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Abstract 
In this paper, we propose a new fluid-fluid collision 
model for particle-based immiscible fluid animation. 
Our model consists of two components, namely, colli-
sion detection and collision response. An interesting 
feature is that our model not only can prevent immis-
cible fluids from mixing with each other, but also can 
allow one fluid to run through or to wrap around an-
other fluid. The model is very flexible and can work 
with many existing particle-based fluid models. The 
animation results are presented and show that the pro-
posed model can produce many interesting fluid anima-
tions. 
 
Key words:  Fluid animation, fluid-fluid collision, non-
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1 Introduction 
Fluid animation is a popular topic in computer graphics. 
It enriches a computer-generated virtual world and has 
found many applications, for instance, in motion pic-
tures and computer games. Fluids exhibit a wide range 
of interesting motions during and after their interactions 
with rigid or deformable objects. As well, many inter-
esting fluid motions result from fluid-fluid collision, 
which is the focus of this paper.  
 In computer graphics, there are many grid-based 
fluid models in addition to particle-based fluid models. 
In comparison, these two types of the fluid models have 
their own advantages and disadvantages. More discus-
sions of the comparison can be found in [18] [20] [21] 
In this paper, we concentrate on the fluid-fluid collision 
using the particle-based fluid models. 
 Keiser et al. [13] propose a contact handling model 
which uses a penalty force to prevent the mixture of 
deformable point-based objects. This model requires a 
two-layer representation: “the volumes of the objects 
are discretized into a set of points (or phyxels) on which 
external forces can be applied, and a set of surface ele-
ments (or surfels) which are animated along with the 
phyxels”[13] Therefore, it would be difficult for this 
model to work with many existing particle-based fluid 
models, such as [4] [5] [15] [17] [21] where a fluid is 
not represented by those two sets of points. 
 Muller et al. [19] introduce an interface body force, 
which acts perpendicular to the interface of two fluids 
and always points from one fluid to the other fluid. 

Thus, such a force is not appropriate to simulate the 
mutual interaction in a fluid-fluid collision. 
 In this paper, we propose a new particle-based fluid-
fluid collision model for immiscible fluid animation. 
Our model consists of collision detection and collision 
response. And, during immiscible fluid collisions, our 
model not only can prevent the fluids from mixing with 
each other, but also can allow one fluid to run through 
or to wrap around another fluid. Meanwhile, our model 
can easily work with a particle-based fluid model. It 
requires: (1) a particle neighbor search and (2) particles 
with the two common attributes, mass and velocity. 
Many existing particle-based fluid models, such as [4] 
[5] [15] [17] [21] can satisfy these two requirements. 
Note that the particles have no explicit mass in [4] [21] 
but it is trivial to assign masses to the particles. 
 This paper is organized as follows. The related 
works in fluid animation are discussed in Section 2. The 
particle-based fluid model that works with the proposed 
collision model is briefly described in Section 3. Colli-
sion detection and collision response are explained in 
details in Sections 4 and 5, respectively. Then, the ani-
mation results are presented in Section 6. Finally, the 
conclusion and future work are given in Section 7. 

2 Related Work 
In computer graphics, it is widely accepted that the full 
three-dimensional Navier-Stokes (NS) equation is the 
most comprehensive dynamics model for fluid anima-
tion. Based on the way to solve the NS equation, the 
fluid models can be categorized as the particle-based 
models and the grid-based models. 
 In grid-based fluid models, the NS equation is 
solved in a three-dimensional grid structure. The struc-
ture covers the animation space in which the fluid exists 
or may move into. Stam [22] introduces a semi-
Lagrangian method to solve the NS equation in the grid 
structure. The solution is stable even at large time steps. 
In order to evolve free fluid surface in the grid struc-
ture, a hybrid method of combining marker particles 
and the level set method is introduced by Foster and 
Fedkiw [7] and later is improved by Enright et al. [6] In 
addition, more fluid phenomena are animated. For ex-
amples, fluid melting and flowing is animated by Carl-
son et al. [2] bubbles in liquid by Hong and Kim [11] 
[12] water drops on surfaces by Wang et al. [26] fluid 
with splash and foam by Takahashi et al. [24] and vis-
coelastic fluids by Goktekin et al. [9] To animate fluid-



