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Abstract

This thesis concerns with a common practical problem in the area of sampled-data control
systems where the plant is described by nonlinear dynamics and input and output signals
are sampled at different rates. We first follow the continuous-time (emulation) approach
to propose a general stabilization framework for multirate nonlinear systems in presence of
disturbances. This provides a multirate H,, synthesis scheme which can be used to tackle
the intrinsic difficulty of unknown exact discrete-time model in nonlinear sampled-data
control systems. Moreover, an alternative performance criterion is introduced based on
the Lo incremental gain as a stronger form of the usual £y gain that quantifies whether
or not small changes in exogenous inputs such as disturbances or noise will result in small
changes at the output.

The second part of the thesis investigates the discrete-time approach based on model
approximation to the problem of multirate nonlinear sampled-data systems. First, we es-
tablish prescriptive design principles for single-rate sampled-data nonlinear observer that
is input-to-state stable in the presence of unknown exact discrete-time model as well as
disturbance inputs. Our results are then applied to the so-called one-sided Lipschitz non-
linearities to develop constructive design techniques via tractable (linear matrix inequal-
ities) LMIs. Taking the idea of input-to-state stable observer into account, we propose a
general framework for multirate observer design that exploits a single-rate observer work-
ing at the base sampling period of the system together with modified sample and hold
devices to reconstruct the missing intersample signals.

Finally, in order to verify the advantages of multirate sampling we extend our results
to the area of networked-control systems (NCSs). A general output-feedback structure is
developed which utilizes the same idea as that of our multirate observer to predict the

missing outputs between measured samples. The proposed multirate network-based con-



troller is shown to be capable of preserving the dissipation inequality slightly deteriorated
by some additive terms, in spite of network-induced uncertainties and disturbance inputs.
By this means a stable NCS can be obtained under much lower data rate and a significant

saving in the required bandwidth.
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Notation

R, Z The sets of real and integer numbers

R*, Z* The sets of nonnegative real and integer numbers
R™ The set of real n-dimensional vector

Rmxm The set of real n x m matrices

L, Function space with well-defined p-norm

Lyr Extended £, space of truncated signals

= Existential quantifier

v Universal quantifier

reX x is an element of set X

XCY X is a subset of Y

AT or A’ Transpose of matrix or vector A

At Inverse of matrix A

At Orthogonal complement of a matrix A, i.e., AATA =0
I Identity matrix of appropriate dimension

||| or|-| Euclidean norm of a vector or matrix

() Natural inner product, i.e., (z,y) = Ty

-] Floor of a real number

[ Ceiling of a real number

B(r) Open ball of radius r around origin

aob Composition operation of a and b



Abbreviations

A/D
D/A
CTD
DTD
MSD
ISS
LMI
NMI
NCS
SER
R-SER

Analog to Digital

Digital to Analog
Continuous-Time Design
Discrete-Time Design
Multirate Sampled-Data
Input-to-State Stability
Linear Matrix Inequality
Nonlinear Matrix Inequality
Networked-Control System
Signal-to-Error Ratio

Relative Signal-to-Error Ratio
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Chapter 1

Introduction

This thesis explores controller and observer design for nonlinear sampled-data systems
under multirate sampling. While it is a common practical problem in the area of sampled-
data control systems that the input and output signals are constrained to be sampled
at different rates, the analysis and design tools for nonlinear multirate systems are still
limited. The purpose of this research is to cover a range of several open issues by providing
different analysis and design techniques for multirate nonlinear sampled-data systems. The
thesis also presents various applications of the theoretical results through simulation based
studies.

In this chapter the preliminary background, the thesis objectives, the thesis contribu-

tions, and a short overview of the literature will be given.

1.1 Nonlinear Sampled-Data Systems

The significance of digitally implemented controllers in today’s industry together with
the fact that most systems of reasonable complexity are often described by nonlinear
dynamics, motivate the area of nonlinear sampled-data control systems. A sampled-data
system involves both continuous-time system and digital controller which is implemented
by the computer. Although a linear approximation around a prescribed operating point
may be used to analyze some nonlinear plants, in many situations the nonlinearities can not
be neglected. This become more critical considering the fact that most practical systems

and processes are nonlinear in nature. There is a wide area of applications for sampled-



data control systems, where nonlinear phenomena cannot be avoided. These applications
range from the manoeuvre control of an aircraft, such as a VI'OL aircraft systems, ship or
submarine vehicle control, position control for robotic systems in a precision manufacturing
process, autonomous vehicle systems, biochemical reactors, power plants and many others.

A general configuration of a sampled-data feedback system is shown in Figure 1.1. A
continuous-time plant (process) is connected to a digital controller via analog-to-digital
(A/D) and digital-to-analog (D/A) converters that are often referred to as sample and hold
devices, respectively. The A/D converter samples the plant output y(¢) at the sampling
instants ¢; and sends it to a control algorithm. The controller processes the measured
output y(¢x) and produces a suitable sequence of control inputs u(t;). This sequence is
then converted through the D/A converter into a piecewise continuous control signal u(t)
that is applied to the plant. This is usually done by holding the value of the control
signal constant during the sampling intervals (zero-order-hold). In a single-rate setup, the
sampling instants t; are equidistant, i.e., tx = k7T, k = 0,1,2,..., where T > 0 is the

sampling period.

: t
Controller L) D/A iu(t) Plant/Process iy

Digital Controller

Figure 1.1: Sampled-data control system

In general, we can indetify three main approaches for designing the digital controller

in Figure 1.1 (see e.g., [1]):

1. The continuous-time design (CTD) method: Design based on a continuous-time
model of the plant and then controller discretization (this method is often referred

to as the controller emulation design).

2. The discrete-time design (DTD) method: Design based on a discrete-time model of

the plant

3. The sampled-data design (SDD) method: Design based on the sampled-data model
of the plant which also takes into account the inter-sample behaviour in the design

procedure.



While the SDD method has been successfully developed for linear systems, only the
first two approaches, namely CTD and DTD methods, have brought about rigorous results
for nonlinear systems (see [2,3] for a survey on some recent results). This is mainly due to
mathematical complexities of nonlinear equations. Sampled-data design method uses exact
sampled-data model of the system and controller is designed using this model. However,
the major difficulty arising when designing a controller for a sampled-data nonlinear plant
is that, the exact discrete-time/sampled-data model of the plant cannot be found [4]. This
is in contrast to linear systems where the exact model is usually available. The absence
of such a model has lead to several schemes that use different types of discrete-time
approximate models for this purpose. We now overview some of the results on single-rate

nonlinear sampled-data control systems.

1.1.1 Controller Emulation

This method consists of the following steps:

continuous-time plant = continuous-time controller = discretize controller = implement
the controller

Clearly, in this case controller design is the topic of the area of continuous-time nonlinear
control. Therefore, the CTD method is well-established since a wide range of continuous-
time strategies can be directly used for design of digital controllers. The main question in
this method is whether the desired properties of the continuous-time closed-loop system
will be preserved, and if so, in what sense for the closed-loop sampled-data system obtained
by emulation.

As a starting point, we are interested in the stability of the sampled-data nonlin-
ear system. Asymptotic stability and input-to-sate stability within the emulation design
framework have been addressed in [5]- [6] and [7], respectively. However, other important
theoretic properties such as passivity or L, stability may be also center of attention in
some applications. In [8] Nesic and Teel propose a rather general notion of dissipativity
which covers most of these properties. Precisely, two different forms of dissipation inequal-
ities, called the “weak” and the “strong” forms, are introduced and it is shown that the
exact discrete-time model of the closed-loop sampled-data system preserves the dissipation

inequalities under emulation in a semiglobal practical sense [9]. The cases of static and



dynamic state feedback controllers are studied in [8] and [10], respectively. It should be
noted that each of the forgoing dissipation inequalities is useful in certain situations.
There are some advantages of emulation design. First, there are many tools for con-
troller design in continuous-time domain. Second, the sampling is taken into account at
the implementation stage. Therefore, the controller design problem is separated from the
problem of choosing a sampling period. However, some disadvantages may arise during the
application of this method. Since the performance of the continuous-time controller can
only be recovered under very fast sampling condition, because of hardware restrictions it
may be impossible to reduce sampling period to a sufficiently small value to ensure desired
performance. Therefore, in these cases direct discrete-time design is a better alternative

which is based on discrete-time model of the plant.

1.1.2 Direct Discrete-Time Design

The design procedure of the DTD method is as follows:

continuous-time plant = discretize plant model = discrete-time controller = implement
the controller

In this method, one first derives a discrete-time model of the plant, then designs a digital
controller for the discretized plant and finally implements the designed controller using a
sampler and hold device. Despite the difficulties encountered in the DTD approach for
nonlinear systems, there is a strong motivation for pursuing this method since it deals with
the sampling directly and effectively. Besides, as illustrated by [11] it may yield better
results than the corresponding emulation design.

As mentioned earlier, the exact discrete-time model of a nonlinear plant is inaccessible
in most cases. Moreover, the exact discrete-time model of a linear system is linear while the
exact discrete-time model for a sampled-data nonlinear system does not usually preserve
important structures of the underlying continuous-time plant, like control affine structure.
Consequently, whenever we refer to the DTD method, it is always reasonable to assume
that only an approximate discrete-time model is available for the controller design. The
key question in the approximate DTD scheme is whether or not the properties of the
closed-loop system containing the exact discrete-time model and the digital controller will

be similar to those of the closed-loop system containing the approximate discrete-time



plant model and the digital controller. Several research has been done in the literature to
answer this question [12,13].

One may come to believe that to obtain a stabilizing controller via the DTD method,
it is sufficient to design a stabilizer for an approximate discrete-time plant model with
adequately small sampling time T" > 0. However, this reasoning is wrong as can be seen

by the following counterexample.
Example 1.1. [2/ Consider the sampled-data control of the triple integrator
T1=x2, Tog=2x3, X3=1u

Although the exact discrete-time model of this system can be computed, we base our control

design on the its Fuler approximate model
x1(k+ 1) =21(k) + Txa(k), x2(k+1)=ux9(k)+ Txs(k), x3(k+1)=x3(k)+ Tu(k)

a minimum-time dead-beat controller for the Euler approrimation is given by

x1(k 3xo(k 3x3(k
oty = 210 32209 _ ()

The closed-loop system consisting of the Euler model and the dead-beat controller is asymp-
totically stable for all T > 0. On the other hand, the closed-loop system consisting of the
exact discrete-time model of the triple integrator and the dead-beat controller has a pole at

~ —2.644 and, hence, is unstable for all T > 0!

Therefore, no matter how small the sampling period is, we may always find a controller
that stabilizes the approximate model but destabilizes the exact model for the same sam-
pling period. Extra conditions are needed. These conditions have been characterized by [4]
using the notion of consistency, which is a criteria for closeness of the solutions within
the numerical approximation analysis. Then, the stabilization conditions for the static
state feedback controller under the DTD method is investigated. The dynamic feedback
case is also treated in [12]. Indeed, these results provide a unified framework for sampled-
data stabilization of nonlinear plants based on the approximate discrete-time models (see
also [13]).

In general, there are some advantages of the direct discrete-time design. First, the
sampling is considered from the beginning of the design process. Therefore, better perfor-

mance can be achieved by the controller obtained by direct discrete-time design comparing



to emulation controller. Second, larger sampling periods may be applied to the controller
designed by direct discrete-time design. However, there also exist some disadvantages of
this method. Since the continuous-time model is discretized at the beginning of the design
process, the discretization may destroy some important properties of the continuous-time
model such as feedback linearizability and minimum phase properties. Therefore, analysis
and design using this method are usually harder. This disadvantage can be overcome by

careful design and the choice of sampling period.

1.2 Multirate Sampled-Data Systems

The sampling period is an important design parameter in the design of digital controllers.
Usually, increasing the sampling frequency enhances the performance of a sampled-data
control system. However, the computer costs will also increase because less time is avail-
able to process the controller equations. Furthermore, faster sampling rates require faster
A /D converters which may also increase system overall costs. Apart from costs, the se-

lection of the sampling rates depends on many factors such as hardware restriction.

The literature overviewed in the previous section are restricted to single-rate systems
where the A/D and D/A converters are applied at the same sampling rate. However,
in some practical cases hardware restrictions on input and measurement sampling rate
can be essentially different. For example, the D/A converters are generally faster than
A /D converters, thus the measurements are often sampled at slower rates compared to
the control input. This situation where the system has several sample and hold devices
operating at different rates is called mulrirate sampled-data (MSD) system (see e.g., [1]
and [14]). Figure 1.2 displays a general MSD system. Such cases can be seen in systems
with special data transmission links or special sensors and actuators and are useful for
improving the system performance. Networked control systems (NCS) is a good example
for this type of systems. Also, use of multirate sampling is natural in multiprocessor

applications.

Indeed, since the pioneering work of Kranc [15], multirate sampled-data (MSD) systems
has been a topic of constant research with multiple applications, including estimation

and control [16-23], fault detection and isolation [24,25], communications and sensor
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Figure 1.2: General multirate sampled-data system

networks [26,27], and digital signal processing [28-30] (see also [31,32] and the references
therein for some earlier applications). Multirate systems arise when signals comprising
the system are sampled at different rates, a situation that often occurs when there exist
different dynamics and hardware restrictions associated with different input and output
channels.

Handling the MSD system necessitates a certain type of controllers called multirate
controllers. Indeed, if we want to control the output not only at the sampling instants
but also between the sampling instants, then a multirate controller would be helpful. As

classified by [33], three common approaches can be distinguished:

1. Single slow-rate method: downsample the multirate measurements to a lower sam-
pling rate, i.e., representing the MSD system by an equivalent single-rate model
whose sampling period is the least common multiple of all sampling periods in the
systems. The main drawback of this method is that it doesn’t use all the available

information!

2. Single fast-rate method: the sampling period is the greatest common divisor of all
the sampling periods of the multirate plant. Note that, this technique is applicable
if all the signals are available at a faster rate than that in the original multirate

system.

3. Lifting method: stacking of fast-rate measurements of a signal during one repetition
period from a slow-rate signal (see e.g., [1]). This method which is the most popular
approach in this context, uses all the available information in the multirate data.
Roughly speaking, it involves converting the multirate system into a single-rate

system (with slower sampling rate and higher dimension) using the lifting operators.



Extensive research on development and analysis of linear multirate control systems has
been carried out (see e.g., [1,34,35] and the references therein). For instance, Longhi [36]
analyzes some structural properties such as reachability, controllability and stabilizability
of linear MSD plants. Linear multirate controllers for a given MSD are parameterized
in [37]. After pioneering works developed by Chen and Qiu [34] on multirate Hy/Hoo
control, many researchers try to solve this problem using various methodologies, e.g., [35]
and [38]. A performance comparison of the linear single-rate and multirate sampled-data
systems was accomplished in [33].

Nonlinear multirate systems, however, have received comparatively much less atten-
tion and a general theory of multirate (controller and observer) design of nonlinear plants
does not exist. This is mainly due to intrinsic complexity accompanied with nonlinear
equations. One specific situation treated in the literature is the “low measurement rate”
constraint where D/A convertors are much faster than A/D convertors. In particular,
nonlinear MSD stabilization is addressed by [17-21], when the output is measured at a
slower rate compared to the control input. Their main idea is to employ an inferential
control setup which uses a fast-rate numerical integration scheme to reconstruct the in-
tersample state trajectories and then supply them to a fast-rate digital controller. More
explicitly, [17] studies practical asymptotic stability of the multirate setup in the presence
of measurement delay for both the controller emulation and DTD strategies. This ref-
erence ignores the effect of disturbances which can have a destabilizing effect given that
actual measurements are substituted with model predictions. The authors in [18] and [19]
consider input-to-state stability (ISS) of the multirate system driven by disturbance in-
puts. These references show that the proposed inferential setup is capable of input-to-state
stabilizing the nonlinear sampled-data plant in both the CTD and DTD methods, respec-
tively, in a practical sense. In [20], we investigate the dissipativity of multirate nonlinear
plants using “emulation” with emphasis on the design of L5 gain nonlinear controllers for
MSD plants.

The aforementioned work consider the full-information case where all state-variables
are available for feedback, a situation that may be unrealistic in many practical cases. To
overcome this difficulty, [21] considers dual-rate output feedback stabilization low mea-

surement rate. Reference [22] employs a discrete-time high-gain observer and proposes a



multirate observer-based controller for a class of nonlinear systems where, unlike [17-21],
the measurement sampling rate is faster than the control update rate. Another interesting
work on the subject is [23] which presents a recursive multirate approach to decrease the

computational load on the classical nonlinear mode-based predictive controllers.

1.3 Research Motivation and Objectives

The purpose of this section is to briefly introduce and highlight the main contributions
of this thesis. More in-debth arguments can be found in the related chapters. Although
significant achievements have been obtained for multirate nonlinear systems, there still
remain many unanswered questions. For instant, most of the existing results are confined
to the analysis problem and less efforts have been paid to the design problem for nonlin-
ear MSD plants. In particular, there is no systematic algorithm for multirate nonlinear
observer design and most of the literature on this topic assume a full information state
feedback that is unrealistic in practical situations. Moreover, stabilization has been stud-
ied only under either the “low measurement rate” constraint or the dual-rate case, hence
development a theory for general multirate systems is necessary. This work is aimed at
addressing some of these problems. Our main focus is on the design problem, meanwhile,
we will provide some extensions and modifications to the analysis results. In general, the
results in this thesis can be categorized into the emulation-based and direct discrete-time
design methods. The continuos-time design is the center of attention in Chapters 3-4 and

the discrete-time design based on approximation models will be pursued in Chapters 5-7.

1.3.1 Emulation-Based Results

Our disability to exactly compute the discrete-time model of nonlinear plants is the ma-
jor obstacle in controlling nonlinear sampled-data systems. Nonlinear MSD plants will
naturally inherent this problem with more complexities due to the existence of different
sampling rates. The open-loop estimators used in [17-19,21] to reconstruct the inter-
sample state trajectories are model-based. Therefore, the robustness properties of their
proposed schemes needs further investigations. These facts motivate us to develop an H,
strategy, that is the first choice to deal with the uncertainties and unknown plant model

(see e.g., [39])., to stabilize multirate nonlinear systems. Since the continuous-time results



reported by several researchers (e.g., [40] and references quoted therien), successful results
have been obtained regarding the nonlinear Hy, control problem for discrete-time [41] as
well as single-rate sampled-data systems [42,43]. The problem of nonlinear H, control is
entirely based on the notion of differential games and the theory of dissipativity.

Dissipativity is a general property (see Chapter 2 for fundamental definitions) that
covers several system theoretic properties including stability, input-to-state stability, pas-
sivity, L,-stability, etc. [44]. In Chapter 3, using the idea of inferential setup utilized
in [18] and the theory of dissipativity, we propose a general framework for stabilization of
nonlinear MSD plants under the emulation method. Our result is applicable for both the
static and dynamic state feedback case. As a special case with practical importance, it
is shown that an approach to the problem of multirate H,, control is obtained from the
proposed framework.

As mentioned before, the design procedure of the emulation method is basically per-
formed in the continuous-time domain ignoring the effect of sampling. Hence, the main
effort should be devoted to presenting a continuous-time controller with great capabilities.
Following this objective, in Chapter 4 we introduce an alternative approach to nonlinear
H, control based on the L9 incremental gain with promising results. System gain is a
concept that has played a crucial role in control theory. System gains were formally intro-
duced in the control literature by Zames [45] and Sandberg [46] (see also [47], [48], [49]),
and are the central tool in the input-output theory of systems that has been a cornerstone
of major advances in control theory over the past three decades, including the development
of the Hy, and £ optimal control theories and all of the robustness results that rely on
the use of small gain theorems. Also proposed in those papers is the notion of incremental
gain. For an operator I' : w — 2(La7 — La7), the induced and incremental £y gains
from the input w € Lo 7 to the output 2z € Lo 7 are respectively defined as follows

r
Ple= sup U@l
wGLQ,T,w;AO ||'LUT”

IDlas=  sup |Tw)r — (T'd)r||
Y waelyrwto  |lwr — ||

where the extended space L2 7 contains all truncated signals with bounded 2-norm. Roughly
speaking, the incremental gain is a stronger form of system gain that measures continuity

of the input-output map and has important properties that can be of interest in con-
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trol problems. In particular, incremental gains quantify whether or not small changes in
exogenous inputs such as disturbances or noise will result in small changes at the out-
put. Moreover, incremental forms of the small gain theorem ensure not only closed loop
stability but also existence and uniqueness of the solution of the system equations (see
e.g., [47]).

Despite these important features, incremental gains have received comparatively less
attention than regular gains in the control literature. Several reasons probably contribute
to this. First and foremost, when restricted to linear systems, both standard and in-
cremental gains are identical and can be computed using the so-called operator norm or
induced norm of the system. Thus, for linear systems the popular H., and £; theories
enjoy all of the properties associated with the incremental gain mentioned above. When
dealing with nonlinear systems, however, these similarities disappear and great care must
be exercised when extending familiar concepts and theories from linear systems to the
nonlinear case. The H, theory, originally proposed in [50] for linear-time invariant sys-
tems, in particular, has been extended to the nonlinear case based on the fact that the
concept of “induced norm” carries over to the nonlinear case without changes. The ex-
tension has lead to a comprehensive body of literature of unquestionable value, but does
not carry the same properties encountered in the linear case. In particular, the notion of
continuity, attenuation of disturbance changes and existence and uniqueness of the system
of equations in feedback systems, are all lost.

More than 20 years after [45,46], Georgiou [51] employs the incremental gain to measure
the distance between nonlinear dynamical systems applicable in robust control and to
introduce the notion of differential stability (see [52-54] for recent results). Incremental
gains have also been employed in the input-output analysis of linear feedback loops with
saturation [55-58]. In [55] the authors examine the regularity properties of this type
of systems, while [56] considers the characterization and approximate computation of
the incremental gain via matrix inequalities. A comparison of the induced norm and
incremental gain for low-order saturating systems is presented in [57], and an approach
for estimating the L5 incremental gain of piecewise linear systems with application to the
anti-windup problem is provided in [58].

Motivated by the specifications discussed above, in this thesis we first synthesis a state
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feedback incremental H,, controller for Lipschitz nonlinear plants. Then, considering a
more general class of nonlinearities, namely one-sided Lipschitz, we tackle the problem
of H,, output feedback control design using the incremental gain. The details are given
in Chapter 4. These continuous-time techniques are cast into tractable LMIs and can be
readily applied in the general multirate framework developed in Chapter 3.

One-sided Lipschitz systems were inspired by recent advances in the mathematical
literature on numerical analysis and can be viewed as a generalization of the popular
Lipschitz condition that has received much attention in the control literature for the
past 4 decades. The one-side Lipschitz condition reduces the intrinsic conservatism in
the Lipschitz approach and relaxes the assumption of linear dominance associated with
classical Lipschitz based results. Explicit mathematical definition is given in Chapter
2. [59,60] present a complete analysis of the observer convergence problem for one-sided
Lipschitz systems. Existence conditions are discussed in [61] and the stabilization problem
is formulated in [62]. See also [63-65] for some other recent works. In this thesis, the
one-sided Lipschitz condition will be exploited to examine our general frameworks by

constructing systematic design methods (Chapters 4 and 5).

1.3.2 Discrete-Time Approximation-Based Results

Direct discrete-time approach to the problem of nonlinear sampled-data systems is fol-
lowed in Chapters 5 and 6 to establish single-rate and mulitrate nonlinear observers,
respectively. Precisely, in Chapter 5 we study sampled-data nonlinear observers, under-
stood as observers for continuous-time systems implemented using a digital computer via
sample and hold devices. Observers, or state estimators, are well accepted as one of the
fundamental building blocks in system theory and extensive research has been done con-
cerning continuos-time and discrete-time nonlinear observers (see, for example, [66] and
the references therein). Discrete-time observers are of particular importance because, in
practice, most observers are implemented using a digital computer. Most of the literature
dealing with discrete-time observers assumes the existence of a discrete-time model of the
plant and proceed with the design in discrete-time. An alternative is to first design a
continuous-time observer and then proceed to discretize the resulting observer using one

of several discretization techniques (this is the so-called emulation approach). As men-
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tioned earlier, the discrete-time design is usually preferred to the emulation approach as
it can typically render similar performance at lower sample rates. The main difficulty en-
countered in the discrete-time design, however, is that finding the discrete-time model of
a nonlinear plant requires solving the system’s differential equation between two samples.
Most nonlinear differential equations of interest do not have a closed-form solution and
therefore the designer is forced to rely on approximate models.

Despite advances in nonlinear sampled-data control, sampled-data observers have re-
ceived much less attention and there remain several challenging open issues. Significant
results in this context include the Newton observers proposed by [67], which assumes that
only sampled measurements are available, [68] that resolves the problem of unknown exact
discrete-time models in [67], [69] that studies discretized high-gain observers, and [70] that
proposes a general framework for sampled-data observer design along the lines in [2,4,13].

One important element not discussed in the existent literature on sampled-data ob-
servers is the effect of disturbances on the estimation error. Incorporating disturbance
action in observers is nontrivial given that in the presence of external disturbances the
reconstructed observer cannot converge to that of the true plant and therefore the notion
of state convergence and analysis based on Lyapunov theory cannot be employed. One
way to tackle this problem is to consider the mapping from disturbance to observer error
and employ the notion of input-to-state stability to characterize the error. This analysis
provides a measure of the deviation from the origin of the error dynamics that is directly
proportional to the norm of the disturbance action. We mention in passing that the effect
of disturbance action has typically been studied in the context of state estimation or fil-
tering, where the primary focus is on disturbance or noise attenuation either in statistical
sense (such as in Kalman filtering) or in terms or operator norms (such as in the Hy,
problem). Our primary interest is in observer convergence in the ISS sense, which can
also be viewed as an L, bound on the estimation error, in some sense. The use of ISS in
the observer context is not new and has been applied to observer design of continuous-time
plants with slop-restricted nonlinearities [71] and Lipschitz systems [72].

In Chapter 5 we present two general estimation procedures for general nonlinear sys-
tems based on (i) discrete-time design (DTD), and (ii) continuos-time design (CTD) or

emulation. We show that, given a continuous-time nonlinear plant model, then under some
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standard assumptions and Lyapunov-ISS conditions, the proposed observers converge to
the true plant state at each sampling instant in an input-to-state stable, semiglobal prac-
tical sense. Then we confine our attention to omne-sided Lipschitz condition to obtain
constructive algorithms for a special class of systems. We present two DTD and CTD
(emulation)-based schemes that ensure input-to-error stability in terms of LMIs. Both
of the proposed observers introduce refined Euler models by incorporating an integra-
tion parameter together with the sampling period to approximate the exact discrete-time
models.

Inspired by the single-rate input-to-error stable observer introduced in Chapter 5,
in Chapter 6 we tackle the observer design problem for nonlinear MSD systems under
the effect of disturbance inputs. Our main purpose is to layout a general framework
for multirate observer synthesis. The main idea is to introduce a fast-rate sampler that
reconstructs the inter-sample outputs between measured samples using an approximate
discrete-time model of the plant together with the system output function and a modified
hold device that assigns each control input to its previous measured value during the
corresponding sampling interval. The outputs of the modified sample and hold devices
are then fed to a single-rate observer working at the base sampling period of the plant.
Taking the disturbances as the input and the estimation error as the state, the notion of
input-to-state stability (ISS) is adopted to analyze the convergence of the estimation error.
We show that if the single-rate observer is input-to-stable stable, under some standard
assumptions and Lyapunov-ISS conditions, the proposed multirate observer is input-to-
state stable in the semiglobal practical sense.

Our approach deals explicitly with (i) the model mismatch introduced by the discrete-
time approximation (discussed in [70] for single-rate sampled-data observers), and (ii)
the effect of disturbances and consequent deviations of the model estimates from true
plant outputs. Our proposed sampled-data scheme is not restricted to either the high
gain observers used in [22] or to the dual-rate case studied by [21] and covers the “low
measurement rate” case addressed in [17-21] as a special case.

Finally, in Chapter 6 we will study a practical application of multirate sampling by
proposing a general output feedback framework for nonlinear networked-control systems

(NCSs) based on discrete-time approximation. Unlike the emulation results of Chapter 3,
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in this chapter all of the state variables are not necessarily available for measurement that
is a more realistic assumption.

Feedback control loops in which system components (sensors, controller, actuators,
etc.) are exchanging data over a wired or wireless communication network constitutes
an attractive and challenging research area in control theory that is called Networked
Control Systems (NCSs) (see Figure 1.3). The main motivation behind the recent in-
creasing interest in NCSs is to offer great advantages, such as low cost, simple diagnosis
and maintenance, high reliability and flexibility compared with the conventional control
systems [73]. Moreover, capabilities of NCSs have been demonstrated in numerous appli-
cations including mobile sensor networks [74], automated highway systems [75], unmanned
aerial vehicles [76], and multi-agent systems [77]. However, the insertion of a network in
the control loop is accompanied with different kind of imperfections and uncertainties
such as quantization, packet dropout, communication delay, and limited data rate, etc.,
which are potential resources of performance degradation and/or instability. Therefore,
in order to exploit the benefits of the network-based control systems by preserving the
closed-loop stability (and performance) in the face of these constraints imposed by net-
works, several specific control techniques have be reported in the literature. The current
status and overview of available NCS structures can be found in special issues [78,79] and

many survey papers, e.g., [80,81].

Actuatorl )..... ((Actuatorm ) (C Sensorp }-----
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Figure 1.3: The standard setup of an NCS

The efforts on NCSs are mostly devoted to the modelling, stability analysis and con-
troller synthesis of linear NCSs (see e.g., [81] and the references cited therein). Significant
results have also been presented for the nonlinear counterpart problem, however, with rel-

atively less expansion. Among others, continuous-time approach toward NCS by consider-
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ing networked-induced effects is pursued in [82,83] to stabilize a certain class of nonlinear
systems based on Lyapunov-Krasovskii functions, in [84] to develop model predictive con-
trol strategy, in [85,86] to address the output feedback problem using Riccati inequalities,
and in [87-89] to analyze stability within general frameworks which make use of con-
troller discretization (emulation). On the other hand, there exist only a limited number of
works on discrete-time approach for nonlinear NCSs. Inspired by the theory of nonlinear
sampled-data systems (see e.g., [4,13]) based on discrete-time approximation, [90] pro-
poses a model-based communication protocol to deal with time varying delays and packet
losses in nonlinear NCSs. Very recently, [91] extends the same theory to the case of time
varying and uncertain sampling intervals and delays (that are not enforced to be multiple
of the sampling interval like what assumed in [90]), to derive sufficient conditions for the
global exponential stability of the nonlinear discrete-time NCSs. It is worth noting that
discrete-time design usually preferred to emulation-based controllers due to direct incor-
poration of the sampling period and providing better performance. Besides, it is shown
by [92] that in the case of linear NCSs, discrete-time approach may reduce conservatism.

In practice, since there exist different dynamics and hardware restrictions associated
with different input and output channels, it is often unrealistic to sample all the signals
comprising the system uniformly at one single rate. Therefore, multirate systems, in which
different sampling rates coexist, has found prominent importance in control applications.

Aside from the physical limitations, multirate sampling brings specific advantages to NCSs:

e It can often decrease the required storage space or computational complexity for

signal processing,

e Not only it does not violate the finite bandwidth constraint in NCSs, but also can

increase overall efficiency by effective usage of the available data rates,

e Multirate controllers are generally time varying, hence they can achieve what single-

rate systems cannot [1].

The objective of the model-based NCSs recently presented by e.g., [90,93,94] is also to
reduce the communication bandwidth requirement by creating more dependence on the
plant model rather than the actual measurements. However, the restrictive assumption

of single-rate sampling rates was always made in these works. Inclusion of multirate
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operations in NCSs can be seen in [95], where a subband coding scheme is proposed
to efficiently use the limited bit rates and to account for message losses. The problem
of model predictive control for networked-based multirate systems is studied in [96] via
a switched Lyapunov function approach. The ideas of channel resource allocation and
topological entropy of the plant are adapted in [97] to obtain necessary and sufficient
condition for stabilization of linear continuous-time system NCSs with imperfect multirate
input channels, in pursuit of [98] which focuses on discrete-time systems with imperfect
single-rate input channels. To the best of the author’s knowledge, nothing has been
reported on the nonlinear multirate NCSs and usually full information state feedback is
assumed in the existing linear multirate NCSs.

In Chapter 6, we employ the theory of dissipativity to stabilize multirate nonlin-
ear NCSs in the face of network-induced constraints and disturbance inputs. A general
sampled-data framework is proposed which utilizes a numerical prediction scheme together
with an output feedback controller to preserve a certain dissipation inequality. This work
generalizes the results of Chapter 3 to output feedback stabilization of multirate nonlin-
ear sampled-data systems via discrete-time design and in presence of a communication
network. Then, as special cases with practical importance explicit conditions in terms
of different sampling rates and network uncertainties are derived to guarantee, respec-
tively, the input-to-state stability and exponential stability of the disturbance driven and

disturbance free multirate NCS.

1.4 Thesis Outline

The organization of this research can be summarized as below:

Chapter 2: In this chapter, technical preliminaries are provided. Common notation and
definitions which will be used throughout the thesis are also presented.

Chapter 3: This chapter deals with a common practical problem where the output of a
nonlinear sampled-data system is constrained to be measured at a relatively lower sampling
rate. Designing a continuous-time controller that satisfies a specific dissipation inequality,
it is shown that the closed-loop sampled-data system obtained by digitally implementation
of the emulated controller in a multirate scheme preserves similar dissipation inequality

in a semiglobal practical sense. Moreover, we address multirate nonlinear H, control via
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emulation method as an important application.

Chapter 4: The L5 incremental gain is proposed as an alternative to the usual gain for
designing nonlinear H,, controllers. Considering a class of plants with Lipschitz nonlin-
earities and using LMIs, a state feedback controller is designed such that the closed-loop
system is exponentially stable in the absence of disturbance inputs and has £5 incremental
gain less than or equal to a minimized number in the presence of disturbances as well as
model uncertainties. Moreover, a norm-wise robustness analysis of the proposed technique
against nonlinear uncertainties has been accomplished. Our result is verified through sta-
bilization of both certain and uncertain systems in an incremental sense and also input
tracking of a chaotic plant.

