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Abstract

The affine vertex superalgebra A = L'(D(2,1; —£)) plays a key role as the
geometric Langlands kernel VOA for SVOAs associated to s0(3), osp(1]2) and
other rank one Lie superalgbras. Since D(2,1; «) is an extension of the direct
sum of 3 copies of 5[(2), A can be naturally realized as an extension of L; =
L*(s1(2)) ® L(s1(2)) ® L' (s1(2)) for admissible levels k = % —2 and [ = £ — 2.
Here, I use constructions of gluing VOAs to realize A as an L extension, and
the theory of VOA extensions to classify irreducible modules in A-wtmods.
Using the ‘Adamovic procedure’, an alternate realization of A is given as a
subalgebra of L*"!(sl(2)) ® B!, where the SVOA B! is constructed from a
‘half-lattice” and IL'(sl(2)). This allows calculation of modular S-matrices for

A modules induced from relaxed highest weight L; modules.
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Chapter 1
Introduction

Vertex operator algebras or VOAs are a structure of great interest, both for
physicists and mathematicians. Originally motivated as a formalization of
symmetry algebras in two-dimensional conformal field theories, VOA represen-
tations provide a tractable way to study certain infinite dimensional Lie alge-
bras and their representation theory, while the VOAs themselves also serve as
a sort of ‘almost commutative’ algebra. The associated categorical behaviour
is exactly that relevant to topological invariants of 3 manifolds, realizing the
connection between three-dimensional topological quantum field theories and
the conformal field theories that appear on their boundaries. As well as their
topological appeal, VOAs have geometric relevance, as they appear naturally
within the Langlands program for loop groups [32].

VOA representation theory serves as a common point for exciting mathe-
matics, with many results from each of these analogous areas, both in physics
and mathematics, translating to the setting of VOAs, perhaps with additional
interesting subtleties.

The results of gauge theory extend to relevant constructions for VOAs,
providing an example of such a translation. For an affine vertex operator
superalgebra IL*(g), the ‘Hamiltonian reduction’ [57] process of gauging un-
physical symmetries allows for the construction of certain new SVOAs, called
Wh-algebras [52] and denoted by

WH(g, f)
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where f is a nilpotent element in g. When f is the principal nilpotent, this
is called the principal W-algebra associated to g at level k£, and denoted by
WE(g). The principal W-algebras exhibit isomorphisms

W (g) ~ W' ("g)

called Feigin-Frenkel duality [30], where Zg is the Langlands dual to g. For sim-
ply laced g, the associated W algebras may alternatively be realized through

a coset construction [4].

Further motivated by the study of gauge theory, Gaiotto and Rapcak con-
structed families of vertex algebras at a 2-dimensional ‘corner’ intersection
of three 4-dimensional gauge theories [37]. Due to symmetries of these gauge
theories, these VOAs were conjectured to exhibit a triality, simultaneously gen-
eralizing both the Feigin-Frenkel duality and the coset realization of certain
W algebras, called ‘hook type’, later proven in [21][22].

These 4-dimensional gauge theories also enjoy an ‘S-duality’, giving a phys-
ical analog of the geometric Langlands program [54]. VOAs appear again in
this context [8][34]. The effect of these S duality transformations on the level of
VOAs can be realized as a convolution, given by a cohomology of the relevant
We-algebra with another ‘geometric Langlands kernel’ VOA [23].

These convolutions act not only to give the desired isomorphisms, but also
on the corresponding modules. Then modules for the kernel VOA give functors
between categories of modules for related vertex algebras (in both directions),
hopefully allowing certain equivalences of blocks of modules and intertwining

operators to be proven.

One would hope that these correspondences also hold on the level of con-
formal blocks. This has already been demonstrated in many cases from the
physics perspective by using the path integral formalism to justify certain
equivalences of correlators in the relevant conformal field theories [10] [12]
[11]. This includes my own work with collaborators [13], demonstrating an
equivalence between a coset of a sl(n) subregular W algebra theory and an
s[(n|1) theory.

The affine vertex superalgebra IL'(D(2,1; —£)) is interesting not only in its
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own right, but especially for its relevance in this context. The role of geometric
Langlands kernel VOAs for g = gl(2), g = s0(3) and g = osp(1|2) are played
by LY(D(2,1; —5))@m, LY(D(2,1; —2k)) and L' (D(2, 1; — 7)), respectively,
and the cases of other rank 1 g are similarly realized using L'(D(2,1;)) or
some mild extension of it. Then the representation theory of L'(D(2,1;))
is exactly the relevant information that would allow us to explore these con-
volution equivalences of categories of modules, intertwining operators, and
conformal blocks.

In this work, I provide a classification for irreducible modules in L*(D(2, 1; —2))-
wtmods, as well as lower bounded modules in the Ramond sector.

Noting that the Lie superalgebra D(2,1; «) contains s[(2) @ s[(2) ®sl(2) as
a subalgebra, we suspect that L'(D(2, 1; —£)) should be realized as an exten-
sion for the tensor of three copies of L*(s[(2)) at appropriate levels, obtained
using gluing results for vertex algebras. This allows for completion of the
classification as modules induced from L*(s[(2)) ® L!(sl(2)) ® L*(sl(2)) using
the theory of VOA extensions. This realization of L'(D(2,1; —2)) is the first

major result of this thesis, and the classification is the second.

Theorem 5.5.12. Suppose that k, [ are non-integral admissible levels for sl(2)
k+2=— [+2=— (1.1)
v w

with v = v + w. Then we have the following isomorphism as L*(sl(2)) ®
L!(s1(2)) @ Li(sl(2)) modules:

LY(D(2, 1—— @ﬁ()@ﬁo@ﬁ (1.2)

Theorem 5.6.6. Forv,w € Z>s, a complete list of representatives for isomor-
phism classes of irreducible modules in L'(D(2,1; —2)-wtmods, (resp. Ra-

mond twisted lower bounded modules for L'(D(2,1; —£)) is given by

0,0
(L N)sl A1,82,A2,b
for labels L, N, s1, A1, S2, Ao as in the table 4.2.15 and b = 0 (resp. b =1 for
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Ramond twisted). These are non-isomorphic for distinct labels.

The ‘Adamovic procedure’ gives a realization of L*(s[(2)) as a subalgebra in
the product of a Virasoro VOA L*( Vir) with a ‘half-lattice’ VOA I1¥(0). From
this perspective, the relaxed highest weight modules for L*(sl(2)) take a par-
ticularly simple form. Along with our previous realization of L'(D(2,1; —%))
modules as induced modules, this gives means to calculate modular data for
characters and super characters of L'(D(2,1; —%)) modules using the rele-
vant transformations for IL*(s[(2)) and the half-lattice I1¥(0). We notice that
these modular S-matrices for induced L'(D(2, 1; —2)) modules take a partic-
ularly nice form: a constant multiple of the S-matrices of the L; modules they
were induced from, providing additional support for a Verlinde formula for
LUD(2 15 -2))

Theorem 6.2.6. Modular transformations of L' (D(2,1; —2))-module charac-

ters and supercharacters induced from relazed highest weight modules are given

by
(supercharacter, local)

S{ch™[(€, €)% o}

81,A1,82,A2,0
E t1,t2 t,lvt/ tlytg / /
Z / / 81,)\1,827)\2,05/17)\/ 527)\/ h [(8 6)5 >\l1 /2>\I ]d)\ld)\2 (13)
), thel sh,sh

(supercharacter, Ramond)

S{eh™[(£, €)% sanaal}

81,A1,82,A2,1

ghut 9,15 ot
= > / / ;;hsm, VI SCHTIEE)TE , , JdNdN, (1.4)

t,tHh€EZ

(character, local)

S{ch™[(€.€)03 sl

51,A1,52,A2,0

t,t t,th tt!
-> / / B ot AT IEENS L JaNax, (L)

t1,tH€Z



(character, Ramond)

S{ch*[(€,€)7% I}

51,A1,82,A2,1

=S 1 1§ ghitz futy KrE, £t AN.dN, (1.6
N ] 22 SRt g O (E )N s aldhadAy - (16)
- - 5’178’2

) ,thEZ

Where the S matrices are

Stl,tz tl17t/2
51,A1,82,A2,057 N s AL b
27mi
- — Si ALA LAGA S A2;A LA, ) (o) (0 +)
2\/§Sln (M) sin (M) (t1,A13 1,51)(t1’ 15 17S/1) (t2,A2; 1,52)(752’ 27 1,5’2) p p
u u

(1.7)




Chapter 2
Categories

Categories of representations for Lie algebras have linear and monoidal struc-
tures, which are already quite interesting. In many ways, this setting is too
restrictive for interesting categories to appear.

Categories of modules for vertex algebras greatly resemble those for Lie
algebras, from which they are often built, but allow for much richer structure,
since the associativity and commutativity restrictions on the tensor product of
vertex algebra modules is weaker than those on vector spaces, and the tensor
product for VOA modules allows more interesting objects to be contained in
smaller (and hence more easily studied) monoidal categories.

We begin by introducing the monoidal and enriched category structure that
appears in both settings, before proceeding to the richer braided structures
that appear in the study of vertex algebra representation theory.

Note that for a category C, I will use the notation A € C to indicate that
A is an object in the category C.

2.1 Monoidal and enriched categories

Definition 2.1.1. A monoidal category V consists of

1. A category V
2. A functor ® : V xV — V (product)
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3. An object 1 € V (unit)

4. Natural isomorphisms

e axyz: (X ®Y)®Z - X® (Y ®Z) (associators)
o lx:1®X — X (left unitor)
e rx : X ®1— X (right unitor)

Subject to coherence axioms, expressed by commutativity of the following

diagrams

e (pentagon azxiom)

(2.1)

e (triangle axiom)

(X1 oY a y X @ (1Y)

(2.2)
rel 11

X®Y

Definition 2.1.2. A vector superspace is a Zo graded vector space V- = Vz® V7.

Elements v € V; are called homogenous, and we denote their parity by |v| = i.

Elements in Vi and Vi are called even and odd, respectively.

Example 2.1.1. Let F be a field with char(F) # 2. Define the category SVecg

whose objects are vector superspaces V' = V5 @ Vi, and morphisms are

HOWMJF(V, W) = HomF(Vg, Wﬁ) b HOTTLF(VT7 WT) (23)
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which we call the even morphisms. We suppress the label ' when context
allows. Define functor ® : SVec x SVec — SVec by

VoW =V, @ Wso Vso Wy (2.4)
VeWr=VeWro Ve Ws; (2.5)
(feglvew) = flv)®g(w) (2.6)

Then SVec is a monoidal category.

Definition 2.1.3. For monoidal category V, a category C enriched over )V or

V-category consists of

1. a set ob(C) of objects
2. hom-objects Home(A, B) € V for every A, B € C

3. a composition law

o: Home(B,C) ® Home(A, B) — Home(A,C) for every A,B,C € C

4. an identity element j4 : 1 — Hom(A, A)

These data are subject to associativity and unit consistency axioms. See [55].

Definition 2.1.4. For V-categories C,C’, V-functor F : C — C' is a map
F 1 0b(C) — ob(C) (2.7)
and maps
F : Home(A, B) — Home(F(A), F(B)) (2.8)
subject to composition and unit consistency conditions. See [55].

Definition 2.1.5. For V-functors F,F' :C — D, a V-natural transformation
n:F — F is a family of components

na: 1 — Home (F(A), F'(A)) (2.9)
subject to unit consistency conditions. See [55].
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2.2 Braided tensor categories

Definition 2.2.1. A tensor category is a monoidal category C enriched over

the category of vector spaces, satisfying the following conditions
1. Finite biproducts exist (including the empty biproduct 0 € 0b(C))
2. Every morphism has a kernel and cokernel
3. Every monomorphism is a kernel and every epimorphism is a cokernel

Definition 2.2.2. Let C be a monoidal category with tensor product @, unit

1 and associators a.
o We say that X* is a left dual of X if there exists morphisms
evy : X' @X =1 coevy : 1 - X ®@ X* (2.1)
such that the following compositions are the identity:

X coevx®id§ (X ® X*) ® X a X ® (X* ®X) idx ®evx X

(2.2)

X*idX*®coevXX*®<X®X*) a (X*®X)®X* evx Qid x * X
(2.3)

o We say that *X s a right dual to X if there exists morphisms
ety : X @' X =1 coev’y 1T — "X @ X (2.4)
such that the following compositions are the identity:
id x ®coev’, a ev’y ®idx
X — 33X X®X) —— (X X)X X

(2.5)

XN X 9 X) @K s X @ (X ©1X) O
(2.6)

o We say that X is rigid if it has left and right duals.
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e We say that a monoidal category C is rigid if all of its objects are rigid.

o For XY € C with left duals and morphism f : X — Y, we define the
left dual f* of f by:

a~Lo(idy * Rcoev
f* ]/’* ( Y X) (]r* ® X-) ® X*

(idy* @ f)Qid x evy Qid x *

> (Y*RY) X > X*

o For X,Y € C with right duals and morphism f : X — Y, we define the
right dual *f of f by:

ao(coev’y, Qidx
=y TEEERY Y e (X @)

(2.8)
ids x (f®idxy) idx x Qev}, Y

> X (Y YY)

The complex ‘not quite commutative’ structure of vertex algebras also im-

poses some exceptions to commutativity on the categorical level. In particular,

the tensor product is commutative or associative only up to isomorphism. This

notion gives braiding structure to categories of VOA modules.

Definition 2.2.3. A braided monoidal category is a monoidal category V' with

natural isomorphism

Rxy: X®Y 5Y®X (2.9)

subject to coherence axioms expressed by commutativity of the following dia-

grams:

XoV)®Z 5 Xo(YoZ L5 (YoZ)oX
R®1l l“ (2.10)

(Y®X)®ZT>Y®(X®Z> WY@(Z@X)
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—1

X@YoZ) 4 (XeY)9Z L5 Zo(X®Y)
1®Rl lafl (2.11)

X®<Z®Y)?>(X®Z)®YT®1> (Z@X)@Y

The braiding structure exactly describes the data needed for ‘tying knots’
in 3 dimensions [64], hence the name. This structure for VOAs is unsurprising,
considering the relationships between vertex algebras and topological quantum
field theories. From this perspective, we also expect that categories of VOA
modules should inherit more topological structure, such as a twist, which is

consistent with the braiding.
Definition 2.2.4.

o A twist on a braided rigid monoidal category is 0 € Aut(idc) such that
for all objects X, Y € C

Oxey = (Ox ®0y) o Ry x o Rxy (2.12)

o We call a twist a ribbon structure if (0x)* = Ox-.

e A ribbon category is a braided rigid monoidal category with ribbon struc-

ture.

e On a ribbon category, we can define the trace of a morphism f: X — X

by:
tr(f) = evxRxx+((Oxf) ®idx~)coevy : 1 — 1 (2.13)

By nature as a description of conformal field theories, we also expect that
categories of VOA modules should enjoy some form of conformal invariance.

In appropriate cases, this appears as an action of the modular group.
Definition 2.2.5.

e A fusion category is a semisimple rigid braided tensor category with finitely

many isomorphism classes of simple objects.
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e Suppose C is a ribbon fusion category. The associated S-matriz has en-
tries given by Sxy = tr(RyxoRxy) for X,Y representatives of isomor-

phism classes of simples.

e A modular tensor category is a ribbon fusion category whose S matriz is

nondegenerate.

2.3 Supercategories

In the following, we study not only vertex algebras, but vertex superalgebras.
This is most natural with both even and odd morphisms, for which we require

the notion of supercategory.
Definition 2.3.1.

e A supercategory is a category enriched over SVec.
o A superfunctor is an SVec-functor.

e For supercategory S, we denote by S the underlying category: the wide

subcategory with only even morphisms.

e A monoidal supercategory SC consists of a supercategory SC with su-

perfunctor @ : SC x SC — SC and SVec-natural isomorphisms a,l,r
subject to conditions expressed by commutativity of the diagrams 2.1 and
2.2. That 1is, it is a monoidal category with all data replaced with their

‘super’ equivalent.
Example 2.3.1. Suppose that C is a braided tensor category.

e Let SC be the category whose objects are ordered pairs W = (Wg, Wr)
with W5, Wt € C and morphisms are:

Homse(W*, W?) = Home(We @ Wi, W2 @ W2) (2.1)

o For W € SC, the parity involution of W is given by:

Py =1y, @ (—1w.) (2.2)
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o We say that morphism f € Homsec(W?',W?) is has parity |f| € Z/27 if
foPyr=(—=1)/IPy20f.

Note that each f € Homse(W?', W?) can be written uniquely as f = f5 +
fr where |f;| = i. Then SC is a supercategory with the parity grading on
Homgc<W1,W2).

Example 2.3.2. Following 2.53.1, we construct the category SVec. Qur no-

tation is consistent, since the underlying category SVec coincides with SVec

introduced in 2.1.1. SVec x SVec is a supercategory with composition

(f1, f2) © (g1, 92) = (=1)219(fr 0 g1, f5 0 go) (2.3)

where fo, g1 are parity homogenous. Define superfunctor X : SVec x SVec —

SVec which on objects is as in 2.4, 2.5 and on morphisms is

(fRgvRw) = (1) f(v) K g(w) (2.4)

Then SVec is a monoidal supercategory.
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Chapter 3

Lie Theory

Much of the representation theory of vertex algebras resembles that of Lie
algebras, particularly in the cases of affine vertex algebras that we study here.
In the following I will establish notation and provide examples that will be

needed for later constructions.

3.1 Lie superalgebras

Definition 3.1.1. A superalgebra is a Zo graded vector space A = Ay ® Az,

with bilinear product satisfying
AiA; C Ay

Example 3.1.1. Suppose that V' is a vector superspace. Then End(V') is an

associative superalgebra, with product given by composition.

