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Abstract

Fast paced developments in electronic hardware technology have resulted in heavily instru-
mented chemical plants. Process data from these units are frequently logged on to computers
leading to data overload. To cope with thes_e trends. data mining tools that extract useful
information from the database have been proposed. These include methods based on sim-
ple visualization. multivariate statistical techniques (such as principal components analysis
(PCA), partial least squares (PLS) and canonical correlations analysis (CCA)). artificial
intelligence (induction or rule based) and neural networks. Recent studies indicate that a
new data mining prototype is introduced every three months.

In this thesis, the use of multivariate techniques in the characterization and control of
chemical processes (continuous and batch/semibatch) is explored. Utilizing the dimension
reduction properties, these tools have long been used for applications related to process
monitoring and fault detection in a statistical process control (SPC) framework. In certain
situations (e.g. inferential model building), these methods have provided a robust alter-
native to the ordinary least squares regression procedure. Besides describing the theory
and applications of these techniques in such traditional areas, we have investigated their
suitability in the modelling and control of dynamic multivariable systems.

A powerful empirical (black-box) identification strategy that provides multivariable state
space models (Canonical Variate Analysis, CVA) is reviewed. Extensive simulations are

used to establish the superiority of CVA over another popular state space identification



algorithm (N4SID). Extension of the CVA method to model a class of nonlinear systems.
the Hammerstein structure, is provided.

Identification and control of univariate (single input single output - SISO) processes
represents a relatively mature field; it is easily understood and readily implemented. We
propose a novel multivariate modelling and controller synthesis strategy that is based on
a combination of the PLS technique and the identification/control theory developed for
SISO systems. Recognizing that industrial plants usually operate in the regulatory mode.
expressions for the design of multivariable feedforward controllers are developed. To cope
with constraints on the process variables, the PLS model has been integrated into the Model
Predictive Control framework. The domain of applicability extends to nonlinear systems -
the Hammerstein and Wiener models provide motivating examples.

Case studies involving simulations, laboratory experiments and industrial data are in-

cluded wherever appropriate.



Preface

The work presented in this thesis is aimed to provide an insight into the theory and appli-
cation of multivariate statistical techniques such as Principal Components Analysis (PCA).
Partial Least Squares (PLS) and Canonical Correlations Analysis (CCA). The applications
are chiefly in the area of process modelling (identification), control and monitoring.

The statistical techniques are presented at a tutorial level in chapter 1 along with real
world applications involving inferential model building and process monitoring. The ba-
sics of black-box modelling are reviewed in chapter 2 with the focus being on state space
structures. A powerful state space identification technique - Canonical Variate Analysis
(Larimore, 1990) - based on CCA is described and compared with related identification
techniques. Further, the CVA approach is extended to model a class of nonlinear systems -
the Hammerstein model. Illustrative examples are provided using the simulation of a nonlin-
ear CSTR. an acid-base neutralization tank and real data obtained from two experimental
heat exchange systems.

A novel modelling strategy that results in a simple controller design is discussed in
chapter 3. Utilizing the latent variables generated by the PLS algorithm. this method
captures the dynamic information from process data in a diagonal structure and is capable
of handling nonlinear and nonsquare systems. Expressions for the synthesis of multivariable
feedforward controllers under the above framework are also provided. Some of the material
presented here can be considered as extensions to a related method proposed by Kaspar
and Ray (1992. 1993) for linear systems. The theory developed for this modelling and
control (feedback plus feedforward) approach is supported by simulation studies using the
Wood-Berry distillation column and the acid-base neutralization tank. In chapter 4, issues
related to the integration of the dynamic PLS models (generated using the ideas presented
in chapter 3) with advanced model based predictive control algorithms (such as the Dynamic
Matrix Control - DMC) are dealt with. The fusion of the PLS based modelling strategy
with the model based predictive control algorithms results in a synergistic effect - an elegant
multivariate modelling tool built on the foundations of univariate identification methods and
a control mechanism capable of meeting the process constraints. Modelling and constrained
control of a simulated pH neutralization system (using a nonlinear Wiener-PLS model)
and a laboratory stirred tank heater illustrate DMC applications operating in the PLS
latent space. In contrast to the earlier chapters which focussed primarily on continuous



systems. the monitoring and fault detection of batch and semi-batch processes is considered
in Chapter 5. Operation of such processes are characterized by the presence of multiple
rates of measurements. To handle this multirate scenario, the PLS based monitoring and
fault detection technique developed by MacGregor and coworkers (1994a, 1994b. 1995) has
been extended. In line with the material presented in chapter 1. a PLS model is obtained
using a database of normal batches. Online monitoring of new batches is performed by
comparing the current process data with the template provided by the PLS model. It
may so happen that the database characterizing normal plant operations contain batches
of varying run lengths. A method is suggested to make use of all these batch runs in the
construction of the nominal data-based model. The monitoring algorithm is evaluated on
: (1) a fed-batch antibiotic producing fermentation and (2) a semi-batch polymerization
reactor and is found to give quick and early detection of faults along with good predictions
of the final product quality. Chapter 6 provides conclusions based on the material presented
in chapters 1 through 5 as well as recommendations for future work.

The formulation of PCA. PLS and CCA in an optimization framework that results in
their expression as eigenvalue-eigenvector problems is detailed in appendix A. In the process
of developing the equations for the PLS based multivariable feedforward controllers. the
Cramer’s rule for the solution of a system of linear equations have been extended to include
nonsquare systems (an elaborate description of the extended Cramer’s rule is provided in
appendix B).

All data analysis. simulation and experimental studies were performed using MAT-
LAB/Simulink running on IBM compatible personal computers and Unix workstations.
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Chapter 1

Introduction to Multivariate
Statistical Methods

1.1 Overview

In this chapter, an introduction to three multivariate statistical techniques that will be em-
ployed for modelling, control and monitoring of multivariable processes is presented. Princi-
pal Components Analysis (PCA), Partial Least Squares (PLS) and Canonical Correlations
Analysis (CCA) are finding increased use in chemical engineering and process applications.
The mathematical and the algorithmic details of these techniques are presented. Two indus-
trial data sets are analyzed. Data from a distillation column in Mitsubishi Chemicals. Japan
is used to develop a PLS based inferential model for distillate composition control®>. The
second data set is from the Shell styrene unit located in Scotford, Alberta (Canada)3. This
data is used to illustrate the utility of PCA in detecting process shifts and fault isolation.

Sections of this chapter have been submitted for possible presentation as : H. Fujii. S. Lakshmi-
narayanan and Sirish L. Shah,“Application of PLS to the Estimation of Distillation Tower
Top Composition™, Submitted to the IFAC ADCHEM °97 Meeting, August 1996.

*This work was done in collaboration with Mr. Hiroyuki Fujii of Mitsubishi Chemicals. Japan. His
contribution in providing the data as well as in its analysis is gratefully acknowledged

3Sincere thanks are due to Dr. David Onderwater (Shell Canada) for providing this data



1.2 Contributions of this chapter

e A tutorial overview of three multivariate statistical methods that will be used exten-
sively in this thesis is presented. It is hoped that this overview will help in under-
standing the material presented in later chapters. It must be pointed out that such
introductory material is also available from other sources (e.g. Wise (1991), Kresta
(1992), Kaspar (1992) and Phatak (1993)).

e The PLS modelling approach was used to develop an inferential model for a distillation
column (Mitsubishi Chemicals, Japan). This model was implemented on the plant and
significant improvement in control was obtained.

e The PCA method is used to analyze process data from a styrene plant (Scotford
complex of Shell). Interesting observations can be made from the analysis of this
data.

1.3 Introduction

Advances made in the areas of instrumentation and data acquisition have made it possible
to collect large amounts of data in the process industry. Use of univariate statistical process
control (SPC) charting procedures are very common in the parts industry and to a lesser
extent in the process industry. Univariate SPC charts (EWMA/CUSUM etc.) are used
to monitor key process variables in order to detect the occurrence of abnormal episodes.
By detecting the source of this abnormality, improvements in the operation of the process
(in terms of safety, waste reduction etc.) and consequently product quality can be real-
ized. When such a univariate approach is used to analyze multivariate data. interaction
between the variables is not taken into account. This not only results in misleading process
information but also makes the interpretation and diagnosis tasks difficult.

It is in this context that multivariate statistical methods such as PCA. PLS and CCA
are finding increased use in the analysis and archival of multivariate data sets. Brought to
the centerstage of chemical engineering by MacGregor and coworkers (e.g. Kresta (1992).
Nomikos and MacGregor (1994)) and Wise (1991), PCA and PLS have been applied to
a variety of problems involving multivariate process monitoring and modelling (Qin and
McAvoy (1992a). Qin (1993), Ricker (1988)). In these applications, the data compression
facility offered by these methods were utilized in condensing the variance of the process
into a very low dimensional latent subspace. This data compression feature provides a
low-dimensional window into the process and facilitates the tasks of monitoring and fault
detection (Kresta et al., 1991). An interesting dynamic PLS modelling procedure that
can be directly utilized for multivariable control system design has been reported (Kaspar
and Ray, (1992,1993)). The use of CCA for chemical process modelling and fault detection
applications is reported in Schaper et al. (1994), Lakshminarayanan et al. (1995) and Wang



et al. (1996). Perhaps, the first application of the PCA technique in an industrial setting
came from Moteki and Arai (1986) who used it to derive optimal operating conditions to
synthesize specific polymer grades.

This chapter is organized as follows. A tutorial introduction is presented for the three
multivariate techniques considered here. Each of these methods is also cast as constrained
optimization problems whose solution is obtained by solving related eigenvalue-eigenvector
problems.

1.4 Background

Consider two blocks of measurements X and Y. The X block is comprised of the process or
causal variables such as temperature, pressure and flow rate measurements. The Y block
is comprised of quality variables such as product purity, molecular weight etc. If the goal
is to perform data compression and extract the process information from only one block of
data , then PCA is an appropriate technique. Often times, we seek to predict the Y space
using only the X space measurements, with a linear model as given by equation (1.1). Such
models may be useful in applications such as inferential control. This linear estimator can
also be used to model dynamic systems if lagged values of the inputs and/or the outputs
are included in the X block. In any case, most of the parameter estimation problems that
occur in engineering practice can be reduced to the form given in equation (1.1) and has
therefore received considerable attention since the time of Gauss (early 19th century).

Y = XC + Noise (1.1)

The ordinary least squares solution (OLS) of the above system of linear equations is
given by

Cors = (XTX)"1xTy (1.2)

It is seen that no attention is paid to the correlational structure of Y. nor is any dimen-
sion reduction attempted in the X space. The OLS procedure focuses exclusively on the
model fit (predictions) - no consideration is given to the numerical stability aspects of the
linear regression problem. Such an approach creates problems in the presence of correlated
process measurements (which is often the case with industrial data). where the X matrix
is illconditioned - in the extreme situation the inverse may not exist. Even if the inverse
can be computed, the variance of the estimated parameters will be large indicating that
the estimator will be unstable. Poor performance of the routinely used OLS procedure
in the presence of correlated measurements makes it necessary to opt for other available
choices. Several multivariate techniques such as PLS, Principal Components Regression
(PCR) etc. have been proposed for this task. These methods circumvent the collinearity
problem associated with multivariate data by constructing and relating latent or virtual



variables (linear combinations of the original variables) instead of the original variables.
The philosophy governing the choice of the latent variables for the X space differentiates
these methods. Two attributes are of major importance for the estimator : (i) numerical
stability and (ii) obtaining good fit of the data. The linear combinations must account
for much of the variation of X and must correlate well with the variables in the Y space
to achieve the objectives of model stability and goodness of fit. Each of the multivariate
methods accomplish a different level of balance between these two goals. Stone and Brooks
(1990) and Wise (1991) describe the nature of these tradeoffs in their discussion of con-
tinuum regression - a common framework that encompasses several multivariate methods
including those considered in this thesis.

1.4.1 Terminology

Let us assume that the X and Y blocks consist of nx and ny variables respectively. The
number of observations in each of them is N. We shall also consider that the X and Y block
variables are mean centered and suitably scaled. Without scaling, in PCA and PLS it is
possible to bias the results towards variables that have a larger magnitude.

X.r\'xn.t — [Illx2l T l In;,_-]
Yany - [y1|y2| teT l yny]

The ’linear combinations’ of the columns of the X and Y spaces are represented by
t; = X j; and u; =Y l;. j; and [; are vectors of weights that are used to obtain a particular
linear combination. The subscript i denotes the i*® linear combination of the corresponding
space. The first 'k’ linear combinations of the X space will be expressed as

T = [ta|ta] .-. |te] = X [J1]| -~ |Gk] = X Tk (1.3)

In the following, the covariance matrices are denoted by ¥ with the appropriate sub-
scripts. For example, £, will signify -}{% - the covariance between the X and Y space.

1.5 Principal Components Analysis

The PCA procedure is concerned with the analysis of one block of data X. The goal is to
form new orthogonal variables which are linear composites of the original variables. If the
original variables are correlated, it is possible to summarize most of the variability present
in the nz-variable space in terms of a lower n-dimensional subspace (n < nz). Principal
components analysis essentially reduces to identifying a new set of orthogonal axes. If a
substantial amount of the variability present in the original data set is accounted for by a
few new variables (or principal components), then these principal components (also called
latent or virtual variables) can be used for further interpretational or analysis purposes.



Assuming that we are interested in forming the following nz linear combinations :

t1 = jrazi+j12z2+ -+ JlneZns
ta = joiZTi1+J22%2+ -+ J2nzTaz
' (14)
the = Jnz,1ZT1 +Jnz2T2 + -+ InznzZnz

In compact form, the above equation system can be represented as T = X Jnz pca
where Jnz pca = [Jl l Tt Ijnz]-

The first principal component, t;, accounts for the maximum variance in the data, the
second principal component, tz, accounts for the maximum variance that has not been
accounted for by the first principal component, and so on. To achieve the above objective.
some constraints need to be placed on the weight vectors j; to ju,. These are given by

=1 (=1---,nz) (1.5)

and

Fik=0 @GE#k) (1.6)

The first constraint as given by equation (1.5) is somewhat arbitrary. This condition (to
fix the scale of the new variables) is necessary because it is possible to increase the variance
of a linear combination by just scaling the weights?. The condition given by equation
(1.6) ensures the orthogonality of the principal components. The mathematical problem
of determining the weight vectors j; to jn,r can be approached in terms of the following
optimization problem :

e Objective : Find a linear combination of the X variables that has the maximum
variance amongst all possible linear combinations.

Objective function : maz {JIT Eujl}

Constraint : j7j; =1

Solution® : j; is the first left singular vector of 2,1,4-2

Remarks :

1. The linear combination of X variables that has the next highest variance subject
to the condition of being orthogonal to the first linear combination is X j2. 72 is
the 27 left singular vector of T2,

‘For example, it is possible to increase the variance of the first principal component by just doubling the
weights

*Derivation of the PCA,PLS and CCA solutions as eigenvalue-eigenvector problems is provided in Ap-
pendix A



2. Likewise, we can extract ‘nx’ orthogonal linear combinations. Thus. Jur pca =
[jl I Tt ljnz]~

The principal component weights matrix, J, is therefore obtained from a singular value
decomposition (SVD) of the data matrix, X (or equivalently, E}éz). If there are redundancies
in the X block (because of correlation among the variables) - some of the singular values will
be insignificant implying that the corresponding principal components (say, dimensions n+1
through nx) are insignificant. Noise and redundancies present in the data set are confined
to these insignificant PCA dimensions.

From another view point, we can consider PCA as a technique that decomposes a data
matrix X into a sum of rank 1 matrices (similar to spectral decomposition) as follows :

X =t1p7 +topd +---+ topl + Bny1 =TPT + Eppy (1.7)

While writing the above equation, it is assumed that all of the insignificant information
in the data set is confined to the error matrix, E (which lumps the PCA dimensions n+1
through nx). In the above representation. the matrix P (size nz x n) is called the loadings
matriz (note that P = J) - the matrix composed of weights attached to the original variables
in creating the principal components. Matrix T represents the values of the new variables
(projection of the samples on to the lower n-dimensional subspace) and is called the principal
components scores matriz.

1.5.1 Identifying the Optimal Dimension of the PCA Model

The number of principal components, n, that are to be extracted is an important factor to
consider. The decision depends on how much information can be sacrificed (as unaccounted
variance) to enable data compression. This, no doubt, is a subjective decision but some of
the common rules adhered to are :

1. In the case of standardized data. retain only those components whose eigenvalues (of
2 zz) are greater than one. This is known as the eigenvalue-greater-than-one rule.

2. From the plot of variance explained by each principal component versus the number
of components (scree plot), an elbow is located. The position of the elbow determines
the number of PCA dimensions to retain.

3. Often, the number of PCA dimensions is determined based on a fixed percentage
(usually about 80%) of the cumulative variance explained.

4. Cross validation techniques are often considered as statistically sound procedures for
determining n, the number of principal components to retain. These techniques (Wold.
1978) use only a portion of the training (or calibration) data set to obtain the PCA
model and then compute the Prediction Error Sum of Squares (PRESS) for the unused



portion of the training set. This procedure is repeated by retaining different data
portions for model building - the dimension that gives the lowest cumulative PRESS
is chosen as the optimal value of n.

However, no rule provides best results under all circumstances. The purpose of the
study, the type of data, the interpretability of the principal components, the amount of
variation that needs to be explained, the parsimony principle are the key factors to be
considered while deciding on the number of retained principal components.

1.5.2 Tools for Online Process Monitoring

The PCA model constructed using data collected during normal operation of the plant
can be used to perform online monitoring of the process (i.e, detect and diagnose faults).
The in-control PCA model of the process forms a reference against which future plant
operations can be compared. In this section, an overview of the analytical tools available
for determining out-of-control status (fault detection) and the underlying cause(s) for the
abnormal event (fault isolation) will be provided. The fundamental tools for achieving this
are the scores and loadings plots.

1. Score Plots

The scores plot is a depiction of the principal component scores for any two PCA
dimensions (e.g. ¢; versus t3; see Figure (1.10) for an illustration). Usually, it serves
to indicate the relationship between the various samples. Two similar samples by
virtue of their similar scores, will lie close to each other in the scores plot. It is easy
to conclude that all data points that are similar in nature tend to cluster together in
the scores plot. The scores plot are thus excelient tools to detect abnormal process
behavior.

The scores for the n principal components can be plotted against each other (plotting
these for the first few componeats is usually adequate) forming two dimensional mon-
itoring charts. The control limit contour depicting the normal operating region is an
ellipse (joint confidence region). Any abnormal shift in the process variables (whether
the basic correlation between variables remains intact or not) is clearly indicated in
the scores plot because the projected scores move out of the normal operating zone.
With the help of a loadings plot (e.g. p; versus ps), the fault can then be isolated.
If no abnormal shift occurs in the process variables but the correlational structure
breaks down, then the score plots will not be able to detect the fault. To avoid this.
a third dimension showing the squared prediction error (SPE) is included (see Figure
1.10).

In order to compute the SPE, it is necessary to define the error which can also be
viewed as the model-plant mismatch. If this mismatch gets larger. it is an indication



that the PCA model no longer reflects the current status of the plant. If the process
variables deviate from normal values but retain the correlational structure found dur-
ing acceptable plant operation, then the SPE will not be large. It is apparent that
the SPE is a useful measure to detect process upsets.

Let z,., denote the new multivariate observation (a vector of dimension 1 x nz). This
observation can be projected onto the hyperplane defined by the PCA loading vectors
to obtain the score value tnew = Znew P. thew is the 1 X n vector of scores from the
model and P is the nz x n matrix of loadings determined from the normal plant data.
The PCA model prediction for Z,ey, is given by Znew = trewPT = Znew PPT. The
1 x nz dimensional error vector is given by €pewy = Tnew — Znew from which the SPE
can be calculated as eI, esew,- The SPE can be considered as a scalar measure of the
plant-model mismatch - a small value of SPE indicates that the model is still a good
representation of the plant and a large SPE value indicates otherwise. Should a large
SPE value occur, the process operators should be alerted and the fault diagnostics
procedures must be initiated. The confidence limits on SPE can be calculated as
follows (Jackson and Mudholkar, 1979) :

v _nl%s
SPE, =6 |1+ Ca ho V202 + O3 hy (’;0 1) |%e (1.8)
61 Y,
where
nr R
©i= Y AN (i=1,2and3) 1.9)
j=n+l
and
20103
ho = 1.10
'=1-397 (1.10)

Here, the \;'s denote the eigenvalues of ., (equivalently, the square of the singular
values of X or Eiéz) and c, is the normal deviate corresponding to the upper 100(1 —
a)th percentile. Usually, a value of 0.05 is used for a (95th percentile).

Alternately, the n principal components extracted can be plotted individually (since
the principal components are uncorrelated this is valid) in a manner similar to the
univariate Shewhart chart. In this case, each of the charts represent the monitoring
of not a single process variable but rather a group of original variables. By examining
the n individual score plots and with a knowledge of the loadings matrix (or a loadings
plot), it is possible to pinpoint the cause(s) for the abnormality. In this case, SPE
must be monitored individually using a univariate procedure.



2. Loadings Plots

To help in isolating the reasons for abnormalities in process operation. it is necessary
to interrogate the underlying PCA model. Some of these methods are discussed in
MacGregor et al. (1994a). One common fault isolation technique is the use of the
loadings plot which shows the relationship between the process variables in exactly
the same way as the scores plot exhibits the relationship between the observations.
All variables sharing the same information content (i.e., correlated variables) tend to
cluster together. Such clusters of variables usually dominate different PCA dimen-
sions.

If abnormal scores are noticed for any particular PCA dimension, the variable clus-
ter(s) that dominate the dimension may be responsible for the unusual event. Loadings
plots help in visualizing these variable clusters.

3. Contribution Plots

The SPE values computed above can also be utilized in an effective manner for fault
isolation. The fractional contribution of each process variable to the overall SPE can

be computed as :

=227t (=1, 2, ---nz) (1.11)

where SPE; denotes the square of the ith element of the error vector epey. If the
fractional contribution of any variable is significant (say greater than 10%). then it is
very likely the cause for the abnormality. This is the basis of the contributions plot
concept proposed by Miller et al. (1994).

Though an unambiguous answer regarding the source of the fault is not provided by
either the loadings or the contribution plots, they definitely provide a focal point for
detecting the possible cause(s). An ezpert system can be fired up at this stage to zero
in on the exact fault.

1.5.3 Principal Components Regression

Once a PCA description of X is obtained, the latent variables can be used to determine C
in equation (1.1). This is the basis of Principal Components Regression (PCR). In PCR. no
consideration is given to the relationship between the Y-block variables, but the orthogonal
latent space (spanned by the n principal components) formed for the X-block are employed
in the regression. This is in contrast to the OLS procedure. The PCR solution for equation
(1.1) is given by

Cpcr = (XTX) !XTy (1.12)



where X = TPT is an approzimate but stable representation of X. It is seen that PCR
places more emphasis on the description of the X-block (stability) while paying little or no
attention either to the model fit or the correlational structure of the Y block.

1.6 Canonical Correlations Analysis

CCA is a popular technique for identifying relationships between two sets of variables. It
is often possible to designate one block of data as the predictor block and the other as the
criterion block. For example, the process measurements form the predictor (independent)
block and the quality variables make up the criterion (dependent) block. Then the objective
is to determine if the predictor set of variables affects the criterion set of variables. If the
objective is to ascertain the relationship between two sets of variables, then it is not even
necessary to designate the two sets of variables as the dependent and independent sets. The
predictor and the criterion blocks will be denoted as X and Y respectively.

In CCA, the goal is to relate linear combinations of the X and Y spaces - the linear
combinations of the X and Y space (also called canonical variates) are generated in pairs
such that the correlation between them is maximum (the correlation is referred to as the
canonical correlation). Once the first pair of linear combinations is extracted, the second
pair is selected such that the two pairs of canonical variates are uncorrelated. To pose the
optimization problem correctly, it is necessary to constrain the variance of the canonical
variates to unity. The mathematical details of the CCA algorithm are presented next.

1.6.1 CCA : The Optimization Approach

e Objective : Find a linear combination pair (from among all possible pairs) of X and
Y spaces that have maximum correlation between them.

‘ecti i i Sey by
Objective function : max 7,—!—71__
b OFeS N ll DO 1

Constraints :

ATezsn =1
TS h =1
Solution :
71 = Tz2/% * First left singular vector of £r/° Ty oy /2

I} = Ty3/? * First left singular vector of £y /2L, Sra’?

Remarks :

1. The next best linear combination pair (Xj2,Yl2), orthogonal to the first pair.
is obtained by choosing jo» and l2 using the second left singular vectors in the
expression above. Subsequent pairs are chosen orthogonal to all previous pairs.
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2. We can extract a maximum of min(nz.ny) such pairs. In matrix notation we
may write Joca = [y ]+ | Jmintnz.nz)) -

3. In the context of CCA, X is the best predictor of the X space while Y, is the
easily predicted linear combination of the Y space. X7, is the best predictor of
the residual X space and Y5 is the easily predicted linear combination of the
residual Y space. Similar arguments hold for other pairs as well.

The CCA technique reduces to the OLS technique if the Y-block contains only one
variable. When there are multiple variables in the X and Y blocks. rather than looking
at the nz x ny possible correlations, it is enough to concentrate on and interpret the n <
min(nz,ny) canonical correlations and variates. In this sense, CCA can be considered as a
dimension reduction technique. Determination of the number of canonical variates needed
to adequately represent the association between the two sets of variables is an important
decision to be made - a statistical test of significance of the canonical correlations is given
in Sharma (1996).

A CCA based black-box modelling technique for multivariable systems is described in
the next chapter. The Akaike Information Criterion (AIC) will be employed in order to
determine the number of canonical variates to be used in the model.

1.7 Partial Least Squares

The linear partial least squares technique has established itself as a robust alternative to
the standard least squares (multiple linear regression) method in the analysis of correlated
data. First proposed by Wold (1966), this method has been applied to analyze data in a
variety of disciplines such as sciences, social sciences, engineering and medicine. A tutorial
description of PLS along with a simple example has been provided by Geladi and Kowalski
(1986a, 1986b); for the theoretically inclined reader, Manne (1987) and Hoskuldsson (1988)
provide an excellent analysis of the mathematical properties of the algorithm. In fact. the
knowledge and use of PLS has become so commonplace that it warrants no fundamental
introduction.

In PLS, the goal is to arrive at a stable estimate for C (see equation (1'.1)) while per-
forming data compression on both the X and Y blocks. Thus the correlational structure of
both the X and Y blocks is considered. The principal components (latent variables) for the
X-block are constructed with reference to the Y-space. Therefore. a compromise solution
that takes into consideration both the stability (via dimension compression) and the model
fit aspects of the regression problem (through the construction of X-block latent variables
with reference to the Y space).

11



1.7.1 A Simplistic Overview of PLS

For practical applications of the PLS algorithm, it may be necessary to scale the X and
Y blocks suitably in view of the fact that the measurement units can be grossly different.
Without proper scaling, the PLS latent variables may be significantly biased towards vari-
ables with larger magnitude. Scaling may be performed using some a priori knowledge. e.g.
assigning larger weights to some key variables; often, all variables are autoscaled (mean
centered and scaled to unit variance). This scaling information is stored in the matrices
S: and Sy for the X and Y blocks respectively. The scaled X and Y blocks i.e., X S;*
and Y S ! are then processed by the PLS algorithm. The raw plant data is assumed to be
scaled in this manner in all of the development that follows.

