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Abstract

In this thesis, we study some aspects of algebraic geometry that have had a
significant influx of ideas from physics. The first part focuses on the Eynard-
Orantin topological recursion and its variants as a theory of enumerative ge-
ometry. We investigate the conjectural relationship between the topological
recursion and quantum curves in the case of elliptic curves. We show that the
perturbative wave-function is not the solution to a quantum curve, while the
non-perturbative one is (up to certain order in h).

We define the formalism of Higher Airy Structures (HAS), which quantized
higher order Lagrangians in a symplectic vector space. By showing that the
Bouchard-Eynard topological recursion is a HAS, we find a necessary and
sufficient condition on the spectral curve for producing symmetric correlators
Wyn- We construct numerous other examples, some of which are (sometimes
conjecturally) related to FJRW theory or open (r-spin) intersection theory.

In the second part of this thesis, we focus on the study of derived categories
and its connections to birational geometry; in particular, we are interested in
a conjecture of Bondal and Orlov about flops. Using the presentation of a flop
as a variation of geometric invariant theory (VGIT) problem, Ballard, Diemer
and Favero proposed a Fourier-Mukai kernel and conjectured that it induces
a derived equivalence. We verify this conjecture in the case of Grassmann
flops first. Then, we tackle the case of singular VGIT problems using semi-
free commutative dg-algebra resolutions, and prove that we obtain derived

equivalences of dg-schemes, under some conditions.

1



Preface

We mention that all of the work done in this thesis is either submitted for
publication or published. All of the chapters in this thesis are nearly identical
to the submitted versions. The only changes are corrections of typos and minor
mistakes.

Chapter 3 is joint work with V. Bouchard and T. Dauphinee, and has
been published as ‘Quantizing Weierstrass’ in Communications in Number
Theory and Physics, Volume 12 (2018), Number 2, by International Press
of Boston, Inc. The appendix to the article can be found in Appendix A.
Equation (3.131) in the published version was incorrectly written as evaluat-
ing the expression at z = 0 and has been corrected here as being evaluated at
21 = 2y = --- = z; = 0. The notation W, ,, for the correlators in the published
version has been changed to w,,, in this thesis for the sake of consistency in
notation. For an online version of the article, please visit

Quantizing Weierstrass.

Chapter 4 is joint work with G. Borot, V. Bouchard, T. Creutzig and D.
Noschenko, and has been submitted for publication. The appendix to the ar-
ticle can be found in Appendix B. For an preprint version of the article, please
visit

Higher Airy structures, W algebras and topological recursion.

Chapter 6 is joint work with M. Ballard, D. Favero, P. McFaddin and R.
Vandermolen, and has been submitted for publication. For a preprint version
of the article, please visit

Kernels for Grassmann Flops.
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Chapter 1

Introduction

Ideas from theoretical physics, particularly string theory, have been extremely
influential in steering the course of mathematical research in the past few
decades. This influx of ideas, sometimes referred to as physical mathematics
[Moo], has reinvigorated existing mathematical fields as well as contributed
to the development of completely new fields of research. Predictions made by
physicists about rather hard-to-compute (but purely) mathematical quanti-
ties, especially in algebraic geometry, has forced the mathematics community
to take note of these developments. A couple of striking examples are the
Kontsevich-Witten theorem [Wit91, Kon92b| and the rational curve counts of
[CdIOGPOI1]. This thesis is primarily concerned with some facets of algebraic
geometry that have been impacted significantly by these physical develop-
ments.

Algebraic geometry is a very classical field of research that one can describe,
very broadly, as studying the geometry arising from zeroes of polynomial equa-
tions. As easy as that might sound, explicit calculations of interesting objects
can become rather technical and cumbersome. Mathematical ideas originat-
ing from physical dualities have been shown, over the last few decades, to be
capable of computing some of these extremely complicated algebro-geometric
invariants. In fact, these ideas extend far beyond new techniques for computa-
tions; one could reasonably argue that physical mathematics has implications
for the very nature of algebraic geometry itself.

To illustrate some of these aspects, particularly the ones that are relevant



to this thesis, let us consider the mirror symmetry conjecture in string theory.
Mirror symmetry is a duality between two physical theories — the ‘A-model’
defined on a symplectic manifold Y and the ‘B-model’ defined on a complex
algebraic variety X. The conjecture is about the existence of the mirror model
to a given A/B model, and it predicts various geometric relations among the
mirror spaces X and Y. The simplest prediction is that the Hodge diamonds
of X and Y are mirror to each other, but the conjecture ties X and Y together
even closer still. Kontsevich’s attempt to rephrase this relationship mathemat-
ically using the language of derived categories is called the homological mirror
symmetry proposal [[Kon95].

As our interest is primarily on the B-model, let us sketch the B-side physics
heuristics. A crucial feature of the B-model is that it is independent of the
symplectic structure of X. Mathematically, the B-model is the (as yet un-
defined in general) category of B-branes of the string theory, and we should
view the B-model as a category ‘over’ a space that parametrizes the sym-
plectic structure of X, often referred to as the stringy Kéahler moduli space
(SKMS). The SKMS has certain ‘large-radius’ points, near which this category
of B-branes is identified with the derived category of the algebraic variety X.

Near different large-radius points on the SKMS, the associated algebraic
variety changes, but these varieties are birational. In fact, they are different
geometric invariant theory (GIT) quotients in the sense of Mumford [Mum65a.
As the B-model is independent of the symplectic structure, we may move along
a path between two special points in the SKMS and “parallel transport” the
categories to get an equivalence of derived categories. This physics expectation
fits in nicely with the conjectures of Bondal and Orlov [BO95] that birational
varieties related by flops have equivalent derived categories. For an introduc-
tion to derived categories and a review of the Bondal-Orlov conjecture, we
refer the reader to Chapter 5. For a detailed explanation of the physics con-
cepts, which is particularly addressed towards the idea of windows appearing
in this thesis, see [EHKR17, HHP09].

Building upon the work on variation of GIT quotients of [HHP09, Segl1,

BFK19, HL15], Ballard, Diemer and Favero [BDF17] proposed a method to
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resolve the Bondal-Orlov conjectures, called the Q)-construction. Using their
construction, the authors provide a Fourier-Mukai kernel that conjecturally
induces the derived equivalence between smooth flops. In Chapter 6, we study
a certain class of flops known as Grassmann flops and verify that the Q-
construction provides a derived equivalence for the Grassmann flop (over an
arbitrary field of characteristic zero), which was proved using other methods
by [DS14, BLVdB16].

In Chapter 7, we further investigate the proposal of [BDF'17] in the case of
GIT problems on singular schemes. This involves resolving the singular scheme
by an appropriate semi-free commutative differential graded algebra (cdga),
and then applying the ()-construction to it. More generally, we study the
(-construction for semi-free dg-schemes, develop a theory of windows in this
setting, and show, under some conditions, that it induces a derived equivalence
between the different GIT quotient dg-schemes.

Mirror symmetry has concrete predictions for enumerative algebraic geom-
etry (or counting problems), and this thesis also deals with some of these
enumerative aspects. The A-model enumerative invariants are difficult to
compute as they involve intersection theory on complicated moduli spaces.
Typically, it is easier to compute them on the B-side. The FEynard-Orantin
topological recursion [EO07, EO08, CEO06] (and various generalizations of
it) is an enumerative theory on the B-model side which can be used to com-
pute A-model invariants in cases including (r-spin) intersection numbers on
M,,, [DBNOT19, EO08], open intersection numbers [Saf16], Gromov-Witten
invariants of toric Calabi-Yau threefolds [BKMnP09, Mn08] and various Hur-
witz numbers [BMn08, BHSLM14, DBKO™15, DLN16] (see [Eynl4b] for a
review of some of the applications).

The topological recursion is conjectured to be closely related to certain
non-commutative deformations of plane curves called quantum curves. In
Chapter 3, we study the topological recursion in the context of elliptic curves,
and attempt to understand a conjecture of Borot and Eynard [BE12a] in rela-
tion to these quantum curves. We check that a non-perturbative construction

of the wave-function using the topological recursion for a particular elliptic
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curve, provides the WKB-solution to a quantum curve up to a certain order
in h.

In Chapter 4, we define an algebraic framework called higher Airy struc-
tures (generalizing the notion of quantum Airy structures defined by Kont-
sevich and Soibelman [KS18]) and use it to prove that the Bouchard-Eynard
topological recursion [BE13] constructs highest weight vectors to representa-
tions of certain vertex algebras called W-algebras (see [Aral7] for an intro-
duction to vertex algebras). We construct Airy structures (again, based on
Wh-algebras) that appear in other contexts such as (r-spin) open intersection
theory [PST14, BCT18] and FJRW theory [FJR13]. The enumerative inter-
pretations of some of these Airy structures are conjectural or unknown (see
Chapter 8 for more details).

Although the aspects of algebraic geometry treated in this thesis are in-
timately connected through the physics heuristics described above, they have
distinct mathematical flavors — categorical and enumerative. Hence, this the-
sis is also structured as two different parts. Part I deals with the enumerative
aspects in relation to the topological recursion, while Part II deals with the
categorical aspects, more precisely the study of derived categories and the

relations to birational geometry.



Part 1

Topological recursion and
enumerative geometry



Chapter 2

Background and Introduction

Chekhov, Eynard and Orantin [EO07, EO09, CE06] found a recursive struc-
ture in the solution to various random matrix models, observed that it appears
in other contexts in algebraic geometry, and dubbed it the ‘topological recur-
sion’. A few examples where the topological recursion makes an appearance are
(r-spin) intersection theory on the moduli space of curves, semi-simple coho-
mological field theories (CohFTs), Gromov-Witten theory on toric Calabi-Yau
threefolds and the (weighted) projective line, Hurwitz theory, random matrix
theory and knot theory (see [Eynl4b] for a review of some of these applica-
tions).

The topological recursion is a purely algebro-geometric formalism which
takes an algebraic curve (with some additional data to be defined later) as
input, and outputs symmetric differential forms on copies of the curve. These
differential forms are indexed by two positive integers g and n, which can
be thought of as the genus of a Riemann surface and the number of marked
points on it respectively. Then, the name ‘topological recursion’ refers to the
fact that these differential forms wy, are constructed recursively on the integer
(29 + n — 2), which is the negative of the Euler characteristic of a Riemann
surface of genus g, with n punctures. Using an appropriate choice of the curve
and a basis of differential forms, these w,, can be identified as generating
functions for the enumerative invariants of interest.

The topological recursion has many variants, generalizations and reinter-

pretations. In this chapter, we will define the topological recursion (and some



associated notions) in the level of generality that suffices for our purposes in

this thesis.

2.1 Spectral Curve

The version of the topological recursion that we are mostly interested in the
generalization due to Bouchard and Eynard [BE13] following [BHL " 14], and
this is the one that we present here. In [BE13], it was called the global topolog-
ical recursion and has been since known as the Bouchard-Eynard topological
recursion, but in this chapter, we refer to it simply as the topological recursion.

The input data for the topological recursion is a spectral curve.

Definition 2.1.1 (Spectral curve). A spectral curve is the four-tuple (X, z,wp 1, wo 2),

where,

e Y is a Riemann surface;
e z: X — P!is a meromorphic function on ¥;
® w1 is a meromorphic differential form on ¥;

® w2 is a meromorphic bi-differential on Y2 that has a double pole on the

diagonal with bi-residue 1 and no other poles.

For clarity, this means that wy o takes the following form. When z; and 2,

are local coordinates near a point p on X,

1
w0,2(21,Z2) = (

[ +-- ) dzi1dz,,
where the - -- represent terms that are regular in z; and z».
Let us introduce some more notation pertaining to the above definition of
a spectral curve. The map
Y — P
realizes ¥ as a branched covering of P!. We denote the degree of this map

by d. The set of ramification points of this branched covering which are also

zeroes of dz is denoted by R, i.e.,

R:={a€X|dx(a) =0}.
7



Assume that this set R is finite and has cardinality c.

Remark 2.1.2. In certain applications of the topological recursion, one is also
required to include the poles of x in the set R. For instance, in the setting of
quantum curves, which will be discussed in Chapter 3, this is essential. For a

more detailed discussion about the inclusion of the poles of x, the reader may

look at [BEL7].

A few remarks are in order, in order to clarify the definition of a spectral
curve (Definition 2.1.1), and compare it to the variations that appear in the

literature on the topological recursion.

Remark 2.1.3 (Local spectral curve). The Riemann surface ¥ is not necessar-
ily compact. For instance, for the purposes of the ‘local’ topological recursion
(as considered in [DBOSS14] when all the ramification points in R are simple
or as considered in Chapter 4 when the ramification points are allowed to be
higher order), ¥ is chosen to be the disjoint union of a number of disks. If the
Riemann surface X is chosen to be copies of a disk, the spectral curve is called

a local spectral curve.

Remark 2.1.4 (Global spectral curve). On the other hand, for certain appli-
cations, such as constructing quantum curves, we require the Riemann surface
to be connected and compact; this is sometimes referred to as a global spectral
curve. Moreover, we often require that the Riemann surface is Torelli-marked,
i.e., we fix a symplectic basis for H;(X,Z), and we will also require that the
bilinear differential wy 2 is normalized on A-cycles. The conjectured connection
between the topological recursion and quantum curves is discussed briefly in

Section 2.3.

Remark 2.1.5. As a follow-up to Remark 2.1.3 and Remark 2.1.4, we note
that a global spectral curve always gives rise to a local spectral curve. The
converse is not true in general, and certain aspects of this question in the

context of topological recursion and semi-simple cohomological field theories

(CohFTs) are addressed by [DBNO™19].



Consider a ramification point a, in R, where the ramification index is r,.
In a neighborhood U, of this ramification point a, € R, we can define a local

coordinate (, such that

To

r‘: + z(ay) . (2.1)

x|Ua(Coc) =

In this neighborhood U,, we can also expand wy; as

Wo’l = Z Tla éi_l dCa >

>0

and for future use, we define
S =min{l>0 | 77#0 and 7,11}

Remark 2.1.6. Often in the literature, the definition of a spectral curve
contains a meromorphic function y : ¥ — P! instead of the differential form
wo,1- This data is equivalent; the two quantities are related as follows

y = 2o
dr
We prefer to use the differential form wy; over y as the topological recursion

formula (2.2) directly takes the wy; as input.

Remark 2.1.7. The special case where the map = : ¥ — P! is simply rami-
fied was the one considered in the original formalism of Eynard and Orantin
[EO07]. In other words, this means that r, is 2 for all the ramification points

a, in R. This restriction was first lifted in [BHL"14].

Finally, we also need the notion of an admissible spectral curve as defined

in Chapter 4 (Definition 4.5.8).

Definition 2.1.8 (Admissible spectral curve). We say that a spectral curve

(X, 2, wo1,wo,2) is admissible if we have the condition
1<s,<r,+1andr, ==+1mod s,,

for every ramification point a, in R. The choice of sign (£) may depend on

the a,,.

We will discuss the implications of this admissibility condition at some

length after we define the topological recursion (see Remark 2.2.11).
9



2.2 The Topological recursion formula

Throughout this section, we consider a fixed admissible spectral curve
(X, 7, w01, wo2), where x : 3 — P! is a branched covering of degree d. We

need to introduce some more notation first.

Notation 2.2.1. Recall that the branched covering z : ¥ — P! has degree d.
We introduce
7Y\ R— yx =1
which is defined as
7'(2) =27 (2(2) \ {z}.
Now, we define some combinatorial notation in order to simplify the ex-

pressions that appear later on.

Notation 2.2.2. Consider a finite set A. A set L = {Ly, Lo, -+, L;} where
the L; are non-empty subsets of A is called a set partition of A, if the L; are

pairwise disjoint and the union U;L; is A. Such a set partition is denoted by

L+ A

Notation 2.2.3. Consider two finite sets A and B, and a set partition L - A.
Denote the power set of B by P(B). A partition of B indezed by L is a map

F:L— P(B),

where the {F(L)pe1} are (possibly empty) pair-wise disjoint subsets of B,

such that their union is B, i.e., Uper, = B.

The goal of the topological recursion is to construct symmetric meromor-
phic n-differential forms w,, called correlators (for ¢ > 0 and n > 1 and
2g+mn —2 > 0) on the Riemann surface > with possible poles at the ramifica-

tion points R, i.e., we want
0 xXn Xn\Sn.
Wyn € H(X™", Ky (xR)™"™)""; 20+n—-2>0,

where, Ky is the canonical bundle of ¥ and S, is the symmetric group on n
letters that acts by permuting the copies of the curve. The (xR) means that

we are twisting by some power of the divisor R.
10



The correlators wy,, where 2g +n — 2 > 0 are called stable, while wy; and
wp 2 are called unstable. Recall that the data of a spectral curve defines the
unstable correlators wy; and wpe. Given a sequence wy,, of differential forms

for ¢ > 0 and n > 1, we define the following object.

Definition 2.2.4. Let A and B be finite sets of coordinates on Y. with cardi-

nality ¢ and n — 1 respectively. We define

DAB) =Y Y Z (Hth,L+uL|(L,uL)) :

LA h:LoN pFLB N LEL
i+ per, ho=g+|L|

where the prime that appears in the sum signifies that any term that contains

an w1 is excluded from the sum.
Let us clarify the above definition with a few examples.
Example 2.2.5. When g = 1,n = 1, we have
Rf{(al, as|0) := wo2(as, az).
We also note that the second sum in Definition 2.2.4 forces
R§’{(A|@) =0 when i>2.
Example 2.2.6. When g = 0,n = 3, we have
R(()?(ah a2|b17 52) = w0,2(a1, b2)w0,2(a2, bl) + wo,Q(Cll, bl)wo,2(a2, b2) .
As in the previous example, the second sum in Definition 2.2.4 forces
RONAIB)=0  when  i>2.
Example 2.2.7. When g = 1,n = 2, we have
R%(al, a2|b1) = w0,2(a1, bz)wl,l(GQ) + W0,2(a2, bz)w1,1(a1) + W0,3(a1, a2, bl) )
and
R (a1, az, as|by) =
UJO,2(CL1> Gz)woz(a& bl) + W0,2(a1, as)woz(az, bl) + wo,z(a2, ag)wo,2(al, 51) .
Again, the second sum in Definition 2.2.4 forces

RUV(AB)=0  when  i>3.
11



Finally, we are ready to present the topological recursion as defined by

[BE17, BE13).

Definition 2.2.8 (Topological recursion). Consider an admissible spectral
curve (X, 2, wp1,woz2). Choose a base-point b € 3, and let z = (22,..., 2,).

The correlators w, , are recursively defined by the topological recursion as

anten )= 3 Reseca [ enallz) »

- i+1
2= 11 (W()l(z)(:lu))()l(ﬁj(z))) RYD(z,8(2)|z), (2.2)

i=1 B(2)C7'(2), \B;(2)€B(2)
18(2)=1

A few remarks about this definition are in order.

Remark 2.2.9 (Graphical interpretation). Definition 2.2.8 has a graphical
interpretation in terms of a pair-of-pants decomposition. The RHS of equa-
tion (2.2) is obtained by summing over all possible ways of decomposing a
Riemann surface of genus g and n marked points using (i 4+ 1)-holed pairs-
of-pants. For more details on this graphical interpretation, and illustrative

pictures, see [BHL"14].

Remark 2.2.10 (Recursiveness). It is easy to see that the formula is recur-
sive in (29 + n — 2), ie., the correlators wy,, that appear on the RHS of
equation (2.2) are such that

2h4+m—2<2g+n—2.
This is the origin of the name ‘topological recursion’.

Remark 2.2.11 (Admissibility and symmetry). The careful reader will have
observed that the formula (2.2) is not symmetric in all the z;. The coordinate
21 plays a special role and hence the symmetry of the correlators w,, is far
from obvious. In order to ensure the symmetry of the correlators we have to
choose an admissible spectral curve in the definition.

When r, = 2 for all ramification points a,, in R, this symmetry was proved

in the original paper of [EO07]. In the case of spectral curves with arbitrary
12



ramification, this is one of the main results of Chapter 4 (see Theorem 5).
Using the formalism of higher Airy structures that we define, we show that
the topological recursion on an admissible spectral curve constructs the unique
solution to a set of W-algebra constraints and thereby deduce the symmetry
of the correlators w, ,. In fact, we show that the condition of admissibility is

necessary and sufficient to ensure the symmetry of the correlators.

Remark 2.2.12 (Local vs global). Definition 2.2.8 is often referred to as the
global topological recursion. The reason for this terminology is that the 7/(z) in
equation (2.2) are the globally defined deck transformations. A consequence
of using the 7/(z) in the definition of the topological recursion, is that the
expression on the RHS of equation (2.2) is globally defined on .

In the original definition of [EO07] (for simple ramification) and [BHL"14]
(for arbitrary ramification), the locally defined exchange of sheets around a
ramification point was used in place of the global deck transformations. This
results in expressions that are only locally defined in neighborhoods of the ram-
ification points. Definition 2.2.8 first appeared in [BE13], where the authors
also prove that their global formulation is equivalent to the local one.

We note that the global formulation is better suited for understanding
various properties of the topological recursion. For instance, this global ver-
sion is essential in the context of quantum curves as demonstrated in [BE17].
Quantum curves are also the topic of Chapter 3, and hence we use the global
formulation there. On the other hand, the local version is much better suited
to computations as the 7/(z) typically do not have analytic expressions. Hence,
whenever we need to do explicit computations of the correlators we use the
local version.

Finally, we also note that in Chapter 4, we use the local version of the
topological recursion. The reason is that our topic of interest in Chapter 4,
Airy structures, only ‘sees’ the local (symplectic) data near the ramification
points. In addition, we need to carry out explicit computations in order to
relate the topological recursion to W-algebra modules, and the local version

is better suited for this purpose.

13



Remark 2.2.13. These w,, enjoy a plethora of special properties (see [EO07,
BE13] for a discussion). One of these properties that is crucial for us is that the
stable correlators w,, only have poles at the ramification points R. Typically,
one chooses a basis of meromorphic differentials with poles on R and expands

them in order to extract the enumerative geometric information.
We also define the free energies Fy for g € Z>.

Definition 2.2.14. [Free energy| Consider an admissible spectral curve
(X, 2, wo,1,wo,2), a fixed base point b, and the stable correlators wy , constructed

by the topological recursion. Then the free energies Fy; in C are defined as

1 z
Fy = 50 — 9 ZReSz:a (/ wo,l(‘)) wg1(2); g=2,3,--"
9 aER b

Remark 2.2.15. Although Definitions 2.2.8 and 2.2.14 appear to depend on

the choice of a base-point b it is easy to prove that the correlation functions
wWgn and the free energies I, do not depend on the chosen base point. A proof

can be found in [BE17, Section 3.1].

2.3 Quantum curves

A main object of interest for us is the notion of quantum curves and wave-
functions for quantum curves. The concept of quantum curves was first intro-
duced in the physics literature, and constructing wave-functions for quantum
curves is an active area of research in string theory. Among the various ap-
plications of the topological recursion is the connection to quantum curves
[EO07, BE17, BE15, EMnl11]. A elementary review of the story can be found
in [Norl6]'. Conjecturally, the topological recursion on a spectral curve can
be used to construct the wave-function for a quantum curve whose ‘classical
limit’ is the algebraic curve underlying the spectral curve that we started with.

In this section, we will define the notion of quantum curves briefly, and

refer the reader to Section 3.1 for more details. As discussed in Remark 2.1.4,

LA word of caution is that the conjecture stated in [Norl16] is not valid for higher genus
spectral curves.
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we use a Torelli-marked compact Riemann surface X as part of the definition of
a spectral curve. We will use the compact Riemann surface and the associated
algebraic curve interchangeably in this section. As we have two meromorphic
functions = and y (see Remark 2.1.6 for the definition of y) on a compact
Riemann surface Y, they must satisfy a polynomial equation that we denote
by

P(z,y) =0.

We note that this polynomial will have degree d in y (as z is a branched
covering of degree d).
To ‘quantize’ the curve, we map the commutative variables (x, %) to non-

commutative differential operators

d
T =u, g}:ha,

satisfying the commutation relation
4, 2] = h.

Here, & is a formal variable. This turns the polynomial P(z,y) into a rank d
linear differential operator. However, we note that this procedure is far from

unique due to ordering ambiguities. Note that
yr —xy =0 but yr — Yy = h,

and hence, we may add any function f(zy—yx) to P(x,y) and obtain a different
quantization. This motivates the following definition using a normal-ordering

procedure.

Definition 2.3.1 (Quantum curve). A quantum curve Pofa spectral curve
(X, 2, wo1,wo2) is a rank d linear differential operator in z, such that, after
normal ordering (that is bringing all the Z’s to the left of the §’s), it takes the

form

P(&,j;h) = P(&,9) + Y _ " Pa(2,9), (2.3)

n>1

2This is a standard procedure in quantum mechanics and this is the origin of the name
quantization.
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where the leading order term P(Z, ) recovers the polynomial equation of the
original spectral curve (normal ordered), and the P, (Z,y) are differential op-

erators in z of rank at most d — 1.

In order to describe the connection to the topological recursion, we need

to define the notion of a wave-function.

Definition 2.3.2 (Wave-function). Fix a spectral curve (X, z,wq1,wp2), and
choose a quantization fD(ﬁ, y; h). The wave-function for this quantum curve

A

P(z,7y) is a function 1(z) of the form

Y(z) = exp (Z hk_lSk(z)) ,

k=0

where Sj(z) for k& > 0 are meromorphic functions® on ¥, and satisfies the

relation

~

P, i (=) = 0.
The above equation is interpreted using the WKB-method.
The interpretation of the statement that P (%, §; h)i(z) = 0 using the WKB
method is the following. We take the expression 1)~ (2)P(&, §; h)¢(z) and ex-

pand it in powers of A; then the coefficients of i for all i > 0 vanish identically.

Let us illustrate this using a simple example.

Example 2.3.3. Consider the quantum curve P = h2% — f(x), which is
a quantization of the curve defined by the polynomial P(z,y) = y* — f(x).

Consider a wave-function ¢(z). Then, we have

oo (1 = 1)) ) = ((%) - f(:v)> w4

2 2 2
(d S 2Sod—51) nt+ (d 1y (d—sl) + 2d51@> R+ O(h%).

dz? dx dz? dx dx dx

3The function Sy may be multi-valued on ¥ and hence defined only on a cover of 3.
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Then, we interpret the equation Pw(z) =0 as

(%%f—f@%=m

d?S, dS;
2 _—
dx? +25 dx 0,
a2, ds;\?> _dS; dS,
Mz+(ﬁz>*”azzz—ov

and so on for every order in h.

In fact as suggested by the above example, the {%} form a triangular
system and hence, by solving this system, the wave-function to a quantum

curve is essentially unique.

2.3.1 Relation between the topological recursion and
quantum curves

Very briefly, the conjecture that the topological recursion constructs the wave-
function to a quantization of the algebraic curve underlying the spectral curve
goes as follows. Given a spectral curve, the topological recursion constructs
the free energies F;, which can be assembled into a generating function known
as the perturbative partition function. In general, this perturbative partition
function does not have modularity properties. The authors of [EMn11, Eyn09]
add corrections to the perturbative partition function, using appropriate com-
binations of theta functions to cancel these non-modularities, and define a
modular-invariant non-perturbative partition function.

The authors of [BE12a] study this non-perturbative partition function fur-
ther, and conjecture that it is a tau-function, in the sense that it satisfies the
Hirota bilinear equations. Assuming that the conjecture is true, one can then
construct a wave-function associated to the partition function as its Schlesinger
transform. It is then expected from the theory of Baker-Akhiezer functions
that this wave-function should be the WKB asymptotic solution of a quanti-
zation of the spectral curve. This was first proposed in [BE12a] and further
investigated in the context of knots in [BE15].

If the spectral curve has genus zero, the non-perturbative corrections van-

ish, and the non-perturbative and perturbative versions coincide, and hence
17



the problem is dramatically simplified. At the time of writing and publication
of Chapter 3, the only known results were for genus zero curves. (As of the
writing of this thesis, the most ‘uniform’ results are [BE17] which proves the
conjecture for a large class of genus zero curves, and [MO19, EG19] which
prove the conjecture for (certain) hyper-elliptic curves.)

Chapter 3 was the first paper to explore the conjecture about non-
perturbative wave-functions for higher genus curves. We studied both the
perturbative and non-perturbative wave-functions for elliptic curves (satisfying
a quantization condition), showed that the perturbative wave-function is an-
nihilated by a differential operator which is not a quantum curve, and checked
up to order O (h°) that the non-perturbative wave-function is the solution to
a quantum curve. This was the first result to unequivocally demonstrate the
need for a non-perturbative definition of the wave-function. As a side-result
of the analysis that we carried out, we also obtained an infinite sequence of
previously unknown relations involving A-cycle integrals of elliptic functions

and quasi-modular forms.

Remark 2.3.4. Due to an unfortunate choice of terminology the notion of a
partition function referred to in this section (which is a generating function of
the free energies F, constructed by the topological recursion), has no relation
to the notion of a partition function defined in the next section in the context

of Airy structures.

2.4 Airy structures

Kontsevich and Soibelman [KS18] reformulated the topological recursion as
an example of a broader algebraic framework called quantum Airy structures.
They associate a partition function to the quantization of a Lagrangian sub-
variety in a symplectic vector space. We limit ourselves to a very brief intro-
duction of this notion as Chapter 4 is a detailed study of a generalization of
this notion called higher Airy structures.

Let V be a vector space over a field k of characteristic zero, with basis

{z;}icr, where I is a finite or countably infinite index set. Via canonical
18



quantization on the symplectic vector space TV = V & V*, we get a Lie
algebra generated by {z;, hd,, }icr as a k[h]-module* with Lie bracket

[h(?xl, l'j] = h(Sij,

known as the Weyl algebra, denoted by D{,. We equip the Weyl algebra with
the grading degx; = 1, deg hd,, = 1 and degh = 2.
Here is the notion of a quantum Airy structure as defined by [KS18].

Definition 2.4.1 (Quantum Airy structure). A quantum Airy structure is the
data of at most quadratic (in the above grading) polynomials { H;};c; in DI,

satisfying the following conditions
1. The polynomials H; are of the form
H; = ho,, — b,
where the P; are of degree 2.
2. The subspace @®;crkH; is a Lie sub-algebra of DY..

Then, the authors of [KS18] prove the existence and uniqueness of a WKB-
type partition function that is annihilated by all the H;.

Theorem 2.4.2. There exists a unique formal solution (called the partition

function) Z of the form

Z = exp h9~ 1F Z1,---,inxi1---xi"
(Z > ) )

g>0,n>1 141, jin€l

to the system of equations
H,Z =0 for 1€ 1,

where the Fy (i1, -+ ,i,) € k are invariant under the permutation of the in-

dices and Fyo(i1,12) = 0= Fy1(i1) for all iy and iy.

4% is a formal variable.
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Then [ABCO17, KS18] show that (the Eynard-Orantin version of) the
topological recursion is realized as an example of an Airy structure in the
following manner. Consider a spectral curve (X, x,wp1,wp2) with p simple
ramification points. Then, take p copies of the Virasoro algebra® with central
charge 1. Using the initial data wp; and wp2, we can construct a represen-
tation of this algebra such that the positive half of the generators satisfy the
conditions in Definition 2.4.1 to be a quantum Airy structure. Then the F,
constructed by Theorem 2.4.2 are the coefficients that one obtains by expand-
ing the w,, constructed by the topological recursion on a basis of meromorphic

differentials with poles at the ramification points (see Remark 2.2.13).

2.4.1 Higher Airy Structures

Chapter 4 defines a generalization of the notion of quantum Airy structures,
which we call higher quantum Airy structures (or higher Airy structures for
convenience). We drop the requirement of quadraticity for the differential
operators in Definition 2.4.1 (i.e., the condition deg P, = 2), and make ap-
propriate modifications to the definition (see Definition 4.2.6). This allows us
to handle the case of topological recursion on spectral curves with an arbi-
trary ramification profile and other interesting enumerative problems. Some
of the enumerative geometry partition functions that we can compute using
the formalism of higher Airy structures include the topological recursion (in
full generality), FJRW theory of type ADE and open intersection theory.
Using the notion of higher Airy structures, we also obtain numerous parti-
tion functions which have no known enumerative interpretation. Conjecturally,
these include r-spin open intersection theory and intersection theory on cer-
tain moduli spaces that generalize Witten’s r-spin moduli space, which were

first considered by Chiodo in [Chi08]. For some comments on these and other

5The Virasoro algebra is an infinite dimensional Lie algebra generated by L; with i € Z
satisfying the following commutation relations

i3

. . (3 (3
[Li7 LJ] = (7, - ])Li+j + CT6i+j’07

where c € k is called the central charge.
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work in progress see Chapter 8.

Let us briefly describe our strategy for constructing higher Airy Structures
(this is explained in Section 4.1.2). We choose a W-algebra (typically at the
‘self-dual’ level), which can be identified as a sub-algebra of a free-field algebra,
such as a Heisenberg or free-fermion algebra. Then, we consider an automor-
phism, say o, of this free-field algebra that leaves the W-algebra invariant.
This automorphism naturally defines a o-twisted module of the free-field alge-
bra and upon restriction, this defines a(n untwisted) WW-algebra module. We
pick a sub-algebra of modes of this W-algebra module that satisfies the Lie
sub-algebra condition in the definition of higher Airy structures (see eq (4.8)
in Definition 4.2.6). Finally, we may have to do a conjugation of the modes
via a ‘dilaton shift’ in order to bring it into the form of a higher Airy structure
(see eq (4.7) in Definition 4.2.6).

Perhaps the hardest, and consequently the most interesting, aspect of this
story is to identify the enumerative geometric meaning of the partition function
associated to the constructed higher Airy structure. We carry this out for
some of the examples we construct, but a majority of them are still awaiting
an enumerative interpretation. One of the consequences of our construction
to the theory of the topological recursion is the definition of admissibility
2.1.8 and its relation to the symmetry of the correlators wg,, as explained in

Remark 2.2.11.
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Chapter 3

Quantizing Weierstrass

3.1 Introduction

The starting point of the Eynard-Orantin topological recursion [EO07, EO08]
is a spectral curve. For the purposes of this paper, we can think of a spec-
tral curve as an irreducible algebraic curve {P(z,y) = 0} C C?. Then,
the topological recursion recursively constructs an infinite sequence of sym-
metric meromorphic differentials w,,, ¢ > 0 and n > 1, on the spectral
curve. Depending on the choice of spectral curve, these differentials turn
out to be generating functions for many different types of enumerative in-
variants, such as Gromov-Witten invariants, Hurwitz numbers, knot invari-
ants, etc.! (See for instance [BE15, BEMS11, BKMnP09, BMn08, BHSLM14,
DFM11, DLN16, DBOSS14, DBKO"15, DBMN*17, EMS11, EO07, EOO0S,
EO15, FLZ16a, FLZ20, FLZ16b, GJKS15, Mn08, MSS13].)

The Eynard-Orantin topological recursion originated in the context of ma-
trix models [CEO06, Eyn04, EO07, EO08]. But given its rather universal
enumerative geometric interpretation, it has now a life of its own. However, it
is still interesting to explore its roots, and see whether matrix model theory
suggests further connections to a prior: unrelated mathematical structures.
Those may lead to unexpected results in the various geometric contexts.

One such connection that is suggested by matrix models relates the Eynard-

Orantin topological recursion to WKB asymptotic solutions of differential

ITo be precise, for most of these applications the definition of the spectral curve must
be generalized slightly.
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equations. In matrix models one can construct an object v called the wave-
function of the theory. On general grounds, it is then expected that there
exists a “quantization” 15(92’, y; h) of the spectral curve that annihilates 1); this
quantization of the spectral curve is generally called a quantum curve.

But what do we mean by quantization here? Assume that the spectral
curve P(z,y) = 0 has degree d in y. Let P(&,{;h) be a polynomial in & and
y of degree d in 7, with coefficients that are possibly power series in h. We let

2 and 7 be quantizations of the variables x and y:

d
t=w,  §=ho, (3.1)

A

such that [¢,Z] = h. This makes P(z,¢;h) into a rank d differential operator
in z, with coefficients that are polynomial in x and possibly power series in A.
We then say that P(i,7; h) is a quantum curve (of the original spectral curve)
if, after normal ordering (that is bringing all the 2’s to the left of the 3’s), it

takes the form

P(&,i;h) = P(2,§) + Y W"Py(2,9), (3.2)

where the leading order term P(Z, ) recovers the original spectral curve (nor-
mal ordered), and the P,(Z,y) are differential operators in x of rank at most
d—1.

With this definition, the expectation from matrix models is that the wave-

function ¢ should be the WKB asymptotic solution of the differential equation

P(z,9;h)y =0, (3.3)

for some quantum curve P (Z,y; h). This expectation follows from determinan-
tal formulae in matrix models [BE09a, BE09b].

The question of existence of quantum curves can be explored without ref-
erence to matrix models. Indeed, one can construct a wave-function ¢ in a
natural way from the meromorphic differentials wg,, obtained from the topo-
logical recursion, without reference to any underlying matrix model. The

question is then: for arbitrary spectral curves, does there exist a quantization
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that kills the wave function? And if so, can we construct this quantum curve
explicitly from the topological recursion?

It should be noted here that this connection also has a deep relation with in-
tegrable systems. As explained in [BE12b], one can think of the wave-function
as the Schlesinger transform of the partition function of the theory. If one
assumes that the partition function is a 7-function, 7.e. that it satisfies the
Hirota equations, then it follows that the wave-function should be annihilated
by a quantization of the spectral curve. However, it is not known whether the
partition function constructed from the topological recursion is a 7-function
in general.

An answer to the question above about the existence of quantum curves
was provided in [BE17] for a very large class of genus zero spectral curves.
More precisely, using the global topological recursion constructed in [BE13,
BHL*14], it was proven that there exists a quantization that kills the wave-
function for all spectral curves whose Newton polygons have no interior point
and that are smooth as affine curves. For any such spectral curve, the quan-
tum curve was reconstructed explicitly from the topological recursion. In fact,
the quantum curve is not unique; one obtains different quantum curves (cor-
responding to different choices of ordering) depending on how one integrates
the w,, to construct the wave-function. More details can be found in [BE17].

The goal of this paper is to study the relation between the topological
recursion and quantum curves for genus one spectral curves. More precisely,

we will focus on the family of spectral curves given by the Weierstrass equation

y? = 42 — go(T)w — g3(7). (3.4)
We can apply the Eynard-Orantin topological recursion to this family of
curves; the meromorphic differentials w, ,, are elliptic and quasi-modular, while
the free energies Fj, obtained from the recursion are quasi-modular forms. An
interesting open question is whether these w,, and Fj have an enumerative
interpretation for some geometric problem. We do not have an answer to

this question. Nevertheless, this spectral curve is an interesting playground to
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study the connection between the topological recursion and quantum curves
for spectral curves of genus greater than zero, since everything can be calcu-
lated very explicitly in terms of Weierstrass p and @’ functions and Eisenstein
series.

We initially study the wave-function ¢ constructed as in [BE17]; this is
known as the perturbative wave-function. For the Weierstrass spectral curve,

it is obtained from the w,,, through the standard equation

w(z):exp(% Z #/OZ.../OZ(wgm(zl,...,zn)

29—1+n>0
B dx(z1)dz(z2)
o ) ) 69

For this 1(z) we follow the steps in [BE17], suitably generalized for our genus

one curve, and construct a rank two differential operator that annihilates ;
however, it is not a quantum curve as defined above. But this was to be
expected; from matrix model theory, when the spectral curve has genus greater
than zero, the right wave-function to consider is not the perturbative wave-
function. Rather, it needs to be corrected non-perturbatively.

A non-perturbative partition function was defined in [Eyn09, EMn11] from
the topological recursion directly, without reference to matrix models. The
idea was to make the partition function modular invariant, which requires
non-perturbative corrections. From the non-perturbative partition function
one can define a non-perturbative wave-function as the Schlesinger transform
[BE15, BE12b]. This non-perturbative wave-function is the object that should
be annihilated by a quantum curve.

We study the non-perturbative wave-function for the Weierstrass spectral
curve. To obtain a well defined power series expansion in A, it turns out that
a quantization condition must be satisfied. The simplest elliptic curve that

satisfies the quantization condition is:
y2 = 4(1’3 - 1)7

which is of course a very special elliptic curve — for instance, its j-invariant

vanishes. Focusing on this spectral curve, through extensive symbolic cal-
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culations on Mathematica we calculate the wave-function up to order 5 in
h. Remarkably, while the w,, become extremely complicated, they somehow
combine into very nice and simple elliptic functions in the non-perturbative
wave-function. Using these calculations we are able to construct a quantum
curve that annihilates the non-perturbative wave-function up to order h°. Per-
haps unexpectedly, the quantization of the spectral curve includes non-trivial i
corrections — in fact probably an infinite number of such corrections. Nonethe-
less, the quantum curve is a true quantization of the spectral curve according
to the definition above, as suggested by matrix model arguments. Therefore we
obtain a proof of the existence of the quantum curve for the non-perturbative
wave-function up to order A°, for this particular elliptic curve.

Going back to the perturbative wave-function, we perform the calculation
of the differential operator in two different ways. It turns out that equivalence
of the two approaches implies an infinite sequence of identities for A-cycle in-
tegrals of elliptic functions with quasi-modular properties. In particular, an
infinite sub-sequence relates A-cycle integrals of elliptic functions to quasi-
modular forms. In this paper, we write down explicitly only the first few iden-
tities, but it would certainly be interesting to study whether these identities
are interesting from the point of view of elliptic functions and quasi-modular
forms. For instance, they may be related to the results on quasi-modular forms

obtained in [GM20]. We hope to report on that in the near future.

Outline

In Section 3.2 we review background material on elliptic functions and quasi-
modular forms that will be needed in this paper. We also define the Eynard-
Orantin topological recursion. In Section 3.3, we generalize the approach of
[BE17] to construct a rank two differential operator that annihilates the per-
turbative wave-function. In Section 3.4, we construct the same differential
operator using a different approach, via the Riemann bilinear identity. We
explore the connection and equivalence between the two approaches, which
leads to the proof of an infinite sequence of identities for elliptic functions and

quasi-modular forms. We briefly explore the first few of these identities in
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Section 3.5. Then in Section 3.6 we study the non-perturbative wave-function
and construct a quantum curve up to order A°. We conclude in Section 3.7,
with open questions and research avenues. Finally, we record in Appendix A.1
the first few w,,, constructed from the Weierstrass spectral curve, and in Ap-
pendix A.2 we provide an independent proof of the simplest identity that we

obtained for elliptic functions, without reference to the topological recursion.
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3.2 Topological recursion on Weierstrass spec-
tral curve

3.2.1 Elliptic functions and modular forms

We start by defining standard objects that will be useful in this paper.

Let H = {7 € C|(7) > 0} be the upper half-plane, and define the lattice
A = Z + Z7. The quotient C/A is topologically a torus. Functions on C/A
are given by doubly periodic functions, known as elliptic functions.

The Weierstrass function p(z;7) is an example of an elliptic function. It is

defined b
' 1 1 1
MZ;T):;JFZ(W_E)’ (3.6)

weA*
where A* = A\ {0}. The Weierstrass function ¢'(z;7) is the derivative of

©(z; 7) with respect to z; it is given by

O'(z7) = —2Zﬁ. (3.7)
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We also define the Weierstrass function ((z;7) by

g(z;T):éJrZ(Z_lerijL&). (3.8)

weEA*

This function is not elliptic; rather, it is quasi-elliptic, since ((z + 1;7) =

C(z;7)+2¢(1/2;7) and ((z + 7;7) = ((2;7) + 2¢(7/2; 7). It is clear that

oleim) =~ (=) (3.9

The Eisenstein series Gy, (7), for n > 2, are defined by the uniformly

convergent series

Con(r) = S (3.10)

2n°
wEA* w

They are weight 2n modular forms, which means that they transform as

G2n (’)/7') = (CT + d)Qnng(T), V’}/ = (CCL Z) € SL(Z, Z), (3.11)
with
ar +b
= . 12
i cT +d (3.12)

We can extend this definition to n = 1, but then the series is not absolutely
convergent anymore, so the order of summation matters. We define the second
Eisenstein series G(T)

Gz(T):ZiJFZZ;. (3.13)

= m?2 g (m + nrt)?
Because of the non-absolute convergence, we cannot change the order of sum-
mation, and it can be shown that it implies that G5(7) is not a modular form,
but is rather a quasi-modular form of weight 2. This means that it transforms

with a shift, as
Gy (77) = (e1 + d)*Gy(7) — 2mic(er + d). (3.14)
We define the invariants
g2(17) = 60G4(T), g3(7) = 140G¢(7). (3.15)
It is well known that the Weierstrass functions satisfy the equation

O (27)° = 4p(2;7)% — ga(T) (2 7) — g3(7). (3.16)
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In other words, x = p(z;7) and y = ¢'(z;7) parameterize the Weierstrass
curve

y® = 4a® — go(T)w — g3(7). (3.17)

The Weierstrass ¢'(z; 7) has three simple zeros at the half-periods

1
wy = Wy = %, W3:—§(1+T). (318)

57

As is customary, we denote by
e = p(wq;T), ey = p(we; T), es = p(ws; T) (3.19)

the value of the p(z;7) function at the half-periods. We introduce the dis-

criminant
A(T) = go(7)* = 27g5(7)* = 16(e1 — €2)*(e2 — €3)*(e5 — €1)?, (3.20)

which is a modular form of weight 12.
The Weierstrass p(z;7) function has a double pole at z = 0. Its expansion
near z = 0 has a nice form; it is given by
1 - 2k
plzim) = 5+ ;(Zk + 1) Gopya (1), (3.21)

1

Following, for instance, [MT10], let us define a new function P,(z;7) by in-

cluding the £ = 0 term in the sum above:
Py(z;7) = p(z;7) + Go(7). (3.22)

Of course P,(z;7) is not modular anymore, it is quasi-modular, because of

Go(7). It is straightforward to show that it can be rewritten as

ng;
1—qgn

Py(z;7) = (2mi)* > : (3.23)

nez*

where ¢, = exp(2miz) and ¢ = exp(2miT).

We also introduce P;(z;7) such that % = Py(z;7). Tt follows that

Pi(zi7) =2y - %qn + A, (3.24)
nez*
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for some constant A. We fix A such that P,(—z;7) = —Pi(z;7). It follows
that A = mi, that is,

Pi(z;7) = 2mi (Z % + %) : (3.25)

nezZ*

In terms of standard elliptic functions, we get
Pi(z;7) = —((z;7) + Go(7)2. (3.26)

Pi(z;7) is not elliptic anymore, but its transformation properties can be cal-

culated. It is straightforward to show that
Pi(z+1;7) = Pi(2), Pi(z+7;7) = Pi(2) + 2mi. (3.27)
The second transformation is of course what makes it not quite elliptic.

3.2.2 Spectral curve

To define the topological recursion we need to introduce the notion of spectral

curve.

Definition 3.2.1. A spectral curve is a triple (X, z,y) where 3 is a Torelli
marked genus § compact Riemann surface? and z and y are meromorphic

functions on X, such that the zeros of dx do not coincide with the zeros of dy.

In this paper we will focus on one particular family of spectral curves,

which we call the Weierstrass spectral curve.

Definition 3.2.2. The Weierstrass spectral curve is defined by the triple
(3, x,y), where, ¥ = C/A with lattice A = Z & 7Z, x = p(z;7) and
y = ¢ (z;7). Then the meromorphic functions = and y identically satisfy

the Weierstrass equation

y? = 42 — go(T)w — g3(7). (3.28)

2A Torelli marked compact Riemann surface X is a genus § Riemann surface ¥ with a
choice of symplectic basis of cycles (A1, ..., Ay, B1,...,By) € Hi(%,Z).
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This is of course a genus one spectral curve, since ¥ is a torus. In fact, it
is a family of curves, parameterized by the complex modulus 7.

As usual in topological recursion we are interested in the branched covering
7 : 3 — P! given by the meromorphic function x. For the Weierstrass spectral
curve, 7 is a double cover. The deck transformation that exchanges the two
sheets is simply given by z — 7(2) = —z, since p(z;7) is an even function in
z.

We denote by R the set of ramification points of 7, which is given by the
zeros of dx and the poles of z of order > 2. For the Weierstrass spectral curve,
since

dr = ¢'(z;7)dz, (3.29)

the zeros of dxr are given by the half-periods w;, ¢ = 1,2,3 introduced
earlier. Moreover, © = @(z;7) has a double pole at z = 0. Therefore

R= {wb Wa, W3, O}

3.2.3 Geometric objects

For the topological recursion we also need the following objects that are canon-
ically defined on a genus g compact Riemann surface > with a symplectic basis

of cycles for H,(X,Z).

Definition 3.2.3. Let a,b € X. The canonical differential of the third kind

w?(2) is a meromorphic one-form on ¥ such that:
e it is holomorphic away from z = a and z = b;
e it has a simple pole at z = a with residue +1;
e it has a simple pole at z = b with residue —1;

e it is normalized on A-cycles:
f wl(2) =0, fori=1,...,4. (3.30)
z€A;

Definition 3.2.4. The canonical bilinear differential of the second kind

B(z1, 22) is the unique bilinear differential on Y2 satisfying the conditions:
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e It is symmetric, B(z1, 22) = B(z2, 21);

e It has its only pole, which is double, along the diagonal z; = 2z, with
leading order term (in any local coordinate z)

ledZQ
B(ZI; 22) le@ (Zl _ 22)2

+...; (3.31)
e [t is normalized on A-cycles:
j{ B(z1,22) =0, fori=1,...,9. (3.32)
21EA;
Remark 3.2.5. It follows from the definition that
B(z1, 2) = diw™°(2,). (3.33)

Equivalently,

Wi l(2) = /a B(z1, 2), (3.34)

1=b
where the integral is taken over the unique homology chain with boundary

[a] — [b] that doesn’t intersect the homology basis.

It is not too difficult to identify what these objects are on the Weierstrass
spectral curve. Recall that ¥ = C/A with lattice A = Z @ 77Z. We fix the
A-cycle to be given by z € [0,1),®> and the B-cycle to be given by z € [0, 7).

The canonical bilinear differential of the second kind is given by
B(Zl, 22) = PQ(Zl — 29, T)ledZQ, (335)

where P(z;7) was introduced in (3.22). First, it is symmetric, since Py(z;7)
is an even function of z. Second, it is clear from (3.21) that it has a double
pole on the diagonal with the right leading behavior. It has no other poles.
As for normalization, one can check that it is normalized on the A-cycle.

