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Abstract

Wireless communication channels with multiple antennas at both the transmitter and the
receiver, or multiple-input multiple-output (MIMO) systems, have been recognized as one of the
most prominent enablers of future generation telecommunications systems. Recent advances in
multiuser communications that exploit multiuser diversity with scheduling algorithms, adaptive
coding and modulation, and automatic repeat request algorithms, have proven the high efficiency
of multiuser single-input single-output systems. This thesis contributes to the knowledge of the
capacity of multiuser multiple antenna systems, and more specifically of the MIMO broadcast
channel, with scheduling algorithms and rate adaptation. A novel analysis is provided to study the
optimal number of users that should be allocated power in order to achieve the sum-capacity of
MIMO broadcast channels, as well as the optimal power allocation and the optimal transmitter
covariance matrices in the asymptotically high power region. Cases where receivers are equipped
with a single or with multiple antennas are considered, and the fundamental differences between
these systems are discussed. It is shown that intuition can sometimes be deceptive and extensive
examples are provided to illustrate our findings. This analysis is then applied to N-user
scheduling algorithms for throughput maximization, with the additional goal of providing low-
complexity solutions. Similarities and differences with receive antenna selection algorithms are
discussed. N-user scheduling algorithms are also studied in the context of sub-optimal
transmitter-based linear spatial multiplexing schemes with complete channel state information at
the transmitter. A novel interference-avoidance scheme is proposed with only partial channel
state information available at the transmitter. Both throughput maximization and proportionaily
fair scheduling are considered. We provide analytical results when possible. Simulations are used
to illustrate our analysis, and to study the performance of transmission schemes and scheduling
algorithms when analysis is too complex. Eventually future directions for possible research are

given.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Acknowledgement

I would first like to thank my thesis supervisor Dr. Witold Krzymien for his guidance and support
during the six years I was in Edmonton. I would also like to thank Dr. Ivan Fair and Dr. Christian
Schlegel for their critical reviews of my work and for the very helpful discussions that allowed to
improve the quality of this thesis. I would also like to thank Mr. Robert Elliot, Mr. Robert Novak,

Dr. Bartosz Mielczarek and Dr. Gabriele Dona for the very stimulating discussions we had.

I also wish to thank my friends Dr. Matthieu Clouqueur and Caroline Clouqueur for their constant
support in my endeavour. I thank all TRLabs students and staff for making these years such a
wonderful experience. I thank my friends from the squash community of Edmonton, who alsc

made this part of my life an unforgettable experience.

I wish to thank TRLabs, the University of Alberta, the Informatics Circle of Research Excellence

(iCORE) and Dr. Witold Krzymien for their financial support.

Finally, I wish to thank my parents for their support and encouragements to pursue this thesis.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1

Table of Contents

IDtTOAUCHION <. eeeeeeeerestre e e ceesre s ceeressn e sesmeeamaesmsne s me e meesesmnensesetesanestesnesssassasassasen l
1.1 Presentation of the Problem and Research Goals 1
1.1.1 Problem. .1
1.1.2 ReSCAICH GOALS ... ce it e e et mesessesnsasassessssss s ene st asansas s sasanan 2
1.2 Thesis OrganiZation......ceoeereeceereerrereesreseeecmssacrasasessessescessesosonsssans 4
13 Definitions and NOTAION .cc.c.ceee e seeeectenceereee st cenenes s ssesmee s e enr s s sssasnsasssnns 6
Background on the Multiple Antenna Channel.......cccvciiiveacensecnnueonninnne 8
2.1 Introduction ... .8
22 Diversity Antennas... .8
23 The Single-User MIMO CRANMEL ....o.vieueeceecacaanieeeesncenceaeenmscssessassssssessssccsssesassnsansas 10
24 The Multiuser Single-Antenna Channel..... .o ecvereccninniissinesenseniessssssesnsesseas 14
25 The MIMO Broadcast Channel (BC) .......ccceeeemermrenrceencccnenoeeorrsscesasnsmessssessossaseos 17
2.5.1 Channel Model for the MIMO Broadcast Channel.........cccceoeeorncenennvisvesennncnes 17
2.5.2 Multiple Antennas and Multiuser Diversity . 18
2.5.2.1  Channel state INfOrMAatioN. ......ccceeeemieeeeeeeeeeeeeeeesaecnseresesseessseseeerserssessssssassesns 19
2.5.2.2  Single-user scheduling SAtEGIES «...ccvceveererrecrrrenecsiseermisirisissssssersessssereenan 21
25221 Partial CQI, N0 CSIT...ocoiaiececeeetrcricemenre e sereresceesrmessarsssssssssssessnns 21
Single-user capacity scheduling, channel hardening and the effect of correlatlon .21

Antenna selection SCHEAUINE......cccoeirerecirecesrcrcrerccretrcesinirecs s ssaissssnaenns 27
Quantized feedback SChEdUIINE. ......ccc et 27
Opportunistic beamfOrming .......oeeoeeeeervcrereeeereerereeseesneeresaenes .27

2.5.2.2.2  Partial CQI, complete CSIT eeteressreteseantesasesane et areneesae e nassatasaneansasen 28
25223 Complete CQIand CSIT.......ccoceeeevemreneeccenne .28

2.5.23  Multiuser linear spatial MUItIPIEXING....cceevreveceercercesieriesisiaiinisncraseieneaas 29

253 Optimal SiGNAINNG ... et et e eesess e nensetesn s e snaeanarres 30
2.5.3.1  Dirty-Paper COQING ...ueeuveereemreeeeeeccceneerensnrssensaseesasseseseecsneseesacsesasesstssassassssas 30
2.5.32  Duality between the MIMO BC and the MIMO MAC ......c.coiinecnvcecnnnee 31
2.5.33  SUIMFCAPACILY .oecenieeeeeeteceeame e tesee e st cemeencencsaee s asamemnene e memseesmearamsasessnas 32
2534  Capacity Region .33
Sum-Capacity of the MIMO BC and the Optimal Number of Active USErS «.ccoeceueeecencacenens 36
3.1 Introduction . - . 36
32 Channel Model ............. 37
33 The (2,1,K) MIMO BC 37
33.1 Mutual Information Maximization .......cc...cececeecceeerecrececnecnceeccrscrcsenees .37
332 Conditions for all Users to be Allocated Power at the Sum-Capacity .......cccocu.... 40
333 Optimal Number of Active Users at the Sum-Capacity .......cecceeeeecrceeciirscnecnas 41
334 Geometric Interpretation on the (2,1,3) MIMO BC 43
335 NUMETICAl EXAMPIES...ooceeeeeeeeeiereerencerersennesreeanieeesessaneassaessesaesosaassasae seasssasanesseant 45
34 Asymptotically Optimal Power Allocation in the High Power Region.......cccccoecueeeee. 49
34.1 INtrOdUCHON. ... e 49
342 The (N,1,K) MIMO BC.....eieeieccceeneneceecene 51
343 The (N,N,Ky MIMO BC.....coeeeeeracanene .60
34.4 The (N,M,K) MIMO BC ... ceentnrecseeesesteneaeseessecsseneaseeneasasasancase 63
35 Summary and Conclusions 69
Scheduling Algorithms and Linear Processing.... 71
4.1 Introduction .. 71
4.2 Channel Model ......cooceereeceeeenrececanencmeeneneenees 71
43 Throughput Maxlmlzatlon Schedulmg Algorithms....... 71

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



43.1 Scheduling with Dirty-Paper Coding on the (¥,1,K) MIMO BC .....................
43.1.1  Definition

43.1.2  Low-Complexity N-User Scheduling Algorithms

74

43.1.3  Relation to Receive Antenna Selection Algorithms on the Single-User MIMO

Channel ....... 77

43.1.4  Simulation Results 77

432 Scheduling with Linear Processing Schemes on the (N LK) MIMOBC............ 81

4321  INtrOQUCHON ..o serecaesnessssssneesaeeasessrassnsaesrsnsnns 81

4322  Scheduling with Complete CQI and CSIT ........coomiieremmereereeee et 82

4323  Scheduling with Partial CQI and no CSIT .... 84

4324  SIMulation RESUIS. ..o e eecstinten e ese e essncssesanssiesssseessesnssasanessens 87

433 Scheduling with Linear Processing Schemes on the (N,M,K) MIMO BC........... 92

4.3.3.]1  INITOQUCHON e ettt seceneesssessesersnsreeses 92

4332  Previously Proposed Schemes.......ccocoeeveieennnieicnnenas 92

43321 Joint-Orthogonalization Schemes tereenentaseeessasenstaataaresanas 92

433.2.2 Coordinated Beamforming........ccceccooreevireccermcrcssssssncnesesessnesn 93

43323 Receiver Processing Only 94

43.3.3 Joint-Linear Transmit and Receive Spatial Multiplexing 95

4333.1 Two-User Channel........cccoceceeeeocerrornnceencenene 95

43332 Asymptotic analysis of the sum-rate ..... . 97

43.3.4  Throughput Maximization and Spatial Multiplexing Gain ........cccceeeececcnnnee 99

44 Proportionally-Fair Scheduling Algorithm.... eeeetereenesaeaiee st e ae e e eamteme s neane 103

44.1 Introduction and Definition .........ccececceeeeceemreercenseeenne 103

442 Channel MOodel........o ettt ercessass s sessonssssssssestesanraoasnes 104

443 Scheduling Algorithms for Linear Spatial Multlplexmg Schemes.........uceeee.... 106

444 SIMUIAtION RESUILS ...ceeeueecenerenccreseercecsessrrte st eniseeaconessinssnsnssas sesesnsssressassesnnnns 110

4.5 Summary and CONCIUSIONS ......coceiececccaeemeecrcesiesessa e sescessaesssssssrassssssrsssnsssssssssens 115

S COMCIUSION. o ceeeeemeucecreaeeeeeeenerersseseseececsaramssssaesassosssessssrasssssssasensrmsiasssissmnsmnsesenssnsnsns 117

5.1 Summary and Conclusions .........ccccceceveveererecesnscnas 117

5.2 Contributions and Future Work 121

2 Bibliography 125

Appendix A: Classical Waterfilling 132

Appendix B: Closed-Form Expression of the Sum-Capacity on the (2,1,K;) MIMO BC ........... 134

Appendix C: Geometric Interpretation of Power Allocation on the (2,1,3) MIMO BC.............. 135

C.l Definitions 135

C.2  High Power Threshold Condition.......cccccececeveenre 136

C.3  Non-Monotonicity Condition ........cceerueeeee. 137

Appendix D: Asymptotically Optimal Power Allocation on the MIMO BC in the High Power

Region...... eeverneeeenes 141

D.1 Goal and SUMMATY w..ceeoeeeercecesirerieteccsisistssessissenssrsssessssessssssrsasssssassassasassessssssasssensasasns 141

D.2 Definitions and Notation........... eerrestessaeasesaaesae s erasseraant 142

Background.......ccccoecceerercerceecniie e . . 142
Definitions and NOTAtION .....cceeecereeeiriicrtesesssicsnssaismenisnnernsassssessmcssssssssrsnsesnsssessssssnsssasses 143

D.3 Proof for the (N, 1,K) MIMO B ... cceccecerinecet et sceace s aeecesamsomsnre et s s asasanns 144

Problem StatemenL .........cccoeeeeeecortiseiecceercncsecstessissetesse et scsnss e sesa s s e s s s sasesnens 144

Optimal BC Covariance Matnces ..... 144

Proof by Induction 146

Induction Proof Part 1: Proof for Userj =1 148

Induction Proof Part 2: Proof for Userj< K- N 149

Proof Part 3: Proof for Userj > K - Nocreorereeieincinninnens 150

Orthogonality PTOPEILY.....cccccoceerrusrsieseruscrsesarsnssessnes 150

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Asymptotic Sum-Capacity and Power Allocation

D.4 Proof for the (N,N,K) MIMO BC....

Problem Statement .......cueeeeeeeeceeeeesrrarreresneeessseeessnneas

Proof....

Proof Part 1: Asymptotically Optimal Covariance Matrix of User K
Proof Part 2: Initialization

Proof Part 3: Induction.

Appendix E: N-user Scheduling Algorithm Optimization

Appendix F: Gorokhov’s Receive Antenna Selection Algorithms...
Appendix G: The Generalized Singular Value Decomposition..........

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

153
155
155
156
156

.. 157

159
161

... 162
.. 164



List of Tables

Table 3-1 Summary of high power threshold condition on the (2,1,3) MIMO BC........................ 44
Table 3-2 Summary of non-monotonicity condition on the (2,1,3) MIMO BC..........ccccooeeeeeeeecne 44

Table 4-1 Constraints on the number of transmit and receive antennas and on the number of
simultaneously active users of several spatial multiplexing schemes. .93

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



List of Figures

Figure 2-1 The single-user MIMO chanmnel. .......cccoooooioiececrccrcreenercescscsssssssessssrasrssssans 11
Figure 2-2 Degraded broadcast channel model .15
Figure 2-3 Capacity region of the single-antenna broadcast channel. 16
Figure 2-4 The (N,1,K) MIMO BC. .. 18
Figure 2-5 CQI and CSIT model. . 20
Figure 2-6 Channel hardening effect on multiuser dlversny ......... 23
Figure 2-7 PDF of mutual mformatlon Correlated and uncorrelated (1,2,1) and (1,2,8) channels
............ 24
Figure 2-8 PDF of mutual information. Correlated and uncorrelated (2,1,1) and (2,1,8) channels
WIthOUt CSIT. .. eeceeerestente e seensesse s ass 26
Figure 2-9 Costa’s channel model for dirty-paper COding. .......ccocecereeevenenseererveresissersencsessnsesensrenss 30
Figure 2-10 Combined effects of multiple antennas and multiuser dxversny on the ergodic sum-
capacity in the Rayleigh fading broadcast channel with complete CSIT. P = 20 dB ............ 33
Figure 2-11 Growth rate of the ergodic sum-capacity in the (V,1,N) Raylelgh fading MIMO
broadcast channel. P= 10 dB. etesteseeesaneatesmeaneetete et aas e e e e neeeese s sttt S s s en s e RS ss s ene 35
Figure 2-12 Capacity region of the (2,1,2) MIMO broadcast channel......coooecceernreocecenceecineiaee 35

Figure 3-1 Histograms of the optimal number of active users as a function of the total number of
users and the total power in reference to the noise level. The horizontal axis represents the
number of active users, the vertical axis the fraction of the number of channel realizations.

ereenenteeeneeeaens 42
Figure 3-2 Channel vectors in Example 3.1 ...t enceee e ess s senas 46
Figure 3-3 Fraction of power allocated to each user as a function of the total power in the channel

of Example 3.1 with K=3and N=2...cccmeeeneecrreccninsecannes .47
Figure 3-4 Fraction of power allocated to each user as a function of the total power in the channel

of Example 3.2 With K=3 and N = 2. eieirecercecseemece s s ecemecesasscemeeceecemssnesenas 48
Figure 3-5 Fraction of power allocated to each user as a function of the total power in the channel

of Example 3.3 With K =3 and N = 2. e see e e emestabossssnnan 49

Figure 3-6 (2,1,3) MIMO BC optimal power allocation as a function of the total transmit power in
reference to the noise level (a) on the MIMO MAC, (b) on the MIMO BC with encoding
order (1,2,3). (c) Users rates on the MIMO BC with encoding order (1,2,3).ccceecvececrurenaee. 57

Figure 3-7 (2,1,3) MIMO BC optimal power allocation as a function of the total transmit power in
reference to the noise level (a) on the MIMO MAC, (b) on the MIMO BC with encoding
order (3,2,1). () Users rates on the MIMO BC with encoding order (3,2,1).cccccceceemeecnnencee. 58

Figure 3-8 (3,1,8) MIMO BC optimal power allocation as a function of the total transmit power in
reference to the noise level (2) on the MIMO MAC, (b) on the MIMO BC with encoding
order 8 to 1. (c) Users rates on the MIMO BC with encoding order 8 to 1......ccccccverecnnnnneee. 59

Figure 3-9 (4,4,4) MIMO BC optimal power allocation as a function of the total transmit power in
reference to the noise level (a) on the MIMO MAC, (b) on the MIMO BC with encoding

order 4 to 1. (c) Users rates on the MIMO BC with encoding order 4 to 1......cccccceceiveanene. 61
Figure 3-10 Normalized eigenvalues of the optimal MAC covariance matrices as a function of the
total power in reference to the noise level on the (4,4,4) MIMO BC.......ooioirvevrnccinnnnnn. 62
Figure 3-11 Normalized eigenvalues of the optimal BC covariance matrices as a function of the
total power in reference to the noise level on the (4,4,4) MIMO BC.........cccviirccenccnacene. 63
Figure 3-12 Normalized eigenvalues of the optimal MAC covariance matrices as a function of the
total power in reference to the noise level on the (3,{2,1,1},3) MIMO BC.......................... 64

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 3-13 (3,{2,1,1},3) MIMO BC optimal power allocation as a function of the total transmit
power in reference to the noise level (a) on the MIMO MAC, (b) on the MIMO BC with
encoding order 1 to 3. (c) Users rates on the MIMO BC with encoding order 1 to 3........... 65

Figure 3-14 Normalized eigenvalues of the optimal BC covariance matrices as a function of the
total power in reference to the noise level on the (3,{2,1,1},3) MIMO BC with the encoding
OTAET 1 20 3. e treeee e te st casesce e et e s e e so st s e enesceme e st e meaasasaas e s ae e e neames b seacn 66

Figure 3-15 (3,{2,1,1},3) MIMO BC optimal power allocation as a function of the total transmit
power in reference to the noise level (a) on the MIMO MAC, (b) on the MIMO BC with
encoding order 3 to 1. (¢) Users rates on the MIMO BC with encoding order 3 to 1........... 67

Figure 3-16 Normalized eigenvalues of the optimal BC covariance matrices as a function of the
total power in reference to the noise level on the (3,{2,1,1},3) MIMO BC with the encoding
order3tol...... 68

Figure 4-1 Average spectral efficiency of the best L-user sub-channel as a function of the number
of transmit antennas N. The total number of users is K = 10, each user is equipped with a
single receive antenna. The total power in reference to the noise level is 10 dB.................. 73

Figure 4-2 Average spectral efficiency of the best L-user sub-channel as a function of the number
of antennas N. The total number of users is K = 10, each user is equipped with N receive

antennas. The total power in reference to the noise level is 10 dB. ........ 74
Figure 4-3 Approximations of the sum-capacity as a function of the total power in reference to the

noise level on the (4,1,4) MIMO BC. ...... .78
Figure 4-4 Spectral efficiency loss of N-user scheduling algorithms with respect to the sum-

capacity on the (2,1,6) MIMO BC. ... rececrcnctieeenecneeecensssssessescecssessessesesens 79

Figure 4-5 Spectral efficiency loss of N-user scheduling algonthms with respect to the sum-
capacity on the (V,1,10) MIMO BC. The total power in reference to the noise level is 0 dB.

........... 81
Figure 4-6 Ratio of spectral efficiency of N-user scheduling algonthms to the sum-capacity on the
(4,1,K) MIMO BC. The total power in reference to the noise level is 10 dB. ......cccceuuuecne. 82
Figure 4-7 Cumulative bar plot of the number of active users for Scheme B. The total power in
reference to the noise level is 10 dB. The number of transmit antennas is N = 4. 1000
channel realizations. 86
Figure 4-8 Cumulative bar plot of the number of active users for Scheme B. The total number of
users is K= 16. The number of transmit antennas is N = 4. 1000 channel realizations. ....... 87

Figure 4-9 Average spectral efficiency as a function of the total number of users K. The number
of transmit antennas is N = 2. The total power in reference to the noise level is 10 dB. ...... 88
Figure 4-10 Average spectral efficiency as a function of the total power in reference to the noise
level. The total number of users is K = 10. The number of transmit antennas is N=2. ....... 89
Figure 4-11 Average spectral efficiency as a function of the number of transmit antennas. The
total number of users is K = 10. The total power in reference to the noise level is 10 dB.... 89
Figure 4-12 Spectral efficiency loss of N-user scheduling algorithms with respect to the
exhaustive search on the (2,1,6) MIMO BC with zero-forcing beamforming at the

transmitter. .... 91
Figure 4-13 Average spectral efficiency on the (N,N,10) BC as a function of the number of
antennas N. The total transmit power in reference to the noise level is 10 dB. .................. 100
Figure 4-14 Average spectral efficiency on the (V,N,2) BC as a function of the total transmit
power in reference t0 the N0ISE IEVEL. ... . et e e eeees et ecnens 101
Figure 4-15 Average spectral efficiency on the (4,M,4) BC as a function of the number of receive
antennas M per user. The total power in reference to the noise level is 10 dB. .................. 102
Figure 4-16 Average spectral efficiency on the (4,2,2) BC as a function of the total power in
reference to the NOISE LeVEL. ...t 103
Figure 4-17 CDF of average SNR with path loss and shadow fading. ........ccccecevuvceinecncnnncens 105

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 4-18 Rate region of Coordinated Beamforming and JLTR-SM for one realization of the

(4,4,2) MIMO BC. ... ccececetentente e csaesentame e sseceeasesanenast smseenseae e ssaseasateseasanes sasasas 108
Figure 4-19 Rate region of Coordinated Beamforming and JLTR-SM for one realization of the

(2,2,2) MIMO BC . ....cuteecerneeeccnacneesissestoesssassesssseserenmassnsnsssssssteseassacasessnsassssnsenes 109
Figure 4-20 CDF of sum-rate per slot on the (2,1,6) MIMO BC. The same legend is used for all

simulations for the (N,1,K) MIMO BC in the follwing three figures. 110
Figure 4-21 CDF of user delay on the (2,1,6) MIMO BC. .. - <111
Figure 4-22 CDF of sum-rate per slot on the (2,1,16) MIMO BC. 112
Figure 4-23 CDF of user delay on the (2,1,16) MIMO BC .......ccciceeiencacnes .. 112
Figure 4-24 CDF of sum-rate per slot on the (4,4,20) MIMO BC. ....114
Figure 4-25 CDF of user delay on the (4,4,20) MIMO BC ......oeiitiecerceccssrainsenas 114
Figure 4-26 Legend of simulations for the (N,N,K) MIMO BC. .....ccovvmirvrinreccrcienns . 114

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



AWGN
AMC
ARQ
BC

CB
CCDF
CDF
CDI
CDMA
CQl
CsI
CSIR
CSIT
DPC
EP
FDMA
FSPF
GDFE
GSM
GZFB
HARQ
iid.
JLTR-SM
MAC
MIMO
MISO
MMSE
MRC
OFDM
PDF
PF

List of Abbreviations

Additive white Gaussian noise

Adaptive modulation and coding
Automatic repeat request

Broadcast channel

Coordinated Beamforming

Complementary cumulative distribution function
Cumulative distribution function

Channel distribution information

Code division multiple access

Channel quality indicator

Channel state information

Channel state information at the receiver
Channel state information at the transmitter
Dirty-paper coding

Equipartition

Frequency division multiple access
Full-search proportionally-fair

Generalized decision-feedback equalizer
Global system for mobile communications
Group zero-forcing beamforming

Hybrid ARQ

Independent identically distributed

Joint linear transmit and receive spatial multiplexing
Multiple access channel

Multiple input/multiple output

Multiple input/ single output

Minimum mean squared error

Maximum ratio combining

Orthogonal frequency division multiplexing
Probability density function
Proportionally-fair

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



SDMA Space division multiple access

SIMO Single input/multiple output

SINR Signal to interference and noise ratio

SNR Signal to noise ratio

SuU Single-user

SUR Single-user rates

SUWR Single-user weighted rates

SVD Singular value decomposition

TDMA Time division multiple access

UMTS Universal mobile telecommunication system
ZFB Zero-forcing beamforming

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 Introduction

1.1 Presentation of the Problem and Research Goals

1.1.1 Problem
In our modern societies where economic growth is driven by technology, the success of a

commercial product can be measured by it becoming a necessity. The most recent and successful
ones are the mobile telephone and the Internet. They have only been commercially viable for
about one or two decades, respectively, yet they already earned their place right next to the car,
the television and the computer. In fact, their growth has even been faster. There are now over
one billion GSM customers worldwide, which took twelve years to reach after commercial
introduction in 1992 [1]. It took twenty-five years for the PC industry to reach that milestone [2].
Moreover, all of these necessity products are now expected to converge into a multitude of
mobile communication capable devices. Voice communications and short text messages have
made the success of mobile telephony. Future growth is foreseen to be driven by the convergence
of high-speed Internet and transmission of images with mobile or fixed wireless communications.
The preferred transmission medium is wireless. It is necessary for providing mobility, and it
allows scalability of the network with a much smaller cost than wired media. Since regulatory
bodies restrict bandwidth and radiated power, in order to meet the data rate requirements of future
applications, more spectrally efficient systems than Second or Third Generation systems are
required. Since the introduction of the first commercial wireless services there has been much
progress in more efficient bandwidth utilization. Major advances such as the introduction of
digital transmission, the development of cellular networks that allow spatial frequency reuse, the
use of error control coding such as coded modulation and turbo coding, have allowed to improve
the spectral efficiency.

One of the most promising enabling technologies for future wireless systems is multiple-
input/multiple-output (MIMO) systems. These systems employ communication channels, in
which multiple antennas are used to transmit a signal and multiple antennas are used to receive
the signal. Theoretical and practical results have demonstrated that the information capacity of
MIMO channels in a rich scattering environment is approximately a multiple of the information
capacity of channels in which only one antenna is present at the transmitter or the receiver side.
The multiplicative factor is equal to the minimum of the numbers of transmit and receive
antennas. There has been a large amount of research devoted to point-to-point (single-user)
MIMO systems in the past ten years since the first landmark papers have been published [3][4].

Numerous special issues of leading scientific journals have been devoted to space-time

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



communication systems, covering topics as diverse as space-time coding, space-time signal
processing, space-time equalization, space-time modulation, spatial multiplexing schemes,
information theory of MIMO channels, space-time CDMA, space-time OFDM, MIMO channel
modeling, and measurements of MIMO channels. Future high-speed data services not only
require a higher data rate, but they also impose different constraints than voice communications
and low data-rate services. In particular ihey can tolerate higher latency in the delivery of the
signal. This delay tolerance allows more freedom in the design of the communication system.
Equivalently from the information theoretic view, it changes the nature of the transmission
channel by imposing less stringent constraints. As a consequence, the capacity of the new channel
is larger and novel strategies such as opportunistic scheduling take advantage of that capacity
increase. Recently standardized single-antenna systems for the evolution of the third generation
of cellular systems already use this technique. The study of multiuser MIMO systems has started
much more recently with the broadcast channel [5]. The study of opportunistic scheduling
algorithms in multiuser MIMO systems is still in its infancy. The goal of this thesis is to improve
our knowledge and comprehension of multiuser MIMO channels beyond what is known at the
time of writing, and to address some of the key issues that arise when MIMO systems and

opportunistic scheduling are combined.

1.1.2 Research Goals
A complete study of a realistic cellular multiuser MIMO channel is beyond the scope of

this thesis. Instead, we attempt to answer specific questions in the context of ideal channel models
and packet-data access schemes. We are primarily interested in finding ways to increase
throughput on the downlink of a cellular channel. This is where the highest data rates are
expected to be required. Owing to the high speed of transmission and the delay tolerance of the
application, the channel can be decomposed into time slots during which it is assumed to remain
constant, with the exception of the additive noise process realization. The model for the channel
within a time slot is a MIMO Gaussian broadcast channel with a transmit power constraint. The
capacity region of that channel is the dirty-paper coding region. The sum-capacity of that channel
has been shown to achieve the same multiplicative gain in spectral efficiency as MIMO channels
over single-antenna channels, even though cooperation at the receivers is not possible. Our goal is
to address questions that are central to the application of opportunistic scheduling algorithms.
Based on the recent mathematical characterization of the sum-capacity of the MIMO Gaussian

broadcast channel, we specifically aim at answering the following questions:
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=  What is the optimal number of active users?

=  What is the optimal power allocation policy?

What makes these questions hard to answer is the fact that MIMO channels create self-
interference. The underlying issue relates to the comparison with single-antenna multiuser
channels that use opportunistic scheduling. On these channels (both uplink and downlink)
throughput is maximized by transmitting with the maximum power to the user that experiences
the best channel in any given time slot. Is this strategy still optimal on multiuser MIMO
channels? We can still define the best user in terms of its maximum transmission rate, but can it
reach the capacity of the multiuser MIMO channel alone? These questions will be answered in
the next chapters after we have defined the assumptions of our work.

These questions have also been raised in recent publications, and they have only been
partially addressed. Opportunistic scheduling algorithms for the quasi-static fading MIMO
broadcast channel (BC) with dirty-paper coding or some sub-optimal transmission scheme have
been proposed, with design guidelines mostly driven by intuition. However, intuition can be
deceptive in the case of multiuser MIMO channels, and rigorous answers are still required.
Furthermore the complexity of scheduling more than one user at a time in a given time slot can be
very high. Optimal scheduling sometimes requires a combinatorial complexity in the number of
users and the number of antennas. Dirty-paper coding will be described in the next chapter. It was
first introduced as a theoretical coding scheme. Some simple implementations have been
proposed, but the complexity of this coding scheme increases very quickly with the number of
users. It is not yet practical to implement it. On the other hand, linear schemes for array
processing are much better understood and less complex. It is therefore relevant to investigate
their performance and their utilization with opportunistic scheduling on the MIMO BC. It is of
interest to find such schemes that can accommodate any number of users, transmit and receive
antennas, and perform close to the optimum, whether the design criterion is throughput

maximization or proportionally-fair resource allocation.

Other important issues that must be addressed are the following:
= Js there a fundamental difference if the receivers are equipped with one or several
antennas?
=  What is the impact of not having complete channel knowledge at the transmitter?
How is it possible to achieve a large throughput by spatial multiplexing in this case?

=  What transmission strategy could be used if dirty-paper coding is not possible?
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=  What is the complexity of optimal scheduling algorithms?

= Are there near-optimal low-complexity scheduling algorithms and transmission
schemes?

= How is the problem affected if we consider proportionally-fair scheduling instead of

throughput maximization?

1.2 Thesis Organization
Chapter II contains background information on multiple antenna channels. We first

briefly review fundamental concepts of single-user MIMO channels. The concepts of diversity
and spatial multiplexing in fading channels are introduced. The information capacity of these
channels is also reviewed with an emphasis on the maximum achievable spatial multiplexing gain
with respect to the availability of channel state information. The multiuser single-antenna fading
channel is then introduced in the context of packet-data access systems. We introduce the
concepts of multiuser diversity, capacity region and sum-capacity. The first attempts at exploiting
spatial and multiuser diversity simultaneously are reviewed. In particular we review the concept
of channel hardening. We then present the state of the art in the knowledge of MIMO channels
with multiuser diversity at the time of writing. Our channel model is then introduced, followed by
an introduction to dirty-paper coding and the description of the capacity region. The important
recent results on the MIMO Gaussian broadcast channel are then presented in detail, as they
provide the mathematical foundation for Chapter III. We summarize the results on the duality
between the MIMO broadcast channel and the MIMO multiple access channel (MAC) [6]. We
defer to Appendix D the summary of the mathematical formulation of the sum-capacity
optimization problem.

Chapter III starts with a presentation of our results on the optimal number of active users
and the optimal power allocation policy on the sum-power MIMO MAC dual of the MIMO BC
with two transmit antennas, and K users each equipped with a single receive antenna. The optimal
number of active users is shown to depend on the channel matrix as well as on the total transmit
power sometimes in a non-intuitive way. We show that it can be a non-monotonic function of the
total transmit power for a given channel realization, and that it can be larger than the number of
transmit antennas. The MIMO BC with two transmit antennas, and three users each equipped
with a single receive antenna, is then completely characterized geometrically and we illustrate our
result with numerical examples. We then prove that the asymptotically optimal number of active
users that are allocated a non-vanishing fraction of the total transmit power in the high power

region is equal to N (provided that X = N) on the MIMO BC with N transmit antennas, and K
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users each equipped with a single receive antenna. The asymptotically optimal power allocation
in this situation is shown to be uniform among the N users as a first order approximation. We
deduce the asymptotically optimal transmission strategy in this case and give the asymptotic
closed-form of the sum-capacity as a first order approximation. That result is finally extended to
the MIMO BC with N transmit antennas, and X users each equipped with NV receive antennas,
where we show that asymptotically in the high power region only one user is allocated a non-
vanishing fraction of the total transmitted power. Simulation results that help understand the
intermediary power region are also provided. The respective roles of dirty-paper coding and
spatial processing are discussed.

Chapter IV is concerned with scheduling algorithms for the MIMO BC. We first study
throughput maximization N-user scheduling algorithms with dirty-paper coding transmission. We
analyze the computational complexity of the optimal N-user scheduling algorithm, and then
present a reduced-complexity near-optimal N-user scheduling algorithm. We also point out the
similarities of this problem to receive antenna selection problems, and we study the performance
of receive antenna selection algorithms for the purpose of throughput maximization N-user
scheduling. We present simulation results to illustrate the spectral efficiency loss incurred by N-
user scheduling for throughput maximization.

We then focus on the MIMO BC where users are equipped with single receive antennas.
Our goal is to analyze systems where linear processing schemes are used instead of optimal dirty-
paper coding. We first limit ourselves to throughput maximization scheduling algorithms. We
study the joint design of throughput maximization scheduling algorithms with specific linear
processing schemes. Simulation results are provided to illustrate the performance of such
schemes in terms of throughput and spatial multiplexing gain. We study the case of complete
channel state information at the transmitter (CSIT) and channel quality indicator (CQI), and the
case of no CSIT and partial CQIL. We apply the reduced-complexity scheduling algorithms
proposed in Chapter IV to linear processing schemes with complete CSIT and CQI. We also
propose a novel interference-avoidance transmission strategy in the case of partial CQI in the
form of SINR feedback from each mobile user to the base station. CSIT and CQI will be defined
in Chapter II.