[sz; O 0o --- 0 7
0 sz 0 --- 0
S:={0 0 . .. (1.13)
: R
| 0 0 --- 0 sz
[syy 0 O --- O
0 sy O - 0
S,=|0 o . - : (1.14)
: S
Y 0 --- 0 syny

In PLS, the X and Y data are decomposed as a sum of a series of rank 1 matrices as
follows :

X=t1pf +topd +---+tup? + Bpny1 =TPT + Enpy (1.15)

Y =uiql +usgd +-- - +ungl + Fop1 =UQT + Fopy (1.16)

In the above representation, T and U represent the matrices of scores while P and Q
represent the loading matrices for the X and Y blocks. To determine the dominant directions
in which to project data, a maximal description of the covariance within X and Y is used as
a criterion (see the objective function in the optimization framework discussed later). The
first set of loading vectors (direction cosines of the dominant directions within the data set).
p1 and gq;, is obtained by maximizing the covariance between X and Y. Projection of the X
and Y data respectively onto p; and q; gives the first set of scores vectors ¢; and u;. This
procedure is depicted by the block “PLS OUTER MODEL (1)” in Figure 1.1. The matrices
X and Y are now indirectly related through their scores by the “Inner Model™ which is just
a linear regression of ¢, on u; yielding it; = t1b;. 4197 can be interpreted as the part of the
Y data that has been predicted by the first PLS dimension ; in doing so. the t;p7 portion

12
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Figure 1.1: The standard linear PLS algorithm. The boxed x denotes vector outer product

of X data has been used up. Denoting F; = X and F; =Y, the residuals at this stage are
computed via the deflation process (shown as dark squares in Figure 1.1) :

By =X —tip] =B, —t1p]

Fo=Y —i1qf =Y —bitigf = F; —bit1g]

The procedure of determining the scores and loading vectors and the inner relation is
continued (with the residuals computed at each stage) until the required number of PLS
dimensions (n) are extracted. In practice, the number of PLS dimensions is determined
based on the percentage of variance explained or by the use of statistically sound approaches
such as cross validation (explained in the PCA context). The directions considered irrelevant
in the data sets (such as noise and redundancies) are confined to the error matrices E, .
and Fp4;.

From a practical viewpoint, PLS can be considered as a technique that breaks up a
multivariate regression problem into a series of univariate regression problems. The original
regression problem is handled by constructing ‘n’ inner relationship models (usually, n <
nz). In addition to the PLS outer model (cf. equations 1.15 and 1.16), we can write the
following equation for describing the inner model of the PLS technique :

Y =TBQT + F,.y (1.17)

In certain versions of the PLS algorithm, the regression coefficients b; (i=1. ---. n) are
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absorbed into the corresponding q; vectors. In such cases b; = 1V z; thus B is an identity
matrix (note that B is a diagonal matrix with the b;’s as the diagonal elements). The PLS
technique has also been cast in the powerful and well known framework of Singular Value
Decomposition (Wise, 1991). It has also been analyzed as an eigenvalue and eigenvector
problem (Hoskuldsson, 1988) where the mathematical and statistical properties of the PLS
algorithm have been enumerated. It has been shown that the latent variables ¢; and u;
(i=1,..,n) generated by the PLS algorithm form an orthogonal basis for the X and Y spaces
respectively.

1.7.2 An Algorithmic Description of PLS

Of all the multivariate techniques that have been considered here, only the PLS technique
is computationally iterative. In PCA and CCA, the linear combinations of the X and
Y spaces were derived by one singular value decomposition of an appropriate matrix. In
contrast, for PLS the linear combinations are generated through successive SVD’s of certain
residual matrices. With the kernel approach, the iterative techniques present no significant
computational overload as compared to the non-iterative techniques. For some recent results
on fast PLS algorithms the reader is referred to Dayal (1996).

Let X; and Y; denote the residual X and Y spaces after the i** PLS dimension (linear
combination) has been extracted. The original X and Y spaces are written as Xy and Y
respectively.

e Objective : Find (at each dimension i) a linear combination pair of X; and Y; that
have maximum covariance between them.
e Objective function : max {j,-TE,,._ly,-_, l;}
e Constraints :
iTi=1
LT =1

Solution : j; and l; are respectively the first left and right singular vectors of T, _,y._,

The complete algorithm is given below

1. Start with I,

2. Get j; and )

3. Iterate as follows for other PLS dimensions
For i=2 tonx do :
Obtain residual as follows

Bz, _pzi Jim151
b i = I - n 1~2Ti-2 - ! > Vi
Tie1Yi=-1 ( ]ij-‘-lzzi_,zi_zji"l Trm2Yi=2
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ji is the first left singular vector and !; the first right singular vector of
E:i—lyi—l
End

e Remarks :

1. The J matrix from the PLS algorithm is Joz,prs = [71| - | Jnz]-

2. The linear combinations, t; = X;_1j; and u; = Y;_1l; (i=1, .., nx) generated by
the PLS algorithm described above are defined in terms of the residual X and
Y spaces. This clouds the interpretation of the linear combinations, since we do
not know what the residual data matrices contain. The linear combinations ¢;
(i=1, .., nx), form an orthogonal basis for the X space.

3. To relate the linear combinations generated by PLS to the original X space as
T = XoR, we need to regress T on Xy. Doing so gives,

R= XJT = Xg [Xojl [ X1j2 I e l Xnt—ljnz]

where X(‘; indicates the pseudoinverse of the matrix Xo. Some alternate expres-
sions can be found in de Jong (1993).
1.7.3 PLS Estimates for the Parameters of the Linear Model

Equation (1.17) can be rewritten by defining® T = X R. In the PLS algorithm, each of the
weight vectors j; that are used to define the score vectors t; applies to a different matrix of
residuals E; (i=1,---.n) as :

t; = Eij; (1.18)
This poses a difficulty in the interpretation of the PLS score vectors, because what is
left in the residual matrix F; at each stage is not clear. For example, some X variables

dominate the first few factors and some later. Recognizing this, de Jong (1993) provided
the following expression relating the score vectors in terms of the original X matrix.

Tnxn = XNxnzRnzxn (1.19)

The matrix R can be expressed in terms of the P and J matrices as R = J (PTJ)~L.
Combining equations (1.17) and (1.19), the following can be obtained

Y =XRBQT +F (1.20)

®Note that when all possible PLS components are extracted. the R and P matrices are related a- :
R'=pPT.
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Relating equations (1.20) and (1.1), we get the PLS estimate of C as

Cprs = RBQT (1.21)

Once the PLS model is obtained using the data obtained from normal plant operations.
it can be used for predicting the quality variables in an inferential framework. The PLS
matrices (scores and loadings) can be used for fault detection and isolation in exactly the
same way as the PCA model matrices were used. It must be borne in mind that the
predictions provided by the PLS model are reliable as long as the plant-model mismatch is
insignificant. In the case of time varying plants, it may be necessary to use the recursive
versions of the PLS algorithm (e.g. Dayal, 1996).

While dealing with nonlinearities in the data, two approaches are possible. The first
approach is to include the nonlinear variables (such as squares, exponentials, logarithms) in
the appropriate data matrices and use the standard linear PLS procedure described above.
This would involve dealing with wider matrices (for a X matrix with 10 variables, 1¢Ca = 45
second order variables are possible). In such circumstances, the higher order variables tend
to dominate the PLS dimensions (Wold et al., 1989) resulting in poor models. An attractive
alternative is to move the nonlinearities to the PLS inner model. In the nonlinear PLS
algorithm of Wold et al. (1989), the score vectors of the X and Y spaces i.e., t; and u;
are related via a quadratic model (i.e., the inner model in Figure 1.1 is now a polynomial
model instead of a linear model). It is clearly evident that this strategy can do little
when the data comprises of other types of nonlinearities. With their demonstrated utility
in approximating arbitrary continuous functions to any desired accuracy. neural networks
can be a useful tool in nonparametric modeling studies. To this end, Qin and McAvoy
(1992b) proposed an integration of neural networks with the standard PLS algorithm. Their
approach preserves the outer relation in linear PLS so as to have the robust prediction
property; however, neural networks are employed as the inner regressors. A direct benefit
of such a strategy is that only a SISO (single-input single-output) network is trained at a
time. This is not only easier than training a MIMO (multi-input multi-output) network. but
also circumvents the over-parameterization and convergence to local minime problems one
usually experiences with a MIMO network. In any case, it is clear that static nonlinearities in
data are elegantly handled by incorporating either a parametric (e.g. quadratic polynomial)
or a nonparametric (e.g. neural network) regression in the inner relationship of the PLS
model.

Extension of the basic PLS technique (discussed above) to the domain of dynamic sys-
tems (linear and nonlinear) will be dealt with in chapter 3.
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1.8 Industrial Case Studies

1.8.1 Application of PLS to the Estimation of Distillation Tower Top
Composition

The partial least squares technique has been employed to obtain an estimator for the top
composition in an industrial distillation column. Significant improvement was obtained in
the control of the product quality by using the frequent estimates from the PLS model
rather than using the measurements from an online analyzer. In this application, PLS was
used in the selection of the important variables as well as in the construction of the model.

The large sampling intervals and time delays associated with online analyzers and offiine
laboratory procedures, make the product composition control of the distillation columns
very difficult. To overcome these problems, inferential models that provide estimates for
these variables based on other process measurements such as pressures, temperatures and
flow rates are commonly employed. Though the most popular way is to use one temperature
measurement that adequately represents the characteristics of the product composition. sig-
nificantly better predictions can be obtained using multiple measurements such as several
tray temperatures. steam and reflux flow rates (Weber and Brosilow, 1972). There is usu-
ally a strong collinearity amongst these measurements - use of techniques such as PLS is
ideal under such conditions. In fact, the PLS technique has been applied on a pilot scale
plant (Mejdell and Skogestad. 1991). In their study, Mejdell and Skogestad developed an
inferential model using several temperature measurements from the column.

Process Description

The focus of our study is a rectification tower which separates a distillate product from
the heavy key component. The feed to this tower is a mixture containing 45 wt % of light
key product, 50-53 wt % of heavy key component and 1-3 wt % of other heavy impurities.
A gas chromatograph (GC) is in operation to measure the concentration of the heavy key
component in the distillate stream - however, the sampling period of the GC (90 minutes)
and the process delay (roughly 70 minutes) makes composition control unsatisfactory.
The main disturbances to the operation of this tower include the feed coxilposition, feed
flow rate and the ambient temperature. The feed composition changes are small and slow
and the feed flow rate remains steady (changes once in about 3 months). Therefore, these do
not affect the tower operation severely. On the other hand, due to the poor performance of
the pressure control loop, the ambient temperature turns out to be the major disturbance
resulting in a daily oscillation of the distillate purity. The strategy of manipulating the
distillate flow rate to compensate for this oscillatory behaviour often proved inadequate
with the product not matching the specifications (heavy key component < 1000 ppm in
distillate). The real problem was to minimize the effects of changes in ambient temperature.
The distillation column is a packed tower consisting of three beds. A schematic diagram
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Figure 1.2: The original control strategy for the Mitsubishi distillation column

of the process with some of the control systems in place is shown in Figure 1.2. There are
two reboilers for the column (only one of them is shown in the schematic). The purity of the
top product was originally controlled by manipulating (manually) the distillate flow rate
based on the infrequent GC output. The reflux ratio was kept constant by manipulating the
steam flow to the reboiler. An empirical model was developed to estimate the composition
of the heavy key component in the distillate stream using the top and bottom temperatures
and reflux flow rate. The match between the output of this model and the GC readings
were poor and was considered inadequate for inferential control. Since PLS can be applied
to collinear data, it was decided to obtain a soft sensor model taking into account all
the recorded variables. Subsequently, a variable selection procedure will be used to prune
the variable set and select only the important variables. These variables will be used to
construct the final model (the composition estimator).

In Table 1.1, the 26 variables that are available for building the PLS based inferential
model are listed. Data on these 26 variables are logged on to the database every 12 minutes.
In contrast to the work by Mejdell and Skogestad who used only temperature measurements.
we have used pressure and flow rate measurements as well. This is in recognition of the
fact that the pressure swings are a major concern for this tower. The gas chromatograph
readings arrive every 90 minutes. The dead time is large but is not known exactly and
was used as one of the tuning parameters in the model - the estimated dead time was the
one that gave the minimum squared prediction error. The X block thus comprised of 26
variables and the Y block had one variable. All other dynamics were assumed negligible.
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able 1.1: Process jables for the Mitsubishi distillation column

Serial No. | Description Remarks
1 Top Section Temperature
2 Enrichment Section Temperature
3 Mid Section Temperature
4 Bottom Section Temperature
5 Reboiler 1 Temperature Gas phase
6 Reboiler 2 Temperature Gas phase
7 Condenser Temperature Gas phase
8 Condenser Temperature Liquid Phase
9 Feed Flow Rate Stream 1
10 Feed Flow Rate Manipulated value of variable 9
11 Feed Flow Rate Stream 2
12 Feed Flow Rate Manipulated value of variable 11
13 Distillate Flow Rate
14 Distillate Flow Rate Manipulated value of variable 13
15 Steam Flow Rate
16 Steam Flow Rate Manipulated value of variable 15
17 Bottoms Flow Rate
18 Bottoms Flow Rate Manipulated value of variable 17
19 Reflux Flow Rate
20 Inner Reflux Flow Rate Calculated value
21 Bottom Level
22 Bottom Level Manipulated value of variable 21
(cascaded to bottoms flow)
23 Tower Pressure (Top)
24 Tower Pressure (Top) Manipulated value of variable 23
25 Tower Pressure (Bottom)
26 Reflux Ratio

As already indicated, proper scaling is necessary to ensure better results from the appli-
cation of the PLS technique. Scaling of the variables may be performed using some a priori
process information. Often, such knowledge is usually unavailable and the variables are
autoscaled (mean centered and scaled to unit variance). Martens and Naes (1989) showed
that autoscaling tends to amplify the noise of nearly constant variables. To overcome this
problem, they suggest estimating the noise and compensating for it in the scaling proce-
dure (the interested reader is referred to the cited reference for further details). Figure 1.3
shows the estimated noise levels for each variable (using the residuals in X variables). As
expected, the noise magnitude of the top stage temperature (variable 1) is larger than those
of the other temperature measurements (variables 2 through 6). The noise level in the flow
rate measurements (variables 9 through 20) is even larger. Comparison of estimated model
coefficients (using all the 26 variables) using auto scaling and the Martens-Naes scaling is
shown in Figure 1.4. No significant differences are noticed in the model coefficients using
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Figure 1.3: Estimated noise level for the variables

these two methods. Generally, the model coefficients for the variables tend to be larger with
the Martens-Naes scaling.

Selection of Important Variables

Preliminary analysis with the data set indicated that some of the X variables have little
to do in the prediction of Y. Excluding these variables may improve the predictive ability
of the model. Further a model involving fewer number of variables is appropriate in an
industrial setting. This was pursued as the next goal in this case study.

The engineers’ delight would be to use the available process knowledge to pick the
important variables. If the process characteristics are not well known, this approach may
not result in models with good predictive capability. Supplementing process knowledge
with statistically sound procedures would be the ideal alternative. In the statistics area,
stepwise regression procedures (step-up or step-down) are used to assess the merit of each X
variable in predicting Y. In doing so, any variable that contributes little is removed from the
data set. For data sets with a large number of variables, this may result in a combinatorial
problem. Lindgren et al. (1994) proposed an interactive variable selection procedure which
involved re-weighting each latent variable by deleting the less influential variables. The
potential problem with this approach is that some of the X variables which were considered
unimportant at an earlier stage may reappear as an influential variable at a latter stage.
However, this technique does not suffer from the combinatorial problem that was discussed

earlier.
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Figure 1.6: Predictions obtained using the old empirical model and the new PLS based
empirical model. The solid lines are the output from the gas chromatograph and the dots
represent the model predictions

For this work. a simple instructive variable selection procedure was adopted. A loadings
plot involving the weights attached to the X variables in the first two PLS dimensions was
used to delete the unimportant variables (see Figure 1.5). At this stage, most of the flow
rate variables (feed, steam and bottom), bottom level and top pressure were deleted. This
was consistent with the available process knowledge. Only 10 variables were considered for
further analysis. A step wise regression procedure resulted in a final choice of 4 variables
- the enrichment stage temperature, middle stage temperature, bottom pressure and the
reflux flow rate.

Modelling and Control Results

A final PLS model was constructed using these 4 variables. Three PLS dimensions were
sufficient toc model most of the output data. The estimated time delay was 84 minutes.
Figure 1.6 compares the model predictions obtained using the previously empirical model
(using the top and rectification stage temperatures and reflux flow rate) and the new PLS
based model. It is clearly evident that the PLS model provides a significantly better fit
largely due to the inclusion of the bottom pressure in the model. The PLS modelling
procedure clearly indicated the importance of the bottom pressure and provided a robust
pressure compensated model for use in inferential control of the column.

The PLS model was implemented as part of the inferential control strategy to regulate
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the impurity level in the distillate. The new control strategy is shown in Figure 1.7. The
PLS model provides frequent estimates of the top composition based on the process mea-
surements. The composition controller computes a setpoint for the reflux ratio which is
used in conjunction with the measured reflux flow rate to provide a setpoint to the flow
controller that regulates the distillate flow. This sequence of control actions help regulate
the top product purity. For some operational reasons (a new control strategy is being de-
veloped to regulate the bottoms purity), the cascade control on the steam flow has been
removed. Figure 1.8 indicates that significant improvement in the control was obtained
with the new PLS model. The daily oscillations seem to have disappeared and the impurity
levels were within acceptable values.
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Figure 1.7: The PLS model based inferential control strategy

Final Remarks

A robust and reliable process model was obtained using the PLS technique. Inferential
control with this new model improved the product quality and reduced the consumption of
steam. Though the results mentioned here are specific to the distillation column studied.
the methodology is fairly general and applicable to large (and possibly collinear) data sets.
Extensions to multiple data blocks (comprising of primary and secondary measurements)
are also available.
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Figure 1.8: Improvement in product purity control with the new PLS based inferential
model. The solid lines are the output from the gas chromatograph and the dots represent
the model predictions

1.8.2 Monitoring of Process Operation using PCA

The PCA based diagnosis tools described in an earlier section are now applied to data
collected from the Shell styrene unit at Scotford. Canada. A brief overview of the process
and a description of the process variables is provided. Development of the PCA model and
its utility in process monitoring is described in detail.

Process Description

Firstly, ethylbenzene (EB) is produced via an alkylation process involving the reaction of
benzene with ethylene. The EB process involves two major steps :

¢ Production of crude EB by alkylation of benzene with ethylene

¢ Recovery and purification of pure EB

The desired alkylation reaction to produce EB is

Mobile Catalyst
=

CaH4 + CegHg CeHs - CoH3 (1.22)

though a number of undesired by-products are produced owing to side reactions. These
include polyethylbenzene (PEB), xylenes, ethyltoluene and cumene.
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The alkylation reactor section consists of two reactors (each with four separate catalyst
beds in series) in parallel, a reactor feed heater, reactor feed efiuent exchangers, a startup
feed vaporizer, a prefractionator column and a vent gas scrubbing system. Catalyst regen-
eration facilities (to deal with deactivation caused by coking) are also included. The crude
alkylate product containing benzene, EB and heavies are now processed by the distillation
section (comprising of four distillation columns) to effect the separation and recovery of the
EB. A benzene recovery column first separates the benzene from EB and heavier compo-
nents. This benzene is recycled to the alkylation reactor section. The bottoms from the
benzene recovery column is processed by the EB recovery column where EB is taken as an
overhead product and sent to a EB storage tank. The column bottoms - a mixture of PEB
and heavies - is passed to the PEB recovery column which separates the PEB (overhead
product) from the heavier polymers (bottoms). The recovered PEB is recycled to the alky-
lation reactor section to control the production of PEB in the reactor. The heavy polymer
residues are used as fuel in the steam boilers.

The styrene monomer is derived by the dehydrogenation of ethylbenzene in the presence
of a catalyst in a steam environment. The desired reaction is :

Ce¢Hs - CoHs Steamégtalyst CegHs - CoH3 + Ho (1.23)

Several other side reactions are also associated with the above dehydrogenation process.
About 90% of the reacted EB is converted to styrene, the rest is converted into toluene.
benzene. methane, ethylene, carbon and hydrogen. The purification of the styrene monomer
and separation of the by products takes place in the distillation section which is a train of
four vacuum distillation towers. Inhibitors are added in order to minimize the formation of
polymers.

Hourly spot values for one month (720 samples) on process variables such as temper-
atures, pressures, flow rates. levels etc. were available. Composition measurements were
available on an infrequent and irregular basis. The original goal of this exercise was to
obtain inferential models for : (1) the xylene levels in the EB reactor effluent and (2) the
xylene and EB levels in the styrene fractionation section. However. only 10 samples were
available from the lab analysis and this was insufficient for building the PLS based inferen-
tial models. The study was therefore restricted to a principal components analysis of the
process data.

Development of the PCA Models

The EB and the styrene units were analyzed separately. Most of the process variables
available in the historical database were included in the study - a few were dropped out
because they contained very little useful information (no variation whatsoever over the 720
samples).

The crucial step in building the PCA model is the selection of the reference data set
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- this determines the confidence limits on the monitoring charts and hence the sensitivity
and reliability of the fault detection procedure. Ideally, the PCA model should be built
based on data collected from various periods of good plant operation. In this application.
the following samples were selected as defining the normal process operation :

e EB Unit : Samples 31 - 81 and 201 - 448 involving 295 variables
e Styrene Unit : Samples 1 - 260 involving 262 variables
PCA Model for the EB unit

For the EB unit, the X matrix comprised of 299 measurements of the 295 variables. The
data was first mean centered and scaled to unit variance. For this data set, the eigenvalue
1 criterion suggested using 61 principal components - these 61 components also accounted
for 84% of the variance resulting in about a five fold reduction of the dimensionality. Figure
1.9 shows the eigenvalue distribution versus the principal component number.
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Figure 1.9: Distribution of eigenvalues for the EB unit data. The horizontal line indicates
an eigenvalue of 1

The normal operating region in the principal components space is shown in Figure 1.10.
Proceeding clockwise from top left portion of the Figure, we see a three dimensional view
of the normal operating region - it has a near spherical shape. The scores plot (principal
components 1 versus 2) indicates two clusters with the smaller one (samples 31 to 81)
slightly below and to the left of the other (samples 201 to 448).

To illustrate the utility of the PCA model generated above for online monitoring pur-
poses, the remaining samples were divided into three parts. The results are shown in Figures
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Figure 1.10: The normal operating region for the EB unit

1.11 through 1.13 (in these Figures. the normal operating data are shown as circles while the
online data are represented by x. * and + respectively). In Figure 1.11. a transition is seen
along principal component 2 (top and bottom right subplots show this clearly). There is also
some abnormality indicated in the SPE values. These indicate that the data collected online
have abnormally large values ; furthermore, there has been a breakdown of the correlational
structure between the variables. The second group of samples. exhibit a similar trend (see
Figure 1.12) only with larger SPE values. A different but interesting trend is shown by the
third group of samples. Projection of the new data on to the principal components 1 and
2, indicates no abnormality - the samples overlap with the normal operating region almost
entirely (see subplot on the top right portion of the Figure). However. the large SPE values
indicate some abnormality indicating a change in the interrelationships between the process
variables. This also highlights the need for including the SPE trajectories during online
monitoring.

To diagnose the cause for the abnormalities, the contribution plots were inspected pick-
ing one random sample from each of the three groups. The contribution plot for a sample
from group 1 (see Figure 1.14) indicate that three variables (variables 4, 17 and 207) con-
tribute 5% or more to the overall SPE. A similar analysis for a sample from group 2 (Figure
1.15) indicates that the variables 4, 17 and 248 may be responsible for the abnormality.
Low feed rate to one of the reactors appears to be the fundamental cause of the problem.
In the case of group 3 (Figure 1.16), the problem seems to be associated with the variables
199 and 209. An experienced plant personnel could use this information to identify the
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Figure 1.12: Online monitoring of the EB unit : Group 2 of data
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Figure 1.13: Online monitoring of the EB unit : Group 3 of data

underlying problem and effect improvements in plant operations on a continuous basis.
PCA model for the Styrene unit
The data set for the Styrene unit comprised of 260 samples and 262 variables. The PCA
model was constructed using the autoscaled matrix. The eigenvalue 1 criterion suggested

using 41 principal components accounting for 88% of the total variance. The distribution
of the eigenvalues for this data set is shown in Figure 1.17.

Visualization of the normal operating data for the styrene unit is given in Figure 1.18.
Online monitoring of the process is performed by taking this PCA model (represented by
the circles in the Figure) as a reference target. Unlike the EB unit, the data from the styrene
unit contained several outliers and missing data. Consequently, out of the remaining 460
samples (note that 260 out of the 720 samples have been used for model construction). some
of them could not be used for online monitoring purposes. For presentation purposes. the
available data was segregated into two groups and used for online monitoring.

The result of online monitoring using the first set of fresh data is shown in Figure 1.19.
The current plant data are seen to conglomerate at a distance from the normal operating
zone (see top right subplot). The SPE values are also large. This indicates that the process
has moved to a different operating regime. The contribution plot for observations from
this group indicate an abnormality due to variable 11 (the result from one such sample
is presented in Figure 1.20). Variable 11 is the flow rate of the EB flush in the inhibitor
section of the styrene unit.

The second set of online data portrays a different picture (Figure 1.21). This data set
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Figure 1.14: Contribution plot for a random sample from group 1 of data : EB unit
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Figure 1.15: Contribution plot for a random sample from group 2 of data : EB unit
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Figure 1.20: Contribution plot for a sample from Group 1 of online data : Styrene unit

represents a new operating zone - however, the normal operating zone and the new operating
zone are separated along principal component 1. The SPE values for the new observations
are larger in magnitude.

The contribution plot (Figure 1.22) for a sample from this group of data indicates the
abnormality in variable 207.

Final Remarks

Analysis of the data from the Shell styrene unit has illustrated the utility of PCA to char-
acterize normal process operation and to compare future runs against this reference model.
In the analysis of the data. no consideration was given to the theoretical limits described
by equation (1.8) - because the online data considered here violated those limits by a large
margin. Loadings plot were not provided as the contribution plots were used in the isolation
of faults (selection of variables using the loadings plot was demonstrated in the Mitsubishi
application). As already mentioned. the inferential models based on PLS (or any other
method) could not be constructed owing to insufficient data. If more data are available.
future efforts could be directed in this area.

1.9 Conclusions

A tutorial introduction has been provided in this chapter to three popular multivariate
techniques, namely PCA. PLS and CCA. These techniques were also analyzed in an op-
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timization framework. Two industrial case studies involving the algebraic PCA and PLS
techniques are reported. In these application studies, the existing PCA and PLS analy-
sis tools were used. The case study on the Mitsubishi distillation column illustrated the
construction of a robust inferential model that can be implemented to perform automatic
control of the column. This model was obtained by analyzing normal operating data from
the column. A simple technique was presented to identify the key process variables for
modelling purposes. In the case study involving the Shell styrene unit, the utility of princi-
pal components analysis in the monitoring of large scale units has been demonstrated. The
importance of contribution plots for fault isolation was also highlighted.

The contribution of this thesis in extending the frontiers of these multivariate methods
will become apparent when they are employed for multivariable dynamic model identifica-
tion and control in the following chapters.
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Chapter 2

Empirical Modelling with State
Space Structures

2.1 Overview

This chapter deals with the review and description of some state space identification
methods that are employed for the empirical identification of multivariable linear systems.
In particular. attention is focussed on the Canonical Variate Analysis (CVA) technique of
Larimore (1990) - the method is described in detail and its properties are enumerated.
Using the case study of a simulated nonlinear continuous stirred tank heater (CSTR).
the CVA technique is compared with the N4SID (Van Overschee and De Moor. 1994)
algorithm available in the MATLAB Identification Toolbox. Identification and control of a
laboratory stirred tank heater is also demonstrated. The CVA technique is also extended
to the identification of systems represented by the Hammerstein structure (a nonlinear
static block cascaded with a linear dynamic block). Identification of Hammerstein models
is illustrated using data from a laboratory heat exchanger and the simulation example of a
realistically complex acid-base neutralization tank.

!Sections of this chapter have been presented or published as

1. S. Lakshminarayanan, Sirish L. Shah and K. Nandakumar, “Identification of Hammer-
stein Models using Multivariate Statistical Tools”, Chemical Engineering Science. 50
(22), 3599-3613 (1995).

2. S. Lakshminarayanan, Sirish L. Shah and K. Nandakumar, “Modeling a Class of Non-
linear MIMO Systems Using Multivariate Statistical Tools”, Presented at the ses-
sion on Statistics and Quality Control at the AIChE Annual Meeting, San Francisco.
November 1994.

3. S. Lakshminarayanan, Sirish L. Shah and K. Nandakumar, “MIMO System Identi-
fication using Multivariate Techniques™, Presented at the 44th Canadian Chemical
Engineering Conference. Calgary. October 1994.
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2.2 Contributions of this chapter

e Original Contributions

1. The CVA technique has been extended to the identification of multivariable
Hammerstein models. It may be worthwhile to point out the recent interest in the
development of MIMO Hammerstein identification algorithms using the subspace
methods. For example, Verhaegen and Westwick (1996a. 1996b) have extended
the Multivariable OQutput-Error State Space (MOESP) algorithm (Verhaegen.
1994) to the identification of MIMO Hammerstein models.

