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Many secondary recovery schemes 1nvolve the

.

’ dlsplacement of oil by a m1sc1ble fluid The success. of such

schemes depends, to a{large extent, on whether the

displacement is dominated by‘viSCOus fingering; That is, i£
‘such fxngers are present the dxsplacement effxcxency and
as a consequence,nthe economxc return of the recovery scheme
is serxously impalred because of macroscop1c bypassxng of
the re51dent rlu1d The presence of vzscous flngers depends
upon the balance of vxscous,rgravxtat1onal and dxspersxve
forces ‘which exist 1n the system If.the v1scous forcesr
.exceed gravxtatxonal and dxspersxve forces, the‘system is
',saxd to be unstable and v1scous flngers develop Thus,;‘
there is a need to develop a d1mensxonless scallng group :
’(1nstab111ty number) whxch can be used to predxct the L

\ I

boundary at whxch a dxsplacement becomes unstable.

Th1s study presents a. dxmen51onless scalxng group andr—‘

,.:\

its, crltlcal value for predxctxng the onset of 1nstab111ty

"

- dur1ng a m1sc1b1e dxsplacement 1n a porous medlum. In order

‘--wah1ch is va11d for an 1nf1n1tely long porous med1um 19

| 'fvhextended by employ1ng add1t10na1 boundary condxtxons at the

1 ’"fboth the longxtudlnal

'gicoeff1c1ents.fff

bl

to- derxve th1s scal1ng group, two d1£ferent approaches were'

futaken.:In the flrst approach a prevxously exxstxng theory

f“dwalls of the porous medzum, and by 1nc1“d:ng in the analysis

and transverse dlspersxon\ lgfff



The second approach 1sla néw one wh1ch is based .on’ a

‘)‘r' ! ‘ ' ' Ao

‘variatxonal technlque to enable/the 1ntroduction of

v \

V
of the porous medxum As ;a consequence, 1t is possxble,

,the first txme, to xnfer explxcxtly the effect that the’f f;}
: \ ;
‘length of a porous medxum has on the 1nstab111ty of a

\

mxsc1b1e displacement. It is demonstrated that an the llmxt

r - of an 1n£1n1tely long porous medxum’ both the extended

k]

theorytand the varxat1onal theory leap to the same condltxon

——

utfor xnstabxlxty Moreover,-ln short laboratory systems the‘

\ 'hlength ot ehe porous medium has an 1mp0rtant effect and

H rshould be taken 1nto account However,iunder fzeld n
“-conditxons, ﬂhe analyses whxch cons:der the porous medlum as .

S - o

f[being 1nf1n1tely long are adequate..';; a ‘;}"]f" SRS

The theory developed in. thxs study is used to predxct ”;”f';

l , e

'm1sc1ble[ Hele Shaw cell -

Y

‘the ons;t of 1nstab111ty 1n

o

' ”\¥d1splacements.-1t 1s shown that the dlmenszonless scal1ng

2group 5uccessfully predxcts the onset of 1nstab111ty

',x" - -~

fFurthermore, experxmental observat1ons 1nd1cate that L

"although a d1splacement can appear to be stable 1n1t1ally,

ﬂfﬂjfit'may beqpme unstable as the 1nterface travels through thef

N
Y

e‘fsystem. Thxs, as well agrees w1th the theory.‘ o %”gﬁ;A;W

. O
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NOMENCLATURE

Va;iational coefficients
Solvent concenﬁration
Unpenturbed solvent concentration

Solvent concentration perturbation

.Average unperturbed solvent concentration

.

Amplitude of solvent concentration perturbation

Al

[

Concentration of glycerine

Differentiation with respect to z
™

Molecular diffusion coefficient, m*/s

0
"
~

Longitudinal dispersion coefficient, m*/s

Transverse dispersion coefficient, m?/s

. . ) . i
Gravitational a;celerat1on, m/s?
A}

‘Distance between the plates, m .
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Pe.

Absolute permeability, m?
Ratio of transverse to longitudinal dispersion

Length of the porous medium, m

i

Width of the porous medium, m

Height of the porous medium, m

hﬁ'( ‘ v
Gradient of the natural logarithm of unperturbed

viscosity, m™*

Viscosity ratio

Pressure, Pa

£

i1}

Unperturbed pressure, Pa

AN

Peturbation pressure, Pa

.Amplitude of pressure perturbation, Pa .

Péclet number

Real time, s | { - : o
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wiz) -

|Perturbatipn velocity in the z-direction, m/s

A short time, s
” .

.

Velocity in the x-direction, m/s

'
v

Unperturbed velocity in the x-direction, m/s

Perturbation velocity in the x~direction, m/s

. . G s '
Velocity in the y-direction, m/s
‘ ‘ \

‘ .
n

Unperturbed velocity in the y-direction, m/s,

Perturbation velocity in the j—direction, m/s

‘Displacemént velocity, m/s

sPerturbation velocity vector, m/s

vy

Velocity in the'z-direqtion, m/s:

Unperturbed velocity in the z-direction, m/s

)

'
Pa—

" Amplitude of perturbation veldcilj“in‘;he

1

z-direction, m/s = -
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: ‘gthe phenomenon of v;scous fznger1ng whxoh comes about

' ‘Lbecause of,hydrodynamic 1nstab111ty of the dzsplacement

|;lsweep effxcxency. These two problems arxse as a result of :

‘:iﬂanalogous to the Reynolds number) together thh 1ts -}f-’

-
=

1;-rnrnoDUCT1on‘

’"Y As world oxl productxon fluctuates in reSponse to

L econom1c and pol1t1ca1 1mperat1ves, crude oil shortages may'

A4 N

‘ armse agaxn in the future as they have An thé past One way
- to allevxate such shortages would be to 1mprove recovery
'effxcxenc1es 1n known f1elds. Each one percent 1ncrease 1n

‘ .recovery effxc;ency adds about four bxlllon barrels tov*

] ' (-

worldwlde reserves. Hence, research effort 1n the area of

‘,enhanced oxl recovery could pay large dxv1dends

Immisclble secondary recovery schemes, even when

a

qsuccessful -may be znefflcxent because capxllary forces act
;to entrap oxl w1th1n the reservoxr.‘One way to avoxd | |

entraép1ng oxl in this way 1s to use a d1splacement fluxd

)

' whxch is mlscxble thh the oxl 1n the reservolr.,However,
p. .

~”~the parts of the reservo1r contacted by the d1splac1ng

-

‘such an approach wh1le 1mprov1ng the recovery eff1c1ency 1n;

, f.fluxd may stxll be. 1nef£1c1ent on -an OVerall bas;s. Thxs 1s}

because of early breakthrough of solvent and poor volumetr1c»‘

“\

: v
J€

.*ffront"‘x Thus there 1s a need ‘when desxgn1ng a miscible

\77ﬁfdzsplacement process, to be able to predxct whethen.the'

| ff:useful to have at hand a dxmensionless scal1ng group

Ry .

ﬁff”crxtxcal value, whlch could be used to predxct the onset of

J;d“dxsplacement 1s stable or not. In thxs respect t would be 'fﬁ

@

: ‘“i

Ay



1nstab111ty zﬂh. ‘f. o ‘f' “,;& f“fhﬂ\'

s There are basxcally three dxfferent approaches to“; ,

)

determxnxng the condxtxons for 1nstabxlxty in mxsc1b1e~i i 7‘f‘[

Iy

dxsplacements’~‘: The flrst approach 1nvolves the~ _~J‘£{
! e

Hn appllcatlon of hgdrodynamlc stabxlxty theory in whxch small

{

. perturbatrons are superzmposed on a. stable displacement"“; p
The condxtxons for 1nstab111ty are obta1ned by 1nvest1gat1ng f
,(k

the condltlons under whxch the perturbatxons wxll grow. The .

i

small perturbations approach is lxm;ted 1n that onlyv-
RN L )
o 1nc1p1ent flngers may be treated An 1mportant reason for'

u51ng th1s type of analysxs 1 3-3 that 1t deflnes the maxzmum '_*:

1 perm1551ble concentratlon gradxent at ‘the dlsplacement vgﬁ‘j

S o " ‘ RS
a . . " ' . i L . R .

., 19,20 : ' : . S : ' :
AR front ST o Lo SR RN
" v R . . . . ) ' o0 oA " P N i . o
N |l

C o The second approach 1s the 50~ called macrostatxstxcal"“;"‘

a ' ¢ N
¢

;\ approach.wh1ch is based on a materxal balance on the. ‘: S

+

dxsplac1ng fluld coupled w;th a formula for the fractlonal ‘f o
Jorm oo

flow of solvent"""". Invarxably, one ends up thh . ‘~‘hx.

;égu non—llnear Buekley Leverett type eguatlons whlch have to be

1

solVed numerlcally” ’3“¢f; alternat1vely, an emplrxcal f

. ,.w‘ '
Wt

“ bt ’ P

f”;approach may be utlllzed*"” ?f;fu"f,,g”;'[f”.fﬁ:‘ﬁVg[fl R
Yﬂfl Q F1nally,"a numer1ca1 approach has begh used to evaluate ;
;W" the 1nstab111ty of mxsc1ble dlsplacements""" These ffj“fﬂhjﬂﬁ

‘.r“R Q"‘ t.‘ ‘.l.

2 LN \‘ L

',;f fundamental flow equat1ons"""" Or they 1ncorporate 'jif




()

",.

"”j made._That is, each,pgrt1cular case under 1nvest1gatxon'

V\er . i .
~h“ to be treated separately ". There are also" the problems of;

grid orxentat numerxcal 1nstab111ty and numerlcal

disperszon assocxated w1th the numer;cal solutxon technxques

used partxcularly when the dxsplacement 1s unstable”"’.

Fxnally, the use of conventxonal mass transport equat1ons
whzch are val1d for equal densxty, equal v1scosxty fluxds, N

1 Y o
H "

may be quest1onable 1n unstable d1splacements 1n whxch there; ,

may be )arge vxscosrty and dens1ty dxfferences between the

wﬁr 011 and t'e solvent”"“T
. \. .

oted earlxer 1t would be useful to have a 5ca11ng

.0

group together w1th 1ts cr1t1ca1 value, whlch could be used

to predxct the onset of 1nstab111ty Such a d1mens1onless
group should 1nclude the propert1es of the flulds .and - the
porous med1um as well as: the dxmens1ons of the porous
medfum.JThe methods wh1ch use numerlcal or emp1r1cal , ‘;bﬂ
approaches to the problem can not be used for this purpose, B
that 15, an analytlcal solutlon 1s needed. Therefove jL .“V.y~.;
vhydrodynam1c stabllzty theory, 1 e.. ‘small perturbatxonswf‘ |

l

aPproach must be utllzzed to obtaln the des1red ;}h;d::gd""j

d1mensxonless scalxng group. Consequently, the major purpose_lff'“

of th;srwork 1s to derxve th:p;dlmens1onless scalzng group RO

: el R
PR and 1ts crxgxcal value at the onset of 1nstab111ty us1ng

smallﬁperturbatrons theory.q,.h‘:'uag'L{f;;ﬂQ~ff'_Lf’T":‘?ﬂ

5 Loles




”‘3;" - 2. LITERATURE anxsw T*,;j

Yt has 1ong been recognxzed that there is a need when
des1gn1‘ a mxscxble dxsplacement process, to be able to

V‘f*predxct whether the dlsplacement 1s stable or. unstable. The?ﬂf

need ‘to predlct the onset of hydrodynamlc 1nstabx11ty 1n

: hmlscxble dxsplacements has led a- number of researchers to‘u"
I X
.‘ ‘dundertake a stabzllty analy51s. Because of the large number
\bf papers 1n the lxterature, only the major works are- ‘;(
jfrev1ewed in thxs sectxon."r~;;v‘ ‘ Vb-’d“ (‘ - f“‘k- n‘ !
In\1959 WOOdlng ftudxed ‘the stabxllty of a vxscous

:‘flu1d 1n an 1nf1n1tely 1ong vertlcal tube f;lled w1th porous
materlal whxch at steady state, exhlb;ted a small lxnear
 ‘var1at1on in den51ty from one boundary to another. By
- \eassum1ng no. mechanxcal dxspers1on, as well as constant
‘v1scos1ty and dszu51v1ty, he obtalned the cond1t1on for‘
j ~neutral (marg1nal) 1nstab111ty u51ng the technique of smalr‘
perturbat1ons. In'a later paper'; he con31dered a s1m11ar .
, Jznstabxlxty problem 1n a Hele Shaw cell In this‘regard fti‘w‘
"‘:7has been demonstrated that the cr1ter1on obta1ned by WOodzng

,7can be 1nterpreted as the relat1ve amount of txme needed to

“f3suppress a fxnger by transverse dlsperszon as compared to

Q'H‘the t1me ava1lab1e for the flnger to grow‘

In 1961 perrzne'h"




v K : [ T — .

‘exponent1a1 funct1on of concentrat1on.vHe took physxcal

udxsperslon effects 1nto account by 1ntroduc1ng a transxtlon,

i

“regxon between the two flu1ds, and he. obtazned the cond1t1on"\

Efor neutral 1nstab111ty us1ng the small perturbatlons

1 \

"_method Perrxne 's approach was cr1t1c1zed by 0utmans°“who'
suggested that Perr1né71nvestxgated the stab111ty of a

homogeneous fluxd rather than that of a mlSCIble

dxsplacement.\Experlments carr;ed out later by Kyle and
Perrzne"lrevealed that the length of the stable ' v

i

concentrat;on grad1ent cr1terzon predxcted by Perrlne s
Ltheory was an order of magn1tude larger than that observed

_1n the experiments.

!

In 1962 wOod1ng‘{ assumed a Hermxte polynomlal N

']solutxon toy l1near12ed perturbatzon equatxons to study the

V

:,"1nstab111ty of vert1cal dzsplacement with an unsteady state"

concentrat1on profxle,r1n a porous med1um The cOndxtlon for“‘ o

K

hStabllltY vas. Obtalned by assum1ng that ‘the. f1u1d3 were y:~jw .

i, -," i v X
|

‘;1nt1a11y separated by a sharp 1nterface and that thefhj oo

”nv1scos1ty was constant everywhere except where 1t appeared ‘nvf[

N o
on ".' N i .\ ' ‘\ o et




s

equat1ons led to a fourth order dxfferentxal eguation for
perturbed concentrat1on, whxch he was able to solve '
numerxcally to determine the condxtxon for margxnal

i

xnstabxllty. . AY  . f?" .

In 1?66 Heller"’carrxed out a fxrst -order /\

u,\ P

perturbatlon analysxs of 1soconccntratxon surfaces in a

porous medxum saturated ‘with a, fluxd of var1able densxty and

i

, . .
,v15c051ty Th1s analysxs enabled h1m to der1ve a j-‘ <

n

relatzonsh1p between the txme constant of Fourxer components

and the1r wave . number In, thxs relatxonshnp, the txme

-constant was: a functlon of the dxstances from the center oi

Kl

RS the concentrataon proflle to the 1nlet and outlet boundar1es
o where the perturbatlons had been constraxned to be zero.i

»However, these dlstances change thh t:me as the 1nterface

travels through the porous medxum. That 15,‘the t1me

-4 R Toa

constant 1tself 1s a functzon of txme. Because of thls

problem Heller could conszder only dxsplacements in . whlch

..-. v

the effect of the d1stance to the 1nlet and outlet could

e1ther be neglected (1nf;n1te or sem1 1nf1n1te porous

r

medxum).or cons1dered constant (concentratlon pro£1le‘_,'

extends over ent1re length of porous med1um), ThGIEfOre,lel.?

f&vw:y although“the boundary cond1t1ons at the 1nlet and outlet“Vﬂ“'

/;.-.

