yd) .
.! {a) S -+t 28 cosof S e
h : ‘ ﬁ ®1. Ng= ¥ ¥ hs tan of sin of
(2)
!
c l c .
/ | \ apT—cols sinod
' i
I
(@)




Table 3.6 (cont'd) ..

/

A

SO
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LOAD CASE

p.F

(a)
PHH ARRL

l . .
ac | ac '
/! \(a)’ Ms* i)
\ / M9=MS
(b)
. (5)
PY Y ¥ *l Y *‘i ¥P
(s2 (s™-y~ 2) |

~+pt
N pano( 23

Ng= + Ps sin? of tan ot

\}i/(b) )
- () | _
1 »
R |
¥ « ' — ¥ s tanol y2
/T\ Ng = —6—-'[3 wht (1 - z)tZsoosd
—} N\ (a) 5
¥ _‘g $ 4 B ([ ~— lg)]
, | /" |wht s
\\L’/ ‘. : !Ub) . NQ F~¥Ss n d [Wht m -
" \
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Fiqure‘3.l EFFECTIVE SHEARING FORCES EXPRESSED AS -

FUNCTION OF THE IN-PLANE SHEAR AND THE
TWIST!NG MOMENT

'\)



b 4

TANGENT TO THE_POINT
BEFORE DEFORMATION

TANGENT TO THE POINT -
AFTER DEFORMATION |

Figure 3.2(n) MERIDIONAL ROTATION B DUE«
TO DISPLACEMENT ~

Figure 3.2(b) MERIDIONAL ROTATION B DUE
TO DISPLACEMENT mw

-

53.
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e -—=QHELL. FDGE i

..... ~— SHELL EDGE i

.. reee—— L

- SHELL EDGF j

Figure 3.3 SASHELL STIFFNESS MATRIX
* SIGN CONVENTION
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SHELL EDGE i

SHELL EDGE j

. SHELL EDGE !

Figure 3.4 FLEXSHELL FLEXIBILITY MATRIX
SIGN CONVENTION

SHELL EDGE7j -
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4. FLEXSHELL FORMULATION

Program FLEXSHELL analyzes a multi-shell structure
based on the flexlblllty approach described in Sectlon 3 2.
The progranﬁllsted in Appendix C is a modlflcatlon of an
earlier version developed by Murray, et al(4) for the,
analysis of the Gentilly type containment structure. The
capability.of the program has sincg.been increased for a
wider variety of multi-shell problems.

The 'long' sphere was replaced by a\'short‘ spherical
segment. And three additional segments were introduced such
as; the 'éhort“ conical segment, the 'short' inverted
spherical and conical segments.(Fig. 4.1) Furthermore, two
load cases were added, namely: the liquid pressure loading
and the siow load which is & unlform pressure over a "
horizontal projection of the shell segmenf Consequntlyi a
significant portion of the original version of the pregram
was.recoded. Specificaiiy;
1.'&The membrane so]utlon forre: &evelopnd in Chapter 3 ¥

shown in detail in Tables 3. 4 to 3.6, were coded
directly into the p:ogram. The upper and lower sighs
relate tg the dome and.invertedﬁdoﬁe‘co %éurations.
2. The construction of the flexibility matrix was coded
from the producf
[TT] ' [TA]
whose coefficients were coded directly into the proqram.\

Provisions were made for the dome and the inverted dome

configurations and also for the closed spherical and

- LI
56



3 The calculation of the particular solution displacements
were coded using the expressions for A; and 4y, shown in
.Tables 3.4 to 3. 6 using the membrane solution forces
already codq@ into the program (Step 1).

4 The special homogeneous solutions (4), which considers
the effecg of the vertical edge load was replaced.

5. Finally, the calculation of the final stress resultants
and dlsplacements were coded to conform to the 'short'
segments that were introduced. 4 -

The logic flow of program FLEXSHELL is as follows:

1. Define the segment connectivities;

2. “Satisfy the rigid body motion requifement by evaluating
the effect of the vertical load components on the
segment ;

3 Evaluate the jgint eccentricity effects:

4 Eetablish the segment flexibility matrix;

§. Solve the compatibility equations:

6. Solve fér the final stress resultant values by
superimposing the parficular.solution stresses with the
stresses due to bending.

4.1 pDefinitions and Notations \\7//

57

conical segments.

Segments are defined with reference to a coordinate

starting at the line of symmetry at the apex of a sEructure,

and traversing the midsurface of the shell segment in a

counter clockwise sensé, until again reaching the symmetry
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line at the base of‘the s;ructure. The coordinate for
branches. which do not fall in this primary circuit may be
defined in the same manner, starting'at the free, edge,
increasing in a counter clockwise sense. Therefore, with fhe
exception of the last segment in the primary circuit, the
"bottom' of each segmenéits alﬁays suppofted by the 'top' of
the adjacent seg&ent.'For reasons which will be explained -
later, the segments must be numbered seéuent%ally'in such
manner that any seément always has a higher'number than any

of the segments which it supports.

Consjder.a shell segment cut by a vertical plane shown

in Fig. 4.1, the sign conventions consistent throughout the
program are as follows: "Q‘.,
1. Moments and rotations are positive as shown in the
3 ‘ ' 7 A
. figure.

é. Horizontal forces, displatements, and eccentricities are
positive in the direction towards the line of stmetry,
also known as the axi?fé}'revolutibh.

3. Vertical forc’; are'pésféfVé downward.

4. For base segments,"vertical'displacéments are positive
downward,.whereas, vertical eccentricities are positive
upwards,

Note that a}l forces and mom}nts are éxpfessea'per unit

by
length. &
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. ®

X
4.2 Connectivity Matrix _

The connectivity matrix is established by satisfying
the geometric compatibility requirements between adjacent
 segments. This is accomplished by forming the algebraic
summation of the horizontal displacements and meridional
rotations at adjacent edges of the'shell:Segments. To
express these equatlons 1n matrlx form, it is necessary to
number the segmqnts as described earlier, to ensure the_
consistency in the order of assémbly of the end
deformations. Eurthermore, associated‘yith each segment is a
flag indicating the presence or absence of a connection at
the 'top' %and 'bdttom"of the segment, input as IR and JR,
respectively. The connectionrbetween segments is specified
by IDCO(I, 1) and ;bCO(I,Z), which is the number of the "top'
segment and the adjacént"bottom' segment, respectiyeiy. The
compatibility equations expressed in matrix form is .

(Al{a}, = {0}

1
e g 4.1
where [A] is the Boolean connectivity matrix expressing the
compatlbllnty regquirements between segment deformatlons (4)

{a}, is the total segment deformatlon vector.

4.3 Vertical Edge. Load ' -

This section demonstrates how theyrlgld body motion of
the shell structure which have been ignored up to this point
is taken into account. Loads from the "top' segmentimay be
transmltted to the segment below it~ as a vertical edge load

P, as shown in Fig. '4.2. Unlike the cyllndrlcal segment
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which cén carry this load By membrane'action'albne,'for the
case of the spherical and conical shells, a horizontal force -
H, must be added vectdrially;7so'that a resultant force Ny |
is formed (1,6,14). This horizontal fo}ce must Se

compensated later by subtracting this value fraa the real 4

horizontal loads PSF(N,1) and PSF(N,3) acting on segment N.

iﬁ4 Shell Eccentricity

- Since segments at a joint may not always end at the
same pointjia horizontal segment eccentricity may be
specified in the input data. This results in the
eccentricify of the edge horizontal and vertica&’loads,
which .in turn produces a mémené which must be added to the
‘existihg-momen§S;PSF(N,2) and PSF(N,4) at the edges of
segment N. Thi's moment is automatically calcul%ted inxthe
‘proéram.

' .
4.5 The Particular Solution ‘

The particular solution is approximated by the membrane
soluﬁion. The computation of the.membraneﬂin—plane forces N,
and Ng, fof the spherical'andvconical segmgnts are
incorporated into function subprograms FN1:’FN2, FN3, and
FN4, respécfively.'The equations used in these subprograﬁé
are found in Tables 3.4 ,and 3.6. The solution for the
cylindrical segment, found-in Table 3.5, is simﬁlefenougb,

that a separate subroutine is not necessary. The particular
- .o . . — T .

solutién;displacements PSD are obtained'from evaluaeinglfhe’
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equations for A, and' 4, found at the end of Tables 3.4 to
3.6. These-compurations are incorporated inro subrontines
PCYLIN, éDOME and PCONE, respectlvely. ‘The particular .
solutlons for the base segment derived in (4) are

1ncorporated into subroutine PBASE.

~
4

4.6 The Flexibility Matrix

As derived earlier, the flex1b111ty matrix for a shell
of revolut1on may be expressed as follows

[F] [TA][TT]"

__These matrix operat1on 1s performed by subroutlnes CYLIN
'VDOME CONE and BASE, for the cyllndrlcal, spherical,
conical, and bése.segmenys respectively. T - 3

The first step is to initialize the coeff1c1ents of 3
{TA] and [TT] For subroutine CONE, this necessitates the
use of another subroutine MMKEL2, which computes ;he Kelvin
functions of order 2 using published recurrence formulas
(10). Subroutine MMKEL2 in turn calls up a system-dependent
subroutine wh}cn—eveluateSthe Kelvin functions of order
zero and one,end‘rheir.dériverives. Secondly, a check is
mader if the segment is irverted or not. By definition, an
inverted sphefical or conical segment is that which forms a
cup-like shape as shown in Figs. (b) of Tables 3.4 and 3.6.
If the segment is inyerted, subroutine ROWEX is called. }his
performs row'interchanges in" the [TA] and [TT] to conform to
the inverted conflguratlon. Furthermore, a check is méae

whether the segment is a closed spherlcal or conlcal dome,
. &
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If so, the four by fourvflexibility matrix degeheratesAinto
a two by two matrix. The next step is to invert the [TT] ‘;
~matrix which is performed by subroutine TTINV which is
"capabie of inverting a four byvfourvor\a dgéehereted two by
two matrix. Finally, the matrix multiplication

[TA{TT]- " |

is performed, thus fg/mlng the flex1b1l1ty matrix.

4 7'Matr1x Formulation of thes Solution Procedure
' Let [F]. be the flex1b111ty matrix of segment i, then.
from Eqn 3.85(b), |

{a}, = [Fji{V}l ' - 4:2
§ .
Similarly, for the entire structure, the equations are o
{a} = [F1{v} : | 4.3

Qhere the end displacements {A},, end forees iv}., ana
flex1b111ty matrlx [F]. of element i are assemblea 1nto the
global matrlces {a}, {v}, and [Fl, respectlvely, in the
order consistent with.the sequ@hce of segment'numbering
| The particular solution dlsplacements and the vertlcal

edge load dlsplacements {5} in the correspondlng order as

a

{a}. The total dlsplacement vector 1s

(), = (A}« 63 7 4.
Substituting Egn. 4.4 int0’4.1 3 | |

[A)({a} + {8}) =-{0} 4
and multiplying Eqn; 4.3 by [A], '

[AI[F1{V} = [Al{a) e 4.6

Let {qg} be a set of.relative displacements inAterms of -the

,
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homogeneous solution {A} such that

{q} = [Al{a} 4

s

From a general theorem in structural analysis (13), if

v

a set of forces {V} is aésociated with a set of .

displaéements {v}l, and if in another coordinate system, the

same set of forces may be described as {U},‘and'their

associated displacements as {u}, then the work done in.the

two systems must be identical when undérgoing eduivalen£“ 
-displacements, i.e.; |

T <u>{U}

<w>{V}, , S 4.8
similariy, |

<A>{V}, j o ‘ 4;9

<g>{Q} |
where {V} are the‘forCES associatedlﬁith displacements {A}
and {Q} a;e éhe,redun%ant forces associated with the
relative.displacement;M{Q}; Substituting the transposé of
Edn. 4.7 into 4.9, . _ ,

<8>[A)7{Q} = <a>{V} E 4.10(a)