solid interaction, Genevaux et al. [8] propose an inter-
face between the fluid and the solid, while Carlson et al. 
[3] treat rigid solids as special fluids with rigid motions. 
Guendelman et al. [10] propose a coupling method for 
water to interact with thin deformable and rigid shells. 
 In particle-based fluid models, a particle represents 
a piece of the animated fluid. The NS equation is solved 
with the fluid particles. A popular particle-based fluid 
formulism is the Smoothed Particle Hydrodynamics 
(SPH). Desbrun and Cani [5] use particles to animate 
highly deformable bodies based on the SPH. Muller et 
al. [17] propose a SPH-based model that can interac-
tively animate fluid splashing and swirling. The SPH is 
also utilized to animate lava flows by Stora et al. [23] 
point-based elastic, plastic, and melting objects by Mul-
ler et al. [18] non-Newtonian fluids by Mao and Yang 
[15] fluid-solid interaction by Muller et al. [20] and 
fluid-fluid interaction by Muller et al. [19] Other than 
the SPH, the Moving-Particle Semi-Implicit (MPS) is 
another particle-based fluid formulism. Premoze et al. 
[21] propose a MPS-based fluid model which can pro-
duce appealing animations of fluid splashing and swirl-
ing. Based on the basic idea of using particles to repre-
sent fluids, Clavet et al. [4] propose a particle-based 
fluid model which simulates viscoelastic fluid behav-
iors by insertion and removal of springs between pairs 
of particles. 

3 Fluid Modeling 
Our model can work with many particle-based fluid 
models. For completeness, we briefly describe the fun-
damentals of a SPH-based fluid model, which we util-
ize to work with our model. For a detailed description 
of the SPH-based fluid models, the reader is referred to 
the previous works in [5] [15] [17] [19] [20]  
 The SPH is a Lagrangian formulism for modeling 
fluids and is based on the interpolation theory. The SPH 
divides a fluid into a set of elements called particles, 
which are used to carry fluid attributes. A scalar attrib-
ute value A(r) at position r is interpolated by the values 
of particles within a local neighborhood: 
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where n is the number of neighboring particles, j the 
particle index, Aj the particle attribute value, mj the par-
ticle mass, �

j the particle density, r j the particle posi-
tion, h the neighborhood radius, and W the interpolation 
weighting function called kernel. In this paper, the tra-
ditional spline kernel from [16] is used: 
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where q = 2|r-r j|/h. The density �
i of particle i at posi-

tion r i is evaluated as: 

�
=

−=
n

j

jiji hrrWm

1

),(ρ . 

 A SPH-based fluid model solves fluid motions us-
ing Lagrangian version of the Navier-Stokes equation: 
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where v is the velocity, t the time, �  the density, p the 
pressure, T the stress tensor, �  the viscosity constant, 
and f the summation of external forces such as gravity. 
This Navier-Stokes equation is solved for Newtonian 
fluids in [17] and for non-Newtonian fluids in [15] In 
our implementation, we adopt the latter because non-
Newtonian fluids are often immiscible and can better 
demonstrate our fluid-fluid collision model. 
 In our model, a fluid is modeled by the particles of 
the same type with a unique type id. The different types 
of the particles may have different fluid attribute val-
ues. The Navier-Stokes equation is solved for each fluid 
independently. At every time step during a fluid anima-
tion, our model is called to handle possible fluid-fluid 
collisions. 
 The fluid rendering follows the common practice as 
in the previous SPH-based fluid models [15] [17] [19] 
The fluid surface is represented by an iso-surface which 
is triangulated using the Marching Cube algorithm [14] 
Then, the triangular mesh is rendered with POV-Ray, 
which is publicly available at www.povray.org. 