The canonical differential of the third kind is then given by

w(2) = (P(z = b;7) — Py(z — a; 7)) dz. (3.36)

3To be precise, to integrate elliptic functions over A-cycles we need to shift it by ie to
avoid poles on the contour. For the same reason, a similar shift by a purely real ¢ must be
done when evaluating B-cycle integrals.
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3.2.4 Topological recursion

We now introduce the topological recursion formalism, which was first pro-
posed in [CEO06, Eyn04, EO07, EO08]. For clarity of presentation, we will
only introduce the formalism in the context of the Weierstrass spectral curve.

Let (X, z,y) be a spectral curve. The topological recursion constructs an in-
finite tower of symmetric meromorphic differentials wy (21, .., 2,), known as
correlation functions, on X". We now consider the special case where (X, x, y)

is the Weierstrass spectral curve.

Definition 3.2.6 (Topological recursion). We first define the initial conditions

wo,1(2) =y(2)da(2) = (2 7)%dz, (3.37)
wO’Q(Zl, ZQ) :B(Zl, 22) = PQ(Zl — 29; T)ledZQ. (338)

Let z = {21,...,2,} € ¥". Forn >0,g > 0and 2g —2+n > 0, we
uniquely construct symmetric meromorphic differentials wg,, on X" with poles
along R via the Fynard-Orantin topological recursion:

Wynt1(20,2) = Z Res K (20; 2RPDwyni1(z, —2;2), (3.39)
acER -

where the recursion kernel is given by

s s) = " (20) _ (Pi(z0 —a;7) — Pi(20 — ;7)) dzg
Klziz) (y(2) — y(—2))dx(2) 20/ (z;7)%dz ’
(3.40)

with o an arbitrary base point on ¥ (it can be checked that the definition

is independent of the choice of «, as a long as it is generic). The recursive

structure is given by

R(2)w9m+1(27 —Z; Z)
/
= wg—l,n-&-?(za -z, Z) + Z Z Wy, |114+1 (Z’ I)w92,|J|+1<_Z7 J) (341)
g1+g2=g IUJ=z
In the second sum we are summing over all disjoint subsets I,J C z whose
union is z, and the prime means that we exclude the cases (¢1,|]) = (0,0)

and (927 |J|) = (070)
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We can compute the first few correlation functions explicitly for the Weier-
strass spectral curve. Those are presented in Appendix A.
For later reference we also introduce the free energies F, := wy, g > 2, for

the spectral curve. Those are obtained via the auxiliary equation

1
Fy = 555 2 Res () (2), (3.42)
a€R

with ¢(2) = [y(z)dz(z) an arbitrary anti-derivative of the one-form ydz.

3.2.5 Quantum curve

The purpose of this paper is to related the meromorphic differentials wy,
constructed from the topological recursion to the WKB asymptotic solution
of a differential operator, known as a quantum curve. The connection will
be explored in more detail later on in this paper, but for clarity and further
reference let us define here what we mean by quantum curve.

Consider a spectral curve (X, z,y). Let P(z,y) = 0 be the minimal irre-

ducible polynomial equation satisfied by x and y. Assume that it has degree

din y.
Define the quantization of the variables = and y as:
T = y = h— (3.43)
T=x h .
Y y l )

such that [g, 2] = h.

Definition 3.2.7 (Quantum curve). Let p(:f:, y; h) be a polynomial in & and ¢
of degree d in g, with coefficients that are possibly power series in A. 15(@, y; h)
is a rank d differential operator in x, with polynomial coefficients in x that are
possibly power series in h. We say that ]5(53, y; h) is a quantum curve (of the
original spectral curve) if, after normal ordering (that is bringing all the s

to the left of the 3’s), it takes the form
P(&,j;h) = P(&,9) + Y _ " Pu(#,9), (3.44)

where the leading order term P(Z, ) recovers the original spectral curve (nor-
mal ordered), and the P,(Z,y) are differential operators in x of rank at most
d—1.
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We note here that the requirement that the P,(Z,7) have rank at most
d — 1 is equivalent to requiring that the coefficient of the highest degree ®
term in 15(97:, y; h) does not depend on .

As an example that will be particularly relevant later on, consider the
elliptic spectral curve y? = 4(z® — 1). According to the definition above, a
quantum curve for this spectral curve must take the form

. d? . d .
AN, _ 32 3 7

dz? : ,
i>2 7>1

with the A;(z) and B;(x) polynomials in .

3.3 Perturbative wave-function: first approach

In this section we approach the problem of constructing the quantum curve for
the Weierstrass spectral curve naively. We apply the method of [BE17] directly
with a few modifications. The idea here is to construct the wave-function as
in [BE17], which is what we will call the “perturbative wave-function”, and
then show that it is annihilated by a rank two differential operator. However,
this differential operator is not a quantum curve, according to Definition 3.2.7.
But this is because, as we will see in section 3.6, and as is already expected
from matrix models (see for instance [BE15]), the perturbative wave-function
is not the right object to look at. For spectral curves of genus > 1, one should
use the non-perturbative wave-function to construct the quantum curve. We
will study that in more detail in section 3.6.

Coming back to the goal of this section, recall that in [BE17] quantum
curves were obtained for all spectral curves whose Newton polygons have no
interior point and that are smooth as affine curves. Of course, the Weierstrass
spectral curve does not fall into that class, since its Newton polygon has an
interior point (it has genus one). However, the main results of [BE17] can be
adapted for this particular case, which is what we do in this section.

In this section we borrow heavily on the notation and calculations of
[BE17], even though the calculations are much simpler in the case at hand.

The reader may want to refer to this paper for more detail.
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3.3.1 Reconstructing loop equations

The first step in [BE17] is to reconstruct some sort of “loop equations” from
the topological recursion. This is the content of Lemma 4.7 in [BE17]. Let us
recall the notation. Here we focus on the Weierstrass spectral curve with the
branched covering 7. Since 7 is a double cover and the deck transformation is
given by z — —z, the objects introduced in [BE17] simplify drastically.

We first define

Qgr)zﬂ('z? z)
- wg—l,n+2(27 —Z Z) + Z Z Woy | I]+1 (Z, I>wg2,|J|+1(_Z> J) (346>

g1+g2=g IUJ=2z

This is just like the recursive structure R(2)wg,n+1(z,—z;z) introduced in
(3.41), but with the (g1, |Z]) = (0,0) and (go, |J]) = (0,0) terms included.

In our context, Lemma 4.7 of [BE17] becomes the following statement:

Lemma 3.3.1. For2g — 2+ n > 0, the meromorphic one-forms (in z)

Q;?ZLH(Z; z)
dz (W) . (3.47)

can only have poles (in z) at z = £z;, i =1,...,n.

Proof. The proof of Lemma 4.7 presented in [BE17] only requires the spectral
curve to be smooth as an affine curve; it does not require the property that the
Newton polygon has no interior point. Since the Weierstrass spectral curve is

generically smooth as an affine curve, the proof goes through untouched. [

The next step in the approach of [BE17] is to prove Lemma 4.8, Lemma
4.9 and Theorem 4.12. Here the proofs need to be modified, and the results
will differ. So let us go through these statements carefully.

The first lemma 1is

Lemma 3.3.2. For the Weierstrass spectral curve,

S ga(=) + gu(r)alz) + galr). (3.48)
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Proof. This is straightforward since

Q(()?(z) CU()J(Z)(,L}OJ(—2) ,
e~ dn(er YRR = ) (3.49)

The second lemma is a little more involved:

Lemma 3.3.3. For the Weierstrass spectral curve,

QE)?%(% 1) _ 4 1 wo,1(21)

a2\ @) - ae) dola)

Proof. Here the proof from [BE17] needs to be modified, so let us do it care-
fully. We have:

) — 2Py(z1;7)dz. (3.50)

Q(()?%(ZQZI) :B(Z, Zl)wo,l(—z) n B(—z,z1) wo,l(Z)
dx(z)? dx(z) dx(z) dx(z) dz(z)
_ B(z,z)won(z)  B(—2 21) woi(—2)
dz(z) dz(z)
B(#',z) woi(Z)
(

- _R — R . (3.51
s z(2') — x(z) dx(2) il z(2') — x(z) dx(2') (351)

Now the expression
B(z’, Zl) W0,1<ZI) (3'52)

z(2') — z(z) dx(2)
is a meromorphic one-form in z’ on the compact Riemann surface 3. Therefore,

the sum of its residues must vanish. Its only poles are at 2’ = z;, 2/ = £z,

and at the pole of “C?;(S;) = y(2), that is, at 2’ = 0.* Thus we get

Q%) (2 21) B(,z) woi() B(, ) woi(?)

= — Res — Res

dx(z)? Y=z x(z) —x(2) de(z') =0 x(2) — x(2') dz(2')
=— L wo’l(zl) — Z1;T)dz
Sl Cor e o) R

1

where we used the fact that p(z;7) ~ % near z = 0, ¢/(z;7) ~ —3, and

B(z1,29) = Pa(21 — 29;7)dz1d25. O

4This is where the proof differs from [BE17]. When the Newton polygon has no interior
point, the only poles are at 2z’ = z; and at 2’ = 7;(2) where 7;(2) indexes the sheets of the
branched covering .
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Remark 3.3.4. Note that by replacing both the left-hand-side and right-
hand-side of Lemma 3.3.3 in terms of elliptic functions, one can show that the

statement above reduces to the well known identity:

Py(z — 21;7) + Po(2 + 2157)
_ " (215 7) i ¢ (z157)°
p(z7) —plzim) - (p(%7) = p(2157))
And finally, the main result that replaces Theorem 4.12 of [BE17] is the

5 T 2P(2157). (3.54)

following theorem:
Proposition 3.3.5. For the Weierstrass spectral curve, for 29 —2+mn > 0,

Q(27)1+1 1 W, (2) Won+1(2',2)
gd:z: T Zdzl ( — x(2) di?(zi) ) 7 ( g dz' >z’0.
(3.55)

For (g,n) = (0,1),
Q(()Z%(Z 21) — _d ( 1 wo,l(Zl)
da(z)? P\ (2(2) — 2(21)) da(z)
while for (g,n) = (0,0),
0 (2)
dx(z)?
Proof. The cases (g,n) = (0,0) and (g,n) = (0,1) were proven in the two

) — 2Py(z1;7)dz, (3.56)

= —42(2) + go(7)2(2) + g3(7). (3.57)

previous lemmas. So let us focus on 2g — 2 +n > 0.
First, notice that we can write

er)wl (Z z) _y(z)dz Q§27)L+1(Z' z)
dx(z dr(z)  dz(z

RYNG dz@gm( 2) | y(2)dz Qpnin(2:2)
2 dx(z)? dx(z)  dx(z)?

( e
1 Qéi)wl (';2)
2 z’—z () —x z) dx(2')?

( )dzl Qg n+1( )
+ Res, r(2) —x(z)  dx()? ) ' (3:58)

The expression
y(dz Qynn(52)
() —x(z)  dx()?
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is a meromorphic one-form in 2z’ on a compact Riemann surface, hence the

sum of its residues must be zero. But recall that the one-forms

(2) .
4z (%) (3.60)

can only have poles (in 2') at 2’ = +2;, 7 = 1,...,n. Therefore, the expression

y()d2 QPa(=2)
() —x(z)  dx()?
can only have poles (in z') at 2/ = £z, 2/ = £z, i = 1,...,n, and at the pole

of y(2), that is, at 2/ = 0.> Thus we get

(3.61)

Quoir(57) _1 (= b y()d Qpan(#32)
do(z)2 2\ &ri=in a(z) —a(2)  da(?)?
y(2)dZ Quia(¥52)
R ) — (7)) du(2)?

1 - es y(2)dz' B(Z, zi)wgn(=2",2\ {2})
(B

2 &= \o== x(z) — 2(2) dx(2')?
YN B R ()
RS ) — () d(=)? >

QY 1(+;2)
*( 4o} )

S () ()

n

= ; dz, (3;(2) _1 x(z) C;ii:?izz))) 7 (%%'Y’Z))Zo |

(3.62)
Here we used the fact that as 2z’ — 0, we have that
Qo1 (#52) w0 (gmsa(=22) + woa (=i (2/12)
dx(z')? dx(2')?
since all other terms vanish because z’ = 0 is a pole of dz(z’).
]

5 Again, this last pole at z/ = 0 does not occur when the spectral curve is such that its
Newton polygon has no interior point. This is what makes the Weierstrass spectral curve
different from the curves studied in [BE17].
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The following corollary then follows directly from the definition of Q oni1(2:2)
and the fact that

g () = dx(z)dx(z)
02(%,21) + wo2(—2, 21) @) — 2z (3.64)
Corollary 3.3.6. For2g—2+n >0,
B wy-1n+2(—2, 2,2) Wy, \I|+1 —2, ) wy, |g+1(=2, J)
dx(z gH—zgz: gIL%:z dz(z)
RN dz(z;) wg,n(—z, z\ {z})
; ((I(Z) — z(z))? dz(z)
N 1 wyn (=22 \ {2}) Wyn+1(—2",2) _
= (90(2) — z(2;) dz(2;) )) e ( dz' )z/:o

(3.65)

wo2(—2, 21) wo1(—2) B dx(z) wo,1(—%)
dx(z) dx(z) (x(2) —2(21))? dz(z)
1 wovl(—Zl)

s (<x<z> —2(a) dz(z)
while for (g,n) = (0,0),

) — 2P2(21; T)le = 0, (366)

wo,1(—2)wo1(—2)

2 dx(z)?

—42(2)% + go(T)2(2) + g3(7) = 0. (3.67)

3.3.2 Integration

The next step is to integrate the equation above. Following the notation in
[BE17], we choose the integration divisor to be D = [z] —[0], since z = 0 is the
only pole of z(z). While z = 0 is in R, it is easy to show that the correlation

functions do not have poles at z = 0, therefore the integrals will converge.

Definition 3.3.7. We define

z1 Zn
Gorn(zi2) = [ oo [ gz, 20). (3.68)
0 0

Note that we are integrating in each variable z1, ..., z,, with base point 0, but

we are not integrating in the variable z.

Now we can integrate Corollary 3.3.6 in z1,..., z,. We get:
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Lemma 3.3.8. For2g—2+n >0,

. ( (9 Ggl,n+2<z;z7zn+1>)
0x(2p41) dx(2) R

G, \I|+1 2 1) Gy 1g141(23 )
DI

g1+92=g IUJ=z dx(z)

S (et (Gw(flzg}ﬁ” )

+2 (M) —0. (3.69)
dz =0

For (g,n) = (0,1),

G0,2(2; Zl) Go,l(Z) _ Go,l(Zl) G0,1(2))

1 < B
dx(z) dx(z)  x(z) —x(2) \ dz(z) dx(z)

— 2Py (z;7) =0, (3.70)

while for (g,m) = (0,0),

W —42(2)* + go(T)2(2) + g3(7) = 0. (3.71)
Proof. The integration is straightforward; all we need to do is be careful with
the base point 0.

For 29 —2+n > 0, integrating the terms inside the summation )" | gives
rise to a term of the form

. Gon(z2\{2}) 1 Gyn(ziiz\ {2})
Zl ( — l’(ZZ) dz(z) x(2) — z(2) dx(z;) > '

i=1

(3.72)
The first term clearly vanishes since z; = 0 is a pole of z(z;). As for the second
term, it also vanishes, because G, (2;;z \ {z;}) cannot have a pole at z; = 0.
Hence we get the expression in the Lemma.

For (g,n) = (0, 1), integrating in z; gives rise to a term of the form

i [y (e~ ) 2]

= lim L(; (—y(z1) +y(2)) + 2P1(zl;7')} . (3.73)
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But since, as z; — 0,

1 2 1
r(21) = p(21;7) = =, y(z1) = @' (2157) = — 3 Pi(z157) = ——,

(3.74)
we see that the limit actually vanishes. Thus we get expression in the Lemma.

As for (g,n) = (0,0), we are not integrating so the expression is obvious.

O
3.3.3 Principal specialization
Then we “principal specialize” by setting z; = ... = z, = z. We define
Gyni1(252) = Gyni1 (25 2,. .., 2). (3.75)
We get:

Lemma 3.3.9. For2g—2+n >0,

i 1 d égfl,nJrQ(z/; Z)
n+1\ dz(z) dx(z") .
- n! G917m+1<z§ z) Gyz,n—m—kl('z? z)
o L i) e

d Gyn(ZIS z) ngJrl(Z/;Z)
- : o [ ZomtllZ: 2] =0. (3.
" <da:(z’) dx(z") > . * ( dz' o 0. (3.76)

QCO,Q(z; 2) Goa(2) _ d (édoxl((zz))> —2P,(2;7) =0, (3.77)

dz(z) dzx(z)  dz(z)
while for (g,n) = (0,0),

5 Goa(2)Goa(2)

dz(2)2 42(2)° + go(1)x(2) + g3(1) = 0. (3.78)

Proof. This is straightforward, the only terms that need to be treated carefully

are those that give rise to the derivatives. O]

Finally, we sum over g and n. More precisely, we define

, X Rt G (2 2
(i) = - Y oGt (3.79)

g,n=0
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Multiplying the equations in Lemma 3.3.9 by thj”, and summing over g and

n, we get:

Lemma 3.3.10.

§1(2;2) + &i(212)" — 42(2)* + ga(7)(2) + g3(7)

Rt (@ (2 2)
. ( g *C;Z(, > =0. (3.80)
2'=0

]

d
b

—2hPi(z;7) + 2
29—2+n>0

3.3.4 Differential operator

As in [BE17] we introduce the perturbative wave-function:

th-i-n—l z z
¥(z) = exp (% Z o /0 /0 (W 215+, 2n)

o B dx(z1)dz(z2)
doodna ) x<22>>2>) - (381)

and we define

125 2) = P(2)&1(2; 2). (3.82)
Then it is easy to show that
n(22) = o (2) (383)

(see Lemma 5.10 in [BE17].) It follows that we can rewrite (3.80) as:

Theorem 3.3.11.

B 40(2)? + ga(P)a(2) + go(r) — 2Py (57)

dx?
Rt (G 2z
+2 ) w (g’ *dlz(, )> ]1/1(2):0. (3.84)
z'=0

2g—2+n>0

Proof. We start with (3.80), multiply by ¥(z), to get

W(Z)%&(Z; 2) + Pn(2:2)61 (21 2) + (—42(2)° + g2(T)2(2) + g5(7)(2)

— 2hP (z; 7)Y (2) + 2¢(2) Z hiz;rn (Gg,nJ;Z(/Z/; Z>> =0. (3.85)
z'=0

29—2+n>0
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But

(=) 3-60(512) =hr (5 2) — (3 ()
L) e :2), (3.6)

thus the equation becomes

hQ% (2) + (—4x(2)® + go(T)2(2) + g3(7))Y(2)

Py (25 T)(2) + 26(2) h?:;" (G97"+dlz(f/5z)> —0. (387)
z'=0

29—24+n>0
]

Theorem 3.3.11 gives a rank two differential operator that annihilates the
perturbative wave-function ¢(z). However, this is not a quantum curve, ac-
cording to Definition 3.2.7. It has an infinite series of h corrections, and those
corrections are not polynomials in z; in fact they are not even functions of x.
They also have poles at the ramification points of the branched covering 7.

What we have constructed is a rank two differential operator that kills the
standard perturbative wave-function (3.81), but it is not a quantum curve.
However, it may be possible to define a new wave-function, which can be
obtained from 1, and that is annihilated by a proper quantum curve. To
achieve this, we need to define the non-perturbative wave-function, which we

will do in section 3.6.

Remark 3.3.12. We remark here that we checked numerically on Mathemat-
ica that Theorem 3.3.11 is indeed satisfied for the first few orders in h.

3.4 Perturbative wave-function: second ap-
proach

In this section we study a second approach to obtain the rank two differential
operator that kills the perturbative wave-function. We will see that we obtain
a differential operator that looks quite different a prior: from the differential

operator obtained in the previous section. But we can prove that the two are
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equivalent. In fact, this equivalent gives rise to an infinite tower of identities
for cycle integrals of elliptic functions.

We start with the topological recursion (Equation 3.39):

# R@ nt1(z,—2; 2
Wy,n+1 ZQ, dZO Z E{ef (/a P2 Z — 20, T )dz’) 2;;(;-’17(—)2d2 )
(3.88)

We now wish to express the sum over residues around poles in R in terms of

residues of the other poles of the integrand. If the integrand was a well defined
meromorphic differential in z over the compact Riemann surface 3, then the
sum of its residues at all poles would have to vanish. However, it is not a well
defined meromorphic differential in z; because of the line integral from «a to
z, it is only defined in the fundamental domain. Thus what we need to use is

the Riemann bilinear identity.

3.4.1 Riemann bilinear identity
The integral form of the Riemann bilinear identity can be stated as follows:

= st 5 (ff o f o )

all poles b of un

where n is a meromorphic differential on the compact Riemann surface ¥ of

genus ¢, and (A4;,B;), j =1,..., g is a symplectic basis of cycles. Moreover,

u(z) = /a o, (3.89)

where w is a residueless meromorphic differential, « is an arbitrary base point,
and the line integral is taken in the fundamental domain.

We can apply the Riemann bilinear identity to (3.88). First, we have that

- R(Q)w n+1(za —Z; Z)
3t ([ ) S

all poles b
1 RPwy i1 (2, —2;2)
- P : d gn+ )
27 (]i (2 = 20i7) d2 2@ (z;7)%dz

RPw (z,—z;2)
Py(z — z0;7) d gl =) (3
%4 5 (2 — 205 7) dz 20/ (2 T ) (3.90)
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We note that:

j{ Py(z — zp;7) dz =0, j{ Py(z — z;7) dz = 2mi, (3.91)
A B

thus

z (2) —z
Z Res </ PQ(Z/ o Zo;T)dZ,) R wg,n-i—l(za Z;Z) — Bg,n+1(z)- (392)

2=b 20/ (z; 7)%dz

all poles b
where we defined

R Wy, nt1(2, —2;2)

Byni(z 20/ (z;7) 2d,z

But the poles b can be separated into poles in R and poles that are not in R,

which means that we can rewrite 3.88 as:

Wy, n+1 (ZO’ Z)
dZO

— ZR_es (Pi(z — z0;7) — Pi(a — 205 7))
a¢R -

= Bynt1 (Z)

7?f(Q)Wg,n-‘rl (Za —Z; Z)
20/ (z;7)%dz

(3.93)

Given this equation we now seek to write it in a form (nearly) identical to

equation (3.65). To do this we must first calculate the residues.

3.4.2 Calculating the residues

Now since, P(z — z9) — — as z — 2, we see that there is a simple pole

zZ—20
at z = z9. However there is also a collection of poles at each of the marked

points z; (with j = {1,--- ,n}) coming from the recursive structure. To see

this more clearly, let us examine equation (3.41) more closely:

R(Q)wg,n-l-l(za —Z; Z) = wg—l,n+2(z) -z, Z)

+ > w1 (2, Dwgy 41 (=2, )

stable
n

+ Z Wo,2(2, 2j)wen(—2,2/2;) + wo2(—2, 2j)wyn(z,2/2;).
=1

The “stable” sum term excludes the cases where either (g1, |I]) or (g2, |J]|)

is equal to (0,0) or (0,1). From here we note that as z — %z;, wo2(£2, ;) —
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dzdz;
EENL

j=A{1,---,n}). Now we can proceed to calculate the residues:

hence there are second order poles at each of the points £z; (with

] e 5 2 0 0

20/ (20;7)? dz}
i Z Z Wy, 1]+1 (20, )ng,|J|+1(—Zo7J) (3.94)
g1+g2=g IUJ=z dZO dZO

— 20;7) — Py — 205 7)
20/ (2, 7)%dz;

wyn(—2i,2/2) | dzo

Residue at z; = d,, (Pl(zi
(3.95)

zi + 20;7) + Pi(a — 205 7)

20/ (2, 7)?dz; wyn(—2i,2/2) | dzo

(3.96)

P
Residue at (—z;) = d,, ( i

Summing all of these contributions, dividing both sides by dz; and rear-

ranging the expression we arrive at:

Proposition 3.4.1. For2g—2+n >0,

_Wg—1n+2( 20, 20, Z Z Z Wg1\1|+1 Zo,[)wgz,um(—ZmJ)

dx(z)? vyl dz(zp) dz(zp)

B dx(z;) Won(—20,2 \ {2i})
Z < — T Zz))Q dl‘(Zo)

_d, (x(zo) i 2 wg’n(_d?(:)\ {%})))

n 2P1(Zz, )wgn< ZZ,Z\{zz}) B N
" Z_; . ( ¢ (zi57) da(z) ) 2Byn41(z) = 0. (3.97)

For (g,n) = (0,1),

WO,Q(_Zm 21) wo,l(—Zo) (Zl) wo,l(—Zo)
(

da(z) de(z)  (x(z0) — 2(21))? da(z)

i ((a:(zO) ) wii;((zj)) ik (251(2%) ﬁ,}ijﬁ) =0, (398)

while for (g,n) = (0,0),

wo,1(—20)wo,1(—20) 5 B
e ) e(m)(z) + gs(n) = 0. (3.99)

This is to compare with Corollary 3.3.6 obtained in the previous section.
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3.4.3 Differential operator

From Proposition 3.4.1 we want to obtain a differential operator that annihi-
lates the perturbative wave-function. We follow the procedure outlined in the

previous section. We arrive at the following differential equation:

Theorem 3.4.2.

& _2h2P1(z;7') d

e OIS ACLORTAC
2 Y EE([ /OZBg,nH(z))]w(z)—o. (3100

This is to be contrasted with the differential operator that was obtained
in Theorem 3.3.11. The perturbative wave-function 1 is the same for both
Theorems. It is then expected that the two differential equations should be

equivalent, even though they look quite different a priori.

3.4.4 Connection with the calculation of the previous
section

In the previous section, we calculated a differential equation satisfied by ;
in this section we also computed a differential equation satisfied by v, which
looks different a priori. Let us now show that they are the same.

First, let us compare Proposition 3.4.1 with Corollary 3.3.6 of the previous
section. In particular, for equation (3.97) to be equivalent to equation (3.65),

the following identity must hold:
Corollary 3.4.3. For the Weierstrass spectral curve, for 29 —2+mn > 0,

Bunn(a) = = (o) ; (Gt
(3.101)

This is a non-trivial identity between elliptic functions; in fact, it gives an
infinite tower of expressions for cycle integrals of elliptic functions. We will
come back to that in the next subsection. But we note here that we can also

prove Corollary 3.4.3 directly.
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We start with (3.93), which we rewrite as

Wont1(—20,2)

R(Q)Wg nt1(2, —2;2)
+ %f}eas (Pi(z — 2z0;7) — Pi(a — 205 7)) 20/ (2 )2 (3.102)
We take the limit as zg — 0. We obtain
Wy nt1(—20,2)
B, — _ [ Zonti ~0, %)
9, +1(2) ( dz >z00
R(2)wg n+1 (Z7 ) Z)
+ %555 (Pi(=:7) = Pilosm)) = 5055 (3.103)
The only poles in the sum over a ¢ R are at z = +z;, for i = 1,...,n. The
residue at z = z; gives rise to a term of the form
" Pi(z;;7) — Pi(a; 7) wyn(—2,2 \ {2}) | (3.104)
' 20/ (25 7) dx(z;)
while the residue at z = —z; gives rise to a term of the form
0. Pi(zi;7) + Pi(o; 7) wgn(—2i,2 \ {2}) ' (3.105)
20/ (25 7) dx(z;)

Putting those together, we obtain

B == (Bmtzn®) oy (Gl B),
(3.106)

which is precisely (3.101).

We can also compare Theorem 3.4.2 with Theorem 3.3.11 of the previous
section. These give two differential equations satisfied by the perturbative
wave-function . For Theorems 3.3.11 and 3.4.2 to be equivalent, we need the

following equation for the wave-function v to be satisfied:

Corollary 3.4.4.

SICT P S (G +d()> ]w
2'=0

2g—2+n>0

h29‘+” (/ / iz ) hz%d_i] . (3.107)

Lg 24n>0



It turns out that we can indeed show directly that this is the case. We
start with (3.101), which is valid for 2g — 2 +n > 0:

(3.108)

We integrate in zq, ..., 2, from 0 to z, multiply by }1224’ and sum over g and

n from 2g — 2 +n > 0. We get:

> EE([ ] ) -

2g—24+n>0

- Z K29+n Gg,n+1(zl; 2) N Z R2gtn Pl(z;r) Ggﬂ(z;z)
ol dz Y (n—1) g (z;7)? dz .

2g—2+n>0 2g—2+n>0
(3.109)
Then, using (3.83), we notice that
A (z) =z 2) (3.110)
1 W29 Gy i (2 2)
= ¢ (z;7) — —— = ¥(2).
[ (2:7) o' (z;7) 29;>1 n! dz (2)
Redefining the index in the sum and multiplying the equation by h, we get
d 1 Rt G (2 2)
h?— = |hg'(z;7) — ——— ez . (3111
oot = [nftem - s 3 Gt oy
2g—24+n>0
Going back to (3.109), we multiply by —(z) and use the above to rewrite it
as
h29tn z ? Pi(z;7) d
— [ Z ‘ (/ . / Bg,n-i-l(z)) + hQMd—] @D(Z)
99-2in>0 U 0 0 ¢'(2;7) dx

Rt (G (2 2
R ICE R S ( al )> ]wz),
z'=0

2g—2+4n>0

which is precisely (3.107).

3.5 Identities for elliptic functions

In this section we go back to Corollary 3.4.3 and explore its consequences for

elliptic functions. We see that (3.101) gives rise to an infinite sequence of
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identities for cycle integrals of elliptic functions. Let us have a look at these
identities for the first few levels in 2g — 2 + n.

Let us start at the first level, namely 2g — 2 +n = 0. We start with
(g,m) = (1,0). In this case (3.101) becomes

Byy =— (—wl’;l(_z(’)) . (3.112)
20 20=0

By definition

Py(2z;7)
Bii1=—¢ ——=d 11
1,1 jé 20/ (2;7)2 2 (3.113)
while from Appendix A, after a few simplifications, we obtain
le(—Z()) _ G4(T>(G2(T)2 — 5G4(T ) (3 114)
dZo 20=0 60(20G4(T)3 — 49G6(T)2) . .

The identity is then

Corollary 3.5.1.

Py(2z;7) , Gu(7)(5G4(T) — Go(7)?)
7{; o' (2;7)2 de = 30(20G4(7)3 — 49G4(7)?)’ (3.115)

In other words, we obtain an explicit expression for the A-cycle integral

Py(22:7) : .
p?((zi’)? in terms of quasi-modular forms. To emphasize

the non-triviality of this expression, we provide an independent proof of this

of the elliptic function

Corollary in Appendix B directly from the theory of elliptic functions.
Let us now study the other case at level 2g — 2 +n = 0, namely (g,n) =
(0,3). In this case (3.101) becomes:
B , —20, d ([ Pi(z;
0.3(21, 22) _ wo,3(—20, %) o 1(2157) Py(z1 + 20:7)
dz1dzy dzodzidzy ), _y  dz \@'(2157)?

¢ (Bl

~ T Pa(z + 22;7')> . (3.116)

But by definition

Bos(z1, 29) _ _]{ Pg(z—zl;T)PQ(z—i-zQ;T)dZ
dz1dzy A 2@’(% 7)2
P -\ P .
—7{ CRECTEPLE Gl XD PR ERIS
A 20/ (2;7)
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Moreover, the result for wg3(20, 21, 22) in Appendix A reads

W0,3(—Zo7 21, Zz)
dZ()ledZQ 20=0
12

= A (20G4( ) —e)(e; + Go(T))Pa(21 — wi; T) Pa(20 — wiz 7). (3.118)

Therefore, the identity becomes

Corollary 3.5.2.

]{P2(z—z1;T)P2(z+z2;T)dZ+7{ PQ(Z+21;T>P2(Z—ZQ;T)dZ
A A

27 (2;7)° 20 (2 7)?
— d Pi(2157) d Pi(29;7) '
dz <@/(zl;7)2p2(Z1 e )) * dzy (@'(ZQ;T)QPQ(ZI 22 7)
12y (20G4( G P -\ P ) 11
— Z Z 0 4 )(ez + 2(7-)) 2(21 — Wi,T) 2(22 _ wi’7_>. (3 9)

We can continue producing such identities at higher levels of 29 —2+n > 0.
In particular, for all cases with n = 1, we obtain identities relating cycle
integrals of elliptic functions to quasi-modular forms. It would be interesting
to study whether these identities are of interest from the point of view of
elliptic functions and quasi-modular forms. For instance, they may be related

to the cycle integrals studied in [GM20].

3.6 Non-perturbative wave-function and quan-
tum curve

In each of the previous two sections, we obtained a differential operator that
annihilates the perturbative wave-function. However, these differential opera-
tors were not quantum curves, according to Definition 3.2.7.

In this section we will switch gears and study the non-perturbative topo-
logical recursion formalism described in [BE15, BE12b, Eyn09, EMnl11]. It is
expected from matrix models that this non-perturbative wave-function should

be annihilated by quantum curve. This is what we study in this section.
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3.6.1 Non-perturbative wave-function

Let us now introduce a non-perturbative wave-function, along the lines of
[BE15, BE12b, Eyn09, EMn11].

One of the major motivations for the definition of the non-perturbative par-
tition function in [BE15, BE12b, Eyn09, EMn11] is to construct a 7-function
for an arbitrary algebraic curve. 7-functions in classical integrable systems
are functions that satisfy Hirota bilinear equations. The Hirota equations are
also equivalent to a self-replication property of the kernel. Either of these
statements imply that there exists a system of differential equations, which
we can use to get the quantum curve. In [BE12b], it is conjectured that this

non-perturbative partition function is indeed a 7-function.

Notation

Before we write down the expression for the non-perturbative partition func-
tion, we need to define some fundamental objects that we will use.

We define a Jacobi theta function (called 61, in some references):

Bz|r) = Y et D) (3.120)

neL

where z € C and 7 € H. We also define:

(7) = 27r1@'h <£ ydz — Tjiydx) (3.121)

and introduce the following notation:

0(1) = 0(Cu(7)|7) (3.122)

Then we define the perturbative partition function:

Zpert(T) = exp (% Z hka(T)> : (3.123)

k>0

We make a choice of characteristics here in defining our theta function; it may be
interesting to study other choices of characteristics.

93



where the F}’s are the free energies of the spectral curve defined in (3.42) (Fj
and F) can be defined independently; we refer the reader to [BE12b, EO07,
EOO08] for more details) . However, this partition function is non-modular,
which is not what we expect from a “true” partition function coming from
a quantum field theory. In order to construct the non-perturbative partition
function (conjectured to be a 7-function), we multiply the perturbative parti-
tion function by certain combinations of theta functions and their derivatives,
which exactly cancel out the non-modularity (proved in [Eyn09, EMnll]).
This also ensures that the non-perturbative partition function is background

independent.

Non-perturbative partition function and wave-function

The non-perturbative partition function introduced in [Eyn09, EMn11] is de-

fined as a functional on the spectral curve:

Znp(7T) = exp (% > hka(T)> (3.124)

k>0

1 B3 2hytd; 2 - Ff(bjj)<T) v, di)g
SPIFEDY 11 2ri)5d;) 1)

U, P
where
F,Sd)(T):%mﬁ-ooﬁwhyd(zl,...,zd), (3.125)
and wp, q(21,...,2q4) are the meromorphic differentials constructed from the
spectral curve. Here, V(1) = (L6(z|7)) |.=o -

From the non-perturbative partition function, one can define a non-
perturbative wave-function, following [BE15, BE12b]. What we will call non-
perturbative wave-function in this paper, and denote by tnp, is the (1|1)-
kernel of [BE15, BE12b]. It is defined as a “Schlesinger” transformation of the
non-perturbative partition function:

Trlyde — yda + hwP>~P1|
Thlydz]

Ynp(p1, p2) = , (3.126)
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where wP*7P' was defined in (3.34) (we removed the p-dependence for clarity).
In the following, for the Weierstrass spectral curve we will choose the base
point p; = 0, and consider the wave-function as a function of p; = 2. So we

write

Tilydx — yda + hw°]
Tilydz]

Ynp(2) = (3.127)

Graphical interpretation

It turns out that 1xp has a nice graphical interpretation in terms of connected
graphs satisfying certain properties (see [BE15] for more details). We define
Sk(z)s, k > 0 as follows:

Unp(2 —exp( > HESi(2) > (3.128)

k>0

Then, we can write a general expression for the Sis. For k > 2,

1
Si(z) = S = (H Gt (2 ))
hjm;,d; >0 J: j
ZjZO(th+nj+dj*2)=kfl

o (‘/‘(dl,dg,m,dj) ~ 8 njwv(dl)v(dz) e V(dj)) ., (3.129)

where we used the notation

1
Gh(z) = n_ o7 dd‘/ / ]{ ]{Wh ntd(215 - Zntd) (3.130)

yldndi) ;Zl o log[ (eXpZZsz)} [ —— (3.131)

Here, E is defined as E(VY4) = %, with V = %. The undotted Vs

are given by the same expressions but in terms of undotted theta functions.

We note as well that by connectedness we have

‘/'.(d1,d2) — V.(lerdz) _ K(dl)X/,(d2), (3.132)
V\didzds) _ y/(ditdatds) v/ (ditd2)y/(ds) _ y/(datds)y(di) _ yy(datdi)y(d2)
(3.133)

+ QV.(dl) V.(dz)v.(ds)’

and so on.
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Sp and S; are defined differently. For the Weierstrass spectral curve, they

are simply given by

Sp = /0 ¢ (2)%dz, (3.134)
. z p”(z) .
Sy = /0 2@’(Z)d : (3.135)

Coming back to (3.129), we can write down the graphical expansion ex-

plicitly. The expansion was written down in [BE15]; we rewrite it here for

reference.”

Sa(2) = G3°(2) + G1°(2) + G2V + Gy (2) (VD — v (3.136)
+ GV + G () (V) - V),

Sa(2) = G§°(2) + G3°(2) + GS (VY + G (VI + G2V (3137)
+ RV = V) 4+ GREVE + G (VD - V)
1
+ (G PV + G ()G (VD

1
S (GE PV — (VO2) + G ()G (V)
G G AV + GG () (VD — VOV )

1
+ 5GP VEY + AP ()G () VY

F O VI 1 L (CR )V — (VO

"Note that a few typos in the expressions of [BE15] were corrected here.
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Su(z) = G20(2) + G3°(2) + G7°(2) + GV () VY + Gyl (2) VD (3.138)
+ G2V + Gy () V) + Gé’3<Z>( VO + V) + G () VY

| z>V.23 + G“(z)(—v Vv

UV + G ()G () Ve

1

6
1

+ GSJ(z)Gi”%z)Gé’l<z>V.<1’172> + 3G ()G ()

1
+ GO VO V) + 268 (PR )V
1
+ 38N PR VI + G ()G (G (VI
1 1
+ 5@8*”’(2)%’1<z>2<—<v<”>2v<3> FVMD) 4 2GR ()G V)
1
+SERREPCH (VI 1 Gy ()G ()G () V1>
ARG AGH VI 4 LG ()G (VS
1 1
RPNV OWOR + ) + GV
1
I 5Gc1)2( 2GR () V223 4 - GOZ( )GO3 ()2 (239)
1
+ 5 G0 () (= (V) V) + GoP(2) Gy (2) (- VAV 4 v [29)
1
GG ) (-VOVE £ VEN) 4 G ()G (2 VD
Let us remark here that the theta functions vanish at argument 0, and
hence the undotted V@’s are not defined. However, they only appear along
with terms G4 with n = 0 (which are constant in z). These terms only change

the wave-function v by an overall (possibly A-dependent) constant, and hence
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do not pose an issue in the following.

3.6.2 Quantization condition

In the previous subsection, we defined a non-perturbative wave-function ¢xp.

We also studied its graphical interpretation in the form

Unp(2) = exp (% > hkSk(z)> . (3.139)

k>0
This was considered as a formal asymptotic series in A. But in general, the
Sk(z) will also depend on f; they however will not have power series expan-
sions in A. Thus, for this expansion to be useful for us, the Si(z) should be
independent of A. This can be referred to as a quantization condition for the
spectral curve.®

The problem comes from

i) = ( ]{\ ydz — 7 }é ydx) | (3.140)

which enters into the definition of f,(z|7). In general, it depends on h. The

simplest way to ensure that the Si’s do not depend on A is to set ¢, = 0.% Let

us work out what this means for the Weierstrass spectral curve. First,

J(I{yd:c = %p/(z; 7)?dz (3.141)

B B

= - [ozm? - Zyp(zirya:

— (~3mz + 2ot

T

) )

= —ggg(T)T + %gg(T)(Zm' + 7Gy(1)).

8The quantization condition for spectral curves was explored in [Guk05, GSk12] and
subsequently in [BE15] for spectral curves in C* x C*, in the context of knot theory and the
AJ conjecture. In this context, the quantization condition has a beautiful interpretation in
terms of algebraic K-theory. See [GSk12] and also [BE15] for more details.

9We note here that this is not the only way however; see [BE15, GSk12] for more details.
It would be interesting to investigate more general elliptic spectral curves that satisfy the
quantization condition.

0
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Second,

1
oo = (<2 + Zrictain)) (3.142)
% 0
3 2
= —593(7') + ggQ(T)GQ(T). (3.143)
Therefore, we get that
G = %_L (%gg(f)) : (3.144)

This tells us that for (; = 0, we should set go(7) = 0, which fixes the iso-
morphism class of the elliptic curve (i.e., fixes 7 in the fundamental domain).
Without loss of generality we can also choose g3(7) = 4 to get the curve in
the form y? = 4(x® — 1). For this curve, the values of z = p(z; (7)) at the
half-periods are the third roots of unity: 1,w,w?.

This elliptic curve is of course very special. It corresponds to the curve with

T = exp (%) Its j-invariant vanishes. It also has complex multiplication.
In fact, after rescaling y — 2y, it becomes the curve 144A1 in Cremona’s
classification. It would be interesting to investigate what role these special
properties of the elliptic curve play in the non-perturbative setting.

For the rest of this section we focus on that particular elliptic curve, hence
we will remove the explicit 7 dependence, since 7 is now fixed. The formu-
lae that we will derive for the non-perturbative Si’s are only valid for this

particular elliptic curve.

3.6.3 Quantum curve

The authors of [BE12b] conjecture that the non-perturbative partition function
(3.124) is a 7-function, i.e. that it satisfies the Hirota equations. Assuming
this conjecture, they argue that there should be a quantum curve P(i, y; h) of

the spectral curve that kills the non-perturbative wave-function:
P(&,1; h)ynp(2) = 0. (3.145)

We refer the reader to [BE12b] for the details of the argument. The goal of
this subsection is to study whether this conjecture is true for the Weierstrass

spectral curve y? = 4(z% — 1).
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To be more precise, for the case of the Weierstrass spectral curve the con-

jecture can be formulated as follows:

Conjecture 3.6.1. Consider the Weierstrass spectral curve P(z,y) = y* —
4(z3 — 1) = 0. Then there is a unique quantum curve P(i,j; k) of the form
Plagsn) — - 4@t -1 R Ay () W B 3.146
(xayv )_ @_ ($ - )+Z QZ(x)£+Z 2j($)7 ( : )
i>1 jz1
where the A;(x) and Bj(x) are polynomials of x, which kills the non-

perturbative wave-function constructed by equation (3.126):
P(&,3; h)Ynp(z) = 0. (3.147)

Note that only even powers of h appear in the quantum curve. Moreover, we
conjecture that the As(x) are polynomials of degree at most i — 2, and the

Byj(x) are polynomials of degree at most j.

The general form of a quantum curve for the spectral curve y? = 4(x3 — 1)
was given in (3.45). The fact that only even powers of & should appear is clear.
It is easy to see that the Si’s transform as Sj,(—z) = (=1)*"1S;(z) from the
transformation properties of the w,, and the Vs, The WKB expansion of

(3.147) is

k k
Sia+ Y SIS+ B+ Y Sp A =0. (3.148)

1=0 1=0
As A;(z) = Ai(—=) and B;(z) = B;(—z), we see that Ag;y1 = Byip1 = 0 for
allt e Z .

Uniqueness of the quantum curve also follows directly from the WKB ex-
pansion above, which uniquely defines the Ay;(z) and Byj(x).

As for the degree of Ay;(z) and Bs;(z), the conjectured bound is easily
obtained by looking at the behavior of the Si’s at z = 0 (i.e., the double pole
of ). For all k > 1, Sy is of order 3 — k at z = 0 (positive order meaning
a zero of degree 3 — k, negative order meaning a pole of order |3 — k|). As
for K = 0, S has a pole of order 3. Now, (3.148) (for a specified k) ensures

that Bs, cannot have a pole of order greater than 2k, while As, cannot have
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a pole of order greater than 2k — 4, which justifies the bound stated in the
conjecture, since x has a double pole at z = 0.

What remains to be proven however is that the non-perturbative wave-
function is annihilated by a quantum curve at all. At the moment we do not
have a complete proof of Conjecture 3.6.1. However, we computed correlation
functions wy,, for the Weirstrass curve up to level 2g—2+n = 3 — see Appendix
A. Focusing on the particular curve y* = 4(z® — 1), we then calculated the
relevant cycle integrals to construct the Sy’s for the non-perturbative wave-
function Ynp. Using Mathematica, we were then able to verify Conjecture

3.6.1 to order A°:

Theorem 3.6.2. The quantum curve to order h° is

2
P(i,i;h) = hQi—zL(:v — 1)+ At d +h2 Lo v

5
dx? 2632 dx 3 2833 +Om)

(3.149)

In particular, it satisfies the requirements of Conjecture 3.6.1.

Proof. The proof is computational. Using the correlation functions calculate in
Appendix A restricting to the curve with go = 0 and g3 = 4, and evaluating the
relevant cycle integrals on Mathematica, we obtain the following expressions

for the non-perturbative S;’s defined in the previous subsection:

So(2) = ¢'(2)
S1(2) = 3p%(2)

¢'(2)?
Sh(z) = — o(2) B 21p(2) B 450(z)
240/ (z)  8¢/(2)*  2¢/(2)°
go_ L 1 109 243 405
’ 152 g2 160(:)¢ 20020 @ (=)°
Si(2) = — p(z)* ()’ Blp(2)?  13641p(2)?  41769p(z)?
13824¢/(2)  1152¢/(2)®  64¢/(2)F  128¢/(2)7  16¢/(2)°
89505(2)?
8@’(2)11

Here primes refer to differentiation with respect to z = p(z). Using those
results it is straightforward to check that the non-perturbative wave-function

1np is annihilated by the differential operator above, up to order hS. O
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We note here that the S;(z) that we calculated are rational functions of
o(2) and ¢'(2), but we also remind the reader that these results are only valid
for the particular Weierstrass spectral curve y* = 4(z® — 1). For other Weier-
strass curves, the non-perturbative S;’s will generally depend on A, and the
expressions above will certainly not be valid. It is not clear to us whether we
can reconstruct the WKB expansion of a quantization of the general Weier-

strass spectral curve from the non-perturbative topological recursion.

3.7 Conclusion and open questions

In this paper we studied how to quantize the Weierstrass spectral curve via
the Eynard-Orantin topological recursion. More precisely, we investigated
whether there exists a quantization of the Weierstrass spectral curve that kills
the wave-function constructed from the topological recursion.

We first studied the naive question of whether there is such a quantization
that kills the perturbative wave-function, as is the case for genus zero spectral
curves. Not surprisingly, we did obtain a differential operator that annihi-
lates the wave-function, but it is not a quantum curve according to Definition
3.2.7. Nevertheless, we obtained this differential operator using two different
approaches, and as a side result we produced an infinite tower of identities for
cycle integrals of elliptic functions.

We then constructed a non-perturbative wave-function, which is a bet-
ter candidate for a quantum curve, as expected from matrix models. By
direct computations on Mathematica, we showed that indeed, up to order A°,
the non-perturbative wave-function is killed by a non-trivial quantization of
the Weierstrass spectral curve. However, we could only construct the non-
perturbative wave-function if the quantization condition was satisfied; for this
we focused on the simple elliptic curve y* = 4(z® — 1).

There are many open questions that should be further studied. To name

a few:

e Conjecture 3.6.1 remains to be proven for the spectral curve y? =

4(z® — 1). Tt is somehow expected to be true from the point of view
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of matrix models, but it would be very nice to have a formal proof of
this conjecture. It may be possible to use our results from Sections 3.3
and 3.4 about the perturbative wave-function to construct a proof of the

conjecture for the non-perturbative wave-function.

In the non-perturbative case, we restricted ourselves to the elliptic curve
y? = 4(2® — 1) to ensure that the non-perturbative wave-function has
an expansion in A. It would be very nice to see whether we can get
rid of this constraint and study more general Weierstrass curves in the

non-perturbative setting.

Via the non-perturbative approach, we obtained a proper quantization
of the Weierstrass spectral curve. However, it is a rather non-trivial
one, since it has an infinite number of A corrections. A more natural
quantization would consist in

2

A d
P(%,7) = h2@ —4(z® - 1), (3.150)

that is, without A corrections. It would certainly be very interesting
to study whether the WKB asymptotic solution to this equation can
somehow be reconstructed, non-perturbatively, from the Eynard-Orantin

topological recursion.

In this paper we focused on the Weierstrass spectral curve. But of course
it would be very interesting to study larger classes of spectral curves,
both at genus one and at higher genus, in the spirit of [BE17] for genus
zero curves. The approach of [BE17] for the perturbative wave-function
can certainly be generalized to higher genus curves, as we did in section
3.3 (the general expressions become rather messy quickly though). But
the most interesting question would be to study the non-perturbative

wave-function.

Coming back to the Weierstrass spectral curve, in Appendix A we calcu-
lated many correlation functions produced by the topological recursion.

Generally speaking, in most applications of the topological recursion
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those correlation functions are generating functions for some interest-
ing enumerative invariants. It is unclear at the moment whether there
is such an interpretation for the correlation functions produced by the

Weierstrass spectral curve. This is certainly worth investigating.

Finally, we obtained in section 3.5 an infinite sequence of identities for
cycle integrals of elliptic functions. A natural question is whether those
are interesting from the point of view of elliptic functions and quasi-
modular forms. In particular, they may be related to the results on
cycle integrals of elliptic functions obtained in [GM20]. Moreover, the
manipulations done in this paper are quite general, and would probably
lead to analogous relations for higher genus curves, which would certainly
be interesting to investigate. We hope to report on that in the near

future.

