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Abstract

This thesis develops three major essays on Arbitrage Theory, Market’s Viabil-
ity and Informational Markets. The first essay (Chapter 3) elaborates the exact
connections among the No-Unbounded-Profit-with-Bounded-Risk (called NUPBR
hereafter) condition, the existence of the numéraire portfolio, and market’s weak/lo-
cal viability. These tight relationships together with the financial crisis become our
principal financial /economic leitmotif for the development of the next essay.

In the second essay (Chapter 4 — Chapter 6), we focus on quantifying with
extreme precision the effect of some additional information/uncertainty on the non-
arbitrage concepts. As a result, we describe the interplay of this extra informa-
tion and the market’s parameters for these non-arbitrage concepts to be preserved.
Herein, we focus on the classical no-arbitrage and the NUPBR condition. This study
contains two main parts. In the first part of this essay (Chapter 4), we analyze prac-
tical examples of market models and extra information/uncertainty, for which we
construct explicit ”classical” arbitrage opportunities generated by the extra infor-
mation/uncertainty. These examples are built in Brownian filtration and in Poisson
filtration as well. The second part (Chapters 5 and 6) addresses the NUPBR con-
dition in two different directions. On the one hand, we describe the pairs of market
model and random time for which the resulting informational market model fulfills
the NUPBR condition. On the other hand, we characterize the random time mod-
els that preserve the NUPBR condition. These results are elaborated for general
market models with special attention to practical models such as discrete-time and
Lévy market models.

The last essay (Chapter 7) investigates the effect of additional information on
the Structure Conditions. These conditions are the alternatives to the non-arbitrage

and viability assumption in the Markowitz settings.
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Some of the research conducted for this thesis forms part of an international re-
search collaboration, led by Professor Tahir Choulli at the University of Alberta,
with Professor Monique Jeanblanc and Dr. Anna Aksamit at Université d’Evry Val

d’Essonne, France and Dr. Junfeng Ma at Bank of Montreal, Canada.

Chapter 3 of this thesis has been published as T. Choulli, J. Deng and J. Ma, “How
non-arbitrage, viability and numéraire portfolio are related”, Accepted in Finance
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Chapter 4 of this thesis has been published as A. Aksamit, T. Choulli, J. Deng, and
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Chapter 1

Introduction

Since their birth in the PhD thesis of Louis Bachelier (see [16]), mathematical finance
and modern finance has known many successful topics that became pillars of both
areas. Among these topics, we cite Portfolio Analysis that was pioneered by Merton
[109, 110] and Markowitz [108], Arbitrage theory (Arrow and Debreu [13] and Duffie
[56], Delbaen and Schachermayer [47, 50]), and Asset Pricing Theory and hedging
rules (Black-Scholes [23] and Merton [110]).

1.1 Market’s Viability

The market’s viability was defined —up to our knowledge— by Harrison and Kreps
in [69] (see also Kreps [101] and Jouini et al. [85]) as the setting for which there
exists a risk-averse agent who prefers more to less, has continuous preference, and
can find an optimal net trade subject to her/his budget constraint. In terms of the
popular von Neumann-Morgenstern utility, the market’s viability is “essentially”
equivalent to the existence of the solution to utility maximization problems and is

also related to the economic equilibrium and absence of arbitrage opportunities.



1.2 Arbitrage Theory

Arbitrage theory is a relative modern topic of Finance which becomes fundamental
since it was directly linked to Asset Pricing Theory of Black-Scholes-Merton (see
[23] and [110]), which was honored by the 1997 Nobel Price in Economics. Probably,
the idea of non-arbitrage is best explained by telling a little joke from the book of

Delbaen and Schachermayer [51]:

”A professor working in Mathematical Finance and a normal person
go on a walk and the normal person sees a $100 bill lying on the street.
When the normal person wants to pick it up, the professor says: do not
try to do that. It is absolutely impossible that there is a $100 bill lying
on the street. Indeed, if it were lying on the street, somebody else would

have picked it up before you.”

Turning to financial markets, loosely speaking, in a rationale and reasonable mar-
ket, there is no possibility that one could make profit without taking any risk. In
other words, there is no financial strategy that makes profit out of nothing and
without any risk (those financial strategies are called arbitrage opportunities). As
the joke says, if there were some free snacks and cheap thrills in the financial mar-
ket, somebody else would have taken the opportunities before you. In the his-
tory of the development of non-arbitrage theory, there are several competing defini-
tions (vary in different market models) such as No-arbitrage (NA), No-Unbounded-
Profit-with-Bounded-Risk (NUPBR), No-Free-Lunch (NFL), No-Free-Lunch-with-
Bounded-Risk (NFLBR), No-Free-Lunch-with-Vanishing-Risk (NFLVR), Asymptotic-

Arbitrage, Immediate-Arbitrage, etc..

To keep the story short, the casting from the economic meta-meaning of non-
arbitrage into a rigorous mathematical framework goes back to the work of Harrison

and Kreps [69] for finite discrete time markets and Harrison—Pliska [70] for complete



continuous martingale settings. For their settings, they proved the equivalence be-
tween NA and the existence of equivalent martingale measures. Going beyond finite
discrete time market model becomes more tricky and mathematically complicated.
The key idea brought by Dalang—Morton—Willinger in [44] pushed the study of non-
arbitrage theory to the modern mathematical finance by using the powerful tools
of measurable selection theorem and Kreps-Yan’s separation theorem. The next
ground-breaking seminar papers of Delbaen and Schachermayer [47] and [50] estab-
lished the golden principle of The Fundamental Theorem of Asset Pricing (FTAP,
name given by Dybvig and Ross [58]). It was proved that there is No-Free-Lunch-
with- Vanish-Risk (called NFLVR hereafter) if and only if there exists an Equivalent

Sigma Martingale Measure (called ESMM hereafter).

The economic interpretation of FTAP is that under an equivalent change of our
belief, the financial market is a fair game and evolves as a dynamic of a martingale.
The pricing and valuation of contingent claim is brought back to its intrinsic value
under this equivalent belief. Since its elaboration, the FTAP has known numerous
applications in Finance and Economics including, but not limited to, optimal port-

folio problem, market viability, market efficiency and risk management.

Optimal portfolio problem is a rather antique problem in Finance and Economics,
where economic agents tend to maximize their benefits, gains and wealth. The 1990
and 1997 Nobel Prize winners in Economics, Harry M. Markowitz and Robert Mer-
ton, established the foundation of modern optimal portfolio in their seminar papers
[108], [109] and [110]. Turning to mathematical finance field, Markowitz and Mer-
ton’s framework had been extended, studied and enriched to more general settings
using semimartingale theory, stochastic analysis and convex analysis. For those rich
topics such as utility maximization, forward utility, and mean-variance hedging, we

refer to Kramkov and Schachermayer [98, 99], Schachermayer [128], Delbaen et al.



[46], Frei and Schweizer [64, 65], Karatzas et al. [92, 91], Musiela and Zariphopoulou
[112, 114, 113], Choulli and Ma [35], Ma [107], Choulli et al. [36] and the references

therein.

There has been an upsurge interest in understanding the relationship among non-
arbitrage, market’s viability, and utility maximization problem since the time of
Arrow and Debreu. In fact, for discrete markets (i.e. when there are only a finite
number of trading times and scenarios), Arrow and Debreu proved in [13] (see also
[56]), that the market’s viability (i.e. utility maximization admits optimal solution
for a “nice” von Neumann-Morgenstern utility), absence of arbitrage opportuni-
ties and the existence of an equivalent martingale measure are equivalent. These
equivalences were extended to the discrete-time case (with infinity many scenarios).
However, the question of how the existence of optimal portfolio is connected to the
absence of arbitrage (weak or strong form) has been forgotten for the continuous-
time context. Recently, Frittelli proposed in [67] an interesting approach for this
issue, while his obtained results are not applicable in the context of [105]. Also
Karatzas and Kardaras proved in [90] that the NUPBR condition is equivalent to
the existence of the numéraire portfolio, and the NUPBR is the least condition for

the utility maximization problem having a possible solution.

Thus, the FIRST theme of this thesis is to answer the following:

Prob(1.I): How is the market’s viability (or utility maximization problem) re-

lated to non-arbitrage concepts in general continuous time semi-martingale models

and without any assumtpion?



1.3 Information and Its Roéle in Finance and Economics

In Finance and Economics, information means the acquirement of knowledges about
prices, costs, inventory, supply and demand of products, which can be exploited to
by economic agents to reduce uncertainties in their environment (see Rose [122]).
The key to the Economics of uncertainty appears for the first time —up to our
knowledge— as Bernoulli’s utility principle in 1738 ([19]). However this principle
was ignored until 1947, when it was first made respectable and rigorously proved
based on a few assumptions of how rational people make their decisions under un-
certainty by von Neumann and Morgenstern in [138]. Thus, from the economic
standpoint of view, information is a commodity that bears values; and economic
agents desire information because it helps them to make decision and maximize
their state-dependent utilities, especially when they are facing uncertainties. A

good explanation was elaborated by Arrow as follows:

”There is a basic assumption about the nature of information con-
tained in the economics of asymmetric information which I certainly
wish to retain: that information is scarce to the individual, as well as
to society as a whole. Asymmetric information arises because one party

cannot obtain freely (or at all) information available to another.”

In 2001, the scientific community and the Nobel Prize Committee recognized the
deep importance of the information in Economics and Finance by awarding George
Akerlof, Michael Spence, and Joseph E. Stiglitz the 2001 Nobel Price in Economics
for their contribution to the field of markets with asymmetric information (see [2],
[132], [133], [135] and [68]). Asymmetric information means that one party has more
or better information than the other when making decisions, investments and trans-
actions that would lead to adverse selection, moral hazards, and market failure,
especially in insurance markets. Adverse selection used in economics, insurance,

risk management, and statistics refers to a market process in which undesired re-



sults occur when buyers and sellers have access to different information. Moral
hazards is a situation where a party will have a tendency to take risks because the
costs that could result will not be felt by the party taking the risk. All of these
economic weaknesses have the potential to lead to market failure and affect the
market’s equilibrium (see Riley [119] and Rothschild and Stiglitz [124]). For the
testing of asymmetric information in insurance markets, we refer to Abbring et al.
[1], Chiappori and Salanie [28], Chiappori et al. [27], Cawley and Philipson [25]
and the references therein. For more details about information and uncertainty and
their roles in Economics, we consult Allen [5] and Arrow [9, 10, 11, 12], Antonelli
[8], Borch [24], Ross [122], Shackle [131], Stigler [134], Wolpert, S. A. and Wolpert,
J. F. [139] and the references therein. For the role of information in other fields such
as accounting, we refer the reader to Rothenberg [123], Hofmann and Rothenberg
[73] and the references therein. In these latter works, the authors studied the rela-
tionship between the quality of information available for production decisions and
performance evaluation to the choice of whether or not production should occur in

teams.

The most common assumption, considered in Finance and Economics, consists of
assuming that all the agents share the same information flow on which their portfo-
lio decisions are based. However, this assumption is too restrictive and unrealistic
in the real world. Asymmetric information arises quite naturally in Economics since
individual’s knowledge and availability of information varies from one agent to an-
other. Many mathematical models have been developed to capture the behaviors
of two agents with different information levels and are both price-taker and unable
to influence the price dynamics of the risky assets. The uninformed (public) trader
acts on the basis of the evolution of the market, while the insider trader possesses

some additional knowledge and could probably make arbitrage.



Mathematically speaking, the uninformed agents are assumed to have the public
information modelled by the filtration (F;):>0, while the the extra information is
possessed by the financial managers or insiders only. Examples of the extra informa-
tion can be the IPO price, the possibility of default, the change in the CEO board.
Throughout the thesis, the extra information will be modelled mathematically by
a random time T or an honest time. This random time represents a retirement
time, a death time, a default time of firms and/or agents, and any time where an
event will occur and affect the markets and/or the agents’ decisions. Usually, the
random time 7 is not adapted to the flow of public information (F;):>o since the
availability of the extra information is not possible before its happening, like the

Subprime mortgage crisis of 2008.

To incorporate the extra information to the public information F := (F;)s>0, there
are two main streams in the literature: initial enlargement and progressive
enlargement that generate an enlarged filtration G (see Jeulin [83], Jeulin and
Yor [84], Pardoux [116], Yoeurp [140], Jacod [77] and Meyer [111]). It turns out
that the techniques of enlargement are fitting very well in studying credit risk and

defaultable market (see [22], [82, 81], [60], [43], [20], [102] and the references therein).

The SECOND main theme of this thesis consists of finding how the non-arbitrage
concepts (i.e. NA, NUPBR, NFLVR) would be affected for informational mar-
kets. Here, informational market means that the agents in the market possess
different information levels that they could take advantage of to maximize their
utilities, hedge financial outlays, and even make arbitrages. Precisely, we start with
an arbitrage-free market (called initial market) and we add some extra information
to this initial market. The resulting new market model is called informational mar-

ket. We will investigate the following three problems for this informational market:

Prob(1.IT): Are there any arbitrage opportunities in informational markets?



Prob(1.IIT): How are those non-arbitrage concepts affected when some extra in-

formation is partially /fully incorporated into the market?

Prob(1.IV): What are the necessary and sufficient conditions on the extra infor-

mation such that the non-arbitrage conditions are preserved?

In this thesis, we focus on two weaker non-arbitrage concepts: No-Unbounded-
Profit-with-Bounded-Risk (NUPBR) and Structure Conditions (SC) for

three main reasons.

Firstly, for many market models, the NFLVR condition is too much to ask and does
not hold in general, while the utility maximization problem might have a solution
(see Pikovsky [117], Ruf [125] and the references therein). It turns out that the
NUPBR condition is the right non-arbitrage concept that is intimately related to
the weakest forms of markets’ viability (see Choulli et al. [34] and Kardaras [96] for
details about this issue) and is the necessary and sufficient condition for the local

existence of the solution to the utility maximization problem.

Secondly, due to Takaoka [137] and Choulli et al. [34], the NUPBR condition pos-
sesses the ‘dynamic/localization’ feature that the NFLVR and others arbitrage con-
cepts lack to possess. By localization feature, we mean that if the property holds
locally (i.e. the property holds for the stopped models with a sequence of stopping

times increasing to infinity), then it holds globally.

At last, since the seminal work of Markowitz on the optimal portfolio, the quadratic
criterion for hedging contingent claims becomes a very popular and important topic
in mathematical finance, modern finance, and insurance. In this context, two main
competing quadratic approaches were suggested: The local risk minimization and

the mean-variance hedging. For more details about these two methods and their



relationship, we refer the reader to [72], [26], [57], [49], [21], [80], [129, 130], [41],[103]
and the references therein. One important common feature for these methods lies in
the assumptions that the market model should fulfill in order that the two methods
admit solutions at least locally. These conditions are known as the Structure Con-
ditions and sound to be the alternative to non-arbitrage condition in this quadratic
context. Indeed, for the case of continuous price processes, it was proved that these
conditions are equivalent to NUPBR, or the existence of a local martingale deflator
for the market model. For details about these equivalence, we refer the reader to
Choulli and Stricker [39]. However, in the general case, the two concepts (i.e. SC

and NUPBR) differ tremendously.

1.4 Thesis’ Summary

This thesis is based on several research papers co-authored by the candidate during
his PhD studies under the supervision of Prof. Tahir Choulli. They include Ak-
samit/Choulli/Deng/Jeanblanc [3, 4], Choulli/Aksamit/Deng/Jeanblanc [30], Choul-
li/Deng [31, 32, 33] and Choulli/Deng/Ma [34]. Beside the current chapter, the
thesis contains five highly innovative chapters and one chapter for the preliminaries.
We keep each chapter of this thesis as independent and self-contained as possible
(some chapters do have intersections in notations for the convenience of reader).

The organization of these six chapters is detailed in the following.

In Chapter 2, we review the main stochastic tools that will be used throughout the
thesis. These tools are essentially from the general theory of stochastic calculus
and the theory of enlargement of filtrations. In addition to these mathematical and
statistical preliminaries, this chapter introduces the reader to the mathematical for-

mulation of some economic/financial concepts that we will deal with throughout the



thesis.

Chapter 3 answers completely (Prob(1.I)) and closes the existing gaps in this re-
search direction. Our result already draw the attention of many researchers and had
been investigated and extended to the context of markets with transaction costs.
Our innovative contribution can be described as follows. Firstly, we establish the
equivalence among the NUPBR condition, the existence of the numéraire portfolio,
and the existence of the solution to the utility maximization under an equivalent
probability measure for any nice utility. Furthermore, the equivalent probability
measure under which the optimal portfolio exists can be chosen as close to the
real-world probability measure as we want (but might not be equal). Secondly, un-
der some mild assumptions on the model and the utility, we prove the equivalence
between NUPBR and the local existence of optimal portfolio. These results lead nat-

urally to two new types of viability that we call weak viability and local viability.

In Chapter 4, we give a positive answer to (Prob(1.IT)). Precisely, we prove that
there exist classic arbitrage opportunities (i.e. NA) for a class of honest times, when
the market is complete, in progressive enlargement of filtrations. Furthermore, in
the case of Brownian filtration and Poisson filtration, we calculate explicitly the
arbitrage strategies. The failure of the classic arbitrage condition leads us to inves-

tigate the effect of extra information on the NUPBR condition in full generality.

In Chapter 5, we give a complete and precise answer to (Prob(1.III)) and

(Prob(1.1V)) for the NUPBR condition when the semi-martingale model S being
stopped at a random time. For this non-arbitrage notion, we obtain two principal
results. The first result lies in describing the pairs of initial market model and ran-
dom time for which the resulting stopped model fulfills the NUPBR condition. The

second main result characterizes the random time models that preserve the NUPBR

10



property after stopping. Moreover, we construct explicit martingale/pricing densi-

ties (deflators) for some classes of local martingales when stopped at random time.

The first originality of Chapter 6 lies in introducing a class of honest times that
have the potential to preserve the non-arbitrage concepts for the part after-default
of a process. For our family of specific honest times, we give a partial answer to
(Prob(1.IITI)) and (Prob(1.IV)), when dealing with the NUPBR and the part
“after-default” of the model. In this setting, we obtain two principal results in the
same spirit of Chapter 5. The first result lies in describing the pairs of market
model and random time for which the market model fulfills NUPBR condition after
an honest time. The second main result characterizes the random time models that

preserve the NUPBR condition for the part after an honest time.

In Chapter 7, we give a partial answer to (Prob(1.III)) and (Prob(1.IV)) for the
so-called Structure Conditions when the extra information is added to the initial
model progressively in time. Precisely, for a fixed market model, we prove that
Structure Conditions is preserved under a mild condition and we give the neces-
sary and sufficient condition on the random time for which Structure Conditions is

preserved for any semi-martingale model.

11



Chapter 2

Notations and Preliminaries

In this chapter, we introduce notations, definitions of different concepts (mathe-
matical, statistical or financial/economic), and their preliminary analysis. For all
unexplained mathematical and statistical /stochastic/probabilistic terms, terminolo-
gies and techniques, we refer to Delbaen and Schachermayer [51], Jacod [76], Jacod

and Shiryaev [78], Dellacherie and Meyer [54] and He et al [71].

This chapter contains five sections. In section 2.1, we define o-martingale density.
Section 2.2 recalls optional stochastic integral and some properties. In Section 2.4,
we give three important non-arbitrage concepts. Section 2.5 introduces the frame-
work of utility maximization problem. In the last section, we present the mathe-

matical models for additional information.

Throughout the remaining chapters of the thesis, our mathematical and economic
models start with a stochastic basis (2, A, H := (H¢)¢>0, P). Here, 2 is the sample
space, PP is the physical measure (economically means the subjective belief), and H
is a filtration that satisfies the usual conditions of right continuity and completeness,

and represents the flow of information through time.
Definition 2.1: A process is a family X = (X¢);>0 of measurable mapping from

12



into some set E. Usually, E is taken as R%.

If X is a process and 7' is a random time (i.e. a mapping  — R, ), we define the

stopped process at T, denoted by X7, by

X1 = Xrpps. (2.1)

Definition 2.2: An H-stopping time is a random time such that for all t € R4, the

set {T" <t} is H;-measurable.

On the set Q x RT, we define two o-fields O(H) and P(H) that are generated by all
cadlag H-adapted processes, and all continuous H-adapted processes respectively.

If S and T are two stopping times, we define four kinds of stochastic intervals:

[S.T] :={(w,t): teRy, S(w) <t <T(w)},
[S,T]:={(w,t): teRy, S(w) <t<T(w)},
19, 7] :=={(w,t): teRy, S(w) <t<T(w)},

15, 7] :={(w,t): teR4, S(w) <t<T(w)}

Definition 2.3: An H-predictable stopping time is an H-stopping time such that

the stochastic interval [0, 7] is H-predictable.

Proposition 2.1: Let T' be an H-stopping time, which is the debut T'(w) = inf{t :
(w,t) € A} of an H-predictable set A. If [T] C A, then T is an H-predictable

time.
The next concept is a sort of counterpart of predictable stopping time.

Definition 2.4: An H-stopping time T is called H-totally inaccessible if P(T =

S < 400) = 0 for all H-predictable times S.

The following theorem shows that, loosely speaking, any stopping time can be

decomposed into two parts: totally inaccessible part and accessible part.
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Theorem 2.1: Let T be an H-stopping time. There exist a sequence of H-predictable
stopping times (Sp)n>1 and a unique (up to P-null set) Hr-measurable subset A
on {T < +oo}, such that the stopping time T4 is totally inaccessible, and that the
stopping time Tae satisfies [Tac] C \J[Sn]. Ta is called the H-totally inaccessible

part of T, and T ac its H-accessible part. They are unique, up to a P-null set.

Proof. We refer to Dellacherie [52] (Page 58, Théoréem 41) or Jacod and Shiryaev
[78] (Page 20, Theorem 2.22) for the proof. O

Definition 2.5: A cadlag H-adapted process X is called quasi-left-continuous if

AX7 =0 a.s. on the set {T" < +oo} for every H-predictable time 7.

Definition 2.6: A random set A is called H-thin if it is of the form A = J,,~,[T%],
where (1},)n>1 is a sequence of H-stopping times; if the sequence (7},),>1 satisfies

[T.] N [T] = 0 for all n # m, it is called the exhausting sequence of A.

Now, we give the definitions of martingale, sub-martingale and super-martingale

that are essentially due to Doob [55].

Definition 2.7: An H-adapted cadlag process X on the stochastic basis (2, A, H, P)
is called an H-martingale (resp. sub-martingale, resp. super-martingale) if E|X;| <

400 and for all s < t,

E[XtrHs] = XSa (resp. E[Xt|Hs] Z XSa resp. E[Xt|Hs] S Xs)- (2'2)

The set of martingales for a filtration H will be denoted by M (H). As usual, A" (H)
denotes the set of increasing, right-continuous, H-adapted and integrable processes.
If C(H) is a class of processes for the filtration H, we denote by Co(H) the set of
processes X € C(H) with Xo = 0, and by Cj,. the set of processes X such that
there exists a sequence of H-stopping times, (7},),>1, that increases to +oo and the

stopped process X’* belongs to C(H). We put Co,10c = Co N Cioe-
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Definition 2.8: An H-semimartingale is a cadlag H-adapted process X of the form
X = Xo+M+ A, where X is a finite-valued and Ho-measurable random variable,
M is an H-local martingale and A is a finite variation process.

If A is predictable, we call X a special semimartingale and the decomposition

X = Xog+ M + A is called the canonical decomposition of X.

For a generic filtration H and an H-semimartingale X, the set of H-predictable
processes H integrable with respect to X in the sense of semimartingale would be

denoted by L(X,H) and the stochastic integral as H . X; = fg H,dX,.

Below, we define the optional and predictable projection of a measurable pro-
cess endowed with suitable integrability properties. For their proof, we refer to

Dellacherie and Meyer [54].

Theorem 2.2: Let X be a positive or bounded A-measurable process. There exist

an H-optional process “™(X) and an H-predictable process (X)) such that

E [XTI{T<+OO}‘HT] = O’H(X)TI{T<+OO} a.s. for any H-stopping time T,

E [XTI{T<+OO}|HT_] = p’H(X)TI{T<+OO} a.s. for any H-predictable time T.

The two processes “(X) and PH(X) are unique up to evanescent set; and they

are called the H-optional projection and H-predictable projection of X respectively.

Now, we state another very important concept — dual predictable projection or

compensator — that would be used frequently in the thesis.

Theorem 2.3: Let A be a process in A (H). There evists a process AP which

loc

18 unique up to an evanescent set, and is an H-predictable process in AIJ;C(H)
satisfying one of the following three equivalent properties:
(a) A — APH js an H-local martingale.

(b) E(AY™) = E(Ar) for all H-stopping times T.
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(c) E[H . A% = E[H . Ay) for all nonnegative H-predictable process H.

The process APH is called the dual H-predictable projection or compensator of A.

The concept of dual predictable projection (or compensator) would be frequently
used throughout the thesis. To distinguish the effect of filtration and probability
measure, we will denote (.,.)@H to specify the sharp bracket calculated under the
pairs (Q, H), if confusion may rise. When P = Q, then we simply write (.,.)". Simi-
larly for the dual projections, we use (.,.)»@H to specify the compensator calculated

under (Q,H), and when P = Q, we simply write (.,.)PH,

2.1 o-martingale Densities

The definition of o-martingale goes back to Chou [29] (see also Emery [61]) under
the name of semi-martingales de la classe (}_,,). It results naturally when we
integrate —in the semimartingale sense— an unbounded and predictable process with
respect to a local martingale. We start by defining local martingale density for an

H-semimartingale X.

Definition 2.9: Consider an H-semimartingale X and an H-positive local martin-
gale L > 0. We call L is the local martingale density for X if the product LX is

an H-local martingale.

Definition 2.10: An H-semimartingale is called a o-martingale if there exists a
real-valued H-predictable process ¢ such that 0 < ¢ <1 and ¢ . X is an H-local

martingale.
Below, we define o-martingale density for an H-semimartingale X.

Definition 2.11: Consider an H-semimartingale X and a positive H-local martin-
gale K (i.e. K > 0). The process K is called a o-martingale density for X if the

product KX is an H o-martingale.
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The difference and relationship between o-martingale and local martingale was

discussed by Ansel and Stricker [7].

Proposition 2.2 (Ansel-Stricker): Let X be an R%-valued H-local martingale and H
be an H-predictable, X integrable R%-valued integrand in the sense of semimartin-
gale. Then H . X is an H-local martingale if and only if there is an increasing
sequence of H-stopping times (T;,)n>1 T +00 and a sequence of non-positive inte-

grable random variables (6,), such that

A(H.X)" = HAXT > 9,. (2.3)

Theorem 2.4 (Ansel-Stricker): Let X be an H-local martingale and H . X exists in
the sense of semimartingale. If H « X is bounded from below with some constant

a, then H « X s an H-local martingale.

2.2 Optional Stochastic Integral

Here, we recall optional stochastic integral (or compensated stochastic integral) that
is one of our crucial techniques. We refer to Jacod [76] (Chapter III.4.b p. 106-
109), also studied in Dellacherie and Meyer [54] (Chapter VIII.2 sections 32-35 p.
356-361) and He et al. [71] for the details. Below, we give the definition and some
elementary properties of optional stochastic integral which are important for our

benefits.

Definition 2.12: [[76], Definition (3.80)] Let N be an H-local martingale with

continuous martingale part N¢, H an H-optional process, and p € [1, +00).

(a) The process H is said to be p-integrable with respect to N if

(a.1) The process P2 H is N¢ integrable and
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(a.2) The process

(Z (HAN - va(HAN)>2>p/2 € Af_(H). (2.4)

The set of p-integrable processes with respect to N is denoted by °L?

loc

(N, H).

(b) For H € °L?

loc

(N, H), the optional stochastic integral of H with respect to N

is the unique local martingale, M, that is p-locally integrable and satisfies
M¢=PHE N¢ and AM = HAN — PE(HAN). (2.5)

It is denoted by M = H ©® N.

It is obvious that the optional stochastic integral is a generalization of the [t6’s
integral (i.e. stochastic integral with predictable integrands). The conditions, given
in the definition, for the existence of optional stochastic integrals are the most
general ones, but they are hard to be verified. The following theorem (see [71] and

[54]) remedies these two defects to some extent.

Theorem 2.5: Let M be an H-local martingale and H be an H-optional process. If
HZ.[M] € Af

loc

L such that for every bounded H-martingale N, [L, M] — H .[M,N] € M;,.(H).

(H), then H ® M exists and it is the unique H-local martingale

Lemma 2.1: Let H be an H-optional process and N be an H-local martingale. Then

H € °L? (N,H) and H?.[N,N] has finite values if and only if P (|(HAN|) <
+00, and H? . [N, N] € A} (H).

Proof. The proof of the lemma is implied in He et al. [71] (see Theorem 9.10 and

the Remarks on pages 232-233). For completeness, we provide the details.

If H?.[N,N] € A® (H), it is clear that H?.[N¢ N¢] and Y. H?(AN)? are both

loc

H-locally integrable. By Yor and Lepingle’s inequality (see [142] and [104]) and the
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elementary inequality

3 (HAN _ P»H(HAN))2 <23 (HANY? 42 (P:H(HAN))Q ,

we deduce > (HAN — p’H(HAN))2 € A;b (H). Therefore H belongs to °L?

loc

(N, H).

Conversely, if H € °L?

loc

(N,H) and H?.[N, N] is finite, we have H?.[N¢ N¢] and
> (HAN — p’H(HAN))2 are both H-locally integrable and >~ H?(AN)? is finite.

Then, for any interval I' € Ry, we derive

Sk (p,H (HAN)>2 <23 I (HAN _ pH (HAN))2 +23 Iy (HAN)?

< +00.

Therefore, > (PH (HAN ))2 is locally bounded. Hence, it is H-locally integrable.
Since H2.[N, N] < H2.[N¢, N|+23 (HAN — PE(HAN))?+23 (PH(HAN))?,
we conclude that H?. [N, N] is H-locally integrable. This ends the proof of the

lemma. O

The optional stochastic integral arises naturally when jumps are incorporated.

The following lemma gives two (maybe the most) commonly known examples.

Lemma 2.2: Let X be an H-semimartingale and M an H-local martingale. Then
the following properties hold:
(a) The optional integral Itanr2o0y © M is well defined and Igapnr20y © M = M,
(b) If [ X, M] € Ajoc(H), then (AX) © M = [X,M] — (X, M).
Proof. (1) Since Itap200AM = AM and p’H(I{AM?gO}AM) = 0, the assertion (a)
follows immediately from the definition of optional stochastic integral.
(2) The proof of assertion (b) becomes trivial if one notices that AXAM — PH(AXAM) =

A[X,M] — A(X,M) and {AX # 0} is a thin set. This ends the proof of the

lemma. O
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Below, we recall some important properties of the optional stochastic integral

that would be used later.

Proposition 2.3: (a) The optional stochastic integral M = H ® N is the unique

H-local martingale such that, for any H-local martingale Y,

E(IM,Y]s) =E </Ooo Hd|N, Y}S> .

(b) The process [M,Y]| — H .[N,Y] is an H-local martingale.

(¢) If K is locally bounded and predictable, then the following three stochastic
integrals are well defined and are equal K .(H®X)=(KH)0 X =Ho (K.X).
(d) If X is purely discontinuous, then H ® X is also purely discontinuous, for

every process H € °L}

(X, H).
We end this section by a lemma that would be used in last Chapter 7.

Lemma 2.3: Let M and N be two H-locally square integrable local martingale,

He°L?

loc

(N,H), and K € °L?

loc

(M,H). Then, we have
H
(HoN,K o M)H = <HK L [M, N]>p ~y e <HAN) pH (KAM).
Furthermore, if N or M is quasi-left continuous, then

(HoN,KoM)* = (HK . [M, N])p’H.

20



Proof. To this end, we calculate that

[HON,KOM]=(HONKoM)+> AHON)AK M) (2.6)
= HK .[N°, M|+ HK . [M, N]*
-y (HAN - p’H(HAN)) PE(KAM) - 3" PH(HAN) PH (KAM)
~HEK.[N,M]- Y (HAN - pﬂ(HAN)) PH (K AM)

= PEHAN) PE(KAM). (2.7)

It is easy to see that P (KAM) is locally bounded and due to (2.5), we have
Z(HAN - p’H(HAN)) PH(KAM) = PH(KAM)H © N is a local martingale.

Therefore, we get
(HON, Ko MH = (HK L [M, N])p’H -y e (HAN) P (KAM).

If N or M is quasi-left continuous, then ?H <HAN) =0 or PH (KAM) =0. O

2.3 Jacod’s Representation for Local Martingales

In this section, we will recall the modern theory of semimartingale. Although it
is much less widely known than the classical semimartingale theory, it would be
essential for our purpose. Most of the results presented in this section can be
founded in Jacod [76], Jacod and Shiryaev [78] and He et al [71]. However the
proofs are not always given in details. We refer to Choulli and Schweizer [37] for a
detailed English proof.

Let us consider an auxiliary measurable space (E, &) which we assume to be
a Blackwell space (i.e., a separable space and for any (FE,E) measurable random
variable ¢ admits a reqular condition distribution with respect to the sub-o-filed H’

of H). Thoughout this thesis, (E, ) would be (R?, B(R?).
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Definition 2.13: A random measure on R} x E is a family p = p(w, dt, dx),w € Q
of nonnegative measure on (Ry x E, B(R;) ® &) satisfying p(w, {0} x E) =0

identically.

Throughout the thesis, on the space <S~2 =Q xRy X EA:=A® BR;) ® B(E)),

we will consider two o-fields
OH)=0H)®E and PH) =PMH) ® E. (2.8)

For an H-adapted cadlag process X, we denote the jump random measure asso-

ciate with X by u (u&} if confusion may arise), which is given by

p(w, dt, dz) =Y " T{a X, (w)£0}0(s,A X, (w)) (dE; dT), (2.9)
s>0

where J, is the Dirac measure at the point a.

For an optional functional W on ﬁ, we define the integral process W x u by

- f[O,t]xE W(w, s, z)u(w, ds, dz), iff[()’t]xE |W(w, s, z)|pu(w,ds,dz) < +oo
Wy (w) ==

~+00, otherwise.

Another important and useful measure on (SNI, Zk) is given by
Mf(é) =EF [/R EIE(w,t,x) ,u(w,dt,da:)] ,forall BeA. (2.10)
+ X

Thus, by M 5 [g|P(H)], we denote the unique P (H)-measurable function, providing

it exists, such that for any bounded P(H)-measurable function W,

P — _ afP Pl |5
M, (Wg):=F </R /EW(S,:L")g(S,x) ,u(ds,d:n)) =M, (WMH [g‘P(H)D .
+
Remark 2.1: In this thesis, we shall reserve the notation “x” for integrals with
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respect to random measures.

Definition 2.14: A random measure p is called (5(H)—0pti0nal (resp. predictable) if
the process W  u is H-optional (resp. H-predictable) for every 6(H)—measurable

(resp. P(H)-measurable) function W.

For any p, a jump random measure of a process X, we associate a 75(H)—
measurable random measure v satisfying W %y — W % v is an H-local martingale,

for any P(H)-measurable function W on € with [W|* p € Al (H).

Moreover, there exists a predictable process A € AT (H) and a kernel F(w,t,dr)
from (© x Ry, P(H)) into (E,E) such that

v(w,dt,dx) = dAy(w) F(w,t,dz). (2.11)

For any A-measurable function W, we associate the following processes

/ W(w,t,z)v(w,{t} x dz), (2.12)

Wi(w) == W (w, t, AXy () I ax 0} (w: ) — We(w). (2.13)

The resulting random measure p — v is called a “martingale random measure”. For
the pair of random measures (ju, ), we consider two types of integrals that corre-
spond to the sets of integrands denoted by G. (1, H) and H},.(u, H) respectively.
These two integrals result in two classes of pure jump local martingales. The two

sets of integrands are defined by

Gl ) = { W € PUE): |/, W2 € AL (D)} and

H}OC(H7M)1={9:96(5( ), ME[gIP(H)] = 0,/g% x € A (H }

(2.14)
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The resulting integrals are denoted by W * (1 —v) and W x y when W € G (1, H)
and W € H (u,H) respectively.

Now, we present the canonical predictable representation for a semimartingale, which
is based on the stochastic integral with respect to a random measure. For its proof,

we refer to Jacod and Shiryaev [78] (see Theorem 2.34, Page 84).
Theorem 2.6: Let X be an H-semimartingale. Then X has the canonical repre-
sentation:
X=Xo+X°4+hx(p—v)+ (x—h(z))xpn+ B, (2.15)
where X€ is the continuous martingale part of X, B is a predictable finite varia-
tion process and h is a truncation function with the form of h(z) = xlfjz<1y-

For the matrix C' with entries C¥ := [X%% X%J], the triple (B, C,v) is called
predictable characteristics of X. Furthermore, we can find a version of the charac-

teristics triplet satisfying
B=b.A, C=c.A, and v(w,dt,dr) = dA(w)F;(w,dx). (2.16)

Here, A is an increasing and predictable process, b and ¢ are predictable process and
Fy(w,dz) is a predictable kernel such that

o Fi(w,{0})=0, [ (Jz* A1) Fy(w,dz) <1,

e AB, = [h(z)v({t},dz), c¢=0on {AA#0},

o a; :=v({t},RY) = AAF(RY) < 1.

If X is a special semimartingale, we have the following:

Corollary 2.6.1: Let X be an H-special semimartingale. Then X has the following
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decomposition:
X=Xo+X+2xx(n—v)+ B, (2.17)

where B is a predictable process with finite variation.

For the following representation theorem, we refer to Jacod [76] (Theorem 3.75,
page 103) and Jacod and Shiryaev [78] (Lemma 4.24, page 185) and recent results
in Choulli and Schweizer [37]. Then the representation of a local martingale with

respect to a semimartingale X is given by the following

Theorem 2.7: [Jacod’s representation] Let X be an H-semimartingale, p is its
random jump measure, and v is the random measure compensator of p. Consider
N € Mo oc(H). Then, there exist an H-predictable X°-integrable process 3, N' €
Mo 1oc(H) with [N', X] =0, f € Gl .(u,H) and g € H, (1, H) such that

~

f

N=B. XA Wo(p—v)+grpt N, W= f+—,

M,/ [g|P(H)] =0,

where [ := ME[ANUS(H)], g :=AN — f, f is defined via (2.12) and f has a
version such that {a =1} C {f = 0}. Moreover,

~

AN = (f(AX) —I—g(AX)) I{AX#O} — %I{AX:O} + AN’ (2.18)

Remark 2.2: The Jacod Decomposition Theorem would be frequently used in
Chapter 5 and Chapter 6. In the sequel, we shall call (8, W, g, N’) or (8, f,g, N')

the Jacod Parameters of N with respect to X.

The following is a simple but useful result on the conditional expectation with

respect to Mf.
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Lemma 2.4: Let f and g be two nonnegative 6(H)—mea5umble functionals. Then,
M7 (14l 73(IHI)> M (72 ) MY (6% POD)),  MP-ae  (219)

Proof. The proof is the same as the one of the regular Cauchy-Schwarz formula, by
putting f := f/MliD (fQ‘ ﬁ(H)) and § := g/MlﬂD (gQ‘ 73(11-]1)) and using the simple

inequality zy < (22 + y?)/2. This ends the proof of the lemma. O

The following lemma is borrowed from Jacod (see Theorem 3.75 in [76] or Proposi-

tion 2.2 in [37]).

Lemma 2.5: Let £(N) be a positive local martingale and (3, f,g, N') be the Jacod’s

parameters of N. Then, E(N) > 0 (or equivalently 1 + AN > 0) implies that
P
>0, M, —

Lemma 2.6: (see Choulli and Schweizer [37]): Let f be a P(H)-measurable

functional such that f >0 and

((r=1p2 *M)l/ € At (H). (2.20)

-~ —1
Then, the H-predictable process <1 —a+ f) is locally bounded, and hence

fila) yol
1_at+ﬁegloc(u’ ) ( )

Wt($) =
Here, a; := v({t},R%) and fi= [ fi(x)v({t}, dz).

We end this section by recalling a lemma that is useful when one computes

compensator of integral with random measure. It was proved in [71], page 350.

Lemma 2.7: Let W € G| (u,H) and M := W % (up —v). For any N € M;,.(H)
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such that [M,N] € Aje(H), we have
(Wx(pu—v),Ny=(VW)*v, (2.22)

where V := ME[ANUE(H)]

2.4 Mathematical Formulation for Non-Arbitrage

In this section, we recall three important non-arbitrage concepts, precisely, No-
arbitrage, No-Free-Lunch-with-Vanish-Risk and No-Unbounded-Profit-with-Bounded-
Risk. Loosely speaking, in a rationale market, there is no possibility that one could
gain profit without taking any risk. We refer to the book of Delbaen and Schacher-

mayer [51] for this rich topic.

Definition 2.15: Let a be a positive real number and X be an H-semimartingale.
An X-integrable H-predictable process H is called a-admissible if Hy = 0 and
H.X;, > —a for all t > 0. H is called admissible if it is admissible for some

CLGR+.

Given the semi-martingale X, we denote by Ky the convex cone of L?, given by
Ky := {H « Xoo ‘ H is X — admissible and lim H.X; exists}.
t——+o00

By Cgy, we denote the cone of functions dominated by elements of Kg, i.e. Cy :=
Ko — LQF. With C and K, we denote the corresponding intersections with the space
L> of bounded functions K := Ky N L>® and C := Cy N L*. By C, we denote the

closure of C with respect to the norm topology of L.

Definition 2.16: We say that the H-semi-martingale X satisfies the condition of
(a) No Arbitrage (NA) if CN LY = {0}.
(b) No Free Lunch with Vanishing Risk (NFLVR) if CN LS = {0}.
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Remark 2.3: (1) It is clear that (b) implies (a). The no-arbitrage property (NA)
is equivalent to Ko N LY = {0} and has an obvious interpretation: there should
be no possibility of obtaining a positive profit by trading alone according to an

admissible strategy.

(2) The condition of NFLVR has the following economic interpretation: there
should be no sequence of final payoffs of admissible integrands, f,, := H".X7 such
that the negative parts f,,; tends to 0 uniformly and such that f,, tends almost
surely to a [0, oo]-valued function fy satisfying P[fo > 0] > 0. If (NFLVR) is not
satisfied then there is a fp in L°, not identically 0, as well as a sequence (fp)n>1

of elements in C, tending almost surely to fy, such that for all n, we have that

fn > fO - %
Definition 2.17: The H-semi-martingale X is said to satisfy the No-Unbounded-
Profit-with-Bounded-Risk (called NUPBR(P, H)) condition if the set
Ky = {H.Xoo ‘ H.X>-1 and lim H.X, exists} : (2.23)
—+00
is bounded in L°(P) (i.e. bounded in probability under P). When there is no
confusion, we simply call it NUPBR.

Remark 2.4: The terminology of NUPBR is also articulated as The First Kind of

No Arbitrage in Kardaras [94] or (BK) in Kabanov [86].
The following connection among (NA), (NUPBR) and (NFLVR) was proved in [86].

Lemma 2.8: The semimartingale X satisfies (NFLVR) if and only if (NA) and
(NUPBR) are satisfied, i.e., NFLVR = NA + NUPBR.

The fundamental theorem of asset pricing, due to Deblean and Schachermayer’s

seminal papers [47] and [50], could be read as:

Theorem 2.8: Let X be an (H, P)-semimartingale. Then X satisfies NFLVR if and
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only if there exists a probability measure Q ~ P such that X is a o-martingale

with respect to Q.

The precise relationship between NUPBR and o-martingale density was proved by
Takaoka [137]; and for the case of continuous semi-martingale, we refer to Choulli

and Stricker [39].

Theorem 2.9 (Takaoka): Let XT (i.e. X stopped atT) be an (H,P)-semimartingale
for a fived T € (0,4+00). Then XT satisfies the condition of NUPBR if and only

if there exists a o-martingale density Z for XT, i.e. ZXT is a o-martingale.

2.5 Utility Maximization

In this subsection, we provide the mathematical definitions of the utility and the

corresponding admissible set of strategies afterwards.

Definition 2.18: A utility function is a function U satisfying the following;:
(a) U is continuously differentiable, strictly increasing, and strictly concave on its
effective domain dom(U).
(b) There exists ug € [—00,0] such that dom(U) C (ug, +00).

The effective domain dom(U) is the set of r € R satisfying U(r) > —oo.

Given a utility function U, an H-semimartingale X, and a probability ), we

define the set of admissible portfolios as follows

Aadm(aa U, X, Q) =

(2.24)
{H | He L(X), H.X > —a & E° U*(a+(H.X)T)} <+oo}.

When Q = P, X =S, and U is fixed, we simply denote Aggm(c, S).
The main goal for utility maximization problem is to find the optimal strategy

He Agam (o, U, X, Q) that maximizes the following function

MaX e, (rvx.Q) B U (@ + H. Xp)] = B2 |U (v + H. Xr)|.  (225)
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2.6 Mathematical Models for Additional Information

In the literature, the additional information is usually modelled by a random time 7
(a positive random variable) that would represent the time of default, bankruptcy,
retirement, - - -, etc.. To incorporate the information from 7, probabilitist developed
two main-streams: initial enlargement of filtration and progressive enlargement of
filtration. In the thesis, we will restrict our attention to the informational market

in progressive enlargement of filtration.

2.6.1 Progressive Enlargement of Filtration

The framework of the progressive enlargement is suitable for formulating and char-
acterizing the problems associated with an additional information conveyed by ob-
servations of occurrence of a random time 7. Below, the elementary properties of
progressive enlargement of filtration will be introduced. For their proof, we refer to
Jeulin [83]. For a random time 7 : Q — R, we denote by D the right-continuous

process Dy = If;<yy, and by G = (G, ¢ > 0) where

Gr = [ Hs V o(Dyyu < s) (2:26)

s>t

is the smallest right-continuous filtration which contains H and makes 7 a stopping
time. We introduce the H-supermartingale Z and the H-strong supermartingale Z

(without right continuity)
Zy := P(1 > t|My), and Z, := P(r > t|H,) (2.27)
and we denote by m the H-martingale

m = Z + DY, (2.28)
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where D®H is the H-dual optional projection of I [r.oof- Therefore,
Zy =2, AD*" =(Z - 2)Ip oo, Z- =2 = PH(Z), on [0, +o0[. (2:29)

Remark 2.5: The decomposition Z = m — D*H is, in general, different from the
Doob-Meyer decomposition Z = M?Z — DPH_ where M? is a martingale and
DPH is a predictable increasing process. If 7 avoids the H-stopping times, or if
all H-martingales are continuous, then DPH = DoH and Z = m — D> is the

Doob-Meyer decomposition of Z.