2. Some ideas from the AUDI algorithm of Niu and Fisher (1994) have been incor-
porated in the CVA approach in order to reduce the computational load.

e Applications

1. The linear CVA technique is used to identify a model for the laboratory continu-
ous stirred tank heater (CSTH). Control of the CSTH using the identified model

is also presented.

2. Data from an experimental heat exchanger is used to identify a Hammerstein
model for the process.

o Other Contributions

1. A tutorial introduction to the powerful CVA method that has only recently
captured the attention of chemical engineers (Schaper et al. (1994). Lakshmi-
narayanan et al. (1995) and Wang et al. (1996)) for process identification and
monitoring.

2. A review of the current literature concerning the identification of Hammerstein
models is provided.

3. Elucidation of some statistical properties of the N4SID (Numerical Algorithms for
Subspace State Space System IDentification) and CVA algorithms via extensive
simulations.

2.3 Introduction

Adequate characterization of the dynamical behavior of a plant over a wide range of oper-
ating conditions is mandatory for achieving tighter control of process variables. It has been
widely acknowledged that good process identification is the most significant step towards
reaping the benefits of advanced process control. Once an adequate dynamic model of the
plant has been obtained, 80-90% of the implementation is complete. It is therefore clear
that there exists a strong incentive to develop adequate process models.

There are three distinct approaches for process modelling :
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e Phenomenological Modelling : This entails the development of models based on fun-
damental conservation laws - mass, momentum and energy balances. The result is
usually a system of differential (ordinary or partial differential equations) and alge-
braic equations. Considerable engineering and laboratory knowledge goes into the
construction of such models. Detailed first principles based models are often unavail-
able due to poor understanding of the complex physicochemical processes. Even if
the model is available, it is too complicated for the synthesis of controllers.

e Empirical Modelling : Using exclusively experimental data (usually generated by an
identification experiment), simple mathematical models are constructed via estima-
tion of parameters for a specified model structure. Choice of a suitable model struc-
ture, generation of rich data that contains useful process information for the desired
range of operation and a robust estimation procedure are necessary for the success-
ful application of this approach. The mathematical model so constructed captures
the input-output relationship - no fundamental process knowledge is represented in
the model. Such a model may be adequate for the design of controllers: however.
if changes occur in the process. the model has to be updated in order to reflect the

current reality.

e Semi-Empirical Modelling : This method combines the advantages offered by the two
identification methods listed above. Both a priori process knowledge and experimental
data are used for identification. e.g. the poorly understood or complicated part of the
first principles model is obtained from experimental data.

From a process control perspective, the empirical models are very appealing - the theory
of controller synthesis has largely developed using this paradigm. Successful advanced in-
dustrial control schemes such as DMC as well as the commonplace PID controllers use some
type of empirical model. For time-invariant plants, the empirical model can be identified
off-line (often referred to as batch identification). In the case of nonlinear or time-varying
processes, the identification is done under closed-loop conditions (employing a dither signal)
so as to update the model parameters on-line. This chapter and other portions of this thesis
deal with methods for batch or off-line identification of systems. :

Empirical modelling of systems involves several steps (as shown in Figure 2.1), each of
them crucial in its own way. Each of the blocks shown in the Figure is explained in some
detail below.

1. Experimental Design

This is the single most important step in the sequence of process identification. With-
out information rich data, it is not possible to obtain an adequate model of the process
even with the best model structure and parameter estimation procedure. Experimen-
tal design is concerned with decisions regarding the duration of the identification
experiment and the type and energy of the test signal. Special consideration needs to
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Figure 2.1: Flowchart for the model identification procedure : Empirical Modelling

be given for multivariable and nonlinear systems. The input signal must be process
friendly and must also be acceptable to the plant management.

2. Data Generation

This pertains to the actual identification experiment. The identification experiments
are often time consuming owing to the slow nature of chemical processes. Special care
and precautions should be taken to avoid undesired drifts and upsets.

3. Data Cleansing

Data cleansing involves the treatment of data so as to serve two purposes : (1) removal
of errors (outliers) which will cause errors in the estimated model and (2) enhance the
frequency range in the model that is most relevant for control system design. Usually.
high pass filtering (to remove trends) and low pass filtering with resampling (to avoid
aliasing) must be done before the model can be identified.

4. Model Structure Selection

A suitable model structure that can represent the collected plant data needs to be
specified. The model is either in a parametric (ARX and time series models. state
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space structure etc.) or non parametric (FIR/step response coefficients. frequency
function etc.) form. If neural networks are used for process modelling. the number of
input and output nodes, hidden layers and the shape of the activation functions need
to be specified. Often, it includes a dynamical description of the process disturbances
and noise. Some a priori process information can be used in fixing certain parts of
the model. Specification of model structures for nonlinear processes is a particularly
challenging task.

5. Parameter Estimation

Using some mathematical/statistical procedure (often, this depends on the selected
model structure), the unknown parameters of the model are obtained. Even when
the true process does not belong to the assumed family of model structures, with
an informative data set and a powerful statistical method. it is possible to obtain
reasonable process models.

6. Model Validation

The ultimate proof of the usefulness of the model is provided in this step. If unde-
sired characteristics (e.g. lack of fit, improper noise structure) are seen here. it may
be necessary to backtrack and rework from a previous step. In this step. the good-
ness of model fit is determined by cross validation. i.e. the model is used to predict
using data which were not used in the estimation. The cross validation test must
be favorable before the model can be used for controller design. Other tests include
the examination of model residuals - if the residuals are correlated with the inputs or
amongst themselves it is indicative of the inadequacy of the model structure or the
incorrectness of the noise model.

From the above discussion it is clear that considerable skill and engineering judgment
is required to identify mathematical models from process data. The task becomes even
more difficult when empirical models are required for nonlinear or time varying process and
daunting when one considers multivariable systems. Nevertheless, considerable insight has
been obtained for the identification of nominal process models in each of the above classes.

Several identification methods for linear systems have emerged in the recent past.
Schaper et al. (1994) review their advantages and disadvantages : (1) the least squares.
recursive least squares (RLS) and autoregressive methods may give biased estimates; (2) the
statistically accurate methods of autoregressive moving average (ARMA) modelling such
as extended least squares (ELS), the Box-Jenkins approach (Box and Jenkins. 1976) and
self-tuning regulator (Ljung and Soderstrom, 1983) are not always computationally or sta-
tistically well-conditioned. Gevers and Wertz (1982) have proved that the ARMA model
structure is not globally identifiable and hence cannot be applied to high-order multivariable
processes. Furthermore, these methods are plagued by problems such as accurate initial-
ization and slow convergence. The Maximum Likelihood Estimation (MLE) procedure is
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by far the most precise but requires an expert user. For routine and automated process
identification. it is desirable to have an approach that :

e is applicable to a broad class of models without limits on the order
e is capable of identifying both linear and nonlinear process models

e automatically determines the optimum model structure and model orders but avoids
overfitting the data

e is robust with respect to mild departures in the modelling assumptions such as lin-
earity, time invariance and gaussian distribution and stationarity of the noise

e does not require an expert user to obtain models from process data

2.3.1 Organization of this Chapter

The powerful CVA technique due to Larimore and coworkers is described first. The method
incorporates all of the features presented above. Besides, it has several useful mathematical
and statistical properties which places it in a class of its own. The details of this algorithm
will be described at length in the following sections. A brief introduction will also be
provided to the N4SID algorithm. Both these algorithms identify models in the state space
domain. The CVA and N4SID algorithms are evaluated using extensive simulations. The
CVA technique of identification is also used to identify (a model) and control a laboratory
stirred tank heater. The final portions of this chapter deals with the extension of the CVA
algorithm to model a class of nonlinear systems.

2.4 The CVA Method

Given the input-output data from a process, the goal is to identify a linear model of the
form,

Xyp1=0 X, + GU, + W, - (2.1)
Yi=HX, + AU, + BW, + V; (2.2)

where X, is the state, Y; and U; are the plant output and input sequences and W,
and V; represent independent white noise processes with covariance matrices Q and R
respectively. The presence of the B W, allows for a correlation between the state noise (W,)
and the measurement noise (BW, + V;) making the above structure fairly general and
flexible. Larimore et al., (1984) have shown that the use of the state space model structure
where the measurement noise is correlated with the state noise results in a minimal order
realization of the plant.
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The linear identification strategy, that is being described here. borrows ideas from the
canonical variate analysis technique of Larimore (1990) and the augmented upper diagonal
identification (AUDI) algorithm developed recently by Niu and Fisher (1994). The CVA
technique has been applied in the identification of chemical processes (Schaper et al. (1994))
and is a powerful identification method for linear systems. CVA is based on the General-
ized Singular Value Decomposition (GSVD) theory. Several multivariate techniques such as
canonical correlations analysis, canonical redundancy analysis, principal components anal-
ysis, partial least squares etc. can be conceptually and mathematically unified under the
GSVD framework. For dynamic model identification, CVA uses the GSVD theory to obtain
the pseudostates (no relation to the actual physical states) of the system. The pseudostates
are the statistically significant optimal linear combinations of the past plant inputs and
outputs with the first few pseudostates capturing most of the system dynamics. In the
present study, CCA and PLS are employed as the multivariate techniques to generate the
pseudostates, however only the CCA technique provides a near maximum likelihood system
identification procedure (Larimore et al, (1984)).

The AUDI family of algorithms mentioned earlier have been recommended to replace
the traditional least squares based algorithms such as the recursive least squares (RLS).
A careful rearrangement and augmentation of the data and parameter vectors normally
used in the CVA and the conventional least squares based identification algorithms is found
to result in a structure which provides the parameter estimates and loss functions of all
orders from zero to a user specified maximum order. The L and U matrices determined
by the lower and upper diagonal matrix (LU) factorization of a certain covariance matrix
contains all the information on the parameters and loss functions and thus simultaneous
order determination and parameter estimation is possible in a single computation step with
almost no extra computational load compared with the RLS algorithm for the maximurn
order. This idea has been incorporated into the CCA based linear system identification
procedure and significant reduction in computation time is achieved. Consequently. in this
work, the data vectors are represented as in the AUDI algorithm rather than the way found
in the conventional identification literature.

Consider a system for which the input-output data is available on ‘p’ manipulated
inputs and ‘q’ controlled outputs. In the present approach, system identification involves
the following steps :

1. Selection of optimal memory length. In simplistic terms, optimal memory length
corresponds to the number of past values of plant inputs and outputs that capture
the statistically significant behaviour in the future evolution of the process.

2. CCA/PLS based determination of the pseudostates of the process based on the optimal
memory length.

3. Determination of the optimal number of pseudostates (optimal state order) to be
retained in the final model.
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4. Computation of the matrices in the state space model.

The Akaike Information Criterion (AIC) is used to handle the crucial issues of deter-
mining the optimal memory length and state order. Philosophically, we are concerned with
the relationship between the complexity of a model and its performance on a given data set.
The desired model is one whose information distance from the true system is a minimum
(Ljung (1987)) with its complexity being as low as possible. From a practical viewpoint.
AIC can be considered as a joint criterion for the determination of model structure and
parameter values within the structure. Conceptually, the AIC can be regarded as follows :

. Penalty for
AIC = ( Model fit ) +|  model (2.3)
error .
complezity

The penalty term is added to ensure that a model of increased complexity is chosen
only when it offers a significantly better fit of the observed data. Thus, AIC represents a
balance between the model fit and the number of parameters estimated. Beyond the true
order of the model, there is no significant improvement in the model fit but the number
of parameters keep increasing linearly with model order. This means that the plot of AIC
versus model order will indicate a minima and then increase almost linearly. The AIC thus
provides a definite and optimal procedure for the comparison of different models given a
fixed set of observations.

2.4.1 Selection of optimal memory length

Based on the user specified value for the maximum memory length (MML). the "past’ of
the process at any time t is defined as

p(t) = [g(t -~ MML)u(t - MML) --- y(t—2)u(t—2) y(t 1) u(t - 1)] (2.4)

where
y(t) = [y1(2) ya(t) --- yq(t)] (2.5)

and
u(t) = [ur(t) ua(t) --- up(t)] (2.6)

are the output and input sequences respectively.

An important point to note in the above definition of the ‘past’ vector is that the output
and input variables alternate. This presents a contrast with the conventional identification
literature where the inputs and outputs are blocked separately. The intertwining of the y’s
and the u’s in the expression for the data vector is the fundamental reason for the superior
performance of the AUDI algorithm in terms of obtaining much more information from
the plant data (multiple model identification) than is possible with the conventional least
squares estimator.
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Now. construct the Augmented Covariance Matrix (ACM) as follows

T
ACM = [Ep(t)p(t) 2y(t)p(t) ] (2.7)
Tyme) By

where

1 N

Zop) = N =R BL t=M§L+IBT(t)£(t) (2.8)
1 Y 7

Zype) = mmMZM:LHg (t)p(t) (2.9)
1 LA

Zyown = mtw%“l v (Oy(t) (2.10)

are the sample covariance matrices.

The loss functions for all subsystems 1 through q and for all memory lengths from 0
through MML are found from the diagonal elements of the U matrix obtained from the
LU factorization of the ACM. Niu and Fisher (1994) use a similar strategy for model order
determination in their AUDI family of algorithms. Interpretation of the structure of the U
matrix can be found in Niu (1994).

AIC for all memory lengths ‘k’ (k = 1. ... .MML) is computed from the loss functions
as follows

AIC) = [(N — MML) In(det(Ux))] + 2kq(p + q) (2.11)
where

e U corresponds to the diagonal loss function matrix for memory length ‘k’. The
diagonal elements of U are the loss functions for subsystems 1 through q.

e The second term in the right hand side of the AIC expression. is the number of
parameters estimated for a kt* order ARX model.

The optimal memory length (OML) is the value of ‘k’ for which AIC is a minimum.
If the optimal memory length is close to MML, it is necessary to repeat the computations
using a larger value for MML and then arrive at the optimal value for the OML of the
system.

2.4.2 Determination of Pseudostates

Once OML is fixed, the ‘past’ and ‘future’ of the process at time t is defined as
p(t) = [y(t - OML)u(t —OML) --- y(t—2)u(t—2) y(t - 1) u(t—1)] (2.12)
f&) = [g® yt+1) - y(t+OML-1)] (2.13)
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from which the sample covariance matrices E,(¢)p(1): Zp(e) (1) a0d E ey f(r) are determined.

The pseudostates are then computed as linear combinations of the past space using
canonical correlations analysis or partial least squares. To relate back to the CCA and PLS
overview presented earlier, we have the past (P) and future (F) spaces instead of the X
and Y spaces respectively. If the CCA technique is use, a total of OML*q pseudostates are
generated. With the PLS technique, a total of OML*(p+q) pseudostates are obtained. If J
is the matrix of weight vectors then the pseudostates are defined as X,=p(t)J.

2.4.3 State Order Selection

Having generated all the possible pseudostates of the system based on the input-output
data, the next decision to be made concerns the number of these states that need to be
retained in the final model. The AIC is again used for this purpose. For a system with 'p’
manipulated inputs, ‘q’ outputs and plant order ‘k’ we can express AIC as

AIC; = (N —2x OML +1) [q(1 +In27) +In| Bk || + 6Me (2.14)

where N is the number of data points, OML the optimal memory length, é; the small sample
correction factor (defined below) as proposed by Hurvich and Tsai (1990) and M; is twice
the number of free parameters for the k-order state space model (see Candy ef al (1979)).
The expressions for d; and M; are given below.

N
& = (2.15)
M, 1
N~ (M 4 541)
M, = 4kq + q(q+1) + 2kp + 2gqp (2.16)

The error covariance matrix for plant order ‘k’ is given by

1 N-OML+1

NYNY ok
N—2xOML+1 ,_ o%:m (¥ -®) @o-gw) @

k _
zee""

The difference between the actual plant output measurement vector y(#) and the one
step ahead prediction vector (assuming plant order k) g_k (t) is used to determine the error
covariance matrix. The one step ahead prediction is expressed as

. -1
B =, Ik (T Eperpin k) T () (2.18)

Ji is a matrix comprising of the first ‘k’ weight vectors of the past space as columns.
AIC is computed for all values of ‘k’ from 0 to the maximum possible state order (maximum
possible state order equals OML*q for CCA and OML*(p+q) for PLS). The value of 'k’
that gives a minimum for AIC is selected as the optimal plant order.
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2.4.4 Estimation of the State Space Model

Having identified the optimal pseudostates of the plant, we are now in a position to estimate
the various matrices in the state space model equations (2.1) and (2.2). The states of this
model are the first ‘k’ (optimal) pseudostates that have been computed. The state space
model matrices, computed using multiple linear regression, can be obtained using equations
(2.19) through (2.26).

[‘I’ G] _ [Jl'f Toesnpn e JIE Ep(z+1)u(z)] A-l (2.19)
H A Sye)pt) e Zy(tyu(e) '
where
A< [Jf Toepr e IE Ep(t)u(t)] (2.20)
Sumpey Tk Tyue)

The B. Q and R matrices are given by

B = S S}, (2.21)
Q = Su (2.22)
R = Sy — 515%,S1 (2.23)

Here, { indicates the pseudoinverse operation. The submatrices, S1; through Sos. are
obtained from the covariance matrix of the prediction error, S.

S = [511 512] - [-’Ezp(zﬂ)p(tﬂ)-fk Jzzp(t+l)y(t)] -0 (2.24)
So1 Sy Zye)pie+1) Ik gty
with
U= [‘I’ G] [ngp(t)p(t+1)Jk ngp(t)y(t)] (2.25)
H A Zu()pe+1)Jk Tu(eyy(e)

The covariance matrices in the above expressions are obtained in the same way as shown
in equations (2.8) through (2.10). Definitions for y(t). u(t) and p(t) are found in equations
(2.5), (2.6) and (2.12) respectively. p(t+1) is defined as follows : ’

pt+1) = [g(t+ 1-OML)u(t+1-OML) --- y(t—1)u(t-1) y(t) g(t)] (2.26)

2.5 Overview of the N4SID algorithm

While the CVA algorithm presented above relies heavily on statistical arguments, the
MOESP and N4SID algorithms are based on geometrical and linear algebra concepts. How-
ever, as shown in Van Overschee and De Moor (1995), it is possible to consider these algo-
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rithms as special cases of a general unifying theory - the difference being in the choice of
the weighting matrices used. The exposition of the unifying theory is beyond the scope of
this thesis - the user is referred to the cited paper for further details.

The N4SID algorithm consist of two steps. The first step involves the computation of
a certain characteristic subspace, from the process input-output data, that coincides with
the subspace generated by the columns of the extended observability matrix of the system.
The dimension of this subspace is equal to the order of the system to be identified. In the
second step, the extended observability matrix and the model order computed above is used
to identify the system matrices (such as ®, G, H and A).

In N4SID, an optimal linear combination of the past and future inputs is used to predict
the future outputs. The space generated by the optimal linear combinations of the past
inputs is called the oblique projection, O. The singular value decomposition of the oblique
projection can be expressed as :

S 0 vg' o o
— 2.2
O=(U Uz)(o 0) (va) (2.27)

The order of the model is equal to the number of non-zero singular values in S;. The
extended observability matrix is U; (S;)'/2. The states X; are determined from the above
SVD matrices as X; = (S;)'/2 VI. Once the extended observability matrix and the states
have been computed, the system matrices are obtained by solving a system of equations (as
in CVA) using the least squares technique.

2.6 Evaluation of the CVA and N4SID algorithms

The statistical and optimality properties of the CVA and other subspace algorithms have
been elucidated in the identification literature. A brief review follows :

¢ Larimore (1994) illustrated the optimality of CVA in quite small samples of 100 data
points while estimating the 43 parameters of a 6-state, 2-input, 2-output process when
the state order is known. When the state order is estimated using AIC corrected for
small sample size, the CVA achieves optimality provided the condition of persistent
excitation holds true. The rich input excitation facilitates reliable model order selec-
tion and hence the optimality.

e Deistler et al. (1995) investigated the statistical properties of two algorithms - CVA
versus a subspace algorithm proposed by Akaike (1976). Using simulation studies.
they conclude that the CVA estimates are as asymptotically efficient as the Maximum
Likelihood (ML) estimates. This implies that CVA combines the numerical simplic-
ity of the subspace methods and the statistical optimality of the ML or the PEM
(prediction error method) estimator. Note that the PEM estimator is asymptotically
equivalent to the ML estimator.
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e Van Overschee and De Moor (1995) provide a common framework for the three popular
subspace identification algorithms - CVA, MOESP and N4SID. It is interesting to note
that all the subspace identification algorithms calculate the same result (up to within
a similarity transform) for very large sample sizes when the correct state order is
chosen. When lower model orders are selected, CVA was shown to have the smallest
variance for the eigenvalue estimates of the state matrix ®. Further. while N4SID and
MOESP are sensitive to scaling of the inputs and/or outputs, the CVA method is not
sensitive.

The statistical optimality (estimation of model order, variance of the estimated pole
locations etc. for simulation examples) and the numerical stability of the CVA algorithm
have been observed and reported in several studies such as the ones mentioned above.
Though no formal proof has been provided to substantiate these claims. no single counter-
example is available as of now.

In this study, using the simulation example of a typical process system - the nonisother-
mal CSTR. the CVA approach with the states computed using (1) CCA (2) PLS and the
N4SID algorithm from the MATLAB Toolbox were evaluated.

Making the usual assumptions, Seborg et al. (1989) derive the following model of the
reactor where a simple, irreversible. first order exothermic reaction A — B takes place.

. FE
Ca= -?TI (Cag —Ca) —koexp (--ﬁ:) Ca

F e Qf (1, (-AH), _E Uan \p _ 1
T=F @ -1+ koexp( },ﬂ,)c,“»VpCp(Tc )

The outputs are the concentration (C,4) and temperature (T) of the reactor contents and
the manipulated variables are the feed flow rate (Q) and the temperature of the coolant
(T:). More details can be found in Schaper et al (1994) or Seborg et al (1989). The
steady state values of the output, for the parameter values specified in Table 2.1. is given
by Ca = 0.077 (Ib mol/ft3) and T = 571.35 °R. For this set of operating conditions.
the linear description of the CSTR results in a second order model with poles located at
0.8524 £ 0.0868:. |

The nonlinear CSTR model was perturbed simultaneously by random binary sequences
of magnitude 10 ft3/hr in the feed flow rate and 10 R in the coolant temperature. Using a
sampling frequency of 20 h~!, 500 data sets each consisting of 1500 samples were simulated
with signal to noise ratios of 1, 10 and 100. From these, data sets comprising of the first
300, 600, 900, 1200 and 1500 points were constructed and used for identification. 500 data
sets each containing 5000 data points were also generated. Consequently. each row in the
following tables represent results based on 500 identification runs. The identified order is
the median value of the 500 runs. Some of the identification runs returned unstable models
and MSPE values for such cases are denoted by an asterisk (*).
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Table 2.1: Nominal operating values of the CSTR

Parameter | Value

ko, 2 x 10°h~1

2 1 x 10°°R

Ty 530 °R

T. 530 °R
Cay 0.27 lbmol/ft°
-AH 1.5 x 10°BTU /lbmol
UA, 2000 BTU /h°R
Q; [ 100 /&7

\' 50 ft°

pCp 50 BTU/ft°°R

Table 2.2: Results of the CVA (CCA) identification

Sample Size | SNR | Identified Model Order
300 1 2
300 10 2
300 100 2
600 1 2
600 10 2
600 100 2
900 1 2
900 10 2
900 100 2
1200 1 3
1200 10 2
1200 100 2
1500 1 2
1500 10 2
1500 100 2
5000 1 2
5000 100 2

49



Table 2.3: Results of the CVA (PLS) identification

Sample Size | SNR | Identified Model Order
300 1 9
300 10 27
300 100 26
600 1 8
600 10 30
600 100 31
900 1 8
900 10 34
900 100 43
1200 1 5
1200 10 37
1200 100 41
1500 1 3
1500 10 47
1500 100 33
5000 1 2
5000 100 | 40 -

Sample Size | SNR | Identified Model Order
300 1 15 ()
300 10 15 (*)
300 100 15 (*)
600 1 15 (*)
600 10 15 (*)
600 100 9 (%)
900 1 15 (*)
900 10 15 (*)
900 100 10 (*)
1200 1 15 (¥)
1200 10 15 (*)
1200 100 10 (*)
1500 1 15 (*¥)
1500 10 15
1500 100 8
5000 1 15 (*)
5000 100 5
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Some conclusions can be arrived at by examining tables 2.2 through 2.4. They are
summarized below :

o The CVA algorithm that used the CCA technique to construct the states identified
the exact model order in all cases except one. This included cases with short data
records and significant noise levels.

e If the PLS technique is used to generate the states, the resulting model is found to
be considerably overparameterized (more states are found necessary to fit the plant
data). The results obtained using PLS did not appear to conform to any set pattern.

e For large data sets with high noise levels, the CCA and PLS based CVA identified the
true plant order.

e All models that were identified (various sample sizes. signal-to-noise ratios) using the
CCA/PLS based CVA were stable (all poles were inside the unit circle).

e The N4SID algorithm almost always suggested model orders that were significantly
different from the true plant order. When the SNR was small. the correct order was
not identified even with large samples. Higher noise levels seem to cause problems
for this identification procedure. The method appears to be more suited to analyzing
large data sets with high SNR.

e The most disturbing aspect of the performance of the N4SID algorithm was that
it identified unstable models even for this stable plant. Reliability of the models
identified by this algorithm is therefore suspect.

More details of the identification procedures are now presented. A data set containing
1500 samples with a signal to noise ratio of 10 was simulated using the nonlinear CSTR
model. The three techniques were used to identify models from this data set.

e CVA (CCA) Model : The plot of the AIC measure against the state order is presented
in Figure 2.2. The sharp minima in the plot (the sharp minima is typical in the
identification using CVA) suggests a second order model with pole locations at 0.8506+
0.0675:. The model fit is shown as a scatter plét in Figure 2.3. The observed and
predicted values fall on the 45° line indicating a good fit.

The goodness of fit is also supported by the whiteness test performed on the residuals
of both output variables (see Figure 2.4) with the autocorrelation function (ACF) and
the partial autocorrelation function (PACF) plots following the theoretical patterns
observed for white noise.

The cross validation run (shown in Figure 2.5) performed using data from a different
identification ezperiment indicates that the model captures the dynamics of the plant
very well.
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Figure 2.2: The AIC for selecting optimal model order
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Figure 2.3: Scatter plot depicting the model fit : Second order CVA (CCA) model
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(a) Whiteness Test for Residuals (Conc.)
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Figure 2.4: The ACF and PACEF plots for the CVA (CCA) model : Test for whiteness in
residuals
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Figure 2.5: Cross validation run : Second order CVA (CCA) model. The dots represent the
actual process outputs and the solid lines indicate the model predictions

e CVA (PLS) Model : A stable model of order 20 was suggested by the identification
procedure based on the AIC. The mean squared prediction errors (MSPE) were similar
to that obtained with the CVA (CCA) method. Furthermore. the residuals of this
model passed the whiteness test. When the model order was restricted to 2. the MSPE
values were significantly larger (see Table 2.5). The pole locations of this second order
model were 0.8632 & 0.0894:. The scatter plot depicting the model fit (Figure 2.6)
shows a larger spread around the 45° line compared to the results of the CVA (CCA)
method. The residuals had noticeable structure in them (refer Figure 2.7).

The cross validation resuits shown in Figure 2.8 also indicates the inadequacy of this
second order model.