64



Chapter 4

Higher Airy structures,
W-algebras and topological
recursion

4.1 Introduction

4.1.1 Motivation

Virasoro constraints are ubiquitous in enumerative geometry. The general
statement goes as follows. Given a particular enumerative geometric context,
such as intersection theory on the moduli spaces of curves, or Gromov-Witten
theory of a given target space, an interesting object of study is the generating
series F' for connected descendant invariants and the corresponding generat-
ing series Z = e for disconnected invariants. The statement of Virasoro
constraints is that Z satisfies a collection of differential equations of the form
H,Z = 0, where the Hys are differential operators (in the formal coordinates
of the generating series F') that form a representation of a subalgebra of the
Virasoro algebra. In this context, the starting point is a given enumerative
theory, and the goal is to show that the generating series Z satisfies Virasoro
constraints.

An interesting question is whether the sequence of events can be reversed.
Can “Virasoro-like constraints” be formulated abstractly such that there al-
ways exists a unique solution to the collection of differential equations, in the

form of the exponential of a generating series? One may understand the recent
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of work of Kontsevich and Soibelman [[KS18] (see also [ABCO17]) as providing
an answer to this question, in the form of “quantum Airy structures”.

Let V' be a vector space of dimension D (which may be countably infinite)
over C. Using the notation I = {1,..., D}, let (z;);e; be linear coordinates

on V*, and denote by

ID?*V = C[[h7 (:Cl)leh (haml)lelﬂ

the completed algebra of differential operators on V. We introduce a grading

on DL, by assigning:
degz; = deghd,, =1, degh = 2.

Then a quantum Airy structure is a collection of differential operators (Hy)ges

of the form

Hy = hd,, — Py, (4.1)

where P, € DL, is homogeneous of degree 2, such that the Hj generate a

graded Lie subalgebra of Df..,. That is, there exists scalars ¢, such that
[He H) =hY_ ¢y Hy, . (4.2)
mel

The crucial theorem proved in [[KS18] is that for any quantum Airy structure,
there exists a unique solution Z to the collection of differential constraints

H.Z =0, k € I, of the following form:

Rt
Z = exp E oy E Fynlalze, - - za, | - (4.3)
g>0, n>1 T oaeln
2g—2+n>0

It does not say what kind of enumerative invariants the coefficients F, ,[a] are;
this depends on the choice of quantum Airy structure. But the existence and
uniqueness of a solution to the differential constraints is guaranteed.

There are two key features in the definition of quantum Airy structures
that are responsible for existence and uniqueness of a solution. The first
one is the particular form of the differential operators H;, which implies that

the differential constraints H;Z = 0 translate into a recursive system for the
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coefficients F,;,[a]. The second is the subalgebra property, which, together
with the form of the operators, ensures the existence of a solution.

While quantum Airy structures may be understood as an abstract con-
struction of Virasoro-like constraints, they were first introduced in [KS18] as
generalizations of the topological recursion of Chekhov, Eynard and Orantin
[EO07, EO09]. The Chekhov-Eynard-Orantin topological recursion appears
rather different from quantum Airy structures or Virasoro constraints a pri-
ori. It starts from the geometry of a spectral curve C, and constructs an
infinite sequence of meromorphic symmetric differentials on C™ through a pe-
riod computation. But it turns out that for any admissible spectral curve with
simple ramification, the Chekhov-Eynard-Orantin topological recursion can be
recast into a quantum Airy structure. In other words, its recursive structure
is equivalent to the collection of differential constraints of a quantum Airy
structure.

Thus, quantum Airy structures provide a clear conceptual framework be-
hind the Chekhov-Eynard-Orantin topological recursion, and a generalization
thereof. In particular, it clarifies the relations between topological recursion,
symplectic geometry and deformation quantization. It also incorporates ear-
lier observations of Kazarian about the role of symplectic loop spaces and
polarizations in the theory of [EO09] (see also [KZ15]) and provides a sim-
pler approach to the relation with the Givental group action and semi-simple
cohomological field theories established in [DBOSS14].

Natural generalizations of Virasoro constraints that appear in enumerative
geometry are VY constraints. They are known to be satisfied in some contexts,
such as intersection theory on the moduli space of curves with r-spin structures,
and certain Fan-Jarvis-Ruan theories. VW constraints are similar in nature to
Virasoro constraints. They consist of a collection of differential constraints
H,;Z = 0 for a generating series of disconnected invariants, but where the H;s
form a representation of a subalgebra of a VW algebra. Recall that VW algebras
are non-linear extensions of the Virasoro algebra, which arise in conformal field
theory when the theory contains chiral primary fields of conformal weight > 2.

W algebras always contain the Virasoro algebra as a subalgebra.
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In this paper we provide an answer to the question: Can “W-like con-
straints” be formulated abstractly such that there always exists a unique so-
lution to the collection of differential equations, and that this solution has the
form of an exponential of a generating series?

The answer takes the form of “higher quantum Airy structures”. We use
the same conceptual framework as for quantum Airy structures, but we relax
the two conditions on the differential operators. We consider differential oper-
ators (Hy)ges of the same form as in (4.1), but with P, € D, a sum of terms
of degree > 2. The subalgebra condition is replaced by the requirement that
the left Dk, -ideal generated by the Hj, is a graded Lie subalgebra of Dk.,,.
Concretely, this means that (4.2) is replaced by:

[He H) =10 giiHy,  giy € Diuy .
mel
Under these conditions, Kontsevich and Soibelman (in [KS18]) already proved
the existence and uniqueness of a solution to the collection of differential con-
straints HyZ = 0 of the same form as (4.3). The goal of this paper is to
construct many examples of higher quantum Airy structures from W algebras

and discuss their enumerative meaning.

4.1.2 Main results

Let us now describe the main results of the paper briefly. First, we construct
various types of W constraints. Second, we show that the Bouchard-Eynard
topological recursion of [BE13, BE17, BHL"14] is equivalent to a previously
constructed class of VW constraints. We also proved along the way a property
about the modes of the W(gly,,) algebra at the self-dual level, which was

essential to our construction of W constraints.

Higher quantum Airy structures from )V constraints

Our general recipe to produce higher quantum Airy structures from modules
of W algebras goes as follows. The starting ingredients are a Lie algebra g
and an element o of the Weyl group of g. We then consider the principal

Wh-algebra of g at the self-dual level & = —hY 4+ 1 (h" is the dual Coxeter
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number of g). This vertex operator algebra is denoted by W(g) and we realize
it as a subalgebra of the Heisenberg vertex operator algebra associated to the

Cartan subalgebra h of g. Then:

1. We construct a o-twisted module T of the Heisenberg vertex operator

algebra.

2. Upon restriction to the W(g) algebra, we obtain an untwisted module.
We realize the modes of the generators of the W(g) algebra as differ-
ential operators acting on the space of formal series in countably many

variables.

3. We pick a subset of modes generating a left ideal which is a graded Lie
subalgebra of the algebra of modes. These modes fulfill the second (and

hardest to check) condition to be a higher quantum Airy structure.

4. If possible, we conjugate these modes (dilaton shift) to bring them in

the form of a higher quantum Airy structure.

Remarkably, following this simple recipe we can construct a large variety
of higher quantum Airy structures, including many that have interesting enu-
merative interpretations. Our general construction reproduces some of the W
constraints that have already appeared in the literature, but most of the higher
quantum Airy structures that we obtain are new.

We also note that our construction relies on certain explicit strong gener-
ators of the VW algebras that are known in the literature. We discuss this in
detail in Section 4.3.2.

W(gly,) higher quantum Airy structures: first class. For clarity let
r:= N+ 1. Our first set of examples starts with g =gl and o = (12 --- r) —
the Coxeter element of the Weyl group &,.. Theorem 4.4.9 is the main result

of this construction, which can be summarized as follows:

Theorem 1. Let r > 2 and s € {1,...,r + 1} be such that r = r’'s — € with
e € {£1} and ' integer. Let

.  — 1 = . : i
DZ:Z—l—{MJ, SS:{(z,]{:) } ie{l,....,r} and kJZD-Hsm}-
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There exists an (explicit) quantum r-Airy structure on V' = @,_, C(z;) based
on a representation of the subset of modes (W) ez, of the W(gl,) algebra
generators with central charge r in D}.,,. We use Z, 5 to denote its partition
function. Its coefficients for 29 — 2 +n =1 are

r?—1
24

Foslly, lo, 1) = er'lilols 0y 41541556 Fiq]l] = 0.5

The case s = r + 1 (for all r) was studied by Bakalov and Milanov
[BMO8, BM13, Mill6]. Z,41) is a generating series for intersection numbers
on the moduli space of curves with r-spin structure, as explained in Section
4.6.1. Other choices of s however are new. As explained in the proof of The-
orem 4.4.9, the condition that s be coprime with r arises for the dilaton shift
to yield differential operators of the right form for a higher quantum Airy
structure. The condition that » = +1 mod s is necessary and sufficient for the
left ideal generated by the subset of modes to be a graded Lie subalgebra (see
Theorem 9). We will come back to this statement, and state the precise result
in Section 4.1.2.

The enumerative meaning of the cases corresponding to these general values
of s is particularly intriguing. The partition function Z ;) corresponds to
the Brézin-Gross-Witten tau function of the KdV hierarchy [BG80, GW80].
Further, Norbury constructed in [Norl7] a cohomology class on the moduli
space of curves such that the partition function Z, ;) generates its descendant
invariants. It is then natural to ask whether similar results exist for r > 2,
and for the various allowed values of s. It would be interesting to find an
enumerative interpretation for all Z, ;) since they are the building blocks for
the Givental-like decomposition proved in Theorem 7 below for the Bouchard-
Eynard topological recursion. For instance, we can ask: does Z(, ) coincide
with the r-Brézin-Gross-Witten tau function? And if it does, what is the
analog of the Norbury class such that Z ;) becomes the generating series
of its descendant invariants? In Section 4.6.2, we explore these questions in
greater detail.

Propositions 4.4.12 and 4.4.13 provide straightforward generalizations of

the above construction, by allowing direct sums and conjugations of the quan-
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tum Airy structures of Theorem 1. This easy observation will be necessary to
compare the VW constraints with the Bouchard-Eynard topological recursion.
W(gly, ) higher quantum Airy structures: second class. For our sec-
ond important class of examples, we keep g = gl,, with » = N + 1, but
replace the Coxeter element of the Weyl group by an arbitrary automorphism
o. Although part of our construction is general, we only complete the pro-
gram in the case 0 = (1 --- r —1). Theorem 4.4.16 realizes these modules as
higher quantum Airy structures with half-integer powers of A (which we call

“crosscapped”) and can be summarized as follows.

Theorem 2. Let r > 3 and s € {1,...,r} dividing r. Let
s(i—1)
r—1

There exists an (explicit) 1-parameter family of crosscapped quantum r-Airy

e I (R L (RIS G ST AT

structures on V = @, C(z,) © C(z}) based on a representation of the subset
of modes (Wli)(i,k)eés of the W(gl,) algebra generators with central charge r
into Dhl*/f/.

In Section 4.6.3, we speculate that the enumerative geometry interpretation
of these quantum Airy structures lies in the open intersection theory developed
by Pandharipande, Solomon and Tessler [PST14, ST|. Indeed, for (r,s) =
(3,3) we can identify them with the W(sl3) constraints derived by Alexandrov
in [Alel7] for the partition function of the open intersection theory on the
moduli space of bordered Riemann surfaces. For higher r, do we recover the
tau function of the extended (r — 1)-KdV hierarchy constructed by Bertola
and Yang [BY15]7 Can it be understood in terms of the open (r — 1)-spin
intersection theory of [BCT18]?

It would be interesting to classify the automorphisms o that can lead to
higher quantum Airy structures and the corresponding structures themselves,
as we did when o is a r or (r — 1)-cycle.

W(sosy) higher quantum Airy structures. Another class of examples is
obtained by choosing the Lie algebra g = so,y and the Coxeter element o of
the Weyl group, which has order r = 2(N — 1). The resulting higher quantum

Airy structures are presented in Theorem 4.4.20, summarized here:
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Theorem 3. Let N > 3, that isr =2(N —1) >4, and s =1 or r+ 1. Let

0 =06,1(i—1),  Sy={(i,k) | i€{2,4,....,2N-2}U{N} and k>?'}.
There exists an (explicit) quantum r-Airy structure on V = @, C(xzp11)
C(Z3p4+1) based on a representation of the subset of modes (W}); ez, of the

W(so0ax) algebra generators with central charge N in D, .

Here, for any r we get two higher quantum Airy structures (where s = 1 and
s = r+1), corresponding to the well-known subalgebra of modes of Proposition
4.3.13 and 4.3.14. For now, we do not have a construction for more general
values of s for sooy, as in Theorem 1 for gly,; (equivalently, the analog of
Theorem 8 for s055). The enumerative meaning of these higher quantum Airy
structures is discussed in Section 4.6.4, in terms of Fan-Jarvis-Ruan theory
[FJR13].
Exceptional higher quantum Airy structures. We construct two higher
quantum Airy structures starting with the exceptional Lie algebras g = ey
with N € {6,7,8} and using the Coxeter element (of order denoted by r)
as the automorphism o. Our main result here is Theorem 4.4.24, which we

summarize as follows.

Theorem 4. Let D = {dy,...,dy} the set of Dynkin exponents of ey (see
Section 4.4.4). Let s € {1, + 1} and denote

0 fs=r+1
d; — 1 fs=1

C(x,) based on

Se:={(,k) | ie{l,...,N} and k >0} N:{

There exists a quantum r-Airy structure on V = @pem LrN
a representation of the subset of modes (W,ﬁ)(i’k)egs of the W(ey) algebra

generators with central charge N into Dk.,,.

This Airy structure is as (un)explicit as the generators of the W(ey) alge-
bra, see Theorem 4.4.21. For s = r + 1 it is not new: its partition function
coincides with the Fan-Jarvis-Ruan invariants of E-type (see Section 4.6.4)
and it was already known that it is uniquely determined by WV constraints, see
Section 4.6.4 for references. We have a new case s = 1 whose enumerative ge-

ometry interpretation is currently unknown. For simple but non simply-laced
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Lie algebras, according to a private communication of Di Yang, W constraints
cannot be brought to the form (4.1) and therefore cannot yield higher quantum

Airy structures.

Higher quantum Airy structures from topological recursion

The Chekhov-Eynard-Orantin topological recursion [EO07, EO09] associates,
to the data of a spectral curve S = (C, x, y,wp2) satisfying certain conditions,
a sequence of meromorphic differentials (wy,,)25—21n>0 that generate enumera-
tive invariants. It was shown in [KS18, ABCO17] that for a given S with simple
ramification, the topological recursion is equivalent to a quantum Airy struc-
ture that has countable dimension and whose Lie algebra is isomorphic to a
direct sum of subalgebras of the Virasoro algebra. The F} s for 2g —2+n > 0
encode the coefficients of decomposition of the meromorphic n-differentials
wyns of [EO09] on a suitable basis of meromorphic 1-forms. The choice of
polarization in the construction of the quantum Airy structure is determined
by wp 2, which is part of the data of the spectral curve. This dictionary was
established in detail in [KS18, ABCO17].

The original formulation of the Chekhov-Eynard-Orantin topological re-
cursion requires the branched cover x : C — C to have simple ramification
points only, i.e. dx has simple zeroes. This restriction on the order of the
ramification points was lifted in [BE13, BE17, BHL"14]. For arbitrary spec-
tral curves, the combinatorial structure of the topological recursion becomes a
little more involved; it is now known in the literature as the Bouchard-Eynard
topological recursion.

In Section 4.5 we extend the dictionary between topological recursion and
Airy structures to arbitrary spectral curves without any restriction on the order
of ramifications. Our main results (Theorems 4.5.30 and Theorem 4.5.32 in
the text) can be summarized as follows.

For each ramification point p,, denote 7, the order of ramification at p,,

and introduce a local coordinate ¢ such that z(z) — x(p) = CT:—DEZ) Let us
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consider the series expansion (denoted with =) near the ramification points

2) EZFOJ[E“Z] ,{(z)l”"a 2= Do s

>0

and introduce
Sor=min{l>0 | Fo1[%]#0 and rot1}.
The statement of Theorem 4.5.32 can be summarized as follows:

Theorem 5. The Bouchard-Eynard topological recursion is well defined (i.e.
produces symmetric wy ,,) if and only if 7, = £1 mod s,, for all a (the £ could
depend on a)). When this condition is not satisfied, the lack of symmetry is

apparent in wo 3.

Definition 6. We say that the spectral curve is admissible when r, =

+1 mod s, for all ramification points p,,.

Now let us consider the series expansion

naler ) = (ot 3 G0 G ) ) o)

l1,l12>0

as Zj = Pay, and introduce for [ > 0 the meromorphic 1-forms on C

£*(2) == Res.—p, (/p: woz(ﬂ))%-

Theorem 4.5.30 relates the Bouchard-Eynard topological recursion to

higher quantum Airy structures, as summarized below:

Theorem 7. For any admissible spectral curve, the w,, computed by the

Bouchard-Eynard topological recursion can be decomposed as finite sums

Wonl(z1, ) = Y Fuu[ 8000 QA7 (%)
j=1

A5, Qn
l1,..,ln>0

and the generating series
hg_l a1 o Qn E Qg
zeew( X M1 S muoellls
j=1

g>0, n>1 Coag,...,0m
29—2+n>0 l1,.-5ln>0




is the partition function of a higher quantum Airy structure based on an
(explicit) representation of a subset of modes of the @, W(gl,_ ) algebra gen-
erators as differential operators.

More precisely, Z satisfies a Givental-like decomposition:

F0,1[—az} + 015, h fb;ll,iaz o
e B e B A L S
’ 11,150 “

(4.4)
where the Z(, ;s are the partition functions of the quantum Airy structures

described in Theorem 1.

The formula (4.4) is a Givental-like decomposition for the Bouchard-
Eynard topological recursion. If r, = 2, Theorem 7 was obtained in [Eynl4a]
for s, = 3 and in [CN19] when s, can take any of the admissible values 1 or
3.

Let us comment on our approach as we do not construct the higher quan-
tum Airy structures directly from the topological recursion as in [ABCO17].
Rather, we start with the notion of “higher abstract loop equations” of Defini-
tion 4.5.21 which generalizes the one of [BEO15, BS17] to arbitrary ramifica-
tions. We prove in Appendix B.3 that if a solution to the higher abstract loop
equations exists, then it is uniquely given by the Bouchard-Eynard topological
recursion. Thus, it is just as good to take the higher abstract loop equations
as starting point. But there is a fundamental reason why we start with the
loop equations instead of the topological recursion. It is not too difficult to
construct differential operators that produce a recursive structure equivalent
to the Bouchard-Eynard topological recursion; but proving the graded Lie
subalgebra condition required for existence of a common solution of these dif-
ferential operators (i.e. the symmetry of the Fy ,,) appears to be quite difficult.
While if we start with loop equations, we observe that the resulting differen-
tial operators can be identified directly with those coming from modules over
W(gl,) algebras; therefore we can use Theorems 8 and 9 to prove the graded
Lie subalgebra condition. In other words, the loop equations make the alge-

braic structure of the corresponding higher quantum Airy structure explicit,
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at the expense of obscuring the recursive structure of the original system of
equations.

The identification with higher quantum Airy structures constructed from
W(gl,) algebras has a number of interesting consequences. We are not aware
of a direct proof that the Bouchard-Eynard topological recursion produces
symmetric differentials for arbitrary spectral curves. An indirect argument
exists for spectral curves that appear as limits of family of curves with simple
ramification [BE17], but it is not clear which spectral curves precisely satisfy
this condition. A consequence of our identification between loop equations
and higher quantum Airy structures is that for any admissible spectral curves,
a solution to the loop equations exist. It must then be given uniquely by the
Bouchard-Eynard topological recursion. It then follows that for all admissible
spectral curves the Bouchard-Eynard topological recursion produces symmet-
ric differentials (the announced Theorem 5, which is Theorem 4.5.32 in the
text).

What is particularly intriguing though is the cases that fail. The admis-
sibility in Definition 6 is a constraint on the local behavior of wy; = ydz.
While the condition that s is coprime with r is easy to understand from the
geometry of spectral curves (it says that C is locally irreducible at its ramifica-
tion points), the condition that » = 1 mod s is rather unexpected and its
geometric meaning is mysterious for us. Nonetheless, when it is not satisfied,
we show in Proposition B.2.2 that the Bouchard-Eynard topological recur-
sion does not in fact produce symmetric differentials. The simplest such case
is (r,s) = (7,5). Consequently, we can deduce that the left ideal generated
by the appropriate set of modes of the W(gl,) algebra cannot be a graded
Lie subalgebra of the algebra of modes, and that the collection of differential
operators is not a higher quantum Airy structure.

For r = 3, Safnuk, in [Safl6], recast the W constraints of [Alel7] for
open intersection theory into a period computation, which turns out to be
an unusual modification of the topological recursion on the spectral curve
r = y?/2. It would be interesting — but beyond the scope of this article —

to generalize Safnuk’s result and realize the F,, of Theorem 2 as a period
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computation. The same question could be asked if quantum Airy structures
are found for other automorphisms ¢ € &,. It amounts to asking what is
the appropriate modification of the topological recursion to treat reducible
spectral curves, and whether there will be new conditions of admissibility (like
the one we find in Theorem 5). This level of generality may enlighten the

geometric meaning of those admissibility constraints.

Results on VW algebras

As a side result of our construction, we prove a certain curious property of
the algebra of modes of the W(gl,) algebra at the self dual level. Propositions
4.3.13, 4.3.14 and Theorem 4.3.16 can be combined into the following result.

Theorem 8. Let » > 2 and A\; > --- > A\, > 1 such that Zle A\; = r. For
ie{l,...,r} denote

A1) ::min{m>0 ‘ Xm:AjZi},
=1

and

Ss={@,k) | ief{l,....;r} and k>i—A()}.

The left ideal generated by the modes W} of the W(gl,) algebra of central
charge r indexed by (i,k) € Sy forms a Lie subalgebra of the algebra A of

modes, i.e. there exists g((Zfo; (havin) € A such that

Vi ki), (2, k) € She VLWL = D g0 e Wit
(ig,k3)€5>\
The case A = (1,...,1), which corresponds to k > 0, gives a well-known

Lie subalgebra. It is the one generated by the modes annihilating the vacuum
vector. The other cases however seem new. Some of these Lie subalgebras are
used to prove Theorem 1, thanks to an arithmetic correspondence established

in Proposition B.2.1 in Appendix B.2, which is summarized here:

Proposition 9. For any s € {1,...,r + 1} such that r = r’'s + r” with

" € {1,s — 1}, we have the equality S, = S, between the set of modes
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appearing in Theorem 1 and Theorem 8 for the choice
M= =M\ow =1+ 1, Argg = =Ag=1"

If r # £1 mod s, there exists a unique sequence (\;); such that Sy = S, but it
is not weakly decreasing and the left ideal generated by the modes (W,ﬁ)(iyk)e 3,

does not form a subalgebra of A.

The proof of Theorem 8 relies on the construction of a highest weight
module whose highest weight vector is annihilated by the modes indexed by
Sy. The existence of such a highest weight module is perhaps unexpected; it
relies heavily on our realization of the W(gl,.) algebra as a subalgebra of the
Heisenberg vertex operator algebra and on certain embeddings of gl, @ ---®
gly, into gl,. It would be worth investigating this construction further, and
see whether it can be generalized to VW algebra of other types. In particular,
this would yield generalizations of Theorem 3. Note that it is important in the
proof for gl, that ();); be a weakly decreasing sequence and this is confirmed

by the counterexamples mentioned in the last claim in Theorem 9.

4.1.3 Outline

We start in Section 4.2 by defining higher quantum Airy structures. We first
propose in Section 4.2.1 a basis-independent definition, starting from the point
of view of quantization of classical higher Airy structures, as in [{S18]. In Sec-
tion 4.2.2 we revisit higher quantum Airy structures using bases. We calculate
the explicit recursive system satisfied by the coefficients F,,. We also prove a
reduction statement to get rid of linear differential operators in higher quan-
tum Airy structures. We introduce crosscapped Airy structures in Section
4.2.3, which are related to generating functions in open intersection theory.
In Section 4.3 we first introduce the background on vertex operators alge-
bras (Section 4.3.1) and W(g) algebras (Section 4.3.2) that will be needed for
the construction of our first type of higher quantum Airy structures. We con-
struct in Section 4.3.3 a number of left ideals for the algebra of modes that are

graded Lie subalgebras (see Propositions 4.3.13, 4.3.14 and Theorem 4.3.16).
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We then review the concept of twisted modules for vertex operators algebras
in Section 4.3.4, in preparation for the next section.

Our construction of higher quantum Airy structures as modules of W(g)
algebras is proposed in Section 4.4. The first class of W(gl,) higher quantum
Airy structures, with the automorphism o given by the Coxeter element of the
Weyl group, is explored in Section 4.4.1. The second class of W(gl,) higher
quantum Airy structures for arbitrary automorphisms o is studied in Section
4.4.2. We introduce the W(s0y,) higher quantum Airy structures in Section
4.4.3, and the W(e,) higher quantum Airy structures in Section 4.4.4.

Section 4.5 is devoted to the reconstruction of the higher quantum Airy
structures associated to the Bouchard-Eynard topological recursion on arbi-
trary admissible spectral curves. We study the geometry of local spectral
curves in Section 4.5.1, and describe the relation with the standard notion
of (global) spectral curves. We introduce the Bouchard-Eynard topological
recursion and higher abstract loop equations in Section 4.5.2. We then prove
that the higher abstract loop equations for local spectral curves with one com-
ponent are equivalent to W(gl,) higher quantum Airy structures in Section
4.5.3. The general result for local spectral curves with several components is
obtained in Section 4.5.4.

Finally, Section 4.6 reviews the known and conjectural enumerative geomet-
ric interpretations of the higher quantum Airy structures that we construct; we
also attempt to summarize the rich history of existing results in this area. We
discuss the (closed) r-spin intersection theory (Section 4.6.1), higher analogs
of the Brézin-Gross-Witten theory (Section 4.6.2), open r-spin intersection
theory (Section 4.6.3), and Fan-Jarvis-Ruan theories (Section 4.6.4).

We conclude with three appendices. In Appendix B.1 we prove, by elemen-
tary means, various properties of certain sums over roots of unity that play
an important role in our construction of the W(gl,) quantum Airy structures.
In Appendix B.2, we show that the graded Lie subalgebra property is only
satisfied for values of (r, s) such that r = 1 mod s. When r = £1 mod s, we
show that we get a subalgebra of the intermediate type described in Theorem 9;

and when r # £1 mod s, we prove that there is no symmetric solution to the
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system of differential equations, and hence the left ideal generated by the set
of modes cannot be a graded Lie subalgebra. The proof consists of an explicit
computation and check of (lack of) symmetry for F3 by elementary — but
still lengthy — arithmetics. We also compute explicitly Fj; in Appendix B.2.3.
Lastly, in Appendix B.3 we prove that if a solution to the higher abstract loop
equations that respects the polarization exists, then it is uniquely constructed

by the Bouchard-Eynard topological recursion.
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4.2 Higher quantum Airy structures

4.2.1 A conceptual approach

In this section, we provide a conceptual introduction to the concept of higher
Airy structures, starting from the point of view of quantization of higher clas-
sical Airy structures. We propose a basis-free definition of co-Airy structures,
and its finite counterpart r-Airy structures. We offer a basis-dependent and
computational approach to higher Airy structures in Section 4.2.2. Readers
who are mostly interested in the computational aspects of Airy structures may

prefer to skip directly to Section 4.2.2.
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Classical picture

Let k be a field of characteristic zero and W be a finite-dimensional symplectic
k-vector space equipped with the symplectic form Q. k[I¥] is the completion
of the graded ring of polynomial functions on W. It is a Poisson algebra. The
projection from k[W] onto its subspace of degree i is denoted m;. In fact,
we can consider 7 as a linear map k[IWW] — W since the subspace of linear
functions on W is naturally isomorphic to W* and can be identified with W

itself via the pairing €.

Definition 4.2.1. A classical co-Airy structure on (W, Q) is the data of a
k-vector space V' together with a linear map A : V — k[W] such that

(Z) WOO)\:O.

(11) T = moX : V — W is alinear embedding of V' as a Lagrangian subspace
of W.

(i7) The k[W]-ideal generated by Im A is a Poisson subalgebra of k[W7].

If Im A is a subspace of the space k,.[W] of polynomial functions of degree at

most r for some given integer r > 2, we will call it a classical r-Airy structure.

For r = 2, (iit) is equivalent to requiring that Im A is a Poisson subalge-
bra and we recover the Airy structures studied in [KS18, ABCO17]. Defini-

tion 4.2.1 formally corresponds to r = oo.

The quantization problem

The Poisson algebra C[W] can be quantized by forming the Weyl algebra
D},. We define it as the completion of the graded associative algebra over
C[A] of non-commutative polynomials in elements of W modulo the relations
[w, w'] = A (w,w") for any w,w’ € W. The grading is defined by degW = 1
and degh = 2.

Definition 4.2.2. A subspace A C DI, is a graded Lie subalgebra if [L,L']
hi-Afor any L, L' € A.
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We have a linear map cl : DJj, — C[W] which is a reduction to i = 0 and

is called the classical limit. 1t is such that
]‘ / /
cl (#L, L]) = {cl(L),cl(L")}.

Obviously, if Ais a graded Lie subalgebra, then CI(A) is a Poisson subalgebra
in C[W]. Conversely, given a Poisson subalgebra A C C[W], we may ask
whether it can be quantized, i.e. whether there exists a graded Lie subalgebra
AC D}, such that Cl([\) = A. In this article, we will study the quantization

of classical co-Airy structures in the following sense.

Definition 4.2.3. A quantum oo-Airy structure on V is a linear map P
V — DI, such that clo A is a classical co-Airy structure and the left ideal
A= D, - Im\ is a graded Lie subalgebra. As before, if Im\ is a subspace
of the space of elements of degree at most r in Dfy,, we will call it a quantum

r-Airy structure instead.

For r = 2, the condition that D}, - Im\ is a graded Lie subalgebra is
equivalent to Im \ being a graded Lie subalgebra, but this is no longer true

for r > 2.

The partition function

The most important fact about quantum Airy structures is that they determine

a partition function via a topological recursion once a polarization is chosen.

Definition 4.2.4. A polarization of a symplectic vector space (W) is a
decomposition W =V @ V' such that V and V'’ are Lagrangian.

If we are given a Lagrangian subspace V' of W, a polarization is a choice of
a transverse Lagrangian subspace V. In this case, we say that the polarization

18 adapted to V.

If we choose a polarization, the symplectic pairing gives a canonical iden-
tification V* = V'’ and, therefore, an isomorphism W = T*V of symplectic

vector spaces. Here T*V =V @& V* is equipped with the natural symplectic
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form defined for v € V and ¢ € V* by Q(v, ¢) = ¢(v). Therefore, the C[h] al-
gebra DI, acts faithfully on the space of functions on the formal neighborhood

of 0in V
Fun{, = H Sym®(V*)[A] .

d>0
Elements v € V act on f € Fun?/ by derivation and x € V* by multiplication

by linear functions
v-f=hdf, wx-f=uaf.

and the commutation relations in Df, are represented by the Leibniz rule.

The space Fun!, is in fact a graded associative algebra, where the grading
is specified again by degV* = 1 and degh = 2. Besides, the action of D,
respects the grading

(D )a - (Funy, ) C (Funy)gi.a -

Thanks to this grading, for any elements L € D}, and F € Fun}{/ it is possible
to make sense of e~ F/"(L - ef/") as an element of Fun{,.

Note that any F' € Fun?/ can be uniquely decomposed as

hg n *
F=Y) — Fony Fyn € Sym™(V7).

g,n>0

Theorem 4.2.5 ([KS18], Theorem 2.4.2). Let A : V — Dl be a quantum
oo-Airy structure on V' and choose a polarization of (W,Q) adapted to the
Lagrangian subspace Z(V') of W (as given by the corresponding classical co-

Airy structure). There exists a unique F' € Fun}, such that
(i) e FIM(A(w) - eF/MY =0 for any v € V,
(i1) Fy0 =0 for any g > 0,

(i13) Fo1 =0 and Fy2 = 0.

The F,,, are usually called “amplitudes” or “correlation functions” or “free
energies”, and Z = e/ is called the “partition function”. Conditions (i) —

(#2) — (4i7) imply that the amplitudes are uniquely determined by a recursion
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on 2g — 2+ n > 0. The recursive formula is spelled out in Corollary 4.2.16.
The main feature to remember about this formula is that its terms are in
correspondence with equivalence classes of excisions of embedded S — 3, ,
of smooth surfaces S of genus h with k£ ordered boundaries into a smooth
surface Y, ,, of genus g with n ordered boundaries, such that the first boundary
component of S coincides with the first boundary component of ¥ ,. Here,
two embeddings S — X, and S’ — 3, ,, are considered equivalent if they are
related by a diffeomorphism of ¥, preserving the ordering of the boundary
components of ¥, ,,. Therefore, the number of equivalence classes is finite and
they are characterized by the topology of ¥ , —S. This justifies the name
topological recursion. In the special case of (r = 2)-Airy structures, the only
terms appearing correspond to excisions of pairs of pants, i.e. (h,k) = (0, 3).
The topological recursion modeled on the excision of surfaces other than pairs

of pants first appeared in [BHL™14].

Finite vs. countable dimension

We will encounter vector spaces V' which are countable products of finite-

dimensional vector spaces.

v=][v.

p=>0

This situation can be handled without difficulty in our discussions, by defining
tensorial constructions relying on the unambiguous finite-dimensional tensorial
constructions. For instance, we agree that the dual is

=Py,

p=>0

where @ is the direct sum as opposed to the direct product [[. Then, the
cotangent space T*V = V & V* has a well-defined symplectic pairing. We

define the tensor product as

VoV =l[veV), VeV, @V@V’

p=>0
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Classical versus quantum Airy structures

Due to Theorem 4.2.5, quantum Airy structures can be considered as initial
data for the topological recursion. As many known examples show, the F s
often have an interpretation in enumerative geometry or topological field the-
ory, i.e. count surfaces of genus g with n punctures/boundaries in various
instances. Another trend of applications (for » = 2) concerns the computation
of WKB expansions of sections of holomorphic bundles on curves annihilated
by a flat A-connection. The beauty of the theory is that all these problems fit
in the same universal scheme of the topological recursion. On the other hand,
it is not an obvious task to construct quantum Airy structures.

Reversing the usual path from a problem to its solution, we think that
it is worth searching for other constructions of quantum Airy structures as
they would probably provide solutions to interesting geometric problems. In
particular, it is appealing to look for constructions directly from the symplectic
or Kahler geometry of manifolds and their Lagrangians. We certainly have the
possible applications to the moduli space of flat connections on curves in mind.

We now point out that symplectic geometry easily gives rise to classical
oo-Airy structures. Consider for instance a real symplectic manifold (X, Qy),
which can be assumed to be real-analytic without any loss of generality ac-
cording to [KLO0]. Let Ly and L be two real-analytic Lagrangian subvarieties,
which intersect and are tangent at a point p € M. Take W = T, X with the
symplectic form induced by €2 := Qx]|,, and V = T,L,. A suitable choice of
Darboux coordinates gives an analytic isomorphism f : Ux — Uy from a
neighborhood Uy C X of p to a neighborhood Uy, C W of 0, preserving the
symplectic structure, such that f(p) = 0 and f(LoNUx) =V NUy. By the
inverse function theorem, upon taking smaller Us, there exists a linear map
Aan from V' to the space of real-analytic functions on Uy, realizing L locally

as the zero-locus of A\,
f(LﬂUx) :{UJEUW | VUEV, )\an(v)(w):O}.

Im A,, generates the ideal of the ring of real-analytic functions on Uy which

vanish on f(L N Uy). In fact, since L is Lagrangian, this ideal is a Poisson
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subalgebra. The condition T,A¢ = T, L implies that the linear map V" — W,
which associates to v € V' the unique t, € W such that Q(t,, ) = doAan(v),
namely the differential of A\, at 0 € W, is a Lagrangian embedding. Conse-
quently, we obtain a classical co-Airy structure by taking A\(v) to be the formal
Taylor series at 0 of A\, (v).

In the less frequent situation where there are Darboux coordinates such
that L is cut out (locally around p) by polynomial equations of degree < r,
we obtain a classical r-Airy structure.

It is not easy to exhibit a classical 2-Airy structure \. In fact, this amounts

(see [ABCO17]) to finding a collection of functions (\;);es of the form

)\i =Yi— Z (%Az,bmaxb—i_B(iz,b‘rayb_'_%C;,byayb)7 {>\Z7 )\]} = Z(B;',a_Bij,a))\a )
apel acl

(4.5)
where (z;);cr is a basis of linear coordinates on V', (y;);cr the dual coordinates

on V* such that {z;,y;} = 0,; and (A%, Bf,, C;

k3 ) kk ) k3

) are scalars. The Pois-
son commutation relations impose an overdetermined system of linear and
quadratic constraints on these scalars. However, once a classical 2-Airy struc-
ture has been found, it is fairly easy to describe its possible quantizations.

Indeed, such a quantization A\; must be of the form

Ni =Ny, — Y (3AL ety + Bl h, + 3Ch, 120,,0,,) — WD,

a,bel
such that
A Ml =D h(Bi, = Bl)A,
a€el

for some scalars D*. The Lie algebra commutation relations are in fact equiv-
alent to affine constraints for D*. Note that the “quantum correction” D*
arises naturally from the ambiguity in the ordering of x and A0, to quantize
the B-terms in (4.5).

The previous example suggests that the difficulty in finding classical r-Airy
structures decreases with r, and disappears for » = oco. On the contrary, the
difficulty of quantizing a given classical r-Airy structure is absent for r = 2,
but increases with r. Indeed, one has to introduce an increasing number of
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quantum corrections which, for r > 2, must satisfy non-linear constraints
in order to lift the Poisson subalgebra condition to a graded Lie subalgebra

condition.

4.2.2 A computational approach

The basis-free definitions of quantum higher Airy structures given in Sec-
tion 4.2.1 clarify the geometric context of our work. We are going to restart
from scratch and give a roughly equivalent presentation of the setup using
bases. It can be read independently of Section 4.2.1, some readers may find
these more basic definitions easier to grasp, it facilitates the exposition and is

closer to the notations of [KS18].

Basis-dependent definition

Let V be a C-vector space!. We are going to assume that V' has finite dimen-
sion D, but there is no difficulty in adapting it to the case of countably infinite
dimension as in Section 4.2.1. Denoting I = {1,..., D}, let (y;)ic; be a basis
of V and (z;),er be the dual basis. We can think of ys as linear coordinates on
V* and xs as linear coordinates on V*. Then W =V & V* is equipped with

the Poisson bracket

vzam € [a {xlaym} - 5l,m7 {xlaxm} = {ylaym} =0.

We identify D, = k[h, (z;)ier, (RO, )ier] with the completed algebra of

differential operators on V. We define an algebra grading by assigning
degx; = deg ho,, =1, degh =2. (4.6)

Definition 4.2.6. A higher quantum Airy structure on V is a family of dif-

ferential operators (Hy)ges of the form
Hy = ho,, — P, (4.7)

where Py, € Dl is a sum of terms of degree > 2. Moreover, we require that the

left D} -ideal generated by the Hys forms a graded Lie subalgebra, i.e. there

!The paper would be equally valid over a field of characteristic 0.
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exists g,’jikQ € D}, such that
[Hiy Hi)) = 0> g2, Hy,. (4.8)
ksel
This definition is a basis-dependent definition that should be compared
with the basis-free Definition 4.2.3. As introduced there, we may define a
quantum r-Airy structure as a higher quantum Airy structure such that all P

only have terms of degree < r.

Remark 4.2.7. In the particular case where all the P, are homogeneous of
degree equal to 2, the giib must be scalars, and the Hj generate a graded
Lie subalgebra. We then recover the standard definition of quantum Airy

structures in [KKS18].

Remark 4.2.8. It is easy to see the two distinctive properties of higher quan-

tum Airy structures from the basis-dependent definition

1. The operators Hy have a very specific form. There are exactly D op-
erators, and they all start with a linear term of the form hQ,,. This
precise form is what is responsible for the uniqueness of the solution to
the constraints Hy - Z = 0, as we will see computationally by calculating

the resulting topological recursion.

2. The operators satisfy the subalgebra property (4.8), which is crucial to

ensure that a solution to the constraints Hj, - Z = 0 exists.

We can write down an explicit decomposition of the differential operators
H; in monomials. To simplify notation, and anticipating further interpreta-

tions, we introduce the operators
J = h(?ml, J_; =z lel. (49)

We define a new index set Z={-D,...,—1,1,...,D}.

Let dj, (possibly co) be the maximal degree in Hy. We can decompose

dy, .
Hy=Ji—Y Y. %ZO<J>[1<|@]:JM--- Jay (4.10)

m=2 Z?]ZO ' aEIz
l+2j=m
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where : ---: denotes normal ordering, i.e. all the J; with negative is are on
the left. The coefficients CY)[k|a] are fully symmetric under permutations of
a = (ai,...,qr). By convention, the product : J,, -+ J,, : is replaced by 1

when ¢ = 0.

Remark 4.2.9. Note that in the quantization framework introduced in Sec-
tion 4.2.1, the terms with j = 0 correspond to the quantization of classical
terms with normal ordering, while the terms with j > 0 arise as quantum

ordering ambiguities.

Example 4.2.10. To clarify the notation, let us compare with the notation
used in [ABCO17] for quantum Airy structures, where d, = 2 for all k € I. In

this case we have

H, = Jo—3 Y. COklar, ag): Jo, Jay: + R CO[k|0)

ag,o2€l

= hO,, — (% Z COLk| — ay, —as] 10T, Ta, (4.11)

ap,a0€]

+ Z C(O) []f| — Qq, 042] Ty h@ma2

ay,a0€l
+3 > COklay, h26xa16%2+h0(1)[k\®]).
011,04261

In the notation of [ABCO17], we recognize the tensors
k

C(O)[M_ab_%] = e
1009
Bk

COk| — a0y = —2102
e3]

O(O)[k’lOéhO[g] = 051,0427
CWkp) = D*.

To a higher quantum Airy structure, we can associate a partition function
due to the following key result of Kontsevich and Soibelman (see Theorem

4.2.5).

Theorem 4.2.11. [KS18, Theorem 2.4.2] Given a higher quantum Airy struc-

ture (Hy)rer, the system of equations

Vkel,  H,-Z=0,
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has a unique solution of the form

h9~1
Z = exp 5 Fon | Fy, € Sym"V™. (4.12)
620, n>1 "
2g—2+4n>0

The existence of partition functions associated with higher quantum Airy
structures and the fact that they often have enumerative geometric interpre-
tations (see Section 4.6) is essentially the reason why quantum Airy structures

are interesting. We can decompose

Fg,n = Z Fg,n[a]xm " Lag

acl™

where F,,[c] is fully symmetric under permutations of o = (a, ..., @), and
see the F,,, as generating series for the coefficients F, ,[«], which are expected
to have an interesting interpretation in enumerative geometry. By applying
the differential operators H; on Z, we can obtain the F,,[a] by induction on

2g — 2+ n > 0, as we now show explicitly.

Recursive system

The set of constraints Hy - Z = 0 can be turned into a recursive system for the

F,

ynle]. Due to the specific form of the differential operators Hy (see Remark

4.2.8), this recursive system is always triangular. And because it is known
that a solution to the constraints exists (see Theorem 4.2.11), it follows that
the recursive system uniquely determines this solution.

Let us explicitly write down the recursive system satisfied by the F,,[a/].
Given a formal series f in A, we introduce the notation [A?]f to denote the

coefficient of f of order g in h.

Definition 4.2.12. For o € Z% and 3 € I"!, we define

=galalf] = (1] 0,

g7n

- 0

Thp_1 (

Z—I:Jal... JaZZ)

b . (4.13)

Notice that Eé%[mﬁ] = 0g,00n,1-

Then we have the following result.
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Lemma 4.2.13. The system of equations
Vk e I, H.,-Z=0,

implies the following system of equations

forall eI, n>0,allg>0, and all k € I.

Proof. Apply the differential operator 0, --- 0, to Z7YH, - Z = 0, set all

Thp

(21)ier to zero and pick the coefficient of order g in A. O

We need some more notation. The coefficients F,,[a] were defined for
2g—2+4n>0and o € I" in (4.12). We extend this definition to « € Z", by
setting Fy, ,[a] = 0 whenever one of the ¢ is negative. For 2g —2+n = 0, we
introduce

Fo’g{Oél, Oég] = |a1‘5a1,—a2 . (415)

Let o € 7" and 8 € I™!. The notation A = o means that X is a set
partition of «, i.e. a set of |A| non-empty subsets of a which are pairwise
disjoint and whose union is . We denote the elements (sets) of the partition
A generically by A. A partition of § indexed by A isamap g : A — P(5) such
that (ux)xex are possibly empty, pairwise disjoint subsets of 5 whose union is
£. We summarize this notion with the notation p -y 5.

Then we have the following result.

Lemma 4.2.14. Leti,n > 1. Fora € I¢ and B € 1", we have

SITICED SEED SIS I § | (N PRIWA) BERTAT)

Ao h: A—N EC RSN
H‘Z)\e)\h/\ =g+|A|

where the double prime over the summation symbol means that terms with
hy =0, |ux| =0 and [N < 2 are excluded from the sum. In other words, Fy;

does not appear in the sum, and Fyo only appears with |A\| =1 and || = 1.
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Proof. For a € I', i.e. all oy > 0, the identity is straightforward. It involves
Fj 5 only via positive indices, therefore such terms are zero. When some of the
oy are negative, we remember that J,, = |o|7|q,|. Thus one of the j3,, must
be B, = ||, otherwise by definition (see (4.13)) the contribution would be
zero. We can include these cases by introducing coefficients Fys[ay, 5] that
are equal to |oy| when f,, = —ay, and zero otherwise. This is precisely how
we defined the F{ 5 coefficients in (4.15). Thus the formula remains valid with
these cases included, as long as the condition enforced by the double primed

summation is there. O

Example 4.2.15. To clarify the notation, let us write down explicitly what

this expression looks like for ¢ = 1,2, 3.

E&%[alyﬁ] = Fg,n[alaﬂ] )
"
Eé?n[aly Oé2w] = Fg—l,n-i-l[Oél, Qg, 5] + Z Fh171+|u1|[a1, Ul]th,lJrluzl[a?’ ,U2] :
hi1+ha=
i

Note that the second line is not valid for (g,n) = (1,1), in which case
Eﬂ [a1, a2|0] = 0 because of the double prime condition in the summation
(i.e. Fyalaq, as] cannot appear).

Further,

E‘g:?rr)t[ah g, Oé3|6]

"

= Fg—2,n+2[a1,a2,a3w@] + E (Fhl,lﬂull[alaMl]Fh2,2+\u2|[a2a0437//2}
h1+h2=g71
H1lpe=p3

+Fhy 14 ) [z, Ml]Fh2,2+|m| [y, g, o] + Fhy g [as, Ml]Fh2,2+\uz| [, a, H2])

"

+ > P lon, i) Fa sl (02, 2] Fug a4 [0, 23]
hi1+ha+h3z=g
piUpolps=p

Substituting (4.16) back into (4.14), we get the following formula for the

coeflicients F ,[a].
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Corollary 4.2.16. For all 8 € I"™" we have

Fyulk, Bl = ) Z CY[kla] Z Z Z (H FhA,AHm[AaM]) :

£,5>0 aeIe uEaB N AEA
2<0+25<d, €+J+Z,\e>\h>\ g+

(4.17)

Let us now argue that Corollary 4.2.16 is a recursive system for the F, ,[a/].

For each term in the right-hand side, using the constraints under the sums we
get

> (2ha=2+[A+|pal) = 2(gH A= (45)) =2 A[++n—1 = (2g—2+n)+(1—(-2j) .
A

Since we have ¢ + 25 > 2, we deduce that

> @20y —2+ M +ml) <29 —-2+n. (4.18)
A

Since the F{; terms are absent, all terms in the left-hand side of the inequality
are non-negative, hence 2hy — 2 + || + |ux| <29 — 2+ n for each A € A. In
other words, (4.17) is a recursion on 2g — 2+ n > 0 determining uniquely F,
starting from the value of Fj 5 given by (4.15). For instance, the formula gives

for2g —2+n=1

Foslk, B, 8] = BiBaCOk| = B, =], (4.19)
Fialk] = COK0], (4.20)

and for 29 —24+n =2

Fo,4[k>51>52,53] = 5152530(0)[145‘ —517—527—53]
+3 (B COLk| — B, 0] Fysla, Ba, Bs)

acl

+8, CO[k| — Ba, o] Fys[ex, Br, B3]
+83 CO[k| — B3, o Fosla, B, 52]) ;

(4.21)

and
Fi o[k Zﬁc k| = B,a] Fi[a Z L OOk ay, ag) Fos[B, ar, as)
fﬁI CWIk| - 3]. e (4.22)
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Remark 4.2.17. While (4.17) is recursive, it does not treat k and Sy, ..., 8,1
in a symmetric fashion. In other words, it is not clear from (4.17) that the
F, n[k, ] thus constructed are fully symmetric. It could happen that no sym-
metric solution to (4.17) exists. That is, the recursive system does not justify
the existence part of Theorem 4.2.11; it does however imply uniqueness if
a solution exists. In fact symmetry cannot hold for general coefficients C's.
The graded subalgebra property of (Hg)rer — which implies nonlinear rela-
tions between the C's — is essential in proving the existence of a solution Z to
the constraints, which is equivalent to proving the existence of a symmetric

solution to (4.17).

Reduction

In general a higher quantum Airy structure (Hy)ge; may involve linear differ-
ential operators. In this section we argue that we can essentially get rid of the
linear differential operators. Note that this section is not essential for the rest
of the paper.

Let (Hy)rer be a higher quantum Airy structure. Assume that Iy, C [ is
such that H, = J,, for all k € I;,. For any k& € I, we introduce the reduced
differential operator Hy|eq, which is obtained from Hj by formally setting
Jm = 0 (in the normal-ordered expression for Hy) whenever |m| € I;,. Note
that H;lreqa = 0 for all i € Ij;,. We can think of the Hgl|q as differential

operators on V' or on its subspace
V}ed:{l'GV | Vmefhn, xm:()}

Lemma 4.2.18. There exists a unique solution to the differential constraints
HglweaZ = 0. Moreover, the partition function Z, considered as a formal

function on V', coincides with the unique solution to the differential constraints

H,Z =0.

