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Abstract

In the world of engineering, strength and toughness are two highly desirable properties to
materials design. Biological materials have already mastered both of these properties within the
threads they protect themselves in harsh nature. The key to both the biomaterial’s ability to resist
external injury and the highly energy dissipative behavior is a type of hierarchical structure called
brick-and-mortar structure, which is comprised of soft collagen matrix and hard hydroxyapatite
crystals. Recently, researchers have incorporated metal phases into various sizes of polymeric
matrix to improve their mechanical properties. However, there is not as much fundamental
understanding of how the heterogeneity of these combinations dictates fracture behavior, either in

a single- or in multi-physical fields.

In this thesis, we use the non-Fourier heat conduction law to explore biomimetic gradation
design under different surrounding environments. The thesis includes three parts of work. First, a
multiphysical model was developed to investigate the fracture behavior of biomimetic materials
under thermoelectromechanical loading. In particular, a piezoelectric material model is used to
mimic the multiphysical behavior of biological materials, such as wood and nacre. A simplified,
homogeneous piezoelectric material is used to mathematically model the dynamic multiphysical
fracture behavior of biomimetic materials. With the aid of fractional heat conduction equation and
Maxwell’s equations, we analyze the effects of temperature and electrical disturbances on the
stress-electric displacement intensity factors. In the second part, a brick-and-mortar graded (BM-
GRAD) model was proposed to investigate how material heterogeneity interacts with its crack
resistance. It was found that the BM-GRAD always shows a smaller zone of extreme stress

localization as well as lower values of the normal stress, which significantly improves the crack
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resistance. It is also highlighted that BM-GRAD microstructure is easier to form deflecting crack
once a fracture happens and the crack propagation is more likely to be terminated. Finally, we
combined the gradient design and multiphysical behavior and carried out a comprehensive analysis
of various multiphysical, gradient designs in the third part. The results showed that multiphysical
conditions have a significant influence on the fracture resistance of heterogeneous material, whiles
temperature is a vital factor that cannot be ignored. To describe thermal transport more accurately
in biomaterials, the non-Fourier theory incorporated with thermal relaxation effect describes
thermal transport more accurately than classical heat conduction equations which indicates the
speed of thermal propagation is infinite. The results of a cracked functionally graded piezoelectric
strip mimicking biomaterials under thermoelectromechanical loading shows that a sudden
temperature fall will cause an opening-mode failure risk, while a positive electric shock will

slightly reduce the likelihood of fracture occurrence compared to a negative electric loading.

From our fracture resistance results, a strong dependence of peak stress on the
electromechanical gradation coefficient Q and thermal gradation coefficient ¥ was observed.
Except the case of a singular thermal environment, the configuration without gradients
demonstrates exceptional crack resistance performance. Incorporating graded design principles
into biomimetic piezoelectric structures can effectively enhance their ability to resist crack
propagation under single stress, single electric, and thermo-electromechanical environments.
Specifically, the symmetric gradient configuration, characterized by a higher order of the
electromechanical gradation coefficient Q and thermal gradation coefficient ¥, shows remarkable
fracture resistance under single stress or single electric environment. For coupled heating-

mechanical-electrical and cooling-mechanical-electrical fields, the symmetric functional gradient
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configuration with (Q, ¥) = (1, -0.5) and (1, -1), respectively, displays lower stress intensity in the

vicinity of crack tips.

In addition to the theoretical studies, we also first replicated the effect of the multiphysics
based on non-Fourier theory within finite element simulations. To do so, we first defined time-
dependent thermal partial differential equations in COMSOL Multiphysics platform and further
coupled static solid mechanics and electrostatics physics. The temperature and stresses simulation

results are in good agreement with our theoretical results for gradation design.

Collectively, these findings provide us with new insights into the correlations between
fracture mechanics and heterogenous functional gradations of biomimetic composites for different
environments, and guidelines to tune the gradation coefficients of bio-inspired materials under

complex environments.

v



Preface

This thesis is an original work by Weilin Yang (W. Yang) under the supervision of Prof.

Zengtao Chen (Z. Chen), and is organized in a paper-based format.
Chapter 1 provides a brief introduction of biomaterials.

Chapter 2 outlines the research objectives and conducts the literature survey of related biomimetic

composite materials.

Chapter 3 has been published as:
Yang W, Chen Z. Multiphysical model to predict thermomechanical fracture of functional

hierarchical biomimetic composites. Composite Structures 2023; 303: 116261.

Chapter 4 has been published as:
Yang W, Nourazar M, Chen Z, Hu K, Zhang X. Dynamic response of a cracked
thermopiezoelectric strip under thermoelectric loading using fractional heat conduction. Applied

Mathematical Modelling 2022; 103: 580-603.

Chapter 5 has been submitted as:
Yang W, Nikrad SF, Nourazar M, Chen Z. Functionally graded Design of Bio-composite Material

for Fracture Resistance under Multiphysical Application.

Chapter 6 implements Multiphysics Finite element simulations of a cracked Functionally graded

Piezoelectric strip based on non-Fourier heat conduction.

Chapter 7 is the summary of the thesis and prospection of the future works.
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Chapter 1

Introduction

1.1 Background

It is a classic problem in materials design that the two key material properties — strength and
toughness — tend to be mutually exclusive. Extremely stiff materials like ceramics tend to be
brittle, and tough materials like rubber are easily deformable. Clues from nature, biological
materials have evolved for millions of years, enabling them to perform perfectly in both strength

and toughness properties and far surpass those of its individual components .

1.1.1 Hierarchical structure

In nature, most of biological materials are usually in the form of combination of a soft protein
and stiff but brittle minerals *°. For instance, mollusks protect their soft body against external
predators and foreign bodies with a three-layered shell ”: the outermost layer “periostracum”, the
middle layer “prismatic”, and the inner layer “nacre” (Figure 1.1). Nacre is a typical brick-and-
mortar structure which is composed of the hard aragonite phase and soft organic materials. The
hard mineral aragonite offers remarkable strength which can provide resistance to penetration from
external impact, while it would be brittle if local high stresses cannot be relieved. The soft organic
phase addresses this issue, acting like a lubricant by allowing some movement between the

platelets, and provides toughness '°. The principal toughening mechanisms in nacre are crack

bridging and the resulting ‘pull-out’ of mineral bricks and aided by viscoelastic energy dissipation
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in the organic layer (Figure 1.2) !'. With the aid of the mechanism, nacre exhibits three orders of

magnitude higher toughness than aragonite.

Nacre 100 pin

Prismatic layer

Periostracum

by
Nacre: Brick-and-Mortar structure i

Vst s R e P~
/‘,‘_-’..',‘ %‘g‘?’," i Mortar: soft organic materials
A S S . et e

’—_ —

Brick: hard aragonite

Figure 1. 1 Schematic of the molluscan shell anatomy 2.
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Figure 1. 2 The toughening mechanisms: (a) mineral bridge; (b) nano-asperities; (c) organic glue '°.

Bone is another fine example of damage-tolerant material design in nature. The lamellar
structure at the microscopic scale of bone is somewhat similar to nacre and consists of a soft
collagen matrix and hard hydroxyapatite crystals. The macroscale arrangement of bone involves
both compact bone at the surface and spongy bone in the interior. Compact bone is composed of
osteons and Haversian canals, which surround blood vessels. Osteons have a lamellar structure,
with individual lamellae consisting of fibrils arranged in geometrical patterns. The fibrils comprise
organic (mainly type I collagen) phases and inorganic (mostly carbonated hydroxyapatite) (Figure
1.3) L1314 Carbonated hydroxyapatite crystals periodically deposit within the gap zones of
collage. Fracture resistance of bone can be divided into two categories: intrinsic mechanisms that
enhance ductility and extrinsic mechanisms that serve to protect against the growth of cracks '°.

The intrinsic toughening mechanism operates ahead of the crack tip and involves various features
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ranging from atomic to nanoscale, such as molecular uncoiling, fibrillar sliding, and
microcracking. On the other hand, the extrinsic toughening mechanisms are situated behind the
crack tip and include fibril bridging, crack deflection, and twisting. As a result, the fracture

toughness of bone is nearly ten times greater than that of its individual hydroxyapatite phase '6.

Compact bone Spongy bone Osteons and Haversian Canal Lamellae Collagen fibril

>

0.5-10 cm 10-500 mm 0.5-10 pm <1lum
Figure 1. 3 Scheme showing the hierarchical organization of bone from the macro- to the nanoscale

11,13,14

The main mechanical function of these hierarchical arrangements is to produce interfaces that
will open up in the presence of potentially dangerous cracks, deflecting the cracks and making
their travel energetically expensive !’. This makes biomaterials facilitates efficient high-energy
dissipation and fracture resistance '*2°. With their excellent mechanical performance, biomaterials

have opened a way to inspire new designs for hierarchical composite materials.

1.1.2 Multiphysical functionality

Biomaterials are sophisticated and highly dynamic systems. Their multifunctional
microenvironments instruct cellular behavior via a complex interplay of multiple biochemical and
physical cues from the specific extracellular matrix 2!. Despite the diverse extracellular matrix of
biological materials, there is a common feature that almost all the biomaterials exhibit piezoelectric
properties 7. For example, by weight, bone is nearly composed of 70% hydroxyapatite and 30%

collagen fibrils 2. These two inorganic and organic materials are the main reason responsible for
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the piezoelectricity of bone. Once collagen undergoes fracture, bone exhibits piezoelectric
properties. As shown in Figure 1.4, a mechanical strain generates electric fields in the collagen.
Generally, the compression area of bone forms electronegative potential, whereas electropositive

potential is developed where tensile force is experienced.

Hydroxyapatite ———— m
M 4-' Displacement (u®)

l,}.}

Collagen
Steaming Potential (B;,)

Figure 1. 4 Positive piezoelectric effect of collagen 2

Due to the piezoelectric property of collagen, it play an important role in the process of bone
healing. Through electrostatic forces, collagen induces conformational changes, stimulating
migration, proliferation and differentiation of bone forming (osteoblasts, osteoclasts, and
osteocytes) and progenitor cells (Figure 1.5) 2*26. Except the piezoelectricity, heat can also
accelerate osteogenesis directly by increasing the metabolic rate of osteoblasts, and indirectly, by

producing vasodilation and thus increasing the local circulating blood volume (Figure 1.5) %7.

-}

Fractured bone Bioactive scaffold Mechancial load Multiphysical stimulus Healing bone

Regenerating stem cells

Electric signal

Figure 1. 5 Multiphysical stimulus in bone healing engineering ?’

Overall, biomaterials have the fascinating self-healing property due to their multiphyscial
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functional performance, and achieve an ideal combination of light weight, high strength, and high
toughness owing to their hierarchical structure 28. All these merits inspire biomimetic materials to

become the newest design concept of functional composites.

1.2  Significance

Benefited from advances in 3D printing, the fabrication of microstructures with arbitrary
geometry has become possible and the study of biomimetic composite has been promoted
significantly in recent years. With the rapid development of high-speed trains, planes and
spacecraft, the security of the components has become the critical challenge to engineers. Because
cyclic loads often cause structure failure, higher strength and fatigue resistance are the main goals
for failure prevention in component design. The secret of excellent protective performance of
nature lies in its sophisticated hierarchical “brick and mortar” architecture, which leads to superior
crack resistance by simultaneous activation of multiple mechanisms ranging from
nanoscopic/microscopic to macroscopic scales that resist crack propagation 2%2°. To this end, in
pursuit of exceptional improvements in fatigue resistance, engineers were inspired to mimic such
hierarchical brick-and-mortar structure in order to replace traditional engineering materials, such
as alloys, plastics, and ceramics to achieve higher mechanical performance. Inspired from bone
(Figure 1.6 (a)), engineers explored the hierarchical multiphase steels, which were composed of
the hard martensite phase and the soft metastable austenite phase. The steels show the superior
crack resistance by simultaneous activation of multiple micromechanisms *!. The outstanding
lightweight and strong properties of hierarchical structure also serve as the basis for the design of
armor. Recently, a nacre-inspired hierarchical structure of helmet was presented (Figure 1.6 (b)),
whose reinforcements of graphene nanoplatelets (GNs) act as bricks with the polymer matrix in

between as mortar. The helmet shows lightweight property while exhibiting comparable specific
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fracture toughness and strength to the natural nacre 2. These biomimetic composites also exhibit

potential applications in other fields including electric cables, fire-retardant materials, gas barriers,

33-37

nanogenerators, and supercapacitors

3D-printed helmet

(a) (b)

Figure 1. 6 Biomimetic composites applications of lightweight and strong properties: (a) Bone-inspired

steel *!; (b) Nacre-inspired helmet *.

Facing more complex service conditions, the demand for better mechanical property of
component become intense, and materials are even developed to achieve self-adaptable and self-
recoverable performance under external stimuli. The multiphysical functional property of
biomaterials inspires alternative approaches to solving challenging design problems. A water
vapor response sensor was fabricated according to multilayer photonic crystal structures on the
body surface of damselfish (Figure 7 (a)). The hybrid one-dimensional photonic crystal sensor was
prepared by alternating thin films of titania and polymer (2-hydroxyethyl methacrylate-co-glycidyl
methacrylate) *%. Due to the response of soft polymer to water vapor, the sensor possesses fast
water-vapor responsiveness and reversible full-color switching. The deformation of hard materials
on or inside the soft matrix can also be used to control the surface morphology 3°*. Tissue

engineering uses the piezoelectric properties of biomaterials to repair or replace damaged,
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malfunctional organs and tissues through regeneration. Electrotherapy is commonly used in bone
healing, whose aim is forming the electric potential, and then induce migration, attachment and
activity of bone-forming cells in the damaged parts. Figure 1.7 (b) shows the piezoelectric
nanofilms on strontium titanate implants which generate a constant built-in electropositive field
and strongly interact with the electronegative potential of bone. This stimulation strategy was

employed in triggering bone healing in rat femoral defects 4!,

Healing
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0.0108  0.0116 0.0126 0.0149 0.0171 0.0203 0.0219

¥ 1]
=
ok —
e
L Q
w3l
=
@)

Color variation of water-vapor concentration

(a) (b)
Figure 1. 7 Bio-inspired materials smart applications of piezoelectric performance: (a) Water vapor

response sensor °%; (b) Self-healing engineering **.

The mechanical and piezoelectric performances of the biomaterials will inevitably be
degraded once cracking happens. Especially, the brick-and-soft hierarchical structure of
biomaterials will amplify the responses to the external stimuli ****°, which will trigger the formation
of crack and promote crack propagation. Even in the lifetime of biomaterials, different
environments will inevitably occur simultaneously. Therefore, the fracture performance of

different hierarchical structures under multi-physical stimuli demands prompt solutions in the

design process.
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Motivation and Objectives

2.1 Motivation

When designing biomimetic materials, two factors are critical: hierarchical structure and

multiphysical functional properties, which are the main motivation of the present work.

2.1.1 Structural design

Inspired from the hierarchical structure observed in biological materials, biomimetic
materials are composed of two distinct components: soft material and hard material. Benefit from
the developments of 3D printing technology and computer simulation software, it is easy to build
various hierarchical specimens and the mechanical properties can be obtained by various test
methods, such as tensile test, bending test, ductility test and so on. For example, to reveal the
underlying toughness-microstructure relationship, four bioinspired material microstructures are
investigated under tensile test, including the brick-and-mortar, cross-lamellar, concentric
hexagonal, and rotating plywood microstructures (Figure 2.1). Results show that the brick-and-
mortar structure displays the maximum load of failure. Its work of fracture per mass is 14 times
greater than the single hard phase, making it both tough and strong. Moreover, the rotating
plywood structure exhibits the 17 times the work of fracture per mass, but less maximum load of
failure compared to the hard phase. Similarly, the concentric hexagonal structure shows the

toughness improved by 15 times but weak in strength. Compared to the above structures, the cross
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lamellar structure shows relatively small toughness improvements, because the cracks are

constrained to the interface, leading to a relatively small fracture processing zone.

g
SN

s’f/r’;"\\‘ L

Brick-and-mortar cross-lamellar concentric hexagonal rotating plywood

Figure 2. 1 Biomimetic microstructure with different unit element 2,

To expose the effect of soft and hard phases of brick-and-mortar microstructure on the
mechanical properties of biomimetic materials, based on the 2D elasticity theory, the effect of the
hierarchical size on the stress and strain response has been analyzed (Figure 2.2). Results showed
that the stress concentration decreases very fast with increasing protein (soft phase) thickness 4647
and the smaller the aspect ratio of the mineral (hard phase), the more uniform the distribution of
shear stress is at the mineral-protein interface *®. All these results on bi-material composites have

implications on the design of gradient materials that could guide the deflection of the crack when

the whole structure is threatened by potential fracture.

= =8 Aspect ratio of hard phase

Soft phase

Hard phase

------- ® Thickness of soft phase

Figure 2. 2 Hierarchical size of brick-and-mortar microstructure.
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On the other hand, the feature sizes of these microstructures are controlled to be functionally
graded, providing better pictures of how crack resistance interacts with heterogeneity. In
functionally graded models, some or all properties of material change along one direction with

several gradation laws (Figure 2.3). The most common FGMs are formulated along z-coordinate

. z
=3
i =

(2)

Figure 2. 3 Several laws of functionally graded model: (a) Electroelastic properties *°; (b) Elastic

Q

properties 3.

and refer to the thickness of the material. The following models are widely used in Young’s
modulus. The indices "t" and "b", used in the following gradient models, represent the top and the

bottom face, respectively.

(1) Reuss Material Model

Reuss *! assumed Young’s modulus E, is a function E(z) of coordinate z, which is represented

as 2.

E(Ep

E(z) =
@) E,(1—V,) +E,V,

(2.1)

where V; is the volume fraction of the top material and it is calculated by the relation (2.2).

10
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V, = (0.5 + z/h)¥ (2.2)

in equations (2.1) and (2.2), the coordinate "z" represents the position of a point along the thickness
of the material, "h" denotes the material thickness, and "k" stands for the exponential coefficient,

which can take various values.

(2) Local Representative Volume Element Mode

The Local Representative Volume Element Mode (LRVE)  is applicable to length scales
that are significantly larger than the characteristic length scale of individual component particles

but still smaller than the characteristic length scale of a macroscopic specimen.

Vi
E(z) =E <1 + —) 2.3
"\" T FE-3V, (23)
ELE)p
FE=—"2"__ 2.4
1—E,/E, 24

The LRVE model relies on the assumption that the microstructure of the heterogeneous
material is well-known. The primary input parameter consists of the average volume or the overall

average of the microstructure descriptors.

(3) Mori-Tanaka Material Model

In this model 33

, the heterogeneous material of functionally graded material is conceptualized
as a composite composed of two materials, wherein one is consolidated by randomly distributed
spherical particles of the other material.

Vi
1+ 1 =VI(E/E, = DA +v)/[3(1 = V)]

11
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Typically, the Poisson's ratio (v) exhibits a small variation **, leading to a minor impact on

FGM behavior *°. Therefore, in this model, the Poisson's ratio is assumed to remain constant.

(4) Power Law Material Model

Power law material model >*°7 is used for the description and obtaining of the properties and
in the development of the calculations regarding the deformations and stresses, which is expressed

as

E(z) = E,(E; — Ep)(0.5 + z/h)* (2.6)

(5) Exponential Material Model

The exponential material model is the most used and simplest one in the construction of

functionally graded materials.
E(z) = E.eP? (2.7)

Relying on the exponential, functionally gradient model, mechanical parameters, like stress
intensity factors °%, fracture toughness >, deflection ®® and crack growth resistance behavior ¢! and
the effects of gradient direction % and degree %, crack position * and numbers ® on all of the

above parameters were extensively investigated.

2.1.2 Multiphysical behavior

The replications in the multiphysical functionality of biomaterial can be filled by the
incorporation of smart materials in biomimetic materials. Smart materials are distinguished by
their ability to reverse, change, or generate a response from external stimuli in their environment

66.67 ' Among the available smart materials, piezoelectric materials are widely utilized to mimic

12
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biomaterials because of their ability to exhibit electromechanical responsivity to an external
stimulus in either a direct or converse piezoelectric configuration 2*, which is similar to the natural

extracellular matrix. The piezoelectric constitutive equations in the stress-charge form are:

0ij = Cijri€r — €xijEx

2.8
D; = ejj & + €ixEy (2.8)

where i, j, k, [=1,2, 3. Terms 0ij, Dy, €y and E}, are, respectively, components of the mechanical
stress tensor, components of the electric displacement, components of the mechanical strain tensor,
and components of the electric field vector. The terms Cyjy, €y;; and €;; represent the elastic,

piezoelectric and dielectric coefficients, respectively.

The components of the strain tensor &, are defined by

1
=7 (ugr + ) (2.9)
where u; and u,, are the components of the displacement vector, and uy; = ouy/9x;.

The electric field inside the medium is described by Maxwell’s equations, which relate the
fields to the microscopic average properties of the material. When the quasistatic approximation

is introduced , the electric field is derivable from a scalar electric potential:

Ey=—¢x (2.10)
where ¢  is the electric potential. The following Maxwell’s equation is defined by

D;;=0 (2.11)

Without body forces, the equation of motion for a piezoelectric material is

13
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g = pu, (2.12)
where p represents the density of piezoelectric material, %, = d%u,/dt? , and t is the time.

It is worth noting that the piezoelectric effect of bone under ultrasound irradiation was
numerically simulated using the piezoelectric constitutive equations Eq. (2.8) ®, and the results

were proven with the experiments.

To mimic the thermal response of biological material, the temperature change term T is

introduced in the piezoelectric constitutive equation ’°.

0ij = Cijki€r — exijEr — BijT
j = Gy j j

Di = €jjkEjk + EUE] + le (213)

where B;; and y; are thermal stress and pyroelectric coefficients. For solving temperature

difference T, in most classical engineering problems with the macro spatial and temporal scales,

the Fourier Law is taken
q(x,t) = —kVT(x,t) (2.14)

where ¢ is the heat flux vector, x is the position vector, and & is the thermal conductivity. When

the inner heat source is negligible, the conservation of local energy is expressed by:

aT

where ¢, is the specific heat.

With aid of thermal piezoelectric constitutive equations Eq. (2.15), the thermal stresses at the

tip of an interface crack between a brick-and-mortar coating and a substrate were discussed 7.

14
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Clearly from Figure 2.4, for cooling condition, the crack was opened; by contrast, when

temperature went higher, the coating was stretched along the substrate.

Cooling Heating

B Pre-crack
e oy —~rmras TN

L N
g —— 1 - substrate

<+<—— Substrate

(a) Cracked brick-and-mortar structure (b) residual stress near the crack tip

Figure 2. 4 Effect of temperature changes on residual stress near the crack tip 7.

Based on Fourier heat conduction, more environmental parameters are introduced into the
piezoelectric constitutive equations to help researchers study the effect of multiphysical functional
properties of biomaterials. For example, the constitutive equations for hygro-thermo-magneto-

electro-elastic piezoelectric materials are defined as follows 7>7

0ij = Cijla€r — exijEx — ByT — dyijHy — §ym
D; = ejjx€jx + €;E; +viT + gijHj + xim (2.16)
Bi = di]'ks]'k + gl]E] + TiT + ”’l]H] +v;m

in which B;, H; and m are the magnetic induction, magnetic field and moisture concentration
change, respectively; dy;j, §ij » 9ij» Xi> Hij, Ti and v; are, respectively, the piezomagnetic,
hygroscopic stress, electromagnetic, hygroelectric, magnetic permeability, pyromagnetic and

hygromaganetic coefficients.

Same with electric field, the magnetic field inside of the medium also described by Maxwell’s

equations where the magnetic field is derivable from a scalar magnetic potential:

Hy = -%,

15
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where W is the magnetic potential. The following Maxwell’s equation is defined
B;;=0 (2.17)
For solving the moisture concentration change m, based on the Fick’s law is defined as
q™ (x,t) = —DVm(x, t) (2.18)

where g™ is the moisture flux vector, D is the moisture diffusion coefficient. When the inner
moisture source is negligible, the conservation law for the mass of moisture, equivalent to energy

conservation for temperature, is given by

_y.qm =" (2.19)

Extracting corresponding fields from Eq. (2.16), Jin and Feng " used the integral equation

techniques to obtain the thermal stress-intensity factors at the crack-tips, finding that the graded

1 75,76

coating has higher thermal fracture toughness than the homogeneous coating. Ueda et a gave

a thermal shock at the top surface of the hierarchical, functionally graded piezoelectric material

(FGPM) and obtained the thermal stress intensity factors. Meanwhile, electro-thermal 7’, magneto-

thermal 7®, hygro-thermal 7°, magneto-electro-thermal *°, hygro-electro-thermal 8!, hygro-

182

magneto-electro-thermal °“ fracture models for functional materials were built.

2.1.3 Fracture criteria

In order to evaluate the fracture properties of biomimetic materials, a variety of theoretical

fracture criteria was proposed.

16
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(1) Interface damage model

Based on fracture mechanics theory, Qin and Zhang * and He and Hutchinson 3* proposed
the interface damage models between dissimilar materials, relying on the ratio of the energy release

rate for penetrating the interface and for deflecting into the interface, G, /G4, and the ratio of the

mode I toughness of the material of branch to the interface toughness, I'./T;.. Concretely if

G, T,
e (2.20)
Gd l-‘ic

the impinging crack is likely to penetrate the interface, Conversely, the crack will tend to be
deflected into the interface when the inequality is reversed. During crack propagation, usually,
deflecting crack can dissipates much more energy and be terminated easier than a straight crack,
so as to efficiently avoid the overall failure. Through the competition between deflection and
penetration using the maximum energy release rate criterion, if a crack propagates from a soft
material toward a hard material, the driving force at the crack tip will be reduced significantly,

which plays an essential role in toughening the heterogeneous materials 837,

(2) Stress intensity factor

In fracture mechanics, the stress intensity factor K is used to predict the stress state near the
tip of crack. A crack subjected to any arbitrary loading could be resolved into three types of linearly

independent cracking modes as shown in Figure 2.5 %:

17
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v

Mode I: Mode II: Mode III:
Opening In-plane shear Out-of-plane shear

Figure 2. 5 Effect of temperature changes on residual stress near the crack tip.

