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ABSTRACT

The electrical Behaviour of mic?owave varactors undef both
steady-state and large-signal transient conditioms is investigated.
Numerical iterative methods are used té solve the oné~dimensional two~
carrier transport equations. which are taken to describe the behaviour of
these devices under both.steady—state and transient conditions., The
solutions for the steady-state and time-dependent cases are obtained by
modifying and extending numerical methods, already évailable.in the
literature, to cover the preseﬁt cases. Considerable attention is given
to the numerical analysis'of the steady-state and time-dependenﬁ cases in
order to achieve a numerical algorithm sufficiently sound to cope with
several severe difficulties of the problem. Two diodes, takeh to
represent two distinct kinds of microwave Qaractor, are considered.
Results have been computed for four externmal excitationms, namély: steady-
state voltage excitationm, “turn—on", "turn-off" and sinusoidal excitation
in a broadband circuit. A slight charge accumulztion in the vicinity of
the n - ol space charge region during the "turn-off" transient in the
p+ -n- n+ step-recovery diode, and an inductive behaviour of fhese
dgvices under large-signal sinusoidal.excitation, are two of the many
interesting aspects revealed by the results. The microwave measurement

techniques used for the varactor measurements made are also presented and

discussed,
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CHAPTER T
INTRODUCTION

The varactor diode is a semiconductor deviﬁe that is used as a
variable-reactance circuit element. The variable reactance is provided
by the junction capacitance, ﬁhich is a nonlinear function of applied
voltagel’z. The varactor is therefore a nonlinear element; and this
nonlinearity can pfoduce substantially different éffects. One of these
is the switching or modulation of a microwave signal through variation
of the reactance by means of an externally applied voltage. In a second
usage, thevnonlinearity causes the generation of harmonics of an applied
microwave signal. 1In a third case, two microwave signals of different
frequency may be applied, resulting in parametric amplification,
up-conversion or down-conversion of one of the signals.

The purpose of the preseﬁt work is to investigate both the
static and dynamic behaviour of microwave varactors. The popular use of
overdriven varactors3 neééssitated the need of an énalyéis which covers
forward-biased conditions in a relatively general form. Moreover,
the response of a varactor driven by ideal steps of current and voltage
is of considerable help in understanding i£s dynamic behaviour. In this
study, four basically different forms of.external excitations are chosen
to be analysed. First is the behaviour of a varactor when a forward-
biasing steady-state terminal voltage is specified. Second, the external
excitation chosen is a large current step applied to the varactor
initially in thermal equilibrium condition ('turn-on' transient). The

third case deals with the situation that occurs when a reverse-biasing



2

potential is suddenly applied to a varactor initiélly in the steady-state
forward-biased condition ('turn-off’ transiént). The fourth aspect that
is selected to be analysed is the case of a reverse-~biased varactor
excited by é sinusoidal microwave signal (frequency in the GHz fange)
that is large enough to drive the varactor into forward-biased condition .
for a part of the cycle.

Basic concepts in the theory of p-n junctions wefe first
presented by Shockley.4 Shockley's stgady—state and small signal
analysis was based upon the simplifying assumption that the space-charge
layer of a p-n junction is compietely depleted of mobile carriers. This
assumption eliminates from Poisson's equation the distribution term for
mobile holes and electrons and thereby reduces a difficult system of
-differential equations to a single, mathematically tractable differential
equation. Despite this simplifying assumption, many conclusions de?ived
from the depletion layer approximation are verified by laboratory
experiments.

Shockley's depletion layer approximation contains severe
restrictive features rendering it inapplicable to several modes of
junction opgration. In particular, to assume that the space-charge layer
is free of mobile charge carriers implies that such a theoretical
approximation is not applicable to forward-biased p-n junctions, nor to
reﬁerse—biased Junctions containing a large electric current. Although
these limitations have been recognised by many workers, no rigorous |
analytical treatment of the probleﬁ has been reported. Instead, other
approachess’s’7 have been used to simplify the mathematical equations
characterising a semiconductor junction; each approach, however, has

introduced a new set of uncertainties concerning the analytical



.

limitations arising from the.use of simplifying assumptions.

A number of Worker58—16 have studied the turn-on and turn—-off
transient in p-n junctions. These investigations have been conducted
upon analytical models which neglected many physical mechanisms
encountered in practical devices. Moreover, only highly asymmetrical p-n
junctions were considered. Benda_gE_glL17 gave a second order amalytical
treatment for p-i-n rectifiers. This analysis also neglec?ed_many
physical mechanisms which are encountered in actual préctice. To our
knowledge, no comprehensive analytical treatment has been reported for a
p-n junction excited by a sinﬁsoidal signal large enough to forward-bias
it for part of the cycle. The presence of the passive elements
surrounding- the p-n junction devices in the actual circuitry further
complicates the already formidable mathematical problem.,

Some of the assumptions generally adopted in almost all of the
analytical work for the one-dimensional model (to which attention will

be limited in this thesis) are the fcllowing:

(a) Separation of the structure into regions with sharp

boundaries, either fully depleted of mobile carriers, or

space~charge neutral;

(b) Postulation of explicit boundary conditiens on relevant
quantities in thé interior of the device and at the
interfacé between the depleted and neutral regions of
assumption (a)y limited choice of boundary conditions at

the external contacts;



(c)> Limitation of the doping profile to very special cases
(mostly step and linear distributions) and to particular
quantitative values (mostly highly asymmetric impurity

distributions);

(d) Simplification of the dependence of carrier mobilities upon

the electric field, doping and scattering phenomena;

(e) Limitation of carrier recombination laws to the. low-level

linear case.

Numerical methods, with the aid of high-speed digital computers
represent an aiternate approach to the problem, the final aim being the
achievement of a solution of the.most general character without the
conventional assumptiéns. Serious difficulties are also present in a
nuﬁerical investigation,'and have prevented most of the currenfly
avai;able numerical solutions from having the general character desired.
The first comprehensive and general numerical procedure for the solution
of the steady-state problem is presented by Gummel18 and is applied to

the solution of transistors.- DeMari19

latér on exposed some of the
limitations of Gummel's analytic formulation, slightly modified it and
applied it to very short junction structures. Kennedy EE.EE;?O used
numerical techniques to solve the zero-current model of the linearly-
graded p-n junction. Later, DeMari21 reported a numerical method of
solution of p-n junctions under arbitrary tramsient conditions and
applied it to his simpler model having zero-recombination and constant

mobilities to obtain solutions for the case of a highly asymmetrical step

p-n junction. Another algorithm for time-dependent solutions of p-n




junction devices is reported by Scharfetter and‘Gummelzz; they appliéd
it to solve for the,iarge—signa; behaviour of IMPATT diodes. |

In this thesis numerical solutions for a relativeiy general
éhysical model, considered sufficient for microwave varactors, aré
obtained to study the device behaviour under both static ahd dynamic
conditions. The solutions for steady-state conditions are based on thé
algorithm furnished by Gummells. The algorithm is slightly modified to
make it more efficient at higher forward biases where Gummel's_original
algorithm tends to fail. The time~dependent solutions are based upon an
exten;ion of the algorithm furnished by DeMari21 for our more general
physical model. Suitable numerical techniques are selected to deal with
various critical situations inherent in the solution for our particular
device. All the reported solutions are for one-dimensional cases.

- Microwave measurements of the static properties,.particularly the series
resistance, are also undertaken.

The presentation is divided into eleven sections. Chapter II
discusses various design considerations for microwave varactors aqd
describes the particular device structures chosen to represent two
distinct types. Chapter III describes the iﬁportant physical mechanisms
included in the physical model adopted and discusses implicatibns of the
various assumptions made. Chapter IV describes the fundamental equations
and boundary conditions that determine mathematically both the steady-
state and time-dependent problems. Chapter V describes the details of
" the analytical formulation and the numerical techniques adopted for the
steady-state case. Chapter VI presents the analytical formulation and
numerical techniques suitable for the achievement of time-dependent

solutions for the present physical model. It is an extension of the




. 6
numerical algorithm presented by DeMari21 for his simpler physical model.
This chaptef also discusses Va?ious sources of nunerical errof present '
in the algorithm and various trade~offs between different errors to
decrease the overall error witﬁout increasing computation time,

Chapter VII presents the results for the steady-state caée: terminallr
properties and quéntities in the interior of the device are displayed;
the results are briefly discussed. Chapter VIII presents the resuifs for
the case when a large.step”of‘current‘iS'applied to the varactor initiélly
in thermal equilibrium (turn-on transient). A brief discussion on the
results is also offered. Chapter IX presents the results fér the case
when a reverse—biasiné potential is applied to the varactor initially in
the forward-biased condition (turn-off transient). The results are also
discussed.. Chapter X presents the internal and external behaviour of the
varactor in a broad-band multiplier circuit. Chapter XI describes the
various microwave techniques emplcysd to measure the static character-
istics.of a varactor. Conclusions are given in Chapter XII; some of the
several immediate applications for the analysis under more general

conditions and the possibilities of extensions to more complex situations

are briefly discussed.



CHAPTER II
MICROWAVE VARACTOR DIODES

This chapter describes the choice of physical strﬁétures
representing the main categories of @icrowave varactor diodes. A simple
mathematical modél is formulated to predict the impurity distribution
inside the diode structure. The parameters.in the mathematical model
are then chosen so that the desired impurity distribution is obtained.
At the end of this chapter, the impurity distributions inside the diodes
are displayed and variéus structural parameters of the diodes are

tabulated.

2.1 Introduction

Microwave va?actor diodes can be classified into two main
categories., The diodes belonging to the first category have a varying
cap;citance in the reverse voltage direction. The movement of the
potential wall in the depletion region uncovers charge continuously, and
results in the capacitance change. This capacitance change in the
reverse direction is used in varactor multipliers to obtain harmonic
currents, which are related to the order of non-linearity in this
capacitance. This class of microwave varactors will be mentioned as
'varactor diodes' in this thesis. The éiodes belonging to the second
category exhibit a reiatively constant reverse-bias capacitance and a
very large diffusion capacitance in the forward direction, resulting in a
much greater variation of the total capacitance of a varactor. This
class of microwave vardctors will be mentioned as 'step~recovery diodes'

in this thesis,



2.2 Design Considerations ..

Various useful varactor diode structures are described by Chang‘ :
and Forsterzs. They show that hyper-abrupt junctionms, an& "Pégoda" .
structures exhibit a relatively large capaciténcé variation. However,
when compared to a step-junction having the same breakdown voltage, thé:
improvement due to increased capacitanée—voltage sensitivity is offset,
or more than offset by the concomitant increase in the R-C producf.
Therefore a heavily doped step—junction cén beqtaken to represent micro-
wave varactors., It is almost impossible with the presently develdfed
technology to construct a p+ - ﬂ+ diode with perfedtly abrupt steps in
the impurity concentration at the boundaries. Hence a doubly-diffused
epitakial diode in which the diffusion is very deep, i.e., the junctioﬁ
is formed by the impurities diffﬁsed in from the surface and substrate,:
is chosen as a typical microwave varactor. The impurity concentratioﬁ at
the substrate and at the surface are assumed to be very high to ensure
low series resistance.

In the step-recovery diodes a constant reverse-bias capacitance
and a very high diffgsion capacitance are required. The diffusion
capacitance is produced by the injection of minority carriers during the
forward bias excursion of the varactor pump voltage and the subsequent
withdrawal of this charge during the reverse bias portion of the waveform.
In a step-recovery diéde the following requirements must be met: Firstly,
the junction must be capable of minofity carrier injection, i.e., the
injection of holes from a p~type region into an n-type region, and/or
electrons in the other direction. The second basic requirement is that
the injected charge be recoverable during the reverse:bias half of the

cycle. In order for this to occur, two conditions are necessary; first,
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the carriers must not recombine appreciably before they are withdraun?é,

and second, the carriers must not diffuse so far frOm the_junction that
they capnot be retrieved. The first condition is easily met by most
silicon epitaxial microwave dio&es, since the typical minority—carrier
lifetime in such a matefial ranges from 10—8 to 5 X 10_6 seconds.
Moreover, the diode can be subjected to higher lifetime25 treatment to
achieve still higher minority-carrier lifetime. éa—As will fulfil this
condition at higher microwave frequencies because minority-carrier life-
time is 10_9 seconds or less. Nearly all step-recovery diodes used at
microwave frequencies below millimeter range are made of silicom. To
satisfy the second of the above conditioms, i.e.,vto prevent the minority-
carriers from diffusing beyon& the point of no return, large built-in
electric fields on both sides of the junction are necessary. Also,

| because of the finite time required for the carriers to cross the
depletion~-region and current-limiting effects of the field produced by
the injected carriers themselves, the depletion region must not be too
wide., The ideal §+ -1i- n+ diode is one with perfectly abrupt steps in‘
impﬁrity concentration at the boundaries with the i-layer, having 2 width
between 0.5 and 4 microns. The epitaxial growth and diffusior occur in
finite times at the diffusion temperature so that i-layer boundaries are
graded. The device has to be fabricated such that the impurity profile
is very steep. Moil_gg_3£L26 have stated that if the width of the
gradient region measured to an impurity concentration of lO18 cm - is
less than 1/4 to 1/2 of the i-layer width, there is insignificamnt

rounding-off and relatively little dependence of transient behaviour oa

the charge injection level. This criterion has been utilised im choosing
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the impurity doping profile in this study. Undoped growth of silicon
generally results in an n~type material. Thus the highfresistivity
center region of the step-recovery diode analyséd is ;ssumed to be
slightly donor doped (1015 cmf3). The steep impurity profiles and the
narrow junctions fequiréd for fast and~comp1ete'recovery of the injected
charge necessarily result in a lower breakdown voltage. The high- -
resistivity center region decreases the cut-off frequency of the device,
since the effective series resistance1 df a varactor is larger when its
charge-storage capacitance is used than when operation is confined
strictly to dieiectric capacitance.

Another consideration which is important is the choice of
junction area. We know that the junction capacitance and charge stored
during forward-bias conditionsz4 are proportional to the junction area.
In step-recovery diodes the reverse-bias capacitance is_undesirable2 3
therefore, from this point of view, small junction area is desirable., As
a result, a compromise has to be made between the charge-stored which
decreases as the area is decreased and the reverse-bias junction
capacitance which can be tolerated. The higher mobility of free
electrons- compared to that of the holes results in a lower resistivity

for the same doping level. For this reason, the substrate in epitaxial

mesa varactors is usually chosen to be n~type.

2.3 The Fabrication Process and its Mathematical .Model

2.3.1 Fabrication Process

Fabrication step326 include epitaxial growth of the L -~ n
boundary and subsequent growth or diffusion of the i - p+ boundary.

These steps are followed by more or less conventional semiconductor
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fabrication steps to shape it into a mesa-type structure. The diffusion
time and temperature are chosen so as té yield the required impurity
gradient. In the case of varactor diodes, deep diffusion is required,
while in step-recovery diqdes shallow diffusion is needed. 1In éome cases
the process is simplified and diffusion of donor impurities‘from the
substrate and acceptor impurities from the surface are carried out
simultaneousl§27. Boron is one of the most useful p~type impurities and
is chosen as the'p—type impurity for our calculations. The substraté is
taken to be phosphorous—doped. Phosphorous and boron have the same
diffusion coefficient for 1000 - 1200°C, the most usual diffusion
tempefatures. For a varactor, where deep-diffusion is required, the
substrate can be doped with arsenic (which has a diffusion coefficient
whose value is 1/3 that of boron) to yield a deeper junction from the
p—type impurity side. This in turn makes the ohmic contact to the
surface easier to produce.

2.3.2 The Mathematical Model

2
Fick's first and second laws 8 are taken to govern the diffusion

phenomencn,

f=..])-g-§ ... (2.1)
—g% =D 3':—:2- | .00 (2.2)
where
f = particle flux through a plane parallel to the
surface (cm—2 sec~l),
D = diffusion coefficient (,cm2 ;ec—l),
N = impurity concentration (cm—3).




fH12 ‘
. The first equétion déscribes the rate of permeation of the diffusingf' |
impurities through'a’unit cross-sectionél'area of the host medium; The
second equation specifies the rate of accumulétion of diffusing
impurities at different points in the host medium as a function of time,

The in-diffusion ffom the surface can be considered as if the '

epitaxial layer were of infinite thickness and its background impurity
concentration negligible compared to the surface comcentration. Then,

for boundary conditions:

N(0,t) N3 N(x,0) = 0 ' ... (2.3)

t#£0

where

Ns = impurity concentration at the surface (cm—3)'and

x = distance from the surface (cm).

The solution28 of Eq. (2.2) for a semi~infinite medium and boundary
conditions of Eq. (2.3) yields the p-type impurity concentration-

distribution:

N_(x,t) = Ns(l - erf —= ) eea(2.48)

ZVDlt

The n-type impurity distribution due to out-diffusion ffom the
substrate can similarly be considered to occur as if the substrate and
the epitaxial layer were of semi~infinite width; the baékéround impurity
concentration can be considered to be negligible compared to the
substrate impurity concentration. Then, solving Eq. (2.2) for the

boundary conditions:

N(x,0) = NO — < x <0
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and

N(x,0) =0  0<x<+4=,

the donor impurity distribution can be expressed as follows (using the

origin for x as in Eq. 2.4)

No X -X
N x, t)=-2—-(1—erf-——-—) , veo(2.5)
2¢D2t
where
x, = epitaxial layer thickness,-
N° = impurity concentration of the substrate (cmf3) and

(Dz) = diffusion constant of p-type (n-type) impurity.b

Detailed derivation of Eqs. (2.4) and (2 5) 1s glven by Boltak 28 The

net 1mpur1ty distribution in the epitaxial 1ayer after dlffu51on can be
obtained from Eqs. (2.4) and (2.5) and its origimal impurity

distribution. Thus:

N Xe - X
N(x) =—Ns(l— erf )+-2—°-(1- erf —m— +Nb vee(2.6)
2}'511: 2VD2t

since the epitaxial layer is assumed to be uniformly doped with a density

Nb' In this model we have neglected the following physical processes:

(1) The drift of the impurities due to electric field created

during the diffusion process;

(2) The growth "eai1" and out—diffusion of donor impurities
from the substrate that may occur into the epitaxial layer during the

epitaxial growth;
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(3) The precipitation of the impurities that may occur during

the diffusion process;

(4) The interaction of impurities with each other.

2.4 Physical Description of the Dibdes Selected

Two basically‘different sfructures have been selecfed to
represent the two distinct kinds of varactors. The choice of different
structural parameters is based upon the diécussion in Section 2.2. The
doping profile is predicted by the mathematical model‘given in section
2.3. The diode chosen to represent varactor diodes is named "diode No.1l%,
and the diode chosen to represent step-recovery diodes is called 'diode
No. 2'. ?igures (2.1) and (2.2) display the doping profiles chosen for
diode No. 1 and diode No. 2, respectively. Table (2.1) gives the
description of the various parameters selected for our mathematical model
to predict the doping profiles displayed in figs. (2.1) and (2.2). Table

(2.2) gives the description of the structural parameters of the diodes.
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CHAPTER IIiI
PHYSICAL MODELLING

In this chapter, important physical processes occuring in the
device are described. Various simplifications and assumptions are
stated, Mathgmatical equations modelling the simplified physiéal
processes are formulated. At the end of this chapter, fhe validity of

the one-dimensional model is discussed.

3.1 Introduction

As stated earlier in Chapter I, numerical téchniques have been
preferred over analytical techniques to avoid most of the inhérent
limitations in the latter approach. With the aid of numerical techniques
it is possible to include the various physical processes in their most
general form. However, many serious difficulties are encountered in
formulating a genera; numerical scheme. These difficulties arise from
severe non-linearities inheren; in the mathematical equations describing
the problem. The other limiting factors which are to be taken into
consideration are the a?ailability of a limited computer memory ard the
need to keep the computatioﬁ time within practical liﬁits. In view of
the above considerations, various assumptions have been made to simplify
‘the problem matﬁematically. In the following sections, these simplifying
assumptions are outlined and a qualitative discussion is offered on their

validity in the present case,
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3.2 Important Phy51cal Phenomena

In this sectlon, various assumptlons made to s1mp11fy the
mathematical problem are outllned.- Mathematlcalvequatlonsxto represent -
the simplified physical processes are formulated,

3.2.1 Bulk Generation -~ Recombination

The measured properties of silicon p-n junctions at room
4

temperature deviate éonsidgrably from that predicted by Shockley's
""ideal" theory. Later, Shah, Noyce and Shockleyzg improved the theo?ﬁ by -
taking into account the recémbination and generation of the carriers in
the space—éharge region., They used a model of the single-level uniformlj

30

distributed Shockley, Read™ and Hall31 recombination-generation centers

to explain the p-n junction characteristics. According to Shockley and

Readso:
pn - ni2 : ’
U= 000(301)
(o + nl)rpo + (p + pl)Tno
w here
U = net recombination-generation rate (se-c-1 cm—3)
p = density of holes (cm73)
n = density of electrons (cmf3)
n, = intrinsic concentration of carriers (cm-3)
Tpo = life time of excess holes in heavily doped n~type
material (sec)
Too = life time of excess electrons in heav11y doped p-type -
material (sec)
P; = density of holes when the Ferml—level is precisely at the
trap level E (em )
n] = density of electrons when the Fermi-level is precisely at

the trap level Et (cm-3).




Recently Doléan32 éalculated‘the effects of the spatiél |
dependence of recdmbination éentéré‘pn tﬁe I-v charaéteristics of §—n
junctions. He showed that these éffects may eXﬁlain tﬁe‘experimentél .
deviations from Shockley'sé‘theory andvfrom the theory of the carriefv
generation-recombination in the space-charge region. The 'gradﬁal
capture effect' is considered in his analysis by noting the possibility"
that the concentration of the capture‘centers tends to decrease when
going inwards from the semiconductof surface and, therefore, for the
carrier life time to increase in this direction.

Equation (3.1) is derived under the assumption that majority-
carrier density is large compared to trap density so that we may neglect
the'change in charge density produced by changing concent;ations in the-
traps. Two other assumptions made are non-degenerate conditions and |
that the readjustment time for a trapped electromn is negligible»compare&‘
to the average time for fhe trap to emit the electron and capture a hole.
In order to use Eq. (3.1), we have to know trap level Et - Ei and carrier
life times. Shockley29 obtained them for his theoretical calculations
by matching the theoretical formula, using linear-graded junction
approximations, and the'experimental data at three points. In this
approach, however, no suph elaborate effort is made. Rather, these
parameters are chosen from empirical data in the literature. As the p-n
junction is formed by diffusion of shallow impurities; phosphorous and

29

boron, E_ - Ei can be taken to be 10kT“”. The life times of holes and

t
electrons, Tpo and Too respectively, are assumed to be equal and equal to
10—6 sec. unless otherwise specified.' A higher value, though not

e w2 2 . . . e a
unrealistic”, is used to decrease the effect of recombination which

should be the case in the ideal step-recovery diode.24 Moreover, we
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treat carrier life-times independently of‘carrier densities, as the

effect of such variation will be négligible in ﬁost aeviCeé33.
3.2.2 Mobility _
Tke dependence of mobility on doping density and field strength
are.sell.known33’34. For simplicity, the carrier mobilities are often

assumed invariant within a particular sample of semiconductor material,
This, of course, is sometimes an unreasonable simplification.‘ Experiments
show that within a given sample‘of semiconductor material, the mobilities
of holes and electrons undergo large changes33. Such changes arise at
large values of electric field aﬁ& at impurity atom concentrations. TFor
this reasom, in this Wbrk, we consider the influence of both the electric
field and impurity atom density upon mobility prqperties of holes and
electrons.