In other words, if we are interested in calculating Z, we can forget about
the linear differential constraints H; for ¢ € I;,, and instead solve the reduced

differential constraints Hy|reqZ = 0 on Vieq.
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Proof. Let J be the left ideal generated by the Hy, and let Z be the unique
solution to the differential constraints H,Z = 0. It is straightforward to show
inductively that for all k € I, Hi|reqa € J. Thus, Hg|eaZ = 0, and hence Z is
also a solution to the reduced differential constraints.

To show that it is unique, we look at the form of the differential operators.
First, we know that H,Z = J,Z = 0 for all k € I};,, so Z does not depend on
those x;. It follows that Z depends on the same number of variables as the
number of non-zero Hy|,eq. Moreover, it is clear that the non-zero Hy|,eq satisfy
the degree 1 condition of quantum higher Airy structures with respect to these
variables. Together those imply that the differential constraints Hy|eqZ = 0
uniquely reconstruct the coefficients F, [ of the partition function by topo-

logical recursion. It follows that the solution is unique. O]

What we have proven is that there always exists a unique solution to
the reduced differential constraints Hy|,.aZ = 0, and that this solution coin-
cides with the unique partition function of the higher quantum Airy structure
(Hy)rer- It is tempting to conclude that the Hy|.qs thus also form a higher
quantum Airy structure. But to claim that we would need to show that the
left ideal generated by the reduced Hyl.q is a graded Lie subalgebra of the
algebra of differential operators on Vieq. While we expect this to be true and
we prove it in a special case (Lemma 4.4.11), we do not have a complete proof

of this fact currently.

4.2.3 Crosscapped Airy structures

A variant of the topological recursion involving Fy, for half-integer g is re-
quired in applications to large size expansions in [S-matrix integrals [CE06]
and to open intersection theory [Saf16, Alel7]. We can include this variant in
the formalism of Airy structures by allowing half-integer powers of A, i.e. a

formal variable h'/? of degree 1, as follows.

Definition 4.2.19. A crosscapped higher quantum Airy structure on a vector

space V' equipped with a basis of linear coordinates (zj)res is a family of

differential operators indexed by k& € I of the form Hj = h0,, — P, where
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the terms in P, € Dh* have degree > 2. Moreover, we require that the left
D?*/V—ideal generated by the H's forms a graded Lie subalgebra ¢.e. there exists
gZikQ € D:f}l*/é such that

Vk’l,kfz el, Hk17Hk2 ngl ko

ksel

The degree condition means that we have a decomposition

2) ) .
=Ji— Y §j § CYUD[kla] tJay -+ Juy:-
m>2 £,3>0 ¢ aETt
l+1=m

Proposition 4.2.20. Given a crosscapped higher quantum Airy structure

(Hy)ker, the system of equations
Veel, H,-Z=0, (4.23)

has a unique solution of the form

ho—1
Z=exp| Y —Fuul|., Fyne€Sym"(V7). (4.24)

geN/2, n>1
2g—2+n>0

given by the recursive system (4.17) where one allows half-integer genera.

Proof. The proof of existence is a small adaptation of the proof of [KS1§]
and therefore omitted. To prove uniqueness, we repeat the arguments of Sec-
tion 4.2.2 to show that (4.23) computes the F},, inductively on 2g —2+n > 0.
In fact, this recursive system takes the form (4.17) except that j, g and hy can
be nonnegative integers or half-integers (but note that 2g — 2 + n is always an
integer). The condition (4.18) is still valid and implies, as there are no Fy, ,,
with 299 —2+ng < 0 in (4.24), that this recursive system determines uniquely
all Fy,,, from the value of F{, specified by the convention (4.15). O

It is perhaps instructive to write down the value of F},, given by the recur-
sion. In fact this also gives for ¢ = 0 a recursion on n, therefore the formula

for the Fp,, are the same as those of Section 4.2.2. Notice that F}/,; is absent
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from (4.24). With 2g—2+n = 1, we have a new term F} /5, while the formulae
(4.19)-(4.20) remain unchanged

Foslk, B, 8] = BB COLk| — 51, —B5s],
Fipoalk, 8] = BCYI(k| -],
Fiqk] = C(l)[k‘m )

With 2g — 2+ n = 2, F} 5 receives a new contribution compared to (4.22) and

we have two new terms with half-integer genus

Foulk, B1, B2, B3] = B1B2Bs COk| — By, —Pa, — 5]
£33 (B OOk = Br.a] Foalo. o, i

acl

+B5 COTk| — Ba, 0 Fy 3], Bi, B3]
+83 CO[k| — B3, 0] Fysla, 1, B])

Fiposlk,Bi.Ba] = BiBaCY2[k| = B, —Ba] + > CYP[k|a] Fosler, B, B

ael

+ Z (51 c© [k’ - B, CY] F1/2,2[04, 52]

a€el

+52 c© k| — B2, q] F1/2,2[Oé; 51]) )

Fialk, 8] = BCUK| - B+ BCOK| - B,a] Fila]

ael

+ D 3COK|ar, ) Fos[B, a1, 0],

ay,az€l

Fypoalk] = C®2[k|0] + Z (CY[k|a] Frjaq(a] + CYP(k|a] Fialal))

ael

+ Z %C(O)[k‘@la%]F1/2,2[041,042]-

at,as€l
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4.3 )V algebras and twisted modules

Our main construction of higher quantum Airy structures will take the form
of W constraints for some particular modules of W algebras. WV algebras are
vertex operator algebras (VOAs), and hence we introduce some terminology
and notation about VOAs and modules over them.

We are primarily interested in Heisenberg VOAs and W algebras in this
paper. From a conformal field theory point of view, W algebras arise as the
algebra of modes when the CFT includes chiral primary fields of conformal
weight > 2. Algebraically, they are certain “non-linear” extensions of the
Virasoro algebra; the first examples were constructed in [Zam85].

To obtain higher quantum Airy structures we need to construct particular
modules for these VOAs. Those will always be obtained by restriction of
twisted modules of Heisenberg VOAs to W algebras. In order to construct
a twisted module, we essentially construct fields that have fractional power
expansions in formal variables. From the point of view of conformal field
theories, these correspond to choosing a branch in the orbifold VOA.

In this section we introduce VOAs and twisted modules. Along the way
we construct a number of interesting left ideals for the algebra of modes of W
algebras that are graded Lie subalgebras. This will prove crucial in the next

section to construct higher quantum Airy structures.

4.3.1 Vertex operator algebras

There are many references on this topic. We mostly follow the presentation of

[BM13, Doy08, FLM89, FBZ01].

Definition 4.3.1. A vertez operator algebra (VOA) is a quadruple (V, Y, ]0) , |w))
such that

e V is a Z-graded vector space (the space of states) V = @7V such that
V; = 0 for [ sufficiently negative and dim V; < oo for all [ € Z. If |v) € V],

we say that the conformal weight of |v) is (.
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e Y is a linear map (the state-field correspondence)

V. — End(V)[z,27!]

YOS 0 s Yo, 2) = St

Y (Jv), 2) is called the vertex operator (or field) associated to the state

|v), and v, its modes.

e |0) € V is the vacuum state, which satisfies the vacuum property
Y (]0),2) =idy
and the creation property

Viv) €V, Y(|v),2)|0) — |v) € 2V[z].

e |w) € V is the conformal state, which satisfies the truncation condition
Viv) €V, v lw) =0 for [ € Z sufficiently positive,

and the Virasoro algebra condition, which can be stated as follows. Let
wy,, be the modes of Y (|w), z), and define L; = w;1. Then

3

[Lla Lm] = (l - m)LH-m +¢ 9 5H—m,oidVa

where ¢ € C is the central charge. Further, if |v) is homogeneous of con-

formal weight n, then Ly |v) = n |[v) and we have the derivation property

Viu €V, Y (L_q|u),2) = %Yﬂu) ,2).

e Finally, we have the axiom of locality. (Y (|v), 2)) <y 1s a local family of

veV
fields; i.e., for |u),|v) € V,
(21 — 22)M [V (Ju), 21), Y (|v) , 22)] = 0 for some N, , € Z,

Although innocuous looking, this axiom gives the vertex operator algebra
much of its structure. In particular, this is equivalent to the Jacobi

identity /Borcherds identity.
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We will often drop the Y, |0) and |w) in the definition of a VOA and merely
denote it by the underlying space of states V. We note that the mode Lg keeps
track of the conformal weight of the states.

As the vertex algebra is (usually) non-commutative, we define the notion

of normal ordering

Definition 4.3.2. We define the normally ordered product of two fields
Y (Ju), z) and Y(|v), z) as the following

Y ([u), 2)Y (Jv),w): =Y (lu), 2)-Y (Jo) ,w) + Y(|v),w)Y (Ju), 2)4,  (4.25)

where we defined Y (|w) , 2)4 := > gwiz™' " and Y (|w) , 2) - = >0 gwiz™' 7"

4.3.2 W(g) algebras

There are various equivalent constructions of WV algebras. They are defined
as the semi-infinite cohomology of affine vertex algebras of level k € C [FF90]
associated to a Lie algebra g. For generic k, they are isomorphic to certain
intersections of kernels of screening operators on free field/Heisenberg algebras
[FF90, FBZ01, Genl7], and for the principal W algebras of simply-laced type
there is also a coset realization [ACL18|. Both the coset and screening real-
izations admit a certain limit where the W algebra is described as an orbifold
by the compact Lie group G of the Lie algebra g. This is the situation we are
interested in. In this case, the W algebra is a subalgebra of the Heisenberg
vertex algebra of rank equal to the rank of g. For W algebras of type gly,
we can also use the quantum Miura transformation, which gives us explicit
generators.

We now construct our first example of a VOA, the Heisenberg VOA. Then
we explain the construction of W algebras as subalgebras of the Heisenberg

VOA.

Heisenberg vertex operator algebras

Let L be a lattice of finite rank equipped with a symmetric non-degenerate
bilinear form
() : LXL—1Z
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Define § := L @z C. The bilinear form on L induces a bilinear form on . We

define the Heisenberg Lie algebra 6 as the affine Lie algebra

h= (@ h tl) & CK (4.26)

leZ

with Lie bracket relations

&1 m] = (&) W01smoK,  &meb, LmeZ, (4.27)
K] =0, (4.28)

where we introduced the notation & = ¢ ® ¢!, [ € Z for any & € b.

We define the Weyl algebra H; as the universal enveloping algebra of 6
quotiented by the relation K = 1. We also define a class of modules over Hp,
called Fock modules as follows. For any A € b, define the Fock module S as
the H-module generated by the vector |[A), such that for any £ € b,

V>0, &N =0, and &N =(EANN). (429

If we define H; as the subalgebra of H [, generated by the negative elements
{& 1 &€bh, 1 <0}, we have the isomorphism Sy, = Sym(H;)|)\) as vector
spaces.

The Fock module Sy = Sym(#H;)|0) admits a vertex operator algebra
structure, by which we mean that we can find a quadruple (S, Y,|0), |w)),
that satisfies the axioms of Definition 4.3.1. The vacuum state is |0). The
state-field correspondence Y (-, z) : Sy — End(Sp)[z, 2] is defined as

Y (|0),2) =ids, , (4.30)
VEeh,  Y(Eal0),2) =) gz (4.31)
leZ

States of the form &', --- &, |0) where k; > 0 clearly span Sy, and the

state-field correspondence is defined as

1 dki—1 1 1 dkn—1 .
(ky —1)! dzk1—1Y(5—1 0),2) - (br — 1) dzkn_lY(f—l 0),2):.

(4.32)

Y(fikl e 8 0),2) =
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Finally, if we pick an orthonormal basis & 1, e Ed for b, we define the conformal

vector |w) as
1 <& =i =i
w) =35> €4€510). (4.33)
i=1

Its modes form a Virasoro algebra with central charge ¢ = dim b = rank L. It

can be checked that those satisfy the axioms of a VOA.

Definition 4.3.3. We denote the Heisenberg vertex operator algebra associ-

ated to h by Sp.
Lattice vertex operator algebras

From the previous section, one can naturally define the lattice vertex operator
algebra associated to L, which contains the Heisenberg VOA as a sub-VOA.

The underlying vector space of the lattice VOA is V;, := @, ., Sx (recall
that Sy are the Fock modules defined in the previous section). In particular
So C V., and we define the vacuum state |0) and the conformal state |w) as
the ones for the Heisenberg VOA Sy. The state-field correspondence defined
earlier (4.30) also holds. It suffices to define the state-field correspondence
for the states |A). (The general prescription is obtained by taking normally
ordered products as in (4.32).) We have?

Via(2) :=Y(|A), 2) = Uz exp (— Z %zl> exp (— Z %zl> ,

<0 >0

where U, is a shift operator
Ulv) = v+ A) and [Ux, \n] =0, n#0,

and ¢y, € C* is a (essentially) unique 2-cocycle. We will also denote the state

|A) by et

Definition 4.3.4. We denote the lattice vertex operator algebra associated to

the even lattice L by Vr.

2V, (2) is the standard notation for these operators, here we use bold letters not to confuse
them with vector spaces of VOAs also denoted V elsewhere in the text.
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If L = @ is the root lattice of a simple simply-laced Lie algebra g then Vg
is isomorphic to the simple affine vertex algebra of g at level one and is also

denoted by Li(g).

The W(g) algebras

A standard introduction to W algebras is [Aral7]. Let g be a simple finite-
dimensional Lie algebra. Then to each embedding of sl, in g one can associate
the W algebra of g at level k € C via quantum Hamiltonian reduction from
the affine vertex algebra of g at level k. The best-known case is the one of
the principal embedding of sl, in g, which we will simply denote by W¥*(g).
Let now g be simply-laced. In this case the principal W algebra can also be
realized as a coset [ACL18, Main Theorem 2], that is, for generic k

Wie) = (@) ® L@, 0=~k 4
k+hV 41

with A" the dual Coxeter number of g, and Vj(g) the universal affine vertex
algebra of g at level k and L,(g) its simple quotient at level one. Let G be
the compact Lie group whose Lie algebra is g. In the limit £ — oo this coset
becomes just the G-orbifold of the lattice vertex algebra [CL19] and this is the

case we are interested in
W(g) == W (g) = Li(9)° .

W¥(g) and in particular W(g) is strongly generated by elements W' of con-
formal weights d; + 1, where the d; are the Dynkin exponents of g, see for
example [FBZ01, Theorem 15.1.9]. For generic level it is also freely generated
by these fields and the orbifold limit is always a generic point of a deformable
family of vertex algebras by [CL19].

Remark 4.3.5. In summary, the principal W algebras form a one-parameter
family of vertex algebras and we are interested in a very special point, namely
the level for which the W algebra can be realized as a G-orbifold inside the
lattice vertex algebra (for this g needs to be simply-laced). This level is special
for a second reason. W algebras enjoy Feigin-Frenkel duality [FF91] and our

level is the self-dual case, i.e. W(g) is its own Feigin-Frenkel dual.
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For completeness we recall the definition of strong generators for a vertex

operator algebra:

Definition 4.3.6. A vertex operator algebra V' is said to be strongly generated
by elements (7)™, in V if the underlying vector space V' is spanned by

’Yik:l s 'YEkn |O> , where k; > 0.

In addition, V' is said to be freely generated if the above spanning set is a basis

for the underlying vector space V.

Remark 4.3.7. If we know the state-field correspondence for the set of strong
generators of a vertex operator algebra V', say 7' =~*,]0), we can use the
strong reconstruction theorem [FBZ01, Theorem 4.4.1] to determine the state-

field correspondence for the states v, ---~", |0) where k; > 0

1 dkn—1
(kp — 1) ety (0%110) . 2):

(4.34)

1 dk!
(ky — 1)l dzki—t

Y(0ly, - 92, 10),2) = Y (75, 10),2) -
Hence, we can interpret strong generation as the statement that all fields of
the VOA can be obtained as linear combinations of normally ordered products

of the fields Y (7%, 2) where i € {1,...,n} and their derivatives.

Examples

Let us now study some examples of W(g) algebras.

Example 4.3.8. The algebra W(sl,) is isomorphic to the Virasoro vertex
algebra with central charge ¢ = 1. It is well known that this VOA is strongly

generated by a single vector of conformal weight 2.

Strictly speaking, we only defined W algebras for simple and simply-laced
Lie algebras. It is straightforward to construct W algebras for direct sums of
those. In particular, in the following we will study the algebra W(gly,,) :=
W(slyi1) ® Sp, defined as the tensor product of W(sly,1) and a rank one

Heisenberg vertex algebra S;.
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Example 4.3.9. The Lie algebra gly ., is the algebra of (N + 1) x (N + 1)
matrices over C. Its Cartan subalgebra h can be described as the subspace of
diagonal matrices. We equip it with the basis (x*)Y' where x* is the matrix
element that has a 1 in the (i41)th place on the diagonal and 0 elsewhere. The
algebra W(gly,,) with central charge ¢ = N + 1 is strongly freely generated

by the following N + 1 vectors in the Heisenberg VOA & associated to b
ez(X(llaaxj—Vl)“)) S {LaN_'_l}? (435)

where the e; denotes the i-th elementary symmetric polynomial. The proof of
this statement follows immediately from the Miura transformation, see [AM17,
Corollary 2.2] where we take the limit v — 0. The result is originally due to
[FL88§].

Example 4.3.10. The Lie algebra Dy = so,y is the Lie algebra of orthogonal
2N x 2N matrices over C. The roots of s05y can be described as 4x* £ x’
where (x*)Y, is an orthonormal basis for the Cartan subalgebra CV. The
following vectors in Sy strongly generate the algebra W(sooy) with central
charge ¢ = N.
v = (Zexldejl + e‘§e>fl> 0)  de{2,4,6,...,2N -2},  (4.36)
i=1
PN =ty XN 0) (4.37)
The conformal weight of these vectors are 2,4,...,2N — 2 and N, which are
indeed the Dynkin exponents of s0,5. This statement follows from the results

of [ACL18, CL19], i.e. from the description of W(s0ay) as SOqn-orbifold of

the lattice vertex algebra of soqy.

Remark 4.3.11. We note the important fact that W(g) is invariant under
G and hence under the action of the Weyl group of g. This remark will be
fundamental, in our construction of higher Airy structures as W(g)-modules

in Section 4.4.

4.3.3 The graded Lie subalgebra property

In this section we construct a number of left ideals for the algebra of modes

of W algebras that are graded Lie subalgebras. This will be essential for the
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construction of higher quantum Airy structures from modules of W algebras

in the next section.

Graded Lie subalgebras and left ideals

Let V be a vertex operator algebra with finitely many strong generators
Vi ..., V™ and let A be its associative algebra of modes. We fix an order
in the set of modes and by L(.A) we mean possibly infinite sums of ordered
monomials in A of bounded degree and conformal weight, i.e. there exists a
d and h such that each monomial appearing in the sum has at most degree d
and conformal weight h. We assume that every polynomial in the modes is
in L(A) and so equipped with the commutator of modes L(.A) becomes a Lie
algebra. This Lie algebra is graded by conformal weight, that is Lg-eigenvalue.

Our goal is to find Lie subalgebras of L(.A). We consider certain subsets
S of the modes of the strong generators and show that the left ideal A.S
generated by the modes in S is a graded Lie subalgebra of L(.A).

We can make this subalgebra property more explicit by introducing an
ordering on the set of all modes (i.e, the underlying set of A). We define an
ordering such that a mode in S is always greater than a mode not in S. We
say that elements of the ideal A.S are good with respect to S. In particular,
7 is good if the right-most term of every ordered monomial of v (expressed in
terms of the strong generators) is in S.

The following lemma is clear.

Lemma 4.3.12. The left ideal generated by the modes in S is a graded Lie
subalgebra of L(A) if and only if for any two modes X,Y € S, one has that
[X.Y] € L(A) is good with respect to S.

The following subsections give examples in an increasing order of complex-
ity. However the idea of construction is always the same. We are looking for
a suitable module M, generated by a highest weight vector |\) and such that
this highest weight vector is annihilated by a mode if and only if this mode is
in the set S of interest (i.e., it is a good mode). It then remains to show that
the commutator of two modes in S is still good and essentially this amounts to
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showing that a basis of M, is given by all the ordered monomials that are not

good. We start with the case where M, is the vacuum of our vertex algebra.

The vacuum subalgebra A

Our first subalgebra is the left ideal generated by all modes of the strong
generators of a W algebra that kill the vacuum state |0).

Proposition 4.3.13. Consider a vertex operator algebra V' freely strongly gen-
erated by homogeneous states v € V indexed by i € T (where T is a finite set),
with respective conformal weights A; € 7. Let A denote the associative algebra
of modes of V.. Consider the left A-ideal As¢ generated by ~i for i € T and
k > 0. Then, Aso is a graded Lie subalgebra of L(A). FEquivalently, when
k. k" >0, .

i = D2 D F e (4.38)

Jj=1 p=0

for some f((i’,z;’(i,,k,) e A
Proof. We have the following commutation relations which follow from the
locality axiom/Borcherds identity [FBZ01, Section 3.3.6]

RIEDY (k) (Vo Vethr—m » (4.39)

m
m>0

where k, k" > 0.
The assumption on strong generation implies that we can express each
(Y2 " Vktk—m as a finite linear combination of normal ordered monomials in

the generators. Let us look at one of these normally ordered terms
Tor Vo Yok (4.40)

This monomial could either annihilate the vacuum state |0) or not. Let us
first consider the case where it does. The normal ordering prescription implies
that the term furthest to the right, i.e. vgi annihilates the vacuum. In that
case, we are done, as ’ygf is an element of A-y.

Now, let us assume that the term (4.40) does not annihilate the vacuum

|0). Then p; < 0, and due to the normal ordering prescription, this implies
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that all the modes appearing in (4.40) are negative modes. We know that
7:10) = 0 = 7, |0) and hence [y}, 74,] [0) = 0. This means that 751422 - - - 442 |0)
must cancel with some other terms (which are also normally ordered products
of negative modes) in the sum on the right-hand side of (4.39) after acting
on the vacuum state |0). However, this contradicts the assumption of free
generation (which is that vectors of the form ~5! - -~2L |0) where p; < 0 form

a basis for V'), and hence cannot occur. O

The subalgebra Ax

We can now construct another interesting left ideal that is a graded Lie sub-
algebra of the Lie algebra L(A). In this case, we consider all modes 7% of the
generators of a W algebra for k > A; — 1, where A; is the conformal weight

of v*. The construction is rather straightforward.

Proposition 4.3.14. Consider a vertex operator algebra V' strongly generated
by homogeneous states v* € V indexed by i € T where I is a finite set, with
respective conformal weights A; € 7. Let A denote the associative algebra of
modes. Then, the A-ideal Apn generated by i fori € T and k > A; — 1 is a
graded Lie subalgebra of L(A). Equivalently, for k> A; —1 and k' > Ay — 1,

we have

i d 51 j
[V Y] = Z Z f((ik;7(i/7k/)’}/zj)‘ (4.41)

j=1p>A;—1
Proof. Using the strong generation assumption, we can express the commuta-

tor (4.41) as sums of normally ordered monomials of the form
T o (4.42)

where S5 (s — by +1) = (k — A; + 1) + (K’ — Ay + 1) due to the conformal
weight condition. As k> A; — 1 and £ > Ay — 1, we get

sz‘ > Z(bz - 1), (4.43)

and hence at least one of the p; > b;—1. Due to the normal ordering procedure,
the last mode on the right ygé will have this property. This gives the statement

of the Lemma. O
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The intermediate subalgebras

In fact we can construct many more subalgebras as intermediate cases inter-
polating between As and A for the W(gly, ) algebras that we described
in Example 4.3.9. The particular form of the strong generators, namely as
elementary symmetric polynomials, is crucial for the construction.

In this subsection, we use a different convention for mode expansion of a
field as we find it more convenient. We shift the index of the modes by the

conformal weight, i.e., when |v) has conformal weight A,
V(o) 2) =3 vz (4.44)
lez

The correspondence between the two ways of indexing is v; = vjya, 1.

Let us start with the setup. We aim to find one subalgebra in W(gly )
for each partition of 7 := N + 1. So let A = (A,...,\,) be a fixed partition
of r, that is the \; are positive integers such that r = A\ + Ao +--- + ), and
we order them by size, i.e. A\ > Ag > ... > )\, > 1. Such a partition defines

good modes as follows.

Definition 4.3.15. We say that W®, is A-good if A(a) —m > 0 where
AMa) :=min{s| A1+ +AX;>a}.
Now fix a A-order on {1,...,7} x Z with the following properties
1. (a,—m) > (b, —n) if W% is A-good but W?_is not A-good.
and W?

2. (a,—m) > (b,—n) if W* are A-good and both m,n > 0 and

a < b.

m n

3. (a,—m) > (b, —n) if W, and W  are A\-good and both m,n > 0 and

a=band m < n.

Let I = {(a;,—my) > (az, —ms) > ...

> (ag, —my)} be an ordered set. Then
we say that

Wpo= W W2 W

—ma ' —mq
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is an ordered element of the universal enveloping algebra of modes. We define
the A\-degree of a mode to be

2a — 1 if AM(a) #m

d W ) =
eax (W2 {2@ if A(a) =m '

and extend this definition to ordered monomials as the sum of the A-degrees of
the terms. The A-degree of a ordered polynomial is then the maximal \-degree
of its ordered summands. Note that since W?, is a polynomial of degree a
in the modes of the Heisenberg vertex algebra it follows immediately that the
A-degree of any commutator [W? ~W? ] is strictly smaller than deg, (W% )+

deg>\ (Wlin) .

We will call a Ad-order simply an order whenever it is clear which \ we are

using.

Theorem 4.3.16. Let A be the mode algebra of W(gl,.) and \ a partition of
r, then the algebra of \-good modes forms a graded Lie subalgebra of the Lie
algebra of modes. In addition, there exists a W(gl,)-module My generated by
a highest weight vector |\) such that W*, |\) = 0 if and only if W*,, is a
A-good mode.

Proof. We first consider the partition A = (r) of r. The corresponding A-good
modes are all non-negative modes (W%, ),,<o. Let v be a generic weight of the
rank r Heisenberg vertex algebra Sy so that via the embedding of W(gl,) in
Sp the Fock module S, also becomes a W(gl,)-module. For generic weight v
this is a simple W(gl,)-module and so ordered words in the negative modes

acting on the highest weight vector |v,) of S, form a basis of S,

S, = spanc (W, -+~ W2 |u,) | (a1, —mq) > (az, —mg) > -+ > (ag, —my),

—m1

my >Oforl:1,...,€).
We now consider the vector space M with above graded PBW-basis but con-
sider the weight as a variable so that M can be analytically continued to
a module of W(gl,) over the polynomial ring in r variables vy,...,v,. Here
the v; are the eigenvalues of the zero-modes of N strong generators of the

Heisenberg vertex algebra. Then specializing to any weight v defines a new
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module M,,. At generic v this module will be simple while at special non-
generic points it will be indecomposable but reducible. We generically have
M, = S, but for example My 2 Sy. Denote the highest weight vector of M,
by |0). By construction W2, [0) = 0 if and only if W*  is a A\-good mode.
In order to prove that these A-good modes form a graded Lie subalgebra of
the algebra of modes we have to show that for any two A-good modes W*
and W?  the commutator [W®,_ W?® ] is an ordered polynomial in the modes
and the right most term in each summand is A-good. Consider an ordered set

I ={(a;,—my) > (ag, —mg) > -+ > (ay,—my)} so that

W= W, e W2 W

—my —ma2 —mi

is an ordered element of the universal enveloping algebra of modes. We call W/
a A-good monomial if W*, ~is A-good and say that the index set I is A-good.

The PBW-basis on M, is then given by all W; |0) such that I is not a A-good
index set. It follows that

[Wa_m,Wb_n] = ZC{W[ = Z C[W[ + Z C[W[.
I

I A-good I not A-good

Acting on |0) and since all A\-good modes annihilate |0) we have

0= Z C[W] |0> .

I not A-good

Since the Wy |0) with [ not a A\-good index set form a basis of M, it follows
that ¢; = 0 for I not a A-good index set. We thus have proven the claim
for the partition A = (). We note that this is precisely the result proved in
Proposition 4.3.14.

The general case is not much different and can be reduced to this case. We
prove it by induction for r. The base case r = 1 is trivial and just a special
case of what we have just proven, since W(gl,) is the rank one Heisenberg
vertex algebra and the only partition of 1 is A = (1).

Let r > 1. The induction hypothesis is that the statement of the Theorem
is true for all 7 < r, i.e. for all partitions p of W(gl,,) and in addition we

require the existence of a W(gl,,)-module M, generated by a highest weight
111



vector |u) that is annihilated by all p-good modes and the Wy |p) with I not
p-good form a basis of M,,. With this notation the module M is also denoted
by M, and the highest weight vector |0) is denoted by |(r’)).

Let A = (A1,...,,) be a fixed partition of r, that is the \; are positive
integers such that N = A\; + Ay + --- + A, and we order them by size, i.e.
A > Ay > --- > )\, > 1. Further let ' = r — A, so that u = (A\y,..., A1)
is a partition of . We consider the embedding W(gl,) in W(gl,,) ® W(gl, )
and the module M, ® M,,). We want to prove that via this embedding as
W(gl,)-modules My = M, @ M, ).

We denote the strong generators of W(gly) by (W®)!_,, and the ones of
W(gl..) @ W(gl,,) by (2%)7, and (Y¢)2?,. Then due to the realization of the
strong generators of the YV algebras in terms of normally ordered elementary
symmetric polynomials of Heisenberg vertex algebra fields we immediately

have that L
We(z) = Z9() + 3 22 (=) 4 Yo 2).

where we note that many of these terms on the right may not appear. For

instance Z%(z) = 0 for a > 7’ and Y?(z) = 0 for @ > \,. Hence

a—1
wWe, =2, @1+> Y it oY +10Y,,

d=1 nez
and of course 2%, = 0 for a > v’ and Y* = 0_,,, for a > X,. The p-degree of
W(gl,.) lifts to a degree map on W(gl,,) @ W(gl, ) by saying that the Y2, all
have p-degree zero. Let |\) := |u) ®|(A,)). Then a straightforward verification
tells us that

We A =0 if and only if W?  is A-good.

In particular, if W? is not A-good then its leading degree summand is 2%, ®1

if a < 1’ and Z’"_’A(a) ® Y‘;:;A(a) if a > r’. In either case the leading degree

summand does not annihilate |A\) which is equivalent to saying that Z*,  ®1 if

a—r’

a < r’is not p-good and ZT_’/\(CL) and Y_m+/\(a)

are neither p-good respectively

(Ap)-good if a > r'. Let I = {(as,—my) > (ag, —m2) > --- > (as, —my)} be an
ordered set with ordered monomial Wy := W ... W W® . Let s satisfy
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s=/Fifay <71’ s=0if a; > " and otherwise defined such that a, < r’ but
asr1 > r'. It follows that the projection of Wy on leading u-degree, which we

denote by Xj, is

X; = Z";/)\(CLZ) . ZT/ )Z‘fms B AT A S~ Yae—f" . Yas+1—7"’

*)\(as+1 —m2T—my —mg-f—)\(ag) ) —m3+1+)\(as+1) .

Looking back at our requirements on the order of modes we see that the first
factor is p-ordered and the second one is (A,)-ordered. Consider a polynomial

of type

Z C[W] .

I not A-good
Assume that it annihilates |A). In particular, the leading p-degree summands

annihilate |A) and hence

0 = > aXi|N)

I not A-good
_ r! r’ as az ai
- § Cr Zf)\(ag) e Zf)\(as+1)zfms T Z*mzzfml "u>
I not A-good
ag—r' o as41—7r’
® —mye+A(ag) —mst1t+A(as+1) ’()‘p» .

By the induction hypothesis, non-good monomials acting on the highest weight
vector form a basis of M, respectively M, ) and hence all ¢; = 0. We thus
have constructed the claimed module M.

It is now easy to show that for any two A\-good modes W2, and W°

the commutator W2, W? | is an ordered polynomial in the modes and the

right-most term in each summand is A-good. We have

[Wimawgn] = Z ctWr + Z crWr .

I A-good I not A-good

Acting on |A\) and since all A\-good modes annihilate |[\) we have

0= Z C]W[ |/\> .

I not A-good

Since we just proved that all the Wy |A) where I is not a A\-good index set form
a basis of M, it follows that ¢; = 0 for I not a A-good index set. This finishes

the proof of the Theorem. O
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4.3.4 Twisted modules

In preparation for the construction of higher quantum Airy structures in the
next section, we now introduce twisted modules for the Heisenberg VOAs.
Those will restrict to interesting modules for the VW algebras realized as sub-

algebras of the Heisenberg VOAs.

Definitions

Let us define automorphisms of vertex operator algebras.

Definition 4.3.17. An automorphism o, of finite order r, of a vertex operator
algebra V' is an automorphism o : V' — V on the (vector) space of states,
with ¢” = idy, which preserves the vacuum state |0) and the conformal state

|w), and such that for any |v) € V it acts as
oY (Jv),2)ot =Y (o |v),2).
Given such an automorphism, we define the notion of a twisted module.

Definition 4.3.18. A Z-graded o-twisted V-module W is a Z-graded vector
space W = @,., W, such that W; = 0 for [ sufficiently negative and dim W; <

oo for all [ € Z, with a linear map

V. — End(W)[zV/7,27V"]

Yol 2) lv) — Y,(|Jv),2) :ZZG}ZUIZ_Z

-1 -

We require that the vacuum property, creation property and the Virasoro
algebra condition hold for W and Y, (-, z). In addition, we require the following

conditions.

e The monodromy around z = 0 is given by the action of o, namely if

o |v) = B/ |[v) we have

v, =0 unless a € ¢/r +Z. (4.45)

o (Yi(|v) ’Z>)UGV is a local family of fields; i.e. for |u),|v) € V,

(21— 2) N0 [Yo(|u) , 21), Yo (|v) , 22)] = 0 for some N,,, € Z; . (4.46)
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e We have a product formula

k
G Yol Vi) ) o) }

=Y (un—1-k|v) , 2) |w)
21=zo=2
(4.47)
for all |u),|v) € V, |w) € W and where N = N, , is chosen from the

locality axiom.

In the above definition if we set o = id, we get the usual notion of (un-
twisted) modules. The idea of twisted modules is to introduce fields that have
expansions in fractional powers of z. In physics this formalizes the notion of
orbifold CFTs. Intuitively, we are working on the branched covering z = (",
by rewriting the fields as expansions in ¢ (or fractional powers of z). However,
we have to be careful about the normal ordering in this context. In physics
terms, the operator product expansion (OPE) of the fields changes, and the
product formula (4.47) captures this precisely. This product formula (and easy

corollaries) will be very useful in our W algebra computations.

Remark 4.3.19. Note that since o(|w)) = |w), the conformal field has a mode

expansion

Yw(jw),2)=> Lz (4.48)

lez
with only integer powers of z.

Twisted modules of the Heisenberg VOA

Given an automorphism o of §, we define a o-twisted Sp-module as follows.
We define the o-twisted Heisenberg Lie algebra 60 and define a ﬁo—module
called the twisted Fock module, denoted 7. The latter carries the structure
of a o-twisted module over the Heisenberg vertex operator algebra Sy.

Here is the detailed construction. Let ¢ be an automorphism of the Cartan

subalgebra f C g of finite order r

(0(&), o) = (Em), o =idy.

Any such automorphism lifts to an automorphism of Sy which we also denote
by 0. We note that h admits an orthonormal basis of eigenstates for the action

of 0.
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We extend the automorphism o to h[[tl/’”,tfl/”]] @ CK as follows. Given
& € b, we use the notation &, := £ ® t" where n € %Z as before. The action of

o 1s then

o(&) = o(€) ® ™!, o(K) =K, leiZ.

The o-twisted Heisenberg algebra is the subspace of o-invariant elements

b, = (B[, 1] & CK)”
The algebra 60 is generated by the elements & such that £ is diagonal under
the action of o, and the central element K, with the following Lie bracket

relations

(S0 1hm] = Lormo (&) K, [K,h,] = 0. (4.49)

We also introduce its negative part

h, = P b, ot
lE%Z<0
Definition 4.3.20. Let 7 = Sym(h; ) |0) be the b, -module such that K |0) =
|0) and &]0) =0 for £ € h and [ > 0.

We would like to give T the structure of a o-twisted module of the Heisen-

berg VOA Sy as follows. Let £ € h be a diagonal element, i.e. (&) = e ¢
1

for some p € {0, 7, ..., %1} Then the state-field correspondence for the mod-

ule is defined as follows

Y5(10), 2) = idr,
YU(ffl ’O> 72) = Z &n 2L (4'50)

nep+7Z

It is easy to check that this gives T the structure of a o-twisted module over

So.

Remark 4.3.21. The state-field correspondence for general elements in 7 can
be computed using the state-field correspondence for the states £ 1 |0) (4.50)
and the product formula for twisted modules (4.47).
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4.3.5 Introducing h

From now on, it is convenient to rescale the Killing form by some formal pa-
rameter 7'/2, and base change to the field® Cji2 := C[A~Y2 A'/2]. In other
words, we have a new Heisenberg VOA (still denoted Sy) in which the com-

mutation relations read

[fla Tlm] = hl <£7 7]> 6l+m,0 . (451)

The reason to write A'/2 instead of A is to match with the convention (4.3)
adopted in [KKS18, ABCO17] for the partition functions of quantum Airy struc-
tures. The construction of Section 4.3.4 can still be applied to define a o-
twisted module again denoted 7. The only notable modification compared to
the previous sections is that in Propositions 4.3.13 and 4.3.14 a factor of h
appears in the right-hand side of the commutation relations, and that in the
reconstruction of the state-field correspondence, one should include a factor of
iiY/2 per each 0. In particular, the Lie subalgebras constructed in Section 4.3.3
become graded Lie subalgebras.

In all our examples except Section 4.4.2; only integer powers of h will

remain the end of the day and we could effectively work with C; C C;1/2.

3Here and in the following, we use the notation C[z~!, ] to denote Laurent series in x.
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4.4 Higher quantum Airy structures from W
algebras

This section gives a general prescription to produce higher quantum Airy struc-

tures starting with a Lie algebra g and an element o of the Weyl group of g.

1. We construct a o-twisted module 7 of the Heisenberg VOA associated
to the Cartan subalgebra b of g.

2. Upon restriction to the W algebra W(g) (which is a sub-VOA of the
Heisenberg VOA), the module becomes untwisted. The underlying vec-
tor space of T is the space of formal series in countably many variables,
and elements of W(g) act as differential operators (of order at most

rank(g)) in those variables.

3. In Section 4.3.3, we constructed a number of ideals that are graded Lie
subalgebras of the Lie algebra of modes. We pick one of these subalgebras
from the algebra of modes of the W algebra module 7. These modes
fulfill the second (and hardest to check) condition to be a higher quantum

Airy structure.

4. A further conjugation of these modes (a.k.a dilaton shift) allows us to
realize the first condition about degree 1 terms, thereby producing quan-

tum rank(g)-Airy structures.

We apply this program in detail for gly,; (type Ayx) and sooy (type Dy)

for different choices of the Weyl group element o.

4.4.1 The W(gly,,) Airy structures
The twisted module 7 for the Heisenberg VOA

Recall Example 4.3.9. The Cartan subalgebra h C gly,, has a basis given by
X" where i € {0,..., N}, with the following bilinear form

<Xi7 Xj> = 51’,]‘ .
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We shall focus on the automorphism o of the Cartan subalgebra § induced by
the Coxeter element of the Weyl group Gy 1, namely

' — ot — s — Y — O
This automorphism has order

r=N+1.

2irm /r

We define a primitive r-th root of unity 6 := e , which will appear through-

out the section. Applying a discrete Fourier transform, we can define a basis

(v9)"_4 of b that is diagonal under the action of o

N
v® ::ZH_“ij aec{0,...,r—1}. (4.52)
=0
Then we indeed have o(v*) = §%v®. Note that
(V" %) = 16,1t - (4.53)

where the notation 4, means 1 if £ is divisible by 7, and 0 otherwise. We
observe that v® ® t~%" %=1 ig invariant under o for k € Z. Hence we can

represent the Sp(gly,)-twisted module

T(Q[N+1) = Ch1/2[$1,$2, X3, .. ] ,

with the fields

v'(z) ==Y, (v, ]0), Z Jopz R

k€a/r+7Z

We also recall the differential operators defined in (4.9)
Vi > O, J = h@zl, J_; =lz;.

Jo has not been defined before: we set it equal to a scalar Jy = (). The

differential operators J; satisfy the expected bracket relations

(e, Joi] = rdyjass KOpw o = B (v, vb)k5k+k/70 for k € a/r+Z and k' € d' /r+7Z,
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therefore we do have an equivalent description of the twisted module intro-
duced in Section 4.3.4. We also stress that the normal ordering of the modes
carries over to this realization as the standard normal ordering on differential
operators, with derivatives on the right and multiplication by variables on the
left.

Via restriction, we can now consider 7 as a module for the subvertex

algebra W(gly 1) C So(gly41)-

Remark 4.4.1. Even though 7 is not a twisted module for the subvertex
algebra W(gly,,), we will slightly abuse notation and still refer to the fields
associated to the generators of W(gly,,) as “twist fields”. We will use the

notation

§(2) 1= Yo (€110} 2) (4.54)

for the twist fields, where o is the automorphism of the Heisenberg VOA used

to construct the twisted module.

Computing the twist fields of the generators of W(gly.,,)

From Example 4.3.9, we know that the elementary symmetric polynomials
ei(xX% 1., XN 10) €Sy ie{l,...,N+1}

are a set of strong generators for W(gly, ), and we are going to compute the
modes of their twist fields.

Let us introduce some notation and prove some essential lemmas now. We
0)

in terms of the twist fields v'(z). If A = (a;)!_, is a finite sequence, we use

first want to express the twist field corresponding to the state v™{ v - - - v}

P(A) to denote the set of unordered, pairwise disjoint subsequences of length
2 of A. If B € P(A), we use |B| to denote the number of pairs appearing in
B, and A\ B the subsequence of A where one has removed the elements that
appear in the pairs appearing in B. Of course |B| < [i/2]. For instance, the

elements B of P(aq,as, a3, ay) such that |B| = 2 are

{(a17a2)7(a37a4)}7 {(a1>a3)7(a27a4)}’ {(a17a4)7<a2aa3)}'
120



Lemma 4.4.2. Let A = (ay)i_, where ax € {0,...,N}. The twist field

ai ..as a;
Yo (v 0 - v

0),2) can be expressed as the following normally ordered

product

0),z) = Z (hz"2)IBl H —blbz&l:erQ’r : H v'(2):.

BG'P(A) {bl,bQ}eB lEA\B

CL1 (12 a;

(4.55)

Proof. This is an application of the product formula (4.47). If i = 2 in the

above expression, we choose N = 2 in the product formula to get

1 d2

Yo (v®v® [0) , 2) = §d_2’%{(Z1 — 22)271“1(21)2)“2(22)} (4.56)

21=29=2

We compute the OPE of the twist fields, i.e. we express their product in terms

of the normally ordered products

V()0 (2) = " (2™ () + Y e v] 5T 2 T Gy s00k<o

k1 eal/r—i-Z
k2€a2/7"+Z

_ :,Ual(zl)vaz(zz): + Z hkﬁ a1 a> —k1—1 k‘l 17

k1€ar /7‘+Z
k1>0

and the scalar product is given by (4.53). Notice that we can extend the sum
to k; = 0. Let us write k; = ay/r + k} for k] € Z. The condition k; > 0 is
then equivalent to & > 0. We therefore obtain

V(20 (29) = 0™ (21)v"(22): + Z F(8ay.00a2.0 + Oayranr )T (a1 /7 + K7) 24 [/l ’“12;”/”’“' !
K, >0
29)21) "7
= ™ (zl)v“2 (Zg) I h(5a1705a270 + 5a1+a277n)7" 632 (&> .
Z1 — %9
Inserting this result into (4.56), we get
a1 ,.a a a ai\r —a
Yo (00?1 10),2) = 10" (2)v(2): + A(0ay,00a2,0 + Oay+az.r) %
. @ a . a1a2
= v 1(2)’0 2(2) D+ h5a1+a2,r ﬁ .
The general formula follows from an easy induction argument. m
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Definition 4.4.3. We introduce certain sums over r-th roots of unity which

we encounter throughout our computations

(]) 1 ! J 9m21/71+m2l/ i —ma
U (agjpn, ..., a5) = gl Z H (Gmav — grravr )2 H 0 .

mi,...,m;=0 \l'=1 1=2j+1
mﬁéml/

(4.57)

In the special case where j = 0, we drop the (0) ie. W(ay,...,a;) :=
\I/(O)(ah ce ,CLi).

Note that we prove several properties of these sums over roots of unity in

Appendix B.1.
Definition 4.4.4. We introduce the twist fields
Wi(z) = ri_lYU(ei(X(ll, XN 0) ,z) , ie{l,....,r}.

The scalar prefactor = is just a convenient normalization. Let us express

the twist fields in terms of the Heisenberg twist fields v'(z).

Proposition 4.4.5. We have for anyi € {1,...,r}

r—1 i i
‘ 1 2! : A
! = - B S — (]) . . —2\j . a; .
W(Z)_ r Z 23]'(2-2])‘\11 (a2]+1,...,az)(hz ) : H v (z)
a2j+1,...,ai:0 l:2]+1
i<li/2]
Proof. We express the elementary symmetric polynomials e;(x?,...,x") in

terms of the basis (v*)/_3 of . Inverting (4.52), we get

1 .
[ (9_“1’0(1,

and plugging it into the expression for the elementary symmetric polynomials
gives

1 r—1

ei(x% ... xXN) = — U(—ay,...,—a;)v0*% ... %

r a,...,a;=0

We observe that W(—ay,...,—a;) = ¥(aq,...,a;). Now, we use Lemma 4.4.2
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to compute the twist fields associated to €;(x%4,...,x";)|0).

1 r—1

Wi(z) = Z Ulay,...,a;)Y, (v%0" - 0% (0), z)
a,...,a;=0
. 1 ! ) |B| b1b2 6b1+b2 r
—; Z \If(al,...,ai) Z (hZ ) H H U
at,...,a;=0 BeP(ai,...,a;) {b1,b2}€B leA\B

(4.58)

We would like to separate the sums over the 2j indices appearing in the
pairs and the others, for j € {0,...,[i/2]}. As A is an ordered set, we
first need to identify the subset J C {1,...,i} of cardinality |J| = 2j which
correspond the indices of elements of A that appear in B. For fixed j, there
are W'—%)' such Js and the corresponding terms in the sum (4.58) are all
equal. For instance, they are equal to the case {1,...,25}. B now corresponds
to a choice of a pairing between elements of J. The sum over the values
ar € {0,...,7 — 1} for k € J will not depend on the choice of pairing B.
There are (25 — 1)!! such pairings. It is enough to consider the single pairing

B =1{(1,2),(3,4),...,(2j — 1,24)} provided we multiply our sums by

7! _ i
o=z T a
Consequently,
=& il ( T '
ah% Zgg Z—2j \If(al,...,ai)lll_[l 2” -2 ZI;IHU
The claim follows by performing the sum over ay, ..., as; using Lemma B.1.1
proved in Appendix B.1. O]

Definition 4.4.6. We define the modes W} of the twist field W(z) as
Z Wi fk 1
kez

We observe that the expression for the modes W} only involve integer powers

of h

We extract the expression for the modes from Proposition 4.4.5.
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Corollary 4.4.7. We have

/2] !
;1 iR j
Wi = E TR E \I](j)(p2j+17p2j+27 D) | | It

- .‘ . o . '
r j=0 ]‘(Z 2‘7)' D2j+1,-Di €L I=2j+1
lelzr(k’—i-‘rl)
(4.59)

where for cases such that j = i/2 the condition ), p; = r(k—i+1) is understood

as the Kronecker delta condition O ;1.

Proof. We start with Proposition 4.4.5 and compute the residue

|_7,/2J r—1 . . )
. 1 i W ~ Y a
W]z = — Z Z W \I/(j)(agj+1, ceey a/z‘) Resz:() <dz Zk 2j : H v Z(Z) :)
" j=0 ag;t1,...,a;=0 ]'(Z j)' 1=2j+1
j+1yee05Aq ]
T i\ B . !
SES DD SR L RN | g
ety -, 27 j1(i — 27)! i s
254150505 1€ay/r+Z 1=2j+1
Zl ki=k—i+1

To get to the second line, we used that UV is a r-periodic function of each of its
arguments, because they appear as powers of r-th roots of unity. Summing over
a2j41; - - - , & amounts to summing over p; = rk; € Z with the only constraint
> ps = r(k—i+1). Note that in the case where j = i/2, the condition
> o =1(k—i+ 1) becomes the delta condition that k =i — 1. O

It is easy to compute the W\ (ag,q,...,a;) for low values of i (see
Lemma B.1.5). For instance, we have the linear and quadratic operators for

r>2

Wl = Ji, (4.60)
1 (r* = 1)k
Wk? = ) § : (T6T|P15T|p2 - 1) pyJpy Ték,l . (4.61)

P1,p2€Z
p1+pe=r(k—1)

For r > 3 we have the cubic operator

1
Wiy = 6 Z (TQ(STIplér\pzérlps = T0rlpy = TOrjpy — T0rjps + 2) T Ty Ips

P1,p2,P3EL
p1+p2+p3=r(k—2)

(r—2)(r* = 1)h

- Jrthea) | 4.62
o e (462)

and so on.
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The higher quantum Airy structures

We are ready to prove one of our main results. As noted in Example 4.3.9,
we know that the W(gly,,) vertex algebra with central charge ¢ = N + 1
is strongly freely generated by the states e;(x%;,...,x%;)|0). Thus we can
use the construction of Section 4.3.3 to obtain a number of left ideals for
the algebra of modes of the twist fields W*(z) that are graded Lie subalgebras.
This gives us the second condition that is required to obtain a higher quantum
Airy structure. For the first condition, we need to modify the modes W} so as
to create a term of degree 1 of the form J, for some p > 0 — which acts as a

derivation on 7 (gly,,). This can be achieved via the following operation.

Definition 4.4.8. We define the dilaton shift as a conjugation of the differ-

ential operators W}

H =T WiT.', T,:=exp ( . S‘]—h> . (4.63)

We note here that by the Baker-Campbell-Hausdorft formula, conjugating
by T, is equivalent to shifting J_, — J_, — 1 in the modes W}.