<a>([a17{Q} - (v} = 0 _‘ 4.10(b)

since Eqn. 4.9 must be true for all <A>, Egn. ‘#.10(b)

becomes

{
W) = (a17g0), - - ‘ PR
Substituting.Eqn. 4.11 into 4.6 yields
 IAIFITAY (Q) = -[Al{8) o 4.12(a)
[F]iQ} = {go} - 4.12(b)

where the structure flexibility matrix and structure
particuwlar solutron displacements, respeétively, are

‘ " [F] = [AMFIADT A I

] -



{1qo} = -[a]{s} T 4.14
The set of simultaneous equations (Egns. 4 Az(b)) can
then be solved for the redundants Q, by Gauss e11m1natlon.
- Once evaluated, the value of the redundants may be
back—substituted into Eqn. 4, 11"-to find the edge forces Vv,
which 1n turn can be substltuted into Eqn. 4.3, to fihd Khe '
dlsplacements A The flnal solut1on can then be obtalned by

superlmp051ng these values on the partlcular solution,
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(c) CYLINDRICAL SEGMENT ' (d) BASE SEGMENT

.
._'__,_____...r’ \

ARRAYS' P B F — PARTICULAR SOLUTION BASE F;'QORCES

PS D — PARTICULAR SOLUTION DISPLACEMENTS '

P SF — PARTICULAR SOLUTION SEGMENT FORCES
S F - — SEGMENT FORCES

Figure 4.1 SUBSCRIPTING .OF SEGMENT
ARRAYS FOR FLEXSHELL
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Figure 4.2 VERTICAL EDGE LOAD
EFFECT -



5. EVALUATYON OF TH® FLEYIBILITV ATPNROACH

.The flexibility and s'iffnesg metho’es are twe bacgh

approaches in the ann]ysi: of starically indeterminate
structurerc. For a gi en preblem, both methrde {11 give
identic~1 ~alutinsne. Any differences 'hi-h may be <hser
are due tn trhe appr'ximat{ons'ﬂsed in the f rwyla’

N
Are not inhrrent n tke-fethods themselves "aai-

eri
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On the other hand, the solutions obtained from program

FLEXSHELL are based on clésed form solutions. The degree of
simplifications intfoduced in obtaining these solutions
Aepend on the shell type. With cylindrical shells, no
simplificaticons are necessary. Hence, the qgln*ion showld be
identical to that from program SASKELL. With crnical shel's,
s~me errnor may re introduced depending on the semi-vertr

angle, « Aue tn Adifficulties in evaluating the Kelvin

[d
o

fun~tions and their derijvatives. Using Geckeler's
approximgfion in obtaining the closed form solution f~r 'he
spherica!' ghell wil) 1ik91¥ res 1t in greater error,

}
var'icularly as the values of * or ~ hecome small,
Closed form so]n'ioné frr each segment were ~htained
for "shert’ s*gwrh*:, that e  tw~ coner-nre of integratinn

are evaluyatesd a' eon ) nf‘?qe ~f the ehell  Hjrwaver, 'nlike

program SAQHRT Y the :':hf\]\,"‘it; ofm ~lrceA . S(TTQrQI-'\l or

~nnical eegme-te -ffere ne dIfficnltioa. Tn e ch S ace ey
the constants of ‘vrteginti v crmrreap~ Aing " the apA
furtheest from the n1ex are ~ nl atael T've, impoging
} N ar o 3ATE Y e at QI‘F Ao are ot ,,.,1”:',9(.]_

T " yAear ta evaliate the v=~1iln.';livx of the twr\'moth’wi"
nged in 'he preqrame. bah r'carame w--e ron oo identical
rfor' Te apA e re lta ~re copp ooy e Temments g to whiech

"";d" - ' . Lo Y roo, m oIy e ?\rr\}\w"n ~r e
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5.1 Cylindrical Segment:

Fig. 5.1 illustrates the distribution of the behding
moment and circumferential forée along ‘the-length of the
cylinder, under a hydrostatic¢ pressure with y = 62.4 pcf,
obtained from proégams FLEXSHELL and SASHELL. The mefidional
force ﬁ. is equal to zero in this case. As expected, the t@o
Qolutions are identical. Similarly, upon investigating the
solutions for the other load cases, dead loéd, snow loaa,
and ‘uniform pressure or prestressing, both programs vield

>

identical results. !

5.2 Conical Segment

There aré physical limits that must be imposed on the‘
semi-vertex angle « for conical segments. As a approaches

. .

zero, the cone degenerates into a line and no shell action
is possible, Qh the other hand, as o arprogches 90°, the
cone becomes a circular plate. TN

With the formulation of SASHELL, the latterlbase
presents no problem since the basic shell equations reduce
to the plate equation when o = 90°.) However, in FLEXSHELL,
it 1s necessary to imRose a limit on the range nf values 5?"

¢ for whith the Kelvin functions and their derivatives are

*valubted,
4

£ = 2Ms S,
whay e A - 12(1"‘2—2—')’_
h’tan’a

S~ when a = 90°, t approaches zero and when a = 0°, ¢

QS

approacheg «. Thus, this dimensiqnless parameter used in the
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evaluation of the Kelvin functions and their'derivativ§s aré
limiteq as follows:

0 < E‘S 119.0
Consequently, a iimit on the range of values of a is
imposed. For instance, when s/h = 500, a must be greater
than 26°, and when s/h = 100, « must be greater than 5.5°.
Note that o can be very close to, but not equal t0‘9b°, say
89.5°.

Fig. 5.2 illustrates the distribution of the in-plane
forces N, and Ny and tﬁe merididnél bending moment M, along
the conical segment, under snow load, p = 1 ksf, accovding-
to programs FLEXSHELL and ‘SASHELL. As anticipated, both
programs yield identical resﬁlts since no simplifications
were made in the formulation of the closed form solution for

. { .
this segment. The solutions for the other load cases are

also identical. _ \\J)//”

5.3 Spherical Segment

| Fig. 5.3 illustrates the aist:ibution of the in—pléne
forces Ny and Ng and the meridional bendi%? moment Mg along
the spherical segment for « = 10° and «a = 8&4, under dead
load with y = 150 pcf, éccording to programs FLEXSHELL and
SASHELL. It is observed that there is a'gréater discrepancy

between the solutions for small values of the angle «, say%
: |9

10°, than for large values of «, say 80°. This observation

is confirmed with the investigation of .the solutions for

“several values of a with ao, = 0°{‘a$ shown in Fig. 5.4. The
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solutions for different values of a/h were also compared,
and a greater discrepancx is observed for small a/h values.
These observations may be explained as follows. As the angle
a become small, the bending effects become more significant
over a large portion of the segment, Clearly, this Qiolates
the basis'of Geckeler's assumption; hence, the approxiﬁatioh
for the spherical segment becomes less acchrate, For the
same reason, a greater discfepancy is observed fqr'sﬁall
values of (a—gof with‘aé # 0°, as illustrated in ?ig. 5.5.
ﬁote that no discgepancies are observed for « = 90°. Since .
Geckeler's assumption requireé that the dimensionleés
parameter‘x,awhich appears in the closed form solution for

A

3 .
the spherical segment, must be large, that is, a/h is large,

the approiimaéﬁ eéiggss accurate for small values of

a/h.fIn orde£”¥o be éble to predict the discrepancy between.
theltwo.solutions for a specific set of geometry and
maﬁerial.property, Figs. 5.4 and 5.5 were combined td
develop Figs.‘5.6 to 5.8 for various locad cases. |

Fig. 5.6 compares the meridiohal forces in a sphgrical%
segment under various load cases as given by the two 1
computer programs. As illustrated in the figure, the |
solutions obtéined f;oﬁ FLEXSHELL show excellent agreement
with those dbtained from SASHELL, the maximum diffefence
being 1/200 of 1 percent. For the liguid pressure loading,.
the éolutions-become identical.as a approadhes 90°, and
smaller.discfepancies ar obéered~with increasing values of

, . _
AMa-ao). In general, for any « ,with A(a-a,) = 15, the
(

@
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solutions differ by less than 5 percent.

Fig. 5.7 compares the circumferential forces on a
spherical segment under various loads. Similarly, the
solutions become identical as « approaches 90;, and smaller
discrepancies_ére observed for high values Qf‘k(aiao). The
discrepancies between the solutionsbfor k(a—ap) = 10 due to
dead load and snow load and due to uniform pressure are less
than 5 and 10 percent r;spectively. For the liquid pressure,
a greater discrepancf is obsen@gd, up to 10 and 5 percent
discrepancy is observed for A(a-a,) = 43 and A(a-ao) = 60
respectively. |

Ffé. 5.8 compares the meridional bending-moment in the

Y

spherical ;egmenf under various’'loads. As with the in-plane
forces, the bending moments froh both programs’becqme' —
iQentical as « approaches 90°, and smaller discrepancies are
observgd.with increasing values of A (a-ao). A discrepahcy of
less than 5 percent for the uniform preésure, dead. load, and
snow load is observed. However, a discrepancy of less than
10 percent is obsérved for any a with X(é;ao) = 25, and-ﬁ
percent for A(a~ao,) = 45,
7 .
5.4 Application of Program FLEXSHELL

Having invéStigated_p;bgram FLEXSHELL for simple shell

segments, a multi-shell sfructuge consisting of a
combination of cylindrical, spherical, anglconical segments
was analyzed to demonstrate thé cababilities‘of the_program;
~Again, the r ts obtained-from FLEXSHELL are cqmpared with

\\
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those from SASHELL. The same example problem is used in the
FLEXSHELL user's manual (Appendix C) to illustrate the input
and output files. Fig. 5.9 illpstrates-an Intze tank
consisting of cylindrical, spherical, conical and.base
segments, and .ring beams which are modelled as évlind:ical
segments. Intze'tanks-are mainly-used for vaterfstorage,land
.they are typlcally constructed as prestressed concrete. The
materlal propertles which were used are:

: QJ5804 x 10° psf K

B < 0,167 - -

‘,._.pj‘
it

150.0 pcf

<
1

'The base of the tank is considered to be fully fixed ,so the
base segment was g1ven a ‘high modulus of elast1c1ty,

E(base)

.va 10’°‘psf

The results of the analysis of the Intze tanklunder
dead load, given by both programs.are shown graphically in //)
Figs ~5 10 .to 5.12. It is apparent from these flgures that
the solutlons show excellent agreement .between the in- plane ‘
forces N¢ and Ng, and meridional bendlng momentMa, for each
segment. Some d1screpancy is observed in the solutlon for
both spherlcal segments in the v1c1n1ty of the apex. This
may be 1ntroduced by the 51ngular1ty formed at this locatlon
in program SASHELL, or due to 1naccurac1es 1ntroduced ‘by
u51ng Geckeler s assumption- for small values of the ahgle a.
'1n FLEXSHELL Nevertheless, both solutlons show good \
correlatlon and. the same is ant1c1pated for the other load

cases. S b e N
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6 SUMMARY AND CONCLUSIONS

The two bésic approaches in the elast1c analys1s of
mult1 shell structures were dlscussed With the stiffness’
method, the stiffness matrix relatlng the forces and .
deformations at the edge of each shell segment are formed by:
numerlcally integrating the ba51c shell equat1ons wh1ch wereh
expanded into a Four1er series. These element stlffness
matrlces are then superposed to form the structural
"stlffness matrix from wh1ch the segment edge deformatlons
are computed With the flex1b1l1ty method the flex1b1l1ty
matrix is formed from the closed form Solutions derlved in
Chapter 3. The particular solut1on is approximated by the
. membrane solutlon also derived 1n Chapter 3 and shown on
' Tables 3.4 to 3.6. A computer ’program, FLEXSH;LL.was' N
developed based on the flex1b111ty approach The results are
then compared w1th the results from program SASHELL
‘developed by Shazly (5) based on the stiffness approach,
‘.Individual segments under yarious_load caSes'we?e

<

investigated ‘It was fqund that both programs‘yield’
1dent1cal solutlons for the c;llndrlcal and conical
segments. Since Geckeler s assumptlon was used .in the
formulation ofsthe'solutlon for. the spherical segment in
FLEXSHELL, a discrepancy between the solutidns was |
anticipated and observed to be a function of X(dﬁao)‘and the
angle a, where A is the dimensionless parameter in terms of

. . : , ' : 17
a/h. . ' } oo



“agreement w1th SASHELL. The main advantage to us1ng

axlsymmetrlc mult1 shell structures.

f_more load cases and more shell types. f .