Chapter IV also aims at proposing sub-optimal linear processing schemes and scheduling
algorithms for throughput maximization when the users are equipped with multiple receive
antennas. We first review previously proposed schemes and their limitations. We then propose a

novel joint diagonalization scheme that addresses some of those limitations. We analytically
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study the asymptotic behaviour of the maximum throughput achievable with this scheme, and we
provide simulation results.

Chapter IV finally addresses proportionally-fair scheduling. We analyze the performance
of the schemes proposed earlier in Chapter IH along with previously proposed and novel reduced-
complexity proportionally-fair scheduling algorithms. We study the trade-offs between
throughput and delay, and the effect of using multiple antennas and the specific properties of the
transmission schemes considered. We compare the performance of the optimal joint
proportionally-fair scheduling algorithm with disjoint sub-optimal designs.

Chapter V concludes the thesis by summarizing our contributions and presenting some

future directions of research that could complement the work presented in this thesis.

1.3 Definitions and Notation

All boldface letters indicate vectors (lower case) or matrices (upper case). The
determinant of a matrix A will be denoted either by det(A4) or |4|. Its trace will be denoted by
tr(A). Its transpose will be denoted by A" . Its Hermitian transpose will be denoted by A" Its
pseudo-inverse [7] will be denoted by A'. rank(4) is the rank of the matrix A.
diag(a, --- a,) represents the diagonal matrix whose diagonal elements are a,,...,ay. E[X]
is the expectation of the random variable X. E,, [X ] is the expectation of the random variable X
over the random process H. The norm of a vector 4 will be denoted by |4]|, while the norm of a
complex scalar g will be denoted by |a|. The notation 420 specifies that the matrix 4 is
positive semidefinite. The identity matrix of size Nx N will be represented by I, . The set of
real numbers is denoted by R, and the set of complex numbers is denoted by C. By default we
will represent the logarithm with base 2 of a real number a by loga . The equivalence notation to

express the limit of functions of x as x tends to x, is:

f(x) I g(x) meaning that }1_{51 J;g; =1.

The notation (N, M,K) MIMO BC will be used throughout the thesis to denote the MIMO
Gaussian broadcast channel where the transmitter is equipped with N antennas and the K
receivers are equipped with M antennas each. The reader is referred to Chapter II for the
definition of the MIMO Gaussian broadcast channel. The notation (V,M,,K) MIMO BC will be
used when the K receivers could be equipped with different numbers of antennas, without

explicitly specifying what these numbers are.
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Knowledge of the channel at the transmitter or at the receiver will be described in this
thesis in terms of channel state information (CSI). Complete CSI refers to the knowledge of the
exact value of every channel gain (magnitude and phase), or equivalently exact knowledge of the
channel matrix realization. Partial CSI will be explicitly described whenever used. For instance it

could be some SINR value.
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2 Background on the Multiple Antenna Channel

2.1 Introduction
This chapter presents background information on MIMO and multiuser mobile radio

channels. More detailed information can be found in the relevant literature. Our aim in this
section is to present the fundamental principles and the mathematical foundations that we will use
in the remainder of this thesis. The body of work and tutorial papers on MIMO systems is such
that it would be redundant and too ambitious to give an exhaustive overview of known facts on
MIMO systems. In this chapter we will only emphasize the concepts that are pertinent to the
goals of this thesis.

We begin by reviewing fundamental results on single-user MIMO channels. We present
the concepts of spatial multiplexing gain and diversity order. Then we briefly review results on
multiuser single-antenna fading channels with an emphasis on the model for packet-data access
systems. We present the concepts of multiuser diversity and opportunistic scheduling. We next
review early results on multiuser MIMO channels for packet-data access systems with
opportunistic scheduling, and we emphasize the shortcomings of the proposed approaches. We
finally summarize the important recent results on the capacity region and the sum-rate capacity of
the MIMO BC. We summarize the duality between the MIMO BC and the MIMO MAC. We give

the relevant mathematical description that will be used throughout this thesis.

2.2 Diversity Antennas
An antenna is a means to transform electrical currents from a transmission line into

electromagnetic waves that propagate in free space, and to reverse the process at the receiving
end of the communication channel. It can be made of a simple wire, or be a very complex system
with active components. Traditionally the use of multiple collocated antennas was motivated by
the need to extend the transmission range by increasing the antenna gain, therefore providing
enhanced coverage with the same amount of transmitted power. This is performed by
beamforming at the receiver side or at the transmitter side through the use of array processing. In
both cases, the transmitter, or the receiver, acquires some amount of channel knowledge through
channel estimation, and uses that knowledge to form beams in the direction of the receivers, if the
channel knowledge is in the form of angles of departure or arrival, or in the direction of strong
paths, if the channel knowledge is in the form of complex channel coefficients. The latter form of

channel knowledge is of interest to us.
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With an array of N antennas at the receiver and one antenna at the transmitter, the
propagation channel, which is assumed to be constant for the time being, can be described by a

vector of complex numbers:

h=[h,...nJ . 2.1)

The received signal vector is given by
y=hx+n. 2.2)
We assume that the AWGN processes at the receive antennas are independent and have the same

power spectral density, and their samples are collected in the vector #. We also assume that the
transmitted scalar signal x is a signal with | x|*= P, such that all symbols in the constellation have

equal energy. Then if the receiver has perfect knowledge of the vector A, it can perform Maximal
Ratio Combining (MRC) on the received vector y, and obtain

Ky= "h“2 x+hn. 2.3)
MRC maximizes the signal-to-noise ratio after combining, which becomes equal to the sum of the
SNR per branch. This operation can be thought of as beamforming in the direction of maximum
SNR. The diversity gain achieved by MRC is large if the channel coefficients in /1 are samples of
independent processes. It can be shown that the pairwise probability of error between the
transmitted symbol and the symbol detected at the receiver with maximum-likelihood detection
decreases as the N-th power of the SNR for large values of the SNR [8].

Other forms of combining that achieve diversity gain can be used, although they do not
achieve the maximum SNR achieved by MRC. However, depending on the amount of channel
knowledge, other diversity combining strategies need to be adopted. Among them selection
diversity offers the same order of diversity N as MRC, and its output SNR is equal to the
maximum of the SNR per branch.

The same diversity techniques can be used at the transmitter, although in this case it is in
general more difficult to obtain channel knowledge, since it requires either feedback of the
channel estimated at the receiver, or that the channel be estimated at the transmitter when it is
used in the receiver mode in a duplex communication system provided that the channels in both
directions are the same. MRC beamforming at the transmitter is performed the same way as at the
receiver, with the major difference that a transmitted power constraint is now applied. The

transmitted vector is given by
x=w's, (2:4)

where the beamforming vector is w = [w, . wN] . The power constraint is
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|x[ =~. 2.5)

The received symbol is
y=hws+n, (2.6)
where h=[h,,...,h,] is now a row-vector.

Having multiple antennas at the receiver provides array gain by allowing to collect more
power as more samples of the energy carried by the electromagnetic waves can be captured,
whereas at the transmitter the same amount of power as in the single transmit antenna system is
required to be radiated.

Selection diversity at the transmitter can be performed with the knowledge of the SNR
per branch for each of the transmit antennas. This knowledge can be acquired by feedback from
the receiver. This type of channel state information requires less feedback than the complete
knowledge of all the channel gains, and in time-varying channels it could possibly be updated less
frequently. With transmit selection diversity only one of the N antennas is used for transmitting
the signal using the total power P in each channel use.

The idea of using multiple antennas at the transmitter and at the receiver has only
recently received considerable attention. These types of systems still offer diversity advantages
[91[10][11], but more importantly they offer large advantages in terms of channel capacity. We

will now summarize the recent results on MIMO channel capacity.

2.3 The Single-User MIMO Channel
The MIMO channel is the model for channels where the transmitter and the receiver are

equipped with multiple collocated antennas. The transmitted signal vector is jointly processed by
the transmitter signal processing block, and the received signal vector is jointly processed by the
receiver signal processing block. N is the number of transmit antennas and M is the number of
receive antennas. This is illustrated in Figure 2-1. The signal transmitted at a given time through
all the transmit antennas simultaneously is represented by a column vector x of complex symbols.
The baseband complex channel model for frequency non-selective MIMO channels is described
in the following. The signal received at a given time is given by the vector:

y=Hx+n. 2.7)
The channel between the transmitter and the receiver is modeled by a matrix H of size M xN

with elements /. The AWGN # is the M x1 white circularly symmetric complex Gaussian

vector with covariance matrix Z [4]. Without loss of generality, we assume that the noise

covariance matrix is a scaled identity matrix [12]. The variance of the AWGN at each receive

10
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Figure 2-1 The single-user MIMO channel.

antenna is ¢~ . x is the N x1 transmitted signal vector, and y is the M x1 received signal vector.

The transmitter has either a long term or a short-term transmit power constraint P such that
tr(E[xxJ) <P or |« =P.

Telatar in [4] considered a constant MIMO channel where H is deterministic, and a

fading channel where H is random, for the cases of complete CSIR and complete or no CSIT.

" Foschini in [3] considered a quasi-static fading MIMO charnel with CSIR. We will summarize

the few fundamental results on MIMO channel capacity. For a more complete and detailed

treatment the reader is referred to the original papers [3][4] and to tutorial papers, for example

[12]. A good discussion of single-user and multiuser MIMO channels is provided in [12]. We will

only summarize results on these channels in this chapter, and point out the main features that we
will focus on in the next chapters.

It was shown in [3][4] that for a given channel realization, the mutual information
between the transmitted Gaussian signal with covariance matrix @=F I:xr] and the received

Gaussian signal is given by:

1
pc]

Z(xy) =logdet(IM + HQH'] . (2.8)

The channel capacity of the deterministic MIMO channel is thus given by
1 .
C= {ng%g)sp} log det(IM + -O—_Z-HQH ] . 2.9
The channel matrix can be expressed by its singular value decomposition (SVD) [7]:
H=UDV", (2.10)

where U and ¥V are unitary matrices and D is a diagonal MxN matrix with nonnegative main

11
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diagonal entries. These diagonal entries d,,...,d ;) are the singular values of the matrix H.

After some simple manipulations, the capacity can be expressed as:

C = e logdet(IM +%DV'QVD‘J . (2.11)
The matrix ¥ QF must be diagonal to maximize the determinant as a consequence of
Hadamard’s inequality [13]. Thus Telatar [4] proved that the deterministic MIMO channel is
decomposed into min(M ,N) parallel (non-interfering) single-input/single-output Gaussian
channels. The gains of these channels are given by the squared singular values of the channel
matrix. The solution to the maximization is obtained by waterfilling the total transmit power

across the parallel Gaussian channels:

min(M N) P
C= {a .k:l?ﬁ(uﬂv)} ZI: IOg(l +?dk a; j (2.12)
min(M,N)
Subjectto > @, <1 and q, 20, k=1,...,min(M,N). (2.13)

k=]
The solution to the waterfilling problem is summarized in Appendix A. If the matrix H has full
rank equal to min(M,N), then the capacity of the constant MIMO channel grows min(M,N)
times faster than the capacity of the single-input/single-output link in the high power region as the
transmit power increases. Moreover spatial multiplexing on the rnin(M N ) parallel Gaussian
channels only requires matrix multiplication at the transmitter and at the receiver, thus only linear
processing. As the power P goes to infinity, the capacity grows as rnin(M N )logP . Hence it is

more advantageous to increase N and M than P in order to increase the capacity of the channel,
which is why MIMO systems have become so popular.

When the channel matrix H is random and time-varying such that the fading process is
ergodic, and the transmitter and the receiver have complete CSI, the capacity achieved by coding
across all fading states with capacity-achieving codes is obtained by averaging the constant

MIMO channel capacity over all fading states:
P .
C=E, lr{ezgg%)g}log det(IM +?HQH j] 2.19)

In fading channels within a rich scattering environment and sufficiently spaced antenna elements,
the fading processes affecting each pair of transmit and receive antennas can be considered
independent. In the popular case of Rayleigh fading the elements of the matrix H are modeled as

ii.d. complex Gaussian random variables with zero mean and unit variance. In this case the

12
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channel matrix H will be full rank almost surely in each fading state, and the growth rate as a
function of the total transmit power will be given by min(M,N). Multipath propagation in a rich

scattering environment is thus beneficial to the capacity of MIMO channels. If a line-of-sight
component is dominant in the propagation environment then the channel matrix will be of rank
one and the growth rate will only be equal to one as for a single-input/single-output channel.

In fading channels with CSIR and only knowledge of the channel matrix distribution at
the transmitter, when the channel matrix is zero-mean spatially white, the ergodic capacity still

has a growth rate equal to min(M,N) as shown in [3][4]. In this case, the optimal transmit

covariance matrix is a scaled identity matrix, and the transmit power is uniformly distributed

across the transmit antennas. The resulting ergodic capacity can be expressed with Laguerre

polynomials and the growth rate is equal to min(M ,N). We will subsequently refer to this

capacity as open-loop capacity, as opposed to the closed-loop capacity given by (2.14). The

open-loop capacity is given by:

C=E, |ilogdet(IM +L,HH'I|. (2.15)
No~

In fading channels with channel distribution information at the transmitter and at the
receiver, when the channel matrix is zero-mean spatially white, it was shown in [14] that it is not
useful to increase the number of transmit or receive antennas beyond 7, where T is the coherence
time of the block-fading channel model measured in space-time modulation symbol intervals.
Thus the spatial multiplexing gain reaches a maximum that cannot be exceeded by adding more
antennas when T is fixed. Under models where the transmitter has partial channel knowledge in
the form of the mean channel matrix or the channel covariance matrix, and the receiver has
complete CSIR, it is still useful to increase the number of antennas beyond T in order to achieve
increasing spatial multiplexing gains, as long as transmit antenna fading gains are correlated [12].
A good tutorial on several such scenarios of channel knowledge and types of channels can be
found in [12].

Viewing the mutual information in random channels as a random variable brings insights
into the properties of MIMO channels. It is sometimes required to adopt such a view if the fading
channel is not ergodic. In quasi-static fading channels, where coding is allowed for the maximum
length of the coherence time of the fading channel during which the channel matrix remains
constant, the maximum of the mutual information is equal to zero, thus the capacity in the ergodic

sense is zero [15]. Under the quasi-static fading assumption, one cannot guarantee to transmit at a
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non-zero rate over every interval, in which the channel matrix is constant. Instead one must
consider the outage capacity.
In the case of CSIR and channel distribution information at the transmitter, the mutual
information is a random variable and it is defined as
I, =logdet(IM +—£7HH'J. (2.16)
Mo~
One is interested in the capacity with outage probability p, where a rate at most equal to the
outage capacity can be ensured with probability p over all fading states. A Gaussian

approximation of the random variable 7, for large numbers of antennas was proposed in [16].
[3] also provided the CCDF of I, obtained from Monte-Carlo simulations.

In summary, we have seen that, as summarized in [12], increasing the number of
antennas to arbitrarily increase the spatial multiplexing gain can only be achieved with complete
CSIR. Thus in the rest of this thesis, we will only be interested in systems where CSIR is
available, since our goal is to achieve high throughput by spatial multiplexing on multiuser
channels. Note that the cooperative multiuser MIMO channel, where the antennas of all users
belong to a single array, can be seen as a single-user MIMO channel, thus it always provides an
upper bound on the capacity of the multiuser MIMO channel. Hence without CSIR it is also not
possible to keep increasing the spatial multiplexing gain arbitrarily by adding antennas on the

multiuser MIMO channel. The maximum spatial multiplexing gain min(N M ) can only be

achieved with complete CSIR.

2.4 The Multiuser Single-Antenna Channel
In cellular systems, a base station must communicate with K mobile users. A multiple

access strategy must be adopted in order to serve all users. Commonly used strategies are TDMA,
FDMA and CDMA. CDMA is the only strategy that introduces interference among the users, and
it is inspired by the optimal access strategy, namely superposition coding [13]. On the downlink
of cellular systems, orthogonal CDMA codes can be used since the orthogonality will be
preserved (at least on a flat-fading channel) at each receiver due to the synchronous transmission
of the users’ signals from the base station. In this case, each CDMA code represents a dimension,
in which a signal can be transmitted without interfeﬁng with the signals sent using other CDMA
codes. Since our interest is primarily on the downlink, we assume that the radio channel can be
partitioned into a number of orthogonal sub-channels, and we focus on only one of these sub-
channels. Similarly, we can also assume that orthogonal dimensions can be created in frequency-

selective channels using OFDM with cyclic prefix. Thus we also restrict our attention to flat
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fading channels. Since we are interested in packet-data access systems, we assume that the
channel fading gains remain constant for the duration of several consecutive transmission time
slots. We adopt a short term transmit power constraint.

With the goal of maximizing the throughput of the cellular system, we consider the sum-
rate as the criterion to be maximized. The sum-rate is the sum of the rates simultaneously
achievable by all K users in a given time slot. The capacity of multiuser channels is now

described in terms of achievable rate vectors. A rate vector (R,,...,R;) is simultaneously

achievable by all users. The capacity of the multiuser channel is described by a capacity region,
for any given time slot where the channel multiplicative gains remain constant. The sum-capacity
is defined as the maximum sum-rate over all achievable rate vectors. The goal in throughput
maximization is to achieve or approach the sum-capacity.

The deterministic single-antenna broadcast channel with a transmitted power constraint is
an instance of a physically degraded broadcast channel [13]. Let P be total transmit power
constraint. Let the two users experience AWGN at the receivers with variances respectively equal

to N, and N,. Assume that N, <N, without loss of generality. Then the signals received by
users 1 and 2 are:
Y=X+Z, - (2.17)
Y,=X+2,, (2.18)
where X is the transmitted signal, and Z and Z, represent the AWGN signals at the receivers.
The sender wishes to transmit to receiver 1 with rate R, and to receiver 2 with rate R,.

Using the fact that the channel is degraded, thus that the channels can be represented as a
succession of two channels as shown in Figure 2-2, the capacity region is shown to be achievable

by superposition coding and successive decoding [13], and the achievable rates are given by:

AWGN AWGN
Z,~N(O,N,) A ~N(0,N, - N,)

- I

YY=X+2 Y, = XJ-Z+Z =X+2,

Figure 2-2 Degraded broadcast channel model.
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R, <Iog(l+%igj (2.19)

1

(1-a)P
1+—— 2.
R2<log( +aP+N2 , (2.20)

where 0<a <1 is arbitrary. The capacity region is illustrated in Figure 2-3. The sum-rate can
thus be expressed and maximized in a straightforward way, so we omit the proof here.
Transmitting with all the power to the user with the smallest AWGN variance maximizes the
sum-rate, and thus it achieves the sum-capacity, which is then given by:

Com = log(l +£) . (2.21)
’ N,

1
We note that transmitting to only one user in order to achieve the sum-capacity is only applicable
when the transmitter has knowledge of the SNR of ecach user, and it does not require
superposition coding and successive decoding
This result has been extended to fading channels. If no constraint is put on the minimum
rate to be achieved by any user or on the delay experienced by any user, throughput maximization

on the single-antenna fading broadcast channel is obtained by transmitting to the user that

~k= Sum-capacity point

- Capacity region boundary

— - Time-sharing region boundary
.... R, +R, = sum-capacity

Rate of user 1 (R, in bits/sec/Hz)

Rate of user 2 (Fi2 in bits/sec/Hz)

Figure 2-3 Capacity region of the single-antenna broadcast channel.
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experiences the largest SNR in any given fading state [17]. The same result was shown for the
multiple access channel [18]. In the context of packet-data access, where the channel is assumed
to remain constant during a time slot, it is therefore optimal in the sense of throughput
maximization to transmit with all the available transmit power to the user with the largest SNR in
any given time slot. Obviously the transmitter must have access to that knowledge, which is in
practice provided through a feedback channel by the mobile users after they estimate their
respective SNR. It was also showed in [17] that if several users share such parallel (non-
interfering) broadcast channels with a global transmit power constraint, it is optimal to transmit to
the user with the largest SNR on each of the broadcast channels, and to allocate the transmit
power with a waterfilling solution.

In practice, a high throughput can be achieved when the mobile users experience
independent fading. The base station can schedule the user that experiences a peak of its fading
process for transmission in a given time slot. The system thus takes advantage of the inherent
multiuser diversity present in the channel. A throughput larger than the one achievable on the
Gaussian channel with the same average SNR per user can be achieved. As mentioned previously,
this strategy is made possible thanks to the relaxed constraints on the transmission delays allowed
by packet-data access systems. Cellular systems that exploit multiuser diversity in single-antenna
channels use scheduling algorithms with adaptive coding and modulation, and have already been
standardized [19]{20].

2.5 The MIMO Broadcast Channel (BC)
2.5.1 Channel Model for the MIMO Broadcast Channel
We adopt the channel model of [6] for the MIMO BC. We consider a channel where the

transmitter is equipped with N antennas. There are K receivers. Receiver £ is equipped with M,
antennas. The channel between the transmitter and receiver & is modeled by a matrix H, of size
M, xN with fixed complex elements. The AWGN variance at the receiver of each user is

assumed to be equal to one. The transmitter is subject to a total power constraint P. We will thus
equivalently refer to P as the total power in reference to the noise level. We assume that the
receivers have complete channel state information. Thus they perfectly know the channel
complex fading gains. The channel state information available at the transmitter depends on the
amount of feedback from the receivers.

The complex baseband model for the signal received by the user & is:

y=Hx+n. (2.22)
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The main feature of this channel is that the receivers cannot jointly process the received
signals as if they were received by a single antenna array. Thus traditional array processing
techniques are not applicable. Moreover in general this channel is a2 non-degraded broadcast
channel. When complete CSIT is available, the channel is non-degraded. The spatial dimensions
do not allow to represent the channel of one user as a degraded version of the channel of another

user, even though it is still possible to rank the users in the order of their individual capacities.

2.5.2 Multiple Antennas and Multiuser Diversity
There have been numerous recent attempts at exploiting multiuser diversity in multiple-

antenna systems. Some approaches aim at achieving spatial multiplexing gain or diversity gain by
adopting a single-user transmission strategy where the active user is chosen among the users in a
cell according to some criterion. Other approaches aim at creating multiple spatial channels to
multiplex signals to several users simultaneously. Eventually, information-theoretic studies
provided the optimal strategy that achieves the capacity region of the MIMO BC. We will review
these approaches briefly and especially emphasize the information-theoretic results that we will
use in subsequent sections in this thesis.

We mainly distinguish between two categories of MIMO BCs. The receivers can be
equipped with one or many antennas. The former case is of relevance mainly due to the difficulty”
of placing multiple antennas on a small device. It is also of relevance to consider that mobile
communication service providers can easily upgrade the network by adding antennas to the base
station, whereas it is much more difficult to change the devices used by every customer in a short
period of time. The (N,1,K) MIMO BC is represented in Figure 2-4. The difference with the

()
|

User 1

Base station

Figure 2-4 The (N,1,K) MIMO BC.
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single-user MIMO channel is that the receive antennas are not collocated and thus they cannot
jointly process the received signal vector. However the sum-capacity of the (N,1,K) MIMO BC
still enjoys the linear growth in the minimum of N and X in the high power region with complete
CSIT and CSIR [45]. Thus the spatial multiplexing gain of MIMO systems can be achieved when
only the transmitter is equipped with multiple antennas in a multiuser channel. However it cannot
be achieved by transmitting to a single user at a time since the channel is not MIMO in this case
in any given time slot.

The (N,N,K) MIMO BC where the users are equipped with as many antennas as the base
station represents a differently challenging situation. The channel between the base station and
any user is already a MIMO channel with a maximum achievable spatial multiplexing gain of N.
The cooperative MIMO BC, where the receive antennas of all users are assumed to be collocated,
is a (N,1,NK) MIMO channel, with the same maximum spatial multiplexing gain of N. Thus
single-user MIMO techniques can be used to achieve a large throughput. However, one is
interested in achieving the maximum rates over the channel at hand. Thus it is still relevant to
study the optimal transmission strategy and its properties. In particular, it is still not obvious
whether transmitting to one user at a time is optimal in some or all situations, even though it is

sufficient to achieve the maximum spatial multiplexing gain.

2.5.2.1 Channel state information
In packet-data access systems, the base station transmitter adapts its transmission strategy

to the channel conditions of the users it serves. We assume that receivers can estimate the channel
coefficients perfectly and thus have perfect and complete CSIR. Transmission adaptation is made
possible by feedback information made available by each user to the base station. A scheduler,
which is aware of the transmitter architecture, then uses that information to choose when to
transmit to certain users and how to adapt the modulation and channel coding to meet
transmission quality targets. Then the transmitter sends the data according to the choice made by
the scheduler. The transmitter uses some specific architecture that may also require channel state
information, possibly different from the channel state information required by the scheduler. We
will then consider these two types of CSI. We use the UMTS term of Channel Quality Indicator
(CQD) to refer to the type of CSI required by the scheduler to make informed decisions. We
denote as CSIT the type of information required by the specific transmitter architecture to filter
the signals to be transmitted, where the filter coefficients directly depend on the CSI. This is
illustrated in Figure 2-5. We always assume that feedback information is sent to the transmitter

through an errorless channel. The CQI feedback channel is required for all users at all times. The

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CSIT feedback channel needs only be used once the scheduler has chosen the users that the base
station will transmit to in a subsequent time slot. Hence only these users need to feedback CSIT
to the transmitter. Obviously these users need to be informed by the base station that they have
been scheduled and that they need to feedback the information that will be the CSIT at the base
station. For example, in a single-user transmission setting, users could feedback the value of their
respective SNRs as CQI for scheduling, and only the scheduled user would later feedback the
exact value of its fading gains as CSIT to the transmitter, that will then compute a beamforming
vector.

It is also possible that CQI and CSIT use the same feedback channel to convey the same
information. A trade-off between the amount of information and the feedback delay (or the
complexity of the protocol) is apparent in this model. In some scenarios, the amount of
information carried by the CQI could be less than the amount of information carried by the CSIT.
In this case we would like to reduce the amount of feedback channels used for CSIT, thus only
requiring scheduled users to feedback their CSIT to the base station. In this thesis, we also
assume that perfect unquantized CQI and CSIT are available whenever considered. From now on
we do not worry about the amount of information needed to transmit such feedback CSI.

However it is an important area of research and the effects of imperfect CSI and of limited
feedback on the performance of MIMO systems can have a large impact on system design
[21][22].

Note that if CSI is provided to the scheduler and to the transmitter by the same feedback
channel, then both entities should be able to use the same CSI. However, to cope with complexity
or robustness issues for instance, the transmitter architecture could be chosen to be simple so that
it does not use CSIT and the system relies only on the scheduler and the modulation and coding
adaptation to cope with the varying channel conditions. This is another reason why we consider
CQI and CSIT separately. Moreover, CQI could be as bandwidth demanding as complete CSIT.

CQl CSIT
Scheduler » Transmitter ——p to multiple
Active users antennas
AMC settings T
Data

Figure 2-5 CQI and CSIT model.
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The best decision the scheduler could make could only be based on complete CSI if the
transmission strategy was such that the rate achieved by one user depends on the rate
simultaneously achieved by another user. Since users cannot feedback their expected rate as CQI
to the transmitter because they have no knowledge of the channels of the other users, they must
feedback complete CSI.

In this thesis we only consider adaptation such that a capacity-achieving code is chosen
for the given channel realization. This would require an infinite-length time slot. However there
exist modern error-control codes that provide near-capacity performance with relatively short
sequences. In practice error detection codes are also used in conjunction with ARQ strategies, but

this is beyond the scope of this thesis, although it is of foremost importance.

2.5.2.2 Single-user scheduling strategies
Some of the first attempts to take advantage of multiuser diversity and spatial diversity

used a direct approach inspired from single-antenna multiuser channels, where a single user is
selected for transmission in any given time slot. These approaches were not motivated by
information-theoretic results on MIMO multiuser channels, but aimed at achieving large gains
using a single-user MIMO channel strategy. The active user is chosen from the CQI available at

the transmitter.

2.5.2.2.1 Partial COI, no CSIT

Single-user capacity scheduling, channel hardening and the effect of correlation
It was pointed out quite early [23] that the single-user scheduling strategies can have

serious drawbacks depending on the type of CQI when CSIT is not available. Several authors
later also showed the same effects in more mathematical terms [16]. The underlying phenomenon
is a consequence of an effect called channel hardening [16]. Channel hardening refers to the
reduction of random variations of the channel due to the presence of multiple antennas. In other
words, the mutual information of a random channel realization will be close to the mutual
information of the average channel realization as the number of antennas increases. The best
illustration comes from transmit diversity, which transforms the fading channel into a Gaussian
channel in the limit of an infinite number of transmit antennas [4]. As shown in [16] the
distribution of the mutual information of the single-user uncorrelated MISO channel with uniform
power allocation across the transmit antennas can be closely approached by a Gaussian
distribution as the number of antennas becomes large. It is shown that the mean converges to a

non-zero constant while the variance decreases to zero.
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On the single-user MISO channel, channel hardening was in fact observed directly in [3],
where it can be seen from the outage open-loop capacity CCDF curves that the mean of the
mutual information increases, while at the same time the variance decreases, as the number of
transmit antennas increases from 1 to 2. Thus the tail of the PDF of the mutual information
decreases, which means that the mutual information will experience fewer realizations with large
values. The diversity offered by multiple transmit antennas reduces the amount of fading thus
high peaks occur less frequently.

On the (N,1,K) MIMO BC, observations first made in [23] on the use of spatial diversity
with multiuser diversity are summarized as follows. Let us consider the following scheduling
strategy, inspired from the maximum-throughput scheduling strategy on the single-antenna
multiuser fading channel. Based on the channel matrix estimated at the receiver, each user
estimates its instantaneous open-loop channel capacity as if the transmitter was to transmit to that
user alone with uniform power allocation across the transmit antennas. Each user then sends this
CQI value back to the transmitter. On the (1,1,K) BC, this is equivalent to sending back the value
of the instantaneous SNR. However on the MISO channel the definition of SNR is more complex
than on the single-antenna channel, and the adoption of the capacity as the measure of the quality
of the channel makes sense. Then the base station scheduler chooses the user with the largest
reported capacity for transmission using uniform power allocation. Thus transmit diversity and
multiuser diversity are exploited. As a consequence of channel hardening, with a fixed number of
users and as the transmitter is equipped with more transmit antennas, the average rate achieved by
the users decreases. This specific use of transmit diversity reduces the amount of fading, and thus
impairs the advantage of using multiuser diversity. Numerical results illustrate this phenomenon
in Figure 2-6. The other curves in Figure 2-6 will be explained later.

On the (N,N,K) MIMO BC however, [16] showed that the mean of the mutual
information with uniform power allocation increases with N, and although it increases faster than
the variance, multiplexing gain allows to exploit spatial diversity without impairing multiuser

diversity.
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Figure 2-6 Channel hardening effect on multiuser diversity.
(N,1,K) MIMO BC with K= 8 users, and P =10 dB.

The (I,N,K) BC might not be envisioned to play an important role in future
communication systems because it is in general more difficult to place multiple antennas at the
user equipment than at the base station transmitter due to the small size of the user terminal, and
because it is easier for a company to install new antennas at the base station than to replace every
user’s device. Nevertheless, one can think of applications that would require users to purchase
advanced equipment using multiple antennas in order to obtain higher quality of service in a
network equipped with single-antenna base stations. Moreover interesting observations can be
made on the effect of receive correlations and its implications on multiuser diversity gain.

The cooperative (1,N,K) BC is not a MIMO channel since the transmitter still only has
one transmit antenna. Therefore it is not possible to exploit spatial multiplexing gain, and a
single-user transmission strategy makes sense. The scheduler thus only needs to receive CQI on
the individual channel conditions and choose the user with the largest achievable throughput. We
consider then single-user channel capacity as CQIL. The transmitter does not need any CSIT.
However we still assume that the receivers have perfect CSIR, thus they can perform MRC and

coherently combine the signals received at the multiple antennas. Figure 2-7a shows the PDF of

23

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the mutual information of the single-user channel with one transmit antenna and two receive
antennas with no receiver correlations and with receiver correlations with correlation coefficient

p=0.7. We assume the exponential correlation model such that the receiver correlation matrix is

given by:
1
H, =( p ) (2.23)

Thus the channel vector of user £ is given by:
h,=H h,, (229)
where A, is of size 2x1 and its elements are independent with a zero-mean unit-variance

complex Gaussian distribution. The AWGN at each receive antenna is taken to be equal to one,
and the total transmit power is taken to be equal to 10. The PDF of the mutual information of the
single-user single-antenna Rayleigh fading channel is also shown for comparison. As is well
known, we see that the mean of the mutual information, or ergodic capacity, increases by adding
receive antennas. This increase is smaller with receiver correlations. However we also notice that
the tail of the PDF towards high spectral efficiencies is larger in the correlated case. We thus

expect that multiuser diversity offers greater gains in the correlated case than in the uncorrelated

(a) Single-user channel
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0.3r channel i

0.2+

(1,2,1) correlated |
/ channel

o
-

(1,1,1) channel

PDF of mutual information

0 1 1 1 1
0 1 3 4 5 7 8
Spectral efficiency (bits/sec/Hz)

c 4 (b) Multiuser channel
g ] T L) i T ) L)
b= (1,2,8) uncorrelated
g 0.8 broadcast channel (1,2,8) correlated |
o6k "\ broadcast channell
E -/
204t .
g (1’118)
5 0.2 broadcast channel : -
w B
QD_ 0 : ! - | ) ‘.