-
y .

were taken xnto account, the effect Qf the length of theff.

poroug med1um on 1nstab1lity could not be deduced




‘yfront could be assessed by examznxng the amplztude of the
2

‘ﬂlvelocity perturbatlon at the centre of the graded front.

\ . K

“‘However, 1t has sxnce been shown that this poxnt 1s not .

necessarxly the most unstable poxnt in the transxtion

'zone" - CA ‘ o ‘ 4 o .

‘ | In 1978 Clarxdge", after compar1ng Kyle”and Perrxne 's .
dexperiments" w1th Perrlne 3 theory '; as well as - |
"unpublxshed work by Chuoke,tconcluded that the crlterxon for
lthe length of a stable transmt1on zone developed by Chuoke

”‘and Perrlne was peSSImlstlc (by an. order of magnxtude) for a

'
\

system of f1n1te length L ",““.hn rV’, e W

N
L In 1982 Gardner and Ypma" presented Chuoke s A
. . ! (\ i '

unpublished work in whxch small . perturbatlons were ' f;ij

- ’

, (‘1ntroduced at the 1nterface which was 1n1t1ally sharp
*'”hxs analysis, Chuoke was able to 9bta1n ‘the' cr1t1cal
\~wavelength for flnger gtowth 1n a m15c1ble displacement by oy

1mpos1ng certaxn match1ngrcond1t1ons at the 1nterface and by

\
v

usxng a sxngle d1spersxon coeff1c1ent in the governlng B o

\‘ ‘ i I :
| o b l,. ’ ‘.' ' ' ' ' . ' S v‘ o ' ( ' ' R
equat1ons.‘.uw L ““~“f"“ﬁ‘;"hd‘.“ R L o

tn*498¢ Lee, et al ffcarrzed out a l1near x : o

perturbat1on analyszs of m1sc1ble dxsplacement thh an “p‘;g‘

r




3 centre of the transltlon regxon However they used a

)longxtudlnal dlsper51on term

“consequence, the dxmens1onless number obtalned forg

‘\'\ o L ) ’ : T B . .
\\"’,»,\ n o b . . . . ’.'
A | N

'Fourier modes{{n all three dlrectxpns were of exponentlal

‘form.‘Thexr analytxcal results were sxmxlar to those

fobta;ned by Perrxne?v‘?, except for the addxtxon of a

[

LY
1

In 1984, Peters, et al ‘ treated the transxtlon reglon

‘betée en the two fluxds in the same way as d1d Heller" by l

consxderxng the maxxmum ;nstabxlxty to be " located at the

~

*complex Laplace Fourxer transform to solve the lznearxzed

.perturbatxon equatxons to obtain a d1men51onless number and

n

1ts value at. the stabxlxty boundary The use of a complex

Laplace Fourler transform dxctated ‘that they use a l1near,i

unperturbed concentrat1on profxle 1n their analysxs As‘ab Sf

predlctxon of the stabxlxty boundary conta1ns an unknown

k2N
)

»

dlspersxon parameter whxch has to be evaluated Va

r

\experlmentally from the spatxal d1str1butxon of the ..

1}unstab1e'finger was a functxon of plate spacxng ‘,Vgt

e

L fxngerxng pattern. o 1.-' n, ; "':v' ! ‘dp-‘ ; ﬁne

'

In 1985 Paterson"-used a small perturbattons approach

‘to study rad1a1 dlsplacement~1n a Hele Shaw cell by "

.

'..consnder1ng v1scous d1ss1patxon energy._In hls analys1s,_theu;f

”xdaspers1on. the pressure grad1ent 1n the dzsplacing flu1d

Tlﬂand the transverse component of the veloc1ty were neglected
Ff!As a consequence, 1t was found that there was no cr1t1cal

fﬂlength below Whlch f;ngers d;d not grow and thet th@ most

»» f W

[



1

o

unboun&ep wxdth Thxs analysxs which utxllzes local-volume
., N

average V,eqpatrons, xs sunilar to those carrxed out by

Perrine'® and Lee, et‘al.". It was shown that when there

is a step change in concentratxon and the vxscosxty ratio is

unfavourable, the dxsplaoement can be unstable at the

1njectxon ‘boundary. .

\ ' L



o

3.~STATEMENT OF THE PROBLEM

o

From the survey of the literature in the previous '
.,.’ . B v . B
section, it becomes clear that previous lipear stability

vstudreg"“, which treated the porous‘medium as being
infinitely long, have identified certain factora'as being
most infiuential,in the stabilfty of‘miscibie displacements.
Thesé‘arelthe displaCenent rate, mobility ratio, density’
difference, diSpersion and the traneverse dimensions oflthe
Ieysytemr-However, it is still not possible to say with
certainty wbether a given miscible dispiacement is stable or
‘unstable. Thus, ‘there is a need to develop a scallng group
wthh can be used to defxne the boundary separatxng stable
"displacements from those which are unstable. Such a scaling
" group should includegnot‘only the effect of the smaller:
transvérse dimeneion, which was shown to affect the
instability in<two dimension§‘°-;"";P‘,'but also the
effect of thevlarger/transverse dimension. While it may be‘

acceptable to neglect the larger tranSverse dimension in

.

f1e1d scale systems, such neglect is probably not warranted

.in many 1abora*ory studies. The scaling group should also&be'

‘ defxned 1n terms of a var1able, unperturbed concentrat1on >
. N ﬁ/d .
: profxle, rather than in terms of ‘a f1xed concentratidh

"profxle""‘. Th1s is so that the scalxng group can be b,‘

KoY

"‘empIOYed for the des1gn of graded v1scos1ty banks whxch are

1
.

{used 1n f1e1d pronects..
In addltxon to the 1nfluent1aT factors mentxoned above,

v

the length of the porous med1um has been exper1menta11y o

10‘



11
identified"”““ as having an imporéant effect on the
stabxlxty of miscible d1splacements. In part1cu1ar, it was-
‘}concluded\xgﬁt long core systems are needed in order to be
able to ‘simulate reservoxr condxtlons properly""n?’-“"‘.
The effect of lengrh was not introduced into earlier
stability‘anélyses'because ofk;he need to introduce into
'_tnesewgnalyses the simpldffing assumption thar the sYsremb
‘waS'infinitely long. Therefqre, the'dimensionleSS scaling‘»
group mentioned above should also include the length of the
system'as'one-of the parameoers to be used in predicting the
1onset of 1nstab111ty 1n miscible. dxsplacements.w
: Thus, the objectxves of this study were two- fold The
first objectxve was to dtrxve a scaling group‘and its |
criticaiAvalue et the onset of instability in miscible ,' ,
displacements. The second waS'to verifylthe‘tneoryd
experlmentally | |

In order to derxve the scallng group two dxfferent
‘approaches were taken. In the first approach, the theory of
'Chuoke"; whxch is valid for an 1nf1n1tely 1ong porous
'medium, was extendedrby employ1ng add1t1ona1 boundary

cond1txons at the walls of the porous medlum, and by

1nclud1ng in the analysxs both the longztud1na1 and

'.tranverse dxspersxon coeffzcxents.

The second approach was based on a varzatxonal
technxque whxch enables one to 1ntroduce appropr1ate
boundary cond;txons at the 1n1et and the outlet of the

‘porous medium. As a consequence, 1t was p0551ble, for the



firstetime, £§ deduce expiicitiy.theﬁeffect dfllehgeh on tbe 
inétabiliﬁy‘ef.a miscible‘dieplaceme@t; Moredvefélthe:secoﬁd
Approach'coula-be,checked'againSt the ﬁ%é ﬁirse‘ene becauSe;
in the l;mxt of an, intqutely long porous medxum, both
approaches should nge the same result. - ‘

T\ Flnally, the stabxllty theory was exberlmentally..

. ver1fxed In order to test the fluid mechanlcs aspect of the

ey
theory, the . experxments were carried out in a sxmple system,
a HeleHShaw ce;l. The experxments were conducted at

dxfferemt velocxtxes using, fluxds whxch have dxfferent

vxscosxty ratxos. '



. Y 3 MODIFIED STABILITY THEORY o SR
‘ In thxs sectxon the lxnear perturbat1on theory of

‘dChuoke" is extended 1n order to obtaxn a d1mensxonle55'“ o

‘hscallng group to predxct the onset of 1nstabqlxty The

‘"modxflcat1on is accomplxshed by employlng addxtzonal

‘\ ot

‘boundary condxtxons 1n a way szmxlar to that used to

‘determ1ne the analogous scalxng grOup for the dlsplacement }f

Lot

Y 1mmxscible fluxds"; The mod1f1catxon also takes 1ntoj”';

i

account the fact that the long1tud1nal d1spersion ;o

'

‘coeff1c1ent and the transverse disper51on coeffxcxent are .

!

‘d1fferent. ) o
. S . ‘A 0
ks Ftuxn'bxsptacxusur o
. Consider the downward dlsplacement of oxl by a solvent

An the z' d1rectlon in a homogeneous and 1sotrop1clporous
. .dmedxum as shown-1n Fxgure 1. The fluids are assumed to be
‘; .miscible ;n a;l proportxons. The math’hat1cal model |
describingwthis sxtuatxon consxsts of . the contxnu1ty
‘»equat1on, three equat1ons of mot1on“' and a mass transport‘
dequatxon. For 1ncompress1ble-flu1ds, these equatlons are\f

.\ . 1
) C . ; R T :

V“,; glven, tESpectlvelyt,‘Bye SR
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H;‘\ .(Equatxon (5)) ‘a sxmple form tor<the dxffu51;1ty tensor was
"k'xfa55umed"; The applled flow.rate is dxreCted normal to the }*;Tht
. ‘1nterfac1a1 regxon. Thus,,xt was' assumed that there was a .‘. |
. coefficxent of longxtudxnal dxspersxon, Dt,fxn the. dlrect}en“
‘;of flow, and a coeff1c1ent of transverseﬁdispersxon,‘DT;itn
\5_ anf dtxect1on notnal to the dxrectxon of flow. Both of these‘ |
'\J . coeff1c1ents ere taken at least approxxmately constant at
 any g1ven flow rate.,To complete the mathematlcal e
‘fdescrxptlon of the problem,.xt xs necessary to spec1£y how\”:‘
N t,niscqs1ty and den51ty vary w1th SOIVent concentratxon..' 1',tﬂ
"-\hGMoteovet, approprlate boundary and xn1t1ai conditxons must'uH
};_be stat&d. tfjfjen';‘f ‘ : ji ;tif”:3 f ?g o ff o "w ‘” "'
| \]' The stable solutxon,‘tor‘thefsitnatidn aescribed;above,”
is. def1ned by T ,‘ o s R |
| , N ‘A | , , . ‘A
| TR IR o 6)
C ", \ o F',,'"‘ ‘ | / ‘ ‘
‘_;:"""F r . . , ,
. \ N | . ' pL ’ , -
L 7_‘ | . ’\:‘ -

,G;=nv constant e ¢4~Q{§~w-'g AN T‘“”.Li?)f./kn
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about the1r mean or unperturbed values“ Al Hence, the

resulu?nt values of the dependent varxables are given by the ‘

follow1ng set of equatxons \ r“['TV,W FAEEEIN F
N - ‘ : o L
a8 t
£ = €.+ g L e T (11a)~ :
where B A
\ ! ' . N . N
N c o ‘
, . ‘3‘ ‘ ‘ ! ’
, ' . /,\‘ ‘,.\ . - .
€ =C u, v, w, P ; (11b)

and where the bar represents - as ment1oned before, the

stable solutxon, and the asterlsk represents the arbxtrary g -
' - ) N A .

small perturbat1on. Note that E is def1ned in. turn, by each

- ,”ﬂ of the dlfferent var1ab1es lxsted 1n Equat1on (11b). Next,,-xf ﬁh o

EN
" w‘ C

the set of Equatxons (11) 15 subst1tuted 1nto Equatxons (1)

to (5) and the stable solutzon, Bquatxons (9) and (10)
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'@: where the relatlonshxps u u(C) and p p(C) were used T

'Equatxons (18a) and (18b) are 1nserted 1nto Equatxdn (15),

<

.\1: can be shown that R - . e

. | * | 3 N |
Cpoawt ARy L,V dit de (19)
e ot ozt TRk g mac 9
o \ ,
VaMoreovgk;‘one.can‘define a mdving‘COOfdinate system given by
L e
z =z, - YE \ (20)
¢ . )
If Equatxons (12) to (14). (16) and (19) are now transformed
1nto the new coordznate system they become Y
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V.1t should be-noted:
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a

-Fpﬁfier component of the disturbance is.given by

E S . 23
&{T@;“ , I ‘ L4l [
are not functions of time, the perturbations imposed upon |

them are functions of time. Therefore, it was necessary to

use the time deriQatiye term in the equations of motion,
Equations (2), (3) and‘(4}. ' h

s
t

The coefficients of the lineariied perturbation

equations (Equations (21) to (25)) are, in'general,

-~

functions of space and time, i.e. u=u(C) , p=p(C) and

C-E(z,t) ;,consequently, an analytical solution cannot be
found. However, in order to make the problem tractable, it

may noﬁﬁbe unreasonable to assume that these coeff1c1ents

are constan;s""'. Such an approach is justified provided

that the differences ‘in vigcosity and denSity of the oil and.

[ , ' . ,

the solvent are not large’'''. Alternatively, a "local

ahalysis” that is intended to apply only in the

neighbourhood of -each cross-section can be uied’~"*".'This"

-allows one to treat the coefficients u, » and 3C/3z as being

constants :in the nexghbourhood of any g1ven poxnt. It has é” 4@'

‘,

been shown that a local analysis can be used safely: thhout <

1nt;odecrng any sxgn1fxcant errors into hydpodynam1c
stab111ty problems" | e

_ For a lxnear system of perturbatxon equatxons, a“
general dxséfrbance can be represented by a Fourzer ser1es

as the sum of any number,of’basxc modes. Therefore, a WE
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"

(r = E('Z) e'i(ax + By) + ot (26)

This equation describes a general disturbahce which is
"periodic;in the x and y dirgetions with an amplitude given
by'f(z) . If .tbe appropriate form of Equation (26) is
substituted into Equatiéns (21) to (25), tﬁe perturbation
Qariab;es-ﬁ(z) , v(z) , and B(z) méy‘be elimihatea from the
resulting equations. If this is done, then the following two
ordinary differehtial‘eQUations‘réiafing the concent;ation
perturbation, CZE} ,‘and‘the velocity perturbation, w(z) .

are obtained

.
’ o102 o dp, L du
[ -(&=5 + ~*5)D" -~ | =2+ ) o .
02 2 or? 3% ky? 92 )
~— - bo. v ) Ao e R o -
g+ )W =N : ' . @n
» and
, Dy . e
(0? - 2— - 2 = L iy 28)
. 'L L. [ L 2" :
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Qhere
_Vds dp S AR
Ne ka3 ~dc 9 k , ‘ @3
and
{2 = a2 4 82 o S ‘ - . | L ) . (30)‘

~ 'and where D_represehts differentiation with respect to the z
direction.
A, drsplacement process 1s consxdered to be stable 1f

---—‘-

'small perturbatxons to the stable solutxon are damped thh
time, . whlle}an'unstable‘displacement 1s obtaxned when-the
perturbatlons grow with txme. Whether a perturbatxon decays
or grows. wzth t1me depends upon the t1me constant a, whlch
in general may - be complex The real part of o 1s called the
stab111ty coeff1c1ent and the 1mag1nary part is, called thei
phase shxft" coeff1c1ent'°. As the 1magznary part of the
't1me functxon 1s lxmxted in. magn1tude to one, stab111ty is Qj:

Bl

‘f'determ1ned by the stabxllty coeffxcxent. That 1s, the"

ﬁidxsplacement is stable whenever the stab111ty coeffzcxent 1s‘rf,’

fnegatxve and unstabie whenever the stabxllty coefflcxent 1s\f;