4 Collision Detection 
Collision detections among solids and deformable ob-
jects are extensively studied in computer graphics. 
However, these collision detection models are not ap-
plicable to our fluid-fluid collision model. This is be-
cause solids and deformable objects are usually mod-
eled by fixed or flexible skeletons, geometric meshes, 
or regular geometries such as spheres and cubes 
whereas our animated fluids are modeled by particles. 
 In our model, two fluids are in collision if a particle 
of one fluid is found inside the other fluid. Assume that 
particle i belongs to fluid A and is checked against fluid 
B for the collision between the two fluids. If particle i 
has no particles of fluid B in its neighborhood, then it is 
not inside of fluid B; otherwise, a convex hull is con-
structed from the particles of fluid B that are in the 
neighborhood of particle i. The convex hull is illus-
trated in Figure 1, where the black dots indicate particle 
i, the big dash circles the neighborhood, the white dots 
the neighboring particles of fluid B, and the segments 
the convex hulls. In Figure 1(a), particle i is outside the 
convex hull and thus it is outside fluid B, whereas in 
Figure 1(b), particle i is inside the convex hull and thus 



inside fluid B. In our implementation, the convex hull is 
constructed with the algorithm proposed by Barber et 
al. [1]  
 

 
 
 In the collision detection between fluids A and B, all 
the particles of fluid A are checked against fluid B, and 
vice versa. 

5 Collision Response 
When a collision between two fluids is detected as in 
Figure 1(b), a particle of one fluid is mixing with the 
particles of the other fluid. Since fluids are modeled by 
particle aggregations, particle mixture is equivalent to 
fluid mixture. In order to animate immiscible fluids, our 
collision response model directly modifies the veloci-
ties and positions of the particles involved in the colli-
sion. This modification strategy is known as geometric 
collision response which is already used in previous 
collision response models such as [25] The modifica-
tions are explained in details in the following two sub-
sections. The illustration is based on the detected colli-
sion example in Figure 1(b). 

5.1 Particle Velocity Modification 
The particle velocity modifications are based on a parti-
cle-particle collision model. In the example in Figure 
1(b), particle i of fluid A collides with fluid B. It is very 
rare that particle i would collide with any particles of 
fluid B. Therefore, we create a virtual particle j of fluid 
B that collides with particle i. Particle j has the same 
position as particle i. Its mass and velocity are interpo-
lated from the particles of fluid B in the neighborhood 
of particle i. Since all fluid particles have no physical 
shape, they are all represented as points. The velocities 
of particles i and j after the collision can be analytically 
solved using classical mechanics.  
 Assume that vi and vj are the velocities of particles i 
and j, respectively. A frame of reference moving at ve-
locity vj is defined. (Note that it also works similarly if 
the frame is moving at velocity vi.) In such a frame, the 
velocities of particles i and j become v'i = vi – vj and v'j 

= vj – vj = 0, respectively, as illustrated in Figure 2(a). 
Here, we assume that the collision is elastic and thus 
the kinetic energy and the momentum are conserved for 
the particles in the collision. The two conservation 
equations are: 
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where mi and v''i are the mass and the after-collision 
velocity for particle i, and mj and v''j for particles j. 
Since the two particles have no shape, v''i and v''j are 
pointing along the line determined by v'i, as illustrated 
in Figure 2(b), and they can be expressed in terms of v'i: 
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With the new expressions for v''i and v''j, the two con-
servation equations become: 
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They can be easily solved for ai and aj: 
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v''i and v''j are not the final after-collision velocities for 
particles i and j because they are solved in the moving 
frame at velocity vj. In the inertial frame, the final after-
collision velocities v'''i and v'''j for particles i and j are: 
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(a) Outside convex hull 

Figure 1: Use convex hull to check if a particle of one 
fluid is inside another fluid. 

(b) Inside convex hull 

i  i  

v''i v''j 

v'j v'i 

(a) Particles velocities before collision. 

(b) Particle velocities after collision. 

Figure 2: Particle collision in the moving frame. The 
black and the white dots indicate the particles, and the 
arrow segments the velocities. 



