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Abstract

Chevalley’s theorem on the conjugacy of split Cartan subalgebras is one of the
cornerstones of the theory of simple finite dimensional Lie algebras over a field
of characteristic 0. Indeed, this theorem affords the most elegant proof that

the root system is an invariant of the Lie algebra.

The analogous result for symmetrizable Kac-Moody Lie algebras is the cele-
brated theorem of Peterson and Kac. However, the methods they used are
not suitable for attacking the problem of conjugacy in “higher nullity”, i.e. for
extended affine Lie algebras (EALA). In the thesis we develop a new cohomo-

logical approach which we use to prove
1) conjugacy of Cartan subalgebras in affine Kac-Moody Lie algebras;

2) conjugacy of maximal abelian ad-diagonalizable subalgebras (MADs) of
EALA of finite type, coming as a part of the structure, where me assume
that the centreless core is not isomorphc to sla(R), R is a ring of Laurent

polynomials in more then 1 variables.
We give a counterexample to conjugacy of arbitrary MADs in EALA.

Some relevant problems on the lifting of automorphisms are discussed as well.
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Chapter 1
Introduction

Throughout the dissertation, k denotes an algebraically closed field of charac-

teristic 0.

Infinite dimensional Lie algebras became a useful tool in physics in the 1960s.
They were the right mathematical apparatus to describe the supersymmetric
phenomena. Currently, amongst the others infinite dimensional Lie algebras
ones of particular interest to physicists are affine Kac-Moody Lie algebras and
extended affine Lie algebras (EALAs for short).

Kac-Moody Lie algebras appeared in mathematics as a generalization of finite
dimensional simple Lie algebras over a field of characteristic 0. While a general
Kac-Moody Lie algebra is defined by generators and relations, this definition
is quite elusive (often it is hard to say how the algebra looks), an affine Kac-
Moody Lie algebra has a nice description: its derived subalgebra modulo its
centre is a twisted loop algebra. Therefore, it can be considered not only as
a Lie algebra over a base field k, but as a simple Lie algebra over a Laurent
polynomial ring k[t*!] in the sense of [SGA3] and it is a twisted form of a loop
algebra g ® k[t*1].

Let us recall the description of an affine Kac-Moody Lie algebra.

Split case. Let g be a split simple finite dimensional Lie algebra over a field
k and let Aut(g) be its automorphism group. If z,y € g, we denote their
product in g by [z,y]. We also let R = k[t*!] and L(g) = g @ R. We again
denote the Lie product in L(g) by [z, y], where x,y € L(g).

The main object under consideration in Chapter 4 is the affine (split or twisted)
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Kac-Moody Lie algebra L corresponding to g. Any split affine Kac-Moody Lie
algebra is of the form (see [Kac])

~

L=g&w RO kcdkd

The element ¢ is central and d is a degree derivation for a natural grading of
L(g): if x € g and p € Z then

d,z@t]; =prt’.

Ifl, = 2@t?, l, = y®t9 € L(g) are viewed as elements in L, their Lie product

is given by
2@ty @tz = [2,y] @ + pr(@,y) o prq -

where & is the Killing form on g and 9,4 is Kronecker’s delta.

Twisted case. Let m be a positive integer and let S = k[ti%} be the ring of

Laurent polynomials in the variable s = tw with coefficients in k. Let

L(g)s = L(g) ®r S

be the Lie algebra obtained from the R-Lie algebra L(g) by the base change
R — S. Similarly, we define Lie algebras

L(g)s = L(g)s ® ke and L(g)s = L(g)s ® ke @ kd.*

Fix a primitive root of unity ¢ € k of degree m. The R-automorphism
¢*:8—S s (s

generates the Galois group I' = Gal(S/R), which we may identify with the ab-
stract group Z/mZ by means of (*. Note that I' acts naturally on Aut(g)(S) =
Auts_r.(L(g)s) and on L(g)s = L(g) ®g S through the second factor.

Next, let ¢ be an automorphism of g of order m. This gives rise to an S-

automorphism of L(g)s via z ® s — o(x) ® s, for x € g, s € S. It then easily

1Unlike L(g)s, these object exist over k but not over S.



follows that the assignment

T 2zr=0" € Auts_rie(L(g)s)

gives rise to a cocycle z = (z;) € ZYT, Auts_ri.(L(g)s)). This cocycle, in

)

turn, gives rise to a twisted action of I" on L(g)s. Applying Galois descent

formalism, we then obtain the I'-invariant subalgebra

L(g,0) := (L(g)s)" = (L(g) ®r S)".

This is a “simple Lie algebra over R” in the sense of [SGA3], which is a twisted
form of the “split simple” R-Lie algebra L(g) = g ®x R. Indeed, S/R is an

étale extension and from properties of Galois descent we have
L(g, J) ®pr S ~ L(Q)S = (g Rk R) ®Rgr S.

Note that L(g,id) = L(g).

For i € Z/mZ, consider the eigenspace
gi={recg: o) =z}

Simple computations show that

L(g,0) = @ g @ k[t*)s".

1EL

Let
L(g,0) := L(g,0) ® ke and L(g,0) := L(g,o) ® ke ® kd.

We give E(g, o) a Lie algebra structure such that c is a central element, d is

the degree derivation, i.e. if x € g; and p € Z then
[d,x@tm] :=pr@tm (1.0.0.1)
and if y @ tm € L(g, o) we get
o @1,y @175, = [,y @5 +ph(2,y) Gopag - .

where, as before, « is the Killing form on g and dg ,, is Kronecker’s delta.



1.0.1 Remark. Note that the Lie algebra structure on E(g, o) is induced by
that of L(g)g if we view L(g, o) as a subset of L(g)s.

1.0.2 Remark. Let & be an automorphism of L(g)g such that Olg)s = 0,
5(c) = ¢ and 5(d) = d. Then L(g, o) = (L(g)s)°.

Realization Theorem. (a) The Lie algebra L(g, o) is an affine Kac-Moody

Lie algebra, and every affine Kac-Moody Lie algebra is isomorphic to some

L(g, o).
(b) L(g,0) ~ L(g,0'), where ¢’ is a diagram automorphism with respect to

some Cartan subalgebra of g.
Proof. See [Kac, Theorems 7.4, 8.3 and 8.5]. O

Although there were some precursors (papers by Saito and Slodowy for nullity
2), it was in the paper [HT] by the physicists Hoegh-Krohn and Torrésani
that the class of discrete extended affine Lie algebras was introduced, however
not under this name. Rather, they were called “irreducible quasi-simple Lie
algebras” and later ([BGK],[BGKN]) “elliptic quasi-simple Lie algebras.” The
stated goal of the paper [HT] was applications in quantum gauge theory. The
theory developed there did not, however, stand up to the scrutiny of mathe-
maticians. The errors of [HT] were corrected in the AMS memoir [AABGP]
by Allison, Azam, Berman, Gao and Pianzola, and it was here that the name
“extended affine Lie algebra” first appeared, but not in the sense we use it in
this work. Rather, the authors develop the basic theory of what is currently
called discrete EALAs. Nevertheless, [AABGP] has become the standard ref-
erence for the more general EALASs, since many of the results presented there
for discrete EALAs easily extend to the more general setting. The definition
of an EALA that we will use in this work (see Section 2.1) is due to E. Neher
in [Ne2].

Extended affine Lie algebras form a category of Lie algebras which contains the
categories of finite-dimensional simple and affine Kac-Moody Lie algebras. An
EALA is defined by a set of axioms prescribing its internal structure, rather
than by a potentially elusive presentation. In particular, one of the axioms is
that an EALA is a pair (E, H), where FE is a Lie algebra over a field k and H
is its maximal abelian ad-diagonalizable subalgebra. It is known that the set

of weights of the adjoint representation of H on E form a so-called extended



affine root system. The structure of an EALA is now well understood and is
quite similar to that of an affine Kac-Moody Lie algebra. It is obtained from an
invariant Lie torus by taking a central extension and adding some derivations.
This invarant Lie torus is called the centreless core E,. of an EALA (E, H), its
central extension is called the core E. of the EALA (E, H), and this really is
the core of the matter. As Lie algebras invariant Lie tori have been classified:
they are either multiloop Lie algebras or isomorphic to sl,(q), where ¢ is a

quantum torus.

In this work we will be primarily interested in studying extended affine Lie
algebras with centreless cores isomorphic to some multiloop Lie algebra. As
in the case of affine Kac-Moody Lie algebras, derived modulo centre, they can
be viewed as simple finite dimensional Lie algebras not only over k, but also
over a Laurent polynomial ring in several variables R = k[tF, ..., t]; they
are the twisted forms of the split Lie R-algebra g ® R.

The method of studying the structure and representation theory of a twisted
(multi)loop Lie algebra by applying non-abelian Galois cohomology and de-
scent theory to the corresponding untwisted (multi)loop Lie algebra has been

successfully used in the research on the following topics:
e the central extensions of twisted forms of Lie algebras in [PPS], [Sun],
e the derivations of the twisted forms of Lie algebras in [P3],

e the conjugacy theorem of maximal abelian diagonalizable subalgebras

(analogues of Cartan subalgebras) of twisted loop Lie algebras in [P1],[CGP].

e the finite-dimensional irreducible representations of twisted forms of Lie
algebras in [Lau], [LP].

The primary goal of this dissertation is to obtain conjugacy theorems of max-
imal abelian adjoint-diagonalizable subalgebras (MADs) of affine Kac-Moody
Lie algebras and EALAs analogous to the classical theorem of Chevalley, which
says that Cartan subalgebras of a finite dimensional simple Lie algebra over
an algebraically closed field of characteristic 0 are conjugate. The above ob-
servation on the shape of the centreless core of EALA (or affine Kac-Moody
Lie algebra) will enable us to employ non-abelian Galois cohomology tech-
niques, which serve as an important tool in getting the result. Even though

the conjugacy theorem for affine Kac-Moody Lie algebras was known (due to



[PK]), it is relevant to point out that the cohomological methods that we are
putting forward do have their advantages. The group under which conjugacy
is achieved in this work has a very transparent structure (given in terms of
Laurent polynomial points of simply connected group scheme.) This is in con-
trast to the Kac-Moody groups used in [PK] which, in the twisted case, are
quite difficult to “see”.

It is known that EALAs of nullity 0 are precisely finite dimensional simple Lie
algebras and EALAs of nullity 1 are precisely affine Kac-Moody Lie algebras.
Therefore, one can think of EALAs as generalizations of finite dimensional

simple Lie algebras and affine Kac-Moody Lie algebras to higher nullity.

It may be possible to give a Lie algebra E multiple structures of an EALA.

Therefore the fundamental question to ask is the following:

Is an extended affine root system corresponding to some EALA structure on

E an invariant of F, i.e. does not it depend on a choice of an EALA structure
on K7

Of course, this question has an affirmative answer, if all the structure MADs
of E are conjugate:

1.0.3 Theorem. (Conjugacy theorem for EALAs.) Let (E,H) be an
extended affine Lie algebra with centreless core a multiloop Lie algebra, which
is not isomorphic to sly(R), where R is a ring of Laurent polynomials in more
then 1 variable. Assume E admits the second structure (E, H') of an extended

affine Lie algebra. Then H and H' are conjugate, i.e. there exists an auto-

morphism ¢ € Auty_r;.(E) such that ¢(H) = H'.

As a corollary, we have that an extended affine root system of an EALA (E, H)
is an invariant of F, i.e. it does not depend on the choice of an EALA structure

on F, if the centreless core of E is a multiloop Lie algebra.
Further, the following natural question arises:

Are all MADs of EALAs conjugate?

The answer to this question is “No!”: we have constructed a counterexample,
i.e. an EALA and its two MADs which are not conjugate, (see 8.2.9).

The structure of the dissertation is as follows. Chapters 2 and 3 will serve as

preliminaries required for our subsequent discussions. In Chapter 2, we will



provide a review of the general theory of Affine Kac-Moody Lie algebras, Lie

tori and EALAs. In Chapter 3, we will review the basic terminology and facts

from non-abelian Galois cohomology theory. Chapter 4 is devoted to the proof

of the conjugacy theorem for affine Kac-Moody Lie algebras:

1.0.4 Theorem. (Conjugacy theorem for affine Kac-Moody.) Let Z(g, o)
be an affine Kac-Moody Lie algebra and ZC‘rR be a simple simply connected

group scheme over R corresponding to L(g,o) (in the sense that we will make

precise in Chapter ). Let ,Gr(R) be the preimage of {Ad(g) : g € .Gr(R)}

under the canonical map Auty(L(g,0)) — Auty(L(g,0)). Then all MADs of
L(g, o) are conjugate under Z(A}R(R).

The rest of the dissertation consists of Chapters 5-8, where our focus is on the
conjugacy problem of MADs in EALAs. In Chapter 5, we deduce two impor-
tant properties of the core of an EALA, namely, that it does not depend on
the choice of the EALA structure and is automorphism-invariant. These allow
us to consider a natural restriction map resq. : Auty_rie(E) = Auty_rie(Eee),
whose image and kernel are studied in Chapter 6. There we prove that the
group Autg_r; (Fe) of R-automorphisms of the centreless core E,. is in the
image of the restriction map res.. (6.4.1), if E.. is not isomorphic to sly(R),
where R is a ring of Laurent polynomials in more then 1 variable. Results of
this chapter play a crucial role in Chapter 7, where we prove the main theorem
of the dissertation (1.0.3), that is, the conjugacy theorem of structure MADs
for EALAs with multiloop centreless core, which is not isomorphic to sly(R),
where R is a ring of Laurent polynomials in more then 1 variable. In Chapter
8, we construct an extended affine Lie algebra E and its two MADs H and H’
such that they are not conjugate, i.e. there is no ¢ € Auty_r;.(E) such that
¢(H') = H (see 8.2.9). In particular, this implies that not all MADs of EALA

are structure MADs.



Chapter 2

Lie tori and EALAs

This chapter contains a review of the theory of Lie tori and extended affine

Lie algebras. We will often refer to it in the following chapters of this work.

2.1 Definition of an extended affine Lie alge-

bra

2.1.1 Definition. An extended affine Lie algebra, or FALA for short, is a
pair (E, H) consisting of a Lie algebra E over k and a subalgebra H satisfying
the following axioms (EA1) - (EAG).

(EA1): E has an invariant nondegenerate symmetric bilinear form (—, —).

(EA2): H is a nontrivial finite-dimensional ad-diagonalizable and self-centralizing
subalgebra of E.

Recall, that a bilinear form (—, —) is called invariant if ([u,v],w) = (u, [v, w])
for any u,v,w € FE; a subalgebra H is called ad-diagonalizable if there is a
decomposition of F into a sum of eigenspaces for H with respect to the adjoint
action, 1.e.

E = DPacH~ Ea;

where

E,={z € E|[h,z] = a(h)z forall h € H}.



Before we state the other four axioms, we have to define the notion of a root
(null or anisotropic) of E and a core of E. Since the form (—, —) is invariant
we get that

(Ea, E3) =0if a+ B # 0.

Since the form is nondegenerate this implies that its restriction to H = Ej is
still nondegenerate. Therefore we can transfer the form to a nondegenerate

symmetric bilinear form (—, —) on H* in an obvious way. We can now define
¢ = {a € H*|E, # 0} (set of roots of (E, H)),
P’ = {a € |(a, ) = 0} (set of null roots),
P = {a € P|(av, ) # 0} (set of anisotropic roots).

We call @ the set of roots and not a root system because we reserve the latter

for the root system in its usual meaning.

We define the core of E as the subalgebra FE,. generated by its anisotropic root
spaces, 1.e.
Ec = <Ua€<1>a"Ea>subalg-

Now we can state the remaining four axioms.

(EA3): For every a € ®* and any x, € E, the operator ad(z,) is locally

nilpotent on E.

(EA4): @ is connected in the sense that for any decomposition ®" = &1 U Py
with (®1,Py) = 0 we have ®; =) or ®y = ().

(EA5): The centralizer of the core E, of E is contained in E..
(EAG6): A = spanz(®°) C H* is a free abelian group of finite rank.

The rank of the free abelian group A in the axiom (EAG) is called the nullity
of (E,H).

2.1.2 Remark. The set ® of roots of an EALA E has special properties:
it is a so-called extended affine root system in the sense of [AABGP, Ch. I].
More precisely, let V' be a finite dimensional vector space over k equipped
with a symmetric bilinear form (—, —) and let ® be a subset of V. A triple
(®,V,(—,—)) is called an extended affine root system, if the following axioms
(EARS1) — (EARST) are fulfilled:

(EARS1): 0 € ® and ® spans V.



(EARS2): ® has unbroken finite root strings, i.e., for every a € ®* and g € @
there exist d,u € N ={0,1,2,...} such that

(o, B)

{B+naneZ}n®={F—da,...,0+ua}l and d—u:Q(Q’Q).

(EARS3): @ = d Nrad(V).

(EARS4): @ is reduced: for every a € ®*" we have ka N ®*" = {+a}.

(EARS5): @ is connected: whenever ®*" = &1 U ®y with ($q, P2) = 0, then &; = ()
or ®, = ().

(EARS6): @ is tame, i.e. ®° C P + o,

(EARS7): The abelian group spanz(®°) is free of finite rank.

We will next present some examples of EALAs.

2.2 Examples of EALAs

2.2.1 EALAs of nullity 0.

Let g be a finite dimensional simple Lie algebra over k with Cartan subalgebra
. Then (g,h) is an EALA of nullity 0.

(EA1) Up to a scalar multiple, there exists unique invariant nondegenerate sym-
metric bilinear form on g, namely, the Killing form x. Therefore we take
(~1-) =~

(EA2) By definition of Cartan subalgebra, the Lie algebra g has a root space

decomposition

=000 ge 90=0,

acX
where ¥ is the root system of (g, b).
Hence the set of roots of (g,h) is & = X U {0}. It is a standard fact that

K(ta,to) # 0 for t, € hsuch that a(z) = k(ta,x) for all z € . Therefore,
P =3 and ¢ = {0}.

10



(EA3) Since [ga,85] C ga+p and g is finite dimensional, adz, is nilpotent for

any element z, € g,.
(EA4) Since g is simple X is irreducible and hence connected.

(EA5) We defined the core g. of g to be a subalgebra generated by the root
spaces go, @ € X. But h = > _[da, §—o]. This implies that g. = g and
therefore the axiom (EAS5) holds.

(EAG) A = spanz(®°) = {0}.

It worth to be pointed out that this example exhaust all the EALASs of nullity
0.

2.2.2 EALAs of nullity 1.

We wil show that any affine Kac-Moody Lie algebra is an extended affine Lie
algebra of nullity 1.

We will use some basic facts about affine Kac-Moody Lie algebras all of which
can be found in Kac’s book [Kac]. This reference uses the field of complex
numbers C for the base field, but everything we say here is true for an arbitrary

algebraically closed field £ of characteristic 0.

Let g be a finite-dimensional simple Lie algebra over k and o is a diagram
automorphism of g. We let m be the order of o, and denote the canonical map
Z — Z]mZ by n +— m. Then

L=1L(g.0) =P oo klt*)s' @ ke kd

1EL

is an affine Kac-Moody Lie algebra corresponding to g and o (see Chapter 1).
We now verify the axioms (EA1)-(EA6).