5

‘ fv' _; . . . . ¢ v . 87
v i : .

The Intze tank problem d1scussed in Céapter 5 was i °

Selected tg demonstrate the: capabllltles of program

FLEXSHELL to analyze an ax1symmetr1c segmented shell

, structure. Overall program FLEXSHELL showed excellent

) %ﬁ? e

FLEXSHELL 1s thatﬁlnput is simple. .
Therefore,~1t may *be concluded that”FLEXSHEEﬁ is a

51mple» effect1ve tool for the analys1s of a wlde variety ®f
|
Further development is poss1ble, w1th the addltlon of_

IS -

=~ . . t
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' APpsnnriﬁa—nzraxnznvbzntvarxou OF. THE HOMOGENEOUS SOLUTION

- ."’
For a cyllndrlcal segment w1th geometrical propert1es ajg;
as follows,

. ry = o p¢ = p, . dé ) ds.
EQns. 3.64 and 3.67 derived earlier become
‘r,d3U = EtV g A,1
5 | ,
rdvs=-y o A.2
Combining ﬁhese equations and usinéﬂeqn.n3is7 to eliminate
U, . c S ‘ ) | e
» . N ) ' ' o ) ]
d*Ay + 4B*Ay= 0. - ‘ L - A.3
dsf . ' :
_where
ﬁ‘ = 3(1-»2) o o N '
r’h? .

for wh1ch the final solution is ) 4
AH- eB* (C,cosBs + C251nﬁs) + e- B‘(C,cosﬁs + C.SﬁnBs)
‘ A.5-

The .geometrical properties of a conical segment is

ro = s sina ¢ = /2 - ¢ _‘g_”s r,d
ry = o " Ng = N, d¢  ds
'rz = s tana p® = p, .

RS

Subséitutiné these-reldtions-into Eqns. 3,64wand13.67.yiela

 r;d'U + dU tana ~ U tan’a = EhV e A6

- e O SR

r,d*V + 4V tana -V tan’a = -U o _ v ALT
- ds* ds rz D ‘

- and Eqns. 3,56 become

‘U = s Q,tana S .. A®B

L4

9 ‘
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Substxtutlng this into A.6 and A%7, _
s d’(sQ,) + d(sQ, - Q,)'= Ethotz B ' A.9
ds’, S
s 4+ av - . -( 00 .-';l .f' BN ST N

o as’ dS O D
o These equat1ons can be solved to form a fourth. order
;equatlon in terms of a 51ngle var1able(7) However, an

alternatlve approa h 1s p0351ble by 1ntroduc1ng a linear

~ differential operator as: follows(1) .

sd () +at) - () S A 11
~ ds? -ds s . :

';chus, eqns.'A.S and A.10 become,

L(sQ,) = EhV cotia = s {A,;:;-A-'JZ.
L(V) RC R - S A
Operating on Egn., A.12,'and subsfitutingdbgck into Egn. A,13
* yields, ‘ " _ "; 5
| LL(SQ,) + A“(sg) =0 . . . R WP
where . o B |

At = 12(1-p?)
h*tan: a"

‘ ThlS may be written in elther of the follow1ng forms,
LIL(sQ.) + i\?(sQ, )] - 1k’[L(sQ ) + 11’(50 )]
L[L(sQ )= iXx2(sQ,)] + 11’[L(sQ )+ 1k’(sQ )7

0 _A.15

0. '_ A.16
whlch 'show that the. SOlUth s of the two second order
equations are ' S | (::D o _';'" ‘ |

: L(sQ,) 't ir*(s0.) = o T R T AT
Expanding this equatlon ylelds,. |

s @2(s0,) *+ d(s0,) - (sQ) *+ iA*(sQ.) = 0 . A.18(a,b)
- ds? ds — 5 : Co
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The solpt1on to Eqns.,A 18 is c0mplex, and it wxil be enough

. to- solve one of the equatlons, and then use the real, and

K

’"Vlmag1nary parts of this* solutxon sepa;ateiy as the solut1on ;
of a fourth order equatlon mentloned earller.,Introduc1ng a

N

nev var1able, I L he

n=2wis, :AL19
Egn. A. 18(a) become, e

_d?(s‘ d(s + 1 - 4 (so;»[& o }fA;éo

;The'solution,of th15\equation consists of Bessel functions \.

fothe se¢ond‘kind;’ : B T o
J2(n) = 223.:(n) - Jo(n) . L7 AL2i(a)
> S n R - - ; |
COHET () = 2 HEO () - HEY () . A.22(b)

N

_ Let E = Zsz, then rewr1t1ng Eqns. A. 21 in terms of the

'Kelv1n functions: of order zero yield

Ja(n) = gbei’f-berz +.1<gber £+bei§'., o At23(a)
. 3 £ : S
HS' ' (9) =°g g £+ke15 —1(2 2kei' - kerE) - A.23(b)
.. - o n ¢k o\n & o

- te',
-

These two funct1ons are. 1ndependent solut1ons of Eqn. A 18
rand thexr real -and 1maglnary parts separately will satlsfy

the fourth order equat1on formed by comb1n1ng Eqns. A 9 and’

‘A, 10 The general solution for a conical shell is

Q' '-': %:[A;(ber{-%be”i ' E) : *A)Az (bei'fl'*%ber' E) ‘» .

AU



stng the recurrence fOrmulas(10) for the Kelvln
funct1ons Eqn A. 24 can be rewritten as followst s

Q. = 1(C berzs + C bezzE + C,kerzs + C, ke1z£)
4 . S P ."‘ \g’

o
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i§ of the form R : «

T .

[F]. = [TA][TT]-'*W, = ;BT

=

‘The [TA] and [TT] matrlces are a function of the geometrlcalg
“and’ materxal propertles of the shell segment.

. Based o;\the geometr1ca1 propertles, the [TA] and [TT]
Vmatrzces ,for the cyllndr1cal segment derzved in a 51m11ar=

manner as for bhe spherlcal segment 1n\éhaptap 3 'is as

follows_f-' v
Let | .
B* = 3(1-p%) ‘
. r*h* g \
D= Eh |
' ‘7577:??7 - j;:;ff y S SR
and ; :
d,'= e BtcospBs Y\ 6, = eB'(cosBs + 51nﬁs)
¢2 = efrsings 6, » eB‘(cosBs - s1nBs) o '
9, = e‘B‘!!Bﬂs '6; = e~ B'(cc’sps +. 51nﬁs) | (
¢y = e;s‘sinﬂs - 8, =@ B'(cosﬂs'- s1nﬁs)
-H“- (2pg* 0 - o "o -[f-'1_ g AR I Tc,-- -
JMér = . _~ ;Dﬁf‘- b“l :°¥ %\0 ;. _1,' Q_  1 QJCE?
! 0 0 208> 0 | 8| 6 -61 -8y{|cs|
m o 0. 072 ||-ed  ef-. sl eff|cs
or
(v} = [Ts10T4]{C) S
v} = . [TTI{C} co | _B.:é o



and

Ay 1.0 0 0
A, 0 53 0 0
< > =

.Y 0 0 10
AJJ 0 0 o0 B

61

{A}j' [T1][T|1{C}
{a} = [TAl{C}

The [TA] and [TT] matrices for the conical segment is

as follows (

omb= 1200-p?

‘:X‘iy 12(1-p2

Let

8).

)

'i“‘l* i 4

)

h*tan’a

¢ ? 2\/s

) = d( )

* and

¢, = ber,¢

7'¢; - bei,¢.

$s = kerat

'aa" keio¢

571 = tberj§

Y2 = gbeiﬁf

75 "ékﬁrif

Yo = Ekei}t

- 2pber§£‘<

~ 2vbei,¢
- 2vkef3E

2vkei,t

e

/
R
10 ||c,
-1 1 |]c,
o 3 (
'”¢4v ol |Cs
-04 oillc,

‘sberif‘
tbeijt .
tker}t
{kei;E~

+

+

+

+

éube ,f
-vae:?B

2rkeryt

2vkeint

i
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then :
Hl | =1 "p 0o o llet e e eillc,
s;slne , -, .

M} 0 h 0 0. 1164 =6} oif -¢il]c,

{ L= . 2m?®s, . o PRI R

HI 0. 0 1 0 [[ed. ¢4 o ol}]|Cy

. S;Slna ' ‘ o . ,
M{ 0 0 0 __-h [le: -6} e6i -e¢ilicC,

L L 2mzsl_ L . JU )
or M

{v} = [TellT,0]{C}
{v} = [TTl{C} B.4
and :
- ’ . - . - ) ) - -
A} |sine 0 0 0 i Y: Y3 vil|C,
A 0 —2m=/h 0 0. ||e: - i -sil||C.
P, Y o= ] ‘ ’ < 4
A} 2Eh| O 0 sina 0 1EZ vyi v vi]||[C,
1 £ . cet ‘ . . ‘

Ad {0 0 O -Zm’/h oi -of ol -¢if||C,
b - L - ™ I ‘-

iA} ‘;IT11][T12{C}
{a} = [ral{cy . B - B.5

Inverted shell
~

An inverted cone or sphere is shown on Fig. (b) of
Tables 3 5 and 3 6 respectlvely. Note that 1n the. above
der1vat1ons, i and j, relates to the 'top and bottom of a
shell segment So, for an inverted shell, the top becomes
the bottom and v1ce versa. Thus, to flnd the flexlblllty

matrlx, it is a S1mple matter of 1nterchanging rows one w;th

three, and rows two with four, of matrices [TA] and [TT].

~



APPENDIX 'C-FLEXSHELL USER'S MANUAL

‘Using the flexibility method of analysis, program
FLEXSHELL compUtes“tﬁe'iﬁ—éiéne'fdrces, bending moments, and
horizont;l'disp;SQéménts for an axisymmetrically lcdaded
shell sfruétur§§ due to various loads. ,

The pfogram 1s capable of analyz#ng six types of shells
of revolution of uniﬁarm.thicknegs. These are cylinders,
spheres, inverted sphefeé, cones{rinvertgd cones,.and.base
slabs on an elastic foundation. Seven ﬁijéyhmééric loading
cases are available. These are self weight, uniform
. pressure, preétressing, snow load (a uniform vertical load

‘over a horizontal projection), hydrostatic 'load, uniform
_ temperatﬁre chénge, and température gradient. through the
ﬁshell thickness. ‘ | '

The input to FLEXSHELL;COhsists.of'multiple iiges~which,’
may be lines in a datafile or a set of punched data cards.
There are six input card types. Certain card types may be‘
repeated:aghnecessary. ' ' - Q

A typical exélanation of a ca;g type cqﬁsists of the

- ‘card type number, a descriptive name iﬁdiéating the nature
of the data, the fqrma£ USed,”and the numbér of chrdqqof
?gﬁhat type required. This is followsq by the variable,hames;
in bola Eype, followed by the defiﬁ}tions of ihese variable

names} and the options availéble ,if any, for.the input
variables. Throughout the input all units have to pg .
consisteht, The input and oupﬁutﬁfiles.fér.the Intze tank

problem discussed in Chapter 5 and‘the §rogram listing are

Q7
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given in the latter part of the Appendix.

1.

3

TITLE card o ~ Format 10A8

A

'Any identifier string up to 80 characters.

CONTROL card _ o . Format 2I4

NSEG IPRINT

'NSEG = number of shell segments in the structure.

