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Abstract 

Instability, morphology, and dewetting of thin films have been the subject of intensive research 

due to their important industrial and technological applications, including decorative or protective 

coatings, an intervening media in liquid-liquid emulsions, and polymer films in soft lithography. 

Thin-film instability can be triggered either naturally through intermolecular forces or with 

external forces such as mechanical, thermal, and electric forces. Thermal-induced patterning of 

ultra-thin liquid films subjected to temperature gradient is investigated by characterizing the 

dynamics, instability, and pattern formation process. The majority of existing studies in the 

literature are restricted to lubrication approximation, which is only valid for the cases that the 

initial film thickness is smaller than the characteristic wavelength of induced instabilities. The 

long-wave approximation is not valid in the later stages of pattern evolution. Hence, in this thesis, 

the full governing equations of fluid flow and the thermally induced Marangoni effect are 

employed to track the polymer film's interface and the air bounding layer. First, a phase-field 

numerical model is developed to simulate the dynamic process of thermal-induced patterning. A 

systematic study on the impact of influential parameters has revealed an increase in the temperature 

gradient, thermal conductivity ratio, and initial thickness of the thin-film resulted in a shorter 

processing time and faster pattern formation. The newly developed numerical model more 

accurately predicts the characteristic wavelength than the linearized model. In the second part, the 

volume of fluid (VOF) and thin film (TF) methods are used to solve the governing equations. The 

results obtained from VOF are compared with the TF model in many cases to find the best model for 

predicting the characteristic wavelength for the growth of thermal-induced instabilities. This is followed 

by examining the effect of the protrusion width and the distance between the protrusions on the 

structures' final shape and interface evolution time in both VOF and TF models. Then, the linear 
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theoretical relations for forming secondary pillars are presented based on the width of protrusions, 

their separation distance, and the inverse filling ratio. The number of pillars is found to increase 

with the protrusions’ width and distance between protrusions. In the last part, a mathematical 

model is developed to characterize the thermocapillary destabilization of the air–polymer interface 

for non-Newtonian polymer films. A power-law model is adopted to model shear-

thickening/thinning fluids and overcome the assumption limitations, such as the independence of 

viscosity from the shear rate. The presented analyses in this Ph.D. thesis will advance existing 

knowledge in the thermal-induced patterning mechanism, providing practical implications for 

lowering the cost and time requirements in designing related experiments.  



iv 

 

Preface 

   Journal Papers from Ph.D. thesis: 

- Ali Mohammadtabar, Hadi nazaripoor, Adham Riad, Arman Hemmati, Mohtada Sadrzadeh, A 

numerical study for thermocapillary induced patterning of thin liquid films, Physics of Fluids 32 

(2), 024106 (2020). 

- Ali Mohammadtabar, Hadi Nazaripoor, Adham Riad, Arman Hemmati, Mohtada Sadrzadeh, 

Two-layer modeling of thermally induced Bénard convection in thin liquid nanofilms: Volume of 

Fluid approach vs. Thin-Film model, AIP Advances 11 (4), 045317 (2021). 

- Ali Mohammadtabar, Hadi Nazaripoor, Adham Riad, Arman Hemmati, Mohtada Sadrzadeh, 

“Thermocapillary patterning formation of the power-law fluids, Ready for Submission to Physics 

of Fluids. 

 

   Conference Presentations: 

- Adham Riad, Hadi Nazaripoor, Ali Mohammadtabar, Mohtada Sadrzadeh, Electrohydrodynamic 

patterning of non-newtonian thin films, American Physical Society, APS Division of Fluid 

Dynamics (Fall) 2019, abstract id.Q34.004 , November 2019. 

- Ali Mohammadtabar, Hadi Nazaripoor, Behnam Khorshidi, Mohtada Sadrzadeh, Numerical 

modeling of transport phenomena in patterned nanofiltration membranes, 3rd International 

Conference on Desalination using Membrane Technology, May 2017. 

  



v 

 

 

 

 

 

 

 

 

 

 

 

This thesis is dedicated to my late mother. 
 

For her endless love, support, and encouragement 

 

 

 

  



vi 

 

Acknowledgment  

 
I would like to express my sincere thankfulness to my late mother, who was among us when I 

started the program and was waiting for my Ph.D. graduation. My deepest regret is that I couldn’t 

make it when you were among us. Thanks for all your motherly care. 

It has been a great experience, and I would like to thank all the people who contributed in some 

way to the work presented in this thesis. First, I would like to express my sincere gratitude to my 

supervisors Dr. Mohtada Sadrzadeh and Dr. Arman Hemmati, for their continuous support, 

guidance, and advice. I would also like to thank my committee member, Dr. Morris R. Flynn, for 

his valuable comments and suggestions.  

This work wouldn’t be complete without financial support from the Natural Sciences and 

Engineering Research Council of Canada (NSERC), Canada's Oil Sands Innovation Alliance 

(COSIA), and Natural Resources Canada (NRC).   

Thanks to my friends and lab mates for their support, friendship and help. I thank Dr. Behnam 

Khorshidi, my office mate, for providing me valuable information. I also thank Dr. Hadi 

Nazaripoor for all his helpful comments and brainstorming discussions on different aspects of my 

research. 

I would like to sincerely thank my beloved wife, Simin, for her love, understanding, and constant 

support. Thank you for always being there for me through the ups and downs of my life. But most 

of all, thank you for being my best friend.  I feel lucky to have such a lovely companion to spend 

the rest of my life with.  



vii 

 

Contents 

 

Chapter 1 - Introduction 

1.1. Thin liquid film dynamics .................................................................................................................. 1 

1.2. Technological applications ................................................................................................................ 1 

1.2.1. Coatings ...................................................................................................................................... 1 

1.2.2. Emulsion and foams .................................................................................................................... 3 

1.2.3. Lithography (micron- and nano-patterning) ................................................................................ 5 

1.3. Scope and objectives .......................................................................................................................... 7 

1.4. Thesis organization ............................................................................................................................ 7 

1.5. Thesis contribution ............................................................................................................................. 8 

 

Chapter 2 - Literature review 

2.1. Previous instability studies: Surface Charge (SC) and Acoustic Phonon (AP) model .................... 10 

2.2. Previous instability studies: Thermocapillary (TC) model .............................................................. 11 

2.2.1. History ....................................................................................................................................... 11 

2.2.2. TC model for instability ............................................................................................................ 12 

2.2.3. Pattern replication through localized film deformation ............................................................ 13 

2.2.4. Nonlinear analysis in thermal induced patterning ..................................................................... 13 

2.3. Summary .......................................................................................................................................... 14 

 

Chapter 3 - A numerical study for thermocapillary induced patterning of thin liquid films 

3.1. Introduction ...................................................................................................................................... 16 

3.2. Mathematical Model ........................................................................................................................ 20 

3.2.1. Governing Equations and Boundary Conditions ....................................................................... 21 

3.2.1.1. Fluid flow and heat transfer ............................................................................................... 21 

3.2.1.2. Phase field equations .......................................................................................................... 21 

3.2.1.3. Boundary conditions .......................................................................................................... 22 

3.2.2. Validation and Verification ....................................................................................................... 25 

3.3. Result and Discussion ...................................................................................................................... 27 

3.3.1. Pattern Formation and Temperature Gradient ........................................................................... 28 

3.3.2. Influence of polymer thickness, driving force, and thermal conductivity................................. 31 

3.3.2.1. Effect of initial polymer thickness ..................................................................................... 31 



viii 

 

3.3.2.2. Effect of The Driving Force ............................................................................................... 31 

3.3.2.3. Effect of Thermal Conductivity ......................................................................................... 33 

3.3.3. Impact of Geometry on the Pattern Formation ......................................................................... 34 

3.3.3.1. Effect of protrusions width ................................................................................................ 34 

3.3.3.2. Effect of the distance between protrusions ........................................................................ 35 

3.3.3.3. Effect of protrusions height ................................................................................................ 37 

3.3.4. Effect of Wettability of Protrusions .......................................................................................... 38 

3.4. Conclusion ....................................................................................................................................... 40 

 

Chapter 4 - Two-layer modeling of thermally induced Bénard convection in thin liquid 

films: Volume of fluid approach vs. thin-film model 

4.1. Introduction ...................................................................................................................................... 41 

4.2. Mathematical Model ........................................................................................................................ 44 

4.2.1. Governing Equations and Boundary Conditions (VOF model) ................................................ 45 

4.2.1.1. VOF model and computational procedure ......................................................................... 45 

4.2.2. Scaling parameters and thin-film evolution .............................................................................. 50 

4.2.2.1. Linear stability analysis ..................................................................................................... 51 

4.3. VOF Verification ............................................................................................................................. 52 

4.4. Results and Discussion .................................................................................................................... 53 

4.4.1. Non-uniform Temperature Gradient and Morphological Evolutions ....................................... 53 

4.4.2. Characteristic wavelength Predictions: VOF vs. LS analysis ................................................... 56 

4.4.2.1. Validation ........................................................................................................................... 57 

4.4.2.2. Developing VOF model for thermocapillary thin-film flow .............................................. 57 

4.4.2.3. The effect of Marangoni and Capillary inverse numbers on the VOF-TC model ............. 59 

4.4.3. Effect of Mask Geometry on the Pattern Formation ................................................................. 62 

4.4.3.1. The effect of protrusions width .......................................................................................... 62 

4.4.3.2. The effect of the distance between protrusions .................................................................. 66 

4.5. Conclusions ...................................................................................................................................... 71 

 

Chapter 5 - Thermocapillary patterning of non-Newtonian thin films 

5.1. Introduction ...................................................................................................................................... 72 

5.2. Mathematical Model ........................................................................................................................ 74 

5.2.1. Problem statement ..................................................................................................................... 74 

5.2.2. Power-law for modeling non-Newtonian fluids ........................................................................ 75 



ix 

 

5.2.3. Thin-film evolution equation .................................................................................................... 76 

5.2.4. Linear stability analysis ............................................................................................................ 80 

5.2.5. Numerical modeling .................................................................................................................. 81 

5.3. Results and Discussion .................................................................................................................... 83 

5.3.1. Newtonian Fluid ........................................................................................................................ 83 

5.3.2. Time scale and spatiotemporal evolution in non-Newtonian TC patterning............................. 84 

5.3.3. Local effective viscosity distribution and its effect on pattern morphology ............................. 86 

5.3.4. Rheological effects on pillar density and the characteristic wavelength................................... 88 

5.4. Conclusions ...................................................................................................................................... 92 

 

Chapter 6 - Conclusion and future work 

6.1. Conclusion ....................................................................................................................................... 94 

6.2. Future work ...................................................................................................................................... 97 

 

References .............................................................................................................................................. 99 

 

Appendix A – Vertical distance and wettability in phase field approach ............................................ 116 

Appendix B – Thin film equation derivation ....................................................................................... 118 

  



x 

 

List of Tables 

 

Table 3.1. List of boundary conditions considered in the simulations. ........................................ 23 

Table 3.2. Parameters and constants used in TC simulation ........................................................ 24 

Table 3.3. The order of magnitude estimates for characteristic numbers. ................................... 25 

 

Table 4.1. List of boundary conditions considered in the simulations. ........................................ 49 

Table 4.2. Parameters and constants used in the TC simulation .................................................. 50 

Table 4.3. The effect of grid size on transient growth of interface height ................................... 53 

Table 4.4. The characteristic wavelength in the different approaches ......................................... 57 

Table 4.5. The different parameters used for finding a relation between the VOF and the LS 

analysis (𝑤 = 6 µ𝑚 and 𝑙𝑝 = 7 µ𝑚) ............................................................................................ 58 

 

Table 5.2. List of dimensionless parameters and their values. ..................................................... 80 

Table 5.3. Constants and parameters used in simulations. ........................................................... 81 

  



xi 

 

List of Figures 

 

Figure 1.1. Schematic of a dewetting process, a liquid film dewets into one drop. In the Young’s 

equation, 𝜃 is an equilibrium contact angle, 𝜎𝑠𝑣, 𝜎𝑠𝑙 and 𝜎𝑙𝑣 are solid/vapor, solid/liquid and 

liquid/vapor interfacial tensions.  𝜃 = 0 in initial wetting, 0 < 𝜃 < 𝜋 in partial wetting, and 𝜃 = 𝜋 

in nonwetting. ................................................................................................................................. 2 

Figure 1.2. Schematic view of thin film confined between two substrates. ℎ0 is the film thickness.

......................................................................................................................................................... 6 

 

Figure 2.1. Basic nanofilm instability geometry [64] .................................................................... 9 

Figure 2.2. Basic nanofilm deformation geometry with a patterned top plate [64] .............. Error! 

Bookmark not defined. 

 

Figure 3.1. 2D schematic of the ultrathin liquid film placed between the top (cold) and bottom 

(hot) substrates, where TH > TC > Tg. Here, Tg is the glass transition temperature of the 

polymer film.................................................................................................................................. 20 

Figure 3.2. Schematic diagram introducing the boundary condition and mesh of the 2D model 

(not to scale). ................................................................................................................................. 23 

Figure 3.3. The Effect of grid size on transient growth of interface height, ℎ0 = 100 nm, 𝑑 =

300 nm,𝑊1 = 800𝑛𝑚,𝑊2 = 200 nm,𝐻 = 100 nm 𝑎𝑛𝑑 ∆𝑇 = 50 ℃. ................................... 26 

Figure 3.4. Temporal evolution predictions of air–polymer free surface under ℎ0 =

100 nm, 𝑑 = 300 nm, 𝑊2 = 5000 nm, 𝐻 = 100 nm 𝑎𝑛𝑑 ∆𝑇 = 46 ℃.................................... 27 

Figure 3.5. Unsteady contour of temperature at a(i) initial stage, a(ii) 40 ns, a(iii) 70 ns and a(iv) 

100 ns. (b) The temperature gradient profile along the interface and the line near the protrusions 

at steady state condition. The protrusion width of 0.2 µm and the height of 0.1 µm. .................. 29 

Figure 3.6. Thermally induced hierarchical structures for a patterned template. 2D snapshots of 

the film interface, ℎ0 = 100 nm,𝐷 = 300 nm,𝑊1 = 800 nm,𝑊2 = 200 nm 𝑎𝑛𝑑 ∆𝑇 = 50, at 



xii 

 

different stages of the evolution process, a(i) initial, a(ii) 60 µs, a(iii) 141 µs, a(iv) 141 µs and 

a(v) 200 µs, (b) 2D snapshots of the pressure contour and velocity vector at different stages of 

the evolution process,  (c) The tracking of the interface height of a pillar. .................................. 30 

Figure 3.7. The changing trend of pattern formation induced by thermal gradient with the filling 

ratio factors of (a) 0.2, (b) 0.33, and (c) 0.5. ................................................................................. 32 

Figure 3.8. The implications of varying temperature gradient on (a) the polymer-air interface, 

and (b) the transient behavior of the interface height. .................................................................. 32 

Figure 3.9. The tracking of the interface height of a pillar at different ratios of thermal 

conductivity (𝐾𝑟). ......................................................................................................................... 33 

Figure 3.10. (a) The changing trend of pattern formation induced by thermal gradient with the 

different protrusion width, a(i) 200 nm, a(ii) 400 nm and a(iii) 800 nm, (b) The temperature 

gradient profile for two cases, a(ii) and a(iii). .............................................................................. 34 

Figure 3.11. Thermally induced hierarchical structures for a patterned template. 2D snapshots of 

the film interface at different stages of the evolution process, a(i) initial, a(ii) 0.83 ms, a(iii) 5 ms, 

a(iv) 5.83 ms, a(v) 6.66 ms and a(vi) 8.75 ms. (b) The tracking of the interface height of both 

primary and secondary pillar. ....................................................................................................... 36 

Figure 3.12. Relationship between the processing time and the template structure .................... 37 

Figure 3 13. The structure of the pillars for a base-case at different contact angle (a) 30, (b) 60, 

(c) 90, (d) 120 and (e) 150. ........................................................................................................... 39 

 

Figure 4.1. 3D schematic of the ultrathin liquid film placed between the top (cold) and bottom 

(hot) substrates, where TH> TC>Tg. Here, Tg is the glass transition temperature of the polymer 

film. ............................................................................................................................................... 45 

Figure 4.2. Schematic diagram introducing the boundary condition and mesh of the 2D model (not 

to scale). ........................................................................................................................................ 49 

Figure 4.3. Thermally-induced hierarchical structures for a patterned template, 𝑑1 = 3, 𝑑2 =

2, 𝑤 = 0.2, 𝑙𝑝 = 0.26, 𝑇 = 1, and 𝜆𝐿𝑆 = 3.06 µ𝑚. (a) 2D snapshots of the film interface at 

different stages of the evolution process. (b) Snapshots of the temperature distribution through the 



xiii 

 

channel. (c) The temperature at the interface over time. (d) The tracking of the interface height of 

a pillar. (e) The effect of different thermal conductivity over time conductivity. ........................ 55 

Figure 4.4. 2D snapshots of the thin film interface, 𝑑1 = 3, 𝑑2 = 2,𝑤 = 0.2, 𝑙𝑝 = 0.27, 𝑇 = 1 

,and 𝜆𝐿𝑆 = 3.06 µ𝑚. .................................................................................................................... 56 

Figure 4.5. Thermally-induced hierarchical structures for a patterned template. 2D snapshots of 

the film interface, ℎ0 = 100 nm, 𝑑1 = 300 nm, 𝑑2 = 200 nm, 𝑤 = 6 µm, 𝑙𝑝 =

500 nm 𝑎𝑛𝑑 ∆𝑇 = 100 𝐾 at different stages of the evolution process, a(i) initial, a(ii) 63 ms, a(iii) 

83 ms, a(iv) 119 ms, a(v)149 ms and a(vi) 220 ms....................................................................... 59 

Figure 4.6. The relation for dominant instability wavelength, 𝜆𝑐 for both VOF simulation and LS 

analysis. ......................................................................................................................................... 60 

Figure 4.7. Marangoni and Capillary inverse numbers, the characteristic wavelength from LS and 

VOF at different film thicknesses. ................................................................................................ 61 

Figure 4 8. Capillary inverse, the characteristic wavelength from LS and VOF at different 

temperature gradients. ................................................................................................................... 62 

Figure 4.9. (a) 2D snapshots of the interface deformation and (b) normalized temperature profile 

at the interface when multiple pillars form under the protrusion, 𝑤 = 0.52 ................................ 63 

Figure 4.10. 2D snapshots of the interface deformation predicted by the TF model at 𝑤 = 1.47.

....................................................................................................................................................... 64 

Figure 4.11. The different stages in the formation of the pillars by increasing the width of the 

protrusions where 𝑑1 = 3, 𝑑2 = 2, 𝑙𝑝 = 0.26 and 𝑇 = 1. ......................................................... 65 

Figure 4.12. The threshold value for the width of the protrusions at different polymer thicknesses 

where 𝑙𝑝 = 0.26 and Δ𝑇 = 1  , (a) VOF model (b) TF model. ................................................... 66 

Figure 4.13. 2D time snapshots of the film interface in the TC induced patterning process focus 

on the secondary pillar formation, 𝑑1 = 2, 𝑑2 = 1.5, 𝑤 = 0.31, (𝑙𝑝)𝑉𝑂𝐹 = 0.82 , 𝑇 =

1, and 𝜆𝐿𝑆 = 2.03 µ𝑚. ................................................................................................................. 67 

Figure 4.14. 2D time snapshots of the film interface in the TC induced patterning process focus 

on the secondary pillar formation, 𝑑1 = 2, 𝑑2 = 1.5, 𝑤 = 0.31, (𝑙𝑝)𝑉𝑂𝐹 = 2.1, 𝑇 =

1, and 𝜆𝐿𝑆 = 2.03 µ𝑚. ................................................................................................................. 69 



xiv 

 

Figure 4.15. The final stage of the pattern formation for the different range of stamp periodicity 

where 𝑑2 = 1.5, 𝑤 = 0.31 and 𝑇 = 1. ....................................................................................... 69 

Figure 4.16. The threshold value for the distance between the protrusions at different polymer 

thicknesses where 𝑤 = 0.31 and Δ𝑇 = 1, (a) VOF model (b) TF model. ................................... 70 

 

Figure 5.1. Schematic of the ultrathin liquid film placed between the top (cold) and bottom (hot) 

substrates, where TH> TC>Tg. Here, Tg is the glass transition temperature of the polymer film.

....................................................................................................................................................... 75 

Figure 5 2. The effect of grid size on transient growth of interface height ................................. 82 

Figure 5.3. (a) Nondimensional pillars' height over time for a Newtonian fluid (n=1), (b) Plot 

showing 3D pillar distribution for a Newtonian film with h0 = 25 nm. ..................................... 83 

Figure 5.4. Interface height of the fastest growth pillar and 3D snapshots of the interface structure 

over time for a shear-thinning case (n=0.75), (a) Maximum and minimum interface height vs. time, 

(b(i-iii)) 3D and 2D snapshots of the interface at three different times; b(i) t = 0.36, b(ii) t = 0.45, 

b(iii) t = 1.17. The parameters in this study are h0 = 25 nm, d = 100 nm, ∆T = 46 ℃, and n =

0.75. (c) Final shape and structure of the pillars from top view, (d) Nondimensional pillars' shear 

rate versus scaled time for a shear thinning case. ......................................................................... 85 

Figure 5 5. Interface height of the fastest growth pillar and 3D snapshots of the interface structure 

over time for a shear-thickening case (n=1.2), (a) Maximum and minimum interface height vs. 

time, (b(i-iii)) 3D and 2D snapshots of the interface at three different times; b(i) t = 0.15, b(ii) 

t = 0.17, b(iii) t = 1.17. The parameters in this study are h0 = 25 nm, d = 100 nm, ∆T =

46 ℃, and n = 1.2, (c) Final shape and structure of the pillars from the top view, (d) 

Nondimensional pillars' shear rate versus scaled time for a shear thickening case. ..................... 86 

Figure 5.6. (a) Tracking interface height over time for a shear-thinning fluid (n=0.75), (b) 

Nondimensional pillars' viscosity versus scaled time for a shear thinning film, (c(i-iii)) 

Spatiotemporal evolution of the interface at nondimensional times 𝑡 = 0.36, 𝑡 = 0.49 and 𝑡 =

1.17, (d(i-iii)) Effective viscosity distribution at nondimensional times 𝑡 = 0.36, 𝑡 = 0.49 and 𝑡 =

1.17. .............................................................................................................................................. 87 



xv 

 

Figure 5.7. (a) Tracking interface height over time for a shear-thickening fluid (n=1.2), (b) 

Nondimensional pillars' viscosity versus scaled time for a shear thickening film, (c(i-iii)) 

Spatiotemporal evolution of the interface at nondimensional times 𝑡 = 0.15, 𝑡 = 0.17 and 𝑡 =

1.17, (d(i-iii)) Effective viscosity distribution at nondimensional times 𝑡 = 0.15, 𝑡 = 0.17 and 𝑡 =

1.17. .............................................................................................................................................. 89 

Figure 5.8. (a) The characteristic wavelength obtained from linear stability (LS) analysis versus 

flow behavior index for different film thicknesses, (b) The characteristic wavelength at different 

film thicknesses for both shear thinning and shear thickening cases............................................ 90 

Figure 5.9. Shear thinning case, (i-v) 3D snapshots of the interface profile. Initial film thickness, 

ℎ0 = (i) 65 nm, (ii) 55 nm, (iii) 45 nm, (iv) 35 nm, (v) 25 nm. Ma= (i) 1.54, (ii) 2.38, (iii) 3.65, 

(iv) 5.76, and (v) 9.69. Plates distance, d=100 nm, temperature difference, ∆𝑇 = 46 °∁. ........... 91 

Figure 5.10. Shear thickening case, (i-v) 3D snapshots of the interface profile. Initial film 

thickness, ℎ0 = (i) 65 nm, (ii) 55 nm, (iii) 45 nm, (iv) 35 nm, (v) 25 nm. Ma= (i) 1.54, (ii) 2.38, 

(iii) 3.65, (iv) 5.76, and (v) 9.69. Plates distance, d=100 nm, temperature difference, ∆𝑇 = 46 °∁.

....................................................................................................................................................... 92 

 

Figure A1. The changing trend of pattern formation induced by thermal gradient with the different 

substrates distance, (a) 270 nm, (b) 300 nm and (c) 400 nm. ..................................................... 116 

Figure A2. Surface tension balance based on Young’s considerations. .................................... 117 

 

Figure B1. Thermally-induced hierarchical structures for a patterned template. 2D result of 

nonlinear thin film, ℎ0 = 100 nm, 𝑑2 = 200 nm, 𝑤 = 6 µm, 𝑙𝑝 = 500 nm 𝑎𝑛𝑑 ∆𝑇 = 50 𝐾 at 

different shorter substrates distance, (a) 𝑑1 = 220 nm, (b) 𝑑1 = 250 nm, and , (c) 𝑑1 = 300 nm. 

(d) The tracking of the Interface height of pillar at different shorter substrates distance. .......... 118 

 

  



xvi 

 

Nomenclature 

𝐴 Effective Hamaker constant [𝐽] 

𝐵𝑖 Biot number [-] 

𝐵𝑜 Bond number (Bo) 

𝐶𝑎−1 Capillary inverse number, (
𝜎

𝜇𝑢𝑐
) [-] 

𝑑1 the longest separation distances between plates [𝑚] 

�̃�1 dimensionless the longest separation distances between plates [𝑚] 

𝑑2 the smallest separation distances between plates [𝑚] 

�̃�2 dimensionless smallest separation distances between plates [𝑚] 

𝑑𝑎𝑣𝑒 average separation distances between plates, 
(𝑑1+𝑑2)

2
  [𝑚] 

�̃�𝑎𝑣𝑒 inverse filling ratio, (
𝑑𝑎𝑣𝑒

ℎ0
) [-] 

Δd the protrusions height [-] 

𝑫 deformation tensor 

𝐸 energy [𝐽] 

𝑓𝑓𝑟𝑒𝑒 free energy [𝐽] 

Fv volumetric force [𝐽] 

G chemical potential [𝐽] 

ℎ interface height [m] 

ℎ̃ dimensionless interface height, [-] 

ℎ0 initial interface height [m] 

K flow consistency index 

𝑘 thermal conductivity [𝑊 𝑚𝐾⁄ ] 

𝑘𝑟 relative thermal conductivity, (
𝑘𝑝

𝑘𝑎
) [-] 

𝑙𝑝 distance between two protrusions [𝑚] 

𝑙𝑝 dimensionless between two protrusions [-] 

𝑙 domain length [𝑚] 

𝑀𝑎 Marangoni number, 
𝜎𝑇∆𝑇

𝜇𝑢𝑐
 [-] 

𝑛 flow behavior index [-] 



xvii 

 

𝑃𝑟 Prandtl number, (
𝐶𝑝𝜇

𝑘
) [-] 

𝑝 pressure [𝑝𝑎] 

𝑅𝑒 Reynolds number [-] 

𝑡 time [𝑠] 

�̃� dimensionless time [-] 

𝑇𝐻 hot temperature [𝑘] 

𝑇𝑐 cold temperature [𝑘] 

𝑇𝑔 polymer glass transition temperature [𝑘] 

𝑇0 reference temperature [𝑘] 

ΔT temperature difference, (𝑇𝐻 − 𝑇𝐶) [𝑘] 

𝑤 the protrusion width [𝑚] 

�̃� dimensionless the protrusion width [-] 

𝑢𝑐 The characteristic velocity, (
𝜎𝑇𝑘𝑟𝑑𝑎𝑣𝑒∆𝑇

𝜇[(1−𝑘𝑟)+𝑘𝑟�̃�𝑎𝑣𝑒]2
) [𝑚 𝑠⁄ ] 

𝑢𝑥, 𝑢𝑦 , 𝑢𝑧 velocity components in x, y, z directions [𝑚 𝑠⁄ ] 

x, y, z cartesian coordinates [𝑚] 

  

Greek symbols 

α volume fraction [-] 

µ dynamic viscosity [𝑘𝑔 𝑚−1𝑠−1] 

𝜐 kinematic viscosity [𝑚2𝑠−1] 

ρ Density [𝑘𝑔 𝑚3⁄ ] 

𝜎 surface tension [𝑁 𝑚⁄ ]  

𝜎0 reference surface tension [𝑁 𝑚⁄ ] 

𝜎𝑇 temperature derivative of the surface tension [𝑁 𝑚𝐾⁄ ]  

𝜎𝑠𝑣 solid/vapor surface tension [𝑁 𝑚⁄ ] 

𝜎𝑠𝑙 solid/liquid surface tension [𝑁 𝑚⁄ ] 

𝜎𝑙𝑣 liquid/vapor surface tension [𝑁 𝑚⁄ ] 

𝜅 curvature [𝑚−1] 

𝜆 the characteristic wavelength  



xviii 

 

𝜉 Long-wavelength approximation factor [-] 

θ Equilibrium contact angle (radian) 

�̇� shear rate [𝑠−1] 

Subscripts 

𝑙 liquid phase 

𝑔 gas phase 

𝑎 air 

𝑝 polymer 

𝑉𝑂𝐹 volume of fluid 

𝐿𝑆 linear stability analysis 



1 

 

Chapter 1 – Introduction 1 
 

 

1.1. Thin liquid film dynamics 

Thin liquid films and surfaces have been widely used in our daily life. They are present as 

protective coatings to enhance the conduction or insulation of surfaces or decorative coatings to 

improve the product's beauty [1]. They are also needed in the intervening area in oil-water 

emulsions and employs as an eye lubricant [2]. Thin liquid films have been applied in a cooling 

method for the thermal management of semiconductors [3].  