Example 3.1.2. Suppose that V' is a vector space with bilinear form (-,-).
Let T(V') be the tensor algebra over V, and 1 be its unit. The associated
Clifford algebra is

CV)=TV)/(u®@v+v®u—2u,v)l) (3.1)

with the natural inclusion i : V. — C(V). We suppress the tensor product
symbol and simply write u@v = wv. T(V') is a Z graded algebra, and the ideal

14



(u®v+v®u—2(u,v)l) is generated only by even elements. This induces a
Zs grading on C(V). Then C(V) is an associative superalgebra, satisfying the

relations

[i(u),1(v)] = 2(u, v)1
foru,ve V.

Definition 3.1.2. A Lie superalgebra is a superalgebra g with bilinear product

[,:] g x g = g called the Lie bracket, satisfying

o super skewsymmetry

[uv U] = _(_1)‘UHU|[U’ u]

e super Jacobi identity

(=1) ¥z, [y, 2]] + (=) y, [z, a]] + (=1) [z, [, 4]

for homogenous u,v,w € V.

Definition 3.1.3. A homomorphism of vertex superalgebras a,b is a vector

superspace morphism ¢ : a — b satisfying

¢([u, v]) = [o(u), o(v)]

Example 3.1.3. Cz has Lie algebra structure given by Lie bracket [x,z] =0

Example 3.1.4. The Lie algebra sl(2) is given by 3 dimensional (even) vector
space. For basis e, h, f, the Lie bracket is given by

[h, €] = 2e [, f1=—2f e, fl=h (3.2)

Example 3.1.5. The Lie superalgebra osp(1|2) has even part sl(2) with basis

e, h, f as before, and the odd part has basis x,y with relations

[h,z] =z [h,y] = —y [fix] =~y le,y] = —x (3.3)

15



[z, 2] = 2e [z,y] =h [y, y] = —2f (3.4)

Example 3.1.6. Suppose that A is an associative superalgebra. Then A is

naturally a Lie superalgebra, with bracket given by
[, v] = uv — (—=1)lyy (3.5)

For homogenous u,v € A. In particular, for vector superspace V., End(V') is

naturally a Lie superalgebra.

Example 3.1.7. The infinite dimensional Lie algebra DerC((z)) of deriva-
tions of C((z)) has basis and Lie bracket given by

L, = —z""0, Ly, Liy) = (m —n)Lpyn (3.6)
Forn € Z. This has unique nontrivial one dimensional central extension

0 — CC — Vir— DerC((z)) = 0 (3.7)

called the Virasoro algebra, where C' s central and relations are given by

C
(L, L] = (m — 1)Ly g + 1—2(m3 — ) 0min0 (3.8)

We denote by Virsg the subalgebra generated by C and L,, with n > 0.

The Virasoro algebra is associated to infinitesimal conformal transforma-
tions of a 1 dimensional complex surface, making it essential to the study of

conformal field theories and the vertex algebras that describe them.

3.2 Representations

We introduce Lie superalgebra representations and define the typical algebraic

constructions associated with them.

Definition 3.2.1. A representation (V,$) of Lie superalgebra g is a vector

16



superspace V' with homomorphism
¢:9— EndV) (3.1)

We will often denote a representation (V,¢) simply by V', leaving the homo-

morphism ¢ implicit.

Example 3.2.1. The standard representation st of sl(2) on two dimensional
vector space is given by

01 1 0 00
eH<00> h>—><0_1> fr—)(l()) (3.2)

Example 3.2.2. The adjoint representation of Lie superalgebra g is the Lie

algebra homomorphism
ad : g — End(g) ad, = (v, ] (3.3)

The adjoint representation restricted to Lie supalgebra gy gives a representation
of g5 on gr.
Definition 3.2.2.

o A subrepresentation W of V' is a vector subspace W C V' that is closed

under the action of g.
o(g)(W) W

e An irreducible representation V' is a representation whose only subrepre-

sentations are 0 and V.

Definition 3.2.3. A Lie superalgebra g is called simple if its adjoint repre-

sentation is irreducible.
Definition 3.2.4.

e Suppose that g is a Lie superalgebra and V,W are g representations. The
direct sum V & W s given by the direct sum of vector superspaces, with
action given by

g(v,w) = (gv, gw)

17



forgeg,veV andw e W.

e A g representation V' is called completely reducible if it is the direct sum

of irreducible representations.

3.2.1 The Killing form

Definition 3.2.5. For bilinear form (-,-) : g x g — C, we say that (-,-) is
e invariant if, for homogenous u,v,w € g

<uv [?),’LU]> = <[u,v],w>

e supersymmetric if for homogenous u,v € g

(u,v) = (=)"I" (v, u)

e consistent if for u € gy, v € g7

(u,v) =0

Proposition 3.2.3. [49] An invariant bilinear form on simple a Lie superal-
gebra g is either non-degenerate or identically 0. Any two invariant bilinear

forms on simple g are proportional.

Definition 3.2.6. [49] Lie superalgebras have an invariant, consistent, super-

symmetric bilinear form given by the Killing form.
(u,v) = str(ad,ad,)

Proposition 3.2.4. [49]

A Lie superalgebra with nondegenerate Killing form splits into an orthogo-

nal direct sum of Lie superalgebras with nondegenerate Killing forms.
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3.2.2 The Casimir element

Definition 3.2.7. Let T'(g) be the tensor superalgebra over g with the induced

Zy grading. Define the universal enveloping superalgebra.

Ulg) = T(g)/(u@ v — (=1)""o @ u — [u, v]) (3.4)

We will suppress the tensor product symbol and write u ® v = uv.

Theorem 3.2.5 (Poincaré-Birkhoff-Witt). Let g = g5® g7 be a Lie superalge-
bra, and J, ..., J", a basis for g5, J"L, ..., J? a basis for g;. Then monomials
of the form

Ji o Jim (3.5)

with m € Z, i; < i1, and forn <ij, i; < i1 form a basis for U(g).

Remark 3.2.6. T'(g) is an associative superalgebra, and hence a Lie superal-
gebra as in 3.1.6. The inclusion g — T'(g) induces a homomorphism i — U(g).
For Lie algebra homomorphism ¢ : g — a, there exists unique gz~5 satisfying the

following commutative diagram

U(g)—~>a
T A
g

In particular, a g representation is equivalent to a U(g) module. We will often

refer to a g representation instead as a g module.

Definition 3.2.8. [63] Let (-,-) be a nondegenerate invariant bilinear form

on a finite dimensional Lie superalgebra g. Let {J}i—

-----

77777

Casimir_element is given by

d
C=> JiJ €U(g) (3.6)

This is dependent on the chosen bilinear form. C' is central in U(g).
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Proposition 3.2.7. [63] The Casimir is independent of choice of basis. In
particular, choosing basis J; and noting that (J;, J') = (—1)|Ji||‘7¢|, so the dual
to J; is (=) IiLJE we have

d
C =S (=),
=1

Corollary 3.2.8.
d
> 1 T = ZJJ’ DI =0 —C =0 (3.7)
=1

Example 3.2.9. The Killing form on sl(2) has nontrivial relations given by
(h,h) =2 e, f) =1 (3.8)

and the Casimir for sl(2) is

C:%fﬂ—l—ef—l—fe (3.9)

3.3 Classification of classical Lie superalgebras

Simple classical Lie superalgebras have been classified, and this result will be
necessary in the following work. See [49] for a complete classification and
construction of these Lie superalgebras. I introduce only D(2,1;«) here, as

we shall not need the explicit form of the others.

Example 3.3.1. [49] There is one parameter family D(2,1;«), a € C\{0, -1}
of 17 dimensional simple Lie superalgebras with even part given by 3 copies
of sl(2) and odd part given by the tensor product of 8 copies of the standard

representation
D(2,1;a)y = sl(2) & sl(2) & sl(2) D(2,1;0); = st ® st ® st (3.1)
We follow the conventions and notation of [8][31] aside from a rescaling of h’
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by 2 and rescaling of the €', f* by —1 in the below. For parameter o, we specify

a;t=—-1-a! aal=-1-a ag =1 (3.2)
For the even part, we give basis e;, h;, f; for i =1,2,3, with nonzero brackets

(7', e] = 2¢' [n', '] = =2f e, fl=h" (33)

For odd part, we give basis (8,7, ) where 5,7,6 = £. Nonzero brackets with

the even part are given by

[hla¢(i7775)] = i¢(i=%5) [h271/}(/87i75)] = i¢(5,ia5) (34)
[61777/}(_7’776)] = 1/}(_’_”7’5) [627¢(ﬁ7_a5>] = Q:D(Ba_}_vé) (35)
L7, 0] = v(=7,0)  [f*0(8,+,0)] = ¥(B,-,9) (3.6)

(W%, 0(8,7, %)) = £¢(8,7, +) (3.7)
(€%, 4(B,7, =) = ¥(B,7,+) (3.8)
[f37¢(/8777 +)] = ¢(57’77_) (39)
We introduce the notation
O, = —2¢ O _=-2f O _=0"_,=-n (3.10)
€, =—€e_, =1 (3.11)

Then the bracket on the odd basis is:

[¢(617 T, 61>7 lp(ﬁ% Y2, 52)]

1 2 3
= a105152€7172€5152 + 0‘2071726616265152 + 04305162651526“/172 (3'12)

The Killing form on D(2,1;«) is completely degenerate, but there is still in-
variant form (-,-) with nontrivial relations given by:

0ij o 20;;
= _3 (h* W) = —2 (3.13)

Q; Q;

(e’ f7)
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<w(617 71, 51)7 w(ﬁ% 02, 72)> = _2651526717265152 (3'14>

Rescaling all 3 of the parameters ay, as, a3 by a common factor amounts to a

rescaling of the odd generators ¥ (f3,7,9).

Definition 3.3.1. A Lie superalgebra g is called classical if it is simple and

the representation of g5 on g1 is completely reducible.

Theorem 3.3.2. [/9] A classical Lie superalgebra is isomorphic to either
one of the simple Lie algebras A,, B, Cy, D,, Fy, G, Eg, E7, Eg or to one of
A(m|n), B(m|n),C(n), D(m|n), D(2,1; o), F(4), G(3), P(n) or Q(n).

3.4 Representation categories

We now demonstrate much of the categorical structure of section 2 in the
case of Lie superalgebras. The representation theory of vertex algebras will

extensively resemble much of the following.

Definition 3.4.1. For g representations V, W, we say that vector space mor-

phism ¢ : V. — W is a homomorphism of g representations if

go(v) = d(gv)
forveV, geg.

Definition 3.4.2. Suppose that g is a Lie superalgebra and V,W are g repre-

sentations. The tensor product V @ W 1is given by the tensor product of vector

superspaces, with action given by
Jgrvew)=gvw+v® gw (3.1)

forgeg,veV andw e W.

Definition 3.4.3. [50] For classical Lie superalgebra g,

o A Cartan subalgebra by is a maximal commutative subalgebra of g.
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Let b be a Cartan subalgebra of g. For a € b*, denote

o = {e € glVh € b [h,e] = a(h)e}

o We call nontrivial o € b* a root of g if go # 0. The roots of g generate
the root lattice, which we denote by (Q C b*.

Remark 3.4.1. (-,) induces an invariant bilinear form on h*, which we will
denote again by (-,-). g always has simple (even) Lie algebra direct summand
g. If there are multiple, we choose g to have maximal rank, and if all ranks
are equal, we choose arbitrary such g.

Here and in the following, we normalize the invariant form (-,-) such that

long roots of g have norm 2 with respect to this form, unless otherwise specified.

e For root a € Q, there is « € b satisfying (a,-) = a(-). We call ¥ the

coroot associated to ae. The coroots generate a coroot lattice, denoted by
Q.

e The weight lattice P is the lattice dual to Q" with respect to {-,-), and
the coweight lattice PV is dual to Q.

e A Borel subalgebra b of g is a maximal solvable subalgebra.

Let by be a Borel subalgebra of g5 containing by and extend to a Borel subalgebra

b=Db;® by of g.

e Diagonalizability of the adjoint representation gives the Cartan decomposition

g=n_OHhdn,

e A root « is called positive (resp. negative) if goNny # 0 (resp. goNn_ #

0). Positive roots span the positive root lattice Q. .

e We define the dominant weights

Py ={Xe Pl(\pu) >0 foralpeQy}
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e For g representation V', the vector v € V is called highest weight if n v =
0.

Definition 3.4.4. A g module M s called weight if b acts semisimply on g.

M:QBMA

Aeb
where My = {m € M|hm = X(h)m} is the weight space associated to \.

Definition 3.4.5. Suppose that g is a Lie superalgebra, b is a subalgebra, and

V' is an b representation or equivalently, a U(h) module. Then
U(g) ®u V

is naturally a U(g) module or g representation, called the induced module or

induced representation, where we define action

gp®v)=gp@v

forgeg, peU(g) andv € V.

For A € bh*, we can define weight representations of highest weight A. These

are constructed as follows:

Definition 3.4.6. Pick Cartan subalgebra by of g, and Borel subalgebra b D .
Then b =bH@n,. Pick A € b*. Define one dimensional b representation C|\)

by
hA) = A(R)N) heb N \) =0 (3.2)
With ||\)| = 0. Define
V(A = U(g) @uw ClA) (3-3)

Note that by universal property of tensor product, for any g representation V'

with highest weight vector of weight A, we have morphism V(\) — V.
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V(A) has unique maximal subrepresentation I(\). Then we define
L(A) = V(N/T(N) (3.4)
which is an irreducible representation of highest weight \.

Theorem 3.4.2. [50] Suppose that g is a classical Lie superalgebra excluding
A(n,n). Then

e Any quotient of V() is weight, with finite dimensional weight spaces.
e |\) is the unique highest weight vector in L(\).

o Hom(L(\), L(p)) >~ Cdy ..

o Any finite dimensional irreducible g module is isomorphic to some L(\).

Then the representations L(A) are a complete list of simple objects in
an appropriate category, and they are uniquely determined by their highest
weight A\. We proceed by introducing interesting categories of modules for Lie

superalgebras.

Theorem 3.4.3. [50] For (even) Lie algebra g, L(\) is finite dimensional iff
NEP,.

Definition 3.4.7. A g representation (¢, V') is called integrable if it integrates
to a representation of the associated Lie group.
We denote by Inty the category whose objects are integrable representations

for g and morphisms are homomorphisms of g representations.

Proposition 3.4.4. Simple objects of Inty are isomorphic to L(\), A\ € Py,

and tensor products of simple objects in Inty are finite direct sums.

We sketch explicitly for sl(2). By 3.4.2, the simple objects of Int, are given
by L(A) with A € Py ~ Z>,. By induction, we confirm for any A € h*

ef' |A) =i(r—i+ 1A
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Then for for 0 < n < min{r, p}

— )\ — 1 .
> SR e i
1,j€Z>0 ) )

i+j=n

is annihilated by e, and hence is a highest weight vector in L(r) ® L(p) with
weight 7 + p — 2n. This gives family of highest weight vectors in L(r) ® L(p),
generating subrepresentations of L(r) ® L(p) of highest weight r + p — 2n that

intersect only at 0. Counting dimensions, we have

min{r,p}

Lir)® L(p)~ € L(r+p-2n)

Definition 3.4.8. We define the category O of g representations, whose ob-

jects are g representations M such that
1. M is weight
2. M 1is finitely generated as a U(g) module
3. Each v € M generates a finite dimensional ny module

We again sketch monoidal structure for g = s[(2). Simple objects of O are
isomorphic to Ly for A\ e h* ~C. In Ly ® L,

N\ A=\ ,
> (") () ew e i
i,j€Z>0

i+j=n

is annihilated by e and hence is a highest weight vector of weight A 4+ p — 2n,

().\):)\(A—l)...()\—jJrl) (A):l (3.5)

] iG-1)...2-1 0

where

is the binomial coefficient. We note that if A € Py ~Z, and pu € P, we get

finite direct sum
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L(r) ® L(p) ~ ) L(r + pn — 2n)

If both A\, u € P, we obtain countable direct sum

L(\) ® L(n) ~ @ LA + p — 2n)

n=0

Despite the representations L(\) being quite nice, we notice that their tensor
products already give much larger representations which are not in the category
0. Then we have to work with much less friendly categories in order to have
monoidal structure. This problem is only exacerbated with more interesting

simple objects.

Definition 3.4.9. For weight module M of g, the weight support of M 1is

{A e b[M) # 0}

Definition 3.4.10. A weight module M with support inside one Q-coset is

called admissible if dim My is uniformly bounded.

Definition 3.4.11. [59] Let g be a finite dimensional simple Lie superalgebra.
A coherent family is a weight module C for g such that

o There exists d € Z>o, called the degree of C, such that dimCy = d for all
A € b*.

e For any c € U(g)Y, the function taking X € b* to tre,c is polynomial in
A.

Coherent families decompose as

c~ & e (3.6)

Aeh*/Q

where each of the C(\) is admissible. We demonstrate explicitly for sl(2).
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Consider one dimensional CC' & Ch module C|\,; A) on which
hIA, A) = AA, A) CIN A) = AN A) (3.7)
Define g module
E\ A) = U(g) ®cosch CIA, A)

Then E(), A) is generated by the action of e, f on |[A, A) and finally, define
C(A) = / E(\,A)
AEH*/Q

Then C(A) is a coherent family. We see that tensor products of the E(A, A)

are already extremely large, let alone those of coherent families.