(EA1) We define a bilinear form on L by

(ux @ t* + s1¢ + sid|vg @ t* + soc + shd)

— / /
= K(uy, v)0r —p + 5155 + S25].
One can check that this form is invariant symmetric nondegenerate.

(EA2) To construct a subalgebra H as required in axiom (EA2) we start with a

11



Cartan subalgebra h of g. Since o is a diagram automorphism, it leaves

b invariant. We let
bo=bNgg={hebh:o(h)=nh}
and put
H =by ® kc® kd.

It is known that gy is a simple Lie algebra with Cartan subalgebra hg
([Kac, Proposition 7.9]). The grading property implies that [gg, g7 C gr
for n € Z. Hence gy acts on gz by the adjoint action. Let Az be the set
of weights of the gg-module gz with respect to by:

gﬂ = ®7€AW gﬁv’y

Ony = {x € gﬁ‘ [hﬁ, 33’] = "Y(hﬁ)l’ for all hﬁ € []6}

In particular, Ag\{0} is the root system of gy with respect to bz and
bs = 8o0-
We extend Az C hg+ to a linear form on H by zero, i.e., for v € Az we

put
v(bg + sc + s'd) = v(hg)

and define a linear form 6 on H by
d(hg+ sc+ §'d) =&
Then for v € Az, n € Z, we have
Lygns = {u C L| [h,u] = (v ®nd)(h)u for all h € H}.

That is E,Y@m; =gn, @1, if y®nd #0, and ZO =H.

This implies that H is an ad-diagonalizable subalgebra of L with the set
of roots
® = {y+nd| v e Az}

This establishes (EA2).

12



One checks that
P = {y+nd € ®| v# 0} and ®° = Z5,

which in the theory of affine Kac-Moody Lie algeras are usually called real and

imaginary roots. Now we can verify the remaining axioms.

(EA3) From the description of the root spaces we see that this axiom holds in

a stronger form: ad(z,) is nilpotent for any z, € Ea, a € o,
(EA4) This is easy.

(EA5) It follows from the description of the root spaces E,Y_,_m; that the core ZC
of L coincides with the derived subalgebra L = [L, L]. It easy to check
that the centralizer of Ec in L is ke C EC.

(EAG) spanz(®°) = Z4. In particular, the nullity of Lis 1.

2.2.3 EALAs of higher nullity

Let R = k[tF,...,t*'] be a ring of Laurent polynomials in n variables with
coefficients in field k. Let L = L(g) = g ® R be an associated untwisted
multiloop algebra. L has a 2-cocycle o0 : L x L — C = k™, given by

o(u @t v @ t") = 0y _.k(u, V).
We can therefore define a central extension
K=LoC

with a product
[ll + Cy, l2 + CQ]K = [ll, lg]L + O'(ll, ZQ)

Define the i-th degree derivation 0; of K by
D(u@t* +¢) = u@t for A\ = (\,..., \,) €Z"

and put
D = spang{0;|1 <i < n},

13



the space of degree derivations.

Define a Lie algebra E as a semi-direct product
E=KxD.
Let f be a Cartan subalgebra of g and put
H=hoCaD.

We claim that (F, H) is an extended affine Lie algebra of nullity n.

(EA1) We will mimic the construction of an invariant nondegenerate symmetric

bilinear form in 2.2.2. Thus, we require
- (L(g),Cae D) =0.
— C @ D is a hyperbolic space with (€,€) =0 = (D, D) and

/ /
( E 8:Ci, E sid;) = E SiSi,

where c1, ..., ¢, is the canonical basis of k. In other words, € ® D

is an orthgonal sum of n hyperbolic planes kc; ® kd;.

— On L(g) the form is a tensor product form of the Killing form x on

g and the natural invariant bilinear form on R.

Putting all these requirements together, we get a bilinear form on F,

given by

(u &® t>\ -+ Zz S;C; + Zj Sz-dj, v tH 4+ Zz tl'Cl' -+ Zj t;dj>
= KU, v)0n —p + D (s5it; + s7).

Let h be a splitting Cartan subalgebra and let 3 be the root system of (g, h). We
put A = {0} UX and hence have a weight space decomposition g = . 9,
with go = b.

We embed A < H* by requiring v|C & D = 0 for v € A. Also we embed
A=7"— H"by A(h & C) =0 and A(d;) = \; for A = (Ay,...,\,) € A. Then

14



E has a root space decomposition E = @ __4 E, with root spaces

acd

Eipr =g, @ (y®X#£0), Eg = H.

Moreover, @ = 3 x A and ®° = A. It is easy now to verify axioms (EA2)-
(EAG).

2.2.4 Remark. There are many more EALAs in nullity n > 2. Other examples
can be found in [AABGP, Chapter III], some of them involving nonassociative
algebras, like octonion algebras and Jordan algebras over Laurent polynomial

rings.

2.3 Lie tori

2.3.1 Definition of a Lie torus

Here the term “root system” means a finite, not necessarily reduced root sys-
tem A in the usual sense, except that we will assume 0 € A, as for example in
[AABGP]. In other words, a root system A is a finite subset of k-vector space
V' such that:

(RS1): 0 € A and A spans V.

(RS2): For every nonzero o € A there exists a linear form a¥ such that a¥(«) =
2 and s,(A) = A, where s, is the reflection of V' defined by s,(y) =

y—a(y)e.
(RS)3: For every nonzero o € A the set a¥(A) is contained in Z.

We denote by
Alnd:{O}U{£€A£/2¢A}

the subsystem of indivisible roots and by Q(A) = spany(A) the root lattice of

A. To avoid some degeneracies we will always assume that A # {0}.

Let A be a finite irreducible root system, and let A be an abelian group. A
Lie torus of type (A, A) is a Lie algebra L satisfying the following conditions
(LT1) — (LT4).

15



(LT1) (a) Lis graded by Q(A)&A. We write this grading as L = @B¢cq(ay rea L}

and thus have [L2, L] C ng:g . It is convenient to define

Le =@y L2 and LM =P\ L

(b) suppg(a) L = {§ € Q(A); Le # 0} = A, so that L = @5€A Le.

(LT2) (a) If L} # 0 and € # 0, then there exist ¢} € L} and f2 € LZ} such
that
A A - A
LE - keg, L_é— - kfg ;

and for all 7 € A and x, € L, we have

[led, £, =] = € (7).
(b) L # 0 for all 0 # £ € S with £/2 & A.
(LT3) As a Lie algebra, L is generated by UO#EA Le.
(LT4) As abelian group, A is generated by supp, L = {\ € A : L* # 0}.

We define the nullity of a Lie torus L of type (A, A) as the rank of A and the
root-grading type as the type of A. We will say that L is a Lie torus (without
qualifiers) if L is a Lie torus of type (A, A) for some pair (A, A). A Lie torus
is called centreless if its centre Z(L) = {0}. If L is a Lie torus, then L/Z(L)

is a centreless Lie torus of the same type as L and nullity.

Among the axioms (LT1) — (LT4), the axioms (LT1) and (LT2) are the crucial
ones. One can weaken (LT1b) by only assuming suppg(ay L C A. It then
follows that either suppga) L = A or suppoa) L = Apg :={{ € A : /2 ¢
A} U {0}, in which case L is a Lie torus of type (Ajuq, A). Similarly, if a Lie
algebra satisfies (LT1) and (LT2), the subalgebra generated by all L¢, 0 # € €
A, satisfies (LT1) — (LT3). The analogous remark applies to (LT4).

An obvious example of a Lie torus of type (A,Z") is a k-Lie algebra g ®; R
where g is a finite-dimensional split simple Lie algebra of type A and R =
k[t ...t is a Laurent polynomial ring. Another important example, stud-

ied in [BGK], is sl;(k,) for k, a quantum torus.

Lie tori have been classified, see [Al] for a recent survey of the many papers

involved in this classification. Some more background on Lie tori is contained
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in the papers [ABFP, Ne3].

2.3.2 Some known properties of centreless Lie tori

We review the properties of Lie tori used in the following. This is not a
comprehensive survey. The reader can find more information in [ABFP, Ne3,
Ned].

Let L and L’ be two Lie tori of type (A, A) and (A, A) respectively, thus
L= @ccares Lt and L' = Bercpryen L’é\,/. An isotopy from L to L' is an
isomorphism f: L — L’ of Lie algebras for which there exist

1. group isomorphisms ¢,: Q(A) — Q(A’) and ¢.: A — A’, and
2. a group homomorphism ¢,: Q(A) — A’

such that

e A S
FLY) = (L)eeiy (2.3.2.1)

holds for all £ € A and A € A. One calls L and L’ isotopic if there exists an
isotopy from L to L'. It is immediate that isotopy is an equivalence relation

on the class of Lie tori. The maps in (1) and (2) are uniquely determined by
(2.3.2.1).

We will need the following result.
2.3.3 Theorem ([Al, Theorem 7.2]). Suppose that L and L' are centreless
Lie tori of type (A, A) and (A, N') respectively. Let b = LY and b’ = L. If

¢ : L — L' is an algebra isomorphism, then

¢ is an isotopy <= ¢(h) =§'.

In the remaining part of this section we will assume that L is a centreless Lie

torus of type (A, A) and nullity n.

For e} and f? as in (LT2) we put h} = [e}, f}] € Lj and observe that
(e}, hg, f&) is an sly-triple. It follows from (LT3) that weight space L{ of

L is equal to
Ly = b = span, {h;}, (2.3.3.1)
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and is a toral (= ad-diagonalizable) subalgebra of L whose root spaces are the

Lg,éEA.

Up to scalars, L has a unique nondegenerate symmetric bilinear form (-|-)
which is A-graded in the sense that (L* | L*) = 0 if A+ u # 0, [NPPS, Yo3].
Since the subspaces L¢ are the root spaces of the toral subalgebra h we also
know (L¢ | L;) =0if £+ 7 # 0.

Recall that the centroid of a Lie algebra A defined over k is

Ctdi(A) = {x € Endi(A)]| [x(a1), as] = x([a1, as]) for all a;,as € A}.

The centroid Ctdy(L) of a Lie torus L is isomorphic to the group ring k[I'] for
a subgroup I' of A, the so-called central grading group (see [BN, Prop. 3.13]).
Hence Ctdy(L) is a Laurent polynomial ring in v variables, 0 < v < n, (all
possibilities for v do in fact occur). We will write Ctdy(L) = €D, kX7,
where the y” satisfy the multiplication rule x?x° = X" and act on L as

endomorphisms of A-degree ~.

One knows that Ctdg(L) acts without torsion on L ([Al, Prop. 4.1]) and as a
Ctdg(L)-module, L is free ([Neb, Th.7]). If L is fgc (finitely generated module
over its centroid), it is a multiloop algebra [ABFP].

If L is not fgc, equivalently v < n, one knows ([Nel, Th. 7]) that L has
root-grading type A. Lie tori with this root-grading type are classified in
[BGK, BGKN, Yol]. It follows from this classification together with [NY, 4.9]

that L = sl;(k,) for k, a quantum torus in n variables.

Let us recall a construction of a multiloop Lie algebra, since we will work

mainly with fgc Lie tori. Let g be a finite dimensional Lie algebra over k and

o = (01,...,0,) be an n-tuple of commuting k-automorphisms of g satisfying
o;" = 1. Let
1
R=Fk[", ... tF') and S =k[s7",..., s, s;=t",1<i<n.

The extension S/R is Galois and we can identify

I''=Gal(S/R) =Z/mZSL/mZ & - -- & ZL/m, L
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via our choice of compatible roots of unity: if (; is a fixed primitive m;-th root
of unity in k, 1 < i < n, the generators of I' are automorphisms ~; of S such
that ;(s*) = C{\is’\, 1<i<n.

We have a natural action of I' on Lg := g ® S and Aut(g)(S) via the second
component. Note that the action of I' on Aut(g)(S) can be equivalently de-
scribed as follows: if ¢ € Aut(g)(S) and v € I' then y(¢) : Ls — Lg is given
by I = v(é(y7*(1))) where [ € Lg.

The family o gives rise to a natural loop cocycle
n=mn(o) e Z' (I, Aut(g)(k)) c Z'(T, Aut(g)(S))
defined by n(o) = (ay) where
a,....1,...,0) = o; ' € Aut(g)(S).

The cocycle n(o) in turn gives rise to a new twisted action of I' on g ® S and
the multiloop algebra L(g,o) based on g corresponding to o is the invariant
subalgebra (g @ S)' of g ® S with respect to the twisted action of I'. More
precisely,

51

Lig.o)= P gn. @t .. ti" Cg@ S, (2.3.3.2)

where

9i.4, =1 €g:0j(x) = C;jx for1<j<n}.
Thus, L(g,0) is a twisted form of the R—Lie algebra g ®; R splitting by S :
L(g,0) ®p S~ g®, S~ (g®k R) ®r S.

2.3.4 Remark. Let G be the simple simply connected algebraic group over &
corresponding to g. Since Aut(g) = Aut(CN-}) we can also consider by means of
the cocycle 1) the twisted R-group né g It is well known (see for example the
proof of [GP1, Prop 4.10]) that the determination of Lie algebras commutes

with the twisting process. Thus L(g,o) is a Lie algebra of .Gp.

Before giving a nice explicit realization of EALA, we have to introduce certain

types of derivations of a Lie torus.
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Any 6 € Homgz(A, k) induces a so-called degree derivation 0y of L defined by
Op(1*) = O(N)I* for 1* € L*. We put D = {0y : € Homy(A, k)} and note that
6 — 0p is a vector space isomorphism from Homy(A, k) to D, whence D = k™.
We define evy € D* by evy(9p) = 0(A). One knows ([Nel, 8]) that D induces
the A-grading of L in the sense that L* is the evy-weight space of L.

If x € Ctdg(L) then xd € Derg(L) for any derivation d € Derg(L). We call
CDery (L) := Ctdi(L)D = D, XD
the centroidal derivations of L. Since

(X709, X°0y) = X"2(6(8)0y — ¥(7)Dp)

it follows that CDer(L) is a [-graded subalgebra of Dery (L), a generalized Witt
algebra. Note that D is a toral subalgebra of CDery(L) whose root spaces are
the x?D = {d € CDer(L) : [t,d] = ev,(t)d for allt € D}. One also knows
([Nel, 9]) that

Dery,(L) = IDer(L) x CDery(L). (2.3.4.1)

For the construction of EALAs, the I'-graded subalgebra SCDery (L) of skew-

centroidal derivations is important:

SCDery(L) = {d € CDer(L) : (d(l) | {) =0forall l € L}
= D, cr SCDerx(L)7,
SCDery(L)” = x"{0p : () = 0}.

Note SCDery,(L)? = D and [SCDery(L))?, SCDer,(L)~"] = 0, whence

SCDerx(L) = D x (€D, SCDer(L)").

7#0

2.4 Construction of EALAs

To construct an EALA we will use data (L, D, 7) described below. Some
background material can be found in [Ne3, §6] and [Ne4, §5.5]:

e [ is a centreless Lie torus of type (A, A). We fix a A-graded invariant

nondegenerate symmetric bilinear form (:|-) and let I' be the central
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grading group of L.

e D= D7 is a graded subalgebra of SCDer(L) such that the eval-
uation map evpo : A — D%* X\ — evy |po is injective. We denote by
C = D#™ the graded dual of D. It is well-known that

op: Lx L —=C, op(li,l)(d) = (d-1i]1) (2.4.0.2)

is a central 2-cocycle.

e 7: DxD — (C'is an affine cocycle defined to be a bilinear map satisfying
for all d,d; € D

T(d,d) :0 and Zodl'T(dg,dg) :ZOT([dl,dg],dg),
7(D",D) =0, and 7(dy,dy)(ds) = 7(dy,ds3)(dy)

Here d - ¢ denotes the natural action of D on C'. It is important to point
out that there do exist non-trivial affine cocycles, see [BGK, Rem. 3.71].

To data (L, D, T) as above we associate a Lie algebra
E=LaoCa®D
with product (I; € L, ¢; € C and d; € D)

L @1 @di, la® ey Ddo] = ([lh lo]p +di(ly) — d2(l1))

(2.4.0.3)
@(UD(ZLZQ) +dy-cy—dy-cp + T(d1,d2)) © [d1, da]p.

Here [.,.]; and [.,.|p are the Lie algebra products of L and D respectively, and

d;(l;) is the natural action of D on L sometimes also written as d; - [;.
It is immediate from the product formula that

(i) L @ D#* is an ideal of E, and the canonical projection L & D& — L is

a central extension.
(ii) The Lie algebra D#* @& D is a subalgebra of E.

The Lie algebra F has a subalgebra

H:h@DO*@DO
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where b = spang{h} : £ € A, A € A} = spanp{h{: 0 # £ € Ajna}. We embed
A into the dual space h*, and extend & € A C bh* to a linear form of H by
(D% @ D% = 0. We embed A C D"*, using the evaluation map, and then
extend A € A C D°* to a linear form of H by putting A\(h ® C") = 0. Then H

is a toral subalgebra of F with root spaces

Lg‘? 5%07

E&B)\: A A A

Observe H = Ej since h = LY. The Lie algebra F has a toral subalgebra
H=bhaC" s D
for b as in 2.3.2. The symmetric bilinear form (-|-) on F, defined by
(L@ et ®dy,ly® ey ®dy) = (Ih, o) + c1(da) + ca(dy),

is nondegenerate and invariant. Here (—,—) is of course the given bilinear
form of the invariant Lie torus L. One can check that thus constructed pair
(E, H) satisfies the remaining axioms (EA3)-(EA6) of an EALA, (see [Na,
Proposition 5.2.4]). This then shows the part (a) of the following theorem.

2.4.1 Theorem ([Ne2, Theorem 6]). (a) The pair (E, H) constructed above
is an extended affine Lie algebra, denoted EA(L, D, ). Its core is L & D&*

and its centreless core is L.

(b) Conversely, let (E,H) be an extended affine Lie algebra, and let L =
E./Z(E.) be its centreless core. Then there ezists a subalgebra D C SCDerp(L)
and an affine cocycle T such that E = EA(L, D, ).
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Chapter 3

Algebraic groups and

non-abelian Galois cohomology

This chapter serves as a review of some concepts and results from the theory
of algebraic groups and non-abelian Galois cohomology which will be used in

the following chapters.

First let us review the definition and basic properties of non-abelian Galois

cohomology sets H® and H'. This material is taken from [Ser].

Let I' denotes a profinite group. A I'-set E is a discrete topological space on
which I" acts continuously. If v € T" and = € E, we will denote the image ~(z)
of z under v as 7z. If £ and E’ are two ['-sets, a morphism of E to E' is a map
f : E — E’ which commutes with the action of I". A T'-group G is a group
in this category; in other words, it is a ['-set with a group structure invariant
under I'. Notice that when G is commutative, one recovers the notion of a
[-module. If E is a I'-set, we put H°(I', E) = E', the set of elements fixed by
[. If E is a group, H°(T', E) is a group.

If G is a I'-group, one defines a I-cocycle of I' in G as a continuous map

a=(ay):I' = G, v~ a, such that

U5y = a5 0 ay (6,7 €l).

