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Abstract

The ultimate goal in analysis of communications systems is to predict the performance of real com-
munications systems as accurately and efficiently as possible in order to reduce the cost of the sys-
tem development. However, there is a trade-off between accuracy and the time and effort required to
obtain the performance estimate. Accurate performance prediction often requires complex system
models that are, in general, difficult to analyze. Hence, if the efficiency of the performance eval-
uation techniques can be improved, then more complex system models can be analyzed and more
accurate performance prediction is obtained. Also, for a given system model complexity, more ef-
ficient performance evaluation makes the analysis less complicated, and, in turn, such analysis is
more likely to provide design guidelines, and support synthesis. Therefore, efficient performance
evaluation techniques are always of high practical importance and interest.

In this thesis, performance evaluation techniques that improve efficiency of the existing tech-
niques are proposed and investigated. The focus is on the efficient evaluation of the bit-error rates
of wireless communications systems. The thesis can be divided into two parts. In the first part,
novel performance evaluation techniques are proposed. Sample rejection is studied as a generally
applicable and easy-to-implement computer simulation technique. Prony approximation is used for
efficient semi-analytical evaluation of the average error rates of digital modulations over slowly fad-
ing channels. Channel models to simplify the analysis of diversity combining schemes over corre-

lated fading channels are also investigated. In the second part, the proposed performance evaluation



techniques are employed to analyze the performance of several communication systems, and, in
some cases, novel design guidelines are obtained. Particularly, coded MIMO-OFDM systems over
arbitrary correlated generalized Ricean fading channels are analyzed. Binary Hamming codes are
constructed recursively, and it is shown that their coding gain is not monotonic in signal-to-noise
ratio. A class of multidimensional binary repetition codes having variable block length and variable
minimum Hamming distance is proposed, and the applications are considered. Finally, a hyperge-
ometry of objects in K dimensions is investigated. The results of hypergeometry are then used to

optimize the signal-to-noise ratio adaptive receivers.
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Chapter 1

Introduction

“Nothing is as practical as a good theory.”

Kurt Lewin

The Ph.D. research project described in this thesis has been motivated by the following facts.

e In spite of more than ten years of intensive research and development of the 3rd generation
(3G) cellular systems, and having skills and knowledge obtained from building the immensely
successful 2nd generation (2G) cellar network, deployment of the 3G cellular networks expe-

rienced serious technical difficulties.

e Many algorithms and technical solutions have been proposed for the 4th generation (4G)
cellular systems. However, only a small subset of the proposed algorithms and solutions can

be included in the 4G standards; their selection requires extensive performance evaluations.

¢ Robert Lucky commented in [1] that “...without a grounding of reality supplied by industry,

academic papers can tend to drift off into imaginary spaces.”

e In the Kailath Lecture and Colloquium [2], Robert Gallager suggested that, “Universities,
governments, and industries should encourage more Shannon style research. It is focused on

simplification.”

Each fact has its own merits, however, all four facts have a common focus. In particular, many tech-
nical difficulties in deploying the 3G cellular networks could have been prevented if more complex

system models had been used for prediction of the system performance. Design of the 4G networks



could be improved if the performance of larger number of system configurations can be evaluated
and compared. Also, performance evaluation techniques that are sufficiently simple, and, at the
same time, can accurately predict the performance of communications systems are helpful to bridge
the gap between academia and industry, Hence, in this thesis, efficient performance evaluation tech-
niques that can improve prediction of the performance of communications systems are investigated.
Noteworthy, the keyword ’efficient’ is now frequently appearing in the literature. In general, effi-
ciency becomes important whenever the available resources are limited. In this thesis, efficiency
is related to the difficulty in obtaining a performance estimate of given accuracy. Thus, efficiency
can be expressed in terms of the time and effort required to obtain the performance estimate of
given accuracy. Efficient performance evaluation is then developed to complement the research in
efficient signal processing where efficiency corresponds to the implementation complexity of algo-
rithms. Note also that, in this thesis, complexity is used in two contexts. First, it is required that
the complexity of performance evaluation techniques is reduced, so that the performance analysis
is simplified and is more easily applicable. Second, it is desirable to consider more complex system
models in order to model the real systems more accurately.

Furthermore, in order to clarify “theoretical” and “practical” research, consider Fig. 1.1; this
figure is inspired by the cover page of book [3]. The top most level of the pyramid in Fig. 1.1 corre-
sponds to the most general theory of information transmission {4]. The lowest level of the pyramid
in Fig. 1.1 represents actual implementation of the communication system in hardware. Hence,
moving from a general theory towards hardware implementation requires that the communication
system is described using more specific (i.e., less general) system models of increasing complexity

having larger number of parameters, and being more difficult to analyze.

1.1 Background and Research Area Identification

Rapid development of technology over the past 100 years led our society to information revolution
in the break of the twenty first century. Acquired knowledge and understanding of diverse natural
phenomena enabled manufacturing of sophisticated technological systems. Given the complex na-
ture of today’s technical devices, the system design has become more challenging than ever before.
The system design requires various levels of abstraction of the system description. Such abstraction
is referred to as the system model. The system is then described using the system model inputs,

outputs, and the state space of latent (hidden) variables often referred to as the system model pa-



Figure 1.1: “Theoretical” versus “practical”.

rameters. Assumptions are considered to be a part of the system model, and they represent the
system model constraints (limitations). In general, improving the performance of any system ap-
pears to be directly related to the system (model) dimensionality; for example, the number of system
inputs and outputs can be increased to improve the system performance. The systems are then de-
scribed using the system models of large dimension and large number of parameters; this, in turn,
significantly complicates the system design and analysis. Therefore, technological progress must
be accompanied by advancements of designing methods that are suitable for system models of large
dimension.

A general system design process is shown in Fig. 1.2. The design process is usually performed
in two design cycles. The upper design cycle corresponds to iterative modifications of the initial
design until the desired performance can be expected. In the lower design cycle, a prototype is
synthesized, and implemented in hardware. The prototype is then operated in a series of field
tests to determine its real performance. If the real performance of the prototype does not meet the
design requirements (i.e., the desired performance), the design process must resume with further
modifications of the design, and estimation of its performance in the upper design cycle. Note that
the upper cycle can be used not only to design a system having the desired performance, but also, it

can be used to optimize the system performance (i.e., to achieve the best possible performance for
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design performance
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synthesis performance

Figure 1.2: A general process of system design.

given design constraints).

The time, effort and cost are the three main resources that are being consumed during the design
process until a prototype of the desired performance has been obtained. The more cycles in Fig. 1.2
are enclosed during the design process the more resources have been consumed. Since majority of
the resources are consumed when the hardware implementation of the prototype has to be modified,
it is desirable to confine the design process to the upper design cycle as much as possible. Avoid-
ing unnecessary lower design cycles makes the design process much more efficient, and thus, less
resources demanding. Correspondingly, the lower design cycles can be avoided if the performance
analysis obtained in the upper design cycle is sufficiently accurate, i.e., the predicted performance
is a good approximation of the real performance.

The relative error of the performance analysis can be defined as,

‘analysis error’ = (‘predicted performance’ — ‘real performance’) / ‘real performance’



and the relative accuracy of the performance analysis can be defined as,
‘analysis accuracy’ = 1 / ‘analysis error’.

Thus, more accurate prediction of the real system performance requires smaller number of lower
design cycles, and less resources are going to be consumed.

There are three categories of the performance evaluation techniques.
e mathematical and statistical theoretic analysis

e computer simulations

e semi-analytical methods

The semi-analytical methods are combination of mathematical analysis and computer simulations.
Selection of the performance evaluation technique depends on the particular system being investi-

gated. The following factors have to be considered.
e required accuracy, e.g., the value of the target probabilities to be estimated
e required efficiency, e.g., the total time and effort available to evaluate the performance
e amount of knowledge about the system and its model
o the system model complexity
These factors are interrelated by the following rules.

e there is a trade-off between accuracy and efficiency of the performance analysis, i.e., more

time and effort is required to obtain more accurate analysis

e more efficient performance evaluation techniques allow more complex, and thus, more real-

istic system models to be investigated
e more realistic system models improve accuracy of the performance prediction

For example, realistic modeling of communications systems requires that the system model takes
into account subsystems interdependence, various sources of interference, non-ideal synchroniza-

tion, finite precision numbers representation, non-ergodic observations etc.



Analytical tools are usually applicable only when the system model is simplified and some re-
alistic assumptions are omitted. In some cases, analytical approach can be useful to obtain initial
design guidelines. More realistic system models are often mathematically intractablé which necessi-
tates computer simulation. However, the system model complexity can exceed the computing power
available, and the simulation run-times become excessive. In this case, more efficient computer sim-
ulation techniques must be used. Provided that some parts of the system model can be described
analytically, semi-analytical methods achieve good trade-off between accuracy and efficiency, since
significant amount of computations can be avoided to reduce the simulation run-times.

In general, the performance analysis should have the following properties.
s be accurate to predict the real performance

e be efficient to minimize the resources consumed

e be verifiable, so that it can be reproduced

¢ be trustable, so that it has a high level of confidence

Hence, performance analysis should be as simple as possible, and also, be sufficiently generic in or-
der to be applicable to a variety of scenarios and system models. For example, a minor change in the
assumptions or the parameters should be readily incorporated without major changes in the existing
performance analysis. Furthermore and importantly, performance analysis that is sufficiently simple
and generic can often provide design guidelines for system synthesis. On the other hand, compli-
cated performance analysis is more likely to be incorrect, and such analysis is also more difficult to
be verified, and even reproduced for the same system model under the same assumptions.

The probability of error and the error rate are the two performance measures primarily consid-
ered in this thesis. Whether the transmitted bits, symbols or sequences of symbols and the corre-
sponding probabilities of bit, symbol and sequence of symbols error, respectively, are investigated
in the performance analysis of a communication system is application dependent. Provided that
the observations of bits, symbols or sequences and occurrences of their errors at the receiver are

ergodic, the probability of a particular error is defined as,

‘probability of error’ = E[‘error’]
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Figure 1.3: A generic transmission system and the error rate measurement.

where E[-] denotes expectation, and E[‘error’| is expectation of a particular error event where

. i 1 transmission error occuired
error’ =
0 transmission error did not occur.

The error rate is defined as the ratio,

. ,  ‘number of error occurrences’
error rate’ =

‘total number of occurrences’

Hence, the error rate corresponds to the average probability of error. If the probability of bit error
and symbol error in the transmitted sequence is independent of a particular location of the bit and
the symbol in the transmitted sequence, the probability of bit and symbol error is equal to the bit
error rate (BER) and symbol error rate (SER), respectively. The probability of sequence of symbols
error is always equal to the sequence error rate, and it is referred to as the frame error rate (FER) or
the packet error rate (PER).

A generic transmission system and the measurement of the transmission error rate are shown in
Fig. 1.3. The transmitted bits, symbols or sequences, x, are transformed by the channel into the
received bits, symbols or sequences, y. The receiver outputs the decisions, X, on the transmitted
bits, symbols or sequences. In general, properties of the transmission systems are described using
three sets of system model parameters. The symbol, €2, is used to denote the set of fixed (time-
invariant) parameters. The channel parameters changing slowly compared to a symbol duration are

denoted as €2s. The set, )¢, contains the parameters having the rate of change comparable to the



symbol duration. Then, the received signal can be written as,
y =y (x,Q,9,).

Note that the transmitted signal, x, is a function of §2, i.e., x(€2). The decision, X, is a function of the
received signal and the receiver, i.e., X = X(y) = X(x, ©, %, ). An error event occurs when the
receiver decides erroneously about the transmitted bit, symbol or sequence of symbols. Provided
that the parameters, {25, and, €2¢, are ergodic and stationary processes, the first-order moment of the
random error-event is typically considered to be sufficient description of the system error properties.
Let ¢(x, X) be an error event that the decision, X, is not equal to x; thus, €(x, %) = €(x, 2, s, ),
and € = 1, if x # X, and € = 0, otherwise. Then, the conditional probability of error event,

conditioned on realization of the transmitted sequence, x, and the parameters, {2, is defined as,

P(Qx, Q) = / (%, 2, U, ) fr, (2, Q) Ay
dom(Q¢)

where dom(-) denotes the domain of its argument, and fq 0, (€2, {2r) is the joint probability density
function (PDF) of €2 and ;. The conditional error rate corresponds to the average conditional

probability of error event, i.e.,
P(99%) Z Pr(x) Pc(Q]x, Q)

where Pr(x) is the probability of transmitting x. Correspondingly, the average probability of the

error event is,

B(Qfx) = /d o P99 fo (9.0

where fq 0, (€2, () is the join PDF of {2 and (2, and the average error rate is evaluated as,

ZPr P(Qx).

1.2 Thesis Outline

This thesis consists of nine chapters. Introductory Chapter 1 is followed by seven chapters where
the main contributions of the thesis are presented. The thesis outcomes and results are summarized

and suggestions for future work are given in Chapter 9.



The seven chapters of the main contributions can be divided into two parts. The first part is
covered by Chapter 2-Chapter 4, and it introduces novel performance evaluation techniques that
improve the performance analysis, so that the analysis becomes simpler, and more efficient. Some
of the proposed efficient performance evaluation techniques are employed in the second part which
consists of Chapter 5—Chapter 8. Furthermore, in the second part, novel design guidelines and prin-
ciples are obtained. In particular, a sample rejection (SR) technique for efficient Monte Carlo (MC)
computer simulations is proposed in Chapter 2. The SR simulation technique is also used in Chap-
ter 7 to estimate the minimum Hamming distance, and to simulate the bit error rate of the proposed
codes. Prony and polynomial approximations for semi-analytical evaluation of the average error
rates over slowly fading channels are investigated in Chapter 3. The Prony approximation method
is then used in chapters 4-7 to evaluate the average error rates. Channel models that can simplify
the performance analysis of diversity combining receivers having correlated fading branches are
considered in Chapter 4. In Chapter 5, coded multiple-input multiple-output orthogonal frequency
division multiplexing (MIMO-OFDM) systems over arbitrary correlated generalized Ricean fading
channels are analyzed. Binary Hamming codes are studied in Chapter 6. Binary repetition codes
in multiple dimensions are proposed and analyzed in Chapter 7. Finally, a hypergeometric view on
diversity combining schemes and the optimum receiver dimension are considered in Chapter 8.

In general, the problem background and literature survey are provided at the beginning of each
chapter. The problems are formulated as general as practically possible. Then, the system model
is presented, and the problem is solved using mathematical theoretic analysis. It is followed by
numerical examples to illustrate the solution. The main results are summarized and discussed at the
end of each chapter.

In the sequel of this subsection, the contents of Chapters 28 are outlined.

Chapter 2  In the first part of this chapter, we reexamine sample rejection (SR) introduced pre-
viously as an easy-to-implement efficient simulation technique. Since the decoding operation often
represents a major part of the required simulation time, SR can be used to avoid decoding of the
received sequences that are known beforehand to be decoded error-free. Previous work seems to
indicate that SR may be effective only for simulations having small dimension, less than 10. We
assume estimation of decoded bit-error probabilities for a general coding scheme of finite block-
length transmitted over an additive white Gaussian noise (AWGN) channel with quantized output

using binary antipodal signaling and maximum-likelihood sequence decoding (MLSD). We show



that knowledge of the minimum Hamming distance of the code and conditioning on the transmitted
sequence can be exploited to form the rejection regions. In particular, we investigate hypersphere,
hypercube and hyperquadrant rejection regions. Our analysis shows that SR can be effective for
some systems with dimension of the order of hundreds with soft-decision decoding, and some sys-
tems with dimension more than a thousand with hard-decision decoding if the rejection regions are
properly chosen.

In the second part of Chapter 2, we generalize a SR scheme for the simulation of multidimen-
sional communication systems. We consider the use of SR for efficient simulation of uncoded
continuous transmission with periodic trellis-termination over static intersymbol interference (ISI)
channels and MLSD. The hypersphere, hypercube and hyperquadrant rejection regions proposed in
the first part of Chapter 2 are applicable only for finite lattices with rectangular or circular symme-
tries and moderate dimension. However, these regions are not applicable or are inefficient if the
dimension is increased for large block-lengths, or if the lattice symmetries are absent because of
the ISI. Hence, we investigate sliding-window near-MLSD to resolve the dimension problem. In
particular, we study the truncated Viterbi algorithm (tVA) and feedback decoding (FD). We propose
several modifications to these two algorithms using SR principles to improve the simulation effi-
cacy for the conventional Viterbi algorithm (VA) while achieving near MLSD performance. Finally,
numerical examples confirm that FD and its modifications can be more efficient for simulations of

ISI channels and near-MLSD than the VA.

Chapter 3  We propose a novel remarkably simple semi-analytical method for evaluation of the
average probability of transmission error for digital communication systems operating over slowly
fading channels. The proposed method applies a sum of exponentials fit known as the Prony ap-
proximation to the conditional probability of error. Hence, knowledge of the moment generating
function (MGF) of the instantaneous signal-to-noise ratio (SNR) at the detector input can be used
to compute the average probability of error. Numerical results show that knowledge of the condi-
tional probability of error at only a small number of points, and the sum of only two exponentials
are sufficient to achieve very high accuracy; the relative approximation error of the exact average
probability of error is less than 6% in most of the cases considered. Furthermore, we investigate a
piecewise polynomial approximation of the conditional probability of error as an alternative to the
sum of exponentials fit, In this case, knowledge of the partial moments of the instantaneous SNR

at the detector input, or equivalently, knowledge of the derivatives of the incomplete MGF can be

10



used to obtain the average probability of error. Numerical results indicate that in order to achieve
good accuracy, the method based on the polynomial approximation requires that the product of the

polynomial degree and the number of approximation sub-intervals are much larger than, 10.

Chapter 4  We investigate the average BER performance of one-stage and two-stage diversity
combining schemes (DCS’s) operating over correlated fading channels. We consider two channel
models that can significantly simplify the performance analysis of DCS’s in correlated fading. In
particular, a linear correlation channel model having equal branch variances can be decorrelated
at the receiver, so that the branches become independenf. We show that, in general, employing
diversity combining schemes for decorrelated or orthogonalized branches can recover some of the
diversity gain lost due to the branch correlations. This is observed, for example, for the case of
hybrid selection/maximum ratio combining (HS/MRC) operating over decorrelated and orthogo-
nalized non-zero mean Gaussian fading channels. Furthermore, we propose a fading amplitude
channel model assuming vector norm superposition of the impinging plane waves. This channel
model is well-suited for the performance analysis of MRC and equal gain combining (EGC) diver-
sity schemes operating over correlated fading channels. The average BER of DCS’s are evaluated

analytically using the Prony approximation method and using computer simulation.

Chapter 5  We establish a framework for analyzing the performance of coded MIMO-OFDM
systems operating over arbitrary correlated generalized Ricean fading channels. We investigate
orthogonal space-time block codes (STBC’s), and transmitter beamforming to maximize SNR at the
detector. We derive the MGF of the SNR at the input to the channel decoder assuming correlated
transmitter and receiver antennas and correlated paths in frequency selective channels. We apply
the MGF method to obtain the probability of outage, the pairwise error probability (PEP), and the
BER. We also derive diversity gain and coding gain for the systems being considered. Furthermore,
we prove that the rank and determinant design criteria for space-time-frequency block coding are
valid for the exact PEP. We assume bit-interleaved and iteratively decoded turbo product codes,
Gray encoded M -ary quadrature amplitude modulation (QAM), and other parameters of the IEEE
802.16 Standard to illustrate numerical results. Finally, we confirm that Prony approximation is a

numerically efficient fading averaging method with excellent accuracy.

Chapter 6 We show that binary Hamming codes can be constructed recursively. The recursive
structure is used to efficiently enumerate the input-output weights. Hence, the BER of binary Ham-

ming codes with antipodal signaling and hard-decision demodulation used on AWGN channels can

11



be evaluated exactly. Furthermore, the numerically computed coding gain of Hamming codes re-
veals a surprising fact that the coding gain is not monotonically increasing with signal-to-noise

ratio.

Chapter 7 In the first part of this chapter, we construct a family of linear binary block codes from
ordinary block repetition codes using cyclic shifts of the input information bits. Such codes have
variable block length and variable minimum Hamming distance and are referred to as improved
binary repetition codes (IBRC’s). We study the properties of binary cyclic matrices, and then, ex-
tend the code construction employing cyclic shifts of binary codewords in multiple dimensions. We
consider two design criteria for multidimensional IBRC’s assuming the code constraint length and
constraint weight. An efficient algorithm to search for good codes is presented. The construction
is illustrated using examples of the proposed IBRC’s in one, two and three dimensions. Applica-
tions of the proposed codes are considered and their BER performance is analyzed using a union
bound (UB). In particular, we show that the IBRC’s are good candidates for adaptive coding, turbo
product coding, retransmission and multihop routing, and block differential encoding. Also, mul-
tidimensional IBRC’s are shown to be well-suited as an inner encoding scheme for concatenated
one-dimensional outer codewords to increase their minimum Hamming distance without increas-
ing the transmission bandwidth. A non-recursive block differential encoder is found to arbitrarily
increase the code rate with the block length while the minimum Hamming distance of the code re-
mains constant. Finally, we use a UB on the BER to optimize the transmission energy distribution
over the codewords to improve the transmission reliability.

In the second part of Chapter 7, we consider further applications of IBRC’s. In particular, we
investigate a network consisting of an access point and /N terminal nodes. We propose a three stage
network protocol for uplink and downlink packet transmission. The proposed network protocol
implements coded and cooperative diversity to improve packet transmission reliability and extend
network coverage. In Stage 1 of the protocol, a cyclic redundancy check (CRC) code is used to
detect erroneous packets. IBRC’s and single parity check (SPC) codes are used in Stage 2 to obtain
coding gain for forward diversity. Node cooperation in Stage 3 provides additional coding and
diversity gains, and it is implemented using random SPC’s distributed across the nodes. We evaluate
the PER for specific network realizations assuming coherent and non-coherent binary modulation
schemes over Gaussian channels with attenuation of the transmitted signals determined by the free-

space path loss. We use a link budget analysis to calculate the receiver SNR for a given distance
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between the transmitter and receiver antennas, and also, to evaluate the network coverage. We then
optimize the transmitter powers for IBRC’s to improve their PER. We also show using numerical
examples that the network coverage for a target value of the PER is improved in all three protocol
stages. Finally, we observe that the cooperation gains are strongly dependent on the particular

network realization and less on the number of cooperating nodes.

Chapter 8 In general, many practical problems involve K-dimensional entities. Such entities can
be described using a hypergeometry of objects in K dimensions. Hence, in this chapter, we consider
a hypergeometry of objects in K dimensions, and then, we use the results of hypergeometry to
optimize multidimensional receivers. In particular, we study the K-dimensional sphere, polytope,
cube, scaled polytope and the séaled cube. We prove that the volume and the surface area of these
objects reach a maximum for a particular value of dimension, and then, decrease towards zero. We
obtain the dimension corresponding to the maximum volume and to the maximum surface area as a
function of the radius. We also show that the p-norm of a vector in K dimensions is monotonically
increasing in K, and monotonically decreasing in p. The general results of hypergeometry are then
used to optimize SNR adaptive receivers employing a bank of subchannel detectors and employing a
K branch diversity combining front-end. We also use the results of hypergeometry to prove that the
average performance measures of detectors operating over erasure subchannels reach a maximum
for a particular dimension and SNR partitioning. Theory and numerical examples confirm that the
average probability of error corresponding to a particular subchannel, the probai)ility of selecting
a particular subchannel, and the information theoretic average subchannel capacity are maximized
for a particular value of dimension. Finally, we show that the results of hypergeometry are relevant

for determining an optimum number of receiver antennas and overall receiver complexity.

1.3 Thesis Contributions

In this subsection, thesis contributions are listed chapter by chapter.

Chapter 2

e Sample rejection is established as an easy-to-implement computer simulation technique for

coded systems operating over quantized AWGN channels and ISI channels.

o Hypersphere, hypercube and hyperquadrant are proposed as the rejection regions well-suited

for efficient simulations of coded systems over quantized AWGN channels.
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¢ Sliding-window FD is modified using SR principles and is shown to be more efficient for

simulations of ISI channels and near-MLSD than the VA.
Chapter 3

e The Prony approximation method is proposed as a remarkably simple semi-analytical tech-
nique for evaluation of the average probability of transmission error for digital communication

systems operating over slowly fading channels.

e The Prony approximation method is shown to be a generalization of the Chernoff bound and

the MGF method.

e A piecewise polynomial approximation of the conditional probability of error is investigated

as an alternative to Prony approximation.

Chapter 4

e It is shown that decorrelation and orthogonalization of branches prior to employing DCS’s can
recover some of the diversity gain lost due to the branch correlations. This is observed, for
example, for the case of HS/MRC operating over decorrelated and orthogonalized non-zero

mean Gaussian fading channels.

e The performance analysis of DCS’s operating over correlated fading channels can be greatly
simplified if a linear correlation channel model having equal branch variances is decorrelated

prior to employing diversity combining since the branches become independent.

e A fading amplitude channel model assuming vector norm superposition of the impinging
plane waves is proposed. Such channel model can greatly simplify the performance analysis

of DCS’s having correlated fading branches.

Chapter 5

e The turbo product coded MIMO-OFDM systems operating over arbitrary correlated Ricean
fading channels are analyzed. Particularly, the probability of outage, the BER, and the the-
oretically achievable diversity gain and coding gain are derived for two transmitter diversity

schemes.

¢ Itis proved that the rank and determinant design criteria of space-time-frequency block codes

used over Gaussian channels are also valid for the exact PEP.
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Chapter 6
¢ It is shown that binary Hamming codes can be constructed recursively.

o The recursive structure is used to efficiently enumerate the input-output weights of binary

Hamming codes.

e The exact BER of binary Hamming codes with antipodal signaling and hard-decision demod-

ulation used on AWGN channels is evaluated exactly.

e The coding gain is shown not to be monotonically increasing with SNR.

Chapter 7

o A family of IBRC’s having variable block length and variable minimum Hamming distance

is constructed.
e The construction of IBRC’s is extended to multiple dimensions.

o Two design criteria of multidimensional IBRC’s are given assuming the code constraint length

and the code constraint weight.
e An efficient algorithm to search for good codes is presented.

e The IBRC’s are shown to be good candidates for adaptive coding, turbo product coding,

retransmission schemes and multihop routing.

e A non-recursive block differential encoder of IBRC’s is found to arbitrarily increase the code
rate with the block length while the minimum Hamming distance of the code remains con-

stant.

e Multidimensional IBRC’s are shown to be also well-suited as an inner encoding scheme for
concatenated one-dimensional outer codewords to increase their minimum Hamming distance

without increasing the transmission bandwidth.

e The transmission energy distribution over the codewords of IBRC’s is optimized to improve

‘the BER.

o A three stage network protocol employing IBRC’s and the distributed random SPC codes is

proposed for the uplink and downlink packet transmission.
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e The PER is evaluated for all three protocol stages assuming particular network realizations

and coherent and non-coherent binary modulation schemes.
o A link budget analysis is used to calculate the receiver SNR.

o It is found that the cooperation gains in the network are strongly dependent on the particular

network realization and less on the number of cooperating nodes.

Chapter 8
o The K-dimensional sphere, polytope, cube, scaled polytope and the scaled cube are studied.

e It is proved that the volume and the surface area of these objects reach a maximum for a

particular value of dimension, and then, decrease towards zero.

e The dimension corresponding to the maximum volume and to the maximum surface area is

obtained as a function of the radius.

e The I, norm of a vector in K dimensions is shown to be monotonically increasing in K, and

monotonically decreasing in p.

e The SNR adaptive receivers employing a bank of subchannel detectors and employing a K

branch diversity combining front-end are investigated.

o The average performance measures of detectors operating over erasure subchannels are shown

to reach a maximum for a particular dimension and SNR partitioning.

e It is shown that there exists optimum receiver dimension.
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Chapter 2

Efficient Computer Simulation

Techniques

This chapter considers efficient computer simulation techniques. In particular, the SR simulation
technique is proposed and investigated in Section 2.1 for MLSD and quantized AWGN channels,
and in Section 2.2 for MLSD and ISI channels.

2.1 Sample Rejection for Simulations of Binary Coded Schemes and

MLSD over Quantized AWGN Channels

2.1.1 Background

The use of coding to approach channel capacity is a topic of renewed great research interest. How-
~ ever, theoretical performance analysis of sophisticated coding schemes is often mathematically in-
tractable, particularly for finite values of SNR. Several techniques have been developed for efficient
estimation of BER’s of communication systems. Among them, a modified MC simulation method
based on importance sampling (IS) (proposed in [5]) is the most frequently used in practice. A
discussion of the state-of-the-art of IS used for efficient simulation of communication systems can
be found in [6]. In general, the application of IS to systems with large dimensionality (sometimes
referred to as the memory of the system) is rather problematic [7]. Furthermore, the IS technique
must be often tailored to a specific system under consideration, and the variance reduction of the
BER estimator is not always guaranteed. For example, the optimum IS biasing scheme for a sys-

tem operating over an AWGN channel and using Viterbi decoding depends on the particular coding
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scheme employed, the received signal quantization, and the SNR [8]. While the dimensionality
problem for systems over quantized AWGN channels with Viterbi decoding can be relieved using,
for example, an error-event IS simulation technique proposed in [9], the necessity to customize the
IS biasing scheme for the system considered remains. Therefore, the main focus of this section is
to investigate an IS technique which is easy to implement, universally applicable, and sufficiently
robust regarding the system dimensionality. We will show that these requirements can be fulfilled
by SR.

The use of 1S may require determining the simultaneous biases of a large number of noise pro-
cesses which can be an arduous task, especially for complex systems. Therefore, SR was proposed
in [10] as a special case of IS to significantly alleviate the implementation requirements. The SR
technique is based on the following idea. In the course of simulation, decoding of the received
sequence is almost always the most time consuming operation since the decoder typically searches
over a large set of possible transmitted sequences to select the best candidate. Hence, the elapsed
simulation time can be reduced if we avoid decoding of the received sequences which are known
beforehand to be decoded error-free. The potential simulation time-savings were analyzed in [10]
for the case of a perfectly quantized (i.e., unquantized) AWGN channel and a hypersphere rejection
region (i.e., all noise vectors with magnitude less than half the minimum Euclidean distance are
rejected without decoding). The conclusions in [10], however, seem to indicate that SR may be
effective only for systems with dimensionality less than 10. The idea of SR was also applied inde-
pendently in [11] for a system with intersymbol-interference and Viterbi decoding, in [12] where
a rejection region was designed for trellis-coded modulation with stack sequential decoding, and
in [9] as an error-event IS simulation; see also [6, p. 609] and references therein. Nevertheless,
the use of SR in [9], [11] and [12] is limited for a specific problem at hand whereas the discussion
in [10] and this section aims at a broader perspective on SR.

In this section, the SR technique is investigated for binary antipodal signaling over quantized
AWGN channels and MLSD. The analysis of the SR technique is valid for any coding scheme of
finite block length. A discrete memoryless channel (DMC) model derived from the AWGN chan-
nel with quantized output is introduced in Section 2.1.2. We present the structure of the MLSD
for different levels of channel quantization and the corresponding probability of a decoded bit er-
ror. In Section 2.1.3, we discuss codeword decoding probability (CDP) estimation using IS and SR
techniques, and define the gain of SR as a reduction of the estimator variance with respect to con-

ventional MC simulation. In Section 2.1.4, rejection regions for an AWGN channel with quantized
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output are compared. In addition to a hypersphere rejection region considered in [10] for perfectly
quantized decisions, we propose and analyze hypercube and hyperquadrant rejection regions for
quantized AWGN channels. While hypersphere SR typically gives greater gains than hyperquad-
rant and hypercube SR at large SNR, it is shown that the proposed rejection regions can have gains
as large as several orders of magnitude greater than hypersphere SR when the number of dimensions
is large and the SNR is finite. In Section 2.1.5, a numerical example is given, and run-time issues

are considered. Summary is given in Section 2.1.6.

2.1.2 System Model

Assume baseband equivalent signals represented as vectors in a n-dimensional signal space. The k
independent and identically distributed (IID) equally probable information bits are encoded into a
length n binary codeword x = (z1, 22, -+ ,2,), 2; € {0,1}, from a codebook €. The size of the
codebook is || = 2% and the code rate is R = k/n. The codebook can be either a binary block
code or a binary convolutional code with trellis termination or trellis truncation. The dimensionality
is equal to the number of samples that affects a single symbol decision. For a simulation model
using one sample per data symbol, the codeword length, n, corresponds to the dimensionality of the
system. The codeword, x, is mapped onto a modulated signal vector, s, using binary phase-shift
keying (BPSK), i.e., s; = (—1)%, ¢ = 1,2,--- ,n. This implies that the minimum squared Eu-
clidean distance at the output of the modulator is d? = 4d,,;,, where dpyy, is the minimum Hamming
distance of the code (i.e., the squared Euclidean distance is directly proportional to the Hamming
distance). The transmitted signal vector, s, is corrupted by a zero-mean AWGN vector, w, with
variance, o2, = Ny/2, per dimension where Ny is the one-sided noise power spectral density. The
noise and the transmitted signal are uncorrelated. The energy of the encoded modulated symbols
is assumed, without loss of generality, to be unity, i.c., E[|s;|?] = 1,i = 1,2,--+ ,n. Therefore,
the energy of an uncoded modulated symbol is Ep = 1/R, and the SNR per uncoded modulated

symbol is 7y, = Ey/No = (2Ro?,) . The received signal, y, quantized into Q levels is,
Yy =2¢q(s+w) 2.1

where transformation 2g(-) quantizes each component of its vector argument, and hence, y € L
where Z¢g = {0,1,---,Q — 1}. When Q — oo, the receiver processes perfectly quantized soft-

decisions while () = 2 corresponds to a hard-decision decoding. The (J quantization intervals that
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Figure 2.1: The Q-ary quantization of BPSK in AWGN with quantization intervals I;, an equivalent
symmetric DMC model with binary input {0, 1} and Q-ary output ¢ € {0,1,--- ,Q — 1} and the
transition probabilities P;.

partition the real axis are defined as,

(¥ —1)A, o] j=
=4 (§-i-DAF-HAl j=12-,@Q-2 22)
[— 00, (1= F)A] =(Q-1)

assuming () is even and A is the width of the quantization intervals except the outermost intervals
Ig-1 and Iy which extend to infinity. Each quantization interval is assigned a value from the set
Zq; see Fig. 2.1. Optimum quantization for AWGN channels is well-studied in the literature; see,
for example, [13] and references therein. Note that a heuristic approach to quantizer design is often
sufficient and may yield a negligible performance loss [14].

It is useful to represent the quantized AWGN channel by an equivalent DMC if Q < oo (cf.
Fig. 2.1). The DMC input is a binary codeword, x, and the output is a (J-ary received word, y.
In the case of BPSK signaling, AWGN with zero mean and quantization intervals symmetric about
the origin (cf. Fig. 2.1), the DMC is symmetric. The transition probabilities of the symmetric
DMC are given in Table 2.1. Define a binary operator, &, between two vectors, a and b, such that
a®b=|a—b|=(lag —bi], -, lan — by|) where | - | is the absolute value (i.e., the operator is

related to the distance between vectors). Then, the DMC model is,

y=(Q@-Dxde 2.3)
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Table 2.1: Transitions of the symmetric DMC for given values of discrete noise samples.

{ noise sample transitions [ probability l
0 0—0 Q-1 — (Q—1) Py
1 0—1 Q-1 —(Q—-2) Py
2 0—2 QR-1)—(Q-3) Py
Q-1 10-@-1) (Q-1)-0 Po1

where scalar multiplication of vector, x, by (@ — 1) is introduced for convenience, and e € Z

Q
represents the noise, i.e., forces the transitions of the input coded bits within the DMC. Note that if

n

e = (0,0,---,0), no noise is present and the output is equal to the input. Note also that the operator

@ corresponds to modulo 2 summation if @) = 2. One can show that (2.3) is equivalent to,

e=(Q-1)xoy. 2.4)
Recall that the DMC is symmetric. Therefore, the channel transition probability between the
channel input, i € {0,1}, and output, j € Zg, can be designated using a single subscript, i.e.,
Pij = P(@-1)i@;; see (2.4), Table 2.1 and Table 2.2 (note that in Table 2.1 the transitions are shown
for the channel input {0, Q — 1}). If X is a Gaussian random variable with mean m and variance
o2, the probability Pr(a < X < b) = Q(+=2) -

o

Q(%=") where Q(-) denotes the Q-function; see
(A-2). Therefore, the transition probabilities are computed as,

I(l) — (=1)% I(u) — (=1)%
Pio-1yia; = @ (1__};_)__) _ Q<J_£__)_>

Ow

where [ J(.l) and [ ](u) is the lower and upper bound of the quantization interval I;, respectively, and
x; is a symbol at the channel input.

The channel is assumed to be stationary with conditional probability mass function (PMF)
f(ylx) =TT f(vilz;) having the multinomial distribution given by [15],

f(ylx) = i

Pop™ . PR
mo!m1! e mQ_1!

where m; is the number of occurrences of the transitions with probability P, Z?:—ol m; = n
Q-1 p.
and 30 <, P

= 1. It follows from (2.4) that the noise vector, e, conditioned on the transmitted
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Table 2.2: DMC transition probabilities.

| Pr(jls) [ O 1|
0 Po > PQ-l

1 Py > PQ_.2

Q/2-1|Pgpn1 > Pgp
Q/2 Pose < Pgj

Q-1 Po.1 < Po

codeword, x, also has a multinomial distribution.

Optimum Detector

The optimum decoder partitions the space Zg of all possible received sequences, y, in order to
minimize the probability of making an incorrect sequence decision. Assuming IID equally probable
input information bits, the codewords, x € ¥, are equally likely and the optimum decoder performs
ML sequence decoding [16]. The decision (Voronoi) region [17] for transmitted codeword x is
denoted as 2(x), i.e., ¥x # x' 1 D(x) N D(x') = @ and Uyeyx D (x) = Z3,. The Voronoi regions

are determined as [9],
P(x) = {y € Z} : m(x,y) = WX vcem(x’,y)}

where m(x,y) is the metric to be maximized or minimized over all possible transmitted codewords.
The specific form of the metric depends on the number of quantization levels, Q).
For perfectly quantized soft-decisions, () — oo, and the detector minimizes the squared Eu-

clidean distance [16],

= mig |y~ | = i > w0 @5
m(x,y) = min ||y - (-1) —)rglelr%;—yl(— ) 5)
where ||-|| is the Euclidean norm of the vector, and (—1)¥ = ((—=1)%1, (=1)%,- .- , (=1)%")
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For quantized soft-decisions, 2 < () < oo, the detector maximizes [18],

'Q1

_ o)) = P, = P 2.6
m(x,y) mafo yilzh) maxH xmg%g s (2.6)

where e; = (Q — 1)z} & y;. For equally probable codewords, the metric (2.6) is proportional
to the a posteriori probability (APP) of the transmitted sequence, and hence, the reliability of the
decision {17]. Owing to quantization (2.2), we have always P; > Pg_;_;forj =0,1,--- ,Q/2—1
(cf. Table 2.2), and thus, the metric (2.6) is bounded as,

min P} < Pe, < max P;) .

Finally, for hard-decisions, Q = 2, and the metric (2.6) can be simplified to minimize the

Hamming distance, i.e.,

= mm Z z; D y;. Q.7

Probability of Decoded Bit Error

The probability of erroneously decoding a bit (the BER) is an important performance measure of a

communication system. The BER can be evaluated as [9],

Pr(e) = —};E[ :%;;e:(g x,x")Pr(x'|x) Pr(x );gPr e|x) Pr(x (2.8)
where e(x, x’) is the number of information bit-errors when the two codewords are interchanged,
and the BER is a weighted sum of CDP’s, Pr(x’|x). Note that owing to one-to-one mapping of
input information bits onto codewords, the summations in (2.8) can be done equivalently over input
information vectors. For equally probable codewords, Pr(x) = 1/2%. In general, the conditional
probabilities Pr(e|x) = § >, o e(x, X )Pr(x’|x) differ depending which codeword was trans-
mitted. For linear codes that are regular, i.e., the distance spectrum is independent of the selected
codeword [19], the conditional bit-error probabilities are independent of the transmitted codeword,
and the all-zero sequence can be exclusively considered as the transmitted sequence saving simu-
lation efforts. On the other hand, for example, trellis termination of convolutional codes violates

the code regularity, and the conditional bit-error probabilities are not independent of the transmitted
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codeword. The CDP’s can be expressed as [9], [17],

= > foR) =D i) 2.9)

YED(x') YEL

where the indicator function Ix/(y) = 1 for y € 2(x’) and 0, otherwise.

The double summation over all pairs of codewords in (2.8) may be overwhelming even for
codes of moderate block length. Another difficulty is that knowledge of the decision region, Z(x’),
is often missing, and hence, the CDP (2.9) cannot be evaluated analytically. Therefore, simulation
is usually used to determine the performance of coded systems. The estimator of the BER (2.8) has

the form,

Z Z e(x,x")P (x'|x) Pr(x) (2.10)

XE% x'e¥

where P(x/|x) is the estimator of CDP (2.9). The variance of the estimator (2.10) is,

Il

Var[f)(e)] EZZZ (Pr ) (x'Ix)e(x I”’X”)COV[ (x'1x) ( " )]

x/ x// xlll

;; (E@Z—(X/@) var [P (¥'[x) | = 0% @.11)

Q

since CDP’s are conditionally uncorrelated (for x = x” and x’ # x”') and other covariances are
neglected (for x # x” and x’ = x’’). Assuming further that the variance of the CDP estimator is

approximately constant for all pairs of codewords, one has 0% ~ constant x var[ (x/ |x)}

2.1.3 Estimation of CDP

Using simulation to estimate Pr(e) may require excessively or prohibitively long computer run-
times. In some cases, the IS technique can be employed to reduce the excessive simulation times
required to estimate CDP (2.9) (and consequently to estimate BER (2.10)). We review IS first, and

then, proceed to SR as a special form of IS.
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Importance Sampling

The computation of CDP (2.9) can be rewritten using another channel transition PMF, f*(y|x),
as [9],

() = 3 Lo ’) 7 (yl)
}’GZn ‘*—v—’
w(y|x)

where w(y|x) is a weighting function. Then, the unbiased estimator of the CDP for L simulation

trials is,

b‘l

L
Z Lo (y") 2.12)

where the superscript indicates the [-th simulation trial. For independent errors, the estimator vari-

ance is,
var [15 (x’]X)] = %Var {w(y(l) %) Ly (y(l))]
- —1_ (yIX) : * X})—rr x/ X 2
ye%:x/ (f*( |x )) iyl = Prixlx)” . (2.13)

Observe that if w(y|x) = 1, eq. (2.12) becomes an ordinary MC estimator.

Sample Rejection

The SR method was proposed in [10] as an IS technique for which no weights need to be com-
puted. Provided that we can find an arbitrary region, Rx C Z(x), inside the decision region of the
codeword x, the CDP can be expanded as [10],

Pr(x'|x) = Pr(x'|x,y € Rx) Pr(y € Rx) + Pr(x'|x,y & Rx) Pr(y € Rx) . (2.14)

0

Eq. (2.14) suggests that we may a priori reject the error-free received samples that fall into the
region Ry. It is important to ensure that the region Ry is fully inside the region 2(x), otherwise,
the estimator P(x’|x) will be biased. Note that y € Ry ensures that X' = x, i.e., e(x,X’) = 0
in (2.8) and P(x'|x) is unbiased. If Ry is sufficiently large, the probability Pr(y & Ry) is small
and consequently probability Pr(x’|x,y & Rx) is large and easier to simulate. It is of interest since
typically larger Ry can be chosen for higher values of SNR corresponding to lower values of BER

which are more difficult to simulate.
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When the samples are being rejected, the channel transition PMF is biased according to,

Flylx) = Py ¥ ¢ R 2.15)
0 y € Ry

where the probability mass of region Ry is Pr(Rx) = Pr(y € Rx) = > g, f(ylx). Strictly
speaking, rejecting the samples introduces memory into the channel [9]; however, the channel re-

mains block-wise memoryless, and the simulation result is unaffected.
There are two ways to obtain biasing function (2.15). We may generate all the received vectors
y according to f(y|x) and discard the samples that fall inside the region R. This approach may be
viewed as a fast decoding rule [10]. The second method is to generate the received vectors directly
according to f*(y|x), i.e., a hole corresponding to the region Ry is carved within f(y|x) [10].
However, care must be exercised in removing mass in the n-dimensional event space because if
mass is removed from regions that are inside the error event volume, the estimator P(x'|x) will be
biased. The direct method is, in general, difficult to implement, particularly for biasing functions
that are not circularly symmetric [20]. Moreover, in most practical situations, the time taken to
generate the samples is insignificant compared to the time taken to execute the decoding. In this

case, the simulation gains of the two approaches are similar.

Variance Reduction of SR

The efficiencies of accelerated simulation methods are usually measured in terms of variance re-
duction relative to conventional MC simulation, or equivalently, the reduction in the number of
simulation trials required to achieve a given estimator variance. In particular, the gain of SR in

estimation of the CDP P (x’|x) is,

2
mc

2
Osr

g

Linc

me:Lsr LSI‘

(2.16)

Gy =

2 —F52
Omc=0%r

2

= o L and Ly, is the variance of the MC estimator, the variance of the SR estimator

o2

where o i

and the number of simulation trials for MC and SR simulation, respectively. One has from (2.13)
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that,

02 = var [15 (x’|x)] = Ll (1 -Pr(Ry)) Z f(ylx) —=Pr(x|x)* (2.17)
> yED(x')
Pr(x’|x)

since by the definition of error-free region, Rx N 2(x’) = &, and the summands in (2.13) are

independent. Similarly, the variance of the MC estimator (2.12) when w(y|x) = 1 is,

ol = L}nc (Pr(x’|x) — Pr(x’]x)2> . (2.18)

It is worth noting that the variance of the CDP estimators (2.17) and (2.18) reach their respective
maximum for certain (different) values of CDP, Pr(x/|x). We can substitute (2.17) and (2.18) into

(2.16) to obtain the gain of the SR method,

o B 1 - Pr(x'|x)
Plx) ™ 1 — Pr(Ry) — Pr(x'|x)’

(2.19)

The numerator in (2.19) equals the probability of not decoding x’ when x was transmitted, and
the denominator equals this probability reduced by the probability mass of Ry. Intuitively, if the
decision region is known a priori (for example, it is for the case of perfect codes [18]), Ry = 2(x),
and the gain Gf)(qu) — 00. On the contrary, if no rejections are performed, Rx = &, and the
gain Gf)(x'\x) = 1. Note that the variances of the MC and SR estimators, and consequently the gain
(2.19) are functions of the SNR.

For any value of Pr(x’|x), the gain (2.19) can be lower bounded as Gprxix) 2 (1-Pr(Ry)) 1.
Assuming 1 — Pr(x/|x) > Pr(Ry), this lower bound is tight, and using (2.11) and (2.16), the gain
of SR over MC method for the BER estimator, f’(e), can be well approximated as,

G 1

The approximation of the gain Gﬁ(e) in (2.20) is valid provided that Pr(Ry) is constant, independent
of the specific codeword, x. We may interpret the result as the ratio of space masses that must be

searched in the course of simulation without or with the implemented rejection rule, respectively.
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2.1.4 Rejection Regions for Quantized AWGN Channels

It is clear from the previous discussion that the rejection region Ry must be determined such that
for any transmitted codeword, x, it is easy to determine whether the received vector y is inside
this region. In general, the greater the (probability) mass of the rejection region, the higher the
achievable gain (cf. (2.20)). The influence of the shape of rejection region on the gain achievable by
SR was briefly considered in [10]; a hypersphere was analyzed for perfectly quantized soft-decision
decoding while a hypercube was only conjectured (but neither defined nor analyzed) to possibly be
better for hard-decision decoding.

We can form rejection regions of different shapes depending on what knowledge about the error-
free region Z(x) is available. The use of a n-dimensional hypersphere for an AWGN channel is
motivated by the fact that a hypersphere of radius d./2 centered about the transmitted codeword
in a signal space cannot contain error events. In problems having rectangular symmetries, it may
be possible to use a n-dimensional hypercube. If the hypercube contains the hypersphere, the gain
is improved. If one conditions the shape of a rejection region on the transmitted codeword, it is
possible to remove probability mass from regions that are not centered on the origin. For example,
one can reject a block of noise samples if, for each bit in the block, the noise sample is less than 1
when the transmitted symbol is —1 and greater than —1 when the transmitted symbol is +1. This
creates a hyperquadrant conditioned on the transmitted sequence in the n-dimensional noise space.
While it is clear that this scheme is “safe” for hard-decision decoding, it is not clear that this scheme

will not bias the estimator for soft-decision decoding.