The stability of thin films plays a vital role in technological processes; therefore, there has been 

done numerous theoretical and experimental studies to investigate the influential parameters that 

lead to the film rupture [1,2,4–14]. Thin-film instabilities engendered either naturally (i.e., 

intermolecular forces) [4,15,16] or by external forces such as mechanical [17], thermal [18,19], 

and electric forces [20–23]. These perturbations result in various dynamics differing from stable 

films to ruptured films indicating dry holes. Such behavior is related to the intermolecular 

interactions that are usually not important in bulk fluid dynamics [10]. Thin films become unstable 

when the wavelength of fluctuations exceeds a critical value [9].  

An ultra-thin film (the thickness of films is 100 nm or less) is either stable or unstable, which can 

be determined by the sign of the second derivative of interaction potential respecting film thickness 

[9]. Natural intermolecular interactions determine the initial state of a thin film (polar [4] and 

apolar [9,10,12] interactions) which depends on the properties of system materials [24]. 

1.2. Technological applications 

1.2.1. Coatings 

Different techniques have been applied to cover the substrate for decorating or protecting the 

surface. The most common ones are galvanizing, electrochemical coating, vapor deposition, 

conversion coatings, thermal spraying, and thin-film coating that are used in various industries, 

ranging from the printing and textile, pharmaceutical and chemical, automotive to food industries. 

                                                           
1 Parts of this chapter is based on Mohammadtabar et al. Phys. Fluids. 32 (2020) 024106, Ref. [96] 
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Although each coating technique provides merits, some disadvantages are restricting their 

applications [26,27]. Homogenous, uniform thickness, and non-volatile liquid coated surface are 

of substantial technical importance in thin-film stability on the solid substrate and one of the most 

critical factors for adopting a coating method. The main concern causing unstable and 

heterogeneous thin film coating (As shown in Fig. 1.1.) is the disjoining of non-volatile liquid or 

dewetting [26,28–30]. Dewetting is a spontaneous phenomenon from the withdrawal of a liquid 

film from the substrate due to interaction and attractive interfacial and intermolecular energies. 

Dewetting can occur either by expanding the dry zone on the film surface and nucleation resulting 

in a metastable film or amplifying capillary waves, causing the formation of the unstable film 

[13,31,32]. The dewetting phenomenon happens in some sequence phases. The first phase involves 

the growth of perturbations and their amplification, followed by the film's rupture. Then, holes 

form and start expansion in their size, leading to a polygonal network of straight liquid string or 

rims. Finally, Rayleigh instability causes the decay and break up in strings resulting in the 

formation of droplets [33]. 

Surface chemistry, temperature gradient, initial film thickness, surface forces, and energy are key 

to defining the dewetting behavior [24,34,35]. Dewetting and instability in thin films (at nanometer 

thickness) takes place by spontaneous rupture of thin-film (a spinodal mechanism) due to long-

range van der Waals forces [16,34]. On the other hand, homogenous and heterogeneous nucleation 

arise from thermal noise and surface heterogeneity, respectively are the source of the instability 

and dewetting in thicker films [34].   

 

Figure 1.1. Schematic of a dewetting process, a liquid film dewets into one drop. In Young’s equation, 𝜃 

is an equilibrium contact angle, 𝜎𝑠𝑣, 𝜎𝑠𝑙 and 𝜎𝑙𝑣 are solid/vapor, solid/liquid and liquid/vapor interfacial 

tensions.  𝜃 = 0 in initial wetting, 0 < 𝜃 < 𝜋 in partial wetting, and 𝜃 = 𝜋 in nonwetting. 
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The Dewetting process is considered a dynamic process starting from a non-equilibrium condition: 

the flat film on the substrate and continuing to reach an equilibrium state where a droplet or a set 

of droplets emerges [29]. Considering a droplet at the solid surface, there are three distinct phases: 

liquid-gas, solid-liquid, and solid-gas. In equilibrium condition, a liquid drop on a homogenous 

surface forms a spherical cap with the contact angle of 𝜃, tangent to the droplet at the three phase 

contact line. Young’s equation defines the relation between the contact angle of 𝜃 and three-phase 

contact line [24,29,35]. However, the intermolecular interactions between liquid-vapor and solid-

liquid interfaces are not considered in Young’s definition. These interactions can be determined 

by van der Waals interactions consisting of Keeson, Debye, and London dispersion forces. The 

van der Waals interaction for a thin film layer on the solid substrate bonded with another layer is 

defined as ∅𝜈𝑑𝑊 = 𝐴 6⁄ 𝜋ℎ3 where A defines as the effective Hamaker constant depending on 

substrate material and fluid layers [24,25]. For example, the effective Hamaker constant for a 

three-layer system is defined as  𝐴213 = (√𝐴33 − √𝐴11)(√𝐴22 − √𝐴11) where subscripts 1, 2, 

and 3 refer substrate, liquid film, and bounding fluid, respectively. Hamaker constant with a 

negative sign signifies the liquid film is stable and does not dewet the substrate[24,25].  

1.2.2. Emulsion and foams 

The thin film acts as an intervening media to separate the dispersed gas-liquid phase in food foam 

or liquid-liquid emulsion, either water-in-oil or oil-in-water [36].  The stability of foam and 

emulsion is a function of stability and structure of thin-film forming between bubbles, emulsion 

drops, or a bubble and oil drop, respectively. Coalescence is one of the most important mechanisms 

in controlling the stability of foam and emulsion.  

The thin liquid film emerges from the local deformation of the collision of two droplets or bubbles. 

Then it starts draining in droplets/bubbles in the presence of a Laplace pressure until the film 

thickness reaches the critical value and ruptures. This phenomenon refers to the coalescence 

process.  The coalescence process causes the foam or emulsion to become unstable, which is called 

demulsification. It worth noting that the average size of bubble or droplets depends on the 

instability level of foam and emulsion [37,38].  

As noted above, dispersed colloid systems such as foam and emulsion have fundamental 

importance in various industries. Surfactants are implemented as emulsifiers to provide stability 

of emulsion or foam in the food and pharmaceutical industry. However, in the oil industry, various 
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demulsification techniques are applied to produce produced water, which plays a crucial role in 

crude oil extraction. These techniques include filtration, chemical demulsifier, heat treatment, and 

electrostatic emulsion [7,39].     

The knowledge of the interaction between different shape deformations and their interaction 

strength is required to perceive the interactions between soft materials (bubbles or droplets) and 

liquid film. The most critical factors contributing to the dynamic drainage of thin films are as 

follows: the inertia of the drop/bubble, fluid viscosity, surface tensions, inertial separation, surface 

forces, and thin-film hydrodynamic behavior [6,7].  

As mentioned, the coalescence process occurs when a droplet or bubble approaches the liquid-

liquid surface and forms a thin film liquid layer between them, then starts draining to become 

unstable. At the early stage of the phenomenon, the liquid film is thick enough to apply Reynolds 

lubrication theory considering hydrodynamic interactions. It worth noting that intermolecular 

forces like van der Waals and electrostatic forces can be neglected in this stage [6,40]. In contrast, 

at the higher film thickness (where intermolecular forces have a dominant role), the intermolecular 

forces significantly affect the geometry deformation of the thin film [8,41,42]. The gravidity 

effects in the film thickness at the range of micro/nanometer are negligible [6].  

To model the droplet deformation at equilibrium condition mathematically, the Young-Laplace 

equation obtaining from the minimization of the isothermal Helmholtz surface energy is used. 

Moreover, the Stokes Reynolds Hydrodynamics method can be implemented to determine the 

hydrodynamic and thin liquid film drainage. The most important outcome can be derived from the 

mathematical modeling of thin liquid film to the time rate of droplet or bubble deformation and 

thin-film configurations. The main challenge in mathematical modeling and quantitative analysis 

is that droplets/bubbles in various length scales range from submicron to millimeter. For example, 

there are droplets/bubbles at the scale of a millimeter in a thin film with nanometer thickness, and 

their interaction leads to the deformation in orders of tens/hundreds of micrometers. Another 

challenge regarding the mathematical modeling of thin-film is the high non-linearity characteristic 

of the governing equations consisting of momentum balance, conservation of mass, stress balance, 

and kinematic boundary conditions at the film interface. In addition, the transient behavior and 

stable/unstable conditions of the thin film is another issue that should be considered in the 

modeling [6]. 
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1.2.3. Lithography (micron- and nano-patterning) 

Reducing the structure size on combined circuits using nano-sized patterns is the main challenge 

to the semiconductor industry [43]. Although numerous techniques have been employed to transfer 

micron and submicron-sized patterns to the surface of thin-film layers, photolithography is 

considered a widely used method for fabricating combined circuits in the electronics industry [44]. 

Photolithography, similar to other micro/nano-fabrication techniques, is an expensive and time-

consuming multi-step method, which also uses environmentally harmful etching processes. The 

higher costs associated with high standards for devices and processes pose a challenge in the 

industry. Over decades, there have been tremendous efforts to use alternative patterning techniques 

that are more favorable in terms of process time and cost [45]. Some of these techniques are 

embossing methods [46], drop-on-demand and printing technologies [47–49], and lithography-

induced self-assembly (LISA) in very thin single liquid films [17,19,50,51]. One of the key 

advantages of the LISA is the optically smooth surfaces generated due to the limited physical 

contact between the thin film and master mask. Furthermore, employing self-assembly indicates 

the ability to fabricate patterning to 3D structures, while either multilayer or serial direct-write 

methods were required in conventional microfabrication techniques to achieve 3D architectures 

[52]. Self-assembly, however, assets the demerit of detaching much of the control of final features 

from the lithographer. This can leads to undesirable impacts, like kinetics defects or 

thermodynamic or degraded final states. To solve this problem, the hybrid methods have been 

improved based on top-down templates for bottom-up patterns. One of the earliest examples of 

this method is liquid crystal templating (LC) using rubbed surfaces [53]. Several other examples 

show the existence of this process, especially in the area of block copolymer [54,55] and colloidal 

lithography [56]. In general, self-assembly is typically driven by an external force such as electrical 

[50,57,58], mechanical [17], intermolecular [59], thermal [60,61], or their combination [62]. This 

study seeks to highlight the thermocapillary (TC) forces for fabricating patterns on the surface of 

the polymer. TC-induced patterning of thin films is a pattern transfer that has received widespread 

attention due to its capacity to fabricate novel micro-and nano-sized features. In TC patterning, a 

nanofilm is placed between two plates heated through the lower surface and cooled at the top 

surface, as presented in Fig.1.2. Despite the application of TC-induced patterning, understanding 

the rationale behind the pattern evolution in thin micro-sized and nano-sized films is vital for 

further developing this method. There have been many works both experimentally and numerically 
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in the last two decades to investigate the effect of influential parameters such as temperature 

gradient, the initial film thickness, the thermal conductivity of polymer and bounding layer, and 

surface tension, which will be discussed in Chapter 2. The motivation for this thesis is that since 

the existing models cannot accurately predict the available experimental data in the literature, high 

accuracy nonlinear numerical model is needed for TC-induced patterning. Initially, the phase-filed 

framework is employed to simulate the TC induced instability and pattern formation of the thin 

film. Using systematic study, it was shown that effective parameters impact the shape and size of 

the final features. However, further studies were needed to show the relationship between the 

characteristic wavelength obtained by linear stability (LS) analysis and the CFD model. Hence, 

the second part of this thesis focused on how the temperature difference, polymer thickness and 

the distance between two substrates impacts the characteristic wavelength of created pillars. This 

work was extended by finding a linear theoretical relation for the formation of secondary pillars 

when the width of protrusion increased beyond the characteristic wavelength. The polymer film in 

the first and second parts of the thesis are assumed to behave as a Newtonian fluid, while many 

polymer solutions and molten polymers are non-Newtonian fluids. Hence, the last part of this study 

focuses on a power-law model for the TC patterning of polymer films showing shear-thickening/ 

thinning behaviors. This enables overcoming the limitation associated with assuming that viscosity 

is independent of shear rate. 

 

Figure 1.2. Schematic view of thin-film confined between two substrates. ℎ0 is the film thickness. 
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1.3. Scope and objectives 

Given the above discussion, the objectives of this work are:  

1. To solve the full governing equations, including the continuity, Navier-Stokes, and energy 

equations, without any LW limit simplification., which enables minimizing the coarsening 

effects and fabricating well-ordered pillars using a patterned substrate. This objective 

involves investigating the impact of the height and width of protrusions, initial thickness, 

and polymer properties on the final shape of the pillars and processing time.  

2. To develop a model to show the relationship between the characteristic wavelengths of VOF 

and the LS analysis, which includes studying the effect of different forces (viscous force, 

TC force, and the Laplace force) on the size and final shape of the pillars. This objective 

enables identifying the linear theoretical relations for forming secondary pillars based on 

the width of protrusions, the distance between them, and the inverse filling ratio. 

3. To improve the current linear models by considering non-Newtonian liquid films, which 

involves examining the effect of local viscosity variation, a function of shear rate, on the 

dynamics, instability, and morphological evolution of shear-thickening/thinning fluids.  

 

1.4. Thesis organization 

This dissertation is organized in a paper-based format and will be presented in six chapters.  

In Chapter 1, the potential technological applications associated with this research project are 

described along with their theoretical background. Moreover, the research goals and the scope of 

the work, the thesis's organization, and the contribution are provided. 

In chapter 2, a detailed literature review for thermally induced patterning is provided, focusing on 

recognizing the limitations in the theoretical approaches available in the literature. 

In chapter 3, a phase-field numerical model is presented to simulate the dynamic process of TC-

induced patterning. A parametric study is done to study the effective parameters on the pillars' size 

and final shape. In chapter 4, the dynamics, instability, and morphological evolution of a thin liquid 

film investigated using a volume of fluid (VOF) numerical scheme that incorporates the Marangoni 

stress to model the gas-liquid interface deformation. The results obtained from VOF then 

compared with the “thin-film” (TF) model and LS analysis in many cases to find an accurate model 

for predicting the characteristic wavelength for the growth of instabilities. 
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In chapter 5, Linear and nonlinear analysis has been performed to investigate the thermally induced 

pattern formation in shear thinning and shear thickening liquid films  

In chapter 6, the current study's main conclusions are described, and the recommendations for 

future work are presented. 

 

1.5. Thesis contribution 

Research on the subject has been mostly restricted to lubrication approximation which is only valid 

for the cases that the initial film thickness is smaller than the characteristic wavelength of induced 

instabilities. Since the long-wave approximation is no longer valid in the later stages of pattern 

evolution, we employed the full governing equations of fluid flow and the thermally induced 

Marangoni effect to track the interface between the polymer film and the air bounding layer. 

Initially, we used a phase-filed framework to simulate the thin film's TC-induced instability and 

pattern formation. To fabricate well-organized features, a patterned plate is used to create a 

heterogeneous thermal field on the film interface. The effects of the protrusions' height and center 

distance are documented for creating compact and well-organized pillars. 

Further investigations were required to reveal the relationship between the characteristic 

wavelength obtained from LS analysis and the CFD model. Hence, the second part of this thesis 

focused on how the temperature difference, polymer thickness, and the distance between two 

substrates impact the characteristic wavelength of created pillars. This work was extended by 

finding a linear theoretical relation for the formation of secondary pillars when the width of 

protrusion and the distance between them increased beyond the characteristic wavelength for both 

VOF and TF approaches. In all theoretical and numerical works in TC-induced patterning, the 

polymer film is assumed to behave as a Newtonian fluid. In contrast, many polymer solutions and 

molten polymers are non-Newtonian fluids. Hence, the last part of this study focuses on a power-

law model for the TC patterning of polymer films showing shear-thickening/ thinning behaviors. 

This enables overcoming the limitation associated with assuming that viscosity is independent of 

shear rate. These analyses aim to enhance our understanding of the thermal-induced patterning 

mechanism and save time and cost in designing related experiments.  
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Chapter 2 - Literature review2 

 

 
In 1999, the spontaneous formation of the nanopillars on the molten liquid film sandwiched 

between two substrates subject to a transverse thermal gradient was observed by Chou and Zhuang 

[50,63]. In their experiment, they studied solid polymeric nanofilms, which were first spun cast 

onto a cleaned silicon wafer with an initial film thickness, ℎ0 of approximately 100 nm. 

Subsequently, another silicon wafer was placed on this coated silicon wafer with the small air gap 

using spacers which determined the distance between two plates, 𝑑0, and this distance was 

different from several hundred nanometers to a micron. Fig. 2.1 shows a schematic of their 

experimental setup. The system was heated from below to above the glass transition so that the 

polymer was in a molten state. The heating cycle carried on for 5-80 min, and then molten polymer 

was allowed to solidify. After removing the top plate, the hexagonal arrays of pillars with a flat 

top and lateral spacing on the order of microns were revealed. There were several possible 

explanations at that time for the main physical mechanism that makes the polymer unstable. These 

possibilities will be discussed successively.  

 

 

Figure 2.1. Basic nanofilm instability geometry [64] 

                                                           
2 Parts of this chapter is based on Mohammadtabar et al. Phys. Fluids. 32 (2020) 024106, Ref. [96] 
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2.1. Previous instability studies: Surface Charge (SC) and Acoustic 

Phonon (AP) model  

The surface charge (SC) model was initially proposed by Chou and Zhuang [50,63] to explain the 

formation of periodic nanopillar arrays. The SC model treats the molten polymer from the 

viewpoint of fluid dynamics in which it linearly becomes unstable to perturbations. They 

hypothesized that the SC present in the molten polymer and the resulting imaged charged on the 

substrates creates an electrostatic force as a destabilizing force on the interface to overcome the 

stabilizing force of surface tension. They also conducted a set of experiments without the top plate 

and observed that no pillars were formed after the polymer's solidification. Therefore, they noted 

that thermal gradients might be playing a role in addition to electrical effects. However, they did 

not deliberately apply a thermal gradient across the surface by installing a top plate's cooling. 

Moreover, since the initial polymer thicknesses were very small, the critical numbers for cellular 

convection due to the thermal gradient such as Rayleigh-Bénard and Bénard-Marangoni 

convection showed too small value instability to occur.  Regardless, depending on the formation 

of the pillars due to temperature gradient remained unexplained.  

At the same time, Schäffer and his group studied instability in the same geometry [65–67]. Once 

again, polymeric films were initially cast on the silicon plates and put in a confined system using 

spacers. The main difference from the tests of Chou and Zhuang is that the top substrates were 

cooled in the experiments of Schäffer et al. The temperature of the top cold plate was above the 

glass transition temperature of the polymeric nanofilms while the temperature difference with the 

top and bottom plates was around 10 ºC. Both top and bottom plates were electrically grounded to 

rule out any electrical effect. Thus, the experiment setup was just imposed the transverse thermal 

gradient overnight, and then the polymer was solidified. As before, hexagonal arrays of the pillars 

were formed after removing the top plate. As Chou and Zhuang mentioned, Schäffer and his co-

workers determined the Rayleigh-Bénard and Bénard-Marangoni numbers in their experiments, 

and they found that the numbers were much smaller than the critical ones needed for instability. 

To justify their results, they suggested acoustic phonon (AP) as the dominant mechanism for the 

growth of instabilities that relied on the low-frequency acoustic phonons and the resulting radiation 

pressure that is exerted on the thin liquid film. They first derived a complete hydrodynamic theory 

showing the dependence of instability to the radiation pressure and then applied linear stability 
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analysis to find the characteristic wavelength for the fastest growing mode, 𝜆0. The characteristic 

wavelength was a function of the initial film thickness, temperature difference, thermal 

conductivity of the polymer and bounding layer, acoustic phonon coefficient, the distance between 

two plates, interfacial tension, and sound speed in the molten polymer. They conducted a set of 

tests to study the effect of influential parameters on the characteristic wavelength and then 

compared the obtained results with linear stability analysis.  However, this comparison occurs in 

the later stage of pattern formation, where the polymer nearly reached the top plate, and it is outside 

of the linear regime. Furthermore, van der Waals interactions were not considered in the AP model.  

 

2.2. Previous instability studies: Thermocapillary (TC) model 

2.2.1. History 

A century after Bénard explored cellular convection features in fluid layers subjected to a non-

uniform temperature gradient, the liquid layer's thermal convection is still an intense investigation 

object. This phenomenon has practical relevance for different applications like heat transfer in 

cavity [68–71], and there is a fundamental interest in the self-organized pattern formation and 

evolution dynamics of liquid interfaces. With this scope, the surface tension-driven instabilities 

can be dominant for the liquid layers with a thickness of less than O (1.0 mm). Initiated by the 

seminal work of Pearson [72], many studies have been devoted to the Bénard-Marangoni (BM) in 

a fluid layer due to the presence of a temperature gradient at the interface while considering a 

temperature-dependent surface tension (TC-induced) [73–75]. In general, the TC phenomenon can 

be categorized into two fundamental modes called short-wavelength (SW) and long-wavelength 

(LW). The SW-induced mode creates cellular convection patterns, which can be grown without 

any surface deformation. This often happens in less viscous liquid film or relatively thicker. In 

contrast, the LW mode is always accompanied by a surface deformation that occurs more in thinner 

and/or viscous films [76]. The formed structures' amplitude is commonly much smaller than the 

pattern periodicity but may have the same height as the film thickness.  

There have been several studies, both numerically and experimentally, to analyze the onset of 

instability and dynamics of a fluid layer experiencing SW-BM instability. To mention a few, 

Schatz et al. [77] visualized the pattern using shadowgraphy and then studied the hysteresis effect 
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during the heating and cooling process. Rahal et al. [78] used interferometry and infrared 

thermography to study the pattern dynamics, the deformation of the free surface, and the interfacial 

temperature distribution of SW-BM convection in a circular container. The SW-BM is applicable 

for a variety of practical problems like welding of steels [79], crystal growth [80], and convection 

under microgravity [81]. In terms of the LW-BM instability, VanHook et al. [82] conducted several 

experimental cases and theoretical studies for thick oil films with thickness in the order of 100 µm. 

They observed that the interface depressed or elevated locally depending on the film thickness and 

the oil and gas layers' thermal conductivities. 

 

2.2.2. TC model for instability 

Several years after Chou et al. [50], and Schäffer et al. [65], Dietzel and Troian started to study the 

issues existing in AP and SC models and reevaluate the assumptions of these models. They noted 

that phonon means free paths in the range of 10-100 nm needed for coherent reflection from the 

AP model's polymer interface have only been calculated at temperatures much less than the glass 

transition temperature. They concluded that Acoustic Phonon is unlikely the main mechanism of 

pattern formation. They also repeated the assertion by Chou et al. and Schäffer et al. that the critical 

numbers that commonly govern the Bénard-Marangoni convention are very small in thin-film 

experiments for instability. Their theoretical and numerical work [18,19] has illustrated a new limit 

of the LW-BM instability, which is not governed by the traditional critical numbers. They 

presented a TC model. This model's underlying concept is that the temperature gradient across the 

interface results in non-uniform interfacial tension that exerts tangential TC stress at the polymer-

air interface. They derived a relation for the characteristic wavelength of the fastest growing mode, 

𝜆0, as a function of plate separation, initial film thickness, and temperature difference. They then 

compared the characteristic wavelength obtained TC model to the experimental data of Schäffer 

et al. and showed that the TC model had a good agreement with the experimental data to that point 

and could play a vital role, if not dominant, role in the thermally induced pattern formation. After 

that, McLeod et al. did a set of experimental wavelength measurements to more study the main 

mechanism of pattern formation [51]. By improving the practical measurement techniques, he 

compared the characteristic wavelength obtained from the AP, SC, and TC models more 

accurately, and they found that the measured wavelength was most consistent with the TC model. 
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2.2.3. Pattern replication through localized film deformation 

There have been several works into controlling structure deformation as a potential manufacturing 

technique. In these studies, the top flat plate was replaced by a patterned plate. The presence of a 

pattern mask will create non-uniform temperature leads to localize deformation. 

Chou and co-workers were the first groups that demonstrated pattern replication using the top 

patterned mask with a triangle, a square, and the text "PRINCETON" [50,83]. In all these cases, 

pillar arrays were formed in the patterned mask's shape, and no deformation was observed in the 

regions outside the mask. In a similar study, Chou et al. showed that the film completely covered 

the patterned mask if it was adjacent to the initial film height, and the formed pillars merged into 

a continuous structure [63]. Schäffer et al. [17,65] similarity illustrated pattern replication of 

square arrays, hexagonal arrays, and lines with pillar sizes around 500 nm. In all cases mentioned 

above, the pillars were permitted to grow until they reached and contacted the top mask. Therefore, 

the formed pillars had a flat top due to their contact with the top plate. McLeod and Troian stopped 

the experiment before the pillars touch the top mask to create a square array of curved lenses [51]. 

The ability to control film deformations using the top patterned masks opens a new horizon for the 

fabrication of nano-sized structures with smooth surfaces.      

 

2.2.4. Nonlinear analysis in thermal-induced patterning 

The majority of studies are focused on the nonlinear analytical approach to model the interface 

dynamics and provide an insight into the timescale and length associated with the thermal-induced 

patterning process. The nonlinear model relies on the lubrication approximation leading to the so-

called "thin-film” [18,19,84]. In fact, the governing equations, including continuity, momentum, 

and energy balance equations, are simplified using low Reynolds number (𝑅𝑒 ≪ 1) and long-

wavelength approximation, which describes the ratio of polymer thickness to lateral scale is less 

than 0.1, results in a 4th order nonlinear equation called the thin film equation. By substituting the 

interface height with the sinusoidal perturbations in the thin-film equation and neglecting all the 

obtained nonlinear terms, the linearized predictions were found [19,62,84]. The thin-film solution 

showed the exact location of the interface at any time of the pattern formation. Nazaripoor et al. 

[84] employed both linear and nonlinear analyses of AP and TC models to determine the 

mechanisms responsible for instability growth and pattern formation in confined heated nanofilms. 
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The results showed that both models predict the formation of pillars and bicontinuous features for 

very low and high filling ratio, which defined the ratio of the distance between two plates to the 

initial film thickness. However, the obtained features in the TC model were smaller than those in 

the AP model. Regardless of the good accuracy of the predictions achieved by the thin-film 

equation and its low computational time and cost, this model suffers from its limitations in 

predicting the high aspect ratio interface deformation. Thus, a high accuracy nonlinear numerical 

model was required for TC-induced patterning. The influence of interfacial slippage on the surface 

instability of elastic thin films subjected to van der Waals-like surface interactions was studied 

[85].  Recently, different numerical techniques were applied to track the free interfaces, such as 

phase-field, volume of fluid (VOF), and level set models [86–88]. The phase-field model was 

considered as one of the most accurate approaches for simulating many types of microstructure 

evolution processes. This method is based on a diffuse-interface description developed by van der 

Waals [89] and then Cahn and Hilliard [90] independently. This method has also been used to 

study various multiphase problems, such as the spreading process of microdroplets [91], droplet 

impact on homogeneous surfaces [92,93], and electrohydrodynamic multiphase flow [94,95]. 