The following theorem characterizes the precise relationship between H-local

martingales and G-local martingales on [0, 7].

Proposition 2.4: [83] Let T be a random time. Then the following hold:
(a) If X is an H-semimartingale, X (i.e. X stopped at T) is a G-semimartingale.
(b) If X is an H-local martingale, then

S B tAT 1 d "
Xt = Xt/\T 7 <)(7 m)s (230)
0 S—

is a G-local martingale.

Next, we shall study the compensator of the jump measure p under G and the

canonical representation of X7 in the progressive enlargement of filtration.

Proposition 2.5: Let p be the jump measure of X and v be its H-compensator.

Then, on [0, 7], the G-compensator of u is given by

MF(ZP(H)]
I/(G = (I[O;,.]] . /J,)ILG = MTI[[O,T}] « V. (2.31)

Proof. Due to Proposition 2.4, for any W € P(H) such that |W |+ p € A, we know
T 1 H
W (p=v)" = ——Ipsq (W= (p—v),m)
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is a G-local martingale. Therefore, we calculate from Lemma 2.7 that

WM [Am|P(H)]

WI[O,T]] * U — WI[[O,T]] * UV — 7 I[O,T]] *V
W1 WMf[Z|ﬁ(H)] I € Mioe(G,P)
= * = *
[0,7] 2 7 [0,7] v loc\\T, )
where we used the fact that Z_ + Am = Z. Therefore, (2.31) follows. O

Theorem 2.10: Let X be an H-semimartingale with the canonical representation
X=Xo+X°+(@—h)xpu+h*(p—v)+B.
Then the canonical representation of X7 is given by

X" = Xo+ X+ hx(u€ —v®) + (x— h)*u® + B, (2.32)

— ~ P 5]
where X ¢ is defined via (2.30) and B := BH—%.(XC, m)H—i—hwlﬂojﬂ* v.

Proof. By Proposition 2.5, we have

MP[Am|P(H
NG:I[[O,T]]':UJand VG:(1+ #[ ;n| ( )]>I[[0,T]]'V'

Therefore,

X" =Xo+1Ip.q- X +hlpq*(p—v)+(@—h)Ipgrp+Ipsq.-B

— Xo+ X° 4w (1€ = 1%) + (2 — h) x4 + B,

—~ ~ P m D
where X¢ is defined via (2.30) and B := BT+%. (Xe, m)H—kth[Oﬂ*y.

- -

It remains to show the process hw—fﬂo,rﬂ * 1 is locally integrable. Let
.. -1 .

n)n _ T .C.

(0n)n>1 be the localizing sequence for the G-locally bounded process Z~ "Iy - (i.e

Zzl—[[[O,T]]ﬂ[[O,Jn]] < n); and (T},)n>1 be the localizing sequence of Var([X, m]). Then,
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we derive

M,F [Am|P(H)] M7 [Am|P(H)]
E | |h] Io.7) * Hount, | = E | 2[I{z1<1y Ijo 7] * popnt,
Z_ Z_
< B [al Ljay<ry | M [AmI P | Ijor * 1, 1, |
<nE Z |AXulIax, <13 Amy|
0<u<onp ATy

<nE[Var([X,m])s,r1,] < +00.

This ends the proof of the theorem. O

2.6.2 Honest Times

In the theory of enlargement of filtration, one class of random time playing important
role is honest time. One crucial feature of honest time is that the (H’)-hypothesis
(i.e. every F-martingale is a G-semimartingale) is valid on the whole time interval
10, 4+00|. For a general random time 7 and an H-semimartingale X, the process after
7, X — X7 may not be a G-semimartingale.

Below, we recall the definition of honest time (see [17], [83] and the references

therein).

Definition 2.19: A random time 7 is H-honest, if for any ¢, there exists an H;

measurable random variable T; such that 71,y = T o4y

Now, we are collecting some fundamental results of honest times which will be

used later. For their proof, we refer to Jeulin [83].

Proposition 2.6: Let 7 be a random time valued in Ry = [0, +00]. The following
assertions are equivalent:
(a) 7 is an H-honest time.
(b) 7 coincides with an end of an H-optional set on {T < +o0}.

(¢) Zr =1,P —a.s. on {1 < +o0}.
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(d) P(G) is generated by P(H) and [0, 7].

Remark 2.6: (a) The end of an optional set is honest.
(b) A finite honest time is the end of an optional set.
(c) If 7 is honest and A is measurable, the variable 74 defined by 74 = 7 on A,
T4 = 400 on A€, is honest.
(d) A random variable 7 is the end of an optional set if and only if there exists a

set of finite honest times (7,,)p>1 such that sup,, 7, = .

Proposition 2.7: Let 7 be an H-honest time. Then the following hold:
(a) If H is an P(G)-measurable process, then there exist two P(H)-measurable

processes J and K such that

HIo oo = Jj0.7] + K} oo

(b) If H is an O(G)-measurable process, then there exist two O(H)-measurable

processes U and W, and a progressive measurable process V' such that

H = UI[[()?T[[ + VI[[T]] + Wfﬂ77+mﬂ.

Accordingly, for a measurable process N, we have

(c) The G-predictable projection of N, denoted by PC(N), satisfies:

1 1
PEN) I oof = "5 (Npor1) 7= Toy + ™ (N o) 7= Tirool-
(d) The G-optional projection of N, denoted by ®©N, satisfies:
0,G o,H 1 o,H 1
F(N) I 400 = " (Njor) S+ ” (N7 4o0f) [ ol

The following theorem states the precise relationship between H-local martingale

and G-local martingale on the time interval 0, 4+o00].
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Theorem 2.11: Let 7 be an H-honest time, then:
(a) G satisfies (H')-hypothesis, (i.e. every F-martingale is a G-semimartingale).
(b) For all H-local martingale X,

v tAT 1 aUx H tAT 1 ax H
e [ g - [ i m):

is a G-predictable process with finite variation and X = X — Y is a G-local

martingale.
Below, we investigate the compensator of a random measure on |7, +00].

Proposition 2.8: Let u be the jump measure of X and v its H-compensator. Then,
on |7, +oo[, the G-compensator of u is given by

1 — M [Z|P(H)]

G
Ve = (Ijroo - 1t)" = L DoV (2.33)

Proof. Due to Theorem 2.11, for any |W|*u € .A;gc, we know that

HroofW x (p=v) + (1= Z2) oo« (W (10— v),m)f is a G-local martingale.

Therefore, we calculate from Lemma 2.7 that

WMP[Am|P(H)]

WI]]T’OO[[ * U — WI]]T’OO[[ * UV + -7 I]]T,oo[ *xV
WMP[1 — Z|P(H)]
= WI]]T,OO[[ * [ — =7 I]]-r,oo[[ *VE MloC(G, P),
where we used the fact that Z_ 4+ Am = Z. Therefore, (2.33) follows. O

Theorem 2.12: The canonical representation of I o[« X is given by

Iroop» X = Xo+ X+ hx(us —vF) + (x — h) x pg + B, (2.34)
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where

1

- Z_

MP[Am|P(H
1 Hog + (XY — 1 o [Am|P (H)]

X = Iy o « X° Lo » (X, m)",

B =T B~

—Z_

, -
Proof. We start by showing that hwlﬂnmﬂ * 1 is locally integrable. Let

(T},) be the localizing sequence of Var([X, m]). We get

M7 [Am|P(H)] [ |2 (Am|P(E)|
T 7 Ortoel *i1 | = B ||2l{jz1<1y =7 frtoo * T,

E [[alIjjaj<1y [ME TAmIPH)]| oz, |

IN

<E Z ’AXu’I{\AXuEl}‘Amu’
_OSUSTn

< E[Var([X,m])n,] < 4oc.

Then, the proof of the theorem mimics the proof of Theorem 2.10. This ends the

proof of the theorem. O
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Chapter 3

Viability versus Non-Arbitrage

In this chapter, we will discuss the exact relationship among non-arbitrage, viability
and numéraire portfolio without any assumption and for the general continuous-time
market model. Firstly, we establish the equivalence among the No-Unbounded-
Profit-with-Bounded-Risk condition (called NUPBR hereafter), the existence of the
numéraire portfolio, and the existence of the solution to the utility maximization
under an equivalent probability measure for any nice utility. Secondly, under some
mild assumptions on the model and the utility, we prove the equivalence between
NUPBR and the “local” existence of optimal portfolio. These results lead naturally

to two new types of viability that we call weak viability and local viability.

3.1 Problem Formulation

Here, we will discuss the three financial concepts of non-arbitrage, viability and
numéraire portfolio. Among these concepts, the numéraire portfolio is the most re-
cent concept that was introduced by Long in [106]. It is the portfolio with positive
value process such that zero is always the best conditional forecast of the numéraire-

dominated rate of return of every portfolio.
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What does the literature say about this relationship? For
discrete-time markets, the economic and financial literature provides the most pre-

cise results in this context that we summarize in the following.

Theorem 3.1: For discrete-time market models, the following are equivalent:
(a) The market is viable/Utility Mazimization admits solution for a “nice” von
Neumann-Morgenstern utility,
(b) There are no arbitrage opportunities,
(¢) There exists an equivalent martingale measure (EMM hereafter),

(d) The numéraire portfolio exists.

The equivalence among (a), (b) and (c¢) was termed in the financial literature as
the Fundamental Theorem of Asset Pricing (FTAP hereafter) by Dybvig and Ross
(see Theorems 1 and 2 of [59]). This result goes back to Arrow and Debreu for
discrete markets (see [13] and [56]). In mathematical finance the FTAP stands for
the equivalence between (b) and (c), and for the rest of the thesis, this meaning
will be adopted. The equivalence between (a) and (b) in discrete-time for smooth
utilities was proved by [88] and [118]. The utility maximization problem has been
intensively investigated, under the assumption that (c) holds. This condition allows
authors to use the two rich machineries of martingale theory and convex duality.
These works can be traced back to [92], [66], [46] and [98], and the references therein
to cite few. The main results in this literature focus on finding assumptions on the
utility function for which duality can hold, and/or the solutions to the primal prob-

lem and its dual problem will exist.

The question of how the existence of optimal portfolio is connected to the absence of
arbitrage (weak or strong form) has been forgotten for the continuous-time context.
Recently, Frittelli proposed in [67] an interesting approach for this issue, while his
obtained results are not applicable in the context of [105].

The equivalence between (b) and (c) goes back to Kreps in [101], Harrison—Pliska
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in [70], and Dalang-Morton-Willinger in [44]. To obtain an analogous equivalence
in the most general framework, Delbaen and Schachermayer had to strengthen the
non-arbitrage condition (by considering NFLVR) while weakening the EMM (by
considering o-martingale measures). Their approach established the very general

version of the FTAP in their seminal works [47] and [50].

Our Goal: The main aim of this chapter is to elaborate the equivalence among
all four assertions of Theorem 3.1 for the most general continuous-time framework
under no assumption by choosing adequate notions and formulations. This main
result is detailed in Section 3.2, and is based on a key lemma that is important in
itself. In fact this lemma closes the existing gap in the tight connection between (a)
and (b) without changing the underlying probability measure (the original belief).

The proof and the extensions of this lemma are given in Section 3.3.

3.2 NUPBR, Weak Viability and Numéraire Portfolio

In order to elaborate our main results, we start with describing the mathematical
framework and formalizing mathematically the economic concepts used through-
out this chapter. Our mathematical model, herein, is the same as the one defined
in Chapter 2, Section 2.5. For the reader’s convenience, we recall the most im-
portant ingredients of this model. Our model is based on a filtered probability
space (Q,A,F, P), where the filtration, F := (F;)o<i<7, satisfies the usual condi-
tions of right continuity and completeness. On this stochastic basis, we consider a
d-dimensional semi-martingale (S¢)o<i<7, that represents the discounted price of d
risky assets. The set of F-predictable processes H that are S-integrable (i.e. H .S
exists) in the sense of semimartingale will be denoted by L(S).

Throughout this section, we will focus on utility functions U satisfying the Inada’s

conditions and the Kramkov and Schachermayer’s asymptotic elasticity assumption
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defined in [100]:

dom(U) = (0,400), U'(0) =400, U'(cc) =0, and limsup 2U (z)

<1. (3.1)

These utilities were termed by ”nice” von Neumann-Morgenstern utilities. For any
x > 0, we define the set of wealth processes obtained from admissible strategies with

initial capital x by
X(z)={X>0[|3IHeL(S), X=a0+H-S}. (3.2)

Given a utility function U, a semimartingale X, and a probability ), we define the

set of admissible portfolios as follows

-Aadm(aa Ua Xa Q) =

{H! HeL(X), H X>-a & EQ[Uf(aJF(H_X)T)} <+OO}. (3.3)

When Q = P, X =S, and U is fixed, we simply denote Aygm(c, S).
Below, for the reader’s convenience, we recall the definitions of NUPBR, o-martingale

density and numéraire portfolio.

Definition 3.1: The semi-martingale S is said to satisfy the No-Unbounded-Profit-

with-Bounded-Risk (called NUPBR(P), hereafter) condition if the following set
Ky:={(H -S)r | H.S>-1}, (3.4)

is bounded in L°(P) (i.e. bounded in probability under P).

Definition 3.2: A o-martingale density for .S is any positive local martingale, Z,
such that there exists a real-valued predictable process ¢ satisfying 0 < ¢ < 1

and Z(¢-9) is a local martingale. The set of o-martingale densities for S will be

40



denoted by

Z1oc(S) :={Z € Mypc(P) | Z >0, ZS is a o-martingale }. (3.5)

Definition 3.3: Let Q be a probability measure. A process Xex (z0) is called
a numéraire portfolio under Q if X > 0 and for every X € X(xg), the relative
wealth process X/ Xisa Q-supermartingale .

If Q = P, then X is simply called the numéraire portfolio.

In the following, we will state our principal theorem of this chapter, and discuss its
novelties by comparing it to the existing literature. Afterwards, we will provide its

proof and related technical results.

3.2.1 The Main Theorem and Its Interpretations

Below, we state the principal result of this chapter.

Theorem 3.2: The following properties are equivalent:
(i) S satisfies the NUPBR condition.
(ii) The o-martingale density for S is not empty.
(iii) There exists a probability Q ~ P, such that for any utility U satisfying (3.1)

and any x € dom(U), there erists 0 c Agam (z,U, S, Q) such that

maxge A, gm (2,U,5,Q) EQU<$ + (9 : S)T) = EQU (.’L’ + (é\ S)T) < +00. (36)

(iv) For any ¢ > 0, there exists Q. ~ P such that E\‘fi% — 1| < ¢, and for any
utility U satisfying (3.1) and any x € dom(U), there exists b, € Aam (2, U, S, @6)

such that

max, . oso) EQ€U<J; (0 S)T) _ Oy (g; + (.- S)T) < to0. (3.7)
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(v) For any € € (0,1), there exist Q. ~ P and 0. € Acq = Agam(1,log, S, @E)

such that E]Cfi% —1| <€ and

maxge A, EQ 10g(1 +(0- S)T) — BQ log (1 + (0. - S)T) < 400. (3.8)

(vi) The numéraire portfolio exists.

Interpretations of the Main Theorem:

(a) The innovation of this theorem lies in the equivalence among assertions (i), (iii),
(iv), (v) and (vi). The equivalence between (i) and (ii) is exactly Theorem 2.6 of
[137] on which our proof relies heavily on the one hand. On the other hand, by
adding assertion (ii), we show how Theorem 3.1 becomes in our general context. In
our view, Theorem 3.2 is very important from the financial economic side and the
mathematical finance side. Below, we will detail these two views.

(b) From the financial/economic side, our theorem is a generalization of Theorem
3.1 to the most complex market model with no assumption. In fact, by substituting
the viability under an equivalent belief and the NUPBR condition to assertions
(a) and (b) of Theorem 3.1 respectively, we obtained similar important result for
continuous-time framework. Furthermore, our statement (iii) claims that any agent
whose preference fulfills (3.1) can find optimal net trade under the same equivalent
belief. This belief can be chosen as close to the real-world belief as we want (but
might not be equal). This enhances our economic interpretation of the statement

(#i7) given by the following.

Definition 3.4: A market is weakly viable when there exist an agent —whose
utility fulfills (3.1)— and an initial capital for which the corresponding optimal

portfolio exists under an equivalent probability measure.

It is worth mentioning that the equivalence between assertions (b) and (d) of The-
orem 3.1 was proved by Long in [106], and was extended afterwards to general and

different contexts by many scholars. For details, we refer the reader to the works
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of Artzner [14], Becherer [18], Christensen and Larsen [42], Karatzas and Kardaras
[90], Korn et al. [97] and the references therein.

(c) From the mathematical finance perspective, the equivalence between (i) and (vi)
of the theorem was established in [18], [42] and [90]. For this part, our originality lies
in the method used to prove this equivalence. In fact our approach is much shorter,
and much less technical than the one of [90] (our proof does not use the semimartin-
gale characteristics nor the measurable selection theorem that are very powerful
tools but not easy to handle). Furthermore, Becherer and Christensen/Larsen (see
[18] and [42]) connected these two assertions to the existence of growth-optimal
portfolio and the existence of the solution to the log-utility maximization. A sum-
mary of these results is given by Hulley and Schweizer (see Theorem 2.3. of [74]),
where the authors stated that the assertions (i), (vi), and

(vii) The growth-optimal portfolio X9° exists,

are equivalent. If furthermore
sup{ E[logXT} ‘ X ex(1), X_ >0, and E[(logX7)] < oo} <o, (3.9)

then the properties (i), (vi), and (vii) are also equivalent to

(viii) The existence of the solution of the log-utility maximization.

(d) Theorem 3.2 proposes a new formulation for which the equivalence among the
above four properties holds without any assumption and for any utility satisfying
(3.1) —not only the log utility—. This formulation uses the appropriate change of
probability. More importantly, the set of equivalent probabilities —under which
utilities satisfying (3.1) admit optimal portfolios— is variation-dense. The change
of probability measure has been known as a powerful probabilistic technique used
in stochastic calculus to overcome integrability difficulties. Thus, mathematically
speaking, the change of probability in Theorem 3.2 is a natural and adequate for-

mulation that allowed us to establish the exact connection between the viability
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and the NUPBR with no assumption —such as (3.9)— on the model. It is worth
mentioning that the utility maximization problem might have no solution (even for
the log utility) for models satisfying the NUPBR (see Example 4.3 in [42]). This
explains the intuitive mathematical idea that motivated this change of probability.
Our next question in this discussion is: What is the economic meaning of this prob-
ability change? In order to answer this question, we need to go back to financial
economics, where scholars call the probability measures by agents’ subjective be-
lieves. In this literature, the change of probability measures/believes has been well
received and adopted since a while, and the robust /uncertainty models and the ran-
dom utility theory are among the successful areas of economics in which the change
of probability is central. In this spirit of random utility theory, our assertion (iii)
says that the market’s viability is achieved by a random field utility for which (3.1)
is fulfilled pathwise. In mathematical terms, assertion (iii) is equivalent to

(iii") There exists a random field utility U(w,z) and 6 € Aggm(z,U) such that

U(w,.) is a utility fulfilling (3.1) and
MAX g e A (2,0) Eﬁ<x +(0- S)T) = EU (ac +(6- S)T) .

For other situations —where the change of probability is economicly motivated and
strongly supported— and for the random utility theory literature, we refer the reader

to [35] and the references therein.

3.2.2 Proof of the Main Theorem

The proof of the main theorem is based essentially on five lemmas that we start
with. The first three lemmas are dealing with the Fatou convergence of processes
that was defined in Definition 5.2 of Follmer and Kramkov [62], while the fourth
lemma deals with a supermartingale property. The fifth lemma states our second

contribution in this chapter.
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The following lemma is a variant of Kolmos’ argument and is borrowed from [47].

Lemma 3.1: (see Lemma Al.1 in [47])
Let (fn) be a sequence of [0,4+00] valued measurable functions on a probability
space (2, F, P). There is a sequence g, € conv(f;, | > n) such that g, converges
almost surely to a [0, +o0] valued function g, and the following properties hold:
(a) If conv(fn,n > 1) is bounded in L°, then g is finite almost surely,

(b) If there are ¢ > 0 and 6 > 0 such that for all n

P(fn >c) >0,

then P(g > 0) > 0.

Definition 3.5: Let J be a dense subset of Ry. A sequence of processes (X,) is
called Fatou convergent on J to a process X if (X,,) is uniformly bounded from

below, and if for any ¢ > 0 we have

X; = lim sup limsup X” = lim inf lim inf X"
slt,s€J n—0 slt,seJ m—o0

If 7 =Ry, the sequence (X,,)p>1 is called simply Fatou convergent.

The dynamic version of Lemma 3.1 can be found in Féllmer and Kramkov [62] and

is recalled below.

Lemma 3.2: (a) Let (X,)n>1 be a sequence of non-negative supermartingales.
Let J be a dense countable subset of Ry. Then, there exists a sequence Y, €
conv(X™, X" .Y and a supermartingale Y such that Yo < 0 and (Yy)n>1 is
Fatou convergent on J to Y.

(b) Let (Ap)n>1 be a sequence of increasing processes such that Aj = 0. There
exists a sequence B™ € conv(A™, A"TL,...) and an increasing process B with val-
ues in Ry such that (B")n>1 is Fatou convergent to B. If there are T > 0,a > 0

and 6 > 0 such that P(A} > a) > 6 for alln > 1, then P(Br > 0) > 0.
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The importance of this lemma lies mainely in the optional decomposition of Kramkov
(see [100]), that we will use in our proof. In fact, we will use its weakest form that
was elaborated by Stricker and Yan in Theorem 2.1 of [136], where the authors used
the set Z,.(5) instead of the set of o-martingale measures. As a direct consequence

of Lemma 3.2 and Theorem 2.1 of [136], we obtain the following

Lemma 3.3: Suppose that Z,.(S) # 0. Let (0,,)n>1 be such that 0, € L(S) and 0,,-
S > —1. Then, there exist ¢, € conv(fy, k > n), fc L(S), and a nondecreasing

process C such that 0.9 > -1, Cy=0, and
1+ ¢n-S is Fatou convergent to 1+8-5—C. (3.10)

The following lemma is dealing with a supermartingale property.

Lemma 3.4: Let X be any RCLL semimartingale, and 7 € L(X) such that E(T -
X) > 0. Then, the following are equivalent:

(a) For any m € L(X) such that E(w-X) > 0, and any stopping time, T, we have
} <1 (3.11)

(b) For any m € L(X) such that E(m - X) > 0, the ratio E(m - X)/E(T - X) is a

supermartingale.

Proof. The proof of (b) = (a) is obvious and will be omitted. Suppose that
assertion (a) holds, and consider 7 € L(X) such that £(7 - X) > 0. Then, for any

pair of stopping times, 7 and o, such that 7 <o P —a.s. and A € F,, we put

_ T on A
Ti=To ] + Tra 400y TA = .
400 on A°

Then, we easily calculate
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£ X), £(x - X),
E{g(% X), £(x - X),

~1
for any A € F,. Hence, the supermartingale property for £(m - X) <E(% . X))

follows immediately, and the proof of the lemma is achieved. O

Now, we state our Key Lemma in this chapter that will be interpreted econom-

ically, proved, and extended to other types of utilities in Section 3.3.

The Key Lemma Let U be a utility function satisfying (3.1). Suppose that there
exists a sequence of stopping times (7},),>1 that increases stationarily to 7" and

r, > 0 such that

sup EU(:L’n + (6 - S)Tn> < 00, Vn>1. (3.12)
GEAadm(rn)STn)

Then, the following are equivalent:
(i) There exists a sequence of stopping times (7,),>1 that increases stationarily
to T such that for any n > 1 and any initial wealth x¢ > 0, there exists o) ¢

Agam (0, S™) satisfying
M9 A,y (a0, 57) BU (20 + (8- 8)7, ) = BU (w0 + (0 - 5y, ) < +00. (3.13)

(i) S satisfies the NUPBR condition.

The remaining part of this section is devoted to the proof of Theorem 3.2.
Proof of Theorem 3.2:
The proof of this theorem will be achieved after three steps. The first step will focus

on proving (i) <= (i) <= (iit). The second step will prove (i) <= (iv) <= (v),
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while the last step will deal with (v) = (vi) = (1).

1) The equivalence (i) <= (ii) is exactly Takaoka’s result (see Theorem 2.6 in
[137]), and its proof will be omitted.
The proof of (i) <= (ii7) boils down to the proof of (i) = (iii), since the reverse
implication follows directly from the Key Lemma by considering @) instead of P
and taking 7, = T for all n > 1. Suppose that assertion (i) holds. Then, due to
the equivalence between (i) and (ii), we consider Z € Z,.(S) (i.e. a o-martingale
density for S) and put

Q= P~ P. (3.14)

Let U be a utility function satisfying (3.1) and € dom(U). For any 0 € Aygm(z,U, S, Q),
Z(x +60-S) is a nonnegative local martingale, and hence a supermartingale. Then,

the concavity of U leads to
ERU (x+(0-8)r) <U(z/E[Z7]) < 400, V 0 Ay (z,U,S,Q). (3.15)

Therefore, a direct application of the Key Lemma under () implies the existence of
a sequence of stopping times (7,,)p>1 that increases stationarily to 7" and a sequence

o) ¢ Agam (2, U, S™, Q) such that

sup ECU (z+(0-9),,) = ECU (:c + (6™ S)T"> . (3.16)
0 Ay dm (x,U,5™ ,Q)

~

Thus, thanks to Lemma 3.3, we deduce the existence of (a;);>1 (a; € (0,1)), 6 €

L(S), and a nondecreasing RCLL process C such that Cy = 0,

Mn Mn
Z a; =1, and = + Z @0 - ST is Fatou convergent to z+0-S — C. (3.17)

l=n l=n

Hence, assertion (iii) will follow immediately once we prove that 0 belongs to
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Agam/(z,U, S, Q) and it is the optimal solution to (3.6). We start by proving the

admissibility of 9. Due to Fatou’s lemma and the concavity of U, we get

EQU~(z+0- Sy) < liminf ECU~ (3} +> @ Sﬂ>
l=n

(3.18)
< limirﬁfialEQU_ (x + 90 . Sn) .
l=n
If U(co) <0, then we have
z": aqECU~ (:U ION Sn> =— zn:alEQU (a: +00. Sn) < —U(z) < 400,
l=n l=n

and the admissibility of 0 follows immediately from this inequality and (3.18). Sup-
pose that U(+00) > 0. Then, there exists a real number r such that U(r) > 0, and

the following hold

lim irﬁf i": aqECU~ (:U +00 . Sﬂ>

l=n

< lim ianalEQU (’r +a+00. Sn) —U(x) (3.19)
l=n
r+x
<U —Ul(x) < +o0.
< (Gz) U

A combination of these inequalities and (3.18) completes the proof of 0 € Awam (z,U, S, Q).
Furthermore, we get U(x + g St) € LY(Q). Next, we will prove the optimality of

the strategy 9. To this end, we will start by proving

ERU (ac +0- ST) > limsup EQU (x + Zalé\(l) : Sn> . (3.20)

l=n

If U(400) < 0, then the above inequality follows from Fatou’s lemma. Suppose that

U(+o0) > 0. In this case, by mimicking the proof of Lemma 3.2 of [98], we easily
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prove that

{U(yn) D Yp =+ Zalém Sy, n> 1} is Q-uniformly integrable.  (3.21)

l=n

Denote the inverse of U by ¢ : (U(0+),U(+00)) — (0,400). Then we derive
ER[¢p(U(yn))] < x/E(Z7) and due to 'Hospital rule and (3.1) we have

lim 7(]5(33) = lim Yy 1

lim —— = +o0.
esUlhos) @ yroo U(y)  y—rtoo U'(y) e

Then, the uniform integrability of the sequence (U(y))n>1 follows from the La-
Vallée-Poussin argument. Then, (3.20) follows immediately from this uniform inte-

grability and (3.17). Therefore, we obtain

ECU (aj + 0- ST> > lim sup ECU (m + Z ala(l) . Sn>

l=n

: N ).
> lim s%p ; alEQU (ZL‘ + U Sn)

> lim sup Z aECU (z + ¢ - S,) (3.22)

l=n

> lim inf Z aECU (x + €6 - S,,)
l=n

> EQU (z+ € - Sr) (3.23)

> (1—¢)U(z) +cE°U (2 +60 - Sr),

for any 6 € Agygm(z,U, S,Q), and any e € (0,1). It is clear that the optimality of
9 follows immediately from the above inequalities by letting e increases to one. It
is obvious that (3.22) follows from (3.16), while (3.23) follows from Fatou’s lemma
and U(z +€(0 - S)5,) > U((1 — €)z) > —oo. This proves assertion (izi), and the
proof of (i) <= (7ii) is achieved.

2) Herein, we will prove (i) <= (iv) <= (v). Since the log-utility satisfies (3.1),

then it is easy to see that the proof of (i) <= (v) is similar to the proof of (i) <=
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(iv). Thus, we will focus on proving this latter equivalence only.

Suppose that assertion (¢) holds. Then, assertion (iv) follows immediately as soon
as we find Qs equivalent to P whose density converges to one in L!(P) when § goes
to zero, and the utility maximization problem admits solution under Qs for any

5 € (0,1). To prove this latter claim, we put

=qsCs, Qs:=2s-P~ P, (3.24)

for any 6 € (0,1). By examining closely the proof of (i) = (iii), we can easily
conclude that the utility maximization problem admits solution under Q)5 whenever
Qs satisfies similar inequality as in (3.15). Thus, for any utility U satisfying (3.1),

any x € dom(U), any 6 € (0,1), and any 0 € Augm(x,U, S, Qs), we derive

EBU (x4 (0-S)r) <U(E% [z +(0-8)7]) <U (E[

Zrlx +(0- S)T”)
<V (Spaymm) <+

0E(q5)E(Zr)

Hence, this allows us to conclude that for any 6 € (0,1) and any utility U satisfying
(3.1), the utility maximization problem admits solution under @)s. To conclude the
proof of (i) = (iv), we will prove that Zs converges to one in L!(P) when & goes

to zero. Thanks to

1>(C’5)1:E< 1 >2E{q} Ny

5+q 1+gq
we deduce that Zs is positive, bounded by (Ag)~!, and converges almost surely to
one when § goes to zero. Then, for any € > 0, the dominated convergence theorem
implies the existence of § := d(€) > 0 such that F|Zs.) — 1| < e. This ends the proof
of (i) = (#v). The reverse implication follows from (iv) = (iii) = (i), and the
proof of (i) <= (iv) <= (v) is completed.

3) In this last part, we will prove (v) = (vi) = (i). Suppose that assertion (v)
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holds (and hence we have Z,.(S) # 0). Then, it is easy to see that assertion (v)
implies the existence of the numéraire portfolio under each ). Therefore, for any
n > 1, there exist 0 < Z,, = Cyqy, (here ¢, = #{1_1 where ¢ is given by (3.24)) that
converges to one in L'(P), and W, the numéraire portfolio for S under Q,, := Z,,- P.
Hence, a direct application of Lemma 3.3 leads to the existence of (8,)n>1 (Bn €

(0,1)), 6 € L(S), and a nondecreasing and RCLL process C such that Cy = 0,

Zﬂlzl, and ZBka is Fatou convegent to W=z+60-S—C=W-C.

k=n k=n

Let W € X(x) be a wealth process, b € (0,1), @« > 1, and 7 be a stopping time.

Then, there exists a sequence of stopping times (73),>1 that decreases to 7 and takes

values in (Q* N [0,7[) U{T} such that
on {r<T} T>m>7, andon{r=T} 71,="T.

Due to Fatou’s Lemma, we obtain

1=, BWi(Tk)

M W
< liminf liminf * 1 Aa).
< liminflim 1% (LZ;L BZVVZ(Tk) a)

E (ﬁ /\a) <F (L /\a) < liminfliminfE(
W wr n k

n
ntq-1

Since ¢, = is increasing in n, then for any [ > n and any k we have

Z1 (k)

{E(Qn’frk) > b} C {E(ql’ka) > b} — {1 < b_l G

= B(a|F)b )
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Hence, we derive

5

Mn WT

+E< [Z B Wir ] A aI{E(qn|ka)>b})

Zi(ts) Wr, )
C, Wi(m)

| /\

aP(E(gnl ) <b) + b7 1E(ZB

< aP(E(qulF,) <b) + b 12

Since both C,, and ¢, converge to one when n goes to infinity, and E(g,|Fr,) con-

verges to E(qn|Fr) when k goes to infinity, then it is obvious that
mn

P( (gn|Fr) < b) + b 1201 converges to b~ L

when k and afterwards n goes to infinity. Hence, we deduce that

E (W\T A a) <p
W,

for any b € (0,1), any o > 1, and any stopping time 7. Thus, by taking b to one

and a to +o0o and using Fatou’s lemma, we deduce that
Wr o
EFl=)<1, for any stopping time 7.
T

A straightforward application of Lemma 3.4 leads to the conclusion that W is the
numéraire portfolio under P. This completes the proof of assertion (vi).

The proof of the remaining implication (i.e. (vi) = (7)) is easy, and will be detailed
below for the sake of completeness. Suppose that there exists a numéraire portfolio
W*. Then, for any 6§ € L(S) such that 14+6 -5 > 0,

146-S

e is a nonnegative supermartingale.
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As a result, for all ¢ > 0, we obtain

Wr
This clearly implies the boundedness of (1) in probability and hence S satisfies
the NUPBR. This ends the proof of the theorem. O

3.3 The Proof of The Key Lemma and Its Extensions

This section contains three subsections, where we prove the Key Lemma, and de-
velop two of its extensions. The condition (3.12), in the Key Lemma, is vital for
the analysis of the utility maximization problem (see [92], [93], and [98] and the
references therein). Furthermore, (3.12) is irrelevant for the most innovative part of
our lemma which is (i) = (éi). The reverse implication follows from the seminal
work of Kramkov and Schachermayer (see [98]), and for the sake of completeness,
details will be provided in the proof below. Below, in three parts a), b) and ¢) we

will discuss the meaning of the Key Lemma, and the importance of its extensions.

(a) What is the meaning of the Key Lemma? In virtue of Theorem 3.2, the
Key Lemma proposes —under assumption (3.12)— an alternative to the equiva-
lence between the NUPBR and the weak viability when working with the real-world
probability measure is not an option. This lemma claims that, under mild assump-
tions, one can use the original belief P and look for the optimal portfolio “locally’
instead of globally. The result of the lemma supports our definition of market’s
local viability as the market’s viability up to a sequence of stopping times that in-
creases stationarily to T (respectively increases to infinity for the infinite horizon
context). Furthermore, as mentioned in the introduction, this lemma closes the ex-
isting gap in quantifying the tightest relationship between the absence of arbitrage

and the utility maximization d la Delbaen and Schachermayer (i.e. without changing
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measure, but by weakening and/or strengthening the concepts under consideration).

(b) Can NFLVR be substituted into NUPBR in the Key Lemma? The
stability of the NUPBR under the localization is a direct consequence of Takaoka’s
Theorem (see Theorem 2.6 in [137]). In contrast to the NUPBR, Non-Arbitrage
or NFLVR can hold locally and fail globally. Thus, the existence of the optimal
portfolio might not illuminate arbitrage opportunuities in the model and hence
NFLVR might be violated. For the sake of completeness, below we provide an

example.

Example 3.1 Consider the market model where there is one stock on the finite time
horizon [0, 1], with Sy = 1 and S satisfying the stochastic differential equation
dS; = (1/S;)dt+dpB;. Here 3 is a standard one-dimensional Brownian motion, and
hence S is the three-dimensional Bessel process. This example was considered in
many papers starting with [48], [6], and [90]. Precisely, in [90] (see Example 4.6),
the authors proved that this market model admits arbitrage opportunities and the
numéraire portfolio given by 1/5 = £(—% - 8) (which is a local martingale). Here,
with simple calculation, we will prove that the log-utility maximization problem
admits solution for this model. It is worth mentioning that —in general— the
existence of numéraire portfolio does not guarantee the existence of the optimal
portfolio (for more details about this fact, we refer the reader to Example 4.3 of
[42]). If we put

dXy := dS;/S; = (1/SP)dt + (1/S)dB;,

then it is easy to calculate

1 1 (T 1
log(E(X)r) = / S—dﬁu + 2/ ﬁdu, and E/ ﬁdu <8+ T < 4o0.
0 U 0 U 0 U

This proves that % - B is a square integrable martingale and log(£(X)r) is an

integrable random variable. Hence, by combining this with the supermartingale
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property of 1&?{? —for any 6 € L(S) such that 146 -.S > 0— we derive

Eflog(1+0-S1)] — E[log(£(X)1)] = E [log (1;(2(')511)} < log (E [1;(?(')311}) <0.

Thus, for this model, the optimal portfolio for the log-utility exists, while there

is no equivalent martingale measure.

(c) Why are the extensions of The Key Lemma important? In our view,
the Key Lemma is important for two reasons. The first reason is its role in the
proof of Theorem 3.2 which is vital. Then, the extension of this theorem to the
framework of lemmas 3.5-3.6 will be an obvious motivation for the extension of
the Key Lemma. However, extending Theorem 3.2 certainly will add technical
complexity in the formulation that will make our result difficult to interpret since
the main ideas will be buried with technical conditions. The second reason —
which is our main leitmotif for extending the Key Lemma — resides in studying
the dependence structures of the optimal portfolio on the model’s factors such as
initial wealth, horizon, ..., etcetera. The minimal assumption for the development
of these structures is the existence of the optimal portfolio (at least locally), and
the use of convex duality —that requires the NUPBR condition— is crucial for
the analysis. Our Lemmas 3.5-3.6 claim that the NUPBR holds automatically in
this context. Furthermore, for the exponential case, the martingale density —dual

process— possesses a nice property of local integrability.

3.3.1 Proof of The Key Lemma:

We will start proving the easier part of the lemma, which is (i7) = (i). Suppose
that S satisfies the NUPBR condition. Thanks to Takaoka’s Theorem (see Theorem
2.6 in [137]), we conclude the existence of a local martingale Z > 0 and a real-valued
predictable process ¢ such that 0 < ¢ <1 and Z(¢-S) € Mjo.(P). Then, for any
0 € L(S) we have 0 - S = 0¥ - S¥ where 0¥ := /¢ and S¥ := ¢ - S. Thus, without
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loss of generality, we assume that ZS is a local martingale. Consider a sequence of
stopping times, (op)n>1, that increases stationarily to 7' such that both Z?» and

Z7 8% are martingales. Put
Qn =2y, P and 71, =T, Nop, TT.

Then, @y, is an equivalent martingale measure for S7. Since 01 ;.1 € Aadm (Tn, STn)

whenever 0 € Aggp (2, S™), we derive

sup EU(mn—i—(G'S)Tn) < sup EU(zn+(¢-S)Tn) < 400, Vn.
GGAadm(CIZn,ST’ﬂ) Il)EAadm(IL‘n,ST’”)

Therefore, a direct application of Theorems 2.1 and 2.2 of [98] implies that for any
n > 0 and any initial wealth x¢ > 0, there exists an xp-admissible optimal strategy

o™ for S such that

(20,5™) EU(LEO + (6 - S)Tn> = EU(xo + (O™ . S)Tn) < 400.

maXge g,

adm

This proves assertion (7). In the remaining part of the proof, we will focus on proving
(i) = (41). Suppose that assertion (i) holds, and consider xyp = 1 4 r such that

r € dom(U). Then, there exists CIQNE Agdm(1+ 7, 5™) such that
MaXge A, (14r.5m) EU(l Y (0 S)Tn> - EU(1 o (B S)Tn> < +o0.

For the sake of simplicity, we put 7 := 7, and 0 := 0™ in what follows. In order to

prove the NUPBR for S7, we proceed by assuming that
K :={(H-S);|H is a 1-admissible strategy for S}

is not bounded in L°(P). Therefore, there exist a sequence of 1-admissible strategy

(0™)m>1, a sequence of positive real numbers, (¢,)m>1, that increases to +oo, and
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«a > 0 such that

P((am .8, > cm) >a>0.

Consider a sequence of positive numbers, (6,,)m>1, such that
0<6,, >0, and Opcy — +00.

Then, put
X = 0m (0™ - S)r > —0mm, for all m > 1.

Hence, an application of Kolmos’s argument to (X, + dp)m>1 (see Lemma 3.1)

leads to the existence of a sequence of random variables, (gi)r>1, such that

Ny, N,
0< g := Z amXm + Z OO € CODV(Xm + O, M > k:),
m=k m=k

and gj, converges almost surely to X > 0, with P(X > 0) > 0.
Ny,

Since yg, = Z Qm0m, converges to zero, we conclude that

m=k

Ny
—yr < X = Z Q0 (0™ - S); converges to X P —a.s., and

m=k
—(1+ 7)1 —y) < X = (1 —yp)(@-5), converges to #-5), P—a.s.

Consider the new trading strategies

Ny, N N
00 =3 @bl + (1= b )= 3 amdubn + (1= )0
m=k m=k m=k

Then, it is easy to check that 1+ r + (k) S, =141+ )A(;k + )?k > yr > 0 (due

mainly to —yj, < Xy, and —(14r)(1—y;) < Xj). Furthermore, due to the concavity
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of U, we have

U(1+r+(5(’“)-5)7> 1+T+Xk+Xk>
Ltr—y+ (1-y)@-9),)
yer + (1= y)[1+7+(@-5),])

>y U(r) + (1 —yk)U<1 +r4(0- S)T).

o
U(1+T+Xk+(1—yk)(9 S), )
= U
o

This implies that o) ¢ Agdgm(1 4+ 7,57). On the one hand, a combination of the

previous inequality and Fatou’s lemma implies that

BlU(1+r+ X+ @ 9).) - U (147+@ 5),)}
=i [0 (1 7+ Kt £2) = (w0 (1404 G 9),) - )]
— e [0 (L4 + @ -5),) - - w0 (140 +@-5)) 00}
<timinf E{U(147+ @ 8),) = (1 =g (14+7+ @ 5).) - U}

< liminf £ {U(l +r+ @ 5)7) (11— yk)U(l +r+ (0 S)T) - ka(r)} —0.
(3.25)

On the other hand, since P()Z > 0) > 0 and U is strictly increasing, we get
E{U(l+r+5{’+(§-5)7)} >E{U(1+r+(§-$)7>}.

This is a contradiction with (3.25), and the NUPBR for S7 is fulfilled. Then, the
global NUPBR for S is a direct consequence of Takaoka’s Theorem (Theorem 2.6 of

[137]), and the proof of the lemma is completed. O
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3.3.2 Extension to the Case of Real-valued Wealth Processes

In this subsection, we will consider a locally bounded semimartingale .S and a utility

function U satisfying
dom(U) =R, U'(c0) =0, U'(-00) = o0, (3.26)
and

. xU'(x) .. .xU'(x)
AE =1 1, AE_ =1 f
reelU) = I Ty < )=t ind 705

>1.  (3.27)

These conditions are used by Schachermayer in [128], which are essential in his

proofs. In the current setting, the set of admissible strategies will be
O(z, S) == {H admissible ‘ EHU(a: v H- ST)H < +oo}. (3.28)

Let us point out that when U(o0) < +00, the required integrability in the definition

of ©(z,S) is superfluous and in that case, we simply put ©(S5).

Lemma 3.5: Let U be a utility function satisfying (3.26)—(3.27). Suppose that
there exist a sequence of stopping times (T),),, that increases stationarily to T and

T, € R such that

sup EU (mn + (6 - S)Tn) <U(+00), Vn.
0€O0(zy,STn)

Then, the following properties are equivalent:
(i) There exists a sequence of stopping times (Tp)n>1 that increases stationarily
to T such that for any n > 0 and any initial wealth xq, there exist W* € LY and

(0™)m=1 € ©(x0,S™) satisfying
maXgco (s, s5r) BU (70 + (0 5)s, ) = BU(W;) < U(+o0),
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and

lim HU(W;:) —Uzo+0™-Sy,)

| =0

(ii) S satisfies the NUPBR.

Proof. We start by proving the easier part of the lemma which is (ii) = (¢). Sim-
ilarly as in the proof of (ii) = (i) of the Key Lemma, we use Takaoka’s Theorem
(see Theorem 2.6 in [137]) and assume without loss of generality that there exists
a positive local martingale Z, such that ZS € M;,.(P). Consider a localizing se-
quence for Z and ZS that we denote by (0y,)n>1. Then, Z» and Z°"S?" are both

martingales. Put

Qn:i=2°-P and 71, =TpAo,1TT.

Thus, @, is an equivalent martingale measure for S°» and for S™ as well. Since

01j0,r,,] € O(n, STn) whenever 6 € ©(z,,S™), we get

sup EU(wn+(0-S)Tn> < sup EU(wn+(g0'S)Tn) <U(+00), Vn.
0€O(zy,S™) €O (zp,STn)

Thus, a direct application of Theorem 2.2 in [128] leads to conclude that for any

n > 0 and any initial wealth zg, there exist W € LY and o™ € O(x, S™) such that

o

%nEHU(W;) —U(zo+ 6™ 8.,.)

and

MAXgeo (zg.57) EU<:BO (0 S)Tn) = BU(W?) < U(+00).

This proves assertion (7). Now we focus on proving the reverse implication and start

with assuming that assertion (7) holds. Without loss of generality, we take xzo > 1,
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and due to

tim B |0(W;) ~ U (0 + @™ 5),)

}—>O,

we obtain the convergence in probability of U (xo + (gm . S)Tn> to U(W}). Thus,
<:v0 + (é\m -5 )Tn) converges in probability to W, when m goes to infinity. By taking
a subsequence, w.l.o.g. we assume that the sequence converges almost surely to Wr.

Then, for any X € (0,1) and any 6§ € ©(xg, S;, ), we derive

Ay m) = {U (w0 + (B - ), + A0 = ™) - S), )
—AT(W) = (1= XU (20 + (@7 8), )} (3.29)

> A[Utao +6-5,,) - U],

Since the RHS term in the above inequality is integrable, then due to Fatou’s lemma,

this implies that

E(zo + 0 - S, — W)U (Wy)] = E[lim, o limp, f(A, m)]

< lim, plim,,, 152 {EU(W;;) — EU(wo + (6™ - S)Tn)} —0.

By combining the inequality 0 < €U (€) < U(€) — U(0) (for any & € LI(P)) and
(3.30), we obtain

El(zo+ (8- 9),,)U (W) < EW;U (W})] < +o0, and
(3.30)

xoE[U (W;)] < E[W; U (Wy)] < +oc.
Consider the probability measure

U'(w;)

ST )

-P~P.