The set of all 1-cocycles will be denoted Z'(T', G). Two cocycles a and a’ are
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said to be cohomologous if there exists g € G such that
al, =g 'alg.

This is an equivalence relation on Z'(T, G), and the quotient set is denoted
HY(T',G). This is the “first cohomology set of I in G”. It has a distinguished

element: the class of the unit cocycle, denoted usually by 0 or 1.

The cohomology sets H°(T', G) and H'(T, G) are functorial in G' and coincide
with the usual cohomology groups in dimensions 0 and 1 when G is commu-

tative.

The non-abelian H' is a pointed set and therefore the notion of an exact
sequence does make sense, i.e. the image of the map is equal to the preimage

of a neutral element.

By the functoriality of H® and H!, for a I'-equivariant exact sequence of groups
l1-G —-G—=Gy,— 1
there are induced sequences
HT,Gy) — H'(I',G) — H'T', Gy)

and
H'(T,Gy) = H'(,G) — H\(T, Gs).
Also, one may define a boundary map 6 : H*(T', G3) — HY(T', G;) as follows:

for go € Gy choose g € G such that gy is the image of g. Let a, = g~ -7 g. We
define d(go) as the class of the cocycle (a,) € Z1(T', Gy).

3.0.2 Proposition. [Ser, Chapter I, Proposition 38] Let 1 — G; — G —
Gy — 1 be a I'-equivariant exact sequence of groups. Then the sequence of

pointed sets
135G -G = GY S HAT,Gy) —» HY(T,G) — H'(T, Gy)

18 exact.

We will now recall the definition of an affine group scheme. Let R be a ring.
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An affine group scheme G over R is a representable functor
G : R—alg — grp,

where R—alg is the category of commutative associative unital R-algebras and

grp is the category of groups. The functor G is called representable if
G = Homp_mg(R[G], —),

for some R[G]in R—rng, which is called the ring of regular functions of G. By
Yoneda’s Lemma, the group structure on G is translated to the coassociative
Hopf algebra structure on R[G] (cf. [Wat]). For an R-algebra S we call the
elements of G(5) the S-points of G.

3.0.3 Examples. (1) The multiplicative group scheme Gy,,:

G,.(S) = S* is the group of units in S. R[G,,] = R[t*!].
(2) The special linear group SL,, for n > 1:

SL, (.S) is the group of n x n-matrices with entries in S and determinant
L. R[SLy] = Rlwli<ijen/ (det(2i) —1).

If k is an algebraically closed field, an affine group scheme G over k is semisim-
ple if it is smooth connected and if its radical is trivial [Hum]. A semisimple
group scheme G over k is called simple if G(k) does not have any infinite
closed normal subgroups. The definition of a simple group scheme over an
arbitrary ring R is the following:

3.0.4 Definition. An affine R-group scheme G is simple if it satisfies the two

following requirements:
(1) G is smooth.

(2) For each x € Spec(R), the geometric fiber G X g K(x) is simple, where

k(x) stands for an algebraic closure of the residue field k(x).

Let X be a scheme and G a group scheme over X. For any scheme Y over X
we denote by p;, for i = 1,2, the corresponding projection Y X x Y — Y on the
i-th component and by p;;, for 7,5 = 1,2, 3, the projection ¥ xx ¥ xx Y —

Y Xx Y on the ij-th component. These projections naturally induce group
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homomorphisms
G(Y) — G(Y Xx Y) and G(Y Xx Y) — G(Y XxY Xx XY)

which we denote by p; and pj; respectively. Assume now that Y/ X is an étale
cover. For such a covering Y — X, we define the corresponding set of cocycles
to be

ZNY/X,G) ={g € G(Y xx Y) | pi3(9)pia(9) = pis(9)}

and the non-abelian cohomology to be
H'(Y/X,G) = Z'(Y/X,G)/G(Y),
where G(Y) acts on Z'(Y/X,G) by g- 2z = p5(g9)zpt(g)~". We define

HY(X,G) :=lim H'(Y/X, G),

where the limit is taken over all étale covers Y — X which are locally of finite

type.
3.0.5 Proposition. [Mil, Proposition 4.5] To any exact sequence of affine
group schemes over a scheme X
1 -G -G — Gy —1,
there is an associated exact sequence of pointed sets

1= Gi(X) = G(X) = Gy(X) = HY(X,G,) = HY(X,G) = H' (X, Gy).

3.0.6 Proposition. [Mil, Proposition 4.9] H' (X, G,,) = Pic(X).
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Chapter 4

A cohomological proof of
Peterson-Kac’s theorem on

conjugacy of Cartan subalgebras
for affine Kac-Moody Lie

algebras

In this chapter! we prove the conjugacy theorem for affine Kac-Moody Lie

algebras using cohomological techniques.

Let us fix notation that will be used in this chapter and recall the construc-
tion of an affine Kac-Moody Lie algebra. R will denote the ring of Laurent
polynomials k[t*!] with coefficients in the field k.

Let g be a split simple finite dimensional Lie algebra over a field k£ and let
Aut(g) be its automorphism group. Let G (resp. G) be a simple simply
connected (resp. adjoint) algebraic group over k corresponding to g. If z,y € g,
we denote their product in g by [z, y]. We also let R = k[t*!] and L(g) = g®iR.
We again denote the Lie product in L(g) by [z,y], where z,y € L(g).

Split case. The main object under consideration in Chapter 4 is the affine

(split or twisted) Kac-Moody Lie algebra L corresponding to g. Any split

LA version of this chapter has been published. V. Chernousov, P. Gille, A. Pianzola
and U. Yahorau,“A cohomological proof of Peterson-Kac’s theorem on conjugacy of Cartan
subalgebras for affine Kac-Moody Lie algebras,” Journal of Algebra. 399: 55-78.
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affine Kac-Moody Lie algebra is of the form (see [Kac])

~

L=g@sRokcdkd

The element ¢ is central and d is a degree derivation for a natural grading of

L(g): if z € g and p € Z then

d,z @) =pr .

Ifly, =2x@tP, Iy =y®1t? € L(g) are viewed as elements in E, their Lie product
is given by

2@ty @tY; = [2,y] @ " + pr(2,Y) bopiq -

where & is the Killing form on g and dg .+, is Kronecker’s delta.

Twisted case. Let m be a positive integer and let S = k[t=] be the ring of

Laurent polynomials in the variable s = tm with coefficients in k. Let

L(g)s = L(g) ®r S

be the Lie algebra obtained from the R-Lie algebra L(g) by the base change
R — S. Similarly, we define Lie algebras

L(g)s = L(g)s ® ke and L(g)s = L(g)s & ke @ kd.2

Fix a primitive root of unity ¢ € k of degree m. The R-automorphism
¢*:S—=8 s—(s

generates the Galois group I' = Gal(S/R), which we may identify with the ab-
stract group Z/mZ by means of (*. Note that I" acts naturally on Aut(g)(S) =
Auts_r;.(L(g)s) and on L(g)s = L(g) ®g S through the second factor.

Next, let ¢ be an automorphism of g of order m. This gives rise to an S-

automorphism of L(g)s via z ® s — o(x) ® s, for x € g, s € S. It then easily

2Unlike L(g)s, these object exist over k but not over S.
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follows that the assignment

T 2zr=0" € Auts_rie(L(g)s)

gives rise to a cocycle z = (z;) € ZYT, Auts_ri.(L(g)s)). This cocycle, in

)

turn, gives rise to a twisted action of I" on L(g)s. Applying Galois descent

formalism, we then obtain the I'-invariant subalgebra

L(g,0) := (L(g)s)" = (L(g) ®r S)".

This is a “simple Lie algebra over R” in the sense of [SGA3], which is a twisted
form of the “split simple” R-Lie algebra L(g) = g ®x R. Indeed, S/R is an

étale extension and from properties of Galois descent we have
L(g, J) ®pr S ~ L(Q)S = (g Rk R) ®Rgr S.

Note that L(g,id) = L(g).

For i € Z/mZ, consider the eigenspace
gi={recg: o) =z}

Simple computations show that

L(g,0) = @ g @ k[t*)s".

1EL

Let
L(g,0) := L(g,0) ® ke and L(g,0) := L(g,o) ® ke ® kd.

We give E(g, o) a Lie algebra structure such that c is a central element, d is

the degree derivation, i.e. if x € g; and p € Z then
[d,x@tm] :=pr@tm (4.0.6.1)
and if y @ tm € L(g, o) we get
[z@tm,y® t%]f(gﬂ) =[z,y]® ¢ +pr(2,y)00p4q - C,
where, as before, « is the Killing form on g and dg ,, is Kronecker’s delta.
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Since Aut(g) = Aut(G) we can also consider by means of the cocycle z the
twisted R-group .Gp. Tt is well known (see, for example, the proof of [GP1,
Prop 4.10]) that the determination of Lie algebras commutes with the twisting
process. Thus L(g, o) is a Lie algebra of .Gp.

The following theorem is the main theorem of this chapter. We keep all the
preceeding notations.

4.0.7 Theorem. (Conjugacy theorem for affine Kac-Moody.) Let £ =
L(g,0) be an affine Kac-Moody Lie algebra. Let zéR(R) be the preimage of
{Ad(g) : g € .Ggr(R)} under the canonical map Auty(L) — Auty(L). Then
all MADs on are conjugate under ZGR(R).

* k% %k

Let Z(g) be an affine Kac-Moody Lie algebra corresponding to a finite di-
mensional simple Lie algebra g. Let ¢ € Auty_r.(L(g)s). Since L(g)s is
the derived subalgebra of L(g)s the restriction ¢| T()s induces a k-Lie auto-
morphism of L(g)s. Furthermore, passing to the quotient L(g)s/kc ~ L(g)s
the automorphism ¢z, induces an automorphism of L(g)s. This yields a

well-defined morphism

Auty_rie (E(g)g) — Auty_rie(L(9)s).

-~

Similar considerations apply to Auty_r;.(L(g,0)). The aim of the next few

sections is to show that these two morphisms are surjective.

4.1 S-automorphisms of L(g)s

In this section we construct a “simple” system of generators of the automor-
phism group
Aut(g)(S) = Auts_ric(L(g)s)

which can be easily extended to k-automorphisms of z(g) s. We produce our
list of generators based on a well-known fact that the group in question is
generated by S-points of the corresponding split simple adjoint algebraic group

and automorphisms of the corresponding Dynkin diagram.
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More precisely, let G be the split simple simply connected group over k corre-
sponding to g and let G be the corresponding adjoint group. Choose a maximal
split k-torus T C G and denote its image in G by T. The Lie algebra of T is
a Cartan subalgebra h C g. We fix a Borel subgroup TcBcCG.

Let X = E(é,’f) be the root system of G relative to T. The Borel sub-
group B determines an ordering of 3, hence the system of simple roots Il =
{ai,...,a,}. Fix a Chevalley basis [St67]

{Hu,,.. - H,,, Xo, a €3}
of g corresponding to the pair (’T‘, ]§) This basis is unique up to signs and

automorphisms of g which preserve B and T (see [St67, §1, Remark 1]).

Since S is a Euclidean ring, by Steinberg [St62] the group é(S) is generated
by the so-called root subgroups U, = (z.(u) | u € S), where a € ¥ and

To(u) = exp(uX,) = Zu"XZ /n! (4.1.0.1)

We recall also that by [St67, §10, Cor. (b) after Theorem 29], every auto-
morphism o of the Dynkin diagram Dyn(é) of G can be extended to an
automorphism of G (and hence of G) and g, still denoted by o, which takes

To(u) — To)(cau) and Xy — €4 Xo(q)-

Here ¢, = £1 and if a € II then ¢, = 1. Thus we have a natural embedding

Aut(Dyn(G)) — Auts_ri.(L(g)s)-

The group G(S) acts by S-automorphisms on L(g)s through the adjoint rep-
resentations Ad : G — GL(L(g)s) and hence we also have a canonical em-
bedding

G(S) = Auts-ric(L(g)s)-

As we said before, it is well-known (see [P2] for example) that

Autg_rie (L(g)s) =G (S) X Aut(Dyn(G)).
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For later use we need one more fact.
4.1.1 Proposition. Let f : G — G be the canonical morphism. The group
G(S) is generated by the root subgroups f(U,), o € X, and T(S5).

Proof. Let Z C G be the center of G. The exact sequence
1—2—G—G—1
gives rise to an exact sequence in Galois cohomology
F(G(S)) < G(S) — Ker [H'(S,Z) — H'(S,G)] —> 1.
Since HY(S,Z) — H(S, G) factors through
HY(S,Z) — H'(S,T) — H'(S,G)
and since H'(9,T) = 1 (because Pic S = 1) we obtain

F(G(S)) = G(S) — H'(S,Z) — 1. (4.1.1.1)

Similar considerations applied to
1—Z—T-—T—1

show that

f(T(S)) = T(S) — H'(S,Z) — 1. (4.1.1.2)
The result now follows from (4.1.1.1) and (4.1.1.2). O

4.1.2 Corollary. One has

Auts_rie (L(g)s) = (Aut(Dyn(G)), U, a € X, T(S) ).
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4.2 k-automorphisms of L(g)s

We keep the above notation. Recall that for any algebra 2l over a field k the

centroid of 2 is
Ctd () = {x € Endg() |x(a-b) =a-x(b) = x(a)-b forall a,be2A}.

It is easy to check that if y1, xo € Ctd(2() then both linear operators y;0x, and
X1+ X2 are contained in Ctd (1) as well. Thus, Ctd () is a unital associative
subalgebra of Endy(21). It is also well-known that the centroid is commutative

whenever 2 is perfect.

Example. Consider the k-Lie algebra 2 = L(g)s. For any s € S the linear
k-operator x, : L(g)s — L(g)s given by = — sz satisfies

xs([z,y]) = [z, xs(y)] = xs(2), yl,

hence x; € Ctd (L(g)s). Conversely, it is known (see [ABP, Lemma 4.2]) that
every element in Ctd (L(g)s) is of the form y,. Thus,

Ctd (L(g)s) = {xs | s€ S}~ 8.
4.2.1 Proposition. ([P2, Proposition 1)) One has

Auty_rie(L(g9)s) =~ Auts_ri(L(g)s) x Auty(Ctd (L(g)s))
~ AUtS—Lie(L(g)S) X Aut;g(S)

4.2.2 Corollary. One has

Auty_rie(L(g)s) = (Autg (S), Aut(Dyn(G)), U,, a € &, T(5)).

Proof. This follows from Corollary 4.1.2 and Proposition 4.2.1. [

4.3 Automorphisms of Z(g)g

We remind the reader that the centre of Z(g)s is the k-span of ¢ and that
L(g)s = L(g)s @ ke. Since any automorphism ¢ of L(g)g takes the centre into
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itself we have a natural (projection) mapping

I Z(g)s — Z(Q)S/kc ~ L(g)s

which induces the mapping

A Auty_rie(L(g)s) = Autg_rie(L(g)s)

given by ¢ — ¢’ where ¢'(z) = pu(¢(x)) for all z € L(g)s. In the last formula
we view z as an element of L(g)g through the embedding L(g)s < L(g)s.
4.3.1 Remark. It is straightforward to check that ¢’ is indeed an automor-
phism of L(g)s.

4.3.2 Proposition. The mapping X\ is an isomorphism.
Proof. See [P2, Proposition 4]. O

In what follows if ¢ € Auty_r.(L(g)s) we denote its (unique) lifting to
Auty_ie(L(g)s) by ¢.

4.3.3 Remark. For later use we need an explicit formula for lifts of automor-
phisms of L(g)s induced by some “special” points in T(S) (those which are not
in the image of T(S) — T(S)). More precisely, the fundamental coweights
give rise to the decomposition T ~ G,, g X -+ X Gy, 5. As usual, we have
the decomposition T(S) ~ T(k) x Hom (G,,, T). The second factor in the
last decomposition is the cocharacter lattice of T and its elements correspond
(under the adjoint action) to the subgroup in Autgs_r.(L(g)s) isomorphic to
Hom(Q,Z) where @ is the corresponding root lattice: if ¢ € Hom(Q,Z) it
induces an S-automorphism of L(g)s (still denoted by ¢) given by

Xo = Xo®s%Y, H, — H,.
It is straightforward to check the mapping ¢ : Z(g)g — Z(g) s given by
H, = Hy+ ¢(a)(Xo, X )¢, Hy®s? — H,®s?

if p # 0 and
Xa ® P Xa ® SP+¢(O¢)

is an automorphism of L(g)g, hence it is the (unique) lift of ¢.
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4.4 Automorphisms of split affine Kac-Moody

Lie algebras

Since L(g)s = [L(g)s, L(g)s] we have a natural (restriction) mapping
7 Auty_pie (L(g)s) — Auty_rie (L(g)s)-

4.4.1 Proposition. The mapping T is surjective.

Proof. By Proposition 4.3.2 and Corollary 4.2.2 the group Autg_r.(L(g)s)
has the distinguished system of generators { ¢ } where

¢ € Aut(Dyn(QG)), T(5), Autg(S), Us,.

We want to construct a mapping ¢ : L(g)s — L(g)s which preserves the
identity
[d,x@tw]; =pr@tm

for all z € g and whose restriction to L(g)s coincides with ¢. These two

properties would imply that ¢ is an automorphism of Z(g) g lifting ¢.

If ¢ € U, is unipotent we define ngS, as usual, through the exponential map. If
¢ € Aut(Dyn(G)) we put ¢(d) = d. If ¢ is as in Remark 6.1.2.2 we extend it
by d — d — X where X € b is the unique element such that [X, X,| = ¢(a) X,
for all roots a € 3. Note that automorphisms of L(g)g given by points in T (k)
are in the image of T(k) — T(k) and hence they are generated by unipotent
elements. Lastly, if ¢ € Auty (S) is of the form s — as™! where a € k* (resp.
s — as) we extend ¢ by ¢(d) = —d (vesp. ¢(d) = d). We leave it to the
reader to verify that in all cases ngS preserves the above identity and hence qAb is

an automorphism of L(g)s. O

4.4.2 Proposition. One has Ker 7 ~ V where V- = Homy(kd, kc).

~

Proof. We first embed V' < Auty_r;.(L(g)s). Let v € V. Recall that any
element z € L(g)s can be written uniquely in the form z = 2’ + ad where
2 € L(g)s and a € k. We define o : Z(g)g — L(g)s by  — z + v(ad). One
checks that @ is an automorphism of L(g)s and thus the required embedding

is given by v — 0.
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Since 9(x') = &' for all 2/ € L we have & € Ker7. Conversely, let 1 € Ker 7.
Then ¢(z) = z for all z € L(g)s. We need to show that ¢(d) = ac + d
where a € k. Let ¢(d) = 2’ + ac + bd where a,b € k and 2’ € L(g)s. Since
[d, Xa]z (g = 0 we get

W(d)7¢(Xa)]Z(g)s =0.

Substituting ¢(d) = =’ + ac + bd we obtain

(2" 4+ ac + bd, X, 0

L(g)s —
or [z, Xa|p, = 0. Since this is true for all roots a € X, the element 2’

commutes with g and this can happen if and only if 2’ = 0.