In the second part, an H,, output feedback controller is presented for one-sided Lips-
chitz systems, which consists of a state feedback control together with a nonlinear observer.
By proposing the L5 incremental gain as an alternative Hy, performance measure to the
usual gain, we develop a design technique that guarantees an asymptotically stable closed-
loop system in the absence of disturbance inputs and further minimizes the incremental
gain from disturbances to the controlled output. This method is based on the Lyapunov
function parametrization and is formulated in terms of LMIs. Our result is then vali-
dated via numerical example of a discontinuous plant exposed to disturbance inputs with
numerous variations.

Chapter 5: In this chapter the design of sampled-data state observer for nonlinear plants
is investigated under the effect of system and measurement disturbance signals. We es-
tablish general design principles using the standard approaches of (i) direct discrete-time
design via approximation and (ii) discretization of a continuous-time observer (emulation).
By interpreting the disturbances as exogenous inputs affecting the error dynamics, suf-
ficient conditions are derived which ensure input-to-state stability (ISS) of the proposed
sampled-data observers with respect to the estimation error in a semiglobal practical sense,
in the presence of unknown exact discrete-time model as well as disturbance inputs. Our
results are then applied to the so-called one-sided Lipschitz nonlinearities to develop con-
structive design techniques via tractable LMIs. Simulations of an academic example and a
chaotic attractor validate the effectiveness of the proposed sampled-data estimators based

on the approximation and emulation methods.
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Chapter 6: This chapter is devoted to the problem of nonlinear state estimation under
multirate sampling in presence of disturbance inputs. Considering a general description
of a nonlinear sampled-data system, we establish a prescriptive framework for multirate
observer design via an approximate discrete-time model of the plant. This framework
is shown to be input-to-state stable in a semiglobal practical sense with respect to the
estimation error for the unknown exact discrete-time model. A numerical example of an
aerospace vehicle with input and output channels of various sampling rates demonstrates
how the multirate observer can drastically improve performance compared with the single-
rate observer.

Chapter 7: This chapter studies the problem of output feedback stabilization of non-
linear networked control systems (NCSs) with multirate sampling. Modeling the network
induced constraints as multiplicative or relative uncertainties to the input and output
channels a general framework for the multirate nonlinear NCS design is established that
exploits a dynamic sampled-data output feedback together with a numerical integration
scheme based on discrete-time approximate models to predict the missing intersample mea-
surements. The behavioral analysis is performed in the context of dissipativity theory. We
show that given an output feedback control satisfying a certain dissipation inequality for
the single-rate NCS, under standard continuity and consistency assumptions the proposed
multirate network-based structure is also dissipative with respect to similar supply rate
slightly deteriorated by some additive terms, in spite of channels uncertainties and distur-
bance inputs. These terms are closely related to the sampling rates and the integration
period and can be modified elaborately to preserve the input-to-state stability (ISS) in a
semiglobal practical sense. Moreover, sufficient conditions are provided which guarantee
the exponential stability of the uncertain multirate NCS in the absence of disturbances.
A simple simulation example exhibits some important features of the design approach by
rendering a stable closed-loop system under low rate of data transmission.

Chapter 8: The concluding remarks and future work related to the research are discussed

in this chapter.
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Chapter 2

Mathematical Background

This chapter provides technical preliminaries and definitions and fixes some standard

notation that will be used throughout the thesis.

2.1 Notation and Fundamental Tools

For a given function d : Rt — RY, d(k) indicates the value of d(-) sampled at t = kT,
k€ Z' and d = d[k] := {d(t) : t € [kT,(k+ 1)T),k € Z*} with the norm ||d[k]||cc =
€SS SUPrc[kT,(k+1)T] |d(7)]-

The classes of functions defined below play an important role in characterizing stability

of nonlinear systems.

Definition 2.1. A continuous-time function a : [0,a) — [0,00) is said to belong to class
IC if it is strictly increasing and a(0) = 0. It is of class K if, in addition, a = oo and

limy—y00 0(t) = 00. Functions of class K are invertible.

Definition 2.2. A continuous-time function 5 : [0,a) x [0,00) — [0,00) is said to belong
to class KL if for each fized t, 5(-,t) is of class K with respect to t and for each fized s,

B(s,-) is decreasing with respect to s and lim;_,o B(s,t) = 0.
Two basic mathematical theorems that are useful in this thesis are provided below.

Theorem 2.1. (Mean Value Theorem) Assume that f : R" — R is continuously

differentiable at each point x of an open set S C R™. Let x andy be two points of S such
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that the line segment L(x,y) C S. Then there exists a point z € L(x,y) such that

_of

N 81‘ T=z

fly) — f(z) (y — ) (2.1)

The line segment L(x,y) joining two distinct points x and y in R™ is

L(z,y) ={z|]z =0+ (1-0)y,0<0 <1} (2.2)

Theorem 2.2. (Gronwall-Bellman Inequality) Let A : [a,b] — R be continuous and
w: [a,b) = R be continuous and nonnegative. If a continuous function y : [a,b] — R
satisfies

t
y(t) < A1) + / u(s)y(s)ds (2.3)

for all a <t < b, then on the same interval

YO SN0+ [ N as (24)
In particular, if \(t) = X is a constant, then
y(t) < elar(Ddr (2.5)
if, in addition, u(t) = p > 0 is a constant, then

y(t) < Aetlt=a) (2.6)

2.2 Basic Definitions

2.2.1 Dissipativity

The notion of dissipativity is a broad system theoretic property which allows us to study
connections between input-output stability and classical Lyapunov stability of state space
realizations. Roughly speaking, it indicates there can be no “internal creation” of energy.
Therefore, the stored energy in a dissipative system at time ¢ = t; is, at most, equal to
the energy initially stored at time ¢ = %, plus the total energy externally supplied during

the interval [to, t1].
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Consider a dynamical system given by the following state space realization

5. z(t) = f(z,u), ueld,x e X 27

y(t) = hz,u), y€y
where X C R™", U C R™, Y C RP are, respectively, the state, input and output spaces.
Associated with (2.7) we define a function w(t) = w(u(t),y(t)) : U x Y — R, called supply
rate (dissipation rate), that is a locally integrable function of the input « and output y of

the system X.

Definition 2.3. [/9] A dynamical system ¥ is said to be dissipative with respect to the
supply rate w(t) if there exists a function ¢ : X — RT, called the storage function, such
that for all xg € X, all t1 > ty, and all inputs u € U
t1
ole(t) < dlatto) + [ w(ute) vo)ar 28)
where x(ty) = xo and x(t1) is the state of ¥ at time t; resulting from initial condition x

and input function u(-).

The inequality (2.8) is called the dissipation inequality. In general, the storage function
¢ need not be differentiable. However, the most widely used form of (2.8) upon which
several important results can be obtained, is the differential dissipation inequality which
further assumes a continuously differentiable storage function. More explicit definition
is given in Chapter 3. Also, the discrete-time form of dissipativity will be reviewed and
applied in Chapter 7.

There are several interesting candidates for the supply rate w(t) each of which impli-
cates a certain property such as input-to-state stability, passivity, small gain, £, stability,
etc. One common type known as QSR-dissipativity in the literature is obtained by consid-
ering w(t) = yT(t)Qy(t) +2yT(¢t)Su(t) +uT(t) Ru(t), that covers different kinds of passivity
as well as the finite-gain stability as special cases of interest for specific choices of the

parameters @, S, and R. The interested reader is referred to [40,49,99] for more details.

2.2.2 Input-to-State Stability

The concept of input-to-state stability (1SS) was firstly introduced by [100] as a natural
generalization of asymptotic stability to fill the gap between stability in the sense of
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Lyapunov on one hand and input-to-output stability on the other hand of the spectrum.
ISS is basically utilized to analyze stability of systems described by state space realization
with variable input functions by investigating whether or not bounded inputs results in
bounded states. Although for linear time-invariant (LTI) systems where all notions stability
coincide, input-to-state stability is equivalent to asymptotic stability of the unforced plant,
the nonlinear case is a lot more subtle. One can easily find simple counterexamples showing
that, in general, these implications fail for nonlinear systems.

Consider a nonlinear system with input

&(t) = f(x(t), u(t)) (2.9)

where f: D x D, — R" is continuously differentiable in = and u, and the sets D and D,
is defined by D = {z € R" : ||z|| <7}, Dy = {u € R™ : esssup;>g [|u(t)|| = [|ulloo < 7u}-
Note that these assumptions guarantee the local existence and uniqueness of the solutions

of the differential equation (2.9). The input-to-state stability is defined as follows.

Definition 2.4. The system (2.9) is said to be locally input-to-state stable (ISS) if there

exists a class KL function B(-,-) and a class K function y(-) such that

[z(8)] < B(lzol, t) +v(llulloc) (2.10)

for all xzg € D, uw € Dy, and t > 0. It is said to be input-to-state stable, or globally 1SS if
D =R" and D, = R™.

Remark 2.1. The input vector u of the system may have two different interpretations;
first, it can be a control, which is free to be designed to satisfy specific performance criteria
of the system and second, it can be an internal or external perturbation of the model like

erogenous disturbances. This case is considered Chapters 5-7

Remark 2.2. For the unforced system & = f(x,0), 1SS implies that the origin is uniformly
asymptotically stable.

Remark 2.3. An alternative way to Definition 2.4 is to replace (2.10) by
|z(t)] < max{26(|xol, 1), 2y(||ullo)} (2.11)

The equivalence comes from the fact that given 8 > 0 and v > 0, max{8,7} < S+ <
max{20,2v}.

23



Lyapunov-like conditions can be stated to characterize the input-to-state stability.

Definition 2.5. A continuous and differentiable function V : R® — R is called an ISS
Lyapunov function for the system (2.9) if there exists class Koo functions oy, ag, as and

o such that the following conditions are satisfied:

o (Je]) < V() < ) (2.12)
P fa,u) < ~as(lel) +o(lul) (213)

for all xg € R™, u € R™.
Theorem 2.3 gives necessary and sufficient conditions for ISS.

Theorem 2.3. The nonlinear system (2.9) is input-to-state stable if and only if there

exists an 1SS Lyapunov function for the system.

We mention that input-to-state stability is a special case of dissipativity. Moreover,
the discrete-time form of ISS that is the central analysis tool in Chapters 5-7 will be

introduced later.

2.2.3 Consistency of Discrete-Time Approximate Models

Throughout this thesis the discrepancy between the exact and approximate discrete-time
models is measured via the concepts one-step and multi-step consistency. Consider again
the continuous time nonlinear system (2.9) with the control input u that is realized through
a zero-order hold device, i.e., u(t) = u(kT) := u(k),Vt € kT, (k+ 1)T),k € Z*, where T
is the sampling period. The difference equation corresponding to the exact discrete-time

model of (2.9) and is approximate model are, respectively, represented by

(k+1)T
z(k+1) =x(k) + /kT flx(r),u(k))dr := Fp(z(k), u(k)) (2.14)
z(k+1) = Fp(x(k),u(k)) (2.15)

As mentioned earlier in Chapter 1, Fif is not usually available for nonlinear systems and
hence, the approximation F7 will be used in our analysis and design. We employ two
notions adopted from the numerical analysis literature to measure the closeness of solutions
of (2.14) and (2.15). The first type of closeness guarantees that the error between solutions
starting from the same initial condition is small over one step, relative to the size of the

step.
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Definition 2.6. (One-Step Consistency) [13] The family F(x,u) is said to be one-
step consistent with the exact discrete-time model Ff(x,u) if, for each compact set 2 C
R™ x R™, there exist a class-K function p(-) and a constant T* > 0 such that for for all
(x,u) € Q and T € (0,T*] we have

[P (2, u) — Fi(a,u)] < Tp(T) (2.16)

A sufficient condition for one-step consistency is the following whose proof is given

in [4,9].
Lemma 2.1. If
1. Ff is one-step consistent with F{?“le" where FIE”I” =z+Tf(z,u),

2. given any strictly positive real numbers (85, dy,), there exists p1 € Koo, M >0, T* > 0
such that for all T € (0,T*) and |z1| < 0z, |u| < dy,
® MaX|y|<s, ul<s, |f(T,u)| <M
i ’f(fl?l,’UI) - f($27u)| < pl(‘xl - 3}2’)
then, F7. is one-step consistent with Ff.

By Lemma 2.1, it can be shown that the Euler approximate model is one-step consistent
with the exact model. The second type of closeness guarantees that the error between
solutions starting from the same initial condition is small over multi steps, relative to the

size of the step.

Definition 2.7. (Multi-Step Consistency) [4/ The family F(x,u) is said to be multi-
step consistent with the exact discrete-time model Ff(z,u) if, for each L >0, pn > 0 and
each compact set @ C R™ x R™, there erist a function o : RT x Rt — RT U {co} and

T* > 0 such that for all T € (0,T*], we have
{(z1,u) € Q, (z2,u) € Q, |r1 — 22| <6} = |Fp(z1,u) — Fp (e, u)| < a6, T)  (2.17)

and

—
k<L/T = o"0,T):=a(...a(a(0,h),h)...,h) <7 (2.18)
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A sufficient condition for multi-step consistency is the following whose proof is given

in [4].

Lemma 2.2. If for each compact set @ C R" x R™ there exist K >0, p € Koo and T* > 0
such that for all T € (0,T*] and all (x1,u) € Q, (x2,u) € Q we have

(P, u) — F(wa,u)| < (1+ KT)[ay — @] + Tp(T), (2.19)
then F7 is multi-step consistent with Ff.

Remark 2.4. In can be inferred that the condition of Lemma 2.2 is guaranteed by one-step

consistency plus a Lipschitz condition on either Ff or the family Fy.

In general, one-step and multi-step consistency do not imply each other. This issue is

clarified by means of the following example [4, Remark 3, Example 2].
Example 2.1. Consider the linear system

1 =T +w

(2.20)
i‘g = U9
with the exact discretization
#1(k+1) =elz (k) + el — 1uy(k
Wb 1) = T (k) + (67 = TJu (k) oo
i‘g(k + 1) = .’L‘Q(k) + TUQ(k‘)
and the Fuler approximate model
Tik+1) =[1+T]x1(k)+Tui(k
(k+1) = [1+ Thaa(k) + Tus (k) 02)

which is controlled by

[—21’1 O]T if 0<0.1zy < 29 < 1021
u(z) = (2.23)

[-2x1 — x2|T otherwise
It follows from Lemma 2.1 that (ur, Fi) is one-step consistent with (ur, F5.). However,
(ur, F}) is not multi-step consistent with (ur, F). Indeed, consider the initial condition
(€1,&) = (1,0.1). It is easy to see that, in this case, (x4 (k,&),23(k,€)) = (1—T)*(1,0.1),

i.e., the positive ray xo = 0.1z1 > 0 is forward invariant for all T € (0,1). On the other
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hand, (z$(1,€),25(1,€)) = ((2 — e1)1,(1 — T)0.1), i.e., for all small T > 0, x5(1,¢) <
1025(1,€) and x5(1,€) > 0.125(1,€) since ¥ > 1+ T. It follows that, for k > 1, z(k,&)
will take values on the horizontal line given by xo = (1 —T)0.1 moving in the direction of
decreasing x1 until it crosses the positive ray xo = 10x1. Let k denote the number of steps
required to cross the positive ray xo = 10x1. It is easy to put an upper and lower bound
on kT that is independent of T. Then since, for all k < k, we have z§(k, &) = (1 —T)0.1
while 23 (k, &) = (1 —-T)¥0.1 < e7*70.1, it is clear that the conclusion of Lemma 2.2 is not
satisfied. Hence, (ur, Fft) cannot be multi-step consistent with (ur, Fy).

The fact that one-step consistency may not hold when multi-step consistency does hold
can be seen from the plant © = x + w with Euler approzimation x(k + 1) = x(k) +
T(z(k) +u(k)) = F&(z(k),u(k)) and controller ur(z) = —(% + 1)z. The ezact discrete-
time model is x(k + 1) = elz(k) + (eI — Du(k) and we have Fi(z,ur(x)) = 0 and
Fé(z,up(z)) = (1- J%):c Since, for x in a compact set, F5.(x,ur(zx)) is of order T we
do not have one-step consistency. On the other hand, it follows from Ff(z,ur(x)) = 0 and
the fact that F5(x,ur(x)) is of order T that we do have multi-step consistency. Indeed,
for each compact set X € R and each nn > 0 there exist strictly positive numbers K, T*
such that, for all z,z € X, T € (0,T*), k > 0,

|Pf (2, ur(z)) = Fi(2,ur(2))| = |Ff(, ur(2))| < KT := a(8,T) = a*(0,T) <1

Since in this thesis we will consider the effect of disturbance inputs as well and we deal
with multirate systems, more general definitions of consistency properties are needed.
Assume that the nonlinear system (2.9) is affected by exogenous disturbances d(t) as
& = f(x,u,d). Then, consistent with the literature on nonlinear sampled-data control
systems we denote the exact discrete-time plant model by Ff(z(k),u(k),dk]) and its
approximate model by F7, (z(k),u(k),d[k]). Note that the discrete-time approximate
model is here parametrized by the integration period h of the numerical method upon
which it is generated. The following definition of one-step consistency, that appears to be
much more reasonable for multirate systems, will be widely used throughout the thesis.

The analogous multi-step consistency condition is given in Definition 7.1.

Definition 2.8. The approzimate model Fy,; is said to be one step consistent with Ff. if

there exist a class-IC function p(-) and T* > 0 such that given any strictly positive numbers
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(01,02, 03) and each fized T € (0,T*], there exists h* € (0,T] such that

|Fr (2, u,d) = B (2,0, d)| < Tp(h) (2.24)

for all x € B(61), u € B(02), ||d|lcc < d3 and h € (0,h*).

2.2.4 One-Sided Lipschitz Condition

As mentioned in Chapter 1, the one-sided Lipschitz systems is known as a broad family
of nonlinear plants with practical significance (e.g., stiff dynamical systems [63]) which
generalizes the classical Lipschitz systems as an special case. In this thesis, particularly
Chapters 4 and 5, we examined our general frameworks on this important class of nonlin-
earities to illustrate the effectiveness of the results and to obtain some systematic design

approaches.

Definition 2.9. [63] The nonlinear function ®(x,u) is said to be Lipschitz with respect

to x in a region X around the origin if there exists a constant A > 0 such that Vai,x9 € X
[ (1, u") — P(x2,u")|| < Allwy — a2 (2.25)

where u* is any admissible control signal. This nonlinearity is called one-sided Lipschitz

if there exists p € R such that Vxi,29 € X
(®(w1,u") — ®(wa,u*), 21 —w2) < pllwy — walf? (2.26)

the smallest A > 0 and p satisfying (2.25) and (2.26) are known as the Lipschitz and the

one-sided Lipschitz constants, respectively.

The properties of Definition 2.9 might be local or global. Note that unlike the Lipschitz
constant, the one sided Lipschitz constant is not necessarily positive. This is a significant
feature of the one-sided Lipschitz nonlinearities which removes the need to rely on the
dominance of the linear terms in the classical Lipschitz approach. It is well known that
every Lipschitz function is continuous, one-sided Lipschitz functions on the other hand
may be discontinuous.

For any Lipschitz function ®(z,u), we have
(@ (@1, u") = B2, u*), 21 — w2)| < || (21, 1) — B(w2, u)|[[21 — z2|| < Az — o]
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Thus, any Lipschitz function is also one-sided Lipschitz. The converse, however, is not
true. For continuously differentiable nonlinear functions it is well-known that the smallest
possible constant satisfying (2.25) (i.e., the Lipschitz constant) is the supremum of the

norm of Jacobian of the function over region X, that is
0P
A = lim sup (Ha—H), Ve e X (2.27)
x

Alternatively, the one-sided Lipschitz constant is associated with the logarithmic matriz

norm (matriz measure) of the Jacobian. The logarithmic matrix norm of a matrix A is

defined as [48]
— lim I + €Al — 17

() =ty 11 (2.28)
where the symbol || - || represents any matrix norm. Then, we have [101]
0P
p = limsup [u(a—ﬂ, Ve e X (2.29)
x

If the norm used in (2.28) is indeed the induced 2-norm (the spectral norm) then it can
be shown that (1(A) = Amas(252) [48]. One the other hand, from the Fan’s theorem we

know that for any matrix, Anae(252) < Opas(A) = ||A||. Therefore, < A. Usually one-

sided Lipschiz constant can be found to be much smaller that the Lipschitz constant [101].

It is well-known in numerical analysis that for stiff ODE systems, pu << A.

Remark 2.5. There is an alternative definition for one-sided Lipschitz condition as fol-
lows

(PO(z1,u*) — PO(xo,u™), 21 — x3) < pplzy — 2o? (2.30)

for some symmetric positive definite matriz P. This definition has been already considered
by several authors to study one-sided Lipschitz systems (see e.g., [59-62]). However, the
main drawback with (2.30) is that it adds additional constraint to the controller or observer

synthesis and affects the value of the one-sided Lipschitz constant.

In this thesis the original definition of one-sided Lipschitz condition governed by (2.26)

is employed without any scaling matrix like (2.30).
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Chapter 3

Multirate Nonlinear Control via

Emulation Method

The primary interest of this chapter! is the study of dissipativity preservation under
multirate sampling. The theory of dissipativity was initiated by [44] and has become a
fundamental tool in control systems analysis and design. See for example [40,49,99]. We
will concentrate on controller emulation when the output is measured at a slower rate
compared to the control input. Assuming that the closed-loop system with disturbances
satisfies certain form of dissipation inequality, we study the dissipativity of a closed-loop
MSD system implemented by emulating the continuous-time controller. We make use
of the inferential control setup proposed by [18] and show that under mild assumptions
the dissipation inequality is preserved for the nonlinear multirate plant in a semiglobal
practical sense.

Essentially, this chapter is a multirate version of the work of [9]- [8], and guarantees
the preservation of dissipation inequalities for a closed-loop sampled-data system when
the input and output sampling rates are different. Our results are applicable to static and
dynamic state feedback controllers and can be used to cover a wide range of important sys-
tem theoretic properties, including stability, input-to-state stability, passivity, L,-stability,
etc that are special cases of dissipativity. Hence, in the present work we provide a rather

general and unified framework for MSD design via CTD method that can be regarded as

IThe results of this chapter have been published in the article: H. Beikzadeh and H. J. Marquez,
“Dissipativity of nonlinear multirate sampled-data systems under emulation design,” Automatica, vol. 49,
no. 1, pp. 308-312, 2013.
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a generalization of the papers by [17] and [18]. Moreover, it is shown how this framework
captures the important case of multirate nonlinear Ho, control (see e.g., [39] on nonlinear
H, control problem) as a special case.

The chapter is organized as follows. In Section 3.1, the multirate controller setup
together with the relevant notations and definitions are introduced. Section 3.2 states
and proves the main results for both the static and dynamic state feedbacks. We employ
an appropriate example to illustrate our results in Section 3.3. It can be seen that if we
design a continuous-time nonlinear H,, controller, then similar H,, performance criterion
is preserved for the MSD control system under emulation. Furthermore, simulations reveal
that the multirate case outperforms the corresponding single rate case using a prominent

slower output sampling rate. Finally, Section 3.4 concludes and summarizes the chaper.

3.1 Preliminaries and Controller Setup

Consider the general nonlinear plant governed by
G: (3.1)

initiated by x(0) = zp, where x € R™ is the state, u € R™ the control input, d € R?
the exogenous disturbance to the system, and finally z € R! the penalty output (tracking
errors, cost variables, etc). Also, it is assumed that f is locally Lipschitz in all of its
arguments, ¢ is continuous and f(0,0,0) = 0. The state feedback controller will be studied
and therefore, all the states are available for measurement. Representing the measured
output by y, we will often write y = .

The continuous-time plant (3.1) is connected to a digital controller K; via sample and
hold devices with different sampling rates Ss and Hy, respectively, as shown in Figure 3.1.
In this setup, the input sampling period defined by the fast hold H is denoted by T; = T
and the measurement sampling period determined by the slow sampler S; is T;,, = IT for
some integer | > 1. This assumption was made before in the literature on multirate plants
(see e.g., [17]). Note that T is the basic sampling period of the system and can be assigned
arbitrarily.

As a starting point in the emulation design, it is assumed that the state feedback

31



A

Y

Sy LYK, |V H,

Figure 3.1: Standard multirate sampled-data control configuration

controller has been designed to stabilize or to fulfill certain property of the closed-loop
continuous-time system. Differential dissipation defined below is such a broad property
that is the centre of attention in this work (see [44]- [99] for more general definitions). We
focus on the static controller u(t) = u(x) while the dynamic feedback case may be also

handled in a similar fashion in Section 3-2-2.

Definition 3.1. The continuous-time system (3.1) with the control input u = u(x) is said
to be dissipative with respect to a continuous function w, called supply rate, if there exists
a continuously differentiable function V', called storage function, such that for all x € R™,

ueR™, deR?, 2z e R

V(t) = 2 f(x(t), u(t),d(t)) < w(d(t), (1)) (3.2)

Remark 3.1. It should be noted that the dissipation rate w is usually expressed as a
function of the input and output signals [40], i.e., w(u,d,y,z) for the general represen-
tation (3.1). However, since we have considered a state feedback case in a closed-loop

configuration, it can be simplified as in (3.2).

Let
(k+1)T
w(k+1) = (k) + / f(a(r), u(k), d(7))dr := Fp(x(k), u(k),d[k])  (3.3)
kT
represent the exact discrete-time model of the plant (3.1) with the sampling period 7" > 0.
Finding Ff requires solving the differential equation in (3.1) which in most practical cases

cannot be done analytically. Consistent with the literature on sampled-data systems, Fr.

will be assumed to be unknown and instead, a family of approximate discrete-time models
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of the plant will be used
w(k+1) = Ff(2(k), u(k), d[k]) (3.4)

where h is the period of the numerical integration used to generate the approximate model
and may be different from the sampling period 7' (see [18] for an informative discussion
on choosing h different from 7). The approximate models can be obtained using any of
several well known numerical integration methods.

With these prerequisites, we are able use the sampled-data inferential control setup
proposed by [18] with zero disturbance, shown in Figure 3.2, to stabilize the multirate non-
linear plant in Figure 3.1. Indeed, the control algorithm K is described by the following
periodic switch

ylk+1), ifFie€eZt : k+1=1l
z(k+1) = (3.5)
Ff o, (ze(k), u(k),0), otherwise, with initialization x(il) = z(il)
along with the discretized emulated controller u(k) = wu(xz.(k)). The basic idea is to
compensate for the missing states by means of the switch output which is fed to the fast

rate controller.

x(kT,)
— K H¢ f S L

N
S

Periodic
Switch

Xe

Figure 3.2: The sampled-data inferential control system

Thus, the discrete-time model of the closed-loop sampled-data system consists of the

exact discrete-time model of the plant and the multirate controller is given by

z(k+1) = Fp(z(k),u(k),dk])
u(k) = u(zc(k)) (3.6)
z(k) = g(x(k), u(k),d(k))
To shorten our notation we write z := z(k), ze = wo(k), u = u(k), d := d(k), and

f = f(z(k),u(k),d(k)) in the sequel. For completeness the following definition and lemma

are introduced.
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Definition 3.2. (Uniform Lipschitz) Ff., is said to be uniform locally Lipschitz if given
any strictly positive numbers (91,02, 03) there exist L1 > 0 and Ty > 0 such that for each
fized T € (0,T4], there exists hy € (0,T] such that

|F%7h(x17uv d) _F%h(IQ’uy d)‘ < L1|371 _«732| (37)

for all x1,x9 € B(d1), u € B(02), ||d||cc < 3 and h € (0, hy).

Lemma 3.1. Suppose that 7}, is constructed by a recursive routine on the Euler model

as below
KT+ (i+1)h
fh(ivxau7d) 5:$+hf1(m,u,d1)+/ f2($7u7d2(7))d7 (38)
kT+ih
@ u,d) = fa(i+ 1, £} u,d) (3.9)

where f(x,u,d) = fi(z,u,di) + fa(z,u,d2) with the sampled disturbance di and the non-
sampled disturbance da. Then, Ff., (x(k), u(k), d[k]) := N (2, u,d), in which N = T/h, is

one-step consistent with Ff.

Remark 3.2. In the single-rate case, a sufficient condition for one-step comsistency is
established via the Euler approximate model [4, Lemma 1]. Lemma 3.1 provides a similar
condition for the multirate case. The proof is immediate from [}, Lemma 1 and Remark

2] together with [13, Corollary 4 and Remark 14].

3.2 Preservation of Dissipativity in Mutilate Setup

3.2.1 Static Feedback Case

The central question is whether the desired property of the closed-loop continuous-time
system described in terms of the dissipation inequality (3.2) will be preserved and, if so,
in what sense for the closed-loop MSD system (3.6). This section endeavours to answer

this question.

Assumption 3.1. The close-loop continuous time system (3.1) with the control input

u = u(x) is dissipative as stated by Definition 3.1.

Assumption 3.2. F}, is one-step consistent with Fi. according to Definition 2.8 and is

uniform locally Lipschitz based on Definition 3.2.
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Theorem 3.1. Under Assumptions 3.1-3.2, given positive real numbers (35,9q4,v) there
exists T* > 0 such that for any fized T € (0,T*], all |x(0)| < 6, and Lipschitz disturbances
that satisfy ||d||co < 4, there exists h* € (0,T) such that the exact discrete-time model of

the closed-loop MSD system (3.6) satisfies the following dissipation inequality

ATV = Vilk+ 1)%_ V®) k), =) + v (3.10)

for each h € (0, h*].

Proof: First the results provided in [18, Lemma 1] imply that under Assumption
3.2, given positive real numbers (d,,dq,€) there exists 7o > 0 such that for any fixed
T € (0,T3], there exists ho € (0,7T] such that for each |z(0)] < dz, ||d||c < 64 and

h € (0, ha] the following satisfies: If max;cqo1,. ky [£(i)] < d; for some k € Z* then
|x(k) — z.(k)| < e (3.11)

with z.(-) as the output of the periodic switch (3.5). Define 6 = d, + 1. Let L be the
Lipschitz constant of f, and b > 0 be a number that satisfies max{|0V/0x|, |f(x,u,d)|} <b
on the sets |z| < 0 and ||d||c < dg4. It is easy to see that such b > 0 always exists because
of the continuous differentiability of V', the local Lipschitz property of f and the fact that
they are in a closed set.
Let 75 > 0 and hy > 0 as generated above for some € < 1, and choose a positive number
T3 such that T3Lb(b+ Lg) < v/2, where Ly is the Lipschitz constant of the disturbance
input defined as
|d(t1) — d(t2)| < Lalt1 — ta|, Vti,t2 € RT (3.12)

Moreover, by the continuity of 0V/dz, it follows that given any 6 > 0 there exists Ty > 0,
such that |(0V/0x),, — (0V/0x),| < 0 for any T € (0,Tp], |x1 — x| < Tb. Take 6 = v/2b
and denote Ty := Ty such that for all T' € (0,74], |z| < § and ||d||oc < g4 the following

holds:
ov ov v
<

%[xl B %hc - ?b
Finally, take T* = min{T}, T, T5,T4,1/2b} and for any T € (0,7*] we define h* =

(3.13)

min{hy, ho,T}. To shorten the notation we symbolize = := z(k), . := z.(k), u := u(k),
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d:=d(k) and fy := f(xz(k),u(k),d(k)) in the sequel. Now consider
A )= VB 88 J+ LV el 1)) - V(e + T}

——
1 2

+ Vet TR -V )—%uf} (3.14)

3
in which 7" € (0,7*] and x + T'fy, is the Euler approximate model of the state equation
n (3.1). We proceed by imposing some bounds on each term on the right hand side of
(3.14).
Term 1: By Assumption 3.1, it follows that

ov

< w(d, 3.15
e f<w(d,z) (3.15)
Term 2: Using the mean value theorem, we get

10V

- 1)—x-T 1
T op kD —e TRl (316)

SVl +1) = V(e + Tf)} <

where xo = x + Tfy, + 01{x(k + 1) — z — Tfi}, 61 € (0,1). Regarding the term |z(k +
1) — x — T'fx| two situations may occur. If {z(k + 1) — x — T'fx} < 0, then by our
choice of T™, in particular 7% < 1/2b we obtain |za| < |z + Tfi| < 0, +1/2 < 6.
Otherwise, we have |z2| < |z(k 4 1)|, and noting that here x(¢) is the solution of initial
value problem & = f(xz(t),u,d(t)),Vt € [kT, (k+1)T] with the initial value z(k), it implies
|zo| < |z(k+1)| < d; +1 = 6. Consequently, in both cases z2 belongs to our region of
interest. Furthermore, by virtue of (3.11), it follows that |z.| < d; + ¢ < 0 which indicates
that the switch output also remains inside the region defined by d. Since |za| < 6, it
yields that ’(8V/ 89:)362‘ < b. Using the mean value theorem, triangle inequality and local

Lipschitz property of f and also d, i.e., inequality (3.12), it can be concluded

lz(k + 1) — 2 — Tf| < T|f(x(KT + 62T), u, d(kT + 65T)) — f(z,u,d)|
< T f(z(kT + 62T),u, d(kT + 02T)) — f (2, u, d(kT + 62T))|
+ T\ f(z,u, d(kT + 05T)) — f(x,u,d)|
< TL{|z(kT + 6oT) — x| — |d(kT + 6,T) — d|}
< LT f (x(kT + aboT), u,d(kT + ab:T))| + LaLT?