We then construct the following class of higher quantum Airy structures

Theorem 4.4.9. Let r > 2, and s € {1,...,r + 1} be such that r = +1
mod s. Let

ai::¢—1—LMJ.

r

Assume Jo = Q = 0. The family of differential operators
H =T WiT."  ief{l,....r}, k>0+6,, (4.64)

forms a quantum r-Airy structure on the vector space V. = P,.,C(z,)

equipped with the basis of linear coordinates (x,)p>o-

Proof. We note that the W} defined in (4.59) is a differential operator on
Cp1/2[x1, 22, x5, .. .] which is a linear combination of terms of degree i + 25 for
j €{0,...,]i/2]} using the notion of degree introduced in (4.6). We need to
check the two conditions of Definition 4.2.6 for the differential operators Hj.
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First, we note that the algebra of modes of a VOA-module has the same Lie
algebraic structure as the modes of the VOA itself. Further, conjugating by 7
does not change the algebra of the modes. Then, the graded Lie subalgebra
condition for higher quantum Airy structures follows directly from Section
4.3.3. In the case s = r + 1, the indicated W} form the graded Lie subalgebra
Aso; in the case s = 1, they form the graded Lie subalgebra A>¢; and for
the remaining values of 1 < s < r such that r £1 = 0 mod s, we prove in
Appendix B.2 that we get a partition of r (as in Section 4.3.3 — see Theorem
4.3.16), and they form a graded Lie subalgebra A, 5. The only subtlety here
is that in these subalgebras, the mode W} = @ is always present; since it is a
scalar, to be part of a higher quantum Airy structure we must set ) = 0.

To check the second condition about the form of the operators H},, we need
to identify the terms of degree at most 1 in H).. We take s € Z arbitrary to
start with. We first examine the terms of degree 0. A term 3H§:2 i1 Jp - will
contribute if and only if 7 = 0 and p; = —s for all [. The constraint on the
sum of p imposes rk + is = 0, which is not possible if s < 0 since we always
have at least £ > 0 and ¢ > 1. Hence, we assume s > 0 in the remainder of
the proof.

We turn to the terms of degree 1. Clearly, since Jy = @ = 0, a term
: H§:2 i1 Jp, + will contribute if and only if j = 0 and there is some /o such
that for any [ # [y we have p; = —s. The constraint on the sum of ps imposes
P, =1k + (s —r)(i —1). We therefore obtain using the r-periodicity of ¥ in

each argument

. 7 o )
Hi} — ; (_1)1 1 \I’(\—S, —S,..., —5;, (l — 1)8) Jrk—i-(s—r)(i—l) + 0(2) s (465)

i—1 times

where O(2) indicates terms of degree > 2. The prefactor involving ¥ is eval-
uated in Lemmas B.1.3 and B.1.4 and shown to be never zero. In particular,

for s coprime to r, we get
Hy = Jotr(s=ry(i-) + O(2).

Let us introduce the set Z,; = {(i,k) |1 < i < rand k > 0"+ d;1} and
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the map
7 — Z

sk — ke (s—n(-1)

(4.66)

We obtain a higher quantum Airy structure if II, is a bijection onto Z, i.e. if
each J, = hd,, with p > 0 appears exactly in one operator Hj, for (i,k) € Z, .
It is easy to see that the non-empty fibers of II; have cardinality d = ged(r, s).
In other words, when r and s are not coprime, the same hd,, will appear as
degree one term in two different operators HY, which cannot happen in higher
quantum Airy structure. Let us now assume that r and s are coprime, so
that Il is injective. We can rewrite 7k + (s — r)(i — 1) > 0 as the condition
k>i—1-2(—1). Fori=1, thisis k > 1. For i > 2, since s is coprime
with » and 2 < ¢ < r, it follows that & > ¢ — 1 — f(z — 1) if and only if
k>i—1-— L@j Therefore I1,(Z, ) = Z;.

[

From the last paragraph of the proof, we see that the first condition to
be a higher quantum Airy structure restricts the allowed values of s to be
positive integers that are coprime to r. The second condition to be a higher
Airy structure, or equivalently the subalgebras of modes that we identified in

Section 4.3.3, imposes the stronger constraint that » = £1 mod s.

Remark 4.4.10. For completeness, we compute Fy3 and Fj; for all these
higher quantum Airy structures in Appendix B.2. In fact, we do a little bit
more; we calculate Fj 3 for all choices of s that are coprime with r. The result is
that Fp 3 is indeed well defined and symmetric for r = 1 mod s, as expected;
however, it cannot be symmetric when r # +1 mod s (see Proposition B.2.2).
In other words, when r # +1 mod s, the H; cannot form a higher quantum
Airy structure, since a solution Z to the differential constraints H.Z = 0 does
not exist. Given that for any s coprime with r the H; have the right form to
be a higher quantum Airy structure, it follows that the left ideal generated by
the H; is a graded Lie subalgebra if and only if r = +1 mod s.
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Reduction to sl

The quantum r-Airy structures of Theorem 4.4.9 always contain H ,1 = Jj, for
k > 0. Hence their partition function Z is independent of the variables xy, for

k > 0. Let us define the reduced operators by the formula

Wlﬁ’red = W]i’Jk,.:O kEZ
[i/2] oo i
1 i W ,
— —Z 7 Y Z ‘P(J)<p2j+l7""pi): H Jéﬁ?)
7"],:02].(2—2]). ’ ‘. L
P2j+15--,Pi €L\TZ 2j+1

> pi=r(k—i+1)

As the dilaton shift in Theorem 4.4.9 does not affect the modes indexed by k

divisible by r, we also have
Hilea = T\ WileT, = Hj
]g|red — L k|red s — k|JpT:0 pEZ -

Although we do not know a general reason for H}|.q to be a quantum Airy
structure itself, for this particular case we can check that it is indeed the case.

We also reprove Lemma 4.2.18 in this particular case.

Lemma 4.4.11. Let us consider a quantum r-Airy structure from Theo-
rem 4.4.9. Its partition function is equivalently characterized by the constraints

Jir - Z =0 for any k > 0 and

JZ =0 k>0, and  Hj|weaZ =0, i€ {2,...,r}, k>0"+6;, .

(4.68)
Moreover, the family of operators H}|wq indezed by i € {2,...,7} and k >
0" + 0,1 forms a quantum r-Airy structure on the vector space with basis of

linear coordinates (xp)pen -

Proof. As a preliminary, we are going to show that Hj, can be expressed solely
in terms of the reduced operators. Since the dilaton shift does not affect the
modes (Jj, )rez it is enough to prove this property for W} instead of Hj,, and

the result will follow by conjugation. We can always decompose

W]: - Z Z J—ral te J—T’CL[ T;g’a,b erl te erm .

£m>0 ai,...,ap>0
l4+m<i b1,...,b;m >0
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where the T}, do not involve the modes J,, for I € Z. Using the expres-
sions (4.59) for the operators W}, and using the r-periodicity of U0) with

respect to any of its entries, we get:

=i 5 .
kab T 2 20 1(i — £ —m — 2j)!
j=0 P2j 4150 sDi—f—n EL\TZ
Zl pl:'f'(k—i-'rl"rzl a‘l_Zl/ bl’)
i—l—m
X\Il(j)(p2‘+17"'7pi*f*ma07"'70) : J i
] l]é]_J-;-1 P

{+m times

We also used that J_,,,, are always on the left (resp. Jn,r are on the right)
of a normal ordered expression, so we can remove them outside the normal
ordering. The W\ with the Os in them is evaluated using the Lemma B.1.2
proved in the Appendix to get

Lir—i+04+m)! (i —¢—m)!

A ] i
e () i—l—m
iy (p2j+17"'7pi {— m)
. : g,
Z Z 2] (Z —V—m — 2]) H DL
J=0 P2j415-Pi—t—mEL\TZ I=2j 11
Zl pl:””(k_i‘f'l-f'zl ml_Zl’ nl,)
and therefore
— i+ L+ m)! .
Z Z T _ Z ‘ Jfral N J*Taé Hk""Zl(al 1)— Zl/(bl/—‘rl)lred ‘]T‘bl Ce JTbm .
£,m>0 ai,...,ap>0
£4+m<i b1,....b;n, >0
(4.60)

Now consider the constraints Hf.-Z = 0 fori € {1,...,7} and k > 9"+ 0, ;.
They contain H} - Z = Jy, - Z = 0 for all k£ > 0 so the partition function is
independent of z,,, for m > 0. As a result, for i > 2 and k& > ?°, the coefficient
of Ty, -+ xpp, in Hi-Z is proportional to T}'ﬁa’@ -7 therefore to H,Zfz (ar— 1)\red.

Since m; > 0, we get the family of constraints
Hilea-Z =0, i€{2,...,r}, k>0 (4.70)

Conversely, the constraints (4.70) together with J,-Z = 0 for £ > 0 imply, by
reconstructing the linear combinations (4.69), that H;-Z = 0 fori € {1,...,r}
and k > 0 + i1

129



For the last statement, let

V= @C<$p> Vied = @ C<xp> )

p>0 peN\rN

and consider the Weyl algebras DZF;*Vre . C DL, of differential operators on
Viea and V. Let JT be the graded subalgebra of Dk, generated by the J,,

for £p > 0. We have a canonical decomposition
Diey =J Diey,, I
and a natural projection p : Dk, — D%*%ed' By definition
Hli|red = P(Hii) :

We denote H,eq — respectively H — the subspace spanned by Hi|..q for i €
{2,...,r}, respectively i € {1,...,r}) — and k > 9" + &;1 over the field C[A].

The graded Lie subalgebra condition for these H} translates into
Let us apply the projection p to this equation. We get on the right-hand side
hD%V - Hiea- On the left-hand side, we have to take into account that if
ji.jy € J* and hy, hg € Dy,
i Ry 35 hagy | = 51 [y 533 | hahajy = 55757 dz Thehagy = 313 [ha, haljy ja -
After applying p we find a result of the form

p[]fhljf,];hz];} — hChlhz + hCl hth = [hl, hQ] s

for some ¢, ¢ € C[h]. Therefore

[Hreda Hred] - hDT*VedHred )

T

which proves that the ideal generated by H,eq is a graded Lie subalgebra. As
it is already clear that for any p € N\ rN there exists a unique (k, ) such that
H}|wea = B 0,, + O(2), this proves the claim. O
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Arbitrary dilaton shifts and changes of polarization

In this subsection, we will construct deformations of the quantum r-Airy struc-
tures of Theorem 4.4.9, by exploring more general conjugations. Although this
may seem superfluous, these examples will appear naturally in the next section
when we study higher quantum Airy structures coming from general spectral
curves.
We first introduce more general dilaton shifts. We would like to conjugate
the modes W} in (4.59) by an operator of the form
T := exp (l Z EJZ) ,
h 1>0 l

where 7; are scalars. This simultaneously shifts J_;, — J_; + 7 for all [ > 0.

Proposition 4.4.12. Let r > 2. Denote

. 1
s:=min{l >0 |7 #0 and r{l}, az::i_l_f(lr )J

and assume that 1 < s <r+1 and r = +1 mod s. The family of differential

operators
. A A1 .
Hp = (—1)" " TW{T ie{l,...,r} k>0 + 61, (4.71)
forms a quantum r-Airy structure up to a change of basis of linear coordinates.

Proof. We need to show that the two conditions in Definition 4.2.6 are satisfied.

Since 7, # 0, we define 7, as
Tq = Ts(0sq + Tq)

so that 7, = 0 for ¢ < s. We compute as in the proof of Theorem 4.4.9 that
(up to rescaling by constants)

%

VD SR VAl ) (AR ) PARCICY

PEZL, G2,--,¢i > S =2
p=r(k—i+1)+37]_5 q

Therefore we can write

Hy = LuwpJp+0(2),

p>s
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where II; was defined in (4.66) and is a bijection between the set of indices
(i, k) considered in (4.71) and the set of positive integers. (Lgp)ap>0 i an upper
triangular matrix with diagonal entries 1 (this value comes from Lemma B.1.4

for r and s coprime). Let us perform the change of basis on linear coordinates

=S Y ﬁI .

m>0 b=ap>a1>...>am—1>am>0 - [=0
For any b > 0 the right-hand side is well defined as it is a finite sum (using

the upper-triangularity of L). By construction we have
0

=—4+0(2).
8yl’[s(z‘,k) ( )

Hj = Lu. (i) p hos, + O(2)

p=>s

Notice that these expressions make sense using the prescriptions for vector

spaces of countable dimension described in Section 4.2.1, i.e. 0,, are elements

of V and linear coordinates are elements of the dual. We therefore have checked
the first condition of Definition 4.2.6.

The graded Lie subalgebra condition which holds for the operators of The-

orem 4.4.9 is preserved after conjugation. Hence we obtain a higher quantum

Airy structure. m

Another conjugation that will appear in the next section is the change of
polarization. We would like to conjugate our modes with an operator of the
form

2 1 ¢l m
o = ~— — J Jm )
P (2h 2 T >
l,m>0
where ¢;,, = ¢, are scalars. Using the Baker-Campbell-Hausdorff formula,

we see that it shifts the modes as

Va>0, Jo—Ja+Y #J,. (4.72)

>0

and leaves J, invariant if a > 0.

Proposition 4.4.13. Under the same conditions as in Proposition 4.4.12, the
family of differential operators
1.-1

Hi= (-1 )" oTWiT & , ie{l,....r}, k>0+0d,,

forms a quantum r-Airy structure up to a change of basis of linear coordinates.
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Proof. The graded Lie subalgebra condition is stable under conjugation. We

are going to argue that

A —

SIWIT Y = (@WiIT Y+ 0©2). (4.73)

This will automatically imply that the (—7,)'~ ®TW;T g satisfy the first
condition in Definition 4.2.6, hence form a quantum r-Airy structure.

We observe that the operation (4.72) respects the degree. It replaces J_;s
by Jys. If the result is not normal ordered anymore, normal ordering creates a
new term where two Js are replaced by a i (which is still of the same degree).
As there is no term of degree 1 of the form J_; with [ > 0 in H} we get the
claimed (4.73). O

4.4.2 W(gly,) Airy structures for other automorphisms

The twisted module

We come back to the W(gly, ) algebra, but now we construct twisted modules
for an arbitrary automorphism o, consisting of d > 2 disjoint cycles of order

r1,...,7q which sum to r := N + 1. We relabel the basis elements of b

X”’i = Xi71+2u<uh’ /,l,e {1’...,d}, 1 E {1,...77’H},

such that
O_(X/,L,i> — X,u,i+1 mod 7, )
We then introduce the basis of eigenvectors indexed by p € {1,...,d} and
aef{0,...,r,—1}

ru—1

wa 70’]’ ;u':j — 2i7l'/7‘
= E HW X", 0,, =e ®
j=0
which are diagonal under the ¢ action
,a\ __ pa ,a a b\
U(Uu ) - QTHUM ) <UM , U > — 5u,u T 57‘u\a+b .

Hence we can represent the Sy(gly.)-twisted module

1 .2 d 1 .2 d .1
T(g[N+1) g Ch1/2[x1,x1, P ,1‘1,1‘2,1‘2, P ,$2,$3, . ] 5
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with the fields

m,a
v E : krﬂ )

kea/r +7
and
h(‘)ﬁ [>0
Jh=2 Qn 1=0
—lz",  1<0

where Q" now are arbitrary scalars. Upon restriction, it becomes an untwisted

W(gly 1 )-module.

Remark 4.4.14. In contrast to Section 4.4.1, we have the freedom to take

= Q" # 0 in our construction of Airy structures, provided Q" is equal to 0
modulo terms of positive degree. Scalars with this property in C;1/2 must be
O(2). Note that J; for [ # 0 are elements of Dk, of degree 1. It is therefore
natural to replace the base field with C;1/2 to allow scalars of degree 1. So we
construct crosscapped Airy structures as defined in Section 4.2.3 rather than

usual Airy structures.

We are going to compute the modes W} of the twist fields associated to the
strong generators of W(gly_ ). The result is expressed in terms of the modes
Wy " of the W(g[m)—module constructed in Section 4.4.1 via twisting by the
Coxeter element of gl, , which are according to Corollary 4.59

Li/2]
i il B
Wi = _Z 2 j1(i — 2j)! Z ‘115«1)(292]+1,P2j+2,---,]?z H [

P2j+15-Di €L 1=2j+1
lel:m(k*iJrl)

where we have use the notation \If for V) to insist that we choose the r,-th

roots of unity for its definition.

Lemma 4.4.15. We have

Wi=rt ) > > 11 Zu_l Wi (4.74)

MC{1,..,d} 1<i, <r, peM kezM neM Ty

ZM =i Z, ku=k+1—|M|

Proof. We express the strong generators of the WW(gly ) by grouping the basis

elements that belong to the same cycle o together

d
(X%, x"h = Z Heiu(x”’l,...,x“”’“).

11,0.58g 20 p=1
>, in=i
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Now we compute the fields associated to these generators in our twisted mod-
ule. We note that the modes corresponding to different ;1 commute, and for
each 1 we recognize (up to the factor r»~1) the fields associated with the gl,

generators in Definitions 4.4.4-4.4.6. Therefore

Z H m W/”u >,

i1yig>0p=1TH
Zﬂ_l

2
where by convention W#9(z) = 1. Collecting the coefficient of 27%~1 entails

the claim. ]

Higher quantum Airy structures

It seems rather tedious to find all the dilaton shifts of (4.74) that could lead
to higher quantum Airy structures. Instead, we focus on the case o is a cycle
of length r — 1, that is

ro=r—1, rg=1.

According to Lemma 4.4.15, we have

Wih=J" +J7, (4.75)
(/) WE=W ST W, ied{2 L n),  (476)
kl ko€Z
k1+ko=k—1
(ri/r)" P WY = Z 1 Wkll’”J,i. (4.77)
k1,ko€Z
k1+ko=k—1

Let s € {1,...,r1 + 1} with s coprime with ;. We perform a dilaton shift

JU, — Jt, —1, i.e. we define

. - AN J.
Hi = (r/r)’ 1exp ( — %) W, exp (%> . (4.78)

Theorem 4.4.16. Let s € {1,...,r} such that s|r, and let

, ) s(z—1
Vi=i—1-— L%J
Let g € C and assume that Q' = h'/?q = —Q?. The family of operators
Hi+H o = Joopp+0(2) k=1
o — Tl ey FO2) k=0, ie{2.r—1} .
—Hy = Jiysri1 +0(2) k= (r—s)
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forms a crosscapped higher quantum Airy structure on €, ((C(xé) & (C(a:%})

Proof. We first check the subalgebra property. In the case s =r; +1 =r, the
indicated W} form the graded Lie subalgebra Asg; in the case s = 1, they form
the graded Lie subalgebra A>g. For the remaining values of 1 < s < ry, we
need to find for what values of (s,r1) do we get a partition of r (as in Theorem
4.3.16). Using Proposition B.2.1, replacing r — r;, we know that the modes
with i € {1,...,7} generate an ideal that is a graded Lie subalgebra if r; = +1
mod s. What we need to check is that the left ideal generated by adding the
modes W,ZIH with & > r; + 1 — s is still a graded Lie subalgebra. For this to
be the case, we need to show that the enlarged set of modes still correspond
to a partition.

For W;* and s < rq, the conditionis k > ri—1—s+[ 2] = (r—1)—(s—1).
Moreover, for W' the condition that we want is k > r; — (s — 1). In the
notation of Theorem 4.3.16, this means that we are adding one to the last
part of the partition corresponding to the subalgebra generated by the modes
with 1 <¢ < ry. This will remain an ordered partition only if all other parts
of the original partition are at least one larger than the last part. Looking
again at Proposition B.2.1, we see that this will be the case precisely when
r1 = r's+r" with " = s — 1. In other words, r; = —1 mod s, or equivalently
s|r. Therefore we conclude that the left ideal generated by the modes W},
with ¢ € {1,...,r1 + 1} and satisfying the condition above, is a subalgebra if
and only if s|r.

For all these cases, as the W} satisfy the graded Lie subalgebra condition,
so do the H¥ with the same indices. Now as usual we need to be careful with

zero modes. For ¢ = 1 it is clear that

Hy=W\=1J" ,+J;. (4.79)

T

The graded Lie subalgebras contain the mode H{ which is equal to the scalar
Q'+ Q% We must assume Q' + Q? = 0 if we desire to have a higher quantum
Airy structure. Due to the condition on the degrees, we fix Q' = h'/?2q = —Q?

for some ¢ € C. We can drop the zero differential operator H} and deduce
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that Hj for i € {1,...,r} and k > 9" + &;1 + 0;, still satisfy the graded Lie
subalgebra condition.

It remains to check that the degree 1 condition holds. We start by comput-
ing the result of the shift J_¢ — J_ 4 —1in Wk“ Compared to Section 4.4.1,
the fact that Q' = h'/2¢ gives an extra term

; 57L7” 57‘ s+ri(k—1 h1/2
exp(—0,1)r O exp(9,1) = — J;l(k 0L q5k 0051+ Ty (i 1)1 FO(2) -
1

In particular for ¢ < r; the degree 0 term (the first term) vanishes. We now

consider i € {2,...,r;} and compute H; modulo O(2). We get from (4.76)

i 61‘,7“ 5s+k—i+1 0
Hk: = _17”—1 Jrl(k i+1)+s(i—1) + O<2) : (480)

For s € {1,...7; + 1} coprime with r; and k > 0° we see that the degree 0

term in (4.80) is absent. Under these conditions, we have
Hi = Jpits-rnia-n T 02),

which involves a .J; with p > 0. Finally, we compute Hj modulo O(2) from
(4.77) and find
Hi = =Ji sy, +0(2).

For s € {1,...7r+1} coprime with r and k > r;+1—s we see that k+s—r; >

1, and hence the J appearing there is a derivation. We then see that

Hli + Hll stk Jmk + O( ) k 2 1
—Hj = J,Han—f—O() k>ri+1—s
forms a quantum r-Airy structure, which is the claim. O]

We will discuss the enumerative geometry interpretation (through open
intersection theory) of the associated partition function in Section 4.6.3. Note
that we can easily formulate and prove an analog of Proposition 4.4.13 to
describe more general higher quantum Airy structures obtained from the ones

of Proposition 4.4.16 by further dilaton shifts and changes of polarization.
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4.4.3 The W(sooy) Airy structures
The twisted module T

Recall Example 4.3.10. The roots of the Lie algebra of Dy type can be de-
scribed as (+x; £ x;) where y; is an orthonormal basis for CV. Let o be the
Coxeter element of the Weyl group, defined by the following action

X1 X2 = 2 XN-1—=>—X1 > —X2—> " —Xn-1—>x1 and Xy = —XN-

This element has order 7 = 2(N —1). We define a basis (v, v?,v°, ..., 0v""1 7)
of b that is diagonal under the action of o as follows

r1

v =V2Y 07 ae{l,3,5,...r—1}, (4.81)
j=0
U= \/§XN7

It has the property o(v*) = 60 and o(?9) = —0, and the inner product for

any a,b € {1,3,...,r — 1}
(W 0" = 16010 (0,v") =0, (0,0) = 2. (4.82)
We can therefore define
T (s0on) = Chp2[z1, 23,25, . . ., T1, T3, . - -]
with

vi(z) = Z Tz F u(z) = Z Jog 2L (4.83)

kea/r+7 kel/2+7Z

where we take for any odd [ > 0
Jl = h@xl, J,l = liﬂl, j; = h&zl, :]:l = l.’i‘l .

The evaluation of the pairing (4.82) shows that these assignments reproduce
the desired commutation relations of the Heisenberg algebra. Thus T (soay)

is a twisted Sp-module, which we restrict to obtain a WW(sosx)-module.
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Twist fields for the generators

W(s0,y) is freely and strongly generated by v? for d € {2,4,6,...,2N — 2}

and #V. The corresponding fields can be computed using the following lemma.

Lemma 4.4.17. [BM13, Lemma 3.7] For alld > 1, i € {1,...,N} and
e € {—1,1}, we have

d

V(e 2) = >

=0

h€/2

ZE Cgé) Sd—f<€Xi7 Z) ) (484)

where for any v € CN
1 n
Sn(v, z) == - (hl/Qaz +v(2)) 1:
are the Faa di Bruno polynomials, and cs are scalars such that CEO) =1.

The main ingredient of the proof in [BM13] is the product formula (4.47).
Our version only differs by specialization to the orthonormal basis vectors Y,
and inserting suitable powers of A. These merely keep track of the conformal
weights. For instance, we would like 0, to have degree 1 and hence we add a

h'/2. The h'/? comes from the product formula.

Remark 4.4.18. Y (14, 2) is a field of conformal weight d. The h grading keeps
track of this weight. In particular, the half-integer powers of A will vanish in

Y,(v%, z). This is easy to see using that v? is invariant under y* — —x?%.
We define the modes of the twist fields Y (v%, 2) and Y (7", 2) by

Y, 2) = Z Wizk=t Y, (7N, 2) = Z [IAEES

keZ kEZ
Higher quantum Airy structures

We can then apply Propositions 4.3.13 and 4.3.14 to get graded Lie subalge-
bras by considering the ideals generated by certain subsets of the modes. As
in the gly,, case, we need to perform a dilaton shift in order to get a higher
quantum Airy structure. In this section we will only consider the subalgebras
of Propositions 4.3.13 and 4.3.14, since we have not constructed the more

general intermediate subalgebras analogous to Theorem 4.3.16 for W(soay).
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Definition 4.4.19. The dilaton shifted modes of the module 7 (sosy) are

defined as follows

H = 7T Wi, de{2,4,... 2(N—1)},
ﬁlfzv = ;?N,s TS/WIivT;17
with constants

Vi = d712d/2(N . 1)d717 ;5/]\/'73 — (_1)8(N72)/22(N71)/2(N . 1)N71 ’

and we recall that T = exp ( — Jh; )

For s =1 or r + 1, we obtain in this way quantum r-Airy structures.

Theorem 4.4.20. Let N > 3, that is r = 2(N — 1) > 4. The family of
differential operators
HY = 7 Trd W, de{2,4,....2(N-1)}, k>0,
~ . T
Hliv = TNgr+1 Tr+1W1£VTr+1 k=0
forms a quantum r-Airy structure on the vector space V = @p>0 C(xops1) @

C(Zaps1). The same is true for the family of differential operators

HY = 7y ToWAT, de{2,4,....2(N-1)}, k>d-1
Y =45, TyWNT, k>N-1.

Proof. We first look at the modes of Y, (v4,z2) for d € {2,4,...,2N — 2} and
study the terms that can contribute in degree < 1 after a dilaton shift J_; —

J_s+ 1 for some s € 2Z + 1. From Lemma 4.4.17, we see that

N-1

Yo(v'.2) = ) (X'(2))" + O(h).

=1

Now, we implement the change of basis (4.36). The inverse change of basis is

. 1 . v
i a(i—1) ,a N _
X'= = gVt XN = —.
V2N 1) 1§;—1 V2
a odd
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We note that the modes W¢ of v¢ are homogeneous differential operators of
degree d. The mode J_g = x4/s that appears in the dilaton shift is only present
in a single v*(z) as coefficient of 2*/7~1. So
1 R 9—(1‘—1)5 Zs/r—l
T X'2)Ty=—+————
Consequently, the terms of degree 0 and 1 will be

d H
2d/2(N _ 1)d—1

+x'(2).

+0(2)

N-1

s/r—1 dg d . .
_ —(k+1 <z rls —(i—1)s(d—1 s/r—1)(d—1 i
= [7%)] (Qd/2(N — 1)t * 20-1)/2(N — 1)d-1 § :9 (DD <Z>)

[Z(k+1)}< d/2 . Z Z Zez 1)(a—s(d— 1)J+ Zfa/r m—1 (s/r 1)(d— 1)>
5 — 1 a+rm

i=1 1<a<r—1meZ
a odd

d Jr(k—d+1)+(d—1)s
2d/2<N _ 1)d—1 ?

In the third line, we dropped the term 4,|, because s is odd and 7 is even. So
there is no degree 0 term and we obtain HI = Jr(k—dt1)+(d-1)s + O(2). This
explains the choice of the constant prefactor in the definition of H{.

Now, we consider the modes of the twist field Y, (7", 2). We use a similar

argument as above, using the product formula (4.47) instead of Lemma 4.4.17

(_1)*3(N72)/2 j_\/]’zg k 1 —s(i—1) s/r 1 . 1
2(IN-1)/2(N — 1)N-1 +00@) = o H VAN—1) Y. w4 0Q)

mel/2+7Z

(—1)= <N—2>/ _

hence f[,iv = Joj_sir + 0(2).

First, we consider the graded Lie subalgebra A-, corresponding to the
modes k > 0 (see Proposition 4.3.13). If we want these modes to contain each
Jp and j; (for p > 0 odd) exactly once, we must choose s = r + 1, and we do
obtain a quantum r-Airy structure.

Second, if we focus on the graded Lie subalgebra Aa corresponding to the
modes H{ with k > d — 1 and f],iv with £ > N — 1 (see Proposition 4.3.14),
the same condition forces us to choose s = 1 and we obtain a quantum r-Airy

structure in this case as well.
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As usual, we note that we can easily formulate and prove an analog of
Proposition 4.4.13 to describe more general higher quantum Airy structures
obtained from the ones of Theorem 4.4.20 by further dilaton shifts and changes

of polarization.

4.4.4 The exceptional types
The twisted module

We consider the simple complex Lie algebra ey with N € {6,7,8}, together
with a Coxeter element of the Weyl group o. Its order is denoted by r. o acts
on the Cartan subalgebra with simple eigenvalues (0% 1)~ . We can always
order 2 < dy < -+ < dy < r, and we have dyy1_, +d, = 7 + 2 for any
ac{l,...,N}. Let D={d, — 1,...,dy — 1}

N r di,... . dx

6 | 12 2,5,6,8,9,12

7 18] 2,6,8,10,12, 14, 18
8 130 2,8,12, 14, 18, 20, 24, 30

We can find a basis of eigenvectors (v*)Y_, such that
o(v?) = 0%y, (0" V%) = T0atpr -
We obtain a o-twisted module for the Heisenberg algebra

T (en) = Charz[(21)1ep+rn]

by assigning

vi(z) = Z Jop2 P

pE(de—1)/r+7Z
where J; = hO,, for | > 0, Jy =0 and J, = —lx_; for [ < 0. Via restriction,

we get an untwisted W(ey)-module over Cp1/2.

The generators and their twist fields

The VOA W(ey) is strongly and freely generated by elements w; of conformal
weight d; for i € {1,..., N}. Although there is no canonical choice making the

generators particularly simple, we will rely on the following structural result.
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Theorem 4.4.21. [FF96] and [LYZ13, Lemma 3.4] One can choose genera-

tors of the form*
d;
w' = ()TN Y T N P o)
m=2

where P; 4 is a homogeneous polynomial of degree d; — d and w; belongs to the

left ideal generated by the x_, for x € h and n > 2.

The fields associated to w; are denoted
Y, (w', z) = Z Wikt
keZ

Remark 4.4.22. As ey is a subalgebra of so,y, and the generators of the
W(soan) algebra after A-rescaling indicated in Section 4.3.5 only involve inte-
ger powers of i (see Remark 4.4.18), the same must be true for the generators

of W(QN).

Definition 4.4.23. The dilaton shifted modes of T (ey) are defined as

L . J. ,
Hi =T, 'WiT,, TS:eXp(—h—> ie{l,...,N}, keZ.
S

For s =1 or r + 1 we obtain in this way quantum r-Airy structures. The

one with s = r + 1 was anticipated in [LYZ13], while the one for s = 1 is new.

Theorem 4.4.24. Let ¢ € {0,1} and denote s := 1+ er. The family of

differential constraints
H; ie{l,...,N}, E>(1—e)(d;—1)
forms a quantum Airy structure on the vector space V.= @ | Do Clzriga, )

Proof. The formulas (4.34)-(4.47) show that we have for ky,...,k, > 0 and
XX €D

i i o dh Tt
Yo (X2, o, 10} 2) = (0,00 205, 4, -00) ] [ omax (2)1+0(2),
=1

J]=

4The discrepancy with the notations in [LYZ13] comes from the fact that we use a dual
basis.
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where the O(2) arises from terms involving ™ with m > 1. Following Theo-
rem 4.4.21 the mode W} is a sum of three parts, which we study them up to

O(2). The first part is

d;
Z 5<_(k+2_dz)+z<pj+1)) :Jdi—l-&-rm JT—1+rp2 e Jr—l-‘r?“pdi Jdi—l—I—Tpdi +O(2) )

P1,--Pd; €L J=1

where §(n) := 6,0 is the Kronecker delta. The second part is a sum, over
m € {2,...,d;} and ay,...,a, € {1,...,N — 1} of an expression which up to
O(2) is proportional to

Z (5<—<k+1+m—di)—%—i-i%—i—zi(pj—}-l))

P1ypa; €L j=1 =1

X Jdal—l—‘rrm ot Jdam—1+rpm Jr—1+rpm+1 e Jfr—l—i—'r’pdi ..

The third part is a sum, over ¢ € {1,...,d; — 1}, by,...,bp—; > 0 and
ai,...,aqg € {1,..., N} such that if we set b, := 2 we have ) 7_ b; = d,
of an expression which up to O(2) is proportional to

dg,—1

Ld,, 1 Lr(™ +b) T
h(di—f)/Q Z 5(_(k+1)+2 j +p]+b]) H (day.-_l_*_p] + ]) :H ‘]daj—1+7'17j +O<2) .

1 pecl r it T(=—+p;+1) 5

T

j=1
Due to the power of i in prefactor, up to O(2), we only have to take into
account the terms where { =d; — 1 and by = --- =bg,_o = 1.

For a fixed € € {0,1} we set s =1+ er and apply the shift J , — J_,+1
to obtain Hy. We want to identify the terms of degree 0 and 1. In degree 0,
there is no contribution from the first and second parts, because they do not
come from a monomial of the form (v"(z))? for some ¢ > 0, and since the
third part has at least a power of A'/2 it does not contribute either. We now
turn to degree 1 terms. The first part contributes for py = - -+ = pg, = —(1+¢)
and yields

Js(di—1)+r(k+1—di) + 0(2) :

The second part remains O(2) since it is at least quadratic in the non-shifted
J;. The third part could contribute when ¢ = d;, — 1, by = --- = bg,_o = 1
and (a;,p;) = (N,—1—¢) forall j € {1,...,d; —1}. But the Kronecker delta
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would impose that r|(d; — 1) which is never possible. Hence
I‘]]Z€ = JHs(i,k) + 0(2), Hs(ia k) = S(dz - 1) + ’l“(k’ +1- dl) :

Let us denote

Sy={G,k) | ie{l,....N} and k> (1—e)(d;—1)}  with s =1+re.
If s = r+1, we know from Lemma 4.3.13 that the subset of modes W/}
indexed by (i, k) € Sr—i—l generate a graded Lie subalgebra A-,. Therefore,
so do the corresponding H;. As we remark that II,,; is a bijection between
S,+1 and D + rN, for each independent linear coordinate (@p)pentry 00 V' we
have a unique operator H}, containing the derivation hd,, as its degree 1 term.
Therefore we have obtained a quantum Airy structure. For s = 1 we reach a
similar conclusion if we use Lemma 4.3.14 and the graded Lie subalgebra A
instead.

In fact, due to Remark 4.4.22 we could have ignored the third part of the
generators right from the start, as it could only be a O(2).

[]
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4.5 Higher quantum Airy structures from higher
abstract loop equations

In this section, we show that the Bouchard-Eynard topological recursion of
[BE13, BE17, BHL " 14] for admissible spectral curves with arbitrary ramifica-
tion yields higher quantum Airy structures. More precisely, we study higher
abstract loop equations (whose unique, polarized solution is constructed by the
Bouchard-Eynard topological recursion) and construct the associated higher
quantum Airy structures. We then show that they coincide with the general
dilaton-shifted, polarization changed modules for direct sums of W(gl,.) al-
gebras. The precise dilaton shift and change of polarization involved here is
dictated by the local expansion of the spectral curve data around the ramifi-

cation points.

4.5.1 Geometry of local spectral curves

Local spectral curve with one component

Let us first introduce the notion of local spectral curves. We start with the

complex vector space
V.={weClz"2]dz | Res.o w(z)=0}, (4.85)
equipped with the symplectic pairing

Qz<df1, dfg) = ReSzzo f1 (Z) dfg(Z) . (486)

Let V" be the Lagrangian subspace V" = C[z]dz C V.. Let us define a basis
(d&))i>0 for VF with d§(z) = 2/~ dz.

Definition 4.5.1. A local spectral curve with one component consists of the

data of the symplectic space V, over C, with a Lagrangian subspace V" and

e An integer r > 2. We use it to consider the group action G x V, — V,
with G = Z/r7Z and r > 2, such that the generator p of G acts as

p-df(z) — df(02),

2im /7

where 0 = e is a primitive r-th root of unity.
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e A one-form wy; € V7. We write its expansion as

wo1(z) = Z 7 d&(2) .

>0

e A choice of polarization, ¢.e. a Lagrangian subspace V- C V, comple-

mentary to V7, with basis (d§;);<¢ such that
Vi € Zao\ {0}, 9.(06,d6n) = 7 8iemo-
Definition 4.5.2. We say that a local spectral curve is admissible® if
s:=min{l>0 | 7#0 and r{l}

satisfies 1 < s <r+1 and r = £1 mod s. Notice that this congruence implies
that r and s are coprime. If s = r + 1, we say the spectral curve is regular,

while it is irregular if s < r.

Remark 4.5.3. In the standard topological recursion formalism of Chekhov-
Eynard-Orantin [EO07], one would need to choose r = 2. This requirement

was dropped in the Bouchard-Eynard topological recursion [BE17, BHL™14].

Note that the basis d§;(z) for V' is an eigenvector (with eigenvalue ') for
the action of the generator of GG, but it may not be the case for the polarization
basis d€_(z).

The choice of polarization can be encoded in terms of a formal bidifferential.

For [ > 0, we can write

d m
de_y(2) = Zl—fl +3° ¢lT dén(2) |

m>0

for some coefficients ¢;,,. The requirement that V"~ is Lagrangian, namely
Vi,m >0, Q.(d€i(2),dEm(2)) =0

imposes that
¢l,m = ¢m,l .

®This admissibility requirement will become clear when we construct the associated
higher quantum Airy structures. Remarkably, it turns out that the Bouchard-Eynard topo-
logical recursion constructs symmetric differentials only for admissible spectral curves.
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We then introduce the formal bidifferential

dz; ® dzg

w0,2(2’1, 2’2) (z >
1 2

+ ) dmd&(z1) @dén(z) . (487)

I[,m>0

which is symmetric under exchange of z; and z5. This is not an element in

V., ® V., but
le & dZQ

(21 — 22)?

In any case, for any [ > 0 we can write

wo2(21, 22) — € VZT ® V;Qr :

, n dz
dé(2") = Q. (wog(zwz),F)

z dz
- /
= Reszzo (/1 WO,?('az )) Zl+1 )

where in the first line the symplectic pairing acts on the variable z. In other

words, for |z1| < |22], we can write the expansion

wo (21, 22) Zm& (21) ® A€ () .

|21 <|Z2|
Definition 4.5.4. We call standard polarization the choice of V- = 27'C[271]dz,
with basis d€_;(z) = z7!"1dz. In this case, the bidifferential is simply

le & d22
ol =y
Projection map

We will also need to define a few important maps associated to the group

action. Pick an element df € V., and denote by G - df the orbit of df, that is

G-df(z) = {g-df() | 9€G)
= {df(2),df(62),...,df (0" 2)}.

There is a natural averaging map

Mz - Vtz — ‘/z
r—1
Y dg(z) =) df(6"z)
dgeG-df k=0
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We want to extend this map to tensor products of V,. Let us consider first the
case of V,, ® V,. There is a natural group action of G x G on V,, ® V., with
each factor of G acting individually on V, and V,, respectively, and a diagonal
group action of G. Let us denote by G? := (G x G) \ G the set G x G minus
the diagonal embedding of G. For w(z,2) € V,, ® V,,, let

and define the averaging map

/’L21722 : ‘/21 & ‘/tzg — ‘/Zl & ‘/tzz

1 r—1
w(z1, 22) —> Z A(z1, 22) = 5 Z w(0™ 21,0 25) .
2eG(2).w m1,ma=0
miF#ma

We also define a specialization map

0-2:1,22‘t : ‘/Zl & ‘/ZQ — C[til, t]]
w(t,t)
(A& (1)

It is then easy to see that the composition, which we call “projection map”,

w(z1,22) —>

P21722|t = 02,2902 O Hzy 25 - Vzl @ sz — (C[tiTvtr]]

maps elements of V., ® V., to Laurent series that are invariant under the group
action G.

The generalization to more than two variables straightforward.

Definition 4.5.5. Let z = (;)i_;. Fori € {1,...,7} we define the averaging

map

i i
Hz ® ‘/Zl — ® ‘/Zl
=1 =1
1 r—1
w(z) — Z w(@™zy, ..., 0™z,
v mi,...,m;=0
myF#Emy
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and the specialization map

Taft ®Vzl — C[t™,1]
I=1

iz w(t,...,z?)‘
# ey

We define the projection map

Pz|t ‘= Og|t © Uz : ® ‘/zl — C[t_TJ tr]] ’

=1

which maps elements of ®§:1 V., to Laurent series that are invariant under

the group action.

We would like to extend this map to objects that involve the formal bid-
ifferential wp o defined in (4.87). wp2(21, 22) does not live in V,, ® V,,, and in
fact the specialization map o, .,; is not well defined on wo2(21, 22) due to the
pole on the diagonal. However, it is easy to see that the projection map P, .,
is well defined on wg2(21, 22). Similarly, the projection map P, is well defined

on objects that may involve factors of wga(z, z) for [ # 1.

Remark 4.5.6. We notice that the projection map P, is invariant under

permutations of zq,..., z;.

Local spectral curves with ¢ components

We can generalize the notion of local spectral curves by, roughly speaking,
taking ¢ copies of the symplectic space V. Let V, be as in (4.85). For ¢ > 1,

we define the larger symplectic space
V,=C"xV,. (4.88)

We equip C¢ with a scalar product - such that the standard basis (e;){_; is
orthonormal, namely e; - e; = 6; ;. We define the symplectic pairing on V, as

being given by

Q. (uy @ dfi,us ®dfs) = uy - us Res,—o f1(2)dfa(z), (4.89)
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where u;,uy € CY For o € {1,...,c}, we write vﬁa) =e,®V, CV,.
Let us define the Lagrangian subspace V) = C*® C[z]dz C V., with basis
dén(2) with I > 0 and a € {1,...,c} and given by

déai(2) i=ea ®@d§(2) = €4 ® 2 ldz . (4.90)

Definition 4.5.7. A local spectral curve with ¢ components consists of the
data of the symplectic space V, together with its Lagrangian subspace V[,

and

e A family of integers r, > 2 for o € {1,...,c}. We use them to consider
the group action G x V, — V., with G = Gy x...x Gy and G, = Z/r,Z.
It is such that the generator p, of G, acts only on V) as

Pa - A€ i(2) = dn(0a2) , (4.91)

where 6, is a primitive r,-th root of unity.

e A one-form wy; € V. We write its expansion as

c

woa(z) =D Y i déa(z).

a=1 [>0

e A choice of polarization, that is, a choice of Lagrangian subspace V. C
V. complementary to V', with basis d¢, —;(z), with [ > 0 and « €
{1,...,c} such that

1
VO./, ﬁ c {1, .. ,C}, VZ, m € 7 Qz(dga,la d557m) = 75075(554_,”70 .

Definition 4.5.8. We say that a spectral curve is admissible if for each a €

{1,....¢},
So=min{l>0 | 7°#0 and r, 1!}

satisfies 1 < s, < r, + 1 and r, = £1 mod s, (the sign could depend on «).
We say that the spectral curve is reqular at « if s, = r, + 1, while we say that

it is irreqular at o if s, < 14.
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As before, the choice of polarization is nicely encoded in terms of a formal

bidifferential. For [ > 0 and « € {1,...,c}, we can write

c avﬂ
e, ®dz m
d€a—(2) = SIF1 + Z Z lT d€sm(2)

B=1m>0

for some coefficients (ﬁlanf The requirement that V' is Lagrangian imposes the

symmetry ¢7m’8 = ¢§LD{ We define the formal bidifferential

[

woa(zr, z) = 3 e @9 O (o @ dm) S S o e @ ().

a=1 (21— 22)? o,8=11,m>0
(4.92)
As before, wp2(21,22) is not in V,, ® V,,, but
‘L (eq ®d21) ® (eq ® dzy) " n
<W0,2(Z1, Z) — ; (51— 2)° eV @V, .
Then, for I > 0 and o € {1,..., ¢}, we can write
, , dz
dfm,l(z ) = Qz wng(Z, z ), €a X ﬁ . (493)

In other words, for |z1| < |22,

woa(z1,22) &~ Z Z 1d€a(21) ® d€a,—i(22) -

z1|<|z
lzl<le2l =1 750

Definition 4.5.9. We call standard polarization the choice of V; = C° ®
27 1C[z7!|dz, with basis d&,, () = e, ® 27'71dz for [ > 0. In this case, the
bidifferential is simply

[

ea ®dz) ® (e, ®dz
wWoz(21, 22) = Z ( (211)— 2(2)2 2 :

a=1
Projection map

We can also generalize the construction of the averaging, specialization and

projection maps for each G,.

Definition 4.5.10. Let z = (z)!_,. For a € {1,...,c} and i € {1,...,r.},
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we define the averaging map

i) ®Vzl — ®V(a
i r—1
(®€al> (H(Sal, > € <21' Z w(@@”lzl,...,ﬁg“zio ,

=1 mi,...,m;=0
my#Emy

and the specialization map

O'i(ﬁ) : ® — C[t™,1]
. t,...,t
e @ w(z) — w(,—,)z :
(d€a,ra (1))
We define the projection map

P;ﬁ) = ai‘t) ol ® V., — Clt7 ", t™],
I=1
which maps elements of ®li:1 V., to Laurent series that are invariant under

the group action G,.

As before, we observe that this projection map is well defined on wp (21, 22).

It is also invariant under permutations of z1, ..., z;.

Relation with global spectral curves

The topological recursion of Chekhov-Eynard-Orantin [EO07], and the Bouchard-
Eynard topological recursion [BE13, BE17, BHL"14], were not presented in
terms of local spectral curves. Let us now briefly show that the notion of spec-
tral curves used in these papers — which we here call “global” — is a special

case of the local spectral curves defined above.
Definition 4.5.11. A global spectral curve is a quadruple (C,z,y, B), where
e C is a Riemann surface;

e 1 is a meromorphic function on C. We denote by R C C the set of
ramification points of x that are zeros of dx. For any p, € R, we let r,

be its order. We assume R is finite;
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e y is a meromorphic function on C.;

e B is a meromorphic symmetric bidifferential on C x C, whose only sin-

gularity is a double pole on the diagonal with biresidue 1.

Definition 4.5.12. We say that a global spectral curve is admissible if for
each p, € R, either y has a pole of order r, — s, with s, € {1,...,r,—1} and
ro = =1 mod s, (in which case we say that the curve is irregular at p,)®, or

Y(pe) is finite and dy(p,) # 0 (in which case we say that the curve is regular
at Pa)-

To recover the structure of a local spectral curve, we first need to construct
the symplectic space V. Here, we consider the space of meromorphic residueless
one-forms on C with poles only on R, which takes the structure of V in (4.88)
after expanding in local coordinates near the critical points.

More precisely, we replace C by the union of small disks U, around the
Pa € R. On each U,, we define a local coordinate { such that

(T

Ta

x|y, (€) +2(pa) -

Then we can think of one-forms on C with poles on R as the sum of their
formal Laurent expansions on the U, in terms of the local coordinates (, and
V then exhibits the structure in (4.88) with z — (.

The choice of one-form wp; € V is naturally given by wy; = ydz, after
expanding locally on the U, in terms of (. The admissibility condition matches
with the analogous condition in the definition of local spectral curves.

The group actions G, X V — V indexed by a € {1,...,c} with G, =
Z/roZ, are naturally given by the deck transformations ¢ + 6, in the local
coordinates on each U,.

Finally, the choice of polarization is given by the choice of bidifferential B.
Indeed, if we define, for a € {1,...,¢} and I > 0, the one-forms d¢, _;(z) on

SNote that it implies that s, is coprime with r,, which is the condition for the plane
curve

{@9eC? | 3geC (x(9),y(q) = (7.0)}
to be irreducible locally at ¢ = pq.
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C by

déa,—1(2") = Res.—p, (/p: B(, z’)) g(i—;li)w

we see that this has the same form as (4.93) after expanding B(-, 2’) in local

coordinates such that the expansion near 2’ — pg gives the coefficient of es.

Example 4.5.13. Perhaps the simplest regular spectral curve is the so-called

r-Airy curve, which corresponds to the choice

z" dz; ® dzsy
3 T r ) Yy Z, ('21;22) (Zl . 22)2

We observe that the corresponding local spectral curve has standard polariza-

tion.

Example 4.5.14. There is a natural family of irregular spectral curves, which
we will call the (r,s) spectral curves. They are indexed by an integer s €

{1,...,r — 1} such that r = +1 mod s,

4 1 le & d2'2
) x ) Yy ) (Zl, ZQ) (21 . 22)2

We call the extreme case s = 1 the r-Bessel curve. The corresponding local

spectral curves again have standard polarization.

Example 4.5.15. In fact, the more general spectral curve given by

z" ZOO _ dz; ® dzy
C — C7 = — 5 = l=r y B y = — y
T ! 1>0 " 1o2) (21 = 22)?

with the condition that the first non-zero term (apart maybe from 7,.) in the

expansion of y is 74 with s € {1,...,7 4+ 1} such that » = +£1 mod s, cor-

responds to the general local spectral curve with one component in standard

polarization. The most general local spectral curve with one component in

arbitrary polarization is associated with the bidifferential of the form
B(z1,22) = dz1 @ sz Z Gim A7z @ d, .

Zl - 22 [,m>0

Global spectral curves are particular examples of local spectral curves.

However, local spectral curves are slightly more general. Since modules for
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W algebras naturally give rise to the more general structure of local spectral
curves, in the following we will reformulate the Bouchard-Eynard topological
recursion and higher abstract loop equations in the language of local spectral

curves.

4.5.2 Bouchard-Eynard topological recursion and higher
abstract loop equations

Let us now review the construction of the Bouchard-Eynard topological re-
cursion” of [BE13, BE17, BHL" 14] and its relation with the higher analog of
the abstract loop equations of [BS17]. We will reformulate everything now
in the slightly more general language of local spectral curves. It should be
clear to the reader that the global formulation of [BE13, BE17, BHL"14] is a

particular case of the local formulation given below.