Perfectly Quantized Soft-Decisions

For perfectly quantized soft-decisions, ) — oo, and the decoder minimizes the Euclidean distance
(2.5). For illustration and clarity, we consider the one-dimensional case first which corresponds to
an uncoded system. Then, the received signal is y3 = s1 4+ w; (cf. (2.1)). For BPSK signaling
with symbols +1, no errors occur if the noise sample |w;| < 1, i.e., the noise samples inside
Ry = {wy : |lw1| < 1} can be rejected (cf. Fig. 2.1). The probability mass of Ry is Pr(Ry) = 1-2p
where p = Q(\/2_~y3) is the BER of BPSK over an AWGN channel. The rejection region can be
enlarged if we condition the rejections on the transmitted symbol, s;. Then, the rejection region
is Ri(s1) = {w; : sqyw; > —1}, and since Ry C Ri(s1), the probability mass is increased

to Pr(Ri(s1)) = 1 — p and the gain (2.20) is doubled. Importantly, note that, in this case, the
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theoretically computed gain of the one-dimensional SR technique neglects the fact that the time
to reject the sample is approximately equal to the time to decode the sample. In general, we will
show in the next subsection that the probability of rejection in the theoretically computed gain of
SR is scaled by the ratio of times to reject and decode the received sequence. In this subsection,
it is assumed that the time to reject the received sequence can be neglected. Even though such
assumption is well justified for longer sequences, for sequences of smaller block length, the time
to reject the sequence cannot be neglected and the gain of SR will be reduced. Hence, one should
use the IS simulation for sequences of block length, say, less than 10, and the SR simulation for
sequences of block length larger than 10.

To illustrate further, consider a transmission in two dimensions as depicted in Fig. 2.2. The
rectangle centered in the origin corresponds to an uncoded transmission when the rejection region
is independent of the transmitted bits. The rectangle illustrates a hypercube in 2D. The circle around
the rectangle is a 2D hypersphere rejection region for the repetition code with codewords (0, 0) and
(1,1) (modulated s; = (1,1) and sy = (—1, —1), respectively) with dpin = 2, i.€., de = 2v/2. The
dashed line in Fig. 2.2 corresponds to the decision boundary for codewords s; and ss. In this case,
the hypersphere is defined as Rg = {w1, wg : |w1|?+|ws|? < d?/4}. The circle inside the rectangle
is a hypersphere for the case when dy;, of the code is unknown; then it is safe to assume dyin = 1,
i.e., de = 2. Finally, the lines /1 and F» enclosing the shaded area are the error boundaries when
the codeword (1,1) (modulated signal sy = (—1,—1)) is transmitted. This rejection region is a
hyperquadrant in 2D.

The general case of n dimensions applies when coding of codeword length n is used. The rejec-
tion region suggested in [10] is a hypersphere of radius v/T,, T}, = d? /4 = 4dnin /4 = dppin. The
hypersphere effectively restricts the energy of the noise which is related to the squared Euclidean
distance between the transmitted and received codewords (cf. (2.5)). In addition to a hypersphere,
an equilateral hypercube is readily applicable. For noise samples inside the hypercube, it is ensured
that the noise does not alter the sign of every transmitted symbol in a block; regardless whether the
symbol +1 or —1 is transmitted. The hyperquadrant exploits knowledge of the particular transmit-
ted block of symbols to increase the volume of the hypercube. In this case, for every symbol in
a block, the noise sample can be less than 1 if the symbol —1 is transmitted or greater than —1 if
the symbol +1 is transmitted. In the following claim, we prove that all three regions are inside the

(error-free) decision region Z(x) for any transmitted codeword x.
Claim 2.1 Consider the hypersphere Rg(dmin) = {wi,t = 1,2, ,n: > ", w? < dnin}, the
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Figure 2.2: Rejection regions for a repetition code in 7 = 2 dimensions with decision boundaries
E; and E» assuming (1, 1) was transmitted which corresponds to signal point sy = (—1, —1).

hypercube R, = {w;,i = 1,2,--- ,n 1 |wy| < 1} and the hyperquadrant Rq(x) = {w;,i =
1,2,--,n : wi(—1)" > —1}. For perfectly quantized soft-decisions, if the noise vector n is

inside Rs(dmin), Re or Rg(x), the optimum detector selects the correct transmitted codeword.

Proof: The optimum detector selects the transmitted codeword minimizing the metric (2.5).
The coding scheme guarantees that the squared Fuclidean distance between any two transmitted
sequences is at least d> = 4dy,. Therefore, the detector can tolerate noise energy less than
(de/2)? = dpin which is a definition of the hypersphere. By definition of the hypercube and
the hyperquadrant, the noise does not change the sign of any symbol in a transmitted block, i.e.,
sign(y;) = (=1)*,¢ = 1,2,--- ,n. Since this is also a condition for which the minimum of (2.5)
is obtained, the detector must select the correct transmitted codeword and no error occurs. [ |

The probability mass contained in the hypersphere is [10],

Pr(Ro(dmin)) = Pr(nnH? < Tn> = F2(Tn) = 2.21)
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where F| n||2(Tn) is the cumulative distribution function (CDF) of multivariate chi-square distribu-

tion with n degrees of freedom. The probability mass of the hypercube is,
Pr(R;) = (1 —2p)" (2.22)

and of the hyperquadrant is,
Pr(Ry(x)) = (1 —p)" (2.23)

where p = Q(y/2R7,) < 1/2 is the probability of bit-error before decoding for BPSK signaling
over an AWGN channel. One can use egs. (2.20) — (2.23) to determine the potential gains of SR for
any coding scheme with binary antipodal signaling and maximum-likelihood sequence detection
over a quantized AWGN channel. Note that the probability masses (2.21) — (2.23) are constant
(independent of x), and that Pr(R.) < Pr(Rg4(x)) for any x and n.

Claim 2.1 ensures that an appropriate hypersphere, hypercube or hyperquadrant can be carved
from the noise hyperspace. In the absence of any additional knowledge regarding the error event
volume, one cannot use a hypersphere that has squared radius greater than dp;, = 1 without risk
of removing mass from the error event region and creating a biased estimator. The hypersphere of
squared radius dp,i, = 1 is always contained inside the corresponding hypercube and hyperquadrant
(cf. Fig. 2.2). Hence, as shown in Fig. 2.3 using (2.20) - (2.23), the hypercube and hyperquad-
rant will provide greater gains than the hypersphere while knowledge of the transmitted codeword
increases the volume of the hyperquadrant relative to the hypercube. In Fig. 2.3, we assume a hypo-
thetical rate 1/2 code. In general, we assume the Singleton bound to lower-bound the block length,
n, of a hypothetical code of rate, R, and the minimum Hamming distance, dp;n, i.€.,

pz dmin =l
Note that we can also use other lower-bounds of the block length of the hypothetical code, for
example, the Plotkin bound [21]. Also, in order to simplify evaluation of the theoretically achievable

SR gain, we assume that a hypothetical rate 1/2 code can be an odd number if we append, for
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example, a trailing overall-parity symbol.

Additional knowledge of dpi, of the code permits using a hypersphere of greater volume than
the hypercube or the hyperquadrant without biasing the estimator. This is shown in Fig. 2.4 as-
suming again a hypothetical rate 1/2 code, and an optimistic lower bound of the block length,
n > dpin. We observe that the use of the hypersphere is restricted to lower values of dimensional-
ity, say, n < 100, while the hypercube and the hyperquadrant can provide value of SR gain at least
as large as 2 for dimensionality as large as 400 and 900, respectively, when the SNR +, = 10dB.
Note that the gain is the code rate dependent; for example, the change of the code rate from R = 1/2
to R = 1/3 reduces equivalently the SNR by 1.76 dB. Observe from Fig. 2.4 that the gain of the
hypersphere of constant radius decreases much more rapidly with increasing dimensionality than
the gains of the hypercube and the hyperquadrant. This is explained as follows.

Fig. 2.5 shows the probability mass contained in the hypersphere of dimension n computed
using (2.21) for duyin Ry, = {1/2,1,2}. These values are chosen so that (duyin Rs)* decreases,
remains constant, or increases as k increases. Observe that the probability mass in the hypersphere
is strictly decreasing as n increases for all three cases. There are two reasons for this, First, the
mode of the multivariate chi-square PMF moves out to larger and larger values of argument as n
increases (see [21, Fig. 2-1-9]). Second, and perhaps much less known than the former fact, the
volume of the n-dimensional hypersphere increases with n, attains a maximum at a finite value of
n, and then decreases to zero as n increases further. This is seen by plotting the volume of the
n-dimensional hypersphere which can be found in [22] and [23]. Fig. 2.6 presents the volume of
the n-dimensional hypersphere given by V,,(r) = % where I'(-) is the Gamma function for
r = 1/2,1 and 2, demonstrating this behavior.

On the other hand, while the probability mass of the hypercube and the hyperquadrant do de-
crease to zero as n increases according to (2.22) and (2.23), the volume of the hyperquadrant,
and the hypercube when the edge length is greater than one, grows to infinity as n increases. In
consequence, the gains of hyperquadrant and hypercube SR suffer far less from increase in dimen-
sionality than does the gain of the hypersphere. In summary, although the gain of the hypersphere
can be greater than the gain of the hyperquadrant and the hypercube for small values of n, it will
always be smaller for sufficiently large values of n. This discussion and the results presented in
Fig. 2.3 establish that the potential gains of SR for moderate to large values of n are much more
optimistic than suggested by the results in [10] obtained for hypersphere SR.

Finally, note that the radius of the hypersphere used in SR is constant if dy;, of the code is
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constant, independent of the block length, n; this is the case, for example, for convolutional codes
and some block codes (e.g., Hamming codes). If dpin of the code can grow with the block length
(e.g., BCH codes), the hypersphere may outperform the other two regions. In any particular case,
one can use (2.20) — (2.23) to compare the gains of the three rejection regions for the problem at

hand.

Quantized Soft-Decisions

For quantized soft-decisions, 2 < ¢ < oo, and the rejection regions have to be defined for the
DMC model (2.3). The detector maximizes the metric (2.6). The notion of distance between the
received sequences is not well-defined, and thus, a hypersphere is not applicable for the DMC. In
principle, hypercube SR can be used for the DMC if some of the quantization intervals (2.2) are fully
contained inside the interval (—1,1). The hyperquadrant for the DMC, R, (x) (tilde distinguishes
the hyperquadrant for the DMC from the hyperquadrant for the AWGN channel), conditioned on
the transmitted codeword, x, can be defined noting the even-symmetry of the quantization intervals
(2.2). Since the hyperquadrant provides better SR gain, and is more readily applicable for the DMC

than the hypercube, we prove the following claim for the hyperquadrant.

Claim 2.2 Consider the hyperquadrant Ry(x) = {e;,i = 1,2,--- ,n : (=1)%(e; — Q—;—l) < 0}
for quantized soft-decisions with 2 < ) < 0. If the noise vector e is inside Rq(x), the optimum

detector always selects the correct transmitted codeword.

Proof: The optimum detector selects the transmitted codeword in order to maximize the metric
(2.6). The metric (2.6) is maximized by choosing the larger from a pair of transition probabilities
for every received symbol. If the noise vector is inside Rq(x), then the channel transition for every
symbol in a block is such that the correct transmitted symbol conditioned on the received symbol
is more likely than the incorrect one; see Table 2.2. Therefore, the detector must select the correct
transmitted codeword and no etror occurs. ]
It can be shown that Pr (f{q (x)) = Pr(Rq4(x)) where in (2.23), we substitute the probability of
error for a single symbol in a block (before decoding), i.e., p = Z]Q:_Ci /2 P, (cf. Fig. 2.2).

Hard-Decisions

For hard-decision decoding, the DMC model (2.3) corresponds to a binary symmetric channel

(BSC). The decoder minimizes the metric (2.7). The notion of Hamming distance between the
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received sequences is well-defined. Recognizing that up to ¢ errors are corrected by the decoder
where ¢ = demg—_—lj, a hypersphere rejection region for the BSC can be defined as R, (dmin) =

{e;,i=1,2,--- ,n: 3% ;€2 < t}. The probability mass of the hypersphere for the BSC is,

| dmin=1 |

- n\ . .

Pr (R, (duin) ) = > ( i)pi(l -p) 2.24)
where p = P, = 1 — Py = Q(v/27). Note that for dmin < 3 (ie., t = 0), Pr(f{s(dmin)> =
Pr(Rq(x)) (cf. (2.23)). A hypercube for the BSC is not possible, since none of the quantization
intervals, Jo and 1, is inside the interval (—1,1). Nor is a hyperquadrant for the BSC defined.

The gain of the hypersphere for the BSC for a hypothetical rate 1/2 code is plotted in Fig. 2.7
using (2.20) and (2.24) for d,;, = 1 (uncoded transmission), d,i, = 5 and dyn = 11. We assume
an optimistic lower bound on the block length, n > d,,. Comparing Fig. 2.4 with Fig. 2.7,
we observe that, for dp,;, > 1, the dimensionality problem is much less severe for hard-decisions
than for soft-decision decoding. For example, for SNR ~, = 8dB and dpi, = 11, a worthwhile
hypersphere SR gain of 2 is obtained for a block length of 70 for soft-decisions and 1000 for hard-

decision decoding.

2.1.5 Numerical Examples

The actual simulation time savings achievable with SR depends mainly on the ratio of the time
required for generation of a received block of samples, t4, and the time required for decoding such
a block, t4. It is obvious that necessarily t,/t; < 1 in order for the time savings due to SR to be

significant. If ¢, and ¢4 can be estimated, one can estimate the total simulation time as [10],

Tmc = (tg + td)me
To = (tg+ (1 —Pr(Rx))ty) Le

(2.25)

where Ty, is the time required for the MC simulation and Ty, is the time required for the simulation
using SR. For the same number of simulation trials, i.c., Linc = Lgr, and assuming t, /g < 1, time
savings of the order Th,. /T =~ 1/(1 — Pr(Ry)) are obtained (cf. (2.20)).

The practical applicability of SR was evaluated using four “real-life” examples of convolution-
ally coded schemes with hard-decision Viterbi decoding. Schemes I and I are the protection of

the most sensitive (class A) bits of the AMR-wideband speech codec in the 3rd generation systems
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using a convolutional code of rate 1/3 and 1/2, respectively; see [24, Table 2] and [25, Sec. 4.2.3.1].
Schemes 111 and I'V are the convolutionally coded full-rate speech and data channels for the GSM
Phase 24 system; see {26, Sec. 3.1] and {26, Sec. 3.3]. The simulation results obtained using
Matlab and Care summarized in Table 2.3 where k is the number of input information data bits,
n = (k 4+ K)/R is the length of the codeword including K zero bits to terminate the trellis where
K is the constraint length of the convolutional code, g.p. are the generator polynomials of the code
in octal notation, Gf’(e) is the SR gain according to (2.20) and (2.24), and R, dmin, Vb, Tme, Tsrs tg
and ¢4 were defined previously. We observe reductions in simulation run-times by factors from 3.35
to 52.03 for Matlab and 1.43 to 21.23 for the C implementation. The estimated times, t, and t,
for the examples in Table 2.3 confirm that the gain of SR depends on the t,/t4 ratio. The condition
tg/ta < 1is well-satisfied for the simulations in Matlab and the gains realized in simulations are in
good-to-fair agreement with the predicted gains. However, the condition ¢,/t; < 1 is not satisfied
for the simulations in C. In particular, for R = 1/2, the gain achievable in C is approximately half
of the theoretically predicted gain, but nonetheless valuable. The different gains of the SR simula-
tion technique for Matlab and C implementations can be explained as follows. In Matlab, the time
to decide whether the received sequence will be rejected is much smaller than the time to decode
this sequence. On the other hand, in C, and especially for smaller sequence length, the time to reject
the sequence can be comparable to the sequence decoding time. In general, the ratio of times to
decode and reject the received sequence is increasing with the sequence length for both Matlab and
C implementations. There are other factors that influence the total required simulation time and

these are machine and compiler specific, precluding more accurate estimation of the SR gains.
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Table 2.3: Simulation results for four convolutionally coded schemes with trellis termination and

hard-decision Viterbi decoding implemented in Matlab and in C, respectively.
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Figure 2.3: The gain of SR versus dimensionality n with perfectly quantized soft-decision decoding
and the hypersphere, hypercube and hyperquadrant rejection regions with SNR per uncoded modu-
lated symbol v = 2,8 and 10 dB, minimum Hamming distance dy,i, = 1 and code rate R = 1/2.
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Figure 2.4: The gain of SR versus dimensionality n with perfectly quantized soft-decision decod-
ing and the hypersphere, hypercube and hyperquadrant rejection regions with SNR per uncoded
modulated symbol 7y, = 2,8 and 10dB, minimum Hamming distance dpin = 5,11 and code rate

R=1/2.
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Figure 2.5: The probability mass of the hypersphere versus dimensionality n for perfectly quantized

soft-decision decoding.
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Figure 2.6: The volume of the n-dimensional hypersphere.
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Figure 2.7: The gain of SR versus dimensionality n for hard-decision decoding and the hypersphere
rejection region for a BSC with SNR per uncoded modulated symbol v, = 2, 8 and 10 dB, minimum
Hamming distance dyi, = 1,5 and 11 and code rate R = 1/2.
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2.2 Sample Rejection for Simulations of Binary Coded Schemes and

near-MLSD over ISI Channels

2.2.1 Background

The SR simulation technique biases the channel transitional probability distribution by discard-
ing the received sequences that are known beforehand to be decoded error-free. For the case of
binary block-coded transmission over a quantized AWGN channel and MLSD using the VA, a hy-
persphere, hypercube and hyperquadrant rejection regions were considered in the previous section.
However, for ISI channels, the lattice observed at the detector input is skewed, and neither hyper-
cube nor hyperquadrant are applicable. Furthermore, the minimum Euclidean distance between the
transmitted sequences in the case of uncoded transmission over an ISI channel is typically small.
Then, especially for large block-lengths (i.e., large dimensionality), a hypersphere rejection region
is inefficient. Therefore, we investigate the sliding-window MLSD to resolve the dimensionality
problem as well as to mitigate the problem of the small Euclidean distance between the transmitted
sequences. The length of the observation window (i.e., to what extent the channel memory is ig-
nored) determines how closely we can approach the MLSD performance. In particular, we study the
truncated VA (tVA) [21], and FD [21, p. 505], [27] which is a special case of the stack sequential
decoding [28], [29]. The combination of the VA and FD to decode high-rate convolutional codes
was proposed in [30]. Sliding-window FD for MIMO detection was considered in [31]. For ISI
channels, the multiple path sequential stack algorithm is considered in {32], and the Fano sequential
decoder was studied in [33]. The complexity of the VA for MLSD of ISI channels is reduced by
periodically inserting zeros in [34]. The SR principles for the Zigangirov-Jelinek sequential decoder
are independently considered in [12]. An error-event simulation method introduced in [9] can be
also considered as a form of SR. A general discussion of improving the efficacy of MC estimators
can be found in [35].

In this section, we generalize the idea of SR for efficient simulations of multidimensional com-
munication systems. In particular, conditioning the sequence decisions at the receiver on knowledge
of the transmitted sequence and on knowledge of the finite impulse response (FIR) of the channel
and the noise realization, we modify the tVA and the FD algorithm to obtain the MLSD solution
in shorter time than required using the conventional VA. Both the modified tVA (mtVA) and the
modified FD (mFD) are more robust against error propagation than the tVA and FD which results

in reduced simulation run-times. However, it is important that the mtVA and the mFD estimators
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remain unbiased with respect to the tVA and FD. Next, we propose the hypersphere SR for use in
FD to further improve the simulation efficiency.

This section is organized as follows. The system model and MLSD are described in Section
2.2.2. The SR principle is generalized and then applied to MLSD in Section 2.2.3. In Section 2.2.4,
we discuss FD, the tVA, the modified FD, the modified tVA and the FD/SR algorithm for efficient
simulation of ISI channels and near MLSD. Finally, numerical examples and discussion are given

in Section 2.2.5.

2.2.2  System Model

Assume that information symbol, dy, is mapped to a M -ary pulse amplitude modulation (PAM) data
symbol, ux, € {M —1—2dy,d;, = 0,1,--- , M — 1}, at the symbol time interval, k. The PAM sym-
bols are continuously transmitted over a static multipath channel with FIR, a = (ag, a1, ,aK),
where K is the channel memory; see Fig. 2.8. The sequence of transmitted data symbols is period-
ically terminated after every n symbols. Let the row vector of (n + 2K) data symbols be denoted
asu = (U_g, ** ,U_1,U0," "+ ,Un-1,Un," " ,UntK_1). Hence, without loss of generality, let
U_g = - =u_1 = landu, = -+ ,unrx—1 = 1. The carrier, time and block synchronization
is assumed to be perfect, and the received signal is sampled once every symbol period at the output
of an ideal whitening and matched filter. Then, the received (n + K)-dimensional vector, r, can be
written as,

r=x+w=uA+w (2.26)

where the channel matrix, A ¢ R("T2K.n+K) ¢

aK
aK-1  OK
aK-1 - aK
A=
ap . a1
ago
agp
L -

The vector, w, represents a zero-mean AWGN, i.e., we assume that the elements of w are un-
correlated, and thus, independent, with variance, 0121, = Ny/2, per dimension. The noise and

the transmitted signal are uncorrelated. Assume symbols, ug, are equiprobable, Efugw;] = 0
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Figure 2.8: The FIR channel model with AWGN,
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Figure 2.9: An example of the transmitted and the received lattices.

for k # 1, and E[|ug|?] = Es is the average energy per symbol. The channel FIR is assumed
to be normalized so that the squared Euclidean norm, ||a]|® = 1. Thus, the SNR per bit is
Vs = Es(Nologg M)t = E;(207, logy M)~1.

To illustrate the effect of ISI at the output of the channel on the transmitted lattice, assume
M = 2 where the bits-to-symbol mapping, ‘0’ — —1, and, ‘1’ — +1, and a = (0.79,0.62), i.e.,
K = 1. The transformed (n = 3)-dimensional input vectors (corresponding to the vertexes of the
3D-cube) are indicated by dashed lines in Fig. 2.9. Hence, the ISI may result in a severe distortion
of the transmitted lattice which significantly complicates the design of rejection regions for use in

SR.
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2.2.3 MLSD

The MLSD detector is optimum in the sense of minimizing the probability of incorrect sequence
decision. In a zero-mean AWGN channel, MLSD is equivalent to the least-squares problem [36, p.

187]. In particular, the MLSD detector minimizes the log-likelihood function [21],

2

k—1 K
Lijrkg = g, min Z Tp — Zaqupgq .27
u; :8;=854,5,=5] p—i 7=0
where uf“K_l = (Wi, Uig1, - Uk—K+1), and L; .5 is the minimum metric for all sequences

originating from the state, S;, at time, 7, and terminating at the state, S; at time, k. The channel
states are defined as s € {So,---,Sm,—1} where My, = M K or equivalently, the states, s, =
(uk—fc, -+ yugp—1). We denote Lo 0.1 = Lg, and note that it is assumed, so = (1,1,---,1) =
11, k) = sntk. If the block, u, is transmitted, the MLSD finds UM, = argming—g 1. p,—1 Lkl
The VA is often used to find the MLSD solution efficiently if the transmitted sequences are de-
scribed using a trellis. Note that the complexity of the VA does not decrease with SNR. Hence, the

complexity of the VA can be reduced if the increased SNR is taken into account.

2.2.4 Generalization of SR Simulation Technique

Recall that typically the time, ¢4, to generate the received sequence, r, is negligible compared to the
time to decode such a sequence, ¢4, since the optimum decoder must search over the whole space
of possible transmitted sequences, u(d). Hence, significant simulation run-time savings can be
obtained if the decoded sequence at the receiver can be obtained more efficiently, for example, con-
ditioned on knowledge of the transmitted sequence, and knowledge of the channel FIR and AWGN
realizations. It is important that the decisions, 81, conditioned on such knowledge do not bias the
BER estimator. In particular, consider the block diagram for the SR simulation of a generic com-
munication system in Fig. 2.10. A block labeled, ‘SR’, is inserted between the received signal and
the receiver, ‘Rx’. Note that all the simulation random inputs (provided by the random generators,
‘RG;) are fed also into the ‘SR’ block. The BER counter is updated with an estimate of the most
likely transmitted sequence, d, either from the ‘SR’ block or from the receiver.

The efficiency of the SR simulation technique is measured in terms of the variance reduction of
the BER estimator. Also, the gain of SR, G, is approximately equal to the ratio of the number of

simulation trials without SR and with SR for a given variance of the BER estimator. Let the MC
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Figure 2.10: The SR simulation of a generic communication system.

simulation run-time be, Tinc = (¢4 + t4)N, and the SR simulation run-time be, Ty, = (tg + tq(1 —
P,) +t.P,)N, where t, is the time required to reject the received sequence and decide on d, P, is
the probability of rejecting the received sequence, and N is the number of simulation trials. The SR

gain is,
Tne 1

G ~ =
T 1 - €P,

(2.28)

where ¢ = %—4—_—% is implementation dependent, and it is required that ¢, < ¢4 and ¢, < 4, i€,
the added complexity of the SR block must be minimized. The probability, P, is a function of the
SNR, the system dimensionality and the rejection region chosen.

We can elaborate on the SR simulation technique further. In particular, consider simulation
of a communication system in Fig. 2.11. Observation, y(¢,d, p), at time, ¢, is a function of data

symbols, d, and parameters, p. The detector DET decides on the most likely transmitted symbols

using the ML rule,

~ ~ ~

d = argminp(y(t,d, p)|d).
d

The SR simulation technique consists of a detector DET; and the rejection rule that is used to
select either the detector DET or detector DET; for processing the received samples, y. In order to
maximize the simulation run-time reduction of the SR technique (i.e., the SR gain), it is required

that the complexity, O(DET), of the detector, and, O(DET}), of the SR detector 1 are such that,
O(DET) > O(DET;)

and the detector 1 is selected as many times as possible, i.e., with the probability, P, — 1. Further-
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Figure 2.11: The SR simulation principle.

more and importantly, it is required that,
Pr(d#d) =Pr(d#d,)

so that the SR detector provides an unbiased estimate of the probability of error, Pr (d # El) . Gen-

eralization of the SR simulation in Fig. 2.11 to more than two detectors is straightforward.

SR and MLSD

We can rewrite the squared Euclidean norm (cf. (2.26)) as,
Ir— %)% = [lx — %+ w|* = | Axz + w]|? (2.29)

where x is the transmitted sequence at the channel output, X is a candidate solution, and the com-
ponents of Ayx are conditioned on knowledge of the components of x, i.e., [Axx); € {2(d' — d) :
d =0,1,--- ,M —1landd : z; = (M — 1 — 2d)}. Hence, the components of Axx are from
the set of cardinality, M, and minimization of ||Axz + w||® has the same complexity as mini-
mization of ||r — %||2. We can prove that the MLSD solution, Xy, minimizing (2.29) results
in an unbiased BER estimator; see Fig. 2.12. Since we have that, argmina_, ||Axx + w||® =
arg mina <||Ax;(H2 + 2045 - W) < ||w]|* where the dot denotes the inner product, it is neces-
sary that the term, ||Ayx||%, is minimized. This suggests to search for the MLSD solution among
sequences in the vicinity of x. Thus, we restrict the search over the set of sequences about x that can

differ only for I < n consecutive symbols (or equivalently, we search over L consecutive dimen-
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Figure 2.12: Geometric interpretation of the MLSD.

sions) which leads to the decoding algorithm known as FD. Since typically L < n, an important
consequence of FD is the reduction of the effective system dimensionality, from Leg = n + K to

Leg = L 4+ K, and thus, the potential gains of SR are improved (cf. (2.28)).

Sliding-Window Decoding

The transmitted sequence, x, at the channel output can be described using the tree or using the
trellis (if the same states are merged). The MLSD receiver searches the tree or the trellis to find
the sequence minimizing the squared Euclidean norm (2.29). For example, the VA searches the
trellis discarding all but M most likely transmitted sequences. The decoding based on a finite-
length observation window is clearly suboptimal; information outside the observation window is
neglected, however, the decoding delay is reduced as is also the decoding complexity in the case
of the tree search. The sliding-window decoder of length (L + K') samples makes the decisions,
k+L+K~1

U, k= 0,1,.-- ,n — L + 1, using the received samples, r; , and knowledge of the state,

s, = S, at time k. In particular, the decision, 4, is evaluated as,

Gy = argmin  Lp ey LrK—1, (2.30)
1=0,1, ,Ms—1
while the decisions on the remaining symbols in the block, @, k = n—L+2, - - - ,n, are determined,

for example, using the sequence minimizing the metric (2.30) for k =n — L 4-1. If M = 2 (binary
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signaling), the log-likelihood ratio [21],

min 1£k,j:k+L+K—1,l(uk = +1)

=01, ,Ms—
A = min L ikt L+K—1 ug = —1)
=00, Mo —1 ’

provides the reliability of the estimate (2.30). Note that since the metric (2.30) depends on the
state, s, an incorrect decision of 4 may cause erroneous decisions in the subsequent symbols.
Hence, error propagation sets the lower limit on the minimum length of the observation window,
L, [29, Sec. 4.7, Sec. 5.6]. The smaller values of I, are possible for larger values of SNR and for
the smaller block-lengths, n, which reduces the complexity of the decoder.

The value of L is selected to achieve desired accuracy of the MLSD. Let Py, be the unbiased
BER estimate corresponding to MLSD. Let p be the probability that the sliding-window decoder will
find the MLSD solution, and the biased BER estimate of the suboptimum sliding-window decoder
will be in the interval (0.1Pyr,, 10Py1,). Then, the average BER of the sliding-window decoder, P,
1s bounded as,

(0.1 4+ 0.9p)Pyr < P < (10 — 9p)Pmr. (2.31)

Truncated VA

The most likely transmitted sequence is searched in the trellis having M* states. For every received
sample, the M ¥ candidate sequences are extended by one symbol, and the final decision is made
about the symbol L epochs back in the history using the current estimate of the most likely trans-
mitted sequence. Since typically MK < M L a smaller number of candidate sequences are stored
using the tVA than using FD. Thus, the tVA requires, in general, a longer observation window;

error-propagation can be neglected if L ~ 5(K + 1) [21].

FD

The FD technique was proposed for decoding the convolutional codes in [27]. At every step, FD
searches the tree of depth, I, symbols, and makes the final decision on the first symbol of the tree

corresponding to the root. Then, the tree search advances one symbol forward. In general, error-
propagation can be neglected if (K + 1) < L < 2(K + 1) [21, p. 505]. There are M~ paths to
be searched for every received symbol, and thus, the search must be done efficiently. The available

tree-search strategies are the following.
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Look-up-table (LUT): For moderate values of M and L, a brute-force search is possible.

M-algorithm, T-algorithm [28], [37]: These algorithms are preferable if the brute-force search
becomes inefficient.

Sphere decoding (SD): The structure of the matrix, A, in (2.26) can be exploited to search for
the lattice points inside the sphere about the received point, and thus, the usual QR-decomposition
can be avoided [38].

Sample rejection (SR): Conditioned on the transmitted sequence, u, FIR, a, and the noise, w,
we may directly decide on the sequence minimizing the metric, and thus, completely avoid the

computationally expensive tree-search.

Modified tVA and Modified FD

Error propagation decreases with the length of the observation window, L, however, complexity
(e.g., the storage requirements) is increased. Assume the search for the closest lattice point, xyr,,

is performed using the metric, ||Axx + wH2 (cf. (2.29)). In particular, the decoder makes the

decisions,
k+L+K—-1
. : A 2
Uy, = uy — argmin Z [[Axxls + wil
Axx i=k
where Axz = xf:,erK’l — (8K, Uk, -+, Ukt L—1, 0(17K))A’, 8y, is the estimate of the state at time,

k, O(1,k) is the all-zero vector, and A’ is the corresponding channel matrix. Hence, the initial state
for decoding the symbol, 1y, is given as a difference, s;, — S,. Therefore, the modified search is
more robust against error propagation if the estimate of Sy, is incorrect, and thus, the values of L can
be reduced. The sliding-window search of the vector, Axgx, minimizing the metric (2.29), will be
referred to as the modified FD (mFD) and the modified tVA (mtVA).

The window length, L, could be reduced further if the search is done iteratively. In particular,
the estimate, 1A, is used as the transmitted sequence in the repeated search. Then, the noise vector

> < |lw||*>. However, note that reducing the

in the second iteration is w' = r — 1A/, and ||w/||
noise energy does not necessarily mean that the Hamming distance, wy (1, upy,), is decreased.
Furthermore, every iteration increases t4, the time to decode the received block; this may eliminate

any benefits of the iterative search.
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FD and SR

Let the minimum Euclidean distance between any two transmitted sequences, x and X, be denoted
de. Then, if ||w||* < d2/4, the MLSD decides xy1, = X, i.e., if the noise energy is less than
d2 /4, the received sequence can be rejected avoiding the computationally expensive MLSD. This
technique is referred to as hypersphere SR [10]. The probability of rejecting the received sequence,
P., is evaluated as the probability mass inside the hypersphere of radius, d, /2, about the transmitted

sequence, X. In particular, assume L > K, and the states, s, Si+ 1+ x and §x are known, and denote

the matrices,

aK 0 | ag  ap aK—1
Al GK-1 0K Al ag OK -2
i a’l a2 PEREY aK ] L 0 PR ao ]
Let the received signal in the observation window be r£+L+K 1= (U, yUgrL—1)A +m +

2
witIHK=1 where m = ((sy — §1)A/, 01,1y, Skt L+xA”). Then, Hm + WZ+L+K—1“ is condi-

tionally noncentral chi-square distributed with (L + K) degrees-of-freedom, and P; is evaluated

as,

(2.32)

Pfo‘ MdK Z ((ad \ 3)

where

9 (ade)? /4 (n—2)/4
P <(aje) |m3> :/0 ’Yb (‘u_2> e (I o 1(2/umy)du

m;

is the CDF (21, eq. (2-1-121)], s and §, are assumed independent, mf = HmH2 is the noncentrality
parameter conditioned on the values of s, sk11+x and S, and « > 1 is a constant.

For uncoded transmission and given FIR, a, the value of d, is typically small, and so is P,(c).
Therefore, we may consider the N, nearest neighbors of the transmitted sequence, X, to increase
P.(a); see Fig. 2.13. Tt is straightforward to show that always Ny, < L. If « = 1, we can show
that the SR estimator is unbiased, but P,(1) is typically small and so is the SR gain (2.28). Since at
large SNR, with a high probability, the transmitted sequence is also the MLSD solution, we propose
the following modification to the hypersphere SR. If 1 < o < 3 and ||r — XH2 < ”r — X(3) H2 for
Vi=1,2,---, Nyp, then, with a high probability, x is the ML.SD solution. However, if the received

signal is, for example, inside the shaded area in Fig. 2.13, and o > 3/2, this procedure incorrectly
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Figure 2.13: The nearest neighbors of the transmitted sequence, x.

decides x as the MLSD solution, and the SR estimator will be biased. In general, the larger the

SNR, the larger o can be (thus, increasing the probability, P), however, always o < 3.

2.2.5 Numerical Results and Discussion

Assume M = 2 (i.e., binary antipodal signaling), and the two static channels with FIR given as the
average multipath delay profile specified in [39] for outdoor to indoor transmissions and pedestrian

mobility, respectively, i.e.,

au (0.9431,0.3087,0.1034, 0.0683)
ag = (0.6369,0.5742,0.3623,0.2536,0.2595, 0.0407).

The channel A has K = 3, d2 = 4.00, and the 4-th nearest neighbor of x is X;y = (u — 2u(;))A
where u) = (0(1,i—1), Ui—1,0(1 nyK—i)) for 1<i <n, and Nypp, =n. The channel B has K = 5,
d2 = 2.06, and if wi—y # us, ugy = (0 -1y, i1, Ui, 01y x—i—1y) for 1 < @ < m, and ugy is
not defined if u;_1 = u;, and N, = n — 1.

Let p = 0.9 in (2.31), i.e., the sliding-window detector finds the MLSD solution with 90%
probability. Empirically obtained minimum observation window length for different detectors and

different values of SNR are summarized in Table 2.4 for n = 500 and n = 50, respectively. We
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Table 2.4: Minimum length of the observation window for p = 0.90.

[%dBJJO 1 2 3 4 5 6 7 8 9 10[n |

channel A
tVA 8 8 7 6 6 6 6 6 6 5 5500
6 6 6 6 6 6 6 6 6 6 6|50
mVA |8 7 7 6 5 5 4 3 2 1 11500
5 5 5 4 4 4 3 2 1 1 1450
D 8 8 8 8 7 7 7 7 5 5 5500
T 7 7 7 6 5 5 5 5 4 4150
mFD {6 6 6 5 5 5 4 3 3 2 2500
4 4 3 3 3 3 2 2 1 1 1]50

channel B
tVA |21 21 21 21 20 20 18 14 13 12 10500
16 15 15 15 14 13 13 12 11 11 10| 50
mtVA |21 21 20 20 18 18 15 12 11 8 6 |500
14 14 13 12 12 11 8 7 6 4 2|50
FD 20 19 19 18 17 14 12 11 10 9 8 |500
1 9 8 8 7 7 7 6 6 5 4|50
mFD |15 13 13 12 11 9 6 4 3 2 1 |500
8 6 6 5 5 4 3 2 2 1 1|50

observe from Table 2.4 that modification of the tVA and FD significantly reduces the minimum
required length of the observation window, L.

The probability of rejection, P;(«), computed using (2.32) is depicted in Fig. 2.14. For a > 1,
P () given in (2.32) is an upper-bound since recall that only the received sequences closest to the
transmitted sequence, x, are rejected.

The simulation results are in Table 2.5. The BER values in Table 2.5 are averaged over 5
simulation runs. There are Npjocks blocks per simulation run which corresponds to approximately
100 (50) erroneously decoded blocks at 8 dB (10 dB) using the VA. The asterisk at some values of
L indicates that the value of L from Table 2.4 must be increased (i.e., the parameter, p, is increased)
to improve the BER estimator accuracy. The value, Tiotal, is the total simulation run-time, tq is the
average time to decode the received block, and log,, F'is the complexity exponent [38]. For FD/SR,

Pr(a) denotes the empirically obtained probability of the received sequence rejection.
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Figure 2.14: The theoretical probability of rejection, P, («), versus effective dimensionality, Leg =
L+ K, fora=1,2and 3, and SNR 8 and 10 dB.
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Table 2.5; Examples of the simulation results,

channel A
n 500 50 500 50
o [dB] 8 10 8 10 8 10 8 10
Nblocks 1500 <107 1x10% Ix105 200 500 1000 3000
det. VA
BER | 2.04x1077 | 3.40x10°° | 2.02x10~ % | 4.20<10°° | 6.25x10 | 5.04x10° 7 | 6.72x10 2 | 5.80x10~%
Trotal 15) 176 2763 122 1216 53 157 20 118
T4 [s) 0.1392 0.1434 0.0117 0.0098 0.2680 0.2065 0.0227 0.0183
log, F 1.9800 1.9800 2.5698 2.5698 2.2606 2.2606 3.0227 30227
det. tVA
L 6 5 6 6 13 10 11 14*
BER | 2.23x107% | 3.75x10~0 [ 2.26x107% | 6.20x10~C | 6.62<107° | 6.56x10~ % | 6.14<10~° | 7.87x10~ 2
Tiotal [8] 365 4272 215 2072 51 102 22 65
tals 0.2550 0.2540 0.0268 0.0144 0.2930 0.1975 0.0215 0.0214
log,, F' 1.9822 1.9822 2.5733 2.5733 2.2615 2.2613 3.0237 3.0239
det. mtVA
L 2 1 1 1 11 6 6 6*
BER | 2.25x10 % | 4.76x107° | 3.40<10~% | 5.20x10~° | 6.35x10~ 3 | 6.40x10~ % | 6.18<10—3 | 8.00x10~ %
Tioval 5] 867 8155 509 4063 146 388 56 71
t4 5] 0.4110 0.2820 0.0769 0.0596 0.7840 0.7800 0.0471 0.1935
log, I" 2.0156 2.0153 2.6246 2.6246 2.2816 2.2815 3.0544 3.0544
det. FD
L 5 5 5 4 10 o* g 7
BER | 1.85x107% [ 5.10x107° | 2.34x10~ % | 3.88x107° | 6.83x10™° | 6.64x10" % | 5.86x10~3 | 7.95x10—%
Troral 19) 74 102 48 457 109 104 10 28
ta[s 0.0441 0.0434 0.0045 0.0043 0.5260 0.1965 0.0091 0.0097
log,, F 2.0955 2.0955 2.7252 2.5301 2.7455 2.6246 3.3581 3.1607
det. mFD
L 3 2 1 1 3 2 2 2%
BER | 1.95x10° % | 3.60x107C | 2.61x10"% | 6.20<107° | 5.98<10° 3 | 5.96x10 % | 5.60x10 3 | 7.27x10~ %
Tootol 15) 68 996 38 420 15 21 5 14
ta[s 0.0437 0.0406 0.0036 0.0035 0.0870 0.0413 0.0044 0.0045
log,, F 1.8560 1.7472 2.0372 2.0372 1.9039 1.7973 2.2650 2.2650
det. FD/SR
L 5 5 5 4 10 g* 8 7
o 1 1 1 1 3 2 2 2
N 0 0 0 0 9 8 7 6
P.(a) 0.7650 0.9361 0.7650 0.9526 0.9570 0.7084 0.5914 0.7369
Pi(a) 0.7661 0.9377 0.7615 0.9532 0.8208 0.6762 0.5604 0.6811
BER | 2.00x10~% | 4.00x107® | 2.38x10~% | 4.80x10°° | 5.18x10° " | 5.44x10~ % | 5.30x10~% | 8.20x10~*%
Trotal 15) 41 771 34 207 32 54 7 17
Tals 0.0252 0.0312 0.0034 0.0033 0.1928 0.1410 0.0086 0.0050
log,, F 1.9242 1.8253 24675 2.1748 2.4870 2.4552 3.1523 2.9210
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2.3 Summary

In this chapter, the SR technique was generalized for simulations of multidimensional communi-
cation systems. It was shown that the system model can strongly influence the simulation efficacy.
Particularly, the MLSD detector can be replaced by the SR MLSD detector to significantly reduce
the simulation run-times.

The SR method was proposed in [10] for the case of the hypersphere rejection region and AWGN
channel with perfectly quantized soft decisions. The SR was reported to be applicable only for
simulations of systems with small dimensionality, less than 10. In this section, the SR method was
demonstrated to be applicable for simulations of coded schemes with a finite block length, binary
antipodal signaling and ML sequence decoding over quantized AWGN channels. Our analysis
indicates that applicability of SR is dependent upon the SNR, the region employed in the particular
application, and also crucially upon the amount of knowledge about the system. In contrast to the
results presented in [10], the newly proposed SR regions presented in this section can achieve gain
at least 2 for dimensionality of the order of hundreds.

For perfectly quantized soft decisions, three rejection regions, hypersphere, hypercube and hy-
perquadrant, have been compared. The hypercube and hyperquadrant proposed in this section out-
perform the hypersphere for all values of dimensionality when there is no information available
about the minimum Hamming distance of the code. The hyperquadrant exploits additional knowl-
edge of the transmitted codeword, and thus, is always superior to the hypercube. The efficiency of
the hypersphere can be improved significantly with additional knowledge of the minimum Hamming
distance of the code. Importantly, the hypercube and hyperquadrant regions suffer substantially
smaller gain degradation with increasing dimensionality than the hypercube which is always poorer
for large dimensionality (assuming the minimum Hamming distance does not grow with dimension-
ality). We explained this behavior of the SR gain by comparing the volumes of the rejection regions
under consideration over all values of the dimensionality, n. For quantized decisions, in general,
a hyperquadrant rejection region is the most readily applicable for the DMC, while hypersphere
rejection region should be used for the BSC.

The SR method is a special form of IS [10], so that more general IS might provide better simu-
lation gains than SR. However, the strong advantage of SR is that it does not require any IS weights
to be determined regardless of the system complexity. Moreover, SR can be easily combined with

other techniques for improving simulation efficiency. In general, if the time to generate and decode
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a single block of data can be estimated, one can estimate the expected simulation run-times and the
gain of SR using eq. (2.20).

The SR method was also investigated for binary coded transmission over 1SI channels. Several
modifications of FD and VA were proposed to improve their simulation efficacy. The complexity
of (m)FD is smaller than the complexity of the VA if L < (K + 1). The LUT tree search imple-
mentation of FD is more efficient than the VA in all but one example studied. The mtVA simulation
run-times are worse than the simulation run-times of the tVA because of the associated overhead of
the mtVA. The modification of FD is effective especially for channel A. In general, the time to per-
form the rejection, ¢, can be further reduced if the SR implementation is optimized so that £, < g4
(e.g., if L = 1, no tree search is necessary). Note also that a simulation run-time reduction of 2 is
considered valuable (e.g., 2 days simulation reduces to 1 day). Hence, for given simulation param-
eters, the FD, mFD and FD/SR simulation techniques appear to reduce the simulation run-times of
the VA while achieving good, near MLSD accuracy. In particular, we observe from Table 2.4 that
the mFD has the shortest simulation runtimes for channel B, however, for channel A, the shortest

simulation run-times are achieved by the FD/SR simulation technique.
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Chapter 3

Efficient Semi-Analytical Techniques

In this chapter, we propose and analyze the Prony and polynomial approximation methods for semi-
analytical evaluation of the average probabilities of error and the average error rates for digital

modulations in slowly fading channels.

3.1 Background

The probability of a detection error is often considered as the most important performance measure
in the receiver design for the communication system. In this chapter, we consider the probabilities of
transmission bit, symbol and frame errors and the corresponding BER, SER and FER, respectively.
Recall also that the probability of error and the error rate are defined for stationary and ergodic chan-
nels. On fading (time-varying) channels, the probability of error is a random variable, and its first
moment is typically assumed to be a sufficient performance measure provided that the observations
are long enough to consider the channel as ergodic. The first moment (average) of the probability of
error is obtained by averaging the conditional probability of error over the channel SNR distribution
at the input to the detector. Numerous methods have been developed to accomplish averaging of
the conditional probability of error over the SNR distribution. In particular, the MGF method [40],
and the characteristic function (CHF) [41] method are appealing since the Laplace or Fourier trans-
form of the SNR distribution is usually known even for multichannel reception with correlated and
non-identically distributed branches while, in general, the SNR distribution is often unknown or
difficult to obtain. The CHF can be also obtained using the statistical moments of the SNR [42].
The SNR distribution is estimated from known moments in [43]. The method of residues [44], the

Gauss-Chebyshev quadrature (GCQ) [45], saddle-point integration [46], and Beaulieu series [47]
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can be used to invert the CHF and obtain the SNR distribution. Overview and further description of
these methods can be found, for example, in [46], and in [48].

Even though, in many cases, an exact expression for the average probability of error can be
found, especially for higher-order modulations, the result is often cumbersome to plot and to analyze
further [48]. When the closed form expression cannot be obtained, we can use numerical methods
to evaluate the probability of error. However, numerical integration can be impaired by semi-finite
ranges of integration, possible singularities of the integrand, oscillatory behavior, and convergence
problems for small values of the integrand. Also, many bounding techniques exist, but usually
these bounds are not very tight; see, for example, the Chernoff bound [21]. A relationship between
the saddlepoint integration and the modified Chernoff bound is investigated in [49]. Hence, semi-
analytical (or, semi-numerical) methods appear to be the most appealing providing a good trade-off
between evaluation complexity and the numerical accuracy.