< LT?*b 4 LyLT? (3.17)
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with 02, € (0,1). Hence, we can write
term 2 < T'Lb(b+ Lg) (3.18)

By the choice of T3 and h*, it yields

1
AHV(@k+1) Ve +ThH)} < 5 (3.19)
Term 3: Let x3 = x + 63T f with 63 € (0,1), using the mean value theorem we get
1 ov ov ov oV ov v
— Tf) — -2 < foZl f<blY— ——— |<= (32

for |zg — x| < Tb. Combining the bounds obtained in (3.15), (3.19)-(3.20) the dissipation
inequality (3.10) can be verified. This completes the proof. [ |

The importance of Theorem 3.1 is that, it shows how specifications of a continuous-
time controller design based on dissipation inequalities can be preserved in a multirate
sampled-data setup (special cases are practical asymptotic stability in [17] and semiglobal
ISS stability [18]). As an application, we may obtain a multirate H., design derived from

the emulation method (see next section).

Remark 3.3. For simplicity, Theorem 3.1 was proved for the case of “dual” rate, i.e.,
when all the components x; of the state x are sampled at the same slow rate. Picking the
largest output sampling as T,,, it can be shown that the theorem is still valid when each

state x; is sampled at a different rate [;T(l; > 1).

Remark 3.4. This theorem is analogous to the weak form of dissipation inequalities con-
sidered in [8] for the single-rate emulation design. A multirate version of the strong form

of dissipation in that paper may be also developed in a similar way.

Remark 3.5. The Lipschitz continuity condition imposed on the disturbance input is
common in the literature (see e.g., [9, Theorem 3.1]). However, it can be shown that this

condition can be eliminated by considering a stronger form of dissipation inequality.

Remark 3.6. Assumption 3.2 is made to guarantee the practical 1SS stability of the
closed-loop system and the boundedness of the periodic switch output x. but is otherwise
unnecessary in the proof of Theorem 3.1. Conversely, this assumption plays a crucial role

in preservation of dissipation inequality for the dynamic feedback structure.
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3.2.2 Dynamic Feedback Case

This section extends our result to the case of dynamic state feedback. Assume that the

system (3.1) is controlled by

(3.21)

where v € R" is the state of the controller and s, u are continuous, locally Lipschitz
functions and zero at zero. Similar to (3.4), an approximate discrete-time model of the

dynamic controller (3.21) will be applied

v(k+1) = 5%, (x(k),v(k))
u(k) = u(z(k),v(k))

(3.22)

corresponding to the exact model S%. For the sake of brevity, set v := v(k), s =
s(z(k),v(k)) and & = [2T oT]T.

Clearly, for the dynamic controller (3.21) the dissipation inequality in Definition 3.1
has the following form

\% oV
—f(a:,u, d) + 5

i) —
V) ox ov

s(z,v) <w(d(t), z(t)). (3.23)
Assumption 3.3. The approzimation S%,h is one-step consistent with ST.

Theorem 3.2. Under Assumptions 3.1-3.3 with u(z,v) and the dissipation inequality
(3.23), given positive real numbers (3, 0q,v) there exists T* > 0 such that for any fizved
T € (0,7%], all |Z(0)| < 6, and Lipschitz disturbances that satisfy ||d||ec < 4, there exists
h* € (0,T] such that for each h € (0,h*] the exact discrete-time model of the closed-loop
MSD system containing (3.1), (3.5) and (3.22) fulfills the following dissipation inequality

ATV V@ ;)) — V&) wdh), 2(8)) + v (3.24)

provided that for some k € Z* max;eqo1,. ky [T(i)] < 0z

Proof. Define § = 6, + 1. Let Ly, Ly > 0 be the Lipschitz constant of f and s respec-
tively, and b > 0 be a number that satisfies max{|0V/0z|, |0V /v, |f(z,u,d)|,|s(x,v)|} <
b on the sets where |z| <, |v| < § and ||d||oc < 4. It is easy to see that such b > 0 always
exists because of the continuous differentiability of V', the local Lipschitz properties of f

and s, and the fact that they are in a closed set. Let 15, ho > 0 be generated as above for
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some € = min{1,/8bLs}, and T3, hg > 0 and p(-) € K be obtained from Assumption 3.3.
Moreover, take positive numbers T4, hs and hs such that T462(Lf + Lg) +T4bLyLg < v/4,
T3p(hs) < 1/2 and bp(hs) < v/4, where Ly is the Lipschitz constant of the disturbance
input. By the continuity of 0V/dx, it follows that given v/4b there exists 15 > 0, such
that for any T' € (0,75, |z1 — x| < Tb, |v1 —v| < Tb and all |Z| <4, ||d||cc < g

ov oV v

—-— - = < —. 3.25

0T |(z1,01)  Ox |(zw)! — 4b (3.25)
Likewise, choose T > 0 such that for all T € (0,Tg], |Z| < 0 and ||d||cc < 04

ov oV v

— - < —. 3.26

0T |(z2,02) O |(ww)! — 8b (3.26)

Finally, take 7% = min{T, T3, T4, T5,Ts,1/2b} and for any T € (0,7*] we define h* =
min{he, hs, ha, hs, T}. Now consider

V@E(k+1) - V(@k) _ oV 9V

T N %p:« %ms
1
(V@R + 1) = V(e + Tf,0+ Ts(ze,v))) (3.27)
2
1 ov oV
+ T{V(IL‘ +Tf,v+Ts(xe,v)) —V(Z)— i %IiS}

3

Term 1: By Assumption 3.1, this term is bounded by (3.23).

Term 2: Using the mean value theorem, we get

1
7V (a(k+1),v(k +1)) = V(e + Tf, 0+ Ts(ze,v))}
10V
S -
T 0% |(z3,0(k+1))

10V
el k4+1)—v— Ts(xe, 2
T 80 |($+wa3)\v( +1)—v s(xe,v)] (3.28)

lx(k+1) —x —TFf]

where x3 = x+T f+01{x(k+1)—z—Tf} and v3 = v+T's(xc,v)+02{v(k+1)—v—Ts(x.,v)},
61,02 € (0,1). Regarding the first term on the right-hand side of (3.28) two situations may
occur. If {x(k+1) — 2z —Tfi} <0, then by our choice of T*, in particular 7% < 1/2b, we
obtain |z3| < |z + T fi| < 6 + 1/2 < 4. Otherwise, we have |z3| < |z(k + 1)|, and noting
that here x(t) is the solution of initial value problem & = f(x(t),u,d(t)),Vt € [kT, (k+1)T]
with the initial value z(k), it implies |z3| < |z(k + 1)| < 0, + 1 = . Furthermore, by
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virtue of (3.11) |z.| < §;+€ < ¢ and hence, it follows from Assumption 3.3, the triangular
inequality as well as the choice of hy: [v(k+1)| = [SF ), (zc, v)| < ST (Ze, V)| + ST (Ze, v) —
St p(@e,v)| < 0p +1/2+Tp(h) < 0. Since |zz| < § and [v(k + 1)] < 4, it yields that
|(OV/0x) (43 w(k+1))| < b. Using the mean value theorem, the triangle inequality and the

local Lipschitz property of f and d, we conclude

lz(k+1) — 2 —Tf| <T|f(x(kT + 03T),u,d(kT + 05T)) — f(z,u,d)|
< T|f(x(kT + 05T), u, d(kT + 05T)) — f(z,u,d(kT + 03T))|
+ T f(w,u, d(kT + 05T)) — f(z,u,d)|
< TL{|x(kT + 65T) — x| — |d(kT + 63T) — d|}
< O3T? Ly | f(2(KT + ab3T), u, d(kT + ab3T))| + 03T L Ly

<T?Lib+T?LyLy (3.29)

with 63, € (0,1). In exactly the same way, max{|v + T's(x.,v)|, |v(k + 1)|} < ¢ yields
lvs] < 4§, which together with |z + T'f| < ¢ implies [(OVOV)|(p41fv)| < b. Applying the

triangle inequality, Assumption 3.3 and finally the mean value theorem, we have

ok + 1) = v — Ts(e, v)] < |55 (e, v) — S5(e 0)| + [ S5 (Fer v) — 0 — Ts(e, )
< Th(h) + |85(Fe, v) — v — Ts(e, v)|

< Tp(h) + T|s(ze, v(kT + 04T)) — s(¢, v)|

< Tph

(
)+
)
)+ TLg|v(kT + 64T) — v
) + nT?Ly|s(c, v(kT +n64T)))|
)

(

(
< Tp(h
<Tp(h) +T?Lb (3.30)

where 04,1 € (0,1) and we used the local Lipschitz property of s, again the mean value
theorem and the bound of s in the last three inequalities, respectively. Thus, based on

(3.29)-(3.30) and by our choice of Ty and hs we can write

Term 2 < Tb?(Ls + Lg) + TbL; Ly + bp(h) < (3.31)

<Y
2
Term 3: Let x4 = 24057 f and vg = v+06T's(z¢, v) with 05,605 € (0,1). Since |x4—z| < Tb
and |vg—v| < T'b, from the choice of T5 and T, it follows that (x4, v+T's(x.,v)) and (z,v4)
satisfy (3.25) and (3.26), respectively. By adding and subtracting V' (z,v + T's(z¢,v)) and
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then using the mean value theorem we have

%{V@ +Tf,v+Ts(ze,v)) —V(T) — 6@;/@ - 88‘;"53}
v LA I
~ Ox [(xa,v+Ts(zc,v)) ov [(x,v4) “ Oz |(z,v) ov [(z,v)
oV B T A
~— | ox [(z4,v+Ts(xc,v)) Ox [(z,v) v [(z,v4) “ ov [(z,v)
v IV ov
<-4 — $(Te,v) — —=— s 3.32
T~ 4 0v|(zs) ( ) OV |(z,v) (3:32)
where we used the bounds of f and (3.25). Hence, It can be seen that
v oV ov
Term 3 < — 4+ — s(xe,v) — — s(xe,v
T4 0V |(za) ( ) OV |(z,v) ( )
3a
ov ov v v v v
— - <44 = .
+ v \(m,v)S(xwv) v \(x,v)S(x’v) — 4 + 8 + 8 2 (3 33)

3b
Note that in (3.33) Term 3a is bounded by v/8 due to (3.26). Moreover, from (3.11)
and the local Lipschitz property of s, for Term 3b it yields that (OV/0v)| v 8(%c,v) —
(OV/0v)|(z)s(7,v) < bLse < v/8. Combining the bounds obtained for terms 1-3, the

dissipation inequality (3.24) can be readily verified. This completes the proof. [ ]

3.3 Application: Multirate Nonlinear H., Control

The theory of dissipative systems provides a general framework to analyze several system
theoretic properties and also to design controllers with certain specifications. Particularly,
the discrete-time dissipation inequality demonstrated in Theorems 3.1-3.2 is an effective
tool that can be used to show that the trajectories of the multirate sampled-data system
with an emulated controller have a specific property.

In this section, we illustrate the importance of preserving dissipativity under multirate
sampling by applying our results to a nonlinear H,, control problem. This problem that
is entirely based on the notions of dissipativity of nonlinear systems and differential games

( [102]- [41]) can be expressed as follows.

Definition 3.3. [39] We say that G in (3.1) has La-gain < v provided that
t t
/ |z(T)|2dr < 72/ |d(T)|*dr (3.34)
0 0

41



for all measurable input functions d and t > 0 with output z(-) corresponding to the input

d(-) from initial state o € R™.

The discrete-time counterpart of Definition 3.3 can be found in [41]. For a given
prescribed disturbance attenuation level v > 0, the Ho, control problem consists of finding
a controller Ky such that, in the closed-loop configuration of Figure 3.1, the Lo-gain
from exogenous inputs d to the cost variable z is less than or equal to «y. Definitions of
dissipativity and finite Lo-gain declares that the system G has Ls-gain < « if and only if it
is dissipative with respect to the supply rate w(d, z) = 1v%|d(t)|> — 5|(¢)|?. Consequently,
designing an H, controller u = u(x) for the continuous-time plant (3.1) renders to finding
a suitable storage function V' such that the closed-loop system is dissipative with respect
to 27%[d(t)|> — |2(t)|>. Then based on the results in the previous section, the proposed
multirate structure will preserve similar H,, performance in a semiglobal practical sense.

The next corollary demonstrates that applying the emulated H,, controller in the
inferential strategy (3.5) yields a framework for multirate H, synthesis. We remark that
although the practical preservation of the H., performance can be granted by Theorem
3.1, Corollary 3.1 shows how the additive term v is cancelled for multirate H,, control
via emulation. It should be mentioned that in this section, the state feedback controller

is static.

Corollary 3.1. Suppose that an Hso controller u(z) is designed for system (3.1) with
~v > 0, and storage function V with a locally Lipschitz gradient OV /0x and (0V/dx)(0) = 0.
Then under Assumption 3.2, given any pair of positive real numbers (65,04) there exists
T* > 0 such that for any fired T € (0,T*], there exists h* € (0,T] such that for each
|x(0)| < 8., Lipschitz disturbances with ||d||oc < dq and h € (0,h*], the closed-loop MSD

system controlled by u(k) = u(z.(k)) ensures the following Hs performance criterion

N N
D lR)P <2 ld(k)? (3.35)
k=0 k=0

for all N € Z*tand all d(k) € €5({0,..., N}, R?) with the output z(k) resulting by d(k)
from initial state xq.

Sketch of the Proof: First by modifying the proof of Theorem 3.1 based on the

arguments carried out in the proof of [9, Proposition 3.4] we get

av

1 1
- < Pl = SJa o TP + Kol2f?) (3.36)
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for all T € (0,7] and some positive real constants Kj, K5. Using the quadratic and
positive definiteness properties of the different terms in (3.36), it can be easily deduced
that there exists T < Tj such that VI' € (0,7*] the closed-loop MSD system is also
dissipative with respect to the same supply rate as the closed-loop continuous-time system,
ie., (1/2)72|d(k)|* — (1/2)|z(k)|?>. The remainder of the proof follows directly from the

bounded real lemma in [41, Proposition 1].
Example 3.1. Consider the following control affine nonlinear plant [40, ch. 7]

i =1+2%)u+d
x (3.37)

u

with z as the penalty variable and y = x. Following the procedure presented in the same
reference, we end up with the Hamilton-Jacobi inequality
(%(x)) ((1 Fa?)? - $> > (3.38)
which has a nonnegative solution for v > 1, e.g.,
1 9 219 1
P(m):§1n<1+:c 4/ +a2?) _ﬁ) (3.39)
leading to the Hso feedback law

w=—(1+2? ((1 +a2)? — 712)_5 (3.40)

that stabilizes the system about x = 0 with La-gain< ~y. Figure 3.3 depicts the performance
of the closed-loop continuous-time plant controlled by (3.40) in the presence of a sinusoidal
disturbance of amplitude 0.1 and frequency 1 rad/s. The initial condition is set to xo = 1
and the attenuation level is chosen to be v = 1.1.

We now study the sampled-data implementation of the continuous-time controller (3.40)
under two different assumptions via the emulation method. First a single-rate case is
treated. Originating from the same initial condition, our simulations show that the single-
rate sampled-data controller stabilizes the system only when the sampling period T; <
0.45 sec. Second a more practical situation (multirate case) is considered in which the
measurements are constrained to be sampled at a lower sampling rate T,, = 2 sec. In

order to apply the inferential control setup introduced in (3.5), we need an approximation
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methodology. For this purpose, similar numerical integration scheme as that of [19] is

utilized (Euler model integration)

frli,z,u,d) :==x+ h(1+ x2)u + f;ﬁz(}fﬂ)hd(ﬂdT

(3.41)
;;Jrl(x,u, d) = fr(i + 1,fﬁ,u, d)
where fr, = fi(z,u,d) == = + h(1 + 2%)u + fkkg+hd(T)dT represents the first step of
the numerical integration routine on the sampling interval [kKT,(k + 1)T) and finally,
i (x(k), u(k), d[k]) = fN(z,u,d) is chosen to be our approximate discrete-time model.
In addition, h denotes the integration period, T is the sampling period and N =T /h.

Lemma 3.1 implies the one-step consistency of Fr, constructed above with the exact
discrete-time model Ff.. Therefore, the conditions of Corollary 3.1 are verified readily.
The simulation results for both of the foregoing sampled-data systems are shown in Figure
3.4. Here, we choose the input sampling period T; = 0.4 sec and the integration step
h = 0.001 sec.

From [8] and using the same discussions carried out in this section, it can be inferred
that if the sampling rate is fast enough, then the single-rate emulated controller also pre-
serves the Hy, performance index. However, a large sampling period, here T; = 0.4 sec,
will bring about large oscillations and the performance of the single-rate sampled-data sys-
tem may deviate from that of the continuous-time system. This situation can be seen by
dashed lines in Figure 3.4 compared with the solid lines in Figure 8.83. On the other hand,
the MSD control system (3.5) stabilizes the system more successfully than the fast single-
rate scheme with a guaranteed H., performance criterion. For the same input sampling
employed in the single-rate case, the stability is maintained with better performance using
much lower measurement sampling rate. Our tests reveal that for the selected value of
T;, if l € {2,3,..10} then this maintenance will be still valid but obviously with different

performances.

3.4 Summary

In this chapter the dissipativity of nonlinear sampled-data control systems under multirate
sampling and “low rate measurement” constraint based on the CTD method is investi-

gated. We show that if a closed-loop continuous-time system satisfies a certain dissipation
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Figure 3.3: The performance of the continuous-time H, controller with sinusoidal distur-
bance
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Figure 3.4: The performance of multirate and single-rate Ho, controller under emulation
with sinusoidal disturbance for T; = 0.4 sec and T, = 2 sec

inequality via a continuous-time controller, then similar dissipation inequality is preserved
in a practical sense for the closed-loop multirate plant that is digitally implemented us-
ing the emulated controller and multirate sampler and hold devices. Moreover, a general
framework for designing multirate nonlinear H, control in presence of disturbance inputs
is offered. The significance of this framework as a perspective result is illustrated through
a simulation example where the multirate setup achieves the H,, performance criterion

and outperforms the fast single-rate scheme using a prominent slower output sampling
rate.
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Chapter 4

Nonlinear H,, Control Using

Incremental Gain

Motivated by the important properties of the incremental gain mentioned in Chapter 1,
in this chapter! we consider an incremental Ly-type performance criterion to design H,
controllers for nonlinear plants. The first part of the chapter is dedicated to the full
information state feedback problem for the Lipschitz nonlinear plants while the second
part studies the output feedback problem for more general nonlinearities satisfying the
one-sided Lipschitz condition where only some states are measurable.

More precisely, in the first part we propose a stabilizing control law such that the
closed loop trajectories converge exponentially with a prespecified decay rate, and also
the incremental gain from disturbance to controlled output is less than a prespecified
value. Since this problem in its general form brings about partial differential inequalities
(PDIs) that are difficult to solve, we restrict our attention to nonlinear systems that
satisfy a Lipschitz continuity condition. With these assumptions, the synthesis of the
control law can be cast using linear matrix inequalities (LMIs) that can be easily solved
using commercial software packages. We also show that our technique can be extended to
uncertain nonlinear plants with optimal disturbance rejection and can be also modified to
capture the tracking problem with optimal disturbance rejection in an incremental sense.

These control schemes are novel, computationally simple, easy to design and implement

!The results of this chapter have been accepted for publication in the article: H. Beikzadeh and H.
J. Marquez, “Robust nonlinear Hs, control based on the L2 incremental gain,” International Journal of
Robust and Nonlinear Control, Accepted on Nov. 2013.
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and flexible due to utilization of LMIs. Moreover, robustness of the proposed strategy
against Lipschitz nonlinear uncertainties and time varying uncertainties is guaranteed.

In the second part we directly consider the one-sided Lipschitz systems without any
scaling or quadratically inner bounded assumption to address the problem of output feed-
back design, where all the state variables are not available for measurement. Our approach
consists of a nonlinear observer together with a state feedback gain and is based on the
Lyapunov candidate parametrization proposed by [103]. Moreover, since the effect of dis-
turbance inputs has been ignored in the articles on the one-side Lipschitz context, we
enrich our contribution by attenuating disturbances through an H., performance index
based on the L5 incremental gain. More precisely, we design a stabilizing state feedback
gain as well as a stable nonlinear observer such that the closed loop trajectories converge
asymptotically, and also the incremental gain from disturbances to the controlled output
is less than a prescribed value. By assuming a mild geometric condition, our synthesis
can be cast into a tractable LMI framework. It should be emphasized that our work is
basically different from the observer-based result provided by Arcak and Kokotovié¢ [104]
which studied different functions called nondecreasing nonlinearities with rather different
approach and objectives.

The remainder of this chapter is organized as follows. Section 4.1 contains some back-
ground material and formulates the state feedback problem. Then, the design procedure
of the incremental H., controller for Lipschitz nonlinear systems without uncertainties
is presented in terms of some matrix inequalities. Our result is extended to a class of
uncertain nonlinear plants to obtain a robust controller. In Section 4.2, we establish an
incremental H,, output feedback synthesis for one-sided Lipschitz systems. Our result
is demonstrated via appropriate simulation examples in Section 4.3. Finally, Section 4.4

closes the chapter and draws some conclusions.
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4.1 State Feedback Control for Lipschitz Systems

4.1.1 Preliminaries and System Description

Consider now an operator I' : w — z(Lo7 — La7). The induced and incremental Lo
gains from the input w € Lo 7 to the output z € Lo 1 are respectively defined as follows
T'w T
IPle=  sup Ul
wELy 7,w#0 [[wr||

T2 = sup [Tw)r — T)r||
T wwelyrwrn  |wr — 7|

The following example emphasizes the difference between induced (usual) and incremental

gains.

Example 4.1. The symbol of a glow tube and its approzimate i—v characteristic are shown
in Figure 4.1a. As can be seen in this figure, the glow tube is a memoryless nonlinear resis-
tor whose voltage is a “single-valued” function of the current, called a current-controlled
resistor [105]. Taking i as the input and v as the output, we can view the glow tube as an

operator with system of equations

2i if0<i<10
v=90-3i4+50 if10<i<15
2i—5  ifi>15

It can be readily verified that the Lo incremental gain of the glow tube is determined by
the mazimum slop of a secant line to the graph (which occurs for 10 < i < 15), while the
usual gain is given by the mazximum slop of a tangent line to the graph crossing the origin
(think of v as a function of i in Figure 4.1a). The resulting values for the usual gain and
incremental gain of the glow tube are thus ||I'||;2 =2 and ||T'||a2 = 3, respectively.

This circuit element is connected to a one-port network designated by A in Figure
4.1b. The series connection of the independent current source and the glow tube can be
regarded as a nonlinear load for the rest of the circuit. Obviously, the incremental gain
analysis states that the variations of the requlated voltage vy can be as much as 3 times the
variations of the source i. By contrast, the usual gain result fails to recognize incremental

changes in the input and only measures input amplification with respect to the zero input.
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Figure 4.1: (a) glow tube characteristic, (b) A one-port .4 driven by an independent
current source in series with a glow tube.

In general the incremental gain provides additional detail in the relationship between inputs

and outputs.

The operators to be studied in this section are generated by the nonlinear state space

realization
. { w(t) = fla(t),u(t), w(t)) (4.1)
L2 = ha(t),u) (4.2)
where z € R”, u € R™, z € R!, and w € RY indicate the state, control input, regulated out-
put (penalty variable), and unknown exogenous disturbance, respectively. We assume that
w is piecewise continuous and that the functions f and h are continuously differentiable.

Finally, x = 0 is an equilibrium point of the unforced system, i.e., f(0,0,0) = 0.

Definition 4.1. We say that the relaxzed system (4.1)-(4.2), i.e., zero initial conditions,
has Lo incremental gain < v from the disturbance input w to the output z, if there exists

a locally integrable control input u(t) € R™ such that

T T
/ or(r) — Zr(r)| 2 dr < A2 / \fwr(r) — @r(r)|[? dr (4.3)
0 0

for all w, W € Log w # W and all T > 0, where 2(-), Z(-) € R are output trajectories

corresponding to the disturbances w(-), w(-), respectively.

Remark 4.1. The incremental gain of the non-relaxed systems can be studied by adding

a finite function B(xg,Zg) > 0 to the right hand side of (4.3), where xg,To € R™ and
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B£(0,0) = 0 [56]. It can be shown that no matter which definition is used, the results

obtained thereafter can be translated from one to the other.
Remark 4.2. The usual Lo gain is a special case of (4.3) with Z =0, w = 0.

Our main objective is to design a stabilizing state feedback control law v = u(x(t))
such that the inequality (4.3) is satisfied. It is well-known that the concept of £, gains is
closely related to the theory of dissipative dynamical systems introduced by Willems [44].
A practical form of dissipativity called the differential dissipation inequality is given in

the following definition.

Definition 4.2. The continuous-time system % is said to be dissipative with respect to the
supply rate r if there exist a control input u(t) € R™ and a positive definite continuously

differentiable function V, called storage function, such that

%f(a:, u,w) < r(w,2) (4.4)

for all x € R"™ and w € R?, with z = h(x,u).

Associated with the system ¥ : w +— 2z (4.1)-(4.2), we can define an auxiliary system

A

Y 1w +— Z as below

) { i) = (&, a,) (4.5)
3

3(t) = h(&,a) (4.6)
where
. T . U . w . z
T = , U= , W= , 2=
T U w z
and
R T, U, W . h(z,u
P ECTRD) N (ER0
f(Z,a,w) h(z,a)

Now we can state the following lemma concerning the L5 incremental gain of Definition

4.1.

Lemma 4.1. The nonlinear system ¥ has Lo incremental gain < v if and only if the

auxiliary system S is Lo dissipative with respect to the supply rate
N 2 ~ 112 2112
r(w,2) = y7|jw — ol[* — ||z — Z]| (4.7)

50



i.e., there exist a pair of control inputs u,@ € R™ and a C' function V : R" — Rt with
V(0) = 0 such that for all x,z € R, w,w € R?
oV

ox lz—%

f (@, uw) = f(@,8,0)] = Pllw =@l + |h(z,u) = h(Z, Q)P <0 (4.8)

Proof: The proof follows directly from the dissipativity theory and Definitions 4.1-4.2
(see Theorem 3 in [58], for sufficiency and Lemma 3.2 in [56] for necessity). [ |

As can be seen in (4.8), finding an stabilizing controller u = u(z(t)) that guarantees
that the closed-loop system has an Lo incremental gain < v requires satisfying a partial
differential inequality that is difficult to study for the general form of (4.1)-(4.2). In-
deed, even by considering a control affine structure for which successful results have been
obtained based on the usual £y gain (see [40] and the references cited therein), we can
not easily find an explicit control law using the L9 incremental gain. Therefore, we will

concentrate on the following known structure

&(t) = Ar + Bu+ ®(z,u) + Dw (4.9)
z(t) = h(z,u) (4.10)
which enables us to use the powerful LMI optimization tool to design the controller u(z(t)).
Note that A, B and D are constant matrices of appropriate dimensions, and the nonlin-

earities ® and h are assumed to be locally Lipschitz with respect to both arguments in

regions D, and D,, containing the origin, i.e., for instance for ®(-,) we have

@21, u”) — B(2,u")]] < Aagllzr — 22l (4.11)

122", ur) — @(2", u2) || < Aaullur — uall (4.12)

Vri,x2 € Dy, Yui,us € D, and any admissible signals x* and «*. Similar equations can
be written for h(-,-) with the corresponding Lipschitz constants A, and Ap,,. It is worth
noting that if the nonlinear functions ® and h satisfy the Lipschitz continuity condition

globally in R™ and R™, then all the results in the ensuing sections will be valid globally.
Lemma 4.2. If the function ® is locally Lipschitz in both arguments, then we get
1@ (1, ur) — (22, u2)|| < Aa([|z1 — 22| + [|u1 — uz]) (4.13)
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Va1, 29 € Dy and Yuy,uy € Dy, where Ag = max{Ap,, Aoy} 5 called the Lipschitz constant

of ®.

Proof: Adding and subtracting ®(z,us) to the argument of the norm operator on the

left hand side of (4.13), it yields by virtue of (4.11)-(4.12)

H(I)(I'laul) - (I)(-fl, UQ) + CI)(CL'l,'LLQ) — (I)(QZQ,UQ)H
< || @(w1,u2) — (w2, u2)|| + |[®(21,u1) — P(21, u2)]|

< Aogl|T1 — o] + Aoy |lur — uz| (4.14)

setting Ap = max{Ag,, Aoy}, (4.13) is obtained immediately. [ ]

Similarly, the Lipschitz constant of h is set to be A, = max{An,, Any}-

Remark 4.3. Note that we combine Ag, and Ao, in (4.14) only to simplify the formu-
lations. One may consider different Lipschitz constants associated with the state and the
control signal to put different emphasises on each of them. Fortunately, the results in the

next section can be generalized for this case.

Remark 4.4. There are several works on stabilizing Lipschitz nonlinear systems (see,
e.g., [106], [107], [108]). However, most of them assume the nonlinear part to be a function
of x only, i.e., ®(x). In this section, aside from satisfying a new performance index, the
nonlinearity is assumed to be a function of both x and w, which is more general and
challenging. Moreover, the penalty variable is assumed to be a nonlinear combination of

the state and the control signal.

4.1.2 Incremental H, Controller Synthesis

In this section the problem of disturbance attenuation with internal stability is addressed.
More explicitly, we tackle the problem of finding an admissible controller that, in the
absence of external inputs yields an exponentially stable closed-loop system with conver-
gence rate a > 0, i.e., ||z|| < nl|zolle™ (see [48] or [49] for a more formal definition of
exponential stability) and in the presence of disturbances satisfies an Lo incremental gain
less than or equal to a minimized number ~. The state feedback controller is assumed
to be u(t) = —Kuz(t), where K € R™*" and we first focus on the system (4.9)-(4.10)

without uncertainties.

52



Definition 4.3. Suppose that the system (4.9)-(4.10) together with u(t) = —Kx(t) has

the following properties

1. With w(t) = 0, the closed-loop system is locally exponentially stable with guaranteed
decay rate a > 0, i.e. Ja,n € R: given xq in a sufficiently small neighbourhood of

z =0, ||z]| < nllwolle™, V¢ > 0.
2. the signal z(t) satisfies

| ) = 2P dr <42 [ o) - atn)Par (4.15)
0 0
for a constant v > 0. Under this condition, the control law u(t) is said to be an incre-

mental Hy, controller for the system (4.9)-(4.10) with convergence rate a and disturbance

attenuation level 7.

Strict NMI solution

The design procedure is stated in Theorem 4.1 which brings about a nonlinear matrix
inequality (NMI) optimization. We need the following two preparatory lemmas used in

the proof of our results.

Lemma 4.3. ( [109]) Let U, V and F be real matrices of appropriate dimensions and F

satisfying FTF < I. Then for any scalar € > 0 and vectors x,y € R™, we have

20TUFVy < e 1aTUUTz 4 eyTVTVy (4.16)

S S
Lemma 4.4. (Schur’s complement formula, [110]) For a given matriz S = Ho

*  Sog
with S11 = SL, So9 = S;Q, then the following statements are equivalent:

1. §<0,

2. 511 — S125521SI2 <0, Sp9 < 0.
Theorem 4.1. Consider the Lipschitz nonlinear system (4.9)-(4.10) with the Lipschitz
constants Ap, A\, together with the controller u(t) = —Kx(t). Suppose that for fized scalars

a, €1, > 0 and matrices P = PT > 0 and G, the following NMI optimization is feasible

for a minimum scalar v > 0:
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min(vy) s.t.

—Q+ el Xo(||P|| + 1|G||w(P))I
Qa1 vaka(lIPll+|IGlIs(PDI] _ )
* —TI
—Q —2aP + &' T yJea)2 + N2(||P|| +||G||s(P))I D
* .y 0| <0 (4.18)
i * * -1
where
Q@ =—(AP+ PAT — BG — G"BT 4+ 2aP) (4.19)
Once the problem is solved
K=GP™! (4.20)
7* £ min(vy) (4.21)

then the closed-loop system with the feedback gain (4.20) is (globally) exponentially stable
with decay rate o and minimum incremental disturbance attenuation v* of (4.21) according

to Definition 4.5.

Note that Theorem 4.1 is a feasibility problem for the minimum value of v which fulfills
matrix inequalities (4.17)-(4.18). Indeed, for a desired decay rate o the parameters €,
€2 and matrices P, GG are chosen such that the proposed NMI holds a feasible solution
for a minimum incremental gain . Alternatively, one may seek to maximize the decay
rate for a prescribed incremental gain. In that case it is sufficient to solve (4.17)-(4.18) to
maximize .

Proof of Theorem 4.1: Take the Lyapunov function candidate as
V(z(t)) = 2TPx (4.22)
where P = P~1. The time derivative of V along the trajectories of (4.9) is given by

V(t) = &T(t)Px(t) + xT(t) Pi(t)

= [Az + Bu+ ®(z,u) + Dw|"Px + 2T P[Az + Bu + ®(x,u) + Dw] (4.23)

Part I (Exponential stability): Applying u = —Kx, we get for the disturbance free plant,

e, w=20
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V(t) =2T[(A~ BK)TP + P(A— BK)|x + 22T P®(x, u) (4.24)

To have exponential stability with guaranteed decay rate, it suffices V(z(t)) < —2aV (2(t))

[48] which yields ||z()|] < v/Amaz(P)/Amin(P)||2(0)||ezp(—at). Therefore, it is needed
V(t) < —2TQx + 22T PP(z,u) < 0 (4.25)
in which
(A— BK)TP+ P(A— BK) 4 2aP = —Q (4.26)
The above can be written as

ATP 4+ PA— K'BTP — PBK +2aP = —Q (4.27)

that is bilinear with respect to the variables K and P and cannot be treated using the
existing tractable LMI procedures. This problem will be overcome by pre- and post-
multiplying (4.27) by P later on. Using Lemma 4.3, the controller u = —Kz and the
Lipschitz property of ® , we get

20T P®(z,u) < ) 'aTP2x + 61 ®T® < ¢ 'aTP%x + ) M3 (1 + || K|]) %27 (4.28)

Substituting (4.28) into (4.25), a sufficient condition for exponential stability when w =0

can be obtained as
V(1) < aT[-Q + &' P2+ e NG (1 + || K||)* 1]
<aT[-Q + ;' P? + e) A3 (1 + ||GI|||P|])* ]z < 0 (4.29)
which is equivalent to the following matrix inequality by means of Lemma 4.4

—Q+e;'P2 Jare(1+||G||PIDI
* —1

<0 (4.30)

Pre- and post-multiplying (4.30) by diag(P,I) and then considering P < Aja0(P)I =
||P||] and the matrix @ defined by

Q = PQP = —(AP + PAT — BG — G"BT 4 2a.P) (4.31)

we arrive at the matrix inequality (4.17). Note that x(P) = ||P|||P|| denotes the condition

number of the matrix P.
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Part II (Disturbance attenuation): Now consider the disturbance driven system (4.9)-(4.10).