The results seem to indicate that the states generated by the PLS technique are not as
strong as those generated by CCA. To obtain comparable MSPE values and whiteness
in residuals, more states are required by the PLS based CVA procedure.

e N4SID Model : This method suggested a model order of 15 - the MSPE values were
closer to those obtained with the CVA (CCA) technique. Residual analysis indicated
white residuals for this model. If the model order is fixed at 2 owing to theoretical
considerations, the model fit was as good as those obtained with a 15th order model.
The residuals were also white. This seems to indicate that the 13 remaining states
were fitting either the noise or nothing at all.
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Figure 2.6: Scatter plot depicting the model fit : Second order CVA (PLS) model

Table 2.5: MSPE values for the identification and cross validation runs
Identification Cross Validation
Method Data. Set Data Set
MSPE, | MSPE,, | MSPE, | MSPE,,
CVA (CCA) [1.04 x10~° | 0.0149 | 4.82x 10" 0.07
N4SID 1.04 x 1077 | 0.0148 | 4.80 x 10~7 0.07
CVA (PLS) |247x1077| 0.0522 [147x10°%| 0.40

The model fit, whiteness test for the residuals and cross validation are presented in
Figures 2.9. 2.10 and 2.11 respectively. The pole locations were 0.8526 £ 0.0699:.

The MSPE values obtained for the three second order models for both the identification
and cross validation data sets are summarized in Table 2.5. It is seen that the MSPE
values for the CVA (CCA) and the N4SID procedure are almost identical (with N4SID
results being marginally (though not significantly better). The lower order CVA (PLS)
model appears to be poor in comparison. From this it can be suggested that the model
order selection criterion used in the N4SID procedure has to be improved and made robust
with respect to noise levels and sample sizes. Selection of the model order close to the true
plant order even under unfriendly circumstances (low SNR, small sample sizes etc.) is the
distinguishing characteristic of the CVA (CCA) procedure and makes it suitable as a fully
automated system identification procedure.
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(a) Whiteness Test for Residuals (Conc.)
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Figure 2.7: The ACF and PACF plots for the CVA (PLS) model : Test for whiteness in
residuals
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Figure 2.8: Cross validation run : Second order CVA (PLS) model. The dots represent the
actual process outputs and the solid lines indicate the model predictions

0.01 T T - T T =T =T T T

aa®°

0.00S5

Pred, Conc,
[o]
T

.o‘o 1 i S - ;. L P L i § -
-0.01 -0.008 -0.006 -0.004 -0.002 (o] 0.002 0.004 0.006 0.008 0.01
Actual Conc.

Actual Temp.

Figure 2.9: Scatter plot depicting the model fit : Second order N4SID model
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(a) Whiteness Test for Residuals (Conc.)

1“ R L] L] L3 A I
mo.S‘ n
2
OF I ®-=8 "¢ e -8t T e -—a—-w-——0 - =%
o 2 4 6 8 10 12 14
Lag

(b) Whiteness Test for Residuals (Temp.)
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Figure 2.10: The ACF and PACF plots for the N4SID model : Test for whiteness in residuals
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Figure 2.11: Cross validation run : Second order N4SID model. The dots represent the
actual process outputs and the solid lines indicate the model predictions

2.7 Identification and Control of the Laboratory CSTH

The laboratory CSTH system (see Figure 2.12) is a cylindrical tank of uniform cross section
where two streams of water (one hot and the other cold) are mixed. The contents of the
tank exit through a long and winding copper tube. The flow rates of the hot (u;) and cold
water (ug) streams serve as manipulated variables to control the temperature of the exit
stream (y;) as well as the level of water in the tank (y2). A thermocouple was located at
about 4.75 m downstream (from the tank exit) to provide data on this variable. Facilities
exist to introduce disturbances in the steam flow through the heater coil (not shown in
Figure 2.12). the inlet temperature of the hot water stream, etc. The data acquisition and
control algorithms were implemented using a personal computer (PC486/33MHz/1.2GB
HDD) running real-time MATLAB/SIMULINK.

The manipulated inputs were perturbed by a sequénce of step type signals of varying
amplitude in order to collect plant data. A data set consisting of 715 samples were collected
at intervals of five seconds. Linear trends in the data were removed by detrending. The
detrended data were then processed by the CVA and N4SID algorithms.

The CVA algorithm identified a fifth-order state space model. The model fit is depicted
as a time series plot in Figure 2.13 and as a scatter plot in Figure 2.14. The mean squared
errors (MSE) for the model fit were 0.1046 and 1.4156 for the temperature and the level
channels respectively. The correlation coefficients between the actual measurements and
the model predictions were 0.9919 (for temperature) and 0.9648 (for level). Both these
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Figure 2.12: Schematic of the Laboratory CSTH

plots indicate that the temperature is modelled better than the level. This may be due
to : (1) slow dynamics and (2) relatively higher noise levels for this channel. The step
responses shown in Figure 2.15 indicate that the hot and cold water flow rates have a very
similar effect on the water level (as expected). The steady state effects of the manipulated
inputs on the exit stream temperature are different due the operating and the environmental
(temperature of the hot and cold streams) conditions.

A state space model with state order 3 was identified by the MATLAB-N4SID algorithm.
The model fit, scatter plot of the actual and predicted values as well as the step responses
identified by the model are shown in Figures 2.16, 2.17 and 2.18. The MSE values are 0.1370
and 1.7291 for temperature and level respectively. The correlations between the actual and
predicted values were 0.9893 and 0.9537 respectively. The model fit is marginally inferior
to that provided by the CVA approach. Again, the level is poorly modelled compared to
the temperature. The step responses for the level are again very similar. The hot and
cold water flow rates appear to have qualitatively and quantitatively different effects on the
temperature (in contrast to the results from the CVA model).
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Figure 2.13: Model fit for the CSTH data using the CVA (CCA) approach. The solid lines
represent the actual measurements and the dashed lines indicate the model predictions
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Figure 2.14: Scatter plot showing the model fit for the CSTH data using the CVA (CCA)
technique
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Figure 2.15: Step responses using the CVA (CCA) model
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Figure 2.16: Model fit for the CSTH data using the N4SID approach. The solid lines
represent the actual measurements and the dashed lines indicate the model predictions
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Figure 2.18: Step responses using the N4SID model
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Analysis of residuals from the CVA and N4SID models indicate a certain structure
in the residuals. By suitably filtering the plant data (the filter can be designed based
on the autocorrelation and partial autocorrelation plots) a more accurate model could be
obtained. The ultimate goal of this modelling exercise was to implement a multivariable
constrained model based predictive controller on the process. Therefore, the fit obtained
from the models were considered adequate. The CVA model (system matrices and the noise

covariance matrices) is :

0.9805 -0.0103 -0.0223  0.0077 —0.0234 ]
0.0260 0.9835 -—0.0201 -0.0215 0
o= 0.3001 -0.0779 0.7642 0.0154 -—0.0394 (2.28)
0.5770 0.1574 -0.3620 0.3438 -0.0210
| —1.1402 0.5951 1.2442 -0.2715 0.5102

[ —0.0012  0.0035
0.0090  0.0049
G=| 0.0101 -0.0541 (2.29)

-0.1437 -0.2374
| —0.1510  0.1666

g [ ~25563 -00522 -0.0087 -0.0052 —0.0135 230,
~0.7528 37872 01220 02128  0.0074 -
a=|00 (2.31)
00

—3.0419 -0.3327 0.5141 —0.0060  0.1458 |
—-0.5742 T7.1318 0.9544 -0.0197 -0.2303 |

0.0006 -0.0000 0.0000 0.0007 —0.0002 ]
—0.0000 0.0007 0.0004 -0.0012 -0.0007
Q= 0.0000 0.0004 0.0030 0.0001 0.0010 (2.33)

0.0007 -0.0012 0.0001 0.0299 -0.0031
-0.0002 -0.0007 0.0010 -0.0031 0.0461 |

_[ 0.0001 0.0006] 2.34)

| —0.0008 0.0237

A constrained DMC controller (with amplitude and rate constraints on the inputs) was
implemented using the real-time MATLAB / SIMULINK platform. The CVA model was
used to provide the step response coefficients for use in the DMC algorithm (details of
the DMC control algorithm will appear in Chapter 4). The DMC controller parameters
were : Nj=1, N»=10, N,=2 and A=1. Constraints were posed on the rate (0 - 100%)
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and the amplitudes (£ 10%) of the input signal. The results of the control experiment
is presented in Figure 2.19. Both servo as well as regulatory runs are shown. The initial
250 samples represent the startup period. This is followed by two setpoint changes (one
positive and the other negative) in level. The setpoint changes are tracked perfectly and
with minimal effect on temperature. Between samples 700 and 900 two setpoint changes
were made on the temperature. The new setpoints are tracked well albeit less aggressively
compared to the level channel. Some interaction is noticed for the large setpoint change
made in level around sample time 1100. At sample time 1400, a step disturbance was
introduced in the hot water stream (by mixing it with another cold stream) - this large
disturbance affected the temperature loop more than the level loop (level loop appears to
be very tightly tuned). The disturbance was quickly rejected by increasing the hot water
flow and decreasing the cold water flow. Now, simultaneous setpoint changes were made in
the level and temperature. The time delay for the temperature channel was increased by
measuring the exit temperature at a distance downstream (TT2) from the usual location.
The temperature setpoint is reached after a significant time delay - oscillations are seen in
the water level too. However, the control system is able to cope up with this increase in time
delay without becoming unstable. The temperature measurement was reverted back to the
original location and a setpoint change was made in the temperature at the 1780 sampling
instant. This setpoint could not be reached even though the cold water flow was completely
shut off. This is because the temperature setpoint was higher than the temperature of
the hot inlet stream. A steady state offset was noticed in the temperature but the level
was maintained very close to its setpoint. When the temperature of the hot inlet flow was
restored to the original value and the setpoint of the level channel was increased at sample
2000, both the setpoints were reached. Finally, an unmeasured amount of cold water was
quickly dumped into the tank to simulate a pulse type disturbance resulting in a decrease
in the temperature and an increase in the level. These effects were quickly removed and

the system was restored to the desired state.

2.8 Identification of Hammerstein Models

Most chemical processes are nonlinear. Capturing the process nonlinearities using em-
pirical models is a crucial yet challenging task in nonlinear system identification. Many
model structures have been proposed for the identification of nonlinear systems. Signifi-
cant among these are the classical Volterra series expansion models, block oriented models
(Hammerstein and Wiener structures), polynomial ARMA models (NARMAX), state-affine
representations and neural networks. A recent survey of the models available for nonlinear
input-output modelling can be found in Cinar (1994) .

Hammerstein models provide the simplest and useful representations of typical chemical
engineering processes like high purity distillation columns, heat exchangers (Eskinat et
al. (1991), Luyben and Eskinat (1994)) and pH systems (Zhu and Seborg (1994)). Well
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Figure 2.19: Constrained DMC implementation on the Laboratory CSTH using the CVA
model

established linear controller design methods can be employed once the Hammerstein model
of the system becomes available. Zhu and Seborg (1994) present the nonlinear predictive
control (unconstrained) of a neutralization system using a Hammerstein representation of
the process. The extension of the CVA technique for the identification of multivariable
nonlinear systems is the goal of this section.

The Hammerstein model (see Figure 2.20) consists of a nonlinear static element followed
by a linear dynamic element. The pioneering work of Narendra and Gallman (1966) provided
the initial impetus to this type of modelling. Their iterative algorithm extended the tech-
nique presented for linear systems by Steiglitz and McBride (1965). The Narendra-Gallman
algorithm (NGA) updates the linear dynamic element and the nonlinear gain polynomial
separately and sequentially. This prompted a flurry of research activity in this area and
techniques that considered the Hammerstein models as linear MISO models were put forth.
Hsia (1968) used a noniterative strategy to estimate the Hammerstein model parameters
for the case where the linear dynamic part has no zeros. This restriction was relaxed in
the work of Chang and Luus (1971) who claimed that their algorithm was superior to the
NGA in terms of computation time. Gallman (1976) proved that, on the contrary. the
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Figure 2.20: Basic Hammerstein Model

NGA provides accurate parameter estimates and is actually faster for higher order systems.
The above methods worked well for systems with additive white noise. Hammerstein model
identification methods that handle coloured noise were presented by Haist et al (1973)
and Hsia (1976). Nonparametric models based on correlation analysis was used by Billings
and Fakhouri (1979). Online identification of MISO Hammerstein models based on the well
known recursive least squares (RLS) algorithm and the recursive prediction error method
(RPEM) was examined by Kortmann and Unbehauen (1987). They conclude that the
RPEM algorithm provides better results compared to the RLS algorithm. Eskinat et al.
(1991) established the robustness of NGA, to various levels of noise. in comparison to other
well known identification methods such as the prediction error method (PEM) and the re-
cursive prediction error method (RPEM). Extension of the NGA to include MISO systems
was also done in their work. A remarkable feature of this work is the use of Hammerstein
models to represent the dynamics of real physical systems such as the distillation column
and heat exchanger. In a recent paper, Lang Zi-Qiang (1994) describes a new method
based on the results of nonparametric statistics and best approximation theory. However.
this method is applicable only to plants whose linear dynamics are open loop stable. Luyben
and Eskinat (1994) outline an experimental procedure for the determination of the SISO
Hammerstein model using nonlinear auto-tuning.

A major drawback with all the existing parametric methods is that the order of the
dynamic part is assumed to be known a priori even for SISO systems. On the other hand.
the nonparametric methods are not useful in the case of asymptotically unstable plants. The
compromise solution under such a scenario would be to use a linear identification method
that can provide reliable model order and parameter estimates - the CVA technique emerges
as the natural choice. In this work, the iterative NGA technique for the identification of
a nonlinear system representable by the Hammerstein structure is extended to perform
simultaneous structure determination and parameter estimation of multivariable chemical
process systems. The parameters of the linear system obtained in state space form using the
CVA method and the coefficients of the polynomial type nonlinear elements are alternately
adjusted, until convergence, to obtain the model (see Lakshminarayanan et al. (1995)).

First, some possible parameterizations of the Hammerstein model are illustrated. This
is followed by a description of the NGA along with the mathematical formulation of the
Hammerstein model identification procedure. Finally, application of the developed theory
to model typical chemical process systems is presented followed by concluding remarks.
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Figure 2.21: Separate Parameterization

2.8.1 Hammerstein Model Parameterization

Parameterization of the Hammerstein structure for the case of single input-single output
(SISO) is unique and straightforward. However, structures for the MIMO Hammerstein
model are reasonably complex. This is due to the fact that several model structures are
possible depending on the way the static nonlinearities are realized. Two such parameteri-
zation schemes are illustrated in Figures 2.21 and 2.22. Separate parameterization involves
transforming each of the plant inputs individually to get the inputs to the linear part of
the model. However, the separate parameterization is somewhat restrictive and often not
found to be adequate for modelling systems such as those considered in this communication.
The combined parameterization involves a complex transformation where the inputs to the
linear part of the model are obtained by considering the powers and products of the plant
inputs as will be seen in the pH example considered later. As a consequence, relatively
more parameters are to be estimated in the latter parameterization.

Note that the linear dynamic part of the model is represented in the state space form
given by equations (2.1) and (2.2). The matrices ¥, G, H, A and B as well as the noise
covariance matrices will be determined using the CVA method with the states generated
by canonical correlations analysis between the past and future spaces.

2.8.2 The Narendra-Gallman Algorithm

The iterative algorithm of Narendra and Gallman (1966) updates the linear dynamic element
and the nonlinear gain polynomials separately and sequentially. This algorithm is appealing
for two reasons : (1) Robustness to high noise levels and (2) Ease of adaptation for the case
where no a priori assumption regarding model order is made. The NGA based Hammerstein
model identification procedure is formulated in a formal manner below.
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Figure 2.22: Combined Parameterization

The mathematical development will be based on the separate parameterization structure
of the MIMO Hammerstein model but the analysis holds for the combined representation
as well.

Consider, once again, the MIMO Hammerstein model of a nonlinear system as shown in
Figure 2.21. The physical inputs to the plant are denoted by u*(t) = [u{(t), -+ - aug( t)] and
the inputs to the linear part of the model are represented as u(t) = [u1(t).--- up(¢)]. The
nonlinearities are all assumed to be static and confined to the plant inputs, uv*(¢). and hence
removed upon their transformation to the intermediate variables, u(t). The dynamics are
modelled by the state space model relating u(t) to y(t). Suppose the parameters (2.G.H.A)
of the dynamic element are known. The nonlinear part I’ can be obtained as follows :

Let the coefficients of the polynomial nonlinearities for each of the inputs u; (the index :
in this and the following mathematical expressions run from 1 to p unless otherwise stated)
be expressed as ['; = [vi1,-.-,¥n]- All of these can then be incorporated in a single vector
of coefficients, I' = [['y,... F,,]T. The variables formed by considering the powers of each
of the plant inputs can be put together in the vector, A;(t) = [u,? (t) u{z(t) - u;h(t)] . This
leads to the following relationship in the Hammerstein model :

ui(t) = A ()T (2.35)

In the MIMO scenario, equation (2.35) can be compactly represented as :

"A(t) 0 0 - 0
0 Axt) 0 --- O
wy=1 o 0 . . I |D=A@r (2.36)
: : 0
) 0 0 Ap(t)

69



which when combined with equations (2.1) and (2.2) gives :

¥'(t) = {[HGCI-9)7'G + 4] A®)}T (2.37)
Rewrite equation (2.37) as :
y'(t) = Cc)r (2.38)
where
C(t) = [H(zI -8)7lg + A] A(t) (2.39)

Equation (2.38) represents a system of linear equations with the well known least squares

solution
— -1
L = E e ZewT o) (2.40)

Again, when the nonlinear part is “known.” the input to the linear part u(t) can be com-

puted as
u’(t) = A@®)T (2.41)

This input signal is then used to get better estimates for the linear part ($.G.H.A) of the
model.
The main steps of the multivariable Hammerstein model identification procedure can

be summarized as follows :
1. Get the best linear model relating »" and y using the CCA method.

2. Using the values of (®,G.H,A), calculate I" using equations 2.37 through
2.40. Normalize I'; as, I'; = T'i/|| T'; || .- Stack up the I';’s to get T'.
(The infinity norm of the vector I'; is defined as. || T; ||, = max(abs(T;))).

3. Recalculate, using equation 2.41, input u(t) for the linear part with the
value of I" obtained in Step 2.

4. Improve the estimates of the dynamic linear part by building a CCA
model relating u to y.

5. Check for convergence of I'. If converged. Stop. Else, go to Step 2.

2.8.3 Illustrative Examples

Case Study 1 : Heat Exchanger .

In this section, experimental data obtained from a heat exchanger by Eskinat et al
(1991) are analyzed?. The experimental setup with the details of the hardware equipment
are available in the cited reference. The nonlinearity in the system is caused by the presence

of two distinct operating regions corresponding to the high and low process water flow rates.
A data set containing 334 input-output samples was made available. Of this data set, 75%
of the samples were used to construct the model and the rest to validate it. The input is the
voltage signal to the valve and the output is the temperature in degrees Celsius (see Figure

*I like to thank Dr. Eskinat and Prof. Luyben for providing this data
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Figure 2.23: Plant Data for SISO Analysis : Heat Exchanger

Table 2.6: Summary of identification results for the heat exchanger data

Maximum memory length 10
Optimal memory length 4 (using AIC)
Optimal Plant Order 1 (using AIC)

r [0.1138 — 0.1006 — 0.1976 — 1.0000]"
o 0.8074
G -12.7827
H 4.3668
A -10.5059
B 3.6207
Q 4.2126e-04
R _ _ 0.0029

2.23). A fourth order polynomial was chosen to represent the nonlinearity. The results of
this identification exercise are shown in Table 2.6.

Inadequacy of a linear model to characterize such behavior is clearly demonstrated
in Figure 2.24 where the actual process response is compared with some other models.
Hammerstein models identified using the proposed method and that of Eskinat et al. (1991)
predict the nonlinear response in the heat exchanger very closely. The quality of both these
models is virtually the same ; however, in the proposed method the model order for the
linear dynamic part is not fixed a prior.

Case Study 2 : Acid-Base Neutralization Process

Control of pH is of crucial importance in many chemical and biochemical processes.

First principles modelling gives highly nonlinear equations which involve the equilibrium
constants that are often unavailable. An empirical modelling approach is ideal in such a
scenario.
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Figure 2.24: Cross Validation for SISO Model : Heat Exchanger data

The example considered is an acid-base neutralization process performed in a single
tank. The system description, the nonlinear process model and the operating conditions
can be found in Henson and Seborg (1994). The level and pH of the liquid in the well
stirred neutralization tank are the two outputs that are manipulated by the acid and base
flow rates. Data were collected by perturbing the system inputs by £10% of their nominal
values using specially designed random signals (Hernindez and Arkun (1993)) that enable
good nonlinear identification. Signal to noise ratio was kept at 10 for identification purposes.
The convergence tolerance on I was set at 1078 for the SISO, MISO and MIMO cases. In
all the instances, the algorithm converged within 7 iterations. The AIC was used to obtain
the optimal memory length and model order.

As a first step in the identification of this process, the SISO model that relates the
acid flow rate to the pH was obtained. The input-output data used to obtain the model
are shown in Figure 2.25. The model was validated by comparing the actual and predicted
output of the data obtained from a different input-output sequence. This comparison is pre-
sented in Figure 2.26. It is seen that a Hammerstein model with a fourth order polynomial
nonlinearity gives a good input-output mapping compared to the linear model.

The next step was to examine the application of this technique to the MISO system
with pH as the system output that was to be related to the acid and base flow rates. See
Figures 2.27 and 2.28 for the data used in model building and the results of the cross
validation run respectively. In this case, it was found that the separate parameterization
model yielded poor models and the combined parameterization with 3rd order nonlinearity
worked adequately. The linear model is found to be totally unacceptable.

The true test of the theory presented in this work lies in its ability to identify a MIMO
Hammerstein model of the process. Using the input-output sequences shown in Figure
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-

' ; — — This Modael

1.5 + \\ ,’ —— Actual R
~ 42h order Polynomsial — - Linear CCA
2 . = . : "
o 100 200 300 400 500 600

Sampies

Figure 2.26: Cross Validation for SISO Model : Acid-Base Neutralization Process
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Figure 2.29: Plant Data for MIMO Analysis : Acid-Base Neutralization Process

Table 2.7: Summary of identification results for acid-base neutralization process : SISO
case

0.7406 —0.0053
—2.7562 —0.1664
—0.1185
(-1.2442)
(1.0059 — 0.0569)

(~-0.0371)
Nonlinearity | u = u* — 0.5001 u™* + 0.2148 u*° — 0.0338 u™*

sl Qe

2.29, a jointly parameterized 3rd order polynomial Hammerstein model was identified. The
output predictions of this model for two different input sequences are presented in Figures
2.30 and 2.31. It is observed that the model predictions and the true process outputs are in
close agreement. Unacceptable models were obtained using the separate parameterization
structure. The linear models capture the dynamic relationship for the output variable height
accurately while they fail to do so for the pH. This is expected because the nonlinearity
in the system is associated with the pH measure in the system. Tables 2.7 through 2.9
summarize the identified models for the SISO, MISO and MIMO cases respectively.

Comparison of SISO and MISO models based on other existing algorithms (e.g. Eskinat
et al. (1991), Kortmann and Unbehauen (1987)) are not included here. If a Hammerstein
model is used to explain the plant behavior, all identification methods will very likely pro-
duce equivalent models as long as the model order of the dynamic part is picked carefully.
By including the SISO and MISO examples, it is shown that the proposed strategy encom-
passes other methods in terms of producing acceptable models. In addition, this algorithm
has the capability of modelling MIMO systems and also the flexibility of not having to fix
the dynamic model structure a priori.
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Table 2.8: Summary of identification results for acid-base neutralization process : MISO

case — e
- TTe‘ 521 —0.0214
—3.0716 __ 0.2376
0.1973
1.7144
(1.0646 — 0.0648)
(0.0764)
Nonlinearity | u = 0.8781uj + uj + 0.5196u}* + 0.2696u3 — 0.846Tuju3
~0.0479u;® — 0.0125u33 — 0.3131uju3? +0.3014ui’u3

e r——

>l Qe

— e
———— —

Table 2.9: Summary of identification results for acid-base neutralization process : MIMO

case — — —
— 0.7903 —0.0415 —0.0309  0.0033
& —-0.0575  0.7042 —0.0475  0.0244
2.0911 -0.0062 0.3594 —0.0421
3.1760 _ 2.3832 —0.2177 _ 0.1914
(0.1467 0.0569 —1.4198 -—2.3193\"
0.0636 __ —0.2557 —0.9676 0.6817_)
1.7389 —0.4585 0.1167  0.0053
(-—0.6846 ~0.7915 —0.0177 _—0.0637
0.0823 0.0623
(—0.0896 0.0402
u) = uj — 0.3056u3 — 0.3490u}” — 0.1719u5 + 0.5663uju3
Nonlinearities +0.0322u53 + 0.0326u33 + 0.1987uju3? — 0.2144uj %u}
us = 0.0031uj + u5 + 0.2896u;° + 0.1983u3” — 0.5149%uju5
—0.0356uj3 + 0.0677u3® — 0.2032ufu3 + 0.1452u] >u3

2.9 Conclusions

Besides the tutorial introduction of the CVA technique for the identification of linear em-
pirical state space models, this chapter examined several important aspects concerning the
identification of empirical process models from experimental data. The important conclu-
sions are presented below.

o Extensive simulations were performed to illustrate properties of the CVA algorithm.
The CVA algorithm is found to be very reliable and robust compared to the N4SID
algorithm. Other studies that compare the various subspace identification approaches
corraborate to this fact.

o A constrained model based predictive control algorithm (DMC) was implemented on
the laboratory stirred tank heater. The CVA algorithm was used to develop a state
space model from plant data and used in the DMC algorithm.

o An automated multi-input multi-output model identification procedure that does not
presuppose any model structure for the linear part of the Hammerstein model is
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presented.

o The Narendra-Gallman algorithm has been adapted and extended for performing mul-
tivariable nonlinear model identification.

e Using experimental data from a heat exchanger and a simulated acid-base neutraliza-
tion system, it is shown that a significant improvement in modelling is achieved with
the use of Hammerstein models rather than linear models.

e For multivariable systems, the nonlinear process dynamics are modelled well by the
jointly parameterized MIMO Hammerstein models rather than the separately param-
eterized structure.
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Chapter 3

Modelling and Control of
Multivariable Processes : The
Dynamic Projection to Latent
Structures Approach

3.1 Overview

This chapter addresses the issue of modelling and control of multivariable chemical process
systems using the dynamic version of a popular multivariate statistical technique. namely.
Projection to Latent Structures (Partial Least Squares or PLS). Discrete input-output data
is utilized to construct a projection based dynamic model that captures the dominant features
of the process under study. The structure of the resulting model enables the synthesis of a
multi-loop control system. In addition, the design of feedforward control for multivariable
systems using the dynamic PLS framework is also presented. Three case studies will be
used to illustrate the modelling and control of multivariable linear and nonlinear systems
using the suggested approach.

!Sections of this chapter have been submitted for possible publication as : S. Lakshminarayanan.
Sirish L. Shah and K. Nandakumar, “Modelling and Control of Multivariable Systems : The
?mynam% Projection to Latent Structures Approach”., Submitted to the AIChE Journal.

y 1996.
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3.2 Contributions of this chapter

e A new modelling and control approach is demonstrated for MIMO (multiple input.
multiple output) systems. The key idea is to cast the MIMO problem as a series of
SISO (single input, single output) problems.

e A novel strategy for multivariable feedforward control design is presented. The el-
ements of this multivariable controller have a simple representation (like the SISO
case) and are easily computed.

e Synthesis of nonlinear feedforward controllers is illustrated using the example of an
acid-base neutralization process.

e In the process of synthesizing PLS based multivariable feedforward controliers, the
Cramer’s rule for the solution of a system of linear equations has been extended to
include nonsquare systems. Details of this can be found in Appendix B.