N S



D
posxtxve. ‘The condltion of 1nterest is that of margxnal

1nstab111ty whlch occurs when theastabxllty coeff1c1ent
\
‘equals zero If the phase shxft coeffxcxent is also zero, a

\

‘.statxonary (rather than an. oscillatory) pattern of motxon“‘t“'
L

prevails at the onset of 1nstab111ty When this is- true, the -

, \

prxncxple of | exchgpge of stabxl;txes is valxd"(o:O) That‘

s, under'theSe condxtxons the condltxon of margxnal
1nstab111ty dxbxdes perturbatxons whxch are damped

aper;odxcally fifom those which grow‘aper1od1cally; On the‘~
other handh‘if he:phase<shift coefficiint is not zeroL atf

the onset of 1nstab111ty an’ osc1llatory motlon prevaxl

whxch is termed overstabxlxty.v,“ o . -
‘Although the pr1nc1p1e of exchange of stabxlztxes has
not been proven for the system under consxderatxon it wasli
still thought to ap\ly because the instabilitfés‘observed in
the laboratory have Heen of the non- osc111atory type”’a
Therefore, 1t has bee assumed usually that the prxnczp e of
exchange‘of stabilittzg\applxes to the. 1nstab111ty betwe n
two, mfscible“fiuids’-"'f;L Consequently,:in:vhat follow
it 1s assumed“that the p'tncxple of exchange of stabxlxtx‘se

\' ,_1‘ .
ssumed that the txme constant 1sj)

. 15 val1d- that 15[\X{ is a
..real and the marg1na stat'

assumptxon 1s made and 1f

»1s characterxzed by a=0 If thxn‘ff
.ne solves for C(z) from Equation\f

‘“(27) and 1nserts 1t 1nto Eq‘ txon (28) then 1t can. be shown

o

. jthat ‘.'f .
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R Equat1on (31), an ordlnary d1fferent1al equatxon, has to be

solved in order to determlne the crxterlon for margxnal \

N . - . . B . ' . . N
: b . AR . ' S L8 o ‘ i

1nstab111ty

,—5g‘- In ‘some dxsplacements the dlsplacxng and the dxsplaced

Lt

“pfluld v1scosxt1es are not very dxfferent Under these ;‘

. ':\ ’;‘

"condxtxons, ic may not be unreasonable to assume that thel;

’ﬂchange of the natural logarxthm of the unperturbed v1scosxty

‘e‘thh dxstance (M) 1s neglxgxbl 80 that M is approxxmately
X,

 equal to zero. If thxs assumpt

‘1s made, then the general

Ty

- solutxon of Equatxon (31) 15 ngen by

‘ ' ‘. 2 . ' o ' DZ ‘ o ' o

o
oD
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where D, 115‘,2',‘ D, and D, are defined by the following -
‘expreseithQ” SO T 1f ;‘ S Jf.;4 ? ‘b“,ﬁ | “,‘if

o

"A’L*gﬁff §;;¥3:42l5i; ;'2fm.‘ o
1+K + L(L*K)M*;'K‘; 5;] B O ‘ne“i‘<“‘fﬂxj ARG
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The unknown constants Al,‘A£}w h‘1‘,“ﬂ
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‘then the perturbation velocity may be .shown, .in.the negative

';‘and‘positiQeeaomainsw‘reepeetiVely;fto:be,‘ o “‘5':"“\w‘ﬂu@
S SR '
: N D Z G D Zl ) [ o o C ) ‘ S
| w = Al ell + A3 e~3,u, | €9r~ . ;§0 o o0 (40m)
v 4.. , t ‘ s
‘- and . | 'y ' \ ,
“v" . h’ 1 ‘< -
P SRR , ‘
," - ' v
) ‘—D;,t , . _ . \
W =hA, e 1% & A, e Dz for z2>0 4. (40b)
L .
i ' ' ! ' g
As all the equatlons descrlblng the mxsc1ble |
’dlsplacement oﬁ one flUId by another w1th1n a porous medxum
o ','are wr1tten at the macroscop1c level 1t may be assumed tbat :
| ,veloc1ty, pressure and concentratlon are cont;nuous,‘,'j mwi7ﬁM'\f
j”uﬁsxngle valued functlons of pos1t1on. If such 1s the case, 5:1' .

-

7fffnumber(of matchlng cond1t10ns may be 1mposed on the‘




if.fdiiOWS,‘frodLEquéfiéﬁs‘(406)‘éhd[(40b)ﬁj£hat - 'f3, o
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Ay - A =00 ey

‘n ‘: [t
o Ve e e P
. If contxnu1ty of pressute 1s also requ1red xn the transxtxon
\‘regxon,_l.e. 1f “” o $ 'f} o o , :
P '.\‘ - N . B . \‘ s . “ . v [l '\ .
b o .""“ ! ! "‘ ,
~ e ‘ . . 3 ‘ '
P =P as e€-+0 ‘ (43) .
Z=z—¢€n Zz=+4¢ . ,
A2

A
-

then by combxnxng the appropr1ate fcrm of Equatlon (26) w1th

thatlons (21) (22) and (23) and by u51ng Equat1ons (40a)

and (40b) in, the result1ng equatzons, it may be: shOwn that
: 3

[ Lo . o
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then from Equatzon (27) together w1th (40a) and (40b)
follows that o B Co |
‘ . T“’, | “‘h .;' | ' “." “‘
. "' ?. . " ’ ‘: ‘ 1o . "’ ‘:;\,P"
A(D,2v%) w2 A (y2D ) » A(D.202) 4 a (v2:p) =0 (46) .
NAV3 1 3,77 voEsh Tl e
' ,". .r‘ / ‘
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N

' _and that -

';'7 Covasies0 oo L @Te)

" ; v+.€ "
‘ ‘ . v ! o : S ,x‘ oo S "“ 4
2 B N ¢
In mxscxble lxquxd 11qu1d d1spracement th‘mu‘ i

concentratlon 13 dzst?1buted 'relatlve"to'a plane z-Vt/¢
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:*,well as the concentratlon be’ cont1nuous “i.e., if it is.

. ’.‘ . '\~“" ] e , ‘ !
demanded that 5hﬁ g |
“\‘3" Vot ‘ C ;
] [T ‘ ‘t.; o :
as e-0 } v(‘48)‘ K
, } e |
e g ‘ R , ; HRITL S S R
' ‘thn by comb1n1ng>Equatxons (27), (40a& and (40b),,1t may be
" “ “ AT ' . I ) S ! ) T I: \’ !
i demonstrated that ‘ﬁf['f'y -";ﬂ “7." “’_»v- ,? ﬁu:f:. o  ;‘y
“‘Afuiﬂl 25,) 2 ol LR e
B Ot SRAR 1 A (D —v ﬂ ) + A (D -Yip3), R P
SR & v Lo T S
Lot e o - =) \ o . L [ i VA ‘
° "\". ' 2, ' ! o ) \ % .‘ ' . ' : R \. \
. Equatlons (42) (44), (46) and (49) oonstxtute a set of }'Gﬁiﬁ

“
Yo

‘ﬁomogeneous equations 1n the four unknowns A




'Therefore at the onset of 1nstab1lxty the condxtxon ngen

'

. by Equatxon (50) should hold true.

'
" PR . ' . X ' B
[ h ' c ST - . "
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4.3 BOUNDARY conm'nons S SRR R R

- At thls poxnt it isi. necessary to deflne the

[
Id

‘(wavenumber, 7, whxch 1s glven by Equatxon (30), 1n terms of

[

fthe d1mensrons of the porous medlum Thxs allows the

v

1nstab111ties to be l1m1ted to a cut off wavenumber whxch 15

determxned by the geometrlcal boundarxes of the sxstem.

I

Because the arbltrary dxsturbance 1s separable,‘and because‘af”
':1t has a cellular form 1n the x-y plane (see Equatlon (26))

‘5 : '

fmt satlsfzes the Helmholtz equatxon""' “that’ 1s, |

i

odwzth the boundary condxtlons that the normal derzvatlve of

vy

Qﬁﬁ{ﬁrﬁf"vanzsheSIat the bound1ng, 1mpermeab1e walls of thesporous ‘jg
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Equatxon (51) can be" solved by separatxon of varzables to -
. X . v,eg

determlne the actual form of E 1n the x y plane.‘If the.‘~,:'

boundary condltzons defxned by Equatlons QSZ) and (53) ar’ﬁ

el
X .",

applxed to thxs solut1on it can be shown that'mfjj;_ L‘L7
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| g s =0, 1, 2... . S (55b) ¢
\ ' ‘L e ) , ' \ L . | . .
- [ ‘ Y“.“ L . g A . .\ ) 4
v‘, . .“‘ ' ; ' ‘l“ l\
L p‘i ‘. ’/:K .y ,‘ ‘ : : .’ Il
i TNextf the wavenumber 1s deflned by 1nsert1ng Equatxons (SSa) |
arid (55b) mto Equatxon (30) If thls xs done it can be
: ‘ - RN o B
5 shown that G S
i k ' N . . 3 c
. "."‘ : "‘ ' ‘ ", . | )
Y ‘ s e : " ‘ '
T2 mei 2k ,np 2 ‘ ‘ ‘ ' S
. Y . —A (-I:__) “f (ﬁ?) ' R , ‘ ‘ _‘\ N (56) A
‘ ‘ X b : A o ; ‘
G e , Lo " ’
PRI g -"‘:' ,om ! :
‘»},T"“' A ! ) .
Y ’ h i ‘t': - % ."‘ . .
‘“’ﬁh? It should be notedptbat Equatlon (56) can also be
‘;vaﬁ obtalned by postulatzng the exzstence of a veloc1ty ‘ E
e potentﬁal and comb;n+ng the equat1on-for velocxty whxch '-V-ff57

lfﬁ‘J nesults w1th éhe cdht1nu1ty equatlon. The consequent

»

;ﬁT"f: equatlon 1s Laplace s equatlon wh1oh can be solved w1th theij

: ';,a b0undary condltlons thatothe normal velocxty van1shes at theffpn”
nl‘ g q",x‘ 8" . :
- L‘}' sxde walls of the porous medzum"» However, as the veloc1ty :

&hff potent1a1 exlsts only under 11m1ted condltzons, th13

B approach was not utllxzed B :
v‘ o i
e ;» b C RO ,
e el ‘ R
, . ‘ e.é.“‘ KN "‘,‘ i ’ ; E
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4. 4 conm'non FOR MARGINAL msnhxm'ry

The condition for margxnal instability fs,given by

Equation (50); that is, a given displacement will be stable

provided that

(57)

wﬁubstitdtion of Equations-(29), (38) and (56) into Equation

(57) yields, for the stabﬁlity criterion,

V du * da

k (& == 9) ~ a 2 2
‘ d .
k dg dc .(§§)< ,2,U“2 ., D 2) (58)
‘ Ku@D[ : . L L v

L . x0Ty,

¢ N

The onset of instébility is dictated by the minimum non-zero
p ot

e1genvalue“. That 1s, choosing m*n=1 and brxngxng

NG

r1ght hand side to left-hand side nges, for the onset of

1nstab111ty, rf“.

sr - . ‘ o - SRRSO (5%a)
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‘where the instability number,: I is defined as follows :

sr’
Voody d
) S T Ik L. T
s - - ("“‘) M‘L 5
K 2 2 (59b)
uOl)l L + L
x o Y : |~

L] ' )

4 5 UNPERTURBED CONCENTRATXON PROFILE ‘ .
Equatxons (69a) and (59b) are perfectly genenal as they‘
are wrxtten) and can be USed to predxct the stabxlxty of a
displacement at any ngen txme and.locatxon',‘provxded it 151'*
possible to evaluate aC/az at. that t me and locatlon
However, it is unlxkely that the ‘time and location at whxch
a ngen displacement becomes unstable wlll be known wlth any’
degree of precxsxon. fhus if the d1mensionless group | |
defined by Equatxon (59b) is to be useful in predxct1ng the -
2

onset of 1nstab111ty, there is a need to select a

representatzve concentratlon proflle at whxch the stabxlxty

N

of the dxsplacement can be evaluated.

‘In order to select a spec1f1c, representatzve BRI

"‘concentratzon profxlg, two sxmpley1ng assumptxons are made. Y

'Fxrst, it is assumed. that the stab111ty of the dxsplacement_ff
is. dzctated by the maxlmum value of aC/az (C-O 5) wzthln the

Lfrontal reg1on. ‘in thls regard ‘it should be noted that thzs

poxnt 1s not necessar1ly the most unstable poxnt-xn the |
» ‘ sy

‘1t xs assumed that it 1s

trans1t1on reg1on"; Second,
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pebmissible to select a specific,‘arbiﬁrafy point in tiue at
i which to‘eVaiuate:aC/az
. Two approaches, oue.conservative and one'optimistic}
can bé'taken in seleccing the time at‘which‘bo evaluate
- 3C/az . In theﬁfirst“it is'assumed that the stability of.
the dxsplacement 1§ dxctated by the maxxmum value of aC/az

. (C=0. 5) evaluated at some small txme, tol In thxs worst case

approach"{", the maxxmum‘concentratxon can be approxxmated

by
'z 2+/aD_ t R : :

'thle.the usefof-gqbatioh“(ﬁOa) leads to‘a-conservative.
v‘essimate'of tbe‘boihb at which a displacement becoues
. Unstable, it does‘have one major drawback,. That is, tbe

value of t has to be evaluated experzmentally from the

spat1a1 d1str1but1on of the £1nger1ng pattern" (see'
= «Equatxon (67)) Th1s 11m1ts the usefulness of Equatxon (59b)‘.'
for pred1ct1ng the onset: of 1nstab1l1ty, because'l‘." fg.
experzmental work would have to be undersakea for a |
partlcular type of system before the 1nstab111ty of the
dzsplacement could be predxcted with any conf1dence.

In the second approach 1t xs assumed that a ba”

representat1ve concentrat1on proftle can be determzned by

A e
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v

' averag1ng the unperturbed concentratlon profxle over the

llfe of the d1splacement. If thxs optxmxstxc approach is
“used partxal account is taken of -the dampen;ng effect of
the dlspersxon on the already developed fxngers. Thus, thls

'approach seems to be more realxstxc than ‘the fxrst one. -
vaen the valxdxty of thls approach the average value of

!

the maxxmom,‘unperturbed concentration gradxent‘(C=0.5) can Q

*beishovn.to be e

'

(60D)

w
N]f)n
i
)
o) =
o
) )
‘=] ‘_
o .
< -
l o) . : -

A
'

'where»L is the‘length‘of the flow syetem.,It should be noted
L f :
that, whxle Equatlon (60a) contaxns an unknowh parameter,

to, all the parameters an Equatlon (60b) are’ known, or can

. be estxmated readxly, ﬁor any ngen system. Moreover, as. . o
,noted earller, the use ‘of Equations (60a) and (60b) is not

'necessary to the appllcatzon of Equatlon (59a)4 Rather, they

\

"l,have been 1ntroduced to s1mpl1fy, by employing a 5f;j“‘?¢:7'“fr

‘_representat1ve conoentrataon profxle, the use of Equatxon‘p-

‘;(59a) to predlct the onset oE vxscous fzngerxng.y};ﬁ

Y -
-
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4.6 COHPARISON WITH, EXISTING THEORIES
5"“f.. _‘f o In thls sectzon,‘the cr1terzon for the onset of

t‘:'vxnstabxlxty (Equatxén (59)) 15 compared fzrstly thh that

'*ngen by Peters et al » nand secondly thh that ngen by

T ‘ ‘Perrine ;* Yoo “‘ff “ . ,"“. ”‘w ; ”,‘ ,;HJ“
) i 4 A ' I , . : ! : "' L o A ! '
AR In order to" evaluate the scalxng group on the 1eft hand

t‘szde of Equatxon (59a) one must be able to specxfy how ‘."nﬂf

]

3"v1sc031ty and densxty var y thh concentrat1on 1n the TR K

B

ltran51t1on regxon,‘A number of models of var 1ng complexxty
! Z | |

1
so"

are ava1lable in the: llterature for thls purpose" .

