National Library
of Canada

L

~Wu Canada _
Canadian Theses Service

Ottawa. Canada
K1A ON4

CANADIAN THESES

NQTICE

The quality of this microfiche is heavily dependent upon the

quality of the original thesis submitted for migrofilming. Every
effort hasbeen made to ensure the highest quality of reproduc-
tion possible.

If pages are missing, contact the university which granted the

degree. -

Some pages may have mdlstmct print especially if the original
pages were typed with a poor typewriter ribbon or if the univer-
sity sent us an inferior photocopy.

Previously copyrfghted materials (jburnal articles, published
tests, etc.) are not filmed. )

. Reproduction in fuIl or in part of tr‘swscgoverned by the _
“ Oanadian Copyright Act, H.S.C. 1970, ¢.C-30 - '

_ THIS DISSERTATION
'HAS. BEEN MICROFILMED
EXACTLY AS RECEIVED

NL-339(r.86/06)

‘Bibliothéque nationale

Services des théses canadiennes k

S A

THESES CANADIENNES
N . \

r v
N

AVIS

La qualité de cette microfiche dépend grandement de la qualité
de la thése soumise au microfiimage. Nous avons tout fait pour
assurer une-qualité supérieure de reproductnon s

. N
S'il manque des pages. veuillez’communiquer avecYuniver-
sité qui a conféré le grade. ~ ’

La qualité d'impression de certaines pages peut laiSser &

désirer, surtout si les pages originales ont été dactylographiées
A l'aide d'un ruban usé ou si F'université nous a-fait parvenir
une photocopie de qualité inférieure.

Les documents qui font déja 'objet d'un droit d'auteur (articles
de revue, examens publiés, etc.) nz sont pas microfilmés.

La reproduction, méme pamélle dg, e microfilm est soumise ,
ala Lon canadienne sur le droit d’ autTur SRC 1970, ¢. C-30.
l

LA THESE A ETE
' MICROFILMEE TELLE QUE
'NOUS L'AVONS REGUE

 Canadi



THE UNIVERSITY OF ALBERTA
EQUICONVERGQECE OF SOME INTERPOLATORY AND

BEST 'APPROXIMATING PROCESSES
by

]

: MUHAMMAD ASHFAQ BOKHARI
-7 »

A THESIS . ‘
" SUBMITTED TO THE FACULTY OF GRADUATE STUDIES AND RESEARCH
IN PARTIAL FULFILMENT OF THE REQUIREMENTS FOR THE DEGREE

-~ OF ‘DOCTOR OF PHILOSOPHY.

" DEPARTMENT OF MATHEMATICS

v

EDMONTON, ALBERTA

-Spring, 1986



Permission has been Jgranted
to the National Library .of
Canada to .microfilm this
thesis and to lenda or sell
copies of the film.

The author (copyright owner)
has reserved other
publication rights, and
neither the thesis nor
#extensive extracts from it
may be printed or otherwise
reproduced without his/her
written permission.

. ISBN

w
L'autorisation a &t® accordéey
a la Bibliothéque nationale
du Canada de microfilmer
cette th23se et dJde préter ou
de vendre des exemplaires du
film.

//%;auteur (titulaire du droit
‘auteur) se ré&gerve les

autres droits de publication;
ni/ la th&se ni de longs
extraits de <celle-cl ne
doivent @tre imprimé&s ou
autrement reproduits sans son
autorisation &crite. -

8-315-306192-9

(M



THE UNIVERSITY OF ALBERTA

’

* Release form

‘\NAME OF AUTHOR MUHAMMAD ASHFAQ BOKHARI

TITLE OF THESIS EQUICONVERGENCE OF SOME INTERPOLATORY AND

BEST APRROXIMATINd PROCESSES.

DEGREE FOR WHICH THESIS WAS PRESENTE% DOCTOR OF PHIEBSOPHY'

’ . :
7 K . _'

YEAR THIS DEGREE WAS GRANTED 1986

Permission 1is hereby granfed,to THE UNIVERSITY OF
ALBERTA LIBRARY to reporducéhéinéle copieé of this

thesis and to lend or-=sell such éopies for private,

scholarly or scientific research purposes only.
The author reserves other publicationf rights, and
neither the thesis nor extensive extracts from it may’

be printéd or otherwise reporduced without the author's

written permission.
A Y
’ \
\ . *
}’_ Do r

. N ﬁ;f;r'
(slcmn)qfﬁ,a),{\

Permanent ,Address:

L’ ' H. No. 139, 7M/W

'DHOLLIANWALA, O/S HARAM GATE,

MULTAN, PAKISTAN..-—" .



‘TEE UNIVERSITY OF ALBERTA- - f\

FACULTY OF GRADUATE STUDIES AND RESEARGH
—

The undersigned certify that they have read and
1

recommend to the Faculty of Grdduate Studies and Reggafcbs

fpr acceptance, a thesis entitled EQUICONV&RGENCE bFL : e
SOME INTERPOLA&ORY AND BEST APPROXIMATING %ROCESSES .

submitted by MUHAMMAD ASHFAQ BOKHARI in pa.rt'ial ‘fulfilxﬂ'en:

«

of the requirements for the degree of Doctoy of PhiloSopﬁf;

i

i)
\

A A
Ao L E

Supervisor




il

LN

‘ . A
rd -

In the name O&f God, Most Gracious M&st Merciful .

ol

' Dedicated to
a street of Medina & a person from India,
1 came across in my dream.

-
y
R / cL #
/
/
o/ -
. .
v o . i
&
N . & ~
* X .
PAE
’ -
»
e
¢
%
N .
A
- v
[ R I -
iv: .
. P
a .(r/

»



| _ ABSTRACT
Let Ln_l(z,f) € “n—l

the nth roots of uhity and letv P, 1(z,f) €T denote the Taylor
. I - -

denote the Lagrange interpolant to f on

polynomial of f where £ ¢ Ap (the class of functions analytic in

|z] < p, but not in |z| < p). Although both L, (2,£) end p__ (z,f)

" converge to f wuniformly.on compact, subsets of |z| < p as n + =,

Walsh showed [30] that their difference tends to zero uniformly on
compact subsets o£’$]z| < p2 when -p > 1. This dissertation begins
with a recent extension of this theorem of Walsh by Saff and Sharma

[18] using rational interpolants and {s divided into six cnaptersu

¥

Chapter I {s historical and gives a brief surve’ of t@e main

@

results related to Walsh equiconvergence.. In Chapter II we prove an

analogue of the Saff Sharma theorem [18] by replacing the Lagrange

fnterpolant with the Hermite interpolant. ' * o,
Bl ' ’ i '
In* Chapter II1 we prove the equiconvergence of two sequences of
. ' L * - : f o
rational functions Rn+m,n(z’f) and rn+m,n(?’f) of;the form - ,<:

(z)/(zn—on) hghere:the'numerator is a polynomialyof degree n+m.

, ‘ S qn-1

~

. * . . : ;
The first one R (z,f) minimizes Z If(w ) - R(m o f [2 over. all

ntm,n k=0

qn

rationals R(2) of ‘the above form where o =1, and the second

n+m n(z f) is the one considered by Saff and Sharma in [18].

The theme for Chapter v is auggested by a paper of Szabados and

L'
Vprga [23] Here we examine the sensitivity of Walsh equiconvergence

gﬁthe result of Saff Sharma to a slight perturbation of the poles andl'

L]

nodes of interpolation.



Chapters .V and VI are mogrivated by the results of V. Totik [25]

-, and Szabados [22]). In Chapter V we obtain quantitative estimates fofﬂ:?
» o

, ) o
the difference A
. . £,n,m

(z,f) whose region of convergence was determined
by Saff and Sharma [18]). This enables us to give an analogue of the

so-called “"pizza” theorem of Saff and Varga [19].

In Chapte? VI,we show that if f is analytic in |z| < 1 and

. +
continuons in |z| < 1, and if for some o > pl 1 , p > 1,
o4 ® 2+1
(Al a m(z,f)}1 is uniformly bounded on compact subsets of |z| < p

~
then f {s analytic in |z| < p-

Finally in the Appendix we briefly outline a problem dealing with
the asymptotic behaviour of zeros of LagrangeAinterpolants of a class
of - functions on thé'faéts of unity suggested by the recent work of

Edrei, Saff and Varga [8] on zeros of sections of power series.

[
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) CHAPTER 1

A RISTORICAL SURVEY

§1. INTRODUCTION. TheApreseht dissertation owes 1its motivation to a

simple and elegant thgorem of J.L. Walsh and some of its recent

-

ex{ensionf. This theorem is of "such simplicity, directness and beauty

that it is surprising that it has stood almost alone unnoticed for

nearly half a century".. These investigations of Walsh in turn can be

traced for their roots, to the works of Merdy, Runge, Fejér, Kalmir and
. - .

others. For all these references, we refer to the classic book of

Walsh [28].
, é>' ‘ ‘ |
-Let us denote by’ Ap{, p >'1, the class of functions single-valued

and analytic in |z| < p , -but not single-valued and analytic on |z]| =

. Lo
. ¢ ®© ”

p. For f(z) =] akzk € Ag , iet Rnal(z’f) denote its Taylor section -

of order n-1 and let (z f) dendte the Lagrange interpolant of

f on the ntb.roots of unity.‘ It is known that both L 1(z,f) and
. : - ,-Q, . ° .
pn_l(z,f) converge to f _uniform}y on. compact subsets of |z| <p as
T ; R 1 . ' o :
‘n + = . Walsh observed-that dalhie difference Ai n_i(z,f).:= Ln—l(z’f)
. . ’

o™
°

p‘_l(z f) > however,.tendé t?:zeto for |z|~< pzi. HE‘showed ([28]

p- 153) t t the convergence is geometric andgunifbrm on compact subsets

of thglregion ]z|:<.p2 . Moreover the-result is‘sharp in the -sense
® ; -

.
K

that i§ ,vaz_; there is a function f(z) = (z—p) -1 afor which.

{5 ] :— . .
‘{!l,h i(z f)}l noes not tend to zero.f o



(Also’'see [30] p. 239, and [31] p. 718.)

In 1981, Cavaretta et al [5] extended Walsh's theorem in order to.

N

obtain a larger region of equiconvergence. They showed that 1f

n—1

Kk
] a z . , (3=0,1,2,...) ,
K=0 k+ jn .

(1.1) Pay ()

and if for any integer 221,

-1,

(1.2) Ai’n_l(z,f) = L__,(z,f) - ) del’j(z,f) , f ¢ Ap ,
then.

. +
(1.3) =~ lim e+l

By a2 =0, 2] <o,

n+w

and that, this result ‘is sharp in the same sense as that of Walsh.

An equivalent expression for AE n_1(z,f) , viz.,
H

. - 1

_ -
(1.4) , By p1(zf) = 1]

K
a . 2
e ke Kedn

4 ("

/hqs been uséd‘recently by- J. Szabados [22] to give a verywsimple proof

3

of (1.3). It is based on the observation that f e Ap implies that

— U/n -1 L
lim Ian[ =P ey N
n+o . : D

1

s .

§2. HERMITE INTERPOLATION. The first extension of (1.3) was to

1

replace-Lagfange”by Hermite interpolation whiEhA}n the notation of [5]

:

can be called (0;1,...,r-1) interpolation. Let us denote by

,hfn_l(z;f) the Hermite interpolant of degree rn-l to ;f(v),



”
th
v=20,12...r-1, on the n roots of unity. If 8. (z) are

polynomials given by )

r-1

R SR K’ ‘
(2-1) 8, (= 1 (T)ED", G=12,0.,
3.7 k
k=0
and 1f
rn-1
k
Ho o (z,f) = ] az
rn-1,0 k=0 k X
- | e i

then it was shown by Cavaretta et al [5] (or [9] p. 79) that

1+ %
(2.3) ii: Ag,rn_l(z,f) =0 , for |z| <op , -
where
, 2-1
(2.4) Ai,tn—l(z’f) :=.hrnr1(z’f) - jEO Hrn-l,J(z'f) =

Again, the convergence is uniform and geometric for all

1+ £

|z| <Z<p r , and the result Q§.3) is best possible.

§3. (0,m;,...,m_ ) - INTERPOLATIQON. It is known that if m. < m.°
1 q , 1 2

< o0 mq are positive integers, and if o, < kn-, kv='1,2,,..,q,

“then the problem of (O,ml,...,mq)—interpéiétioh is regular on the'nth

{ :
roots of unity ([15], §11.2). Set m :=k(Q)m1,...,m ). Let.
' B - N q

b(q+1)n_1,Eﬁz,f) € T (qtT)n-1 degqte the polynomial of (O,ml,...,mq)_'
interpolation to f on the nth roots of unity. Set ~

[

4



n-1
(z,f) := Z

B
(g+1)n-1,v j=0

2 f(vra)n P(q+l)n-1,0(%8)

Jt(v+gq)n

(v =1,2,3, ...), where g(t) = ¢ It was conjectured in [5]

and recently proved in [20] that

-1
lim {b o (z,f) - T B o J(z,0)}) =0,
~ n+e (qtl)n l,m ve0 (gq+l)n-1,v
I+ =7 o (g+l)n-1
for lz, <p , where B(q+1)n_1’0(z,f) o . VZO avZ

Earlier, this was proved in [5] for the special cases of (0,2), (0,3)"

and- (0,1,...,r-2,r) interpolation. K
Remark. The above results in §1,2,3 led B.M. Baishanski [1] to
« ask why this phenomenon of equiconvergence was so tlosely related to
- interpo;ation at the origin and at the roots of unity. He considered
o sets of nodes who;e elementary symmetric functions are “close” 1in a
. certain'sense and proved a corresponding equiconvergence resqlt. His

&

- ’ ’ A
main theorem contains as a special case a weak form of Walsh's theorem.

-For fuller details see [1].

§4. 2,~ APPROXIMATION. Let m = gn + ce N, q,c being fixed

positive integers. Let f ¢ Ap , P 2> 1 and let ?n—l m(z.,.f) be the
' ’

polynomial of degree n-1 which attains the minimum of the error

m-1 ‘ :
) ]f(wk) - p(wk)lz over all 'p ¢ T-1 where o 1s an oth primitive
k=0 _ S '
root of unity.. T.J. Rivlin [17] showed that {f f ¢ Ap » p > 1 then
(4.1) lim {7 (z,f) ~p_ .(z f)} =0 for  lz] < 01+q ‘

» : e n-l,m*" " n-1%"" ’ .

.



df f(z) = Z akzk » an easy generalization of (4.1) is that for:any
’ k=0

positive integer £ > 1 , we have

L n-1 '
(4.2) Mo J Ja,. =0, |z] <o £ a
nee j=g  k=o <TIR. ‘ P

This result is best possible and gives (4.1) when g = 1.
Rivlin)also extendgﬁ the theorem of Walsh in another direction.
which 1s obtained from the .

1
1 -1 ) /
7 (z+z ) . Let A(Eo) denote

Let Ep be an ellipse with foci -1,

circle [z] = p by the mapping w =

the class of functions analytic in the interior of the ellipse ‘Ep but

N = 1
= = &
not on the clgsure Ep . If f ¢ A(Ep) , let f(z) 3 AO +

@

T+ X Aka(z) be “the Fourier-Chebyshev expansion of f on [-1,1]
k=1 \\ -

Let {ggm)}T , m = nq\+$c » be the zeros of the Chebyshev polynomial

Tm(x) on [;lgf] . If‘un m(z,f) is the least-square approximation of

degree. n to f(z) on _{ggm)}?=1 then -

. o
(4.3) _ l4m {un;m(z,f) -5 (z,6)} =0
n+o . )
o 1 n .
for .z 1inside  E 2q-1 ,'w?ere sn(z,f) i= E-AO + z Aka(z) with
p-t k=1 4
- _’4”2 1 _ dx
A i= = f(x) T, (%) srfk = 0,1,...).
k Ry _1 k /’_._—2_ Tt
C/1-x%
The convergemce is uniform and geometriéiinside and on ET for any,
T < pzq-_1 . ' . ///

.\cr;’a'—‘j » I 7



6

§5. MIXED HERMITE AND g - APPROXIMATION. Cavaretta et al {3) extended ;

2

¢

Rivlin's result (4.1) by combining Hermite interpolation with
lzfépprqximation. Let m = nqg + ¢ and .%gtmlw"be a primitive mth
root of ‘unity. Let Qrm+n(z,f) be a polynomialfoffdégree rotn 80

that

W ) W = MW, w0, e = 0,1,

. o1
(11) Qi;in(z,f) .minimizes k£O|P§;ié(wk, f) - f(rz(ék)]? over all }

polynomials ofgdegree < rmn  that satisfy (i) for r > 1 e N

related to
A3

rort

By defining a sequence of polynomials S n’9.(z,f) €M

the Taylor, sections of f , it was shown that

’ » ) - 1+ lirq.
(5.1) ii:{Qrm+n(z’f) " Stmrn,g(2r D N0, 2] <o ,

the convergence being uniform and geometric on any closed subset of

|
1+ T‘%q— .
. rq .
[z] <o . (For ejplicit formulae fq ?‘ n,g(z,f) see [3].)