In our analysis we have used analytic expressions36 for hole
and electron mobility dependence on doping density and field strength.
Caughey_ggngg;?6 derived these expressions empirically from published

experimental data. Doping dependence of mobility is of the following

form:
u - .
B Ry .. (3.2)
1+ (Ngross/Nref) v
where
N =N,+N .
gross d a

Valves of p__ Booos Nref and o are given in Table (3.1), for siliconm.
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Parameter Value Units
Holes Electrons‘
" 495.0 1330, cm? V-8
max
" 47.7 65.0 cm? /V-§
min
o 0.76 0.72
6.3 x 101 | 8.5 x 101° em 3
ref
TABLE 3.1. NUMERICAL VALUES OF PARAMETERS

REQUIRED IN CAUGHEY'S EMPIRICAL

EXPRESSIONS FOR MOBILITY.
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The field dependence of mobility is given by the following expression: -

T 0 e ‘ o
u =—_IE e (3.3)
1+ E . o -

where

u, = low field mobili;&

. critical field strength
crit

20,000 V/cm for holes

8,000 V/ecm for electrons

|E] = absolute value of the electric field.

Another effect wﬁich is important is carrier—carrier collisions, which
further decreases the mdbility. This effect is only important at high
injection levels. The possibility of aAreduction in carfier mobility by
carrier-carrier scattering at hiéh concentrations haé been discussed by
37

Fletchers, Hall™® and Davies38. They have found reasonable agreement

between experimentally measured values obtained on germanium and the

values obtained by the formula

I e (3.4)
unp

B

1
L
where M, is the low level mobility and unp'is given by Eq. (3.5)

P

{382(kT)3/2(mn +m /mhmp)llz}

u =
np “1/2 25/2 q3n
127e (kT) 2 o +m i]-l
*|1n 2 2 4 Pf ...(3.5)
h q.n mnpp J



‘where39

€ = dielectric constant'(ll;7 for silicon)

ﬁh = effective mass‘of elegﬁron (l.lm.o for silicon‘a£4209¢i>'
mp = effective mass of holes (O.S7m.o for silicon ét ZOOQ),v'
h = Plank's constant | |

n = p = carrier density.

Fletcher5 showed that hole-electron scattering is important at densities
greater than 1017 cm-3. Since for fhe dynamic conditions to whichbﬁhé'
diode is subjected, carrier concentration of this order Wili‘be
restricted to a narrow region in the vicinity‘of the junction, we have
neglected this effect to feducé the computation time.
3.2.3 Degeneracy

In this study, Boltzmann §tatistics are assumed fo be valid,
This assumption simplifies the mathematical problem in many ways; chargev'
transport,phenomena can be derived from Boltzmann's transport equation,
validity of Einstein's relation can be assumea and Boltzmann's relation
can be used.

As has been discussed by Shockleyéo, the difference between
Fermi and Boltzmann statistics is negligible when the predicted carrier
concentrations are small compared to the effective numbers of states in
the conduction and valence bands. The effective &ensity of states in

the conduction and valence bands is given by

- 3/2 /2
N=2.5% 1019( ;ff) (3%-&5 ... (3.6)
o -

o
So at T =300K, using Mo = 0.49mo for holes and m e = 0.98mo for

e_lectrons41
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N, = 2.4 X 1019 cm~3
N = 8.5 X 1018 em3

It is evident that dégeneracy will first become appérent in the valence
band. As discussed in detail by Shockleyéo, the Boltzmann statistics

are valid up to 0.1 N, i.e., hole demnsity of 0.85 X 1018 cm-3 and

electron density of 0.24 X 1019 cm73 for silicon. From Shocklgy?s

discussion, the error in Boltzmann statistics is less than a factor of

two for predicted carrier densities less than about 4N; a hole demsity of
19 -3 . , 19 -3 eas

3.8 X 1077 em ~ and electron density of 9.6 X 107" cm ~ for silicon.

This point is further illustrated by Fig. (3.1). It shows that classical

approximation always overestimates the carrier density in the valence and

conduction bands.

3.2.4 Surface Recombination and the-Surface Boundary Conditiom

Surface recombination is charactgrized by a parameter termed
surface recombination velocity, just as the bulk recombination process is
characterized by the life time of minority carriers. It defines the
average velocity of carriers which maintain the recombination process by
their flow to the surface. This parameter is dependent upon the carrier
concentration and is constant orly in the case of small deviations from
the equilibrium concentration. The velocity S depends essentially on the
treatment of the surfaces. Ohly by careful etching may a low value of
surface recombination velocity be obtained. If it is high, injected
carriers will be lost to the surface, and leakage current will be
generated at the surface, the'direction depending upon whether the
operation of the device expoées the surface to a condition of mimority

carrier flooding or depletion. A value of 100 cm/sec is, in the opinion
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of the author, a reasonable .value for carefully etched devices. 'It'can; 

be shown42 that

1 -R ;
_C 0
S=31T+Rr -+ (3.7
where
S = surface recombination velocity
T = the mean thermal speed

Ro = the probability that a single carrier in single
collision with the surface will be sent back to the

bulk rather than absorbed by recombination.

The boundary condition for minority carriersis given by42 (for a n—~type

specimen)

Jp = qS (P,_ Pn) ...(3.8)

where p and p, are perturbéd and equilibrium values of hole distribution,
respectively. It is evident from Eq. (3.7) that the maximum value of
velocity of surface recombination is C/2. |

In our analysis we have assumed that thermal equilibrium
prevails at the contacts, i.e. carrier density at the contacts is
constant and equal to its equilibrium value at all voltages of interest,
Physically this means that terminal current on the p-side is totally
carried by holes and terminal current on the n-side is totally carried by
electrons. At low and medium forward-bias conditions, the minority
carrier concentrations reaching the coﬁtacts (as given by Eq. (3.8)) are
very small compared to the majority carrier concentrations; so it makes

little difference in predicting the internal carrier distribution and the
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terminal current if we use.this assumption, which greatly simplifies the
solution. However, at large forward—biases; the assumption that thermal
equilibrium prevails at the contacts has to be modified.according to
Eq. (3.7), particularly on the p-side which is heavily doped and shorter
in width compared to the n-side. |

Along with the condition of thermal equilibrium, it is also
assumed that charge neutrality prevails at the contacts. These fwo
assumptions physically mean that the contacts aré ohmic. Again the
condition of neutrality will be violated aF large forward-biases,

The assumption of thermal equilibrium at the contacts is
augmented in step-recovery diodes by the fact that the doping profile ié
so chosen that the built-in electric fiela tends to localize the injected

carriers near the junction and prevents them from reaching the contacts.,

" 3.3 Assumptions for other Physical Phenomena °

(1) Temperatﬁre is assumed to be constant‘at 300%K.
2) .Net doping demsity is independent of time.
(3) Impurities are-completely ionised.
(4) Effect of radiation is negligible,
~(5) Tunnelling is negligible.
(6) Skin effect is insignificant.
(7) Frequencﬁ of the a.c. signai coﬁsidered is low enough to

allow the semiconductor to be collision dominated.

13.4 Validity of One-Dimensional Analysis
The fact that our analysis is one-dimensional should be looked
£ the

into a little more deeply, to obtain some qualitative estimate ¢ e

effect it will have on our results. Many of the microwave varactors and
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step-recovery diodes have 2 mesa structure, as sﬁown in Fig. (3.2). At
first glance, the validity of a one-dimensional analysis appeafs to be '
doubtful for both the étatiﬁ and dynamic cases. Let us start by
considering the case vhen forward-bias is applied to the diode and
steady~-state conditions are allowed to prevail. The hole current will
flow down through the substrate to the chmic contact, fig. (3.3) shows
that the stationary forwérd current has a radial component. Ité lateral
spreading is, however, restricted by the fact that, at é constant voltage
the current density rapidly decreases if the effective base width becomes
too large compared to the ambipolar diffusion length. It is because of
the bulk recombination and the longer the path that a carrier takes, the
greater is the chance that it will recombine. We also see that the
greater the reéombination, the less will be the lateral spreading. At
high forward biases, carrier mutual repulsion and non-uniformity of
temperature will contribute further to lateral displacement, but again
the bulk-recombination will tend to reduce this additional radial
component by heavier recombinatioﬁ and hence reducing the current density
and number of carriers that are laterally spread.

Moreover, in step-recovery diodes, the built-in electric fie;d
tends to localize the injected minority carriers in the vicinity of the
intrinsic layer and thus tends to prevent the carriers from going deep
into thé substrate and from spreading there laterally. |

Now let us go one step further and consider the éituation where
a2 diode, initially in forward-biased state, is suddenly reverse-biased.
Conditions in the substrate are differént particularly in the vicinity of
the p-layer. Since initially charge neutrality ié absent here, a

stronger spreading can occur by mutual repulsion of holes, Besides, the .
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. current is floving as a drift current.énd with relatively low
recombination compared to tﬁe stéady—state cése; it dén make good use of
lateral séreading; Lateral spreading thus reduces the current densitj‘v
aﬁd a smaller voltage drop may result when compared-to the one-dimensional
model,

When a diode is turned-on by a high current pulse the displace-
ment current will initially be dominant and then grédually partic%e
_current will take over and mobile carriers will be injected across the
junction; in this case, recombination will be quite significant. Thus, .
the lateral displacement of the injected carriers will be checked iﬁ the
later part of the transient as in the steady-state case,

Howeﬁer, the éssumption of constant uniform temperature
throughout the device when it is being subjected to ﬁigh power operation
is not valid. The temperature towards the center will be higher than
thaf near the surface, because of imperfect cooling of the heat’
generated, Moreover, the surface recombination velocity has a finite
value. This accumulation of charge at the cqnéact when the diode is
driven into high forward-bias condition will contribute to further
degrade the one-dimensional model,

Thus, from the zbove qualitative arguments, it is obvious tﬁat
the values of dynamic characteristics predicted by our mocdel will be the
least that may be expected. The performance of the device will be
degraded by various effects (lateral spreading, non-uniform temperature
distribution and finite recombination velocity at the surface, etc.)
which are ignored in our present analysis. Moll EE“§l°26 give an
empirical estimate of the allowance to be made to the recovery time in

p+ -i- nf diodes predicted by the uniform one-dimensional model. He
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suggests that 10 picoseconds per micron of i-layer width adeQuatgly
accounts for the-discre?ahcy caused by various effects which the one-
dimensional model ignorés. It is obvious fhat for transition times of

0.5 ns or more this correction is relatively small (8% or less in our

case).

3.5 Synopsis
The Shockley - Read — Hall single-level model is taken to

characterize the carrier generation-recombination in our device. Carrier
mobility dependence upon doping concentrations and electric field is
considered. The empirical expressions given by Caughey‘gglgl;?G are
used. The validity of Boltzmann statistics is assumed. It is further
assumed that thermal eqﬁilibrium and charge-neutrality prevail at the
contacts. Constant temperature, time independent net doping concentra-
tions, complete jonisation of impurities and no tunnelling are also
assumed. Skin effect and radiation effects are neglected. Moreover, the
semi-conductor is assumed to be céllision—dominated. It is pointed out
that the one-dimensional model fails to take into consideration various

effects such as lateral spreading of carriers, non-uniform distribution

of temperature etc,
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CHAPTER IV
MATHEMATICAL MODELLING

In this chapter, the mathematical equations based upon the
physical modelling discussed in Chapter III are set up.” These equations
are theﬁ normalised to avoid recurring factors, They are then 31mp11f1ed '
for both thn time-independent (steady-state case) and time-dependent f
cases for the one—dimensional model., At the end of this chapter, the

boundary conditions for these normalised equations are formulated,

4.1 Introduction

Having made the simplifying assumptions for the physical
processes occurring inside the device, the next step is to outline
various mathematical equations which are taken to govern the physical
behavipur of the device. The system of equations used in this analyéis
was previously ouflined Ey Van Roosbroeck43 in connection with
investigations of the flow of holes and electrons in semiconductor
materials. Appropriate boundary conditions, necessary for the unique
solution of the above mentioned equations, are easily obtained from the
simplified physical model of Chapter III. This system of equations
along with the appropriate boundary conditions form our mathematical
model, which completely defines the mathematical problem, The solutién
of this mathematical problem will yield the behaviour of the device as

originally desired.
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4,2 Fundamental Mathematical Equations

"4,2.1 Charge Transport Equation

The Boltzmann tran5port equation (our assumption of non-
degenerate semiconductor makes the Boltzmann statistics valid) with
various conventional approximations (Moll, pp. 62 ~ 67)44 and
_ supplemenéed by quantum mechanical restrictions (Pauli-exclusion
| principle) is taken to describe the transport phenomena in our modél. It
yiélds electron and hole currents as a sum of a diffusion component and

a drift component representing Ohm's law. Such a simple form of current

flow equation yields the following equation for holes and electroms,

respectively:
I, (50 = ~qu (T,0) p(F,t) V¥(T,t)
—qDPCf,t) vp(T,t) ceo(4.1)
Jn(?’t) = —qun(?’t) n(?’t) V‘y(f,t)

+anCf,t) vo (T, t) eeo(4.2)

4,2.2 Charge Continuity Equation

The continuity equatioms for holes and electrons are statements

of comservation of charge and areas follows:

3p(F, )
at

1
- - £) + g " .. (4.3
U(T,t) qVJp(r, ) g, (4.3)

35§§LEl = -U(, t) +-%van(f;t) +g ' oee (4.8)

where

U(zr,t) = net rate of change of injected charge carriers due

to recombination and spontaneous generation
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and
gp', (gn') = rate of generation of holes (electrons) in
the volume due to photon or other exciting

agency. (not considered in our model).

4,2.3 Poisson's Equation

Tt relates the electrostatic potemtial to the net spatial
electric charge in terms of mobile carrier densities and the fixed net
impurity atom concentration N, which is the difference between the donor

and acceptor distributions Nd and Na’ respectively,

724G, 1) = 4 [n(?,t) - p(E,t) - N‘(f)] 6.5

where

N(@) = NdCf) - Na(f)

4.2.4 Total Current Continuity Equation

3, @,0) ='Jn(f,t)' +3 G0 - eg—tv‘i‘(?,t) oo (4.6)

V-Jt(r,t) =0 eee (4.63)

Equation 4.6 expresses the total current density as the sum of
the electron and hole particle. currents Jn and Jp’ respectively, plus a
displacement current term.

4.2.5 Auxiliary Relations

E(T,t) = -V¥(F,t)

— kT
Dn(r’ t) un(r’t)? .

EINSTEIN RELATION

kT
D (r,t r,t)—
P(—’ ) l-lp(—’ )q



where

D, and Dé = electron and hole diffusion constants
' respectively. ‘  -
Hy and up = electron and hole mobilities réspectiveiy'. ,

4.3 Normalised One-Dimensional EQuations for Steady-State Condifioﬁs

| . It is very'convenient at this étage to exbress the rélevagt,

qﬁantities in normalised form; the set of normalization constants.is_"

chosen with the criteria of achieving the‘highest simplificétidﬁ in the

relations of interest. The iist of normalisation factors used ié giveﬁ 

in Table (4.1). | B R g. - 1,1  »2 gj
The fundamental eqdations may be‘wriften in normalised fOfm fof‘; S

the steady-state case as follows:

r : ) —
_ dp(x) d¥ (%)
Jp (x)= —up (%) __&Lx— + p(x)~——-—dx ] . .. .‘(.4.7)
1,0 = 5,60 B - aGoTTE e 4.8)
dJ (%) . _
——g;—— = =U(x) . s (4.9)
dJn(x) .
= U(x) . 7,.(4;10)
QEESEl = (a(x) - p(x) - N)) : oo (4.11)
dx2 .
Jt = Jp(x) + Jn(x) veo(4.12)

with the auxiliary relations:

_ d?(x)

E(x) = dx
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where ¢ , and $ are
o P

by Shockley.

N(x) = Nd(X) - Na(X)
D(X) = e[‘y(x)‘ - “I’n(X)]
P = eEpP(x) - ¥(x)]
o(x) = u, (%) n(>§) + p(x) up(x).
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o 4.13)
Vi (4.18)
. (4.15)

.+ (4,16)

electron and hole fermi levels originally introduced

4.4 Normalised One-Dimensional Equations for the Time Dependent Case

5000 = e
3 (6,8) = u (x,6) 9—‘*‘%&‘ n(x’t)ﬂgj&g)—
o = —U(x, t) - ox
3 (x,t)
gg%%;El = -U(x,t) + Anax

%0, t) _ (a(x,t) - p(x,t) - N(x))
ax2 .

Jt(x,t) = Jn(x,t) + Jp(x,t) + Jd(x,t)

BJt(x,t) B

ox =0

with the auxiliary relatioms:

oY t
ey = - BGD

ngz,t) ¥ plx, D)

9x

-

eeo(4.17)

... (4.18)

«e.(4.19)

oo (4.20)

e (4.21)

ces(4.22)

vee(4.23)

«oo (4.26)
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Dp(x,t) up(x,t)q B , vee(4.25)
D (x,t) = u (x;t)EI-. _ oe.(4.26)
1} n q - - :

4.5 Boundary Conditions

4.5.1 Steady-State Case

Assumption of carrier equilibrium at the contacts yields the

following equations:

@n(O) @P(O)

oo (4.27)

2.(0) = & (1)

Assumption of éharge—neutrality at the contacts gives equations

4.28).
n(0) - p(0) - N(0)

o
o

oo (4.28)

I
(=)

n(L) - p(L) - N(L)

The most general relatiénships between the carrier and current
boundary values may be specified; only their functional dependence will

be indicated here:

n(0) = £ _fn(o)’ JP(O)

2@ = £, L@, 3,0) >
vre(4.29)

@) = £, 1 @), JP(L{

L. -

@ = £, [0, 3,0

-
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For contacts of the ohmic type as assumed in our model, equation '

(4.29) assumes the following simple form::

n(0) = oo n(l) = np
. e (4.30)
p(0) =p ; p() = Py

where

n, Pos np, pp = equilibrium carrier demsities at the

external contacts,

According to Shockley's definition of quasi-Fermi levels, we can -

write the following equation:

Il
<

@n(L) - @n(O)
«oo (4.31)

it
<

<I>P L) - .QP (0)

Condition of charge neutrality at the contacts can be rewritten

in terms of quasi-Fermi levels and electrostatic potential as follows:

_ N(0) ]2 N(0)]

\P(O} = <1>P(0) - 1n _4_ 2 +1 -}——2 ] «ee(4.32)
) [ [TE@]? N(L)] -

y(1) = @p(L) - 1n ALl 2| + 1 - ——2—] ...(4.33).

4.,5.2 Time-Dependent Cases

Four boundary conditions on the mobile carrier densities for our
device may be specified. These may be characterised by the same

generality of relations, as given in Eq. (4.29), which are rewritten as:
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'n(0,t) = quJn(O,t),‘ 1,(0,8)

p(0,8) = q,1 J,(0,8), J,(0,) B R
. ~ o e (438)
n(L,f:) = 4, Jn(L,t), JP(L,t) R

Jh(L,t)s Jb(L,t)'

I J

For ohmic-type external contacts as assumed in our model, the

p(L,) =

[
¥al
B

boundary condition as given in Eq. (4.34) assumes the'simple form:

n(0,t) = n
P(O’t) = Pn
vso (4.35)
n(L,t) = nP
p(L,t) = P,

A dependent boundary condition on the slope of the electric

field is furnished by Poisson's equation:

JE(x,t)
x - |x=0

p(0,t) -~ n(0,t) + N(O)

«e.(4.36)

aE(:;xzt) <=1 = P@L:t) - n(L,t) + N()

For ohmic contacts, it reduces to the following form:

JE(x,t) A
T x = O’L = 0 . l'l(4.37)
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As an aside, the’éiéctrostatic poteﬁtial.?(x,t) and terminal =

voltage Va(t) may be computed by subsidiary relations:.

- ) X ‘ i
¥(x,t) = - Jlé(x',t) dx' + ¥(0,t)
(v} . :

Va(t) = - ﬁ(x,.t) dx + V4
where
!_ .
vy = “/;(x) dx at thermal equilibrium
o : ' ’
4.6 Summary -

The simplified Boltzmann transport equation is assumed

describe charge transport phenomena in our model. The éharge-

cos (4,38) i ey

_...(4.39)

e (8.80)

to

continuity, charge-transport, total current continuity and Poisson's

equations are taken to govern the device behaviour. Various physical

considerations of Chapter III yield the necessary boundary conditioms.

All the equations are normalised and reduced to one-dimensional form.
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 CHAPTER V

ANALYTICAL FORMULATION AND NUMERICAL TECHNIQUES

FOR SOLUTION OF STEADY-STATE CASE

In this chapter the details of the nuﬁerical solution of the
problem for the steady-state case are discussed. The mathematical
-simplificaéions employed to derive various equations are outlined. The
iterative procedure for the'solution is then given. Various numerical
techniques used are also discussed. A procedure to estimate the
consistency of the numerical solution is also given. At the end, the
numerical élgorithm is extended to compute the incremental capécitance

and the series resistance of the diodes.

5.1 Introduction

Steady-state solutiomns are required in this thesis for two
reasons: |

(1) To study the static behaviour of the device;

(2) To furnish the initial values for the solutions of

dynamic cases.,

A self-consistent scheme for the solution of the junction device
problem was presented first by Gummells, who applied it to the steady-
state solutions of junction transistors. This scheme has an inherent
limitation (due to present limitations of available digital computers)
in that it cannot be applied to the case where a large reverse-bias is
applied. DéM'aril9 exposed some of the limitations of Gummel's scheme and

modified it to a certain degree for a constant mobility, zero
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 recombination model,

| In this thesis, steady-state results are derived for a
felatively general model, as discussed in Chaptér ITI, using bas_j.caily
the algorithm furnished by Gummel.l The algorithm is modified j:o make. it
’more efficient at high forwarci—-biases where Gummel's original algorithm
tended to fail. (DeMari did not have this problem as his model did not
include the recombination-generation term, though he claimed that t;he
extension is straight—férward) . At very .high recombination~genera'tibn,
however, the present algorithm also failed to converge. Expressions for .
the electron quasi-Fermi level, hole quasi~Fermi level and electrostatic
potential, which are treated as independent variables (as in ])eI*Iar:i.'sl9

derivation) rather than obtaining them through a set of identities (as

done by Gummells) , are used.

5.2 Derivation of Reduced Set of Equatiomns

Equations (4.7) and (4.8) can be written with the help of

Boltzmann's equations (4.14) and (4.15) as

¢ (%)

- D (x) P
- 2] d e -¥(z) ee.(5.1)
Jp(x) = -3 i e ) v
o
and - ’
-3 (%)
D (x) n
j =24 e ' D)
o

Integrating Eqs. (5.1) and (5.2) w.r.t. X, we gets:

o_(x) ' 1 .
eP = - ﬁ;(x’) Jp(x') ely(x ) ax' + _Cp ...(5-3)_
d -9 _(x) X - ] . .
= e t = ﬁn(x') J & e RACR +C eea(5.4)

h T v
where Yp(xt) = Do/Dp(x') and Yn(}.{ ) = Do/Dy(x )
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The constants of integration CP and C are obtained by using .
the boundary condition of <I>"P(x) and @n(-x) at x = L; Substituting these

values of C_ and C_, we get:
P n’

2 () \ 8 (L) -
e P = ﬁp(x') Jp(x') e‘P(x ) ix' + e P ees(5.5)
, 4 :
and

-8 (x) b Cwrery -8 (L)
e U = ‘/Yn(x') J (') e ¥(x") ax' + e " vee(5.6)

X

Now to determine Jp(x) and Jn(x), we proceed as follows:

From Eqs. (4.9) and (4.10), we get,

- L |
Jp(x) = —[U(x ) dx' + KP | . ». ..(5.7)
and
. X
3 = /U(xj) ax' + K_ 6.9
(o)

Substituting Eqs. (5.7) and (5.8) into Eqs. (5.5) and (5.6) and using the

boundary value of @P(x) an& @n(x) é.t x = 0, we obtain:
¢ (X) v ] % .
e P = — Z;p(x') ely(x ) fU(x') dx'} dx!
0

(0) (L) :
eép ° - e@p y + %ﬁP(x') f®) {j:I(J(X') dX'}‘dx'

L )
4-/’Y (x") e‘i’(x')
X P L

f Y, x") YD gy
(o}

dx!