IPRINT = print control character

0 - echos input data and prints final results only;

1 - prints full output including the connectivity

‘ matrix, PSF and PBF arrays, and the element and
structure flexibility matrices. (used for
checking purposes only)

'SEGMENT DATA card | Format 5I4,2F10.4

One card per segment required. Note .that the segments
must be numbered sequentially in such manner that any ¢
segment always has a higher number than any of the
segments which it supports.

I IT IR(1) IR(2) NDIV EC(I1,1) EC(I,2)
I = segment number
IT = segment type

- cylinder
- sphere 7
- (ba on elastic foundatlon
one- '
inverted sphere
- inverted cone

AP WN —

IR(1) = top connecﬁivity flag for segment I
0 - top i's not connected to another segment;
1 - top is connected to another segment.

IR(2) = bottom connectivity flag for segment I

0 - bottom is not connected to-another segment;

1 - bottom is connected to another segment;

-1 - bottom is connected to another ‘segment with a
pure hinge. : :
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NDIV = number of divisions for segment I at which stressy
resultants are ‘to be computed and printed. (max = 100)

EC(I,1) = eccentricity of joint connection at the top of
the segment in feet, .- ‘ '

EC(I,2) = eccentricity of joint connection at the bottom
of the segment in feet. ' ' .
NOTE: | .

When two shell segments are connected at a given
elevation but have different midsurface radii, a
horizontal eccentricity equal to the differences in
horizontal radii to the midsurfaces will result. This
eccentricity can be applied to either shell segment and
is positive when directed inwards. For the eccentricity
between a spherical and cylindrical segment, EITHER of
the following entries is permissible. .

sy @
/"‘
3 |
EC(1,2) = 0 EC(1,2) = -3.5
EC(2,1) = 3.5 EC(2,1) =0
CONNECTIVITY specification card ' ' Format 2I%

Spécifies the connection between segments. Requires
(NSEG - 1) cards. '

IDCO(1) IDCO(2)
'IDCO(1) = number of top segmént.

IDCO(2) = number of segment .to which the. top segment is
connected. S

. ’ -~ .

- . Where three shell segments intersect at the same

- elevation, two connectivity specification cards are

required. For the Intze tank shawn. in¢Fig, 5.9, tH&-'

~entries are 5 7, on the first card, and 6 7, on the

following card. Each segment number appears precisely

once in IDCO(1) and these numbers must be arranged

consecutively in increasing order, starting with segment

NOTE:

I
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| . 100
1 and ending with segment NSEG:g:

S
5. SEGMENT PROPERTIES card / Formatofm F6. 0,F12.0,

| | ?é’.o SF10. 0
I TRHHO E PR ALPHA UW |
I-; segment number
T.s~segment thicknese, feet' o L

radius of the parallel’ circles for cyl1nders@&nd

R =
spheres, feet; or, e
= subgrade coeff1c1ent for base segments‘ or,l. f?_
_ = sem1 vertex angle of cone in. degrees. S
H = length 1n feet for cyllnder' or, ‘ '
= total angle in degrees from the axis of revolutlonr
to the outer edge for a sphere; or, -t
= outer radius. of a c1rcu1ar base r1ng slab in feet;
. or, : .
G = distance . from the apex of cone to the large end in

feet. , '

HO = 0.0 or%flank for cyl1nder- or,
= angle n degrees from the axis of fevolutxon to
the inner edge for a sphere; or,
= inner radius of a circular base ring slab; or,
= distance from the apex of cone to imner edge in
feet; or,

L

. E =,Young's modulus for segment, psf
‘PR = P01sson s rat1o for segment

4,ALPHA ={coeff1c1ent of thermal expan51on

UW = unit WEIth of materlal for segment, pcf
6. LOAD TYPE \card , "+ Format 214,7F10.0
& ) :

One card per.segmeht is requlred
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1 IP PV WHT PSF(1) PSF(2) PSF(3) PSF(4) PSF(5) PSF(6)

L

Py
oy

I = segment number

IP = load type parameter
- uniform pressure
- self weight .
- prestress loading -
uniform temperature change across section.
- temperature gradient across section
-'un1formly distributed load over a hor1zontal
projection, or snow load '
7 - liquid pressure

AU WA —
[

NOTE:

A hydrostatic load applied to the base segment
is 51mu1ated by using a uniform pressure ‘equal to
the product of the liquid weight density and the
"height of the water above the base. :

PV = value of thg applled load, dependlng on the' type of

load

If 1P=1, PV is the magnitude of-unifgrm preesure in
psf.
Positive .for 1nternally dlrected preésure and

negative for externally directed pressure. For a

base segment, this value is positive when
pressure is directed downward and negative when
directed upward

1f IP=2, value of PV is dlsregarded and a dead load
ana1y51s is carried out for the unit.weights
spec1f1eduon the SEGMENT PROPERTIES cards.

1f 1P=3, PV is the magnltude of the uniformly
dxstr1buted prestress pressure on the
midsurface. Same sign convention as IP=1,

-If IP=4, PV is the uniform temperature change in
degree Celsius or Fahrenheit, depending on the

. units of ALPHA. (positive if the temperature
rises above the reference temperature)

If IP=5, PV is the gradient of temperature across
sect1on in 'degrees per unit of thickness.
» . . (positive if the temperature rises above the
“% rreference temperature) :

If‘IP 6, LAY is the magnltude bf unlform pressvre_&ﬁif"

d1str1buted over a horlzontal pro;ect1on, or.
snow.load, B psf L N _._.

T '»" v eaz

et u[u L ‘B‘ PRESS qu

5

< YR /ﬁ?«" ﬁ%«z@: i

TARR A g %' T e 9)‘
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If IP=7, PV is the magnltude of' the llqu1d we1ght
density in. pcf : 5

WHEQ- helght of llqu1d abOve the vertex of a cone or
height of 11qu1d above the inner edge of a sphere in’
feet. Value is ignored for load types other than
11qu1d pressure.

PSF(1) = ‘magnitude of externally appl1ed hor1zontal
~ force at the top of the segment, lbs/ft

PSF(2) = magnltude of externally appl1ed moment at theiff 
- top of the segment, ft-lbs/ft. B

PSF(3) = magnltude of externally applled horlzontal
force at the bottom of the segment 1lbs/ft. ‘

PSF(4) = magnltude of externally applied moment at the
bottom of the segment, ft- lbs/ft. ’ :

PSF(5) = magnitude of. externally applled vertlcal force
at the top of the segment, lbs/ft.
PSF(6) = magn1tude of externally applled vert;cal force
at the bottom of the segment lbs/ft

The PSF forces are forces and moments wh1ch_ if
necessary, are to be applied IN ADDITION TO the :
‘distributed loading effects identified by_the PV values.

, Prestress;ng effects are generally 51mulated as -
dlstrlbuted ‘loads but cable anchorages give rise to
concentrated loads which are treated as PSF forces
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‘ £
-
5 o
.;\'
FLEXSHELL Input and Output Files =

for the Intze Tank Problem



NTZE TANK MODEL (DEADLOAD)

’
@2,0,1.5.
,1,1,1,5,‘216,.125
1‘11'1111)5'
,1,1,1,5,.125,.125
1«6111115r ‘

,2,’0,1',5,

' 4,1,1,40,

r3r1roz1r

12, '

131 ~ “

Yy o
15‘:

' 7

17,1‘

r81 o Lo .
,.333,94.5,28. 0.,.5804E09

3,.417,44.456, 10.,0 .5804ES,

&

m~Jmcnhcuw-4mlqmcnpcuw—wqauhbcuw-+m~am(nban,-mra
-

T YN e N W s w N

2
2
2
2,
42,
, 2
2
2
2

- W wm W wTw W w

=~}

1E03, . 167,.6E~5,150.,
.667,44.581,1.45, 0.,..5804E9,.167,.6E-5,150.,
.167, .6E-5,150.,
,-667,44.581,1.45,0., .5804E9, .167, .6E-5, 150.,
,.3,62.75,50.,25.,.5804E9,°. 167, .6E-5, 150.
,.3,82.5,15.5,0.,.5804E9, . 167, . 6E-5, 150.,
,.5,19,146,152.447,67. 763,.5804E9,.167,.6E 5,150.
+1450000.,50. ,0.,1.E20, 167,.6E 5,150.

>
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R{N)»XKEL

[
o
ssas

2.588R <+ PR(N)SX]IoDABR
2.8801 ¢ PR(N)TX]IODEEL
2.2AKER ¢ . PR{N)sRIsOKER
2 'Ill! * ’l(')‘ll'b‘ll

<
9 o
cemam

GOTO (874,874,874,878, l1l'.
ANI(L) = PI!(IP(I),I?(.).
TI(N), PiN),P

11, NKER, XKRT,
1,DKER, DKET)

874),1PN
N(N) HO4N),
.0, “'(U) T(I' 1ov)

IHI(L) L l'l(l’(ll.l?ll) Y,ANQ, N(.) NO(I)
wHT(R), FV(N)'PI'(I l),U'(').T(l)l
ﬂ’ I"Vlﬂlllllﬂll'illlil) Pl(lbllﬂllk)):}l(ﬂ)‘f(l))

en TO
" . FV‘I)-ll'"ll')tvlﬂlll(lﬂﬂl"(ll'f(
G0 . TO0 878

AM1(L) ® PV(U)'QL'MA(I)‘D‘() O'I(l’)/T(l) . <
AMZL) = RMT(L) X

aTe

878

Wit) = (wr o O.Q!ﬂlll(llﬂl.chlcl|)001 * CVEC(2)G2 «
. . CYEC13:203 « t’l!lll'ﬂl))/(l(l)lTll)?

RNI(L) = ANTI(L) - (CYBC(1)oBER CVlC(!)'Il! -
SCVEC(3)oXKER + CVRC{4)*RKEI)/Y

RNZ(L) = RNZ(L) - ©.B%XIs(CVEC(1)e0BUR ¢+ CVEC(2} o
**0PE] + CVEC(JI)wDKER « CVEC(4)2OKEBI)/Y

RM1(L) ® RMT(L) -

K Ti(g)eiCYEC(1)8u2 -
sCYEC(3)%Ua -

CYRC(A)2Ud) /(2. 8 MasFey)

cvEc(2)8ut

AMZiL) & RMB(L) -

‘o, ' )
Y(l)'(t'it(l}"? ¢ CYRC(2)ev) o ! : o
SCVEC(J)svy -

cvccttntv:;/(z.-xph-a-V) I

. . . -

I it - ’ -

X = X 0
B T e
aso

Mig v, m ns B " e Th s L.Q *
= DFLOAT(L-1)aDM ’
CONTINUE . . . . L

ﬂ‘l?l!l 4810) i {L,XNtL),
wRiTH 4008 )
CONTIN

RNI(L)  RNZ(L) (RMICL) RMICL) ., Lu1 NDIVY) ; - o S -
(L, OW(L) ,WiL) , La 1, NDIVY) . . . . Lo

. , . .

sToP - . : T . . . .