 In the above collision, the momentum is conserved 
for particles i and j, that is, 

0=∆+∆ ji MM  

where � Mi and � Mj are the momentum changes on par-
ticles i and j, respectively, and  
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However, the virtual particle j will be discarded after 
the collision response and thus the momentum on the 
whole particle system would not be conserved. To ad-
dress this problem, the momentum change of particle j 
is distributed to the neighboring particles, from which 
particle j’s properties are interpolated. The weights for 
the distribution to the neighboring particles are the 
same as the weights for the interpolation. The weighted 
momentum change � Mk is added to neighboring parti-
cle k: 
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where k = 1,…, m, and m is the number of the neighbor-
ing particles. After the distribution, the momentum is 
conserved for the whole particle system. Unfortunately, 
it would not be easy to conserve the kinetic energy at 
the same time when particle velocities are modified in 
the collision response. In our experiments, we observe 
the kinetic energy damping after the collision re-
sponses. This is, in terms of visual effects, consistent 
with the damping effect in real fluid-fluid collision 
phenomena. 
 The above velocity modifications are only for one 
collision as in Figure 1(b). The particle velocities modi-
fied in one collision may affect another collision. The 
different orders of processing the collisions may pro-
duce different results. However, such differences ap-
pear visually insignificant according to our experi-
ments.  

5.2 Particle Position Modification 
In Figure 1(b), particle i of fluid A is immersed in the 
particles of fluid B. The goal of the particle position 
modification is to move particle i towards the inside of 
fluid A and out of fluid B. The moving direction is the 
normal on the interface between the two fluids and is 
pointing from fluid B to fluid A. The normal is com-
puted at the position of particle i, and the computation 
is adopted from [17] Because particle i is inside the 
convex hull, the normal shooting from particle i must 
intersect with the convex hull. As a result, particle i is 
moved to the intersection and then is not immersed in 
the particles of fluid B anymore. Based on the example 
in Figure 1(b) with more neighboring particles, the 
movement of particle i is illustrated in Figure 3, where 

the dashed line indicates the fluid interface, the arrow 
segment the moving direction, and the arrow tip the 
intersection. 
 

 
 

 
 

 
 
 When fluids A and B are in collision, their particles 
are immersed into each other, as illustrated in Figure 4 
where the segments indicate the fluid boundaries, and 
the black and the white dots the particles of fluids A and 
B, respectively. If fluid B’s immersed particles are all 
moved out of fluid A first, then fluid A’s immersed par-
ticles are less immersed than before or not immersed 
into fluid B anymore. After all the collision responses 
between fluids A and B are handled, fluid B is more 
deformed than fluid A at the collision regions (see Fig-
ure 5 which is based on Figure 4). Such biased collision 
deformations on fluids A and B are not visually signifi-
cant after one time step. However, if fluid B is always 
more deformed than fluid A at all time steps during 
collision, then the biased collision deformations may 
become quite noticeable. 

Figure 3: Move particle i onto the convex hull. 

i  

Figure 5: Fluid B is more deformed than fluid A. 

fluid B 

fluid A 

fluid B 

fluid A 

Figure 4: Some particles of fluids A and B are 
 immersed into each other. 



 An iterative process of moving immersed particles 
simultaneously at each time step appears to alleviate the 
biased deformation problem, but it is more computa-
tionally expensive. A cheaper approach is to move fluid 
B’s immersed particles first at odd time steps and to 
move fluid A’s first at even time steps, that is, to switch 
the order between fluids A and B for moving immersed 
particles. With this approach, both fluids have an equal 
chance to be the first, without the bias, to deform during 
collision. 

6 Results 
The animation results are produced on a 3GHz Pentium 
PC with 1GB of memory. Several select frames of the 
animations are presented in Figures 6 to 9 at the end of 
this paper. Figures 6 to 8 shows the artificial fluid an-
imations and Figure 9 some animations of egg white 
with yolk. By default, the colliding fluids in each ani-
mation have the same initial conditions except those 
indicated explicitly. More animation descriptions are 
given in the corresponding figure captions. The anima-
tion video files are also submitted along with this paper. 
 As mentioned earlier, we implement the particle-
based non-Newtonian fluid model [15] to work with our 
fluid-fluid collision model. The non-Newtonian model 
has a physical parameter, shear modulus MS , to control 
the fluid elasticity. The physical meaning of the shear 
modulus is that the higher the shear modulus, the more 
elastically the fluid behaves. In our animations, the 
shear modulus is varied in order to show different fluid 
behaviors under the fluid-fluid collision. 
 