Notation and definitions

Consider an admissible local spectral curve with ¢ components, as in Definition
4.5.7, with symplectic space V, = C°® V,. The aim of topological recursion is

to construct a sequence of “multilinear differentials”

wg,n€®vz_j g>0andn >1 such that 29 —2+n >0,
j=1

which are invariant under the natural action of the permutation group &,,. In
terms of the choice of polarization basis d§, —;(z) indexed by o € {1,...,c}

and [ > 0 for V~(z), the wy,, have an expansion of the form

won(z) = > Y Fa U200 Qb (zm),  (4.94)
m=1

at,..,0p=111,...,01,>0

with z = (21,...,2,). The F,,, [ 97 " 7"] are scalar coefficients, which are
symmetric under the action of the permutation group &,,. In general they
encode interesting enumerative invariants, see Section 4.6.

To define topological recursion we also need to define wp; and wgyo. We let

wo,1 be the one-form wy; € VI given in the data of a local spectral curve, that

"In these references it was called “generalized topological recursion”.
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is,

wor(z) = Y Y 7 déau(2) . (4.95)

a=1 [>0
We will also need to define formal Laurent series y,(z) as follows

E alra

>0

so that we have the expansion when z — p,

(,L)Ol Zya dgara )

As for wp o, we take it to be the bidifferential that encapsulates the choice of

polarization

woa(z1,22) = ) € ®d21) 8 (e ® dzy) + Z > ormdia(z1)ds m(z2) -

_ 2
(Zl 22) a,f=11,m>0

a=1

(4.96)

To define the Bouchard-Eynard topological recursion, we use the notation

in Section 4.2.2, which we recall here. Let A be a set of cardinality 7, and B

a set of cardinality n — 1. The notation L = A means that L is a set partition

of A, i.e. a set of |L| non-empty subsets of A which are pairwise disjoint

and whose union is A. We denote generically by L the elements (sets) of the

partition L. A partition of B indexed by L is a map M : L — B(B) such

that (Mp)per are possibly empty, pairwise disjoint subsets of B whose union
is B. We summarize this notion with the notation M F, B.

Just as in Lemma 4.2.14, we define the objects
Definition 4.5.16. Let A and B be finite sets of coordinates with cardinality
1 and n — 1 respectively. Then we define

wAB) = Y > <®th,L+uL|(L,ML)) :

LA h:L—N uFLB N LeL
i+> per hr=g+|L|

In the tensor product here and below it is assumed that the corresponding
tensor factors are put in the place respecting the natural order in (C¢)! ®

(C)®(=1) associated with A and B coordinates. We also define

ROL(AB) = > Z <®thvL|+HL|(L7uL))7

LA h:L—N pFLB N LeL
i+ per hr=g+/L|
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where the prime over the summation symbol means that terms that include

wp,1 are excluded from the sum. Finally, for future use, we define

RO(AB) = Z Z (@th,L|+uL|(L,ML))7

L-A —N pFLB N LEL
l+ZLeLhL g+L|

where the double prime over the summation symbol means that terms with
hy = 0, |ur] = 0 and |L] < 2 are excluded from the sum. In other words,
wp,1 does not appear in the sum, and wy 2 only appears when one of the entry

comes from A and the other one from B.

We first give two useful combinatorial lemmas relating these three objects.
First, we want to relate 5;2(A|B) and Rg%(A\B) by extracting the wy; con-

tributions.

Lemma 4.5.17. [BE13, Lemma 3.18] For all g,i >0 andn > 1

EV(AIB) = ZZ(@WM’YZ) S (AN A]B).

j=0 vCA =1
Iv[=3

Let us now relate R n(A|B) and Rgn(A|B) by extracting contributions
from wp 2 with both entries coming from A. We get by straightforward combi-

natorics

Lemma 4.5.18.

ROMAB) =S S | Y QRuiall) |RY,(A\4]B),

0,j>0 ~CA L  LeL
l+25= z\'y\ 2j \VLEL |L|=2

Bouchard-Eynard topological recursion

We can now state the Bouchard-Eynard topological recursion formula, which

recursively constructs the correlators wy,, [BE13, BE17, BHL" 14].
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Definition 4.5.19. Let z = (22,..., %,). The correlators w,, are recursively

defined by the Bouchard-Eynard topological recursion

Wyn(21,2 ZRest 0 (/ 'Wo,2)(-,z1)) T‘*Zl (_1!)1'-&-1

=1

ra—1 i 1 e RUEED (¢ gy, . omit|z)
" (H OO yaw;mt») (@ () |

mi,...,m;=1
my#Emy

(4.97)

where the scalar product with ejy (1)

R(H—l

only acts on the first (i+1)-tensor factors

Remark 4.5.20. Note that z; plays a special role in the higher topological re-
cursion formula. It is a priori not obvious that the correlators w, ,, constructed
by (4.97) are fully symmetric. Symmetry was argued in [BE13] indirectly, only
for spectral curves that arise as limits of families of curves with simple ramifica-
tion points. It is however not clear to us which spectral curves precisely satisfy
this condition. A proof of symmetry directly from the Bouchard-Eynard re-
cursion formula is at the moment not known. As we will see, our identification
of this recursive formula with higher quantum Airy structures in fact implies
symmetry of the correlators for all admissible spectral curves (Definitions 4.5.7

and 4.5.8) as a corollary.

Higher abstract loop equations

Instead of extracting the higher quantum Airy structures corresponding to the
Bouchard-Eynard topological recursion directly from the recursion formula, in
this section we will rather take as starting point the higher abstract loop
equations. As we will see, the loop equations give rise directly to the W(gl,)
quantum Airy structures constructed in Section 4.4.

Let us consider as usual a local spectral curve with ¢ components.

Definition 4.5.21. Let z = (21,..., 2,) and w = (w1, ..., w;). We call higher
abstract loop equations the statement that, forall g > 0,n > 1,29—24n > 0,
ae{l,....,c}andie{l,...,7},

P (£9) (w]z)) € 7% Clte] @V, ® ... 0 V]

P - (4.98)
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where .

AT L%;DJ
The key information here is that it is a formal series in t"» with either no
negative terms if the spectral curve is regular at o (0!, = 0), or starting at
7% if the spectral curve is irregular at «. It is also necessarily G,-invariant

by construction, which is the reason why it is a series in ¢".

While the higher abstract loop equations do not appear to be recursive
a priori, one can show that if a solution that respects the polarization (that
is, such that w,, € V, ®...® V_ for all 2g — 2 +n > 0) exists, then it
is uniquely constructed by the Bouchard-Eynard topological recursion of the
previous subsection. The proof of this statement follows arguments similar
to those presented in [BS17] for r = 2, and in [BKLS16, BE17] for general
r. For completeness, we provide a proof in Appendix B.3 (Proposition B.3.1).
Existence of a solution is however not obvious, but it will follow for admissible
spectral curves as a corollary of the results of this section.

Our goal for the rest of this section is to show that solving higher abstract
loop equations is equivalent to calculating the partition function of a higher
quantum Airy structure, more precisely of the form of the W(gl,) Airy struc-
tures constructed in the previous section. To do so, we will recast the loop
equations in the form of the recursive structure in Section 4.2.2, and construct
the corresponding differential operators. We then show that those are the

same as the ones obtained from the W(gl,) modules of the previous section.

Remark 4.5.22. We could have started with the Bouchard-Eynard topologi-
cal recursion of Definition 4.5.19 instead of the higher abstract loop equations,
and recast them as being obtained by the action of a sequence of differential
operators acting on a partition function Z. This would have been more in
line with what was done in [ABCO17, KS18]. However, to show that the dif-
ferential system thus obtained is a higher quantum Airy structure, one would
then need to show that the left ideal generated by the differential operators
is a graded Lie subalgebra. This appears to be very difficult to prove in gen-

eral. By starting with the higher abstract loop equations, we circumvent this
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obstacle, since we can identify the differential operators that we obtain with
the W(gl,) modules constructed in the previous section, and use the ideals

constructed in Section 4.3.3 to prove the subalgebra property.

4.5.3 Local spectral curves with one component

Let us now focus on local spectral curves with one component for clarity.
We will start with the higher abstract loop equations and reconstruct the
constraints it gives on the coefficients of w,, in the form of a higher quantum
Airy structure. We will then identify them with the W(gl,) higher quantum
Airy structure of Proposition 4.4.13.

Reconstructing the higher quantum Airy structure

Proposition 4.5.23. For any local spectral curve with one component, the

higher abstract loop equations for wy, € Sym"(V,") with 29 —2+mn > 0 are

z

equivalent to a system of differential equations
Vie{l,...,r}, Vk >0+, H, - Z =0,

with 08 =i — 1 — L@J , for the partition function

o1
Z = exp Z - Z Fynblay, -+ ap, |,

g>0, n>1 " be(Zso)”
2g—24n>0

constructed from the coefficients of the expansion in (4.94). The differential

operators read

. R ,
Ho=> > g—f > DPkla): gy T,

T, e
where
1 i—2j
©) _ ©) o
Di [k|a] - (Z—E—Qj)‘ Z ( H FO,l[al]> cv [k|aaa€+1a'--7az—2j}€4'99)
ae+17...,ai,2j€Z¢0 I=0+1
) (€ +2))! e j
CYVkla] = ﬂTft{:e()S A& (o41) (1) Pw)e ( @ dé_, (w;) @ Wo,2 (Wetar—1, wﬁ+2€4)-) 0)
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Proof. For local spectral curves with one component, the higher abstract loop

equation is the statement that
g( —rd? r - —
Py (En(wlz)) e P Clt @V, ®.. @V, ,
forie{l,...,r}and 0 =i—1— L@J This is equivalent to requiring that

[Rest:() dfr(kJrl)(t) PW\t (gg(f%(“’|z))}b =0,

for all k > 9, b = (by,...,b,) € (Z=o)" and 2g — 2+ n > 0. Here we
introduced the notation [- - - |, which extracts the coefficient of the basis vector
Rjpdéy, (1) in @,V

Let us first evaluate

[Resi—o d&guin) (1) (Pure (RU)(W12)) )]
with ﬁél%(w|z) defined in Definition 4.5.16.

Lemma 4.5.24.

1 —(i
[Resi—o A& i) (8) P (R(wWI2) )| = D7 COkla 26, alb).

ac(Zxo)!

where Eg)n[a|b] was defined in (4.16). Here, we introduced the coefficients

O[k|a] = il Res;_q (dgr(kﬂ) (£) s ( R de, (wl)>> ,
=1

with a = (ay,...,a;).

Proof. Recall from Definition 4.5.16 that

TIEED SR SRD SR (- ERIA 1
L-A h:L—N pkLB N LeL
Z+ZL€L hr=g+|L|
where the double prime over the summation symbol means that terms with
hy =0, |pur| =0 and |L| < 2 are excluded from the sum. For 2g — 2+ n > 0,

we have an expansion

won(z)= Y F ®d§ w(21)

ac (Z>0)
= ) F ®d€ (1)
ac(Zxo)™
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where in the second line we extended the summation to all non-zero integers
by setting the coefficients to be zero whenever one of the a;s is negative.

For wy 2, since we are not including contribution where both entries come
from A, after projection with Py, we know one of the entry of wpo must be
found among the w;s, and thus project to z, while the second must be found

in the zs. Thus we can use the following expansion for wy o,

WOyg(wl, 22 Z a d&a w1 X df (ZQ)

|w1|<\22|
and a similar one when the role of 1 and 2 is exchanged. In both situations
we can do the replacement
wo2(wy, 22) +— Z Fopla] d§ o, (21) ® A€, (22)
a€(Zxo)?
where we introduced the coefficients Fyala1, as] = |a1|da,4a5,0- With this no-

tation, and recalling (4.16), we can write

RO w2 = 3 E0)alb] Qe (1) R i, (o).
=1 m=2

ac(Zxo)’
be (Zso)" ™!

It thus follows that

[Rest:o A& k1) (1) P (ﬁ(i)”(wb))]b

= > Elalb]Resis (dmﬂ) w|t(®d§ . wl)>,

a€(Zxo)"

and the lemma is proven. O]

Let us now re-introduce contributions from wy 2 with the two entries coming

from w.

Lemma 4.5.25.

[Resi—o A& (1) (1) P (RY), (wl2))] Z > CD[kla) =, [alb],
Priad & ez
25=1

with the coefficients defined as

4 J
CY[k|a] = M Resi—o (dfr(kﬂ)(t) Pw\t<®d§—al (wy) ®wo,2(we+2m—1, we+2m)>> -
=1 m=1

j127
(4.101)
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Proof. Recall from Lemma 4.5.18 that

ROAD =Y (Y @wall)) e R, (4\15).

0j>0 ~CA Ly  LeL
{+2j= Z|"/| 2j VLeL |L|=2

Thus

Puy (RO, (wl2) = 3 Puy Z( > ®WO,2<L>)®7€;?j,n<ww|z>

£,7>0 YCw L~y LeL
(+2j=i lv[=2j VLeL |L|=2

Since Py, is invariant under permutations of the wys, the order of the w;s in
this expression does not matter. So all terms that only differ by permutations
of the w;s will give the same result after acting with the projection operator.
So we can order the w;s once and for all. We simply need to count the number
of terms for a given j. We first need to pick a subsequence v of w of length

2j: there are W ways to do so. Then, we need to pick a set partition L

2j)
of v with parts that all have cardinality two. The number of ways of doing so

s(2j—1)-(2j=3)--- 1= (;fj): . Thus we end up with

J
P (RY) (w]z)) Z e ,2] Pt <R§)]n(w1,...,wg]z) ®®wo,2(we+2z'1>wz+2w)) :

£,j>0 =1
04+25=1

As before, we can write

R (w, . wlz) = Y B a|b® () Q) dé s, (2m)
m=2

aE(Z?gO) =1
be(Zyo)™ !
Therefore,
; 7! —(i
[Rest:O dfr(k-H) (t) (Pw|t (Ré, (W| )))]b - Z 015197 f] ]Tl[a’b]
0520 7T ag(Zg)t
0+25=i
J
x Res;—g (dgr k+1) w|t <® dé- a; wl ) & ®W0,2(w£+2l’17w€+2l’)> )
=1

and the lemma is proven. O
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Finally we need to re-introduce the contributions from wy ;. Recall that we

can write

woi(2) =Y Td&e(z) = Y Fplaldé_y(z), (4.102)

a>0 a€Z4o
where we defined the coefficients to be Fy;[a] = 0 and Fy1[—a] = 7, for all
a > 0. Then

Lemma 4.5.26.

Resv-adéyain(®) (P (E5w12))], =32 S0 5 S0 DY klal =, falbl,

where we defined the coefficients

i—2j

. 1 .
DY [k|a] := YR > < 11 FO,I[GIQ CYkla, agyq,. . ., ai_g)].

Apyqyeeey ai_ngZ#) I=0+1
(4.103)

Proof. Recall from Lemma 4.5.17 that

52 (A|B) = Z Z (me %) m)(A\7|B)-

m=0 vCA
[v]=m

Note that for 2g — 2 4+ n > 0, the term with m = ¢ does not contribute, so we

can terminate the sum over m at ¢ — 1. Thus

Pyt (E0(w(2)) = E_j Pay | Y (® Wo,l(%)) ®RIT™ (w \ v]z)

yCw
[v[=m

As before, we use the argument that the projection operator is invariant under

permutations of the w;s to re-order the entries in the argument. Thus all terms

contribute the same. The number of terms is the number of ways to choose m

elements in w, which is given by '(1—m So we get
i—1 il %
() _ : (i—m) .
Py (59 (wlz)) = mz:() AT Pui <Rg,n (W, Wi |Z) @ l:@HwO,l(wl)) :
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Using Lemma 4.5.25 we know that

Pt (R(’;m)(wl, e Wiy |Z) ® wo,l(wl)>

g
l=i—m+1

1—m)! ~(¢ J !
= Z (gl ,2J> Pw\t (Ré)jm(wlw'-awé‘z)®W0,2(w€+2l’—law£+21’) ® W0,1(wl)> .

£,j>0 =1 I=i—m+1
42j=i—m

We now have as usual

wilz) =Y jnlalb] ® o (wr) @) dé, (2m) -

~

Rg)j (wl,..., Z) =
ac(Zo)* =1
b€ (Zoso)"
Therefore,
i—1 '
i : (¢
[Restzo dfr(kz+1)(t) Pyt (5 Z Z m Z :(g_)j’n[a\b]
m=0 £,j>0 ac(Zxo)t
0+2j=i—m
+m i
x Res;—o (dfr k1) (1) Pt (® dé_q, (wy) ® wo,1 (wypr ®wo,2(wz+m+2y1,wz+m+2l')>) -
1'=t+1 =1
Expanding wp; as in (4.102) we can write
¢ L+m J
Resi—o (dfr(k:m () Pt ( @ ¢, (wr) Q) wor(wir) Q) wor(Wesm a1, we+m+21')>>
1=1 1=t+1 r=1
l+m

l+m
= ) ( I Foul az”]) Res;— (dfr k) ( w\t(®d€ o (Wi ®w02 W20/~ 1,W+m+2z’)>
=1 =1

APt150eey Ap4+m \l""=0+1
€420

_ Foslap] | —2—2— cO ]
Z H Olal €+m+2j)' [ ’a7a€+17 y Qg4 ]

g 1seeGpbm \J'=0+1

GZ?&O

with a € (Zy)® by definition of CV) in (4.101). After introducing a new

index m’ = i — m to rewrite the sum over m € {0,...,i — 1} as a sum over

m’ € {1,...,i}, we obtain
Resico 06 (1) ot (EE2WI2)], = 3 2. G
m'=1 £;5>0
2425=m/

i—2j
X Z Hée j, n[a|b} Z ( H FO,l[al”]) C’(J)[k:|a, Api1y-- - ,ai_gj] .

a€(Zyo)* Apt1yees@i—2j€L2z0 \I"=C+1
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)

We recognize the coefficients ng introduced in (4.103) and the lemma is

provemn. [l

We can now finish the proof of Theorem 4.5.23. From Lemmas 4.5.24,
4.5.25 and 4.5.26, we find that the higher abstract loop equations for local

spectral curves with one component hold if and only if

S Y LY DOkalE, ] =0,

m=1 £j>0 " ac(Zo)
04+25=m #0)

fori e {1,...,r}, k > 0" and b € (Zo)". Just as in Lemma 4.2.13 this is

equivalent to the claimed system of differential equations. n

Identification with the W(gl,) quantum Airy structure

We now relate the differential operators appearing in Proposition 4.5.23 with

the W(gl,) quantum Airy structure of Proposition 4.4.13.

Theorem 4.5.27. Under the conditions of Propositions 4.5.23, we have for
any i € {1,...,r} and k > 0"+ 6;, the identification

W= —rdTWIT & .
Here, W} are defined in (4.59) and we use the dilaton shift and change of
polarization defined in terms of the coefficients of expansion (4.95)-(4.96) of

Wo,1 and Wo,2

a>0 1,m>0
In particular, for admissible spectral curves, where 1 < s < r + 1 and
r = +1 mod s, the Hi form a W(gl.) higher quantum Airy structure as
in Proposition 4.4.13. The coefficients F,,, of the partition function of this
W(gl,) higher quantum Airy structure in the basis (x;);=0 coincide with the
coefficients of the expansion (4.94) of the unique w,,, € (V,7)*" solution to the
higher abstract loop equations (4.98).

167



Proof. We first concentrate on the case of standard polarization, that is

le (02 dZQ

(21— 22)%

w0,2(21, Z) =
We are going to evaluate the coefficients C'¥)[k|a] and ng )[k:|a] and recognize
the coefficients of the higher quantum Airy structure of Proposition 4.4.12.
Recall in particular from Definition 4.4.3 the sums ¥ (ay, ..., a;) over r-th

roots of unity.

Lemma 4.5.28. For a local spectral curve with one component in standard

polarization,

(¢ + 2j)! o0

with a € (Z#O)Z.

Proof. Recall that

jl2i

, 0+ 2
CY[k|a] = L+ 2))! Res;—o (dfr k1) (1) Pt <® dé_q, (wy ®w02 Wegor—1, Wetorr)

I'=1

For a curve in standard polarization, this simplifies to

, 042
C(J)[k|m] MRest_ (tr(k—l—l ldth|t (le_al 1H

!
‘72 '=1

By definition of the projection operator and using Definition 4.4.3 for U0), we

can write
!
CUkla] = % U0 (a) Resi—o (trkw—l—zf:laz—r(uzj) dt)
VE
(C+25)! =)
—j! 97 U (a) 6r(£+2j—k:—1)+2f:1al,0'

We can then calculate the coefficients Dl(j)[lﬂa].

Lemma 4.5.29. For a local spectral curve with one component in standard
polarization,
7!

() _
DrMal = e

w£+2l’ 1 wé+2l’)2

i—2j
X Z ( H Fo,l[az]> ‘I’(J)(a7 Apity - - - Qi) 5r(z‘—k—1)+zf;ff a0

I=0+1
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with a = (CLl, e ,ag) S (Zio)z.

Proof. Recall that

i—2j

ij)[k|a] = m Z < H F071[Cll]> C(])[k|a, Agity-- - ,Clz;zj] .

Qg 1se50i—2€ZL20 \l=€+1
Thus, using the previous Lemma,

2!

D) pla] —
Dilkal = e

i—27
X Z ( H FOJ[al]) T (a, Api1s - - -5 Ai25)0, 1)1 3

Apt1yees@i—2j€ZL2z0 \l=L£+1

O

Combining Proposition 4.5.23 with the two previous lemmas, we find that

Z Z gl Z_g 2]) 10

m=1 £,;>0
0+2j=m

i—2j
X Z (H FO,I[GZ]> \I/(J)(a)(S( —k— 1)+Z ml/O oyt Jag

a€(Zy)i=2 \l=l+1

This can be simplified by writing the sum in a more symmetric way. Instead
of extracting (@41, ..., a;—2j), we can sum over all ways of extracting i —2j — ¢
as out of the i — 25 ones. We then need to multiply by the factor % t

avoid overcounting. We get

D DD DTS ST 1 D Ol | (N0 R

m= 126,2]>0 aE(Zﬂ,)i—Qﬂ' cCa U'=1
T2y=m Z; fj my=r(k—i+1) |e|=i—m

where in the cases that ¢ = 2j the condition ), @; = r(k —1i+1) is understood
as the delta condition 0y ;.

Let us now compare to the dilaton-shifted W}s. Recall that conjugation
by T is equivalent to the shift J_, — J_, + Fo1[—al. It results in that the
coefficient of : J,, -++ J,, : in Hj should be the sum of all possible ways of
starting with a term of the form : J,, - -+ J,, : with ¢/ > £ in W}, and replacing
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the extra J,s by Fpila]. This is exactly what the formula for Hj does, up to
a global prefactor —r.

We now turn to the general polarization, i.e. we have a basis for V-

dei() = S+ 30 B2 dgu(2),

m>0

for some symmetric coeflicients ¢ ,,, and a formal bidifferential

le &® dZQ

(21 — 22)?

+ Y Gmd&(z1) ® dé(22)

I[,m>0

wo,2 (217 22)

Looking at the definition of D [k|a] (4.99) and following the same ar-
gument as for the case of standard polarization, it is clear that the rela-
tion between the D )k|a] and the CW[k|a] is given by the dilaton shift
J_o = J_o+ Fy1[—a]. Thus all we need to check here is the effect of the

change of polarization. Recall the conjugation by & amounts to the shift

¢a,l Jl

Va>0,  Joa—>Ja+ Y

>0

(4.104)

Suppose that we start with the W} and do a polarization conjugation.
Let us denote the coefficients of W} by c [k|a]. Every factor of J_, with
a > 0 gets shifted as above. If we turn this around, this means that if we are
calculating the coefficient of a term in the conjugated operator @W,ﬁ@il that
has a factor of .J,, with m > 0, say CW[k|...,m,...], then this coefficient will

get a contribution of the form

] ¢l,m j
CPWloymy T+ > Ot
1>0
Now, since CW[k|...,m,...] comes with a factor of d¢_,,(w) in the residue

definition, we see that this change of coefficients is implemented by doing a

change of basis

06 () 1 Ao (u) + 37 22 )

>0

which is precisely what a change of polarization does. More precisely, if we

start with the standard polarization, for which d¢_,,(w) = w™™ 'dw, then
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this shift implements the basis definition for a general polarization
A (w) = wNdw + 37 2 dgy(w)
m
1>0
in the definition of the coefficients (4.100). However, one needs to be careful.
After shifting as in (4.104), the Js may not be normal ordered anymore. Nor-
mal ordering thus will produce extra contributions. This will happen whenever
we are shifting the first factor in expressions of the form J_,J ,. After the

shift, this becomes

¢

Joadoy — ooy +

>0

a,l
= JiJ_
I l by

which is not normal ordered anymore. Normal ordering produces an extra

contribution
Jad oy — Jad b+ ¢;’l /WA A
1>0
This means that the coefficient of, say, CW[k|...] with 7 > 1, will
get an extra contribution of the form ¢,,CVV[k|... —b,—a]. But since
CU=V[k|..., b, —a] comes with a factor of d&,(w;) ® d&,(ws) in the residue

definition, these extra contributions are precisely accounted for by replacing

the bidifferential % in standard polarization by the new bidifferential

% + Z ¢l7mdfl(z1) X dgm(ZQ)

I,m>0

wo,z(zl, 22) =

in the definition of the coefficients (4.100). We conclude that the definition
of the coefficients (4.100) precisely implements a change of polarization from
standard polarization to arbitrary polarization, hence the resulting operators
are the result of conjugation by P. Combining with conjugation by T (note
that 7 and @ commute), we obtain the statement of the theorem in full gen-

erality. [

4.5.4 Local spectral curves with several components

We now give the general result for local spectral curves with ¢ components.

Let R = {1,...,c}, and define W/ to be copies indexed by a € R of the
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differential operators (4.59) representing the modes of the generators of the

W(gl,_) algebra, involving variables (2a,q)a>0-

Theorem 4.5.30. For any spectral curve with ¢ components as defined in
Definition 4.5.7, the higher abstract loop equations for wy, € Sym™(V; ) with

z

2g — 2+ n > 0 1s equivalent to a system of differential equations
VaeR, ief{l,....,ra}, Yk>0,+6,1, H,,-Z=0,

where 0, =i — 1 — L%J , for the partition function

-1
Z = exp Z h:;' Z Z F,n[%]xahbl"'xan,bn )

9>0, n>1 " a€R™be(Zso)"
2g—2+n>0

constructed from the coefficients of the expansion in (4.94). The differential
operators read

- PSP [ |

’;,k = —Ta ¢TW;,ICT @ 5
where the dilaton shift and change of polarization are given by

P o= exp (%ZZF“TMJ>

a=1 a>0
. 1 & o0
d = e - - a J, m :
*p th Z Im ~olh
a,f=11,m>0
In particular, for admissible spectral curves, where 1 < s, < ro + 1 and
ro = £1 mod s,, these H;k form a higher quantum Airy structure, isomorphic

to those for the @, W(gl,,) algebra.

Proof. First, we consider the case of standard polarization, that is

[

wo2 (21, 22) = Z (€ ® d(jl)i@S;)O; ® dz) : (4.105)

a=1

Since the d€,(2) € VI for all | € Z1, we can really think of a local spectral

curve with ¢ components in standard polarization as ¢ spectral curves with
one component. The result then follows directly from Theorem 4.5.27.

For general polarization, the proof follows the exact same lines as for spec-

tral curves with one component, except that we have to keep track of multi-

indices. We therefore omit it. O
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Remark 4.5.31. It is straightforward to reformulate Theorem 4.5.30 as a
Givental-like decomposition formula for the partition function Z. This is pre-

sented in the statement of Theorem 7 in the introduction.

One direct consequence of the identification between higher abstract loop
equations and higher quantum Airy structures is the symmetry of the mero-
morphic differentials constructed by the Bouchard-Eynard topological recur-

sion.

Theorem 4.5.32. For arbitrary admissible local spectral curves, as defined in
Definitions 4.5.7 and 4.5.8, the Bouchard-Eynard topological recursion from

Definition 4.5.19 produces symmetric differentials wy .

Proof. This follows directly from Appendix B.3. There, we show that if a po-
larized solution to the higher abstract loop equations exists, then it is uniquely
constructed by the Bouchard-Eynard topological recursion. Thus a polarized
solution exists if and only if the Bouchard-Eynard topological recursion pro-
duces symmetric differentials. But Theorem 4.5.30 implies that a polarized
solution to the higher abstract loop equations does indeed exist for arbitrary
admissible local spectral curves, and hence the Bouchard-Eynard must pro-

duce symmetric wg . O]

Remark 4.5.33. It should be emphasized here that the admissibility condi-
tion on s, and r, (see Definition 4.5.8) is crucial. In fact, unexpectedly, when
this condition is not satisfied, the Bouchard-Eynard topological recursion does
not produce symmetric differentials. This is proven in Proposition B.2.2. In-
deed, for choices of s, and 7, that are coprime but such that r, # +1 mod s,,
our identification between the structure of the higher abstract loop equations
and the differential equations produced by the fok is still valid. The question
is whether there exists a solution to the differential constraints #;,, - Z = 0,
or, equivalently, a polarized solution to the higher abstract loop equations.
It turns out that the answer is no. It is argued in Proposition B.2.2 that
there cannot be a symmetric solution to the differential constraints. Corre-

spondingly, this means that the Bouchard-Eynard topological recursion cannot

173



produce symmetric differentials in these cases®, otherwise it would construct
a polarized solution to the higher abstract loop equations. In the context of
higher quantum Airy structures, this implies that for those choices of s, and

ro the left ideal generated by the H;k is not a graded Lie subalgebra.

8This can also be checked symbolically on Mathematica for various examples of spectral
curves with ged(r, s) = 1 that do not meet the admissibility requirement, the simplest ones
being
(r,s) =(7,5),(8,5),(9,7),(10,7),(11,7), (11, 8), etc.
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4.6 )V constraints and enumerative geometry

In this section, we review the currently known relations between W constraints
and enumerative geometry. We view their possible extension to new cases as a
motivation to study higher quantum Airy structures, and formulate new ques-
tions raised by our work. The leitmotiv is that for each instance of generating

series appearing in one of the following situations

i) intersection numbers of interesting classes on M, ,,
) intersecti bers of interesting cl M,
(77) tau functions of integrable hierarchies,
174) matrix integrals,
g
(7v) higher quantum Airy structures and their partition functions,

(v) differential constraints and partition function obtained from periods on

a spectral curve,

one can ask for an equivalent description in the four other contexts.

4.6.1 r-spin intersection numbers

The Witten r-spin partition function is one of the only example completely
understood from the five points of view. Its construction was sketched by
Witten in [Wit93], where he proposed several conjectures which have been

resolved since then.

(i) - Enumerative geometry

Let r, g, n be nonnegative integers such that »r > 2, n > 1 and 29 —2+n > 0.
Let i1,...,4, € Z such that 29 —2 — 3" (i — 1) € rZ. An r-spin structure
on a smooth curve C with punctures py,...,p, is the data of a line bundle L
and an isomorphism
L¥" o~ K( = - 1)Pl> ,
=1
where K is the cotangent line bundle. Jarvis [Jar00] constructed the com-

pactified moduli stack of (isomorphism classes of ) r-spin structures ﬂg,n(r; i).
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Polishchuk and Vaintrob [Pol04, PV01], and later Chiodo [Chi06] by a differ-
ent method, constructed a Chow cohomology class €, ,,(r, 1) of pure dimension
in M,,(r;i) which has the basic properties expected by [Wit93] and called it
the Witten r-spin class.

One can then introduce the r-spin partition function

erpin - P Z n! Z (/Mg,n(r;i) ng”(r; 1) E Q)lel) J;Jl: tkll

29—2+n>0 T1<iy e in <1
Kt yenskin >0
(4.106)
on the formal variables ¢ indexed by k¥ > 0 and ¢ € {1,...,r}. In fact,
Qyn(r;1) is zero when one of the 4; is equal to 7, so one could restrict to
ie{l,....,r—1}
In particular for » = 2, we only have to consider the value ¢ = 1 and

we obtain the usual intersection numbers of i-classes on the moduli space of

curves

Z%pm:eXp{ > ﬁi"l Z> (/ ﬁw)i{tkl} . (4.107)

29-24n>0  kiyeikn> Mg =1

(ii) - Integrability
Zyspin 1s a tau function of the r-KdV (also called r-Gelfand-Dickey) hierarchy
with respect to the times

(=1)*
W Do (m+54)

For r = 2, this is a famous theorem of Kontsevich [Kon92a]. For general r,

Loy = (4.108)

it was established via a less direct path. Adler and van Moerbeke proved in
[AvMO92] the existence of a unique tau function Z.,, of the r-KdV hierarchy
solving the string equation (it is unique up to a constant prefactor, which
can be set equal to 1 and will not be mentioned anymore). Givental showed
in [Giv03] that the total descendant potential of the A, _;-singularity has the
same property, and therefore coincides with Z,,,. Later, Faber, Shadrin and

Zvonkine established in [FSZ10] that Z,.sm is equal to the total descendant
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potential of the A,_;-singularity, as application of their proof that the Given-
tal group preserves the notion of cohomological field theories in all genera.

Therefore Z,spin = Zrtau-

(iii) - Formal matrix integrals

In [AvM92] it is proved that Z,,, admits a matrix model representation as
follows. To be more precise, let H be the space of hermitian matrices of size

N, and Y € Hy. We first introduce the formal matrix integral

Jogtormar AM el P [=V (Y +M)+V (M)+Y V' (M)

7N _

rtau f;lormal dM e*h*l/QTrVQ(XM) ) (4109)

where

. . r—1
iy/r i\/r L
M)=——M"" Y, M)=—= > Y"MY""'""™M.
VO = ST = NS
It is possible to define the N — oo limit of (4.109) as a formal series in the
variables
h1/2
T = T TrY ™ k k > 0,

which takes the form

Zptan = €Xp < Z e Z F”au .,kn)ﬁxkl) )
=1

29—2+n>0 : k1,....kn>0

(iv) - W constraints

Another side result of [AvM92] says that Z,., satisfies W(gl,) constraints
determining it uniquely. As a matter of fact, these constraints coincide with
the differential operators of Theorem 4.4.9 with s = r+1, and Ztay = Z(rp41)

the partition function of this quantum r-Airy structure.
(v) - Periods

The W constraints for the total descendant potential of the A, ; singu-
larity were expressed in terms of period computations by Bakalov and Mi-
lanov [BMO08]. Milanov [Mill6] later established their equivalence with the

Bouchard-Eynard topological recursion on the r-Airy spectral curve y = —z,
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r = % In our context, the theorem of Milanov is equivalent to the identifi-
cation of the higher quantum Airy structure of Theorem 4.4.9 with s =r + 1
with the Bouchard-Eynard topological recursion as in Theorem 4.5.27, for the

2"

particular case of the r-Airy spectral curve y = —z, v = =

4.6.2 Brézin-Gross-Witten theory

Consider the formal matrix integral introduced in [BG80, GW80)]

]Wl_r}

Z(N) f;o;mal dM (det M)_N 6h71/2 Tely M M

PBOW T D12y /2mhi/2) (det Y )N/ R VT

(4.110)

where @)y is the Hessian of M — Tr ]\7/{_? at the point YY", seen as an

endomorphism in Hy. It is possible to define the large N limit of (4.110) as

a formal series Z,pgw in the times z;, = % Tr Y —*/" which takes the form

ZTBGW:eXp< > L > EROY( kl,...,kn)ﬁxkl> .
=1

2g—2+n>0 n! k1,....kn>0

The work of [MMS95] proves that Z,gaw is a tau function of the KdV hierarchy
with respect to the times zj, = + TrY —%/".

If we focus on Zopaw, [MMS95] proves that it satisfies Virasoro constraints
(see also [Alel6]). These constraints are equivalent to the statement that

(2k + D1d
WPV sy = 3 e g T 2Rt D da

g,n 2kl+2
E1yeokin >0 =1

is computed by the Chekhov-Eynard-Orantin topological recursion for the
Bessel spectral curve [ND16]

22 1 dzdz
x(z) =+ y(z) = ) wo2(21,22) = ﬁ
This is also equivalent [ABCO17] to saying that Zspaw is the partition function
of a quantum Airy structure. Here it corresponds to the W(sly) quantum Airy
structure associated with the dilaton shift ;1 — x; — 1, i.e. after reduction of
(4.64) to xa, = 0 for m > 0 (see Section 4.2.2). In the notation of Theorem 1

this means Zopaw = Z(2,1)-
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Norbury [Nor17] constructed a cohomology class ©,, € H* 42" (M, )
such that

FBOW (k) = / 0, [ vt (4.111)
Mg,n 1=1

His construction starts with the moduli space of spin structures /\_/1;2,)1 =
M, (2,(0,...,0)). One constructs a vector bundle E,, over M), whose
fiber at a smooth point is H!(L")" where V indicates the dual. In abstract
terms, one looks at the universal curve 7 : C — Méz% and the bundle of the
universal spin structure £ over C, and take £, = Rlﬂ*é';f - This is a bundle
of rank 2g — 2 4+ n and one can consider its Euler class and push it forward
through the forgetful map p : M;QBL — ﬂg,n. This is up to a normalization
the desired class
Ogn = (=2)" psag—2+n(Egn) ,

where ¢; is the i-th Chern class.

Therefore, we have a description of Zyggw from the five points of view. It
is natural to ask if the same understanding can be obtained for the partition
function of the W(sl,) quantum Airy structure associated with the dilaton shift
r1 — o1 — 1. By Theorems 4.5.23 and 4.5.27 we know that it is computed by

the Bouchard-Eynard topological recursion on the r-Bessel curve

2" 1 dzidz
QT(Z) = y(Z) = _F7 w0,2(21722> = ( =2

(21— )2

Thus we already have the link between (iv) and (v). Z,pgw is a natural
candidate for its matrix integral/tau function representation. It is indeed
known that Z,pgw satisfies a set of WW constraints. However they are not easy
to write down explicitly, and should be compared to (4.64) to complete the
identification. Di Yang and Chunhui Zhou informed us that they matched the

two, hence Z,paw = Z(,1). As for the link with enumerative geometry,

Question 4.6.1. Can one generalize Norbury’s construction and get a class
@E,’f% € H*(M,,) such that the generating series of its intersection with -

classes is Z,paw ?

We can ask the same question for the higher quantum Airy structured

based on the W(gl,)-module obtained by twisting by a Coxeter element and
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the dilaton shift v, — x4 — % for s € {2,...,r — 1} coprime with r and such
that » = £1 mod s. We know that its partition function is computed by the

topological recursion for the (r, s)-spectral curve

2" 1 dzdz
'T(Z) ) y(Z) = - ’ wO,Q(ZhZ?) - (#

21 — 29)? '
Question 4.6.2. Is there a matriz model description of the partition func-

tion for the (r,s)-spectral curve? Can one find a @gf;f) € H*(M,,) whose

intersection with 1-classes is encoded by the Fy,, (or wgy,)?

4.6.3 Open intersection theory

Open intersection theory studies the enumerative geometry of bordered Rie-
mann surfaces with marked points on the boundaries and in the interior, pos-
sibly carrying r-spin structures. Pandharipande, Solomon and Tessler first
proposed in [PST14] an appropriate construction of this moduli space and
associated numerical invariants in genus 0 for r = 2 (i.e. in absence of spin
structures). The definition to all genera for r = 2 was announced in [ST],
some details of which already appeared in [Tes15, Section 2]. The case r > 2
for genus 0 was settled by [BCT18] together with conjectures about the inte-
grability property of the (yet not constructed) partition function at all genera.
We refer to those articles for precise statements about the state of the art, and
will continue so to speak as if all the desired constructions had already been
established.

Let us focus on r = 2 to start with. One considers, for 2g —2+m+2n > 0,
the moduli space M, ,, ,, of bordered Riemann surfaces with m marked points
on the boundary, n marked points in the interior, such that the genus of the
double is g. This moduli space is a real orbifold of dimension 3g — 3 4+ m + 2n,
which admits a compactification /ngmm. There exists cotangent line bundles
L; at the interior punctures p; for which relative orientations and boundary

conditions can be constructed. Therefore they admit relative Euler classes and
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one can define a partition function for open intersection numbers as follows

k
e(@]Lll>) 1 B
=1 =1
(4.112)
where Zosed = Zospin 18 (4.107). It was conjectured in [PST14] that Zopen

plo-1)/2

Zopen = Zclosed " €XP { Z W Z (/

2g—2+m+2n>0 T ke k>0 N Mgnm

is a tau function of the open KdV hierarchy. Buryak and Tessler proved
this conjecture [BT17] based on a combinatorial model for the moduli space
of bordered Riemann surface developed in [Tes15], while [Burl5] showed the
equivalence between the open KdV equations with suitable initial data and a
set of open Virasoro constraints (previously conjectured by [PST14]). In fact,
Zopen is the specialization at s;} = 0 for k& > 0 of a partition function Zg5t,
depending on all variables (2, s2);~¢ and which is a tau function for a larger
integrable hierarchy [Burl6], later identified [Alel5] with the modified KdV
hierarchy. According to [ST], the variables s for k& > 2 have an enumerative
interpretation as insertions of boundary descendant classes, paralleling the fact
that 2 are coupled to insertions of .

Alexandrov studied the formal hermitian matrix integral, called the

Kontsevich-Penner matrix model

Y2M]

1/2 3
(det Y)e [, dM (det M)~ et /> =5+

[ aat o P

Zose (N)(Q) =

open,

o (4.113)

It is possible to define the N — oo limit of (4.113) as a formal series in
t, = % TrY " for k > 0 which has the form

h—1 n
Zt (g )—exp< > h > Ereet(g kl,...,kn)Htkl>.
=1

2h—24n>0 T k1, ,kn>0
heN/2

He proves in [Alel5] that for ¢ = 1 it is a tau function of the modified KdV
hierarchy [Dic99] which coincides with the open extended partition function

of Buryak with identification
8= 2k + Dtopgr, 58P = 25T (k4 1) toppa -

For general ¢ Alexandrov derives in [Alel7] a set of W(sl3) constraints anni-

hilating Z$5,(¢). Safnuk gave in [Saf16] an equivalent description in terms of
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periods on the spectral curve x = %, y = —z, which is an unusual modification
of the Bouchard-Eynard topological recursion [BE13] that involves half-integer

genera. Our work in fact reproduces Alexandrov’s constraints.

Proposition 4.6.3. Z5x. (q) is the partition function of the higher Airy struc-
ture of Proposition 4.4.16 with r = 3 and s = 3 considered as a function of

tog = sxh, — 3 and tog1 = xhy ., for k> 0 with the identification J} = h'/?q.

Proof. To make the comparison, we need to perform a reduction from W(gl;)
to W(sl3). In order to do this, we define a set of independent (commuting)

Heisenberg fields:

I =y + JE,

2 /(1
I = \@ (§J21k _ J,f) Vk € Z

The normalization factor 1/2 ensures that J™ and J~ commute, while the

factor \/g ensures that [J,, J | = kdj450. Here we will also use the notation
Jop 11 1= J21k;+1-

Now, we will rewrite the operators of (4.78) in the modes{J,", J;", J3, 1}, and
then formally set W} = J;f equal to 0 for & > 0. Then we get the following
operators:

1 h
H} = Jopp1— Z (JCL_Jb_ + §J2a—1<]2b+1> — §5k,1,

a+b=k—1

k
3 3 _ — - 2 Y ey b h
— §Hk = Jk+l — Z ng_HJC + Z J2a—1<]2b+1<]c - g‘]a Jb Jc +

b+c=k—1 a+b+c=k—2

With the identifications

30 k>0

ho, k>0
T = 1/2 § — frd t2k+1 -
2 h \/;1 k=0 Jun { (1—2k)t_op k<O
—\ Bt k<0

and N = ¢ we recognize H? = —2LY and H} = —4 MY in the notation
of [Alel7]. Our uniqueness result for the partition function (4.23) gives the

statement of the Proposition. O
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It is natural to speculate about higher r.

Question 4.6.4. Consider the partition function associated with the higher
quantum Airy structure based on W(gl,) with automorphism o = (1 --- r—1)

and dilaton shift x, — x, — % (see Proposition 4.4.16 with s =r).

o for q = 1, does it coincide with the tau function of the extended open

(r — 1)-KdV hierarchy constructed by Bertola and Yang [BY15]?

e for ¢ = 1, can it be expressed in terms of the generating function of
(extended) open (r — 1)-spin intersection theory as constructed (in genus

0) by [BCT18]?

e for arbitrary q, does it have a formal matriz integral representation gen-

eralizing (4.112)?

The two last questions can also be asked for the dilaton shifts z; — x5 — %

with s € {1,...,7 — 1} such that s|r. In particular, for s = 1 this should give

an open r-spin generalization of Norbury’s class.

4.6.4 Fan-Jarvis-Ruan theories

Let W € Clzy, ..., 7] be a quasi-homogeneous polynomial, i.e. there exist

positive integers d, v, ..., 1, for which
VA e Cr, W\ 2y, N ay) = MW (g, .. xy).

Assume that W is non-degenerate, i.e. W = 0 has an isolated singularity
at 0 and 7; = v;/d are uniquely determined by W. Then one can always
assume that d, v, ..., are minimal. This assumption implies that the group

of diagonal symmetries of W
I = {046 (CH" | W(agzy,. .., ) :W(azl,...,xt)}
is finite. Let us decompose W into monomials

¢
W(xy,...,z) = Zcunxﬁ“.
o u=1
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Fan, Jarvis and Ruan [FJRO8] constructed a compactified moduli stack of
twisted spin curves, which describe isomorphism classes of orbifold curves C
equipped with n punctures py, ..., p, and line bundles Ly, ..., L; together with

isomorphisms
t n
S QL — Ke(D i)
u=1 i=1
They also describe a virtual fundamental class on this moduli stack. After
pushforward to Mg,n, it yields a cohomological field theory with Frobenius
algebra given by the Jacobi ring

(C[ajla cet axt]
(OW.... oW

Jac(W) =

Polishchuk and Vaintrob gave another, more algebraic construction of this
cohomological field theory from the category of matrix factorizations of W
[PV12, PV16]. We denote ZW the generating series of its intersection numbers
with the ¢-classes.

The most fundamental examples of such hypersurfaces {W = 0} are given
by the simple singularities, of type ADE. Their total descendant potential
are tau functions of an integrable hierarchy [GMO05, FGM10], and satisfy W
constraints [BM13]. These constraints coincide with the W(g) quantum Airy
structure associated with the dilaton shift x, .1 — x4 — TJ%l described in
Section 4.4. The uniqueness of their solution was proved in [LYZ13]. The r-
spin partition function of Section 4.6.1 corresponds to the A,_; case. The total
descendant potential of the ADE singularity {Wapg = 0} in fact coincides
with the Fan-Jarvis-Ruan partition function ZWape [FJR13].

Question 4.6.5. For any non degenerate quasithomogeneous polynomial in n
variables W, can one write down a higher quantum Airy structure (based on W
algebras) associated with W whose partition function encodes the correlators

of the cohomological field theory constructed by Fan-Jarvis-Ruan?

Question 4.6.6. Can the partition functions in Theorem 4.4.20 for Dy-type
and Theorem 4.4.2/4 for Ex-type in the case s = 1 receive an interpretation in

terms of Fan-Jarvis-Ruan theories ¢
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Part 11

Derived categories in algebraic
geometry
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Chapter 5

Background and Introduction

Derived categories were invented by Grothendieck and Verdier [Ver96] as a
formalism for homological algebra. Since the advent of string theory and the
pioneering work of Bondal and Orlov [BO95], they have been recognized as a
rich invariant of algebraic varieties. In the context of algebraic geometry, we
are interested in the derived category of (quasi-)coherent sheaves on schemes
(or stacks).

In a nutshell, the idea of the derived category is the following. Start-
ing with an abelian category A (typically the category of coherent or quasi-
coherent sheaves on a space X), we construct the category of complexes
Kom(.A), and then invert the quasi-isomorphisms to obtain the derived cate-
gory D(A). In other words, the objects of D(A) are complexes in A, and the
morphisms are morphisms of complexes with formal inverses added for every
quasi-isomorphism.

In this thesis, we are primarily interested in understanding the transfor-
mation of derived categories under birational morphisms known as flops using
the theory of Variation of Geometric Invariant Theory quotients (VGIT) as
developed by [Segll, BFK19, HLL15]. Let us introduce the relevant objects

now.

5.1 The derived category

We will give a sketch of the construction of the derived category here (for

more details, see [KS06, Huy06]). Although we will often be interested in the
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derived categories of stacks, we restrict to the easy case of a scheme X in this
section. Denote the abelian category of coherent sheaves on X by Coh(X) and
the category of (chain) complexes of coherent sheaves by Kom(X). As a brief

reminder, a complex A® in Kom(X) is a diagram

72 pi-1 AT g _d L pi

7 7

where the A’ are coherent sheaves on X and d' are morphisms between them
such that d’ o d"! = 0. The morphisms between chain complexes, say f :

A®* — B®, are defined as commutative diagrams of the form

o di72 AZ*l di71 N Al d’L , A74+1 di+1 .
lfi—l lfz lfi—o—l
) di—Q Bi_l di—l , B’L d’L , Bz“l‘l di+1

Remark 5.1.1. It is straightforward to check that the category Kom(X) is

abelian.

Let us define quasi-isomorphisms which will be essential for defining derived

categories.

Definition 5.1.2 (Quasi-isomorphisms). A morphism of complexes f : A®* —
B is called a quasi-isomorphism (or qis) if the induced maps on cohomology

are isomorphisms, i.e. H'(f): H'(A®*) — H'(B*) is an isomorphism Vi € Z.

We wish to invert all quasi-isomorphisms (see Definition 5.1.2) in order
to get the derived category; this is typically accomplished in two steps. The
reason for this two-step procedure is that it allows one to get a better handle
on the morphisms (and consequently, the triangulated structure) of the derived
category. The first step is to construct the homotopy category K (X).

We define the notion of a homotopy.

Definition 5.1.3 (Homotopy of morphisms). Two morphisms of complexes
f,g: A®* — B*® are said to be homotopic (denoted f ~ ¢ ) if there exists
morphisms A’ : A* — B~ i € Z such that

fi—g¢t :hiﬂodiAqLdglohi
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) di—2 Ai—l di—l , Al d’L , A1+1 di+1 ..

CdP v d
1—2 . i—1 . i i+1
L, pitl 4, p SN

d_, pi+l

Consider two morphisms f : A* — B® and g : B®* — A®, such that
fog~ Idpg, and go f~1Idy.

Then, we can check that the maps f and g are quasi-isomorphisms. The idea

of the homotopy category is to invert this class of quasi-isomorphisms.