62



Then, (3.30) becomes
ER[xo+0-5,] < ERW}] < +oc. (3.31)

Thus, {1+ (0-S),, | 0 € L(S) and (§-5) > —1} is bounded in L!(R), and the
NUPBR for S™ follows. Then, again Theorem 2.6 of [137] implies the global NUPBR

for S, and the proof of the lemma is achieved. O

3.3.3 Extension to the Case of Exponential Utility

Even though the exponential utility is a particular case of Subsection 3.3.2; it de-
serves special attention for two reasons. The first reason lies in the popularity of the
exponential utility, while the second reason lies in our belief that for this case, when
S is locally bounded, we may obtain more precise results with less assumptions.
Throughout this section the set of admissible strategies for the model (X, Q) will
be denoted by O(X, @), and is given by

O(X,Q) :={0 € L(X) | 6-X are uniformly bounded in (w,t) }.

When @ ~ P, we simply write ©(X) := ©(X, P) for short. Then, the set of local

martingale densities that are locally in L log L will be denoted by

21 100(X, Q) == {Z > o’ Z, ZX € Mie(Q), Zlog(Z) is Q-locally imegrable} .

(3.32)
when @ = P, we simply write Z¢ o.(X).
Definition 3.6: Let Z = £(N) > 0, where N € Mg o.(P). If
1
VIE(N) = (V) + ) [(1 +AN)log(1+AN) — AN|,  (3.33)

is locally integrable, then its compensator is called the entropy-Hellinger process
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of Z and is denoted by h¥(Z, P) (see [40] for details).

Lemma 3.6: Suppose S is locally bounded. Then the following are equivalent:
(i) There exist a sequence of stopping times (Ty)n>1 increasing stationarily to T
and 6" € L(S™) such that E ( sup exp [—(é\" : S)t]> < 400 and

0<t<ry,

eeé?gm) E (ef(e.s)m> _E (67(5".5)%) ' (3.34)

(1) Zf10c(S) # 0.

Proof. We start by proving (it) = (7). Suppose that assertion (i) holds, and
consider Z € Zy,.(5). Then, there exists a sequence of stopping times, (7,)n>1,
that increases stationarily to 7' such that Z™ is a martingale and hf., (Z,P) is
bounded. Therefore, due to Theorem 3.7 or Proposition 3.6 in [40], we deduce that
Q" := Z;, - P is an equivalent martingale measure for S™ satisfying the reverse
Hélder condition Ry 1o 1, (P) (for the definition of reverse Holder condition, we refer
to [46] or [40]). Thus, Theorem 2.1 of [87] implies the existence of the optimal solu-

tion 0" € L(S™) for (3.34) such that exp [—(5” . S)Tn} = Fexp [—(5” . S)Tn} Zﬁf’n)

(E:n) i the minimal entropy martingale density for S™

on the one hand. Here, Z
which is an LloglL-integrable martingale and hence E (SUpogtgrn Zt(E’n)) < +o0.
On the other hand, by Lemma 3.2 of [46], we conclude the existence of a positive

constant C,, such that exp —(é\" -S )MT”] < CnZg\’fn. This ends the proof of asser-

tion ().

In the remaining part of this proof, we will prove (i) = (i7). Suppose that assertion
(7) holds and put
U™ = exp (—5" : SWn) : (3.35)

Then by mimicking the proof of Lemma 4.1 in [46], we deduce that there exists a

64



sequence of bounded strategies (§™))y>; C © (S™) such that

lim e @S 2y p_gs. & sup eV Sm <6 sup Ut(n) e L'(P).

A
N—+0c0 " 0<t<T 0<t<T

(3.36)
Therefore, exp [—(H(N) : S)Tn} converges to UT(:) in L' when N goes to +o0c. For an

arbitrary but fixed § € ©(S™) and any A € (0, 1), we denote
oy = -+ 00 € ©(S™),

and derive

Ee 0 5m _ Be=035ra  _Ee0"Sm 4 pe—0")5m, + e~ Sm 4 Be=0"5m
A A A
—Ee*é\n'sfn =+ Ee=0"Sm,
A

IN

— 0, as N goes to + oo.

Due to (3.36) and the boundedness of (0 - .S), it is easy to check that
(e_(e(m's)m - e_(‘”aN'S)Tn) /A converges to —e=0"5m (6 - Sy,) in LY(P) when X and

N go to zero and infinity respectively. By combining all the above remarks, we obtain

exp [~(@" - S)s,]
E (exp [~(0" - 9)s, )

EQ"{—(H-S)Tn}go, where Q= P (337

Since 6 is arbitrary in ©(S™), we conclude that @, is an equivalent martingale

measure for S™. The density process of this martingale measure will be denoted by

E(exe[-@-9)]|7) _ (8.
E (eXp [—(gn ' S)T”D

/Z\f =
For any 0 € ©(S™), and any A € (0,1), on the one hand, the convexity of e* leads
to conclude that ((6 - S),, — (6" - S);, ) exp(—(6" - S)s,) is bounded from below by

—exp(—(0-S),,) € LY(P). On the other hand, again the convexity of e* combined
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with Fatou’s lemma and the minimality of " imply that

. N . 1l—exp|=A(0—-0")-9);
B (ef(G-S)-rn((e - 9”) . S)’rn) < /l\lr%E 679-5'7n [ : <0,
_>

This proves that (6" - S),, exp [—(5” : S)Tn} € L'(P). By combining this with

~

(0" S)r, exp(=(6" - 5)r,) = exp(=(" - 5)r,) log (£ |exp(~(6" - 5)y,)] )
E (exp [—(5" : S)T”D 7

77 log(Z2) =

we deduce that an log(zfn) is integrable, and hence Z™ is a martingale density for

S™ that is Llog L-integrable. Then, by putting
N = Z[]]Tn_ljn]] -N(”),
n=1

and applying Lemma 3.7 below, assertion (ii) follows immediately. This ends the

proof of the lemma. O

Lemma 3.7: Let (7,)n>1 be a sequence of stopping times that increases stationarily

toT, and (N(”))n be a sequence of local martingales. Then, the process

+oo
N = ZIﬂTnfl,Tn]] : N(n)v (TO = 0)7

n=1

is a local martingale satisfying the following.
(i) If E(NM™) > 0 for any n > 1, then E(N) > 0.
(ii) If VIE)(N™)) e AF

loc

(P) for any n > 1, then VIE)(N) € AL (P).
(iii) If E(N™) is a o-martingale density for S™ for any n > 1, then E(N) is a

o-martingale density for S.
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Proof. 1t is obvious that

N = "I g N® € Mooe(P).
k=1

This proves that N € (Mg ioc(P)),,. = Mo ioc(P), and E(N) > 0 since

loc

1+AN=1+AN™ >0 on Irn=1,m], n > 1.

Then, due to the definition of the operator V(¥) given by (3.33), it is also easy to
remark that V(&) (forp - M) = Lo 7] - VE)(M) for any local martingale M (with

14+ AM > 0) and any pair of stopping times 7 and o such that 7 > o. Thus, we get

(VEWN)" =D By g - VE(ND) € AL (P).
k=1

Hence, we deduce (thanks to Lemma 1.35 of [78]) that V(F)(N) ¢ (AL (P))e =
A+

loc

(P). This ends the proof of assertion (i) and (ii) of the lemma. To prove the
last assertion, we first remark that £(M) is a o-martingale density for S if and only

if there exists a predictable process ¢ such that 0 < ¢ <1 and
@S+ [S,M] € Mogoc(P).

Therefore, since £(N(™) is a o-martingale density for S™ for each n > 1, then there

exists ¢, such that 0 < ¢, <1 and
Y, =0¢n S+ o¢n- [STnaN(n)] € MOJOC(P)’ V.on=>1 (3‘38)

Put ¢ := ZZ’;’C{ Bi7, 7Pk Thus, it is easy to prove that 0 < ¢ <1, and

((b S+ ¢ [Sa N])Tn = ZI]]Tk_l,Tk]] Y € MO,ZOC(P)'

k=1
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Hence, ¢ - S + ¢ - [S,N] € (Mg oc(P)),,. = Moioc(P), and hence E(N) is a o-

loc

martingale density for S. This ends the proof of the lemma. O

Conclusions

In this chapter, we established the equivalence among the NUPBR condition, the
existence of the numéraire portfolio, market’s weak viability and local viability.
These results together with the next chapter (Chapter 4) constitute an important
motivation for Chapters 5, 6 and 7. In fact, the results of these chapters explain
that one needs to check the validity of the NUPBR condition for any model before
thinking about finding an optimal portfolio in the weakest form possible. Recently, in
mathematical finance, there has been an upsurge interest in developing optimization
problems, hedging and pricing rules for models with additional information. In
virtue of the results of this chapter, these investigations may end to nonsense if the

NUPBR is violated under this extra information.
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Chapter 4

Examples of Informational

Arbitrages: Explicit Descriptions

This chapter presents some practical examples that admit classic arbitrage oppor-
tunities in informational markets, i.e. some extra information is incorporated into
the markets. The extra information could be the occurrence time of a default event,
the knowledge that only insiders could get, the last passage time of a process, - -,

etc. For these markets, we calculate explicitly the arbitrage opportunities.

The financial market in which some assets, with prices adapted with respect to a
reference filtration F = (F;):>0 (public information), are traded. One then assumes
that an agent who has some extra information, and may use those strategies that
are predictable with respect to a larger filtration G, i.e. F C G. This extra infor-
mation is modeled by the knowledge of some random time 7. We restrict our study
to progressive enlargement of filtration setting, and we pay a particular attention

to honest times.

Our goal is to detect if the knowledge coming from 7 allows for some arbitrage, i.e., if

by using G-predictable strategies, the agent can make profit without taking any risk.
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This chapter is organized as follows: Section 4.1 presents the problem and the
general theorem. In Section 4.2, we study the case of Brownian filtration; while
Section 4.3 deals with the case of Poisson filtration. Those fact are illustrated by
many examples, where we exhibit these arbitrages in a closed form. In Section 4.4,
we deal with arbitrage in a two period discrete time model. In the last Section 4.5,

we study some examples of non-honest times.

4.1 General Theorem

We consider a filtered probability space (2, A, F := (F;)i>0,P) where the public in-
formation filtration F satisfies the usual hypotheses with F := \/720 Fi C A, and a
random time 7 (i.e., a positive A-measurable random variable and 7 would vary in
different examples below). We assume that the financial market where a risky asset
with price S (an F-adapted positive process) and a non-risky asset S° (assumed,
for simplicity, to have a constant price so that the risk-free interest rate is null) are
traded is arbitrage free. More precisely, without loss of generality we assume that

S is a (P, F)-(local) martingale.

For a generic filtration H and an H-semimartingale X, we denote L(X) the set of
H-predictable processes ¢ integrable with respect to X in the sense of semimartin-

gale, i.e, L(X) :={p e P(H): ¢.X is well defined}.

We denote by G := (G¢):>0 the progressively enlarged filtration of F by 7, i.e., the
smallest right-continuous filtration that contains F and makes 7 a stopping time
defined by

gt:mft+€VU(TA(t+€))7 t>0.
e>0

Let us recall the F-supermartingale Z and the strong supermartingale Z (without
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right-continuity)
Zy := P(r > t|F), and Z;, := P(r > t|F), (4.1)
and the F-martingale m given by
m = Z + D°F. (4.2)
Here, D% is the F-dual optional projection of Ij7 - Therefore,
Zy =27, AD*F =(Z -~ 2)[y o). Z- =2 = PF(Z), on]0, +o0].

Remark 4.1: The definitions of Z, Z and m depend on the random time 7 and the
filtration F. In the following examples, they vary from one to another. With an
abuse of notations, we will use Z, Z and m without specifying random time and

filtration, when there is no confusion.

For the reader’s convenience, we recall below the definition of honest time (see

[17], [83] and the references therein).

Definition 4.1: A random time 7 is honest, if for any ¢, there exists an F; measur-

able random variable Ty such that 71y = Tl o).

A trivial remark is that, in the particular case where 7 is an F-stopping time, the
enlarged filtration G and the reference filtration F are identical. Therefore, no-
arbitrage conditions hold.

We denote by T, the set of all F-stopping times, 75 the set of all F-honest times,

and R the set of random times given by

R = {a r.t. ’ dI' e Aand T € T, such that o = Tl + oo]lpc}. (4.3)
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Proposition 4.1: The following inclusions hold
Ts CR CTh. (4.4)

Proof. The first inclusion is clear. For the inclusion R C 7}, we give, for ease of
the reader two different proofs. Let us take o € R.

(1) On {o <t} ={T < t}NT, we have 0 = T At and T' At is Fy-measurable. Thus,
o is an honest time.

(2) Since Z; = Wy P{T|F} + P{T¢|F;}, we derive

Locoo} Zo = Urlireny Zr = Irlireoy {LirsryP{T|Fr} + P{T°|Fr}}

= Irll{rcoo} = Lig<oo}-

Therefore, Z, = 1, on the set {0 < oco}. This ends the proof of the proposition. [

The following theorem is our principal result for honest times in this chapter.

Theorem 4.1: Assume (S,F) is a complete market, T is an honest time and m =
1+ ¢.S, where m is defined in (4.2) and ¢ € L(S). Then the following hold.
(a) If T € R, then the G-predictable process ¢ = oo, is a classical arbitrage
strategy in the market "before 77, i.e., in (ST, G).

(b) If T is not an F-stopping time, and if {T = 0o} € Foo, then the G-predictable

process ©* = —pl. 1, with G-stopping time defined as

: (4.5)

o,F
v::inf{t>T:Zt§1ADT}

is a classical arbitrage strategy in the market ”after 77, i.e., in (S — S7,G).

Proof. (a) From m = Z + D°" and Z, = 1, we deduce that m, > 1. Since 7 ¢ R,
we have P(m, > 1) = IP’(D?’EF > 0) > 0. Therefore, the process ¢’ = plo,] is an

arbitrage strategy in (S7,G).
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(b) From m = Z + D%F, we have for t > 7, my —m, = Z; — Z; > —1. On the other
hand, using m = Z—FDZ’F, we get, fort > 7, my—m, = Zt —1+AD%F. Assumption
{7 = 00} € Fuo ensures that Z,, = Il{;—s) and in particular {7 < oo} C {Zs = 0}.

So, G-stopping time v defined in (4.5) satisfies {v < oo} = {7 < co}. Then,

ADSF _ 1

My —my = Z, — 1+ ADF < <0,

and, as 7 is not an F-stopping time,

P(m, —m, < 0) =P(AD>F < 1) > 0.

Hence — thAV YsdSs = Mrar — My, is the value of an admissible self-financing
strategy ¢ = —¢ly, ) with initial value 0 and terminal value m,—m, > 0 satisfying
P(m; —m, > 0) > 0. This ends the proof of the theorem. O

We present here two basic examples, in order to show in a first step how arbitrages
can occur in a Brownian filtration, and in a second step that discontinuous models

present some difficulties.

Example 4.1 (Brownian Case) Let dS; = S;odW;, be the price of the risky
asset, where W is a Brownian motion and ¢ a constant. This martingale .S goes
to 0 a.s. when t goes to infinity. Hence the random time 7 = sup{t : S; = S*}
where S* = sup,>( Ss is a finite honest time, and obviously leads to an arbitrage
before 7: at time 0, buy one share of S (at price Sy), borrow Sy, then, at time
7, reimburse the loan Sy and sell the share of the asset at price S;. The gain is
Sr — S0 > 0 with an initial wealth null. There are also arbitrages after 7: at time
T, take a short position on S, i.e., hold a self financing portfolio with value V' such
that dV; = —dS¢, V> = 0. Usually shortselling positions are not admissible, since
Vi = —5:+ S is not bounded below. Here —S; +.5; is positive, hence shortselling

is an arbitrage opportunity.
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Example 4.2 (Poisson case) Let N be a Poisson process with intensity A and
M; :== Ny — Xt. We define the price process S as dS; = S;_ydM,;, Sy = 1 with ¢

a constant satisfying ¢ > —1 and v # 0, so that
St = exp(=AYt + In(1 4+ ) Ny) .

Since % goes to A a.s. when t goes to infinity and In(1 4 ¢) — ¢ < 0, S; goes to

0 a.s. when ¢ goes to infinity. The random time
T=sup{t: Sy =S5"}

with S* = sup,>( Ss is a finite honest time. The arbitrage strategies are:

(a) If ¢ > 0, then S; > Sy and an arbitrage opportunity is realized at time 7, with
a long position in the stock. If ¢ < 0, then the arbitrage is not so obvious.

‘We shall discuss that with more details in Section 4.3.

(b) There are arbitrages after 7, selling at time 7 a contingent claim with payoff
1, paid at the first time o after 7 when S; > sup,, Ss. For ¢ > 0, it reduces
to S; = supy<, Ss, and, for ¢ < 0, one has S;_ = sup,, Ss. At time to =7,
the non informed buyer will agree to pay a positive price, the informed seller

knows that the exercise will be never done.

4.2 Classical Arbitrages in a Brownian Filtration

In this section, we develop practical market models S and honest times 7 within
the Brownian filtration for which we compute explicitly the arbitrage opportunities
for both before and after 7. For other examples of honest times, and associated
classical arbitrages we refer the reader to Fontana et al. [63] (note that the arbitrages
constructed in [63] are different from our arbitrages). Throughout this subsection,

we assume given a one-dimensional Brownian motion W and F is its augmented
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natural filtration. The market model is represented by the bank account whose
process is the constant one and one stock whose price process is given by

1
St = exp(cW; — 50275), o > 0 given. (4.6)

Remark 4.2: In this subsection, only the market S is fixed. The random time 7
changes from one to another. With an abuse of notations, 7 appears in different

examples, when there is no confusion.

It is worth mentioning that in this context of Brownian filtration, for any process
V' with locally integrable variation, its F-dual optional projection is equal to its F-

dual predictable projection, i.e., VOF = VPF,

4.2.1 Last Passage Time at a Given Level

Proposition 4.2: Consider the market S in (4.6) and the following random times
Ti:=sup{t : S;=a} and v:=inf{t>r7T } Sy < g},

where 0 < a < 1. Then, the following assertions hold.
(a) The model "before 7 (S™,G) admits a classical arbitrage opportunity given

by the G-predictable process

1
©° = 2 gs<apljon-

(b) The model "after 77 (S—S7,G) admits a classical arbitrage opportunity given
by G-predictable process

a p—

1
ot == Ls<apdjra-

Proof. 1t is clear that 7 is a finite honest time, and does not belong to the set R

defined in (4.3). Thus 7 fulfills the assumptions of Theorem 4.1. We now compute
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the predictable process ¢ such that m = 1+ ¢ . S. To this end, we calculate Z as

follows. Using Jeanblanc et al. [79][exercise 1.2.3.10], we derive

P(r<t|F) =P (supS. <alF) =P (supSu < L7 ) =0 (L
t<u U St St

where S, = exp(aWu - %U2u), W is a Brownian motion independent of F and

U(x) = P(supugu Sx) =P}t <2)=P2 <U)=(1-1" where U is a
random variable with uniform law. Thus we get Z; =1 — (1 — S;/a)* (in particular

Z,=7.=1and 7 is honest), and
1 1 .,
dzZy = ]l{stga}adst — %dﬁt
where ¢ is the local time of S at the level a (see page 252 of He et al. [71] for the

definition of the local time). Therefore, we deduce that

1
m=1+¢.9, where ¢ i=ls5,co—

Note that v :=inf{t > 7| S <%} =inf{t >7|1—(1— St)+ < 1150 v coincides
with (4.5). Theorem 4.1 ends the proof of the proposition. O
4.2.2 Last Passage Time at a Level before Maturity

Our second example, in this subsection, takes into account finite horizon. In this

example, we introduce the following notation

H(zy,s) = e N (f;;’) + VN (T) , (4.7)

where N(z) is the cumulative distribution of the standard normal distribution.
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Proposition 4.3: Consider the market S in (4.6) and the following random time
T i=sup{t <1:S5 =b}

where b is a real number, 0 < b < 1. Let V and B be given by

Inb
Vii=a —qt — Wy, where a = — andfy:—%
o

By = 7V (YH (y, Vi, 1 — ) + sgn(Vz) Hy (v, |Vil, 1 — 1)),

with H defined in (4.7), and let v be as in (4.5). Then, the following hold.
(a) The model "before 717, i.e. (S™,G) admits a classical arbitrage opportunity

given by the G-predictable process

1
b._
9 e O_is(tﬁtl[[oﬂ—ﬂ].

(b) The model "after 17, i.e. (S—S™,G) admits a classical arbitrage opportunity

given by G-predictable process

o b
0% = Bl )

Proof. The proof of this proposition follows from Theorem 4.1 as long as we can
write the martingale m as a stochastic integral with respect to .S. This is the main

focus of the remaining part of this proof. The time 7q is a finite honest time. From
m=sup{t<1:vt+Wi=a}=sup{t<1:V,=0}.

and setting To(V) = inf{t : V; = 0}, we obtain, using standard computations (see

Jeanblanc et al. [79] p. 145-148)
1=Z;=P(n <t|lF)=(1- e’MH(’Ya Vil, 1 — t))ﬂ{To(V)gtgl} + L1y,
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where H is given in (4.7). In particular Z, = Z. = 1 and 7 is an honest time.
Using It6’s lemma, we obtain the decomposition of 1 — eVt H(vy,|Vi|,1 —t) as a
semimartingale. The martingale part of Z is given by dm; = B dW; = %Stﬁtdst-

This ends the proof of the proposition. O

4.3 Classic Arbitrages in a Poisson Filtration

Throughout this subsection, we suppose given a Poisson process IV, with intensity

rate A > 0, and natural filtration F. The stock price process is given by
dSt = St_ldet, Mt = Nt — )\t, S() = ]., (48)

or equivalently S; = exp(—AYt + In(1 + ¢)N;), where ¢ > —1 and ¢ # 0. In what

follows, we introduce the notations

a:=In(l+7v¢), p:= 1 AY

— d Y; = ut — N, 4.9

so that Sy = exp(—In(1 + v)Y;). We associate to the process Y its ruin probability

U(z) given by, for z > 0,
U(z) =P(T* <), with T =inf{t:2+Y; <0}. (4.10)

Remark 4.3: In this subsection, only the market S is fixed. The random time 7
changes from one to another. With an abuse of notations, 7 appears in different

examples, when there is no confusion.
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4.3.1 Last Passage Time at a Given Level

Proposition 4.4: Consider the market S in (4.8) with the notations (4.9) and

(4.10). Suppose that 1 > 0 and ¢ given by

V(Y- —a— Dy saq1y — V(Y- —a)lyy >0 + Ly caqry — Ly <a)

L S

For 0 < b <1, consider the following random time
T:=sup{t: Sy > b} =sup{t:Y: <a}, where a:= —In(b)/a. (4.11)

Then the following assertions hold.

(a) The random time T is an honest time.

(b) The model "before 7”7 (S™,G) admits a classical arbitrage opportunity given
by the G-predictable process p° := ljo.7]-

(¢) The model "after 77 (S —S7,G) admits a classical arbitrage opportunity given

by the G-predictable process ¢ := —plj; ], with v as in (4.5).

Proof. Since v > 0, one has p > X so that Y goes to +oo as t goes to infinity, and

7 is finite. The supermartingale Z associated with the time 7 is
Zy =P(r > t|F) = U(Y: — a)liy;>e) + Liy,cay = L+ Lpyney (P (Ve —a) — 1),

where W is defined in (4.10). We set § = % — 1, and deduce that ¥(0) = (1+ 6)~*
(see Asmussen [15]). Define ¥; = inf{t > 0 : ¥; = a} and then, for each n > 1,
Uy = inf{t > 95,1 : ¥; = a}. It can be proved that the times (9,,), are F-predictable

stopping times. The F-dual optional projection DF of the process Lr,50) equals

0
oF __
D - 1+QZ]1WH7°O]]‘
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Indeed, for any F-optional process U, we have

E(Ur) = E (3 WrmpyUs, ) = B(Y E (W, | Fo,)Us,)

and E(LL;—g, 3 F9,) =P(T0 =00) =1—-¥(0) =1—(146)"".
As a result the process D?F is predictable, and hence Z = m — D°F is the Doob-

Meyer decomposition of Z. Thus we can get
Am =27 Pz

where P¥Z is the F-predictable projection of Z. To calculate P¥Z, we write the

process Z in a more adequate form. To this end, we first remark that

Tiysay = Iyy >a413AN + (1 = AN) gy >0y

Tiyecay = Uiy car1}AN + (1 = AN) Ly o)
Then, we obtain

Am = (U(Y_ —a—1Dlgy sq13 — ¥(Y- —a)lyy 5q3) AN

+ (Iyy_<at1y — Ly_<a}) AN

=S_pAM = pAS.

Since the two martingales m and S are purely discontinuous, we deduce that m =

1+ ¢.S. Therefore, the proposition follows from Theorem 4.1. O

4.3.2 Time of Supremum on Fixed Time Horizon

The second example requires the following notations S; := sup,<; Ss and

s<t

(2, 8) :=P(S} > ), U(x,t):=P (sup Ss < x) C ) =Tz, 1), (4.12)
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Proposition 4.5: Consider the market S in (4.8) with the notations (4.9) and

(4.12) and the random time T defined by

T=sup{t <1:85; =5/}, (4.13)

where S = sup,<; Ss. Then, the following assertions hold.
(a) The random time T is an honest time.

(b) For ¢ > 0, define the G-predictable process n as

St Sy
- (1) - ) g (P
ne = Lycry [\If <max(st(1 ) 1),1 t) v <St .1 t>]

+lisr <5, (1+9)} T(1—t)

+ [n{maX(Sf_,Sl_(ler)):So} - ﬂ{max(s;_,sl_)zso}] Dg—ny- (4.14)

Then, n® := nljo,7) is an arbitrage opportunity for the model (S™,G), and n* :=
—1}7, s an arbitrage opportunity for the model (S—S7,G). Here ¥ gnd U
are defined in (4.12), and v is defined similarly as in (4.5).

(c) For —1 < <0, define the G-predictable process

5 57 si
n wI{S::St—}\Ij(ﬁ7 1-1)+ q’(l)(m, 1—1t)— ‘I’(l)(fa 1-1)
P =

n 05 - (4.15)

Then, n(1)7b = 77(1)]1[[0,71] is an arbitrage opportunity for the model (S7,G), and

ne .= —77(1)]]771,]] is an arbitrage opportunity for the model (S — S™,G).

Proof. Note that, if =1 <4 < 0 the process S* is continuous, S; < ST = sup;co,1) St
ontheset (1 < 1) and S;— = S7_ = sup,¢(g1) St ) >0, S < S7_ < supyep 1 St
on the set (7 < 1).

Define the sets (E,)22, such that Ey = {r = 1} and E,, = {7 = T,,} with n > 1.
The sequence (E,, )52, forms a partition of Q. Then, 7 = 1g, + > -2, Ty1g,. Note

that 7 is not an I stopping time since E,, ¢ Fr, for any n > 1.
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The supermartingale Z associated with the honest time 7 is

Zy =P(r > t|F;) =P(sup Ss > sup Ss|F;) =P( sup §5 > 5 | F¢)
se(t1] s€[0,4] s€[0,1—1] St
1 *
= () ¥ )(gia 1—1),

with S an independent copy of S and M) (z,t) is given by (4.12).

As {r=T,} C{r <T,} C{Zp, <1}, we have

Zr =lpoiyZi+ Y UpoqyZr, <1, and {Z=0<Z_} =0.

n=1

In the following we will prove assertion (b). Thus, we suppose that ¢ > 0, and we

calculate

DYF =P(r = 1|F)Lysyy + > P(r =Tl Fr)Lpsr,

= ysi—5p.21) + W7, <185 <sp, 1P es[l}pl[ss < St | Fr) sty
n S ny

= Iysioso,i>1} + D Wi <1,s5,  <Sp, ()} Y = To) g,y
n
with U is given by (4.12). As before, we write

DY = lys:—sy sty + D Dpserylise <s, (g U(1— 5)AN,

s<t

tA1
= Lisi=sop {121 +/0 Lise <5, (149} Y(1— 5) dM,

tAL
+)\/0 ]]-{S:_<Ss_(1+’¢))} \I}(]. - S)dS.

Remark that we have

Tysr—g} = [ﬂ{max(SL,sl,(1+w)):So} - ﬂ{max(Sfﬁ,Sl,):So}} AM; + Mmax(sy_,81-)=S0}
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and

Am = AZ + ADF = 7 — PPz 1 ADOF — PF(ADOT),

Then we re-write the process Z as follows

*

S (+0)

Z = ]].[[0,1[[\1’(1) (max( Si

S*
1),1— t> AM + (1 — AM)Ijo ¥ < 1— t> .

This implies that

*

S*
_ pFr _ (1) = _ _ g -1 _
Z Z =Ty, [‘I’ (max(s_(1+¢)’1)’1 t) 0 <S_ 1 tﬂ AM.

Thus by combining all these remarks, we deduce that

m =mo+mn.S, wheren is given by (4.14).

Then, the assertion (b) follows immediately from Theorem 4.1.

Next, we will prove assertion (c). Suppose that —1 < 1 < 0, and we calculate

Dy =P(r = 1|F)lz1y + ZP(T = TalFr )iz

= lygi—s,,t>1} + E Lyr, <1, 55, =S, -} P S[l%pl[S < St |Fr,)psn,)
se|ln,

St,—

= ;s ey + D Mepcny Uisy, s,y (g

=TT,y

n

with W(z,¢) is given by (4.12). In order to find the compensator of D, we write

1
Dy —11{5* sl}ﬂ{t>1}+zﬂ{s<1}ﬂ{s =5,_ }‘I’(1+w —s) AN;
s<t
tAL _ 1
— H{S*:Sl}ﬂ{tZI} +/ ﬂ{szssi}\Ij(m, 1 — 5) dMS

tALl 1
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As a result, due to the continuity of the process S*, we get

o o T 1
Dt’]F — PR(DF), = I{S;:st_}‘l’(mv 1 —t)AM,
Z - vz, = oSy eyl an,
S (L41)’ S’

This implies that

o 0 I 1
Amy = 2y — PPz, + DY — PE(DOF), = 1/’]1{5,?=St_}‘1’(m’ 1 —t)}AN;

S S
\11(1><t ,1—t>—\11(1)< t,l—t)}AN.
+{ S+ ) S, '

Since m and S are pure discontinuous F-local martingales, we conclude that m can

be written in the form of
m=mo+n1 .S, where n is given by (4.15)

and the proof of the assertion (c) follows immediately from Theorem 4.1. This ends

the proof of the proposition. O

4.3.3 Time of Overall Supremum

Below, we will present our last example of this subsection. The analysis of this

example is based on the following three functions, where S* = sup,¢(g 4o0] Su-

VO () = P(S* > 2), U@ =P(S* <1), V@ () =P(S* <z). (4.16)

Proposition 4.6: Consider the market S in (4.8) with the notations (4.9) and

(4.16) and the random time 72 given by

7 = sup{t: S, = S/} (4.17)
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Then, the following assertions hold.
(a) The random time 7 is an honest time.
(b) For ¢ > 0, define the G-predictable process ¢ as

— 5 s
B ]I{S;7<St,(1+¢)}\ll(2) + @ (max(m’ 1)) _ \11(2)(%)

S
Yt = St_w . (418)

Then, @° = Pl 27 is an arbitrage opportunity for the model (ST(Q),G), and
P = —gpI]]T@)’V]] is an arbitrage opportunity for the model (S — 57(2),(@). Here
U@ gnd v are defined in (4.16), and v is defined in similar way as in (4.5).
(c) For —1 < <0, define the G-predictable process ¢ as

o V)~ VO + g O ()Y

T : (4.19)
PS_

Then, @0 = @(2)11[[0,7(2)]] is an arbitrage opportunity for the model (S™°,G),

and o2 .= —go(Q)IﬂT(g)’yﬂ is an arbitrage opportunity for the model (S—ST<2) ,G).

Here again v is defined as in (4.5).

Proof. Tt is clear that 7(?) is an F-honest time. Let us note that 7(?) is finite and,
as before, if =1 < ¢ <0, 5.2 < 5%, =sup, 5S¢ and S* is continuous and if ¢ > 0,
S_@2 = S:@) = sup; S.

The supermartingale Z associated with the honest time 7(2) is

Z,=P( sup Ss> sup Sg|F) =P( sup S, > im) =g <St> ,
s€(t,00] s€[0,t] s€[0,00] St St

with S an independent copy of S and ¥(?) is given by (4.16). As a result, we deduce

that Z_¢) < 1.

In the following, we will prove assertion (b). If ¢» > 0, by putting (7},), the sequence
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of jumps of the Poisson process N, we derive

Df’F = Z]P(T(Q) = TolFr, )W >1,y
= > Lis;, <o B(sup S, < 51,71, )Ly,

—

= s <sr, oy Y@ Loy,

with U@ = P(sup, Ss < 1) given by (4.16).

To get the compensator of DF, we rewrite it as

Dy = " lysr <5, (149 YR AN,
s<t

t —

t —
B /o ]1{5;‘_<Ss_(l+w)}q/(2)dMs + /\/0 H{S§_<Ss_(1+w)}q’(2)d5'

Now as we did for the previous propositions, we calculate the jumps of m. To this

end, we re-write Z as follows

Z = [\1/@) <max(s_(fiw), 1)) —v® (g:)] AM + 9@ (g:) .

This implies that

Z— Pz = [\11(” (max(s(fiw, 1)) —v® (g‘ﬂ AM.

Hence, we derive

—

S* S*

Since both martingales m and M are purely discontinuous, we deduce that m =

mo + ¢+ S, where ¢ is given by (4.18). Then, the assertion (b) follows immediately

from Theorem 4.1.
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In the following, we prove assertion (c). If —1 < ¢ < 0, we calculate

P =Y P = T Fr) e,

= Z ]]'{S* =Sr, }]P) <SUJE) S < STn |.FTn> ]]-{t>Tn}

St,—
= Zﬂ{s} — 7}\11( ) ( ST > ]1{t>Tn}7

n

with \175)(37) given in (4.16). Therefore,

=3 lgrms, V@ (H_w)AN

s<t
=/t11{5*—s U@ <1> dMSH/ Lis:—s, }\W)( ! )ds
o (S5 1+9¢ T+ ¢

Since in the case of ¥ < 0, the process S* is continuous, we obtain

CoFy_e@ (5 ) g® Sﬂ
Z-rz {‘I’ <S<1+w>> v (s AN

— 1
DOF — PE(DOFY — Qi cu_o 0@ <> AM.
(D7) = lyge—s_) v o

Therefore, we conclude that

Am = Z — PPz 4 poF — pF(pol)

_ e (5 N _go (5 v (L
_{\P <S(1+w)> v <S>+H{S*_S}W(2)<1+w>w}AN'

This implies that the martingale m has the form of m = 1+ ¢ . S, where ¢?
is given by (4.19) and assertion (c) follows immediately from Theorem 4.1, and the

proof of the proposition is completed. O
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4.4 Classic Arbitrages in Discrete Time

In this section, we consider a two period market model, where we calculate explicitly
the arbitrage opportunities. On the stochastic basis (Q, A, F := (F,,)o<n<2, P), we
assume given a risky asset S := (S,)o<n<2, where Q = {w;,ws,ws,ws} represents

the uncertainties and the natural filtration F := (F},)o<n<2 is given by

Fo=A{0,2}, F1 ={0,Q,{wi,ws}, {ws,wa}},and Fy = o ({0, Q, {w1 }, {w2}, {ws}, {ws}}).

Let u and d be two constants such that v > 1 and 0 < d < 1. Assume that

Sl({wl,wg}) = US(), 51({003,0.14}) = dSo,

SQ({(Ul}) = UQS(), SQ({(UQ}) = UdS(), Sz({(ﬂg}) = udS’o,Sg({w4}) = dQSo.

The probability that the stock price will increase (or decrease) is p (or ¢ = 1 — p).
For the sake of simplicity, we assume pu + (1 — p)d = 1, i.e. S is an F-martingale

under the physical probability
P= (P(w1)7 ]P)<w2)v P(w3)v P(W4)) = (p27PQ7PQ> q2)'
The evolution of the stock price S through time is illustrated as
7 UQS(), w1
. u50<
/ > udS(), w2
S — So
\ ~udSy, ws
4 dSo<
*d% Sy,
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Consider the random time

L,
) = on s} (4.20)

2, otherwise.

Apparently, 7(9) is not an F-stopping time since {T(d) =1} ¢ Fi. A straightforward

calculation shows S™* := (S, ar@) )o<n<2 takes the following values:

S5 =80, ST ({wr,w2}) =uSo, ST ({ws,wa}) = dS,

S ({wn}) = 4250, 53 ({wa)) = udSo, S5 ({ws}) = dSo, 53 ({wa}) = dSp.

The evolution of the stock price s through time is illustrated as

UQSO, w1

The progressive enlarged filtration G associated to the random time 7@ is given by

Go = {Q’ Q}’ G = J((bv Qv {w17w2}7 {W3}, {W4}), and Go = U((bv Qv {wl}a {WQ}, {w3}7 {W4}).

d)

For the random time 7%, we define the stopping times:

Ry :=inf{n>1:27,=0}, Ry:=inf{n>1:2,_1 =0} and R3:=inf{n >1: Zn =0},
oy :=inf{n>1:2, <1}, op:=inf{n>1:2, 1 <1} and o3 :=inf{n >1: Z, < 1}.

(4.21)

Lemma 4.1: For the above market, the following properties hold:
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(a) The processes D, m,Z and 7 take the form of

Do =0, D1 =pli,w,y, D2 =g wiy + Lo wswi)-
mo = 17 my = 17 ma = p]l{wg,w4} + ]l{wl,w27w4}'
ZO = 1, Z1 =1 _p]l{w3,w4}¢ Z2 =0.

Zyp=1, Zl =1, 22 = ]l{w1,wz,w4}‘

(b) Z () =1, 7@ = sup{n >0: Zn = 1}, and 79D is an honest time.

(¢) The stopping times in (4.21) are given by

Ri =2, Ry =+00, R3(w3) =2, R3(wy,ws,ws) = 400,
o1(wr,w2) = 2,01 (w3, ws) =1,

o2(w1,w2) = +00, 02 (ws3,ws) = 2,03(ws) = 2, o3(w1,ws,ws) = +00.
Proof. By the definitions of Z and Z , we calculate that

Zy=P(rD>0)=1, 21 = P(r'D > 1|/F) = L,y + Liwsiosy (1 = D), Z2 =0

Zo=P(r D >0)=1, Zy = P(r'D > 1|F)) = 1, Zo = P(r'D > 2|F2) = 14, g o)

The calculation for D and m is similar. The proofs of the assertions (b) and (c) are

straightforward. Hence, we omit them here. O

Theorem 4.2: Under the current settings, the following properties hold:
(a) For the market ST(d), there are arbitrage opportunities by using public infor-
mation F and extra information G .
(b) In the market S, there are arbitrage opportunities only in G.
(¢) {ASy £ 0} N{Zs =0} N{Z1 > 0} = {ws} and {ASy #0}N{Zy =1} N{Z, <
1} = {wa}.

Proof. In the market ST, apparently, by taking Hy = 0, Hy({wr,wa}) =0, Hy({ws,wa}) =
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—1, one can make an arbitrage. While in the market S, by taking H® = 0, HY ({w1,w2}) =
0, HY({ws}) = 1, H¥({ws}) = —1, only the one with information G can make an
arbitrage since the strategies (HS)j<n<2 are only G-predictable. Assertion (c) is

straightforward to verify. This ends the proof of the theorem. O

4.5 Classic Arbitrages for Non-honest Times

In this section, we develop a number of practical examples of market models and
examples of random times that are not honest times and we study the existence of

classical arbitrages.

4.5.1 In a Brownian filtration: Emery’s Example

We present here an example where 7 is a pseudo stopping time (see Nikeghbali and
Yor [115] for the definition). Let S be defined through dS; = 0S;dW;, where W is

a Brownian motion and ¢ a constant. Consider the random time
T=sup{t<1:85; —285 =0}
Proposition 4.7: For the above settings, there is no arbitrage opportunity before
T, i.e. (S7,G); while arbitrage opportunity exists after T, i.e. (S —S7,G).
Proof. Note that

: , Ss S
{TSt}—{t§12£12S5251}—{ inf 2— > 1}

t<s<1 Sy — S
Since Sg/S;, s >t and S1/S; are independent from F;, we derive

§;|Jﬁ> ZZP)< inf12£%4¢ Z S&t) ::‘D(l——t)

t<s<

P(inf 2%2

t<s<1 S}

where ¥(u) = P(infs<, 2Ss > S,). It follows that the supermartingale Z is a
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deterministic decreasing function. Hence 7 is a pseudo stopping time (see [115]) and
S is a G-martingale up to time 7 and there are no arbitrages up to 7.

There are obviously arbitrages after 7, since, at time 7, one knows the value of S;
and S7 > S;. In fact, for £ > 7, one has S; > S;, and the arbitrage occurs at any

time before 1.

4.5.2 In a Poisson Filtration

This subsection develops similar examples of random times — as in the Brownian
filtration of the previous subsection — and shows that the effects of these random
times on the market’s economic structure differ tremendously from the one of the
previous subsection. In this section, we will work with a Poisson process N having

intensity A and the compensated martingale My = N; — At. Denote

T, :=inf{t >0: N, > n}, and H{":=lyp,<y, n=12. (4.22)

The stock price S is described by

dS; = Si_pdM,;, where, 1 > —1, and ¥ # 0, (4.23)

or equivalently, S; = Sy exp(—A¢t + In(1 + 1) N;). Then,

M= H —\tATy) := H — A},

M?:= H? — (At ATp) — At ATY))) := H} — A? (4.24)

are two F-martingales. Remark that if ¢ € (—1,0), between T} and T, the stock
price increases; if ¢ > 0, between 17 and T3, the stock process decreases. This would

be the starting point of the existence of arbitrages.

Example 4.3 (Convex Combination of two jump times) Below, we present

an example of random time that avoids stopping times and the non-arbitrage
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property fails.

Proposition 4.8: Consider the market S in (4.23) with notations (4.22) and (4.24)

and the random time
T =kiTh + ko1, where ki+ ko =1 and ki,ko >0,

which avoids F-stopping times. Then the following properties hold:
(a) The random time T is not an honest time.
(b) Zr = Zy = e MTT) < 1 and {Z =0< Z_} = [T].

(¢) There is a classical arbitrage before T, given by

1

k2
= R (H{Nt_zl}—ﬂ{Nt_z%)Wﬂ{tgr}- (4.25)

(d) There exist arbitrages after 7: if v € (—1,0), buy at T and sell before To; if

1 > 0, short sell at T and buy back before T5.

Proof. First, we compute the supermartingale Z:
P(T > t|.7'—t) = ]1{T1>t} + H{Tlgt}]l{T2>t}P(k1Tl + k‘QTQ > t|ft).
On the set £ = {T1 < t} N {1y > t}, the quantity P(k1T1 + koT> > t|F) is
Fr,-measurable. It follows that, on E,

P(kTh + kT > 8, To > t1Fy) _ -aid(e-Ty)

P(lel + koTp > t|"rt) = P(TQ > t|]:T ) - ’
1

where we used the independence property of 17 and Ty — T37. Therefore,

)\k
Zy =P(1 > t|F) = Lpyony + Lin<n Limsne =2
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k
Since Z; = (1—Htl)—i—Hg(l—Hf)e*)‘%(thl) and e M- gH} = dH}, we deduce

k1 k kL
Az, = e g2l — Hlag?) - )\kl H (1 — H2)e 'm0 g

2

k
_)\%(t—TﬂdHtQ _ )\kat
2

k
=—e (1-— Ht?)e_/\%(t_Tl)dt

kl 1

k k
AT g2 NEH] (1 - H2)e R T gy,
2

=dm; —e

k
,)\é(

where dm; = —e tiTl)thQ. Hence,

T k T k
my =1— / e MR g2 = g +/ e R T gy 5 1.
0 Ty

Now we start proving the proposition.

1) dInce 7 avolds stopping times :~. ote a~: =€ N < l.
(i) Si ids stopping times, Z = Z. Note that Z, = Z M (To=Th) 1
Hence, 7 is not an honest time. Thus, assertions (a) and (b) hold.

ii) Now, we prove assertion (c). We will describe explici e arbitrage strategy.
ii) N ti We will describ licitly the arbitrage strategy.

Note that {T5 <t} = {N; > 2}. We deduce that
Mtg - ]I{TQSt} - A% == H{NtZQ} - Atz == H{Nt721}ANt + ]1{Nt722}(1 - ANt) - AtQ

Hence,

AM? = (Tgy,_>1y — Mn,_>23) ANy = (g, >13 — T, >2y) AM;.

Since M? and M are both purely discontinuous, we have m; = 1 + ¢ . M; =

1+ oM. S, where

1

2Ly
= —e€ k2 —_—.
on ( tht—

Iy, >1y — In,_>23) » and o =9

(iii) Arbitrages after 7: At time 7, the value of T, is known for the one who has

G information. If ¢ > 0, then the price process decreases before time T, while
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waiting up to time T does not lead to an arbitrage. Setting A = T — 7 (which is
known at time 7), there is an arbitrage selling short S at time 7 for a delivery at
time 7 + %A. The strategy is admissible, since between T and T5, the quantity

Sy is bounded by Sp(1 + ¢). This ends the proof of the proposition. O

Example 4.4 (Minimum of two scaled jump times) We give now an example
of a non honest random time, which does not avoid F stopping time and induces

classical arbitrage opportunities.

Proposition 4.9: Consider the market S in (4.23) with notations (4.22) and (4.24)

and the random time
To:=T) NaTy, where 0 <a<1 and f=A1/a—1).

Then, the following properties hold:

a) 7o is not an honest time and does not avoid F-stopping times.

(a)

(b) Zp, = ]1{T1>aT2}e*5“T2 (BaTy + 1) < 1 and Z., = e P T2(BaTy + 1) < 1, and
{(Z=0<2Z_}=0.

(c) m=1 and M™ is a G-local martingale for any F-local martingale M.
Proof. First, let us compute the supermartingale Z,

P(CLTQ >t,1) > t)
P(Tl > t)

Zy = ﬂ{T1>t}P(aT2 > t|Fy) = Lri>n
i YA +
= ]1{T1>15}’6>\tIE(ILT1>t6 A1) )
t/a o0
= H{T1>t}eAt[ ef)‘(%*w))\ei/\xdx + ]]'{Tl >t}6)\t /t/ )\eiAydy

= Tpsye (Bt +1).