Mode I refers to an opening (tensile) mode where the crack surfaces move directly away from
each other. Mode 1II is a sliding (in-plane shear) mode where the crack surfaces slide over each
other in a direction perpendicular to the leading edge of the crack. Mode IlI is a tearing (antiplane
shear) mode where the crack surfaces move relative to each other and parallel to the leading edge
of the crack. The stress intensity factor for each mode is denoted by different subscripts. Ki
represents the stress intensity factor for mode I, which applies to the crack opening mode. K
denotes the mode II stress intensity factor, relevant to the crack sliding mode. Lastly, K1 represents
the mode III stress intensity factor, applicable to the tearing mode. These factors are precisely

defined as follows ¥

K; = limV2nra,,,(r,0)
r—0
Ky = lirr&\/Zm‘ayx(r, 0) (2.21)
Ky = lir%VZHrayz(r, 0)
r—

For piezoelectric material, like stress intensity factors, electric displacement intensity factor

is defined as *°

Kp = lri_r>ré\/27trD(r, 0) (2.22)

18
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The sign of intensity factors in fracture mechanics provides information about the nature and
direction of the stresses and deformations near the crack tip. For Ki, positive values indicate
conditions that promote crack propagation, while negative values indicate conditions that hinder
crack growth or maintain crack stability. The sign of stress intensity factors, Ky, K, and Kp,
indicates the direction of the stresses and deformations near the crack tip, while larger magnitudes

are more likely to promote crack propagation.

(3) Energy release rate

A generalized fracture criterion for piezoelectric material requires the establishment of a
unified theory encompassing mixed mode behavior. Assuming that under applied loadings the
crack tip advances along the crack plane from x = a to x = a + § (§ < a), then the energy

release rate at the crack tip x = a per unit length during this process is *'

5
G = 611_>r(r)1+%f0 {ayy(r, 0u(d —1) + 0y (r,0OwW(§ — 1) + 7,,,(r,0)w(s — 1) + D(r,0) (5 — r)} dr

1
G = Z{K}TL-l{K} (2.23)
where u, v,w and ¢ represent the displacements along the Y

respective stress and electric displacement directions. {K} =

\
{K, K; Ky Kp}T. The greater the energy release rate, R — P

the higher the risk of crack propagation. o

Figure 2. 6 Coordinate near the crack tip.
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(4) Ciritical intensity factor

However, the energy release rate suffers from a theoretical limitation as it neglects the
electrical term, as pointed out by Gao et al *>. They argue that the mechanical term is not
fundamentally distinct from the electrical term since both are influenced by electromagnetic forces.

To solve this problem, the critical intensity factor was proposed which defined by

(L_l)[z 4]
K¢ =K; + —————K, 2.24
C 1 (L_l)[z‘z] D ( )
. . . . . . (L_l)[z 4] . .. .
For piezoelectric material, the coefficient of Kp in Eq. (2.24), i.e. W, is positive. This
[2.2]

implies that a positive electric field will generate tensile stress, leading to increased crack growth,

which aligns with the experimental findings of Pak and Sun **.

2.2 Challenges

The current state of research in structure design primarily focuses on single mechanical tests.
However, for biomimetic materials to be reliably developed, a comprehensive consideration of
their functional properties is imperative as well. Especially for complex configurations, the phase

arrangement choice will highly depend on the physical environments.

In the context of functional properties, all the bioheat conduction equations used in assessing
multiphysical environment-induced damage in biological materials are based on the classical
Fourier heat conduction law, assuming an infinite speed of thermal disturbance propagation.
Nevertheless, Kaminski *°, Rastegar %6, and Mitra et al. °’ proved that for biomaterials with
heterogeneous microstructures, the heat flux equilibrates to the imposed temperature gradient via

a relaxation phenomenon characterized by a thermal characteristic (relaxation) time. To describe

20



Chapter 2. Motivation and Objectives

thermal transport more accurately in biomaterials, the thermal relaxation effect °® has been

9397 and bioheat conduction equations **-

incorporated into the classical heat conduction equations
103 Lately, Banerjee and his colleagues '** have demonstrated experimentally and theoretically
that the hyperbolic heat conduction equation is more accurate than the parabolic heat conduction

equation for both short-pulse and continuous-wave laser irradiations when modeling temperature

response in biomaterials.

(1) Hyperbolic heat conduction

The thermal wave equation of hyperbolic type was proposed by Cattaneo and Vernotte, taking

into account “inertia” of the heat transfer process '9>1%

q(x,t) + 14 % = —kVT(x,t) (2.25)

where 7, is a relaxation time depending on material properties, and the finite thermal wave speed

can be calculated as s, = , where k is the thermal conductivity, p is the mass density, and

PCpTq
¢, 1s the specific heat capacity. When 7, equals zero, the thermal wave speed will be infinite, and

Eq. (2.25) is transformed to the classical Fourier’s Law Eq. (2.14).

(2) Dual-phase-lag heat conduction

In addition, heat conduction in two-phase-systems of biomaterials shows deviation from

classical Fourier’s law. Researchers '7:108

applied energy conservation and Fourier’s law to the
two-phase-biosystems suffering non-thermal equilibrium and found that the heat conduction in

two-phase-biosystems was equivalent to dual-phase-lag heat conduction, which is defined as '*
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q(x,t +714) = —kVT(x,t + T5) (2.26)

where q is heat flux, k is thermal conductivity, T is temperature, and 7, and 7 are the time lags
of heat flux and temperature gradient respectively. When 7, > 7 , the first order approximation
of Eq. (2.26) is hyperbolic type and thermal waves will be generated, while when 7, < 7, it will

become parabolic type without thermal waves.

(3) Fractional heat conduction

Lately, the fractional thermal wave bioheat transfer equation has been widely used in
biological tissue ''!'*  Different from the integer order, the time fractional differential is
characterized by its nonlocal property and memory effect, which implies the next state of a system

depends on both the current input as well as the historical states, as illustrated by

74 0%q(x,t)

q(x,t)+; e = ~kVT(x.0) (2.27)

where

1 t _aaf(x,r)
aaf(x’t): (m]o(t—’[) Td’[ 0<a<l1

9te of (x,0)

=1
ot «

Using the fractional time derivative, many biological processes have been successfully

modeled. Ezzat and colleagues !'!%!16

introduced a novel fractional bio-heat model using the
fractional heat conduction equation. Ghanmi and Abbas ''” examined fractional transient heating

occurring within skin tissue due to the movement of a heat source. Mondal et al. ''® explored

transient heating within skin tissue resulting from time-dependent thermal therapy, within the
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framework of a heat transport law characterized by memory-dependent behavior. Caponetto and
his associates ''? further experimentally demonstrated the reliability of enhanced fractional heat
conduction theory, and find the fractional order is a powerful characteristic parameter for

heterogeneous materials.

For multiphysical behavior of biomaterials, non-Fourier thermal damage analysis becomes a
challenging topic, especially when temperature, electric field, moisture and mechanical loading
are coupled simultaneously. Until now, there are still gaps in the non-Fourier thermal damage
study of biomimetic materials in multiphysical environment, and how to select the appropriate

material configuration for different multiphysical fields is another challenge.

2.3 Objectives and Methods

The objective of the thesis is to build the non-Fourier multiphysical model and guide the
hierarchical structural design under different physics. To achieve the goal, three tasks need to be

tackled:

(1) Establishment of multiphysical piezoelectric fracture model based on non-Fourier heat
conduction.

(2) Implementation of heterogeneous microstructure in fracture prediction of biomimetic
materials.

(3) Construction of non-Fourier multiphysical piezoelectric model for fracture analysis of

hierarchical microstructures.

The main theoretical methods of integral transform and singular integral equations are
employed to deal with the governing equations of both the transient thermal fields and dynamic

stress and electric fields. In order to solve the non-Fourier thermo-electromechanical problems in
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cracked media, Fourier transform is utilized to convert the partial differential equations to ordinary
differential equations, while Laplace transform is used to eliminate time dependence and analyze
the mathematical problem in the Laplace domain. By incorporating corresponding boundary
conditions, the problems are eventually reduced to singular integral equations and then solved

numerically to reveal the singularity of thermoelectromechanical response around the cracks.

2.4 Structure of the thesis

The thesis is structured around the three major tasks, particularly on fracture analysis of
biomimetic composite materials and structures under multiphysical loading. Nonlinear coupling

field and crack properties are explored in the framework of non-Fourier model.

In chapter 3, the non-Fourier, fractional heat conduction equation is introduced in the thermal
analysis of a homogenous cracked piezoelectric strip to reflect the influence of thermal waves on
the thermoelectric, fracture behavior of biomimetic materials under thermal and electrical shock
loadings. In chapter 4, the simulation of hierarchical microstructure in biomimetic materials is
effectively realized through the implementation of the functional gradation method and verified
by experimental and numerical results under single tensile load. The thermal stress and fracture
prediction of different gradations are compared with each other under transient thermal and stress
loadings. In chapter 5, the comprehensive thermo-electromechanical analysis is conducted for
functionally graded microstructures. The optimal gradation configuration and design guidelines
for graded microstructures under various fields are provided. In chapter 6, the results of non-
Fourier multiphysical models are verified by finite element simulations using COMSOL

Multiphysics software. The non-Fourier heat conduction model is achieved in the numerical work.
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Finally, chapter 7 provides conclusions and some perspectives for future work. A detailed flow

chart is presented below to elucidate the structure in a clearer manner:

Biomimetic materials

!

| Non-Fourier law |

Heterogeneity Homogeneity
Chapter 3
Thermal stress Piezoelectricity
Functionally graded material Multiphysics

Configuration design (FGM) Thermoelectricity

piezoelectric graded

Chapter 6
Validation

FGM Multiphysics Finite element method

Thermo-electromechanical Configuration design

Figure 2. 7 Structure of the thesis.
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Chapter 3

Dynamic response of a cracked thermopiezoelectric
strip under thermoelectric loading using fractional

heat conduction

Piezoelectric materials are a class of smart materials widely used in biomimetic engineering
because of their ability to consistently exhibit reproducible and stable electromechanical responses
when subjected to electrical or mechanical stimuli, which is similar to the biological materials.
This chapter simplifies the materials into homogeneity and employs the constitutive equations of
piezoelectric materials to mathematically model the dynamic multiphysical behavior of
biomimetic materials. With the aid of fractional heat conduction equation and Maxwell’s
equations, we analyze the effects of temperature and electrical disturbances on the stress-electric
displacement intensity factors. The results reveal that, with the longer relaxation time and higher
fractional order, the overshooting phenomenon would be more evident, while the wave behavior
becomes weaker and stronger, respectively. There are apparent inflection points on the dynamic
stress intensity factors (DSIFs) and the dynamic electric displacement intensity factor (DEDF)
curves for different configurations of the strip and the coefficients of the heat conduction model.
In addition, the stress intensity factors are insensitive to the electric load which has a dominant

influence on the electric displacement intensity factor.
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3.1 Introduction

Smart materials can achieve self-adaptable and self-recoverable performance by responding

120—122, and

to external stimuli, such as stress, moisture, temperature, electricity, and much more
have already found applications in the aerospace, automotive, and many other industries. As a
typical smart material, piezoelectric material exhibits high sensitivity and excellent electrical

insulating properties and has been widely used in bioengineering applications '2%-121:123,

Piezoelectric materials can convert the electric signals into physical deformation, and an
applied deformation can also generate an electric current in the piezoelectric material. Most
piezoelectric materials are brittle and susceptible to cracking, particularly when they are exposed
to extremely high or low temperatures. Therefore, many researchers devoted to the thermal fracture
analysis of piezoelectric materials. Ueda et al. 7!>* gave a transient heat conduction analysis of
the piezoelectric strip with a parallel or perpendicular crack. Wang et al. '*** derived a general
solution for a penny-shaped crack in piezoelectric materials subjected to a uniform or transient
heat flow. Arani et al. ?° studied thermo-electro-mechanical behaviors of the piezoelectric rotating
shaft. Until now, the fracture behavior of piezoelectric materials under different thermal loading

conditions has been investigated by many researchers 2613,

It is worth noting that all the above studies were based on the classical Fourier heat conduction
law, which allows thermal disturbance to spread at an infinite speed. However, the process of
establishment of thermal equilibrium needs a certain period of time. To fix this defect, researchers
introduced the non-Fourier heat conduction model, which considers the relaxation time of thermal
disturbance !**!*¢, Hu and Chen 37 employed the hyperbolic heat conduction theory to check the

thermoelastic performance of a cracked strip, whose results showed the hyperbolic heat conduction
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model gives more conservative results than the Fourier model. Zhou et al. '*8

analyzed a
functionally graded piezoelectric strip by hyperbolic heat conduction and compared the results
with the Fourier heat conduction model. It showed that the contact stress and surface heat flow
reach their peak values later based on the non-Fourier theory than the Fourier theory. Mondal et
al. 13 dealt with the transient behavior of a magnetic-piezoelastic half-space through the dual-
phase-lag heat conduction model. They found the new model presents a much better prediction

than the Fourier heat conduction. Wang and Li '%

adopted the hyperbolic, non-Fourier heat
conduction to study the mechanics of a finite piezoelectric layer with a Griffith cracked under

thermal loading. They pointed out that the non-Fourier effect became significant on a small length

scale.

In the most previous work, the historical states have not been taken into account. As a part of
the non-Fourier theory, the fractional heat conduction model could describe the state of the system
containing information about its past state '#1-1%_ In the last few years, fractional calculus had been
applied successfully in various material modeling to rebuild the physical processes 47134, Ezzat
and El Karamany !>>156 found the theory of electro-thermoelasticity with fractional derivative
order can describe the behavior more realistically than the theory of integer order. Ma and He '’
investigated the dynamic response of a one-dimensional, thermo-piezoelectric rod in the context
of fractional order heat conduction theory. Results showed the effects of fractional order on the
displacement, temperature and stress results. The researchers '*® further found the response of

piezoelectric material becomes more expressive in transient conditions.

From the above overview, there are not sufficient research about the effect of different
fractional models and crack locations on the dynamic behaviors of piezoelectric material under

multi-physical loading. Concerning the practical problem, the multi-physical field conditions need
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to be investigated owing to the importance of engineering applications. In this paper, we
investigate the dynamic response of an insulated crack in a piezoelectric strip under the in-plane
normal thermal and electrical impacts. The problem is reduced to a system of singular integral
equations that can be solved numerically. The numerical results indicate that the thermal-electrical
loading combination and the configuration of the crack, as well as the thermal relaxation time and
fractional order coefficients of the heat conduction model significantly affect such fracture
parameters as the dynamic stress intensity factors and the dynamic electric displacement intensity
factor. Especially, the electric displacement intensity factor shows the apparent dynamic response
instead of the stress intensity factors for the electric load. And the dynamic intensity factors have
obvious inflection points for the configuration of the crack and the coefficients of the heat
conduction model considered. In conclusion, the result shows that we can adjust the variables of
the heat conduction model to obtain the most reliable numerical results in commercial software

according to the inflection points.

3.2 Problem statement and basic equations

Consider an infinite, transversely isotropic, piezoelectric strip of length h = h; + h, with a
parallel insulated crack of width 2¢, as shown in Figure 3.1. For convenience, a set of Cartesian

coordinate system (x, y, z) is attached to the center of the crack.
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hi

DH(t)
Polling direction ]

h2

Figure 3. 1 A piezoelectric strip with an insulated crack under thermal-electric loading.

As shown in Figure 3.1, a suddenly uniform thermal shock TyH(t) is applied on the lower

edge, where H(t) is the Heaviside step function, and ¢ denotes time. The initial temperature of the

whole plane is T;. A transient electric displacement DH (t) is applied in the positive z-direction.

And the boundary condition at infinity in x-direction is taken to be zero.

3.3 Fractional heat conduction equation

For the temperature field, considering the relaxation time for the thermal shock, the fractional,
non-Fourier heat conduction equation is:

alote | ¥ X

*0
e\ om 0<a<1l (3.1)
al 0t% 4z ? 0z

where q,, q, are the heat fluxes in the x- and y- directions, T; is the change of temperature; i =

1,2 denote the field quantities in the upper (0 < z < hy) and lower (—h, < z < 0) part of the
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strip, respectively; 77 is the thermal relaxation time, and k, and k, are the thermal conductivities

in the x- and z-directions. The Caputo fractional derivative of order a is defined as:

(—1 t t -« afd 0 1
oef F(l—a)j;,( T) I T <a<
3ea = (3.2)
of "
- ax =
ot

and I'(x) is the Gamma function. Combining with energy equation without heat resource:

oM _ _y. 3.3
P ="V"q (3.3)

where p and c, are the mass density and the specific heat, finally, the non-Fourier fractional heat

conduction equation becomes:

1 aTl Tg 6“+1Ti ale‘ 62Ti
E 5t T 2l gpatt :Kax2+azz 0<a<1l (34)

where k =%, and § = ka which is the thermal diffusivity.
z P

According to the problem considered, the thermal initial and boundary conditions in the time

domain are:
Initial condition:
Ti (x, Z, 0) = Tl (35)

Assuming an insulating crack, then:

dT;(x,0,t)  0T,(x,0,t) 0

5 P x| <c (3.6—-1)
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And the heat flux and temperature along the extended line of crack is continuous.

0Ty (x,0,t) _ 9T3(x,0,t) x|=c (36-2)

0z 0z
T;(x,0,t) = T,(x,0,t) x| >c (3.6—3)
Boundary conditions at the edges:
T,(x,hy,t) =T, x| >0 (3.6—4)
T,(x,—h,,t) =T, + ToH(t) x| =0 (3.6-05)

3.4 Piezothermoelastic governing equation

The corresponding constitutive relations of linear, transversely isotropic, piezoelectric strip

for the elastic and electric field are:

+ e a_x' (3.7)

(auxi N auzi) 09;

0z ox ) é11 ox

OUy; 0uy; d¢;
D,; = 6316—:-'_ 9336_; - 5336_21 + p,T;

in which 0y, 0,,i, 0, and D,;, D,; are stress tensor and electric displacement components; u,;,

Uy, ¢; and T; are displacement in the x-direction, displacement in the z-direction, electric
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potential and temperature change; cjx, €jk, &k, 4jx and p, are, respectively, elastic, piezoelectric,

dielectric, thermal moduli and pyroelectric constants.

As the strip is under a thermal shock loading, according to the dynamic equilibrium equation,

the governing equations for the piezoelectric strip are:

a2 92 9° 0%u,, 9%, aT;
(C11W + C44ﬁ atz)uxz + (C13 + Caa) 7 9x0z - + (31 + e15) 53— 9x0z Ana
0%u,, 92 92 d° 92, 92, oT;
(c13 + C44)M + (%4@ + C335,2~ atz)uzx te;s 922 + e33 572 /1335 (3.8)
azuxi 62 62 62¢i 62¢i 6Tl
(e1s +e31) oz T (e1s 352 T €33 ﬁ)uzi —E&ngg "3 am = Py,

Then, the boundary conditions for the electromechanical field are:

0,5 (x,0,t) =0 x| <c (39-1)
0,.i(%,0,t) =0 x| <c (39-2)
D,;(x,0,t) =0 x] <c (3.9-3)
0,71(%,0,t) = 0,,,(x,0,t) x| =¢c (3.9-4)
021 (%,0,t) = 0,,2(x,0,t) x| =¢c (3.9-5)
D,1(x,0,t) = D,,(x,0,t) x| >c (39-6)
Uy1(x,0,t) = uy(x,0,t) x| =c (39-7)
Uy (x,0,t) = uyp(x, 0,t) x| =¢c (3.9-138)
$1(x,0,8) = ¢2(x,0,¢) x| >c (3.9-9)

at the crack surface and extended line, and
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071 (X, Ry, ) = 0 x| =0 (3.9-10)
Ozx1 (%, 1y, t) =0 x| >0 (3.9-11)
D,,(x,hqy,t) = DH(t) x| =0 (3.9-12)
0,y (X,—hy,t) =0 x| >0 (3.9-13)
Oz (X, —hp, t) = 0 x| >0 (3.9-14)
D,,(x,—h,,t) = DH(t) x| =0 (3.9-15)

at the boundary surfaces.

3.5 General solutions
3.5.1 Temperature field

According to superposition, the temperature field can be rewritten as the sum of the uniform

temperature field without crack, T™, and the temperature field disturbed by the existence of

crack, Ti(Z), and the initial temperature T;:

Ty(x,z,t) =T, + TO(z,t) + T2 (x, 2, 1) (3.10)
To continue the analysis, the following property of the Laplace transform for fractional
derivative

m-—1

F=per @ =) ro@pet (3.11)
k=0

Fio

at«

will be adopted, where p is the Laplace transform variable, m is the largest integer less than a and

the asterisk denotes the Laplace transform of a function. Appling a Laplace transform pair as:
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fzp) = f £, 2,6) exp(—pt) dt
0

1
f(x,zt) = - f*(x,z,p)exp(pt) dp (3.12)
Br

in which Br stands for the Bromwich path of integration '*°, then T (z,t) and Ti(z)(x, z,t)
change into T*™(z,p) and Ti*(z)(x, z,p), where T*M(z,p) satisfies the following definition and

boundary conditions:

1 1+ % o 7@ d>r 0<a<l1 3.13

ﬁp( a!p ) - dZ2 a ( . )
Ty

T*D(=hy,p) = ?H (r) (3.14-1)

T*O(hy,p) =0 (3.14 - 2)

Then, the expression and the corresponding boundary conditions of Tl.*(z)(x, z,p) are:

1 ¢ N\ o 0PTP 21
Ep 1+ap T, =k 32 + 32 0<a<1 (3.15)

and

6T1*(2)(x, 0,p) 6T2*(2)(x, 0,p)  drT*®
0z B 0z B dz

x| <c (3.16-1)

6T1*(2)(x, 0,p) aTZ*(Z) (x,0,p)
0z B 0z

x| > ¢ (3.16—2)

7% (x,0,p) = T,” (x,0,p) K[ zc (316-3)

at the crack surface and extended line, and
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T, (x, hy,p) = 0 x| >0 (3.16 —4)

T, (x, —hy,p) = 0 x| >0 (3.16 —5)
at the edges.

It is easy to solve Eq. (3.13) combined with Eq. (3.14) ',

_ To{exp[—(hy + 2)VA] — exp[—(2hy + h, — Z)VA]}

*(1)
T @p) p[l — exp(—Zh\/I)]

(3.17)

1 g
where A = P (1 + ;q!p“).
Applying the Fourier integral transform to Eq. (3.15), and its general solution is obtained:
T, (x,z,p) = > [D11 exp(|s|tz) + D, exp(—|s|tz)] exp(—isx)ds z>0 (3.18—-1)
*(2) 1 * ,
T, (x,z,p) = - [D,, exp(|s|tz) + D,y exp(—|s|tz)] exp(—isx)ds z<0 (3.18—-2)

in which, T = /K +Siz, and D;;(s,p) are unknown functions which can be determined by

introducing the density function G, (x, p):

(0 . .
!a{ﬂ @(x,0,p) = T,?(x,0,p)} x| < ¢

Go(x,p) = (3.19)
l 0 x| = ¢

Substituting the general results of Eq. (18) into Eq. (19), based on Eq. (3.16-2), (3.16-4) and

(3.16-5), all the functions of D;; (s, p) can be expressed in terms of Dy (s, p):
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p2(s,p)

Di1(s,p) = — exp(—2hy7|s|) 00(5, D) Do (s, p) (320—-1)
_ ,02(5; p)
D15 (s,p) = 0G5 0) Dy (s,p) (3.20 — 2)
D,y (s,p) = Zzg g Dy (s, p) (3.20 — 3)
p1(s,p)
Dy, (s,p) = — exp(—2h,1ls|) 00(5, D) Do (s, p) (3.20—4)

and:

po(s,p) = [1 —exp(—2hyt|s]p, — [1 — eXp(—thrlsl)]pl]
p1(s,p) = —[1 + exp(—2hy7]s]|)] (3.21)

p2(s,p) = 1+ exp(—2h,tls|)

where function D, can be expressed in terms of G, (x, p) by using inverse Fourier transform:
1 Cc
Dy == | ol explis)ds (3:22)
-c

Letting § = £/c, X = x/c, then, the singular integral equation of G,(&, p) is finally obtained

via Eq. (3.16-1):

1 (' 1 . _ ar*w
) Go(é,p) {E + cMy(%, f,p)} df = ——- (3.23)
where the kernel function reads:
2VA _
Mo(x 3 p) ] < s AT Pabr )sin[sc(f — f)] ds (3.24)
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From the continuity condition, it is clear that

1
ja_o(g‘,p)df‘zo and, Go(§,p) =0 |€]=1 (3.25)
-1

Employing Erdogan’s numerical method '®!, the singular integral equation, Eq. (3.23), can be

reduced to the following algebraic equation:

1ilF(_ s el =-L " <1 @32
Zk_ln Ek'p gc_x_r CcMo xr;fk:p - dz Xl = ( )
n

Z%F(f_k,p) =0 (3.27)

k=1

2k-1r
2n

where f_k = cos k=123, ,n;x, = cos%n,r =1,2,3,---,n—1 and

F(&p) =Go(€,p) |1 - &2 Kl <1 (3.28)

3.5.2 Electromechanical field

Once the temperature field is obtained, the displacement and electric potential in the Laplace

domain can be found.

wli(x,2,0) = u.P(x,,p)

w6, z,p) = 1,0 (z,p) + u, P (x,2,p) (i=12) (3.29)

¢;(x,2,p) = ¢*D(z,p) + 6P (x,2,p)

Under uncracked situation which has no effect on x parameter, the governing equations, Eq.