0 1 2 3 4 5 6 7 8

Spectral efficiency (bits/sec/Hz)

Figure 2-7 PDF of mutual information.
Correlated and uncorrelated (1,2,1) and (1,2,8) channels
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case, and that receiver spatial diversity increases the throughput in the multiuser channel with the
proposed strategy. This is illustrated in Figure 2-7b where the PDF of the mutual information of
the user with the largest mutual information in each fading state is shown. There are 8 users with
independent fading processes in the channel. We see that in the three cases multiuser diversity is
exploited to increase the ergodic capacity. However now it is the correlated channel that offers
the largest ergodic capacity with multiuser diversity. The average rate of the scheduled user is
thus higher in the correlated case, and the variance of the rate of the scheduled user is also larger
in the correlated case. We also noticed that the Gaussian approximation of the capacity [16]
provided highly inaccurate results because the number of antennas is small.

For comparison we also consider the case of transmit correlations on the (2,1,8) MIMO
BC. We first consider the case where the base station is informed by CQI of the users individual
capacities with uniform power allocation, but it does not have any CSIT. The two transmit
antennas experience either uncorrelated fading processes or correlated processes with correlation
coefficient equal to 0.7 and the transmitter correlation matrix is of the same form as the
previously considered receiver correlation matrix (2.23). The PDF of the mutual information in
single-user channels is shown in Figure 2-8a, and the PDF in the multiuser case is shown in
Figure 2-8b. We still see that antenna correlations enhance multiuser diversity. However we note
again the effect of channel hardening that causes spatial diversity to act destructively on multiuser
diversity since adding a transmit antenna decreases the average rate of the scheduled user, both in
the correlated and uncorrelated cases.

If the transmitter is additionally assumed to have complete CQI and CSIT and to transmit
to the user with the largest closed-loop capacity, then the same performance as in the previous
case of multiple receive antennas with MRC can be achieved as shown in Figure 2-6. Channel
hardening does not impair the effect of multiuser diversity and transmit correlations are
beneficial. However in this case the cooperative channel is a MIMO channel, and better strategies
can be devised in order to achieve spatial multiplexing and make better use of multiuser diversity
than transmitting to a single-user at a time, as will be discussed later. If only partial CQI and no
CSIT is available at the transmitter, then strategies such as opportunistic beamforming [24] can
be used to still take advantage of multiuser diversity without being impaired by channel
hardening. Opportunistic beamforming in fact artificially creates correlations among antennas at
the transmitter. In this case, transmit correlations have also been found beneficial in terms of
throughput [24].
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Figure 2-8 PDF of mutual information.
Correlated and uncorrelated (2,1,1) and (2,1,8) channels without CSIT.

The effects of antenna correlations have been studied in systems that exploit multiuser
diversity when the users are equipped with as many antennas as the transmitter [25]. The fading
gains between the transmitter and each user are correlated, but the fading gains among different
users are independent. In this case, it was shown that the rank-deficiency in each single user
MIMO channel can be compensated by multiuser diversity in order to still achieve the maximum
spatial multiplexing gain. The independence of the fading processes among different users allows
to still find N independent spatial dimensions as long as the base station transmits to several users
simultaneously. The authors studied the downlink and the uplink with complete CSIT and CSIR.
Nevertheless, even though the maximum spatial multiplexing gain can be achieved in the
correlated case like in the uncorrelated case, their results showed a degradation of the throughput

from the uncorrelated to the correlated case.
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Antenna selection scheduling
While still considering partial CQI, transmit spatial diversity could be exploited along

with multiuser diversity without requiring a lot of feedback from the users on the (N,1,K) MIMO
BC. Each user could feedback the index of the transmit antenna that offers the highest received
SNR, along with the value of that SNR. The base station scheduling algorithm now selects the
user and the transmit antenna that offer the highest SNR, and use a single-antenna transmission
strategy by allocating all the transmit power to that antenna. The order of diversity achieved is the
same as if the transmitter had a single antenna and there were NK users experiencing independent
fading. Thus the aggregate throughput increases as the number of transmit antennas increases, so

spatial diversity and multiuser diversity are exploited jointly. This is illustrated in Figure 2-6.

Quantized feedback scheduling
Application of vector-quantization techniques for MIMO channel state information low-

rate feedback to the transmitter has been considered in [21][22], with the goal of maximizing
capacity or minimizing error rates. A linear precoding matrix is applied at the transmitter to
multiplex signals to a single user at a time. It is chosen from the CQI feedback by a mapping to a
codebook of precoding matrices. This strategy is currently one of the closest to being applicable
in a real system since it only requires low-rate feedback similar to a rate request in current

standards.

Opportunistic beamforming
With partial CQI, other strategies that efficiently exploit spatial and multiuser diversity

have been proposed. In particular, opportunistic beamforming allows to achieve the coherent
beamforming gains of closed-loop capacity scheduling without the need for complete CQI and
complete CSIT, provided that a large number of users is available. A time-varying random
beamforming vector is applied at the base station with the hope that one user’s channel vector
will be close to being in the same beamforming configuration. The advantage of that strategy is
that it could be directly applicable for the evolution of third generation packet-data access
systems with the addition of transmit antennas at the base station and without any change in the
mobile handsets that still perceive the base station as having only one transmit antenna. It allows
to achieve array gain and multiuser diversity simultaneously without the need for CSIT. Another
advantage of that strategy is that it can create the illusion of fast fading in a slow fading channel,
thus increasing the efficiency of multiuser diversity in slow fading channels. Opportunistic
scheduling is in a way already being exploited by sectorization, or fixed-beams systems, along

with handover among cell sectors.

27

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.5.2.2.2 Partial CQI, complete CSIT
A simple instance of partial CQI and complete CSIT strategy would be to consider

transmitter waterfilling power and rate adaptation in the case of single-user transmission. The
CQI for each user is the closed-loop mutual information achievable with waterfilling power
allocation given by (2.12), where each user assumes that the base station transmits to no other
user at the same time. Each user is able to compute that quantity because it has complete CSIR.
The scheduler chooses the user with the largest reported CQI. The transmitter then informs that
user that it has been scheduled. In order to achieve the closed-loop capacity for that user, the user
is then required to feedback the values of its fading gains as complete CSIT. In order to keep the
amount of feedback information small, only the scheduled user would be required to feedback its
complete channel matrix to the transmitter. This strategy is able to exploit transmit or receive
diversity without impairing the effect of multiuser diversity due to the coherent combining of
fading processes. This is illustrated as previously mentioned in Figure 2-6 for the (¥,1,K) MIMO
BC. If the receivers are equipped with multiple antennas this strategy takes advantage of both
spatial multiplexing and multiuser diversity. However this type of CQI does not allow more

elaborate strategies such as spatial multiplexing to several users simultaneously.

2.5.2.2.3 Complete CQI and CSIT

One could use coherent transmission at the base station with complete CSI feedback for
both CQI and CSIT from each user. The amount of feedback required is larger than in the
previous case, but in this case only one feedback channel can be used instead of two since both
CQI and CSIT carry the same information. The transmitter can exploit the knowledge of spatial
channels and perform transmit spatial multiplexing with optimal power allocation across the
transmit antennas. Thus the closed-loop capacity can be achieved by the user with the largest
closed-loop capacity, as in the case described in the previous paragraph, but with a different
feedback strategy. In this case, feedback is required only once, and the computation of the closed-
loop capacity for each user is performed by the scheduler at the transmitter. This strategy allows
to increase the aggregate throughput as the number of transmit antennas increases on the (V,1,K)
MIMO BC. It is not surprising as the open-loop (,1,1) MIMO channel capacity asymptotically
loses log N bits/sec/Hz in the high power region compared to the closed-loop (V,1,1) MIMO

channel capacity due to non-coherent combining of the fading processes.
However, one can use complete CSI as CQI and CSIT to perform space-division multiple
access (SDMA) in order to transmit to several users simultaneously. The advantages of such a

strategy are multiple. It can allow to achieve spatial multiplexing gain in cases where it is not
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achievable by transmitting to a single user at a time on the (N,1,K) MIMO BC. It allows to reduce
the delay between consecutive transmissions to the same user and possibly to make better use of
multiuser diversity. It also allows to increase the aggregate throughput as demonstrated
theoretically [6][26][27][28]. Before we present the optimal signalling strategy in Section 2.5.3,
we focus on linear spatial multiplexing schemes. They offer the advantage of being better

understood and realizable in practice with a lower complexity than optimal signalling.

2.5.2.3 Multiuser linear spatial multiplexing
The goal is to perform spatial multiplexing of signals to several users simultaneously by

the action of matrix multiplication at the transmitter or at the receiver or at both ends of the
communication link. Typically interference-avoidance or joint-orthogonalization is sought.

On the (V,1,N) MIMO BC, Joint-Transmission was proposed in [29] for spatial
multiplexing. There the channel matrix is pseudo-inverted at the transmitter so the channels seen
by the different users are orthogonal. The same strategy, called zero-forcing beamforming (ZFB),
was also considered in [5] with the goal of maximizing the sum of rates simultaneously
achievable by all N users. This strategy incurs a power penalty when the channel matrix is close
to singular. No scheduling algorithm was proposed since in this case K =N .

On the (NV,M;,K) MIMO BC, joint-orthogonalization is implemented by transmit and
receive beamforming in [30] with the goal of maximizing an approximation of the product of the
signal-to-interference and noise ratios. This scheme constrains the total number of receive
antennas to be less than or equal to the number of transmit antennas. Thus if one or more users
has multiple receive antennas then transmission can only occur to less than N users at a time.
Variations of this scheme are proposed in [31][32]. An extension of ZFB to multiple antenna
receivers by group zero-forcing beamforming (GZFB) with the goal of maximizing the sum of
rates was proposed in [33]. There the total number of receive antennas must be less than or equal
to the number of transmit antennas. The authors also considered scheduling algorithms for the
ZFB strategy. The exploitation of multiuser diversity on the (N,N.K) MIMO BC was studied in
[34]. The authors proposed a spatial multiplexing strategy where each user performs pseudo-
inversion of its own channel matrix at its own receiver, which is only possible if each user is
equipped with a least as many antennas as the base station. The resulting channel can be seen as
K parallel (non-interfering) single-antenna broadcast channels. The authors called the scheduling
algorithm the independent stream scheduler, where antennas are allocated independently to users
by the maximum SNR criterion. No optimization of power allocation is performed at the

transmitter. This strategy still suffers from noise enhancement at the receivers due to the pseudo-

29

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



inversion of the channel matrix. This effect increases as the number of antennas increases.
Coordinated Beamforming was proposed in [35], where the receivers are all equipped with
multiple antennas, with the goal of maximizing the users’ rates. A coordinated transmitter-
receiver scheme using a generalized zero-forcing algorithm is applied to find the transmit and
receive filters for each user. An iterative solution is proposed that converges in general. This
scheme is still applicable with single-antenna receivers and becomes equivalent to zero-forcing
beamforming. It does not have any constraint on the number of transmit or receive antennas, and
achieves spatial multiplexing to a2 maximum of N users simultaneously. The number of
independent streams sent to each user is a design parameter. No scheduling algorithm is

considered. Coordinated beamforming will be presented in more detail in Chapter IV.

2.5.3 Optimal Signalling
The problem, especially on the (N,1,K) MIMO BC, is to achieve spatial multiplexing

gain. It is obviously not possible to achieve it by transmitting to one user at a time. Thus the
solution must be geared towards transmitting to several users at a time in any given time slot.
Intuition tells us that the number of active users should be at least N in the high power region in
order to achieve the maximum spatial multiplexing gain of N. More precise questions relevant to
this problem where presented in Chapter 1. We now summarize the€ information-theoretic results
obtained in [S][6][26][27][28][36] for the (N,M;,K) MIMO BC. The direct consequence of the
presence of multiple antennas is that the broadcast channel is in general non-degraded when

complete CSIT is available [5].

2.5.3.1 Dirty-Paper Coding
Dirty-paper coding is a channel coding scheme applicable for channels with non-causal

knowledge of the interference at the transmitter. It was first introduced by Costa [37] for the
Gaussian channel with one Gaussian interferer whose realization is known at the transmitter but

not at the receiver. Costa proved that a random binning strategy [13] can be used for encoding the

Interferer AWGN
S~N(0,0) Z~N(ON)

. ; 1, A
Encoder =\'_b —d'/ —} Decoder }-—>W

linSP Y=X+S+Z
R i=1

Figure 2-9 Costa’s channel model for dirty-paper coding.
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desired user’s signal so that the maximum mutual information is equal to the capacity of the
channel where the interferer would not exist. Thus the capacity of the channel where the
transmitter has non-causal knowledge of the interferer is the same as the capacity of the channel
without the interferer. The channel model is shown in Figure 2-9. If the transmitter does not have

knowledge of the interferer’s signal, then the capacity of the channel is:

C= %log(l + J . (2.25)

N+Q
However if the transmitter has non-causal knowledge of the interferer’s signal, then the capacity
of the channel is:

.1 P
C ==log| 1+—|. 226
> og( +N) (2.26)

This result was later extended to the non-Gaussian case [38], and to the vector case applicable for
MIMO channels {39].

The implementation of dirty-paper coding is hard, even for small-sized problems.
Precoding techniques such as Tomlinson-Harashima precoding [40]{41] handle the case of real
constellations with a limited amount of non-causal knowledge. Modulo precoding with nested
lattices [38] is in theory able to achieve Costa’s capacity, but its complexity. becomes very large
when the codewords become long and the lattices have large dimensions. Only a few attempts
have been made to perform dirty-paper coding with practical coding schemes [42]. However,
dirty-paper coding is the tool that allowed to characterize the capacity region of the MIMO BC
[36]. Costa’s result and its extensions can be directly used to express the achievable rate vectors

and perform the maximization of the mutual information on the MIMO BC.

2.5.3.2 Duality between the MIMO BC and the MIMO MAC
A general duality property between the BC and MAC channels was obtained for single

antenna channels [43]. In this section we only focus on the duality between the MIMO MAC and
the MIMO BC, as first presented in [6]. This duality emerges from the similarity between the
successive encoding and decoding processes.

On the MIMO BC, the transmitter knows non-causally the information sequences to be
transmitted to each user. A successive encoding strategy using dirty-paper coding can thus be
used. The user whose sequence is encoded at staée k will be encoded such that the codewords of
users previously encoded will be treated as non-causally known interference. From the dirty-
paper coding result, this user will be able to achieve a maximum rate as large as if the users

encoded before it did not exist. However it will still suffer from the interference created by the
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signals of the users that are encoded after it is encoded. This situation is alike the one for
successive decoding where the signal decoded at stage & will not suffer from the interference
caused by the signals that have been decoded at previous stages since they have been successfully
decoded and subtracted from the received signal.

The dual sum-power MIMO MAC is defined as the channel where the receivers become
the transmitters, the transmitter becomes the receiver, and the channel matrices are conjugated
and transposed. The transmitter power constraint of the MIMO BC becomes a sum-power
constraint shared by all the transmitters of the dual MIMO MAC. The duality result states that
given any achievable rate vector in the MIMO BC capacity region, the same rate vector is
achievable in the dual sum-power MIMO MAC capacity region, and vice-versa. The optimal
transmit covariance matrices are related by the MAC to BC and the BC to MAC transformations
[6] that are summarized in Appendix D. The rate vectors are achieved by dirty-paper coding on
the MIMO BC, and by superposition coding and successive decoding on the dual sum-power

MIMO MAC. In particular, the sum-capacity is the same for both channels.

2.5.3.3 Sum-Capacity
The sum-capacity of the MIMO BC has been proved to be achievable by dirty-paper

coding [6][26][27][28]. Efficient computation of the sum-capacity of the MIMO BC is carried out
on the dual sum-power MIMO MAC:

sum

X
C = max }logdet[IN +ZH;ﬂHk) (227
"' £

X
Subject to Ztr(Pk ) <P.
k=l

P, is the transmit covariance matrix of user £ on the dual MIMO MAC.

Efficient numerical algorithms have been proposed, and we used the sum-power iterative
waterfilling algorithm proposed in [44] to obtain numerical results. These results allowed to
demonstrate that the benefits of increased capacity due to the use of multiple antennas and due to
the presence of multiple users can be achieved simultaneously as illustrated in Figure 2-10.
Monte-Carlo simulations were used to obtain the average sum-capacity over all fading states. The
total power in reference to the noise level is 20 dB.

Even when the users are equipped with a single receive antenna, the growth rate of the
capacity typical of MIMO systems can be achieved. It was shown mathematically in [45][46] and
it is illustrated in Figure 2-11. We let the number of transmit antennas and the number of users

grow simultaneously such that N = K . We plot the ergodic sum-capacity of the (V,1,X) MIMO
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BC and the ergodic capacity of the (V,X,1) MIMO channel with and without CSIT (respectively
the closed-loop capacity and open-loop capacity).

The growth rate of the sum-capacity of the MIMO BC has been studied by several
authors. In [45] it was proved that on the (V,1,K) MIMO BC with complete CSIT and CSIR,
when both X and N become large with a fixed ratio such that K < N, the sum-capacity scales
linearly with X. In [46] it was proved that with complete CSIT and CSIR, when N and X increase,

a lower bound on the sum-capacity scales as N loglog K . This lower bound is given by the

maximum sum-rate achievable with a generalization of opportunistic beamforming that provides
spatial multiplexing gain, and which is applicable with little feedback from the users to the base
station in the form of SINR values and beam index. This result also shows that this capacity

scaling is achievable without complete CSIT.

2.5.3.4 Capacity Region
The capacity region of the MIMO BC has been proved to be equal to the dirty-paper

coding region in [36]. An example of the capacity region of the MIMO BC is given in Figure
2-12 for a given realization of the (2,1,2) MIMO BC. The sum-capacity is achieved along a

35 T 1 1 R - 1 1] 1 1

8o (4,4,K) Rayleigh fading .
MIMO broadcast channel

251+ .

(4,4,1) Rayleigh fading MIMO channel

20F =
P/N =20dB

Spectral efficiency (bits/sec/Hz)

10 (1,1,K) Rayleigh fading broadcast channel e

(1,1,1) Rayleigh fading channel

1 L 1 1
2 4 6 8 10 12 14 16
Number of users (K)

Q

Figure 2-10 Combined effects of multiple antennas and multiuser diversity on the ergodic
sum-capacity in the Rayleigh fading broadcast channel with complete CSIT. P =20 dB
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segment (in the two-user channel) whose end points correspond to the two possible dirty-paper

encoding orders and along which R +R, is constant. The sum-capacity is achieved by

transmitting to more than one user at a time. Single-user transmission strategies as well as time-

sharing between single-user transmissions do not allow to achieve the sum-capacity in general.
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Figure 2-11 Growth rate of the ergodic sum-capacity in the (¥,1,N) Rayleigh fading
MIMO broadcast channel. P= 10 dB.
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Figure 2-12 Capacity region of the (2,1,2) MIMO broadcast channel.
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3 Sum-Capacity of the MIMO BC and the Optimal Number of Active

Users

3.1 Introduction
This chapter presents an analysis of the sum-capacity of the Gaussian MIMO broadcast

channel, i.e., when all channel matrices or vectors are deterministic. The focus is on
understanding the optimal power allocation and on determining the optimal number of active
users, i.e. the number of users that are allocated non-zero power. In particular, we study the
asymptotically optimal power allocation in the limit where the total transmit power goes to
infinity. The study of the number of active users allows us to draw some conclusions on the
impact of using multiple antennas at the base station only, or at the base station and at the mobile
stations, on scheduling algorithms for throughput maximization applicable to packet-data access

transmission.

We first study the sum-power MIMO MAC dual to the (Z,I,K ) MIMO BC, which
allows us to completely characterize the optimal number of active users and the optimal power
allocation strategy that achieves the sum-capacity of the sum-power MAC. In particular, we give
a geometrical interpretation of our analysis for the (2,1,3) MIMO BC. We then study the optimal
power allocation on the MIMO BC after MAC to BC transformations have been applied on the
optimal covariance matrices of the dual MIMO MAC. We treat the (N,1,K) MIMO BC and the

(N,N,K ) MIMO BC separately. We focus on the high power region, and show that only a

limited number of one-dimensional channels are allocated a non-vanishing fraction of the total
transmit power as it goes to infinity. That number is equal to the number of transmit antennas,
provided that these many one-dimensional channels are available. Our main conclusions are the

following:

= On the (N,L,K) MIMO BC only N users are allocated a non-vanishing fraction of

the total transmit power in the high power region. The asymptotically optimal power
allocation is uniform among these users, and the joint action of dirty-paper coding
and optimal covariance matrices completely diagonalizes the channels among these N

USErS.
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* Onthe (N,N,K) MIMO BC, only one user is allocated a non-vanishing fraction of

the total transmit power in the high power region, as long as the channel matrix of
that user is of full rank N.
Our findings are summarized in more detail in Section 3.5. The longest proofs can be
found in Appendix D. Next we present the channel model, followed by the mathematical analysis

illustrated with numerical examples.

3.2 Channel Model
We consider a channel where one base station is equipped with N transmit antennas.

There are K users (receivers) in the sector served by the base station. User £ is equipped with M,

antennas. The complex channel gains are assumed to be constant, as they represent a snapshot of
the time-varying channel in a time slot during which they are assumed to change slowly enough
so they can be considered constant. The underlying random process is such that the complex
channel gains can be assumed to be samples of i.i.d. complex Gaussian random variables with
zero mean and unit variance, which are assumed to be independent among users and among
antenna elements. Thus the channel matrix is random, but it is fixed once it is chosen.

The channel between the transmitter and user & is modeled by a matrix H, of size

M, x N . When the users are equipped with a single receive antenna, this matrix becomes a row-

vector h, . The aggregate channel matrix can then be written in the form H =[h,T - h, ]T .

The AWGN variance at each antenna of the receiver of each user is assumed to be equal to one.

The transmitter is subject to a total power constraint P. If x is the transmitted vector of symbols at
a given time then ||x|]2 < P. We assume that the transmitter and the mobile users have complete

channel state information. Thus they perfectly know the channel complex fading gains.

3.3 The(2,1,K) MIMO BC

3.3.1 Mutual Information Maximization
The maximum mutual information between the random variables that represent the

transmitted signals and the random variables that represent the received signals is in general
difficult to obtain directly for a MIMO BC. Therefore we can consider the maximization problem
on the dual sum-power MIMO MAC, where it is a convex optimization problem. Moreover,
when the users have a single antenna, the optimization on the sum-power MIMO MAC reduces to
power allocation, whereas on the MIMO BC the optimization is over covariance matrices. We

propose to reformulate this convex problem in the special case where the base station has N = 2
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transmit antennas. It allows us to find a closed-form expression for the sum-capacity and to
understand the nature of the power allocation solution.

Let p,,..., px be the powers allocated to users 1 to K. The sum-capacity of the dual sum-

power MAC is given by [6]:
K.
C= max logdet(IN +2. ok lli) . 3.1
p:Z:l =P, p,20 i=l
We define p=[p, ... p.] -Let M be a matrix with elements M,, =|h, |k, | —Khm,h,,>2.

When N = 2 we can easily develop the determinant and we write the sum-capacity as:

K . KX ) 2

C= _max log(1+Xp,|i +:>:zp,.pj(|]h,.| w [ - [k 1,)| ) : (.2)

p;z_l p,=P, p,20 i=1 i=1j>i

We next express the equivalent minimization problem:

. > 1
in—|1+Y " plkf +=p"M,
min ( 2plmf +5p P)

Subjectto Y .. p, =P and p,20,i=1,....K. (3.3)

We then express the Lagrange dual problem [47] with the Lagrange multiplier v and the dual

vector A=[4 ... ] .The Lagrange dual function is:
¢ 2 1 &
L(p,4,v)=-1 —Z; JA LY —EpTMp -iAp+ V(Zp,. - P) . (34
i=l

5T
Let u=[]lhl ||2 e A []‘:I and let I, be the column vector composed of K ones. Then the
gradient of L at p is [47]:
V0i=—-u-Mp-i+vl,. (3.5)
The Karush-Kuhn-Tucker optimality conditions [47] are:

K .
> pi—P=0,p20,i=1...K

A420,i=1...,K 56)
VL=0
Z'ipi =03 i=11---,K
Equivalently:

K -
= Pi -P=0, p,20,i=1,....,K

A4 20,i=L..,K

37D

- S5 oM, A v =0,i=, K
Ap=0,i=1...K
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The dual variables 4, can be substituted to give:

:]p,' _P=0, p‘- 20, i=l,"_’K
v—-“lt,-||2~Zf=1ijij >0,i=1,....K 52)

(v~ -2 pM, )P =0, i=1... K

Solving this problem directly for p,,...,pc,v is not easy, but we can solve it recursively

assuming that all the users are allocated non-zero power at the optimum. In this case, (3.8)
reduces to solving a linear system of K+1 equations with K+1 unknowns p,,..., pi,Vv:

_ZLPJM'J’ +v=||h,.][2, i=L....K

K

(3.9
p; =P

i=]
If this system has a solution such that p, 20, i=1,...,K then the power allocation is optimal. In
particular if p,>0,i=1,...,K then all users are allocated power. If this system does not have a
solution such that p, >0, i=1,...,K then the solution has to be found by removing users one after

the other and solving the mutual information maximization for each of the channels with XK-1
users. [f a solution is still not found, then two users are removed and the same procedure is

repeated until a solution is found.

Define the symmetric matrix:
o M, - My ~1]
M, 0 M, -1
b= 1 K (3.10)
M, My 0 -1
| -1 -1 -1 0]

The system (3.9) can be written as:

L4

Let @«b be the matrix whose i-th column is b and whose remaining columns coincide with

those of @ . Assuming that @ is non-singular, the solutions of the system (3.11) can be

expressed using Cramer’s rule [7]:

p=—— (3.12)
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Let &, , be the matrix obtained by deleting row & and column i from @ . Then using the Laplace

expansion by minors along column i [7]:

K+l k+i
det(dur-b):?:‘l (-1)"'b, deta, . (.13)
Thus the solution to the system (3.11) is given by:
1) detd, P+ ¥ (-1 In | detd, .
p.=( ) i P+ 2 () =, i=L...K. (3.14)

' detd

3.3.2 Conditions for all Users to be Allocated Power at the Sum-Capacity
We now express conditions to identify channels where all users are allocated power in

order to achieve the sum-capacity. We distinguish between two types of conditions. We establish
a general condition for a given total power P. Then we deduce a high power region condition
such that all users are allocated power when the total power P is larger than some threshold.

The necessary and sufficient condition for all users to be allocated non-zero power is for
i=1....K:

(_1)K+i detd)KH‘iP_’_Z:C:l(_l)kﬁH
deto®

Assuming that det® <0 (for.exar‘nple), we can rewrite (3.15) as inequalities on the total

k| deto,, 0

pi= (3.15)

transmit power. This way we obtain a system of inequalities on the total transmit power P. If this

system is consistent then all users are active for some values of P. Then for each i=1,...,K,

- #=0:

+14

assuming det @,

E ) e,

P (_I)K+i detd - if (—1)K+i det¢l\’+l,i >0. (3.16)
K+l
XK (_ k+i+l 2 o
P> Zk=1(( l;lﬂ - "h; det¢k_i if (_1)A+: det ¢K+” <0. (317)
- et K+l
P>0 (3.18)

There are three possibilities for the solution of the system {(3.16), (3.17), (3.18)}:

a. There is no value of P that satisfies the system.

b. The solutionis Pe[R, A ] where 0<A <P, <+wo.
c. The solution is P2 P,. This occurs if and only if the inequality on the total
power P is of the type (3.17) for each i. Then there exists a power threshold P,

such that all users are allocated power above that threshold. In the general case
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where det® =0, using (3.15), the necessary and sufficient condition for the
existence of a power threshold such that all users are allocated non-zero power
when the total power is larger than that threshold is:

i=1...,K: (-1)"detd,,,, det@>0. (3.19)

We immediately notice the difference of this system with a waterfilling solution [48]. As
the total power available at the base station for transmission is increased, the number of active

users could vary non-monotonically. For instance with channel realizations such that the system
of inequalities {(3.16), (3.17), (3.18)} is consistent when Pe[P, B, some user is allocated
power for a certain value of P€[F R], but it would not be allocated power for a value of

P> P,. We prove in Appendix A that there are channels where this situation occurs, and we give

numerical examples of this fact later.

When all users are allocated power at the sum-capacity we can express the sum-capacity

in a more compact form. Let b=[”h,”z ”hK ¥ P]T. If @ is non-singular and the power

. . T y - . ..
allocation vector p given by l: P v] =-@'b is component-wise positive, then the sum-

capacity is given in closed-form as (see Appendix B): -

C =log(1-1/25"®™'b). (3.20)

3.3.3 Optimal Number of Active Users at the Sum-Capacity
We have noticed that the matrix @ is ill-conditioned when K = 6. We have not been

able to prove it, but simulations using numerical algorithms to compute the sum-capacity of the
MIMO broadcast channel [44] also show that a component-wise positive solution is not produced
if K>5 when the base station is equipped with two transmit antennas. Figure 3-1 shows the
histogram of the number of active users as a function of the total number of users K and the
power level P in reference to the receiver noise level for 10000 channel realizations for each
value of K and P. We observed that no more than five users are allocated power simultaneously
even as K and P increase. Similar results have been reported in [49] in the case of real channels.

The author of [49] proved that the maximum number of active users equipped with one receive

antenna when the base station has N transmit antennas is N (N +1)/2. In the complex channel

considered in this paper with N =2 transmit antennas, there are four real dimensions available

for transmission. According to the result in [49] the maximum number of users using only one
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real dimension is ten, which is intuitively consistent with our observation of a maximum number
of five active users where each user uses two real dimensions.

In the low power region it is straightforward to recognize that only one user is allocated
power. As P increases to the high power region at least two users will be allocated power. This is
intuitively satisfying since the two degrees of freedom present in the MIMO channel can only be
exploited by at least two users since one user alone can only exploit one spatial dimension. A
closed-form expression of the sum-capacity of the MIMO BC with N transmit antennas and two
users equipped with a single receive antenna was derived in [S] where it was shown that both
users are active in the high power region unless their channel vectors are collinear. Moreover, the
previous analysis also proves that there could be more than two active users in the high power
region when the number of users in the channel is larger than two. The reason is that the best two
users cannot always exploit the two degrees of freedom of the MIMO channel in the best possible
way, whereas more users together can on some channels. Thus the sum-capacity averaged over all

possible channel realizations cannot be attained at all values of signal-to-noise ratio by any
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Figure 3-1 Histograms of the optimal number of active users as a function of the total number of
users and the total power in reference to the noise level. The horizontal axis represents the
number of active users, the vertical axis the fraction of the number of channel realizations.
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scheme that transmits to two users at a time, which was the case with the schemes proposed in

[S].

3.3.4 Geometric Interpretation on the (2,1,3) MIMO BC
The system {(3.16), (3.17), (3.18)} is not guaranteed to have a solution a-priori. In this

section we summarize the results proved in Appendix C. We proved that this system has a
solution for some channel realizations, and we completely characterize these realizations on the
(2,1,3) MIMO BC. In the case of real channel vectors, this result can be interpreted in the
Euclidean plane with respect to the norms of the channel vectors and the angles between the

channel vectors of the three users. We first need some definitions.

We can define unambiguously the angle @ between two non-zero vectors x and y in C” by [7]:

Ky.x)

g=— Dl 0<o<Z. 3.21
cos (x,x)l = (y, y)l = > (3:21)
Thus we define the angle 8,, for 1<m,n <3 such that
M, =1, |k, (1-cos?8,,) =], [ [ sin* 8, (3:22)
Without loss of generality (see Appendix C), we assume that
- <)<
<<l o2
0<[is] <
Thus we can define the angles 4, and 6,, unambiguously on [0 7/ 2] such that
o I
sin(6, )=, [r—zsin(6, ) (3:24)
]
5o [l
sin = [+——=sin(6,). .25
( 13) ”hzl_ ( 13) )

The results for the high power threshold condition are summarized in Table 3.1. The results for

the non-monotonicity condition are summarized in Table 3.2.
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Complex channel Real channel
det ((p) >0 Impossible Impossible
da(@)<0 | 1£ [[<Pel JAT<T] e A=l =T requires thac
Requires that: B, +6;+0;=x

sin? 523 <sin® él , +sin’ 9'] ; If “hx" = "h__, “ < "}%“ requires that:

sin® @), <sin®§,, +sin’ G, . - )

sin®g,, <sin® g, +sin* G, ,sm‘ b —sin” 923' I < sin’ 6, +sin” &y,

sin* 8, L sin’ @,

Table 3-1 Summary of high power threshold condition on the (2,1,3) MIMO BC

Complex channel Real channel
det(®)>0 - -Impossible Impossible
det(®@)<0 | If ]| <[], [ia]| <[}s]| and If ] = .| <

[Pl ] o [ 1 Requires that:
Requires that: 6, =0,;+6y
and

,
1 s 2 1 s A : .
sin” 8,; +sin” 8,; <sin” g, <(sm¢9,3+sm¢93)

r 2
2 2\ .25 2 2\ . sin’ 8, +sin’ 6, "h1 "-
("h._, - s )sm é, <(||h._,| ||| )sm Oy sliznz . 3 <"}73 >
(]]h, "~ || ')sin‘ 6, < ("hl ) -—|[h2|[')sin' 2B ABF (sing, +sin6,, 2
7 < .
And implicitly 8, +6,, <7z/2. ] sinf,
0<6,;+0, <7/2

1£ || <[] and ]} < o] : impossible.