3.3 Introduction

Advanced control algorithms such as Model Predictive Controllers (DMC. GPC etc.) are
gaining increasingly wide acceptance in the chemical process industries mainly due to their
ability to deal with (a) multivariable (square or nonsquare) systems and (b) systems with
hard and soft constraints. These control algorithms employ simple and intuitive process
descriptions such as step/impulse response coefficients and discrete transfer functions. How-
ever. the design of such controllers is possible only after the development of a complete model
describing the effect of all the process inputs on all the process outputs. First principles
based models are either difficult to obtain or too unwieldy to use for controller design.
The multivariable process model is usually obtained empirically by performing an identi-
fication experiment and analyzing the recorded plant input-output data. The presence of
several time scales and different delays MIMO processes presents a challenging problem
in the identification of such systems. If the system were to exhibit nonlinear characteris-
tics over the desired range of operation, the tasks of identification and control can become
even more formidable. Even if an adequate plant model was available, the issue of control
structure selection (centralized/decentralized) needs to be addressed. In model predictive
control (MPC), the controller is centralized and reliability is achieved by performing online
optimization. Morari (1990) points out that there are many cases where the modelling
and design effort necessary for MPC is either impossible or not economically justifiable.
In practice, a decentralized (multi-loop) control structure is preferred for ease of startup.
bumpless automatic/manual transfer, and fault tolerance in the event of actuator or sensor
failures and is readily designed using recently developed control algorithms (Seborg et al.
(1989), Ogunnaike and Ray (1994)) or other methodologies (Morari and Zafiriou. 1989).
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The decision on loop pairing is critical - the Relative Gain Array (RGA) method and its
extensions as well as physical arguments are the key tools to screen potential alternatives.
Identification of SISO systems is an extremely well researched topic even for nonlin-
ear systems (Ljung (1987), Cinar (1994)). For linear SISO systems, least squares based
techniques have proven to be handy in the recursive as well as nonrecursive identification
schemes. In addition, it is also possible to identify the parameters of all orders, from zero
to a user specified maximum, using an efficient implementation of the least squares algo-
rithm (Niu and Fisher, 1994). Several commercial identification and control packages (e.g.
MATLAB System Identification Toolbox (1992), CONSYD (1989). ADAPTx (1992)) are
capable of estimating linear SISO and/or MIMO dynamic models from observed plant data.
In the identification of MIMO processes, a high degree of correlation is often observed be-
tween process variables. In such cases, use of identification software based on the ordinary
least squares technique will result in parameter estimates with large variances owing to the
ill-conditioned nature of the problem. One way to circumvent the ill-conditioned nature of
the MIMO identification problem is to resort to alternatives other than the ordinary least
squares. Very recently, multivariate statistical techniques such as PCA (Principal Com-
ponents Analysis) and PLS have been applied to chemical engineering problems involving
process monitoring, fault detection and modelling (Kresta (1992), Wise (1991). Qin and
McAvoy (1992a), Qin (1993), Nomikos and MacGregor (1994), Ricker (1988)). However.
very few attempts have been made to exploit the potential advantages that PLS has to offer
in the domain of dynamic modeling and control. Some possible methods along with their
benefits/drawbacks are described in Kaspar and Ray (1992, 1993). Modeling of nonlinear
static data using an integrated PLS-neural net model has been demonstrated by Qin and
McAvoy (1992b). The last three papers cited above provided the motivation for the current
investigation in which identification and control are performed in the PLS framework.
The key contribution of this work involves the development of a modelling and control
approach for MIMO processes that is cast as a series of SISO identification and control prob-
lems. Thus one can. by employing the proposed strategy. utilize the wealth of identification
and control algorithms that have been developed for SISO systems. Linear systems are eas-
ily handled using standard time series representations (e.g. ARX models); the Hammerstein
structure provides a framework for handling nonlinear systems. Although it can be argued
that the Hammerstein structure cannot handle every type of nonlinearity, their utility in
modelling typical processes (heat exchangers, high purity distillation columns, acid-base
neutralization systems etc.) has been shown in earlier work (Eskinat et al. (1991), Lak-
shminarayanan et al. (1995)). Subsequent decentralized controller design is based on the
estimated SISO dynamic models which provides an automatic selection of loop pairing. The
control structure involves the use of pre- and post-compensators along with provisions for
annulling the nonlinearities that are identified from the plant data. Finally, a strategy for
the design of multivariable feedforward controllers in this PLS framework is proposed.
The subject matter of this chapter is outlined as follows. First an extension of the PLS
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technique (covered in Chapter 1) to handle dynamic linear and nonlinear process data in
a manner that facilitates easier control system design is presented. This is followed by a
section describing the synthesis of multivariable feedforward controllers. The theoretical
matter is supplemented by including several semi-realistic examples involving modelling
and control of multivariable chemical process systems.

3.4 Dynamic Extension of the PLS algorithm

In Chapter 1, the PLS algorithin was presented to build static linear models. Some possible
modifications to handle static nonlinearities were also outlined. In this section. the basic
PLS algorithm is extended in order to model dynamic multivariable processes.

The dynamic analog of equation (1.1) can be written as follows :

Y = X Cyqyn + Noise (3.1)

where Y represents the output or controlled variables and X the manipulated variables
(inputs). The important difference between equations (1.1) and (3.1) is that while C repre-
sents a static map in equation (1.1), the matrix Cy,, in equation (3.1) is a dynamic mapping
relating the manipulated inputs to the controlled outputs.

An obvious way to model dynamic processes with PLS is to include past values of the
input and/or output variables in the input data matrix X; the algebraic PLS algorithm
still forms the computational machinery and does model reduction in a statistically sound
manner. This would mean that we need to deal with huge matrices particularly for MIMO
systems. More importantly, the use of the resulting model may only be limited to pro-
viding a good input-output mapping of the process rather than aiding the synthesis of a
control system (particularly for nonlinear systems). With this approach, Cay, is a matrix
of constants whose elements can be interpreted as finite impulse response (FIR) coefficients
(Ricker, 1988) or as a multivariate autoregressive moving average (ARMA) model (Qin and
McAvoy, 1992a).

A dynamic PLS modelling procedure that can be directly utilized for control system
design has been reported in the literature (Kaspar and Ray, (1992.1993)). Their method
does not involve the use of lagged variables but is based on the filtering of input data. In
this way, they argue, the major dynamic component in the data is removed and the filtered
data can be analyzed using the standard PLS procedure. The dynamic filter is designed
either by using some a priori knowledge of the process (in the form of an average dynamics)
or by minimizing the sum of squares of the output residuals, F,,;1. In the former case, all
the dynamic filters are identical and equal to the assumed average dynamics. In the latter
case, the dynamic filters are determined using the optimization objective stated above and
hence are generally distinct from one another. Using several simulation examples. Kaspar
and Ray (1992, 1993) have demonstrated the utility of their approach for the identification
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and control of systems described by linear models.

A dynamic extension of the PLS algorithm that is based on the direct modification of
the PLS inner relation is proposed. Instead of relating the input and output scores (i.e. ¢;
and u;) using a static linear or nonlinear model, a dynamic component such as the ARX
or the Hammerstein model may be used. In Kaspar and Ray (1992, 1993), this approach
was quickly dismissed as being suboptimal in terms of the PLS outer relationship. This
suboptimality problem comes into prominence only when no attention is placed on the
design of the plant probing signals. Employing input signals with sufficient low frequency
content, the proposed method identifies adequate plant models by utilizing the techniques
developed for SISO systems. The proposed strategy will be particularly convenient in
the modelling of nonlinear multivariable systems - for example. instead of using tedious
multivariable Hammerstein models one can piece together several univariate Hammerstein
models to obtain an overall model.

For linear systems, although the PLS model matrices and the dynamic inner relation-
ships identified using the proposed strategy and the Kaspar-Ray approach are in general
differert, it turns out that the mathematical expressions for the steady state gains. transfer
functions etc. are identical. This implies that once the model is identified using either of
the methods, they can be used in exactly the same way for the synthesis of feedback and
feedforward control structures.

For the modelling procedure based on incorporation of the linear dynamic relationship
(linear systems) in the PLS inner model, the decomposition of the X block is as given by
equation (1.15). The dynamic analog of equation (1.16) is given by (’ refers to the transpose

operator)

Y = Gi(t1)g + Ga(ta)ga + - + Gnltn)gn + Fas1 = V7P +Y5P 4+ Y P + Foiy (3.2)

Here, the G;’s denote the linear dynamic models (e.g. ARX) identified at each stage
and G,-(t,-)q:- quantifies the measure of Y space explained by the i** PLS dimension (Y*?).
We now define the operator G as the diagonal matrix comprising the dynamic elements
identified at each of the n PLS dimensions i.e.,

[G; O o --- 0]
0 G 0 --- 0
G=|0 0 . . : (3.3)
O
L 0 0 b 0 Gn_

A graphical sketch of the dynamic PLS modelling procedure is provided in Figure 3.1.
Note that the scaling information has been explicitly included using matrices S;! and S,
with the subscript Sca’ denoting the scaled plant data. YRaw indicates the predicted values
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of the controlled outputs.
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Figure 3.1: Information flow diagram for the proposed modelling strategy

For the model identified using the dynamic PLS algorithm, the transfer function relating
input j to output i can be expressed as

Ayilz) =% ( Z QikGr(z)Rji ) (3.4)
k=1

Azji(z) sz;

with R;r and Q;x denoting the usual elements of matrices R and Q respectively (inter-
pretation of the R matrix was presented in Chapter 1). It is seen that the transfer functions
relating each plant input to each output is a linear combination of the dynamic elements
identified at each PLS dimension. Depending on the relative magnitudes of R;; and Q. a
particular dynamic component Gi(z) may or may not contribute to the overall dynamics
of that channel. Equation (3.4) is useful if it is desired to design a conventional control
systems for the process.

As already mentioned. the Hammerstein structure will be employed to model nonlinear
systems. Here. the score vectors obtained at each PLS dimension are related using a SISO
Hammerstein model ( “inner models” in Figure 1.1). As shown in Figure 3.2. the score vector
t; is transformed via a nonlinear static relationship (a polynomial of reasonable order) to t;.
A linear dynamic model (e.g. ARX model) is then determined between ¢; and u;. Though
any method can be used for the identification of the Hammerstein models, the SISO version
of the algorithm presented in Lakshminarayanan et al. (1995) is employed.

ti t-* . u:
Nonlinear Static ! Linear Dynamic L
Element ' Element >

Figure 3.2: The Hammerstein Model

Denoting the identified Hammerstein models by H; (i=1, - - -, n), we obtain the equivalent
of equation (3.2) as
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Y = Hi(t)q + Ha(t2)ga +- -+ Ha(tn)gy + Frs1 = Yy + Y5 + -+ Y + Foyy (3.5)

Such an approach can be extended to include other nonlinear system parameterizations
such as the Wiener model (this is done in the next chapter) or the Nonlinear time se-
ries models (e.g. nonlinear autoregressive with exogeneous inputs (NARX) and nonlinear
autoregressive moving average with exogeneous inputs (NARMAX)).

3.5 Illustrative Examples of the Modelling Strategy

The proposed modelling strategy has been successfully applied to several multivariable
systems. Three case studies involving a distillation column, a heated rod system and an
acid-base neutralization system are presented here. Application of this procedure to the
identification and control of the laboratory CSTH (described in Chapter 2) will be covered
in the following chapter.

3.5.1 Example 1 : Distillation Column

Wood and Berry (1973) reported the following transfer functions for methanol-water sepa-
ration in a distillation column. The composition of the top and bottom products expressed
in weight percent of methanol are the controlled variables. The reflux and the reboiler
steam flow rates are the manipulated inputs expressed in Ib/min. Time is in minutes.

12.8¢=* —18.89e=3*

[ y1(5) ] _ 16.7s¥1 =~ 21s+1 [ z1(s) ] (3.6)

ya(s) 6.6e=7*  —19.4e=3" z2(s)
109s+1 ~1a.ds+1
The transfer function form of the disturbance channel (feed flow rate and feed compo-
sition are the disturbances) is given by

&—S.h 022¢—7.7a
[ y1(s) 14951 22.8s+1 [ di(s) ]

d(s)

= ] (3.7)

ya2(s) 4.9e=34%  (.14e—9-27

T33s¥T  T120s+1

To model the relationship between the manipulated inputs and the controlled cutputs.

plant data was collected by exciting the plant with a series of step changes to the reflux and

reboiler steam flow rates. The signal to noise ratio (SNR) was set at 10 by adding measure-

ment noise. Following autoscaling of the inputs and outputs, the PLS based modelling was

attempted. The dynamic elements were restricted to be second order (in both numerator
and denominator) with delay for both the PLS dimensions. The resulting PLS model is
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~ 1-0.2336z-1 —0.2321z—2

Figure 3.3 shows the fit obtained to the plant data with the identified model. Using a
different set of plant input-output data, a cross validation test of the identified model is
performed. The results shown in Figure 3.4 indicates that the identified model provides a
good representation of the plant behavior.

Using equation (3.4), the steady state gain matrix of the identified model is

12.4327 -18.1543

K= [ 6.5938 —19.3396

This compares quite favorably with the steady state gains given in equation (3.6).
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Figure 3.4: Cross validation for Wood-Berry Column : Model (dashed line) and Actual
Plant (solid line) responses

3.5.2 Example 2 : Heated Rod System

Here, the heated rod system described by Kaspar and Ray (1993) is considered. The
system consists of a rod with perfectly insulated ends being heated by three uniform heat
sources along the length of the rod. Temperature measurements at the two ends of the rod
and the internal boundaries of the heating zones (see Figure 3.5) are the outputs and the
manipulated variables are the heat inputs applied from the heater elements. The system
has three inputs and four outputs.

The physical phenomena of heat conduction in the rod can be represented by the fol-
lowing parabolic partial differential equation

%9 - 0-25%25?2 -0+ X(Z1)
with the boundary conditions as :
99 =0at2=0
22 =0atzZ=1

Here ©, Z and t denote the temperature, normalized spatial variable and time respec-
tively. X(Z,t) represents the spatially varying forcing function (the three zones of uniform
heating)

For purposes of generating the input-output data, the transfer function matrix given in
Kaspar and Ray (1993) is used rather than the partial differential equation system presented
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Figure 3.5: The Heated Rod System (Kaspar and Ray, 1993)

above. The transfer function matrix (in Laplace domain) for the above system is :

0.509 0.289 0.198
( 0.688s+1 {0.9809s+1)(0.1455+1) (0.9845+1)(0.244s+1)(0.230s+1)
0.400 0.355 0.243
0.859s+1 0.932s+1 [0991s+1)(0.2:4s+1)
0.243 0.355 0.400
{0.9915+1)(0.2745+1) 0.932s+1 0.859s+1
0.198 0.289 0.509 /
{0.984531)(0.244s+1)(0.2305+1) (0.9895+1)(0.1455+1) 0.688s+1

Process data were obtained by perturbing the input signals. Measurement noise was
added to the outputs to obtain a SNR of 10. The input-output data was autoscaled and
then analyzed using the dynamic PLS algorithm. Three PLS dimensions were used to
construct the model. For the dynamic elements, a discrete second order model with delay
was identified. Figure 3.6 shows the model fit for all four outputs. Cross validation of the
identified model using a different type of input sequence is shown in Figure 3.7. The model
fit and cross validation results show that the identified model represents the actual behavior
of the heated rod quite accurately. Details of the identified PLS model is provided below.

19971 0 0
S:=| 0 09667 0
0 0  0.5000
09929 0 0 0
s | 0 osue o 0
Y71 o 0 05733 0
0 0 0  0.4984
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[0.8490  0.5203 0.1530]
P =|0.4820 -0.6380 -—0.6284
[0.2165 —0.5676 0.7627 |

[0.8444  0.5043  0.1356
R=104842 -0.6152 -—0.5953
[0.2296 —0.6080  0.7934

0.5004 0.6790 0.3902
0.5151  0.3408 0.0340

@=105050 —-0.3380 0.0431
0.4789 —0.5555 0.9191
G, = 01055272 + 0.0567z~3
1= 170.47922-1 — 0.4433z-2
G, < 00510271 +0.04432~2
2T 120377621 — 0412222
0.0479z~% 4+ 0.02202—6
G3=

T 1-0.29542"1 — 0.2677z-2
The above model yields the following steady state gain matrix which is in excellent
agreement with that of the original system.

0.5209 0.2811 0.2041
0.4018 0.3557 0.2563
0.2342 0.3569 0.3912
0.1844 0.2849 0.4983

3.5.3 Example 3. Acid-base Neutralization Process

The acid-base neutralization process that was considered in Chapter 2 is now revisited. The
model that was identified (Table 2.9) provides a good input-output description. However.
the control of the process using the above model would be unwieldy owing to the complexity
of the static transformations. The control of the process is relatively straighforward with a
dynamic PLS model as will be seen shortly. To recall, the level and pH of the liquid in the
well stirred neutralization tank are the two outputs that are manipulated by the acid and
base flow rates. The nominal value for the level and pH are 14 cm and 7.06 respectively.
the acid and base flows being 16.6 ml/s and 15.6 ml/s respectively. Data was collected
by perturbing the system inputs by £10% of their nominal values using specially designed
random signals (described in chapter 2). The sampling period is 15 seconds. A signal to
noise ratio of 10 was used.

The input-output data were first autoscaled and then analyzed using the dynamic PLS
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Figure 3.6: Identification results for the heated rod system : Model (dashed line) and Actual
Plant (solid line) responses
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Figure 3.7: Cross validation for the heated rod system : Model (dashed line) and Actual
Plant (solid line) responses
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algorithm. As a first step, a dynamic model incorporating only linear elements was identified
(details are not provided here). As expected, this model was not adequate in modelling the
pH of the system. To model the nonlinearities in the system, a Hammerstein model was
employed (using the SISO version of the algorithm presented in Lakshminarayanan et al
(1995)) to relate the input and output scores at each dimension. The identified dynamic
PLS model is given below.

S”:[ngss 1.0222] (3.8)
Sy=[1'2§75 1.3%79] (3.9)
P={_otate orsa) .10
R=|_gerer o7 @1
@={ o001 0081 312

A closer look at the elements of Q indicate that the first PLS dimension essentially
models the pH (output variable 2) of the system while the second PLS dimension models
the level (output variable 1). This implies that the nonlinearities are confined to the first
PLS dimension - soc a Hammerstein mode! will be needed here. The second dimension can
be modelled using only a linear dynamic element.

For the first PLS dimension. a Hammerstein model with at least a fourth order static
polynomial was found necessary. However, for control purposes (this will be explained later).
it is important that the order of the polynomial be odd and hence a fifth order polynomial
was chosen to capture the static nonlinearities in the system.

The static nonlinearity (omitting the time variable) is given by :

t] = 0.02¢] + 0.1227¢} ~ 0.0978¢3 — 0.5909¢2 +¢; (3.13)

The linear dynamic elements corresponding to the first and second dimensions are :

0.1617z~! — 0.01802~2

= 1- 08849z +0.03882-2 (3.14)

G

_ 0.0458z7! +0.0522z~2
~ 1-0.87442"1 - 0.0601z~2

Go (3.15)

The results obtained using a Hammerstein model to relate the input and output scores
at each dimension are presented in Figure 3.8. The model fit obtained using only linear inner
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Figure 3.8: Comparison of Model fit for the acid-base neutralization system: PLS-
Hammerstein model (dashed line), Linear model (dashed-dot) and Actual plant (solid line)

models is also shown. It is observed that the linear model is not able to capture the gain
nonlinearities present in the pH measurements. The fit obtained using the Hammerstein
inner model is excellent as is also evident from the cross validation run (Figure 3.9).

3.6 Process Control in the PLS Framework

Using linear dynamic PLS models, Kaspar and Ray (1992.1993) demonstrated a control
strategy in which the PLS latent variables (T and U) are directly utilized in the synthesis
of the control system. In this approach, the PLS matrices such as S;. §,. P and Q are
employed as pre- and post-compensators on the plant. The Q matrix forms a basis for a
space into which the scaled output variables are projected and the P matrix forms a basis
onto which the scaled manipulated variables are projected. The controllers are designed
independently based on the “inner” dynamic models identified at each dimension. Thus.
the controller “sees” the error signals and the command signals in terms of the basis defined
by the columns of the respective loading matrices (Q and P). Such a control strategy has
a number of advantages. The process is somewhat decoupled owing to the orthogonality
of the input scores and the rotation of the input scores to be highly correlated with the
output scores. Controller design is simple - any theory available for SISO systems can be
used. Because the dynamic part of the PLS model has a diagonal structure, the choice of
the input-output pairing is automatic and is optimal in some sense. Infeasible setpoints (in
terms of original variables) are not passed on to the controller because only the feasible part
of the setpoint vector is retained after it is projected down to the latent variable subspace.
This eliminates the problem of multi-loop controllers “fighting” each other in a vain bid to
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Figure 3.9: Cross validation with the identified PLS-Hammerstein model for the acid-base
neutralization system : Model (dashed line) and Actual Plant (solid line)

reach an impossible setpoint. Due to the nature of the PLS model. nonsquare systems are
readily handled.

The Kaspar-Ray scheme is shown in Figure 3.10. S: and S, are the diagonal scaling
matrices determined prior to model identification. Q is the loading matrix for the Y block
(output variables), @~! is the appropriate Moore-Penrose inverse of Q. P is the loading
matrix for the input (X) block. Ey is the error in terms of the original output variables.
The projected erroris Ey upon which the controllers act. The SISO controllers G¢; through
Gcn are designed based on the PLS inner models i.e., G¢; is designed based on G; (i = 1.
..., 1) using any of the available alternatives (e.g. IMC, pole placement. frequency response
techniques). T is the vector of scores computed by the controllers. The scores are then
transformed into the real physical inputs which drive the process.

For the physical systems that are modelled by the Hammerstein structure, some modi-
fications to the above scheme are necessary. As shown in Figure 3.11, blocks labelled RF;
(i=1, ..., n) are included after each controller. The controllers are still designed based on
the linear dynamic part of the Hammerstein model. Each RF:; is a root finding routine that
is necessary to compensate for the static nonlinear part of the Hammerstein model.

Feedback control of linear systems is covered in detail by Kaspar and Ray (1992. 1993).
Consequently, only the control of the nonlinear acid-base neutralization system will be
illustrated using the ideas and results presented earlier.
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Figure 3.11: Feedback Control using the PLS Framework for systems modelled by the
Hammerstein Structure
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3.6.1 Control of the Acid-Base Neutralization Process

In a previous section, a model for the nonlinear pH system was identified. This model will
now be used to control the two outputs (level and pH) by manipulating the acid and base
flow rates. It is not reasonable to expect a single black-box model (linear or nonlinear) to
characterize the steady-state and dynamic features of the process over the entire possible
region of plant operation. In general, multiple models are to be identified for the different
operating regions and the control strategy must effectively utilize these models. However. a
single model will be employed here; its deficiencies in the control of the nonlinear process will
be pointed out. Also, there exists a structural mismatch between the identified plant and
the real process - this will manifest as a gap between the desired and achieved performance
of the control system and may even make the closed loop system unstable.

The Vogel-Edgar algorithm (Vogel and Edgar, 1980) will be employed in this study to
design the controllers G¢;. This algorithm is superior to the minimal prototype controller (in
terms of practical applicability) and the Dahlin algorithm (which could lead to the ringing
phenomenon) and is ideal for a discrete second-order plus time-delay model. Besides. the
Vogel-Edgar algorithm is more robust to modelling errors.

As a first step, it was examined if the linear model identified earlier would provide
a satisfactory control for the process. Details of this linear model are not provided here
because the closed loop control system shows sustained oscillations (Figure 3.12) for a set-
point change of +1.5 in pH (which is within the pH values observed during the identification
experiment) thereby establishing the inadequacy of the linear model.

We now utilize the identified nonlinear model as given in expressions (3.8) through (3.15).
The control scheme is as shown in Figure 3.11 with n (the number of PLS dimensions) equal
to 2. G¢1 and G2 are Vogel-Edgar controllers designed based on G (equation (3.14)) and
G2 (equation (3.15)) respectively. The desired closed loop settling time is specified as five
minutes for both the loops. To compensate for the static nonlinearity observed in the first
PLS dimension, the output of controller G¢; is appropriately modified by using the root
finding routine RF). The linear nature of the second PLS dimension implies that RF» =1
and no modification needs to be performed on the output of Gca.

Let the output of the controller G¢c1 be C;. The output of RF} is determined by solving
the roots of the polynomial (at each control interval), -

0.02t3 +0.1227¢} — 0.0978¢3 — 0.5909¢2 + ¢, = C) (3.16)

Some remarks on the solution of the above equation is in order. To ensure that the
polynomial has at least one real root, it is necessary that the order of the polynomial be
odd. This explains why a fifth order polynomial was employed even though a fourth order
polynomial provided good fit of the data. Moreover, several real roots may exist - the
literature (Anbumani et al. (1981), Bhat et al. (1990)) suggests choosing the root with the
smallest magnitude.
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Figure 3.12: Response to a setpoint change in pH : Linear Model - Linear Controller

With the new control strategy in place, the setpoint in pH was changed from 7.06 to
8.5 with the level remaining at 14 cm. The closed loop response of the system is shown in
Figure 3.13. The required pH value is reached within the desired time of five minutes. The
tank level is only slightly disturbed. The control actions are acceptable and smooth.

Two more runs showing setpoint changes in both the level and pH are presented next.
Figure 3.14 shows the response to changes in setpoint vector from [14 7.06] to (a) : [12 8.5]
and (b) : [16 6.5]. The new setpoints are within the range of values of level and pH used in
the identification experiment. These results indicate the utility of the Hammerstein inner
model and the workability of the PLS based nonlinear control strategy. The control of the
2 x 2 neutralization system with the model identified in Chapter 2 (see Table 2.9) would
not have been so straightforward.

The closed loop system is next analyzed for two extreme setpoint changes in level and
pH. The new setpoint vectors are : [12 10] and [16 5]. In particular, the new pH values are
outside the range of values considered in the identification experiment. From the simulation
results (Figure 3.15). it is obvious that the control objectives are not met. This can be
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Figure 3.13: Response to a setpoint change in pH : Nonlinear Model - Nonlinear Controller

attributed to the fact that a single Hammerstein model is inadequate to describe the process
behaviour over the entire range of operation and highlights the need for a multiple model
or an adaptive framework.

The performance of the control system for two unmeasured buffer flow rate disturbances
are shown in Figure 3.16. In case (a), the buffer flow rate was reduced from its nominal
value of 0.6 ml/s to 0.2 ml/s. In case (b), the buffer flow rate was increased from 0.6 ml/s
to 1.5 ml/s. Considering that the changes in buffer flow rate lead to large variations in the
process gain, the performance of the control scheme is acceptable though the disturbance
can be rejected faster by improved tuning. However, if the buffering capacity of the system
is quite low, the control system exhibits unacceptable oscillatory behavior. An adaptive
controller is required to provide better control performance over a wide range of buffering
conditions.
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Figure 3.14: Response to two moderate setpoint changes in level and pH : Nonlinear Model
- Nonlinear Controller

3.7 Multivariable Feedforward Control in the PLS Frame-
work

One of the primary reasons for the control of industrial processes is to eliminate the ef-
fects of load disturbances. For disturbances that are measured, it is possible to design
feedforward controllers that are capable of adjusting the manipulated variables before the
controlled variables deviate from their setpoints. Usually feedforward control is never used
by itself; it is effective when used in conjunction with feedback control that does not provide
satisfactory control performance. Addition of stable feedforward control loops to existing
feedback loops on a process does not affect the stability of the closed loop control system.
Furthermore, and more importantly, the performance of the feedforward controller does not
degrade significantly with modelling errors (Marlin, 1995).

Feedforward controller design for a SISO process depends on the models for the process
and disturbance channels. The feedforward controller is the negative of the ratio of the dis-
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turbance transfer function to the process transfer function. The SISO feedforward controller
is usually realized as a lead/lag element. Sometimes, even the lead/lag and time delay ele-
ments are ignored and a steady state feedforward controller is employed. The literature is
relatively scarce as far as multivariable feedforward controllers are concerned. Shen and Yu
(1992) discuss the concept of indirect feedforward control. In their design, fast secondary
measurements are used to infer the load changes and secondary controllers are designed to
cancel the effect of these load disturbances on the process outputs. A certain interaction
measure array (') is defined and is used to design the secondary controllers for quick rejec-
tion of specific disturbances. This method is applicable only when some secondary process
measurements are available. Stanley et al. (1985) proposed the relative disturbance gain
(RDG) to compare the disturbance rejection capabilities of the multi-loop SISO controllers
versus the inverse based muitivariable controllers such as the decoupler. Shen and Yu (1992)
discuss the relationship between I" and RDG.

Under the assumption that only primary outputs are available for control. a new strategy
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Figure 3.16: Regulatory response to two step changes in the buffer flow rate : (a) 0.6 ml/s
— 0.2 ml/s (b) 0.6 ml/s — 1.5 ml/s using the nonlinear model and the nonlinear controller

for the design of a multivariable feedforward controller is proposed. Each element of this
multivariable controller is realizable as a ratio of two simple transfer functions - this permits
retaining the simplicity and elegance of the SISO feedforward design approach. As with
SISO feedforward design, the multivariable feedforward controller can be implemented using
either lead/lag elements with time delay or just pure gain elements.