(3.8) change into:
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d? (1 d2¢*(1) dT*®
<C33 dz2 PP2> uz( )+ €33 dzz A33 dz
dzu;(l) d2¢*(1) dT*(l)
€33 “dzz €33 T dzZ = =Dz dz

And the boundary conditions are:

a0 (hy,p) = 0, 0, (—hy,p) = 0

. D . D
D,V (h) = HG),  D;V(hy) = H()

Solving Eq. (3.30) with Eq. (3.31), the solutions are:

wP(z,p) = ~e33Bu[C1 exp(VBuz) + Cz exp(—/Buz)]

i —ToVA{exp[—(h; + 2)VA] + exp[—(2hy + hy — 2)VA]}

p[1 — exp(-2hV1)]

"D (z,p) = (c33By — pPp?)[C1exp(VBuz) + Coexp(—/Buz)] — pp?[Csz + C4]

—T()\/Z{exp[—(h2 + z)\/i] + exp[—(Zh1 + h, — Z)\/Z]}

& Pl — exp(~2hV7)]

2
&
where B, = —2P%__ and:
833C33+€33
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C. = (Csz1€33To — Degz) exp(—(2hy + hy)y/By) + Dess exp(—/Buhy))
| =
CszZ£33P[1 + exp(—ZV .Buh)]
_ Des3 exp(—(2hy + hy)v/Bu) + (Cs; 33Ty — Desz) exp(—/Buhy)
, =
C.pnéE 1+ exp(—2+/B,h
Sz2 33p[ p( .Bu )] { (3.34)

c = A33€33 — Pse33 _ (e33433 + Cc33p)A — PzPPZ

e (e33C33 + 93?3))L - 533PP2’ pe (e33€33 + 33%3)/12 — £33pp?4

(A33€33 — 933pz).0p2

C = , C - 2

T (633033 + €2 — e53pp? PP ess Pu J

The normal stress and electric displacement under uncracked conditions can be obtained as

follows:
5Dz ) = Conn To{exp[—(h, +pz[)1\/?]e;pe€(f£;\(/2£i +h, —2VA]} :Z g
+Cyyn[Cr exp({/Buz) — C; exp(—/Bu2)] (3.35)
D, (z,p) = g (3.36)

Then, the dynamic equilibrium equations for plane strain piezoelectricity in the Laplace

domain caused by the temperature field Ti*(z) (x,z,p) can be given as:

62 62 azu*(Z) azd)j“(z) aT.*(Z)
(Cl1ﬁ + Caag 5~ pr*)u, 't (€13 + Caa) %07 + (e31 + €15) 6xlaz =A11 alx
aZu*(z) 62 62 2¢*(2) az¢*(2) aT*(Z)
(c13+ C44)W (€44 %2 37 T C33 322 - pp?)uy; + elsv + e3;3 (?—le = /133# (3.37)
(e15 +€31) azu*(Z) + (e5 i te €3 )u*(z) 62¢*(2) — £33 azL*(Z) = -, aTi*(Z)
0x0z x2 dx? 0z2 0z

at the crack surface and extended line:
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0,2 (x,0,p) = —a;7(0,p) x| <c (3.38-1)
0, (x,0,p) = — a;:7(0,p) x| <c (3.38-2)
D! (x,0,p) = —D;(0,p) x| <c (3.38-=3)
0,3 (x,0,p) = 0, (x,0,p) x| > ¢ (3.38—4)
*(2)(x 0,p) = Zg)(x, 0,p) [x] =c (3.38-05)
D@ (x,0,p) = D' (x,0,p) x| > ¢ (3.38—6)
;) (x,0,p) = 35" (x,0,p) Kzc (3.38-7)
*(2)(x 0,p) = u (x 0,p) [x] =c (3.38—-18)
$:P(x,0,p) = $;P(x,0,p) x| >¢c (3.38-9)

at boundary surfaces:
0,3 (6 h,p) = 0 035 (x,—hy,p) = 0 |20 (338-10)
0, D, hy,p) =0 0,3 (x,~hy,p) =0 x| >0 (3.38—11)
D;P(x,hy,p) =0 D3P (x,—hyp) =0 x| =0 (3.38 -12)

The solution of Eq. (3.37) is expressed by the general solution of the homogeneous equations,

*(21) | *(21)
xi ?%zi

*(21
¢i( )

and plus the particular solution of the nonhomogeneous equations,

*(22) 2,22 and d):(zz). According to Ding et al. 162,

xi ?%zi

u;gz:l) = H21F5, u;gz:l) = szFg, ¢:(21) = 1'123F(3k (339)
3
W@ = Z HuFy, w® = Z HoFf, 6% =) HyF (3.39)
j=1
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where H;; (i = 1,2; j = 1,2,3) are co-factors of the differential operator matrix determinant |D],

and Fy and F;" satisfy the following relations:

*(2) T @ T @
|D|Fg =0, |D|Ff = Anal—x' |D|F3 = 233 5—2' ID|F; = —p, alz (3.40)
the coefficient matrix D is:
02 02 02 02
C11 %2 + C44ﬁ — pp® (€13 + Caa) %0z (e31 + eq5) Ixdz
02 02 02 02 02
D= (€13 + Ca4) Ix07 Caay 7 + C33 372 pp*  ess IxZ + e33 372
02 02 02 02 02
(€15 + €31) 5= 1557t €353 57 T &35
Using Fourier integral transform, the general solutions u, (21) u;l@l) and d): @ can be

obtained:
*(21)(x zZ,p) = o zf {Z 1sgn(s)[Al-j exp(lslljz) — By; exp(—lsl/ljz)]}exp(—isx) ds
(21)(x zZ,p) = o Zf {Zj3[Aij exp(lslxl z) + B;; exp(— |s]4; z)]} exp(—isx) ds (3.41)

o; (21)(x z,p) = o Zf {Zj5[Aij exp(lslljz) + Byj exp(—lslljz)]}exp(—isx) ds

where

_ 4,3 2 4
Zj1 = (e1s5€33 + 31633 + C13833 + C44833)S A7 — (efs + e15€31 + C13811 + Caar1)5* A

_ 444 2 2 270232 4 2.2
Zjp = —Cu48338 A5 + {[(e15 + €31)° + C4a811 + C11833]5° + 330D }5° A5 — (c11€115™ + €11pD7S7)

_ 474 2 21272 4 2.2
Zjz = —C44€338" A5 — [(cas31 + C13€15 + C13€31 — C11€33)5” — e33pp~]s A7 — (€11€155" + e15pp=s®)
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the roots 4; (j = 1,2,3) are determined from solving the characteristic equation |[D| = 0, and

given in Appendix A; A;; (s, p), Bi;(s, p) are unknowns to be determined.
Based on Eq. (3.39) and Eq. (3.40), the particular solutions are as following:
. +00
*(22) (x,z,p) = an (RLs®> + R%s3)[D;; exp(|s|tz) + D;, exp(—|s|tz)] exp(—isx) ds

(22)(x Z,p) = —] (RLs5 + R2s%)sgn(s)[D;;exp(|s|tz) — D;, exp(—|s|t2)] exp(—isx) ds

. 1
b; @2 (%, 2,p) = Ef (Rys® + R§s® + R}s)sgn(s)[Diyexp(|s|tz) — Dy, exp(—|s|tz)] exp(—isx) ds

the constants Ry, RZ, R;, RZ, Ry, R} and R are shown in Appendix A.

The stress and electric displacement components can be expressed according to Eq. (3.7) as:

(2)(x zZ,p) = —J- z{ 1[4y exp(ISIAjz) — By exp(—lslljz)] exp(—isx)ds
1 (@
+ %J- C1[D1, exp(|s|tz) + D, exp(—|s|tz)] exp(—isx) ds
(2)(x zZ,p) = —f z{P]stgn(s) [Ayj exp(ISIA z) + By exp(—|s|; Z) exp(—isx)ds
1 [+
+%] C,isgn(s)[D,; exp(|s|tz) — Dy, exp(—|s|tz)] exp(—isx) ds (3.43)

) 1 +o00 3
D, " (x,z,p) = %] Z{Pj3 [Aq] exp(lslljz) — By exp(—lsl/ljz)] exp(—isx) ds
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1 [t
+%f C5[D11 exp(|s|tz) + Dy, exp(—|s|tz)] exp(—isx) ds

where
Pi1(s,p) = c13Zj11s| + c33Zj215|4; + e33Zj3]s|4;
sz(s, p) = C44Zj1|5|/1j - C44Zj2|5| - 9152j3|5|
Pj3(5' p) = 931Zj1|5| + 933Zj2|5|lj - £33Zj3|5|/1j
and:

Ci(5,p) = c13(REs® + R2s) + 33(REs® + R2s")1 + e33(Rys® + RGs* + R3s?)T — Agy

C2(5,p) = Caa(Ris® + R2")T — C4a(R}s® + R2s™) — e15(Rys® + RGs* + R}s?)

C3(s,p) = e31(Ris® + R%s") + e33(REs® + R2s*)t — e33(Rs® + R3s* + Ris*) T+ p,

Combining with the boundary conditions Eq. (3.38-4) to Eq. (3.38-6) and Eq. (3.38-10) to

Eq. (3.38-12), the unknown functions 4;;(s,p), B;j(s,p) (i = 1,2;j = 1,2,3) can be expressed in

terms of unknowns By (s,p) (j = 1,2,3) as:

w

A1j(s,p) = ) ViV (s, hy, p)Bin + Cjrals,p)Do
n=1
3
I:l(]) (5, hy, ha, ) Bin + Cip15(s,p) Do
=1

AZj(Sf p) =

n

3
sz(s, p) = Z U;:(])(s, hy, hy, P)Biy + Cj+18(51p)D0

n=1

(3.44)

where Vj*(n)(s,hl,p), Uj*(n)(s'hphz'P) ) Uj*(n)(s'hl'hz'l?) o Giva(s,p) , Gyas(s,p) and

Ci+18(s,p) (j,n = 1,2,3) are known functions defined in Appendix A.
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Similar to the temperature analysis, let’s define the new unknown functions G;(x,p) (I =

1,2,3) to reduce the problem into a system of singular integral equations,

(G1(x,p) (u;a (x,0%,p) —uy,(x,07, P)\
0
G,(x,p) p = a{ Uy, (x, 0%, p) —up,(x,07,p) ¥ x| <c (3.45)
G3 (x, p) d); (x' 0_' p) - d)I (x' 0+' p)

Substituting the solutions Eq. (3.42) and Eq. (3.43) into (3.45), and using the Fourier inverse

transform, the following relations can be obtained:

1 R1s® + RZs*)Dy (s,

Di(sp) = i) 616, explise) g — TR PSP

D7) === [ GalEp) explist) e > (3.46)
1 C

D(s,p) == | Ga6pyexnlist) dg

Considering the relations in Eq. (3.44), the following relationship can be obtained:
Byj = C (s, p)Ds + CL(s,p)Dy + €5 (5,)Ds + € D 3.47
1j (s,p)D; + (s,p)D, + (s,p)Ds + ]+24(5P)0 (3.47)
where functions Clg,)l (s,p) and Cj,24(s, p) (m,j = 1,2,3) are defined in Appendix A.

Letting § = &/c, ¥ = x/c, then, the singular integral equations of G,(&,p) (I = 1,2,3) are

finally obtained by Eq. (3.38-1), Eq. (3.38-2) and Eq. (3.38-3):

0

1Y ( ___  _ MO N M N
;]_1 {anGl(f,P) + <€_ _12)? + cL12> G.(&Ep) + <€_ _1332 + cL13> Gg(f,p)} dé

= a;7(0,p) + f1(% ) (3.48)

45



Chapter 3. Multiphysics

10 (f My —\ (s — — .
[ (2 o s el

= 03" (0.p) + fo(%.p) (349

0

R M2 N S M
E£1{0L3161(5'P) + (Sg_32f+CL32> Gz(f'P) + (57_3

; + cL—33> G5(&, p)} d€

= 0;(0,p) + f3(%.p) (3.50)
where f; (X, p), fo(%,p) and f5(x, p) are:

) 1 (Ris® + RZs*)D
fi(x,p) = %f {‘Po Do + C1[D11 + Dyi2] - ‘PS) - . -

exp(—isx) ds
5] } exp(—isx)

(1) (R156 + Rz 4)D0
|s]

1 [+
fo(%,p) = %f isgn(s) {Cz [D11 — Di2] + QD(()?DO }exp(—isf) ds

1) (Rxs® + RZs*)D,
13 |S|

1 [t
f:(x,p) = %l (Pog)Do + C3[D11 + D13] — exp(—isx) ds

(1)
and M), = lim —2¢ Om L then the kernel functions are as follow:

S—00

o i
Lim(%,&p) = f (ﬂ — Mlm> sin[sc(§ —%)]ds (I=13; m=23)

€3]

Fatefr) = [/ - b anlc(g - ]
e e O P )

€3]

Lom(%,€,p) = f ( mz)cos [sc(§ - )] ds (m = 23)
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where (p,(il) (m =0,1,2,3;1 = 1,2,3) are defined in Appendix A.

The Lobatto-Chebyshev method '®* is employed to transform the singular integral equations

Eq. (3.48) - (3.50) into the following algebraic equations:

0

—ZAk{cFl(ek, ) (%, G )+Fz(ek,p>( +cL12(xr,ek,p))

0

_ MY, — = (1
+ F3(§p) (a ——+ L (% m))} 22" (Op) + /(& p) |7 < 1(351)

—Z ) (2 4 T o))+ ol )

+ ch(a,p)L_zg(z,a,p)} a7 (0,p) + f,(%,p) %] < 1(3.52)

O

—Z Ao )T ) + ) (22 + T )

T

0

_ M - —
+ F3(fklp) <§— —33x + CL33(x_r’ fk:P))} = D;(l)(OIP) + f3(x,p) |x| < 1(3.53)

k r

n
Z AcFy(&,p) =0 (1=123) (3.54)
k=1
(k-7 _ — Qr-1)m _ 1. _ T _
where fk = cos —1,k =1,2,3,--,n; X, = cos el 1,23, ,n—1;4;, = T k=
1,n A, = &,k =2,3,...,n—1; and:
F(¢ép) =G(p) 1-¢2 lZl<1 (1=123) (3.55)
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Therefore, the stress intensity factors K, " (p), K;;”(p) and the electric displacement intensity

factor Kp*(p) in the Laplace domain are:

K, (p) = - xll)r?+ V2m(x — C)Uz*z(Z) (x,0,p) = —Vmc[M7,F>(1,p) + M{)3F3(1,P)]\I
Ki'(p) = = lim, 2n(xc = )07 (6, 0,p) = —VmeM§, Fy (1,p) (3.56)

Kp'(P) = = lim /2n(x — D;{” (x,0,p) = —VRC[M$,F>(1,p) + M3sF3(1,p)]

The stress intensity factors and the electric displacement intensity factor in the time domain

are then obtained from Laplace inverse transform:

1 )
K = Ve [ (MR (Lp) + MEFS (L )] exp(po) dp

Br

Ku(®) = —Vae | [M3F (L p)] explpt) dp > (357)

Br

1
Kp(t) = —v ﬂcﬁ [M3,F,(1,p) + M33F3(1,p)] exp(pt) dpJ
Br

3.6 Numerical results and discussions

3.6.1 Verifications

To first verify the solutions, letting the phase-lag of heat flux 7, = 0 and time ¢ goes to
infinite, we restrict our attention to the static case of the Fourier model. Solutions of the
temperature on the upper and lower crack surfaces and extended line have been compared with the

124 as shown in Figure 3.2, with perfect agreement. The stress and electric

previous work
displacement intensity factors also shows excellent agreement with Ueda '** when the current

results reduced to the static case, as shown in Table 3.1.
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121 ® Present results
=== T(0,0"), Ueda, 2007
1 l-t-.-._.__._* ---- T(0,0%), Ueda, 2007
S
L2S »
0.8 | N
= L—e-e-o- L o
=06} J
g &
0.4 F e
P L 4
- - @
- o--o--0"°
02F
0 1 1 )
0 0.5 1 1.5

x/c

Figure 3. 2 Verification of the solutions. (% = 0.25,% = 0.5)

Table 3. 1 Static temperature, stress and electric displacement intensity factors a parallel crack in a strip.

hy/h (c/h=0.5) ¢/h (hy/h=0.25) D (hy/h=0.25, c/h=0.5)
025 050 075 050 075 100 -0.50 0.00  0.50

Variables

Ueda ' 0.011  0.00 -0.013  0.011  0.019 0.020 0.013 0.017 0.018
Present  0.008  0.00 -0.009 0.008 0.010 0.011  0.008 0.008 0.008

Normalized K;

Ueda ' 0.038 0.040 0.038 0.038 0.041 0040 0.041 0.039 0.038
Present  0.035  0.01 0.036  0.035 0.038 0.036 0.036 0.035 0.034

Normalized K;;

Ueda'* -0.018 0.00 0.021 -0.018 -0.021 -0.020 -0.650 -0.010 0.601
Normalized K,
Present  -0.014  0.00 0.015  -0.014 -0.019 -0.019 -0.608 -0.014 0.580

3.6.2 The temperature and elastic-electric results

To study the effect of electro-thermo-elastic interaction on the temperature and stress field,

the material constants of piezoelectric ceramic are taken in the calculation as listed in Table 3.2

Table 3. 2 Material constants for cadmium selenide '%*.

Properties Constants Properties Constants
c11(N/m?) 7.41 x 10*° A1 (N/m2K) 0.621 x 10°®
Caa(N/m?) 1.32 x 10° A33(N/m?K) 0.551 x 10°
c13(N/m?) 3.93 x 10%° £1(C/Vm) 0.825 x 10710
c33(N/m?) 8.36 x 10*° &33(C/Vm) 0.903 x 10710
e5,(C/m?) -0.160 p,(C/Km?) —2.940 x 107
e,5(C/m?) -0.138 p(kg/m®) 5.684 x 103
e33(C/m?) 0.347 K 1.500
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The temperature results in the time domain can be obtained by using the numerical inverse
Laplace transform !9, Since the crack is assumed to be thermally insulated, the temperature on the

crack surface will absolutely be disturbed. When the distance between crack surface and heat
source % = 0.25, crack size% = 0.5, relaxation time 7, = 0.2 and fractional order & = 0.5, the
normalized temperature distributions on the crack faces and extended line (|x| > 0,z = 0) at
different values of normalized time F = Z—f are shown in Figure 3.3. It can be found that, due to a

thermal shock loaded on the lower surface (i = 2), the temperature on the lower crack face is much
higher than on the upper surface (i = 1). With the time increasing, the difference tends to be more
pronounced at first, until reaching a peak value and then reduced, and finally it will remain at a

stable stage consistent with the steady state results.

125

—8—F=01 ——i=2(z>0)
F=03  ----- =1 (z— 0%)
F=05

1F —v— F =inf.

—— Steady state

0.75 [

(T-T)/T,

05} x

0.25

0 OjS ; ljS ;
Figure 3. 3 Distribution of the temperature on the crack surfaces and extended line at various times.

(32=0255=057,=02a=05)

Figure 3.4 shows the effect of the heat conduction model on the normalized temperature.

When 7, = 0, a = 1, the heat conduction is reduced to the Fourier model. All the figures show

the Fourier model leads to the immediate response to the thermal shock, but the thermal response

is delayed with 7, increasing or advanced with increase a for the fractional heat conduction
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model. Because of the thermal shock, overshooting occurs for all the models. With the increase of

74 and a, overshooting becomes more severe. On the other hand, the wave behavior is aggravated

by decreasing 7, or increasing a.
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Figure 3. 4 The effects of the relaxation time and the fractional order on the temperature at the crack

center (a)z — 0~ (a = 0.5); (b) z = 0% (@ = 0.5); (c)z = 07 (r4 = 0.2); (d) z—> 0¥ (74 =

02).(22=0

c
.25,;

=05)

In order to study the influence of the geometric size on the temperature filed, Figure 3.5 shows

the normalized temperature changes with F for the crack center when 7, = 0.2 and & = 0.5. With
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the increase of crack size, %, the temperature difference between the upper and the lower surface

. ) . h
of the crack becomes more prominent. However, the difference does not change with 72

1.4 —s— ¢/h =0.50 —<—c¢/h=1.25 14
’ : ——hy/h=035 ——i=2(z—> 0"
¢/h=0.75 ¢/h =150 > ! > _)
12 —v— ¢/h =1.00 2k h,/h =050  ----- i=1(z—> 07)
—i=2(z> 09 ----- i=1 (z- 07) ’ hy/h =0.65

T
)
. .
Temperature difference

(T-T)/T,

Temperature difference

.
P e T TN A ——

0.2

1 1 1 1 0 Y 1 1 1 1

1
0 2.5 5 75 10 125 15 0 2.5 5 7.5 10 12.5 15

(@) (b)

Figure 3. 5 The effect of the geometry parameters on the temperature at the crack center: (a) the effect of

crack size (% =0.2 5); (b) the effect of the distance (% = 0.5).

The stress and electric displacement results are shown in Figure 3.6 and Figure 3.7. Here, the

geometric size % = 0.25,% = 0.5, the fractional model coefficients 74 =02,a = 0.5 and the

electric load D = 0.

Figure 3.6 shows the results at normalized time F = 0.1. It is evident that the normalized
stresses d,,, 0, and displacement D, increase drastically around the crack tips. At the crack face
(z=0,|x| <c), the stresses and electric displacement are almost zero, which satisfies the
boundary conditions Eq. (3.9-1) to (3.9-3). Form figures Fig 3.5 (a) and (b), under the same
distance from the crack face, the absolute values of normalized o,, and D, of the upper area are
bigger than the lower area. However, the normalized shear stress g,, in the upper and lower
regions are almost the same near the crack face. As the distance from the crack face increases, the

shear stress of the upper region is significantly higher than that of the lower region.
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Figure 3. 6 Strip’s stress and electric displacement distributions at normalized time F = 0.1 at different

surfaces: (a) 0,,; (¢) 0,y; () D,; and around crack tip (b) a,,; (d) 0,,; (f) D,. (% =0.2 5,% =05,74 =

02,a=05D = 0)
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According to Figure 3.6 (c), there is no shear stress in the plane of x = 0, which bisections
the crack. The distributions of normal stress and electric displacement in z-direction of the
bisection plane of the crack are given in Figure 3.7. At the free surface, all the results are zero,
which contends with the boundary conditions for the upper and the lower edges of the strip. From
the crack face to the upper edge, the absolute values of the results are climbing first and then
descending to zero. With time increasing to infinity, the curve rises to its highest level, and
eventually meets the results of steady state. Therefore, the dynamic response will become

increasingly apparent with the distance between crack face and free edge increasing.

0.06 e Foo10 0.02 _'_523;3
F=0.30 Foo
0.045 —-—E j ?jo —=—F =inf.
. B = .
—+— Steady state 0 —— Steady Stvge
s
~ 0.03F ~
o =
2 N
< £ 0t
14 G
N
e 0015} a
0.04 }
0
-0.015 1 1 1 1 -0.06 1 1 A .
05 0 0.5 1 15 0.5 0 0.5 1 15
z/c Ze
(a) (b)

Figure 3. 7 Distributions of stress and electric displacement in z-direction of the bisection plane of the

. . L h
crack at various times: (a) normal stress g,,; (b) electric displacement D,. (72 =0.2 5,% = 05,74 =

QZa=&&D=O)

3.6.3 The dynamic stress and electric displacement intensity factors

Next, let’s consider the effect of the heat conduction model, the geometric size and electric
loading on the fracture response. To do so, we study the results of dynamic stress intensity factors

(DSIFs) and dynamic electric displacement intensity factor (DEDIF). In the calculations to follow,
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the normal stress and shear stress intensity factors (Kj, K; ) are normalized by A33Tyvmc, while

the electric displacement intensity factor (Kp) is normalized by —p, TV mc.

Taking the ratio % and % as 0.25 and 0.5, respectively, without electric shock, the DSIFs are
plotted in Figure 3.8, which shows the influence of heat conduction model. For different values of
relaxation time, 7,4, the histories of K; and Kj; both always show three distinct stages. At the first
stage, the stress intensity factors are decreasing with increasing 7,. After /" exceeds around 1.60
for K; and 1.10 for Kj;, the stress intensity factors start to increase with increasing 7,. When F
arrives at around 8.45 for K; and 7.50 for K;,, the trend goes inversely. So, with the increase of 7,

the crack will be retarded first, promoted next, and finally retarded again. However, the effect of

fractional order a shows an opposite effect at each stage compared to the effect of 7. It is worth

noting that K, only possesses the latest two stages of K; and K;;, with the least influence of the

heat conduction model.

As a conclusion, the variation of coefficients of the heat conduction model will retard or
promote the likelihood of crack propagation at different stages of the loading process. K is the

most sensitive to the heat conduction model, Kj, is the least one. Between the coefficients 7, and

a, all the DSIFs and DEDIF are more responsive to 7.
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Figure 3. 8 Normalized dynamic stress and electric displacement intensity factors vs. normalized time as a

function of the relaxation time and fractional order: (a) K; (@ = 0.5); (b) K; (4 = 0.2); (¢) Kj; (@ = 0.5);

(d) Kyy (zq = 0.2); (e) Kp (& = 0.5); and (1) K (4 = 0.2). (12 =10.25,5=0.5,D = 0)
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To illustrate the effect of crack size % on the propagation of a crack in a piezoelectric material,
Figure 3.9 plots the normalized DSIFs and DEDIF versus normalized time as a function of % With
the increase of crack size, K;; keeps increasing. When % increases to a value, say larger than 1.25,

the impact on K;; will become insignificant. For K; and K, the higher the size of crack %, the

higher the absolute values of them. After the crack size increases beyond 1.0, increasing the size

of crack leads to a decrease in the absolute values of K; and Kj,.
The results imply that the inflection point for the history of K; and K, is % = 1, before which

K; will be enhanced with increasing crack size, whilst, K, will be impeded. Once % exceeding

unity, all the results are inversed. Unlike K; and Kj, K;; is always promoted with increasing %

0.04 - 0.012 -0.01
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Figure 3. 9 The effect of the crack size on the stress and electric displacement intensity factors: (a) K; ; (b)

K5 (¢) Kp. (% =02574=02,a=050D = 0)

Figure 3.10 shows the variation of the normalized DSIFs and DEDIF as a function of the

distance between crack face and the edge where thermal shock is applied. With the value of

% increasing, DSIFs keep decreasing, but DEDIF increases. K; and Kj, show strong dependence

on %, and both vanish once the ratio reaches 0.5. On the other hand, % shows a much mild
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influence on Kj;.

It is worth pointing out that the distance between the crack face and thermal shock will govern

the fracture behavior of the cracked strip. Increasing the distance will retard the model I and II

fracture but promote DEDIF and the likelihood of electric fracture. Moreover, when the crack

locates at the center of the strip, only sliding fracture is likely to happen as both K; and K, vanish.
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Figure 3. 10 The effect of the distance between crack face and thermal loading on the stress and electric

displacement intensity factors K;, K;;, Kpy. (% =0.5,7, =02, =0.5,D = 0)

Finally, the impact of the electric load on the fracture response is shown in Figure 3.11. The

results show that the DEDIF remains constant and the value increases remarkably with the electric

load, whilst the DSIFs slightly decreasing with increasing of D.
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3.7 Conclusions

In the chapter, the dynamic response of a cracked piezoelectric strip subjected to
thermoelectric impact has been investigated. The field equations are reduced to the solutions of
Cauchy-type singular integral equations by using the dislocation density functions. The results
reveal that the fractional heat conduction model is superior in comparison to the Fourier and C-V
models, as the relaxation time and fractional order coefficients modify the overshooting and wave

behavior of dynamic thermal response. Some interesting observations are listed as follows:

(1) With the increasing of relaxation time, the overshooting phenomenon would be more
obvious, while wave behavior is weaker. For higher fractional order, the thermal wave and

overshooting behaviors both become apparent.

(2) Stress and electric displacement intensity factors are greatly affected by the relaxation time
and fractional order coefficients and exhibit an apparent inflection point between different

stages of the historical spectrums.

(3) The larger the crack, the higher values of the DSIFs, and the lower value of the DEDIF.
Once the crack is bigger than the length of the strip, the mode I fracture and electric fracture
modes will be impeded with increasing of crack size, as the normalized mode I DSIF and

DEDIF decrease.

(4) As the distance between the crack and the thermal shock increases, the crack is dominated

by a mode I fracture combined with electric fracture.