In particular Z,, = ]l{T1>aT2}e_f3“T2 (BaTy+1) < 1. Similar computation as above
leads to Zy = Zy_ = ﬂ{Tth}e*ﬁt(Bt—l—l). This proves assertions (a) and (b). Since

Am = 7 — Z_, we have Am = 0. Hence m is a constant equal to 1 since m is
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a purely discontinuous F-martingale. This proves assertion (c) and the proof of

the proposition is achieved. ]

Conclusions

In this chapter, we treated the question whether the no-arbitrage conditions are sta-
ble with respect to progressive enlargement of filtration. Precisely, we proved that
there exist classic arbitrage opportunities for many models of honest times when
the market is complete. Furthermore, in the case of Brownian filtration and Poisson
filtration, we calculated explicitly the arbitrage strategies. One may further inves-
tigate similar problem without assuming market completeness and consider other

examples/classes of non-honest random times.

The failure of the classic arbitrage condition leads us to investigate the stability of

the NUPBR condition in Chapters 5 and 6.
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Chapter 5

Non-arbitrage under Stopping

with Random Time

This chapter is dedicated to the problem of how an arbitrage-free semimartingale
model is affected when stopped at a random horizon. We focus on weaker non-
arbitrage concept: No-Unbounded-Profit-with-Bounded-Risk (called NUPBR here-
after) concept, which is also known in the literature as the first kind of non-arbitrage.
For this non-arbitrage notion, we obtain two principal results. The first result lies
in describing the pairs of market model and random time for which the resulting
stopped model fulfills NUPBR condition. The second main result characterizes the
random time models that preserve the NUPBR property after stopping for any mar-
ket model. These results are elaborated in a very general market model, and also

some particular and practical models.

Mathematically speaking, we consider a general semimartingale model S satisfying
the NUPBR property under the “public information” and an arbitrary random time

7 and we investigate the following problems:

For which pairs (S, 7), does the NUPBR property hold for S”?  (Prob(5.I))
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In Theorem 5.6 we characterize the pairs of initial market S and of random time 7,
for which (Prob(5.I)) has a positive answer.

Our second main question consists of

For which 7, is NUPBR preserved for any S after stopping at 77 (Prob(5.1II))

To deepen our understanding of the precise interplay between S (initial market
model) and 7 (the random time model), we address these two principal questions
separately in the case of quasi-left-continuous models, and then in the case of thin
processes with predictable jumps. Afterwards, we combine the two cases and state
the results for the most general framework. The results for the quasi-left-continuous
models are Theorem 5.2 and Proposition 5.3, where the questions (Prob(5.I)) and
(Prob(5.11)) are fully answered respectively. For the case of thin processes with
predictable jumps, our main result is Theorem 5.5. Then, the general case follows
by splitting the process S into a quasi-left-continuous process and a thin process

with predictable jumps.

This problem was studied in the literature (see [63]) for particular case of continuous
filtration, under the hypothesis that 7 avoids F-stopping times and that the market

is complete.

5.1 Notations and Preliminary Results on NUPBR

We consider a stochastic basis (2, A,F = (F;)i>0, P), where F is a filtration satis-
fying the usual hypotheses (i.e., right continuity and completeness) and represents
the flow of public information through time with Foo := V50 F € A. On this
basis, we consider an arbitrary but fixed d-dimensional cadlag F-semimartingale S
that represents the discounted price processes of d-risky assets; while the non-risky

asset’s price is assumed to be constant one.
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Beside the initial model (2, A,F, P,S), we consider a random time 7, i.e., a non-
negative A-measurable random variable. To this random time, we associate the

process D and the filtration G given by

D:i=TIpiop G=(G)se, Gi=[) (]-'s V o(Dayu < s)).

s>t

The filtration G is the smallest right-continuous filtration which contains F and
makes 7 a stopping time. In the probabilistic literature, G is called the progressive
enlargement of F with 7. In addition to G and D, we associate to 7 two important

F-supermartingales given by
Zt::P(T>t‘.7:t) and Z::P(th‘ft). (5.1)

The supermartingale Z is right-continuous with left limits and coincides with the
[F-optional projection of Ijg -, while Z admits right limits and left limits only and
is the F-optional projection of Ijg ;7. The decomposition of Z leads to an important
F-martingale m, given by

m = Z 4+ D°F, (5.2)

where D is the F-dual optional projection of D (See [83] for more details).

In what follows, H is a generic filtration satisfying the usual hypotheses and @ is a
probability measure on the filtered probability space (2, H). The set of martingales
for the filtration H under @ is denoted by M(H, Q). When @ = P, we simply denote
M(H). As usual, AT (H) denotes the set of increasing, right-continuous, H-adapted

and integrable processes.

If C(H) is a class of H adapted processes, we denote by Co(H) the set of processes

X € C(H) with Xy = 0, and by Cj,. the set of processes X such that there exists a
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sequence (7},),>1 of H-stopping times that increases to +00 and the stopped pro-

cesses X belong to C(H). We put Co joc(H) = Co(H) N Cpoc(H).

For a process K with H-locally integrable variation, we denote by K%H its dual
optional projection. The dual predictable projection of K (also called the H-
predictable dual projection) is denoted KP™. For a process X, we denote *HX
(resp. PHX ) its optional (resp. predictable) projection with respect to H.

For an H- semi-martingale Y, the set L(Y,H) is the set of H predictable processes
integrable w.r.t. Y and for H € L(Y,H), we denote H .Y; := f(f H,dY;.

To distinguish the effect of filtrations, we will denote (.,.)F, or (.,.)¢ the sharp
bracket (predictable covariation process) calculated in the filtration F or G, if con-
fusion may rise. We recall that, for general semi-martingales X and Y, the sharp

bracket is (if it exists) the dual predictable projection of the covariation process

X, Y].

Below, we recall the non-arbitrage notion that will be addressed in this chapter.

Definition 5.1: An H-semimartingale X satisfies the No-Unbounded-Profit-with-
Bounded-Risk condition under (H, @) (hereafter called NUPBR(H, Q)) if for any

T € (0,400) the set
Kp(X, H) = {(H.S)T | HeL(X,H), and H. X > —1 }

is bounded in probability under ). When @ ~ P, we simply write, with an abuse
of language, X satisfies NUPBR(H).

Remark 5.1: (i) It is important to notice that this definition for NUPBR condition
appeared first in [95] (up to our knowledge), and it differs when the time horizon

is infinite from that of the literature given in Delbaen and Schachermayer [47],
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Kabanov [86] and Karatzas and Kardaras [90] (see Definition 2.17 of Subsection
2.4 in Chapter 2). It is obvious that, when the horizon is deterministic and finite,
the current NUPBR condition coincides with that of the literature. We could
name the current NUPBR as NUPBR;,., but for the sake of simplifying notation,
we opted for the usual terminology.

(ii) In general, when the horizon is infinite, the NUPBR condition of the literature
implies the NUPBR condition defined above. However, the reverse implication
may not hold in general. In fact if we consider Sy = exp(W; +t), t > 0, then it
is clear that S satisfies our NUPBR(H), while the NUPBR(H) of the literature is
violated. To see this last claim, it is enough to remark that

ti%rfoo(st ~1)=+40c P-as S'—-1=H.S>-1 H:= Lo,

The following proposition slightly generalizes Takaoka’s results obtained for a finite

horizon (see Theorem 2.6 in [137]) to our NUPBR context.

Proposition 5.1: Let X be an H-semimartingale. Then the following assertions
are equivalent.
(a) X satisfies NUPBR(H).
(b) There exist a positive H-local martingale, Y and an H-predictable process 6

satisfying 0 < 0 <1 and Y (0 . X) is a local martingale.

Proof. The proof of the implication (b)= (a) is based on [137] and is omitted. Thus,
we focus on proving the reverse implication and suppose that assertion (a) holds.
Therefore, a direct application of Theorem 2.6 in [137] to each (Sian)t>0, We obtain
the existence of a positive H-local martingale Y™ and an H-predictable process 6,
such that 0 < 6, < 1 and Y™ (4, .S") is a local martingale. Then, it is obvious

that the process
+o0o
N = Z I]]n—l,n]] (Y—(n))_l Y™
n=1
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is a local martingale and Y := £(N) > 0. On the other hand, the H-predictable
process 6 := Zn21 Iy, satisies 0 < 6 <1 and Y(0.5) is a local martingale.

This ends the proof of the proposition. O

For any H-semimartingale X, the local martingales fulfilling the assertion (b) of
Proposition 5.1 are called o-martingale densities for X. The set of these o-martingale

densities will be denoted throughout the paper by

LH,X):={Y € Mi(H)| Y >0, 30 € P(H),0< 6 <1, Y(§.X) € Myo(H)}
(5.3)
where, as usual, P(H) stands for predictable processes. We state, without proof, an

obvious lemma.

Lemma 5.1: For any H-semimartingale X and any Y € L(H, X), one has
PE(Y|IAX]) < 00 and PR(YAX) =0

Remark 5.2: Proposition 5.1 implies that for any process X and any finite stop-
ping time o, the two concepts of NUPBR/(H) (the current concept and the one of

the literature) coincide for X7.

Below, we prove that, under infinite horizon, the current NUPBR condition is stable

under localization, while the NUPBR condition defined in the literature fails.

Proposition 5.2: Let X be an H adapted process. Then, the following assertions
are equivalent.
(a) There exists a sequence (Ty,)n>1 of H-stopping times that increases to +o0,
such that for each n > 1, there exists a probability @, on (Q,Hp ) such that
Qn ~ P and X' satisfies NUPBR(H) under Q,,.
(b) X satisfies NUPBR(H).
(c) There exists an H-predictable process ¢, such that 0 < ¢ < 1 and (¢« X)
satisfies NUPBR(H).
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Proof. The proof for (a)<=(b) follows from the stability of NUPBR condition for
a finite horizon under localization which is due to [137] (see also [37] for further
discussion about this issue), and the fact that the NUPBR condition is stable under
any equivalent probability change.

The proof of (b)=>(c) is trivial and is omitted. To prove the reverse, we assume that
(c) holds. Then Proposition 5.1 implies the existence of an H-predictable process
¥ such that 0 < ¢ < 1 and a positive H-local martingale Z = £(NN) such that
Z(¢. X) is a local martingale. Since 1¢ is predictable and 0 < ¢ < 1, we deduce
that S satisfies NUPBR(H). This ends the proof of the proposition. O

Lemma 5.2: Let X be an H-predictable process with finite variation. Then X
satisfies NUPBR(H) if and only if X = Xq (i.e. the process X is constant).

Proof. 1t is obvious that if X = Xy, then X satisfies NUPBR(H). Suppose that
X satisfies NUPBR(H). Consider a positive H-local martingale Y, and an H-
predictable process # such that 0 < # < 1 and Y (0. X) is a local martingale. Let
(T,)n>1 be a sequence of H-stopping times that increases to +oo such that Y7» and
Y7Tn (9. X)™ are true martingales. Then, for each n > 1, define Q,, := (Y7,,/Yo) .« P.
Since X is predictable, then (6. X )™ is also predictable with finite variation and is
a Qu-martingale. Thus, we deduce that (#.X)" = 0 for each n > 1. Therefore, we
deduce that X is constant (since X’ — Xq = #~!. (0. X)"» = 0). This ends the

proof of the lemma. O

Now, let us characterize the o-martingale density in terms of characteristics of

semimartingale, see also [107].

Theorem 5.1: Let X be an H-semi-martingale with predictable triplet (b,c,v).
Then X satisfies NUPBR(H) with the o-martingale density E(N) if and only

if the following two properties hold:
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(a) The integral

/‘(37— h(x) +zf(z)) ’F(dw)+/\x|M5 (]g] ’ 75(H)> < +o00o, PRA—a.s and
(5.4)

(b) The following equality holds:
b—i—ﬂc—i—/(x—h(m)—i—xf(x))F(dx)EO, P®A-—a.s. (5.5)

where (8, f,g, N') are the Jacod’s parameters of N with respect to X (see (2.18)),

F is the kernel and A is an H-predictable process associated with compensator v

(see (2.11)).

Proof. Thanks to [t6 formula, we deduce that ZX is a o-martingale if and only if
there exists an H-predictable process 0 < ¢ < 1 such that ¢. X +¢.[X, N] is a local

martingale. From the Jacod Decomposition (2.18), we derive that

¢ X+¢.[X,N|=¢.X+6¢.[X° N+ ) ¢AXAN
= Xo+ ¢« X+ Qhx (u—v)+dx—h)*p+¢b. A+ pfc. A
+ Y OAX (F(AX) + g(AX)) Iax o)
= Xo+¢. X+ ohx(u—v)+¢b. A

+¢Pc A+ o[z — h(x) +z (f () + g(x))] * p.

Therefore, ¢« X + ¢ . [X, N] is a local martingale if and only if the assertions (a)
and (b) are satisfied. O

5.2 Main Results and their Interpretations

This section presents our main results and their immediate consequences. To this

end, we start specifying our mathematical setting and the economic concepts.
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5.2.1 The Quasi-Left-Continuous Processes

In this subsection, we present our two main results on the NUPBR condition under
stopping at 7 for quasi-left-continuous processes. The first result consists of charac-
terizing the pairs (5, 7) of market and random time models, for which S7 fulfills the
NUPBR condition. The second result focuses on determining the models of random
times 7 such that, for any semi-martingale S enjoying NUPBR(F), the stopped pro-
cess ST enjoys NUPBR(G) .

The following theorem gives a characterization of F-quasi-left-continuous processes
that satisfy NUPBR(G) after stopping with 7. Recall that p, v and M f are defined
by (2.9), (2.11) and (2.10) in Subsection 2.3 respectively. The proof of this theorem
will be given in Subsection 5.5.1, while its statement is based on the following F-

semimartingale

50O .= rlfy—o<z_y * 1, where ¢ := Mf (I{Z>0}‘75 (F)) . (5.6)

Theorem 5.2: Suppose that S is F-quasi-left-continuous. Then, the following as-
sertions are equivalent.
(a) ST satisfies NUPBR(G).

(b) For any § > 0, the process
I ) - (s ~ S<O>> satisfies NUPBR(F). (5.7)
(c) For any n > 1, the process (S — S©)7n satisfies NUPBR(F), where
op=inf{t >0 : Z; <1/n}.

Remark 5.3: 1) From assertion (c¢) one can understand that the NUPBR(G) prop-
erty for S can be verified by checking whether S — S satisfies NUPBR(F) up
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to 0 1= sup,, o,. This is also equivalent to NUPBR(F) of the same process on
the predictable sets {Z_ > 4}, 0 > 0.
2) The functionals ¢ and Z_ + f,,, := Mf(Z’ﬁ(IF)) satisfy

(=0} ={Z_+ fu=0}C{Z=0}, M -ae (5.8)

Indeed, due to Z <I

(Z>o0p Ve have

0<Z + fn =M (2\ 73(F)) < .

Thus, we get {¢) =0} C {Z_ + f,, =0} C {Z =0} MY — a.e. on the one hand.

On the other hand, the reverse inclusion follows from

0=/ (I{Z—+fm=0}I{Z':o}> = M (Itz 4 =0¥) -

3) As a result of remark 2) above and {Z = 0 < Z_} C [0s], we deduce that

S is a cadlag F-adapted process with finite variation that takes the form of

SO ASﬂoof{z 0 =0=1(000,A80s,) & ZUOO_>0}I[[%07+OO[['

This proves the claim stated before Theorem 5.2 about the process S©).

The following corollary is useful for studying the problem (Prob(5.II)), and it

describes examples of F-quasi-left-continuous model S that fulfills (5.6) as well.

Corollary 5.2.1: Suppose that S is F-quasi-left-continuous and satisfies NUPBR(TF).
Then, the following assertions hold.

a) If ( S(O) satisfies NUPBR(F), then S7 satisfies NUPBR(G).

(

(b) If = 0, then the process S7 satisfies NUPBR(G).

() If {AS £0YN{Z =0< Z_} =0, then S™ satisfies NUPBR(G).
(

d) If Z > 0 (equivalently Z > 0 or Z_ > 0), then S7 satisfies NUPBR(G).
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Proof. (a) Suppose that (S, S(O) satisfies NUPBR(FF). Then, it is obvious that
S — 5 satisfies NUPBR(IF), and assertion (a) follows from Theorem 5.2.

(b) Since S satisfies NUPBR(F) and S = 0, then (S, S(O) = (5,0) satisfies
NUPBR(F), and assertion (b) follows from assertion (a).

(c) Tt is easy to see that {AS £ 0} N{Z =0 < Z_} = 0 implies that S© =0 (due
to (5.8)). Hence, assertions (c) and (d) follow from assertion (b), and the proof of

the corollary is completed. O

Remark 5.4: It is worth mentioning that X — Y may satisfy NUPBR/(H), while
(X,Y) may fail NUPBR(H). For a non trivial example, consider X; = B;+ At and
Y, = N, where B is a standard Brownian motion and N is the Poisson process

with intensity A.

We now give an answer to the second problem (Prob(5.IT)) for the quasi-left-

continuous semimartingales. Later on (in Theorem 5.7) we will generalize this result.

Theorem 5.3: The following assertions are equivalent:
(a) The thin set {Z =0& Z_ > 0} is accessible.
(b) For any (bounded) S that is F-quasi-left-continuous and satisfies NUPBR(F),
the process S™ satisfies NUPBR(G).

Proof. The implication (a)=(b) follows from Corollary 5.2.1-(c), since we have
{AS£0}N{Z=0<Z_}=0

We now focus on proving the reverse implication. To this end, we suppose that
assertion (b) holds, and we consider an F-stopping time ¢ such that [o] C {Z =
0 < Z_}. It is known that o can be decomposed into a totally inaccessible part o
and an accessible part ¢® such that o = ¢° A 0®. Consider the quasi-left-continuous
F-martingale

M=V =V € Mgoe(F)
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where V' := I, | o[ and V := (V)PF. It is known from [63, paragraph 14, Chapter
XX], that
{Z =0} and {Z_ = 0} are disjoint from ]0,7]. (5.9)

This implies that 7 < 0 < o' P — a.s.. Hence, we get
MT™ = —V" is G-predictable. (5.10)

Since M7 satisfies NUPBR(G), then we conclude that this process is null (i.e. VT =

0) due to Lemma 5.2. Thus, we get

_ too
0=E (VT) -y (/0 stvs) = E(Zyi_Igiciooy)

or equivalently Z,i_Ii5io 4oy =0 P—a.s. Thisis possible only if ol = 400 P—a.s.
since on {¢! < 40} C {0 = 0* < 400} we have Z,i_ = Z,_ > 0. This proves
that o is an accessible stopping time. Since {Z =0 < Z_} is an optional thin set,

assertion (a) follows immediately. This ends the proof of the proposition.

5.2.2 Thin Processes with Predictable Jump Times

In this subsection, we outline the main results on the NUPBR condition for the
stopped accessible parts of F-semimartingales with a random time. This boils down
to consider thin semimartingales with predictable jump times only. We start by
addressing the question (Prob(5.I)) in the case of single jump process with pre-

dictable jump time.

Theorem 5.4: Consider an F-predictable stopping time T and an Fp-measurable
random variable & such that E(|¢|| Fr—) < 400 P — a.s..
If S := &Iz, >0y I[T400], then the following assertions are equivalent:

(a) ST satisfies NUPBR(G),
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(b) The process S = €I{ET>0}I[[T,+OO[[ = I{2>0} . S satisfies NUPBR(F).
(c) There ezists a probability measure on (2, Fr), denoted by Qr, such that Qr

is absolutely continuous with respect to P, and S satisfies NUPBR(F, Qr).

The proof of this theorem is long and requires intermediary results that are inter-

esting in themselves. Thus, this proof will be given later in Section 5.5.

Remark 5.5: 1) The importance of Theorem 5.4 goes beyond its vital role, as a
building block for the more general result. In fact, Theorem 5.4 provides two
different characterizations for NUPBR(G) of S7. The first characterization is ex-
pressed in term of NUPBR(IF) of S under absolute continuous change of measure,
while the second characterization uses transformation of S without any change
of measure. Furthermore, Theorem 5.4 can be easily extended to the case of
countably many ordered predictable jump times Ty = 0 < 171 < Ts < ... with
sup,, T, = +o00 P —a.s..

2) In Theorem 5.4, the choice of S having the form S := {7, <01 I[7 400 i DOt
restrictive. This can be understood from the fact that any single jump process S

can be decomposed as follows

S = €y y ool = L2y _>0} It 0o] + €Lz 0} I oo =2 S + S.

Thanks to {T' < 7} C {Zp— > 0}, we have ST = iz —ov lir<ey 1 400] = 0
which is (obviously) a G-martingale. Thus, the only part of S that requires careful

attention is S := iz oV [T 400

The following result is a complete answer to (Prob(5.1II)) in the case of predictable

single jump processes.

Proposition 5.3: Let T be an F-predictable stopping time. Then, the following

assertions are equivalent:
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(a) On {T < 400}, we have
{ZT - 0} c {ZT_ - 0}. (5.11)

(b) For any M := &lj7 oo where & € L(Fr) such that E(§|Fr-) = 0, M™
satisfies NUPBR(G).

Proof. We start by proving (a) = (b). Suppose that (5.11) holds; due to the above
Remark 5.5-(2), we can restrict our attention to the case when M := Lz oV [T 400>
where { € L*°(Fr) such that E(¢|Fr_) = 0. Since assertion (a) is equivalent to

[T]N{Z =0 & Z_ >0} = 0, we deduce that

M = 51{2T>0}I{ZT7>0}I[[T7+00[[ =M is an F-martingale.

Therefore, a direct application of Theorem 5.4 (to M) allows us to conclude that
MT satisfies the NUPBR/(G). This ends the proof of (a)=- (b). To prove the reverse

implication, we suppose that assertion (b) holds and consider

M = 5IHT7+OO[[, where & :=1 P(ZT = O|}—T—)'

{Zr=0} ~
From (5.9), we obtain {T' < 7} C {Zr > 0} C {Zp_ > 0} which implies that

M7 = —P(Zy = 0|Fp_) i< Ijr 400 is G-predictable.

Therefore, M7 satisfies NUPBR(G) if and only if it is a constant process equal to

My = 0 (see Lemma 5.2). This is equivalent to

0= E[P(Zr = 0Fr e irvool] = F (201720 & 7100} ) -

It is obvious that this equality is equivalent to (5.11), and assertion (a) follows. This
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ends the proof of the theorem. O

We now state the following version of Theorem 5.4, which provides, as already said,
an answer to (Prob(5.I)) in the case where there are countable many arbitrary

predictable jumps. The proof of this theorem will be given in Subsection 5.5.3.

Theorem 5.5: Let S be a thin process with predictable jump times only and satis-
fying NUPBR(F). Then, the following assertions are equivalent.
(a) The process ST satisfies NUPBR(G).
(b) For any § > 0, there exists a positive F-local martingale, Y, such that
PE(Y]AS|) < +oo and

PE(YASIGy ¢ 7 ) =0 (5.12)

Remark 5.6: 1) Suppose that S is a thin process with predictable jumps only,
satisfying NUPBR(F), and that {Z =0 & Z_ > 0} N{AS # 0} = 0 holds. Then,
S™ satisfies NUPBR(G). This follows immediately from Theorem 5.5 by using
Y € £(S,F) and Lemma 5.1.

2) Similarly to Proposition 5.3, we can easily prove that the thin set {Z =
0 & Z_ > 0} is totally inaccessible if and only if X7 satisfies NUPBR(G) for

any thin process X with predictable jumps only satisfying NUPBR(F).

5.2.3 The General Framework

Throughout the paper, with any H-semimartingale, X, we associate a sequence of
(H)-predictable stopping times (T:X),>1 that exhaust the accessible jump times of

X. Furthermore, we can decompose X as follows.

(e 9]

X=X 4 x@ x@ .= X, X0 =X - X Tx:= | J[Y]. (5.13)

n
n=1
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The process X (@) (the accessible part of X)) is a thin process with predictable jumps
only, while X (@) is an H-quasi-left-continuous process (the quasi-left-continuous

part of X).

Lemma 5.3: Let X be an H-semimartingale. Then X satisfies NUPBR(H) if and
only if X® and X9 satisfy NUPBR(H).

Proof. Thanks to Proposition 5.1, X satisfies NUPBR(H) if and only if there exist
an H-predictable real-valued process ¢ > 0 and a positive H-local martingale Y such
that Y (¢ . X) is an H- local martingale. Then, it is obvious that Y (¢Ir, . X) and
Y (¢Ire . X) are both H-local martingales. This proves that X (@) and X (29 both
satisfy NUPBR(H).

Conversely, if X(®) and X (99) satisfy NUPBR(H), then there exist two H-predictable
real-valued processes ¢1, ¢2 > 0 and two positive H-local martingales D1 = £(Ny), Do
E(N3) such that Di(¢1.(Iry - 5)) and Da(¢p2 . (Iry e« X)) are both H-local martin-
gales. Remark that there is no loss of generality in assuming Ny = I, . N1 and

N2 = IFXC . NQ. Put
N :=1Iry «Ni+1IryeeNo and o := ¢1lry + ¢l ye.

Obviously, E(N) > 0, &(N) and E(N)(¢ . S) are H-local martingales, 1 is H-

predictable and 0 < ¢ < 1. This ends the proof of the lemma. O
Below, we state the answer to question (Prob(5.I)), in this general framework,

which is a consequence of Theorems 5.2 and 5.4, due to Lemma 5.3.

Theorem 5.6: Suppose that S satisfies NUPBR(F). Then, the following assertions
are equivalent.

(a) The process ST satisfies NUPBR(G).
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(b) For any § > 0, the process
I{Z_zé} . (S(qC) _ 5(qc,0)> — I{Z_zé} . (S(qC) ~ Ire. S(O))

satisfies NUPBR(F), and there exists a positive F-local martingale, Y, such that

PE(Y|AS]) < +oo and

PF (YASI{Z>O N 225}) = 0.

Proof. Due to Lemma 5.3, it is obvious that S” satisfies NUPBR(G) if and only if
both (S49)™ and (S()7 satisfy NUPBR(G). Thus, using both Theorems 5.2 and
5.5, we deduce that this last fact is true if and only if for any 6 > 0, the process
Lz >y (54 — Ipe . SO)) satisfies NUPBR(F) and there exists a positive F-local

martingale Y such that

PE(YIAS]) = PF(V|AS@]) < 400 and

JFP _ _ pF a _ _
P (YASI{ZML 225}) = (YAS( iz, z,za}) = 0.
This ends the proof of the theorem. O

Corollary 5.6.1: The following assertions hold.
(a) If either m is continuous or Z is positive (equivalently Z > 0 or Z_ > 0), S7
satisfies NUPBR(G) whenever S satisfies NUPBR(F).
(b) If S satisfies NUPBR(F) and {AS # 0}N{Z =0 < Z_} = 0, then S satisfies
NUPBR(G).
(c) If S is continuous and satisfies NUPBR(F), then for any random time 7, S”

satisfies NUPBR(G).

Proof. 1) The proof of assertion (a) of the corollary follows easily from Theorem

5.6. Indeed, in the two cases, one has {Z = 0 < Z_} = § which implies that
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{Z=0,6<Z_} =0 and 549 =0 (due to (5.8)). Then, due to Lemma 5.1, It
suffices to take Y € L£(.S,F) —since this set is non-empty— and apply Theorem 5.6.
2) it is obvious that assertion (c) follows from assertion (b). To prove this latter, it
is enough to remark that {AS # 0} N{Z = 0,6 < Z_} = ) implies that

I{Z_z(s} . S(qC,O) = 0 and ASI{Z:0,6SZ,} = 0

Thus, again, it is enough to take Y € L(S,F) (i.e. Y is the o-martingale density of

S) and apply Theorem 5.6. This ends the proof of the corollary. O

Remark 5.7: Any of the two assertions of the above corollary generalizes the main
result of Fontana et al. [63], obtained under some restrictive assumptions on the

random time 7 and the market model as well.

Below, we provide a general answer to question (Prob(5.IT)), as a consequence of

Theorems 5.2 and 5.5 and Proposition 5.3.

Theorem 5.7: The following assertions are equivalent:
(a) The thin set {Z =0& Z_ > 0} is evanescent.
(b) For any (bounded) X satisfying NUPBR(F), X7 satisfies NUPBR(G).

Proof. Suppose that assertion (a) holds, and consider a process X satisfying NUPBR(F).
Then, X (9¢0) .= Ire . X =0, where X© is defined as in (5.6). Hence Iz >6y
(Xxae) — I, + X)) satisfies NUPBR(F) for any § > 0, and NUPBR(G) property

of (X(49))™ follows immediately from Theorem 5.2 on the one hand. On the other
hand, it is easy to see that X(® fulfills the condition (5.12) with ¥ = 1. Thus,
thanks to Theorem 5.5 (applied to the thin process X () satisfying NUPBR(F)), we
conclude that (X ()7 satisfies NUPBR(G). Thus, due to Lemma 5.3, the proof of
(a)=(b) is completed.

We now suppose that assertion (b) holds. On the one hand, from Proposition

5.3, we deduce that {Z = 0 < Z_} is accessible and can be covered with the
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graphs of F-predictable stopping times (7,)n>1. On the other hand, a direct ap-
plication of Proposition 5.3 to all single predictable jump F-martingales, we obtain

{Z =0< Z_}N[T] = 0 for any F-predictable stopping time 7. Therefore, we get

o0

(Z=0<z}=J({Z=0<z}n[T]) =0.
n=1
This proves assertion (a), and the proof of the theorem is completed. O

5.3 Stochastics from—and—for Informational Non-Arbitrage

In this section, we develop new stochastic results that will play a key role in the
proofs and/or the statements of the main results outlined in the previous section.
The first subsection compares the G-compensators and the F-compensators, while
the second subsection studies G-localization and F-localization. Section 5.3.3 is con-
structing a G-local martingale that is vital in the explicit construction of deflators.

We recall that Z_ 4+ Am = Z (see [84]).

Lemma 5.4: Let Z and Z be the two supermartingales given by (5.1).
(a) The three sets {Z =0}, {Z = 0} and {Z_ = 0} have the same début which is

an F-stopping time that we denote by
R:=inf{t > 0| Z,_ = 0}. (5.14)
(b) The following F-stopping times

~ E on{Zs =0 ~ ﬁ on{Zs=0
Ry := { R= ) and Ry = { R )
+o00  otherwise +00 otherwise

are such that }?io 1s a F-predictable stopping time, and

r<R, 7<Ry, P —a.s. (5.15)
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(¢) The G-predictable process
Hy = (Zt—)_l I[[O,Tﬂ (t)’ (516)

is G-locally bounded.

Proof. From [53, paragraph 14, Chapter XX], for any random time 7, the sets
{Z = 0} and {Z_ = 0} are disjoint from ]0,7] and have the same lower bound R,
the smallest F-stopping time greater than 7. Thus, we also conclude that {Z = 0}
is disjoint from ]0, 7[. This leads to assertion (a). The process X := Zillﬂo,T[ being

a cadlag G-supermartingale [141], its left limit is locally bounded. Then, due to
(Z-) hos = X-,
the local boundedness of H follows. This ends the proof of the lemma. O

5.3.1 Projection and Compensator under G and F

The main results of this subsection are summarized in Lemmas 5.5 and 5.6, where
we address the question of how to compute G-dual predictable projections in term
of F-dual predictable projections and vice versa. These results are based essentially
on the following standard result on progressive enlargement of filtration (we refer

the reader to [53, 83] for proofs).

Proposition 5.4: Let M be an F-local martingale. Then, for any random time T,

the process M given by

o tAT d M,m F
Mt = Mt/\T - / <Z>S (517)
0 S—

is a G-local martingale, where m is defined in (5.2).

Remark 5.8: Throughout this chapter, it is worthy to keep in mind that the process
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X would be defined via (5.17) for any F-local martingale X.

In the following lemma, we express the G—dual predictable projection of an F-locally
integrable variation process in terms of an F—dual predictable projection, and G-

predictable projection in terms of F-predictable projection.

Lemma 5.5: The following assertions hold.

(a) For any F-adapted process V' with locally integrable variation, we have
- _ ~ T
VNPE =(Z) . (Z. V). (5.18)

(b) For any F-local martingale M, we have, on [0, 7]

JF _ JF .
p@(AM) B g <AMI{Z>O}) and PC (1> B ? <I{Z>O}) (5.19)
z /) Z_ ’ z) Z_ ' '

(¢c) For any quasi-left-continuous F-local martingale M, we have, on [0, 7]

AM 1 1
pG( =7\ pG(_ -~ ) _ =
< Z ) 0, and (Z_ n (qc)> 7 (5.20)

where m\99 s the quasi-left-continuous F-martingale defined via (5.13).

Proof. (a) By considering M =V — VP¥ and M defined via (5.17), we obtain
— 1 — 1
T __ JF F _ JF JF
V' =10 VP +M+7Z, I]]O’T]]-<V,m> = M—I-I]]O,TH.VP "‘727[]]0,7]]-(Am-v)p ,

which proves assertion (a).
(b) Let M be an F-local martingale, then, for any positive integers (n, k) the process

y (k) . — > A7MI

(AM[>k—1, Z>n—1} has locally integrable variation. Then, by using

the known equality »©(AV) = A(VP) (see Theorem 76 in pages 149-150 of [54] or

Theorem 5.27 in page 150 of [71]), and applying assertion (a) to the process V(%F)
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we get, on [0, 7]
AM 1
G _ — F -
! (gI{AM|zk1, Zzn1}> A (AMI{lAMlzkfl, Zzn*1}>'
Since M is a local martingale, by stopping we can exchange limits with projections

in both sides. Then by letting n and k go to infinity, and using the fact that Z>0

on ]0, 7], we deduce that

" <A§4> =7 (AM1y)

This proves the first equality in (5.19), while the second equality follows from Z =
Am+ Z_:

7. 05(771) = 15((Z - am)yZ) =1 - »°(am)7)

— 1 (Z_) ' »F (Aml{2>0}> —1_ PF (1{220}) _ (I{Z>0}) :

In the above string of equalities, the third equality follows from the first equality in

(5.19), while the fourth equality is due to »¥(Am) = 0 and AmI{-szo} =—Z 1z -

This ends the proof of assertion (b).

(c) If M is a quasi-left-continuous F-local martingale, then P (AM I {Z>0}> =
0, and the first property of the assertion (c) follows. Applying the first prop-
erty to M = m(?) and using that, on ]0,7], one has Am() (Z_ —i—Am)_l =

Am/(a©) (Z_ + Am(qc))_l, we obtain

L p,G Z- — L 1-— p,G Am(qC) — L
Z_ Z_ + Am(e©) Z_ 7Z_ 4+ Aml(q©) 7Z_

This proves assertion (c), and the proof of the lemma is achieved. O

The next lemma proves that Z _1I]]07T]] is Lebesgue-Stieljes-integrable with respect
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to any process that is F-adapted with F-locally integrable variation. Using this fact,
the lemma addresses the question of how an F-compensator stopped at T can be
written in terms of a G-compensator, and constitutes a sort of converse result to

Lemma 5.5—(a).

Lemma 5.6: Let V be an F-adapted cadlag process. Then the following hold.
(a) If V belongs to A;f (F) (respectively V € AT(F)), then the process

U:=Z"1).V, (5.21)

belongs to A;b (G) (respectively to AT(G)).

(b) If V' has F-locally integrable variation, then the process U is well defined, its

variation is G-locally integrable, and its G-dual predictable projection is given by

1 p,G 1 p,F
G _
U™ = <EI]]O,T}] . V) = ZI]]OJ}] . (I{Z>o} . V) ‘ (5.22)

In particular, if supp(V) C {2 > 0}, then, on ]0,7], one has VP = Z_,UPC,

Proof. (a) Suppose that V € Af (F). First, remark that, due to the fact that Z
is positive on 0, 7], U is well defined. Let (9,),>1 be a sequence of F-stopping
times that increases to +oo such that £ (Vy,) < +oo. Then, if E (Uy, ) < E (Vy,),
assertion (a) follows. Thus, we calculate

) 9
n 1 m P(T > t|./rt)
EUy,)=F (/0 I{0<t<T}Zth) =FE (/0 Zt I{Zt>0}d‘/;f

< E(Vy,)-

The last inequality is obtained due to Z; := P(r > #|F;). This ends the proof of
assertion (a) of the lemma.

(b) Suppose that V' € Aj.(F), and denote by W := VT + V™ its variation. Then
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W e Ab

r.(IF), and a direct application of the first assertion implies that

(2) " o W € A (G).

As a result, we deduce that U given by (5.21) for the case of V. =V — V™ is well
\ —1
defined and has variation equal to (Z ) Ijo,-1+W which is G-locally integrable. By

setting Uy, := I}o7] » (2*1[{221/71} . V), we derive, due to (5.18),

c_ L P
(Un)? szﬂour]]'<l{221/n}'v) '

Hence, since UPC = lim,_, o (Un)"'®, by taking the limit in the above equality,

(5.22) follows immediately, and the lemma is proved. O

5.3.2 G-Localization versus F-Localization

Lemma 5.7: Let H® be a ﬁ(G)—measumble functional. Then, the following hold.
(a) There exist an P(F)-measurable functional HF and a B(R4)®P(F)-measurable

functionals K¥ : Ry x Ry x Q x R = R such that
HC(w,t,z) = H" (w, 1, z) 10,7 + K¥(r(w), t,w, o)) 4oo]- (5.23)

(b) If furthermore H® > 0 (respectively H® < 1), then we can choose HF > 0

(respectively H* < 1) such that
HG(wa t, x)IﬂO,T]] = HF(“? t, x)Iﬂo,Tﬂ .

(c) If LE is an O(G)-measurable functional, then there exist a O(G)-measurable
functional LM (t,w, z), aﬁpmg(F)—measumble functional L®(t,w, ) and ﬁprog(lﬁ‘)(@
B(RY)-measurable functional, L (t,w, z,v), such that

LE(t,w, ) = LY (t,w, x) o[ + LW (¢, w, z) I+ LB (¢, w, , ) ) 4o00(5-24)
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where Pprog(F) is the F-progressive o-field on Q@ x RT, and ﬁpmg (F) := Pprog(F) ®
B(RY). If furthermore, 0 < L® (respectively L® < 1), then all L) can be chosen
such that 0 < L (respectively L) < 1), i=1,2,3.
(d) For any F-stopping time, T, and any positive Gp-measurable random vari-
able YC, there exist two positive Fp-measurable random variables, YV and Y2,
satisfying

YIipen =Y WIpy + YOI gy (5.25)

Proof. (a) We are mimicking the approach of Jeulin [83]. Notice that P(G) is

generated by the process of the form
e (w, t.2) = a (s AT(W)) fs(w)g(@) s<ry,
where a and g are Borel measurable functions and f; € Fs. Now, by taking

hIF(w,t,:U) = a(s) fs(w)g(w) [{s<py € ﬁ(lﬁ‘) and

Ky, t,w,2) == a(y A s) fo(w)g(@)oery € B(R+) © P(F)
we have
hE(w,t,2) = BT o+ k" (T(w), t,w, 2) I} 4 o]

Therefore, (5.23) follows immediately.

(b) To prove positivity of H F when H® > 0, we consider
F

F = (H]F)+ + I{H]F:(]} > 0,

and we remark that due to (5.23), we have ]0,7] C {H® = HF} ¢ {HF > 0}. Thus,

121



we get

7
HIyyp =H o

Similarly, we consider H* A 1, and we deduce that if H® is upper-bounded by one,
the process H' can also be chosen to not exceed one. This ends the proof of asser-

tion (b).

(c) For the proof of assertion (c), we mimic Jeulin (see [83]) in his proof of Propo-
sition (5,3)—(b). In fact, it is clear that the o-field O(H) is generated by the func-
tionals H((t,w, ) := g(x)I[4, »,] Where o; are G-stopping times such that o1 < o9

on {01 < +oo}. Then, it is easy to remark that

H(t,w,r) = limsup H(s,w,x), where H(s,w,z):= 9(@) 15, oy (5)-

s—t

Thus a direct application of assertion (a) to the functional H, we obtain the exis-
tence of an P(F)-measurable functional, J(t,w, z) , and a B(R) @ P(F)-measurable

functional, K(t,w,z,v), such that

H(s,w,z) = J(t,w,z)ljo ] + K(t,w, 2, T)[r o]
Put

J(t,w,z) :=limsup J(s,w,z), K(t,w,z,v):=limsup K(s,w,,v),

s—t s—t

and

W (t,w,z,v) := sup {lim sup J(s,w,z), limsup K(s,w,z, v)} )

s—t,s<t s—t,s>1
Then, due to [52] (see also Lemma (4,1) in Jeulin [83]), J is O(F)-measurable, K
is O(F) ® B(RT)-measurable and W (t,w, z,v) is Pprog(F) @ B(RT)-measurable. As

a result, we deduce (due to Lemma 5.8 below), that W(t,w,z) = W(t,w,,t) is

122



ﬁprog(lﬁ‘)—measurable, and we have
H(t,w,z) = J(t,w,z) Lo + W(t,w, 2) I + K(t,w, z,7) 7 4]

Thus, the proof of the first part of the assertion (c) follows from the class monotone
theorem. The proof of the positivity and the upper boundedness follows the same

arguments as in the proof of assertion (b).

(d) The proof of assertion (d) is a direct application of assertion (c¢) combined with
the fact that for any F-progressively measurable process Y and any F-stopping time
T, we have Yrlir o) is Fr-measurable. For this last fact, we refer the reader to

Theorem 64 in [54]. This ends the proof of the lemma. O

Below, we state a simple and useful lemma that generalizes a result of [38].
Lemma 5.8: If X (t,w,z,v) is an O(H) @ B(RT)-measurable functional, then

X(t,w,z) = X(t,w,z,t) is 5(H)—measumble.

Proof. The proof of this lemma is immediate from a combination of the class mono-
tone theorem, and the proof of the lemma for the generators of (5(]HI) ®@ B(RT)
having the form of X (t,w,z,v) = H(t,w, z)k(v). Here H is O(H)-measurable and
k is B(R*)-measurable. For these generators, we have X (t,w,z) = H(t,w,z)k(t)

which is obviously 6(H)—measurable. O

In the following, we state and prove our main results of this subsection.

Proposition 5.5: For any o > 0, the following assertions hold:
(a) Let h be a P(H)-measurable functional. Then, \/(h — 1) % pu € Al (H) iff
(h— 1)21{|h—1|§a} *ppand |h—UIgp_1j>a} x o belong to Al ().

b) Let (6©),, be a sequence of G-stopping times that increases to infinity. Then,
n
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there exists a nondecreasing sequence of F-stopping times, (aﬁ)nzl, satisfying the

following properties

oS AT =0E AT, 0o:i=supot >R P—a.s., (5.26)
n

and Zyo—=0 P—as. on XN(0x <+00), (5.27)

where ¥ := ﬂ (08 < 000).
n>1
(c) Let V' be an F-predictable and non-decreasing process. Then, VT € Af;c(@) if

and only if Iy >3V € AL (F) for any § > 0.
(d) Let h be a nonnegative and P(F)-measurable functional. Then, hljo-) * p €

.A+

loc

(G) if and only if for all 6 > 0, hli; >s *xpt e At (F), where p' := Z

loc

centerdotp.

(e) Let f be positive and P(F)-measurable, and p* := Zuyi. Then \/(f —1)2Lo g *p €
Aoe(G) iff \/(f — 1)Uy 55y *pt € AL (F), for all § > 0.

Proof. (a) Put W := (h — 1)® % u = W1 4+ Wa, where Wy := (h — 1)?Ij_1)<q} *
Hy WQ = (h - 1)21{\h—1|>o¢} * and W2/ = ’h, - 1’1{\h—1|>o¢} * L. Note that

VW < VW1 + VWa < /Wy + W),

Therefore W1, W5, € Afgc imply vW is locally integrable.
Conversely, if VW € .A;gc, VW1 and /W5 are both locally integrable. Since W7 is
locally bounded and has finite variation, Wj is locally integrable. In the following,

we focus on the proof of the local integrability of WJ. Denote
Tp:=inf{t >0: V; >n}, V:=Ws.

It is easy to see that 7, increases to infinity and V_ < n on the set ]0, 7,,]. On the set

{AV > 0}, we have AV > o?. By using the elementary inequality /T + sz <
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n
- =4 = = 42>
VIi+x—y/z <1, when 0 <z < 75, we have

VVo+ AV = /VZ > B,VAV on ]0,7,], where B, = M_ \/7
o «

and

Tn

)" = (L VAV)" < 5 (S avi)" = 5 (Vita)" e L)

1
B
Therefore W} € (AL (H))joe = AF (H).

(b) Due to Jeulin [83], there exists a sequence of F-stopping times (o), such that

oS AT=0l AT (5.28)
By putting oy, := supy<,, O'E, we shall prove that

G —

oS NT =0p, AT, (5.29)

or equivalently {cf AT < ¢, AT} is negligible. Due to (5.28) and ¢¥ is nondecreasing,

we derive
n
{on <7} ={on <7} C((of =01} C{on = on}.
i=1
This implies that,
{oEnT <o ATy ={0f <7, & of <0,} =0,

and the proof of (5.29) is completed. Without loss of generality we assume that the

F

., is nondecreasing. By taking limit in (5.28), we obtain 7 = o, AT, P—a.s.

sequence o

which is equivalent to oo > 7, P—a.s. Since R is the smallest F-stopping time
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greater or equal than 7 almost surely, we obtain, o, > R > 71 P —a.s.. This
achieves the proof of (5.26).

On the set 3, it is easy to show that
Ito o7 — Ijoor [, When n goes to + oo.

Then, thanks again to (5.28) (by taking F-predictable projection and let n go to

infinity afterwards), we obtain
Z- =2 I  on X (5.30)

Hence, (5.27) follows immediately, and the proof of assertion (b) is completed.

(c) Suppose that hljgjxp € A’ (G). Then, there exists a sequence of G-stopping

loc

times (0% )n>1 increasing to infinity such that Al - x u” n s integrable. Consider
(0n)n>1 & sequence of F-stopping times satisfying (5.26)—(5.27) (its existence is guar-

anteed by assertion (b)). Therefore, for any fixed § > 0
W= MP (2’@) Iz seyh* v € AT(F), (5.31)

or equivalently, this process is cadlag predictable with finite values. Thus, it is
obvious that the proof of assertion (iii) will follow immediately if we prove that the

F-predictable and nondecreasing process
W= Mf (2]5) Itz >syh v is cadlag with finite values. (5.32)
To prove this last fact, we consider the random time 7° defined by

0 =sup{t >0: Z_ >4}
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Then, it is clear that Ij.s . W =0 and
"<R<o0sn and Zs >08 P-as. on {7° < +00}.

The proof of (5.32) will be achieved by considering three sets, namely {0, = oo},
YN{00 < o0}, and XN{0s < +o0}. It is obvious that (5.32) holds on {0 = o0}.
Due to (5.27), we deduce that 70 < oo, P—a.s. on ¥ N {04 < 4+00}. Since W is
supported on [0, 7], then (5.32) follows immediately on the set ¥ N {54 < +o00}.