Moreover, phase field can be incorporated in other physical fields like thermal and electric fields 

[95], [96]. The VOF approach has also attracted significant interest due to its incredible accuracy 

in simulating of two-phase flow system with a sharp interface. This method has been commonly 

used in modeling the hydrodynamics of bubbles rising in a liquid [97,98]. Tomiyama et al. [99] 

showed that the shapes proved the high accuracy of the VOF approach in modeling the shapes and 

terminal velocities of a single rising bubble by comparing them to the published experimental data. 

Kawaji et al. [100] studied the two-dimensional modeling of a Taylor bubble rising in a stagnant 

fluid-filled tube. Given the high accuracy of the phase-field and VOF approaches, these models 

are selected in the present study to investigate the thermally induced patterning of the heated 

nanofilms numerically.    

2.3. Challenges of previous models and thesis objectives 

The reduction of the feature size from micron to submicron level and fabricating well-organized 

pillars using TC-induced patterning are found to be challenging due to the complex underlying 

mechanisms of this phenomenon. The existing models, the SC and AP models, failed to predict 

the characteristic wavelength obtained from the experimental data where the film thickness is less 



15 

 

than 100 nm. TC model can predict more accurately the characteristic wavelength; however, it is 

an empirical model. Moreover, most works rely on the assumption of the very low ratio of 

deformation amplitude to its lateral size. They also treated the molten polymer as a Newtonian 

fluid in their analysis. Therefore, a more comprehensive TC-patterning model is required to 

overcome these shortfalls. This thesis demonstrated that employing the phase-field and VOF 

models, as high-accuracy approaches for the two-phase flow problems, and solving the full 

governing equations without any LW limit simplification can predict more complex and even 

smaller structures. The effect of polymer properties, the relative thermal conductivity of polymer 

and air, filling ratio, and temperature gradient on the dynamics, instability, and pattern formation 

of the TC-induced patterning has been studied. Moreover, the effect of the Marangoni and 

Capillary number on the time evolution and the shape and size of pillars were investigated. Finally, 

a mathematical model is proposed to study the impact of the power-law rheology on the structures.  
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Chapter 3 - A numerical study for 

thermocapillary induced patterning of thin 

liquid films3 

 

3.1. Introduction 

Thermal-induced patterning of a thin liquid film is a promising method to fabricate micro/nano-

sized structures that rely on thermocapillary (TC)-induced instabilities and pattern self-

organization. Due to its merits in micro-contact, leading to easy demolding and low cost compared 

to other conventional micro-patterning techniques, it has become a topic of interest in the 

community. Micro- and nano-fabrication are essential parts of innovative solutions in the area of 

microelectronics, optoelectronics, and micro/nano-fluidics. Although numerous techniques have 

been employed to transfer micron and submicron-sized patterns to the surface of thin-film layers, 

photolithography is considered a widely used method for fabricating combined circuits in the 

electronics industry [101]. Photolithography, similar to other micro/nano-fabrication techniques, 

is an expensive and time-consuming multi-step method, which also uses environmentally harmful 

etching processes. The higher costs associated with high standards for devices and processes pose 

a challenge in the industry. Over decades, there have been tremendous efforts to use alternative 

patterning techniques that are more favorable in terms of process time and cost [45]. Some of these 

techniques are embossing methods [46], drop-on-demand and printing technologies [47–49], and 

lithography-induced self-assembly (LISA) in very thin single liquid films [17,19,50,51]. The latter 

is typically driven by an external force such as electrical [50,57,58], mechanical [17], 

intermolecular [59], thermal [60,61], or their combination [62]. One of the key advantages of the 

LISA is the optically smooth surfaces generated due to the limited physical contact between the 

thin film and master mask. However, a major problem with these self-organized pattern formation 

methods is the complex mechanism and nonlinearity in the growth of instabilities and pattern 

formation. Thus, a large number of investigations have focused on the behavior and characteristics 

of the thin liquid film in hydrodynamic instabilities approaches [18,19,58,62]. 

                                                           
3 Reproduced from Ref. [96], with the permission of AIP Publishing 
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A century after Benard [102] discovered cellular convection structures in fluid layers exposed to 

non-uniform temperature distribution, thermal convection in the liquid layer is still a subject of 

research, especially in the self-organized pattern formation of thin liquid films. The surface 

tension-driven instabilities can be dominant for the liquid layers with a thickness of less than 1.0 

mm. Initiated by the work of Pearson [72], many studies have focused on the Bēnard-Marangoni 

(BM) instability in a fluid layer due to a transverse temperature gradient at the interface while 

considering a temperature-dependent surface tension effect or TC [73–75]. The TC-induced 

instabilities are categorized into two fundamental modes: short-wavelength (SW) and long-

wavelength (LW). The SW-induced mode results in a cellular convection pattern, which can be 

developed without any surface deformation. These commonly occur in relatively thicker or less 

viscous liquid films or a combination of both. In contrast, the LW mode is accompanied by a 

surface deformation that is more dominant in thinner and/or viscous films [76]. The majority of 

early studies focused on the TC-induced instabilities of heated thin films [13,103], where the 

generated features on the surface had a small height-to-width ratio. In addition, capturing the 

formed features was not of practical interest.  

Chou and Zhuang [63] created micron-sized features on the molten liquid film using a high 

transverse thermal gradient. They discovered the formation of raised columnar features (pillars) in 

a thin molten polymer film that was confined with another plate with a small air gap. Although the 

main interest was the pattern formation via electrically induced instabilities, it was found that the 

features were also formed when there was no electric field applied to the system. The surface 

charge (SC) model was initially proposed as an underlying mechanism for pattern formation, 

which relies on the image charge-induced electrohydrodynamic instabilities that might be present 

in the molten polymer film. Later on, the same set of experiments was conducted by Schaffer et 

al. [17,104] to show that pillars are also formed after the grounding of substrates and liquid films. 

This result ruled out the electrostatic effect and acoustic phonons (AP) models as hypothesized 

alternatives to SC. The AP model relies on the radiation pressure caused by acoustic phonons at 

low frequencies. The AP model was accepted in the community until the recent study of Dietzel 

et al. [19] and McLeod et al. [51]. They observed the formation of periodic pillar arrays when a 

nanofilm is subjected to an external transverse thermal gradient. They proposed the LW-TC model 

as the responsible mechanism for the growth of instabilities. Their result showed that it is not 

necessary to achieve a critical Marangoni number for the onset of instabilities [76]. This was 
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despite the conventional BM instabilities. They performed systematic experiments and in-situ 

visualizations to verify the LW-TC model as the main reason for the growth and amplification of 

instabilities, which rules out both SC and AP models.  

Despite the application of TC-induced patterning, understanding the rationale behind the pattern 

evolution in thin micro-sized and nano-sized films is vital for further development of this method 

as a micro/nanofabrication technique. The study of interface dynamics and TC-induced pattern 

formation process is of considerable interest to researchers [50,104]. However, a direct simulation 

for the interface evolution remaining a challenge for the community. This is a multiphysics process 

that includes fluid flow from micro- to macro-scales, TC flow due to the interfacial tension 

inhomogeneity at the interface, and two-phase flow interface tracking. The early works focused 

only on the linear analytical approach to simulate the dynamic interface process and provide an 

insight into the length and time scales associated with the TC-induced patterning process [18,19]. 

The linear model relies on the Stokes flow and the lubrication approximation leading to the so-

called “thin-film equation”. The linearized predictions are found by replacing the interface height 

with the sinusoidal perturbations and neglecting all the resulted nonlinear terms [19,62,84]. In the 

majority of the works concerning the dynamics, instability, and dewetting of heated thin films, the 

morphological evolution of the interface and film rupture is found by solving the thin film 

equation, which relies on the validity of long-wave (LW) approximation [13,103]. The governing 

equations, including mass, momentum, and energy balance equations, are simplified using LW 

approximation, leading to a 4th order nonlinear equation called the thin-film equation. The transient 

solution provides the exact location of the interface at any time of the evolution. Despite the good 

accuracy of the predictions achieved by this model and its low computational time and cost, the 

thin-film model suffers from its limitations in predicting the high aspect ratio interface 

deformation, which might not be the case in the TC patterning studies. The thin-film model relies 

on the assumption of a very low ratio of deformation amplitude to its lateral size, limiting the 

accuracy of the predictions for the low aspect ratio deformation at the interface. Thus, a high 

accuracy nonlinear numerical model is needed for TC-induced patterning. 

The spatiotemporal evolution of the thin liquid film involves multiphase flow interface tracking, 

which can be modeled using computational fluid dynamics (CFD). These models track the 

interface between two phases, such as volume of fluid (VOF), Level Set, and Phase Field models 
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[86–88]. Among these methods, the phase-field approach is considered one of the most accurate 

models for simulating several types of microstructure evolution processes. The phase-field method 

is based on a diffuse-interface description developed by Van der Waals [89] and then Cahn & 

Hilliard [90] independently. The temporal microstructure evolution is illustrated by both Cahn-

Hilliard nonlinear diffusion equation and the Allen-Cahn (time-dependent Ginzburg-Landau) 

[105] equation. The Phase Field is formulated to minimize the sum of surface energy and bulk 

energy of the flow. While it has more underlying physics compared to the Level Set method, it is 

also shown to be more accurate when an appropriate mesh is generated at the interface [94]. The 

Phase Field model resolves the tri-phase contact line singularity by defining a diffuse-interface 

and present the Fluid-Solid Interaction by applying chemical energy diffusion instead of shear 

stress [106]. This method has also been applied to investigate different multiphase problems, such 

as droplet impact on homogeneous surfaces [92,93], spreading process of microdroplet [91], and 

electrohydrodynamic multiphase flow [94,95]. Furthermore, Phase Field can be incorporated in 

other physical fields such as thermal field and electric field [95]. Hence, the Phase Field is selected 

for this analysis to investigate the thermally induced patterning in heated liquid films numerically. 

Thus far, the majority of research has focused on using a flat plate as a top substrate that leads to 

the formation of hexagonal or random pillar arrays [17,84]. However, to obtain other types of 

packing, minimizing the coarsening effects and fabricating well-ordered pillars, a patterned 

substrate is used. The filling ratio, the ratio of polymer thickness to substrate separation distance, 

plays a vital role in the final shape of structures and secondary pillar appearance [62]. Moreover, 

Karapetsas et al. [107] studied the thermocapillary-driven flow of a droplet on a nonuniform heated 

patterned surface. It was shown that proper design of the substrate wettability could be used to 

manipulate droplet dynamics. Therefore, the wettability and adhesion forces between the liquid 

film and solid plates also affect the pattern formation mechanism and final shape and features. 

Here, we presented the phase-field model framework as a multi-phase flow interface tracking 

approach to simulate the TC-induced instability and pattern formation of thin films. In the 

proposed approach, the full governing equations, mass continuity, Navier-Stokes and energy are 

solved without any LW limit simplification. We study the effect of both physical and chemical 

properties of bounding plates on the size and shape of final structures. For the first part, we show 

that we can obtain a well-ordered nanostructure based on an interplay between the height and width 
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of protrusions and the pattern of plate periodicity and initial thickness. We also study the formation 

of a secondary feature from the residual polymer after the growth of primary pillars.  The effect of 

the properties of polymer-like thermal conductivity on processing time is also studied. In the 

second part, the effect of polymer wettability of bounding plates by changing the contact angle on 

the interface evolution at later stages of pattern formation is investigated. These analyses aim to 

enhance our understanding of the thermal-induced patterning mechanism and save time and cost 

in designing related experiments. 

3.2. Mathematical Model 

A two-dimensional schematic of the ultrathin polymeric film with the initial thickness of h0 is 

shown in Fig. 3.1. The liquid film is placed between two plates that are heated (TH) through the 

lower surface and cooled at the top surface (TC). The gap between the liquid film and the top plate 

is filled with air. The patterned top plate (mask) is used to create a non-uniform temperature 

distribution on the polymer-air interface. The protrusions on the top mask have a height of H and 

width of W2 and spacing of W1. The separation distance between the two substrates is set to D. 

Although the density and viscosity of molten polymer may change with temperature gradients, the 

liquid film is assumed to be incompressible and Newtonian with constant viscosity evaluating at 

the mean working temperature ( = 30 Pa s). 

 

Figure 3.1. 2D schematic of the ultrathin liquid film placed between the top (cold) and bottom (hot) 

substrates, where TH > TC > Tg. Here, Tg is the glass transition temperature of the polymer film. 
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3.2.1. Governing Equations and Boundary Conditions 

3.2.1.1. Fluid flow and heat transfer 

Mass conservation and time-dependent momentum balance equations are used to describe the 

velocity field and pressure distribution within the fluid layers.  

∇. (𝐮𝒊) = 0 (3.1) 

ρ𝑖[
∂𝐮𝑖

∂t
+ (𝐮𝑖. ∇)𝐮𝒊] = ∇. [−p𝑖𝐈 + µ𝑖(∇𝐮𝒊 + (∇𝐮𝒊)

𝑇)]   (3.2) 

Here, the subscript “i” denotes the fluid phase (1 for air and 2 for the liquid film).  

To find the temperature distribution in the system, the energy equation (Eq. 3.3) is also 

incorporated in the model, 

(⍴𝑐𝑝)𝑖
𝜕𝑇𝑖

𝜕𝑡
= ∇. (𝑘𝑖∇T𝑖),  (3.3) 

Where cp is the heat capacity and k denotes the thermal conductivity of fluid phases. The 

convective mode of heat transfer in our system is negligible (Biot number, 𝐵𝑖 =
ℎ0ℎ𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛

𝑘𝑝
 ≪

 0.1) as the film thickness in the TC process is in micron and submicron ranges. Therefore, it is 

neglected. The fluid flow is coupled with the energy balance equation to incorporate the effect of 

temperature on the velocity field at each time step. The thermophysical properties of the polymer 

are constant with the exception of density, which is calculated using the Boussinesq 

approximation. However, the effect of density variations within the thin film on the thermal-

induced patterning process is negligible compared to the effect of the induced surface tension 

gradient along the interface. 

The thermocapillary effects are incorporated in this model by coupling the fluid flow and the 

energy equations based on the Boussinesq approximation that implements the effect of temperature 

on the velocity field. This model ensures that the density differences only affect the flow field 

through buoyancy forces. 

3.2.1.2. Phase-field equations 

The Phase-field method, as a powerful tool for multiphase flow, is used to investigate the TC effect 

on dynamics and spatiotemporal evolution of the film interface. In this method, a phase parameter 

φ is defined to distinguish the two phases. Here, φ = 0 denotes one phase and φ = 1 represents 
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another phase. The polymer-air interface is considered a thin diffusive layer, which has the phase 

parameter φ between 0 and 1. The interface can be determined by tracking the profile of φ = 0.5. 

By defining the phase parameter, fluid phase properties of density (⍴) and viscosity (μ) are 

considered as a function of φ. Therefore, unified governing equations are solved for two phases, 

that is a polymer, air, and their interface [108].  

First, a free energy (ffree) is defined for the system, which takes the Ginzburg-Landau form [109], 

𝑓𝑓𝑟𝑒𝑒(𝜑) =
1

2
𝜆|∇𝜑|2 +

1

4

𝜆

𝜉2
𝜑2(1 − 𝜑)2                                                                                  (3.4) 

where 𝜉 is the polymer-air interface thickness and 𝜆 = 6√2𝜉𝜎 (𝜎 is the surface tension coefficient). 

Eq. 3.4 shows the energy density at each point in two domains. Based on Eq. 3.4, this energy is 

zero when φ = 0 or φ = 1. However, at the interface, where φ is between 0 and 1, this energy is 

nonzero and, it originates from the surface tension (𝜎). The chemical potential (G) is determined 

from the differential of the free energy density with respect to φ,  

𝐺 =
𝛿𝑓𝑓𝑟𝑒𝑒

𝛿φ
= 𝜆 [−∇2φ +

φ(φ−1)(φ−1 2⁄ )

𝜉2 ]                                                                                  (3.5) 

Tracking the deformation of the polymer-air interface needs the evolution of φ. The general energy 

equation of the phase parameter is the Cahn-Hilliard equation [94], which describes the 

conservation of the phase parameter: 

𝜕𝜑

𝜕𝑡
= −𝐮. ∇φ + M∇2𝐺                                                                                                              (3.6) 

Here, u is the velocity field, and M is the mobility of the diffusion effect. The term on the left-

hand side of Eq. 3.6 is the transient term of φ, while the first term on the right-hand side denotes 

the convection effect, and the second term represents the diffusion effect.  

3.2.1.3. Boundary conditions 

A two-dimensional computational model is used to solve the governing equations based on the 

finite element method (FEM) using COMSOL Multiphysics. The simulation domains shown in 

Fig. 3.2 consists of 2 subdomains (one for each phase), 7 boundaries, and 22 vertices. Initially, 

domain-1 and domain-2 are occupied by air and thin liquid film, respectively. The bottom 

substrate, which is shown by a red line, is exposed to a hot source. The top substrate (Blue line) is 

exposed to a cold source at constant temperatures. For the momentum equations, the no-slip 
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boundary condition is used for the top and bottom substrates. It is essential to define the periodic 

boundary conditions at edges 3, 4, 5, and 6. Sources 3 and 4 correspond to destinations 5 and 6, 

respectively. The red line in Fig. 3.2 indicates the initial fluid interface at boundary 2 and pressure 

point constraint applied at locations a and b, as two ends of the air-liquid interface. Table 3.1 

summarizes all the boundary conditions used for the simulation for the momentum, the phase-

field, and the energy equations. 

 

 

Figure 3.2. Schematic diagram introducing the boundary condition and mesh of the 2D model (not to 

scale). 

 

Table 3.1. List of boundary conditions considered in the simulations. 

Boundary number Momentum Phase-field Energy 

1 No-slip 𝜕𝜑

𝜕𝑛
= 0 𝑜𝑟 𝜃 =

𝜋

2
  

𝑇𝐻 

3 – 6 Periodic Periodic Periodic 

7 No-slip 𝜕𝜑

𝜕𝑛
= 0 𝑜𝑟 𝜃 =

𝜋

2
  

𝑇𝑐 

 

At the interface between fluid phases, a balance is considered for normal and tangential stresses, 

where the shear stress is proportional to the temperature gradient on the interface. This is achieved 

using the Marangoni effect multiphysics feature in COMSOL,  

𝐭 . {[−𝑃𝐈 + 𝜇(∇𝐮 + (∇𝐮)𝑇)]. 𝐧} = 𝛻𝑠𝜎 . 𝐭                                                                                 (3.7) 

where 𝜎 is interfacial tension that is approximated as a linear function of temperature,  
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𝜎 = 𝜎0 − 𝜎T(𝑇 − 𝑇0)                                                                                                                (3.8) 

Here, T is the temperature derivative of the surface tension, 𝜎0 is the reference surface tension 

and T0 is the reference surface temperature. Table 3.2 shows the constant parameters used by the 

models in this study as a base-case [110,111]. The range of geometrical parameters and the 

material properties used for the simulation are also adopted from the previous experimental studies 

focusing on the TC-induced patterning and reported [19,112].  

Table 3.2. Parameters and constants used in TC simulation 

Parameters Value Unit 

Density of air  (𝜌𝑎)           0.829 kg/m3 

Viscosity of air  (𝜇𝑎)               1.8110-5 Pa.s 

Thermal conductivity of air  (𝑘𝑎)          0.0225   W/m K 

Density of polymer  (𝜌𝑝)           1000  kg/m3 

Viscosity of polymer  (𝜇𝑝)               30   Pa.s 

Thermal conductivity of polymer  (𝑘𝑝)          0.13  W/m K 

Surface tension of polymer (𝜎) 4510-3 N/m 

Interfacial tension gradient (𝜎𝑇) 10-4 N/m K 

Temperature difference  (ΔT) 50 K 

Thermal conductivity ratio  (𝑘𝑝 𝑘𝑎⁄ ) 5.2 --- 

Initial thickness of the polymer film (ℎ0) 100 nm 

Distance between top and bottom substrate 

(𝐷) 
300 nm 

Height of the protrusions (𝐻) 100 nm 

Width of the protrusions (𝑊2) 200 nm 

Periodic length of the template (𝑊1) 800 nm 

 

To compare the dominant forces in the system, the non-dimensional numbers of Reynolds, 

Capilary, Grashof, Marangoni, Bond and Prandtl number are defined and their order of magnitude 

are tabulated in Table 3.3. 
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Table 3.3. The order of magnitude estimates for characteristic numbers. 

Nondimensional numbers Equation Order of magnitude 

Reynolds number (Re) 𝑅𝑒 =
𝑢𝐷

𝜗
 10−7 − 10−8 

Grashof number (Gr) 𝐺𝑟 =
𝑔𝛽∆𝑇𝐷3

𝜗2
 10−21 − 10−22 

Marangoni number (Ma) 𝑀𝑎 =
[(1 − 𝑘𝑟) + 𝑘𝑟�̃�]

2

𝑘𝑟�̃�
 100 − 102 

)1-Capillary inverse (Ca 𝐶𝑎−1 = [
𝜎[(1 − 𝑘𝑟) + 𝑘𝑟�̃�]2

𝜎𝑇𝑘𝑟�̃�∆𝑇
] 101 − 102 

Bond number (Bo) 𝐵𝑜 =
𝜌𝑔𝐷2

𝜎
 10−7 − 10−8 

Prandtl number (Pr) 𝑃𝑟 =
𝐶𝑝𝜇

𝑘
 104 − 105 

** u is the characteristic velocity (𝑢 =
𝛼

𝐷
) and �̃� is the filling ratio (�̃� =

𝐷

ℎ0
). 

The very low order of magnitude of Reynolds number (Re) indicates that the inertial (convective 

terms) effect is less dominant compared to the viscous effects leading to the Stokes flow of the 

fluid. The order of Marangoni number (Ma), which represents the relative strength of the TC force 

to the viscous force, and Capillary inverse (Ca−1), which represents the relative strength of the 

surface tension forces acting on the interface to the viscous forces, are large enough, so the 

dominant forces in the thin-film study are thermocapillary, viscous, and Laplace force. Prandtl 

number (Pr) is of the order of 104 − 105. Bond number (Bo), which is the ratio of gravitational 

force to surface tension force, is small enough so we can ignore the effect of gravity as well as the 

density variation. 

3.2.2. Validation and Verification 

To examine the optimum grid size, four different grids are generated using Physics-controlled 

mesh. The results for the interface height growth over time are presented in Fig. 3.3. These results 

show that the mesh generated with 2.78104 elements was sufficiently accurate for film interface 

height tracking.  
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The simulation results are also compared with experimental data reported by Dietzel and 

Troian[19] and the linear stability (LS) analysis method to ensure the validity of our numerical 

model. The value of 𝜆𝑚𝑎𝑥 obtained from experiments and LS are compared with our simulation 

results for the case of ℎ0 = 100 nm, 𝐷 = 300 nm,𝐻 = 100 nm,𝑊2 = 5 µm, and Δ𝑇 = 46 K 

with one long protrusion which mimics the same conditions as that used in the literature [19]. The 

spatiotemporal evolution of the film is shown in Fig. 3.4. As can be seen, three features are formed 

under the large protrusions at approximately 2.01 µm distances. Experimental results with a similar 

configuration showed that λmax,exp = 2.04 µm. However, the LS method overpredicts the value 

of λmax by a factor of ~2 compared to the experimental data (λmax,ls = 4.52 µm). Hence, the 

results obtained from the CFD model are in excellent agreement with the reported experimental 

results and can provide a better prediction of characteristic wavelength than the LS analysis widely 

used in current literature. 

 

Figure 3.3. The Effect of grid size on transient growth of interface height, ℎ0 = 100 nm, 𝑑 =

300 nm,𝑊1 = 800𝑛𝑚,𝑊2 = 200 nm,𝐻 = 100 nm 𝑎𝑛𝑑 ∆𝑇 = 50 ℃. 
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Figure 3.4. Temporal evolution predictions of air–polymer free surface under ℎ0 = 100 nm, 𝑑 = 300 nm,

𝑊2 = 5000 nm,𝐻 = 100 nm 𝑎𝑛𝑑 ∆𝑇 = 46 ℃. 

 

3.3. Result and Discussion 

A periodic pattern is used on the template to control the pattern formation and create well-ordered 

pillar arrays. This pattern generates a periodic temperature gradient along with the air-polymer 

interface. The lower temperature gradient magnitude corresponds to the areas under the protrusion, 

and the higher magnitude corresponds to the areas under the cavity. This non-uniform temperature 

gradient at the interface generates the surface tension non-homogeneity, which ultimately 

unbalances the stress distribution at the air-polymer interface and leads to a pattern evolution. The 

dynamics, instability, and morphological evolution of the interface depends on several process 

parameters such as temperature gradient, the protrusion dimensions and wettability, air gap 

thickness, the initial film thickness, and thermal conductivity of polymer film. It should be noted 

that the contact angle for all cases is 
π

2
 except for the last section (section 3.4). In section 3.4, 

different contact angles from 0 to π are considered to study the effect of the relative energy of 

liquid film on the contacting plates in the shape of the final structure. 
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3.3.1. Pattern Formation and Temperature Gradient 

First, the time variation in temperature gradient and interfacial tension are studied as the main 

driving force in thermally induced patterning. The snapshots of temperature distribution across the 

polymer and the air layer at a given instance in time are shown in Fig. 3.5. Here, the liquid polymer 

is heated at the bottom surface and cooled at the top surface. The initial temperature condition at 

t=0 (Fig. 3.5a(i)) is set such that the temperature of polymer and air is that of the top cold mask. It 

only takes 40 ns for the interface to feel the exposed temperature gradient (Fig. 3.5a(ii)), and the 

temperature distribution reaches steady-state conditions at t=100 ns (Fig. 3.5a(iv)). This time scale 

for the heat transfer within the thin film is significantly smaller than that of the pattern evolution 

reported in thin films [18]. 

In Fig. 3.5b, the temperature profile is plotted along the x-direction at the interface (𝑧 = 100 nm) 

and near the protrusions (𝑧 = 190 nm). The temperature distribution shows that the gradient in 

temperature at the interface due to the patterned mask is much smaller than the gradient exposed 

near the protrusions, which is due to the very low thermal conductivity of the air bounding layer. 

However, a non-uniformity in the temperature distribution exists at the interface, which induces 

TC instability. Moreover, when the interface moves towards the patterned mask, it experiences a 

higher thermal gradient that enhances the TC stress. In most of the molten polymers, the surface 

tension linearly decreases as temperature increases [51,84]. Hence, the interfacial tension is higher 

than its surroundings, where the temperature underneath the protrusion is smaller than the 

neighboring area. That is, the areas with lower interfacial tensions are pulled by the regions with 

higher interfacial tension leading to a rise of the interface under the protrusions. The TC stress is 

an interfacial force, and the polymer viscosity transfer this load through the polymer film, giving 

rise to a fluid motion and fluid flow. 
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Figure 3.5. The unsteady contour of temperature at a(i) initial stage, a(ii) 40 ns, a(iii) 70 ns, and a(iv) 100 

ns. (b) The temperature gradient profile along with the interface and the line near the protrusions at the 

steady-state condition. The protrusion width of 0.2 µm and the height of 0.1 µm. 

The interface contour plots and the interfacial height growth profile over time are shown in Fig. 

3.6. In the contour plots, the red color represents the polymer film, and the blue color shows the 

area filled by air. It is ilm destabilizedassumed that the liquid f  with the initially flat interface (Fig. 

3.6a(i)). It has been shown that the initial shape of the interface affects the dynamics and pattern 

evolution process [58]. At the early stages, the temperature gradient is small at the interface due 

to the larger gap between the interface and the top plate. Thus, the TC force is small, and the 

interface deformation is slow.  