(5) The electric load will reduce DSIFs slightly but enhance DEDIF significantly.
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Chapter 4

Multiphysical model to predict thermomechanical
fracture of functional hierarchical biomimetic

composites

In this chapter, following the study of thermoelectric performance, the emphasis is placed on
the mathematical modeling of the microstructural characteristics of biomimetic materials.
Functionally graded models enable the control of feature sizes within the layered structure of
biological materials. Thus, inspired by nacre, we propose a brick-and-mortar graded (BM-GRAD)
model and employ it to investigate how material heterogeneity interacts with its crack resistance.
The interface damage model is further used to estimate the crack propagation direction between
dissimilar materials under thermal and stress fields. Results show that the BM-GRAD
microstructure can remarkably increase the strength of the biomimetic composite under the pure
stress field; however, the temperature has a high impact on structures, and a sudden cooling will
highly likely cause an opening-mode failure. Moreover, although multiphysical leads structure to
become more risky, compared with functional unbrick single gradient (GRAD) design, the BM-
GRAD arrangement has a great advantage, the deflecting cracks form more easily in the BM-

GRAD microstructure which progress of crack propagation is much easier to be terminated.
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4.1 Introduction

Stiffness and toughness are two desirable properties hard to be combined. Biomaterial
exhibits a remarkable combination of stiffness, strength, and lightweight due to its hierarchical
soft-hard structure, in which hard aragonite tablets are glued together with soft organic materials
to form tiles . As an excellent mechanical performance, biomaterial has opened a way to inspire

new designs for hierarchical composite materials *!6¢-169,

With the advent of 3D printing techniques, arbitrary hierarchical geometry can be designed.
For example, staggered microstructures inspired by nacres !’® were printed with lamellar and brick-
and-mortar (BM) architectures. Compared to lamellar microstructure, a BM structure realized over
2 times increase in fracture toughness under quasistatic bending loading. Similar tests were
conducted between the BM and the cross lamellar !”!, branch lamellar "2, concentrated hexagon
11 and rotating plywood '7® microstructures, and the BM always showed a higher load of failure,
and its work of fracture per unit mass even over 14 times greater than single hard or soft phase 4,
uncovering the design benefits of brick-and-mortar arrangement. Besides shapes of microstructure,
fibers were controlled to arrange in different dislocation patterns !’4, thickness '8, and direction
175 imparting high strength and preventing early fracture simultaneously. Furthermore, with the
change of material ingredient, BM hierarchical structures with functional gradients were printed

176-178 "and the continuous gradient offered a 2-fold increase in stiffness and ultimate strength 7.

These works on printing hierarchical biomimetic composites improve our understanding of
how microstructure can be controlled to produce tougher materials. But there are still many open
questions. First, most researches focus on one single tensile or compressive mechanical

environment while complex working circumstances are inevitable during the lifetime of the
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hierarchical composites 7183, Varying temperature is the most common issue, especially for the
structures with a brick-and-mortar architecture, where the material would display a lower strength
and easier to emerge crack '®* at high temperature, yet the crack-growth resistance can be improved
due to enhanced ductility in the metallic mortar 2. Besides, in need of high technology service,
composites are required to keep stable in extreme temperature conditions 7118187 thus the effects
of coupled, extreme thermal and mechanical environments on the BM structure are vital issues to
be considered to evaluate the fracture performance in these nacre-like hierarchical composites.
Second, when testing fracture behaviors of biomaterial specimens, the applied method is based on
ASTM standard empirical formula. In such a scenario, only the force-induced tensile stress
intensity factor can be presented 2*!®%174175 The more complex mechanism-the interaction
between temperature and mechanics, is hard to be revealed. In contrast, studying the whole stress
and displacement fields brings a more detailed picture of the multiphysical loading-induced
fracture behaviors. Even though theoretical models that consider crack propagation in extreme
temperature and thermomechanical environments %8192 have been proposed in many studies, most
of these studies applied the traditional Fourier heat conduction model which will render
unreasonable temperature predictions when the temperature is extremely low, the temperature
gradient is extremely high, or the material has a heterogeneous microstructure '*31%. To fix this
problem, the non-Fourier heat conduction model should be employed with a so-called relaxation
time which measures the time lag between temperature and heat flux. Besides, while many studies

have extended these theoretical models with FEM simulations '%6-2%

, application of the non-
Fourier models to 3D printed hierarchical composites to guide the design of biomimetic

microstructures under multi-filed is rather rare in the literature.
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In this work, we have built a coupled thermal-mechanical model for functional, hierarchical,
biomimetic materials based on the non-Fourier heat conduction model. The material properties are
controlled to be a function of the volume fraction of the hard phase. General solutions to stress and
displacement fields are eventually obtained. Subsequently, the fracture strength is evaluated using
the linear elastic stress-intensity values. Fracture theories are further used to predict crack
propagation. We also consider the effects of cooling-heating conditions, multiple physical fields,
and hierarchical degree on the failure mechanism and failure stress. Finally, the results are
compared with the experiments and numerical results, which verifies the accuracy of the present

model.

4.2 Materials and Constitutive Model

4.2.1 Microstructure design and material properties

Inspired by the scanning electron microscope (SEM) micrographs of nacre (Figure 4.1a), the
biomimetic composite is structured to be composed of a hard brick phase and a soft mortar phase
(Figure 4.1 (b)). All bricks have the same size and are arranged hierarchically. From SEM
micrographs, the degree of grey color is not the same for the whole part, thus a functional gradient
is introduced in the z-direction. Then, to analyze the multiphysical fracture performance of the
biomimetic composite, tensile stress and temperature fields are both applied at upper and lower
surfaces. A multiphysical, functional, hierarchical, biomimetic composite model is finally built as

shown in Figure 4.1 (b).
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Temperature
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i
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Tensile stress

(b)

Figure 4. 1 Brick-and-mortar multiphysical functional biomimetic hierarchical model: (a) SEM

micrographs of the nacre 2°'; (b) Multiphysical model.

The material properties can be obtained by the volume fraction of the hard brick phase, y 7
E=ey?+ey—e; (4.1)

where E and p are position-dependent Young’s modulus and mass density, eq, e,, e; are material
constants related to modulus. The volume fraction of the hard phase, y is also the function of z,

and y(z) varies along the z-direction.

4.2.2 Thermomechanical constitutive model

Along with the thickness of the composite, there are no changes in material properties and
the applied physical fields. Thus the 3D model can be changed into a plane problem to build the
constitutive model as shown in Figure 4.2 (a). To test fracture performance, an insulated crack of
width 2c¢ is set in the center of the composite. According to the symmetry of the nanostructure, a
brick-and-mortar united cell of the composite is shown in Figure 4.2 (b), where the black and white

parts are denoted as soft and hard phases, respectively, d,, is the length of hard material, dj .4 is
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the thickness of hard material, and d,f. s the thickness of soft material. For the crack tip stress

field, a polar coordinate system (7, ) is set at the crack tip.

Normal stress P z Asin(t) + To Ay dmﬁ
ar

k) r

Unit Cell
pm———

h1

h2

@ )

Figure 4. 2 A center cracked multiphysical functional brick-and-mortar plane model: (a) multiphysical

plane model; (b) unite cell.

A Cartesian coordinate system (x, y, z) is attached to the midpoint of the crack. Suppose the
initial temperature is T,,. Then a tensile stress P is applied on both the upper and lower faces of the

composite, along with a thermal pulse Asin(iy?) on the upper face, at time t.

As the material is under a thermal shock loading, according to the classical theory of
elasticity, the dynamic equilibrium equations for a 2D problem in the absence of body forces are

given as

00y, 00y, 0%u, 00,, 00, 0%u,
ax T oz Parr’ oz Tax P (4.2)

where p is the mass density; u, and u, are the displacement in x and z directions, respectively.

the strain is related to the displacement by
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_ Ouy _ Ou, 1 (6ux auz)

=2\%z T ox

Exx ox €2z = oz’ Exz 2 (4.3)

Then, the constitutive equations for the thermomechanical multiphysical model can be

expressed as follow

E(y) VvE() o | g
Oxxi 1-v% 1-v? Exxi [% (A + U/lzz)—l
Ozzi = VEG)  EW) 0 €zzi — E_( U) T; (4.9)
1—v2 1-—v2 | yz(wlxx+/122)| l
Ozxid(yy 0 0 E(y) Y zxi ) l]- -V 0 J
2(1 +v)d

in which 0y, 0,,i, 04 are the stress tensor components; €yxi, €zzi, ¥zxi are the strain components;
A and A,, are thermal expansion coefficients in x and z directions, respectively; v is the
Poisson’s ratio. T; is temperature change. i = 1,2 denote the field quantities in the upper

(0 £z < hy) and lower (—h, < z < 0) part of the composite.

Considering heterogeneous properties and high temperature gradients in the z-direction, the

heat conduction equation based on the non-Fourier law is written as 2%

1(aTi 62Ti>_ 02T, 92T, 45)

s\t Tlagez | T 52 T o2

B

where 7, is the thermal relaxation time; k = k—x , that k,, and k, are the thermal conductivities in
4

the x- and z-directions, respectively; and f = pTz , 18 the thermal diffusivity, c, is the specific heat
p

parameter.

E(y) _VE() _ EW

In Eq. (4.4), set ¢11 = 1,262 =T 7,066 = 2040y’ M1 = C11dxx + C12422 A2 =

C12Adxx + €11452. By introducing the following dimensionless quantities
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_ (670) oy D o )
Tl= ,( , T q) z/qﬁ ) Tr(uxuuﬂ) :T'pzm

O;; Ci: - T
=2 (i,j:x,Z),C_U:% (l,]: 1,2),),11 =Y 0 (l :j:x’Z)

the dimensionless governing equations for the plane model of the multiphysical, functional, brick-

and-mortar structure can be obtained:

62 62 62 azuzi 6Tl
<C11 I + C66 5,2 Pﬁ) Uy; + (€12 + Cg6) E P 11 T
0%u,,; 0° 0?2 0° aT; (4-6)
(c12 + Cee)m + (Ceeﬁ t 53 922 - P 6t2> = A5 97
aT; 0%T; 0%T; 0°T;
5 + 74 6t2 =K 92 + 372 (4.7)

here and after, the hat “-” of the variables is neglected for simplicity. The boundary conditions,

therefore, are subjected to the following boundary and initial conditions in dimensionless forms

0zz1 (x' hli t) = 0322 (x' _hZ' t) =P

Ozx1 (x' hy, t) = Ozx2 (xr —h,, t) =0

0,71(%,0,t) = 0,,,(x,0,t) =0 x| <1 (4.8)

0zz1 (x, 0, t) = O0z22 (x’ 0, t), Ozx1 (x: 0, t) = Ozx2 (x, 0, t) |x| >1

Uy1(x,0,8) = Uyp(x,0,8), Uy (x,0,8) = Uy (x,0,8) x| =1

for mechanical conditions and
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Ti (x, Z, 0) =0
0T;(x,0,t) 0T,(x,0,t
(60,0 00,0 _ <
0z 0z
dT;(x,0,t)  9T,(x,0,¢) -
0z B 0z ¥l =1 (4.9)
T;(x,0,t) = T,(x,0,t) x| =1
T,(x, hy,t) = Asin(yt) x| =0
Tz(x,_hz,t)zo le 20
for thermal loading conditions.
4.3 General solutions and stress intensity factors
For solving the problems, we introduce a Laplace transform pair as
fr(x,z,p) = f f(x,z,t) exp(—pt) dt
0 (4.10)

1
f(x' Z, t) = 2_ f*(x: z, P) eXp(pt) dt
yIAA Br

in which Br stands for the Bromwich path of integration to transform the time variable t into the

Laplace variable p, and the superscript ‘*’ indicates the variables in the Laplace domain.

4.3.1 Temperature distribution

First, we should find temperature solutions of the composite under a thermal sine wave.

According to superposition, the temperature field can be expressed as uncracked T (y, p) plus

cracked Ti*(Z)(x, Z,p)
T{(x,2,p) = T*D(y,p) + T, ® (x,2,p) (4.11)

where T*(M(z, p) satisfies the following equation and boundary conditions,
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2\re(l) d2T*D
(p +7,p2)T"® = s (4.12)
YA
T*O(h,,p) = ———
(ar?) =2 7% (4.13)
T*(l)(—hz'l?) =0
whereas Tl.*(z)(x, z,p) is subject to the relations,
27" @® 2@
*(2) _
(p+ 1,77 =k 63;2 6212 (4.14)
;P (x,0,6) o, P(x,0,t)  dT*® <1
0z B 0z B dz x
T P (x,0,t) 9T, P(x,0,¢)
L P =2 P x| >1 (4.15)
T, P (x,0,t) = T, (x,0,t) x| > 1
T, (x, by, t) = T, (x, —hy, t) = 0 x| = 0
It is easy to solve T*(D(z, p) through Eq. (4.12) combined with Eq. (4.13)
YA e—(h1—Z)\/6 — e—\/z(h1+2hz+z)

@Hp (1-e2Vom)

where w = (p + quz). By applying the Fourier integral transform to Eq. (4.14) and making use

of boundary conditions Eq. (15), we have

Ti (2)(x, z,p) = %f [D;y exp(|s|tz) + D;, exp(—|S|‘L’Z)] exp(—isx)ds (4.17)

in which, T = /K + 522 ; D;;(s, p) are unknown functions that can be determined by introducing

the density function G, (x, p)
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(0 . .
_{Tl (2)()(, 01 p) - Tz (2)()(, O: P)} |X| <1

Go(x,p) = !ax (4.18)

0 x| =1

from the continuity conditions, the density function satisfies

1
f Go(e,p)dE =0 and, Go(é,p) =0 E>1 (4.19)
-1

the singular integral equation of Gy (&, p) is finally obtained

dT*®

1 1
7= Gaep {% + Mo, &p)} dg = —— (4:20)

where the kernel function reads

@ <_ 2VKS? + wp,pq B

Mo ) = | .

0

\/E> sin(s(¢§ —x))ds (4.21)

and

po(s,p) = [1 — exp(=2hyt|sD]p, — [1 — exp(=2h,Tls]]p,
p1(s,p) = —[1 + exp(=2hy1]s])] (4.22)
p2(s,p) = 1+ exp(=2h,1s])

Employing the collocation method by Erdogan 2*, the singular integral equation, Eq. (4.20),

can be reduced to the following algebraic equation

Sk — Xr dz

1w 1 dT*®
EZ;F(fk'p){ L +M0(xr'€k:p)}:_ x| <1
k=1 (4.23)

En ZF(Eup) =0
n
k=1
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2k-1r n T n-1
k= 1,2,3,---,5; Xy =COS—,1 = 1,2,3,: Tand

where &, = cos

F(§,p) = Go(§,p)y1—¢72 x| <1 (4.24)

4.3.2 General solutions and multiphyscial model

Then, based on the multiphysical constitutive equations, the temperature solutions can be

coupled with the stress field. Similar to the temperature field, using superposition, the

displacements can be separated into uncracked u, +@ )(z p) and cracked u (x Z,p), u

situations, written in the Laplace domain is

Wi (x,2,0) = u P (x,2,p)
Wi (x,2,p) = u, (2, p) + U, P (x, 2, p)

where u;(l)(z, p) satisfies the following differential equation and boundary conditions,

d? way , dT®
(Clld > — PP ) = Az dz

0y () =P/p, 03" (=hy,p) = P/p
uz(l) then equals

\/Be_(h'l_z)\/a + \/Be_\/a(h1+2h2+z)
(]_ — 3—2\/5(’1))

u;(l) = C,exp({z) + Cyexp(—(z) + &

2 A A
where { = [P2- § = —"2__Zand
C11 (c11w=pp?H) p
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~P/pexpl—¢(hy + 2h)] + (22 = ci,80 + P/p) exp(~¢hy)
o e GL — exp(—20h) > 429)
A A '
—P/pexp(—Chy) + ( 25 —¢116w + P/P) exp[—{(hy + Zh,)]
s (11— exp(—20h) )

The general solutions of the uncracked composite finally are

o @ —C“A o)
Oxx vey —ven O[] Jexp(Qz) Gy 14 T oWl —(h1-2)Vo —Vw(hy+2h,+2)
) _ e —e
o, =lc —c 0 exp(—(z)C —| 1,,A 4.30
P 11 11 { exp(—{z) C, 2244 Swey, (1 _ e—z@(h)) ( )
o 0 0 0 0 )
Zx (y) 4 0

Cracked conditions require u 2)(y, y,p) and u (x y,p) to satisfy the following

differential equations

92 92 02%u *(2) aT_*(Z)
<C11 %2 + Cee 922 PP2> + (c12+Co6)——2—= A1 ——

d0x 6 d0x 431)
azu*(Z) 92 92 *(2) aTi*(Z) )
(c12 + Cg6) 9x02 Ceeﬁ t 53 922 — pp? = A2z 92
with the following boundary conditions
a*(z)(x hy,p) = a (x —h,,p) =0
0,2 (2, e, p) = 0,55 (o, —hy,p) = 0
0o (x,0,p) = <”<x 0,p) x| <1
0, P (x,0,p) = m(x 0,p) x| <1 432)
0,3 (x,0,p) = m 7 (x,0,p) xl=1
0,32 (x,0,p) = 0, (x,0,p) x| =1
U (x,0,p) =u (”(x, 0,p) x| =1
u P (x,0,p) = u;s” (x,0,p) x| =1
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The solutions are separated into general solutions and particular solutions. The general

solutions can be expressed as

u;gzg)eneml f {Zjlsgn(s) [AU exp(lsll Z) By; exp( |s]4; z)]} exp(—isx) ds
(4.33)
u;geneml 2712[ { Z[Ai]- exp(ISIAjz) + Bjj exp(—lslxljz)]}exp(—isx) ds
where Zj; = —(c12 + ce)Ajs? and Zj; = (ce6A; — €11)s* — pp?. The coefficients 4; given in
the Appendix B as Eq. (B.1). The particular solutions are
“2) 2
Uy articutar = 57 ] (RLs® + R25)[Dyy exp(Isltz) + Diy exp(—|s|tz)] exp(—isx) ds
i (4.34)
Uyt particutar = 5 f (Ris® + R2s)sgn(s)[Duexp(ls|tz) — Dy exp(—Is|t2)] exp(—isx) ds

where the parameters RL, RZ, R} and R? are shown in the Appendix B as Eq. (B.2). We can find

that the particular values represent the thermal-induced deformations.

Finally, the general solutions of the cracked multiphysical model are

a;fj) = f {P]l Ajj exp(lslxl z) — B;; exp(— |s]4; z)]} exp(—isx) ds
1 [+
+ %] ¢1[D;; exp(|s|tz) + D;, exp(—|s|tz)] exp(—isx) ds

2
N 1 e
azz(iz) =5 E J {P]2 [Al-j exp(lslljz) — By; exp(—lslljz)]}exp(—isx) ds
j=1"7%°
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1
+ %f @, D;; exp(|s|tz) + D;, exp(—|s|tz)] exp(—isx) ds

Z*,E?) 27‘[2] {Piasgn(s)[4;; exp(Is|A;z) + B;j exp(—Is|d;z)]} exp(—isx) ds

i [t
+ %] @3sgn(s)[D;; exp(|s|tz) — D;, exp(—|s|tz)] exp(—isx) ds (4.35)

where P;; (s, p) and ¢,(s, p) (/=1,2,3) are expressed in the Appendix B as Egs. (B.3) and (B.4).
Introducing density functions G;(x,p) (I = 1,2) and combining with boundary conditions Eq.

(4.32), we can express unknown parameters A;; and B;; (i,j = 1,2) as function of G,

{Gl (x, P)} _ i{u;cl (x,0%,p) — Uz, (x,07, P)}

= . . _ x| <1 (4.36
Gy(x,p))  9x uy(x,0%,p) —uy,(x,07,p) x| ( )

Finally, solving G;(x, p) from the system of singular integral equations

1 (! M7,
;J-_ {01(5 PIMyq + G2 (€, p) <M12 F - )} ¢ = *(1)(35 0,p) — fi(x,p)

1 1 MO
;L{Gl( $,p) (MZl + ; jlx) + Gz(f,p)Mzz} dé = —f,(x,p) (4.37)

1
f G(&p)d € =0
-1

one can get the thermomechanical fields of the problem. In Eq. (4.37), M1, M15, Myq, M5y, MY,

and M3, are given in the Appendix B as Egs. (B.5) and (B.6), while the temperature-induced

parameters f; (x,p) and f,(x, p) are expressed as
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(RLs® + R%2s%)D,

|s|
(RLs® + R%2s%)D,
|s|

1 [t
filx,p) = %f {@1[1)11 + Di2] + S10Do — Si14 < )} exp(—isx) ds

(4.38)

1 [t
f2(x,p) = %l [@3[1)11 — Dy2] + S20Dp — S21 l exp(—isx)ds

By virtue of the Lobatto-Chebyshev method ', transforming the singular integral Eq. (4.37)

into the following algebraic equations, the solutions of density functions G; can be finally obtained

~0,(x,,0,p) — f1 (%, D)

1% i
;Z Ay {F1(Sck’P)M11 + F, &k, p) (M1z T — )}
k=1

gk — Xr
n
1 M3,
_Z A {F1Grop) | M2y + + F,(§o p) M2z ¢ = —f2(x,p) (4.39)
T[k=1 fk - Ar
n
ZAkFl(fk,P) =0
k=1
. (k-7 . . . Qr-1)= . 4. . T
where § = cos———,k=123,--,n; x, = cos 2D = 1,23,--,n—1;, A= 1)
k=1n; 4, = %,k =2,3,..,n—1;and
F(ep) =G p)V1-8* Ix[<1 (I=12) (4.40)
4.3.3 Stress intensity factors
The stress intensity factors K;"(p), K;;"(p) in the Laplace domain can be obtained
K (p) = x]]_)r?+ V21 (x — ¢)oyy,,(x,0,p)
(4.41)

K" (p) = leT{lJr V21 (x = ¢)oy, (x,0,p)

then, applying the Laplace inverse transform, the stress intensity factors (SIFs) in the time domain

can be obtained as
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1
K(t)=—m 7 | [MF(1,p)lexp(pt) dp
Br (4.42)

1
K, (t) = _\/Eﬁ [M31F;(1,p)] exp(pt) dp

Br

4.4 Results and Verifications

Depending on the multi-material AM (3D printing) techniques, a type of 15mm X 75mm
(cxh) functional biomimetic brick-and-mortar composite was produced recently '’®. The hard and
soft phases of the composite were printed by rigid plastics VeroCyan and rubber-like Agilus30
Black materials, respectively. According to the experimental data, the material constants are listed

in Table 4.1 and the corresponding volume fraction of the hard phase, y is expressed as

d.z/h | =
_{ 1Z[hy +P, i=1 (4.43)

o _¢1Z/h2+q)0 l:2

Table 4. 1 The experimental coefficients of Young’s modulus '7%.

€1 €2 €3

-75.81 551.41 -0.09

To pursue the benefits of a designed nacre-like functional brick-and-mortar (BM-GRAD)
microstructure, a brick-free single gradient (GRAD) arrangement is introduced to compare the

results. The values ®@; and @y of two different microstructures are shown in Table 4.2.

Table 4. 2 The values of the coefficients of the volume fraction of the hard phase '7%.

Microstructure (o} [N
GRAD 0.62 0.38
BM-GRAD 0.48 0.52
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As the thermal performance of the composite has some missing information in the
experiment, considering the soft phase of material generally has a better thermal resistance, we

assume 7, = 1.5 and k = 1. Moreover, the biomaterial could respond to the thermal stimuli,

let/l_uzl(izj:x,z).

4.4.1 Model verifications

The likelihood of crack propagation of functional brick-and-mortar (BM-GRAD) and unbrick
single gradient (GRAD) microstructures are compared as shown in Figure 4.3. The single-edged
notched experimental specimen is a special condition of the central crack case in fracture
mechanics with, Kedged =1.12 Kcentral. As expected, shear stress intensity factors (Ky;) are equal to
zero under a pure tensile loading, and only an opening crack will happen if P increases. Moreover,
it is observed that the values of K; of the GRAD are always higher than BM-GRAD. The results
showed the crack propagation trend of the BM-GRAD is much lower under the single mechanical
field, which is consistent with the experimental results (Figure 4.3b), where BM-GRAD has larger

maximum stress than the GRAD specimen.

70 —— K BM-ORAD . @ - g GRAD 15 —@— Theoretical model
L BM-GRAD GRAD —&— BM-GRAD
60 —A—K, Ky 125F - @ -GRAD
A
5 S50F et
3 % 10}
< . =
2 o} : g
£ o - g
E, 30 F 3 2 75F a
g 5 . -o----.1
2 20 R | ° ..
5
“ 10
2.5F b
okz
1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 .4 5 6 7 8
Normalized tensile stress Strain (%)
(a) (b)

Figure 4. 3 Crack propagation likelihood of functional brick and unbrick microstructures: (a) stress

intensity factors under pure tensile stress; (b) experimental and theoretical stress-strain curves 7%,
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To further validate the theoretical model, strain patterns around the crack tips are visualized
and compared with DIC experiments as well as Abaqus simulations. Figure 4.4 presents the good
consistency of the results via the three methods. In all the results with or without brick-and-mortar
layouts, a high strain concentration is seen in front of the crack tip. The strain localization for both
the BM-GRAD and GRAD exhibits a candle flame-shaped region around the crack tip. A longer
and thinner zone of strain localization is shown in the GRAD group than in the BM-GRAD.
Moreover, due to the functional gradient introduced in constitutive equations which are ignored in
the Abaqus finite element simulation and replaced by averaged values, the strain pattern and exact
value obtained via the theoretical model are even closer to the DIC results than the finite element

results.

Model

5.04%

BM-GRAD

0%

3.74%

I 0%
178

Figure 4. 4 The strain patterns around the crack tip obtained from the present model, DIC experiments '’®,

GRAD

0%

and Abaqus simulations 7%,

So far, after reducing the scale of the field into the single tensile load, all the solutions of the

predicted model show good agreement with the experimental and simulation tests. Thus, the
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prediction model is reliable and can be extended to predict material performance involving

multiphysical structures.

4.4.2 Thermal loading

If the composite undergoes a single thermal pulse Asin(wt) =sin(0.5¢), Figure 4.5 compares
the temperature changes at the center of the crack (x=0, z=0) under classical Fourier and non-
Fourier heat conduction models. Both types of the model show an obvious, sinusoidal, thermal
response. Meanwhile, a temperature jump happens between the upper and lower faces of the
insulated crack as expected. However, owing to the thermal relaxation time, an apparent delay in
the thermal response is observed for the non-Fourier model as the peak values occur after that of
Fourier heat conduction. At the same time, the temperature predicted by the non-Fourier model
exhibits an amplifying phenomenon, with a peak value much larger than the results by the Fourier
model. The classical Fourier’s law results in a diffusion-type heat transfer, which is different from
the wave form heat transfer as expressed in Eq. (4.5). Hence, the introduction of the phase lag of

heat flux 7, in thermal analysis leads to a more conservative design.