Because of 1ts s1mplxc1ty, Peters ep al. used a modelfwhicn{7'

f
. o : 3

”assumes an 1n1t1ally sharp 1nterface. As a consequence,

. l.,. . [

dlfferentlatlon of denslty and v1scosxty w1th respect to

concentratxon leads, respectxvely,’ o the jump condltxons

» v
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' Moreover, it was élsb‘assumed:that‘ . S
T - lo s | (63)
u 7 | |
 ,‘Mf ;Ifzsqyat&th:(61).tq-(63)gafé‘ihsgrtgd'intolﬁquatidﬁ.(59),

.| the condition for the onset of .instability becomes R

2(M_-1) (V-V.) L ‘ : ' ‘ ‘
. ) S 2.0 "2‘ - 2 ) : e o ‘.‘ S .
\ * . ‘ K _ ) o .
Coomenerin Pl
- where . - . o | o |
; b) ' D ‘ ' ' . ) . | |
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. The stab111ty cr1terlon ngen by Equatxon (64) is 1dent1cal
. ' ,_/,r

to that obtaxned by Peters et a} except for the rxght hand
f S

sxde These authors ggye the marg1nal stabxllty boundary as"

<4l2 whxch makes a d1fference of a factor of approxxmately

one order of magnxtude in. the cr1t1cal value of the

.a f stabxllty boundary. Thxs ls prohably due to the speoifig \E;"
. form of the complex Laplace Fourxer transform used by ;75 7;¢u
. Peters,‘et al 1n the solutxon of the lxnearxzed ‘H e
perturbat1on equatxons.;i,j{ﬁliﬁiiiﬂff;fi ‘eJV_ﬁ,% ‘f"lﬂ-.ﬁ-p'vff
,‘_K l“It.1s also poss1ble to compare Equat1on (59a) w1th ‘,gf}f“'ﬁ
Perrzne s theory’{iff In partlcular,‘zf the thlckness“(L )
e of the‘porous med1nm zs much smaller than 1ts w1dth (L )
g;yftﬁ the stab111ty cr1ter1on g1ven by Equatlon (59a) deéenerates
R to that ngen by Perrxne’ While the condxtxon that L ‘;ggi;#fj

much”smaller than Li"may be a good approx1mat1on 1n




AL 7. DESIGN OF GRADED VISCQSITY mmxs . ,.: Ll i

If a m1sc1ble enhanced recovery operatxon xs to be

Yl

'@yeconomxcally feasxble,,xt 1s 1mportant to av01d the
,rfcontxnuous 1nject10n of an expens1ve solvent. Thxs can’ be

"1accompllshed by 1nJect1ng a small slug of solvent and theny-ﬁﬁ

'

| fchaszng 1t w1th a. less expensxve flurd whlch 1s mlsc1ble v:‘{”f

g‘wlth the solvent slug The success of such a scheme depends,, -

‘a;to a large eXtent upon whether the dlsplacement 1s stable

"1“or Unstabks As frontal lnstabxllty results from, ‘3" ‘,'t Vo

';¢1n3ected flu1d from that of the dzsplaced flu1d to that of

mwfluad. It has heen shown experlmentally that one way to

K the d1sp1ac1ng fluld“(ﬂ“; Because the v1sc051ty of the "'1ftﬂ*

;Junfavourable mobzlxty ratlos that exlst in the reservoxr, it

' can be reduced by controlllng the mobllxty of the dlsplaczng

achaeve th;s goal 1s to gradually change the v1scosxty of h

‘fmlxure depends upon compos1t1on, the des1red change 1n

h"}viscosxty can be achleved by gradually changxng therxty

i ' . ",.\?

‘ 'fcomposxt1on of the f1u1ds 1n the system from that of hlgh

| b

' ‘%;]v15c051ty to that of low v1scos1ty A baszc economlcijf'

:u'*:concentrat1on grad1ent. ac/az, has to. be 1“ order to controlk

**.,the effects OF v1scous finger1ng.‘ s I.T‘an‘ ﬁf“ﬂlgkaff*\ i

‘;:requ1remeht for such a system 1s to. use as l1ttle solvent‘a5f3*

'f;poss1ble. Therefore, 1t 1s 1mportant to know how steep the

,.”

' ‘» K .), .

i :
' . e ,

The mod1f1ed theory can be used to predict the length




oncentratxon changes lznearly, then the length of tue

\ C
v,

;ﬂstable trans1t10n regxon can be solved for from Equatlon

!

‘(59a)n However, 1n general there may be uncertaxnlties 1n

‘Vthe determ1nat1on of the var1ables used 1n the 1nstab1kmty

,, "v, 'l

‘w

‘number"Is That 1s, the thlckness,,the w1dth h :l‘

\ \‘Iu

‘;permeabzlity and the poros1ty of the reserv01r may not be

'fknoun very accurately Moreover, the value of the d1spers1on

" ' . \ .

”ﬁfcoeff1c1ents wh1ch pertaln 1n the reservoxr may be - d1fferent

'4;1t 1s assumed that the transverse dzsper51on 1s equal to the‘

:helpful to spec1fy an upper and‘a'lower bound for the,,]<

oot ¥

'.fmarg1nal stab111ty boundary.,Thls leads to the determlnatlon

CHRTE 4

a- W

In order to be able to determlne an upper bound

i 4
Ve

ooy
PRI

“:longxtudznal dlsper51on-'a e., K 1 If.thzs Value Of K- 15

)

‘;subst1tuted 1nto Equatxon (31), aga1n thh the assumptxon of

m;o it follows that -

i

v

[
0
St

J“trOm those measured 1n the laboratory. Therefore,.lt is f'{”"”

“jfof upper and lower bounds for the slug size. ';j'*””, QW‘:”TT?

"@(opt1mlst1c est1mate) for the marglnal 1nstab111ty boundary,,,v.f
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1., is defined 'as follows

" where the new ifistability number, I.:, is def]

’

A lower bound (conservat1ve estlmate) for the marg1na1

(K [

undary is obta ned by assumlng that the

[
v

1nstab111ty bo

v
’

b

transverse dlspers1on 1s very small compared to the o

long1tud1ﬁal d15pers1on,'1 e. K=0 Substxtut1on o£ th1s e

value of K and the assumptlon of M_O 1nto Equatxon,(31) o

1

Com e U T o " B ,
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leads to ,g S SRS




R R Ny I EORRE T
[ . f LA , " " L . ‘ “ ‘.,“ ‘
N N ' Ve N [ T -, ‘g‘ .
1 ! v ) \ ' \ ! . » .
v - N . ‘YV' T ‘: A A ‘,,‘l.‘. \ "
A ot Lo | ' ' oy
-t e - v . S AL
. h i, . ' v . ! N ’
’ e ) v N - N ! v t o N ! " \ '
oo . : . B 3 C . v
i L . ty
8 TS : . . . . . .
, s . f e S 1y 4 o
et \ K ' 0 Y ) . "
B PERE ‘ﬁr\‘ : \ o : L 0 hik .
o e D N RS o .
o . \ LI
‘ 2 e S A . ‘?“@ )
, AR
- - . d ' .
I’ - l ' \ t L Co b L . (71)
. . R . .
: sr' . 4 : Lt el s R :
/ sr ‘ \ EORERR : JEIALS
) . . . teoe . K e | ,
' v 'y ) Q ! ° Lo
. "‘

. ;for the upper and love: bounds of the length of the graded

‘solvent slug. Thus, if 1t 13 assumed that the concentratxon

) [
Vchanges lxnearly from zero to one, then the tecm aczaz can o,
,y RN
be replaced by 1/Az.1Consequently, the length of the solvent
“ntransxtxon regxon Az, for a stable dlsplacement 1s g1ven
’ v »e ! ey ’ [ A
‘W,be, 1n v1ew of Equatxon (69) ‘f~ S
it l.“ . _k Y gﬂ 2 2 , o i ’ i
T (k dC —ac ¥ 9) Lx L ' ¢
¥ ¥ 22 (72)
. R u 0 DL ; +L ' | . ;;_'" |
- \ o \ . :l\',_/y- i L ' K :.‘
-as an estxméte for the lower bound and un v1ew of Equat1on K

(71)
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HZ(Y e [Vg)3- \
‘as’ an estxmate for the upper bound

v_gf . Kyle and Perrxne" carrzed out some mxscxble R .

) dxsplacement experlments thh a graded vxscosxty zone 1n a-

'

]

f rectangular sand pack of d1men51ons 0 25xn x9. 501n X 10ft.
The dlsplacements were carrled out vertxcally 1n the
downward dxrectlon and the vxscos1ty ratio was 4 85 ‘
Although the theory of Perrine ;'°‘gave the length of‘the[h”:”
stable tran51txon reg:on Az“as 295 ft Kyle and Perrxne s

4..{«.. "

’];_experlments demonstrated that such was not the case.‘That

'

1s,‘at ‘Az= 20 ft the dxsplacement was stable untll late 1n
the test when some small v1scous flngers developed and at
Az 50 £t the dxsplacement was stable. Clarldge‘f showed that
for the parameters used 1n the Kyle and Perrxne exper1ments,.'
the theory of Chuoke" also gave Az 295 ft for a stable
dxsplacement Consequently, he concluded that the gradlng :‘-?”
cr1ter10n developed by Pernlne and Chuoke from theoretlcal i
con51derat10ns was pessimlst1c for systems of f1n1te length
Here, Equatlons (72) and (73) a:e used to compare the theory
w1th Kyle%and Perr1neys experxments Given that Az=295 ft

Mo

R «from Per§1ne s theory"‘ it follows that;h‘“c‘f“ﬂ'f;fwﬂ”
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”W‘;‘~‘whereV£ was taken as 0 25 1n. In order to use Equatlons
S (72) and (73) ‘an’ estlmate of D 1% ddso needed. For th
sand pack used the pértxcle d1ameté: was 0 01 cm. Bx o f;_
- assumxng typlcal laboratory yalues for the dxsplacement rate
(10 ft/D) and the moleeular diffuszon"coeff1c1ent (1xJO"> ,
cm /s) 1t can be shown that" TR '.gdf x,ﬂdg “,”) T L
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! " ‘ ) i ; Q A v ,:\ »
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;rexperxmental work of Kyle and Perrxne. As a consequence, it"

) b'r!" '
!W‘ . [ ' ' " ‘V "

RN

' w o

' seems . that the modxfxcatlons 1ntroduced into. Chuoke s theory

'*‘have sxgnxf;cantly 1mproved the theory to the p01nt where 1t

“',fmobxllty ratio 1s smaller (L =30 ft M sl 5' 198 ft s Az s

RS 1",794 ft) theh the resultmg value of Az may be attamable

Az s 4500 ft These values are more reasonable but stxll 1

ﬂvalue of Az should 11e xn th1s 1nterva1 It should also be
E?noted that these values are sens1t1ve to the rat1o of DL to J7f7;*
-7 P'r i -
ch1nner (L =10 ft» thWQ: 125 ft S ‘Az, s 500 ft) or, that the ,h}ﬁ

,can be ‘used thh some confldence when desxgnlng a mxsczble,_'

enhanced oxl recovery process.,h

Next -a’ hypothetxcal fleld example ngen by Clarzdge"‘

1s consxdered He assumes a horxzontal dxsplacement where

e ’Ly=660'ft V/¢ 3 528x10 4'£m/s“(1'ft/D), D =1x10 % cm /s and

M L=H /u —10 G1ven these conditions, Clarxdge determxned,,

'from both Perrxne s, and Chouke s theory, that Az= 11 000 000

‘_ft for a Stable dlsplacement whxch 1s unattaxnable 1n T AN

: practlce. However, 1f 1n addztxon ‘to the above varxables, it

‘1s assumed that the hexght of ‘the reservoir, '*,’15 30 ft

and' that for a’ typxcal fleld d1splacement" DLaZOD ; then

hlt can be shown from Equatxons (72) and (73) that 1)25 tt <

o
1

g dlfflCult to attaxn 1n the fxeld, and ngen the good ICT 'j;,[i

3

‘:fhagreement with the Kyle and Perrxne experlments, the actual

Bod

] A
Nevertheless, 1£ 1t 1s a85umed that the reservoxr is =

. & k‘
,'t')

X r

f'gghunder f1eld cond1t1ons.

b
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zone is practical in situations where the mobility ratio is

B S . ) ' N .
slightly unfavourable and/or where the reservoir is thin, .

L ' . " . . S



5. VARIATIONAL APPROACH

In thid section, a varxatxonal technzque (dxrect
method) is employed which removes the need to assume,that
the porous medium is‘infinitely long. This approach uses a
linear stabxlgty analysxs as does the modxfod‘lnstabxlxty
‘theory (Section'4), to obtain the perturbatxdn equations.
The solution of‘theSe equations,is obtained through the .

- variationa}.technique,which enables one to introduce the
'appropriate boundary conditions at the inlet and the outlet
‘of the” porous medium. As a consequence, a dxmensxonless

number for predicting the onset of 1nstab111ty, 1n a porous

medium which has a flnrteulength can be’ derxved.

5.1 PERTURBATION EanTio'n'S' o \ -
| " The same ‘flow sfstem;that.was psed‘in Seetion“4'is
considered again‘(see.Figure 1). Thus, the'equationsw
'Idescrxblng the flow are ngen by Equatxons (1) to (5), |
'_Assumlng that the base state is ngen by Equatlons (6) to
(10) small perturbatxons are 1ntroduced 1nto the dependentw
'varxables of the system. If the result1ng equatxons are‘l
11nearxzed then a Fourler component of any arbxtrary ‘
3'1d1sturbance can be represented by\Equatxon (26) When thzs -

s

equat1on is utxllzed after some man1pu1atxons, the two-
e C
perturbat1oﬂ equatxons g1ven by Equatlons (27) and (28),,

uh1ch are repeated here are ‘obtained e



',equal to’ zero, then Equatxons (27) and (28) may be shown to '
?become A ' '
L A
R A
“and -, ‘ :
» PN .. . = o
i ;\ ‘.‘\.’ .\1

53.

‘and
2 Op 2 ~ 1 aC" 28
(D‘-b—v‘~g—)C=—D~5—Q (28)
L L L%

If it is assumeaffhat the'printiplé of exchange‘of

‘stabilitiés ‘applies in th1s case, i;é. that the cond1t1on

1

of matglnal 1nstab111ty occurs when the time constant is

*.(k b >]” - NS L (27)
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wheretthe parameﬁers.ﬁc, 72,’M andnK are defined
resneetiyely, by‘Equatiqnsi(Zb), (30) (32) and (34).
‘ Equations (77) and‘(78)'\which are coupled lxnear ordlnary
dlfferentxal equatlons, have to be solved to determine the
crlterxon_for marginal 1nstabxlxty. ‘At the’ 1n1e; and the
outlet boundaries of the ‘porous medium, the pertUrbatians'
ane presumed-to be zero'’. It should be noted ‘that, under -
f actual,field conditiOns, fluids are mixed to a eertainn |
extent in the injecfion well as they era&el'déwn'the C
‘wellbore, and 1n the productlon well at the sandfacef‘- '
1'Therefore, the velocxty and concentrat1on petturbat1on at .
ﬂthe 1n3ect1on and’ the p:oductlon wells may be assumed to be

f»zero. These cond1t10ns, which’ are expressed 1n the Eulerian

~“7coord1nates at z =tO (1n1et) and z 1% (outlet), become.‘

£20 at z=--Y ,_w:’jz=L__%E_ (79a)
, T A LU .
and. L | .