First of all, it is assumed that a dynamic PLS model similar to the one between the
manipulated inputs (X) and controlled outputs (Y) is available to describe the relationship
between measured disturbances (D) and the controlled outputs (Y). The disturbance-output
PLS model (with ‘m’ PLS dimensions) is characterized by : (i) the diagonal scaling matrices
for the output and disturbance spaces - W, and Sy (ii) the matrices containing the weights
attached to the output and disturbance variables in each dimension - Q¢ and R? and (iii) the
diagonal matrix G¢ containing the dynamic relationship between D and Y - each diagonal
element of G¢ is denoted by Gf (G=1....m).

The relationship between the manipulated inputs and the controlled outputs can be
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summarized by (refer Figure 3.1) :

Y.=5,QG {X S;IR}' (3.17)

In a similar manner, the relationship between the measured disturbances and the con-
trolled outputs is given by :

Yo=W,Q‘G! {Ds;! R“}’ (3.18)

To offset the effect of the measured disturbances on the controlled outputs. the required
change in the manipulated inputs must be determined. This is done by setting —Yy = Y,
as follows :

-w,Q’c* {Ds;! R“}' =5,QG {X st R}' (3.19)

Recognizing that the scores in the manipulated input space (T) and the disturbance
variable space (T9) are defined by T =X S;! Rand T¢= D S;l R? respectively. equation
(3-19) can be rewritten as

-W,Q4G*T? =5,QGT (3.20)

Since the PLS based control is based on the scores rather than the original variables.
the input scores (T) must be expressed in terms of the disturbance scores (T¢). Defining
A=5,Qand Q%= W, Q<, the above equation can be expressed as

G¢ 0 0 --- 0] [G; 0 O 0 ]
0 G§ 0 --- 0 0 Go 0 --- 0
-2¢lo o . ot |r=Alo o . . | T (3.21)
S | Dot 0
L0 0 --- 0 G%l [0 0 - 0 Gn]
A rearrangement of the above equation gives
Gy 0 O 0] 'G¢ 0 0 0 1
0 G2 0 0 0 G§ 0O 0
T'=-¢A|0 o0 : lo o T (322)
oo 0 oo -~ 0
L0 0 0 Gn L0 0 0 G4 ]

with a further simplification yielding the design equation for the multivariable feedfor-
ward controller (in the latent space) as :
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'Gr 0 O 017! G 0 0 0 ]
0 G 0 0 0 G¢ o 0
T'=-|0 o : At (0 o 1Tt (3.23)
P -0 P 0
L 0 o 0 Ghn [0 0 0 G&LJ
= Feedforward Cvontroller, FFC
Element [i,jj i=1,.. ,n;j=1, .. , m) of the matrix FFC can be written as (using

Cramer’s rule for square and nonsquare systems; see Appendix B) :
e Case (a) : Q is nonsquare (ny < n)

G¢ [det(Q5Q’) — det(Q: Q)]

FFGi =~ deQQ) (824
e Case (b) : Q is square (i.e. ny = n)
G_',i det(Q;;) o=
FFC,’J’ = —am)— (3.-0)
e Case (c) : Q is nonsquare (ny > n)
d Jet(Q'O=
FFCy; = G3 M (3.26)

" Gi det(Q'Q)

In the above expressions, the matrix Q{j is obtained by replacing the #** column in
matrix Q by the weighted j** column of Q?. Matrix Q7 obtained by simply deleting the i*"
column in matrix Q.

Qi=lalal - 1gi-1 | WyS; g} | gir1 |-~ | gn] (3.27)

Qi=lalgzl - 1g~11g1 |- [gn] (3.28)

It is seen that each element of the multivariable feedforward controller can be expressed
as a ratio of two transfer functions multiplied by a constant. This makes the design of the
multivariable feedforward control simple and elegant. If only a steady state feedforward
compensation is sought. the dynamic components in equation (3.23) can be replaced with
their respective steady state gains. The combined feedback plus feedforward control strategy
for linear systems is shown in Figure 3.17.
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3.7.1 Feedforward Control of the Wood-Berry Column

The following PLS model was obtained for the Wood-Berry column by collecting the
disturbance-output data keeping the manipulated inputs stationary.

02232 0 1.0012 0
S“"[ 0 1.9753]’"’!"[ 0 1.1466]

Pl = [0.8233 0.4818] Rl = [0.8763 0.5782] . Q¢ = [0.6949 0.2051
~ 105782 -08763 )’ ~ [0.4818 —0.8233)'" ~ [0.7191 0.9787

0.05912~%

G 0.048526 + 0.05932—7
1 —0.37932~! - 0.3700z2

1= 120467921 — 0.45162-2

and G§ =

Using the above PLS model and the one obtained earlier (between the manipulated
inputs and the controlled outputs). the multivariable feedforward control law is imple-
mented on the Wood-Berry column. The scores for the manipulated inputs computed by
the feedforward control law are added to those computed by the feedback controller to
obtain a combined feedback-feedforward control action. Regulatory control for two step
disturbances in the feed flow rate (-0.35 units at t=0) and the feed composition (-3 units
at t=125 minutes) are shown in Figure 3.18.

From the ISE values reported in Table 3.1, it is evident that the variations in product
quality can be considerably reduced by incorporating feedforward control for these measured
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Figure 3.18: Regulatory Control of the Wood-Berry Column to a step change of -0.35
units in feed flow rate (at t=0) and a step change of -3 units in feed composition (at t=125
minutes) . Feedback control only (solid line), Feedback plus steady state feedforward control
(dashed line) and Feedback plus dynamic feedforward control (dotted line)

disturbances. The ISE values also indicate that, in the presence of model-plant mismatch (as
is the case here), a dynamic feedforward controller may not always provide a significantly

better performance compared to the more easily implemented steady state feedforward

controller. Considerable improvements in control were noticed by implementing only a
single feedforward controller FFC};. This is because the. first PLS dimension captures the
majority of the variations in the process and disturbance channels.

Table 3.1: Summary of ISE values : Wood-Berry Column

Controlled ISE Values
Variable [ FB only | FB + Steady State FF | FB + Dynamic FF
Xp 7.0454 0.8304 0.6791
XB 7.9183 0.4203 0.3618
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3.7.2 Feedforward Control of the Acid-Base Neutralization Tank

In this section, the development of the feedforward control strategy for the acid-base neu-
tralization system is described. The buffer flow rate is assumed to be the major measurable
disturbance. Instead of employing a modified version of the linear feedforward control law
(¢f. equation (3.23)), the structure of the model identified for this system (i.e.. equations
(3.8) through (3.15)) will be utilized. For this system, it was shown that the first PLS di-
mension models the pH and the second dimension models the level. This implies that once
the models relating the buffer flow rate to the pH and level are obtained, two feedforward
controllers can be synthesized - one for each dimension.

To obtain the models relating the buffer flow rate to the level and pH, the buffer flow rate
was perturbed about its nominal value of 0.6 ml/s by +0.4 ml/s. During this “experiment”.
the acid and base flow rates were regulated at their nominal value of 16.6 ml/s and 15.6
ml/s respectively. This open loop data is used to construct the models.

The buffer flow rate versus pH relationship was modelled by the following Hammerstein
model. Denoting the buffer flow rate as *d’. the static nonlinearity was identified as

d™ =0.0389d® — 0.6423d%2 + d (3.29)

The linear part of the Hammerstein model is

o 0.1871z~! —0.067222

— 3.30
1™ 1-08817z-1 +0.0248z~2 (3.30)

Note that the above linear model relates the transformed buffer flow rate (d*) to pH.
The model fit and the cross validation run using this Hammerstein model are shown in
Figure 3.19 - the model appears to capture the relationship to a good measure.

The linear model relating the buffer flow rate to the level is :

G = 0.1761z~! —0.11992~2
< 1-1.0907z2"1+40.13412~2

The validity of the identified model is exemplified by the model fit and cross validation

results shown in Figure 3.20.

(3.31)

Having obtained convincing models, the feedforward controllers can now be developed.

e Feedforward controller for buffer low rate - level subsystem

Using the information flow diagram (Figure 3.1), the PLS model (equations (3.8)
through (3.15)), equation (3.31) and the fact that the second PLS dimension essen-
tially models the level, the following equation is obtained :

Y = Qu2sy1 Gata + G3d (3.32)
with Q12 and sy denoting the usual elements in the Q and S, matrices respectively.
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Figure 3.19: (a) Model fit and (b) cross validation for the buffer flow rate vs. pH relationship
- Actual pH (solid line) and Model predictions (dashed line)

Setting the deviation variable Y; equal to zero in the above expression. the feedforward
controller is derived as

1 ) G$
to = — =24 (3.33)
2 (Qm sy1/ Ga

The poles of this feedforward controller were found to lie outside the unit circle -
this will result in an unstable closed loop. The implementation of this controller was
therefore restricted to a steady state design. The feedforward control action computed
via equation (3.33) is superimposed on the output of the feedback controller G¢a.

o Feedforward controller for buffer flow rate - pH subsystem

The development of this feedforward controller is similar to that presented above.
Now, the first PLS dimension of the model identified in equations (3.8) through (3.15)
must be examined. Employing equations (3.29) and (3.30), we obtain

Y2 = Qo syaGi 8] + Gid” (3.34)
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Figure 3.20: (a) Model fit and (b) cross validation for the buffer flow rate vs. level relation-
ship - Actual level (solid line) and Model predictions (dashed line)

giving the following feedforward controller.

1 G¢
T = —~ —=d 3.35
! (Q21 Syz) G (3-99)

The measured value of the buffer flow rate (d) is first transformed (using equation
(3.29)) to d*. The feedforward control action (t]) is computed using equation (3.35)
and is added to the output of controller G¢;. ’

Comparison of the combined feedback-feedforward control strategy with the feedback
control strategy for the same type of disturbances considered earlier is presented in Figure
3.21. The ISE values for the two control strategies are presented in Table 3.2. The change in
the ISE values for level is dramatic - the ISE values for the combined feedback-feedforward
control strategy is only about 1% of that obtained with feedback only control. Due to the
model-plant mismatch, improvements obtained in the ISE values for pH was restricted to
about 80-90%.
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— 0.2 ml/s (b) 0.6 ml/s — 1.5 ml/s using feedback control only (solid line) and a combined
feedback-feedforward control strategy (dashed line)

Table 3.2: Summary of ISE values : Acid-Base Neutralization System
|_ISE Values (Level) ISE Values (pH)
FBonly | FB + FF | FB only | FB + FF

Step change of
-0.4 units in 0.2645 0.0020 0.6027 0.0749
buffer flow rate
Step change of
+0.9 units in 1.4110 0.0154 0.5141 0.0995
buffer flow rate
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3.8 Conclusions

Using well established analysis and design tools available for SISO systems. a PLS based
framework was presented for the modelling and control of multivariable systems. A multi-
variable feedforward control strategy with a simple structure is also proposed and incorpo-
rated in the latent subspace. The results indicate that the approach may be applicable to
a broad class of systems including those with nonlinear characteristics.

The control of the nonlinear acid-base neutralization system was relatively simple since
a Hammerstein structure was found to adequately model the PLS inner relationships. For
practical applications. it is important to include constraint handling capabilities to the
control system by implementing advanced model predictive control (MPC) schemes using
the dynamic PLS models identified with the proposed approach. This is the subject matter
of our next chapter.
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Chapter 4

Model Based Predictive Control
using Dynamic PLS Models

4.1 Overview

Conventional digital control of multivariable linear and nonlinear systems was dealt with
in the previous chapter. However. for practical applications it is necessary to incorporate
constraint handling capability in the control scheme. Here, the dynamic PLS models iden-
tified using the strategy outlined in the previous chapter is employed in the implementation
of advanced model based predictive controllers. Issues in the implementation of constrained
control schemes are discussed. Identification and constrained control of a laboratory stirred
tank heater (discussed in chapter 2) using the PLS framework are demonstrated along with
other simulation examples involving linear and nonlinear systems.

!Sections of this chapter have been submitted for possible publication/presentation as :

1. S. Lakshminarayanan, Rohit S. Patwardhan, Sirish L. Shah and K. Nandakumar,*A
Dynamic PLS Framework for Advanced Process Control”. Submitted to the IFAC
ADCHEM '97 Meeting. August 1996.

2. S. Lakshminarayanan, Sirish L. Shah and K. Nandakumar, “A Case Study of Nonlin-
ear Modelling and Control using PLS”. Submitted to the Chemical Engineering issue
of the Journal of Institute of Engineers, Singapore. November 1996.
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4.2 Contributions of this chapter

e Use of the advanced model based predictive control algorithms in the dynamic PLS
framework is illustrated. [mprovement in control performance and the ability to
handle process constraints are direct consequences of this approach. The control
calculations are simpler owing to the diagonal structure of the inner process model.

e Constrained control of the pH neutralization system is demonstrated using a Wiener
type model (nonlinear static element following a linear dynamic element) in the inner
model of the dynamic PLS framework.

e The first real-time application (to the best of the authors’ knowledge) of the PLS com-
pensation strategy is reported in this chapter. Input-output data from a laboratory
stirred tank heater is used to obtain a dynamic PLS model which is used to illustrate
a DMC application operating in the PLS latent space.

4.3 Introduction

Model Predictive Control (MPC) schemes are gaining increasingly wide acceptance in the
chemical process industries. Various forms of model predictive control schemes have been
reported in the last decade owing to great interest evinced both by industrial practitioners
and academic researchers. The techniques include : IDentification and COMmand algorithm
(IDCOM) (Richalet et al., 1978), Dynamic Matrix Control (DMC) (Cutler and Ramaker.
1980), Model Algorithmic Control (MAC) (Rouhani and Mehra, 1982), Internal Model
Control (IMC) (Garcia and Morari, 1982), Extended Horizon Adaptive Control (EHAC)
(Ydstie, 1985). Multivariable Optimal Constrained Control Algorithm (MOCCA) (Sripada
and Fisher, 1985) and Generalized Predictive Control (GPC) (Clarke et al., 1987). Several
successful industrial applications have been reported for most of the above algorithms.

Besides their ability to handle large multivariable (square or nonsquare) systems. the
key feature that makes these algorithms attractive for industrial applications is their ability
to handle constraints on the process variables. To achieve higher profits. the supervisory
control layer often forces the process to operate at the intersection of constraints. Rather
than adding ad-hoc fixups to unconstrained control laws, the MPC schemes incorporate the
constraints explicitly in the control design strategy by solving a constrained optimization
problem at each sampling instant in a receding horizon fashion. A variety of process descrip-
tions (mathematical models) ranging from the step/impulse response coefficients. discrete
transfer function models to state space models are employed by these MPC schemes - each
having its merits and drawbacks.

In this chapter, the PLS based multivariable modelling strategy proposed in the previ-
ous chapter is combined with one of the popular and powerful MPC schemes - the DMC
algorithm. Since DMC represents a mature control algorithm with several published and
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proprietary applications. only a brief description will be provided. This will be followed
by a section dealing with the mapping of the original process constraints into the latent
space constraints - this section may be regarded as the core material of this chapter. The
mapping is relatively straightforward but the material presented here is intended to alert
the reader to some of the possible problem formulations. Process applications involving
a mix of simulation examples (Wood-Berry column and the acid-base neutralization tank)
and a laboratory stirred tank heater will be discussed in the final section.

4.4 An overview of Dynamic Matrix Control

The DMC algorithm has been extensively described in the literature (Garcia et al. (1990)).
Utilizing step response data, the DMC algorithm is designed on the basis of a multistep
objective function subject to input amplitude. rate and output constraints. Usually. at
each sampling instant, several control moves are computed but only the first control move
is implemented thus imparting it a receding horizon character. The basic ideas of the DMC
algorithm can be summarized as follows :

1. Predict future response of the process using the identified model

2. Compute appropriate control actions that results in the minimization of an objective
(cost) function subject to process constraints.

The objective function is usually a function of : (1) the deviation of plant outputs
from their targets over the prediction horizon (/N2) and (2) the weighted control action
over the control horizon (N;). The constraints relate to the maximum and minimum
values of the manipulated variable and the rate of change of the manipulated variable
moves. It is not uncommon to have constraints on the output variables so as to
maintain the product quality within a desired range.

3. Implement only the first computed control move. Repeat. steps 1 through 3 at each
sampling instant.

Assume that there are ‘nx’ manipulated inputs and ‘ny’ controlled outputs. Let r denote
the setpoint vector over the prediction horizon and § denote the predicted outputs (using the
model and the current process measurements) over the same horizon. With Az representing
the N, incremental future moves, we can write the objective function in compact vector
notation as :

J=(-9)TTc-9 +Aaz"Adz (4.1)

with I’ and A representing the output and input weighting matrices (which are positive
definite and usually of a diagonal structure) and
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r=[ri(k+1) ra(k+2) --- rog(k+1) -~ --- r1(k+ Na) ra(k+ Na) --- roy(k + No)]¥
§=[(k+1) go(k+2) -+ Gny(k+1) --- - 1(k + N2) Ga(k + Na) --- Gny(k + Na)]”
Az =[Azi(k+1) --- Azpr(k+1) --- --- Azi(k+ Nz —1) -+ AZne(k+ N ~ 1)) ie..

Az = [A_:_c_(k+1)T Az(k+2)T --- Az(k+ N, — 1)T]

The objective function (equation (4.1)) is minimized subject to the following constraints

Zmin ST < Zmaz (4.2)
grnin S 2 < Emaz (4-4)

The prediction equations in DMC are based on a linear finite step response model
relating the manipulated variables to the process outputs. For a SISO system. the step
response model is given as :

N
gk+1)=)_ SiAz(k+1-i)+Snz(k—N) (4.5)
i=1
A generalization of the above step response model may be used to construct the pre-
diction equations for the MIMO DMC algorithm. It is assumed that the measured distur-
bances (or their estimates) do not change over the prediction horizon (i.e.. Ad(k +{) =
0;l =1,2.---.N3) and that the manipulated variables change only over a horizon N, (i.e..
Az(k+1) =0l = N, ---, Na).
Predictions of the process outputs over the entire prediction horizon can be expressed

as:
§=SAz+§ +d (4.6)
where S is the dynamic matrix given by
[ S1 0 .- 0 ]
So S1 cen 0

S=| : RS S (4.7)

SN2 SNp—1 tt+ SNp—N 1]

Each S; is a ny x nz matrix comprising the step response coefficients of the process
model. The term §" is the contribution of the past input moves (up to time k-1) and the
initial conditions (whose effect will die out after N sample intervals) to the future values of
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the output and can be represented as

S2 S3 S - --- Sn Az(k—-1) I z(k — N)
- S3 S --- --- Sy O Az(k - 2) I z(k— N +1)
_y_ = . . - s : +S$3 :
SNa+1 - Sy 0 --- 0 Az(k-N-1) Il]|lz(k-N+Ny-1)
(4.8)
where S,, is a matrix formed out of the final steady state values of the step response
coefficients.

The disturbance signal d can be estimated as

d(k+1) =d(k) =y,_ (k) ~g(k); 1=1,2,---,Na—1 (4.9)

In words. the future disturbance effects are modelled as the difference between the plant
measurement and the model output predicted for the current time k.

For the unconstrained case. there exists an analytical solution Az,, that minimizes
the quadratic objective function given by equation (4.1). When constraints do exist (as
in most experimental and industrial setups), use of numerical optimization codes such as
Quadratic Program SOLver (QPSOL) or convex optimization becomes mandatory. These
algorithms solve the optimization problem at each sampling instant using the latest available
process measurements. Under this scheme. the control law portrays a nonlinear nature since
different sets of constraints may be active at any sampling instant.

4.5 Constrained Model Predictive Control in the PLS La-
tent Space

In the case of linear systems, equation (3.4) provides a model in terms of the original
variables. Existing MPC algorithms can then be used for process control. For nonlinear
systems, such a transformation may be tedious - even if it were done, controller design
and calculations will be very unwieldy. Consequently, there is a strong incentive to modify
the original MPC algorithms and perform control calculations in terms of the PLS latent
variables with the PLS matrices (scaling and loadings matrices) serving as compensator
blocks in the closed loop system.

For the unconstrained case, the dynamic inner models can be used in two ways : (1) Each
inner model can be used to develop SISO DMC controllers (2) A MIMO DMC controller
which utilizes all the n inner models together. If constraints are imposed on the manipulated
variables, the constraints in the latent space are coupled (as described below). If strategy (1)
is employed, then the controllers must act in a co-ordinated fashion. Otherwise. constraints
on the original variables will be violated. With strategy (2), a one-time transformation
of the constraints is adequate for the efficient implementation of the constrained DMC
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Figure 4.1: Constrained region in the original and latent spaces

algorithm.

In the original space. the constraints are represented by equations (4.2) through (4.4).
For a case involving two manipulated variables, the amplitude constraints are shown in
Figure 4.1(a) (mathematically expressed in equation (4.2)). In terms of the latent space
variables and the PLS matrices, the above equation may be written as :

Zmin S tPTS: € Zmas (4.10)

A graphical plot of the constraints in terms of the input space latent variables (T) is
depicted in Figure 4.1(b). Use of the PLS inner models with the constraints as given in
equation (4.10), will ensure the satisfaction of constraints in the original space. Such a
mapping is one to one (when no reduction is dimensionality has been done as is the case
here) - each point in the constrained original space has a unique image in the constrained
latent space and vice versa. The outcome of transforming the original constraints into latent
space constraints is that the constraints that were decoupled in the original space become
coupled in the latent space. A similar analysis holds for the rate constraints as well. Output
constraints are not considered in this work. Hence a multivariate approach (simultaneously
determining the manipulated variable moves in the latent space) to control calculations is
mandatory.

To examine the consequences of posing decoupled constraints in the latent space. it is
necessary to determine the maximum and minimum values in the t-space, t,., and t,;n.
such that the constraints in the original space are satisfied i.e., find ¢,;, < t < t,,., such that
Zmin £ Z < Tymaz- When the constrained regions of the previous approach (shown by broken
lines) and this approach (solid lines) are plotted together, we notice the suboptimality of
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this approach (see Figure 4.2) - not all of the original constraint region is utilized (space
bounded by broken lines) because we seek to match only the necessary conditions i.e.. the
maximum and minimum values. The constraints are satisfied but the controller does not use
some permitted regions in the input space implying that some setpoints cannot be reached
and some disturbances will not be rejected completely.

The objective function in terms of the original variables is given by

Min J = AzT(STTS + A)Az—2(z ~ §° — )T TSAz (4.11)

subject to AAz + B > 0 (general form of constraints)

In the latent space the above problem can be restated as

Min J' = AT (GTT'G + A)Aat=2(r - f = d)TT'GAt (4.12)

subject to A’At+ B’ >0

where the primed quantities are the corresponding expressions in terms of the latent
variables. The dynamic matrix G, the free response (future output predictions) and the
disturbance estimates are all obtained from the inner PLS dynamic model. The original
constraints are transformed to latent space constraints using equation (4.10) (a similar
equation can be written for rate constraints i.e. At as well).

Note that the latent variables are scaled variables, hence the control and output weight-
ings have to be chosen accordingly. For example, in the control of the Wood-Berry column.
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it was observed that a control weighting of A = 1007 in the original space yields a similar
performance as A" = 0.05] in the latent space (ISE values were compared for several servo
and regulatory runs). The time scales however, are invariant to the transformations and
therefore the choice of Nj, Noand N, can remain the same in both the original and the
latent spaces.

4.6 Illustrative Examples

The constrained PLS-DMC algorithm is now tested on three process systems. First, some
features such as constraint mapping, effect of tuning parameters etc. are illustrated using
the simulation example of the Wood-Berry column. This example helps in establishing
the fact that the proposed strategy is feasible and practical. Besides. it demonstrates that
the constraint mapping suggested here is on a firm ground. The second example involves
testing the PLS-DMC algorithm on a real physical system. From a set of input-output
data. a dynamic PLS model is obtained for the laboratory stirred tank heater. The PLS
model is then used to implement a model based predictive controller on the process. Finally.
the acid-base neutralization system that was considered in the earlier chapters is modelled
and controlled using a Wiener-PLS model. If the Hammerstein-PLS model identified in the
previous chapter were to be used for constrained model based predictive control. it would
result in the solution of an optimization problem involving a quadratic objective function
and a set of nonlinear constraints. Instead, the Wiener-PLS model can be used effectively
to provide constrained control of the neutralization system using the existing PLS-DMC
algorithm. This is because the nonlinearity in the Wiener model is on the output side and
does not involve the manipulated variables. Besides, it serves to illustrate that the PLS
scores can be related in a variety of ways (algebraic/dynamic/linear/nonlinear etc.).

4.6.1 Constrained Control of the Wood-Berry Column

In Chapter 3. control of the Wood-Berry column was illustrated using digital controllers
based on the dynamic PLS model. The control strategy was not able to handle constraints
on the process variables (reflux and reboiler steam flow rates). Here, the DMC algorithm
is utilized to perform constrained control of the column. The dynamic PLS model for this
system was derived in Chapter 3.

To establish the fact that the constraints posed in the latent space do satisfy the original
process constraints, considerable noise was introduced into the closed loop system resulting
in the activation of both the amplitude and rate constraints. Figure 4.3 highlights the
geometry of the input constraints in the original (X) and latent spaces (T). The crosses (x)
indicate the constraints posed in the control design (—0.06 < Az < 0.06, —~0.3 < z < 0.3)
and the circles (o) are the values from the simulation run. The top part of Figure 4.3 shows
the constrained space in terms of the original and latent variables. It is seen that the inputs
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meet the constraints in both the original and latent spaces. Furthermore, there is complete
utilization of the permitted region. When decoupled constraints are posed in the latent
space, the input rate and amplitude constraints are satisfied. However (as the bottom part
of Figure 4.3 indicates), not all of the permitted region in the z, Az space is used resulting
in suboptimal control .

As a next step, the effect of two DMC tuning parameters are examined to see if the usual
trends are followed. In Figure 4.4, the regulatory response to step disturbances in feed flow
rate (+1 unit at time = ( seconds) and feed composition (410 units at time = 125 seconds)
is presented for two values for the input weighting matrix. The solid line is the response
for A = 0.05] and the dashed line is the response for A = I. As expected, the effect of the
increased A is to make the closed loop response sluggish. For the same set of disturbances.
an increase in the value of N5 (the prediction horizon) from 5 (solid line in Figure 4.5) to 25
(dashed line) results in a relatively slower rejection of the disturbances. These simulations
confirm that the DMC tuning parameters have the same effect irrespective of whether the
control is performed on the original space or the latent variable space.

4.6.2 Real-Time Control of the Laboratory Stirred Tank Heater

The laboratory stirred tank heater, considered in Chapter 2, is used here to demonstrate
the PLS-DMC control strategy. Using the same input-output data analyzed in chapter 2
(in connection with the CVA and N4SID methods). the following dynamic PLS model is
obtained using the technique outlined in the previous chapter :

6.3633 0 2.5156 0
o e[ ]

0  5.8337 0  3.9477
_ [ 06974 -06979] _ [ 07164 -0.7169] _  [0.8595  0.6620
~ | -0.7166 —0.7162) " | -0.6982 ~0.6997 |’ ° |0.2651 —3.8435
-1
G, 0.0131z

= 1—1.7830z-1 +0.7962z-2

0.0077z7!

= T-1.7106z-1 +0.71832-2

The model fit arrived at using the above model is depicted via the scatter plot in Figure
4.6. As with the CVA and N4SID methods, the tank level is not modelled as well compared
to the exit temperature.

A personal computer running real-time MATLAB/SIMULINK was used to control the
stirred tank heater. The model obtained above is used in the DMC calculations while
employing Ny =1, N, =2. N> =20 and A" = 101 as the controller parameters. The results

G,
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Figure 4.6: Model fit for the Laboratory Stirred Tank Heater using the dynamic PLS model

of the laboratory run showing servo and regulatory responses is depicted in Figure 4.7.
Separate and simultaneous setpoint changes were made in the output variables. In order
to demonstrate the performance of the controller in eliminating unmeasured disturbances.
an unknown amount of cold water was dumped into the vessel around the 1575t sample
point. It is seen that the servo and regulatory responses were satisfactory. The constraints
placed on the amplitude (0-100%) and rate (£10%) of the manipulated variables remained
inviolate over the entire duration of the experiment.