We propose a new semi-analytical method to evaluate the average probability of error for a wide
class of modulations and fading distributions. The proposed method fits a sum of exponentials to the
conditional probability of error. Fitting a sum of exponentials into the measured data is a difficult,
frequently occurring, and numerically rather ill-conditioned problem of applied data analysis known
as the Prony approximation [50-52]. The parameters of the Prony approximation are obtained non-
iteratively in [50]. A uniqueness of the Prony approximation assuming a least squares approximation
error is investigated in [51]. In our case, once the conditional probability of error is approximated
by a sum of exponentials, averaging over the fading distribution can be readily obtained using
knowledge of the MGF of the SNR. Importantly, knowledge of the conditional probability of error
at only a small number of points is sufficient to obtain the exponential fit. These points can be
obtained either analytically or using a computer simulation. Hence, using the Prony approximation,
we have a simple universal and highly accurate semi-analytical tool for evaluations of the average
probability of error.

The rest of the chapter is organized as follows. In Section 3.2, we present the system model and
fading statistics. Prony approximation of the conditional probability of error and the correspond-
ing optimization problems are introduced in Section 3.3. The Prony approximations are given for
several frequently used modulation formats. Piecewise polynomial approximation as an alternative
to the sum of exponentials fit is investigated in Section 3.4. Numerical examples to determine the
accuracy of the Prony and polynomial approximations for single as well as multichannel receptions

are given in Section 3.5. The chapter is summarized in Section 3.6.
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3.2 System Model

Assume a multichannel reception and postcombining detection of the K diversity branches as shown
inFig. 3.1. Linear memoryless modulation is used to transmit independent and IID symbols, z € X,
where X = {(2i—vVM+1)+j(2j—vM+1);4,5 =0,1,--- ,v/M—1} for the M-ary square QAM
where j = /=1, X = {&?™/M.j = 0,1,..- | M — 1}, for M-ary phase-shift keying (PSK), and
m = log, M is the number of IID information bits per modulation symbol [21]. Using equivalent
complex-valued representation of the signals in the baseband, the received signals corresponding
to the transmitted symbol, x, are written as, y; = ag; &%z + w;, where o = 1/+/E[z[?] sets the
average energy, Eg, per transmitted symbol, z, to unity, : = 1,2,--- | K, and g; is the i-th channel
fading amplitude, ¢; is the channel fading phase, and w; is a zero-mean complex AWGN having
the variance, E{|w;|?] = 202 = No, where | - | denotes the absolute value, and N is the one-sided
noise power spectral density. For an arbitrary joint PDF, fg(g1,-- ,9x), and assuming coherent
detection and linear combining of the received branch signals, the decision variable at the detector

input for MRC, EGC, and SC, respectively, is [16],

axr

(EGC)

Note that the average energy per transmitted bit, £, = Eg/m = 1/m, and, o = \/m ,
for M-ary square QAM, and, o = 1, for M-ary PSK. In general, denote the received signal at the
input to the detector as, y = ax g + w. We define the SNR at the input of the detector as, v = g%vs,
and y, = Eyp/No = 1/(mNp).

3.2.1 Fading Statistics

Let the channel fading amplitudes be the Euclidean norms of Gaussian random vectors having 7
2

components of equal variance, o7, ¢ = 1,2,--- , K. Hence, the channel amplitudes, g;, follow
a generalized Rayleigh or Ricean distribution, respectively, with n degrees of freedom and non-
centrality parameter, s? > 0; see Appendix C. Then, the PDF of squared amplitudes, g2, cor-
responds to the central or non-central chi-square distribution, respectively; see Appendix C. For

s; > 0, we define the Ricean factor, Kg, = s?/(no?). Using the infinite series (A-5b), one can
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combiner > detector ——=

Figure 3.1: A generic digital communication system.

express the CDF of g7 ; see Appendix C. Note that the summands in the infinite sum representation
(A-5Db) of the function I, (u) diminish quickly for all practical values of n and u. Using (C-1a)
and (C-1b), one can obtain the MGF’s, &, (t) = E[e%'], and, .2(t) = E[egi2 t}, of the random
variables, g;, and, g?; see Appendix C.

For simplicity, assume that the channel fading amplitudes are independent, i.e., fg(g1,  ,9x) =
Hf_{:l fg;(gi),and 0y = 0, Vi =1,2,-.. , K. We obtain the PDF of the fading amplitude, g, at the
combiner output. In particular, the MRC output fading amplitude, g = 4/ Zfil g? , follows a gen-
eralized Ricean fading with nK degrees of freedom, non-centrality parameter, s? = Zfi 1 s?, and

variance, 2, per dimension; see (C-1b). The PDF of the EGC fading amplitude, g = Zfi 19/ VK,
is obtained by inverting the MGF, i.e., [533],

fol9) (EGC) / [ ®s. (1) e Hoat = 2 / [T ®a(c+jw)e #VE9q0w - @.1)
i=1 i=1

where c is chosen in the region of convergence. The inversion (3.1) can be performed, for example,

using the GCQ rule [46] obtained in Appendix B. Hence, we can rewrite (3.1) as,

1
(EGC) vK ﬁ o et c\/l — 2 —c(1+j~—“;””2) VKg  cdx
fg( ) o / gi T € $2m

1 =1
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and using the GCQ rule, one has that,

folg) = ey Z e~e1 l)ﬁg(l +77) HCI)gi(c(l +jm))
1=1 i=1

where 7, = tan((l — 1/2)7/v).
When SC is employed, the combiner output PDF is [53],

K K

126 B3 126 T] Fe (o) (3.2)
i=1 j=1
J#i

and we substitute (C-1b) and (C-2b) to (3.2). Since v = ¢, the PDF of the SNR at the input to
the detector is [53],

() = (1) £z (/). (3.3)

Finally, assuming knowledge of the conditional probability, P.(vy), we evaluate the average

probability,
o0
Be(ys) = / Po(dn) £,2(a2)dg". (3.4)
0

3.3 Prony Approximation

We efficiently evaluate the average probability of error (3.4). Consider a random variable, X, and
let, g(X) = n(X — Z), where n(-) denotes the unit-step (Heaviside) function; see (A-15). Hence,
let & be a real positive constant, Z > 0. Then, the probability, Pr(X > Z) = E[g(X)]. Let, B; >0,
and, b; > 0, are non-negative real constants, i = 1,2,--- ,p, and let, h(X) = P B; ebs(X —%),
so that h(X) is the increasing function of X. Thus, if S°7_, B; > 1, then g(X) < h(X). Applying

the expectation operation, we have that,

Elg(x)] < Bie %ok (b)
=1

where ® X(l;i) = E[ei”'x} is the MGF. Note that the case, p = 1, and the case, I;i = I;‘v’i, cor-
respond to the Chernoff bound of Pr(X > Z); cf. [21, Sec. 2-1-5]. Denote the bounding error,

ep(B1,-+ ,Bp, b1, ,bp) = ep(B,b) = S0, Bidx(b;) ebif _ E[g(X)], and assume the fol-
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lowing convex optimization problem having the convex constraints [54, Ch, 4],

{B,b} = argmin ep(B, b)

- - N 3.5
st. Bi>0,6,>0, " Bi>1,i=1,2,---,p

Thus, given, Z > 0, and, p, the 2p coefficients, Bi, and, I;i, are the solution of the problem (3.5), and,
ep > 0. In general, one can reduce the bounding error, ep(B, 6), if the constraint, Zle B; > 1,
in (3.5) is relaxed, i.e., S.7_; B; > 0, and thus, h(X) is no longer an upper-bound of g(X). In this

case, let the bounding error be defined as,

ep(B,b) = Z )e %% —Blg(X)]|

so that,

P
Elg(X)] = Pr(X 2 &)~ 3 Ao

=1
where fli = BﬁI) X(I;i), and, a; = I;i. In general, for non-negative constants, Z, and, g, let the

conditional probability of error, Pc(v) = Pr(X > %), and let, Z = 9, and thus,

A e, (3.6)

2
g

The approximation (3.6) will be referred to as the Prony approximation. Denote the approximation

error of (3.6) as, ;
P 1
ep() = w() <Z Ajem — Pe(v)> 3.7)
=1

where w(7y) is the weighting function, and ¢; > 0 is a real constant. A sensible choice of the
weighting function is, w(vy) = 1/Pc(7); then, e, () in (3.7) corresponds to the relative approxima-
tion error. Importantly, approximation (3.6) is accurate over the interval, ¥ € (Fmin, Ymax)» and it
can diverge for ¥ < Fmin, and, ¥ > Fmax. However, since 3°7_, A; e™%7" is finite, for v — 0, and,
0, for v — oo, approximation error, e,(7), is always finite. Note also that the k-th derivative, k > 0,
in the limit of infinite SNR, limy_. d%kk— Zle fli e~3* = 0. It is useful to constrain minimization
of the error, ep(7y), to a set of n points, Ymin < 71 < 12 < -+ < ¥n < Ymax, rather than trying to

minimize the error over a continuous range of . Hence, given, p, and, ¢, the optimization problem
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to find the coefficients, /L', and, a;, minimjzes the error,

n

&= lep(y;)|" (3.8)
j=1

and let the weights, w; = w(vy;). Note that the case, g; = 2, corresponds to the least-squares curve-
fitting, and, the error, €, = max;=; ... » |ep(;)|, becomes the min-max curve fitting, for ¢; = oo.
In general, Prony approximation minimizing the error (3.8) corresponds to the sum of exponentials
interpolation. Thus, knowledge of P¢(v) at n distinct SNR values is sufficient. It is required that
n 2> 2p, and we solve an overdetermined system of exponential interpolation equations. The inter-
polation points, ;, can be selected with respect to some decomposition basis of the curve, P.(7),
for example, using a sampling theorem. Minimization of (3.8) constitutes a strongly nonlinear op-
timization problem and, in general, iterative numerical solution is necessary. Initialization of such
an iterative procedure is critical for successful convergence to a global optimum. The choice of
the interpolation points, v;, determines convergence properties of the sum of exponentials (Prony)
approximation, i.e., behavior of the approximation error in the limit, lim,_. €. A test on uniform
convergence is known as the Weierstrass M-test [55, Sec. 9.6]. According to the Weierstrass test,
since |A; e=%7%| < |A;| for 4; > 0 and v > 0, provided that the sequence, {A;};, has absolute

convergence (i.e., {|A;]}; is convergent), then the sum of exponentials has uniform convergence.

3.3.1 Prony Approximation of the Conditional Bit-Error Probabilities for M -ary

Modulations

We employ numerical search to find the parameters, A;, and, @, of the Prony approximation (3.6) for
the conditional bit-error probabilities of M-ary QAM and M -ary PSK over a AWGN channel. We
assume that the values of P.() can be computed either analytically, or using a computer simulation.
In the first step, we find the initial values for the coefficients, A;, and, @;. In the second step, the
initial values are iteratively improved until the required accuracy (i.e., the value of the approximation
error) is reached. In general, we have to solve a set of n > 2p equations, Y -, A e~ = Pe(v4),
j=12,... n,of 2p unknowns to minimize the error (3.8). Hence, we proceed in the following
two steps.

1) Letp > 1, Ymin < 0dB, 4max >> 0dB, and initially, the » = 2p SNR points are chosen,
such that, v; = Ymin + (Ymax — Jmin)(§ — 1)/(n = 1), 7 = 1,2,--- ,n (assuming all SNR values

are in dB). Let the coefficients, Ai, and, a;, are randomly chosen from the uniform distribution on
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the interval (0,1), and a; # a,, for 7 # ¢’. The initial set of n = 2p equations is solved numerically
assuming the objective function (3.8) to improve the estimates of the coefficients, fL and, a;.

2) Letn > 2p, and v; = Ymin + (Ymax — Ymin) (4 — 1)/(n — 1) (assuming all SNR values are in
dB). We employ a gradient descent algorithm [56] to obtain the final estimates of the coefficients, fl@',
and, a;. In particular, we search the space of feasible solutions, {fli >0,a; > 0;i=1,2,---,p},
using a sliding-hypercube, {|4; — A} < Ay, |& — @] < Ag;i = 1,2,-+-,p} where Ayg > 0,
Ay >0, {A], -, fl;,, ay,- -+ ,d,} is the center of the hypercube that corresponds to the minimum
approximation error found, and {/11, cee /Ip, a1, ,0p} is a point inside the hypercube. If a new
point having the smaller approximation error is found inside the hypercube, this point becomes the
new center of the hypercube, and the search is repeated.

Note that quantization of the coefficients, fli, and, d;, is used during the search. In general,
quantization step and the parameters, A 4, and, A,, are initially large in order to slide the hypercube
to the region of a global minimum faster, and these parameters are gradually decreased to achieve
the desired approximation accuracy. We now consider several examples to illustrate the numerical
procedure of finding the coefficients of the Prony approximation. In particular, assume Gray map-
ping of m = logy M information bits to M-ary symbols, and let the SNR per M-ary symbol, vg,
be constant for all M, then the probability of bit-error for M -ary square-QAM is [57],

1 O (2 + 1)2
Pe(v) = o2 Z i Q 3_2}17:-{"% (3.92)
i=0

where v, = 7vg/m is the SNR per bit, and ng = 1, for M = 4, n; € {3,2, -1}, for M = 16, and
n; € {7,6,—1,0,1,0,—1}, for M = 64. Note also that Pc(v5) = Q(v/27%), for M = 2. The
probability of bit-error for 8-PSK assuming Gray-mapping of bits to symbols is [58],

i) =2 (1- (V2w ) a.(\wsiiens) ) asw

where Q.(z) = 1 — Q(z). Interestingly, note that sin(r/2F) = /1 — Lay, and, sin(37/2F) =

1/% + %ak — %a%, where ag = /2 + ax_1,and, @y = —2,fork = 1,2,....

Consider the Prony approximation of the Q-function, and the following lemma from reference

[59].

65



Lemma 3.1 The infinite sum of exponentials representation of the Q-function is,

Al
Q(z) = lim Z— —ais® (3.102)

l\D

N—oo N

where a; = % sin~2 (272%__11)) )

Importantly, Lemma 3.1 shows that there exist a sequence of coefficients, A;, and, d;, so that the
Prony approximation of ()(z) becomes exact in the limit. Note that the limit in (3.10a) is from
above, i.e., Q(z) < —]1\7 Zfil % e~@%" YN < oo, and, for N = 1, the expression (3.10a) becomes
the Chernoff bound. In order to reduce the number of terms in (3.10a), the following approximation

is suggested in [59],

%

Q(z) % e~ /2 4 %e—w/?‘. (3.10b)

The Prony approximation of Q(\/'Tb) obtained for ¢ = 2, ¢ = 1, n = 21, w; = 1/Q(\/7y‘]‘)
i.e., the relative approximation error, e,(7y,) = Q(\/f%) / (Zle A; e_a”b> — 1, Fmin = —5dB,
Amax = 15dB, quantization of the coefficients, A;, and, d;, to 3 fractional digits, and having, p = 2,
terms is,

Q(z) ~ 0.208e 097" 4 0,147 ¢~0-525% (3.10c)

and having, p = 3, terms is,
Q(z) ~ 0.168 e~ 0876%% 1 0.144¢70-5252" | (002 ¢0-6032% (3.10d)

Note also that the approximation, [60, eq. (13)]

Q@ =2 3.100
% — . e
(=) 7 3z +Va?+8

is more accurate than the approximations (3.10a)-(3.10d); however, the approximation (3.10e) ap-
pears to be less useful for algebraic manipulations, and thus, it is not considered in this chapter.
The approximations (3.10a)—(3.10d) are compared in Fig. 3.2. We observe from Fig. 3.2 that
the Prony approximation using only 2 terms has comparable accuracy as the approximation (3.10a)
shown in Fig. 3.2 for N = 50 terms (the solid upper curve), and also shown with a negative
sign (the solid lower curve). The relative error of the Prony approximation (3.10c) used in the

conditional probability of bit-error (3.9a) and (3.9b) is shown in Fig. 3.3. In order to reduce the
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approximation error, and also, to express the probability of bit-error in a unified way, we can find
the Prony approximations for (3.92a) and (3.9b) directly. Thus, the Prony approximations of (3.9a)

and (3.9b) optimized to 3 fractional digits are,

2QAM: P(y) = 0.204e1500% 40,1057 102
4-QAM: P.(y) = 0.208¢7%9% 4 0.147¢70525%
16-QAM:  Pc(yy) ~ 0.243e7 0320 4014570109 (3.11)
64-QAM: P (v,) =~ 0.254e 021% 1 0,169 ¢0-030%
8-PSK: P.(v) ~ 0.239¢70442% 4 (11201567

The relative error of the optimized approximations (3.11) is shown in Fig. 3.4. Hence, comparing
Fig. 3.3 and Fig. 3.4, we observe that the approximation error is reduced for the optimized Prony
approximations of the higher-order M-ary QAM modulations.

Finally, note that if X is a zero-mean unit variance Gaussian random variable, then

Qz) = fooo\/-%_?e”(“X)QdX
= Lo [2e e XX = Fe 2 (~a)

where @x|(z) is the MGF of the one-sided Gaussian random variable, | X|. Note also that we can
use the exponential functions to find simple approximations of the function, Io(x). In particular,

In(z) < e*Iy(b)/ exp(b), for x > b > 0, [61, eq. (6)]. We suggest the following approximation,

3.3.2 Average Error Rate Evaluation

It was already observed in [40, eq. (10-8-2)] that if the conditional probability of error has the form,
P.(v) = Ae=@%, A a > 0, then knowledge of the fading power MGF, ® 2(g%), can be used to
obtain the average probability of error; hence, P.(y5) = A I o9 f2(g?)dg? = Afbgz(—d%).
This evaluation of the average probability of error is known as the MGF method [48]. More gen-
erally, consider the Prony approximation (3.6), and evaluation of the average probability of error

(3.4). One has that,

oo P R B Y4 -
Bl) ~ /0 Lo 0 f o (0)dg? = 3 A Bya (~aw) (3.12)
i=1 ]
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Figure 3.2: The relative approximation error for approximations (3.10a)-(3.10d) of the function,

Q(v)-
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Figure 3.3: The relative approximation error of the Prony approximation (3.10c) for M-ary modu-
lations over a AWGN channel.

69



0.1

0.05

——2-QAM
| ——4-QAM

—— 16—QAM
—— 64—QAM
—8— §—PSK |
—0.1 — : '
-5 0 5 10 15
v dB

Figure 3.4: The relative approximation error of the optimized Prony approximations (3.11) for M-
ary modulations over a AWGN channel.
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l.e., we can interchange integration and summation. Note that in the limit, when p goes to infinity,
we require that the convergence of the Prony approximation is uniform in order the term-wise in-
tegration in (3.12) to be convergent. Since |f1,- e“ai927b| < 1[11', for y,a; > 0, according to the
Weierstrass test [55, Sec. 9.6], provided that the sequence, fl,-, has absolute convergence (i.e., lfli[ is
convergent), then the Prony approximation, P() = lim, Zle /L- e“ai927b, has uniform con-
vergence, and we can interchange the summation and integration in (3.12), and evaluation of (3.12)
converges to the expected value (3.4). Hence, for p > 1, the expression (3.12) can be considered as
an extension of the classical MGF method [48, Sec. 1.1.3]. Furthermore, for p = 1, we can use the

Chernoff bound [21] to show that there exists, A1, and, @1, such that Pe(m) < Alégz (—a1vp)-

3.4 Polynomial Approximation

We efficiently evaluate the average probability of error (3.4) using a piecewise polynomial approxi-
mation of the conditional probability, P.(-y). Hence, the domain of 7 in (3.4) must be truncated
first to the interval, v € D = (Jmin,Ymax)- The truncated domain, D, is then divided into
N non-overlapping sub-intervals, D; = (%;-1,%), ¢ = 1,2,---,N, where 0 < % = Ymin,
AN = max < 00, and, ¥;—; < #;. In each sub-interval, let P(y) be approximated by a poly-

nomial, Z?i—.o diﬂj , of degree, p;. Hence, the average probability of error (3.4) is evaluated as,

P(w) = [I™Pc(g*n) f2(9%)dg?
S S SR G m) fy2(92)dg? (3.13)

N i o~ J [ i
= D1 2iio i %_/:;75(92)7f92(g2)dg2.

Note that using a substitution, v = g3, in (3.13), the approximation interval, (¥;—1,%;), of the i-th
interval, D;, becomes, (¥i—1/%s,%:/7). Note that if @; = i a, in the Prony approximation (3.6),
ie, P(y) =~ Y0 A (e"”q)i =3P | A;n', where n = e~37", then the Prony approximation
(3.6) is equivalent to the polynomial approximation (3.13). Also, note that if @ < 0, then, 7 > 1,
and, if a > 0, then, 0 < 9 < 1.

Denote T ;2;() = f(f (9%) f,2(g*)dg? o be the j-th partial (runcated) general moment of g,
and thus, the average probability of error,

N pi

Pelw) =Y > ai (T gz 3/ ) = Lgzi (Fim1/ ).

i=1 j=0
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Using the infinite sum representation of the Bessel function in (C-1b), we obtain the partial general

moments of the MRC output squared channel amplitude,

0’2 ] 7 . n NI
Tyo;(7) V20 %L_/)zi (C(3+4) -T(5+5,7/20%)) s=0
937 - 52 /202)k n . n © X
i SR (U (5 k4 5) T (3 + k-455/20%) 550
3.14)

Note that the (j = 0)-th partial moment corresponds to the CDF, i.e., Yy20(¥) = Fi2(7) = 1 —
Qny2(s/0,+/7/0), where Q,s(-,-) is the Marcum Q-function of order n/2, [21]. The partial

moments of the EGC output squared channel amplitude can be obtained as,

\/‘ V1-a? V-2 = cd
Yy O / O O P

where £(a,7) = (T (1 + n) — T' (1 +n, o7)). Applying the GCQ rule, we have the compu-

tationally efficient form,

K
159 P2 S o R (147, )0+ 78) [ e + )
=1 =1

The partial moments of the SC output squared channel amplitude are computed numerically, i.e.,

using (3.2), one has,

T3 <SC>2/ HFZ

J#l

For simplicity, assume that p; = p, V4. For each approximation interval, D;, the values of P¢(7),
are known at (V1 +1) equidistant points, 7, = ¥i—1+ (% —%i-1)(k/N1), k = 0,1, -+, N;. Hence,

for each interval, D;, we solve the set of (N} + 1) polynomial equations of (p -+ 1) unknowns, i.e.,

- - - - - -

G Gt o () Qip P.(%o)
(’?z/'.l)p (%1')17*1 e (’%’1)0 a/i(p'—l) _ P. (:Y:l) ' (3.15)
L (%Nl)p ('%Nl)p - (’NY;'NI)O 1l o | | Pe (’%Nl) i

Importantly, for N; = p, we can use the matrix inversion to solve (3.15); note, however, that, for

small values of P(7],), the solution is ill-conditioned. If N = p = 1, i.e., we have a piecewise

72



linear approximation of P, (), the approximation coefficients,

41 1 P(%) — Pc(Hi-1)

aio VT Uil | =5 1 Pe(F) + AiPe(Fio1)
There are two sources of the approximation error in (3.13). In particular, the truncation error in

(3.13) can be upper-bounded as,

Jomn Pe(g?) f2(9)dg® < Pe(c) Fy2(Fomin)
o Pe(@®n) f2(99)dg® < PelFmax) (1 — Fy2(Ymax))

where F2(v) = s fe2(g 2)dg? denotes the CDF, 0 < & < AminT, and P, (a) < % The truncation
interval, D, is chosen to make the truncation error negligible. Thus, choice of Yyax (Fmin) influences
the values of the average probability of error at large (small) SNR, and if 4pax 15 too small (or, min
too large), the computed average probability of error will tend to be smaller than the exact value.

For the i-th interval, D;, we define the approximation etror,

q1

ePz Z Wik Z Qij %k %k)

where g; > 0, and the weights are chosen, for example, as, Wi, = 1/P¢(;1). Note that partitioning
of D into sub-intervals, D;, is chosen so that the maximum approximation error, max; ep, (¢), is
limited. Our numerical experiments indicate that, in general, shorter intervals, D;, should be chosen
in the regions of smaller values of P¢(y).

As an example, we investigate the accuracy of the polynomial approximations for the BER of
the 2-QAM and 16-QAM modulations over a AWGN channel. In particular, we assume piecewise
linear (p = 1), quadratic (p = 2), and cubic (p = 3) polynomial approximations (3.13) of the
conditional BER, P(v;), for —5dB < 5, < 20dB; thus, p; = p, and, N; = p, for all sub-
intervals, ¢ = 1,2,--- , N. Recall that, for N; = p, the polynomial approximation is exact at the
approximation intervals boundary points, 7;. Thus, the relative approximation error, e, (), has
oscillatory behavior, and the envelope of the relative approximation error, é,(s), can be defined
using the maximum values of e,(~y,) for every approximation interval, D; = (%;—1,%;). The en-
velopes of the relative error, é,(7s), versus the SNR, +;, are shown in Fig. 3.5 and Fig. 3.6, for

N = 15,25 and 35 sub-intervals. We observe from Fig. 3.5 and Fig. 3.6 that the values of the
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Figure 3.5: The envelopes of relative approximation error for the polynomial approximations of
2-QAM over a AWGN channel.

approximation error increases to infinity with the SNR. Hence, the order, p, of the approximating
polynomials, and the number of sub-intervals, N, are determined for the maximum value, -, of
the approximating interval, D. In particular, larger values of p and N improves the polynomial
approximation towards the larger values of . Also, for larger values of p (IV), we can use smaller
values of N (p) to achieve the same approximation error. Furthermore, comparing Fig. 3.5 and Fig.
3.6, we observe that the polynomial approximations are much more accurate for those conditional
BER’s, P(7), that decrease less steeply with SNR. Finally, we can conclude that the values of the
product, pN >> 10, should be used for practical evaluations of the average probability of error using

polynomial approximations.
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Figure 3.6: The envelopes of relative approximation error for the polynomial approximations of
16-QAM over a AWGN channel.

75



3.5 Numerical Examples

We use theoretical analysis and numerical integration to obtain the average probability of bit-error
(3.4) (corresponding to the BER in all cases considered) for single channel and multi-channel post-
combining receivers. We then employ Prony and polynomial approximations to compute these

average probabilities, and to evaluate accuracy of the proposed semi-analytical methods.

3.5.1 Single Channel Reception

Assume a single channel coherent reception, and let the conditional BER, P¢(v) = Q( \/7) where
v = g2’yb, and g is generalized Rayleigh or Ricean distributed [21], i.e., g2 1s central or non-central
chi-square distributed with variance, o2, per dimension, n degrees of freedom, and non-centrality
parameter, s > (; see (C-1b). We evaluate the average probability of error (3.4). Hence, for s > 0,
g? is non-central chi-square distributed, and using the infinite series representation of the I,,(x)

function, one has that,

J Q( /_—92—’7;) m9%/20% (2) 31k g2 — 9FFh—1p2ktn
x (TG +8) = i (35~ + )IT (5 + 5+ 1)

where Im{-} denotes the imaginary part of a complex number, and 3.(a, b) is the incomplete beta

function; see (A-7). Hence, the average BER over a generalized Ricean fading,

— _ 52
Pe(’Yb):%—ﬁe 202 X (3.16)
2 /952Yk 1 1 T(2+k+2 :
< 0 Lt (3 -3 - k4 )} ),

If s = 0, i.e., g2 is central chi-square distributed, we substitute Q(ﬂ) = % — ﬁ f(;y /2 i;gdu

[62], and eq. (C-1b) into (3.4). Using the definition of the gamma function [62, 8.310], the integral,

fooo v le#dy = u=vT (v), p,v > 0, [62, 3.381.4], and the definition of the hypergeometric

function (A-8b), we obtain the average BER over a generalized Rayleigh fading [63],

_ 113 5
P = — 4,52 — . 3.17
C(Wb) 2 + 2,2723 "}’bO’) ( )

As an example, consider the average BER for the 2-QAM and 16-QAM modulations over a
generalized Ricean fading channel. The exact BER can be computed assuming the conditional BER

(3.9a) and using (3.16). Note that the infinite summation in (3.16) converges quickly (say, k <= 40)
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Figure 3.7: The relative approximation error of the Prony approximation for 2-QAM and 16-QAM
modulations over a generalized Ricean fading channel.

due to the factorial term in the denominator. The average BER is also obtained assuming the Prony
approximation (3.11) of the conditional BER’s for QAM modulations, and substituting the MGF of
the non-central chi-square variable (C-4b) into (3.12). The exact average BER is used as a reference
to evaluate the accuracy of the Prony approximation. In particular, the relative approximation error,
ep(s), versus the SNR, 7, for the Ricean factor, Kg = —3dB and 3dB, and n = 2 and 4 degrees
of freedom is shown in Fig. 3.7. Importantly, we observe from Fig. 3.7 that the approximation error
is finite for all values of SNR considered. Note also that the Prony approximation method is strictly
a lower bound (i.e., ep(ys) < 0, Vo), for n = 2, and strictly an upper bound (i.e., ep(7) > 0, V),
for n = 4, of the exact average BER.

As another example, we employ the polynomial approximation to evaluate the average BER for

the 2-QAM and 16-QAM modulations over a generalized Ricean fading channél with the parame-
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Figure 3.8: The relative approximation error of the polynomial approximations of 2-QAM and 16-
QAM modulations over a generalized Ricean fading channel, for Kg = —3dB, and, n = 2.

ters, Krp = —3dB, and, n = 2. We assume the approximation interval, —5dB < v, < 20dB, and
N = 15 and 30 approximation sub-intervals. The relative approximation error, é,(7ys), versus the
SNR, ~s, is shown in Fig. 3.8. We observe from Fig. 3.8 that the approximation error is smaller for
16-QAM than for 2-QAM, as expected; cf. Fig. 3.6. Furthermore, the smallest approximation error
occurs for the case of linear approximation (i.e., p = 1) and N = 30 approximation sub-intervals.
Finally, we use the GCQ rule [46] obtained in Appendix B to evaluate the average probability of
error for the scenarios in Fig. 3.7 and Fig. 3.8. The relative approximation error, é,(-y,), versus the
SNR, s, is shown in Fig. 3.9. The results in Fig. 3.9 have been obtained for ¢ = 0 and v = 5; see
Appendix B. Thus, provided that the region of convergence of the MGF is known, we can select the
value of ¢ and v to obtain the average probability of error for single channel reception with smaller

approximation error than the polynomial approximation method.
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Figure 3.9: The relative approximation error of the GCQ rule for ¢ = 0 and v = 5, and for 2-QAM
and 16-QAM modulations over a generalized Ricean fading channel.
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3.5.2 Multi-Channel Reception

Consider multi-channel postcombining receivers for K slowly flat fading channels. Assuming
knowledge of the fading amplitudes and phases at the receiver, the decision variable is the out-
put of MRC. When only either amplitudes or phases are known at the receiver, the decision variable
corresponds to the SC or EGC, respectively.

Assume K correlated generalized Rayleigh slow fading channels with variance, 0%, per dimen-
sion, n degrees of freedom, and MRC receiver. Let the normalized correlation coefficient between

branches, ¢, and, j, be defined as, [64]

E[gfgf] -1
Pij = .
V@l - 1) (B[] - 1)

The MGF of the combiner output SNR is, [64, eq. (29), (30)]

K n
=30 Api(l —to? ) (3.18)
k=1 i=1
where
3 1 41
A = o, — ta? A"
g a2 A (n — 1) deln—9) {2 7)) t=(02Xg) "1

and )\ are the K eigenvalues of the correlation matrix with elements, p; ;. Hence, we can invert

(3.18) to obtain the PDF of the MRC output SNR,

2(1 1) ,—g%/(e? )

K
MRC
falgh) )ZZA’” a%) . (3.19)

k=1 i=1

The average BER for QAM modulations over a generalized Rayleigh fading channel can be eval-
uated exactly using (3.19) and the expression (3.17), and approximately, using the Prony approxi-
mation (3.11) and the MGF (3.18) in (3.12). A numerical example verifying high accuracy of the
Prony approximation for the average BER evaluation for the 8-PSK modulation over generalized
Rayleigh fading channels and MRC is given in [63, Fig. 5].

For the EGC postcombining receiver, we assume that the K branches are independent. Let the
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conditional BER, P.(y) = Q (/7). Hence, we derive the Laplace transform of the Q-function,

/0 Q(gy/Te) e Wdg = % — w (3.20)

where the region of convergence, Re{t} > 0, and Re{-} denotes the real part of a complex number.
Using (3.20) and the PDF (3.1), we obtain the exact average BER for the EGC postcombining

receiver, i.e.,

B.(y) ®SO / QUov) fo(a)dg =

_ 1 Hi:l‘bgi(c_l_jw) 1 (eytx (e+iw)VE dw. (3.21
2m (c +jw)VK <2 ) Q( Vb © G20

The BER (3.21) can be evaluated using the GCQ rule, i.e.,

D (EGC) __1_ - Hfil q)gi (C(l +jTl)) _1_ . wzlw):cj (1 +jTl)C\/—R_ (1 + TIQ)
Pe(/yb) - 20 lz:; \/T(: 5 e Q \/% (1 T jTl)

and ¢ > 0. We use the Prony approximation (3.6), for ¢ = 1, to evaluate the average BER for EGC.

o &2 ¢
_ag2__tgd — \/E iz <___>
/0 e g z eda () 7

for a > 0, and, Re{t} > 0, the average BER for EGC is,

In particular, since,

_ EGO) [P~ « _z
Pe(w) = /OZAJ'G 39 fo(g)dg

- p i @ ‘ (c_E;gi_K (c+jw)VK w
- 4mb\§f/<H%”““>>e Q( Varn > |

Using the GCQ rule, one has that, for ¢ > 0,

A+im?K i
(EGC)l /Kﬂ H(I)gl(c(l—i_‘]n)) =, w (1+77).
Va3 S\ AL

As an example, we use the Prony approximation (3.11) for the 2-QAM and 16-QAM modulations

to obtain the relative approximation error of the average BER over K = 2 and 4 independent

generalized Ricean distributed branches having n = 2, the Ricean factor Kr = —3dB, and 3dB,
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and using EGC; assuming, v = 256, and, ¢ = 0.3, the results are shown in Fig. 3.10. We observe
from Fig. 3.10 that the approximation error, |e, ()| < 0.05, for v, > —5dB.

For SC, we use numerical integration to obtain the average BER (3.4) using the exact conditional
probability of error (3.9a) and using the Prony approximations (3.11). As an example, assume
K = 2 and 4 independent generalized Ricean distributed branches having n = 2, the Ricean factor,
Kr = —3dB, and 3dB, and SC. Fig. 3.11 shows the relative approximation error of the Prony
approximation for the average BER of the 2-QAM and 16-QAM modulations. We observe from
Fig. 3.11 that the approximation error, |e,(y,)| < 0.06, for , > —5dB.

3.6 Summary

We proposed a novel semi-analytical technique to evaluate the average probability of error for dig-
ital communication systems operating over slowly fading channels. This technique is based on the
Prony (sum of the exponentials) approximation of the conditional probability of error; thus, knowl-
edge of the MGF of the instantaneous SNR is required to obtain the average probability of error.
We also considered the Chernoff bound to obtain the Prony approximation. Many examples of the
Prony approximation of the conditional probability of error over a AWGN channel for M-ary QAM
and 8-PSK modulations were presented. We observed that the sum of only two exponentials can
approximate the conditional probability of error with a high accuracy; the relative approximation
error was less than 10% for most cases considered. The overall approximation error of the ex-
act average probability of error over fading channels was less than 6% for most cases considered.
Furthermore, we also investigated a piecewise polynomial approximation of the conditional proba-
bility of error as an alternative to the Prony approximation. Knowledge of the partial moments of
the SNR is required to obtain the average probability of error using the polynomial approximation.
Our numerical examples indicate that the polynomial approximation requires that the product of the
polynomial degree and the number of sub-intervals should be much larger than, 10. Since the pa-
rameters of the polynomial approximation must be obtained for every sub-interval, and the number
of sub-intervals can be large, the Prony approximation is, in general, significantly less complex, and
thus, is preferred to the polynomial approximation. In conclusion, the piecewise semi-numerical
evaluation of the average probability of error is more complex than the Prony approximation and
the GCQ methods. However, the piecewise polynomial approximation of the conditional probabil-

ity of error is less complex than the ordinary piecewise polynomial integration. The accuracy of the
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Figure 3.10: The relative approximation error of the Prony approximation for 2-QAM and 16-QAM
modulations, and EGC over K = 2 and K = 4 IID generalized Ricean fading channels.

piecewise semi-numerical evaluation method could be improved if the samples of the conditional

probability of error are not taken uniformly.
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Figure 3.11: The relative approximation error of the Prony approximation for 2-QAM and 16-QAM
modulations, and SC over K = 2 and K = 4 IID generalized Ricean fading channels.
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Chapter 4

Efficient Channel Modeling

In this chapter, we simplify the performance analysis of one-stage and two-stage DCS’s operating
over correlated fading channels by considering two efficient channel models. We also consider

decorrelation and orthogonalization of the branches prior to employing the diversity combining.

4.1 Background

Diversity reception is an important fading countermeasure. Realistic channel models having cor-
related branches are, in general, difficult to analyze [65], [66]. Hence, it is desirable to investigate
channel models having the well-defined branch correlations, and importantly, that allow less com-
plex performance analysis. In this chapter, we consider a linear correlations channel model where
the branch channel coefficients are linear combinations of mutually independent input random pro-
cesses. In this model, the channel coefficients are described using several parameters, and therefore,
a good fit to realistic propagation conditions can be achieved. While we specify the distribution
of the input independent processes, the distribution of the output processes corresponding to the
correlated channel coefficients does not have to be specified. This model is useful for analyzing the
performance of HS/MRC schemes. In particular, we investigate decorrelation [67] and orthogonal-
ization [68] of the diversity branches prior to employing HS/MRC. For a linear correlations channel
model, if the branches have equal variances, decorrelation transforms the problem of correlated
order statistics into a much simpler problem of independent order statistics, [53], [69]. Also, we
propose a fading amplitude channel model assuming vector norm superposition of the plane waves
envelope amplitudes. This channel model is shown to be useful for analysis of MRC and EGC

schemes over correlated fading channels. Furthermore, assuming knowledge of the MGF of the
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HS/MRC diversity output SNR, the Prony approximation method [70] can be used to significantly
simplify the analysis of HS/MRC diversity schemes, and importantly, to analyze the performance
for cases that cannot be solved exactly.

Exact error rates for specific cases of MRC and EGC diversity were obtained in [71]. The SNR
maximization for a general case of correlated branches is considered in [72, p. 33]. A general frame-
work for analysis of SC diversity over correlated fading channels is established in [73]. Optimum
decorrelation of Gaussian branches and MRC is investigated in [67]. A virtual branch technique
for performance analysis of HS/MRC was proposed in {74]. The BER of HS/MRC for specific
branch correlation structures were evaluated, for example, in [75] and [76]. Two-stage DCS’s used
to reduce the complexity of the combining are studied in [77] and [78]. The MGF of the HS/MRC
diversity output SNR for independent branches was obtained, for example, in [79] and [80], using a
method of recursive substitutions.

This chapter is organized as follows. The system and channel models for correlated branches
are introduced in Section 4.2. Decorrelation and orthogonalization of the diversity branches prior to
combining is investigated. Performance analysis of one-stage and two-stage DCS’s is considered in
Section 4.3. Numerical examples and verification of analytical results by computer simulation are

presented in Section 4.4. The chapter is summarized in Section 4.5.

4.2 Diversity Combining In Correlated Fading

Consider transmission of uncoded modulation symbols over flat slowly fading correlated channels.
The signals are represented using equivalent complex envelopes in the baseband and using one
sample per symbol. Assuming multiple receiver antennas, the received signals are combined in one
or two stages as shown in Fig. 4.1. Thus, the Zfil L; received signals are combined in K groups
of L; antennas to obtain a decision variable at the detector input. In particular, employing EGC or
SC at the first stage requires knowledge of the channel phases and amplitudes, respectively. At the
second stage, either channel amplitudes or phases are estimated as required, so that MRC should
be used to exploit the full channel knowledge. Note that channel estimation at the second stage
can benefit from the increased SNR after the first combining stage. For one stage combining, we
consider HS/MRC diversity where L out of K received signals having the largest SNR are selected
and combined using MRC. If L = K, HS/MRC corresponds to MRC, and, if L. = 1, HS/MRC

corresponds to SC. We also consider one stage EGC diversity.
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Figure 4.1: A generic two-stage diversity combining scheme.

The K baseband received signals, y € CK | are written as,

where h € C¥ is a column vector of the channel coefficients, z € C is a transmitted data symbol,
and w € C¥ is a column vector of zero-mean mutually uncorrelated additive noises. Let the i-

th channel coefficient be, h; = g; el% where g; is the channel fading amplitude, 6; is the channel

fading phase, and i = 1,2, .- - , K. The additive noises, w, have the covariance matrix, E [WWH ] =
021k, where o2, is the variance, () is the vector transpose conjugate, and Ik is the K x K
identity matrix. The channel coefficients and the additive noises are mutually uncorrelated, i.e.,
E[w(h — E[h))#] = E[whf] = 0( k), where Oy is the K x K all-zero matrix. If the transmitted
symbol, z, is complex-valued, then the variance, afu = Np, otherwise, if z € R, then 0120 = Np/2,
where Ny denotes the one-sided noise power spectral density. The transmitted symbols, x, are
normalized, so that the average energy per symbol, £y = E [lac|2] = 1. For the i-th received signal
in (4.1), we define the (instantaneous) SNR as, v; = gf%, where v, = E}/Np is the SNR per
transmitted bit, and E = E;/logy M, for M-ary modulation symbols, . Assuming coherent

combining, the received signals (4.1) can be equivalently written as,
y=lhlz+w=gz+w 4.2)

where |h| = (|h1],--+,|hx])T, and g = |h| = (g1, ,gk)T are the column vectors of the

channel fading amplitudes, |-| is the absolute value of a complex number, (-)7 is the vector transpose,
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z € C,w e CX Elwwf] = 621 k), and E[w(g — Elg))"!] = E[wg] = 0(x). Furthermore,

we assume perfect channel estimation at the receiver.

4.2.1 HS/MRC Diversity Combining

Consider the received signals (4.1). Note that for symbol-by-symbol detection at the receiver to be
optimal requires that the additive noises are white (i.e., uncorrelated from symbol to symbol). The
diversity branches are ordered according to their instantaneous SNR’s, y; = gffyb, i=1,2,--- K.
The L branches, 1 < L < K, having the largest instantaneous SNR’s are combined using MRC.
Note that knowledge of all K channel amplitudes, g;, is required to select the L branches, and,
for the selected branches, knowledge of the channel phases, 6;, is required to perform coherent
combining. Note also that, in fact, ordering of branches is sufficient knowledge for the branch
selection. In the case of joint estimation of the channel amplitudes and phases, for example, using
pilot symbol assisted modulation, MRC without any branch selection can be used. Hence, using

(4.1), the decision variable at the combiner output is,
y = cHAgy = cHAghx + cHAgw

where ¢ = (c1,c¢9,- - ,cK)T € CK is a vector of linear combining weights. The elements of
diagonal matrix, Ag € {0, 11K are equal to 1 if the corresponding branch is selected, and 0,
otherwise. The subscript, g, indicates that A is a function of the fading amplitudes, g; thus, Ay
will be referred to as the selection matrix. Note that, Ag = Ag, and, AgAg = Ag. The combiner
weights, ¢, are computed in order to maximize the combiner output instantaneous SNR subject to

(s.t.) combining exactly L branches, i.e.,

cHAghhHAC
MaX(cH Ag)eCt HcFA wwH Agc]

st.rank Ag = L.

(4.3)

Using the Schwartz inequality [40], one can show that (4.3) is maximized if ¢ = g, for any value
of L. Then, for ¢ = g, the selection matrix, Ag, maximizing (4.3) corresponds to the L branches

having the largest fading amplitudes, g;. Correspondingly, the signal at the output of HS/MRC is,

y ERO KA o+ nf Agw, (4.4)
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Assume that the channel coefficients, h;, are correlated having the covariance matrix, Cy, =
E[hhf] - E[h] E[h]H. The selected channel coefficients, Agh, correspond to the order statis-
tics of h, and have the covariance matrix, Ca,p = E[AghhfA,] — E[A h|E[A h]". In-
tuitively, the selected branches can be decorrelated before employing MRC [67]. Hence, denote
the singular value decomposition (SVD) of the covariance matrix, Ca,n = E[AghhH Ag] —
E[Agh] E[Agh]H ,as, Ca_h = UAVE where U and V are unitary matrices and A is a diagonal
matrix of eigenvalues. We can show that, for regular processes, h, the matrix, Ca_n, is Hermi-
tian and positive semi-definite, i.e., U = V, and the eigenvalues are real and non-negative [81].
Furthermore, assume that w are mutually uncorrelated zero-mean AWGN’s of equal variances. We
can use the matrix, U, to decorrelate the selected branches as follows. Denote a complementary
diagonal matrix, Ag, such that, Ag + A, = Ik, i.e., the matrix, A, corresponds to the (K — L)
branches having the smailest fading amplitudes, g;. Let w’ be a complex-valued random vector of
mutually uncorrelated zero-mean AWGN’s having the variances, o2, The AWGN’s, w, and, w’,
are uncorrelated, i.e., E[w wh ] = 0(x). Then, the auxiliary signals, y = Agy + Agw’ , are
decorrelated using the matrix, UH je, Uy = UHAgh T+ W= hz + w, where the AWGN’’s,

v = UH(Agw + Agw'), have zero-mean, and the covariance matrix, E[Www] = E[wwl].
Hence, the decorrelated channel coefficients, h=U# Agh, have the covariance matrix, Cp = A.
It is straightforward to show that, after decorrelation, the HS/MRC output is, § = hHUHy =
h# Ay’ = h# Ay, since AgA, = 0. Thus, decorrelating the selected branches does not change
the HS/MRC output statistics, for any distribution of h that is uncorrelated with the AWGN’s. Note
that decorrelating the auxiliary signals, y’, rather than the received signals, y, is necessary, in order
that, after decorrelation, the additive noises remain white.

In general, although the channel coefficients, h, can be decorrelated, they will not become inde-
pendent, and thus, their order statistics are difficult to obtain. In order to facilitate the performance
analysis of the HS/MRC schemes, we have to transform the case of correlated order statistics into
the case of independent order statistics. Hence, assume that the channel coefficients can be written
as,

h=+vP,U,z+h 4.5)

where z € C™ is a column vector of mutually independent (i.e., uncorrelated) zero-mean RV’s,

zj, j = 1,---,n, and E[zz!!] = %, is a diagonal matrix of the variances, 02”

U, € CKX" js semi-unitary, i.e., UfUz = I(n), and /Py, = diag «/Phl, «/PhK is a

The matrix,
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diagonal matrix of the branch powers, P, i = 1,--- , K, and h = E[h]. Then, the covariance
matrix of h is, Cp, = v/PCy+/Pp, where C, = U, 3, U Provided that the vector, z, is jointly
Gaussian, the channel coefficients, h, are jointly Gaussian. Also, if ¥, = aEI(n) and U, is unitary,
then Cy, = a{ﬁPh, i.e., the channel coefficients, h, are uncorrelated, but not independent. Note
that, for any row and column, u, of the unitary matrix, U € CH*K | the vector norm, |jul|, =

Viur2+ -+ lugl? = 1, and, |(1,--- ,1)U]|, = H(l, ,1)UH“2 = /K. Correspondingly,

provided that the branch powers are equal, i.e., P, = P, Vi = 1,--- , K, we can decorrelate the
channel coefficients (4.5) using the matrix, U#H. Hence, the channel coefficients, h = Ufh =
V/Pz+ UHh, are independent and have the covariance matrix, Cy = P>,

Furthermore, provided that the fading is fast and cannot be estimated at the receiver, and to
avoid frequent antenna switching, it is useful to investigate a linear DCS having time-invariant
(i.e., fixed) combining weights. Hence, using (4.1), the decision variable at the combiner output is,
y = c’hz + cHw. The combining weights, ¢, are computed in order to maximize the average
SNR at the combiner output, i.e.,

E [CH hh# c] 1 c

Rh—‘———— 4.6)

max
|C||2

ceck Blefwwlc] ~ ceck o2 [l
where the correlation matrix, Ry, = E [hhH |. We have the following lemma.