Lt
i

fspecxfxed at locatlons whlch are funétions of t1me 1n'

: 'Wﬁ?change of concentrat1on perturbatxon,;

‘Unfortunately, 1t 1s very dxffxcult to find an. analytlcal

l

‘i'solutxon to Equatzons (77) and (78) thh boundary condltxons

Co

Lagranglan coord1nates. However, the problem can be

“Elmpl1£1ed if a solut1on to the problem 1s soughf for txmg&)

Ionly sllghtly larger than zero, Such an analys1s can be

;utxlxzed because 1t vwas. assumed that the pr1nc1p1e of
~:exchange of _.stabzlltxes 1s Valld for the system under

wcons;deratlon here. That 1s, the perturbat1ons elther grow‘

’,
N

- or decay in: a contlnuous,‘non osczllatory fashlon. R

"fxn Lagrangxan coordlnates (see Equat1on (20)) S gx:'e'ﬁf’

4zero wxll contlnue to do so for the whole durat1on of the

which 1s the

3There£ore any arb1trary small perturbation wh1ch grows or.,

"decays thhxn the'1hf1teszma11y small time per1od after t1me jj5

Tffdisplacement. Consequently,‘:t is assumed that the rate of'V* L



. ,“'l",l‘ o } l, v, " v : ' o} ' "“-.‘h -
wr1tten 1n Lagrangxan coord1nates. Alternatxvely,'fdr o

1nf1tesxmally small times (t*O) at the xnlet zuz -0 and at

. the outlet Zaz! =D (see Equatxon (20)) Thus Bquatxons (79a)

r

and (79b) now: become . v S ,,"_ .‘ B ¥ ",. S -

‘ o= 0 Jat .z 0 and z = L IR (80a)

l ahd # \"‘ ’ § ) .
IS BT AR d" o
W0 atz=0and z.o=L o oo (8op)

o ! o s
R 5. 2 vmxmxomu. sow'rxon e ded K e
; @‘f? | The approxxmate method of solvxng Equatxons (77) and "

“‘fjf{(78),-together thh boundary condztxons (80a) and (80b)

.
A ! .
R L
o
e e
k] . "
!

ThUS, the solutlon of Equat1ons (77) aﬁd (78);W

ff?ﬂl‘fmethod)
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“'1t may be shown that“ A

is glven by Equatlon (81)
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,homogeneous equatlons for-the varxat1onal coeffxcxent PR
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The second term 1n Equatlon (89a) should be §et equal to R
zero when m and n are both odd or even¢~Thxs comes about “P o

ot

because of the 1ntegratuon carr1ed Qut to obta1noEquat10n :

R SN

Sl . % ; o .Zf 3
('896)5 ‘\ n : “- ! L ‘ .. v -
‘ Bquatlon (32) represents a system of llnear,, | o

e? A

‘,x7van1shes. This Tﬂ\f{ﬁ“?rﬁ




v,‘t‘h'a','t? *'af y"ft‘r.ial"' ]
f°f W(z) Therefore, the resultxng secular determxnant wxll SRR
be of order "’“Tf*bx}‘”fﬁi'Wlff;ffflﬂf:f:ffliyv,fe‘bﬁ\”jtffeg e'i‘ﬁV
Vfgt‘ Before proceed1ng any further, the parameter 9 must exef_'u

be deflned To th1s erd Equatzon (84) 1s solved subject to R
boundary cond1t1ons (86): If th1s-1s done, 1t can be shown e




-,' ' L ‘ SR 62
"Pherefore, the final form of the secular determinant is .
co o o N
" ' given by ' a
" L Y . c2ne_ L Tl L
det | -BO_m L, lmn T
2 2 ’ 2 2 + —— | =0 ' (94
2Ry nR7y '(nz—mz) 2y ' )
1 n | | m A '
f ! ' 4 "’ ' “" ! N * |
' ' i , . " ~

It sh0uld be noted that the present method of solutxon o

.'*-1s appllcable even 1f the varzat1onal pr1nc1ple dOes not

.

underlxe the problem“.ﬁBut the varxatlonal pr1n01ple V[T Wﬂf

[

ensUres that by keep1ng more andnmore terms 1n the Four1er;t

o _ﬁ expanszon for w(z) (see Equat1on (81)) we approach the truei;
w‘cond1tlon for the onset of 1nstab111ty monoton1cally f:om o
| above. .f | o . | | i‘ o I IR 1
5 3 FIRST APPROXINATION v‘7‘t?ﬁ”:i'\ "'h,_*fv;"’tjff7 ‘f

ftﬂel”"w; | The actual cond1t10n for marg1na1r4nstab1l1ty can be

l

VL .v;, -JH/
obta:ned by evaluatlng the secular dete:m1nant whxch has an‘e“

—
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Chandrasekhar s analysxs a fzrst approxxmatxon to the exact‘in.m

- condxtlon of margxnal 1nstabxlity can be obtaxned by 5E£11ng
T the elemént (1 1) of the secular determxnant equal to zero 'ﬁ”
| and 1gnor1ng all the others. Thxs corresponds *o an(nz/L) .
n‘as a tr1a1 functxon for w(z) 1f thxs approach is taken, the g
‘ condxtxon for marg1nal 1nstab111ty becomes ; u‘ "}“‘,‘~',3R'Q
. § : ) N R l'.v - oy '
\“ ._v ‘ “' :, \‘:‘ " ' } o .Q’ .
e e L , ! S ‘
‘ LY ma1 Li -0 ' L
¥ ! 2 2 - *f ) “ " I ‘ (.95) \I
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;If Equat;onsw(BBa) and (92) are 1nserted 1nto Equatlon’(QS),."“

v1t can’ be shown that o o
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‘ The condxtxon of margxnal 1nstabxlxty ngen by Equatxon (97)
a
o 1s 1dent1qal tp that obta1ned previously (see Equatxon (50))

‘| v )

by assuman an xnfxnztely long porous medxum and Mao Hence
1t xs cdhcluded that the fxrst approx;matxon does not take

T : 1nto account the’ change of vxscosxt wlth dlstance 1n the C

Hﬁ;trans1tgéglregxoh. However, xt caé‘be used for A poqous1;  jJ x
;f;'ﬂ'jmeélum ylth a flnlte length ‘1Nj}fT?fﬁ:‘ﬁ:i$“[ 'ﬁ‘ “'j
| Tﬁe explxcit expressxon fo; the . fxrst approximatxon to ,
T_the condltxon of mg:gxnéiyhstabelxty is" obtalned by “;“ ;_
subst1£u£;nq Equatxons (29) (33)“§Ad (56) 1nto Equatxon ‘;{“
1(86) T£e onset oﬂ 1nstab111ty 15 agamn dxctated by the o  ¢~
51“r7“smallest nﬁn?zero ezgenvaihe;,Therefore as’a fxrst ‘” ‘L¢ﬁﬁ ﬁ
| “ . approxxmat1on to. tﬁe céné;t;on fpr the onset of instab1lxty,t :
»‘the followzné expres;ign 1s obtain;dw(Q'ﬂ"‘ ff‘ kV_~ "‘p'




%mé

‘,case, the tog left 2x2 pOrt1on of the nxn secular

:Q\':J' ' St A . N

s 4 SECOND APPROX!MATIO

An &ppr0ved (second) approxlmatxon can be obtaxned 1f

i
'v“

\

the fxrst two terms xn BquatLQn (81) are chosen. For this

ﬂeﬁerminant is cqnsidered When thezdetermxnant of thxs 2x2
2

ﬁatrlx 15 set equal to zerq, a quadratlc equation in: R

(Vgulms and consequently the two conditions fo: the onset
of 1nstab11;;y are/ngen by . o o U '
.\ . ‘-,: ' ‘.‘A’i'f' ,‘“ ”‘..‘. ¢ ,
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2 . 2 ‘ 2 . o
G = (3_:2_ + TZ.). (4; + Y2) _ 128[‘24 ‘ | | , ‘ (101c)
, S L " 9 L k ’ -
T ‘

'

and where v 1s agaxn defxned (see Equatxon (56)) as the
mxn1mum non- zero exgenvalue (m=n=1). It should be noted that
Equation (100) degenerates to (97), xf the porods medium is

1nf1n1tely long. Moreover the first solutlon, the one with

an

a minus sign is equxvalent to the condxtxon ngen by the’

first.approxxmatlon,'équatxon (98) when M is negligxble.
R : . ;
The second solution,” the one with' a plus s1gn defxnes a

different csiterién The ;wo solutlons may provide bouggs on
the actual soluFioh. ' N A
| Whi}e thifa-erder end/or‘hignef apprbxinetions would‘be:
yof interest 1t does not appear to be posslble to so;ve |
exp11c1tly for the . roots of the very compl&cated analytxsal
expre551ons whxch result Consequently, no hxgher

v

" approxlmatlons are presented in this study.‘"ﬂf'; L

. . . . s “ .
< . . . v
R - B




VT obtaxn a long, stra;ght barr;er in the dam assembly,

6

© ‘6.1 DESCRIPTION OF EXPERIMENTAL APPARATUS . -

by strips of

6. axpanxutnms
In order‘to-test the fluid mechanics.aSpects of the
theory, the experiments were'carrled out in a simple system,
a Hele Shaw cell. The use of a Hele-Shaw. cell not only
szmplexes the problem as it is an 1deal1zed
two dimensional porous medxum but it also enables attentxon
to be focused on the most 1mportant aspect of the problem

namely, the 1nteract10n of forces w1th1n the 1nterfac1al

regxon"~"t Thus, a Hele- Shaw cell provzdes an

experimentally .realizable physxcal system”,for studying

13

'viscous fingering as it contains a great deal of physics

-

- without the complication of irregular geometry**:*’. For
"these reasons, HelefShaw,pells“aré'also‘videly used in

‘gaining insight into various fluid mechanics problems‘°“’.

]

”he modlflcatxon of the theory for flow in a Hele- Shaw cell

is ngen in Appendxx 1., 3 ) v o .

.

..

.The exper1mental equlpment consxst'd of two Hele Shaw
1

cells of lengths 100 cm‘and 20 cm JOlned by a ‘dam which

separated}thé ‘two'. cells. An "0” r;ng, which was cut to

prevented the fluxds from comxng 1nto contact wlth each
other (see Fxgur; 2). Each Hele Shaw cell was made up of -
flat sheets of glaSs of 10 mm an th1ckness._The glass sheets=f§i
were clamped together by ‘an’ alumxnum hou51ng and separated |

”eflon to. provxde a plate separatlon of 1 mm,
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Both celﬂs were 20 cm w:de. Inlet and outlet ends were

-

-'connected to small reservozrs of solvent and ozl
g respectively. These reservoirs had screens 1n them to

d1sperse the 1njected and produced flulds unzformly along

\“the w1dth of the cells, thus pr‘:;dlng a un1form entrance
and dxscharge of fluxds. ‘A Rus a. Pump was used to obtaln a
: constant 1n3ect10n rate oﬁ the desxred magn;tude over the A

1 [

Yo

range of 8 5 to 560 cc/hr. j

6 2 EXPERIHENTAL PROCEDURE

Forty four m15c1ble dlsplacement exper1ments vere

carrzed out u51ng‘water as dxsplac1ng ﬁluzd and glycer1ne as’;
the dlsplaced flu1d, These fluxds were completely m1sc1b1e |

Looin all proportlons The d1sp1aced flu1d glycer1ne, was -
\ premrxed with“water to achleve the deS1red vxscosxty oo )?::“

\

contrast, and dyed thh a water soluble dye to d1st1ngulsh
t v1sually from the water. A “ﬁ'n‘_ ;‘;: ‘EQ.‘ “j;‘fr ‘,w'
%ﬁigkf Tﬁ% Hele~Shew cell vas. tested for bulg1ng under R

5

i

pressure by US1ng a calxper whlch cou}d measure changes ﬂ :

Q;thxn 0 025 mm. The glass plates whlch\made up the oell did




.

:‘”After assemb11ng the cells thh the dam.xn place, the small

"after the experxment started As the 1nterfac1al reglonﬂ ‘? i

‘;‘experlments, these 1soconcentrat10n 11ne5 were transferred

: R S A . . , o .o L . o ) . o ) 70 AR
s . o o s . . C f . :
RN . v P i . .o . . - ) \ ' K

o ' ' - ' . . B Yoo : ' .

i . M X . . I v .

. ‘ . . A o oy . . o S . ’

. . . RN . .

Before each run, both cells were cleaned uszng acetone.

Ry

:cell was fxlled Wlth water and the large cell thh a

“glycerlne mxxture of the desxred vxscosxty The next step

iwas to remove carefully the-“ “'r;ng separat1ng the two R

;_flu1ds 80 that no deformatzon of the 1nterface occurred At

" , A

uthxs,pcxnt' an . 1n1txally stra1ght 1nterface was observed

yhe "0 “'rxng\groove in the dam 1n1t1ated the perturbatlonsl

\

. Ve
moved away from the dam 1nto the large cell the zerqf '

Lm, st

' percent concentrat1on llne (1 e. 100% glyterlne premlx) was

.traced onto the glass plate at var1ous 1ntervals..Aﬁtes the

’

. N v '
. . . .4” T

onto trac1ng paper for later analyszs and dzgxtxzatlon.
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The results of the fortyﬂfour Hele Shaw cell
experlments carrzed out are summar1zed in, Table 1 The-
"values of‘mhe d1mens1onless 1nstab11;ty number,‘lgf, were

| calculated us1ng the left hand sxde of Equatlon (1 39) 1n‘

””° Appendrx 1 Thxs equatxon 15 the Hele Shaw cell equxvalent

of Edhation (98) The rlght-hand szde of Equatlon (1 39)

gives the value of the 1nstab111ty number at wh1ch a
X N _

q&d1splacement becomes unstable.';

| The parameters 1n Equatlon (1 39) were calculated 1n :
the followxng manner. The longxtudxnal dxspers1pn o

coeffic1ent in a Hele Shaw cell 15 g1ven by“"1»5
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N TABLE 1,‘" R
K HELE squ CELL EXPERIMENTS o -
’ Lo N '.' Lo '
. r“  R S
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*f# /.

VELOCITY |

' N

7WV i§m/h§n)Q f*L

| EXPERIMENTAL |

" ' |OBSERVATION |

o6 o ol 60 o © o0 o0 © o |-

‘P"“Unstable

;7;;Un§:é§re -
'fUﬁStébyéf “;
_l'ﬁnstébfe'. 
v: AUnstable
" ”Unstab1e
.'7 Unsta%1e

'* Unstable

“‘Uﬁstable

".'lUnstable ﬂﬁl
"'-~fUnstab1e

*lUnstable
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-and, for the viscosity,
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o Equ,atxons (d03) and (104) at thxs averag@ coneentratxon,l;.:
. [t T ) ‘ ,“‘ :
'1 cerxne 1n watéfqls a ﬁ”ﬂ‘"ﬁ

|K \ |'

Mopeover as, the dlffusxvxty ef

\ n" - o

functxon of concentratxon, the molec

coeﬁggcxent D': was also taken to be

ar dxffusion Jﬂ;r.”“;,;

he value at the Doy

‘;"”fayis!gewconcenmfatxon <G>, from the data g}véﬁ An, “the' ’.%QK J

.lltéraCUre“‘ The*&arlables used 1n the‘calnnl;;xnn‘of I‘ wﬁf

‘are ngen éanable 2 It.shog;dxbe noted that the parameters C

nlused in- the calculat;on of &hewxnstab}llty number areMnW U”“{g

ﬁ" sensxtxve to the way 1n whzch the data xs avq;éégé\v ;Eyn 

;:y‘v may be other equally plausxblevnnys|of averagxng’such f;fﬂynﬂﬁ

'jﬁf . daca'~1:‘ These ways could q§§ui£v33 different values oﬁ ‘fi

. " s?Lpenng estimated for %he same exper1m$n§§l condxtlons, e

o Two dlfferenttways of aQerngxng the’dnta Qéré f:xed butvthe

7;5;3' method used hére was thought to be monelpian§1ble than é*i;:_
C . S R

IFQ“ ;sharp 1nterface appsox;matlon. MoreoVer 1t gave the best ‘u;

Ve
T

. ‘,;agreement with, the experzmental results.;xjﬂjlfﬁ.f"" RO

\. . fn‘ !