3.5 Affine Lie algebras and Virasoro

We may now begin working towards the construction of vertex algebras. To
this end, we introduce families of infinite dimensional Lie superalgebras whose

representation theory resembles their finite dimensional counterparts.

Definition 3.5.1. Let g be a finite dimensional simple Lie superalgebra with
nondegenerate, supersymmetric, invariant bilinear form (-,-). Consider g((t)) =
g®C((t)) and for g € g denote g, := gR1t™. We have one dimensional central
extension g of g, called the affinization of g

0—-CK—g—g((t) —0

with nontrivial commmutation relation given by:
[am bm] = [0’7 b]n+m + Kn<a7 b>5n+m,0

Remark 3.5.1. We note that g[t] & CK is subalgebra of §, and § includes g
as a Lie subalgebra, given by the 0 modes gy € g ® C.

Affine Lie superalgebras also have a family of automorphisms which can

be used to twist their action on modules, which we will see often reduces the
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study of larger categories to that of smaller ones.

Definition 3.5.2. Let b be a Cartan subalgebra of g. b extends to a Cartan
subalgebra6 = hpKC ofg. For A\ € PY, we define the spectral flow automorphism
[7] o5 of § by

oxa(en) = en—a(n) €€ go (3.1)
ox(hm) = hyy — K600\, h) heb (3.2)
or(K) = K (3.3)

We can begin to introduce the notation for affine vertex superalgeras and

their representation categories.

Definition 3.5.3. Let g be an affine Lie superalgebra, and M a § module.

o M s called smooth if for every m € M and x € g, there exists N € Z
such that x,m =0 for alln > N.

M is called lower bounded if the generalized C' eigenspaces satisfy, for
all A € C, Maym = 0 for m € Z sufficiently negative.

M is said to have level k € C if K acts as multiplication by k.

Suppose M is weight. v € M is called relaxed highest weight if tg[tjv = 0.

M is called a relaxed highest weight module if it is generated by a relaxed

highest weight vector.

Definition 3.5.4. We define the following categories of g modules

o VE(g)-wtmod: the category of finitely generated smooth weight § modules
at level k, such that M is bigraded by weight and conformal weight,

M =P My
AA

with each My A < oo and for each X, there exists hy such that My =0
when Re(A) < Re(hy).
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e V¥(g)-wtmodsg: the full subcategory of V¥(g)-wtmod whose objects are

lower bounded.

o V¥(g)-wtmodgy: The full subcategory of V¥(g)-wtmodsq of objects that
are 1n the category O as g modules, and have finite dimensional confor-

mal weight spaces.

Definition 3.5.5. Let M be a smooth § module. Define the spectral flow twist

o\ (M)

to be isomorphic to M as a vector space, with isomorphism oy, and action
given by

zoy(m) = ax(a-x(x)m)
for x € g and m € M. Note that o5(M) is again a smooth § module.

Theorem 3.5.2. [36] Suppose that g is an (even) Lie algebra, k # 0 and
M € V¥(g)-wtmod is irreducible. Then there exists A\ € PV such that oy(M) €
V*(g)-wtmodsg.

We may construct g modules from g modules in a natural way. Here we

give this construction and establish our notation.

Definition 3.5.6. Suppose that N is a weight module for g. For k € C non-
critical, N is naturally a g[t] & CK module of level k, with

tg[tjv =0 (3.4)
This induces to g module, which we denote by:
M*(N) = U(g) ®giack N (3.5)

Definition 3.5.7. Suppose that M is a § module with minimal conformal

weight.

e Denote by My, its subspace of minimal conformal weight.
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o Let I be the sum of all submodules that intersect My,, trivially. Define
the almost irreducible quotient of M to be M/I.

e Denote the almost irreducible quotient of M*(N) by LF(N).

e For A\ € P, we denote

VH(A) = MH(L(N) L) = LHL(Y)  (36)

While Viris not an affine Lie algebra, we may construct modules for it in

a very similar fashion to what we have done in the affine case.

Definition 3.5.8. Forc,h € C, consider one dimensional Virsg module C|h),

on which
Lo|h) = h|h) C|h) = c|h) Virsglh) =0 (3.7)
Define the Vir module
Ve(h) = U(Vir) @ vir, C|h) (3.8)

Note this has PBW basis. Denote the simple graded quotient of V<(h) by L¢(h).
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Chapter 4

Vertex algebras

4.1 Basic notions

We may now introduce the machinery needed for vertex algebras. This be-

2E]] for ring R. Notice

ceey A

gins with formal distributions A(zy, ..., z,) € R[[z,
that the product of formal distributions is not always well defined, but for
A(z1, ..., 2n) € R[[255, ..., 2F]] and B(wy, ..., wy,) € R[[wi, ..., wE]], the product

A(z1, ..., 20) B(wy, ..., w,,) is always a well defined object of R[[2f, ..., 25, wf, ..., w]].

cey R

The delta distribution, which becomes critical in the study of ‘local operators’

that appear in conformal field theories, is an example of such a distribution in
R[[*, w*]].

Definition 4.1.1. The formal delta distribution is

iz —w) = Z 2" (4.1)

ne”L

For any formal distribution A(w) € R[[2%]] we may calculate the product
A(w)d(z—w) = A(z)d(z—w). In particular (z—w)d(z—w) = 0. Differentiating

and proceeding by induction, we see
(z —w)"To"o(z —w) =0 (4.2)
Lemma 4.1.1. [51] Let F(z,w) € R[[z*,w*]] formal distributions such that
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(z —w)NF(z —w) =0. Then F(z,w) can be written uniquely as

N-1

F(z,w) = Z fn(w)0hd(z — w) (4.3)

n=0

A ‘local operator’ as it appears in physics, should be a vector space mor-
phism, depending on an ‘insertion point’ parameter z, which does not ‘interact’
with operators inserted at distinct point w # z. This notion is formalized in

the following way:

Definition 4.1.2. Let V' be a vector superspace. Then End(V)[[2%]] is a vector

superspace.

o A field on'V is A € End(V)|[2*]] satisfying A(z)v € V((2)) for allv € V.

e The supercommutator of fields is:

[A(2), B(w)] = A(2) B(w) — (1)1 B(w) A(2) (4.4)

o We say that fields A(z), B(w) are mutually local if there is N € Z>q such
that:
(2 —w)"[A(2), Bw)] = 0 (4.5)

as distributions in End(V)[[z*, w*]].

e The normally ordered product of fields is given by:

: A(2)B(w) = A(2)4 B(w) + (—1) 1B Bw) A(z)_ (4.6)

where

Alz)- =D A" Alz)e =D A" (4.7)

n<0 n>0

In this way, operators ‘do not interact’ if they commute, and they commute
unless z = w. Lemma 4.1.1 then tells us that a commutator of mutually local

fields is given by the sum of products of fields in one parameter with derivatives
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of the delta distribution. We may are now prepared to introduce the notion

of a vertex superalgebra.

Definition 4.1.3. A vertex superalgebra is a quadruple (V,|0),T,Y") such that

~

. (space of states) V = V5 @ Vi is a vector superspace

2. (vacuum vector) |0) € Vg

3. (translation operator) Even T : V — V
4. (vertex operator) Even Y (-,z) : V — End|[[z*]]
Y(v,2) = Z V2 "
nez
5. (vacuum axioms)
(a) Y(|0),2) = Idy
(b) Y(v,2)[0) € V][]
(¢c) Y(v,0)|0) =wv
6. (translation axioms)

(a) [T,Y (v,2)] =0.Y (v, 2)
(b) T|0) =0

7. (locality) All fields Y (v, z) are mutually local.

From a physics perspective, this gives a formal notion of the symmetry al-
gebra for a 2 dimensional quantum field theory: a vector space of even bosonic
and odd fermionic states, associated local fields acting on a vector space, a
means to ‘translate’ the insertion points of local fields, and a ‘homogenous’
vacuum state.

From a mathematical perspective, this is an ‘almost commutative superal-
gebra’ with derivation 7', in the sense that we have bilinear product given by
the operator Y, which is commutative when z # w, and identity object |0).

We introduce a natural (and physically necessary) notion of %Z grading on

a vertex superalgebra.
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Definition 4.1.4. Suppose that V' is a %Z graded vector space V = @ne%z V.

o We say that linear operator ¢ : V. — V is homogenous of degree m if
(Vi) C Vi

e Suppose that V' is a vertex algebra. V is a %Z—gmded vertex algebra if

1. 10) € Vo
2. T 1s homogenous of degree 1

8. Forv € Vp, and associated field Y (v,2) = >, vp2” "™, the modes

v, are homogenous of degree n.

Keeping with the analogy of a vertex superalgebra as an almost commu-
tative superalgebra, we would like to have some notion of associativity. This
role is played by the Jacobi identity. It can be proven that this is equivalent

to locality in the presence of the other vertex superalgebra axioms.

Theorem 4.1.2 (Jacobi Identity). [33] For V a vertex algebra and homogeous

a,b,c € V, the three expressions

Y(a,2)Y (b,w)c e V((2))((w)) (4.8)
(=D!Y (b, w)Y (a, 2)e € V((w))((2)) (4.9)
Y(Y(a,z —w)b,w)c € V((w))((z —w)) (4.10)
are expansions in their respective domain of the same element of

Vil wl][z™" w™, (2 = w) ]

From a physics perspective, this notion of associativity gives us means to
expand products of fields inserted near each other as sums of fields inserted

only at one point, weighted by the distance between insertions z — w.

Proposition 4.1.3. [51] Let ¢(z), p(w) be homogenous fields on vector super-

space V. The following are equivalent:

1. In End(V)[[z*!, w*]] we have:

(2 —w)"[o(2), p(w)] = 0
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2. For some fields v,(w) and (z —w)™! expanded in positive powers of w/z,

we have:

Z le nﬂ L o(2)p(w) : (4.11)

The same equality holds for (—1)?I1lp(w)p(2), with (z —w)~' expanded

in positive powers of z/w.

Proof. We prove for homogenous fields ¢, . Note that

P(2)p(w) = d(2)-p(w) + ¢(2)+p(w)
= ¢(2)-p(w) = (=D)!¥p(w)p(2) - + (1) p(w)(2) - + ¢(2) 1 p(w)
= [0(2)-, p(w)]+ : d(2)p(w) : (4.12)
Assume 1. above. By 4.1.1 we have fields v,(w) such that:
Z i d(z — w) (4.13)

0

Looking at only negative powers in z we have:

2

1
"

[6(2) -, p(w)] =

n

Y (w)05d(z —w)—

Il
=)

Then the first form of 4.11 follows by noting that < ~006(z—w)_ is the expansion
of (z —w)"™ in C((2))((w)). The formula for gp( Yo (2) is obtained similarly
using (—1)"1%p(w)d(2) = [61(2), p(w)]+ 1 ¢(2)p(w) :.

Assuming both forms of 4.11 above and taking the commutator, we see that
the normal order portions cancel and we are left with the sum of §(z — w)_,

and §(z — w)y, recovering the expression in 1. above.

We call 4.11 the operator product expansion of fields ¢(z), ¢(w). By the

previous theorem, data of operator product expansions is equivalent to the

data of commutators of fields.

Comparing the expressions 4.11 with 4.10 for Y (a, z), Y (b,w), and using
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Taylor’s theorem to expand Y'(a, z), we obtain:

Yr N-1 00
Z(z_ )y Z? n+1+Z LMY (a,w)Y (b, w) -

nez n=0 =0

Then the following expressions hold for n > 0:
Y (agmyb, w) =: 8, 'Y (a,w)Y (b,w) :
Tu(w) =Y (a(m)b, w) (4.14)
This motivates the following theorems.

Theorem 4.1.4. [33] For vertex algebra V' and a,b € V, we have mode com-

mutation relations:

(agmy, by] = (m) (a(m)b) (meth—n) (4.15)

n
n>0

Proof. With 4.13 and 4.14 we have:

Theorem 4.1.5 (Reconstruction). [33] Let V be a vector space, |0) € V a
nonzero vector, and T an endomorphism of V. Suppose that {J*}aecs is a

collection of vectors in V', and we are given fields
SRS
Satisfying the following conditions
1. For all oo, J*(2)|0) = J* + 2(...)
2. T10) =0 and [T, J*(z)] = 0,J%(2)
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3. All fields J*(z) are mutually local

4. V is spanned by vectors

aq Qm,
Jor S

Jm

Then

1 LT ()0 T ()
P R e

Defines the structure of a vertex algebra on V', and this is the unique vertex
algebra structure on 'V satisfying (1), (2), (3), (4) such that Y (J%, z) = J%(2).

Y (I8

Jm

This theorem gives two powerful tools: first, it gives a uniqueness result
that allows us demonstrate that two vertex superalgebras are isomorphic by
looking only at a generating set and a limited number of relations. Secondly,
it gives us means to practically construct the large amounts of data associated
to a vertex superalgebra. In order to recover all relations from the generating
ones, we will need some means to calculate the commutator of a field with a

normally ordered product. This is given by Wick’s theorem.

Theorem 4.1.6. For homogenous fields A(z), B(z) and C(w), we have

[ A(2)B(2) ;, C(w)] = (=1)/PI  [A(2), C(w)]B(2) : + : A(2)[B(2), C(w)] :
(4.17)

where the normal ordered product is with respect to powers of z.
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Proof.

[ A(z)B(z) :, C(w)]
= > [AwBmy, Colz ™" 2w 4 Y By Ay, Cple ™" 2w
m,l

n<0 néO
BllC —n—m—2,, —l—1
—Z 1) ZH Ay, Coy) Bmy + Ay [Bemy, C]) 2 w
n<0
+Z 1AUBHICN[B i, Col Ay + (= 1) P By [Aq, C]) 27 2w

n>0

—: A(2)[B(2),C(w)] : +(=1)PI°: [A(2), C(w)]B(z) : (4.18)

Where the red portion becomes the second term in the last line and the blue

portion becomes the first.

Example 4.1.7. Suppose that g is a Lie superalgebra with nondegenerate,

invariant bilinear form (-,-), and k € C.

o Let {Ji}izl

1> n.

4 be a basis of g with J* € g5 for i < n and J' € gy for

.....

e Consider affinization § and module V*(0), note it has PBW basis.

e Define operator T on V*(0) by:

)0 = 0 T,J°] = ndu_, (4.19)

e Define fields:
= Z Jizmnt (4.20)

nez

using bracket of modes, these fields have commutator:

[J%(2), JP(w)] = [J*, JPl(w)d (2 — w) + K(J*, J*)0,0(z —w) (4.21)

By reconstruction, this defines vertex superalgebra structure (V¥(0),|0), T,Y),
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which we call the universal affine vertex superalgebra associated to g, and de-
note by V*(g).

This also defines vertex algebra structure on 1LF(0), which we call the affine

verter superalgebra associated to g, and denote by IL*(g).

As it turns out, affine vertex superalgebras are the prototypical example, as
they demonstrate many of the properties present in all vertex superalgebras,
and all known vertex superalgebras are given somehow by beginning with an
affine vertex superalgebra and performing various constructions to obtain one
vertex superalgebra from another.

We may perform a similar construction using the Virasoro algebra in place

of an affine Lie algebra.

Example 4.1.8.
e Consider the Vir module V¢(0).
e Define operator T' = L_.

e Define field:
T(z) =Y L,z " (4.22)

nez

By bracket of the modes, this has commutator:

T(z), T(w)] = 283 d(z —w) 4+ 2T (w)0y,6(z — w) + 0, T(w) - §(z — w)

127
(4.23)

by reconstruction, this defines vertex algebra (V¢(0),]0),T,Y), which we will

call the universal Virasoro vertex algebra and denote by V¢( Vir).

This also defines vertex algebra structure on 1L¢(0), which we call the Virasoro

vertex algebra and denote by L(Vir).

Because the Virasoro algebra plays the role of conformal symmetry in two
dimensions, the Virasoro vertex algebra should be present in any vertex su-
peralgebra consisting of symmetries for some 2 dimensional conformal field

theory.
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Definition 4.1.5. Consider %Z graded vertex algebra V- = P V. We call

V' a conformal vertex algebra or vertex operator algebra if there exists conformal

nE%Z

vector w € Vo with

Y(wz)=>» Lyz " (4.24)

nez
Such that:
1. The modes L, satisfy the defining relations of the Virasoro algebra.

2. L, =T.

3. Lo is the ‘grading operator’ on V', Lglyv, = nld. We call the Ly eigen-

values conformal weights.

As before, affine vertex superalgebras are the prototypical example, as

(nearly all) affine vertex superalgebras have a natural conformal structure.

Theorem 4.1.9 (Segal-Sugawara). Let k # —h" where h" is the dual Coexeter

.....

T(2) =) Jiyz " Ji(2) = Jimz (4.25)

nez neL

We define the following weight two vector:

d
1 .
W= Sy 2o T Tnlo) (4.26)
=1

Then w is a conformal vector in V*(g) with central charge:

c(k) = % (4.27)
The Virasoro field has form:
1 d .
T(2) =Y (w,z2) = S0 > i di(2) () : (4.28)

i=1
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Then every affine vertexr superalgebra associated to simple Lie superalgbra is
conformal away from critical level k = —h". Note that the mode Lo is the

Casimir of g, with modifications in higher degrees.