4.6.3 Constrained Control of the Acid-Base Neutralization System

The acid-based neutralization system has been considered in the previous two chapters.
Conventional digital control of the above system, employing the Hammerstein-PLS model.
was illustrated in the previous chapter. The lack of ability to handle constraints on the
manipulated variable moves is the main drawback of that approach. To be able to deal
with constraints on the rate and amplitude of the acid and base flow rates, a model predic-
tive controller that is based on an optimization approach is necessary. With the growing
availability of powerful computers and nonlinear programming methods (for optimization).
nonlinear process control problems such as this can be solved via on-line optimization tech-
niques. The topic of nonlinear model predictive control (using fundamental process models)
is reviewed by Biegler and Rawlings (1991). A review of differential geometry concepts for
nonlinear process control is provided by Kravaris and Arkun (1991). Using nonlinear trans-
formation of some process variables, the nonlinear problem is converted to a linear problem
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Figure 4.7: Experimental evaluation of the constrained PLS-MPC scheme

involving the transformed variable. Direct use of fundamental nonlinear process models for
process control has been considered in the Generic Model Control (GMC) approach of Lee
and Sullivan (1988). Nonlinear MPC approaches based on black-box models derived from
plant input-output data have also been reported. Zhu and Seborg (1994) employ a Ham-
merstein model to control pH in an acid-base neutralization tank using an unconstrained
MPC law. Recently Norquay et al. (1996) illustrated a constrained MPC algorithm (Only
output constraints were considered in their work) using a Weiner model to control the pH
in an experimental neutralization tank. It is these approaches (that are based on purely
empirical models) that will be the focus of this thesis.

One fact that comes to light from a literature review is that both the Hammerstein
and Wiener structures are suitable parameterizations for the modelling of the acid-base
neutralization system. From a control point of view (particularly when constraints are
placed on the rate and amplitude of the manipulated inputs), the Wiener model is more
amenable for use within a linear MPC framework. In contrast to the Hammerstein model.
the Wiener model consists of a linear dynamic element followed by a nonlinear static element
(see Figure 4.8). The output of the linear dynamic element can therefore be considered equal
to the inverse nonlinear transform of the process output (for example, in terms of the PLS
score variables we can write u; = N(¢]) or t; = N ~!(u;). Here, t] is the filtered input
scores and u) represents the output scores of the first PLS dimension).

Since the nonlinearity involves the process outputs, with a suitable transformation of
the process output, a linear MPC law can be implemented to perform constrained (input
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Figure 4.8: Structure of the inner relationship in the WIENER-PLS model

rate and amplitude) control of the system represented by the Wiener model. With the
Hammerstein model. the nonlinear transformation is on the input side and therefore the
linear input constraints are converted to nonlinear constraints. The presence of nonlinear
input constraints complicates the control calculations; a nonlinear optimization technique
must be used (for a detailed study, the interested reader is referred to Patwardhan (1996)).
Here. the Wiener-PLS model will be used to simplify the control strategy as well as to prove
that several model structures can substitute for the inner PLS relationship.

First, some plant data was collected by perturbing the neutralization system with prob-
ing signals of magnitude £10% of the steady state values of the acid and base flow rates
(refer Example 3 of Chapter 3 for some details). The input-output data were autoscaled and
the dynamic PLS algorithm was used to obtain a model. The model is given by equations
(4.13) through (4.20).

Sr=[1.og47 1.0%56] (1.13)
Sy=[o.9gss 0.9%05] (4.14)
P=["0T oers (415)
R=[T0%02 osmn) (416)
@=[o00m9 oors) (1)

As in the case of the Hammerstein-PLS model described in the previous chapter. a close
look at the elements of the Q matrix reveals that the first PLS dimension models the pH
and the second dimension models the level. This means that the nonlinearity is confined to
the first PLS dimension. The inner relationship for the first PLS dimension is captured by
a Wiener structure and an ARX meodel is adequate for the second PLS dimension.

The linear part of the Wiener model is

0.1325271

Ci = {08005

(4.18)
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Figure 4.9: Model fit using a Wiener model in the PLS inner relationship : Model (dashed
line) and Actual Plant (solid line)

The static nonlinearity (i.e., u; = N(t])) is determined as

uy = —0.0351£;" —0.0908¢;" +0.1622¢] + 0.6056¢] + 0.8333¢] (4.19)

The inner model for the second dimension is :

0.1384z"! — 0.03082z2

Gz = 1 —0.9908z~1 + 0.04552—2

(4.20)

The model fit is shown in Figure 4.9 and indicates a reasonably good fit of the data.
This fact is also borne by the cross validation performed using a different input sequence
and presented in Figure 4.10.

Equation (4.19) needs to be solved in order that the process nonlinearity be removed
from the information processed by the controller. This implies that the roots of the 5 order
polynomial must be determined at each sampling interval (similar to the control using the
Hammerstein model in chapter 3). To simplify the computations during control, the inverse

nonlinear transformation (i.e, t; = N ~!(u;)) is identified. The polynomial transformation
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Figure 4.10: Cross Validation of the Wiener-PLS model : Model (dashed line) and Actual
Plant (solid line)

is given by

t; = ~0.0554 uf + 0.2603 u} — 0.0422 4} ~ 0.9743 4] + 1.4508u; (4.21)

The polynomial given by equation (4.21) can be evaluated at each sampling instant to
determine ¢] needed by the linear constrained control algorithm. The resulting Wiener-
MPC constrained control strategy is shown in Figure 4.11. The pre- and post- compensator
blocks are similar to that discussed in the previous chapter. The controller block is now a
linear PLS-MPC algorithm such as the PLS-DMC algorithm discussed earlier. By including
the inverse nonlinear transform in the control loop, it is made sure that the controller sees
and controls a linear multivariable process.

The Wiener-PLS model identified earlier was used to implement a constrained Wiener-
DMC algorithm on the acid-base neutralization process with A = 0.3I, N =10, N; =1
and N: = 2 as the controller parameters. The acid and base flow rates are constrained to
remain within £5 ml/s of their steady state values. Furthermore, the manipulated variables
were subject to maximum move size limitations of magnitude 0.5 ml/s.

The response of the neutralization system to several setpoint changes in level and pH
are shown in Figure 4.12. The control appears to be satisfactory. Figure 4.13 indicates that
all the constraints are satisfied in both the latent and original variables. Again, the crosses
(x) indicate the constraints posed in the control and the circles (o) are the values from the
simulation run. The horizontal streak of circles (¢ = 0) in the ¢; versus t; plot result from
setpoint changes made in the pH while keeping the level constant (since the first dimension
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Figure 4.11: Schematic of the constrained Wiener-DMC control strategy for the acid-base
neutralization system

models the pH. movement is noticed only along t;).

It must be conceded that since a high order polynomial has been used in the Wiener
model, setpoint changes of large magnitude may result in confusing the controller - the
actual process gain may be quite different from the gain of the model and in certain cases
may be of different sign ! To avoid such problems. it may be necessary to replace the
high order polynomial representation of the nonlinearity by several linear elements or have
multiple Wiener models covering the entire range of process operation.

4.7 Conclusions

This chapter described a framework for implementing advanced model predictive control
systems that seamlessly integrates with the dynamic PLS modelling strategy described
in the previous chapter. The control calculations are done based on the input and output
scores after effecting a suitable modification of the original constraints. Issues related to the
mapping of the constraints were discussed. It was shown that the independent constraints
on the rate and amplitude of each manipulated input gets transformed into dependent
constraints on the input scores. Nonlinear systems that are modelled with the dynamic
PLS algorithm, can also be controlled using this framework - however, the computational
load will be considerably high compared to that of linear systems. Feasibility of the PLS-
MPC approach and its usefulness in the control of linear and nonlinear systems has been
demonstrated. Whether the proposed strategy will simplify the existing tuning procedures
remains an open question. So is the issue of robustness.
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Chapter 5

Monitoring and Fault Detection of
Batch Processes

5.1 Overview

A data-based approach to the monitoring and fault detection of batch and semibatch
processes is considered. Developed by Nomikos and MacGregor (1994a. 1994b. 1995) using
PCA and PLS in a SPC type framework. this method obviates the need for any fundamental
process models or a rule-based troubleshooting system. Using data obtained from several
batches of good runs. a template of normal plant operation is obtained. This usually takes
the form of a PCA or PLS model that captures the relationships between the variables as
they evolve in time. Monitoring charts (with confidence limits) may be obtained from these
models and can be used to compare the performance of batches currently under production.

In this chapter, we describe the basics of the PLS based monitoring approach for batch
processes. In order to utilize the concepts for our applications. we make provisions for
handling the multiple rates of sampling (that are particularly common in batch units) as
well as suggest strategies to build the normal template from a database that contains good
runs of varying length. The monitoring algorithm is evaluated on simulations involving a
fed-batch antibiotic producing fermentation unit and a semibatch polymerization reactor.

!Sections of this chapter have been presented as

1. S. Lakshminarayanan, R.D. Gudi, Sirish L. Shah and K. Nandakumar, “Online Mon-
itoring of a Fed-batch Fermentor using Multirate-Multiblock-Multiway Projection to
Latent Structures”, AIChE Annual Meeting, Miami Beach. 1995.

2. S. Lakshminarayanan, R.D. Gudi, Sirish L. Shah and K. Nandakumar, “Monitoring
Batch Processes using Multivariate Statistical Tools : Extensions and Practical Is-
sues”, Presented at the 13t* IFAC World Congress, San Francisco, 1996.
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5.2 Contributions of this chapter

e The PLS based batch process monitoring technique proposed by Nomikos and Mac-
Gregor is extended to include : (1) multirate sampling and (2) normal batches with
varying run lengths. This makes the original algorithm more suited for practical
applications.

5.3 Introduction

A great majority of high quality specialty chemicals are manufactured in the batch mode.
The enormous flexibilities offered by batch processes such as the production of multiple
products, less rigorous equipment design and sizing procedures have aided in their growing
popularity and success. The uncertain and shifting market forces will ensure that more and
more chemicals will be produced this way.

Batch processes operate for a finite duration of time. Their time evolution is charac-
terized by nonlinearity and lack of a steady state. For the routine production of a product
(or a group of products) it is necessary to track a prescribed recipe during every batch.
Reproducibility in batch operations is seldom possible owing to the many sources of vari-
ability (e.g. process disturbances, start-stop-change nature of the process) one has to cope
with. Furthermore. there is always a risk of the high value product becoming contaminated
during the production run. The high market value associated with the product and the
operation of the batch unit calls for a good monitoring and fault detection strategy. An
early detection of faults can help in taking corrective action, when possible, to alleviate the
fault or to shut down the batch to prevent wastage of expensive feed material and process
utilities.

Monitoring and fault detection of batch processes can be accomplished using traditional
Kalman filter based methodologies (e.g. King (1986), MacGregor et al. (1986)) if an ade-
quate mathematical model incorporating conservation principles and empirical relationships
is available. Often times, such mathematical descriptions are not available and it is difficult
to characterize the interrelationships between variables over the entire duration of the batch.
Use of Artificial Intelligence (AI) tools such as expert systems that are constructed using
the experience of plant personnel frequently involves extensive consultation with plant op-
erators to be able to build a good knowledge base on the process. These are also restrictive
because they can take into account only as many fault occurrences and process variable
interactions, that the plant personnel can envision. Pattern classification techniques have
also been proposed for process monitoring (Venkatsubramanian and Chan (1989)). Here. a
database of regular and faulty modes of plant operation is constructed using historical plant
data. Future plant operation can then be classified as good or bad using a pattern classifier.
Obtaining data sets that capture the many possible faults has proved to be a bottleneck
with this approach.
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Through a series of papers, Nomikos and MacGregor (1994a. 1994b. 1995) introduced
the use of statistical models based on multivariate statistical techniques such as Principal
Components Analysis (PCA) and Partial Least Squares (PLS) for process monitoring and
fault detection. Dong and McAvoy (1994) used a nonlinear PCA model for batch process
tracking. In these approaches, normal plant data, that are abundant and readily available.
are used to construct a “template” of the normal operation of the process. This template
is the data-based statistical model that holds good as long as the process is in a state
of statistical control Using a lower dimensional window on the process, these methods
can detect any faults that cause deviation from the prescribed operation recipe. Faults
can be isolated by interrogating the underlying statistical model or by using contribution
plots (Miller et al., 1993). This is similar to the PLS based monitoring and fault detection
strategy described in Chapter 1 with some modifications made to reconcile with the temporal
evolution of process variables in batch and semibatch processes.

This chapter is organized as follows. A description of the PLS based methodology
proposed by Nomikos and MacGregor for the monitoring of batch processes is first provided.
Extensions of the technique in order to handle the multiple rates of measurement and data
records of unequal lengths are presented next. In the final section. we consider simulation
examples involving a bioreactor? and a polymerization reactor3.

5.4 Statistical Analysis of Batch Data

5.4.1 Database Structure

The database structure from which the monitoring scheme is to be developed is explained
using the example of a fermentation bioreactor. This presents no loss of generality as most
batch systems will conform to the measurement scenario depicted here. Figure 5.1 shows
the measurement system commonly associated with the bioreactor system. The primary
process variables or culture states (measured infrequently) are the biomass. substrate and
antibiotic concentrations forming the primary variables block (PVB). The final antibiotic
concentration needs to be predicted on-line and makes up the quality block (QB). Sec-
ondary measurements are available more rapidly from the fermentation through the use
of non-invasive sensors. Typical among these are the CO, evolution rate (CER) and the
oxygen uptake rate whose values can be made available through the analysis of exit gas
concentrations using an on-line mass spectrometer. The dissolved oxygen concentration is
a critical process variable for an aerobic fermentation and its levels are measured using a
dissolved oxygen probe. Measurements of dissolved CO,, broth levels as well as estimates
(from a Kalman filter, for example) of quantities such as the gas-liquid mass transfer coeffi-

*Some portions of this work were done in collaboration with Dr. Ravindra Gudi as part of an ongoing
research project
3] like to thank Prof. John MacGregor and Dr. Paul Nomikos for providing this data set
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Figure 5.1: Measurement System for the Fed-batch Fermentation Process

cients, specific growth rate are also assumed to be available frequently. These measurements
form the secondary variables block (SVB). The initial conditions block (ICB) is formed by
incorporating the feed rate (assumed constant) along with the initial conditions on the
biomass, substrate concentrations and the broth volume that are used in the fermentation.

Data from such batch/semibatch systems are assumed to be logged on to a database.
In the model building step. data on batch runs that produced acceptable final product
are first extracted in order to characterize the healthy operation of the plant. As shown
in Figure 5.2, these normal runs are grouped into blocks that naturally emerge from the
characteristics of the multirate measurement system. It is assumed that data is available on
NB batches. The number of variables in the initial conditions block, the primary variables
block, the secondary variables block and the quality block are denoted by NIC, NP, NS and
NQ respectively. NPS and NSS indicate the number of samples available for the primary
and secondary variables respectively. The ICB and the QB are two dimensional as expected.
PVB and the SVB are three dimensional entities as they carry information on time evolution
of several variables for many “normal” batches. Note that the SVB has a greater depth
compared to PVB because relatively fewer measurements of the primary states are measured
during the course of the batch. It is also very common to have a smaller number of primary
variables compared to secondary variables. In addition, data from normal batches used in
building up these blocks can have differing time lengths. Thus, the PVB and the SVB may
not have a constant depth for all the normal batches. Consequently, the real database may
appear as shown in Figure 5.3. Note that in Figures 5.2 and 5.3, the arrows from the initial
conditions block, primary variables block and the secondary variables block point towards
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Figure 5.2: The database structure for multirate batch process monitoring. Note that all
batches in the database have the same run lengths.

the quality block. This is because besides the task of process monitoring. the PLS model is
also intended to provide online predictions of the final product quality using the available
process measurements.

In the approach proposed by Nomikos and MacGregor, the process variables are lumped
into a single three dimensional data block. Here, two three-dimensional data blocks have
been explicitly defined taking the liberty to assume that all the primary measurements be-
come available at the same time. This demarcation of variables into primary and secondary
blocks is preferred from the point of view of process monitoring - abnormal behavior in
any of the blocks can be picked up quickly and easily. Such an idea has been used by
MacGregor et al. (1994b) where a continuous tubular reactor is sectioned into two parts in
order to isolate process faults and upsets effectively. In their study, the process variables
were segregated into multiple blocks to handle the physical aspects of the problem. In this
study. the multiblock feature is employed to deal with the multirate sampling scenario.

5.4.2 The Wangen-Kowalski Algorithm

In Chapter 1, the PLS model was developed using only two blocks of variables - the X
and Y blocks. It is obvious that the original PLS algorithm needs to be modified to cope
with several blocks of variables (in this case, we have 3 blocks of variables that predict the
quality block - i.e.. three X blocks and one Y block). The three dimensional blocks do not
pose a major problem. It has been shown that similar results can be obtained either using
tensorial computations (details can be found in Sanchez and Kowlaski. 1990): here the three
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Figure 5.3: The database structure containing batches with different run lengths.

dimensional nature of the blocks are preserved) or by unfolding the three-dimensional arrays
into two-dimensional matrices followed by a simple multiblock PLS analysis as proposed
by Wangen and Kowalski (1988). The unfolding operation is done by slicing up the three-
dimensional array at each sampling instant and placing them side by side. For example.
the primary variable block of dimension NB x NP x NPS can be unfolded into a two-
dimensional matrix of size NB x (NP x NPS) (the * sign indicates the usual multiplication
operation).

A detailed description of the algorithm is outside the scope of this thesis. It suffices to say
that the Wangen-Kowalski algorithm is conceptually similar to the two block PLS algorithm
described in chapter 1 and that it can handle even complicated relationships between blocks
of variables (this algorithm can be used in more complicated situations; e.g. event driven
operations such as batch distillation). This approach deals with two-dimensional matrices.
therefore interpretation of the results is straightforward.

5.4.3 Data Pretreatment

Before unfolding the three-dimensional arrays, it is necessary to fill them up - i.e.. replace
the unknown entries for the shorter runs lengths with reasonable values. If this were not
done, two choices remain. They can be summarized as follows :

e The PLS model can be built by only considering samples until the shortest run length
in the database. This is too restrictive since the plant operator will be devoid of a
monitoring tool if the run length of a new batch exceeds the run length of the shortest
run length found in the database.

134



e Several PLS models can be obtained by considering all run lengths between the short-
est and the longest. This may become quite unwieldy as it may be very difficult to
maintain several models and switch between them as time progresses.

A more reasonable approach is to fill up the shorter runs with appropriate values and
make all batches of the same run length (corresponding to the longest run in the database).
This means we still have only one PLS model and the capability of monitoring new batches
until a time equal to the longest run length in the reference database. For each time instant.
obtain the mean and the standard deviation of the variables using only the batches that
were in operation. Replace each “kmown” entry with its scaled deviation. Now, fill the
unknown data with :

1. Zeros. This is equivalent to considering that if the particular batch continued any
longer, it would not deviate from the mean trajectory obtained from longer batches.

2. The scaled deviations noted at the end of each batch run. Here, it is assumed that if
the particular batch continued any longer, it would deviate by exactly as much from
the scaled mean trajectory as it did at the end of the run. This appears to be a more
realistic situation and will be employed in this study.

The above operation serves two purposes : (1) it autoscales the data using the available
information and (2) the jagged database structure depicted in Figure 5.3 is transformed
into a complete database (as in Figure 5.2). With the unfolding of these complete three-
dimensional arrays. the Wangen-Kowalski algorithm can be readily applied. Also. the sub-
traction of the average trajectories from the process variables serves to remove the dominant
nonlinear and nonstationary components from the data - so linear model building tools can
be used with a fair measure of confidence.

5.4.4 Development of the PLS Model and Monitoring Charts

The construction and use of the PLS model with the confidence limits are done using the
procedure reported in Nomikos and MacGregor (1994a). Figure 5.4 shows the concepts
involved in the model building step. Data characterizing the normal operation of the batch
unit are first organized and pretreated. This will ensure that the matrices are in a form
suitable for processing by the PLS algorithm. The data blocks are unfolded (into two
dimensional arrays) and are appropriately scaled (mean centered or autoscaled). If the
batch runs are of unequal lengths, the incomplete part of the data set is filled up using the
procedure outlined above - this automatically results in autoscaled matrices.

The multiblock PLS algorithm (Wangen and Kowalski, 1988) is used to extract the
dominant dimensions in the process data. The procedure is remarkably similar to the
ordinary‘PLS algorithm and generates the scores and loadings matrices for each block of
data - the initial conditions, the primary and secondary variables and the quality block. In
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addition to these matrices, the scores and loadings matrices are also obtained for a composite
block that comprises of the initial conditions block, the primary variables block and the
secondary variables block. These composite matrices can be assumed to be suitably weighted
combinations of the individual scores and loading matrices. As in ordinary PLS, the number
of PLS dimensions to be used in the model is decided based on the percentage of variance
explained or by the use of statistically sound procedures such as cross validation. The
logical structure and layout of the Wangen-Kowalski algorithm for our database structure
is shown in Figure 5.5. Here, Z;, Z2. Z3 and Z; represent the initial conditions block. the
primary variables block, the secondary variables block and the quality block respectively.
The methodology is described only for a single dimension. Latent variables (score vectors)
generated from these blocks are labelled as t1, to, £3 and u4 respectively. The score vectors.
t, t2 and t3 are combined to give a composite score vector t.. The inner relationship model
is then obtained by the regression of t. on u; (represented by the doubleheaded arrow in
the Figure). For the next PLS dimension, the matrices Z;, 25, Z3 and Z4 are deflated (as
explained in chapter 1) and the above calculations are repeated.

The most important part of the model construction step is the derivation of the confi-
dence limits for use in online monitoring. The scores trajectories obtained for each of the
data blocks cannot be used to construct these limits. Online monitoring of batch processes
are quite different from the monitoring of continuous processes and pose some interesting
problems. There is no difficulty for the initial conditions block as all the information is
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dimension : (a) Basic Relationship (b) Logical layout of the PLS algorithm

available. However. the primary and secondary variable information is not complete - at
the start of the batch it is empty and gradually gets filled as the batch progresses from
start to finish. This means that at any time instant, except at the end of the batch. a
pragmatic guess of the future primary and secondary variables must be made. Only if
these matrices are full can the PLS model be used to predict the final quality variables.
Since the confidence limits for the score trajectories will be generated by passing each of
the normal batches through the PLS model as though it were a currently operating batch.
it is mandatory to decide the approach that will be employed to fill up the unknown data
during online monitoring. Nomikos and MacGregor (1995) suggest three approaches to fill
up the unknown data in the process variables vector. A brief summary of their guidelines
is presented below :

e Approach 1: This approach assumes that the future observations are in full agreement
with the mean trajectories as calculated from the reference database. This means that
we fill the autoscaled values (that is used in the M3PLS algorithm) with zeros. The
result is a good graphical representation of the batch run but at the cost of the t-
scores (see Nomikos and MacGregor (1995) for more details) being reluctant to flag
an abnormal plant operation particularly at the start of a batch run.

e Approach 2 : An alternate approach is to assume that the future deviations from the
mean trajectories are equal to the deviations noticed at the current time. This is done
at each sampling time. With this approach, the t-scores are sensitive and pick up an
abnormality more quickly.

e Approach 3 : The third approach capitalizes on the ability of PCA/PLS to handle
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missing data. In the PCA/PLS literature, missing data can be filled up by restricting
them to be consistent with the already observed values up to the current sample.
This method appears superior to the other two approaches if at least 10% of the
batch history is available for it gives large and unexplainable t-scores at the beginning
of the batch. Also, the control limits calculated with this approach have constant
trajectories in contrast to the earlier strategies. It is known that PLS can handle
missing data, if the missing entries are few and randomly located in the data set.
Consequently, this approach may not be appropriate for use in a scenario where there
are too many missing entries that are not even randomly located.

Nomikos and MacGregor (1995) recommend careful employment of these approaches for
process monitoring depending on the nature of the process. They report that the second
approach generally works well in most cases. In this work, a slight variant of this approach
is utilized. At each time instant, the future values are set equal to the autoscaled devia-
tion values at the current sampling instant. This is easily justified because the autoscaled
deviation values are used by the M3PLS model for monitoring and predictions. With this
approach the nature and contour of the monitoring charts are very much akin to those
obtained from the second approach of Nomikos and MacGregor (1995). Such an approach
provides the external reference distribution (e.g. scores for each block and at each time
interval) and facilitates calculation of the control limits. In doing so, it is assumed that the
external distribution sufficiently captures the inherent variations observed in the database
of acceptable process operations and will be applicable to assess new batch runs. The above
procedure is indicated by the block labelled Procedure for computing Confidence Limits in
Figure 5.4.

A prediction interval for a single future observation is an interval that will. with a spec-
ified degree of confidence, contain the next sample from the process. Assuming that the
reference as well as the future data are random samples from the same parent population
(having identical production procedures and similar process conditions). the prediction in-
tervals may be computed (Hahn and Meeker, 1991). A two sided 100(1 — a)% prediction
interval to contain the mean of a future, independently and randomly selected observation.
using the reference data containing an independent random sample of size n from the same
process described by a normal distribution, is (¢f. equation (4.2) of Hahn and Meeker. 1991)

given as :

where UCL and LCL refer to the upper and lower control limits respectively, Z denotes
the estimated mean and S is the standard deviation computed from the reference distri-
bution. The factor t(1—2 a—1) represents the critical values of the Student’s t-distribution
for a specified degree of freedom and confidence. Equation (5.1) can be used to obtain the
confidence intervals for the scores concerning the initial conditions, primary variables and
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the secondary variables. Charting quadratic forms such as the squared prediction errors
(SPE’s) require the computation of one-sided confidence limits. Equation (5.1) is suitably
modified and used for this purpose (as in the case of chapter 1, the SPE values are computed
using the difference between the actual and approximated sample values. See the section on
Tools for Online Process Monitoring, Chapter 1). Usually, the 95% and the 99% confidence
intervals are developed.

The confidence limits for the scores trajectories is readily available to monitor the scores
for the entire duration of a new batch run. However, the confidence limits on the predicted
quality variables are obtained online. The limits are calculated based on involved statistical
concepts such as estimable functions and generalized inverses. Such issues are presented in
Searle (1982). Some approximate expressions are provided by Phatak (1993) and Nomikos
and MacGregor (1994a) - the former has a stronger theoretical basis but is computationally
intensive and is restricted to data sets that have only one quality variable. The less accurate
but more convenient approach of Nomikos and MacGregor is employed here. The confidence
intervals for a predicted quality variable (denoted by ) at each sampling instant is given
by :

[UCL.LCL] = § £ t_g 4y (MSE)3 (1 + i(TiTe) 1) (5.2)

In equation (5.2), UCL and LCL denote the upper and lower confidence limits. 7 refers
to the current predicted value of the final quality variable, ¢;_s ) denotes the critical value
of the student’s t-distribution for a confidence level a and k ::iegrees of freedom. If there
are n dimensions in the PLS model, the degrees of freedom k equals NB-n-1. {. denotes the
composite t-scores computed for the current batch and T, stands for the composite T matrix
obtained from the database of normal runs (during the model building step). The MSE is
obtained from the procedure that is used to estimate the confidence limits and denotes the
mean squared error. It is computed at each sampling instant via equation (5.3).

MSE:SZl)k(y_-_g) (5.3)

Equation (5.2) is applied individually to each of the quality variables.

5.4.5 Online Monitoring

At this point, it is assumed that the following details are available from the data treatment
and the model building step :

e Scaling information for each block at each sampling instant. This information is
obtained from the data pretreatment step

e The PLS model : loading matrices for each block (including the composite block) and
the inner model relating the composite scores to the output scores
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e Confidence limit trajectories for score variables pertaining to initial condition. pri-
mary. secondary and the composite variables

e Confidence limit trajectories for the squared prediction errors (SPE’s) in initial con-
dition, primary and secondary variables

e The MSE values (computed using equation (5.3) for each sampling instant

e The composite matrix, T.