Finally, on the set

YN{000 < 400} = U {on =000} | N {0 < +00},
n>1
the sequence o, increases stationarily to 0o, and thus (5.32) holds on this set. This
completes the proof of (5.32), and hence hij; >s * (Z . 1) is locally integrable, for

any 0 > 0.

+

i o(IF), there exists a sequence of F-stopping times

Conversely, if hI{Zizfg}va* uneA

(Tn)n>1 that increases to infinity and (hI{Z_Z(;}Z* ,u> " € A*(F). Then, we have
E [hI{Z_Zé}I[[O,T]] *,U,(Tn)] =F [hI{Z_Z(;}Z*/J,(Tn)} < +00. (533)

This proves that hliz >s3ljo] * p is G-locally integrable, for any 6 > 0. Since
(Z_)71 [0,7] 18 G-locally bounded, then there exists a family of G-stopping times

(75)s>0 that increases to infinity when § decreases to zero, and
[0,7 A7s] C {Z- > 6},

This implies that the process (hI [0,7] * u) ¥ is G-locally integrable, and hence asser-

tion (c) follows immediately.
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(d) The proof of assertion (d) follows from combining assertions (a) and (b). This

ends the proof of the proposition. O

5.3.3 An Important G-local martingale

In this subsection, we introduce a G-local martingale that will be crucial for the

construction of the deflator.
Lemma 5.9: The following nondecreasing process
G ._ JF ~
VE= 3 P (I, T (5.:34)
0<u<t

is G-predictable, cadlag, and locally bounded.

Proof. The G-predictability of VC being obvious, it remains to prove that this pro-
cess is G-locally bounded. Since Z:llﬂoﬁ]] is G-locally bounded, then there exists a

sequence of G-stopping times (TS’ Jn>1 increasing to infinity such that
G

1 n
<Iﬂ0’7_]]> <n+1.

Consider a sequence of F-stopping times (0, ),>1 that increases to infinity such that
(m,m), < n+ 1. Then, for any nonnegative F-predictable process H which is

bounded by C > 0, we calculate that

G _ F _
(H V), pe = > H,P? (I{ZZO})UI{usT}I{z%z%H}

Ogugan/\’rg’

F
< Y HP (I{Ams—ﬁl )u

This ends the proof of the proposition. O
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The important G-local martingale will result from an optional integral which will

play the role of deflator for a class of processes.
Proposition 5.6: Consider the F-martingale m in (5.2) and m defined via (5.17).
The following process K given by

Z2 1

= = [ 5.35
Z%—i—A(m)F 7 10,7]>» ( )

belongs to the space °L}. (M, G) defined in 2.12. Furthermore, the G-local mar-
tingale

L:=-Kom, (5.36)

satisfies the following
(a) £(L) > 0 (or equivalently 1 + AL > 0).
(b) For any M € Mg oc(F) and M defined via (5.17), we have

—

(L, M] € Aioe(G) (i.e. (L, M)® exists) : (5.37)

Proof. The proof contains three steps. In the first step, we prove that the optional
integral L in (5.36) is well-defined. For the second step, we prove (a). The last step
is focusing on (b).

Step 1: For the sake of simplicity in notations, throughout this proof, we will use

k= Z% + A(m)¥. We start by calculating on ]0, 7], making use of Lemma 5.5.
o1 2% Am o1 22
KA — PO (KAm) = 20AZ20  po (0772 A
KZ KZ
(228m — Z_Am)") P zo AT PHAmLz ) 2 (5.38)
A k7 K K
_am _ pF ~ _. _ G
= o (I7=0y) o1 = AV = AVE,

Here, VC, defined in (5.34), is nondecreasing, cadlag and G-locally bounded (see

Proposition 5.9). Hence, we immediately deduce that SJ(AV®)?2 = AVE .,V is
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locally bounded, and in the rest of this part we focus on proving /> (AV)?2 €
Al (G). To this end, we consider § € (0,1), and define C := {Am < —§Z_} and

loc

C*¢ its complement in Q ® [0, 4+o00[. Then we obtain

1/2 1/2
\/W < <Z (AZTZ)QICI]]O,T]]) + (Z (A; )QICCI]]O,TO
<

|Am| 1 1 vz
2 Icl]]oﬂ-]] + 71 =3 I]]O,T]] ZE . [m] =V +W.

The last inequality above is due to /S (AX)2 < S |AX| and Z > Z_(1 —6) on
C¢. Using the fact that (Z,)_lfﬂoj]] is G-locally bounded and that m is an F-locally
bounded martingale, it follows that V5 is G-locally bounded. Hence, we focus on

proving the G-local integrability of V.

Consider a sequence of G-stopping times (9, ),>1 that increases to +oo and

((Z_)*lj]]o’ﬂ]) o <n.

Also consider an F-localizing sequence of stopping times, (7,)n>1, for the process

2
V=3 %. Then, it is easy to prove

n+o

Up = Z |Am| I am<—s/mny < Vs,

and conclude that (U,)™ € A1 (F). Therefore, due to

CN10,7] N ]0,9,] = {Am < —6Z_} N]0,0,] N]0,7]

10,71 10, 9] N {Am < —%},

we derive

(W) < (2) " Doy« U™

130



Since (U,,)™ is F-adapted, nondecreasing and integrable, then due to Lemma 5.6, we
deduce that the process ‘/1'9"/\7" is nondecreasing, G-adapted and integrable. Since
Un A T, increases to +o0o, we conclude that the process Vp is G-locally integrable.

This completes the proof of K € °L}

loc

(m,G), and the process L (given via (5.36))

is a G-local martingale.

Step 2: We now prove assertions (a). Due to (5.38), we have, on [0, 7],
-1
7 G ) — Flr
AL = KA — PS(KAR) =1— Z_ (Z) _r (I{ZZO}>.

Thus, we deduce that 1 + AL > 0, and assertion (a) is proved.

Step 3: In the rest of this proof, we will prove (5.37). To this end, let M €

Mo 1oc(F). The formula (5.37) is equivalent to

o~ —~

1
K .[m,M] € Aj,.(G) (or equivalently V, := EI]]O’TH M, M| € A (G)),

for any M € Mg oc(F). Then, it is easy to check that

Z_ —~ 1 — 1 -
Vi= "0 [, M) = =g o« [m, M] — ——=1Ty0.7 « [(m)F, M
f Z]]O,]][ ] Z]]o,]][ ] Z_Z]]o,}][<> ]
1 1
= — Lo« |m, M| — ——=Ty.1« [m, (M, m)F
Z]]o,]][ ] Z,Z]]O’H[ ( )
1

1
———Tyo1« [(M)F, M)+ ——=Tyo.1« [(m)F, (M, m)F].
7 510 [((m)", M] 72 5 107] [(m)", (M, m)"]

Since m is an F-locally bounded local martingale, all the processes
[m, M], [m, (M, m)F], [(m)", M], and [(m)", (M, m)"]

belong to Aj,.(F). Thus, by combining this fact with Lemma 5.6 and the G-local

boundedness of Z_? Lo for any p > 0, it follows that Vi € Ajp(G). This ends the
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proof of the proposition. O

5.4 Explicit Deflators

This section describes some classes of F-quasi-left-continuous local martingales for
which the NUPBR is preserved after stopping with 7. For these stopped processes,
we describe explicitly their local martingale densities in Theorems 5.8-5.9 with an
increasing degree of generality. We recall that m(9°) was defined in (5.13) and L was

defined in Proposition 5.6.

Theorem 5.8: Suppose that S is a quasi-left-continuous F-local martingale. If S
and T satisfy

{AS#0}N{Z_>0}n{Z=0} =0, (5.39)

then the following equivalent assertions hold
(a) £(L) ST is a G-local martingale.

(b) € (I{Z=0<Z_} O] m(qc)) S is an F-local martingale.

Proof. We start by giving some useful observations. Since S'is F-quasi-left-continuous,

on the one hand we deduce that (I', is defined in (5.13))
(S,m)F = (S, mUNF = (S Ire .m)F. (5.40)

On the other hand, we note that assertion (a) is equivalent to £(L(9))S7 is a G-local
martingale, where L(99) is the quasi-left-continuous local martingale part of L given

by L) := Ire . L = —K @ Mm%, Here K is given in Proposition 5.6 and

m(qc) = I]]O,T]] . m(qc) — (Z_)ilfﬂoﬂ.]] . <m(qc)>IF.
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It is easy to check that (5.39) is equivalent to

I{Z7>0 & Z=0} " [S,m] =0. (5.41)

We now compute —<L(qc),§>G, where S is defined via (5.17). Due to the quasi-
left-continuity of S and that of m(?9), the two processes (S, m)F and (mUNF are

continuous and [S, m(49] = [S,m]. Hence, we obtain

K.[5,m9) = K .[S,m9)] — KAmY)(Z_)~' . (S, m)F

= (Z2) ' o7+ [S.m ) = (Z) Lo 17+ [S, m).
It follows that

—(109,8)% = (K . [8, @))€ = ((Z) " hyo 7y - [, m] )7
p,F
= ()" o1 (T 70y - [Sm))
— _ pF
= (Z) o b1+ (S,m)" = (Z) "y r7 - (I{Z=o<z_} - [S, m])

= (Z-) " o+ (Ssm)" + (Z2) oy« (S~ 5_geyy @MU (5.42)

The first and the last equality follow from Proposition 2.3 applied to L(4® and
-1 (Z=0<7_} ® ma°) respectively. The second and the third equalities are due to

(5.40) and (5.22) respectively.

Now, we prove the theorem. Thanks to (5.42), it is obvious that assertion (a) is
equivalent to (S, —I (Z=0<z_} © mNF = 0 which in turn is equivalent to assertion
(b). This ends the proof of the equivalence between (a) and (b).

It is also clear that the condition (5.39) or equivalently (5.41) implies that assertion

p,F
(b), due to <I{Z:0<Z_}®m(qc),S>F: (I{Z:0<Z_}.[m,5]) =0. O

Remark 5.9: Suppose that S is a quasi-left-continuous F-local martingale and let
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Ry be defined in Lemma 5.4-(b). Then, € (L)S" is a G-local martingale, where

= . R . p,F
S = 8™+ (ASg I o) - (5.43)

Indeed, writing

_ R o o pF
=S ASE Iz o+ (ASROI[[R07+OO[[)

it is easy to see that the condition (5.39) is satisfied for S.

Corollary 5.8.1: If S is quasi-left continuous and satisfies NUPBR/(F) and {AS # 0}N
{Z_>0}n{Z =0} =0, then ST satisfies NUPBR(G).

Proof. This follows from Proposition 5.2, Theorem 5.8 and the fact that, if Q is

equivalent to P, then we have
(Z_>0n{Z=0}={29>0}n{Z9 = 0}.

Here ZtQ = Q(1 > t|F;) and ZtQ = Q(7 > t|F;). This last claim is a direct appli-
cation of the optional and predictable selection measurable theorems, see Theorems

84 and 85 (or apply Theorem 86 directly) in [54]. O

In order to generalize the previous result, we need to introduce more notations and
recall other notations and some results. For the random measure p, we associate its
predictable compensator random measure v. A direct application of Jacod represen-
tation theorem, to the martingale m, leads to the existence of a local martingale m=*
as well as a P(F)-measurable functional f,,, a process B, € L(S¢,F) and an O(F)-
measurable functional g, such that f,, € G} (1, F), gm € H,.(11,F) and SB,, € L(S°)

such that
M = B+ S+ fn * (pt — V) 4 g * g1 +m>. (5.44)
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Due to the quasi-left-continuity of S, G. (11, F) (vespectively H .(u,F)) is the set of
all P(F)-measurable functions (respectively all O(F)-measurable functions) W such

that

VW2xp e Al (H).

we introduce p® := T [0,7] * # and its G-compensator measure
ve(dt,dz) == (1+ fm(2)/Ze-)Ijo - (t)v(dt, dz). (5.45)

Below, we state our general result that extends the previous theorem.

Theorem 5.9: Suppose that S is an F-quasi-left-continuous local martingale. Con-
sider SO 4, and L defined in (5.6) and (5.36) respectively. If (S, S(O)) s an
F-local martingale, then £ (L + L(l)) S™ is a G-local martingale, where

1—1
LY =g x(p” —v7), and gi: . Ttyp>oy (5.46)

and € (L+LW) >0, i.e. 1+ AL+ ALWY > 0.

Proof. We start by recalling from (5.8) that {¢y =0} = {Z_ + f,, =0} Mf —a.e..
Thus the functional g; is a well defined non-negative P(F)—measurable functional.
The proof of the theorem will be completed in two steps. In the first step we prove
that the process LV is a well defined local martingale, while in the second step we
prove the main statement of the theorem.

1) Herein, we prove that the integral g x (/LG — VG) is well-defined. To this end, it

is enough to prove that g; x u® € AT (G). Therefore, remark that

(U =)oz y = MY (L5007 P = MY (17, /P(F)) Loy,
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and calculate

E (91 *MG(OO)) =E (912*M(00))

< B (I * () = P (ASp, #0 & By < +00) < 1.

Thus, the process LY is a well defined G-martingale.
2) In this part, we prove that &£ (L + L(l)) S7 is a G-local martingale. To this end,

it is enough to prove that (S7, L + L)€ exists and
G G G
ST+ <ST, L+ g% (,u —v >> is a G-local martingale. (5.47)

Recall that
zZ2 1

L= amyr z 0 O™

and hence (S™, L)® exists due to Proposition 5.6-(b). By stopping, there is no loss
of generality in assuming that S is a true martingale. Then, using similar calculation

as in the first part 1), we can easily prove that
F [|$\gl */LG(OO)} <F <‘ASE0|I{EO<+OO}) < —+o00.

This proves that <ST, L+ L(1)>G exists. Now, we calculate and simplify the expres-

sion in (5.47) as follows.

¢ . 1
ST+ <ST, L+ g1+ (MG — VG)> =5+ ZI]]O’T]] (S, m)F 4+ (ST, L)® + 2gy x0©
1 p,F
7 o+ (Sim) = ——Ijo.rp « (I{§>0} - [5, m]) +xg1 x V°

~ p,F ~
=S+ 71]]0’7_] . (I{Z:O} . [S, m]) + $M5 (I{§:0<Z7}|'P(F)> I{Zf+fm>0}I]]0,T]] * UV

=0 — xM/f (I{Z:0<Z_}|P(F)> I{w:O}I]]O,T}] *xv=75¢€ Mloc(G)-
The second equality is due to (5.42), while the last equality follows directly form the
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fact that S(© is an F-local martingale (which is equivalent to x I ($=0<Z_}XV = 0) and

Mf (I{Z:0<27}I7S(IF)> = Ijo<z_}(1 — ). This ends the proof of the theorem. [J

Remark 5.10: 1) Both Theorems 5.8-5.9 provide methods that build-up explicitly
o-martingale density for X7, whenever X is an F-quasi-left-continuous process
that is a local martingale under a locally equivalent probability measure and is
fulfilling the assumptions of the theorems respectively.

2) The extension of Theorem 5.8 to the general case where S is an F-local martin-
gale (not necessarily quasi-left-continuous) boils down to find a predictable pro-
cess ® such that @ is locally bounded, ® > —1, {® > 1} is thin and Y1) := £(®.L)
will be the martingale density for S”. Finding the process ® will be easy to guess
when we will address the case of thin semimartingale. However the proof of Y (1)
is a local martingale density for S7 is very technical. The extension of Theorem
5.9 to the case of arbitrary F-local martingale S requires additional careful mod-
ification of the functional g; so that 1 + ®(AL) + AL(!) remains positive. While
both extensions remain very feasible, we opted to not overload the paper with

technicalities.

5.5 Proofs of Three Main Theorems

This section is devoted to the proofs of Theorems 5.2, 5.4 and 5.5. They are quite
long, since some integrability results have to be proved. For the reader’s convenience,

we recall the canonical decomposition of S by

S=Sy+5°+hx(p—v)+b.s A+ (x—h)*pu,
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where h defined as h(x) := wlf;<1y is the truncation function. The canonical

decomposition of S under G is given by
ST =Sy + 5%+ hk (U —vE) + Lrho g A+ him R g x v+ b AT + (x — h) % p®

where u® and v© and (B, fm) are given in (5.45) and (5.44) respectively and Se is
defined via (5.17).

5.5.1 Proof of Theorem 5.2

The proof of Theorem 5.2 will be completed in four steps. The first step provides an
equivalent formulation to assertion (a) using the filtration F instead. In the second
step, we prove (a)=-(b), while the reverse implication is proved in the third step.

The proof of (b)<=> (c) is given in the last step.

Step 1: Formulation of assertion (a): Thanks to Proposition 5.1, ST satisfies
NUPBR(G) if and only if there exist a G-local martingale N¢ with 1+ AN® > 0
and a G-predictable process ¢€ such that 0 < ¢© < 1 and & (N(G) (qsz . ST) is a
G-local martingale. We can reduce our attention to processes N¢ having the form

of (see Theorem 5.1)
N =B5.8¢ + (f% — 1) % (u® — %),

where 3% € L(:S’\C,G) and fC is positive such that (f© —1) € G} (1€, G).
Then, one notes that £ (N G) (qﬁG . ST) is a G-local martingale if and only if ¢© .

ST 4+ [¢® .87, N®] is a G-local martingale, which in turn, is equivalent to

Z_

¢G|:CfG(x) — h(x)| <1 + ) Ijo*v e A;ZC(G), (5.48)
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and P ® A — a.e. on [0, 7], (Fy+(dx) is the transit kernel)

b+ c(g’f +6%) + / [(fo(x) — h(z)) (1 + f”;(_x)) - h(x)f“é(_x)} F(dz) = 0.
(5.49)

From Lemma 5.7, there exist ¢F and ¥ two F-predictable processes and a positive

P(F)-measurable functional, f¥, such that 0 < ¢* <1,
BT =% ¢" = 9", [T =f% on[0,7]. (5.50)

In virtue of these and taking account integrability conditions given in Proposition

5.5, we deduce that (5.48)—(5.49) imply that, on {Z_ > ¢}, we have

" :/|(33fF(CU) — h(z))| (1 + fn}”) F(dr) < 400 P®A—a.e, (5.51)

and P ® A-a.e. on {Z_ > §}, we have

m m\T
b+c <5F g > / (@) Iy F(dz)+ / [:c )1+ fZ()) — h(z)| IgpsopF(dw) = 0.
(5.52)
Due to (5.51), this latter equality follows immediately by taking the F-predictable

projection of (5.49) after inserting (5.50).

Step 2: Proof of (a) = (b). Suppose that S satisfies NUPBR(G), hence (5.51)—
(5.52) hold. To prove that I;z>sy« (S — S(0)) satisfies NUPBR(F), we consider

B .
/8: <Z_+B>I{Z>§}and f_f]F<1+£ >I{Z >5&'¢1>0}+I{0<Z <§ OT =0}
(5.53)

If B € L(S,F) and (f —1) € G} (u,F), we conclude that
N:=p.5+(f-1)*(n—v). (5.54)
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is a well defined F-local martingale. Therefore, by choosing ¢ = (1 +WFrI (Z_ 25}) _1,
using (5.52), and applying Ito’s formula for E(N) (¢l{7_>sy « (S — S(O))), we deduce
that this process is a local martingale. Hence, I17_ 25}.(5—5(0)) satisfies NUPBR(F),
and the proof of (a)=-(b) is completed.
Now we focus on proving B € L(S¢) and (f — 1) € G} (u,F) (or equivalently
(f = 1)Zxp € Af (F)). Since By, € L(S°), then it is obvious that 22I;, 55 €
L(5°) on the one hand. On the other hand, (85)T ¢ I1o<; 5. A € A (F) due to
(BTepF LA™ = (BE)Tep® . A™ € A (G) and Proposition 5.5-(c). This completes

the proof of 8 € L(S¢).

Now, we focus on proving (f — 1) € G (u,F). Since S is quasi-left-continuous,
this is equivalent to prove \/(f —1)2x u € A}l (F). Thanks to Proposition 5.5 and
VOF=1)25%uC = /( f€ - 1)2xuC € At (G), we deduce that

loc

(= D2Iypeqjcay 21z 56y % pand |f5 = 1T e 1jn0y 21755y % 1 € AL (F).
(5.55)
By stopping, there is no loss of generality in assuming that these two processes and

[m, m] are integrable. By putting ¥ := {Z_ > § & ¢ > 0}, then we get

f 1= <fIF o 1) (1 + gm> IEQ + %IEO =: hl + hQ. (556)

Therefore, we derive that

2
E |11 <a) *Moo} <07 [(fF - 1) (Z—+ f)* I e 1jcay (225 *Moo]

9 F 2 ~
<6 K [(f - 1) ZI{fF1ga}I{Zza}*uoo] < +o0,
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and

E [’hl‘j{|fF—1|>Oé} *,uoo] < S1E |:’fF — 1| ’Z_ + fm|I{|f]F—1|>a}I{Z_25} *Noo:|

=5'F |:’f]F — 1|ZI{|f]F—1|>o¢}I{Z725} *Moo} < +o00.

By combining the above two inequalities, we conclude that (h% * ,u) 1/2 € A;g ). It

is easy to see that (h3 % 1) V2 e A;b (F) which follows from
E [h3 % fioo) <0 2E [f2, % fiso] < 0°E [(Am)? * pos| < 67 2E [m,m],, < +00.

Step 3: Proof of (b) = (a). Suppose that for any ¢ > 0, the process I{;_ >4} «
(-5 (0)) satisfies NUPBR(F). Then, there exist an F-local martingale N* and an
F-predictable process ¢ such that 0 < ¢ <1 and & (NF) (Qf’]{z,za} . (S — S(O))) is
an F-local martingale. Again, thanks to Theorem 5.1, we can restrict our attention

to the case

NF =¥ 8¢+ (fF — 1) % (u —v), (5.57)

where ¥ € L(S¢) and f¥ is positive such that (f —1) € G} (1, F).
Thanks to It6’s formula, the fact that £ (NF) (¢I{Z_25} . (S — S(O))) is an F-local

martingale implies that on {Z_ > §}
KF = / /¥ () Lpayo0p — h()|F(dz) < 400 P®A—ae. (5.58)
and P ® A-a.e. on {Z_ > 4}, we have

b— / W) Iy—oy F(dz) + cB" + / [a;fF(x)—h(x) IiysoyF(dz) =0.  (5.59)
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Consider

pe (/SF—@”) Loy and f© = H;F/Z Tw>o3Tjo,71 + Tg=ojulr,+ools
(5.60)
and assume that
B € L(59) and (f—1) € Gloo(u®). (5.61)

Then, necessarily NC := €, S¢ 4 (f¢ — 1) x (u® — %) is a well defined G-local
martingale satisfying £(N®) > 0. Furthermore, due to (5.59) and to {1 = 0} =
{Z_ + fm = 0} (see(5.8)), on ]0, 7] we obtain

bt <5G ﬁ”j) / (a; £© (1 + é’f) _ h(m)) Fldz) = 0. (5.62)

Then, by taking ¢© := (1 + EF Iz >5}) ! , and applying It6’s formula for (QSGI{Z_ >6}e
ST)E(N®), we conclude that this process is a G-local martingale due to (5.62). Thus,
Itz >4+ ST satisfies NUPBR(G) as long as (5.61) is fulfilled.

Since Z:ll]]o’ﬂ] is G-locally bounded, then there exists a family of G-stopping times
(75)5>0 such that [0, 75] C {Z_ > 0} (or equivalently I{; >s5 « S = S77%) and
Ts increases to infinity when & goes to zero. Thus, using Proposition 5.2, we deduce

that ST satisfies NUPBR(G). This achieves the proof of (b)=(a) under (5.61).

To prove that (5.61) holds true, we remark in a first step that Z:II}]OJ]] is G-locally
bounded and both 5, and BF belong to L(S€). This, easily, implies that 4¢ € L(S’E)

Now, we prove that \/(f )2xu€ e Al (G). Since /(fF —1)2%pu € AL (F),

Proposition 5.5 allows us again to deduce that

(fF — 1)2I{|f]F—l|§o¢} LIS Al—‘:)c(F) and |fF — 1"[{\fF—l|>a} LIS AEZC(F) (563)

Without loss of generality, we assume that these two processes and [m, m] are inte-
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grable. Put

Z_(ff - 1)

- fm
fG — 1 = I{¢>O}I]]077]]m - I{¢>0}Iﬂo7Tﬂm = fl + fQ. (564)

Then, we calculate

E(f1 ez ssmng otz *1S) < (3) B = 12 Lyp 1 <ay * tioc] < +00.

and

B\ 14,012 <opoqis-tiseiniz—z0) * 1
< @B(I,12-<s/mn(z-26)(Z— + fm) ' % 4(0))

4o
< E(I{ 12072y % 1(00)) < <5 Blm, mloe < 4o0.

This proves that \/ f2I (ff—1]<a} * H€ € At (G). Similarly, we calculate

loc

ff-1
E\/f12[{|f]F—1|>a} xS < B(|fil e 1jsa) * bioo) < E(1|+f/Z‘_I{|fF—1|>a} * )

< E(|fF - 1|I{|fJF—1|>a} *,uoo) < +o00.

Thus, by combining all the remarks obtained above, we conclude that \/f? % uC is

G-locally integrable. For the functional fo, we proceed as follows. We calculate

E(f3 1z 55/2) * Hoo) < (2/0)2E (7, % pioo) < (2/6)*E[m, meo < 400,

and

E\/fZQI{fm-i-Z_Sé/Q}ﬂ{Z_zé} * H(gb < E(’fm’I{‘me(;/g} * Iu(oo))

< (2/8)E(f2, * 1(00)) < (2/8)E[m,m]ss < +00.

This proves that +/f2 x u& is G-locally integrable. Therefore, we conclude that
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(5.61) is valid, and the proof of (b)=-(a) is completed.

Step 3: Proof of (b) <= (c). For any 6 > 0 and any n € N, we denote

0o :=1nf{t >0: Z; =0}, 75:=sup{t:Z;_ >0}

Then, due to Jos, +oo[C {Z- =0} C {Z_ < 4}, we deduce

01/s ST <00 and Zp o >0>0 P—as. on {15 <oo}.

Furthermore, setting ¥ := (), (0n < 0o ), We have

on XN{0s <0} Zy - =0, and 75 <o0o P —a.s.

We introduce the semimartingale X := S — S, For any § > 0, and any H
predictable such that Hs := HI;; >5 € L(X) and Hs. X > —1, due to Theorem
23 of [54] (page 346 in the French version),

(Hg . X)T = (H5 -X)T/\757 and on {9 > ’7'5} (Hg . X)T = (H5 .X)T/\g.

Then, for any T € (0, +00), we calculate the following

P(Hs+« X)r >c)=P(Hs . X)r >c& op, >75) + P(Hs5+ X)1 > ¢ & 0, < 75)

<2 s P X)oar > )+ Plon < 3 AT).
GEL(XTn):p X" >—1
(5.65)
It is easy to prove that P(o, < 7s AT) — 0 as n goes to infinity. This can be seen
due to the fact that on X, we have, on the one hand, 75 AT < 0 (by differentiating

the two cases whether o4 is finite or not). On the other hand, the event (0, < o)
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increases to X with n. Thus, by combining these, we obtain the following

Plop <15 ANT)=P((op <15 ANT)NXE)+ P((op, < 175 NT) N XE)
(5.66)

< Plop <15 AT < 000) + P((on < 000) N2 — 0.

Now suppose that for each n > 1, the process (S — S(0)7" satisfies NUPBR(IF).
Then a combination of (5.65) and (5.66) implies that for any § > 0, the process
Iz s51 - X == Iz 55+ (S — ) satisfies NUPBR(F), and the proof of (c)=> (b)

is completed. The proof of the reverse implcation is obvious due to the fact that
[0,0,] c{Z_->1/n}C{Z_>6}, for n<ds !,

which implies that (I{;_>s) « X)°" = X7". This ends the proof of (b) <=(c), and

the proof of the theorem is achieved.

5.5.2 Intermediate Result
The proofs of Theorems 5.4 and 5.5 rely on the following intermediatory result about
single jump F-martingales, which is interesting in itself.

Lemma 5.10: Let T be a finite F-predictable stopping time. Then the following
holds.

(T<7) C {Zr>0} C {Zr_ >0} = I(T) = {P (ZT > o‘fT,) > 0}.

Proof. Tt is enough to prove the non-trivial equality {Zr— > 0} = I'(T). In-
deed, due to E(P(ZT >0‘~7'—T—)I{ZT_=0}) = P(Zp > 0 = Zp_) = 0, we get
I(T) € {Zr- > 0}. On the other hand, due to E (Zr_Irrye) = E (Zr Igry:) <
E (I{ZT>0} IF(T)C> = 0, we obtain {Z7_ > 0} C I'(T"). This ends the proof of the

lemma. O
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Lemma 5.11: Let R be an equivalent probability to P. Then the following hold.
{(Z=0}={Z"=0}, and {Z_ =0}={zF=0},

where ZE := R(r > t|F,) and ZE is the (R, F)-predictable projection of Z%.

Proof. For any F-stopping time ¢ and any F-predictable stopping time 7', due to

B [ZJI{ZC{?:O}] =K [1{720}1{25:0}} =0 and

B2 Ty o)) = B [Tyl ] =0

we obtain {Z% = 0} ¢ {Z = 0} and {Z% = 0} C {Z_ = 0}. The symmetric roles

of R and P complete the proof of the lemma. O

Proposition 5.7: Let M be an F-martingale given by M := EIjr oo, where T' is an
F-predictable stopping time, and & is an Fr-measurable random variable. Then
the following assertions are equivalent.

(a) M is an F-martingale under Qr given by
dQr Lz sonr)

P Py = o Fr ] Iy, D(T):={P(Zr > 0|Fr_) > 0}. (5.67)

(b) On the set {T < o0}, we have
E(Mrlz oy || Fr-) =0, P-as. (5.68)
(c) M7 is a G-martingale under Q% := (US(T)/E(U®(T)| Gr-)) -P where
G ZT_
U (T) = I{T>7—} + I{T§7}7 > 0 (569)
T

Proof. The proof will be achieved in two steps. In Step 1, we prove (a)<(b); while

Step 2 focuses on (a)<>(c). First, we remark that the probability Q% in assertion
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(c) is well defined since E (L$(T)| Gr-) = Lipsry + P(Zp > O|Fr—)I{r<s) > 0 due

to Lemma 5.10.

Step 1: Here, we prove (a)<=>(b). To this end, we calculate that

(€] Fr_) = Inry B(EL 5, .| Fr) (P(Zr > 0| Fr))

= —Ir() E(&L 7, gy | Fr-) (P(ZT ~ O}fT_)»_l

Therefore, we conclude that assertion (a) (or equivalently E97 (¢|Fr_) = 0) is equiv-

alent to (5.68). This ends the proof of (a) <= (b).

Step 2: To prove (a)<=(c), we calculate that

Lp_

E (LE(T)‘ QT7> E@r (&Lir<ny|Gr-) = E (~T §I{T§T}\QT)
Zr

=F

<£I{ET>0}|]:T_> I{TST} = EOr (£|]:T—) P (ZT > O‘]:T—> I{TST}-

This equality proves that M7 is a martingale under (G, Qg) —where Q% is defined
via (5.69)- if and only if M is a martingale under (F, Qr), and the proof of (a)<=(c)

is completed. This ends the proof of the proposition. O

5.5.3 Proof of Theorem 5.4

For the reader convenience, in order to prove Theorem 5.4, we state a more precise
version of the theorem, in which we describe explicitly the choice for the probability

measure Q7.

Theorem 5.10: Suppose that the assumptions of Theorem 5.4 are in force. Then,
the assertions (a) and (b) of Theorem 5.4 are equivalent to the following asser-

tions.
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(d) S satisfies NUPBR(F, @T), where Qg is

~ Z
Qr = (;I{ZT_>O} + I{ZT_:0}> . P (5.70)

(e) S satisfies NUPBR(F, Qr), where Qr is defined in (5.67).
Proof. The proof of this theorem will be achieved by proving (d) <= (e) <= (b)
and (b) = (a) = (d). These will be carried out in four steps.
Step 1: In this step, we prove (d) <= (e). By putting I'(T) := {P <ZT > 0’]—"T_> > O}
and using Lemma 5.10, we deduce that

. _
_ {Zr>0} Ao 2T,
Qr = (P(ZT ~ 0] Fr) + IF(T)C) P, Qr:= (ZT— Lizs0p T I{ZTo}) - P,

where Q and Qr are defined in (5.67) and (5.70) respectively. Then it is easy to

see that Q7 and @T are equivalent. This achieves this first step.

Step 2: This step proves (e)<=> (b). Assume that (e) holds. Then, there exists a
positive and Fp—measurable random variable, Y, such that P —a.s. on {T' < 400},

we have
ECT(Y|Fr-) =1, E9T(Y|¢||Fr-) < 400, & E®T(Y&liz, ~oy|Fr-)=0.

Since Y > 0 on {Zr > 0}, by putting

~ Y1
Y1 = YI{ZT>0} + I{ZT:O} and Y1 T m7
it is easy to check that Y3 > 0, ¥; > 0,
E Vel ol Fr-
N - _ ) B {Zr>0} _
E [YﬂfT—} =land E [Y151{2T>0}’}_T_} N EW:|Fr-] -
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Therefore, S is a martingale under R := Yi-P ~ P, and hence S satisfies

NUPBR(F). This proves assertion (b).

To prove the reverse sense, we suppose assertion (b) holds. Then, there exists

0 <Y € L°Fr), such that E[Y[¢|T |Fr_] < +oo, E[Y|Fr_] = 1 and

{ZT>0}
E[YﬁI{ZT>O}|]:T_} = 0. Then, consider

¥y m YI{ZT>O}P(ZT > O’]:T,)
E[YI g ol Fr]

+Irg, where Ty i={E (Y17 o \Fr-) >0}

Then it is easy to verify that Y5 > 0, Q7 — a.s.,

E [Y51{2T>0}|fT,}
BT o lFr]

E9T (Ya|Fr-) =1, and E9 (Yall(z, ol Fr-) = Ir, = 0.

This proves assertion (e), and the proof of (e)<=>(b) is achieved.

Step 3: Herein, we prove (a) = (d). Suppose that S7 satisfies NUPBR(G). Then
there exists a positive Gr-measurable random variable Y'© such that on {T' < +o0},

we have
EY®Iiren|Gr-] = Ii7<;y  and E[§YIipen|Gr-] =0. (5.71)

Due to Lemma 5.7-(d), we deduce the existence of two positive Fp-measurable

variables Y1) and Y®) such that

YeIrary =YWy + YOI gy (5.72)
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By inserting (5.72) into the first equation in (5.71), we get
~ 1
Iir<ry = EYSIirary|Gr-] = E(ZrY "V + (Zr - ZT)Y(Q)\FT—)ZI{TST}-

Therefore, E(ZrY V) + (Zp — Zp)Y | Fr_)Z: Iz, <0y = Iz, >0y Thus by

putting
Vi= [ZYW e (=)W 15 0+ Tz ) >0, Qr —aus.,
we derive
EQT(V|Fr ) = B(ZrYD + (Zp — Z0)Y O\ Fr ) Zp g0 w0y + Lizg —0p = 1.
Similarly, by plugging (5.72) into the second equation of (5.71), we obtain

5 Nzrs0y _

BV (L7 )Y |Fr-) = E ((ZTY(U +(Zr - ZT)Y(Q)) ﬁ‘fT—) 7

Then, we conclude that S satisfies the NUPBR(@T,F). This ends the proof of
(a)=(d).

Step 4: This last step proves (b)==(a). Suppose that S satisfies the NUPBR(F).
Then, there exists Y € L!(Fr) such that on {T < +o0} we have

EY|Fr]=1, ¥ >0, EY|I

(ZpsoylFT-] < +oo, and, E[YEL

{2T>0} |]:T_] =0.

Then by considering R :=Y - P ~ P and using Lemma 5.11 (precisely {2 =0} =
{ZB =0}), we get

B[S Fr] = B[l 5, g | Fr] = B (el oy | o] =0
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Therefore, by applying Proposition 5.7 to M := S under R ~ P (it is easy to see that

the condition (5.68) in Proposition 5.7 holds for (S, R), i.e. ER(§TI{»ZVR70}\FT,) =
R

0). Then we conclude that ST = ST satisfies NUPBR(R,F) and NUPBR(P, F), due

to R ~ P. This ends the fourth step and the proof of the theorem is completed. [J

5.5.4 Proof of Theorem 5.5

To highlight the precise difficulty in proving Theorem 5.5, we remark that on {T" <
+oo},
US(T) 1+ ALy — AVF
E(US(T)| Gr-)  1-AVF

#I—FALT:

where U®(T) is defined in (5.69). This highlights one of the main difficulties that
we will face when we will formulate the results for possible many predictable jumps

that might not be ordered. Simply, it might not be possible to piece up

A
UG(Tn) =1- Zz:nTn I{Tn§7}7 n Z 1

n

to form a positive G-local martingale density for the process (Iyz,]5)"
Thus, in virtue of the above, the key idea behind the proof of Theorem 5.5 lies in
connecting the NUPBR condition with the existence of a positive supermartingale

(instead) that is a deflator for the market model under consideration.

Definition 5.2: Consider an H-semimartingale X. Then, X is said to admit an
H-deflator if there exists a positive H-supermartingale Y such that Y (6.X) is a

supermartingale, for any 6 € L(X,H) such that 6. X > —1.

For supermartingale deflators, we reader the reader to Rokhlin [121]. Again, the
above definition differs from that of the literature when the horizon is infinite, while
it is the same as the one of the literature when the horizon is finite (even random).

Below, we slightly generalize [121] to our context.
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Lemma 5.12: Let X be an H-semimartingale. Then, the following assertions are
equivalent.
(a) X admits an H-deflator.
(b) X satisfies NUPBR(H).

Proof. The proof of this lemma is straightforward, and is omitted. O
Now, we start giving the proof of Theorem 5.5.

Proof. of Theorem 5.5 The proof of the theorem will given in two steps, where we
prove (b)=-(a) and the reverse implication respectively. For the sake of simplifying

the overall proof of the theorem, we remark that
{Z_;Q =0} = {ZT =0}, forany @ ~ P and any F-stopping time 7',  (5.73)
where ZtQ = Q[ > t|F¢]. This equality follows from
B|Zrlg.0)] = [ leonyliza-] =0

(which implies {Z9 = 0} € {Z = 0}) and the symmetric role of Q and P.

Step 1: Here, we prove (b)=- (a). Suppose that assertion (b) holds, and consider
a sequence of F-stopping times (7,), that increases to infinity such that Y™ is an
F-martingale. Then, setting @, := Y;, /Yp. P, and using (5.73) and Proposition 5.2,
we deduce that there is no loss of generality in assuming Y = 1. Condition (5.68)
in Proposition 5.7 holds for ASTnI{ZTn>0} and ASTnI{ZTn >Q}I[[Tn,+oo[[7' Therefore,
using the notation V® and L defined in (5.34) and (5.36), for each n, (1 + ALp, —
AVTE JAST, I (Tn<r [T, 400 18 @ G-martingale. Then, a direct application of Yor’s

exponential formula, we get that, for any § € L(S™,G)

é‘(Ip.L—Ip.VG)g(HIp.ST):€(X)
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where I' = U, >1[71},] and

X =Ir.L—1Ip. VG + Z ng (1 + ALTn — AV&) ASTnI{Tngr}I[Tn,Jroo[[-

n>1

Consider now the G-predictable process

¢ = Zﬁnl [T.]n[0,7] + Ireu)rtoof; where

n>1
- 27" (14 E(X)p,—) " .
" (1 +E [|ALTn| ‘ng—:| +AVE _+E [|9Tn ZZT;: Ii7, <1y AST, | ng—D

Then, it is easy to verify that 0 < ¢ <1 and E (|¢« E(X)|var(+00)) < 30,51 27" =
1. Hence, p.£(X) € A(G). Since, AL, Ijy,, toop and (14+A Ly, —AVE)AST, I, < 111, 4o00f

are G-martingales, we derive

(6. EX)E =" 61,81, (X)E(AX1, G, )17, 400] = —$E-(X) . VE <0,
n>1
This proves that £(X) is a positive o-supermartingale! as long as #AS™ > —1. Thus,
thanks to Kallsen [89], we conclude that it is a supermartingale and (I (Z_>5)+ S )T
admits a G-deflator. Then, thanks to Lemma 5.12, we deduce that (I{Z_z(s} . S)T
satisfies NUPBR(G). Remark that, due to the G-local boundedness of (Z_)~"Ify
there exists a family of G-stopping times 75, & > 0 such that 75 converges almost

surely to infinity when 6 goes zero and
[0,7 A7s] C {Z- >} n]o,7].

This implies that S™7 satisfies NUPBR(G), and the assertion (a) follows from

Proposition 5.2 (by taking @, = P for all n > 1). This ends the proof of (b)=(a).

'Recall that a process X is said to be a o-supermartingale if it is a semimartingale and there
exists a predictable process ¢ such that 0 < ¢ <1 and ¢. X is a supermartingale
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Step 2: In this step, we focus on (a)=(b). Suppose that S satisfies NUPBR(G).
Then, there exists a o-martingale density under G, for Iyz >5 .57, (6 > 0), that
we denote by D®. Then, from a direct application of Jacod’s representation The-
orem 2.7 and Theorem 5.1, we deduce the existence of a positive ﬁ(G)—measurable

functional, f©, such that D% := £(NC) > 0, with

Pt

NG ::wG*(//JGin)a wG ::fG71+ 1—CLG I{aG<1}a

where v® was defined in (5.45), and, introducing f,, defined in (5.44)

.’I)fGI{Z_Z5} * I/G — fo (1 + ;n) IHO,THI{Z_Zé} *v =0. (574)

Thanks to Lemma 5.7, we conclude to the existence of a positive ﬁ(F)—measurable

functional, f, such that fGI]]O’Tﬂ = fljo,s)- Thus (5.74) becomes

UG .— xf <1 + gj) I]]O,T]]I{Z,>6} *v = 0.

Introduce the following notations

- - . AP D
1o =1Lz 0 ¢ 7 55+ H V0= holz_>5y v, ho =M, <I{Z>o}|P) g

FO+ £
g = TZI{ho>0} + Itng=0y, ao(t) == wo({t},RY), (5.75)

and assume that

(9 —1)%x o € AL (F). (5.76)

loc

Then, thanks to Lemma 2.6, we deduce that W := (g—1)/(1—a"+79) € G (10, F),

and the local martingales

-1
NV L*(uo—m)), Y0 .= &(NY), (5.77)
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are well defined satisfying 1+ AN? > 0, [N°, S] € A(F), and on {Z_ > §} we have

PF (YOASI~ )
{z>0y) _ pF 0 _ pF g
70 = PF((1+ AND)AST 5 ) = 7 <1_ao+§ASf{2>0}>
L4 fn)Z- PE(AUC
Aot A2 (AUT)
1-a®+7 1-a’+7 1-a+7

This proves that assertion (b) holds under the assumption (5.76).

The remaining part of the proof will show that this assumption always holds. To

this end, we start by noticing that on the set {hy > 0},

R S R R I (17-0/P)
g ho ho Z_hg ho
=01+ 92+ 9s3.

Since ((f —1)*Ljo,-] * 1) V2 e Af (G), then due to Proposition 5.5—(e)

loc

VU = 02Ty o5y % (Z.p) € Af(F), for any 6> 0,

Then, a direct application of Proposition 5.5—(a), for any § > 0, we have

(f = DIy sjca & 2 56y % (Zow), |f = U5 1j5a & 2 56 * (Z . ) € AL ().

By stopping, without loss of generality, we assume these two processes and [m, m]

belong to AT (F). Remark that Z_ + fp, = M. (ZUS) <MF (I{-Zv>0}\75> = hg that
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follows from Z < T (70" Therefore, we derive

(f =121+ L&)
E [gi1{7-1]<a} * ho(00)] = E 2 I{jj-11<a} * p0(o0)
0
(f =121+ 4)?
=E 2 L{jr-11<ay * vo(o0)
0

<6TPE[(f = D*(Z- + fn){|f-11<a & 756y * V(0)]

=6 ’E [(f — 1)21{\f—1|§o¢} * (21{2725} . ,LL)(OO):| < +o0,

and

f =11+ 5
E [g11{j-1)5a} * o(0)] = E [ o I f-11>a} * Ho(00)

= B[f = U0+ §) s iz 5 (00)

<é'E [lf — 115y * (ZI7 55y« M)(OO)} < Ho00.

Here o and vy are defined in (5.75). Therefore, again by Proposition 5.5—(a), we
conclude that \/g? * o € AL (F).

. B MF (Aml{2>0}\75) .
Notice that g2 4+ g3 = 7 ho , and due to Lemma 2.4, we derive

B ~\ 2
7712

E (g2 + g3)° * po(00)] = E * 10(00)

p| <<Am)2@32§5 lizzol) *Mo(oo)]

_le ((Am)2|ﬁ
=F 7 Iz >sy % p(00)

< 572 [[m, m]u] < +o0.

Hence, we conclude that /(g — 1)? x po € A;b (F). This ends the proof of (5.76),
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and the proof of the theorem is completed. O

5.6 Discrete Time Market Models

In this section, we study discrete time market models. That is the case when
there are only finite number of trading times n = 1,2,..., N. We suppose given a
stochastic basis (2, A,F := (F,)o<n<n,P) on which we consider a real-valued F-
adapted stochastic process S = (Sp)o<n<ny which represents the discounted risky
assets. For the sake of simplicity, we assume S is an F-martingale in this section.
We say a process X is said to satisfy the non-arbitrage condition under the filtration

H := (Hn)o<n<n (hereafter, NA(H)) if

for any predictable process H := (Hy)o<n<n, (i.e. Hy € H,—1) such that

> HAX,>0,P—as, wehave » H,AX,=0, P—as. (578)
1<n<N 1<n<N

The process H can be interpreted as the trading strategy that one holds dynamically

through time. Loosely speaking, the non-arbitrage condition means there is no

possibility that one can make profit out of nothing and without risk. The equivalence

between the non-arbitrage condition and equivalent martingale measure is essentially

due to the work of Dalang, Morton and Willinger [44] (see also different approaches

in Schachermayer [127] and Rogers [120]).

Theorem 5.11 (Dalang-Morton-Willinger): The process X satisfies the non-arbitrage
condition if and only there exists an equivalent martingale measure. In this case,
the equivalent martingale measure Q can be chosen to have a uniformly bounded

density dQ/dP.

Comparing with continuous time models, NA(H), NUPBR(H), NFLVR(H) are
equivalent in discrete time. We remark that optional stochastic integral does not

play a crucial réle here; one can use conditional expectation instead.
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In this section, we shall prove that the non-arbitrage property is preserved (under
one mild condition) when the market is stopped at the random horizon 7. Further-
more, we gave the necessary and sufficient conditions (on 7 or the stopping times

in (5.80)) to guarantee the stability of the non-arbitrage condition for any market S7.