Proof. Put S = (k+ hY)w so S(z) = >, 9.2 "2 = (k+ hY)L(2). For
J € g, we claim that

—1l0) =0 n>1
SoJ(1)|0) = (k + 1*)J1)[0)
S_1J-1)|0) = (k + hY)J_5]0)

We note the following relations

d
Sp = %Z <Z J )J(n m) ( 1>‘Ji||Ji| Z J(in—m)Ji (m)>

=1 m<0 m>0

T J)|0) = (=) LI 3y T |0) + [J7, TJa-1)|0) + kidy1 (7, .J)|0)

and similarly for lower indices J;. In particular, we have the following for
1 >2:

T Jnl0) =0 JiyJ-pl0) = k(J*, 1)[0)  JiJ-n)|0) = [J*, J](-1)|0)
(4.29)

and similarly for the lower indices J;. Assume that J is homogenous. We
consider the case n > 2. In this case, all terms in S,J_1)|0) except those with
m = 0,1 vanish from the rightmost mode in S,. The terms m = 0,1 vanish

from the action of Jn m)-

We consider the case n = 1. All terms vanish from the rightmost mode in

Sy except those with m = 1,0. The term with m = 1 again vanishes from the
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action of of Ji, . Recalling 3.2.8

d

-[0) =3 D (=D)AL T ) d1[0)

=1

:%Z;( DI (L, J))]0) —§<Z DI g, >|0>
= g <éu J, J> 0y =0 (4.30)

We now consider the case n = 0. Again, all terms except those with m =

0,1, —1 immediately vanish due to the above relations. We are left with

d

Jenl0) = 537 (i o iy + DTy ) + oy @) ) J-n]0)
=1
d
k )
52 1)>J> +J(—1)<J> Jz>) ‘O>+hv ‘O> (k+hv)J(—1)!0>
i=1

(4.31)

where we note that the m = 0 term is exactly the Casimir constructed out of 0
modes, so it acts as the Casimir does on the adjoint representation. Finally,
we consider the case n = —1. All terms except those with m = 1,0, —1, -2

vanish from the action of the rightmost mode. We are left with
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1 i aing i 1
— 5 ( Q)J + Ji (—1yJo) + (1)l Nl (J(—I)Ji ©0) + J(o)Ji (1))> J(-1)[0)
1< '
= k'J(_Q)‘O> + 5 Z (JZ (_1)[J’L, J](_l) + (_1)|J HJZIJZ—]_)[J’M J](—l)) ‘O>
i=1
d
= kJi—9)|0)+5 > (Jz' [T ), T Ty + (=)L (5,91, 73) T (‘1>> 0)
ik=1
d
1 i .
= kJ—2)|0) + 3 < INEREOLN P J]>[JZ’J’€](*2)> 10)
i,k=1
d
1 Z
)+ 53 (D19, [ 0 Ti-2)]) 10
=1
d

1 1
:kJ(—2)|0>+§Z( DYIVAT00 s ), J-2)[0) = (k + 1Y) J()[0) (4.32)

=1

Using the OPE formula 4.1.3, these results gives us:

K@) = 3 S ).

n=-—1

_ (ZJ_(WJ)Q n 8;{ (Z)+ L) J(w): (4.33)

Using Wick theorem, we obtain the OPE:

c n 2L(w) +8wL(w)

2z—w)r  (z—w)? z—w

L(z)L(w) ~ (4.34)

With ¢ = k,f_‘f}:@g. The mode commutation relations 4.1.4 then give us the L_4

derivative and Ly grading properties from L(z)J(w), and the Virasoro relations

of modes from L(z)L(w).

We can now present a number of examples of vertex superalgebras that

will be necessary for later constructions here. The simplest of these is the free
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bosons associated to a lattice, the typical Lie theoretic example of s[(2), and
finally the free fermionic counterpart of the free boson, which we may associate
to a Clifford algebra.

Example 4.1.10. Let L be a finite rank lattice with basis {h'},—1. 4 and sym-
metric bilinear form (-,-) : L x L — Z.

Consider commutative Lie algebra h = L ®z C. The form (-,-) induces to
a bilinear form on by, which we again denote by (-, -).

Then 7y, = V1(h) is the Heisenberg or bosonic vertex algebra associated to
the lattice L. It has generating fields h'(z) with relations:

(h*, h7)

R'(2)R (w) ~ o w?

(4.35)
In particular, if L is the rank one lattice generated by h with form (h,h) =1,
then we call V(b)) simply the free boson.

Example 4.1.11. The affine vertex algebras V*(s[(2)), L*(sl(2)) have gener-
ating fields e(z), h(z), f(z) with nontrivial relations:

e(:) () ~ - :‘(_wi)) + _kw>2 h(2)e(w) ~ iefwlz (4.36)
() ) ~ 21 B ~ s (43)

The Segal-Sugawara Virasoro field is given by:

T(z) = m (% R(h(2) : 4 e(2)f(2) : + ¢ Fl2)e(2) :)

Example 4.1.12. We introduce odd modes ¢,y for n € Z with nontrivial

(anti)commutation relations

The free fermionic Fock module F' has basis:

Viny) - - - Vinm) [0)
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with ny < --+ < n,,. We define the field:

P(z) = Z Yz "

nez

with nontrivial OPFEs given by:

U(z)Y(w) ! (4.39)

2)(w P )

This has Virasoro field:

1 —n—2

T(z)=—5: 900 (2) = > Lz (4.40)
nez

of central charge ¢ = % and we define the translation operator T' = L_1 and

grading operator Lg, with respect to which 1 has weight % By reconstruction,
this defines conformal vertex superalgebra structure (F,|0),T,Y"), which we will

denote again by F' and call the Majorana free fermion.

Example 4.1.13. We consider the tensor product of two Majorana free fermions
Fy ® F,, denoting the generators by 11 and 1. We define:

1

V2

with nontrivial OPEs given by:

¥(2) (Wi(2) —iva(2))  UN(2) = —=(n(2) +iva(z))  (441)

1
V2

1

Z—Ww

Y(2)et(w) ~ (4.42)

which we call the charged free fermions. This has family of Virasoro fields:

T(2) = —a: (2)0"(2) : (1 = a) : ¥1(2)00(2) :

fora € [0,1], with central charge 1 —12(a— 3)*. With respect to this conformal

structure, 1 has conformal weight a and ' has conformal weight 1 — a.

In particular, taking a = 1 and denoting b = v and ¢ = ¥, we have
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Virasoro field:
T(z)=—:b0c: (2)

with which b has weight 1 and ¢ has weight 0. We call this sVOA the fermionic ghosts
and denote it by be.

Similarly, we denote by bc™ the charged free fermions with conformal struc-
ture corresponding to a = 0, with respect to which b has weight 0 and c has

weight one.

4.2 Modules

The conformal vertex superalgebra only plays the role of the symmetries of a
2 dimensional conformal field theory. Then we also need some notion for how
such an algebra should act on other ‘states’. This is again natural from the

almost commutative algebra perspective.
Definition 4.2.1. Let (V,|0),T,Y) be a conformal vertex superalgebra. Then

o A weak V-module is (M, YY) such that

1. M is a vector superspace.
M = My & My (4.1)
2. Yo : V@M — M[[z*Y]] is even.

vem— Yy(v,z)m = Z vpmz " (4.2)

ne’l

3. Yar(]0),2) = Idyy.
4. ForanyveV,me M,

Y (v, 2)m € M((2))

Yu(Tv, z) = 0.Yu (v, 2)
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6. For parity homogenous a,b € V:

d((z1 — 22) — 20)Yn(a, 21)Yar (b, 29)
— (=1)IalPl§ (=25 — 21) — 20)Yas (b, 22)Yar(a, z1)
=0((z1 — 20) — 20) Y (Y(a, 20)b, 20) (4.3)

7. If we denote:

Then the L, satisfy the Virasoro relations, with ¢ is the central
charge of V.

m3—m

ULy S (4.4)

LnaLm - - Lm n
[ | =(m—=n)Lyn+ 19

e A generalized V-module is a weak V-module such that:

1. M is a C-graded vector space.

M = [T My (4.5)
heC

2. Fori=0,1,

M; = H Mi,[h] Mi,[h] =M;N M@[h} (46)
heC

3. My, 1s the generalized eigenspace of Lo with generalized eigenvalue

h.

o A grading-restricted generalized V' module is a lower bounded generalized
V' module M with My, < oo for any h € C.

In the following, we shall refer to a generalized module simply as a module.
We can now introduce the standard algebraic notions for vertex superalgebra

modules.
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Remark 4.2.1. A V¥(g) module is equivalent to a smooth § module, with Yy,
given by the fields 4.20 and 4.16.

Definition 4.2.2. Let V' be a vertex superalgebra. AV module M is indecomposable

if it 1s nonzero and can not be written as a direct sum of two nonzero submod-

ules.

Definition 4.2.3. For (My,Yy,), (Ms,Yy,) generalized V- modules, a parity-

homogenous homomorphism f : My — My of vertex superalgebra modules is

parity homogenous linear map satisfying:
f(Yan, (v, 2)m) = (1)1 Yag, (v, 2) f (m) (4.7)

for all parity homogenousv € V and m € M. A homomorphism of generalized

modules is a sum of even and odd homomorphisms.

For the physically relevant quantities: the ‘correlation functions’, it is also
necessary to have a notion of product for two states in different modules. This

is given by an intertwining operator.

Definition 4.2.4. For M, My, M3 modules for conformal vertex superalge-

bra V', a parity homogenous intertwining operator of type (Mjw?%) 18 parity

homogenous linear map:
Y : M ® My — M;s|log z|{z} (4.8)
my ® mg — Y(my, 2)mg = Z Z(wl)%kwngnfl(log 2)* (4.9)
neC keN
satisfying the following conditions:
1. For my € My, moy € My, n € C:
(ml)g+m,km2 =0
for sufficiently large m € N, independent of k.
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2. Formye M; andv e V:

(=15 (2 — 25) + 20)Yar (v, 20)V(my, 25)
— (=D)ImI§ (25 — 21) = 20)V(ma, 22)Yag, (v, 21)
=0((21 — 20) — 22) Y (Yo, (v, 20)my, z2)  (4.10)

for parity homogenous v € V., my € M.

3. For any m,; € Wy:
y(Tmlv Z) = azy(mh Z)

M3

My M2> 1s a sum of an even and odd inter-

An intertwining operator of type (

twining operator of this type.

There is a natural template which we would hope to use to construct
monoidal and braiding structures on categories of conformal vertex algebra
modules. Verifying that such structures do exist becomes one of the most
challenging problems in the study of VOAs.

These notions were introduced by Huang, Lepowsky and Zhang in[41]-[48],

and we call this the HLZ tensor category structure.

We would like to think of products of intertwining operators

yl(vla Zl)"'ym(vma Zm)m)

as giving us some physical state depending on insertion points zq, ..., 2z, € C.
However, Y(v, z)m need only live in some completion of the ‘target’ space of

the intertwining operator ).

Definition 4.2.5. For M = @, .c M}, we define the algebraic closure to be:

M = Hpec My, (4.11)

This is naturally a vector superspace, with M; = M; for i = 0,1. Denote the
projection by:
VI M — M[h]
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Definition 4.2.6. For My, My, M3 modules for conformal vertex superalge-

bra V', a parity homogenous P(z) intertwining map of type ( Miwﬁ\/lg) 18 parity

homogenous linear map:

I: M, ® My — Ms (4.12)

satisfying the following conditions:
1. Formy; € My, mo € My, n € C:
Tn—m (I (m1 @ m2)) =0

For sufficiently large m € N

(=1)W65((21 = 2) = o) Yagy (v, 1)1 (my @ o)
— (=1)Plmals((z — 21) + 20) I (my @ Yig, (v, 21)msy)
= —0((x1 — z9) — 2) (Y, (v, 29)my @ ma) (4.13)

for my € My and parity homogenous v € V', my € M;.

A P(z)-intertwining map of type (Mfw‘;’wz) is a sum of an even and odd P(z)

intertwining map of this type.

The physically relevant objects are not the ‘states’ themselves: the vectors
of in a module. Rather it is their corresponding fields: the intertwining op-
erators. Then the tensor product of vector spaces underlying modules (as we
would expect for Lie algebras) is too large. Here we arrive at the appropriate

notion of tensor product.

Definition 4.2.7. Suppose that My, My are V' modules in the category C and
z € C*. A P(z) tensor product of Wy and Wy in C is

1. A module M, Rp.y M, € C.

M1@P(Z)M2)

2. An even P(z) intertwining map Xp(.y of type ( T
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3. For any M3 € C and P(z) intertwining map I of type (M%’WQ), there
exists unique homomorphism ny : MR p() My — Ms so that the following

commutes: B
M, Wp.y M, 1 M;

M, ® M3
Where 7y 1s the natural extension of ny to My Mp(,) Ms.

If we have morphisms fi : My — M{ and fy : My — M;, then Mpyo (fi ® fa)

s an intertwining operator of type (Wf@P(Z)WZ/) Define
Wi Wo )

J1Rpey fo W1 Bpy Wy — Wy Xp(2) w;

to be the unique morphism induced by the universal property of the P(z) tensor

product.

We may now introduce the means by which we might arrive at a natural
braided tensor category structure on categories of vertex superalgebra mod-

ules, and sufficient conditions for such a structure to arise.

Remark 4.2.2. When it is possible to obtain the structure of a monoidal
category on C, we pick in particular the P(1) tensor product, which we simply
denote by X.

Definition 4.2.8. For V a conformal vertex algebra and M a V-module, a

twist on M is defined by:

HM — e271'iL0

Definition 4.2.9. Let V' be a conformal vertex superalgebra and M be a V
module. We define:

CQ(M) = {v(_g)m|v eV, me M} (414)

We say that M is Cy cofinite if Co(M) has finite codiminsion in M.
Definition 4.2.10. We say that a conformal vertex algebra V' is rational if
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1. There are only finitely many irreducible V- modules.
2. Every V. module is a finite direct sum of irreducible V- modules.
3. All fusion rules for V are finite.
Theorem 4.2.3. [39] Let V be a simple conformal vertex algebra satisfying:
1. V,, =0 forn <0, V =C|0), and the contragradient V¥ ~ V.
2. 'V is rational.
3. 'V is Cy cofinite.

Then the category of V- modules is a modular tensor category with respect to
the HLZ structure.

4.2.1 Fock modules

We begin with the simplest examples of braided tensor category structure for

vertex algebras: those associated to the Heisenberg vertex algebras 7.

Example 4.2.4. Suppose that L is a finite rank lattice with symmetric bilinear
form (-, : L x L —7Z, % =L®yC and 7y, the associated Heisenberq vertex
algebra. Let A\ € b, and identify N\ with (\,-) € b*. Then we define the
Fock modules:

T (A) = VI(A)

The wr(X) are form a complete list of isomorphism classes of simple 7, mod-

ules, and the gradation is given by deg |\) = <A2—/\> and for h € b, deg by = —n.

Proposition 4.2.5. [27] Let A\, i € h*. Then the tensor product of wr,(\) and

7r(p) exists, and we have the isomorphism:
(A Rp () = mp(N+ p) (4.15)

Theorem 4.2.6. [17][25] Let C be the semisimple category generated by the
Fock modules w(\). Then C is a vertex tensor category with respect to the
HLZ structure.

93



4.2.2 Admissible level L*(s((2))
Definition 4.2.11. We define the following categories of affine vertex algebra
modules
o L*(g)-wtmod: the full subcategory of V*(g)-wtmod whose objects are
IL*(g) modules.
o Lk (g)-wtmodso: L*(g)-wtmod N V¥(g)-wtmods.

o L*(g)-wtmodyy: LF(g)-wtmod N V*(g)-wtmodkr .

This brings us to the details most relevant for the study of representation
theory of L'(D(2,1; —2)).
Definition 4.2.12. We say that the level k € C is admissible if k = % — 2

with (u,v) =1 and u € Z>y and v € Z>y. In the following, we will assume

that k is an admissible level.

Remark 4.2.7. Let w € PY be the fundamental weight of s((2). For A € C,
we identify A with (Aw, ) € b*. Define:

Mg =7 —1——s (4.16)
v

Remark 4.2.8. We note that for modules of highest weight X, the form of the

Segal-Sugawara conformal vector gives minimal Ly eigenvalue:

A+ 1)2-1
A= T (4.17)

If IN\, A) is a state with weight X and conformal weight A, then weights and

conformal weights of the spectral flow are given by:

ho(ot)*|A, A) = (A + th)(0!)*|\, A) (4.18)

Lo(o!)*|\, A) = (A + %t)\ + it%) (o)A, A) (4.19)

We establish notation and give an overview of each of the categories defined
above in the case of admissible level s[(2), including their simple objects, tensor

category structure, and fusion products.
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Theorem 4.2.9. [1/] For admissible level k, the category L*(sl(2))-wtmodg .
15 a semisitmple rigid braided tensor category, and any irreducible object s

isomorphic to one of

Lo =1L"\) (4.20)

forre{l,..,u—1}.
Definition 4.2.13. We introduce the notation:
D/, = L*(L(\)) (4.21)

Define the modules D, to be the conjugates of D, obtained by twisting the

7,87

action of L*(sl(2)) by the Weyl reflection of s1(2).

Theorem 4.2.10. [2] For admissible level k, any irreducibles in 1LF(sl(2))-

wtmodsg 1s isomorphic to one of
Lo Dy, Exan, = LF(E(\A)) (4.22)
forre{l,.,u—1} and s € {1,..,v—1} and X\ # A\, s mod 2Z.