WRITE(S, 3000} N L i . RIS
FORMAT * STOP PO8 PRODAAM olnuloatn-lltuv luuou e - S

11
3600

BRI 21 L i LT ' -

c-----’--pp.-.-{-Iiﬁp‘---.t-h.-.---.-n-----‘.-----.-‘--------.‘-------—

1001 FORMAT(1PAS) ' ., . .
{ ..200% FORMAY(:1" 10AB//) . L v, . : s ’ .. =
1000 - FORMAT (B14,2710. 41’ ' ) L K o

PRSI S
‘20007 FORMAT(‘f°, smes  QUTPUT For rLlllllLlYV llALVlll or slnulnvl ) . -t
= 0 SHELL q--t'l : : S o T .
. “wumsEn or” llnnlu?s 18/ : . : : T R
. . IPRINY ; 18771 o E I VRN e T T
Pl '.IIB T™VPE IR o’ -nlva,ni.':cv-.vx.fl::') vy o,
2100 FORMAT!( L4 lLl 108 ) k ’ ! . .
-1200 vogﬁnf(gxoy g
2300 FORMAT!///, :nlnl:!lvxrv uafnxx /(lx 2181} k=
1366 FORMAT(IS, : . : ’ .
. 2300 FORMAT./4/ A ll.'TNlCK' 3X, RADIUS * ’ . .
*AA,°L DR .ANG 4K, TANGD’ ,IX, ‘MODULUS*, 8X RAT!O', 2K, '!NIIN:DIF' '
oo e :l.'wlxau1 / Cl1e, P83, 7|: 3,2F10.3,813.4,F10. 3K13.4,710.31) .
t400. FORMAT(214,8F10.0) .
2400 FORMATI///* ’Aﬂflcullk\lnLqunl INPUT INPORMATION:/ o
. f IIG TYRQ VALVUE  4X,'L]1O nv', JCTOP SHEARC &N, “TOP MOM’, ’
Soe L 'BOY SHEAR’, 4K, 'inf uun' X,'TG) FORCE‘,4X, 'VERY PORCE’/
» 114 18.710.3,710.3,6213.8)) .
4000 “FORMAT(///* ass OQUTPUT FOR CYLINDRICAL SEUCMENT: 14 wwwey
"' POINT toORD 'nrt,sz.'uz',lzn.'l|'.|zx.'nz'./ . . "
. (18,.F10. .4, 6214 8} Lo Lo :
4008 FORMAT(///' =ss WORIZONTAL DIBPLACEMENT vee. '/
s ¢ POINY COORD W OC/UI8,P10.8 R14.8)) e
4800 PFORMAT(///' asa QUTPUT FOR -DOME SEGMENT ', 14, ° ans’/
A = POLNY ANGLE LARSRE L SN T AR PR AR E L PR T I
» IR, m10.4, 8014, l‘i 4
4810 FORMAT(///* sas. GUTPUT FOR CONE SECMENT ", 14, e/ .
' POINT coomp NT‘, 12X, M2°, 12X, ‘Mt 12X, M2,/
I (10,P10.4,4814.8)) '
8800 FORMAT(///' ssx QUYPUT FOR BASE ELEMENT', 14, sewcy/ :
s POINT cooRD LI T 12x, v a2k, .
v /{18, PF10.4,3818.8)) : '
sso08 ronnAV(///' "as VERYITAL ulnr;ncllluv asery
s *“POINY cooRd W/UIB,F10.8, B18.8))
enD
c-l’lI.lII.'llllllIlIl.ll'llll'-.ll l..l EURBESERNANERSERR L AL NS R Y]
FUNCTION ‘PHI(PY, PBT ,UW,R, T, 1,ANGO, ANG ,WHT, 1DV
€ THIS FUNCTION IS USED FOR N1 DOME !Tlll' RESULTANTS
¢ IMPLICIT REALSS(A-H,0-2) R
FN120.0 R * ’ -
c1 e 1. : .
GAMMA » ANGOD : . p
IF(IT.NE.5) GCO TO & : ’
ct & -3, :
GAMMA = ANC .
§ GOYD(10.20,1¢,100,100.,18,30), (P . L
A ] . ’ - ' Vi N



-0 AN 0N

o fepves .
SLE.1.08-03) RETURN

"l!ll.-(lll'(‘ml)/ﬂlll('"l))"I)
L]

] ] .
LS. 1.00-3)  RETURN
LN et-rnl-(|.-(nllu(gAunA)/ntlntvnl))--:)
.80 10 |oo
20 BsuUWsTen
: l 20.9.) RETURN :
.’ll & CTs2. ePN1s(DCOS(GAMMA) - Dcl.('ul))lﬂlll('ul)iil
. 8o YO tee
. 30 IP(PN1.BQ.0.) RETURN
N CONSTY & 4ocus('ul;--i-(ncaacunnua)-t:))/nsxu(rnl)--:
’ ST2 ». (DSIN(BAMMA) /DOBIN(PHL))oe]
T cCITPYORS (0. $3 (WHTCCTERSDCOS(CAMMA) o (1. ~CONSTR)
. +C1oReCONSTI/I. )"
100 IF(PHI.NQ.0.) RETURN
IP(10V.8Q.0) - RETURN
1. nv-auucmnunulwg{v-u

. PUNCTION FN2(PY, POT, UW.R,T, AN [ ]
C THIS PYUNCTION IS USROD POI n2 Dlﬂl STI.I‘ lllULfl'?l
- IMPLICIT RRALSS(A-W,0-2) .

GAMMA = ANGD
IF(IT.86.2) 40 TO B
T e -1, 4
© GAMMA » Auu
% GOTD(10,30,10,100,100,1%,30),1¢
10 FN2®-0.8sp
: LT LLE.1.00:03) RETURN
FHZ = PHESLY, o(oslntnnnuAllosluthng»)--z;
‘@0 Y0 100
18 FNZ = -Cv BsPvanr . - )
T IF(PHI.RQ.0.) RETURN
N2 s C th-(|.-(DOI.(GA.HA)/BIII(DNIt)lﬂa
2. - Cs BCOB(PHI)ew2) .
G0 TO 100
20 PN2 = -Ce0.SEUWETIR
IF (PMNI.NQG.O.) RETURN
FN2 = UweTaRs((DC (nnuua» DTOS(PHI))/DSIN(PH] ) a2~
- - £eDCOS (FN
GO T0 100
30 IF(PNI.EQ.O0.) RETUAN
: CONSTY = (DCOI(PN!)"! ocotluAuuA)--:)/nlxn(vnlo--z
CONST2 = (OSIN(GAMMA) /DSIN(PHE))ne2
PNZ = -CaPYORS(D.88(WHT4CORSOCOB(GAMMA) IS (1. +CONSTT)
. -c-u-(CUllflll +0COS (PRI ) )) ' .
100 . 1rF(PH].BQ.0. RETURN ~ :
1Ir (1DV.RO. ob ‘RETURN
FH2 = PN2 ¢ PBTSDSIN(GAMMA) /DSIN(PN]}ee2
RETURN
© ENp

cahta.n‘-n--ll.u.il-.-.t‘t‘Il.lull.--.‘tl..-..'u.-.-.-tl-...-.-.u.-‘---- A1

PURCTION FN3(IP, 1T,V ANG, N, HO,WHY PV, POY UW, T, I0V)
c  THIS PUNCT]ow IS Ullo FU. N| COII l?ll'l IIIULTAITI
IMPLICITY IlA\- AtH,0-21

N3 = O .

IP(Y.RQ.0.) RETURN

Y1 = HO .

cr = 1. . i
IF(IT.NE.6) GO TO 8

€t s - ° .

Y1 s M
8 € = -C1s0.8viYse2-Yisu2)/Y . .
GOT0(10,20,10,100,100,10,40), 1P s
10 PR3 = PYSCSsDTAN(ANG)
GO0 TD 100
.20 FN3 = UwWeTsC/DCOS(ANEY

go TO 100 )
40 FMI = -PVEYSOTAN(ANG)= (3. sWHTa(1.-tY1/Y)wn2}

. I eC1e2:3VEDCOSIANG)I S (1 . -(Y1/Y)dua)) /8.
100 lrllnv £Q.0) RETURN -
FHN3 = FN3 - PIY-VIIlYUOCQSIAIG)’

AETURN

‘clll“ LOPEREPE NS NSENBRSANNSERONRPSEYRS GERNASENSEARASSENOANSRISESS
FUNCTION FNAITIF, IT Y, ANG M, HO WHT PV PBT UW, T
€ THIS FUNCTION IS USED FOR N2 CONE STRESS RESULTANTS
tMPLICET llAt'llA H,0-2) .
FN&E = O, .
R ’ '
c -v-v-ntnquun»'
CIPUIT . BO.80 C m o1 :
. 8PT0(10,20,10,100,100,30,40), 1P
10 PHNA = -Cepv ‘

RETURN
20 FNa s uv-v-ctc|-olxucauc)
RETURN
30 FHe = rv-c-cu-ns:u1nnqu--z
AETURN -
40 PNE B -PVYRVIDTANIANG !> (WHT+C1=YeCOS (ANG) )
100 RETURN | . .
anp :

SUBROQUTINE PPOR(IT,T R, H, HO WHT, I UW, ALPHA , IP PV, PBT PBP. Tov.m
€ THIs BUBROUTINE CDN’UYII PAITICULAI IULUTIDN L £11 3 'Olcll lP'li

IMPLICIY REALeSIA-N,0-2) .

oIMENSIOQN PBPF(5,20)

SHLECT SECMENT TYPE
G0 TO (80,800,800,700,800,700),17 .

CYLINORICAL SEGMENTS )
80 GB TO t900,100,900,800,880, IOO 960, , 1P . '
- ONAD LGAD . T
o0 PRP (S NinPBPFiS, N)OTIUWUQ .
ARTURN

n




nT - < aF - F hed * B L
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& BeNR, (CAL SESMENTS )
Wg? A gsn/87.208779813 ,

L]
<&

1(IT.80.2) &0 To Wou
:“qullo .
S LIS N
808 . Rly @ PUAPY, PRT, UW R T, IPLIT PHI, ANGD, ANG , WHT, 1DV)
RY70 (810,816,810, 000.880,810.810) . 1P
§10 Slg(8, M) 5 PEF(8. M) - RN1SOBIN(PAI)
AAZ(3 M) & PEFCI,N) + C1SRNISDCOS(PHI)
Ry sURN .

e
K3 PA,g ON ELASTIC FOUNDATION -
Ro¢ Qys0 (900,800,900,900,580,500,900), 1P .

Q N : .
R THER 4L GRADIENT o ' . - cT ;e
[ 174 R 1. ° , . . :
o T g 1TBYT.8)  Ge-d. )
. PYF (8, MIePBF(4, N) -COROPYSALPHAS TS/ (12.5(1. ~PR))
RyF (2, N)e-PBF (8. N)

RyrURR . )
e 4 = N
¢ SoNk guenmnTs -
Yol e.g-all?.zll71'll$ . g
s N

Ry = v, ' - .
1, (I1T.N2.0) 80 YO 708 PR - .
Y 5 HO K - . ' '
. -y, .
PT o \;4 = PEICIP,IT,Y ANG, N, HO WHT PV, POT, UW,T, 10V)
< ' .
L R0 (710,710,710,000,880,710,710), 1P
419 "Rug(e N = PEF(C N) - RNISDCOS(ANG) '
Refi3,M) = PBF(2 M) + CISRRISDSINIANG)
(Y4 \‘ UL
Q,v‘t'\:’-p--.-.--.-------..--i;---i--.-.ti------.-----o-.--------------
R SROUTING CYLIN(T, R, 8, O, 8. PR, UW,F, TT,0,BRTA, IFLAG)
€ THIR gUBROUTINE COMPUTES THE CYLINDRER PLEXIBILITY (F)
¢ Awd MATRICES (TT),
Uy LICIT REALSB(A-N,0-2) B . .
R AENSION P8, 89, TT(4,8) TA(4,4) .

A, faTes3/(12. 801, -PRERZ))

W fAR (3. 0(1.-PRos2)/(ReT)es2; me 38

NS 1=DEXP(BETASH)I*DCOS (BETAR M) )

R S2DEXP (BETACH )*DSIN(BETA®N)

RO SIuDEXP( -BETASHI*DCOS{BETASNH)

lw‘liblllg-IITA-N)-Dlll(lITA-ND N o~

‘u" HIVePHI2 . : /
NI1-PHI2 . 4

"L4
TATPHII-PHIG

-2.50sBETAms) SN T . . . o
.s0%BETAee3 .