. » -)-,
\"f - Flnal;y,.the ratlo of t:ansverse £o 1ongltud1nal

," *

S dlsper51on, K 1n,a coarse sand pack w1t§{n the veloc1ty

3.

"5was.assume¢ to be approxxmat y }

' | " AR
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| Equation (1.39) equals 2.463.

t\:;' \\ ~.l| 79 “
§ \

’ TABLE 2

PROPERTIES OF THE FLUIDS USED

| g ug |- Ax100 <C> | p'x10'° dp/dc du/dCx10°

,-; (Pa.s) (m?/s) (kg/m?) (Pa.s)

1" 4073, 2.86 0.702 5.0 283.50 12.391

10.00 5.50 0.567 3.5 277.04 29.475

[y38.7% 19.88 0.367 1.5 'l 267.50 153.52

As a consequence,

4
J

theoretically, displacements whose instability numbers' are

'Smaller than 2,463 should be stable,

or, alternatively, a

dxsplacement which has an instability number larger than

A

2. 463 should be unstable. The experxments carrxed Qut in

this study covefed a viscosity ratio range of approximately

5 to 40 and a velocity range of approximately 0.05 to 4

cm/min. The velocity range was dictated by the limitations

of the pump.
output of the pump,
the instabilility number which
boundary than that for Run 4d.

that the agreement between the

it was not.

In Table 1,

Because of the step changesvin tﬁe voluﬁetri;
possible to achieve 'values of
were closer to the stability
it can be seen

theoretically predicted onset

of 'instability and the experimental observations is very

good with the exception of Run 41. The disagre

»

ihent of Run

41 may be due to the fact that the' value of K may be

somewhat smaller than 0.2 for the experiments reported in

Table 1.

- As the instability number is very close to the

stability boundary in thxs run, even a small change in K

‘would change the boundary enough so ‘that Run 41 falls in the

unstable region. Some of the other experxments whose

~ .

—— e

\ .

",
"
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instpbility‘numbe}s are closé to éhe {nstability boundary
are Rfms 22, 27, 32, 33, 34, 35, 36, 42, 43 and 44. All of
these experiments as well as £he rest oﬁvtgém, agree |
favourably witﬁ the theory. Thgreforé) the instability.
boundary was predicted correctly by the first approximation
for.the‘set of experiments coﬁducted in this stﬁdy.

The marginal instabiiity bounddry was also estimated
ffqm the second‘approximation using Equation (1.41) in
Appendix 1. The\ferm containing M (see Equation (1.42b)) was
one to two orders of magnitude smaller than the rest of th;l o
terms; thus, this tefm was neglected. Under these .
conditions, as ﬁeﬁtioned earlier, the boundary obtained
using the negative réot in quation (1.41) was equivalent to
that given by the first approximation (Isr=2‘463)‘ Hence,
the negative root of the 5e¢ond appéox}mation agrees very
well with the experimehtal dbse:vation;. The other boundary,

the one obtained using the positjve root, was given when
: , N

I .=4.122. Although the second a imation should be more

accurate, a\maféinal instability bound ry of 4.122 (for the
positive root) seems to agree less favourably with the
experiments than does the one obtained from the first
approximation.. That is, five runs‘(Runs 33, 36; 41, 42 and
43) disagree with the positive root of the second |
approximation as opposed to one run (Run 41) with the first
approximation (which is also equivalent to the negative rdot

of .the second approximation). A better agreement could have

been obtained by deceeasing—the value of K'whiéh/wés.assumeﬁ
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r3 LI} . : i N .
to be the saqg:as that in a coarse sand pack. That is’, if
- ~ ‘

. ! : . !
~the value of K had been reduced slightly (to K=0.18), this .
would have lowered the instability boundary sufficjently (té

Isr=2.258) 50 that all the runs inc%uding’Run 41 would have -

~

agreed with the first approximation/as well as with the
. .

N . \ ' ' .
~negative root of the second approximation. However, such
A “ )
adjustments were not undertaken as there was no experimental

data available to estimate K in a H®le-Shaw cell..

One of 'the two roots for ‘the second approximation may'

|

‘be extraneous. Because no theoretical guidance is available
. . p

as to which of the two roots is e#traneous, it is assumed

b

that the éositiyeAroot~should be éxélude&: This is due to
the fécf that the negative root’gpves the most conservative
estimate of the stability boundar&. Moreover, fhis choice
gives the best agreemenf bétween the theoretically:predicted
stability bounda}y and that observed iﬁ'thé laborato;y.

To investigate wﬁethe: M is significant under field
conditions, it is necessary to assume t&pical values for the
.various parameters. Hence, it ié‘assumed that the viscosity
function giyenhby'Peaceman and Rachford“"° is
cepresentative of.field conditionﬁ,vand that the foliowing
values are typical of thoge enféuntered‘in the field'* ?* :
V= 1 ft/D; D
‘ft. Then, By making use of the Viscésity functiqg together

. -4 ‘ A :
= 2x10 cm?(s; L= 1000 ft; th 30 ft; Ly- 660

with the above values, it can, be shown that the second term

(the one containing M) in Equation (101c) is two .orders of

magnitude smaller than the first term (see Appendix 2!.'

-

:
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Similar results are‘obtained under‘laboratory conditions
‘ except that the second term is three or;ers of magnxtude
smaller‘than the f};st. ﬁ§ a consequence,,for a typ1cal
miscible displacement, the effect of M on the predxctxon of&
the onset of instability can be neglected. d)addition, this
result also justifiés the assumption of M0 in thelmodified
theory. o L ' A , o
The unperturbed concentratlon profile); aC/az is the |
‘one on wh1ch small perturbatxons are super1mposed As it is
analyt1cally dxfflcult to handle a concentration profile
which changes thh time, it'was‘replaced By a linear
concentration prof1le whlch was averaged over the life of an
experiment (see Eguation (60b)). It was found that the use

of this average coacentratioa profile resulted in good
agreement between the e;perimentally observed'instability
boundary and that predxcted theoretxcally "One possxble
explanat1on for thxs is as follows. as the interfacial
region advances, small fingers may be created on it;
hovever, widening of the transition region will smear out

E o :
some of these small fingers before they have a chance to
groﬁ. This process starts with the injection of solvent and
continues'throaghout the ekperiment. Thus, it seems that
using an unperturbeé concent;atioh profile averaged pvef the
life of’the'experiment takesﬂthis‘phenomenoh; albeit |
approx1mately, ‘into account. -

The condltxon for the onset of 1nstab111tynobta1ned by

.. extending Chuoke,s analysis-is the same as\that obta1ned
f ‘ . « ! : . . i ‘



; from the varlatlonal method (fxrst ‘and. second approxxmatxon

ﬂ.(both roots)). prov1ded the system is 1nf1n1tely long Thxs
' suggests that the physxcally reasonable matchxng condxtxons

. A\l
used in the modxfled theory ﬂEquatlons (41), (43);{(45) and

4

."1\.83

(48)) are approprxate for two ‘reasons. Fxrst they result in "

~‘the same stability boundary ‘as obtaxned from the morg

' rigorous varxatlonal method, Second, the predxcted stabllxty

N

boundary is ‘in good agreement with that obtained “';\\
: ) o

oy
\ [
|

+ \“

experlmentally ) ‘ ‘ - - ;‘,‘ -
+ The coeff1c1ents of the perturbatxon equatxons ‘5 N

(Equatxonsﬂkal) to (25)) are,.ln general funcllons of sp;ce.

and time. However, these coeff1c1ents were treated as bétng

4,.

constants in both the modxfxed theory and thervar1at1onaltgj\‘

"

approach When us1ng the small perturbatxons method to

predict the stabxlxty of miscible liquid-liquid . e

' dlsplacements in porOus media, it is generally assumed that N
the perturbatxon equations have constant coeff1c1ents and

consequently, that solutlons having the’ form of Equatxon

' (26) can be ut1lxzed"'°"'f“"“"‘. Thxs seems to’ be a'

reasonable approxxmatxon for the - set of exper1ments carr1ed

- r
&

out in th1s study as the agreement between the exper1ments

and the theory was good.

In Equatxon (1 39)(f1rst approx1mat1on), as weil‘as rn
Equat1on (1.41)" (second approx1matzon) the rlght hand s1de
;asymptotlcally approaches a. constant value as the ,yﬁ ~“-ﬁf'
d1mens1onless length 9 becomes large. As a consequenge,

"the effect of length on 1nstab111ty can be deduced by .

P

\ &
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plotting the cr1ter1on for 1nstab111ty as a functxon‘of

dimensionless length Thxs was done for the'Hele Shaw cell

2

usedlxn thxs study. Thus R whxch is ngen by qhe

' .
. S T
/ &'@'}
Y

.¢rxght hand sxde of the fxrst and second approxxmatxons @

(posztxve root) from Equat1ons (1 37): and (1 41),
. ¢ a

- -

respect1Vely, and that g1ven for an 1nf1n1te1y long system

from Equatxon (1 38) (equxvalent to Equatxons (57) and (97)
N *

“1n .8 porous med;um) were plotted is a functxon of

-

dlmensxonless length deflned by Equatxon (1 40). This plot
/‘

1s shown in Fxgure 5 ’It should be noted that for the

(N -

experxments reported here, M was assumed to be zero as it
4 !, 'W,‘
was very small Consequently, the curve for the posxtlve 'i

»

root of the second approxxmatzon can be used for all the

;\ o
( » ' wﬂ-,' [
v s ‘

experxments. o | U,y_ : -
'\&} The reg1on that 11es below each curve represents ‘the
o ! ‘ R \
comb1nat1on of R2 and Q2 for whxch a stablé@dlsplacement can

“‘w \:-
be conducted It is also seen - that .after a certa1n'length

;‘2) ('

' is teached the marg:nal 1nstab1lhty boundary becomes

1ndependent of the length of the pystem. As a result under

§fxeld cond1t1ons for whlch the d1mensxonless length is
i

‘%'lacge, tﬁe onset of 1nstab111ﬂy can be determlned from an

\

. analy31s whgch assumes the poroﬁ§ med1um as bexng 1nf1n1tely

long (see Chapter 4) However, in the laboratory, ‘the:

dxmenszonless 1ength may fall 1n the reg1on whxch I;es

2

beforectheﬁpoxnt where all the curves converge to Ka (seeg

Equatxon (1 38)) Moreover, 1n thls reglon the margxnal

1nstab111ty boundary is a very strong funct1on of length

.6_

[

e
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partxcular, the 1nstab111ty boundary 1n'the laboratory may

be*a &ew orders of magnxtude larg?r than that 1n the. fxeld

fThat 1s, there. is a poss1b1lity that experxments conducted

in a laboratory model might be carr1ed out under stable f10w1

l :
ond1txons whereas,‘vn the prototype, an unstable flow’

regxme would prevaxl hnder s1m11ar flow COnd1t1ons As a

: \
consequence, the laboratory results would not be appllcable

" to the prototype. Therefore, in scallng fleld cond1t1ons 1n

the labovatory,'care must be taken to epsure that both flOw

l

systems fall as close as poss1b1e to each other on a

.stabxlxty pLat such as that ngen in Fzgure 5 so that the

The varlatgonal analys;s presented in thxs study

-

reveals that fxngers are’ more\read1ly formed An a longer

'system than 1n a shorter system under™ 51m1lar condxtlons of
' / '
‘flow, proyxded that the transverse dxmen51ons are the same

“in both systems. Thys. 1s due to the fact that perturbatlons

rectxon hav1ng longer wavelengths than the

s

,length of the porous med1um can not be observed in that

'porous medxum. Ad a consequence, the system behaves as 1f 1t

N

2
were stable.aﬂowever, 1h a longer porous medlum, these

i

gperturbat1ons Wlll affect the dlsplacement cau51ng it to

‘jbecome unstable.fuj‘" f‘. ~‘, L bg,- - -

- R
The predictxon that shorter systems should be more

| stable agreed w1th exper1mental observat1ons. Thzs can be

o Y=

'Lconfzrmed by observlng the confrgurat1on of the zero percent

. )
'1soconcentrat1on l:nes (or1g1nal glycerzne premxx) at -

i . S . . . 4

laboratory model represents the 1ntended fxeld condltxons. B
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'dxfferent txmes._Some of these plots whxch are. typlcal forp

'the experxments carrled out 1n thlS study, are shown 1n

\
Fxgures 6,7, 8, 9 and 10. Addxtlonal plots are . also o

\ . &

- 1n‘luded in. Appendzx 3 (Flgures 12 to,16) These plots

in

ude two. stable experxments, Runs 22 (Flg 9) and 27
Fxg 15) and e1ght unstable experzments, Runs 4 (Fig. 6), 5

(Fig. 7), 9° (Figq. 8) 13 (F1g 12) 23 (Fig.1 ), 26 (Fig. 14)

33 (Flg 10) and 34 (Flg 16)' It is seen that for unstable

d1splacements, 1n1t1ally, the 0% xsoconcentratxon lines are

>

ta L

- almost stralght However, they become dlstorted after a

»

certaln dlstance has been travelledT Thxs means that if the

-.vHele Shaw cell were shorter than the dxstance travelled

before the perturbatxons were observed then the

?“dxsplacement would have appeared to Be stable.

.Alternatxvely, 1f the cell were longer, Runs 22 and 27 would'

},of length

~have been unstable because the length of the system is |

-

1nversely prdport1onal to the cr1t1cal value of the
’ Y
1nstab111ty number at whlch the d1sp1acement‘becomes

unstable (see Equat1on (1 39)) Therefore, 1t is concluded

that the experlments seem to agree thh theory on ghe effecti‘

o

i .‘ '~ ,l . l

Because the perturbatlon equat1ons vere . lxnearlzed the. D

hanalys1s presented here does, not apply, once the :": ¥ s

rperturbatlons reach a f1n1te s1ze. Thus nexther the modif1ed.:

J .

LY

- = —— " - - —-—— ———

Tt It should be noted that in. these f1gures, the ratxo~o£ o
width (x axis) to length (z'axis) /i§ not true to life, That -
'is, 'the width is exaggerated somewhat./Thus, the curvature'~~_;.-¢
of the interface in unstable.displacements 1n the fzgures is
. not as. pronounced as ﬁi actually 15.‘_T BRREARY L T
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theory nor the variational theory can be used to interpret
the behaviour of unstable displacements. Consequently, an
attéempt was made to interpret the behaviour of the unstable

isoconcentration lines in the light of different

-

.dimensioniess numbers which were thought to be possibly

pertinent to miscible displacements. The values of these
dimensionless groups for the experiments shown in Figures 6
to 10 endvlawto 16 are given in Table 3.