Lemma 4.1 The time-invariant linear combining weights maximizing the output combiner average
SNR are the components of the eigenvector corresponding to the largest eigenvalue of the channel

amplitudes correlation matrix,

Proof: Optimization of (4.6) is achieved using the SVD, Ry, = UAU# . Since U is unitary,
the row vector, ¢/ = Tﬁj—‘zU, lies on the sphere of unit radius. Hence, maximization of (4.6) is

equivalent to, maX e ek |jer |, =1 dAH, Using the method of Lagrange multipliers, we can show

that the maximum occurs for the components, |c}.| = 1, and, |¢}| = 0, ¢ # *, where ¢* is the index
. H . .
of the largest eigenvalue of Ry,. Thus, T[Cc_”‘ = ¢/U¥ | and the optimum weights are a column vector
2

of the matrix, U, (i.e., the eigenvector) corresponding to the largest eigenvector. [ |

Hence, the branches are orthogonalized (decorrelated, if the channel coefficients have zero mean),
and the one having the largest average SNR is selected. Importantly, Lemma 4.1 can be extended
to consider the L eigenvectors corresponding to the L largest eigenvalues. The L orthogonalized
branches are then combined using MRC. Such a DCS has been proposed in [68, Lemma 1] and

is referred to as principal components combining (PCC). Howeyver, note that, while the derivation
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in [68] assumes a semi-unitary preprocessing matrix, the proof of Lemma 4.1 in this chapter does
not require any such assumption.

In general, let Z be a unitary matrix, and w be a vector of mutually uncorrelated zero-mean
AWGN’s having equal variances. Then, for any vector, h, we have that, ||Zh||3 = (Zh)¥ (Zh) =

hi’h = ||h

%, and Zw is a vector of mutually uncorrelated zero-mean AWGN’s having the covari-

ance matrix, E[(Zw)(Zw)f]| = E[ww¥#]. Hence, for L = K, the MRC outputs for the received
signals, y = hz + w, and, ¥ = yAL y, are identical. Provided that Z = UH  where the SVD,
Cn = UAU¥ | the signals, §, are uncorrelated. Furthermore, if the signals, y, are jointly Gaussian,
i.e., the vectors, h, and, w, are jointly Gaussian and mutually uncorrelated (thus, independent), the
signals, y, are independent [67]. However, in general, if L. < K, the selected branches are not
Gaussian. On the other hand, it is well-known that the branch correlations decrease the available
diversity order [66]. Hence, one can expect that decorrelation and orthogonalization of the diversity
branches prior to branch selection and combining (i.e., prior to HS/MRC) can be used to restore
some of the diversity lost due to the correlations between branches. Hence, we have the following
four HS/MRC DCS’s for correlated diversity branches. In traditional HS/MRC, the L branches

having the largest SNR are selected and combined using MRC, i.e., the combiner output signal is,

y;HS/MRC) _ (hHAg)Agy

@.7
= h¥A;hz+hfA,w.

Using the SVD, Cp, = UAU# | the received signals can be decorrelated, and then combined using

HS/MRUC. In this case, the combiner output signal is,

yg MY = (WHUAG) AUy

(4.8)
= bHUA,Uhz + hHUA UHw.

Motivated by Lemma 4.1, the received signals can also be orthogonalized, and then combined using

HS/MRC. Thus, the combiner output signal is,

y:(’)HS/MRC) = (hHUAg)AgUHy

(4.9)
hUA,U¥hz + hTUA, U w

I

where the orthogonalization matrix, U, cormresponds to the SVD, Ry, = UAUY = C, +

E[h] E[hH ] Finally, the received signals can be combined using PCC. Thus, the received sig-
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nals are orthogonalized and combined using HS/MRC having the time-invariant selection matrix,

Ag = A, of L non-zero diagonal elements. The corresponding combiner output signal is,

HS/MRC
yg M = vy

4.10)
= h¥Vhz+h#Vw

where the time-invariant matrix, V. = UAU¥ . We can show that the matrix, V, is Hermitian and
positive semi-definite, and VV = V. Finally, note that, if L = K (i.e., no branch selection is
employed), then, for any realization of the vectors, h, and, w, the combiner output signals (4.7)-

(4.10) are identical.

4.2.2 MRC and EGC Diversity Combining

In order to facilitate the performance analysis of MRC and EGC DCS’s over correlated fading
channels, we adopt a fading amplitude model based on the plane waves vector norm superposition.
We assume that there are n plane waves arriving at the receiver antennas; see Fig. 4.2. Denote by G
the instantaneous envelope amplitude of the j-th plane wave, G; > 0,and j = 1,2,--- ,n. Recall
the vector norm (A-10), and let the channel fading coefficient corresponding to the i-th receiver
antenna be,

hi = llgill, €% = g% 4.11)

where g; is the channel fading amplitude, and 6; is the channel fading phase. For example, provided
that the envelope amplitudes, G4, are independent and one-sided Gaussian distributed, i.e., having
the PDF, fg,(G;) = %’ where o2 is the variance and my is the mean value of the
underlying Gaussian distribution, then the channel fading amplitudes, g;, are generalized Ricean
distributed.

Similarly to (4.5), in eq. (4.11), we assume that the vector, g; = (di1G1,diaGe, -+ ,dinGn),
where the coefficients, d;; > 0, are related to the angles-of-arrival of impinging plane waves, and

thus, they influence correlations between the branch fading amplitudes, g;. In this chapter, we

consider the plane waves vector norm amplitude and squared-amplitude (i.e., power) superpositions

corresponding to @ = 1 and o = 2, respectively. Thus, fori = 1,2,--- , K, we have that,
(a=1)
g = duGi+dpGe+ - +dinGp (4.122)
=2
g “ZP 262+ dRGi 4+ +ddG2 (4.12b)
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Figure 4.2: Amplitudes, G;, and phases, ¢;, of n plane waves arriving at the K receiver antennas.

where we assume that the plane waves envelope amplitudes, G, are mutually independent. Denote
the matrix, D, having the rows, d; = (d;1,- -, dsn), the matrix, D?, having the rows, d? =
(d2,--- ,d2,), and the column vectors, G = (G1,--- ,G,)T, and, G? = (G%,--- ,G2)T. Then,
g = DG, and, g = D?G?2, and the correlation coefficients of the fading amplitudes and squared
amplitudes, respectively, are, py(i,i) = El[gigs] — Elgi|Elgs] = di Ced?, and, py2(i,i') =
E[gfgzz,] — E[gﬂ E[g?,] = d?T Ceae d?,T. Since the envelope amplitudes, G, are assumed to be
independent (thus, uncorrelated), the covariance matrices, Cg of G, and, C2 of G2, are diagonal.

Hence, the covariance matrices of the channel amplitudes and squared amplitudes, respectively, are,

Cg “BY Elge’] - Elg) Elg” = DCeDT
4.12b ,
Cge2 @120 E{gQgQT} - E[gz] E[gQ]T =DCgD?.

If the envelope amplitudes, G, are generalized Ricean distributed [21] having uncorrelated
underlying Gaussian distributed components, then, the envelope amplitudes, G/, are independent.
Then, for d?J = d?, i=1,---,K,and j = 1,--- ,n, the squared fading amplitudes, gf, are non-
central chi-square distributed having the Rice factor, Kr = s2/(no?), where the non-centrality

n

parameter, s> = )7, m>. The correlation coefficient, pg2(i,#') = pd

252 121, (2-1-125)], and the covariance matrix, Cgz = E{g2g2 ] — E[gﬂ E[gﬂ} = ud2d2T,

2d2

[t

where p = 2no +

where the column vector, d? = (d3,-- ,d%{)T. In general, assuming that g is generalized Ricean
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distributed, and thus, g> is non-central chi-square distributed, the expressions for the PDF, f,(g),
and, fgz(g ), the CDF, Fy(g), and, F, z(g ), the MGF, ®,(t) = E[egt] and, &2 (t) = E[eg }
where a dummy variable, t = ¢ 4+ jw, and ¢,w € R, and the upper incomplete MGF, ¢4(t,u) =
[ €9 f4(g)dg, and, B2 (t, u) = I eg2tfg2 (g%)dg?, are summarized in Appendix C.

To illustrate further, consider the fading model (4.12a), and assume that the number of impinging
plane waves, n, is equal to the number of receiver antennas, K, and that the matrix, D, is invertible.

Then, the joint PDF of the channel amplitudes, g, is, [53]

fe(g) = |det(D™)| fa (D 'g) (4.13)

where fq(G) is the joint PDF of the envelope amplitudes, G, the operator, det(-), denotes the
matrix determinant, and (-)~! is the matrix inverse.

Finally, recall that the EGC output fading amplitude, g = -\71—17 Zfil g, [16]. Assuming the
fading model (4.12a), we have that, g = dG = Y7, d;G;, where d = (dy,- - ,dn), and the

components, d \/- ZP 3. Similarly, the MRC squared output fading amplitude is, g*

Zi:l g?. Assuming the fading model (4.12b), we have that, > = d2G? = 23 1d?G2 where
d? = (d?,---,d2), and the components, d? = SE dZ;. Correspondingly, the combiners output
signals are written as,
n ~
yBECO) = d;iGj | z+w (4.14)
j=1
y(MRC) T +w (4.15)

where Jj > 0, and the envelope amplitudes, G, are mutually independent. Hence, using channel
models (4.12a) and (4.12b) for MRC and EGC schemes, we convert the branch correlations into a
sum of unbalanced and independent RV’s. This, in turn, greatly simplifies the performance analysis

of MRC and EGC schemes over correlated fading branches.

4.2.3 MGF of Sum of Order Statistics

The analysis in the sequel requires the MGF of a sum of the L largest out of X RV’s. In general,
denote the ordered RV’s, z;, as, T = Ty = 2 BK)- Define the vector of the RV’s, x =

(x1,29, -+ ,zK), and denote by x; the i-th component of the vector, x. Let I1x 1,(x) denote all
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possible permutations of the RV’s, z;, divided into three subsets of (L—1), 1, and (X — L) unordered
RV’s. Thus, the cardinality, Iy ;(x)| = TE—_U%'('—K:LT In order to simplify the indices, we
assume that, for Vx € Ik 1(x), the RV’s,x; > xy,4=1,--- , [ — 1, are unordered, and the RV’s,
xi <xr,t=L+1,---, K, are also unordered. Then, the PDF of the (L)-th order statistic, z(r,),

can be written as [53],

L—1 K
ey @)= S i, () (H(I—in(u))> (_H in(u)>. (4.16)

HK,L(X) i=1 =L+1

Correspondingly, using the result in [79] and [80], we have that the MGF of an auxiliary RV, z =
Z;?__’:OL -1 (3, can be computed as,
> s 1 () oo s ()%
% (T et w)) (T p B ())
forig=1,and, 1 < L < K
O(t) = | [0 e fugy, (w)du 4.17)

for1l <ig < K,and, L =1
K
[Tiz1 e, (2)

forig =1, and, L = K.

\

Furthermore, if the branches are IID, then the MGF expression (4.17) can be simplified giving [79],
(801,

K! o0 L
(I)z(t) = m/—oo fx1+L(u)(bxi(t,u)Lin(u)K L 1du

forig =1,and, 1 < L < K.

4.3 Performance Analysis

We evaluate the average BER for one-stage and two-stage DCS’s operating over correlated fading

branches. We assume that the additive noises are zero-mean, white and Gaussian and have equal

variances. Thus, denote the decision variable as, y = g =z + w, where g is the channel fading am-
plitude at the combiner output, w is a zero-mean additive noise, and the SNR, v = g%v,. Assuming
knowledge of the MGF of the squared fading amplitude, g2, the average BER is efficiently evaluated
using the Prony approximation method [70]. Let P.(7) be the conditional BER corresponding to
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the uncoded transmission over an AWGN channel (i.e., for g = 1). Denote the Prony approxima-
tion of Pe(7) as, Pe(y) = D1, A; =37 where the coefficients, A;,d; > 0 Vi, are modulation
and bits-to-symbol mapping dependent. If the MGF, ® ,2(t), of g is known, the average BER is
evaluated as [70],

oo

P(g*n) f2(g%)dg?

vl
JANY
g

I

o\

%

AMQ —

ZA o tig? Y foa(g 2dg

A 2 (—aiy). (4.182)

I

1

2

On the other hand, if the MGF, ®,(t), of g is known, then the MGF, @QQ (t), of g? can be obtained

using a single integration as shown in Appendix D. In this case, the average BER is evaluated as,

Pe(w) = /0 P.(g*w) f4(g)dg

oo 9

/ Z Ze—azg%f )g
q A c+Joo

-2

Q

B, (2/amt) eQ (\/§t> dt. (4.18b)

c—joo

The integral in (4.18b) can be evaluated using, for example, the GCQ rule as detailed in Appendix

B. We assume the following branch correlation models, i.e.,

p(i,i) = rp% (4.19a)
pli,i) = (4.19b)

where the Kronecker delta, d;; = 1, if ¢ = j, and 0, otherwise, and 0 < rg < 1. The model (4.19a)
corresponds to equi-correlated branches. For rg = e™"!, where 1 > 0 is the normalized antenna
separation, the model (4.19b) corresponds to exponentially correlated branches.

In general, using the law of total probability and the method of Lagrange multipliers, we can

show that the average BER can be upper bounded as,

ZPr P.(1]A) < maxP (m|A)
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where the probability of selecting the branches, A, can be computed as, Pr(A) = Pr(ay,--- ,ar) =
ZiL:1 Pr(a;|a;i—1,--- ,a1),and a;, © = 1,--- , L, are the indices of the selected branches. Hence,
the average BER is dominated by selection of the worst L branch channels combination. Note that,
if the branches are identically distributed and equi-correlated, i.e., the normalized covariance ma-
trix, Cp, has the elements given by eq. (4.19a), then, the probability, Pr(A) = y(—II((T—L—X Such
a case is referred to as exchangeable branches in [75], and the average BER is then independent
of the particular branch selection, A, i.c., P(v,) = P.(v|A). Furthermore, if the branches are

exchangeable, then the sum over all combinations, ITx ,(x), in (4.17) is eliminated.

4.3.1 HS/MRC Diversity Combining

Recall that we have four HS/MRC output signals (4.7)—(4.10). Although, in some cases, the average
BER of HS/MRC can be evaluated exactly (see, e.g., [75]), the Prony approximation method [70]
can be used to significantly simplify the analysis in these cases, as well as to treat cases that cannot
be solved exactly. In particular, for the case of independent branches, the HS/MRC output signal is
given by eq. (4.7), and we can use the MGF (4.17) and the Prony approximation method (4.18a). If
the channel coefficients, h, are Gaussian, or, if the channel coefficients (4.5) have equal variances,
then, for an arbitrary covariance matrix, Cy, the decorrelated branches become independent. In
this case, the average BER can be evaluated using the MGF (4.17) and the Prony approximation
method (4.18a). Hence, consider the HS/MRC output signal (4.8), and let the decorrelated received
signals be written as, ¥ = UuH y = hz + W, where the SVD, Ch = UAUZ. The decorrelated
channel coefficients, h = U h, where E [fl} = UHE[h], have a diagonal covariance matrix, i.e.,
C, = E[ﬁle ] - E[ﬁ] E[EH ] = A, and the additive noises, W = UHw. Thus, decorrelation
translates the branch correlations into unbalanced branch powers [67]. For example, assume that
the normalized covariance matrix, Cy, is equi-correlated, i.e., its elements are given by eq. (4.19a).
The eigenvalues of an equi-correlated matrix can be obtained by solving the matrix characteristic
function [81]; then, the eigenvalues, A\ = 1 +rg(K — 1),and \; = 1 —rg,for¢ =2,--- | K, are
equal if and only if the branches are uncorrelated, i.e., rg = 0. For PCC and the HS/MRC output
signal (4.10), it is straightforward to show that the SNR at the combiner output is, ¥ = h¥ Vh ;.
If the channel coefficients, h, are Gaussian and have an arbitrary covariance matrix, Cy, then the

MGF of g% = h Vh is [82, eq. (15)],

oHBA]V(I-tCLV)~'Hh]

®2(t) = Elexp (h¥ Vht)] = et 1 GV

g
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and the average BER can be evaluated using the Prony approximation method (4.18a).

Finally, consider the fading model (4.5) for P}, = I, i.e., the channel coefficients, h = U,z +h,
and the components of z are assumed to be independent. Then, the decorrelated received sig-
nals, § = Uy = (z+ U¥h)z + U¥w = hz + W, are independent provided that w are
AWGN’s. Hence, for the fading model (4.5) and any PDF, f,(z) = []I_, f..(2), of the vector,
z = (21, - ,2n)7, the average BER of HS/MRC that decorrelates the branches prior to selection

and MRC can be evaluated using the MGF (4.17) and the Prony approximation method (4.18a).

4.3.2 MRC, EGC and SC Diversity Combining

We evaluate the average BER of MRC, EGC and SC diversity schemes assuming the fading ampli-
tude channel models (4.12a) and (4.12b). In particular, for MRC, the decision variable is given by
eq. (4.15),ie,9° =35 d?G?, and the MGF of g% is, ®2(t) = [T 2 (d?t). The average
BER of MRC is then computed using the Prony approximation (4.18a).

For EGC, the decision variable is given by eq. (4.14), i.e., g = Z?Zl d~j G;. Thus, the MGF of
gis, &4(t) = [}, ®a, (dj t), where dg, (t) is the MGF of G, and d; > 0. The average BER of
EGC is then computed using the Prony approximation method (4.18b).

For SC, the decision variable, y = (max;—; ... k ¢;) ¢ + w. Assume that K = n, D2 is invert-
ible, and denote z = max;—1,... K giz. The MGF of z can be obtained for the case of exponentially

distributed squared envelope amplitudes, G?, i.e., the envelope amplitudes, &, are Rayleigh dis-

tributed [69]. Hence, the PDF of G2 is, fiz(G2) = gty e™%/*7, where B|G2] = 20%. Using

20
7
2\ 1 K 1 —g2%d /202 _~K p 2
(4.13), one has that, fy2(g*) = EERR] szl 57 e~ 9345/205 , where d;. = i d[_l]ij, and d[_l]ij
are the elements of the inverse matrix, (D?)~!. The CDF of z is, F,(z) = Fp(z,--- ,z), and

taking the derivative, the PDF of z becomes, [53]

Y
o~

.z d

d 1 Koo K- e—gff:z
f2(2) = d—ZFz(z) = et D7) ; 0]2 }:[1 i

i#]

For a specific value of K, we can obtain a closed-form expression for the MGF, ®,(¢t) = E [ e”].

For example, let K = n = 2. Then, the MGF of 2 = max(g?, g3) is,

1 1 o2 o2
®.(t) = =5 3 72 22 2 2 ( 21 + 22 />
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where d} = d[2~1]1j + d[2_1]2j, dfj are the elements of the matrix, D?, and j = 1, 2. Realizing that

g® = z, the average BER of SC is computed using the Prony approximation method (4.18a).

4.3.3 Two-Stage EGC-MRC and SC-MRC Diversity Combining

We evaluate the average BER for two-stage EGC-MRC and SC-MRC DCS’s. The two-stage DCS’s
can sometimes be used to reduce the complexity of the combining schemes for a large number
of diversity branches. The received signals, y;; = h;; x + wjj, are divided into K groups of

L; signals per group where ¢ = 1,--- K, and j = 1,---, L;; see Fig. 4.1. Denote by g; the

channel fading amplitudes after the first combining stage, so that, g; = —\/lz—: Z]LZ 1 9i5, for EGC,
and, g; = max;- ... 1, gi;j, for SC. Since after the first combining stage, the channel amplitudes,
gi, are known, the K signals, y; = g; © + w;, are combined using MRC, and the decision variable
is written as, y = (1/ K | 92) = + w.

Assume that there are n plane waves arriving at the receiver antennas. We can show that the

EGC-MRC combiner output can be written as, y = (\/ GT(Y"K dTd,)G) z + w, where d; =

(dig, - ,Jm), and the output channel amplitude of the i-th EGC combiner is, g; = ?:1 JijG e
On the other hand, assuming that the groups of antennas are sufficiently separated, then the channels
are correlated within the groups of antennas and independent between the groups. In this case, the
MGF of the MRC output squared channel amplitude, g2, is, D2 (t) = Hfi . ® o (t), where the
MGF’s, @ j2(t), for EGC and SC diversity combining were obtained in the previous subsections.

Again, the average BER is computed using the Prony approximation method (4.18a).

4.4 Numerical Examples

Without loss of generality, we assume BPSK modulation having the conditional BER, P.(y) =
Q(\/ﬂ) ~ 0.204e 1504 1 0,105 719247, For higher order modulations, the conditional BER
can be also expressed with a high accuracy using a sum of only two exponentials [70].

Consider the four HS/MRC schemes corresponding to the output signals (4.7)-(4.10). The
branches can be decorrelated (DEC) or orthogonalized (ORT) prior to the SNR selection (SEL)
or fixed (pre-determined) selection (FSEL), and the selected branches then combined using MRC.
We assume the channel model (4.5), i.e., h = PLU,z + h, and let z be a Gaussian random
vector. Then, the branch average SNR is, E[y] = E[g?] v, where E[g?] = Py, (3751 Asy) +

h2. The normalized covariance matrix of the vector, Uz, is, C, = U,Z, UL, where &, =
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diag(A.,,- -+, Az,), and the eigenvalues, A;, correspond to the variances of the components of
the vector, z. We also assume that K = n, and that the branches are equi-correlated; see (4.19a).
Note also that, 3°%_; A,; = K, and the channel powers are normalized, so that SK P, =1,
The average BER’s of four HS/MRC schemes (4.7)—(4.10) are compared in Fig. 4.3-Fig. 4.7. We
assume K = 8 receiver antennas, L = 1 and 4 selected branches, the Rice factor, Kg = —3dB and
+3dB, the correlation coefficient in (4.19a), ro = 0.1 and 0.6, and the branch powers are either

uniformly distributed, i.e., Py, = 1/K, or unbalanced, e.g., let Py /Py, , = 2. The average BER

i+1
for MRC in Fig. 4.3-Fig. 4.7 is shown as a reference. Although, in some cases, the average BER
can be computed analytically, we use computer simulations to obtain the performance of HS/MRC
schemes; thus, the same received signal is processed by all four HS/MRC schemes. We have the
following observations from Fig. 4.3-Fig. 4.7. For a given value of the average BER, the SNR
differences decrease with the number of selected branches, L. For . = K, we can show that the
average BER of all four HS/MRC schemes is identical. In general, orthogonalization of the branches
prior to HS/MRC outperforms decorrelation, especially for small values of L, large values of KR,
and for less correlated branches. Orthogonalization and decorrelation of the received signals always
outperform the traditional HS/MRC scheme; as shown in Fig. 4.3, the SNR improvement can be as
large as 2dB, if L = 1. Also, orthogonalization and the fixed branch selection can outperform the
traditional HS/MRC scheme, for small to medium values of SNR, larger values of Kgr, and L, = 1.

Consider the fading amplitude models (4.12a) and (4.12b), and let the plane waves envelope
amplitudes, G;, be mutually independent and generalized Ricean distributed having n; degrees-of-
freedom, non-centrality parameter, s2, and variance, 02, per degree-of-freedom. Hence, let n; = 2,
02 =1, Kp = —3dB and +3dB, and the number of plane waves, n = 2 and 1. The average BER
is evaluated analytically using (4.18a), in the case of MRC, and (4.18b), in the case of EGC; see
Fig. 4.8 and Fig. 4.9. The markers in Fig. 4.8 and Fig. 4.9 are the average BER values obtained
using computer simulations. We observe that the average BER is minimized, if the correlation
coefficients, cij are all equal; this can be shown using the method of Lagrange multipliers.

Finally, consider two-stage EGC-MRC and SC-MRC DCS’s. We assume the complex valued
Gaussian distributed branches (4.5) having equal powers. Then, the decorrelated branches become
independent, and the channel amplitudes, |h;;|, are generalized Ricean distributed where n = 2,
02 =1, K =3dB, and K = 4 and 8 receiver antennas. For EGC-MRC, the MGF is evaluated
using the GCQ rule, for ¢ = 0.1 and v = 256; see Appendix B. We use the notation, MRC K,
and EGC K, for one-stage combining schemes, and EGC-MRC L x K, for two-stage combining
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schemes. The circles in Fig. 4.10 are the simulation results corresponding to 2 x 2 and 4 x 2 EGC-
MRC diversity. The average BER’s are also compared in Fig. 4.11 for (1/L)x K SC-MRC schemes
and L/K HS/MRC schemes; the circles are the simulation results corresponding to (1/4) x 2 and
(1/2) x 4 SC-MRC diversity. As expected, HS/MRC outperforms SC-MRC, however, the SNR

difference is less than 0.5 dB for all schemes considered.

4.5 Summary

One-stage and two-stage DCS’s over correlated fading channels were studied. For a linear correla-
tion channel model, decorrelation and orthogonalization of the branches prior to employing diversity
combining was investigated. In particular, decorrelation of branches having equal variances makes
the branches independent, and, in turn, facilitates the performance analysis. For time-invariant
combining weights, orthogonalization of the branches maximizes the average SNR. Furthermore,
a fading amplitude channel model was proposed assuming vector norm superposition of the plane
waves envelope amplitudes. Such a channel model can significantly simplify the performance anal-
ysis of MRC and EGC schemes operating over correlated fading channels. Finally, the average BER
of several DCS’s was analyzed. It was found that decorrelation and orthogonalization of the corre-
lated non-zero mean Gaussian branches improves the performance of HS/MRC schemes, especially
when there is a strong line-of-sight component, and for small numbers of selected branches. This
can be explained by the fact that decorrelation and orthogonalization of the Gaussian branches prior

to employing diversity combining restores some of the diversity lost due to the branch correlations.
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Figure 4.3: The average BER of four HS/MRC diversity schemes for BPSK with unbalanced branch
powers, Kgr = +3dB, and rp = 0.1.
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Figure 4.4: The average BER of four HS/MRC diversity schemes for BPSK with unbalanced branch
powers, Kr = +3dB, and ¢ = 0.6.
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Figure 4.5: The average BER of four HS/MRC diversity schemes for BPSK with unbalanced branch
powers, Kp = —3dB, and o = 0.1.
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Figure 4.6: The average BER of four HS/MRC diversity schemes for BPSK with unbalanced branch
powers, Kg = —3dDB, and ry = 0.6.
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Figure 4.7: The average BER of four HS/MRC diversity schemes for BPSK with uniform branch
powers, Kr = —3dB, and ry = 0.1.
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Figure 4.8: The average BER of MRC diversity scheme for BPSK and Kp = —3dB (curves
‘a’)¢’)e’) and +3dB (curves 'b’d’)f7), n = 2 (curves 'a’’b’,¢’/d’) and 1 (curves e’)’f), d; €
{0.5,0.5} (curves ’a’,’b’), d; € {0.8,0.2} (curves 'c’,’d"), and d; = 1 (curves ’e’,’f’).
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Figure 4.9: The average BER of EGC diversity scheme for BPSK and Kr = —-3dB (curves

YAt P A Y
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> .

e’) and +3dB (curves 'b’,)d’ "), n
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Figure 4.10: The average BER of MRC, EGC and two-stage EGC-MRC diversity schemes with
BPSK over decorrelated Ricean branches.
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Figure 4.11: The average BER of MRC, SC-MRC and HS/MRC diversity schemes with BPSK over
decorrelated Ricean branches.
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Chapter 5

Performance Analysis of Coded
MIMO-OFDM Systems Over Arbitrary

Correlated Generalized Ricean Channels

Efficient performance evaluation techniques developed in Chapters 2—4 are used in Chapters 5-8
to either analyze more realistic system models, or to obtain novel design guidelines. In Chapter
5, coded MIMO-OFDM systems over arbitrary correlated generalized Ricean fading channels are
analyzed. The results for correlated Rayleigh fading channels can be then obtained as a special case
when the mean values of the fading processes are set to zero. In particular, we evaluate a UB of the
BER and the probability of outage, and we also derive the maximum achievable diversity gain and

coding gain.

5.1 Background

Combination of MIMO and OFDM and forward error correction coding (FEC) to extract spatial,
frequency and temporal diversity creates multi-fold trade-offs between performance and complex-
ity [83]— [88]. The MIMO-OFDM systems are well-suited for broadband fixed wireless access {89].
Furthermore, a recent approval of the IEEE 802.16 Standard [89] limits possibilities for further
amendments, and thus, performance analysis of the approved standard in various propagation envi-
ronments is now important. The IEEE 802.16 Standard employs bit-interleaved coded modulation

(BICM) [90] and transmitter diversity OFDM techniques [85]. Interestingly, no spreading is spec-
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ified in [89] in order to improve spectral efficiency and reduce multiple access interference in the
system.

Literature on space-time-frequency coded systems in correlated Rayleigh and Ricean fading
channels is plentiful. For example, references [91] and [84]- [88] apply the Chernoff bound of the
PEP, and then use the MGF to obtain design rules for maximum achievable diversity and coding
gain. The exact PEP for STBC’s in Rayleigh and Ricean fading channels was obtained in refer-
ences [82], [83] and [92]. The exact symbol-error probability of orthogonal STBC’s is derived
in [93]. However, literature on combined FEC and space-time-frequency coded MIMO-OFDM sys-
tems in correlated Ricean fading channels is scarce. For example, BICM for MIMO-OFDM system
is investigated in [94] using an expurgated union bound and assuming ideal interleaving and sym-
metry of the bit-subchannels [90], [95]. Simulation results for turbo product coded MIMO-OFDM
systems are presented in [96]. The performance of BICM for coded MIMO-OFDM systems over
independent Rayleigh fading channels is analyzed in [97] and [98].

In this chapter, we establish a framework to analyze the performance of turbo product coded
MIMO-OFDM system over arbitrary correlated generalized Ricean fading channels. We assume
correlated transmitter and receiver antennas as well as correlated multipath frequency selective
channels. We derive the MGF of the SNR at the input of the channel decoder for orthogonal space-
time coding and SNR maximizing beamforming transmitter diversity OFDM schemes. The MGF
is used to compute the probability of outage, the PEP, the BER and diversity and coding gains of
MIMO-OFDM systems. We also prove that exactly the same rank and determinant design ‘crite—
ria [91] for space-time-frequency coding as obtained for the Chernoff bound of the PEP can be also
obtained for the exact PEP.

This chapter is organized as follows. An equivalent system model in the frequency domain
for OFDM systems using orthogonal STBC’s and using transmitter beamforming to maximize the
SNR at a receiver antenna is developed in Section 5.2. Bit-interleaved and iteratively decoded turbo
product code and Gray encoded M-ary QAM are studied. In Section 5.3, the MGF is derived and the
probability of outage, the PEP, the BER and the diversity order and coding gain of MIMO-OFDM
systems are analyzed. Numerical results are presented in Section 5.4. The chapter is summarized in

Section 5.5.
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5.2 System Model

Consider a coded MIMO-OFDM system where the users in the uplink and downlink are separated
using OFDM multiple access (OFDMA) [89]. These systems typically operate in line-of-sight to
non-line-of-sight channels for fixed broadband wireless access. Thus, multipath channel models
having Ricean distributed fading envelopes best describe the propagation conditions of these broad-
band wireless systems [86]. Note that the L propagation paths are, in general, correlated [99]
violating the widely employed assumption of uncorrelated scattering [100]. Furthermore, the paths
can have different Ricean factors and Doppler spreads [101]; however, the path delays are usually
equal for all transmitter-receiver antenna pairs [86]. Lack of scatterers in the vicinity of high po-
sitioned antennas causes the signals departing from the N, transmitter antennas and arriving at the
N, receiver antennas to be correlated [86]. Note that the base station (BS) usually has more an-
tennas than the subscriber station (SS) to minimize the number of radio frequency interfaces in the
network. In general, we assume perfect time and frequency synchronization and perfect channel
estimation (knowledge of amplitudes and phases) at the receiver. The intercarrier-interference (ICI)
of OFDM systems due to Doppler spread can be neglected in low mobility (fixed access) networks,

or, for a large number of subcarriers, the ICI can be approximated as a equivalent AWGN [102].

5.2.1 Generalized Ricean Fading

Assume a discrete time complex baseband multipath channel model between the i-th transmitter
and the j-th receiver [84], [100],

L-1

hyj(0,7) = Y hyj(0,1) 67,

=0

where ¢ = 1,2,--- /N, §j = 1,2,--- | N,, the symbol o denotes the discrete time, and 7 and
0 =0 <7 < - < 71 are the discrete delay times obtained using a sampling period, 7%,
or, = 1,if 7 = 7, and 0, if 7 # 75, notation h;; is used to denote the i-th row and the j-

th column element of the matrix, h, and the complex valued matrix, h{o,7) € CNrxNt . The
magnitude of h;;(o, 1) is assumed to be generalized Ricean distributed with 2m degrees of freedom

and noncentrality parameter, sfj. Then, one has that [100, eq. (2-1-143)],

2m
‘hij(o> l)l = ZZZ‘J‘(O,U,Z)Q Vi,j,o,l
u=1 .
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where s7; = S22 Bz (0,u,1)?], and z(o,u,1) € RN*Ne, for Yo, u, 1, are real-valued jointly

Gaussian matrices independent in the dimension variable, u; see Fig. 5.1. Thus, the correla-
tions, E[z(01,u1,11)z(02,u2,12)T] = O, xn,), and, E[z(o1,u1, )T z(02, u2,l2)] = O, xnv)»
for u; # uo, where O denotes the all-zero matrix, and (-)T is the matrix transpose. Let the time

0o=0,1,--.,5,—1, and define,

RY2 RY2
2(0,u,1) = /G(T) | D20l DR gy

\/2% HRRX & RTXH
where zg(o,u,l) € RN"*Nt are zero-mean real-valued jointly Gaussian matrices having uncorre-
lated elements of equal variance, 02, E[z(o,u,1)] = Z(l) 8,1, ng{f Rléi = Rpy and erfqugf =
R are the transmitter and receiver antenna correlation matrices (assuming that they can be sep-
arated [86]), respectively, ||-|| is the Frobenius norm of the matrix, the operator, ®, denotes the
Kronecker matrix product [81], and G(I) is the power of the [-th path. Then, the correlations are

given as,

Elzi,j, (01, u1, 11)Ziy 55 (02, u2, I2)] = 6—3%?‘ G(l1)G(la)x

X Ry (i1, 31,12, j2) Ra(o1 — 02,11, la) + Ziy , Ziy jo Ouy 10ug1
where we assume that, Ry(Ao,l1,ls) = Ri(Ao, 1) Ry(Ao, l9) Ri(l1,12), and Ry(Ao, 1) is the wide-
sense stationary (WSS) time correlation function of the I-th path, and Rj(l1,l9) is the correlation
function between path [ and [, and the correlation between the transmitter and receiver antenna

pairS, (il,jl)y and’ (i27j2)’ iS’

row (Rllé?()jlrow (R%i);g:ol (Rlﬁ) i’col (erﬁ) '

7 1o
. (5.1
HRRX ® RTXH2

Ry (1,71,82,99) =

In (5.1), col(A); and row(A); denote the ¢-th column and the j-th row of the matrix, A, respectively.
The correlation functions are normalized, so that the diagonal elements of Rry and Ry are unity,
and Ry (0,1,1) = 1, for VI. The total power, P({), of the [-th path is,

N¢ N.

P(l) =>"> E[hy(0,0)°] = G)(r«os + [2())1*)

i=1 j=1

where ry = Y4 SO0 Ry(ii,5,5). Let 02 = 1/ry, then G(I) = P(1)/(1 + K,(I)) where

K.(1) = ||z()||? is the Ricean factor of the I-th path, and thus, let Z;(1) = +/K,(1)/(N:N,)
(cf. [101]).
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dim#2m| z(0,2m,0)

dim#1 | z(0,1,0)

path#0 path#(L—1)

Figure 5.1: The underlying Gaussian matrices in the time domain.

5.2.2 Equivalent System Model

It is useful to obtain an equivalent system model of MIMO-OFDM systems in the frequency domain.

Define the discrete Fourier transform of the matrices, z(o,u, ), as,

L
—“--L,.,
Zij(o,u,n) =Y z(o,u,l)e I g M

|
-

N
Il
=)

where Ny is the number of subcarriers, 72(n) is the mapping from the logical channel, n, to the
subcarrier, nn, where n = 0,1,--- , N, — 1, and usually, N,, < Ng. Then, the subcarrier spacing,
Af =1/(TsNg). The elements, Z;; (0, u,n), are complex-valued non-zero mean jointly Gaussian
random variables having even symmetry in the magnitude and odd symmetry in the phase in the

frequency variable, n. The magnitude of the channel in the frequency domain, i.e.,

H;(0,n)| = \‘Z |Z(0,u,n)|2 (5.2)
u=1

is exactly generalized Ricean distributed. Note that we do not specify the phase of the complex chan-

nel coefficients, H;;(0,n). The frequency correlation function of Z;;(o1, u,n1) and Z;;(02,u, ny)
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can be written as,
Bz (Mo, n1,na) = Y 2o Sz /G 1) Gla) x

xRy(Do, 1y, l2) e_jfa—;(ﬁ(”l)nl—ﬁ(m)%) (5.3)

where Ao = 01 — 0g. The power correlation function in the frequency domain can be obtained

using the result derived in Appendix E, i.e.,

PHiyizj1j2 (01 = 0g,n1,n9) =
= B{|[Hj,j, (01,71)?[Hiyj, (02, n2)|?] = 4m| My |2 (5.4)
+4V1VF Myy + (2m 0‘2/1 + V113 (2m 03/2 + V2%

where

Vi = E[Z; (o1,u1,m)] = Zi, 5, (n1)0u,1
oty = E[|Zij(01,u1,m1)%] = [B[Zij, (01, u1,m1)] |2
= 3=Ry(ix, 41,51, 51)cBz(0,n1,m1) 5.5)
My = E[Z;; (01,u1,n1) 24y, (02, u2,n2)*]
—E[Z;,;,(01,u1,n1)] E[Z4y4, (02, u2, n2)*]
= Guyus s R (41,82, 41, J2) Bz (01 — 02,111, 12)

and (-)* denotes the complex conjugate.

5.2.3 Diversity Techniques

We consider two transmit diversity techniques for MIMO-OFDM system depicted in Fig. 5.2, [85],
[89]. In particular, System I assumes orthogonal STBC, so that the space-time codeword, X, has the
property, XX = || X||?1, where (-)¥ denotes the matrix transpose conjugate, and I is the identity
matrix. Thus, the channel coefficient of System I at time, o, and subcarrier, n, after space-time

combining at the receiver, is written as,

Nt Np

H'(o,n) = | Y |Hij(o,n)]2. (5.6)

i=1 j=1

System II assumes perfect knowledge of the channel phases at the transmitter and one receiver
antenna. Then, transmitter beamforming is used to maximize the SNR at the receiver antenna

(equivalently, one can assume one transmitter antenna and equal gain combining at the receiver).
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Figure 5.2: Bit-interleaved coded modulation system with (a) space-time coding, (b) beamforming,
and (c) the subcarrier combining and iterative decoding at the receiver.

For N, = 1, the channel coefficient of System II at time, o, and subcarrier, 7, is written as,

Ny
HY(0,n) = Z [H;1(0,n)|. (5.7)
i=1

In general, the distribution or the MGF of the sum of correlated generalized Ricean distributed
variables is not known. Therefore and importantly, in order to simplify the analysis of System II,

we rewrite (5.7) as,

Ny Ny

HH(Ovn)Z = HI(O,TL)2 + Z Z \/E'Iill(o?n)’Q'Hizl(oan)P

igFiy
= HY0o,n)%+n(o,n). (5.8)

Recall the Jensen inequality, i.e., for any random variable, Z > 0, inequality, E [\/7 ] < VE[Z],
holds. Assuming small Doppler spread in low mobility scenarios, we approximate the sum in (5.8)

by an upper-bound of its mean-value, i.e.,

Nty N
Efn(o,m)] <n(n) =5 S VE[H:,1(0,m) P[Hi1 (0, ).
i1=1 ig=1
ipFiy
Then, we can write that,
HY(0,1)? ~ H'(0,n)? + 7j(n) (5.9)
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and we substitute the power correlation values from (5.4) into 77(n). Comparing egs. (5.6) and (5.9),
we observe that the performance of System II can be analyzed assuming the channel coefficients
(5.9); then, letting, 7j(n) = 0, one obtains the performance analysis for System L. For example, the

amount of fading for System IT is computed as [103],

E[H(0,n)4] — E[H(0,n)?]
E[H(0,n)?)?
Sy N i1 (0,m,m) = (1 Bz (0,n,n) + | Z(n)||*)?
(reBz(0,n,n) + || Z(n)||* + 7(n))?

AF(n)

where we again substitute the power correlation values from (5.4). The amount of fading for System

I is obtained by substituting, 77(n) = 0. The Ricean factor for System II is computed as [48],

_zm)|* +am)

K(n) r«Bz(0,n,n)

and we substitute, 7j(n) = 0, for System L.

5.2.4 Encoding and Decoding

In general, denote by C' = (n, k, dmin) a binary block code of block length, n, dimension, k, and
minimum Hamming distance, dpi,. The transmitter employs BICM described in [89]. Hence, the.
K. = kyk, input information bits, u € {0, 1}*+*%v, are encoded using a binary block turbo product
code, C = C; x Cy = (ng, kg, dy) X (ny, ky,dy) = (Ne, K¢, dmin), having minimum Hamming
distance, dmin = dg dy, block length, N, = n;n,, and code rate, R. = K./N,. Assuming (M =
2™)-ary modulation, the codewords, c, are bit-interleaved, and the interleaved codewords, 7(c) €
{0,1}7*Ne/™ are mapped to the codewords, X, of (N./m) M-ary modulation symbols. In this
chapter we assume Gray bits-to-symbol mapping and M -ary square-QAM constellation symbols,
(2i+1—+/M)+j(2j+1—+/M), where j = +/—1 is the imaginary unit, and 4,5 = 0,1,--- , (vV M~

1). Gray mapping from the interleaved coded bits, 7(c), to QAM symbols can be written as,

b ’ a 0 -
X =2 (c) + — (b +ib) (5.10)
w) (0] 2]),

where b = (27/271 ... 21 90YT' the square matrix, a € {0, 1}/2X™/2 has the elements, a;; =

1if j < 4 and 0, otherwise, & = (1,0,1,0,---)T € {0,1}™/2X1 § = 2™/2, and (-), denotes the

L

ooh3
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modulo 2 operation. The M -ary codewords, ¢ X, are mapped to IV, subcarriers over S, consecutive
OFDMA symbols where N,/ = S,N,. The scaling constant, ¢ = \/i_’)mm“——Q) sets the
average energy per M -ary modulated symbol to unity, and the constant, ¢ = (2(77”1)/ 2 _ 9l H-4
preserves the constant peak power of QAM symbols, for all m. The received symbol at time, o, and

subcarrier, n, before decoding can be written as,
Y(o,n) = H(o,n) éX(0,n) + W(o,n) (5.11)

where X (o,n) € X, and Y(o,n) € Y where Y is the received M-ary codeword. The channel
coefficients are given as,
F(o,n) = Hl(o,n) for System I
H'(0,n) for System IL

The zero-mean AWGN samples, W (o, n), have variance, o, = E[|[W(o,n)|?] = No/2, per
real dimension where Ny denotes the one-sided noise power spectral density. Denote by Ej the
energy per uncoded bit per subcarrier per transmitter antenna, so that the total transmitter energy is,
Eior = NN, mEy. Then, the SNR is defined as, v, = E/Np.

We employ iterative soft-input bit decoding of the received M-ary codewords, Y; see Fig. 5.2.
Such decoding well approximates the ML decoding at larger values of SNR when error propagation
in decoding iterations can be neglected [97]. Particularly, the QAM demodulator produces the
channel LLR values for all bits in the received M-ary sequence. After deinterleaving, the channel
LLR values are used as soft-inputs to decode the channel code. Importantly, note that, although the
iterative channel decoder produces soft-output values, these values are not fed back to the QAM
demodulator as a priori values of bits in the received QAM symbols. In general, it is shown in
[90] that Gray mapping of bits to modulation symbols in BICM is asymptotically optimum, and
the feedback of the channel decoder output values to the QAM demodulator provides negligible
performance improvement. On the other hand, for other bits-to-symbol mappings, the feedback
from the channel decoder to the QAM demodulator can increase the coding gain of BICM [95];
however, this case is not considered in this chapter.

Hence, assuming perfect knowledge of the channel coefficients, H(o,n), at the receiver, the
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channel LLR values at the output of the QAM demodulator are given as [104],

p(Yleij = 1)
Lo(ciiY) =log ———
o p(Yei; =0)

where c;; is the (7, 7)-th transmitted bit of the codeword, ¢, for i = 1,2,--. ,ng, and, j =

1,2,--- ,ny, where the a posteriori PDF is,
1 —|Y (0,n) — H(o,n)éX (0,n)[?
p(Y|cy) = Z exp ( 5 .
X(omyrcss 20w /T 4oy,

For high rate codes, the extrinsic information, L., is efficiently computed using the dual codes, Cj,

and, C’j, respectively, i.e., [105, eq. (89)],

LV (ciiz) = log Eepcop (121 (m)
], Zcq;EC‘L (( nl Z]kn 2 k;észj (z ))
L(q+1) cii: - 1o cyecJ-< k= 11@;&1 )
P) ( 1] Y) g ZczEC‘L (( Dyleyle TT2Y, ks fkJ (y))
where
£2() = tanh((Le(oxs|Y) + LY (ckj;y>>/2>>[°f“
J0) = tanh((Le(crsY) + L9 (crs32))/2))
and [c]y, is the k-th bit of the codeword, ¢, and ¢ = 1,2, -+, gmax, is the iteration number. The final

decision of the bit, c;;, is given by the sign of the LLR,

Le(ey|Y) + L) (ci5.) + L (ciy59)-

5.3 Performance Analysis

The performance analysis of System I and System II can be obtained at the symbol level [97], [98],
or at the bit level [90], [95]. Particularly, the list of codewords for computing a union bound of the
BER is different for the symbol level analysis from the bit level analysis. However, in general, the
symbol level analysis is mathematically less complex, and thus, is preferred in this chapter. Recall

also that we do not consider iterative updating of the channel LLR values, and thus, the iterative
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decoding approaches the ML decoding at large values of SNR [97].
Let X and X be two distinct codewords, and denote, A(0,n) = &X(0,n) — X(o0,n)). Perfor-

mance analysis of System I requires knowledge of the MGF of the random variable,

Su—1N,—1

{§I|XX}—Z > H'(o,n)*|A(0,n)[? Z{g X, X}

0o=0 n=0

conditioned on codewords, X, and, X. The random variables,

Su—1Nuy—1 Ny N»

{1 X, X} = Z Z ZZ)A(O, n) Zij (0, u,n)|*

0=0 n=0 i=1 j=1

foru =1,---,2m, are independent. Note that, conditioned on channel realization, H!, the variable,
{¢1]X, X, H"}, corresponds to the squared Euclidean distance between the codewords, X, and, X,

at the receiver. Correspondingly, the MGF of {¢'|X, X} can be written as,
. R 2m
s X, X}
D ey (8) = B3N] = Hl rerx % (%)

where ® 1 x £,(s) = EFS{{LIX,X}]. We obtain the MGF, @ . x £, (s), using the statistics of
the underlying, N;N,.S, N, correlated jointly Gaussian random variables, Z;;(o,u,n). Hence,
define the (N;N,S, N, x 1) jointly Gaussian column random vector, Zu, having the elements,
A(o,n) Z;;(o,u,n). Denote the mean vector, m,, = E[Zu], and the covariance matrix, M,, =
E[(Zu — mu)(Zu — mu)H] Then, {515 Z., ? = ZUHZu and note that, m,, = 0O, for
u=2,---,2m. Using the derivation in Appendix F, the MGF of {¢!|X, X} is given as,

exp(s mf (I — 2sM;) " 1my)

b -
ex ) (8) = 127, det(I — 2sM,,)

(5.12)

where det(-) denotes the matrix determinant, and (-) ! is the matrix inverse. The covariance matrix,

M,,, and the mean vector, m,,, can be expressed as,

M, = (Boddh)e Ry/2m)

m, = (d® Ly, 1) 0 (Zo® 1,1

where the operator, ®, denotes the Hadamard matrix product [81]. The (S,N, x S,N,) ma-
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trix, B, has the elements, Bz(|Ao|,nq,n2), the (NN, x N¢N,) matrix, Ry, has the elements,
Ry (i1, j1,%2, j2), the (S, Ny, x 1) column vector, d, has the components, A(o,n), the (N; N, N,,, 1)
column vector, Zg, has the components, Zij(n), and 1 is the all-one vector; see eq. (5.5). Fur-
thermore, provided that, Bz (|Ao|,n1,ng) = B3, (|Ao|, ng,n1), the matrix, M,,, is Hermitian, and
one has that the SVD of the matrix, M,,, is, M, = UuEuUff , where U, is a unitary matrix,
3, = diag(Au1, Auz, 5 Aury, 0, - -+, 0) is the diagonal matrix of r,, non-zero eigenvalues, and r,,

denotes the rank of M, and r, < N;N,.S, N,. Then, the MGF (5.12) can be written as,

T, exp (soie
q=1 %P \ $T-3aar,

(s) — 5.13
@) = T ) o1

o

where 1714 is the g-th component of the vector, m{{ Ujy.