Fig. 3.6a(ii) shows a snapshot of the interface deformation under the protrusions after 60 µs. Over 

time the uplifted liquid film experiences a larger TC force as the interface approaches the top plate, 

and it is exposed to a higher thermal gradient leading to faster interface evolution towards the 

protrusions (Fig. 3.6a(iii)). Subsequently, the interface reaches the top plate at t=155 µs (Fig. 

3.6a(iv)). This process continues until the polymer wets the entire surface of the protrusions, which 

reveals the exact replication of top substrate stamp periodicity shown in Fig. 3.6a(v). In the linear 

stability analysis (refer to Appendix A, Eq. A6), it takes 23 𝜇𝑚 for the polymer to touch the top 

substrate, which is shorter than the processing time of the phase-field method. The wetting 

mechanism of the top plate with polymer film depends on the relative energy of the contact 

surfaces and the polymer film, which is controlled by contact angle settings. The setting for the 

wetting properties of the top plate highly affects the shape of the final formed patterns, which will 

be discussed later in this study. The spatial heterogeneity of the surface tension force in the TC 
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patterning process induces the non-uniform pressure distribution shown in Fig. 3.6b. This uneven 

pressure distribution is responsible for the flow mechanism and interface deformation in the TC 

patterning process. Fig. 3.6b(i) shows the initial pressure and velocity distribution. As time 

progresses, the pressure increases in the area under the protrusion as air is squeezed out of that 

region. This is due to the circulation effects in the gap between the protrusions, which forces the 

polymer upwards to create the pattern, as shown in Fig. 3.6b(i) to 3.6b(iv). The velocity vector 

data indicates the flow recirculation in two sides of the protrusion and the resulting fluid flow from 

the neighboring area to the region under the protrusion. As the interface deforms and moves 

upward, the flow entrainment continues. The tracking of interface height evolution of a pillar over 

time is presented in Fig. 3.6c. The entire process can be divided into three stages. At stage 1, the 

effect of the surface tension is small compared to the TC force. Thus, the polymer deforms rapidly 

(Fig. 3.6a(ii)). The pillar keeps growing until it enters stage 2, where the surface tension force is 

comparable to TC force (Fig. 3.6a(iii)). Although the slope of the pattern growth slowly decreases 

at this stage, the structure height increases due to negative fluid diffusion from the neighbor area 

toward the pillars. This leads to thinning of the residual layer of film between each pillar. At stage 

3, the polymer touches the top substrate (Fig. 3.6a(iv)) and makes the well-ordered structures (Fig. 

3.6a(v)). The process is mostly affected by the relative surface energy of the mask and the polymer 

film.  

 

Figure 3.6. Thermally-induced hierarchical structures for a patterned template. 2D snapshots of the film 

interface, ℎ0 = 100 nm,𝐷 = 300 nm,𝑊1 = 800 nm,𝑊2 = 200 nm 𝑎𝑛𝑑 ∆𝑇 = 50, at different stages of 

the evolution process, a(i) initial, a(ii) 60 µs, a(iii) 141 µs, a(iv) 141 µs and a(v) 200 µs, (b) 2D snapshots 

of the pressure contour and velocity vector at different stages of the evolution process,  (c) The tracking of 

the interface height of a pillar. 
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3.3.2. Influence of polymer thickness, driving force, and thermal conductivity  

3.3.2.1. Effect of initial polymer thickness 

In the self-organized micro/nano-patterning techniques, the initial film thickness and the ratio of 

film thickness to electrodes separation distance (filling ratio) dominate the dynamics, instability, 

and patterns forming on the film. Moreover, the formed patterns based on these techniques rely on 

thin liquid film deformations, either using the de-wetting mechanism or electrically induced 

patterning. Here, we present how changing the polymer thickness affects the pattern formation in 

the TC-induced patterning process, while the temperature gradient is controlled by protrusion 

geometry, including width, height, and periodicity. Keeping all the parameters the same as the 

base-case shown in Fig. 3.4, the polymer thickness is varied so that the filling ratios (ℎ0 𝐷)⁄  are 

0.2 (Fig. 3.7a), 0.33 (Fig. 3.7b), and 0.5 (Fig. 3.7c). Snapshots of patterns formed at a quasi-steady 

state are shown in Fig. 3.7. At ℎ0 𝐷 = 0.2⁄ , constituting a low filling ratio, single pillars are formed 

touching the top substrate with no residual polymer left between the pillars. Increasing the filling 

ratio results in pillars with a lower aspect ratio (height to width ratio of a pillar), while the lower 

plate remains wet. At higher filling ratios, the interface touches the top plate at the early stages, as 

shown in Fig. 3.7c with ℎ0 𝐷 = 0.5⁄ . At this ratio, the interface deformation is an undulation in 

the film. We further investigated the effect of the filling ratio by changing the separation distance 

between plates. The trend was similar, with a lower filling ratio resulting in pillars and higher 

filling ratios resulting in undulations. Further details are provided in Appendix A1. 

3.3.2.2. Effect of The Driving Force 

We continue by looking at the effect of changing temperature gradient as one of the main driving 

forces in pattern formation. Fig. 3.8 shows the temperature gradient magnitude over the liquid-air 

surface along with tracking of the interface height over time for temperature differences of 10 K, 

50 K, and 100 K. By increasing the temperature difference in the transverse direction, the 

temperature gradient magnitude along the interface would also increase, leading to a higher surface 

tension gradient. Therefore, the time required for the interface to touch the top plate decreases, 

implying a fast pattern replication. As shown in Fig. 3.8b, it takes ~3 ms for the liquid film to touch 

the top template at a temperature difference of 10 K, whereas this time for a temperature difference 

of 50 K and 100 K is 175 µS and 75 µS, respectively. Higher temperature gradient results in a 
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higher TC-induced force on the interface through the pattern evolution and faster interface 

deformation. Moreover, the processing time in transferring TC-induced patterns depends on the 

dependency of the liquid viscosity on temperature. Here, it is assumed that the viscosity of the film 

is constant throughout the pattern formation process, and it does not vary with temperature. 

 

 

Figure 3.7. The changing trend of pattern formation, induced by thermal gradient with the filling ratio 

factors of (a) 0.2, (b) 0.33, and (c) 0.5.    

  

Figure 3.8. The implications of varying temperature gradient on (a) the polymer-air interface and (b) the 

transient behavior of the interface height. 
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3.3.2.3. Effect of Thermal Conductivity 

The thermal conductivity of layers affects the non-uniformity of temperature distribution and 

interfacial tension along the interface. This includes the conductivity of layers involved in the 

system, such as plates, polymer film, and protrusions in the mask. It is assumed that the confining 

plates are not affecting temperature gradients since their temperature is uniform. Here, the ratio of 

thermal conductivity of the polymer film to the air layer (𝐾𝑟 = 𝐾𝑝 𝐾𝑎𝑖𝑟⁄ ) is varied to investigate 

the effect of thermal conductivity of layers on the pattern formation process. By increasing 𝐾𝑝, the 

temperature at the interface increases, which leads to a uniform temperature distribution at the 

interface. Thus, the temperature gradient along the interface and the resulting TC force are less 

than the cases with smaller thermal conductivity ratios. Furthermore, the shape of the formed 

features is not affected by 𝐾𝑟 variations. However, tracking height of the interface over time (Fig. 

3.9) revealed that the interface deformation is slower when 𝐾𝑟 is larger resulting in a longer time 

for the film to touch the top plate. As discussed earlier, there are three stages for the process of 

growing pillars. At the initial stage, decreasing the thermal conductivity of the polymer causes the 

fluid to flow faster towards the top protrusions. Although the rate of pattern growth slowly 

decreases for all cases near the top protrusions, the structure height increases due to negative fluid 

diffusion from neighboring regions toward the pillars (stage 2). At the final stage, the fluid with 

the lowest 𝐾𝑟 touches the top wall earlier than the other two cases. 

 

Figure 3.9. The tracking of the interface height of a pillar at different ratios of thermal conductivity (𝐾𝑟). 
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3.3.3. Impact of Geometry on the Pattern Formation  

It was previously shown that microstructures and nanostructures on the patterned mask could be 

replicated on the polymer film. The size, shape, and period of the resulting pattern are determined 

by the geometry of the used mask as the top cold plate.  

3.3.3.1. Effect of protrusions width 

The width of top protrusions affects the size and number of pillars forming in the thermal-induced 

patterning process. Fig. 3.10 demonstrates the pattern formation of a 100 nm thin liquid film under 

a temperature difference of 50 K using a protruded top substrate with a height of 100 nm and three 

different widths of 200 nm, 400 nm, and 800 nm. The gap spacing is set to 300 nm. By increasing 

the width from 200 nm to 400 nm, the size of pillars increases while only one pillar is formed 

under each protrusion. However, increasing the width of protrusions led to the formation of twin 

pillars under the protrusions (Fig. 3.10a(iii)). In the case of 𝑊2 = 800 nm, there are two regions 

with high-temperature gradients (points A and B in Fig. 3.10b), and thus the polymer moves up in 

these two regions at the initial stage of pattern formation. Consequently, two twin pillars were 

observed at the end of the process. However, in the case of 𝑊2 = 400 nm, there is only one region 

with a high-temperature gradient (point C), leading to the formation of one pillar.  

 

Figure 3.10. (a) The changing trend of pattern formation induced by thermal gradient with the different 

protrusion width, a(i) 200 nm, a(ii) 400 nm and a(iii) 800 nm, (b) The temperature gradient profile for two 

cases, a(ii) and a(iii). 
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It is believed that the spacing between the pillars forming in TC-induced instabilities are correlated 

to the characteristic wavelength found using the LS analysis. Moreover, it is shown that the size 

of the protrusions is correlated to the predicted characteristic wavelength [18,51,84]. The reason 

is that the thermal gradient exposed to the film interface is higher at the corners of the protrusions 

leading to a considerable gradient at the interfacial tension on the underneath interface. The 

instabilities at the interface begin and grow at these peaks located on the sides. When the width of 

the protrusion is small, case (i), these two peaks merge at very early stages of growth of instabilities 

leading to one larger undulation. However, when the protrusion width is higher than the 

characteristic wavelength for instabilities growth, then the instabilities grow without merging, 

leading to twin pillars (case (iii)). 

 

3.3.3.2. Effect of the distance between protrusions  

Another factor affecting the fidelity of pattern replication in TC-induced patterning is the center-

to-center distance of protrusions. Fig. 3.11 shows the temporal evolution of a thin polymeric film 

under the effect of a square protruded (side length of 100 nm) top substrate with a stamp periodicity 

of 2 𝜇m. On the application of temperature gradient, the generated non-uniform temperature 

distribution destabilizes the free surface (Fig. 3.11a(ii)) and triggers a motion in the polymer due 

to the thermocapillary pressure gradient. Finally, the interface evolution results in the formation 

of primary pillars (Fig. 3.11a(iii)) under the protrusions. Once these pillars touch the top 

protrusions, the remnant layer between two pillars moves toward the top substrate due to the 

combined effect of temperature gradient and surface tension forces (Fig. 3.11a(iv)). However, 

complete de-wetting happens if the polymer content in the remnant layer is significantly low 

(Figure 3.11a(v)). This observation is of great interest since the full de-wetting process, and its 

subsequent dynamics are significantly affected by the surface properties. At the quasi-steady state, 

the secondary pillar is formed between the protrusions (Fig. 3.11a(vi).  

The remnant layer connected to the pillars via a concave meniscus and the pathway of evolution 

in this layer begins with the film rupture at the meniscus. The TC force acting on the interface 

close to the meniscus leads to a diffusion of fluid from thinner to thicker regions of the film leading 

to a film rupture at the meniscus (Fig.3.11 a(iii) and a(iv)). After the fragmentation, the remnant 

film encounters both Laplace pressure and TC stress which tend to retract the film and forms a 
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more circular shape pattern like a microdroplet. However, the TC stress acting on the interface is 

more severe at the corners where contact line exists due to a higher gradient of film thickness. This 

leads to a sharp increase in the film thickness at the edges and a dimple formation at the center of 

the remnant layer (Fig.3.11 a(v)). The droplet, which is called the secondary pillar, becomes 

increasingly circular due to surface tension and TC force (Fig.3.11 a(vi)). Depending on the initial 

filling ratio and applied thermal gradient, the secondary pillar may also touch the confining cold 

plate (shown in Fig. 3.4).  The same qualitative pathway of morphological evolution was also seen 

for secondary pattern formation in electrohydrodynamic patterning [12,16,30]. 

Tracking the interface height over time for both primary and secondary pillars is presented in Fig. 

3.11(b). Initially, the liquid film flows, and the interface rises under the protrusions to form the 

primary pillar. With the residual polymer between the pillars, the secondary pillars emerge (𝑡 =

5.83 ms) and they quickly grow with the primary pillars touching the top substrate. The main 

reason behind the formation of the secondary pillar is that the distance between the two protrusions 

in this case is greater than the characteristic wavelength. Thus, the formation of secondary pillars 

is affected by the thickness of the remnant layer, wetting properties of the substrate, and 

temperature gradient magnitude in those regions. The height of the secondary pillar also depends 

on the amount of the residual polymer between the formed pillars or the initial film thickness. 

 

Figure 3.11. Thermally induced hierarchical structures for a patterned template. 2D snapshots of the film 

interface at different stages of the evolution process, a(i) initial, a(ii) 0.83 ms, a(iii) 5 ms, a(iv) 5.83 ms, 

a(v) 6.66 ms and a(vi) 8.75 ms. (b) The tracking of the interface height of both primary and secondary 

pillar. 
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3.3.3.3. Effect of protrusions height 

The effect of protrusion height of the template, 𝐻, on thermal-induced patterning is examined by 

simulating the deformation process of the liquid film for various templates. As previously 

discussed, the template structure modulates the temperature distribution, which leads to non-

uniform TC force leading to deformation of the interface. The distance between the bottom 

substrate and tip of the top protrusions (𝐷 − 𝐻) is fixed at 400 nm to eliminate the effect of the 

filling ratio. For a quantitative investigation of the effect of templates, the process time at which 

the liquid film touches the protrusions represents the growth rate of the pattern. A longer process 

time indicates a slower growth rate. Increasing 𝐻, at a constant 𝐷 − 𝐻, results in a higher 

temperature gradient exposed to the interface that leads to higher TC forces. As shown in Fig. 3.12, 

a template with a large protrusion height resulted in a shorter process time. Moreover, the effect 

on growth rate becomes insignificant for larger 𝐻. When the protrusion height (𝐻) equals the 

distance between the bottom substrate and the tip of protrusions (𝐷 − 𝐻= 400 nm), further 

increasing the protrusion height has insignificant effects on the process time. This is due to a 

decrease in temperature gradient at the interface. 

 

Figure 3.12. Relationship between the processing time and the template structure 
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For thermal-induced patterning, it is always beneficial to shorten the processing time. Thus, a 

template with a large protrusion height is required to boost the non-uniformity of TC force and 

thus the growth rate. However, fabricating a template with this high aspect ratio protrusions 

significantly enhances the challenges and costs associated with the process.  

3.3.4. Effect of Wettability of Protrusions  

In previous sections, it was shown that the dynamics of spatiotemporal evolution in TC instability 

systems, with the patterned top substrate, is sensitive to several physical parameters, such as film 

thickness, gap distance, thermal conductivity of polymer, and temperature gradient magnitude. In 

these cases, the contact angle, which is the angle formed by the intersection of the polymer-

substrate interface, was kept constant at 90. The contact angle between the polymer film and solid 

substrates represents the surface interaction, indicating the relative strength of the surface energy 

between the polymer and the substrate. Hence, it could significantly affect the thin film instability, 

shape, and size of patterns. According to Young's equation [113], the contact angle θ and the 

surface tension of the film (𝜎𝑓), the interfacial tension between film and substrate (𝜎𝑠𝑓), and the 

surface free energy of the solid substrate (𝜎𝑠) are related as 𝜎𝑠 = 𝜎𝑠𝑓 + 𝜎𝑓  cos 𝜃 (shown in Fig. 

A2 at Appendix A). The interactions between the liquid film and the underlying solid substrate 

leads to the film deformation and formation of various meso-scale structures [59]. Depending on 

the material properties of the liquid film and the solid plates, the interactions between each layer 

and the resulting force on the interface vary, which affects the equilibrium contact angle. In 

contrast to the free-standing films where the initial deformations are driven by the competition 

between the surface energy of films and the substrate, in the TC-induced patterning, the later stages 

of the deformation (where tri-phase contact line appears) are affected by the wettability properties 

of the film and bounding plates. 

In thermal-induced patterning, the lower plate should remain wetted and the upper plate must be 

non-wetting to make the demolding process easy. In this study, in order to show the significance 

of the interactions between the film and solid plates on the final shape of structures, the contact 

angle between the film and upper and lower bounding plates is varied. Partially wettable surfaces 

of contact angles 30 and 60 as well as non-wettable  surfaces of contact angles 120 and 150 

were investigated in Fig. 3.13. A surface with a 90contact angle was also considered for 

comparison. The contact angle of both the top and bottom substrates was set to the same value. 
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Fig. 3.13(b-d) show that compete de-wetting takes place for contact angles more than 60 while 

Fig. 3.13(a) shows a remnant polymer layer after the patterns touched the upper substrate for the 

most wettable surface case. This can be attributed to the strong adhesive force between the lower 

substrate and the polymer that overcomes the cohesive viscous forces keeping the polymer all 

together. This observation is only valid for that particular temperature difference between the top 

and lower substrate and highly depends on the combined effect of the thermal gradient and surface 

tension forces. Another observation would be the tendency of the polymer to wet the top 

protrusions. Once these patterns touch the top protrusions, an upward movement of the residual 

polymer is experienced due to the combined effect of thermal gradient and surface tension forces. 

Fig. 3.13 shows that various shapes of the polymer can be created depending on the wettability of 

the top protrusions. This observation is of significant interest since the contact angle considerably 

influences the subsequent dynamics in the complete wetting and /or de-wetting process.  

The micro-pattern and nano-pattern formation rely on the dewetting mechanisms in the thin liquid 

film, which is a novel branch in soft lithography [59]. As stated previously, the wettability of the 

substrates may change the pattern formation mechanism in nanofilms. Here, we showcased an 

example of such effects within the TC-induced patterning framework. 

 

Figure 3 13. The structure of the pillars for a base-case at different contact angle (a) 30, (b) 60, (c) 90, (d) 

120 and (e) 150.  
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3.4. Conclusion 

A phase-field numerical model was used to simulate the dynamic process of thermal-induced 

patterning. In this model, the deformation of the liquid film in a two-phase flow system was defined 

by the phase parameter. Using the phase-field model, the dynamic process of thermal-induced 

patterning was studied while highlighting the effect of various parameters. It was found that the 

temperature gradient in the interface can considerably affect the dynamic process. For a larger 

temperature gradient, the liquid film grew rapidly until it touched top protrusions. In terms of the 

effect of polymer's thermal conductivity, the thermocapillary force decreased due to the reduction 

of the temperature gradient. Thus, the processing time was longer. As protrusion height increased, 

it was observed that a large protrusion height could enhance the growth rate and could decrease 

the processing time. However, a further increase in the protrusion height became insignificant. 

Examining the effect of the distance between two protrusions revealed that as the primary pillars 

touched the top substrate, the residual polymer between pillars has formed secondary pillars. This 

indicated that pillars could form under protrusions and between them, depending on their spacing 

distance. This enables reducing the number of protrusions. Moreover, it was determined that the 

contact angle was critical in establishing the pillars' final structure. Well-ordered pillars appeared 

when the surface had higher surface energy compared to the liquid film. These findings improve 

our understanding of thermal-induced patterning, which may be a useful guide for experiments.  

In this chapter, it was found that the increase in the width of protrusions and the distance between 

them beyond a critical value can lead to a secondary pillar. Hence, there is a need for a parametric 

study to find the threshold for these parameters. Since the phase field model has a convergence 

issue in large domain sizes, the VOF model will be employed to do a systematic investigation. 

Moreover, the thin film approach that provides a non-linear solution of TC patterning will be 

applied. Then, the obtained results from different numerical models (VOF, TF, and LS analysis) 

were compared.   



41 

 

Chapter 4 - Two-layer modeling of thermally 

induced Bénard convection in thin liquid 

films: Volume of fluid approach vs. thin-film 

model4 
 

4.1. Introduction 

Fabrication of micro-and nano-sized structures is an innovative solution for microelectronics, 

optoelectronics, and micro/nano-fluidic applications. A variety of techniques have been employed 

to fabricate micron and submicron-sized patterns to the surface of thin-film layers, such as 

photolithography, electron-beam lithography, and nanoimprint lithography [114,115]. Although 

these methods are widely used to manufacture combined circuits in the electronics industry [101], 

these techniques' multi-step fabrication process is both time- and cost-intensive. Furthermore, they 

consist of an etching step, which is an environmentally destructive and pollution-causing process. 

An impressive amount of work has been done to find an alternative method to address limitations 

associated with conventional micro/nano-manufacturing [17,45,116–118]. These methods include 

hot embossing [46], drop-on-demand and printing technologies [47–49], and lithography-induced 

self-assembly (LISA) of thin liquid films [17,19,50,51]. The latest method is typically driven by 

an external force such as electrical [50,57,58,119,120] mechanical [17], intermolecular 

[26,59,121,122] thermal [60,61,123–125], or their combination [22,23,62,126]. One of the 

remarkable advantages of LISA is its ability to create an optically smooth surface due to the limited 

physical contact between the thin film and master mask, which is of interest in optoelectronic 

applications. Despite the simplicity in applying LISA to create micron and nano-sized features 

compared to the conventional soft lithography techniques, the non-linearity and complexity of the 

governing mechanisms are not trivial as it relates to the growth of instabilities and the pattern 

formation. Hence, a significant amount of effort is required to understand the underlying 

mechanism of such instabilities and to harness them to create well-ordered features with consistent 

shape and sizes [18,19,22,58,62,127].  

                                                           
4 Reproduced from Ref. [139], with the permission of AIP Publishing 
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A typical LISA system consists of a molten polymer thin film, or polymer solution, on a substrate. 

In the films with micron and submicron-sized thickness, the intermolecular interactions are 

relatively strong, and the film may undergo interfacial deformations, leading to the creation of 

holes or drops. In such conditions, the material properties of the film, substrate, and the bounding 

layer define the dominant intermolecular forces [24], dewetting mechanisms, and consequently the 

shape and size of structures [59,128]. In the electrically induced patterning, the interface 

deformation is triggered by applying an electric field, which results in the application of net 

electrostatic force on the interface [129]. Similarly, there are instabilities caused by temperature 

gradients in the fluid layer at the interface, which is referred to as Bēnard-Marangoni (BM) 

instability. If the temperature gradient at the interface results in non-uniformity of the surface 

tension at the interface, the BM instability is referred to as the thermocapillary (TC) effect [73–

75,130–136] The TC-induced instabilities are categorized into two fundamental modes: short-

wavelength (SW) and long-wavelength (LW). The former leads to a cellular convection pattern 

without any nonlinear surface deformations, and it occurs commonly in relatively thicker or less 

viscous liquid films or a combination of both. In contrast, the LW mode is accompanied by a 

surface deformation appearing in thinner and more viscous liquid films [76]. Most of the previous 

studies that investigated the TC-induced instabilities of heated liquid films have focused on 

thermal convection [102] resulting from a density gradient across the film. As such, the SW mode 

of instabilities led to cellular convection structures with small height-to-width ratios [13,103].  

Early studies on the TC-induced patterning of thin films are primarily devoted to exploring the 

corresponding mechanism for interface deformation. In the TC-induced patterning processes, the 

solid thin layer of film is initially heated to above its glass transition temperature (𝑇𝑔). Then, the 

transverse temperature gradient is applied using the controlled cooling of the film from the top 

plate. Chou and Zhuang [63] were the pioneers who reported the creation of micron-sized features 

on the ultrathin molten polymer films using high transverse thermal gradients. They introduced 

the surface charge (SC) model, based on the image charge-induced electrohydrodynamic 

instabilities, as the underlying mechanism for TC-induced instability. Soon later, Schaffer et al. 

[17,104] reported the formation of pillars after the grounding of substrates and liquid films. They 

introduced the acoustic phonons (AP) model as an alternative to SC. According to the AP model, 

the low-frequency acoustic phonons generate significant destabilizing radiation pressure. The AP 

model was well accepted in the scientific community until recent studies by Dietzel et al. [19] and 
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McLeod et al. [51], who proposed the TC model to predict the spontaneous formation of periodic 

pillar arrays on the molten nanofilms exposed to a transverse thermal gradient. In contrast to SC 

and AP models, the TC model is applicable to any nanofilm and represents an extreme range of 

BM instability for LW fluctuations, where gravity forces are absent, and TC forces overcome the 

stabilization by capillary forces [51]. While the previous efforts were limited to the AP and TC 

prediction of instabilities, based on the initial stages of pattern formation, we recently studied the 

non-linear stages of pattern formation for both AP and TC models under long-wave approximation 

limit [84]. 

Nevertheless, the previous studies are mainly limited to simplified governing equations using long-

wave approximation either in linearized or non-linear modes [84,112,137]. A majority of these 

studies utilized an analytical approach to evaluate the length and time scales in the TC-induced 

patterning process [18,19]. This non-linear model, called the “thin-film” (TF) equation, relies on 

Stokes flow and the lubrication approximation. The linearized predictions can be obtained by 

replacing the interface height with the sinusoidal perturbations and ignoring non-linear terms 

[19,62,84]. However, neglecting the higher-order non-linear terms is a critical drawback, 

preventing effective prediction of the dynamic process of the thermal-induced patterning. A non-

linear numerical model with high accuracy is required to address this challenge, which is the focus 

of this study.  

The spatiotemporal evolution of the thin liquid film includes multiphase flow interface tracking, 

which is commonly modeled by computational fluid dynamics (CFD). These models track the 

interface between two phases and primarily include volume of fluid (VOF), Level Set, and Phase 

Field models [86–88,96,107]. In particular, the VOF method has attracted significant interest 

owing to its remarkable accuracy in the modeling of two-phase flow systems with a sharp interface. 

This method has been mostly implemented in examining the hydrodynamics of bubbles rising in 

a liquid [97,138]. Tomiyama et al. [99] proved the high accuracy of the VOF method in simulating 

the shapes and terminal velocities of a single rising bubble as compared to the published 

experimental data. Kawaji et al. [100] reported new findings for the two-dimensional simulation 

of a Taylor bubble rising in a stagnant liquid-filled tube. Given the high accuracy of the VOF 

method, it is selected in the present work to numerically investigate the thermally induced 

patterning of heated liquid films.  
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Here, we studied the dynamics and the interface evolution of nanofilms exposed to the transverse 

thermal gradient, either using a flat or patterned top mask. The patterned top mask resembles the 

localized cooling of the thin film, which triggers the instability locally and induces the motion in 

the film. The characteristic wavelength was obtained by VOF, TF model, and linear stability (LS) 

analysis for many cases. First, we derived a correlation, which shows the relation between the 

characteristic wavelengths obtained by VOF and LS analysis. Moreover, we not only considered 

the effect of distance between the top and bottom substrates on the characteristic wavelength, but 

we also investigated the impact of the initial film thickness and temperature difference. This will 

advance the initial empirical model developed by Dietzel et al.[19], which constitutes a novel 

contribution to the field. We studied the impact of the width of the top mask protrusions on the 

final shape of the structures, the number of pillars, and the processing time. It was demonstrated 

that, by smart adjustment of width and height of protrusions, as well as the initial thickness of the 

polymer and the distance between the protrusions, well-organized pillars could be formed. We also 

investigated the formation of secondary pillars, originating from the residual thin film after the 

growth of primary pillars. The presented analyses aim to provide an insight into the mechanism of 

thermal-induced patterning and to save time and cost in designing related experiments. 