Table 3-2 Summary of non-monotonicity condition on the (2,1,3) MIMO BC

(the users are ordered such that user 3 is not active in the high power region)
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3.3.5 Numerical Examples

We illustrate our analysis with three simple examples where K = 3 users have real
channel vectors. We assume without loss of generality that 0 <|[i| < ||k,[ -and 0 <[k <|A|. We

use the results shown in Appendix C:

- All 3 users are active in the high power region, i.e. above some certain threshold, if:

0<[li] = e < o
sin® 6 =sin® 6| [} _sin®4, +sin’, (3.26)
sin* g, || sin® 6,

- All 3 users are active in some interval of power values, but only users 1 and 2 are

allocated power in the high power region if:

[
0 <|fe] = s < s
\ 8, =65 +0y; <z[2 (3.27)

sin* 6, +sin?6y [l _(sing; +sing, i
sin* 4, |, : siné,,

(3.26) and (3.27) are special cases that lend themselves to a graphical representation as shown in

the examples below. We consider the case where 0 < |[is]| =i < /s -

We let 6, =%, 6, =% and 6, =% thus 6, =6,; +6,, <7/2.

With the assumed values of €,,, §,; and 6,; we get:

2 202
sin” 8,; —sin 013|

5 =0.3660
sin” 6,
sin> g, +sin’ 6, —0.6340
sin’ 4, ’
sing, +siné, ) L1516
siné,, ’
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Example 3.1: A channel realization where at most 2 users are active.

=1,

* =[,

2 1
Let <[l =L 1

1
— 0
V3

Thus H =| h, |= %cos(—i—) -}Esin(%J =
cos(i) sin(-z) V642 62

0
2
23

2l &=

12 4 4

The system of inequalities {(3.16), (3.17), (3-18)} is:

P<-171.138
P>-1.395
P <-26.609
P>0
There is no value of the power such that all three users are active. Figure 3-2 shows

the channel vectors of the users. Figure 3-3 shows the fraction of the total power

Figure 3-2 Channel vectors in Example 3.1
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allocated to each user as a function of the total power in reference to the noise level.

Example 3.2: A channel realization where all 3 users are active in the high power

region.
2 2 1 2
Let I = [ =L [ -1.
_ , T )
% &
Thus H = Il: = L(:os(E] —l—Sln(EJ = l l
Ve A 2 e 2 2 |
’ cos[i) sin (-75-) Vo+v2 62
12 12) | L 4 4 |

The system of inequalities {(3.16), (3.17), (3.18)} is:

P>25856
P>2.309
P>-29.856
P>0

A solution exists when P >25.856. Figure 3-4 shows the fraction of the total power

allocated to each user as a function of the total power in reference to the noise level.

Ratio of the power allocated to the total power

0 o 1 L 3 1 ! 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
Total power in reference to the noise level (linear scale)

Figure 3-3 Fraction of power ailocated to each user as a function of the total power in the
channel of Example 3.1 with K=3 and N=2.
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Example 3.3: A channel realization with non-monotonic behaviour of the number of

active users as a function of the total transmit power.

2 2=1.

=k,

Let ”h‘

3
=2k

&

2

i () o) 5
Cos(-i%j sm(%) J \/EZ\/E

The system of inequalities {(3.16), (3.17), (3.18)} is:

-:=|§| o

-3

Ratio of the power allocated to the total power

0 10 20 30 40 50 60 70 80 80 100
Total power in reference to the noise level (linear scale)

Figure 3-4 Fraction of power allocated to each user as a function of the total power in the
channel of Example 3.2 with K=3 and N=2.
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Ratio of the power allocaled to the total power

0 5 10 15 20 3
Total power in reference o the nose level (linear scale)

Figure 3-5 Fraction of power allocated to each user as a function of the total power in
the channel of Example 3.3 with K=3 and N=2.

P>3875
P>1.712
P<11.491
P>0
A solution exists when 3.875 < P<11.491. Figure 3-5 shows the fraction of the total
power allocated to each user as a function of the total power in reference to the noise

level.

34 Asymptotically Optimal Power Allocation in the High Power Region

3.4.1 Introduction
In this section we study the optimal power allocation required to achieve the sum-

capacity as the total transmit power becomes large. The optimality we consider is to achieve the
sum-capacity. Other optimality criteria could be used. The goodness of a power allocation policy
could be judged by the ratio of the sum of rates achievable with this power allocation policy to
the sum-capacity. A power allocation policy would then be declared to be optimal if the ratio

goes to 1 as the power goes to infinity. This criterion is in general easier to analyse. For instance,
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on the (N,NV,K) MIMO BC, we can directly see from single-user MIMO channel capacity results
that the growth rate of the capacity of the cooperative (N,NK,1) MIMO channel and the growth

rate of the capacity of any of the users’ (V,N,1) channels are the same, namely NlogP in the

high power region. Thus the ratio of any of the users’ (N,N,1) channel capacity to the sum-rate
capacity of the (N,N,K) MIMO BC goes to 1 as the power becomes large. However, we can prove
a stronger result, and gain more knowledge about the optimal transmission strategy. We can
prove that asymptotically in the high power region, the optimal dirty-paper coding strategy and
power allocation policy is such that only one user will be allocated a non-vanishing fraction of the
total transmit power, and other active users are allocated a vanishing fraction of the total transmit
power, while some users might be allocated no power at all. The user in question depends on a
design choice, namely choosing which user is encoded first in the dirty-paper coding process, as
long as that user’s channel matrix is full rank.

On the other hand, on the (N,1,K) MIMO BC with K> N, it is not straightforward to
conclude even on the optimality in the ratio sense for any power allocation policy since the
absence of receiver cooperation makes the analysis difficult and one cannot use single-user
MIMO channel results to conclude on the optimality of any power allocation policy in the ratio
sense. One can only conclude that the ratio of.any of the users (N,1,1) channel capacity to the
cooperative (N,N,1) MIMO channel capacity goes to 0 as the power becomes large. Other
transmission strategies with linear spatial multiplexing and waterfilling power allocation to N
users can be shown to be optimal in the ratio sense in the high power region [5]. Thus one can
prove that transmitting to N users is sufficient to achieve the same growth rate as the growth rate
of the sum-capacity. However here again we can prove a stronger result, namely that it is
asymptotically optimal to allocate a non-vanishing fraction of the total transmit power to only N
users, while other active users are allocated a vanishing fraction of the total transmit power, while
some users might be allocated no power at all. Other properties of the optimal transmission
strategy are obtained simultaneously.

We will now present these results in the next sections. The details of the proofs are left to

Appendix D.
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3.4.2 The (N,1,K) MIMO BC
This section is devoted to studying the asymptotically optimal power allocation required

to achieve the sum-capacity of the (N,1,K) MIMO BC in the limit where the total transmit power
becomes large. The power allocated to user i is equal to the trace of its transmit covariance
matrix. This covariance matrix can be obtained by transforming the dual sum-power MIMO
MAC covariance matrix of users i as shown in [6]. On the MIMO MAC dual to the (N,1,X)
MIMO BC the covariance matrix of users 7 is a scalar p, . In order to prove our results, we make
the following assumptions:

= There are at least as many users as transmit antennas: K 2N .

s At least N users are allocated a non-vanishing fraction of the total transmit power

on the dual sum-power MIMO MAC.

These assumptions are reasonable. As long as there are at least as many users as transmit
antennas, it is only possible to exploit the N dimensions available in the MIMO channels by
allocating power to at least N users. We saw on the (2,1,X) MIMO BC that it is even possible that
more than N users be allocated a non-vanishing fraction of the total transmit power on the dual

sum-power MIMO MAC. If we consider the sub-channel cc;mposed of the K, >2 active users in

the high power region, we saw that the power allocated to user i in the high power region is given

by (3.14) as:
K+i X k+i+] 2
(-1)"" det®,.,,, P+, (1) & detd,,
D= : =1 . (3.28)
det®
(=) det@,,,,,
So ol = lim&=( ) det®y, . (3.29)

' Po= P det®
The fraction & of the total transmit power allocated to user i on the sum-power MIMO MAC

in the high power region is a constant.
After MAC to BC transformation of the MIMO MAC power allocation we obtain the

optimal MIMO BC transmit covariance matrices X,,...,Z, . We consider the following arbitrary

encoding order used for dirty-paper coding on the MIMO BC. User X is encoded first, then user
K-1, and so on until user 1 is encoded last. We prove in Appendix D that asymptotically in the

high power region:

] tr(Z,.) .
hmT=0 ifi<K-N (3.30)

Pow
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tr(Z,
ym—%fl>qmcﬁi>K—N (3.31)

e is the limit of the power allocated to user i on the dual sum-power MIMO MAC divided by

the total transmit power as the total transmit power goes to infinity.

Therefore only N users are allocated a non-vanishing fraction of the total transmit power
at the sum-capacity in the high power region on the MIMO BC. In other words, with X users and
possibly more than N active users being allocated a non-vanishing fraction of the total transmit
power at the sum-capacity of the dual sum-power MIMO MAC, only N of these users will still be
allocated a non-vanishing fraction of the total transmit power on the MIMO BC in the high power
region. Moreover this fraction is at least as large as the fraction they are allocated on the dual

sum-power MIMO MAC in the high power region.

Furthermore we also prove the following property of the optimal BC covariance matrices

of these N users. Let the optimal covariance matrix of user i, which has rank one, be:

Z =u(Z)vv, (332)
where v, is the beamforming vector used to transmit to user i. We prove that for a given
j>K~N:

},i_t)r;hjv; =0 forallisuchthat K-N<i<j. (3.33)
This result tells us that asymptotically in the high power region on the (N,1,K) MIMO BC, the

optimal beamforming vector for user i >K — N on the BC becomes orthogonal to the channel

matrix of user j for all j>i. In other words, the optimal transmit beamforming vector of user
i>K —N becomes asymptotically orthogonal to the channel matrices of all other users that are

allocated an asymptotically non-vanishing fraction of the total transmit power and that are

encoded with dirty-paper coding prior to user i.

As a consequence on the (V,1,N) MIMO BC, all N users are allocated a non-vanishing
fraction of the total transmit power P asymptotically in the high power region on the MIMO BC.
Using the above property of the asymptotically optimal covariance matrices we can express the

asymptotic rates achieved by the N users in the high power region as a first order approximation:

JTiTPT

Li_l:l;lo Rfc =log|l), +hZ K (3.39)
The channel is completely orthogonalized by the joint action of dirty-paper coding and the

optimal transmit covariance matrices in order to achieve the sum-capacity of the (V,1,N) MIMO
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BC. The first order asymptotic approximation of the sum-capacity can thus be obtained:

n=l

lim CX ~ Nlog(P+ i—} NlogN+Zlog("h ,||2) (3.35)

W, is an Nxj matrix composed of orthonormal columns, as defined in Appendix D. The

asymptotically optimal power allocation is also obtained as:

lim#r(Z;)= z IZV: : : (3.36)
Pon J N N el Ih"/] "ll :1"2

Also as a first order approximation, the asymptotically optimal power allocation on the MIMO

BC, given an arbitrary encoding order, is uniform among the N users that are allocated a non-
vanishing fraction of the total transmit power in the high power region. Our proof is valid for any
value of V.

The asymptotic optimality of uniform power allocation in the high power region was
known for N =2 in [5] where the authors characterized the optimal power allocation on the
(2,1,2) MIMO BC. When

det(HH) ' (37
The sum-capacity is given by
(Paet(HE") +or(HA"))
C=log|l+ - - = |. (3.38)
4det(HH") det(HH")
Or equivalently by
e NP o (er(BE)) ?
C=log —4-det(HH )+2tr(HH) sa(HH) det(HH')+1 : (3.39)
The users are allocated powers:
(3.40)

2 2 det(HH )
In [45], the authors proved that in the sum-power MIMO MAC dual to the (N,1.K)

MIMO BC, it is optimal to allocate equal power to each user as the numbers of users and

antennas tend to infinity such that N/K >1. Therefore we can apply this result to the (N,1,N)

33

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MIMO BC in the case of large N. Using (3.31) it is straightforward to show that the optimal
power allocation on the MIMO BC is also uniform in this case. The fraction of power allocated to
any of the N users after transformation from MAC to BC is greater than or equal to the fraction of
power allocated to the same user on the dual MIMO MAC, thus these two quantities must be
equal in order to meet the total power constraint. We can then directly deduce from [45] that
uniform power allocation is asymptotically optimal on the (,1,N) MIMO BC for the N users that
are allocated a non-vanishing fraction of the total transmit power in the high power region in the
case of large N. However, our result from Appendix D is stronger since we proved that it is true

for any value of N in the high power region.

Moreover, we also proved that the first-order asymptotic optimization of the BC
covariance matrices is an instance of a QR decomposition of the N x N channel matrix. The first-
order asymptotic optimality of QR decomposition with dirty-paper coding on the (N,1,N)
MIMO BC was first proved by Caire and Shamai [5]. Here we prove that not only QR
decomposition with dirty-paper coding is asymptotically optimal, but it is the first-order
asymptotically optimal procedure to achfeve the sum-capacity of the (N LN ) MIMO BC in the
high power region.

As a consequence of the orthogonality property we deduced that uniform power
allocation is optimal on the (¥,1,N) MIMO BC in the high power region as a first-order
approximation. Following this line of thought, we can prove that the asymptotically optimal
power allocation on the dual sum-power MIMO MAC is also uniform for any N. Starting from

(3.31) and since there are only N users in the channel, it is necessary that:

3
fim (1) _ e (3.41)

Pz P '

Otherwise the total power constraint would not be met. Thus as a first-order approximation

MAC
(24 =

1/N in the high power region, thus the asymptotically optimal power allocation is also
uniform on the dual sum-power MIMO MAC. As a direct consequence we can conclude that the
sum-capacity of the sum-power MIMO MAC is equal to the sum-capacity of the MIMO MAC
with individual transmit power constraints of P/N for each user in the high power region. As
noted by [50] this sum-capacity is equal to the (N,N,1) open-loop single-user MIMO capacity.
Thus the (V,N,1) open-loop MIMO capacity is also an accurate first-order approximation of the
high power region sum-capacity of the (N, 1,N) MIMO BC.
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The (2,1,2) MIMO BC provides an effective example for observing the accuracy of the
first-order approximation of the sum-capacity since a closed-form expression is available in

(3.38). It can be easily shown that the open-loop (2,2,1) MIMO capacity is given by

2

Co = 1og(l +§tr(HH')+ P

- det(HH')). (3.42)

The expression (3.35) can also be easily manipulated. Let the (i) diagonal element of the

triangular matrix in the QR decomposition of the channel matrix be 7,. Then

lim C77 = Nlog(P+i 1 )—NlogN+ilog(r5). (3.43)

n=1 "pp Jj=t

On the (2,1,2) MIMO BC this expression specializes to

2 4 2
lim C*¢ = Nlog| | £r2 + 1 1450 Lo 1 B (3.44)
P 27 20 mJN\2T 20 R

;
22 2, 2\
(Prirs +ry +7r3)

. BC
lim C7 = Mog pp (3.45)
det( HH' )+ tc( HA))
Finally lim C2¢ ~ Nlog (R ¢ (' )+ “f ) ) (3.46)
P 4det(HH")

Thus the sum-capacity (3.38) and the open-loop capacity (3.42) differ in the log by the term:

(=(8E)" e
4det(HH™) det(HH")

2 2

347

And the sum-capacity (3.38) and the QR-based approximation (3.46) differ in the log by the term:

- (3.48)

det(HH‘) )

2

Using the well-known inequality foran N x N matrix A4,

det(A) 5[55\,—’42]‘1 (3.49)

we can directly conclude that the open-loop capacity approximation is tighter than the QR-based

approximation in the high power region.
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In general, on the (NV,N,1) MIMO channel it is well known that the open-loop capacity is
closely approached both in ratio and in difference by a sequential MIMO equalizer that performs
successive interference cancellation with a QR decomposition filter at the receiver [51]. However
the open-loop capacity is in fact achieved with an MMSE GDFE filter [52][53]. Therefore the
fact that the open-loop capacity is a better approximation of the sum-capacity than the one based
on the QR decomposition is not surprising in the light of the results of [28]. The authors of [28]
proved that the sum-capacity of the MIMO BC is in fact achieved with an MMSE GDFE
structure where the decision-feedback part is moved to the transmitter in the form of successive
encoding by dirty-paper coding, and the matched-filter is diagonal at the sum-capacity thus
removing the need for receiver cooperation on the broadcast channel. However as we saw, the
asymptotic sum-capacity is not equal to the open-loop capacity but only closely approximated by
it.

It is important to note that dirty-paper coding alone would not allow to achieve the
maximum spatial multiplexing gain on the (N,1,K) MIMO BC. N users need to be allocated
power such that this power keeps increasing with the total transmit power in order to achieve the
maximum spatial multiplexing gain of N. Dirty-paper coding would only allow one user to cancel

_the interference from all other users. That user would be able to achieve a rate that scales
logarithmically with the total transmit power. However other users would only be able to achieve
at best a constant rate in the high power region, since the power of their intended signals to the

power of the interference are both linearly proportional to the total transmit power.

We now show some numerical results to illustrate our findings. In the following
examples, we considered fixed channel realizations and we let the total transmit power increase to
very large values. We observe the fraction of power allocated to each user, and the rates achieved
by these users, both on the dual MIMO MAC, and on the MIMO BC with several encoding

orders.
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Example 3.4: Let us consider the channel matrix of Example 3.2 on the (2,1,3) MIMO
BC. We apply the MAC to BC transformations to the optimal covariance matrices
obtained for the MIMO MAC by the optimization of the sum-capacity for the two
encoding orders (1,2,3) and (3,2,1). Figure 3-6 illustrates the results obtained with the
encoding order (1,2,3). Figure 3-6a shows the optimal power allocation on the MIMO
MAC as a function of the total transmit power in reference to the noise level. The
power allocation is independent of the encoding order. The power allocated to each
user is normalized to the total transmit power. As seen previously all three users are
allocated a non-vanishing fraction of the total transmit power as it goes to infinity.
However since users 1 and 2 are encoded first, only they are allocated 2 non-vanishing
fraction of the total transmit power on the MIMO BC in the high power region as
shown in Figure 3-6b. User 3 is still allocated some power, so it achieves a seemingly
constant rate, whereas the rates of users 1 and 2 keep increasing with the total transmit

power as shown in Figure 3-6¢c. The rate of user 3 could be proved to stay constant.

(a) Fraction of power allocated to each user on the MIMO MAC

05

0 5 10 15 20 25 30 35 40 45 50
(b) Fraction of power allocated to each user on the MIMO BC

0.5

0 5 10 15 20 25 30 35 40 45 50
(c) Rates achieved by each user on the MIMO BC

T

T

T

0 5 10 15 20 25 30 35 40 45 50
Total power in reference to the noise level (dB)

Figure 3-6 (2,1,3) MIMO BC optimal power allocation as a function of the total transmit power
in reference to the noise level (2) on the MIMO MAC, (b) on the MIMO BC with encoding
order (1,2,3). (c) Users rates on the MIMO BC with encoding order (1,2,3).

57

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Since only linear operations are involved in the MAC to BC transformations, the
power allocated to user 3 could only be polynomial in the total transmit power if it
was not constant. With the encoding order (3,2,1), we see in Figure 3-7 that users 2
and 3 are allocated a non-vanishing fraction of the total transmit power in the high
power region on the MIMO BC, and user 1 only achieves a constant rate

asymptotically.

We note that on the (V,1,K) MIMO BC scheduling N users at a time is asymptotically
optimal in the high power region, provided that these users are chosen among the active users that
are allocated a non-vanishing fraction of the total transmit power at the sum-capacity of the dual
sum-power MIMO MAC. This also shows that the choice of the N users is not very critical in the
sense that several sets of N users are asymptotically optimal in the high power region when more
than N users are allocated a non-vanishing fraction of the total transmit power on the MIMO

MAC. The choice of the N users only depends on the chosen encoding order. Thus we expect that

(a) Fraction of power allocated to each user on the MIMO MAC

0.5

0 5 10 15 20 25 30 35 40 45 50
(b) Fraction of power allocated to each user on the MIMO BC

o5

10 15 20 25 30 35
(c) Rates achieved by each user on the MIMO BC
30 1§ 1 ]

0 5 10 15 20 25 30 35 40 45 50
Total power in reference to the noise level (dB)

Figure 3-7 (2,1,3) MIMO BC optimal power allocation as a function of the total transmit power in
reference to the noise level (2) on the MIMO MAC, (b) on the MIMO BC with encoding order
(3,2,1). (c) Users rates on the MIMO BC with encoding order (3,2,1).
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several sub-optimal low-complexity N-user scheduling algorithms could provide such a set of N

users.
Example 3.5: A given realization of the (3,1,8) MIMO BC is considered. The optimal
power allocation on the MIMO MAC, on the MIMO BC with encoding order 8 to 1,
and the users rates are shown in Figure 3-8. Only users {1,2,5,6} are allocated a non-
vanishing fraction of the total transmit power in the high power region on the MIMO
MAC. Since there are 3 base station antennas, after MAC to BC transformations only
users {2,5,6} are still allocated a non-vanishing fraction of the total transmit power in
the high power region on the MIMO BC. User 1 still achieves a non-zero rate, which

becomes asymptotically negligible with respect to the sum-capacity.

(a) Fraction of power allocated to each user on the MIMO MAC

0 5 10 15 20 25 30
(b) Fraction of power allocated to each user on the MIMO BC

05|

0 5 10 15 20 25 30
(c) Rates achieved by each user on the MIMO BC

\ L{ i 1 I 1

30

20

10

0 5 10 15 20 25 30
Total power in reference to the noise level (dB)

Figure 3-8 (3,1,8) MIMO BC optimal power allocation as 2 function of the total transmit power
in reference to the noise level (a) on the MIMO MAC, (b) on the MIMO BC with encoding
order 8 to 1. (c) Users rates on the MIMO BC with encoding order 8 to 1.

59

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.4.3 The (N,N,K) MIMO BC

In this section we summarize the results proved in Appendix D.4, where we show that
only N one-dimensional channels are allocated a non-vanishing fraction of the total transmit
power on the MIMO BC when the total transmit power goes to infinity. These N one-dimensional
channels all belong to the same user, which is the user that is encoded first by dirty-paper coding.
Thus we proved that asymptotically in the high power region, only one user is allocated a non-
vanishing fraction of the total transmit power, as long as that user is allocated a2 non-vanishing
fraction of the total transmit power on the dual MIMO MAC and its MAC covariance matrix is
full rank asymptotically. The latter two assumptions can always be satisfied as long as at least one

user has a full-rank channel matrix, which occurs almost surely in a rich scattering environment.

Let },im tr(PK)=aKP, where o, #0 is a constant, and P, is the optimal transmit covariance
—yoc

matrix of user & on the dual MIMO MAC. We prove in Appendix D.4 that:

1 1
lim =%, =1y, (3.50)
1
m;u(z,)ﬂ, (3.51)
umltr(zj)=o for j=2,...K-1. (3.52)

Pox P

We note that the dual sum-power MIMO MAC solution to the sum-capacity problem in the high
power region is largely affected after the MAC to BC transformations. Even though several users
could be allocated a non-vanishing fraction of the total transmit power on the MIMO MAC, only
one will be allocated a non-vanishing fraction of the total transmit power on the MIMO BC.
However, one must be careful in concluding that transmitting to only one user is sufficient to
achieve the sum-capacity. We can only say that the ratio of the rate achieved by user X to the
sum-capacity tends to one as the total transmit power goes to infinity, but the convergence is slow
due to the logarithmic growth of the sum-capacity with the power, and the rates achieved by the
other users are still needed to fill the gap with the sum-capacity. Moreover, simulations show that
the asymptotic result only occurs at very large values of the total transmit power. Simulations
show that as the power is large and increases, but when it is still below the threshold where only
one user is allocated power on all its N eigenmodes, then several one-dimensional channels are
allocated power such that this power increases with the total transmit power until it reaches the

threshold, and these one-dimensional channels belong to more than one user.
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Example 3.6: A given realization of the (4,4,4) MIMO BC is considered. Figure 3-9
shows the optimal power allocation on the MIMO MAC, and on the MIMO BC with
encoding order 4 to 1, as well as the users rates, as a function of the total transmit
power in reference to the noise level. All four users are allocated a non-vanishing
fraction of the total transmit power on the MIMO MAC, but after MAC to BC
transformations only user 4 will be allocated a non-vanishing fraction of the total
transmit power in the high power region. We notice that at 150 dB, the rates of users 2
and 3, which remain constant, are not negligible compared to the sum-capacity. They
will only become negligible at much higher values of the total transmit power. We can
take a closer look at the power allocation by observing the eigenvalues of the optimal
covariance matrices. The eigenvalues of the optimal covariance matrices on the

MIMO MAQC, normalized to the total transmit power, are shown in Figure 3-10. We

(a) Fraction of power allocated to each user on the MIMO MAC

0 50 100 150
(b) Fraction of power allocated to each user on the MIMO BC

50 100
(c) Rates achieved by each user on the MIMO BC

0 50 100 150

Total power in reference to the noise level (dB)

Figure 3-9 (4,4,4) MIMO BC optimal power allocation as a function of the total transmit power
in reference to the noise level (a) on the MIMO MAC, (b) on the MIMO BC with encoding
order 4 to 1. (c) Users rates on the MIMO BC with encoding order 4 to 1.
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notice that in the high power region, users {1,3,4} are allocated a significant fraction
of the power on one eigenmode, whereas user 2 is allocated power on two
eigenmodes. Thus five one-dimensional channels are allocated a non-vanishing
fraction of the total transmit power with four transmit antennas. After MAC to BC
transformations with the encoding order 4 to 1, we observe in Figure 3-11 that the
power allocation progressively shifts from users 1, 2 and 3 eigenmodes to all of the
fourth user’s eigenmodes in the high power region. In the intermediate power region,
user 3 is also allocated a large amount of power on two of its eigenmodes. On the
MIMO MAG, all users are in fact allocated power on all their eigenmodes, but most of
these only receive a very small amount of power that cannot be observed in Figure

3-10. This is consistent with the analysis in Appendix D.4.

user 1
o
(3]
T
i

1 non-zero eigenvalue

0 50 100 150

user 2

[y ]
2? 05 . 4
2 1 non-zero eigenvalue
0
0 S0 100 150
1 — T
<
g 1 igenval
a non-zero eigenvalue

0 50 100 150

Total power in reference to the noise level (dB)

Figure 3-10 Normalized eigenvalues of the optimal MAC covariance matrices as a function
of the total power in reference to the noise level on the (4,4,4) MIMO BC.
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Figure 3-11 Normalized eigenvalues of the optimal BC covariance matrices as a function of the
total power in reference to the noise level on the (4,4,4) MIMO BC

3.4.4 The (N,M;,K) MIMO BC
In general on the (N M, . K ) MIMO BC, we conjecture that only N one-dimensional

channels are allocated a non-vanishing fraction of the total transmit power in the high power
region, and these N one-dimensional channels belong to the K' users that are encoded first by

dirty-paper coding such that these users are allocated a non-vanishing fraction of the total

transmit power on the dual sum-power MIMO MAC and ¥¥ M, <N<T¥ M,.

k=K-K'+2 k=K-K'+]
The underlying idea in the proof of Appendix D.4 is the following. Following (D.80) we
define the matrix:

K

1& .
I,==> HPH,. (3.53)

it
i=j

We place ourselves in the situation where users K to j-1 have already been encoded and the total

transmit power is large enough so that they are allocated power on all of their eigenmodes. When
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user j is being encoded, if I; has full rank N asymptotically in the high power region, then user j

and the users that are encoded after that stage will be allocated a vanishing fraction of the total
transmit power. Otherwise user j is allocated a non-vanishing fraction of the total transmit power
on several of its eigenmodes such that after it is encoded at most N eigenmodes are allocated a
non-vanishing fraction of the total transmit power. In order to rigourously prove this claim the
analysis should consider not only the trace of the BC covariance matrices but all eigenvalues
separately, which renders the analysis a lot more complex. We now illustrate this property with a
numerical example.
Example 3.7: We consider a realization of the MIMO BC with 3 transmit antennas and
3 users. User 1 is equipped with two receive antennas, users 2 and 3 each have one
receive antenna. We call this channel the (3,{2,1,1},3) MIMO BC, where we
explicitly wrote the number of receive antennas of each user. Figure 3-12 shows the
normalized eigenvalues of the optimal MAC covariance matrices as a function of the

total transmit power in reference to the noise level. In the high power region each user

- eigenvalue.2

eigenvalue 1

eigenvalue 1

0 5 10 15 20 25 30
Total power in reference to the noise level (dB)

Figure 3-12 Normalized eigenvalues of the optimal MAC covariance matrices as a function
of the total power in reference to the noise level on the (3,{2,1,1},3) MIMO BC.

64

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is allocated power on as many one-dimensional channels as their number of receive
antennas. The power allocation given by the trace of the MAC covariance matrices is
shown in Figure 3-13a. We first consider the encoding order (1,2,3) on the MIMO
BC. Figure 3-13b shows the power allocation on the MIMO BC. The detail of the
normalized eigenvalues of the BC covariance matrices is shown in Figure 3-14. The
rates achieved by the users on the BC are shown in Figure 3-13c. User 3 is no more
allocated a non-vanishing fraction of the total transmit power since users 1 and 2 are
allocated 3 one-dimensional channels altogether in the high power region. With the
encoding order (3,2,1), as shown in Figure 3-15 and Figure 3-16, all three users are
allocated a one-dimensional channel each. User 1 is allocated only one-dimensional
channel since it is encoded last and two one-dimensional channels have already been

allocated to users 3 and 2 before user 1 is encoded.

() Fraction of power allocated to each user on the MIMO MAC

10 15 20 25 30
(b) Fraction of power allocated to each user on the MIMO BC

0 5 10 15 20 25 30
(c) Rates achieved by each user on the MIMO BC
50 T T T T T

Total power in reference to the noise level (dB)

Figure 3-13 (3,{2,1,1},3) MIMO BC optimal power allocation as a function of the total

transmit power in reference to the noise level (a) on the MIMO MAC, (b) on the MIMO

BC with encoding order 1 to 3. (c) Users rates on the MIMO BC with encoding order 1
to 3.
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Figure 3-14 Normalized eigenvalues of the optimal BC covariance matrices as a function

of the total power in reference to the noise level on the (3,{2,1,1},3) MIMO BC with the
encoding order 1 to 3.
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(a) Fraction of power allocated to each user on the MIMO MAC

0 5 10 15 20 25 30
(b) Fraction of power allocated to each user on the MIMO BC

o] 5 10 15 20 25 30
(c) Rates achieved by each user on the MIMO BC
30 T T T T T
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Figure 3-15 (3,{2,1,1},3) MIMO BC optimal power allocation as a function of the total
transmit power in reference to the noise level (2) on the MIMO MAC, (b) on the MIMO
BC with encoding order 3 to 1. (c) Users rates on the MIMO BC with encoding order 3 to
1.
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Figure 3-16 Normalized eigenvalues of the optimal BC covariance matrices as a

function of the total power in reference to the noise level on the (3,{2,1,1},3) MIMO
BC with the encoding order 3 to 1.

30

68

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.5 Summary and Conclusions
We have studied the sum-capacity of the (N, M, ,K) MIMO BC and the properties of the

optimal power allocation and transmit covariance matrices in the high power region. Our

conclusions are summarized in the following points.

= On the sum-power MIMO MAC dual of the (2,1,K) MIMO BC: the optimal number of

active users is at least equal to two in the high power region depending on the channel
realization. For a given channel realization, the optimal number of active users can be a non-

monotonic function of the total transmit power.

=  We gave a complete geometrical characterization of the sum-power MIMO MAC dual of the
(2,1,3) MIMO BC.

= Onthe (N,1,K) MIMO BC, after MAC to BC transformations given a decoding/encoding

order: only N users are allocated a non-vanishing fraction of the total transmit power, where
these N users are the ones that are encoded first on the BC and decoded last on the MAC. In
other words, beyond some power threshold, all the additional power put into the channel is

allocated to N users only.

= Onthe (N,1,N) MIMO BC in the high power region, the optimal BC covariance matrices

remove all the interference remaining after dirty-paper coding. Thus the channel is
completely diagonalized. This operation is performed by a QR decomposition of the channel
matrix. A closed-form first-order approximation of the asymptotic sum-capacity is deduced

from that property.

=  On the (N LK ) MIMO BC the asymptotically optimal power allocation is uniform among

the N users that are allocated a non-vanishing fraction of the total transmit power.

= On the (N ,N,K ) MIMO BC, by appropriately choosing the encoding order such that the

user that is encoded first is allocated a non-vanishing fraction of the total transmit power on
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the dual sum-power MIMO MAC and its channel matrix has full rank, then this user will be
allocated all the total transmit power asymptotically (in the sense that the ratio of its allocated

power to the total transmit power goes to one).

* Onthe (N.M, K ) MIMO BC asymptotically N one-dimensional channels will be allocated a

non-vanishing fraction of the total transmit power, and these dimensions belong to the users

that are encoded first.
= The users that are allocated a vanishing fraction of the total transmit power are nevertheless
allocated non-zero power and non-zero rates, although their sum-rate becomes an

asymptotically small fraction of the sum-capacity at high values of the total transmit power.