For System II, we have the random variable,

(XX} = {IX, X+ i(n)A(o,n)?

{¢'X, X} + {71X, X}

If

Thus, the MGF of {¢11]X, X} can be computed using knowledge of the MGF of {¢!|X, X}, i.e.,
g{ell Y {7 5
G enx x;(s) =E [e {¢ |x,x}] = os{1X.X} D ex %3 (5)- (5.14)

In the sequel, we evaluate the probability of outage, the PEP, the BER, and the achievable
diversity order and coding gain of MIMO-OFDM systems I and II using the MGF’s, ® (XX} (s),

and, ® (X %) (s), respectively.

5.3.1 Probability of Outage

We define the probability of outage, P, as the probability that the total instantaneous received
power is below a given threshold [48]. Hence, denote by u{h the threshold for System I, so that the

probability of outage is,

Pl. = Pr(ZH%o,n)%u%h)

on

vhjco & —siigy,
L / oy (8) e (5.15)

—2.;_['5 —joo S
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where Pr(-) denotes the probability, and v € R is chosen in the region of convergence. The integral
(5.15) can be efficiently computed using the Gauss-Chebyshev quadrature rule [82].

For System II, we substitute, ®e111 gy (s), and, pl = ph + 8,3, A(n), ineq. (5.15).
5.3.2 Pairwise Error Probability

The PEP for the M-ary codewords, X, and, X, is evaluated as [82, eq. (12)],

pex — %) = Blo (e X ) . 5.16

For System II, we substitute, {¢11|X, X}, in eq. (5.16). Several methods have been proposed to

compute the PEP in (5.16). In particular, one has that,

1 w/2 z
Q(\/E) = ;/0 eXP("m)dtg (5.17a)
Q(vz) < %e“” (5.17b)
P
Q(Vz) ~ Y Aje (5.17¢c)

i=1

where eq. (5.17a) is Craig’s formula [48], eq. (5.17b) is the Chernoff upper-bound [83], and eq.
(5.17c¢) is the Prony approximation proposed in [70] where p > 1; thus, with a high accuracy,
Q(vz) ~ 0.208e 09712 1 0.147¢7025%  Then, substituting expressions (5.17a)~(5.17c) into

(5.16), and recognizing a definition of the MGF, the PEP can be evaluated as,

. 1 /2 b
P(X 1o X) = ;/0 @ sy (o) 40 (5.182)
5 1 Vb
PX—X) < 50exi(-2) (5.18b)
»
PX+—X) ~ ZAi‘I){gHX,X}(“&Wb)' (5.18¢c)
i=1

For System 11, we substitute the MGF (5.14) into expressions (5.18a)—(5.18c).

5.3.3 Bit Error Rate

In general, the BER is computed as, P, = Ey x % [e(X, X)/K. C] , where (X, X) is the number of

information bit errors between the transmitted codeword, X, and the decoded codeword, X. Then,
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the MC estimator for .J simulation trials is,

J
b 1 X ) X(]
b =5 § (5.19)
j=1

C

and this estimator is unbiased. However, we can use a biased and more efficient semi-analytical

BER estimator based on the union bound, i.e., [100],

PUB

kal'—‘

J ) L
Z > MP(XU)HX) (5.20)

C
XeLy ()

where L ;) denotes the list of M-ary codewords corresponding to the randomly generated trans-
mitted codeword, XU), In general, the list of codewords should consist of the most likely pairwise
error events, so that, Ly = {X : P(X®) — X) > €P;}, where P; = maxy P(X® - X), and
the constant, 0 < ¢ < 1, controls the size of the list. Hence, the list is constructed for a particu-
lar interleaving, bits-to-symbol mapping, and mapping of symbols to subcarriers and antennas. In
this chapter, we assume that the list congists of the most likely pairwise codewords in the smallest
Euclidean distance from the transmitted codeword, X, i.e., let Lxy = UonLlxi (0,1), where
Ly (0,n) = {X : (XD (01,n1),X(01,m1)) > 0, if and only if,0; = 0,n; = n}. Such a list
construction is in agreement with the design guidelines suggested in [98], i.e., consecutive coded
bits should be mapped to different symbols on different subcarriers and different antennas. Impor-
tantly, note also that, in this chapter, the list is constructed for the symbol level analysis, i.e., for the
pairwise error events, X — X. On the other hand, for the bit level analysis, the list is constructed for
the pairwise error events, ¢ +— ¢, of binary codewords, c, and, ¢, and assuming the corresponding
PEP’s, P(c — ¢); see [98].

Furthermore, note that interleaving and Gray mapping (5.10) of codewords, ¢, to M -ary code-
words, X, violates the uniform error property [48], and thus, the BER should be averaged over all
possible transmitted codewords. On the other hand, since, (c; +¢2)2 = |e1 —¢cal, for ¢y, ¢o € {0,1},

we can use the bound,

T
b
|A(o,m)| <2¢ | m(c+ @) (5.21)

2

to compute the PEP (5.16) assuming that the all-zero codeword, ¢ = 0, was transmitted. However,
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the bound (5.21) will bias the estimators (5.19) and (5.20).

5.3.4 Diversity Order and Coding Gain
Assuming eq. (5.17a), one can obtain an infinite sum representation of the Q-function, i.e., [59],

w(i—1)

P s
Q(vE) = im L3 LemE ()

Note that, in this case, it is required that, p > 1, say, p = 50, while a high accuracy is achieved
by Prony approximation (5.17¢) even for p = 2. Hence, let A = %, and a; = %sin_2 (g(%:—%)

Then, substituting the MGF (5.13) into eq. (5.18¢), one has that the exact PEP is,

= (2
1 _ ai’Yblm‘lg
Hq:l 28 ( 142675 A14

[T Ty (1 + 25y g)

P

PX—X)= Jim Z A (5.22)
=

Asymptotically, for large values of SNR, -y, the PEP (5.22) can be rewritten as,

A~ P ~ __\2m r
P(X — X) ~ hm ZA; f)/b Eu:l u (A-—l/Dmax,-y
p—oo

i=1

—'l)max
)

where Dpax = sz ry, 18 the maximum achievable diversity order of MIMO-OFDM systems

u=1

operating over correlated generalized Ricean fading channels, and the constants,

0|3
P
i (A——) <
e} H;& @i Aug

p
— A’
A= Jm ) 4

are independent of ~y,. Thus, MIMO-OFDM systems achieve the coding gain, A=Y/ Diax
Importantly, note that the design criteria for mapping of symbols to antennas and subcarriers
(sometimes referred to as the space-time-frequency coding) to minimize the PEP are usually ob-
tained using the Chernoff upper-bound (5.17b). In particular, the rank criterion maximizes the
diversity gain, and the determinant criterion maximizes the coding gain [91]. However, we can
prove that exactly the same design criteria (formulated without assumption of asymptotically large
SNR) as obtained for the Chernoff upper-bound of the PEP [91] can be also obtained for the exact

PEP. Hence, we have the following lemma.
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Lemma 5.1 The rank and determinant criteria to maximize the diversity gain and the coding gain,
respectively, of the space-time-frequency codes for MIMO-OFDM systems operating over corre-
lated generalized Ricean fading channels are valid for the exact PEP, P(X — X), of the codewords,
X, and, X.

Proof: Using (5.22), the exact PEP is computed as, P(X — X) = lim, oo 37, Pi(X -

X) The rank and determinant criteria of [91] are obtained by minimizing the particular PEP,
P;(X — X). Since such rank and determinant criteria are independent of 4, they also minimize
the exact PEP, P(X — X). [
Recall that the rank, r,, in each dimension, u, is constrained by the number of antennas, Vi,
and, N, and the number of M-ary symbols, S, N,,, in one codeword. The maximum diversity order
of a single-input single-output frequency selective channel is equal to the number of multipath, L,
provided that the paths are independent and N, > L [97], [98]. In this chapter, the paths are
correlated, and thus, 7, < N.N,S,L; in low mobility scenarios, the diversity order in the time
domain, S, is reduced further. Also, assuming the PEP, P(c — ¢), of the binary codewords, c,
and, ¢, it can be shown that the BICM employing M -ary modulation can increase the achievable
diversity order to M Dy ax, and it is required that the minimum Hamming distance of the channel

code, dmin > SuL, [98].

5.4 Numerical Results

We study the performance of an OFDMA system with transmitter diversity described in [89, 8.4.8].
In the downlink, we have Ng, = 2048, subcarriers having the frequency spacing, Af = 11.161 kHz.
The transmitter has N; =4 antennas, and the receiver has NV, = 1 antenna. The K. = 128 informa-
tion bits are encoded using the single parity code, C,; = (6, 5, 2), and the shortened Hamming code,
Cy = (32,26, 4), so that the overall code rate, R. = 2/3, [89, 8.4.9.2.2]. The N, = 192 encoded
bits are block-interleaved [89, 8.4.9.3], and row-by-row Gray mapped to 16-QAM symbols [89, Fig.
263]. The codewords, X, are periodically mapped to S, = 3 consecutive OFDMA symbols and
N, =16 subcarriers. We assume the subcarrier mapping (permutation), (1) = Noffset + 7 * Tlsteps
where noffser = Nstep = 128.

The Stanford University Interim (SUI) channel models have been approved for evaluation of
fixed broadband wireless access systems having tens of MHz bandwidth, and operating in frequency

bands between 1 and 4 GHz [101]. As an example, we consider the SUI-5 channel model for 30°
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antenna radiation pattern and 50% cell coverage (i.e., guaranteed Ricean factor). The 3 taps have
delays 0, 4 and 10 us, power levels 0, —5 and —10 dB, and Doppler spreads 2, 1.5 and 2.5 Hz,
respectively. The first path has non-zero Ricean factor, K,.(1) = 8.45 dB. A guard interval of N, =
256 samples is used to completely cancel the interference from the multipath propagation. The RMS
delay spread of 1.276 us corresponds to a coherence bandwidth of about 70 subcarriers (note that
Ng /70 = 29). The coherence time of thousands of OFDMA symbols makes the channel virtually
constant over the transmission of one codeword and does not provide any time diversity. Hence,
interleaving provides gain in spatial and frequency domains only. We assume constant correlations
between transmitter antennas having the correlation factor, 0.9, and constant correlations between
the paths having the correlation factor, 0.1. The fading autocorrelation given in [101, p. 9] is well
approximated for small Doppler spreads by a constant correlation model having the correlation
factor, 0.5837. In the simulation, we use filtering to obtain the desired correlations [101, p. 29];
the filters are normalized using lemma (L5) in Appendix G. Assuming that the number of degrees
of freedom, m = 2, the amount of fading and Ricean factor is —15 and 11.6 dB, for System I, and
—27 and 17.8 dB for System II. v

Fig. 5.3 and Fig. 5.4 compare the probability of outage (5.15) for System I and System II,
respectively. The simulation results are in excellent agreement with the analytical expression for
System I, however, approximation (5.9) underestimates the probability of outage of System II by
almost 2 dB. The Monte Carlo and union bound BER estimators (5.19) and (5.20) are compared
in Fig. 5.5 and Fig. 5.6 assuming gmax = 10 iterations. We observe that assuming the all-zero
codeword was transmitted biases the BER estimator as expected. The truncated union bound (5.20)
can predict well the decoded BER for larger values of SNR for System I; however, it underestimates
the BER performance of System Il by 2 dB for larger values of SNR. Importantly, note that while the
Chernoff bound is loose for both systems and all values of SNR considered, the Prony approximation
is in excellent agreement with the exact PEP computed using (5.18a) for all SNR values considered.

In general, the Chernoff upper bound is often used to assess the performances of communication
systems. Although performance analysis using the Chernoff bound is simple, and can provide some
limited design guidelines, such analysis is often inaccurate and can be biased as shown in Fig.
5.5 and Fig. 5.6. On the other hand, it is seen that the Prony approximation, which being a sum of
exponentials approximation requires no more information than the Chernoff bound, is also simple to
use, but has excellent accuracy. Since the MGF is often known even for cases of correlated channels,

the Prony approximation method is very useful for obtaining a highly accurate performance analysis,
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and in turn, design guidelines for communication systems operating over correlated fading channels

with AWGN.

5.5 Summary

In this chapter, a framework to study the performance of bit-interleaved turbo product coded M -ary
QAM MIMO-OFDM systems over arbitrary correlated generalized Ricean fading channels was in-
vestigated. A frequency domain equivalent system model assuming correlations between the trans-
mitter and receiver antennas and between the paths of a frequency selective channel was developed.
Orthogonal STBC and transmitter beamforming to maximize the SNR at a receiver antenna for
OFDM signaling were considered. The MGF of the SNR at the input of the channel decoder was
derived. The MGF was used to obtain the probability of outage, the PEP, and the BER for the two
transmitter diversity OFDM schemes. Diversity gain and coding gain of MIMO-OFDM systems
were derived. It was proved that the rank and determinant design criteria for space-time-frequency
block coding are valid not only for the Chernoff bound of the PEP, but also for the exact PEP. Numer-
ical examples indicate that approximate analysis of the system with transmitter beamforming using
(5.9) underestimates the performance by 2 dB. Also, the assumption that the all-zero codeword was
transmitted overestimates the performance by more than 1 dB. Finally, the computationally efficient
Prony approximation method was found to be in excellent agreement with the exact PEP values for

all values of SNR considered.
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Chapter 6

BER Analysis of Binary Hamming
Codes

In this chapter, we show that binary Hamming codes can be constructed recursively. The recursive

structure is then used to enumerate the input-output weights, and to compute the exact BER.

6.1 Background

Binary Hamming codes are the first known error cérrecting codes [106]. Nowadays, Hamming
codes are used, for example, as forward-error correcting codes in the Bluetooth standard [107], and
to protect data stored in semiconductor memories [108]. Hamming codes are well-suited for low-
cost, low-power applications [109], and when used as component codes of a turbo product code
and decoded iteratively, they can approach the capacity of an AWGN channel [110]. The Hamming
codes are termed perfect codes (the equal-radius spheres around the codewords perfectly fill the
entire vector space), and they meet the Hamming bound [111, p. 76].

We make an important observation that binary Hamming codes can be constructed recursively
from binary block repetition codes with a parity bit. The recursive construction can be exploited to
compute the input-output weight enumerator (IOWE) for any block-length whereas brute-force enu-
meration can only be used for short block-lengths. Although the IOWE function has been obtained
recently in [112], the recursive evaluation of the IOWE presented in this chapter appears to be more
computationally efficient. The IOWE can be used to implement encoding and decoding, and to
evaluate the exact probability of decoded bit error for binary antipodal signaling and hard-decision

demodulation over an AWGN channel. The numerically computed coding gain of the hard-decision
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ML word-decoder (i.e., the decoder that maximizes the likelihood of the hard-decoded codewords)
is shown not to be monotonic in the probability of bit error, but rather exhibits a minimum for a
particular small value of the SNR. This contradicts statements found in the literature. Importantly,
note that the probability of bit error curve of binary Hamming codes is monotonically increasing
with SNR, and thus, there is a one-to-one mapping between the probability of bit error and SNR.
Hence, monotonicity of the coding gain can be equivalently expressed in terms of SNR.

This chapter is organized as follows. In Section 6.2, we present a recursive construction of
binary Hamming codes. The IOWE of binary Hamming codes is obtained in Section 6.3, and in
Section 6.4, we use the JOWE to evaluate the exact BER. Extended binary Hamming codes are

discussed in Section 6.5. The chapter is summarized in Section 6.6.

6.2 Code Construction

The binary Hamming code is denoted as 5, = (n, k, dpiy) where n = 2™ — 1 is the codeword
length, k = 2™—1—m is the code dimensionality (length of input information vector), m=n—k > 2
is the number of parity bits, and dpj, = 3 is the minimum Hamming distance between any two

codewords [18]. In a systematic form, G,,, = [I(k)fP(kym)] € ng’n) is the generator matrix where

Zy = {0,1}, Pm) € ng’m) is the parity matrix, Iy € Zék’k) is the identity matrix, and the
corresponding parity check matrix is Hy, = [Pl Iim)]T € Z{"™™ . The Hamming codes are
single-error correcting and two-errors detecting perfect codes. Hence, the parity check matrix is
composed of all non-zero m-tuples and can be readily rearranged into a systematic form. Denote

the all-ones matrix as 1, and 4%, = (n1, k1, 3), then 54,11 = (ng, k2, 3) has the generator matrix,

Ly Owym) Oykn)| Okn,t) Plorm)

Qo) Qi) T Ot} Tonn)  Tomy

Ok k) Ohymy Loy | Ltk) Ploa,m)

v~

LG P kg mt1)
and the parity check matrix,

T
Ok 1am Lok | 1 Oum

Hot1= | Pl Tom) Pl | Omn)  Tom)

P Iimtr)

T
(kg,m+1)
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where
ng = 2m+2%k+1 = 2mtl 1

ke = 2™l —m—2 = ni+ k.

Based on the structure of the generator matrix, G, 1, we can show that the codewords of the 5%,
code can be constructed as a modulo 2 sum of the zero-padded codewords of the 5%, code, and the
block repetition code of rate 1/2, #% = (7%, 7%) = (2k, k,2) (i.e., the block of k information bits
and its copy are concatenated), and appending a parity bit. This is proved in the following theorem.

Theorem 6.1 The Hamming code H5, 1 = (¢, o Z;m—l),w) ={(xoy,n(y)),x € Hp,,y €

om_1 .
Zé )} where the operator, o, combines the codewords as,

Xoy = (1'0,131,' ot )mnl—l) o (y()ayl,' o >yn1—1)
= (y()a'” 7y'n1—17$0+y0)"' 7$n1—1+yn1-1)
= (y,x+y)

andny =2™ -1, n(y) = Yty L4; is the even-parity bit, and all additions are modulo 2.

Proof: Let the input information vector, u, of the 7%, 1 code having dimensionality, dim(u) =
kg, be partitioned as u = (uj, ug, us) where dim(u;) = dim(us) = k; and dim(uy) = m. Then,
the codeword uGy,+1 = (U1 + u3 + ug, ug, us:m(uz) + m(us), w Py m) +ug + U3P(k1,m)).
Hence, x = (u; + u3, u;P(x, m) + usP, m)) is a codeword of the 7%, code, and (y,y) =
(us, ug, uz, uy) is the block repetition code #5* with the parity bit 7 = n(y) = m(us) + 7(ug).
Finally, applying the operator, o, concludes the proof. ]
The construction using the operator, o, was introduced in [113, p. 447], and later used independently
in [114, p. 717], and generalized in [115]. Similar to the construction of Theorem 6.1, Vasil’ev
[116, p. 77] applies a strictly nonlinear mapping as the parity bit to construct perfect single-error
correcting codes which are not equivalent to any linear code. However, the Vasil’ev construction
using a linear mapping to generate binary Hamming codes is not considered in [116, p. 77]. The
construction of Theorem 6.1 can be used for the encoding and decoding of Hamming codes as

follows.

Proposition 6.2 The Hamming code 54,1 can be encoded (decoded) using the encoder (decoder)

for the code 3¢,.

Proof: Encoding proceeds directly according to Theorem 6.1. Assume a binary symmetric

channel. We will show that one bit error in a 74,1 codeword can be corrected using the decoder for
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the 7%, code. Let (x,y, 7) be the transmitted binary codeword of the ., code. In a systematic
form, according to Theorem 6.1, let dim(x) = dim(y) = 2™ — 1 and dim(w) = 1. Then, let
(x',¥’, 7"} be the corresponding received vector. If an error is within (x’, 7’) bits, the even-parity of
(x/, 7"} is 1, and the nonzero syndrome (x’ +y’)H,,, corresponds to the position of the error within
x'. Otherwise, the zero syndrome (x’ + y’)H,, indicates 7’ is in error. If an error is within y’, the
even-parity of (x’,7') is zero, and the syndrome (x’ + y’)H,,, corresponds to the position of the
error within y’. |
Therefore, the encoding (decoding) of the Hamming code %7, can be done using the less complex

encoder (decoder) for the Hamming code .#4;,.

6.3 Input-Output Weight Enumerator

For convenience, we represent the IOWE [17, p. 513] of the code (n, k, dmin) as the matrix A(iowe)
having the o-th row and w-th column element, [A(jowe)lo,w, €qual to the number of codewords
of input information vector weight o and the total (output) weight w where o = 0,1,--- /k and
w = 0,1, ,n. Note that [A(gwe)Jw = [1(1,k+1)A(iowe)|w 18 the output weight enumerator which
is ' well-known [18, p. 81]. The IOWE can be related to the input-redundancy weight enumerator
(IRWE) [117] as [Agrwe)lop = [Afiowe)lo,o+p Where p = (w — 0) € 0,1, ,m is the weight of
parity check bits. Note also that contrary to the output weight enumerator, in general, even for a
systematic representation, the code JIOWE is not unique but depends on the form of the generator
matrix. However, in the particular case of Hamming codes, the IOWE is unique.

The IOWE of the binary Hamming code ¢, can be obtained by a brute-force method, say,
for m < 5. For larger values of m (i.e., m > b), recursive evaluation of the IOWE exploiting
the recursive structure of binary Hamming codes is computationally efficient. The derivation is

performed in the Appendix H using the following claims.

Claim 6.3 The IOWE matrix of serially concatenated codes €1 and 63 having the IOWE matrices

A(%1 and A(i’ﬂ2 , respectively, is given by 2-dimensional (2D) convolution, i.e.,

iowe) iowe)

b1,%:
Agiolwe;) = A(%;(l)we) ® A(szwe) :

Proof: Let x € €] have input and output weights oy and wy, respectively. Similarly, y € %>

has weights op and wy. The serially concatenated codeword (x,y) € (%1, %2) has weights o =
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01 + 09 and w = wy + wy. For every pair o and w, we sum over all permissible codewords x and

y,i.e.,

Aoy oo = 322 3 (A A
1owe ou) - 1owe 10We) O—U,W=1*

Claim 6.4 If the all-ones vector is a codeword of a linear binary block code, then the IOWE matrix

of the code is symmetric, i.e., [Ajowe)low = [Agiowe)lk—o,n—w-

Proof: 'The code is linear, and hence, for every codeword, ¢ € ¥, there exists ‘exactly one

complementary codeword, ¢ € €. ]

Corollary 6.5 [Aiowe)l0,0 = [Ajiowe)lkn = 1.

Hence, the IOWE matrix, A( Hntl of the 1 = (ng, ka,3) code is constructed from the

iowe) ’
IOWE matrix, A( of the 7€, = (n1, k1, 3) code as,

iowe)?

1 forw=0,0=0and w =n9 0 =k9
o (0,w, 11, Ao )+
+o (0,w—1,1{ A(mwe))
w=3,4,---,m
- for
[A(IOT;’V:;] = o=max(l,w—m-—1),-- jw (6.1)
o,w [A(éfm+1}
iowe) ko —0,n2—w
w=mny+1,-,n0—3
for
02031,”' ,k2
0 otherwise

where
o (o,w, 1" A(‘}.fm )=

iowe)

(o) QT I+ (g )28~ It

min(w,2k1,0) {
r =
max(w—2m, o—m, 0)

n1—3 min(v,k1-1)

R L AT 27 () () () T
u =

max(1l,v—m)
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I = ¢ _ = mody(z + 1) x

o—z
X (Fmod(a) MOz (0 + 1) + Simod(a—2) M0d2(0) )
= 60_96_&5_95 modg(z + 1) X
X <5mod4(x) modz(0) + dmod, (z—2) moda(o + 1))
I, = mody(—z —1+ ki)mody(w —ny —1) x

X 6z—k1 6w—m—m

Is = mody(—z — 1+ u)mody(w —v —1).

Definitions of §,, mody(a), and (’Z) are given by (A-11)—(A-13), respectively, in Appendix A.

6.4 Probability of Decoded Bit-Error and Coding Gain

Assume binary antipodal signaling, an AWGN channel, hard-decision demodulation and complete
(standard array) decoding. Then, for equally probable codewords, assuming the all-zeros codeword
was transmitted (i.e., the code is linear), the average probability of decoded bit error is [116, p.

201, [17, p. 5131, [111, p. 2441, [3, p. 804],

1 n
Py(e) = - > B;Pr(j) (6.2)

J=dmin

where B; = Zf:o’i [Aﬁowe)]m is the total weight of information bits in all codewords of weight
J, and Pr(j) is the probability of decoding the codeword of Hamming weight j. The expression
(6.2) implicitly assumes that the probability of decoding a particular codeword depends only on
its Hamming weight. Thus, the expression (6.2) is also valid for binary antipodal signaling and
perfectly quantized soft-decisions (the Euclidean distance is directly proportional to the Hamming
distance). Note that Z;‘: i Bi=k 251 1In general, the expression (6.2) is difficult to evaluate.
However, for the class of perfect codes, Pr(j) equals the probability that the codeword of weight
Jj is the closest to the received word. In particular, Pr(j) = Zg(;ig‘i“_l)/ 2 PZ where PZQ is the
probability that the received word is at Hamming distance d from a codeword of weight 5. Assuming
i out of j-ones bits and (d — %) out of (n — j)-zeros bits are inverted giving the word at Hamming

distance d from the original weight j word, then P’ = 3~ pi+d=2ign=y+2i-d(7) ("~7) where p =

=0

Q (, / 2%7;,) is the probability of a bit error, ¢ = 1 — p, and -y, is the SNR per uncoded antipodal
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symbol [111, p. 244], [118]. For cyclic codes, the coefficients, B;, can be also computed from the
output weights using [119, eq. (13)] which can be used to obtain the exact probability of decoded
bit-error [118], [120]. A tight upper-bound for the probability of decoded bit-error for binary perfect
codes is given in [121].

The coding gain is defined as the decrease in the required average energy per transmitted bit for
the coded systems to maintain a given average probability of decoded bit error as compared to an
uncoded modulation scheme having the same data rate [17, p. 456], [111, p. 11]. The coding gains
of selected Hamming codes are shown in Fig. 6.2 and Fig. 6.4. We observe that the coding gain
attains a minimum at a particular small value of SNR for m > 5, and that the minimum coding
gain is always negative. Interestingly, if R, denotes the rate of the Hamming code %, then the
asymptotic coding gain at low SNR is approximately computed as g = BE,,—1 for m > 3. The

asymptotic coding gain at large values of SNR is known to be [17, eq. (10.89)],

nln2

gy = R, <dmin - > for v >> 0.

It is commonly believed (or perhaps loosely stated) that coding gain monotonically increases with
the probability of bit error. For example, Jacobs [122] expects the coding gain to increase with SNR
(in the context of positive values of coding gain). Benedetto and Biglieri [17, p. 457] state explicitly

that:
The coding gain increases with the signal-to-noise ratio, and tends

(for SNR— 0 and hence for Py(e) — 0) to an asymptotic value,
Jovanovi¢ [123] conjectured that the coding gain might not be monotonic in SNR, however, only
a trivial example of repetition coding is given where the coding gain monotonically decreases with
increasing SNR. Fig. 6.4 provides counterexamples proving that coding gain is not necessarily a
monotonically increasing function of the probability of bit error, although the gain is monotonically
increasing with the probability of bit error in regions of positive coding gain. Note that Jovanovié
[123] also plots the coding gain versus SNR for Hamming codes 5% and 577, but for these codes

and the SNR region chosen the minima cannot be observed.

6.5 Extended Hamming Codes

The extended Hamming code, J#¢ = (271, 2m~1 — m 4), is created from the Hamming code,

Hon—1, by appending an overall parity bit. Thus, the minimum Hamming distance, dpi, = 4, is
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achieved if all columns of the parity check matrix are different and non-zero, and as well modulo
2 sums of all the parity check matrix column pairs and triplets are non-zero [111]. The extended
Hamming codes are no longer perfect; for example, we can use the standard array [18] to show that
some but not all double errors can be corrected. Therefore, the probabilities, Pr(j), are not easy to
obtain, and thus, computation of the exact probability, P,(e), using (6.2) is cumbersome. We prove

the following theorem.
Theorem 6.6 Extended binary Hamming codes attain the Hamming bound.

Proof: Let A(n, dmin) be the maximum number of codewords in a binary linear or nonlinear
code for given length n and minimum distance dy,;,. According to [124, Theorem 1], A(n— 1,2 —

1) = A(n, 25), and hence, the Hamming bound from [111, p. 76] [18, p. 83] can be restated as

27 Vo (n,t) dinin — 0dd

A(’I’L, dmin) <
on-1 Vg_l(n —1,%)  dmin — even

where Va(n,t) = 3__q (7) is volume of the n-dimensional hypersphere of radius, t = | %wig=L].
Thus, for extended binary Hamming codes, A(n, dmin) = 271 V; 7} (n — 1,) = 2 where k is the
length of input information vector. |

The IOWE matrix, A%%, m > 3, of extended Hamming code, FS = (n,k,4), can be com-
puted conditioned on knowledge of the IOWE matrix of the corresponding Hamming code, 47,1,

ie.,

[A%ﬂo’w - [A%m_l]o,min(w,n—l) - I:A%m_l}o,max((),w-—l) (1= dmodw)

forw=0,2,4,.-- ,n,and 0o = 0,1,2,--. , k. This can be rearranged into a more computationally

efficient form,

)
1 forw=0,0=0andw =n,0=k

(A= + (AT,
=4.6.... 2
for B0
[A%j ~ 0=1,2,- k-1
o [Al%pnel] k—on—w
— n_2_+2, o n—4

for
o=1,2,---,k—1

0 for otherwise.
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6.6 Summary

The IOWE of binary Hamming codes was shown to be efficiently obtained using their recursive
structure, and the fact that the IOWE of serially concatenated codes is given by 2/[)-convolution.
Knowledge of the IOWE can be used to compute the exact probability of decoded bit error of
binary Hamming codes over AWGN channels using hard-decision demodulation. The numerically
computed coding gains of Hamming codes using the hard-decisions and the ML word-decoder
revealed a surprising fact that the coding gain is minimum for a particular value of the probability of
bit error corresponding to a small value of SNR, and the minimum coding gain is always negative.
Whether the coding gain is not monotonic in SNR for other types of decoders (e.g., the soft-decision
decoding, and the ML bit-decoding) remains an open problem. Finally, it was proved that extended

binary Hamming codes attain the Hamming bound.
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Figure 6.1: Coding gain of Hamming codes versus the probability of bit error, Py(e).
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Chapter 7

Improved Binary Repetition Codes

Improved binary repetition codes (IBRC’s) are proposed in this chapter as an example of how the
performance analysis can be used to obtain design guidelines. In particular, it was shown in Chapter
6 that binary Hamming codes can be constructed recursively. Furthermore, assuming the generator
matrix, G = [I|P], of a systematic binary Hamming code, we can show that the parity matrix, P,
can be rearranged, so that its columns are the cyclic shifts of the generating column vector. Hence,
in general, one can construct binary block codes assuming recursive (modulo 2) additions of the
cyclic shifts of the input information vector.

In the first part of this chapter, we introduce a family of multidimensional binary block codes
referred to as IBRC’s. We study their properties, and consider some of their applications. In the
second part of this chapter, we investigate a coded protocol employing IBRC’s and SPC codes for

uplink and downlink transmission in a network of cooperating nodes.

7.1 Multidimensional Improved Binary Repetition Codes, Properties

and Applications

7.1.1 Background

Symbol repetitions are used when the cost and complexity of the encoding and decoding is a pri-
mary concern. Repetition coding is robust against impulsive noise [125], and is well suited for
error control over fading channels [126]. The Hamming distance [126], [17] is well known to be a
good design criterion for achieving diversity in fading channels. For BPSK signaling, the Euclidean

distance is proportional to the Hamming distance, and we can expect good performance in fading
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channels as well as AWGN channels [17, p. 720]. The minimum Hamming distance of block repe-
tition codes can be increased using cyclic shifts of the input information vectors [127]. Such codes
are sometimes referred to as IBRC’s [128]. The generator matrix of these codes has a circulant
structure. Binary cyclic matrices have many useful properties, and thus, they have been used to de-
sign forward error correction codes since the 60’s. In particular, quasi-cyclic block codes maximize
the minimum Hamming distance for a given block length [129], [116]. The tail-biting convolutional
codes (CC’s) avoid the rate loss of trellis termination by forcing the initial and ending states to be
equal [130]. Computer search is usually employed to design quasi-cyclic and tail-biting codes ex-
ploiting their trellis structure [131], [132]. The tail-biting CC’s for the product codes are considered
in [133]. Low density parity check codes (LDPC’s) based on circulant matrices were proposed
in [134]- [136]. The quasi-cyclic LDPC codes and the repeat accumulate codes [137], [138] are de-
signed to optimize iterative soft-decision decoding and to approach channel capacity. On the other
hand, the IBRC’s trade-off complexity of the encoding and decoding with the desired minimum
Hamming distance using sequences of cyclic shifts of the variable-length input information vec-
tors. Also, product codes in multiple dimensions [139] are used to increase the minimum Hamming
distance at the cost of bandwidth expansion. The transmission bandwidth is not increased if one
exploits multidimensional set partitioning and multilevel modulation schemes [140]. On the other
hand, the multidimensional IBRC’s preserve bandwidth while increasing the minimum Hamming
distance by employing cyclic shifts in multiple dimensions.

In this section, we extend the IBRC’s introduced in [128] to multiple dimensions, and then,
investigate applications of such multidimensional IBRC’s. We introduce two optimization criteria
to design IBRC’s in multiple dimensions. We show that the description of IBRC’s using the cyclic
shifts of the input information vectors simplifies searching for good codes. We present an efficient
algorithm to design one (1D), two (2D) and three (3D) dimensional IBRC’s. The proposed IBRC’s
are shown to support numerous applications. In particular, we employ the 1D IBRC’s for adaptive
coding, turbo product coding, retransmission schemes and multihop routing, and block differential
encoding. We also apply the 2D and 3D IBRC’s as the inner codes to concatenate the 1D code-
words improving the overall minimum Hamming distance, and importantly, without increasing the
transmission bandwidth. Finally, we use a truncated union bound of the BER after decoding to
optimize distribution of the transmission energy over the codewords to improve the BER of IBRC’s
over AWGN as well as fading channels.

This section is organized as follows. Properties of binary cyclic matrices are discussed in Sec-
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tion 7.1.2. Binary repetition codes in multiple dimensions are defined in Section 7.1.3. Examples
of IBRC’s are presented in Section 7.1.4. Applications of IBRC’s are considered in Section 7.1.5.

The transmission energy optimization is investigated in Section 7.1.6.

7.1.2 Binary Cyclic Matrices
We investigate the properties of binary cyclic matrices. All operations are assumed over a binary
Galois field, GF(2). Hence, define the (k x k) permutation matrix,

0(T1,k—1) I(k—l)

J(k) = S Zng

1 0(1,k-1)

where Zg = {0,1,--+ ,Q ~ 1}, 0 1) € 721 g the all-zero row vector, L1y € Z5F is

the identity matrix, and J %;C)J & = Jr)Jd %Fk) = Ik where T denotes the vector transpose. Then,

the a-th cyclic shift, a = 0,1,2,-- -, of the vector, u = (ug, u1,- -+ ,uk-1), can be written as the
product, uJE”k) = (Uk—mody(a)s " " »¥k—1,U0," " s Uk_mod,(a)—1)> Where modg(a)=a— l%J k, and

|-] is the floor function. We have the following definition.

Definition 7.1 The k x k binary cyclic matrix, A € ZSX’“, generated by the vector of cyclic shifts,

a=(ag, - ,ax_1), where 0 < ag < a1 < --+ < ag_1, can be written as, A = Zfigl J((l]i).

Note that the cyclic shifts, a;, are considered modulo k. Thus, the generating vector, a, can be
normalized, so that, ag = 0. For example, let the generating vector, 8’ = (a + ap,a + ay, -+ ,a+
. . r_ K—1 ya; _ )
ax—1), a > 0, correspond to the cyclic matrix, A’ = J ?k) Zizo J k) = J ‘(lk)A, then the value,
a = k — ag, normalizes the vector, a’. Note also that the permutation matrix, J (k) is cyclic having
the generating vector, a = (1), and the identity matrix Iy, is cyclic having the generating vector,
- : — Tk

a=(k),ie, I = JG,.

Letu ¢ Z’g andv € Z’2“ be binary row vectors. Let A; € Zg Xk and A, € Z’;Xk be binary cyclic
matrices. In general, we denote by u; the i-th component of a vector, u, and we omit the dimension

index, k, in denoting the matrices, Iy, and, J(,y. We have the following properties.

k-1

Property 7.2 The product, v = uA, corresponds to a cyclic convolution, vi = 3 7~ u;[Alo mody(i—y)»

of the polynomials, w(Z) = S "1 w, 7% and, A(Z) = KL 2%, where Z is a dummy variable.

Hence, the vector, v, is a sum of K vectors, u, cyclically shifted by a; bits, i.e., v = Zfi_o'l uJ,
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Property 7.3 The sum, A = A1 & Ay, and the product, A = A1 A, are cyclic matrices. Also, if
A=A B A or A=A 1Ay and A and A, are cyclic, then Ag is cyclic.

Property 7.3 can be obtained using the cyclic convolution Property 7.2.

Property 7.4 If there exists a matrix, AY, such that ATA = AAY =T, and A is cyclic, then AT is

cyclic.

Property 7.4 follows using Property 7.3 and the fact that I is a cyclic matrix. Consequently, Ay =
Al A is a cyclic deconvolution of A = A; As.

Property 7.5 If the determinant, det(A) # 0, and thus, (algebraic) matrix inverse, AL exists,
then, in some cases, AT can be efficiently computed as, AT = mody (| A~ldet(A)]), where |-

denotes the rounding function.

Note that, if modg([A_ldet(A)]) = 1 (the all-ones matrix), then it indicates that the inversion
using Property 7.5 has failed. It is not known whether the inversion, mody (| A~!det(A)}), fails

for every matrix, A, that is not invertible over Zng.
Property 7.6 If Af exists, then v = uA is a one-to-one mapping referred to as the permutation.
Finally, the following three parameters are useful for characterizing cyclic matrices.

Definition 7.7 Let the cyclic matrix, A € Zg Xk be generated by the vector, a = (ag, ++ ,aK_1),
of length, K, where 0<ag<---<ag_1 <k, i.e., a;=modg(a;). Then, we can define the following

three parameters to describe the cyclic matrix, A, i.e.,

constraint weight: K, = K
constraint length: vs = ag_1— Qg
span: ta = Vat 1l

The parameters given in Definition 7.7 are directly related to the complexity of encoding and de-
coding, provided that the matrix, A, or, equivalently, the vector of the cyclic shifts, a, are used to
generate the codewords. The properties of binary cyclic matrices are used to define multidimen-

sional IBRC’s and their properties.
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7.1.3 Multidimensional IBRC’s

We define IBRC’s in multiple dimensions and their design criteria. Let C = (n, k,dmin) denote
a linear binary block code of dimension, k, block length, n, code rate, R = k/n, and minimum
Hamming distance, duin. Let u € Z§ denote the input information vector, and let ¢ € Z be the
corresponding codeword. We consider D-dimensional linear codes defined over a D-dimensional
binary Galois field, GF(2). In particular, let the D-dimensional matrix of the input information
bits be written as, u = (uy,ug, -+ ,uy;), where u; € Z’;lxbx”'XkD,i =1,2--- M, M > 1,
and thus, the overall code dimension is, kK = M Hf__l k;. The codewords of the D-dimensional
code, ¥P) = (n,k,dmin), are written as, ¢ = (c1,¢9, - ,CL41), Where ¢; € ZpX"2X "0
i=12,---,(L+1), L > 1, and the overall code block length is, n = (L + 1)H1 1 1. The
D-dimensional mapping, €?) : u — ¢, from input information bits to codewords is assumed to be
linear, and is given by a set of D mappings, %, corresponding to D dimensions, d = 1,2,--- | D,
ie, D) =% o 0%€p. Hence, the mappings, 6y, are linear binary codes, for all dimensions, d.

Correspondingly, we define the D-dimensional codes considered in this chapter as follows.

Definition 7.8 Let €D) be a linear D-dimensional code, such that, €P) = & o 0€p, where
¢ = (L + Dny, M ki,dyin1) is a linear binary code of rate, Ri = (M/(L + 1))k1/n4,
corresponding to dimension, d = 1, and €y = (ng, kq,dming) are linear binary codes of rate,
Ry = kq/ng, corresponding to dimensions, d > 2. Then, € D) is a linear D-dimensional product

code of rate, R\D), and the minimum Hamming distance, dfﬁr)l, given as [139],

3|&

D
RO L 1;[

D

D

dfmx)l = Hdmind-
d=1

Multidimensional IBRC’s are then defined assuming Definition 7.8 and the following constraints.

Definition 7.9 A multidimensional IBRC, €P)=1BRC, s constructed using a 1D IBRC, €)B"¢ =
((L+ 1)k, Mk, dnin1), of rate, R = M /(L + 1), and using (D — 2) permutations, €5 = (k, k, 1),
for dimensions, d > 2. The code, € P)~TBEC has rate, RIP)BRC | and the minimum Hamming

D)—1BRC .
distance, d( ) B , given as,

D
M
R(D)—IBRC _ II R, = R =
d ! L+1
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dmin1 < dr(ﬁl)l_mm < ﬁ dmind.
d=1
Importantly, comparing Definition 7.8 and Definition 7.9, we observe that the D-dimensional prod-
uct codes achieve a large minimum Hamming distance at the cost of bandwidth expansion. On
the other hand, we can show that, for sufficiently large dimensions, kg, d = 1,---, D, the D-
dimensional IBRC’s can achieve the same minimum Hamming distance as the D-dimensional bi-
nary product codes, however, the bandwidth of the D-dimensional IBRC’s depends only on the
rate of the coding scheme employed in the first dimension, i.e., for d = 1. Hence, although the
D-dimensional IBRC’s can be used to obtain the same minimum Hamming distance as the product

D) _

codes, i.e., d .. = dD=1 dming, and without bandwidth expansion, it is often sufficient to design

d(D)-—IBRC

D-dimensional IBRC’s having the minimum Hamming distance, such that, dyin; < d;,

d(D)—IBRC < d(D)

and, min min’

The generator matrix of the code, €°"“, in the first dimension, i.e., for d = 1, is constructed
using several cyclic matrices [128]. On the other hand, the generator matrices of the codes, €3,
for dimensions, d > 2, are cyclic matrices. Thus, after the first encoding in dimension, d = 1, the
encoded bits are only permuted across dimensions, d = 2, | I, in order to increase the minimum
Hamming distance of the code. Furthermore, since permutation of bits across dimensions, d =
2,---, D, does not produce any additional parity bits, the bandwidth of the code is not increased
by encoding, %, in dimensions, d > 2; see Property 7.6. Also, we can show that the minimum
Hamming distance of the D-dimensional IBRC’s is upper-bounded as,

D
d <1+ [] kq
d=1
where K, are the constraint weights of the binary cyclic matrices, Ay, that are used for encoding
and permutation of bits across dimensions, d. More generally, the code, 47, corresponding to the
first dimensioh, ie., for d = 1, can be any 1D binary block code. Then, we have the following

important application of Definition 7.9.

Definition 7.10 The set of Hsz kq 1D codewords of equal block length, ny, generated by a code,
%1 = (n1,k1,dmin1), can be compounded using permutations of these codewords across dimen-

sions, d =2,--- | D,
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Note that the construction of the D-dimensional block code given in Definition 7.10 increases the
overall minimum Hamming distance of compounded 1D codewords without increasing the trans-
mission bandwidth. Hence, assuming the properties of binary cyclic matrices and using Definition

7.1-Definition 7.10, we can define the design criteria of multidimensional IBRC’s.

Design Criteria for Multidimensional IBRC’s

In general, the codes based on circulant matrices can be formally described using a regular trellis,
or using a quasi-cyclic parity check matrix. Design criteria of these codes are chosen for a specific
application at hand. Hence, we extend definitions of the parameters in Definition 7.7, for the case

of D-dimensional IBRC’s, so that,

constraint weight: K (D)—1BRC  — ZdDzl Ky
constraint length: ~ p(P)-1BRC  — Z?zl V4
span: M(D)—IBRC _ EdD-_—l [ = p(D)—IBRC + K.

Provided that more than one cyclic matrix is used for permutation of bits in a particular dimension,
d, then the constraint weight, K is given by a maximum constraint weight used in dimension, d.
Similarly, the constraint length, v, in dimension, d, is given by a maximum value of constraint
length employed in dimension, d,

Consider a cyclic matrix, A, generated by the vector, a = (ap = 0,a1, - ,ax—_1). Such a
matrix has the constraint length, ¥ = ax ;. Since multiplication of a cyclic matrix and a vector
corresponds to cyclic convolution, we can use a trellis having 2¥ states to describe encoding and
decoding of D-dimensional IBRC’s. Note that the last ag .1 rows of the matrix, A, correspond
to the input information bits that return the encoder either to its initial state (cf. the tail-biting
codes [130]), or to the all-zero state (cf. trellis termination). Correspondingly, for D-dimensional
IBRC’s, the complexity of the encoding and optimum (maximum-likelihood sequence) decoding
using the trellis representation is given by the total constraint length, i.e., v(P)~1BRC — Z?.—_l vg. In
this case, the design criterion of D-dimensional IBRC’s is written as,

max D) TIBRC
{Ad}d min
(D)—IBRC *
8.L. dmin 2 dmin (71)

p(D)—1BRC < Vmax

k € Q.
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(D)—1BRC
min

Hence, the minimum Hamming distance, d , is maximized over the set of cyclic matrices,

Ay e ngx}cd, that are used to generate the codewords of a D-dimensional IBRC subject to (s.t.) the

*

lower-bound on the desired minimum Hamming distance, d} ;,, the upper-bound on the constraint

length, vpax (corresponding to the maximum complexity of the encoding and decoding), and the
vector of input dimensions, k = (k1,--- ,kp), to be in the set of feasible dimensions, Qy, so
that dfgl)l_IBRC > dr ;. is achievable. We can approximate the set, {2y, using the component-wise
inequalities, i.e., let Qx = {k : k > ko} = {k : ky > koj, ko > ko, - ,kp > kop}. Note
that, for a suboptimum multistage decoding (i.e., the independent decoding of all dimensions), the
optimization (7.1) is subject to a complexity constraint, maxg vg < Vmpax.

Also, one can consider multidimensional IBRC’s to be modulo 2 sums of the cyclically shifted

input information vectors. In this case, the complexity of the encoding and decoding is given by the

constraint weight, K (P)=1BRC¢ — ™0 J¢ and the design criterion is,

(D)-1BRC
max d .
{Ad}d min

(D)—1BRC *
s.t. dmin 2 dmin (72)

K(D)—IBRC < Kax

k € Q.

d(D)—IBRC

Hence, the minimum Hamming distance, d, ;- , is maximized subject to the upper-bound on

the constraint weight, K.x. Again, for a suboptimum multistage decoding, optimization (7.2) is
subject to the complexity constraint, maxy Ky < Knax. Importantly, since typically, K; < vg,
the design of multidimensional IBRC’s using optimization (7.2) leads to less complex cyclic shifts
based encoding and decoding than when using optimization (7.1) and the trellis based encoding
and decoding; hence, in this chapter, we consider the design (7.2). Furthermore, optimization (7.2)
trades-off dEﬁBfIBRC with the complexity of the encoding and decoding.