It remains to show that b = 1. To see this we can argue similarly by considering
the equality

[, Xo @tz = Xo ® tm

(9)
and applying . O
4.4.3 Corollary. The sequence of groups

Aot

11—V — Auty_rie (L(g)s) 225 Auty_re (L(g)s) — 1 (4.4.3.1)

18 exact.

4.5 Automorphism group of twisted affine Kac-
Moody Lie algebras

We keep the notation introduced in the beginning of this Chapter. In particu-
lar, we fix an integer m and a primitive root of unity ( = (,, € k of degree m.
Consider the k-automorphism ¢* : .S — S such that s — (s which we view as
a k-automorphism of L(g)s through the embedding

Auty, (S) — Auty_rie (L(g)s) >~ Auts_rie (L(g)s) @ Auty (S5)
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(see Proposition 4.2.1). As it is explained in §4.4 we then get the automor-
phism ¢ (resp. C*) of L(g)s (resp. L(g)s) given by

Qs 4+ ac+bd — @ (st 4 ac + bd

where a,b € k and x € g.

Consider now the abstract group I' = Z/mZ (which can be identified with
Gal (S/R) as already explained) and define its action on L(g)s (resp. L(g)s, L(g)s)
with the use of ¢ (resp. X, ¢*). More precisely, for every [ € E(g)s we let
i(l) := (EX)’(Z) Similarly, we define the action of I' on Auty_r. (L(g)s) by

7 Auty_ e (L(g)s) — Auty_rie (L(g)s), © — (C)'2(C) ™

Therefore, Auty_re (E(g) s) can be viewed as a I'-set. Along the same lines one
defines the action of I" on Autg_r; (L(g)s) and Auts_r;.(L(g)s) with the use of
¢*. Tt is easy to see that I" acts trivially on the subgroup V' C Auty_r;e. (z(g)g)
introduced in Proposition 4.4.2. Thus, (6.2.5.1) can be viewed as an exact

sequence of I'-groups.

We next choose an element © € Aut(Dyn(G)) C Autk(g) of order m (clearly,
m can take value 1,2 or 3 only). Like before, we have the corresponding

automorphism 7 of E(g) s given by
r® s +ac+bd — 7(xr) ® s + ac+ bd

where a,b € k and z € g.

Note that EX T = ﬁZX. It then easily follows that the assignment
T — 27 = ﬁ'_l - Autk_Lie (E(g)s)

gives rise to a cocycle z = (2;) € ZY(I', Auty_rie (L(g)s)).

This cocycle, in turn, gives rise to a (new) twisted action of I" on E(g) s and
Auty_rie (E(g) s). Analogous considerations (with the use of ) are applied to
Autg_rie (L(g)s) and L(g)s. For future reference note that 7 commutes with
elements in V', hence the twisted action of I on V' is still trivial. From now on
we view (6.2.5.1) as an exact sequence of I'-groups, the action of I" being the

twisted action.
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4.5.1 Remark. As we noticed before the invariant subalgebra
L= L(g,m) = (L(g)s)" = ((s @ R) ®r S)"

is a simple Lie algebra over R, a twisted form of a split Lie algebra g ®; R.

The same cohomological formalism also yields that
Autp_pie (£) ~ (Auts_rie (L(g)s))"- (4.5.1.1)
4.5.2 Remark. It is worth mentioning that the canonical embedding

L (Autk_Lie (L(g)g>>r — Autk_Lie ((L(g)s)r) = Autk_Lie (,C) ~
AutR,Lie (E) X Autk (R),

where the last isomorphism can be established in the same way as in Proposi-
tion 4.2.1, is not necessary surjective in general case. Indeed, one checks that
if m = 3 then the k-automorphism of R given by t — ¢! and viewed as an
element of Auty_r;. (£) ~ Autg_r. (£) x Auty (R) is not in Im¢. However
(6.4.1.1) implies that the group Autgr_r; (£) is in the image of .

4.5.3 Remark. The k-Lie algebra £ = (L(g)s)" is a twisted affine Kac—
Moody Lie algebra. Conversely, by the Realization Theorem every twisted
affine Kac—-Moody Lie algebra can be obtained in such a way.

4.5.4 Lemma. One has H'(T',V) = 1.

Proof. Since I' is cyclic of order m acting trivially on V =~ k it follows that
'O, V)={x€k|mr=0}=0
as required. O

The long exact cohomological sequence associated to (6.2.5.1) together with
Lemma 4.5.4 imply the following.
4.5.5 Theorem. The following sequence

1 — V — (Autp_rie (L()s)" =% (Auty_pie (L(g)s))" — 1

is exact. In particular, the group Autgr_r; (L) is in the image of the canonical
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mapping

~

Autk,ue ( ) — Autk,ue (ﬁ) ~ AutR,Lie (ﬁ) X Autk (R)

Proof. The first assertion is clear. As for the second one, note that as in

Remark 4.5.2 we have the canonical embedding

~

(Auteric (L(g)s)" = Auteric (L(8)s)") = Auty_pic (£)
and the commutative diagram

(Auty_rie (L(9)s))" — (Auty_ri (L(g)s))"

l l

-~

Autk,Lie (ﬁ) — Autk,Lie (ﬁ)

Then surjectivity of v and Remark 4.5.2 yield the result.

4.6 Some properties of affine Kac-Moody Lie

algebras

Henceforth we fix a simple finite dimensional Lie algebra g and a (diagram)
automorphism o of finite order m. For brevity, we will write L and (Z, L) for

~ ~

L(g,0) and (L(g,0), L(g,0)) respectively.

For all [,y € L one has
[ll, lg] — [ll, ZQ]E = ac (4601)

for some scalar a € k. Using (4.0.6.1) it is also easy to see that for all y € £

one has
[d,yt"]z = mnyt" + [d,y] s t" (4.6.0.2)

4.6.1 Remark. Recall that £ has a natural R-module structure: If y =
z®tm € L then

ptm

pti=z@tntl =zt = L.
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Therefore since [d, y] 7 is contained in £ the expression [d,y]7t" is meaningful.

Henceforth we will denote by G the simple simply connected group scheme

over R corresponding to L.

The infinite dimensional Lie algebra L admits a unique (up to non-zero scalar)
invariant nondegenerate bilinear form (-, -). Its restriction to £ C L is nonde-

generate (see [Kac, 7.5.1 and 8.3.8]) and we have
(c.c)=(d,d) =0, 0# (c,d) =B €k~

and
(¢,1) =(d,l) =0 forallle L.

4.6.2 Remark. It is known that a nondegenerate invariant bilinear form on L
is unique up to nonzero scalar. We may view Lasa subalgebra in the split Kac-
Moody Lie algebra Z(g) 5. The last one also admits a nondegenerate invariant
bilinear form and it is known that its restriction to £ is nondegenerate. Hence

this restriction is proportional to the form (—, —).

Let hy be a Cartan subalgebra of the Lie algebra gg.

4.6.3 Lemma. The centralizer of by in g is a Cartan subalgebra by of g.
Proof. See [Kac, Lemma 8.1]. O

The algebra ‘H = by @ kc @ kd plays the role of Cartan subalgebra for L. With
respect to H our algebra L admits a root space decomposition. The roots are
of two types: anisotropic (real) or isotropic (imaginary). This terminology
comes from transferring the form to H* and computing the “length” of the

roots.

The core £ of L is the subalgebra generated by all the anisotropic roots. In
our case we have £ = £ & ke. The correct way to recover L inside L is as its

core modulo its centre.?

If m C £ is an abelian subalgebra and a € m* = Hom(m, k) we denote the

corresponding eigenspace in L (with respect to the adjoint representation of

3In nullity one the core coincides with the derived algebra, but this is not necessarilty
true in higher nullities.
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L) by L,. Thus,
Lo={leLl|[x,0;=a(x)l foralzem}.

The subalgebra m is called diagonalizable in L if

-

acm*

Every diagonalizable subalgebra of m C L is necessarily abelian. We say that
m is a maximal (abelian) diagonalizable subalgebra (MAD) if it is not properly
contained in a larger diagonalizable subalgebra of L.

4.6.4 Remark. Every MAD of L contains the center kc of L.

4.6.5 Example. The subalgebra # is a MAD in £ (see [Kac, Theorem 8.5]).

Our aim is to show that an arbitrary maximal diagonalizable subalgebra m C L
is conjugate to H under an element of Aut,(L). For future reference we record
the following facts:

4.6.6 Theorem. (a) Fvery diagonalizable subalgebra in L is contained in a
MAD of L and all MADs of L are conjugate. More precisely, let G be the
simple simply connected group scheme over R corresponding to L. Then for

any MAD m of L there exists g € G(R) such that Ad(g)(m) = bg.

(b) There exists a natural bijection between MADs on and MADs of L. Every
diagonalizable subalgebra in L is contained in a MAD of L. All MADs ofE

are conjugate by elements in Ad(G(R)) C Auty(L) ~ Autg(L).

-~ ~

(¢) The image of the canonical map Auty(L) — Auty(L) ~ Auty(L) obtained

by restriction to the derived subalgebra L contains Autg_rie(L).

Proof. (a) From the explicit realization of £ one knows that by is a MAD of
L. Now (a) follows from [CGP].

(b) The correspondence follows from the fact that every MAD of L contains
ke. A MAD i of £ is necessarily of the form m & kc for some MAD m of £

and conversely. The canonical map Aut, (L) — Aut, (L) is an isomorphism by

Proposition 4.3.2.

(c) This was established in Theorem 6.4.1.
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4.6.7 Lemma. Ifm C L is a MAD on then m ¢ L.

Proof. Assume that m C £. By Theorem 4.6.6 (b), there exists a MAD m/
of £ containing m. Applying again Theorem 4.6.6 we may assume that up to
conjugation by an element of Auty (L), in fact of G(R), we have m C m' =
hg@kc. Then m is a proper subalgebra of the MAD H of L and this contradicts
the maximality of m. O]

In the next three sections we are going to prove some preliminary results
related to a subalgebra A of the twisted affine Kac-Moody Lie algebra L which

satisfies the following two conditions:

a) A s of the form A=A kes kd, where A is an R-subalgebra of L such
that AQg K is a semisimple Lie algebra over K where K = k(t) is the fraction
field of R.

b) The restriction to A of the nondegenerate invariant bilinear form (—, —) of

L is nondegenerate.

In particular, all these results will be valid for A="L.

4.7 Weights of semisimple operators and their
properties
Let 7 = 2/ +d € A where 2/ € A. It induces a k-linear operator
ad(x) : A— A,y — ad(z)(y) = [,y];.

We say that x is a k-diagonalizable element of A if A has a k-basis consisting
of eigenvectors of ad(z). Throughout we assume that =’ # 0 and that z is

k-diagonalizable.

For any scalar w € k we let

Ap={y € A|[z,y]5=wy}.
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We say that w is a weight (= eigenvalue) of ad(x) if A, # 0. More generally, if
O is a diagonalizable linear operator of a vector space V over k (of main interest
to us are the vector spaces E, A= A®ke, A) and if w is its eigenvalue following
standard practice we will denote by V,, C V the corresponding eigenspace of
0.

4.7.1 Lemma. (a) If w is a nonzero weight of ad(x) then A, C A.

(b) Ag = Ay ® ().

Proof. Clearly we have [A, A] C A and this implies ad(z)(A) C A. It then
follows that the linear operator ad(z)|z is k-diagonalizable. Let A=A,
where the sum is taken over all weights of ad(z)|;. Since z € Ao and since
A= (z)® A we conclude that

A= (2,4)) ® (Burso Auw),
so that the result follows. O]

The operator ad(z)|; maps the center (c¢) = kc of A into itself, hence it
induces a linear operator O, of A ~ A /kc which is also k-diagonalizable. The
last isomorphism is induced by a natural (projection) mapping A : Ao AT
w # 0 the restriction of A to IZLU is injective (because ﬁw does not contain kc).
Since A = @wﬁw it then follows that

A|gw;A’w—>Aw

is an isomorphism for w # 0. Thus the three linear operators ad(x), ad(x)| ;
and O, have the same nonzero weights.
4.7.2 Lemma. Let w # 0 be a weight of O, and let n € Z. Then w + mn is
also a weight of O, and Ay ymn = t"Ay.

Proof. Assume y € A, C A, hence O,(y) = wy. Let us show that yt" €
Awtmn. We have

Oz (yt") = Mad(z)(yt")) = M[z, yt"] 7)- (4.7.2.1)
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Substituting = = 2’ + d we get
[z, yt"] 5 = [, yt"] 1 + [d, yt"] 3
Applying (4.6.0.1) and (4.6.0.2) we get that the right hand side is equal to
2", y] t" + ac+ [d, y] 5" + mnyt"
where a € k is some scalar. Substituting this into (4.7.2.1) we get

Oz (yt") = X[,y t" + ac+ [d,y] 5 t" + mnyt")
= [, y]t" + A([d, y| 5 ") + mnyt"

By (4.6.0.1) there exists b € k such that
[,y " = ([, yl 1 + be) £

Here we view [2/,y]t" as an element in A. Therefore

O (yt™) mnyt" + A(([2,y] 7 + be) t" + [d, y] 3 1)

= mnyt" + A(([z,y] 5 + be) t7).

We now note that by construction [z,y] 7 + bc is contained in A C A. Hence
A(([z, 913 +b0)t") = Az, yl 1 + be) 1" = A([z,y] 1)) 1"
Since A([z,y]3) = O(y) = wy we finally get
O (yt") = mnyt" + wyt™ = (w + mn)yt".

Thus we have showed that A,t" C Ayinm. By symmetry A, ,mt™ C Ay

and we are done. OJ

We now consider the case w = 0.
4.7.3 Lemma. Assume that dim Ay > 1 and n € Z. Then mn is a weight of
ad(zx).

Proof. Since dim Ay > 1 there exists nonzero y € A such that [z,y]7 = 0.

Then the same computations as above show that [z, yt"] ; = mnyt". O
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Our next aim is to show that if w is a weight of ad(z) so is —w. We remind
the reader that A is equipped with the nondegenerate invariant bilinear form

(—,—). Hence for all y, z € A one has

([7,9]7,2) = —(y, [z, 2] 3). (4.7.3.1)
4.7.4 Lemma. If w is a weight of ad(x) then so is —w.

Proof. If w = 0 there is nothing to prove. Assume w # 0. Consider the root

I-@i.

It suffices to show that for any two weights wy, we of ad(x) such that w;+wq # 0

space decomposition

the subspaces gwl and ﬁwz are orthogonal to each other. Indeed, the last
implies that if —w were not a weight then every element in Ew would be

orthogonal to all elements in A\, which is impossible.

Let y € Ay, and z € A,,,. Applying (4.7.3.1) we have
wi(y, 2) = ([z,9]3,2) = —(y, [z, 2] 3) = —wa(y, 2).
Since wy # —wy we conclude (y, z) = 0. O

Now we switch our interest to the operator O, and its weight subspaces. Since
the nonzero weights of ad(x), ad(z)|; and O, are the same we obtain, by

Lemmas 4.7.2 and 4.7.3, that for every weight w of O, all elements in the set
{w+mn|neZ}

are also weights of O,. We call this set of weights by w-series. Recall that by
Lemma 4.7.2 we have
Avrmn = Aut™.

4.7.5 Lemma. Let w be a weight of O, and let A, R be the R-span of A, in
A. Then the natural map v : A, @ R — Ay R given by [ @ t" — It" is an

1somorphism of k-vector spaces.

Proof. Clearly, the sum ) Aymn of vector subspaces Ay jmy, in A is a direct
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sum. Hence

AR =" Apt" =" Ausmn = €D Awsmn (4.7.5.1)
Fix a k-basis {e;} of A,. Then {e; ® t/} is a k-basis of A, ®; R. Since
vie; @t") = eit" € Aprmn

the injectivity of v easily follows from (4.7.5.1). The surjectivity is also obvious.

O

Notation: We will denote the R-span A, R by Ag,.
By our construction Ay, is an R-submodule of A and

A= Ay (4.7.5.2)
where the sum is taken over fixed representatives of weight series.
4.7.6 Corollary. dim; A, < oco.
Proof. Indeed, by the above lemma we have

dimy, A,, = rankg (A, ® R) = rankg A, R = rankg Ay, < rankg A < oo,

as required. O

4.7.7 Corollary. There are finitely many weight series.

Proof. This follows from the fact that A is a free R-module of finite rank. []

4.7.8 Lemma. Let wy,wy be weights of O,. Then [Aw,, Aw,] C Awytw,-

Proof. This is straightforward to check. m

4.8 Weight zero subspace

4.8.1 Theorem. Ay # 0.
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Proof. Assume that Ag = 0. Then, by Lemma 4.7.2, A,,, = 0 for all n € Z.
It follows that for any weight w, any integer n and all y € Ay, 2 € A_yimn
we have [y, z] = 0. Indeed

[Aw, A_w+mn] C Aw+(_w)+mn =A,.,=0. (4.8.1.1)

For y € A the operator ad(y) : A — A may be viewed as a k-operator or as an
R-operator. When we deal with the Killing form (—, —) on the R-Lie algebra

A we will view ad(y) as an R-operator of A.

4.8.2 Lemma. Let wy, wy be weights of ad(x) such that {w;} # {—ws}. Then

for any integer n and all y € Ay, and z € Ayyrmn we have (y,z) = 0.

Proof. Let w be a weight of ad(x). By our condition we have {w} # {w +
wy 4+ wo}. Since (ad(y) o ad(2))(Aqwy) C Afwtwi+ws}s i any R-basis of A
corresponding to the decomposition (4.7.5.2) the operator ad(y) o ad(z) has
zeroes on the diagonal, hence Tr (ad(y) o ad(z)) = 0. O

4.8.3 Lemma. Let w be a weight of ad(x), n be an integer and let y € A,.
Assume that ad(y) viewed as an R-operator of A is nilpotent. Then for every

2 €A _yimn we have (y,z) = 0.

Proof. Indeed, let [ be such that (ad(y))! = 0. Since by (4.8.1.1), ad(y) and

ad(z) are commuting operators we have

(ad(y) 0 ad(2))" = (ad(y))" o (ad(2))" = 0.
Therefore ad(y) o ad(z) is nilpotent and this implies its trace is zero. O

Since the Killing form is nondegenerate, it follows immediately from the above
two lemmas that for every nonzero element y € A, the operator ad(y) is not
nilpotent. Recall that by Lemma 4.7.8 we have ad(y)(Ay) C Aypiw. Hence
taking into consideration Corollary 4.7.7 we conclude that there exits a weight

w’ and a positive integer [ such that

ad(y)(Agy) # 0, (ad(y) o ad(y))(Agry) # 0., (ad(y)) (Aqry) # 0

and (ad(y)'(Agwy) C Agwy. We may assume that [ is the smallest positive
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integer satisfying these conditions. Then all consecutive scalars
w, w +w, w +2w,. .., w +lw (4.8.3.1)

are weights of ad(z), {w'+iw} # {w'+(i+1)w} fori <l and {w'} = {w'+lw}.
In particular, we automatically get that [w is an integer (divisible by m) which

in turn implies that w is a rational number.

Thus, under our assumption Ay = 0 we have proved that all weights of
ad(x) are rational numbers. We now choose (in a unique way) representatives
wy, ..., w, of all weight series such that 0 < w; < m and up to renumbering

we may assume that
OD<w <wy < -+ < wg < m.