Below, we define some notations related to the random time 7 that would be fixed
throughout the discrete time framework. For any random time 7, we associate the

following two Azéma supermartingales
Zy = Plr >n|F,] and Z, := P[r > n|F,], (5.79)
and the F-stopping times

Ry :=inf{n>1:27,=0}, Ry:=inf{n>1:27,_1 =0}

and Ry :=inf{n >1:Z, = 0}. (5.80)

To incorporate the information from the random time 7, we enlarge the filtration F

to include 7 and obtain the filtration G = (G,,)1<n<n, Where
Gn:=FpVo(r <n). (5.81)

The progressively enlarged filtration G is the smallest one that contains F and makes
T a stopping time.
Lemma 5.13: For any random time T and the associated stopping times in (5.80),
the following properties hold:
(a) The inclusions hold: {Z,_1 = 0} C {Z, = 0} C {Z, = 0} for all n.
(b) Rs is an F-predictable stopping time and Ry < Rs < Ro.

(¢) <Ry, Zp—1 and ZL are both positive when n < 1.
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Proof. (a) Notice that

E |2z, =] = E [Zu-11(7, ,=0)] = 0. (5.82)

Hence, {Z,_1 = 0} C {Z, = 0}. Due to Z, < Z,, we have {Z, = 0} C {Z, = 0}.
(b) We observe that {Ry < n} ={Z,_1 = 0} € F,—1. Therefore Ry is predictable.
The inequalities Ry < R3 < Ry follow immediately from (a).

(c) Notice that

E [ H{”ST}H{Zn71:O}} E[ n— 1]I{Zn 1= 0}] =0, and
b [ H{”ST}E{Z:O}} b [Z ]I{Zn:O}] =0
Therefore, Z,_, and Z, are strictly positive on the set {n <71} 0

Remark 5.11: It was proved, in Dellacherie and Meyer [53], that these three sets
{Z_ =0}, {Z =0} and {Z = 0} have the same début in continuous time setting
that discrete time does not share. This fact is no longer true in the current
discrete time context. The difference is due to the fact that the filtration I is no

longer right-continuous in this discrete time framework.

Lemma 5.14: The Azéma supermartingale Z,, has the following decomposition:

Zn=mp — An, my:=Plr>n|F]+ Y Plr=kF] A= Y  Plr=FkF]
0<k<n 0<k<n
(5.83)

where my, is an F-martingale and A is an F-adapted increasing process.
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Proof. Tt is enough to prove (my,),>0 is an F-martingale. To this end, we derive

E[mnﬂjfn} - P[T >n+ 1(&} + Y E[P[T - k|fk]’fn}
0<k<n+1

:P|:7‘>7”L+1‘]:n:| + Z P[T:k|]:k] —I—P[T:n—i-l‘}'n}
0<k<n
=Plr >n|Fa)+ Y Plr=k|IF] = my.

0<k<n

This ends the proof of the lemma. ]

The following lemma describes the connection between conditional expectations

under F and G. For its proof, we consult Jeulin [83].

Lemma 5.15: Let Y be an integrable and A-measurable random variable. Then,

the following properties hold:

(a) On the set {n < 7}, the conditional expectation under G, is given by
1
EY|Ga] Uirony = E [V rony| Fn] 2= Lirsny. (5.84)

(b) On the set {n < 7}, the conditional expectation under G,_1 is given by

1

EY|Gn-]Lirzny = B [YIrony| Foa] — L2y (5.85)
Moreover, if Y is F,-measurable, we have
~ 1
EY|Gy 1] L romy = B [anyfn_l} 7 Lirzay (5.86)

The following theorem characterizes the relationship between F-martingales and

G-martingales. For the continuous time case, we refer the reader to Jeulin [83].

Theorem 5.12: Let M be an F-martingale and ™ be an random time. Then the
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following process

1 ~
ME = Murr = > Loy B [(Mk—Mk,l)ZkLFk,l], (5.87)
1<k<n 7F~

is a G-martingale.

Proof. Although it can be derived from Jeulin [83], we opt to give a direct proof

here. It is easy to see that

M yiynr = Mopnr + (M1 — Mp)L5p 11y (5.88)
Then, we get
1 -
B{ME|Ga] = E[Miinr = Y. 1o B |(Mx = Miot) ZelFin | 0]
1<k<n+1 ~ "7
= Munr + B| (M1 = Ma)L{r2n 11 (G0
1 ~
= > s lienE (M = M) Z| i |
1<k<n “F1
1 -
_7ﬂ{72n+1}E {(Mn—i—l - Mn)Zn+1|fn]
1 ~
= Munr = Y —Lirom B | (My = M) 24| Fia | = M,
1<k<n “F71
where we use the following fact that is due to Lemma 5.15
1 -
E (Mn—i-l - Mn)ﬂ{72n+1} gn] = ?1{72n+1}E [(Mn+1 - Mn)Zn+1|Fn .
This ends the proof of theorem. O

In the following proposition, we construct a G-martingale that would serve as

the martingale density for a class of G-semi-martingales.
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Proposition 5.8: The following process

Zi1
NnG == Z 1{T2k}E[1{2k>0}’fk*1]+ Z = ]l{fzkr} (589)
1<k<n 1<k<n Zy

is a G-martingale such that 1+ ANS >0 for all n > 1.

Proof. First, we prove that N is a G-martingale. To this end, due to Lemma 5.15—

precisely (5.86)— we have

n Zn
Bl =t o |n| = B =1z 50 g”] Lirzniy = Lizney Bl 7, ooyl Pl
n+1 n+1
Thus, as a result, we get
Z—1
E [NZ|Gn) = E |- Z L Bl 5 oy Fe-1] + Z ~ Loy |9n
1<k<n+1 1<k<nt+1l “k
Zr_1 Z,
ST PR S e
1<k<n+1 1<k<n <k n+1
Zk—1
- Z ]l{TZk}E[]l{Zpoﬂfk—l] + Z = L>n +]1{72n+1}E[]1{Zn+1>0}’fn]
1<k<n+1 1<k<n Zk
= Lo BN, 5 | F Zk-1y = NS 5.90
=— > lenEl (Zsoy 1 Fh-1] + > 5 Lrzky = Mo (5.90)
1<k<n 1<k<n “k
Secondly, we check the integrability of N¢. Indeed,
B[N <n+ Y E Zk-1y =n+ ZE[Z 1, }<2n
nll = 7 {r=>k} k=1%17Z,>01| =<'
1<k<n k 1<k<n
Finally, we show that 1+ ANS > 0. Indeed
Z, —1 Z —1
1+ ANnG =1- 1{T2n}E[1{Zn>O}|‘Fn—1] + 27]1{7-2,1} >1lgeny + 2711{7.2”} > 0.
Zn, Zn
This completes the proof of the proposition. O
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Remark 5.12: It is worthy to notice that ZlgkgnH{TZK’}E[]I{Z,C>0}“FIC*1] is the

G-compensator of the G-adapted increasing process Zlgkgn Zk_l/fk]l{Tzk}.
Lemma 5.16: The stochastic exponential E(N) of N takes the form of
END, =[] +ANS). (5.91)
1<k<n

Proof. 1t is straightforward from the calculation of the stochastic exponential. [

Now, we are ready to state our first main theorem for this section.

Theorem 5.13: Consider any random time 7 and the F-martingale S. Denote the

probability measure Q ~ P with density D,, := E(Y),, where
AV = Zal(z, o0 B |15, )V Famt] = Zail(z, ) Yo=0.  (5.92)

Then the following are equivalent:

(a) S is an (F,Q)-martingale;

(b) S is orthogonal to D and Y;

(¢) E(ND),Sunr is a G-martingale.

As a consequence, all the above three equivalent conditions imply that:

(d) S™ satisfies NA(G,P) and NA(G, Q).

Proof. First, we remark that the probability measure QQ is well defined and is equiv-

alent to P. Indeed, it is easy to check that (Y;,),>1 is an F-martingale and
L AYn = Zaliz, 0pB (17, _g) | Fat| #1700 + (1= Za-)l 5, g, >0,

where we used the fact that on the set {Z, > 0}, 1+ AY, > 1 and {Z, = 0} C
{Zn_1 < 1}, which is due to {Z,_; = 1} C {Z, = 1}. Therefore, D is a strictly

positive martingale.
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The equivalence between (a) and (b) is obvious. In the following, we will focus on

proving the equivalence between (a) and (c). Recall that

Zi—1
N == 3 WeonBllg gl Feal + D =l (5.93)
1<k<n 1<k<n <k

Due to Lemma 5.15, we deduce that

ASy, Lir>ky
E[Zk]l{7->k}‘gk1} =7, E[Ask]l{gpo}\fkq],
1 >k >
Therefore, we derive
E |:5(NG)n+1S(n+1)/\T gn+1i|
= E(NC),E (1 + ANF1)S(ni1ar| Ga]
= g(NG)nE |:S7'L/\7' + ASn—l—l]l{n-i-lST} + AN§+1SnAT + ASn+1AN§+1]1{n+l§T} gn}

fn} ]l{nzsf} }

_£(NO), { Sure + B[ASui1 Znii B [z, _)lF]
~ END M en E[ASwaT s o |7a]}

= 5(NG)nSn/\T + E(NG>TL {E [AS”-H {Z”‘HE [H{ZLH:O}U:"] N Z”H{ZnH:O}}

QIR

1 {n+1<7}

= g(NG)nSn/\T + E(NG)nEQ [ASTH—I 7

7

Thus, (a) implies (c¢). Conversely, if (c¢) holds, we have

Tinti<ry

EQ [A5n+l|-7:n] 7

=0, and EY[AS, 1| Fn] Liz,>0y = 0.

Notice that EQ [AS, 1] F;] 17,0y =0, for all n . Thus, we conclude that

EQ[AS,,11]F,) = 0, for all n. This completes the proof of the theorem. O

Remark 5.13: We observe from Theorem 5.13 that even though Y is an F-martingale,
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the stopped process Yoanr = D o, ZLE ]l{Zk:O}“Fk_l L{x<s) does not satisfy
NA(G) since it is a G-increasing process. This also sheds some light on the im-

portance of the conditions in Theorem 5.13.

Remark 5.14: It is worthy to notice that, in general, for an F-martingale M, if
MT satisfies NA(G), we can not conclude M is orthogonal to Y. To prove this

claim, we consider the projection of Y with respect to m as follows
AY, = H,Am,, + A,

where H, € F,_1 and T is an F-martingale, orthogonal to m. If Y is not null, m
is not identical zero. By Theorem 5.12, it is easy to see that m™ is a G-martingale.
However, m can not be orthogonal to Y unless Y is null. Indeed, we can calculate

explicitly the F-martingale m that stays a G-martingale.

E[AY,Amy, | Fn_1]

Am, = AY, — H,Am, = AY, — Amy,.
My, n nQMn n E[(Amn)Q ’ fn—l] mp
Corollary 5.13.1: Let M be an F-martingale. If for all n,
{Zp =0} ={Z,_1 = 0}. (5.95)

Then the following properties hold:

(a) (Mpar)n>1 satisfies NA(G);

(b) (E(NG)RZMMT)R21 is a G-martingale, where N© is given by (5.89) in Propo-
sition 5.8;

(c) The probability measure Q, given in (5.92) coincides with = P.

In particular, the above three properties hold when Z,, > 0 for all n > 1.

Below, we state our second main theorem of this section, where we give the necessary

and sufficient conditions on the random time 7 (or equivalently the stopping times
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in (5.80)) to guarantee the no-arbitrage M7 for any F-martingale M.

Theorem 5.14: Consider a random time T and the associated stopping times de-
fined in (5.80). Then the following are equivalent:
(a) For any F-martingale M, the stopped process M satisfies NA(G).
b) {Zn =0} = {Z,_1 = 0} for all n.

(

(C) Ri+1= Ry = R3.

(d) Rs is an F-predictable stopping time.
(

e) The probability Q, defined via (5.92), coincides with = P.

Proof. The proof of the theorem would be achieved after four steps. In the first
step, we prove (b)<(c). The second step focuses on (c¢)<(d). The third step deals

with (b)<(e). In the last step, we will prove (a) < (b).

Step 1: The equivalence between (b) and (c) is obvious. Indeed, if (b) holds, it is

trivial that Ry = Rs3. Conversely, if (¢) holds, we derive that

E (Zn_ll{gnzo}) ) (Zn_lf{gnzo}f{nzag}) =E (Zn—lf{zn:o#{nzm}) =0.

Hence, we conclude that {Z,, = 0} C {Z,_1 = 0} for all n.

Step 2: Herein, we will prove (c¢)<(d). If (¢) holds, it is easy to see that Rs is an
[F-predictable stopping time due to {R3 = n} = {R; =n — 1} € F,_1. Conversely,
by the predictability of R3, we have 0 = E[ZRg] = E[ZR,—1]; hence Zg,_1 = 0 and
R3 = Rs.

Step 3: This step will prove (b)<(e). If (b) holds, apparently, Y = 0 and Q = P.

Conversely, if (e) holds, AY;, = 0 for all n. Hence, Zn]l{zn_1>0}E []I{ano}|fn_1] =
Znaliz _5 =0and {Zy =0} ={Z,_1 = 0} for all n.
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Step 4: In this step, we focus on the proof of the equivalence between (a) and (b).
Proof of (a)=(b): Suppose that for any F-martingale M, the stopped process M7
satisfies NA(G). Consider

Voi=Tlipyony and Vo= > {E[Vi|Fro1] = Vi) (5.96)

It is easy to see that M,, :=V,, — ‘7” is an F-martingale. Therefore Myn =1 — VMT
satisfies NA(G). Then there exists an equivalent probability Q; ~ P such that Virr

is a (G, Qq)-martingale. Therefore Viorr = 0. Hence, we have

0=E [V,W] —E| Y 24T
1<k<n

= > EZka (B [Mryory 1 Fe1] = Tryor1)]

1<k<n
= Y ElZalipen] - B [Zialipsi)]
1<k<n
- Z E[Zk—lﬂ{Razk}] == Z K Zk—l]l{Zk:o} H ]I{Zi—l>0}
1<k<n 1<k<n 1<i<k

- Z E Z’fflll{Zk-oO}]l{Zk:o} H ﬂ{z_1>0}

1<k<n 1<i<k
- Z E [Zk—l]l{Zk71>0}]l{Zk:0}} = Z E {Zk—ﬂl{gkzo}} :
1<k<n 1<k<n

In the last equality we used the fact that {Z), > 0} C {Z, > 0} C {Zx_1 > 0}.
Therefore, for all n, {Z, = 0} C {Z,_1 = 0} and R3 > Ry.
The proof of (b)=-(a) follows immediately from Theorem 5.13 or Corollary 5.13.1.

This ends the proof of the theorem. O

The following is a sort of surprising corollary

Corollary 5.14.1: Consider a two period model (2, A = F2,F = (F)n=0,12,P)

with an A-measurable random time 7. For any F-martingale M, the stopped
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process M7 satisfies NA(G) if and only if 7 is an F-stopping time.

Proof. If 7 is an F-stopping time, it is trivial that M™ satisfies NA(G) for any F-
martingale M. Conversely, for the random time 7, denote Qg := {7 = 2}, Q; =

{r =1} and Q; UQy = Q. By the definitions of Z and Z, we derive that
Zo = 1,21 = 1,22 == IQQ, and Z[) = 1,Z1 = ]P)(Q2|F1),Z2 = 0.

If for any F-martingale M, the stopped process M7 satisfies NA(G), by Theorem
5.14, we know that {Zy = 0} = Q; = {Z, = 0} € F, and 7 is an F-stopping

time. O]

The following theorem is a sort of reverse of Theorem 5.16 and 5.14 and shows

what we can conclude if X7 satisfies NA(G) for some intergrable process X.

Theorem 5.15: Let X be an arbitrary F-adapted integrable process with the de-
composition X, = Xo + M, + A,, where AA,, = E[AX,|Fn_1] and AM, =
AX, —AA,. If X7 satisfies NA(G), then the following inclusion holds on the set

{n<7}

{Zn_lE [(AXn)ZZn\fn_l} — B2 {AXnZIy}“n_IH c {E [AXnZnyfn_l] - 0}.
(5.97)

Proof. Let QF be the equivalent martingale measure for X7 with the density process

D, =& (K G)n. Thanks to It6’s formula, this is equivalent to

Xonr + Y B |AKEAXKIGy1| e, (5.98)

1<k<n

is a G-martingale. Consider the projection of K¢ with respect to M€ given by

AK® = HEAMY + AK,, (5.99)
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where M is defined via (5.87) and K is a G-martingale, orthogonal to M G Notice

that

XT=Xo+ M+ )
1<k<n

E [AMiAmy|Fr—1] Lpary + AT, (5.100)
k—1

and F [AkaXﬂgk_l} = 0 for all k. Hence, the condition (5.98) is equivalent to

for all n

1
AA
nt Zn—l
(5.101)
In the following, we will transfer the condition (5.101) to the form in terms of the

public information F. To this end, we calculate on the set {n < 7} that

E [AMSAXn gn_l} -5 (AX ~AA, — Zj_lE[AXnAmnVn_l]) AX, gn_l]
—E <AXn — BIAX,|Fna] — nl_lE [AXnAmn ]—'n_lD AX,
—E <AXn [AXnZn|}'n1]> AX,|Gn- }
- [ Zn|fn,1] B [AX, 2| Foa |

n—1

and
1 ~
AA, + E[AM,Amy|Fo_i] = E {AXnZn\]-"n_l} .
n—1 n—1
Therefore,
- n—lE [AXnZnLFn—l]
H, = = p- Linz<ry-
7. \E [(Axn)Q Zn|fn,1] _ B2 [AXnZn|fn,1}
and

{Zn_lE [(AX,L)QZM}“R_J — B2 [AXnZn\fn_l}} c {E [AXnZnyfn_l] - 0}.
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This ends the proof of the theorem. O

5.7 Lévy Market Model

In this section, we shall study Lévy market model. Suppose that the traded financial

asset is an exponential of a Lévy process given by S = Sy exp(X), where

t ~ t
Xi=yt+oW; + / / xN(dt,dz) + / / xN(dt,dz), (5.102)
0 Jiz|<1 0 Jz[>1

N(dt,dz) = N(dt,dz) — vx(dz,dt) and vx(dz,dt) := Fx(dz)dt. Here, v and o are
real numbers (o > 0); W = (W})i>0 represents a Brownian motion; N(dt,dz) is a
random measure on [0, 7] ® R\ {0}, called Poisson random measure; N (dt, dz) is the
compensated Poisson measure with the intensity measure Fy (dz)dt, where Fx (dx)

is called the Lévy measure defined on R\{0}, satisfying

/ (> A1) Fx(dz) < +oo. (5.103)
E\{0}

For more details about Lévy processes, we refer the reader to [126].

The relationship between the random measure p and its compensator v of S and

wux (dt,dx) := N(dt,dx) is given by

wu(dt,dx) = ®(ux(dt,dx)) = the image of px by the mapping ®, and

v(dt,dx) = F(dx)dt, F := ®(Fx) = the image of Fx by ®, (5.104)

where ®(w,t,-): R — R: ®(w,t,z) = S;—(w) (e —1 —x). To give more details

for the calculation, for any nonnegative ﬁ(]F)—measurable functional, f, we have

/ (b, 5)Fw,t, dz) = / Ftw, Si(w)(e" — 1 — 2)) Fx (dx).
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Although the Lévy market is a particular case of quasi-left-continuous semi-martingale
treated in Subsection 5.2.1, we want to give a practical condition, under which we

will prove the validity of the NUPBR after stopping with 7. This condition is
v® ~wv, on [0,7]. (5.105)

It is easy to prove that this condition is equivalent to the condition where V;Gé ~ Ux

on [0, 7].

In the same spirit as Theorem 2.18, any local martingale Y in this model can be

decomposed as follows
Y =B8.54fx(u—v)+gxp+Y™t (5.106)

Here, (B, f,g,Y ") is the Jacod parameters of Y with respect to S .

Denote (B, fms gm, m') be the Jacod parameters of m with respect to (S,F,P) as
M = B« S+ fnx (11— V) + gm * . +m'. (5.107)

The Jacod parameters of m would be fixed throughout this section.
Below, we recall the random measure and its compensator under the enlarged fil-

tration G for Lévy market.

Proposition 5.9: Consider the Lévy Market S, on [0, 7], we have

(a) The compensator of p in the filtration G is given by

G m
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(b) The canonical representation of ST is given by
ST:So—i—g\c—i—h*(uc’—l/@)+(:1;—h)*,uG—|—l§, (5.109)

where S is defined via (5.17) and B:= I[[O,T]].B—FZ%I[O’T]].(SC, m)F—i—hé—”;‘I[[O’T]*y.
The following proposition proposes a local martingale density for S7.

Proposition 5.10: The following process E(N©) is well defined, being a positive

G-local martingale.

Gy . 1 T fm G_ G
g(N ) =& <_Z/8mIHO’T]] .5 — m[[oﬂ_] * (/,L —V ) y (5110)

where S¢ is defined via (5.17).

Proof. First, we show that the random integral fmf#I[[O,T]] * (MG — VG) is well

defined. Note that
B [IHOJ]II{Mf[EW(F)]:o} * N} =L [ZI{M5[2|75(1F)]=0} * “}
b~
—E [MM [Z|7D(IF)} Iap (2500} *u} — 0.

Therefore, Z_ + f, = Mf[z\ﬁ(lﬁ')] > 0, M[-a.s. on the set [0,7]. Next, we shall

prove that

Jm

G
mf[[o,ﬂ] € glloc(lu )-

To this end, we consider

d€(0,1), T':={AS#0} and I'° its complement in Q ® [0, +o0].
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We calculate that

0<u<.

. fm(ASy) 2
|pY (755t eon)

= 7 ana Lo, <
- \0<u<, (Z T fn(AS,) O T fm<—02-}

7 ana o, >
+J 0<u<. <Z + fm(ASu) [07] T4 {fm>-02_}

=W+l (5.111)

Due to the G-local boundedness of 1/Z_1g 7], we obtain that

0<u<t u—
1 fr(ASy) 1[I N
< — Im\=Pu) _ ’
~1-6 0;u<t ( 7z Io711r 5 7z *H € AL (G),

where we used the fact that fn,, € G2 (1, F), i.e. f%xpu € A} (F). Again due to the
G-local boundedness of 1/Z_1Ij -}, and f2 %xu € Al't) (), we deduce the existence
of a sequence of G-stopping times (77,),>1 that increases to infinity and a sequence

of F-stopping times, (o,,)n>1, that increases to infinity such that

(Z_) ' <n on [0,T,] and Ef2 xv(oy) < +oc.

173



Then, we derive that

EVi(T, Non)] < E f‘Jj:LZ_I[[O,T]]I{fm<5Z_} * MTn/\an]

|fml

S E mIHO7THI{fm<—5/n} */,Lo.n:|

|fm‘ ~
<FE|———71I I o
>~ _fm + 7 {fm+Z_>0}{frn<—6/n} * Hoy,

This proves that the process V is G-locally integrable.

Secondly, the positivity of D is obvious. Indeed on [0, 7], we have

fm(ASy) Ly
1+AN;=1-— 7+ fm(ASt)I{ASt7é0} = I{AStzo} + 7+ fm(ASt)I{ASt;éO} > 0.
This ends the proof of the proposition. O

Theorem 5.16: Let S be the Lévy market satisfying NUPBR(F) and T be a random

time satisfying the condition (5.105). Then ST satisfies NUPBR(G).

Proof. Since S satisfies NUPBR(FF), there exists a local martingale density D®. Let
(04)n>1 be the localizing sequence of D° and D®S. Put Q" := Dfn .P~ P. By
change of probability, we could work under Q", ZtQ = Q"(7 > t|F) and ZtQ =
Q" (T > t|Ft). Therefore, without loss of generality, we could assume S is an F-local
martingale. We shall prove that £(N®) is a local martingale density of S™. Recalling

from Proposition 5.9, we have
— I
ST = o5+ x* (u® — %) + w1y - * (W° —v)+ Gy (8¢, m)¥,

1 — f
N® .= —— BnIjg,q .5 — —
Zﬁ’B [[0’1] fm_|_
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Then, we calculate that

ST+ |7, NE| = 874 [(87)°, N°E] + 3T ASTANS
= So + Ijorp - 5¢ + 2 % (u€ — ) + %I[{Ow]} * U+ L[ZO’THBmc.A
IE’_T“ B A — jﬁmz_l[[w 1L (5.112)
= So 4 Ij7p + 5¢ + x % (u& — V%) +

T fm

T fm
7 I[O,T]] *xV — m][[&ﬂ] * M.

fm

It remains to show fjﬁl[[o,r]]*ﬂ € A;oe(G). Let (T},)n>1 be the localizing sequence

of [S,m]. To this end, we calculate that

xfm ~
Ijo,7] *MTH} =F |:f|_'_Z‘_I{fm+Z_>O}Z*,“Tn

< Ellzfml* pr,] < E[Var([S,m])r,] < +o0.

E
fm+ 2

Notice that xzf—fl[[oﬂ] * v is the G-compensator of frf_{"éi Ijorp * p1- From (5.112),

we conclude that ST + [ST,N G] is a G-local martingale. Thanks to It6 formula,
E(N®)ST is a local martingale if and only if S7 + [S7, N®] is a local martingale.

This ends the proof of the theorem. ]

Corollary 5.16.1: Let Y be a compensated Poisson process and 7 be a random

time satisfying the condition (5.105). Then, Y satisfies NUPBR(G).

Proof. The proof follows analogy with previous Theorem and the G-local martingale

density is given by N© := —ﬁ] [0,7] % (u® — %) since the continuous martingale
part is null. For the simplicity of jump measure of Poisson process, we provide a

direct easy proof of the integrability of N®. Let (T},),>1 be the localizing sequence
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of 1% u. To this end, we calculate that

| fm] G > |fml
E mfﬂo,r]] *ur, | =E me{fm+z_>0} * (o,
=L [‘fm’I{fm+Z,>0} * VTn]
<AFE[1%vp,]| < +00.
This ends the proof of the Corollary. O
Conclusions:

In this chapter, we obtained two principal results. The first result lies in describ-
ing the pairs of market model and random time for which the resulting stopped
model fulfills NUPBR condition. The second main result characterizes the ran-
dom time models that preserve the NUPBR property after stopping for any market
model. These results are elaborated in a very general market model, and also dis-
crete time and Lévy market models. The analysis that drives these results is based
on new stochastic developments in semimartingale theory with progressive enlarge-
ment. Furthermore, we construct explicit martingale densities (deflators) for some

classes of local martingales when stopped at random time.

In the next chapter, we will investigate NUPBR on the stochastic interval |7, +o0].
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Chapter 6

Non-arbitrage for a Class of

Honest Times

This chapter completes the study undertaken in Chapter 5 about non-arbitrage in
informational market. Throughout the chapter, the financial market will be repre-
sented by a d-dimensional semimartingale S, (d-risky assets), and a non-risky asset
(assumed to be constant one) on the stochastic basis (2, G,F, P), where F := (F)i>0
is a filtration satisfying the usual hypotheses (i.e., right continuity and complete-

ness) and represents the flow of public information with Foo := ;> Ft € G.

In this chapter (€2, G, F, S, P) represents the initial model (the defaultable-free model)
to which we add a fixed random time denoted by 7. In Chapter 5, we addressed the
arbitrage theory for the sub-model (€2, G, S™), where G is the enlarged filtration that
contains F and the information from 7. Therefore, in virtue of the obtained results,
our main focus is the arbitrage of the sub-model (22,G,S — S7). It is known in
the literature that a process satisfies the No-Unbounded-Profit-with-Bounded-Risk
(called NUPBR hereafter) property only if this process is a semimartingale. Thus,
the first question that arises before any arbitrage inquiry is whether the model 5 —.S7

is a G-semimartingale. This is the main reason why we focus on random times that
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are honest times, when dealing with the part ”after” 7. It is known that honest
times (see [83]) preserve the semimartingale structures. It becomes also necessary
via the work of Imkeller [75] (see also Fontana et al. [63]), that for honest times
avoiding stopping times in a Brownian filtration, the NUPBR property is violated

after 7. Thus, the first challenging question is:
Are there honest times for which the NUPBR holds for some models?

The positive answer to this question constitutes our first original contribution of
this chapter. This class of honest times will be described in (6.4) and for this class

of honest times, we will address two important problems.

For which pairs (S, 7), the model (Q2,G,S — S7) is arbitrage free? (Prob(6.I))

The investigating of this problem will lead us to a deep understanding of the precise
parts from both the random time and the initial market model that allow arbitrage

to occur. The second problem focuses on the model of 7 such that

(Q,G,S — S7) is arbitrage free for any arbitrage free S?7 (Prob(6.1II))

This will allow us to single out the class of honest times that preserve the non-

arbitrage considered in the thesis (i.e. NUPBR).

This chapter is organized as follows. In the following section (Section 6.1), we
present our main results, their immediate consequences, and/or their economic and
financial interpretations. These results are formulated for particular as well as gen-
eral framework. Section 6.2 is devoted to new stochastic developments vital for the
proof of the main results, while Section 6.3 deals with the derivation of explicit local
martingale deflators. The last section (Section 6.4) focuses on proving the main

theorems of Section 6.1.
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6.1 The Main Results

In what follows, H denotes a filtration satisfying the usual hypotheses. For an H-
semi-martingale Y, the set £(Y,H) is the set of H predictable processes integrable
w.r.t. Y and for H € £(Y,H), we denote H.Y; := [j HydY.

We recall the notion of non-arbitrage that is addressed in this Chapter.

Definition 6.1: An H-semimartingale S satisfies the No-Unbounded-Profit-with-
Bounded-Risk condition under (H, @) (hereafter called NUPBR(H, @)) if for any

finite deterministic horizon T, the set
Kr(S) = {(H.S)T | HeL(S,H), and H.S> -1 }

is bounded in probability under . When @ ~ P, we simply write NUPBR(H))
and write S satisfies NUPBR(H) instead of S satisfies the NUPBR(H) property.

For more details about this type of non-arbitrage condition and its relationship to

the literature, we refer to Definition 2.17 of Subsection 2.4 in Chapter 2.

Beside the defaultable-free model represented by (2, F, P, S), we consider a finite
random time 7 : 2 — R,. To this random time, we associate the process D and the

filtration G given by

D=1 0, G= (gt)tzo, G = ﬂ (]:5 Vo (Dy,u < 5))
s>t
Recall two important F-supermartingales given by
Zt::P(T>t‘ft) and ZtZ:P(TZt‘.Ft). (61)

The decomposition of Z leads to an important F-martingale that we denote by m,

179



given by
m = Z + D°F, (6.2)

where D°F is the F-dual optional projection of D = I [r,00[

Throughout the chapter, we will assume that
7 is an honest time. (6.3)

For the reader’s convenience, we recall the definition of honest time.

Definition 6.2: A random time o is honest, if for any ¢, there exists an JF;-

measurable r.v. o; such that ol 4y = o154}

We refer to Jeulin [83, Chapter 5] and Barlow [17] for more information about
honest times. For the case of quasi-left-continuous processes, we restrict our study

to the following subclass of honest times.
7 is an honest time satisfying 2, <1, P —a.s. (6.4)

It is clear that any stopping time satisfies (6.4). Furthermore, in [3], the authors
provided many examples that are not stopping times satisfying (6.4).

We end this section by recalling the following lemma, obtained in Chapter 5.

Lemma 6.1: Let X be an H-predictable process with finite variation. Then X
satisfies NUPBR(H) if and only if X = Xq (i.e. the process X is constant).

6.1.1 The Case of Quasi-left-continuous Processes

In this subsection, we answer (Prob(6.I)) and (Prob(6.1II)) for the case of F-quasi-
left-continuous processes.

We start investigating (Prob(6.I)) and characterizing processes S and honest
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times 7 such that S — S7 satisfies NUPBR(G). To this end, we recall u, v are
given in (2.9) and (2.11), P(H) := P(H) ® B(R?), Z_ + Am = Z and we state the

following.

Lemma 6.2: The process S given by
S = Tfml{z_<i—z_4f,y * 1 where  fy, = Mf (Am } 75(15‘)) (6.5)

is an F-semimartingale.

Proof. We remark that f2 xu is a cadlag locally bounded and nondecreasing process

and for any 0 < u < v, we have

Var(SM), — Var(SW), < /S, S]u =[S, Slur/ F2 Lju) * .

Therefore, S is a cadlag process with locally integrable variation. O

Theorem 6.1: Suppose that S is an F-quasi-left-continuous semimartingale, and T
is a finite honest time satisfying (6.4). If the process (1 — Z_) .S — S satisfies
NUPBR(F), then the process S — ST satisfies NUPBR(G).

Proof. The proof of this theorem will be given in Subsection 6.4.1. O

Corollary 6.1.1: Suppose that S is F-quasi-left-continuous and satisfies NUPBR(F).
Then, the following assertions hold.
(a) I (S SM) satisfies NUPBR(F), then S — S7 satisfies NUPBR(G).
(b) If =0, then S — S7 satisfies NUPBR(G).
() If {AS#0}N{Z=1>Z_} =0, then S — 57 satisfies NUPBR(G).
(d) If S is continuous, then S — S7 satisfies NUPBR(G).

Proof. (a) Suppose that (S, S()) satisfies NUPBR(IF). Then, the process
(1-2z-).5- S(l)) = (S,5W) satisfies NUPBR(F). Then assertion (a) follows
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immediately from Theorem 6.1.
(b) Suppose that S = 0. Then, (S,S") satisfies NUPBR(F) and assertion (b)
follows directly from assertion (a).

(¢) Suppose that {AS £ 0} N{Z =1> Z_} = 0. Then, due to

MP ((1 - Z)I{Z_Hm:l}) - MP [(1 — MP (Z}ﬁ(F)))I{Z_Hm:l}]

=M (1= 2=~ fm)l{z_4 jn=13) = 0.

we deduce that {AS #0YN{l=Z_ + f,,} € {AS #0}N{Z = 1}. Then, we get
S() = 0. Hence assertion (c) follows from assertion (b).
(d) When S is continuous, then {AS # 0}N{Z =1> Z_} c {AS # 0} = (). Hence

assertion (d) follows from assertion (c). This ends the proof of the corollary. O

In the following proposition, we answer (Prob(6.II)) for quasi-left-continuous

processes S.

Proposition 6.1: The following assertions are equivalent.
(a) The thin set {Z = 1> Z_} is accessible.
(b) Every (bounded) F-quasi-left-continuous martingale X, X — X7 satisfies NUPBR(G).

Proof. We start by proving that (a)=(b). Suppose that the thin set {Z =1 > Z_}
is accessible. Consider an F-quasi-left-continuous martingale X, and let X(*) be the
process associated with X as in (6.5). Therefore, since X is quasi-left-continuous, we
have {AX #0}N{Z=1> Z_} = 0. Hence, we get X(*) =0 and by Theorem 6.1,
we deduce that X — X7 satisfies NUPBR(G). This completes the proof of (a)=-(b).
To prove the reverse, we assume that assertion (b) holds and consider a sequence
of stopping times (7,),>1 that exhausts the thin set {(Z =1& Z_ < 1} (ie
{Z =1&7Z_< 1} = U[Tn]]) Then, each T, (that we denote by 7', in the rest

n=1
of the proof, for the sake of simplicity) can be decomposed into a totally inacces-
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sible part 7% and an accessible part 7% as T = T° A T®. Consider the following

quasi-left-continuous processes
V=T yoop, and M=V —VPF =V -V,

Then, since {T% < 400} C {Zp: = 1}, we deduce that {T? < 400} C {r > T"} and
By oo o M = —Ijr oo V  is G-predictable.

Then, the finite variation process I}, o[« M satisfies NUPBR(G) if and only if it

is null, or equivalently

0=E (I oo - Vo) = F (/0 (1- Zs)d1~/8> — B ((1 = Zpi ) (i o0y -

Therefore, we conclude that T¢ = +oo, P — a.s., and the stopping time T is an

accessible stopping time. This ends the proof of the proposition. ]

6.1.2 Thin Processes with Predictable Jump Times

This subsection addresses (Prob(6.I)) and (Prob(6.II)) for the case where the
process S is a single jump process with predictable jump time. The results of this
framework can be easily generalized to the case of finite number of jumps. It is
important to highlight the fact that, in this subsection, we work with the whole

class of honest times and we do not assume the condition (6.4) on 7.

Below, we state our first main result in this context, that answers (6.1). We give
a characterisation of processes S and honest times 7 such that S — S7 satisfies

NUPBR(G).

Theorem 6.2: Suppose that T is an honest time. Consider an F-predictable stopping

time T and an Fp-measurable r.v. & such that E(|¢|| Fr-) < +o00 P —a.s.. If
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S =&z, <1} [T 400, then the following assertions are equivalent.
(a) S — 87 satisfies NUPBR(G).

(b) S :=¢I

(Zr<p 17400l satisfies NUPBR(TF).

(¢c) There exists a probability measure Qr on (Q, Fr), absolutely continuous with

respect to P such that S satisfies NUPBR(F, Qr).

The proof of this theorem is long and requires intermediary results. Thus, we

postpone the proof to Subsection 6.4.2.

Remark 6.1: Theorem 6.2 provides two equivalent (and conceptually different)
characterisations for the condition that S —S7 satisfies NUPBR(G). One of these
characterisations uses the NUPBR(F) property under P for a transformation of .S,
while the other characterisation is essentially based on the NUPBR(F) property

for S under an absolutely continuous probability measure.

The following theorem answers (Prob(6.II)) for single predictable jump martin-

gales.

Theorem 6.3: Consider an F-predictable stopping time T, and an honest time 7.
Then, the following are equivalent

(a) On {T < +o0}, we have

{ZT - 1} c{Zr_=1}. (6.6)
(b) For any £ € L*(Fr) such that E(f} Fr—) =0, the process M — M" satisfies
NUPBR(G), where M := &Ij7 4 oo -

Proof. Suppose that assertion (a) holds, and consider £ € L*(Fr) such that E(§ | Fr_) =
0, P—a.s. on{T < +oco}. Splitting M as M = I;Zr_ < 1}¢Ijp o) + [{Z7- <
L7 4o0] = M*' + M?, and noting that M? — (M?)™ = 0, one can restrict our

attention to the case where M = M. Then, it is obvious that (6.6) is equivalent to
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{Zr < 1} = {Zr_ < 1}, and hence

M =1

(Zr<yM =M s an F-martingale.

Thus, assertion (b) follows from a direct application of Theorem 6.2 to M. This
ends the proof of (a)= (b).

To prove the converse, we assume that assertion (b) holds, and we consider the
Fr-measurable and bounded r.v. § := (I{ZTzl} —P(Zp = UFr-)){r<4oc} and the
bounded F-martingale M := I o[- Then, on the one hand, M — M7 satisfies
NUPBR(G). On the other hand, due to {T' > 7} C {Z < 1}, the finite variation

process
M—MT"=—P(Zp = UFr ) rsml[r,+00] 18 G — predictable.

Thus, this finite variation process is null, or equivalently {Zr_ < 1} € {Zr < 1}
P —a.s. on {T < +oo}. This proves assertion (a), and the proof of the theorem is

completed. O

We now extend the main result of single predictable jump to the semimartingale
with countable predictable jumps that answers the question (Prob(6.IT)). This
theorem constitutes with Theorem 6.1 the building blocks for the general result

that addresses (Prob(6.1IT)).

Theorem 6.4: Suppose that T is an honest time and S is a thin semimartingale
with predictable jumps only (i.e., Slae) = 0). If there exists a positive F-local

martingale Y, such that

PF(Y|AS]) < 400 and PF (YASI =0, (6.7)

{Z<1 & Z,<1}>

then the process S — ST satisfies NUPBR(G).
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The proof of this theorem is long and is based on the supermartingale deflator
concept that we will define later on. Thus, this proof is postponed to Subsection

6.4.3.

6.1.3 The General Framework

With any cadlag F-semimartingale, X, we associate a sequence of F-predictable
stopping times (7'} ),>1 that exhaust all the accessible jumps of X. Throughout the

chapter, we use the following notation
+oo
Ix:= %], X@W:i=I,.X, X =TI . X:=X-X".  (638)
n=1

We now state the first main result of this subsection, where we characterize pairs

(S, 7) such that S — S7 satisfies NUPBR (G).

Theorem 6.5: Suppose that T satisfies (6.4). Consider S given by (6.5). If
(a) The process (1 — Z_) .S — Ip. . S satisfies NUPBR(F), and

(b) There exists a positive F-local martingale Y satisfying

PE(Y|AS|) < +oo and PF <YASI{Z<1}) =0 on {Z_-<1},
then the process S — S satisfies NUPBR(G).
Proof. The proof will be detailed in Section 6.4. 0

As a direct consequence of Theorem 6.5, we obtain the following

Corollary 6.5.1: Suppose that 7 satisfies (6.4), then the following hold.
(a) If {Z =1>Z_}N{AS # 0} = 0, then S — 5™ satisfies the NUPBR(G).
(b) If either m is continuous or Z is positive, then S —S7 satisfies the NUPBR(G)
for any S satisfying NUPBR(F).
(c) If S is continuous and satisfies NUPBR(IF), then S—S7 satisfies the NUPBR(G).
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Proof. Apparently, assertions (b) and (c) follow from assertion (a). In the remaining
part of the proof, we focus on proving assertion (a). If {2 =1>Z_}n{AS #
0} =0, we get S(1) = 0. By taking Y any o-martingale density of S (it exists since
S satisfies NUPBR), the two conditions (a) and (b) of Theorem 6.5 hold. Hence
S — S7 satisfies the NUPBR(G). O

We conclude this section with our second main general result that answers (Prob(6.1I))

in full generality and characterizes honest times 7 that preserves the NUPBR.

Theorem 6.6: Suppose that T satisfies (6.4). Then, the following are equivalent.
(a) For any S satisfying NUPBR(F), the process S — S™ satisfies NUPBR(G).
(b) The thin set {Z =1 & Z_ < 1} is evanescent.

Proof. The implication (b) = (a) is a trivial consequence of Theorem 6.5 by taking
Y any o-martingale density for S (since S satisfies the NUPBR(F) and S() = 0).
To prove the reverse, we assume that assertion (a) holds, and consider V' := Ijp | |
and M = V —VPF where T is any F-stopping time such that [T] c {Z=1> Z_}.

Since {T > 7} C {Zr < 1}, we derive
M —M" = SIipsrylir 4 0o] = =P (ZT = 1’-7:T7> Lirs iy 7 ool

and conclude that the finite variation process M — M7 is G-predictable. Thus,

M — M7 satisfies NUPBR(G) if and only if it is a null process. This is equivalent to

0=E (P (ZT - 1}.FT,) I{+OO>T>T}) —F ((1 - ZT,)]{ZT:”I{T<+OO}) .

As a result, we get T'= +o0, P — a.s. Therefore, assertion (b) follows immediately
from a combination of this and the fact that {Z = 1> Z_} € {Am # 0} is a thin

set. This ends the proof of the theorem. ]
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6.2 New Stochastic Developments

This section provides new stochastic results that constitute the key stochastic tools
for the proof of the main results announced in the previous section. These results
complete those elaborated in Section 5.3 of Chapter 5, where we addressed the same
problems for the part up to an arbitrary random time 7. This section contains
two subsections. The first subsection gives the relationship between the dual pre-
dictable projections under ' and G, while the second subsection defines two useful

G-semimartingales.

The results of this section are based on the following well known lemma.

Lemma 6.3: Let M be an F-local martingale, and T be an honest time. Then the

process ]\/4\(“), defined as

d(M,m)S

]/\Zt(a)::Mt_Mt/\T"*'//\t 1_7 .
5—

.
is a G-local martingale.

Proof. This lemma is a standard result on progressive enlargement of filtration, and

we refer the reader to Jeulin [83] and Barlow [17] for proofs. O

Remark 6.2: Throughout this chapter, the process X (@ will be defined via (6.9)
for any F-local martingale X.

6.2.1 Comparing Dual Predictable Projections under G and F

In the following, we start our study by writing the G-compensators/projections in

terms of F-compensators/projections respectively.

Lemma 6.4: Suppose that (6.4) holds, and denote

Ji=1-Z_—-Am=1-2. (6.10)
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Then the following assertions hold.
a) The G-predictable process (1 — Z_)" ' I 400l %8 G-locally bounded.
[7, 400l

(b) For any F-adapted process V', with locally integrable variation we have

1
Ir oo VPE = Brsoof 7=+ (- vPE, (6.11)

and on |7, +0o0]

PG (AV) = PEJAV) . (6.12)

1-27Z_

(d) For any F-local martingale M, one has, on |1, 400]

J

1-Z7

- < AM ) M (amlg,) nd PC <1> _ wl@?”) (6.13)

(e) For any quasi-left-continuous F-local martingale M, one has, on |1, +o0[

AM 1 1
p’G _— = p’G = 14
( J ) 0, and <1—Z_—Am(qc>> 1-Z_' (6.14)

where m\99) is the quasi-left-continuous part (see (6.8)) of m, defined in (6.2).

Proof. The proof of the lemma will be achieved in four steps.
1) Herein, we prove assertion (a). It is known (see Chapter XX of [53]) that Z = Z

on |7, +oo[, and
Jr,+oofc{Z- <13n{Z <1} ={Z_<1}n{Z<1}.

Then, due to our specific assumption (6.4), we deduce that [7,+o0o]C {Z < 1}, and

hence the process

X:=(1- Z)_ll[[T,-‘rOO[[’

is cadlag G-adapted. Combining these with |7, +oo[C {Z_ < 1}, we easily prove

that sup X, < 400, P—a.s. This is equivalent to say that X is pre-locally bounded
0<u<t
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and hence its left limit process X = (1 — Z_) ' Ij; 1o is locally bounded. This

proves assertion (a).

2) This part proves assertion (b). From Lemma 6.3
Driool»V = Droof » VP + Dr oo (1= Z2) 71 (V,m)T
is a G-local martingale. Hence

G _
(I]]T,+oo[[ . V)p = I]]T,-‘roo[[ . VPJF - I]]T,-i—oo[[(l - Z*) ! . <‘/a m>IE"
= I]]T,—‘roo[ . Vp’F - I]]T,+oo[[(1 - Z—)_l . (Am . V)pV]F )

J— p7F
= Ipgoof(1= 7)1 ((1 —Z_—Am). v) :

where the second equality follows from [V, m] = Am .V (see [78]). This ends the
proof of (6.11). The equality (6.12) follows immediately from (6.11) by taking the

jumps in both sides.