It is useful to consider a universal design for obtaining the desired minimum Hamming distance,
d(D)—IBRC

rain , by lengthening and shortening of the generating vectors, a; = (aqo, @41, , Qa(K d_l))’
corresponding to the cyclic matrices, A,. In particular, while lengthening of the vector, a,, ap-

pends a component, aqk, > Gq(k,-1), t0 a4, shortening of the vector, ag, removes the component,
(D)—1BRC

aq(k,—1)> from ag. In general, lengthening of the vector, ay, increases d , and shortening

d(D)—IBRC

of the vector, a4, decreases d;° , and also, the complexity of the encoding and decoding. It

is desirable that lengthening and shortening of the vectors, ag, is mutually independent between
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dimensions, d. We can use the following procedure to obtain the generating vectors, ag.

Algorithm 7.11

D)—IBRC
Enir)l =1

1. initialize ag = (agp) where ago > 0, K4 =1, and d

2. for A > 0, select the dimension, d, and find, a dK such that, (a dK ;~ Yd(K 1)) <A, and

i
d(D)——IBRC

min

is increased, then let a; == (a;, acZK&)’ and K; .= K;+1

3. when no such a ;.. exists for a given, A, either use another a ; of a s, or select another
dK d(K ;—1) d

A

dimension, d, or increase the dimensions, k, or increase A

4. repeat the search in step 2 until the code of dfgr)l_IBRC > dy .. is found

Thus, the components are added to the vectors, a4, recursively until the desired minimum Hamming

*

distance, d; , is reached. Note that, for every candidate set of generating sequences, {aq}q, we

(D)—1BRC
min

have to evaluate the corresponding minimum Hamming distance, d . The efficient evalu-

(D)—1BRC

ation of d ./ enumerates small weights input information vectors [128], [129]. Hence, it is
useful to systematically generate binary vectors of given weight. In particular, let the input informa-
tion vector of dimension, k, and weight, o, corresponding to the [-th ordered combination of o out
of k elements, forl =1,---, (];), have the “1” bits in the positions, b = (bg, by, -+ ,bo—1) € Z3.
We can show that the combination number, /, can be computed from the “1” bits positions, b, as,
bo . bi—bo—~1 .
) )

1==1 i=1

bo—2_60v3_1 .
: k—1—bo_3—
+ g < ) : Z) +bo—1 = bo_2.

1=1

On the other hand, the vector of “1” bits positions, b, can be obtained from the combination number,

[, using the following algorithm.

152



Algorithm 7.12  Input: k,0,l Output: b

! find the l-th combination o out of k
s:=0
fori=0:(0-2)
b, = s
forj =0:(k—o+i—s—1)
ifl> (k;f:_lfj) then
b; =b;+1
Li=l-(05)
else
break
end if
end for
s:=b+1
end for
bo1 = bp—g +1

(D)-1BRC
min

For example, the simplest algorithm to estimate d of systematic binary block codes enu-

merates all codewords corresponding to the input information vectors of weight, 0 = 1,2,--+ , Oy,
d(D)-—IBRO

where O1 < d ;) If the number of such codewords, i.e., 200211 ('2), is large, then, us-

ing Algorithm 7.12, we can generate randomly additional codewords of input information weight,

(D)—1BRC
min

0=01+1,+,09, where O < Oy < d
Recall that we search for sequences of cyclic shifts of the input information bits. These se-

quences are then shortened in order to obtain the desired minimum Hamming distance, d,; , while

(D)—IBRC

minimizing the constraint weight, K , and the complexity of the encoding and decoding;

see the design (7.2). Note also that, for particular vectors of cyclic shifts, az, we have to specify

minimum dimensions, ko = (ko1, - - , kop), that guarantee the minimum Hamming distance, d

“min-

We have the following theorem.

Theorem 7.13 For any vectors of cyclic shifts, ag, that are used to generate a D-dimensional IBRC,

@ (D)—IBRC (n, k, d(D)—IBRC), there exist minimum dimensions, Ko, such that, for all dimensions,

min
(D)—1BR
min

k > ko, the minimum Hamming distance, d © is independent of k.
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Proof: For a particular dimension, d, we can use Theorem 1 in [128] to prove that there exists
d(D)-IBRC

minimum dimension, kgg, such that, for Vkg > kog, the minimum Hamming distance, d;;/ ,

is independent of k. In turn, we can show that, for sufficiently large dimensions, k, the dimensions

(D)—I1BRC
min :

become independent and can be arbitrarily increased without changing the value of d ]

Corollary 7.14 If dy is the minimum Hamming distance of a D-dimensional IBRC of dimensions,
k, then the vectors of cyclic shifts, ag, can be arbitrarily shortened to obtain a D-dimensional IBRC

of dimensions, k, and the minimum Hamming distance, 2 < dl(i?r)l_IBRc < dp.

7.1.4 Examples of IBRC’s

We consider examples of 1D, 2D and 3D IBRC’s. We assume IBRC'’s given in Definition 7.9, for
M = Land M = 1. We investigate non-systematic codes having systematic codes as a special
case. In general, non-systematic codes have typically much larger minimum Hamming distances
than systematic codes. Hence, we present sequences of cyclic shifts that can be arbitrarily shortened
to obtain the desired minimum Hamming distance, d,,,;,. For particular vectors of cyclic shifts, ag,

we also provide the values of minimum dimensions, kg, as indicated by Theorem 7.13.

1D IBRC’s

Let M = L in Definition 7.9. Assume the generator matrix of the rate, L/(L + 1), IBRC, i.e.,

Ay ATA,
G= : (7.3)

Ay AfAl I
where A1 and Aqq,--+ ,Aqp are k1 x k; cyclic matrices having the generating vectors, a; and
aii,- - ,ayr, respectively. Using Algorithm 7.11, we obtain the following sequences of cyclic

shifts for a IBRC of rate R = 4/5, i.e., for L = 4,

ajn =(0,1,2,4,5,7,9,12,15,21, 24, 25,29, 32, 38, 41, 46, 49, 50, 51, 55, 57, 62, 63)

a1p =(0,1,5,8,10, 14, 16, 18, 20, 25, 27, 31, 32, 38, 42, 43, 50, 51, 53, 56, 58, 61, 64, 67)
a3 =(0,2,3,11,13,18,22, 23, 28,31, 33,34, 35, 39, 44, 47, 48, 52, 54, 59, 60, 64, 68, 69)
as =(0,3,5,12, 15,19, 24, 25, 29, 33, 34, 36, 37, 42, 45, 49, 51, 54, 55, 61, 63, 66, 71, 72)
a; = (0,2,5,7,8,9,10,12, 14,15, 18,19, 22, 23, 27, 29, 30, 31, 34, 35, 36, 37, 39, 41).
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Assuming shortening of the sequences, a1, ai9, a3 and a4 to K1; components, and a; to Ky com-
ponents, Table 7.1 gives dy,;, for dimension, k1, and the maximum achievable dy,in for dimension,
k1 > 1. We can obtain other 1D IBRC’s using an arbitrary subset of L sequences, ai1,ajg, a3
and ayy, for L = 1,2 and 3. Note also that, in general, a search for the low rate IBRC’s is easier
than for the high rate IBRC’s; thus, codes having the generator matrix (7.3) are rarely reported in
the literature, for L > 2, [132].

Let M = 1 in Definition 7.9. Consider the generator matrix of the rate, R = 1/(L + 1),
systematic 1D IBRC, i.e.,

G=[IA; Al

Assuming L = 4, we obtain the following generating sequences, i.e.,

apy = (0,1,2,4,5,7,9,12,15,21, 24, 25, 29, 32, 38, 41, 46, 49, 50, 51, 55, 57, 62, 63)
a;g = (0,1,3,5,7,10, 11,14, 16, 19, 22,27, 31, 33, 34, 37, 39, 40, 42, 44, 46, 48, 52, 53)
a;s = (0,1,2,5,6,9,11,12,13,14, 16,18, 19, 22, 23, 26, 27, 28, 30, 32, 33, 34, 35, 37)
apq = (0,1,3,5,7,11,13,14,15, 16, 17,19, 20, 21, 22, 25, 26, 29, 31, 33, 34, 35, 37, 38).

Note that we can again use an arbitrary subset of L sequences, aji, aio, aig, and a4 to obtain

IBRC’s of rate, R = 1/(L 4 1), for L = 1,2 and 3.

2D IBRC’s

We assume two types of 2D IBRC’s of rate, 1/2. In particular, the codewords can be written
as, ¢ = (qu,AguAl), where the information matrix, u € Z;”Xkl, and the cyclic matrices,
Ay € ZSIX’“, A; € Zngkl, and, A, € Z§2Xk2, are generated by the vectors, ag, aj, and, ao,
respectively. Note that Agu corresponds to the vertical parity bits, and uwA; corresponds to the
horizontal parity bits of a binary product code. Furthermore, we propose a class of 2D IBRC’s
of rate, 1/2, having the codewords, ¢ = (uAy, Agu @ uA;); note that, in this case, the vertical
encoding does not increase the transmission bandwidth. Then, using Algorithm 7.11, we obtain the

following generating sequences, i.c.,

ap = (0,2,3,6,8)
a; = (0,1,2,4,5,7,9,12,13,15,17, 20, 22, 23, 25)
as = (1,2,4,6,7).
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Table 7.2 shows dyiy and the minimum input dimensions, ko, for the 2D IBRC’s assuming that the

generating sequences, ag, aj, and, ay, are shortened to Ky, K7, and K5 components, respectively.

3D IBRC’s

Assume a 2D IBRC of rate, 1/2, having the codewords, ¢ = (u, AguAl), and denote A3 to be
the cyclic matrix used for permutation of bits across the 2D codewords. Using Algorithm 7.11, we

obtain the following generating sequences, i.e.,

ar = (0,1,2,4,5,7)
ag = (172a476)7)
as = (0,1,3,5,6).

Examples of the 3D IBRC’s are given in Table 7.3 assuming that the generating sequences, ai, as,
and, ag, are shortened to K1, Ko, and K3 components, respectively.
Furthermore, consider the design of 3D IBRC’s for concatenation of 1D codewords. In particu-

lar, Table 7.4 shows di, and kg of the 3D IBRC’s assuming the generating sequences,

as = (1,2,4,6,7)
ag = (0,1,3,5,6)

for permutation of bits in dimensions, d = 2, and, d = 3, and shortened to K3 and K3 components,
respectively. The 1D codes in dimension, d = 1, in Table 7.4 are the Hamming (15,11, 3) and
(7,4, 3) codes, the Golay perfect code, (23,12, 7), and the SPC code, (12, 11, 2).
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Table 7.1: Examples of 1D IBRC’s of rate R = 4/5.

dmir(max) K=
K 1 4 8 12 16 20 24
Ki=1 2(2) 5(5) 9(9) 13(13) 17(17) 21(21) 25(25)
>1 > 18 >32 > 46 > 56 >175 >91
2 X 8(8) 10(12) 16(16) X X X
>17 >25 > 45
3 6(6) 9(9) 14(16) 19(19) 26(26) 34(34) X
>11 >15 >32 >43 >63 >80
4 8(8) 14(14) 16(18) X 28(30) X X
>11 >25 =32 > 65
5 10(10) X 16(16) 24(24) 32(32) X 42(42)
>15 >31 >53 >76 >95
6 12(12) 18(18) 18(18) 26(26) 32(34) 36(36) 42(42)
>20 >31 >31 > 46 >65 >82 > 87
7 14(14) 20(20) 20(21) 27(27) 33(33) 36(40) 44(46)
>19 >32 >34 >53 > 170 >71 >90
8 16(16) 20(20) 22(24) 30(32) 34(38) 40(42) X
>20 >37 >37 >53 >65 >175
9 18(18) 24(24) 22(22) 32(33) 37(37) 42(43) 48(51)
>34 >41 >43 > 54 > 74 > 81 >91
10 20(20) 26(26) 24(28) 34(34) 38(38) X X
>25 >41 >42 > 65 >79
11 22(22) 28(30) 26(35) 36(40) 40(49) 44(44) 50(54)
> 40 >41 >39 > 60 >72 > 100 >97
12 24(24) 30(32) 28(36) 36(38) 42(48) X 52(58)
>31 >45 >39 > 74 >175 >93
13 26(26) | 32(37) | 30(40) | 38(45) | 44(52) | 56(57) | 54(60)
>33 > 47 >52 > 65 >173 >100 | > 105
14 28(28) | 34(38) | 32(40) | 38(44) | 44(48) X 56(64)
>44 >57 > 56 > 68 >92 > 101
15 30(30) | 36(40) | 34(44) | 40(54) | 48(58) | 58(66) | 58(72)
>50 >57 > 56 > 67 > 88 > 100 | > 104
16 32(32) 38(44) 36(52) 44(56) 50(62) 60(68) 66(68)
>41 >55 >55 > 69 > 83 > 105 > 128
17 34(34) | 40(47) | 40(50) | 50(57) | 54(66) | 62(69) | 66(68)
>44 > 60 > 67 >80 >92 > 101 | > 115
18 36(36) | 42(50) | 42(52) | 50(60) | 54(66) | 62(68) | 66(76)
> 56 > 56 >73 >179 > 87 >109 | > 116
19 38(38) | 44(48) | 44(55) | 52(64) | 58(62) | 64(73) { 68(81)
>49 >72 > 67 >83 >99 >107 | > 119
20 40(40) | 46(50) | 46(56) | 54(62) | 60(70) | 66(70) | 68(80)
>33 > 68 >175 > 90 >96 > 117 | =128
21 42(42) | 48(56) | 48(58) | 58(64) | 64(68) | 66(74) | 71(81)
> 56 > 67 >72 >93 > 102 >112 > 118
22 44(44) | 50(60) | 50(60) | 60(64) | 66(74) | 70(74) | 68(80)
> 67 >74 >72 >92 >113 | >118 | > 115
23 46(46) | 52(57) | 52(62) | 64(71) | 66(77) | 70(72) | 70(87)
> 56 >175 >79 >102 | 2105 | >135 | > 125
24 48(48) | 54(60) | 54(68) | 64(76) | 68(74) | 72(78) | 80(90)
>171 >80 >176 >100 | 2125 | 2130 | > 134
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Table 7.2: Examples of 2D-IBRC’s.

(qu, A;u &) uA1)

(uAo, AJuA,)

Ko=1,Ko=5 Ko=5,Ko=1 Ko=1,Ko=5 Ko=5 Ko=1
K | dmin k > ko drmin k > ko dmin k > ko dmin k > ko
1| 7 (210100 7  (5L1) | 6 (L,10,10) | 6  (13,1,1)
2 | 8 (299 | 8 (922 | 7 (21313 | 9 (12,13,13)
3| 9 (299 | 9 (933 | 8 (21212)| 10  (9,6,6)
1] 10 (29,9 | 10 (855 | 9 (31515 | 12 (9,88)
5 | 11 (213,13) | 11 (9,6,6) | 10 (217,17) | 14 (9,10, 10)
6 | 12 (2,13,13) | 12 (8,8,8) | 11 (4,22,22) | 12 (9,8,8)
7 | 13 (2,15,15) | 13 (8,10,10) | 12  (4,25,25) | 18 (9,14, 14)
8 | 14 (2,16,16) | 14 (8,13,13) | 13 (5,19,19) | 14 (9,14, 14)
9 | 15  (2,20,20) | 15 (3,14,14) | 14  (5,24,24) | 18 (9,14, 14)
10 16 (2,22,22) 16 (8,16, 16) 15 (5,25, 25) 22 (9,16, 16)
11| 17 (3,25,25) | 17 (8,18,18) | 16  (6,25,25) | 22 (9,16, 16)
12 | 18 (3,2525) | 18 (8,22,22) | 17 (6,28,28) | 22 (9,16, 16)
13| 19 (3,28,28) | 19 (8,24,24) | 18  (6,29,29) | 20  (9,17,17)
14 | 20 (3,30,30) | 20 (8,24,24) | 190 (6,32,32) | 21  (9,17,17)
15 | 21 (3,32,32) | 21 (8,27,27) | 20  (6,33,33) | 22  (9,17,17)
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Table 7.3: Examples of 3D IBRC’s assuming 2D codewords, ¢ = (u, AguAl).

az = (1,2,4,6,7) a3 = (0,1,3,5,6)
a; = (0) ap = (0,1,2) a; =(0,1,2,4,5,7)
Ki23 dmn k2ko | K123 dmin k>ko | K123 duin k> ko
111 2 (LLD) | 311 4  (41,5) | 611 7  (11,1,1

)
121 3 (1,3,1) | 321 6  (4,4,1) | 621 13  (11,5,7)
131 4 (1,4,1) | 331 8  (4,5,10) | 631 19  (11,7,6)
141 5 (1,8,1) | 341 10 (4,6,7) | 641 25  (11,8,7)
151 6  (1,9,1) | 351 12 (4,6,6) | 651 31  (11,12,5)
112 4 (1,1,2) | 312 8 3,1,2) | 612 14  (11,7,2)
122 6 (L,3,2) | 322 12 (4,3,2) | 622 26  (11,8,2)
132 8

642 50  (11,10,6)
652 62 (11,12,4)
313 12 613 21  (1.,7,7)
323 18 623 39 (11,9,7)
133 12 (1,4,7) | 333 24  (4,7,7) | 633 57 (11,7,10)
143 15 (1,8,7) | 343 30 (4,10,8) | 643 75  (11,8,7)
153 18 (1,9,7) | 353 36 (4,99 | 653 93  (12,7,6)
114 8 (1,1,12) | 314 16 (4,6,9) | 614 28  (11,7,8)
124 12 (1,3,12) | 324 24 (5,5,10) | 624 52  (11,8,8)
134 16 (1,4,12) | 334 32  (4,88) | 634 76  (11,9,8)
144 20 (1,811) | 344 40  (5,9,9) | 644 100 (11,9,11)
154 24 (1,9,11) | 354 48  (6,7,3) | 654 124 (11,10,8)

152 12 (1,7,2) | 352 24
113 6  (1,1,7
123 9  (1,3,7

)

(4,6,6)

(.1,2)

(4,3,2)

(4,4,2) | 632 38  (11,8,7)
142 10 (1,8,2) | 342 20 (47,2

(4,9,2)

4,1.7)

(4,5,7)

)
)
)
)
)
)
)
(1,4,2) | 332 16
)
)
)
)
)
)
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Table 7.4: Examples of 3D IBRC’s for concatenated codewords.

as = (1,2,4,6,7) as=(0,1,3,5,6)

C=(15,11,3) C=(7,4,3) C=(23,12,7) Cc=(12,11,2)
Koz dmin ko | K23z  dmin ko Kys dmin ko | Koz dmin ko
11 3 (| 11 3 (Ly | 11 7 @Oyl 1t 2 (LD
12 6 (L4 | 12 6 (1,5 | 12 14 (L4 | 12 4 (L4
13 9 (L7 | 13 9 (L8 | 13 21 (1L7n]| 13 6 (L7
14 12 (1,8 | 14 12  (L11) | 14 28 (1,8) | 14 8 (L9
21 4,3) | 21 4 (42 | 21 12 (55 | 21 2 (20D
22 4,3) | 22 8 (4,4 | 22 24 (55 | 22 4 (2,3)
23 12 (44) ] 23 12 (47 | 23 36 (55 | 23 6 (2,4)
24 16 (4,6) | 24 16 (4,8 | 24 48 (58) | 24 8 (2,8
31 5  (43)] 31 5 (42 | 31 13 (51| 31 2 (41
32 10 (43) | 32 10 (44) | 32 26 (53) | 32 4 (43)
33 15  (4,4) | 33 15 (47 | 33 39 (54) | 33 6 (44
34 20 (4,6) | 34 20 (48) | 34 52 (56) | 34 8 (4,6
41 6 (6,2) | 41 6 (1) | 41 22 (63| 41 2 (6.1
42 12 (6,3) | 42 12 (6,3) | 42 44 (6,3) | 42 4 (6,3)
13 18 (6,4) | 43 18  (6,4) | 43 66 (6,4) | 43 6  (6,4)
44 24 (66) | 44 24 (67 | 44 8 (68 | 44 8  (6,6)
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7.1.5 Applications of IBRC’s

We consider applications of IBRC’s and analyze their BER performance. In general, assume map-
ping of codewords, ¢ € Z7, to BPSK sequences, x = ((—1)%,--- ,(=1)1) € {—1,+1}". The
sequence, X, is transmitted over an AWGN channel, w, of variance, Uﬁ, = Np/2, per dimension
where N is the one-sided noise power spectral density. Then, the received sequence, y = x + w.
The energy per coded modulated symbol is, £, = 1, and thus, 02, = (2R~,)~! where R denotes
the code rate, and -y, = E} /Ny is the SNR.

We consider soft-input soft-output (SISO) decoding of IBRC’s. The channel soft-output for the
J-th bit (in the log-likelihood domain) is, L.(j) = 2yj/012ﬂ, and j = 0,1,--- ,n—1{17]. The SISO

decoder outputs the a posteriori values [141], [142],

oy xS
La(j)— 20,2 _;2'" Z Y'L(lez - XOJz) (74)
w w ;g

where xo; and x1; are the codewords at the smallest Euclidean distance from the received vector, y,
having the j-th bit 0 and 1, respectively. Then, the extrinsic information, Le(j) = Lo(3) — Le(5).
We adapt the algorithm proposed in [141] to compute a posteriori values (7.4). This algorithm is a

sphere-decoder in the input information domain over a basis of the most reliable bits given as,
1. generate the initial estimate of the information vector, ug
2. search the sphere of radius, d;, about ug to find the codewords, xo;, and, xy;, for V.

The sphere search enumerates the Zf;o (’;) codewords. For each codeword, x, we compute the
metric, m(x) = yT x/(202 ), and update the table of the largest metrics for all n bits being 0 and 1.
Then, Lo (j) = m(x1;) — m(Xq;), V4. We can obtain the initial estimate, ug, using hard-decision
decoding, for example, assuming only the information bits of the systematic code. Note that d; = k
corresponds to the optimum maximum a posteriori (MAP) decoding while reference [141] suggests
that dy = [dmin/4] for negligible performance loss where [-] is the ceiling function. Although a
simple enumeration of sequences within a given Hamming distance about the initial estimate can be

too complex for the real-time implementation of the decoder, this method is well suited for computer

simulation evaluation of the performance of block coding schemes.

161



In general, a union bound of the BER over an AWGN channel can be written as [17], [100],
PyP(w) = z”: fiiEQ(\/ QRw’Yb> (1.5)
k

where A, = Zf:o 1A(7, w) is the number of information bits encoded in all codewords of weight,
w, A(¢,w) is the number of codewords of input information weight, ¢, and output weight, w. For
cyclic codes, we can use Theorem 2 in [119] to efficiently evaluate the coefficients, A, = RwA(w),
where A(w) = Zf:o A(¢,w); our numerical results indicate that this expression is a good approxi-
mation for systematic 1D double circulant codes. Then, we can approximate the union bound of the

BER as,

n

PYB(m)= Y = Aw) Q(V2Rwy, ).

w=dpin
Adaptive Coding

As indicated by Theorem 7.13, for a given minimum Hamming distance, the dimensions of IBRC’s
can have arbitrary values greater than some minimum dimensions. Also, for given dimensions, the
minimum Hamming distance of IBRC’s can be chosen up to a certain maximum value; see Corollary
7.14. Correspondingly, IBRC’s are well-suited for packet transmission, and particularly, when the
channel quality between the source and the destination is known at the transmitter,

As an example, consider the vector of cyclic shifts,
a=(0,1,2,4,5,7,9,12,15,17, 20).

This vector can be shortened to 1 < K < 11 components to generate a cyclic matrix, A, of
minimum dimension, ky = 34. Then, a systematic 1D IBRC of rate, 1/2, has the generator matrix,

[I|A], and minimum Hamming distance, dpip = 1 + K.

Turbo Product Coding

Consider a turbo product code (TPC), Cp = Cy x Cy = (ng, by, de) X (ny, ky, dy) = (np, kp, dp),
of rate R, = (kgzky)/(nzny), and minimum Hamming distance, d,, = ddy. The weight enumerator
coefficients of TPC, Ac, (w), forw = 0,1, , dydy +max(d;[dy /2], dy[ds/2]), can be obtained
using Theorem 1 of [143], i.e., Ac, (w) = 3_;), Ac, (¢) Ag, (w/i) where Ac, (w) and Ag, (w) are

weight enumerators of component codes, and ¢|w denotes ¢ divides w. We assume that the horizontal
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encoding, Cy, is a 1D IBRC, and the vertical encoding, CY, is a high rate binary code. For high
rate codes, the extrinsic information for the j-th bit of the Cy code, L.(j; Cy), can be efficiently

computed using the dual code, C;-, i.e. [105, eq. (89)],

’y 9

i La j C
Neecy (TTits s tanh 22y )

Le(j; Cy) = log

where the a posteriori values are computed as, Lq(j) = Lc(j) + Le(5; Cx). The extrinsic values,
L.(j;C,), corresponding to the horizontal code, C,,, are evaluated using (7.4).

As an example, we evaluate the BER of two TPC’s assuming the 1D IBRC, (48,24,9), for
horizontal encoding, and the single parity check code, (8,7,2), and the extended Hamming code,
(8,4,4), for vertical encoding, respectively. The IBRC, (48,24, 9), is systematic and has the gener-
ator matrix, G = [I|A], where the cyclic matrix, A € Z2**%4 is generated by the vector of cyclic
shifts, a = (0,1,2,4,5,7,9,12). We assume input sphere decoding of radius, d; = [9/4] = 3,
ie, 320 o (3 = 2325 codewords are evaluated to obtain the extrinsic values, Le(j, Cy), for the
horizontal IBRC. The initial estimate for the input sphere decoder is given by hard decision of
the systematic bits. Assuming 5 iterations between the horizontal and vertical decoders, the BER

approaches the union bound (7.5) as shown in Fig. 7.1.
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Figure 7.1: The BER of the (48,24,9) x (8,7,2) and (48,24, 9) x (8,4,4) TPC’s versus the SNR,

Ey/No.

-1 0 1 2 3

Ey/No dB
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Table 7.5: Examples of doubly circulant IBRC’s for retransmission schemes.

a) ay dmin | ko | knp
0 0,2 3 5 4
0 0,1,2 4 4 4
0 0,2,5 4 6 5
0 0,1,2,4 5 8 8
0,2 0,1,2 5 9 8
0,2 0,2,5 5 9 8
0,1,2 0,1,2,4 5 8 8
0,2 0,1,2,4 6 8 8
0,1,2 0,2,5 6 10| 9
0 0,1,2,4,5 6 10 9
0,1,2 10,1,2,4,5 6 101 9
0,2 0,1,2,4,5 7 151 13
0,2,5 0,1,2,4 7 16 | 13
0,1,2,4 1 0,1,2,4,5 6 15| 10
0,2,5 10,1,2,4,5 8 16| 14
Retransmission and Multihop Routing
Consider a sequence of L cyclic matrices, (A1, Ag,- -, Ar), and the input information vector, u.

During the i-th transmission from source to destination, we transmit the encoded bits, uA;. Hence,
at the destination, the compounded codeword, ¢; = (uA1,uAq, - ,uA;), corresponds to a IBRC
of rate, R = 1/, and the minimum Hamming distance, dmin;. This code has generator matrix,
G; = [A1]As| -+ |A;]. The design criteria for such a compounded IBRC are that dyy,; should be
increasing with the transmission number, <.

Table 7.5 shows examples of the vectors of cyclic shifts, a;, and ag, used to generate cyclic
matrices, A1, and Ao, respectively, Assuming IBRC’s having the double circulant generator matrix,
[A1]As3], Table 7.5 provides the values of corresponding minimum Hamming distance, dpn, and
minimum dimension, kg, and kyp, denotes the Hamming bound for given dy,;, and block length,
2kq, [116]. Note that combination of the received vectors correspondihg to different cyclic matrices,

A, and, Ao, results in different values of dyyiy; this is useful for multihop routing protocols.

Block Differential Encoding

We consider 1D IBRC’s compounded with block differential encoding. Hence, assume a rate, 1/2,

IBRC, (2k, k, dmin ), having the double circulant generator matrix, G = [A;|Ag]. The codewords,
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Figure 7.2: Block differential encoders, (a) recursive, and (b) non-recursive.

¢ = (p1,p2), where p; = uAj, ps = uAy, and u is the input information vector, are block
differentially encoded as shown in Fig. 7.2. If the block differential encoding is recursive, then
the differentially encoded codewords are written as, s; = s;_1 @ c;, where ¢ is the discrete time
index; see Fig. 7.2(a). Hence, for L transmitted codewords, c;, ¢ = 1,2, .- , L, the compounded
(2k x L) codeword, (s1,sg,---,sr), has rate, 1/2. On the other hand, we propose to use a non-
recursive differential encoding shown in Fig. 7.2(b) to improve the code rate. In this case, the
differentially encoded codewords are written as, s; = p1; ® Pa(;—1)- For L transmitted codewords,
the non-recursive block differential encoder corresponds to a ({(L + 1)k, Lk, duin) code of rate,

Ry, = L/(L + 1). This code has the generator matrix,

~ A A, -
Al A
Gy =
L Al A2 .
and the corresponding compounded codewords are, (uj,ug, -+ ,ur)Gyr. Denote by a; and ap

generating vectors of the cyclic matrices, A1, and, A, respectively. Similarly to Theorem 7.13, we

can formulate the following theorem.
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Theorem 7.15 For any design, ai, and, ag, of the IBRC, ((L + 1)k, Lk, dwin), there exist dimen-
sions, ko, and, Lg, such that, for Vk > kg and VL > Ly, the minimum Hamming distance, dpin,

does not depend on k nor L.

Proof:  For a particular value of L, if dimension, k, is increased by one, then we insert L
bits into the input information vector, (uy,--- ,ur). We can use the argument in the proof of
Theorem 1 in [128] to show that, for sufficiently large k, the inserted bits cannot change d;,. Also,
for a particular value of k, if dimension, L, is increased by one, then the matrices, Al,/and, A,
are appended to the generator matrix, Gj. We can show that, for sufficiently large L, all input
information vectors, (uy,- - ,uy,), corresponding to codewords of weight, dp;,, contain at least k
consecutive zeros; thus, increasing dimension, L, by one does not change d,y;p. [ |

Using Theorem 7.15, we have the following property.

Property 7.16 Non-recursive block differential encoding in Fig. 7.2(b) of codewords of any doubly
circulant binary code guarantees that the overall code rate, Llim I#T = 1, with the number of

differentially encoded codewords, L, while the minimum Hamming distance, d;y, is fixed.

In general, larger values of dimensions, kg, and, Lo, are required for larger values of dpi,. Impor-
tantly, note that, for convolutional codes, both rate and minimum Hamming distance are indepen-
dent of block length, Note also that, conditioned on knowledge of u;, the dimension is reduced to
(L — ©)k; thus, the sequence to be decoded is, (w;11,--- ,ur,).

For example, assume non-recursive block differential encoding of systematic 1D IBRC’s, i.e.,
the generator matrix, G = [I|A], and let Ly = 1. Table 7.6 gives cyclic shifts, a, corresponding to

the cyclic matrix, A, and the values of d,y;y, ko, and the Hamming bound for block length, 2kg.

7.1.6 Transmitter Power Optimization

Consider the problem of how to distribute the transmission energy over the binary codeword to
minimize the BER while the average energy per transmitted binary symbol, Ej, is kept constant.
The exact BER is approximated using the union bound. We assume ideal interleaving, and thus, the
channel fading coefficients are independent for each transmitted binary symbol; this corresponds to
the fast fading assumption.

Assume a systematic 1D code, (n, k, dmin), of rate, R = k/n, having the codewords, ¢ =

(u, p), where u is the input information vector of k bits, and p is the vector of (n — k) parity bits.
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Table 7.6: Examples of IBRC’s for non-recursive block differential encoding.

a duin | k2> ko, Lo =1 | knp

0 2 >1 1

0,1 3 >5 1

0.1.2 1 >7 5
0.1,2.5 5 S12 9
0.1,2.5.6 6 >13 10
0.1,2.5,6,8 7 > 17 13
0,1,2,5 68,0 g >19 15
0.1,2568011 | 9 =93 i
0,1,2.5.68 911,13 | 10 > 30 30

For simplicity, denote by 32 the transmission energy for information bits, and by ,BS the transmission

energy for parity bits. Thus, the average transmission energy per binary information symbol, i.e.,
—_ 2 2
Eb - Rﬂu + (1 - R)ﬂp

is assumed to be constant. Correspondingly, given Ej, we can optimize the value of 32 or 32; this
constitutes a 1D optimization problem in one variable only. We have that, 0 < 82 < E,/R, and,
0< ﬂf, < Ey/(1 — R). Thus, if @2; > Ey, then 82 < Ej, and vice versa. The case, 52 = ﬁg = F,
corresponds to uniform energy distribution over a transmitted codeword. Importantly, note also that,
if p = uA where A is a cyclic matrix, then all information and parity bits are equally protected.
In this case, using the constant energy, 63, for all information bits, and, ﬁg, for all parity bits, is
optimum.

The codewords, c, are interleaved and mapped to BPSK sequences, x € {—1, +1}". The se-
quences, x, are transmitted over a Rayleigh fading channel, and coherently detected at the receiver.
Hence, the i-th received binary symbol, i = 0,1, --- , (n — 1), after coherent demodulation can be

written as,

v = giBiws + w;
where g; is the Rayleigh distributed channel fading amplitude, 3; = ,, if the transmitted symbol,
x, corresponds to the information bit, and 8; = 3, if x; corresponds to the parity bit, and wj is

a sample of a zero mean AWGN of variance, o2, The channel fading amplitude is normalized, so

that, E [gf] = 1, and we let £, = 1. Then, the SNR is defined as, v; = g?vb, and, v, = Ey/Np.
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The PEP

In order to evaluate a union bound of the average BER, we have to obtain the PEP; cf. eq. (7.5).
Hence, consider the PEP that codeword, c, is transmitted, and ¢’ is decoded. Then, conditioned on
perfect knowledge of the channel coefficients, g;, 2 = 0,1,--- , (n — 1), at the receiver, the PEP is

computed as [21], [82],

9 k—1 n—1
PEP(c — c'[{g:}:) = Q No <Z Bgici®c)+ > Brglc @ Cé))
=0 1=k

where c; and ¢} denote the i-th binary symbols of the codewords. We can use a Prony approximation

of the Q-function to efficiently evaluate the average PEP, i.e., let

2
M=
i

J=1

where, for p = 2, A = 0.208, A, = 0.147, a1 = 0.971, and a5 = 0.525, [70]. Then, assuming

that the all-zero codeword was transmitted, the PEP can be expressed as,

2 n—1
PEP(0 — c'[{gi}) = > A4 [] e fig? (7.6)

j=1 =0
where f; = 252 c;/No, and g2 are exponentially distributed. Since [;° e~(+% /it = (1 +
a; fi)‘l, and the channel coefficients, g;, are mutually independent (recall the fast fading assump-

tion), we obtain the average PEP as,

—

n—

— . 1
PEP(0 —c)=>_4; [] SR
j=1 .il:011+ajfi

l:C,L-I

Correspondingly, the union bound of the average BER becomes [21],

/
BER~ > W—H(}%“—) PEP(0 — ¢') 1.7)
Cleg(omax) "

where wy(c/,) denotes the Hamming weight of the input information bits in the codeword, ¢/, and
the list of the codewords, Z(omax) = {¢' : wn(c),) = 0,0 = 1, ,0max}. For codes of large

dimension, the list, Z’(0max), can be approximated by a MC method, and using Algorithm 7.12.
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Also, for transmission over an AWGN channel, the fading coefficients, g; = 1, and we use the PEP
(7.6) in the union bound (7.7).

We illustrate optimization of the transmission energy distribution, (82, 32), using numerical
examples. In particular, the union bound of the BER versus the transmission energy for the infor-
mation bits, 32, for three systematic IBRC’s, (36, 18,6), (36,24,5), and (36,12, 7), generated by
cyclic shifts, (0,1,2,4,5), (0,1,2,4), and (0,1,2,4,5,7), respectively, the extended Hamming
code, (16,11,4), and the extended Golay code, (24,12,8), over a AWGN channel, for SNR,
Ey/Ny = 2 dB, is shown in Fig. 7.3. Recall also that ﬁa = 1 corresponds to the case of uni-
form energy distribution over a codeword. We observe from Fig. 7.3 that the BER for higher code
rates, i.e., R > 1/2, exhibits a minimum of the BER for values of 55 < 1. On the other hand, for
code rates, R < 1/2, the BER curves have local maxima. Thus, in general, less energy should be
allocated for information bits, and more energy for parity check bits.

Fig. 7.4 shows the union bound of the BER for the codes from Fig. 7.3 over a Rayleigh fading
channel (assuming fast fading and coherent detection), for SNR, E; /Ny = 5 dB. We can observe
from Fig. 7.4 that the optimum energy, 32 < 1, for code rates, R > 1/3, while the optimum energy,
2 > 1, for code rates, R < 1/3.
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Figure 7.3: The BER union bound versus the energy, (32, of the information bits over a AWGN
channel, for SNR, E;/Ny = 2 dB.
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Figure 7.4: The BER union bound versus the energy, 32, of the information bits over a Rayleigh
fading channel, for SNR, E; /Ny = 5 dB.
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7.2 A Cooperative Diversity Protocol With IBRC’s and SPC Product
Codes

7.2.1 Background

User cooperation is a promising concept that can improve network reliability, extend network cov-
erage, and increase network throughput [144]. In general, the more information the users can share,
the larger the cooperation gains. In cooperative networks, the nodes can share information using
amplify-and-forward (AF) and decode-and-forward (DF) relaying techniques described in [144].
The usefulness of cooperation is often estimated using the probability of outage [144]. The proba-
bility of outage is defined as the probability that the transmission rate exceeds the channel capacity.
Such probability can be often well approximated by the PER [17]. A protocol to combine channel
coding and cooperation is proposed, for example, in [145] and [146]; particularly, the codewords
are interleaved among the nodes to obtain coding and cooperative diversity gains. Cooperative pro-
tocols are usually designed for a given number of cooperating nodes and time slots [144]- [147].
A random space-time coding that decentralizes the cooperative protocols is proposed in [148]. The
ML ML demodulation for user cooperation is studied in [149].

In this chapter, we consider a packet network where the packets are transmitted in dedicated
orthogonal channels, and thus, all packets are received interference free. We propose a univer-
sal cooperative protocol for an arbitrary number of nodes and time slots to be used in uplink and
downlink transmissions. The protocol combines three types of packets corresponding to the three
protocol stages. The cooperating nodes listen to all transmitted packets. The codewords consist
of all the packets received until the current time slot. A CRC code is used to detect uncorrectable
transmission errors. The data packets are transmitted in Stage 1 of the protocol. In Stage 2, for-
ward diversity and coding gain are achieved when source nodes employ forward error correction
coding to transmit additional packets of parity bits corresponding to their own data packets. Coded
and cooperative diversity is realized in Stage 3 of the protocol when the nodes transmit packets of
parity bits obtained from all available data packets. Provided that the packets of parity bits in Stage
3 are generated assuming only successfully decoded data packets, the channel code corresponding
to Stage 3 is random. The decoding of such a random code requires that the destination node has
knowledge of which packets were successfully decoded in the other nodes in the previous stages.
Alternatively, all the received data packets can be used to generate the packets of parity bits in Stage

3 of the protocol regardless whether the received packets were decoded successfully (i.e., the CRC
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parity agrees) or not. In this case, the resulting code is non-random, and the transmission overhead
to obtain knowledge of which packets were successfully decoded in Stage 1 and Stage 2 of the
protocol can be avoided; however, error propagation can deteriorate the performance.

We assume that each node has one antenna, and that there are no scatterers surrounding the
nodes. Then, the nodes communicate over a line-of-sight AWGN channel. The free-space path loss
causes attenuation of the transmitted signals. A link budget analysis can be used to calculate the
receiver SNR at a given distance from the transmitter antenna. We evaluate the PER improvement
for the three protocol stages considering the stages as being independent. Also, the probability
of not decoding a packet and the PER are assumed to be equal. We investigate the usefulness of
cooperation for uplink and downlink transmissions for a particular number of nodes and network
realization. We show that the proposed protocol can achieve diversity gain for particular locations
of the nodes due to cooperation, and coding gain due to the use of forward error correction coding.

This section is organized as follows. A three stage protocol is described in Section 7.2.2. The
system model is presented in Section 7.2.3. Performance analysis is carried out in Section 7.2.4. We
obtain the PEP, and estimate the PER for coherent and non-coherent binary modulation schemes.
The achievable coverage of the network for each of the protocol stages is investigated in Section

7.2.5. using numerical examples. The chapter is summarized in Section 7.3.

7.2.2 A Three Stage Protocol for Coded and Cooperative Diversity

Consider a network of (N + 1) nodes. One node represents an access point (AP), and the remaining
N nodes are mobile terminals (MT’s). We assume that the nodes can be time synchronized, and the
propagation delays compensated to achieve time division multiple access. There are N orthogonal
channels in each time slot corresponding to N MT’s. In the uplink, each MT transmits L data
packets to the AP. In the downlink, the AP transmits L data packets to each of the N MT’s. In order
to increase the network coverage and improve the network reliability, we allocate additional time
slots to create coded diversity and cooperation. A CRC code is used to detect erroneous packets. In
each node, a channel code is employed to generate packets of parity bits corresponding to the node
data packets. Such parity packets are referred to as the horizontal parity, and they are transmitted
in the forward diversity time slots. The cooperating nodes listen to all the transmitted packets, and
can attempt to decode the received data packets. Then, using another channel code, the cooperative
diversity is implemented by transmitting packets of parity bits created from each node’s own data

packets (in the uplink) as well as the other received data packets. These parity packets are referred
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._Stage 2\

Figure 7.5: A three stage transmission protocol for N cooperating nodes.

to as the vertical parity, and they are transmitted in the cooperative diversity time slots.

Hence, we study a protocol for coded diversity and cooperation having a finite number of trans-
mission stages, S > 0. During each stage, all nodes transmit the same type of packets in order
to reduce the signaling overhead. The protocol considered in this chapter has, S = 3, stages, and
is shown in Fig. 7.5. In Stage 1, the data packets, u(i,l), i = 1,2,--- ,N, [ = 1,2,--- | L, are
transmitted over the L consecutive time slots. In Stage 2, one time slot is allocated for the parity
bits, (), of the horizontal channel code of rate, L/(L + 1). In Stage 3, another time slot is used to
implement the cooperation. Particularly, a vertical channel code is used to generate the parity bits,
q(%). All packets are assumed to have equal length, K, bits. Hence, this protocol has a maximum
throughput of, K'L/(L + 2), information bits per packet; the throughput increases with L and is
independent of V. Note also that the forward and cooperative diversity can be combined in one
time slot, however, this case is not considered here.

Denote by ¢ a generic index for one-dimensional packet indexing. Let Z be the set of all,
(L + 2)N, packets, and Z,, C Z be the subset of all data packets; the cardinality, |Z,] = LN.
Denote also, T, = Ui]\ilIm', where T is the subset of data packets corresponding to the destination
node, 2, in the downlink, and the source node, 1, in the uplink. The encodings in the three stages of

the protocol in Fig. 7.5 are denoted as, Ci5), s = 1,2, 3, and they are described next.
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Data Packets

Each data packet consists of, K, = K — K., information bits, and, K., CRC bits. The probability
of an undetected erroneous packet is of the order, 9~ Kere - and thus, it is neglected [150]. It is
useful to select the CRC generating polynomial, such that all odd-weight error patterns are detected
providing an overall parity check. Thus, for the source node, ¢+ = 0,1,-.- | N, the CRC codes,
Cnys = (K, Ky, dexc), have rate, K, /K, the minimum Hamming distance, de;c < Kere + 1, and the
codewords, ug, g € Ly;.

The code, Cyy;, can be decoded using Wagner decoding detailed in [151]; on average, we expect
to correct at most (dec — 1) bit errors. Note that the Wagner decoding rule is different from the
Chase decoding rule [152]. While the Chase decoding selects the most reliable codeword searching

over all possible combinations of the least reliable bits, the Wagner algorithm flips the least reliable

bits until it finds the first valid codeword.

Forward Coded Diversity

Consider codewords, ¢; = (u(i, 1), ,u(s, L), w(i)), of the code, Cjy);, in Stage 2 of the protocol
corresponding to the node 4, for ¢ = 1,2,--- ,N. The code, Cgjy = (K(L + 1), KL, dpinpo)s),
is systematic, and has block length, K (L + 1), rate, Ry = L/(L + 1), minimum Hamming

distance, dyjn[2);, and the generator matrix, Gig; = [I LK)lB[g]i], where Iy is the LK X LK

identity matrix, and Byy); € ZgLK’K) is the parity check matrix. Thus, the horizontal parity packets,
7(7) = (u(i, 1), -+ ,u(4, L))Byy;, are a linear combination of the data packets from a single source

node.

The IBRC’s [128] of rate, L/(L + 1), are well suited as the Stage 2 codes, Cj9)i- In particular,
for a given packet length, X' > Kj, the minimum Hamming distance of IBRC’s can be adapted
to varying channel conditions to limit the number of unsuccessfully decoded packets. However,
the complexity and power consumption of the encoding and decoding increases with the minimum
Hamming distance, and thus, there exists an optimum diyj9); [153]. The minimum dimension, K,
increases with the desired minimum Hamming distance [153]. Hence, consider the parity check

matrix, Bygj;, of a systematic IBRC of rate, L/(L + 1), i.e.,
T (AT T 1%
B = [A[Q]i1|A[2]i2} e IA[2]2'L]
where Ay, for I = 1,---,L, are K x K binary cyclic matrices generated by the vectors of
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cyclic shifts, ajg);;, and ()T denotes the matrix transpose. For example, the cyclic shifts, app =
(0,1,141),1=1,--- , L, generate the IBRC of dimension, K¢ >> L, having the minimum Hamming
distance, dpinjp); = 4. The IBRC’s can be decoded, for example, using the algorithm of [141].
Furthermore, if the CRC code in Stage 1 of the protocol provides an overall parity check for each
data packet, then the single parity check (SPC) product code (SPCPC) [139] is particularly simple
to implement. In this case, the parity check matrix, Bgj; = 1, i.e., the all-ones matrix. However,
note that, for SPCPC’s, the minimum Hamming distance, dyiqp2); = 4, is fixed. The SPCPC can be

efficiently decoded using an iterative soft decision decoding described in [139].

Cooperative Coded Diversity

In the uplink as well as in the downlink, the MT’s listen to all transmitted packets, during Stage
1 and Stage 2 of the protocol. The MT’s then attempt to decode the received data packets using
knowledge of the CRC code, Cyy;, and the parity check matrices, Byg);, for s = 1,--- , N. When
only one time slot is allocated for cooperative diversity, the SPC code is particularly well-suited to
generate the packets of vertical parity, ¢(z). In this case, the vertical parity packets, Q € ZéN’K),
can be written as,

Q=Vp(Ul, -, U’ (7.8)

where Vi3 € ZgN’LN)

is the parity check matrix; see Fig. 7.5. The rows of the matrix, Vg,
correspond to the nodes, ¢ = 1,--- , N. The columns of the matrix, V[3], correspond to the data
packets, ¢ = 1,--- , N L. Hence, the encoder of Cj3) is distributed among the cooperating nodes.
Assuming the SPC code, there are two strategies to generate the vertical parity packets. Either
the parity bits, Q, are generated using all the received data packets, or they are generated using
only the successfully decoded data packets. The particular form of the matrix, V3], depends on the
selected strategy. Consider the case when the parity bits, Q, are generated from all the received data
packets regardless whether they are decoded successfully or not. Then, we can use hard decisions
of unsuccessfully decoded packets, however, the error propagation will deteriorate the performance.
Alternatively, we can combine the AF and DF relaying. In particular, assume that cBPSK modula-
tion is used for transmission, and let a mapping of coded bits, ¢ € Zg, to BPSK symbols, {—1,+1},
be, ¢ — (—1)¢. In general, a modulo 2 sum, ¢; @ cg, of bits, ¢; € Zog, and, c2 € Zy, corresponds to a
BPSK symbol, (—1)c1®¢ = (—1)1tc2 = (—1)1(~1)%, i.e., modulo 2 summation is equivalent to

a product of the BPSK symbols. Also, in an AWGN channel, reliability of the bit decision is directly
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proportional to the received BPSK symbol signal-plus-noise sample [17]. Hence, the parity bits of
the SPC code can be generated by multiplying the BPSK symbols, {—1, +1}, corresponding to the
DF relaying of the successfully decoded data packets, and the received BPSK symbols correspond-
ing to the AF relaying of the unsuccessfully decoded data packets. In this case, the destination node
does not need knowledge of which packets were successfully decoded in the other nodes during
Stage 1 and Stage 2 of the protocol, and the matrix, V 3}, is non-random. However, the error propa-
gation can deteriorate the performance, and, in general, analysis of systems with error propagation
is difficult.