Theorem 4.2.11. [2] For admissible level k, any irreducible object in L*(s1(2))-

wtmod is isomorphic to one of the spectral flows
'(Lro) o'(D;,) o' (Exa.) (4.23)
for t € Z,(with some redundancy), where we define o* = o}

Proposition 4.2.12. [1] There exist indecomposable modules o' (E5,) satisfy-

ing the nonsplit exact sequences:

0o—— at(D;fs) — at(E;fs) — 0'(Dyyys) —— 0 (4.24)

0 —— o'(D;.

r,s

) —— o'(&

7,8

) —— o'(D} ) —— 0 (4.25)

U—Tr,0—35

forre{l,..,u—1}, s € {1,...,v — 1}. There exist indecomposable modules
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o' (PE,) satisfying the nonsplit exact sequences:
0 —— o'(&) —— o' (P) —— (&) —— 0 (4.26)

0 —— o'(&,) —— o'(P;

T,8 r,8

) — "t E ) — 0 (4.27)

forre{l,..,u—1} and s € {1,...,v — 2}.
Theorem 4.2.13. [7] For admissible k, 1LF(sl(2))-wtmod is finite length and

any indecomposable projective module is isomorphic to one of

o' (Exan,) A#Ns mod2Z re{l,..,u—1} se{l,.,v—1}
o' (P re{l,.,u—1} se{l,..,v—2}

Theorem 4.2.14. [6] L*(sl(2))-wtmod is a vertex tensor category, with the

following fusion products when v > 1.

u—1
Lro® Lo~ @ NG Lo (4.28)
r’’=1
u—1
L o®D:, ~ PN DL, (4.29)
r’’'=1
u—1
LoRExa, , ~ P N Extrroib (4.30)
r’’=1
Where we define:
Vir (r”,s") _ ar(u) v Ar(v) s
N(T,S)(T/,SI) - Nr,’r’ NS,S, (4.31)

Loif|lr—r|+1<7" <min{r +v" - 1,2u—7r -1 -1}

NS:«Z T o= and r + 7" + 7" is odd
0 otherwise
(4.32)
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We make note of the following identities:

1" 1

N =60 0 N®Wur = N (4.33)

rau—r’ rr!

and for " # 1,u — 1:
N = Giro +bra (43
Remark 4.2.15. Notice that many properties of irreducible modules in IL*(s1(2))-
wtmod, including generating conformal weights and the forms of some fusion
products, depend only on their coherent family and not on the particular form
of the module.
It is then practical for us to introduce some notation so that these forms

can be treated uniformly, and specify these properties. We denote:
O't(M%AT,S) (435)

where M stands in for the labels £, D%, E and the labels N\, A, are as in the
following table.

L D+ E
Al Ao [ Ass#0 | AER/2Z XA # N5 mod 2
A AT,O Ar,s S 7& 0 Ar,s
We denote:
t 1 L,
A(o"(Mya,.)) = Aps + §t)\ + z_lt keC/Z (4.36)

to be the conformal weight of any vector in o'(Mya,,) modulo integer, in
this case calculated using the conformal weight of a generating vector. The

following fusion products also depend only on the coherent family.

;CT,() & O't(M)\7A1,S> ~ O-t(M)\-i-r—l,Ar,s) (437)
£T70 & O-t(M)\:Aufl,s) = O-t<M)\+T71,Au—r,s> (4'38>
Lo9 M o' (Mya,,) = 0 (Myp1,a,,) (4.39)

27



£270 & O-t(M/\yAufl,s) = O-t<M)\*17Auf2,s> (44())

and forr # 1,u—1
£270 ‘X O—t(M)\yAr,s) = O-t(M)\_lyAr—l,s) @ O-t(M)\+17Ar+l,s) (441)

Proposition 4.2.16. We have the following isomorphism as L' (s[(2))QL!(s(2))
modules

be®? o~ L1 Q LigD Ly ® Ly

Proof. Denote generators of bc®? by by, c; and by, co. We give generators for
Llo® Ly, as:

hi =: bicy : + : bacy - e; =: biby : fi=—:ceo: (4.42)
ho =: bicy 1 — : bycy : ey =: bicy : fo=—:1¢1bs: (4.43)

It can be confirmed using Wick’s theorem that these satisfy generating relations
for s1(2). By uniqueness from reconstruction, this gives a L'(s[(2)) @ L (s((2))
subalgebra of bc®?.

We also check with Wick’s theorem that by, c1, ba, co transform in the tensor
product of two copies of the standard representation of s(2). Then bc®? has
L'(sl(2)) ® L'(sl(2)) submodule L}, ® L1, ® Lo ® L.

Since bc®? is generated by this submodule under the action of L'(sl(2)) ®

L'(sl(2)), we conclude the isomorphism.

4.2.3 Virasoro minimal models

We now give an overview of results for the Virasoro vertex algebra at central
charges relevant for our work at admissible level. For s[(2) admissible levels

k =% —2 with v # 1, consider the central charge values:

U v 1
M:13—6<— —>:13—6 h+2d4 —— 4.44
Cu, v+u ( + +k+2> ( )
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For such admissible levels k, we introduce the notation:
VE(Vir) := Vewe (Vir) L*( Vir) := L= ( Vir) (4.45)

Definition 4.2.14. Denote by (’),J:m the category of finitely generated IL*( Vir)

modules.

Theorem 4.2.17. Let k = * —2 be a nonintegral sI(2) admissible level. Then
L*(Vir) is rational [65] and Cy cofinite [28]. In particular, by 4.2.3, OI™ is a

modular tensor category. The modules
M =1L () (4.46)

are representatives for a complete list of isomorphism classes of irreducibles in
(’),fm, where we define:
(vr —us)? — (v —u)?

hys = 1<r<u-1, 1<s<wv-1 (4.47)
4ou

Fusion products are given by:

u—1 v—1
o Vir (r",s")
My B Mg = NG Mo g (4.48)
r'’=1s"=1
Definition 4.2.15. Denote by (’),}:ZE the full subcategory of O,{m whose objects

are direct sums of the modules M} .

Theorem 4.2.18. Let k = % —2 be a nonintegral sI(2) admissible level. Then
k

Ty

(9}:12 1s a rigid braided tensor subcategory of O,fm and the M; | are represen-

tatives for a complete list of isomorphism classes of irreducibles.

Proof. O,’:Z}j is a full subcategory of a modular tensor category, and closed

under direct sum, duals, and fusion products.
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Chapter 5

Constructing new vertex

algebras

It is generally quite difficult to find explicit examples of vertex superalgebras.
In order to obtain more exotic algebras than those already constructed, it is
desirable to have some means to construct new examples of vertex superalge-
bras from known ones. Here, I give an overview of some of these constructions,

and details relevant to study the representation theory of L'(D(2,1; —2)).

5.1 The coset construction

Definition 5.1.1. Suppose that we have vertex algebra V with vertex subalge-
bra W C V. We define the coset or commutant as:

Com(W,V)={veV|VmneZ, weW [Wim),vwn =0}

Note that [0) € Com(W, V), T preserves Com(W, V), and if v € Com(W,V),
then Y (v, z) preserves the subspace Com(W,V'). Then Com(W, V') is a vertex
subalgebra of V.

Theorem 5.1.1. [38/[4] Suppose that k = % —2 is an admissible level for s1(2),
and consider L*1(s1(2)) @ L' (s(2)) and the subalgebra 1L*(sl(2)) generated by

the diagonal action of g on the vacuum vector |0),—1 @& [0)1. Then
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e Forl satisfying
1 1
k2 112

we have the following isomorphism of conformal vertex algebras:

=1 (5.1)

L' (Vir) ~ Com(L*(sl(2)),LF1(s1(2)) ® L'(s[(2))) (5.2)

o L5(sl(2)) ® LY Vir) is a vertex subalgebra of L*"1(sl(2)) @ L*(sl(2))

o We have the following isomorphism of IL*(sl(2)) @ LY Vir) modules:

u—1
Ly oLy~ P LhyeM., (5.3)

r'’=1
" —r—r'—1 even

5.2 Hamiltonian reduction

In physics, we often run into theories with non-physical ‘gauge’ symmetries.
These redundant symmetries can be removed via Hamiltonian reduction, which,
can be realized for vertex superalgebras as a cohomology. We will only need

this construction in the simplest case of L*(sl(2)).

Definition 5.2.1. For affine vertez algebra IL*(s1(2)) and L*(s1(2)) module M,
consider the verter algebra Cp(s1(2)) = Lk(sl(2)) ® be, and Cp(sl(2)) module
Cr(M) = M ® be, each with additional charge gradation given by char b =
—char ¢ = 1. Define the odd field

(5.1)

The OPE Qs(z)Qs(w) is reqular at z = 0, so Q? © = 0. Then Cr(M) is a
complex with differential Q5 (). We denote the cohomology of (Cy(M), Qs (o))

as follows, and introduce in particular notation in the case M = 1LF(s[(2)):
Hy (M) Wi(sl(2)) = Ho(s1(2)) (5.2)
Wh(sl(2)) obtains the structure of a Z graded vertex algebra, called the YWW-algebra
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associated to s(2) at level k, and HY (M) is naturally a Wi(sl(2)) module.

Theorem 5.2.1. [35]/Suppose that k = * —2 is a non-integral admissible level

for sl(2). We have the following isomorphism of conformal vertex algebras:
Wh(s1(2)) ~ L*(Vir) (5.3)
and IL*(Vir) module isomorphisms:
Hl(c),s(‘CT,O) & Mﬁ,erl (5.4)

There is an appropriate sense in which tensoring by an affine Lie algebra
at level one commutes with Hamiltonian reduction. Applying this to the coset

result 5.1.1, we obtain the following theorem.

Theorem 5.2.2. [3] Suppose that k and | non-integral admissible levels for
L*(sl(2)) satisfying:
1 1
K2 ii2

Then we have the following isomorphism of conformal vertex algebras:

—1 (5.5)

u—1
L*1(Vir) ® L' (s(2))" ~ @ ME, @ M, (5.6)

r=1
r odd

and the following isomorphism as 1LF( Vir) @ LY( Vir) modules:

u—1
_ tw
ML~ @ MM, (5.7)

r=1
r—s—s'—p even

for p = 1,2, where by L'(s(2))"™ we mean the affine vertezx algebra of s1(2)
with Urod conformal structure, and by 511)70751” we mean the module L), ,, viewed

as an L' (s1(2))"™ module. See [3] for details.

Remark 5.2.3. The relations of 4.2.16 also give an isomorphism of conformal

vertex superalgebras
tw 1 1 tw 1 1 tw
be @ bc™ ~ L7 (s1(2)) ® L' (s1(2))™ @ Ly, ® L3 (5.8)
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We introduce the notation:

be®HM = be @ b (5.9)

5.3 Orbifolds

Definition 5.3.1. Suppose that V is an SVOA, and G is a subgroup of the
automorphism group of G. Then V¢ = {v € V|gv = v} has the structure of
an SVOA, called the orbifold.

Definition 5.3.2. Suppose that V is an SVOA. A simple current of V is a V
module J which is invertible with respect to the tensor product. That is, there
exists V- modules J~* with JX J 1~ V.

Theorem 5.3.1. [17][60] Suppose that V is a VOA with HLZ structure. Sup-
pose G is a finitely generated abelian subgroup of the automorphism group of

V', and V' decomposes as:

V=V, (5.1)

x€l

Where x € I are one dimensional representations of G, and

Vi ={v e Vigv= x(g)v}

Then the orbifold Vi = VY is a simple vertex subalgebra of V, and the V, are

simple currents for Vj.

5.4 Vertex algebra extensions

In many of the earlier sections, I have given the analogy of vertex superalgebras
as ‘almost commutative’ superalgebras. This perspective is most apparent
on the from their categories of modules, where many results of commutative
algebra have direct analogs for vertex superalgebras.

This machinery is key for the exploration of L'(D(2,1; «)) representation

theory. Since the Lie superalgebra D(2, 1; «) is itself an extension of 3 copies
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of sl(2), our goal is to realize L'(D(2,1; —2)) as an extension of 3 copies of
IL*(sl(2)) at appropriate levels.
We now define the notion of a superalgebra in a braided tensor category,

and explore how such an algebra is related to extensions of vertex algebras.

Definition 5.4.1. A superalgebra in the braided tensor category C is an object
A = (Ag, A7) in SC with even morphisms pp: ARKA — Aand 1y : 1 — Ain
SC satisfying:

1. Associativity: po(uX1la)oasaa = po(la®u) as morphisms AK (AKX
A) — A.

2. Supercommutativity 1o Ry 4 = p as morphisms AN A — A.
3. Unit: o (1a®1ly)o lgl = 14 as morphisms A — A.

Definition 5.4.2. Given a superalgebra A in C, define RepA to be the category
with objects (W, pw) where W € SC and puw : AW — W is an even

morphism satisfying:

1. Associativity: pw o (W™ 1y )oasaw = pw o (1a X uw) as morphisms
AR (ARW) —» W.

2. Unit: pyw o (ta® 1) o l;l,l = 1w as morphisms W — W.

RepA is a monoidal supercategory with tensor product X4 based on the con-
struction of [56], coming from the monoidal structure on C. See [19] section
2.3 for details.

Definition 5.4.3. Define Rep’ A to be the full subcategory of RepA consisting
of objects (W, uw ) satisfying:

/,,LWORW7AORA7W:[LWZAIXW—>W

Rep A is a braided monoidal supercategory with tensor product X 4, unit (A, ),

left unit isomorphism 1, right unit isomorphism r*

, associativity mophisms
a, and even braiding isomorphisms R*. See [19] section 2.6 for details. We

call this the KO braided tensor category structure on Rep’A.
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Definition 5.4.4.

o We call W € Rep® A a local or Neveu-Schwarz A module.

o W € RepA is said to Ramond if the double braiding acts as the parity

involution Ry a0 Raw = Pw.

Definition 5.4.5. The induction functor F : SC — RepA is given on objects
W e SC by:

FW)=ARW prw) = (L®lw)oasaw (5.1)
and on morphisms f € Homsc(Wy, Ws) by

F(f)=1aRf (5.2)

F is a tensor functor [56, 19].

Definition 5.4.6. We let SCV denote the full subcategory of objects in SC that
induce to Rep®A.

Proposition 5.4.1 ([19] proposition 2.65). For M € SC, M € SC° if and
only if Rayrao Ray = lagnm -

Theorem 5.4.2 ([19] theorem 2.67). SC° is an F-linear braided monoidal

supercategory with structures induced from those on SC, and induction defines
a braided tensor functor F : SC° — Rep"A.

Definition 5.4.7. The restriction functor G : RepA — SC is given for objects

(W, pw) and morphism [ by:
(W, pw) = W f=f (5.3)

When SC is a category of modules for some vertex algebra V and it is not

otherwise clear from context, we will denote G by Gy .

Lemma 5.4.3 ([29] lemma 7.8.12). Induction is left adjoint to restriction.
That is for M € SC and W € RepA there is natural isomorphism

Hompepa(F (M), W) >~ Homse(M,G(W)) (5.4)
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called Frobenius reciprocity.

This gives the necessary categorical notions for extension. The following
theorems give the relationship between a superalgebra A in a category C of V/
modules, a vertex superalgebra extension of V', and the two natural braided
tensor category stuctures on Rep’A, coming from the ‘categorical side’ (the
KO structure) and the ‘vertex algebra side’ (the HLZ structure).

Remark 5.4.4. For the following theorems, suppose that V is a Z graded
vertex operator algebra, and C is an abelian category of V. modules with ver-
tex tensor category (and hence braided tensor category) structure of [41]-[48],

which we call the HLZ braided tensor category structure.

Theorem 5.4.5. [40, 15] Vertex operator superalgebra extensions A of V' in
C such that V' C Ay are precisely superalgebras (A, p,14) in the braided tensor
category C which satisfy:

1. 14 15 tnjective.
2. Ais %Z—gmded by conformal weights: 0% = 1,4 where 0,4 = e*™ L4,
3. 1 has no monodromy: o (04X 6b4) =040 p.

Theorem 5.4.6. Suppose that C is a category of grading-restricted generalized
V' modules, and suppose that W is a vertex superalgebra extension of V' such

that V- C Wy, with corresponding superalgebra object A € C. Then:

1. Rep®A is the category of grading-restricted generalized W -modules in C.
[40, 15]

2. Rep® A has HLZ braided tensor category structure, and this is isomorphic
to the KO monoidal tensor category structure introduced in 5.4.3. [19]

Finally, for the study of representation theory, we will need sufficient con-

ditions for an induced module to be simple.
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Proposition 5.4.7. [19] Let A be a simple vertex operator superalgebra ex-

tension of simple vertex algebra V with V C Ay and

A:@Ai

iel
Suppose that M is a simple V' module. If
1. Each A; is a simple V. module.
2. Each nonzero A; Ry M is simple.
3. ARy M #£ A; Ry M for i # j.
Then F(M) is a simple object in RepA.

This leads us to the first example of vertex algebra extension: the lattice

vertex algebras.

Example 5.4.8. Let L be a finite rank integral lattice with symmetric bilinear

form (-,-), and mwy the Heisenberg vertex algebra associated to the lattice L.

1. Define:
Vi = @WL()\) (5.5)

AEL

2. Define p: Vy R Vy, — Vi such that:
flm, oz ) * TL(A) K (v) = Vi

is given by the isomorphism 7, (A\) N7 (v) — (A +v).
3. Define vy, : m, — VI, to be the natural inclusion, noting that wr, ~ w1, (0).

It is clear that vy, is injective, and each w1, (N) is 3Z graded since (\, \)/2 € L.

Finally,

Drvden) _ QN )
2 2 2

So po (8y, Kby,) = 6y, opu. Then Vi, is a conformal vertex superalgebra

extension of 7y, called the lattice vertex algebra associated to L.
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For our purposes, we will make use of a ‘half lattice’ vertex algebra, con-
structed again as an extension of a Heisenberg vertex algebra associated to a

lattice, but in this case, extended only along one direction in the lattice.

Example 5.4.9. Consider the lattice L generated by c,d with symmetric bi-

linear form
(e,d) =2 (c,c) =(d,d)y =0 (5.6)

with h = C®z L and 7, the Heisenberg vertex algebra associated to this lattice.