Definition 5.1.4 (Homotopy category). The homotopy category of complexes
on X, denoted K(X), is the category whose objects are complexes and mor-

phisms are morphisms of complexes defined up to homotopy, i.e.
HOHlK(X)<A., B’) = HOHlKom(X)(A., B.)/ ~ .

The verification that this category is well defined is fairly straightforward.

Finally, we are ready to introduce the derived category D(X). The defini-
tion is rather technical, so we give a sketch and refer the reader to [Huy06] for
the details. The class of quasi-isomorphisms form a localizing class in K(X)
(but not in Kom(X)), and hence we can construct the derived category as the
localization category

D(X) = K(X)[qis™'].

Localization is a general procedure for categories, where one adds a formal
inverse for all morphisms in the localizing class.

The following universal property clarifies the above construction.

Proposition 5.1.5. [Huy06, Theorem 2.10] On a scheme X, there exists a
category D(X), called the derived category of X, and a functor

Q : Kom(X) — D(X),
such that

o Iff: A* — B*® is a quasi-isomorphism, then Q(f) is an isomorphism in
D(X);
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o Any functor F : Kom(X) — D satisfying the above condition factors

uniquely as follows

Kom(X) » D(X)

Remark 5.1.6. Often, we will be interested in the bounded version of this
category, denoted by D?(X), whose objects are bounded complexes of coherent

sheaves on X.

The derived category is naturally a triangulated category (see [Huy06,
Chapter 1] for a review) and we would like to understand functors between
them that preserve this triangulated structure. A huge class of such functors

are provided by Fourier-Mukai transforms.

Definition 5.1.7. Consider two smooth schemes X and Y over a field k.
Consider an object £ € D(X xY'). We have natural projections p : X xY — X
and g: X XY =Y.

XxY
/ X
X Y
The functor @5 : D(X) — D(Y") defined as
F+— q.(E®p'F)

is called the Fourier-Mukai transform induced by E. E is called the Fourier-
Mukai kernel. The functors p*, q,, ® are all implicitly derived.

A couple of illustrative examples are the following.

Example 5.1.8. The identity functor Id : D(X) — D(X) is the Fourier-
Mukai transform of O, where A is the image of the diagonal morphism X —

X x X.
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Example 5.1.9. Given a morphism, f : X — Y, the pushforward functor
f« 1 D(X) — D(Y) is the Fourier-Mukai transform of Or,, where I'y C X x Y
is the graph of f.

Instead if we view the graph I'y as an object of D(Y x X)), and use it as a
Fourier-Mukai kernel, we get the pullback functor f*: D(Y) — D(X).

Indeed, we expect all “reasonable” geometric functors to be Fourier-Mukai
transforms, thanks to a famous representability result of Orlov, which states
that all triangulated fully faithful functors between smooth projective varieties
are of Fourier-Mukai type [Orl97] (and an enhancement of it to dg-categories

due to Toén [Toc07]).

Definition 5.1.10 (Derived equivalence). If the derived categories of two
schemes, X and Y, are equivalent, we say that the schemes X and Y are

D-equivalent or derived equivalent.

Notice that by Orlov’s representability theorem, all derived equivalences are

Fourier-Mukai transforms.

5.2 Derived categories and birational geome-
try

The idea of understanding derived categories as invariants of algebraic varieties
was first explored by Bondal and Orlov [BO95]. One of the very interesting as-
pects of this problem is the relationship between the derived category and the
birational equivalence class of a variety. The results of Orlov [Orl03] that show
that the canonical ring and Kodaira dimension (which are birational invari-
ants) are invariants of the derived category (for smooth projective varieties),
is an indication of a close connection between the two.

In general, neither is a stronger invariant than the other, i.e., there are
derived equivalent varieties which are not birational (for an example, abelian
varieties and their duals [Muk87]) and birational varieties that are not derived
equivalent (for example, blow-ups [Huy06]). This suggests a natural question —

Can one describe the class of varieties for which birational equivalence implies
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derived equivalence and vice versa? A conjectural answer in one direction was

proposed by [BO95].

Conjecture 5.2.1 (Bondal-Orlov). Consider two smooth projective varieties

X and 'Y over C related by a flop. Then there is an equivalence of categories
Db(X) = DY),

A flop is an elementary birational transformation that preserves the canonical
class. Here are the precise definitions of flips and flops as in [Tha96], where

they are referred to as D-flips and D-flops respectively.

Definition 5.2.2 (Flips and flops). Let X~, X+ and X be varieties over a
field £ such that

e There is a small contraction f: X~ — X, i.e. f is a proper birational

transformation that is an isomorphism in codimension > 1;
e X is equipped with a Q-Cartier divisor D, such that O(—D) is f-ample;

e There is a small contraction g : X+ — X, with induced birational map

h: X~ --» X such that O(h,D) is Q-Cartier and g-ample.

We represent this via the following diagram.

Then, X is the flip of X~ over Xy. A flop is a flip where the maps f and g

are crepant (i.e. they preserve the canonical class).

Remark 5.2.3. This conjecture fits well with the expectations from homolog-
ical mirror symmetry. Indeed, as alluded to in the introduction (Chapter 1),
these flops can be thought of as arising from paths in the Stringy Kéhler
Moduli Space.
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There is a rather large set of examples where this conjecture is known to
be true — flops in dimension three [Bri02], stratified Mukai flops [Caul2], stan-
dard flops [BO95], Abuaf flop [Segll] and Grassmann flops [DS14]. We also
note that Kawamata refined the Bondal-Orlov Conjecture 5.2.1 to the famous
K-equivalence implies D-equivalence conjecture in [Kaw(02]. Roughly, this con-
jecture states that any birational transformation that ‘does not change’ the
canonical bundle leaves the derived category invariant. The author also stud-
ies the converse question, i.e., whether D- equivalence implies K-equivalence,
and proves a partial result.

There have been a variety of different approaches to tackle this conjecture
(see [VABO4, BFK19, Bri02, HLL15] for various approaches and [Kaw18] for a
review of them). We are interested in the method known as Variation of Ge-
ometric Invariant Theory Quotients (VGIT) or grade-restriction windows (re-
ferred to as windows in short). This was introduced by the physicists [HHP09],
introduced into the mathematics literature by [Segl1], and then generalized
substantially by [BFK19, HL15]. The technique can be applied to understand
the relationship between the derived categories of different GIT quotients.

An observation of Reid (Proposition 1.9 in [Tha96]) allows us to reinterpret
a flop as the data of a variety X, with a G,,-action on it, such that the varieties
related by a flop, say X and X, are realized as two different GIT quotients
of G,, acting on X. Hence, we can try to use the method of windows to
tackle the Bondal-Orlov conjecture on flops. Moreover, as mentioned in the
introduction, Chapter 1, VGIT problems appear naturally in the context of

string theory in physics, and hence are interesting in their own right.

5.3 VGIT and windows

This is a very brief description of (a special case of) the method of windows
as developed by Ballard-Favero-Katzarkov [BFK19]. The general setup treats
the case where we have a linearly reductive group G acting on a variety X.
We make some restrictive simplifications here for the purposes of exposition.

Firstly, we will assume that the group G is G,,. In the general setting, one picks
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one-parameters subgroups of an arbitrary group GG and then varies the stability
under these one-parameter subgroups in order to understand the transforma-
tion of the derived category. Secondly, we will also assume that the variety X
is affine; this suffices for us to tackle the case of local models of flops.

As discussed in the previous paragraph, we consider an affine scheme
X = Spec(T) (over a fixed commutative ring k) with a Gy,-action on it.
The G,,-action essentially makes R a Z-graded k-algebra. Then our varieties
(or possibly Deligne-Mumford stacks) of interest are the two different GIT
quotients, denoted X/, and X/, which are defined as follows.

Definition 5.3.1. Define I and I~ as the ideals of T' generated by positive
and negatively graded elements of T" respectively. We define the GIT quotients

Xy as
X+ =X \V({I*), X[ = [X*/G,],
where the [ ] brackets denote we take the quotient as a stack.

Then, the construction of [BFK19, HLL15] proceeds by constructing window

functors and window subcategories. We have the following definitions.

Definition 5.3.2 (Windows). A (positive/negative) window functor is any
fully faithful functor

Ox: D'(X /) = D'([X/Gnl),

and the essential image of this functor is called a (positive/negative) window

subcategory W=,

In order to compare the different GIT quotients, we use the following notion

of wall-crossing functors.

Definition 5.3.3 (Wall-crossing functors). With the setup as before, we con-

sider the following open immersion,
j- X — X.
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Then we can define the composition
Dye := 5" 0 ®, : DY(X),) — DY(X/),

known as a wall-crossing functor. We obtain a wall-crossing functor in the

opposite direction by swapping the + and — in the above definition.

Now, in principle, one can compare the derived categories of the different GIT
quotients.

However, one of the major obstacles in this theory is that, apart from the
simplest class of VGIT problems called elementary wall-crossings in [BFK19],
there is no uniform construction of a window functor ®., or consequently, a
window subcategory W*. Moreover, the theory does not provide an explicit
Fourier-Mukai kernel for the window functors or the wall-crossing functors.
As an attempt to remedy this, Ballard, Diemer and Favero [BDF17] recently
proposed a method to construct Fourier-Mukai kernels for window functors,

called the Q-construction, which we shall briefly review next.

5.3.1 The ()-construction

Recall that we have a G,,-action on an affine scheme X = SpecT’. We denote
the action and projection maps by o and 7 respectively (and by abuse of nota-

tion, use o and 7 to denote the co-action and co-projection maps respectively)
7: T — T ® kG, 0: T —T®EG,).

We define the notion of a partial compactification of the group action as fol-

lows.

Definition 5.3.4 ([BDF17, Definition 3.1.1]). Consider a linearly reductive
group G acting on a scheme X. Let X be a scheme equipped with a G x

G-action such that it fits in the following G x G-equivariant! commutative

GxX 25 X x X,

diagram

'We equip G x X with a G x G-action such that the map 7 x ¢ : G x X — X x X is
G x G-equivariant.
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where i is an open immersion. Then X along with the maps i, p, s is called a

partial compactification of the action of G on X.

In the case of G,,-actions on an affine scheme X = Spec T, a partial com-
pactification was constructed in [BDF17]. They partially compactified the
G,, to an A! (in a non-trivial way!). When X is smooth, the authors then

considered the object
Q = (p X S)*OX (5.1)

Alternatively, in the case of G,,-actions on affine schemes, we can directly

define the object @) as follows.

Definition 5.3.5 (The object Q). Given a Z-graded k-algebra T, define the
object Q(T) as

Q(T) = (n(T),0(T),u) € Tu,u™],

i.e., the k-subalgebra generated by u and the images of T" under the co-action

and co-projection maps.

The object @ defined via equation (5.1) is the sheaf associated to the
module Q(T") (Definition 5.3.5), and is a G,,, x G,,-equivariant quasi-coherent

sheaf on X x X. Then, we consider the objects

Q+ = Qxxx)-

Then, [BDF17] proves that the Fourier-Mukai functors associated to the ob-

jects Q4+ are window functors.

Theorem 5.3.6 ([BDF17]). When X is a smooth affine scheme with a G,,-

action, the functors
0o, :D"(X /i) = D([X/Gn))

are fully faithful, and the essential image is the window subcategory as defined

in [BFK19, HL15].
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There are a few natural questions arising out of this construction. One can
ask if partial compactifications, and consequently window functors exist for
other groups GG and not just G,,. Chapter 6 addresses this question for general
linear group GL(V'), in the context of Grassmann flops. Another natural ques-
tion is to extend this construction of [BDF'17] to the case of singular schemes.
The authors propose that the right construction in that setting is to find a
simplicial resolution of the smooth ring, and then apply the )-construction to
it. In Chapter 7, we use the philosophy of the monoidal Dold-Kan correspon-
dence to study this further using dg-resolutions. Let us elaborate on these

generalizations a little bit.

5.3.2 Grassmann flop

Grassmann flops were studied by Donovan and Segal [DS14] using window
techniques. First, we review the GIT presentation of Grassmann flops. Con-

sider the affine scheme
X := Hom(V, W) x Hom(W', V),

where V, W, W' are vector spaces, over a field k, with dimensions d < dy, dy

respectively. Consider the GL(V)-action on X,
A(B,C) = (AB,CA™Y),

for Ain GL(V) and (B,C) in Hom(V, W) x Hom(W’, V).

We define the positive semi-stable locus Xt as the subvariety of X obtained
by removing the non-full rank matrices in Hom(V, W), and the negative semi-
stable locus X~ as the subvariety of X obtained by removing the non-full rank
matrices in Hom (W', V). We define two GIT quotients X/, and X/_ as the
stack quotients of the positive or negative semistable locus by the GL(V)-

action described above

X/ = [XF/GL(V)],

and we have isomorphisms

X/t = t0tgeaw) (ST™), X [- = totaraw) (ST,
196



where S is the tautological sub bundle, and ‘tot” means the total space of the
shealf.
We get the following birational map

Xy <y X

through this GIT construction. In the case when dy, = dy-, this birational
map (which is not the identity map!) is called the Grassmann flop. In the
case when d = 1, this is the well-known Atiyah/standard flop.

In Chapter 6, we define a partial compactification for this G L(V')-action,
construct an object (), and use it to define window functors over an arbitrary
field k of characteristic 0. We prove that the window subcategory is generated
by objects in Kapranov’s collection [Kap88]. In the case of the Grassmann
flop, we then show that the wall-crossing functor is an equivalence of cate-
gories. This extends the work of Donovan and Segal to an arbitrary field of
characteristic zero.

We also show that the Fourier-Mukai kernel of the wall-crossing functor
is the same as the one discovered in [BLVAB16]. The fact that we have an
explicit description of the kernel allows us to use a result of Orlov [Orl02] to
prove derived equivalences for twisted flops (for example, flops arising from

generalized Severi-Brauer varieties over a field of characteristic zero).

5.3.3 Beyond the smooth case

In the context of VGIT problems arising from flops, the spaces that one
encounters are often singular. Hence it becomes necessary to understand
window functors involving singular schemes in order to tackle the Bondal-
Orlov/Kawamata conjectures mentioned earlier. In the case of singular
schemes X, the naive definition of () does not produce a fully faithful functor
as in Theorem 5.3.6. The authors of [BDF17] propose a certain ‘derived’ Q-
construction for G,,-actions on singular affine schemes, using derived algebraic
geometry techniques.

The idea of the derived )-construction is to resolve the singular scheme X

by a simplicial scheme, and then apply the Q)-construction. Motivated by the
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monoidal Dold-Kan correspondence, in Chapter 7, we propose to ‘resolve’ the
scheme X by a semi-free dg-scheme (as defined by [CFKO01, Ricl0]) , say X,
and then apply the Q)-construction. In fact, we work in a more general context
and develop a theory of windows for dg-schemes equipped with a G,,-action.
Let us describe this theory and our results briefly.

We start with an affine dg-scheme
X :=(X,R),

where R is a semi-free commutative dg-Ox-module on an scheme X = SpecT
(obtained from a semi-free cdga? R over T'), equipped with a G,,-action. We
define the object @ as a G,, X G,,-equivariant sheaf on X x X in a fashion
very similar to Definition 5.3.5. We obtain window functors by restricting @) to
the natural (dg-)semi-stable loci and then prove that these define fully faithful
functors between derived categories of dg-schemes.

In general, we are unable to identify the window subcategories, but we
manage this under some conditions. If the cdga R is generated as a T-algebra
by non-positive elements, then we identify the window subcategory explicitly
and prove wall-crossing statements about the dg-GIT quotients.

The main application of our formalism is to the setting of singular VGIT
problems arising from flops. In this case, we resolve the Z-graded singular ring
k[X], by a Z-graded semi-free cdga R, using the Koszul-Tate resolution (which
is a generalization of the Koszul resolution for complete intersections) [Tat57].
Then, if the non-positivity condition that we discussed before holds, we obtain
the derived equivalence statement for flops. For instance, we recover the local
case of the equivalence for the Mukai flop studied in [Nam03, Kaw06, Morl8,
ADM19], using VGIT and window techniques.

2A semi-free cdga is one that is a polynomial algebra upon forgetting the differential.
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Chapter 6

Kernels for Grassmann flops

6.1 Introduction

Derived categories, once viewed as a mere technical book-keeping device, have
flourished as a topic of investigation as volumes of literature have exposed
their geometric nature. Derived categories of coherent sheaves on algebraic
varieties bind algebraic geometry to commutative algebra, representation the-
ory, symplectic geometry, and theoretical physics in deep and surprising ways.

These bindings come in the form of fully-faithful functors or, better yet,
equivalences relating different varieties or categories. An obvious and central
question: what is a reasonably robust and general source for such functors?
Experience in algebraic geometry tells us that moduli spaces are often a good
place to look but beyond this source the examples of fully-faithful functors are
more idiosyncratic.

Recently, a new construction, in the context of group actions, was intro-
duced in [BDF17]. There it was called the Q-construction. Given a variety
X with a G,,-action, the authors constructed an idempotent kernel on the
equivariant derived category D°([X/G,,]). The kernel ), being the identity
on its essential image, fully-faithfully identifies an interesting component of
the derived category D°([X/G,,]). In fact, it always gives a two-term semi-
orthogonal decomposition. This construction has some natural extensions.

Following Drinfeld [Dril3], we can recognize it as a piece of more general
story. The inclusion G,, C A! can be viewed as a partial compactification of
G, as a monoid in schemes. The fibers of the multiplication map A! x A! — Al
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are a family of G,, orbits which degenerate over 0 € Al. From Drinfeld’s
perspective, the idempotent kernel constructed in [BDF17] is the structure
sheaf of a variety that parametrizes such degenerations in X.

This viewpoint allows for an immediate generalization: we can replace A'
with M where M is monoidal scheme. If we have a variety with an action
of the units of M, we can produce a kernel for X. In this paper, we study
the monoidal scheme End(V') for V' a finite dimensional vector space and the
natural action of the units GL(V') on the vector space Hom(V, W) xHom(W, V)
for W another finite dimensional vector space. We show that the idempotent

property still holds:

Theorem 1. There exists a morphism of kernels () — A inducing an isomor-
phism of @ o @ — @, where o denotes convolution of kernels and A is the

kernel of the identity.

The robustness of the equivariant setting is indicated by the fact that any
flip between normal varieties arises as a variation of GIT problem for a G,
action on a variety. We remind the reader of the following conjecture of Bondal

and Orlov [BO95] extended by Kawamata [[Kaw(2]:

Conjecture (Bondal-Orlov 1995). Assume that Z and Z’ are smooth complex
varieties. If Z and Z’ are related by a flop, then there is a C-linear triangulated

equivalence of their bounded derived categories of coherent sheaves
DP(Z) =2 D®(Z").

As an application of the Q-construction, in [BDF17], the first author,
Diemer, and the third author gave a means of constructing a kernel on Z x 7’
for any D-flip (Z, Z"). For flops of smooth projective varieties, the associated
integral transform is conjectured to be the desired equivalence of Bondal and
Orlov. This provides a single unified, though still conjectural, approach to
constructing equivalences from flops.

In the setting of this paper, variation of GIT leads to a flop first studied by
Buchweitz, Leuschke, and Van den Bergh in [BLVABI16], and further studied

by Donovan and Segal [DS14] in the case of an algebraically-closed base field
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of characteristic zero. Donovan and Segal labeled it a Grassmann flop since it
comes from contracting the zero section of a vector bundle over a Grassman-
nian. Furthermore, they exhibited equivalences for Grassmann flops using a
set of representations identified by Kapranov [Kap88]. While the authors in
[BLVAB16][Theorem D] show for k an (arbitrary) field of characteristic zero.

The structure sheaf of the fiber product of a twisted Grassmann flop diagram

induces an equivalence DP(X*) = DP(X ), i.e. Ox+y x X~ is a Fourier-Mukai
kernel.
As an application of our construction, we show that the kernel of

[BLVAB16] is equivalent to our new Q-construction.

Theorem 2. Let () := Q|x+xx- then

Q= Oxryyyx-

This equivalence illustrates the utility of our generalization, yet perhaps
the most astounding utility is the ability to give a geometric approach to
“windows”, whose use in equivariant derived categories is evident from works
such as, for example [HL15, BFK19, DS14, vVdB17]. Identifying windows
involves some choices or special conditions. The next result indicates that

windows come simply from the choice of the monoid M compactifying G.
Theorem 3. Let Q; := Q|x+xx. Then

e The functor

®q, : D°(XT) — D" ([Z/ GL(V))])

+

is fully-faithful.

e The restriction map j* : D ([Z/ GL(V)]) — DP(X™*) is a left inverse to
®q

4
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e Kapranov’s representations form a set of generators for the essential

image of ®¢. .

Theorem 3, in particular, provides a completely geometric explanation for
the appearance of Kapranov’s representations. Our method of monoid com-
pactification can therefore be seen as part of a program to produce canonical

windows for quotients via linearly reductive groups.

6.1.1 Acknowledgments
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6.1.2 Notation

Throughout, k& denotes a field of characteristic zero. So that no confusion
arises we consider 0 € N. Further, for £ € N, £ #£ 0, we let [(] := {1,...,¢}. We
let Vecy denote the category of finite-dimensional k-vector spaces and k-linear
transformations, and for a k-algebra S we denote Affg the category of affine
Spec(S)-schemes and morphisms of schemes. We utilize standard results in
Geometric Invariant Theory and attempt to align our notation with that of
[Mum65b].  All schemes considered here are k-schemes, and we denote the
global sections of the structure sheaf of a k-scheme Z as k[Z]. The word point

will always mean k-point.

6.2 Background

Throughout, fix a d-dimensional k-vector space V.

Definition 6.2.1. For any k-vector space W we can naturally associate a
scheme over Spec(k) defined as the spectrum of the symmetric algebra of the
dual space WV, that is
Spec (Sym (W)
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we will refer to this scheme as the geometric bundle of W over Spec(k).
In general for a k-scheme X and a locally free Ox-module M we will refer
to the relative spectrum of the symmetric sheaf of algebras of MY as the

corresponding geometric bundle over X.

With the above definition in mind we will denote by GL(V') the linear

algebraic group

GL(V) := Spec (k [C, (det (C))_l]> ,

where C' = (c¢;) is a collection of indeterminates. We use det (C) to

i,j€[d]

denote the polynomial

det (C) := Z (—1)%en® H Cis (i)

56, icld]

Next, recall that for a k-scheme Z, an action of GL(V') on Z is defined by

a morphism of schemes
o7 : GL(V) x4 Z — Z.

If Z and Y are k-schemes with GL(V)-action given by oz and oy, we say that
a morphism f : Z — Y is GL(V)-equivariant whenever the following diagram
commutes:

laLvy Xk f

GL(V) %y Z > GL(V) x3 Y

0z oy

A ! .Y

Most of this work deals with categories whose objects carry a GL(V')-action
and GL(V)-equivariant morphisms. To denote such a restriction, we simply
use the superscript GL(V'). For example, let R be a commutative ring with a
GL(V)-action. We denote the category of modules with an inherited GL(V)-
action and GL(V)-equivariant morphisms as Mod““")(R).

Next we will establish further notational conventions. Given a collection

A = {aij }icpm), jejq of indeterminates, for any subsets J C [d], I C [m], we let
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Ap ; denote the collection of variables

AI,J = (aij)iel,jej-

For I C [m] with |I| = d, we may list this set in increasing order, and denote

the corresponding ordered set by I := {/,..,¢;}. We then write

det AI Z sgn(o ( H Agi,g(i)> )

ceBy 1<i<d

Given two collections A = {ai; }icpm)jeia and B = {bi;}ic(a),jepm), We use BA

to denote the collection of polynomials

{Z bigagj} .
(=1 i€[d],j€[d]

Lastly, given two k-algebras R and S and elements r € R and s € S, we let
r’ and s® denote the elements r ® 1 and 1 ® s in R ®;, S.

6.3 The kernel

Recall that in [BDF'17] the authors exhibit a kernel using a partial compactifi-
cation of a certain G,,-action. We follow a similar line of reasoning, and begin
by defining our main categories of interest. Let W and W’ be arbitrary finite

dimensional k-vector spaces. Next, consider the vector spaces
Homyec, (V, W) @ Homyec, (W', V),

which carry a natural action, for ¢ € GL(V) (a point), ¢ € Homyec, (V, W),
and

¥ € Homyec, (W', V) as s - (pog,c !t odd). The category of all such geometric
bundles of the above type will be denoted as AMGL(V whose morphisms are
morphisms of schemes which are GL(V)-equivariant relative to the above ac-
tion. Let us provide a few more specifics concerning the action of GL(V') on

GL(V)

arbitrary objects of AM, . For such an object Z, the induced action

Oz . GL(V) Xp 4 —> 4
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is equivalent to the co-action as Hopf algebra modules. Choosing bases for V,

W and W', we may write

Z = Spec (k [{ai; Yicia) jepmo)s {bis Ve seld] )

where m; = dim W and my = dim W’'. Letting B := (b;;) and A := (a;;), we
have

Z = Spec (k[A, B]). (6.1)

The co-action on the global sections
o k[Z] = k[GL(V)] @ k[Z],

is defined on the generators as

bij = (det(C Z Adj(C),; @ biy
d
Q5 — Z Cir Ok Qrj,
r=1

where Adj(C) is the adjoint matrix of C.

To build the readers intuition further let ¢ € Hom(V, W), and choose a
basis of V and W such that ¢ = (p;;) with i € [mo] and j € [d], and ¢ € GL(V)
such that under the chose of basis for V' then ¢ = (¢4 ) for s, ¢ € [d]. Therefore
the action of GL(V') on Hom(V, W) can be defined as

(S,p) = pog
d

Pij Z PieSe;
(=1

Thus we can define a co-action on the dual (Hom(V,W))" by:

v d
Pii 901] (Z @z(@y) = Z SjePei
/=1

Therefore if we identify (Hom(V,W))" with Sym' ((Hom(V,W)") we get
an action on Spec (Sym ((Hom(V,W))")), ie. the geometric bundle of
Hom(V, W) over Spec(k). With a similar calculation on the regular functions

of Hom(W’, V') we derive part of the action on Z described above.
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Furthermore, the projection
7z GL(V)x, Z - Z
induces the map
s k[Z] = k[GL(V)] @ k[Z].

Further, let HPSL(V) denote the full subcategory of AMSL(V) consisting of ob-
jects of the form

Hom(V, W) & Hom(W', V)

such that dim(W), dim(W’) > dim(V).

6.3.1 The functor

Before turning attention to our functor Q, we introduce the functor A, which

gives the kernel of the identity functor.

Notation 6.3.1. If Z = Spec(R) is an element of AMSL(V), we define the
following scheme

AZ =7 Xk GL(V)

The assignment Z — Ay defines a functor A : AMSMY) — AFFOLVIXRGLV),

We aim to use Az to produce the Fourier-Mukai kernel for the identity
functor on the bounded GL(V)-equivariant derived category DP(Qcoh®“(")2)
by associating to it an object of D?(QcohSV)>**GL(V) 7w 7} To achieve this,

consider the morphism
Ty Xpoz: Z X, GL(V) = Z %y, Z.
We define a sheaf of modules over Z x; Z associated to Ay as
zZ = (7TZ Xk UZ)*OAZ7

where Oa, denotes the structure sheaf of the affine scheme Ay. It remains to
define an action that realizes this sheaf as a (GL(V) x; GL(V))-equivariant

sheaf over Z x;, Z, which is provided in the next lemma.
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Lemma 6.3.2. For Z = Spec(R) an object ofAMSL(V), the scheme GL(V') X,
Z = Ay has a natural (GL(V) xx GL(V))-action

oa, : GL(V) x3, GL(V) X, Az — Ay
uniquely determined by the co-action
ok,  k[Az] = k[GL(V)] @4 k [GL(V)] @4 k[Az]
defined by

aﬁAZ (Ier)= <L1 ® 1Az> o aﬁZ(r)
oﬁAZ (t®1) = ((1 ® ph) o (ﬁ ® 1) o s* ouﬁ(t)> ® 1g.

Herer € R, t € k[GL(V)] and v1 : k[GL(V)] — k[GL(V)] ® k [GL(V)] is the
natural inclusion into the first component; 5% : k[GL(V)] — k[GL(V)] is the
CO-1nVerse,
pt k[GL(V)] = k[GL(V)] @ k[GL(V)] is the group co-multiplication and
st k[GL(V)] ® k[GL(V)] — k[GL(V)] ® k[GL(V)] switches the factors in
the tensor product.

Moreover, the map w7 Xy, 07 : GL(V) X Z — Z Xy, Z is equivariant with
respect to this GL(V) xx GL(V) action.

The proof is a straight-forward diagram chase and is left to the reader.

Lemma 6.3.3. Let Z = Spec(R) be an object of AI\/I,?L(V) and M an object of
Mod®“™)(R). Then there is a k[GL(V)]-co-module isomorphism

) GL(V)

(k[GL(V)] @ M ~ ),

where k[GL(V)| @, M is given the left k|GL(V)]-co-action as a k|Az]-module.
Proof. Note that there is a natural morphism

M= <k[GL(V)] D M) G

given by the equivariant structure of M. Since the extension E/ k is faithfully-
flat, it suffices to show that this map is an isomorphism over k. Assume that
k=k.
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By the Peter-Weyl Theorem, there is a decomposition k[GL(V)] = @ S; ®
Qv

/, where S; runs over every irreducible representation of GL(V'). Further-
more, since GL(V) is linearly reductive, we have a decomposition M = € M,

into irreducible components. Thus, we have

)GL(V

)
(k;[GL(V)]@kM =~ (P S:@(Sy @ M) V) = B S;@Hom ™" (S;, M),

and our result follows from Schur’s Lemma. [
Lemma 6.3.4. For any object Z of AMSL(V), the object

Ay € DP(Qeoh SV eCEWV) (75 7))
1s the Fourier-Mukai kernel of the identity functor on Db(QcthL(V) 7Z).

Proof. First note that since Ay is flat via either module structure and the
Reynolds operator is flat, it is sufficient to prove this on the level of R-modules.

For an R-module M, the integral transform associated to Ay is given by
_ _ __\1GL(V)
3, (M) = [Rﬂ'g* (AZ QT LWIM)} :

where m; are the natural GL(V)-equivariant projections Z X, Z — Z (see
[BEK14, Section 2] for background). Our desired result is a consequence of

the following calculation:

- L .~ 116L(V)
@5,(M) = [Rms, |(72 %1 02).04,) €b,, , (L) |

I

r . e GL(V)
7T2*(7TZ Xk 0'2)* [OAZ ®OAZ <(7T Xk Uz) 7T1M>]:|

I

- 1 GL(V)
UZ*W}M]

I

- L GL(V)
OAZ Ko, M]

I

a 1 GL(V)
(OcLv) @k Oz) ®o, M]

a __~GL(V)
= | Ocrv) @k M]

~ M,

where the first isomorphism follows from the projection formula, and the last
follows from Lemma 6.3.3. Furthermore, on the second isomorphism we may
forego the process of deriving these functors as they are either exact or remain

an adapted class (as discussed above). O
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We now define the natural generalization of the functor @ from [BDF17, Defn
2.1.6].

Definition 6.3.5. Given an object Z = Spec(R) of AMSL(V), define
Q= (wg(R),ag(R),c) C k[GL(V) x;, Z] .

that is the k-subalgebra of k[GL(V) x Z] generated by the images of o, ¥, and
the image of the inclusion k[End(V)] < k[GL(V) x Z]. For ease of notation
we denote Qz := Spec(Qz).

Remark 6.3.6. Similar to the functor ) in [BDF17, Def 2.1.6] our definition
provides a partial compactification of the action of GL(V') on Z. For ease of

reference we recall the definition of a partial compactification next.

Definition 6.3.7. Let G be an algebraic group and Z a k-scheme with G-
action. Let Z be a k-scheme together an action of G x; G which is equipped

with a (G X G)-equivariant open immersion
i GxpZ < Z,
as well as a (G x G)-equivariant morphism
(p.s):Z—Zxp Z

such that the following diagram commutes

Z
GXkZT)Z

where o is the action of G on Z and 7 is the projection to Z. In this case, we
refer to Z, with the maps p, s, i, as a partial compactification of the action of

G on Z.

Example 6.3.8. If dim V' = 1, the category AMkGL(V)

of CRY™ as studied in [BDF17]. In this case, the definition of @ given here

— AME™ is a subcategory

recovers that found in loc. cit.
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Lemma 6.3.9. Let Z = Spec(R) be an object of AMSL(V). Then there are

morphisms

p
Q; —= 2.
which precompose with the open immersion Az — Qg to give the morphisms

Tz and 0z.

Proof. By definition, the maps 7TﬁZ and aﬁZ both have images which lie in ().
O

V)

Lemma 6.3.10. For any object Z of AMSL , we have an isomorphism

Qz = k[AY, B* A" B" C] / (B" — BRC, A" — CA") = k[A*, BY, C)].
(6.2)

Proof. We provide the reader with an easily verifiable isomorphism defined on

the generators by

Cij =7 Cij, 7TﬂZ<CLij) — CLL Wﬁz(bw) — bz%?

]

Remark 6.3.11. It follows from Equation (6.2) that Q is isomorphic to the
closed subvariety of (Z Xy Z) x; End(V), consisting of the following points

{ (1,02, 3, Y4, @) |1 = P30 @, s = p o)y}

Lemma 6.3.12. For any object Z of AMSL(V), the scheme Qz admits a
(GL(V) xx GL(V))-action, denoted oq,, which is uniquely defined by the co-

action
oy, + k[A¥, BR,C] — k[D*, (det D") | ® k[D", (det D)™ ® k[A*, B", O],

which maps the generators

bt (det(D™)) ™ S Adj(DR),; @ bF,
r=1
aiLj — Z d, @y afj,

r=1
n

Cij = (det(DL))_l Z AdJ(DL)Sj ®k dRir ®k Crs,

r=1
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where Adj(D) is the adjoint of the matriz D.

Proof. This follows by restricting the action of (GL(V') x; GL(V)) on Ay that
was defined in Lemma 6.3.2. ]

The next lemma gives explicit descriptions of the two module structures

that )z possesses.

Lemma 6.3.13. For Z = Spec(k|A, B]) an object of Al\/lkGL(V), we have the

following two k[A, B]-module structures on Qz given by p* and s*, respectively:

p*: k[A, B] — k[A*, BT C)]
B+ BEC
A AP

s* . k[A, B] — k[AY, BE O]
B+ B"
A CAL

Proof. These are just the maps induced by the description of () from Lemma

6.3.10 under the identification
Qz = k[AL,BR, C1.
O

Proposition 6.3.14. For any object Z of AMkGL(V) the assignment Z — Qy

defines a functor Q : AMSL(V) — Affg[é(n‘g)(‘x/)c];uv),

Proof. Let X = Spec(R) and Y = Spec(S) be objects of AMSL(V) with f €
HomAMSL(V) (X,Y). Note that Qf : Qx — Qy is defined as the restriction of
f®1l: X x,GL(V) = Y x;, GL(V), which is well defined since f is assumed to
be GL(V)-equivariant. With this description it is readily verified that indeed
Q is functorial. O

Remark 6.3.15. It follows immediately from the definition that A is a sub-
functor of Q. Furthermore, this definition easily extends to any affine variety
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with a GL(V)-action; yet this level of generalization is outside the scope of

this paper. We note that our choice of subcategory AMSL(V) C AfFSL(V), is

intended to give an appropriate generalization of the varieties considered in
[DS14] while not having to encounter any unnecessary technical difficulties in

the statements of this preliminary section.

Now, we prove some properties of ) that will be used in Section 6.3.3 to

prove the fullness of a Fourier-Mukai transform constructed using Q).

Lemma 6.3.16. For an object Z = Spec(R) of AMSL(V), we have

Tor;(,Qz, sQz) =0

for alli > 0, where the subscripts preceding (Qz denote the R-module structures

given by p* or s*, respectively.
Proof. Let R := k[A, B] as in Equation (6.1). By Lemma 6.3.13, we have

Rz =2 k[A,B,B,C]/(B—-B'C)
Q7 2Kk[A,B,A Cl/(A—-CA)
Let us compute Q4 S®f; ()7 using the above expressions:
Qz @y Qz = k[A, B, A',C] /(A ~ CA) @y, 5 k[A, B, B',C] /(B ~ B'C)
= ]{f[A, B, A,, O] /(A - OA/) ®k[A7B] ICk[A,B,B’,C](B - B/C)
2 Kuia,B,47,B' ,C1,Ca]/(A—Coary (B — B'CY)

= Kup,ar,p,01,00(B — B'Ch),

where we resolved the regular sequence (B — B'C') by the Koszul complex,
denoted by K, on the second line.

Finally, we see that the sequence (B — B'CY) is still regular in the ring
k[B, A’ B',C1,Cs] and hence all the higher homologies vanish. O

Notation 6.3.17. Similar to an observation of k[Ay], the ring @)z is naturally

associated to a sheaf of modules over Z, with its module structure defined via
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s or p. We may thus realize ()7 as a sheaf of modules over Z x; Z, and we

denote this module by
@Z = (p Xk S)*OQZ'

We will use the same notation in the derived setting (see Section 6.3.2, par-
ticularly Remark 6.3.27). Furthermore, as Az is an open subset of Q; we will

denote the natural open immersion as
n: GL(V) Xp 4 — Qz.

We now specialize to the case where Z = Hom(V, W) @ Hom(W’, V) is an
arbitrary object of HPkGL(V), so that dim W, dim W' > dimV = d. We also
recall that we denote dim W = mg and dim W’ = m,. Now consider the two

open sets

Ut = (Hom(V, W)\ {p : rank(p) < (d — 1)}> & Hom(W', V)
U~ := Hom(V, W) & (Hom(w', V) {9 : rank(d) < (d — 1)}).

It will be useful to denote the following open covers of these quasi-affine sets.

Let

vt= |J Uf, (6.3)

v=|J U, (6.4)
IC[ma], |I|=d

where

U;f := Spec (k‘ [A, B, (det(A[d]J)_1D
U; = Spec <k [A, B, (det(BJ,[d])AD

and (for example) det (A7) denotes the (d x d) minor of A consisting of the

rows indexed by I. Therefore, we have the following affine open covers:

U+ Xz//() U™ = U UI+ Xz//o UJ_, (65)

IC[mol, JCS[m], [I|=|J|=d
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Ut x, U = U Ut %, U7, (6.6)

IC[mo], JCmal, [I|=|J|=d
where Z//0 := Spec(k[A, B]™V)) denotes the invariant theoretic quotient of
Z.

Lemma 6.3.18. Let Z be an object of AI\/ISL(V). There is an isomorphism
k|Z xzp0 Z] = k [A", BY, A", B¥] | (B*A" — BRA"),

where the generators and relations are as in Definition 6.3.5.

Proof. From Weyl’s fundamental theorems for the action of GL(V') (for exam-
ple see [KP96, Chapter 2.1] or the original text [Wey46]) we have

Z )0 ={D € Homy(W, W) | rank D < dim V'}.
The map Z — Z//0 is thus given by the homomorphism

k[Z)0] — k|A, B]
D — BA.

Hence,
k[Z xzp0 Z] = k[A", BY)®y 70 k[A", B = k[A", BY, A", B¥|/(B* A" —B"A").
O

Lemma 6.3.19. There exists a morphism
K = p# X S# : kJ[AL, BL] ®k[Z//O] k[AR, BR] — Qz.
Proof. This follows since p# and s* are equal on k[Z//0], by definition. O

Lemma 6.3.20. With the conventions above we have the following contain-

ment of ideals in the ring k[AL, BL, AR BE (:
(B*A" — BR"A™) c (B* — B"C, A" — CAY).
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Proof. This follows from
(B* — BRO) A" + BR(CAY — ARy = BX AR — BR AR,
O

Proposition 6.3.21. Let Z = Spec(k[A, B]) be an object of HPkGL(V) and Q z
as in Equation (6.2). Let @Z]U+Xky— be the restriction of @Z to the open

subset Ut x, U™ C Z %y, Z. Then k restricts to an isomorphism

Klutx, - Qz = Op+x U~
| § U+x U- 270

Proof. We look affine-locally using the covers of Equations 6.5 and 6.6. We
need only show that under the above localization the map & : k[Z x )9 Z] —
()7 becomes an isomorphism. For surjectivity, it suffices to show that there is

an element (we find two such) which map to C. Indeed, we have
-1
((BR)J[d]) AL — C

B ((AL)W>

1
— C),

easily verified by the relations B* — BEC and A% — CAL in Q(k[A, B]) given
in Definition 6.3.5.
For injectivity, it suffices to check that under this localization we have the

containment
(B* — BRC, A" — CA*) c (B"A" — BT AR,

since the opposite containment is Lemma 6.3.21. To see this, simply note
that by multiplying by the appropriate elements in the above identification,

we have
(BL)JM = (BR)JMC and (AR)MI = C(AL)[d]I.
Hence, multiplying by the appropriate units in our localization, we have
(B* — BRC, A" — CA") = (B jiq (A" — CA") , (B* — BRC) (A") 1) -
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For example, by Equation (6.3.1), we have
(B jq (A" — CAY) = ((B®) g A" — (BY) g A") € (B*A" — BRAR)

while the other relation follows similarly. This gives our desired isomorphism.

]

Consider the restriction Q|y+xpy-. By descent, we have a corresponding

object P on the quotient Z* x Z~.

Theorem 6.3.22. For an object Z of HPSL(V) we have an isomorphism
P=0gztxy 2~

Proof. This follows immediately by passing to the quotient in Proposi-
tion 6.3.21. ]

We now examine a useful invariant when studying kernels in the next sub-
section. Note that for Z, an object of AMSL(V), the tensor product Q7 ®, @z
is equipped with a natural GL(V)**-action. This induces a GL(V')*3-action,
which we denote

o3 : GL(V)® x;, Q5 — Q?
and is defined as the product of the following compositions

GL(V)*3 x;, Q4

V w

GL(V)** % Qz GL(V)** %1 Qg
O’Qzl lO'QZ
Qz Qz

Here 7; ;5 : GL(V)*® x;, Q%% — GL(V)*2 x;, Q, is the projection onto the it?,
™ and k" components. For any ring T with GL(V)*3-action, we will denote
the invariant subring associated to the action corresponding to the middle
component of GL(V)*3 by T™. The notation (—)™ is suggestive of pinching
a module in the middle. Since taking invariants is functorial for equivariant

morphisms, we obtain the following:
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Lemma 6.3.23. The following diagram commutes

(QZ p®a AZ)M

(W \
(Qz p®s Qz)™ / Qz

(m

(Az Q5 Qz)™

Furthermore, the morphism pz : (Qz ,®s Qz)™ — Qz is an isomorphism.

Proof. First recall that we have a presentation from Lemma 6.3.13 of ;)7 and
»@z, which for ease of calculation we set the following simplified notation,

with the hope that no confusion arises:

»Qz = k[A,B", B® C]/ (B* — B*C) = k[A, B, (|
.= k[A, B, C]

Qz = kA" A% B.C]/ (A" — CA") = k[A", B.C]
= k[A, B, C]

Further we recall the notational preference that for k-algebras R, S and r € R,
s € S that the following pure tensors will be denoted: r» ® 1 := r& and
1 ® s := sf. With these conventions we have the following presentations of

rings:

Qz,®s Qz = k[A" A% BY B* C" C" /(B*C" — Bf, A" — CTAR)
= kA", BF, CF, OT]
KAZ] - ©, Q2 K[AF, AR, B BR CF, CR det(C*) Y] /(B" — B, AF — CRAR)
= k[A", BY, CF, CT det(CF) 7]
Q2 »®0 k[A7] = K[AF, AR, BL BR O CF, det(CF)] / <BL —BR(CRY! AL - CRAR)
>~ g[AR BE CF CR, det(CT)

Hence, commutativity of the above diagram is clear. Furthermore, one verifies

that we have an isomorphism k[Az]  ®s Qz = Qz » @, k[Az], and thus

(k[AZ] T ®s QZ)M = (QZ p®a k[AZ])M .
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It is clear that the maps on the right-hand side of the diagram are isomorphisms

since k[Ay] is the kernel of the identity by Lemma 6.3.4. We claim that
(Qz »®s Qz)™ = k[AT, BY, C* - C*
(Qz »®q k[AZ])™ = K[A", B", C* - CF]
from which it follows that these rings are isomorphic. This claim is simply

Weyl’s Theorem for the invariants of k[V @ V'V].
[

6.3.2 The integral kernel

We now use Q to construct Fourier-Mukai kernels. We begin by recalling the

following from [BDF17, Definition 3.1.4].

Definition 6.3.24. Let Z be a partial compactification of an action o : G Xy

7 — Z, with maps p, s, and 7 as above. We define the boundary of Z to be
9% = Z\i(G x4 Z),
the s-unstable locus to be
2= 5(9z),
and the s-semustable locus to be
ZF=7\7".
One similarly defines the p-unstable and p-semistable loci.

Remark 6.3.25. It follows from [BDF17, Example 3.1.10] that for an object Z
of HPSL(V), the s-semistable locus Z% coincides with U™ from Equation (6.3).

Similarly, the p-semistable locus Z;° coincides with U~ from Equation (6.4).

Definition 6.3.26. For an object Z of HP,?L(V), we let
@Z = (p x 5),0q, € D° (QCOhGL(V)X’“GL(V) 7 Xy Z) ,

where the pushforward is understood to be derived. We denote by Q\JZ“ the
quasi-coherent sheaf on Z%° x;, Z realized by restricting @ 7 from Z x;, Z. That
is,
Q4 =(j x 12)"Qz,
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where j : Z3° — Z is the inclusion. Finally, taking @} as the Fourier-Mukai

kernel, we have the functor
g : D (QcthL(V) Z> Db (QcthL(V) Z) . (6.7)

Remark 6.3.27. Since the functor (p x s), is exact, Q is just the GL(V)-
linearized sheaf associated to @)z with its (p, s)-bimodule structure given in

Lemma 6.3.2. This justifies our use of @Z in Notation 6.3.17.

Lemma 6.3.28. Let Z be an object of HPSL(V). Then ® 5+ s faithful.

Q7
Proof. Our proof follows from the fact that the functor

i Db<QCOhGL(V)(Z§S)) — Db(QCOhGL(V)(Z>>

is the left inverse of CI)@JZF‘ To see this, note that for any maximal minor m of
B, we have R, ®s Qz = k[GL(V)] ®x R = k[Az]. Indeed, inverting a minor
on the left amounts to inverting the determinant of C'. Since Ay is the kernel

of the identity, we obtain the desired result. O]

The fullness of this functor depends on certain localization properties,

which are the focus of the next section.

6.3.3 Bousfield localizations

This section recalls Bousfield (co)-localizations which will be used to establish
fullness of the functor @5, from Equation (6.7). We recall that the existence of
a Bousfield triangle produces a semi-orthogonal decomposition, and we show
that the essential image of our functor is an inclusion into one of these pieces.
We refer the reader to [Kral0] for a more detailed treatment of these con-
cepts. While the proofs of the statements refer to [BDF17] we recall all of the

statements here for ease of reference.

Definition 6.3.29. Let 7 be a triangulated category. A Bousfield localization
is an exact endofunctor L : 7 — T equipped with a natural transformation

0 : 1+ — L such that:

a) Lo =0L and
219



b) Lé: L — L? is invertible.

A Bousfield co-localization is given by an endofunctor C' : T — T equipped

with a natural transformation € : C' — 1+ such that:
a) Ce=eC and
b) Ce: C? — C is invertible.
Definition 6.3.30. Assume there are natural transformations of endofunctors
CS1 5L
of a triangulated category 7 such that
Cr <& ¢ 2 Ly

is an exact triangle for any object = of 7. Then we refer to C — 1+ — L as
a Bousfield triangle for T when any of the following equivalent conditions are

satisfied:
1) L is a Bousfield localization and C'(e,) = €c,
2) C'is a Bousfield co-localization and L(d,) = dp,
3) L is a Bousfield localization and C'is a Bousfield co-localization.

For a proof that the above properties are indeed equivalent, we refer the reader

to [BDEF17, Definition 3.33]. Denoting S := k[Az]/Qz, we have morphisms
ot
QZ — ]{I[Az] -5 = Qz[l]

in D*(Mod“™") k[Z]), where 7* is the morphism induced by 7 as in Equa-
tion 6.3.17. This yields an exact triangle. Furthermore, if we let 7) : @@Z —1
denote the morphism induced by 7, we see that for any z in D*(QcohS™(") 2)

the following is also exact:
®5,(7) = v — Pg(x)

With these observations in mind, we present one of the main results of this

section.
220



Proposition 6.3.31. Let Z be an object of AMSL(V). Then the triangle of
functors

)
(I)QZ — 1 —>(I>§.

1s a Bousfield triangle.

Proof. This follows identically as in [BDF17, Lemma 3.3.6], by Lemma 6.3.16
and Lemma 6.3.23. O

We are now ready to prove that ®5. is full. Let Ji := j, o j*, where

J 2% — Z is the natural inclusion, and let I'; be the local cohomology.

W)

Proposition 6.3.32. Let Z be an object of HPSL There is a semi-

orthogonal decomposition
D(Qeoh™Y) Z) = (Im @5, Im @ o T4, Im B, ),
where Im denotes the essential image. Furthermore, g+ is fully-faithful.

Proof. This follows identically to the proof of Proposition 3.3.9 in [BDF17] [

Letting j' : Z3° — Z be the inclusion and I'y its local cohomology, we have

the following dual statement.

Proposition 6.3.33. Let Z be an object of HPSL(V). There s a semi-

orthogonal decomposition
D(Qeoh ™) Z) = (Im &5, Im g o T, Im d5_),

where Im denotes the essential image. Furthermore, ®5_ is fully-faithful.

6.4 A geometric resolution
For this section, we will denote Z as the scheme
Hom(V, W) & Hom(W', V).

Having established that ®g. is fully faithful, the remaining objective of this

work is to examine the essential image of the functor 5. We will show
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that this image is generated by an exceptional collection first discovered by
Kapranov in [Kap88]. The method which we use is based on the underly-
ing techniques of the well known ‘geometric technique’ of Kempf (see e.g.

[Wey03]).

6.4.1 A sketch of Kempf

The objective of the method of Kempf is to provide a free resolution of special
modules by pulling back to a trivial geometric bundle over a projective variety.
Consider an algebraic variety Y. The total space of the sheaf OF" is the
scheme Y x A™. Now let X be the total space of a locally free sheaf F C OP"
on Y. Let 7 denote the projection Y x A" — Y.
We have the exact sequence of locally free sheaves on Y x A"

0 —— mF — 702" L 7T — 0,

where 7 is the quotient sheaf.
Consider the section s := f o taut : Oyypn — 7T, where taut denotes
the tautological section of m*OF" on Y x A". Then, we have the following

statement.