It may be noted that‘(S.l) reduces to (4.2§'in case r = 0

For other variations of Rivlin's result see (2], [7} and [21].

B g
§6 AVERAGE OF INTERPO#ATING POLYNOMIALS. Let m and n be positive

/ : .
integers” w = exp(Zﬂi/mn). Set fk(z) = f(2wk) , (k=0,1,...,m-1),

, : /
and-define the averages

‘ 1 m1l K ,
- (z,f) = = z L (zw ,£,) ,
/ n=1 Doeg " i k

and -

£



- e

o

interpolation.

N 1

1 m —k .
A - .(Z,f) e ): P - (zw )f ) > J = 0,1,2,---,
n-1,j m,on® 1,3 k
where Po-1 j(z,f) 1s given by (1.1). If B 1s the least positive

integer such that Bm > £ then Price' [16] proved that

(6.1) 1lim{A__ (z,f) - §"A- (z,£)} = 0 |z| < 1+8o
. n-1'% i2o L3 Z ’ " .

n+ow

, b}
-

If m=1 and 2 > 0, (6.1) ylelds (1.3) , an extension of Walsh's

theorem. 4

J§
~
§7. s PNESS OF WALSH'S THEOREM. Saff and Varga [19] were the first

v

to raise the quedtion whether the difference -A n-l(z’f) can be
»

L
1+g

bounded at some points outside the circle |z]| = p . They showed that

2+1

this cannot happen. at more than £ distinct points in ’Izl > p .

‘ . ‘ L 2+l
Conversely, given any ¢ distinct points {zj}j=1 with »p < ]zjl

e

< pl 2,, (3 = 1,2,...,2), they showed that there exists a function

? o« Ap such that Al’n_l(zj,?) tean to zero as n + », (j =1,...,2).

' +1 ' +2

Lz <ot
! s J

and constructed’ a function f ¢ Ap corresponding to a given set

L+l 1

Later TjZHermann [10]) removed the restriction op

. (j =1,2,...,8),

Y

g

s ' , : L+
{zk}k=1 of distinct points with o < ]zj{ <p

s <L <L for which 1lim A
- £ ,n-

N+ o

, 1(zk,g) =0, k=1,...,s.

Saff and Varga [19] also provéd a corresponding result for Hermite

R
ARp
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§8. CONVERSE RESULTS. Recently, J. Szabados [22] ghve a sort of
converse result. Using the formula (l1.4) and a simple interesting

identity he proved:

If f 1s analytic in |z| < 1 and continuous in [z| < 1, and 1f
I3 - "

the séghence p{Ai n~l(z’f)}:=1 is uniformly bounded on eve}y closed
» ' h &

. 2+l :
subset of |z]| < pl , then f 1s analytic 4n |z| < p. e
. . 2 * .

Cavaretta et al (4] proved the following somewhat similar resalc

/‘for the sequence {Ai,rn‘l(z’f)} in (2.4): ’ | . ' .
' ! (r-1)
Let f be analytic in |z| <1 and let f, f ,...,f be all
continuous on . |z| = 1. If the sequence {Al,rn-l(z’ 1 is
o 14
uniformly bounded on every closeq.subset of |z| < p ‘(Z/r), then f

is analytic in [z| < o.

§9. CONTRIBUTIONS OF V. TOTIK. 'The formula (1.4) suprisingly helps to
break new ground in the theory of equicohvergence.‘ Some elegant »
: ' K

%eSults by V. Totik [25], which also supplemen% the sharpness result of

Saff and Varga. (cf. §7), are based on thislférmula. If we set

. —2_1 . . .
. : fzle ™ .7, 2]l 20 ?
“ - . K (z,p) = - . - . .
' ' P ol » 0<]zf <o
(9.1). B (zéf) := iim | (z f‘)ll/n
: g S S 2 £,n-1"7" : "

S | fz;p(f) i= {22 B (2,f) <K (z,0)},



then Totik [25] proved that

n+w

. 1/n i
(9-2) m(l:T:R lAl,n_l(z.fﬂ) = K (R,p);

|6 p(f) N {z: |z] > p}]| <2 ,

£,
(9-3)

6, () 0 {2z 0 <z <o}] <21,

where [FI denotes the cardinality of the set F. He also proved the
following: ' For ‘any & distinct points {zj}i with moduli > p (dr

2-1 points {zj}‘{'s1 with 0 < |zj| S p), there exists an f1 € Ap (or

u
f, ¢ AO) such that zj f 8 p(fl) » J=1,2,...,2 (or z_ ¢ § p(fz),

£, ] £,

j=1,...,2-1). . -
Totik [26] also solved three problems raised by Szabados and Varga

[24] concerning the exact domain of equiconvergence for certafn

sequences of polynémial interpblants (see §11).

.

§10. FOLLOW-UP OF TOTIK'S RESULTS. From'the.results of Totik 1t is

not clear, whether the ¢ points in 5 p(f) A {z: |z] > p} and 2-1
.o Eis ’ .

points in Gl*é(f) N {z: 0 < |z|] < p} can exist at the same time.
, >

Ivanov and Sharma, in a forthéoming paper [11], introduced the notion

©

of (t,p)-distingpished set. A set Z {is (L,p)-distinguished if there .

exists en f G'Ab go that Bi(z’f) CK(zop) 5 2z € 2. If Izkl <oy
k=1,...,uand 1f |z | >0 , k = p+l,...,m, let X and Y be the

matrices given by
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jyu £-1 - jym £
X = o= . -
(Zi)i=l,j=0 ’ Y (zi)i-u+1,j'0
X O
. "&"%
e
) X
Set M(X,Y) := Y O where X and Y are repeated g+l
Y . ‘F’:‘.,'I,v‘
)
Y

and & times respectively. Two principal results of Ivanov and

Sharma [l1] are:

istinguished {f ;cg only 1f
e

I. The set 2 =:i;

Rank M < 2(2+1).

= - n

-

II. Any set of 2+l distinct points on the circle |z| = p 1is
(2,p)-distinguished. »

They also give anéibgbes of the above results in (13} for Hermite

interpolg'%bn;anq for 2 —épproximation.

oy

-
n a

§11 SAFF-VARCA CONJECTURE AND SUBSEQUENT WORK. Let Z = [z, - ]
k,n’k=1,n=1

be an infinite triangular matrix of nodes whose entries satisfy
(11.1) 1< <p , k=1,2,...,n; n=12,...

For any . f ¢ Ap , let Ln_l(z,Z,f denote the Lagrange interpolant to

o

f 1n the n points {zk n}zal ‘of the nth row of Z. In particular,
]

[

if 'z, = exp(2rki/n), we denote the corresponding matrix by E. Now

Walsh's theorem can be stated as
. . * : ‘ 2
(11.2) | ii: (Ln_l(z,E,f) - pn_lgz,f)) = 0, lz] < p° 3 f e Ap .

~ » 2
- It was conjectured by Saff and Varga [27] that the quantity o



1%

-

in (11.2) 1s maximal for any interpolating matrix Z satisfying

(11.1). Szabados and Varga [23] proved that the Saff-Varga conjecture
\ \

s +
i1s valid in the more general setting of the formula (1.3) (with p2 1

instead of p2 in (11.2)), and under a weaker h;pothesis than (11.1).

In [54] they proposed to determine the precise domains in € for wﬁich

the sequehce (1.1) of [24] converges geometrically to zero for all

f e Al: . Th,isr‘};)‘roblem was settled by V. Totilk [26] who proved that

the precise domain 1s circular with centre at the origin. For detalls
/A

A Jof the other ﬁroblems settled by Totik see [26].

’

.\\\j ; i c |
§12. RATIONAL, INTERPOLANTS AND WALSH'S THEOREM. It is well-known that
the Taylor po%ynomiél pn—l(z’f) i’s the best Lz;approximant to f(z)
on |z| = 1 among all polynomials in LI
. The following theorem bging a direct consequence of Walsh's result
([28] p. 224) g;ﬁeralizes this property of TaylorvpoiynOmials:

{

Theorem A. Let the function f£(z) . be analytic on and within

-

C: |z| = 1. Let {ok}T with Iokl >1 be n .glven numbers. If

m > -1 1is a fixed integer, then the unique function of the forh

—

I

"p R p Tl L Ly
. (12.1) r . (z) =2 1 . nim
n+m (z-ol)(z-cz)...(z—on) u
i ‘ . .-
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-

of best approximation to f(z) on C in the sense of least squares is

the unique function of the form &}2{1) which interpolates f(z) in the

o+l n -1
zeros of z n (z—ok ) - ‘
] k=1
Remark 12.1. Theorem A remains valid even 1f C: |z| = 1 {1s
replaced by C, : lz| = 6, where max ]é—ﬂ <6< 1.

k k

Saff and Sharma {18] wused Theorem A in the special case when the .

o,'s are the zeros of z - o'. For o > 1, and a fixed integer

12.2) R (2,0) = B (2, 6)/(GR0"), (B (2,0) e om0,

n+m
. L. th
interpolate f(z) in the (n+mtl) roots of unity. Let

(12.3) )

rn+m,n(z’f)

:= pn+m,n(z,fy/(zf—o?) S CIRCN SR T

be the best Lz—rational approximant to f(z) of the form

P(2)/(z"=0"), (P(2) €

+m), on |z| = 1. From Theorem A, we .note that

A n S
Pn+m,n(z’f) 1nterpolates (z -0 )f(z)%;f2%§ﬁ5f(n+m+l),zeros of

Zm+1(zn_0—n). Saff and Sharma showed that if f ¢ Ap ,», P> 1 and {f

-

g > 1, then

) for fz| <p” , 1f o>,
(12.4) 1lim AZ Loz ) =0 A T
S RLEY ' ’

nre for |z| #o , 1f o <p° ,

m
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o .
- - . A
where Al,n,m(z’f) Rn ,n(?’f)' r ’n(z,f) The result (12.4) is

best possible 1in the sg€nse thaf the region of convergence cannot be
-~

improved.

Remark 12.2. Walsh's result ({28] p- 153) can be derived from
(12.4) on letting o » «. Also (12.4) asserts that equiconvergence
holds at all points of the plane excluding those on the circle

2
|z] = o, when o < p” . This is a new phenomenon which does not arise
in Walsh's theorem. (See also [14].)

Next, set

(12.5) « (z) =1 - B _(2) = ™).

If f(z) {1s an analytic function in |z| < 1, it is pkoved in [18]

that

» n n : . 8n m(z) v
- = SRS L ,
(12.6) (z -0 )f(2) VZO {an m(z)} Pn 0

, (v =0,1,2,...), with

(z,f,v),

where Pn+m,n(z’f’v) € "n+m

Pn+m,h(z’f’o) 1= Pn+m(z,f) , (cf. (}2.3)). An integral representation

of P (z,f,v), (v > 1), is given by

(an m(z))v—1 n ' n ;
(12.7) Ponntzfv) = [ — ST )¢t —o K (t,z)f(t)de
’ lel=1\(B_ (2))"" ’

v=(

with
a_ (z)8_ (t) —a_ (t)B_ (z)
' .. _n,m n,m n,m n,m
(12.8>‘ xn,m(:,z) : — P - .
For a fixed positive integer ¢, if we set ) -
. . . g-1 |
(12.9) Ag;n’m(z,f);;a Rn+m,n(z,f) - ) rn+m’n(z,f,v)
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wher%
?

(12.10) 1 - (z,f,v) := P ’n(z,f,v)/(zn‘cn) . v>o0,

sam]
then ([18], Theorem 3.3)

for |z] < pl+i , 1f o Z_pl+l

ag
. -0 -
(12.11) Um s, (2,6) R

for |z| #o0 , 1f o <op .

N+
It may be noted that (12.11) is an obvious extension of (12.4).

Remark 12.3. 1In case m < -1, Saff and Sharma showed that the
Lz—minimization polynomial Pn+m,n(z’f) (cf. (12:3)) 1s>obta1ned by
truncating the polynomial Pn_1 n(z,f) up to degree notm. Notice that

n -n

P;_l n(z,,f) interpolates (zn~on)f(z) in the zeros of z - g¢ . The

results given by (12.4) and (12.11) still remain valid for m < -1.

The corresponding help polynomials (cf. (12.7)) in this case have a

suitable integral representation ([18], formulae (4.19)).
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2%%#3 ' CHAPTER II- 9
' EQUICONVERGENCE OF CERTAIN RATIONAL INTERPOLANTS

( . (HERMITE CASE) 9

. .

»

~ §1. INTRODUCTION. In his cldssic book on interpolation. and

14 A {
approximation Walsh [28] hesﬁshownl*hat dpproximation 1in the sense of
o 2 ’
least Squares by polynomials is intimately connected. with Taylor series. °
] . )

and he suggesced,that approximation in the sense. of least squares by
. more general racdonal functions may also be connected wieh
interpolation in points related to the po.es of the rational

functions”. A number of his theorems ([28}, Chapter IX) justify this
o ) . . l
assertion. Recently, Saff and Sharma [18] took the cue and proved a

theorem which further supplements the above statements of Walsh. A

detailed déScription of their result 1s given in 2)

!?

This chapter deals with a generalization of the Saff -Sharma result

using‘Hermite interpolation. It turns out that the involvement of

L_// . ' " ¢

derivatives in the interpolatory processes gives a smaller region of
eqoicoﬁvergedoe.(cf. [18], Theorem 3.3). §2 contains the statement of

the results. The “hé functions” used in thé extension of our first
. i . ' .
result are described in §3. Finally in §4 we obtain some estimates and
. M vb -. . . R ! '
prove theVFesults stated in §2.

. LI
- " r

oy -

X 1iu“ » i
§ 2% STATEMENT OF RESULTS. Throughout the following discussion we

"shall regard m;r and ' s 4ds fixed integers with m 2 -1 and 1<r<s

4 For the sake of simplicity, we set.

L) .

15



(2.1 Ni= n+mtl _ "N(s) := s(n+mtl)-1

Let -
n n.r
(2-2) Qugy, a2 o) 3= By ((226)/(z —0) ", By oy ((2.6) «my o

be the rational function such that

k k .
tsl(jl),n(w ,f,0) = f(j)(u) ) , (3 =0,1,...,8-1) ,

(k = 0,1,2,...,ntm), where w 1is the Nth ot of unfity. Let

Q

e p n_n.r
(2'3) qN(S),n(Z’f’r) . PN(S),ﬂ(z’f)/(z Y ) 1) PN(S),n(z'f) € nN(S) 13

be the best L2 approximant of the above form to f(z) on lzl -1 .

' - .

Remark 1.1. As a consequence of a Theorem of Walsh ([28] p. 224),

qN(s) n(z,f,r) interpolates f(z) 1in the Hermite sense in the sN
zeros of zsﬁ—rn(zn_o—n)r -if o > 1-. The foliowing result gives

=

(1, (12.4)) as a special case when r = s =1

2

Theorem 2.1. Fbr‘any £ c-Ap with yp > 1 and o > 1 , and for

. - !
any fixed integérs m,r,s with m > -1 hnd 1 <r <s.,

L
L]
1+-s— 1+
lz] <o ", if0>p 7,

lim{Q

n+e

N(S),n(z’f’r)—qN(s),n(z'f’r) = ‘0 1

o |

, o lz] # o , if 0 < p .
/o, o

. /o
the conyergence being uniform and geometric in any compact subset of

e o
the regions described above. Moreover, the result is.best possible in

he sense that the region of convérgence can not be improved.
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We shall omit the proof of Theorem 2.1 since it is a special case

of Theorem 2.2.

Next, we extend Theorem 2.1 in the spirit of Theorem 3.3 ([18])
and Theorem 3 ([5]}). ¥For this purpose we shall define a sequence
o

{qN(s),n(Z’f’r;v)}:=0 of “help functions”™ which arise from some

interpolatory schemes related to f(z) (see §3). For any fixed integer

£ > 1, 1f we set
2-1 .

(z,f,1) = vZO Incsy, a2 Eorsv)

(2.4) NNes) n.g

4

where (z,f,r5v) , (v = 0,1,...) , are given by (3;20), then we

qN(s),n

can ;prove

Theorem 2.2: Let p > 1 , 0 > 1 and f ¢ Ap . If ¢, m r,s

are fixed integers_with £>1,m>-1,1<r¢< s then

ii: QN(s),n(z’f’r)—wN(s),n,z(z’f’r) = 04
) S ' 1+

[N ks

the conveg&énce béing uniform and geometric on any compact subset of

the regions described above. Moreover, the resuit is best possible.

Remark 2.1. Letting ¢ tend to infinity and taking r = s in

Theorem 2.2, we obtain Theorem 3 ([5]).
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Remark 2.2. For r = s = 1 , Theorem 2.2 reduces to Théorem 3.3

([18]) (See I, (12;11)).

§3. CONSTRUCTION OF HELP FUNCTIONS. The help functions

(z,f,r;v) , (v ¥-0,1,...) , are connected with an expansion of

qN(s),n - .
the kernel ) : x : i\’
(3.1) K(t,z) := (Z)°N7™® 2o ) (2

: ’ ’ t (O Ny

which appears 1in the integral representation of the difference (cf.
Theorem 2.1)

(3'2) Q (Z'f)r) - (Z)f’r) .