_@P(L) ...(5.9)

+ e



and

e-<1>n(x) _ [LYn(X') e‘*’("'?{‘ﬁ(x') dx,v}.dx'

X
L _ L
] ,/Yﬁ(x') R

)

. L .
X ) i A/;n(xr) e"“y(X') dx! J

(o}

-3 (L) _ o
+e B ‘ , ' B ...(5.10)

The hole and electron currents are thus given by:

. ,
® (0) & (L) . x '
: ) e P - eP + ]YP(X') e\P(X) {fU(xl) dx‘rf dx!'
Jp(x) = - /U(x') dx' + : ‘i o __ :
(o] . /Yp(xt) e‘{(x') ,dX"
. : (o) .
eee(5.11)
and . :
e e @ [ :
X et T+ —/Yn(x')e"ql(X ); ﬁ(x‘)dx' 2dx'
I =+ [U&) &' + 20 2
/Yn(x') YD g
(o}
eee(5.12)

Equations (5.9) and (5.10) give the values of the hole quasi-
Fermi level and electron quasi-Fermi level respectively, in terms of
electrostatic potential, carrier mobility, and generation—recoﬁbination
rate, ' The electrostatic potential is furnished by the solution of
Poisson's equation (4.11)., The carrier mobility and generation-
recombination rate, which are a function of the above three parameters

and are treated as independent parameters, are given by Egs. (3.3), (3.4)

[ -6 (0) -0 (L) t o
e B +e ‘n | _’.l,}n'(xl) e Y.(X);/{I(xl) dX$ dxl

, 46_”

dx'
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and (3‘25’, An iteration procedure as outlined‘in the_following_seétion:" 

is employed to resolve the various non~-linearities of the system.

5.3 Iterative Procedure of Solution

An iterative procedufe may be employed to cope with seﬁeral
non-linearities of the formulated problem, naﬁely Eqs. (5.9) and (5,10)'
for @P(x) and @n(x) in térms of ¥(x) which is given by Poiéson's equatioq
(Eq. (4.11)) and up(x), un(x)‘and U(x); the last threg éuaﬁtities debend
upon the first three quantities, which are taken to be indépendeht
variables., For purfoses of setting up this iterative procedure, it is
convenient to rearrangé Poisson's equatioﬁ in a more appropriate form in
terms of a quantity whose Qalue at the boundary is zero. .The éorréctioh

G(J + 1)(x) between the electrostatic potential distribution obtained by
, o 1
consecutive iterations (j + 1) and {j) is introduced (as done by Gunmel)

and is defined as:
stV oG+ Dy wWey: 5-1, 2,3, ......

000(5'13)
where ?cj)(x) and W(J * 1)(x) are the potential distributions at the
completion of the'(j)EE and (j + 1)-EE iterations, respectively. It is

readily verified that:

S(j)(O) = 5(j)(Ll =0 j=1,2,3, cceune ee.(5.14)

as desired.

Poisson's equation may now be written in terms of quasi-Fermi
y .

levels for the (j + 1)-131-l iteration as:

' 3 , () gy _ 3+ D
a2e * Dy e[w‘J Dy - %‘J)(x)]_ e[“’p @ =¥ (X)]- NGx)
dx? ... (5.15)

8




or :
G3) @ (J) (J)
. : ( )—<I> (x; )-¥+’ (%)
d26(J +~l)(x) _ 5(:] + 1) { X f { X | x }
dx? '

I e () &) ()

(3 yI(x) - @ (x) ® (x) - ¥V (%)
_E".Zl__z.&{_)__,_i n }_e{P : X}_ N(X)...(S.lﬁ)
dx ’

if the terms of order G(j + 1)(x) 2 aﬁd higher are neglected.

Equation (5.16) represents a seeond—order‘1inear,differentiéi -
equation in the unknown S(j + l)(x), with boundary conditions of Eq.
(5f14) ifrthe remaining quantities are available after the completion of
the (j)EE interation. |

The complete iteration scheme is shown in Fig. (5.1). Ihe
applied voltage VA is specified, a trial potential distribution is .
chosen, and the absence of recombination is assumed to start the first
cycle of the main iteration loop (labelled "j"). The electric field E(x)
and carrier mobilities u_(x) and u (x) are computed as a function of

P 3_(x) 2_(x)
position. From Eqs. (5.9) and (5.10), the values of e P and e
are then calculated. Knowing these vélues, Eq. (5.16) is solved to yield
corrections §(x) for electrostatic potential. After obtaining the .
‘corrected value of the electrostatic ﬁHEEﬁtial, the (j)EE cycle is
repeafed until the correction §(x) becomes sufficiently small. Then we
include the computation of generation-recombination rate U(x). This
change in algorithm proves to be useful for the computation for high
forward-bias conditions where in the presence of a largé generation—

recombination term, any significant discrepancy in the values of the

starting values of electrostatic potential from the true values tends to
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 DIODE DIMENSIONS 'AND DOPING PROFILE SPECIFIED

Y

APPLIED VOLTAGE IS SPECIFIED

Y

TRIAL SOLUTION FOR ELECTROSTATIC POTENTIAL t]}(x)
IS COMPUTED :

RECOMBINATION - GENERATION RATE U(x) IS SET TO ZERO.
> ¢
ELECTRON AND HOLE MOBILITY mn (x), % p(x) DEPENDENCE
ON DOPING AND ELECTRIC FIELD IS COMPUTED.

VALUES FOR E.Q.F.L. AND H.Q.F.L. ARE COMPUTED FROM Eqs.
(S.9)AND(5.10) IN TERMS OF PREVIOUSLY DEFINED QUANTITIES

)

POISSON Eq. IS SOLVED TO YIELD ON IMPROVED SOLUTION
A A FOR ELECTROSTATIC POTENTIAL

HAS
DESIRED
CONSISTENCY
IN ¥ (x) BEEN

CONSISTENCY. YES
BEEN
REACHED?

COMPUTE RECOMBINATION - GENERATION
) RATE U(x)

NO

COMPUTE ELECTRON AND HO.LE DENSITY n{x), p{x) ,TOTAL £
RESISTANCE Rs, TOTAL CHARGE STORED Qp AND Qn

)

Fig. 5.1. Overall iterative scheme for steady—state calculatlons of

diode parameters.
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be amplified, hence emdamgerimg the conVergénce.

As is obvious, the success of this iterafion.scheme is dependent
upon the choice of the txrial solution of the electrostatic potential. .If .
the discrepancy betweemn the wvalues of the true solutions and choéen trial
solution is small, the selutiom converges to its final value in a féw-
iterations and thus cbnsumeé iess computer time. For step junctibns and
asymmetrical linearly-graded juﬁctions, f;rst-order expfessions are
available which can be safely used to start the solution.19 But, for
doping profiles which are meither step nor asymmetric linearly-graded,
~analytical theory is of mo great help. Some general approximate
éxpressions based upom the assumptions:

(1) the device comsists of completely neutral and completelj
depleted regibns,

(2) absence of gemeration-recombination and

(3) constant mobility |
are wofked out and solved numerically.

45

Overstratten zmd Nyuts  also recently published similar

expressions to be used as starting values. However, under high forward
bias conditions, these expressions did not help and a choice based on
experience seeme& to work out better.

For very high gemeration-recombination terms, the starting value
of U(x) = 0 failed to be a satisfactory value. The solution did not
converge, bu; rather went imto oscillation. Though several starting
values were tried, mo satisfactory answer was obfained. This feature,
however, did not limit owr amalysis, ds due to higher éarrier life times
assumptions, we did mot hit the region of critical values of generation—

recombination term. But this feature is another limiting factor which
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was omitted by Gummel18 and DeMarilg;

5.4 Numerical Technidques

5.4.1 Numerical Integration and Differentiation

For the steady—stéte algorithm, suitable numerical techniques
need to be chosen to approximate the numerical integrations and
differentiations ﬁf interest. In the numerical execution. of such
operations, an error is usually introduced which often arises from
truncating an infinite series at a conyenieﬁt point, The differentiation
and integration formulae adopted here are based on the‘Lagfange
interpolation scheme. The firét impression here is to‘use higher—-order

interpolation schemes to reduce truncation errors. But, we have to
remember that higher-order interpolation may give misleading resﬁlts when -
used with functions that are not well behaved. Such functions have
higher derivatives having large magnitudes which fluctuate quite rapidly.
For such functions a linear interpolation between the known values‘
would have provided a bettér appfoximation than a third-order
polynomial.46 Unlgss the higher derivatives being approximated are well
behaved and small in magnitude, it is wise to use linear interpolation,
Various functions in our analysis vary very abruptly in the viecinity of
metallurgical junctions. Their higher derivatives are not well-behaved
and possess large magnitudes.

When an effort was made to use mixed formulae for integration
using different orders of polynomials, completeiy unrealistic results
were obtained which showed an oscillatory pattern. So, as a géneral rule
linear interpolation was prefered in the vicinity of the junction, so
long as a pfoper density of points, into which diode length was divided,

was kept at a 'safe' level (determined experimentally).



5.4.2 Solution of Poisson's Equation.

Poisson's equation reérréngéd,in the form of Eq. (5.16) is to bew~ : L

solved in terms of the correction for the‘électrostatic potential
distribution. To solve this second-order linear differential equation

(

(Eq. 5.16) in the unknown § j+ 1)(xi),, with boundary conditions

s =0 amd  sPw =0, el (5.1D)

a straight forward technique of approximating thevanalyticaludérivative
vwith a finite difference scheme, followed by the solution of the linear
algebraic equations is adopted to solve Eq. (5.16). Rewriting

Eq. (5.16) after discretization, we obtain the following system of linear

algebraic equations.

T6=A . - ) 000(5018)

where
— o |
§ = 62
63
8
n
~ — -
A= A2
A3
A
n

Ai is given by the following expression:

N e{wci) - ¢n(i>}_ b - e

. - N(i)
i
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T= |-3B,+% E 0 0 0 ----
i "2
L -3, + 2 L 0 -
g2 u? u2
0 1_ - B4 + .2__ ‘ .'!'_. O --~eomm
B2 u2 H2
0 0 0-------- L -3+
if . g2
where
{‘P(i) - <I>n(i)} {@ (1) - ‘Y(i)}
B, = e + e P :

i .
n = number of sections into which the diode is divided.

H = spatial mesh size. _
To solve this system (Eq. 5.18), which contdins a tri-diagonmal matrix, a

direct method using Gauss elimination and back-substitution is used,

though indirect methods such as solution by interation could also be
N

used. Though pivotingvis recommended to enhance the accuracy of the

solution of the system, the nature of our tri-diagonal matrix in which

the main diagonal is large in magnitude compared to the other two

diagonal terms, pivoting is not required. Thus the above technique

yielded a fast solution of the system of equations.

5.5 On the Accurac& of Numerical Solution

One of the most important questions about any numerical solution
is its accuracy. In our case, though an estimate of truncation errors

can be made at each step, yet estimating the overall accuracy picture is
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' réthef complex because of the various other errbfs resulting from
'different sources and mixing'with each other in a rather complicated
way. Instead of evaluating the net ovérall error, we used the approach.  :
of DeMarilg, i.e., to test the éonsistency of the solution, varidﬁs
.analytical expreSSions, whose numerical counterparts display véry
different errors both in nature and magnitude (i.e. errors arising from
the subtraction of large quantities of néafiy equai magnitude, truncafion‘
error etc.)Aare employed to calculate the same quantity and the results
are compared. To fest this consistency the following set of relations
are derived.

(1) Electric Field

E(x) = - dg}?‘) | | .t (5.19)
X
E(x) = {p(x') - a') + N(x')}ax' + E(0) ... (5.20)

f{p(x') - n(x') + N(x'") }dx' +4 E(L) (5.21)‘

E(x) =
. X
(i)Electric Currents A
3 (0) @& (L) oL .

) x = +e® —/‘Yn(x')e_,q’(x) gﬁx(x')dx' %dx'
J_(2) = Jux"dx' + 2 2

./;n(x')' YD gy

(o)

... (5.22)

[aN)

- ( )
30 = un(x)i gf‘) - n(®) iﬁ-}%’ﬁi’ .. (5.23)
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-e (x) ,
J &) =y () i—e—d{—— Y : ' .o (5.24)
- . fpco)_eépa')a, ﬁp(x')e?(x'){ .ll})((x')dx'} ax'
3, = —fU(x‘)dx' + ‘ L° —— :
: A ‘/:{P(X') e‘i’(x') ax!
0.
... (5.25)
Jp(x) = - up(x) ;%x(—m‘ o d_gf_c_)_} ...(5.26)
2 (%)
3,6 = -u (0 31——3;3——$e“"(") e (5.27)

So, we see that therfinal consistency of ¥, p, and n can be evaluated
'first by comparing résults obtained for the electric field from Egs.
(5.19), (5;20) and (5.21). The discrepancies can further be exposed by
comparing the fesults for hole and electric currents obtained by Egs.
(5.23) and (5.24) and (5.26) and (5.27) With equations (5.22) and (5.25),
respectively. (These equations are used to evaluate the distribution of
current throughout the analysis). The last comparison also shows the

overall effect of the various internal inconsistencies on the terminal

properties. .

5.6 Calculation of Incremental Capacitance and Series Resistance

5.6.1 Incremental Capacitance

The numerical algorithm developed in Sections 5.1 - 5.5 is
extended to compute the incremental capacitance and series resistance
of the diode. If Q is the total charge (of holes or electrons) in the

device, the incremental capacitance is defined at V = Va as
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oy =5 ,v—v | | B (5.28)
—a | _a . ) o." 3 .'

Writing Poisson's equation in integral form in terms of electric field at

the contact, we get,
ﬁP(X) - n(x) + N(x)} dx = E(L) - E(0)

When the above expression is differentiated w.r.t. voltage (V), we get,

L .
%{ f(x)dx} =y %‘;{fn(x)dx}‘kv = %V {E(L) - E<0)}V=V ...(5.29)
a a : a

o

The r.h.s. is the contribution of the surface charge at the terminal, to
the total incremental capacitance. This term is neglected here, as it is

only significant at very high injection levels. Hence:

Clv=va ‘siv" plx)dx

1]

L‘ .
4 f '
v n(x)dx V=Va 5 ...(5.30)

or, writing in terms of incremental quantities

. |
= |22 -p&) dx

cl_
V_Va vV?!-v
a a

t
] [_<>___udx .
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It is seen that, to determine the value of the incremental capacitance at-
any bias voltage, two solutions are to be obtained for two slightly
different values of applied bias.

5.6.2 Series Resistance

. - . N o1
The value of series resistance is generally defined™ as the
resistance offered to the flow of conduction current external to the
sﬁace—charge region. ' For the case of epitaxial varactors, series

resistance in the epitaxial layer is predominant and is given by

. %1 L
1 .
Rs = Y [pp(x)dx + pn(x)dx o eee(5.32)
; o} % '
Po and p, are the p-type and n-type resistivities which are

functions of carrier concentrations and their mobilities. X and x, are
the boundaries of the space—charge region. As stated earlier, our
physical model provideé no well defined boundaries for transi;ion region,
Kennedy and O'Brien20 in their numerical investigations on p-n junctiqns
provide a definition of space-charge region wﬁich is in substantial
agreement with other investigations of the linearly-graded junction
problem. They assumed that the space—chargé region is terminated at
locations where the electrostatic charge density is one half its maximum
value on each side of the structure. This definition is used in present
invéstigations to define space-charge region for the calculation of

series resistance.

5.7 Summary

In this chapter, the analytical formulation of the equations

((4.5) & (4.12)), describing the behaviour of the varactor diode under



‘58_
steady-state conditions (as discussed in the pre;ious.chapﬁer) héveﬁbeen '
‘outlingd. The electron quasi—Fermi'lévellén, hole.qgasi—Fermi 1eve1~§p
and electrostatic potentiél ¥ have been chosen as‘independent parameters
(as in Gummel's18 work). The generagioﬁ—recombinatibniagd mObilityj
dependence on electric field, impurity concentration and carrier-carrier
interactions has been considered. Equations (5.9), (5.10) and (5.16) are
the final equations solved according to the flow chart given iﬁ Fig. '
(5.1). Equations (5.9) and (5.10) are derived independently (as done by‘
DeMarilg). Equation (5.16) is written in terms of correction in the
trial solution of electrostatic potential ¥. The overall algorithm was
changed slightly to suit the cases where the recombination and
regeneration term is quite dominant. But, for very high generation-
recombination values, the overall scheme fails as the starting value of
zero for the generation—recombination rate is found to be highly
unsatisfactory. A criteria to test the accuracy of the final resulté is
also given. At the end, the numerical algorithm is extended to compute

the incremental capacitance and the series resistance of the diodes.
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CHAPTER VI

ANALYTICAL FORMULATION AND NUMERICAL TECHNIQUES

FOR TIME-DEPENDENT CASES

In this chapter, we will discuss details of the numerical
solution for various time-dependent excitations applied to the terminals
of the diode. Three cases are discussed:

(1) the terminal current as a function of time is knownj;

(2) the terminal voltage as a function of time is knownj

(3) an equatioﬁ relating the terminal current to the terminal

voltage is known.
The mathematical manipulations employed to derive a reduced set of
equations from the fundamental equations, Egs. {4.17) to (4.22), are
outlined. The boundary conditions needed to solve the reduced set of
equations are derived. Then, the overall iterative procedure used to
solve the reduced set of equations is outlined. The discretization
scheme is selected from various available discretization schemes. After
selecting the discretization scheme, details of the iterative procedure
for a current-driven transient are discussed. Then algorithms for
solution of the other two forms of external excitations are outlined.
In the next section, various sources of numerical error and their effect
on the accuracy of overall résults are discussed. At the end of the
chapter, various trade-offs between different errors, to decrease the
overall error without increasing computaiion time, are also briefly

discussed.
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6.1 Introduction

Results are tequiréd for timefaependenf e#citatibns applied
acfoss fhe diode terminéls with and without some passive elements
cdnnected to the diode to,study the'internal and external proﬁe;ties of
the diode under dynamic conditioms. . Varidus forms of excitationé'are ‘
necessary to study differeqt phenomena. To study the injection bf'
charge when a diode is turned on from an ini;ial cbndition of thermal
equilibrium, a large step of current is a good choice of external
excitation. Similarly to study the details of thé reverse transient; a
reverse voltage step large enough to sufficiently reverse bias the diode
is applied to the diode initially biased in the forward directioﬁ;' To
study the device behaviour under large signal operating conditiohs, a
sinusoidal excitation is employed. To study the terminal and internal
properties of the diode when driven by the above mentioned excitations,
an accurate numerical solution of Eqs. (4.17) to (4.23) along with
boﬁndafy conditions (4.35 and 4.36), which are taken to govern the
behaviour of our device, is required. DeMari21 has reported a numerical
algofithm for the solution of thése equations for a simpler model of |
zero-recombination and constant mobilities. He successfully applied it
to the simple case of a highly asymmetrical step p-n junction. Another
form of solution of this system of equations is furnished by Scharfetter
and Gummelzz, they applied this approach to the solution of the large
signal behaviouf of IMPATT diodes. In our case, DeMari's21 algorithm is
extended to our relatively general model which includes the generation-
recombination rate, and the mobility dependencehupon electric field, the
ﬁet doping density and the mobile carrier concentratioﬁ. This extended

scheme is then succeséfully applied to our selected two types of diode
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. . B + .
structures, namely: p+ - n+ and p - 1i - n+ structure.

6.2 Derivation of Reduced Set of Equatibns

The fundamental gquations (4.17) to (4.23) with the auxiliary -
relations Egs. (4.245 to (4.26), which are téken to goéernlthe behaviour
under time—depeﬁdent excitétion conditions, may be rearranged to a form
moré appropriate for numerical solution. If the expressions (4.i7) and
(4.18) for electron and hole current densities‘are inserted into
Eq. (4.22), anduselis made of the auxiliary relation of Eq. (4.24), the

displacemépt term may be explicitly written as:

SE(x,t) _ _ ko (5y) p(6E) + U (5,6) 0lx,t) [EG,E)

ot

p(x,t) on(x, t)
+ MP(X,Y) 9% + un(X,t) T

+ tht) eee(6.1)

Moreover, if the expressions (4.17) and (4.18) for hole and electron
current densities are inserted into equations (4.19) and (4.20);

respectively, we get:

. 2 au (X,t)
. g}é £ - u (x,t) 2 p(x,E) , | P - E(x,t) u_(x,t)
‘IL'i" P 5%2 9x p
su_(x,t)
ap(x,t) _ p ’ _ 3E(x t)
= s E(x,t) B UP(X,t)

p(x,t) - U(x,t) eea(6.2)
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‘and

an(x,t) _ un(X,t) 3%n(x, t) +‘Aaup(x?t) - E(x,t) uP(X,tﬁ ap(x,t)

Bt_ - 8x2 X 9x
~ du_(x,t) ‘
- {=- _-REE_—- E(x,t) +-§§§§LEL un(x,t) n(x,t)
- U(x,t) eee(6.3)

and, with the help of Poisson's Eq. (4.21),

2D -y () 2 l;i:’t) + 3 B~ B0 (x,0) }—P——L—a {5,0)

-

op_(x,t)
+H - _La'x— E(X,t) + gn(33t) - P(X,t) - N(X)} HP(X’t) P(X,t)
- U(x,t) .e.(6.4)

" and .
3 u_(x,t)
258 -y (x0) azn(:,t) +§ m—— + 1_(x,t) E(x,t) } o)
9x
on_(x,t) .
+ ——l%;———— E(x,t) - u_(x,t) 2n(x,t) - p(x,t) - N(x)} n(x,t)
X n

- U(x, ) | | ... (6.5)

The reduced set of Eqs. (6.1), (6.4) and (6.5) with appropriate
boundary conditions and initial conditioﬁs and external excitation J(t),
as discussed in the following sections, represents a complete formulation
of the problem. In this formulation, the electric field E, the electron

density n and the hole density p are chosen as the independent quantities -
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and represent the unknownsof the reduced set of equationms.

6.3 Boundary and Initial Conditions

For a two-contact device, four boundary conditions on the

mobile carrier densities may be specified.

- -
n(0,t) = q; [J€0,8), J_(0,t)
p(0,t) = q, Jn(o,t), Jp(O,t)

- E ...(6.6)
n(L,#) = q, Jn(O,t), JP(O,t) .
pL,t) =q, |J @0, JP(L,t)

A dependent boundary condition on the slope of electric field

is given by Poisson's equation (4.21)

JE(x,t)
9% x=0

p(o’t) - n(ost) + N(O)

3E(x,t)
ox x=L

p(L,t) - n(L,t) + N(L) eea(6.7)

For external contacts of ohmic type, the boundary conditions of

(6.6) assume the simple form:

n(0,t) = n
p(0,t) = p_
... (6.8)
n(L,t) = np
p(L,t) = P, ]



64
wherevnn, P> np and pP are the équilibrium carrier densities at the
‘external contacts. The dependent ‘boundary conditions become then

BE(x,f) _ ' . :
ax }FO - 0 . LR ] (609)
x=L

and are a comsequence of the charge neutrality condition of the ohmic

contacts.
Moreover, the electrostatic potential ¥(x,t) and terminal

voltage Va(t) may be computed by the subsidiary relations:

X
¥(x,t) = —fE(x,t) dx + ¥(0,t)- , veo(6.10)
(o}

L
Va(t) = —fE(x,t) dx + Vd . eeo(6.11)
(o]

where ¥(0,t) may be taken as reference value for electrostatic potentials

and V d is the diffusion potential defined by

L
vV, = ﬁ(x) dx thermal ves(6.12)
o equilibrium

The electric field and mobile carrier density distributions

throughout the interior of the device at the initial time t=0 :

E(x,t)

n(x,t) for 0 <x<L, at t=0 veo(6.13)

p(x,t)

may be specified as independent initial conditions. If the evolution of
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the time dependent solutions starts at steady-state condition, as in our
case, the initial conditions are available from the steady—staté

solutions obtained with the method described in Chapter 5.