—a— Fourier_upper face of crack =—e=non-Fourier_upper face of crack
1 | - 4 - Fourier_lower face of crack = ® = non-Fourier_lower face of crack

Amplify effect

0.5

-05F

Normalized Temperature change T

Normalized time t

Figure 4. 5 Temperature results with different heat conduction models.
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The stress intensity factors (SIFs) measure the intensity of the singular stress field around the
crack tip. SIF-based fracture criteria allow us to evaluate the failure mode of the composite. Figure
4.6 plots the mode I and mode II SIFs versus temperature change, showing the SIFs for both BM-
GRAD and GRAD exhibit the same trend of variation under single thermal loading, where the
magnitudes of K; decrease with the increase of temperature, while K, remains zero for the pure
thermal loading. An opening failure mode (mode I) will likely occur under the cooling condition,
while the crack trends to closed under heating conditions due to K; becoming negative. Therefore,

thermal failure needs to be considered in material design.

0.1

R —— KIBM-GRAD - - K]GRAD
S - ~,
0.075F . A K”BM-GRAD K”(,RAD

0.05F
0.025

-0.025 F

Stress intensity factor

-0.05

-0.075 F

-0.1

-1 -0.5 0 0.5 1
Normalized temperature change T

Figure 4. 6 Stress intensity factors under single thermal loading. (t = 1,p = 0.1)

4.4.3 Thermal-mechanical loading

Now we consider the thermomechanical response of the structure under thermomechanical
loading. As shown in Figure 4.1, tensile stress is applied in combination with a sinusoidal
temperature variation. Figs. 4.7 and 4.8 present the stress intensity factors and corresponding stress
distributions for BM-GRAD and GRAD microstructures, respectively. It is easy to find that BM-
GRAD shows better performance than GRAD. According to Figure 4.7, under P=1, with the

magnitude of T getting bigger, the absolute value of K;of GRAD is always higher than the BM-
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GRAD microstructure before the C point (T < C), but it is worth noting that the K; at point C is
negative, which means crack will be closed. Even though, after the temperature rises beyond point
C, the K; of BM-GRAD becomes bigger than GRAD as the temperature rises, they both cause
cracks to close and keep the structure safe. It also notices that the K; value of BM-GRAD gets into
the negative regime earlier than GRAD, so as temperature increases, the BM-GRAD enters the
safe zone earlier. To further illustrate the thermomechanical behavior of the GM-GRAD and
GRAD microstructures, the normal stress distribution in two different conditions: cooling-tensile

condition 1 (T=-40, P=1) and heating-tensile condition 2 (T= 40, P=1) are shown in Figure 4.8.

10 - -
< a— K DV-ORAD _ o g GRAD
)

8 - E‘\. A K”BM-GRAD K”GRAD

6F

N

2F

Stress intensity factor

-1 1 1 1 1 1 1 1 1 1 1

-40 20 0 20 40 60 80 100 120 140
Normalized temperature change T

Figure 4. 7 The plots of the SIFs with different microstructures. (t = 1,p = 0.1)

The line graphs in Figure 4.8 show the stress values on the crack surface equal to zero which
satisfies the free surface boundary condition requirement. The stress spikes around crack tips for
both conditions: for condition 1, the peak value of GRAD is much larger than BM-GRAD); for
condition 2, at crack tips, the normal stress of BM-GRAD already transforms into a negative value,
which will cause the crack to close, but the normal stress of GRAD is still positive. By further
comparing stress patterns in the whole strip as shown in the contour plot of Figure 4.8, BM-GRAD

always shows a smaller substantial zone of stress localization as well as lower values of the normal
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stress than GRAD. These stress distributions confirm that introducing brick-and-mortar (BM)
microstructure can significantly improve the potential to overcome the crack propagation of the

composite under thermal-tensile loading.
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Figure 4. 8 The stress distribution around the crack surface and crack tips. (t = 1,p = 0.1)

4.4.4 Initial crack propagation predictions

Based on the interface damage models between dissimilar materials ®, and, relied on the ratio

of the energy release rate for penetrating the interface to deflecting into the interface, G, /Gy, to
the ratio of the mode I toughness of the material of branch to the interface toughness, I'./T;,,

concretely if

[

G, T
e (4.44)
Gd l—‘ic
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the impinging crack is likely to penetrate the interface, Conversely, the crack will tend to deflect

into the interface when the inequality is reversed.

Suppose that the crack forms an infinitesimal kink at an angle ¥ from the plane of the crack.
The local stress intensity factors at the tip of this kink differed from the nominal K values of the
main crack. If we define a local system 7- 9, the local Mode I and Mode II stress intensity factors
at the tip are obtained by summing the normal and shear stresses, respectively, at 9 2%

k(ﬁ)—K(S 19+1 319)+K( 3.9 3,319)
I = ,4cosz 4cos2 I 4sm2 4sm2

1 9 1 30 1 9 3 39 (4.45)
ki, (¥) =K; (Zsmi + Zmn?) + Kj; (Z cos > + 7 608 7)
The energy release rate for the kinked crack is given by 2%
k2 (9) + kit (9)
G() = (4.46)

E

According to experimental results '7®, the crack tips located in the hard layer of the BM-
GRAD groups, thus the toughness ratio is equal to monolithically GRAD material, I[./T;. = 1.
According to Eq. (4.46), the estimated ratios of energy release rate ® = G, /G4 under a single
stress field for GRAD and BM-GRAD groups are equal to 3.98 and 3.91 (> 1), respectively, thus,
the microcracks in front of the crack tips will penetrate and remain parallel to the original crack

faces. The outcomes are consistent with optical microscopy images (Figure 4.9).
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BM-GRADL!#!

Figure 4. 9 Initial crack propagation directions under a single stress field.

To further understand the influence of external thermomechanical loading on crack deflection
between dissimilar soft and hard materials, three loading conditions: single stress (P=1), thermal
(T=-40, 40), and coupled thermal-mechanical (P=1, T=-40, 40) fields are considered. Assume the
crack tip locates at the interface of soft and hard phases, like Figure 4.2b, then the toughness ratio
of BM-GRAD changes to 6.71 based on the experimental results of monolithic materials '7®. Table
4.3 shows that the initial crack trends propagate in a straight line for the GRAD group, however,
it deflects to the BM-GRAD and the corresponding predictions are drawn in Figure 4.10. In
addition, the coupled thermomechanical loading increases the risk of crack penetration except for
tensile-heating condition which is consistent with Figure 4.7, owing to the value of K; becoming
negative, and the crack trends to close. Therefore, ® under P=1, T=40 becomes lower than under
single heating or tensile condition. These observations suggest that multi-physical fields can lead
to different directions of crack propagation which can not be neglected in the application of BM-
GRAD materials. Importantly, introducing a brick-and-mortar layout results in a higher prospect
of deflecting cracks that can dissipate much more energy and are easier to be terminated than a

straight crack path observed in the unbricked pattern.
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Table 4. 3 The ratio of the energy release rate for different environments.

Microstructure The ratio of the energy Heating condition Cooling condition
(T=40) (T=-40) Predict
(Toughness ratio release ratio
Tensile  Thermal Tensile-heating Thermal Tensile-cooling
GRAD (1)° ®= G(0)/G(n/2) 3.98 3.94 425 3.94 4.01 Penetrate
BM-GRAD (6.27) d= G(0)/G(n/2) 3.91 4.00 3.67 4.00 4.00 Deflect

(a) (b)

Figure 4. 10 Initial crack propagation direction predictions: (a) Penetrate; (b) Deflect.

4.5 Conclusions

In summary, we have compared the thermomechanical behavior of brick-and-mortar and
unbricked gradient patterns under single sinusoidal thermal, single stress, and coupled thermal-
stress fields, and used an interface damage model to characterize crack propagation directions.
Based on the experimental results and numerical analysis, we differentiate the microstructure
layouts by controlling Young’s modulus, which varies with the volume fraction of the hard phase
v, and finally propose an elastic model to predict the stress results. The reliability of the present
results is verified. Multiphysical conditions have a significant influence on the material
performance of different microstructures, whiles temperature is a vital factor that cannot be

ignored. A sudden temperature fall will cause an opening-mode failure risk. Furthermore, under
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thermal-tensile loading condition, brick-and-mortar gradient microstructure (BM-GRAD) always
shows a smaller zone of extreme stress localization as well as lower values of the normal stress,
which significantly improves the crack resistance. It is also highlighted that BM-GRAD
microstructure is easier to form deflecting crack once a fracture happens and the crack propagation
is more likely to be terminated. The present results show the influence of the multiphysical loading
on the fracture of microstructure and provide guidelines for the microstructure design and criteria

for obtaining favorable failure patterns.
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Chapter 5

Functionally graded Design of Bio-composite Material
for Fracture Resistance under Multiphysical

Application

Combing thermal piezoelectric multiphysical behavior and graded hierarchical
microstructure property of biomimetic materials, a thermo-electromechanical piezo functionally
graded theoretical model is developed in this chapter. To explore the appropriate configuration for
different Multiphysics, two configurations, namely symmetric functionally graded piezoelectric
material (Sym-FGPM) and exponential functionally graded piezoelectric material (Expo-FGPM),
are designed and controlled against fracture using thermal gradation coefficient ¥ and
electromechanical gradation coefficient Q. Comparisons with non-functionally graded
piezoelectric material (Non-FGPM) are conducted using a revised critical intensity factor (Kc) in
both single and multiphysical environments. The results demonstrate that the Sym-FGPM
structure, with high gradation coefficients, achieved lower K, indicating superior crack resistance
in single stress and electric fields. However, in the thermal field, the functionally graded design
amplified the thermal shock effect. For thermo-electromechanical fields, the optimal Sym-FGPM
configuration with (Q, V) values of (1, -0.5) for heating and (1, -1) for cooling reduces Kc by 24%
and 48% respectively compared to Non-FGPM. Caution is advised when using Expo-FGPM, as it

is suitable for cooling coupling conditions but not for heating coupling environments.
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5.1 Introduction

Biomaterials possess ingenious hierarchical construction and smart living organic cells.

These two features empower biomaterials performing great strength and toughness mechanical

205-207 208-210

performances as well as intelligent self-optimizing ability

The characteristics of biomaterials become the source of inspiration for the designs of
engineering structure 2!'215, For example, through mimicking the brick-and-mortar like structure
of nacre 21422° the multi-layer composite panel exhibits good impact resistance and energy
dissipation 22!, In these studies, the brick-and-mortar structure is simulated by finite element
method (FEM) and fabricated through additive manufacturing (AM) technique. To achieve the
brick-and-mortar grade of nacre-inspired composite, researches separated the composite into
different layers 22227 Then homogeneous elements with constant material properties in each layer
were used to approach the non-homogeneous performance of nacre 22, The accuracy of this multi-
layered method highly depends on the number of layers utilized. If the number of layers is not

229 and leads to the undesirable

large enough, the material gradation becomes discontinuous
discontinuities of the stress fields *°. However, if the number of layers is increased, the associated
computational and fabrication costs would be prohibitively high. Hence, as the hierarchical,

functional structure becomes more intricate and complex, it becomes very difficult to develop a

FEM model or achieve AM fabrication.

Considering the presence of living cells within biomaterials, which consist of a large amount
of collagen. The piezoelectricity of collagen is incorporated into the brick-and-mortar functional
structural model 23%-2*4, After the structures are equipped with the piezoelectric ability, the bio-

composites become self-adaptable which are able to respond to external triggers and widely used
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235-238

in sensors and actuators 22°24?, Researches have conducted various response analyses of

functionally graded piezoelectric material (FGPM) model by changing external stimuli, such as

t 243-247 248-252

mechanical impac , electrical charge , and electromechanical loading 27, The
investigations primarily focused on the interaction between mechanical and electrical fields to
improve the smart capability of FGPM. However, thermal disturbance is also a common problem
that will be faced especially in aerospace applications 2°*2%2, When the spaceship returns to earth,
the FGPM structure of its surface will undergo an extremely high temperature gradient from

outside to inside 26>, This highly thermal change can induce the structure to lose its stability and

collapse in a very short time.

Here, aiming at addressing the issues of discontinuity in the model and costly computational
and manufacturing expenses in FEM and AM methods, as well as considering the impacts of
temperature, a continuous, multiphysical model of functionally graded piezoelectric material was
built in this paper. By introducing a pre-existing central crack, the stress and displacement
responses at the crack tip, as well as the structure stability, of the FGPM were investigated under
thermo-electromechanical loading. This multiphysical boundary makes the model of biomimetic
materials more realistic and comprehensive, thus providing a more precise reflection of their
performance in complex, real-world environment. It is worth pointing out that, in the theoretical
model, the configurations of FGPM can be easily changed by the governing equation. Therefore,
we designed symmetric and unsymmetric configurations of FGPM, and introduced thermal
gradation coefficient ¥ and electromechanical gradation coefficient Q to control the gradation
profile of configurations. A critical intensity factor (Kc) was defined and calculated, and the results
were compared among various gradation parameters, providing guidelines for the design of bio-

composite material in both single and multiphysical conditions.
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5.2 Statement of the problem

5.2.1 Microstructure of FGPM and its properties

In nature, bamboo is a typical, functionally graded piezoelectric material (FGPM). The
microstructure of bamboo is shown in Figure 1 (a) with fibers gradually varying through the wall
thickness and, the concentration being most dense near the upper (exterior). According to it, we
have designed the gradation profile for the functionally graded piezoelectric material (FGPM) as
expressed by Eq. (5.1). The schematic variations of material property parameters are taken to vary

continuously along the z-direction as shown in Figure 5.1 (b).

b j===] Material A
Al
=
FGPM:
properties gradually
= = change from A to B.
«
=
3 s Material B
(a) (b)

Figure 5. 1 Microstructure of an FGPM that is graded from material A to material B: (a) SEM micrograph

of a bamboo ?%4; (b) the gradation profile of FGPM material.

(Cito P2) = (Jiko» Pzo)e M- FPGM. T (5.1)
(Citor Aiker €ier iy ) = (cire > die » €k » kio, po) et FPGM. Q

where the superscripts (2 and ¥ stand for the gradation coefficients for the FGM, whose values

can be used to reschedule the profile of gradation. Additionally, we also introduce u as a functional

90



Chapter 5. Multiphysics of Functionally graded Materials

gradient parameter: when p = sgn(z), the material properties of piezoelectric material vary

symmetrically along the x-axis, when u = 1, the variations become unsymmetrical.

1 Unsymmetric

Symmetric

@ Symmerric SRR

For a piezoelectric material, parameters c;y, dix, €ix, ki, {ix, Pz and p in Eq. (5.1) are, respectively,
elastic stiffness, piezoelectric constants, dielectric constants, thermal conductivities, thermal

moduli, pyroelectric constants, and mass density.

5.2.2 Thermo-electromechanical orthotropic constitutive model and boundary
conditions

Let a central crack of length 2¢ be in the interior of an infinite FGPM as shown in Figure 5.2.

Considering that the upper surface of the strip is subjected to an impact tensile stress loading

o(t) = ayH(t), athermal shock T(t) = TyH(t), and an impact electrical loading D(t) = DyH(t),

where g,, Dy and T, are the loading amplitudes and H (t) is the Heaviside step function.
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Figure 5. 2 FGPM strip model and boundary conditions.

As a convention, the poling axis of the piezoelectric material is in the z-direction. The

constitutive relations for piezoelectric media give the coupled thermo-electromechanical,

multiphysical relationship of plane orthotropic piezoelectricity as

Oxx i1 ¢z 0 e
Ozz iz ¢z 0 xx
Ozx =|0 0 Cua €2z
D, 0 0 dis Yox
DZ FGPM d31 d33 0 FGPM.Q

(33

-10

0
LDz

(G117

0 dsq 1
ds3
T—|ds 0 [’Z:’ZC] (5.2)
—&11 0
“FGPM.W 0 —és3lppma

where 0;, D;, &, E;, and T are components of the stress tensor, electric displacement, strain

tensor, electric field vector and change of temperature.

The electric field is derivable from a scalar electric potential:

Ei=
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where ¢; is the electric potential, a comma denotes partial differentiation about the coordinates.
Finally, combining with the equation of motion without body forces and Maxwell’s equation, the

thermo-electromechanical, multiphysical governing equations are
02 02 02 0 02 02 d
C110 %2 + Ca40 922 Po o2 + 1€dca40 e Uy + | C130 %07 + Ca40 %0z + ufdCas0 Ix Uy

02 0?2 aT
+ d310m+d1506 97 + uQ d1506 ¢ = {110e* a

0° 0° d 0° 0° 2 0
C130m+ C440M+HQC130a Uy + C440ﬁ+ 33052~ Pogz + ullc 330 5 | Uz

07 07 2 T
+ { diso P d330 327 pQdsszo 37 ¢ = (330e"? (g + MlpT> (5.3)

0?2 02 d 0?2 0?2 d
d1s0 m + d319 m + uQdsqg a Uy + | diso W + d339 ﬁ + uQdss, & Uy
0?2 0?2 0 , oT
— | €110 W + €330 ﬁ + uQessg & ¢ = pyoeh? (5 + HLPT>

For simplicity, @ = ¥ — Q in Eq. (5.3).

The component of the temperature T satisfies the non-Fourier, dual-phase lag heat conduction
% which accommodates a certain time for the process of heat transport and building a local thermal

equilibrium in the composites, expressed by

N 0qx <6T N d aT)
U T a5 = “Fxreama\gx T 'S 51 ox 54
dq, oT 09T '
Q@+ Ta gy = kZFPGMﬂ(a s 9t 07 )
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where gy, q, are the heat fluxes in the x- and z- directions, 7, and 7 are phase lags of the heat
flux and temperature gradient, respectively. Considering the graded property of thermal
conductivity expressed in Eq. (5.1), further incorporating Eq. (5.4) with the energy equation, the

governing equation of temperature change T is finally defined as

(5.5)

0\ oT 0 d0%T 0°T oT
PoCp <1 + 14 E>E = ( + 75 a) Ko 92 + ko 572 + Q,ukzog

where ¢, is the specific heat.

Referring to Figure 5.2, the corresponding initial and boundary conditions for the thermal

field are

T(x,z,0)=0
T(x,hq,t) = ToH(t)
T(x,—h,,t) =0 (5.6)
oT(x,0%,t) 0T(x,07,¢t)
0z B 0z ’

T(x,0%,6) =T(x,07,t) |x|=>c

and for electromechanical fields are

Uzz(x: hy, t) = Jzz(xr —hy, t) = UOH(t)
sz(x, hy, t) = sz(x, —hy, t)=0
D,(x,hy,t) = D,(x,—h,,t) = DyH(t)
0,,(x,0,t) = 0,,(x,0,t) =0 x| < c (5.7)
0,,(x,0%,t) = 0,,(x,07,t), 0,(x,0%,t) = 0,,(x,07,t) |x|=c
D,(x,0%,t) = D,(x,07,t), ¢(x,0%,t) =p(x,07,t) x| > ¢
u,(x,0%,t) = u,(x,07,t), u,(x,0%,t) =u,(x,07,t) x| = ¢

While two different electric and thermal boundary conditions are applied at the crack surface:

e Impermeable crack: the electric crack-face boundary conditions are given by

D,(x,0%,t) =D,(x,07,t) =0 |x|<c
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0T (x,0%,t) B 0T (x,07,t)

7 7 =0 |x|<c

e Permeable crack: the electric crack-face boundary conditions are given in such cases by
D,(x,0%,t) =D,(x,07,t) |x|<c

¢,(x,0%,t) = ¢,(x,07,t) |x|<c

oT
3, = O[T(x,0%,t) —T(x,07,8)] |x|<c

where the quantity O is the thermal conductivity of the crack surface.

5.3 General solutions and stress intensity factors

Define a Laplace transform pair by

f*(x'Z'P) = j;)oof(x,Z, t)e"ptdt
(5.8)

1
f(x' Z' t) = % Brf*(xrzi p)eptdt

in which Br stands for the Bromwich path of integration to transform the time variable t into the
Laplace variable p, and the superscript ‘*’ indicates the variables in the Laplace domain, which
have been omitted in the following analysis for convenience. Then the time dependency in Eq.

(5.5) is eliminated and transformed into

02T 02T _ oT _(p+1,0%)
Km+ﬁ+ﬂug_8—(1+Tsp) T (5.9
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. k . .
with k = k—’“’, and & = pkocp . Combing thermal boundary conditions and permeable schemes at
z0 Z0

crack face (|x| < ¢)

T(x,z,0)=0

T(x,hy,p) =To/p

T(x,—h,;,p)=0
oT (x,0%,p) 9T (x,07,p) N
P 5, T 0%,p) =Tk 07,p) |xl=c (5.10)
aT(x,0*,p) _ 8T(x,07,p)
e Impermeable crack: = =0

0z

e Permeable crack: % = O[T (x,0%,p) —T(x,07,p)]

Solving partial differential equation (PDE) (5.9), after employing Fourier transform, the

temperature solutions in the Laplace domain is

1 (® .
T(x,z,p) = %f [Dy,e!s14117 4 D, elslAa1z]e—isxgs 4 F z>0
) (5.11)
1 (® .
T(x,z,p) = %J- [D,,els14127 + D, elsl227]e 5% g5 + F, z<0

where 44; = %(—ﬁu + T) J Ay = %(— %y — T), i = 1,2 represents upper (z > 0) and lower

(z < 0) domain. r; = %(—Q +VQ% + 4w), 1, = %(—Q —VQ% + 4w) with T =

\/— +4 K + ) (p (p+eqp?) . Here s is the Fourier transform variable; D;;(s, p) are
(1+‘L'5p)

unknown functions that can be determined by introducing a density function Gy(x, p)
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d
_ * + _ * -
c:o(x,p):{ax” (x,0%,p) = T*(x,0~,p)} xl<c (512
0 x| = ¢
which satisfies
Cc
] Goe,p)dE =0 and, Go(&,p) =0 El>c (5.13)
—C

by using the inverse Fourier transform in Eq. (5.12), and introducing the function D, (s, p),
corresponding to boundary condition Eq. (5.10), the unknown functions D;;(s, p) can be expressed

in terms of Dy, (s, p):

eI, 1(s,p) = 1= 32T, Uy(s,p) = [1 - ek, —

with [, (s,p) = e 70

[1 - e‘|s|h2T]l1. Letting § = £/c, X = x/c, then, the singular equation of G, (&, p) is finally

obtained

10t s Vi -
2| 6oen) |+ o] af = o a0

T
with the kernel function:

l, X

fo(%&p) = fow <— [[/121 — Jyge~lsimr] - ;] — Mg°> sin (cs(é — f)) ds

According to permeable conditions X defines:

R = {0 Impermeable crack
~ (@ permeable crack
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Furthermore, with the aid of the Lebatto-Chebyshev numerical technique ', the singular Eq.

(5.14), is converted into an algebraic equation:

n
_ = Vi _
Aksz(me) lfo(xr,fk,P)‘i‘m =Fy x| <1
—_— k -
k=1 " (5.15)
Akz E(&.p) =0
k=1
= (k-Dm , TR @r-m e __ T g _
where § = cos———,k =1,2,3,--,n; X; = cos 2T T 1,2,3,--,n— LA, = Z(n—l)'k =

Vi

1,7’1; Ak = _(n—l)

k=23,,n—1and F(&,p) = Go(&,p) |1 — & |x] < 1.

In Eq. (5.15), function F; corresponds to the temperature components on the x-axis in the

absence of the crack, as

FO = 1110D110 + AZlODIZO (516)
with
{(1 _ e—Tohz) @ — (1 — @ e—Toh2>} e ~A110M1
) - 20 20 E
120 —
Diio = _e—‘l'oh1D12 + 53—1110’11

1 1
Ao = 2 (—Qu + 79), Azi0 = 2 (—Qu—10); (i =12)

TOZ\/QZ+4(1)
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After determining the thermal distribution of the strip, Laplace transform is applied to the

electro-mechanical field, and the governing Eq. (5.3) and boundary conditions (5.7) change to
02 02 5 0 02 02 d
C11052 + Ca40 352 PoP + 1fdca40 37 )% +|{ €130 %07 + Ca40 07 + 1€dca40 2 ) Y2

02 0?2 aT
+ d3106x6 d1506 57 + uQ d1506 ¢ = {y10e* a

02 0?2 0 0?2 0?2 ) d
C130 m + C440 m + u€cy30 a Uy + | Caq0 W + C330 ﬁ — pob”~ + ullcsz & U,

0?2 02 d , oT
+ | diso W + d330ﬁ + ﬂ9d330£ ¢ = {330eH? (5 + HLPT> (5.17)

0?2 02 d 0?2 0?2 d
d1s0 m +d3105— 9x02 + uQdsz 0= Ox Uy + | diso W + d339 ﬁ + uQdss, & Uy
0?2 0?2 0 , oT
— | €110 I + €330 322 + uQessg 37 ¢ = pgoet? (g + #lpT>

(o]
azz(x' hl' p) = azz(x' _hZ' p) = ?

sz(x, hl' p) = sz(x, —hz' p) =0
D,(x,hy,p) = D,(x,—h,,p) = I;O (5.18)
azz(x' Orp) = sz(x, 0, p) =0 |x| <c
Jzz(xr 0%, p) = Jzz(xr 0-, p): 0 (X, 0%, P) = 0y (x,07, p) x| = c
D,(x,0%,p) = D,(x,07,p), ¢(x,0%,p) =¢(x,07,p) Ix|=c
u,(x,0%,p) = u,(x,07,p), uy(x,0%,p) =u,(x,07,p) |x|=c

e Impermeable crack: D,(x,0%,p) = D,(x,07,p) =0 |[x|<c

e Permeable crack: D,(x,0%,p) = D,(x,07,p), ¢,(x,0%,p) = ¢,(x,07,p) |x|<c

By further applying Fourier transform, a calculation leads to the expressions for the

displacements and electric potential in the Laplace transform domain.
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6

1 400 )

Uyi(x,2,p) = ngn(S)EJ. szliAi].eISIVﬂZ
=

! g ) .
+ m(leiDilelsl(/lu‘H”Sl)Z + PxZiDiZe|S|(/12L+H|S|)Z> e_lsxds

6
1 + oo
uy(x,z,p) = %J. E ijiAi].elslyjiZ
o =

1 A P .
5 <leiDi1e|S|(/1“+”|S|)z + PzziDi2e|S|('12‘+“|s|>z> s g (5.19)

1 +0oo 6
¢Zi(xl Zr p) = %f ZAl]elslyﬂZ
—00 j=1

1 i Sl ,
+E<P¢1iDi1e|S|<l“+“|SI)Z+P¢2iDi2e|S'(’1“+”lsl)Z> J-ise g

Here i = 1,2 indicates the region z>0 and z<0; y;; (j = 1,2,3, -+ 6) are the roots of the following
characteristic equation (all the coefficients are shown in Appendix C Eq. (C.1))

ay® +byS+cyt+dy3+ey?+fy+g=0
and Zj;; (s, p) and Pyy;, Py, Py , (I = 1,2) are given in the Appendix C as Eq. (C.2).