N(s),n IN(s),n

The following lemmas play a key role in-defining these functions

precisely.
/

Lemma 3.1 : For fixed integers m > -1 , n> 1 , s 2r>1, set

M(k,s) := (k+s)N-1 , (k = 0,1,2,...), N = n+m+l, and put

m+l -n o+l n -n
(3.3) an’m(_z) = 1-z o s B m(z) =z (z -0 )‘ y o> 1

»

Let 'SM(k';)('z,f,r) € “M(k,s)u interpolate {an’m(z)}k(zn—on)rf(z)_i_q

(s-r)N{B (z)}k+r

n,m

(k+s)N - zeros_of z in the Hermite%sense. If f(z)

is analytic in |z| < I , then
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Sk, sy (20 Te) T oL (B0 gy (210
(3.4)
- Z(S‘I‘)N{B (z)}k+r_1

f;k
o P, (z,£5k)

Moreover, for each n

where Pn+m(z,f;k) 13 nn+m (k = 1,2,3,... ).

sufficiently large

S (z,£,1)
1g KK, 8) = (z"a™F £(2)

: k
K+ {gn,m(z)}

(3.5)

uniformly on |z| <1 . Consequently, for |z| <1 ,

(3.6) (2"-0™) £ (z) - Swe0, sy (22 E2T)
_ o= f8 (z2)\k
=T (o) g (;ﬂ“—nm) P (2,£5K)
’ k=1 n,m

\

Proof. The formula (3.4) follows from the intepolatory properties

of the polynomial SM(k’S)(z,f,r) and the fact that

z(s-r)N{B ‘(z)

}k+r-1
n,m

divides the polynomial

SM(k’s)(z,f.r) - an,m(z)SM(k-l,s)(z'f’r)“'

In order to prove (3.5) we note that

' S (z,f,r)
Gk(z) s= (Zn_on)rf(z) _ TM(k,s): .
{ag, o2}
! . . ' a (t) k n_n.r o
= (z™e™Tf(z) - Zii / {un,m(z)} (t z-z £t
| h T n,m ./
et ket -T)N o k+
t(s i [Bnlm(t)]’ r_z(s r),[Bn;m(z)] ' dt

t(é_r)N[Bn,m(F)]k+rJ '
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where T 1s the circle ]t] = R 1n which f£(z) 18 analytic. The
integral involved in the above equality can be written as the sum of

two integrals one of which, according to Cauchy 1ntegral-formula, is

exactly (zn—on)rf(z). Therefore,
G (2) = 5o [ (Z)(STON RN B WAGR DN O N £(t)dt
k 271 r t an,m(z) Bn,m(t) t-z )
. 1/k
A straightforward estimate now yields lim( max le(z)]) <1 for

kreo |2 [<1

n > n, where n, depends on m, r, s, R and, o. This proves (3.5).

(3.6) follows from (3.4) and (3.5) by direct compugation. o

Remark 3.1. The polynomials Pn+m(z,f;k) in the formula (3.4) are

assocliated with the function f(z) and have the integral

-

representation
» 1 . (gnLon)rf(t) A(t,z) anip(t)'k
(3-7) 2y i aara (s-T)N_ e o)
T . ’ t a m(t)[Bn m(t)] n,m
where
. >
(3.8) A(t,z) i=a  (z)8  At) - a LN ;%2) o

is a pdlynomial in 2 of degree N = ntmtl.
Thez7QXC'1emma is a.direct consequence of the following idéhtity
due to Cévaretta, Sharma and Varga ([5], Lemma 1): »

For all t with |t} > 1, we have
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r N N o (z)
N z -1 t -z r
(3.9) S, (t,z) := (5)77 - = ) *
l,r t N TN 451 W
where %
rol r+j-1 N .. k ’
(3-10) By ((2) i= 1 (D)0, (= 1,2,.,
> kuo ” .

v

is a polynomial of degree 5:(r—1)N.

Lemma 3.2. For all t with |[t]| > 1, the following identities

hold:
(1) If A(t,z) 1s given by (3.8), then
T
: B (Z) N r IS
n,m 2z -1 -
(3.11) S (t,z) := 2 - ’
2,t Bn,m(t) tN—l

A(t,z) o an,m(t) -1

(8, (217" 321 \Bn,(®)

where Yj r(z) is a polynomial of degree < .(r-1)N given by

‘ r-1
(3.12) Y, (2) = ]
j’r k=0

(11) If K(t,z) 1is given by (3.1), then we have

(r+£'1)[an’m(z)]r—kql(zN—l)k .

(s-1)N

K(t,2) = (%) Sp,(ts2) + (%)IN 51 gorp(ts2)

-

(3.13)

- Sl,r(t’z)sl,s-r(t’z)

‘where S) ((t,2) ‘and S, (t,z) are given by (3.9) and (3.11)
’ > ) ,

respectively.

s
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N .
Proof: (1) Since 2z -1 =8 (z) - a (z) , the left side of
_ n,m n,m j

»

(5.11) can be factorized as

sﬂ,m(Z) -1 r . ‘
a (z)\r a (z) .
(3.14) LN 1,7 '
Y By a(t) 1\r
0l )
B _(0)\l/n B _(2)\I/n
If we substitute T and Z for -{—2A—— and L
‘ i 0‘n,m(t) an’m(z) .

respeetively, the second factor in (3.14) becomes the-left sidg of
(3-9) 1in the variables T and Z. An application of (3.9) to this factor
and some straightforward computations lead to the identity (3.11).

(11) The kernmel K(t,z) in (3.1) can be rewritten as follows Qn

using (3.3):

K(t,z) (Z)(s-rﬁq<8n,m(2) r i N\
’ T ‘
) 8n,m(t) tN—l
1 .
e (BM(Z) - (ZN_I e @My eon (.z”-l)_r /
t fa,m (") N1/ t t M

‘Y (zN-l)r - (BTN N (z”-x)“
N. t t N :
© t -1 t -1 .

Now the identity (3.13) follows from (3.9) and (3.11). o

L]

ne !

Remark 3.2. The product S (t,z)S, (t,z) appearing in (3.13)
—_— 1,r 1,8-r 3

can be expficitly written down by using Cauchy product of two series.

’ N - -

We then have
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N N2 o C (2)

. (t -z ) K,s,
(3-13) Sp.(62)5) o (t.2) A My rs pe
. » t k‘l t
,where Ck s r(z) is a polynomial of degree (s-2)N given by
-~

k r-1 s-r-1

~1, s+k+i-r,, N
(3.16) ¢, (= 1 I 1 (FIHemHITmEtr .
. 7 j=1 u=0 v=0 ’ .

-

L]
If f(z) = X ajzj, we define three polynoﬁfélS'thch depend on
J:O ) [N
iﬁ f(z) in some sense. Indeed, we set = e
._ _(s-r)N .
(3.17) Vl(z,k) =z Yk,r(z)Pn+m(z’f'k) ,
b
T rrry (r=j)n N-1 rN+u
(3:18) V,(z,k) := B __ (2) y (-1) (j)o g 3 (5 +k=1)N=jn+u ,
j=0 u=0
where Bk,s—r(z)‘ is given by (3.10), and
‘ 15 ey (D
(3.19) V., (z,k) :=C (z)}y Y Do
3 k,s,r 120 u=0 j
X{alr PRARJNIN 2" .
{u+k )N-jn+u (s+k-1)N-jN+u

" 'This enables us to assert that the rational function qN(s)
,n

mentioned-in (2.4%,15 given by

(3.20) q (s)’n(z,f,r?k) 1= PN(s),n
wher ) .

3 , R
(3.21) Pycs),nlZrErK) :3'521 Vi(z,k) o, ko= 1,2,3,4,.., f’

Cz.f.E)/(zh—on)rP (k’ﬁ'Q,l,%,3,...),.
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and for k = O,

(3.22) P (z,£,0)
. n

N(S), (Z)f)r) ’ M(O)S) - NS‘l

-

" Su(0,s)

Remark 3.3. Using Integral representations for each of the

polynomials Vj(z,k) , J o= },2,3 , the he}p fun¢tions qN(s),n(Z’f’r;k)'
k > 1, can be written as
n nrt K (t,z;k) -
1 - t —g 177
2n{ j ( n n) t -z f(t)de
' z -o
where T “is the circle ]tl =R, 1 CR<p, and
t)\ k-1 .
. an,m( ) Yk,r(z) zy(s-T)N
K. (t,z;k) = A(t,z) =
1 B8 (r) r+l ‘t
. n,m [Bn m(t)]
(3.23)
) N . N N N2
£ z (z)z"N (L2 ) )¢ (2) , (k=1,2,3,...).

+.——__
t(s+k)N Bk,s~r t(s+k+1)N k,s,r

§4. SOME ESTIMATES AND PROOF OF THEOREM 2.2. ‘We shall require the
N

following estimates in the proof of Theorem 2.2:

i) For all 8§ and t with 1 < § < ]tl , there is an integer n,
such that
a__(t)
n,m 5 .
(4. 2 .
(4.1) B ) ‘ < N n Z_no
) n,m ] Itl a
(This follows from the fact that for € > O , there exists L such
. + -
that |1--_tm 10 nl < l+e and |1—(to)fn| 2 1l-e , for n 2n, .

0
Choosing e such that § := 37— < [t], we get (4.1).)
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11) Frow (3.8), recalling the definition

m(t)-— an m(t)en m(z)’

> »

A(t,z) := an’m(z)Bn

»

it follows that

(4.2) la(t,z) | S_Cl(lt[N+fé]N) , .for all spfficiently large n,

and for some constant C1 independent of n.

If for a fixed integer p > 1, h(x) ¢ "p , then 2 h(k)zk is
k=0

analytic in |z| < 1. Applying this fact to, the special cases when

r+k+g -1 k+e-l r+ 3, stk+2+j-r-1
h(k) = (7 ) or EO 0, )
j:

we can easily prove (4.3) and (4.4) in (ii11):
i11) For any integers £, k, s, r and any 1ntegéfé\u,v with

0K u g»i:ly 0 {v < sr-1l, and any |t| > 1, there existéxa constant

b

<y < co(]t],i,k,r,s) such that ‘
o k+g-1
r+3jy, s+k+e+j-r-1, kN
4.3) hﬁo L COEHTTNTN <oy any,
and
: ® p.a (t) k
(4.4) (et sl | e
k=0 n,m

fof all sufficiently large n. (For (4.4), apply (4.1)) .

Proof of Theorem 2.2. From (2.4) and the representation (3.1), we
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can write

n nr .
: 1 t —g f(t
- W - t -0 )
QN(S),n(z,f,r) N(S)’n’ﬁ(z,f,r) 71 [ ( - n) el SEMLCRESLL
' 2z -o
with ,
-1
(4-5) K, ,(t,2) = K(t,2) - ] K (t,z;k)
2,1 k=l 1

where Kl(t,z;k) is given by (3.23). Using (3.13) and (3.23), we

obtain after some algebra

N © a (t)\kte-1
K. (t,z) = _A&LQ__@)(S r)N i Pl .
2,8 t 8 m(t) k+g,r

(z) +
r+1
IBn’m(t)] k=0 \ "n,

- B . o
) k+l,s—r(z) (tN-zNQ? Ck+lzs)r(z3

N N. r
(t -z )z _
t(k+£)N t(s+1)N K t(k+g)N

sN
t

- + Z
=0

Since |t} =R >1 on T , it follows from the estimates (4.1) -
(4.4) that for sufficiently large n

|Q (z,f,r) - W (z,f,0)]

N(s),n N(s),n,%

N

-~

(4.6)

r .
M.C*

N N ) -
R+ |z|" (]lz [\(s-r)N N =1
N(q+2) (%) (lz]7+1)

I A

Y

N N, 2
=2

N N .
R+ |z rN N s-r-1 (R _+ [zl ) N
(s+L)N 217 (2D T N(sFL L) (2]

+1)°
where |f(t)] <M for |t] <p and C* s a posipive constant
independent of "n. A straightforward analysis of (4.6) then yields the

region of convergence for the sequence of the functions on the left

. side of (4.6).
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Finally, direct computation witsh the function f(z) := (z-p)

shows that the result i{s best possible. . O



CHAPTER 111
ON EQUICONVERGENCE OF CERTAIN SEQUENCES

OF L2 AND 22 RATIONAL APPROXIMANTS

§1. INTRODUCTION. A recent paper of T.J. Rivlin [17] extends Walsh's
theorem on equiconvergence of two sequences of interpolating
polynomials. His maln idea 1s to replace the Lagrange interpolating
polynémial in the Walsh's the§rem by the polynomiél of minimization in
the 2,-norm. For fuller detall we refer to (I, §4).

In the present chapter we find an an;logue of Rivlin's result for

)

certain rational sequences of the form p(z)/(zn—cn), (pfz) ¢ L

discussed by Saff and Sharma (1, §12). §2 deals with the

-1
{wk}qn , where w 1is a primitive
0 p

Zz—minimization problem g% the set
(qn)thArooi of unity. 1Its solution will replace the polynomial
j;—l m(z,f) in (I, (4.1)) as stated in our main result (see Theorem

2.1). Similarly, in place of the Taylor polynomial pn_l(z,f) in (1,

(4.1)), we shall consider the unique rational function L n(z,f)

)

giveh by (I, (12.3)). The 22~min1mization problem will be solved in
§3. We sh&ll prove our main result in §4. The last section §5 1is

devoted to extensions of Theorem 2.1.

~§2. A MINIMIZATION PROBLEM & STATEMENT OF RESULT. Consider the

Al

following problem:

(Pl) Let m > -1 and q > 2 be fixed integers and let

28
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w = exp(2ni/qn). For f ¢ Ap , we want to minimize

qn-1

@ I £ - RS, 6) 2

k=0

over all rational functions of the form

R(z,f) = —ELE% » P(2) em -
z -0 '

£ If the solution of the problem (P1) is given by

: *
P (z,f)
* - ntm,n *
P AL 1L
(2.2) Rn+m,n(2’f)f' on , Pn+m,n(z’f) S S

then we can state our main resulttas

" Theorem 2.1. Let m > -1 and q > 2 be two fixed positive

. * ) ‘
(2.3) 13.;:{Rn4_m,n(z,f) - rnm,n(z?f).} =0

integers and let ¢ > 1 . If f ¢ Ap , 1 <p <=, then

- : N
1

lz] < p T >p ,

lz] # o if o <p ,
{» ' -

the convergence being uniform and geometric in any compaci subset of

the regions described-above. Moreovet, the result is sharp in the

. R .

sense that for each |z]| = pl-ﬂ.-q with o > pl+q ,» there isjan f e A

for which (2.3) does not ‘hold.
e : . o . . 1?

The proof of thé preceding theorem will be given in §4. First we

turn to ‘the teﬁormulation of the minimization problem (P1) which

3% .

requirggﬁthe following lemma:

s e

~ Lemma 2.1. Let m > -1 and q > 2 be fixed integere and let"

L



e
i
30

ntm

g(z) := P(z)/(zn*on) , where P(z) = 2 c ZJ € m is given. Then the
‘ —_— 320 j n+m
Lagrange interpolant of g(z) on the;(qn)th roots of unity is given by
gqn-1 v |
L =
qn-1(%8) v);o Az
where
+ =
chj chj+n . v 0, 0<3<m,
.4 = - -
(2.4) A\)n+j -)\V+1cj , 0<v<gl, wtl < j<n-l,
Av+lcj+xvcj+n , 1 <wv qg-1 , 0 <3 <m,
with
(2.5) A, = LA™ 9y 1,2,
Proof: The Lagrange interpolant of the function (zn—én)gl' on.
the (qn)th roots of unity is given by
' qn__qn . q
-1 - -
an_l(z,(z“.o") ) = nz n > qn - 2 Av Z(V e
(z =0 )(1-0') v=1 -
For z = w , we have
- kn -1 9 (u-l)nk
(2.6) . (w -0) = z )‘\)w , k-=0,1,2,...,qn-1
v=l ’
Co K n+m Kj
If we multiply (2.6) by P(w ) = c .w then a simple calculation
, jo0 1
leads .to '
k n+m ‘ . 2n+m qn+m *
Pw ) _ A Z kj + 2 z kj+ oY . k
kn_ n LS T2 LSy T Ty €3-(q-1)n @
w -0 3= “ j=n 3=(g-1)n

Notice that in the above, each of the ¢q summations has mt+l distinct
powers of wk which appear in_ its preceding sum. If we group the

. k : ,
terms involving identical powers of w in separate summations and

-’
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then rearrange them, we obtain for each k = 0,1,2,.;.,qn—1 s

k m q-1 n-1 .
+3i)k
{—é“’—z ) [Alcj + A c m}mjk + A chm("“ Dk,
w =" §=0 93 v=0 j=mtl ’
q-1 m, p
(vn+j)k
+ 7 D A e it race e
v=l §=0 Y+1 ] v J+n
: K qn-1 ik
which reduces to L (w,g) = J Aw on recalling that w 1is,a
. qn-1 520 3j /
]
primitive (qn)th root of unity, where Aj's are given by (2.4). 0
’
Remark 2.1. If the av's are given complex numbers, then from

the properties of the roots of unity, it follows that

. qn-1 qn-1 qn-1
kv,2 2
(2.7) I ] Taw’"=an ] Ja|° .
’ k=0 v=0 v=0

. qn-1

Remark 2.2. If L (z,f) := 2 bsz is the Lagrange
j=0

gn-1

interpolant of degrée qn-1 to f(z) ¢ Ap in the (qn)th roots of

»

unity, then we recall that

1O
an_,

(2.8) | bj = 2#1 / dt , j = 0,1,2,...5q0-1 -,

T t

¢

where T 1is the circle |t] =R , 1 <*R < p

qn-1

Remark 2.3. Since L (wk,f) = 2 b wkv = f(mk) and
—_—_ qn-1 v 4
' . v=0 ‘
qn-1 5k
Pg )
an_l(wk,g) = 2 Avmsy = knm o k=20,1,2,...,qn=1 , it follows
v=0 w -g.. —_—

from (2.7) thét‘the minimization problem (Pl) is equivalent to the

3
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Ay

problem (P2):

(P2) Minimize
qn-1

(2.9) "G o= ¥ b, - A |
v=0

over cj's , 3 =0,1,2,... ,ntm , where Av's are given by (2.4).