6.4 Iterative Method of Solution

Equations (6.1), (6.4) and (6.5) describe a system of three
partial differential equations in terms of three unknowns; the electric
field E, the electron density n and the hole density p. The equations
‘are in two-dimensions namely time t and position x. Equations (6.4) and
(6.5) are non-iinear second order partial differeﬁtial'equations'of the
parabolic type.47’ 48 Finite difference methods are chosen to achieve
the solution of these two equations. The first step towards é numerical
solution requires a discretization of relevant quantities at a finite
number of points in both time and space. Appropriate numerical
techniques are thén to be devised to determine the spatial distributions
of unknowns that satisfy the set of equations for assigned bdundary
conditions at each instant of time. An alternate approach of
simultaneously determining the unknowns in both time and spatial domains
first for broad mesh size and then gradually refining the mesh size till
desired accuracy is reached, could be used. Because of heavier memory
requirements in this approach, it is not considered feasible.

The discretization problem for the partial differemntial equation
of the parabolic type is quite extensively discussed in the next section.
In this section a numerical method of the solution is sketched
schematically. For our model Eqs. (6.1), (6.4) and (6.5),.boundary
conditions (6.8) and (6.9), initial conditioms (6.13) and external

excitation J(t) give the mathematical formulation of the problem. The
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expressions fof mobility dependence on electric fie1d? doping density
and carrier density and the net rate of-generation—récombination, as
discussed in Chapter III, are also needed. The higﬁly ﬁon—linear
character of the equafions requires an iterative procedure at each
instant of time to reéch desired comsistency. from the knowledge of the
spatial destributions at~t=to, it is desired_tovdetgrmine the unknowns-
at the next instant of time t=t;. An educated "guess''for the electron
and hoie density spatial distributions at t1 is made and these are.
inserted in Eq. (6.1) to solve for preliminary electric field spatial
distribution at tl’ which in turn may be inserted toggther with the
"ouess" for the hole density distribution, in Eq. (6.5) to solve for the
electron density spatial distribution at t=t1. These iﬁproved
distributions may be ingerted in Eq. (6.4) and the iteration'cycle at the
instant of time t1 may be repeated untill the desired conéistency is
reached, at tl’ The distributionsat time t1 are then taken as initial
conditions and the whole procedure is repeated to determine tﬁe
distributions'at time‘tz. The process terminates when the final stage is

reached. The scheme is summarised in Fig. (6.1).

6.5 Selection.of Discretization Scheme

In general, the continuous quantities appearing in the
analytical formulations are discretized at a finite number of points in
both position and time cé-ordinates; the ensemble of these points
constitutes a "grid" or "mesh". Finite difference schemes are then
employed to approximate the analytical differentiations and reduce the
problem to the solution of a system of finite difference equations, which

represents the discretized formulation.
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The basic prbbiem here is the selection of a dispretiéafion ,
scheme featuring both‘éonvefgence and stability,‘together with a
éatisfactory degree of efficiency of compﬁtation.v Convergence is defined
as the discrepancy'betwéen the exact sblution of the original analytical
formulation and the exact solution of the'system of difference eﬁuationé.
The theory of convergence deals with the cqnditiohg under which the
discretization error becomes equal to zero in the limit of vanishing
distance between adjacent position and time points. In a&dition, the
actual numerical gesults 6btained as a result of computations on the
basis of the discretized formulation, differs from the exact solution of
the system of difference equations by an amount equal to "numgrical
error". The problem of "stability" deais with conditions under which
the numerical error is small throughout the entire range of the solution.
47,48,49,53

The available theory of numerical analysis furnishes

several discretization échemes, the convergence and stability of which
is proven for simpler cases., The theory is only complete for the case
of linear equations with constant coefficients; for linear equations
with.non—constant coefficients, theory is still far from satisfactory.
For non-linear equations, the conditions of convergence and stability
are_only available for a few special solutions and discretization
schemes.49 Hence the only guide line available to us is the solution of
the simpler cases from which conclusions are extrapolated for more
complex systems of non-linear differential equations such as ours.
Various discretizationbschemes available to us are discussed in
literature.zﬂ’53 As we see there,.in generél two types of discretization

schemes are available: explicit schemes and implicit schemes. Stability

and convergence requirements for certain types of discretization schemes



69
‘are dependent.uponmresfriptions on mesh size. For a linear différential:
equation with non-constant coefficients, the stabilitykand convergende
are proven in Ref. 47 (pp. 107) for the simplest explicit scheme. The

.restriction on mesh size is

At < 1 o © eas(6.13)
(Ax) 2 2ao(x,t) .

where

. 2
ao(x,t) = coefficient of the é.ﬁif;El term,
9x '

When applied to our case of Egs. (6.4) and (6.5), we get:

pe . L ... (6.142)
(ax)? 2u_(x,t)

)
ae . 1 | ...(6.14b)
(Ax)? 2u_(x,t)

Since un(x,t) is greater than up(x,t), the greatest value of
un(x,t) will determine the critical relationship between space and time

mesh sizes. For

Ax = 10_3‘

7

2.5% 107 = 2.9x 10712 see. ve.(6.15)

[t}

At

This is the least value necessary to ensure convergence and stability.
'The value of At furnished by Eq. (6.15) is highly undesirable because of
the huge number of points required for the time co-ordinate, resulting in

a huge amount of computer time.
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If we look at the implicit discfétizatioh schemeé, we Seéuthat
‘for the si@pler case, unconditional'conQergence and stébility Witﬁodt
an& coﬁstraints on the mesh size are guaranteed._ This is pro&ed in
Ref., 47 (pp.4102) for linear equations with comstant coefficiénts.
Howéver, as is obvious a partial differentialrequation of the pérabdlic
type, discretized with an implicit scheme, requires the simultaneous.
solution of difference equations (one for each spatial pointj at each
instant of time, not required for the discretization generated by
explicit schemes. But the freedom available in the selectidn‘of mesh
size in both position and time co-ordinates appears to emable us to
choose a reasonable number of points‘on the time co-ordinate and thus
enable us to save computing time rather thaﬁ incréasing it. This is
later verified in actual numerical-computation. Due to ;his séliént'
feature of tﬁe implicit discretization scheme, they are chosen over
explicit schemes. The generalized iﬁplicit.discretization ﬁas been
employed (6=1), though the Crank - Nicholson discretization schemes
(6=1/2) and other implicit discretization schemes (0 < 8 < 1) could also
be eﬁployed. The Crank - Nicholson scheme has been demonstrated to be
very sensitive to any numerical errors (errors in initial solution,
truncation and round-off errors) and its stability is endangered even
though the numerical errors are not severe from practical considerations.
After selecting the diécrétization scheme, the deiivatives are
approximated by finite-difference expressions derived from Lagrénge's
interpolation scheme. We have to be careful in choosing the finite
difference expressions used to discretize the derivatives. If the order
of the difference scheme is higher than original differential equation,

the approximate solution may contain extraneous solutions which are not
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at all related to the true solution. These extfaneous solutiohs
severely‘affect the convergence and stability conditions. The case of L
an‘ordinary linear diffeiential equation witﬁ variable coefficients has
been treated in reference 51 and the éresence of extraneous solutions is
found to be very haéardous. Although higher order interpolation schemesr
seemed to iﬁprove the accuracy of the numerical solution, their use is
avoided in this work due to their highly uncertain stability and

convergence conditions.

6.6 Details of Adopted Procedure

After choosing the gengralised pure implicit scheme for
descretization for the soiution of Eqs. (6.4) -and (6.5), we proceed to
discuss the details of the iterative procedure outlined in Section 6.4.
Equations (6.1), (6.4) and (6.5), when discretized on the basis of the

above scheme, generate the following system of difference equations.

e ey o)z
At kMpi kPi T kMni Bi) ki
P on
fo B, B
{kp]_‘kai ki %/,
+th v c.c(6o16)

kPi ~ k-1Pi _ 3%p\ . 1 P
At kHpi 5 i
: I ox<f .

+{kBli + (kni ~ WPy Ni) kupi} KPi

ees(6.17)
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where '
Al, = - - E. ;u .

ki k 9x i ki kpi

1Bl = 7 ki 1Py

n, - n '

ki k-1"% 2 3n)

At = xMni (-8—5) + kAZi k(ax) .
AL/
_;szi +(kni WPy~ i) k'ni %k 1
ve.(6.18)

where

The left hand index (k =1, 2, 3, . . . f) reprg;ents the time instant
in the discretization scheme. The right hand index (i = 1,2,3,....%)
represents the position in the discretization scheme. Quantities at

< L, are

instants of time t < t, and at any spatial point 0 < x

k-1 i
supposedly known and the solqtions for the next instant of time kt are
sought. According to the méthod briefly outlined in Section 6.4, an
iterative procedure is employed at each.instant of time to de;ermine the
unknown quantities. To start the iteration at each instant of time,

trial solutions have to be selected. The values of hole density,

electron density and electric field computed at the previous instant are
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found to be satisfactory to serve as the starting soleticn.
It is convenient for us to introduce the correctioms An and Ap
for the electron and hole densities, respectively, defimed as the differ-

ence between densities corresponding to two successive iterations

@ o @, GD 7 ,

ki ki ki
veu(6.19)
@ W (-1) '
2 77 = - ey i

where

e
Il
-t
»
N
-

3’ L] - L d 2’

j=0,1, 2, (number of iteratioms)

If the convergence of the approxiﬁate spatial distribution
occurs during the iterative procedure at each instamt of time, the

following relations are readily verified with the aid of definition

(6.19).
1im kAn.(j) =0 3 1im kAp.(j) =0 ...(6.20)
= * oo 57 |
1gigt ‘ I<i<t
O<ksf O<kst

In addition, the time dependent property of the boundary conditions in

Eq. (6.8) yielids:

G) _ ’
Xk An =1 =0
G)  _
ki =0 for 0<k<f
(j) - 000(6.21)
k Ap =1 =0 and any (j)
G3)
R8P 5 =0
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If the quantities labelled k in equation (6.17) and (6.18) are
identified with the subscript (j+1) (with the exception of the terms

-1P1 and k_lni), the relations ip Eq. (6.19) becomes:

G L D, o ) L (6.22)
kpi(j+1) = kApi(j+l) + kpi(j) ves(6.23)

When inserting these into equations (6.17) and (6.18), one obtains:

. (+1) Ny (§+1)
Y (’BZAR) b1, @ (giz )
<P ax2 k i

K

;) (G+1) _ @) ‘
+ 1, J (Ap)_ J = FB. J ...(6.28)
R k i .
where" .
@) _ (ER) @ (E) () (u) &
ki X /. . P
k i k i k i
G [P D )
TRl E
W\*/i W\
@ @, . O @, @ YL
Ky { B! BT B 2,p Ny At
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and .
u —_— + (A2, e —
K B %2 ki ax
k i 'k i
) (3+1) _ @ .
where

(3 -\ (3) @) )
42,0 =k(1r;3+kEiJ &%J
3 _ (i )
kP24 T ké‘y;i KP4

A . N .
c2, 9 - -I Bz,‘3)+(2 o @ p G Ni) w DL

k ki ki k ni n
w @ (j)(a_%;)(j)_ ) (_ag) @
ki n, 2 ki - \oxX
k71 g\ o _ A
NN ) @, 1. @
+ 11825 +(kni xPi - N1> . + e[
k=174
- ac Y%

Moreover, the electric field at the instant (k+1), may be

explicitly recovered from Eq. (6.16) and rewritten as:

=%, @ b P @ ey @
i tom P *n 3 "
kP ki k%%  k\Y1i

&) &) 1
wo.p. Y+ uo,n + ==
k Pi k * ki ki kAt

(j+1) _
KPi =

...(6.26)
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If the second order terms (Ap)2 and (An)2 are neglected and the '

three point formulae are used for numerical computation of derivatives

of An and Ap in Eqs. (6.18) and (6.19), these assume the final form:

where

and

where

o1, @ 1<@H(J’ﬂ) + o, k(Ap)i(j+1) ~

@ () G g @
* kFli l(n;i+l - kGli

wl
il
[

-
N

-
H

[
1
[y
-
N
Y
w
-
L]
.
‘o

(3 2 &)

kFll(J) 2 @y (AL Ax,
k i
kGli(j) = 2(Ax)i2 k_(FP)i(j)

22 P e D v @ @y GFD

&)
+Fe 141 k5%

k k

... (6.27)

...(6.28)



77

j =1,2,3, ...
G3) _ Q) _ )

2@y D ioan, 0O

&) ‘ &)
82, J 2(8%), | (FN),

The numerical derivatives of the electron and hole densities in
the expressions FP and FN are computed from the two-point differentiation
férmula, since, due to the steep gradient at the métallurgicél'junction
of the relevant quantities, numerical derivative formulae bésed upon
higher order interpolation formulae yield highly inaccurate values in
the_&icinity of the metallurgical junction and in some cases exhibited
an oscillatory pattern for the distribution of internal quantities. The
general rule followed in Chapter V; that for a function which does not
exhibit well behaved higher order derivatives, lower order interpolation
yielded bettex réSults, is obéerved. The only point about which we need
to be very careful is that we choose a high enough density of: points in
the space co—ordiﬁate so that truncation errors are bounded to ensure
numerical Stability. |

Equations (6.27) and (6.28) may, with the help of boundary

conditions of Eq. (6.21), also be written in the vector form as follows:

) G _ &)
R C R cer(6.29)



N G) ()
(1 em S - )

Tp and T are tri-diagonal matrices

where
(E1) s (F1) 2
On,; (ED; (L,
Tp = (Dl)i (El)i
™1, ,
(E2)2 (F2) 2
(02), (E2) 3 (F2) 3
T, = 02), (E2),
02)y 5

and An, Ap and Gl, G2 are vectors:

(FD), -

By,

Oy,

(72

(B2)y

02)g.1

(FLy o

(ED)y 4

(F2), 5

(E2)y

785"

..2(6.30)

..(6.31)

..(6.32)
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A_PZ .. ) Anz
fp4 | Ang
b= |bp,; , m = |dn, | ...(6.33)
Apz_2 Anz_2
e, | | (62), |
(Gl)3 : (G2)3
Gl = (Gl-)i‘ . 62 = | (62, e (6.34)
6D, , ©2), ,
(G2)
¢l -1
L | _

As we see, Egqs. (6.26), (6.27) and (6.28) are our final
equations on which our whole iteration scheme is to be based. .

First the structure parameters: diode thickness, junction area
Vand diping profiie are specified. Carrier mobility dependence on net
doping density and electric field is then incorporated (given by Egs.
(3.3) and (3.4)). Then the formula for calculating the rate of net
generation-recombination is added (given by Eq. (3.2) in our case). The
steady-state distributions obtained in Chapter V are specified as the

initial spatial distributions of electric field, and mobile carrier
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SPECIFY DIODE STRUCTURE PARAMETERS. { JUNCTION AREA,
DIODE THICKNESS, AND DOPING PROFILE)

Y

SPECIFY THE INITIAL CONDITIONS AT t=t,
E (xl fo )

n(x, to )

P(x, to )}O <x<L ALSO /,Lp‘ (x,l’ch,),v/..Ln (x,tc;) ond.U(.x,fo)

/

SPECIFY THE BOUNDARY CONDITIONS FOR MOBILE CARRIERS
n{o,t)=n, = pfo, t)= pq
n{L,t)=np p(L,t)=pp

/

COMPUTE CARRIER MOBILITIES USING EQ.(3.3) (WHICH GIVES
MOBILITY DEPENDENCE UPON NET DOPING DENSITY)

!

SPECIFY THE EXTERNAL CURRENT EXCITATION J(t),t=t,

.

v Y
GO TO NEXT TIME INSTANT
bt bt Db (k=1,2, )

Y

SPATIAL DISTRIBUTION n(x,t), p(x,t) AT t,; ARE TAKEN
TO START ITERATIVE PROCEDURE AT

_— 4

/ . D

USE EQ. (6.26) AND n(x,t),p(x,t) AT TIME be (E(x,t) tq,
Mplx,t), AND Un(x,t) AT ty, TO SOLVE FOR ELECTRIC FIELD
E{x,t) SPATIAL DISTRIBUTION AT t

&

Fig. 6.2, Detailed overall iterative procedure used for the current-

driven transient case.

©




COMPUTE IMPROVED VALUE OF CARRIER MOBILITIES FROM
EQ. (3.4) AND{3.5)(IT CONSIDERS MOBILITY DEPENDENCE ON

ELECTRIC FIELD AND CARRIER DENSITY)

Y

USE EQ.(6.27) AND n(x,t), E(x,t), pp{x,t),U(xt) AT ty TO
SOLVE FOR IMPROVED HOLE DENSITY p(x,t) SPATIAL

DISTRIBUTION.

Y

USE EQ.(6.28) AND p(x,t), E(x,t),pa(x, 1) ,U(x,1) AT 1, TO
SOLVE FOR IMPROVED ELECTRON DENSITY n(x,t) SPATIAL

DISTRIBUTION.

USE EQ.(3.2) AND plx,t),n(x,t) TO COMPUTE-
IMPROVED VALUE OF RECOMBINATION-GENERATION

RATE U(x,t).

HAS

OVERALL NO
CONSISTENCY .
BEEN
REACHED
TERMINAL

” HAS
FINAL STAGE BEEN
REACHED

VOLTAGE AT t;-

N |
v, J;E(x,r)dx+Vd

Fig. 6.2. Continued.
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deﬁsities at Fhe instant k=0. An external excitation of tétgl current
as a function Af time is specified to drive the evdlution'of the "
traﬂsient. The spatial disfributions of E, n, and p,’the unknownvof the
problem, are sought at the first»time instant kﬁl and will be obtaiﬁedi
with theluse of an iterative succeséive approximation scheme. The |
iteration index (j) is set to zero and the spatial distfibutiohs of the
mobile carrier densities available at the pfevious instant k=0 aré taken
~as trial fgnctions to start the iteration at the instant k=1. Equation
(6.26) fields the spatial distribution of the electric field which may
be inserted in the implicit system of Eqn. (6.27) to sélve for the
corrections kApi(j+l) (i=2,3, ... 2%1) for hole density. Equation
(6.23) then yields an improved hole deﬁsity distribution which, together
with the electric field distribution last obtained from Eq. (6.26)
solves for the corrections kAni(j+1),-so that Eq. (6.22) yields an
imprdved electron distributioﬁ. Then, Egqs. (3.4) and_(3;5) are used to
yield an improved'value of mobility based upon electric fieldvand carrier
densities. Equation (3.2) is used to yield aﬁ improved value of the net
generation-recoﬁbination rate. 'The terminal voltage is obtained by
integration of the electric field. Then over-all conéistency tests are
performed. A negative outcome of these tests at the considered instant
of time (k=1) increases the iteration index by ﬁnity and restarts the
cycle with the insertion of the improved mobile carrier distributions in
Eq. (6.26) for an improved electric field distribution at the same time
instan£ (k=1). A positive outcome of the comsistency test accepts tﬁe
quantities obtained by last iterafion as 'the' solution at the time

instant considered. Unless the final state (k=f) is reached, the time

index is increased by unity, the iteration index (j) is set to zero and
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the sélution at the next fime instant (k=2) is sought. The[itefatioﬁ is '
festarted byrtaking the mobile carfier distribﬁtibns and mobilities |
avaiiable from the previous instanf (k=1) a;lthe triél function and
inserted into Eq. (6.26). The same iteration procedure is repeated to
achieve 'the' solutions at the instant (k=2) and the subsequent instants
of time until the final state (k=f) is,reachéd.

The tri-diagonal matrix system is solved by the same techﬁiqués
suc;essfully employed in Chapter V for the‘soiution of the tri-diagonal
system generated by the discretization of Poisson's equation in the
steady-state scheme and is described in reference 47 (pp. 103 - 105).

The overall consistence, between the unknowns E, n and p and
the system of equations determining them, may be tested at each iteration
cycle for each instant of time by considering the magnitude of the. |
corrections An, and Ap and the difference of the electric field
distributions obtained by two successive itergtions. If the magnitudes
of these quantities are smaller than any specified value (iteration
error at each instant of time), achievement of ovérall consistency at
that instant is assumed. The final state (k=f) is reached when the
external excitation has reached the final state, and the unknowns E, n
and p are unchénged for an increase of time,

A most demanding requirement for the success of the deécribed
method is the convergence of the iteration procedure to the overall
consistent solutions from a set of approximate trial distributioms at
each instant of time. In all the cases tested for various structures
(two more than reported here) and external excitatiomns, convergence was

always oBtained, though under certain conditions stability was



84

endangeréd (Wéak stébility). The rate of convergeﬁce wasbquite fast in
| situations in‘which significaﬁt variatidnsv(in timé) of fhe tétal Currenf ,
occurs, so that the eléctric field (given‘by Eq..6.26) becomes the
quantity driving the variations of mobile carrier distribufions (Egs.
6.27 and 6.28) and is essentially ;eépoﬁsible for the evolution of the
transient., A slower convergence rate was observed undey conditions,
opposite to those just descriﬁed, i.e., when total terminal current
remains constant. The rate of convergence for such cases was found to
be well within practical 1imits‘except for con&itions arising towards
the termination of the trénsient, when the quantities approach the final
steady-state distributions. The final distributions could be obtained
from the steady-state schemes using current as the driving qﬁaﬁtity.
However, this was not the limitation in our case, as we aim to see the
phenomena for comparitively shorter times. These effects were
comparitively similar to that obtained by DeMari54 for his less general
model of constant mobility, and zero~recombination. But, the convergence
was not that fast in the case of the 'electric field driven' transient
because of the dependence of the carrier mobilities upon the electric
field, which therefore had to be adjusted to reach overall cbnsistency.
It is clear from the method and formulation described that
complete freedom is avaiiable in the selection of both the spatial énd
time steps. Their selection depends upon the total error that can be
tolerated. The time-step distributions may be conveniently chosen and
automatically adjusted by the computer during the evolution of time..

This is discussed in Appendix A.
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6.7 On Different Forms of External Excifatioﬁs

One of the following three éossibilities is aiways known at the -
terminals of the diode:

(1) The termimal current as a function of time (current-driven
case);

(2) The terminal voltage as a function of time (voltage-driven
case);

(3) An equation relating the terminal current to the terminal
voltage. |

6.7.1 Procedure for Voltage-Driven Case

So far we have discussed the current-driven case. Now if the
applied voltage as a function of time is specified at the terminals of
the device, we meed to substitute ﬁq. (6.26), expressing the variéfion
of the electric field in terms of total cﬁrrent; by Poisson's equation
(Eq. 4.21), which is written in terms of electrostatic potential ¥(x,t).
The épplied voltage then appears expliéitly as a boundary condition for
¥ in the solution of the second-order differential Eq. (4.21). Now Egs. -
(6.4) and (6.5), z2long with Eq. (4.21), rewritten in terms of the
variables ¥, n, and p, comprise a new set of fundamental equations. Egs.
(6.4) and (6.5) are treated just as for the current-driven transient
case. Equation (4.21), the new equation of the set, is discretized and
solved by the same method as was used in the solution of Poisson's
equation for the steady-state case. An iteration procedure of the same
type as described for the current-driven transient is used to reach the
desired consistency between ¥, n, p and.Eqs. (6.4), (6.5) and (4.21) at
each instant of time. A slowef rate of convergence of the iterative

procedure was observed in this case compared to that of the current-
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~driven transient Case: This ié expected, since“the 'error'! due to the
variation of the electrostatic potential at the boundaries is contained
at the boundary (at one contact)vat the beginning of the iteration séheme ’
at each instant of time and propagates throﬁghout the whole ‘interior
before the éolution is allowéd to proceed to the following time ingtant.
Moreover, the solution of this system of equations requires a heavier
computation load, since it involves the solution of an additional tri-
diagonal matrix necessitated by the solution of Poisson's equatioﬁ.