 

4.2. Mathematical Model 

A three-dimensional (3D) schematic of the ultra-thin liquid film with the mean initial thickness of 

h0 is shown in Fig. 4.1 [139]. The liquid film and air bounding layer are placed between two plates 

that are heated from the bottom boundary (TH) and cooled from their top boundary (TC). It is 

assumed that the heat dissipation within the confining plates is negligible. The film is assumed to 

be flat and initially stable. The TC-induced instabilities are originated from imbalances at the 

temperature distribution along with the interface. This non-uniformity of temperature distribution 

either can be achieved using the patterned upper plate - inhomogeneity of the upper plate, or by 

imposing the random perturbations on the film interface. In the present study, the patterned upper 

plate is used to induce the TC instabilities. Using a patterned top plate, the non-uniform 

temperature distribution is achieved on the air-polymer interface, where the thickness of the air 

gap affects the cooling rate. As shown in Fig. 4.1, 𝑑1 and 𝑑2 are the separation distances between 

the plates, where ∆𝑑 = 𝑑1 − 𝑑2 is the protrusion’s height.  
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Figure 4.1. 3D schematic of the ultrathin liquid film placed between the top (cold) and bottom (hot) 

substrates, where TH> TC>Tg. Here, Tg is the glass transition temperature of the polymer film. 

 

The protrusion width is 𝑤, and the spacing distance between the neighbor protrusions is 𝑙𝑝. 

Although the viscosity of the molten polymer changes at temperatures above 𝑇𝑔, it is assumed that 

the ultra-thin film behaves as a Newtonian and incompressible fluid with constant viscosity 

evaluated at the mean working temperature: 𝜇 = 𝜇 (
𝑇𝐻+𝑇𝐶

2
). The variation in density due to 

temperature gradient within the film and during the interface deformation is included in our 

simulation using Boussinesq approximation. However, it should be noted that the effect of 

microgravity condition and density variation is negligible compared to viscous forces in nanofilms.  

4.2.1. Governing Equations and Boundary Conditions (VOF model) 

The numerical analysis considered in this study is based on solving the fluid motion governing 

equations and continuity equation using the VOF method. The details on the VOF model and the 

computational setup are provided in the following sections.  

4.2.1.1. VOF model and computational procedure 

This study numerically investigates the dynamics, instability, and morphological evolution of the 

air-liquid interface. The air-liquid system is considered a two-phase flow interface tracking 
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problem, and the governing equations for two-phase flow are solved using the VOF method. 

ANSYS-Fluent is used as our base-solver, which has been extensively used for similar studies and 

it is known to provide accurate and stable results [97,138]. The calculations are accomplished 

using the pressure-based segregated and implicit solver. Pressure-velocity coupling is performed 

using the pressure implicit with the splitting of the operator (PISO), considering two corrections 

to account for neighbor and skewness. The momentum and energy equations are discretized using 

a second-order upwind differencing scheme, while the pressure staggering option (PRESTO) is 

used for pressure interpolation. The implicit scheme with the courant number of 0.2 and time steps 

of 10−6 is used to obtain convergence. No gravitational force is imposed on the simulation, and 

all cases are run in double-precision mode. A wall adhesion angle in conjunction with the surface 

tension approach, which was presented by Brackbill [140], was used to model a three-phase line 

at the wall. Instead of applying boundary condition at the wall itself, the contact angle that polymer 

is possibly made with the wall is used to adjust the surface normal in cells near the wall. This so-

called dynamic boundary condition leads to the adjustment of the curvature of the surface near the 

wall. The VOF method is used to track the polymer-air interface utilizing a geometric 

reconstruction scheme based on the piecewise linear interface calculation (PLIC) method [141]. 

Moreover, the Geo-reconstruction module is added to the existing VOF scheme to enhance the 

prediction accuracy of the polymer interface [142,143]. In the VOF model, a so-called fraction 

function of 𝛼 is defined as the integral of fluid’s characteristic function on an Eulerian fixed grid 

cell, which is unity at any point occupied by the fluid and zero elsewhere. The cells with 0 < 𝛼 <

1 state the partially filled case that indicate the interface [144,145]. For a gas-liquid two phase 

flow system, the volume fraction of gas and liquid phases are 𝛼𝑔 and 𝛼𝑙, respectively, and must 

satisfy conservation of mass (with respect to the phase concentration) in each computational cell: 

𝛼𝑔 + 𝛼𝑙 = 1 

In general, the VOF method is applied to track interface movement between the immiscible 

liquid/gas and the liquid/liquid phases. A single momentum equation is solved throughout the 

domain to obtain a velocity field that is shared among the phases: 

ρ[
∂𝐮

∂t
+ (𝐮. ∇)𝐮] = ∇. [−p𝐈 + µ(∇𝐮 + (∇𝐮)𝑇)] + 𝐅𝑽 

(4.1) 



47 

 

where p is the pressure, ρ and µ is the volume-averaged density and viscosity computed for each 

cell, 

ρ = 𝛼𝑙𝜌𝑙 + (1 − 𝛼𝑙)𝜌𝑔 (4.2) 

µ = 𝛼𝑙µ𝑙 + (1 − 𝛼𝑙)µ𝑔 (4.3) 

and 𝐮 is treated as the mass-averaged variable, depending on the volume fraction of each phase 𝛼𝑙 

and 𝛼𝑔, and their material properties, 

𝐮 =
𝛼𝑙𝜌𝑙𝐮𝒍 + 𝛼𝑔𝜌𝑔𝐮𝒈

𝜌
   

(4.4) 

The term 𝐅𝑽 in Eq. (4.1) is the volumetric force at the air-polymer interface, resulting from surface 

tension force. The volumetric surface tension force at cells containing both phases is evaluated 

using the continuum surface force (CFS) model [140]:  

𝐅𝑽 = σ
𝜌

1
2 (𝜌𝑙 + 𝜌𝑔)

𝑘𝐧   (4.5) 

where σ is the coefficient of surface tension, 𝐧 is the normal vector, which is calculated from the 

gradient of volume fraction, and 𝑘 is the local surface curvature, 

𝑘 = −(∇𝒏) =
1

𝒏
[
𝒏

|𝒏|
∇|𝒏| − (∇. 𝒏)]   

(4.6) 

Eq. 4.5 is added to the governing equations as a user-defined function (UDF). The surface tension 

varies by non-uniform temperature distribution at the gas-liquid interface, which leads to TC 

induced motion [59,60,137]. Here, the focus is on the TC-induced instabilities, in which we only 

consider the variations in σ due to inhomogeneity in temperature distribution. We also considered 

a linear dependence of σ on the temperature 𝑇(𝑥, 𝑧, 𝑡) [84,137], 

𝜎 = 𝜎0 − 𝜎T(𝑇 − 𝑇0) (4.7) 

where T is the temperature derivative of the surface tension,𝜎0 is the surface tension evaluated 

at reference temperature T0 and 𝑇 is the liquid film temperature evaluated at the interface 
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𝑇(𝑥, 𝑧, 𝑡)|𝑧=ℎ. The tracking of the air-film interface is accomplished by the solution of a volume 

fraction continuity equation for only one phase (the gas phase here): 

𝜕

𝜕𝑡
(𝛼𝜌𝑔) + ∇. (𝛼𝜌1𝒖𝒈) = 0  

(4.8) 

In order to capture the TC effect, the temperature field is computed within the domain using the 

energy balance equation. The energy equation that is shared among the phases is given by: 

𝜕

𝜕𝑡
(𝜌𝐸) + ∇. [𝐮(𝜌𝐸) + 𝑝] = ∇. (𝑘∇𝑇) 

(4.9) 

Here, 𝐸 is the energy and can be computed as follows: 

𝐸 = 𝐻 −
𝑝

𝜌
+

𝑣2

2
                                                                                                                            (4.10) 

where 𝐻 is enthalpy. 𝐻 can be calculated for incompressible flows as 

𝐻 = ∑ 𝑌𝑗𝐻𝑗𝑗 +
𝑝

𝜌
                                                                                                                            (4.11) 

 Here, 𝑌𝑗 is the mass fraction of species 𝑗 and  

𝐻𝑗 = ∫ 𝑐𝑝,𝑗
𝑇

𝑇0
𝑑𝑇                                                                                                                          (4.12)  

where 𝑇0 = 298.15 K. The VOF treats energy (E) and temperature (T) as mass-averaged variables 

using the following definition: 

𝐸 =
∑ 𝛼𝑞𝜌𝑞𝐸𝑞

𝑛
𝑞=1

∑ 𝛼𝑞𝜌𝑞
𝑛
𝑞=1

 
(4.13) 

The corresponding version of Eq. (4.13) is written for each phase based on the shared 

energy/temperature and the specific heat of that phase. The thermal conductivity is also shared by 

the phases similar to the density and viscosity defined in Eqs (4.2) and (4.3). 

 

4.2.1.2. Boundary conditions 

A two-dimensional computational model is used to solve the governing equations (Eqs. 4.1, 4.8, 

and 4.9) based on the finite volume method (FVM). The three-dimensional variations (gradients) 

along the span of the domain are expected to be minimal, and the system is expected to behave 
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two-dimensional for the scales considered here [107,137]. The simulation domain in the Cartesian 

coordinate system is shown in Fig. 4.2, which consists of 2 subdomains (one for each phase), 15 

boundaries, and 14 vertices. The Domain-1 and Domain-2 are initialized by the air and polymer 

film, respectively. The red and blue lines represent the applied hot and cold constant temperatures. 

The no-slip boundary condition is also applied to the top and bottom plates. It is necessary to have 

the periodic boundary conditions at edges 3, 4, 14, and 15. It is assumed that the liquid film, shown 

with the purple line at Boundary 2, is initially flat. The boundary conditions are summarized in 

Table 4.1. A non-homogenous grid is generated with a higher grid density near the walls (ratio of 

1.1) to improve the tracking accuracy of the simulations close to the solid walls. This leads to a 

higher resolution for the dynamics and morphological evolution of the interface as the polymer 

touches the top plate or the bottom plate's dewetting. 

Table 4.2 shows the range of geometrical parameters and the material properties used in the TC 

simulation. The value was adopted from the experimental studies on the thermal-induced 

patterning in the literature [19,112]. 

 

Figure 4.2. Schematic diagram introducing the boundary condition and mesh of the 2D model (not to scale). 

 

Table 4.1. List of boundary conditions considered in the simulations. 
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Boundary number Momentum Energy 

1 No-slip 𝑇𝐻 

3, 4, 14 and 15 Periodic Periodic 

5-13 No-slip 𝑇𝐶 

 

Table 4.2. Parameters and constants used in the TC simulation 

Parameters Value Unit 

Density of air  (𝜌𝑎) 0.829 kg/m3 

Viscosity of air  (𝜇𝑎) 1.8110-5 Pa.s 

Thermal conductivity of air  (𝑘𝑎) 0.0225  W/m K 

Density of polymer  (𝜌𝑝) 1000  kg/m3 

Viscosity of polymer  (𝜇𝑝) 30  Pa.s 

Thermal conductivity of polymer  (𝑘𝑝) 0.13  W/m K 

Surface tension of polymer(𝜎) 4510-3 N/m 

Interfacial tension gradient(𝜎𝑇) 10-4 N/m K 

Temperature difference  (ΔT) 100 K 

Thermal conductivity ratio  (𝑘𝑟 = 𝑘𝑝 𝑘𝑎⁄ ) 5.2 --- 

 

4.2.2. Scaling parameters and thin-film evolution 

The parameters, including vertical and lateral coordinates, velocity field, temperature, and time 

are normalized as follows:  

ℎ̃ =
ℎ

ℎ0
, �̃�1 =

𝑑1

ℎ0
, �̃�2 =

𝑑2

ℎ0
 , �̃� =

𝑧

ℎ0
 

�̃� =
𝑥

𝜆𝑐
, �̃� =

𝑤

𝜆𝑐
, 𝑙𝑝 =

𝑙𝑝

𝜆𝑐
 

�̃�𝑥 =
𝑢𝑥

𝑢𝑐
, �̃�𝑧 =

𝜆𝑐𝑢𝑧

ℎ0𝑢𝑐
, 𝑝 = (

𝜆𝑐

𝜇𝑢𝑐
) 𝑝 

�̃� = (
𝑢𝑐

𝜆𝑐
) 𝑡,   �̃� =

𝑇 − 𝑇𝐶

∆𝑇
, �̃� =

𝜎

𝜇𝑢𝑐
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(4.14) 

The initial film thickness (ℎ0) is used to nondimensional the vertical dimensions of 𝑧, 𝑑1, and 𝑑2, 

whereas the characteristic wavelength (𝜆𝑐) is used to normalize the lateral dimensions of 

𝑥, 𝑙𝑝 and 𝑤. Terms 𝑤 ̃, 𝑙𝑝, �̃�, �̃�, �̃�, �̃� and ℎ̃ denote the scaled parameters of the width of the 

protrusions, the distance between the protrusions, time, length, height, temperature, and interface 

height, respectively. The velocity and pressure field also scaled using the TC induced characteristic 

velocity 𝑢𝑐 defined as 𝑢𝑐 =
𝜎𝑇𝑘𝑟𝑑2∆𝑇

𝜇[(1−𝑘𝑟)+𝑘𝑟�̃�2]2
 [19,84]. The nondimensional term of �̃�2 is referred to 

as the inverse filling ratio and 𝑘𝑟 is the ratio of the thermal conductivity of the polymer film to the 

air layer. Applying the above-mentioned scaling factors to the governing equations results in the 

following dimensionless ratios for Marangoni, Capillary, and Prandtl numbers: 

𝑀𝑎 =
𝜎𝑇∆𝑇

𝜇𝑢𝑐
, 𝐶𝑎 = [

𝜎

𝜇𝑢𝑐
]−1 , 𝑃𝑟 =

𝐶𝑝𝜇

𝑘
  (4.15) 

The governing equations (continuity, momentum, and energy equations) and boundary conditions 

(no slip at the top and bottom substrate, kinematic and stress balance at the interface) are 

normalized [19,84]. To find the characteristic wavelength relation, the shorter distance between 

two substrates ( �̃�2 ) is used (see section S1 in the supplementary material). The normalized 

equations are then simplified using long-wavelength approximation (ℎ0 𝜆𝑐⁄ ≪ 1) leading to the 

following dimensional TF equation, which shows the spatiotemporal evolution of a thin liquid film 

subjected to the transverse thermal gradient (derivations are available in the supplementary 

material S2.)  

𝜕ℎ̃

𝜕�̃�
+ 𝛻. {

ℎ̃3

3
𝐶𝑎−1∇(∇2ℎ̃) +

ℎ̃2

2

𝑀𝑎 𝑘𝑟�̃�2

[(1 − 𝑘𝑟)ℎ̃ + 𝑘𝑟�̃�2]
2 ∇ℎ̃} = 0 

(4.16) 

To derive insight into the thin film's instabilities and dynamics, we solve the nonlinear TF equation 

that is a 4th order nonlinear partial differential equation (PDE). Using the finite difference (FD) 

discretization and applying a 2nd order central finite difference scheme for spatial derivatives and 

a differential-algebraic system solver of DASSL with adaptive time step solver settings. More 

details about this numerical scheme are available in our previous studies [20,62,84].  

4.2.2.1. Linear stability analysis 
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Linear stability (LS) analysis is the conventional technique in predicting the characteristic 

wavelength for the growth of instabilities, 𝜆𝑐 . The corresponding wavelength is calculated by 

replacing the uniform interface height (ℎ) in the so-called thin-film equation with a periodic 

perturbation of ℎ̃ = 1 + 𝜉exp (�̅��̃�𝑖 + 𝑆(�̅�)�̃�), where 𝑖 = √−1, �̅� is the wavenumber, 𝑆(�̅�) is the 

growth coefficient, and 𝜉(≪1) is the infinitesimal amplitude coefficient. Details for the derivations 

of the dispersion relation and the characteristic wavelength is available in the supplementary 

material for the LS analysis section (S3). The following equation shows the characteristic 

wavelength obtained by LS analysis: 

𝜆𝐿𝑆 = 2𝜋[ℎ0(1 − 𝑘𝑟) + 𝑘𝑟𝑑2]√
4𝜎ℎ0

3𝑑2𝜎𝑇𝑘𝑟∆𝑇
 

(4.17) 

The characteristic wavelength obtained from LS analysis (𝜆𝐿𝑆) will be used as a lateral 

normalizing factor. To show the dependencies of the characteristic wavelength to the distance 

between substrates, film thickness, and temperature gradient, the following equations can be 

derived based on Eq (4.17): 

𝜆𝐿𝑆 = 2𝜋 ℎ0(1 − 𝑘𝑟)√
4𝜎ℎ0

3𝜎𝑇𝑘𝑟∆𝑇
𝑑2

−
1

2 + 2𝜋 𝑘𝑟√
4𝜎ℎ0

3𝜎𝑇𝑘𝑟∆𝑇
𝑑2

1

2                                                   (4.18) 

𝜆𝐿𝑆 = 2𝜋 (1 − 𝑘𝑟)√
4𝜎

3𝑑2𝜎𝑇𝑘𝑟∆𝑇
ℎ0

3

2 + 2𝜋 𝑘𝑟√
4𝜎

3𝑑2𝜎𝑇𝑘𝑟∆𝑇
ℎ0

1

2                                                  (4.19) 

𝜆𝐿𝑆 = 2𝜋[ℎ0(1 − 𝑘𝑟) + 𝑘𝑟𝑑2]√
4𝜎ℎ0

3𝑑2𝜎𝑇𝑘𝑟
∆𝑇

1

2                                                                         (4.20) 

 

4.3. VOF Verification 

Different spatial grid element sizes are examined to find the optimum grid size that accurately 

predicts the interface deformation. In this effort, the case is considered for the following 

conditions: 𝑑1 = 200 nm, 𝑑2 = 150 nm,𝑤 = 600 𝑛𝑚, 𝑙𝑝 = 4000 nm and ∆𝑇 = 100 K. Four 

cases (Grid 1, Grid 2, Grid 3, and Grid 4) are generated to verify the effect of the spatial grid on 

the results. Here, the number of elements is increased systematically from Grid 1 (12,000) to Grid 

4 (24,000), while maintaining the same grid distribution and quality. The exact location of the 

interface for each mesh is compared between consecutive cases (e.g., Grid 4 with Grid 3 and Grid 
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3 with Grid 2), and the results are presented in Table 4.3. The error in Table 4.3 was calculated as: 

𝑒𝑟𝑟𝑜𝑟 (%) =
1

𝑛
 ∑

ℎ𝑛𝑒𝑤,𝑖−ℎ𝑜𝑙𝑑,𝑖

ℎ𝑜𝑙𝑑,𝑖
× 100𝑛

𝑖=1                                                                                     (4.21) 

where n is the number of extracted data points for interface location. This variation between the 

grids falls below 5% for Grid 3, which indicates that it is sufficient to accurately track and predict 

the interface deformation for the geometry with the biggest size and most complex features in the 

present study. 

Table 4.3. The effect of grid size on transient growth of interface height 

Case: Grid 1 Grid 2 Grid 3 Grid 4 

Number of cells: 12000 15000 18000 24000 

Error (%): - 5.3 1.5 1.1 

 

4.4. Results and Discussion 

The air bounding layer has a lower thermal conductivity than the liquid film. Therefore, the 

protrusion areas, which have a smaller air gap, are exposed to the higher temperature gradient and 

vice versa. The induced non-uniform temperature gradient results in a gradient of surface tension 

at the interface. The generated tangential stress transfer to the lower layers of fluid by viscosity 

triggers the fluid flow and subsequently leads to the film's morphological evolution. Using a top 

plate with protrusions generates a temperature gradient along the polymer-air interface and adds 

more control to the pattern formation, resulting in well-ordered pillar arrays. The details of this 

observation will be discussed in later sections. 

4.4.1. Non-uniform Temperature Gradient and Morphological Evolutions 

Many studies have explored the formation of hexagonal or random pillar arrays using a flat plate 

as a top substrate [17,84]. Here, we used a patterned cold plate to reduce the coarsening effect and 

generate well-ordered pillars. The temperature gradient at the interfaces and the resultant 

interfacial tension gradient is responsible for the TC-induced instabilities and pattern formation on 

the film. 
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The pattern formation steps and the film's temperature distribution are presented over the evolution 

time in Fig. 4.3(a-d). The deformation of the interface is divided into three stages. At the early 

stage of deformation, the air gap is large, and the temperature gradient and the resulting TC force 

at the interface are small, leading to a slow amplification of interface deformation. In the second 

stage, the interface has already deformed, and the air gap is smaller, which generates a higher 

thermal gradient at the interface. This leads at this stage to a faster deformation of the interface. 

The pattern evolution process continues until the liquid film touches the top plate in the last stage 

(�̃� = 403). The wetting mechanism of the top plate and dewetting of the bottom plate by the 

polymer film depends on the intermolecular interactions between the polymer material and the 

plates, as well as the ratio of the initial film thickness to the plate separation distances [35,59]. 

These factors affect the transition in the shape of created pillars from cone to columnar and finally 

to the inverted cone-shaped structures. Tracking the interface height over time (shown in image 

3d) elucidates a non-linear increase in the rate of interface deformation as the interface moves 

toward the top plate. In this study, the contact angle that shows the tendency of the polymer film 

in the wetting of the plates is constant and set to 𝜋/2 for all cases. 
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Figure 4.3. Thermally-induced hierarchical structures for a patterned template, �̃�1 = 3, �̃�2 = 2, �̃� =

0.2, 𝑙𝑝 = 0.26, �̃� = 1, and 𝜆𝐿𝑆 = 3.06 µ𝑚. (a) 2D snapshots of the film interface at different stages of the 

evolution process. (b) Snapshots of the temperature distribution through the channel. (c) The temperature 

at the interface over time. (d) The tracking of the interface height of a pillar. (e) The effect of different 

thermal conductivity over time conductivity. 

The temperature distribution within the film and along the interface, including the interface 

evolution over time, is presented in Fig. 4.3(b). At the initial condition (�̃� = 0), the temperature in 

the film and the bounding layer is set to �̃�=0.5, which is the average temperature of the top and 

bottom surfaces. The temperature profile along the interface shows that the temperature gradient 

on the interface increases as the film deforms and eventually reaches the top plate (Fig.4.3(c)). 

Thermal conductivity ratios of the film and the bounding layer (𝑘𝑟) impacts the rate of interface 

deformation, and thus more significantly alters the pillar growth rate (shown in image 4.3e). The 

temperature distribution at the interface becomes uniform when the thermal conductivity of the 

polymer is higher. Therefore, TC force becomes smaller, leading to the slower deformation of the 

interface. A similar case is numerically simulated using the TF equation, and the results are 
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presented in Fig.4.4. The snapshots of the interface height at different stages show a single pillar 

formation under the protrusion with the exponential growth rate in time.   

 

Figure 4.4. 2D snapshots of the thin film interface, �̃�1 = 3, �̃�2 = 2, �̃� = 0.2, 𝑙𝑝 = 0.27, �̃� = 1 ,and 𝜆𝐿𝑆 =

3.06 µ𝑚. 

 

 

4.4.2. Characteristic wavelength Predictions: VOF vs. LS analysis 

The characteristic length for the growth of instabilities in the TC-induced patterning process is 

predicted using the LS analysis, which relies on the small deformation from the original state (base 

case). Experimental observations and  monitoring of the interface deformation at its early stages 

showed that the LS predicted wavelength (𝜆𝐿𝑆) matches well with the experimental results 

[18,19,51,112]. However, the interface deformation undergoes non-linear deformations soon after 

the initial undulation. This leads to uncertainties in the validity of 𝜆𝐿𝑆 to predict the final form of 

the structures. Here, we used a numerical simulation to predict the TC induced interface 

deformation at both early linear and late non-linear stages of the pattern formation process. In this 
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section, the relationship between the VOF-predicted characteristic length scale and the one 

obtained using LS analysis is predicted.  

 

4.4.2.1. Validation 

The simulation results are first compared with the experiments of Dietzel and Troian[19] to verify 

their accuracy. In the VOF model predictions, the characteristic wavelength (𝜆𝑐) is found after 

pattern formation via measuring the center to center distance of neighboring pillars. For the case 

considered by Dietzel and Troian[19] (𝑑1 = 310 nm, 𝑑2 = 210 nm,𝑤 = 6 𝜇𝑚, 𝑙𝑝 =

500 nm, ℎ0 = 100 nm, and ∆𝑇 = 46 K), our VOF-predicted characteristic wavelength is 

1.82  𝜇𝑚, which is in good agreement (~10% error) with their experimental value of 2.04 𝜇𝑚. 

However, the value of 𝜆𝑐 obtained from the LS analysis (using Eq. (4.17)) is 4.52 𝜇𝑚, which 

expectedly deviates significantly (~121% error)  from the experimental observation. In addition, 

the charactrestic wavelength obtained from TF is 4.2 𝜇𝑚, which is a better prediction compared 

to LS analysis but far from the value obtained from experimental data and VOF model. Table 4.4 

presents the charactrestice wavelength obtained from VOF, TC, and TF. The VOF simulation 

showed the lowest deviation from experimental observation compared to the TF and LS 

predictions. Given the simplicity of LS theoretical analysis compared to other two numerical 

predictions, it is of interest to find a correlation between the LS predicted characteristic wavelength 

and the more accurate VOF model results.  

 

Table 4.4. The characteristic wavelength in the different approaches 

 Exp [19] VOF TF LS 

𝜆𝑚𝑎𝑥 (µ𝑚) 2.04 1.82 4.2 4.52 

Deviation From 

Exp.(%) 
- -10 +105 +121 

 

4.4.2.2. Developing VOF model for thermocapillary thin-film flow  

To find a relationship between the characteristics wavelength predicted by the VOF model (𝜆𝑉𝑂𝐹) 

and the LS analysis (𝜆𝐿𝑆), thirteen cases are simulated based on different initial film thickness (ℎ0), 
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separation distances between the plates (𝑑1 and 𝑑2), and temperature gradient (ΔT). The values of 

λ𝑉𝑂𝐹 and 𝜆𝐿𝑆 are then compared in Table 4.5. 

Table 4.5. The different parameters used for finding a relation between the VOF and the LS analysis 

(𝑤 = 6 µ𝑚 and 𝑙𝑝 = 7 µ𝑚) 

Case 

number 
d1 (nm) d2 (nm) ΔT (K) h0 (nm) 𝜆𝐿𝑆 (µm) 𝜆𝑉𝑂𝐹 (µm) 

1 300 200 100 100 3.86 1.32 

2 300 200 90 100 4.06 1.38 

3 300  200 80 100 4.31 1.46 

4 300 200 70 100 4.61 1.51 

5 300 200 60 100 4.98 1.54 

6 300 200 55 100 5.2 1.58 

7 300 200 50 100 4.45 1.62 

8 310 210 46 100 4.82 1.82 

9 300 200 100 110 3.84 1.30 

10 300 200 100 90 3.84 1.31 

11 300 200 100 80 3.8 1.28 

12 275 175 100 100 3.44 1.12 

13 350 250 100 100 4.6 1.49 

 

The VOF-predicted characteristic wavelengths in Table 4.5 are obtained by measuring the average 

center to center distances of pillars formed at the quasi-steady stage of pattern formation. The 

width of the protrusion is 6 µ𝑚 (𝑤 = 6 µ𝑚) and the distance between two protrusions is 7 µ𝑚 

(𝑙𝑝 = 7 µ𝑚). Fig. 4.5 shows a snapshot of the film spatio-temporal evolution for Case 1 in Table 

4.5, showing different pattern formation stages. The interface deformation started under the edge 

of protrusion, where the interfacial tension (and temperature) has the highest gradient. 

Subsequently, the generated surface waves traveled toward the center. The initial undulations on 

the interface have led to the formation of the first set of pillars near the edges with the concurrent 

fluid depletion around these pillars (Figures 4.5a(ii) and 4.5a(iii)). The remnant fluid layer between 

the two pillars experienced the TC force due to its uneven surface, which resulted in the formation 
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of second sets of pillars at 𝑡 > 119 ms (Figures 4.5a(iv) and 4.5a(v)). The pillar formation process 

continued until the remained polymer was sufficient to form one pillar (Fig. 4.5a(vi)). After the 

pattern formation is completed, when all pillars touched the upper mask as shown in Fig. 4.5a(vi), 

the characteristic wavelength is measured by averaging the center of the created pillars.  