It may be noted. that bv's are well-defined in (2.8) and that

A 's are functions of ¢ 's .

v - b]

§3 SOLUTION OF MINIMIZATION PROBLEM (P1). The following proposition

determines the solutioh of the problem (Pl):

0

~

*
Proposition 3.1. The polynomial Pn+m n(z,f) '(cf.(2.2)) which

solves the = minimization problem (P1) is given by

Frma 0 = 17,
f ’ v=
where -~
-b o" 07 P00 qil o im 0<v<m
'V 1- (q~L?2n =1 vtin - -
. (q f)n 2n q-1
(3.1) p_:= fll ) oM, , w4+ 1<y <,
v 1+09 3=0 Jn.
_1 | -
L -2(a )n(l-o?“) qil i, o 4L< "
v-n l—c(q_})Z? =1 vi(j-1)n - =

and .the bk , k-=0,1,...,qn"1 are given by (2.8).
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Proof. Since (Pl) 1s equivalent to (P2) , 1t is sufficient to

q1 12 q-1'q 1__02n

q

solve the' system of equétipns ag—»= 0, v = 0,1,2,...,n+d in terms
) 3c
v
of Av's and bj's N Using (2.4) , we can rewrite (2.9) as:
o 2 q-1 n-1 2
G= )YIb,-rc,-2rc., |+ ] L - A e
=0 3 173 q jm v=0 jem+l j+vn v+l 7j
g-1 m 2
+ ¥ 7 b - A ¢, - A, |
vl 320 j+vn v+l j v j+n
Therefore, for 0 ¢ j <m , we have
S Y .
. q-1
(3.2) L - —(b-ac, - Ac YA, - ] (b = A ,C, - A, )
-~ 3j 173 . q j4n’71 jtvn v+l ] v j v
ac . v=1
3
= E Avcj + (Aqxl + AIAZ ot Aq—lxq)cj+n - z Av+1bj+vn
v=1 } v=0
and
3G a1 :
(3:3) === = ~(b;- N, - AqCitndrq " 2 Goron ™ 215 T A e
S 9¢ v=]
n+j
* q 2 ) ] q_l
= + + + ... + - -
21 A€ qan T QA + AN, xqv_lxq)cj b VZ NI
. ‘Alsd, for mtl < j < n-1, we have
q-1 ' q-1 ° q-1
G . 2
(3.4) ==—=- 7 (b A e o= Y A e - ¥ A b
— + + .
. Bcj v=0 J+vn, v+l § 7w+l =0 v+l ] v=0 v+l jtun
For the sake of simplicity, we set
. qn
a = xf + A§ +oeen +2% a (1+°2n)x ,
. , . . q 1-g q
(3.5) ' o ’ n_(q-1)n
: B=AA +AA 4ok r x o= (T ",
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Then from (3.2)-(3.4) we obtain, for § = 0,1,...,m:
q-1
3G
= + -
/ az GCJ BCn+j VZO v+l Vn+j »
(3-6) A | (0 <3 <m
q-1
3G
= + - -
— acn+j Bcj Aqu 2 vounty
3c v=1
n+ j !
and for mt+l < j < n-l, we see that ‘f
q-1 :
3G
3.7) ~—=ac,~ ) XA b
- dc J v=0 v+l vot)
]
G .
Setting the partial derivatives i:— equal to zero and then solving the
' dc
v
system of equations so obtalned simultaneously for Cv and Cv+n’
v =Q1l,...,m, we obtain
2 2.-1, 9} act
(3.8) c = (a"=8") {a ] A b, B 1 A BA b}
. + +
v =0 1 jntv j=1 3 oty q v
and
© 2 2 -1 q-1 .-q—l
. = —_ + -
(3-9) Catv (@ -87) {u jzl ijjn+v akqbv B jZO Aj+1bjn+v}

. Also from (3.7) we have

-1 4

(3.10) c, =

We recall

* h]
are the cgéfficients of the polynomial Pn+m n(z,f) (cf.(2.2)) which
. ) b4
minimizes the expression given by (2.1).
Finally, replacing a, 8 and Aj's in ¢ , (v =0,1,...,0+m),

by their respective values from (3.5) and (2.5) we obtain the relation

(3.1) after some simple arithmetic. o



|
Remark 3.1. When q = 1, the problem (Pl) is not uniquely

x
solvable for all m > -1. However, Rn_1 n(z,f) is well-defined for ¢

: *
= 1. It turns out that Rn 1 (z,f), in this case, interpolates the
-1,n

' th
function f(z) 1in the n roots of unity.

AN N

§4 PROOF OF THEOREM 2.1. It {is known [18] that an integral

representation of the rational function rn+m (z,f) 1is given by
. n

2

n n 3
L f (¢ =0 )f(L) Y OA_(t,z)dt

(4.1) r (z,f) =
n+m,n 2n1 r (zn—on)(t—z) j=1

where T 1s the circle [t] =R , 1 <R < p and Aj(c,;) R

j = 1,2,3, are defined by

tm+1_zm+1 : zm+l(tn—m—1_zn—m-1)
Aplts) == =g 0 AglhE) o n_ _-n ’
t . t -0

(6.2)
Ay(tyz) = 2T T

£ ‘
Also, from (2.2), (2.8) and (3.1), we obtain after some algebraic

operations
. 3
N a 1 . f(¢t) .
(4.2a) R (z,f) = / y A, (t,z)B (t,0)dt
' n+m,n 2ni r (zn-on)(t-z)(tqn—l) j=1 3 3

 with
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~(q-2
B (t,0) i= o (@=2)n gt gy = (40,0

’

(4.3) B,(t,0) = (£3%-0"Y) (6™ 0™y /(14079 |
N BB(t’o) NG A B(t,0)} ,
whére
N tn([(q—l)n N o—(q-l)n)(l_o—Zn)
B(t,o) := a_ -n -2(q-1)
(t'=0 (- M
Therefore,
*
Rn+m,n(z’f) - rn+m’n(z,f)
(4.4) 3 A (t,z)X (t,o
. L R N N
57T [ — an f(t)de
' j=1 (z -0 )(t-z)(t* -1)
where K (t,0) := B (t,0) - (e3-1)(e"=6") , j = 1,2,3, can be
explicitly rewritten after. some simpiification as
4 ‘
-(q- +
Kl(t,o) = g (9=2)n B(t,o) - t(q 1)n + ¢t - on ,

' b s

| qn -n,._-—qn, _  -qa, -n_ n .
//’(4.5) dx (t,0) t'g (l-g ) g (o a ) t(qtl)n + tn _n
2 1 + q—qn

tno—qn(OZQ_l)(t(q-l)no-(q-l)n_l)

1
+
r
|
Q

K3(t,0)

\ 1+ O—Z(q-l)n

An anaiysis~of the kernels A _(t,z) and K (t,0) , j = 1,2,3 , from

] 3

(4.2) and (4.5) yields (2.3).
9 N - 1 +q
To prove that the result.is sharp, we cofisider the point Z =7

and the corresponding function f(z) := (z—p)-ll A direct computation
! 4

from (3.1), (2.2) and (4.1) for f = f shows that

3 Ajip’z)xj(p)o)

3=l (™0™ (z=0)(p3"-1)

b

. * ~ ~
(6.6) Rn+ﬁ,n(z’f) - rn+m,n(z’f) =
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If o> ol+q, we get after some simple calculus

*x ~ 1 ~
G - )y - 2

R
Hm { nt+m,n n+m,n q 1
p -

n+e

If o = ol+q then the sequence (4.6) 1s undefined for Iinfinitely many

~ +
's for z = pl 4 wg where wq is any primitive root of unity. 0
Remark 4.1. If we fix m = -1 and let ¢ » » in Theorem 2.1, we

get a result of Rivlin ({17}, Theorem 1) in the special case when

e =0 (cf. I, §4) )

Remark 4.2. According to Remark 3.1, Saff-Sharma's result

((18], Theorem 2.3) for the special case m = -1 can be retrieved from

Theorem 2.1.

§5. SOME EXTENSIONS AND REMARKS.. Our next object is to extend Theorem
2.1 in the spirit of (I, (4.2)). For this, we define two different
sequences of "help ratiopnal functions” which help us to obtain a larger
RN ‘
region of equiconvergence. These extensions are obtained from two
- ©.qn_ . -1
d&ﬁ‘grent expansions of (t' -1) ".
a) Extension I. Our first extension is based on the following

v identity:

,(tqn_l)‘l - [tqn_o—qn - (1_°-qn)]-} = X fv(t,o)
i . \)=1

where '

LN
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. __—qn v-1
{(5-1) ’ Fv(t,b) = il—f%—f:%;—* , v o= 1,2, ..
(e37-579)Y
Using KJ(t,o) » 3 = 1,2,3, given by (4.5), we define the rational

functions

n+m

(5-2) Farm,a (56 7 TSzl e,
1=0
where
4 1 r Kl(tro) ~
771 ¢ _T*T Fv(t,o)f(t)dt 5 0 { j i m
r t
N 1 Kz(t'.p)fv(t.O)
(5.3) c.(v) =4 ) —— — f(t)de , wtl < 3 < n-1,
j 21 r @ n+3*2(tn_o n) -7 =
) KJ(C,O)FV(t,o)’
f N f(t)de , n _(_ i S n+m .
(2ni r tj+1(tn_o n)
For v = 0 , we let
(5.4) rn+m’n(z,f,0) r= rn+m,n(z,f).

Remark 5.1. From (5.3) we can rewrite

- m J n-1 I a+m . I
r (z,f,v) = { I comz?+ 7 T hzd+ T T (),
atm,n " je0 jeartl “yen I

(v =1,2,3,...,), so that using (4.2) we have

5 L £(EF (t,0) 3 ,
(5.95) T (z,f,v) = A (t,2z)K
n+m,n g 2ni r (zn-an)(t-z) j=1 3

j(t,?)dt.

If we define

L-1

(5.6) - Worm n(Z 68 i= ]
v=0

.

rn‘hn’nA(z»f:V) ’

we have the first extension of Theorem 2.1 given by:
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Theorem 5.1. Let m > -1, q > 2 and be three fixed

integers and let o > 1. If f e A , 1< p < éﬁ then

+1 +1
g - lz| < piq if o> Diq R
. - W =
(5.7) lim {Rn+m’n(z,f) n+m’n(z,f,l)} 0 | ' g+l
nse lz| # o if o <p ,

Mo
the cénvergéth%ﬁé?ﬂt'yni(orm and geometric on any compact subset of
RS

the regions defined above. Moreover, the result is sharp in the sense

of Theorem 2.1.

Proof. The difference in (5.7) can be written as

*

an'n(l,f) - wnm’n(zrf:i)
x : : -1
= -T o) - ¥ T (z,f,v)
Rn+m,n(z’f) rn+m,n(z’f’ o1 ntm,n "’ °

Applying (5.4), (4.4), (5.5) and (5-1) to the above relation, we

obtain
* ~ .
Ratm,a {200 = W (2600
(5.8) ®
3 .
, Y A (t,2)K (t,0)
-l f 3= 3 y 7 F (t,0)f(t)de
27\'1 r (zn—cn)(t—Z) \)=2 v ’
vy —qn. £
(l1-a ") , we conclude (5.7) from

Since 2 F (t,0) = —
veg VT (%Rl an
(5.8) after some computation. As usual, the function

ie
f(z) = (z-pe O) 1, 0 < 80 £ 27, does the job to show that the result
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is sharp. 9]

b) Extension II. 1In this part we shall rearrange a double sériesA
in order to construct new “help” rational functions. First, note that
for an absolutely convergent series Z E f(s,A) and a fixed

s=1 a=1

integer q > 1, we have

x© o @ o? q -
Dol ot =0T T (s, (5m)gt)
s=1 A=l s=1 j=1 a=l
(5.9)° N
q ® S '
= LI I 0. G ey,
A=l s=1 =1

the last expression follows on writing the series

o @™

E Z f(s,(j-1)q+r), for each fixed A, as shown below, and then on
s=l j=1 =~

adding the terms along transverse diagonals
£(1,0) + £(1,q#r) + £(1,2q+)) + f(1,3q+r) + .
+ £(2,0) + £(2,qtx) + £(2;2q+r) + £(2,3q+)) + s
+ f(B,A)/:j;(3,q+A) + £(3,2q+2) + £(3,3q42) + ...
+E(A,0)+ £(4,qPA) + £(4,2gH0) + £(4,3qH0) + ...
+ ...

With this observation, we have

Lemma 5.1. For |t| >1 and o > 1, the following identity

holds
qn_. . -1 O
(5.10) (e1-1) = 821 XZI F(B_l)q+x(t,o)
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where

* s (S°j)q2ﬂq+.3~2 (-5 )31
(-1 F )t = j/;I

2
(tn_g—n)(s—j)q +agqtij-1

J_l

Proof. It {s easy to see the validfty of the following

3

expansion:

w o fAqts-2 -n,s-1
qn -1 C (=a )
(5-12) (¢77-1) " = Z( _ ) - -
s=1 A=1\ S7h/ (R )hatsl
. Aqt+s-2 (-0 n)s 1 ,
If we let f(s,A) = . 8 —nAqFs-1 in equation (5.9),
s-1 (t ) _
\
then (5.10) follows immediately from (5.12) on observing that
[(s=3)a+r]qt -2 (-1 a
£C3,(s=3)q+r) = — —i)q+ + 3— »

Now we can define another sequence of help functions. Let

min

(5.13) r:ﬁ_m’n(z,f,v) := '2 c;(v)zj/(zn—on) , vo=1,2,3,...
j=0
with ST
K (t g)
1 1 * _
R M Fv(cﬁ_&fn)dc , 0<j<um,
\: ’ * ‘
. 1 Kz(t,o)F (t,o0) .
(5:14) ¢ (v) i=fo [ = s——— f(t)dt ,  wH < j < o1,
3 o r tm-—n+j+ (tn-o n) — —
K.}
1 K3(t,o)FV(t,o) .
, — £(t)de , n < j< ntm
274 r tj+1(t g n)
For v = 0, we set N
rn+m,n(z’f’0) = rn+m’n(z,§) .

N -
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On using (4.2), an integral representation of

x
r
n »
v > 1, is found to be .\\\\

f(t)F:(t,o) 3
1 A (t,z)X
r (zn—oﬁ)(c—z) j=1

(Z,f’\)),
n

N *
(5-15) v, (2o E0)

Tl j(t,o)dt

For a fixed integer & > 1, we set
x -1

x
(5-16) W ’n(z,f,i) ;= 20 T ,n(z,f,v)
Ak o=

With the above notations, we can prove now

»

Theorem 5.2. Llet m > -1 , q> 2, and & > 1 be three fixed

“integers and o > 1. If f ¢ A |, 1 <p <=, then
2nheeels dle o BRLLEL

2q+1 Lq+l
o

zl < p if o >

»

*x * .
(5.17) lim{Rn+m’n(z,f) - wn+m’n(z,f,i)} =0
ns® z| Ao 1f 0 <p

~~

Lq+l

»

the convergence being, uniform and geometric on any compact subset of

the regions defined above. Moreov!‘, the result is sharp.