We define new conformal vector:

1 1 k
W= (50(—1)‘1(—1) —5de-2 + ZC(‘2)> 0) (5.7)

with central charge ¢ = 6k 4+ 4, and in the following, the conformal structure
on 7y, is given by this w. Identify X € b with (\,-) € h*.
1. Define:
11*(0) = @5 w1 (nc) (5.8)

nez

2. Define p : TIF(0) X IT¥(0) — I1%(0) such that:
M|7TL(nc)IZ7rL(mc) : 7TL(’I'LC) X 7TL(m6> — Hk(O)

is given by the isormorphism 7p(nc) W 7 (me) = mr((n +m)c).

3. Define tywy = 7 — I1%(0) to be the natural inclusion, noting that mp, ~
WL(O) .
It is clear that the inclusion is injective. Note that Lo|nc) = n|nc), so the

twist on 11%(0) is trivial, and pu has no monodromy. Then 11¥(0) is a Z graded

conformal vertex algebra extensions of mry,.

Proposition 5.4.10. Define the Heisenberg field h = §c+d. Then (c,h) = 2,
(d,h) =k and (h,h) = 2k. For everyr € Z and X\ € C, the induced 11%(0)

module:
A

() = F (m (50 + %h)) (5.9)
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Whose restriction as to a w, module decomposes as:
k A t
Gy (A) = @WL nc+ 5¢ + §h (5.10)
nez

is an irreducible T1(0) module on which c( acts as tId [1], and conformal

weights are:

Ak
t+1)s+—+7Z
(t+1)5+5+
Proof. Note that
1 k 1
Lo = —=di — — — e di_n
0= 5%0) 4C(o>+2n§€2: C(n)(=n)

where the normal order product of modes is defined as the composition with
positive modes on the right. In particular

A t Atk

4

Aen by
nc 20 9

and deg ¢,y = degd(,) = —n. The conformal weight claim follows.

Example 5.4.11. Consider the vertex algebra By = L' (s1(2))®I1(0)®L! (s1(2)).
Define odd module By = L3, ® 1 (g)(1) ® L3y, and notice that B,® By ~ By

1. Define:
B=By& B,

2. Define u: BX B — B such that:
/L|Ba|g3b . Ba X Bb — B

is given by the isomorphism B, X By ~ B .
3. Define tg : By — B to be the inclusion.

It is clear that the inclusion is injective. The twist Op, is (—1)*. Then 0p, K
0p, = (_1)a+b = 0p

By, and hence monodromy free. Then B is a %Z graded conformal vertex

iy SO 18 monodromy free on the restriction to B, X
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superalgebra extension of By. We introduce the following notation for induced

modules:
Bfy(Aia,b) = F(Ly o @I (A + k) @ Ly ) (5.11)

Whose restriction to a By module decomposes as:
Loo @Gy A+ k)@ Lo @ Loy o @ yA+E+1) @ Ly (512)
Theorem 5.4.12. [9] Let k = % — 2 and | = =Y — 2 be admissible levels

for s1(2). Then L*(osp(1]2)) is a L*(sl(2)) @ LI( Vir) extension with branching

rule;

F(osp(1]2)) @c o oML, (5.13)

Let w be the fundamental weight of osp(1|2). Then:
G(L*(sw) @ﬁ oM, (5.14)

Theorem 5.4.13. [18] Let k = % — 2 be an admissible level for (2), and
suppose that we have irreducible, lower bounded relaxed highest weight module
M for L*(osp(1]2)). Then:

g]Lk(S[( ®Ll VZT‘ @ N)\ Ar sq1 ® M'lf' ,52 (515)

For some labels N, X as in the table of 4.2.15 with s; € {1,...,v — 1}, s9 €
{1,...,2u — v}.

Theorem 5.4.14. [16] Suppose that V is a VOA with HLZ braided tensor
category structure. Suppose that J is an order 2 simple current. If Ry; = 1,
then V & J has the structure of a vertex algebra, and if Ry; = —1, then V& J

has the structure of a vertex superalgebra, with:
Vedy=V Vaed)r=J (5.16)
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Proposition 5.4.15. The Majorana free fermion is a simple current extension

of L’g( Vir), by order 2 simple current, with

_5
F=1L"1(Vir)® My}

5
Fy =L"%(Vir) Fr=M,} (5.17)

)

Then the category

Repsin (F)
has HLZ vertex tensor category structure. By 5.4.14, we have Rp. p. = —1.
1

27
F is a module for L2 (Vir) = L=%(Vir) module. Since Of™ is semisimple, we

Proof. Recall that the conformal structure in F has central charge ¢ = =, so
need only confirm which representations M, s appear.

WV has weight % in F, and ¢_1)|0) has minimal half-integer degree. Since
each mode Ly, is homogenous of integer degree, we conclude that 1(_1y|0) is
a highest weight vector for L_%(Vir) of weight % = ha1. Then Mg, is a
summand of F.

We note that —g +2= %, sou=3, v=4, and NZ(Z)’W =01, Nl(i),’ "
or,r", so that M;lg is indeed an order 2 simple current.

F is generated by v, and we can confirm using the commutation relations
if modes 1, and L, that ]L_%( Vir) & M;li 15 closed under the action of 1.
The result follows.

5.5 Gluing

In our case, we will make use of a particular kind of extension, obtained using
by ‘gluing together’ modules of two other vertex algebras, each in equivalent
categories with reversed braiding. A converse also holds: if such a gluing is an
extension, then there is also a braid reversed equivalence of categories.

We shall see that manipulating the two extensions of this form given

in 5.3 and 5.7 using this machinery will give us the desired realization of
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LY(D(2,1;—-3)).
Theorem 5.5.1. [20] Suppose that

e U and V are conformal vertex superalgebras.

e U and V are locally finite abelian categories of modules for U and V

respectively, with HLZ braided tensor category structure.
o U is semusimple.

e V s closed under submodules and quotients.

Define (U @ V) to be the full subcategory of U @ V' modules whose objects are
isomorphic to direct sums of M @ N with M € U and N € V. Then (U R V)
admits HLZ vertex tensor category structure and is braided tensor equivalent
to the Deligne product Y ® V.

This theorem confirms that under certain finiteness and closure conditions,
we can work with the HLZ structure over a product of vertex superalgebras just
as we would expect. In particular, the categories O™ and L*(sl(2))-wtmod

satisfy these conditions.

Remark 5.5.2. For theorems 5.5.3 and 5.5.9, suppose that U,V are rigid,
locally finite module categories for self-dual vertex operator algebras, U,V re-
spectively, that admit HLZ vertex tensor category structure as in [41]-[48].

Suppose that U is semisimple with {U;};c; representatives of equivalence
classes of simple modules in U, with Uy = U.

Suppose V s closed under submodules and quotients.

Theorem 5.5.3. [20] Suppose that U,V are ribbon categories satisfying 5.5.2

and

A=PueV,

8 a %Z graded conformal vertex algebra extension of U @ V', such that V; € V
satisfy dim Homy(V, V;) = 0,0, and there is a partition I = Iy U Iy such that:

i€l neL+z
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Define V to be the full subcategory of V whose objects are isomorphic to direct
sums of the V;. Then:

1. 'V is a ribbon subcategory of V with distinct irreducible objects {V;}icr.

2. There is braid-reversed tensor equivalence 7 : U — V such that 7(U;) ~

Vr.

(2

We are now prepared to make use of the relations of 5.3 and 5.7 to construct

braid-reversed and braided equivalences necessary for later constructions.

Remark 5.5.4. In the following, let k,l be non-integral admissible levels for
sl(2)

kt2=" [+2=" (5.1)
v w

With w = v +w. In particular, we have:

1 n 1 _v+w
E+2 1+2  w

=1 (5.2)
so that the relations 5.8 and 5.7 are satisfied. We establish the notation:
KLy = LF(s1(2))-wtmodg . (5.3)
For modules M, indexed by r € {1,...,p} and s € Z, we use the notation:
M; = M, re{l, .. p} r=s modp (5.4)

Lemma 5.5.5. Suppose that k,l are admissible levels for sl(2) satisfying the

conditions in 5.5.4. Then there exists braid reversed equivalence:

7KL, — O/ @ KL 0" (5.5)
4
such that:

Tl(ﬁf,o) = (Mi«l ® E%,o ® Fm)* (5.6)
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where (’)fm ® KLy @ O is the full rigid braided tensor subcategory of Ofm
1

KL ® (’)f + whose objects are isomorphic to direct sums of the M! r1® E}ﬂo ®
4
F,,.,+1-

Lemma 5.5.6. Suppose that k,l are admissible levels for sl(2) satisfying the

conditions in 5.5.4. Then there exists braid reversed equivalence:

7O = KLi® KL ® 077 (5.7)
4

Such that:

7'2(Mf,1) = (ﬁi,o ® 571«,0 ® Fo)” (5.8)

where KL @ KL; ® (’)ﬁ? 15 the full rigid braided tensor subcategory of K L;®

KLi@O™ whose objects are isomorphic to direct sums of the L. | @ LL @ Frry.
4

Proof (Lemmas 5.5.5 and 5.5.6). Recall the relations from 4.2.16. We obtain
L (s1(2) @ bc®* @ F ~ L (s1(2)) @ (L1, @ L1 D Ly ® L) @ F  (5.9)

We look at the even vertex subalgebra of this. By 5.3

(LF1(s1(2)) @ bc®?* @ F)g ~ L*(s1(2)) ® (£}0®£ 0OF® Ly R Ly ® Fy)

—1
2@ Ly M ® L, ®Fo @ Lroo MLl ® Fr (5.10)

r odd r even

This gives 3Z-graded vertex algebra extension for L*(sl(2)) ® L Vir) @
L'(sl(2)) ® Fy

By 4.2.9, KLy 1s a semisimple ribbon category, with simple objects El:,o for
re{l,..,u—1}

By 4.2.9, KL, is a semisimple ribbon category with simple objects 571“,0 for
r € {1,2}, respectively.

By 4.2.3, the (’)lfm 18 a modular tensor category with simple objects J\/llr’1
forre{l,..,u—1}.

By 4.2.3, Of’g 18 a modular tensor category.
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Then the category O @ K Ly @ 07" of modules for LY Vir) QL (sl(2))® F;
18 a ribbon category with ./\/lfﬂ ® [,%70 ®4Fm satisfying homspace conditions by
simplicity.

The category Kl @ K L1 @ O of modules for L*(s1(2)) @ L(sl(2)) @ Fy
s a ribbon category with £§,1 ® E%jll ® Fio7 satisfying homspace conditions by
simplicity.

Since conformal weights of any two vectors in L @M @ LL @ Fryy differ
by integer, it is clear that we can pick a partition of the labels r into Z graded
and 7 + % graded portions. Then both results follows from 5.5.3, although we

note that the roles of k and | are exchanged in the second equivalence.

Lemma 5.5.7. Suppose that k.l are admissible levels for sl(2) satisfying the

conditions in 5.5.4. Then there exists braid reversed equivalence:

7Ol = Of" @ KL, ® O (5.11)
4

such that:
T3<Mf,1) = (Mil ® E%,o ® Fogy)” (5.12)

Proof. Recall the relations 4.2.16
LY (Vir) @b @ F ~ LF( Vz'r)®(£i0®£%70tw@£§70®£§70tw)®F (5.13)

We look at the even vertex subalgebra of this. By 5.7, setting s = s =1

(L L(Vir)@bc®* W @ F)g ~ LN (Vin @ (L1 ,0LL ) @ Fy® L1 0 L3, " 0 Fy)

u—1 u—1
~PMoM Ll @ ke P MLieM, L, e (5.14)
=1 r=1
r odd r even

This gives 37Z-graded vertez algebra extension for L*( Vir)@L!( Vir)@L (s[(2))®
Fs.

By 4.2.3, the O/:m 18 a modular tensor category with irreducible objects
M’jJ for r € {1,..,u — 1}, and all other relevant categories are as in the

previous lemmas.
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Since conformal weights of any two vectors in M, @ ML @ LL & Fy differ
by integer, it is clear that we can pick a partition of the labels r into Z graded
and 7, + % graded portions. The result then follows from theorem 5.5.5.

Proposition 5.5.8. Suppose that k is a non-integral admissible level for s((2).

Then there is braided equivalence:
e KLy, — Of} (5.15)

such that:
Mk(ﬁﬁ,o) = Mﬁ,l (5.16)

Proof. Suppose that k is an admissible level. Then [ satisfying k+r2 + 1%2 =1

is also a non-integral admissible level for sl(2). Let 1 and 75 be as in 5.5.5

and 5.5.7, respectively. Then
pe =15 " or : KLy — O (5.17)

1s a braided equivalence satisfying the conditions of the proposition.

Now that we have obtained the necessary braid-reversed and braided equiv-
alences, we present the result needed to use them in construction of an exten-
sion of L*(sl(2)) ® L!(sl(2) @ L'(s[(2)).

Theorem 5.5.9. [20] Suppose that U,V satisfy 5.5.2, and 7 : U — V is a

braid-reversed tensor equivalence with twists satisfying 0.,y = :i:T(Ql}il). Then

1.
A=Pu; ey

iel
15 a stmple %Z graded conformal vertezx algebra extension of U @ V.

2. The multiplication rules of A satisfy M&’“STT(%’;Z*U@T(UJ_)* =1 << U,

occurs as a submodule of U; ® Uj.

Remark 5.5.10. We introduce the notation
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In the following, we denote by Apn,in(N) the minimal conformal weight of vec-
tors in sVOA module N, when it exists.
Each L, has highest weight vector [Ano) = |AEg) @ |ALg) @ [ALo), which is

of minimal conformal weight in L,. Then:

P11 1 ?-1 -1 -1
12 4 12

Apin(Ly) = = 1
Where we define:

0 r s even

_ {1 r s odd
r =

Note that A (L) € Z, so each L, is 7 graded.

Lemma 5.5.11. Suppose that k,l are admissible levels for sl(2) satisfying the
conditions in 5.5.4. Then

u—1 u—1
A=PriyeLlyeLlr,=PL (5.20)
r=1 r=1

is a simple vertex superalgebra extension of L; = LF(sl(2)) @ LY(sl(2)) ®
L(s1(2)) with:

u—1 u—1
A45=EP L, A= P L. (5.21)
r=1 r=1

r odd r even

Proof. Let py be as in 5.5.8 and 15 be as in 5.5.6. Then

oy KL, — KL ® KL @ 077 (5.22)
4
1s a braid reversed equivalence such that
T2 © Hk(ﬁf,o) = (Ei,o ® qun,o ® Frr)® (5.23)

The twist condition of 5.5.9 1s satisfied since the conformal weights 5.19 are

integer, and conformal weights of Foo are half integer. Then we get vertex
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algebra extension
A @ Ar@ Fr (5.24)

of Li®Fy. This has Zy action given by the Zq action on F', where the nontrivial
automorphism acts on A @ Fy as id and on Ay ® Fy as —id. The orbifold
Ay ® Fy is a vertex algebra extension of Ly ® Fy, and by 5.5.1 A7 ® Fy is an
order 2 simple current for Ag® Fg. Since Ag® Fy® A7 ® Fy is an (even) vertex
algebra, we conclude that id = Ra_gr a-or by 5.4.14.

We take the Fy coset. Noting that Com(Fg, Fy) ~ C|0), we have

L1 ~ C’om(Fg, L1 (029 F@) C COm(Fa, Aa (29 Fﬁ) ~ A@

Finally, Ay ~ A7 ®10) is an Ay submodule, and an order 2 simple current. By
5.5.1 we have:

Ra A ® (—idp) = Raa, @ Rp p- = Raor Aer = id

Then Ra a. = —id, and by 5.4.14, A = A5 ® Az is a verter superalgebra
extension of Ay with odd part As.

Theorem 5.5.12. Suppose that k,l are admissible levels for sl(2) satisfying
the conditions in 5.5.4. Then we have the following isomorphism as L*(s((2))®
L!(sl(2)) ® L'(sl(2)) modules:

LY(D(2,1; —%)) ~ UG_BLT — A (5.25)

Proof. We begin by identifying weight one wvectors for A. We note that
Apin(Ly) is always an integer, so A is integer graded. We obtain A, (L1) =
0, Apin(L2) = 1, and for r > 2, we have A, (L,) > 1. Note the fusion

product is as follows forr # 1,u — 1

LyRL ~ P L 0@Lh,0® L, (5.26)

i1,i2==%1
Then every L, appears as a summand in the fusion product of Lo with itself
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sufficiently many times.

Pick m,n € N such that L, (resp. L;) appears as a summand in L5 (resp.
L5™). Then L,RL; appears as a summand in Ly™ ™. Leti: L, L; — L5

be the inclusion, and 7 : L™ — L, X L; be the projection.

Let Y : A® A — Al[z]] be the vertex operator on A. Then Y|, er, is

A
Ly L;

product, there exists morphism ¢ : L5™™ — A such that the following diagram

an intertwiner of type ( ) Then by universal property of P(1) tensor

commutes:
gom  —
[ ;Em—i—n A

10X
T YiL,or,

L ®L;

Then A is weakly generated by Lo, and certainly it is weakly generated by
L& Ly. But Ly is strongly generated by the vacuum and its weight one vectors,
and Lo is strongly generated by its top level, which is also weight 1. Then A

1s strongly generated by its vacuum and weight one subspace.

Then A must be an affine vertexr superalgebra A ~ 1LY(g) for some Lie

superalgebra g, and g must be simple by simplicity of A.