The first dimensionless number used was the instability

number, xsr‘ As the displacements with instability numbers

above the critical instability number are unstable, it was
thought that an increase in the instability number would
have caused an {ncrease in the amount of ins%ability.
However, when Runs S5 (Fig.7, Isr=34‘98)’ 9 (Fig.8, ,
Isr=69‘9!.7), 13 (Fig.12, 15;4030.) and 34 (Fig.16,
Isr=5‘026) aré compared, this does not seem to be the cese.
That is, even an increase of three orders of magnitude in
the instability number does not causedthe 1soconcentratxon
lines to become significantly more unsteble. A possible
explanation forvthis lack‘of correlation between the values'
of ehe {nstability number and the amount of ihstability is.
as follows. the confxgutatlon of the 1soconcentratlon lines
and thezr development in unstable dxsplacements depends on
the relationship between the frequency of the perturbatxons
and the cofresponding_growth rate. As there is'nov
relationship available between‘the frequency of the

arbltrary perturbations introduced into each experiment and
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o TABLE 3 A
VALUES OF VARIOUS DIMENSIONLESS NUMBERS

Run No. |. Isr. . Pe Ng ~ |Experimental
Observation
4 53.43 392.8 13,34 Unstable
5 34.98 | S523.4 10.09 | Unstable
9 699.7 70.66 " 74.36 Unstable
13 - 4030. 20.48 238.9 Unstable
22 2.108 0315.2 - 16.79 .Stable
23 25.23 : 557.8 . 5.329 Unstable
26 16.43 370.0 14227 Unstable
27 .1.703 313.9 | '16.83 Stable
33 4,119 920.3 5.742- Unstable
34 '5.026. 1225. | 4.310  Unstable

« the instability number for that experiment, the amount of
instability can not be correlated with. the instability

‘{number.

The second dimensionless group used was the Peclet.

dumber, Pe, defined as follows: )

’

n .

Pe =D ' ‘ (106)

Thé,?eclet,numbef is the‘rafio of convective to diffusive ..
'forcés in‘the:system‘f: Thus, it;may be”exbecéed that the
.amounﬁ of ibstability iﬁkthelsystem canabe intérprete6 in
terms of.the'Eeclet number.vlt‘can‘be seeﬁ-from Runs 4
v‘(Fig.B; Pe;392;8)hand'34,(Eig.16, Pe¥f225.).th$t an increésé
iﬁ'the'Péélet number * (hence, in qoﬁvé#fivg forces) does not

-‘,"‘
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cause the the isoconcentration lines to become more
distorted. It can be seen also from Runs 23 (Fig.13,
Pe=557.8) and 33 (Fig.10, Pe=920.3) that, although the
Peclet number increases'ﬁy‘two fold, the amount of
instabiiity is praéticaliy the same. Therefore, the Pecxet’
number, too, can not be used to interpcet‘the unstable
e*periménts. However, that such is the case is not
‘surpriéing becauée the Peclet number is,a measure éf the
émount 6ﬁ molecular diffusion with respect to the amognt of
convection. As a consgqpende, one might expect thét it ;ould
dictate the smoothﬁess of the finger §u%facesv(local
pertﬁrbation;). This‘can not be demonstrated using the
isqéohcentratioh plots due"ioismoothing aﬁd/or infroduction
of ngise which.took plgce during digitization'OE the‘tfacéd
'pfofileg.. | |

Fiﬁally, a dimensionless scaling‘gréup proposed by
0 gé and van der Poel?®’ was used for the purposé of
iqpeféreting the unsfable displacements. This dimensionless
gréup is the ratio of the time reguired to eliminate‘the
fingers by trénsver;e dispersion to the time reqdiqed to

producé a finger-and is defined as foilowé:

(107)
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It should be noted that‘thevdimensionless’number defined in
équation (107) is‘proportional tosthe Bodenstein number*”,
‘Bo-vh/DT. If thisd%umber‘is small, trénsverse dlspersion is

" relatively important. As a consequence, the formation of .a
uniform t:ansition‘zone‘is promoted. If it is large;
disperslon will not play a significant role; and,

‘ consequently, an unstable d1splacement results‘7.’Therefore,
1t mxght be concluded that larger values of Nfrwould cause
the amount of 1nstab111ty to increase. Howeve:, this was- not
the case for the“experlments conducted in this study. For
instance, when‘Runs\4 (Fig.s6, Nf=13;34) and.9'(Fig;8,

Nfe74 09)'are comoared it cen be seen thet an increase in

‘ Nf does not result in an xncrease in the amount of

f:ngerxng In addition, when Runs 13- (Fig.12, Nf—238 9) and
’34‘(Fi§.16, Nf=4.310) ere_compared, ;t is seen. that the
amount .of instability does not seem to be very‘diffetent
while the values of’Nfdiffef bxltwo orders ofvmegnitude.
'Consequently} there isdno cqrrelation between the amount of
'instaoility and the‘dlmenslonlessldroup Nf; 7 ‘
\ _ . .

‘Fhia ﬁence, nonefof"the thtee'dlnenslonlessﬁnympeif,jIsr, Pé\
~*@}n_and Nf, which often arise in the‘scaling of miscible
| dasplacements can be used to interpret the behav1our of the .
- . unstable dxsp&acements. Thus,lxt would appear that the |
structure of unstable 1soconcentration 11nes is sttongly
dependenf on the frequency of the 1n1t1a1 petturbat1ons.‘
This may not be unexpected as the part1al d1£ferent1al

ﬂ [
equatxons decr1b1ng the mxsc1b1e d1splacement of one. fluxd



by another in porous media- are non lxnear. In thxs regard
it is important to note that pne of the characterxstxcs of
hrghly‘non~11near problems is that the .dynanric hxstory is
very sen51t1ve to small changes in the initial condxtxons".
'Therefore, dependlng on the frequency and J@% amplltude 'of
the arbitrary initial perturbatlons~ every unstable
dzsplacement w111 probably exhibit a dxfferent conflguratlon
~of the 1soconcentratxon 1lines. \ \‘ - . ?(;f.‘ 7 |
Begause the process of drspersion and,the‘amount of
disorder differ considerably, it is to be expected that
'dxsplacements conducted in a porous medxum will be d1fferent
from those conducted in a Hele Shaw cell. Thus gow far one
may extend the analogy between flow in a Hele-Shaw cell and
that in a-porous medlum is uncertaln”'. However, the ,
investigation of the unstable displacementnproblem'in al
HelefShav cell is expected to be of help‘in‘understanding‘
many of theﬁgeneral properties;of‘unstabie,flows'inbfinite
‘systems. Moreover a detailed analysis-of‘erperimentaiiy'
'realxzable phy51cal systems 1s necessary in order to; |
understand 1nterfac1a1 1nstab111ty in general" .
The’ analyszs of unstable dxsplacement presented in thzs
study does not account for the effects of reservo1r
vheterogenexty Therefore, the 1nstab111ty boundary derxved ”
from this: theory corresponds to an opt1m1st1c value 1n an |
, homogeneous reservo1r. In natural porous med1a,'1t is qu1te S
poss1b1e to encqunter large scale heterogene1t1es. As m1ght o

be expected heterogene1t1es make prevent1on of v1scous f,j $

——
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fingering more difficult. Consequently, the effects of
permeabllxty strat1f1cat1on gravxty overr1de the presence

of free 'gas in the reserv01r, and the arrangement and

spacxng of wells must also be taken 1nto account when such 'a

theory 15 applxed to field pro;ects. Moreover, 1t should be
noted that. the. parameter lxmxts w1th1n wh1ch 1nstab111tes
.can be, trxggered by macroscop1c perturbatzons to the system

LR

‘may be con51derably broader.’ W1th1n a certaxn range of

parameters, a flow that may 'be stable to 1nf1teszmally small,

dxsturbances flay be unstable to macroscopxc perturbatlons.
Thxs dxst1nct10n is 1mportant éas heterogenextzes may

1ntroduce macroscop1c perturba ons 1nto an otherwxse

homogeneous system'"*,

The theory developed hereln is probably not va11d if it

is poss1ble for a grav1ty tongue to form Th1s was not. a

problem 1n th1s stuy because of the small separatxon between'

the glass plates whlch formed the Hele- Shaw cell However,

when a mxsc1ble d1splacement is carrzed out in a d1pp1ng

1ayer,'a txlted plane 1nterface between the solvent and the

011 w111 occur, Under these condxtlons, a grow1ng unstable?
graV1ty tongue 1s supen1mposed upon the t1lted plane
1nterface" When such is the case, the theory developed

here may not be val1d.,

The theoret1cal analys1s presented here stud1es the o

behavzour of small perturbat1ons syper1mposed on a stable_

concentrat1on prof1le. In generalf-1n any exper1ment the

";f 1nter£ac1al reg1on has to experxence a dxsturbance before

‘: v ‘ . . t "‘,t:lv\”“ : 5 f 98“",
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the 1nstab111ty (or stabxlxty) of the d1splacement can be

‘ 'evaluated As a consequence, in a perfectly homogeneous

1 o~ -

“porous medlum a. stable dxsplacement may be obtaxned even

'

S though theoret1cally the d1splaCement should be unstable, },

.,because the 1nter£ac1al regxon was not perturbed However I

[ ' !

~in the exper;ments conducted in this study, it is thought |

,that.perturbations vere”always introduced atfthelbeginning'
- of each exper1ment because of the exlstence of the "0O" r1ng
_'groove in the dam assembly That 1s, the groove 1ntroduced
h small perturbatlons to the 1nterface at the beg1nning of

every experiment Therefore, the true behavxour of the

—“d1splacements could be . evaluated properly for the ﬂn

X

= —-—

A experlments reported in Table,1
F1nally, knowledge of whether a dlsplacement is stable
or unstable is of crltxcal 1mp0rtance to varxous

fpract1t1oners of petroleum eng1neer1ng For example, igﬁis

ﬁ‘of 1nterest to the reserv01rvengxneer because,‘lf‘the .
'~h§§ fdlsplacement process 1s unstable, the recovery‘eff1c1ency.ot
':dffu;the process w1ll be 51gn1f1cantly reduced the amount
&%epend1ng przmar1ly upon the v15cos:ty ratlo. Such L ,é;
“1nforQatlon 1s also of 1nterest to the rese3501r modelle;,,
‘}ﬂi'fh1n as‘much as, 1f ‘the dxsplacement is unstable conventlonal
. ' methods of s1mulat1ng m1sc1ble proceSses may\not be:ﬁj‘i

/approprxate because they are based on the conventzonal mass)
g? | {transport equat1ons whlch are val1d only for equal den51ty,_.

equal v1scos1ty f1u1ds. Moreover, 1t 19 1mportant to real1ze2““

that non l1near d1fferent1a1 (or d1fference) equat1ons, suchQ@

P

Lo
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as those used to descrlbe unstable, mlsc1ble d1splacement
can have aperxodzc solutzons that appear to be random even
though no. randoﬁ quantltxes \appear. .in the equationsl°; Thus,
the usefulness of numerxcally sxmulat1ng such systems

dbecomes questxonable because szmple non- lxnearlﬁles may lead
“to chaotxc solut1ons. Wh1le conventlonal wisdom holds that
larger and faster super computers w1ll enable eng1neers to
1}_%\ Jmake more prec1se predlctxons of system behaviour, the. .
reality may turn ‘out to be qu1te dlfferent. That xs, for
:non linear roblems havxng the’ chaotxc dynamlcs observed
"experlmenuéfly in th1s study, the tzme hlstory is very
hsensitive to minor changes in the,ln;t1al conditions and,
consequently precise‘knowledge of the future can not be
ascertained. | . ' -
» : _u - Whether a~displacement process is stable or unstable is.
also 1mportant in laboratory work That-is,fthe . '

,;‘ o ,1nterpretat1on of scaled model studles of . proposed mxsc1ble

'_enhanced o11 recovery schemes may not apply to the prototype
ecause the 1nstab1l1ty 1n the model is not properly scaled
0 that 1n the reservo1r..1n-thxs regard 1t is 1mperat1ve;4
that the flow system modelled in the laboratory fall as L
1'1?close as poss1b1e, on a; stab111ty plot, to that in. the'
""fxeld. Thus, 1t would appear that knowledge of whether a

"g1ven dzsplacement 1s stable or unstable is of consxderable

‘*xenglneer The theory developed herexn enables the
¥ﬁ;;ﬂ§acquxsxtxon of such knowledge.llﬁ’f,d" ':fr;:]"' S

‘?flxmportance to both the research sc1ent1st and the practls ng



SUMMARY AND CONCLUSIONS . -
‘ ‘ | ‘ . o KV
‘A d1mensxonless scalxng group and 1ts crxtxcal value at
the onset of 1nstab111ty for mlsc1b1e dlsplacements in ~"t‘ '/

porous media has been derxved A lxnearxzed perturbat1on

[

analysxs was employed to obtazn the perturbatxon equatxons

_ whxch.were,‘ln turn, solved using a varxatxonal technxque‘y

v

The previous stability. analyses were'not .able to inciude R

explxcxtly the effect of the length of the porous medium on
the 1nstab111ty of mlsc1ble flu1d d1splacements because of
the necessxty of assum1ng’an infxnxtely long porous medxum‘.,'
1n order to obtain a solut1on. However, the use of the
var;at1onal method enables one tofintroduce the'appropr;ate

boundary conditions at the inlet and the outlet of the

porOus'medium 'ASs a COnsequence, it was'possible to -

'exp11c1tly deduce the effect of length on 1nstabr11ty

Furthermore, another stability cr1terxon was obtaxned

'by mod1fy1ng an exlstlng theory by employ1ng add1tzonal

o boundary condltlons at the walls of the porous med1um, and

by 1nclud1ng 1n the ‘analysis both | the long1tud1nal and the"‘ :

'transverse dlspers1on coeff1c1ents. The modlfzed theory

""1mp11c1tly assumed an 1nf1n1te1y long porous medlum.hlt was

vfmed1um,_the var1at10na1 theory Yields the same stabxlity

'Vcr1terxon as does the modzfxed theory

‘demonstrated that at the 11m1t of an 1nf1n1te1y long porous

A Hele Shaw cell was used to carry out forty-four

‘m1sc1bIe d1splacement experxments 1n whxch the v1sc081ty }w75

h'rat1o, flow rate and flow angle were changed.to val;date the

101
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- theory;IKeeoing iﬁ mind?the llmitations of‘the theory,rand
'for the experxments conducted here1n the‘follohing
conclu51ons may be drawn‘ ‘ |
1. The margfnal 1nstabxlxty boundéry was predlcted
| correctly by the varlatlonal theory. B . .
2. ‘The exper1ments conf1rm the theoretxcal predxctlon that
.f1ngers are more readxly formed 1n longer systems than
o in shorter ones, provxded that the flow‘cond1t1ons‘and‘
‘the transverse d1mens1ons are szm1lar. |
3. The effect of M (change of natural logarlthm'of
hunperturbed v1§c051ty with dlstance) on the onset ' of.
1nstab111ty may be neglected for typxcal fxeld |
g dzsplacements and in the laboratory.
4. The marg1nal 1nstab111ty boundary 1s a very strong
L functxon of length for shorter'systems ‘However, it
Ibecomes 1ndependent of length once ‘a certain length 1s'
‘reached. | |
"5, va laboratory experlments are ' to be properly scaled it
e gxs necessary that ‘the" 1nstab111ty number for both the
'Lprototype and the model fall close to each other on a |
stab111ty plot. T | ) T
. ;36fh It appears that the use. of a graded v1scosxty bank to
aprevent v1scous flngerxng 1n f1eld dxsplacements 1s
V‘pfeasxble only for thzn reservoxrs and/or sl1ghtly ‘"J‘f}én
;ﬁrunfavourable mob111ty rat1os. Mf‘j»’ ',3;»f;p";; “{'dl;'.;gfj

.t . . . s . : -




. SUGGESTIONS FOR FURTHER STUDY

-

The followxng studxes are suggested to extend the present

study _ ‘ ‘ ._‘ <: ’

1. SThe theoretxcal basis for the stabxlxty analysxs carried
Iout in thxs study would be strengthened if 1& could be
lproven that the prxncxple of exchange of 1nstab111t1es

1s valxd for mxsc1b1e dxsplacements in porous medla.