An alternate approach is to use the method suggested by DeM'ari21
for his simpler model. 1In this method, the current-driven transient
solution i.e., specifying the total current J(t) and determining the
terminal voltage Va at each instant of time, is used as an integrél part
of the solution for the voltage-driven transient. The solutiomns for.
total current and internal distributions are assumed to be known for
times t < k—lt’ and quantities at the following time instant are sought.
If the total current.kq were known, the iterafive procedure described
in Section 6.6 could be applied to obtain the unknown distributions at
the instant kt. The problem now consists of searching for a particular
value of current kJ that will yield the specifigd terminal voltage kva'

This is achieved in two stages using the current-driven transient

algorithm at the specified instant of time. A "prediction" stage
g P g

initially furnishes two estimates of the total current k(l)J and k(z)J

close to the 'correct' value kq’ which is to be determined. This is
achieved by using linear (two-point) and parabolic (three-point)
extrapolations on the current responses as a function of time which
‘furnishes, in general, two estimates for the current kJ. Two independent

applications of the current-driven transient algorithm yields for the
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(b) SECOND STAGE: INTERPOLATION

Fig. 6.3. Prediction and interpolation stages as proposed by DeMari®%

for computation of the voltage-driven transient case.
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(1) (2)

two currents x J and Kk J the corresponding values of terminal

voltages'k(l)va and k(z)v_a vhich, in general, differ from the specified

terminal voltage kva' A second'stage based on interpolation of the curve

k(h)va (h = 1, 2; 3, . . .) as a function of k(h)J at the same tine k,

may now be started to obtain an improved estimate of the total current

that generates a terminal voltage within an assigned tolerance about

(1

the specified value. A linear interpolation on the graph of x J,

2 e ) 3

k J versus x Va and x Va yields a third estimate x ,

corresponding to the specified terminal voltage kVa. A third\application.

of the current-driven transient algorithm at the instant k for the

(3) 3; O
k >k

voltage graph, so that a parabolic interpolation may be used to further

current J furnishes a third point x Va on the current-

improve, if necessary, the estimate of the total current. The procedure

continues for higher-order interpolation schemes until values k(h)J

b
that generates the voltage k(h)va sufficiently close to the specified
kva’ is determined. .Solutions at the instant k are then available aﬁd
the overall procedure may Be restarted at the following instant k+l with
the prediction stage. For.a few initial time points (k = 1, 2) the
prediction stage may not be performed as described; an arbitrary
estimation procedure-may be employed equally well, if the time step is
kept small enough, in order to obtain a quasi-linear current-voltage .
vcharacteristic in the interpolation stage. For a large Qoltage step,
this procedure tended to fail, due to the large variation of current;
the interpolation and extrapolations may fail to give proper values,
unless an extremely small time-step is employed. 1In this case the first

procedure using the electrostatic potential, the hole density and

the electron density as independent variables is recommended



_ 89
as there is no chance of failing. However, for small voltage driven.
transients, the 'extrapolation—interpolatiqn' procedure is very
efficient. The overall scheme, using this procedure is outlined in
Figure (6.4).

6.7.2 Outline of Procedure When an Equation Relating

Terminal Current and Voltage is Known

When a general two-port nepwork, composed of ideal current and/
or voltage sources and passive circuit elements, is comnected to the
terminal of the diode (two-contéct device), both the total current
density J(t) of the device and terminal voltage Va(t) are quantities
dependent upon the properties of both the diode and the network. At a
particular time instant k, the two unknowns kq and kva are determined

by the system:

WWa = f1 (kq) ) «s.(6.45)
WJ = £, (kva) : . ee.(6.46)

The above equations are the discretized current-voltage
relationships at the time instant k of the diode and the network
respectively. These equations can be directly ihcorporated into the
iterative procedures described previously. For a reasonable number
of.eleﬁénts, the time required for the solution of this system is
insignificant compared to the time required to compute one iterative .
cycle for the diode. The undesirable effect is the resulting slower
convergence rate, so that more iterations are needed to achieve overall

consistency at each instant of time.

For the simpler case in which only a resistance R in series with
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Fig. 6.4, Overall scheme for computing diode parametérs for the voltage-

driven transient case. -
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a time-dependent voltage source VG(t) is present in the external circuit,

equation (6.46) results in:

i)
. Vv, - .V v
kJ(J+1) ~kG ka Ot  (6.47)
RAJ

vhere

A = area of the device

v, = thermal voltage kT/q
g =3%"
o —o 1

LD

and voltages and currents are in normalised form. Results have been

computed for both step and sinusoidal voltage sources.

6.8 On the Accuracy of the Numerical Solution for Time-Dependent Cases

In the time-dependent solution discussed in the previous
sections, truncation errors both in the spatial and time domains are to
be considered. In addition, the interaction between the errors
introduced at the different time instants becomes a dominant factor for
overall accuracy. The discretization error in the time domain ana the
growth of numerical error for increasing time are responsible for this
interaction and consequently determine the conditions of convergence and
stability, respectively. Due to this fact, the conditions of cphvergence
and stabiiity for different external excitations will be different and
will have to be tested separately for each case. In the following sub-
sections, the principal sources of error arising in the time dependent
solution (besides the inaccuracies in the spatial domain), together with

techniques considered suitable to evaluate and control the influence of
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such errors on the final results, are briefly discussed.

6.8.1 Truncation Error in the Time Domain '

In the formulation adopted for either the current-driven or the
voltage~driven transient, the time derivatives are approximated by a
discretization scheme, resulting in discretization error. This
approximation is often achieved by truncating a Taylor expansion at a
convenient point to obtain simple finite difference expressions. This
truncation error depends upon the values of the higher derivatives, on
the size of the time step, and on the order of the finite-difference
equation used. The'magnitude of the higher order time derivatives of
the functions to be numerically differentiated is very much related to
the abruptness of the time variation of the unknowns, directly dependent
upon the time variation‘of the external excitation, for a given time |
step. For a decreasing time step, the variation of the electric field
is more emphasized, if compared to the variation of the mobile-carrier
Qensities. This is a consequence of the physical properties of the
mobile carrier densities (and therefore the particle currents)
requireing a finite time for a significant.variation, where as the
électric field (and therefore the displacement current) may respond
immediately to any external excitation.

Time-mesh size compression when the external excitation varies
mofe abruptly during the transient (resulting in larger values of theA
higher derivatives) to keep the truncation error constant and within
limits can be employed and is discussed in detail in Appendix A,

One tempting idea is to employ higher order finite difference
schemes to approximate the time derivative, to reduce the truncation

errors, However, the stability and convergence may not be guaranteed
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for each case. In some particular cases of lineéf parabolic équations
with constant coefficients even the use of a three~point formulé to
approximate the first derivative, yielded unstable solufions (Referenpe
47pp. 125 - 131). Though higher-order finite difference schemes can be
employed, their stability and conéergence may not be present, and due to
the lack of availability of any comprehensive theoretical work for a
non-linear system of equations with variable coefficients such as under
discussion, their convergence and stability must be tested individually
by actual numerical coﬁputation.

For the cases of ideal excitatioms, such as a large step of
current and voltage comnsidered here, am overall control of the truncation
erroxr is not possible, since higher-order derivations are either infinite
or discontinuous. Step functions are represented in the discretized
context as ramps since only non-zero step sizes can be used. The
smallest mesh size can be determined by the usual limitations on the
permissable range of the computer model. When the results for the cases
of step functions were considere& for different time-mesh sizes (within
limits which guarantee stability), it has been observed that they are
relatively insensitive to the variation of time step size (within limits)
except for the points in the very vicinity of the discontinuity, where
higher time derivitives exhibit large magnitudes. The considerable error
introduced at these singular.points may be restricted to very short time

intervals by the use of very small time steps. A valuable feature

consistently observed is that the error introduced in the neighbourhood

of the singular points does not affect significantly the response at
later times. To sum up, it may be said that the discretization error

of the solution obtained by the formulation described in previous
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sections, may be considered sufficientlf small f;r any praétical purposes
even. for step functioné (numerically worst case) if the.proper choice of
time step-size is-made. The choice of time step-size is governed by the
abruptness of the variation of the external eﬁcitation, and its effect
on the time-variation of the unknowns, and is confirmed by testing on-
the actual numerical calculations for the evolution of the transienté.-

6.8.2 Iteratidn Error

The iterative procedure used at each instant of time, and
described in the previous sections, are used to resolve the non-
linearities of the probiem by achieving consistency between the spatial
distribution of the unknowns and the system of the discretized equatiohs.'
When the estimated discrepancy between the.computed distributions at the
completion of an iterative cycle, at a given instaﬁt of time, and the
'true' distributions, is less than a specified amount (determined by the
conditions of convergence, and stability) the procedure restarts at the
nextlpime instant. This discrepancy represehts the iteration error at a
given time. The estimation of the stage, when overall comsistency has
been reached, can be made by either of the'following criteria (depending
upon the external excitétions): |

(1) This estimation may be obtained by an appropriate
extrapolation of the corrections for the distributions available from
the previous cycles at the same instant of time.

(2) A constant fraction of the maximum excursion (overall
spatial points) of each unknown, at each instant of time, may be
conveniently specified as the iteration error.

(3) The estimation may be made by considering only the

consistency of the terminal response at each instant of time which
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which reflects sufficiently Wéll the behaviour of internal distributions
(except at singular points).

(4) A mere aécurate evaluation of the consistency at a given
Atime instant may be performed with the aid of a set of test relatioms
derived from fundamental Eqs.>(4.18) and (4.22). (The principle is the
same aé was used in the steady-state case). Due to heavy computation
load, this technique is not suitable to test consistency at each
iteration cycle, but may be used to refine the accuracy of the solutioﬁ
at a particular instant of time, for which spatial distribution of
dependent quantities (such as particle current and net charge densities)
‘are also required.

6.8.3 Errors in the Initial Solution

When the time dependent case is initiated from a steady-state
condition, initial spatial distributions of unknowns must be furnished.
These results are obtained from the solution for the steady-state case
as described in Chapter V. The inaccuracy of these steady-state
distributions represents a contribution to the numerical error of the
transient solution. As such, it may generate unstable solutions, and
therefore must be contained to sufficiently small values. It is the
reason for taking all the precautionary steps we took to improve the
accuracy of the steady—state solution.

There is still another aspect to ﬁé considered. The analytical
and discretized formulations adopted for both the steady-state case and
the time-dependent cases are not 'compatible' to each other, in the
sense that the steady~state distributions feature truneation errors
different from those introduced by the algorithm that generates transient

solutions. Ideally, if a transient solution is initiated from a steady-
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stéte condition in the absence of an external excitatibn, the internal
distributions and terminal properties should remain unchanged. Instead,
as a consequence of the above mentioned incompatibility, a "drift" of.
the original steady-state distributions is observed throughout the:
fictitious transient solution. The drift continues until compatibility
between the spatial distributions and the new discretization scheme is’
achieved. Although the magnitude of the total shift is rélatively small
(of the order of the truncation error), it is enough to yield incorrect
results for the initial period of the tramsient for the dependant
quantities (such as particle and displacement currents spatial
distribution). For the later part of the transient, this incompatibility
did not affect the results significantly.

As a general rule, we can say that when initial conditioms
incompatible with the time-dependent formulation are used, a preliminary
computation phase in the absence of external conditions is required,
before initiating the actual transient solution to achieve overall
compatibility. In our own case we followed this rule to avoid the
errofs arising from 'incompatibility' of the initial solution.

6.8.4 Other Sources of Numerical Error

(1) Round-off error is always present in a numerical solution
dealing with quantities represented by a finite number of digits. It is
minimized by using double~precision arithmetic in numerical computations
which carry sixteen decimal places as in the IBYM 360/67 model on which
we performed our computations.

(2) Small differences between nearly equal numbers also
contribute to the numerical error and are present in the expression for

net charge density.
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It may be stated that fhese two sources of error are not
responsible for significaﬁt inaccuracies in the final results, since
other contributions to the numerical errors (truncation and iteration

errors) are dominant,

6.8.5 Time Step, Iteration and Truncation Errors and

Numerical Error Growth in the Time Domain

A dominant factor, governing the rate of convergence at a given
instant of time, is the magnitude of the time step at that instant..
Larger steps are always responsible for slower convergence rates. The
time sﬁep size, directly related to truncation error in the time domain,
becomes a determining parameter very much affecting also the magnitude
of the iteration error if the computations have to be completed within
a certain amount of time. In such cases, iteration error may become
dominant over the truncation error in the time domain, so that it is
quite advantageous to select the time step size on the basis of the
requirements dictated by a minimization of the.iteration error. The
total number of spétial points used also affects the convergence rate
of the iterative procedure. This phenomenon is related td the
propagation of the inconsistencies of the approximate distributions
throughout the length of the device during the execution of an iterative
cycle at a given time, ‘A smaller number of spatial points with certain
limits (chiefly dictated by the truncation error in the spatial domain)
usually increa;es the convergence. In'iight of the above arguments a
larger truncation error in the spatial domain is tolerated to decrease
the number of spatial points, increase the convergence rate and
consequently reduce the iteration error and thus save computation time,

The abruptness‘of the doping profile is indirectly responsible for a
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larger iteration error in the vicinity of the metallurgical interface.
This is a consequence of the larger truncation error (in the spatial
domain), occuring near'the‘interface when we choose iarge spatial steps
to increase the cénvergence. In actual practice, when this principle
was applied to‘the structures considered, the results obtained were
found to be satisfactory ffom any practical consideration.

The accumulation; throughout the evolution of the transient
solution, of the iteration erfor.introduced at each instant of time is
of great importance. When a constant fraction of the excursion of the
unknowns within a time-step is specified as the iteration error, a
transient solution.featuring a monotonic pattern is affected by the same
relative error if the single iteration errors are accumulative. In the
case of diode No. 1, a'considerably more favourable situation has been
obsérved. The iteration error at a given time instant is partially
compensated for by a larger excursion of the unknowns at the next instant
of time, so that the resulting error is less thén the sum of the
iteration errors introduced'at the previous instant. DgMaris4 also
observed this effect in his calculations on highly asymmetrical abrupt
germanium p—n junctions for his simpler model and he attributes it to
the consequence of the deviation from the "exact" condition of dynamic
equilibrium at a given time caused By the iteration error, and he
regarded it as an automatic feature inherent in the formulation adopted
for the solufion. However, in the case of diode No. 2, iterative errors
exhibited an accumulative behavioﬁr, and thus endangered the stability
at later parts of the transients, unless certain precautions were taken.
Moreover, due to the nature of the time variation of tﬁe independent

variables, truncation errors in the time domain were found to be much
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worse éompared to the case of diode No. 1. As a consequence, we were
‘forced to choose a much émailer time step size (of~the order of 10) in -
.fﬁe case of diode No. 2 compared to the case of diodé No. 1. This
allowed us to keep the truncation error in the time domain and the
iteration érrdr at a given instant of time well within limits of

numerical instability.

6.9 Summary

An iterative method of the solution of the fundamental equations
(Eqs. (4.18) - (4.23)) taken to govern the behaviour of the varactors
under a time-dependent excitation has been presented in this chapter,
The fundamental set of equations have been rearranged to a more
convenient equivalent set of three non-linear partial differential
equations (Eqs. 6.1, 6.4 and 6.5). Equations (6.4) and (6.5) are of the
parabolic type, non-linear partial differentialvequations. Exﬁrapolation
from the simpler cases, treated by the théory of the numerical analysis
lead to the choice of a generalised pure imélicit discretization scheme;
since restrictions on the discretization mesh inherent in explicit
discretization scheme and sensitivity of generalised Crank-Nicholson
diséretization scheme to the numerical errors are not desirable. Gauss
elimination and backward substitution method has been used to solve the
system of linear algebraic equations generated as a result of the
discretization. Details of the iterative prdcedure employed to resolve
the various non-linearities inherent in the mathematical equations under
consideratioﬁ, has been presented. Then the numerical élgorithm has
been extended to cover the voltage-driven case and the case when an

equation relating the terminal voltage and current is known. Various
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sources of numerical errox ﬁaﬁe been cutlined and briefly discussed. It
has been postulated that truncation error in the time domain and
" iteration error are mainly responsible for the overall accuracy of the
results in the time domain. Therefofe, the iteration and truncation
errors have to be kept small. In view of the above requirement, a
larger trﬁncation error has been tolerated in the spatial domain by
choosing a smaller number of points into which the diode is divided.
This enabled us to keep the time mesh size small without consuming too
much computation time. It is pointed out that due to the nature of the
time derivatives of the various quantities iqside the device, diode No.2
requires a smaller time-mesh size compared to diode No. 1 and hence

diode No. 2 consumes more computation time.
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CHAPTER VIIX
RESULTS FOR STEADY-STATE CASE

In this chapter, the computed results for both the internal and
external properties of diode No. 1 and diode No. 2, when the forward
steady-state terminal voltage of the diodes is specified, are presented

and briefly discussed,

7.1 Introduction

The mathematical equaéions which are taken to govern the
behaviour of the diodes under steady-state conditions are outlined in
Chapter IV. The numerical solution of these equations is discussed in
detail in Chapter V. The internal distribution of the indepéndént
variables of the mathematical formulatiqn‘(electrostatic potential,
electron quasi-Fermi level and hole quasi-Fermi level) and of the
dependent variables (electron density, hole density, electron current
density and hole current density) are. useful in explaining the terminal
behaviour. They are thus indirectly helpful in device design. The
mobility and the generation-recombination rate distribution inside the
deéice expose the validity of,thé physical model in which they are
assumed constant. Moreover, tﬁe-iﬁternal distributions of the hole
density, the electron density and electrostatic potential are required
for time-dependent solutioms initial values, as élready discussed in
Chapter VI. The static characteristics of varactors and of step—recovery
diodes, such as terminal current and incfemenéal capacitance as a

function of terminal voltage are very significant, though not sufficient
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to characterize them. All the results are displayed in normalised

units, unless otherwise specified (sée,Tablg 4.1),

7.2 Results For Diode No. 1.

Detailed results for the intérnal distributipns for both the
independent and dependent variables af; displayed in this section for
terminal voltages of 0.0, 0.7, 0.9 and 1.0 volts. = These results were
stored on magnetic tape and were plotted directly by means of the
Calcomp plotter attached to the IBM 360/67 system. The results displayed
are electron density distribution, hole density distribution, net doping
profile, electrostatic potentialv(E.S. Potentigl) distribution, electromn
quasi-Fermi level (E.Q.F.L.) distribution, hole quasi-Fermi level
(H.Q.F.L.) distribution, electron current distribution, hole current
distribution and generation-recombination rate distribution throughout
the interior of the device.

Figures (7.1a), (7.1b), (7.1lc) ‘and (7.1d) give the electron and
hole density distributions along with the net doping concentration
distribution. These resuits reaffirm the inequality between the hole-
electron density product and externally applied voltage Va:

p(x) n(x) < eV;. This is in agreement with Gummel's55 and DeMari's19
recent numerjical results for highly asymmetrical p-n junctions. The
concentrations of minority-carriers near the external contacts is of
interest as we have assumed ohmic contacts in our model, The
concentration of minority-carriers increases as forward-bias is
increased. Even at 1.0 volt forward-bias, the accumulation of minority-

carriers near the ohmic contact at the substrate is relatively

insignificant. On the other hand, at the ohmic contact at the end of
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the narrow p-region, there is a greater accumulation of the minority-
carriers (= 10 times more than on the n side). But this concentrétion-"
of minority-carriers is small enough compared to the concentration of
majority—cafriers to significantly altef the charge neutrality near the
exte?nal contacts on both the p~ and n-side. It may be pointed out that
at very high injection levels, when the minority-carrier coﬁcenfrations
become comp;rable to the majority-carrier concentrétions, neutrality will
be absent in a narrow region near the external contacts. Since the |
assumption of ohmic contacts will prevent the conductivity of such a
region from being significantly modulated, a large current will éause'a
high voltage drop or, in eéuivalent terms, a strong electric‘fiéld near
the contacts to be built up. This electric field will, in turm, tend
to expel the majority-carriers and attract the minority-carriers, thus
resulting in a local alteration of neutrality balance. Conductivity
modulation effects due to the minority-carrier injection, are absent till
0.9 V and start showing their presence for 1.0 Volt forward-bias. The |
narrow region near the metallurgical junction shows accumulation of the
minority-carrier densities greater than the majority-carriers densities.
Figures (7.2a), (7.2b), (7.2¢c) and (7.2d) display the E.S.
potential, E.Q.F.L. and H.Q.F.L. distribution throughout the interior of
the device. These illustrations show that the aséumption.of constant
Fgrmi levels in the transition region is‘a valid assumption for moderate
forward-bias levels. Due to the injection of carviers across the
junction, the abruptness of the E.S. Potential distribution at the
metallurgical junction decreases gradually as the forward bias is

increased. The E.S. Potential distribution for 1.0 volt forward bias

(Fig. 7.2d) shows a small slope in the substrate. It shows that the
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presence of the minor ity—carriers in the substrate has become
significant enough to cause a slight shift in the neutrality condition
present before.

. Figures (7.3a), (7.3b) and (7.3c) show the net generation-
recombination rate for 0.7, 0.9 and 1.0 volts forward bias, respectively.
Initially, most of the recombination is éonfined near ﬁhe metallurgical
junction (Fig. 7.3a), but as the forward bias is increased, recombinatioh
in the quase-neutral region of the diode becomes more and more important.
For 1.0 volts forward bias, (Fig. 7.3c) shows that recombination is
significant not only in the transition layer, but also in the quasi-
neutral regions of the diodes. '

Figures (7.4a), (7.4b), (7.4c) and (7.4d) show the mobility
distribution throughout the interior of the device for 0.0, 0.7, 0.9 and
1.0 volts forward bias. These figures show that the assumption of
constant mobilities (as assumed in most of the theoretical work) is
highly inaccurate in the vicinity of the metallurgical juncticn, where
it is a strong function of position due to the presence of the electric
fieid and to the variation of net doping density. The electron mobility
is about 1.5 times greater than the hole mobility, as expected.

Figures (7.5a), (7.5b) and (7.5c) show the spatial distribution
of electron and hole currents* for 0.7, 0.9, and 1.0 volts forward-bias.
This shows an interesting feature in that, though the doping demsity of
the p-side is higher (5 X 1020) than thét of the n-side (4 X 1020), the

electron current is the dominant current flowing in the substrate and

* For simplicity, in the following text, the term "current" will

be consistently used to denote current density.




113

N
' DIODE No.1 | =
V=07 vOoLT |
Eﬂ [
< ——
o2
Z
)
[
<<
Z _
an
=
O
U
(AN}
(a4
— _
L
Z ya
o)
=
@
Iz
10! 1 2
100 - ! ,
0 6 12 - 18 24 30

DISTANCE ( microns).

Fig. 7.3a. Spatial distribution of net recombination rate for diode

No. 1 under steady-state conditions for vy = 0.7 volt.




9 : : R _;.  fffﬁ4§4*¥*'
10 T T T T T T T ]
- DIODE No.1 |
~ Vp=0.9 VOLT - jo = o

10

NET RECOMBINATION RATE

"JUNCTION

10 ‘ ;
0 6 12 18 T 24 30

DISTANCE ( microns)

Fig. 7.3b. Spatial distribution of net recombination rate for diode

No. 1 under steady-state conditions for V, = 0.9 volt,



1010 RN B— S EE R N
S v,=tovolr |
=
< _
oz
Z
o
—
<<
Z _
P
=
@)
O
L \
m -
— \—
m .
Z z
o
—
8]
10° | 12 4
104 ! 1 ) | I I L |

0 6 : 12. 18 . 24 30
DISTANCE ( microns)

Fig. 7.3c. Spatial distribution of net recombination rate for diode

No. ‘1 under steady-state conditions for Vp =1.0 volt,




102 1 — T I} I — T T T  |
ol | o | DIODE No. 1 _|
| , . \p=oovolr |
. - ELECTRONS - - | 7
6 _
.5 \ | 3 -
o HOLE.S—/
yo4 _
. > ’
~
N
£
v
— 3 —
>—
|
-
o0
O
2 , ; _
Z
10
o
1)
Z
=
10] | ] | | | | | 1
0 6 12 i8 24 30

DISTANCE ( microns)

Fig., 7.4a. Spatial distribution of carrier mobilities for diode No. 1.

under steady-state conditions for Vj =.0.0 volt.



'11?_

10 | T ] | T T T
o L SR ~ DIODE No. 1
N Vaz07 VOLT |
8 ) ’ N i : N ) e—
ELECTRONS .
; L -
5 N
g, H»OLES-/v
[7, ] 4 —
>
~
N
£
(8
—_ 3 -
>—
—
o
=
O
= ) —
4
®)
:.
]
Z
-}
-
10! i | ! L1 i | 1 I

0 6 12 18 ' 24
DISTANCE ( microns)

Fig. 7.4b. Spatial distribution of carrier mobilities for diode No. 1

under steady-state gdnditions for V) = 0.7 volt.