4.8.4 Remark. Recall that for any weight w;, the scalar —w; is also a weight.
Since 0 < —w;+m < m the representative of the weight series {—w;} is m—w;.
Then the inequality m —w; > w; implies m —w; > w;. Hence out of necessity

we have wy = m — w;.

We now apply the observation (4.8.3.1) to the weight w = w;. Let w’ = w; be
as in (4.8.3.1). Choose the integer j > 0 such that w; + jwy, w; + (j + 1)w; are
weights and w; +jw; < m, but w;+(j+1)w; > m. We note that since m is not
a weight of ad(z) we automatically obtain w; 4+ (j + 1)w; > m. Furthermore,
we have w; + jw; < ws = m—w; (because w; + jw; is a weight of ad(x)). This
implies

m<w;+ (j+Dw; <w, +wy, =m —w; +wy, =m

— a contradiction that completes the proof of the theorem. O

4.9 A lower bound of dimensions of MADs in

L

4.9.1 Theorem. Let m C L be a MAD. Then dimm > 3.

By Lemma 4.6.7, m contains an element z of the form z = 2’ + d where 2’ € L

and it also contains c. Since x and ¢ generate a subspace of m of dimension 2

48



the statement of the theorem is equivalent to (x,c) # m.

Assume the contrary: (x,c¢) = m. Since m is k-diagonalizable we have the

E-DE,

where the sum is taken over linear mappings a € m* = Hom (m, k). To find

weight space decomposition

a contradiction we first make some simple observations about the structure of

the corresponding eigenspace EO.

If £, # 0, it casily follows that a(c) = 0 (because ¢ is in the center of L).

Then « is determined uniquely by the value w = a(x) and so instead of Ea

~

we will write L£,,.

Recall that by Theorem 4.8.1, £y # 0. Our aim is first to show that L
contains a nonzero element y such that the adjoint operator ad(y) of L is k-
diagonalizable. We will next see that y necessarily commutes with x viewed as
an element in £ and that it is k-diagonalizable in L as well. It then follows that
the subspace in L spanned by ¢,  and y is a commutative k-diagonalizable
subalgebra and this contradicts the fact that m is a MAD.

4.9.2 Lemma. Lety € L be nonzero such that O,(y) = 0. Then [z,y]z = 0.

Proof. Assume that [z,y]; = bc # 0. Then
(z,[z,y]z) = (z,bc) = (' + d, bc) = (d,bc) = Bb # 0.
On the other hand, since the form is invariant we get
(@, [z, 9]z) = ([, 2]z,9) = (0,) = 0

— a contradiction which completes the proof. O

4.9.3 Lemma. Assume thaty € Ly is nonzero and that the adjoint operator
ad(y) of L is k-diagonalizable. Then ad(y) viewed as an operator ofz is also

k-diagonalizable.

Proof. Choose a k-basis {e; } of L consisting of eigenvectors of ad(y). Thus

we have [y, e;] = u;e; where u; € k and hence

[y, 61’]2 = u;e; + bic
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where b; € k.

Case 1: Suppose first that u; # 0. Let
b; ~
e, =e+—-ceL.
Then we have
[y, €]z = [y, el p = wie; + bic = u;é;

and therefore é; is an eigenvector of the operator ad(y) : L—L.

Case 2: Let now u; = 0. Then [y, ¢;] 7 = b;c and we claim that b; = 0. Indeed,

we have
(ZE, [yv 61]5) = ([$7y]f7 62‘) = <07 ei) =0

and on the other hand
(557 [1/761}2) = (x7bic) = (wl +d, biC) = (d, bic) = Bb;.

It follows that b; = 0 and thus €; = ¢; is an eigenvector of ad(y).

Summarizing, replacing e; by é; we see that the set {é; } U{ ¢,z } is a k-basis
of L consisting of eigenvectors of ad(y). O

4.9.4 Proposition. The subalgebra Loy contains an element y such that the

operator ad(y) : L — L is k-diagonalizable.

Proof. We split the proof in three steps.

Step 1: Assume first that there exists y € Lq which as an element in L = L&g
K is semisimple. We claim that our operator ad(y) is k-diagonalizable. Indeed,
choose representatives w; = 0,ws, ..., w; of the weight series of ad(x). The
sets Ly, - - ., Ly, are vector spaces over k of finite dimension, by Lemma 4.7.6,
and they are stable with respect to ad(y) (because y € Ly). In each k-vector

space L,, choose a Jordan basis

{eij7 j - 17,11}
of the operator ad(y)|c,, . Then the set

i, i=1, 1, j=1,....1; 4.9.4.1
J



is an R-basis of £, by Lemma 4.7.5 and the decomposition given in (4.7.5.2).
It follows that the matrix of the operator ad(y) viewed as a K-operator of
L ®r K is a block diagonal matrix whose blocks corresponds to the matrices
of ad(y)|c,, in the basis {e;;}. Hence (4.9.4.1) is a Jordan basis for ad(y)
viewed as an operator on £L ®p K. Since y is a semisimple element of L ®r K
all matrices of ad(y)|c,, are diagonal and this in turn implies that ad(y) is

k-diagonalizable operator of L.

Step 2: We next consider the case when all elements in £, viewed as elements
of the R-algebra L are nilpotent. Then L, being finite dimensional, is a
nilpotent Lie algebra over k. In particular its center is nontrivial since Ly # 0.
Let ¢ € Ly be a nonzero central element of Ly. For any z € L, the operators
ad(c) and ad(z) of £ commute. Then ad(z)oad(c) is nilpotent, hence (c, z) = 0.
Furthermore, by Lemma 4.8.2 (¢, z) = 0 for any z € L,,, w; # 0. Thus ¢ # 0

is in the radical of the Killing form of £ — a contradiction.

Step 3: Assume now that Ly contains an element y which as an element of
L has nontrivial semisimple part y,. Let us first show that y, € Loy ®p K
and then that y, € Ly. By Step 1, the last would complete the proof of the

proposition.

By decomposition (4.7.5.2) applied to A = £ we may write y, as a sum

Ys=Wn +y2+--+u

where y; € Ly, ®r K. In Step 1 we showed that in an appropriate R-basis
(4.9.4.1) of £ the matrix of ad(y) is block diagonal whose blocks correspond to
the Jordan matrices of ad(y)|c,, : Lw, — Luw,. It follows that the semisimple

part of ad(y) is also a block diagonal matrix whose blocks are semisimple parts

of ad(y)|a,, -

Since L is a semisimple Lie algebra over a perfect field we get that ad(ys) =

ad(y)s. Hence for all weights w; we have
s, L] C Lo, (4.9.4.2)
On the other hand, for any u € £,,, we have
ad(ys)(uw) = [y, u] + [yz, u] + -+ [y, ul.
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Since [y;, u] € Liw4w,y ®r K, it follows that ad(ys)(u) € Lyw,y if and only
if [yo,u] = -+ = [y;,u] = 0. Since this is true for all 7 and all u € L,,
and since the kernel of the adjoint representation of Lg is trivial we obtain

Yo = -+~ =y = 0. Therefore y, € Liny ®p K.

It remains to show that y, € £,. We may write y, in the form

1
Ys= ——~ (U @1+ u @t 4 + Uy, @ ™)
9(t)
where ug, -+ ,u; € Lo and g(t) = go + 1t + - - + g,t" is a polynomial with
coefficients ¢y, ..., g, in k with g, # 0. The above equality can be rewritten

in the form

9oYs + G1Ys Dt + -+ grys " =ug @ 1 + - - + u,, @ (4.9.4.3)

Consider an arbitrary index ¢ and let u € L£,,. Recall that by (4.9.4.2) we

have
ad(ys)(Lw;) C La;-

Applying both sides of (4.9.4.3) to u and comparing L, ,-components we
conclude that [g,ys, u] = [un,u]. Since this is true for all v and all 7 and since

the adjoint representation of Lx has trivial kernel we obtain g,y, = u,. Since

gn 7 0 we get ys = up/gn € Lo. n

Now we can easily finish the proof of Theorem 4.9.1. Suppose the contrary.
Then dim(m) < 3 and hence by Lemma 4.6.7 we have m = (¢, z + d) with
z € L. Consider the operator O, on £. By Theorem 4.8.1 we have £y # 0. By
Propositions 4.9.4 and 4.9.3 there exists a nonzero k-diagonalizable element
y € Ly. Clearly, y is not contained in m. Furthermore, by Lemma 4.9.2, y
viewed as an element of £ commutes with m and by Lemma 4.9.3 it is k-
diagonalizable in £. It follows that the subspace m; = m @ (y) is an abelian

k-diagonalizable subalgebra of L. But this contradicts maximality of m.

4.10 All MADs are conjugate

o~

4.10.1 Theorem. Let G(R) be the preimage of {Ad(g) : g € G(R)} under
the canonical map Auty(L) — Auty(L). Then all MADs of L are conjugate
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under G(R) to the subalgebra H in 4.6.5.

Proof. Let m be a MAD of L. By Lemma 4.6.7, m ¢ L. Fix a vector z =
¥’ +d € m where 2’ € £ and let m' = m N L. Thus we have m = (z,c,m’).
Note that m’ # 0, by Theorem 4.9.1. Furthermore, since m’ is k-diagonalizable
in £, without loss of generality we may assume that m’ C by given that by
Theorem 4.6.6(b) there exists ¢ € G(R) such that Ad(g)(m’) C by and that
by Theorem 6.4.1 ¢ has lifting to Autk_Lie(E).

Consider the weight space decomposition

L= L, (4.10.1.1)
with respect to the k-diagonalizable subalgebra m’ of £ where «; € (m’)* and
as usual

Lo, ={z€L|[t,z] = a(t)z for all t € m'}.

4.10.2 Lemma. L, is invariant with respect to the operator O,.

Proof. The k-linear operator O, commutes with ad(t) for all t € m’ (because

-~

x and m’ commute in £), so the result follows. O

4.10.3 Lemma. We have ' € L.

Proof. By our construction m’ is contained in hg, hence d commutes with the
elements of m’. But z also commutes with the elements of m’ and so does
T =x—d. O

Ly = Cr(m’), being the Lie algebra of the reductive group scheme Cg(m’) (see
[CGP]), is of the form Ly = z & A where z and A are the Lie algebras of the
central torus of Cg(m’) and its semisimple part respectively. Our next goal is
to show that A = 0.

Suppose this is not true. To get a contradiction we will show that the subset
A=AakedkdcC Lisa subalgebra satisfying conditions a) and b) stated
at the end of §4.6 and that it is stable with respect to ad(z). This, in turn,
will allow us to construct an element y € A which viewed as an element
of £ commutes with z and m’ and is k-diagonalizable. The last, of course,

contradicts the maximality of m.
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Let H denote the simple simply connected Chevalley-Demazure algebraic k-

group corresponding to g. Since G is split over S we have
Hg=H x;, S~ Gg=G x5 5.

Let Cy(m’) = t @ r where t is the Lie algebra of the central torus of the
reductive k-group Cyg(m’) and r is the Lie algebra of its semisimple part.

Since centralizers commute with base change, we obtain that
ts=t®Rp, S=2®rS =25, Ts=rx,; S=ARrS = Ag.

4.10.4 Lemma. We have ad(d)(A) C A and in particular A is a subalgebra
of L.

Proof. Since r consists of “constant” elements we have [d, r]z( 0s = 0 and this
implies that [d, I'S]Z(g)s C rg. Also, viewing L as a subalgebra of L(g)s we have
[d, L]z C L. Furthermore, S/R is faithfully flat, hence A = AsN L =rgN L.
Since both subalgebras rg and £ are stable with respect to ad(d), so is their

intersection. [
4.10.5 Lemma. The restriction of the nondegenerate invariant bilinear form

(=, =) on L to Ly is nondegenerate.

Proof. We mentioned before that the restriction of (—, —) to £ is nondegener-
ate. Hence in view of decomposition (4.10.1.1) it suffices to show that for all

a € Lp and b € L,, with a; # 0 we have (a,b) = 0.

Let [ € m’ be such that «;(l) # 0. Using the invariance of (—, —) we get
ai(l)(a,b) = (a, ;i (1)b) = (a, [1,b]) = ([a,1],b) = 0.

Hence (a,b) = 0 as required. O
4.10.6 Lemma. The restriction of (—, —) to A is nondegenerate.

Proof. By lemma(4.10.5) it is enough to show that z and A are orthogonal in
L. Moreover, viewing z and A as subalgebras of the split affine Kac-Moody

Lie algebra Z(g) s and using Remark 4.6.2 we conclude that it suffices to verify

that zg = tg and As = rg are orthogonal in E(g)g.

o4



Let a € t and b € r. We know that
(at, bt ) = K(a, D)0

where £ is a Killing form of g. Since r is a semisimple algebra we have r = [r, r].
It follows that we can write b in the form b = > [a;, b;] for some a;, b; € r. Using

the facts that t and r commute and that the Killing form is invariant we have

k(a,b) = k(a, Z[ai, bi]) = Z k([a, a;], b;) = Z k(0,b;) = 0.

Thus (atm,btw) = 0. O

4.10.7 Remark. It follows immediately from Lemma 4.10.6 that the restric-
tion to A of the nondegenerate invariant bilinear form (—, —) is nondegenerate.
Indeed, we have A = A ® (¢,d). We know that the restriction of our form
to (¢,d) is non-degenerate. By the lemma its restriction to A is also non-
degenerate. Since A and (c¢,d) are orthogonal to each other our assertion

follows.

4.10.8 Lemma. The k-subspace A C L is invariant with respect to O,.
Proof. Let a € A. We need to verify that
[z,a]; € A® ke C L.
But [d, Al C A + kc by Lemma 4.10.4. We also have
[z, Al C A ke

(because x’ € Ly, by Lemma 4.10.3, and A viewed as a subalgebra in Ly is an
ideal). Since x = 2’ + d the result follows. O
According to Lemma 4.10.3 we can write 2’ = z{+x) where z( € z and | € A.
4.10.9 Lemma. We have O,|4 = Oa;’1+d|A' In particular, the operator Oz’1+d|A

of A is k-diagonalizable.

Proof. By Lemma 4.10.8, we have O,(A) C A. Since O, is k-diagonalizable
(as an operator of £), so is the operator O, |4 of A. Therefore the last assertion

of the lemma follows from the first one.
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Let now a € A. Using the fact that zf, and a commute in £ we have
(', al g = [20, 0]z + [0, alz = [2, alz + be

for some b € k. Thus O,(a) = Oy a(a). O

4.10.10 Lemma. The operator ad(z, + d) : A — A is k-diagonalizable.

Proof. Since by Lemma 4.10.9 O, 4[4 : A — A is k-diagonalizable we can

apply the same arguments as in Lemma 4.9.3. O]

Now we can produce the required element y. It follows from Lemma 4.10.6 that
the Lie algebra A satisfies all the conditions stated at the end of Section 4.6.
By Lemma 4.10.10, ad(z} +d) is k-diagonalizable operator of A. Hence arguing
as in Theorem 4.9.1 we see that there exists a nonzero y € A such that [y, ] +
d]z = 0 and ad(y) is a k-diagonalizable operator on A. Then by Lemma 4.10.9
we have O,(y) = Ou14(y) = 0 and hence, by Lemma 4.9.2, x and y commute
in L.

According to our plan it remains to show that y is k-diagonalizable in L. To

see this we need

4.10.11 Lemma. Let z € w'. Then [z,y]; = 0.

Proof. Since y € A C C(w’') we have [z,y], = 0. Then [z, y|; = bc for some
b € k. It follows

0=(0,9) = ([r,2]z.9) = (z,[2.9]7) = (¢ +d,bc) = (d, be) = Bb.
This yields b = 0 as desired. O

4.10.12 Proposition. The operator ad(y) : L — L is k-diagonalizable.

Proof. According to Lemma 4.9.3, it suffices to prove that ad(y) : £L — L
is k-diagonalizable. Since y viewed as an element of A is semisimple it is
still semisimple viewed as an element of £. In particular, the R-operator

ad(y) : L — L is also semisimple.
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Recall that we have the decomposition of £ into the direct sum of the weight

spaces with respect to O, :
L=DLe= DD Lvsm =D Ly

Since y and 2 commute in £, for all weights w we have ad(y)(Ly) C Lo,. If we

choose any k-basis of L,, it is still an R-basis of Ly,; = £,,®; X and in this basis

the R-operator ad(y)|c,,, and the k-operator ad(y)|., have the same matrices.
Since the R-operator ad(y)|c,,, is semisimple, so is ad(y)|c,,, i-e. ad(y)lc, is

a k-diagonalizable operator. Thus ad(y) : £ — L is k-diagonalizable. O

Summarizing, assuming A # 0 we have constructed the k-diagonalizable ele-

ment

ygm: <m/7$76>

in £ which commutes with m’ and z in £. Then the subalgebra (m,y) in £
is commutative and k-diagonalizable which is impossible since m is a MAD.
Thus A is necessarily trivial and this implies Cz(w’) is the Lie algebra of the

R-torus Cg(w’), in particular Cz(m’) is abelian.

Note that 2’ € Cg(m'), by Lemma 4.10.3, and that hz C Cr(m’) (because
m’ C by, by construction). Since Cz(m’) is abelian and since z = 2’ + d it
follows that ad(x)(by) = 0. Hence (bg, x, ¢) is a commutative k-diagonalizable
subalgebra in £. But it contains our MAD m. Therefore m = (bg,z,¢). To
finish the proof of Theorem 4.10.1 it now suffices to show that 2’ € bg. For
that, in turn, we may view z’ as an element of L(g)s and it suffices to show
that 2’ € h because h N L = by.

4.10.13 Lemma. z’ € §.

Proof. Consider the root space decomposition of g with respect to the Cartan

subalgebra b:
g=b® (D ga)
a#0

Every k-subspace g, has dimension 1. Choose a nonzero elements X, € g,.
It follows from m’ = by that Cprg)s(m’) = hs. Thus 2’ € hg. Then g, ®; S
is stable with respect to ad(x’) and clearly it is stable with respect to ad(d).

Hence it is also stable with respect to O,.
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Arguing as in Lemma 4.7.2 one can easily see that the operator O,, viewed as
an operator of L(g)g, is k-diagonalizable. Since g, ®j, S is stable with respect

to O,, it is the direct sum of its weight subspaces. Hence
Fa Bk S = %(L<g)5){w}

where {w} = {w + j/m | j € Z} is the weight series corresponding to w.
But g, ®; S has rank 1 as an S-module. This implies that in the above

decomposition we have only one weight series {w} for some weight w of O,.

We next note that automatically we have dimy(L(g)s), = 1. Any its nonzero
vector which is a generator of the S-module g, ®;. S is of the form Xotm. It
follows from Lemma 4.7.2 that g, = (X,) is also a weight subspace of O,.

Thus for every root a we have

[z, Xol7 (. = [2"+d, Xa]7. = [2/, Xo] = ba X4

(9)s (9)s

for some scalar b, € k. Since ' € hg this can happen if and only if 2/ € h. [

By the previous lemma we have 2’ € by, hence
m = <f)6,C,d> =H.