According to Lemma 4.1 the system (4.9)-(4.10) has Ly incremental gain < 7 if

J£ 2(z—2)TP[(A— BK)(z — %) + ®(z,u) — ®(&,4) + D(w — 0)] (432)
—7?[[w — @|* + ||h(w,u) — h(Z, @) < 0

where the Lyapunov function of (4.22) is picked as the storage function V' in (4.8). Using

Lemma 4.3, u = —Kx, & = —KZ and the Lipschitz property of ® and h, the following

inequalities are derived

2(x — 2)TP[®(z,u) — ®(Z,0)] < & (x—B)TPHx — &) + e(® — ®)T(D — P)
<6 (2= 2)TPHz — 7) + g (|l — T + [lu —al|)?

<l —2)TPx — 1) + e (14 |K|)(z — 3)T(z — 7) (4.33)

1h(z, w) = h(@,a)|* < X (e — ] + lu - af)*
<N A+ K] (@ = )T (2 - ) (4.34)
Based on (4.33)-(4.34) and the definition of @ in (4.27), the performance criterion J in
(4.31) can be bounded as below
J < (2= 3)T[-Q — 2aP + ;' P> + (205 + Ap) (L + || K|)’](z — &) + 2(2x — 3)TP
D(w — ) —¥*(w — )T (w — ) (4.35)
Hence, it can be deduced from (4.35) and Schur’s complement that a sufficient condition
for J <0 is given as
—Q —2aP + ¢ P2\ Jea X + N2 (1+||G|||P|[)I PD
* —I 0 | <0 (4.36)
* * —~I
In analogy with Part I, pre- and post-multiplying the inequality (4.36) by diag(P, I, 1)
together with P < ||P||I and Q = PQP in (4.31) leads to the matrix inequality (4.18).

Finally, since the dissipativity of the closed loop system is ensured, Lemma 4.1 implies

that
/ ((z—é’)T(z—é)—72(w—zb)T(w—zb)) dr <0
0
= ||z = 2| < yljw — @] (4.37)
This concludes the proof. [ |
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Converting NMI to LMI

Due to presence of norm operators in (4.17)-(4.18), the design method provided by The-
orem 4.1 is in the form of a nonlinear matrix inequality (NMI). Unfortunately, unlike
the case of linear matrix inequalities (LMIs) there is currently no efficient solution in the
numerical analysis literature capable of solving NMIs. In order to take advantage of the
existent efficient numerical LMI solvers such as Matlab LMI solver, we now show how to
convert the NMIs (4.17)-(4.18) into the LMI framework. For this purpose, we need the

following assumption.

Assumption 4.1. Suppose that the nonlinear functions ® and h are locally Lipschitz with

respect to the whole vector [z u]T, i.e.,

L1 T2

[|@ (71, u1) — P(22, u2)|| < /\q>H - H (4.38)
Ui (D)
i T2

(@, 1) = Az u)ll < M| |1 = | 7] (4.39)
3l U2

for all x1,x9 € D, and uy,us € Dy.

Remark 4.5. It can be shown that if the function ®(-,-) satisfies the inequality (4.38),
then the Lipschitz continuity condition (4.13) holds readily. However, the reverse is not

true in general. A similar statement can be made about the function h(-,-).

Corollary 4.1. Consider the Lipschitz nonlinear system (4.9)-(4.10) satisfying Assump-
tion 4.1 together with the controller u(t) = —Kx(t). Suppose that there exist fized scalars
a, €1,€2 > 0 and a scalar v > 0, matrices P = PT > 0 and G, such that the following LMI

optimization is feasible:

min(7y) s.t.
—Q+ e AP e eGT
* —1 0 <0 (4.40)
* * -1
(—Q—2aP+ ' T (Je)2 +X2P \JeaA2 + A2GT D ]
x —I 0 0
<0 (4.41)
* * —1I 0
i * * * =1}
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where Q is given by (4.19). Then u(t) with the feedback gain K = GP~! is an incremental

H, controller with exponential decay rate o and minimum disturbance attenuation ~v* =

min(7y).

Proof: By making use of Assumption 4.1 and Lemma 4.3 we get the critical inequalities

shown below

2(z — 3)TP[®(x,u) — ©(Z,4)] < e (z—3)TP*(x — 7) + e (2 — )T(® — D)

< el (@ —2)TPx - 7) + el g (llz — 2| + [Ju — all]?)

<z —2)TPH o —3) + a3 (z — )T+ KTK)(x — &) (4.42)

z

~ ~ x_ 2 ~ ~
Ine,w) = r@ )l < A2 |7 || < 8o = @l + u - al?)
uUu—u

<Mz -2)TI+K'K)(z — ) (4.43)

instead of (4.33)-(4.34) which enable us to convert the NMIs of Theorem 4.1 to the LMIs
of Corollary 4.1. The remainder of the proof is analogous to that of Theorem 4.1, and is

omitted. m

Remark 4.6. An alternative way of converting the NMIs in Theorem 4.1 into an LMI
framework is to impose a bound on the feedback gain norm in (4.29) and (4.35) as | K| <

|G||I|P~Y| < o102 and then adding the following two matriz inequalities to our LMIs

.
I EGT >0
* I
I o9PT7

>0
* I

where 01,09 > 0 are prescribed scalars.

4.1.3 Uncertain Nonlinear Plants

This section develops the H, controller design via incremental gain for a class of nonlinear
uncertain systems. Moreover, a norm-wise robustness analysis has been carried out to

obtain explicit bounds on the nonlinear uncertainty.
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4.1.4 Robust Controller Design

Suppose that the nonlinear plant (4.1)-(4.2) can be written into in the following uncertain

form

#(t) = (A+ AA®)x(t) + (B + AB(t))ul(t) + ®(z(t), u(t)) + (D + ADE)w(t) (4.44)

z(t) = h(z(t), u(t)) (4.45)

where AA(t), AB(t), and AC(t) are unknown matrices representing time-varying uncer-
tainties, and are assumed to have the structure
AA(t) = M F(t)N, AB(t) = MyF(t)N, (4.46)
AD(t) = MaF(t)Nyg

in which M,, N,, My, Ny, M., and N, are known real constant matrices of appropriate

dimensions and F'(t) is an unknown real-valued time-varying matrix satisfying
FT(t)F(t) <I Vte|0,00) (4.47)

It is worth pointing out that the structure of uncertainties in (4.44)-(4.45) has been widely
used in the problems of robust control and robust filtering for both continuous-time and
discrete-time systems and can capture the uncertainty in a number of practical situations
(see, e.g., [108,111,112]). The following theorem extends the design procedure of Corollary

4.1 to the uncertain case introduced above.

Theorem 4.2. Consider the Lipschitz nonlinear uncertain system (4.44)-(4.45) satisfying
Assumption 4.1 together with the controller u(t) = —Kux(t). Suppose that for fized scalars
a, €1,€2 > 0 and matrices P = PT > 0 and G, the following LMI optimization is feasible

for a minimum scalar v > 0

min(vy) s.t.
R+e7lI PST GTN,
* -1 0 <0 (4.48)
* * -1
(R—2aP+¢'1 PS] GTSs p ]
* -1 0 0
<0 (4.49)
* * —I 0
i * * * —'yQI + NJNd_




where

R=—Q+ M,M] + MyM] + M.M] (4.50)
Sy = (€13 + NIN,)2 (4.51)
So = (e2)2 + A2 + NTN,)2 (4.52)
Ss = (203 + A2 + NJN,)2 (4.53)

and Q is defined by (4.19). Then the controller u with the feedback gain K = GP~! is
a robust incremental stabilizer with exponential decay rate o and minimum disturbance

attenuation v* = min-y.

Sketch of the Proof: The approach is similar to the proof of Theorem 4.1. In addition
to the inequalities used in the proof of Corollary 4.1, we need the following inequalities

that are all derived from Lemma 4.3

20T My F(t)NoyPx < 2TM Mz + 2TPN]N,Px
22T My F (t)NyGa < 2T MyM] xz + 2TGN] Ny Px

2xTMdF(t)Ndw < $TMdMJ£C + wTNJNdw

inserting these inequalities into V and .J gives rise to the LMIs (4.48)-(4.49). It should be
mentioned that in this case, when w = 0, a sufficient condition for exponential stability

with guaranteed decay rate « is
R+ (1+eHI+PS]SiP+GTN,NIG <0

that is already included in (4.48) by means of Schur complements. Moreover, since the
matrices 61)\(%, + NI N,, 62)\% + )\% + N]N,, and 62)\%{) + )\,% + NbTNb are positive definite,

they have always have a square root. [ |

Remark 4.7. We observe that in some cases the optimization problems of Corollary 4.1
and Theorem 4.2 can result in very large or small entries in the gain matriz K. This issue
can be resolved by solving the feasibility problem of (4.40)-(4.41) and (4.48)-(4.49) with a
prescribed attenuation level y (see e.g., [106,107], [110]).

Remark 4.8. By choosing A = max{Ae,A\n, } as the overall Lipschitz constant of the
system (4.9)-(4.10), the LMIs (4.40)-(4.41) and (4.48)-(4.49) become linear in both A and
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~v. In this case, the optimizations can be formulated to maximize the admissible Lipschitz
constant [108], [111]. As we will see in the next subsection, this maximization adds an extra

stgnificant feature to our controller which makes it robust against nonlinear uncertainties.

4.1.5 Robustness Analysis

As mentioned in Remark 4.7, if the overall Lipschitz constant A is picked as the opti-
mization variable in Theorem 4.2, then maximization of A makes the proposed controller
robust against some Lipschitz nonlinear uncertainty. This feature is studied here through
a norm-wise analysis. We find an upper bound on the Lipschitz constant of the nonlinear
uncertainty and the norm of the Jacobian matrix of the corresponding nonlinear function.

Assume nonlinear uncertainty as follows
Oa(z,u) = ®(z,u) + AP(z,u) (4.54)

where A® is Lipschitz continuous with the Lipschitz constant Alg. Inserting (4.54) into
(4.44) leads to

#(t) = (A + AAW®)z(t) + (B + AB®))u(t) + ®(z, u) + Ad(z,u) + (D + AD)w(t)
(4.55)

Let A = maz{Ag, A\p} and AN = A)g.

Proposition 4.1. Suppose that the actual Lipschitz constant of the system is A and The-
orem 4.2 s rewritten in the form of mazimizing the Lipschitz constant with maximum
admissible value of X*. Then the controller derived from Theorem 4.2 can tolerate any ad-

ditive Lipschitz nonlinear uncertainty with Lipschitz constant less than or equal to X* — X.

Proof: Without loss of generality, we can assume that A = A¢. Based on the Schwartz

inequality and Assumption 4.1, we get

|Pa(z1,u1) = Palzg, u2)l| <|[|Pa(21,u1) — Palra, u2)l| + [|AR(21, u1) — A®(z2, uz)|

<o

r1 — T2 H
Uy — u2 Up — U2
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Accordingly, ®a(+,-) can be any Lipschitz nonlinearity with Lipschitz constant less than

or equal to \*,

" 1 — T2
|91, 1) = @a(w2,uz)]| < A I

Ul — U2
therefore, there must be A + AX < \* — AN <\ — A\ [ ]

In addition, we know that for any continuously differentiable function A®

1A (21, u") — A®(22, u)]] < || =5~ (

where u* is any admissible control signal and 8(?7@ is the Jacobian matrix. So A®(x,u)

can be any additive uncertainty with HaaA—fH <A =

4.2 Observer-Based Control for One-Sided Lipschitz Sys-

tems

4.2.1 System Model

Now consider the continuous-time nonlinear dynamical system expressed by

&(t) = Az(t) + Bu(t) + ®(z,u) + Dyw(t)
y(t) = Cx(t) + h(z,u) + Dow(t) (4.56)
z(t) = g(z,u)

where z € R" is the state, u € R™ control input, w € R? exogenous disturbance, also
y € R and z € R! stands for the measurement and the regulated output (cost variable),
respectively. It is assumed that A, B, C,D; and D, are constant matrices of appropriate
dimensions, and the nonlinear functions ®, h and ¢ fulfill certain Lipschitz or one-sided
Lipschitz conditions, as specified later, based on Definitions 2.9.

The properties of Definition 2.9 might be local or global. We refer the interested
readers to [63] for a comprehensive study. Here is an example of a nonlinearity which

satisfies the one-sided Lipschitz continuity but not the Lipschitz continuity.

Example 4.2. Consider the discontinuous nonlinear function f(x) = ﬁ Clearly, this

function is not Lipschitz on any interval like [0,c]. Conversely, for any x1,x2 € [0, c] we
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get
(f(z1) = f(w2), 21 —22) = (\/%—1 — \/%—2)(1’1 — 9)

(z1—x2)?

— 1 2
= T (D S T aeye (@1 T 02)
thus, it is locally one-sided Lipschitz with the one-sided Lipschitz constant —1/(2¢\/c).

Remark 4.9. The one-sided Lipschitz condition is different from the nondecreasing non-
linearities addressed by [104]. For instance, the nonlinear function in Example 4.2 satisfies
(x2 — x1)[f(z2) — f(x1)] < 0 with 0 < x1 < z2 and so f is not nondecreasing or slope-

restricted.

4.2.2 Observer-based Controller Design

In this section we tackle the problem of designing an H, stabilizing control law together
with a stable observer when only the input u and the output y are available.

Given the dynamical system (4.56), the state feedback controller is assumed to be
u(t) = —K(t), where K € R™*" and 7 is the estimated state obtained from a nonlinear

observer of the following structure
Z(t) = A% + Bu+ ®(&,u) + L[y — C& — h(&,u)) (4.57)

with L € R™*P. Our purpose is to find the controller gain K and the observer gain L to

satisfy our main expectations:

e With w = 0, the closed-loop system and the observer (4.57) are asymptotically

stable, i.e., £ — x and x — 0.

e In the presence of disturbances, the closed-loop system satisfies the H, performance

index given by the incremental gain condition of (4.3) for a minimized value v > 0.

Before stating the main result, we make some important assumptions to the system

model (4.56) as below.

Assumption 4.2. The nonlinear function ® is one-sided Lipschitz Vx € Xp with the
one-sided Lipschitz constant p according to Definition 2.9, and also locally Lipschitz with

respect to u, 1.e.,
||(I)(1I*, ul) — CI)(HT*,UQ)H < )\uHul — 'LLQH Vul,UQ € Usp (458)
for any admissible state x*.
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Assumption 4.3. The nonlinearity ® can be written as
O(x,u) = EV(z,u) (4.59)

where the full-column rank matriz E € R™™* is the corresponding distribution of ¥(z,u)

onto the nonlinear function ®(z,u)

Assumption 4.4. The nonlinear functions h and g are locally Lipschitz with respect to
both arguments in the regions Xy, Xy and Uy, Uy with the Lipschitz constants A\, and Ay,

respectively.

Remark 4.10. [t is worth mentioning that the Lipschitz continuity in (4.58) is indeed a
mild, yet practical assumption. This can be verified by the fact that, most of the results
on nonlinear Hy, design are based on the well-known control affine structure ®(x,u) =

a(x) + b(x)u that is obviously Lipschitz with respect to u.

Remark 4.11. Assumption 4.8 places a geometric condition on the one-sided Lipschitz
function ®. Note that this condition doesn’t affect neither the value of the one-sided

Lipschitz constant nor the Lyapunov matrix in our synthesis (see Theorem 4.3).

Theorem 4.3 sums up our main result by proposing an LMI-based technique for optimal

output feedback design that satisfies the incremental H., performance criterion.

Theorem 4.3. Suppose that the nonlinear one-sided Lipschitz system (4.56) satisfies As-
sumptions 4.2-4.4. The state feedback controller u = —KZ along with the observer (4.57)
asymptotically stabilizes the closed-loop system with minimum Lo incremental gain ~*, if
there exists constants 01,02 > 0, scalars p,€1,e2 > 0 and matrices X1 = X7, Xo = X7,

R >0, Gy and G2 such that the following LMI optimization is feasible
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min(u) s.t.

(E+*X,E+"+ ¢ I)B=BR

I Gi
>0
* I
I o9RT
>0
* I
—Q1 +2e1pl BG4 0
* —Q9 + (262p + )\%)I Go| <0
* * -1

X1 1 Y Qo ]
* 22 Qg Q4
* * Yo —

<0

* * *  —ul
where EX X1 E+T + 11 > 0, ELXoFELT 46,1 >0 and

Ql:_(ATELXlE“—|—ELX1EUA+51AT+61A
— GIBT — BGy)

Qs = —(ATEL X0 BT + B X0 TA + AT + 604
— CTG] — Gy0O)

21 = [*Ql+€1(2p+3)\u0102)1 )\g(1+0102)]

* -1

Q2+(462p+261 AuO102 +2/\%L)I G :|
—I

[
[BG10], [(ELXIELOWQI)D }
[}

2 ]’ O, = [(ELXQEUJFSQI)DPGQDQ}

Once the problem is solved

K=GR!
L= (B'XoEt + 61)71Gy

N

gl min (1)
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In order to prove this theorem, we need two preparatory lemmas.

Lemma 4.5. [113] For any vectors x,y € R™ and any positive definite matriz P € R™™,
we have

22Ty < aTPx +yTP 1y (4.74)

Lemma 4.6. For any symmetric matrix P € R™*"™ and nonzero matriz M € R" "™ there
exists a symmetric matric X € R™*™ and a positive scalar € > 0 such that P can be

parameterized in the form P= MXMT + €l,,.

Proof: It is based on the proof of [103, Lemma 4.1], thus omitted. [ |
Proof of Theorem 4.3: From (4.56) and (4.57), the error dynamics is

é(t) = (A — LC)e + ®(z,u) — ®(&,u) + L[h(z,u) — h(z,u)] + (D1 — LDo)w  (4.75)

where e = x — 7 is the state estimation error. Let X = Xo N &), N X, and U = Up NU NU,.

Now, Choose the following Lyapunov function candidate for z € X, u € U

P 0
V(z,e)=XT X=Vi+V (4.76)
0 P
T
where X = [g;T eT} is the augmented state, P; and P» are symmetric positive definite
matrices, and Vi = 2TPjx, Vo = eT Pye.

Part I (Asymptotic stability): Taking the derivative of V; along the trajectories of (4.56)

yields

Vi(t) = &T(t) Pra(t) 4+ 27 (t) Pri(t)

= [Az + Bu+ ®(z,u) + Dyw|"Pix + TP, [Azx + Bu + ®(z,u) + Dyw]|  (4.77)

Applying the control law u = — K% and considering & = = + e along with Assumption 4.3,

we get,

Vi(t) = 2T[(A — BK)TP, + P;(A — BK)|z

+22TPLEY(x,u) + 22TPiDiw — 22TPiBKe (4.78)
Let
(A — BK)Tpl + Pl(A — BK) =ATPL+PA- K'BTP, — PPBK = -1 (479)
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that is bilinear with respect to the variables K and P;. As it will be seen, the equal-
ity constraint (4.60) enables us to convert this BMI into an semidefinite programming
(SDP) problem. By virtue of Lemma 4.6, assume that the Lyapunov matrix P; can be
parameterized as

P =E*X\EYT a1, (4.80)

where X is an arbitrary weighting matrix, ¢; > 0 and E~ is the orthogonal complement of
E,ie., EXTE = 0. Now using (4.80) and the one-sided Lipschitz condition in Assumption
4.2, it follows that TPy EV(z,u) = €1 (EV¥(x,u) — 0,2 — 0) < e1pzTx and hence

Vi(t) < —2TQux + 2e1p2Tx + 22T Py Dyw — 22TP BKe (4.81)
Similarly, the time derivative of V5 along (4.75) is given by

Va(t) = éT(t)Pre(t) + €T (1) Pré(t)
=eT[(A— LC)TPy + Py(A— LC)le + 2e" B[ ®(z, u) — ®(Z, u)]

+2e"Py(Dy — LD2)w + 2e" Py L[h(x, u) — h(z,u)) (4.82)
Define
(A= LC)YTPy+ Py(A—LC)=ATP, + BLA—CTLTP, — P,LC = —Q2 (4.83)
which can be written as
ATPy + P,A— CTGl — G2C = — Q2 (4.84)

with Go £ P,L. Assume that P, can be also parameterized as Py = ELXoFELT 4+ 61,.

Now, using the one-sided Lipchitz property of ® we have

TP [®(x,u) — ®(2,u)] = (PREV(x,u) — PEV(Z,u),x — &)

= e(EVY(z,u) — E¥Y(2,u),r — ) <eypele (4.85)
and the Lipschitz continuity of h together with Lemma 4.5 leads to

2eT Py LIh(z,u) — h(#,u)] < eTGoGle + ||h(x, u) — h(i,u)||?

< eTGoGle + AeTe (4.86)
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Substituting (4.84)-(4.86) into (4.82) we obtain
Va(t) < —eTQge + 2ezpeTe + eTGyGle + MeTe 4 2eTPy(Dy — LDo)w (4.87)

Then, considering inequalities (4.81) and (4.87), the time derivative of V (z, e) is bounded
via
V(t) < 2T[-Q1 + 2e1plz + €T[~Qa + (2eap + A2) T + G2GTle
— 2£CTP13K€ + 2$TP1D1’LU + 26TP2(D1 — LDQ)U) (488)

Therefore, a sufficient condition for asymptotic stability (V < 0) when w = 0 is given by

the matrix inequality

—Ql + 261pI PlBK 0
KTBTP,  —Qa+ (2ep+ ) G2| <0 (4.89)
0 G} ~I

that is obtained by means of the Schur complement [110]. Using (4.60) and the change
of variables G; = RK we have PPBK = BRK £ BG,. Having G; and inserting the
geometric parametrization of P; and P, into (4.89), we arrive at the LMI (4.63). Note
that the positiveness of R ensures the nonsingularity of R, and hence, the existence of a
unique solution for K.

Part IT (Performance criterion): According to Lemma 4.1, the closed-loop system (4.56)

with the observer (4.57) and the controller v = — K& has Lo incremental gain < ~ if

av -
J £ T (X u,w) = F(X,4,9)] = Jw =@+ [lg(z, w) — g(Z, @) < 0 (4.90)

dX Ix-%
in which, the storage function V' is chosen the same as the Lyapunov function (4.76),

T T
X=|om o] and # = |77 7| with

F1= (A—BK)r+ ®(z,u) + Diw (4.91)
Fy= (A—LC)e+ ®(x,u) — ®(&,u) + L]y — C& — h(z,u)] + (Dy — LD)w

For simplicity denote é = & — Z, ®(x, &, u) 2 ®(z,u) — D(&,u), and h(z, &, u) 2 h(z,u) —
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h(z,w). With these notations, calculating (4.90) yields

oVvy
J=—-—
oxr 1 x-X

oVa

. 5\ . 5\ 7T Y] 7 —_— .
[Jl(x,u,w) jl(x>u7w)]+ de | x_%

=7l — @ + [lg(x, u) - 9(z, @)

=2(x —2)TP[(A— BK)(x — %) — BK(e — &) + ®(z,u) — ®(z,u) + D1 (w — w)]

+2(e — &)TR[(A — LC)(e — &) + ®(x, 2, u) — ®(%, 2, 1)

+ Lh(x,&,u) — Lh(&,2,7) + (Dy — LD2)(w — 1))

— 3w — @2 + [lg(w,u) — g(&, )| < 0 (4.92)
From the geometric parametrizations of P; and P> and Assumption 4.3, we get P;® =

P,EY = ¢;® for i = 1,2. Now using Assumptions 4.2-4.4 together with Lemma 4.5, the

triangle and Cauchy-Schwarz inequalities, the followings can be derived

2x —2)TP[®(x,u) — P(z,0)] = 261 (P(z,u) — D(Z,1),z — )
=26 [(P(z,u) — ®(z,u),z — ) + (®(Z,u) — D(Z,0),x — T)]
< 2eipllz — 7| + 21|z — 2| ®(7, u) — ®(7,3)]

< 2eipllz — &% + 2e1 |z — & A K| — 2]

< 261 (p+ MK Dllz — 72 + 20| K 2 — Fl e — ]

< a(2p+ 3Kz — 3 + el Kllle — &2

< e1(2p + 3Nl KDl — 2|* + 2e1 M| K[| (llel® + 1]€l]*) (4.93)

2e — &)TPy[®(z, 2, u) — B(Z, 2, 0)] = 2ex(P(z, &, u) — P(Z, 2, 1), e — &)

=2e[(P(x,u) — (2,u),e

+
KA
—
&
=41
N~—
|
KA
—~
=
=41
:_/
&

< 2eap(|lel® + [1€]]* + 2l [1e]])

< deap([lel® + llelf*) (4.94)

+ ||A(e, w) = h(,u) — (h(Z,a) — h(z, @))||?
< (e — &)TG2GY(e — &) + N (llell* + [le]l* + 2ellllell)

< (e = &)TGaGY(e — &) + 2X5(flell* + [lel]*) (4.95)
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lg(z,u) — gz, D) < A;(1 + | K[)? e - z* (4.96)
According to LMIs (4.61)-(4.62), we have

GIGI < U%I — HG1” < 01 (4.97)

0 RTR—-I>0—-R TR <ol - |R7Y <o (4.98)

thus, ||K|| < ||G1||||R7!|| € o102. Now, considering (4.93)-(4.96) a sufficient condition for
(4.92) is given by

J < (x—2)T[-Q1+ e1(2p + 3\yo102)] + )\3(1 + 0109)%1)(z — 7)
+eT[—Qa + (deap + 2e1\yo102 + 2X3) T + G2Glle
+ ET[—Qq + (4eap + 2e1\yo109 + 2X3) T + G2GTé
—2(x — #)TP\BKe + 2(x — )TPLBKE + 2¢7Q1¢
+2(x — 2)TP1D1(w — w) + 2eTPo(Dy — LDs)(w — W)

—2e"Py(Dy — LDs)(w — w) — p(w — 0)T(w — w) <0 (4.99)

with 1 = 72. It can be verified that using PiBK = BG1, the definitions of ¥, o, Q1,
O, Q3, Q4 and the Schur’s complements, (4.99) is equivalent to (4.64). Note that based
on the definitions of G; and G2, the optimal controller and observer gains are given by

(4.71) and (4.72), respectively. This completes the proof. [ |

Remark 4.12. Since inequalities (4.71)-(4.72) put some bound on the feedback gain norm

| K ||, the values of o1 and o2 can be predetermined based on the system saturation level.

4.3 Simulation Results

In order to illustrate the effectiveness of the proposed control techniques, four numerical
examples are presented in this section. The first example investigates stabilizing of a
certain nonlinear system while the second one deals with robust controller design for
an uncertain Van der Pol oscillator. In the third example we design a tracking control
scheme for a chaotic plant. The last example is serve to show the efficiency of the proposed

observer-based control law in Section 4.2.
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Example 4.3. The system dynamics which has the form of (4.9)-(4.10) is given by

#1(t) = w9 + 0.3sin(xy + u) + u + O(w)
To(t) = x1 — 22 + sat(wy +22) +w (4.100)
z=x1 x2 ulT

where sat(-) is the standard saturation and 0(w) is a static piecewise linear function shown

below

8(w)
1.25

1125 "w

Figure 4.2: Disturbance nonlinearity

Clearly, the Lo-gain of 0(-) is 1 while its incremental gain is equal to 4. The disturbance
input is described by
0.1sin 2t 0<t<10
w(t) =
1.1+ 0.1sin2¢ 10<t

It can be easily verified that the unforced plant, i.e. uw =0 and w = 0, is unstable. For the

nonlinear system (4.100) we have

03 smxl—i-u —sin(z1 +u 2 5 . - -
H ) ( )) H §0.09(m1—|—u—x1—u)2+(x1+m2—m1—$2)2

sat(zy + x2) — sat(T1 + Ta)
1.09 1 0.09
SXT 1 1 0 XS)\max(G)HX||2

0.09 0 0.09

G

where XT = [331 —F xo— Ty u—u| and Anez(G) = 2.0482. Thus, Assumption 4.1 is
satisfied globally with A\e = /2.0482. It was seen that achieving the minimum incremen-
tal disturbance attenuation of Corollary 4.1 results in undesirable large elements in the

feedback gain. Hence, we set v = 1.3 in our LMIs. By choosing a = 0.4, ¢; = 0.01, and

71



eo = 0.1 and solving the LMIs the controller gain is obtained as K = [10.668 6_483]
Figures 4.3-4.4 compare the incremental Hoo controller designed by Corollary 4.1 with an
H, controller obtained based on the usual gain for the same attenuation level. It can be
seen that the incremental control law forces the unstable states to converge to the origin in
the presence of disturbance input. Moreover, it outperforms the usual Hy control law in
the sense that reduces the amplification of the oscillations (output variations). This feature

is still valid even when the operation region of the disturbances changes at t = 10 sec.

Incremental gain

15 — — — Usual gain

0 5 10 15 20 0 5 10 15 20
Time(sec) Time(sec)

Figure 4.3: States responses in presence of the disturbance input with variable operation
region

Incremental gain

10 — — — Usual gain

8 -
N 6

4

VAR
2 \
NN
0 S TS =~ ~
0 5 10 15 20

Time(sec)

Figure 4.4: Norm of the penalty output

Example 4.4. Consider an uncertain model of the Van der Pol oscillator as follows

1(t) = (1 +61(t))x2 +w (4.101)
ia(t) = p(1 + 202(t) — 23wy + 21 + u+w

where p > 0 is a real number and —1/2 < §1(t) < 1/2 and —1 < d2(t) < 1 are unknown
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time varying parameters. Assume that the disturbance signal w(t) follows a uniform ran-

dom distribution. Clearly, (4.101) can be written into (4.44) via

0 1 0 1
A= , B= , D= ,
1, 1 1
0 d1(t 0
AA(t) = 1) . D=
0 2pda(1) —priTs
51 (t) 10
F(t): , My = ) Na:|:0 1:|
d2(t) 0 2p

Note that the variation intervals of 61(t) and d2(t) imply FT(t)F(t) < I. Moreover, using
Poincare-Bendixson theorem it can be concluded that the unforced system exhibits a limit
cycle that is stable whenever d2(t) > —1/2 and unstable for d2(t) < —1/2, 61(t) > —1. The
system is locally Lipschitz on any compact subset of R? but its Lipschitz constant depends
on the compact region and can computed as N\ = maXHg—fH = max(p|x1|\/4x3 + 22).
Setting p = 1 and considering the operating region of the system we get \g = 31.58.

Our purpose is to stabilize the system in the incremental sense for all admissible un-
certainties. If we pick o = 0.3, €1 = 0.0001, and e2 = 0.001 and z = [1‘1 9 U}T as the

penalty variable the minimization of Theorem 4.2 yields

ﬁ:mm,K:hMQZM

T
Figure 4.5 shows the states responses with the initial condition xg = [0,5 — 0,5} . The
control law is applied at t = 25 sec. It is clear that the states converge rapidly to the origin
in presence of disturbance input as well as model uncertainties. The phase portrait of the

controlled system is depicted in Figure 4-5.

Example 4.5. The proposed incremental-based controller can be modified appropriately
such that it handles an input tracking problem. Consider again the system (4.9)-(4.10) ac-
companied by the measurement y = Cx. The nonlinearity ® is assumed to be independent

of the control input u and our tracking strategy is as below

u=—Kz+u, (4.102)
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0 10 20 30 40 50 0 10 20 30 40 50
Time(sec) Time(sec)

Figure 4.5: Time responses of the system states using the proposed robust incremental
controller

Figure 4.6: Phase portrait of the controlled Oscilator

with
u, = Kz, — B~'Az, — B~'®(x,) + B~ i, (4.103)
z, =Cr, &, =C %
where x, and r are the reference state and desired output, respectively. The feedback gain
K in (4.102) is obtained via an LMI optimization similar to that of Corollary 4.1.

Since chaos control has received substantial interest of research community, our result

is applied on a chaotic physical system. The dynamics of a given Lorenz system with
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T
control input u(t) = [Ul us U3} and external disturbance w(t) is expressed as

&1(t) = a(ra — 1) + u1 + us
da(t) = rey — w9 — w123 + U1 + w (4.104)
To(t) = —br3 + x122 + U2

where a and r are the so-called Prandtl and Rayleigh numbers, respectively and the pa-
rameter b depends on a geometric factor. It is well-known that the unforced plant be-
haves chaotically for a = 10, b = 8/3 and r = 28. The initial condition is taken as
Ty = [10 10 10}T-

This system is locally Lipschitz and its Lipschitz constant is given by max(\/m)
on any compact region around the origin. Using LMI optimization the following value of

K is obtained for v = 0.5

3.28e—8 1349 1.08e -9
K = 3.35 —0.33 136.54
129.2 —97.23 3.26

The simulation results are plotted in Figures 4.7-4.8. The reference signal r = [7“1 r9 7"3} T
1s defined by
r1 = 5sin 3t
rg = 2cos 3t (4.105)
rg = —4sint
and the control input is applied at t = 20 sec. Note that here the whole state is assumed to
be available in the output, i.e. y = x. It can be seen that the reference tracking objective is

successfully achieved in Figure 4.7 and hence the proposed controller performs as expected.

Trajectories of the controlled Lorenz system is shown in Figure 4.8.