We recall that the summand L, is even for odd r and odd for evenr. By our
earlier computation, all even weight one vectors fall in Ly and all odd weight
one vectors fall in Ly. But 0 modes of weight one vectors in Ly transform as
sl(2) ®sl(2) ®sl(2), and 0 modes of the top level of Ly transform in the tensor
of 3 copies of the standard representation st ® st ® st.

By the classification of simple Lie superalgberas [49], we conclude that g =
D(2,1;«) for some «, and A ~ LY(D(2,1;«)). We need only confirm the
parameters v and o. Comparing relations from LV (D(2, 1; ) with those from
the subalgebra L' (s((2)):

00 (2 — w) = [K3(2), h*(w)] = &iawa(z —w) (5.27)
3
So we conclude that v = az = 1. Finally, comparing relations from LY (D(2, 1; «)
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with those from the subalgebra 1LF(s[(2)):

kO (z — w) = [A(2), B2(w)] = ~ (= — w) (5.28)

aq

Recalling that

We conclude that —a™' —1 = a;' = k, so that o = _k:+r1'

k;:”Tw—Qz%—l, we prefer to write this as a = —
w

5.6 Irreducible modules for L'(D(2,1; %))

We are finally prepared to use the machinery introduced in section 5.4 in our
construction and classification of irreducible modules for L'(D(2,1; —%)). We
begin by putting restrictions on labels that may appear for inclusions of I,
modules in L'(D(2, 1; —2)) modules.

Lemma 5.6.1. Suppose that M is an irreducible L' (D(2, 1, —2)) module and
that M is a nontrivial irreducible Ly module with Ly morphism M — G(M).
Then M has the form

M= Utl(L];l,A ) ® UtQ(Niz,A ® ﬁzla,o

71,51 7"2v52)

with p € {1,2}, N, L € {£,D%,E} and ry € {ri,u —1r}.

Proof. We first note that all irreducible modules for Ly have the appropri-
ate form, and we need only confirm the restriction on the parameters ri,rs.
Consider first the case that all (3v0)) acts trivially on M.

eloy = 56+ + )0, ¥+~ o) (5.1)
foy = _%W(— ++) ), U(= = =)o) (5.2)
h%o) = [6%0)7 f(lo)] (5.3)

and similarly fori = 2,3. Then all of the generating 0 modes in Ly act trivially
on M, so M =0, a contradiction.

Consider the case that not all of the zero modes V(B7v6) () act trivially on
M. Pick ¥ (Bv6) and m € M such that (5v0)ym # 0. The module map
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Yy (-, 2) induces intertwining operator Y of type (EZ(MN)[) By universal property,

there exists morphism

¢ Ly®y, M — G(M) Y=¢oYmu (5.4)

By nontriviality:
0 # (By6)fym = pv(B0) @™ 'm

w(ﬁvé)%’)&M and is homogenous of degree 0. Note also Ly ®p, M ~ @le M
where M; are indecomposable or trivial. Noting that indecomposable Li mod-

ules are Z + q graded for some q € C, we have
A(M) = A(m) = A((By6)@*"'m) = A(M;)  mod Z (5.5)

for some v = 1,..,4 with M; nontrivial. We recall the fusion products in
4.2.15 and treat the cases r = 1,u — 1 cases uniformly with the others, since
the absence of a second module in fusion in these cases puts stronger conformal
weight restrictions on our parameters than the r = 2,...,u — 2 case, which we
will see is already sufficient. We define the relevant quantity for our conformal

weight condition:

Vips(i) = A0 (M3, ) = A(0" (M3 a,..,))

1 1 1 1
- Ar,s + Et)\ + ZtQk - Ar—l—i,s - §t()\ + ’L) — —tzk’

4
2ir +1i% (s —t)
S 5.6
4(k +2) L (5.6)
The conformal weight condition 5.5 reduces to

_urw + 12Tw X i1(s1 — t1) +ia(sy — ta) . 1 4=
2u 2 4 4

= Vfl,rl,.ﬁ (Zl) + ytlQ,T’Q,SQ(i2) + A(‘Cig,O) - A(‘agﬁ,o) €L (57)

for some iy, iy = %1, where we note that A(L}, o) — A(Erl,gﬁ@) = +1 and
2

i? = i3 = 1. Note that the contribution in blue is always a half integer, so 5.7
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implies the necessary condition:

(VP . V4w, 1171V + 1979w
— (a1 —d9m2) + ity = ——22_ €7, (5.8)
U U U

By coprimeness of u and v, this is equivalent to 1171 — 191y € uZ. Since

r1,79 € {1,...,u — 1}, we conclude that ro € {ri,u —r1}. The result follows.

The simple forms of fusion products for modules labeled by 1 or u — 1
suggests that we should begin here in our classification. We confirm that

modules induced in this way are simple.

Lemma 5.6.2. The induction F(M) is simple in RepA when M is an L,
module of the form:

M =o"(L5 A, ) ® 0% (N5,,,.,) ® Lo (5.9)

S1

with 1,79 € {1,u — 1}, and labels L, N, A\, Ao, Ay, 1 Dy s, @S in the table of
4.2.15.

Proof. A = @Zf;ll L, is a simple vertex superalgebra extension of Ly, each L,
1s simple, and M is a simple Ly module. Considering first the case with labels

ry =1y =1, we have
LT IZ’Ll M = Utl (Ll)C\l—i—r—l;Ar,sl) ® O-tz(Ng\g—i-r—l;Ar’Q) ® Ezﬁ,[) (510)

are distinct simple Ly modules. Then by 5.4.7, we find that F (M) is a simple
A module. The other cases follow similarly, noting that N(I;) e

r,r! rau—r!

We will need to introduce more machinery to confirm that modules with
these labels do indeed appear as L;-summands in irreducible L'(D(2,1; — %))

modules.

Lemma 5.6.3. Let k = % —2 and | = % — 2 be admissible levels for sl(2).
Then we have the following isomorphism as L (0sp(1|2)) @ L1 (s1(2)) modules

v+w—+1

LYD(2.1: —2)) ~ L* L1 11
( ( ’ w)) @ (rw)®£r,0 (5 )
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Proof. We first note

1 _ 1 _u
[+9 [+24+1 2u—vw

The result follows by applying 5.1.1 and 5.4.12.

u—1
v
LYD2,1;—) ~EP Lk oL, oL
( (7 ’ w)) @ r,0® r,0® 7,0

r=1
u—1 utw—+1 _ u+w—+1
k +1 l ko I+1
~P P checiioM.,, ~ P Lew oLl (512
r=1 r'=1 r’=1
r" odd

Proposition 5.6.4. Consider Ly module of the form

M =0"(L}a,,) ® 02 (Nya,,.,) ® Ly (5.13)

79,59

for labels L, N, Ay, Ao, Ay s, Ay sy as in the table of 4.2.15, p = 1,2 and ry €
{1,u—1}.
Then the induction F(M) is a local A module if and only if ro = 1 and

p=ti+8 +ta+s3+1 mod 2Z (5.14)

The induction F(M) is a Ramond twisted A modules if and only if ro =1

and

P = t1+ 51+t + 59 mod 27 (515)

Proof. We recall the following special case of the fusion products 4.28:

Lrgx Lo~ L1 (5.16)

p,0 — ~p+r—1,0

M induces to a local module iff Ryyao Rar = 1. A is integer graded so it has

trivial twist. The twist on M is given by a constant >4

. Balancing then
gives

Ouors = Rasao Ranro (04 ®@0y) =™ 2MPRy 1o Ry
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Each of the summands of L, @ M 1is also irreducible so

2miA(Lr@M)

9A®M L.@M = €

We conclude that A ® M s local if and only if A(L, @ M) = A(M) mod Z
forallr =1,..,u—1, or equivalently A(L,41 ® M) — A(L, ® M) € Z since
Ly @ M ~ M. We define the quantity

Vf,r,s = A(O-t(Mf—l—r,ArJrlys)) - A(O-t(M)l\g—i—r—l,AnS))

= A1+ %t(/\ +7) + %t% — A, — %t(/\ +r—1)— it%
_ _4?]: i ; + %(t — 9 (5.17)
Noting that
Ao = Alpy =224 1 mod z

The locality condition for the module induced from module of the form 5.13

with ro = 1 reduces to:

k l
Vi s + Vo150 + Aiﬂo,O - A71"—i-p—1,0
2r+1 t1 — 81+ T2 — S r+p 1
= — - d Z
T 2 p tg o me

1
:§(t1—51+t2—52—p—|—1) €7 (518)

We note that bosonic states correspond to odd r and fermionic states to even

r. Then the induction is Ramond twisted when

1 1
1/75177‘751+V£27T782+Aifp,0_A1{ﬂlﬁ,0 = §(t1—81 +t2—82—p—|—1) - Z—|—§ (519)

Similarly, the locality condition for modules induced from 5.13 with ro = u—1
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reduces to:

k

l 1 1
V1 ris1 + Vs u—r,s2 + AW,O - AT+p71,O
2(u—2r) 1
= ——= + —(t1 — tog — S9 — 1 d Z
4(l+2)+2(1 s1+ty— sy —p+1) mo
1 rw 1
= §w— ?—f—é(tl —Sl+t2—82—p+1> € 7 (520)

forallr=1,...,u—1, and similarly, the Ramond condition reduces to

1 rw 1 1

—w——+4+ =(t; — ty — So — HeZ+ - 5.21

5 W u+2(1 sitta—sy—p+1)€ +2 (5.21)
In particular, fizing r =1, these conditions can hold only if % € %Z. Then by
coprimeness of w and u, we conclude u = 2, so ro =u — 1 = 1. This case is

exhausted by the first case ro = 1.

Theorem 5.6.5. Let k == —2 and [ = > — 2 be admissible levels for sl(2).
Suppose that M is an L'(D(2,1; —2)) module, with M € L'(D(2,1;—-2))-

wtmodsq or lower bounded and Ramond. Then
M~F (L];lyAl,sl ® N>l\2,A1,sg ® ‘C113,0>

for some p € {1,2} and for some labels L, N, A1, Ao, A1 5,, A1 s, as in the table
of 4.2.15.

Proof. M € LY(D(2,1;—%))-wtmodso (resp. M is lower bounded and Ra-
mond) for L'(D(2,1;—2)). We consider its restriction to a L*(0sp(1|2)) ®
LAY (s1(2)) module. Then

GLk (osp(12))@ L+ (s1(2)) (M) = @ M;

el

Where M; are nontrivial indecomposable 1.*(0sp(1]2)) @ L™ (s1(2)) modules.
Fiz i, and pick an irreducible L*(osp(1]2)) @ L™*Y(s1(2)) module ME, & ML

osp

with nontrivial morphism ME, ® MY — M;. Since L*1(s1(2)) is even, we

conclude that ME  is local (resp. Ramond twisted). We consider the further

osp
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restriction of MY, as a LF(sl(2)) ® LY Vir) module. By 5.4.13 we see that

u=1
E Y~ k 7
GrranentovinMaw) = D Ma,.., © My,
r=1

for some N € {L,D*,E}. Then:
u—1 _
gM(a[(Q))@LHl(sr(z))fo(wr)(Mfsp ® My) = EB Nf;A,.,s ® My © M,
r=1

Since the isomorphism giving the decomposition of L*(s1(2)®L!(s[(2))®L (s(2))
modules as LF(sl(2) QL™ (s1(2)) QLY Vir) modules does not affect the L*(sl(2))
factor, G, (M) must have summand of the form

M = Nfl;Al,Sl ® Mg\2§Ar2,52 ® Lézo
By 5.6.1 we conclude that ro € {1,u— 1} since M is irreducible. By 5.6.4, we
conclude that ro =1 and p = 1+ so + 1 (resp. p+ s1 + sa) since M is local

(resp. Ramond twisted). M is not necessarily irreducible, since N ALA, . May

7,8

have the form &, ..a,.,, and similarly for L. But in this case, we may pick

r,87

irreducible M’ with the same 1,19 labels and inclusion M’ — M. Then there

18 nontrivial L1 morphism
M/ — ng (M)

By Frobenius reciprocity, there is L'(D(2,1; —2)) morphism.:
F(M')y — M

By 5.6.2, F(M') is irreducible, and we conclude that M ~ F(M') by Schur’s

lemma.
For L, module M of the form

M = Utl(Llf\,Ale) ® UtQ(N,l\,ALSQ) ® L1

RETeR e (5.22)

for labels b € {0,1}, L, N, A\, Ao, Ay 5, Ay s, as in the table of 4.2.15, we intro-
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duce notation for the induced module:
(L’ N)‘t£3117,t/\21782,)\2,b = ‘F<M) (523)

Whose restriction to an L; module takes the form:

u—1
@ o" (L§1+r71;AT,SI) ® UtZ(Niﬁrq;Amz) ® E;mp (5.24)
r=1

For p =51+ s9 +to + 1o+ 1.

Theorem 5.6.6. A complete list of representatives for isomorphism classes of

irreducible modules in L' (D(2,1; —L)-wtmodso (resp. Ramond twisted lower
bounded modules for LY(D(2,1; —2)) is given by

w

(L7 N)(S);(,))Q,SQ,)\Q,I)
for labels L, N, sy, A1, S2, Ao as in the table 4.2.15 and b = 0 (resp. b =1 for

Ramond twisted). These are non-isomorphic for distinct labels.

Proof. Suppose that M’ is irreducible in L' (D(2, 1; —%))-wtmodsq (resp. Ra-
mond twisted and lower bounded), By 5.6.5, M' ~ (L>N)2f,\1,sz,>\2,b for labels
L, N, )\, Xy as in the table of 4.2.15. By 5.6.4, b =0 (resp. b =1 for Ramond
twisted).

As Ly modules, by 5.24, G ((L,N)gf,\l,@,x\z’b) share no direct summands

for distinct labels. Then the (L, N>(s)f>\1,52,>\2,b are non-isomorphic for distinct
labels.
This completes the classification of irreducibles in L' (D(2, 1; —£))-wtmod>,

as well as Ramond twisted lower bounded modules.

We expect that some analog of 3.5.2 should hold for Lie superalgebras,
which would also complete the classification for irreducibles in L' (D(2, 1; —2))-
wtmod and the Ramond sector. These should take the form (L, N )211’7’&/\21752,/\271)
with b = 0 for local and b = 1 for Ramond twisted. I have already demon-

strated that these are irreducible.
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Chapter 6

Characters and modular

transformations

Definition 6.0.1. In the following section, we use the following notation for

the delta distribution and the Dedekind eta function (respectively):

[e.e]

1

0(z)=> =" n(q) =g [J(1—q") (6.1)
neZ n=1

We can now introduce the notion of characters for vertex algebra modules.

For superalgebras, however, the invariant form does not come from a trace,

but the supertrace. Then we must introduce a notion of character constructed

in this way also, and notation to distinguish our two notions of character.

Definition 6.0.2. Suppose that V is a vertex superalgebra, and M is a V
module graded by Ly, h%o)’ e h?o) eigenvalues. Then the supercharacter of M

18!

ch™ [M] = strapq o212, .. 2, (6.2)
and the character of M is:
- Lo—5 Mo (o)
ch™[M] = tryq™° 212" .. 2y (6.3)

When V' is an even vertex algebra and M 1is even, these two notions coincide
and we shall denote them just by ch[M].
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Proposition 6.0.1. [62/ Let k = % — 2 be an admissible level for sl(2). Then

the L*(Vir) modules M% , have characters given by:

ch[./\/lffs] = _(1 ) Z |:q(2uvn+vr—us)2/4uv . q(2uvn+vr+us)2/4m; (64)
’ ng

JET

Proposition 6.0.2. For A € C, the 11*(0) modules H’("’t)()\) have characters

gien by:

Ak (+1)?
SRt (t+1) 257+ k5(22qt+1)

q

chllliy(M)](z,q) = (6.5)

n(q)?

Proof. The Heisenberg field h was introduced with (h,c) =2, (h,d) =k, and
(h,h) = 2k. The mode hy commutes with all modes d(,y and cqy. Then on
M = 7y (nc+ %c+ %h) ho acts as 2n + X\ + tk. Along with the conformal

weight calculations in 5.4.10, we have

2
Z2n+)\+tkq(t+1)n+(t+1)¥+w

1(q)*

_k_
4

o=

ChM(Z7 Q) = trthLO

The result follows by summing over n.

Proposition 6.0.3. [55] L!(sl(2)) modules for p € 1,2 have characters given
by:
1 o1 ()’
ch{Eyo)(z.0) = o 3 ) (6.6
7 nmq

nez

and L' (s1(2))"™ modules have characters:

chlE}")(z00) = s D2 gl (6.7)

Proposition 6.0.4. [2/] Let k = * — 2 be an admissible level for sl(2) with
v > 1. Then the L*(s((2)) modules 0'(Ex a,.,) have characters:

t2k |yt
Z)‘+tqu+’\55(22qt)

n(q)*

chlo"(Exa, (2, 0) = chlM; J(q) (6.8)

Remark 6.0.5. Noting that the right hand side is not graded by hy eigenvalues,
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the result of 5.7 gives the following character identity:

u—1

chME M (q)eh[ Ly )(1,q) = S chME(g)chML ] (q) (6.9)

Proposition 6.0.6. We have the following identity of L*(sl(2)) @ L'( Vir)

module characters:

Ch[gt (g/l\e;_AlS%Sl )] (Zv Q) Ch[‘cﬁ,o] (Z7 q)
u—1

= > o' (€, )z Q)M L I(g) (6.10)

r=1
r+s1+s2+p odd

Proof. We first note
2 2
t 2 t
(n—i—%) = (n+g) +tn+tl 4 L

and absorb 2*"q™ in §(2%¢)

2t 2
5(22qt)ch[/l1— tw](Z,(]) — 6(2 q ) Zz2n+p+tq<n+%)

p+t,0
nez

thp, L2 2 t
2P T T 2(5(2(])

N n(q) 4

2

p\2 2 .p
(n+5)" — 2tpg T THE 52 el L) ](1,q) (6.11)
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ehlo' (€53 (=) ehlLis " 1(2.0)

Z/\th(kfl)q%(k—1)+)\%5(z2qt) w
= ik chIME J(q)ehLh )2, 0)
Z>\+p+tkq§k+()\+p)%6 24t "
_ o G20 ht® J(q)ehleh o)1, 0)

Z/\+p+tkq - k+(>\+p)g5(22qt) u—1
2
n(q) p—

r+s1 +32_+p even

- Mo (€, (@) MM ](a) (6.12)

r=1
r+s81+s2+p even

chIM; (@) chM; ) ()

¥
L

The result follows noting that ch[L},, o|(z,q) = ch[[,}wtw](z, q)

6.1 The Adamovic construction

Theorem 6.1.1. [1] Let k = * —2 be an admissible level for sI(2). Then there

exists injective homomorphism of conformal vertex algebras:
L*(s1(2)) — L*( Vir) @ I1%(0) (6.1)

Then IL*(Vir) @ TI¥(0) modules are 1L¥(sl(2)) modules by restriction.