Animations in Figures N T(seconds) 
Figure 6 1200 2.3 
Figure 7 1800 3.5 
Figure 8 1800 3.5 

Figure 9(a) 3000 5.7 
Figure 9(b) 2500 4.6 
Figure 9(c) 3000 5.7 
Table 1: Statistics of the animations. 

 
 The statistics of the animations are summarized in 
Table 1, where N is the number of particles in each 
animation, and T the average motion computational 
time for each frame, excluding the fluid surface genera-
tion time and the rendering time. T is significantly lar-
ger than the corresponding time in another SPH-based 
Newtonian fluid model [17] This is because smaller 
time steps have to be used for non-Newtonian fluids 
with high shear modulus values MS. Our fluid-fluid 
collision model only takes a small fraction of T, while 
the non-Newtonian fluid model [15] takes the rest. 
More specifically, about 20-30% of the time is spent on 
our fluid-fluid collision model. 

7 Conclusion 
In this paper, we present a new fluid-fluid collision 
model for particle-based immiscible fluid animation. 
Our model simulates the fluid-fluid collision with the 
two components: collision detection and collision re-
sponse. The animation results demonstrate that our 
model not only prevents the colliding fluids from mix-
ing with each other, but also allows one fluid to wrap 
around or to run through another fluid. Furthermore, 
our model can easily work with a generic particle-based 
fluid model because it requires only: (1) a particle 
neighbor search and (2) particles with mass and veloc-
ity. Many existing particle-based fluid models can trivi-
ally satisfy these two requirements. 
 The previous fluid-fluid interaction models [11] 
[12] [19] have been used to produce the animations of 
air bubbles in liquid and two immiscible fluids in a lava 
lamp. In these animations, one fluid is mainly immersed 
in the other fluid. In comparison, the implementation of 
our model with the non-Newtonian fluid model [15] not 
only animates the similar immersed fluid phenomena 
(Figure 9), but also animates the collisions of fluids 
with free surfaces (Figures 6 to 8). Thus, our model 
extends the modeling scope of the particle-based fluid 
models. 
 Besides immiscible fluid collision, many other in-
teresting fluid phenomena come from mixable fluid 
interaction, such as pouring milk into coffee and drip-
ping ink into water. In the future, we would like to in-
vestigate for mixable fluid animations. 
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Figure 7: Two fluid bars are cross-colliding with each other. The motions of the colliding parts are altered more by 
the collision than the motions of the other parts. 

(a) MS =103. 

(b) MS =104. Because of the higher shear modulus, the fluids do not split into as many pieces as those in (a). 

Figure 6: Two fluids are colliding with each other, and their motions are altered by the collision. 

(a) MS =103. 

(b) MS =104. Because of the high shear modulus, the two fluids even bounce away a little from each other. 



 
 

 
 

(a) An egg falls onto floor. (b) An egg drops into a bowl. 

(c) An egg falls through a funnel onto floor. 

Figure 9: An egg is modeled as two fluids: egg white and yolk. Yolk is mainly immersed in egg white.  MS = 500 for 
egg white and MS = 104 for yolk. The particles for the yolk have 10 times the mass as the particles for the egg white. 

 

(a) The colliding speed is 200. The ball runs through the disk, taking off a small piece of the disk. A hole appears on 
the disk after the run-through but disappears after the disk collapses on the floor. 

(b) The same as (a) except the colliding speed is 120. The ball can not run through the disk due to the slower speed. 

(c) The colliding speed is 200. The ball can not run through the disk due to the reason given in Figure 8’s caption. 

Figure 8: A fluid ball is running into a fluid disk. MS =104 for the ball and MS =103 for the disk. In (a) and (b), the 
particles for the ball have 10 times the mass as the particles for the disk. In (c), the particles for the ball and the 
disk have the same mass. The initial conditions in (c) are the same as those in (a) except the difference about the 
particle mass. As a result, in (c), the disk is heavy enough to prevent the ball from running through. 

 