3) Now, we prove assertion (c). By applying (6.11) for V. 5 € Ajoc(F) given by

AM
Ves = Z TI{|AM|26, J>6}

we get, on |7, +ool,

AM B
" (JI{AMIZe, m}) = (1= 2Z2) ' PR (AMIgan ze, s28) -

Then, by letting € and 0 go to zero, on |7, +oo[ we obtain

AM -
" <J> = (=2 )7 " (AM I 1sg) -

This proves the first equality in (6.13). To prove the remaining equality in (6.13),
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we write that, on |7, +oof,

.G (;) =(1-Z)'+(1-2z)1rE (é}”)
=(1-Z)"+(1- Aml{;oy)

2p,(
=(1-2)7" = (0= 2)7 P (Iyey) = (0= 27 P (I

where the second equality follows from the first equality in (6.13) and the third

equality from the fact that »F(Am) = 0. This ends the proof of assertion (c).

4) The proof the first equality in (6.14) follows immediately from assertion (c) and
the fact that the thin process PF (AM I J>0}) may take nonzero values on countably
many predictable stopping times only, on which AM already vanishes. A direct

application of this first equality implies that on {Z_ < 1}, we have

o F 1 _ 1 N I Am!(9©) 1
1—Z_ — Am(@) 1-Z_ "1-2_ 1—Z_ — Am(a©) 1—Z_

This completes the proof of (6.14) as well as the proof of the lemma. O

The next lemma focuses on the integrability of the process J _II]]T7+OO[[ with respect
to any process with F-locally integrable variation. As a result, we complete our

comparison of G and F compensators.

Lemma 6.5: Let V be a cadlag F-adapted process and
Ui=(1=2Z)"Ijp joo - V=T Iy oo - V. (6.15)

Then, the following assertions hold.
(a) If V is nondecreasing and locally integrable (respectively integrable), then U

is G-locally integrable (respectively G-integrable).
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(b) If V € Ajoe(F), then U is a well defined process, U € Ajoe(G) and
(U = By oo (1= Z2) " (T gy - VIPF (6.16)

Proof. (a) Let (¥5,)n>1 be a sequence of F-stopping times that increases to oo such
that

Then assertion (a) follows immediately if we prove E (Uy, ) < E (Vy, ). To this end,

we use the fact that Z = Z after 7 to obtain
Y v
B n 1 B m P(t < t|F)
£ =8 ([ ten=gmi) = £ ([ =5

On
:E(A QZQMW)SEW%%

Since 9, increases to +oo, we get U € A (G). This proves assertion (a).
(b) Suppose that V' € Ajo(F). Then, Var(V) = VT + V™~ € A' (F), and due to
assertion (a), we deduce that U has a G-local integrable variation that coincides

with

Var(U) = (1 — Z) " I}y, oo » Var(V).

For any n > 1, introduce

~ 1
Uni= (1= 2) " Djp ool 5y 1y -V = (1 -~ Z) D oot 7y 1y 0 V-

Then, thanks to (6.11), we derive
JF
0P = dim (Un)C = Tim (1= Z) oo+ (Iey 1y V)

n—-+o00 n—-+00

This clearly implies (6.16), and the proof of the lemma is completed. O
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6.2.2 An Important G-Local Martingale

In this subsection, we introduce a G-local martingales that will play the role of
deflator for a class of F-local martingale. The construction of this local martingale

relies on the following.

Proposition 6.2: Let 7 be an honest time satisfying (6.4). Then, the following
assertions hold.

(a) The nondecreasing process

WE = 3 P (1) Tusny: (6.17)
O<u<t

is G-predictable, cadlag, and locally bounded.

(b) The nonnegative and G-predictable process (1 — AVVG)_1 1s locally bounded.

Proof. a) Since the process (l—Z_)*lf]]T’Jroo[[ is G-locally bounded under assumption
(6.4), then there exists a sequence of G-stopping times (7,),>1 that increases to

infinity such that

(1= Z) o)™ <.

Consider a sequence of F-stopping times, (0y,),>1, that increases to infinity and
(m,m)y, < n.Then, for any nonnegative F-predictable process H which is bounded

by C' > 0, we derive

(H - W)g,nm, < Z H,PF (I{Z:1>Z,})UI{1—ZWZ%}

0<u<op,
F
= 2 Hr (I{Amzl—zfz%}l{zfg—%})u
0<u<oy,
< Y m,rF (I{Amzﬁ}) < (n)2H . (m,m),, < C(n)?.
0<u<on v

This ends the proof of the assertion (a).
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(b) We first calculate

=AW =127 (15 Y B goeg = B+ 77 (1z.21y) Birvool 2 ot H(1=Z-)Ejr oo
The last inequality follows from 1 — Z<I (Z<1} Thus, we deduce that

(1=AWS) "t <o+ (1= Z2) D o
which is locally bounded due to Lemma 6.4—(a). This proves assertion (b), and the

proof of the proposition is completed. O

For the construction of the local martingale deflator, we will use, as in Chapter 5,

the optional integral.

Proposition 6.3: Suppose that T satisfies (6.4) and consider the F-martingale m
in (6.2) and MY defined via (6.9). Then, the process K® given by

K@ .= _ T 6.18
(1= 2P+ &) 17 It (015
belongs to "Llloc(fﬁ(“),(@) defined in Definition 2.12.
Furthermore, the associated G-local martingale,
L = K@ o (@), (6.19)
satisfies the following
(a) E(L®) > 0 (or equivalently 1+ AL® > 0) and Lo « L¢ =o.
(b) Consider any M € Mg joc(F) and M@ defined in (6.9). Then,
(L8, M@] € Ae(G) <i.e. (L, M(@)\E exists) . (6.20)

Proof. This proof contains two steps. In the first step, we prove the optional integral
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L® in (6.19) is well-defined; while for the second step, we prove the remaining
assertions.
Step 1: Thanks to (6.13), we derive

(1-2_) I !
Z_)2 4 A(m)F bl = 1277

Thus, we conclude that K € °L} (¥, G) if and only if

o\ 1/2
(Z <J<1—12_>M(G) - <J(1_12_>M(“’>) ) € AL (G).  (621)

To prove this fact, on |7, +00[, we calculate, making use of Lemma 6.4

(@) m,(@)
i )‘p’G<JAm >: (1= Z.)7 Alm)”

J1-2Z 1-z)) " a-z)J J

(1= 20y A PE (I ysgy) — (L 27 PE(AmIsgy)
Am

= =t (I7=r)) - (6.22)

Therefore, in virtue of Proposition 6.2, the proof of (6.21) follows from

=

To prove this property, we put

2
~> I]]T7+oo[[ S AZJ;C(G). (6.23)

Am
1-Z7

2
Si={Am<(1-8)(1—2Z)} and Wi:=Y <1A_m2> T yoof-

Remark that Iy - W1 < 672(1 — Z_) '}, o) - [m,m] € A (G) and

loc

Am
\/IECI{Z_ga} W<y l - Z~’I]]T,+oo[[I{Am>(16)a} € A, (G),
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for any o € (0,1). Thus, for any a € (0,1), the process \/T;z_<a} - W1 € Al (G).
Since the process (1 — Z—)_l‘[ﬂT,+OO[ is G-locally bounded, then there exists a se-
quence of G-stopping times, (0, )n>1, that increases to infinity such that on |7, +00[N[0, 04, ],
we have Z_ < 1—1/(n+1). This implies that for each n, we have \/W{" € Al (G),

loc
and hence VWi € (A (G)), = Al (G). This proves (6.23).

loc loc

Step 2: Assertion (a) follows from Ijg ;] « (@ = 0 and (6.22) implies that
Am
G F ~
1+ AL =1+ - ZI]]T’+°°[[ + P (I{Z:1}> Ij7 oo > 0.

We now prove (6.20). Due to Proposition 2.3 and the G-local boundedness of (1 —
Z_) I} 4oof (see Lemma 6.4(a)), we deduce that [LC, ]/\4\(“)] € Ajoc(G) if and only

if J71. [, M@] € Ajoe(G). We calculate this quantity
J7H @, M@O) = J 7y, op« [m, M)+ J7H 1 = Z0) " Ami), oo« (m, M)F

AM A(m)F
T L

F
J(l _7 QI]]T,+00[[ . <m7 M> :

J(1—-27_)
On the one hand,

(1 - Z*)_lAmI]]T,—I—oo[[a A<m>F(1 - Z*)_QI]]T,-FOO[[ and (1 - Z*)_II]]T,-i-oo[[

are G-locally bounded. On the other hand, since [m, M], AM . (m)¥ and (m, M)¥

belong to Aj,.(F), thanks to Lemma 6.5—(a) we conclude that
T oo [ M), T e op+ (AM 2 (m)F) and T 0y oo+ (m, M)

belong to Aj.(G). Therefore, this achieves the proof of (6.20), and the proof of the

proposition is completed. ]
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6.3 Explicit Deflators

We start this section by constructing explicitly local martingale densities (deflators)
under G for a class of F-local martingales. This will be achieved in Subsections 6.3.1
and 6.4.1, where the cases of quasi-left-continuous and thin with predictable jumps

are addressed respectively.

6.3.1 The Quasi-Left-Continuous case

Theorem 6.7: Let T be an honest time satisfying (6.4), and L® be the G-local
martingale defined by (6.19). Let M be a quasi-left-continuous F-local martingale
such that {2 =1>7Z_ & AM # 0} is evanescent. Then, the following two
assertions are equivalent and hold.

(a) E(L®) (M — M™) is a G-local martingale.

(b) € (I{Z:1>Z,} © m) M is an F-local martingale.

Proof. Suppose that {Z =1>7_ & AM # 0} is evanescent. Then
ZI{Z:1>Z,}AM(1 - Z_) = I{Z:1>Z7} . [M, m] = O,
and due to the quasi-left-continuity of M and Proposition 2.3-(b), we derive
F p,F
Uizm1szy Om M)" = <I{Z=1>Z_} - [M, m]) =0,

which implies assertion (b). To achieve the proof of the theorem, we will prove that
assertions (a) and (b) are equivalent.

Notice that the quasi-left-continuity of M implies

[(m), M] = [m, (m, M)] = [(m), (m, M)] = 0.
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Hence,

K@, [fﬁ(a)7 M(a)] — K@, [m, M] = 112[ﬂr,+ooﬂ . [m, M], (6.24)

where K(@ is defined in (6.18). Then, by combining (6.24), Proposition 2.3-(b) and

(6.11), we calculate

—~ G ~ G
(L8, TN = (K. [mm),M(a)])p = (1= D) g [m,M])p

I +ool F_ Lol PE
= oy - L (1)
_ Ol F_ Aol F
= I gt - L omnE,

Then, from the above equality, the equivalence between the two assertions (a) and

(b) follows immediately. O

As an immediate consequence of this theorem, we describe a class of F-quasi-

left-continuous processes for which the NUPBR is preserved for the part after 7.

Corollary 6.7.1: Suppose that 7 satisfies (6.4), and that S is F-quasi-left-continuous
and satisfies NUPBR(F) and {AS # 0}N{Z = 1 < 1} is evanescent. Then, §—S7
satisfies NUPBR(G).

Proof. The proof follows immediately from a combination of Theorem 6.7 and the
fact that

{(Z=1<2_}={Z9=1<29}, forany Q~ P, (6.25)

where ZtQ = Q(7 > t|F;) and ZtQ := Q(7 > t|F). This last fact is an immediate
application of Theorem 86 of [54] by taking X = Iizgy &Y = Iizo_ g and

X=Iy _n &Y= M

{z9=0}"
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6.3.2 The Case of Thin Processes with Predictable Jumps

The construction of deflators for thin F-local martingales requires the following

results that are interesting in themselves.

Lemma 6.6: Let T be a finite F-predictable stopping time. Then the following holds.
(T>7} € {Zr<1} C {Zp_<1}= I(T):= {P (ZT < 1‘FT,> > 0}.

Proof. Tt is enough to prove the non-trivial equality {Zp_ < 1} = I'(T). Indeed,
due to E (P(ET < 1\fT_)I{ZT_:1}) = P(Zr <1 = Zr_) = 0, we get [(T) C
{Z7_ < 1}. On the other hand, due to

E (1= Zr)raye) = B (0= Zr) Igrye) < B (15, Traye) =0,

we obtain {Zp_ < 1} C T'(T). This ends the proof of the lemma. O

Lemma 6.7: Let R be an equivalent probability to P. Then the following hold.
(Z=1={Z8=1), and {Z_=1)}={zF=1)},

where ZE := R(t > t|F,) and Z% is the (R, F)-predictable projection of Z.

Proof. For any F-stopping time o and any F-predictable stopping time 7', due to

E [(1 B Z’)I{Z’?:l}} =L [I{r<a}f{‘z'§:1}} =0, and
B0~ Zr )z | = B |[lperyIn _y| =0,

we obtain {Z% =1} ¢ {Z = 1} and {Z% = 1} ¢ {Z_ = 1}. The symmetric roles

of R and P complete the proof of the lemma. O

Theorem 6.8: Let 7 be an F-honest time. Consider an F-predictable stopping time

T and an Fr-measurable random variable & such that E[|¢||Fr-] < 400, P-a.s.
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Define M := &Iz, <1} 174 o0

dQ% v Lzi< & PEr<iFr)>0)
dP b= P<2T < 1|Fp) + I{P(ZT<1|]:T—)=0}’ and
—:=D" = = = Irpsy + Iipa . 6.26
dP (1= Zp)P(Zy < 1 Fp_) 071 HT=D (6:26)
Then the following assertions are equivalent.
(a) M is a (Q%, F)-martingale.
(b) On {Z7- < 1}, we have
B¢z | Fro) =0, P-as (6.27)

(c) (M — M) is a (Q%, G)-martingale.

Proof. The proof of the theorem will be achieved in two steps. In Step 1, we prove
(a)<=(b); while Step 2 proves (b)<=>(c). First we remark that the two probability

measures Q5 and Q% in (6.26) are well defined due to Lemma 6.6.

Step 1: Herein, we will prove (a)<=>(b). Thanks to E[D¥|Fr_] = 1, we obtain

E [51{2T<1}|}'T_

F
E9T[¢l iz, | Fr-]=E [D]Ffj{ZT_<1}’]:T—} = P Gr < 1P Iz <1y
T T—

Therefore, the equivalence between assertions (a) and (b) follows from a combi-
nation of this equality and the fact that M is a (Q?,F)—martingale if and only if

EQr (M | Fr_) =0 on {T < +oc}.

Step 2: This step will prove (b)<= (c). To this end, we first notice that M — M™

is (Q%, G)-martingale if and only if EQ1 €11z, <1 & T>731G7-] = 0 on {T < +o0}.
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Furthermore, due to Lemma 6.6 and E[D®|Gr_] = 1, we have

EU el 7, <1 & 15r)|Gr-] = B [DS€Lz, iy Iirsn)|Gr-]
- E |:§I{T>7'} :| 1—Zp_

1 P(ZT < 1|]:T7)
B [gI{Z <1}|]-"T_}

P(ZT < 1‘./_" 7)

Iz, <1 & T>7)

I{ZT—<1}I{T>T}7 (628)

where the last equality in (6.28) follows from the fact that

Iipamy

FE (H ‘ ng) I{T>T} =F (H(l - ZT) ’ fo) ﬁ’

for any random variable H for which the above conditional expectations exist (see
Proposition 5.3 of [83] or Proposition 2.7 in Chapter 2). Therefore, if assertion (b)
holds, then assertion (c) follows immediately from (6.28). Conversely, if assertion
(c) holds, then EQT €12, <13 I{r>7}|G7-] = 0. Thus, a combination of this with
(6.28) leads to SI{ZT<1}’FT_ (1= Zp_) = 0. This proves assertion (b), and the

proof of the theorem is completed. O
Remark 6.3: It is important to notice that

Amyp &r (LG)
Iipom + Iipemy 14 AN = 2
1— ZT> {T> } {T< } 7é ET, (L(G)

DS (T) := <1 -

This explains one of the main difficulties that we will face when dealing with
countable many predictable jumps. In fact, it might not be possible to piece-up
the sequence (DG(Tn), n > 1) into a local martingale density when the stopping
times are not ordered. This explains the fact that the proof of the general case

needs a different idea and method.

Theorem 6.9: Let M be a thin F-local martingale (that is M99 = 0) such that
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{AM £0yN{Z=1>2Z_}Y=0. Then
& ((1 —AWE)L, LG> (M — MT7) is a G-local martingale. (6.29)
Proof. Thanks to Ito6’s formula, it is immediate that (6.29) is equivalent to
XCo=M - M +[1-AW®)"L. L8 M — M™] is a G-local martingale. (6.30)

It is obvious that X© is a G-special semimartingale since (LE, M — M7T)F exits (see
Proposition 6.3). Hence it is enough to prove that X© is a o-martingale under G.
Let (T},)n>1 be the sequence of predictable stopping times that exhaust the jumps
of M. Then, thanks to Theorem 6.7, since {AM # 0} N{Z =1 > Z_} = 0, we

conclude that for any n > 1,

ALS

M":= (8-S, (1 + 1_;‘/;/%> It7, +oop 18 @ G-martingale. (6.31)

Consider the following G-predictable and positive process that is bounded by one

27" AL |
v n§>:1 11 ¢, [nirssol Hrenps &= B AST,|(1+ W” 91 | Himnssoot

where I' := U, >1[T,,]. Then, it is easy to check that ®.X© satisfies E [Var(® . X©)(c0)] <

1. Furthermore, due to (6.31), we calculate

(<1> . XG)p’G =3 (@. M€ =0,

n>1

This proves that ®. X is a G-martingale. As a result, X© is a G-local martingale.

This ends the proof of the theorem. O

Corollary 6.9.1: Suppose that S is thin, {AS #0}N{Z=1>Z_} =0, and S
satisfies the NUPBR(F). Then S — S7 satisfies the NUPBR(G).
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Proof. Since S satisfies the NUPBR(IF), then there exist a F-predictable process ¢,
a sequence of F-stopping times (73,),>1 that increases to infinity, and a probability

measure @, ~ P on (Q, Fr,) such that
0<¢<1, ¢.5" € Moe(QF).
Then, a combination of {AS #0}N{Z =1> Z_} =0 and (6.39) leads to
{A(p.ST) £ 0} N{Z9 =1> 29} = .

Therefore, by applying directly Theorem 6.9 to ¢ . S™ under Q,, we conclude
that ¢ . ST — (¢.S7")™ has a local martingale density under (Q,,G). Thus, this
implies that STn — §T»/\7 satisfies the NUPBR/(G, Q,,). Thus, the corollary follows

immediately from Proposition 5.2. This ends the proof of the corollary. O

6.4 Proofs of Three Main Theorems

In this section, we will prove three theorems that were not proved in Section 6.1,
namely Theorems 6.1, 6.2 and 6.5. To this end, we introduce some notations that
will be used throughout the rest of the chapter. Recall that u is the random measure
of the jumps of S, v is its random measure compensator and the functional f,, is

defined in (6.5). Here we put

m (2,1

pe(dt, de) = Iy oo (p(dt, dz), ve(dt, dz) == Iy sof(t) <1 - JI(”CZ)> v(dt, dz).
— 7

(6.32)

It is easy to check that vg is the random measure compensator under G of pg. The

canonical decomposition of S — S under G is given by

S—ST = 3\0( )—l—h*(u@ vG)+01)r oo+ A— 5 IHT#OO[[ A- h Z
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where gz(a) is defined by (6.9).

6.4.1 Proof of Theorem 6.1

The proof of the theorem will be achieved in two steps. Put
S:=1-2.).5—8" and TQ):={Z_<1=2Z_+fn}

Step 1: Suppose that S satisfies the NUPBR(IF). Then, there exist an F-local mar-
tingale N and an F-predictable process ¢ such that 0 < ¢ < 1 and & (N F) (c;S . ?) is
an F-local martingale. Again, thanks to Theorem 5.1, we can restrict our attention

to the case

NF =5 8+ (ff — 1) » (u—v), (6.33)

where 8F € L(5°) and f¥ is a positive P(F)-measurable functional.

Thanks to It6’s formula, the fact that £ (N IF) (gb . ?) is an F-local martingale implies
KF = / lt(1—Z_ — fm) f — h(z)|F(dz) < +o0 P® A —a.e. (6.34)

and we have
(1= Z)(b+cB)+ / (21— Z — f) [ — h(z)) F(dz) =0, P A—a.c.. (6.35)

Now, we will construct a o-martingale density for S — .S7 as follows. Consider

G._ B G._ f
o (72 ot o e e

and assume that

<o)

B% e L(5,G) and (f°—1) € Gh.uc,G). (6.36)
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Then, using It6’s formula and (6.34)—(6.35) afterwards, we can easily prove that

(¢ . (S —87)) E(N®) is a G-local martingale, where

o° = <1 + [ llaf(a)tee - h(m)F(dw)fuT,mu)_l-

Step 2: In this step, we will prove that (6.36) holds. Since 87¢cB. A and BL cB, -

A belong to Af (F) ¢ Af (G) and (1 — Z_) "'}, 4o is G-locally bounded, we

loc
(a)

deduce that 5% € L(S\C ,G). To prove the second property of (6.36), we start by

calculating on |7, 400,

_ f_l fm
_1_fm/(1_Z—)+1_Z—_fm

fG—l =: g1+ go-

Since \/(f —1)2xp € AEC(F) and due to Proposition 5.5 in Chapter 5, we deduce

[(f = 12T p1j<ay + 1 = Wpoaj5ay] * 1 € AL(F).

Without loss of generality we will assume that above two processes and f2, % u are
integrable. Since (1 — Z_)*llﬂT#Oo[[ is G-locally bounded, there exists a a sequence
of G-stopping times (7,),>1 that increase to infinity and Z™ < 1—1/n on |7, +o0.

Then, we put I'y(a) :={|f - 1| <a & 1—-Z_ — f, > 1/(2n)}, and we calculate

E [gi1r, () * 16(00)] = E [7 I, (o) * Ve (00)] < 2nE [(f = 1)*I{js—1j<a} * ¥(00)] < +00

and

E [\/Q%IFn(a) *MG(Tn)} < E [|lg1lIr, () * ve ()]

sab [I{Ifm|> Lp* ”(OO)] < 4n’al [f;, xv(00)] < +o0.

5
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Also we calculate

B\Jg 111101 * 16(00) < E [Jg1|1(17-11<0) 76 (00)]

< aF Uf — 1|I{|f—1|§a} *V(OO)] < +o00.

This proves that /g% x ug € AZ;C(G). Now, similarly, we prove that \/g3 * ug €
At (G).

loc

E [951{|fm|3a & 17— fu>) *MG<°O)} =E [ggfwmm & 1-Z-—fm> ) *”G(OO)}

<2nFkE [(fm)QI{‘mea} * V(OO)] < 400

and

B\ f 120 & 1-2- fueiy *16(T0) < Ellgallz, * pc(r0)
<FE |:|fm|l{|fm|>ﬁ} *V(OO)}

< 2nE [f2 xv(c0)] < 400,

where ¥, :={1-Z_>1/n& 1-2Z_— f, >1/(2n)} and

E\/ggf{\fmba} * pg(00) < E [lg2lI{| 1,150 * v6(20)] < aB [f7 % p(00)] < +oo.

Then, a direct application of Proposition 5.5 of Chapter 5 to these processes ends

the proof of this implication, and the proof of the theorem is completed. O

6.4.2 Proof of Theorem 6.2

For the reader’s convenience, we state and prove a very detailed version of Theorem
6.2, where we provide explicit forms for the absolute continuous probability measure

Q7 mentioned in Theorem 6.2—(c).

Theorem 6.10: Suppose that the assumptions of Theorem 6.2 hold. Then, the
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assertions (a) and (b) of Theorem 6.2 are equivalent to the following assertions
(d) and (e):
(d) S satisfies NUPBR(F, Qvgw), where

~ 1-Z
Qr = (jI{ZT,<1} + I{ZT,:1}> - P. (6.37)

(e) S satisfies NUPBR(F, Q%.), where Q% is given by (6.26).

Proof. The proof consists of four steps. The first step addresses (d)<(e), the second
step focuses on (e)=(b), while the third step and the fourth step deal with (b)=

(a) and (a)= (d) respectively.

Step 1: Herein, we will prove (d)<(e). Due to {Zp_ = 1} = {P(Zp < 1|Fp_) =
0} C {Zr = 1} (sce Lemma 6.6), it is casy to see that QVE}, ~ Q% < P. Therefore,

the equivalence between (d) and (e) follows immediately.

Step 2: This step focuses on proving (e)=(b). Suppose (e) holds. Then, there exists
an Fr-measurable random variable Y > 0, Q?-a.s. such that EQr [SrYr|Fr—_] =0,

or equivalently
E[SYTI{ZT<1}“FTf]I{ZT,<1} =0 and E[fYT|fT,]I{ZT7:1} = 0. (638)

Since, on the set {Zp_ =1}, S = 0, it is enough to focus on the part corresponding

to {Zr_ < 1}. Put
?T = YTI{ZT<1} + I{Z}:l} and Q1 := ?T/E(Y/TLFT—) -P~P.

Then, from (6.38), we derive that EQ1[Sp|Fr_] = EQ[¢ | Fr_] = 0. There-

Itz <1y

fore, S is a (Q1,F)-martingale and assertion (b) follows.
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Step 3: This step proves (b)= (a). Suppose that S satisfies NUPBR(F). Then,
there exists an Fp-measurable Y3 > 0 such that E[YgﬁI{ZTd}\]—"T,] = 0. Put
Q3 = Y3/E(Y3|Fr_) - P ~ P and remark that {Zp < 1} = {Zj?g < 1}, where
ZQS := Q3(7 > t|F;). Therefore, a direct application of Theorem 6.8 under @3, we

conclude that § — S = § — 7 satisfies NUPBR(G), and assertion (a) holds.

Step 4: This last step will prove (a)= (d). Suppose S — S7 satisfies NUPBR(G).
There exists a positive Gr-measurable Y'¢ such that F [SYGI{T>T}|QT,] = 0. Then,
thanks to Jeulin [83] (Proposition 5.3), we deduce the existence of a positive and
Fr-measurable YF such that YCI (T>7) = YFI (T>7}- Then, we calculate

Lirsry

1—-Zp_

= B9 (V7| Fr) Loy = B9 (V| Fro) Igrom,

0= E[(Y T irony|Gr-] = BIEYF(1 - Z7)|Fr_]

where YF := YT (Zr_<1y + Iz, —1y. Therefore, by taking conditional expectation

and using the fact that Splyz, _gy = 0, we obtain
(1- ZT,)E@; [537]17‘]-},] = 0, or equivalently Er [STXN/]F’]:T,] =0 P—a.s.

By using the equality E(Y Ity y|Gr_) = E(YGI{T>T}|QT_) = I{r>7y, we deduce
that EQT [?F‘]—"T_] = 1. This proves that S satisfies NUPBR(F, @g) and the proof

of the theorem is achieved. O

6.4.3 Proof of Theorem 6.5

We start by outlining a number of remarks that simplify tremendously the proof.

Due to Lemma 6.7, on {T' < +o0}, we have

{219 =1} = {ZT =1} for any @ ~ P and any F — stopping time 7',  (6.39)
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where Z2 := EC[I s F-
On the other hand, assertion (b) is equivalent to the existence of a positive F-local

martingale Y such that
JF ar _ _
P (YAS I{Z<1})—O.

These two remarks imply that without loss of generality we will assume that S = S¢

in the rest of the proof.

Consider a sequence of F-stopping times (0, )n>1 such that Y7 is a martingale, and
put Q, := (Y5, /Yo) - P. Therefore, thanks to Proposition 5.2, it is enough to prove
that assertion (a) holds true under @,, for S°». Therefore, without loss of generality,

we assume Y = 1. Put

X" = ASTTLI and M"™ = Xn[[[Tn,+oo[[‘

{ZTn<1}

Hence, the condition (6.27) in Theorem 6.8 is trivially satisfied for X™ and M™.

Thus, we deduce that for each n,

(1 + ALGTn — AW%)ASTnI{Tn>T}I[[Tn,+oo[[7

is a G-martingale. Then, for each § € L(S — S7) such that 6T AS > —1, Yor’s

formula implies that
£ (Ip Ay WG> E@.(S—ST) =€ (W<1>) :
where

W(l) = Ir. (LG — WG) + ZGTn (1 + ALGTn — AW%) ASTnI{Tn>T}I[[Tn,+OO[[7

n>1
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and L& and V@ are defined in (6.19) and (6.17) respectively. Put

2 (1+EWW)p, )7

¢ = Z A+5,) Ij7 yoo[nT] + Ireuo,,p  and

n>1

|01, AST, |(1 — Z7, -

== B [|ALCy,| ‘ng_} +AWE +E
1- Zr,

) ‘ng—] I{Tn<+oo}‘

Then, it is easy to check that ¢ is G-predictable, 0 < ¢ < 1, and E (|¢ . E(W(l))]var(—koo)) <
> on>127" = 1. Hence ¢. EWWM) € A(G), and using the fact that AL%I[[TMJFOO[[

and (14 AL% — AW%)ASTHI{T»”>T}I[[T”,+00[ are G-martingales, we get

(660" =3 01,8 (AWL|Gr, ) Ty ooy = —05- (W) WS

n>1

is a non-increasing process. This proves that £(W () is a positive o-supermartingale,
and hence it is a supermartingale due to Kallsen [89]. Thus, S — S” admits a defla-

tor. O]

6.5 Discrete Time Market Models

Similar as Section 5.6 of Chapter 5, in the current section, we consider discrete time
market models. That is the case where there are only finite number of trading times
n = 1,2,...,N. In this context, we shall investigate the stability of non-arbitrage

after an honest time 7. For 7, we associate the following stopping times:

op:=inf{n>1:27, <1}, o9:=inf{n>1:27,_1 <1} and o3:=inf{n >1: Zn < 1}.

(6.40)

First, we remark that in discrete time we do not assume Z. < 1 considered in the

previous sections.

Lemma 6.8: For an honest time T and the associated stopping times in (6.40), the
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following properties hold for any n < N:
(a) {Zn <1} C{Zy_1 < 1} and {Z, <1} C {Z, < 1}.
(b) o9 is an F-predictable stopping time and oo < o3 and o1 < 03.

(¢) On {T < n}, we have
T>01, Zn-1<1, and Zn <1, P—a.s.
Proof. (a) Notice that

B (1= Z) Uz, 1mty| = E[(1 = Zo-) Lz, =] = 0.

Hence, {Z,_1 = 1} C {Z, = 1}. Due to Z, < Z,, we have {Z, < 1} C {Z, < 1}.
(b) Since {092 < n} ={Z,—1 < 1} € F,—1, we conclude that oy is predictable. The
inequalities 09 < 03 and o1 < o3 follow immediately from (a).

(c) Notice that

E [ Tponliz, =1] = B[(1 = Zu-1)liz, ,=13] = 0, and
—E

E [ ]I{">T}]I{Zn:1}] [(1 — Z”)]I{anl}} —0.

Therefore, Z, 1 < 1 and Z, < 1 on the set {n > 7}. This ends the proof of the

lemma. O

The following lemma, (already stated and proved in Jeulin [83]), describes the

connection between conditional expectations under F and G.

Lemma 6.9: Let Y be an integrable A-measurable random wvariable. Then, the
following properties hold:

(a) On the set {n > T}, the conditional expectation under G, is given by

1
E [Y|gn] ]l{T<n} =F [Y]l{7'<n}|]:n] ﬁ]l{7'<n}' (6'41)

n
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(b) On the set {n > 7}, the conditional expectation under G,_1 is given by

1
E [Y‘gn—l] ]1{T<n} =F [Y]l{‘r<n}’]:n—1] 1_72_1]1{7<n}- (6.42)

Moreover, if Y is F,,-measurable, we have

1

E [Y|Qn,1] ]1{7'<Tl} =F Y(l - Zn)u:nfl 1_7Z71]l{’r<n}'

(6.43)

The following theorem characterizes the relationship between F-martingales and
G-martingales on the stochastic interval |7, +oo[. For the continuous time case, we

consult Jeulin [83].

Theorem 6.11: Let M be an F-martingale and T be an honest time. Then the

following process

1 ~
M® = Myyr =My = 3 Tz e B (M= M) (1 - Zk)|]-"k_1] :
1<k<n -

is a G-martingale.

Proof. Although it can be derived from Jeulin [83], here we give a direct proof here.

It is easy to see that

M(n+1)VT = Mnpyr + (Mn+1 - Mn)]l{7-<n+1}- (644)
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Then, we calculate

£,

1— 27—
1<k<n+1 k-1

= My = Ms + B[ (M1 = Ma)lgr i1y |Gl

_ Z 11_111{T<k}E [(]\4,C — Mj_1)(1 — Zk:)u:k—d

1 .
1-Z, =7 Hr<ntny B [(M"“ - Ma)(1 - Z”H)‘}-"}

My =Mt 3 e B [ = M) = Z)Fa ] = ML,

1<k<n

where we used the following equality the follows from Lemma 6.9

1
E[(Mn-‘rl - Mn)]l{‘r<n+1}

g"}:1—

This ends the proof of the theorem.

The following proposition constructs a G-martingale density for a class of G-

semi-martingales.

Proposition 6.4:

Zi—1

a 1-
Nr(L )= — Z ]1{T<k'}E[]1{Zk<1}’fk*1] + Z 1_ Zk ]l{r<k}

1<k<n 1<k<n

is a G-martingale such that 1 + ANT(LG) > 0.
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Proof. First, we prove that N(® is a G-martingale. To this end, we calculate

a 1- Zkfl
E [thglygn] =F |- Z ]1{T<k}E[]l{Zk<1}’fk*1] + Z ﬁﬂ{r<k} Gn
1<k<n+1 1<k<n+1 +  “k
1—Zkq 1-2Z,
- Z ]l{T<k}E[]l{Zk<1}|fk—1] + Z ﬁn{rdﬁ} + B 71{T<n+1} gn]
1<k<n+1 1<k<n ~ “k — Zn+1
1—Zk
=- > ey Bz oy Fea] + > T Lirary + Lranty Bl z | o1y F0]
1<k<n+1 1<k<n — 7 7k
/| a
=- > Lrery Bz oy Fea] + > ﬁﬂ{rdc} = N (6.46)
1<k<n 1<k<n +  “k
The third equality above is obtained due to
1-2Z,
E 1_7%]1{7'<n+1} Gn| = ]l{T<n+1}E[]l{§n+1<1}|]:n]v (6.47)
which follows from Lemma 6.9 —precisely (6.43). Next, we show that 1+ AN > 0.
Indeed
1—Z,_ 1—Z,_
(@) — 1 — ~ -~ Al -~ an-l
L+ AN =1 =1y Bz | Faa] + . Lrany 2 Lrzny + A Iirepy > 0.

The integrability of N(® follows from the fact that F \Nfla)\ < 2n. This completes

the proof of the proposition. ]

Below, we state the first main theorem of this section.

Theorem 6.12: Consider an honest time T and an F-martingale S. Denote the

probability measure Q@ ~ P with density Dga) = E(Y(@),, where

AV = (1= Zy)lyz, <y B []l{zl:u'f"*l} ~ (1= Zu)igz, . ¥y =0

(6.48)

Then the following are equivalent:
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(a) S is a (Q,F)-martingale;

(b) S is orthogonal to both D@ and Y (®);

(c) E(ND)W(Sn — Snnr) is a G-martingale.

As a consequence, all the above three equivalent conditions imply

(d) S — 87 satisfies NA(G,P) and NA(G,Q®).

Proof. First, we remark that Y(® is an F-martingale and 1 + AY (@ > 0. Indeed,
L+ AV = (1= Z,)1yz, 1B [H{anl}‘F”_l tlzay Itz 0y >0,

where we used the fact that on the set {Z, < 1}, 1 + AY,” > 1 and the inclusion
{Zy =1} € {Zn_1 > 0}, since {Z, 1 = 0} C {Z, = 0}. Therefore, D is a strictly
positive martingale.

The equivalence between (a) and (b) is obvious. In the following, we will prove the

equivalence between (a) and (c). Recall that

Ny == > LpanBllz Pl + Y ———= Ny (649)
1<k<n 1<k<n

Due to Lemma 5.15 , we deduce that

ASg R ST
E[l _ Zk]l{7<k}|gk_1} = 1—7Z;€_1E [Askﬂ{zk<1}‘}—k—1}7
Tirry ~
E|AS T, Gi_1| = ———F|ASL(1 — Zp)| Fr—1]. 6.50
[ k{<k}|k1} Tz { k( k)|k1} (6.50)
Notice that
S’n+1 - S(n+1)/\7’ = Sp — Spar + AS’n—i—l]l{n—i-l>7'}7 (651)
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and hence we get

n+1S(n+1)/\T|gn+1}

|—|

S(N(a)) [(1 + ANTS(QI)S(nH)/\Hgn}

5(N(a)) [Sn = Soar + ASnilppisey + ASH+1AN§+11{n+1>T}|gn]

a = 1 n+1>7
— E(N@), {sn ~ Sure + B[ASua (- Zun)E [15, ) \F] 17] i_+Z>}}

{1{n+1>T}E [AS"H]I{ZLH:H‘H} }
= E(N),, (Sp — Snnr)
{

E [ASnH {(1 — Zn)E [H{Znﬂzl}'f”] - (- Z")]I{Znﬂzl}} ’f"} } ]lin_ﬂz}

Lei1sn)
1-2,

—&( N ))

+E(N@),
= E(N@), (S — Sunr) + END), EYY [AS, 11| F,]

Therefore (a) implies (c). Conversely, if (c) holds, we have

a 11 n T a
EQ( ) [ASn+1‘~Fn] % = 0, and EQ( ) [A5n+1‘fn] ]l{Zn<1} =0.

Notice that
EVY [AS, 41| Liz,-1y =0, foralln.

Thus, we conclude that £ [ASp+1|Fn] = 0, for all n. This ends the proof of the

theorem. ]

Remark 6.4: Similarly, we observe from Theorem 6.12 that even though Y@ is
an F-martingale, the process Y, — Yn(X)T = ken(l— Zy)E {H{Zkzl}‘}—k} Tipsry
does not satisfy NA(G) since it is a G-increasing process. This also highlights the

importance of the conditions in Theorem 6.12.

Corollary 6.12.1: For any F-martingale M, if for all n

{Zp =1} ={Zp_1 =1}. (6.52)
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Then the following properties hold:
(a) The process M,, — M, satisfies NA(G);

(b) (S(N(“))n (My, — Mppr)) is a G-martingale, where N(® is given by (6.45)

n>1
in Proposition 6.4;

(¢) The probability measure Q(*), given in (6.48), coincides with P.

Below, we state our second main theorem in this section, where we give the
necessary and sufficient conditions on the random time 7 (or equivalently the stop-
ping times in (6.40)) to guarantee that the process M — M" satisfies NA(G) for any

F-martingale M.

Theorem 6.13: Consider an honest time T and the associated stopping times de-
fined in (6.40). Then the following are equivalent:

(a) For any F-martingale M, the process M, — Mnya- satisfies NA(G).

d) o3 is an F-predictable stopping time.
e) The probability Q@) defined via (6.48)), coincides with PP

Proof. The proof of the theorem would be achieved after four steps. In the first
step, we prove (b)<(c). The second step focuses on (b)<>(d). The third step deals

with (b)<(e). In the last step, we prove (a) < (b).

Step 1: The equivalence between (b) and (c) is obvious. Indeed, if (b) holds, it is

trivial that o9 = 03. Conversely, if (c) holds, we derive that

E ((1 - Zn,l)I{anl}) =E ((1 - anl)l{gnzl}l{wg}) =E ((1 - anl)f{znzl}f{n@}) =0.

Hence, we conclude that {Z, = 1} C {Z,_, = 1} for all n.
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Step 2: Here, we will prove (b)<(d). If (b) holds, it is easy to see that o3 is an

F-predictable stopping time. Conversely, due to the predictability of o3 and

Bl = 0tz ] = B 10 20 o] = B[(1 - Zlnceg] =0

we conclude that {Z,, = 1} C {Z,_1 = 1} for all n.

Step 3: This step will prove (b)<(e). If (b) holds, apparently, V() = 0 and Q(®) =
P. Conversely, if (e) holds, AYTSG) = 0 for all n. Hence, (1—Zn)]l{zn71<1}E ]I{anl}u:n,l] =
(1- Z”—l)]l{anl} =0and {Z, =1} = {Z,_, = 1} for all n.

Step 4: In this step, we focus on the proof of the equivalence between (a) and
(b). Suppose for any F-martingale M, the stopped process M7 satisfies NA(G).

Consider the F-martingale

It is easy to see that My, — Munr = =3 1oy B [H{Zk:1}|fk—1} L{7<ky- Note that
M, — M+ is a G predictable decreasing process satisfying NA(G). Therefore it is

null. Then, we deduce that

0= E[M, — M| = Z E [E [1{2k=1}|f1f—1] ]1{7<k}}
1<k<n

- Y E [(1 - Zk_l)]l{zkzl}].

1<k<n

Hence, {Z; = 1} C {Z}_1 = 1} for all k.
The reverse implication follows immediately from Theorem 6.12 or Corollary 6.12.1.

This ends the proof of the theorem. O
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6.6 Lévy Market Model

In this section, we shall study Lévy market model on the stochastic interval |7, +oo[
as Section 5.7 of Chapter 5. Suppose that the traded financial asset is an exponential

of a Lévy process given by S = Syexp(X), where

t _ t
X; =t + oW, + / / oN(dt,dz) + / / aN(dt,dx), (6.53)
0 Jiz<1 0 Jiz[>1

N(dt,dz) = N(dt,dz) — vx(dz,dt) and vx(dz,dt) := Fx(dz)dt. Here, v and o are
real numbers (o > 0); W = (W})>0 represents a Brownian motion; N (dt,dz) is a
random measure on [0, 7] ® R\ {0}, called Poisson random measure; N (dt, dz) is the
compensated Poisson measure with the intensity measure Fx (dz)dt, where Fx (dx)

is called the Lévy measure defined on R\{0}, satisfying

/ (lz[* A1) Fx(dz) < 4oc. (6.54)
R\{0}

Recall the random measure p and its compensator v are defined in (5.104) of Sub-
section 5.7 in Chapter 5.

In the same spirit as in Theorem 2.7, any local martingale Y can be decomposed as
follows

Y=8-S4fx(u—v)+grp+Y™t (6.55)

Here, (8, f, 9, YL) is the Jacod’s components of Y with respect to S .
Let (B, fms gm, m') be the Jacod’s parameters of m with respect to (S,F,P) such

that
m = Bm - S+ fnx (11— V) + gm * pu+m'. (6.56)

The Jacod parameters of m would be fixed throughout this section in which we
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assume that

G

Z. <1, and v*~v on |r,o0l. (6.57)

Below, we recall the compensator of the random measure p after 7 (see Proposition

2.8 and Theorem 2.12 in Chapter 2).

Proposition 6.5: Consider the Lévy market S. On |1, +o00[, we have

(a) The compensator of p in the filtration G is given by

G fm
VG = (IHT,OO[[ . Iu,)p = (]_ — 1_ Z> I]]T,oo[[ -V (658)

(b) The canonical representation of D7 oo - S is given by

(a)

Froop =S = S0+ 5" + hx(u® —v%) + (& — h) « u® + B, (6.59)

where g\c(a) is defined via (6.9) and B = Rroop - B — i[hoo[[ - (5¢,m)F —
Wl Dy o % v

Proposition 6.6: Let 7 be an honest time satisfying (6.57). The following process

D@ s well defined, being a positive G-local martingale,

1 —==(a) fm
(a) . (a)y . - . Qe . Jm G_ .G
D@ .= g(N@W) .= ¢ (1 BTl - 5+ T ol * (u v )) ,

where fS'\C(a) is defined via (6.9) and 1+ AN > 0.

Proof. Note that

b I]]T,+oo[[I{1fM,f[Z\ﬁ(w)}:o} * M} =L [(1 - Z)I{ka[ZwS(F)]:o} * /‘}

= E|(1= M7 [ ZIP®))I1, yrizpm)-0) <4 =0
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Therefore, 1 —Z_ — f,, = I—Mf[Zv\ﬁ(F)] >0, M} -a.s. on ]7, +oo[. Let us consider
§€(0,1), I':={AS #0} and I'° its complement in Q ® [0, o0

Then, we calculate

— fm(ASy) ?
v | 2 (2 sy i)

0<u<-

fm(ASy) 2
Z <1 —7Z_ - fm(ASU)I]]Tvoo[[IFI{fm<5(1_z,)}
0<u

IA

fﬁxZXSh) 2
+J 0<§u:<. <1 —-Z- - fm(ASu)I]]TvOO[[IFI{fmzau_z,)}

— Vi 4 V. (6.60)

Due to the G-local boundedness of (1—Z,)_1IHT700[[ and fn, € G2 (1, F) (ie. f2xp€

Al (F)), we obtain that

—
|
(=%}

1 " (AS, 2
LOES == NDS <Ji_( Z) fﬂnoo[[frf{fm<6<1zu_>}>
0<u<t u=

IN

1 2 (AS,
15 > <({ _( Zu_))zfnnooufr> € A5, (G).

0<u<t

Now, we focus on the proof the G-local integrability of V5. Again due to the G-local
boundedness of (1 — Z_) I}, o and f7, € A (F), we deduce the existence of

a sequence of G-stopping times (7},),>1 that increases to infinity and a sequence of

[F-stopping times, (0y,)n>1, that increases to infinity such that

(1- Z_)*ll]]T’Jroo[ <n on [0,7,] and Ef2 xv(o,) < +oc.
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Then, we derive that

IR hell < 8 %Iﬂﬂwﬁf{é(lz-)mez_} *MTnAJn:|
<F -%I I e :|
1= fm—2Z- Iroo[d{8/n< frm<1-Z_} * Hon
<F _%(1 — DI f-z sy L5 m<fmc1-7.) *Man}
= B fmll{s/m< p<i-z-y * uan]
= %E[f%*ﬂan] < +o00.

As a result, V is G-locally integrable.
Secondly, the positivity of D(® is obvious. Indeed, on |7, +oo

fm(ASy) 1—Z;_

(a) _ _
1+ANt = 1—|—1 A fm(ASt) I{ASﬁéO} = I{A5t=0}+1 - fm(ASt) I{ASﬁéO} > 0.

This ends the proof of the proposition. O

Theorem 6.14: Let S be the Lévy market satisfying NUPBR(F) and T be an honest

time satisfying (6.57). Then, S — S™ satisfies NUPBR(G).

Proof. The proof of the theorem mimics the proof of Theorem 5.16 in Chapter 5.