= Studying the optimal number of active users only from the dual sum-power MIMO MAC

formulation can be misleading on drawing conclusions for the MIMO BC.
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4 Scheduling Algorithms and Linear Processing

4.1 Introduction
In the context of packet-data cellular systems, scheduling algorithms allow to take

advantage of multiuser diversity to increase the throughput by scheduling transmission to users
when their channel conditions are favourable. With multiple transmit antennas we now want to
schedule transmission to several users simultaneously. The design of scheduling algorithms is
dependent on several factors. The main ones we will be dealing with in this chapter are the
availability of complete or partial CQI and CSIT, the type of transmission scheme adopted
whether it is optimal dirty-paper coding or some sub-optimal scheme, and the computational
complexity involved in choosing the users to be scheduled in any given time slot. The problem of

the faimess in terms of average throughput achieved by each user is addressed in section 4.4.

4.2 Channel Model
We now consider a channel where the channel matrices are kept constant in any given

time slot, but change randomly from slot to slot. Thus in contrast to Chapter 11I, we now consider
the (V,M,K) fading MIMO BC. The analysis developed in Chapter 1II applies to any given time
slot as long as we consider throughput maximization. The channel model for proportionally-fair

scheduling schemes will be defined in section 4.4.2.

4.3 Throughput Maximization Scheduling Algorithms
4.3.1 Scheduling with Dirty-Paper Coding on the (N,1,K) MIMO BC

4.3.1.1 Definition
Let us first concentrate on throughput maximization without consideration of faimess

among the users. If we let all users have the same fading statistics, then fairness is inherently
provided in the sense that all users will achieve the same average rate and delay with any
transmission scheme and scheduling algorithm, when the average is taken over all fading states.
With dirty-paper coding, maximizing the throughput means achieving the sum-capacity. In this
case, solving the sum-capacity optimization problem with the power constraint equal to the
available transmit power gives the optimal set of users and the optimal power allocation for each
channel realization. In this section, we focus on scheduling algorithms that approach the sum-
capacity with the additional constraint that the number of users in any given time slot be limited.

We consider this constraint for several reasons.
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e Complexity: by limiting the number of active users, the complexity of encoding
and decoding is reduced when dirty-paper coding is used.

e Portability to other transmission schemes: studying scheduling algorithms with
dirty-paper coding provides an upper bound on the achievable throughput with
sub-optimal transmission schemes. Bad scheduling algorithms with dirty-paper

coding will also be bad with sub-optimal transmission schemes.

The choice of the maximum number of active users is determined by the spatial
multiplexing gain that one wants to achieve, given the number of base station transmit antennas,
and the number of receive antennas at each mobile user’s equipment. Since dirty-paper coding
allows to achieve the same growth rate as receiver cooperation and the maximum achievable
spatial multiplexing gain is limited by the minimum of the number of transmit and receive
antennas on MIMO channels, transmitting to no more users than the number of transmit antennas
should be sufficient to achieve the maximum spatial multiplexing gain when the number of users
is large enough. Moreover, from the discussion in Chapter III, we know that this choice of N
active users also allows to approach the sum-capacity in the high power region. The intermediary
power region is not that well understood. Therefore we mostly resort to simulations to understand
this region. These results motivate the choice of scheduling N users at a time even when each user
is equipped with N receive antennas. This motivation comes from two facts. Firstly, the
asymptotic optimality of allocating only a non-vanishing fraction of the total transmit power to
only one user occurs only at very large values of the total transmit power. Secondly, in the
intermediary power region we saw that several one-dimensional channels are allocated a large
fraction of the total transmit power, and these channels belong to different users.

We define the N-user near-optimality of a scheduling algorithm by its capability of
selecting a set of users such that the sum-capacity of the channel restricted to this set of users is
close to the sum-capacity of the original channel. Thus, it is possible to approach the sum-
capacity of the original channel by using such a scheduling algorithm with dirty-paper coding.
However, if a scheduling algorithm is not N-user near-optimal, then it is not possible to closely
approach the sum-capacity whether or not optimal dirty-paper coding is used. By lack of a better
criterion, whether or not a scheduling algorithm is N-user near-optimal is determined visually by
simulations relatively to the sum-capacity curve. We see from this definition that the choice of the
scheduling algorithm is a crucial step in the design of a communication system and it can

deteriorate the achievable throughput even if a good signalling and coding scheme is used for
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transmission. The scheduling algorithm must obviously also be matched to the type of scheme
chosen for transmission.

We now illustrate our choice with simulations. We define the best L-user sub-channel as
the sub-channel with at most L users that has the largest sum-capacity for a given channel
realization. Thus this channel provides the largest achievable spectral efficiency by constraining
the number of active users to be at most L. We refer to the scheduling algorithm that selects the L
users of the best L -user sub-channel as the Best L-user Scheduling algorithm. Figure 4-1 shows
the average spectral efficiency achieved with the Best L-user Scheduling algorithm and dirty-
paper coding as a function of the number of transmit antennas N over 1000 channel realizations of
the (V,1,10) fading MIMO BC. The results for the (N,N,10) fading MIMO BC are shown in
Figure 4-2, where the number of transmit antennas and the number of receive antennas per user
are equal and grow simultaneously. We see from these simulations that constraining the number
of active users to be M 2N incurs only a marginal loss in spectral efficiency. The loss in
spectral efficiency when M <N becomes more pronounced as N increases. This loss is
particularly high if the users are equipped with a single receive antenna since the maximum

spatial multiplexing gain cannot be achieved, whereas when the users have N receive antennas the
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Figure 4-1 Average spectral efficiency of the best L-user sub-channel as a
function of the number of transmit antennas N. The total number of users is
K =10, each user is equipped with a single receive antenna. The total power

in reference to the noise level is 10 dB.
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Figure 4-2 Average spectral efficiency of the best L-user sub-channel as
a function of the number of antennas N. The total number of users is K =
10, each user is equipped with N receive antennas. The total power in
reference to the noise level is 10 dB.

loss is due to not achieving the spatial multiplexing gain in the optimal way as given by the sum- -
capacity optimization solution.

Figure 4-1 also shows the spectral efficiency achieved by choosing a random set of N
users for each channel realization. We call this Random N-user Scheduling algorithm. This shows
that optimizing the choice of the N users is necessary since a non-negligible portion of the

maximum spectral efficiency can be lost by not optimizing the N-user set.

4.3.1.2 Low-Complexity NV-User Scheduling Algorithms
We now discuss low-complexity sub-optimal N-user scheduling algorithms for the

(V,1,K) fading MIMO BC. A scheduling algorithm based on determining the best N-user set
incurs a large computational complexity as the number of users and the number of transmit
antennas become large. It requires to look at each subset of N users among K and to perform the
sum-capacity calculation for each subset. The number of subsets is C .

One could think of choosing the N-user set that maximizes the sum-capacity in the high
power region. The analysis from Chapter III tells us that if we put the constraint of transmitting to
only N users simultaneously the asymptotic sum-capacity is given at the first order by (3.35). We

can now find a rule to determine the N-user set that maximizes the asymptotic sum-capacity. Let
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us rewrite (3.35) using explicitly the QR decomposition of the channel matrix for a given N-user
set:

H=R0Q. 4.
Where the positive diagonal elements of the upper triangular matrix R are given by 7,,...,7yy -

Hence the asymptotic sum-capacity is given by:

lim 26 =NlogP—NlogN+N10g(l+%§ L )+Iog(ﬁ",.2,,)- 42)

n=1 f;m n=1

For a fixed N and channel matrix, as P goes to infinity, the difference in asymptotic sum-capacity
between two different N-user sets is dominated by the last term in the sum. This term is equal to

logdet HH" . Thus the best N-user set according to the asymptotic sum-capacity is obtained by

maximizing the determinant of the NxN matrix HH . We call this scheduling algorithm

Determinant Scheduling.

There are two drawbacks to this approach:
e It is still computationally expensive since it involves computing the determinant of

all Nx N channel matrices among all possible CX such matrices.

e There is no guarantee that the best N-user set in the high power region will be the
best N-user set in the intermediate power region given a power constraint, which is of
primary interest to us. A counter-example is given in Example 3.3 where users 2 and

3 are optimal in the high power region but users 1 and 2 are optimal below P = 3.87.

We now propose a simple scheduling algorithm applicable with perfect channel
knowledge at the transmitter whose complexity is proportional to KN —N(N ~1)/2. We will

refer to this scheduling algorithm as the Successive Projections Scheduling algorithm. We
motivate our approach using the Determinant Scheduling algorithm. Hadamard’s determinant
inequality tells us that the determinant of a matrix is maximized when it is diagonal and the
diagonal elements are large. Therefore we seek users such that the associated N xN channel
matrix multiplied by its transpose conjugate is close to diagonal and the diagonal elements are
large. We assumed that the channel matrix is written in such a way that each row represents the
channel vector of one user. In terms of channel matrix, we equivalently seek users such that their
channel vectors are close to orthogonal and have large norms.

The first user is arbitrarily chosen to be the one with the largest channel vector norm. At

step k, we will choose the k-th user based on the previously selected k-1 users. Let
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Si ={ty,-.>u,,} be the set of indices of the previously selected k-1 users. Let Hy,  be the

matrix whose rows are the channel vectors of the previously selected A-1 users. We want to
choose the users jointly in such a way that their cross-interference is small and that all selected

users have favourable channel conditions, which means their channel vectors have large norms.

2
] . (4.3)

where the vector @ =(a,...,&,_;)€C*" is used to form all possible linear combinations of the

The k-th user is selected according to:

D ah -k

J€Siy

u, = argmax min
k-1
1sisK. ieS; | (@vai)eC

channel vectors of the k-1 users selected by the algorithm after step £-1. This can be shown to be
equivalent to the maximization (see Appendix E):

-1

u, = argmax |k, [H;.., (HSHH;“) H —IN:|

1sisK, igS;

(“4.4)

The algorithm stops when N users have been selected. The matrix inversion is always possible by
construction since we are choosing users successively in such a way that their channel vectors are
as much linearly independent as possible at each stage. At step 4, the algorithm requires

. computing the argument of the maximization for K —k.+1 .channel vectors. When K >N, the

total number of times the argument needs to be calculated is KN -N (N —l)/2. It is always

larger than N(N +1)/2, which is achieved when K = N, although in this case it is not useful to

perform the calculations since there is only one set with N users. However, contrary to the
previous scheduling algorithms, no additional computation of the sum-capacity is required and

the complexity is much smaller than C); for most values of X and N. This algorithm is likely to

selecting a good subset of users in the sense that the mutual interference among these users
should be low, and users with relatively large channel gains should be selected. This scheduling
algorithm is not matched to any particular transmission scheme and its general properties and its
low computational complexity make it an attractive solution. Once the N users have been
selected, the sum-rate achievable with dirty-paper coding is completely determined. If we are
interested in individual user rates then we need to choose some encoding order, which will give
us the achievable rate vector.

Straightforward modifications to the Successive Projections algorithm can be devised.
For example it is possible to schedule L users at a time where L < N . Another modification with
a K-fold increase in complexity is to choose a better user set by performing the algorithm X times,

each time starting the algorithm with a different choice for the first selected user. Then the K
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obtained user sets can be compared with some criterion such as their sum-capacity or their
achievable spectral efficiency with some particular transmission scheme other than dirty-paper
coding. Another adaptation would be to select one or several users with a high priority in terms of
quality of service and then find the remaining users that are most compatible for simultaneous

transmission with these high priority users.

4.3.1.3 Relation to Receive Antenna Selection Algorithms on the Single-User
MIMO Channel

The problem of scheduling N users at a time for throughput maximization is somewhat
similar to the problem of receive antenna selection for capacity maximization in single-user
MIMO systems. The algorithms developed for this purpose, for example in [56], are applicable
for maximum throughput scheduling, and they perform well. One of the possible goals of receive
antenna selection algorithms is to minimize the difference between the capacity of the channel
and the capacity of the reduced-channel after a subset of the receive antennas has been selected.
This is a similar problem to minimizing the difference between the sum-capacity of the MIMO
BC and the sum-capacity of the reduced-channel after a subset of users has been selected. The
difference between the two problems is the absence of receiver cooperation on the MIMO BC.
However; the authors in [56] treated the problem in the asymptotic regime where the total
transmit power goes to infinity. We know that in this situation the open-loop (N,N,1) MIMO
capacity asymptotically approaches the sum-capacity of the (N,1,N) MIMO BC. Hence receive
antenna selection algorithms should be good in terms of N-user near-optimal scheduling in the

high power region.

4.3.1.4 Simulation Results
We first observe the accuracy of the approximation of the sum-capacity by the open-loop

single-user MIMO capacity as a function of the total transmit power. We also observe the first-
order QR-based approximation provided in Appendix D. Figure 4-3 shows the difference between
the average closed-loop cooperative (4,4,1) capacity, which provides an upper bound on the sum-
capacity of the (4,1,4) MIMO BC, and the sum-capacity and its different approximations as a
function of the total transmit power in reference to the noise level. We see that in the high power
region the difference between all approximations and the sum-capacity goes to zero. However in
the intermediate power region none of the approximations succeed in staying close to the sum-
capacity. The high power approximation of Appendix D is shown as the QR closed-loop capacity
obtained in (D.74).
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Figure 4-3 Approximations of the sum-capacity as a function of the total power

in reference to the noise level on the (4,1,4) MIMO BC.

We now observe the quality of N-user scheduling algorithms as a function of the total

transmit power for N transmit antennas and K users equipped with a single receive antenna. The

scheduling algorithms that we consider are the following:

Random N-user Scheduling

N-user Determinant Scheduling

Single-User Rates (SUR-N) Scheduling, which is defined as the choice of the N
users that have the largest open-loop single-user channel capacities. On the
V,1,K) MIMO BC this is equivalent to choosing the N users with the largest
channel vector norms.

Condition Number Scheduling, which is applicable with complete CSIT, where
the base station chooses the N users that minimize the condition number of the
channel matrix between the base station and these N users. The condition number
of the matrix is the ratio of the largest to the smallest singular value.

SUR-(N+1) Scheduling algorithm followed by the Best N-user Scheduling
algorithm on the reduced channel with N+1 users. This choice provides a
complexity reduction and a trade-off between SUR-N and the Best N-user
Scheduling algorithm applied directly on the (¥,1,K) MIMO BC.
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e Successive Projections scheduling

e Gorokhov’s Algorithm I scheduling [S6], or receive antenna selection with the
goal of incremental loss minimization.

e Gorokhov’s Algorithm II scheduling [56], or receive antenna selection with
incremental selection.

e Gorokhov’s Algorithm III scheduling [56], or receive antenna selection with
decremental selection.

» Best N-user Scheduling

Gorokhov’s algorithms are summarized in Appendix F. Gorokhov’s Algorithms I and II
take the transmit power level into account. Thus we expect that these algorithms can provide
better performance in the intermediate power region and not only in the high power region.
Incremental selection or decremental selection can also be used to schedule a user in the presence
of already scheduled users.

Simulation results reported in Figure 4-4 for the (2,1,6) MIMO BC show that optimizing
the choice of the N users is important. This figure shows the difference between the sum-capacity
and the spectral efficiency achieved by scheduling N-users with several scheduling algorithms. .
Random N-user Scheduling loses more than 1 bit/sec/Hz to the sum-capacity and to the Best N-

user Scheduling algorithm in the high power region. Condition Number Scheduling ignores the
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Figure 4-4 Spectral efficiency loss of N-user scheduling algorithms
with respect to the sum-capacity on the (2,1,6) MIMO BC.
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spatial structure of the channel matrix and is thus not able to closely approach the maximum
spectral efficiency obtained with Best N-user Scheduling. It is unable to choose users with
individually good channel condition. The Determinant Scheduling algorithm performs well in the
high power region as predicted by the analysis in Chapter III. However, it performs poorly in the
lower power region. In the low power region, the scheduling algorithm should be able to select
the user with the largest channel vector norm in the N-user set in order to approach the sum-
capacity. The SUR-N Scheduling algorithm chooses the N users separately so it achieves
intermediate performance between the Best N-user Scheduling and the Random N-user
Scheduling algorithms. The Successive Projections Scheduling algorithm provides improvement
versus SUR-N Scheduling except in the very low power region, but the difference is very small
(on the order of 0.0001 bit/sec/Hz). However, it is outperformed in all power regions by other
low-complexity scheduling algorithms, especially in the low to medium power regions.
Gorokhov’s Algorithm I provides good performance in the high power region but performs
poorly in the low to medium power regions. Both the Successive Projections Scheduling
algorithm and Gorokhov’s Algorithm I do not incorporate the effect of power in their procedure
so they do not perform well at low to medium power. Gorokhov’s Algorithms I and III perform
the best in the high power region among the low-complexity scheduling algorithms. Their
performance is almost matched to Determinant Scheduling but with a much lower complexity.
But Gorokhov’s Algorithm II provides good performance in the whole range of power.
Gorokhov’s Algorithm III outperforms algorithm II in the whole range of power, as predicted by
the authors of [56]. Interestingly SUR-(N+1) Scheduling algorithm followed by the Best N-user
Scheduling algorithm on the reduced channel with N+1 users provides good performance in the
whole power region. Thus, it is likely that the best N-user set be such that the N users are among
the N+1 users with the best individual channel conditions. However, this conclusion might not be
true when the total number of users becomes large.

We also notice that the difference between the sum-capacity and the sum-capacity
achieved with any of all the N-user scheduling algorithms used with dirty-paper coding converges
to an asymptote. Thus the power spectral efficiency loss becomes constant in the high power
region and any N-user scheduling algorithm can be used to achieve the maximum spatial
multiplexing gain and lose only a vanishing fraction of the sum-capacity asymptotically.
Nevertheless we are primarily interested in the medium to high power region where the MIMO
capacity gains become apparent and in this region the spectral efficiency difference is not

negligible especially as the number of users is much larger than the number of transmit antennas.
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Figure 4-5 Spectral efficiency loss of N-user scheduling algorithms
with respect to the sum-capacity on the (N,1,10) MIMO BC. The
total power in reference to the noise level is 0 dB.

Figure 4-5 shows the spectral efficiency loss of N-user scheduling algorithms on the
(N,l',IO). MIMO BC as a function of the number of transmit antennas. Only the reduced-
complexity scheduling algorithms are shown. Gorokhov’s Algorithms II and III again perform
best at all values of the number of transmit antennas. We observe a degradation of SUR-(N+1)
Scheduling at N =2 with 10 users compared to Figure 4-4.

Since the difference between the sum-capacity and the spectral efficiency achieved with
N-user scheduling algorithms can be very small, we also observe the ratio of the spectral
efficiency achieved with several N-user scheduling algorithms to the sum-capacity on the (4,1,X)
MIMO BC as a function of the number of users K. The results are shown in Figure 4-6. With 15
users, Random N-user Scheduling only achieves 75% of the sum-capacity. Scheduling algorithms
that choose users independently of one another, like SUR-N Scheduling and SUR-(N+1)
Scheduling, allow to achieve more than 90% of the sum-capacity, but Gorokhov’s algorithms and

Successive Projections Scheduling perform better.

4.3.2 Scheduling with Linear Processing Schemes on the (N,1,K) MIMO BC

4.3.2.1 Introduction
The previous discussion assumed that dirty-paper coding is used. Practical

implementation of dirty-paper coding is still in its infancy. If we consider some sub-optimal
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Figure 4-6 Ratio of spectral efficiency of N-user scheduling algorithms
to the sum-capacity on the (4,1,K) MIMO BC. The total power in
reference to the noise level is 10 dB.
transmission scheme, the scheduling algorithm must also be matched to this particular
transmission scheme in order to take advantage of its structure. On the other hand, as shown in
the previous section, selecting a user set such that the sum-capacity of the channel restricted to
this user set is far from the sum-capacity of the original channel will obviously incur a loss in
spectral efficiency with any sub-optimal transmission scheme. In this section we study specific
sub-optimal transmission schemes and scheduling algorithms. We consider schemes that involve

linear filtering and single-user coding.

4.3.2.2 Scheduling with Complete CQI and CSIT
We consider linear processing at the transmitter in the form of ZFB by pseudo-inversion

of the channel matrix followed by waterfilling power allocation as described in [5). It results in
the diagonalization of the channel matrix at the expense of a power penalty. The power penalty
becomes more severe as the channel matrix becomes close to singular.

We briefly summarize the signal model for ZFB. At the transmitter, the signal vector is
multiplied by the Moore-Penrose pseudo-inverse H' of the channel matrix of size N x N . This
channel matrix is composed of the channel vectors of the N users that have been selected by the

scheduling algorithm. The received signal vector is:

y=HH'x+n. 4.5)
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Applying the analysis in [5] for zero-forcing transmitter processing, the transmit power constraint

becomes:

P=u[(HH'Y'S,]=3 2 (4.6)

"
=i b,

. «\-1 2 - . 2 2
1/b, is the (n,n) element of (HH ) , and 7, are such that E{xx ]=diag(xy,...,7y). Let
1/0, 1s we (n,n) element or (M2 | ', ana 7, are Sucl wat LiXX |= QIg\Z ,.--p 7y )« LEL

a, =7:§ /b,, , n=1...,N. The maximization of the mutual information is a conventional

waterfilling problem:

Ry = max 3 log(1+b,a,) @7

a,.n=l. N po

N
Subjectto > a,=P and q,20,n=1,...,N.

nml
With the constraints imposed by the structure of the specific spatial multiplexing scheme chosen,
our goal is to achieve the maximum achievable sum-rate by optimizing the choice of the
scheduled users. We could choose to schedule the users according to the best N-user set in terms
of sum-capacity. Although this scheduling algorithm is matched to dirty-paper coding it might not
be the best for ZFB. In [57] we proposed a scheduling algorithm matched to ZFB. We refer to it
as the Determinant Scheduling -algorithm. This scheduling algorithm was introduced in Section
4.3.1.2 and it was motivated by the high power asymptotic approximation of the sum-capacity of
the (V,1,N) MIMO BC. The base station chooses the N active users that maximize the
determinant of the product of the channel matrix between the base station and the N users by its
conjugate transpose. Determinant Scheduling is also motivated by an upper bound to the sum-rate
achieved by ZFB with waterfilling power allocation at high SNR with N transmit antennas and N

users. We assume that all users experience the same AWGN variance o7 =1, k=1...K . If it was

not the case we could apply some scaling to the channel vectors and obtain the same model. The
upper bound can be directly deduced from the analysis in [5] and Hadamard’s determinant
inequality [13]:
N P 1 oyl 1 .
Ryes Szlog(ﬁ+ﬁtrl:(HH ) :I)+Elogdet(HH )- (4.8)

Determinant Scheduling involves computing the determinants of N x N matrices of all subsets of
N users among K. This search becomes rapidly prohibitive for a large number of users and even a
moderate number of transmit antennas. An alternative is to use the Successive Projections
Scheduling algorithm or receive antenna selection algorithms. Due to their interference-avoidance

properties, these scheduling algorithms can also be used with ZFB to choose the users jointly and
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they should provide a good set of users. Simulation results are provided in Section 4.3.2.4. Better
performance could be obtained with MMSE beamforming rather than ZFB. However, zero-
forcing and MMSE become equivalent criterion in the high power region, thus the performance

degradation observed with ZFB would still be present in the high power region.

4.3.2.3 Scheduling with Partial CQI and no CSIT
When the base station cannot obtain the exact value of the fading coefficients for the

channels of all users, we consider a system where the users feedback partial channel state
information to the base station. In order to achieve spatial multiplexing, we adopt an interference
avoidance strategy that compensates for the unfeasibility of linear processing and dirty-paper
coding at the transmitter without complete CSIT. Since each user has a single receive antenna,
spatial multiuser detection techniques based on array processing cannot be used to separate the
interfering signals from the signal of interest. We assume the users cannot perform successive
decoding [13], which we motivate by the fast that a simple analysis on the (2,1,2) MIMO BC
would show almost no improvement by using successive decoding.

We now describe the signal model assumed in this section. The base station selects N
users for transmission based on some scheduling algorithm. All antennas simultaneously transmit
independent data streams, each of which is difected to a particular user. The total transmit power
is independent of the number of transmit antennas and it is uniformly distributed among them.

When transmit antenna j is assigned to user j, the signal received by user  at time ¢ is:

¥ ()= Z a5, (1) +w, (2). 4.9)

Only the N active users chosen by the scheduler are accounted for in (4.9). The signal s, intended
for user 7 is sent from antenna . It has unit average energy. The AWGN w; has variance 0';'. .
Without interference cancellation at the receiver, when the signal transmitted to user j is
sent from antenna #, the signals transmitted from the other antennas create interference to user j.
The signal to interference plus noise ratio SINR? is expressed as the ratio of the desired signal
power to the sum of the interference and noise power:
2l

(HD_ N
h..l

2

(4.10)

Q
. 0

+—_

izn

The first scheduling algorithm we consider is referred to as Scheduling Algorithm A. Each userj

estimates its SINR! for each transmit antenna 7 and sends the value max,, ., {SINR'’} and the
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corresponding antenna index to the base station. Note that uniform power allocation across the
transmit antennas is necessary to allow the users to estimate their SINR'” . The base station then

chooses the best N users that maximize the SINR for each transmit antenna. The scheduling

algorithm can be illustrated as an iterative search through a matrix R of size K x N that contains

the achievable rates for each user and for each transmit antenna. Let the ( j,n) element of R be
7, =log(1+ SINRY), @.11)

which is the maximum achievable rate for user j if its signal is sent from antenna n. Scheduling
Algorithm A first chooses the user with the maximum rate in the first column, which corresponds
to transmit antenna one. The scheduler then chooses the user that maximizes the rate in the
second column and so on until all transmit antennas are assigned to a user. This simple feedback
strategy allows to evaluate the performance of a scheme based only on the knowledge of the
SINR of each user, which would be sufficient on single-antenna multiuser channels.

Scheme A will refer to the system using Scheduling Algorithm A, where each active user
makes no attempt at suppressing the interference from the N-1 interfering transmit antennas. Thus
the MIMO channel can be seen as N parallel AWGN channels, each with its own SINR. Since we
have assumed independent fading among transmit antennas and mobile users, the SINR on these
parallel channels are i.i.d. random variables. Let R, be the data rate of user n whose signal is sent
from antenna n. We have renumbered the active users according to which transmit antenna they

have been assigned. For each of these channels, the maximum supported rate in a given block is:
R, <log(1+SINR"),1<n<N. (4.12)

The sum-rate is upper bounded by the sum of the maximum rates supported by each user:

hi N

R=)"R, <> log(1+SINR"). (4.13)
n=1 n=1

In the high power region or as the number of transmit antennas increases for a fixed number of

users, Scheme A becomes interference-limited. Thus it is unable to take advantage of the spatial

degrees of freedom if the number of users is fixed and the number of transmit antennas increases.
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The second scheduling algorithm we consider is referred to as Scheduling Algorithm B,
which is an adaptive version of Scheduling Algorithm A. The base station can now choose any
subset of the transmit antennas in order to transmit to fewer users simultaneously with fewer
transmit antennas in the same way as Scheme A. The maximization is performed among users for
each antenna subset and then among all antenna subsets for all sizes of antenna subsets from 1 to
N. This strategy requires more feedback from the mobile users than Scheme A. Scheme B will
refer to the system using Scheduling Algorithm B. Scheme B can adapt its active user set size to
the amount of interference, thus the throughput will keep increasing with the SNR. As a result of
the adaptive nature of Scheme B, in the high SNR region only one transmit antenna will be used
to transmit to only one user at a time in a selection diversity manner where the best antenna/user
pair is selected. The adaptive nature of Scheme B is illustrated in Figure 4-7 and Figure 4-8. The
histogram of the number of active users (equivalently the number of transmit antennas effectively
used) is shown as a function of the SNR and as a function of the total number of users. As the
number of users increases, multiuser diversity allows to use more transmit antennas by choosing a

better active user set, thus the throughput increases.

Percentage ol number of time slots

2

4 active users J

4 8 12 16 20 24 28 32

Total number of users

Figure 4-7 Cumulative bar plot of the number of active users for
Scheme B. The total power in reference to the noise level is 10 dB. The
number of transmit antennas is N = 4. 1000 channel realizations.
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Figure 4-8 Cumulative bar plot of the number of active users for
Scheme B. The total number of users is K = 16. The number of
transmit antennas is N = 4. 1000 channel realizations.

4.3.2.4 Simulation Results
Figure 4-9 shows the average of the maximum sum-rate as a function of the number of

users for the discussed transmission schemes and scheduling algorithms. The total power in
reference to the noise level is 10 dB. The number of transmit antennas is N = 2. The AWGN level
is assumed to have the same variance of one for all users. We observe that ZFB and Determinant
Scheduling algorithm, Successive Projections Scheduling algorithm, and Gorokhov’s Algorithm
I, achieve a spectral efficiency with approximately the same growth rate as the sum-capacity
curve. Thus, these scheduling algorithms can take advantage of multiuser diversity to select a user
set that reduces the power penalty due to zero-forcing channel inversion when N = 2. In this case,
this solution is much less complex than optimal dirty-paper coding. If the transmitter only has
partial CQI with the type of feedback described in section 4.3.2.3 we observe a large loss in
spectral efficiency. Nevertheless as the number of users increases, Scheme A and Scheme B take
advantage of multiuser diversity to achieve a throughput larger than the best spectral efficiency
achievable by transmitting to a single user at a time with complete CQI and CSIT using
transmitter MRC beamforming, which achieves the single-user closed-loop MISO channel

capacity.
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Figure 4-10 shows the average of the maximum sum-rate as a function of the total power
in reference to the noise level. The number of transmit antennas is N = 2. The total number of
users is K = 10. The AWGN level is assumed to have the same variance of one for all users. We
observe that the sum-capacity slope, which represents the spatial multiplexing gain of MIMO
systems, is only achieved with complete CSIT. We also see that with a fixed number of users,
Scheme A becomes interference-limited as the total transmit power increases. We will see that
the same effect appears as the number of transmit antennas increases. In this case, Scheme B
allows to achieve approximately the same spectral efficiency as the best single-user closed-loop
capacity, although it only uses partial CQI at the transmitter.

Figure 4-11 shows the average of the maximum sum-rate as a function of the number of
transmit antennas. The total power in reference to the noise level is 10 dB. The AWGN level is
assumed to be the same for all users with a variance of one. The total number of users is K = 10.
ZFB takes advantage of MIMO spatial multiplexing gain when the number of transmit antennas is
small, but it does not allow to take advantage of the MIMO spatial multiplexing gain when the
number of transmit antennas is large. Lattice reduction techniques applied at the transmitter side
[58][59][60] are required to overcome this problem but this is beyond the scope of this thesis.
Partial CQI alone does not allow to achieve spatial multiplexing gain with Schemes A and B, and
the interference limitation is apparent as the number of antennas becomes large.

9
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Figure 4-9 Average spectral efficiency as a function of the total number of
users K. The number of transmit antennas is N = 2. The total power in reference
to the noise level is 10 dB.
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Figure 4-10 Average spectral efficiency as a function of the total power in
reference to the noise level. The total number of users is X = 10. The number of
transmit antennas is N = 2.
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Figure 4-11 Average spectral efficiency as a function of the number of
transmit antennas. The total number of users is K = 10. The total power in
reference to the noise level is 10 dB.
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Similar solutions have simultaneously been proposed for interference avoidance in the
case of partial CQI and CSIT. In [6]] the authors proposed Distributed-Multi-Antenna-
Scheduling (DMAS) but they limited their solution to two transmit antennas. They also proposed
a solution to improve the transmitter power allocation. In [62}[63] very similar solutions were
proposed. These schemes can be viewed as an instance of opportunistic beamforming. Scheme A
forms N beams with beamforming vectors of the form {0 ... 1 ... 0] with only one non-zero
element. Put together in a multiplexing matrix they form a permutation of the identity matrix.
Even though the beams are not changed with time, the users that fall within a beam are served in
an opportunistic manner. The original opportunistic beamforming scheme served only one user at
a time [24] and a proposal for spatial multiplexing was mentioned in the appendix. It was later
extended to spatial multiplexing in [46] where the authors also conducted an analysis of the
growth rate of the maximum sum-rate achievable with that scheme. They proved that the

maximum sum-rate scales as NloglogK when the users are equipped with a single receive

antenna. They also proved that linear increase in capacity with the number of transmit antennas
can be obtained provided that the number of transmit antennas N does not grow faster than
0(logK ) As long as the channel changes independently from one time slot to the next,
opportunistic beamforming ‘with spatial multiplexing is exactly equivalent to Scheme A. Thus this
analysis of the growth rate applies to Scheme A and it confirms our simulation results. In
channels where the channel vectors are constant or change very slowly, time-varying
opportunistic beamforming allows to create the illusion of multiuser diversity by arbitrarily

creating channel variations, which is not a possibility with Scheme A.
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In Figure 4-11, we showed the performance of ZFB with Gorokhov’s Algorithm I used
for scheduling. In Figure 4-12, we show the spectral efficiency loss of scheduling algorithms used
with ZFB in comparison to the optimal scheduling algorithm that performs the exhaustive search
for the set of N users that maximize the sum-rate with ZFB. We see that in contrast to the dirty-
paper coding capacity performance of these algorithms, if they are used with a sub-optimal
transmission scheme their ranking in terms of performance loss can be reversed. With ZFB,
Gorokhov’s Algorithm I outperforms both Algorithms II and III, which is the opposite to the

result obtained in Figure 4-4.
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Figure 4-12 Spectral efficiency loss of N-user scheduling algorithms with
respect to the exhaustive search on the (2,1,6) MIMO BC with zero-forcing
beamforming at the transmitter.
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4.3.3 Scheduling with Linear Processing Schemes on the (N,M,K) MIMO BC

4.3.3.1 Introduction
We consider the MIMO broadcast channel where the transmitter and the receivers are

equipped with multiple antennas. We propose a new scheme using linear processing at the
transmitter and at the receivers to jointly diagonalize the channel so that two users can receive
data simultaneously. It is applicable when the users are equipped with any numbers of antennas,
and it is able to take advantage of all the spatial degrees of freedom as long as the overall number
of all receive antennas is greater than or equal to the number of transmit antennas. The proposed
strategy achieves a large portion of the two-user sum-capacity when the base station has two
transmit antennas. We provide an asymptotic analysis and simulation results to illustrate our

analysis.