."DaBETAe»] - .
.eOnBETASS] PR »

-

.eDePETAse2 '

LR N
NONO NNN

-~

.*DsBETAS 2

TH1*2 sDsBETAss]
“TH2#2 . 50sBETA2)
cTHGRZ . sDSBRTAe] : . :
*“THI®2 =«DsBETAN=]
b -

A A A A A AAA A AAA
P e R

HHBWL PNNR

nasn

Told,1) n-PHIZ2P2 *sDsBETA®=2

Yei4,2) » PH1182 . 3D0sBETASSR]

\Y(l,l) ® PHIA=2, SETA»e2

Voi4,4) x-PHIIe2 eDePETAP=2
LL TTINVITY W)

»
IPLAG.NE. O} RETUAN

A A A A A AAAA
vopRPEBLBE

&

.
LOINTHAORTA .
4

100 u=t.4
$0-° . :
20 xe1,a .
JEPTALL KIOTTIK,I)
(1.d1eC B

}
»
»
»
A
1Y 100 1= &
N
N
3y
Q0 N
1d 1Y

) B 4

N\ TURN . B
VAP N ‘ ,

TP ¥\ avsassduaassseas S RSN EEIAES I NS AN NSNS AR SUNNAESRANEESNUED * .
: \ununurrlg’oonltxb‘l M, N0, B, PR, FL TYANG, ANGD RLAM, IFLAG : . :
THIN SUDROUTINE CaprUTES FLE 1T TRICES (P POR : R d
A cpriatfon TRungaTRO Sewil EXIBILITY MATRIN . - :
15 \gouceD *3 .4 TWO Bv TWo MA¥R1 ‘4 COMPLETE SPMERS . o
s o ) "

Er,

nonn

. \WPLICIT REALSB(5-H, Q21 ,
v QyMENSION FiS LYT(4,8) . TalA &

L ) o i . “ﬁ’ .o

- - - . - . . @

.




R AR A e 6 ey A e w

. ANSSH/87.288770813
ANGOuNO/87.208779813
)O(R/T)sa2)ee0. 28
DEXP (RLAMSANGO )SOCOS (RLANCANED )
‘DEXP (RLAMSANGO ) o8 1N (RLAMS ANGO )
QEXP(-RLAMSANSD)sDCOS (RLAMNGANGD )
DERP (~RLAMSANGD )2DS I (RLAMSANGO)
AP (RLANS COS (RLAMSANS)
AP(RLAMSANG ) sOBTN(
EXP(-RLAMSANG)OCOS 1 )y
" DEXP(-RLAMEANG)*DSIN(RLAMSANE )
® PHNINO <. BMNIZO
= PHINO - PHIZO ) -
= PHI30 ¢+ PHISO A
= PHI30, > PHi4O
= PHE11T e PHEIRY
= PHI Y PN

s PNT31 - PHIAY
N HO.NE.6.) 30 YO 10 N

‘ﬁﬁ#:r.;;lytlilll i}! MAZRICES TO ZERO.

nnNnon

po B 1=y,
R0 8 Jei.&
TA(I,J) = 0. - o .
% TT(I,J) = o0, Wt . ;
ap T 18 : N
10 TT(1,1) = PHIVO/(-DESNM(ANGD))
TT(1,2) v PHIZO/(-DS.IN(ANGD))
TT(1,3) » PHIZC/(-DEINCANGO))
» PHISD/(-DSIN(ANSO))

ke A ®°

-THIO® (- . Sem/RLAM)
LELLE R/RLAM)
THEOs (- . EBSR/RLAM)

THIOS (- . BeR/RLAM)

<
enea

PHIZ1/DSIN(ANG)
PHI&I/DSIN(ANG)
THaI® . SOR/RLAM
“Tust sA/RiLAM

asausu
L N N}

L1 8 PHIVI/DSINCANG)
,2) = PHI2V1/DSIN(ANG)
L1) 3-THI1s  BeR/RLAM
TY{4,2) » THZ R/RLAK
IP{IT B0 .B) CALL ROWEX(TT)
20 CALL TYImv(TY, WO}

UM UM NNN

-t
-t
»

IP(IFPLAG.NE .0} RETURN
IPi{ND.RQ.0.) GD YO 30

® TH208 (REALAMSOSIN(ANGOD )/ (B>T)
= THIOS (RORLAMSOSIN(ANGD ) /(BsT)
®+-TH3IO® (RORLAMDSIN(ANGO) /(B T)
8 THAOS (RSRLAMSDS IN(ANGD) /(BT
S-PHI20% (2. SRLAMSSZ/ (B2 T))

® PH11O(2 sRLAME=22/(guT))

= PHIAOS (2 LAMEs2/(E=T))
LAM=22/(E=T))
RSALAMEDS INC(ANG )/ (B»T) )
o THAIO'(NSRLAMSDSIN(ANG)/(B2T))
= PHI&AIS (2 sALAMACR/(ReT))
S-PHIZ1I8 (2 sRLAMNS*2/(BeT))

L] TNI!-(Iliklﬂ.blll(lﬂﬂ)/(ll?))
" THITS (RORLAMSDEINI(ANG) /(BT )}
2/(E87Y))
TA(S,2) & PHI119 (2 sRLAMS#2/(RsT))
IF(IT.8Q0.8) CALL ROWEX(TA)

DO 100 i=1,4
00 100 J=1,4a
Cs0.0 .
DO 80 K= ,4 .
30 CRCeTA(] . RISTT(K,Jd}
100 Fil.JiegC

RETURN
“END
Caascsassssussssscsscasnsannsannsy
SSUBRODUTINE COMEB(IT T R M, 6 HO,
THIS SUBROUTINE CALCULAT.I THE PLlllllLlTV anllX lF)
& COMPLETRE OR TRUNCATED CONE. THE PLEXIBILITY MATRIX
REDUCEL TO 24 TWO SY TWO MATRIX FOR A COMPLETE CONE.

IMPLICIT REAL®B(A-NH,0-2)
DIMENSION FUS CTA(S &) , TY(4 &

ANG. = R/87.208779812
XM & (12 . 2(1. -PRo=2))5e0 28 - -
RLAME (XMesd/(TPOTAN(ANG]I®s2)550.28

X1 ® 2.%RLAMS (N30 8§

I#(X1.GT7.119 . GD Yo 99

CALL MMKEL2(X), BER2Y,PEIZ2Y, XKNR21, XKEI21,
*OSHER21, 0898121, 0KER21,DKEIZ1)

IF (no.¥2.0.) @0 YD to

lllTlAL!ll ?Nl MATRICES TO xlnq
: Do & a=,
DO ¥ Jsi,
TACL W) --o.
8 tri1,4) = 0. : R . !
) GO 'TO 1§ . :
14 o0 Y
10 X0 ='2. eRLAMSINHO®s0. %)
- IF(X0.GT.118 + €O TO
CALL MMKELZ(XQ,BER20,B80120, XKER20,XKE120,
*DBSRR20,DBE120,0KER20,0KE120)
TT(1,1) s ORR20/(-HOSDEIN(ANG) )
TY(1,2) = SE120/(-HOSDBINIANG) | 1y
TT(1,3) » KKER20O/'-MOaDSIN{ANG) )"

R T, A T e ® B

FOR
1s

.

F L TT ANG, XM RLAM. IPLAG !



- 121%

N

<

c
14
4

- . L -

TY(1,8) = XKEI20/(~HOSDSIN(ANG)) :

TY(2.1) = (XOeDBEI130+2 *88120)187/(2. sXMee22N0) .
TT(2,3) =-(XNOsOBANR202 *BER20)*Y/(2.sM=>+22N0) .
TY(2,3) » (XOsDKEI20¢2. *AKE120)eT/ (2. s KMue2aM0) N
T1(2,4) a-(NOSDKER20+2. ¢PReXKERIO)IeT/ (2. aXMos20HO)

TT(3,3) & XKER21/(NeOSIN(ANG))

TY(3,4) = XKEIZ21/(NeDSIN(ANG))

TT(4,3) & (X1eDKAI21e2, SAKBI21)eY/ (-2 . o xMaa2ay)

TT(4,4) 6-(N120KER21+2 . SPREXKERZI)OT/ (-2 s XMEO M)

T1(3,1) = BERZI/(DSIN(ANG)=N)

T71(3,2) » BUI21/(DBIN(ANGI=N)

TY(4, 1) @ (X1%DBRI21¢2 . oPROBEIZ1)eT/ (-2 . o XM 2aN)

TT(4,2) s-(N1°DBRRT1+2 . *PROBARZI )Y/ (-2 . s XMee20H)
IP(1T.0Q.8) 'CALL ROWER(TY)

GALL TTINVITT, NO) S o . .

APLIPLAG. RE.OF RATURN =~ o | - o & =, « @ =, Lo
IP(H0.8Q.0.) B0 TO 30

TA(1,1) = (XOeDBER20 - 2.e R20)/(2.» (ANG))
TA(1,2) s (XO=DORIZO * 2.ePRaBRI2O)/(2 8 )
TA(1,3) » (XOSDKER20 - 2. ¢PRXKER20) L eRsT/DSIN(ANG)
TA(1,8) = (XNOSDKEIZ20 - 2. sPReXKEl /(2. %8s T/DBINCANG))

TA(2,1) = BEI20/(-E*Tws2/NMes2)
TA(2,2) = R20/( -
TA(2,2) = XKEIZO/(

TACY s AKEBR2O/ {
v.«i@%i s XKEI21/(-ReTme2/NMen2)

TA(3,3) (l"ﬂlll!l - ‘2. ePRENKERZ EeT/DSIN(ANG))
TA(3,8) = (X1eDKNI21 - 2. T/DBINCANG) ).
TA(3,1) = (X1sDBERZY - 2. . /08 IN(ANG) )
TA(S,2) » (X1908BI2t - 2. ep . T/DS1MIANG) )
TA(G,1) & BRIZV/(-EeTeng/XmMan2)

TA(S8,2) =-BER21/(-E=Tes2/NMwel)

IFP(IT.RQ.8) CALL ROWEX(TA:

Alllﬂlll THE ILINIIT 'LllXIXLITV MATRIX F.

80 100 1-\ n : .
0O, 100 um1,

teo.0 t
00 80 Xe1,
CsCeTA(], I)ITT(K J
Fil,J)sC Voo
RETURN : ) N :
WRITE(S,K 1000),
PORMAT(® PROGAAM svorvln r0l come’,/, R
. . . CHECK INPUT ARGUMENT FOR KILVIN FUICTIONI')
sToP
° /

srasasesursessssane

a12,xxdn2, xxwis,

—
sSsesssEsnsSQERES

»
*DOERZ,DBE12, PKERZ,OKETI2)}

THIS SUBROUTINE CALCULATES KELVIN FUNCTIONS AND ITS
DERIVATIVES OF THE FIRST AND SECOND KIND, UTILIZING
IMEL ROUTINES MMKELO AND MMKEL .

IMPLICIT REBAL®B(A-K,D-2)

CALL MMKELO (X, .llo. 10, XKERO , XKXE1O, 1ER0)
CALL MMKERLT (X, DER1, DE]1, XKERT, XKEIY, JERY)
R2 » 2 .2%0.%

BERZ2 = -R2/X * (BERYI-SE11) -BERO
12 = -A2/X s (BE11488RY) -BELlO
XKENZ2 » -N2/X = (XKERT-AKEIY) -XKERO
AKEL2 = -R2/X » (XKEIV¢XXKER)) -~XXKEIO

DBER2 = - (BERI+BEI1)/R2 - 2.%BER2/X

opgI1I2 » - - 2. €12/

DKER2 CUXKERISAKET1 ) /R2T - 2. sXKER2/X .
"OREI2 = -~ (XKEIY-XKER1}/R2 - 2. oXKEI2/X

RETURN

&END

(P EESsaEENE N IEsaRES IS UNTE 0 P NNNEEans s InlsNsssEURSNsRNER S NNNNSRREENT

c
c
14

SUBROUTINE TTINYIA, WD)

THIS SUBROQUTINE INVERTS THNE (TT) MATRIX POR
ALL TYPES DF SHELLS

10
1

20

ITMPLICIT REAL®S(A-KH, D-2)

DIMENSION Af4 4, 914, 4"

1 = . . . N
12 = &

41 = 1 . . ) C
"2 = & . "

DET = &,

00 B =14

D0 § Jwm &

si1,J) s ©

IF(HO . %K. 0 ) uo T0 20
DO 18 Mm,

00 10 M=, % [
'xvqntn w) . Ro. 0.0 6o rvo-1b e .