Here, we only need to show that

a fm
Z ASAN( )IﬂT,+mﬂ = $m[ﬂ77+o@ﬂ *

is locally integrable. Let (7},)n>1 be the localizing sequence of [S, m]. Then, we have

E |:1_f'rn_Z—I]]T7+OO|I * T, | = FE ]__frni_Z_I{lffm*Z—>O}(l — Z) * T,

< Ellzfm|* pr,] < E[Var([S,m])r,] < +oc.

This ends the proof the theorem. ]
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Corollary 6.14.1: Let Y be a compensated Poisson process and 7 be an honest

time satisfying (6.57). Then Y — Y7 satisfies NUPBR(G).

Proof. The proof is the same as the proof of Corollary 5.16.1 in Chapter 5 and its

proof would be omitted. ]

Conclusions:

In this chapter, we obtained two principal results in the same spirit as those in Chap-
ter 5. The first result lies in describing the pairs of market model and honest time for
which the model fulfills NUPBR condition after an honest time. The second main
result characterizes the honest time models that preserve the NUPBR condition.
These results are elaborated in a very general market model, and also discrete time
and Lévy market models. Furthermore, we construct explicit martingale densities

(deflators) for some classes of local martingales.
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Chapter 7

Structural Models under

Additional Information

This chapter is dedicated to the question of how an extra information will affect
the stochastic structures of the market. The so-called ”Structure Conditions” (SC)
in the literature is imperative for the ”local” existence of the Markowitz’ optimal
portfolio or the solution to the local risk minimization problem. Herein, we consider
a semi-martingale market model (initial market model) fulfilling Structure Condi-
tions, and an arbitrary random time 7 that is not adapted to the flow of the ”public”
information. By adding additional uncertainty to the initial market model, via this

random time 7, those structures may fail.

There are two mainstreams to combine the information coming from 7 to the public
information F: The initial enlargement and progressive enlargement of the filtration
F (see [83], [77], [141] and the references therein). Herein, we restrict our attention
to adding the information from 7 progressively to IF, which results in a progressively

enlarged filtration G.

Precisely, we are dedicated to investigate the following two questions:
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For which pair (7, 5), does S satisfy SC(G) if S satisfies SC(F)? (Prob(7.I))
and

For which 7, SC(G) holds for any model satisfying SC(F)? (Prob(7.1I1))

To answer the two problems (Prob(7.I)) and (Prob(7.II)), we split the time hori-
zon [0, +oo[ into two disjoint intervals [0, 7] and ]7,4oo[. In other words, we in-

vestigate the impact of 7 on the structures of S by studying S™ and S —S7 separately.

Our analysis allowed us to conclude that under some mild assumptions on the market
model and the random time, these structures will remain valid on the one hand. Fur-
thermore, we provide two examples illustrating the importance of these assumptions.
On the other hand, we describe the random time models for which these structure
conditions are preserved for any market model. These results are elaborated sepa-
rately for the two contexts of stopping with random time and incorporating totally

a specific class of random times respectively.

Below, we recall the definition of Structure Conditions and two simple but useful

lemmas on Structure Conditions.

Definition 7.1: Let X be an H-adapted process. We say that X satisfies the
Structure Conditions under (H,Q) (hereafter, SC(H,Q)), if there exist M €
Maloc(Q,H) and A € L? (M,H) such that

loc
X =Xo4+M—\.(MH, (7.1)

When Q = P, we simply put SC(H).

Lemma 7.1: Let V be an H-predictable with finite variation process. Then, V
satisfies SC(H) if and only if V' is constant (i.e. Vi, =Vy, t >0).
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Proof. If V satisfies SC(H), then there exist an H-local martingale M" and an
H-predictable process A € L2 (M) such that V = Vo + MY + A2, (MY, MV)H,

Therefore, MV is an H-predictable local martingale with finite variation. Hence M

is null, and V' = V4. This ends the proof of the lemma. O

The following lemma explains why one can split the study of the Structure

Conditions of (S, G) into two separate cases, namely (S7,G) and (S — S7,G).

Lemma 7.2: (S,G) satisfies the Structure Conditions if and only if both (S™,G)

and (S —S7,G) do.
Proof. The proof follows immediately from the definition. O

This chapter is organized as follows. Section 7.1 contains two subsections where
we present the main results before 7 and after 7. In Section 7.2, we develop the
stochastic tools that would be crucial to prove the main theorems. The last section

provides the proofs of the main theorems announced in Section 7.1.

7.1 The Main Results

In this section, we will summarize our main results in two subsections. The first
subsection addresses the problems (Prob(7.1)) and (Prob(7.II)) under stopping
with 7 (i.e. we study S7 instead), while the second subsection treats the case of 7
being an honest time and focuses on S — ST instead. To elaborate our main results,
we start by a stochastic basis (2, A, F = (F;)i>0,P), where F is a filtration satisfying
the usual conditions of right continuity and completeness and represents the flow
of “public” information over time. On this filtered probability space we consider a

d-dimensional F-adapted semimartingale, S, that models the tradable risky assets.
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We assume that S is a special semimartingale with the Doob-Meyer decomposition
S =Sy+ M4 A5, (7.2)

where M¥ is a locally square integrable F-local martingale and A° is an F-predictable

finite variation process. Thus, (2, A, F, S, P) constitutes the initial market model.

In addition to this model, we consider additional information and/or uncertainty
that is modelled by an .A-measurable random time 7 :  — R that is fixed from
the beginning and for the entire chapter. To formulate this rigorously, we associate

to 7 the process D and the progressive enlargement of filtration G given by

Di=TIj o, G = (G, where G, = ) (fs V o(Dayu < s)). (7.3)
s>t
Recall the two Azéma supermartingales given by
Zy=P(r>t|F) and Zt::P<th‘]-"t>. (7.4)
The decomposition of Z leads to another important martingale m by

m = Z + D°F, (7.5)

where DF is the F-dual optional projection of D = I [r,o0[- Furthermore, we have

Z+:ZandZ:Z_+Am.

7.1.1 Structure Conditions under Stopping with Random Time

In this section, we will investigate and quantify the effect of stopping with 7 on the

Structure Conditions in two different ways. Below, we state the first main result
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of this subsection, which provides sufficient condition on 7 and S for which the
Structure Conditions are preserved after stopping with 7. This answers partially

the problem (Prob(7.I)).

Theorem 7.1: Consider any random time T and suppose that S satisfies SC(F)
with the Doob-Meyer decomposition S := So+ M® + AS. If

{AM® £0}n{Z=0}n{Z_ >0} =0, (7.6)

then ST satisfies SC(G).

Proof. The proof requires many intermediary results that are interesting in them-

selves. Therefore, this proof is delegated to Section 7.3. O

Our second main theorem of this subsection answers completely the problem
(Prob(7.1I)), and describes the random time models for which the Structure Con-

ditions are preserved after stopping with 7.

Theorem 7.2: Let 7 be a random time. Then, the following are equivalent.
(a) The thin set {Z =0} N{Z_ > 0} is evanescent.
(b) For any process X satisfying SC(F), X™ satisfies SC(G).

Proof. The proof of (a) = (b) follows immediately from Theorem 7.1. To prove
the reverse sense, we assume that assertion (b) holds. Remark that {Z = 0} N
{Z_ > 0} c {Am # 0}, it is a thin set, and consider T" a stopping time such that

[T] € {Z =0}N{Z_ > 0}. Then, M satisfies SC(G), where
M=V -VeMyF), V:=Ip o and V= (V)PF (7.7)

Since 7 < T, P —a.s. on {T < +oo} (due to Zp = 0 on {T < +0o0}), we deduce
that

MT™ = —(V)7 is G — predictable and satisfies SC(G). (7.8)
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Hence, by combining (7.8) and Lemma 7.1, we conclude that M7 is null (i.e. (V)™ =

0), or equivalently

0=F (VT> —F ( /0 o stffs> — E(Zr Iipcsnny) - (7.9)

Thus T = 400, P — a.s., and the thin set {Z = 0} N {Z_ > 0} is evanescent (see

Proposition 2.18 on Page 20 in [78]). This ends the proof of the theorem. O

Corollary 7.2.1: For any random time 7, if either m is continuous or Z is positive,

then S™ satisfies SC(G) for any process S that satisfies SC(IF).

Proof. Under the condition either m is continuous or Z is positive, the set {Z =
0} N{Z_ > 0} is evanescent. Hence, the proof of the corollary follows immediately
from Theorem 7.2. Below, we detail a direct proof for the case when m is continuous.
In fact this direct proof contains the key ideas for the proof of Theorem 7.1, but
with more delicate arguments due to the jumps.

Suppose that S satisfies SC(F) with the canonical decomposition S = Sy + M —
Ao (M, M)¥, where M € M2 (F) and A € L2 (M,F). Put the G-locally square

integrable local martingale (see Jeulin [83])
M =1 M~ (Z2) " Iy« (M, m)F. (7.10)
Then, the canonical decomposition of S™ under G has the form of
ST = So+ M — Mo 1 - (M, MY+ (Z2) ™ Ig 7 - (M, m)F. (7.11)

Thus, the proof will follow as long as we find a G-predictable process NeL? (]\/J\ ,G)

loc

such that

—

~Miorp o (M, M)T +(Z2) " I« (M, m)F = XL (M)©, (7.12)

229



Indeed, since m is continuous, the Galtchouk-Kunita-Watanabe decomposition of
m with respect to M under F implies the existence of an F-predictable process

Bm € L2 (M) and a locally square integrable F-local martingale m* such that

loc
m=mg+ B« M +m* and (M, mH)F =o0. (7.13)

Therefore,

1 B
— Mo« (M, M) + ZI[[O,T]] (M, m)T = =Xy« (M, M)T + ZIHO,T]] (M, M)F

It is easy to prove that Io . (M)F = Ijo.7) « (M)E = Ijo.7] » <J\/4\>G, due to the

continuity of m. Thus, we obtain
ST =S50+ M — X. (M)E, (7.15)

where \ := ()\ = %) Ijo,-- It is obvious that Ne LZQOC(]\//I) due to the local bound-

edness of (Z_) 1 [0,-]- This ends the proof of the corollary. O

One may wonder what could happen when the condition (7.6) fails. Below, we
provide an example when {Z =0 < Z_} is nonempty, and S7 fails to satisfy SC(G)

(for the arbitrage opportunities in the example, we refer to Aksamit et al. [3]).

Proposition 7.1: Suppose that the stochastic basis (2, A, F = (Ft)t>0, P) supports

a Poisson process N with intensity A, and the stock price —denoted by X — is given

by
dX; = Xt—deta where, 1/] > —1, and lp 7é 0, M; = Ny — At.

If
T = klel + kQTQ,

230



where T; =inf{t > 0: Ny > i}, i > 1, ki,ka >0, and ki + ks =1,

then X7 does not satisfy SC(G).

Proof. We recall from Aksamit et al. [3] that the Azéma supermartingale Z and m

take the forms of:

_)\%(t—’l_i). (

7 = IH07T1H + ¢ml[[T1,T2[[, m=1-— ¢mIﬂT1,T2]] . M, Where (;5;” =€ 716)

Then, it is easy to calculate that

1 -1 .
7 T+ (Xom)y = = Iipy ) Xbg™ « (M),

t 1 " t
=3 [ I uddu = -\ [ Xl
0 u— 0

and
~ ~\G 1 2\ PF
(X.X) = Ior - (X, X), + 7~ Ipop+ (D Am(AX)?))
t t
1 m
= /O Xo vuljopdu — A /0 7~ Xu- Vbl ndu

t
=)\ / X2 ol rdu,
0

where X is defined via (7.26). Hence, there is no G-predictable process \e LZQOC()A( )

satisfying
1 ~ /5 5\G
o1+ (X,m) =X <X,X> : (7.17)
since |77, 7] and [0, 71] are disjoint. This ends the proof of the proposition. O

7.1.2 Structure Conditions under a Class of Honest Times

In this section, we focus on answering the two problems (Prob(7.I)) and (Prob(7.1II))
when we totally incorporate a random time. This can be achieved by splitting the

whole half line into two stochastic intervals ]0, 7] and |7, +o0o[. The first part, i.e.
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ST is already studied in the previous section. Thus, this section will concentrate on
studying the Structure Conditions of S on the stochastic interval |7, +oco[. The first
obstacle that one can face in this study is how far the (H')-hypothesis is preserved
on this interval (i.e. any F-semimartingale stays a G-semimartingale)? To overcome
this difficulty that is not our main focus in this chapter, we restrict our study to the

important class of random times, called honest times. Below, we recall its definition.

Definition 7.2: A random time 7 is called an honest time, if for any ¢, there exists

an Ji-measurable random variable 7; such that 71y = 7l o4y

We refer to Jeulin [83, Chapter 4] for more information on honest times. Through-

out this section, the random time 7 is supposed to be honest and satisfies
Z; <1, P—a.s. (7.18)

Remark 7.1: This assumption is also crucial for the validity of No-Unbounded-
Profit-with-Bounded-Risk after an honest time. We refer to Choulli et al [4] for

more details on this subject.

Now, we state the two main theorems in this section. This answers partially the

problem (Prob(7.I)) and completely the problem (Prob(7.II)).

Theorem 7.3: Let 7 be an honest time satisfying Z, < 1,a.s.. If S is a process

satisfying SC(F) and
{AMS £00n{Z=1>2_} =0, (7.19)

then S — S7 satisfies SC(G).
Proof. The proof will be detailed in Section 7.3. O

Theorem 7.4: Let T be an F-honest time satisfying Z; < 1,a.s.. Then, the following

are equivalent.
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(a) The thin set {Z =1> Z_} is evanescent.

(b) For any process X satisfying SC(F), X — X7 satisfies SC(G).

Proof. The proof of (a) = (b) is a direct consequence of Theorem 7.3. To prove
the reverse, we assume that assertion (b) holds, and follow similar steps as in the
proof of Theorem 7.2. For the sake of completeness, we give the full details. Since
{Z =1}n{Z_ < 1} C {Am # 0}, it is a thin set. Let T be any stopping time such

that [T] € {Z = 1} N{Z_ < 1}. Then, consider the following F-martingale,
M=V -V € My(F), where V := I 400) and V= (V)PF. (7.20)

Since {T' > 7} C {Zp < 1} (see Jeulin [83] or Choulli et al. [4]) and Zp = 1, we

deduce that 7 > T, P — a.s., and

M—M"= I, .V (7.21)

which is G-predictable and satisfies SC(G). By combining (7.21) with Lemma 7.1,

we conclude that M — M7 is null (i.e. Iy, oo« V= 0). Thus, we get

0=FE (I]]T,m[[ : f/oo) -5 (/0+00(1 - ZS_)dV/S> = B ((1 = Zr)resony) > (7.22)

or equivalently (1—Zr_)I{7« 4} = 0 that implies that T" = +o00, P—a.s.. Therefore
the thin set {Z = 1} N {Z_ < 1} is evanescent (see Proposition 2.18 on Page 20 in

[78]). This ends the proof of the theorem. O

As a simple corollary, we have

Corollary 7.4.1: For any F-honest time 7 satisfying Z, < 1,P — a.s., if m is

continuous, then S — S7 satisfies SC(G) for any process S that satisfies SC(F).

Proof. Tt is enough to notice that under the condition m is continuous, the set

{1=2>27_} c {Am # 0} is empty. O
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Example 7.1 Herein, we present an example for which {AX # 0} N {1l = 7 >
Z_}#0,and X — X7 fails to satisfy SC(G). We suppose given a Poisson process
N, with intensity rate A > 0, and the natural filtration F. The stock price process
is given by

dXt = Xt_O'th, XO = 1, Mt = Nt — )\t,

or equivalently X; = exp(—Aot+In(1 + 0)N;), where o > 0. In what follows, we

introduce the notations

1 A
ai= - —sInb, 0<b<1, pi=s 7

—_— d Y, :=ut — N,
(1 + o) n(l+o) O TET AT

We associate to the process Y its ruin probability, denoted by ¥(z) given by, for
x>0,

U(z) = P(T" < c0), with T* =inf{t:x+Y; <O0}. (7.23)

Proposition 7.2: Consider the model and its notations in FExample 7.1, and the

following random time
T:=sup{t: X; > b} =sup{t:Y; <a}l. (7.24)

Then X — X7 fails to satisfy SC(G).
Proof. We recall from Aksamit et al. [3] that the supermartingale Z and m are

given by

Zy = P(1 > t|F) = U(Y; — )y, 50} + Iiyica) = 1+ Liyisay (¥(Y: —a) — 1),
Am = Ity sqi1y (W(Y= —a—1) = 1) AN — Iy o (O(Y_ —a) — 1) AN

= Iy _sa413P1AN — Ity g3 92AN,
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where U is defined in (7.23). Then it is easy to calculate that

1 b X,
Tz Dirtool = (X, m); = —/\0/0 S0 Iy sasy1(w) = Iy, _sayd2(u) } Iy yoopdu, and

Tirstoet (X, X>G - Iﬂwooﬂi (a-2).1x, X])?F

t

t 2
¢1(U)Xu7
= \o? /0 o) e >ar1 oot

where X is defined via (7.47). Notice that on the interval {a +1 > Y_ > a},

1

t ~ ~\G
=i eof - (Xom), = o /O Xy, sayljr oordus, while I oo+ (X,X) " =0,

Hence, there is no G-predictable process A € L? (X) such that

1 ~ /o o\@
i oo (Xom) = oA (X, X)

Hence, X — X7 fails to satisfy SC(G). O

7.2 The Key Stochastic Tools

In this section, we will provide the crucial stochastic tools for the proof of two main
theorems announced in Section 7.1. This section contains three subsections. In
subsection 7.2.1, we recall a Lazaro and Yor’s result that we extend to the case of
locally square integrable martingales. Then, we give the definition and important
properties of the optional stochastic integral. In subsections 7.2.2-7.2.3, we provide
innovative lemmas and propositions that play key roles in the proof of the two main

theorems.

7.2.1 Lazaro—Yor’s Representation

This subsection introduces and slightly extends two stochastic tools that are pillars

in our analysis, namely the Lazaro-Yor’s representation and the optional stochastic
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integral. The following extends the representation of Lazaro and Yor [45] to the

“local and dynamic” framework.

Lemma 7.3: Let M be a local martingale and (Y;"), (Y) be two uniform integrable
martingales such that Y converges to Yo, weakly in L'. If Y™ admits represen-

tation as stochastic integrals with respect to M, i.e.
t
Y/ = / drdMs. (7.25)
0

Then there exists a predictable process ¢ such that Y; = f(f ¢sdMsy.
Proof. For the proof we refer the reader to Lazaro and Yor [45] or Jacod [76]. [

To extend this lemma to the dynamic case, we first define the weak convergence
in the space M3 (H).

2
loc

Definition 7.3: A sequence of elements of M; (H), (Y"),>1, is said to converge

weakly in M2 (H) if there exist Y € M3 (H), and a sequence of H-stopping

times that increases to infinity, (ox)x>1 such that for each k > 1, the sequence

(Y )n>1 converges weakly to Y, in L?(P).

Below, we extend Lazaro-Yor’s lemma to the dynamic and local framework,

which will play important roles in the proofs of the main results.

Lemma 7.4: Let M be a locally square integrable local martingale, and (¢n)n>1 be
a sequence of predictable processes that belong to L2 (M). If (¢, « M) converges

loc

weakly in M3 (H), then there exists ¢ € L7 (M) such that ¢ « M coincides with

loc
its limit.
Proof. If (¢n« M) converges weakly in M2, (H) with the localizing sequence (o )g>1,
then there exists Y € Mlzoc such that Y7 and (¢, . M) are square integrable

martingales and (¢, « M),, converges weakly in L'(P) to Y,,. Hence, a direct

application of Lemma 7.3 implies the existence of a predictable process 1* that is
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M*-integrable and the resulting integrable ()% . M%) coincides with Y7 (due to

the uniqueness of the limit). Then, by putting

+oo
¢ = VLo ol

k=1

we can easily deduce that ¢ € L2 (M), as well as Y = ¢ - M. This ends the proof

loc

of the corollary. O

7.2.2 The Key Stochastic Results for the Part up to Random Hori-

zon

In this section, we will present some lemmas and propositions that are crucial for
the proof of Theorem 7.1. First, let us point out that to prove S™ € SC(G), it is

essential to find a G-predictable process ¢© € L? (]\/ZS) such that Ijg 77« (m, M) =

loc

@C. (]\/4\ NG As one could predict, the difficulty lies in the existence and the locally
square integrability of ¢©. Due to Jeulin [83], the (H’)-hypothesis is preserved, i.e.

any F-semimartingale stays a G-semimartingale on [0, 7].

Lemma 7.5: To any F-local martingale M, we associate the process M® given by

P tAT d M,m Ig
MO = My, / <Z s (7.26)
0 s§—

which is a G-local martingale.
Proof. The proof of this lemma can be found in Jeulin [83]. O

On the stochastic integral [0, 7], it is worthy to keep in mind that for any F-local

martingale M, M® would be defined via (7.26) in what follows.

Below, we recall an important lemma due to Choulli et al. [4].
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Lemma 7.6 ([4]): The following assertions hold.

(a) For any F-adapted process V' with locally integrable variation, we have
, _ > JF
(VPE =(Z) . (Z.V)". (7.27)

(b) For any F-local martingale M, we have, on [0, 7]

Z 7Z_ 7 7_

I%G(Af\/[) _ p’F(AMI{Z>0}) and p,G<1> _ M (7.28)
’ Z ’ ’

Remark 7.2: To explain the main difficulty that one will encounter when proving
the Structure Conditions for S7, we assume that .S is an F-local martingale. Then,
due to Choulli et al. [4], the condition {AS # 0} N{Z =0} N{Z_ > 0} =0
implies that

is a local martingale density for S™. However, because of the term 1/ Z , in general

it is not locally square integrable. To overcome this difficulty, one applies the

Galtchouk-Kunita-Watanabe decomposition of
H" ~(b) ._ 1 T = I ~ (b)
OmM = =l Zeymy o] © 1
with respect to M ) and obtain

H"om® =¢" . M® + 1", where ¢" € L2 (M®), and L™ 1L M®.

loc

Then, the main difficulty lies in proving the weak convergence of ¢" M ®) and by
using Lemma 7.3 and Lemma 7.4 afterwards, we conclude that ¢™ MO converges
weakly in M?, _(G) to a locally square integrable local martingale having the form
of &y . M®. Therefore, this will establish the connection between (]\/4\ HE and

(m, M)¥ on the stochastic interval [0, 7].
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. oy . . . . 2
We start with a proposition that is dealing with weakly convergence in Mj

that would be frequently used in what follows.

Proposition 7.3: Let M, N be two H-locally square integrable local martingales and
H be an non-negative H-optional process such that H.[M, M] and H .[N, N] have
finite values. If H" := HItg<yy, then the following assertions hold.

(a) If VH € °L2 (M), then \/EI{Hgn} ® M converges in M2, (H) to vH @ M.
(b) If VH € °L}

loc

(M) °L% (N), then there exists a sequence of H-stopping

times (ng)k>1 increasing to infinity such that for all k > 1,

<\/EI{H<TL}®M,\/EI{H<”}®N> converges in L' to <\/EQM,\/E®N> .
- - n

Nk k

(c) Suppose that vVH € °L?

loc

(Y)n °L?

loc

(N), where Y € {¢p. M : € L2 (M)}.

Consider the Galtchouk-Kunita- Watanabe decomposition of H™ ® N with respect

to M given by

loc

H"®N =¢" .M+ L™, where ¢" € L} (M), and L™ L M.  (7.30)

Then, ¢" « M converges weakly in M? (H).

loc

Proof. (a) Denote (oj)r>1 the localizing sequence of H . [M, M]. Due to Lemma

2.3, we calculate that

2

M2 (H)

H <\/EI{H§n} - x/ﬁ) ® MO

E <<(\/EI{H<n} ~VH) o M>Uk)

E << (\/EI{H>n}) © M>Uk>
<E (HI{H>n} . [M, M]Uk) 50,88 1 = 400.

(b) Without lose of generality, we could assume vH ® M and vVH ® N are both
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square integrable. We derive from (a) and Kunita-Watanabe inequality that

E([(VAIgznm © MVHIgy o N) —(VEoMVHEoN) |)

<E (‘<¢E1{H§n} O M, VHI<py © N>Oo ~ (VHIr<y © MVH © N>OOD

VE (K\/EI{HSn} ©M,VH® N>OO - <\/ﬁ ©M,VH® N>OOD

‘<\/EI{HSn} & MVHIgrom © N>OOD Y E (K\/EI{HM} OMVH® N>OOD
B (VA o) B (VAT o N) )

\/E <\FI{H>n}®M )\/E<<\/E®N>oo)—>0, as n — 400.

IN

_l’_

(c) For any ¢ € L? (M), using Lemma 2.3, we derive

(6" M M = (" N ) = (7 (N, 0))

= <\/ﬁ@ N, ¢VH"® M>H - ZP’H(@AN) P (wx/ﬁm\@

=V + Vy. (7.31)

Thanks to assertions (a) and (b), we deduce that both processes vV H® ® N and
YVH™® M converge weakly in M3 (H) tov/H ® N and vVHi ® M, and

H
V{" converges locally in L'(P) to <\/ﬁ@ N,yVH ® M> . (7.32)
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Due to Cauchy—Schwarz inequality, we derive

Vg = vl = | SR (VETIAN) P (pVHAM) — 2B (VHRAN ) P (p/HRAM )|
S (VETIAN) (75 (pVETAM) — 25 (p/HRAM) )
(A (V) - () oo
=) »H (\/WAN) pH (¢\/ﬁf{n<H§n+l}AM)‘
5 P crzady) (oA
< \/ [N, N)PHE \/(Hl{n<H§n+z}-[¢-M])p’H

T trn sy H - [N, NP S (L 0P,

IN

An application of the Lebesgue Dominating convergence theorem implies the local
convergence in L'(P) of the process V3*. This proves that (¢" . M, ¢ . M) = (H"®

N, ¢ M)¥ converges locally in L!(P). Then, for any K € M2 (H), we have
K =0%.M+NX, where 65 € L2 (M) and (M,N*)E =0,

Therefore, (¢™ . M, K = <q§” M, 6%, >H converges locally in L' (P) and ¢" . M

converges weakly in M loc( ). This completes the proof of the proposition. O

The following proposition proves that (Z)_%I [0,-] 18 locally square integrable

with respect to a class of G-local martingales.

Proposition 7.4: If M is an F-locally square integrable local martingale, then

T (2) " [M®, M) € AL(G

r(G). As aresult, I[[O,T]](Z)_% belongs to °L? (M(b),G),

loc

where M®) is given by (7.26).

Proof. Since M € M2 (F) and m is bounded, then there exists a sequence of F-

stopping times, (T)r>1, that increases to 400 such that
(M)T, + Var((M,m)")r, <k, P—as. (7.33)
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Since Z~'I [0,7] is locally bounded, then there exists a sequence of G-stopping times,

(Tk)k>1, that increases to +oo and

sup ((Z=) 'y<ry) <k, P—a.s. (7.34)
0<t<7y -
Consider
o =T ATy, k>1, and W := I[[OJ]](Z_)_l < (M, m>]F. (7.35)

Then it is clear that (o4)r>1 is a localizing sequence for the process W, and due to

Lemma 7.6-(b), we obtain

I —~ I
E{w.[m%}gm{w.[m }+2E{ lo.1] [W]Gk}
A A 7

<2 {I 7.0y - M, | + 2E{ L, [W]ok}

< 2E[M]7, + 2kE[W],, < +00.

Hence, Z*II[[OJ]] M M )] is locally integrable and I (Z 7)~1/2 ¢ OLZQOC(]\/Z(I’),G) (see
He et al. [71]). O

Throughout the rest of this subsection, we will stick to the following notations

=1

-1
ey HU=Zo(Z) . mzl (7.36)

As an application of Proposition 7.3 and Proposition 7.4, in the following, we prove
that ¢". M® converges weakly in M? (G), where H" ©m®) = ¢". M M DyLn, ¢n e
L2

loc

(M®), and L" L M®.

Proposition 7.5: Let M € M? (F) and M® s given by (7.26). Then the follow-
ing hold:

(a) (1[0,7-]](2)71/2[{221/”} © ]\/Z(b)> converges in M2 _(G) to (I[[O 1Z 7)" 12 o M(b)>
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(b) For any K € M3 (F), there exists a sequence of G-stopping times, (ng)k>1

that increases to +o00, and for each k > 1

G

< Io-(Z)” 1/2I{Z>1/n}@M() Io(2)” 1/2I{Z>1/n}®K()>m€

converges in L1(P) to

<I[[oT]]( )"0 M), Iy 1(Z)” 1/2®K(b)>nk

where K©®) is defined via (7.26).
(¢) Consider the Galtchouk-Kunita-Watanabe decomposition of H™ © m(®) with

respect to M®)
H"om® = ¢" . M® + 1", where ¢" € L2 (M), and L™ L M©®. (7.37)

Then, ¢™ . M® converges weakly in Maloc(G) and

n —~ 70 170N\G
O, = lim d(H™ ©m'\") M)

= L3 (M® G). (7.38)
n—-+00 d<M(b), M(b)>(G

Proof. Tt is a direct consequence of Proposition 7.3 and Proposition 7.4 by taking

H = IjgqZ(2)~', H" == Z_Z ' g 41

(Z>1y and H = G. To complete the

proof, we just need to show (7.38). To this end, we apply Proposition 7.3 and
Lemma 7.4 to H* ® m(® to conclude that there exists ®; € Lloc(]\?(b),(@) such that

(H" & m®), M(b)>G converges locally in L' to (®q . M® e NE and

d(H" ® m® M ®)E

®;:= lim ——— (7.39)
n—-+00 d(M(b), M(b))G
This completes the proof of the proposition. O

As explained in Remark 7.2, we will characterize the relationship between Ijg .
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(m, M)F and (M\(b), M®)G_ This is the main focus of the following.

Proposition 7.6: Let M € M3? (F) and M©® be given in (7.26). If {AM #
0}N{0=2< Z_} =0, we have

loc

1 — — —
- i - (m. M =&, (MO and &, € L} (M®,G),  (7.40)
H. — p,F _ 2 F -1 . . .
where ®] = @y I{Z>0} (Z_ + A(m) ) Z_Ip7 and @1 is given in
(7.38).

Proof. By Proposition 7.5, we know that
lim (H" @ m®, MOYE = @, . (M©® MO)E, (7.41)
n

where H"™ and m(®) are defined in (7.36) and (7.26) respectively. Now it remains to

describe explicitly the limit lim,, (H™ ® m®), M ()G, To this end, we first calculate

1 . —~ 1 AM Am
7 " [m(b)v M(b)] = ZI[[O,T]] . [va] - I[[O,T]]T% . <m>F - 7%1[07TH . <M7 m>]F
1
+?I[[O’T]A<m>ﬂr (M, m)E. (7.42)

Then, by integrating H™ on both sides above, and using the properties of optional

integration (see Proposition 2.3 and Proposition 7.3), we obtain

1 n 1 n
ZI[[O,T]] C (B [m, M])PF = ZI[[O,T]] C(H™ . [m, M))P®

PG (H"AM
Lo a0 von\PC ) F
:(ZH [0, KO 41 o+ (m)
pG(H"Am AUM. )F
H[[O’T]](Z?) (M, m)F — I[[O’T]<Z},)> PG (H”).<m>F. (7.43)
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Due to {AM #£0}N{0=2 < Z_} =0, we get

P <AMI

{Z>0}) = PF(AM) =0.

By taking the limit, we derive

. 0,7 I 0,7 pF 1 0,7
i 7 o MY = 2L (T - b M1)™ = 2 27,
G n _D ~
‘ P (H AM) ] PF(AMI{ Z:0}> )
hTan I[[O,T] Z2 . <m> = I[O,‘r]] 22 . <m> = 0, (7.44)

and

. G n _ pF .
lim P (H )I[[Oﬂ—]] =7 (I{Z>0}) I[[O,T]]v

PG (H”Am P (Aml . ) P (I . )
. (Z>0} (Z=0}
lim Tjo.r———5— = I —— 3 =Ton——Fp > (7149

where in (7.43)-(7.45) we used Lemma 7.6. Then, by combining the above equalities

and (7.38), we conclude that

p,G A(m)F

@y (MO)E = 1iTan<H” [m®, M\(b)D = I P* (I{2>0}> <1 T > o (M, m)~.

The proof of the proposition is completed due to the G-local boundedness of
-1
(p’F (I{Z>0})) Ijo,71 (see Lemma 7.7 below). O

Lemma 7.7: The following process

v = (vE ( 1{Z>0}))_1 Tjo.n (7.46)

is G-predictable and locally bounded.

Proof. 1t is enough to notice that Z<I (70}

locally bounded. O

and the process (Z_) 'y, is G-
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7.2.3 The Key Stochastic Results for the Part after an Honest Time

In this section, we will present some lemmas and propositions that are useful for the

proof of Theorem 7.3.

Lemma 7.8: For any F-local martingale M, we associate M@ given by,

—

M@ =1 oo M+ Iy g (1= Z2) 7 (M, m)F, (7.47)

which is a G-local martingale.

Proof. The proof can be found in [17], [53] and [83]. O

Similarly as in the part on [0, 7], we will keep the notation M@ defined in (7.47)

for any F-local martingale M.

Below, we recall an important lemma due to Choulli et al. [4].

Lemma 7.9: Suppose that Z; < 1. Then the following assertions hold.
(a) The process (1 — Z_) "I}, 4oo[ is a G-locally bounded and predictable process.

(b) For any F-adapted process with locally integrable variation, V, we have
~ F
oo VP = Iy (1= Z) 71 ((1 ~ 7). v)p . (7.48)

(¢) For any process V' as in (b), the G-predictable projection of AV, is given on
I, +oo[ by
PE(AV) = (1—7_)L PF ((1 - Z)Av) . (7.49)

(d) For any F-local martingale, on |1, +o00[, we have

1-Z7

M;(AM ) :p,F (AMI{2<1}> und M;( 1 )_pJF (I{2<1}) (7.50)
’ 1-Z S

1—-27_ 1 -Z_
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The following proposition proves that (1 — Z)_%I]]T7+OO[[ is locally square inte-

grable with respect to a class of G-local martingales.

Proposition 7.7: Let M be an F-locally square integrable local martingale, then

-1
I]]T,+oo[[ (1 o Z) . [M(a)] €Ay (G),

loc

—-1/2

where M@ is defined via (7.47). As aresult, Ij; 4o (1 - 2) / € °L? (]\/Z(“)7 G).

loc

Proof. Let us denote the localizing sequences of W := I} o (1 — Z_)_1/2.<M, m)¥,
(1- Z_)fll]]T,Jroo[[ and [M] by (65)n>1, (Tn)n>1 and (T,),>1 respectively. Then, due

to Lemma 7.9, we derive that

IT a5 IT IT
E {“"SH i [MW)](,WMTH} <2FE {”*"3 ) [M]Tn} +2F {ﬂ*‘f“ . [W]onm}
1-Z 1-Z 1-Z

QI]T,+OO[[

< 2E[M]y, + E
< 2E[Mlr, + {1—2_

. [W]Un/\'rn} < +00.

This ends the proof of the proposition. O

Throughout the rest of this subsection, we will use the following notations

~\ —1
K=y gy K= (-2 (1-2) ko onz1 (751

As a counterpart of Proposition 7.5, we have on |, +o0[:

Proposition 7.8: Let M € M? (F), M@ defined by (7.47) and

loc

U™ = Kn(1—Z_) " Ijy oo, n > 1.

Then, the following assertions hold.
(a) (\/ Ur o ]\//_7(“)> converges to (I\H}:—o}ﬂ © ]\/4\(a)> in M2 _(G).

(b) For any L € M2 (F), there exists a sequence of G-stopping times (ng)k>1

loc
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— ~\ G
increasing to infinity such that for all k, <\/ Un oM U e L> converges
Mk

G
n LV(P) to { Mzl o ff@, Beet o 7
in L*(P) o<m® s ® .

Proof. The proof is similar to the proof of Proposition 7.3. Indeed, it is enough
to consider the G-locally bounded process (1 — Z—)_l‘[]]T,+OO[7 and use the same

techniques as in Proposition 7.3. O

Lemma 7.10: Under the condition Z; < 1, the following process

v .— (p’F (I{Z<1}>> 1 Fr oo (7.52)

is G-predictable and locally bounded.

Proof. Tt is enough to notice that 1— 2 < I and the process (1 — Z—)_II]]T,+OO[[

{Z<1}
is G-locally bounded. O

Proposition 7.9: Let M € M? (F) and M@ s given by (7.47). Then, the follow-
ing hold.
(a) Consider the Galtchouk-Kunita-Watanabe decomposition of K™ @ m\® with
respect to M@

K"om® = 6. M + L, where 6" € L} (M), and L™ L M@, (7.53)

loc

Then, (6™ . ]\7(“)) converges weakly in M3, (G).

As a result, we have

d(K™ © @, M@)E

loc

(M@, G). (7.54)

by = 1i ——
2= a0, (M (@), M(@)G
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() IF{AM £0yN{1=2>Z_} =0, we have

1 — — — —
T Dreroop - (0 M) = ®o0pg . (MG, and &y € L} (M), (7.55)

where

(f)\ — P p,F I~ 1 A<m>F - I]]T,+oo[[ d B is ai n (754
2:= Do ( {Z<1}) + -z 17 o™ 9 is given in (7.54).

Proof. (a) It is a consequence of Proposition 7.3 and Lemma 7.4 by taking
\ —1
K" = (1—-27.) (1 - Z) I 71y, and H=G. (7.56)

(b) Now it remains to describe explicitly the limit in (7.54), that is lim, (K™ ®

m(@), ]\/4\(“)>G. To this end, we first calculate

1 — 1 AM
/\(a) (a) - . = F
1-7_° [m , M ] 7 I]]T,+oo[[ [m7 M] + I]]T,+OO|I (1 _ Z_)Q <m>
Am 1
Tz elrrel s m)" + mIﬂT,muAWW A(M,m)*.  (7.57)

Then by integrating K™ on both sides above, and using the properties of optional

integration (see Proposition 2.3 and Proposition 7.9), we obtain

1

" 1
ﬁ‘[ﬂﬂ‘i‘w[ . (k . [m, M

71]]7',—1—00[[ (K™ [m, M)PE

P = =

PG (KnAM)
(1 . Z_)2 " <m>

1 — »,G
_ TRy L
(7= K [, M) 1, oy

0% (nam)

A<M7 m>]F G
el = P

(M, m)F — e (K").(m)F. (7.58)
Due to {AM #0}N{l =2 > Z_} =0, we have

P (AMI{Z<1}> Itz ciy= PP (AM) I15_ 13 = 0.
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By taking the limit, we derive

e pF _ Jirvool PE_ T tool
llyﬁ.(k -[m,M]) —1_Z_-(I{Z<1}-[m7M]) —q-
G n _pF ~
L (kmanr) . PR(AMIg_,) ;
1m }]T,+oo[[w (m)” = I +oo] (1-Z )2 - (m)” =0,
and
h?gn e (K™) I]]T,+oo[[ = PF (I{Z<1}> I]]T,+oo[[7
‘ PG (KnAm PE(AmI 5 ) P ()
hgglfﬂr,ﬁo[i(l 7 Tr ool -z = B R

Then, by combining (7.54), (7.58) and (7.59), we conclude that

By o (M@ MG = hﬁn(Kn . [m(b), ]/\j(a):| )va
A(m)F

- (7.60)

= I]]T’+<>o|[ va(I{’Z“<1}) (1 + 7(1 — Z_)2> . <J\477n>IF

The proof of the proposition is completed.

7.3 Proofs of Theorems 7.1 and 7.3

Now, we have prepared all the ingredients to prove the two main theorems of Section

7.1 (Theorems 7.1 and 7.3).

7.3.1 Proof of Theorem 7.1

Suppose that S satisfies Structure Conditions under F. Then, there exist a lo-

cally square integrable F-local martingale, M*°, and an F-predictable process =

L2

loc

(M*,F) such that
S =S8y+ M5+ A5 =Sy + M — X. (M5)F.
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—~ — (b —(b
For notational simplicity, we put M = M and M® = MS ( ), where MS() is

defined via (7.26). Then the G-canonical decomposition of S™ has the form of
~ _ 1 ~
ST=5+M" - AMo,7 - <M>]F =: 50 + M® + 7%[0,7]] - (M, m>]F = Mo,7] - <M>]F
Recall the notations in (7.36),
n n =\ 7! n
W=y, H =2 (Z) Wt on> 1.

Consider the following locally square integrable G-local martingale.

N = ZL RG] (7.62)

Notice that

1 ~ ~ — Am
- T« [my M] = My« [M] = IN®), MO+ —z o1+ (M, m)®

AM A(M, m)F 2) h)
0 oty = R ) 2 M (M m)® + A A m)F ()

Then, by integrating both sides with H™ and combining the obtained equality with

the properties of the optional integral (see Proposition 2.3 and Lemma 7.6), we

251



derive that

1 ~
7o (0« [m, M)PE = Moy« (B < M)

1 n N n
= 7o+ (H". [m, M])"® = Xjorp « (H™ « [M])P°

G (HAM A(M,m)F »€ ()

n o) o \PC ( ’

= (H . [N( ), M( )]> + WI[[O’T] . <m)F - (Z_)3 I[[O,T]] .
2X AA (M, m)F

_ 2" pG n F AN Y p G n F
= 2 S(HAM ) Ijg 11 - (M) + v (H") 10,17 - (M, m)
% (HrAm F

+WI[O’T]] . <M, m> .

Then, the similar arguments as the limits in (7.44) lead to conclude that

G

, o) )\ P 1 ~
tim (H" . [N, M) = Ig g« (M, m)F = Xy« (M)F + RO (M, m)",

n

where

1 A(m)F NA(M, m)F
BY= o <_ P lze) + =z iz = T ") ) Ton

Again, by applying Proposition 7.3 to H" ® N® and ]\/4\(1’), we conclude that there
exists @) ¢ LZQOC(]\/I\(b), G) such that

(H" © N©®), ]\/Z(b))(c’ converges locally in L' to (&) . M®, ]\/Z(b)>G.
Recall that o - « (M, m)f = o . (]\/Z(b)>G in (7.55). Thus, the uniqueness of the

limit leads to

1

Iipr15 + (Mom)F = Moy« (M)F = (@ — RO &1) L (AID)E. (7.64)
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Due to the locally boundedness of Z~1J, [0,7]; it s easy to see that
NG = (q><b> ~ R® q?l) e 12, (MY, G), (7.65)

and

o~

ST = So+ M® 4 3&, (M®) AONHE, (7.66)

This proves the Structure Conditions for S™ under G, and the proof of the theorem

is completed. ]

7.3.2 Proof of Theorem 7.3

Suppose that S satisfies Structure Conditions under F. Then, there exist a lo-
cally square integrable F-local martingale, M*®, and an F predictable process N

L2

loc

(M*,F) such that

S =Sg+ M+ A5 = Sy + M5 —X. (M5F (7.67)

(a) |
i

A —(a) —
For notational simplicity, we put M = M and M@ = MS " where MS s

defined via (7.47). Then we get

N F
I]]T,+OO[ . S - I]]T7+Ooﬂ . M - )\I]]T,+OO|I . <M>
1

Ny O
1-Z_

Ir oo » (M, m)" = Ny oo« (M)F. (7.68)
Recall the notations in (7.51),
k’rL

~\ —1
=1y y1y, K'=(1-7) (1 _ Z) ' on> 1.
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Consider the following locally square integrable G-local martingale.

N = _1Z @ X 3@, (7.69)

where m(%) is given by (7.47). Notice that

1 ~ ~ ) Tia Am

ﬁl]]ﬁ—i-oo[[ . [m’ M] - )‘I]]T,-‘roo[[ . [M] = [N( )7 M( )] + mlﬂﬁ—f—oo[[ . <M7 m>F
AM A(M,m)F

(1 _ Z_)QI]]T7+OO|I . <m>]F + (1 _ Z_)3 I]]T,+OO|I . (7'n>IF

2/): F A F F
—|—1_Z7AM.<M,m> —}—7(1_27)2A<M,m> (M,m)".

_l’_

o~

Then, by integrating both sides with K™ and combining the obtained equality with

the properties of the optional integral (see Proposition 2.3 and Lemma 7.9), we

derive

1 ~

ﬁI]]TH—OO[ C (K"« [m, M])PT — M7 yoof » (K"« [M])PF

1 -

T e (K7 M =S (67 )
A(M,m)* & (K™

PG (KnAM ]
I]]T,—H)O[[ . <m>

(@) Ar(a PG F
= ( (@ M )]> + WI]]T,-FOO[[' (m)" + 1=z )p

K".[N
2X  pe(fen o MM mF o ]
I (K AM>IHT’+°°[['<M’m> -z (K )I}]T,+oo[[-<M,m>
p’G<K”Am>
A=z lrereet - (M)

F (7.70)
Then, the similar arguments as in (7.59) lead to conclude that
-1 ~

(M) XL oo (M)F+R@ (M, m)F,

: n (rr(a)  F7(a PG
lim (K . [N( ), M( )]) = I]]T,+Ooﬂﬁ

n
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-1 Afm)* NA(M, m)F
(a) . _pF _ e\ _ AQM,m)" -
= 1-2Z ( ’ (I{Z:”’) * (1—2_)2 ! (I{Z<1}> + 1—27_ 8 (I{Z<1}> T ool

Again, by applying Proposition 7.3 to K" ® N@ and ]\/4\(“), we conclude that there

exists ®(@ ¢ L2 (M\(a),G) such that

loc
(K" © N@, ]\7(“)>G converges locally in L' to (@, M@, ]\/47(“)>G.

Recall that I}, o« (M, m)f = >, . <J\7(“)>G in (7.55). Thus, the uniqueness of the

limit leads to

-1

I pocl 7= (M) = Rl g (M) = (qﬂa) — R@ {p;) (M@\E (7.71)

Due to the locally boundedness of (1 — Z_)_II]]T,JFOO[[, it is easy to see that

o~

NG = (qﬂa) ~ R@ @) e [2 (M@, G), (7.72)
and satisfies
Iy oo+ S = M@ 438 L (M@, M@E, (7.73)

This proves the Structure Conditions for S — S™ under G, and the proof of the
theorem is completed. O
Conclusions:

In this chapter, we addressed the problem that how the Structure Conditions is
affected by some extra information (characterized by a random time) that would be

the knowledge only insider traders could get through time in progressive enlargement
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of filtration. Our main results are twofold. First of all, for a fixed market model,
we proved that the Structure Conditions are preserved under a mild condition.
Secondly, we singled out the necessary and sufficient conditions on the random time
for which Structure Conditions are preserved in the enlarged filtration for any initial
market model satisfying this structures. Two explicit examples were presented to

illustrate the importance of the condition and the consequence of its failure.
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