/

Proof, As in (5.8), we use (4.2a), (5.10),(5.15) and (5.16) to

obtain
Rn+m’n(z:f) - wn+m’n(z’f’l)
(5.18) 1 Yl(t,O)f(t) g
= : A (t,z)X (t,o0)dt
o . 2ni r (zn-on)(t-z) =1 i i
. E % x lil %
where vy, (t,c) := F. . (t,o) - F.(t,o) and T -is the
. =0 A=l AR a1 A

" circle. |¢| = N with 1 < Py < p. If we write 2-1 := ag+b with

PR
-
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a >0, 0<b<qg-l ,. then we have

e q a-l q * b
() sZo le 3q+*(t o) SZO le Fsan () AZL aq*A(t ol
© q x |
i s-£+1 le ’ q+x(i:f) ’ =%+1 fagna ()
i.e., ) .
» | | g, q
19 vho) = T Azllz(,sﬁ;a).qﬂ(c,ox + Azgﬂ‘,ﬂqﬂ(t ,0)

N
4
\

N *
Substitutidg the value of Faq+>‘(t,’o) from (5.11), we can write

CXI *
(t,0)
A=b+l faqr )
. 2 gq o a _ 2 i o -n ]
= (cn‘:cqn)' 24 ) (e }‘q{1+ ) ((a j)qj+xq+3 1) ( _0 : 2 }-
¢ | A:bfl_ =1 (tn_ofn)(l-q )]
. v’ . . \"
If o> p‘Lq+1 and |t| = p, » it 1s easy to see that
1 Z F. (t c)I R
o ;‘ - L ! .2
’ R , (pn_c—n)‘q -1 a 2 , )
: S ,on =n¢=(aq+b+l)q ;. 0, U1 a=-j)q +rq+j-1ly -j
1 . . p?,qn 4=1 j o)

for all n sdffié:%en,tiy la_rge. -Since _aq+b+1 =:¢ , we obtain

(5.20) - ] F +A(c,o) o(pllq“) as n + = 2
B x=b+1 21 . o '
It remains to estimate ‘the. double summation on the right: side of

"(.5.l19'). - For- this .purpose,/v%,set S o

‘f '

s -]
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2 ~n,v-1
+ —_ —_
(5-21) glv,u) = (}q (:t})q i 2) (o ) 5
(tn_o'n)uq+(a+l)q +v-1
Then using (5.11), we can rewrite
1oL |
(5.22) F (t,o) = I =+ 1_ ,
. s=1 r=1 (sta)q+A 1 2
where
= @) s
I:

® o - s+qtl

Pl 1 8(3,(s=i)atn)
s=1 A=1 j=s+1

—
N
1]

~

Recalling the identity (5.9), we obtain

L1 os(s,h) .
s=1 A=1 ' -
o o™ : 2 -n
- 1 1 X (Aq+(a+1)q +s-2)( -g )s—l
o 2 n _-n.\q s-1 - -n
n_c—n)(a+l)q A=l (t =0 ") s=1 t -o

(t N N : u

Ly 2 e -n _ 2
n_o—n)-(a+1)q z (tn_c-n)-kq (1+ no -n)—(xq+(a+1)q )
: A=]1 . t ~-qg:

:(t
‘so that

. 2 ' 2 -
(5.23) ‘1, - g~(atl)ngan 7l O(DI(a+})nq -am

Further, we notice that

i . o= q qfl
(5.24) CI= ) 1oe(dte,miah)
: © g=l A=l j=1 i

G L1 1 sUaGsmamy : \\\\J////,f
s=1 A=1 j=1
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where in view of (5.21)

g(i+s,—jafr)

Fl

- ('Jq+k)q+(a+1)q2+j+s—2 (fc'n)j-1+s
(—jq+k)q+(a+1)q2-1 (" —n)(a+1—j)q2+Aq+j+s—l

q//gtl _ 2 .
2 <}X Ja)at(atl)q +j+s 2:> is a polynomial in s

Since h(s) := z 2
A=1 j=1 \,.-'%A—jq)q+(a+l)q -1
F ) -
of degree at most (a+l)q2—l , 1t follows that for all n ;:fficien[ly.
© 3
. T -n,-S . :
large, the function z h(s){(ta-a ) is ‘analytic for |t]| > 1 ([5],

s=1

Lemma 2). Thus, there is ‘a wdnstant o independent of n suchr that

. [ Y h(s)(e-a ™3

s=1

< o -

Since o Z:plq+l and |t =p, , it follows from (5.24) and (5.25)

' N . L
after some elementary algebra that for sufficiently large n

2
- + -n.-aq -~
(5.26) 11,1 < ego "I (g2 79

Recall that 2q := (ag+b+l)q < (a+l)q’ . Therefore, combining (5.19),
¢5.20), (5.22) and (5.26), we observe that

. ,
(5.27) lyl(t,o)] 5_—%;5 , for all sufficiently large n,
' P
1

* o ) .
where ¢ is a constant independent of n. Using (5.18)and(5.27), an

analysis -of the kernels Aj(t,g) Kj(t,o) » 3 =1,2,3, shows that
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Ua { max [R., (z,£) -w.  (z,£,2) |}}/" :
ntm,n" "’ 10521 1 —  2qtl
nre |z |=t Py
™1
+
When o < piq 1 , a similar analysis of Yg(t,o) and
AJ(t,z).Kj(t,o) gives us

* *
1im {Rn+m,n(z,f) " ¥, o (560 = 0,

1 nre

for all z with |z| # o.
The sharpness of the result can be seen by considering
ie

f(z) = (z—pe O)—1 . 0

Remark 5.2. Theorems 5.1 and 5.2 are also valid when q = 1 and
m = -1 '(see Remark 3.1). Therefore, another result of Saff-Sharma
({18], Theorem 3.1), under_the condition m = -1, is a special case of

Theorem 5.1.

'
t

Remark 5.3. If we fix m = -1 ‘énd let o » » in either of the
Theorems 5.1 and 5.2, we get an extension of Rivlin's result (I, (4.2))
in‘the special case when m({n) = gn. This’follows f;om the facg that
(cf. (5.2), (5.13)) for all integers n > 1 , v >0,

~ *
1im rn*l,n(z,f,v) = lim rn-lﬂn(z’f’v) = pn_liv(z,f),
g+ g+ o

where p (z,f) 1s-given by (I, (1.1)):
n~1,v
Finally, we point out that the minimization problem (Pl)

considered iQ\§2 can also be solved for m < -1 and q 2 1. We omit

the details.
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CHAPTER 1V

N EQUICONVERGENCE WITH PERTURBED NODES AND POLES

§1. INTRODUCTION. Our object in this chapter is to obtain an analogue
of the Saff-Sharma extension ([{18], Theorem 2.3) of Walsh's equiconver-
gence theorem whén the nodes of f{nterpolation and the poles of the
rational interpolants are slightly perturbed. Our methods aré slight
variants on those of Szabados and Varga ({23], Theorem 2) who obtained

similar results for complex interpolating polynomial sequences.

.

§2 NOTATIONS AND MAIN RESULT. Let (j =1,...,n) denote the

w .
1,n

tt
a roots of unity and let Jb o (p,0 > 1) denote the class of

infinite triangular matrices S whose nth row S" is given by
n n
S = {qk'n}k=1 where
(2.1) lo, -ow, | <p ", K=1,cee,0;n=1,2,3,... .
k’n k,n » ) » ?* " 1 ’ 3 ’
’ . .
For any fixed integer m > -1 , we Introduce another class fp o of
T . s th n - n' ‘
triargular matrices whose n row Z = {zk n,}k=1 , (n' = n+tm+l),
satisfies:the inequality
—n ’ -
(2.2) Izk,n' - mk n'l <p ; k=1,...,n'"(=n+m+l) ; n = 1,2,...
L .

47
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When o - ow =0, (k =1,2,...,n) , we shall denote the matrix
k,n k,n

*
by S and when =z = w (k = 1,2,...,v"), we shall denote the

A L] b4
k,n k,n

-

n

~

* A
matrix by Z . We shall denote by S the matrix whose nth row S

is given by

~ - - -1

Sn={0, )O)—l _1 - }

“U,n ? 92,0 277 %aon
m+1

We shall associate with the rows Sn and zn , the monic polynuiials

n n n nt
(2.3) y(z,5 ) = 1 (z—ok n) and y(z,Z ) = 1 (z4zk n,).

k=1 ’ k=1 '
\ - ~

Similarly, we have the monic polynomials

* * “kn . m -
¥(z,8 ™) = 2" = 6", vz, 2™ = 2" -1, (2.8 Ny = 2N,

I ; g 1 R £,z be th
f f e Ap , Z € jb,m and S € Jp’o , let n+m,n(z, ,2,5) be e

rational function of the form

Bn+mln(z,f,2)
7,(2:5) ’

(B )

(2.6) R (2,6,2,8) = a(zEa2)en

n+m

, ,
which interpolates £f(z) 1in the nodes {zk n'}E=L , the zeros of
. b3

y(z,Zn). From this it follows that

: Y(tvsn) I(t,Zn)-y(z)Znhf(t) dt

1
(2.5) R (z,£,2,8) = / ~
| 0 v\ v B

n+m

R

"where ‘T {is a circle |e] = Py » 1< Py <p.
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If we replace Z by g in (2.4), then from a theorem of Walsh
(I, §12, Theorem A) we know that the rational function Ra+m’h(z,f,§,5)
is the best Lz—approximant to f on |z|] =1 over all rational

functfons of the form (2.4).

We shall prove

Theorem 2.1. Let ¢ > 1 and let the integer m > -1 be fixed.

If f e Ap » 1 <p <=, and 1f S and Z are infinite triangular

matrices in 5 , 2nd ]; o respectively, then
2 2
0o lz| < p” , 1f o >p s

(2.6) 1m a(z,£,z2%,8™) = 0

e Tz # o0 , 1f o < pz ,
where

 « .n.n A
(2'7) A(z,_f.,Z ’S ) = an’n(z’fgzts) - an’n(znfysys)'

-

'The convergence in (2.6) is uniform and geometric on compact subsets of

the region described above.

§3 REPRESENTATION OF A(z,f,2",5"). The proof of Theorem 2.1 requires
some estimates- gimilar to those given by ‘Szabados and Varga in [23].

For this bﬁrpose! we write

5 :
(3.1) AEEZNSY) = ] (2,6)
D 27 L,

where
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%
(z,f,2 ,S),
n

An’l(z,f) := R (z,£,2,5) - R

otm, ntm

An,Z(Z’f) = Rn+m’n(z,f,2*,3) - Rn+m,n(%,f,z*,5*),
x % ~ %
(3.2) An’3(z,f) = Rn+m,n(%’f’z S ) - Rn+m,n(z’f’s S ),
. “k & ~x
An,A(z’f) n+m,n(z’f’s 5 ) - Rn+m,n(z’f’s ,S),

~ % ~
An,S(Z’f) = Rn+m’n(z,f,s ,S) - Rn+m’n(z,f,S,S).

The third difference An 3(z,f) in (3.2) is the same as that
>
considered by Saff and Sharma ([18], Theorem 2.3):
T

The lemma given below is based on the formg}ae (2.4) and (2.5).

Lemma 3.1. If f ¢ Ap , then the differences An j's defined

in (3.2) have the following integral representation:

’m(t,Z)dt,

' +mrtl
1 y(t,8™ [z -1\ £(0)
An,l‘z'f) T o2ni IF Y(z,Sn) (tn+m+1_1)(z—t )Vn

L (Aogh feototl_ ntwtl ;(t)
An,z(z’f) - / (ot ) (Elz )Un(t'z)dt ’
)

’ : ' o -z

6y = L f tn-én y(t,;*n) - J(Z)E*n) (f(t))u (c, )dt
An 4(z, ) i) n =a ~ag it~z atte?
Y(t’s )

~

| 1»‘ Y(t,8™) fy(2,8 ™\ £(t)
b (2,8 s (y ¢ )( T

2r1 r (z'Sn) ~xg. | t72 n,m(t’z)dt !
YAz, y(t,8 )

where ' N
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, .
n+m+1_l) Y(Z,Zn) .

-1 y(t,zh

Va,m(tr?) = (Zn+m+l

- (o) 1S

(3.3). 4 U (t,z)
n tn_on Y(z,Sn)

(tn—o ) Y(z,8") _ |

W (t,z) =
jot]

- —
270 e, s

§4. SOME UPPER BOUNDS.

(
Lemma 4.1. let p,o0 > 1 and let m be an integer > -1.

suppose, W(1) 1 < |t] <p, 1f o >p and (1) 5 < |t! <o, if
o < p. Then we have

-n
(4.1) |Vn’m(t,z)| < cymp for |z} > 1,

lUn(t,z)] < cznb“n ,
(4.2) : for |z| > 1, lz! # 4

-

-n
]wn’m(t,z)| 5.c3np R

where ¢, , c, » cq are positive constants independent of n.

r'S

Proof. Using the definitiqn of Y(z,Zn) we can rewrite

v .
n’m(t:,z) as

o n' z y T W . w . — Z ..
Vo2 = I {1+ kf: — LTI Y P k’g —_kny
' k=l k,n' “k,n’
where mk‘n' w (n' = n+m¥l), are the n'th roots of unity. Set
]

a, := max |z n=1,23...

oo
n 15?5?, k,n



I[f we let [t]| = oy > then for sufficlently large n, |t] = o > a
- n

and |t-a ,| > p, - a , - Also, for fz] > 1; we have

) n -1 n
]z—wk n'l > |z]-1. This together with (2.2) gives us
, ~-n -n ar
Vo a2 <[ gg_j;f)(“ T;prj)] -1
1 "'n
From (2.2) we see that a ., * 1 as n + =». If we set

dy := min(pl—l,{z]—l), then for sufficiently large n, it is easy to

see that . ] ”
" 2 6(n+m+1
IV (t,z)] < (14 )20 oy ¢ o
m - dO - d n
Op
This proves (4.10).-
In order to prove (4.2), we observe that
: n g - Jw C ow ~ g
k k
U (t,z) = 0 {14 —20—20) (14 iﬁ‘-——“ﬂ} -1,
n z — g t - Ow
k=1 k,n k,n
and
T e S
k w u)k
W (t,z) = -1 {14 —=2 k’“}{1+ 0 k,n b- 1
n,m -1 -1
k=1 t -5 z -0 wo
ok,n ’

{(Following closely the analysis given above for the proof of (4.1) we
can deduce the relations (4.2) on using (2.1). 3

Lemma 4.2. Under the hypotheses (i) and (ii) of Lemma 4.1, we

have the following estimates for all sufficiently large n:

~

' n n _-n.
@3 *[X2EL e |20 for 2| , [t >0,
| ¥(z,5™ £ .

and
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n 2
(4.5) PASTLID NI S | A R T I ,
n — 4 n n
¥y(z,S ) z ~g

where the positive constants c3> and ¢ are f{ndependent of m.

-1
Proof. If we write z - g as
k,n
pun __1 = ( _b_l
z ok,n z wk,n
then —-
“n n 1’ n 0—1 ;;1
- w -
- - k k
1€z,S ) .. T (z-¢ ) = (zn—o n) no{1+ PR Jﬁ}
m+1 k,n , ~1
z k=1 k=1 z ~ g w, -
k,n
Similarly, weg have
“n n 0_1 ;_1
—_ w - 1 T
y(t,S ) _ (tn—o n) 1 {1+ k,n . &,1}.
tm+1 k=1 t - Q_ w
L k,n
_71 -1 -1 -n Qi///*i
From (2.1), it 1is easy to see that |0k n 9wy nl <o p . Hence
A ; n
o+l - -1 - -1, -1
£ (28N | | 200" | Y 14eT p (2] )
~ -1 .n_-n -1 -n =1.-1
o1 n t -o 1-0 t]+o
2™y (r,s™ o (el*e )

VAN

where the second factor on the right side approaches 1 as n +» ®.

‘This shows that there exists a positive constant c3 independent
. i :

n, such that

of
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(z Sn) n -n

> z -

.2 2 <c £ 9 » for all sufffciently large n,
~ — 3 tn_g*n

n
v(t,58)
which s the desired estimate (4.3).

Similarly, we can prove (4.4) by repeating the above argument for

v(t,s") and y(z,s"). G

§5. REGION OF CONVERGENCE OF {An j(Z,f)}j=l'. As pointed out

@

1 (cf. I,

o o N
earlier, the two sequences {An’j(z,f)}1 and {Al;n,m(z'f)}

(12.4)) are identical. We shall show in the following proposition that

the sequences {A _(z,bf)}aD » (3 =1,2,...,5), have the same reglion o

n,}

of convergence.

Proposition 5.1. Let o > 1! , p > 1 and an integer m > -1 be

iven. If 2Z y , S e and f € A then for j =1,2,3,4,5
2 2
lz] <p™ , 1f o> %,
lim A . (z,f) = 0 o
w12 _ lz] # o , 1f g < pz ,

where A j'(z,f) i3 the same as defined in (3.2). The convergence“in
—— n’ - g T

N

(5.1) is uniform and geometric on any compact subset of the regions

described above.

S

Proof. ¥For j = 3, (5.1) is known [18]. Next we consider the

case when j = 1. PFrom Lemma (3.1) we know that
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-

n n+mrt 1
1 (t,S) ,z -1,,f(t)
A (z,£) = >~ [ L= ( J(=—5)V_ (t,z)dt
n,l 2ni r Y.(Z’Sn) tn+m+l_1‘ z-L_ / n,m
where T 18 a circle |t - py » 1 <oy <o . An application of (4.1)
and (4.4) to the above integral shows that
n+m+1 + on
o
i nC |z] 1, "1
(5-2) 8, 1¢2 01 <= (g ) —
Py -1 IZ ~-g ]

for all n sufficiently large. Here C 1is a positive constant

independent of n. If o Z_pz and 1 > p, we get

Iio { max ]An 1(z,f)]}l/n < LS
s o IZI=T ’ DIO
Letting p1 + p , we conclude that
2 .