CoNTINUE
CONTINUEK

DO.80 1=1,4.
DO I8 Jsi,a

a -XKEREL)/(-UeTew2/NMe02) “= ' M B T



1284
1248
1248
(1247
REZY]
1249
1280
1281
1282
t283
1284
1288
1289
1287
1288
12889
1200
L1281
1382
L1283
1284
1208
1288
1287
1288
248
1270
1271
|;1:
1473
1274
“aary
1278
1277
1278
1254
1280
1281
1282
1283
1288
1288
1288
1287
1288 °
1288
1200
1281
1202
1283
1204
1298
1298
1283
1208
1209
1300
1301
L1302
1303
1304
1308
1300
1307
1308
‘1309
1310
t3n
1312
1313
1318
1318
1318
1317
1318
1319
t320
1321
1322
1323
1324
1328
1328
1327
1322
1328
1330
1331
1332
1333
1334
1338
1338
13327
1338
1339
1340
1341
1342
1343
1384
1348
1348
1367
1348
1349
1380
1381
1382
1383,
1384
1388
1388

v

3

PR . ~ e

P Ny = 1

- B(1,43 = O,

o0 88 Kst, s .
IF(k.2Q.1) 88 TO 88
00 80 L1, 4
IF(L.80.J) 8O0 TO 8O

c .
28 Nz a1
€2 = O. X
0D 86 M=
TIPS %.%0.1) %o°To mo
oo weJ1, 42 °
4F(N.20.L.OR.%.00.J} GO TO 48
c . R
. 00 38 MMsIt, 12 .
AP (M, Q.M. 0N, MM.00. K. OR .MM, 89.1) 80 YO 38
GO0 Yo 30
o 3w AT, NR) - . . . S
e, e T I O N . 6O Y0 “ad" « - :
B(M,N) = AWM, NK) :
SO, ui) = A}l.l) P
g0 T¢ aso
30 convINuE
‘38 ' CONTINUE
[4 ’ . .
s0 €2 # B2 o (~1.)%e(N2¢1)0A(M NInCI
N2 = WX . :
IP(NO.B0.0..AND.N2.80.3) GO TO 88
17(N2.80.3) 80 VO B
(13 courimus " - -
so . coONTINUE
e
ss "SUT,J) = B(L,d) (-|.IOI(I|01)1A(§23)-:I
MY = Wy e Y .
IP(N1.R0.4 .AND.1.80.1) BD YO 70 . Q}
IP(N) . BO.4.AND.1.GT.1) 80 TO 78
so cCONTINUE X -
ss coNTINUE
€ .
70 DET = DET ¢ (-1.)ss(ledreall,d)eB(I, J)
78 couTimuE
20 CONTINUE
c E
80 TO 8O
. 8% DEY = T2
c { )
‘o0 0 100 1s1,a
s DO 98 Jmi,4- : ) o
88 AL, Ji . m (-1, )es(Jey)agiJ, I)/DRY . : .
100 COMTINUE ' ’
RETURN
zNp

cy-l'--'-i-u.-------..---uq---n-n-.!.lu..l-.-t-.--t;---.---------.---.-.

SUBROUTIN
THIS BUBROUTINE

ROWEX (A )

[
C MATRICES (TA) AND aAND (TT)
C INVERTED.
c .
IN’LICIY lllt'l(l M,D-2)
* ‘DIMENSION A(S,8) .
C = 9,

00 20 le),2
o 10 Jsi.a

. TEMP u Coa(l,Jd)

A, 01 s c-t(|4: J

10 A(I+2.4) = TEMP.
5 s -1.
20 CONTIMUR

RETURN

. END

SRFONME ROW INTERCHANGES PFOR
WHEN THE SHELL 1S

.o ’ -

C---o--t-.u---.----.--.-..-------o----.-I-u----.-.--------------h'----t-

. SUSROUTINE PCYLINC(T R, W, HO, B
C THIS SUBROUTINE COMPUTES CYLI.DI

R, UW, ALPHA . F PSSO, IP PV N, PSF
AITICULAR !DLUTXBI nl"klcl

IMPLICIT REA tA-R,0-2)

DIMENSION F(S,.8),PSD(4) PEF(20,6)
[ .
. DO 19 Je1,4

-0 PS0(1s0.0 . ' - .

IF(IP.LT.1.0R. 1P .CGT.7) GO TO 98§

PSD(1)e-PRYSPRER/(ReT)

PSD(3)aP8D( 1) -
c . .

GO TO (20,30,20,40,70,70,80) 1P
20 PED(1)SPYSREV2I/(EsT) +PSDI L)

PSD(3IuPED (1

Go To To .
4
ac

$0(2:-C .

PSD(4)SPESD (A -C

€0 To 70
c, .
a0 Ca-ALPH .

PE0(1) ‘

.PED(3)18PSD(3)eC

g0 Yo 7o
c-

80 C » PVsRssz/(ReT} N .
© PSD(3) = PED(3) ¢ CeM

PSD(2) = PSDI(2) - C

PSDi4) = PED(A) + C -
[3
70 . BC 100 1e1 .4

CePSD(1) -

DO 80 J=1,4
8o COC+E (1  JIoPSFIN, I )
100 PSD 1T
[
- RETURN . ' :
c - ;
(1] WRITE(S,1000! IP o '

tpED}



R T O A o e o . & w cn e e
. e e Lk o R .
- . o s1.°® = 0) t-ave r » - vo,w’.‘. . e N sn e .

., 1000 [IMATL:., PROSRAN. BTOPEED EOR, CYLINRER Ir wr18). . ..l Lo

EU]
1300 c.‘l......l.lllll..l....I-.I.’.l.lll....‘.Il...ll.l...l‘.l.'...llll‘-lit
1381
1362
‘1363 . € THIS: SUBROUTINE C 'UT.’ DOME PARTICULAK: ﬂl’lklc.ﬂl.?l (PS0)

IMPLICIT REALSS -1)
DIMENS]ION F(E,8) ID(I).'IIIID.I)’

IP(IP.LT.1.OR.IP.BT.7) 80 TO 800

RLAMB (3.0 (1. -PRamZ)e(R/T)ee2)ne 28  -° . v >

PHIY % ANGOD . L
PHIZ2 = aNG ' : B o

INITIALIZE STRESS RESULTANTS AT THE TOP AND

BOTTOM OF THE SSMERICAL SEOMENT. :

18 . IF(PHI1.90.0.) GO.TO 20 '
RM1O = FN1(PV,PET,UN,R,T, 1P, 5T, HE1 ANBO, ANG WHT, IDV)"
RNZO » FNZ(PY.POT. UW.R.T.IP LT FHII ANBO,ANG WHT, IDY)

CRNIY  FNU(RY PET,UW,R,TEP, rv ’uxz TS Aun UMT J10v)
L17.ewi2, Ango, Auc et 19vY

ll’l - PNR(PY,PET UW, I.T.

28 cnvo(se 36.30.40,70,36.30), )

30 ‘IF(PN11.R0.0.) B8O TO 38 ’ L
PSD(1) = PSD(1) -RODSIN(PHII) e (RNZOzPRORNIOY/ (A T)
1F(1P.RO.2) PED(2) vsntz)-uwcn-(t| SBR)IATISDCOS (PHI1)0n]

- L)/0sIMIPNEY)E BEINIPHIT) ) /R

IP(IP.RO.8) PSD(2). = PBO(2) - PYaRE( (1. ¢PR)*ICIPOCOB(PHIT)onT
. B : .=t )efeCisO8INiPUT I/ -
. ' (OTAN(PUIY)ogeT)

IFUIP 2Q.7) PED(2IaPED(2) - ((RAIO-RANROIS (1. PR}
R SPYORS( (1 PRI (WHTSCIOR)
. tcvnntﬂlliiiuli)

Y . _.J'c

s IF(PNLZ . RQ.0.) GO TD*‘
‘PSD(I) = PSDI(X) -I'D‘ll(’ﬂl"'(ll" ‘PRORNIT) SUeT) .
IF(IP. RO .2) ’!Dlll - PSﬂ'l)‘u"'-((‘ OPI)'(CI-DCDIIFNll)"I
REL N LN, )/Dlll"ul’l-cl'ﬂlll""l!)l/l
e
IFLIP 20 .8) PED(S) -'PID(‘) . 'VIRIBCUS(PNI’)'((! 0'!)-(:1-
L] : ’ DCOS (PHI2)Iee2~2 ) -2 aCIaDEIN
- (PH12)es2)/(DSIN(PHIZ)nEsT)

IF(1P . EO.7) PESD(S)ePED(4) « ((ANII-ANTIIN(1, oPR)
“(CISPYSRE( (1. 4RR)*(WHT*CIoR*DCOS
(PHI4))s(DSING 1)/DSINIPHIZ) )en2

e * CIS(1.ePRYSASIDCOS (PHT2)

5e3-DCOS(PHIV)sn3 1/

OSIN(PHIZISE2) ) ) ) ) -

St v /R TeDTARIPHIZ) ) oo <

. Pv-unu-nsxn(rnx:)lil-r)

G0 10 7TO

PED(3)=PSD(I I -ALPHASPYORODSINI(PHIZ) .
PSD(1)2PSDI 1) -ALPHASPYaRDSINIPHI Y
70 Do 100 11,8
CopsDil)
00 30 us,
. CeCorP ], Jl-’lP(l Ji-
100 PED(1)eC
) RETURN

s WRITELS, 1000 | 44

1000 . FORMAY (' PROGRAM STOPPED FOR DOME IP .
RETURN
ano

. Csaasswmamsmsszmes

. PV 1DV.PSF A
4 THIS SUBRQUTINE CO ’UTIS Cﬂ"l FAlTlCULAI DISPLACUNIHTS TPSD
IMPLICIT REAL A-H,0-2)
DIMENSION ¥ ).’!Dll) PSFL20.8)

IP(IP. LT . L. OR.IP.GT. 7! GO YO 083
o0 10 )s1 .8
10 PSBil =0 0
Yz ® M . ,
Y1 & ND . N :
c1 = 5. . '
IF(IT.NE.8) GO TO 1§ ) ‘. ,
c1 = -1, } g R .
hd Yt = M . .
Y2 = HO
18 € v . BsPRE(NHesZ2+H0"02)/YZun2

@0TO (20,30.20,00,70,40,80),1P
20 DERC s PV (PR-DTANLANG )
: DERY & PV#(C -DTANCANG))
GO To &8
30 DERC ®» UWsTe (PR/DCOS(ANG)-CISDSIN(ANG)=DTAN(ANG) )
DERY1 & UwsTe(C IDCD'(AIG'-C|-Dlll(lucl-DYAN1Alc))
) GO T0.88
“ a0 DpeRoO

rnu(AUGI-('u :\-nlxutnusa--zl

R DER Y PV'DYA“(ANB)I1C1'5|U lllfll(’ »2) . -
Co TO S8
S0 OERO = PYSPTAN(ANG 21 -WHT<CIm2. 'V"DCUS‘ANG)
L] ¢ O:8SPREWHTS (] . ¢ (HD/Y1}inR2)
“ K

%

o-Cluim %, » o .0 e U BB A~ o G B SNV P . w0 @
o'kl BItE9.2), - TOs WB¢ o~ o wv Rh % 1 %kwer 3 w0 0.
® awira hwg . SR T . RS ML
PHIZ AIGO . . , o’
AN ) . : :

20 IF(PNIZ.RO.O. l 50 YO 28 P

w
R




s + EISPRANDS+ISOCHS (AUE)/ (3. 5V s
[ ] nlno = PYSDYAN(ANG)S {-WHT-C1e2
C i #.0.BEPROWNTS (1. 4(N0/YE]
o T 3 even, SY2eDCOS (ANS) /3.
. N c:-vgyun--:-ncc
10

8 Ir(vi.m0.0.) ‘ s - e e e o

) ANG.,H, nn e, PV, POT, W, T, 10V) o e
, . Ty R e .