Then the stresses and electric displacements can be obtained by making use of Egs. (5.2) and

(5.11)
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6
1 (% L)
Opxi = isgn(s) 5— f Z|s| Xf?“AUe'S'(Vﬂ+“|s|)Z
- | &

% Q) ( %) Q)
A i+ ot Agit+ ot e ;
{PlzixDile|S|( 1i H|S| ”|S| z PzzixDize|S| 2i H|S| H|S| z e~ isX g

P 2 P 2 ,
_ {pffpile'S'<’1“+“Isl+"lsl>z + pZZiZDize'S'(121+“|s|+“|s|>z} el ds + 0,,0(5.20)

] E Islx %A, e" (v )e
¢, Q o . QO
ISI(/'l -+u—+u—)z s (/'l iU+ —)z i
—{Pldl-le-le ST 4 oDyl NI L eisr s 4

where coefficients )(]ltr (s,p)(str = zz,zx,dz) and P (I = 1,2) are expressed in Appendix C

as Egs. (C.3) and (C.4).

Submitting the stress and electric displacement expression (5.20) into boundary conditions
(5.17), the unknown functions A;; can be expressed by the independent unknowns A, (s, p) (k =

4.5,6)

1 N
Aij(s,p) = mpijDO + Z K, Az

k=4
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where P;; and K,ij are solved using MATLAB code. Furthermore, the density functions

Gr(x,p) (f = 1,2,3) are introduced to get the solutions of A, (s, p), as follows

G(p) 5 (wa(x,0%,P) =t (x,07,p)
Gz(x' p) = _x uzl(x' 0+' p) - uzl(x' 0_' p) |x| <c
G3 (x, p) ¢2 (x' 0_' p) - ¢1 (x' 0+' p)

After making use of boundary conditions (5.17) and permeable conditions at |x| < c, letting
§ =&/c, ¥ = x/c, normalized crack length (—c, ¢) to (—1,1), the density functions Gr(x,p) can

be solved through the following simultaneous singular equations

%fl{ 12261(5—'29)_( o Cslg}—_’cx))cz(f p)+< +Sz—>?o" ))Gg(f P)}

-0 .O+i]+m K2 iflGO(g p) eisfdéT e”l ds
20 Tom o, U0 \is ), ’

e et ol

1 (™ x 1 is —isx
= { (ﬁ [ Go(gp)efd;>} ds (5.21)

! f{ 6,(E:p) —( %) e8r) +< N 1(? Kd)) e ”)}

1 (* 1 1 - R .

where the constants f5" (str = zz,zx,dz;t = 1,2,3) are
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(J- [ ST cos cs(f - x))] ds lf str=zz,dz;t =1

fstr if str =zx,dz;t = 2,3
t =

KT — lim ki )sin(cs(é — % l:f str = zz,dz;t = 2,3
J;) [( ) ( (f ))] if str =zx,dz;t =1

where constants k;" (str = zz, zx,dz; t = 1,2,3,0) are given in Appendix C Eq. (C.5). Similar to
the procedure for solving the temperature field, the singular integral equation (5.21) can be

transformed into

l' ZZ

\ . Jim Jim 5"
Ay e ) = (14 s )+ 1+ 2 )

o' 1
—0. 0 +lf+ KZZ if GO(E_ p)elsfdf_ e—iSXdS
20 o) o U0 \isJ_; oY

lim k7
{‘(flzx cs(_;:o ))Fl(fklp) fEF (& p )+f3sz3(€k,p)}

1 (* 1
A o)

lim k

) (e - (1 + 2B e+ (1 + 2 ) )|

k=1
1 + 00 1 1 :
—_ dz & is c —isx
= Doton f_oo {KO (is f_lGO(f’p) ¢ df)} erds

where Fr(&,p) = Gs(é,p) |1 — &2 (f = 1,2,3).

=
i

The functions o,, and D,,, which correspond to the stress and electric displacement

components on the x-axis in the absence of the crack, are obtained as follows
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+00
— zz +uQ)z
O-ZZiO_f ZX A e(yﬁ #)
—0o

_%{PlziZDiloe()llio+mp+uQ)z +PZZiZDiZOe(Azi0+u<p+y )z} 5(5) ds

= ZX]ZlZSA eVjistn)z _ {p A e Miotue+p )z PZ%D; Oe(/12m+u<p+u )Z}

D,; :J. ZX]C.liZAlje(Vjis+#Q)Z

—00

— _{PdZD e&u‘o"’#‘l""ﬂ )z + PZdiZDiZ e(lzio+ll§0+l«lﬂ)z} 6‘(5) ds

— az +uQ)z Aio+uep+ z dz Azio+up+ z
—ZX]zsA ejistu)z _ {p lODlIOe( tiotHO+I ) +P2i0DiZOe( 2i0tHQ+L ) }

Based on the inverse Fourier transform and the property of the Dirac delta function

J.JrooF(s)(S(s) ds =F(s =0)

where 37, P (str = zz,dz) are equal to x§", P;;"", when s = 0. and yj;s are

Yiis =5 ( V-QZ‘HDO) Y2i = ( H-Q-FM) Yais = —uf

Therefore, the stress intensity factors K;(p), K;;(p) and the electric displacement intensity

factor Kp (p) in the Laplace domain are:
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K, (p) = xll)r?+ V2m(x — ¢)a,, (x,0,p)
Ku(p) = lim, 21 (x = €)02xi(x, 0, p)

Kp(p) = lim \/21(x = ©)Dy(x, 0,p)

5.4 Numerical results and Discussions

In order to obtain the solutions in the time domain, the numerical inversion of the Laplace

5

transform proposed by Miller and Guy '® is employed. All the results were presented in

dimensionless form with: h = h/c and time t = tc,/c where ¢, = /c44/p. To indicate the ratio
between the mechanical, electrical and thermal impacts, the dynamic stress and electric

displacement intensity factors (DSIFs) are normalized as follows

¢ Single temperature and multiphysical condition

— . _ K@ — . _ K@ — G330 Ki (1)

K (t) = N K, () = N Kp(t) = N (5.22)
where f = (330[Tol-
¢ Single mechanical and electrical condition

— . _ K@ — . _ K@ — 330 Ki(2)

K (t) = N7 K (¢) _f\/E' Kp(t) = £330 fic (5.23)

for pure mechanical condition, f = g,

d33o
Dy.

for pure electrical condition, f = .
330

The stresses and electric displacement (al- s Dl-) were normalized following the same procedure as

DSIFs. In the following sections, the normalized hat " ~ " is omitted for the sake of brevity.
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5.4.1 Model reliability

To verify the accuracy and validity of the numerical results, we considered the case of a strip
with a central crack, where h;/c = h,/c = 2.5 and Q = @ = 0 (Non — FGPM), to check the
following boundary conditions of the strip under thermo-electro-mechanical loading. The
calculations are carried out for three different piezoelectric materials, whose constants are given

in Table 5.1.

Boundary conditions ( BCs: 6y = Dy =T, = 1):

at strip surface: at the crack surface:
BC1: 0,,(x, hy,t) = 0,,(x,—h,, t) = g, BC4:0,,(x,0,t) =0
BC2: 0,,(x,hy,t) = 0,,(x,—h,,t) =0 BC5: 0,,(x,0,t) =0
BC3: D,(x, hy,t) = D,(x,—h,,t) = D, BC6: D,(x,0%,t) = D,(x,07,t)

e Impermeable crack: ® = 0, D,(x,0%,t) = D,(x,07,t) =0

e Permeable crack: ©® = 0.5, D,(x,0%,t) = D,(x,07,t), ¢,(x,0%,t) = ¢,(x,07,¢)

7777777 GZX o GZZ - DZ GZX GZZ DZ
> PZT-6B o CdSe * BaTiO, > PZT-6B o CdSe * BaTiO,
3
3 BC1, BC3
2re T
3 g
N _$ N z
< 1ri 9 |
(0] é o]
Té 0f x E Permeable
Sl s
¢ BC6
[ GKQL\\
2t 2} =k
H BC4,BC5 ¥
_3 ! ! ! ! _3 1 1 1 1 1
0 0.5 1 1.5 2 0 0.5 1 1.5 2 2.5
Normalized 5, ,5,,and D, Normalized 6, ,5,,and D,
(a) (b)

Figure 5. 3 Boundary conditions under thermo-electro-mechanical loading stresses and D, variations (a)

insulted crack; (b) permeable crack along thickness (x = 0).(f = 1)
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Figure 5. 4 Boundary conditions under thermo-electro-mechanical loading: stresses and D, variations at

the crack surface and extended line (z = 0).(t = 1)

Table 5. 1 Material properties of homogeneous piezoelectric ceramics.

Elastic stiffnesses Piezoelectric coefficients Dielectric Thermal Pyroelectric Specific Density
(*10'°N/m?) (C/m?) constants Modulus coefficients heat (*10°kg/m’®)
(x101°C/Vm)  (x10°N/Km?)  (x107C/Km?)  (J/kg°C)
C110 €130 C330 C440 d310 d330 dyso €110 €330 G110 (330 Pzo Cp Po
PZT-6B 16.80 6.00 1630 271 -0.90 7.10 4.60 36 34 202 198 3700 420 7.60
CdSe 7.41 3.93 836 132 -0.16 0.35 -0.14 0.83 090 0.62 0.5 29.4 490 5.81
BaTiOs 22.20 240 1980 330 -0.21 0.31 -0.48 0.51 045 2.02 3.76 1200 430 5.80
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By examining the variations of stresses and electric displacement along the thickness
direction (z-axis) as shown in Figure 5.3, and along the x-axis as shown in Figure 5.4, all the
boundary conditions have been satisfied. The stresses a,,, 0,, and electric displacement D,
conform to the applied loadings at the surfaces of the strip (Figure 5.3), and correspondingly meet
the requirements for different electric permeable conditions at the crack surface, which should be
equal to zero because no electricity is allowed to cross the crack for insulated crack (Figure 5.3a),
whereas electric field is continuous at the crack surface for permeable condition (Figure 5.3b).
Moreover, considering the free surface of crack, all the stresses should be zero (Figure 5.4). And
the stresses are singular near the crack tip which tends to infinite. Therefore, the numerical results

are reliable and can be used for further research.

Considering electrically conditions in Figure 5.5, the singular behavior (the value of DSIFs)
near the crack tips of impermeable crack is much more pronounced than permeable crack, which
is easier to trigger crack and deserve further research. Therefore, in the following discussions, we

choose an insulated crack condition and pick PZT-6B as an example.

0.6 0.6 0.6
PZT-6B ----- Permeable Impermeable CdSe  ----- Permeable Impermeable BaTiO3 """ Permeable Impermeable
' » KI ¢ KII e KD > KI & KII e KD = > KI & KII e KD
M
172] 2] 2] -~
E 04} A enmeney % 04} % 0.4 '% }l,r/l{:-_;»»-»-»--»-v-»-»-»-»-»
a ™ [a a 8
'8 a .*‘5»--»--»-»-»-»-»-»--»-»—» Fg a 8 E
X 2 X g s
g 0.2 % g 0.2 g g 0.2 Difference (KD)
2 5
5 2 3 8 5
Z a Z a Z
0f 0r 0
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Normalized ¢ Normalized ¢ Normalized ¢

Figure 5. 5 Normalized DSIFs variation of permeable and impermeable crack conditions.
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5.4.2 Functional gradient piezoelectric material (FGPM) design

At the macroscale, a functionally graded piezoelectric material was investigated with its
properties varying along the thickness based on different gradation functions (Figure 5.6). By
controlling the functional gradients parameter u and gradation coefficients (), and ¥ in Eq. (5.1),
the profile of the materials along the gradating direction can be changed. Here, we proposed three
distinct configurations of FGPM to study the effect of different functional gradient laws on
material performance under different physical scenarios. The first configuration is characterized
by Q=¥ =0, u=1, representing a homogeneous material without gradient. In the second
configuration, with O =W =1, u =1, the material properties vary exponentially along the
thickness direction (z-direction) over the cross-section, gradually decreasing from the upper
surface to the lower surface. Finally, the third configuration, with Q =¥ = 1,u = sgn(z),

demonstrates a symmetric graded property over the thickness.

\o)

(=Y

|
central crack —— Non-FGPM

—s=— Expo-FGPM
—— Sym-FGPM

Crack position
()

UonEpeI) [BUOLOUN,]

1
S
)
<
8
9]
Q
]
<

1
[\

L -2.5

e e
Functional gradation

Figure 5. 6 Sketch of functionally graded piezoelectric material (FGPM).

Sketch 1: O =¥ = 0, u = 1 Nongraded-FGPM (Non-FGPM)
Sketch 2: O =W =1, u = 1 Exponential-FGPM (Expo-FGPM)

Sketch 3: Q =¥ = 1, u = sgn(z) Symmetric-FGPM (Sym-FGPM)
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5.4.3 FGPM design under a single physical field

(1) Single dynamic mechanical loading

Figure 5.7 illustrates a comparative analysis of dynamic stress and electric displacement
intensity factors under a single mechanical loading condition. In particular, the central-crack strip
is subjected to a normalized tensile stress impact, ogH(t), and o, = 1. It is obvious that under a
single tensile load, the dynamic stresses and electric displacement intensity factors (DSIFs) rapidly
increase over time, reaching a peak (Nj, Ej, Sj, j=1,2,3) and then decreasing in magnitude and
eventually converging towards the static value for a sufficiently long time. For exponential,
functionally graded piezoelectric material (Expo-FGPM), the DSIFs are notably higher compared
to those of the non-functionally graded piezoelectric material (Non-FGPM) and symmetric
functionally graded piezoelectric material (Sym-FGPM). This discrepancy can be attributed to the
presence of dissimilar layers at the interface of the crack surface in the Expo-FGPM, leading to an

initiation of an interface crack.

Especially, since the configuration and applied mechanical load of Non-FGPM and Sym-
FGPM are symmetric, no shearing stress is induced, resulting in a zero KII value throughout the
entire time duration. When comparing the Non-FGPM and Sym-FGPM, it is evident that the
symmetric configuration exhibits a lower intensity than the non-graded configuration. Therefore,
the symmetric configuration provides greater fracture safety under single mechanical loading,

while the exponential design presents the highest level of risk of fracture.
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Figure 5. 7 DSIFs versus time under a single mechanical field.

(2) Single dynamic electrical loading

In the case of pure electric loading, a step electrical load, DyH (t) with D, = 1, is applied on
the strip, where the positive poling direction is along the z-axis. Similar trends are also observed
in the resulted electric field. The DSIFs climb to a peak value and then gradually tend to a stable
value. The Expo-FGPM demonstrates the highest values of the dynamic stress intensity factors
(DSIFs) as depicted in Figure 5.8. Due to the symmetric electric load and configuration, both Non-

FGPM and Sym-FGPM exhibit a shearing stress intensity factor KII of zero.

Another intriguing observation is the negative electric displacement intensity factor in the
asymmetric exponential configuration when compared to the symmetric configuration for PZT-
6B. This indicates a change in the direction of electric displacement around the crack tip after
altering the material configuration. In the case of Non-FGPM, the electric response near the crack
tip is expected to decrease or become more in magnitude in the negative side due to the
piezoelectric coefficients and dielectric properties of PZT-6B. However, the unique characteristics
of the exponential, functional grading, with piezoelectric properties decreasing exponentially from
the upper to the lower surface, lead to an increasingly larger and positive electric displacement

intensity factor. These findings further highlight the enhanced reliability of the symmetric graded
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design, emphasizing that Sym-FGPM and Non-FGPM are safer than Expo-FGPM under single

electric loading conditions.
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Figure 5. 8 DSIFs versus time under a single electrical field.

(3) Single dynamic Thermal loading

Another important task is the analysis of the temperature distribution of piezoelectric
material, which is computed by using Eq. (11) and presented in Fig. 9 (a). In this analysis, a heat
shock is applied to the top surface of the strip with ToH (t), where T, = 1, and keep a temperature
near zero on the lower surface. It can be observed that for both Non-FGPM and Sym-FGPM, the
temperature decreases symmetrically from the upper to the lower surface, with the temperature
gradients being higher for Sym-FGPM. Conversely, the temperature distribution gradually

decreases from top to bottom as the configuration of Expo-FGPM changes.
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Figure 5. 9 Thermal distribution and DSIFs: (a) stable temperature distribution at t=50s; (b) DSIFs versus

time under a single thermal field.

Distinguishing from the single stress and single electric field scenarios, the DSIFs of Expo-
FGPM and Sym-FGPM exhibit notable fluctuations during the initial stages under single thermal
loading. This behavior can be attributed to the non-Fourier heat wave phenomenon, which is
further amplified by the nonhomogeneous graded material. Unlike KII and KD, where positive
and negative values indicate respective crack propagation in different directions, a positive KI
indicates a propensity for crack initiation, while a negative KI suggests the potential for crack
closure and enhanced safety. Regarding the KI values depicted in Figure 5.9 (b), it is noteworthy
that graded materials such as Expo-FGPM and Sym-FGPM exhibit two distinct peak points with
different signs: positive values for Eni and Sui, and negative values for Eci and Sci. Under heating

conditions, the material is susceptible to failure at Eni and Sui points, while it is deemed safe at
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Eci and Sc1 points. Conversely, when the boundary loading conditions are altered to cooling, the
observed trends are reversed entirely. Moreover, the magnitudes of Eci, Sci and Eui, Sui are
different, highlighting the necessity to consider two different thermal conditions: cooling and

heating.

Additionally, when comparing the three different configurations under thermal loading, the
DSIFs of the homogeneous non-FGPM are consistently lower than those of the inhomogeneous
Expo-FGPM and Sym-FGPM. Consequently, for a single thermal load and under the same
gradation coefficients, the non-FGPM is the preferred choice, as the inhomogeneous material

properties amplify temperature disturbances and lead to higher stress intensity factors.

5.4.4 Fracture evaluation of FGPM under Single field

It is important to note that the field intensity factors discussed above solely provide
information regarding the respective field quantities on the crack face plane. As a result, the
decoupled field intensity factors alone are insufficient to establish a fracture criterion for the crack
problem addressed in this study. To assess the coupled fracture performance of the material,

265

Dascalu 2 and Fang ** separately proposed an energy release rate G and critical intensity factor

Kcas

(60 = 3 Ky H*(K)
(H™D) 3 (5.24)

K-(t) =K, + ———K,
C() I (H_1)|2’2| D

where {K} = {K,"(p) K;,"(p) Kp (p)}".
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To determine which fracture criterion is more suitable for our specific problem, we conducted
an examination using Non-FGPM under a single thermal load as the test case. We employed the
energy release rate G and the critical intensity factor Kc, respectively, to evaluate the single normal
stress intensity factor KI at the peak point NH1. From the results shown in Figure 5.10, it is evident
that under the G criterion, the results consistently yield positive values regardless of the heating or
cooling conditions. However, as we have already observed in Figure 5.9 (b) when considering only
the KI of Non-FGPM, since its value is negative, indicating crack closure during cooling and
positive, indicating crack propagation in heating. In comparison, the K¢ intensity factor accurately
captures this difference, with the value turning negative upon entering the heating condition.
Therefore, we employ the K¢ intensity factor to evaluate the coupled field intensity factor in this

study.

Single KI (Non-FGPM) ~—=— G factor
—=— K intensity factor | 0

g
Q
&
o ~0.5
2
Q
&
e
0.0

Cooling I Heating

-15 -10 -5 0 5 10 15

Figure 5. 10 Fracture criteria comparison.

In the context of our study, it is worth noting that the electric displacement near the crack tip
can exhibit direction changes, which consequently result in a negative value of electric

displacement intensity factor (Kp). According to the definition proposed by Fang *°, in Eq. (5.24),
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. (H™)
the coefficient of (HT)lzzl

for piezoelectric ceramics is positive, and the negative value of Kp will
lead to a smaller value for the critical intensity factor and shift the fracture performance of material
towards the safer side. However, it is important to acknowledge that even with a negative Kp, the
material can still be susceptible to crack propagation, albeit in a different direction influenced by
the electric displacement. Therefore, building upon Fang's definition, we have improved K¢ by
introducing the absolute value of Kp as

(H_1)|2,3|

Kc(t) = K; +(HT)|2,2|

|Kp| (5.25)

here the matrix H is normalized according to Egs. (5.22) and (5.23), which is expressed as

[— lim k¥ /f 0 0 ]
S—00
H = 0 —lim k%% /f lim k%?/f
S—00 S—00
l 0 — lim k%2 /f  lim k%* /fJ
S—00 S—00

As the gradation coefficients Q and ¥ in the above sections were defined as Q=¥=1, to further
explore the impact of these coefficients on the different material configurations, the gradation
coefficients Q and ¥ vary to -1.0, -0.5, 0.5 and 1.0. And then the results of critical intensity factor
Kc for the three configurations under both single mechanical and single electrical fields are
compared. The corresponding results are shown in Figure 5.11. Since all the critical stress intensity

factors Kc stabilize after t=10, the figure only displays the K¢ values until that point.
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Figure 5. 11 Critical intensity factor Kc comparison (a) under single mechanical load (single P); (b) under

single electrical load (single D).

Based on the observations from Figure 5.11, it is evident that the same configuration, with
identical gradation coefficients Q and ¥, exhibits consistent trends in KC under either single
mechanical or single electrical field when examining the left and right figures in Figure 5.11 (a)
and (b) for Expo-FGPM. It is apparent that larger positive values of QO and W correspond to
significantly higher K¢ values, indicating increased risk of fracture. Conversely, smaller negative
values of Q) and ¥ result in lower K¢ values. Moreover, the magnitude of Q and W plays a crucial
role, as higher magnitudes of Q and ¥ are associated with greater levels of fracture risk. In contrast,

for Sym-FGPM, the results are reversed. Specifically, higher values of Q and ¥ lead to lower Kc,
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suggesting reduced fracture risk. When comparing the three configurations under the same
gradation coefficient conditions, the results indicate that the Sym-FGPM configuration performs
better against fracture than Expo-FGPM when Q=%>0, while Expo-FGPM outperforms Sym-
FGPM when Q=%<0. Furthermore, in comparison to the Non-FGPM case, Expo-FGPM with
smaller gradation coefficients and Sym-FGPM with larger gradation coefficients exhibit lower K¢
values, indicating enhanced material stability and fracture performance. These findings offer
valuable insights for selecting the optimal configuration and gradation coefficient to improve

material performance against fracture in the single mechanical or electrical loading.

The results within a single thermal field exhibit apparent differences than the other two single
field cases, as shown in Figure 5.12. The fluctuating highest and lowest peaks represent the most
dangerous conditions under heating and cooling loading. In both heating and cooling conditions,
for the inhomogeneous configurations, Expo-FGPM and Sym-FGPM, Kc is increasing with the
gradation coefficients Q and W. Compared to the Expo-FGPM, the Sym-FGPM demonstrates
lower Kc when Q=¥>0, and has higher K¢ when Q=¥<0. For homogenous Non-FGPM, during
the heating condition, K¢ is negative which is safer compared to the Expo-FGPM and Sym-FGPM
whose values of K¢ are positive making the crack easier to propagate. However, during the cooling
condition, the K¢ value of the Non-FGPM transitions to a positive value. In comparison, the K¢
values associated with Q=¥<0 for Expo-FGPM and Q=%>0 for Sym-FGPM during the same
cooling phase are comparatively lower. Accordingly, we have provided specific design
suggestions for configurations under single heating and cooling conditions in Table 5.2. This
comprehensive analysis and guidance serve to optimize the selection and implementation of
appropriate configurations based on the thermal environment, thereby enhancing the overall

fracture performance and reliability of the system.
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Figure 5. 12 K¢ variation and sketch choice of single thermal load.

Table 5. 2 Sketches choice under single thermal load.

Q=Y>0 Q=¥<0
Heating Expo-FGPM < Sym-FGPM < Non-FGPM Sym-FGPM < Expo-FGPM < Non-FGPM
Cooling Expo-FGPM < Non-FGPM < Sym-FGPM Sym-FGPM < Non-FGPM < Expo-FGPM

5.4.5 Thermo-electro-mechanical FGPM design

The evidence from single fields demonstrates that the choice of gradient configuration is
significantly influenced by the prevailing boundary conditions. Therefore, besides the single field,

it is necessary to evaluate the multiphysics problem when determining the optimal configuration.

Since the heating and cooling conditions have a large impact on the choice of configuration,
we consider both heating and cooling conditions coupled with tensile mechanical and positive
electric loadings. We introduce the ratios RS and RD, which represent the ratios between

mechanical and thermal, as well as electrical and thermal loading, respectively.

when RS and RD are negative it represents the cooling condition, otherwise, it is the heating

condition.
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(1)

Thermomechanical and Thermoelectrical Fields

In Figure 5.13, the critical stress intensity factors are compared under two gradation

coefficient conditions: Q=¥Y=1>0, and Q=¥=-1<0. The ratios RS and RD vary from -2, -1, 1, to 2.

From the figures, it can be observed that the Non-FGPM, Expo-FGPM, and Sym-FGPM

configurations exhibit the same trend under thermomechanical and thermoelectrical environments.

Taking into account the impact of RS and RD on K¢ for each configuration, it is noted that under

the same applied stress and electric load, the K¢ of the cooling condition (RS and RD < 0) is higher

than the heating condition (RS and RD > 0) for Non-FGPM and Expo-FGPM with Q=Y=1, but

less for Sym-FGPM and Expo-FGPM with Q=¥=-1. Regardless of the gradation coefficient or

heating or cooling condition, the critical stress intensity factor consistently increases with

increasing applied stress and electric load.
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Figure 5. 13 Critical intensity factor comparison under different loading ratios (a) RS of

thermomechanical field; (b) RD of thermoelectrical field.
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Comparing three configurations, when Q=¥<0, the performance of Expo-FGPM is similar to
that of the Non-FGPM, while Sym-FGPM performs worse than the Non-FGPM. However, when
Q=¥>0, the Expo-FGPM exhibits the worst performance, while the Sym-FGPM shows a slight

improvement compared to the Non-FGPM.

(2) Thermo-electromechanical Field

The impact of both RS and RD ratios on the fracture performance of material is illustrated in
Figure 5.14, which depicts the thermo-electromechanical results. By comparing the single RS and
single RD cases with the coupling results of RS=RD, RS>RD, and RS<RD, it is evident that the
coupling of fields leads to a more severe situation in terms of the critical intensity factor. Moreover,
when comparing the results of RS>RD and RS<RD with RS=RD, it is observed that the K¢ value
increases more significantly under RS>RD, indicating that the stress factor plays a more prominent

role under thermo-electromechanical conditions.

Specifically, when Q=¥<0, the Sym-FGPM configuration is identified as the most hazardous
design against fracture under both heating and cooling conditions. However, when Q=%>0, the
Sym-FGPM configuration becomes the best performer, while Expo-FGPM exhibits the least

favorable performance among the three configurations.
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Figure 5. 14 The impact of 122hermos-electromechanical loading.