 

 

Figure 4.5. Thermally-induced hierarchical structures for a patterned template. 2D snapshots of the film 

interface, ℎ0 = 100 nm, 𝑑1 = 300 nm, 𝑑2 = 200 nm, 𝑤 = 6 µm, 𝑙𝑝 = 500 nm 𝑎𝑛𝑑 ∆𝑇 = 100 𝐾 at 

different stages of the evolution process, a(i) initial, a(ii) 63 ms, a(iii) 83 ms, a(iv) 119 ms, a(v)149 ms and 

a(vi) 220 ms. 

The measured 𝜆𝑉𝑂𝐹 is plotted against the LS-predicted wavelength (𝜆𝐿𝑆) in Fig. 4.6. The 

relationship between 𝜆𝑉𝑂𝐹 and 𝜆𝐿𝑆 is determined using an implicit radical function dependence,  

𝜆𝑉𝑂𝐹 = 𝑐1√𝜆𝐿𝑆 + 𝑐2(𝜆𝐿𝑆)
3

2⁄ +
𝑐3

√𝜆𝐿𝑆

 , (4.22) 

where 𝑐1 = 1.5034, 𝑐2 = −0.0728, and 𝑐3 = −1.5959 are fitting coefficients.  

4.4.2.3. The effect of Marangoni and Capillary inverse numbers on the VOF-TC model 

Fig. 4.7a shows the variation of the characteristic wavelength predicted by the VOF model (red 

symbols), TF model (blue symbols), and LS analysis (blue line). Fig. 4.7b shows the Marangoni 

number (𝑀𝑎) and the Capillary inverse (𝐶𝑎−1) with inverse filling ratio (�̃�2 = 𝑑2/ℎ0 ). Marangoni 

number (𝑀𝑎) represents the relative strength of the TC force to the viscous force, while the 
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Capillary inverse (𝐶𝑎−1) represents the relative strength of the surface tension force acting on the 

interface to the viscous force. At a constant plate separation distances (𝑑1 and 𝑑2), the initial film 

thickness increased to study the effect of different filling ratios on the final structure of the pillars. 

As can be observed in Fig. 4.7b, the Marangoni number decreased by increasing the filling ratio. 

An explanation is that increasing the filling ratio (thicker film) leads to a lower temperature 

gradient at the interface, decreasing the TC force and Marangoni number. Similarly, the 𝐶𝑎−1 

decreases as the filling ratio increases.  

 

Figure 4.6. The relation for dominant instability wavelength, 𝜆𝑐 for both VOF simulation and LS analysis. 

 

The characteristic wavelength predicted by the LS analysis (𝜆𝐿𝑆) increased sharply for small �̃�2 up 

to a maximum at �̃�2 = 2.44. To calculate the maximum point, the derivative of 𝜆𝐿𝑆 with respect 

to ℎ0 is set to zero (𝑑𝜆/𝑑ℎ0 = 0) in Eq. (4.17). Thus, a relation is obtained for �̃�2 as a function of 

𝑘𝑟: �̃�2 = 3(1 − 𝑘𝑟)/(−𝑘𝑟). Since 𝑘𝑟 is a material property, the extremum value for �̃�2 can be 

adjusted based on the geometrical limitations with respect to the thermal properties of the film. In 

the current study, where the ratio of the thermal conductivity of polymer to that of air is 𝑘𝑟 = 5.37, 

�̃�2 is calculated as 2.44. The red and blue symbols in Fig. 4.7a show the variations in characteristic 

wavelength predicted by the VOF model and TF model, respectively. The 𝜆𝑉𝑂𝐹 has a similar trend 

as 𝜆𝐿𝑆. It increased for small values of �̃�2 and dropped rapidly after it reached a maximum point 
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at �̃�2 = 2.5. It must be noted that although 𝜆𝑉𝑂𝐹 followed a similar parabolic trend as 𝜆𝐿𝑆, its 

magnitude is about three times smaller than 𝜆𝐿𝑆. On the other hand, 𝜆𝑇𝐹 has a similar trend as 

𝜆𝑉𝑂𝐹; however, it reached a maximum point at �̃�2 = 2.44 (like LS). The magnitude of 𝜆𝑇𝐹 is less 

than 𝜆𝐿𝑆 and higher than 𝜆𝑉𝑂𝐹.    

Next, the effect of the temperature gradient (∆𝑇 in the range of  50 K to 100 K) on the capillary 

inverse (𝐶𝑎−1) and the characteristic wavelength predicted by VOF, TF, and LS analysis is 

investigated, and results are presented in Fig. 4.8. The 𝐶𝑎−1 decreased with an increase in the 

nondimensional temperature as it is inversely related to ∆𝑇. As the temperature difference along 

the film interface increases, the resulting TC force applied to the interface increases, leading to a 

higher characteristic velocity within the film. The higher 𝑢𝑐 (and shear rate) results in higher 

viscous resistance and thus lower 𝐶𝑎−1. 

All the characteristic wavelengths from LS analysis (blue line), TF model (blue symbols), and 

VOF simulation (red symbols) decreased with an increase in the applied thermal gradient 

(presented in Fig. 4.8a). From Eq. (4.17), 𝜆𝐿𝑆 is proportional to the inverse of the square root of 

the temperature difference (𝜆𝐿𝑆 ∝ ∆𝑇−1
2⁄ ). With an increase in the temperature difference from 

0.5 to 1, the 𝜆𝑚𝑎𝑥 the reduction in characteristic wavelengths is about 27%, 33%, and 33% for 

VOF, TF, and LS methods, respectively. Given the large difference in Lambda's absolute values 

between these approaches, the predictions for the relative reductions are in a close match.  

 

 

Figure 4.7. Marangoni and Capillary inverse numbers, the characteristic wavelength from LS and VOF at 

different film thicknesses. 
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Figure 4 8. Capillary inverse, the characteristic wavelength from LS and VOF at different temperature 

gradients. 

 

So far, the similarity and differences in predictions of the characteristic length using three methods 

of LS analysis, the TF model and the VOF model, have been discussed. In what follows, the effect 

of localized cooling using a patterned top plate on the pattern formation's fidelity will be compared 

using both VOF and TF nonlinear simulations. 

 

 

4.4.3. Effect of Mask Geometry on the Pattern Formation  

The size and periodicity of the protrusions need to be tailored to avoid secondary pillar formations 

when using plates with protrusions to generate the non-uniform thermal gradient and enable 

forming well-ordered patterns. Also, the shape, size, and the number of the formed pillars are 

affected by the geometry of the protrusions at the top cold substrate. Later in this section, we 

discuss these conditions and outline the range of the geometrical parameters predicted by VOF 

numerical simulations and the TF models. To simplify the comparison, 𝜆𝐿𝑆 is used for the lateral 

normalizing scale. 

4.4.3.1. The effect of protrusions width 
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The size and number of created pillars in TC-induced patterning are affected by the protrusions' 

width. The snapshot of the thin film evolution for the case of �̃�1 = 3, �̃�2 = 2, �̃� = 0.52, 𝑙𝑝 =

0.26 and �̃� = 1 is shown in Fig.4.9. The polymer interface is assumed to be initially flat (Fig. 

4.9a(i)). At �̃� = 5644 in Fig. 4.9a(ii), two twin pillars formed under each protrusion. The 

separation distance between the formed pillars was long enough to prevent them from merging 

(Fig. 4.9a(iii)) until they touch the top plate at �̃� ≥ 14940 in Fig. 4.9a(iv). The interface 

deformation is strongly related to the interface temperature profile since it causes the non-

uniformity in the interfacial tension. Figure 4.9(b) demonstrates the normalized temperature profile 

at the air-film interface over the deformation time. There exist two low-temperature regions close 

to �̃�0.4 and �̃�1.5 at initial stages of interface deformation (�̃� = 5644). The surface tension at 

these regions is higher, pulling the polymer towards the neighboring areas with lower interfacial 

tensions. With the significant jump in the surface tension at the corners, the two twin pillars 

ascended at the initial stage of the pattern formation (Fig. 4.9 a(ii) and a(iii)). The temperature 

difference between the peak and trough at the interface increased as the pillar grew over time, 

which triggered the growth rate over time. This also prevented the merging of the neighboring 

pillars.  

 

Figure 4.9. (a) 2D snapshots of the interface deformation and (b) normalized temperature profile at the 

interface when multiple pillars form under the protrusion, �̃� = 0.52 

 

Fig. 4.10 shows the snapshot of the thin film evolution predicted by the TF model for the case of 

�̃�1 = 3, �̃�2 = 2, �̃� = 1.47, 𝑙𝑝 = 0.26 and �̃� = 1. The size and number of pillars in the TF model 

are similarly affected by the protrusions' width. However, the magnitude of �̃� for making two twin 

pillars is found to be higher than that of in the VOF simulation.  
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Figure 4.10. 2D snapshots of the interface deformation predicted by the TF model at �̃� = 1.47. 

 

An interesting observation in Figs. 4.9 and 4.10 is that by tuning the protrusion’s width multiple 

pillars can be generated under each protrusion. This enhances the pattern miniaturization capability 

in TC patterning since the formed pillars' width is less than half of the protrusion width. Depending 

on the width of the top plate protrusions, the number of created pillars varies.  

Fig. 4.11 shows the 2D snapshots of the interface over the evolution time for three different 

conditions. First, the case with �̃� < 0.34 leads to the formation of only one pillar under the 

protrusion, as shown in Fig. 4.11a(i) – 4.11a(iii). This is followed by the transition stage, at which 

the protrusion width is 0.34 < �̃� < 0.49. Here, two peaks are observed at the early stages. As the 

film evolved, however, the initially formed peaks merged, and only one pillar was formed at the 

end (Fig. 4.11b(i) – 4.11b(iii)). For �̃� = 0.52 in Fig. 4.11c(i) – 4.11c(iii), the initially formed 

peaks are well separated from one another, and they did not merge over time to form two isolated 

pillars under one protrusion. Hence, the width of protrusions can be increased to form more pillars 

(e.g., five pillars in Fig. 4.5) under a single protrusion. However, using very large protrusions leads 

to the formation of secondary and tertiary pillars, whose size and shape will no longer be under 

control. Moreover, it should be noted that the threshold value of �̃� = 0.52 found here is for a 
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specific filling ratio of 2. This threshold varies by changing the filling ratio, which will be 

discussed later in this section.  

 

 

Figure 4.11. The different stages in the formation of the pillars by increasing the width of the protrusions 

where �̃�1 = 3, �̃�2 = 2, 𝑙𝑝 = 0.26 and �̃� = 1. 

 

Figure 4.11 also highlights the streamlines for three different conditions. These conditions show 

that flow circulation takes place within both the polymer and the surrounding air. Viscous forces 

transfer the TC force at the interface to different fluid layers, which induces motion. The lateral 

flow of liquid at the surface takes place from the warmer regions to the cooler side under the 

protrusion, which forces the cooler liquid to descend. The downward movement of cooler liquid 

creates two convection cells, known as Bénard–convection cells, for each interface undulation. 

The formation of two recirculation regions for each pillar matches well with experimental and 

numerical data reported by Vanhook et al. [135]. 

A 2D map for both VOF and TF model is generated based on the normalized width of the 

protrusions (�̃�) and the inverse filling ratios (�̃�2) to predict the threshold width value of �̃�∗, in 

which the transition from single- to two-pillar formation occurred. The other parameters, such as 

temperature difference and thermal conductivities of the layers, are kept constant to generate this 

map. As shown in Fig. 4.12a, there is a linear relationship between the inverse filling ratio and the 

threshold width. As the inverse filling ratio increased, the threshold width increased as well. The 

equation of the dashed line in Fig. 4.12a is �̃�𝑉𝑂𝐹 = 0.2�̃�𝑎𝑣𝑒 − 0.08, where �̃� is the scaled width 

(�̃�𝑉𝑂𝐹 = 𝑤/𝜆𝐿𝑆). The dimensional form of this equation (𝑤𝑉𝑂𝐹 = 0.2 (
𝑑2

ℎ0
) 𝜆𝐿𝑆 − 0.08𝜆𝐿𝑆) can be 
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used to obtain the width of patterns as a preliminary choice for fabricating patterned masks. On 

the other hand, a similar equation for the TF model is obtained (Fig. 4.12b), which is �̃� =

0.32�̃�𝑎𝑣𝑒 − 0.62 and its dimensional form is 𝑤𝑉𝑂𝐹 = 0.32 (
𝑑2

ℎ0
) 𝜆𝐿𝑆 − 0.62𝜆𝐿𝑆. 

 

4.4.3.2. The effect of the distance between protrusions  

The distance between two protrusions at the top mask is another geometrical property of the top 

plate that affects the fidelity of the pattern formation in TC-induced patterning. In all the cases 

discussed so far, no pillar formations are observed in the regions between each protrusion. Under 

certain conditions, secondary pillars can also form in the area between each protrusion. Here, we 

discuss the dynamics of interface evolution when the secondary pillars form. We will also look at 

the conditions required to avoid or mitigate the formation of such features.  

 

 

 

 

Figure 4.12. The threshold value for the width of the protrusions at different polymer thicknesses where 

𝑙𝑝 = 0.26 and Δ�̃� = 1  , (a) VOF model (b) TF model. 
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The 2D time snapshots of the interface evolution for the case with �̃�1 = 2, �̃�2 = 1.5, �̃� =

0.31, (𝑙𝑝)𝑉𝑂𝐹 = 0.82 and �̃� = 1 shows the formation of the secondary pillar in the gap between 

two neighboring protrusions, as shown in Fig. 4.13. Like the previous cases, the thin film is initially 

flat (Fig. 4.13a(i)). The non-uniform temperature distribution along the interface destabilizes the 

liquid film under the protrusions (Fig.4.13a(ii)). This leads to the formation of primary pillars 

beneath each protrusion at later stages (Fig. 4.13a(iii)). Once the primary pillars are formed, the 

residual polymer between these pillars, which no longer has a flat interface, moves toward the top 

plate due to the heterogeneous distribution of the interfacial tension (Fig. 4.13a(iv)). The thinning 

of the film between two crests continues until the interface touches the top plate, and the secondary 

pillar is formed (Fig. 4.13a(v)). The thickness of the remnant polymer after the formation of 

primary pillars, the magnitude of temperature gradient in those regions, and the wetting properties 

of both top and bottom plates affect the dynamics and the evolution of the secondary pillars.  

 

 

Figure 4.13. 2D time snapshots of the film interface in the TC induced patterning process focus on the 

secondary pillar formation, �̃�1 = 2, �̃�2 = 1.5, �̃� = 0.31, (𝑙𝑝)𝑉𝑂𝐹 = 0.82 , �̃� = 1, and 𝜆𝐿𝑆 = 2.03 µ𝑚. 
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Figure 4.14 shows the snapshots of the thin film interface in the TC patterning obtained by the TF 

model. The formation of the primary and secondary pillars is similar to that of the VOF model. 

The primary pillar formed under each protrusion, and then the secondary pillar grew at later stages 

until it touched the top substrates (longer distance between substrates). 

Figure 4.15 reveals the effect of the distance between neighboring protrusions (𝑙𝑝) on the formation 

of secondary pillars. Fig. 4.11a(i) shows the case with 𝑙𝑝 < 0.8, where no secondary pillars are 

formed. For the distances in the range of 0.8 < 𝑙𝑝 < 1.4, only one secondary pillar was formed, 

while multiple secondary pillars were generated for the higher spacing distances (𝑙𝑝 > 1.4). 

Evidently, the secondary pillars should be avoided when the high fidelity of the pattern replication 

is of concern since there is no control on the shape and size of the features. 
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Figure 4.14. 2D time snapshots of the film interface in the TC induced patterning process focus on the 

secondary pillar formation, �̃�1 = 2, �̃�2 = 1.5, �̃� = 0.31, (𝑙𝑝)𝑉𝑂𝐹 = 2.1, �̃� = 1, and 𝜆𝐿𝑆 = 2.03 µ𝑚. 

 

Figure 4.15. The final stage of the pattern formation for the different range of stamp periodicity where 

�̃�2 = 1.5, �̃� = 0.31 and �̃� = 1. 
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Similar to the map developed for the width of protrusions, we established a 2D map to find the 

threshold value for 𝑙𝑝 that separates the patterns with primary and secondary pillars in both VOF 

and TF models. The effect of the distance between the protrusions on the number of pillars at 

different inverse filling ratios (�̃�2) are presented in Fig. 4.16. In both models, by increasing the 

distance between two protrusions beyond a threshold (say 𝑙𝑝
∗
), the secondary pillars appear. It is 

worth noting that even large spacing did not lead to the interface deformation for relatively high 

�̃�2. Moreover, only primary pillars are formed under the protrusions. In all these cases, the Ma 

number remained constant since it affects the predicted value of 𝑙𝑝
∗
. In the VOF model, the 

equation of the dashed line in Fig. 4.16a is (𝑙𝑝)𝑉𝑂𝐹 = 0.39�̃�2 − 0.04, where (𝑙𝑝)𝑉𝑂𝐹 is the scaled 

distance between two protrusions ((𝑙𝑝)𝑉𝑂𝐹 = (𝑙𝑝)𝑉𝑂𝐹/𝜆𝐿𝑆). By substituting the dimensionless 

parameters ((𝑙𝑝)𝑉𝑂𝐹 = 0.9 (
𝑑2

ℎ0
) 𝜆𝐿𝑆 − 0.36𝜆𝐿𝑆), the dimension size of the distance between two 

protrusions can be calculated and used as a preliminary choice for fabricating the patterned mask. 

On the other hand, a similar equation is obtained for the TF model, which is (𝑙𝑝)𝑉𝑂𝐹 = 0.85�̃�2 −

0.02 and its dimensional form is (𝑙𝑝)𝑇𝐹 = 0.85 (
𝑑2

ℎ0
) 𝜆𝐿𝑆 − 0.02𝜆𝐿𝑆. 

 

Figure 4.16. The threshold value for the distance between the protrusions at different polymer thicknesses 

where �̃� = 0.31 and Δ�̃� = 1, (a) VOF model (b) TF model. 
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4.5. Conclusions 

The volume of fluid (VOF) model, thin-film (TF) model, and linear stability (LS) analysis 

frameworks were used to simulate the thermocapillary (TC) induced instability and morphological 

evolutions in thin liquid films. In the VOF model, a multiphase flow interface tracking approach, 

the full continuity, Navier Stokes, energy, and volume fraction equations were solved. This also 

enables investigating more complex thin-film problems with multi-component films. The 

numerical approach presented in this study surpasses the long-wave limit inherent in the TF and 

LS models. It successfully predicts different interface deformation stages, including the initial 

linear and the late non-linear deformation. Compared to the experimental data[19], the VOF model 

predicted characteristic wavelength (𝜆) with significantly higher accuracy compared to the TF 

model and LS analysis. Several cases with different polymer thicknesses, gap spacing, and 

temperature differences were investigated to correlate the characteristic wavelength predicted by 

the VOF model and TF model with that theoretically found by the LS formulation. The effect of 

localized cooling/heating was also investigated by using a patterned top cold plate. Results showed 

that the interface deformation and pillar formation are sensitive to the localized cooled area 

(𝑤, under the protrusions). It leads to the transition from single to twin pillars. The 2D maps for 

both VOF and TF model are generated based on the normalized width of the protrusions (�̃�) and 

their separation distance (𝑙𝑝), and the inverse filling ratio to predict the threshold values in which 

the transition from single- to two-pillar formation occurred and secondary pillar formed.  Thus far, 

in all theoretical and numerical works in TC-induced patterning, the liquid film is assumed to be 

Newtonian with constant viscosity. However, many polymer solutions and molten polymers are 

non-Newtonian fluids. In the next chapter, a mathematical model is developed to characterize the 

thermocapillary destabilization of the air–polymer interface for non-Newtonian polymer films. A 

power-law model is adopted to model shear-thickening/thinning fluids and overcome the 

assumption limitations, such as the independence of viscosity from the shear rate. 
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Chapter 5 - Thermocapillary patterning of 

non-Newtonian thin films 
 

5.1. Introduction 

Interfacial instabilities of a thin film conduct interesting micro-and nano-sized patterns, with 

potential applications in microelectronics, drug delivery components, optoelectronic, and 

micro/nano- fluidic devices. There are different techniques for fabricating the patterns on liquid 

film surfaces, such as photolithography, nanoimprint lithography, and electron-beam lithography. 

Over the past few decades, some innovative approaches with low cost and high throughput have 

been developed to overcome lithographic process' limitations [115]. The lithographically induced 

self-assembly (LISA) is a recent novel approach that relies on self-organized instabilities triggered by 

external forces such as electrical [57,63,110,127], mechanical [146], and thermal [60,61].  Although 

LISA has a simple process to create micron and nano-scale patterns rather than conventional soft 

lithography techniques, the complexity of the mechanisms that lead to the destabilization of a thin 

polymer film must be summarized. Apart from patterning applications, thin-film instabilities expose the 

main fundamental issues on the rupture and deformation of the nanocomposite [147–152] and biological 

[153–155] membranes. Therefore, there have been many analytical and numerical works to understand 

the underlying science of thin-film instability and then control such instabilities to fabricate well-ordered 

structures with consistent sizes and shapes [18,22,116,121,122].  

Thermally-induced instabilities in thick films (0.1-1 mm) are governed by short-wavelength 

Bénard-Marangoni instabilities and have been investigated over the past century [115]. Singer [60] 

reviewed thermocapillary approaches to polymer patterning and highlighted that these methods 

had been developed and applied only since the early 2010s. Moreover, the thermocapillary 

methods' merits over other patterning approaches assure that their uses will continue to expand 

and develop. Conversely, studies into nanofilms recently started with the preliminary finding of 

the one-dimensional ridge and two-dimensional pillar in an ultrathin molten polymer film heated 

from the bottom and cooled from above [63]. The image charge (SC)-induced 

electrohydrodynamics (EHD) instability model was proposed to justify the observations. However, 

Schaffer et al. [65,66] repeated the experiments with the same conditions but by grounding the 
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experiment setup. They ruled out the SC model as the responsible mechanism for instabilities 

growth and proposed an acoustic phonos (AP) model, which relies on low-frequently acoustic 

phonos as a dominant mechanism for the growth of micropillar formation. A model has been 

derived more recently based on the Bénard-Marangoni instability in the long-wave limit called 

thermocapillary (TC) model [18,19]. The temperature gradient at the polymer-air interface creates 

the surface tension non-homogeneity that applies a tangential TC stress at the interface. The TC 

stress destabilizes the interface, whereas the Laplace and viscous stresses tend to stabilize the 

interface. In the LW-TC instability, the film deforms and grows over time. It is a transient process 

like other self-organized pattern formation phenomena [59]. The formed structures' size and shape 

are highly dependent on the time when the system becomes cold to solidify the structures.  

There have been many analytical and numerical works to understand the film's dynamics, instability, 

and morphological evolution. The previous studies are mostly focused on the use of simplified 

governing equations using a long-wave approximation for linear and nonlinear modes [84,112,137]. 

Many studies applied an analytical solution to evaluate the length and time scales in thermal-induced 

patterning process [19,63]. This nonlinear approach, called the "thin-film” equation, derived employing 

the lubrication approximation, assuming the film thickness much smaller than the wavelength for 

growing instabilities [(ℎ0 𝜆⁄ )) ≪ 1]. The thin-film equation is a fourth-order non-linear partial 

differential equation (PDE), and its solution provides the interface profile at each time step 

[13,22,58,103]. More recently, with developing the computational scheme enabling the interface 

tracking in the multi-phase flow systems, the computational fluid dynamic (CFD) is used considering 

the full momentum equations coupled with energy equation and employing stress balance boundary 

conditions [96,107,138,139]. Most of the studies carry on these polymer patterns considered the fluids 

to be Newtonian. The dynamics of polymer with complex rheology, however, have received less 

attention in the literature. The power-law fluid is an important type of a non-Newtonian fluid [156]. 

Some previous studies on a thin film of power-law fluids on a substrate have investigated the dynamics 

of films moving down inclined planes [157], falling films [158], films on cylinder [159] and rotation 

discs [160], and self-similar dynamics of rupture of thin free films [161].   

A few studies have been devoted to the investigation of thermocapillary flows for viscoelastic flows 

[131,162–164]. The Marangoni convection is a shallow rectangular cavity of power-law fluids that have 

been studied, and the non-Newtonian effect on the temperature field, fluid flow, and heat transfer is 
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discussed [165,166]. Moreover, the impact of Marangoni convection for a power-law fluid for several 

power-law indexes is demonstrated [167]. The long-wave instability of a power-law fluid flowing down 

an inclined plane due to non-uniform heating has been studied [168]. The linear stability analysis has 

indicated that enhancing the downstream's plane temperature generates a significant stabilizing 

stabilizing effect on the Newtonian fluid. Such an outcome is increased for the dilatant fluid while the 

stabilizing effect is reduced for the pseudoplastic fluid. Non-modal instability in plane Couette flow of 

a power-law fluid is examined. The results show that shear thinning considerably increases the 

amplitude of external force and initial conditions. Although several works have studied the influence of 

viscoelastic fluid in the thermocapillary and electrical induced patterning [21,169] , the shear thinning 

and shear thickening effect for the thermal-induced patterning has not been discussed. 

This study will employ the linear and nonlinear analysis for thermocapillary induced instability of 

power-law fluids to study the formed structures. In the proposed approach, a power-law model is 

implemented for the patterning of polymer film, and a thin-film equation for a shear-thinning/shear 

thickening fluid has been derived. The effect of power-law rheology on the time scale is studied. 

We study the effect of shear rate and viscosity variation on the size and number of formed pillars. 

The influence of effective parameters, including filling ratio and flow behavior indexes on the 

formed structures' final shape, is investigated 

5.2. Mathematical Model 

5.2.1. Problem statement 

A three-dimensional (3D) schematic of the ultra-thin liquid film with the mean initial thickness of 

h0 is shown in Figure 5.1. The liquid film and air bounding layer are heated from the bottom 

boundary (TH) to above its glass transition temperature of the polymer (Tg) and cooled from the 

top boundary (TC) so that 𝑇𝐻 − 𝑇𝐶 > 𝑇𝑔. A transverse thermal gradient at the interface generates 

an interfacial thermal pressure (a tangential TC stress) that leads to nonuniformity in the interfacial 

tension. A local decrease in the interfacial temperature leads to a higher interfacial tension 

compared to neighboring hot areas. The lower interfacial areas (hot region) are pulled toward 

higher interfacial areas (cold region), leading to interface deformation and pattern evolution in the 

thin film.  
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Figure 5.1. Schematic of the ultrathin liquid film placed between the top (cold) and bottom (hot) substrates, 

where TH> TC>Tg. Here, Tg is the glass transition temperature of the polymer film. 

 

5.2.2. Power-law for modeling non-Newtonian fluids 

Although most of the literature related to TC patterning is concerned with the Newtonian fluids, 

many polymers in industrial-scale patterning applications are non-Newtonian. An essential type of 

non-Newtonian fluid is the so-called power-law fluid and is widely used for molten polymers 

[170]. For power-law fluid, the viscous shear stress is proportional to the shear rate increased to 

an exponent, n, as follows: 

𝜏𝑥𝑦 = 𝐾�̇�𝑛                                                                      (5.1) 

where 𝜏𝑥𝑦 is the shear stress,  𝐾 is the flow consistency index, �̇� is the shear rate, and 𝑛 is 

the dimensionless flow behavior index. The value of the exponent, 𝑛, can determine the fluid's 

rheology in terms of the applied shear. When 𝑛, is equal to unity, the fluid is Newtonian, for 𝑛 less 

than one liquid is shear-thinning, whereas 𝑛 is greater than one for a shear-thickening fluid. The 

effective viscosity, the viscosity of a Newtonian fluid that gives the same shear stress at the same 

shear rate, is expressed as a nonlinear function of the shear rate as follows: 

𝜇eff = 𝐾�̇�𝑛−1                                                                   (5.2) 
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where 𝜇eff is the effective viscosity. The shear rate (�̇�) is the second invariant of the rate of 

deformation tensor (D), which describes the rate of strain and shearing and is related to the 

viscosity gradient as follows: 

�̇� = [
1

2
(𝐃:𝐃)]

1

2
                                                                   (5.3) 

𝐃 =
1

2
[∇�⃗� + (∇�⃗� )𝑇]                                                              (5.4) 

where �⃗� = (𝑢, 𝑣, 𝑤) is the flow velocity. Therefore, the effective viscosity is a nonlinear function 

of the symmetrized gradient of the velocity given by: 

𝜇eff = 𝜇0[2𝐾 �̇�]𝑛−1                                                             (5.5) 

where µ0 is the zero-deformation-rate viscosity of the fluid 40. 