4.3.3.2 Previously Proposed Schemes

4.3.3.2.1 Joint-Orthogonalization Schemes
Group zero-forcing, an extension of ZFB for the case of users with multiple receive

antennas was proposed in [33]. This scheme has the advantage of enabling simultaneous
Jtra.nsmission to several users but it constrains the total nurhberwof receive antennas not to be larger
than the number of transmit antennas. Thus if users are equipped with the same number of
antennas as used by the base station, only one user can receive data at a time. This fact inherently
limits the maximum achievable sum-rate. Other recent schemes also have limits on the number of
antennas or the number of users [30][31][32][64]. Some works focused on maximizing a lower
bound on the product of the SINR of the users, others on maximizing the throughput or
minimizing the bit error probability. Iterative solutions or closed-form solutions were sought to
find the transmit and receive filters. A summary of the constraints on the number of antennas and
on the number of active users for several spatial multiplexing schemes is shown in Table 4-1. Our
proposed schemes are also included in this table. When users are equipped with multiple receive
antennas, it is possible to transmit several layers consisting of independent codewords to the same

user. The number of layers sent to user & is denoted as L, in the subsequent sections. The number

of simultaneously active users is X, .
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Zero-forcing dirty-paper coding [5] M,=M=1Vk, KM=K,sN, L =I
Transmitter zero-forcing beamforming [5] M, =M=1Vk, KM=K,<N, L, =]
Scheme A [57] M,=M=1Vk, KM=K,SN,1<L <N
Scheme B [57] M, =M=1Vk, KM=K, <N ,ISL SN
Wong et. al. [30] SraM, SN, LM,

Antenna-assisted round-robin and beamforming [62] M, =M Yk, M2N , Z;5L SN

Group zero-forcing beamforming [33] M =M Yk, KMSN

JLTR-SM [65] K,s2

Receive zero-forcing beamforming (R-SM) [34] M 2NVk, L, 2]

Wong et. al. [66] M 2L +1 Yk, 5L SN

Wong et. al. [31] M, 2L +1 Yk, Si4L SN

Choi et. al. [32] N2 max YL, M,

Choi et. al. [67] SEeM, SN+M, -1

Coordinated Beamforming [35] KL, SN, 1SL SN

Table 4-1 Constraints on the number of transmit and receive antennas and on the number of
simultaneously active users of several spatial multiplexing schemes.

4.3.3.2.2 Coordinated Beamforming

'A more recent scheme called Coordinated Beamforming is applicable with any number of
antennas and users [35]. A brief summary of Coordinated Beamforming follows. In contrast to
previously proposed solutions, Coordinated Beamforming overcomes the constraint on the
number of receive antennas by incorporating the receive filters in the channels experienced by
each user before performing the optimization of the transmit filters. The authors therefore
proposed an iterative solution for computing the transmit and receive filters, and claimed that it
converges in general. The constraint now applies on the total number of independent layers

transmitted instead of being on the total number of receive antennas.

The signal received by user £ is

K,
x,=) H.Fd +n,. (4.14)

i=l

F, is the N x L, transmit filter for user i, d; is the L, x1 data vector of user i, n, is the M, x1

¢

noise vector. Let G, be the M, x L, receive filter of user k. After applying this filter user & sees

the vector:

X,
d,=G.H Fd +GH> Fd +Gn,. (4.15)
i=]
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Let
H =G.H,. (4.16)
Define
= - — - — T
A -[A - AL, HL, - H.J. @17)
The size of that matrix is (Zi:k L ) x N . The transmitter matrix of user & is chosen in such a way

that user k£ does not create interference at the output of the receivers of the other users with a zero-

forcing strategy. Hence the matrix F, is chosen to lie in the null space of H . - It is obtained for a
fixed set of receive filters by applying the SVD to the matrix H, kl_;;.“” where P is an orthogonal

basis for the null space of H ;- Letting V[ be the matrix composed of the first L, right singular

vectors of H,V®, the transmit filter for user & is given by
F =VoVP (4.18)

The iterative procedure to obtain the transmit and receive filters starts by assuming a set of

receive filters, then proceeds by calculating the set of zero-forcing transmit filters, and continues
by updating the set of receive filters using the first L, left singular vectors of H, kl_;;.“') and so on
until a convergence criterion is reached. The authors in [35] used a threshold to compare to the
magnitude of the largest off-diagonal coefficient of the equivalent channel seen by each user
given by G H F,. They claimed that convergence is reached with 2 high probability. Once the
channel is orthogonalized, the power is allocated at the transmitter with a waterfilling strategy to
maximize the sum-rate. We point out that by allocating all the layers to only one user,

Coordinated Beamforming performs the SVD of the channel matrix of that user and transmits
according to the closed-loop MIMO capacity achieving strategy [4].

4.3.3.2.3 Receiver Processing Only

Here we use only linear processing at the receivers as proposed in [34] in order for
several users to share the spatial channels. We propose to further optimize the power and rate
allocation at the transmitter to increase the achievable throughput. We will refer to this scheme as
receiver spatial multiplexing (R-SM).

At the receiver of user £, the received vector is multiplied by the Moore-Penrose pseudo-

inverse H, of the channel matrix. The signal seen by user & after pseudo-inversion is:

,=u+Hln,. (4.19)
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The noise after pseudo-inversion is w,=Hm, and its covariance matrix is

E I:wk wk] =o H}H] . The noise power on row n of the processed received vector is given by

o21b,,, where 1/b,,, is the (n,n) element of H;H; .

We thus have a set of N parallel degraded broadcast channels with X users and a total
power constraint P. The sum-capacity solution was obtained in [17] by transmitting to the user
with the highest SNR on each channel with waterfilling power allocation across the channels. The

maximum sum-rate is:

Reosy =_max 3log,(1+a,max(s,,/o?)) (4.20)

Zp =GN p=)

N
Subjectto > a,=P and aq,20,n=1,...,N.

n=|

The power allocated to the user with the highest SNR on channel n is a, .

4.3.3.3 Joint-Linear Transmit and Receive Spatial Multiplexing
4.3.3.3.1 Two-User Channel
We first consider the two-user MIMO broadcast channel. We assume that M, + M, 2N .

If this was not the case we could just choose not to use some of the transmit antennas. We

perform the Generalized Singular Value Decomposition (GSVD) [68][69] of the two channel

matrices as:
H =UQX
1 1941 . (4-21)
H,=U,2,X
Q0 +2,92,=1,. 4.22)

U, is a unitary matrix of size M, x M, . 2, is a matrix of size M, xN of the form [4, 0], if
M, 2N, or (4, 0], if M,<N, and 4, is a diagonal matrix of size M, xM, with non-
negative elements. X is a non-singular N x N matrix. The GSVD is applicable to two matrices
with a common dimension. In our case, the number of transmit antennas is the common
dimension of the channel matrices of two users. As a particular case, the GSVD of two square

matrices, when one of the two matrices (e.g. H,) is non-singular, is equivalent to the SVD of
H H;'. The GSVD is summarized in Appendix G. By construction of the GSVD [68][69]:
X=RV. (4.23)

V is a unitary matrix and R is the upper left gx g block of the upper triangular matrix R in the
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OR decomposition of the stacked channel matrix H = [le H] ]T ,and g =rank(H).

Joint transmitter processing is performed by ZFB using the inverse of the matrix X~ . The vector

u of modulated symbols is processed at the transmitter as:
s=(X")'u. (4.24)
The signals received by users 1 and 2 are:

- - -1
y=Hs+n=URX |X ) u+n
1 1 1 1¥%1 ( ) -l 1 (4.25)
y2=H2s+n2=U2.QZX'(X') u+n,.

The vectors n, and n, contain the AWGN samples with variances o7 and o; respectively. The

received signals are processed respectively by U; and U, at the receivers of users 1 and 2 to
give:
5 =2u+U, .n] (4.26)
%, =2u+U,n,.
The effective channel matrix is now diagonal for each user, and the channel gains are related
through (4.22). We obtained N parallel non-interfering degraded Gaussian broadcast channels.
Each of these channels corresponds to a column in the matrices 2, and £,. The mutual
information is maximized by transmitting to the user with the highest SINR on each of the
parallel channels, and performing power and rate allocation by waterfilling across the parallel
channels [17].

We choose to send independent data streams on each channel corresponding to the

columns of the matrices £, and £, with powers z7,...,7; . The covariance matrix of the signal

vector u is
E[uu’}=diag(z},...,73) . 427
Applying the analysis in [5] for zero-forcing transmitter processing, the transmit power constraint
becomes:
. Nzl
P=tu[(X'X)'S,, |=3>=. 4.28
[(xXXx)"s,]=2 5 (4.28)

b, is the (nn) element of (X'X)'. Let a,=x’[b,, n=1..N. Let

Q =diag(@,,....0y),i=1,2 so @, +@;, =1 for n=1...N. The maximization of the mutual

information is a conventional waterfilling problem {48]:
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N a,IZ w3
Ryrp-su = max z log(l +b,a, max {‘T",‘_':'}j (4.29)
a,.n= o2

vV p=l -

o

N
Subjectto Y a, =P and q, 20,n=1,...,N.

n=l
In the case where M, =M, =1 this scheme only allows to transmit one data stream to each of the
two users and no receiver processing is required. If N =2 and K =2 with M, =M, =1, JLTR-
SM is equivalent to ZFB at the transmitter proposed in [S]. If N>2 or K >2 with M, =M, =1
JLTR-SM fails to exploit all the spatial dimensions of the MIMO channel. However, as long as

there are at least two users in a sector and M, +M, 2 N this scheme can exploit all the spatial

dimensions of the MIMO channel.
We note that the main difference between Coordinated Beamforming and JLTR-SM is

that Coordinated Beamforming can accommodate more than two users in a given time slot, where
. . K, . . .
user k uses L, dimensions such that Z culi SN, where K, is the number of active users in a

time slot. The second difference is that orthogonal channels are created with Coordinated
Beamforming, thus each user sees no interference from all other users, whereas JLTR-SM created
parallel channels and power allocation is necessary to ensure that no interference is created

among users on any of the parallel channels.

4.3.3.3.2 Asymptotic analysis of the sum-rate
We derive lower and upper bounds on the maximum achievable throughput when the

users experience the same noise level at each receive antenna and when M, =M,=N. We

assume that the AWGN variance is equal to 1 at each receive antenna. We assume that the total

power is larger than some threshold so that all channels are allocated power in (4.29).

Using l/ZSmax(coﬁ,,a)zz,,)SI, n=1,..,N, weget:

N{— log 2N+-]:7 $logh, + log(P +25° biﬂ . (4.30)
n=]

n=l A

N[—logN +—]1\7§10ng +log(P+ ﬁbiﬂzkm_w. @31)
n=|

n=]

The sum-rate R, 5, averaged over the small-scale Rayleigh fading can be approximated by
c log( pP +a) in the high power regime as N approaches infinity, where & is some constant. ¢

and p are constants known as the growth rate and the scaling factor, respectively [45]. The
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growth rate is N bits/sec/Hz for each 3 dB increase of the total power P, which proves that this
scheme is able to exploit all the available spatial dimensions of the multiuser MIMO channel.
From (4.30) and (4.31) we see that the growth rate is N and the scaling factors for the

lower and upper bounds are:

—exp| lo (i}ri%lo b 3251 i (4.32)
Pus =exp| log| 7 |+ D logh, | 2| 22 :
-1
=exp| Io (—l-)+—l-ilo AN RS (4.33)
Puyg =¢€Xp| 108 N NE g0, (2 =7y . -

We used the inequality between the arithmetic and geometric means [7]:

n n 1n
le,. z(]‘[x,) . (4.34)
n

i=1 i=]

A result from [45] applied for M, =M, =M is:
1

tt|(HHY'| - —. (4.35)
[ gi?%wZ?Zlﬂ -1
By definition we know that:
N1 _ c -1 —
?,:]E—tr[(X Xy |=u[(HH)"]. (4.36)
Since M = N by hypothesis, then asymptotically:
ym P 21/2 4.37
}lim Pus 21. (4.38)

This is to be compared to the scaling factor of the SNR in the closed-loop MIMO channel
capacity in the high power regime as N grows large. From {70] we know that the (t,7) MIMO
channel waterfilling capacity in the high power regime in the limit where (¢,7) approach infinity

such that min(z,7)/max(t,r) > S <1 is:

Cor —)log(P+ 1 J+1—ﬂ10g( 1 J_l' (4.39)
min(t,r) 1-8 B 1-5

Thus for the cooperative upper bound, which gives the capacity of the (N,2N) MIMO channel, the

scaling factor is p,,,, =1. This is obviously an upper bound on the scaling factor p,; of our

scheme.
Thus the scaling factor of the SNR, asymptotically in the high power regime as N increases when
K=2,is:
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1/2< pe <1. (4.40)
Note that when N 2>2M the matrices £, and £, only have zeros and ones on their main

diagonal so the upper bound (9) is achieved, but the previous analysis does not hold since
N/IQM)Y=>1.

4.3.3.4 Throughput Maximization and Spatial Multiplexing Gain
We consider packet-data access cellular systems. In the case where more than two users

are in the queue to receive data from the base station in a given sector, a scheduler is needed in
order to choose the users that will be served in a given time slot. With JLTR-SM, the scheduler
needs to choose a two-user set. The throughput maximization strategy involves choosing the two
users that maximize the sum-rate defined by (4.29). Multiuser diversity can thus be exploited
provided that the users experience independent fading [18]. In order to account for differences in
the SINR levels among users we need some criterion that takes into account the fairness in the
data rate provided to the users. This issue is addressed in section 4.4.

In the following simulations we evaluate the average sum-rate achieved by several
schemes over 1000 independent realizations of the channel matrices. Each realization can be seen
as a different time slot, in which some users are scheduled. This assumption is valid as long as the
duration of a time slot is small compared to the coherence time of the channel. We assume that

capacity-achieving codes are used so the maximum rates of (4.20) and (4.29) are achieved on

each time slot. We further assume that o7 =1, k=1,...,K .
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Figure 4-13 Average spectral efficiency on the (V,N,10) BC as a function of the number
of antennas N. The total transmit power in reference to the noise level is 10 dB.

Figure 4-13 shows the average spectral efficiency as a function of the number of antennas
N at the base station and at each mobile receiver. We saw that on the (N ,N.K ) BC, constraining
the number of active users to be at most N incurs only a marginal loss in spectral efficiency, but
constraining the number of users to be strictly less than N incurs an observable loss in spectral
efficiency. Thus the spectral efficiency achieved with JLTR-SM can only hope to approach the
sum-capacity when N =2. On the other hand, although R-SM allows to transmit to N users v
simultaneously and to take advantage of multiuser diversity, it is unable to achieve a spectral

efficiency larger than the single-user closed-loop capacity.
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We compared our scheme with the recently proposed Coordinated Beamforming [35].
This strategy is able to transmit as many independent streams as the number of transmit antennas.

L, streams are transmitted to each user. We set L, =1 for each of the N scheduled users. The

scheduler chooses the N users that maximize the sum-rate on any given time slot. Waterfilling
power allocation is performed at the transmitter. Coordinated Beamforming is able to achieve
almost the same slope as the sum-capacity. Transmitting only one stream to each user in fact
approaches the optimal strategy achievable with dirty-paper coding in the intermediary power
region.

Figure 4-14 shows the average spectral efficiency as a function of the total power in
reference to the noise level. The numbers of transmit antennas and receive antennas for the two
mobile users are the same. With only two users, JLTR-SM is able to follow the same behaviour

as the sum-capacity. So does Coordinated Beamforming. It is applied with L, =L, =1 when
N=2,L =1and L,=2 when N=3,and L, =L, =2 when N =4. Both schemes outperform

the strategies involving transmitting to a single-user. They also achieve a larger spectral

efficiency than obtained using receiver processing only.

60 -1

— Sum-capacity
-&- JLTR-SM .

—¢- Coordinated beamnforming (L +L=N)
-~ R-SM

- - - Max single-user capacity

v
(=3
T

(2] H
o o

Specctral efficiency (bits/sec/Hz)
N
o

o] 5 10 15 20 25 30 35 40
Total power in reference to the noise level (dB)

Figure 4-14 Average spectral efficiency on the (NV,N,2) BC as a function of the total
transmit power in reference to the noise level.
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Figure 4-15 Average spectral efficiency on the (4,M,4) BC as a function of
the number of receive antennas M per user. The total power in reference to
the noise level is 10 dB.

Figure 4-15 shows the average spectral efficiency as a function of the number of receive
antennas per user with a fixed number of transmit antennas and a fixed number of users. We set
L =L,=1 for Coordinated Beamforming. By transmitting to four users simultancously,
Coordinated Beamforming outperforms JLTR-SM, which is constrained to transmitting to two
users only.

Figure 4-16 shows the average spectral efficiency as a function of the total power in
reference to the noise level when the total number of receive antennas is equal to the number of

transmit antennas. Both JLTR-SM and Coordinated Beamforming with L, =L, =2 achieve the

same slope as the sum-capacity even though each user is equipped with only 2 receive antennas.

Linear spatial multiplexing schemes of Table 4.1 with the constraint that M, 2L, +1 and

Y4e L, <N cannot achieve this spatial multiplexing gain. However Coordinated Beamforming
outperforms JLTR-SM in all cases.

In summary, JLTR-SM incurs a power loss by zero-forcing joint-orthogonalization of the
channels between the two users, whereas Coordinated Beamforming attempts to orthogonalize the
layers sent to possibly more than two users. However Coordinated Beamforming offers more
degrees of freedom in the allocation of the number of layers to different users, so it can take

better advantage of multiuser diversity in order to mitigate the power loss due to zero-forcing.
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Figure 4-16 Average spectral efficiency on the (4,2,2) BC as a function of the
total power in reference to the noise level.

4.4 Proportionally-Fair Scheduling Algorithm

4.4.1 Introduction and Definition
Scheduling algorithms that emphasize throughput maximization often result in some

users being denied service because they experience bad channel conditions for a long time. This
is particularly true for users that are located far from the base station. The unpredictability of the
fading process in the long term renders the scheduling problem difficult. Contrary to maximum
throughput with capacity-achieving codes where an optimal solution was found for each fading
state independently, scheduling algorithms that provide fairness among users in terms of
throughput must continually adapt their strategy based on the knowledge of the fading statistics
and on the prediction of the fading states on at most a few subsequent time slots. We do not
concern ourselves with channel prediction but we assume as before that the scheduler knows the
next fading state, and that capacity-achieving codes can be used such that the decision made by
the scheduler can always be achieved without error. Our goal is to show simple but important
consequences of using multiple antennas with proportionally-fair scheduling algorithms.

In order to provide faimess among users in terms of throughput, we adopt the
proportionally fair criterion described in [33], which is an extension of the proportionally fair

criterion to the case of simultaneous transmission to several users. The priority weight for the 4-th

user is defined as g, =1/R, where R, is the average throughput received by user k over a
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window of past time slots. The choice of the user set in the proportionally fair sense is achieved
by maximizing the weighted sum-rate criterion:

max T 14 Ry (4.41)
where the maximum is over all rate vectors (R,,...,R,) achievable with a given transmission

scheme in a given time slot. The authors in [33] proposed a numerical optimization procedure to
achieve the maximum weighted sum-rate and to select a rate vector that achieves the maximum
weighted sum-rate at a corner point in the dirty-paper coding region, although it is not uniquely
determined. With this algorithm, more than N users can be scheduled at a time and dirty-paper
coding must be used. If a linear spatial multiplexing scheme is used then this criterion is used to

jointly select N users.

The average throughput at time ¢ for user 4 is computed as:
R, ()=6R.(t-1)+(1-8)R.(t) if user k is active, 4.42)
R, (1)=6R, (¢ -1) otherwise, (4.43)
with a forgetting factor &. The forgetting factor is related to a sliding window over which
averaging of the past throughput and the current throughput of user & is done. If we let ¢, denote

the length of the window in slots, then
§=1-— (4.44)
and (4.42) becomes
R(5)= %[(zc ~DR (=D +R,()] (4.45)

We assume that a time slot is long enough so that capacity-achieving codes can be used, so that

every packet can be decoded without an error after its first transmission.

4.4.2 Channel Model
The channel model is slightly modified in the following way to take into account shadow

fading and path loss. We adopted the guidelines for the evaluation of radio transmission
technologies for IMT-2000 [71]. The path loss model for the vehicular test environment in urban

and suburban areas is:
L =40(1 —4x10'3Ahb)log10 R-18log,, Ah, +21log,, f +80, (4.46)

where R is the distance in kilometres between the base station and the mobile station, f is the

carrier frequency of 2000 MHz, and Ak, =15 is the base station antenna height in meters,
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Figure 4-17 CDF of average SNR with path loss and shadow fading.

measured from the average rooftop level. The mean SNR 1 km away from the base station is set
to zero. The log-normal shadow fading around the mean path loss in the logarithmic scale is
modelled by a Gaussian random variable S with zero mean and standard deviation of 10 dB. The
positions of the users in the cell are simulated by generating R as a uniform random variable in
the interval [0 1].

The narrowband channel is assumed to remain constant during a time slot, and to change

randomly from slot to slot. The channel between the base station and user k is described by a
vector I, =, of size M, by N. Path loss and shadow fading as defined above are described by

p.. The elements of l;,‘ represent small-scale fading and they are modeled as i.i.d. complex

Gaussian random variables with zero mean and unit variance. The average SNR is defined as

follows. The coefficients S, are assumed to remain constant during several time slots. The time
during which the coefficients 5, remain constant is assumed to be long enough to observe a large

number of states of the small-scale fading process l;k , and short enough in comparison with the

delay requirements of the application targeted by the mobile user. The average SNR of user k

during these time slots is defined as:
p=pilo, (4.47)

where o is the variance of the AWGN at each receive antenna, and we assume it is the same for
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all users. The distribution of the SNR averaged over small-scale Rayleigh fading is shown in

Figure 4-17. The coefficients S, then change randomly in the next time slot for every user, as if

they were instantaneously and randomly changing location in the cell sector served by the base
station.

4.4.3 Scheduling Algorithms for Linear Spatial Multiplexing Schemes
Given two users in a given time slot, given a channel partition and a power allocation,

JLTR-SM is used to transmit to these two users simultaneously. In general if we are not interested
only in throughput maximization, user 1 will be allocated N, channels with indices in the set S;
and user 2 will be allocated N> channels with indices in the set S>. The two sets will not have
common elements, and N, + N, = N. The two users will thus achieve rates R, and R»:

R=% log[1+b,,a,, E@J
ol

nes, 1

(4.48)

R=% log(l-i—b,,an o ]

nes, >

The power allocation a,,...,a, is performed according to a weighted sum-rate maximization
criterion with weights 2, and ,:

max R + ,R, (4.49)

a, 1snsN e

N
Subjectto > a,=P and a,20,n=1,...,N.
n=l

We consider five different transmission schemes:

e Single-user: given a single user in a given time slot, single-user transmission involves
transmitting with capacity achieving codes such that the achieved rate is equal to the
user’s closed-loop MIMO channel capacity.

e JLTR-SM: given two users in a given time slot, given a channel partition and a power
allocation, JLTR-SM is used to transmit to these two users simultaneously with the rates
given by (4.48).

e Equipartition JLTR-SM (EP-JLTR-SM): With this equipartition variation of JLTR-SM,
given two users in a given time slot, each user is allocated its N/2 strongest channels, or

its M; non-zero channels if M, < N/2, according to (4.22). We choose to split the power

equally between the two users. Each of the two users then performs waterfilling power
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allocation and rate adaptation on its allocated channels. Thus the rates R; and R, are
completely determined given a two-user set.

e Coordinated Beamforming: orthogonal channels are created, thus each user sees no
interference from all other users, whereas JLTR-SM created parallel channels. Thus only
power allocation is needed with Coordinated Beamforming, but no partition of the
channels. In this paper L, =1 for each of the K, =N active users unless otherwise
specified.

e Equipartition Coordinated Beamforming (EP-CB): given N users in a given time slot with
L, =1 for each user, the power is uniformly allocated among the users, and the rate

vector is completely determined.
We next describe the three types of scheduling algorithms considered in this section.

Single-User Weighted-Rates Scheduling algorithm (SUWR-Ka):
The SUWR-K, Scheduling algorithm selects the K|, active users with the largest weighted

rates R, /R, , where R, is the closed-loop capacity of users k. SUWR-K, was proposed in [33].
One disadvantage of this strategy is that the active users are not jointly chosen so their achievable
rates with a given transmission scheme and K, —1 other active users might be quite different than

their individual closed-loop capacities. When this scheduling algorithm is used with JLTR-SM or
with Coordinated Beamforming, we perform further maximization of the weighted sum-rate of
(4.41) over all channel partitions and power allocations for JLTR-SM, or over all power
allocations for Coordinated Beamforming. No such optimization is needed with Equipartition

JLTR-SM and Equipartition Coordinated Beamforming.

Full-search proportionally fair scheduling algorithm (FSPF):

The weighted sum-rate criterion (4.41) is used to select the K, active users by
maximizing 3%, 4 R, over all rates (R,,...,R,) jointly achievable with a given transmission
scheme. This always involves a search though all sets of K, users among K, where K, =2 for
JLTR-SM and K, =N for Coordinated Beamforming. In every user set the weighted sum-rate is

further maximized over all channel partitions and power allocations for JLTR-SM, or over all
power allocations for Coordinated Beamforming, but no such further maximization is needed

with Equipartition JLTR-SM and Equipartition Coordinated Beamforming. Searching over all
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Figure 4-18 Rate region of Coordinated Beamforming and JLTR-SM for
one realization of the (4,4,2) MIMO BC.

sets of K, users among K can incur a large computational complexity.

Round-Robin scheduling algorithm (RR):

For the sake of comparison we consider Round-Robin scheduling where N users are
scheduled at a time in a cyclic manner among all K users. The FSPF scheduling algorithm is
performed among the N scheduled users on each time slot to adjust the rate and power allocation
with a given transmission scheme. So transmission is fair in terms of throughput among the N
scheduled users on each time slot, but it is not fair from one time slot to the next. However it is

fair in terms of delay as every user experiences the same delay.

Achievable rate regions

In order to illustrate the equipartition strategy and the achievable rates with the proposed
linear processing schemes on a given channel we show the rate region for one realization of the
(4,4,2) MIMO BC in Figure 4-18. We need to restrict ourselves to the 2-user channel in order to
visualize the capacity region. Each dotted curve represents the directly achievable rates with
JLTR-SM for a given partition of the parallel channels between the two users. Each dot represents
a different power allocation between the two users. We did not take the convex hull operation so
the rates achievable by time-sharing are not shown. The maximum achievable sum-rate with

JLTR-SM is also shown, as well as the maximum rate with equipartition of layers and power
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between the two users. Forcing the equipartition of the channels and the power between the two
users incurs some loss in spectral efficiency compared to the maximum sum-rate point. However
it provides both users with a good fraction of their maximum achievable rates in a fashion that
provides more fairness than at the maximum sum-rate. We also see that it provides a sum-rate
larger than the maximum single-user achievable rates.

The next example shows one realization of the (2,2,2) MIMO BC. It illustrates the sub-
optimality of JLTR-SM and Coordinated Beamforming in some situations. Each user is allocated
one layer for both schemes. On the (2,2,2) MIMO BC, both schemes achieve approximately the
same performance in terms of maximum sum-rate and rate region boundary. We see in Figure
4-19 that both schemes cannot provide a maximum sum-rate larger than the largest single-user
closed-loop capacity and the rate regions of JLTR-SM and Coordinated Beamforming lic below
the time-sharing region with single-user transmission. Both schemes could achieve a2 maximum
sum-rate larger than both single-user closed-loop capacities for other realizations of the (2,2,2)
MIMO BC.

We only showed one possible assignment of the layers to the active users for Coordinated
Beamforming. If all layers were allocated to only one user then the closed-loop capacity for that
user would be achievable with Coordinated Beamforming. Thus, by allowing every possible layer
allocation between the users, one could always ensure performance at least as good as the best

single-user closed-loop capacity, at the price of an increase in complexity. For every possible

25 T T X T - T
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(D JLTR-SM maximum sum-rate point
o e JLTR-SM directly achievable rate points
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Figure 4-19 Rate region of Coordinated Beamforming and JLTR-SM for one
realization of the (2,2,2) MIMO BC.
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Figure 4-20 CDF of sum-rate per slot on the (2,1,6) MIMO BC. The same legend
is used for all simulations for the (V,1,K) MIMO BC in the follwing three figures.

layer allocation, all transmit and receive filters have to be recomputed for a given set of active
users. For JLTR-SM, once the user set is chosen the GSVD gives the transmit and receive filters
and the layer allocation is independent of these. However by allocating all the layers to only one
user with JLTR-SM we still need to invert the matrix X, which incurs a power loss at the

transmitter and does not allow to achieve the single-user closed-loop capacity.

4.4.4 Simulation Results
In our simulations, we kept the shadow fading and path loss constant (also defined as the

average SNR in (4.47)) for 100 time slots for each user. Then the SNR changes randomly and
stays constant for the next 100 time slots. A total of 10° time slots are simulated. The forgetting
factor is set at § =0.99 according to (4.44), so the averaging of past throughput and current
throughput is done over a sliding window of length 100 slots. The average user rate is updated
according to (4.42) and (4.43). We define the delay experienced by a user as the number of time
slots between two consecutive transmissions to that user. We assume that a time slot is long
enough so that capacity-achieving codes can be used so that every packet can be decoded without

error after its first transmission.
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Figure 4-21 CDF of user delay on the (2,1,6) MIMO BC.

We first show simulation results for the (2,1,6) MIMO BC. Scheduling algorithm A can

be extended in a straightforward way to perform proportionally fair scheduling. We only need to

modify the matrix R defined in (4.11) to have elements 7, , =log(1+SINR,‘,"’) / R, . Thus in this

case the FSPF scheduling algorithm has the same low complexity provided by Scheduling
Algorithm A. Figure 4-20 shows the CDF of the sum-rate per slot for several transmission
schemes and scheduling algorithms. All scheduling algorithms considered here are based on a
proportionally-fair criterion. Zero-forcing beamforming with the FSPF algorithm offers the
largest throughput. ZFB with SUWR-~(N+1) Scheduling performs second best, although is already
suffers a considerable loss in throughput. ZFB with SUWR-N Scheduling does not beat the
single-user TDMA performance. Scheme A provides the smallest throughput but it only relies on
partial CQI and no CSIT. Its interference-limited nature does not allow it to achieve high rates.
The CDF of the average delay per user is shown in Figure 4-21. Here again ZFB with FSPF
scheduling offers the smallest delay per user as well as the steepest CDF, which confirms its
proportionally-fair nature. Single-user TDMA yields the largest delay per user since it can only
transmit to one user at a time. ZFB and Scheme A take advantage of the multiple antennas to

decrease the average delay per user.
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We now increase the total number of users to 16. The CDF of the sum-rate per slot and
the CDF of the average delay per user are shown respectively on Figure 4-22 and Figure 4-23.
The relative performances of ZFB with FSPF scheduling, Single-User TDMA and Scheme A
remain the same. However we notice the degradation in throughput and delay of ZFB with
SUWR-(N+1) and SUWR-N Scheduling. ZFB does not provide a strong enough mechanism to
compensate for the disjoint scheduling of the N users in each time slot, whereas ZFB with FSPF
schedules N users that jointly offer a large throughput and takes into consideration proportional
fairness. FSPF scheduling also has the largest computational complexity. SUWR Scheduling does
not appear to be suitable with ZFB when the number of users is large. More efficient low-
compiexity algorithms based on the proportionaliy-fair criterion would be needed on the (V,1,K)
MIMO BC with ZFB.

We now turn our attention to the case where every user is equipped with multiple receive
antennas. We consider the (4,4,20) MIMO BC. Figure 4-24 shows the CDF of the sum-rate per
slot, while Figure 4-25 shows the CDF of the user delay, while the legend is given in Figure 4-26.
Coordinated Beamforming is such that four users are scheduled in each time slot, and each one of
them is allocated one layer. We can easily distinguish four classes of curves. The first class
corresponds to Coordinated Beamforming, which provides the largest average throughput. Within
this class, the largest average throughput is obtained with SUWR-N Scheduling, followed by
Equipartition Coordinated Beamforming with SUWR-N Scheduling. JLTR-SM provides the
second set of curves, among which the largest average throughput is provided with FSPF
scheduling, followed by SUWR-N Scheduling. JLTR-SM provides a large sum-rate per slot with
a higher probability than Coordinated Beamforming. Single-User TDMA provides a considerably
lower average throughput than both Coordinated Beamforming and JLTR-SM, although it
achieves larger rates with a higher probability. JLTR-SM with Round-Robin scheduling is unable
to take advantage of multiuser diversity and thus performs poorly. In terms of user delay, the
same classes of curves appear. Due to the fact that four users are scheduled simultaneously with
Coordinated Beamforming, it offers the smallest average delay per user. It is however possible
that one or more of the four simultaneously scheduled users is allocated a very small or a zero
rate after the optimization of the power allocation at the transmitter. However it is apparently less
likely to happen with SUWR-N Scheduling since it achieves a smaller delay than with FSPF
scheduling. It cannot happen with the Equipartition Coordinated Beamforming since all four
users are allocated one-fourth of the total transmit power in this case. The same remark applies
for JLTR-SM where FSPF scheduling provides a larger user delay than SUWR-N Scheduling
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with or without the Equipartition JLTR-SM. JLTR-SM schedules a maximum of two users
simultaneously thus it offers a larger user delay than Coordinated Beamforming, but a smaller
user delay than Single-User TDMA. Round-Robin Scheduling offers a constant delay of 10 time
slots at the expense of the throughput. The fact that the CDF is not totally vertical comes from
boundary effects in the computation of the delay. We also noticed that as the total number of
users increases these four classes of curves tend to become more pronounced. On the (N,N,K)
MIMO BC, a low-complexity scheduling algorithm such as SUWR-N where the users are chosen
separately can perform close to the optimal proportionally-fair scheduling algorithm, although it
was not the case when users were equipped with a single receive antenna. This is due to the
property of the transmission schemes, such as Coordinated Beamforming and JLTR-SM, that
allows to orthogonalize the channels among the scheduled users even though they are chosen
separately. We also saw that SUWR-N Scheduling also offers advantages in terms of user delay.
Equipartition Coordinated Beamforming and JLTR-SM allowed to achieve approximately the
same performance as the optimal power allocation with a further complexity reduction. Thus
reduced complexity transmission schemes and scheduling algorithms seem to be more easily
accommodated when users are equipped with multiple receive antennas by taking advantage of

the properties of the transmit and receive filters that perform joint orthogonalization.