5.4.6 Gradation profile selection

The electromechanical gradation coefficient Q and the thermal gradation coefficient ¥ can
independently control the profile of functionally graded materials. However, the previous analysis
suggests that fixing Q=Y does not significantly highlight the benefits of functional gradient
compared to Non-FGPM. As a result, we now allow for the freedom to set Q2 and ¥ separately and
analyze their individual effects on the critical intensity factor. The gradation coefficients Q2 and ¥
are varied from -1, -0.5, 0, 0.5, to 1. The profiles of Expo-FGPM and Sym-FGPM are presented

in Figure 5.15.
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Figure 5. 15 Graded piezoelectric material based on the FGM concept with several laws of gradation.

1.5 1.5
—1 —05 Cooling condition —1——05 Cooling condition
—_—1 0.5 Expo-FGPM —-1 -0.5 Sym-FGPM
//“x=——Non-FGPM /“v=——Non-FGPM
1.0F :' J 1.0 I, N
1 .
o ] y
N [ v
1
0.5F 0.5
0.0 0.0
0 10 20 30 40 50 0 10 20 30 40 50
t t
1.2 1.2
—1 —05 Heating condition -1 —05 Heating condition
Lol—! 0.5 Expo-FGPM lol—! -0.5 Sym-FGPM
0.8 0.8}
0.6+ J 06}
04} 04+
0.2} 0.2
0.0 0.0

t

t

Figure 5. 16 Gradation coefficient W of the thermal property profile.

Under the most dangerous condition RS>RD was extracted from Figure 5.14, with RS=2 and

RD=1 for heating, and: RS=—2 and RD=-1 for cooling. The effect of the thermal gradation
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coefficient W is analyzed in Figure 5.16. In the cooling condition, positive gradation values of
Expo-FGPM result in smaller peak values of K¢ compare to negative ¥ and decrease as the value
of ¥ increases. Sym-FGPM is primarily affected by the thermal coefficient of gradation, with little
difference between positive and negative values. Larger absolute values of ¥ indicate greater
stability. For heating conditions, the phenomenon is reversed. Cooling conditions improve the
fracture performance of all functional configurations compared to Non-FGPM, while higher

gradation degrees yield larger critical intensity factors in heating conditions.
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Figure 5. 17 Gradation coefficient Q of the electromechanical property profile.

Figure 5.17 illustrates the impact of the electromechanical gradation coefficient €. In contrast

to the thermal gradation coefficient W, where cooling and heating conditions have reversed
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impacts, Q exhibits the same trend under both cooling and heating conditions. As Q decreases, the
critical intensity factor KC decreases significantly for the Expo-FGPM, while it increases for Sym-
FGPM. Although there is a slight difference between -0.5 and -1 for the Expo-FGPM when Q

becomes negative, this difference is negligible.

Figure 5.18 presents the results of peak values of Kc obtained by combining the
electromechanical gradation coefficient Q and the thermal gradation coefficient ¥. From the
figure, it can be observed that ¥ does not have a significant impact on KC compared to Q. The
main controlling factor is the electromechanical gradation coefficient Q. As Q decreases or
increases, the performance of the Expo-FGPM and Sym-FGPM improves under both heating and
cooling conditions. By separating the field into two phases, namely Q> ¥ and Q <, a clear trend
emerges. Expo-FGPM in phase 1 (2 > V) is found to be safer, while Sym-FGPM in phase 2 (Q <

V) exhibits better performance.

It is worth pointing out that for the Expo-FGPM under heating condition, even though the K¢
values decrease after Q2 becomes negative, they are still higher than those of the Non-FGPM
design. As we have already seen in Figs. 5.16 and 5.17, lower magnitudes of gradation coefficients
lead to lower K¢ values. Therefore, even with further reductions in gradation, the Expo-FGPM
does not outperform the Non-FGPM design under heating conditions. Hence, the Expo-FGPM
may not be the optimal choice for heating environment. In Table 5.3, we compare the profiles of

single gradation and combination gradations and provide suggestions for each loading condition.
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Figure 5. 18 The value of K¢ with different gradation profile for thermo-electromechanical loading.

Table 5. 3 Profile suggestions for thermo-electromechanical loading.

Single gradient Combination gradients Suggestion
Q v Q v Q v
Expo-FGPM cooling -0.5 1 (-1,0) (-1,1) -0.5 1
heating -0.5 -0.5 (-1,0) (-1,1) 0 -0.5
Sym-FGPM cooling 1 -1 0,1) (-1,1) 1 -1
heating 1 -0.5 (0.5,1) (-1,1) 1 -0.5

To assess the performance of the suggested profiles in Table 5.3, we compare the stresses and

electric displacement at the crack surface and its extended line in Figure 5.19. Except the shear
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stress and heating condition of the Expo-FGPM, following optimization, it is evident that the stress
and electric displacement intensity factors at the crack tips are significantly reduced for the
functional designs compared to Non-FGPM, with Sym-FGPM exhibiting the most substantial

reduction.

Comparing the functional designs with the homogenous Non-FGPM, the Sym-FGPM with
(Q,¥)=(1,-0.5) for heating and (1, -1) for cooling shows a respective decrease in critical intensity
factors of 24% and 48%, as indicated in Table 5.4. Similarly, the Expo-FGPM with (Q, ¥) = (-0.5,
1) under cooling conditions experiences a 25% decrease in the critical intensity factor. However,
it is important to note that the Expo-FGPM does not perform well under heating conditions. These
results demonstrate that functional designs can enhance material stability under complex

multiphysics conditions.
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Figure 5. 19 Suggested gradation profile of FGPM and comparison.
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Table 5. 4 Different sketches compare at the crack tip.

Suggest Gradients Normal Stress and Electric displacement Critical intensity factor Comparison
Q v [ [ D, Ke Ry
Non-FGPM heating 0 0 14.147 0 6.242 0.764 -
cooling 0 0 22.084 0 8.368 1.134 -
N ~ ~ 0,
Expo-FGPM heating 0.5 0.5 16.727 2.711 7.820 0.851 11% 7T
cooling -0.5 1 16.792 2.588 7.341 0.847 25% 4
N ~ 0,
Sym-FGPM heating 1 0.5 10.937 0 5.531 0.577 24% 4
cooling 1 -1 11.124 0 5972 0.593 48% 1

5.5 Conclusions

Thermo-electromechanical analysis of cracked, graded structure inspired by biomaterials has
been performed in the present work. The results give an idea about the potential of applying the
piezoelectric functionally graded material concept to design smart, biomimetic composite
materials, both in single- and multi-physical loading. It is observed that the piezoelectric material,
designed according to the FGM concept, has improved fracture performance in comparison with
non-graded ones; for instant, in single stress and electric field, the Sym-FGPM structure with high
gradation coefficients allows designing piezoelectric with lower critical intensity factor, which is

desirable for obtaining highly crack resistance performance.

Especially, when the FGM concept is implemented solely in the thermal field, a significant
increase in the critical intensity factor is observed compared to the non-graded configuration. This
observation suggests that the nonhomogeneous functional design amplifies the thermal shock
effect. Consequently, it becomes imperative to consider thermal coupling in multiphysics research

when designing graded piezoelectric structures against fracture.
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From the multiphysics, the analysis reveals that the stress factor plays a prominent role under
thermo-electromechanical conditions. Additionally, from the examples, it is clear that both thermal
gradation coefficient ¥ and electromechanical gradation coefficient Q define the fracture
behaviour and, hence, a combined optimization must be considered for functional graded design
of biomimetic smart materials. Finally, the optimal gradation profile is founded for the thermo-
electromechanical fields. The best Sym-FGPM configuration with (Q, ¥) = (1, -0.5) and (1, -1)
for heating and cooling, respectively, leads to a decrease in critical intensity factors of 24% and
48% compared to the Non-FGPM. However, caution should be exercised when employing the
Expo-FGPM, as it is suitable for cooling coupled multiphysical conditions but not for heating

environment.

In conclusion, except for the single thermal environment, to design biomimetic piezoelectric
structures considering gradation can improving their crack resistance under single stress, single
electric, as well as thermo-electromechanical fields, and broaden the range of applications in the

field of smart structures.
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Chapter 6

Finite element simulations of a cracked functionally
graded piezoelectric strip based on non-Fourier heat

conduction

Based on the classical elastic theory, the stress and strain response of a continuum under
different boundary conditions can be expressed, which provide direct guidance for materials
design. However, when the degree of hierarchy becomes more complex, it will be difficult to build
a constitutive equation for biomaterials simply by theoretical method. In addition, multiphysical
boundary conditions along with complex structure geometry can lead to the theoretical analysis
almost impossible. Benefiting from computer simulation software, it becomes convenient to
construct corresponding hierarchical specimens. COMSOL is a powerful multiphysics simulation
software that is known for its user-friendly interface and flexibility in solving partial differential
equations (PDEs) and strong ability to address mulitphysical problems. In this chapter, we
establish the corresponding finite element hierarchical structures mentioned in the previous
chapters and conduct non-Fourier multiphysical crack simulations in COMSOL Multiphysics
platform. The simulation results show good agreement with theoretical models, which can be
widely used in various configuration simulations and multiphysical analyses, guiding biomimetic

design.
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6.1 Introduction

Benefit from the developments of 3D printing technology and computer simulation software,
researchers are now exploring new experiments and numerical simulations 2**%¢2°. Through 3D
printing technology, it is easy to build corresponding hierarchical specimens, and all the
mechanical properties can be obtained by various test methods, like tensile test, bending test,
ductility test and so on. For example, Mohammad et al. '’® from tensile experimental data of their
3D printed functionally graded hierarchical soft-hard composite obtained polynomial expressions
correlating the obtained mechanical properties. Then, they set the maximum strain separation data
as the crack propagation criteria in ABAQUS. Finally, the numerical results of the mechanical

behavior of the material were highly consistent with their experiment results.

The materials are inevitably exposed in various environmental conditions, some materials
even need to be used in extreme work conditions, which should be considered in their mechanical
performance to prevent catastrophic failure. However, letting the specimens work in an extreme
condition is very difficult through experiment. Benefited from the strong simulation software, we
can build finite element models for almost any environmental conditions, such as strong thermal

shock 27!, deadly water pressure impact 2%, severe electricity shock 2> and much more.

It is worth noting, however, all the numerical thermal analyses preset in simulation software
such as ABAQUS, ANSYS or COMSOL Multiphysics are based on the classical, Fourier heat
conduction law which allows the thermal disturbance to spread at an infinite speed. However, the
establishment of thermal equilibrium actually takes a certain period of time. Although in most
thermomechanical problems, Fourier heat conduction works perfectly, it renders unreasonable

temperature predictions when the temperature is extremely low, the temperature gradient is
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extremely high, or the material has a heterogeneous microstructure. To fix this problem, non-
Fourier heat conduction models were proposed by introducing so-called relaxation time which
measures the time lag between temperature gradient and heat flux at the same particle of the
material. Therefore, in this chapter, we aim to achieve non-Fourier heat conduction in COMSOL
Multiphysics which is highly user-friendly and has strong ability to address mulitphysical
problems. Finally, a 2D cracked piezoelectric strip under thermo-electromechanical fields has built

in the platform, and specifically, the following work has been conducted:

(1) Modeling non-Fourier heat conduction with partial differential equations in COMSOL
Multiphysics.

(2) Building different functionally graded piezoelectric models according to hierarchical
biomimetic materials.

(3) Coupling thermal, piezoelectric, and structural analyses in COMSOL and comparing with the

theoretical results.

6.2 Finite Element Modelling

6.2.1 Design conditions

The cracked strip is designed using functionally graded piezoelectric material, 50 mm in
width and 5 mm in height with a 2 mm insulated central crack. Temperature, electric
displacements, and stress analyses of the material are carried out with this design. An electric
displacement of 0.4 C/m? and a tensile stress of 50 MPa applied at the strip surfaces. At same time,
a transient thermal load heats the top surface of strip from 293 K to 586 K. The thermally induced
tension loads the material and deforms the strip, and then coupled with electric and tensile field

causing stresses concentration at crack tips.
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The geometric structure of the cracked strip designed as 2-D using COMSOL is shown in
Figure 1. Functionally graded piezoelectric material is added to the proposed geometric structure.
The most common piezoelectric material PZT-5H is selected and properties are assigned to the
selected material. For this study, the functional gradation profile of material is selected from
Chapter 5 as Eq. (5.1). We choose the heating multiphysical gradation suggestion (Sym-FGPM
with ¥ = 1 and O = —0.5) from Chapter 5 as the example conduct simulations, as Eq. (6.1). The
gradation laws are edited in COMSOL as analytic functions varying as shown in Figure 6.1(a),
here the axis y in COMSOL is the axis z in theoretical model. The homogenous physical properties
of the materials used in the analysis phase are given in Table 6.1.

(CitoP2) = (iro, Pzo)e 1! ¥Y=1x103
(Ci diks €k ki, p) = (Ciko, diko, Eivo, Kio, po)e™? Q= —0.5 x 103
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U To65+ 1
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Figure 6. 1 Geometry: (a) gradation law; (b) mesh element around crack tip; (c) whole strip.

Table 6. 1 Material properties of homogeneous PZT-5H ceramics.

Elastic stiffnesses Piezoelectric coefficients Dielectric constants Specific heat Density
(x10'N/m?) (C/m?) (x10°C/Vm) (J/kg°K) (x10°kg/m*)
C110 C130 C330 C440 d310 d330 dyso €110 €330 Cp Po
1272 847 11.74 230 -6.62 2324 17.03 1509 126.9 475 7.5
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6.2.2 Non-Fourier thermal Modeling

(1) User-defined partial differential equations (PDEs)

The fundamental law governing all heat transfer in COMSOL is the first law of

thermodynamics, commonly referred to as the principle of conservation of energy.

oT
pcpaz_(v'q)‘l'Q

where p, is the density (kg/m?), ¢, is the specific heat capacity at constant pressure (J/(kg * K)),

T is absolute temperature (K), ¢ is the heat flux by conduction (W/m?), and O contains heat sources

other than viscous heating (W/m?).

However, the heat transfer interfaces use Fourier’s law of heat conduction, which states that
the conductive heat flux, q, is proportional to the temperature gradient without considering spread

speed:
q = —kVT (6.2)

where k is the thermal conductivity (W/(m-K)). Considering thermal relaxation effect of

q a ! q )

Finally, without heating sources, the resulting heat equation is:

d oT
<1 + 14 a) PCo 57 = (V-kVT) (6.4)
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COMSOL provides the Mathematics module for the creation of user-defined partial
differential equations (PDEs) through equation-based modeling. This module empowers us to
tackle a wide array of PDEs utilizing diverse formulations. In scenarios involving functionally
graded issues, where material properties exhibit a functional gradient, the General form interface
emerges as the optimal selection due to its compatibility with nonlinear PDEs. The general PDE

form in General form interface is:

0°T oT
eaﬁ+daE+V'F:Q (65)

According to Eq. (6.3), the terms e, = t4p¢,, dq = pc,, @ = 0,and ' = —kVT.

(2) Thermal boundary conditions

Here, four thermal boundary conditions (a) to (d) defined as follows are assigned similar to

the boundary conditions in chapter 5.

(a) Initial values T=293 K for the whole strip
(b) Dirichlet Boundary Condition T=Tboundary at Top surface
(c) Dirichlet Boundary Condition T=293 K at Bottom surface

(d) Zero Flux —n - T = 0.

The bottom substrate surface is maintained at a constant 293 K. The top surface is heated

from 293 K to 586 K in a very short second. The crack surfaces are considered adiabatic.
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Top surface

VAYAVAVAVAV.S 600

VAVAVAY

580
560
540
520
500
480
460
440
420
400
380
360
340

tboundary(t) (K)
T T T T T T

tboundary(t) (K)

T 17 T T T T 17 T T T T T T°7T
| N I I Y N [ S (N S [ I A —

300

X Ya¥ AVAY 280 =1 1 1 l 1 1

0 200 400 600 800 1000
Bottom surface t(s)

Figure 6. 2 Thermal boundary conditions.

(3) Element quality check

The 2D 1-mm-sized triangular element was chosen and discretized in quadratic order. The
mesh becomes finer near the cracked positions as shown in Figure 6.3. After mesh sensitivity
study, the final FE model contained a total of 66258 elements, which represents an appropriate
meshing considering both computational cost and accuracy. The mesh resolution and mesh
element quality are important aspects to consider when validating a finite element model. Low
mesh resolution—in relation to the variations in the solution and the geometry—can lead to
inaccurate results, and a low mesh element quality—which measures the regularity of the mesh
elements’ shapes—can lead to inverted mesh elements and convergence issues. COMSOL

documentation 274

states that element quality in a tetrahedral mesh should not go below 0.1 (where
1 is represents 100% quality), or else the user risks compromising the quality of the model’s

solution. Figure 6.2 shows the mesh quality in the strip at the area of maximum stresses and

displacement. All the mesh quality are higher than 0.5 and close to 1.
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Figure 6. 3 Measure of mesh quality in the thermal model around crack tip.

6.2.3 Functionally graded Piezoelectric Modeling

(1) Piezoelectricity, Solid

The constitutive equations governing piezoelectric behavior within any given material can be
written in either “strain-charge” form or “stress-charge” form, both of which are supported by
COMSOL, and yield identical results. Here, we chose to enter in material properties in the “stress-

charge” form:
o=cpe—e'E (6.6)
D = eg + gy, E (6.7)

where € is strain tensor, E is electric field strength (V/m), e is indirect coupling matrix which is
elastic stiffness ¢;; in Table 6.1, &, and ¢, are relative electrical permittivity and electrical
permittivity of free space = 8.854187817e¢~! (F/m), &,&, is dielectric constants &;j. The material
properties used in the piezoelectric analysis are found in Table 6.1. For a 2D piezoelectric analysis
in COMSOL, the default material coordinate plane is XY. However, because the strip is polarized
along z direction. Hence, in the modeling process it was necessary to specify that the material

coordinate systems of materials be X-Z.
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(2) Boundary conditions

Given the central emphasis on transient thermal dynamics, to ensure convergence and
accuracy, we have simplified the transient stress and electric boundaries, discussed in chapter 5,
into static loads applied to the upper and lower surfaces. Additionally, the crack surface is free and

insulated. The following boundary conditions have been set within the COMSOL platform.

Boundary Loads (solid) Boundary Loads (Electrostatics)
mmy 5[ T T T ] mms g [T T T T T
- M N/m? p c/m?
i i " A0 el 1 1111311111,
28 - 2= B
150 1 15k _
1F - 1k 4
05 = 05§ E
oF _ 4 of = i
058 7 6 05 . 0.4
A1k - -1k -
15F 4 15k _
2k - 2B -
25 25
2 5 e et e
35} B -3.51
| 1 1 1 1 I} 1 1 1 1
4 2 0 2 mm -4 -2 0 2 mm
Figure 6. 4 Mechanical-electrical boundary conditions.
Solid Mechanics interface Electrostatics interface
(a) Free boundary at crack surfaces (a) Charge Conservation, Piezoelectric for whole
(b) Initial values displacement field = 0 geometry

(c) Boundary load 1: upper stress Fa=p0 N/m? | (d) Electric Displacement Field: upper and lower
(d) Boundary load 2: lower stress Fa=-p0 N/m? | displacement DO=d0 C/ m?

(d) Roller Constraint: left and right surfaces (b) Initial values electric potential = 0

* p0=50 MPa (c) Ground: crack surfaces

(c) Zero Charge: left and right surfaces
* d0=0.4 C/m?
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6.2.4 Coupled Thermo-Piezo-Electro-Mechanical Model

(1) Thermal expansion

The equation for thermal expansion in thermo-mechanical situations is: &, = a(T — t0),
where a is the coefficient of thermal expansion of the given material and AT is the change in
temperature from the reference temperature (t0). The coefficient of thermal expansion of PZT-5H

is a(T) = 7 x 107° (unit:1/K). Then Eq. (6.6) is expanded into:

0 =cpe—cpey —€'E (6.8)

(2) Piezoelectric Material

COMSOL adds the remanent term “Dr” to the governing equation of the piezoelectric

material, which helps in coupling other fields with the electric field. The Eq. (6.7) expanded into

D =e&e+ gy&,.E+ D, (6.9)

in which D,, = —p, (T — t0) for electrical-thermal field according to Eq. (5.2) in chapter 5.

Table 6. 2 Thermal properties of homogeneous PZT-5H ceramics.

Elastic stiffnesses Coefficient of Thermal Modulus Pyroelectric coefficients
(x10'°N/m?) thermal expansion (N/Km?) (x10*C/Km?)
(1/K)
Ci10 C130 C330 Caso a G110 (330 Dzo
1272 847 11.74 230 7x10° Ci10 X @ C330 X Q@ 4.16

6.3 Results and Discussions

The simulation processes are carried out in two stages. Initially the time-dependent

temperature distributions are studied and the resulted displacement is transferred into second stage
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as preset values. In the second stage, stress and electric displacement are performed for stable
condition.

Step 1: Time Dependent: Thermal study — General Form PDE

Step 2: Stationary: Solid Mechanics and Electrostatics — Multiphysics

6.3.1 Temperature distributions

In comparison with the theoretical outcomes, the simulation results demonstrate a significant
level of consistency, effectively achieving the application of the non-Fourier theory within the
COMSOL Multiphysics platform. To offer a more comprehensive understanding of the relaxation
phenomenon, Figure 6.5 also presents Fourier-based results. When compared to the non-Fourier
results, the Fourier temperature outcomes rapidly attain equilibrium without generating

temperature fluctuations.
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Figure 6. 5 Measure of mesh quality in the thermal model around crack tip: (a) non-Fourier; (b) Fourier.

According to Figure 6.5, the peak temperature occurs at approximately 19.7 seconds after the
thermal load is applied, and the corresponding temperature distribution result is illustrated in

Figure 6.6. It becomes evident that utilizing the Fourier law alone would result in overlooking the
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critical time period of risk, which leads directly to a steady state value (at t=100 seconds) without
considering relaxation effects. Therefore, in the context of biomaterial analysis, the adoption of a
non-Fourier heat conduction law is preferable. Moreover, upon comparing the steady temperature
distributions depicted in the Figure for Sym-FGPM and Non-FGPM, it is evident that the
heterogeneous symmetric functionally graded sketch exhibits higher temperature gradients in the
strip. This aligns well with the theoretical findings outlined in Section 5.4.3 of Chapter 5, which

supplies further validation for the reliability of the theoretical models.
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Figure 6. 6 Temperature distributions of: (a) Sym-FGPM; (b) Non-FGPM.
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6.3.2 Stress distributions

Figure 6.7 presents von Mises stress distribution around crack tip of symmetric functionally
graded PZT-5H under single stress and thermal-mechanical loads. We can see that after adding a
heating source, the stress concentration near the tip is higher than single stress field, which can be
attributed to the thermal SIFs observed in Figure 5.9 (b) of Chapter 5, Section 5.4.3. The heating
source causes a normal stress intensity rise at the Sui point because of the non-Fourier thermal

wave effect, and finally the higher stress concentration at crack tip for coupled thermal-stress field.

Normalized von Mises stress Normalized von Mises stress

40.83
36.31
e 31.78
27.26
22.74
18.22
13.7
9.18
4.66

0.14
0.99 I 1.01 mm 0.99 1 1.01 mm

(a) (b)
Figure 6. 7 Von Mises stress distribution around crack tip of Sym-FGPM: (a) Mechanical; (b) Thermal-

mechanical.

The last step of the simulation is carried out for thermomechanical effect coupled with an
electric field. The thermal-mechanical-electrical results of three microstructure configurations:
Sym-FGPM, Non-FGPM and Expo-FGPM are presented in Figure 6.8. The gradation
configurations of Sym-FGPM and Expo-FGPM both follow with suggested gradients,
respectively, (Q, %) = (1,—-0.5) and (—0.5, —0.5). Based on the findings presented in Chapter 5,
it is evident that the Sym-FGPM is the most suitable sketch for the heating-mechanical-stress

conditions. Conversely, the Expo-FGPM exhibits a dangerous trend. These findings are further

142



Chapter 6. Finite Element Validation

demonstrated by the outcomes observed in the simulation results. Comparing Figures 6.8 (a), (b),
and (c), the von Mises stress near the crack tip of the Sym-FGPM is 30.5% lower than Non-FGPM
sketch; however, the Expo-FGPM is 3.2% higher than the Non-FGPM. The suggested gradation
improvement for the Expo-FGPM is further substantiated through a comparison of Figures 6.8 (¢)
and (d). The observation reveals that the Expo-FGPM, when employed the identical gradation
profile of Sym-FGPM: (Q, ¥) = (1, —0.5), demonstrates significantly elevated results compared
to the recommended configuration (Q, ¥) = (—0.5,—0.5). Finally, the simulation and theoretical

models have been mutually validated.
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Figure 6. 8 Thermal-mechanical-electrical von Mises stress distribution around crack tip: (a) Sym-FGPM

(1, -0.5); (b) Non-FGPM; (c) Expo-FGPM (-0.5, -0.5); (d) Expo-FGPM (1, -0.5).
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6.4 Conclusions

In this chapter, we have successfully implemented Multiphysics finite element simulations
for functionally graded piezoelectric materials, and first realized the non-Fourier heat conduction
model within the COMSOL Multiphysics platform. From the results, we observed that the
temperature and stress simulation results are consistent well with theoretical models. For thermal
results, the non-Fourier model successfully replicates the thermal relaxation effect of biomaterials
and shows an obvious thermal amplification in symmetric functionally graded configuration.
Furthermore, the suggested gradations for biomimetic composites under heating-mechanical-
electrical field proposed from the theoretical model in Chapter 5, have been further substantiated
in finite element models. The multiphysical finite element model and theoretical models provide
valuable insights into functionally graded design and performance analysis of biomimetic

composites.
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Chapter 7

Conclusions and Future Perspectives

7.1 Conclusions

In order to overcome the drawbacks of homogenous structural design and single field
functional property examinations, as well as the overlook of thermal relaxation effect of
biomimetic materials, multiphysical, functionally graded models have been built based on non-
Fourier heat conduction theory to provide guidelines for biomimetic gradation design under

different working environments. Through this work, major conclusions are summarized as follows.

(1) Significant discrepancies of transient stresses intensity factors exist between non-Fourier
and Fourier models. Fracture may occur at a much earlier stage in the non-Fourier model

under thermal shock than the Fourier one based on the predicted stress intensity factors.

(2) Multiphysical conditions have a significant influence on the fracture resistance of
heterogeneous material, whiles temperature is a vital factor that cannot be ignored. A
sudden temperature fall will cause an opening-mode failure. While a positive electric shock

will slightly reduce the likelihood of an opening crack occurrence.