 

5.2.3. Thin-film evolution equation 

To describe the spatiotemporal evolution of the film under TC stress, we employ the mass 

conservation, the Cauchy momentum and energy balances for an incompressible film, which are 

respectively written as 

∇. �⃗� 𝑖 = 0,                                                                      (5.6) 

𝜌𝑖 [
𝜕�⃗⃗� i

𝜕𝑡
+ (�⃗� 𝑖. ∇�⃗� 𝑖)] = −∇. 𝝉,                                                     (5.7) 

𝜌𝑖𝐶𝑝𝑖
(
𝜕𝑇𝑖

𝜕𝑡
+ �⃗� 𝑖 . ∇𝑇𝑖) = 𝑘𝑖∇

2𝑇.                                                   (5.8) 

where 𝜏 is the Cauchy stress tensor, which is defined as the summation of hydrostatic and viscous 

stresses. (𝝉 = −𝑝𝑰 + 2𝜇eff𝑫). The pressure (𝑝) is defined as (𝑝 + 𝜙). The term of 𝑝 is capillary 

pressure, and ∅ = −𝜌𝑔𝑧 + ∅𝐿𝑊 incorporates the hydrodynamic pressure and intermolecular 

interactions. Since the film thickness is in the range of submicron, Lifshitz- van der Waals 

interactions, ∅𝐿𝑊 = −𝐴 6𝜋ℎ3⁄ , are considered (A is the effective Hamaker constant). Subscript 𝑖 

differentiates between the following fluid phases: molten polymer film and air as a bounding layer. 

In the energy balance equation, energy dissipation due to viscous forces is assumed to be 
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negligible. The thermal conductivity is 𝑘𝑖, heat capacity is 𝐶𝑝𝑖
, and fluid velocity is �⃗� 𝑖. The Cauchy 

momentum equation, Eq. (5.8), can simplify using power-law model and Eq. (5.4) as follows:  

𝜌 [
𝜕𝒖i

𝜕𝑡
+ (�⃗� 𝑖 . ∇�⃗� 𝑖)] = −∇𝑝 + ∇.  [𝜇eff ( ∇�⃗� 𝑖 + (∇�⃗� 𝑖)

T )]                            (5.9) 

The hydrodynamic and thermal boundary conditions are 

�⃗� 1 = 0;   𝑇1 = 𝑇𝐻   at 𝑧 = 0,                                                      (5.10) 

�⃗� 2 = 0;   𝑇2 = 𝑇𝐶    at the top substrate,                                         (5.11) 

At the interface [𝑧 = ℎ(𝑥, 𝑡)] the boundary conditions are 

�⃗� 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 = 0     and     𝑇1 = 𝑇2,                                                       (5.12) 

Thermal conduction: �⃗�  . (𝑘1∇𝑇1 − 𝑘2∇𝑇2) = 0.                                      (5.13) 

Finally, the normal and tangential stress balances are:  

�⃗�  .  [𝝉𝟏 . �⃗� − 𝝉𝟐 . �⃗� ] = κσ,                                                           (5.14) 

𝑡 𝑗 .  [𝝉𝟏 . �⃗� − 𝝉𝟐 . �⃗� ] = ∇𝑠𝜎 .  𝑡 𝑗,                                                        (5.15) 

The term κσ is the mean interfacial curvature of the film interface while �⃗�  and 𝑡 𝑗 are the normal 

and tangential vectors. The term ∇𝑠𝜎 = (𝑑𝜎 𝑑𝑇)∇𝑠𝑇|𝑧=ℎ⁄  is the interfacial tension gradient along 

the interface, which represents the TC pressure in the tangential stress balance at the interface. The 

surface tension is assumed to decrease linearly with the interfacial temperature [13], i.e., 𝜎 = 𝜎0 −

𝜎T(𝑇 − 𝑇0) where 𝜎T (>0), 𝜎0 and 𝑇0 are the surface tension gradient, the reference interfacial 

tension, and the reference temperature, respectively. 

Finally, to relate the interface height to the interfacial velocity components, a kinematic boundary 

condition is imposed: 

𝑤 =
𝜕ℎ

𝜕𝑡
+ 𝑢

𝜕ℎ

𝜕𝑥
+ 𝑣

𝜕ℎ

𝜕𝑦
       at     𝑧 = ℎ(𝑥, 𝑦, 𝑡)                                     (5.16) 

The governing equations (Eqs. (5.6), (5.8), and (5.9)) and boundary conditions (Eqs. (5.10)-(5.15)) 

are normalized using different scaling factors based on their physical significance. The initial film 

thickness (ℎ0) is used as a scaling factor for the vertical dimensions, whereas the characteristic 

wavelength for the growth of instabilities (L) is used to normalize the lateral dimensions. 
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�̃� =
𝑑

ℎ0
, �̃� = (

𝑢𝑐

𝐿
) 𝑡, �̃� =

𝑥

𝐿
, �̃� =

𝑦

𝐿
, �̃� =

𝑧

ℎ0
, �̃� =

𝑇 − 𝑇𝐶

∆𝑇
,

ℎ̃ =
ℎ

ℎ0
, �̃� =

𝑢

𝑢𝑐
, �̃� =

𝑣

𝑢𝑐
, �̃� =

𝐿 𝑤

ℎ0𝑢𝑐
,

𝑝 = (
𝐿

𝜇0𝑢𝑐
) (𝑝 + 𝜙), �̃� =

𝜎

𝜇0𝑢𝑐
, �̃� =

𝐴 (6𝜋)⁄

(𝜇0𝑢𝑐 𝜖ℎ0⁄ )
 

(5.17) 

Here 𝜖 = ℎ0 𝐿⁄  is the ratio of initial film thickness to the lateral length scale, 𝑢𝑐 is the characteristic 

lateral velocity and ∆𝑇 is the maximum temperature difference (𝑇𝐻 − 𝑇𝑐). Although the 

hydrodynamics of the polymer film is unaffected by the air bounding layer (𝜇2 𝜇1 ≪ 1⁄  and 

𝜌2 𝜌1 ≪ 1⁄ ), the two sets of governing equations (polymer and air) are coupled at the interface by 

stress balances. The Reynolds number, 𝑅𝑒 = 𝜌𝑢𝑐ℎ0 𝜇0⁄ , is less than unity, so the flow is 

considered a creeping flow. Employing scaling factors and applying the long-wavelength 

approximation ((ϵ and 𝜖2)<<1), the governing equations are simplified as follows: 

∇̃. �̃� = 0,                                                                       (5.18) 

−∇̃𝐻𝑝 +
𝜕

𝜕𝑧
(𝜇eff

𝜕𝑢𝐻

𝜕𝑧
) = 0         ,       

𝜕�̃�

𝜕𝑧
= 0                                           (5.19) 

𝜕2�̃�

𝜕𝑧2 = 0                                                                         (5.20) 

The corresponding boundary conditions on the walls are 

�̃�1 = 0;     �̃� = 1   at   �̃� = 0                                                       (5.21) 

�̃� = 0   at   �̃� = �̃�                                                                  (5.22) 

and at the interface [�̃� = ℎ̃(�̃�, �̃�, �̃�)] are  

�̃�𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 = 0     and    �̃�1 = �̃�2                                                         (5.23) 

Thermal conduction: 𝑘1 𝑑�̃�1 𝑑�̃�⁄ − 𝑘2 𝑑�̃�2 𝑑�̃�⁄ = 0 

The stress balances are  

𝑝 = −Ca−1∇2ℎ̃ + Ca−1 𝐵𝑜 ℎ̃ + �̃� ℎ̃−3                                             (5.24) 

(𝜕�̃� 𝜕�̃�⁄ ) = (𝜕𝛤 𝜕�̃�⁄ )   ,   (𝜕�̃� 𝜕�̃�⁄ ) = (𝜕𝛤 𝜕�̃�⁄ )                                     (5.25) 
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where Ca = 𝜇0𝑢𝑐 𝜖3𝜎⁄  is the capillary number and 𝐵𝑜 = 𝜌𝑔𝐿2 𝜎⁄  is the Bond number. The term 

𝛤 = 𝜎 (𝜇0𝑢𝑐 𝜖⁄ )⁄  is the scaled interfacial tension, and its gradient is related to the temperature 

gradient at the interface as  

∇𝑠𝛤 = −Ma ∇�̃�|𝑧=ℎ̃,                                                                   (5.26) 

where Ma = 𝜖𝜎𝑇∆𝑇 (𝜇0𝑢𝑐)⁄  is the Marangoni number. From Eqs. (5.17) and its boundary 

conditions, the temperature distribution along the interface is given by �̃�|𝑧=ℎ̃ =

𝑘𝑟(�̃� − ℎ̃) [(1 − 𝑘𝑟)ℎ̃ + 𝑘𝑟�̃�]⁄  where 𝑘𝑟 = 𝑘1 𝑘2⁄  is the relative thermal conductivity of polymer 

and air. Substituting the temperature distribution into Eq. (5.26)  

∇𝑠𝛤 =
Ma 𝑘𝑟 �̃�

[(1−𝑘𝑟)ℎ̃+𝑘𝑟�̃�]2
 ∇ℎ̃                                                               (5.27) 

The characteristic lateral velocity, 𝑢𝑐 = 𝜖𝜎𝑇𝑘𝑟�̃�∆𝑇 {𝜇0[𝑘𝑟(�̃� − 1) + 1]2}⁄  and Marangoni 

number, Ma = ((1 − 𝑘𝑟) + 𝑘𝑟�̃�)2 𝑘𝑟�̃�⁄ , are found when the film thickness ℎ̃, interfacial slope ∇ℎ̃, 

and TC stress (𝜕�̃� 𝜕�̃�⁄ ) = (𝜕𝛤 𝜕�̃�⁄ ) in Eq. (5.27) are on the order of unity and are set to one. 

Obtaining the velocity components using Eqs. (5.18)-(5.25) and then substituting into the 

kinematic boundary condition relation  

𝜕ℎ̃

𝜕�̃�
+ ∇̃𝐻 . ∫ �̃�𝐻

ℎ̃

0
 𝑑�̃� = 0                                                              (5.28) 

Results in the following scaled equation, which describes the spatiotemporal evolution of thin film.  

𝜕ℎ̃

𝜕�̃�
+ ∇. [𝑐1 𝑐2 ℎ̃

(
1

𝑛
+2) (∇�̃�)(

1

𝑛
) +

ℎ̃2

2
 ∇(Γ)] = 0                                       (5.29) 

where  𝑐1 = (1 𝐾𝑛−1√2
𝑛−1

⁄ )

1

𝑛
 and 𝑐2 = (2𝑛2 − (𝑛 + 1)(2𝑛 + 1)) (2𝑛2 − (𝑛 + 1)(2𝑛 + 1))⁄ . 

The first term indicates the transient term of thin-film evolution, the second term (first term in 

bracket) shows the stabilizing force due to Laplace pressure, and the last term presents the 

destabilizing force due to TC stress.  
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5.2.4. Linear stability analysis 

Linear stability (LS) analysis is conducted for the thin film evolution equation to predict the 

maximum and characteristic wavelength of the TC instabilities. The corresponding wavelength is 

obtained by replacing the uniform interface height (ℎ̃) in the thin film equation with a periodic 

perturbation of ℎ̃ = 1 + 𝜉exp [�̅�(�̃� + �̃�)𝑖 + 𝑆(�̅�)�̃�], where 𝑖 = √−1, �̅� is the wavenumber, 𝑆(�̅�) is 

the growth coefficient, and 𝜉("1) is the infinitesimal amplitude coefficient. The wavenumber 

corresponds to the growth rate [𝑆(�̅�)] and the wavelength (𝜆 = 2𝜋𝐿 �̅�⁄ ). After substituting ℎ̃ in 

Eq. (5.29) with sinusoidal perturbation, and neglecting all resulting nonlinear terms, a dispersion 

relation is calculated as follows: 

𝑆(�̅�) +
�̅�4

𝐶𝑎
−

3𝑛𝑀𝑎 𝑘𝑟�̃�

2𝑐1𝑐2[(1−𝑘𝑟)+𝑘𝑟�̃�]2
�̅�2 = 0.                                             (5.30) 

When this dispersion relation 𝑆(�̅�0) = 0, the disturbance remains unchanged over time. The film 

remains stable if 𝑆(�̅�0) < 0, indicates the disturbances are damped over time. When 𝑆(�̅�0) > 0, 

there is always a wavenumber, 0 < �̅� < �̅�0 = √(3𝑛 Ca Ma 𝑘𝑟�̃�) 2𝑐1𝑐2[(1 − 𝑘𝑟) + 𝑘𝑟�̃�]
2

⁄ , shows 

TC-induced instabilities in nanofilms always lead to a pattern formation at this condition.  

The fastest-growing wavelength (𝜆𝐿𝑆) corresponds to the positive root of 
𝜕𝑆

𝜕𝜅̅
= 0,  

𝜆𝑚𝑎𝑥 = 2𝜋[ℎ0(1 − 𝑘𝑟) + 𝑘𝑟𝑑2]√
4 𝑐1 𝑐2 𝜎 ℎ0

3𝑛 𝑑2 𝜎𝑇 𝑘𝑟 ∆𝑇
.                                       (5.31) 

A list of all dimensionless numbers and their values in this study is presented in Table 5.1.  

Table 5.1. List of dimensionless parameters and their values. 

Dimensionless number Definition Value 

Interface height  (ℎ̃) ℎ(𝑥, 𝑦, 𝑡) ℎ0⁄  0.02-4.00 

Marangoni number  (Ma) [(1 − 𝑘𝑟) + 𝑘𝑟�̃�]2 𝑘𝑟�̃�⁄  1.56-9.69 

Capillary number  (Ca) 𝜇0𝑢𝑐 𝜖3𝜎⁄  1.00-52.67 

Bond number  (Bo) 𝜌𝑔𝐿2 𝜎⁄  10-8-10-6 

Inverse filling ratio  (�̃�) 𝑑 ℎ0⁄  1.5-4.0 

Slender gap ratio  (𝜖) ℎ0 𝜆𝑚𝑎𝑥⁄  0.1-0.01 
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5.2.5. Numerical modeling 

To obtain the dynamics, instability, and morphological evolution of the nanofilms, we solved the 

nonlinear thin film equation (Eq. (5.29)) that is a 4th order nonlinear partial differential equation 

(PDE). Employing the finite difference discretization and applying a second-order central finite 

difference scheme that converts the PDE to a linear system of differential algebraic equations 

(DAEs) in time: 

𝐹(�̃�, ℎ̃, 𝜕ℎ̃ 𝜕�̃�⁄ ) = 0,                                                                                                                     (5.32) 

where 𝐹, ℎ̃, and 𝜕ℎ̃ 𝜕�̃�⁄  are vectors and their lengths are related to the dimension of the spatial 

grid. Differential algebraic solver (DASSL) with an adapting time stepping is used to solve the 

resulting sets of DAEs [171–173]. Numerical simulations performed in a square domain with the 

length of 5λmax using a periodic boundary conditions. The domain size is large enough to ensure 

that the instabilities will not damp due to small computational domain constraints [17]. A volume 

conserving random distribution is employed for the initial condition of the interface height that 

avoids any spatial bias for instabilities growth [62,84]. Many laboratory experiments have used 

polystyrene (PS) [112], and we also consider constants and parameters obtained from the reported 

properties of PS polymer [17–19,51,66,112] for our computations. The properties are summarized 

in Table 5.2.   

Table 5.2. Constants and parameters used in simulations. 

Parameter Value 

Interface tension  (σ) 0.045 N m⁄  

Interfacial tension gradient (𝜎𝑇) 88.5 × 10−5 N m ℃⁄  

Viscosity of liquid film (µ) 1 Pa.s 

Thermal conductivity of liquid film 

(𝑘𝑝) 
0.13 W m ℃⁄  

Thermal conductivity of air (𝑘𝑎) 0.036 W m ℃⁄  

Effective Hamaker constant (𝐴) -1.5 × 10−21 J 

Mean initial film thickness (ℎ0) 25-65 nm 

Plate separation distance (𝑑) 100 nm 

Equilibrium distance (𝑙0) 1 nm 

Temperature difference (∆𝑇) 46 ℃ 

Speed of sound in the polymer (𝑢𝑝) 1850 m s⁄  
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Different spatial grid element sizes are considered to find the optimum mesh size that can predict 

the interface deformation accurately with the minimal computational expense. Three cases (Grid 

1, Grid 2, and Grid 3) are presented here to illustrate the effect of the spatial grid on the results. 

Here, the number of grid points is increased from Grid 1 (61 × 61) to Grid 3 (121 × 121) while 

keeping the same uniform Cartesian grid distribution. The exact location of the interface for each 

grid is compared, and the results are presented in Fig. 5.2. The error shown in the table is calculated 

as follows: 

𝑒𝑟𝑟𝑜𝑟 (%) =
1

𝑛
 ∑

ℎ𝑛𝑒𝑤,𝑖−ℎ𝑜𝑙𝑑,𝑖

ℎ𝑜𝑙𝑑,𝑖
× 100𝑛

𝑖=1          (5.33) 

where n is the number of extracted data points for interface height. The relative mean error is less 

than 2% for Grid 2, which shows that this mesh size (91 × 91) is sufficient to track the interface 

deformation accurately. 

 

Figure 5 2. The effect of grid size on transient growth of interface height 
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5.3. Results and Discussion 

5.3.1. Newtonian Fluid 

A Newtonian fluid film (n=1) is simulated as a baseline case compared to provide insight into the 

effect of rheology on the TC pattern formation process. The height of the liquid film is 25 nm, and 

the distance between the two substrates is 100 nm, while the temperature difference is 46 ºC. Fig. 

5.3a shows the maximum and minimum interface height location over time. This plot also shows 

the time which the first pillar touches the upper cold plate. The initial random perturbations 

redistribute and grow slowly in time at the early stage of pattern evolution and followed with an 

exponential growth until the first pillar touch the top substrate (�̃� = 0.25). Pillars are formed and 

randomly distributed over the domain area, and the number of formed pillars increases over time. 

The minimum height proceeds to decrease until the thickness of the liquid film reaches the born 

repulsion length (𝑙0). Fig. 5.3b shows a 3D plot of a thin film interface after all pillars reached the 

top substrate. It indicates the random distribution of pillars across the domain and their columnar 

and final shape at the quasi-steady stage of the patterning process.  

 

Figure 5.3. (a) Nondimensional pillars' height over time for a Newtonian fluid (n=1), (b) Plot showing 3D 

pillar distribution for a Newtonian film with h0 = 25 nm. 
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5.3.2. Time scale and spatiotemporal evolution in non-Newtonian TC 

patterning 

In the TC process, the transition from pillars to the bicontinuous structure is observed when the 

filling ratio (ℎ0 𝑑⁄  ) is more than  0.5 [19,84,96].  In the present study, we focus on the filling ratio 

of less than 0.5. The tracking of minimum and maximum interface height over time, along with 

the 3D and 2D snapshots of the liquid film interface for a shear-thinning case (n=0.75) at different 

stages of the evolution process, are presented in Fig 5.4. Image shows the interface maximum and 

minimum height over time. It grew exponentially from the early stages until it reached the top 

substrate at the scaled time of 0.49. Compared to the Newtonian case shown in (Fig. 5.3a), the 

growth rate of the TC-induced instabilities is slower in a similar shear-thinning fluid film. Initial 

random perturbations redistributed at the early stages of pattern formation into ridges and valleys 

and form bicontinuous structures. After that, fragmentation happens, and isolated islands are 

formed. A negative liquid flow from thinner regions of the film to the thicker ones results in 

amplification of the interface height at thicker regions and leading to a pillar formation (stage (i)). 

After bridging top and bottom substrates, there is an increase in contact area over time which 

causes to form columnar raised structures with circular cross-sections or pillars (stage (ii) and stage 

(iii)). Fig. 5.5c shows the final shape and size of formed pillars from the top view at the end of the 

process. The maximum and average shear rate variation over time is presented in Fig. 5.5d. At the 

beginning of the TC process, the shear rate is low since random perturbations' growth rate is still 

slow. Once the fastest growth pillar moves towards the top substrate, the shear rate increases and 

reaches its maximum. This is the stage where the highest polymer deformation happens. After the 

first pillar reached the top substrate, the remaining polymer, which is in the later stage of pattern 

formation and close to touch the top surface, starts to flow faster and form more pillars over time, 

resulting in higher shear rates. After the scaled time of 0.49, the maximum and average shear rate 

remained almost unchanged.  

Fig. 5.5 shows the interface's tracking over time along with the 3D snapshots of the thin film 

interface for a shear-thickening case (n=1.2) at different stages of pattern formation. Fig. 5.5a 

shows that the fastest growth pillar touched the top substrate after a scaled time of 0.17, which is 

faster than that of shear-thinning (t̃ = 0.49) and Newtonian (t̃ = 0.25) cases. Fig. 5.5b(i-iii) shows 

3D snapshots of the pattern evolution in a shear-thickening case. When the first pillar touched the 
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top substrate, other interface undulations are still at the early stages of pattern formation (Fig. 

5.5b(ii)). However, in the shear-thinning case shown in Fig. 5.4b(ii), the interface undulation is 

well progressed and reached close to the top plate when the first pillar bridges the top and bottom 

plate. This difference is correlated to the shear rate variation as the pillars form, which is depicted 

in Fig. 5.5d. The magnitude of shear rate (both maximum and average) in the shear-thinning case 

is higher than that in the shear-thickening case. Also, there is a fluctuation in the shear rate plot 

after the scaled time of 0.17, likely due to gradual pillar formation with different sizes. 

The number of formed pillars in the shear-thickening case is higher than the shear-thinning and 

Newtonian cases, as shown in Fig. 5.5c. Consequently, the TC patterning process in the shear 

thickening case is faster, and the number of pillars is much more than that of the shear-thinning 

case.  

 

 

Figure 5.4. Interface height of the fastest growth pillar and 3D snapshots of the interface structure over 

time for a shear-thinning case (n=0.75), (a) Maximum and minimum interface height vs. time, (b(i-iii)) 3D 

and 2D snapshots of the interface at three different times; b(i) t̃ = 0.36, b(ii) t̃ = 0.45, b(iii) t̃ = 1.17. The 

parameters in this study are h0 = 25 nm, d = 100 nm,∆T = 46 ℃, and n = 0.75. (c) Final shape and 

structure of the pillars from top view, (d) Nondimensional pillars' shear rate versus scaled time for a shear 

thinning case. 
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Figure 5 5. Interface height of the fastest growth pillar and 3D snapshots of the interface structure over 

time for a shear-thickening case (n=1.2), (a) Maximum and minimum interface height vs. time, (b(i-iii)) 3D 

and 2D snapshots of the interface at three different times; b(i) t̃ = 0.15, b(ii) t̃ = 0.17, b(iii) t̃ = 1.17. The 

parameters in this study are h0 = 25 nm, d = 100 nm,∆T = 46 ℃, and n = 1.2, (c) Final shape and 

structure of the pillars from the top view, (d) Nondimensional pillars' shear rate versus scaled time for a 

shear thickening case. 

5.3.3. Local effective viscosity distribution and its effect on pattern morphology 

The effect of local variation in viscosity on the dynamics and morphology of the interface is 

studied. In contrast to the Newtonian fluid that the fluid resistance against motion remains 

unchanged; in the power-law model's resistance is a function of shear rate, which is not constant 

during the TC-induced patterning formation. The TC stress acting on the interface varies as the 

film thickness changes. The thinner areas experience lower TC stress than the thicker regions, and 

consequently, the pillar growth accelerates as the pillar's height increases. In Fig. 5.6, the variation 

of scaled viscosity over time is correlated to the interface height profile for a shear-thinning case. 

The average and minimum scaled viscosity over time is presented in Fig. 5.6b. The scaled viscosity 

has its higher value at the beginning of the process, whereas the shear rate has its minimum value 

(Fig. 5.4b). The scaled viscosity sharply decreases from 0.17 to 0.02 where the first pillar touched 

the top plate (stage (ii)), then it remained unchanged. The maximum viscosity reduction from the 

earlyo8 stage of pattern formation to the end of the process is about 88%, significantly affecting 

the size and final shape of the structures in a shear-thinning case. Fig. 5.6c(i-iii) shows the 2D 
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snapshots of the interface height profile at three pattern formation stages. The blue color indicates 

the minimum interface height, and the red color represents the maximum interface height. Initially, 

the interface deforms due to the presence of TC stress (stage (i)), and then the first pillar reached 

the top substrate at the scaled time of 0.49 (stage (ii)). Meanwhile, other formed pillars have 

reached close to the top plate. The quasi-steady stage of pattern formation where the pattern 

remained unchanged is presented in Fig. 5.6c(iii).  

 

Figure 5.6. (a) Tracking interface height over time for a shear-thinning fluid (n=0.75), (b) Nondimensional 

pillars' viscosity versus scaled time for a shear-thinning film, (c(i-iii)) Spatiotemporal evolution of the 

interface at nondimensional times �̃� = 0.36, �̃� = 0.49 and �̃� = 1.17, (d(i-iii)) Effective viscosity 

distribution at nondimensional times �̃� = 0.36, �̃� = 0.49 and �̃� = 1.17. 
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In Fig. 5.6d(i-iii), the 2D contour plots of local scaled viscosity are presented at the same time 

snapshots of Fig. 5.6c. The locations of minimum viscosity are located where the gradient of 

interface height with respect to the x and y direction is small. For instance, at points where pillars 

touched the top plate, the effect of viscosity variation is negligible. Shear-thinning of fluid 

occurred in rings around the pillars due to a higher shear rate of deformation in those regions. 

Moreover, since the scaled viscosity values are less than unity, the effective viscosity would be 

smaller than that in the Newtonian case. 

However, Fig. 5.7a shows the first pillar reached the top substrate in the scaled time of 0.17, which 

is faster than the pseudoplastic case. The scaled maximum and minimum viscosity experienced a 

sharp increase from the first stage to the final stage of the pattern evolution as the shear rate 

increases (Fig. 5.7b). The maximum viscosity is greater than unity; therefore, the effective 

viscosity is greater than the similar Newtonian case. The 2D snapshots of interface height profile 

in a shear-thickening case are presented in Fig. 5.7c. However, the number of formed pillars at the 

end of the process increases compared to the Newtonian and shear-thinning cases. Fig. 5.7d shows 

that the location of maximum viscosity is substantially the same as those where pillars are formed. 

This can be attributed to the shear-thickening behavior of the fluid. In TC, the pillars formed in 

those locations with the highest shear rates in the fluid. A high shear rate makes the fluid more 

viscous in those regions, increasing its local viscosity.  