In this chapter, we investigate the strategy when the parity bits, Q, in (7.8) are generated as-
suming only the successfully decoded data packets. Hence, let the code, C[3], be a SPC code
for successfully decoded data packets during Stage 1 and Stage 2 of the protocol. Then, the
matrix, Vi3, in (7.8) is random, and has the elements, [Viglig = 1, if the i-th node can suc-
cessfully decode the data packet, g, for ¢ = 1,2,--- ,NL, and, [V(g]iq = 0, otherwise. The
code, Cjgy = ((NL + 1), NL,dpnjg)), has the rate, Rz = NL/(NL + 1), the codewords,
(Ui, ,UL,Q), and the random minimum Hamming distance, dpin3p > 1. Importantly, even
though the matrix, V3, must be available at the destination node to facilitate decoding of the code,
Cja}, knowledge of the matrix, V g, provides feedback information about the quality of the channels
between the nodes; this can be used to select the minimum Hamming distance of the IBRC codes

in Stage 2 of the protocol.

7.2.3 System Model

Assume that the nodes are distributed in a two-dimensional plane. The network topology is shown
in Fig. 7.6. The node 0 at the origin is an AP. The other N nodes represent the MT’s, and they are
placed regularly on the circle of radius, dy,, and with center at distance, dayp, from the origin. Thus,

the distances, dy;, from the AP to the MT’s, and, d;;, between a pair of MT’s, 1, and, j, are,

2
doj = \/dgp + d2, + 2dapding cos(]—z;—(j - 1))

dij = dmt\/Q - 2COS<2N7F(7: —-]))

Provided that no significant scatterers are present in the area, the channels between any pair of

nodes are line-of-sight, and they are modeled as Gaussian. Assuming limited mobility of the nodes,
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Figure 7.6: An example of the 2D network topology.

the distances between nodes are approximately constant, and so are the channel attenuations due to
the free-space path loss. However, for short carrier wavelengths, even limited mobility causes ran-
dom phase changes in the transmitted signals. Using equivalent complex envelopes in the baseband,

the received signal in the node, j, corresponding to the packet, g, transmitted from the node, 1, is,
Yai = 19i ¥ agixgi + Wy (7.9)

where 4,7 = 0,1,2--- | N, 4 # 4, and we assume column vectors by default. The channel atten-
uation, |g;;|, represents a free-space path loss, 1)4;; is a random channel phase shift, ag; sets the
transmitter power for the g-th transmitted packet, x4;, and w,; are the samples of a AWGN. The
packet and nodes indices, ¢, i and j will be omitted if not necessary. The channel attenuations are

modeled as the free-space path loss, i.e., [101],

47100\ 2/ d;; \ 7H
G2 —— Y A
‘gzj‘ < B\ > <100> Sln (7 0)

where d;; > 100 is the distance from the transmitter antenna (in meters), A = 3-108/f; is the

carrier wavelength, f. is the carrier frequency (in Hertz), and p is the path loss exponent where,

1.5 < p € 4.0, for the typical line-of-sight outdoor channels. A log-normal distributed random
variable, s|,,, models the path loss variations, and we assume that it can be neglected. Note that the
channel attenuation (7.10) is symmetric in both directions between the nodes, 4, and, j. Assuming

binary modulation, we define the SNR per encoded bit at the receiver to be, v, = |gi;|2a?Ey/No,
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where Ej, = E[|x,x] |? is the energy of the k-th binary symbol in the packet, x4, k = 1,2,--- , K,
E[] is expectation, and NNy is the noise power spectral density. The AWGN’s, w, in (7.9) have
independent real and imaginary parts of equal variance, 02, = Np/2, per dimension. Denote,
Yo = Ep/No, and denote by a2, af,, and ag the transmitter powers corresponding to the data packets,
horizontal parity packets, and the vertical parity packets, respectively. The transmitter powers, a2,

a?), and ag are assumed to be independent of the channel coefficients, g;;. Thus, in order that the

energy per bit, £, remain constant, one has that,

La2 + af, + a,g = (L+2)E, for MT, uplink
La2 +a? = (L+2)E, for AP, downlink

ag = (L+2)E, for MT, downlink.

Furthermore and importantly, if the network mobility is sufficiently high in the duration of the
transmission, one can assume random distribution of the nodes; for example, for Gaussian dis-
tributed nodes, the distances between nodes are Rayleigh or Ricean distributed. However, for low
mobility networks, it is useful to evaluate the performance conditioned on the specific network re-
alization to indicate locations of the nodes where the network reliability or the network throughput
become unacceptable. In this case, the fading can be neglected, and the diversity gain is achieved

by combining the signals transmitted from different nodes.

Modulation Schemes

In order to avoid phase tracking problems, and to simplify the receivers, we consider noncoherent
BPSK (nBPSK) and differentially decoded differential BPSK (DBPSK). We also consider coherent
BPSK (cBPSK) modulation as a reference. Hence, in general, denote by Z the packet indices
corresponding to the transmitted codeword, x = {Ugez %4} In the destination node, assuming eq.
(7.9), denote the received signal as, y = {Ugez Y4}, and the corresponding channel coefficients
as, g = {Ugez gq}, Where g; = |g4] ¥, and the transmitted powers as, a = {Ugez aq}. The

conditional PDF of the received signal, y, can be written as,

p(ylg,a,x) = HP(qugq»aqqu)
qeT
_ H 1 exp _Hyl]——gqaqquQ (7.11)
ez (mNo) No
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where ||-|| denotes the Euclidean norm of a vector. Then, the MLSD metric (in the log-likelihood
domain), My, is the sum of the partial metrics, My, i.e., My = quI My,. The metric, My,
is maximized over all possible transmitted codewords, x, to obtain a maximum likelihood decision
[17].

Consider cBPSK modulation. Using the PDF (7.11), the LLR’s of binary symbols in the packet,
Xg, are, Ag = %Re{ g;yq}, where (-)* is the complex conjugate. The partial metric is computed
as, My, = aq|gq|Re{ e‘j¢Qngq}.

Assume that the phases, 1), are uniformly distributed and constant over the packet duration. In
order to avoid phase estimation, one can use nBPSK modulation with non-coherent detection. Thus,

the PDF (7.11) is averaged over the phase, 14, and we obtain [21], [16],

1 a2|gql? 141>+ ||y 2a49ql1xT vl
p(.V\gq,aq,Xq)=WeXp<— ol9] J\(;o H q” —E—LNE_(]_ (7.12)

One can show that the partial metric corresponding to the PDF (7.12) is, My, = ag| gqlixqu\. If

the phases, 1, = 1, for all the packets, ¢ € Z, then the MLSD metric, My = | Y -geT Bql9q

[21], [16]. However, if the phase shifts, 14, ¢ € Z, are changing from one packet to another, the
partial metric, qu, derived from (7.12) can only be used for very large packet length, K > 1,
in order to obtain the phase averaging effect over the phases, {Ugez ¢} In this case, differential
detection should generally be used.

Consider DBPSK modulation. We obtain the LLR values for differentially encoded symbols,
Xgk, K = 1,2,--- , K, where the first symbol, x4, is a reference. Hence, the PDF of the decision

variable, {4, after the differential detection, i.e., g1 = Re{quy;‘( k1) }, is written as [154],

P(Egrlaqg, 19qls Tar) =

oxp 2970 ) [ Qg /Bt Vo) Eqprge>0 (7.13)

N
’ 1 équqk <0.

One can also obtain the CHF, ¥, , (jw) = E[exp(—jw&g)], of the decision variable, £y, i.e.,

\Ilﬁ k(-]w) = 2
q 1+ (2511;\?031&)

1 exp ( _4j'7q§quqkw/N0 >
) 1+ j26 gz qew/No
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Then, the exact LLR of the binary symbol, x4, is given as,

2
Agk =sign (—]%Z—k-) <4|§qk |/ No+1ogQ1(/27g,4/ 8|5qk\/N0)) (7.14)

where +, is the SNR of the packet, g, and Q;(-,-) is the Marcum Q-function; see (A-9b). Note
that, for large ,, the logarithmic term in the LLR (7.14) can be neglected; cf. the LLR expression
for cBPSK modulation. Alternatively, one can use the received samples, y,x—1), as the chan-
nel estimates to minimize the squared Euclidean norm, Z,I::? [Yqk — yq(k_l):qu|2, [155]. Note
also that, ming,, [Ygk — Yg(k-1)Tek|® X MaxX, Re{quy;(k_l)} Lok = MaXy,, &gk Tqk. The deci-
sion variables, £, are, in general, correlated, and we can show that the normalized correlation of,
Eqk» and, Egi_1), is equal to, %l; thus, the correlation increases with the SNR. Assuming

approximation of (7.13) for large values of SNR and differential detection, the partial metric is,

My = 0y Eai Tan, [155].

Channel Estimation

Consider estimation of the variable, hy = a2|g,|?. The values of h, are used to select the parity
check matrices, Byg);, at Stage 2 of the protocol in Fig. 7.5. Also, since the channel attenuation is
a function of the distance from the transmitter antenna, one can use knowledge of i, to determine
distances between the nodes. For low mobility nodes, the channel is approximately constant over
many packets, and thus, the estimator of /4, is chosen to be consistent [156], and simple to imple-
ment. Hence, for cBPSK modulation, conditioned on the transmitted sequence, x, the ML estimator
of hq is [21],
ilq = %Re{ o, xqu}

where 1&1 = a,rg(x?;yq) is the ML estimator of .
For nBPSK modulation, assume that the moments, E[|lyqx|™], m > 1, are constant for all

packets and bits. Thus, for m = 2, E[|y,x|?] = hq + No, and the moment estimator of kg is [156],

K

~ 1

hg = 2 > arl* = No (7.15)
k=1

where the values, Ny, are assumed to be known or can be estimated, for a given receiver. Further-

more, we can show that the estimator (7.15) has variance, var [fzq] = (2hgNo+N3)/K.
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Figure 7.7: An equivalent channel model for the S transmission stages.

7.2.4 Performance Analysis

In general, in stage, s, the destination node decodes the transmitted packet, u,, or an incorrect
packet, u ;é u,. Thus, the transmission of packets, uy, from a source to a destination node can
be modeled as concatenation of the S discrete channels with memory as shown in Fig. 7.7. Denote
E[5)4 to be an error event that the destination node does not decode the packet, u,, in Stage s. Using

the law of total probability, the PER at the destination node in Stage S can be evaluated as,

PER5 = 1IIZPx S 1Eigq)
q€Zu
= T2 HPI“ Efsja| Ui=1 Eirlo)
| u‘qel' s=1
< Z HPr Efs)q) (7.16)
qEI s=1

where Pr(E[s]q) denotes the probability of event E(,),. Hence, if the data packet, g, is decoded in
Stage (s — 1) of the protocol, then Pr(E[S]q| wsZ! E[T]q) = 0. Inequality (7.16) follows assuming
that the decoding of the protocol stages is independent. Also, we observe from (7.16) that the
maximum diversity order of the protocol in Fig. 7.5 is given by the number of transmission stages,
S,

We analyze the performance of the protocol stages in Fig. 7.5. Hence, assuming the destination
node, 4, and the channel codes, C[y);, s = 1,2, and 3 are linear, without loss of generality the all-

zero codeword, 0, can be considered as transmitted. We can upper bound the PER of the code, C[s]i,
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using a truncated union bound, i.e., [17],

> _gez, d(Wnlcq))
|Iui|

PER; < Y.

ceLl;(em)

PEP(4;(0 — c) (7.17)

where the indicator function, I(x) =1, if > 0, and, I(z) =0, otherwise, PEP|4;(0 — c) denotes
the PEP that the all-zero codeword, 0, was transmitted, and the codeword, ¢ = {Uch}, is decoded
at the destination node, ¢, and wy(c,) is the Hamming weight of the packet, c,. The list, £;{e;,) =
{c € Clali : € # 0,wi(cy) < em,Vq € Ty}, where e, is the maximum number of bit errors in

. _ e K |Zuil K\ - . .
the packet, c . The size of the list is, | Ci(em)| = (26720 ( )) — 1, where (%) is the binomial

€ e

coefficient, and |Z,;| is the cardinality of Z,,;.

Recall that, in Stage 3 of the protocol, a SPC code is employed for successfully decoded data
packets to generate the packets of vertical parity bits for the cooperative diversity. In the downlink,
the destination node, ¢ = 1,2,--- , N, is the MT, and it decodes the data packets, Z,;. In the uplink,
the destination node, ¢ = 0, is the AP, and it decodes the data packets, Z,,. Hence, denote PER[l]qi
and PER )4 to be the probabilities of not decoding the data packet, g, in the node, ¢ = 0,1,--- , N,
in Stage 1 and Stage 2 of the protocol, respectively. The probabilities, PER ), and, PER )4, are
functions of the SNR and the codes, Cy};, and, Cjgj;. Using (7.16) and the law of ‘tot‘al probability,
i.e., conditioned on the successful and unsuccessful decoding of the data packet, g, in the hode, i,1in
Stage 1 of the protocol, the probability of not decoding the data packet, g, in Stage 2 of the protocol
can be upper bounded as,

PER{y; < PERyy,iPER):. (7.18)

Correspondingly, the probability, PER'[Q] qi» assumes that the decoding in Stage 2 of the protocol
depends on the success of the decoding in Stage 1. Then, the elements of the matrix, V3, are given

as,
1 wp (1- PER’[Q]qi)

(Vigilig = ,
0 W.p. PER[Q]ql'

(7.19)

Note that, in the uplink, [Vig]sy = 1, with probability (w.p.) 1, for the data packets, ¢ € T,
corresponding to the é-th source node. Also, if the ¢-th node does not participate in the cooperation,
then the :-th row of the matrix, V 3), has all components equal to 0.

Denote by PER3),:(V|3)) the PER of the random code, Cp3}, in Stage 3 of the protocol corre-

sponding to the data packet, g, and the destination node, 4, conditioned on the parity check matrix,
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Vi3). Note that the statistics of the random matrix, V 3}, are given by the PER’s of Stage 1 and
Stage 2 of the protocol, and also, that the PER, PER [34;,(V [3]), is function of V). Then, in the
downlink, the overall PER, PER[g], is the expected value over all realizations of the matrix, V[g],

the N destination nodes, and the corresponding I data packets, i.e.,

N

1 1

PERjy =+ > Tl > Y PERu(Vig)Pr(Vig) . (7.20)
=1 ue qely; V[S]

In the uplink, the overall PER, PER(3), is the expected value over all realizations of the matrix, V|,

and N L data packets, i.e.,

1
PERe = 7] > D PERpo(Vi)Pr(Vig) . (7.21)
u quuV[:,;]

Importantly, note that evaluation of the PER, PER 3, using (7.20) and (7.21) has dimension
proportional to, NL > 1. In order to reduce the problem dimension and simplify the analysis,
we define an auxiliary binary random vector, D; &€ Zé\’ L. for the destination node, i. The q-th
component, [D;], = 1, if the data packet, g, is not decoded at the destination node, 4, and, [D;], = 0,

otherwise. Then, the components of D, are,

1 w.p. PER’[Q]qi

0 wp. (1-— PER’[Q]qi).

[Dilq = (7.22)
Thus, in the downlink, for the i-th destination node, the i-th row of V3] is a binary complement of
D;. Since the all-zero codeword is assumed transmitted, then, in the downlink, one can consider
only a subset, I C T,, of N’ < NL data packets that cannot be successfully decoded at the
destination node, 7. The undecoded packets, Z|, correspond to the non-zero components of the
vector, D;. The cardinality, |Z| = N’, and thus, the dimension of the analysis is reduced to
N'. Importantly, note that, for stronger codes, Cpujs» and, C[Q]i, and larger values of SNR’s, the

probabilities, PER’D] qi’ and the values, V', are smaller. Particularly, for the i-th destination node,

using eq. (7.22), we can show that the probability mass of N’ is given by the generalized binomial

distribution, i.e.,

NL (Dilq 1{Diq
Pr(NV' =n) = 3 J](PERjy,) (1-PERy,) (7.23)

D; g¢=1
2o Dil=n
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and ny; oPr(N'=n') = 1. The generalized binomial distribution is readily computed in the
transform domain; see [157, Appendix C] and [158]. Hence and importantly, without loss of gen-
erality, (N L — N’) columns of the matrix, V3], corresponding to the successfully decoded packets
in the destination node, ¢, (i.e., corresponding to the zero components of the vector, D;), can be
removed; the resulting matrix is denoted as, V{3] ; € ZgN’NI). Furthermore, assume downlink trans-
mission, and let 7/, C T} be the data packets of the ¢-th destination node. Then, one can condition
the PER in Stage 3 of the protocol on the matrix, V’[S]i, and the PER (7.20) can be efficiently
evaluated as,

N
PERp = % Zl |—I—1,— XI: VZ PERg)i, (Vf3]i)Pr(VfS]i) . (7.24)
= us q€ (n /

[3]4
In the uplink, we can use the vector, Dy, to remove columns of the matrix, V[3}, corresponding to
the successfully decoded packets in the AP, and obtain the matrix, VE3]0' Then, assuming a subset,
T/, € Z,, of N' < NL data packets that cannot be successfully decoded in the AP, the PER (7.21)

can be efficiently evaluated as,

1
PER(s = 77 3~ 3 PERje0(Vigo)Pr(Vigo) (7.25)

9€Z0 Vigo

Thus, the dimension of the analysis is again reduced to N’. Finally, in this chapter, egs. (7.24) and

(7.25) are evaluated using computer simulations.

Pairwise Error Probabilities

In general, the PEP conditioned on the channel coefficients, g, and the transmitter powers, a, is
evaluated as [17],

PEP(x — X/|g,a) = Pr(Dyx < 0|g, a)

where x = {UgezX,} is the transmitted sequence corresponding to the codeword, ¢ = {Ugercy},
x' = {Ugezx} is the decoded sequence (in the pairwise error event sense) corresponding to the
codeword, ¢/ = {Ugezc)}, and Dyxr = 3 gez Dxxrg = Mx — M is the difference of the metric,
Mx =37 ex Mxg, and, My =37 7 Mg

We consider cBPSK modulation as a reference. In particular, the PEP of ¢cBPSK modulation
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can be written as [82],

g€l

PEP(x — X'|g,a) = Q Z q"qq x;]H?)

where ||x, — XgHZ = dwy(e, ), wn(c,c’) is the Hamming distance between the codewords, ¢
and, c’, and the Q-function, Q(z) = (2m)~ /2 [*° exp(—t2/2)dt, [21].

For nBPSK modulation, we assume that the phase shift is constant for all packets, Z, i.e., ¢y =
¥, Vq € Z. We can follow reference [159] to obtain the PEP of nBPSK modulation. In particular, let
the MLSD metric of the codeword, x', be, My = [ 3 1 aglgq|xT (aglgqlxq + wq)| = |Nepxxs +

Nyw'| where w' is the vector of zero-mean AWGN’s having variance, E{\w;k|2] = Ny, per
dimension, and £ = 1,--- , K. The normalized correlation and the total energy of the useful signal
2

are given as, pxx' = 7= Yoger 9al9ql® X Xg, and, Ny = K 37 7 aZlg,|®, respectively, where

Txq = K — 2wz (g, X)) Thus, the PEP of nBPSK modulation is [21, eq. (5-4-4)],

Xq

8 4

where the coefficients, a = \/Nt70(1 —/1=p2 ), and, b= \/th/o(l +4/1=p2).

For differentially decoded DBPSK modulation, we have that, Dyxrq, = % ZkK:2(quy;(k-—1) +

= 7 =2 | 72
PEP(x > ¥|g,a) — O1(%, 2y = Lexp (-a o )Io (“b> (7.26)

YakYa(k—1))(Zgk — ‘Ef;k)' In this case, the PEP is evaluated using the CHF of Dyy/q, as shown
in [155]. We omit the packet index, g, for brevity, and obtain the CHF of Dys,. Hence, define the
2(K — 1) x 2(K — 1) matrix,

F— 0 Axxs
Axx’ 0
where Axy = diag(zg — b, -+ ;oK — :z’K)T is the diagonal matrix. Define also a complex-
valued jointly Gaussian vector, z = (y1,- -+ ,Yx—1,Y2, - YK )., having the mean, Z = E[z] =
ag (@1, -+ ,TK-1,%2, - ,TK)! = agX, and the covariance,

Iy JZ
E[z-2)(z—2)T] =Ny | &Y “ED | 2 Ny

Jk-1y Lg-1)
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where the (K — 1) x (K — 1) matrix,

0 1 0
Jk-1y = ,
L 0 0 J

Then, the CHE, ¥p_, (jw) = E [exp(—jwDxxq)], of Dxxrq can be written as [155],

exp (*a¢21|gq Q%jwiF(I + %NOjWEF)_I)_()
det (I + NOJ'%’EF)

Up, ., (jw) =

xx'q

(7.27)

Correspondingly, conditioned on the sequences, x, and, x/, the values, Dyxrq, for packets, ¢ € Z,
are independent, and thus, ¥p_, (jw) = [[,e7 Yp,, (jw). Finally, the PEP is computed using eq.

xx'q
(3) from [82], i.c.,

PEP(x + X/|g,a) = ! /
é

c-+joo \I}Dxx’ (Jw)
=5 — e - 7

Jw

dw. (7.28)

—joo
Note that the residue theorem cannot be used to compute (7.28) due to the essential singularity in
(7.27); (in contrast, the essential singularity is removed in [155] since z has zero-mean in [155]).

We evaluate the PEP (7.28) using Gauss-Chebyshev quadrature, i.e., [82],

N

PEP(x  x'|g,a) = 57 22 (Re{¥n,,, (e(1 +m:))} + 229)

+ . Im{¥p_, (c(1+jm))})

If

where Z >> 1 and c are chosen for numerical convergence, and, 7, = tan((z — 1/2)7/Z).

7.2.5 Numerical Examples

In the uplink, the MT’s transmit and receive packets in all three stages while the AP only listens.
In the downlink, the AP transmits packets in Stage 1 and Stage 2 of the protocol while the MT’s
listen, and in Stage 3, the MT’s transmit and listen. Consider the link budget of a typical Wi-Fi
system. The transmitter powers are 20—35 dBm for the AP, and 10-20 dBm for the MT. The typical
noise figure for a low cost receiver is, say, 10 dB at the AP, and 13 dB at the MT. Let the minimum
required SNR for the receiver (e.g., to detect the signal and acquire synchrdnization) be, 1 dB, for

the AP, and, 3 dB, for the MT. Typical values of the background thermal noise are —175 dBm/Hz
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Table 7.7: An example link budget for the AP and the MT.

AP | MT
transmit power®) 20 dBm
data rate™) 10 Mbps ~ 10 MHz
noise figure™ 10 dB l 13dB
thermal noise™) —165 dBm/Hz
path loss at 100m —86.4 dB
noise level at Rx —85dBm | —82 dBm
minimum SNR 7., *) 1dB 3 dB
receiver sensitivity —84 dB —79 dB
signal level at Rx —66.4 dBm
SNR ~g at Om 105 dB 102 dB
SNR 7, at 100m 18.6 dB 15.6 dB

to —165 dBm/Hz, and we assume a bandwidth of 10 MHz for a 10 Mbps (mega-bits per second)
raw data rate (i.e., including the parity bits); thus, the spectral efficiency is 1 bit per second per
Hertz. We can compute the required receiver sensitivity as the sum (in dB) of the background
noise, the noise figure, and the minimum required SNR. An example of the link budget analysis to
calculate the receiver SNR at a distance of 100m from the transmitter antenna of the AP and the MT,
respectively, is given in Table 7.7. In Table 7.7, we assume that the path loss exponent, 1 = 2, and
the wavelength, A = 0.06m, corresponding to the carrier frequency, 5 GHz. An asterisk in the first
column of Table 7.7 denotes input values; the other values are computed. For example, the noise
level at the AP receiver is, —165 + (10log;; 107) + 10 = —85 dBm, the AP receiver sensitivity is,
—85 + 1 = —84 dB, the signal level at the AP receiver is, 20 — 86.4 = —66.4 dBm, and thus, the
SNR at the AP receiver is, —66.4 — (—85) = 18.6 dB.

Assuming the parameters and the link budget analysis given in Table 7.7, and the path loss
model (7.10), Fig. 7.8 shows the receiver SNR, v, = |g|%v0, where |g]|* ~ 2.28 - 1075 . d~#, versus
the distance, d, from the transmitter antenna, for ; = 2, 3, and 4. The 3 dB difference between the
AP and the MT receiver SNR’s in Fig. 7.8 corresponds to the difference in the noise figures of the
AP and the MT receivers. Note that the additional 2 dB difference in the minimum required SNR
for the AP and the MT receivers results in downlink coverage of 600m, while the uplink coverage is
only 550m, assuming equal uplink and downlink transmitter powers of 20 dBm. Hence, the receiver
sensitivity is an important design parameter, and it is directly related to the achievable coverage of

the network.
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Figure 7.8: The uplink and downlink receiver SNR, , versus the distance, d.
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In the sequel, we study the uplink and downlink PER performance versus the distance to evaluate
the achievable network coverage at the three stages of the protocol in Fig. 7.5. In particular, the
PER analysis in Stage 1 and Stage 2 of the protocol is considered independently; one can use eq.
(7.18) to estimate the PER in Stage 2 of the protocol taking into account the possibility of the
successful decoding already in Stage 1. The PER’s, PER;;; = PERyy), and, PERp; = PERg,
are obtained for the particular node, ¢, employing a truncated union bound (7.17). Also, using
computer simulations, we estimate the PER for Stage 3 of the protocol at a particular destination
node, ¢, assuming that Stage 2 of the protocol is represented by the PER’s, PERg;; in this case,
the decoding in Stage 1 is ignored. In general, we assume the packet length, K = 24, bits, and the
network topology in Fig. 7.6, for N = 4 and 8 users, the distance, d,, = Om and 400m, and for

varying values of dmt = d.

PER of Stage 1

We assume the CRC generating polynomial, 26 + 2* + 2% + 1, where z is a dummy variable
[150]. Thus, we have, K. = 6, CRC bits, and, K,, = 18 (K, = 17, for differential encoding),
information bits. Since the minimum Hamming distance, d... = 4, this polynomial can detect all
error patterns of weight, 1,2,3,5,7,9,--.. Fig. 7.9 shows the union bound (7.17) of the PER,
PER[U, for the uplink transmission. We assume, Z = 128, and, ¢ = 1/4, in calculating the
PEP’s (7.29). The simulation results in Fig. 7.9 were obtained for the transmitter power, a2 = 1,
and Wagner decoding flipping the 7 least reliable bits, for cBPSK, nBPSK, differentially decoded
DBPSK, and noncoherent binary frequency shift keying (nBFSK) modulations; the probability of
bit-error for uncoded nBFSK modulation is given by [21, eq. (5-4-47)]. We observe from Fig.
7.9 that the CRC coding and Wagner decoding (with no packet retransmissions) improve the link
coverage by 200m for cBPSK, and by 100m for nBFSK at PER;; = 1072,

PER of Stage 2

Consider the IBRC’s and the SPCPC’s for Stage 2 of the protocol in Fig. 7.5. Let the transmission
powers be, La2 + a}% = (L + 1)E}, so that, a2 < (1 + 1/L)E,, for the data packets, and, af, <
(1 4 L)Ey, for the horizontal parity packets. We assume differentially detected DBPSK and that
neither the CRC bits nor any decoding in Stage 1 are employed. Fig. 7.10 compares the truncated
union bound (7.17) for the PER, PERg), of the IBRC’s and the SPCPC’s versus the distance, d, for
dmin = 4, and L = 1 and 2 data packets. The parity check matrix of the IBRC’s, for dmi, = 4, is
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given in Section I.B. Note that the data packets employing the SPC coding and DBPSK modulation
contain, K, = 22, information bits, while K, = 23 for information bits in data packets using the
IBRC’s. We observe from Fig. 7.10 that reducing the power, a2, while increasing the power, a2,
improves the link coverage for the IBRC’s, however, the improvement monotonically decreases with
L. On the other hand, the optimum transmission power distribution for the SPCPC’s is uniform, i.e.,
02 = a2,

The PER truncated union bounds for the IBRC’s of rate, R = 1/2 (i.e., L = 1), and R = 2/3
(e, L = 2), and d,;, = 5 and 7, are shown in Fig. 7.11. The parity check matrix of the
IBRC'’s is generated by the cyclic shifts, (0,1,2,4), for I, = 1 and dp;n = 5, (0,1,2,4,5,7), for
L=1and dy, =7, (0,1,2,4) and (0,1, 5,8), for L = 2 and d;, = 5, and (0, 1,2,4,5,7) and
(0,1,5,8,9,14), for L = 2 and dyn, = 7. We observe from Fig. 7.11 that reducing the power,
a?, while increasing diin and L significantly improves the achievable coverage. For example, the
coverage of 370m for the IBRC of R = 1/2, ai = 1.0, and d;, = 5, is increased to 470m for the
IBRC of R = 2/3, aﬁ = 0.5, and dyn, = 7, for PER[Q] = 102, Note also that, in general, the

power optimized IBRC’s outperform the SPCPC’s, for the same dyiy.

PER of Stage 3

Exact analytical evaluation of the performance for Stage 3 of the protocol in Fig. 7.5 is particularly
difficult. Thus, MC simulation, and the truncated union bound are used to obtain the expected PER
averaged over the realizations of Vfa] ;» for a particular destination node, 7. As an example, assume
differentially detected DBPSK modulation, and the IBRC of rate R = 1/2, and d;,, = 5 from Fig.
7.11. The values of PER|y are obtained using interpolation and the curves in Fig. 7.11. For each
network realization, we generate 1000 matrices, V3), using (7.19). In turn, using N’ and D;, we
obtain the matrix, V/[S]i’ and generate the N’ data packets having equally probable bits, 0, and 1,
and total Hamming weight at least 1, since the all-zero codeword is transmitted. Furthermore, in
order to reduce the computer simulation run time, we assume that the data packets have the weight,
em = 1, and that there are K 1]1\[ " such packets having the same PEP.

Fig. 7.12 shows an estimate of the PER truncated union bound for the uplink and downlink
transmissions, for d,p, = Om, and 400m, and transmitter power, ag = 1, and energy per bit, F, = 1,
for both the AP and the MT’s. In the downlink, we assume that the destination node is at distance,
dap -+ dpmg, from the AP. We observe from Fig. 7.12 that the downlink cooperation is more efficient

than the uplink cooperation for both values of d,;,. Although the network coverage is improved with
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Figure 7.9: The PER of Stage 1 of the protocol using the CRC code, and Wagner decoding.

the number of cooperating nodes, the improvement is significantly more dependent on the specific
network realization, We observe from Fig. 7.11 and Fig. 7.12 that cooperation can improve the
coverage of Stage 2 from 370m to (dap +180) = 580m in the downlink, and (dap +100) = 500m in
the uplink, for PERg) = PER 3 = 10~2. Note also that the cooperation gain is increasing towards
smaller values of the target PER. In particular, for smaller values of PER 9}, more information can
be shared among the nodes, and the larger the coding gain of the product code, C3j;. Also, the

overall PER is improved by cooperation in the areas where PER 3] < 1; cf. eq. (7.16).
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Figure 7.10: The PER truncated union bound for the IBRC’s and the SPCPC’s used in Stage 2 of

the protocol.
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Figure 7.11: The PER truncated union bound for the IBRC’s used in Stage 2 of the protocol.
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Figure 7.12: An estimate of the PER truncated union bound for a random code, C(3), in Stage 3 of
the protocol.
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7.3 Summary

A novel class of multidimensional IBRC’s was proposed. Properties of binary cyclic matrices use-
ful to the design of IBRC’s were discussed. Two optimization problems to design multidimensional
IBRC’s assuming either the constraint length or the constraint weight were presented. The con-
straint on the weights was shown to make searching for good codes significantly easier. It was also
proved that permutation of bits in other dimensions can increase the minimum Hamming distance of
the code without increasing the transmission bandwidth. This is especially useful for concatenation
of 1D binary codewords. Examples of non-systematic 1D, 2D and 3D IBRC’s were presented. Ap-
plications of IBRC’s were considered and their performance was analyzed using a union bound of
the BER. Particularly, IBRC’s were investigated for adaptive coding, turbo product coding, retrans-
mission and multihop routing and block differential encoding. It was observed that non-recursive
block differential encoding of IBRC’s increases the overall coding rate with the number of differ-
entially encoded blocks while the code minimum Hamming distance remains constant. Finally, the
transmitter energy distribution over a codeword was optimized in order to improve the BER.

In the second part, a three stage network protocol that improves network coverage was pro-
posed. It was shown that the PER is a product of the PER’s corresponding to the protocol stages.
The PER’s were conditioned on the specific network realization assuming that the channel attenu-
ations are proportional to the free-space path loss. A realistic link budget was used to estimate the
achievable network coverage. Noncoherent modulation schemes were considered in order to sim-
plify the receivers. Examples of a CRC code for Stage 1, and IBRC’s and SPCPC’s well-suited for
Stage 2 of the protocol were investigated. Particularly, minimum Hamming distance of the IBRC’s
can be adapted to channel attenuation. Cooperation among the nodes was implemented using a
random vertical encoding. It was observed that the cooperation gains are strongly dependent on
the specific network realization, both in the uplink and in the downlink, and less dependent on the
number of cooperating nodes. For the parameters considered, the downlink cooperation was found
to be more efficient than the uplink cooperation.

The channels between nodes were assumed to be Gaussian, and thus, the performance improve-
ment is due to coding gain rather than fading diversity gain. On the other hand, for moderate
decoding complexity, Stage 2 of the protocol allows exploiting diversity of the fading channel im-
proving the reliability and coverage of Stage 1 of the protocol. Stage 3 of the protocol can improve

the reliability and coverage further, but at the cost of increased decoding complexity and signal-

197



ing overhead. Note also that the number of time slots allocated for each of the protocol stages is

arbitrary (i.e., can be zero), and it is a design parameter for the specific network scenario.
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Chapter 8

A Hypergeometric Analysis of Diversity
Combining Schemes and SNR Adaptive

Receivers

In this chapter, we investigate a hypergeometry of objects in K dimensions. The results of hyper-

geometry are then applied to optimize dimension of the SNR adaptive receivers.

8.1 Background

Many practical problems in communication and information theory involve entities in K dimen-
sions. For example, information transmitted from a source to a destination has to propagate over
a noisy communication channel. Such channels make the information transmission unreliable, and
thus, the communication channels are often deliberately formed in K dimensions in order to im-
prove the transmission reliability or to increase the channel throughput. The transmission reliability
is improved provided that the K channel dimensions (or degrees of freedom) are used to create
transmission diversity in time, in frequency, and in spatial domains [160], [161]. Thus, motivated
by the K-dimensional problems of information transmission, we investigate the hypergeometry of
some objects in K dimensions. In particular, we consider the K-dimensional sphere, polytope,
cube, scaled polytope and the scaled cube. We observe that the volume and the surface area of these
objects is not monotonic in dimension, but reaches a maximum, and then, decrease towards zero.

This fact appears not to be explicitly stated otherwise. For example, Weisstein [162] comments on
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the monotonicity of the surface area of the unit radius hypersphere:

“Strangely enough, the hypersurface area reaches a maximum and then decreases towards 0 as n in-
creases. The point of maximal hyper-surface area satisfies d—f# = L/QUHF—I——E;\I;O(%”—)] = 0, where ¥y(z) =
U(z) is the digamma function. This cannot be solved analytically for n, but the numerical solution is
n = 7.25695 (Sloane’s A074457; Wells 1986, p. 67). As a result, the seven-dimensional hypersphere
has maximum hyper-surface area (Le Lionnais 1983; Wells 1986, p. 60).” see also, [163], [164, p. 58],

and [165]

Furthermore, diversity combining schemes (DCS’s) are often used to exploit multiple received
copies of the transmitted signal at a fraction of the complexity cost of forward error correction
codes. The maximum number of receiver antennas is usually determined by the receiver physical
constraints and the cost of radio-frequency signal processing units. Hence, one can optimize the
number of receiver antennas to reduce the implementation cost and complexity and to obtain a
sufficient diversity gain. In general, a particular DCS is selected for a given channel estimation
complexity. However, literature on optimum receiver dimensionality is scarce; for example, the
optimum repetition diversity is investigated in [125]. On the other hand, references on performance
analysis of DCS’s are plentiful. For example, performance analysis of DCS’s can be found in [66]
and references therein.

This chapter is organized as follows. In Section 8.2, results presented in [166] are recalled and
generalized to other K-dimensional objects. In particular, we elaborate on an important observa-
tion that the dimension corresponding to the maximum volume and to the maximum surface area
depends on the radius of the object being considered. Thus, we solve the maximization problem
in the discrete domain, and we obtain a dimension maximizing the volume and the surface area as
a function of the radius; this is proved in two theorems. We also consider monotonicity of the p-
norm, in general. In Section 8.3, we introduce a system model and assume partitioning of the SNR
into a finite number of sub-intervals to realize adaptive signal processing using a bank of subchan-
nel detectors. We then define several performance measures. In Section 8.4, we describe DCS’s
using a hypergeometry of objects in K dimensions. In particular, we consider MRC, EGC, SC
and HS/MRC schemes to obtain a K -dimensional sphere, scaled polytope, cube and sphere, respec-
tively. In Section 8.5, numerical examples are used to confirm non-monotonicity of the performance
measures versus dimension as predicted by the hypergeometry. Finally, the chapter is summarized

in Section 8.6.
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8.2 Hypergeometry

Denote a real vector space in K dimensions as R¥, for K = 1,2,---, and let the vector, g =
(91,92, ,9x) € RE. Recall the definition of the I, norm of the vector, g € RE in (A-10),
ie, [, > 0, for p > 0. In general, we assume that the distances in RE correspond to the Iy
norm; for example, radius and edge length are defined using the /» norm. We define the following

K -dimensional objects, i.e.,

Sk(a) = {geRX:|gl, <a}
Pg(a) = {geR¥:|gl; <a}
Ck(a) = {geR¥:|gl, <a}

where Sg (a) is the sphere of radius, a, P (a) is the polytope of radius, a, and Cg(a) is the cube
of edge length, 2a. Note that, for K = 2, Py(a) corresponds to the cube, Ca(a/+/2), rotated by /4
radians. Using the Pythagorean theorem, it is straightforward to show that the polytope, Pk (a),
of radius, a, has edge length, a+/K, and the cube, C K (a), of edge length, 2a, has radius (i.e., the
distance between the origin and any of the vertices), a//K. Let P (a) denote the polytope of edge

length, a, and C’ (a) to be the cube of radius, a, i.e.,

Pi(a) = {geRX: —\/% Igll; < a} (8.1a)
Ckla) = {geR¥:VK|gl, <a}. (8.1b)

In addition, denote the corresponding (KX — 1)-dimensional surfaces of the K -dimensional sphere,

polytope, cube, scaled polytope and the scaled cube, respectively, as,

@ = {geR¥:|glly=a}
Pra) = {geR¥:|gl, =a}
(@) = {gcR¥:|gl,=a}
= {geRE: ——|gll, = a}
(a) {ge -7 el
Cre(a) = {geR¥:VK|gl|, =a}.
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In order to simplify the notation, let Ok (a) represent an object having the surface, 0 k(a), ie.,

Ox(a) € {Sk(a),Pk(a),Ck(a),Pk(a),Ck(a)}

Ok(a) € {Sk(a),Pk(a),Ck(a),Pk(a),Cx(a)}.
Then, lim,_.o O (a) = @ is an empty object having zero volume, and, lim,_,o, Ok (a) = RE.

8.2.1 Properties of the [, Norm

We prove the following theorem on monotonicity of the /, norm and the scaled l;, norm.

Theorem 8.1 Let g = (g1, 92, ,9x) € RE, and p > 0. The I, norm, gl and the scaled I,
norm, # |gll,,, are monotonically increasing in dimension, K, and monotonically decreasing in

the norm-order, p.

Proof: The theorem is proved by induction. Consider first the [, norm. Given the vector,
/ ’ P 1/p

g, let the vector, g’ = (g,9Kx+1). For p < oo, one has that, ||g Hp = <}|g|| + [gK+1|p>
and thus, [|g'||, > |lgll,- If p = oo, then maxj—y .. x |gx| < maxp—1,.. K+1|gk|, and thus,

Hng < g/l for Vg € RE, Ygk 41 € R, and ¥p > 0. Consider now the scaled L, norm. Given

gl gl gl

the vector, g, weljleed to show that, \/K—-}-pl > m Hence, for p < oo, we have that, \/—F—ﬁ =
J NP, p)/P

((”g“")j){gf;“' ) , and after some manipulations, |gx+1[” > [lg|l? ((\/1 +1/K)P — 1). Thus,

whether the (K + 1)-th component, gk +1, increases the {, norm depends on the lp norm, [|g||,,
and on the sequence, £x(p) = (y/1+ 1/K)P — 1. Since, for any p > 0, the sequence, £k (p), is
decreasing with dimension, K/, the probability that, |gx+1[P > ||g|[b £k (p), is increasing. Thus,
the lzl) norm increases with dimension K in the probability sense. Similarly, for p = oo, we have

Nleo = lIgllo v/1+ 1/K. Since the sequence, \/1 + 1/K, is decreasing, the probability
that, gx+1 > ||gll, /1 + 1/K, is increasing, and thus, the [, norm is increasing with K in the

probability sense.
Finally, we show that the }, norm, ||gl|,,, is decreasing with p. Thus, taking the derivative of

llgl|,» one has that,

||g|| pl()( 967 >
3 e, = Zr 0B | S
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Since logz < 0, for x < 1, we have that, a% lgll, <0, forvg € R, and thus, the norm, Iell,, is
a decreasing function of p, for p > 0. |

Furthermore, it is useful to determine the conditions when one K -dimensional object is con-
tained inside another K -dimensional object. We can prove the following inequalities for g € RX,

ie.,

lelo < llely < el (8.22)
71_];||gn1 < el (8.2b)
lgll, < VK gl (8.2¢)

1
el 2 —= el (8.2d)

where the operator, 2, denotes the case when either of the operands can be larger. We observe from
(8.2a) that, without any scaling, ; is the largest norm. On the other hand, if /., is not scaled, and [
is scaled by 1/V/K, then  is the largest norm; see (8.2b). Also, if ||g||,, < a, then, & |gl; < a.
Hence, we can determine the maximum radius of an object to be contained inside another object of
the given radius; this condition is necessary, but not sufficient for one object to be inside another
object. Hence, the maximum radius, a*, of the polytope (of the cube) to be contained inside the
sphere of radius, a, is,

a* = max gl st lglly < o 83)

where p = 1 (p = 00). Using the method of Lagrange multipliers, and noting the symmetry of (8.3)
[541, one obtains that the vector, g*, that solves (8.3), is given by all permutations of the components
of the vector, (a/y/m, - ,a/y/m,0,---,0), where m is the number of non-zero components;
thus, for m = 1,2,--- , K, we have that, ||g*|, = a, ||g*||; = ay/m, and ||g*|, = a/Vm.
Hence, for m = 1 (m = K), the polytope (the cube) has the maximum radius, a* = a (the edge
length, 2a* = 2a/+/K) in order to be fully contained inside the sphere. Similarly, the sphere
contained inside the polytope (the cube) of radius, a (the edge length, 2a), has the maximum radius,

o* =a/VK, (@* = a).

8.2.2 Volume and Surface Area

Denote V[Og(a)] to be the volume, and A [(5 K(a)] to be the surface area of the K -dimensional

object, Ox(a). We investigate monotonicity of the volume, V[Ox(a)], and of the surface area,

!
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A [O K(a)} , versus dimension, K. Hence, in general, for p > 0, using spherical coordinates in K

dimensions, the volume of the object, Ok (a), is computed as,

K

V[Ok(a)] = /dg_-_/oaA[()Ku)] tK—ldtzA[OKu)}‘% 8.4)

lell,<a

where A {(A)K(l)] is the surface area of the unit radius object, Ox (1), and A [(A)K(l)} tK—1 is the
(K —1)-dimensional surface area of the object, A[O g (¢)], of radius, ¢. Correspondingly, the surface

area of the object, Ok (a), is,

6 ] _ VOx(a)] _ A[OK(l)] o571 = V[Og(a)] 2.

da a

Hence, knowledge of A[C) K(l)} is sufficient to evaluate the volume and the surface area of any
object, Ok (a). Also, given the dimension, K, and the volume, V[Og(a)], or the surface area,

A [(5 K(a)] , one can compute the radius, a, as,

1/K
. _ [ 4 ViOx(@)
A[OK(U}
) A[Ok(a)] =D
- A[Ok(1)]

Note that, if a < 1, the limit, limg_, o % = 0. Furthermore, for any dimension, K, the vol-
ume and the surface area are finite provided that the radius is finite; i.e., if 0 < a < oo, then,
0 < V[Ok(a)] < o0, and, 0 < A[OK(a)] < oo. Hence, given the radius, a, we investigate
whether there exists dimension, K*, such that, V[Ok, (a)] < V[Og,(a)], for K; < Ky < K*, and,
V[Ok, (a)] > V[Okg,(a)], for K* < K; < Ka; a similar conjecture can be made for the surface
area. Furthermore, we conjecture that the volume, V[Og(a)], and the surface area, A[O K(a)] ,
reach a maximum for dimension, K = K*, and then decrease toward zero as K increases while the
radius, a, is constant. This observation appears not to be well known in the literature, [167]. Noting
that the dimension, K*, of the maximum volume and of the maximum surface area depend on the

radius, a, we prove the following two theorems.

Theorem 8.2 The volume, V[Ox (a)], of the K-dimensional object, Ok (a), of constant radius, q,
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reaches a maximum for dimension, K* = K, if vk_1 < a < vk, and, K* € {K,K + 1}, if

a = vg, where

AOk(M)] (K41 _
Aoresr (D] (%) K=12

0 K <0

VK —

and importantly, provided that the sequence, vy, is monotonically increasing with K.

Proof: Recall that, V[Og(a)] = A{(A)K(l)] % If V[Og(a)] > V[Og4i(a)], then one has
that, V{Og 11(a)] > V[Ogo(a)], since V[Og(a)] > V[Og+1(a)] is equivalent to the condition,

AOx (1) (5F) = vk > a, and V[Og41(a)] > V[Okyo(a)] is equivalent to the condition,

AlOx41(1)

A{OK_H(l) K+2\ _ .. . . . .
ABrrall) ( V4 +1) = VK+1 > a, and the first condition implies the second, for any dimension,
K =1,2,-.-. Consequently, by induction, since v is assumed to be a monotonically increasing

sequence, the volume, V[Cg(a)], is a monotonically decreasing sequence, for K > K*. Similarly,
we can show that, if V[Og(a)] > V[Og_i(a)], then V[Og_;(a)] > V[Og_a(a)], and, a >
vk —1. Consequently, by induction, and using an assumption that the sequence, vk, is monotonically
increasing, the volume, V[Cg (a)], is a monotonically increasing sequence, for K = 1,2,--- , K*.
Hence, V[Og_-1(a)] < V[Og(a)] > V[Og1(a)]is equivalent to v _1 < a < vg, and V[Og(a)]
is a global maximum, and K* = K. Finally, the global maximum with equality, V[Og(a)] =
V[Og+1(a)], occurs when a = vg, and, K* € {K, K + 1}. |

Theorem 8.3 The surface area, A [O K(a)], of the K -dimensional object, Ok (a), of constant ra-
dius, a, reaches a maximum for dimension, K* = K, if ux 1 < a < ug, and, K* € {K, K + 1},

if a = pg, where

Ok (1) _
ue =g ] o] KT
K+1
0 K <0

and importantly, provided that the sequence, |k, is monotonically increasing with K.

Proof: The proof follows along the same lines as the proof of Theorem 8.2. |
Importantly, since vk and i1 x are monotonically increasing sequences, we have the following corol-

lary of Theorem 8.2 and Theorem 8.3.

Corollary 8.4 Let K denote the dimension of the maximum volume or the maximum surface area

corresponding to radius, a;, for i = 1 and 2, and a; < ag, then, K < K.