1im An,l(z,f) =0, for |z| <p

n+o

If o< p; , again 1t follows from (5.2) that

( E
lim L 1(z,f) =0 , for all z with |z]| # 0.

. n+e ’ .
This dompletes the proof for the sequence: {An J_(z,f)}? .
We omit the proof for the remaining three cases when

j = 2,4 and 5. , _ o)

§6 PROOF OF THEOREM 2.1. From (3.1) we know that .

5
8(z,£,2%,8™) = ] a_

L ’j(z;fz..

.Therefore,
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lacz,£,2%,sM)] <

A straightforward calculation on using Proposition 5.

lim a(z,£,2",5") = 0

n+o

This completes the proof.

=5

la_

»

J.(Z,f)I

»

1f

if

1

| v

shows
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that



CHAPTER V

QUANTITATIVE ESTIMATES AND SHARPNESS RESULTS

§1. INTRODUCTION. In the pfesent chapter, we derive some quantitative
o )

estimates for the sequence {A0 (z,f)}m introduced earlier in
£,n,m n=l .

?

(I, (12.9)). We are motivate‘om* efforts by a recent paper of

V. Totik [25] on coémplex fnterpo éting polynomials. Our object 1is to

make precise some of the results in [18] on the behaviour of

- . RS o
max !Ao (z,f)|1(n as n »
IZI=R Q,I’I,m .

'The main results are stated in §2. §3 deals with the */"'\T\\\_///

4

repfesentation of AZ n m(z,f) in terms of the Taylor cvefficieats of
RS ] !

f .’ The last three sections are devoted to the .proof of our main

results.

'§2. STATEMENT OF NEW RESULTS.. Let R be a positive real number ./Nw)

o -

différeht from o. For o > P, set‘(tf: I; (12.9))

. i [P er—— I 4] | r]:/n ‘
(2.1) F (R,0) := lim{ max |a (z,£) T
. 2 ; . |z|=R Qf’n’m '- ’> K
and » ) ‘ ' ¢
. : ‘ : -2 R ~oy°
(2.2) . K (Rya,p) 5= p L x(nin(> %},1), .

Theg we have the following result.

.

Theprem 2.1. Let ‘1 <p < ofwghd;let"R >0 be a real number

<

57 )
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R

different from o. If f ¢ A , then
- P

(2'3) ‘ . FQ(R;O) = KQ‘(R,O,D) s

where KQ(R,O,D) and FQ(R,O) are given by (2.2) and (2.1

respectively.

Remark 2.1. For fixed p and o, the value of the function

P 4
KQ(R,o,p) can be described as
op_’l_1 s if R>o ,
(2.4) KQ(R,o,p) =4 Rp , if p <R<o ,
-2
o , 1f 0 <R <op

The relation (2.3) does not hold when o = p. For this, considerv

the following example: ™ . "\

3 -

Example 2.1. Let f£(z) = (z-p) >. Then (cf. [18], (3.15)),

.
By a.alZD)

("-oM e, (28, () - o (9)8, ()} (an,m(m) :
"M (6™ e (p) fn,m )

which is identically zero on the set {z: |z| # o} If g =p..
. B . »

Also, ﬁbr R'= 0, Theorem 2.1 is no longer trye. We shall justify

2

this statement in the\ggxt section (see Remark 3. 2)

'If w 1is any fixed primitive root of unity,\thenE>z ~gw 18 a

singular point of the function vA (z f) for Lnfinitely many n's

£,n

(see Eiample 2.1). Because of this, we have excludedithe case R = ¢

" in the relation (2.3).

-

>

| Te"may be noted that K (R,0,p) F K, (R,0,0') 1if p #p'



Thus as in ({25], Cor. 1), Theorem 2.1 glves

Co}ollary 2.1. Let o and p' be fixed numbers with o > p' > 1

and let f(z) be an analytic function in lz] < p'. 1f, for any fixed

integer "2 > 1 and any real number p, (p’ < p < 0¢), the relation (2-3)

holds for some R > O, then f ¢ Ap.

Our next concern is to study the pointwise behaviour of

A: 0 m(z,f) in .the complex plane when o 2»92 . If we set

» o

‘Yl := {z: p < }zl, 12[ # o} and Yz = {2 lz| < p} ,

tﬁenﬁwe shall prove

¥

Theorem 2.2. Let £ >1,% > -1 be integers and o > pz. For

each f ¢ Ao‘, 1 <.p < », we have

O (e, M

l,n,mk = K2(|7—|,0,o), z e Y, ,

(2.5) L Tim |a J

n+o

except at mos®at £ - [%] boints fn Yj » (j=1,2), where .Ki(|z],o,o)

is given by (2.4)..7_
. N s

~1

/ ‘
| . . ’ ES
Remark 2.2. From the above_theorem, we note that if ¢ > pl L ,

then the sequenée {A:,n,ﬁ(z’f)}:-l , £ € Ap , cannot, be bounded ét
more than ‘¢ points i fhe/region Z={z: |z| > p£+1, |z| % o).

. This givgs an aﬁaloguebbfia result of Saff and Varga [19] on the ”
sh;rpnessbof some equiconvergence results for intg;polating
polydbm;als.

The next result shows that. in some sense Theorem 2.2’cannot be =
. L . . -
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improved. ) <

2 .
Theorem 2.3. Let p > 1, o > p and let integers ¢ > 1 and

m > -1 be fixed. Given any set {z of ¢ - [gj distinct points in

W

the region Yj » (J=1,2), there exist rational functions tj ¢ A
p

(j=1,2) for which

— 0o 1/n
ii: 187 et Pl <K Uz lo00), (3=1,2)
i ) -
for every k =1,2,...,2 [2]. o)

Finally, we remark that Theorems 2.1-2.3 hold when m < -1.

§3. REPRESENTATION OF A: n m(z,f). The proofs of the above theorems

’

will be based on a representation of A: a m(z,f) in terms of the
b4 b

Taylor coefficients of f which is given by (3.15) in Lemma 3.2.

In order to establish (3.15), we recall that (cf. [18]), Cor. 3.2)

n _n,o \ - v
(3.1 TN G0 = T P (5 6)
where
(t"-o™ECEIK_ (z,t) fa (t)\v

(3.2) P, (2,f,y) = 2;1 | ——553 “J“('t)_ /B“"“(t)) dt

nrm,n r an,m-_ n,m \ n,m -
with J - . o

. L (0B () - a (D)8 (2)

(3.3) K, o(t,2) &= S )

P

Here T 1is a circle ‘4t[ = CH » 1 <'p1 < p. From the definitions of
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B‘ (t) and a (t) 1o (I, (12.5)), we easily see that
n,m n,m

~v-1 _ _~(vtl)(n+m+l) |  v+s, -ns_-ns
(Bn,m(t)) t 2 ( s )o t ,
s=0
v=-1 . . .
- (3.4) (a_ m(t))v | ) (_1)J(vjl)o nj (@tl)] i
b4 j=o
n+m
. K ft,z) = tn+m 2 bn k(z,o)t_kzk ,
b i . k=0 1]
where
. _
R 1-07%™ | o <k <n-1 |,
(3.5) b (z,0) := - -
n,k 1 -0 2" » n <k < ntm

Using (3.2)-(3.5) , we see after some elementary computation that

(3.6) P (z,f,v) = vil (—1)j(“_1)o_“j ; (V') (2,7,8)
n+m,n" '’ 320 i~ soo atm 7’
where
n+m a - K
(3.7) Sam(Z23:8) = kéo(aN(k)—n‘_ TR C LI

>

with N(k) := v(n+m+l) - j(m+l) + ns + k. Setting

: v-1 C ' ®
: - 7 oy . _qyJev-ly -nj v+sy -ns
(3.8 1 = Iv,k,vh('f) : jZO 17 )o SZO( s Jo (i)
(v =1,2,... ), it follows from (3.5)-(3.7) that
'  ‘ﬂ - ofo n Lk

(3.9). Pn+m,n§z’ﬁ’v) -;kzo (Iv,k—n,n - g Iv,k,n)z

: . . ' n-1 ‘

1 o _ _=n ' _ on. : k+m+1

. . m .
- g n X (I - on )Zk .
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Lemma 3.1. For\a given integer % > 1 and for 1 < py < p , the

following estimates hold

(3.10)
-n -(1+1)n—k) ﬂ

+ O(o Py R

z I = a
v=0+1 v,k,n (2+1)(n+mtl )+k

(0 < k < ntm), where the constants depend on o, o, Py > f and m.

(

. Proof. (i) From the Cauchy integral formula and the definition

+

of N(k) we can rewrite (3.8) for v = ¢ , and after some

simplification we obtain

-0 m+l -1
(3.11) 1 - £(t) [Q=o™ ) >dt

1
f +k+ -n_-n g+
2,k,n 2ni r t9.(n+m+1) k 1\(1_0 n n)z 1

Since o > 1 and |t| = p, > 1, we have

- - - - -n_-n 2+
ntm+1)l 1 - (1-0 ntmfl)l 1 _ (1-0 n n)i 1
-n, 2+1

(l-0 -
(1-¢ " (- MY

so that from (3.11), we obtain the first relation in (3.10) .

=1+0 ),

(ii) Summing up the relation (3.8) over v from 2+1 to = and

using (3.11), we obtain

‘ N
pags) Voksn 2nl 7y t(2.+1)(n+t:.x-+1)+k+1\(l_o-nt—n)£+2 el

With an argument similar to the above one, we can easily derive the

second relatfon in (3.10), which completes the proof. .o
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Lemma 3.2. Let p > CH > 1 and let £ be a positive integer.
L 4

If o > p , then (cf. (3.9))

rm n K
(3-12) Potm,nlZ 00 = kZO (@) (atmt1)-n+k ~ O ¥ (ntmtl)+k)?

A}

1

otm
o(or® 1 (L2l
k=0 1

Proof. From Lemma 3.1, we get

on n )
Il,k—n,n - I9,,k,n - al(n+m+l)—n+k -9 al(n+m+l)+k
(3.13)
-(2-1)n-k -n -Zn-k. .
+ O(pl( Jnck oy oo M.
— - - .
Since lim larlllr = p 1 , we have |ar] = O(plr) , 1 < pl < p.

r+o
LIf o > p, it can be deduced easily from (3.11) that

» n _ n —-¢n-k
(3.14) Il,k-n,n o} Il,k,n = 0(o P )

Thus (3.12) follows from (3.9) and (3.13).

Now we can represent A: n m(z,f) “explicitly in terms of the
? 2 ‘ .

~

Taylor coefficients of f(z) as below:

Lemma 3.3. 'Let m > -1 and 2 > 1 be fixed integers and let

f € Ap, 1<p<w 1f o >p, then for every e > 0 , the following

relation holds:

M ’ - .
n n,.0o q ' k
#(z -0 )Az,n,m(z’f).- kZO {al(g+m+1)~n+k T 9 A w4k
(3.15) - | '. .

+ Gn(ol.o,Z) f
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where p1 = p — € and
n+m
(3.16) .Cn(vlyd,z) - O{Onoz(2+1)n J (lﬁl)k}
' k=0 °)
Proof. We can rewrite (3.1) as
. n n o o -
(3-17) (z o )Al,n’m(z,f) = Pn+m,n(z,f,l) + v=g+1 Pn+m,n(z,f,v)

If we sum up the relation (3.9) over v from 2+l to =, and then use

b

the second formula in (3.10), we obtain after some computation

=) n+m ,
(3.18) ! P N D 0(dno;(1+1)n ) (lil)k) ,
v=g4l D - k=0 °1
) —n " l_L K
@ which dominates O(p1 n Z ( z ) ) when o > p. Hence (3.15) follows
k=0 1 '
from (3.17), (3.12) and (3%18). o

- - ,

-
Remark 3.2. We pointed out in §2 that, in general, Theorem 2.1 1s
not true for R = |z| = 0. For this, notice that (3.15) and (3.16)

/_Qe

(3.19) —onA: (05D =

0 _ .n n —(2+1)n
2o (ntmtl)-n ~ 9 qg(n+mr1y T Olopy }

e

It may happen for.some f ¢ Ap that a 0 for

g (ntmtl)-n - 2o (ntmtl)

: -(2+
all en, in which case ~F2(0,o) <p (2 1).

The proof of Theorem 2.2 éssentially'depende on the répreéentation

—_

(3:21) for the ‘function Hn(z) glven by

- o zn+1 - 0n+1, £2.a
) (3.20) Qﬁn(?) S OAl,n,m(z’f) -(}—;;—:—;;—— z Az,n+1,m(z’f)'
N
\ - [}



Lemma 3.4. Let ¢ > 1, 1< ) < p and ¢ Z»pz - If f e AO )
then
| £-1
n n tl k
(3.21) (z'-0,)H _(z) = -0 ) ) (vl )4k 2
k=0
. £
o+l k
to kEO A+l )(atmtl )tk 2 T Can (P02
: <
where Cn(ol,c,z) is given by (3.16).
Proof. From (3.15), after using the fact
. -(2-1)n-k
al(n+m+l)—n¥k (_)(p1 ), 0 <k < otm, we can write
n+m nt+m
n n_o n - : k -(2-1)n z| \k
(z -0 )a (z,f) = -0 "] a z + 0fp (=7
2,0,m k=0 2 (n+mtl )+k 1 k=0 o,
‘ n+m
-(2+1 k
, + oot (B TrT (lzlyky
k=0 °1
Since o Z»éz , it follows that
- n_n,,0o n mtm k
(z -0 )aA (z,£) "= -0 §] a z
2,n,m k=0 2 (ortmrtl )+k
(3.22) '
ntm
‘ n -(4+1l)n zivk
+ ofoRpT(#¥n Ty (lzlyky
o k=0 "1
Similarly,



(3.23)

+ O{cnoz(g+1)n

@If we multiply (3.22) and (3
5ubtract the resulting equations,

calculations we obtain

n n n+l i
(z ~0 )H (z) = - ) a
n K=0 £ (n4m+
(3-24)
+ G (P s0,2)4
where Gn(ol,o,z) 1s given by (3.

(3.21)

§4. PROOF OF THEOREM 2.1. Since

estimated from (3.15) to yield

66

n+m+ 1
) a z
k=0 L(n+m+2 )+k

n+at+l
Pzl

k=0 %)

.23) by ¢ and 22 respectively,

and
\
then from (3.20), after simple
+m+e +
Zk + a+l ? t Iv k
1)+k o kég 2 (atmtl)k ©

16). From (3.24), we easily derive

g
o ? o, Al n,m(z’f) can be

.

-
: n_ -2n :
, Cop |2 ] G (py,0,|z]) |
I 2,n m(z f)! n 1n ) + = i n ’
s Iz -0 | k=0 pl lz7 -0 | .
where C 1s a positive constant independent of n. If w t

|z| = R, then (3.16) yields

|R"-o"| k-O °1

5 e %

on R n
0 ( n_ nl ( 2+2) » IER 20,
oy )

9 LG} o cRrR < e
|R“” |°1

+ e

A straightforward analysis now gives us T
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P
-(2+1
, o“ox( o Ry,
Pad
a n —(L+1)n

max ]Az,n’m(z,f)| <Cq R , 1f p <R<g,

|z|=R
p P , 1f 0 <R <o
L1

Since € > O 1is arbitrary and p., = p - €, we obtain (cf. (2.1))

p 1

-(¢+1) , R>ao
ap
—(g+1
FE(R,U)SiRD(l)__,QSR<o,
o " , 0<R<Cp,
L :
that is,
. Ve
(4.1) F (R,0) <K (R,0,p) , R>0,R to

In order to prove the reverse inequality, we shall consider two

cases 1) R > p and 2) O0O<CR <<Cp. Let € > 0 be so small that

02+l 242 242

(4.2) < (p-€) =1 0

Case 1. (R > p). ®lven integers ¢ > 1 and m > -1, we set for any

integer q, n = [E%T] -m . Then q can be expressed as

q = 2(ntmtl) + k n+m-2 <k <n+mn. This show$ that

1° -1 =
aq # 0 for some kland for infinitely many n. If we divide both
kK, +l
sides of (3.15) by =z and then integrate over |z| = R, we see on

PR

using (3.16) and Cauchy's theorem, that

1 f (zn—g“)A: n.m(z'f)

- . — dz

2ni |ZI=R k1+1

z
(4.3)
= 3. - Ona ’ + ’ o ( R )n
2 (n+mt+l)-n+k £ (ntm+l)+k k 242
» , L 1 R 1 pl
/" \\“ B

/T T



P

68

M < R + ¢ for |z| = R, 1t follows from the

n
Since |z - o |

definition (2.1) that-

n n o
z -g
( )8,

n,m(z’f) 1

2 g
1f|z|=R k1+1 n. . n dZ' = —E::T IZISR l:T:R ‘Al’n,m(z,f)[}]dz|
' z (R +o z R
& 1 n
< ¢cR (Fl(R,o)+c) .