4.5 Summary and Conclusions
In this chapter, we first studied maximum-throughput scheduling algorithms on the

(MV,1,K) MIMO broadcast channel while allowing the use of dirty-paper coding at the transmitter.
We justified our proposals in the high power region of the MIMO broadcast channel, and showed
that the problem of scheduling N users at a time is similar to the problem of receive antenna
selection with the goals that the capacity of the reduced channel be as close as possible to the
capacity of the original channel. We proposed a heuristic low-complexity scheduling algorithm
called Successive Projections Scheduling and compared its performance to the optimal N-user
scheduling algorithm and to receive antenna selection algorithms proposed in the literature. We
then applied these scheduling algorithms to the sub-optimal transmission scheme based on
transmitter channel inversion, called zero-forcing beamforming. We showed that differences arise
in the relative performance of these scheduling algorithms if a scheme other than dirty-paper
coding is used. We also proposed an interference-avoidance transmission scheme applicable with
partial CQI at the transmitter and no CSIT. We were able to show that this scheme can achieve
spatial multiplexing gain, although it requires that the number of users be very large relative to

the number of transmit antennas.
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On the (V,M,K) MIMO broadcast channel, we proposed a novel joint transmit and receive
linear spatial multiplexing scheme, which is applicable with any number of transmit and receive
antennas and allows to jointly transmitting to two users simultaneously. We compared the
performance of our scheme with the recently proposed Coordinated Beamforming scheme.
Coordinated Beamforming performs approximately the same as JLTR-SM when the transmitter is
equipped with two antennas, and it outperforms JLTR-SM when more than two antennas are
present at the transmitter. Coordinated Beamforming offers more degrees of freedom in the
allocation of layers to the users.

We then conducted some simple simulations to study the effect of using multiple
antennas on the performance of proportionally-fair scheduling algorithms. We noticed that the
impact of multiple antennas is more pronounced in the delay domain than in the throughput
domain. By taking advantage of the spatial multiplexing gain to schedule several users
simultaneously in each time slot, we were able to significantly decrease the delay per user in
comparison to scheduling one user at a time. The throughput also increases by scheduling several
users at a time, as a consequence of the properties of the sum-capacity of the MIMO broadcast
channel. We also showed that low-complexity scheduling algorithms benefit from the presence of
multiple antennas at the receivers, since the burden of providing a jointly good channel to the
simultaneously scheduled users can rest on the transmission scheme rather than on the scheduling
algorithm. If users are equipped with a single receive antenna, the considered reduced-complexity
scheduling algorithms performed poorly, especially as the total number of users became large.
We also proposed to reduce the complexity of the transmission scheme itself by enforcing
transmission to a constant number of users with the Equipartition strategy. We only observed a
small loss in throughput, as the dynamics of the scheduling algorithm are able to compensate for
the equipartition enforcement in the long run. Nevertheless, a more thorough study of the impact
of multiple antennas with proportionally-fair scheduling algorithms would be needed as we only
conducted simple experiments and we did not consider transmission errors and strategies to cope

with them, e.g. ARQ, which would have a great impact.
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5 Conclusion

5.1 Summary and Conclusions
This thesis has investigated the problem of enabling high transmission rates on multiuser

wireless fading channels with the use of multiple antennas at the transmitter and possibly at the
receiver side. Our approach follows the recent trends in the research field, and builds on recent
advances in information theory, as well as from the ongoing effort by the industry to provide
customers worldwide with increasing transmission rates and quality of service that lead to new
paradigms in system design. Our focus has been on packet-data access with scheduling
algorithms and rate adaptation.

We began our presentation with background knowledge on multiple antenna channels,
multiuser channels, and the state-of-the art in multiuser multiple antenna channels. The earliest
attempts at exploiting multiuser diversity along with spatial diversity were first reviewed. It was
pointed out that a lot of care must be taken in order not to approach spatial diversity in a way that
would impair the benefits provided by multiuser diversity. We illustrated this fact with simple
dual antenna systems and pointed out what factors are critical in order to allow multiuser and
spatlal leCI‘SltleS to benefit from each other, namely the amount of channel state information at
the transrmtter and the amount of channel state information camed by the channel quality
indicator provided by each user to the base station. We briefly noted that the use of multiple
antennas at the receiver alone could benefit from antenna correlations. It was known that
correlations can be beneficial among transmit antennas with opportunistic beamforming [24], but
to the best of the author’s knowledge it has not been mentioned in the case of correlated multiple
receive antennas. We concluded the introduction chapter with a discussion of the latest advances
in MIMO broadcast channel capacity region and sum-capacity with complete channel state
information at the transmitter and at the receivers. We introduced the concept of dirty-paper
coding and the duality between the power-constrained MIMO broadcast channel and the dual
sum-power constrained MIMO multiple-access channel.

Chapter III was dedicated to the study of the optimal number of active users and the
optimal power allocation required to achieve the sum-capacity of the MIMO broadcast channel.
Our attention was first focused on the (2,1,K) MIMO broadcast channel. The solution to our
problem was studied in the dual multiple-access domain. We were able to analytically
characterize the exact number of active users at the sum-capacity for a given channel realization
and a given power constraint. Our results show that the optimal number of active users is highly

dependent on both the channel matrix structure and the power constraint. We completely
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characterized the optimal solution on the (2,1,3) MIMO broadcast channel with a geometric
approach. We were able to prove that the number of active users can be a non-monotonic function
of the total transmit power for some channel realizations, due to the spatial structure of the
interference among the three users served by the transmitter. It was also shown that the optimal
number of active users can be larger than the number of transmit antennas in the high power
region for some channel realizations, although the maximum spatial multiplexing gain cannot be
larger than the number of transmit antennas.

We then turned our attention back to the MIMO broadcast channel by exploiting the
MAC to BC transformations of the optimal covariance matrices. The (V,1,K) MIMO broadcast
channel with K > N was studied first. We provided an asymptotic analysis of the power allocated
to each of the active users in the limit where the total transmit power increases to very large
values. We were able to prove that only N users are allocated a non-vanishing fraction of the total
transmit power in the high power region, and the other active users are only able to achieve a
constant rate as the power grows to infinity. As a first-order approximation, the optimal
covariance matrices of these N users along with dirty-paper coding completely orthogonalize the
channels among themselves. The first-order approximation of the optimal covariance matrices
shows that each of the N users beamforming vectors can be obtained by a QR decomposition of
the channel matrix between the N transmit antennas and these N users. As a consequence of the
waterfilling solution, the optimal power allocation was shown to be uniform among the N users in
the high power region. This result is valid for any value of N, although it was only previously
known for N = 2 and very large values of N. We were able to derive a first-order closed-form
approximation to the high power sum-capacity of the (N,1,K) MIMO broadcast channel.

We then studied the high power region asymptotic power allocation on the (N,V,K)
MIMO broadcast channel. The MAC to BC transformations of the optimal transmit covariance
matrices were the useful tool once more. We were able to prove by a similar argument as the one
used for the (V,1,K) MIMO broadcast channel that on the (NV,N,K) MIMO broadcast channel only
one user is allocated a non-vanishing fraction of the total transmit power as it goes to infinity, and
the other users are only able to achieve a constant rate. Extensive numerical examples were
provided to illustrate this phenomenon. These examples allowed us to interpret the results and
observe the medium power region. It was pointed out that the high power region asymptotic
regime only starts to appear at very large values of the total transmit power in a lot of cases, so
the medium power region is often of greater interest in realistic environments. In particular, it was
observed that if users are equipped with multiple receive antennas, in the medium power region

several users will be allocated a large fraction of the total power on one or more of their spatial

118

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



dimensions. Finally, we pointed out the specific roles played by dirty-paper coding and spatial
processing.

Chapter IV was dedicated to scheduling algorithms. We based our approach on the results
obtained in Chapter III with the goal of maximizing the throughput. We concluded that
scheduling N users at a time should be a good choice for scheduling, as no more than N users are
allocated a non-vanishing fraction of the total transmit power in the high power region. Thus
allocating power to no more than N active users should be sufficient to achieve the maximum
spatial multiplexing gain offered by the multiple antennas. No fewer than N users are also
required for that purpose as the maximum spatial multiplexing gain is determined by the number
of transmit antennas provided that there is a large number of users to be served by the base
station. Simulation results confirmed our predictions. The goal of scheduling N users at a time
was also justified by a complexity argument, as it should be easier to handle simultaneous
transmission to a limited number of users. Another argument in favour of scheduling N users at a
time came from the envisaged use of sub-optimal transmission schemes whenever dirty-paper
coding is not feasible for implementation issues. Sub-optimal linear spatial multiplexing schemes
that aim at orthogonalizing the channel impose a constraint on the maximum number of users that
can be simultaneously served. This number is limited by the number of base station antennas.
Thus N-user scheduling algorithms are required for such scheémes, and they must perform well
from a capacity point-of-view in order to limit the loss of spectral efficiency. We first focused on
the case where the users are equipped with a single receive antenna. The problem of optimal N-
user scheduling for maximum throughput with dirty-paper coding was related to the problem of
receive antenna selection by a large power argument based on our analysis of Chapter III. We
also proposed a heuristic low-complexity N-user scheduling algorithm based on interference-
avoidance principles. Simulations showed that recently proposed receive antenna selection
algorithms are very efficient and more effective than our proposed low-complexity scheduling
algorithm with the use of dirty-paper coding. We also conducted simulations to study the
performance of these scheduling algorithms in the medium power region.

We then applied the previous N-user scheduling algorithms for maximum-throughput to
sub-optimal linear spatial multiplexing schemes. We observed a change in the relative
performance of the scheduling algorithms based on receive antenna selection algorithms. This
observation justifies the specific design of N-user scheduling algorithms for a given transmission
scheme, as a specific transmission scheme might not exploit the spatial structure the same way a
capacity-achieving scheme does. We also proposed an interference-avoidance transmission

scheme applicable with only partial channel quality indicator at the base station in the form of a
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signal-to-interference and noise ratio feedback from each user. Simulations showed that this
scheme can effectively exploit spatial multiplexing provided that the number of users is very
large relative to the number of transmit antennas. It was also shown that this scheme is
interference-limited in the high power region. We proposed a modified version of this scheme
that copes with the interference limitation by adaptively choosing the number of active users,
which is not anymore constrained to be equal to the number of transmit antennas on each time
slot. We pointed out the relation of our proposed scheme to simultaneous opportunistic
beamforming in the case of slow fading channels.

We then shifted our focus to the case where both the base station and the users are
equipped with multiple antennas. We first reviewed previously proposed spatial multiplexing
schemes and pointed out some of the constraints imposed by these schemes. We then proposed a
spatial multiplexing scheme, called Joint Linear Transmit Receive Spatial Multiplexing (JLTR-
SM), which is applicable with any number of transmit and receive antennas, and which allows to
simultaneously transmit to two users. We proposed an optimized solution with respect to the layer
and power allocation. We analytically studied the high power growth rate and scaling factor of
the sum-rate provided by this scheme, and we showed that it is able to approach the maximum
spatial multiplexing gain in the case of two transmit antennas. We compared our scheme with the
simultaneously proposed Coordinated Beamforming algorithm, and found that both schemes
perform approximately the same in the case of two transmit antennas, but Coordinated
Beamforming outperforms JLTR-SM with more than two transmit antennas, as it is able to
transmit to more than two users simultaneously.

We finally provided simple simulations for proportionally-fair scheduling algorithms,
with the goal of studying basic impacts of using multiple antennas on throughput and delay when
the context is not only to maximize the total throughput. We reviewed the optimal proportionally-
fair scheduling algorithm for simultaneous transmission to several users in each time slot, as well
as some reduced-complexity scheduling algorithms that choose the scheduled users separately
instead of jointly as the optimal solution dictates. We first proposed further complexity reduction
of the power and layer allocation based on the observation of the rate region of JLTR-SM and
Coordinated Beamforming. Our approach was to provide faimess among the users not only
through the scheduling algorithm but also through the specific spatial processing performed at the
transmitter. This approach was justified by the complex interaction between the transmission
scheme and the dynamics of proportionally-fair scheduling algorithms, through the intuition that
complexity-reduction can be achieved by relaxing the optimality of the scheduling algorithm and

the power allocation without a significant loss in performance. Simulation results confirmed our
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predictions, as reduced-complexity schemes often suffered a small performance loss in either
throughput or delay as compared to the high-complexity optimal proportionally-fair scheduling
solution. In fact, the complexity reductions often resulted in improved performance in either
throughput or delay, illustrating the fuzziness of the concept of optimality without clearly defined
quality of service constraints (not considered here as they are out of the scope of this thesis). The
only scenario where reduced-complexity scheduling solutions incurred a significant decrease in
performance was in the case of single-receive antenna users. In this scenario, the spatial
multiplexing schemes considered could only rely on transmit array processing and thus are not

powerful enough to cope with the interference caused by scheduling users separately.

5.2 Contributions and Future Work
Our contributions can be briefly summarized as follows. Our analysis of the sum-capacity

of the MIMO broadcast channel extended the recent information-theoretic results in this domain.
We studied more specifically the optimal power allocation and the optimal number of active users
in the high power region. We demonstrated up till now unknown properties of the optimal
number of active users and the optimal power allocation in the specific context of the MIMO
broadcast channel. In some situations, our analysis allowed us to obtained a closed-form
expression for the sum-capacity of the (¥,1,K) MIMO broadcast channel, or a closed-form
expression of a first-order approximation of the sum-capacity of the (,1,N) MIMO broadcast
channel. We also provided links to other related areas of research, namely receive antenna
selection problems. We pointed out the similarities and differences of these problems with our
problem. Our study of N-user scheduling algorithms for maximum-throughput provided an
original analysis of the problem, and effective solutions were proposed and analyzed with dirty-
paper coding and sub-optimal linear spatial multiplexing schemes. An original interference-
avoidance scheme was also proposed for the case of partial channel quality indicator feedback to
the base station. Simultaneously proposed schemes bear a lot of similarities to our proposed
solution, which is not surprising given the fast pace of innovation in the field of multiuser multi-
antenna systems. We finally proposed an original spatial multiplexing scheme for multiple
receive antenna users that addresses some of the constraints imposed by previously proposed
schemes, although a better spatial multiplexing scheme was simultaneously and independently
proposed. We nevertheless analyzed the performance of these schemes in the context of
proportionally-fair scheduling algorithms with reduced-complexity solutions, and we were able to
point out some important characteristics in the interactions of proportionally-fair scheduling,

multiple antennas, and reduced-complexity solutions. In conclusion, the work in this thesis should
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provide guidelines for the design of systems that aim to exploit multiuser diversity and spatial
processing efficiently, as it broadened our understanding of this problem by pointing out some of

the fundamental properties of multiuser multiple antenna systems.

This work has been partially published in conferences:

D.J. Mazzarese and W.A. Krzymien, “High throughput downlink cellular packet data
access with multiple antennas and multiuser diversity,” in Proceedings of the IEEE Semiannual
Vehicular Technology Conference (VIC’03-Spring), Jeju, Korea, April 22-25, 2003; Vol. 2, pp.
1079-1083.

D.J. Mazzarese and W.A. Krzymiefi, “Throughput maximization and optimal number of
active users on the two transmit antenna downlink of a cellular system,” In Proceedings of the
IEEE PACRIM Conference, Victoria, Canada, August 29-30, 2003; Vol. 1, pp. 498 — 501.

D.J. Mazzarese and W.A. Krzymien, “Linear space-time transmitter and receiver
processing and scheduling for the MIMO broadcast channel”, in Proceedings of the IEEE
Semiannual Vehicular Technology Conference (VIC’04-Spring), Milan, Italy, May 17 - 19, 2004.

D.J. Mazzarese and W.A. Krzymien, “Space-Time Linear Processing and Scheduling for
the Cellular Downlink,” in Proceedings of the 13th IST Wireless and Mobile Communications
Summit (IST 2004), Lyon, France, Vol. 1, pp. 85-90, June 27 — 30, 2004.

D.J. Mazzarese and W.A. Krzymien, “Design Rules for Efficient Scheduling of Packet
Data on Multiple Antenna Downlink,” in Proceedings of the 14th IST Wireless and Mobile
Communications Summit (IST 2005), Dresden, Germany, June 19 — 23, 2005.

The work in this thesis obviously opens more questions than it solves, as any scientific
work would. Some of the future areas of research that could extend the scope of this work have
been identified and are summarized below.

o This thesis mostly assumed the availability of complete channel state information at the

transmitter. However it is in general very hard to obtain in multiuser systems with multiple

transmit antennas. Solutions that aim at achieving a large throughput with only partial
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channel state information feedback are required in order to be applicable in real systems. So
far opportunistic beamforming and limited-feedback precoding have been proposed, but none
of them allows to closely approach the sum-capacity of the MIMO broadcast channel with

complete channel state information.

o This thesis assumed the availability of capacity-achieving codes that were used to provide
adaptive coding at the maximum rate without transmission errors. However, in practice at
best capacity-approaching codes can be used, and in general they are not used close to the
capacity limit but at frame error rates close to 1%. This choice is motivated by the
imperfection of channel estimation and prediction. The performance is then further improved
by the use of automatic repeat request (ARQ) processes. In particular hybrid ARQ (HARQ)
allows for early termination in the transmission of a packet, which is one of the most
important enablers of recently standardized packet-data access systems. Designing HARQ
with simultaneous transmission to several users with jointly achievable rates appears to be
very complex. In particular, what happens after only a few users have achieved a successful
transmission and others require a retransmission? Should new users be scheduled along with
the users that still require a retransmission? If new users are scheduled, how will it affect the
jointly achievable rates for the retransmission? If new users are not scheduled before all
retransmissions are successfully decoded or abandoned, then precious resources are wasted.
This problem did not arise in single-antenna systems with scheduling algorithm, but it should
play an important role in the design and performance of advanced systems with multiple

antennas and scheduling algorithms.

e The performance of proportionally-fair scheduling algorithms depends on many parameters.
A large number of trade-offs had already been identified in the context of single antenna
systems, and more trade-offs appeared with multiple antenna systems. A more complete
channel model that includes time variation caused by the mobility of the users, as well as out-
of-cell interference, frequency-selectivity, and other real-life characteristics of wireless fading
channels would provide more accurate results that could be used to evaluate the gains to be
obtained with multiple antennas and the feasibility of specific transmission schemes and

scheduling algorithms.
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e Some of the more direct questions posed by this thesis are the need for joint proportionally-
fair scheduling algorithms with single antenna receivers, the need for practical dirty-paper
coding schemes, the need for improved spatial multiplexing schemes with only transmitter
side processing with single antenna receivers, and the need for spatial multiplexing schemes
with multiple antenna receivers that do not require complete channel state information at both

the receiving and transmitting ends.
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Appendix A: Classical Waterfilling

In this appendix we give a summary of the optimization problem commonly called
waterfilling. Its early development was prompted by the problem of power allocation on the
frequency-selective channel leading to the maximization of the mutual information [48]. This is a
case of convex optimization that can be solved using Lagrange multipliers [47]. The problem is

formulated as follows:

N
C=, max 2log(l+xa,) (A1)
N
Subjectto Y x, =P and x, 20, n=1...,N, (A2)

n=1
where o7 = 1/e, is the variance of the AWGN on channel number n.

We can determine x, for n=1,...,N from the equivalent problem:

Minimize -'Zvjlog(aj +x,) (A3)

n=l
N
Subject to Zx,, =P and x, 20, n=1...,N.
n=1
We introduce the Lagrange multipliers 1 € R for the inequality constraints and the multiplier v
for the equality constraint. The KKT optimality conditions are [47]:

.

N
an =P,x, 20, n=1...N
n=]
4,20, n=1..N
d A4
= -4, +v=0, n=1....N
o, +X,
4., =0, n=1...,.N
Solving this system leads to the waterfilling solution:
1 ., 1
——~0,, V<—5
v o)
X, = 1 (AS)
0 v>—
o,
Where v is determined by
N 1 R
> max (0,——0‘;] =P. (A.6)
n=l v
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The particular solution in the high power region is that all channels are allocated power such that:

ZZ;(— -0, ) . (A.7)

1 P 1

So —==—+=>"0". A8
AR O (a8)
So X —£+ii(az-az) n=1..,N (A9)
=y tylel-er), n=l N :

L (P11 1&4
So C=) log| ——+— L. A.10
Z,: g(Ncr; N%GJJ 10
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Appendix B: Closed-Form Expression of the Sum-Capacity on the
2,1,K,) MIMO BC

The expression given in (3.20) is proved here. We start from the expression of the sum-

capacity by considering only the X, active users:

C= 1og[1+zp,|]h|| —pTMp) (B.1)
We recall the definitions:
n T
s=[lnf ... Il P] (B2)
M -1

[ =[ }=—d>"b ®4)

The all-ones column vector of length K is defined as 1, . We express:

HEHI

T K ,
So vP=[p:' b—Zpi A
v i=1

Mp-vl,
Moreover b=—|:_1‘11; _IK}[pJ { "ZP: }= [Mp__;lle (B.7)

P| =Y plhlf +vP (B.5)

X " K ,
=(-0"8) 6-> plnf =-s"0"5-2 oIkl B
i=1 =l

i=]

R XA 1M N R ey I

i=]

b’ 'b=b"(07b)= [M” vl } [p" V] =[r v][M” vk ] p"Mp—vP —vP (B.9)

b'®'b=p"Mp-2vP=p " Mp- 2(—1;’(1)"1; - zK: A ||2) (B.10)
i=]
1 Toa-lz 1 T X 2
And —-2—b ()] b—Ep Mp+ pi A (B.11)
i=]
Thus C= log(l + é A “2 + % pTMp) =log (1 ——;—brd)"b] (B.12)
i=l
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Appendix C: Geometric Interpretation of Power Allocation on the
(2,1,3) MIMO BC

C.1 Definitions

We can define unambiguously the angle § between two non-zero vectors X and y in C”

by [7]:
cos€=|<l',v;—x)|”2, 0<g<Z (C.1)
{x.x)" (5.5} 2
Thus we define the angle 8, for 1<m,n <3 such that
M., = |1, (1-cos’6,, ) =] [ |&, sin* 6, (C2)
Without loss of generality, we assume in the rest of this appendix that
O<|ihj<
<<l .
0.< ]| <
Define the angles 512 and 9',3 unambiguously on [0, z/ 2] such that
sin(4,, )= "—h'-—z-sin(eu) (C4)
2
512 [IAf
sm(913 ) = =sin(6;;) (C5)
2|
On the (2,1,3) MIMO BC we have:
0 M 2 M 13 -1
M 0 M, -1
o= " > C6
M, M, 0 -l (©8)
-1 -1 -1 0
We can then express the following determinants:
det® =detP,, —detd, , +detd,; (€7
det¢4.1=M23(M23"M12—M13) (C.3)
det®,, =-M,;(M; —M,, - M) (C.9)
det®,; =M, (M, ~M,; ~My;) (C.10)
Thus det®=(M,, ~ M, ~M,,)’ —4M M., . (C.11)
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If all users are allocated power at the sum-capacity with total transmit power P, the power

allocation is expressed by (3.14). We rewrite it as:

= M (M23 -M, _Mls) z (_l)k ”hk "2 detd, ,

P k=1
b detd * detd
> (—1) ||} dete
_ M (M-M,, —Mzs)P_kZﬂ( * ‘2 (C.12)
: detd det® '
> (1) [} detd
p3=M12(M12_M13_M23)P+kZ=1( * k3

detd detd

We have seen that we can rewrite these inequalities as a system of inequalities on P as in
(3.16), (3.17), (3.18). If this system of inequalities is not feasible then all 3 users are never
allocated power simultaneously on the (2,1,3) MIMO BC. Thus at most 2 users are active
simultaneously. We know that on the (2,1,2) MIMO BC one user is active in the low power
region and then both users become active when the total transmit power is increased [5].
Therefore it is not possible that the 3 users be active in turns at some point when increasing the
total transmit power without being simultaneously active. Thus if the system of inequalities on P
is not feasible then one of the 3 users is never allocated any power. In this appendix we

characterize the situations where the system of inequé.litiéé on P is feasible.

C.2 High Power Threshold Condition
For this condition to hold, all the factors of P in (C.12) must be positive. Note that since

M 20,V(3,/), it is impossible that two of the three terms M,, —M,, —M,;, M,; —M,, —M,,
and M,,-M;—M,, be positive simultancously. Thus this condition never holds when

det® > 0. Consequently we need:
(C.13)

Or equivalently

M23 (Mzs _MI?. —M13)+M13(M13 _sz _M23)+M12 (Mu _MIS _M23)<0
-M;<0
-M,; <0
-M,, <0

23 1

My, -M,
2 (C.14)

Ml3 _MIZ

M,~-M

12 13

Or equivalently
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My <M, + M,

M,<M,+M, (C.15)
M,<M;+M,
Using (42):
I | || sin® 6, <||a || sin® 6, + &' | sin® 8,
|| ||| sin® 6,, <[}l || sin® 8, + || | || sin® 65 (C.16)
Il | sin® 6,, <[ | [ sin® 6 + ||| || sin® 6,

Dividing by ||| we obtain the necessary and sufficient condition for the existence of a
high power threshold above which all users are allocated power at the sum-capacity of the (2,1,3)
MIMO BC when 0 <|/i] <k and 0<|h|<|k] :

sin®6,, <sin’ @, +sin* g,

sin®@,, <sin’ g, +sin’ 4, (C.17)

sin® @, <sin® g, +sin’ G,
As a particular case, when the channel vectors are real, the angles 6, represent the true angles
between the channel vectors in the Euclidean plane. If we further assume that
0 <.||lx, I - || <|l#]| then 8 =6,; and the condition becomes: o

lsin2 8,, —sin* 6?13| | < sin’ @, +sin’ 6,
P 0] )
sin® 6, [l sin” 4,

(C.18)

Note that the angles between the channel vectors in the real case are not independent. In fact, only
four possibilities exist for the relationship between these angles:

(@) 6, =65 +0y

®)  6;=6,+0,

() Oy =6,,+6;

) 6,+6;+0, =71

(C.19)

For example it is easy to prove that if 0<“h1 ||=||h2 ||=||I:3|| then (C.18) can only be true if

6,, +6,; +6,;, =7 , or in other words if the sum of any two angles is larger than z/2.

C.3 Non-Monotonicity Condition
Without loss of generality, we assume that users 1 and 2 are active in the high power

region, but not user 3. We want to characterize the situations when user 3 is active in some finite

interval of power values. From (C.12) we formulate the conditions such that p, 20,i=1,2 in the

137

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



high power region, and p, 20 when P is less than some positive value. We want a system that

looks like:
b >y,
P> (20

JZRN 6
With
;>0
{y/s >y, (C21)
Y >y,
Where

2 2

[ ~[.

(
(1

|

2)(M13 M)+ My (Ih‘ [ 2)+M23(
My (My - M, - M)

s 8) 0 B A F )2 e
M (M -M, - M,

(I = )1~ )+ 0, (s = ) s

Mlz(M13 -M; —MB)

-l

¥

2 2

i

|,

) (C22)

)

2=

2

|,

h,

¥,

To satisfy (C.20) we need:

detd
4.1 S 0

det®d
det®,,
=<0

detd
detd
€l 4.3 <O

det®

(C23)

Thus we need either

[ det®>0
detd,, >0

ldeto, , <0

(det®,; <0

(C24)

Or

[ det® <0

det®,, <0
\deto,, >0
|det®, ;>0

(C.25)

138

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Using (C.8) and (C.9), we see that the second and third inequalities in (C.24) are not
feasible simultaneously since the terms M,, —M,, —M|; and M,; — M, — M ,, cannot be positive

simultaneously. Thus we need det® < 0. In this case we can show that:

detczs[(llh3 il )2, + (sl - ) M
e i (C226)
det®, detd, ,
det ([~ ) M-+ (I - o,
e (0 s U ) can
—det®,, det P,
3 k 2
2 (-1) ] dets 5y 2
And v, =4 detd - Wsde(ty;+y/-) =
43 4.3

The first inequality in (C.21) is true whenever the second and third inequalities are true due to
(C.28) and det®, ; >0 from (C.25). Thus we can reduce (C.21) to:

(C.29)
v, >y,

We can rewrite (C.25) and (C.29) using (C.8), (C.9), (C.10), (C.11), (C.26) and (C.27) as

{‘/’3 >

(MIZ —M13 ‘jt’lzs)2 <4M13M23
My —-M; <M,
My —My <M,
3 M +M,, <M, (C.30)

o<(l [ =l )My, + (ol -l )0
O< (sl [l e + ([~ )01
We note that the second and third inequalities are true whenever the fourth inequality is true since

M,;20,9(i, /). At this point we notice that if |i| <&, and |[&] <|f] then either the fifth or

sixth inequality in (C.30) cannot be true. Thus user 3 cannot have the smallest channel vector

norm. We can now use (C.3) without loss of generality. We then divide all remaining inequalities
by |l || to obtain:
'(sinz 8,, —sin® 8, —sin’ 923)2 <4sin® @, sin’6,,

sin® g, +sin’f,; <sin’ G,
i sin® < (s -
| )sin® 6, < ([ .

-2 2 (C.31)

(1
(e

2\ .. 2
)sm' 6,

2 -

2 . 2
)sm‘ 6,
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Or equivalently

2

sin® @, +sin’ 8,, <sin* G, < (siné’,3 +sin 03)

(] - " )sin® 4, < (] - e[ sin (C32)
(1l =1 Jsin® B < (I =[P sin &
Note that a necessary condition is
sin® 8, +sin’ 6,; <1 with ;,8,,€[0 7/2]. (C.33)
Or equivalently
0<8, +8, <7/2 with §,,6,,€[0 7/2]. (C.34)

Another necessary condition is that "h1 |l = "h;,": |[lz3 |] be false.

In the case of real channel vectors and 0 < [Ih, " = ][h._, ][ < ]]113“ , the necessary and sufficient condition

becomes

sin® 6, +sin* 6y [l _(sing), +sing, :
sin® 6, || sin6,,
0, =6,;+6,,<7[2

(C.35)
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Appendix D: Asymptotically Optimal Power Allocation on the MIMO
BC in the High Power Region

D.1 Goal and Summary
This section presents the proofs of the asymptotically optimal power allocation on the

MIMO BC in the high power region. The optimality refers to achieving the sum-capacity. The
proofs are given separately for the (N,1,K) MIMO BC and for the (N,N,K) MIMO BC. Our
goal is to characterize the number of one-dimensional channels that are allocated a non-vanishing
fraction of the total transmit power in the limit where the total transmit power goes to infinity. In

the particular case of the (N LK ) MIMO BC this reduces to studying the asymptotically optimal

number of active users. We prove that the number of one-dimensional channels that are allocated

a non-vanishing fraction of the total transmit power is equal to N on the (N,1,K) MIMO BC and
also to N on the (N,N,K) MIMO BC.

Moreover on the (N,1,K) MIMO BC, we prove the orthogonality of the optimal

covariance matrix of user j on the BC with the channel matrices of the users that are allocated an
asymptotically non-vanishing fraction of the total transmit power on the MIMO BC and that are
encoded prior to user j using dirty-paper coding, where user ;j is itself allocated an asymptotically

non-vanishing fraction of the total transmit power on the MIMO BC. This result implies that on
the (N .1,K) MIMO BC, in the high power region, the combined action of dirty-paper coding and
of the asymptotically optimal BC covariance matrices completely diagonalizes the channel

among the N users that are allocated an asymptotically non-vanishing fraction of the total transmit

power. We can consequently derive a closed-form expression of the asymptotic sum-capacity of
the (N,1,N) MIMO BC in the high power region.
On the (N,N,K) MIMO BC, we prove that in the high power region, only one user is

allocated a non-vanishing fraction of the total transmit power, as long as its channel matrix is full
rank. Other users are allocated either a non-zero but vanishing fraction of the total transmit

power, or no power if they are allocated no power on the dual sum-power MIMO MAC. In

general on the (N M, K ) MIMO BC, we conjecture that only N one-dimensional channels are

allocated a non-vanishing fraction of the total transmit power in the high power region, and these

N one-dimensional channels belong to the K' users that are encoded first by dirty-paper coding
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such that these users are allocated a non-vanishing fraction of the total transmit power on the dual
sum-power MIMO MAC and 3¥ M,SN<3E M

k=K-K'+2 =K-K'+17 Kk *

D.2 Definitions and Notation

Background
This section summarizes the MAC to BC transformations introduced in [6]. We consider

the same encoding and decoding orders as in [6] and we use the MAC to BC transformations to
obtain the optimal covariance matrices on the MIMO BC in order to achieve the sum-capacity
and the same rate vector as on the dual MIMO MAC. On the MIMO MAC, the decoding order is
the following: user I is decoded first, user 2 is decoded second, and so on until user X is decoded
last. The same rate vector is achieved on the MIMO BC using the covariance matrices obtained
with the MAC to BC transformations when user 1 is encoded last, user 2 is encoded second to
last, and so on with user X being encoded first.