The proof of Theorem 4.10.1 is complete. O]
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Chapter 5

Two properties of a core of
EALA

Now we go on towards the conjugacy result for EALA. But before we do this,
we shall establish some properties of the core of EALA in this chapter.

5.1 Core is the same for two structures

Let (E,H) and (E,H') be two extended affine Lie algebra structures on E
and let
n:E.— FE,.

be the natural (quotient) map. Here E. (resp. E..) is the core (resp. centreless

core) of E with respect to the first structure.

In this section we want to show the following.
5.1.1 Theorem. E,. = FE'.

We split the proof of the proposition in a few steps.

Since E. and E. are ideals of E/, E. N E! is an ideal of E.. We realize E as in
Theorem 2.4.1:
E~L® D" @D,

where L is a Lie torus of type (A, A) (recall that A is a free abelian group of
finite rank), D C SCDer,(L) is a graded subalgebra. Using this notation we
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have

E.~L&D, E,~L

and 7 is identified with a canonical projection
pr. i L& DI — L.
5.1.2 Lemma. Let [ = prp(E.NE!). Then I # 0.

Proof. Let ¢’ € E! be an arbitrary element. Write it in the form €’ = [+c+d €
E! where l € L, c € D", d € D. Pick an arbitrary a € L. Then

€ alg=[l+c+d,alg=[l,alg+ [c,alg + [d,a]lg = ad(l)(a) + d(a) + ¢

for some ¢; € D9*.(Recall that d € Derg(L), hence d(a) is well-defined.) It
follows that

pri([€,alp) = (adL(l) + d)(a).

By (2.3.4.1)
Derk(L) = IDerk(L) X CDerk(L)

Clearly we have ad(l) € IDery(L) and
d € SCDery(L) C CDerg(L).

Therefore, if 0 # [ + d € E, then there exists a € L s.t. prp([e/,alg) # 0.

Notice that E! is not a subset of D9 (since E! is not commutative). Hence
E! contains an element ¢’ = [+ ¢+ d with [ +d # 0. As we saw above this in
turn implies that prp(E.N E.) # 0. O

5.1.3 Lemma. d(z) € I for alld € D and x € 1.
Proof. By the definition of I there exists ¢ € D9 such that
T=x+ceENE.

Since E.NE. is an ideal of F we have [d, z]p € E.NE.. Hence pr.([d,z]g) € I.
On the other side, since [d, c]g € D9 we obtain that

pri(ld, @]p) = pro(ld, #]e) = pro(d(r)) = d(z).
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The assertion follows. O]
5.1.4 Lemma. [ is a graded ideal with respect to the degree grading on L.

Proof. We argue by induction. Let [ > 2 be a positive integer. Assume that
for any element 2’ € I containing at most [ — 1 weight components (with

respect to the degree grading on L) all these components are contained in I.

Let now l
T = Z el
j=1

where \; € A and 0 # 2 € LA,
Notice that there exists dy € D such that evy, (dy) # eva,(dp). Indeed, this is
obvious since by construction the map

ev: A — D% e,
is injective.
According to Lemma 5.1.3 for any d € D" we have

!

d(z) = ey (d)a™ € 1.

j=1

Therefore
do(z) — evy,(do)x € 1

and this element has at most [ — 1 nonzero components with a non-zero com-
ponent (evy,(dg) — evy,(dp))z*. By induction hypothesis this implies that
2™ € I. Then z — 2™ € I and the induction completes the proof. O]

5.1.5 Lemma. [ = L.

Proof. Recall that L, being a centreless Lie torus of type (A, A), is a centreless
division (A, A)-graded Lie algebra. Therefore, by [Yo2, Lemma 4.4], L is a
A-graded simple. Now the statement of the lemma follows from 5.1.2 and
5.1.4. O

Proof of Proposition 5.1.1. Let us first show that F. C E!. Since [L, L|p = E.
by perfectness of E., it is enough to see that L C E.
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Let ¢ € D9 be an arbitrary element. Since [L,L]r = E. we can write ¢ in

the form .

c= Z[%’,%]E

i=1
where z;,y; € L. By Lemma 5.1.5 there exist elements ¢;, f; € E. N E. such
that

pro(e) = xi, pro(fi) = yi.

Let e; = x; + z;, i = y; +t; where z;,t; € D9, Then
les, file = (%5 + 25, i + il B = [74, yi] B

since z;,t; € Z(E.) = C. Therefore

c = Z[ei, fz]E - EC N E(/:

i=1
Since ¢ € D9 is arbitrary we conclude that D9 C E..
Take now arbitrary [ € L. Again, by Lemma 5.1.5, there exists ¢/ € E. N E.

such that ¢ = [ + ¢ with ¢ € D9*. But ¢ € E/; this implies [ € E! and
therefore L C E.

To sum up, we have showed that E. = L & D" C E!. Similarly E! C E, and

we are done.

5.2 Core is automorphism stable

In this section we draw one important corollary of the Proposition 5.1.1 (which
allows us to talk about the core E,. of an EALA F without specifying a choice
of a toral subalgebra H).

5.2.1 Corollary. The core E. of an FALA FE 1is stable under automorphisms
of E, i.e. ¢(E.) = E, for any ¢ € Auty_r;.(F).

Proof. Let ¢ € Auty_r;.(F). Denote H = ¢(H). Let (—|—)" be a bilinear

form on E given by
(x]y) = (@ () [~ (v)).
Clearly, (E,H',(—|—)") is another structure of an EALA on E. Therefore,
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by Proposition 5.1.1, we have that the core E. of (E, H') is equal to E.. It
remains to show that E! = ¢(E,).

Let o € R be a root with respect to H. There exists a unique element ¢, in
H such that (t,|h) = a(h) for all h € H. Recall that « is called anisotropic
if (to|ta) # 0 and that E,. is generated (as an ideal) by Uyegan Eq.

Let R’ be the set of roots of (E, H'). A mapping tqbfh} . H* — H'* satisfies
t(/b‘_Hl(R) = R'. Notice that ¢(to) = t(t4)-1(a). Indeed, this follows from

(B(ta) | 1) = (ta| ¢~ (R)) = alp™ (W) = (a0 ¢ ) (W) ="‘o~ a)(R).
We next have
(teg)-1(a) [ teg)—1() = (0(t1Q) | d(ta)) = (ta | ta)-

Therefore,
‘OTHR™) = (R)™,  ¢(Ea) = Ely(a),

and this implies ¢(E,) = E! = E.. O
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Chapter 6
Lifting of automorphisms

The corollary 5.2.1 allows us to introduce a well-defined natural map
T€See : Auty_prie(E) = Auty_rie(Eee),

which is a composite of a natural restriction map
rese : Auty_pie(F) — Auty_ri.(E,)

and a natural map 7 : Auty_re(E.) = Auty_rie(E./Z(E.)).

In this chapter we will study the image of this map.

6.1 Lifting automorphisms in the split case

Let E be an extended affine Lie algebra whose centreless core E,. is split. Thus
E=L&C&D where L=g® R, C'= D9, gis asimple Lie algebra over an
algebraically closed field k of characteristic 0 and R = k[t{", ..., t!]. For the
puprose of this chapter we may assume that an invariant form (—,—)y on L

is given by
(r@p,y®@q)L = r(2,y)CT(pg), =,y €9, p,q € R,

where CT is a constant term function.

The following theorem is the main result of this section, and it says that all
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R-linear automorphisms of g ® R can be lifted to automorphisms of the entire
algebra E, if g is not isomorphic to sly(k).
6.1.1 Theorem. Autgr_r;.(g ® R) is in the image of

reSee : Auty_pie(F) — Auty_r;.(g ® R),
if g is not isomorphic to sly(k).
Proof. Notice that

Autp_ (g ® R) = G(R) x Aut(Dyn(g)),

where G is an adjoint simple group corresponding to g.
We will proceed in 3 steps.
Let G denote a simple simply connected group corresponding to g.

Step 1. Lifting of automorphisms from the image of a natural map é(R) —
AutR_Li@ (g ® R)

Choose a maximal split k-torus T C G. The Lie algebra of T is a Cartan
subalgebra b C g. We fix a Borel subgroup TcBcCG.

Let ¥ = %(G,T) be the root system of G relative to T. The Borel sub-
group B determines an ordering of ¥, hence the system of simple roots Il =
{a1,...,0,}. Fix a Chevalley basis [St67]

{Huy, - - Ha,, Xo, €3}

of g corresponding to the pair (T‘, ]§)

In [Sta], A. Stavrova showed that the group G(R) is generated by the so-called
root subgroups U, = (z,(p) | p € R), where a € ¥ and

Ta(p) = exp(pXa) = > p" X[ /nl. (6.1.1.1)

6.1.2 Lemma. ad(X, ® p) is a nilpotent endomorphism of a Lie algebra E.

Proof. 1t follows easily from Serre’s relations that ad(X, ® p) is a nilpotent
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endomorphism of a Lie algebra g ® R. Let a € Z be such that
(adger(Xa ®p))* = 0.

It follows from the multiplication rule on E that ad(X, ® p)(e) e g R&® C
for any e € E. Therefore it suffices to show, that ad(X, ® p)lg® R @& C is
nilpotent. Since C' is the center of g ®@ R @ C we have ad(X, ® p)(c) = 0 for
any ¢ € C. Finally, for any [ € g ® R, we have

(adp(Xa @ p))*tH(l) =

= adp(Xa @ p)((adp(Xa @ p))*(1)

= adp(Xo ® p)((adger(Xa @ p))* (1) +¢)
= adp(Xq ®p)(c) =0,

where ¢ € C.

This proves the lemma. O

Now we are ready to prove the lifting result.

Since é(R) is generated by root subgroups U,’s we can write

g =[] exp(Xa @pa). (6.1.2.1)

By Lemma 6.1.2, adg(X, ® p,) is a nilpotent operator on E. Therefore the

suImn

exp(adp(Xy @pa)) = Y _(ad(X, @ pa))'/i!

>0

is finite and, hence exp(adg(Xs ® pa)) € Auty_rie(E).

Notice, that for any ¢ > 0 and [ € g ® R we have

Prosr © (adp(Xa ® pa)) (1) = adgor(Xa ® pa))' (D).
Therefore

(prg®RoeXp(adE(Xa®pa)))|9®R = eXp(adg®R(Xa®pa)) = Ad(exp(Xo®pa)).
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For an element g € (N}(R) fix its presentation as in 6.1.2.1. Define

Adg(g) = Hexp(adE(Xa ® Pa))- (6.1.2.2)

Then
(prger 0 Adg(g))lg ® R

= (preer o [], exp(adp(Xa ® pa)))lg ® R
= Ha<prg®R oexp(adp(Xa ® pa)))|lg ® R
= ]I, Ad(exp(Xa ® pa))

= Ad(], exp(Xa ® pa))

= Ad(g),

therefore we can lift automorpisms of the form Ad(g), g € G(R), to automor-
phisms Adg(g) of E.

Step 2. Lifting of automorphisms from the image of a natural map G(R) —
AutR_Li@ (g ® R)

6.1.3 Lemma. Let 7 : G — G be the canonical covering. There exists an

étale extension R'/R such that G(R) C 7(G(R')) C G(R').

Proof. Let TcCGbea split maximal torus and T = W(T) be its image under

7. Consider an exact sequence
1—2Z-—T—T-—1

where Z is the kernel of 7. For an arbitrary étale extension R'/R it gives rise

to an exact cohomological sequence
T(R) — T(R) 2% HY(R',Z) — HY(R,T) = 1.

(The last equality is due to the fact that T is split and Pic(R') = 1). Since
Z has finite exponent, say m, so is H*(R', Z). Take R' = k[s7", ..., sF!] with
si=tr, i=1,...,n.

Consider now a similar exact cohomological sequence

G(R) — G(R) -2 H'(R, 2) - H'(R, G).
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The image of ~ is trivial since v factors through
HY(R,Z) — H'(R,T) — H'(R,G)

and as we explained above H'(R, ’T) = 1. Thus ar and § are surjective and
this implies
G(R) = n(G(R)) - T(R).

Fix a decomposition T ~ G,,, X --- X G,,,. It allows us to identify
T(R) ~ R* x--- x R*.
It follows that T(R) is generated by T(k) and elements of the form

SN [ AR N )

where n; are integers. Clearly, all these generators are in T(R')™, hence
T(R) C T(R')™. Since ar (T(R)™) =1 we get

T(R) C T(R)™ C n(T(R))
and the assertion follows. O]
Let R’ be as in Lemma 6.1.3. Consider a vector space

Er =g R & D" ® D.

We want to equip it with a structure of an extended affine Lie algebra such
that E becomes a Lie subalgebra of Er. First we extend a non-degenerate

symmetric invariant bilinear form on g ® R to such a form on g ® R/, putting
(x®@s"|y ® s")gor = K(T,Y)0m,—n

One checks immediately that (2 |y)ger is a non-degenerate symmetric invari-

ant bilinear form and its restriction to g ® R coincides with the original form
(== )gor-

Now let us define an action of D on g ® R’ by skew-centroidal derivations. By
the Realization Theorem, D = @, D" is a graded subalgebra of SCDer,(g® R).
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Any d' € D7 is of the form x7dy, where x, € Ctd(g ® R)” = R, 0 €
Homy(Z™, k) and
d'(I*) = ()" (1%)

for any I* € (g ® R)*. There is an obvious extension g € Homgz((=Z)", k)

1
of . Also, we have an inclusion R = Ctdy(g ® R) — R’ = Ctd(g ® R). We
now define an action of d” on g ® R’ as follows: for [ € (g @ R')*, A € (SZ)"

we let
dp (1) = Or/ (M)X(1).

It follows from the construction that d},|,er = d7. Also, d}, is a centroidal
derivation, which is still skew-centroidal. Indeed, the criterion for x7dy,, to be
skew-centroidal derivation is Og/(y) = 0. This holds, since Or/(y) = 0(y) = 0,

the latter because x?dy is a skew-centroidal derivation of g ® R.

It follows from the Realization Theorem for EALAs that Er equipped it with

the Lie bracket structure

[ll -+ C1 —+ dl, l2 -+ Co —+ dQ]ER, = ([ll, l2]9®R/ -+ dl(lg) — dg(ll))+
—l—(O‘R/(ll,lg) + d1 *Cy — dg -1+ T(dl,dz)) + ([d1, dQ]D),

where O'R/(ll, lg)(d) = (ds(l1> | 12>E®R/ is an EALA.

6.1.4 Lemma. Let E — Epr be a natural embedding. Then E is a Lie
subalgebra of Eg .

Proof. We need only to show that op/|ger = 0. If d € D and 1,1, € g@ R

then we have

or(l1,l2)(d) = (dr(lh) | 12)ger = (d(11) | l2)gor = (1, 12),
as required. O

Let g € G(R) and § € G(R'), where R’ is as in Lemma 6.1.3, be such that
7(g) = g. Clearly,
Adger (9) = Adger (9)- (6.1.4.1)

We know from Step I that there is a lifting

AdER/ (:(7) c Autk,Lie(ER/)
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of Adggr (9).
6.1.5 Lemma. One has Adg,, (9)(E) = E.

Proof. 1t follows from the construction in Step 1 and from (6.1.4.1) that
Adp, (@) (g® R® D) =g R® D™
It remains to check only that
Adg,, (9)(d) cg@ Re D" @ D.

We can write Adg,, (9)(d) = [+c+d, for some | € g@ R', c € DI*. Therefore,
it is enough to prove that [ € g ® R.
Let Iy € g® R. Then Adg,, (9)(li) = Ad(g)(lh) + 1, for some ¢; € C. Since

Adg,, (g) is a Lie algebra automorphism we have

Adg,, (9)([d, L]E,) = [Adg,, (9)(d), Adg,, (9)(11)] &, -

That is
Adg,, (9)(d(h)) = [l + ¢+ d, Ad(g)(h) + c1] gy, -

Comparing g ® R’-components we get

Ad(9)(d(lh)) = [I, Ad(9)(I)lger + d(Ad(g)(Ir))-

Since, of course,

Ad(g)(d(l)) = Ad(g)(d(l1)) €Eg @ R
and
d(Ad(g)(l)) = d(Ad(g)(h)) € g @ R,

we get that [, Ad(9)(l1)]ger € 9@ R for any [} € gQ R, i.e. [I,l]ger € gOR
for any [, € g® R.

Let us show that [ € g ® R. As before, let h be a Cartan subalgebra of g,
¥ = {a} be a root system of (g,h), {a;} be simple roots. Let w; € h be such
that ai(wj) = (57;7]'.
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Then {X,,w;} form a basis of g. Write | =) o Xo ® po + >, w; ® 14, where
DasTi € R

i

Hence r; € R.

We have [I, Xo,Jger € g® R and has X,,-coordinate equal to » ; wj(a;)r; = r;.

For a € ¥ choose h € h such that a(h) # 0. We have [[, hlgor € g ® R and
its X,-component is —a(h)p,. Hence p, € R.

Therefore, [ € g ® R and hence Adg,, (g)(d) € E. This proves the lemma. [

Summarizing, Adggr(g) admits a lifting Adg(g) := Adg,, (9)|e-
Step 3. Lifting automorphisms from Aut(Dyn(g)).

We view automorphisms of g also as automorphisms of g ® R by identifying
an automorphism f of g with the automorphism f ® Idg of g® R. It is shown
in [NPPS, Cor. 7.4] that

6.1.6 Lemma. The form (—|—)4er is invariant under any automorphism of
g.
Proof. 1t is well known that (—|—)er = v o k for some v € Homy(R, k),

where « is the Killing form on g ® R. Since « is invariant with respect to any

automorphism of g so is (—|—). O

Let ¢ € Aut(Dyn(g)). Abusing notation we denote a (graph) automorphism of
g ® R corresponding to ¢ by the same letter. Note that since ¢ is “constant”
one has (pod)(l) = (do¢)(l) foralll € L =g® R.

6.1.7 Lemma. Let ¢ : E — E be a map given by

o(l+c+d) =¢(l)+c+d

where l € g@ R, c € C,d € D. Then b is an automorphism of E extending
0.

Proof. Since 5 acts trivially on C' & D it suffices to show

Qb([ll, ZZ]E) = [¢(ll)> ¢(12)]E
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for all [1,l, € g® R. But

O([l, b)) — [0(L), d(le)| g = o(l1,12) — o(d(l), P(12)).

For d € D we have
o(li,la)(d) = (d(l1) | 12)gor

and
o(o(lh), ¢(l2))(d) = (d(@(h)) | ¢(l2))gwr = (¢(d(11)) | 6(l2))gor = (d(l1) [ 12)ger-
The last equality is due to Lemma 6.1.6. [

This completes the proof of Theorem 6.1.1 as well. m

6.2 Automorphisms of EALA with split cen-

treless core

Let E=g® R® DY & D be an EALA with centreless core split multiloop
algebra. The following statement is well known.

6.2.1 Proposition. One has

Autk,Lie(Ecc) &= AutR,Lie(Ecc) X Autk(R)

Recall that we denote by res. a natural restriction map
rese : Auty_rie(E) = Auty_pie(E)
and by 7 a natural map
7 Auty_pie(Ee) = Auty_ric(Eee)

so that res.. = wo res,.