Since px = I/KT(%, the monotonically increasing sequence, v, implies the monotonically

increasing sequence, g . Strictly speaking, the opposite statement does not hold; since K—I}L—l is the
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monotonically decreasing sequence, the monotonically increasing sequence, px, does not imply
the monotonically increasing sequence, vk . Also, according to Theorem 8.3, if lim g, o0 Vi = 00,
then, for any radius, 0 < a < oo, the volume, V[Ox(a)|, reaches the maximum value. Similarly,
the condition, limx ..o i = 00, guarantees that, for any radius, a > 0, there exists a maximum
value of the surface area, A {(A] K(a)}. Note also that, if ¢ = vk (a = k), the maximum volume
(the maximum surface area) occurs at two consecutive values of dimension.

Particularly, consider the K-dimensional sphere of radius, a. Using spherical coordinates, we
obtain that, A[SK(l)} = onK/2)7 (%), where I'(-) is the gamma function [168]. Hence, the

volume and the surface area of the sphere, Sk (a), are [22], [23],

ViSk(@)] = 2l
T T E
R o K/2

AlSk(@)] = e

We have the following lemma.

Lemma 8.5 Let, Ky, and, K3, denote the dimension that correspond to the maximum volume,
A% [SK‘*/ (a)] = maxg V([Sk(a)), and the maximum surface area, A [éK;‘l (a)] = maxg A [SK(a)},
of the sphere, Sk (a), respectively. Then, for a > 1/2, one has that, Kj, = K3 — 2, and the

sequences defined in Theorem 8.2 and Theorem 8.3, g = vi_o.

Proof: Note that I’ (%) = (% —1)lif K is even, where K! = K(K —1)---2- 1,
and I' (§) = U2 if K is odd, where KIl = K(K —2)---5-3- 1. Hence, vg =
r\(/(;;&)/éz)) (KI'{H) = uK (%{ﬂ), and we have that, ux = vg_o. Consequently, K}, = K% —2. W

For example, while the unit radius (K = 7)-dimensional sphere has the maximum surface area,

the unit radius sphere has the maximum volume for dimension, K = 5. We have the following

corollary of Lemma 8.5.

Corollary 8.6 For the sphere in K > 3 dimensions (equivalently, having the radius, a > 1/2), the
dimension of the maximum surface area, K* = K, and of the maximum volume, K* = K — 2, if
pr—1 < a < pg. Similarly, if a = pg, then for K > 3, the dimension of the maximum surface

area, K* € {K, K + 1}, and of the maximum volume, K* € {K —2, K — 1}, if ux—1 < a < pk.

Consider the polytope, Px(a). The surface area of the unit radius polytope, P (1), can be
obtained recursively, i.e., A [15 K(l)} = 2K /(K —1)!. Thus, the volume and the surface area of the
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K -dimensional polytope, P (a), are,

VPk(a)] = Zyaf
5 2K K-1 ®.5)
AlPk(a)] = et
Note that the polytope volume can be written as,
K oa
V[P = —
Pr(@) =] 3
k=1
indicating that the polytope can be viewed as a cube having edges of length, zk‘l, k=12,--- K.

We have the following lemma.

Lemma 8.7 Let K5, and K be the dimensions corresponding to the maximum volume, V [P K% (a)] =
maxg V[Px(a)], and the maximum surface area, A [15 K (a)] = maxg A[IA3 K(a)], of the poly-
tope, Py (a), respectively. Then, for a > 1/2, one has that, K, = K — 1, and the sequences

defined in Theorem 8.2 and Theorem 8.3, ux = Vg _1.

Proof:  Since, vg = K—;“-l and, pg =

Ky =K —1. m

_122, we have that, ux = vi_1. Consequently,

For the scaled polytope (8.1a), we substitute the radius, a/+/K, into (8.5). Thus, the surface area of

. . . oy o oK
the unit radius scaled polytope is, A [P K(l)} = JRR RO and the volume and the surface arca

of the K -dimensional scaled polytope, P’ (a), are,

/ 2K K
AP(@)] - 20k
A N T

Using Theorem 8.2 and Theorem 8.3, we can show that the volume and the surface area of the
scaled polytope, P’ (a), reach a maximum value for a particular value of dimensionality.
The surface area of the cube, Cx (1), having edge length, 2, is, A [C K(l)] = K2K Hence, the

volume and the surface area of the K-dimensional cube, Cx (a), are,

V[Ck(a)] = 2%Ka¥

A[@K(a)] _ KoK K-1 (8.6)
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Chapter 8

A Hypergeometric Analysis of Diversity
Combining Schemes and SNR Adaptive

Receivers

In this chapter, we investigate a hypergeometry of objects in K dimensions. The results of hyper-

geometry are then applied to optimize dimension of the SNR adaptive receivers.

8.1 Background

Many practical problems in communication and information theory involve entities in K dimen-
sions. For example, information transmitted from a source to a destination has to propagate over
a noisy communication channel. Such channels make the information transmission unreliable, and
thus, the communication channels are often deliberately formed in K dimensions in order to im-
prove the transmission reliability or to increase the channel throughput. The transmission reliability
is improved provided that the K channel dimensions (or degrees of freedom) are used to create
transmission diversity in time, in frequency, and in spatial domains [160], [161]. Thus, motivated
by the K-dimensional problems of information transmission, we investigate the hypergeometry of
some objects in K dimensions. In particular, we consider the K-dimensional sphere, polytope,
cube, scaled polytope and the scaled cube. We observe that the volume and the surface area of these
objects is not monotonic in dimension, but reaches a maximum, and then, decrease towards zero.

This fact appears not to be explicitly stated otherwise. For example, Weisstein [162] comments on
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Figure 8.1: The volume, V{Ox(a)], of the sphere, polytope, scaled polytope, and the scaled cube
versus dimension, K.
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Figure 8.2: The radius, a, of the constant volume sphere, polytope, scaled polytope, and the scaled
cube versus dimension, K.
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the following K -dimensional objects, i.e.,

Sk(ai,a3) = {geRE:a; <|lgl, < az}
Pxlai,a2) = {geR¥:a; <|g|; <as}
Pi(ar,a3) = {g€R¥:a1 < \/% lgll; < a2}
Cklar,a2) = {geR¥:a; <|g|., < as}

where Sk (a1, az2) is a hollow sphere of radii, a1, and, as, Pk (a1, ag) is a hollow polytope of radii,
a1, and, ag, P (a1, a2) is a hollow scaled polytope of radii, a;, and, as, and Cg (a1, as) is a hollow
cube of edge lengths, 2a1, and, 2as. Denote, as = a, and, a1 = ka, where 0 < k < 1. The volume
of hollow K -dimensional objects can be computed using (8.4), i.e.,

a®(1 - k¥)

V[Ok(ax,a)| = A[(A)K(l)} =

Thus, if & = 0, the cavity is removed, and, if x = 1, the object has zero volume. For hollow

K -dimensional objects having £ > 0, we can extend Theorem 2 as follows.

Theorem 8.8 Given a constant radius, a > 0, and, 0 < k < 1, the volume, V[Ok (ak, a)], reaches
a maximum for dimension, K* = K, if ox_1(k) < a < og(k), and, K* € {K,K + 1}, if

a = ok (k), where

A[OK(l)] K41 1-xK _ .
<A[OK+1(1)]>( K )(1_,@1@1) K=12,--

0 K<0

ok (k) =

and importantly, provided that the sequence, o (k), is monotonically increasing with K.

Proof: Note that, ££L, and, 1:’;1, are increasing sequences. Hence, equivalently, the
first-order difference, A [O K(l)] - A[O K+1(1)] , must be an increasing sequence in order that
the sequence, ox (), be increasing. Note that, V{Ox (ak,a)] > V[Og1(ak,a)], is equivalent to
the condition, ok (k) > a, and, V[Og_1(ak,a)] < V{Oxk(ak,a)], is equivalent to the condition,
ox—1(k) < a. Thus, provided that ok (%) is a monotonically increasing sequence, and, o —1(x) <
a < ok (k), then dimension K corresponds to the maximum volume, and, K* = K. Similarly, we

can show that, if a = ox(k), then K* € {K, K + 1}. [
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For example, for Ck (ak,a), the sequence, ok (k) = % 11_;“111, so that, limg o0 0k (k) = 3.
Thus, if a < %, the volume of a hollow cube reaches a maximum value for a particular dimension,
1< K* < 0.

Finally, it is also useful to consider a discrete K -dimensional space, Zg ,where Zg = {0,--- ,Q—

1}. We can define a discrete hollow sphere as,

Sak(a1,a2) = {g € Zg ra; <wp (g) <as}t 8.7)

where the Hamming weight, wy (g) = Zle gr. The discrete hollow sphere has the volume,
V[Sak(a1,a2)] = Y32, (‘9-D%), where (%) denotes the binomial coefficient,
In the following sections, we use a hypergeometry of objects in K dimensions to analyze and

optimize SNR adaptive receivers for K-dimensional received signals.

8.3 System Model

Assume symbol samples of the equivalent complex envelopes in the baseband. Groups of m in-
dependent and identically distributed data bits, b, are Gray mapped to uncoded M-ary square
QAM or M-ary PSK modulation symbols, z, where M = 2™. The modulation constellation,
X ={@Qi-vVM+1)+j2j—vVM+1);i,5 =0,1,--- ,/M — 1}, for M-ary square-QAM, and,
X = {eig”i/M; i=0,1,---,M — 1}, for M-ary PSK, where the imaginary unit, j = /-1, [21].
Scaling of the modulation constellation by the factor, \/3—/(—2—]\/1_—7) , for M-ary square QAM, and,
1, for M-ary PSK, sets the average transmitted energy, Fs = E[|z|?], of symbols, , to unity. The
symbols, z, are transmitted over slowly flat fading channels to the receiver having K antennas; the
receiver structure is shown in Fig. 8.3. The channel coefficient corresponding to the i-th receiver
antenna can be written as, h; = g; &%, where g; is the channel fading amplitude, and ¢; is the
channel fading phase, and i = 1,2,--- , K. Denote, h = ge'?, to be the channel coefficient at the
output of the combiner. Hence, assuming coherent combining, the received signal at the input to the
detector is,

Yy=gr+w (8.8)

where ¢ = e73%h, and w is the sample of an AWGN having zero-mean and variance, 02 =

w

E[|w|2] = 2Ny, and Ny denotes the one-sided noise power spectral density. Then, the SNR at

the detector input is, v = |h|>, = g%7s, where the SNR per bit, v, = E,/No, and Ej = E, /m.
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Figure 8.3: The system model and structure of a generic diversity combining SNR adaptive receiver.

Adaptive signal processing in the receiver is realized by a bank of N subchannel detectors; see
Fig. 8.3. Thus, assuming perfect SNR estimation, the SNR values, v € (0, 00), are quantized
to N intervals in order to select one of the N detectors to process the received signal, y, and to
provide final decisions, b, on the transmitted bits, b. Hence, we define disjoint SNR intervals,
Qn = n-1,9n)s 7 = 1,2,--- [N, where %p = 0 < 41 < -+ < Any—1 < 4§ = oo. Thus,
if v € Qu, then, g2 € (Fn—-1/7,9n/M), and g € (\/’yn_l/'yb, \/'?n/'yb). Note that, if N = 1,

then 7 = (0, 00), and the receiver has one conventional symbol-by-symbol detector. For N > 1,

the receiver adapts the decision strategy for different values of . In particular, the first detector
corresponding to v < 7 can be used to declare an outage when the detected symbol would be
unreliable. Also, it is required that, v > 7, in order the receiver can synchronize, and always,
v < AN-1, due to physical constraints in the input receiver circuits; thus one has that, N > 3, in
order to accurately model any practical receiver. For example, reference [169] reports the dynamic
range of the path strength to be usually 20-30 dB. Furthermore, if there exists a feedback channel
from the receiver to the transmitter, then different modulation constellations and the corresponding
detectors can be used for each SNR interval, €),,, [170]. For coded systems, less complex detectors
can often be employed at larger values of SNR. For systems with interference, the detection can be
adapted according to whether the system is interference limited or noise limited.

In general, the SNR partitioning creates N erasure subchannels. The received signal corre-

sponding to the n-th erasure subchannel of the n-th detector is denoted as,

Yy v € Qy
y(Q) = (8.9)
erasure 7y & §2,.
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We investigate symbol-by-symbol detectors operating over erasure subchannels using the following

pcrformance measurcs.

8.3.1 Performance Measures

Let f4(9), fq2 (9%) and f,(7) be the PDF’s of g, g%, and , respectively. Recall that, v = gy, and
thus [53],

I TN WP i
100 = 1) = 5=ty )

In general, denote M () to be an instantaneous performance measure. Assuming the n-th erasure
subchannel, i.e., the SNR, v € Q,, = (Jn-1, 7n), the average performance measure, M (y; §2,),

for the n-th detector is evaluated as,

M) = [0 M©®) fH(y)dy

:Yn—l

= [IT M(g*%) f,2(6?) dg? (8.10)

I Jn”_/ = M (g*w) f(g)dg.

Importantly, note that the PDF, f,(v), corresponding to the n-th erasure subchannel, i.e., for v €
Q,,, is not normalized by the factor, |. %"_1 f+(y)dy, and thus, [, f,(v)dy # 1. Consequently, the
probability mass contained in the volume corresponding to v € 2, is a function of dimension, K,

and using Theorem 8.8, we have the following conjecture.

Conjecture 8.9 The average performance measure, M (vyy;Q,,), corresponding to the n-th erasure

subchannel reaches a maximum for a particular value of dimension.

In particular, let P(y) be the instantaneous BER. The average BER, P.(v;; 2,,), is computed

using (8.10), and the overall average BER of the receiver is,

N
Pe(y) = Pelm; ).
n=1

The probability of outage, Pous, is defined as the probability that SNR, v € ;. Thus, the
first detector is selected with probability, Poyy = Pr(y € Q). This definition can be generalized
to consider the probability that the n-th detector is selected, i.e., Pget(2) = Pr(y € Qy,), and,

Pout = Puet(£21). Hence, in this case, M () = 1, and using (8.10), the probability of selecting the
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detector, n, is,

Pdet(Qn) = F’Y(:Yn) - F’Y(’S’n~1)
= Fg2 (/) — Fg2 (Fn—1/)

= F(VFn/m) = Fs(\Fu1/m)

where F,(v) = [ fy(v)du, Fy( fo fe(w)du, and Fy(g) = [§ fo(u)du are the CDF’s.
Note also that, anl Paet () = 1.

The channel capacity of a Gaussian channel having an unconstrained (Gaussian) input, C(7y),
and having 2-PSK modulation symbols at its input, Copsk(7y), respectively, is computed as, [21],

[171],

Cly) = logy(1+47) (8.11a)

Copsk(7) = 1- / fuw(w) logy (1+ e"‘”(”w)) dw (8.11b)

where f,(w) = \/g e~7” is the PDF of a zero-mean Gaussian noise. The average channel capac-
ity is computed using (8.10). The overall average channel capacity between the transmitter input

and the receiver output is,

C('Yb; Qn)

(=

Clw) =
1

3
I

M=

Cstk(’Yb) = Cstk (’Yb; Qn)

1

3
I\

8.4 A Hypergeometric View of Diversity Combining

We describe DCS’s using a hypergeometry of objects in K dimensions. In general, all DCS’s re-
quire some knowledge of the channel coefficients. The more knowledge of the channel coefficients

is available, the better the performance of the DCS’s [66]. We assume perfect channel estimation.
Then, the channel fading amplitude, g, in (8.8) for MRC, EGC, SC and HS/MRC diversity, respec-
tively, can be written as,

(MRC) (8.12a)
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(8.12b)

(8.12¢)

(8.12d)

where L < K’ is the number of selected branches having the largest fading amplitudes, and g;) de-
notes the i-th largest fading amplitude, so that, g1y > g(2) > - -+ = g(x). Thus, the output channel
fading amplitude, g, and its statistics are a function of the number of diversity branches, K. Note
also that MRC scheme requires knowledge of the K channel fading amplitudes and phases, EGC
scheme requires knowledge of K channel fading phases, and the SC scheme requires knowledge
of K channel fading amplitudes. Hence, we observe that the output channel amplitudes (8.12a)—
(8.12d) for MRC, EGC, SC and HS/MRC diversity are given by the b, ], I and l norms, respec-
tively, of the complex valued channel coefficients vector, h = (hq, ho,--- ,hk), since |h;| = gi,

fori =1,2,---, K. We have the following theorem.

Theorem 8.10 Assuming an arbitrary joint PDF of the branch channels fading coefficients, h, the
output channel amplitude of MRC, SC and HS/MRC diversity is always increased by adding more
receiver antennas. On the other hand, additional receiver antennas for EGC diversity increase the

output channel amplitude with increasing probability.

Proof: The proof follows using mathematical induction and Theorem 8.1. |
Note that no co-phasing is assumed in the conditions of Theorem 8.10. Yet, assuming that v = g2;,
and that 7 is a non-decreasing function of the number of diversity branches, then, for any branch
channels fading statistics, the output SNR of DCS’s is monotonically increasing with the number
of diversity branches. Assuming a linear DCS and perfect channel estimation, ly is the largest
achievable value of the combiner output channel amplitude [172]; see inequalities (8.2a)—(8.2c).
On the other hand, whether EGC or SC diversity has larger output channel amplitude depends on
a specific channel realization; see inequality (8.2d). Note also that, for all DCS’s considered, since
the output channel fading amplitude, g, increases with K, so does its expected value, E[g]. Then,
provided that the instantaneous performance measure is monotonically improving with g, and using
Jensen’s inequality, an upper (or lower) bound of the expected (average) performance measure is

monotonically improving with K.
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the following K -dimensional objects, i.e.,

Sk(ai,a3) = {geRE:a; <|lgl, < az}
Pxlai,a2) = {geR¥:a; <|g|; <as}
Pi(ar,a3) = {g€R¥:a1 < \/% lgll; < a2}
Cklar,a2) = {geR¥:a; <|g|., < as}

where Sk (a1, az2) is a hollow sphere of radii, a1, and, as, Pk (a1, ag) is a hollow polytope of radii,
a1, and, ag, P (a1, a2) is a hollow scaled polytope of radii, a;, and, as, and Cg (a1, as) is a hollow
cube of edge lengths, 2a1, and, 2as. Denote, as = a, and, a1 = ka, where 0 < k < 1. The volume
of hollow K -dimensional objects can be computed using (8.4), i.e.,

a®(1 - k¥)

V[Ok(ax,a)| = A[(A)K(l)} =

Thus, if & = 0, the cavity is removed, and, if x = 1, the object has zero volume. For hollow

K -dimensional objects having £ > 0, we can extend Theorem 2 as follows.

Theorem 8.8 Given a constant radius, a > 0, and, 0 < k < 1, the volume, V[Ok (ak, a)], reaches
a maximum for dimension, K* = K, if ox_1(k) < a < og(k), and, K* € {K,K + 1}, if

a = ok (k), where

A[OK(l)] K41 1-xK _ .
<A[OK+1(1)]>( K )(1_,@1@1) K=12,--

0 K<0

ok (k) =

and importantly, provided that the sequence, o (k), is monotonically increasing with K.

Proof: Note that, ££L, and, 1:’;1, are increasing sequences. Hence, equivalently, the
first-order difference, A [O K(l)] - A[O K+1(1)] , must be an increasing sequence in order that
the sequence, ox (), be increasing. Note that, V{Ox (ak,a)] > V[Og1(ak,a)], is equivalent to
the condition, ok (k) > a, and, V[Og_1(ak,a)] < V{Oxk(ak,a)], is equivalent to the condition,
ox—1(k) < a. Thus, provided that ok (%) is a monotonically increasing sequence, and, o —1(x) <
a < ok (k), then dimension K corresponds to the maximum volume, and, K* = K. Similarly, we

can show that, if a = ox(k), then K* € {K, K + 1}. [
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Figure 8.4: The entropy, Hx (a) = log V[Sk(a)], of a uniform distribution over a sphere, Sx (a),
versus dimension, K.
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K

Figure 8.5: The probability of at least a1 and at most as errors in a sequence of K bits with crossover
probability, p.

corresponds to the discrete hollow sphere (8.7) and is written as,

P.(p;a1,a9) = i (Ii()pi(l —p)E—i, (8.13)
i=a1
The probability (8.13) versus dimension, K, is plotted in Fig. 8.5, for p = 0.05, and p = 0.1. We
observe from Fig. 8.5 that, for example, the detector with 2—5 errors is an order of magnitude more
likely to be selected over the detector having 5-8 errors, for dimensions, K > 150.
In general, the average BER, P¢(y; 2y), can be efficiently evaluated using the Prony approx-
imation of the conditional BER, ie., Pe(v) = 375_; Aje%7, where A; and ; are positive real

constants, and ¢ > 1, [70]. Assuming that the MGF, ®(t) of g, or, ®42(t) of g2, is known, then we
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can show that the average BER is evaluated as,

— A; retjoo ~
Pe(’Yb§Qn) = ;1.:1 ?:3 cj_ono (ﬁg(t)fg(t,aj’)/b;ﬂn)dt (8.14)

A; et .
- ?:12—% CC_J.J;Ong(t)lgg(t,aj'yb;ﬂn)dt

where ¢t = ¢ + jw is a dummy variable, ¢,w € R, and the integrals,

\/’~Yn/’7b 9
Lt ;) = /\/__ e~91-05" dg
;Yn—l/’Yb

2 Yn— t 8 t
= \/—ie%f? Q 2a%1+—— - Q 2a171—|——
a Yo 2a Y 2a

A /Yo
IgQ (t, a; Qn) — / e—QQt—aQZ dg?
5

~"rL—l/'Yb
(e B
a—+t

and Q(z) \/g f e~¥”/2du is the Q-function. The integrals in (8.14) are efficiently computed
using a Gauss-Chebyshev numerical quadrature [46]. For example, assume K independent Ricean
distributed branch fading amplitudes [21] having 2 degrees of freedom, unit variance per dimension,
and the Rice factor, 3dB. Fig. 8.6 shows the average BER for MRC, EGC and SC diversity, and
2-PSK modulation having the conditional BER, Pc(v) = 0.204e~5%%7 4-0.105¢~9%47, and the
SNR, v, = —3dB. We observe from Fig. 8.6 that, for all DCS’s, the average BER is monotonically
decreasing for v € (0, co). However, the BER reaches a maximum value before decreasing towards
0, if the lower limit of -y is greater than 0.

Assuming the parameters of the branch fading channels as in Fig. 8.6, the probability, Pye; (Qr,),
that v € Qy,, versus the number of receiver antennas, K, is shown in Fig. 8.7. We observe from Fig.
8.7 that, for shorter intervals, €2y, the maximum of Py (£2,,) becomes more pronounced.

The average channel capacity is computed as,

Clomin) = o5 Joim Pglt) Tt 7: Qn)dg
Cly; ) = 2% C:g@ 2(t)ng(t,7b;Qn)dg2

where the integrals,
A/ -
Jo(t, ;) = [ \/”__.1”7”%0 %) e~9dg

n a2
Tga (5 ) = [ Cl0%) e79"dg?
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Figure 8.6: The average BER versus the number of receiver antennas, K, for 2-PSK modulation
with MRC, EGC and SC diversity over generalized Ricean fading channels.
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Figure 8.7: The probability, Pye(€2,,), versus the number of receiver antennas, K, for MRC, EGC
and SC diversity over generalized Ricean fading channels.
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and the conditional channel capacity, C(v), for unconstrained Gaussian input and 2-PSK input,
respectively, is given by (8.11a) and (8.11b). A closed-form expression for the partial MGF of the

channel capacity, C(y), can be obtained for the case of unconstrained Gaussian input, i.c.,

2 logy(1 + g2) e 9"tdg? =

= tlo§(2) (T'(0,¢) =T (0,t + bt)) — e_tbt logy(1 +b)

where I' (-, -) is the incomplete gamma function [168]. Assuming again the branch fading statistics
as in Fig. 8.6 and Fig. 8.7, the average channel capacities, C(vy;Qy), and, Copei(75; ), cor-
responding to the unconstrained Gaussian input and 2-PSK input, respectively, are shown in Fig.
8.8 and Fig. 8.9. In Fig. 8.8, the symbols ‘1’ and ‘2’ correspond to the case of v € (20,25) and
v € (20, 30), respectively. Importantly, we observe from Fig. 8.8 and Fig. 8.9 that the DCS maxi-
mizing the average subchannel capacity depends on the number of receiver antennas as well as the
choice of the SNR interval, £2,,.

Consider a MIMO channel having independent and identically distributed channel coefficients.
Let the number of transmitter antennas be equal to the number of receiver antennas and denoted as
K. Provided that the channel coefficients are zero-mean and complex Gaussian, then, for v € €,
and unconstrained Gaussian inputs, the channel capacity is evaluated as [175],

Ar /Yo ( g2 )K -1

Crxk (3 O =/ log(1 + g*v)
)= [ B e )

e_g2dg2.

Fig. 8.10 shows the capacity of a Gaussian K x K MIMO channel for several choices of the SNR
interval, €2, and v, = 0dB. We can again observe from Fig. 8.10 that constraining the values of
SNR creates an optimum in the number of transmitter and receiver antennas, for which the MIMO
channel capacity is maximized.

Finally, note also that comparing the average BER in Fig. 8.6 and the average channel capacity
in Fig. 8.8-Fig. 8.10 illustrate a general trade-off between reliability and throughput of a communi-
cation subchannel [161]. In particular, either the subchannel dimension is selecfed to minimize the

average BER, or the subchannel dimension maximizes the average channel capacity.
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Figure 8.8: The average channel capacity, C(+p;{2y,), versus the number of receiver antennas, K,
for MRC, EGC and SC diversity over generalized Ricean fading channels.
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C2psk (’Yb; Qn)

Figure 8.9: The average channel capacity, Caopsk(76; ), versus the number of receiver antennas,
K, for MRC, EGC and SC diversity over generalized Ricean fading channels.
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Figure 8.10: The average channel capacity, Cxxi (Vo; Q). of a Gaussian K x K MIMO channel
versus the equal number of transmitter and receiver antennas, K.
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8.6 Summary

The K-dimensional sphere, polytope, cube, scaled polytope, and the scaled cube were studied. It
was proved that the [, norm and the scaled lz’, norm are monotonically increasing in dimension, K,
while monotonically decreasing in the norm-order, p. It was also proved that the volume and the
surface area of objects under consideration reach a maximum value for a particular dimension, and
then, the volume and the surface area decrease toward zero. The dimension maximizing the vol-
ume and the surface area was obtained as a function of the radius. These results provide important
insights into diverse problems in digital communications such as the error rate estimation of block
codes using importance sampling [167], and the properties of DCS’s. In particular, SNR adaptive
receivers employing a bank of symbol-by-symbol subchannel detectors and a K branch diversity
combining front-end operating over erasure subchannels were investigated. Several DCS’s were
described using a hypergeometry of objects in K dimensions. Hence, it was proved that, at least in
probability, the combiners output channel fading amplitudes are increased by using additional re-
ceiver antennas, for any distribution of branch channel fadings. Furthermore, average performance
measures such as the average BER, the probability of selecting a particular subchannel and the av-
erage channel capacity corresponding to erasure subchannels were conjectured to reach a maximum
for a particular dimension and the subchannel selected. The conjecture was then confirmed using
numerical examples. The results indicate that the receiver dimension (e.g., the sequence length
and the number of receiver antennas) and the SNR partitioning have significant impact on the av-
erage performance measures corresponding to a particular subchannel, and in turn, on the overall

complexity of the SNR adaptive receivers.
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Chapter 9

Conclusions and Future Work

In this final chapter, we draw conclusions, summarize the major results of the thesis, and also,

provide suggestions for future work.

9.1 Conclusions

We studied techniques for efficient performance evaluation of wireless communications systems.
In the first part of the thesis, novel performance evaluation techniques were proposed in order to
improve efficacy of the performance analysis, so that the analysis becomes simpler, is applicable to
more complex system models, and also, is easier to be verified. In the second part of the thesis, the
efficient performance evaluation techniques were used to obtain novel design guidelines.

As evidenced by numerical examples in this thesis, semi-analytical techniques appear to be the
most efficient approach to performance analysis of wireless communications systems. In particular,
provided that some parts of the system model can be described analytically, then these parts do
not have to be simulated, potentially saving large amount of computations. For example, the SR
simulation technique can decide on the decoded sequence analytically avoiding running a computa-
tionally expensive decoder. The Prony approximation method requires knowledge of the conditional
probability of error at only a small number of SNR values; such knowledge can be obtained using
computer simulation, and then, the average probability of error is computed analytically.

Furthermore, selection of the system model was shown to be critical for obtaining the perfor-
mance analysis efficiently. This was illustrated for the case of DCS’s over correlated fading channels
where the channel modeling was used to transform correlated branches into independent branches.

Importantly, note that the system model for efficient performance analysis and the system model
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following actual implementation can be very distinct. While precise knowledge of the input, output
and the latent parameters values is available at any time at any place in the course of simulation,
such knowledge is often missing or is impossible to be obtained in real implementation. Hence,
exploiting all the available knowledge in the course of simulation can result in significant reduction
of simulation run-times; however, one has to make sure that the analysis remains unbiased.

Two examples of obtaining the design guidelines from the efficient performance analysis were
illustrated for the case of BRC’s and the case of SNR adaptive receivers. In particular, initially,
the exact BER of binary Hamming codes was evaluated using their recursive structure. Then, the
recursive structure and the cyclic parity matrix were used to propose a family of multidimensional
binary block codes referred to as BRC’s. Also, theoretical analysis of the SR simulation gain re-
vealed that the volume of hypersphere reaches a maximum for a particular value of dimension. This
observation was used to obtain an optimum dimension of the SNR adaptive receivers.

In general, the system model and the performance evaluation technique should be chosen for a
particular system at hand, and the application being considered. The complexity of communications
systems is constantly increasing. Novel design guidelines are important to sustain the progress of
technology. Hence, we conjecture that the research area of efficient performance evaluation tech-
niques, perhaps underestimated until very recently, will become much more important in near fu-
ture. Furthermore, development of efficient performance evaluation techniques should complement

advancements of efficient signal processing algorithms.
The main results presented in this thesis can be summarized as follows.

1. Sample rejection is an easy-to-implement computer simulation technique for binary coded

systems operating over quantized AWGN channels and ISI channels.

2. Modified FD can be more efficient for simulations of coded schemes over ISI channels and

near-MLSD than the VA.

3. The Prony approximation method is an efficient semi-analytical technique for evaluation of

the average error rates of digital modulations over slowly fading channels.
4. Prony approximation is a generalization of the Chernoff bound and the MGF method.

5. A linear correlation channel model, and a fading amplitude channel model using vector norm
superposition of the impinging plane waves are well-suited for efficient performance evalua-

tion of DCS’s having correlated branches.
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10.

11.

12.

13.

14.

15.

16.

17.

Decorrelation and orthogonalization of the diversity branches prior to combining can be used

to restore some of the diversity gain lost due to the correlations between branches.

The rank and determinant design criteria of space-time-frequency block codes are valid not

only for the Chernoff bound of the PEP, but also for the exact PEP.

Binary Hamming codes can be constructed recursively, and their coding gain does not in-

crease monotonically with SNR.
Extended binary Hamming codes attain the Hamming bound.

Binary repetition codes having variable block length and variable minimum Hamming dis-
tance are well-suited for adaptive coding, turbo product coding, retransmission and multihop

routing and block differential encoding.

Binary repetition codes and block differential encoding can be used to arbitrarily increase the

coding rate while the minimum Hamming distance remains constant.

Binary repetition codes in multiple dimensions can be used to increase the minimum Ham-

ming distance of concatenated 1D codes without increasing the transmission bandwidth.

Transmitter energy distribution over the codewords of BRC’s can be optimized to improve

the BER.

Distributed SPC codes can be used to implement coded cooperation among the network nodes

in the uplink and downlink transmission.

The cooperation gains are strongly dependent on the specific network realization, and are less

dependent on the number of cooperating nodes.

The volume and the surface area of some K -dimensional objects reach a maximum, and then,

decrease towards zero.

The average performance measures of SNR adaptive receivers reach a maximum, and then,

decrease towards zero, i.e., there exists an optimum receiver dimension.
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9.2

Future Work

We outline the directions of possible future research.

L.

10.

11.

12.

The SR simulation technique should be considered for non-binary modulation schemes, mul-

tipath fading (time-varying) channels, and iterative decoding schemes.

In some cases, the SR simulation technique can provide design guidelines for the decoding

schemes.

. The Prony approximation method can be considered for evaluation of the average error rates

for systems with additive interference, e.g., multiuser and intersymbol interference.

Prony approximation should be investigated for use in multiple dimensions, i.e., for cases

where the error rates have to be averaged over several random processes.

. Distributions and parameters of the linear correlation channel model and the vector norm

plane wave superposition channel model have to be chosen in order to match the performance

analysis and real measurements of DCS’s assuming the existing correlated channel models.

Efficient channel models for systems with correlated co-channel interference should be de-

veloped.

. Semi-analytical methods should be developed for efficient performance evaluation of vari-

ous bits-to-symbol and symbol-to-subcarrier and antenna mappings for coded MIMO-OFDM

systems.

. The SISO decoding techniques suitable for multidimensional BRC’s should be investigated.

The performance analysis of coded cooperation schemes using BRC’s and SPC codes should

be extended to fading channels.

The proof that the volume and the surface area of K-dimensional objects reach a maximum

should be extended to a general case of the J,-norm where p € Z, and then, p € R, p > 0.

The dimension that minimizes radius for constant volume and constant surface area objects

in K dimensions should be derived.

Further applications of the results of hypergeometry to wireless communications systems

should be considered.
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Appendix A

Definitions of functions are provided.

The MGF of RV, X, [66]

By (t) = E[™] = /d o TR e

the inverse MGF of RV, X,

fx(x) ! /C+Jw P x(t) e *dt

B 2’/TJ c—jw

where ¢t = ¢ + jw, and ¢,w € R, and ¢ is chosen in the region of convergence

the upper incomplete MGF of RV, X,

ox(t,z) = /OO fz(zx) ¢t dx

Q-function [21, (2-1-97)]

Qz) = 71_2?/00 ot /24
_ ! f<i>
= 261‘0 \/5

and the alternative form [66]

/2 2
= [ ()

gamma function (Euler’s integral form) [62, 8.310], [168, p. 255]

o0
P(z):/ t*"Le~tdt
0
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(A-2)
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where Re{z} > 0, and

r (n) ) /2 1)! niseven
2 D nis odd

where n!! = 2,1/2_1/2?;/2,1/2)! =nn-2)---5-3-1

upper incomplete gamma function [168]
I'(z,z) = / t*"letdt

for z € R, and

I'(n,z) =T (n)e™™ :]L;—

M

x

forn €Z,n>0

n-th order modified Bessel function of the first kind [21, (2-1-120)], [168]

1 m
In(z) = ;T-./o * %) cos(nh)do
o] (E)n—{—Qk
2

- kz:%k!l“(n+k+1)
wheren € Z,n > 0,and z > 0
beta function [62, 8.38]

I'(a)T (b)

Ble.b) = 53

incomplete beta function [55]

BAa,b) = /z w1 - w)Pldu
0

hypergeometric functions [21, (2-1-134)], [55]

o
‘ _ a+k b)a:
lFl(aﬂba‘T) - 2(:) b—f—k)k'
n 113 1 1 n, 1
Fl=+= =% = — “3(1 —uz) (Et3)d
2 1<2+2,2,2,m> B(%,l)/o U 2( ux) '2T2/du

where b # 0,—1,—2,---, and B(, ) is the beta function (A-6)
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(A-5a)

(A-5b)

(A-6)

(A-T)
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(A-8b)



n-th order Marcum Q-function [21, (2-1-122)]

k=1
where .
Q1(a,b) = e (@*+0%)/2 Z (%)k I (ab)
k=0
andb>a >0
p-th vector norm, ,, of the vector, a = (a1,az,- - ,ap)

(X ailP)’? 0<p<oo

Iall, = max |a;| — 00
i=1,2,-n p
Kronecker delta
1 a=b
5a—b =
0 otherwise
and equivalently, dqp = 0ap = d(a—p)0 = a—ps fora,b=---,-1,0,1,---

modulo operation

mod,(b) =b— téJa

a
fora,b=-..,-1,0,1,---

binomial coefficient
<b> ) amEay b2az20

0 otherwise

fora,b% -, —1,0,1,- -
signum function
1 z>1

sign(z) =< 0 z=0
-1 z<0

Heaviside (unit-step) function
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Appendix B

The GCQ rule to invert the MGF, ®x (t) = [~ €' fx (z)dz, of the random variable, X, is obtained.

Hence, let an auxiliary complex-valued variable, ¢ = ¢ + jw, where ¢,w € R. Then, for w =

cv'1 — u? /u, one has that [66],

fx(z)

where v > 1, .y

Q

1 c+Hijw

L —at
o i1 3% (t) e”tdt

c—jw
1 [ :
o /_ . By (c+ jw) e =)y

1 1 o L 1 — u? —z <c+jc3:1;u2) cdu
_— C C— e I ——
X ! u2y/1 — u?

2 -1 Uu

1 - : —xc i
—QZZ(I)X (c(1 + jm)) e~®c(H] l)c(l + 1)
=1

tan((! — 1/2)w/v), and c is chosen in the region of convergence, i.e.,

—xt

max g~ < ¢ < min u*, where 4 and 1~ denote the positive and negative residues of ®x (t) e,

respectively.
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Appendix C

The statistics of the Ricean distributed amplitude, g > 0, and the non-central chi-square distributed
squared amplitude, g2, are summarized. The PDF’s are written as, [21]

_il..__l_.n_ e_g2/202 s = O
folg) = { ¥lenr(s) (C-1a)

n/2

g~ e“(92+32)/202In/2¥1 (g) s> 0

o2gn/2—1

fe(d®) = Efie) 520 (C-1b)

where n denotes the number of degrees-of-freedom, o2 is the variance per dimension, T (-) is the
gamma function, and I,(-) is the n-th order modified Bessel function of the first kind; see Appendix

A. Using the infinite series representation (A-5b), one can express the CDF’s as,

1— I‘(n/2,92/202)

Fylg9) = T - O(C-2a>
g = 2 s/o)2k n n
oms%/20% g0 k!Q(F/(TB/Hk) (T (k+%)-T (k+5,9*/20%)) s>0
Fp(g®) = Fyg) s20 (€20

where I (-, -) is the incomplete gamma function; see (A-4a). The upper incomplete MGF’s, ¢, (¢, ),

and, ¢,z (t, ), can be derived as (see Appendix A),

S e—s2/2<72 s\2k [o° 2,3 Lok
¢g(t,x) = Z 7_—1—— <;) //\/_ e_u V2t uun_ + du (C-3a)
k=0 z/v/ 20
5%t _ sjo (1l — 202t)
2 = oi20% (1 — 202¢)" /2 -
¢g (t,x) cl-2 (1 20 t) Qn/Z—l <\/1 — 20"2t, o (C 3b)
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where @y, (-, -) is the n-th order Marcum Q-function; see (A-9a). The MGF’s, ®,(t) =E[e%"], and,

Qn (-,
gz )= E{ d* } can be obtained as [21] (see Appendix A),

—s%/20° n 242 T(n/2+1/2 n 2,2 _
7 (R(5 5 5F) + VIR 4 115 ) o
B0 = | IR (A (k35,5 )+ (-4
D(k+n/2+1/2) +1 3 ¢
Vo R Rk 3,55 ) 5> 0

v
o

@ 2<t) = (1 - 20'2t)—n/2 exp(%) S

where ¢ is a complex dummy variable, t = ¢ + jw, and ¢,w € R are real numbers, and 1 Fi(+, -, -} is

the hypergeometric function; see (A-8a).
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Appendix D

The MGF’s of two transformed RV’s are obtained assuming knowledge of the MGF, ®x (¢), of
the RV, X. In particular, the MGF of the RV, Y = aX + b, where &,I; ¢ R are constants, is,
By (t) = E{e@w%ﬂ] = My (at).

Consider also the RV, Y = aX?2, for @ > 0. Recall that [53],

fy(y){ s (P (ViTa) + ix (~VJG)) = e®

s Ix(Vu/a) z>0.
Correspondingly,

Cﬂw(I)X (t)cosh(ty/y/a)dt zeR

Jo
fr(y) = Tr”\/y—a " .
N TR

One has that, for Re{r} < 0,

2f°° riu? cosh(su)du = Fe—f;;
foo raul—su gy, — \/:e 4”Q<m>

After some manipulations, the MGF, @y (¢t)=E [ ea“ﬂ , 18,

By (1) V_LijC-:jo? & x (2v/—atu) e*’ du zeR
Y =
\/—ch_ﬁ{;o ®x (2v/—atu) e’ Q(v2u) du = > 0

where u = ¢ + jw, u,w € R, Re{t} < 0.
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Appendix E

We obtain the correlation coefficient, Py, of the i-th and j-th diagonal elements, W;, and, Wj,

of the non-central Wishart matrix, W (cf. Appendix F). Assume that all columns of the matrix, G,

have the same covariance matrix, so that, Cg = 2mGCg. Then, for7,j = 1,---

the moments,

, K, we evaluate

82
—— &y, (S
8si83j W(

0
= 8-5' (E )IS:()

62
= 33 D (S)

)

|S:0

ls=o

and substituting into the definition of Py, vi7;» One obtains that,

Bl

B MU

%z
'ﬁ
1

.
| S §
A
| D)

P, =

el

- ) Q]E[

[Cglij[Calji +

clij[Calji + [Mglsi[Calij

where Mg =

the j-th column.

™
VICcli((Celi + 2N

cla)[Calj;([Caljs + 2[Malys)

GGT, G = E[G], and [];; is the matrix element corresponding to the i-th row and
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Appendix F

We derive the MGF of a non-central Wishart matrix, W ¢ REXK , [176]. In general, let, W =
GGT, where G = [g1,80, -+ , 82m] € REX?™ is the real-valued jointly Gaussian matrix having
the columns, g;, ¢ = 1,---,2m, and the means, G = E[G] = [g1,82, - ,82m]. The vectors,
g, are assumed to be mutually uncorrelated, and thus, independent. Then, using lemma (I.3) in

Appendix G, the covariance matrix of G can be written as,

2m
Ce =E[(G-G)(G-G)] =3 C,,
i=1

where Cg, = E [(gz —8i)(gi — gi)T] is the covariance matrix of the vector, g;. The PDF of G is
given as [100],

2m 2meX 1 i__iT (g — &
po(@) = [[ru(es) = [ 228 _8) Calei=))
i=1 =1

V (2ﬂ)Kdet(Cgi)

Correspondingly, using again lemma (L3) in Appendix G, one has that the MGF of W is,

5 2m
By (S) = E[e“{sw}} = HE[egiS&T] (F-1)
=1
where S = diag(si, s9, - , sk ) is a diagonal matrix of dummy variables, s;. Substituting the PDF,

pa(G), into eq. (F-1), we get,

E[etr{sVV}} = ﬁ/}RK J1(8:) fo(8 — gi)dsg; (F-2)

where f1(g;) = \/(27r)K det(5871) pg,(g:). and fo(gi) = pg,(g: + &). Thus, eq. (F-2)isa

product of 2m convolutions of the functions f1(g;) and fa(g;). Since the convolution of two PDF’s
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gives the distribution of a sum of two independent random variables [53], and the sum of two
independent jointly Gaussian random vectors is a Gaussian random vector with covariance matrix

given by the sum of individual covariance matrices, one has that,

7 e (&1~ 25C, )58

B (S) = F-3
w(S) det(T — 25Cy,) )

i=1

Furthermore, assuming that all columns of the matrix, (s, have the same covariance matrix,

Cg, = Cg, for Vi = 1,--- ,2m, then Cg = 2mCyg, and using lemma (L1) in Appendix G, the
PDF of G can be written as [177, Ch. 38, eq. (46)],

etr{—3Cg'(G - E[G])(G - E[G])"}
(2m)Km det(Ce)™ '

pc(G) =

Then, the MGF expression (F-3) can be simplified, and we obtain,

B (S etr{ GT(I - 28C¢)~!1SG}
whs det(I — 2SCg)™ ‘

(F-4)

Finally, note that there is yet another form of the MGF (F-4) in the literature; particularly, [176, eq.
(6.3.2)] and [177, Ch. 38, eq. (47)], however, both these expressions can be rearranged into the more
compact form (F-4) by applying lemma (L4) in Appendix G. Also, for s; = s9 = -+ = sg = s,
and m = 1, one can obtain the MGF of a quadratic form, gH Ag, where g is the jointly Gaussian
complex-valued random vector, and the complex-valued matrix, A, must be Hermitian [82, eq.

(15)], [178]; however, the derivation in this appendix is simpler than the procedure used in [178].
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Appendix G

The matrix lemmas are summarized. In general, consider the real-valued matrices, A € R™*",

and, B € R™*"  Then, we have the following matrix lemmas, [81].
(L1 tr{ABT} = tr{BAT} where tr{-} denotes the trace of the matrix

(L2) (Cauchy-Schwartz inequality) tr{ ABT}” < |tr{ AAT} | |tr{BBT'} | where |- | is the abso-

lute value

(L3) AAT =37 | a;al where a; is the i-th column of A, and ATA = "7 al'a; where a; is

the 7-th row of A

(L4) (Woodbury matrix identity) let m = n, and A and B be invertible, then (I + BA)"1 =
I-I+(AB)"H)!

L5) B [[|AB|*] = L |A|?Eg [|BI?], and Es [[BAT|*| = L ||A|*Es[|B]?] where
Eg[] is expectation over the distribution of B, and || A|| is the Frobenius norm of the matrix,

A
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Appendix H

The IOWE matrix, A70=t,

iowe)

of the 4,11 = (ng, ko, 3) code given A('%am of the 54, = (n1, k1,3)
code is derived. Denote the i-th column and the j-th row of the matrix, A, by col(A); and row(A);,
respectively, and the diagonal matrix with elements given by the vector, a, as diag(a). Let the
vector, T; = <(8), 3, (;)), be the i-th row of the Pascal triangle. Let x be an arbitrary binary

vector of length n; bits and weight w,. Given x, €(x) = {x oy,y € Z3'} is a (2n1,n4,2) code

having the [OWE matrix
COl([ng ®diag(Tn1—wx)])(j—wﬂe)/2
COI(A(iowe)(ww))j: if j=wy, we+2,---,2n1 —w,
O(ny+1,1) otherwise
for j = 0,1, ,2n1. Depending on parity 7(y) being even or odd, we can write Ajoye) (W) =

A?iowe) (wm ) + A?iowe) (w$ ) where

row (Aﬁowe)(wx))i i — even
0(1,20,41) otherwise

row ( Afi (1)) =

row (Agiowe) (wgc))Z i —odd

0(1’27”_{_1) otherwise

row ( Ay () =

fori = 0,1,--- ,k. Let x = (x1,X2) be the codeword of 7%, = (n1, k1,3) where x; are in-
formation bits of weight, wg,, and x2 are the corresponding parity bits of weight, w,,. Using
Theorem 6.1, the codewords of %, are obtained by concatenation of the two codes, €1 (x1) =
{(x10y1),y1 € Zgl}, and, G3(x2) = {(x2 0 y2),y2 € Z3*~*'}, and appending the parity bit,
7(y1)+ m(y2). We can express the corresponding IOWE matrices of the codes %) (x1) and %2(x2)

258



as,

A(iowe) (wml ) - A?icitve) (wml) + Oicféve) (wu’ﬂl)
A(iowe) (wg,) = A?;ifve) (wg,) + Oi(?ve) (wzy)-

Then, using Claim 6.3, and summing over all input-output weights of the Hamming code 7%, the

IOWE matrix of the ¢, code is

), = B8 ), [ e,

u=0v=0
foro=0,1,--- ,ko,and w = 0,1,--- ,n9, where
61,%2, . & %,
Agioi}ve)g ) (U) ’U) = {dlag<1(1ykl+'ﬂ1+1)A?io;/e) (u)) & eiofve) (’U — U)
o ding 11y 1) Al (0) @ A2 (v — )} @ (1,0)

+ {diag(1(1,k1+m+1)A?;i§,e) (“)) ® Oi%czve) (v =)

o g (11, 1) Al (0)) © A (0 — )} @ (0,1).

The computationally efficient expression (6.1) can be obtained by further manipulations and using

Claim 6.4 and Corollary 6.5.
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