Example 4.6. Consider a discontinuous system in the form of (4.56) with



I
0 10 20 30 40 50 60
Time(sec)

Figure 4.7: Reference tracking using the incremental H., controller in presence of distur-
bance input

50
40

30

104
30

%, -30 _20 X

Figure 4.8: Phase portrait of the controlled Lorenz system
T
o = [— sgn (z1)+/|z1]u 0 —ac;/?’]
h =sin(zy — x3), g = [zTu]T

where sgn () denotes the sign (signum) function. Clearly, the unforced plant, i.e., when
u =0 and w =0, is unstable, and none of the state variables is available in the measure-

ment. By similar arguments as that of [61, Example 4.2], it is easy to confirm that ®(x,u)
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18 not Lipschitz. However, we have

(—sgn (1) |z1|u* + sgn (21)V/| 21w, 1 — 21)

u* .
S R

Vi + V21|
(—as/® + 3% g — d3) < —€ 2wy — #5)2 <0

where ||u*|| is chosen to be the infinity norm of any admissible control input u* and § €
(min{xs, £3}, max{xs, &3}) is obtained from the mean value theorem. Consequently, ®
obeys the one-sided Lipschitz condition (2.9) with p = —|u*||/(2/c) for z1 € [—¢,c].
Moreover, it is Lipschitz with respect to u and can be written as ® = EV with

T

100 —sgn (x1)/|z1|u
E = , U(z,u) = 13
00 1 —a

The functions h and g are also Lipschitz. Therefore, Assumptions 4.2-4.4 hold and
Theorem 4.3 can be used to design a stabilizing control law. Using o1 = 5, 09 = 2,
E+ =10 1 0T, ||u*|| <10 and the operating region of x1 as [—5,5], we get p = —0.22

and

V=03, K= [_0.2304 —2.4799 7.1347} ,

T
L:{1.009 —0.436 —7.729}

Figure 4.9 shows the simulation results of the Hy output feedback control with the initial
conditions x(0) = [0 -1 1}T and £(0) = [0_5 0 — 0,5]T. Note that we assume a uni-
formly distributed random disturbance whose amplitude increases slowly within the time
interval (5,15). The control law that is applied at t = 0.3 sec forces the unstable states
to converge to the origin asymptotically. It can be seen that our incremental gain-based
controller performs satisfactory even in the presence of disturbances with many variations.
Furthermore, the estimated states track the actual ones while the estimation error vanishes

gradually.

4.4 Summary

In this chapter the Lo incremental gain is examined as a new performance measure to

design a nonlinear H, controller. Our result is expressed via a feasibility problem of some
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real state

— — — estimated state

Time(s) Time(s)

norm of the estimation error

T3

X3,

Time(s)

Figure 4.9: The simulation results for incremental observer-based Ho, controller

linear matrix inequalities (LMIs) for a class of Lipschitz nonlinear plants and guarantees
exponential stability with minimized incremental gain against model uncertainties and
disturbance inputs.

Moreover, as an extensive class of nonlinear plants, the one-sided Lipschitz systems
is investigated for H, output feedback design in presence of disturbance inputs. We
minimize the effect of disturbances through an incremental H., performance criterion in
an observer-based control scheme to obtain a stable closed-loop system. The simulation

results make the proposed strategies practically viable.

78



Chapter 5

Input-to-Error Sampled-Data

Nonlinear Observer

Throughout this chapter' we study sampled-data nonlinear observers, understood as ob-
servers for continuous-time systems implemented using a digital computer via sample and
hold devices. We present two general estimation procedures for general nonlinear sys-
tems based on (i) discrete-time design (DTD), and (ii) continuos-time design (CTD) or
emulation (see e.g., [3,4] for more details). We show that, given a continuous-time non-
linear plant model, then under some standard assumptions and Lyapunov-ISS conditions,
the proposed observers converge to the true plant state at each sampling instant in an
input-to-state stable, semiglobal practical sense.

The second half of the chapter is dedicated to one specific type of nonlinearities,
namely one-sided Lipschitz, in order to obtain constructive algorithms for a special class
of systems. One-sided Lipschitz systems were inspired by recent advances in the math-
ematical literature in numerical analysis and can be viewed as a generalization of the
popular Lipschitz condition that has received much attention in the control literature for
the past 4 decades. All of the existing works focus on observer stability and make use
of a modified one-sided Lipschitz condition in which the nonlinearity is scaled via a fixed
symmetric matrix. This modification makes the design problem tractable, but affects the

value of one-sided Lipschitz constant and brings additional constraints on the Lyapunov

!The results of this chapter have been submitted for publication in the article: H. Beikzadeh and H.
J. Marquez, “Input-to-Error Stable Observer for Nonlinear Sampled-Data Systems with Application to
One-Sided Lipschitz Systems,” Submitted to Automatica, Sept. 2013.
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function. Observer design for the original one-sided Lipschitz condition remains relatively
unexplored. Very recently, the authors in [63] introduced an alternative approach which
eliminates the need for scaling at the expense of an additional condition on the nonlinear-
ity, known as quadratically inner bounded . This approach was further developed in [64]
to obtain less conservative results and in [65] to address the discrete-time problem. In
this chapter, we consider the the problem of sampled-data observer design for one-sided
Lipschitz systems in the presence of disturbance inputs. We present two DTD and CTD
(emulation)-based schemes that ensure input-to-error stability in terms of linear matrix
inequalities (LMIs). Both of the proposed observers introduce refined Euler models by
incorporating an integration parameter together with the sampling period to approximate
the exact discrete-time models. We show that while the DTD observer necessitates the
quadratically inner-bounded condition, the CTD observer does not. Instead, we employ
a mild geometric condition on the plant nonlinearity and formulate the design procedure
using a parameterization of the Lyapunov function [103].

The rest of the chapter is organized as follows. Section 5.1 introduces the family of
input-to-error stable sample-data observers in presence of disturbances, and gives the rel-
evant background. We provide sufficient conditions which guarantee semiglobal practical
stability of the estimation error for general nonlinear plants using the DTD and CTD
methods in sections 5.2 and 5.3, respectively. Our results is applied to one-sided Lipschitz
systems in Section 5.4 and is verified via two appropriate simulation examples in Section

5.5. Eventually, some concluding remarks are drawn in the last section.

5.1 Definitions and Problem Setting

We consider the following nonlinear system:
G: (5.1)

where x € R™, u € R™, d € R? and y € RP are respectively the state vector, control
input, exogenous disturbance and measured output and the nonlinear functions f and g
are continuously differentiable vanishing at the origin. Assume that the continuous-time

system G is connected to the ideal sampler § and the (zero order) hold device H with the

80



sampling period T" > 0 in a sampled-data configuration. The exact discrete-time model of
(1) is then given by

w(k+1) = Fp(a[k], u(k), d[k])

y(k) = g(a(k),u(k), d(k))

where Fif:(z,u,d) is the solution of the differential equation in (5.1) over sampling interval

(5.2)

[kT, (k+1)T') with a constant input u. The need for a closed form solution of the differential
equation (5.1) makes it impossible to obtain the model (5.2) in most practical cases.
Therefore, consistent with the literature on nonlinear sampled-data systems, we refer to
F% as the exact discrete-time model of the system (5.1) and assume that it is unknown.
Instead we employ a family of approximate discrete-time models Ff , (z(k), u(k), d[k]),
where h is a modelling parameter utilized to refine the approximate model for a given T

Throughout the chapter the mismatch between the exact and approximate models is
evaluated via the one-step consistency property of Definition 2.8. The one-step consistency
can be checked using verifiable conditions based on the Euler approximation provided
in [4,13] without knowing the exact model Ff.

Considering the approximation Fp . we design a family of sampled-data observers of

the form
&(k +1) = Ff,(2(k), u(k),0) + bppn (2(k), y(k), u(k)), (5.3)

where Z(k) denotes the state estimate, Ff., (Z(k), u(k),0) is the approximate model with
zero disturbance and {7, is zero at zero.

Our main question is under what conditions, and in what sense, an estimator like (5.3)
guarantees convergence to the true plant state when applied to the exact model (5.2).
Note that it is well established that, even in the absence of disturbance, an asymptotic
convergence of an observer design based on the approximate model does not necessarily

guarantee convergence of the true (exact) model (see [70]).

Definition 5.1. The observer (5.3) is said to be input-to-error stable semiglobal in T and
practical in h, if there exist § € KL and v € K such that for any d1,02 > 0 and compact
sets Z € R", % € R™, we can find Ty > 0 such that for any T € (0,71 and v € (0,01),

there exists hy € (0,T] such that Vh € (0, hy],
2(0) = 2(0)] < 01, [[d]loc < d2 (5.4)
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and z(k) € 2, u(k) € %, Vk € Z implies

(k) — &(k)] < B(l2(0) = 2(0)], KT) + v ([|dlo0) + v (5:5)

This definition is a generalization of the notion of semiglobal practical convergence
introduced by [70] when the plant is exposed to disturbance inputs. Note that for d = 0,
Definition 5.1 reduces to [70, Definition 2(b)] where h is independent of T. The effect
of the sampling period as well as the refining parameter on the residual observer error is

investigated in Section 5.5.

5.2 Observer Design via Approximation and Input-to-State
Stability
In this section, we derive conditions based on the approximate model that guarantee ISS

observer convergence in the sense of Definition 5.1 for the exact model. From (5.2) and

(5.3), the observer error e := x — & satisfies
e(k+1) = Ff j,(2(k), u(k), 0) + Lpn(2(k), y(k), u(k)) — Fr(x(k), u(k), d[k]) — (5.6)

Adding and subtracting the approximate model I}, (z(k), u(k), d[k]), (5.6) can be rewrit-

ten as
e(k+1) = Epp(e(k), x(k), u(k)) + Ff j,(x(k), u(k), d[k]) — Fr(x(k), u(k),d[k]) ~ (5.7)

where

Erple,z,u) == Fr,(2,u,0) + b p(2,y,u) — FF (7, u,d) (5.8)

indicates the nominal estimation error dynamics for the approximate design, and F'ft , — Ff;

is the mismatch between the approximate and exact plant models.

Theorem 5.1. The observer error dynamics (5.6) is input-to-error stable if the following

conditions hold:
i) F%, is one-step consistent with F5 as in Definition 2.8.
T,h T

(it) There exists a family of Lyapunov functions Vpp(e), aq(-),cn(-),as3(-) € Kx and

A(+) € K with the following properties:
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For any positive real numbers (0¢, 6y, dq), there exists T* > 0 and M > 0 such that for
each fized T € (0,T*] there exists h* € (0,T] such that for all e,eq,e2 € B(de), u € B(dy),
ld]|co < g and h € (0, h*],

\Vth(el) - Vth(e2)] S M|61 - 62| (59)
on(Jel) < Vra(e) < oa(e]) (5.10)
B Yealrales 2, ) ZVeal®) o (el +4(1dle) (5.11)

In order to prove our main result, we need the following lemma.

Lemma 5.1. Let ay,a2,a3 € Koo and strictly positive real numbers (Ce,r,Cq) be such
that ||d||ec < Cyq and a1(Ce) > r. Assume that for Ty > 0 and each fized T € (0,T1] there
ezists h1 € (0,T] such that for any h € (0, h1] there exists a function Vryp : R" — RT
with the following properties: we have aq(le]) < Vpp(e) < ao(le]) for all e € R™ and
max{Vr(e(k + 1)), Vrp(e(k))} > r for all ||d|l < Cq4, e € R™ with |e| < C. leads to
Vrn(e(k + 1)) = Viep(e(k)) < —Las(le]). Then, for all |e(0)| < ay' o ai(R), ||d||s < Cy

we get |e(k)| < C. Vk € Z*, and furthermore the estimation error satisfies

le(k)] < B(le(0)], kT) + ag ' (r) (5.12)

Proof. The first part of the proof is analogous to that of [19, Claim 3]. Then, using an
argument similar to the proof of Theorem 2 in [4], it can be concluded that there exists a
class-ICL function Bi(-,-) such that Vp(e(k)) < max{81(Vrr(e(0)),kT),r}. Then, (5.12)
is obtained with B(s,7) = o (81 (aa(s),T)). [ |

Proof of Theorem 5.1: Let (0., d4, ) > 0 be given and T}1, h11 come from Definition
2.8. First from (5.7) and (5.11) and using inequality (5.9) together with the consistency

property (2.8), we obtain

Vrp(e(k +1)) = Vrp(e(k)) < —Tas(le]) + T3(||dlloo) + Vrn(e(k + 1))
— Vrn(Erp(e(k), z(k), u(k)))
< —Tas(le]) + TH(||dllsc) + TMp(h) (5.13)
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for T € (0,T11],h € (0,h11]. Define ¥ € Ko and positive real numbers (Ce,Cqg,€)
as: A(s) := ag 0 az'(45(s)), Ce := &, € > 0 is such that sups€[075d]{a1_1(’?(s) +e) —
o (A(s)} < v, and C, := max{a; ' ((d4) + €),a;" o aa(de)}. These choices implies
that C. > a7 (5(Cq) + €) and |e(0)] < o' 0 a1(Ce). We now claim that there exists
T* > 0 such that for each T € (0,7*] there exists h* € (0,T] such that for all h € (0, h*],
le(0)] < aytoai(Ce), ||d||ee < Cy and all k € Z7 it can be deduced that

max{Vry(e(k + 1)), Vru(e(k))} = A(lld]lco) + €
T

= Vrple(k+1)) — Vrn(e(k)) < —Za3(|e(k)\) (5.14)

Let us define oy = a5 '(5) and 02 = a5 '(3a1(01)). Choose positive real numbers T,
hi2, Ti3, hag, Tha, hig such that: Tiop(hi2) < o1, Tiz(3as3(Ce) +7(||d||oo) + M p(h13)) < 5,
T147(Cq) < 2a1(01) and Mp(h14) < %053(0'2). Take T* = min{T11,T12,T13,T14} and
h* = min{hi1, h1a, h13, h14} and consider any T € (0,7%], h € (0,h*], |e(0)] < ay’ o

a1(Ce) and ||d|lec < C4. Now we consider two possible scenarios. First assume that

Vrn(e(k+1)) > A(||d||l) + § and rewrite (5.13) as

Vialelh +1) = Via(e(k)) < —+ as(le(h)]) — = as(ag (Ves(e(k)) + T3(ld].o)
(a)
—gasle(k))) + TMp(h) (5.15)

(b)
therefore we conclude that V., (e(k+1)) > 4(||d||o0)+5 implies ¥(||d||oc)+5 < Vru(Ern(e, z,u))—
Vrn(e(k))+|Vrp(e(k+1)) = Vrn(Ern(e, v, u)) |+ Vrn(e(k)) < —Tas(le(k)]) +Ty(]|d] )+
MT(3p(h)+Vrp(e(k)). By the choice of T13 and hiz, we get 4(||d||c)+5 < §+Vrn(e(k)).

Hence, it follows that

Vrp(e(k +1)) = A([ldllo) + % = Vrn(e(k) = 3(ldl)- (5.16)

Based on the definition of 4(-), Term (a) < 0 holds. By supposition Vy(e(k 4+ 1)) >
A(lldlloo) + §, we have e(k + 1) > a;l(%) = 201. Then our choice of T2 and hig shows
that |Epp(e,z,u)| > |e(k +1)| — |e(k + 1) — Epp(e,z,u)| > 201 — 01 = o1. Using (5.11)

and our choice of Ti4, it yields that

ax(le(k)) = Vou(Ern(e, z,u)) — T5(Ca) = ca(|Ern(e, z,u)|) — T5(Ca)

1 1

Z 051(0'1) — 50&1(0’1) == 50[1(0’1) (517)
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which implies |e(k)| > a5 ' (2a1(01)) = 0. Then, from the choice of hy4, we have |e(k)| >
o3 = Term(b) < 0. Consequently, Vpy(z(k + 1),2(k + 1)) > 4(||d||c) + 5 results in
Ve (a(h + 1), 20k + 1)) — Ve (a(k), #(8)) < —Sas(le(k))).

Now Suppose that Vi, (e(k + 1)) < 4(|ldlloc) + § and Vi (e(k)) < 4([d]loc) + . From
our choice of T3 and hys, it follows that: Vi p(e(k 4 1)) — Vrp(e(k)) < A(lld]|o) + § —
Via(e(k) +5 — 5 < A(ldl) +& — Vea(e(k) — § < —5 < Fas(le(k))). Therefore, (5.14)
is valid under both cases.

With these prerequisites, we can finalize our proof. Taking the definitions of ¥ € K,
(Ce, Cyq,€) into account, assume that (5.14) holds with 7% > 0, h* > 0. Let r = 5(||d||x) +
g, then we have a1(C.) > r. With the definition of (Ce,r), all the conditions of Lemma
5.1 are satisfied. Therefore, for all h € (0, h*], |e(0)| < e and ||d||oc < d4, We obtain

le(k)] < B(1e(0)], kT) + a1 ([l ) + ) < B(le(0),kT) +7([ld]c) + v (5.18)

where v(s) := a ' 0 4(s). The proof of Theorem 5.1 is complete. [ ]

5.3 Observer Design via Emulation and Input-to-State Sta-
bility

Emulation is known as a common approach for sample-data implementation of controllers
and observers, which consists of continuous-time discretization using approximate meth-

ods. Assume that we have a continuous-time observer described by
T = s(&,y,u) (5.19)
that is implemented with the approximate discrete-time model
Bk +1) = S7p(2(k), y(k), u(k)) (5.20)

The function s(-,-,-) is assumed to be locally Lipschitz in all its arguments. We now
provide a Lyapunov-ISS condition to guarantee the semiglobal practical convergence of

the emulated observer (5.20).

Theorem 5.2. The observer (5.20) is input-to-error stable if the following conditions
hold:
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(i) S, is one-step consistent with ST according to Definition 2.8, (y,u) as constant

inputs during sampling intervals.

(ii) There exists a C' Lyapunov function V, a1(-), aa(-), a3(+) € Koo and 7(-) € K such
that for all x,z € R™ and all u € R™

on(lel) < V(e) < (el (5.21)
O flau) + 9 s, ) < —as(lel) + F(ldl) (5.22)

with e = x — T as the estimation error.

Proof. The proof is analogous to that of Theorem 5.1 with the Lyapunov function

Vrn replaced by V. The details are hence omitted. |

5.4 Application: One-Sided Lipschitz Systems

In this section we apply the general input-to-state observer conditions of Sections 5.2 and
5.3 to the class of one-sided Lipschitz systems. Section 5.4.1 considers the DTD method
and section 5.4.2 considers the same problem via emulation. We will show that both

techniques are needed given the different challenges presented in the design.

5.4.1 DTD Method:

This section applies the general input-to-state observer convergence conditions of Theo-
rem 5.1 to the problem of sampled-data observer design for one-sided Lipschitz nonlinear
systems. In order to proceed, we need to specify some form of discrete-time model ap-
proximation. For this purpose, we focus on the Euler model because of its simplicity and
also because it preserves the structure of the original nonlinear model.

Throughout the rest of this section we assume that the continuous-time system (5.1)

can be put into the following form

i(t) = Az(t) + ®(x(t),u(t)) + Did(t)
y(t) = Cx(t) + Dad(t)

(5.23)

where A,C, D1, Dy are constant matrices of appropriate dimensions and the nonlinear-

ity ®(-,-) satisfies the one-sided Lipschitz assumption defined as follows: ® is one-sided
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Lipschitz in the region D, i.e., for Vx, & € D and any admissible control signal u*
(®(z,u*) — ®(&,u*),z — &) < pllz — 2| (5.24)
where 1 € R is the so-called one-sided Lipschitz constant.

Remark 5.1. Note that condition (5.24) is different from the nondecreasing (slope re-
stricted) nonlinearities considered by [71, 104]. Slope restricted nonlinearities were the
focus of much attention in the 1960°’s. A scalar function ~(-) is said to satisfy a sector

condition if

a§W§ﬁ Yo,weR, v#w, a,fER

One-sided Lipschitz functions are vector-valued and therefore generalize the sector condi-

tion in a non-straightforward manner.
We need the following assumption previously made by [63,65].
Assumption 5.1. ® is quadratically inner-bounded in the region D, i.e.,
(®(z,u*)— (2, u*))(D(x, u*)—B(&,u*)) < nl|z—2|*+0(x—2, ®(z,u*)—®(L,u*)) (5.25)
forVz, 2 € D and 1,0 € R.

It is easy to verify that any Lipschitz function is also one-sided Lipschitz and quadrat-
ically inner bounded with § = 0 and n > 0. However the converse of these statements is
not true ( [63]). Thus, (5.23) with (5.24) constitutes a broad class of nonlinearities that
include Lipschitz as a special case.

We first construct an approximate discrete-time model Fi?“,h for the continuos-time

system (5.23) through a refined Euler model as follows

on(t,z,u,d) =z + h(Az + ®(z,u)) + fkkffﬂfﬂ)hd(ﬂdﬂ

@}1“(3:, u,d) == op(i + 1, cp%, u,d), (5.26)
F,(x(k), u(k), d[k]) = ¢} (z,u, d)
in which ¢} := x4+ h(Az + ®(z,u) —i—fkTJrh 7)dr and N = T/h.

Proposition 5.1. The approximation (5.26) yields the following closed-form discrete-time

model for (5.23)

x(k+1) = Apz(k) + Op(x(k), u(k)) + Didp k] (5.27)
y(k) = Ch{L'(k) + ng(k)
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with

Ap = (T +hA)N, ¢, =C,
N-1 )
by (z,u) = h(I + hA) ®(z,u), (5.28)
j=0
N-1 ' ET+(j+1)h
dplk] =) (I +hA)N-I-1 / d(T)dr
=0 kT+jh

Proof. The proof is straightforward and is thus omitted.

Let H = ij;olh(l + hA)/, then

(@) — B (@ u), @ — ) = (HB(, u7) — HO(@,u),x — ) < | Hulla — 7]
which states that @, is also one-sided Lipschitz with the constant uy, = || H||p.

Remark 5.2. If N — 1, then A, — (I + AT), &, — TP and (5.27) represents the
original Euler model. Moreover, as N — oo, A, — eAT which is the zero-order hold

equivalent of the linear part in (5.23).

Remark 5.3. [t is straightforward that the approrimation (5.27) is one-step consistent

with the unknown exact discrete-time model of (5.23).

We now consider the following observer structure:
T(k +1) = Fr,(2(k), u(k),0) + Lly(k) — Cpz(k)] (5.29)
where L € R™ "™ is the observer gain to be determined.

Theorem 5.3. Under Assumption 5.1, the observer (5.29) using the approzimate model
(5.27) is input-to-error stable according to Definition 5.1, if there exist matrices P > 0
and R and scalars (1,(s > 0 such that the following LMI is feasible:

—P+ (G + Gm) Q-+ 2891 V3Q
x 3P—GI 0 | <0, (5.30)
* * -P

where Q = AIP—CTR, pp, = ||H ||, mn = [|H|?*n and 65, = |H||?0. Then, the gain matriz
L is given by L = P~'RT.
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Proof. To prove the result, let us pick the Lyapunov function candidate as V7 =
eT(k)Pe(k). From Apmin(P)le|* < Vrn(e) < Amaz(P)le]?, we have that (5.10) is satisfied.

Besides,

\VT,h(el) — Vth(eg)‘ = \eIPel — 612-P62’ = Hel — 62]P[61 + 62” S )\mw(P)\el -+ 62”61 — 62’
(5.31)
which implies (5.9) using the fact that IM € (0, 00) such that Apezler + ea] < M. Con-

sidering (5.27) and (5.29), the observer error dynamics is given by

e(k+1):=axk+1)—2(k+1) = (A — LCh)e(k) + Ady(z(k),z(k), u(k))

+ Dydp|k] — LDsd(k) (5.32)

with A®y, = &p(x(k), u(k)) — Pp(2(k),u(k)). By virtue of (5.32), the difference of Vr,

is calculated as

AV =Vpp(e(k+1)) — Vrp(e(k)) = eT(k + 1)Pe(k + 1) — eT(k) Pe(k)
= ¢T[(Ap, — LC)TP(Ay, — LCy) — Ple + ADTPA®T + 2¢T(Ay, — LC,)TPAD),
+92eT(Ap, — LCy)TPDydy[k] — 26T (Ay — LC),)T PLDyd(k) + 2A8] PD1dy K]
— 2A®] PLD,d(k) — 2d] (K] D] PLDyd(k)

+d] [k] DI PDydy k] + d" (k) D} LT PLDod(k) (5.33)

Note that here e(k + 1) is indeed the nominal estimation error E7} defined by (5.8) and
hence, (5.33) calculates the Lyapunov function difference as used in (5.11). Employing

the well-known matrix inequality
22T < XTPX + TPy (5.34)

for any positive definite matrix P and vectors £ ,% € R"™, we obtain the following in-

equalities
2eT(Ap, — LCy)TPDydp[k] < eT Ape + df [k] D] PD1dy [k] (5.35)
—2eT(Aj, — LCR)TPLDod(k) < eTApe + dT (k) DI LT PLDyd(k) (5.36)
2A®] PDydp[k] < A®] PA®y, + d} [k] D] PD1dp[k] (5.37)
—2A®] PLDod(k) < A®] PA®, + dT(k)DILTPLDsd(k) (5.38)
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where Ay, = (A, — LC),)TP(Ay — LCy). Inserting (5.35)-(5.38) into (5.33), we have

AV < eT[3/fh — Ple + 3A(I)£PA<I>/1 + 2eT(Ap, — LCL)TPAD), + 3d£[k‘]DIPD1dk[k‘]

+3dT (k) D} LT PLDyd(k) — 2d] [k] D] PLDyd(k) (5.39)

which can be written as

k 34, — P (A, — LCy)TP k
AV/T < e(k) | 1 |34 (An n) e(k)
Ad, (k)| T x 3P AD, (k)
@)
:
dy[k]| 1 |3DIPD, —DIPLD, | |djlk
+ h[ ] = 1 1 1 2 h[ ] (540)
dk)| T « 3DILTPLD,| | d(k)

(i4)
Equation (5.24) can be rewritten in the form ppeT(k)e(k) — eT(k)A®;, > 0. Therefore, for

any positive scalar (3

471 e(k) ! MhI _é €(k3) 0 (5 41)
T | A, (k) « 0| |AdL(k)|
Similary, from (5.25), we have
;
G| ek ml =5 | elh) >0 (5.42)
T | Avy,(k) « =T | |A®L(k)|

for a positive scalar (5. Then, adding the left-side terms in (5.41) and (5.42) to term (%)
in (5.39) leads to

e(k)
Ady (k)

e(k)
Ady (k)

term (i) < (5.43)

with

]

_ (3An — P) + (G + Comp)I  (Aj, — LCy)TP + fn2=C1p
* 3P — (oI

Using the Schur complement and notations R = LTP, Q = A] P—C[ R, (5.30) is equivalent

to IT < 0. Therefore, if LMI (5.30) holds a feasible solution, then for all e(k) # 0

Term (i) < Apaz(IT)(eTe + APFAD) < —as(|lef) <0 (5.44)
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where as(|le|) = —Amaz(ID) ] e]|?. Regarding the second term of (5.40), it is easy to verify

that
T

8D]PD, —DIPLD, | _|Di| [8P ~PL | |Dy 5.15)
* 3DILTPLD, Dy * JLTPL| | Ds

is positive semi-definite which together with ||d[k]|| < ||d||co, ||d(k)]] < ||d||c indicates that
there always exists a function 7(-) € K such that Term (i7) < J(||d||so). This inequality
together with (5.44) results in (5.11). Considering Remark 5.3 all the conditions of The-
orem 5.1 hold, and hence the observer (5.26) is input-to-error stable. This completes the
proof. [ |
Letting n = 0 and € > 0 in (5.25), the quadratically inner bounded condition reduces

to the “sector constraint” as a special case discussed in [114], that is
(P(z,u*) — ®(Z,u")(P(z,u”) — ®(z,u")) < O(x — &, P(x,u”) — P(Z,u")) (5.46)
thus, we can derive the following corollary from Theorem 5.3.

Corollary 5.1. Assume the one-sided Lipschitz system (5.23) under the sector constraint
(5.46) with a constant @ > 0. Then the observer (5.29) using the approximate model (5.27)
is input-to-error stable, if there exist P > 0 and scalars (1, (2,s > 0 such that the following
LMI is feasibe

P+ Gl AJP - SCIC, + =T $\/3CTCy,
x 3P — (ol 0 <0, (5.47)
* * —P

the resulting matrixz gain L is given by L = %P‘lCT.

Proof. Using the elimination of matrix variables introduced in [110] together with
setting 7, = 0 in (5.30), we can obtain the matrix condition (5.47). Here the detailed

proof is omitted. [ ]

Remark 5.4. If we let pp, = 0 in (5.47), i.e., the plant is not necessarily one-sided
Lipschitz, Corollary 5.1 presents a sampled-data design approach for the nonlinear systems

with sector constraint nonlinearity [114].
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5.4.2 Emulation Method:

In this section we apply the general input-to-state observer convergence conditions of The-
orem 5.2 to the problem of sampled-data observer design for one-sided Lipschitz nonlinear
systems via emulation.

Before proceeding with the discussion, we note a significant difference between the
emulation method discussed here and the direct discrete design of the previous section.
In the direct discrete-time design, the quadratically inner bounded condition imposed by
Assumption 5.1 seems to be inevitable. This fact is due to the challenging presence of the
term APTPAD that appears in the derivation. We will see, however, that this condition
is no longer needed for the emulation based design.

Consider again the one-sided Lipschitz plant (5.23) under the following assumption.

Assumption 5.2. The nonlinearity ® can be written as
O(x,u) = EV(z,u) (5.48)

where the full-column rank matric E € R"*® is the corresponding distribution of V(x,u)

onto the nonlinear function ®(x,u)

Remark 5.5. Assumption 5.2 places a geometric condition on the one-sided Lipschitz
function ®. Note that this condition affects neither the value of the one-sided Lipschitz

constant nor the Lyapunov matrixz in our synthesis (see Theorem 5.4).

Throughout the rest of the section we assume that a continuous-time observer of the
form:

(1) = A#(t) + ®(2(t), u(t)) + Lly(t) — C2(1)] (5.49)

has already been designed for the continuous-time system (5.23)-(5.24), and construct S%.
in (5.20) using a refined Euler approximation similar to (5.26) as follows:

N—-1
#(k+1) = (I+h(A-LO))Va(k)+ Y h(I+h(A~LC)) (D(&(k), u(k)) + Ly(k)) (5.50)
§=0

Theorem 5.4. Under Assumption 5.2, the discretized observer (5.50) obtained from the

continuous-time observer (5.49) is input-to-error stable according to Definition 5.1, if there

exist matrices X = XT and R and scalar { > 0 such that the following LMI feasibility
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problem has a solution:

Q+QT+E*XELT +¢(2u+1)I <0 (5.51)

ErXEYT (I >1 (5.52)

in which Q = ATEXXELT 4 CA — RC. If (5.51)-(5.52) has a feasible solution, then the
observer gain is given by L = (E-XELT + ¢I)™'R.

The following lemma is needed in the proof of Theorem 5.4.

Lemma 5.2. For any symmetric matrix P € R™*"™ and nonzero matriz M € R™" "™ there
erists a symmetric matrix X € R™*™ and a positive scalar ( > 0 such that P can be

parameterized in the form P = MXMT + (I,.

Proof: The proof is analogous to that in [103, Lemma 4.1], and is omitted. |
Proof of Theorem 5.4. From (5.23) and (5.49), the error dynamics of the continuous-

time observer is
é(t) = (A— LC)e(t) + @(x(t),u(t)) — ®(z(t),u(t)) + (D1 — LD3)d(t) (5.53)

Choose V' (e) = eT(t)Pe(t) as the Lyapunov function candidate. Computing the left hand
side of (5.22) yields

ov (x u)—f—avs(i w)
oz 1\ T 9 T Y

= 2T (t)P(Az(t) + ®(x(t), u(t)) + D1d(t)) — 2eT(¢) P(AZ(t) + P((t), u(t))

+ Lly(t) — C(t)])

=eT(t)[(A—LC)TP 4+ P(A — LC)e(t) + 2eT(t) P[P (x(t), u(t)) — ®(2(t), u(t))]

+2eT(t)P(Dy1 — LDo)d(t) (5.54)
that is indeed the time derivative of V' along (5.53). In accordance with Lemma 5.2,
assume that P can be parameterized as P = E-XELT + (I, where X is an arbitrary
weighting matrix, { > 0 and F comes from Assumption 5.2 . Now, using the geometric
condition (5.48) and the one-sided Lipchitz property of ® we get

el () P[®(x(t), u(t) — D(£(t), u(t))] = (PEY(x(t),u(t)) — PEV(L(t), u(t)), z(t) — &(t))
= (B (x(t), u(t)) — EW(E(t), u(t)), z(t) — &(t))

< CueT (t)e(t) (5.55)
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Also, based on the matrix inequality property (5.34) it follows that
2eT(t)P(D1 — LD3)d(t) < eT(t)Pe(t) + dT(t)(Dy — LD2)T(Dy — LD2)d(t) (5.56)

Inserting (5.55)-(5.56) into (5.54) along with considering the parameterization of P gives

rise to
ov ov . T T(pL 1T € 1T
b (z,u) + 5 s(2,y,u) =eT(t)[(A— LOY(E-XE" +(I)+ (E-XE~ +(I)(A-LC)

+(EEXERT 4 ¢T) + 2¢ul]e(t) + dT(t)(Dy — LD2)T(Dy — LDo)d(t)  (5.57)

Since dT(t)(Dy — LD2)T(D1 — LD»)d(t) is always positive semi-definite, (5.57) holds the
form of (5.22) if (A — LC)Y(E+XELT + (1) + (B XELT +(I)(A - LO) + (B XELT +
CI)+2¢ul < 0. Using the definition of  and L, we arrive at the linear matrix inequalities
(5.51)-(5.52). Therefore, all the conditions of Theorem 5.2 are satisfied and the observer

dynamics is input-to-error stable. This concludes the proof. |

Remark 5.6. Although the need for the quadratically inner bounded constraint was elimi-
nated in Theorem 5.4, the direct discrete-time design of Theorem 5.3 usually brings better
observer performance. This is mainly due to the fact that unlike the emulation approach,

the DTD method deals with the sampling period directly (see also Example 2).