At each sampling instant (major and minor), the data obtained are first scaled in exactly
the same way the normal data were scaled in the model building step. The major sampling
instant denotes the case when measurements of both the primary and secondary variables
are available. The minor sampling instant denotes the sampling periods when only the
secondary measurements are available. Then, the unknown data is filled up using any of
the approaches recommended earlier. Care must be taken to see that the same approach
that was used in the model building step (procedure to compute the confidence limits) is
followed. The scores and the SPE’s corresponding to each block are computed using the
available data and the loading matrices. All of this information can be projected to their
respective monitoring charts. With the composite scores, the inner model and the loadings
matrices, the final quality variables (§) can be predicted. Now, equation (5.2) can be used
(individually for each quality variable) to determine the prediction intervals for the final
quality variables. If the scores or SPE’s for the process variables (initial conditions. primary
or secondary) indicate an out-of-control status. it is advisable not to rely on the predictions
of the final quality variables given by the PLS model. An abnormal situation may indicate
that the PLS model is no longer representative of the current process behavior and too
much emphasis should not be placed on the predictions obtained.

A schematic representation of the steps involved in online monitoring of a new batch is
shown in Figure 5.6. In the next section. two case studies are presented in order to illustrate
the concepts presented above.

5.5 Case Studies

Two case studies are considered here. The first case study involves a fed-batch antibi-
otic producing fermentation reactor and the second represents results based on data made
available from a simulated polymerization reactor?.

‘The data was provided by Prof. MacGregor's group, McMaster University, Hamilton, Ontario, Canada.
The help and advice offered by Prof. MacGregor, Dr. Paul Nomikos and Dr. T. Kourti is gratefully
acknowledged
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variables
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Figure 5.6: Schematic representation of PLS based online monitoring for batch processes :
The Nomikos-MacGregor approach

5.5.1 Case Study 1 : The Fed-batch Bioreactor

The measurements available from the bioreactor and their segregation into various blocks
have been described in considerable detail earlier. The system was modelled in sufficient
detail by using equations that describe the substrate inhibition effects on the biomass growth
and antibiotic production through the use of different empirical models (Bajpai and Reuss
1980). Due to the presence of significantly different time scales (the gas phase dynamics are
significantly faster than the broth phase dynamics), a stiff differential equation solver was
used to solve the model equations (the interested reader is referred to Gudi (1995) for more
details on the model and the simulation procedure). A total of 47 simulations incorporating
the common batch to batch variations were performed by using different initial conditions
to yield a database of normal batch runs. The run lengths of the batches varied anywhere
between 100 and 120 hours. The profiles of the secondary process variables that constitute
the SVB were sampled every 30 minutes while the primary process variables in the PVB
were sampled every 150 minutes. White Gaussian noise with zero mean was added to the
measurements to simulate noisy measurements with a relatively smaller signal to noise ratio.

The database generated from the above simulations was used to obtain the PLS model
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Figure 5.7: Cumulative percentage sum of squares utilized for the PLS model as a function
of the number of dimensions and time : Primary Block

and the monitoring charts for the PLS based algorithm. The data was pretreated first:
as explained earlier, this consisted of data filling, scaling and unfolding. The Wangen-
Kowalski algorithm was used to obtain the multiblock PLS model which had a relationship
structure given by Figure 5.5(a). Three PLS dimensions were found to explain about 97.5%
of the variability in the quality block. The dimension of the PLS model was therefore fixed
at three. The percentage sum of squares utilized from the initial conditions block. the
primary variables block and the secondary variables block were 76.4%. 63.2% and 50.3%
respectively. The cumulative percentage (sum of squares) utilized from the primary and
secondary blocks as a function of the number of PLS dimensions and time is given in Figures
5.7 and 5.8 respectively. The dash-dot line represents the cumulative percentages used up
by the first dimension. the dashed line represents the cumulative percentages utilized by the
first and second dimensions and the solid line represents the total primary and secondary
block information used in the prediction of the quality variable. From these Figures. it is
seen that as time progresses more of the primary block information (about 90%) and less of
secondary block information (about 50%) is used up to predict the final quality. Also. the
third PLS dimension for the primary block employs considerably more information from
the end of the batch: in the earlier part (see Figure 5.7) no improvement is visible after the
second dimension. For the secondary block, the third dimension uses up information from
the middle stages of the fermentation reaction to model the output variable.

The inner relationship plots for the first two dimensions is given in Figure 5.9. Note
that the composite block scores are used to represent the input scores. All the batches are
found to lie close to the 45° line indicating that the linear PLS model is adequate (since
no nonlinear trends are observed). The correlation for the linear fit is also shown in the
Figures. The high correlation coefficient for the second dimension points to the fact that
this dimension is very useful in predicting the output (quality) variable.

The monitoring algorithm was first evaluated by presenting online data from a new
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Figure 5.10: Online monitoring for a normal batch : Fermentation process

normal fermentation run. The scores and SPE trajectories (for the primary and secondary
blocks) as well as the online predictions for the quality variable (final antibiotics concentra-
tion) are shown in Figures 5.10 and 5.11. It is seen that the trajectories lie within the 95%
confidence limits throughout the duration of the batch. The final quality predictions are
quite close to the actual value that was obtained at the end of the simulation run (indicated
by the ‘*' symbol). In these Figures, the dash-dot line represents the 95% confidence limits.
the dashed trajectories are the 99% confidence limits and the solid line shows the actual
batch trajectory.

The following faults or deviations that are commonly encountered in fermentations were
implemented in the simulations and the resulting data sets were presented to the algorithm
to evaluate its capability to perform on-line fault detection and quality predictions.
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Figure 5.11: Online final quality predictions for a normal batch : Fermentation process
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Figure 5.12: SPE trajectory of secondary variables block for abnormal run 1 : Fermentation
process

1. Contamination by foreign microorganisms : An additional contaminant state to char-
acterize the biomass evolved due to the growth of the foreign microorganism was
introduced into the fermentor equations. The contaminant microorganism was as-
sumed to grow at a constant specific growth rate that was higher than the maximum
specific growth rate that could be attained in the normal fermentation (Chattaway
and Stephanopoulos, 1989). The foreign microorganism affected the normal fermenta-
tion profiles by taking up nutrients, oxygen and by evolving CO». It also affected the
final antibiotic titre through its effect on the environmental variables. The concentra-
tion of the contaminant microorganism also showed up in the offline measurements of
the biomass. Figure 5.12 shows that the abnormality is detected almost immediately
after the contamination is introduced (80t* sampling instant). The fermentation run
was discontinued after the 100" minor sampling instant.

2. Sparger disturbances : Changes in the environmental variables, such as the CER and
dissolved oxygen, resulting from sparger disturbances were simulated by manipulating
the gassed power to the fermentor. A disturbance was introduced at 20 hours of
fermentation time and removed after 23 hours of fermentation. The fermentation
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Figure 5.13: SPE trajectory of secondary variables block for abnormal run 2 : Fermentation
process

operation returned gradually to the normal operating regime at about 50 hours of
fermentation. Figure 5.13 shows the partial results of monitoring such a batch. The
deviation from normal plant behavior on the introduction of the disturbance and the
gradual return to normal plant operation after the disturbance is removed can be seen
in the SPE plot of the secondary block.

5.5.2 Case Study 2 : The Batch Polymerization Reactor

As a second example, the monitoring of a semibatch reactor that produces Styrene Butadi-
ene Rubber (SBR) will be illustrated. A detailed mechanistic model was used by Nomikos
and MacGregor (1994a) to produce a database of normal operations consisting of 50 batches.
Three more data sets that included a normal batch and two batches with faults were also
generated by them. Autocorrelated variations and noise have been included in the data
to impart real-life character to the data. These data sets were made available to other
researchers on request and have since been used as a benchmark in related research (Dong
and McAvoy (1994)). Frequent measurements of the feed rates of styrene and butadiene
monomers, temperatures of the feed stream, the reactor contents, the cooling water and
the reactor jacket are assumed. Latex density, total conversion and the instantaneous heat
release from an energy balance are sampled at a lower sampling rate (ratio of frequencies
5:1). The primary variables block is a (50 x 3 x 40) array and the secondary variables block
is of dimension (50 x 6 x 200). Initial condition data are not available for this case study.
The quality block has 5 variables : composition (percent styrene), particle size. branching.
crosslinking and polydispersity and is of dimension (50 x 5). Run lengths in the normal
database were between 180 and 200 samples (minor sampling instants).

After the customary data pretreatment, the PLS model was constructed. Three PLS
dimensions were found to be adequate via the process of cross validation. About 59%
of the primary block sum of squares and 17.5% of the secondary block sum of squares
accounted for approximately 69% of the sum of squares of the quality block. Amongst the
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Figure 5.14: The PLS inner model : Polymerization process

quality variables, more than 80% of quality variables 3,4 and 5 (branching, crosslinking and
polydispersity) were explained; 62% of quality variable 1 (percentage styrene) and only 35%
of quality variable 2 (particle size) were accounted for. Inclusion of more PLS dimensions
may be considered if the latter quality variables are to be fitted more closely.

The inner relationship plots given in Figure 5.14, indicates a good degree of correlation
between the composite input scores and the output scores. The samples lie close to the
diagonal line and implies that a model with good predictive capability has been obtained.
No nonlinear trends are observed in these plots.

Figure 5.15 shows the monitoring charts (first dimension scores and SPE trajectories for
the primary and secondary blocks) from the online monitoring of a good batch. The broken
lines (in this and the following Figures) indicate the confidence limits and the ‘4 sign
represents the value obtained from the current batch. There are no statistically significant
ezcursions from normal plant behavior as is evident from the charts.

Data from an abnormal batch was also made available. In this case, impurities were
introduced in the butadiene monomer feed to the reactor at the 100%* sampling instant.
The results from the online monitoring strategy are given in Figure 5.16. Though the first
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Figure 5.15: Online monitoring for a normal batch : Polymerization process

dimension scores are reluctant to pick up the fault, the SPE values for both the primary
and secondary blocks flag this abnormality almost immediately. This once again brings into
focus the utility of the SPE for process monitoring purposes (in tune with chapter 1). Once
a fault has occurred, the predictions made for the final product quality becomes less reliable
(the final quality predictions are not included because they convey very little).

It is common knowledge that the cooling water temperature and the jacket temperature
are highly correlated and move together. For illustrative purposes, the cooling water tem-
perature was increased and the jacket temperature was decreased taking care to see that
the values were always within the maximum and minimum values found in the database
representing normal plant operations. Such an exercise need not be necessarily viewed as
a mathematical artifice; in real situations, this could represent a faulty sensor. Figure 5.17
shows the resulting trajectories for the resulting batch. The solid lines indicate the max-
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Figure 5.16: Online monitoring for faulty batch 1 : Polymerization process

imum and minimum trajectories obtained from the database of normal runs. The broken
trajectory corresponds to the new operating batch. It is clear that if only the individual
variables are monitored misleading conclusions can be drawn - the faulty sensor(s) may
go unnoticed or the final product may not meet the specifications resulting in the loss of
resources.

The PLS based multivariate monitoring strategy is able to detect the abnormality in
the operation. Figure 5.18 shows the results; it is interesting to see that since the cooling
water temperature and the jacket temperature belong to the secondary variables block. the
primary block scores and SPE are insensitive to the fault.

To pinpoint the underlying reason for the fault, contribution plots were developed (see
chapter 1) and presented in Figure 5.19. The SPE contributions clearly indicate the problem
with secondary variables 5 and 6 (i.e.. the cooling water and jacket temperature). A look
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Figure 5.17: Trajectories of individual process variables over the entire duration of the batch
run (200 samples)

at the contributions to the scores indicate that these variables have moved in opposite
directions thus destroying the normal correlation between them. This indicates a problem
with either of the two sensors.

5.6 Conclusions

This chapter reviewed a databased methodology for process monitoring and fault detection
of batch and semibatch processes in a SPC framework. The strategy is very general and
can be easily adapted to a variety of practical situations. The approach of Nomikos and
MacGregor was extended to include the multirate sampling scenario. Some suggestions were
also provided to handle incomplete databases. Rapid detection and isolation of process faults

were illustrated using two simulation based case studies.
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Chapter 6

Conclusions

This thesis has explored the application of multivariate statistical tools for a variety of
process engineering situations - identification, control and monitoring. The suitability of
principal components analysis and partial least squares for the monitoring and fault detec-
tion of continuous processes is well known (e.g. Kresta (1992), Wise (1991)) and is now a
fairly mature area. Two industrial case studies were considered in Chapter 1 in order to
gain experience in the use of these tools for real applications. The PLS based inferential
model obtained in Chapter 1 for the distillation column has yielded better product qual-
ity at Mitsubishi chemicals, Japan. The CVA method of identifying black-box state space
models was described in Chapter 2. The canonical correlations analysis technique was em-
ployed here to identify the optimal states of the model. It has been shown here and in other
studies (via extensive simulations) that the CVA method is much reliable compared to other
subspace identification methods. The CVA technique was also extended to the domain of
a useful class of nonlinear systems, namely, the Hammerstein model. In Chapters 3 and 4.
PLS based dynamic models were identified from plant data for both linear and nonlinear
systems. The approach proposed by Kaspar and Ray (1992, 1993) served as the motivating
factor for this study. The PLS loading matrices and the identified nonlinear components
were used as compensating elements in the design of the PLS based control strategy. It was
shown that, for multivariable processes, the identification and control tasks can be done
solely based on the well understood SISO (single input single output) theory. To com-
pensate for measured disturbances, the design of feedforward controllers (in terms of the
latent space) was also considered for both linear and nonlinear systems. Very often. large
improvements in regulatory control can be realized by employing only one PLS based feed-
forward compensator. Constrained model based predictive control was also implemented
using the PLS models (integration of the PLS modelling and the DMC control strategy)
for both linear and nonlinear systems to make it more suited for real world applications.
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Finally, the PCA/PLS based batch process monitoring strategy proposed by Nomikos and
MacGregor (1994a, 1994b. 1995) was extended to handle multirate process measurements
and to obtain the PLS model from databases containing batches of varying run lengths.

6.1 Contributions of this thesis
The key contributions of this study can be listed as follows :

e Two industrial case studies involving PLS and PCA are presented to demonstrate the
utility of these techniques for inferential model building and process monitoring

e Superiority of the CVA technique over N4SID was established via extensive simula-
tions. The CVA technique was also used to model and control a laboratory stirred
tank heater.

e The CTVA technique was extended to identify multivariable Hammerstein systems.
This work represents the first step towards extending the purview of the subspace
methods to include these models - the MOESP algorithm (another subspace method)
has been very recently extended (by its original proponents) to identify multivariable
Hammerstein models. This also indicates the growing interest in the use of subspace
identification methods.

e A PLS based modelling and control strategy that is applicable to both linear and
nonlinear systems has been proposed. The theoretical developments were supported
by simulation and experimental studies.

o Explicit expressions were provided for the design of feedforward controllers in the
PLS latent space. Each element of the multivariable feedforward controller can be
obtained as the ratio of two transfer function elements (similar to the SISO feedforward
design case). These controllers are expected to provide high performance feedforward
compensation to counter the effect of measured disturbances.

e The well known Cramer’s rule (that expresses the solution of a square system of
linear equations as the ratio of determinants) has been extended to include nonsquare
equation systems. Though not of any practical utility, this spin-off result (from the
design of PLS based feedforward controllers) has served to rekindle my passion for
old-fashioned mathematics.

e Real process control applications must deal with constraints on process variables.
Model predictive controllers have made this task simple (via online constrained op-
timization). The PLS based models with their control friendly structure would be
useful for practical applications only if they were integrated with the model predictive
control schemes. The investigation carried out in this direction has yielded positive
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results indicating the viability of the PLS-DMC scheme. Of particular interest are
the issues related to the mapping of constraints.

e Some practical extensions were made to the PLS based batch/semibatch process mon-
itoring strategy pioneered by Nomikos and MacGregor. Provisions were made to
handle the multiple rates of measurement as well as to obtain the PLS model from
databases that contain batches of varying run lengths. Simulation examples were used
to illustrate the concepts.

6.2 Recommendations for future work

As with any research project, the work presented here raises some questions and provides
scope for further studies. These are briefly summarized below.

e The optimality of CVA has always been established (here and in other studies) using
extensive simulations. It may be interesting to conduct a fundamental study into the
theory of subspace identification methods and pinpoint the reasons for the optimality
of CVA and the relative performance of the subspace methods.

o There has been considerable emphasis on the open loop identification problem using
CVA. It remains to be seen if the power of CVA can be utilized for multivariable
closed loop identification.

¢ Bilinear state space models serve as useful representation of processes such as the paper
machine headbox and high purity distillation columns. Research can be initiated to
extend the CVA method for the identification of bilinear systems.

o Incorporation of more complex nonlinear structures (e.g. nonlinear time series models.
volterra kernels etc.) in the PLS inner relationship may be required to capture more
severe dynamic and steady state nonlinearities that may be present in plant data.

e Design of control systems based on the nominal PLS model was illustrated in this
thesis. It may be worthwhile to obtain a description of the uncertainty in the model
and use it for robust control system design. Investigation of the robust stability and
performance of this control scheme may be taken up as a research project.

e The PLS based feedforward controllers have not been tested on a physical system.
Real-time implementation of the feedforward compensator will indicate if the proposed
strategy lives up to its promise as a high performance feedforward controller.

o Determination of the interactor matrix, a multivariable generalization of the time
delay, is critical for the performance assessment of multivariable control loops (based
on the minimum variance controller as the benchmark). The PLS modelling strategy
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may provide a convenient route to obtain the interactor matrix from input-output
data.

e The PLS based monitoring strategy may also be extended to cover event driven op-

erations
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Appendix A

Formulation of PCA, PLS and
CCA as Eigenvalue-Eigenvector
Problems

The multivariate statistical techniques that are employed in this thesis can also be cast in
a eigenproblem framework. Here, we present a quick overview of the same. Assume that
the data blocks X and Y have been autoscaled.

e Principal Components Analysis

The goal in PCA is to maximize the amount of variance explained in each of the
principal components (latent variables). Denoting the first latent variable by 71 =
X 71. we may express the variance measure of this latent variable as :

T\ = ;X X5 (A1)
where * indicates the transpose operator. Some restriction or normalization is required

on j; in order to pose the problem correctly. The following condition is used in the
PCA technique.

=1 (A.2)

Using a Lagrangian multiplier A, the corresponding objective function to be maximized
is :

= j1X Xji - MG — 1) (A.3)
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Taking partial derivatives.

%0 —ox'Xj1 -2t (A.4)
97,

Setting the derivative equal to zero, we get
99 —0=2X'Xj1 =221 (A.5)
97,

Using equation (A.5), we may write

X'Xj = A (A.6)

Equation (A.6) is the standard form in which the eigenvalue-eigenvector problem is
usually expressed. j; is the eigenvalue of the matrix X X corresponding to the largest
eigenvalue A (notice that we are interested in maximizing the variance and therefore
A must correspond to the largest eigenvalue). The first principal component (latent
variable) is 71 = X1 and ver(T1) = var(Xj1) = A.

The kt* principal component may be expressed as T = X ji, where ji is the eigen-
vector corresponding to the kt” largest eigenvalue of X X.

Partial Least Squares

In partial least squares. the goal is to maximize the covariance between the X and
Y block latent variables. Let T} and U; denote the latent variables of the X and Y
blocks respectively. The covariance between these latent variables can be expressed
as:

Covariance = T{U; = 5, X Y, (A.T)

The covariance given above is to be maximized subject to the constraints which are
as follows :

fii=landlil; =1 (A.8)

After introducing the lagrangian multipliers A\; and A2, we may write the objective
function in the following form

© =51X'Yl1 -~ M —1) = Al — 1) (A.9)

Differentiating equation (A.9) partially with respect to j; and I] respectively. we get
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99

— =X'YI; —2A1j1 (A.10)
an
Qf =Y Xj1 — 22l (A.11)
al;
On equating the partial derivatives given by equations (A.10) and (A.11) to zero. we
get
XYl =2 51 (A.12)
Y X1 =2xaly (A.13)

Employing equations (A.12) and (A.13) and after some simple algebraic manipula-
tions, we arrive at equations (A.14) and (A.15).

X'YY ' Xj, = 4A 1205 (A.14)

Y' XX'YI, =4x1 0, (A.15)

Equations (A.14) and (A.15) represent the eigenproblem corresponding to the PLS
technique. Using (A.9), (A.12) and (A.13) and the constraints (i.e.. equation (A.8)).
it is possible to show that ); equals Ag; further, the product 4A; A2 corresponds to the
largest eigenvalues of X'YY'X and Y'XX'Y respectively with j; and [; being the
corresponding eigenvectors.

Canonical Correlations Analysis

As the name suggests, the Canonical Correlations Analysis technique is concerned with
maximizing the correlation between the latent variables of the X and Y blocks. Let
us denote these latent variables (called canonical variates in CCA related literature)
by T1 and Uj respectively.

The correlation measure that is sought to be maximized is given by equation (A.16).

Correlation = ——T{ﬂ—’—
\/T{Tl \/UlUl

In terms of the original X and Y blocks. the above equation may be expressed as :

(A.16)
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nX'yn

Correlation = ——————m——x— (A17)
\/]JIX'le vaY'vy
In CCA, the constraints on the optimization problem are specified as follows :
WX Xi=1land (Y'Y =1 (A.18)

With the introduction of the lagrangian multipliers (A\; and A;) and utilizing the
constraints posed above, we may write the CCA maximization function in the following
manner :

0 =XVl -MHX X5 —1) =2l Y'Yl ~1) (A.19)

Performing the usual task of taking the partial derivatives of the above equation with
respect to j; and l'l respectively and setting them equal to zero. we get

XYL =2:X X5 (A.20)

Y'Xji=20YY, (A.21)

Using equation (A.21). it is possible to express [ as

Y'Yy’ x;

!
! 2o

(A.22)

Substituting equation (A.22) into equation (A.20) and performing some algebraic
manipulations results in

(X' X)) X'Y(Y'Y) 'Y X1 = 42 def (A.23)

Similarly. it is possible to show that

YY) W XxX(X'X)"' X'Vl =400l (A.24)

It can be proved that A; equals Ay and that the product 4A; > represents the largest
eigenvalue of the matrices (X' X)"!X'Y(Y'Y)~!'Y'X and (YY) Y’ X(X'X)"'X'Y
respectively. Further, the eigenproblems represented by equations (A.23) and (A.24)
suggest that j; and l; are the eigenvectors corresponding to the largest eigenvalues of
(X'X)IX'Y(Y'Y) 'Y’ X and (Y'Y)"'Y' X(X'X)"1X'Y respectively.
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Although the solutions of the multivariate techniques covered here are provided in
terms of eigenproblems, it is relatively straightforward to cast them in terms of sin-
gular value decomposition (SVD) of appropriate matrices (see Chapter 1). Links be-
tween the eigenproblem and the SVD technique is available in several linear algebra
textbooks.
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Appendix B

Cramer’s Rule for Nonsquare
Systems

The solution of a linear system of n equations in n variables can be expressed as quotients
of determinants. Gabriel Cramer (1704-52) published, in 1750. this celebrated rule which
he had obtained by the “science of algebra.” Though computationally efficient algorithms
such as the LU decomposition are preferred for large numerical problems. Cramer’s rule
is of interest if the equations contain parameters and if analytical expressions are required
(Kreyzig, 1979). Cramer’s rule continues to be used in a variety of fields as evidenced by
some recent publications (Klein (1990), Neergaard (1993)) and serves as a valuable tool to
illustrate basic concepts of linear algebra.

Consider the following n by n system :

anr) +apz2+---+aps, = b
@217 +a2ZT2+ -+ amITn = bo
an1Z) +apaZo +---+QupTn = by
In matrix notation, we may write A x = b where
[@11 a12 a3 --- ain] z b
az; a2 a3 -+ G2 T2 bo
A= |a3; a3z - . ,z=|T3| and b= | b3
Lanl @n2 - CGnnl Zn bn
Let A; denote the i** column of A (i.e., A=[A; | Ag | --- | Ai=1 | Ai | Aisr | -+ | An))-

If A is a matrix of full rank (has linearly independent rows and columns). then Cramer's
rule gives the solution of z; (i=1, ..., n) as :
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_ det(A4])

et ket 24 B.1
%= or(A) B4
where A7 = [A; | A2 | --- | Ai=1 | b| Aiz1 | --- | An] is obtained by replacing the **

column of A with the vector b. A simple proof of Cramer’s rule can be found in Robinson
(1970). Orr (1989) provides a geometric interpretation.

Such a rule is easily extended to the case where it is desired to find the solution to the
equation AnxnXnxr = Bnxr. Now, X and B are matrices rather than vectors. Element {i.j]

(i=1,. ,n;j=1,. ,r) of the matrix X can be written by generalizing equation (B.1)
as :
o T 2
Y det(A) (B-2)

Here, the matrix Aj; is obtained by replacing the it* column in matrix A by the j**
column of B (i.e. A =[A1[|Az2|---|Ai-1 | Bj | Aip1 |-+ | 4n])

In practical situations we often need to deal with nonsquare system of equations. For
example. the linear model A X = B is developed from experimental data - the number
of experimental observations is seldom exactly equal to the number of variables. Usually.
there are more observations than variables though the reverse is also possible. Under such
circumstances, the least squares solution is preferred.

Consider the nonsquare system represented as AmxnXnxr = Bmxr where A is assumed
to be of full (column or row) rank. The least squares solution of this system is represented
as X = A'B where A' is the pseudoinverse of matrix A. Depending on whether matrix A
is narrow (m > n ; more observations than variables) or broad (m < n : less observations
than variables), Af can take two forms :

e Case (a) : A is narrow (m > n)
X =A'B=(ATA)"'ATB (B.3)

(ATA)~1AT is the left inverse of matrix A. The symbol T indicates the transpose
operator. We now provide an extended Cramer’s Rule to determine an analytical
expression for a particular element X;; (i=1,.. ,n;j =1, .. .r) of matrix X.

_ det(ATA})

9= Get(ATA) (B4

Illustration 1
5 3 2 4 5
LetA=|7 6{.B=1|3 7 1].

21
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Here, m = 3. n = 2 and r = 3. To find the element X5, we first compute 43, as

5 4
A;z =7 7
2 2

The matrix products and the determinant values are obtained as :

78 73
Ta= — T 4= \
T 78 59 T .
A'A= 50 46 and det(A" A) = 107 (shows that A is of full rank).

From equation (B.4), we obtain X9 = 1%17» = 0.5701. The reader can verify that
this is indeed the least squares solution of X34 using any computational tool such as
MATLAB®.

Case (b) : A is broad (m < n)
X =A'B=AT(4AT)"'B (B.5)

AT(AAT)~!is the right inverse of matrix A. The eztended Cramer’s Rule to determine
a particular element X;; of matrix X is :

_ [det(A7;AT) ~ det(42497)]

g7 det(AAT) (B0

where A? = [A; | A2 | --- | Ai=1 | Ait1 | -+ | An] is obtained by simply deleting the
it" column in matrix A.

Illustration 2

5 7 2 6 2 1 7
LetA“[3 6 1]’3‘[7 6 4 2]'

Here m = 2, n = 3 and r = 4. To find the element X34, we first compute A3, and Ag.
Using the definitions we get,

. 577 0[5 7
A“"[3 6 2] and 4 ‘[3 6]

The matrix products and the determinant values are obtained as :

88 64

= AT __
A3 "[61 47

] and det(A3,A7) = 232
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34 33

T T
AJAY =[53 85] and det(AJAY ) =81

78 39

T
A4 “[59 46

] and det(AAT) = 107 (implies A is nonsingular).

Using equation (B.6), we obtain X34 = 12%1 = 1.4112. This is indeed the minimum
norm solution for this element.

Concluding Remarks

It is easy to see that if B is chosen as an identity matrix of appropriate size. the pseu-
doinverse of A can be computed, element by element, using equations (B.2)., (B.4) and
(B.6) as long as A is of full rank. Ben-Israel (1982), Verghese (1982) and Wang (1986)
provide Cramer'’s rule for the linear system Az = b when A is rank deficient. However.
their expressions do not reduce explicitly to those given here for a nonsingular A.

In the process of developing compact representations for a multivariable feedforward
controller. we noticed certain patterns in the solution. These patterns helped us to extend
Cramer’s rule to the domain of nonsquare-nonsingular systems (equations (B.4) and (B.6)).
While the proof of equation (B.4) is straightforward (omitted here for the sake of brevity).
proving equation (B.6) may be a bit formidable and has been proposed as a challenge
problem in The American Mathematical Monthly .
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