Notice that kl/n + 1 so that q/n » 2+1l, as n » ». On dividing both

P th
sides of (4.3) by (Rn+0n) and taking n roots, we Ret

4 .n i (1/n
1 (F (R,0)+e) > 1im iﬂ:ﬁ___i_iﬂ + 0] g - R ™
- R £ T naew Rn +q" n.n kl g+2)
9 (R7+g )R °1 .
- n
= 1im [ 1("1 a aqll/n .
nee Rt & @
- —(2+ —_ ' .
Since pl(l+2)< o} (2 1)= im la Il/n and -
. - W q
O d
0 i if R > o,
. g 1/n
f7 R L
oo R to 1 1f R<o,
we deduce that
: - + *
%p(zl), if R>a,
L (F_(R,a)+e) >
ROL N BT O
p , 1if R <o
In other words, c -
, - g R
(4.4) | F,(R,0) > p min{; , ;} = K (R,0,0) , R 2> op.

oy
Case 2. (0 < R < p). When 0 < R < p , we get for any integer gq

2 0 <k, <2-1. Here we .

.

n=id] -m -1, fe., q=t(ntml) +k
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observe that kz/n + 0 and q/n » £ , as n » =. On followling the

method used aboye after (4.3) and taking into account the estimate of

A
Gn(p,o,z) when Izl = R < p, we conclude that
F (R,0) + € > lim l—g———— ]1/n = 9_2. Thus we have
L — n o q
n+= R +g
(4.5) FQ(R.O) Z_KQ(RyO,O)
From (4.1), (4.4) and (4.5), we obtein the relation (2.3). 7

§5.4 PROOF OF THEOREM 2.2. First we remark that if for some 24

— ,. 0 1/n
rl:: ]Az’n’m(zo,f)] < Kl(lzol,o,p), then it follows from (3.20) that
— 1/n - _
4
(5-1) lig |H z0)| < Ki(]zol,o,p).

n+r«

We shall show that there can not be more than ¢ (or 2-1) points

in - Yl (or YZ) for which (2.5) fails. The proof by contradiction ,

follows the line of proof of V. Totik [25] (cf. Saff and Varga [19])

b

. agﬁ/%s by contradiction. . S
o o ) ) . K
.(:3232 1 (|Jz] >0, lz] F o). Using (3.16}, w§ can rewrite (3.21) as
- ¢ 2 *
n n ntl ) . " k+ntmt+l ~-¢.n
(z' -0 )H (2) = 0 k;{O 3041 ) (ntmtl )tk +0((op ;7))

24+2).n
+ o(eglzlo T .
Next choose ¢ > Of satisfying (4.2). Then there exists n > 0 such

that
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H (z2) = a 2 A k+n4mt+1
n .0 Gn k=0 (2+1)(nt+mtl )+k
(5-2)
: &
-(2+1 '
of (op ( )_n)n) » U fz] <o ,
+
-(2+41
of (| lo( ) L 1f o < lz] < &
M L
‘ £+1 B
Assume that {zj}j=1 are 2+l distinct pofuxts {n the reg on Y1
(2.5) fails, 1.e.,
o |a° O™ <k (2. ],0.0) 1< § < e+l
1,n,m j.' 2 J’ s P ’ N >

n+w

Without loss of generality, we may assépe that [Zjl > o for
o}

= L,---,x .and sz] <o for j =.A+l,...,2+l . Then, from (5.2),

&

we have . s

- -(L+1)
. -
lim |H_)]”“ <
n+o n J

Q

LoLf 1< <,
~(2+1
2 1o (D)

S € U B R

.Thig together with (5.2) shows that there are numbers n > 0 and

C> 1 such that for all 'n > 1,

o ™ e T,

where

(5.3) 8, | <

i,n -(2+1)  .n

C(|zj|p ~ DA S SR LD S B L W
where -
n ‘n

£ K zZ, -0 .
(5-4) L 3(g+l)(ntmtlytk 25 = nararl Byn @ 3 % LiZieeotile

k=0 o zj : .

Thevcoefficient matrix in the above system of g+1 equations. is

.

Vandermondian which is nonsingular since all the ‘zjfs ~are distinct.

y . ‘ ere i (24
Solving the system (5.4) for aﬂnfk , where An ’i(z 1)(n+m+}), W

\

)]

e



n for a]rl but at mosc g"pqints.‘_-'

Case r ([z] < p) -On” using (3~16), wé cam rew%i@@ (3 21) for lz[ < p St

. . ‘a
. P
-
S SRS R 4
aA+k= 2 Cj,k-_‘_‘L——‘n 1‘8:],“, k=0,1,...,1 ,
n i=1 cz ;
e ] .
Cj K .are cc;nstants‘independent of n. Thus from (5.3'),' we Y
o -~ .
— lf(An‘H() - | \,
i % ol Cmaxkg),6)) » Ok <,
; , .
k. .
1 . A a,
" n' < ' b
p , ) : = /[ *k]
—_ L+l - L8
'51 = .lim { max I—JT—— (op: ( ) f\ 9 I} .n ' < l/p ,
'n~+°° 1<3<A o] z1 _ S e
' -, ’ - B (1 +k]
— - +1 .
= 1im { nax l_J_T_ (l l & )-'ni)ni} < l/p y
Ln+o )\:‘f-.'l_(_j._(.l"-l vg zj P : -
that 1s,” -y SRR T O
R o l/[(2+1)(n+p;+l)+k] | SN
: ;1“‘ la(z,+1)(n+m+1>+kl i e < 1/ ' .
: ’ - \”a >
independentll of 0 < < L. This contradicts ltbeﬂfact that
- o W
B oo u‘l) . N
Ia | /ﬂ p -1 . Hence the relati‘on (2(,6) hald’s in the region .Y1 : '
g s, = : ! L. TS
o : 4// .

oy . R

»

~ P R

: : -

: . ".‘ ?' : -'., . . oc . 'fo ¥
. as follows.,'-,eg‘ : \vé*‘ A wo e
iy, 2 o 1 ‘) Lok (1+1) .
' );Hn(z) \Fo _ (n+m+1)+k z + 0((0 ) ) : . .
e k-O " _ ' o
S REN +1 o S
B +o<(l Iol(” ’) ) - |
L ce e (

"‘4gg'opgng t' < P 80 close to ﬁ’ thac 'pl > p ';Qwe‘g;t;

. Q ! ’
. v - . K . - b N )
‘o e ’ e * :

N j ¢ A ; v

s : - .
e s » : p

e o -

. - ki,

Y A
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- 0 on+f. 2-1 K
H(z) =0((p -n))-——— T a z
n o zn _’On k=0 £ (ntmt+l)+k

~

where n 1s a sufficiently small positive number. If we assume that

N — 0 1/n -2 g '
‘ iii ]AQ’n,m(zj,f)| <p > 1 <3<y,

where (z } are £ distinct points in the regibn Y, we arrive at a

j'l 2
: »
eontradiction on following the procedure used for Case 1.
This completes thé proof of Theorem 2.2. . 0
\
V) . \
L - B

¢

' - - N L L
§6. 'PROOF OF IHEOREM'Z 3. (1) We shall first prove ‘the theorem when

the set {z } 1ies in Y Let =z .,z be £ distinct polnts with.

j 1° 1’ 2 cu
.o # ]zj|.> P, 1 S.j S_L Then the'syétém“bf £+l equations
- W . . X k R :ﬁ |
(6.1) - LomeEy=0, 15K
= S © k=0 | ~
‘yith , iF 1 .has a unique solution uO"E"un:L:) Set o .‘~
. 4 . 2 . . PN n.
(6.2) - E(z) = ( 1 T ) (1- (S) ) =‘Z/gjzh  (say).
: , . k=0 ' °0 "f ’ ‘
Then f is a rational funiFion with z+1 Tpoles‘on: ]z|‘=ip which
. 1 . . . S = ’
' ’ e . . :
: - , \ + . .
ﬁimplies that fl € A .. Since (1 z £+1). { (29(2 lzq y we:find
. : - P . ’ ﬂ?o o) . _ , .

ff°ﬁ-(6'2)i§h?ﬁiﬁz'f e |
S R (S DL I
O T T e L R

Coe e




2
6.3) k ] e (2+l)q k _ o

a z = <

|

1 <3<2,q=0,1,2,.

For any integer n, we can determine 1ntegere( r and s so th

N

~

Lntg = (2+1)(r—m—1), where 0 < s < £. More precisely, r = —[

73

at

-£n
y,+1

}+m1

(or r = [£+1]+m+2 , unless 8 = 0 (mod %+1)), where [x] denotes the

[N

integer- part of x. That is, 2(ntm+l) + s + m + 1 = (2+1)r ,

0 (s < %. Consider the following decomposition:
n+m s+m
) aQ(k+m+1)+k 2y =1 az( +mrbl ) +k 25
k=g TR I kmo A0 ]
- ‘
: © (Hl)%(nmﬂ) k
+ L z i a z, , .
g=r 3 ,, k=g (Fl)atk 73
in which the second term o the right side vanishes by (6.3).
: . /
Therefore, ) - i
nty . ’ .§+m- ) :
. . k - 3 ‘ k PRECONE 4 _— .
(6-4) ) 2 (pfmt1)k 25 T L8 (e ek 2§ =00 "), r<i<e .
‘ k=0 7 , k=0 1T S
Since o0 > p° , from (3.22) and (6';‘-4) we h‘ave‘ R
. Coon ) - -(242).n
: . (zj o )Az 0, m(z ) 0(a p ) +0((o Iz l CH ) o,
where o i=.p-c satisfies (4.2). Thus, | -
./ » o v - v ' . v :
. . A R . .. n ~in (CIZ IO (2+2)}n
: _ -0 . g p L_’.j 1 / 95
(6.5) & (z,,£,) = 0f . X
o 4 RO .,~.,,Q_,,n,m j 1 lzn_o l |zn _ Un‘l’
S R SR 123 3 ‘
: .Noq\ce tha‘t . z._ 0p (1+1) l (9. 1) and p;(sz+_2) < p—(z'+1) b

' .(lo.‘-2)‘ w:lt:h this observation,v(6 5) yields
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™ n n
5 R 1) !ZJI
B¢ aalZypf) = o(—— (“l)n) ,
lo -z »
) o o“l
where § = max{T;~T-, 2+2L_< 1. . Hence, for every 3§ =1,2,...,2, we
3 Py
get
+1
/ot , 1f ]zj[ >ao ,
~ T ) 1 4
('4’=;lim IA: o m(zj,fl)l /n <
L tmre i +1
n |z.|/p2 , 1f p <lz | <o
j | j
This proves Theorem 2.3 for the region, Yl'
(?I) Lf Z)se-es2, , are 2-1 distinct points wiFh: Z, 1 # 0
in the region YZ’ ;e solve the system of ¢ equations
B L)
-1 K ,
zukz,=o,15j_<_g—1,.
Y k=0 ~

. k z. 2 ‘
with Meg = 1. Set fz(z) = (kéo M2 }/{1- (59 ) i Theg, on

repeating the above argument with suitable changes, we concludeﬂthat

v

— 0 B U7 L S
Ha |8y o afzpf)l 0 o™ 0 1< Can
n+o . : . .
This_completes the proof. - i . “; . o oo
o B B ’

a &
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CHAPTER VI
A CONVERSE RESULT IN THE THEORY OF EQUICONVERGENCE

OF INTERPOLATING RATIONAL FUCNTIONS

-«

§1. INTRODUCTION. Since the first extension [5],9fﬁi:lsh's theorem in
1981, there have been 1in the last few years a mumber of direct theorems
on the theory of equiconvergence of certain schemes of interpolatory

polynomial sequences. A recent paper of Saff and Sharma [18] also
_ A , .
gives some-direct theorems, but it.deals with the equiconvergence of’

: . ® ~~ - . .
two schemes of rational interpolants. Our object in this chapter is to

. ‘ , i
obtain a sort of converse oﬁJthLQ theorem on the 11neS'0€Eﬁ

P

corresponding theorem due to Szabados [22], which is related to the

Lagrange ihterﬁolant and the Taylor sections of an analytic function.

. We observe in Chépter I that (12.3) reduces.to'ﬁ classic ex&ension
'; - . ' -
[5] of a theorem of Walgh when ¢ + =. In this case, it is known that

- N

- ! ™ " Aol '
(1.1)- T 8B T Lygla ) - ;’Zo Pram (2 £av)

EY

where Lh+m(z’f)'€ "n+m“ is Lagrangg.interpolant to f(z) 1in ghe

.;,(n+m+1)th roots of unity, and
re .

{fxél 2 Pt (o ) g 3, v =0,1,2,..0
£l - Z,£,v):= a z7 , (v =-Q,1,2,...),
o oo PG DS B s
74 | @ . A T
jgéith f(z) := Xrakzk and lim |a llln - N : .
AN k=0 Come T :

. ' . £
/

the set ‘of 'all functions which

E L kT & ‘
... Let. Ab (or AQC)', p-2 1., denote

v

N .
L1 r

© are analytic in 121 <p (Qr-aﬂélytié in |z| < p and continuous in"
R ‘. . . ) v : ‘ . . N ’ ‘. N w . . -‘ ' -
ﬂ[ls_p). ~We shall say~that a. sequience ‘{Sn(z)}n;l'jig U.B. in
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[i] < Yr if {Sn(z)}:=1 1s uniformly boundéd in every closed subset

r
of [zl <y -
The following theorem is due to Szabados [22}:

Theorem A. Let 2 > 1 and mW>'—1 be fixed fntegers. If

feAC and if ™ (z fj}” ts U.B. in |z| < St fo?'soée
€ 1 £,n,m ’ n=1 = .

: *
p>1, then f ¢ A . A
p [

We shall prove an anaJogue of the above theorem when ¢ > 1 1is

finite.

-

. T P * .
§2. PRELIMINARIES AND STATEMENT OF MAIN RESULT. Let " f ¢ AIC and

let,

< 3

(B E0/(0T) L (R (2,600 € )

(2'}) rn+m,n(z’f’0) - Pn+m n+m

be the best Lz—approximant to f(z) ‘on [z|'=.8", o tes < 1 , among

' fatiqpal functions of the form: pn+m(2)/(zn'qn). pn+m(2)'§ LI A

' Recall thaé (i, (12.5)) ’ . .
- o1l -n .  mHl,.n -n -
- g ’ »Bn,m(z) . z ) (Z a ) AN

<

(2.2)" : idn’mfz) 1= 1-z

We.defiqg rational f?gctioné vn+d,h(2,f,V),L(y f\I(Z;...):{ 9f Fhe 
fom . ) ."‘ ot v . B s ':.,'

e » ‘&‘ 2 n _:‘: o - B
‘(2"3)‘rn+m)n(3;vfg.v)‘= Pm’ﬁ(?’f,v)/(z "'"(1 ) ’v (Pm’n(znf»\’) € "n+m) ’

. t ’ ' ' i

whf&h are determined reduféivelyyfroﬁ the'Ja§0b£ type exﬁanéiog‘(éf.

e - . J . K

*

-



#

j°’hééétive. AThiS'is<easily-seeﬁ on taking E(z);= (z-_n)-v1 ‘where we

1   @ho98g‘ a € (QQl) such that ¢ < P

77

(18}, (3.7))

) : w " Bn (2)\ ‘
f(z) = ) r Rz Ev) 2] <l

v=0 an,m _
. - If for a positive integer £, we set
' -1

(2.4) B,m,a( ) = R " (2, 6) vzo ptm,n (2 E0Y)

;here Rn+m n(z,f) 18 defined in (I, (12.2)), then we state our main

result as follows:

o

Theorem 2.1. Let m > -1 -and ¢ > 1 be fixed integers, and let

* . g+
f ¢ AIC. If, far some p > 1 and for some c-prz ! , the sequence,
(a9 (2,6))7_. glven by (2.4) s U.B. in |z| < o* ' then £ e A¥ .
. l,m,n 4 nal g———a.l ¢ __~_._._..._. ) o 4 _ € p ..

- -

-

" Remark 2.1. Theorem 2.1 may be looked upon ‘as a partfal converse

of the statement (I, €12.4)). A natural'questioﬁ which arises at this

) - . ,- £+1 EE VL) o. ® .
point’ is thg fbl;oer}g. If 1<o<p . ,..’z'md:i.f {%,n’m(‘z,,f)}n=1 ,,;s
uniformly bounded on every compact subset of the domain {z: |z| £ o},

’ . B . { T .o ! : o

C e n x . . . :
does f ¢ Ap? "We assert that, in generél, the answer is in ‘the
(?+1)“ =:'ﬁ%f1 ._‘Then f c,An' and

~

50,0

'+ from the Saff-Sharma Theotem (cf. I, (12.4)) wé have SAS L (2,8) 40

" ‘on every compact subset of {z: [z Ao} . But f € A and ‘so
- . . 2 ’ p -
= ; A

£.¢ A stnce o < pn .. SRR



. show that the sequences
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xf

Remark 2.2. Theorem 2.1 1s also valid if we consider - m < -1
(See [18] or (I, Remark 12.3) for the construction of the rationall

functions rh+m’n(z,f,v), v=20,1,2,..., when m < -1.)