5.5 Illustrative Examples

In this section we present two numerical examples showing the applicability of theorems
5.3 and 5.4 for sampled-data one-sided Lipschitz systems.
Example 1. [61] Consider the system (5.23), with

P R | C:[1 0}’ Dy 0.5 Dyt
1 -15 1

D(a(t),u(t) = [Lu(t)  sin(er(t) —22(t) — 23 (1)) -

u(t) = sin(t), and the disturbance input d(¢) follows a uniform random distribution. As

discussed in the same reference, ® is not a Lipschitz nonlinearity. It is, however, easy to
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see that:

=

(®(z,u*) — ®(&,u*),z — &) = (sin(zy — x2) —sin(d — £2) + &5 — wé)(:m — g)

= [coster — &) —cos(és =) (2 — w2 — 1) — 56 (22— 32)

< eos(er — &) —cos(é1 — &)] Il @ — 8)(w2 — 22)ll < VB2 — 7[> (5.58)

with & € (min(z2, #2), max(z2, Z2)) and & = (£1,&2) € Co(x, ) (i.e., open convex set). It

follows that ® is one-sided Lipschitz with p = v/2. Similarly, we have that

(P(z,u”) — O(z,u"), P(x,u*) — O(Z,u")) = (sin(ml — x9) — sin(Zy — Z2) + ié — $§)2

1 1
< (|sin(a) — w2) — sin(@) — &9)| + &5 — 23])°

< (V2+ %50_%)2”35—55”2. (5.59)

Thus, ® is quadratically inner bounded with n = (\/5 + %7‘_%), and 6 = 0.

We now exploit the sampled-data observer (5.29) along with the approximation (5.27)-
(5.28) to estimate system trajectories. Assuming x € D = {z € R? : ||z|| < 7}, we have
pw=v2n= 2+ 37’_%),9 = 0. Taking T = 0.5, N = 100 and r = 3, and solving the
LMI problem of Theorem 5.3 yields L = [0.7052 0.1236]T.

Figures 5.1-5.2 display the simulation results, where the initial conditions are set to
xz(0) = [0.5 1]T and #(0) = 2(0) = [1 0.5]7. Evidently, the effect of state trajectory
estimation is satisfactory and the estimation error diminishes as the sampling period T is
decreased (see Figure 5.1). We also investigated the effect of refining parameter h for a
fixed value of T on the performance of the sampled-data observer. We can see from Figure
5.2 that the residual error is reduced by increasing N (that is, decreasing h). However,
h cannot be reduced indefinitely and there remains a residual estimation error since the
sampling period T is fixed. This fact coincides with the semi-global practical convergence
guaranteed by Theorem 5.1.

FExample 2. Consider the normalized Chua’s circuit with cubic nonlinearity given by

a1 (t) = a(xa(t) — x1(t) — A (21(2)))
.fg(t) = xl(t) — X9 (t) + xg(t) (5.60)

i:3(t) = —b(EQ(t) + u(t)
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Figure 5.1: Estimated states for different values of 7' under uniformly random disturbance

continuous-time
h=T

- - —h=Ts3
- = h=TH00
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Figure 5.2: Estimated states for a fixed T' and different values of h under uniformly random
disturbance

which exhibits a family of chaotic attractors and can be easily implemented in laboratory
as shown in Figure 3 (see e.g., [115] for an in-depth analysis). The state variables z1,
xo and x3 are the capacitors voltages and the inductor current, respectively, u stands for
the control input, and the parameters a,b > 0 are determined by the circuit components.

Also, A (x1) is a cubic smooth function given as
N (21) = moz1(t) + myai(t), mo <0, my >0 (5.61)

describes the i — v characteristic of the nonlinear resistor Ni used instead of the piecewise-

linear characteristic of the canonical Chua’s circuit. It is easy to see that if my <

—1, the equilibria of the unforced circuit are given by z¢ = {[£y/—(mo+1)/d 0 F
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Figure 5.3: (a) Schematic of a Chua’s circuit with cubic nonlinearity, (b) A chaotic be-
haviour of the circuit called double-scroll attractor

—(mo+1)/d]7, [0 0 0]T}. For m > —1 the origin is the only equilibrium of the system.
Assume now that our measurements are the voltage across the resistor Ry and the

current across the inductor L in Figure 5.3a, i.e.,

y(t) = = +d(t). (5.62)

The disturbance d in (5.62) represents the effect of white noise. We design the DTD and
CTD-based sampled-data observers introduced in Section 5.4 to estimate the inaccessible
states in the presence of disturbance inputs. To this end, first note that the chaotic

equations (5.60) can be written in the form (5.23) with

—a(mo+1) a O —amyz3(t)
1 -1 0
A= 1 -1 1|, ®= 0 O =
0 0 1
0 —-b 0 u(t)

It can be easily shown that ®(z,u) is locally Lipschitz with a region based Lipschitz
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constant and is globally one-sided Lipschitz with u = 0:

(®(z,u*) — ®(F,u*),z — &) = —amy (a3 — &3)(x1 — &)
= —aml(xl — .@1)2($% + 2121 + i’%)
am;

< —T(CUI —d1)*(af +37) <0

The quadratically inner-bounded property of ® is not global and the constants 7,6 in
(5.25) depend on the region of operation of the circuit. Thus, in this example we prefer
the emulation method which does not require the use of the quadratically inner-bounded
assumption.

For the sake of numerical simulations, the parameters of the Chua’s circuit are chosen
as a = 10, b = 16, mg = —1.5, m; = 1, and the input voltage is set to u = sint. We also
take T = 0.1 and h = 100 for the sampling period and the integration period, respectively.
Solving the LMI feasibility problem of Theorem 5.3 with p = 0 and n = —1,60 = —0.5

results in
2.0205 —1.3626 2.5546
P=1-13626 6.2141 0.9220],
2.5546 0.9220 5.1111
2.8245 1.9271 1.0897 —1.4128
RT=1-1.6215 1.0771|, L= [-0.0539 —0.3838
3.8332  4.5576 0.2150  1.6671
The function ® satisfies the geometric condition of Assumption 5.2 with ¥ = —amq23, E =

T
[1 0 0} . Therefore, applying Theorem 5.4 the observer gain is obtained as

n 0 01 —1.9382 1.7036

E- = , X = )
011 1.7036  21.8019
132.4673 —350.3288 6.5112 —17.2199

R =1376.5884 —281.8653|,L = [5.9406 —10.7797
373.8343  66.6209 5.3696  7.3369

Figure 5.4 compares the behaviour of the DTD and CTD sampled-data observers designed
above under the same values of T and h originated from the initial conditions z(0) =

T T
[0.2 —0.5 04| and £(0) = 0.1 —0.2 0.1| . Both observers provide estimates closed
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to the actual state trajectories in spite of the fact that their parameters were not modified
during the operation of disturbances. This is in agreement with the concept of input-to-
error stability in the semiglobal practical sense. Moreover, Figure 5.5 shows that the DTD
observer outperforms the emulated one with a smaller estimation error with faster decay

rate.

Actual continous-time state
— — — DTD observer
—— CTD observer

Time(sec)

Figure 5.4: Sampled-data state estimation of a chaotic circuit from noisy measurements
using DTD and CTD observers

5.6 Summary

In this chapter the notion of input-to-state stability (ISS) was adopted to design nonlinear
observers for sampled-data systems subject to disturbance inputs and intrinsic discretiza-
tion error due to unknown exact discrete-time model. A general framework was presented
based on the discrete-time approximation (DTD) as well as the emulation (CTD) approach
with guaranteed semiglobal practical ISS from exogenous disturbances to the estimation
error, under some standard assumptions.

The second half of the chapter considers the application of the theoretical framework
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Figure 5.5: Comparison of the estimation error for two sampled-data observers

for sampled-data observers to the important case of one-sided Lipschitz systems. We
show that for this class of systems DTD and CTD present distinct and unique challenges.
Indeed, the DTD presents some structural limitations that require the use of additional
assumptions on the nonlinearities in order to proceed. We resolved these difficulties by
imposing the additional condition of quadratic inner boundedness on the nonlinearity.
Unlike the DTD-based scheme, the CTD-based design does not require this condition but
instead a mild geometric condition.

Simulation results suggest that the DTD method is usually preferable and has the

advantage of having a smaller estimation errors and better intersample behavior compared

with the CTD method.
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Chapter 6

Multirate Observer Design via

Discrete-Time Approximation

In this chapter! , we tackle the observer design problem for nonlinear MSD systems under
the effect of disturbance inputs. This chapter can be viewed as a multirate version of
the previous chapter. Our main purpose is to layout a general framework for multirate
observer synthesis. The main idea is to introduce a fast-rate sampler that reconstructs
the inter-sample outputs between measured samples using an approximate discrete-time
model of the plant together with the system output function and a modified hold device
that assigns each control input to its previous measured value during the corresponding
sampling interval. The outputs of the modified sample and hold devices are then fed
to a single-rate observer working at the base sampling period of the plant. Taking the
disturbances as the input and the estimation error as the state, the notion of input-to-
state stability (ISS) is adopted to analyze the convergence of the estimation error. We
show that if the single-rate observer is input-to-stable stable, then under some standard
assumptions and Lyapunov-ISS conditions, the proposed multirate observer is input-to-
state stable in the semiglobal practical sense. It is worth noticing that the concept of
input-to-state stability, initially characterized by Sontag [100], was previously applied for
observer design of continuous-time systems with slop-restricted nonlinearities by [104] and

Lipschitz continuity condition in [72].

!The results of this chapter have been accepted for publication in the article: H. Beikzadeh and H. J.
Marquez, “Multirate Observers for Nonlinear Sampled-Data Systems Using Input-to-State Stability and
Discrete-Time Approximation,” IEEE Transactions on Automatic Control, Accepted on Jan. 2014.
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Our approach deals explicitly with (i) the model mismatch induced by the discrete-
time approximation (discussed in [70] for single-rate sampled-data observers), and (ii)
the effect of disturbances and consequent deviations of the model estimates from true
plant outputs. Our proposed sampled-data scheme is not restricted to either the high
gain observers used in [22] or to the dual-rate case studied in [21] and covers the “low
measurement rate” case addressed in [17-21] as a special case. We also emphasize that our
primary goal in this chapter is to study observer convergence properties under multirate
sampling independently of the use of the observer as part of a feedback law. There results
are, of course, applicable in observer-based multirate controller as well as fault detection.

The outline of this chapter is as follows. Section 6.1 provides the general configuration
of a multirate nonlinear plant together with a sample-data observer structure in presence
of disturbances, and gives the relevant definitions and notations. We introduce a multirate
observer scheme and prove our main result in Section 6.2. Section 6.3 verifies the efficiency
of the proposed multirate state estimation through a benchmark model of the planar
vertical takeoff and landing (PVTOL) aircraft. Also, it is compared with the single-rate
observer designed in Chapter refchb by implemeting on a one-sided Lispchitz system.

Eventually, some concluding remarks are drawn in the last section.

6.1 Multirate System and Preliminaries

Consider the general nonlinear plant represented by
G: (6.1)

where x € R", u € R™, d € R? and y € RP are respectively the state vector, control input,
exogenous disturbance and measured output, and f and g are continuously differentiable
functions vanishing at the origin. Assume that the continuous-time system G is connected
to an ideal sampler S and a (zero order) hold device H with different sampling rates
in a multirate sampled-data configuration. Precisely, the p channels of y are sampled
periodically at sampling instances a;T, a; € Z7 Vi = 1,...,p, via S and the m channels
of u are kept constant with periods b;T, b; € Z* Vj = 1,...,m, via H. Note that the

sample and hold operators are synchronized at t = 0 and T is a real number referred to
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as the base sampling period of the system. Any common factors among a; and b; can be
absorbed into T', and thus we can assume without loss of generality that a; and b; are
relatively prime. This setup has been extensively utilized in the literature for stabilization
of linear multirate plants (see e.g., [34]).

Consider now a single-rate zero-order hold discretization of the system G with sampling

period T. The exact discrete-time model of (6.1) is given by

(k+1)T
(k4 1) = (k) + / F(a(r),ulk), d(r)dr = Fo(lk, uk), k) (6.2)
kT
y(k) = g(e(k), u(k), d(k)). (6.3)

Finding an explicit solution for (6.2) is impossible in most practical cases, thus consis-
tent with the literature on nonlinear sampled-data systems, 7 will be assumed to be
unknown. It is realistic, however, to use a family of approximate discrete-time models
Ff o, (x(k), u(k), d[k]), where h can be interpreted as the integration period of the numeri-

cal schemes used to generate the approximate model.

Remark 6.1. The approrimate model Fp, can be obtained using different numerical
integration methods such as the classical Euler model with T = h. However, as illustrated
by many authors (see e.g., [13, 18]) it is usually more appropriate to choose h different
from T'. We will also employ this scheme that appears to be much more reasonable for

multirate systems.

Throughout the chapter the mismatch of the exact and approximate models is ex-
pressed via consistency property of Definition 2.7, that was extended to multirate case
by [17]. It is worth mentioning that the one-step consistency can be checked using verifi-
able sufficient conditions provided in [4,13] and [20] without knowing the exact model F¥.
In order to propose a multirate observer strategy, we first consider a family of sampled-data

observers governed by
2(k+1) = Orp(2,y,u) = Ff ,(2,u,0) + b p (2, y,u) (6.4)

where Frp ), (2(k), u(k),0) is the approximate model with zero disturbance and {7, is zero

at zero.

Definition 6.1. The correction term Ly, of the observer dynamic (6.4) is said to be

uniformly locally Lipschitz if given 61 > 0 there exist Ly > 0 and T1 > 0 such that for each
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fized T € (0,T1], there exists hy € (0,T] such that |1, (&1) — rn(&2)] < Lel&1 — &2 for all
&1,82,€ B(61) and h € (0, hy], where & := (&', y/, ).

Remark 6.2. The local Lipschitz continuity condition of Definition 6.1 constitutes a mild

assumption that is readily satisfied in most practical cases.

The main question is that under what conditions, and in what sense, an estimator like
(6.4) guarantees convergence when applied to the exact model (6.2)-(6.3). In this work
following the lines of [100], we use the following input-to-state stability (ISS) notion to

analyze the convergence of the estimation error.

Definition 6.2. The observer (6.4) is said to be input-to-state stable semiglobal in T and
practical in h, if there exist § € KL and v € K such that for any 41,62 > 0 and compact
sets Z € R", % € R™, we can find Ty > 0 such that for any T € (0,71 and v € (0,01),
there exists hy € (0,T] such that Vh € (0, hi], |e(0)| < 01, ||d|lec < 2 and z(k) € 2,
u(k) € % implies Vk € ZF

le(R)| < B(le(0)], T) +~(lldll o) + ¥ (6.5)

This definition is a generalization of the semiglobal practical convergence presented
by [70] when the plant exposed to disturbance inputs. We now present the concept of
Lyapunov-ISS observer which can be used to investigate the stability property of Definition
6.2.

Definition 6.3. The family of observers &(k+1) = @Tyh(:%, y,u) is Lyapunov-ISS for the
difference equation x(k+ 1) = FTJL({L‘, u, d) if there exists a family of Lyapunov functions
Vrn(z, &), ai(-), az(-), a3(-) € Koo and () € K with the following properties:

For any positive real numbers (81, 02,03), there exist Ty > 0 and M > 0 such that for
each fized T € (0,T1] there exists hy € (0,T] such that for all x,x1,x2 € B(01), & € B(d2),
|dllcc < 63 and h € (0, h],

Vrn(z1,2) — Vrp(ze, 2)| < M|z — 29 (6.6)
ai(le]) < Vrn(z, &) < as(le]) (6.7)
AV — VT,h(FT’h(.T, 'LL,CZ), @T,h(‘%ayvu)) B VTJL(IE,JAZ)

= 2 < —ag(le) +7(ld]=)  (65)
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6.2 Multirate Nonlinear Observer

In this section we formulate a general observer framework for the multirate sampled-data
system introduced in the previous section. We assume that an ISS single-rate observer
is given and design a multirate observer which preserves similar stability features in a
specific sense. The main idea is the following: we exploit a fast rate observer based on
the family (6.4), that uses a periodic switch to reconstruct the missing outputs between
measured samples together with a switch to keep input channels constant during inter-
vals smaller than their corresponding sampling intervals. More precisely, our multirate

nonlinear observer is defined by
(k7o + 7o) = Frp p (2(k70), uc(k75),0) + Lrn(2(kTo), Ye(kTo), uc(kTo)) (6.9)

where 7, is the observer sampling time that is here assumed to be equal to T for the sake
of simplicity (see Remark 6.3), and ye = [ye1 --- Yepl and ue = [ter ... U] are the
output of appropriate periodic switches as below

yl(k‘), if k=1lLa; 31; € VAN

Yei(k) = (6.10)
gi( ﬁh(A(k —1),uc.(k —1),0),uc,0), otherwise

uj(k), if k=mr;b; Ir; € ZT
uej(k)y =4 "’ S (6.11)

uc;(k — 1), otherwise
This sampled-data configuration is depicted in Figure 6.1. It can be seen that the it"
component of the modified output vector y. connects to the actual measurement y; when
it is available, otherwise it uses the output mapping model g, the approximate model Ffi,h
and the state estimates to compensate for unmeasured intersample outputs. Likewise, the
4t channel of the modified hold A ¢ applies the actual input u; at its sampling instances

while keeping it constant during the subintervals.

Remark 6.3. It is usually desired to choose the estimation sampling period 1, much
faster than the system sampling times. However, in some applications one may study a
slow-rate observer in which 1, s limited by the measurement sampling times, i.e., 7, =

inf{a1T,...,a,T}. For the general case of T,, the observer structure will be obtained by
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Figure 6.1: A schematic of the multirate nonlinear sampled-data observer.

reformulating (6.10)-(6.11) as follows

yl( f:%JaiT)a if k1o > lia;T & (k — 1)7’0 < l;a;T forl; € 7+
Yei(kTo) =
9i(Ff , (2((k — 1)70), uc((k — 1)75),0), uc(k70), 0), otherwise

UJ(LIIZT%Jb]T), ’if kTO > T‘jbjT & (k) — 1)7’0 < TjCLjT fO’f’ T S Z+
ucj(k'ro) =

uej((k —1)7,), otherwise

For our analysis we first note that considering (6.2) and (6.11), the exact discrete-time

model of the original multirate plant (6.1) can be expressed as
2+ 1) = Fy((k), ue(k), d[k]) (6.12)

in which the integral is taken over similar time intervals, but w is replaced by u.. It is
clear from (6.11) that although each component of the modified input u. is updated at
different instances the whole vector is constant during sampling intervals [KT', (k + 1)T).

By virtue of (6.9) and (6.12), the observer error dynamics is given by

e(k+1) = Fr (2, uc, 0) + L n (2, ye, ue) — Fp(z, ue, d)

= Erp(e, x,uc) + F%,h(x, Ue,d) — Fp(x, ue, d) (6.13)

where

Er (e, z,uc) = Ff (2, e, 0) + L p (2, Yo, ue) — Fpp (2, Ue, d) (6.14)

indicates the nominal error dynamics for the approximate design, and F7, — FF is the
mismatch between the approximate and exact plant models. We now address the stability

of the proposed multirate scheme under the following assumptions.
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Assumption. (i) The single-rate observer (6.4) is Lyapunov-ISS for Fi.), according to
Definition 6.3. (ii) The approximate model F7), is one-step consistent with the exact
discrete-time model Ff. based on Definition 6.1. (iii) The function f7(-,-,-) is uniformly
locally Lipschitz based on Definition 6.2 and the control input « is locally Lipschitz and
bounded. (iv) Each input signal is held at a frequency greater than its corresponding
Nyquist frequency, i.e., ly% > 2Wmazj Vj = 1,...,m, where wyqz; is the highest frequency

content present in the j** input channel.

Remark 6.4. Assumption (iv) is made to enforce a bound on the input variations which
appears in our derivation (see the proof of Theorem 1). It simply ensures perfect recon-
struction of each input from the sampled data. Assumption (iv) can, however, be ignored
in the special cases of single-rate input channel, closed-loop systems as well as “low mea-

surement rate”.

Theorem 6.1. Under Assumptions (i)-(iv), the multirate observer (6.9)-(6.11) is ISS sta-
ble for the exact discrete-time model of the multirate system (6.1) in the sense of Definition

6.3.
The following lemmas are needed in the proof of our main result.

Lemma 6.1. Given any e1 > 0 there exists Ty > 0 such that for oll T € (0,T}] the fast

rate control inputs u and u. satisfies |uc(k) —u(k)| < e;.

Proof. Let 77 > 0 be such that TlLu\/b% +...+b2, < e with L, as the Lipschitz
constant of u, and suppose T € (0,77]. Based on (6.11) we get

e (k) — u(k)]> = oFlu; (k) — u;(r;b))[? (6.15)
j=1

where a;-“ € {0,1} and af = 0 whenever the j** channel of u. is sampled at a sampling

instance that is an integer multiple of b;T, otherwise af is equal to 1. Note that if
af =1Vj=1,...,m, ie., the worst case scenario, the right hand side of (6.15) represents
the control input variations between different sampling instances. Using the continuity of

u(+) together with Assumption (iv), it can be easily shown that in this case

Jue(k) — u(k)* < Zm:LﬁTQ((Tj +1)bj = 73b;)" (6.16)
j=1
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with 7;b; < k < (r; + 1)b;. Form (6.16) we have |uc(k) — u(k)| < TLy/b3 + ...+ b2,
which by the choice of T" proves Lemma 6.1. [ |

Lemma 6.2. Consider the exact discrete-time model (6.12) and (6.9)-(6.11). Given any
strictly positive real numbers (D1, D3, e3), there exists To > 0 such that for any fired T €
(0,Ty] there exists ho € (0,T] such that for all h € (0, ha], |x(0)| < Dy, |2(0)| < D1, and
[dlloc < D3 the following holds: if max;efo 1, k) [7(4)| < D1 and max;eqo 1. 1y |2(3)] < D1
for some k € Zt, then for some X\ > 0 the output of the single-rate plant (6.2)-(6.3) and

the switch output y. satisfies:

lye(k) — y(k)| < Tea + TA(dljco + |t — uf + [ug —u™|+ e ) (6.17)

Proof. Let (Dq, D3,e2) € RT be given. By Assumption (iii), we know that |u(k)| < D,
for some D,, > 0, and hence from Lemma 6.1 |u.(k)| < D, + €1 = Dy. Let Ly, L, > 0 be
the Lipschitz constants of the functions f and g on the compact sets €2y and €2, C R™"*™*4,
respectively, such that B(D1) x B(D2) x B(D3) C 2yNQy. Define Dy = Ly(D1+Dy+D3)+
€2+ 1 and assume that T, hoy > 0 and p(-) € K come from Assumption (ii) corresponding
to (01,02, 03) = (D1, Da, D3). Denoting ayq, = max{a,...,ap} choose Tha, hgga > 0 such
that Lyp(hag)(els(@maz=DTez 1) /(elsTe2 — 1) < 5. Also, let Tz > 0, A > 0 be such
that LgeLf(“m‘“’l)T < AT for any T € (0, Ta3]. Finally, we define T5 = min{Ts1, Tro, To3}
and hy = min{ha1, hoz}. Suppose T' € (0,T3], h € (0, ho], max;cqo 1.k |2(i)] < D1 and
max;eqo1,..x |2(7)] < Dy for some k € {0,1,...}. First, we claim that the Lipschitz
property of g yields max;efo1,.. ) [y(9)| < Lg(D1 + D2 + Ds) for some k € {0,1,...} and
then |y.(k)| < D4 follows by induction. Now taking (6.3), (6.10) into account, we have
that

[Ye(k) = y(k)[* =D pflgi(Ff (&, ug ,0),ue,0) — gi( Ff(a ™, u™, dlk — 1]),u, d)[* (6.18)
i=1

where ,uf € {0,1} depends on the current sampling instant and varies between different
outputs. Indeed, it is equal to 0 when the measurement is available at the i** output

channel otherwise it is equal to 1. Clearly, no matter what the sampling instant kT is, it
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can be inferred that

ye(k) = y(k)| < |g(F7 (27 ue , 0), ue,0) — g(Fp(z™, u™, d[k — 1)), u, )|

< LQ‘FYG’,h(i‘_vuc_>O) - F%(x_au_7d[k - 1])| + Lg|uc - u| + LngHOO (6'19)

represents the worst upper bound for (6.18), where we have used the Lipschitz property
of g along with |d(k)| < ||d||s. Let us assign a hypothetical periodic switch to a certain
measurement channel y; as

, z(k), if k=1lLa; 31 €2t
2l (k) = (6.20)

Ff,(27,ug,0), otherwise

Now k can be considered in three different cases. If k = l;a; for some l; € {0,1,...},
then it is obvious that |zi(k) — z(k)| = 0. If k = l;a; + 1 then using Assumption (ii),
Gronwal-Bellman and triangle inequalities we get |22 (k) —z (k)| = |EF  (2(liai), uc(liai), 0)
—Fe(z(lias), u(lia), dllias])| < Tp(h)+|Fs(@(liaq), ue(liag), 0)— Fa(z(lias), u(lias), dllaq))| <
Tp(h)+ (2T —1)(||d|| 0o + [uc(liai) —u(l;a;)| +|e(l;a;)|). Based on induction and geometric

series formulas, it can be concluded that

[we(k) = 2(k)] < "M — a7+ (€ =D (lld]lo + |ug —uT|+e7)
e(k—liai)LfT _ 1

<Tp(h) LT _q

+ (E LT 1) (oo + Juy —uT |+l (6.21)

e

holds for all k € {l;a; +2,...,(li + 1)a; — 1} as the third case. Inequality (6.21) and the
definition of amqs leads to [Fz, (27, u;,0) — Fi(z ™, u™,dk—1])[ < Tp(h)(els(@maz=DT _
1)/(eXsT —1) 4 (eFs(@mas=DT _1)(||d|| oo + |uz —u~ |4 |e~|) for the first term on right hand
side of (6.19). Consequently, from (6.19) and the choice of T" and h (6.17) is obtained,

which completes the proof of Lemma 6.2. |

Lemma 6.3. Let aj,a9,a3 € Ko and strictly positive real numbers (R,r,Cy) be such
that ||d||cc < Cyq and a1 (R) > r. Assume that for Ts > 0 and each fixred T € (0, T3] there
exists hy € (0,T] such that for any h € (0,h3] there exists a function Vry : R — RT
with the following properties: we have ai(le|) < Vpp(z,2) < as(le]) for all z,& € R™
and Vpp(z(k +1),2(k + 1)) — Vep(z,2) < —Las(le]) holds for all ||d||oo < Cq, ,& € R?
with |z] < R,|2| < R and max{Vpp(x(k + 1), 2(k + 1)), Vru(z,2)} > r. Then, for all
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le(0)] < ay!oai(R), ||ld|e < Cq we get le(k)] < R Yk € Z*, and furthermore the

estimation error satisfies

le(k)| < B(le(0)], kT) + a7 (r) (6.22)

Proof. The definitions of r and R imply |e(0)| < max{aj ' oVr(e(0)),a;(r)}. So either
Vrn(z(1),2(1)) > 7 which from the conditions of Lemma 3, implies Vrp(2(1),%(1)) <
Vrn(2(0),2(0)) or else Vi p(x(1),2(1)) < r. In either case, Vi (2z(1),£(1)) <

max{Vr (2(0),£(0)),r}. Thus Vr(z,2) < max{Vr,(x(0),£(0)),r} follows by induction
and |e(k)| < R holds as well. Using an argument similar to the proof of Theorem 2 in [4]
(see also [70, Theorem 1]), we can conclude that there exists a class-KL function (-, -)
such that Vpj(z,2) < max{fi(Vrx(z(0),2(0)),kT),r}. Then, (6.22) is obtained with
B(s,7) = ay ' (Bi(az(s), 7)) u

Lemma 6.4. Consider the exact model (6.12) and the multirate observer (6.9)-(6.11).
There exists ¥ € Koo such that for any strictly positive real numbers (Ce, Cyg,v) with
C. > oy (3(Cy) + v), we can find Ty > 0 such that for each T € (0,Ty] there ewists
hy € (0,T] such that for all h € (0, ha], |e(0)] < ayt oai(Ce), ||d|| < Cq and all k € Z,
if max{Vrp(x(k+1),2(k+ 1)), Vou(z, 2)} > A(||d||oo) + v we have

= Vi (a(k +1), 80k + 1)) ~ Vea(e, 8) < —pa(le]) (6.2

Proof. Let positive real numbers (Ce, Cy,v) be given. Assume that Ty; comes from
Lemma 6.1 corresponding to 1 such that |u. — u| < e1,|u; —u™| < &1, and p > 0 is
a number such that Ly 4+ 2eLs(@maz=T _ 9 < T for any T € (0,Ty2]. Let (Ce,Cyq,e2)
generate Ty3, hys and A as in Lemma 6.2. Define ¢35 = %a;l(%), €4 = a;l(%al(eg)).
Also, take 1,9, A > 0 such that M Ly(2Xe; + €2) < iag(&;) where Ly is the Lipschitz
constant of ¢7,(-) according to Definition 6.2. Let positive real numbers Tyq, Tys, Tus, Taz
and hyq, has, hae be such that: Tus(3p(haa)+Le(e2+A||d||oc) + (2LeA+p)e1 +LeA|e™|) < e3,
Tis(303(Ce) + A([ldll o) + M (3p(has) + Le(e2 + M|d|loo) + (2LeA + p)er + LeAle™])) < 5,
M (3p(has) + per + TugLeMe™|) < Las(es), and Tur7(Cyq) < 3ai(es). Define 4(s) =

az o az ' (4(3(s) + MLy)s)). Taking Ty = min{Ty, Tha, Tu3, T, Tus, Tus, Taz} and hy =
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min{h43, hay, hys, h46}, we consider any T' € (0,T4], h e (0, h4], |€(0)| < a2_1 eNe%1 (Ce) and
ld]loo < Ca.
By Assumption (i) and Definition 6.3, for the single-rate observer (6.4), a Lyapunov

function Vr, exists which satisfies AV = Vp,(Fz ), (z,u,d), Ff . (2,u,0) + 02, y,u)) —

Vrn(x, &) < =Tas(le]) + TH(||d||oo). Therefore, for the multirate setup we have

Ven(a®,27) = Vou(e, @) < —Tas(lel) + T(|d]|oo) + M|FF (2, ue, d) — Ff (2, u, d)]

+ M|ET,h(€7 €, UC) + F%,h(xa Ue, d) - FYG“,h("i’ u, O) - f(:ﬁ, Y, u)| (624)

in which E7j, comes from (6.14). Adding and subtracting Ff(z,u,d) to the third and
F5(%,uc,0) + F$(Z,u,0) to the forth term on the right hand side of (6.24) and using the

triangle inequalities, it can be written as

Vrp(a®,2") = Vep(a,2) < —Tas(le]) + T([|d]| o)
+ M(‘F%({L‘,U,CZ) - F%,h(xvu7d_)| + |F;;(xvu0)g) - ch;(l‘,u,d_”
+ ’F%,h(£'7u070) - F;“(i¢uca0)| + ‘F;;('i'vumo) - Ff;('@au70)‘

+ [ Fp(#,u,0) = Ff (&1, 0)] + [6(&, ye, ue) — £(#,y,u)]) (6.25)

Applying assumptions (ii)-(iii), the choice of Ty; and Tjs3, hy3, and comparison lemma
we see that Vi (2T, 2%) — Vop(z, 2) < —Tas(le]) + TH(||d||os) + M (3Tp(h) + LT (g2 +
Mdlloo) + (2LTA 4 2eLs(@mac=DT _ 9 4 Ty + L¢T'Ale~|). Now our choice of Tjs with
the positive number u results in Vp(z7,2%) — Vpp(z,2) < —Tas(le]) + T(||d]«) +
TM(3p(h) + Le(e2 + A|d|loo) + (2LeA + p)er + LeAle|). Let us consider two possible
scenarios. First assume that Vi (27,27) > 4(||d||o0)+% and denote 7y := M L;(2\e1+¢€32),

7y := M (3p(h) + pe1 + LeA|e™|), and k(s) := F(s) + M Ly)s, then we have

VT,h(x+7 j?—’_) - VT,h(x¢ j)

T T _ A
<~ ay(le) - Tasar (Ven(e. ) + T(ldl)
(%)
T T
—Za3(|e|)+Tﬂ'1 —Za3(|e|)—|—T7r2 (6.26)

~~

It is easy to see that Vi (2T, %) > 4(||d]| o) +7% indicates 4(||d||oo)+5 < Vi (Ffi (2, u, d)

7F’Ia“,h(‘%7u7 0) + E('%a?%u)) - VT,h(xvaA:) + |VT’h(§E+,If'+) - VT,h(FY(l“,h(x7u7d)7F%’7h(fiauvo) +
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Uz, y,u)| + Vrp(e,2) < =Taz(le]) + TA(|[dlloo) + MT (3p(h) + Le(e2 + Alld]| o) + (2LeA +
per + LeXe™|) + Vrp(z,&). From the choice of Tys and hus, we get 4(||d||loc) + § <
§ + Vrp(z,2). Hence, it follows that: Vrpn(z®,27) > 4(|ld|le) + 5 = Vrp(z,2) >

Y(|ld]|s0). Based on the definition of 4(-), Term (x) < 0 holds. Under the same supposition

Vrn(at,2%) > A(||d]|oo) + %, we have |27 — 27| > a5 ' (Y) = 2¢3. Then our choice of Tiy

and hyy shows that |FZ, (,u, d) — Ff o (2,u,0) — 62, y,u)| > 2+ — 27— [(2" —27) -

e (x,u,d) — F%, (2,u,0) — £(Z,y,u))| > 263 — e3 = 3. Using our choice of Ty7 and
T,h T,h

(6.7), it yields that

as(lel) = Vrn(Fr p (2, u, d), FFp(2,u,0) + (&, y,u)) = T5(Ca)

> o (|Fp (2, u, d) — Fp (2,0, 0) = £(2, y, u)|) = TY(Cy)

1 1

Z 011(53) — 50&1(63) = 50&1 (63) (6.27)

which implies |e| > a;'(1ai(e3)) = s > a3'(4m) and then Term (x+) < 0. Moreover,

Las(le]) + Tma < 0. Conse-

from the choice of Tys and hys, we have |e| > g4 = —
quently, under Vy (2%, &%) > A(||d||oc) + ¥, it is derived that Vpp(a™,27) — Vpu(z, 2) <
—Tas(le(k)]). Now Suppose that Vi, (2, 27) < 4(||d]|ec) +% and Vi (2, 2) < 5(||d]loo) +
v. From our choice of Ty5 and hus, it yields that: Vpj(z%,2%) — Ve (2, 2) < A(|d]leo) +
5 = Vra(,2) + 5 = 5 < Aldlloc) + v = Vrn(2,2) — § < —5 < —Tas([el). u
Proof of Theorem 1. With these prerequisites, we can finalize our proof. Let all the
conditions in Theorem 6.1 hold and 4 € K come from Lemma 6.4. Choose (C, Cyq,v)
as: Cgq = 0q, v > 0 is such that sup,co,] a7 (3(s) + v) — a7 (3(s)] < v, Co =
max{a; *(5(64) + v),a;' o az(de)}. These choices imply that Ce > a; ' (5(Cy) + v) and
le(0)] < ay! o a1(C,). Assume that (C.,Cg,v) generate T* > 0, h* > 0 as in Lemma 6.4
such that (6.23) holds. Define R = C, and r = 4(||d||cc) + v, then we have ay(R) > 7.
With the definition of (R, ), all the conditions of Lemma 6.3 are satisfied. Therefore, for

all h € (0,h*], |e(0)| < é. and ||d||sc < 04, we obtain

le(k)] < B(le(0)], kT) + a7 (3(lldllo) +v)

< B(le(O)], kT) +~([ldl[o) + v (6.28)

where v(s) := a; ' 0 4(s). This concludes the proof of the theorem. [ ]
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6.3 Simulation Examples

6.3.1 PVTOL

To illustrate the features of the multi rate observer, consider the planar vertical takeoff and
landing (PVTOL) aircraft without velocity measurements. This is an interesting example
in the area of visual-based control of autonomous vehicles which usually demands input
and measurement channels with different sampling rates. The simplified continuous-time

model of the PVTOL aircraft is described as [116]

)
l"l = T2
By = — "L sin(ws) + €72 cos(ws) + ds
x'g = T4
(6.29)
Ty = 2 cos(zs) + €2 sin(ws) — g + ds
l"5 = T¢
ie = u72 + ds
T
y— [ml s x;,} td, (6.30)

where x1, x3, 5 stand for the horizontal and vertical coordinates and roll angle , xs, x4, xg
are the horizontal, vertical and angular velocities of the aircraft, the control variables
uy1,ug correspond to the trust and the rolling moment, respectively. The disturbance
signal ds follows a uniform random distribution and the output y is corrupted by the
additive white noise vector d,,. Also, m is the mass, J the moment of inertia, g the
gravitational acceleration and e represents a small positive coefficient giving the coupling
between the rolling moment and the lateral acceleration of the aircraft. We assume that
the velocities are not available in the measurement and only the coordinates and the roll
angle can be measured.