Theorem 6.1.2. [1] Let k = % —2 be an admissible level for sI(2). Then there

is injective homomorphism of IL*(s1(2)) modules:
Lyy = M @I, (T —1) (6.2)

Theorem 6.1.3. [1] Let k be an admissible level for sl(2). Then there is
L% (s1(2)) module isomorphism:

o' (Exa,.) = My @ TIG_y) (A + k) (6.3)
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Theorem 6.1.4. Let k =% —2 and | = > — 2 be admissible levels for sl(2).

Then there are injective homomorphism of conformal vertex superalgebras:

LY(D(2,1; —%)) — L*(s(2)) ® B! (6.4)
LY(D(2,1; —%)) — L Y(s1(2)) @ B (6.5)

Proof. Using the injections of 6.1.2, and the relations of 5.1.1 on both the

even and odd parts separately, we have:

u—1 u—1
L! (D(2,1,—— @L’“0®£lo®£ — P Lt e ML, eI, (F - 1)L,
r=1

~ Lk—l(s[( ) ® 51,0 ® Hl( ) ® LI,O P ]Lk_l(sl( ) ® E ® Hl ( ) ® ﬁ%,o
~ Lk '(s1(2)) @ B' (6.6)

We may similarly obtain an injective homomorphism
LY(D(2,1;—2)) — L"(sl(2)) @ B*
w

by instead using the injection E’;O — /\/17"?71 ® H’(“O) T —1).

Lemma 6.1.5. Let k = » —2 and | = - —2 be admissible levels for s1(2). We
have the following identity of L'(D(2,1;—2)) module characters:

Ch+[(5, 5)?{&21 59,\2, b] (zlv 225 235 q)
= Ch+[ tl (gf\cl+131+32+1 ASZ 31) ® Bétg)(AQ + a” 81 + 82 + tl + a’7p + a + b)]
(6.7)

ch™ [(5’ 5)2;11,15)\21 82,M2, b] (Zlv 225 235 q)
= (_1)a0h_[ tl (5§1%}81+82+1 ASQ 31) ® Bftg)()\z + a” 81 + 82 + tl + a’p + a + b)]
(6.8)

Fora,b e {0,1}.
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Proof.

Ch[atl (5)’\6;—1}51+52+1,AS2,51 )](Zla Q) Ch:t {BétQ) ()\2 ta;a+ s+ S+ tl? b)](’ZZ? 23, Q)
= Ch[gtl (551_7151732+1;A52751 )](217 Q) Ch[‘c(lz—i-sl—i-sz—i-h—|—1,0®Hl(t2—1) ()‘2 +a+ l)®£]17+a+b,0](22) 23 Q)
iCh[atl (Sff—lsl—SQ;Asz,sl (21, q) Ch[£¢11+s1+52+t1+1,0®Hl(t2—1) (Aa+a+1+ 1)®£z§+1,0](32> 23,q)

= Ch[o-tl (8§1+(1§A7‘,51 )] (Zh Q) Ch[atQ (gg\nga;Ar,sQ )] <227 Q) Ch[/“;}+a+b,0] (237 Q)

+ Z Ch[atl (gf\c1+a+1;Ar,sl )] (Zh Q) Ch[0t2 (8i2+a+1;Ar,32 )] (ZQ= Q) Ch[£};+a+b+1,0] (237 Q)

r4+a even

Noting that in the first summand, we have a =r—1 mod 2, and in the second

summand, we have a+1 =1r—1 mod 2, we obtain in the super character case

u—1

= (_1)a6h_ Z Utl (€§1+7‘—1;Ar731> ® Ut2 (gi\g—i—r—l;Ar,%) ® ‘Czl)—l—b—i—r—l,o (69)

r=1
and in the character case we have

u—1

= Ch+ Z O-tl (g§1+rfl;Ar7sl) ® Ut2 (5§\2+r71;AT752> ® [’]10+b+r71,0 (61())

r=1

Proposition 6.1.6. Letk = % —2 and | = = —2 be admissible levels for sl(2).
The characters and supercharacters of L' (D(2,1; —£)) modules M of the form
(€, 5)?1’,&21,52,&,1; are linearly independent for non-isomorphic module. We have

the isomorphism of L'(D(2,1; —2)) modules

(£.6)1%

81,A1,82,A2,b

~ gl (8;\61_‘&31+52+17A32,31) ® Bét2)(>\2 +a;s1+se+t+a,p+a+b) (6.11)

Proof. Consider linear dependence Y, ;c;ch™[M;] = 0 for modules M; =

93



(&, S)tl A3 p, nonisomorphic for distinct i € I. WLOG we assume that

S1 17>\1 0552, 17>\2 Qs

I is minimal in that there is no linear dependence summing over I' C I. These

characters and supercharacters take the form:

ALitr—14t1; Ak i g ittol B tzz
~1 q * 2 % q*

u-1 2t 2t
1,4 (S( 21) pi+by+r2
3" M, J(g)ehimt,, J(g) 1) bt (B

neL

(6.12)

We first look at the support of distributions in these characters. Since
these are distinct for distinct ty,ts, any minimal linear dependence must have
contributions only from modules with matching labels t1,; = t1;, ta; = ta;.

We notice that the z1, 29, z3 contributions are the same except for the shift

21\1“1]“25‘2”2’ . In particular, since t1 and ty labels match, we conclude that

A1, Ag and b labels match. The remaining matching of labels then follows from

independence of Virasoro characters.

The isomorphism of modules follows from 6.1.5 and the inclusion 6.1.3.

6.2 Modular transformations
Remark 6.2.1. We write define the parameters 7,& such that:
q= e27riT P 627Ti§ (61)

Proposition 6.2.2. L!(sl(2)) modules have S matrices given by:
1
V2

L'(sl(2))"™ modules have S matrices given by:

Syt = —=e2m 5 (1) @D+ (6.2)

tw 271'152 _1)\ad
St = i) (6.3)

Sl -
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Proof. We use the conventions of [61] for theta functions. Notice that ch[L] o)(&,T) =

03(2¢,27 04(2¢,27
BEEID and chlL],)(¢, ) = 22T,

£ 1y 1 €2\ 1 ,.e0:(675)
Ch[ﬁi,o] (;7 _;) = WQZ’, (2;, —;) = EBQ T —n(q)z
1

= 5o (ehlLl o) + eh(Ch]) (6.0

T

i) (1) = - (6, -1) = S BT

1 2m~ﬁ 1 1
= Ee T (Ch[ﬁm] - Ch[ﬁz,o]) (6.5)

Theorem 6.2.3. [26] Let k = % —2 be an admissible level for s{(2) with v > 1.

Then S transformations for Virasoro module characters are given by:
S{ehME Y =S¥ gy ch M ] (6.6)
with S matrices given by:

; 2 Lt vrrr’ | umss'
S(‘;g)(,«/,s/)z—Z %(—l)rerrssin Wu sin Wv (6.7)

Theorem 6.2.4. [2/] Let k = * —2 be an admissible level for s{(2) with v > 1.
Then the S transformation for standard IL*(s1(2)) modules is given by:

1
S{etlo" (&, Nt = X [ Senawaa,oclo’ €, NN (63)

t'eZ r's'

with S matrices given by:

LTl o oo qvir
S(tv)WAr,s)(t,’)‘/;Ar/,s’) = 5__27_6 ( - - )S(’/’78)(T/,S,) (69)
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Proposition 6.2.5. S transformations for 11¥(0) modules are given by:
1
S{chlIIf,_1y(A+k)]} = / 1 Sttayw o Py (N + k)]dN (6.10)

with S matrices:

1 |T| _in / 1t
S(l;[’)\)(t/)\/) — 5_—17_6 (ktt'+tX 4+t'X) (6].1)

Proof. The argument is exactly as in [24] theorem 6.

Theorem 6.2.6. Modular transformations of characters and supercharacters
of LY(D(2,1; —2)) modules induced from relazed highest weight modules for
L(sl(2)) are given by:

(supercharacter, local)

S{ ch™ [(87 5)217,?1,82,)\2,0]}

! ! t1,t2 th,t5 — th,th ! /
- Z 1 1 Z Ss1,>\1,sz7)\2705/1’)\/17s/2,)\/2’0 ch [(57 8)5/17/\/175/27)\/270]61)\1(1)\2 (612)
- T s,8)

t) thEL
(supercharacter, Ramond)

S{ Ch_ [(87 5)2117,?1,82,)\2,1]}
t1:ty

1 1
_ t1,t2 + t1,th I/
=2 / / D S Rsaatg a0 6 )3 g xg 0ldNIdNs (6.13)

—1J-1
) theZ EAEA
(character, local)

S{ch[(€.€)5% J}

51,A1,52,A2,0
1 1 tq.t tll t/2 t/ t, / !
_ 1,02 ’ - 1:Y2
=2 o D S sanaog gyt T LE T o JANdN, (6.14)
ththeZ ™ — = Y T s ,sh
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(character, Ramond)

S{h1(E, €)% wananl}

51,A1,82,A2,1

17 th ot
Z / / ;1,t)\21752,)\27 Sll’;/ s\ 1 Ch+[(5 8)5 N,sho A, ]d)\/d)\l (615)

th thez
Where the S matrices are:
Stl, th 5ty
51,A1,82,A2,050 M sh A b
ue -

- Sk Y Sl Y S /b
: 5 ; ; : : +b)(p'+b
2/ () i () 1) i) S0 52,) S0 +)

(6.16)

Proof. We will calculate S matrices using the character identity in proposition
6.1.5. We must first calculate modular transformations for the B ()\2+a S1+
So +1t1 +a,p+ a+b), which is given by the S tmnsformatzons of characters
of each of its constituent parts. We begin by identifying any cancellations that
might occur from its even and odd portions. To this end, we identify relations
between S matrices for the even and odd portions, corresponding to replacing
the parameter a with a + 1. We first notice for p = s; 4+ so +t1 +t2 + 1 and
p =81+ 8o+t +ta + 1 we have

11
5(51 +so+t14a)(s)+sh+t)+a’) S(p+a+b) (p'+a’+b") S(t2 Ao+ta)(th,Ny+a’)

v 11
= (= 1) " S0tz ttr-rat 1) by 4y +a) S(prat 146) o+ +0) St A at 1)(E, M)
(6.17)

We need only determine the S transformation for ch* [Bét2)()\2; S$1+8y+t1,p+
b)|, as the additional parameter corresponds only to parity reversal. In the

following, the new parameter a gives the sum over the even and odd portions

97



of By, (Ag; 1+ 82+ t1,p +b).

S{h™ B,y (Aai 51+ 52 + 11,0+ b)]}

1
= Z /ld)\é Z (S(Sl+82+t1+a)(8'1+8'2+t/1+a’)S(p+a+b)(p’+a’+b')Sgg,)\2+a)()\’2+a’)
'(il)aCh[ﬁi’1+s’2+t’1+a’,0] Ch[Hl(t’Q)(Xz +1+d) Ch[£’é’+a'+b’]> (6.18)

The sum over a then results in a factor (1 £ (—1)"*Y). In the supercharacter
case, this is 20y o, and in the character case this is 20y 1. We will note that
entirely similarly to before, if we replace the parameter a’ by a’+1 in the second

line, we have:

11
‘$m+w+m+@@}mgwﬁﬂq5@+waﬂ+wHﬂS@%h+@u;%+w)

b
= (— 1) +15(51+52+t1+a)(s’1+s’2+t’1+a’+1)S(p+a+b)(p’+a’+1+b’)582,A2+a)(t’2,A'2+a'+1)
(6.19)

Then in the supercharacter case, the sum over V' fizes b = 0. Summing over

a’ then gives:

S{ch™[Bi,y(Aai 51+ 52+ t1,p + b)]}

1
1
=2 Z /1 dX, <S(81+82+t1)(8’1+8’2+t'1)S(P+b)(p’)sgg,>\2)(t’2,>\'2)

theZ ™ —

((ChlLh 1y o hlTTlyy (N5 + D] chlL))

_(_1)b0h[£;’l+s’2+t’l+1,0] Ch[Hitg)()‘é +1+ 1)]Ch[£zl)’+1]>> (6.20)

98



Then in the case b =0 we have:

S{ch™[Bly,y(Aa; 51+ 55+ t1,p)]}
1
l —
=2>" / 1ngS(sﬁsﬁtl)(sHs;H;)5(p>(p'>532,xg><t;,xg>Ch [Blag) (Nas 1 +sp+t1, 1)
theZ"” ~

(6.21)

For b =1 we have:

S{eh™ B,y (Aoi 51+ 52+ ti,p + 1)1}
1
l
=2) / , ANy S (1 +s3-+11) (5445 +4) S o)) St Aa) ey 1) 1T [Blegy (Vi s1F+85+8, )]

theZ ™~

(6.22)

Then in the character case, the sum over V' fizes b = 1. Summing over a’ then

gives:

S{eh™ Bl (A2; 51+ 5o + 11, p+ b)]}
1
1
=2 Z /1 d)‘/2 <S(81+s2+t1)(s’1+s’2+t’1)S(erb)(pUrl)5827)\2)(,5/27,\/2)

theZ "

- ((chlLY sy ol MLy (N + D] chlL ]

~(=1)"ChILY g ol MGy (Vg + L+ 1)]ehlL}]) ) (6.23)
In the b =0 case we have:

S{ch*[Bly,)(Aa; 51 + 52+ t1,p)]}

1
l _
- 22 /1d)‘/25(81+52+t1)(8’1+8'2+t’1)S(p)(p”rl)S(rtlz,)\z)(tg,xg)Ch [Bét;)(X2§3/1+5/2+t/17p/+1)]

theZ "

(6.24)
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and in the b =1 case we have:

S{eh* (B, (Ao s1 + 52+ ti,p + 1)1}

1
1
=2) / 1 NS (1 s0t10) (545 1) S o) (0 +1) St a1 0) 1T [ Bl (N3 8185+, p/+1))]

theZ ™~

Noting that zy = 1 corresponds to & = =£1, this gives the S matrices:

Hl
25(51+s2+t1)(s’1+s’2+t’1)S(p+b)(p’+b’)S(tg,xz)(tg,xz)
2mi s1+s 1)(s} +s,+t" +1 I
=2e T (_1)( 1+s2t+t1+1)(s]+s5+t7+ )S(p—l—b)(p'-‘rb/)S(tg,kg)(té)\é) (626)
for the B contribution in character, supercharacter, twisted and untwisted cases
(with appropriate choices of b and b’ for each of these cases). We will now focus
on the 0" (Exy 46,452 41:A,..,) contribution. We note that

T1k—1

(1 \tity i (s)+sh 1)+t (s1+s2+1) QITF
Sty = (71) S

t1, A1) (t],A])
and we have the following identity:

SVir,k Vir,l
(1,51)(1,87)" (1,s2)(1,8%)

4 / ;oo . [ums st . qwm\ . [ umssys.
= 44/ 5— (1) Freetgin (—) sin L) sin (—) sin 2
u?vw u v u w

8 [ 2 , f oot . ooqomy . [wrsish\ . qwrw\ . [ vTSys.
— ([ — (=1 ortsetsatas a2 iy <—> sin L) sin (—) sin 2
u\ vw U v U w

4

3\ (s1siH1) (s, Hsh+1) o ﬂ) . (U_ﬂ—> Vir,k—1
_u( 1)Gr+si+D 1+ s1n<u sin ( — S smst) (51,51 (6.27)

Then:

k—1 . V’L"I”7 k—1 7'rk_1
(trAatsitsotliAay o) ) (8, M +81+85+ 1Ay 1) T T (s2,85)(s1,81) (t1,A1+s1+s24+1) (8], +57+s5+1)

(_1)(81+52+t1+1)(s’1+s’2+t’1+1)u

_ Virk Vir,l Ik
N 4 sin (%) sin (%) 5(1781)(178’1)5(1752)(178’2)5(’*1’/\1)(’5/1’/\'1) (6.28)
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Combining with the contribution from B, we obtain S matrices of the form

2mi
ue k 1
2v2sin <%) sin (%) S(tl,/\1;A1,S1)(t’1:/\’1;A1,5/1)S(tz,/\z;Al,sz)(t’z)\’z;ALsé)S(P+b)(P’+b’)
(6.29)

again, with appropriate choice of b and b’ for each of the character, superchar-

acter, twisted and untwisted cases.
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