30



T 1 T

'DIODE No.1 _|
Vp=0.9 VOLT |
/—ELECTRONS |
o HOL'ES—/
S 4r 7
! 1
I _
“e
O 3 ]
> !
—
=
o
= 2r - ]
o)
-
(&)
zZ
- }
-
]01 | | . | | | { ] 1 ]
0 6 12 18 24 30

DISTANCE ( microns)

Fig. 7.4c. Spatial distribution of carrier mobilities for diode No. 1

under steady-state conditions for V, = 0.9 volt,



BICEE—

DIODE No.1 4 =
VA=1.0VOLT |- -
‘/-ELECTRONS |
6 —
v ! /
0 HOLES
t = —_
s 4
~
N
£
u 1 ]
— 3} —
>
-
=
)
@)
:E '
v , L _
y4
o
—
O
W Z
=2
10! R NS NN N NN B MR B
0 6 12 - 18 24 _ 30

DISTANCE ( microns)

- Fig., 7.4d. Spatial distribution of carrier mobilities for diode No. 1

~under steady-state conditions for Vp = 1,0 volt.



CURRENTS

104

120

n ' | .»I.  |- i
-  DIODE No.1
B |  . YA:fog7fVI)LTH,:;;

ELECTRONS—/ |

DISTANCE ( microns )

Fig. 7.5a. Spatial distribution of electron and hole currents for

diode No. 1 under steady-state conditions for Vy = 0.7 volt,

o Z
Q
n '
v
Z
=
— - w——ad
! ! ! ! L1 ! !
0 é 12 .18 24 30



S o121

W — T T T T T T T 3
. S - DIODE No.1 7
- Va=09 vOouT 7
ELECTRON—/' 7
10°
)
}-—
Z
w
(a4
(a 4
D
U
10° —
- Z -
Q
| | e .
S
Z
_ 3 -
104 I T NN NSNS SN DU N NN BU
0 6 12 18- -, 24 30

DISTANCE [ microns)

Fig. 7.5b. Spatial distribution of electron and hole currents for

diode No. 1 under steady-state conditions for V) = 0.9 volt.




CURRENTS

10°?

107

= R " DIODE No.1 -
- RIS Vpslovolr

ELchRdN—/-'

DISTANCE ( microns)

Fig. 7.5c. Spatial distribution of electron and hole currents for

diode No, 1 under steady;state conditions for Vj = 1.0 volt.

| z
o
- =
v
Z
- = i
| I I | ! L1 | -
0 12 - 18 24 30



123
makes a significant contribution to the total current in the p-side;
The hole curfent in fhe p;region makes a decreasing?contribution to the
total current as the forward-bias is increased; it contributes 81.7% of
' the total current in the p-region fér 0.7 V bias compared to 72.5% and
60.5% for 0.9 V énd 1.0 V forward bias, respectively. The céntribution
of the electron current to the total cufrent in the p-region is
. increasing as the forward bias is increased.‘ This may be explained in
the following way: In our assumed model, thé ratio of hole current to

electron current can be written as

Jp(x) _ deiffusion (x) - derift (%)

= o--(7¢1)
Jn(x) Jndlffu31on x) + JRerft (x)

J_ (%)

In the case under discussion, J ) decreases in the p-region. As the
forward bias is increased, the electrlc field in the p-region also
increases, which gives rise to a large increage in the hole drift current
(holes are majority carriers, and therefore their concentration is very
high and a small change in the electric field will cause a large change
in the drift current). It seems that as the forward-bias is incfeaséd,
the increment change in the héle drift current is greater, cbmpared to
that of the hole diffusion current. ;As a consequence. of the above
reasoning, we see that the hole curfent contribution to the total current
will decrease in the p-region as the forward-bias is increased. The
argument that the electron mobility is greater than the hole mobility is-
not relevant to this case, as their ratio is almost constant in the p-
region for the biases considered (except in the transition region). The

contribution of the hole current to the total current in the quasi-
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neutréi n-region increases slightly as the forwarﬁ bias is inéreasedi.
(0.8, 1.27, 1.81% near the external comtact at 0.7, 0.9 and 1.0 Volts,
respectively). In this region, the dlffu51on component is 1ncreased
more than the drift component as the terminal voltage is increased,
since the electric field is either absent or has a very small value.

The terminal properties of the diode, namely the terminal
current and the incremental capacitance as a function qf the diode
terminal voltage, are plotted in figs. (7.6) and (7.7). The incremental
capacitance starts showing a large variation at a forward-bias of 0.7
volts, and increases verj rapidly to a value approximately 105 times the
value at zero volts. The value of the series resistance at zero volts
bias calculated from the definition given in Eq. (5.32) is 0.81 ohms,

Cut-off frequency, the static figure of merit, is defined as follows :

fcv ="'—_!.—-' 000(7.2)
21R_C, '
sv jv
where
fcv = cut-off frequency at the specified voltage (v).
Rsv = diode series resistance at the specified voltage (v).
ij = diode junction capacitance at the specified

voltage (v).

The cut-off frequency for diode No. 1 at zero volts bias, calculated
from Eq. (7.2), is 261 GHz. It is to be noted that the above calculation
of the cut-off frequency did not include the package capacitance and the

contact resistance.
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7.3 Results For Diode No., 2

The results displajed are hole and electron deﬁsiﬁyg
distributions, electrostatic potential, hole and electroﬁ quasi-Fermi:
ievel disfributions, hole and‘electron current distributions, hole and
electron mobility distributions and generation-recombination rate
~distribution. These quantities are displayed for 0.0, 0.5, 0.8 and 1.0
volts., TFigures (7.8a), (7.8b), (7.8¢c) and (7.8d) give the.hole and
electron density distribution along with the net doping concentfation
distribution throughout the interior of the device. These results
affirm the inequality betweén the electrom-hole density product and the
externally applied voitage Va: p(x) n(x®) < eva, which was earlier
éoiﬂted out by Gummel55 for simple‘p-n junctions, and was reaffirmed by
our results on diode No. 1 as mentioned in the previous section.. This
result shows that in our §+ -n - ﬂ+ structure, the electron and hole
density distributions obey the same law as for simple p-n junctions.

The hole and electron concentrations show that a great number of the
injected minority carriers are stored in the middle n—region.
Consequently the concentration of minority carriers in the quasi-neutral
n% region is far less (by a factor of more then ten) than the
céncentration in ‘the middle high resistivity layer. This may be
explained with the help of Fig. (7.9), which displays the electric field
in the neighbourhood of the middle n-region, when the diode_is in thermal
equilibrium. On both edges of the n-region, there is an appreciable
negative electric field present. At the §+ -~ n junction the field is
about 5 times higher then that at the n — ot edge. The electric field
at the center of the n-region is zero. Due to the presence of this

electric field, the flow of injected carriers into the n+ and p regions
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is retarded, resulting in an accumulatiﬁn of injected'charge in and
around the n-region. This is a desirable effect since it tends to
" localize the injected charge in the vicinity of the junctionm, thus
allowing it to be recovered in a shorter time when the diode is driven
into reverse-bias (diséussgd in detail in Chapter IX). It may be
pointed out that due to the presence of the electric field in a quite
wide region, more energy will be dissipated in the diode during the
transit times and will contribute another loss component to the total
loss. The accumulation of the charge in the center n—region'éauses‘
conductivity modulation, since the injected carrier concentration is
much higher (of the orxder of 103 times for 1.0 volts) than the doping
density (1.0 X 1015 / cms).

The concentration of minority carriers near the external
contacts exhibits a behaviour similiaf to that observed in diode No. 1.
The carrier concentraticn near the contacts increases as the terminal
vdltage is increased and is much greater (of the order of 102 times) on
the p+—side than on the n+Fside. The concentration.is observed to be
1ess'than that in diode No. 1, for thé same current. It may be
attributed to the presence of a large negative electric field, spread
over a larger distance. _

Figures (7.10a), (7.10b), (7.10c) and (7.10d) display the
distribution of E.S. Potential, E.Q.F.L. and H.Q.F.L. throughout the
interior of the device. The figure sho&s that the E.S. Potential
distribution has a large slope (hence electric field) af the junctions

' between the regions of differént doping. This slope (hence electric
field) decreases as the forward bias is increased. Anoéher important

feature observed is the zero slope of the E.S. Potential (zero electric



| T T T T | S
| ~ DIODE No.2 |
v 2_| B - _\/Af.o.o.you,__
w e L | o | SN
z |8 — f
- Z, (77» o Zg’ : '
- 2 S E.S. POTENTIAL
= V7 , - POIE | -
< . ' v S
oz :
W
§
N __ —
2 10
S
¢)
S
< 3 = —
X
= E.QEL., H.Q.F.L.—/
Z 4L T i}
L )
—
O
a.
@)
5 1 -
—
(Vo)
O
= sl |
= _
wl
-—
w
-25 ] ] ] ] ] i | { ]
0 12 24 36 48

DISTANCE ( microns )

Fig. 7.10a. Spatial distribution of electrostatic potential and electron
and hole quasi-Fermi levels for diode No. 2 under steady—state

conditions for Vj = 0.0 volt,




135

DIODE MNo.2 |-

z * .

Q

[

(@)

Z| :
20 12 , — — |

= [ \-E.s.' POTENTIAL

. D

a. » .
N H.Q.F.L.- ‘
16 Q -

ELECTROSTATIC POTENTIAL AND QUASI- FERMI LEVELS

-4 ! 1 ] 1 1 L L 1 !
0 12 24 36 48

DISTANCE ( microns)

Fig. 7.10b, Spatial distribution of electrostatic potential and electron
and hole quasi~Fermi levels for diode No. 2 under steady-state

conditions for V, = 0.5 volt.



T T
~ DIODENo.2 |
Vy =08 VOLT | .

295+

HQFL
250 | . -
205 B
' Es.PoraunAL~/
160 & |

ELECTROSTATIC POTENTIAL AND QUASI - FERM| LEVELS

Z
o
-
(R
Z
o
70 |> I
[ =4
31
a.
2.5 !
| EIJEL:\\
-2.0 | | | | | P ! | 1
0 12 24 36 48

DISTANCE ( microns)

Fig. 7.10c. Spatial distribution of electrostatic potential and electron
and hole quasi-Fermi levels for diode No. 2 under steady-state

conditions for Vj = 0.8 volt.



137

1 | | T T T T
| . DIODE No. 2 -
V45| . , |  Vp=lLOVOLT _
>
ul
—
g 38 F
oz ' .
(AR}
[ .
]
N L |
< 31 |
D.
Q
Z
< 24 - I
P | 1
< r——J ‘\_ |
l-z- E.S. POTENTIAL
T ]7 [ g
iy =
O O
a. Z
D
U -
— 10 lc
g B
(Vp)
@)
o i
O 3 I
o EQREL—
-4 I I 111 I | I 1
0 12 24 36 48 '

DISTANCE ( microns )

‘Fig., 7.10d. Spatial distribution of electrostatic potential and electron
and hole quasirFefmi_levels for diode No. 2 under steady-state

conditions for Vp = 1.0 volt,




field) ih the vioinity of thebcentet‘of’the n—region. ThlS chatge—f :
neutral reglon expands towards . the p ;reglon as’ ‘the forward bias is
1ncreased If we look at. Flgs. (7.8a), (7. 8b), (7 8c) and (7 8d), we
'see that the mobile charge den31ty of bOLh the hole and electrons |
1n3ected into the n~-region is equal (the doping concentration of the h
n-region is very low compared to that of the 1n3ected carrlers),,hencesh
charge-neutrality prevails. The expansion of the central chergefneutralhv?h
region towards the p+;region shows that the injection of‘the electrohsfh
becomes more and more dominant with increasing forward-bias. This‘ 
argument is supported by the results for the electron and hole current.
distributions. At 1. .0 volts forward—blas (Fig. 7.10d), a small p031t1ve
-electric field is present throughout the n&ereglon. Hole qua31-Ferm1_v
level also shows an apprec1ab1e slope 1n_thlsbregion, which indioates;

the heavy injection of holes.

These results of the E.S. Potentlal the E. Q F,L. and H.Q.F,. L.
distributions expose various inconsistencies in the analytical model39 56
The analytical model divides the diode into charge—heutral and space-
charge regions, where space-charge is confined to the narrow layers at
the junctions between regions of different doping. The E,Q.F.L. and
H.Q.F.L. are assumed constant throughout both the space-charge regions.
This model seems to fail at high fotward—bias, where the electric'field
in both the n+; and p+-regions is no longer a negligible quantity, and
.the E.Q.F.L. and H.Q.F.t. are.no longer comstant in the vicinity of the
junctions between regions of different doping,

The distribution of the generation-recombination rate throughout

the interior of the device is plotted in Figs. (7.1la), (7.11b) and

(7.11c). For low forward bias most of the recombination takes place in
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the n-region. As:the forﬁard bias is increased, the n-region is étill
the region having greater recombination; but the region of greater
recombination expaﬁds further into the p+-region. Figures (7.12a);
7.12b),.(7.12c) and (7.12d) display thé hole and electron mobility‘
distributions.' The mobilities of both the hole and electron are about
nine times greater in the n-~region than in the quasi-neutral p+ and ﬁ+'
regions; This isAdue to the fact that the n-region is very lightly
doped compared to the p+¥ and nﬁlregions. Moreover, at low forward-
biases, the high électric field at the p+—n junction causes the |
mobi;ities to decrease appreciably in the vicinity of thé junction.

| Figures (7.13a), (7.13b) and (7.13c) show the hole and electron
current distribution for 0.5, 0.8 and 1.0 volts reépectively. Initially,
the hole and electron currents dominate the total current in the pf and
n+ regions, respectively. As the forward bias is increased, the -
electron current exhibits a marked increase in all three regions, until
it becomes the major contributor of the total current throughout the
diode (more than 90% at 1.0 volt). The contribution of the hole current
in the p+;region for 0.5 V forward-bias is about 967, decreasing to
about 76% at 0.8 V. At high current densities (1.0 V forward-bias), it
reduces to 5.16%. This marked decrease of the hole current contribution
to the total current may be explained in the same way as explained in
Section (7.2) for diode,No. 1. The diffusion and drift components of
the hole current are opposite in direction. As the forward bias is
increased, the diffusion component increases, but as it appears that the
drift components ha&e a larger increment (holes are majority carriers in
the p+ and a small electric field is enough to give a large electric

current) than the diffusion component, particularly at high forward-bias,
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when the electric field in the p+Fregion'becomes more and more sigﬁifi—-‘v
cant. It results in less and less hole'current.éohtribﬁtiqn to the; |
totél current as the forward-bias is increaééa;jjgﬁ‘low and moderate
forward-biases, most of the decrease, in the hole and electron currents
takes place.in the central n-region. It may be attributed to the
presence of high negative electric fields present at both ends of the
n-region. At high forward-bias, when the space~charge regions at the
junctions of the regions of different doping are partly neutralized, no
such abrupt variation takes place at the ends of the n-layers.

The términal properties of the diode, namely the terminal
current and the incremental capacitance as a fgnction of the diode
terminal voltage, are plotted in Figs.‘(7.l4) and (7.15). The value of
the cut-off frequency at zero bias calcu;ated from.Eq. (7.2), is
52.6 GHz. It is to be noted that this value of the cut—éff frequency is
the upper limit that may be expected, since we did not include ‘the

package capacitance and contact resistance.

7.4 Synopsis

The internal and external behaviour of diode No. 1 and diode
No. 2, for steady-state voltage excitation, has been presented. The
results, displéyed in graphical form as a function of position and of
applied terminal voltage, give a thorough understanding of the devices'
behaviour, A brief discussion of the results has indicated a number of
interesting fea;urés and has demonstrated the usefulness of this

computer simulation method in making a wealth of information available.
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CHAPTER VIII
LARGE-SIGNAL "TURN-ON" RESPONSE

" In this chapter, the computed results for both the internal
and external properties of diode No. 1 and diode No. 2, when "turned-on”

by a large step of current, are presented and briefly discussed.

8.1 Introduction

When the bias of a diode is switched from either the revcrse or
the equilibrium state to a forward state, the behaviour of the diode
under the condition is termed the "turn-on" response. From the point of
view of charge-storage behaviour, this phenomenon is important. Unless
a sufficient amount of charge is iﬁjected and stored during the forward
part of the a.c. cycle, efficient use of the device as a.steﬁ—recovery
diode, inspite of a very fast recovery process, is impaired.

It is the purpose of this chapter to examine in detail and to
explain quantitatively the forward transient behaviour of diode No. 1
and diode No. 2, which are taken to represent the two distinct kinds of
varactor diodes as discussed in Chapter II.

A number of workers have studied this problem for a highly
asymmetrical step junction diode.8 The feported characteristics serve as
the guideline in tﬂis chépte;, though our case is "doubly-injecting"
and both carriers are to, be ccnsidered . The two important results which
are reported in the literature may be summarised as follows:

(1) The initial condition of the diode, either in the reverse

state or in thermal equilibrium, has little effect on the observed
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forward transient behaviour; But, if ihe diode is initially biased
slightly in the forward direction, the maximum &eviéﬁiqn between the
initial value and the final value (voltageuor‘current)vcan be greatly
reduced} L

(2) The diode forward transient is considered to consist of
two compoﬁents; one behaves in a manner similar to an inductive circuit,
and the second in a manner similar to a capacitive circuit. For large
currents, the inductive character dominates, while for.small currents, it
is the capacitive behaviour that dominates. Between these two extremes

the transient exhibits an oscillatory behaviour.

The case discussed in this chapter is the behaviour of the
diodes when a large step of current is suddenly applied across the diode
terminals. All the results are plotted in-normalised units, unless

otherwise specified. (See Table 4.1)

8.2 Results for Diode No., 1

A current step having a value

o
|
o
=
()}
Lo
et
o

is applied directly to the terminals of diode No. 1, initially in thermal
eqﬁilibrium condition. This value of current corresponds to 1.0 volts
forvard bias under steady-state conditions. The overall terminal voltage
response is shown in Fig. (8.1). Figure (8.2) displays the response for
the initial parﬁ of the transient. It is governed By the ohmic drop

build-up and the charging of the depletion layer capacitance. The build-
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. up of Ehe ohmic drop takes place in a time of the order of two times-thé E
dielectriq relaxation time (1.1 X 10-16 sec. for the substraté havingl |
0.4 X 10-'3 ohm-cm. resistivity). Since the resistiﬁity is so low; the
ohmié—drop build-up is very small and very fast. Therefore;.its
influence on thé overall transient is insignificant.

The overall transient may be taken to consist of two components:
the junction voltage transient and the diode resistancé transient. The
former increases with time and the latter decreases with time. In our:
case, charging qf the depletion layer capacitance in the initial stages
" and of the diffusion capacitance at later times dominate the overall \
transient response. The conductivity modulafion which results in a
&ecrease in the diode resistance has little effect even at latter times
when a large number of the minority—carrigrs have been injected across
the juﬁction. it is due to the facts that this diode is very heavily
doped and for any conductivity modulation to take place, the injected -

carrier density is to be comparable to the majority-carrier -

concentrations,

Figure (8.3) displays the electric field distribution for
various time instants during.the evolution of the transient. Figures
(8.4) and (8.5) display the electron and hole density distributions for
several time instants (the same as chosen for the display of the electric
field) during the evolution of the transient. As is obvious from Fig;
(8.3), the displacement current which is initially'the major current
component throughout the diode, becomes negligible in the quasi—ﬁeutral
regions within a short time of the order of 2 X'Trd+ (Trn* is the
diélectric relaxation time of the n+¥region), but is still significant

in the transition layer. However, it gradually decreases even in the



ELECTRIC FIELD (x10")

0 I
" DIODE NO.1
TERMINAL
-10 |- CURRENT =
=0.16x109
-20 - —
-30 f p—
-40 '3 -
1,42
-50 : il -
3.23 : ‘ 53 - 7.35

Fig. 8.3. Evolution of the electric field distribution in diode No. 1 during
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the turn-on transient (values of time instants indicated in Fig. 8.1).
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transition layer towards ité steady-state value of zero éé the transient
evolves in time. At this stage the traﬁsient is governed by the motion
of the‘minority—carriers, and hence becomes slow in time. The diode
Will_approach the steady-state conditions with a time constant of the
order of the tranSit‘time of the holesAin the substrate (=1.25 X_lO-gec).

Figure (8.6) displays the ratio of the hole charge injected
across the junction into the n-region to the holes stored in the n—regioh
under the steady-state conditions for the same terminal current. It is
to be noted that less than 5% of the charge is injected in a time of
2 X 10_5. This time is comparable to the time period of a 4 GHz. signal.
Moreover, this ratio will approach its final value of 1,0 with a time

constant of the order of the tramsit time of the holes in the n-region

(=1.5 X 10’6 sec.).

8 .3 Results for Diode No. 2

A current step having a value

0.75 X 109 t>0

[
1]

is applied directly to the diode. The diode is assumed to be in the
thermal equilibrium before the current step is applied. The value of
the current corresponds‘to 0.915 volts forward-bias under the steady-
state conditions. The overall voltage response is displayed in Fig.
(8.7). There is a overshoot present in the voltage response. The
initial part of the tramsient (t-< 1.1 X 10-'11 sec.) mainly represents

the build-up of ohmic drop in the quasi—neﬁtral regions of the diode and
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" the charging of the transition region capacitance, This bhenomeﬁon is
"ruled by dielectric relaxation properties of the highrresistivity region?.
and occurs within a period approximately equal to’the dielectric '
relaxation time. Trn’ as e consequenceicf the dielectric rela#ation
times of the serrounding low resistivity regio’ris’(p+ and n+) are very
small compared to Trn' At later times (particularly t > 0.24 X 10—5),
the conductivity modulation effects, comparatively small in the initial
part of the response, are dominant, so that the diode terminal voltage
decays to its final steady-state value. This decay is mainly governed
by the conductivity modulatiep of the high—resistivity.n-region, since
in the substrate, the effect is far less becaqse of its initial lower-
resistivity and the fact that the injected carriers have to pase through
the n-region before they reach the n+-region. Thus thevtime constant of
the decay is essentially given by tﬁe transit time of the holes in the
n-region (6.0 Xllo-s)*. Note that the transit time for electrons is
smaller due to their higher mobility. (=2 times that of holes)

Figures (8.9) ane (8.10) display the hole and electron densities
during the evolution of the tramsient., In Figs. (8.11la) and (8.1l1b), the
electric field as a function of distance is plotted for verious instants
of time. Figures (é.lZa) and t8.12b) give the displacement current as a
function of distance for various iestants of time during the evolution
of the transient. The electron drift current component in the n*Fregion

as a2 function of distance is displayed in Fig. (8.13) for various

: 2

* This estimation is made from the expression Tt ='%f— , Where
P

W is the estimated width of the n-region and Dp is the average

diffusion constant of holes in this region.
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' instants of time dﬁring the initial part of the transient. As is evident
from Eqs. (8.12a) and (8;12b), displaceﬁent.current features a basically
different pattern in the n-region when compared to diode No. i. ,The‘
initial decrease of the displacement current, which corresponds to the
build-up of the ohmic potential érop throughsut the diode, is followed
by an inversion of sign in the n-region and a subsequent decrease in the
magnitﬁde towards its steady-state zero value., The reversal of the
direction of the displacement currenf flow is a.ccnsequence of the
decrease of the voltage drop in a region whose conductivity is being
modulated. The modulation initiates iﬁ.the n~region at the edge of the
transition.region of the p+-n junctioﬁ and gradually spreads towards the
n%Qregion. The conductivity is wgll épparént in the_spatiai distributions
of the mobile carrier densities (Figs. 8.9 and 8.10). Due to sﬁalle;
dielectric relaxation time; the disélacement current, dominant in the
initial stages, decreaéés markedly in the n+—region, though it is still
dominant in the n-fegion. As shown in Fig..(8.13), the electrén drift
current replaces the displacement current in.the n%Fregion. This is the
consequence of the small electric field built up in the n+—region due to
the flow of the current. éimiliar behaviour is exhibited by the p+;
region. The electric field in the n—region ekhibits.an interesting
behaviour (Figs. 8.1la and 8.11b). Initially the electric field is
eifher negati%e or zero in this region. As the transient evolves in
time, the electric field reverses its sign at the — edge and becomes
positive. This positive electric field region spreads.towards the p+;
region edge. At late¥ time (t = 0.28 X 10-5) the whole n-region has
electric field and even the tran;ition region (pf;n) exhibits a large -

positive electric field. But as the transient proceeds further in time,
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the -electric field at the p+—n junction edge starts becoming less
positive. At this point in the time domain; the decay of the terminal

voltage towards its final steady-state value starts.