(3) Functional gradient concept is not always optimal for every scenario which is greatly
influenced by the surrounding environment. Particularly, for single thermal loading, the

non-graded configuration displays superior fracture resistance over graded ones.
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(4) Except for the single thermal environment, designing biomimetic piezoelectric structures
considering gradation can improve their crack resistance under single stress, single electric,
as well as thermo-electromechanical fields. The symmetric functional configuration,
characterized by a higher value of the electromechanical gradation coefficient QO and
thermal gradation coefficient ¥, shows remarkable fracture resistance under single stress
and single electric environments when Q = W. The best sketches for heating-mechanical-
electrical and cooling-mechanical-electrical fields are Sym-FGPM designs with (Q, W) =

(1,-0.5) and (1, -1), respectively.

(5) Non-Fourier theory is first realized within COMSOL Multiphysics platform, successfully
replicates the thermal relaxation effect of biomaterials. The temperature and stresses
simulation results are consistent well with theoretical models. Furthermore, the suggested
gradations for biomimetic composites under heating-mechanical-electrical have been
further validated numerically. With the aid of multiphysical numerical model, even with
more complex micro- or nanoscale arrangements as well as high degree of coupling

environments, the strongly nonlinear problem can be easily solved.

There exist some limitations of this thesis because of the theoretical nature of the work.
Classical elasticity cannot describe the creep or stress relaxation phenomena caused by the
rheological properties of soft materials, such as polymer matrix composites, nanocomposites
hydrogels and soft elastomers. In dealing with the fracture of these materials, it is necessary to

develop a more comprehensive viscoelastic model.
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7.2  Future perspectives

For the investigation of biomimetic materials, due to the viscoelastic time-dependent nature
of biomaterial, the linear elastic models are inadequate in addressing issues characterized by
significant creep and stress relaxation phenomena. The viscosity of biomaterials would become
particularly pronounced during dynamic or cyclic loading, as well as in their protracted interaction
with biological systems. To address these complexities, the incorporation of a linear viscoelastic
constitutive law can be introduced to the framework of multi-physical functionally graded models.
Besides, in the context of finite element modeling, the geometric configuration can be composed
of two distinct material phases: a viscoelastic soft material and a linear elastic hard material. The
strategic arrangement of these two phases would offer a more accurate means to study the
functionally graded design enhancing overall fracture resistance. Therefore, integrating
viscoelastic analysis into future studies promises a more accurate representation of biomimetic

material behavior, ensuring their optimal fracture resistance performance in diverse fields.
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Supporting information for Chapter 3

The constants A; = \/ry;, (j = 1,2,3), 1y; are the roots of the following characteristic

equation:
ard+b'ri+c'r,+d =0
_ 2
a = —Caq(e33 + C33€33)

b = e33[—2cy4e31 — 2¢13(e15 + €31) + C11€33] — €13(Cq3 + 2C44) €33

+ c33((e1s + e31)? + Caagrq + C11833)
¢ = [cf3811 — c11(2e15€33 + C33811) + 2¢13(efs + er5€31 + Caaerr) — Caaled; + cr1€33)]
d = cy1(efs + Caag11)
e = (e3 + (c33 + Caa)ez3)p
f = —¢&33p?
g = —((e1s + e31)% + 2eg5e33 + (€33 + Caa)ery + (11 + Caa)E33)p
h = &1,

j = (efs + 11611 + C44811)p
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b* = b+ ep?
¢"=c+fp*+gp*
d* =d + hp* + jp*
p=ps

The constants Ry, RZ, R}, RZ, Ry, R and R} are given by:
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The functions Cj.4(s,p) (j = 1,2,3) are:

P21P33 _P23P31

Cs(s,p) = I
pl
Py3P3y — Py, P
C6(S,p) — 13 31C 11433
1
P;{Py,3; — P3P
C7(S,p) — 11 23C 13421
p1l

where,
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Cs(s,p) exp(—Is|Aihy)

C4(s,p) exp(—Is|Azhy)

v~

(A.7)
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p
C4(s,p) = 2, exp(—|s|rh1)p—2
0

C

pl — P13P22P31 - P12P23P31 - P13P21P32 + P11P23P32 + P12P21P33 - P11P22P33

The functions Cj.15(s,p) (j = 1,2,3) are:

Ci6(s,p) =

Ci7(s,p) =

Cig(s,p) =

EZ3EyCip — ELoEnsCiy — EgsEyCig + EjpEnsCiz + EgsEfyCry — Ejp EG3Cry

Eap
—Ep3Ep1Cip + EZ E3Ciy + EjsER1Ciz — EgyEsCis — EjsEG 1 Ciy + EfEZ5Cy
Eap
EfyEp1Cip — EZES,Cip — EjpEy Ciz + Egy Ey Ciz + EgpEG1 Cry — EjiES5Coy
Eap y

where (n = 1,2,3),

Ey; = P + (=1)"U}" exp(=Is|4;hz)
U = PiU™ + P U + Py U

(m) (m) (m)

R; P11+ R, Py + R, P;
(n) — (_ayn_b2 “j1 b3 "j2 b4 'J
U (s,p) = (1) Cor

2 exp(—|s|A,hy)

R;()lz) = (P22P33 - P23P32)’ Rz(,lg,) = (P21P33 - P23P31): R;()i) = (P21P32 - P22P31)

ngzz) = (P12P33 - P13P32)» Rz(,? = (P11P33 - P13P31)' Rl(,i) = (P11P32 - P12P31)

Ré‘? = (P12P23 - P13P22)» Rz(,? = (P11P23 - P13P21)' Rl(,i) = (P11P22 - P12P21)

and we have:
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C12(s,p) = P11Cy + P21 C1o + P31Cy11 + P11Cs + Pp1Cs + P3,C; + Cy
C13(s,p) = —{P12 + Py3C10 + P33C111} + P13Cs + PypCs + P33Cy

C14(s,p) = P13Cy + Pp3C10 + P33C111 + P13Cs + Py3Ce + P33C; + C5

P21P33 _P23P31

\
Co(s,p) = C Cs(s,p) exp(—Is|A1hy)
p1l
P,2P;; — P;{P
Cio(s,p) = = 31C s Cs(s,p) exp(—Is|Azhy) (A.9)
p1l
P,,P,» — P;,P
Ci11(s,p) = = 23C AL Cs(s,p) eXp(_|5M3h2)J
pl

pP
Cs(s,p) = —2C, exp(—h2r|s|)p—1
0

Eap = EI}.3E1%2E‘3.1 - E‘I}.ZE‘33E‘3.1 - E&?)E‘l%lE‘lS;Z + E&lEIE?)E‘lS;.Z + E&ZEIElES?) - E&lEIEZES?)
The functions Cj.15(s,p) (j = 1,2,3) are:

Clg(s, p) = Uf(l)c:lG + U2a(1)617 + U;l(l)cls + Cg \
Cao(s,p) = U D i + USD 01y + USD g + i (A.10)

Cy1(s,p) = U1a(3)c16 + Uza(3)C17 + U§(3)Cls + Ci11
where,

a(n) _ ;y(n)
U™ =U; exp(—lslljhz)

The functions of I/}*(n) (s, hy, D), Uj*(n) (s, hy, hy,p) and Uj*(n) (s, hy, hy, p) are:
V™ (s, he,p) = V" exp(~IslA;hy) (A.11)

Ryy Pi + Ryy P + Ry s

Cp1

v = (o exp(~IslAnhs)
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and:
1*(1)(5 hy, hy p) = (EEs, — 552533)51}]' + (EjpEds — E&3E32)E5j + (EjEf, — 5&251213)531'\
j yI1t1, 182, - E
ap
1*(2)(5 hy, hy p) = (EfEgs — 553531)51}]' + (EjzEq — EL1¢1533)E1§]' + (B Efs — EL1¢3ELZL1)E1§]' L (A12)
j yI1t1, 182, - E ]
ap
Oy < B~ EVEEDEY + (ELsBly — ELE3OEY + (BlaFly ~ B RS
i yIt1, 12, -
] Eap )
where:
E}; =V exp(=Is|A;hy) + (=1)"Py,
an — Panj(l) + PZan(Z) + P3an(3)
finally:
U™ (s, hy, hy,p) = UFVL + U@ 4 g @ (A.13)
When solving the Eq. (3.46), the functions CZS{%(S, p) (m,j = 1,2,3) are:
(2) (3 (2) (3 (2) 9(3) (2) 9(3) (2) 9(3) (2) 93
C(l) _ 193 '92 _192 '93 @ _ '91 '93 _'93 '91 C(3) _ 192 '91 _191 '92 )
1 = , 1 = , 1 =
(1) g(3) (1) (3 (1) q(3) (1) 9(3) (1) q(3) (1) (3
cw_ Y2 %~ @ _Y30 00 o P =% 0| (A.14)
p2 90 $oe2 90 L 90
(1) (2 (1) 92 1) 42 1) 9@ (1) (2 (1) 92
(1) _793 ’92 _’92 ’93 2) _‘91 ’93 _‘93 791 C(3) _792 ’91 _791 ’92
3 = ) 3 = , 3 =
14 l9p0 p ﬁpO 14 l9p0 )
where,

950 = 957909 —9P9P9 — 9P 9P + 9 V9P 0P + 9P P9V — 9 VoD

p0 —
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and 19].(”)(5, p) (n=1,2,3) are:

A [v:® — [u-™]
[ ](Z)I j1 Z11  Zy;  ZIn | J @ ’(2)| Ziyw Ly Zs J(z)l
r,- ‘= Zo | +| 22 Zno Iy ([P -GN | Zn —Zn —Zy| (U

3) —ng —Z13 —Zy3 —Z33 *(3) _ 1+(2) Z13 Zs3 Z33 *(3)
Y v -] U]

And functions Cj1,4(s,p) (i,j = 1,2,3) are:

_ 624193(1)’92(2) - 624‘92(1)193(2) - 623193(1)’92(3) + 622‘93€2)192(3) + 623192(1)’93$3) - 622‘92(2)193(3) )
Cos(s,p) = — 9
pO
(1) q(2) (1) o(2) (1) 9(3) (2) o(3) (1) 9(3) (2) o(3)
626(5' p) — C24_193 191 - C24_791 793 - C23193 191 + C22793 791 + C23191 193 - C22791 793 > (A_ 15)
9
po
C (s p) . 624192(1)191(2) - 624‘91(1)‘92(2) - 623192(1)191(3) + 622‘92(2)191(3) + 623191(1)’92(3) - 622‘91(2)192(3)
27\, ==
19pO J
where
sz(s,p) Z11 Zj Z31 Cs - Cl6 Z11 Z Z3q C19
Cos(,0)| = | Z12 Z22  Zzx [|Co — Ci7|+ | =212 —Z22 —Z32||Co
C24(s,p) —Zy3 —Zyz —Z33llC; — Cyg Zy3 Zys3 Z33 Cy1

In singular integral equations Eq. (3.47) and Eq. (3.48), functions go,%l) (m=0,1.23;l=

1,2,3) are:

o = Pu|Com + (“D'Cin| + P Con + (—DIC] + P cln + (—DCSn]| m=1,23;1=1,23)

o5 = Pu|CS) + (—1)Cos| + P € + (—1)Co| + Po[CR) + (-D)iCy | 1=123)

where

6)) «(j) ~(1 *(J) ~(2 *(j) ~(3
Cam =W P em+ 1B, PR+ Ve
Cé{)) — Vl*(])CZS + Vz*(])CZG + V3*(])C27 + Cj+4
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Appendix B

Supporting information for Chapter 4

The coefficients /1]- is

(B.1)

2a ’ 2 2a

1 _\/—c+\/cz—4ad 1 _\/—c—\/cz—4ad
L=

where a = ¢11Cg6,b = €2, + 201306 — €2, c = b —ep?,d = a + ep? + fp*,e = (c11 + Cee) P>

and f = p?, p = ps.
The parameters RL, RZ, Rl and R? of particular solutions are

Ralc = Wy1Ef1 + Wx2Epy

Ra% = Wy3Efq (B.2)
R; = w,1Epy + w,0Ep,

R; = Wy3Ef;
in which the coefficients wy;, w;, E; (i=1,2,3) are expressed as
Wy1 = C11T% — Cog
Wyp = —(C12 + Co6)T?
2

Wy3 = —pPP

Wz, = (€12 + Ce6)T
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_ 3
Wzy = CeeT™ — €117

wz3 = —Tpp?
/111
E -1
f1 (S' p) Ef3 (S, p)
AZZ
E =22
fZ(S'p) Ef3(51p)

Ers(s,p) = as*t* + (bs? — ep®)s?t? + as* + ep®s® + fp*

The equations of P;(s,p) and ¢,(s,p) (/=1,2,3; j=1,2) for general solutions of the cracked

multiphysical model are

Pj1(5'P) = C11Zj1|5| + VC11Zj2|S|/1j
Pi,(s,p) = veyiZjgls| + 11231514, (B.3)
Pj3(5'P) = C66Zj1|SM'j - Ceezj2|5|

01(s,p) = c11(Rys* + RZs?) + vey (Rys* + RZs*)T — Ayy
©2(s,p) = vey1 (Rys* + Ris?) + c11(Ris* + RZs®)T — Ay, (B.4)
@3(s,p) = cee(REs* + RZs*)T — Cee(R;S4 + Rgsz)

In the multiphysical singular integral system, the coefficients My, M;,, My;, My,, MY, and

M2, are expressed like Egs. B.5 and B.6

My (x, &, p) = j:oo kS12 (—is) - Mfz} sin[s(g— f)] ds
My (x,¢,p) = ]+°° k521 (—is) - Mgl} sin[s(f_— f)] ds
o g (B.5)
Mo p) = | fsus (f57)feosls@ ~ ] s
My, (x,¢,p) = ]0+°° kszz (—is)} COS[S(g_ f)] ds
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0 : 1
My, = sh_{?o S12 <—_s>

0 ; 1
3, = lim 5 ()

where

Sul i La L) [[R0Y A 0

Siz| =z L2 Ipf| |y D[Py + [, | Py |[+] O
2 2

S10 ILig I lo 1 1 A1q

Sl [ ba ha] (WY A 0

Saz| = [liz Lz ITizf| [, aD| Pz + [, | Py [+] O
2 2

520 Iig Io Iio 1 1 A1q

V]-(ll), Vj(12) and A;; (j = 1,2) are separately equal to

(Py3P;; + PyyPj3)

(11)

V. s,p) = exp|—Is|(A; + 4; )h
1P = Gy = Pighyy) P F AR
(12) (P13sz + P12Pjs)

Vv (s,p) = exp|—Is[(A, + A; )h
1P = by~ Paapy P AR
Bir(s,p) = =220 o slahy)

(P12P23 - P13P22)
P,-,0

Ay (s,p) = s exp(—|s|Azhy)

(P13P22 - P23P12)

(d2) (d1)

else [111 112] _ 1[1‘12 —H,
Ly Lyl ey (d1)

21 122 H; —H,

(B.6)

0
0
AVP:

P21

0
0
AVP;

P21

l, Lo = —I118g1 — Ii28a2 , o = =104 — 13045 ;5 and

0= Hl(dl)Hz(dz) — Hl(dz)Hz(dl), 0, = 2¢5 exp(—|s|th,) %. Hj(dl),Hj(dz) and Ag4; equal like
0
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5 (11)7
Vi
(12)
Vi
(21)
A I TR YR A | 5.7
[—]j(dz) Ziy Zyy —Ziz —Zypp —Z1p —Zyp Zjp ||V '
j=12 (23)
Vi
(24)
V].
1 |
Aqq
Ay,
[Adl] :[Zn Zyn —Z11 —Zy Znn Z21 |A21 (B.8)
Ag, =12 Zip Zyy —Zip —Zyy —Ziz —Zpl|Ax '
Ay
_A24_
where V3P = EZ(Z)U’@_Egl)U’(Z) (22) _ E§2)U1(1)_E£1)U1€2)
j (VP s PEO) GRroEmoro),
V]_(23) _[V1(210) ]/2(210)”]/]_(21)
(24) — |{,(220) (220) (22)
i, W & 4
©) (1) (2) ®
_ (BPn-EYn,) _ (BPn-Ea,)
and A, (s,p) = (Eil)Ez(Z)_EF)EZ(l))’ Ayy(s,p) = (E£2)E2(1)_E£1)E2(2))’
(210) (210)
[A23] _ Vi 2 A21]+[A210]
A24 ‘/1(220) ‘/2(220) A22 AZZO.
EW y®
Then ](2) and ](2) are solve by
E. U.
7 Jdj=1,2 7 Jdj=1,2
(210)
£ P P —Pa)|”
! =[ (220 (B.9)
£®@ Pi3 P3P i
7 dj=12 1
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11)
u® —Py, —Py Pyp|Y
= (12)
y® Py3 P; B V}
7 Jdj=1,2 1

in which

(210) _ (P23Pjp+Py;Pj3) _ .
Vj (S' p)  (P12P23—P13P;2) eXp[ |S|(/11 + Aj)hz]

(P13Pj; + Py,P;3)
(P13P22 - P12P23)

V].(ZZO)(S,p) _ exp[—Isl(2; + ;)R]

Furthermore A; functions are written as

-G B e

AZ P13 P23 A12 _P13 _P23 AZZO
where 6, = —2¢5 exp(—1|s|h,) % and
0
_ P226;
B210(s,p) = — G~ exp(—IslAshy)
P;,0
Azzo(s,p) = =2 exp(—|s|Azh;)

(P13P22 - P12P23)
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Appendix C

Supporting information for Chapter 5

The roots of y;; (j = 1,2,3, -+ 6) are given by

ay® +by® +cy* +dy3+ey?’+fy+g=0 (C.1)

_Q

[s]

where ER[)/]-] < ER[}/]-+1] , the coefficients are a =a,, b 3a,, c=a;—3b;+c;, d=

Q Q
E(Zaz_bl‘}'zcl), e=a3+b2—C2+d1—€1, fZE(a3—b3—C2—el), g:a4+b4+

C3 - dz + 62'
in which
_ 2
Ay = —C440(d330 + C330€330)

_ 2 2
Ay = C110d330 — 2C440d310d330 — C130€330 — 2C130((d150 + d310)d330 + C4405330)

+ €330(Caa0€110 + C110€330 + (d1s0 + d310)?)

_ 2 2
a3 = —C440d310 — 2€1104150d330 — C110C440€330 T+ C130€110

2
+ €130(2d%50 + 2d150d310 + 2C440€110) — €330C110€110

_ 2
a4 = €110(dfs + Caa0€110)

Q
bl = al (m)

2
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_ 2 2
b, = (C110d33o — 3¢440d310d330 — Ci30€330 — 2C130d310d330 — 3C130(d150d330 + C240€330)

QN2
+ c330(dfs + d310 + Ca40€110 + C110€330 + 3d150d310)) (m)

2
bs = (c440d310d330 + C130C440€330 + C130@150d330 — C330d150d310) (E)

2

) Q
b, = (C130(d150 + C4405110)) (m)

p\2
€1 = (d§30 + C440€330 T €330€330)Po (m)

p\2

¢z = (Caa0€110 F C110€330 + (d150 + d310)* + 2d150d330 + Cas0€330 + C330€110)P0 (m)
p\2

¢z = (diso + (€110 + C140)€110)P0 (m)

p 2,0 2
dy = (d330 + (€330 + C440)€330)P0 (m) <m>

d; = d150d310P0 (%)2 (%)2

2 (P
€1 = €330P0 m

2 (P
€2 = €110P0 m

The coefficients Zj;; (s, p) and Pyy;, Py, Py, (I = 1,2) are expressed as Eq. (C.2).
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( faiVii + fu¥ii + favf + fuvii + foi =9
9ai¥ji + G3iVji + G2i¥fi + Vi + Joi
. = Q Q
ZJZ‘(S'p) \ ((C130 + C440)in + Ilmczmo) Zjp1 + <(d310 + d150)Vji + ”mdmo) (C.2.1)
=1
2 Q
L <—C110 + Caa0¥fi — Po (g) + #mczvlo)/ji)

with

fai = C440&330
Q

f3i = #mzﬁu’

2 2
p
fai = —(Caao€110 + C110€330 + (d150 + d310)?) + €330C440 (m) — €330 5_2.00

Q p?
fii = Mm(—(cﬂogno + C110€330 + (d150 + d310)?) — €330 S_2P0>

2 2

p Q
foi = €110| €110 T s_2p0 — dys50d310 (m)
Jai = Cas0d330

Q
J3i = Ud330C4402 m

2

Q P\
92i = Caaod310 — C110d330 + C130(d1s50 + d310) + Cas0d330 (E) ~ d330 (E) Po

P\ | Q
gii = M{(C130 + 2€440)d310 — C110d330 — d330 (m) Po}m
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Q2 P \?
Joi = C110d150 + Ca40d310 (m) + dis0P0 (m)

Py1is Ppis Py, (I = 1,2) are

Ly Ly Ly
P = , P, =—, P, =— C.2.2
*H Paii “t Pati ol Pati ( )

where

@ \* ®\? ®\* ®
Lyt = kya (/111' + Mm) + Kazui (ﬂzi + Mm) + Kxoui (/111' + llm) + Kaaui (/111' + Mm) + Kxoui

@ \* @\ ®\* ®
Ly = ki </11i + HE> + K31 (/111' + Mm) + K20 </11i + Mm) + K1 </1u' + HE> + Kzoui

®\* ®\? ®\? ®
Ly = kgpai (Ali + Mm) + kg3 (/111' + HE) + kg2 </1u' + HE> + kg </11i + Mm) + Kgoui

and pg = a(/lli +.U£)6 + |s|b (/111' +M£)5 + SZC(Azi +Mﬁ)4 + |s|s?d (/111' +M£)3 +

Is| Is| Is| Is|
2
s*e (/1” + uﬂ) + |s|s*f (/1” + ui) + sg

|s] [s|

then the coefficients Kyp;;, Kzny and kg (n = 0,1,2,3,4) are

(2
kya1i = (d330 + C330€330)¢110

'Y
kysi = (/111' + .Um) {[(d150 + d310)C330 — (€130 + C440)d330]P20
- ((d150 + d310)d330 + (€130 + C440)5330)(330}

0
+ Zﬂm (d330d330 * €330€330)¢110
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klei

k11 =

kxOli

kz4li

kz3li

0 4
= #m(/lli + H_) ((0330d310 — C130d330 + 2(C330d150 — C440d330))Pz0

N

— (d310d330 + C130€330 T 2(d150d330 + C4405330))€330)
2

Q
+ (;) (d330 + €330€330)%110 — (2d150d330 + C330€110 + €440€330)110

— €3306110P0 (g)z

'
(/111' + #m) (c130d150 — Ca40d310)Pz0 + (dfso + d150d310 + (€130 + C140)€110) 330

Q2
+ ((C330d150 — C440d330)Pz0 — (d150d330 + C4405330)(330) (m)

P \2
— (di50 + d310)Pz0P0 (m)

Q P \?
- .Um<(c3305110 + C440€330 T 2d150d330){110 T €330$110P0 (m) )

v\ Q 5 p? 5
=Hu (/111' + ﬂ_)— (dfso + €110C440){330 — dlsopzopos_z + (dfs0 + €110C440)S110

Is|/ |s|

p\2
+ €110¢110P0 (m)

'4
== (Ali + #_> C440(d330Pz0 + €3309330)

N

0] '4
= —2Uu— (/111' + #m) (d330D20 + €3306330)Cas0

N

— ((d150 + d310)d330 + (€130 + C440)5330)(110
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U4
ks = </11i + .Um> <—(C130(d150 + d310) + Ca40d310 — €110d330)P20

2
p
+ ((dys0 + d310)* + Caa0€110 + C110€330)8330 + S_zpo(d33opzo + £330(330)

_QZ
— (£3300330 + d330P20)Caa0 S_2>

0}
- Hm((d150d330 + C440€330 + 2(d310d330 + C1305330))€110)

0} 4
kz1i = #m (/111' + .Um) <C110(d33opz0 + £3300330) — C130(2d150 + d310)P20

2
p
+ {330(Caa0€110 + (d1s0 + d310)2) + S_zpo(d33opz0 + 5330(330))

_QZ

2
— G110(d310d330 + €130€330) =3 + (&110¢130 + dis0 + d150d310 + C240€110)C110

U4 0?

kzou = </11i + .Um> (((330‘1310 — P2z0C€130)d150 5z c110(d150Pz0 + €1109330)
p? 0

— (d150P20 *+ €110330)P0 2 + Mm (d150d310 t €110€130)S110

'4
k¢4li = (/111' + Hm) (¢330P20 — d3306330) Ca40

o) v
kpzi = Zﬂm (/111' + #m) (¢330Pz0 — d3306330)Caa0

+ ((d150 + d310)Cc330 — (€130 + C44o)d330)(110
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v
kg2 = (/111' + Mm) <(C1230 — C110€330 + 2€130C440)P2z0 + (€110d330 — Ca40d310

2
p
— (di50 + d310)€130){330 — ((C330 + C440)Pz0 — d330(330)P05_2

_(22
+ 5_2 (C330Pz0 — d330{330)c440>

0
+ “m(c330d150 — C440d330 + 2(C330d310 — C130d330))(110

0] '4
k¢1li = ﬂm(lli + HE) <C1230on — d310330€130 — €110(C330P20 — d330{330) + 2(Pz0C130

P\ 2
— d3100330)Ca40 T (—C330DP20 — Caa0Pz0 + d330330)Po0 (;) )

2 (2
— (d150 *+ d310)¢110P0 (;) + <;) (c330d310 — d330€130)¢110 + (d150C130
— C4409310)$110

2

4 , (P\* p
kpou = (/111' + #m) Pz0Po (E) + (€110P20 + Ca40Pz0 — d150$330) Po (;)

N2
+ (;) (c130Pz0 — d3109330)Caa0 + C110(Caa0Pz0 — d1500330)

0 D\?
+ #m (C130d150 — C440d310 — d310P0 (;) )(110

The coefficients )(fl-tr (s,p)(str = zz,zx,dz) are

X]le = (C440VjiZj1i — C440Zj2i — d150)
X]le = (0440(]/]'1' + Zj1i) + d1sozj2i)|5| (C.3)
X}iiz = (d310Zj1i + d330YjiZj2i — €330Yji)
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The P (1 = 1,2) defined as

Ly
P = cyu40 ( Pz l (All +u Is |> + lei) + d150P¢li

Ly ® ®
Pji# = c130Pxi — C330 pz l (All tu ) d3z0— » </1u + .Ul |> + {330 (C.4)

dli |s| dli
Ly @ L ¢l ®

P = d310Pyy; — d3z0 — (Au +u ) + €330 — (/111 +u ) + 10
Paii |s| Pati Is|

The functions k$'" are solved by
6
Z|S|X]Z1ZA11 {P{1D11 + P{D13}Dg = |s|(k{? Dy + k57D, + K57 D3) + K57 Dy
=1
6
D IsIXE Ay = (PEDy + PEED12ID, = 15106y + kED, + 157D3) + 157Dy (C.5)
=1

6
Z|S|X] PA1; — (P D1y + PSED1YDg = |s| (k8D + k§7°D, + k§7D3) + k{7 Dy

j=1
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