5.3.4. Rheological effects on pillar density and the characteristic wavelength 

The effect of rheology on the pillar density, the characteristic wavelength, and the final formed 

pattern is investigated. Fig. 5.8 shows the effect of film thickness and flow behavior index on the 

characteristic wavelength predicted by linear stability (LS) analysis. The distance between the two 

plates is set to 100 nm, and the temperature difference is 46 ºC. Fig. 5.8a indicates as the flow 

behavior index increases, the characteristic wavelength decreases at all film thickness values. The 

𝜆𝑚𝑎𝑥 obtained from LS for a shear thickening case (n=1.2) is smaller than a shear-thinning case 

(n=0.75) for a constant film thickness. The 𝜆𝑚𝑎𝑥 profile for different initial film thicknesses is 

presented in Fig. 5.8b. In both shear thinning and shear thickening case, it shows a parabolic 

increase reaching its maximum at ℎ0 = 46 𝑛𝑚. To obtain the maximum point, the derivative of 

𝜆𝑚𝑎𝑥 in LS concerning ℎ0 is set to zero (𝑑𝜆/𝑑ℎ0 = 0) in Eq. (5.31). Therefore, a relation is found 

for 𝑑 ℎ0⁄  as a function of 𝑘𝑟as (𝑑 ℎ0⁄ ) = 3(1 − 𝑘𝑟)/(−𝑘𝑟). Since 𝑘𝑟 is a material property, the 
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maximum value for �̃� can be adjusted based on the geometrical limitations concerning the thermal 

properties of the film. In this study, where the ratio of the thermal conductivity of polymer to air 

is 𝑘𝑟 = 3.61, and the distance between two substrates is 100 nm, ℎ0 is found as 46 nm showed by 

dash-line in Fig. 5.8b. This extremum point is found independent of the flow index parameter; 

however, the rate of change in 𝜆𝑚𝑎𝑥 as the film thickness varies is higher in shear-thinning fluids.  

 

Figure 5.7. (a) Tracking interface height over time for a shear-thickening fluid (n=1.2), (b) Nondimensional 

pillars' viscosity versus scaled time for a shear thickening film, (c(i-iii)) Spatiotemporal evolution of the 

interface at nondimensional times �̃� = 0.15, �̃� = 0.17 and �̃� = 1.17, (d(i-iii)) Effective viscosity 

distribution at nondimensional times �̃� = 0.15, �̃� = 0.17 and �̃� = 1.17. 
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Figure 5.8. (a) The characteristic wavelength obtained from linear stability (LS) analysis versus flow 

behavior index for different film thicknesses, (b) The characteristic wavelength at different film thicknesses 

for both shear thinning and shear thickening cases. 

 

3D snapshots of the interface at the quasi-steady stage of pattern formation for a shear-thinning 

liquid film for different filling ratios are compared in Figs. 5.4(i-v). There is a change in pattern 

morphology from bicontinuous structures (Fig. 5.4(i)) to pillars (Fig. 5.4(v)) as the film thickness 

decreases. For a small value of �̃� (thicker films), the formed pillars are tightly arranged that 

increases the merging of neighboring pillars. Therefore, regardless of the size of formed pillars, 

using thinner films is recommended. The Ma, which defines the relative strength of the TC force 

to the viscous force, increases linearly with �̃�. The trend of the characteristic wavelength predicted 

by LS (blue line of 2D plot in Fig. 5.9) was already discussed in Fig. 5.8b, which shows either 

using very thin (large �̃�) or very thick (small �̃�) films lead to well-organized pillar structures. 

However, the nonlinear simulation illustrates that the desired columnar structures are obtained 

with thinner films as in thicker films, the coalescence of neighbor pillars leads to coarse structure 

formation.  
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Figure 5.9. Shear thinning case, (i-v) 3D snapshots of the interface profile. Initial film thickness, ℎ0 = (i) 

65 nm, (ii) 55 nm, (iii) 45 nm, (iv) 35 nm, (v) 25 nm. Ma= (i) 1.54, (ii) 2.38, (iii) 3.65, (iv) 5.76, and (v) 

9.69. Plates distance, d=100 nm, temperature difference, ∆𝑇 = 46 °∁. 

The red line in Fig. 5.9 shows the pillar number density, 𝜌pillar, which is defined as the number of 

pillars formed in 1𝜇𝑚2 area. The higher the 𝜌pillar indicates the compactness of the structure 

formed. It is worth noting that in bicontinuous structures (case (i) and case (ii)), the pillar density 

cannot be defined. Although increasing �̃� causes well-defined pillars, which are more stable and 

where 𝜆max is comparatively small, the pillar density changes insignificantly. In TC patterning, 

both the size and uniformity (less coarsening effect) of the formed structures are important. Based 

on the nonlinear outcome for both shear thinning and shear thickening cases, a system with �̃� >

2.5 (cases (iv) and (v)) have higher chances to result in smaller and more stable pillars. 

3D snapshots of the features form at the quasi-steady stage of pattern formation, and a 2D plot of 

Ma, the characteristic wavelength, and pillar density at the different filling ratios for a shear 

thickening case are presented in Fig. 5.10. The trend of changing the morphology of features is 

found similar to the shear-thinning case shown in Fig. 5.9. However, the number of formed pillars 

is nearly half of that in a shear-thinning case.  
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Figure 5.10. Shear thickening case, (i-v) 3D snapshots of the interface profile. Initial film thickness, ℎ0 = 

(i) 65 nm, (ii) 55 nm, (iii) 45 nm, (iv) 35 nm, (v) 25 nm. Ma= (i) 1.54, (ii) 2.38, (iii) 3.65, (iv) 5.76, and (v) 

9.69. Plates distance, d=100 nm, temperature difference, ∆𝑇 = 46 °∁. 

 

5.4. Conclusions 

The dynamics, instability, and pattern formation of thermally induced instabilities in thin liquid 

films are studied numerically. We have investigated the nonlinear interface deformations in shear-

thinning and shear-thickening confined fluid films under transverse thermal gradient. Lubrication 

theory and the power-law model are employed to derive a fourth-order nonlinear thin film 

equation, which describes the spatiotemporal evolution of the polymer-air interface and the local 

viscosity variation. The thin-film equation is parametrized by the system's physical properties, 

such as the interfacial tension, temperature difference, the viscosity, thermal conductivity of 

polymer and air, and flow behavior index. The finite difference with pseudo-staggered discretization 

and an adaptive time step is used to solve the nonlinear thin film equation. Linear stability (LS) 

analysis is then applied to find the characteristic wavelength for the growth of instabilities. The 

results show that the growth rate of instabilities and the time takes the first pillar touches the top 

substrate is strongly affected by the power-law index and is relatively longer for shear-thinning 

(�̃� = 0.49) than shear thickening (�̃� = 0.17). The effect of local variation in viscosity on the 

dynamics and morphology of the interface is also studied. In shear-thinning fluid film, the pillars 
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are formed where the viscosity experiences its minimum value. In contrast, the pillars' location in 

a shear thickening case is the same spot that the viscosity reached its maximum value. The 

compactness and fidelity of the formed columnar structures have been investigated considering 

different filling ratios. It was found that the pillar density (number of pillars form in 1𝜇𝑚2 area) 

has improved as the fluid behavior index increased. An increase in the filling ratio �̃� leads to 

smaller and more stable structures in both shear thinning and shear thickening fluid films.    
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Chapter 6 - Conclusion and future work 

 

6.1. Conclusion 

To enhance the thermal-induced (TC) patterning to achieve the smaller sized structures uniformly 

distributed over the whole domain area is the main objective of this thesis. Since there were 

discrepancies in predicting the characteristic wavelength obtained from the experimental data and 

theoretical models, a nonlinear numerical model with high accuracy was required to predict better 

the characteristic wavelength, which is the focus of this study. A phase-field numerical model was 

initially used to simulate the dynamic process of TC-induced patterning. In this model, the 

deformation liquid film connects to two-phase flow, as defined by the phase parameter. Using the 

phase field model, the dynamic thermal-induced patterning process was studied while highlighting 

various parameters' effects.  

The non-uniform temperature along the polymer-air interface creates an interfacial tension 

gradient. The spatial heterogeneity of the surface tension force in the interface induces the non-

uniform pressure distribution. This uneven pressure distribution is responsible for the flow 

mechanism and interface deformation in the TC patterning process. As time progressed, the 

pressure increases in the area under the protrusion as air is squeezed out of that region. This is due 

to the circulation effects in the gap between the protrusions, which forces the polymer upwards to 

create the patterns under each protrusion. It was found that the temperature gradient in the interface 

can significantly affect the dynamic process. Applying higher temperature gradient results in a 

higher TC-induced force on the interface through the pattern evolution and faster interface 

deformation. In terms of the effect of polymer's thermal conductivity, the temperature at the 

interface increases, which leads to a uniform temperature distribution at the interface. Thus, the 

processing time was longer. As protrusion height increased, it was observed that a large protrusion 

height could enhance the growth rate and could decrease the processing time. 

However, a further increase in the protrusion height became insignificant. The width of top 

protrusions affects the size and number of pillars forming in the TC patterning process. When the 

width is higher than the characteristic wavelength, two small instabilities grow without merging 

leading to twin pillars under the protrusion. Examining the effect of the distance between two 
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protrusions revealed that as the primary pillars touched the top substrate, the residual polymer 

between pillars has formed secondary pillars. This indicated that pillars could form under 

protrusions and between them, depending on their spacing distance. This enables reducing the 

number of protrusions. Moreover, it was determined that the contact angle was critical in 

establishing the final structure of the pillars. Well-ordered pillars appeared when the surface had 

higher surface energy compared to the liquid film.  

Using systematic study, it was shown that effective parameters impact the shape and size of the 

final features. However, further studies were needed to show the relationship between the 

characteristic wavelength obtained by linear stability analysis and the CFD model. Hence, the 

second part of this thesis focused on how the temperature difference, polymer thickness, and the 

distance between two substrates impact the characteristic wavelength of created pillars. The 

volume of fluid (VOF) model, thin-film (TF) model, and linear stability (LS) analysis frameworks 

were used to simulate the thermocapillary (TC) induced instability and morphological evolutions 

in thin liquid films. In the VOF model, a multiphase flow interface tracking approach, the full 

continuity, Navier Stokes, energy, and volume fraction equations were solved. This also enables 

investigating more complex thin-film problems with multi-component films. The numerical 

approach presented in this study surpasses the long-wave limit inherent in the TF and LS models. 

It successfully predicts different interface deformation stages, including the initial linear and the 

late nonlinear deformation. Compared to the experimental data [19], the VOF model predicted 

characteristic wavelength (𝜆) with significantly higher accuracy compared to the TF model and LS 

analysis. Several cases with different polymer thicknesses, gap spacing, and temperature 

differences were investigated to correlate the characteristic wavelength predicted by the VOF 

model and TF model theoretically found by the LS formulation. The variation of the characteristic 

wavelength predicted by the VOF, TF model, and LS analysis with the increase of inverse filling 

ratio were studied. It was found that the characteristic wavelength predicted by the LS analysis 

(𝜆𝐿𝑆) increased sharply for small �̃�2 up to a maximum at �̃�2 = 2.44. The same trends were 

observed for the characteristic wavelength obtained from the VOF and TC models; however, the 

maximum point was located at �̃�2 = 2.5. It is worth noting that the Marangoni and Capillary 

inverse numbers increase as the inverse filling ratio increases. All the characteristic wavelengths 

from LS analysis, TF model, and VOF simulation decreased with an increase in the applied thermal 

gradient.  
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The size and periodicity of the protrusions need to be tailored to avoid secondary pillar formations 

when using plates with protrusions to generate the non-uniform thermal gradient and enable 

forming well-ordered patterns. Thus, the effect of localized cooling/heating was also investigated 

by using a patterned top cold plate. Results showed that the interface deformation and pillar 

formation are sensitive to the localized cooled area (𝑤, under the protrusions). It leads to the 

transition from single to twin pillars for both VOF and TF models. However, the magnitude of 

normalized width of the protrusions (�̃�) for making two twin pillars in the TF model is higher than 

that of the VOF approach. The deformation of the interface was studied at the early, later, and final 

stages of pattern formation at different widths of the protrusion in the VOF model. The results 

showed that the case with �̃� < 0.34 leads to the formation of only one pillar under the protrusion, 

the case with �̃� = 0.52 result in the formation of two separate pillars. Regarding the effect of 

separation distance (𝑙𝑝) on the TC-induced patterning process, it was found when 𝑙𝑝 < 0.8, no 

secondary pillars formed between two protrusions, while when 𝑙𝑝 = 1.4, a secondary pillar was 

observed. A similar trend was observed in the TF model; however, the magnitude of the width of 

protrusions and the separation distance must be greater than that of the VOF model to form an 

additional pillar. Finally, the 2D maps for both VOF and TF model are also generated based on 

the normalized width of the protrusions (�̃�) and their separation distance (𝑙𝑝) and the inverse 

filling ratio to predict the threshold values in which the transition from single- to two-pillar 

formation occurred and secondary pillar formed.  

The polymer film in the first and second parts of the thesis is assumed to behave as a Newtonian 

fluid. In contrast, many polymer solutions and molten polymers are non-Newtonian fluids. Hence, 

the last part of this study focuses on a power-law model for the TC patterning of polymer films 

showing shear-thickening/ thinning behaviors. This enables overcoming the limitation associated 

with assuming that viscosity is independent of shear rate. We have investigated the nonlinear 

interface deformations in shear-thinning and shear-thickening confined fluid films under 

transverse thermal gradient. Lubrication theory and the power-law model are employed to derive 

a fourth-order nonlinear thin film equation, which describes the spatiotemporal evolution of the 

polymer-air interface and the local viscosity variation. The thin-film equation is parametrized by 

the system's physical properties, such as the interfacial tension, temperature difference, the 

viscosity, thermal conductivity of polymer and air, and flow behavior index. The finite difference 

with pseudo-staggered discretization and an adaptive time step is used to solve the nonlinear thin film 
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equation. Linear stability (LS) analysis is then applied to find the characteristic wavelength for the 

growth of instabilities. The results show that the growth rate of instabilities and the time takes the 

first pillar touches the top substrate is strongly affected by the power-law index and is relatively 

longer for shear-thinning (�̃� = 0.49) than shear thickening (�̃� = 0.17). The effect of local variation 

in viscosity on the dynamics and morphology of the interface is also studied. In the shear-thinning 

fluid film, the pillars are formed where the viscosity experiences its minimum value. In contrast, 

the pillars' location in a shear thickening case is the same spot that the viscosity reached its 

maximum value. The compactness and fidelity of the formed columnar structures have been 

investigated considering different filling ratios. It was found that the pillar density (number of 

pillars form in 1𝜇𝑚2 area) has improved as the fluid behavior index increased. An increase in the 

filling ratio �̃� leads to smaller and more stable structures in both shear thinning and shear 

thickening fluid films. As a contribution to science, for the first time in this thesis, the full Navier 

Stokes equations without LW approximation coupled with the interface tracking methods were 

solved. The charactrestic wavelength from different approaches including VOF, Phase field, and 

thin film were compared and a correlation was derived. Insights into fabrication of well-ordered 

nanostructures based on an interplay between the height and width of protrusions, as well as the 

pattern of plate periodicity and initial thickness were provided. It can be used as a preliminary 

choice for fabricating patterned masks. Finally, a new model for TC patterning of non-Newtonian 

power law fluids was developed. 

6.2. Future work 

Further studies that can be done as a continuation of the present study are listed as follows: 

 The dependence of viscosity on the temperature can be studied in the VOF and phase-field 

models. Moreover, changing the geometry from 2D to 3D can affect the final shape and 

size of the formed features since they can interact with each other at the later stage of the 

pattern formation.  

 The effect of thermal evaporation can also be considered on the TC-induced patterning 

system. This could be done by adding the thermal evaporation term to the thin film 

equation. It will be more practical for heated molten polymer when the solvent evaporation 

happens during the evolution process in the TC process. 
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 The TC-induced patterning of bilayer systems can be studied. Both thermocapillary modes 

(long-wave and short-range instability) can be significantly affected by the relative 

viscosity of film and bounding layer.  

 The combination of TC and EHD as two self-organized patterning methods can be 

investigated. Temperature gradient and electrostatic force can be both applied across the 

liquid film and the effect of this combined phenomenon on the characteristic wavelength 

of the formed pillars can be studied. 
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Appendices 

 

Appendix A – Vertical distance and wettability in phase field 

approach 

A1. Effect of the vertical distance between two substrates on the pattern 

formation 

Figure A1 shows the effect of the distance between hot and cold substrate in the pattern formation. 

The largest height of the pattern can be obtained when the distance between two substrates is 

maximum. In addition, there is no residual polymer between two patterns in case c (Quasi-steady 

state) compared to that of in two other cases. Moreover, the process time of reaching polymer to 

the protrusions is longer than that of in case (a) and case (b). 

 

Figure A1. The changing trend of pattern formation induced by thermal gradient with the different 

substrates distance, (a) 270 nm, (b) 300 nm and (c) 400 nm. 

A2. Effect of the wettability of protrusions on the pattern formation 

The contact angle between the polymer film and solid substrates indicates the relative strength of 

the surface energy between the polymer and the substrate, which influences the thin film 

instability, shape, and size of patterns, significantly. Surface tension balance at the liquid/solid 
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interface is shown in Figure A2. Young's equation relates the contact angle (θ) and the surface 

tension of the film (𝜎𝑓), the interfacial tension between film and substrate (𝜎𝑠𝑓) and the surface 

free energy of the solid substrate (𝜎𝑠) as follows [113]: 

𝜎𝑠 = 𝜎𝑠𝑓 + 𝜎𝑓  cos 𝜃.                                                                                                                              (A1) 

The interactions between the liquid film and the underlying solid substrate leads to the film 

deformation and formation of various meso-scale structures [59]. 

 

Figure A2. Surface tension balance based on Young’s considerations. 
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Appendix B – Thin film equation derivation 

B1. Vertical characteristic wavelength  

To derive thin film equation for a homogeneous system, the distance between two substrates was 

used [19,84,137]. However, since there is a non-homogeneous system in this study due to the 

presence of a top patterned plate, we need to choose an appropriate distance (𝑑1 or 𝑑2). To see the 

effect of substrates distance on the dynamics, instability, and morphological evolution of the 

nanofilm, we solve the non-linear thin film equation at different pattern height.   

Figure B1 shows the effect of the pattern height on the final shape of the pattern formation. For all 

cases, 𝑑2 was set to be 200 nm, and by changing 𝑑1, three different pattern heights were tested. As 

shown in Figure (a)-(c), the created patterns are similar in shape and have the same characteristic 

wavelength. However, the processing time is different. Since the thermal gradient in case (c) is 

higher than that in other cases, the processing time is shorter, and thus, it takes less time for the 

polymer to touch the top substrate. Consequently, the shorter distance between substrates is used 

to derive linear stability (LS) analysis in this study. 

 

Figure B1. Thermally-induced hierarchical structures for a patterned template. 2D result of nonlinear thin 

film, ℎ0 = 100 nm, 𝑑2 = 200 nm, 𝑤 = 6 µm, 𝑙𝑝 = 500 nm 𝑎𝑛𝑑 ∆𝑇 = 50 𝐾 at different shorter 

substrates distance, (a) 𝑑1 = 220 nm, (b) 𝑑1 = 250 nm, and , (c) 𝑑1 = 300 nm. (d) The tracking of the 

Interface height of pillar at different shorter substrates distance.   
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B2. Thin-film equation for a Newtonian fluid 

To describe the spatiotemporal evolution of the film under TC stress, we employ mass 

conservation and momentum and energy balances for an incompressible Newtonian film, which 

are respectively written as 

∇. 𝒖i = 0, (B1) 

𝜌𝑖 [
𝜕𝐮𝑖

𝜕𝑡
+ (𝐮𝑖. ∇𝐮𝑖)] = −∇𝑃𝑖 + ∇. {𝜇𝑖[∇𝐮𝑖 + (∇𝐮𝑖)

𝑇]}, (B2) 

𝜌𝑖𝐶𝑝𝑖
(
𝜕𝑇𝑖

𝜕𝑡
+ 𝐮𝑖. ∇𝑇𝑖) = 𝑘𝑖∇

2𝑇. (B3) 

Subscript 𝑖 differentiates between the following fluid phases: molten polymer film and air as a 

bounding layer. In the energy balance equation, energy dissipation due to viscous forces is 

assumed to be negligible. The thermal conductivity is 𝑘𝑖, heat capacity is 𝐶𝑝𝑖
, and fluid velocity 

is 𝐮𝑖. The hydrodynamic and thermal boundary conditions are 

𝐮1 = 0;   𝑇1 = 𝑇𝐻   at 𝑧 = 0, (B4) 

𝐮2 = 0;   𝑇2 = 𝑇𝐶    at the top substrate, (B5) 

At the interface [𝑧 = ℎ(𝑥, 𝑡)] the boundary conditions are 

𝐮𝑟𝑒𝑙 = 0     and     𝑇1 = 𝑇2, (B6) 

Thermal conduction: 𝐧 . (𝑘1∇𝑇1 − 𝑘2∇𝑇2) = 0. (B7) 

Finally, the normal and tangential stress balances are:  

𝒏 .  [𝜎1 . 𝒏 − 𝜎2 . 𝒏] = κσ, (B8) 

𝒕𝒋 .  [𝜎1 . 𝒏 − 𝜎2 . 𝒏] = ∇𝑠𝜎 .  𝒕𝒋, (B9) 

The stress tensor 𝜎 = −𝑃𝐼 + 𝜇𝑖[∇𝐮𝑖 + (∇𝐮𝑖)
𝑇] is defined as the summation of hydrostatic and 

viscous stresses. The term κσ is the mean interfacial curvature of the film interface while 𝒏 and 𝒕𝒋 

are the normal and tangential vectors. The term ∇𝑠𝜎 = (𝑑𝜎 𝑑𝑇)∇𝑠𝑇|𝑧=ℎ⁄  is the interfacial tension 

gradient along the interface, which represents the TC pressure in the tangential stress balance at 

the interface. The surface tension is assumed to decrease linearly with the interfacial temperature, 

i.e., 𝜎 = 𝜎0 − 𝜎T(𝑇 − 𝑇0) where 𝜎T (>0), 𝜎0 and 𝑇0 are the surface tension gradient, the reference 
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interfacial tension, and the reference temperature, respectively. Finally, to relate the interface 

height to the interfacial velocity components, a kinematic boundary condition is imposed: 

𝑤 =
𝜕ℎ

𝜕𝑡
+ 𝑢

𝜕ℎ

𝜕𝑥
       at     𝑧 = ℎ(𝑥, 𝑡), (B10) 

The following dimensionless equation, which describes the spatiotemporal evolution of thin 

liquid film subjected to the transverse thermal gradient, is obtained: 

𝜕ℎ̃

𝜕�̃�
+ 𝛻. {

ℎ̃3

3
𝐶𝑎−1∇(∇2ℎ̃) +

ℎ̃2

2

𝑀𝑎 𝑘𝑟�̃�2

[(1 − 𝑘𝑟)ℎ̃ + 𝑘𝑟�̃�2]
2 ∇ℎ̃} = 0, 

(B11) 

B3. Linear Stability (LS) analysis 

Linear stability (LS) analysis is the conventional technique in predicting the characteristic 

wavelength for the growth of instabilities, 𝜆𝑐. It has been extensively used in the literature for thin-

film studies [13,103,137]. The derivation of the thin-film equation for TC induced instabilities are 

omitted for brevity since they are available in the literature [44,114,117,146]. Using the scaling 

factors and dimensionless numbers defined above, the thin-film equation in its scaled form is given 

by 

𝜕ℎ̃

𝜕�̃�
+ 𝛻. {

ℎ̃3

3
𝐶𝑎−1∇(∇2ℎ̃) +

ℎ̃2

2

𝑀𝑎 𝑘𝑟�̃�2

[(1 − 𝑘𝑟)ℎ̃ + 𝑘𝑟�̃�2]
2 ∇ℎ̃} = 0, 

(B12) 

To derive Eq. B12, the shorter distance between two substrates (�̃�2) is used (see section S1). The 

corresponding wavelength is calculated by replacing the uniform interface height (ℎ) in the so-

called thin-film equation with a periodic perturbation of ℎ̃ = 1 + 𝜉exp (�̅�(�̃�)𝑖 + 𝑆(�̅�)�̃�, where 𝑖 =

√−1, �̅� is the wavenumber, 𝑆(�̅�) is the growth coefficient, and 𝜉(≪1) is the infinitesimal 

amplitude coefficient. After substituting ℎ̃ in Eq. B12 with sinusoidal perturbation, and neglecting 

terms with 𝜉2 𝑎𝑛𝑑 𝜉3: 

𝜕ℎ̃

𝜕�̃�
+

𝐶𝑎−1

3
(3ℎ̃2

𝜕ℎ̃

𝜕�̃�

𝜕3ℎ̃

𝜕�̃�3
+ ℎ̃3

𝜕4ℎ̃

𝜕�̃�4
) + ℎ̃(

𝜕ℎ̃

𝜕�̃�
)2

𝑀𝑎 𝑘𝑟�̃�2

[(1 − 𝑘𝑟)ℎ̃ + 𝑘𝑟�̃�2]
2

+
ℎ̃2

2

𝑀𝑎 𝑘𝑟�̃�2

[(1 − 𝑘𝑟)ℎ̃ + 𝑘𝑟�̃�2]
3 {

𝜕2ℎ̃

𝜕�̃�2
[(1 − 𝑘𝑟)ℎ̃ + 𝑘𝑟�̃�2]

− 2(1 − 𝑘𝑟)(
𝜕ℎ̃

𝜕�̃�
)2} = 0. 

(B13) 
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The non-linear terms involving spatial derivatives in Eq. B18, such as (
𝜕ℎ̃

𝜕�̃�

𝜕3ℎ̃

𝜕�̃�3
) and (

𝜕ℎ̃

𝜕�̃�
)2, are 

eliminated. The time and first- to fourth-order spatial derivatives, and the terms ℎ̃2and ℎ̃3 are 

replaced with the following expressions: 

𝜕ℎ̃

𝜕�̃�
= 𝑆(�̅�)𝜉𝐸,  

𝜕ℎ̃

𝜕�̃�
= 𝑖𝜅̅𝜉𝐸,  

𝜕2ℎ̃

𝜕�̃�2
= −�̅�2𝜉𝐸, 

𝜕3ℎ̃

𝜕�̃�3
= −𝑖�̅�3𝜉𝐸,  

𝜕4ℎ̃

𝜕�̃�4
= �̅�4𝜉𝐸, 

ℎ̃2 = 1 + 2𝜉𝐸 + (𝜉𝐸)2, ℎ̃3 = 1 + 3𝜉𝐸 + 3(𝜉𝐸)2 + (𝜉𝐸)3, 

(B14) 

where 𝐸 = exp [ �̅�(�̃�)𝑖 + 𝑆(�̅�)�̃�] is defined as a notational shorthand. After expanding all terms 

and eliminating further non-linear terms (𝜉2and 𝜉3<<1), the following dispersion relation is found: 

𝑆(�̅�) +
�̅�4

𝐶𝑎
−

3𝑀𝑎 𝑘𝑟�̃�2

2[(1 − 𝑘𝑟) + 𝑘𝑟�̃�2]
2 �̅�2 = 0. 

(B15) 

The dispersion relation in Eq. B15 relates the time and length growth coefficients to the physical 

parameters in the system. The wavenumber �̅� corresponds to the wavelength (𝜆 = 2𝜋𝑙 �̅�⁄ ) and the 

growth rate [𝑆(�̅�)]. Zeros of the dispersion relation 𝑆(�̅�0) = 0 indicates the disturbances that 

remain unchanged over time. The thin film remains stable if  𝑆(�̅�) < 0, such that the disturbances 

are stabilized over time. When there is no hydrostatic stabilizing force, the TC-induced instabilities 

in confined nanofilms always lead to pattern formation. Therefore, there is always a wave number 

band, 0 < �̅� < �̅�0 = √3 𝐶𝑎 𝑀𝑎 𝑘𝑟�̃�2 2[(1 − 𝑘𝑟) + 𝑘𝑟�̃�2]2⁄ , where 𝑆(�̅�) > 0. The fastest-

growing wavelength (𝜆𝐿𝑆) corresponds to the positive root of 
𝜕𝑆

𝜕𝜅̅
= 0,  

𝜆𝐿𝑆 = 2𝜋[ℎ0(1 − 𝑘𝑟) + 𝑘𝑟𝑑2]√
4𝜎ℎ0

3𝑑2𝜎𝑇𝑘𝑟∆𝑇
. 

(B16) 

 