We construct the approximate discrete-time model F7. ) of (6.29) via a refined Euler

model as follows
frli,z,u,d) := x4+ hf(z,u,0)+ fkkﬁ;(hiﬂ)hds(ﬂd?,
f}’fl(a:,u, d) = fr(i + 1, ffL,u, d), (6.31)

F%,h(x(k>vu(k)7d[k]) = fév(xvu7d>
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in which f! := z+hf(z,u,0 +fkT+h 7)dr and N = T'/h. Note that here d = [d, d},]T is
the disturbance vector although the state equation is only affected by ds. The consistency
of our approximate scheme can be simply verified in a way analogous to the arguments of
[20, Lemma 1] and [19, Example]. Inspired by [117], we propose the following Luenberger-
type for the sampled-data observer (6.4)

T(k+1) = Ff,(2(k), u(k),0)
.
lin lia 0 0 0 O Y1 — 11
+ 10 0 log loa 0 O Y2 — T3 (6.32)

0 0 0 0 l35 l36 Y3z — :fg,

Taking Vrj, = (v — £)T(z — ), it is not difficult to show that (6.32) is a Lyapunov-ISS
observer for F%7h. Moreover, since it possesses a Luenberger-like structure we can easily
verify the uniformly locally Lipschitz condition in Assumption (iii).

We now assume that the PVTOL is placed in a sampled-data setup with various sam-
pling rates. More precisely, the sampling periods of the input and output channels are set
to {0.2,0.5} sec and {3,1.5,0.3} sec, respectively. The discrete-time observer (6.32) was
put into the multirate configuration of (6.11)-(6.13) and we studied the implementation
of the single-rate observer (6.32) as well as our proposed multirate observer in presence
of disturbance inputs. For numerical simulations, the systems parameters are chosen as
follows: m = 0.5 kg, J = 0.1 Nm?2, g = 9.81 m/s?, ¢ = 0.8 Nm. The initial conditions
are: (0) =[50.250.20.20.2]T, £(0) = [303 0 0.1 0]T. The input signals are u; = sint
and ug = 0.1sin 2¢, which satisfy Assumption (iv) considering their sampling rates. Also,
the basic sampling period and the numerical integration period are T' = 0.1 and h = 0.001,
respectively. Finally, we pick the observer gains l1; = 1, l19 = 0.5, log = 1, Iy = 0.25,
I35 = 1, I3 = 0.5 and the observer sampling rate 7, = 1" = 0.1 for both the single-rate
and multirate implementations.

Figure 6.2 displays the simulation results. As can be seen in the figure, the single-rate
observer fails to track the actual states. On the other hand, the proposed multirate ob-
server performs successfully and presents sampled-data estimates that are almost identical
to the continuous-time states. This fact can also be verified using the norm of the esti-
mation errors depicted in Figure 6.3. Our simulation results were examined for different

values of 7, as well as h. Roughly speaking, increasing the value of 7, or h has destructive
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effects on the performance of our proposed multirate scheme.
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Figure 6.2: Sampled-data state estimation of PVTOL with different sampling rates using

single-rate and multirate observers
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Figure 6.3: Norm of the estimation error for single-rate and multirate observers

6.3.2 A One-Sided Lispchitz System

The purpose of this section is to illustrate the applicability of Theorems 5.3 and 6.1

for single-rate and multirate systems. Consider a nonlinear dynamical system borrowed
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from [61] in the form of (5.23) with

- . - AT
0 100 10
—48.6 —1.26 48.6 0 01

A — 9 C = 9
0 0 0 10 0 0
| 1.95 0 —1.95 —0.01} 10 0]

197
@(w,u)Z{O 21.6u 0 —xﬂ ;

T T
D, = {0.5 -1 1 0.5] , D= {—0.5 0.5} )

u = sin(t), and the disturbance input d(t) follows a uniform random distribution. As dis-
cussed in [61], ® is not a Lipschitz nonlinearity, but it holds the one-sided Lipschitz condi-
tion (2.26) with g = 0. Moreover, using the mean value theorem it is easy to confirm that ®
is quadratically inner bounded for n = 0, § > %554/3 where {y € (min(z4, Z4), max(xy, T4)).

We now study sampled-data observer design under two different scenarios. First a
single-rate case is treated. If we choose T' = 0.2, N = 100 and 6 = 1, then solving the
feasibility problem of Theorem 5.3 yields

T
—0.1135 —-9.3931 —0.5555 0.0580
0.3362 1.9142  0.3240 0.0262

Figures 6.4-6.5 display the simulation results, where the initial conditions are set to x(0) =
[2 02 2Tand 2(0) =[0 1 —1 1]7. Evidently, the effect of state trajectory estimation is
satisfactory and the residual error can be reduced either by decreasing T' or increasing N
for a fixed value of T'. However, it cannot be reduced arbitrarily and always an estimation
error remains. This fact coincides with the semi-global practical ISS in Definitions 5.1 and
6.2.

Second a more practical situation (multirate case) is considered. The sampling periods
of the input and output channels are chosen as {0.4} and {3,1.5} seconds, respectively.
Clearly, the sampling rate of the sinusoidal input signal satisfies the conditions of Theorem
6.1. Picking 7' = 0.1 and h = 100, we implemented both the single-rate observer (5.29),
which incorrectly assumes all the signals have the same sampling rate, and the multirate
observer (6.9)-(6.11). It can be seen in Figure 6.6, while the single-rate observer fails to
track the actual states, the proposed multirate observer performs successfully and presents

sampled-data estimates that are almost identical to the actual continuous-time states.
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Similar to single-rate case, our simulation results were also examined for different values
of T and h. Roughly speaking, increasing the value of T or h has destructive effects on

the performance of the proposed multirate scheme.
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Figure 6.4: Estimate of x4 and norm of the observer error for different values of T" under
uniformly random disturbance
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Figure 6.5: Estimate of x4 and norm of the observer error for a fixed T" and different values
of h under uniformly random disturbance
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Figure 6.6: Estimate of 4 and norm of the observer error for single-rate and multirate
observer under uniformly random disturbance and multirate sampling
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6.4 Summary

In this chapter a general multirate nonlinear observer is developed under the effect of
disturbances and the convergence properties of the error dynamics is analyzed in terms
of input-to-state stability (ISS) theory. The proposed estimation method consists of an
ISS single-rate observer working at a certain sampling time supplied by artificial fast-
rate sample and hold switches which reconstruct the missing outputs and inputs between
sampling instances. We also emphasize that although our primary goal in this chapter is
to study observer convergence properties under multirate sampling independently of the
feedback design task, the proposed approach is, of course, applicable in observer-based

multirate controller and fault detection plans as future works.
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Chapter 7

Multirate Output Feedback NCS

via Discrete-Time Approximation

In this chapter! we study output feedback sampled-data stabilization of nonlinear mul-
tirate NCSs in the face of disturbance inputs. Inspired by the theory of robust control,
network constraints in both the forward and backward paths are represented via signal-to-
error ratio (SER) and received signal-to-error ratio (R-SER) models employed by [97,98],
which introduce multiplicative uncertainties to the plant. A major benefit of this modelling
is that it captures different unknown transmission errors as well as possible sensors and
actuators inaccuracy. Also, it does not require a priori information about the probability
distributions of network delays. Considering a general description of nonlinear sampled-
data systems, we propose a multirate dynamic output feedback law that is composed of a
periodic switch and a single-rate sampled-data controller. The main idea is to reconstruct
the intersample outputs between measured samples using an approximate discrete-time
model of the plant together with the system output mapping by means of the periodic
switch (fast-rate sampler) and then fed the switch output to the single-rate controller be-
ing updated at the base sampling period of the plant. It is shown that if the nominal NCS
with the single-rate output feedback satisfies a certain discrete-time dissipation inequality
(see [118]), then under some standard assumptions the uncertain multirate NCS with the

proposed controller is also dissipative with respect to similar supply rate deteriorated by

1The results of this chapter have been submitted for publication in the article: H. Beikzadeh and H. J.
Marquez, “Multirate Output Feedback Control of Nonlinear Networked Control Systems,” Submitted to
IEEE Transactions on Automatic Control, Jan. 2014.
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some additive terms, in spite of channels uncertainties and disturbances. The effect of
these terms may be degraded by picking the sampling period or the integration period
of the discrete-time approximation small enough. Preservation of dissipativity using the
state feedback control and emulation method has been investigated for single-rate and
multirate nonlinear plants in [9] and [20], respectively. Therefore, this work generalizes
the results of [20] to obtain a framework for output feedback stabilization of multirate non-
linear sampled-data systems via discrete-time design and in presence of a communication
network.

As a general feature covering a wide range of important system theoretic properties,
including stability, input-to-state stability (ISS), passivity, L,-stability, etc., dissipativity
and the proposed framework is applied to analyze the stability of the multirate NCS.
First for a disturbance driven system, input-to-state stability of the proposed multirate
NCS is guaranteed, in a simiglobal practical sense. Then, explicit conditions on channels
sampling rates and uncertainties are provided under which the disturbance free system
with the network-based output feedback multirate controller is locally exponentially stable.
Unlike the discrete-time single-rate framework in [91], we do not assume that all the state
variables are measurable. The validity of our results for both the SER and R-SER channel
models along with the potential ability of the R-SER model to handle larger uncertainties
has been pointed out throughout the chapter. Comparing with the literature on multirate
nonlinear sampled-data systems, our approach is not restricted to either the high gain
observers used in [22] or to the dual-rate case studied in [19,21] and covers the “low
measurement rate” case addressed in [17-21] as a special case.

The outline of this chapter is as follows. In Section 7.1, after presenting a model for
the multirate nonlinear NCS under network constrains and some preliminary backgrounds
the problem is formulated. Section 7.2 contains the main contribution of the chapter by
developing an output feedback multirate sampled-data control scheme and analyzing the
dissipativity of the uncertain NCS. Input-to-state stability (ISS) and exponential stability
of the multirate NCS is ensured using the proposed output feedback structure in Section
7.3. The results are illustrated via simulation examples in Section 7.4. Finally, concluding

remarks are given in Section 7.5.
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7.1 Multirate Nonlinear NCS: Modelling and Problem Set-
ting

Consider the output feedback multirate NCS displayed in Figure 7.1. It consists of a

continuous-time nonlinear plant described by
G: (7.1)

where z(t) € R" is the state, u(t) € R™ the control input, y(t) € RP the measured
output, d(t) € R? the exogenous disturbance, and f and g are locally Lipschitz nonlinear
functions vanishing at the origin. The physical plant is connected to ideal sampler and
(zero-order) hold devices of different sampling rates. Precisely, the p channels of y are
sampled periodically at sampling instances a;T, a; € Z* Vi = 1,...,p and the m channels
of u are kept constant with periods b;T, b; € Z* Vj = 1,...,m, where a; and b; are
relatively prime. Assume that the sample and hold circuits are synchronized at ¢ = 0 and
T > 0 is a real number referred to as the base sampling period of the system. Finally, the
feedback loop is closed via a communication network and a sampled-data output feedback

controller K to be designed.
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Figure 7.1: Structure of the multirate NCS with output feedback controller

We assume that in Figure 7.1 each element of the measured output y;(ka;7") and
the control signal u;(kb;T") is separately transmitted through an independent channel of

the network to the controller and actuators, respectively. This corresponds to parallel

121



transmission strategy where the sensors and actuators are located separately from each
other and from the controller. All the communications between the controller and the
plant in both the forward and backward paths are subject to network-induced constraints
such as transmission delays, data packet dropout and signal quantization. To model the
effect of these constraints mathematically, we adopt the idea of signal-to-error ratio (SER)
and received signal-to-error ratio (R-SER) proposed by [98] (see Figure 7.2). Basically,
our results are based on the SER model and will be extended to the R-SER case in an
analogous fashion (see also Remark 7.1). Each channel is modelled by an ideal transmission
channel together with an additive norm-bounded uncertainty, as depicted in Figure 7.2a.
The uncertainties A,;, Ay, can be nonlinear, time varying and dynamic systems. Our
only assumption is that for all i = 1,...,pand j = 1,...,m A, (0) = 0, A,;(0) = 0 and

their /5 induced norm admit some bounds

ll€w, [|2 ey, |2
HAUJ-HOO = Ssup jLJ < 5ug'7 HAZHHOO = Sup H . H < oy, (7.2)
ajety 145l icty |lYill2
"" Auj "1' Sy eYi:-- Ay; '-1:
- ] | - |
yo, ’CV)"&J li_d______l_yi
(a) SER
VST SR
I T
eujl__ AUJ (._: eYi:_ Ayl _2
(b) R-SER

Figure 7.2: Channels model

As elaborated in [97], this channel model, motivated by the logarithmic quantization
of [119], introduces a multiplicative uncertainty to the plant which can be used to capture
unknown transmission errors as well as possible sensors and actuators inaccuracy. More-
over, the inverse norm bounds (55)_1, (5;1_1 can be regarded as the worst case signal-to-error

ratios.

Remark 7.1. In the R-SER model shown in Figure 7.2b, each channel is the combination

of an ideal transmission and a feedback norm-bounded uncertainty which introduces a
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relative uncertainty instead of a multiplicative uncertainty. Thus, the two channel models

imply different physical meanings (see [97] for more details).

The following example shows how the effect of packet losses and network delays are

covered by the SER channel model.

Example 7.1. Let the it plant output at the updating instant t}'g = ka;T experience a
time-varying bounded delay T]i passing through the network, i.e., 0 < T]i < 70 that is a
natural assumption in this context. Also, there exists 62 packet dropout at time t}; owing
to link failure. The number of consecutive data losses is assumed to be bounded, i.e.,
0 < E}; < 0 Combining the effect of communication delay and packet dropout, the it
input of the output feedback controller can be given as

i

Bilth) = it — (51 + G)aiT) = (1+ Ay )ui(th) (7.3)

(2
which holds the form of the SER model. Note that [-] represents the ceiling function
(smallest integer larger than or equal to the argument) and the Hoo norm of the uncertainty

Ay, depends on the values of T_Z,E_Z

Before proceeding to stabilize the multirate NCS, let us consider the single-rate system

analogous to GG in Figure 7.1 connected to the nominal network without uncertainties, i.e.,

u = u, § =y. Then, the exact discrete-time model is given by
(k+1)T
x(k+1)=x(k)+ / fz(7),u(k),d(r))dr := Ff(z[k], u(k), d[k]) (7.4)
kT
y(k) = g(x(k), d(k)). (7.5)

in which T is the sampling period and the control input w(k) is transmitted over the
network and kept constant during the interval [kT, (k4 1)T). In general, it is impossible to
compute explicitly the exact discrete-time model (7.4)-(7.5) even for the nominal sampled-
data signals. Instead, we deal with a family of approximate discrete-time plant model
(using a discretization method) of the form z(k + 1) = Fz, (z(k), u(k), d[k]), where the
refining parameter h can be interpreted as the integration period of the numerical schemes
used to generate the approximate model (see e.g., [13,18]). In the sequel, we denote d[k]

(whenever needed) as dy instead of d to avoid confusion with uncertainties.
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Next, we assume u(k) is obtained via a dynamic output feedback controller expressed

as

§(k+1) = Zrn(&(k), y(k)) (7.6)
u(k) = Urn(§(k), y(k)) (7.7)

where ¢ € R® stands for the controller state, and Zzj, Ury, are zero at zero. Through-
out the chapter the mismatch of the exact and approximate models is measured via the

consistency properties explained in Chapter 2.

Definition 7.1. The approximate model Fi‘i’h is said to be one step consistent with F%, if
there exist p(-) € K and T* > 0 such that given any strictly positive numbers (01,02, 03)

and each fized T € (0,T*], there exists h* € (0,T] such that
FE ey, dg) — Fi ()] < T(h) (79)

for all x € B(o1), u € B(02), ||d|ec < 03 and h € (0,h*]. Moreover, F., is said to be
multi-step consistent with FY. if given L,n > 0 there exist o : RT x RT — RY and T** > 0

such that for each fized T € (0,T**], we can find h** € (0,T] such that
{z1,22 € B(01), |21 — 22| <<} = [Fp(a1,u.dy) — Fp (2, u,dp)] < Tals,h)  (7.9)

for all w € B(02), ||d||c < o3 and h € (0, h**], where
k
—
k<L/h = of0,h):=a(...a(ax(0,h),h)...,h) <7 (7.10)

It is shown by simple examples in [4] that, in general, one-step and multi-step con-
sistency do not imply each other. While the one-step consistency is a measure of the
closeness of solutions starting from the same initial condition over one step, the multi-step
consistency can be used to evaluate the closeness of solutions staring from different initial

conditions over multiple steps.

Remark 7.2. The notion of one-step consistency can be checked using verifiable sufficient
conditions provided in [4, 13] (the multirate version can be found in [17, 20] based on
the Euler approximation without knowing the exact model F7. Besides, the multi-step
consistency is guaranteed by one-step consistency plus a type of Lipschitz condition on

either the exact or the approzimate discrete-time model (see [4, Lemma 3]).
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The problem addressed in the chapter can now be formulated as follows. Given a non-
linear plant and a single-rate output-feedback controller designed for nominal transmitted
signals, we aim to design a multirate controller using an approximate discrete-time model
such that the resulting sampled-data NCS guarantees certain stability properties in the

face of channels uncertainties and for the unknown exact discrete-time plant model.

7.2 Multirate Networked Output-Feedback Stabilization

7.2.1 Controller Design

In this section, we propose a multirate sampled-data scheme to stabilize the NCS in-
troduced in the previous section. The main idea is to design the single-rate controller
(7.6)-(7.7) holding a certain stability property for nominal network channels and exploit it
in a multirate structure that preserves similar feature in a specific sense for real channels
with unceratinties. Precisely, our mulitrate nonlinear controller (K in Figure 7.1) consists

of a fast-rate output feedback law based on (7.6)-(7.7) as below

§(k+1) = Zrn(€(k), ye(k)) (7.11)
u(k) = Urp(§(k), ye(k)) (7.12)

where T' is chosen as the controller sampling time for the sake of simplicity (see Remark
7.3), % =[Gy ... Uy is the controller output, and y. = [ye, ... ycp]l is the output of a

periodic switch defined by

yi(k), if k=1lLa; 31; €Z*
Syt ye, (k) = (7.13)
9i(x¢,0), otherwise

with z. approximated by Fﬁh with zero disturbance, i.e.,
ze(k + 1) = Ff (7, u,0) (7.14)

Figure 7.3 shows this multirate sampled-data configuration. It can be seen that the "
component of the modified output vector y. connects to the actual measurement 7; when
it is available, otherwise it uses the output mapping function g and the approximate model
Fﬁh to compensate for unmeasured intersample outputs. The single-rate control signal @
is transmitted through the multi-channel network to obtain the multirate control input

that is delivered to various hold devices with different sampling rates in Figure 7.1.
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Figure 7.3: Ouput feedback multirate controller

Remark 7.3. It is a natural supposition to pick T as the sampling period of the controller
(7.11)-(7.12). However, in some applications one may desire a different sampling rate.

Our multirate structure can be easily reformulated to cope with this case.

Remark 7.4. Alternatively, we can generate the multirate control law by putting the hold
devices of Figure 7.1 right after the single-rate signal u in Figure 7.53. It can be shown

that no matter what structure is used, our results obtained thereafter are always valid.

7.2.2 Dissipativity of the Multirate NCS

Now we investigate stability of the proposed multirate NCS under network constraints.
As spelled out before, the first step is to assume a certain property is ensured by the
single-rate controller (7.6)-(7.7) or equivalently (7.11)-(7.12). For this purpose, we employ
the theory of dissipativity to characterize the properties of the closed-loop sampled-data
system. The following definition is inspired from [118, Definition 2.1] which was presented

for discrete-time dissipative systems.
Definition 7.2. The discrete-time model
z(k+1) = Fr(x,u,dy)
y(k) =g, d)
with the control input u(k) given by (7.6)-(7.7) is said to be dissipative with respect to the
supply rate w(z(k),&(k), d(k)) if there exists Vi, : R"5 — Rt with Vi, (0,0) = 0, called

(7.15)

the storage function, such that given any strictly positive numbers (01,09, 03) there ezists

T* > 0 such that for each fized T € (0,T*] there exists h* € (0,T] such that

Ve (Fr(z, Urn(€,y),dy), Zrp(€,y)) — Von(z,€)
T

< w(z,§,d) (7.16)
for all x € B(o1), u € B(02), ||d||cc < 03 and h € (0, h*].
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Remark 7.5. Basically, the supply rate is expressed as a function of input and output (or
a penalty variable in some applications), i.e., w(d,u,y), that for the case of closed-loop

system with state-dependent output can be taken as used in (7.16) (see (V,w)-dissipativity

in [9)).

In the sequel, given a discrete-time model .# (exact or approximate), we use a bar,

ie., #, to distinguish the uncertain model concerning with the network constraints from

7,

/

the the nominal model .#. Also for notational convenience, we denote T := [x

x :=[¢ ¢']. Let us make the following assumptions.

Assumption 7.1. The approzimate discrete-time model FY., together with the single-rate

controller (7.6)-(7.7) is dissipative according to Definition 7.2.

Assumption 7.2. The associated storage function Vrp, is locally Lipschitz, i.e., for all
Z1,%2 € B(o1), there exist L, > 0 and T* > 0 such that for each fixed T € (0,T*] there
exists h* € (0,T] such that |V, (Z1) — Ve (Z2)| < Ly|Z1 — Z2| for all h € (0, h*].

Assumption 7.3. F7, is one-step and also multi-step consistent with the exact discrete-

time model F7 based on Definition 7.2.

Assumption 7.4. The controller (7.6)-(7.7) is uniformly locally Lipschitz, i.e., for any
o1 > 0 there exist L, L, > 0 and T* > 0 such that for each fized T € (0,T*| there exists
h* € (0,T] such that for all x1,x2 € B(o1) and h € (0, h*], we have |Z p(x1)—Zrn(Xx2)| <

L.\x1 — xzl, [Urn(x1) — Urn(x2)| < Lulx1 — x|

Assumption 7.5. Each input signal u; is held at a frequency greater than its corre-
sponding Nyquist frequency, i.e., b%T > 2Wmazj Vi =1,...,m, where wmnazj 15 the highest

frequency content present in the j** input channel.
J

Note that Assumptions 7.1-7.4 are natural extensions of the well-known assumptions
used in the area of nonlinear sampled-data systems (see e.g., [4,9]). Assumption 7.1 implies
that the single-rate output-feedback controller (7.6)-(7.7) is designed such that under the
network channels without uncertainties, i.e., A,;, = Ay, =0V 0<j<m, 0 << p, the
approximate nominal discrete-time plant model satisfies a dissipation inequality. Assump-

tion 7.3 bounds the difference between the approximate and exact nominal discrete-time
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plant models starting from the same as well as different initial conditions, whereas As-
sumption 7.4 places uniform bounds on the control inputs (see [19, Remark 1]). Finally,

Assumption 7.2 indicates continuity of the storage function.

Remark 7.6. Assumption 7.5 simply ensures perfect reconstruction of each input from
the sampled data. It imposes some bounds on the difference of the single-rate and multirate
input signals which appears in our derivations (see the proof of Theorem 1). Assumption
7.5 can, however, be ignored in the special cases of single-rate input channel and “low

measurement rate” constraint.

In order to perform our analysis, we first need a description for the exact discrete-time
model of the multirate plant (7.1). Associated with the transmitted input vector u which
is held at different sampling rates, we define a ficticious zero-order hold device to create
the single-rate vector u, = [t¢, ... U, ] as

wj(k), if k=mr;b; Ir; €Z*"
Myt (k) =4 A (7.17)

uc, (k — 1), otherwise
which connects to the actual input u; at its sampling instances and keeps it constant
during the subintervals. Now, considering (7.4) and (7.17) the exact discrete-time model

of multirate NCS under network uncertainties can be written as

w(k+1) = Fe(a(k), ue(k), dk]) (7.18)

It is clear from (7.17) that although each component of the modified input . is updated
at a different time instance the whole vector is constant during sampling intervals [kT', (k+
HT).

We now state and prove our main result. Theorem 7.1 derives sufficient conditions
under which the closed-loop uncertain NCS using the proposed mulitrate output feedback

setup (7.11)-(7.14) is also dissipative in a semiglobal practical sense.

Theorem 7.1. Consider the multirare nonlinear NCS shown in Figure 7.1 controlled
by (7.11)-(7.12) with (7.13)-(7.14). Under Assumptions 7.1-7.5 and the channels uncer-

tainties satisfying (7.2), given any positive real numbers (03,04, Se, V, K1, Kk2) there ezists

T* > 0 such that for each T € (0,T*], all |2(0)| < 0z, ||d|lcc < da, |2(0) — z:(0)] < <,
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there ezists h* € (0,T] such that for all h € (0, h*] the uncertain exact discrete-time system

(7.18) fulfills the following dissipation inequality

Vrp(2(k + 1)) — Ve p(2(k))
T

<w(z,d) + T(k1|Z]| + k2||d||s) + v (7.19)

Proof. Let us study the evolution of the storage function V7, along the solutions of the

exact model (7.18) and the controller (7.11)-(7.12):

Ven(@(k + 1)) = Vou(2(k)) = Voo (Ff(x, ue, dy), Zon (€, ye)) — Vou(z, €) (7.20)

Adding and subtracting Vr,(F7 ), (2, U(§,y),df), Zr (€, y)) and considering Assumptions
7.1-7.2, we get

Vrn(2(k + 1)) — Vrp(2(k))

< Tw(£7 d) + Lv ’F’Ze"(x7 Uc, df) - F%,h(x7 U(ga y)? df)‘ +L’U |ZT,h(§7 yC) - ZT,h(f; y)‘
(4) (42)

(7.21)
Denoting Au = diag{Auj, Aua, ..., Au,, }, the fast rate control input (before being deliv-
ered to the hold devices in Figure 7.1) under network uncertainties is given by

u(k) = (I + Au)u(k) = (I + Aw)U(E(k), ye(k)) (7.22)

Now, by adding and subtracting Ff(z,u,ds) + Fi(z,U(&,y),ds) to term (i) of (7.21)
and then using the one-step consistency condition of Assumption 7.3 as well as triangle
inequalities, also by virtue of Assumption 7.4 for term (ii) in (7.21), it is obtained that for

any T € (O,Tl*] and h € (0, hﬂ

Vrn(Z(k +1)) = Vo (2(k))

< Tw(E,d) + Ly (Tp(h) B2 ue, dy) — F(x,u,dy)]

+ | Fi (@ u,dp) = Fi(a,U(&y)dp)|) + LoLalye =yl (7.23)

where T}, hi > 0 and p(-) come from the one-step consistency in Assumption 7.3. Ap-

plication of the Gronwal-Bellman inequality together with the control input expansion in
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(7.22) yield

Ven(@(k + 1)) = Vi (@ (k)
< Tw(@, d) + Lo (Tp(h) + (€T = 1) (juc — u]
+ (I + AU (€ 5) = U(Ew)D) + LoLelye — y]
< Tu(@, d) + Lo (To(h) + (7 = 1) (jue = ul + |Au(€,ye)])

(L + Lo (2T —1))|ye — y|) (7.24)

where Ly is the Lipschitz constant of f, and we have used the uniform continuity of
Urp(-,-) in Assumption 7.4. The following lemmas address, in turn, the critical terms

|te — u| and |y, — yl.

Lemma 7.1. Given any €1 > 0, there exists Ty > 0 such that for any T € (0,T] there
exists hy € (0,T] such that for all h € (0, h1], the fast rate control inputs w and u. satisfies

|uc(k) —u(k)] <e1.

Proof. Let T} > 0 be such that TlLu\/b% + ...+ b2, < &1, where L, comes from Assump-
tion 7.4 for (T, h*) = (T4, h1), and suppose 1" € (0,77]. Based on (7.17) we get

|ue(k) ZﬁkWJ i (7 ])|2 (7.25)

with 195? € {0,1} and 19? = 0 whenever the j** channel of u. is sampled at a sampling
instance that is an integer multiple of b;T', otherwise 19;? is equal to 1. Note that if
79;‘? =1Vj =1,...,m at the sampling instance t = kT, i.e., the worst case scenario, the
right hand side of (7.25) represents the control input variations between different sampling
times. Using the continuity of u(-) together with Assumption 7.5, it can be easily shown

that in this case

uc(k) = u(k)]> <> LAT?(k —r Z ((rj + 1)b; — 1;b;)? (7.26)
for rjb; < k < (rj +1)b;. Form (7.26) we have |u.(k) — u(k)| < TLy\/b? + ...+ b2, which
by the choice of T proves Lemma 7.1. |

Lemma 7.2. Given any strictly positive real numbers (Ciz, Cy, C¢,€2), there exists Ty > 0

such that for any fivzed T € (0,T3] there exists ha € (0,T] such that for all h € (0, hs],
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1Z(0)] < Cs, ||d|lo < Cq, |2(0) — 2:(0)| < C¢ the following holds: if max;cqo1,... k) [2(7)] <

Cz for some k € Z* then the difference between the switch output y. in (7.13) and the

output of the analogous single-rate plant (7.6)-(7.7) satisfies:
lye(k) — y(k)| < T(e2 + Mily(k)] + Xolld]|oo) (7.27)
for some A\, A9 > 0.

Proof. Let (Cz,Cy,C,e2) € RY be given. Let Ly, Ly > 0 be the Lipschitz constants of
the functions f and g, respectively, and define Cy = Ly(Cz 4 Cy) +e2+ 1. By Assumption
7.4 and the property that Ury, is zero at zero, we have that for any positive numbers
(Cu,Cy) there exists Tp; > 0 and hg; > 0 such that U(,y.) < C, holds for all x €
B(Cy) and h € (0,h21]. Assume that Th,hos > 0 and a(-,-) come from the multi-
step consistency in Assumption 7.3 corresponding to (o1, 09,03,5) = (Cz,Cyq, Cy, C.).

Denoting ame, = max{ai,...,a,} and 6 = max{dy,,...,dy,}, choose Th3, haz > 0

Ymaz
such that \/pLya(s, hag)((Lg(eksT2 — 1))amas=1 — 1) /(LgelsT2s — L, — 1) < gy, Also,
let Toy,Ths > 0, Ai,A2 > 0 be such that \/ﬁLuLgmﬂfl(eLfT — 1)amaa—lg, < NT
and \/p?LgeLfT((Lg(eLfT — 1))%maz—1 _ 1)/(LgeLfT — Ly — 1) < XoT for any T' € (0, T4]
and T € (0,Ty5], respectively. Finally, we define T = min{T5, Too, T3, To4, To5} and
ho = min{hai, hoo, has}.