The channel matrix of user j is H; of size M;x N . The optimal covariance matrix of
size M, xM, of user j on the MIMO MAC is P,. It does not depend on the decoding order

chosen on the MAC. The rate achieved by user j on the MAC is:

. 4 K

1+ 3 (B EH,)
i=j

I, + i (H,.'P,.H,.)‘.

i=j+

R =log (D.1)

The MAC to BC transformations give the optimal covariance matrices for the MIMO BC such
that each user achieves the same rate as on the dual MIMO MAC. The optimal covariance matrix
of size Nx N of userj on the MIMO BC with the given encoding order is [6]:

T 12 p-1f2
X, =B;"A"PA"B"", D.2)
where A}/szA}/z is the covariance matrix on the flipped channel that achieves the same rate as

the covariance matrix A/°P.A/> on the effective channel B;?H;A;"*, where the flipped

channel is defined as (B;'/ 2H;A;'/ : ) . 4; and B, which represent the interference experienced

by userj on the BC and on the MAC respectively, are defined as follows:

i=1

i)
A=1, +H, (Zz,)yj. (D.3)
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K
B,=I,+) HPH,. (D.4)

i=j+1
The BC covariance matrices can be expressed explicitly as:
_ p-if2 - 42 /2 “n-1/2
Z, ‘BjI F,G,A"PA"G,F,B;". (D.5)
Using the SVD of the effective channel:

Y2 g 4-Y2 .
B;"H A" =FAG,. D.6)
The left hand-side of (D.6) is the effective channel and the right hand-side is its singular value

decomposition. F; and G, are unitary matrices, and A, is a square diagonal matrix of size
max(N,M ).

The rate achieved by userj on the BC is:

L, +2(H,2‘.‘,.H;)

i=1

BC
R =log

(D.7)

j=1 . )
Ly, +Z(Hj£iHj )‘

Definitions and Notation '
We introduce new definitions and notations that will allow us to prove our claims. Let

p; =tr(P) be the power allocated to user i at the sum-capacity of the dual MIMO MAC. Itis a

function of the total transmit power P. Let r, = p,/P represent the fraction of the total power

allocated to user i on the dual sum-power MIMO MAC.

For the sake of simplicity, we choose to eliminate from the channel the users that are not
allocated power in the high power region on the MIMO MAC. Obviously from the MAC to BC
transformations we see that they would not be allocated any power on the MIMO BC either. Thus
we do not need to consider them in our analysis. We consider only the users that are allocated

some power in the high power region of the MIMO MAC thus },imr,. >0 forall i=1....K.

Hence the new channel we consider is the (N,Mk,K ) MIMO BC where all users are

asymptotically active on the MIMO MAC. In other words, p, #0 for all i=1,...,K as the total

transmit power P tends to infinity.

More specifically, assume that user i is allocated a non-vanishing fraction of the total

transmit power on g, eigenmodes. Let 4 (P)2...2 4, (P) be the ordered eigenvalues of P,.

143

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Thus g, is the number of eigenvalues whose ratio to the total transmit power P does not vanish to

0 as the total transmit power P increases to infinity. Let

A, (P,.)=IMP, (D.8)
such that:
Il,im L ,>0,m=1,...g (D.9)
Limli_m=0,m=g,.+l,...,M,.. (D.10)
A (P
Thus Lim#:O, Vm=g, +1,....M,. (D.11)

& ..
As a consequence le r.=lim Y/, . Let the eigenvalue decomposition of P, be:
—p00

Pow g
P =11, (D.12)
where II, = diag(/ll (B)seerdg, ( ,)) and Z/ is a square unitary matrix of size M, xM,. Let u, ,

be the m-th column of Z¢. Thus:

(D.13)

D.3 Proof for the (V,1,K) MIMO BC

Problem Statement
In this section we prove that only N users are allocated a non-vanishing fraction of the

total transmit power on the MIMO BC when the total transmit power goes to infinity, provided
that K > N.If K <N then obviously all the K users will be allocated a non-vanishing fraction of
the total transmit power in the high power region. This can be deduced from the following proof
in a straightforward manner so we do not explicitly treat this case. In order to prove this

statement, we show that:

()
lim =0 if j<K-N. (D.14)
Pox P
_u(z)
Je >0 such that Pm——};—>£ if i >K~N. D.15)

Optimal BC Covariance Matrices
In the particular case where M, =1 for all k=1,...,K the optimal covariance matrices on

the MIMO BC obtained from the MAC to BC transformations can be expressed in a more
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compact way. This expression was already used in the particular case of uniform power allocation

on the dual MAC in [45]. We derive it here for a general MAC power allocation. We prove that
B'H H B}
J J Hj B; Hj J
The SVD (D.6) in this case is not full-rank, thus one has to be careful in deriving the optimal
covariance matrix on the flipped channel H', and subsequently the MAC to BC transformation

formulas. Here we specifically derive the MAC to BC transformations for the (N,1,K) MIMO
BC.

We first prove that if P is the power allocation on a given channel H of size N x1, then
the covariance matrix that achieves the same rate on the flipped channel is:

P
O=F .. F. (D.17)
0
F is the unitary Nx N matrix in the SVD of H given by H=FAG . A isa Nx1 vector, and
G =1. Moreover A;["H[[ 0 - 0]7.

To see this consider the channel capacity of the original single transmit antenna channel

with transmit power constraint P:
C=log|I, +HPH']=log(l+P||H||2). (D.18)

The channel capacity of the flipped channel H~ with transmit covariance matrix Q of size NxN

such that (@) =P is:

Cipea =log(1+ H'QH ). (D.19)
Using the SVD of H we obtain:
Cpoma  =log(1+GA'F'QFAG")
=log(1+ A F"QFA) (D.20)
=log(1+AUA)
U=F"QF so Q=FUF".Hence C=log(1+|H|"x,) where U=diag(, ... u) is required

to maximize the mutual information, thus to achieve the capacity (this follows from Hadamard’s
determinant inequality as shown in [4]). Moreover tr(Q)=tr(U)=P and obviously u, = P thus

u, =0, Vi=2,...,N . Thus the optimal transmit covariance matrix on the flipped channel is:
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Q=F . F. (D.21)

We now apply this result to the effective channel B;?H’A4:"* of size N'x1 where the power
allocation is given by A)>P, 4 , which is a scalar for the (N,1,K') MIMO BC. Thus we have:
V2 p 12
A" P4,
APPA” =F _ F’, (D.22)
0

where B;""H,A;"* = FAG" . Thus FA=B;"H A;" since G =1. Using (D.2):

/2 /2
AP
2 0 - 2
Z,=B;"F F'B?. (D.23)
0
Moreover notice that:
"BJ—I/ZH;AJ—]/Z l'
A = o . (D.24)
0
AlPpAr L
Thus ; =WB;’/-FAA F'B;". (D.25)
J J4J
A}lzP,A]/Z 2 2 g 412 2 e 4-Y2Y p-12
So LB (B;"H,A;")(B;"H,4;"*) B;"*. (D.26)

-1 =12 p-12 7" -2 p-1/2
Aj BJ' Bj Hj HJ'BJ' Bi
-2 12 -2 gr” 4-2
A;""H B;""B;""H A

And z,=(4PPAY)

J

(D27)

-1y -1
" —- Bj HiHiBi
Finally X = Pj_—_H H A;. (D.28)
Vet B

Proof by Induction
Tr(Z j) is the power allocated to user j at the sum-capacity on the MIMO BC with the

same rate vector as on the dual sum-power MIMO MAC. We study the asymptotic behavior of
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tr(Z.) as P increases given the encoding order X to 1 for dirty-paper coding on the MIMO BC

J

for the active users. Note that with single-antenna users A; and P; are scalar, with P, = p,. We

can see that:
tr(B;'H H B H B’H
tr(Z;)=P4, (2] L2t )=rAPAA’—’I—{-. (D.29)
T HJ'BJ' HJ' T HJB; Hi
K - K L]
And that B, =I,+> HPH,=I,+P) rHH,. (D30)
i=j+1 i=j+l
Consider the eigenvalue decomposition:
K
> rHH,=U,D.U,. (D31)

i=j+1

Where U, isan Nx N unitary matrix, and D; is a square Nx N diagonal matrix. Since 7, >0
for every j=1,...,K and rank(H;H,.)=1 , we can conclude that D, is full rank N almost surely

when K - j2>N, otherwise its rank is K — j almost surely at all values of the total transmit

power in the high power region, in particular as the total transmit power goes to infinity. Let

D, =diag(d;, - d;x; 0 - 0). (D.32)
Thus limd; >0, Vi=L...,K . (D.33)
N | -1 .
Then B} =(I,+PUDU;) =U,(I,+PD,) U,. (D34)
HU (I,+PD ) UH’
And tr(Z;)=r,PA,— Iy + PD,] U;H (D.35)

"HU,(1,+PD)' UH,

Consider the Ix N vector H U, with elements (H U, )’I for n=1,...,N . We then express:

=e)(HU)[ & .
L HU,
w(Z;) Zx (1+Pd.")‘+n=m%,)+.l( ),
Si=nd, 0 (D.36)
m"k(bl) (HjUj),, . i I(HU) 2
n=1 1+de.n n=rank(D; }+1 7
So
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ZN: (HJUI )n
A L(H_Pdf_)_ if j<K-N
4% 2 =
z”: (#,0,),
r(Z,) S 1+Pd,,
> = ( ) , . D.37)
ki [(H.U,; N 2
s Y |(HU),
4 ey (l-i-de'") n=K—j+1 FisK-N
i o (H U ) 2 ; J
i%ila s 2
L "Z:l 1+de.n +n=Kz_j+1|(HIUJ' )n
With
1+Hj(i_12,.)1{; ifj<K-N
4,= o . : (D38)
1+H,[ZZ,JH;+HJ( > z,.JH; if j>K-N
i=l i=K-N+1
We prove the statements of (D.14) and (D.15) by induction.
- Induction Proof Part 1: Proof for User j =1
( i (#,0, ),, ]
= (1+Pd,) ,
f——t if N+1<K
i (HU, )
tr(::) =1 n=l 1+Pd1.n ; (D.39)
& (HjUj),. i (H U ) r
-+ U.
m(1+pd,) & T _
n 7o) | FN+1>K
K-l U. N 2
L 2 1+jP:11n +:§‘<|(H’U’)"

Note that (H ;U; )n #0 almost surely, because there is no relation between H; and U; since U;

K
comes from the SVD of Y rH;H, .

i=j+1

. tr(g]) 0 ifN+1<K
Hence fim—> ‘{ymr,>o FN+1>K (D-40)

Thus we see that if K > N +1, the fraction of the total power allocated to user 1 asymptotically in
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the high power region is zero, even if },imri >0. On the other hand, if K< N then user 1 is

allocated an asymptotically non-zero fraction of the total transmit power.
If N+1>K then the proof continues directly in part 3 of the proof. Otherwise if

N +1£ K the proof continues in part 2.

Induction Proof Part 2: Proof for User j < K- N
Induction hypothesis for all i such that 1<i< j:

tr( 2,
}’im—(Pi=0 for i<K~N and Vi=1,...,j-1. (D41
We have proved it for i =1 in the previous section when N +1<K .

Let 1< j<K—N then D; is full rank almost surely and thus:

(&)

N

N (HjUj)n
r(Z;) A Z, dz,
P Z": (HJ'UJ),, )

n=l jon

~

(D.42)

l
S
XY

Moreover .

i1
A =1+H, [Zz,)ﬂj

i=1

j=1
=tr(l+HJ( z,.JH;J
=l (D.43)
j=1
=1+ Y w(H,5H))
i=]
-1
=1+Ztr(H;szi)
i=]
From (D.28) we see that rank(Z,)=1 for all i, thus Iv,eC*¥/Z, =v]v,. Thus using the

properties of the trace and Cauchy-Schwartz’s inequality:

w(dH, 5 )= (vl H ) =B ) <|B ) =B ().  ©
Thus A =1+H, (EEJH; 51+||Hj||2iz_‘:u(2,.). (D.45)
i=l i=]
Using the induction hypothesis (D.41) we conclude that
A
}1:131& - = 0. (D.46)
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Then from (D.42) we prove that

limﬂ=0. (D.47)

P P

Proof Part 3: Proof for Userj> K- N
Let j>K - N . Starting from (D.37) and using 4, 21 we find that:

E(_{Jl ~ Ar,2r,. (D.48)

P P J

Using the hypothesis that }’im r, >0 we conclude that
(Z,)
P

We have thus proved that only N users are allocated a non-vanishing fraction of the total

lim

Powx

2lim7 >0 for j>K-N. (D.49)

transmit power asymptotically in the high power region on the (N,LK ) MIMO BC when

K > N, and these users have index j=K - N+1,...,K with the specific encoding order that we

considered.
Orthogonality Property
We prove fora given j>K — N that:
’l,im HJ.Z,.H; =0 forallisuchthat K-N<i<j. (D.50)
. . A
And at the same time that lim—£+=0. (D.51)

Pox P

This result tells us that asymptotically in the high power region on the (N,1,K ) MIMO

BC, the optimal covariance matrix of user i>K —N on the BC becomes orthogonal to the

channel matrix of userj for all j>i. In other words, the optimal transmit covariance matrix of

user i > K — N becomes asymptotically orthogonal to the channel matrices of all others users that
are allocated an asymptotically non-vanishing fraction of the total transmit power and that are
encoded with dirty-paper coding prior to user i.

The fact that 4, does not grow with P but that it converges to a constant as P increases is

intuitively obvious otherwise tr().' j) in (D.48) would increase faster than P, which could

contradict the power constraint.

We first need to prove the following lemma:
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Lemma: Vj=i+l...,K and n>rank(D,): (H,U;) =0. (D.52)

K
The proof is as follows. Recall the SVD (D.31): Y. r,H;H,,=U,DU; .

j=i+l

Thus D, = ZrU H H U, , which has rank xmn(K—i,N).Weexpress for j2i+1:

Jjmivl s
HU,(I,+PD)" =

(HjUi)l . (HjUi )mk(p,) jUi) (HJU,-) (D.53)

1+ Pd; 1+ Pd, o0, mnk( D, )+1 N
So IH U,(I,+PD)'U; 2=mff")-l(H!"—U")"—2+ |HU | (D.54)

Frees ' ' =l (1+Pd,._" )2 n=rank(D, )+1 )
The second term is equal to zero due to the SVD. We get directly:
di.l
fr,(HU)(HU) D, (D.55)
J=i+l ' di,rank(D,)

0

K
The diagonal element (n,n) is d,, er (8,0,), ] , which is equal to 0 if 7> rank(D, ). Since

Jj=

it is a sum of positive elements and r; >0 for all j, then all the elements must be equal to 0 if

n>rank(D,). Thus (H,U,) =0 forall j=i+l,...,K and n>rank(D,).

a
Letj and i be given such that K ~ N <i< j. We start by using (D.28) and (D.34) to find:
HZXZH, =—Iﬁ—-H B'H HB'H,
HIBI H}
A (D.56)
-1 - . -1 . -
—m[ﬂ U (1, +PD,)" U H;RU,[(1,+PD)" U H; |

_slmo)f |

i I(H,.U,. )ﬂl2 to get:

We use (D.52)and H.B'H; =
n=t 1 + Pd n-rank(D, 1
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-1 _ (HjUi), (HJU" )mnk(D,)

HU(I,+PD)" = i P . (BU) e = (BO),
o) o,
1+Pd;, 1+ Pd; oy p,)
(D.57)
And
HXH, ~ rPA4; c 1 cr A, (D.58)
Ji<i fp—mmnk(D,)I(HiUi) 2 N , P? Poa P i I(HU) |2 .
n=1 I+Pdi." "=M§D‘)”I(}Ija)" n=rank(D, }+1 totam

Where c is a constant that does not depend on the power P.

We only need to prove that }ljm%=0 for i>K—~N. We now prove this result by

induction. We already proved it for i< K- N in (D.46). Nowlet j>K —-N.

Induction hypothesis: },im % =0 forall i< . (D.59)

A,
We need to prove that },im 7;- =0.

Using the induction hypothesis (D.59) and (D.58):
limHI.Z,.H;=0 forall K-N<i<j. (D.60)

P

Using H,Z,H; <|H [ w(Z,) and (D.14):

limHj—ziH',:O forall i<K—-N. (D.61)
Poox P J
Thus

.1 1 &Y . .

lim =4, = LL‘EF(“ Z} HZH, +i=l§”11jz,.f1jj =0. (D.62)

Thus we have proved (D.50) and (D.51).

The channel is completely orthogonalized by the joint action of dirty-paper coding and
the optimization of the transmit covariance matrices to achieve the sum-capacity of the MIMO
BC. To see this, we recall that the rank of the optimal covariance matrix of any user that is

allocated non-zero power is equal to one when the users are equipped with a single receive

antenna. rank(z.'j)=l since M ; =1 so we define v, eC™ suchthat £, =z vy, "vj":l, and
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we define 7z, 20 such that tr(}: j) =7, . The vector v; is the beamforming vector for user at the

transmitter. The orthogonality property can be restated such that for a given i > K —N we have:
lim H v; =0 forall j such that K - N<i< .

P
Thus the signal of user i is beamformed at the transmitter orthogonally to the channels of all users
that are encoded after it by dirty-paper coding, asymptotically in the high power region.

Asymptotic Sum-Capacity and Power Allocation
Note that if ;, =0 for j< K — N then only N users are allocated a non-vanishing fraction

of the total transmit power P asymptotically in the high power region on the MIMO MAC, and
the same N users are allocated a non-vanishing fraction of the total transmit power asymptotically

on the MIMO BC. These fractions are then the same on the MIMO MAC and on the MIMO BC

since in this case },i_{g A; =1, due to the limit (D.48).
Moreover, the rates achieved by each of these N users are asymptotically as a first order
approximation, using (D.7) and (D.50):
lim R7 = log|1,, +H 2 H|. (D.63)
As a consequence, we can solve for the asymptotic value of the sum-capacity of the (N,1,N)

MIMO BC in the high power region in a simple way as follows.

sum

N N
fim 2 = 2 lim R = _le"g"'w, +H ,szj| . (D.64)
Jj= J=
The sum-capacity optimization can be reformulated as:

N
- BC ~ - -
lim G- ~ max leog(l +7,Hyy H;)
Vpe¥y 4T

N
Subject to erj =P and 7;20, j=1..,N.

J=l

And foreach j=1...,N: Hv;=0,Vi> j and || =1. (D.65)

It is obvious that for a given set of {7[,,...,71',,} the argument is maximized by individually
optimizing each vector v, under the orthogonality constraints. Define the matrix
H,. =|:HJ'.¢, HN] of size (N-j)xN. We need v; to belong to the null space of

H .. Consider the SVD H ., =W, D,V

J JH1V 1T jel 2

where W, is unitary of size NxN,and V;

+1
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is unitary of size (N-j)x(N-j). Thus H,, H, ., =W,D; W

JHUT T j12

with

DJ‘” -diag(O .0, d;,,,,...,d ) Define W, ; as the Nx j matrix composed of the first j columns
of W,,. For any xeC"" that belongs to the null space of H ., we can define peC"

uniquely such that x™ =W, u".

We can thus find the optimum v; as:

2

v; —aromax“I-I x

Cl N
Subject to ||x| =1 and x belongs to the null space of H ... (D.66)
We rewrite this problem as:
Such that g, argmax"H W.nu ||
neC™
Subject to [|u]|=1. (D.67)

Invoking Weyl’s theorem [7], #; is the eigenvector of H W, .associated with the largest

eigenvalue. Since H W, isa 1x j vector it is straightforward to conclude:

H W, (D.68)
ClEm
o W, WLH,
and (D.69)
Tl
Consequently Hyyv H; =||H W "2 ; (D.70)
Thus (D.65) becomes:
}gl_rgc"c log(l 7 "H ,:,.”2)
I
Subject to ZN:nj =P and 7; 20, j=1...,N. (D.71)

j=t
This is a classical waterfilling problem, and in the high power region the solution is given by

(refer to Appendix A):
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N

P 1
7, =5 _Z . D.72)

tn "H JWlu‘Hz
lim C;i = ilog 1+%"H || "H " (D.73)
=
Or equivalently lim CZ = Nlog (P THWT J-&- Zlog("[{ "2 ) — NlogN . (D.74)
l

We also note from (D.72) that the optimal power allocation in the high power region is
asymptotically uniform among the N users, which is valid for all values of N. This result was
known for N =2 [5] and it could be deduced for large values of N from (D.48) and [45], where
the authors proved that uniform power allocation is optimal on the dual MIMO MAC of the
(N.1,N) MIMO BC as N becomes large for any P.

The vectors obtained in (D.69) are such that we have performed a QR decomposition [7]

of the matrix H. Let V =[vl vN]. It is obvious from the constraints in (D.65) that HV" is
upper triangular. Moreover from (D.69) we see that v; belongs to the null space of vectors H
to H, and it beloﬁgs ;o the space spanned by H . Thus for any i<, v, belc.mgsvto the nuil
space of H; and v, belongs to the image space of H ,, thus v, and v, are orthogonal. Since they

are also normal, then we can conclude that V is a unitary matrix, and we effectively obtained a
QR decomposition of the channel matrix as H = RV, where the unitary matrix is one the right
side of the multiplication.

These results on the limit rates and sum-capacity are valid as a first order approximation
since our results are asymptotic in the study of the ratio of the optimal covariance matrices to the
total transmit power. Thus one must be careful in concluding that the above expressions are tight
to the sum-capacity asymptotically in the high power region, but they are not equal to the limit of

the sum-capacity. A more detailed discussion can be found in Chapter III.

D.4 Proof for the (V,/V,K) MIMO BC

Problem Statement
In this section we prove that only N one-dimensional channels are allocated a non-

vanishing fraction of the total transmit power on the MIMO BC when the total transmit power
goes to infinity, and these N one-dimensional channels all belong to the same user, the user that is

encoded first by dirty-paper coding.
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The proof is made of several parts. We make the following two assumptions on the
asymptotically optimal power allocation on the dual sum-power MIMO MAC:

1. rank(H.)=N

2. lim tr( P ) =a;*“P where i #0 isa constant
>0

We then prove sequentially in the next section that:

.1
}l’l-»n}oFEK —J—V'IN .

- limltr(zl) =0.

Poyx P

. . .1 .
= And by induction: }1}1_1&73-&(2].)=0 for j=2....K-1.

Thus we will have proven that asymptotically in the high power region, only one user is allocated
a non-vanishing fraction of the total transmit power, as long as that user is allocated a non-
vanishing fraction of the total transmit power on the dual MIMO MAC and its MAC covariance
matrix is full rank. This phenomenon occurs beyond the point where the total transmit power
reaches some threshold that corresponds to the moment when user X starts being allocated a non-
vanishing fraction of the total transmit power on all its N eigenchannels due to the properties of

waterfilling.

Proof

Proof Part 1: Asymptotically Optimal Covariance Matrix of User K
The optimal covariance matrix of user K, which is encoded first, is given by (D.5). It can

be rewritten as
2, =F,.G AP AlG,F,, (4.75)
K- .
where Ac=I, +H, (ZZ,.]HK. (4.76)
i=1

The rate achieved by user X on the MIMO BC is given by (D.7). It can be rewritten as in [6] with
My=N:

R =log|l, + AL H Z Hy|. (D.77)

Given the constant interference Ay created by users 1 to K-1 when their optimal covariance
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matrices are fixed, and given that user K does not contribute any interference to users 1 to X-1

because it is encoded first by dirty-paper coding, the optimal covariance matrix X', of user K can
be found by maximizing RgC subject to the power constraint tr{Z, )=tr(4,F) asymptotically
in the high power region. Since only semidefinite positive matrices are involved in 4, , we know
that tr(Zy )2 tr( Py ), thus the power constraint grows to infinity as P grows to infinity due to the
assumption. The effective channel of user K is HyA;". Its SVD is Hy A" = F A,G} . From

single-user MIMO channel capacity theory we know that uniform power allocation across the N
eigenmodes of user K is asymptotically optimal in the high power region so the asymptotically

optimal covariance matrix is:

lim %zx =G, [“—ffc—IﬂJG; = “ch I,. (D.78)
where ¢ is a contant such that @ >} . Note that this result only holds if H;Az" is full
rank. We know that rank(AK)=N since the second term in (D.3) is only composed of
semidefinite positive matrices, and rank(H,)=N by assumption. rank(H;)=N with
probability one on the (N,N,K) MIMO BC when the elements of H, are iid. complex
Gaussian random variables, thus HyAz"? is full rank with high probability.

This result also proves that rank(PK)=N since (D.5) induces that
rank (P )=rank(Z, )=N asymptotically, since all other matrices in (D.5) are full rank.

Furthermore, at least one user is allocated a non-vanishing fraction of the total transmit power on

the MIMO MAC in the high power region, thus we can set that user to be user X so that
limtr( P ) =P be true.

Powo

Proof Part 2: Initialization
The optimal covariance matrix of user 1 is given by:

X, =B*FG;PG F B". (D.79)
Consider the eigenvalue decomposition:
K

%Z HPH =UDU.. (D.80)

Where U, is an NxN unitary matrix, and D; is a square NxN diagonal matrix of rank

denoted by rank(D ; ) . We have
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—ZH PH, = ZH PH, +;H P.H,. (D.81)

x-" 1=’

This matrix is full rank thanks to the assumption that rank(P;)=N and since rank(H,)=N

almost surely. Thus rank(D j) = N almost surely. Recalling (D.4) we have:

B'=(I,+PUDU;)" =U,(1,+PD)'U;. (D.82)
Let D, = diag(d o d M,) where d in#®0 forall n=1...,N in the high power region.
1
1+Pd;,
So (1,+PD,)" = . (D.83)
N
1+Pd,

We know study the asymptotic power allocated to user 1 as the transmit power becomes large.
Using the properties of the trace, the SVD (D.13) for user 1, and (D.8):

w(Z) =u(B"FGRGF B ")
(B"FG'PG F)
=u(U, (I, +PD) UFGPGF) (D.84)

u[ (I,+PD)" (UFG; ){2%&, (Pl)uimJ(G,FfUl)]

M,
=le,'mtr((IN +PD, )—] (U;F;Gl.)ul.mul..m (GIE'UX ))

m=1

The (n,n) term on the diagonal of the matrix (1, + PD,)" (U1 FG, )ul_mul'. ” (G,E'U,) is equal to

h‘T where ¢, does not depend on P. All the dependence on P is given explicitly in (D.84),
+

with the exception of the terms d ;. although we know that they are bounded away from zero in

the limit of infinite power. Therefore:
},1_{2 ;tr(Z )=0. (D.85)
An even stronger conclusion can be drawn using the same arguments to show that every element

in the matrix Z, is inversely proportional to P. Thus we can say that:

1
lim—Z, =0y (D.86)
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Proof Part 3: Induction
We prove that:

llmltr( Z,)=0 for j=1...K-1. (D.87)

Pox P
We have just proved it for j=1. Setjsuchthat 1< j<K-1.

Induction hypothesis: we use the strong result
!l’im%Z,. =0, for 1<i< . (D.88)

Similarly to the proof for user 1, let:

B} =(1,+PUDYU;) =U,(I,+PD,) U;. (D.89)
1& . 15 1.
— > HPH,=—> HPH +—H.P.H,. (D.90)
i=j+l Pi=j+l P

Thus rank(D ; ) = N almost surely in the high power region.
w(£,) =u(B;"F,G,AP,A"G,F B")
=tr( B} F,G,A*P,A*G F; )
=u(U,(1,+PD,) UG A PG D.91)

=t{(1N+PDj) (UFG; )A‘/’[Z u,, m(l’,)u}.m]A}’z(fofo)]

=P§:1j.mtr((IlV+PDj) (U,F,G)) A u,,u;,A(G,F,U, ))
m=1

Jim=jm?Tf
Recall (D.3):
jl .
A =I,+H, (Z z,.)Hj . (D.92)
i=]
Using the induction hypothesis (D.88) we see that:
lim—A, =0, (D.93)
Poo P

Thus the elements of the matrices (U;F jG;.) Alu; u; AP (G FU, ) cannot increase faster

Jom=jmeT )
than or as fast as P. Therefore each one of the traces in the sum in (D.91) is inversely proportional

to P. We can conclude:

lim -I-tr(E.) =0. (D.94)
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And the strong result is obtained with the same argument by considering each element of the
matrix Z;:

m%zj =0,. (D.95)

It is now straightforward to recognize that only user K is allocated an increasing amoung
of power as the power grows to infinity beyond some threshold. Thus we can conclude from

(D.78) that g =1 so
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Appendix E: N-user Scheduling Algorithm Optimization

We rewrite (4.3) as

u, =1:;1‘rsghrf§i{l ['glénl "aHS“ —hi" } (E.1)
The inner minimization leads to
amin = arg ‘gg{!, "aHS,,_, - hi ”-

(E2)
@y, =arg min (el Hy @ ~aH i —hH; o —hk).

aeC*?

We derive the real-valued quadratic argument with respect to aand we find that a_, is the
solution to

2H, H o -2H, b =0. (E3)

By construction H SHH;“ is square of size k-1 by k-1 and full-rank if there are at least -1

linearly independent channel vectors, thus

a,, =hH;, (H H;,) E4)
and mip Jett,, - <t (A, 15, ) s, -] (E:)

Then (E.1) reduces to (4.4):

-

H -—IN} .

-1
u, = argmax
15iSK, i€S,

(E-6)

h, I:H;“ (H,, H;,,)
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Appendix F: Gorokhov’s Receive Antenna Selection Algorithms

In this appendix we give a summary of the receive antenna selection algorithms proposed
by Gorokhov et. al. in [56]. The channel model is the following. The transmitter is equipped with
N antennas and the receiver is equipped with M antennas. The channel is constant and described

by a matrix H of size M x N . The signal-to-noise ratio per receive antenna is defined as E,/N,.
Given aset r= {r,,. ..,rN} of receive antennas, the matrix composed of the rows corresponding to
these receive antennas is denoted as H,. We denote by B, (U) any orthonormal basis of the

orthogonal complement to the row space of matrix U.

Algorithm I: Incremental loss minimization

Define U as an M x N orthonormal basis of the column space of H. Algorithm I aims at
minimizing a certain loss factor between the capacity of the original channel with all M receive
antennas and the capacity of the reduced channel with only N receive antennas. An NxN block

U of U will be selected as follows:

Set U=U, , where [, =arg113'§1§[[U,"z

For n=1 to (N -1)

Compute B, (U)
Update U =[l_fT,U,f]T , where [, =argg}'§1§"U,B‘L (Q)“

End
Algorithm II: Incremental selection

The set of receive antennas indexes is obtained as follows:

Set A=(E,/N,)I, and r, =argglé}§||1’1,||2

For n=1to (N-1)

Update A=A-AH,, (1+H,AH,) H, A

’!I

€ v enly

Compute 7,,, =arg, max }H JAH,

End
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Algorithm III: Decremental selection

The set of receive antennas indexes is obtained as follows:
Set A=((E,/N,)" I, + H'H)'I
p=argmin H \AH;
r={l,...p-Lp+1..,M}
For n=1to M -N-1)
Update A=A+ AH,(1-H,AH,)" H, A
Compute p =argmin H,AH, ,

Remove p from the set r
End
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Appendix G: The Generalized Singular Value Decomposition

In this appendix we give a summary of the generalized singular value decomposition

introduced 1in [68] and [69]. Given two matrices 4 and B of size mxn and pxn respectively,
there exist unitary matrices U, and U, , block-diagonal matrices D, and D,, and a non-singular

nxn matrix X such that:

A=UDX" (G.1)
B=UD. X" (G2)
DD, +D.D,=1I,. (G.3)

We define

i)

We then perform the QR decomposition
A
GR = . G.S
H ©3)

Gisa (m+p)x(m +p) unitary matrix, and R is a (m + p)xn such that

R,
R { ) } (G.6)

m+p-k.n
We define Q as the matrix composed of the first £ columns of G, and R, is a kxk upper

triangular matrix.

We then perform the CS decomposition on the matrix Q. Define 0, and @, with size mxk and

pxk respectively as

9,
Q =[ . G7)
o,
Ifm=k, p=k
We compute the SVD
0 =UCw". (G3)
C is a diagonal matrix of size k xk . We define
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Qz =QzW .

G9)

We then normalize each column of Qz to obtain the px p matrix U, and we construct the

matrix
S=U,0,
We obtain the matrices
25
L
D, [ S ] .
210,
Finally
C
5 alel"|
0,
C and S are nonnegative diagonal matrices satisfying
c+8*=1I,.
To complete the GSVD we define the matrix
X =U,R,.
We have obtained
A=UDX’
B=U,D,X
D}+D=1I,.

(G.10)

(G.11)

(G.12)

(G.13)

. (G.19)

(G.15)

(G.16)
(G.17)
(G.18)

The situations where m, p and k are not equal are obtained similarly by adapting the block

matrices by incorporating zero and identity blocks when necessary, as described in [68][69].

165

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