2. ks‘flow in the‘xmmedlate v1c;n1ty of the ;ellbore'xs

radlal'in‘nature}‘consideration should;be given to.'r
undertaking a‘simllaristabilfty analysis for sucht

systems. . | o I , H
3. Because ‘the flow 1n ‘a Hele Shaw cell and a p%rous medium h

fare not completely analogous,‘experlments to verLfy the»p

AR [

~ theory should’ be carried out 1n actual porous medla..In
|-‘th1s regard, the follow1ng suggestxons are offered~
va.'lThe character of thg}xnterface can be studied by
t11121ng a porous medxum Whlch con51sts of sand (or‘
- glaSs beads) packed 1n between two sheets of glass.

Thls type of set up would allow v1sua1 observatxon,"

L espec1ally 1f the refractlve 1nd1ces of the glass
e beads and one of the fluzds were matched |

:~fb;“1n a rectangular sand pack the br akthrough

G

;o hrecovery can ‘be plotted versus qhev1nstab1l1ty .
‘,f number to see when the dxsplacemen; becomes

h“K;,‘dgfunstable. Furthermore, the relat1‘nsh1p between the

L .‘t”1'1nvest1gated 1n the unstable reg1 n’ to See whether a S

- ) 103

vhbreakthrough recovery and 1nstab1v1ty number can ber‘{ﬂff



pseudostable regxon can be ﬁ%pnd
N c. Exper1ments sxm11ar to, those carrzed out by Kyle and
Perrzne" can be carr1ed out to check the valldxty

‘of upper and lower bounds for graded v1cosxty banks .
4

d. Flu1ds w1th dxfferent transport propertzes can. be
used to funtheq\valldate the: theory.

‘4;‘5There is no- experlmental data on the rat1o of transverse

.

to long1tud1nal dlspersxon 1n a Hele Shaw cell Some;

-

: experlmental work in: thxs area is ‘needed to pred;ct the

‘1nstab111ty boundary accurately

"

5. An attempt should be made to see whether the theory ‘can

S y‘be extended to. 1nclude non Newtonxan £1u1ds. This would
be useful to determxne the stability of polyme; slugs

‘chased by water.

i t

6.':An attempt should be made to see whether the force

'potentlal def1ned by Lusczynskl" can be used to develop

P

a theory capable oﬁ deal1ng thh f1ngers subsequent to

<

the1r 1n1t1at10n.

.
o : ‘o .

L
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APPENDIX 1

‘ i 2
DERIVATION OF INSTABILITY BOUNDARY FOR A HECE-SHAW CELL

Consider the displacement of oil by solvent in a |

——

Hele~Shaw cell which makes an angle 6 with the upward

vertical (see Figure 11)., The mathematical decription of the

. A

flow system is given by

%E + %g. = 0 ‘ (1.1
gy . |
o .B—E- 4 _a.-—P. 4 .1_—2-1 u = 0 (1-2) "
at  ax 2
o 3w +\i£,+ 124 w + pgCose = 0 . o . ‘ ‘1-3)|

-
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\
.
Vo @
\ ' L}
\ ‘ f
aC ac  ac 2%C 22
2 3L ac C : ‘
3 u IX +‘w‘\ azl DT _—2 - DL =, O . (L-4)
| ax az' C ‘
\‘\ . . . '
\ " . ‘ . ..
q - \\ . " ‘ " . .
Next, it is assumed that the system is slightly perturbed. so

‘that the resultiné‘dependedt variables are given by

¢
.

' : : (1.5a)

. s

by ‘the following equations

“for the system under consideration.
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~
N
w = ¥ = constant (1.7)
L E
aP |
ax = 0 o (1.8)
CLA pgCose + 12u = (1.9)
2z )
' . h
—
and ‘
o
aC aC 2% ‘ | ‘ 'lit)‘
3t Ul = ‘ . - g 1. '
at+v32' DL 32'2 ; 0o . | . : ( 10)

In order to 1nvest1gate the stab111ty of thlS system,
‘appropixate forms of Equatxons (1.5, together w1th

;quuat1ons (1 6) to (1 10), are 1nserted 1nto Equat1ons (1. 1)1

B R
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to‘(1 4). Then, if the’ non llnear ;erms are neglected in the

-

resulting equat1ons, ‘the followxng set of lAnear partxal

\

‘dlfferentlal equatxons in the movxng coordinates ngen by

-

‘lz-z -v/t , are'obtalned

AU*  pwr

ax ez 20 | | . aay
‘ ,
~ au*  3P* 12, _ : o . |
oA ¢ B e (1.12)
. h

AW APt o (d2Vidu e ooocon 120 L. Lo 13)
e Y S S '3c * 3¢ 9Cose) + - wf =0

N . o h h )

- and

T L R
at o2 T 2" L 2 o o
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The general solutlon of these equat1ons can be expressed by

a. Fourler serxes as the sum of any number of basic modes

Thus, a Fourxer componen} of the dxsturbance 'is given by

,{ ':

ex = T(z) eloX * ot (1.15)

' 1f the,appropriate‘forﬁ of EQuetibn (15) is {nserted
" into the petturbaeioh-equations:anﬁ‘if‘the pe;turbetion
”Qeriables‘ﬁ(z) and ?(zf are eliﬁinated froﬁ‘the rgsulting
l equat1ons, the follow1ng two equatlons are obta1ned when the

| prxnc1ple of exchange of 1nstab111t1es is utlllzed :

(D%, + MD _';Z'W = Ncazc @ F‘f - {1.16)

o
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<rl

) =‘Y'§£‘;‘gﬂ‘9£9§95— o - o 0 Q.18)

K = X o L ey o

Py oS o .20

and . -

wt
(@]l

(1.21)

o o]
I

ol'—-
|

I
(-]
N

1
.

The b_}ndary cond1t10ns wh1ch apply at. the 1nlet and the

outlet of the Hele Shaw cell ‘are

’,

ij = 70‘ "' at,\ z,'=,10 ,and‘ ; 2z := L \ SR (lt._22a)v'_"ﬁ“
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‘Q"=’0 at | - 2z "=“}0 | ‘and ‘ z = L SRR '(1.22b)

, The solutzon of Equatlons (1 16)'andr(1 17) wthh satxsfy
" the boundary condxtlons (1.22a) and (1. 22b) can be expanded

in'a ane serles in the follow1ng form 3

wiz) = Z A §in M1Z e .23
. A. . : N L . . . .

'By 1nsert1ng Equatlons (1 23) 1nto (1 7), the solution for

C(Z) can be assumed to be

C‘2> 8 E A c (z) i o2

L | fwheEE'Cm(z)jeatisfies,vfrodd(i,17),

s S T It




).
1 y

. - *

129 ,

' 1 2 0‘\

‘ i

D . e

v VAt

(D" ~ Ka )‘Cm = Sin RULE Lo S C . (1.29)

; . . n
with the boundary conditions
Cm,,= 0. at | z = 0 and " z-= L *+ ' // - (1.26) -
Substituting Equations (1.23) and (1".24) into Equation .
(1.16), and carrying out the differentiations’yields )
a‘ ‘ ‘!
' ! L. mnz . Comnz | 2 2 S ‘
| ,mZ;] ‘(Am“m51n T Amemcos,_ ) R o n; mcm. el

. ) \ ‘.”l ’
7 ‘ s '
m2“2' 2 .
m . L2 . L '
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= Mmn o S ‘. (.29
B ™ L L I : S )

and,
(’(1.39)

» Next Equatlon (1.27) is mu1t1p11ed by an(nnz/L) where
n=1 2,..., and 1ntegrated over the range of z. If‘;hls is

- gdone, it follous that " SR

* .

‘ ‘I ' 2y ‘Gmna_mL _ . 28 nL‘ . I' "_ e ‘A =\ S o - \(1'.‘3‘1)', ‘
Y 53 5 2 >3 1mn Am 0 o M
tm= 2R%a ":' nR a.(:‘ .m ) I P “ o ' P .

B

o S e o ein: nﬂ'z' . . . L L v R . . joseen
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The second term 1n Equation (1.31) should be set equal to

zero when m and n ‘are both odd or even.,

a
[y

The non trxvxal solutxon to Equatxon (1. 31) is

vobtaxned for: the varxatxonal coef1c1ents, Aﬁ, xf the SR

determznant of the coeff1c1ent matrxx vanxshes. That xs " the-
;secular determxnant is g1ven by |

\

8 .a L "2é'nLy,éi'

| - -~ — -1 | =0 sy
28222 T 22 (n2 g2y e | | “ w7

~

Nex;, Equatxon (1 25) subject‘to boundary cond1t10ns“

‘(i.26) is solved and the solutxon 1s 1nserted 1nt0*Bquat1on

{1.32). If this is. done the fxnal form for the secular

‘dete:m1nant becqmes

§ a L : L . s YRR
mn®m S 28 nL ‘éan‘ N ‘ - (1.34) -
7 2 2 . 7 2 + — % I: 0 - ) M2y . \
ZR% o e nR a (n -m ) 'I,Zcxm‘ - ‘ U e ' ' ‘

_vwhere . 0T

L= 3
. [ S .
. i ‘
Y . . »
4 R !
D ,. Al
N ,
' -
' i -
b " e N
',', s .
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,‘l o - A cut-off exgenvalue can be def1ned~1n terms of the

¥

! ‘dimensxons of the Hele Shaw cell In order to do thxs, the.

Helmholtz eqat1on is ut1lxzed 1n connectlon w1th the
. ‘Y ey '
I | 'boundary cond1t1ons that the normal derlvatxve 'of E v

[

vanxshes at the sxde walls. Therefore, the solutlon 1eads to

[ ' . \

%) e = mL me=0,0,2, ... o (1.36)
i x- ' ' ' ' . ’ " n Cy
” ' (e, “
o ,; . e
A fxrst approxzmatxon to the exact cond1txon of
1nstab11xty can be obtaxned by settlng the f1rst element of
':the seculap determxnant equal to zero.‘If this. is done, the
condxtzon of marglnal 1nstab111ty can be shown to be
=R =L s v e (25 ke . o
- ot LY L B R
For an rnflnxtely long porous medjum,,this;¢§haitiohp
degenarates to ‘.ft . | =
:, mt‘ ¢ ' "\ , o '.\:‘ ;
\I (“‘ v | ) ’




(1.38)

]

-The cond1t10n of marglnal 1nstabxlxty 1s dlctated by the

r_mlnlmum non- zero elgenvalue. Thus ‘combxnxng Equatxons

o

(1 30) and (1 36) (thh m' }) thh Equatlon (1 37) leads to‘:

' 2 , ‘ ' " ' oo ,I i T - ) \ -
L 2 T o L .
Xy du, hTgCose dp, (3C) _ 2 (Lo, ) (Loy k) (.39
~ WD, Va7 ad Gt ' 2 2" (1.3¢
. N
v‘\‘

 where the,dimensibnless‘lengﬁh,‘ﬂ,‘is;defihed as

o]
L
E}r B

. (1.40)
x ) ! .

A second approx1mat1on can be obtazned by con51der1ng

\

‘the top left 2x2 port1on of the secular determlnant and -

[ 1gnor1ng all the other terms. The solut1on of thls

determ1nant y1e1ds S ~"Jf' ,'“‘ C ,:’, :
f,ed‘.ff..f/ﬁ@
! ‘ ' ""‘ /‘/'> T
| v © "“

n " N

: 4

’ 1 L

T



. and where a is def1ned by Equatzon (1 36) thh m'=1,

[
v
-

134

. L 4
2 (V-d_ﬁ‘ 9Cose dﬁ) (aG - Bt \/B ~4A (1.41)
" \d)l\ . d¢ 12 dac 3z 2
2a
la ' v ‘
. « (/ PR
where o 0 l :?/_.,/,/".’ A)
# ) - 2 2
T Y R R & R LI
L L L L
gan?y a2 2y 4n2 1 .42a)
~—7:P_ ! o, . ( - a
9L2 "‘.L2 L2 - ~ I
. v
2. 2 2 :
B = (—5 + a )(—- + Ka i 02) (1.42b)
L L L Lé . 2
Srp
vt

f
It

~

' should be noted that when the Hele-Shaw cell 1s 1nf1n1tely

[

Moreover,

the

[
*

N

long, Equotxon‘(1.4l) degenerates to (1.38).

W . " ¢ . P .
solution w1th a minus s1gn} (see Equatxonv(1 41)) (negatxveﬂ

root),

approxxmataon (Equat:on (1 39)),

X

15 equ;valent to that obta1ned from the flrst

1f M 1s negllg1b1e. The

solut;on w:th a plus 31gn (posit1ve root) nges a dlfferent o

i

Tl
A B

A . ) . KRR B L. e
vee s GRULe L D G e T ey oo 9

' o e \ .
) . - . X
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. . . .

o o . .
. « N . . . - " B . . ° e
e . . S . . B . . .
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boundary. | ‘ ‘ ,0“‘

Finally, the unperturbed cpnééntrationﬂp:dfil; can be
averaged over the life épén'of‘thé ékperiﬁent to partially
take into account the dampening éffect of d&speréion on the

. already developed‘fihgers. If this éppréach is taken, it cah

be shown that

@
J)
<

}

= : .43
Y . _ - Qa )

8]
N

»



APPENDIX 2

CONDITIONS UNDER WHICH M CAN BE NEGLECTED

The change of unperturbed vxscosxty with dxstance

M,
is defined by

L ' | | : (32)
dz : '

ahd-by‘using chain rule, ‘

_ | (2.1)

Equation (69b) can be inserted into (2.1) to obtain

\

’ V .‘ ", ‘h‘\ 4 I.‘.“
— ” o u (2.2)

For a typ1ca1 fxeld dxsplacement' ". .

V=3.528x10’ -6 m/s « ft/D) o

. TR B . .
Loty o T ' -
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gand where

.-'~l — e
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. e \
D; =20D;=(20) (1x10 7)= 2x10 " m'/s
L2300 m (1000 ft) . .
L,=10 m (30 ft)‘_ |
Ly=200 m (660 fr) - 2
- Thus
-
32.._< -1 : ' | (2.3
gz S 0137w 4 | , R (2.3)
\v

It is also assumed that the vxsc051ty functan given by

Peaceman and Rachford®* for the 011 gasolxne system applxes

i.e.
lnp = xlnu, + (1-x)lny . : _ {2.3)
S . o . ,

where ' .

"u =0.213 g/cm s

ug -o 00539 g/em. s_5

e e @)
SR T = R R ot

L Er
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Thus,

A = (3.67) 0.32 J e
@« (0.48C+0.52)

Thefegore, ffomléqﬁationsy(2ﬂ2){_(2.3)’énd‘<2.6)
‘when €=0.80 ; dlni/dz=0.320 m~', 2
‘when €=0.50 , dlnu/dz 0. 453 m', ‘

ﬁwheﬁ 5-6‘10 , dlnu/dz=0 811 m- ‘,.

‘Thus;.in the field, assume that a;typical.maximum.Qaer‘for

dlni/dz is given by

dlau. = 39 f1 ° L : S @u

" The term conta1n1ng M 1n the second approxlmatzon from .

Equatxon (101c) becomes, 1n SI unxts,

-‘ B . .
N - . . ) N

——= 1.580 x 10 - b - ‘-"l, B R
o2 T - e B C(2.8)



SR 939

and the other term becomes

S22 - . '
(L +‘«Y )(4n2+ 72) = 9.855 x ]0"3 (2.9)
5 L2 i L2 - . . ' X "

' Thus‘ the dlfference between the two terms is approxxmately

three orders of magnltude
| For ‘a typecal laboratory d;splacement if ﬁherfollowing“

values apply.

v=3.. 28x10 -6 m/su,_ ““_1mL‘; _'_IT‘.:foy

L"

D —15DT—1 5x10"‘7 m2/s.

then it may be shown that. I

L2 = sssex gttt (210

(Lr +y)( 1%+ ) ='2.460 x o . oo @any
. B B i Iy N R SRR
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" Thus, in this‘case‘thé diffgrénée‘is'appréximately three

J
o

orders of magnitude.
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