PSD(1) & r.a(:) P v1-otlt(An¢)-(iuzo-vu-luio)/1:-7n

e . rngt:)-ornutnuct-«(t PRI (ANIO-RNZO) . T - S
AL Oll(lof) R el s

7 '.I ‘.- 0. '
RNt w r.;(xp,xv va,A
REZ1 = FHACIN, 1T, YR, ANG, N, HO WHT PvipSs, uw, ¥ P o . :
rPED(3) » PII(’) - V!'DII'(I.')B(IIQ '....ll)/(l.\’) . . . T e e e L,
- PEDIA) = PEO(E)- ﬂTl.(‘.."((l SPRISIRANTY-RNR1) . . - . .

-vz-olnvxlcl-r» : ] . i .

- e .. N SRR > -

'lD(|)l’l!(|)-ALPMA¢PV'YI'BII!(II') T v . . : .« -

70 0O 100  is1,8
€ e PSD(1)
0O 80 Jai,s . S ’

so CaCer(1, J’OPIFGI.J) ¢ L .

100 PEDLY .
RETURN

: Ooo wWRITR (S, Y000)'( 1P . S e e e et 4 e . o
1000 ‘PORMAT 'ublhqn nvouvln ron-ce
RETURN -

" . .
» 1P s, 18) . oa L L L S

KR

-ogp'.- ssesisassne . .
SUBROUTINR, 8OL (4,87 NN, NEQ) . i bl
C THIS SUBRQUTINE. SOLVES A SET Br® LlllAlﬂALﬂllllit‘ oun 10NS . L
C OF THE FORM Asxel BY QAUSEIAN SLININATION,  WWERE ' s & . ) :
€ SOUARE MATRIK. B 15 TME RIGHT-WAND 810E VECTOR - ) : T S
€ ON ENTRY. BUT IS OVERWRITTEN WITH THE IOLUTIOI v-cvnl -y T B e e mmee @M e
€ - DURING. BACK,SYBSTITUTION, ) L. : N Coem e ey
IMPLICIT REALSS (N, 0-TF _° a. o . . R .
‘DIMENEION A (NN, unp,l(lnl . : - ’ [ - oA e
s - NLEMROFT o . o . e I -
.DO 280 We1, ML i e . e L= . : : c i
J L TECAGH, MY, ie.o. s co To s00 : X - « 7 e e, L
S MreMe “ » = : o : Ed LI “ o
.. . b0 100 JmNi MER: . . o« - T i e . . - N . £
100  A(N,JISALN, ujigcu Ny ) v e T S e e e . ’ .
COmCMIERINTLACN, MY s : . L AT W
00 280 jwN1,NEO . - L [ . Lo
. IFLA(],N1.RQ.0.) 'S0 TO 280 : [ o
. CEAlL,N) : R . -
. oo 200 J-u& RO ! . :
ameoo “PaCw, Syl I agn, 33 e B o
. Trimetn ke S - e -
280 . CONTINUR . RS ’ SRR
€ . saex SUBSTITUTIPN ’ ;
M=NEQ - - L o T
B(M)RBIM) /A(M, M) AR ) : . : Lo .
- 00 400 Net, ML R - . R o - R .
‘Myam - o LS ‘ . .
-I-' 1. . . . N '
00 400 JsNMi,NEQ . . : : '
2 RO0 lllllr-l(d)ll(n 7 . ; : : . o
- p‘f 3 H*’ 8 - . o “'ﬁ 3 o “,“ B i"’" ; g ’ . ; . h »‘ N : 2
;4000» " : EE o ot oo ] U :

1
=
Y
i
.

L
800

3

MENT ON MAIN DIAGONAL OF
‘ion loultlou HymsER L 140

‘1600 AY(. ZERO OR . NEGATIVE
150 lTl"IIlI nntuxl c !
soo RETURN . :
.aND - - - -
:u---.il-----u--a,-.
‘SUBROUTINE B4 G, M ” Lt o T ;
THIS SUBROUTINE COMPUTES rul FLEXIBILITY MATRIK (810 - |
FOR A BABE SEOMENT ON AN ELASTIC FOUNDATION, OR B SR " afg
{IF 1FLAGE 1) THE MATRIX 88°T0 DETERMINE INTERNAL :
DISPLACEMENTS AND STRESS RESULTANTS - s .
CIMPLICTT REALOS(A-H,0.-2) ;
DIMENSION 3(8,.8), AN L IT I
DIMENS 1ON Pll HIP(S ] HITP (&), IYRCIA)
Data lvlt/z 8.4, ll ; . . .

)

W@

nonNn

runcrlau olrtlltlous
F1le¢Ra, nl»-cn-ullno--aocr/ul
FOIIRO,RI =2.2C/RO "
FOO(AD RI)eCMPRG/NTsa20Ch/RE » _ - ) T
FIOIRO,RI1=2.25C/R1} - - s R

LMe2
IF(N0 . 20.0 | LMed -
TNEZE LM , . : : . ’ -
Do Ten3/(12.0(1.-PR322)) ’ . ’ . T - :
<~ BTIFLs(D/Rie=g. 28 v . -
IFCIFLAG.80.2) GOTO 3060 . . ’ ST«

[SLLTEM : . : : : .o ) . : .
RD= N g . . R . . .
00 SO J=1,8 . . ! .
pec 8o 1I=1.,8 : .
8o $(1,41m0.0 . : - ey
od ¥ I=1,8 . :
. Do 81 usi, A - . - . L . .
[ K} Bl1,9180.0. .

00 100 s}, LM - . ' : : . R
11820 (f=1)e1 : -

1251141 . .

TAP(T1.0Q.2Y RDaNO N : '
17(1.80.27 S1GN=-1_ 0 : o

1880 ADixt /RO : . . :
1881 RDI2eRDI*s2 ) . - '

1882 © GALL BSHAPE(STIFL, RO.PHI, PRIP, PHIDP PHLTP: . :

\ .



IDO
s 2

' C ADO PLIII'ILIY!II ’Bﬂ ll P‘All srir
J1) BOTO 208

-
. Cem ‘t.----

N 8L, J)l'll’(J)

|
D!PMJIP(J)Q"'IBJO'NIP

8(12,dYePNI1J).
8o, coNTiNUE

. Cu0.9

T St W, 1y otn”n:) R
) .

100 ° coNTINUR. . . .
€

CALL JINVER(S,TT 4, LW)
cr - AFAIPLALL RO 1 lﬂto,ano
£ ‘

‘00 208 iey, LN
1IsivBE(l) - -
‘D0 200 .Jma, LN

JJe 1vEC(J) .

- DO_180. K®{, LW
CaCo8tl, K\PfT(K.Jﬁ-
B¢IT, J )tc- .

1IP(LN. 8

CE(MeNOISER/(Te (NBeX-NOPsR)eR)

EM (V. PRI
cPa (P +PR¥*C i
8(1,3)wPOI(N
3(3,1)8P10(H, N0}
$(3,3)aFI1(H,NO)
aoTo 210

208 S(1,1)=Nus (1. -PR)/(EeT)
e o
210 RETURN
c .
200

CALL 'lul'-(lTlPL H,PHT, PMIP PulDP, PHTTD) f

00 320 JstlLWN

4, Jd)1ePNT ()
lanIlTl'L . .
IP(N.LY.2,) X=2.0
NO=XNSSTIPL -

. 320 CONTINUE
BOTR 210

-~

c

END .- —

SUBROUTINE

sssgegrnecsqss
SHAPE(STIFL ,RD, P

€ THIS SUBRDUTINE. EVALUATES Tﬂl (L3

€ FOR_A PASE DN ELASTIC rouuclflenrclnnlur
- lnv ICIT AEALSB(A~H, 0D-2) -

an

€.
c.

Pl.'l/l
chiay,

$1GeRDeCOY

‘SLuPuOSIN(BICoPS)
.COSMeDCOS(S18-P8 )

LS INMSOSINIBIG-P8)
ETASRTSWO.TELDSORT(PI)

IR 4 ’FOQM pui

'Bl“ ’Nl' Vlt?ﬂl
-BEGXEm .

cpzaCDivez
CD3agD2sCD 1

vecTon

PHI(1)mCPHIPSCOSM
PHI(ZICPHIPSEINM
PHICS PHIMeCOSP
wnlta;-:vnru-slnr

/(2.9816)
+$10821
-s1G21

sSigpst,
S1GM= Y,

RY, PI/2.0,3. 18188
ututuslou )U!(l) $nxr(n)

/(olonf(trv-u?lrtn

AP SICL/(RTASRBIG)
llPP-llCl/(lTA-Illﬂ)

T x VBB L IRDO(PROPRIDP (J)SPHIP (J) /N
L "BBI2,J 18D (PHIDP (J) SPREPUIP (&) /Y) .
2, J)--D-(Pﬁl?P?J#‘PN!DPQ&P/N-R!JPAJ)/RF"

ﬂf"nlr HIDP , PHITP)

YECTOR AND ITS DIllVATlVIS

oy
pn!nn(tl,»ul!ﬂ(n)

T

PN]’(|)IC§1-(llﬂﬂtinl(|D-’Nl(!))
-ulr«:b-cn1-«slcn-ru1(2)orux1|~)
PHIPI3 )0 -COIS(SIAPIPHI(IISPHI14))
PHIP(A)sCDI®( ~SIBPEPHI (& sePHTI I

FORM PHIDP VECTOR

a

- .

Mll'i“‘lﬁ”-'"llilﬂfﬂll’(Zil!cn|

PHIDP(ZIwCD2eC2 Ml(z)0<ll¢ulnnlr(zIooulrt||»-CD|.«
’Nlo’ljl'ﬂnlﬂcﬂﬂiﬂlll)~(8!BP-PNIP(3)0.NIIGC|"CD|'
’Nlb'(l)lcviitil’nl(Ai‘(ilﬂPanlD(Ab-PNl'(I)l-qn|

Tt FORM PHITP VECTOR
&2 =C2

c3 /81883

rutfg:v»-cn:-c:trnr(|».cnz-cz-»nxv«t»o(lxen-vulornnv-
= PRIDR(3))ecAl

’”13’4!7)':51

PHITPI2VaCDIREIrk] (T ﬂ:ni-:z.rn 1‘»
vnntr«:r-cn:-c:-pnxLz»ocoz-cz-'nlu

PHIDP (& )0 CD Sy,
PHIDPTAY)e€D1
nlfuuu

[

UTINE JINVERY A

NDIM, NEQ)

€ CAND STORRS THE RESULT 1N &

IMPLICTYT REALSB(A- N
DIMENSION AINOGIM,

[

ltlblﬂ.l)

PNItrnai-cua-cavvux|l:ocna-c2-rn|r¢~r-4!1(
..

“(STGMYPNIOP (21¢

N> (S1GPEPNIDP (3ue *

PHIDP () -

‘C THIS BUBROUYINE INVERTS THE MATRIX A BY THR Jacast ntrnoo

e

&

o e

L




1730
1721
1722
1723 ...
17268 -
1728
1720
1727
1728
1729
1730
1731
1932
1733

21738,

1738

A m e

180.

|l°
e

06 100 va1 NDIM
‘00" 100 1=1.n01m

"l()
.1 110 Jl| IIO

I(J J)er.0

- *lllrlAlel ™E S, uurnl:

ARSI

- ll@ll chﬂll IIDUCYXOI OF MATRIX A AQD ALID U? I&T. on-8B -
DO §OO We1,NEQ

300

400
e

s10

. §o0
Yoo
soo
c
[1])
1000,

€ ‘rnis susroufl

IF(DABS(AIN, N

Cot. /AN, N)
NisNe L

1P(N.8Q.NERQ) .

1]

DO 400 JeN1,NEQ
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