8.4 Conclusions

Diode No. 1 and diode No. 2 exhibit basically different terminal
behaviéur. The overall transient of aiode No. 1 behaveé some what
similar to an RC circuit. .Iﬁitial 1arge conductivity of tﬁe semi-
conductor material om both sides of the p-n junction prevents
conductivity modulation effects from becoming significant at the current
density to which the diode is subjected. It is also showm that less
than 5% of the holes stored for this current density under the steady-

1 .
0 seconds after the transient

state conditions is injected in 2.2 X 10°
is initiated. The displacement current is dominant in the initial part

of the transient throughout the diode. In a time of the order of two

16

times the dielectric relaxation time of the substrate (=1l.1 X 10~ sec.),

the particle drift current takes over from the displacement current in
the quasi-neutral bulk regions, but is still significant in the
transition region. At later tiﬁes, the minority-carriéf injected across
the junction become significant‘and the transient is governed by their
flow. The éteady—state value will thus be reached with a time constant
of the order of the transit time of the holes in the n~-region
(=1.5 X 10 sec.).

The overall transient of diode No; 2 behaves somewhat similiar
to an BL circuit, the initial voltage being mucﬁ greater than the steady-
state voltage. The conductivity modulation effects in the high-

resistivity n-region are mainly responsible for this behaviour. The
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large forward current to which the diode is subjected, causes a high
positive electric field to build up in the n—regibn. It later spreads
to even the p+—n junction transitioﬁ layer. At later times

(0.3 X lo-losec.), due to significant increases in the cénductivity at
the p+-n junction edge, the positive electric field starts decfeésing.
At this point, the terminal voltage stafts decaying towards its final

value, This decay will be mainly governed by the flow of the mobile

carriers in the n-region.
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CHAPTER IX
LARGE~-SIGNAL "TURN-OFF" RESPONSE

In this chapter, the computed results for both the internal and
external behaviour of diode No. 1 and dicde No. 2, when the device is
"rurned-off" with a current-limiting series resistance, are presented

and briefly discussed.

9.1 Introduction

When a diode has been qarrying current in the forward direction
and a reverse-biasing potential is suddenly appligd through a series
resistance, the behaviour of the diode is called the."turg -~ off"
response. We are interested in this phenomenon to study the recovery of
the charge injected during the initial forward-biased condition. The |
purpose of the series resistance is to liﬁit the initial reverse current
which will start flowing instantly after the reverée—biasing potential
is applied. The time required by the diode to recover its stored charge
determines to a great degree thé upper limit of the frequency at which
a diode can be operated in the step-recovery mode.

A number of workers have studied this problem for a highly
asymmetrical'step p-n junction.9—13’ 16 Their analysis has been mainly
based upon the solution.of a greatly simplified diffusion equation,
which does not take into consideration the presence of the electric
field. Muto 22”21;}5 expanded the analysis for a graded-base diode and

found it to have a faster response than a comparable uniform-base diode.

14 . . e .
Kennedy™ ' presented a second-order analysis taking into account various
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. recovery mechaﬁisms Whichiwere neglected in the previous works mentioned'
abo#e.' In the analysis of Benda EEnél;}7; a the;ry is developed for a |
p =~ s — n rectifier, »fhe ceﬁter high resistivity iayer iﬁ diode Nb. 2
is very thin, Therefdre,'the theory of Benda-gglglLl7 is not applicable .
as such and has to be modified.

In this chapter, the results for a "turn-off" transient for
bbth diode No. 1 and diode No. 2 are presented. These results are based
on our physical and mathematical model as discussed in Chapter III and
Chapter IV. The details of the numerical solution are discussed in
Chapter VI. All the quantitigs are displayed in normalised units, unless

otherwise specified. (See Table 4.1)

9.2 Results for Diode No. 1

The parameters chosen for the switching circuit of Fig. (9.1)

for diode No. 1 are as follows:

VR = =20 volts
Vf = 41 volt
R = 10 @

Figure (9.3) displays the diode terminal voltage for short times

(=‘10_11 sec.) after the diode is subjected to the "turn-off" transient.
+ + VR + VF (t=0)
At the time instant t = 0', a current I(t=0) = R is

forced through the device, since its terminal voltage remains constant
from t=0 to t=0+. As soon as the current starts flowing, the build-up
of ohmic drop in the guasi—neutral p and n regions becomes the dominant
effect. The build-up of ohmic drop effectively takes place in a time

constant of the order of the dielectric relaxation time of the n—region
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Fig. 9.1. Circuit model used for the study of the large-signal

turn-off response of the diodes.

-—><

Fig. 9.2. Switching waveform applied to the diodes.
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-3,

6 sec. for an average doping density of lOzo_cm ).. The .

(=1.1 x 107}

approximate value of the ohmic drop in the n-region may be estimated as -

follows:
= 02 -
AV  pmic —a (I(0) = I(ty) )
where.
p = average resistivity of the device calculated from the

steady-state considerationms,

. 2 = approximate length of the n-region, and

I(t1) = value of the current once the ohmic drop

is established,

The value of AV calculated for our case is about -0.1 volts, which is
well in agreement with our computer result as displayed in Fig. (9.3).
As the ohmic drop occurs very rapidly, the displacement current in the
bulk regions is significant only over very short time intervals and is
repiaced by the majority-carrier drift currents, The majority—carrier'
current is the consequence of tﬁe presence of a small electric field in A
the bulk regions after the ohmic drop is established.

As the transient evolves in time, the ﬁarticle currents become
significant in the transition region and start extracting the injected
holes and electrons from the very vicinity of the metallurgical jﬁnction.
The departure of the minority-carriers from the vicinity of the
metallurgical junction resﬁlts in a build—up of the electric field in the
"transition region as shown in Fig. (9.43). Figure (9.4b) displays the
build-up of electric field throughout the diode and shows the presence

of a small electric'figld in both'the p~ and n-regions. Since the
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DIODE No.1
R=108)
t120.50 x1077
t2:0.19 x1073
$320.30 x10°3
t420.41 x1073 _
1520.52 x10°3
16=0.69x1073
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Fig. 9.4a. Evolution of the electric field in the vicinity of the junction

during the initial period of the turn—off transient, for diode No. 1.



 DIODE Nel |

~tT=Q50x107{f?"
12:0.19x1073
t3=0.30x10% | -
t4:0.41x1073
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Fig. 9.4b. Evolution of the electric field throughout diode No. 1 during

“the initial period of the reverse transient.
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.density of the majority—carriers-is much greéter than‘the'densitynof»the
minority-carriers, this smail electric,figld gives riée to a very iarge |
majority—carrier drift current which almost accoqnts'for the total_n
current. The electron and hole'curfent distributions throughout the
diode for one particular time instant are plotted. in Fig. (9.5). The
fact that the majorify—carrier current cannot be ignored in our case,
renders the validity of the analytical models édop£ed fot highly
ésymmetrical p-n junctionsg“15 doubtful when applied to'heavily:doped,
doubly-injecting diodes like the one under consideration.

Figure (9.6) displays tﬁe overall transient response for dicde
No. 1. The computations were discontinued.after 0.2 microseconds, since
we are onl& in;erested in times corresponding to the periodic times at
microwave frequencies. Aftér an initial drop,'thé terminal voltage and
tgrminal current assume constant values. The spatiai distributions of
the hole density during the transient period are plottgd in Fig. (9.7).
Figures (9.8a) and (9.8b).disp1ay the spati;l distributions of the
electron density during the transient. The dist;ibution of the carriers
shoﬁ the.effecF of electric field in the transition region which tends
to accumulate carriers at the edge of the transition region in the quasi-
neutral bulk regions, and deplete the region close to the external
contacts. It may be stated that this efféct tends to lengthen the time

period in which the terminal current remains constant (constant current

phase).

9 .3 Results for Diode No. 2

The parameters chosen for the switching circuit of Fig. 9.1)

for diode No. 2 are as follows:
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the reverse transient, for disde Ns. 1.
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A -5 volts

R=
o VF = 0.8 vol?s
R=10¢Q

The initial paft of the fransient is marked by the build-up of the~§hmic
~drop in the p+F and n+;regions and the center high-resistivity region.
The build-up of the ohmic drop in all the three regions is governed by
their respective dielectric relaxationvtimes._ The estimated average
dielectric relaxation times, computed on thé Basis of charge distribution

before the reverse biasing pbtential is applied are 6.25 X 10_13 sec.,

2.2 X 10°*2 sec. and 3.5 Xv10f12vsec. for the n+4, n- énd p+;regions,
reépectiveiy. The initial part of the transient behaviour is depicted
in Figs. (9.9) and (9.10). Figure (9.9)‘displays the terminal voltage
and the terminal current for the initigl part of the transient. Figure
(9.10) shows the build-up of the electric field throughout the interior
bf the device; The hole and electron density distributions which are
not significantly affected in 2 time of the order of 1.1 X 10_12 sec.,
are not plotted. The high reverse currentAcaused by the applied reverse
bias potential and limited by the external series resistance, is
initially confributed by the diéplacement current, The build-up of the
electric field gives rise to large hole and electron drift currents.
These hole and electron currents become the major contributor to the
total current within a time of the order of 0.2 X 10_12 sec., Such high
particle drift currents start depleting the stored charge in'the p+ - n
- space—charge région. The depletion of the charge from the p+ - n space-

charge region reinforces the build-up of the electric field, which in

turn causes the build-~up of the terminal voltage and consequent decrease
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Fig. 9.10. Electric field distribution at various instants of time
(values indicated in Fig.:9.9) during the initial period of the

reverse transient, for diode No. 2.



iﬁ tﬁe reverse_terminal current; The terminal current aecreases to-
about 752 of its initiél valué.in approximately 5.5 X 10_13vsec. The
decrease in the terminai‘current causes the built-up eiectric field in
the p+}, n— and ﬁ+—regions to decrease slightly. However, at the p+ -n
junction, due to the depletion of the charge, the electric field
continues to build up slowly. Figuré (9.11) shows the overall response
of the device. The reverse current and, therefore, the terminal voitage
exhibit a relatively slower rate of change after the initial large - |
build-up. The terminal current decreases to 257 of its initial value

0 sec. Figures (9.12), (9.13) and (9.14) display the

within 8 X 10
electric field, hole densitﬁ and electron density distributions for
vérious_instants of time as indicated. Figure. (9.12) shows that thé.
negative electric field at the p+ - 1 junction is the main contribuﬁor to
the terminal voltage build-up. At the n - n+ junction, the electric
field first rises and theﬁ starts decreasing slowly; Figures (9.13) and
(9.14) show increasing charge depleéion in the vicinity of the p+ -n
junction, but exhibit a slight accumulation in the vicinity of then - n
junction. This behaviour of the hole and électron density is rather
unexpected; It may be explained in the following manner. The present
model considers fhe hole and electron‘mobility to be a strong function
of the distance. The carrier mobility shows a large variation in the
viéinity of the reéions of different doping (see Figs. (7.13a), (7.13b),
(7.13¢c) and (7.13d)). Moreover, the electric field in the vicinity of
the regions of different doping is greater than in the rest of the
device. The eléétric field in the n-region is highgr ghan in the nf;

. + .
and p -regions due to the ohmic drop caused by the large reverse current

through the device. As the transient proceeds, the reverse current
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decreases(and so does the negative electric field in the n—regidﬁ.‘ Thé.‘
current in the vicinity of the n - ﬁ+ junction consists.éf'bofﬁ the
hole and elecfron currents. bThe displacement‘éurrentvis’relatiyelyfal
. small component and, therefore, éan be ignored for the argﬁmeht here.
In the n+—region, current is mainly contributed by the majority carriers:
and the minority carrier current is négligible. In the n-region,
currentkis made up of both the hole and electron current components,

The electron current component‘being almost twice the hqle current
component. Figure (9.15) displays the distribution of both the hole and
electron current components in and around the n-region for a particular
time instant. Now let us examine what happens in the vicinity ofvthe
n -~ nf junction. The holes drifting towards the n-region under the
influence of the small negative elecfric field in the n+—region, find a
region of greater negative electric field in the vicinity of the n - nf
junction, though the ﬁobility has ﬁot éhaﬁged. This %egion of greatér
electric field causes the hoie current to increase due to a larger drift
componeznt. As the holes enter the edge of the n-region, the mobility
increases and as a result the hole current maghitude further increases.
When the hole reaches that part of the n~region where the electric field
once again has a low value; the hole current decreases. This results in
the accumulation of holes in the vicinity of the n - n+ junction. As a
consequence, 2 gradient of the hole conéentrations is formed at the edge
of the n - n+ junction so as to support the-terminai reverse current..
Now let us considef the electroﬁs drifting towards the n - n
junction. As they reach the vicinity of the n -in+ jﬁnction where large
negative electric fields are present, the electron current increases due

to a larger drift component caused by the electric field. When the
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electrons cross to the nf—region part of the transitionlregion, the
b,
| mobllity decreases, resulting in a decrease of the electron drlft current._r
As the electrons travel a little further, they encounter a smaller |
electrlc field Whlch results in making the electron drift current Stlll
smaller. The abrupt decrease in the mobillty at the n —vnf interface,.
thus . indirectly aids the electrons and the holes to accumulate in
'*the neighbourhood of the ﬁ* -1 junction. The accumulation of both the
holes and electrons in the vicinity of the n ~ ﬂ* 1nterface results in a
slight decrease in the electric field in the space-charge region at the
n -'n+ interface. It may be mentioned that if the carrier mobilities
are assumed constant throughout the device, the small charge accumulation'
at the n-—ﬁ* interface Would not be so obvious. This is one of the:
reasons that Benda_gtfalLl7 did not observe any charge accumulation in
their analjsis though they observed thatlthe space—charge region at the
p+ -n Junctlon was malnly respon51b1e for the voltage build—up across

+
the device, and the space—charge region-at the n - n Junctlon

contributed little.

9 .4 Conclusions

In this chapter, the 'turn-off' transient behaviour of diode
No. 1 and diode No. 2 has been presented. The value of the current-
limiting external series resistance has been chosen so as to enable the
reverse recovery current to be much greater than the initial forward
current. In the case of diode No. 1, the computations were terminated

-6 . . . .
at 0.2 X 10~ sec., since our interest is confined to times corresponding

to the periodic times at microwave frequencies.
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The reverse terﬁinal‘current in diode No. 1 assumes a coﬁétant: ‘
value after ;ﬁe initial decay due'td the build-up of the ohmic drop;
The presence of the electric field in the neighbourhood of the p-n
junction helps maintain the 'constant current phase', . Moreover, the
small electric field (positive) also 'pushes' the injected minority
. carriers from the regions élose to the external contacté towards the
space-charge region. This small positive electric field also gives risefo
large majority~carrier drift currents in the bulk regions and these drift}_
currents constitute the major part o§ the total éurrent. Tﬁerefore, the
ﬁajority carrier currents can no longer be ignored, as was done in the
singly-injected diodes case; This effect that the minority—éarrier
current constitutes only a small portion éf the total current, slows
down the extraction of stored minority carriers compared to the case of -
» thé singly—injected diode.

In the case of diode No. 2, the space-~charge region in the
vicinity of the p+ - n junction plays the dominant role and behaves as a
normal p-n junction under 'turn-off' transient conditions. The n - n
‘junction space-charge region has little effect. In the initial stages
" of the transient, it helps the terminal voltage to build-up, but at
later times it shows a slight decrease in the electric field résulting
from a sﬁall accumulation of the mobile-carriers. This unexpected
behaviour may be attributed to the fact that the carrier mobility changes
abruptly at the n - n& junction and there is an appreciable eleptriq

field present in the neighbourhocd of the n - n* junction.
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CHAPTER X
LARGE~-SIGNAL, SINUSOIDAL EXCITATION RESPONSE

In this chapter, the computed results for the internal and
external behaviour of diode No. 1 and diode No. 2 in a broadband,

harmonic generating circuit are presented and briefly discussed.

10.1 Introduction

The broadband circuit of Fig. (10.1) is one of the simplest
circuit configurations which can be employed for harmonic generation57.
The internal and external behaviour of the diodes in such a broadband
circuit is analysed here. This circuit configuration is chosen to
minimize the complexities of the external circuit and its interaction
with the device. The analysis is based upon the numerical soiution of
the physical and mathematical model as discusséd in Chapter III and
Chapter IV. The-ﬁetails of the numerical solution are‘discﬁssed in
Chapter VI. The signal frequency is chosen to be 5 GHz. to reduce the
computation time. HoWever, lowerfmicrowave frequencies can be chosen at
the expense of mo%e computer time. The d.c. bias is assumed to be
equal to 5 volts and the peak to peak value of the applied signal is
assumed to be 12 volts. The load and source resistances (R.G and RL) are
assumed equal to 3.7 ohms. This value of resistance is within a factor
of 5 éf the computed series resistance éf diode No., 1 at zero volté bias,
(definition given in Chapter V).

Various quantities, such as electron and hole densities,.

electric field and diode terminal current and voltage are displayed in
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normalised units, unless otherwise specified (see Table 4.1). Fourier
anélysis of the current and voltage waveforms yield the fundamental

frequency contents and thus enables us to compute the large-signal

impedance of the diodes at the generator frequency.

10.2 Results for Diode No. 1

" The numerical solution for fhe diode behaviour in a broadbénd
harmonic generating circuit of Fig. (10.1) is obtained here by applying
both the reverse d.c. bias, and the a.c. signal simultaneously to the.
diode which is initially in thermal equilibrium. The results are
obtained for the first five a.é. cycles. The terminal curpeht, the
terminal voltage agd the applied signal as a funbtion of“time are
displéyed in Fig. (10.3). It is evident from Fig. (i0;3) that fhe.'
terminal response becomes almost repeatable in tﬁé tiﬁe domain after the

initial transient period (=1.l1 X 10"11

sec.). Detailed snap shots of
the electric field, and the hole and eléctron density inside the diode
during the fourth cycle are displayed in Figs. (10.4a), (10.4b), (10.4c)
and (10.4d). TFigure (10.5) gives-the hole and electron densities for

various time instants during the fourth cycle. Points to note are the

following.

(1) The electric field in the very vicinity of the metallurgical
junction (1 to 2 microns on each side of the junction) controls the time—
dependent behaviour of the device in this case. The electric field away
from the junction (about 3 microns and more on each side of the junction)
is small in magnitude; it thus contributes little to ;he tiﬁe—dependent
behaviour. The high electric field at the junction épreads into the

bulk when the net applied voltage is negative and contracts back towards
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= v

+ d.c

Fig. 10.1., Circuit model used for the study of the large-signal,

sinusoidal excitation response of the diodes.

AN

\ \/\ N

Fig. 10.2. Applied waveform in the circuit of Fig. (10.1).
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the junction when the net applied voltage is positive.

(2) The bulk :egiéns exhibit large majority-carrier drift
currents which account for almost the totéi current flowing. These -
current‘components result from the small electric field which is built
in the bulk regions due to the flow of the large current. The
displacement current is very small throughout the diode except in the

very vicinity of the junction, where it contributes significantly to

the total current.

(3) Mo significant recovery mechanism is exhibited for
retrieving the injectéd udnority—c;rriers which have moved relatively
far away from the junction (2 microns or more). Large carrier
concentration gradients here give rise to a forward particle.current.
The negative electric field here is small and does not give rise to a
large reverse current, so that the minority-carrier currents have a net
forward component., Thus, the carriers Whi;h are injected beyond the
region of the high electric field tend to travel further towards the
contacts rather than being ;etrieved during the reverse part of the
cycle. However, the carriers present in approxiﬁately 1.5 microns width
on each side of the junction are effectively retrieved duringvthe

reverse part of the cycle.

(4) The large-signal impedance of the diode is an effective
value at the gemerator frequency obtained by the Fourier analysis, of the
terminal éurrent and voltage waveforms. The value of the iﬁpedance
obtained in the present case is 0.971 + j0.51 ohms. This value of

impedance, however, is not unique and depends upon the operating
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conditions and the surrounding passive circuitry,

10.3 Results for Diode No. 2

The terminal current and voltage of’the diodé-as a functiocn of
time are displayed in Fig. (10.6). Detailed'iesults are computed for
only one cycie after the initial transient vanishes because of the
lengthy computer runs required to compute the results for a few more
a.c;.cycles. The results obtained for diode No. 1 show that the terminal
response is almoét repeatable ;nce the initial transient has vanished.
Detailed snap shots of the electric field,,electréﬁ density and hole
density as a fuqstion of distance during this a.c. cycle are displayed
in Fiéé. (ld.7a), (10.7b), (10,7c), (10.7d), (10.7e) and (10.7f). Figure
(10.8) gives the terminal voltage and current as a function of time

during the initial transient period. Points to note are the following.

€)) The electric fieldvexhibits a 1a£ge negative value in the
n-region dgring the reverse part of the net applied voltage. However,
during the forwar& part of the~net"applied voltage, an appreciable
positive electric field is built-up in the n-region. Both the positive
aﬁd negative electric fields fuilt—up in the n—region during the a.c. ‘
cycle may.be attributéd'to~the'ohmic voltage'drop caused by the large

current flow.

(2) The injected minority-carriers are kept well within the
center n-region. The large negative electric field built-up in the
n-region during the reverse part of the net applied voltage enables

almost all of the injected minority-carriers to be retrieved.
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(3) The bulk regions exhibit large majority-darrier drift
éurrents which account for almost. the total current flowing. These
current components resﬁlt from the small electric field which is built"
in the bulk regions due to the flow of a large current. The’displace?
ment current is relatively small in the p+- and nf—regions; In the
n-region, the displacement current accounts for most of the total

current and the particle currents are relatively small,

(4) The large-signal impedance of the diode at the generator
frequency as defined in Section (10.2) is computed to be 46.102 + j374.96
ohms. It may be stated again that this value of the impedance is not

unique and depends upon the operating conditions and the surrounding

passive circuitry.

10.4 Conclusions

The internal and external behaviour of diode No..l and diode
No. 2 in a broadband harmonic generating circuit has been analysed. In
the case of diode No. 1, no significant recovery mechanism is exhibited
for the injected minority-carriers which have moved relatively far away
from the junction (2 microns or more). In the case of diode No. 2 the
injected minority-carriers are kept well within the center n-region.
The large negative electric field present in the n—région during fhe
reverse part cf the net applied voltage, enables almost all of the
injected minority carriers to be retrieved. The large-signal impedance
of Eoth diode No. 1 and diode No. 2 at the generator frequency shows
an inductive character. This result indicates that the classical model

of a varactor diode consisting of a series combination of a variable



-capacitance and resistance may not always be valid and a variable -

inductance may be included in the eq’u'ivélept[ circuit of a. _vax;aci:ér'."" R
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CHAPTER XI

MICROWAVE HEASUREMENTS OF THE STATIC CHARACTERISTICS

OF A MICROWAVE VARACTOR

In this chapter, variaus techniques used to measure the static
properties of a Varéctor, namely the series resistance and junction
capacitance and hence stétich, are discussed. Measurements based upon
these techniques are_preseﬁted and compared. A commercially available

step-recovery diode (Hewlett Packard No. 5082-0251) has been used.