A '

§3. SBME LEMMAS. 1In this section, we shall first compare some

palynomial interpolatory processes with some rational ones, and then

°

(z,f)}:=1 and {AZ n,m(z,f)} ,

'{Aﬂ,n+m

>

(o0 >p ) , given by (1.1) and (Z.Af re?pectively are eigﬁér both

bounded .or both unbounded in the region |z| < /o . It will enable us

1
2(8+1)

ic in ,|zlfy min(p,q ) , which {s the
X ' k)

-~ _ -~
to show that f is anal

main‘ideaﬁfhai underlies t éroof f Theorem 2.1.

- A [}

Lemma 3.1. Let the integer m > - 1” and let ¢ > 1 . If

iy
S -

- '
f e AC , then ;
o - Sy . N
(3¢1) lim {Lé+m(23f?--;Bn+m;n(z,f)}.= 0 ;' for |z| < {o

n+o

. i
“a b

. H : r

bpe- T -0 ‘ ; : - n_n .  fm
whére L n(Z,£) and Rn+m,n(z,f) = Bn+m’n(?,f)/(z o ) are defingd;i}ﬁh

Bi (1.1) §nd.(2L4) respectively. Mofeover, the’conVQrgepce in (3.1) 18

uhiform'and‘geometric“oﬁ”ébegy.cioéed subset of the region |z| <'/3 .

‘ Tas e " L L co . \¥
. . . . . E ~‘ .

_‘Ptéof.‘ Let w be'a primitive;'(n+m+1)th ‘root: ofﬁunity. ‘Ftoﬁ-
’ . N R o ‘o ) ‘ . ! . . . v . A_ s s N )
the definition of Lagrange imterpolating polynomial, we have . .

b



-

)

* oto Zr;+ur+l_l)< k )
L, (z,£) = J £(w )
- k-O(z‘—wk ”ml>

and

v

ths gives us

n(Z,f)‘- an(z’

ntm otm

. *x :
Slnce f € A1C , there 1s an
[t] < 1. «Le€ Jz| =1 ,"1 21

have . .
3 -
_an (z,f) - R

If 0 > 1, we optain

- a TIE{.max IRn%m;n(z’f) - (z f)}

nae |z|=r

which completes the broof.

.

-~

C LT et k<3+1>(f<w> w"-2"
k=0 j=0 ntmrtl SO

e, n

ntm zn+m+l_l k n K.
Bm,n(z,f) = ) ( k)<n+m+1)(w -0 ) f(w )
L k=0 zZ T w

79

-

6 - ngm (zmmll_l (mkf(wk) ‘
k=0 z - wk ntml

)

L 4

M >0 so that [f(t)|] <M for every

. Then, from tHe above relatian;awe*
\ ‘ v

~ A \

-

|<"=o"|

\

}l/n a2

L
g

Lemma 3. 2. Let d 2 -1 béfa fixed'integer énd g >~1{

fe AIC s then the conclusio

Lemma 3 1 remains valid if L

'5and R (z f) are replaced

‘6

P
]

&

b

(z,6) < M(aral )™ (—li-

4y

If

Y

V(2,8

by P (z,£,0) “and rn+m;n(z.fi0)
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{cf. (1.2) and (2.1)) respectively. .

.- . . . -

: I . -
_Proof t 1s known tjat rn}m,n(z’f’o) interpolates f(z)- 1in

o+l T -
the zeros of z (zn—o n) (I, Remark 12.1). Therefore,

) o+l - o+l ~ .
r (z,£,0) = 1 f ‘tn—o?g t (tn-o n)—z (zn—o n) f(t) dr
. mtm,n »h 271 n n mHL — -z .

[t|=6 z -0 t (t"-0o )
¥

._1 .
where g R § <1 . Also, we can write

U, (2,£,0) = o0 [ £ e g de
otm) 2ni " t-z [n+m+1 :

|e]=6
An elementary. calculation now shows that .
' *
En+m’n(zvf)0)'_ P(ﬁm(zif,-o)
(3.2) f(t)k (tr,z)de
= 1 j‘ . n
. p - : +
2nd |t =6 (t~z)(tnﬁo n)(zn_on)tn il
where .
. ~ . .+ 2 ‘
Ka(t,z) s= (T ML 20 mpn )y m
oL N o , '
3. ' -n, S tutiin o § I +m+l
BRSERY - I G 0 1€ L Ll Ll

Since. ‘sup  |f(t)] <M for some M >0 , from (3.2) we obtain

le] <1
’ , % 6 : oy s
O et el
(374) A _*#M" ' K (t,2) ¢
. Tl LS n_-n.n | t-z [lae] ,
B v 28 -0 )|z -of |t]=6 . -
whereas - . . ' = - . E )
. ) . B )
v \ = .
< . s * v



~ ' 81

K (t,z) n+m . m i
! +m— —
:Lz = (t n—tnzn-l) Z tjzn T3 " }: £z {
3=0 j=0
(3-3) '
n- .
. _ ~n(tn+m+1_ n_mtl zn+m+1) 2 d,n j-1
=0 ; -
If lz] =« > 1, and [t] =6 <1, then
K (t,z) '
2
i__%:;__.l < (6 n+6nrn—1)ﬁﬁuw1)zn+m7 GHUMﬂ)rm
i :
L4 < .
. tdp' > A
) , v
. - +1 . 1 -
o n(6n+m 1+ 6Q1m+ + Tnf@+l)nrn 1

. { .
. S
Notice that the relation (3.4) holds for all § e (o s1). -Using (3.95)
. ) - ' ’ ¢ ’
and then letting 6§ + 1 yields - ~

B
P

CM(n+m+1)lz12n

(l—c—n)|zn~onl

’ K]
1 0 (226500 = P (2,£,00] <

n+m

Here C 1is constaat indepéndeng/éf n. If o> lz] =1 , then it is
, _ ,i

éasy to see that - . v
. . ’ * : "' . l/n 1.2
B .+ lUm { sup ‘Irm_m'n(z,f,O) - P, (z,£,0)]} <
n+e  |z|=t . :
B . ’ “ . N
which proves the lemma. . ‘ S, N a
<

Lemma 3.3. Let m 2_-1,ﬁbe a fixed integer and a> 1. If

: * 0 o . > o .
- £ ¢ A,C , then the. conclusion of Lemma 3.1 remains-validvif’?Lnim(;,f)

t

1 -

. . ' . * o )
. and Rn+m’n(z,f) are rgglafgd«by, Pn+m(z'ffv) ‘and rh+m,n(z’fFV) ,

>

(v = 1,2,3,.44) , (ef. (1.5)&(2.3)) respectively.

‘Proof. An integral represéﬁcaﬁion of :r = (z,f,v), v > 1, 1s
= | . %7 nvmin SR

K
L ) . ° . N .
. L ‘ S ‘ '
. ; o .
. \ P ,
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~ i o - ‘
S given.'t¥f. I, (12.7))
) S e
3 : . n_a f(a_ (z))" H (t,z,v) -
] . 1 X - r Ly
3 (1'6) ' *ntm n(z’f’\'a) T 2n1 )f vntn On 25 +1) : t-2 de,
) S lt]=6 z ~a" \(8_ (2))"
. . S n,o
- where ) 0_1 < 8§ < 1‘ and
| Hn(t,z,v) := an’m(z)Bn’m(t) - an,m(tA)Bn,m(z)
.,_;:»:,(3'7) N v
NG , s = tn+ur+1_ Z“"’m"’l _ d—n(tz)ml(tn- Zn) _ c—n(tml_ zml)
“A
Also, from (1.2) we have ' ‘ 1
AN 1 n+artl
. ) 1 . £(t) tn+1n+ -z
. = ——
(3-8) Pa(2-0ov) = 707 ) (V1) (bt 1) ( -z dt
Colel=s ¢ ,
~ ‘ v—1 vl i, v-1 o+l >n_ j |
Since {an m(t)} d =‘1 + 2 (—"l)J(vj )(t o} )J, using (3.6) and (3.7)
{ ' 1
we can rewrite rnm,n(z,f,v) as
(3.9 = T () S Qg (B 6V T ()
atth 4 | , )
+mt1 n+mtl
: : £(t) - e -z
--ﬁ-"‘;"Qn+m n(?’:’v) n._-n. v+l ! e
. =g )) ot -z ¢
(3.10) .. . S ' *
- ~ . " ) : ,‘
T el £(e)J (t,2) i N
nHm,n* T Zﬂ-i"lqaé gt (tml(tn_a—n))\ﬁl". b
‘where ' o - ) ’ -
. . ) . v=1 ’ ﬁ
) n . -1 m+l -n .
. C T (t,z) := Hn(t,z,v)tz (“j_)(-t e} )J
' . N . j’l . '
N /r ‘, . | .
$ A . . 3 ’ S :
-0 “((tz)MI(té—zn) +.tm+1—zm+1) .« \

. Now pone can easily see after some computation that

0 T N
v . X o

[y



. (3-11) T (z,f,v) = o(li—l—i—)

.

~
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»

wm, n , [z —onl 3
v
and .
. . /a2
(3.12) “1im | sup [Qn_’_m’n(z,f,v) - Pm,n(z,f,v)] g
e Ik K .
</ . ¥

(3.12) follows fpom (3.10) and (3.8) on mimickiné the procedure

4

. .
starting at (3.1) in Lemma 3.2. Therefore, from (3.9)~(3.12), we

<

conclude that

_ x 1/n 2
Tn | sup [r_,  (z,f,v) - P FRCR ROY <=
nse | |z]=1 o n L7
/g - a

Remark 3.1. If .2 1s a fixed positive integer, then it follows,

directly from Lemma 3.3 that

2-1 . 1/n 2

N * T
lim }sup Z T o+m,n Lz Ev) - 1 Pn+m(z,f.v){ . <5
are | lz]2r =0 RE |
- ’ <flo P ‘ -
§ o ¥
/ . Sk

. -Next, we prove

. \ @
A

_'Lé@a 3.6. Llet, 2.2

- * ' ¢ - .
Suppoge .f € A C. Then {A (z,f‘)} .y isU.B. in lz| < /o if and
-only if the sequence '™ L0, m(z f)} " 15 also U.B. in the same region,

“and m > -1 be fixed integers and 0 > 1.~

where‘ Aﬁ,n,m(z’g) and A% 0, m(z,f) ‘ére g;venAby (1.1) and (2.4).

, .
. )

. | 1 | ]
rgaf{“ From the triangle inequality and the definition of

n; mﬂz f) and A (z £f) , we nate that
)

N
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g = . ] a = o
o |1A2,n,m(z,f)l—!z>,_,n’m<z.f>l] 8y =D - By (D]

® ‘ ” =
®, LI
.

An application of Lemma' 3.1 and Remarki 3.1 now gives. the desir®d
+ - .

result. ' 0

e,

N . ; -
Remark 3.2. JAf o > 92(2-1)

, then Lemma 3.4 alsd holds if o7

— . + : . B
lz] < /o 1is replaced by ]z] <p b For this, 1t is enough to note .

&

-+
that the Lemmas 3.1- 3 3 are valid for the region bz | ot 1

< /o §
4 A
. .
- .l a4 x.
£y
"

§4.  PROOF OF THEOREM 2.1. Figst’ assume .that o > p" *71) | By the

hypothesis-of Theorem 2.1°, {4 (2, £}, s U.B. 1a 2| <o

2 y,m
From Remark 3.2, it follows that {Al n,m

R *
|z] < 02'1 tqq. Thus, f € Ap by Theorem A. _
+1 7 2(2+1) ’ . w
Next consider p2 t <‘o <p (2+1) . Then {Ao (z,£)} being
. - .-L,n,m’ n=1

L+ . — g .
a U.B. sequence 1n [ ] < ot ' te also U.B. i |z| < /o . "Now from

(z, f)} " is U<B. in -

Lemma (3 4), it implies that ‘the. sequence {'c;

R(HE)T 15 UB. in
' 2+ , T
|zl <'{Q:5 If ve let £ := /g , then’ £ € A (cf Theorem A)

.
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’

: R *
Notice that £ >.1. Let p, := sup{n: f ¢ A }. Then p, > 1, f €A
) 1 n ‘_1 91

and f has a singularity on- [z| = pl~'

The prooflwill be completed by showing that Py > p . Assume that

tpp <o Then the set D = {z: pi 1 |z| < pl } contains

(z,6)}

. . g
infinitely many points, and {Az,n,m ! a=l

. © o+l L * B
lz] < p% , 1s béunded at each point of D . On the o;ﬁe{ hand,

being U.B. in

-

Tt e © .0 - .
g0 > COO Thus, {Ai,n,m(z’f)}n=1 cari not be bounded at more
i +1 “
than £ points in the region |z| > pi (cf. "V, Remark 2.2). This
h .
. : - x
contradicts the boundedness of {A (z,£)} at each point of D
£,n,m n=1

Therefore p;

L 2P . o
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APPENDIX

" The following observations and reflections are inspired by . the

work of Edrei, Saff and Varga [8] and by Edrei's study of Lindelof
functions. 1 gratefully acknowleage the benefit of some diseussipns

with Professor Edrei and of his kind suggestions during his’ brief’ visit
S

N

here in March '85S. : .
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1

The problem of the distribution of the zeros bf'sectiené of power-
series of analytic functions “"has a long and respeetable historyf.
Since Walsh's theorem on equiconvergence ([28] p. 153) shows a close

o

relationship between the Lagrange interpolant of an analytic funcgion
in the roots 6f unity and the parﬁial sections oﬁ,its‘Taylor series, 1t.
seems worthwhile to ask whether something can be said abOut the
asymptotic distribution of the zeros ef Lagrange internolanesein the

unity. Tnua i1f £(z) = (p—z)-l then, in tne‘notacion of

) . T n+1 . [T
, we‘have_'Ln(z,f, B pn(z,f), but if f(z) = e , we -

e s " .
L (z, ﬁ) ) az and P (Z,f) = ) z /k! vhere ’
k=0 ‘ ‘ k=0 : A

© . . . : .
ax = 20 (kn+k)! , k=20,1,...,n. Now it is not clear in this case

what relation exists betWeen the zeros: of p (z f) and those Ln(z,f)

as n + o,
Since f(z) = ez is entire, 1t~seema suitable to consi&er cﬁé

Lagrange interpolant L (z f) which intetpolates- f(z) in the zeros‘of

»

zn+1 —‘an+; = 0 where o> 1. We shall show that when suitably

normalized, the diffetence [L (z,£) - P, (2, f)]/a 2" tends to zero as

14

p @ This showa that asymptotically the distribution of the zeros

4
4 -
T . .
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of L (z f) and Py (z f) is similér when f(z) = ez .
e b

More precisely, we shall show that 1f £(2) = éz, z = nw, with

0 < 8y < |wi 5_1 , and o = ns,/2, we have

. LY (aw,£) = p (0w, ) . s
(A.1) ' 1lim = 0 , where a = 1/n!

n
n+e an(nw)

Proof. It is easy to see that

! a+l n+l o+l

g ‘ 1 e £(0)0™ (e 2T )
(A.2) L (z,f) - p (z,f) = dt .
n n - 2ni r (t_z)tn+1(tn+1_on+h)
: #

’
' - «
writing t = n(l¥¢), € > 0 and replacing z 1in (A.2) by aw with

9.

0% so”( |w] < 1, we have

'

L)

] E , 4 ' e, - A
T n+l, o+l_ ol n+1'
» < eg ' (x -n__ fw| )t
Lo +1 )
. o (T—n]w|)1n+1(1n - n+1)| nlw]n
4 ’ o ' 0
. . » . 1 n
If w=gse?,0 (_5% <8 <1, then (since a_ = =y~ = ) we
€. -~ ) ) - “n n! n=— '
o . S nvY2mn

t n+1( n+1 n+1 n+1)t/21n R (1+“n)

" ‘ . I.S ' — : -y ,(wﬁérg n_+ 0).
. (T_ns)1n+1( ol n+1) S 2 )

v



- -
L JySe

P
~a

1+e) n+l] Wy o— -0, . .
ens‘ E) a- (1+€)n }/2m e n(1+n ) b

(1_ li ) n+1(1+e)n4=1(1 (

n+1 n °
n(1+e)) )

¢

_Since {1 - (TEEJn+1}/(1- I%é) < ntl , on sﬁbstituting' o = syn/2 and

simplifying, we get - ' .

AN

{2%n (n+1)ene(l+nn)

RS s ntl i
2n+1( 1- 0 ) o
2(1+e) :
which tends to zero ags n » » , since e“%,é‘ﬂ Log 2 . —n(log 27€)3w0
It may be 1nteresting to examine more systematically the S

distribution of the zeros ofuLagrange interpolants of éther entifé'

transcendental functions of finite order and exponential type on

~
s ¢ @

, equidistributed‘nqdes (in the_sense of H, Weyl). ﬁ

— 4 !