Suppose T' € (0,73], h € (0, ha], maxefo 1, k) [2(i)] < Cz for some k € {0,1,...}.
First, we claim that the Lipschitz property of g yields max;cqoq,. 2} [y(i)] < Cy k €
{0,1,...} and then |y.(k)| < C, follows by induction. Now taking (7.7), (7.13) as well as

the channel model of Figure 7.2a into account, we have that
P
le(k) — y(B)1> =Y pf1gi(e, 0) — g, d)* + (1 — )| Ayl (7.28)
i=1

where ,uf € {0,1} depends on the current sampling instant and varies from one output
channel to another. Indeed, it is equal to 0 when the measurement is available at the
ith output channel otherwise it is equal to 1. In particular, corresponding to the it"
measurement channel, k& can be considered in three different cases. If k£ = [;a; for some
l; € {0,1,...}, then it is obvious that |y, (k) — yi(k)| = |Ay,yi(lias)| < by, |yi(lias)|. If
k = lja;+ 1, then using the Lipschitz property of g, the fact that |d(k)| < ||d||oo, the multi-

step consistency in Assumption 7.3, uniform condition of Assumption 7.4, and triangle
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inequalities we get

Ye, (liai +1) — yi(lia; + 1)| < L(|Fp (e (liai), u(liai), 0) — Fp(x(lia;), u(lia;), dlliaq])])
+ Lyglldllco < LyTa(s, h) + Lyl Fr(x(lia;), u(liai),0) — Fr(x(lia:), u(lia:), d[liai])| + Lg|ld o
< LyTa(s,h) + Ly(e™T = 1) [|U(E(Lias), ye(lias)) — U(E(Lias), y(liai))| + ||d]|oo] + Lglld]loo

< LyTa(s,h) + LoLu(€"" = 18, yi(lias)| + Lye™ " |d] o (7.29)

Note that the Gronwal-Bellman inequality (comparison lemma) has been exploited in the
third inequality of (7.29). Otherwise, it can be concluded by induction and geometric

series formulas that

[Ye, (k) = yi(k)] < Lg (s, k) + ("7 = D) (lldlloo + [y, (k = 1) = gi(k = 1)])) + Lglldlloo
(Lg(eBsT — 1))t 1
< L ng(eLfT —1)—1
(Ly(elsT — 1)) 7h% 1
Ly(elsT —1)—1

Ta(s, h) + Ly LE e (bt —1)k=liaig, |y, (L;a;)|

+ Lye™™ ]l (7.30)

holds for all k € {lia; +2,..., (i + Da; — 1}, if T # L—lfln(Lgl) (that can always be
avoided by choosing Ly, L, appropriately). Inequality (7.30), the definitions of @z,
)

Ymazx

together with the fact that maxi<i<, |yi| < |y| lead to

p
1
[ye(k) = y(k)| = (3 lyes (k) — i (k)*)2
i=1
< (T, amaz)Ta(s, h) + V(T 0y, Gmaz ) [y| + 6LfT(I)(Ta amaz) ||d]| oo (7.31)
which implies the worst upper bound for (7.28) with

(I)(T7 Gmax) = \/ﬁLg((Lg(eLfT - 1))amm_l - 1)/(L96LfT - Lg - 1) (732)

(7.33)

Ymazx

V(T7 6ymaa: ’ amaw) - \/ﬁLuLgm”‘zil (eLfT — 1)amaz*15

Consequently, inequality (7.27) is obtained from (7.31) and by the choice of T and h. The
proof of Lemma 7.2 is complete. [ |

With these prerequisites, the proof of Theorem 7.1 can be finalized as follows. Let
T5,h% > 0 come from Lemma 7.1 and (Cz, Cy, C;) = (0s,04,sc) together with €3 > 0 gen-
erate T3, h3 > 0 according to Lemma 7.2 with A1, A2 > 0. Define §

= max{duy;,...,0u,, }

Umax
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Also, choose (T}, hj, Ty, T;) € RY such that

L, (p(h;;) + (T — 1) (e1 + (1 + By ) Lugs) + Lzsg) <, (7.34)

Ly (LgLZ)\l + Lo(€5T = 1)(8uys + Oupus AsLg + A1L9)> <mT VI e(0,T], (7.35)

L, (Lz/\g + Lu(eB T — 1) (1 + 6uy) A2 + Lyg(8u,0 A3 + )\1))) < kT VT € (0,T7].
(7.36)

Assume A3 > 0 be a number such that \;7' + 1 < A\3T for any T € (0,7%7]. Finally,
given positive numbers (03, 04, S, K1, K2), we pick the sampling and integration periods as
T =min{T}, 15,15, 1), 17, T, T3 } and h* = min{h], h3, hi, h}}.

First note that form Assumption 7.4 and the fact that |[Au| <o we have

Umax?

|AUU(§7yC)‘ S 6umazLu(|§’ + |yc|) S 5umazLu(|§| + |y - yC| + |y’) (737)

Suppose T' € (0,7%] and h € (0,h*]. Substituting the result of Lemma 7.1, inequalities
(7.27) and (7.37) into (7.24) give rise to
Vrn(Z(k +1)) = Vru(2(k))
< Tw(z,d) + LUT(p(h) + (M7 = 1)er + (€877 = 1)6up, Lu([€] + €2 + Asly| + X2l|d]|o)
+ (L + Lu(e"T = 1))(e2 + Myl +/\2||d||oo)) (7.38)
The Lipschitz condition of the output mapping ¢ indicates that |y| < Lg(|z| + ||d|/c0)-
Therefore, after rearranging the terms in (7.38), it can be rewritten as
Vrn(@(k + 1)) = Vrp(2(k))
< Tw(#,d) + LUT(p(h) + (€M7 —1)(e + (1 + 8, ) Luga) + Lzsg)
+ LyLyT (Lt + Lu(e™ ™ = 1) (Buads + M) ) o] + LoLuT (5T = 1), I
n LvT(LZ)\g + LT = 1) (14 6uyn) A2 + Lyg(Guyon A3 + )\1))) (e (7.39)
If we divide both sides of (7.39) by T and take into account the conditions (7.34)-(7.36)

on v, k1, ke and the choice of T and h*, then the dissipation inequality (7.19) is verified

readily. This concludes the proof of Theorem 7.1. [ |

Remark 7.7. The dissipation inequality (7.19) is similar to the strong form of (V,w)-

dissipativity in [9] which is useful for a large class of applications such as input-to-state
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stability, where the disturbance input is only assume to a measurable (not necessarily

Lipschitz) function of time.

Remark 7.8. It can be shown that the result of Theorem 7.1 is also valid for the R-SER

channel model displayed in Figure 7.2b.

Theorem 7.1 conveys how the proposed multirate output feedback controller preserves
the closed-loop dissipativity, in a semiglobal practical sense, in spite of network constraints
as well as disturbance inputs. Explicit conditions on the channels uncertainties and sam-
pling rates will be derived in the next section to guarantee the asymptotic stability of the
multirate nonlinear NCS. It can be inferred from (7.19) that, although the supply rate has
been deteriorated slightly by some additive terms, in most applications this deterioration
can be degraded by adjusting the parameters 7" and h. Moreover, the approach presented
by [9, Corollary 5.3] might be used to cancel v and T'(k1|Z| + k2||d||s) in properties like
passivity or Hy, control [20, Corollary 1].

It should be mentioned that, the dissipation rate w may have various forms, each of
which refers to a specific theoretic property. For instance, nonlinear H., control is covered
by taking w(z,d) = %|d(k)[* — 3|2(k)|* for v > 0 (see [20]) and input-to-state stability
(ISS) corresponds to w(Z,d) = —a3(|Z|) + Y(||d||«) for az € Ko, ¥ € K (see next section

for in-depth discussion).

7.3 Stability of the Multirate NCS

This section applies the general dissipativity property supplied by Theorem 7.1 to analyze
the stability of the proposed multirate networked controller in both the disturbance driven
and disturbance (noise) free situations. While the role of the network constraints and
different sampling was encapsulated in terms of ki, ke,v in (7.19), their effect on the

closed-loop behaviour will be made more clear in this section.

7.3.1 Input-to-State Stability

Input-to-state stability (ISS) is an effective tool for stability investigation, when the plant
is exposed to disturbance inputs. Roughly, the difference equation xz(k + 1) = % (z, u,dy)
is said to be input-to-state stable if there exist § € KL, v € K such that |z(k)| <
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B(lx(0)],kT) + v(||d||sc) (see e.g., [19] for accurate definition). The following corollary

demonstrates ISS preservation for the multirate NCS in a semiglobal practical sense.

Corollary 7.1. In Theorem 7.1, set w(z,d) = a3(|Z|) + ¥(||d|leo) and assume a1 (|Z]) <
Vrn < ao(|Z]) for ar, a0, a3 € Koo, ¥ € K. Then, under similar assumptions and given
any positive real numbers (03,04, Sc, V) there exist 5 € KL, v € K and T* > 0 such that for
each T € (0,T%], all |Z(0)] < 0z, ||d|lcc < 04, |2(0) — 2.(0)| < <, there exists h* € (0,T]

such that for all h € (0,h*], the solutions of multirate sampled-data NCS controlled by
(7.11)-(7.14) satisfy:

|Z(k)| < B(12(0)], KT) +y(ldllc) + v, Vk € ZT (7.40)
provided that &(|Z|) — Tk1|Z| € Koo, where k1 comes from (7.35).

Proof. From Theorem 7.1 and inequality (7.19), we get

VT7h(i’(l€ + 1)) - VT,h(i'(k))
T

< —a(|z]) + Tr1|Z] + J(lldlloc) + Trzlldlloc +v (7.41)
(i) (i)

Obviously, term (ii) is always a class K function but term (i) is of class Ko only if
a(|Z]) — Tk1|Z| > 0. The rest of the proof follows directly the proof of [9, Corollary 5.1],
thus omitted. ]

There is no need to emphasize that Corollary 7.1 is also applicable for the R-SER

channel model. Only the description of k1, ko and v will be changed.

7.3.2 Exponential Stability

Throughout the rest of this section we let the effect of disturbances be negligible, i.e., d = 0,
and exploit the following Lyapunov characterization to formulate stability conditions.
Moreover, for the sake of simplicity the input channels are assumed to be held at a same
sampling period equal to T', i.e., b; = 1Vj = 1,...,m. This imposes the “low measurement

rate” constraint that is widely used in the literature on multirate systems [17].

Definition 7.3. The parametrized discrete-time model (7.15) with zero disturbance to-
gether with output feedback control (7.6)-(7.7) is said to be exponentially stable, if there

exists a family of Lyapunov functions Vpy, : R"™ — RY and T* > 0 such that for each

135



fized T € (0, T*] there exists h* € (0,T] such that

Cl|:i‘|r S VTJL({Z‘) § Cz|i‘|r (7.42)
Ve (Fr(x, Urn(€,9),0), Zrp(&y) — Vou(z,§) < —eylil" (7.43)
T < .

for some 1 <r <oo andV T € B(o1) CR"™, h € (0,h*]. withc; >0,i=1,2,3

Note that this definition provides well-know Lyapunov conditions for exponential sta-
bility (see e.g., [48]), which has been recently used in the context of nonlinear networked
control systems by [91]. We now modify in turn Assumptions 7.1-7.3 in the form of

Assumptions 7.6-7.8 to be applicable for the purpose of this section.

Assumption 7.6. The approzimate discrete-time model FY., together with the single-rate

controller (7.6)-(7.7) is exponentially stable in the sense of Definition 7.5.

Assumption 7.7. The associated Lyapunov function Vr, is locally Lipschitz and satisfies:
sup{0Vr,/0z} < Ly|Z|""! for L, > 0, & € B(o1), and r in accordance with Assumption
7.6.

Assumption 7.8. I}, is one-step and also multi-step consistent with the exact discrete-
time model . according to Definition 7.1, where inequalities (7.8) and (7.9) are, respec-

tively, replaced by (7.44) and (7.45) defined below

[F7 (2, u,0) = Fr (2,0, 0)| < Tp(h)(|z] + [ul) (7.44)

|Fr(x1,u,0) = Ff (22, u,0)| < Ta(s, h)(Jul) (7.45)

Remark 7.9. The stronger form of consistency introduced in Assumption 7.8 in known
to hold for a large class of Runge-Kutta methods (see for instance [120, Theorem 4.6.7]).
Also, integration schemes satisfying (7.44) are available in [121] and have been utilized

by [91] for stabilization of single-rate NCS.

Theorem 7.2. The multirate nonlinear NCS with SER channel model controlled by (7.11)-
(7.14) is locally exponentially stable, if given positive real numbers (oz,<.) there exists

T € (0,T7%] such that for each T € (0,T%], all |2(0)| < o0z, |£(0) — z:(0)| < <., there
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exists h* € (0,T] such that for all h € (0, h*] Assumptions 7.6-7.8 and 7.4 hold, and the
following inequality is satisfied

(n+s)7

e Q) + Q2 +Q3) < (1 —0)c3 (7.46)

for some 0 < 0 < 1, where

Il = T*p(h*)(LyLy + Ly + 1) + 217

+ (Ls + Ly(e"™ = 1)) (LgV* + (Lg + 1)(1 + L T*®* (s, h*))) (7.47)
Q1 =T*p(h*)(LyLg + Ly, + 1) (7.48)
Qp = L. (LgV* + (Lg + 1)L ,T*®* (s, h*)) (7.49)

Qs = Ly (e = 1)(6upnae + 1) (LgV* + (Lg + 1)L, T*®* (s, h*))

+ LyLg(e"r™" — 1)

Umaz

(7.50)

and ®* = (T, amaz), V* = V(T*,0y,.00 Gmaz) defined by (7.32) and (7.33), respectively.

Proof. First by supposition that all the input channels have the same sampling rate, the
application of H; is redundant here. Therefore, u. = u = (I + Au)u and the uncertain
exact discrete-time model is given by F%(x,u,0). Similar to the proof of Theorem 7.1, we
start by evaluation of the Lyapunov function increment along the closed-loop solutions of

the uncertain system:

Vi (Z(k + 1)) = Ve p(2(k)) := Veu(Ff (2, u,0), Zr (€, ye)) = Vo (e, §) (7.51)
Adding and subtracting Vrp, (F%h(m, U(&,y),0), Zrn(€,y)) and then using the mean value
theorem along with Assumption 7.7 gives

Ven(@Z(k+1)) = Vrp(Z(k)) < —asT|z|"

e a r—1

+ Lv(max{’FT(x7 u, O)‘ =+ ’ZT,h(£7 yc)|’ |FT,h($7 U(ga y)) O)‘ + ’ZT,h(é? y)‘})

X (|Fp(2,u,0) = Ff (2, U(Ey), 0) + [Z1,4(&, ye) — Zrp(€)]) (7.52)
where we used Vi, (21) — Vi p(Z2) < Ly(max{|Z1],|%2|}) |31 — 22| and [[z £]'] < |z]+]¢].
Before proceeding to investigate the second term in (7.52), note that from (7.31)-(7.33) in
Lemma 7.2 and the multi-step strong consistency in Assumption 7.8, we have that

lye(k) — y(k)| < (T, amaz)Tals, )|U(, y)| + V(T 0y > Gmaz) Y]

< Ly®(T, amaz)Tols, )|E] + Lg(V(T, 6ynass maz) + Lu® (T, @maz)Ta(s, h))|z| (7.53)

max )
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in which Assumption 7.4 and the Lipschitz property of g were applied to derive the second
inequality. Now, we upperbound |F%|, \Fﬁhl, | Z7 1 (&, ye)ls | Zrn(€, )| as follows. Using
the Gronwall-Bellman inequality, Assumption 7.4 and the SER model, we obtain

[FE| < Jz] + (27 = 1) (J2] + (I + Auw)U(C, )

< P10 al 4 Lu(e™r T = 1) (1 + 0y, (IC] + 1yel) (7.54)
Inequality (7.53) and the fact that |y.| < |y. — y| + |y| yields

IFf < (57 + LuLy(eT = 1)(1 4 8y,,,,) (1 + ¥ + TL,®0)) Ja]

7'I'e1

+ Ly (et —1)(1 +6,,,..) (1 + TL,Pa) [¢] (7.55)

Tey

where the arguments of V, ®, a are dropped for notational convenience. Hence,
|F7| < max{me,, me, }|2| + [€]) < me|2] (7.56)

with me 1= v/n + s(7e; +7e,) = vV + s(eLfT—l—Lu(eLfT—1)(LgV+(Lg—i—1)(1—I—TLu¢'a))).
In exactly the similar way, for the exact discrete-time model without uncertainty, i.e.,

Fi(z,U(¢,y),0), it can be written
\F5| < (" + LyLy(e™T — 1)) |z] + Ly (e™T = 1)|¢] (7.57)

Note that (7.57) can be verified by setting d =V =& =01in (7.55). It is clear from

mazx

. an . that < m.|z|. Consequently, by the one-step strong consistency
7.57 d (7.55) that |Ff z|. C ly, by th i
governed by (7.44) and Assumption 7.4, ]Fq‘ih| can be upperbounded as

|Ffp — Fpl < Tp(h)(J2] + U (€ y)l) < To(h) ((LuLg + 1)|2| + Lul€])

= |Ff | < (me + Tp(h)Vn+ s(Ly + LyLg + 1)) |Z| = ma|Z| (7.58)

Again owing to Assumption 7.4 and (7.53), we can upperbound |Z7 (&, yc)|, [ Z14h(&y)]

as

1Zrn(&y)| < LaLglz| + L:[¢] (7.59)

1 Zrn (& ye)l < LoLg(1+ V + TLy®a)|z| + L:(1 + T Ly Pa)[¢] (7.60)
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Let us define m, = \/n+ sL.(LyV + (Ly + 1)(1 4+ TL,Pe)). It is straightforward to see
that |Z71 (& ye)ls [Zrn(€,y)| < 7.]Z|. Finally, combining (7.56), (7.58), the bound on

|Z7 1|, and the fact that max{m,, 7., 7.} < 7, + 7, leads to
_ 1 rel e
(max{|Ff| + | Zrn(& ye)l, [Ff ]+ [ Zon&o)}) ™ < (n+s) 7 IHE" (7.61)

for TI(T, h, 6y, 00> Gmaz) defined in (7.47). Next, we address the term |F% — F%,| +
| Zr 1 (&, ye) — Zrp(€,y)| in (7.52). Following the same procedure used to bound terms
(i), (ii) in the proof of Theorem 7.1 and employing Assumption 7.8 we get

|F} = Efp| +1Z00(& ye) — Zrn(€,y)| < Tp(h) (x| + Uz, y)])

+ (7 = DIAUU(E, ye)| + (Lz + Lu(e™ " = 1))lye — y| (7.62)
Direct but lengthy manipulations based on Assumption 7.4 and (7.53) show that
|Ff — Ff oyl + 1 Zon (&, ye) — Zon(€,y)| < Vn+ (1 + Qo + Q3)| 2| (7.63)

with 1,9, Q3 given by (7.48)-(7.50). Putting (7.61), (7.63) and the condition (7.46)

together, the Lyapunov function increment in (7.52) admits

Vrn(@(k+1)) =V
T

< —c30)i|" (7.64)

Therefore, the conditions of Definition 7.3 hold under multirate sampling and network
uncertainties, which confirms exponential stability of the uncertain exact discrete-time
model. [ |

Theorem 7.2 can be interpreted as follows. If the single-rate output feedback controller
exponentially stabilizes the nominal approximate discrete-time model, then under some
standard continuity and closeness assumptions and the satisfaction of condition (7.46),
the proposed multirate NCS is also locally exponentially stable. Note that (7.46) includes

three different terms:

e ()1, which reflects the effect of discrete-time approximation via the one-step consis-

tency property,
e (29, which stands for only the output channels uncertainty,

e and 3, which consists of both the input and output channels uncertainty.
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Also, the effect of different sampling rates and the multi-step consistency are reflected by
LNV (T*, 0y,00s @maz) + (Lg + 1)Ly T*®(T™, amaz)a(se, R*), which exists in both terms
and Q3. It is worth mentioning that, ¢z on the right hand side of (7.46) can be regarded as
a margin of stability of the approximate nominal closed-loop system that should dominate

the effects of Q1, Q9, Q3 introduced above.

Remark 7.10. Similar discussions to those after [91, Theorem 2] can be carried out re-
garding the feasibility of condition (7.46) and the related possible bottlenecks. However,
since the left hand side of (7.46) can always be made arbitrarily small by an appropriate
choice of T, h*, uncertainties bounds as well as various sampling rates, we can easily
formulate conditions under which (7.46) is guaranteed by choosing these parameters suffi-

ciently small (see [91, Theorem 3] that is intended for similar purpose).

Remark 7.11. Theorem 7.2 can be applied to the same problem with the R-SER channel

model. The only difference is that, in our derivations . and § should be replaced by

Ymax Umazx

1/(140Ymaz) and 1/(14 0tmas), respectively. However, as stressed by [97,98], application
of R-SER model is usually preferred to SER model due to introducing a more flexible
optimization problem. It can be shown that the fulfillment of (7.46) under the R-SER

model provides a bigger stability margin compared with the SER case.

7.4 Case Study

This section is serve to illustrate some of the main results in this chapter by output
feedback stabilization of an elementary example in a multirate network-based setup. The
first part is is dedicated to the ISS property and the second part studies the exponential
stability. In order to evaluate the effect of network uncertainties in our simulations, we
will use the total network capacity defined as C = Y _F_; G%T Ind, '+ >t b%T In 5;]_1. This
is taken from [97] for linear multirate NCS, and measures how much information per time

unite can be transmitted through the whole network.

Consider the continuous-time plant [19]

i(t) = 23(t) +u(t) + d(t)
y(t) = x(t) +d(t)

(7.65)
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with the approximate discrete-time model F, generated by

fnli,z,u,d) := o + h(z +u) + fkkgji(hiﬂ)hd(T)dT,

2+1(x,u,d) = frn(i + l,f;i,u,d), (7.66)
Fﬁh(x,u,df) = f}]LV(%u,d), N = %

that is a refined Euler model utilized in several references, e.g., [18-20]. One-step and
multi-step consistency of (7.66) with the exact discrete-time model of (7.65) was already
checked in [19]. Also, by taking Vrj = |z|, as(|z|) = |z|, and F(||d|ls) = ||d||sc, it follows
that the digital static controller u(k) = —y(k) — 33(k) (that is here state feedback) makes
the approximate model F7,, input-to-state stable. Hence, Assumptions 7.1-7.4 can be
easily validated. We now study the “low measurement rate” situation in Figure 7.1 with
b1 = 1, a1 = 4 and under the SER model for input and out channels with bounded &,
and d,. If we pick T' = 0.2, that is enough to satisfy Assumption 7.5, simglobal practical
ISS of the dual-rate NCS using the digital controller u(k) = —y.(k) — y3(k) with (7.13)-
(7.14) is obtained from Corollary 7.1. The simulation results are shown in Figure 7.4 for a
randomly distributed disturbance input. It can be inferred from Figure 7.4a that although
the ISS property is maintained under different channel uncertainties, increasing d,, or 4,
(decreasing the network capacity C) has destructive effects and may lead to divergence.
Figure 7.4b reveals the effect of the integration period h on the closed-loop performance
for a given value of C.

We now set the disturbance input d to zero in (7.65) and analyze the exponential
stability using Theorem 7.2 (and in particular condition (7.46)). Similar to the arguments
of [91, Section 4], we can conclude that the controller u(k) = —y(k)® — y(k) — hy(k)
with the Lyapunov function Vrj, = |z| makes the approximate discrete-time model (7.66)
exponentially stable. Besides, it is straightforward to verify Assumptions 7.7-7.8. The
proposed multirate control setup was implemented for different sampling rates as well as
various channel uncertainties. For simulation purposes, we choose T' = 0.1, N = 100,
b1 = 1, and the output channel uncertainty is fixed such that ¢, = 0.2. Figure 7.5 displays
the minimum required input channel capacity C, (maximum allowable input uncertainty)
to prevent instability versus the measurement sampling frequency G%T for both the SER
and R-SER models. It can be perceived that for the R-SER model the multirate controller

can tolerate larger uncertainties (see Remark 7.11), and in this case we may expect an
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Figure 7.4: State evolution of the multirate NCS (a) under different network uncertainties
and N = 100 (b) under different values of integration period h = T'/N and C = 4.33.

improvement in terms of the required network capacity to preserve stability.

.
3
1
T

Figure 7.5: Bounds on the channel uncertainty for exponential stability under SER and
R-SER models
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7.5 Summary

In this chapter we developed a general output feedback stabilization for multirate NCS
within the context of sampled-data systems and using discrete-time approximation. This
framework is the combination of a single-rate output feedback controller previously de-
signed and purposeful periodic switches which reconstruct the missing intersample outputs
between measured sampled data. The network channels are modelled as multiplicative and
relative uncertainties to the plant signals, called SER and R-SER models. These models
can account for different network-induced constraints with different physical meanings. It
is shown that the proposed multirate structure is capable of preserving the dissipation
inequalities, in presence of disturbances and under both channel models, with some addi-
tive terms depending on various sampling rates, channel uncertainties and the integration
period. As special cases of dissipativity with practical importance, we derived explicit suf-
ficient conditions to first guarantee input-to-state stability (ISS) of the disturbance driven
multirate NCS and then exponential stability of the disturbance free multirate networked-
based controller for both the SER and R-SER models. Simulation results validate how
the proposed multirate strategy can stabilize the nonlinear NCS under much lower trans-
mission data rate leading to significance saving in the required bandwidth. Moreover,
in coincide with our theoretical expectations the R-SER model provides more robustness

against channel uncertainties compared with the SER model.
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Chapter 8

Conclusions and Future Works

This thesis studies nonlinear sampled-data systems with input and output channels of
various sampling rates. While the main focus is on the design problem, important issues
on the stability analysis of multirate nonlinear plants are also investigated mainly within
the context of dissipativity. In addition to providing general frameworks for multirate
controller and observer designs, a new performance criterion based on the incremental
gain is proposed, and multirate nonlinear networked control systems (NCSs) are analyzed
as an application with practical significance. The major contributions of this thesis can

be categorized as follows:

1. In chapter 3 we considered a nonlinear plant connected to multirate sample and
hold devices when the output sampling rates are lower than the input sampling
rates. This refers to the “low measurement rate” constraint with several applica-
tions since D/A converters are usually faster than A/D converters. An inferential
state feedback control setup was developed using the emulation (CTD) method and
the theory of dissipative dynamical systems was exploited to analyze the stability of
the closed-loop sampled-data system. We proved that the proposed multirate infer-
ential setup preserves dissipativity in a semiglobal practical sense for both the static
and dynamic feedback cases. Considering this main result, a general approach for
multirate nonlinear H,, control was then proposed based on an emulated controller

together with an approximate discrete-time model of the plant.

2. In chapter 4 the Lo incremental gain was introduced as a novel performance index
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for designing nonlinear H,, controllers. The advantages of the new technique com-
paring with the well-known H,, control design based on the usual Lo gain is that
it quantifies whether or not small changes in exogenous inputs such as disturbances
or noise will result in small changes at the output. Moreover, it ensures not only
closed loop stability but also existence and uniqueness of the solution of the system
equations. We first designed a state feedback incremental H,, control scheme for a
class of Lipschitz nonlinear plants in terms of linear matrix inequalities (LMIs). The
proposed strategy is exponentially stable in the absence of disturbances and mini-
mizes the Lo incremental gain from the disturbances to the controlled output under
he effect of exogenous inputs. Our results were then extended to a more practical
case where only some (or maybe none) of the state variables are measurable and
also a more general class of nonlinearities called one-sided Lipschitz. Precisely, an
observer-based output feedback controller was presented using tractable linear ma-
trix inequalities (LMIs) that is shown to be asymptotically stable with minimized

incremental gain from the disturbance inputs to the penalty variable.

3. Chapter 5 tackles the problem of sampled-data observer design in presence of system
and measurement disturbance signals which indeed provides a background for the
multirate results of chapter 6. We constructed a family of observers using CTD and
DTD methods and discrete-time approximation, and adopted the notion of input-
to-state stability (ISS) to analyze the convergence of the estimation error. It was
shown that under some standard continuity and consistency assumptions both the
CTD and DTD-based observers are input-to-state stable from disturbances to the
estimation error in a semiglobal practical sense for the unknown exact discrete-time
plant model. Considering the one-sided Lipschitz condition as a broad class of nonlin-
ear systems together with a refined Euler approximate model, systematic approaches
for sampled-data observers were derived that can be cast into feasibility of certain
LMIs. Although the DTD method usually exhibits better performance compared
with the CTD technique, it necessitates a second assumption called quadratically
inner bounded condition. Instead, the CTD-based design requires only a mild geo-

metric condition.

4. Chapter 6 extends the results of chapter 5 to MSD systems. We considered a general
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description of nonlinear plants and established a prescriptive framework for multi-
rate sampled-data observer design in presence of disturbance inputs. The proposed
structure consists of a single-rate observer working at the base sampling period of
the system that is fed by two periodic switches. These switches are, respectively, a
modified sampler to reconstruct the missing intersample outputs using an approxi-
mate discrete-time model together with the output mapping function and a modified
hold device that assigns each control input to its previous measured value during
the corresponding sampling interval. We proved that if the single-rate observer is
designed (using the materials of chapter 5) to be input-to-state stable then under
some standard assumptions and Lyapunov-ISS conditions, the proposed multirate

observer is input-to-state stable in a semiglobal practical sense.

. Finally, in chapter 7 we addressed an important application of multirate sampling
by developing an output feedback stabilizing scheme for nonlinear networked-control
systems (NCSs) with communication channels of various sampling rates. Two uncer-
tainty based channel models called signal-to-error ratio (SER) and relative signal-to-
error ratio (R-SER) model, respectively, were utilized to capture different network
constraints such as delays, data loss, etc. as well as sensors and actuators inaccu-
racies. Then, we proposed a multirate dynamic NCS which includes a single-rate
discrete-time output feedback controller together with a periodic switch to predict
the intersample outputs using an approximate discrete time plant model and the
output mapping function. It was shown that if the single-rate stabilizer satisfies a
certain dissipation inequality, then under some continuity and consistency assump-
tions the closed-loop multirate NCS will be also dissipative with respect to similar
supply rate impaired by some additive terms, for the unknown exact discrete-time
plant model and in presence of channel uncertainties as well as disturbance inputs.
Our result is valid for both the SER and R-SER channel models. Moreover, the sta-
bility of the disturbance driven and disturbance free multirate NCS was guaranteed
using the notions of input-to-state stability (ISS) and exponential stability, respec-
tively, by deriving explicit conditions on network uncertainties and different sampling
rates. We showed that, no matter which channel model is considered, the proposed

multirate output feedback NCS can lead to significant saving in the required com-
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munication bandwidth compared with the corresponding single-rate NCS. However,
simulation results verify that R-SER model exhibits more robustness against the

network uncertainties under the same sampling rates pattern.
The followings are some areas that could be pursued in future research.

e Discrete-time incremental H., controllers:

We have considered the development of incremental gain-based controllers for con-
tinuous time systems. This result can be only applied in the emulation method for
sampled-data design where a continuous-time controller is discretized. One impor-
tant direction that can be followed in future is to present analogous formulations for
discrete-time systems. This will enable us to take the advantages of incremental gain
in the direct DTD method for nonlinear sampled-data control design as well. Again
Lipschitz and one-sided Lipschitz conditions can be employed to derive constructive

LMI-based solutions.

e Multirate nonlinear sampled-data fault detection and isolation:

Faulty signals can exist in actuators, sensors and process components that can dete-
riorate normal operation or even lead to instability. Therefore, fault detection and
isolation (FDI) has found prominent application in most industrial processes. The
main purpose is take immediate and appropriate actions in order to preserve safe
operation while avoiding the possibly of catastrophic damages. This problem will
be more challenging when input and output signals are sampled at different rates.
There exists a large number articles dealing with multirate FDI for linear systems,
however, there is no similar work in the literature on the nonlinear counterpart that
fully takes the technical bottlenecks of nonlinear sampled-data systems into account.
Also, the multirate FDI has been recently proposed as a technique capable of prompt
fault detection (see e.g., [33]). Considering these facts, Another interesting subject
that can be suggested as a future work is to construct multirate nonlinear FDI. Since
we have already developed a framework for multirate sample-data observer design
in chapter 6 and the observer-based method is one of the well-know techniques for

FDI, this task can be successfully conducted considering our results in this thesis.

e Observer-based multirate nonlinear NCS:
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Although the dynamic output feedback NCS proposed in chapter 7 possesses a close
structure to observer-based control schemes, designing an explicit multirate observer-
based nonlinear NCS can be considered as a challenging future work. The new
output feedback NCS may contain a partially state/output controller that is fed
by a multirate sampled-data observer previously designed using the framework of
chapter 6. The most difficult part is to find a way the separation principle that is no
longer valid for nonlinear systems, by choosing the sampling periods of the observer
and controller appropriately. By this means we will obtain a more general form of
the results presented in [21,22] which is not restricted to dual-rate case or high-gain

observers and is also applicable in the area of networked-control systems.

Multirate nonlinear teleoperation control systems:

Teleoperation or in particular telerobotics is an important application of networked-
control systems (NCSs) where there is a teleoperator, a human operator, and a
remote environment (communication network). Passivity-based approach has been
recently studied in the literature to stabilize teleoperation systems governed by linear
equations. Since passivity is a special case of dissipativity and in chapter 7 we
have established a general stabilization framework using the theory of dissipativity,
another potential perspective is to apply our results to obtain multirate sampled-data
teleoperation systems in which teleoperator passivity is maintained under certain

sufficient conditions.

Multirate event-driven sampled-data control systems:

Recently, event-triggered control has received a great deal of attention from research
community as an effective way to reduce unnecessary energy consumption and save
limited network resources. In event-triggered control, the measurement transmission
and the control tasks are executed only when a certain predefined event condition
is violated. This will be an interesting idea to extend the multirate sampled-data
frameworks of this thesis especially the networked-based results to the case of event-

triggered systems where several open and challenging issues exist.
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