11.1 Introduction

For mosF varactor applications at microwave frequencies, it is
not adequate to rely on low frequency measurements of the varactors
parameters; even parasitics may be frequency dependent. Besides,
measurement of the series resistance at low frequencies is difficult and
inaccurate. Microwave measurements are therefore mecessary for varactor
characteriz;tion. There are two basic methods of measurement presently
applicable to waveguide~mounted varactors:

(1) the transmission loss method due fo DeLoach58 with

variations by Roberts and Wilsonsg; and

(2) relative impedance method due to Houlding60 with variations

by Harrison6l and Mavadatt62.

58,99 requires mounting the diode in reduced-

The transmission method
height waveguide and measuring the transmitted power mear the series-
resonant frequency. The method consists of either holding the bias

fixed and varying the'frequency58 or holding the frequency fixed and



. LD . : . .
varying the bias 9. Due to the necessity of mounting the diode in
waveguide, this method is limited in the range of junction capacitance
and package inductance which may be resonated.

The relative impedance method60’61’6?

requires matching the
diode to a slotted line with a lossless tunable transformer. By changing
the bias voltage and measuring the VSWR, the diode quality factor may be
calculated by assuming a series resistance which does not vary with bias
voltage. However, while measuring high quality varactors, the line

loss and holder loss cause a large measurement error and correction for
these additional losses is neceésary. 'Sard63 gave a new procedure to
correct for these losses. However, this procedure is rather tedious and
complei.

Another technique is presented here which considers the diode
as a dielectric post mounted in the center of Fhe waveguide, Various
elements of the equivalent circuit64 are determined by impedancé
measurements. These measurements are corrected to transform the
impedance measured in a regular height slotted section to that in the

reduced-height waveguide, in which the diode is mounted, using the

procedure given by Oliner65.

11.2 Dielectric Post Approach

11.2.1 Equivalent Circuit of the Diode in a Reduced—Height Waveguide

An account of the theory pertaining to the situation where the
coaxial line presents an arbitrary impedance at the junction with the
waveguide is given by Lewinsé, as shown in Fig. (11.1). For simplicity,
the coaxial line in Fig. (11.1) is replaced by a lumped impedance Z1

connected to the end of the perfectly conducfing post, as shown in



[ \ rectangular
X1 D waveguide

a

\:.I \

| i AN

1 \\
d b \\\

~
~
~
| .
coaxial line

Fig. 11.1l. Sectional view of junction between a rectangular waveguide

(TE]g mode) and coaxial line., =~

Q

Fig. 11,2, Equivalent case of configuratidn shown in Fig. (11.1).

o~
JXp
2 1/84 wavegu:de
- cosec——-1 1
o— 3 —o

Fig. 11.3. Equivalent circuit for the configuration shown in Fig. (11.2).
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Fig. (11.2). When a TE. -mode electromagnetic wave is incident on a

10 .
perfectly conducting post mounted in a ﬁavéguide, the incident electric
field is cancelled at the surface of.the post; Surface cﬁrrents are

set up on thé post, and their radiation into the waveguide is,responsiﬁle
for the reflected wave that is set up. For a post of small diameter,
that is, 'EQ << 1, where d is the diametervof ;he post, the resulting
effect is similar to that produced by a fictitious current filament
located at the center of the post64. A solution for the integrai
equation of current yields a value for the reflected wave which is

dependent on and related to the impedance of the post as follbws6 :

™ M, Y
Z =27 cosec? —— —_— - + jiX .eo(11.1)
c a YA jB P
1 d
where
de = capacitanée susceptance term, and
ij = inductive reactance term.

In the course of actual numerical calculations, a value for the applicable

waveéuide characteristic impedance Zc resulted in63:
Z = 240 w-h(zg) | T ..l.(11.2)
c a\i .
where
lg = guidg wgve—length, and -

) = free space wave-length.

The capacitance contributing to de was interpreted by Lewin64 as the
capacitance between the post and the walls of the waveguide as well as

being due to the discontinuity at the junction of the coaxial line with
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the waveguide. The post inductance for a perfectly conducting short-

circuited post is given by66:

3x =% { log (%Z— sirigi)+ s} , ... (11.3)
g

where

correction term, and

wn
[

[a¥
1

diameter of the post.

Figure (11.3) gives the circuit representation of Eq. (11.1).

Similarly, the impedance for the caée of a dielectric post
instead of a conducting post is obtained by replacing the electric field
due to the filament current by an appropriate e%pression for the electric
field. For a small diameter dielectric post, the post régcténce jXP' is

given by66’67:

/3 2(nd/2)
jX_ ' = cosec? E§-¢ngh S+ 2 .
P a . y2mo Iifraveyd o 31N

= /N e LA

- 22
Jogwd/ETYﬁ nb Jo(ﬂd/l)

... (11.4)
where
Jo and J1 = Bessel functions,
€' = relative permittivity of the post material,
y = permeability of the post material,
w = frequency in radiané per second, and

So = correction factor.
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Using the explanation of Getsinger67, the terms on tﬁe fight side of
Eq{ (11.4) can be represented by a geometric reactance ng of the pést
in the waveguide, the radial-line admittance of the dielectric post and
the negativé value of the radial line admittance de at the post
radius, but with the'post absent. If the:admittance Yt is complex,

-jXP' is replaced by a impedance Za’

1 1
Za = cosec? - juL 4 ———— .0 (11.5) .
Y, - juC, -

These considerations lead to an equivalent circuit for a dielectric post
mounted in a waveguide and ;ermiﬁated in a impedance Z1 (i.e., coaxial
cable, etc.). Figure (11.4) gives the complete equivalent circuit. At
é given frequency, the real and imaginary parts of the p&st dielectric
constant can be adjusted (conceptually at least) to provide any desired
value of radial line admittance over the surface of the post. Let the
dielectric post be replaced by a diode in a package consisting in part
of an outer dielectric sleeve having the same diameter as the post and
haviﬁg the same radial line admittance over its surface. It would then
be expécted that the waveguide equivalent circuit for the dielectric
post can also be used to represent the impedance of this new
"configuration with reasonable accuracy. If the diode is centrally

mounted, which is the usual case, the transformer reduces to one with a
67

unity turns ratio. The capacitance cd is given by ':

c,=rd . . _ ... (11.6)



| ]/Yf_—
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Zﬁ ]{ch]
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|

Xy
coseCc —:]
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O-

Fig. 11.4. Complete equivalent circuit for waveguide shunted by a -

small—diameter dielectric post and an impedance Zj presented by a

coaxial line.

O—

17Y,

Jwlg

Z 1/jBg

T

Fig. 11.5. Simplified equivalent circuit applicable for a centrally-

mounted diode in the waveguide.

waveguide
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rectangular
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For a ﬁsual microwave diode, Cd is of the order of 0.02 pF, The
presence of this parametef is ignored fbr our case as the capacitance
to be measured is at least 20 times,greéter than Cd' Thus,'the
equivalent circuit reduces to a simplified circuit as shown in figure

(11.5).

11,2,.2 Measurements

To determine the packaged diode impedance from the equivalent
circuit shown in Fig. (11.5), impedance measurements were made on a
varactor diode mounted in a redqced—height rectangular waveguide whose
height is chosen to be equal to the ceramic portion of the diode. . Since
no slotted line was available in reduced-height waveguide, measurements
were made iﬁ a regular height waveguide (RGU/50) slotted line. The
reduced-height diode mount was connected to thelregular heigh£ waveguide
by an impedance transforaing section. Thg transformer used here was a
quarter-wave stepped impedance transformer, which was theoretically
designed to exhibit a return loss greater than 30 db all over the band.
The actual transformer exhibited a return loss greatér than 27 db over
the frequency bapd of interest (6 - 8 GHz.) and 29 db for (6.35 - 6.9 GHz)
along with 30 db at 6.4 and 6.7 GHz * 0.1 GHz, when two identical
transformers were put back to back.

The reduced height diode mount is shown in Fig; (11.7). 1It
uses a coaxial capécitor (more than 100 pF) to serve as a d.c. block
and a r.f. by-pass. Steps were taken to ensure that the contacts at
both ends of the diode package were practically lossless. Thin gallium
washers were used to allow for small variations in the diodgs dimensions.

Both the diode mount and the impedance transformer were gold-plated to
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SEMICONDUCTOR  * —t— ]

N N / L DIELECTRIC
22BN B~ 7 CYLINDER

Fig. 11.6., Cross—section of a typical packaged varactor diode.
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Fig. 11.7. The reduced-height rectangular waveguide diode mount.
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m inimize the losses. -

’

First, the measufing system Was calibrated to yield corrections
for.thé discontinuity éffeéts introduced by the impedénce transformer,
since the impedance measurements'were.made:With_a regﬁlar’height'
slotted line. .A procedure outlined by Oliner65 allows correction of the
measured data by means of a calibration curve. To obtain this
calibration curve, positions of the voltage standing wave minima in the
élotted line are accurately measured for various positioms of an
adjustable short circuit in the reduced—héight section, fhese positions
are closely spaced and readings must be taken over a distance of at
least one-half Qf a guide wave-length at the frequency of the r.f.
signal., TFrom these measurements, a curve showing the difference betweén
fhe position of the short circuit and the position of a minimum in the
slotted line (both with arbitrary reference planes) as a function of the
position of the slotted section is obtained. The calibration curve is
strictly valid only for lossless terninations. However, Oliner65 gave a
procedure in which complex impedances can also be dealt with, using the
same calibration curve and certaiﬁ approximations. The applied equations

then become65:

rm2 + 1 lgs
Doorrected = [P 7 4D o ) : ... (11.7)
r -1 gd
m
LY
r - |1+ H ...(11.8)
corrected m 1 Agd 1/8
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where
D = position of voltage minimum,

AD = correction available from calibration curve, .

r = measured VSWR,

Ags = guide wave-length of moveable short,

Agd = guide wave-~length of slotted line éection,

D = position of voltage minimum sfter correction,
corrected ~ ‘

T = corrected value of VSWR, and
corrected o
AD = correction available from calibration curve for

1/8
'g pos?t%on D - Agd/S.

A schematic of the experimental arrangement is shown in Figure
(11.8). The e%perimeﬁtal éroce&ure was és follows: The position of the
.voltagé minimum was noted for many closely-spaced positions of the
adjustéble short circuit in the reduced-height section. Readinés_wefe
taken over a distance of more than one-half of a guide wave-length, at
the frequency at which measurements were desired. The adju;table short
circuit was placed atla distance Ag/2 behind the position in which the
diode is mounted. The diode and coaxial line were then removed and the
resulting hole in the broad wall of the wavegui&e was closed by a gold-
plated fiat brass plate., The positi&n of a refefeﬁéé ﬁsitage minimum in
. the slotted 1iﬁe was noted and correspohded to a short circuit at the
pléne of the éiode. Then the adjustable short circuit was placed at a
distance Ag/& behind the locatioﬁ at which the diode is mounted, thus
correspohding to an open circuit at the plane of the diode. With this

position of the short curcuit, the VSWR and position of the minima was
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noted when the coaxial line‘was reinserted with a highly conductive post
of the same shape and size in place of the diode. The conductlng post
was then replaced Wlth ‘the dlode, and the pOSltlonAOf the voltage
minimum and the VSWR were noted the short circuit remaining <In the
same p051t10n. These readlngs were taken for various d.c. bias yoltages
applled to the dlode. All these measurements uere corrected as glven

in Eqs. (11,7) and (ll 8) From the equlvalent c1rcult glven in Flg.
(11.5), it is seen that the dlode terminal umpedance at any bias is
readily calculated from the ahove measurements as the difference
between the measured 1mpedance of'the assembly and the 1mpedance of the
system with a aummy dlode substltutea for the varactor. A callbratlon
curve for a frequency of 6. 757 GHz is shown in Fig. (11 9). Measurements*
on the HP step—recovery dlode No. 5082—0251 are listed in Table (11.1).
The value of the characterlstlc 1mpedance Z o calculated from Eq. (11.2)
is 53.8 ohms for this case,.

11.2.3 Obtaining the Series Resistance from the Measured

Terminal Impedance

The most commonly accepted equivalent circuit67 of a varactor
whose cross—section is as shown in Fig. (10.6) is as shown in Fig. (11.10),
for the small signal case, For the measurements at the frequency
considered here, fringing capacitance CB can belneglected and the
equivalent circuit simplifies to the circuit shown in Fig. (11.11). The
value of the package inductance LA and package capacitance CA can be
measured as outlined by Getsinger67. However, to perform the

measurenents of LA and CA with sufficient accuracy, we need a set of

* Similar technique was applied to tunnel diodes by Scanlan68.
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Relative Diode

True Diode

Corrected
Description Relative Terminal Terminal
..... Impedance | Impedance . Impedance
Brass Post
g;gz:cszdtiz 0.030 + j0.482
Diode
With Diode
Bgésl(V§1£s)
d.c.
0.0 0.067 + j0.4 0.037 - §0.082 1.99 - j 4.4136
-3.0 0.058 + j0.185 | 0.028 - j0{297 1.501 - j315.97 |
~-7.0 0.054 + jO0.0S6 _;0.024 + j0.386 1.2912 - j20.766
-15.0 0.053 + j0.017 | 0.023 - jO.465 1,2374.— j25.01
+0.2 0.671 +°30.458 | 0.042 - j0.024 2.2596 ~ j 1;288-
+0.4 0.07§ + j0.497 | 0.049 + j0.015 ‘2.6362 + j 0.8
+0.7 0.14 + 30.85 | 0.11 + j0.368 5.918 + j19.7984
+1.0 0.1 + j0.935 : 0.70 + j0.453 3.766 + j24.00

TABLE 11.1. TERMINAL IMPEDANCE OF STEP-RECOVERY DIODE

(HP. NO. 5082-0251) MEASURED BY THE

DIELECTRIC POST APPROACH,
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Fig. 11.10. Packaged varactor diode equivalent circuit at microwave

frequencies.
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Fig. 11,11, Simplified equivalent circuit of packaged varactor diodes

at lower microwave frequencies,
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oﬁen and shorted diode packages so that statistical data can be collected

from which a usable value of CA and LA can be chosen. Since we do not
have a set of open and shorted diode packages, we needed to rely on the

specifications supplied by the manufacturer for the package:

QA = 0.20 pF

L, = 0.50 n

From the equivalent circuit of Fig.'(ll.ll), we can write the

foliowing equation§7:

Rm
7= , ... (11.9)
s . -

. CA 2 2 2,2 2
. (1+-(§-wLACA)+(CAwRS

real part of the diode terminal impedance,

where

AN

£
1l

If it is assumed that the junction capacitance Cj at the measurement
frequency has the same value as determined by the low frequency

60,63
b

*
capacitance measurements Rs can be determined directly from

Eq. (11.9), since we already know the value of LA and CA.

"11,3 Results
The diode terminal capacitance, measured with a Boonton bridge
using a small 1 MHz signal to minimise averaging effects, is displayed

in Fig. (11.12) as a function of the bias voltage. From the equivalent

* This assumption is only valid for the reverse-bias and low

forward-bias czses.
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circuit of Fig.,(ll.ll), this valqebdf capacitanée ié a1m§s£yéquél»to
the value of’(CA + Cj). If it is assﬁmed thét the'juﬁctidn:cééacitancé‘
Cj at the measurement frequency (6.757 Gﬁz) has the same~Valu¢:as .
_ determined by the'l MHz frequencylmeasurements60’63, the-juﬁction;
capacitance is determined from the measurements‘reported iﬁ fig. (11.12),
since we know the value of Cy (0.2'pF) as determinéd in.Sectioﬁ (11.2.3).
Equation (11.9) then yields the value of the series resistance Rs* since

we know all the other parameters of the»equivalent éircuit. Table (11.2)

lists the value of the series resistance Rs determined from Eq. (11.9)

for various bias voltages.

Bias Voltage . Series Resistance: ,
in volts.d.c. | Rg in @
-15.0° 1.572
—7;0 I 1.565
-3.0 1.710
0 2.149
+0.2 2.285
+0.4 2,410
+0.7 4.950

TABLE 11.2. THE VALUES OF SERIES RESISTANCE R.S FOR STEP-RECOVERY DIODE

“(HP. NO. 5082-0251) AS DETERMINED BY THE DIELECTRIC POST

APPROACH.

Figures (11.13) and (11.14) give the static Q measurements at

6 GHz and 7 GHz, respectively, on the same diode using Harrison's6
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Harrison's method at 6 GHz,
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relative impedance method. A shorted diode package provided.by Hewiett a
Packard Company is used tc obtain the required short circuit reference.
This method yields a static Q of 7.7 at 6 GHz and 6.5 at 7 GHz at zero
volts bias for the diode undervccnsideration. The atatic Q at zero
volts bias for the diodeias calculated'by the dieiectric post'approach
presented in Section (11.2) is equai to 8.756 at the measurement
frequency of 6.757 GHz. Figure (11.15) compares the value of the
capac1tance as calculated for diode No. 2 for steady-state cases and the
values of capacitancc obtained for the step-recovery diode (HP. No.
5682—0251) from thc Boonton bridge operating at 1 MHz. The values show
an agreement for low forward-biases. The relatively large difference
at high forward-bias may be attributed to the diffusion capacitance

dependence upon the frequency4 of the measuring signal.

11.4 Conclusions

An improved ﬁrocedure has been deveioped for measuring the
static characteristics of a varactor diode. First, a theoretical circuit
model for.a varactor mouﬁtea in a reduced-ﬁeight waveguide has been
given. Then an experimental procedure for determining the parameters
of this equivaleat circuit has been described. This method takes into
account the line loss and holder loss which are present in a practical
measuring system. This method also yields directly the value of the .
series reaistance R ; The value of the static Q.measured from this
approach.ls higher than the one measured by Harrlson s approach as the
latter approach neglected line loss and holder loss, and thus assumes

the measuring system to be lossless.
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CHAPTER XIT
CONCLUSION

In this work, a coﬁputer—aided study of the'electrica1~behaviour
of microwave varactor diodes under static and dynamic large-signal
conditions has been carried out. Numerical methods of solution have
been used in preference to presently available analytical techniques
because of the freedom available in the former approach in the choice of -
doping profile, generation-recombination law, mobility dependencies and
injection level. Moreover, boundary conditions in this method are
applied solely at the externmal contacts.

| For purposes of this study, microwave varactors have been
classified into two broad categories, namely varactor diodes and step~
recovery diodes. The first category was taken to represen£ those diodes
in which non-linearity of the junction capacitance in the reverse-bias
condition is optimised. Diodes optimised for utilising the abrupt
change of capacitance for voltage nmear the contact potential were taken
to belong to the second category. Typical physical structures and
doping profiles have been chosen to represent these two types of
varactor. The steady-state solution has been obtained by an algorithm
origionally used by Gummel18 to solve the steady-state case for
transistors. Time-dependent solutions have been obtained by finite
difference methods originally wused by DeMari21 for a simpler physical
- model of zero recombination and comstant mcbility. _DeMari's algorithm

has been extended to cover our physical model and was succeséfully
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applied to the two different chosen diode structures; they exhibited
a very different stability behaviour in their numerical solution, the
step-recovery diode solution requiring more stringent procedures.

Four different forms of external excitation have been
considered:

(1) steady-state voltage excitation;

(2) large-signal "turn-on" excitation;

3 large—signal "turn-of f" excitation;

(4) 1large-signal sinusoidal excitation in a broadband circuit.

Detailed results for the above mentioned cases have been
presented and diécussed in Chapters VII, VIII, IX and X. The results
reflect the usefulness of numerical techniques for studying both the
static and dynamic behaviour of these devices. These results also
expose various inaccurate assumptions employed in much of the analytical
work and in some cases, their igaéplicability to the present device
under the conditions studied. |

An improved technique to measure the static characteristics of
a v#ractor diode at microwave frequencies is reported in Chapter XI. The
valﬁe of static Q obtained by this 'dielectric post approach' is higher
than given by Harrison's methcd61 which neglects the circuit losses.

This investigation can be used as a basis for studies involving
the device optimisation and optimisation of the device together with its

embedding circuitry. A few examples are listed below:

(1) the effect of doping concentration.;f width and  gradient
of the net doping profile at the boundaries of the center high
resistivity region on the reverse—transient characteristics of step-

recovery diodes;
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(2) the dependence of 1érge-signal impedaﬁce at the generator
frequency upon signal amplitude and on frequency in a broadband circuit;

(3) the simulation of the circuit conditions when only
certain frequencies are alléweéfialflow;

(4) the extension of the present one~dimensional model to two
or three-dimensional cases to study complex geometry effects on the

device behaviour;

(5) measurement of large-signal impedance of the device at

microwave frequencies.

Several extensions of the computer model developed here come

to mind and are ;isted below:

(1) The present numerical scheme may be extended to study the
large-signal behaviour of the single-drift region (p+ -n- d+)
avalanche diode, the double-drift region (p+ -p~-n- ﬁ+) avalanche

diode and microwave transistors;

(2) ~the present scheme may be extended to study the effect of
multi-level carrier trapping and recombination on the behaviour of

microwave semiconductor junction devices;

(3) the present scheme may also be extended to study the effect

of temperature on the steady-state behaviour of microwave semiconductor

junction devices.
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APPENDIX A

AUTOMATICALLY ADJUSTABLE SELECTION OF

DISCRETIZATION MESH SIZE IN THE TIME DOMAIN

]

It is desireé to achieve an automatic adjusfment of time step
size subject to the requirement of maintaining constant errors, throughout
the time domain, in our numerical solution of tiﬁe—dependent cases as
reported in Chapter VI. 1In the procedure adopted in Chapter VI, only
numerical differentiations are present. The total error introduced by
such operations may be ;egarded as a sum of.truncatiqn and round-off
errors. For a decrease in the step size and an increase in the order of
interpolation scheme used, the former type of error decreases whereas the
- latter increases. For the present case, round-off errors may be usually

considered negligib}e since double precision arithmatic is émployed.
This is a consequence of practical restrictions on both the order of the
numerical scheme and the minimum step size that may be used (limited by
memory size and computation time). The effort will then be towards
achieving a constant truncation error throughout the time domain.

'The Taylor expansion about a point t = kt of a continuous

function f(t) with continuous derivatives is considered:

£(t) = £G) + @& - 0) o +§—! - 024 ... . AD
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If a two-point formula is used to approximate the first derivative at

the point t = kt, such as

& s .o (A2)
t=kt 1At
where
1A = f(k+1t) - f(kt)
At = t-,t

kt+l k+l k

and is inserted in the expansion (A.2) evaluated at the point t = k+1t’~

one obtains:

2

. 1 2 d°f
=t
k

If higher order contributions of Eq. tA.3) are neglected, the term

k k+1 " k
--where.
2
k dtz .
k

represents the error introduced in the approximation (A.2). The relative

- 1 AF
error is then defined as the ratio KE / I The above may be

k+1
repeated for a sequence of adjacent points ,t &=1,2,3...), and

the requirement of maintaining a constant magnitude of the relative error

at each point may be specified. In this case the following relation must

hold:
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k‘!‘lAt - kf'—"'_k"A'f_' kAt, (#—1,2,3, . * o) LI ] (A. 4)

which represents a relationship between consecutive steps in terms of
local increments and curvatures of the function f(t).

In the case of interest, the magnitude of the time step k+1At
at the next instant of time may be approximately predicted with the
knowledge of quantities only available for times t = kF if the expression

(A.4) is modified to the following form

Q/k of" A '
At = Y "':—""ﬁ'—_‘ At, (k=3’4’5’ e v ) ... (A.5)
I+l e-1f k1A K ,

It is apparent that the sizes of the initial three time steps (kAt,
k=1,2,3, . . .) must be independently specified, and the size of the
fourth (and following ones) may be predicted by the relation of Eq. (A.5).
Instants of time for which the argument of the square root of Eq. (A.5)
exceeds the permissible range become singular points. These aré likely
to occur during the evolution of a transient solution and are easily
taken care of by specifying the upper and lower bounds for the ratio of
the consecutive steps and for the magnitude of the step size. These, as
well as the initial three steps, must be chosen with regard to the total
number of instants of time that may be allowed and to the rate of

convergence of the iterative procedure, very much dependent upon the
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step size.r

Although a time step adjustment of the describéd type is not
very accurate, it appears safisfactory from any practical point of view,
also in consideration of the insignificant computation load required and

by the observation that the selection of the time step is by no means

critical.