6.2.2 Lemma. 7 is injective.

Proof. Let 0y, 0y € Auty_r;(E.) be such that 7(6;) = m(f2). Then for all
x,y € E. there are x.,y. € Z(E.) = D" such that 0;(z) = 02(x) + z. and
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01(y) = 02(y) + ye. Therefore

O([z,ylp.) = [01(2),01(y)]E.
= [02(2) + 2c, 02(y) + ycp.
= [0a2(x),02(y)]E.
= Ox([x,y].)
Since E, = [E,, E.] and z,y € E, were arbitrary we get that 6; = 0. O

6.2.3 Corollary. Ker(f) = Ker(res,)

6.2.4 Proposition. Ker(res.) is a torsion-free abelian group.

Proof. Let ¢ be an automorphism of E such that ¢|g, = Idg,. Let 2 € D.
Write ¢(z) =1+ c+d wherel € L, c € D9, d € D. For every y € g we have

[¢(2), (W) = [6(x), yle = ([z, y]E).
Since y is constant, [z,y]r = x(y) = 0. Therefore
Lyle=[l+c+d,ylg = ¢(0) =0.
It follows [, y]z = 0. Since Z(g ® R) = 0 this implies [ = 0. Thus

¢(x)=c+de D" @D.

We next show that d = x. For any 0 # y € g we have
[6(2), 9(y ® ti)]e = ¢([z,y ® i]p),
1 <1 < n, or equivalently
c+d,y@t]e=r,y @t]E

or

Write d — x = Y, t*dy,. Substituting this expression in (6.2.4.1) we get that
0y = 0. This, in turn, implies dy, = 0 and therefore z — d = 0.
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Now we define a homomorphism
w : Ker(res.) — Homy (D, DI™), ¢ — p(o)

where 1(¢) : z +— prpe«(¢(2)) for z € D. From what we have already seen it
follows that p is injective. Since Homy (D, D9*) is a torsion-free abelian group

so is Ker(res.). O

6.2.5 Corollary. The sequence of groups
1 — Ker(res,) — Auty_rie (B) 2% Im(res,.) — 1 (6.2.5.1)

18 exact.
6.2.6 Remark. We proved already that the group Autg_r.(E..) is contained
in Im(res..), if E.. is not isomorphic to sla(R). This will be an important fact

in the next sections.

6.3 EALA as a subalgebra of a “split” EALA

Let E be an extended affine Lie algebra. We know from the Realization The-
orem (see [Ne5|, Th. 5.15) that

E=L&D"™ @D,

where L = E,. is a centreless Lie torus, D C SCDerg(L) is a graded subalgebra
of the Lie algebra of skew-centroidal derivations of L. Recall that L, being fgc,
is a multiloop Lie algebra (twisted or split), hence of the form L = L(g,0) as
in 2.3.3.2.

We now consider the vector space Fg = Lg & D9* & D and we would like
first to equip it with a structure of an extended affine Lie algebra. Recall
that L = L(g,o) (resp. D) has a natural A-grading where A = Z" (resp.
mZ"-grading). Here mZ"™ := miZ & - - - & m,, 2.

We define the action of D on Lg by the skew-centroidal derivations (such
that the induced action on L coincides with the original one) as follows. Any

homogeneous element d € D* is of the form d = y*dy where A € mZ",
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0 € Homy(Z", k). For any homogeneous element z ® s* € Lg = g® S we let
d(z ® ") = 0(p)r @ x s
It is straightforward to check that this formula indeed defines an action of D

on Lg by the skew-centroidal derivations.

Furthermore, it is known that there exists a unique (up to scalar) graded non-
degenerated invariant bilinear symmetric form on g® S and its restriction to L
has the same properties. It then follows that a canonical invariant symmetric

form (—|—) on L has a unique extension to g ® S.

The action of D on Lg and the invariant symmetric form on Lg defined above
allow us to define a structure of extended affine Lie algebra on Es. (Notice

that the evaluation map ev : Z" — D% is injective since it is the same for Lg
as for L.)

We next remark that the standard action of I' on Lg = g ® S (through the
second factor) can be extended to its standard action on Es: if v € I' and
l4+c+de Eg we let

Y+ c+d) :=~(x)+c+d.

This in turn induces the standard action of I" on Aut(Es): if v € T' and
¢ € Aut(FEs) then

YO) U+ c+d) =5(e(v (L +c+d))).
Furthermore, the cocycle
n(o) = (az) € Z'(T, Aut(g)(5))

can be lifted to a cocycle
(o) = (ay) € Z'(T, Auty-rie(Es))

where @y is an automorphism of Eg given by

ax(x +c+d) = ax(z) + c+d.
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(It is straightforward to verify that ay is an automorphism of Eg and that 17/(\0)

is a cocycle.) As a consequence of all our constructions we obtain a twisted

—

action of I' (through the cocycle n(a)) on Eg which satisfies (Es)" = E.

6.4 The automorphism group of EALA with

twisted centreless core

Throughout the section we assume that the centreless core E.. of E is not

isomorphic to sly(R).

We keep the notation from the last section. Recall that res, is the restriction
map
res. . Autk,Lie<Es> — Autk,Lie((Es)c)

It is easy to see that the standard action of T on Ker(res,) is trivial and hence
so is the twisted one; in particular Ker(res.) is a I'-group. Also Im(res.)
contains Autg_r.(Lg) and hence stable with respect to the twisted action of
I'. Thus (6.2.5.1) can be viewed as an exact sequence of I'-groups (The action
is twisted!). The long exact cohomological sequence associated to (6.2.5.1)
implies the following.

6.4.1 Theorem. (a) The following sequence

/
res,,

1 — Ker(res.) — (Autp_rie (Es))F — Im(rescc)r — 1

is exact. Here res., is the restriction of rese..

(b) The group Autg_r.. (E..) is in the image of a canonical mapping
AUtk—Lie (E) — AUtk—Lie (Ecc)~

Proof. Since T" acts trivially on Ker(res.) and since Ker(res,.) is a torsion free

abelian group we have H'(T', Ker(res.)) = 1 and so the first assertion is clear.

As for the second one, note that we have a canonical embedding

(Autk,Lie (Es))F — Autk,Lie (Eg) = Autk,Lie (E)
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and similarly
(Autp—rie (Ls))" <= Auty_prie (Ls)") = Auty_pse (E);

hence a commutative diagram

res’

(Auty_rie (Es))Y —% Im(rese)t C (Autp_ri (Ls))*

\ 1
Autk_Lie (E) — AU-tk—Lie (Ecc>

Recall that due to Galois descent for group schemes we have
Autr_rie (E..) ~ (Auts_ri (Ls))". (6.4.1.1)

This, together with Remark 6.2.6 and surjectivity of res’,. yield the result. [

6.5 Lifting of k-automorphisms

We will see that in contrast to the case of R-automorphisms, it is not always
possible to lift all the k-automorphisms of g ® R to the entire algebra F. In
this section we discuss a lifting problem for k-automorphisms of g&® R, induced

by k-automorphisms of R.

As before, let L = g ® R be a centreless core of an EALA FE, which we write
as E = L®C®D. Let D = SCDer(L) and C = D9*. By [Nel], L®C is a
universal central extension of L. More precisely, for t @ r € L, y ® s € L we
define

[z @1y @ sliec =[r,y]@rs+o(z@ry®s),

where o(z®@7r,y®5)(d) = (d(r®7),y®7r). Then pry : LHC — L is a universal
central extension of L. By [VKL, Proposition 1.3, any ¢ € Auty_r(L) has a
unique lifting 5 € Auty_ri.(L ® C), i.e. such that the diagram

Yy
$l l¢

commutes.
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Let ¢ € Auty(R). Then ¢ induces an automorphism of L given by
TRr—x® o(r)

which we still will denote by ¢.
6.5.1 Remark. Notice, that

Auti(R) = Homg(Z", k™) x GL,(Z).

For x € Homg(Z", k*), A € GL,(Z) and t* € R one has (x, A)(#") = x(\)t*.
6.5.2 Lemma. The bilinear form (—,—) = Kk ® (—,—)r on L is invariant
under ¢ € Auti(R).

Proof. Let ¢ = (x, A) € Autp(R), z ® t*,y @ t* € L. Then

(B @t)) oyeth) = (z@6(t),yot"))

= Kz, y) (o), o(t"))r
= w2, ) (X (O, x ()t R
= Kz, Y)X(A + )dartp 0
= H(ﬂfvy)(swru,o
= r(z,y)(tM Mg
= (@ethyoth),
thus the claim. O

6.5.3 Corollary. Let d € D. Let ¢ € Auty,_r;(R). Then ¢podo ¢ € D.

Proof. Using Lemma 6.5.2 | for any [, [y € L we get

(podod(l1),ly) + (¢pododp™'(ly), 1) =
(d(o~' (1)), 07 (l2)) + (d(¢™(l2)), ¢~ (Ih)) =

thus the claim. ]

Let ¢p € Auty_r,(D) be amap d+— ¢podo ¢! and ¢¢ € Auty(C) be a map
Qo ¢51.
6.5.4 Lemma.

(x, A)p(t dg) = t*d, (rygoa—1-

Proof. Straightforward computations. O
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6.5.5 Lemma. Let ¢ € Auty_r.(R). Then the lifting 5 is defined by 5(l+c) =
o(l) + ¢c(c), for anyl € L, c € C.

Proof. We only have to check that a mapping 5 is a Lie algebra homomor-

phism. Since C is a centre of L @ C, it is enough to show

o[l la]z) = [o(h), o(l2)]z (6.5.5.1)

for any [;,ly € L. The left hand side of (6.5.5.1) is

([l o] +o(ly,12)) = [l1, la]L + de(o(ly, 12))
and the right hand side is

[p(lh), 0Ll = [8(lh), ¢(la)]r + o(p(l1), d(l2))
= ([l, o)) + o(d(lh), 9(la)).

Hence we have to check

For any d € D we have

pe(o(l,12)(d) = ol l)(¢p (d))

thus the claim. ]

6.5.6 Lemma. Let D be a graded subalgebra of D. Let C = D9*. Let 1 :
D — D be an inclusion map. And let i* : DI™ — DI™ be a corresponding map

between the graded duals. The map i* is surjective, i.e. D9 = DI™* | Ker(i*).
Proof. Obvious. O

By the universal property of a universal central extension L — L there is a
unique Lie algebra map 7 : L — L®C over L.
6.5.7 Lemma. m = 1id;, D 1*.
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Proof. Obvious. O]

6.5.8 Lemma. 7 is a universal central extension of L ® C.

Proof. We have to check that for any central extension
0:K=(LaoC)pC' — LaC

there is a unique map 7 such that the diagram

2

LaC)pC—LaC

commutes.

Let 1) be a 2-cocycle corresponding to an extension 6§ : K — L& C.

. . of . . .
First notice that K"~ [, is a central extension. For this we have to show

that C & C" C Z(K). Of course, C' C Z(K). Let c € C, x € L & C. Since
L & C'is a core of an extended affine Lie algebra F, it is perfect. Therefore

c= Z[‘ri?yi]L@C7 iy Yi S L @ C

We get
ezl = Yllwi,yilrec, 7]k
= > (7, yilrec, T)
= =2 (W(lvi, 2]rec, i) + ¥([2, zilLec, vi)
= 0,

thus K — L is indeed central.

Therefore, by the universal property of pry, : L— L, there is a unique map A
such that the outer triangle of the diagram

L
LaC)aC ~LoCcXisL

commutes. But then again by the universal property of pry, : L — L we get
that the left triangle commutes and A is a unique map with this property. This

proves the lemma. O
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From now on we assume that 7 = 0.
6.5.9 Lemma. Let ¢ € Auty_r,.(R). Then ¢ has a lifting to the core L & C
of E iff op(D) = D. In this case ¢ has a lifting to the entire EALA E.

Proof. Tt follows from [VKL, Proposition 1.3] that ¢ has a lifting to Auty_ r;.(L®
C) iff ¢(Ker(i*)) = Ker(i*). By Lemma 6.5.5 ¢(Ker(i*)) = ¢¢(Ker(i*)).

Let us show that ¢c(Ker(i*)) = Ker(i*) iff ¢p(D) = D.
Assume ¢¢(Ker(i*)) = Ker(i*). Let d € D. We want to show that ¢p(d) € D
and ¢5;'(d) € D. For any a € Ker(i*) we have

0 = dc(a)(d) = a(¢p (d)).

This shows that ¢5'(d) is in a kernel of any functional a € Ker(i*). It follows
that ¢ (d) € D. Similarly, for any o € Ker(i*) we have

0= ¢g ' (@)(d) = a(dp(d)).

Hence ¢p(d) € D.

Conversely, assume that ¢p(D) = D. Let o € Ker(i*). We want to show that
pe() € Ker(i*) and ¢;'(a) € Ker(i*). For any d € D we have ¢p(d) € D and
¢p'(d) € D. Therefore

de(@)(d) = a(dp' (d)) =0

and
¢ (a)(d) = a(¢p(d)) =0
Therefore ¢c(a) € Ker(i*). Thus we proved the first part of the lemma.

Now assume that ¢p(D) = D. Let us show that ¢ can be lifted to an auto-
morphism ¢g of E. From the above it follows that the map ¢¢ induces an
isomorphism ¢¢ : C'— C. The lifting ¢’ of ¢ to Auty_p..(L & C) is given by

&L+ ) = o(l) + dclo),

for any [ € L, c € C.
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We define ¢ by
¢p(l+c+d) =¢'(l+c)+ ¢p(d),

foranyle L, ce C,d e D.

Of course, ¢ is an automorphism of E as a k-vector space. We want to check

that it preserves the Lie bracket. For this it is enough to check

¢p(ld,1]5) = [¢&(d), ou(1)]E (6.5.9.1)

and

oe(ld, clr) = [¢r(d), ¢p(c)]e (6.5.9.2)
foranyde D,l e L,ce C.

The left hand side of 6.5.9.1 is

¢u([d,1]) = ¢(d(l)) = (¢ o d)(]).

The right hand side of 6.5.9.1 is

[0p(d), p(D)]E = dp(d)(¢(1)) = (¢ o dod™")(4(1)) = (¢ 0 d)(I).

Hence 6.5.9.1 holds.

The left hand side of 6.5.9.2 evaluated at d; € D is

¢£([d, ) (d1) = ¢c(d - c)(dr) = (d- ) (dp' (dh)) = c([p' (d), d]p).
The right hand side of 6.5.9.2 evaluated at dy € D is

[05(d), op(c)]p(di) = ( ¢p(d) - pc(c))(dr)
= ¢c(c)([dr, op(d)]p)
= ¢(¢p' ([dr, ¢p(d)]p))
= ([ Ydy), d]p).

Hence 6.5.9.2 holds. This ends the proof.

]

6.5.10 Corollary. e The map Auty_r;.(F) — Auty_ri.(g ® R) is surjec-
tive if D =D or D = DV,
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o If o= (x,1) then ¢ always has a lifting to E.

Proof. Follows immediately from 6.5.4 and 6.5.9. m

6.5.11 Example. Let R = k[t{cl,tfl]. Let D = kdy & kt105, where 6 €
Homgz(Z", k) is given by (e;) = 1, 6(es) = v/2. Then (1, A) can be lifted if
and only if A = I5.
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Chapter 7

A conjugacy theorem of Cartan
subalgebras in extended affine

Lie algebras

In this chapter we prove the main result of this dissertation.

Throughout we assume that all extended affine Lie algebras are of fgc type,
i.e. their centreless cores are finitely generated modules over the corresponding
centroids.

7.0.12 Theorem. (Conjugacy theorem for EALAs.) Let (E,H) be an
extended affine Lie algebra of fgc type, which is not isomorphic to sla(R), where
R is a ring of Laurent polynomials in more then 1 variable. Assume E admits
a second structure (E, H') of an extended affine Lie algebra. Then H and H’
are conjugate, i.e., there exists an automorphism ¢ € Autg_r;.(E) such that
o(H)=H'.

7.1 Some auxiliary properties

From now on we assume (E, H) and (E, H') are two structures of EALA on
E. Weset H.=HNE,and H.=H NE.=H NE,. Let 7: E. - E. be a
canonical projection. We denote H.. = n(H.) and H, = n(H!). On L = E,,
we have two Lie torus structures coming from (E, H) and (E’, H'), say L and
L'. Then Ly = H,. and (L)) = H.,..
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Both subalgebras H.. and H/, of L are MADs for which the conjugacy theo-
rem in [CGP] can be applied. Hence there exists g € Autg_r;.(L) such that
g(H!.) = H.; moreover, g can be choosen in the image of a natural map
né r(R) — Autg_r.(L) where néR is the simple simply connected group

scheme over R corresponding to L as defined in Remark 2.3.4.

According to Theorem 6.4.1, part (b), AdL(g) € Autr_ri.(L) C Auty_r(L)
can be lifted to an automorphism, say ¢, of E. So replacing the second struc-
ture (E, H', (—|=)") by (E,¢(H"), (=]=) o(¢~ x ¢~1) we may assume without
loss of generality that H.. = H..

7.1.1 Lemma. H,. = H.

Proof. Take any © € H.. Since H, = H]. there exists y € H] such that
m(z) =7(y). Then c =z —y € Ker(n) = C. Since C = Z(E,) the elements x
and y commute and by construction both of them are k-ad-diagonalizable in
E. Tt follows that c is also k-ad-diagonalizable in E.

We now note that it follows from the inclusion [C, D]z C C and from [C, E.|g =
0 that any eigenvector of ad(c) with a nonzero D-component necessarily com-
mutes with ¢. Therefore ¢ € Z(F) C H. implying = y + ¢ € H.. Thus we
have showed that H. C H, and similarly H, C H.. O

The above lemma says that H. = H. = H.. ® C° and we have decompositions
H=H.,.®C'®»D°and H = H,.& C°¢ D?".
7.1.2 Lemma. One has D C Lo ® C & D where Ly = Cr(H,.).

Proof. Let x € D. By Lemma 7.1.1 we have [z,y]p = 0 for all y € H,.. Let
r=Il+c+dwherel e L, ceC,de D. Then

0=[z,yleg=[Lyle+cyle+d yle=yle

Therefore, [ € Lg, as required. O

7.1.3 Lemma. Let d = dy € D° and assume that y € L satisfies [d,y]lp = wy

for some w € k. Then

[d, X"yle = (0(7) +w)Xy

for any x7 € RY = Ctrd(L)".
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Proof. Indeed, we have

[d, X"yle = d(x"y) = 0(7)x"y +wxy = (0(7) +w)X"y.

7.1.4 Lemma. D° C Ly® C @ D°.

Proof. Let d° € D. Then by Lemma 7.1.2 we can write d° = Iy + ¢+ d with
lop € Ly, ce Cand d € D. Let x? € R”. By Lemma 7.1.3 we know that
[d°, x"h]|g € kx"h for any h € L§. On the other hand

[dIO’ X’Yh’]E = [l(b X’yh}E + [Ca X’Y]E + [da X’yh]E

and

[e, X h]E e, x"h]g. =0,

[lo, XAl = [lo,x"h]r + o(lo, X7h),

[d, X hle = d(xh).
Since [d', x"h]g € kx"h we get o(lp, x"h) = 0; also [lo, x h]r = x"[lo, h]L = 0.
Hence d(x"h) € kx7h.

Write d = >~ , d". Comparing degrees we have that d"(x"h) = 0 for all yu # 0.
Let d* = x"'dy where u # 0 and x”" € R”'. Then we have x"*70(y)h = 0,
whence 6(y) = 0 for all v in the grading group I' of R. Since [A/T'] < oo, this
implies # = 0 and so d* = 0 for all i # 0 . Thus d = d° and we are done. [

7.1.5 Lemma. D Cc H.,.® C @ D°.

Proof. Let d° € D". By Lemma 7.1.4 we can write d° = Iy + ¢ + d° with
lo € Ly, c € C, d° € D°. Since E. is an ideal of E we have [d°, E ] C E..
Since the operator adg(d?) is k-diagonalizable it then follows that F,. has a
basis consisting of eigenvectors. This implies that the operator ady(ly) +d° on

L is also k-diagonalizable.

We already mentioned that we have two Lie tori structures on L, the second
one is denoted by L’; the L'-structure has a A'-grading L' = @y e LY, induced
by D”. Similarly, L = @ycaL? is induced by D°. Applying 2.3.3 with ¢ = Id
we get that Lie tori L and L' are isotopic, i.e.

L:;\v — (L/)zi\(k)-ﬁ-qﬁs(a)

(@)
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Then (adly + d°)(L)) C L) (because this holds for (L’)if((i))ws(a)), and it

acts by a scalar multiplication on each space L. But d° also acts by a scalar
multiplication on L, hence the same is true for adply. In particular adyly is a
k-ad-diagonalizable operator, commuting with H,.., whence [y € H,.. since H..
is a MAD by [Al]. O

7.2 Final conjugacy

We keep the above notation. Let C70 = D20 CH.
7.2.1 Lemma. There exists a subspace V- C H' such that

(i) H=H.®V,V CcC?& D and

(i) V is a graph of some linear mapping v» € Hom(D°, C7#9).

Proof. By Lemma 7.1.1, H = H. ® D° = H.® D" and by Lemma 7.1.5,
D"° c H,,®C @ D°. We decompose

H.®C®D"=(H,.®C® (C™° @ D).

Let p: H.. ®C® D% — C79@ DO be a natural projection and put V = p(D").
Since D N (H,. ® CY) € D°NE, =0, we get V = D" as vector spaces.
Moreover the inclusions

Vcc®eD ' cH,.oCoD°

imply V N (H, @ C°) = 0. Note also that V' C H’. Indeed, every v € V is
of the form v = p(d”) for some d° € D", whence d° = h + ¢® + v for unique
e C%he H,. Since h,cy € H' it follows that v =d® —® — h € H'.

By dimension argument we now get H' = H,® V. That V C C7° @ D is

clear from the construction. Finally, to see (ii) we observe that
E=[E, Elp&V = [E,Elp& D°
and this implies that a natural projection C7° @ D° — DO restricted to V is

an isomorphism. O
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7.2.2 Lemma. Let & € Homy,(D°, C7°) be such that
V={¢d”)+d° | d® e D}

15 a toral subalgebra of C' @ D. Then

(a) The weights of V in C @ D are of the form evl € V* where
evh (€(d°) + d°) = evy(d°).

(b) Every C* is contained in the ev, -weight space.

(c) There exists a unique linear map v : D — C such that for every p € A
and d* € D", the element ¢(d") 4+ d" is an eigenvector for V with weight
ev,, and

PY(d") € CFH = @y, C.
(d) The map ¢ : C & D — C ® D given by
Pp(c+d) = (c+¥(d) +d
is an automorphism of C'® D mapping C° @ D° onto C° D V.

Proof. (b) Let ¢ € C* and dy € D". Then
€(dy) + do, c]p = do - ¢ = ev,(do)c,

as required.

(a) Let ¢ + d be a nonzero eigenvector for ad(V'). Since 7(D°, D) = 0 we get
[€(d”) +d’ ctdlp = (- c—d-&(d)) + [d,dp.
If d = 0, then substituting the decomposition ¢ = > ¢ we get

d’-c= Z ev, (d)c"
o

for all d° € D°. Since d° - ¢ is proportional to c it follows immediately ¢ = c*

for some p.
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If d # 0, it follows from [dy,d]p € kd that d = d* for some p whence the
weight of ¢+ d is as defined in (a).

As a by-product we note that if ¢ + d* and ¢ + d* are two eigenvectors for
V' then A-components of ¢ and ¢ are the same for each A # u. Indeed, as
we have already seen ¢ + d* and ¢ + d" are contained in the same weight
subspace (C' & D)ey,, hence so is (¢ + d"*) — (¢ +d") = ¢ — ¢/. But then we

have automatically that ¢ — ¢ € C*, as required.

(c) It follows from the above that

ev, (E(d®) +d°)(c+d") = ev,(d)(c+d") = [£(d°) + d° c+ d"]p
= (d = dr E(d) + ev(d')d,

whence ev,(d°)c = d° - ¢ — d* - £(d°). Substituting decomposion ¢ = Y, _, ¢*
we have

v, (d)t = eva(d®) et — (d* - £(d%))?

for every A € A, hence
(d - £(d)) = eva_u(d®)c. (7.2.2.1)

If A # u there exists d° € D° such that evy_,(d°) # 0. Thus ¢* is defined
uniquely by (7.2.2.1) (uniqueness follows from the argument at the end of part
(a)). As for A = p we note that the y-component of d* - £(d°) is zero, because

£(d®) € C7° and so no conditions on c#.

We now define D* — C7# by (7.2.2.1) and then extend it linearly to all of
¥ D — C. It follows from the above discussions that 1 has all the required

properties.

(d) ¢ is clearly bijective and takes C° @ D° onto C° @ V. Let us check that
¢ is a homomorphism. Let ¢1,¢o € C. Since [C,C|g = 0 we obviously have
o([c1,ca]) = [@(c1), d(c2)]. Let now ¢ € C and d € D. Since ¢(c) = ¢ and
[C, D] C C the equality
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holds if and only if

—d-c=|c,(d)+dlg=—d-c.

To finish the proof it remains to check that

o(ld*,d"]g) = [6(d"), o(d")]&

for all A\, 1 and all nonzero d*, d*.

Case (1): [d*,d"|p # 0. Notice that by construction ¢(d*) = (d"*) + d* is the
unique ev, -eigenvector for V' whose projection on D is d" and y(d") € Cc7r,

Then we have
[6(d), o(d")]p = (d* - (") — d* - p(dY) + 7(d*, d")) + [d*, d"]p

is an eigenvector of weight ev), , since this holds for the left side. Tts CAHR-

component is 7(d*, d*) since
Y(dY) € G, (d") € O, 7(d*,d") € C** and D*-CP c C*TP.
It follows that

[6(d*), p(d")]p — 7(d*,d*) = (d*-(d") —d" - P(d)) + [d* d"]p
¢([dA’ du]D) + [d)\v du]D
= o([d* d"]g) — 7(d*, d").

Case (2): [d*,d"|p = 0. As before,
[B(d*), ¢(d")] e = (d* - (d") — d" - (d*) + 7(d*, d")) + 0
is an eigenvector for V' with weight ev}, ,. Also,
o(ld*,d"|p) = ¢(r(d*,d")) = 7(d*,d").
Hence ¢ is an automorphism if and only if

d* - ap(d") = d" - p(dY) (7.2.2.2)
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holds for all d* € D* d* € D* with [d*, d*]p = 0.

Both sides of (7.2.2.2) are contained in C'. To check this condition we compare

their homogeneous components with respect to the decomposition C' = & C”.

Both sides do not contain components in C**#. Let now p # A + pu. Recall
that by construction of ¢ if 7 € A and d° € D° then

v, (dOVp(d) = A (&) ) i T b
v, A(VP(d) = d - (€)Y if AN

Choose d° € D° such that the scalar
el i=ev, y_,(d°) £0.
Then with the use of [d*, d*]p = 0 we get
Popdp = b (edt (@)
el (@)

= ed" - (evpor—p(dO)p(d*)P~)
= " ap(dN)P,

thus proving 7.2.2.2. O

7.2.3 Theorem. The map v : E — E given by
v(il+c+d)=1l+¢(c+d) =1+ (c+9(d)+d
foralll e L, ce€ C, d € D is an automorphism of E such that v(H) = H'.
Proof. 1t is obvious that
v(ll,dlg) = 0, (@), (i, ble) = (), v(E)]s, vl dls) = (), v(d)]s

for all I,l1,lo € L, c € C'and d € D. Now the rest follows from Lemma 7.2.2,
part (d). O
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Chapter 8
A counterexample to conjugacy

The aim of this section is to give a counterexample to the conjugacy of maximal

k-ad-diagonalizable subalgebras in extended affine Lie algebras.

But first we will give another example of an EALA; we will use it for a con-

struction of a counterexample.

8.1 One more example of an Extended Affine
Lie Algebra

Let Q = (t1,15) be a quaternion Azumaya algebra over R = k[tF2,t3?]. Thus,

it has generators 1, 7 and relations 22 = ¢, )% =ty and 13 = —n.

Recall, that a unital associative A-graded k-algebra A = @yca A is called an

associative Lie torus of type A if it satisfies the following axioms:
(AT1): Every non-zero A* contains an invertible element.
(AT2): dimA* <1 for all A € A.
(AT3): spanz(supprA) = A.

One easily checks that @) has a structure of an associative torus ([Ne3], Defi-
nition 4.20) of type Z%. Indeed,

Q=P

a,beZ
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is a Z2-graded Lie algebra over k with one-dimensional graded components
Q) = k. a,b € Z.

In general, if A is an associative torus of type M then sl,,(A) is a Lie torus of
type (A,—1, M) (see, for example, [Neb], Example 4.21). Thus, L = sl(Q) is
a Lie torus of type (A4;,7Z?). In particular, it has a double grading such that

Len —g |0
0 —Zajb

if a,b are even and

a b 0 a b 0
0 —y 0 2

otherwise; also we have

L(aéb) _ 0 0
— a b )
1y’ 0
_0 1% b
Lgmb) — k O 67 )
where a,b € Z.
An invariant bilinear form (—, —) on L is given by
T11 Ti12 Y11 Y12
( [ ] ; [ ] ) = (x11Y11 + T12y21 + T21Y12 + T22Y22)o,
T21 T22 Y21 Y22

where ag for a € ) denotes the Q°-component of a. This form is symmetric,
nondegenerate, invariant, graded, i.e. (Lg, L)y =0if A+ pu#0or &+ 7 #0.
(Recall, that a form (—, —) is invariant if ([a, ], ¢) = (a, [b, ¢]) for all a, b, c.)

Choose § € Homgz(Z?, k) such that 6(1,0) = 1 and 6(0, 1) is not in Q. Consider
d = dy € Endy(L) where d(I) = O(\)l for | € L*, X\ € Z2. Let D = kd and
C = D* = Homg(D, k). Finally we set £ = L & C & D and equip it with the

multiplication given by

L@ @di,ly®cy®do]p = ([l1, o]z + di(l2) — da(ly)) ® o(ly,12).
It follows easily from 2.4, that E is an extended affine Lie algebra.
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The symmetric bilinear form on E given by
(ll @D C1 @D dl, 12 D Cy ) dg) = (ll, l2> + Cl(dg) + Cg(dl)

is nondegenerate and invariant.

8.2 Construction of the Counterexample

Let @ = (t1,t2) be as above and let A = My(Q). We may view A as the
(Q-endomorphism algebra of a free right ()-module V = Q & Q of rank 2.

Let m:V=0Q&Q — @ be a Q-linear map given given by
(u,v) = (1 +2)u— (14 ).

Denote its kernel by W. It is shown in [GP2] that m is split and that W is
a projective ()-module of rank 1 which is not free. Since m is split there is a

decomposition V =W @& U where U is a free (-module of rank 1.

Let s € A be the matrix (in the standard basis) of the Q-linear endomorphism
S of V given by S(w) = —w and S(u) =u, we W, u e U.
8.2.1 Lemma. ad(s) : A — A is a k-diagonalizable operator.

Proof. Notice that there is a canonical isomorphism
Endg(W @ U) = Endg(W) @ Homg (W, U) @ Homg(U, W) @ Endq(U).
Let ¢ € Endg(WW). Then
[6.5] =poS—Sop=—¢—(~¢)=0.
Similarly, if ¢ € Endg(W) then [¢, S] = 0. It follows

EndQ(W) ) EndQ(U) C EndQ(V)O.

Let now ¢ € Homg(W,U). Then
[¢,5] =¢oS—So0dp=—-¢—¢=-2¢
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implying
Homg (W, U) C Endg(V)-o2.

Similarly,
HOIDQ(U, W) C EndQ(V)2

and the assertion follows. n
Since s € sl3(Q) C A we get immediately

8.2.2 Corollary. s is a k-ad-diagonalizable element of sla(Q) whose eigenval-

ues are 0, £2.

Let E be the EALA from Example 8.1 so that L = sl3(Q). Our next goal
is to show that s is k-ad-diagonalizable considered as an element of E. The
following lemma shows that s is k-ad-diagonalizable as an element of F..

8.2.3 Lemma. Let s € L be a k-ad-diagonalizable element in L, i.e.

L =P La,

where as usual

L,={z€ L|[s x|, = ax}.

Then it is also k-ad-diagonalizable viewed as an element of E..

Proof. We denote by L, the eigenspace of ad s with eigenvalue o € k. For
lo € Ly and lg € Lg we have o(s, [la, l5]1) = (a+ 5)o(la, ls), since

0= 0(87 [lw lﬁ]) + U<la7 [l[% S]) + U(lﬂ7 [87 la])
— (5, [las 13]) — B0l Is) + aor(lg, 1).

Hence

[87 [lw lﬁ]Ec} B, [Sw [lom ZB]L + U(ZOH lﬁ)} B, [87 [lom ZB]L} E,
=[5 llas le]e ], + (s, [la, 1s]1) = (@ + B)[las U] .

proving [L, Lg|g, C (E¢)a+s- 1t then follows from E. = [E., E.|g. = [L, L|g, =
>aperlLos Lale, C 32 ¢ (Ec)y that E. is spanned by eigenvectors of ad s,

whence the result. O
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Let d € D and let [s,d|g =y = yo + y2 + y_2 where y, € L.
8.2.4 Lemma. One has yo = 0.

Proof. Assume yy # 0. Since (—, —)|, is nondegenerate there is u € Ly such
that (u,y0) # 0. Then taking into consideration the fact that (Lo, Ly) =
(Lo, L_5) = 0 we get

0# (Yo, u) = (Yo + Y2 + y—2,u) = ([s,d]g,u) = —(d, [s,u]p).
But it follows from Lemma 8.2.3, that [s, u]rp = 0, — a contradiction. ]

Let d' = d — 3y + 3y
8.2.5 Lemma. One has [s,d'|p = 0.

Proof. We first observe that

[s,d|g = [s,d—3y2+ 5y—2lE
y— 5ls,90le + 308, y—2lE
= Y—Y2— %%0(57?/2) —y_2+%1/1(8,y_2)
= %qb(s, Y_o — o) € C.

Also, using the invariance of the form (—, —) we get
([s,dg,d) = (s,[d,d']g) = (s,0) = 0.

But (¢,d) = ¢(d) is 0 if and only if ¢ = 0. Then since [s,d'|g € C it follows
that [s,d'|g = 0. O

8.2.6 Corollary. s is a k-ad-diagonalizable element of E.

Proof. This follows from Lemma 8.2.3 and Lemma 8.2.5. [

1 0
Letp=a 0 _1 where a € k* is an arbitrary scalar and H = k-p6C'&® D be

the "standard” MAD in E. Let H' be any MAD of E which contains s (such
a MAD does exist). We are going to show that H and H’ are not conjugate
in £. We will need some auxiliary lemmas.

8.2.7 Lemma. Two elements s and p in sly(Q) are not conjugate by an R-

linear automorphism of sly(Q).
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Proof. Any R-linear automorphism of sly(Q)) is a conjugation with some matrix

in GLy(Q) or a map
-E
T —
c d b d

(which is a nontrivial outer R-automorphism of sly(Q)) followed by a conju-

gation. Assume that ¢(p) = s for some ¢ € Autg_r.(sl2(Q)).

Il
ol

Case 1: ¢ is a conjugation. Then the eigenspaces in V = Q& Q) of the Q-linear
transformation ¢(p) are free )-modules of rank 1 (because they are images of
those of p). Since W is an eigenspace of s which is not free ()-module we get

a contradiction.

Case 2: ¢ is 7 followed by a conjugation. But 7(p) = p, hence we are reduced

to the previous case. O

We may identify R = Ctd(sl2(Q)).

8.2.8 Lemma. s and p are not conjugate by a k-automorphism of sly(Q).

Proof. Assume the contrary. Let ¢ € Auty_r;(slo(Q)) be such that ¢(p) = s.
It induces an automorphism C(¢) : R — R of the centroid of sly(Q). Consider
a new Lie algebra L' = sl(Q)) ®4 R over R. As a set it coincides with sly(Q).
Also, the Lie bracket in L’ is the same as in sls(Q), but the action of R on L/
is given by the composition of C'(¢) and the standard action of R on sly(Q).

Thus we have a natural k-linear Lie algebra isomorphism

VL' =sl(Q) ® R — sly(Q)

which takes p into p. It follows from the construction that ¢ov : L' — sly(Q)

is an R-linear isomorphism.

Note that since the action of R on sly(Q) is componentwise we have a natural

identification
L' = sl5(Q) ®y R = slh(Q ®¢ R)

and it easily follows from the construction that ) ®4 R is a quaternion algebra
(@(t1), ¢(t2)) over R. Thus sly(Q)) and slo(Q ®, R) are R-isomorphic and they
are R-forms of sly(R). Moreover they are inner forms, hence correspond to an

element [¢] € H' (R, PGLy,).
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The boundary map H'(R,PGL,) — H?*(R, G,,) maps [£] to the Brauer equiv-
alence class of both @ and Q ®, R. Since [Q] = [Q ®4 R] it follows that there is
an R-algebra isomorphism 6 : Q ®¢ R — @ which in turn induces a canonical

R-Lie algebra isomorphism

6 : s5l5(Q ®y R) — sl2(Q)

by componentwise application of 6. Clearly, 8(p) = p.

Finally, consider an R-linear automorphism

¢’ =¢oo = AutRsz'e(Sb(Q))-

We have

which contradicts Lemma 8.2.7. O

8.2.9 Theorem. There is no ¢ € Auty_r;.(E) such that ¢(H') = H.

Proof. Assume the contrary. Let ¢ € Autg(F) be such that ¢(H') = H. We
proved before that the core E, is ¢-stable. Hence

p(HNE)=HNE.=k-p®C. (8.2.9.1)

Of course, k- s@® C C H' N E,, because C is the center of E. Therefore by

dimension reasons we have k- s C = H' N E..

The automorphism ¢ induces a k-automorphism ¢.. : F.. — F.. In our
example E.. = sl2(Q). By (8.2.9.1), ¢e.(k - s) = k- p. Hence there exists a
scalar a € k™ such that ¢..(s) = a - p. But this contradicts Lemma 8.2.8. [J
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