Proposition 6.4.1. With the above notation, a locally free resolution of the

sheaf Ox as a Oy yan-module is given by the Koszul complex

rnk(7) 2
K(s)y: 0= N\ (T = ... = N@TY) = 7T = Oyupr
Proof. On the vanishing locus Z(s), the tautological section taut factors
through 7*F. Hence, the vanishing locus is the total space of the sheaf F,
which is X. We see that the section is regular as the codimension of Z(s)
equals the rank of the sheaf 7*7; and the Koszul complex resolves Oy. For

more details, see [Wey03, Proposition 3.3.2]. O

6.4.2 The resolution

Now we are ready to present a resolution which will open a window to view
Im(®gq,). First recall that we set dim(V) := d. We define Qj as the base

change:
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Q; — Qg

| [pes

LE3X L —— I X Z

Let & be the tautological bundle on Gr(d,W) i.e. the locally free
sheaf on Gr(d, W) = [Hom(V,W)*/GL(V)¥] corresponding to the GL(V)%-
representation V. Then, we have the Euler sequence for the Grassmannian
Gr(d, W):

0=+8S—=W—=09—=0.

Consider the pullback of the above sequence to Gr(d, W) x Hom(W’, V') along
q and apply Zom(t*V,—), where ¢ : Gr(d,W) x Hom(W’, V) — Gr(d, W)
and ¢ : Gr(d, W) x Hom(W’,V) — Hom(W’, V) are projections

0 = Hom(t'V,q*S) L Hom(t*V,¢*W) S Hom(t'V,q*Q) — 0.  (6.8)

Let us denote T := #om(t*V,q*Q). We denote the total space of the
locally free sheaf J#om(A, B) as Hom(A, B). From the discussion in the

previous subsection, we get the following result:

Lemma 6.4.2. The following Koszul complex is a free resolution for Omom(+v,g+s)

as an Ogr(a,w)xz-module.
d(m—d) 2
K(s): N\ =T = ... = ANTTY = 7T = Ocraw)xz (6.9)
where m : Gr(d, W) x Hom(V, W) x Hom(W’, V) — Gr(d,W) x Hom(W’, V)

15 the projection morphism.

Proof. We choose Y = Gr(d, W) x Hom(W', V), and F = Hom(t*V,q*S),
and apply Proposition 6.4.1. Notice that the total space of SZom(t*V,q*W)
on Gr(d, W) x Hom(W', V') is Gr(d, W) x Z. O

Now, we can identify [QF,/ GL(V)!] as the total space Hom(t*V, ¢*S).
Lemma 6.4.3. The quotient space [QF}/GL(V)E] is GL(V)R-equivariantly
isomorphic to the total space Hom(t*V, ¢*S) as schemes over Gr(d,W) X

Hom(W’, V).
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Proof. Recall from Equation (6.2), that Qz is associated to the module
k[A", B",C]

Geometrically, we may view Qz as the total space of the locally free sheaf
End(V) over Speck[A”, BY]. Once we base change to the semistable lo-
cus and take the quotient with respect to the GL(V) action, we get that
Q7 / GL(V)%] is isomorphic to the total space

Hom(t*V, ¢*S) — Gr(d, W) x Hom(W', V).

Moreover, the inclusion, SZom(t*V, ¢*S) — Hom(t*V, ¢*W) realizes it as
a subspace of the total space Hom(t*V, ¢*W) over Gr(d, W) x Hom(W', V)
which is Z x Gr(d, W).

This inclusion Zom(t*V, ¢*S) — H#om(t*V,q*W) is induced by the ring

homomorphism
k[AF, AR BR — k[AY, B C)]
Al s AY
AR 0AF
B" — B,
which is equivariant with respect to the remaining GL(V')"-action. O

We denote 7y : [Z5/ GL(V)*] — [Hom(V, W)%/ GL(V)¥] as the projection.
Putting Lemma 6.4.2 and Lemma 6.4.3 together, we get a resolution of the
sheaf (m; x Idz),Q7.

Corollary 6.4.4. The Koszul complex (6.9) is a locally free resolution of the

sheaf (m X Idz)*@\} of Ocr(a,w)xz-modules.

Remark 6.4.5. We note that we could also have constructed a locally free
resolution of @}“ on Z% x Z by the same method, and this will also lead to a

similar proof as in the remainder of this paper.
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6.5 Analyzing the integral transform

In this section, we show that the kernel C/Q\JZF induces a derived equivalence
for a Grassmann flop. We begin by showing that the essential image of this
functor coincides with the ‘window’ description studied by Donovan and Segal

in [DS14, Section 3.1]. Recall that Z is the scheme
Hom(V, W) @ Hom(W', V)

with dim(W) =: m,dim(W’) = m/ > d := dim(V). Specifically, we will
show that the image of CD@ is generated by a collection of vector bundles
corresponding to representations identified by Kapranov [Kap88].

Let us recall Kapranov’s collection. Consider the standard GL(V') repre-
sentation V', where GL(V') acts by left multiplication. Consider the Schur
modules of V' associated to a Young diagram (or equivalently, partition) «,

and denote them by L,V. Kapranov’s collection is defined by
Kam = {LaV ) «a € Young diagrams of height < m — d and width < d}.

We also consider pull backs of these representations to Gr(d, W) along the
structure morphism. As V pulls back to the tautological bundle S, the Schur
functors L,V pull back to L,S and these are the locally free sheaves considered
by Kapranov. By abuse of notation, we will consider K, as a collection of
locally free sheaves on Hom(V, W) & Hom(W’, V') or Hom(W’, V') (again, by
pulling back along the structure morphism). Note that when & = C, this is
exactly the dual of the zero™ window W, from [DS14, Section 3.1].

It is the objective of this section to show that the thick triangulated sub-
category generated by elements of K, is equivalent to Im (@@er). We show

one containment in Proposition 6.5.1, which relies on the work of Section 6.4.

6.5.1 Windows from a resolution

Consider the projection m : Z% — Hom(V,W)®. To demonstrate that the

image of Dp: is contained in (K,,,), we exhibit a particular

GL(V)ExGL(V)E-equivariant resolution X, of (Idy xwl)*ég over Hom(V, W)% x
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Z. Equivalently, this is a GL(V)®-equivariant resolution of (Idz xwl)*@} over
Gr(d, W) x Z. The resolution obtained in equation (6.4.2) in Section 6.4.2 is
the one we are looking for and resolves the functor (I)@er o ;.

In this subsection, we will show that the components K* of the resolution
have a filtration whose associated graded pieces are of the form J X K with
K € K4m. This decomposition of the Fourier-Mukai transform q)@} ory yields
a functorial way to describe (I)QZ o7y (M) using objects of Ky, for all objects
7t (M) € DP([Z%/ GL(V)]). As such objects generate D°([Z5°/ GL(V)]) this is
enough to conclude the goal of this section, Im (q)QA)}) C Kim-

Proposition 6.5.1. With notation as above, we have

Im <(I)@JZF> Q <:K:d,m>>
where <:l’\”d7m> 1s the thick triangulated subcategory gemerated by elements in
Kam-

Proof. By Corollary 6.4.4, we have a quasi-isomorphism with the Koszul com-
plex

Ko (Idy xm).Q%
The components of the Koszul complex are /\l T Hom(t*V,q* Q)Y for 0 <1 <
d. We can appeal to the Cauchy Formula, e.g. [Wey03, Theorem 2.3.2(a)], to
get a filtration on /\l t*m* A om(t*V, ¢* Q)Y whose associated graded pieces are

| P LV RLLQY

|\|=i
Thus, each term in the Koszul complex can be generated using iterated exact

sequences from the locally free sheaves
7 (L\V K Ly QY).
These components, in turn, generate @er Hence, for all M, CI)@Z(T(TM ) is
generated by objects of the form
e pyvmnyov) (M M) = RT(M ® L)QY) @, LV

all of which lie in ¥,,,,. Now, since m; is an affine map, D°([Z*/ GL(V)]) is

generated by the essential image of 7. The result follows. O
226



6.5.2 Truncation operator

In this section we will see that qD@ has a useful description on GL(V)-
representations. Yet before we go deeper into the representation theory we

define a truncation operator over our field k of characteristic zero.

Definition 6.5.2. Let M € Mod“™")(k[Hom(V, W)]), we define the trunca-
tion operator as follows

Moy = (M ® k:[End(V)]) )

Recall, further that there is a GL(V') x; GL(V)-module decomposition
EEnd(V)] = @ N @k N;, (6.10)

where we sum over all irreducible representations of GL(V') with all positive
weights [Pro07], these representations are also referred to as polynomial rep-
resentations. Since GL(V') is linearly reductive over a field of characteristic
zero, we may decompose any GL(V')-module M as M = @ M;, where M; is
irreducible and we have the following description of the truncation operator

6.5.2:

Lemma 6.5.3. Let M € Mod“™V) (k[Hom(V, W)]); then decompose M over

k into irreducibles as

M= P M (6.11)

M, irreducible

Then the truncation operator may be described as follows

Mw= @ M

M; irreducible
and polynomial

]

Lemma 6.5.4. For any M € Mod“™"Y) (k[Hom(V, W)]), M is a k[Hom(V, W)]-

submodule of M and (-)>o is exact.

Proof. The exactness of the functor follows since GL(V') is linearly reductive
and thus our operator is just a projection. That Msq is a k[Hom(V, W)]-
submodule follows since k[Hom(V, W)]s¢ = k[Hom(V, W)] since k[Hom(V, W)]

is a polynomial representation. O
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To deliver a cleaner picture we define some more notation Y’ := Hom(V, W).
For the remainder of this subsection we will exploit the commutativity of the

following diagram.

U; —— Hom(V, W) & Hom(W", V)

Q \U}rl ltn

Uy «———— Hom(V, W)
Lemma 6.5.5. Let M € Mod“™") (k[Hom(V, W)]) then
Oq,, (M) = Mo
Proof. The coaction map defines a morphism
Msg — (k[End(V)] ® Mso) ") < (k[End(V)] @ M)V,

which we claim is an isomorphism. Notice that the coaction map lands in
k[End(V')] C k[GL(V)] as Mg is a polynomial representation. To check that
this map is an isomorphism, we may base change to k (which is faithfully flat
over k). Hence, assume that k = k.

Using equation (6.10) and Lemma 6.5.3, we get

(k[End(V)] @ M)V = B N; @ (N} @ M;) V)
~ M,

where we are considering the left GL(V') invariant submodule and the second
line follows from Schur’s Lemma.

Finally, by Lemma 6.3.10 we have Qys = k[A] ® k[End(V)], and we get

Qv @ M)MY) = k[A] ® (k[End(V)] @ M)HY)

Lemma 6.5.6. We have an isomorphism

(g x 1d). o(@z), = (Id xq1)"s(Qy’),,

as objects of ModSMVI*CEV)(y7 5 7).
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Proof. This follows from the following calculation.
«Qz = k[AY, BY, O]
>~ k(AR B @4 K[A", O
= 7 @y Qyr,

where the first isomorphism follows from Lemma 6.3.13 and in the second line,

k[A] acts on the left by going to A® and on the right by going C A~. O
Corollary 6.5.7. Let M € Mod“™)(k[Y"]), then
Dq, (61 M) = ¢1Pq,, (M)

Proof. This follows from Lemma 6.5.6 which says that it is true at the level of
the Fourier-Mukai kernels. ]

Lemma 6.5.8. For L,V € Ky,, we have that
(Rz'*Li*LaV)ZO =L,V

Proof. To see this we will denote the irreducible components as (_)s where
is the highest weight corresponding to the isotypical piece, and by g > 0 we

denote weights correspond to polynomial representations.

(Ri.Li*Lo V)5 = PRLLI L.V ) 5

B=>0
~ (P(Ri.Li* L,V ® LgV¥) )
B=>0
>~ (P(Ri.Li*(L,V ® LgV)) )
B=>0
=~ (PRI(Gr(d, W), LaS ® LgSY)
B=>0
>~ (PT(Gr(d, W), LoS @ LsS") (6.12)
B>0
=~ P T(Hom(V, W), LoV ® LgVY )Y (6.13)
B>0
=~ P (Sym(Hom(W,V)) ® LoV @ LgV™) V)
B>0
>~ Sym(Hom(W,V)) @ LoV (6.14)

= OHom(V,W) & LaV
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Equation (6.12) follows from [Kap88, Lemma 3.2.a] (this uses the assumption
that L,V € Ky, and the fact that the weights of the irreducible summands
of L,V ® LgV" are all strictly larger than —(m — d).) Equation (6.13) fol-
lows as Gr(d, W) has co-dimension greater than 2 in the global quotient stack
[Hom(V, W)/ GL(V)]. Equation (6.14) follows from Schur’s Lemma and the
fact that all representations in Sym(Hom(W,V)) ® L,V are polynomial (this
uses the fact that L,V is polynomial). O

Proposition 6.5.9. If L,V € Ky, then
(IDQ;(LOCV) >~ L,V
Proof. This result follows from another calculation,

o: (LaV) = Do(RjLj" LaV)
> 0., (Ri,Li* L, V)
&~ (Ri*Li*LaV> ,

>0

where the second line follows from Corollary 6.5.7 and the last line by Lemma

6.5.5. Hence our result follows from Lemma 6.5.8. O]
Corollary 6.5.10. Im qDQE = (Kim)-

Proof. This is an immediate consequence of Proposition 6.5.1 and Lemma

6.5.9. =
Note that we have a similar equality for P5--
Corollary 6.5.11. ImCIDAE = <(=Kd7m/)v> = <K:d,m’ ® det(V*)m/_d>,

Proof. We can switch the roles of W and W' by taking transposes. This is
anti-equivariant, i.e., equivariant up to inversion in GL(V'). Consequently, we
replace all representations with their duals which gives the first equality. The

second is a standard identity. ]
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6.5.3 The equivalence

Finally, we combine things to provide Fourier-Mukai equivalences for (twisted)
Grassmann flops. As usual, let 1 be an (arbitrary) field of characteristic zero.

We recall that P is the object obtained by the restriction of Q} to Z+ x Z~.

Theorem 6.5.12. Assume dim W’ > dim W. The wall crossing functor
dp:D(ZT) = DP(Z7)
is fully-faithful. If dim W' = dim W, it is an equivalence.

Proof. Proposition 6.3.32 tells us that @@; is fully-faithful. Thus, we reduce
to checking that j* is fully-faithful on the image of @@; Also, from Proposi-
tion 6.3.33, we know that j* is fully-faithful on the image of (IDAZ.

From Corollaries 6.5.10 and 6.5.11, we see that

I g5 C Tm g @ det(V)"™.

Since restriction commutes with tensoring with a line bundle, if j* is fully-
faithful on a full subcategory C then it is also on C ® L for any line bundle L.
Now Corollaries 6.5.10 and 6.5.11 show j7* must be fully-faithful on the image
of CI)QZ‘

If dim W’ = dim W, then both varieties are Calabi-Yau. As Calabi-Yau’s
can have no nontrivial admissible subcategories our fully-faithful functor must

be an equivalence. O

Remark 6.5.13. If & = k, once one knows that
Im (I)QJZr = <:K_d,m>

one can conclude Theorem 6.5.12 using [DS14, Proposition 3.6]. But, the

technology presented here makes for a simple direct proof.

Remark 6.5.14. In general, if we have two smooth projective varieties X and

Y over k, then the existence of an equivalence

D°(X7) = D°(¥3)
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does not guarantee the existence of an equivalence
DP(X) = D°(Y).

A simple class of counter-examples is Severi-Brauer varieties.

One needs, at least, a kernel over k which base changes to furnish the
equivalence to appeal to [Orl02, Lemma 2.12]. Without providing a kernel for
general k for the equivalence in [DS14], the results in loc.cit. cannot be used

to deduce equivalences over arbitrary fields of characteristic zero.
One can go even further. We give the following definition

Definition 6.5.15. We say

is a twisted Grassmann flop if the base change to the separable closure of &

thep 4 ________ > Yk:e P

N\

(Y0) v

is isomorphic to a Grassmann flop.

Example 6.5.16. Let A be a central simple k-algebra of degree n. For 0 <
[ < n, the [-th generalized Severi-Brauer variety of A SB;(A) is the variety
parameterizing right ideals of dimension In in A. Such a variety is a twisted
form of Gr(l,n), i.e.,

SB[(A)ksep &= Gr(l, n)ksep .

On SB;(A), the tautological vector bundle 7", whose fibers are the ideals, base
changes to Hom(W,S). Let T denote the associate geometric vector bundle.
The map

SBi(A) — SpecI'(T, Or)
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contracts the zero section and base changes to X* — X,. One can then
take two copies of SpecI'(T', Or) and identify them with the involution that
base changes to transposition the linear maps. The resulting diagram is a(n

honestly) twisted Grassmann flop.

We also have equivalences for twisted Grassmann flops in characteristic

Zero.

Corollary 6.5.17. Assume chark = 0. If we have a twisted Grassmann flop,

then there 1s an equivalence
DP(YT) — DP(Y ™).

Proof. Theorem 6.3.22 says that the structure sheaf of the fiber product
Vit X (vo)peep Yimep 18 a Fourier-Mukai kernel. Applying [Orl02, Lemma 2.12]

shows that the Yt xy, Y~ is also a Fourier-Mukai kernel. O
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Chapter 7

Windows for cdgas

7.1 Introduction

Flops are some of the most elementary birational transformations. A deep
relationship between birational geometry and derived categories originated
in the work of Bondal and Orlov [BO95]. They conjectured that flops have
equivalent derived categories; Kawamata refined and generalized this further
in his famous K-equivalence implies D-equivalence conjecture [Kaw02].

There are various solutions to this problem for explicit types of flops; for
example, Bondal and Orlov [BO95] for the standard/Atiyah flop, Bridgeland
[Bri02] for flops in dimension 3, and Namikawa and Kawamata for Mukai flops
[Nam03, Kaw06]. However there is no agreed upon solution to tackle this
problem in full generality.

One of the various successful techniques in addressing this problem, known
as “grade-restriction windows”, was introduced by Segal [Seg11] based on ideas
from string theory revealed by physicists Herbst, Hori, and Page [HHP09]. Se-
gal’s work and the introduction of this technique quickly lead to significant gen-
eralizations by Ballard, Favero and Katzarkov [BFK14] and Halpern-Leistner
[HL15] i.e. grade-restriction windows can be used to prove Kawamata’s D-
equivalence implies K-equivalence conjecture for certain Variation of Geomet-
ric Invariant Theory(VGIT) problems, even in non-abelian cases.

Due to a result of Reid (see [Tha96, Proposition 1.7]), one can reduce the
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problem of flops to a VGIT problem. In more detail, given a flop
Yi o Ya,

one can find a scheme Y with a G,,-action, such that Y; and Y5 are realized
as two different GIT quotients. Hence, we may try to prove Bondal-Orlov—
Kawamata’s conjecture in general using VGIT. In the known cases, the idea
is as follows.

Consider a scheme Y equipped with an action of a linearly reductive group
G. We denote the GIT quotient with respect to an G-equivariant ample line
bundle as Y/g. The window functor is a fully faithful functor

®: D(Y o) — D(QCoh®Y).

The essential image of this functor is referred to as the window subcategory or
as the window in short. We can also consider a different GIT quotient and
construct a different window functor. The proof of the equivalence between
the derived categories of the different GIT quotients works by comparing the
two window subcategories in D(QCoh®Y').

Though it is not constructed this way in [BFK14, HL15], the window func-
tor @ is expected to be of geometric origin. Namely, it should be defined by a
Fourier-Mukai kernel P which is an object in D(Y /g, X [Y/G,,]), such that

O(F) = mo, (PR 7 F),

where 71 and 7y are projections from Y/, x [Y/G,,] to the first and second
factor respectively. Recently, Ballard, Diemer, and Favero [BDF17] proposed
a consistent way to produce homologically well behaved Fourier-Mukai kernels
for these window functors in the case of G,,-actions, called the Q)-construction.
This was extended to G L,-actions for Grassmannian flops in [BCF*19].

One of the notable properties is that this () behaves well with respect to
base change. We note here that even in examples of flops where the derived
equivalences are known to hold, there is not always a construction of the

Fourier-Mukai kernel that induces this equivalence.
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In [BDF17], the authors recovered grade-restriction windows for smooth
affine schemes X with a G,,-action via an explicit construction of a kernel.
However, birational geometry demands we study more than smooth schemes.
Indeed, even in the setting of smooth flops, the scheme X is often singular
(for example, the Mukai flop). In the case of singular affine schemes Ballard,
Diemer, and Favero proposed a derived ()-construction, which uses techniques
from derived algebraic geometry. Furthermore, they conjecture that this de-
rived Q-construction provides a Fourier-Mukai equivalence for flops (i.e. they
propose an explicit method to prove Bondal-Orlov-Kawamata’s conjecture).

In order to tackle this problem of VGIT for singular schemes, the idea is
to resolve the singular scheme, by a smooth dg-scheme and then apply the Q-
construction. Instead of working in the simplicial setting (as [BDF17] does),
we use the philosophy of the monoidal Dold-Kan correspondence to work in

the dg setting instead.

7.1.1 Windows

In this paper, we develop a theory of variation of GIT quotients arising from
semi-free commutative differential graded algebras (cdga). This uses the lan-
guage of dg-schemes as developed in [CFKO01, Ric10, BR12, MR15]. We prefer
to use this over the more involved machinery of derived algebraic geometry
(DAG) as it is explicit and better suited (at least for us) for computations.
Let us start with a Z-graded semi-free (i.e., free upon forgetting the dif-
ferential) cdga R over a smooth finitely-generated k-algebra T, where k is an
arbitrary field. We will also assume that the homological degree zero part is
R = T. This data gives a dg-scheme with a G,,-action (for more details about

dg-schemes, see Section 7.2.2),
X :=(X,R).

Here, X = SpecT, and R is the cdga R considered as a dg-Ox-module on X.
Let us denote the ideal generated by all the positively graded elements in T’
by J*, and the associated semi-stable locus as

Xti=X V(.
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We can also consider the restriction of the sheaf of cdgas R to the semi-stable
locus, and denote it by R*. Then, we define the positive semi-stable locus of
the dg-scheme X as
Xt = (XT,R").
In Section 7.3.2, we define a Fourier-Mukai kernel ), and following

[BDE17], we get a fully-faithful functor @, .

Proposition 7.1.1 (Lemmas 7.3.14 and 7.4.8). There is a fully-faithful (win-

dow) functor
®g, : D(QCoh®" (XT)) — D(QCoh®m(X)).

In order to identify the essential image of the window functor (known as
a window) explicitly, we need to impose a condition on the internal degree of

the homological generators of R over T

Theorem 7.1.2 (Theorem 7.4.13). Assume that R is generated as a T-algebra

by non-positive elements. The functor
Dg, : Perf®(XT) — W

is an equivalence of categories where W5 is étale locally the full subcategory

generated by R(i) for i in a prescribed range (see Definition 7.4.9).

Comparison with the literature

Let us now restrict to the setting of singular VGIT problems (which we describe
in more detail in Section 7.1.3). Then, the cdga R is chosen to be a semi-free
dg-resolution of a singular ring. Under certain assumptions called Properties
L(+) and A, [HL15] also defines a window subcategory and proves that the
derived category of the GIT quotient is equivalent to this window (via different
methods).

We note that our conditions on the degree in Theorem 7.1.2 need not sat-
isfy Property A or Property Lt of [HL15] (see Example 7.4.5). In fact, these
conditions are roughly complementary to the ones of [HL15]. Moreover, in

Example 7.4.6, where LT and A are satisfied (but our Theorem 7.1.2 does not
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hold), we check that the essential image of our window functor ®¢ is the same
as the window described in [HL15]. This suggests that the Fourier-Mukai ker-
nel that we study in this paper is indeed the right one (for example, to solve the
Bondal-Orlov-Kawamata conjectures). We hope that a more refined definition

of the window will allow us to remove the restrictions in Theorem 7.1.2.

7.1.2 Wall-crossing for cdgas

Using the window functor and the explicit description of the window from the
previous section, we can compare the derived categories of the positive and
negative GIT quotients. This allows us to obtain the following results about
wall-crossings.

By considering the ideal J~ generated by the negatively graded elements
of T', we may define the negative semi-stable locus of the dg-scheme X analo-

gously to the previous section, i.e.,
X" =(X",R).

We can also prove the analogue of the window statement (Theorem 7.1.2) for
X~ if we assume that the cdga R is generated by non-negatively graded ele-
ments. We can combine these results to understand the wall-crossings between
X* and X~

Let o be the sum of the weights of the conormal bundle of SpecT/J* in
X. Let ji : X* < X be the inclusion of dg-schemes.

Theorem 7.1.3 (Theorem 7.4.15 ). Assume that the dg-algebra generators of
R over T have internal degree zero. When, uy + p_ = 0, the wall crossing

functor
PV = j* o (— @ O(—py — 1)) 0 Bg, : Perf(XT) — Perf® (X7)
s an equivalence of categories. The inverse functor is

D= 1o (~ @ O(—pu +1)) 0 Dg_
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We also study the case where p; +p— # 0 and X is isomorphic to an affine

space over an arbitrary Noetherian ring k. Consider the ring
T = k[x,y],

where we use the shorthand notation x to mean xq, x5, -+ ,2; and y to mean
Y1,Y2, "+, Ym With internal Z-grading degx; > 0 and degy; < 0.

In this setting, we have the following result.

Theorem 7.1.4 (Theorem 7.4.17). Let k be an arbitrary Noetherian ring.
Assume that the algebra generators of R over T' = k[x,y]| have internal degree

zero. Consider the (derived) fized locus R®™ := R/(x,y).

1. When, uy+p_ > 0, we have the following semi-orthogonal decomposition

Perf® X = (Perf(R®"),, 1, -+ , Perf(R®™)y, Perf(R®™);, ®"“¢(Perf® X)).

2. When, pi+p_ < 0, we have the following semi-orthogonal decomposition

Perf®" X~ = (Perf(R®™),, 1, -+, Perf(R®™) o, Perf(R®™)_, ®4°(Perf® XT)).

The main application of the above results that we are interested in is the
setting of VGIT problems arising from singular schemes (in particular, those

obtained as a VGIT presentation of a flop).

7.1.3 Applications to singular VGIT problems

Consider a (possibly singular) subscheme Y = SpecS of a smooth affine
scheme X = SpecT of finite type over a field k, which is equipped with a
G,,,-action,

Y = Spec S < X = SpecT.

Then we resolve the Z-graded singular ring S by a Z-graded semi-free cdga
R, using the Koszul-Tate resolution (which is a generalization of the Koszul

resolution for complete intersections) [Tat57],

R~S.
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In particular, R has only finitely many generators in each homological degree,
but could have infinitely many generators in total. Note that the degree zero

part R® = T. We introduce the following notation for the GIT quotients of Y.
Y/ =Y = V(JF)/G,).
Now we may use Theorem 7.1.3 to prove the following derived equivalences.

Corollary 7.1.5 (Corollary 7.4.18). Assume that the dg-algebra generators of
R over T' have internal degree zero. When py + pu— = 0, the wall crossing

functor

OV : Perf(Y ;) — Perf(Y/)

1s an equivalence of categories. In particular, if the semi-stable loci are smooth

(for example, the setting of smooth flops),
o™ D(Y/,) — D"(Y/-)
1 an equivalence of categories.

As a special case we recover the local case of the equivalence in [Nam03,

Kaw06, Mor18, ADM19], using VGIT and window techniques.

Theorem 7.1.6 (Corollary 7.4.19). For the local model of the Mukai flop over

a fired commutative Noetherian ring k, the wall crossing functor
¢ DY) — D (Y/-)
15 an equivalence of categories.

While this is a well-known result over C, our proof holds over an arbitrary

Noetherian ring k.

7.1.4 Outline of the paper

In Section 7.2, we first set up notation and introduce the language of dg-
schemes. We discuss the derived category of equivariant dg-schemes and the

existence of derived functors in Section 7.2.2. We define the category of perfect
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complexes in Section 7.2.3 which is the category we are interested in, and in
Section 7.2.4, we introduce the Variation of GIT quotients problem that we
study in this paper.

In Section 7.3, we define the object () which is the main object of this
paper, and study various properties of it. Section 7.3.1 is a brief reminder
of the construction of @ in the setting of (non-dg) rings, and then we define
it for semi-free cdgas in Section 7.3.2. We study various properties of @) in
Section 7.3.3, which will be important to understand the Fourier-Mukai trans-
forms induced by it. In Section 7.3.4, we find conditions for fully-faithfulness
of the window functor defined using Q).

In Section 7.4, we study the window functors and wall-crossing functors
defined using @) as the Fourier-Mukai kernel. We focus on the case where
the underlying scheme is affine space in Section 7.4.1 and the general case of
a smooth affine scheme in Section 7.4.2. Then, we study the induced wall-
crossing functors in Section 7.4.3 and finally discuss applications to VGIT

problems arising from flops in Section 7.4.4.
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7.2 Setup

Let us set notation and recall relevant definitions and results about dg-schemes

following [CFKO01, Ric10, MR15, BR12].

7.2.1 Notation

Throughout, k& will denote a fixed commutative Noetherian ring over which all
objects are defined. In this paper, we will only work with commutative differ-

ential graded algebras concentrated in non-positive degrees, and henceforth we
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will simply refer to one as a cdga. Bold letters, e.g. X, will denote a dg-scheme,
and the underlying ordinary scheme will be denote by unbolded letters, e.g.
X. We will assume that all our schemes are separated and Noetherian of finite
dimension.

Often, our objects (cdgas, for example) will have a Z-grading coming from
a G,,-action (on dg-schemes, for example) which we will refer to as the internal
grading, as opposed to the homological grading coming from the cdga struc-
ture. In order to denote the homological grading, we will use upper indices,
whereas we use lower indices for the internal grading.

We say that the graded vector space k(7) has weight i. For a graded module
M, the degree 0 piece of the shifted module M (i) is the degree i piece of M,
notated M; so that (M (7)); = M;y;.

7.2.2 dg-schemes

The data of a dg-scheme X is the pair
X=(X,A),

where X is a scheme and A is a non-positively graded, commutative dg O x-
algebra, such that A’ is a quasi-coherent Ox-module for any i € Z<,. We
denote the homological graded pieces of A by A°.

Definition 7.2.1. Let X = (X, .A) be a dg-scheme. A quasi-coherent dg-sheaf
F on X is a A-dg-module such that F* is a quasi-coherent O x-module for any
i € 7.

We define the derived category of quasi-coherent dg-sheaves by D(QCoh X).
The derived category is defined in the usual way as the localization of the ho-
motopy category with respect to the class of quasi-isomorphisms. This has
the structure of a triangulated category. Note that in the case of ordinary
schemes, i.e., if A = Oy, the category D(QCoh X) = D(QCoh X).

In [BR12], it is shown that there are enough K-flat and K-injective objects
in QCoh(X), and hence one can use these to define all right derived functors,

and left derived tensor products and pullbacks. They also prove the adjunction
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between derived pushforwards and pullbacks, the projection formula and a base
change formula. It is worth noting that in the context of dg-schemes, flatness
is not required for the base-change formula; instead we use the derived fiber
product.

In the G,,-equivariant setting, i.e., when we have a scheme X equipped
with a G,,-action and A is equivariant with respect to this G,,-action, some
of the appropriate generalizations are defined by [MR15] under the following

technical assumptions:

1. For any F in QCoh®"(X), there exists a P in QCoh®™ (X)) which is flat
over Ox and a surjection P — F in QCoh®™(X).

2. Assume that A is locally free over A°, A is locally finitely generated as
an Ox-algebra, and finally that A is K-flat as a G,,-equivariant A°-dg-

module.

In this paper, we will always work over X quasi-affine or affine, and hence
the first condition is automatically satisfied. We will only consider dg-schemes
such that A° = Ox and that A is semi-free over Oy, and hence the second
condition is always satisfied as well.

We note that [MR15] imposes a slightly stronger technical assumption
which is that A is locally free of finite rank over A°. However, this assumption
is unnecessary in the proof of [MR15, Proposition 2.8]. Moreover, the proof of
[Ric10, Theorem 1.3.6] carries over to this setting as well. Hence we have the

following statement.

Lemma 7.2.2. Consider a G,,-equivariant dg-scheme X satisfying the as-
sumptions above. For any object F in QCoh®™ (X), there ezists a K-injective

equivariant resolution F — L.

Proof. First we use [MR15, Proposition 2.8] to find a resolution for bounded
below A-dg-modules; this resolution has flabby graded components. Then,
the proof in [Ricl0, Theorem 1.3.6] carries over to this setting. As a brief

reminder, we truncate the dg-sheaf F, resolve the truncations by K-injectives
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and then take the inverse limit over the truncations. In the proof of [Ricl0,
Theorem 1.3.6], we take B = QCoh®m (X) and consider equivariant open

covers of X. O]

Using the above lemma, we can define all right derived functors. In order to
define left derived inverse images and tensor products, we use [MR15, Lemma
2.7] which proves the existence of K-flat resolutions. Using these K-injective
and K-flat resolutions it is easy to prove the projection formula and the ad-
junction between pushforwards and pullbacks by adapting the arguments of

[BR12] to our setting, and we will use these in this paper.

7.2.3 Perfect objects

Let us give an ad hoc definition of the category Perf®” X where X = (X, A)
with the assumptions as before, and X is quasi-projective. Consider an ample

line bundle £ on X.

Definition 7.2.3. The thick triangulated subcategory of D(QCoh®™ X) gen-
erated by L% @0, A(i) for all i,j € Z is called the category of perfect dg-

sheaves, denoted Perf® X.

Remark 7.2.4. We expect that the ‘right’ definition of the category of perfect
dg-sheaves on X = (X, .A), i.e. the triangulated category generated by dg-
sheaves that are quasi-isomorphic to a finite locally semi-free A-module (i.e.,
finite locally free after forgetting the differential) is equivalent to our ad-ho
definition in this context. In particular, it is easy to show that if we consider
an ordinary scheme (if A = Q) equipped with an ample line bundle then the

definitions coincide.

7.2.4 GIT problem

We start with a Z-graded semi-free! commutative differential graded algebra
(cdga), say R. We denote the homological degree zero piece of R by T := RY,

and we require that 7T is a finitely generated smooth ring over k. We do not

'Recall that a semi-free cdga R is one that is free when considered as a commutative
algebra by forgetting the differential.
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require any finiteness conditions on R. To this data, we associate the affine
dg-scheme

X := SpecT, X :=(X,R),

where R is the dg-Ox-module associated to the cdga R. The Z-grading on
T — R is equivalent to a G,,-action on X.

We denote the semi-stable loci (which are dg-schemes) as
Xt = (X* RY),
where we define
XEF=X-V(J5), R*F=R|x=.

Here J* denotes the ideal generated by all the strictly positive/negative-ly
graded elements. Then we define two Geometric Invariant Theory (GIT) quo-

tients X+ of X with respect to the G,,-action. The stacks
X/ = [X*/Gul,

with the sheaf of cdgas obtained by the descent of R* to X /. are the GIT
quotient “dg-stacks”

X/)e = (X)s, RF).

Remark 7.2.5. We do not define or introduce dg-stacks in general as the ones
we consider are global quotients of dg-schemes, and we are only concerned
about the corresponding derived categories. We define the derived category of
the global quotient dg-stack merely as the corresponding equivariant derived

category of the dg-scheme.

7.3 Defining ()

We will first recall the @-construction briefly in the setting of Z-graded (not
dg-)rings, and then extend this definition to cdgas. In this section, we continue
to use the notations of the previous section. In particular, we remind the reader
that T is a Z-graded smooth ring finitely generated over k, R is a Z-graded

semi-free cdga over T and X is an affine dg-scheme equipped with a G,,-action.
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7.3.1 (@ for smooth rings

This section is a brief reminder of the construction of [BDF17]. The Z-grading

on the ring T is equivalent to a G,,-action on X = SpecT. Viewed in this

manner, we say that T is equipped with the co-projection and co-action mor-

phisms, which we denote by 7 and o respectively. The morphisms act as
7T — Tlu,u™] o T — Tlu,u™"]

7.1
t—t t — tudest (7-1)

for any homogeneous element ¢ in T'. We assign a Z x Z-grading to the equiv-

ariant diagonal of SpecT', which is
kG x X] = T[u,u™],

such that the morphisms 7 and o equivariant. The grading for homogeneous

t in T is defined as
degm(t) = (degt,0), dego(t) = (0,degt) and degu = (—1,1).
Given the smooth ring T, we define
Q(T) = (a(T),0(T),u) € Tu,u”"],

as the k-subalgebra of T'[u, u~!] generated by the image of the co-action and co-
projection maps, and u. It suffices to keep the image of the negative elements
under the co-action map along with 7T'[u],
QT) = (P T, T(u))
i<0
where T denotes the i-th graded piece of T'. The co-projection and co-action

maps factor through Q(7'), giving the maps p and s,

T == Q(T) — A(T). (7.2)

The T ® T-module Q(T) also inherits the Z x Z grading from T/[u,u™!].
Hence, we can consider Q(T) as an element of D(mod®™*® (T ® T)) using
the p ® s module structure.

In order to clarify the construction above, let us consider the example where

X is an affine space. This example will play an important role in the paper.
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Example 7.3.1. Let us consider the ring T" = k[x,y], where we are using
the shorthand notation x to mean x,--- ,x;, and y to mean vy, -+ ,y,,. We

assign the Z-grading
degx; =a; >0 degy; =b; <0

to T'. Then,
Q(T) = k[x,z,ul,
with the p,s: T — Q(T) maps given by
p(z;) = ; s(x;) = utaxy
ply) =u "z s(y) =2z
Remark 7.3.2. For the sake of notational simplicity, we have not added any

x; or y; of internal degree zero. The () construction does not affect such degree

zero generators and hence we may view it as a part of the Noetherian ring k.

There is a geometric motivation for this definition of (), and we refer the
reader to [BDF17] for more details. The idea is to define () as a partial com-
pactification of the G,,-action on X, generalizing a construction of [Dril3]. In
loc. cit., the authors prove various properties of this object (Q; one that is worth

*Gm s functorial.

mentioning here is that the assignment () : CR(,E”” — CRE[Z]
We also note that the equivariant injective map Q(7') <— A(T') provides a natu-

ral transformation between the Fourier-Mukai functors ®oy — @A) = Idx.

7.3.2 () for semi-free cdgas

Now we define @) for semi-free cdgas, which is the case of interest in this paper.
Recall that the dg-scheme X = (Spec T, R) is equipped with a G,,-action. This
means that we have the projection and action maps, which we denote by 7
and o respectively,

Gn xX =3 X,
We want to view the cdga associated to G,, x X as a dg-sheaf on X x X using
the morphism 7 X . More precisely, we define a semi-free cdga A(R) (which

should be thought of as the equivariant diagonal in the dg-setting)

A(R) := Rlu,u™"],
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which is equipped with a Z x Z-grading (which, as before, is chosen in or-
der to make the action and projection maps equivariant). The grading for

homogeneous 7 in R is defined as
degm(r) = (degr,0), dego(r) = (0,degr) and degu = (—1,1).

In order to get the dg-structure, we note that the elements, u and ! are in
homological degree zero, and hence are killed by the differential.
We also have the co-action and co-projection dg-morphisms (which we

denote by m and o by abuse of notation)

7R — Rlu,u™] o :R— Rlu,u™]
(7.3)
T s rudee”
for homogeneous r in R.
Consider A(R) as a R ® R-module with the module structure 7™ ® o.
Then, we have the associated quasi-coherent dg-sheaf, also denoted A(R),
on X x X. Taking into account the Z x Z-grading we view it as an element of

D(QCoh®m*Em X x X).

Lemma 7.3.3. The object A(R) € D(QCoh®*®™ X x X) is a Fourier-Mukai
kernel of the identity functor on D(QCthm X).

Proof. As all the objects are affine, we may work on the level of cdgas. Then,
keeping track of the equivariant structures carefully, we have the following

sequence of isomorphisms:

Pary(A)

I

(o, A)Em
(A, u™ 0,
o @AZUZ,

12

where the R-module structure is
r.(au’) = (r.a)u'TIE",

Similarly, for the inverse functor,

Par)(A)

I

(m,0* A)Cm
(A, u™])0)
g @Aiu—i’
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where the R-module structure is

r.(au') = (r.a)u'9%".

It is clear that ®A'u’ and A~ are isomorphic to A with the original
R-module structure, and hence we are done.

O

Now, we define an analogue of the Q-construction of [BDF17] for the semi-

free cdga R.

Definition 7.3.4. The object Q(R) is defined as the following Z x Z-graded
cdga

Q(R) = (m(R),0(R),u) € Rlu,u™"]
generated as a k-subalgebra of R[u,u™']. The dg-structure and the Z x Z-
grading are inherited from the object A(R) = R[u,u™?].

The co-action and co-projection maps to A(R) factor through Q(R), giving
the maps p and s,

p
R ;; Q(R) —— A(R).
The maps p, s extend to A(R) to give the co-projection 7 and co-action o

maps on R respectively.

Let us clarify these notions by looking at an extension of Example 7.3.1.

Example 7.3.5. Let T = k[x,y| as in Example 7.3.1. Consider a homo-
geneous regular sequence of length n, say (hy, ho, -+, hyyin,) in T. Assume

further, without loss of generality, that the internal degree of h; is d;, and that
d; > 0 for i € [0,n4], d; <0 fori € [ny+ 1,11+ ns).

Then, we define the dg-algebra R to be the Koszul resolution on this regular

sequence.
R = k[X7Y7€17 6y, fla e 7fn2]7 dei - hia df] = hnl—i-j‘
Then we can compute Q(R) to be

Q(R) = k[X,Z,Gl, 5, 6ng, 01,00 agnz]a
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where the maps p, s : R — Q(R) are given by

p(z;) = z; s(x;) = uix;
p(ys) = u™"z s(yi) = zi
plei) = ¢ s(e;) = uie;
p(fi) = uw g s(fi) =g

Let us return to the general setting now. The maps p,s give Q(R) the
structure of a Z x Z-graded R® R dg-module with the p® s-module structure.
We will view the associated dg-sheaf, also denoted Q(R), as an element of

D(QCoh®m*®m X x X).
Explicit description of Q(R)

Let us introduce some more notation and describe Q(R) explicitly. As R is a
semi-free cdga over T', let us choose a set of (possibly infinite) homogeneous (in
the internal grading) algebra generators. We denote the positive generators
by e; and the negative generators by f;, where ¢ takes values in a possibly
countably infinite set. We will use the short hand notation e (f) to refer to

the set of all e; (f;). Using this notation,
R =Tle,f].

Defining g; := ud°/i f;, we can express Q(R) explicitly as

Q(R) = Q(T)[e. g, (7.4)
with the p and s dg-module structures given by
p:R— Q(R) s:R— Q(R)
t— pT(t) t— ST(t>
(7.5)
e; — € e; — ulecie,
fiumd8lig; Ji e i,

where the maps pr and sy are the maps defined in equation 7.2, but we have
added the subscript T' for clarity.
We also note the bi-degrees of the elements in Q(R) for convenience:

bi-dege; = (dege;, 0) bi-deg g; = (0,deg f:),

and the degrees of the elements in Q(7") are as defined in Section 7.3.1.
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7.3.3 Some properties of Q(R)

Let us denote the G,, x G,,-equivariant inclusion of Q(R) into A(R) by 7,
n:Q(R) — A(R) = Rlu,u™"].

Let us study the relation of Q(R) to A(R) further. In particular, we show that
they become isomorphic if we localize by an element in 7" of non-zero internal

degree.

Lemma 7.3.6. Consider Q(R) as « R® R dg-module with the p® s structure.
Let t in T be a homogeneous element, with the corresponding localization map

R, =Tile,f] - R=Tle,f]|. Ifdegt >0,

1®sn: R ®s Q(R) = Ry @ A(R)
s an isomorphism. If degt < 0,

1®,n: R ®, Q(R) = R ®, A(R)
s an isomorphism.

Proof. The morphisms are injective as R; is flat over R.
To check that the morphisms are surjective, we just need to check that

1

we get ©~! in the image. In the first case, t™' ® u%°8*~'¢ maps to u~!; in the

1

u~ 9 =1 maps to u~!.

second case, t7! ® s(t)

]

We need to study some properties of the object Q(R) s®, Q(R) here as it
will play a role when we discuss fully faithfulness of the window functor in the
next subsection. The object Q(R) s®, Q(R) inherits a G¢3-action, where the

72 grading is as follows:
degg® 1 = (a,b,0) degl ® q = (0,a,b)

if ¢ € Q(R) is a homogeneous element of degree (a, b).
We would like to understand what happens when we take middle degree

invariants; we denote this by (M )y where M is Z3-graded.
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Lemma 7.3.7. The following diagram commutes

/
\

>

R) (@5

)o

\Q
=

o ®p Q R))O

(Q(R) s@, Q(R

Proof. Consider the upper right arrow

(Q(R) sQx A)O = Q(R) [U’ U_l]o

In order to take the middle degree zero invariants, we used that degu =
(—1,1,0) and degv = (0,—1,1). Similarly, one can prove the same for the

bottom row, and the commutativity is clear. O

We consider the following morphism,

P+ (Q(R) s®, Q(R))o — (Q(R) s®, Q(R))o — Q(R) (7.6)

where the first morphism is the map from the left derived functor to the (under-
ived) functor, and the second morphism is the one constructed in Lemma 7.3.6.
Fully faithfulness of the window functor is related to properties of the mor-
phism p as we will see in Section 7.3.4.

Our goal is to construct a Fourier-Mukai kernel for the window functors
D(QCoh®" X*) — D (QCoh®" X) .
Using the G,,-equivariant morphism of dg-schemes
g Xt =X,

we define

Q4 = (J x 1d)"Q(R),
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and consider it as an object of D(Qcth"”XGm X+t x X). We have dropped
the R in 4 in the interest of notational convenience. We will focus on the
positive GIT quotient, but the arguments are analogous for the negative GIT

quotient.

7.3.4 Fully faithfulness

In this section, we find sufficient conditions for the Fourier-Mukai functor ®¢,
to be fully faithful. Checking faithfulness is easy and follows the arguments of
[BDF17].

Lemma 7.3.8. The composition j* o ®q, is naturally isomorphic to the iden-

tity. In particular, the functor
®g, : D(Qeoh®" X*) — D (QCoh®" X),
18 faithful.

Proof. We want to show that j* o @, is the identity functor. On the level of

the kernels, it suffices to show that the morphism
(% J)'Q— (j xj) A(R)

is an isomorphism. We can do this locally on the G,,-invariant affine cover of
X* x XT, obtained by inverting the positive elements ¢ € J* in T = k[X].
This is precisely the content of the first part of Lemma 7.3.6. m

Fullness of the functor is more involved and is best phrased in the language
of Bousfield localizations. Let us recall some of the definitions and results
that we need about Bousfield (co)-localizations. The existence of a Bousfield
triangle produces a semi-orthogonal decomposition, and we show that the
essential image of our functor is equivalent to one part of the semi orthogonal

decomposition.

Definition 7.3.9. Let 7 be a triangulated category. A Bousfield localization
is an exact endofunctor L : 7 — T equipped with a natural transformation

0 : 1+ — L such that:
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a) Lo = 0L and
b) Lé: L — L? is invertible.

A Bousfield co-localization is given by an endofunctor C' : 7 — T equipped

with a natural transformation € : C' — 1+ such that:
a) Ce=eC and
b) Ce: C?* — C is invertible.
Definition 7.3.10. Assume there are natural transformations of endofunctors
CS51 3L
of a triangulated category T such that
Cr < 0 2 Ly

is an exact triangle for any object x of 7. Then we refer to C' — 1+ — L as
a Bousfield triangle for T when any of the following equivalent conditions are

satisfied:
1) L is a Bousfield localization and C'(e,) = €c,
2) C'is a Bousfield co-localization and L(d,) = dp,
3) L is a Bousfield localization and C'is a Bousfield co-localization.

For a proof that the above properties are indeed equivalent, we refer the reader

to [BDF17, Definition 3.33].

Remark 7.3.11. Any Fourier-Mukai functor ®p with a morphism A — P
satisfies the condition a) to be a Bousfield localization. It is easy to see that
®p(64) = bop(a). Analogously, any Fourier-Mukai functor ®p» with a mor-

phism P’ — A satisfies the condition a) to be a Bousfield co-localization.

Lemma 7.3.12. [Property P] The triangle of functors

(I)Q(R) s 1d > (I)cone(n)
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1s a Bousfield triangle if the morphism

p: (Q(R) s@; Q(R))o — Q(R),
s an isomorphism.

Proof. The proof follows the arguments of the proof of [BDF17, Lemma 3.3.6].
We have a morphism Q(R) — A(R), and a morphism A — cone(n)(R).
Hence (using Remark 7.3.11), we only need to check the second condition for

®o(r) to be Bousfield co-localization. This condition translates to

(Q(R) s®; Q(R))o = Q(R).
O

If Q(R) satisfies the condition of Lemma 7.3.12, we will say that Q(R)
satisfies Property P.

We have another Bousfield triangle given as follows.

Lemma 7.3.13. The following triangle is a Bousfield triangle

q)cone('y)[-l] > Id > j* Oj*’
where 7 is the morphism A — (Id xj).(Id xj)*A.

Proof. First, we check that j,7* is a Bousfield localization. We have the pair
of adjoint functors j* - j, . We apply base change to the following Cartesian

square
X+ M x+

b

X+ L 4%
to see that the co-unit map
7% 3. = 1d,
is an isomorphism. Now, we can show that the functor j,j* equipped with

the unit Id — j.j* is a Bousfield localization (using base change for example).

This is similar to the arguments of [HR17, Example 1.2].
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Finally, we take the cone of the unit natural transformation to get the

desired Bousfield triangle
(I)cone('y)[-l] —Id — ]* @) j*

Notice that we may do this on the level of the Fourier-Mukai kernels as we

have explicit kernels. O]
For convenience, we define C' := ®eope(y)[-1)-

Lemma 7.3.14. If Q(R) satisfies property P, there is a weak semi-orthogonal

decomposition
D(QCoh®™ X) = (Im ®eone(y), Im Po(ry 0 C, Tm D, ),
where Im denotes the essential image. Furthermore, the functor
®q, : D(Qeoh® X*) — D (Qeoh®" X)
15 fully faithful.

Proof. We want to use [BDF17, Lemma 3.3.5] to prove this statement. This
says that if C; — Id — Ly and Cy — Id — Ly are Bousfield triangles in a
triangulated category T such that L;Cy — L; is an isomorphism, there is a

weak semi-orthogonal decomposition
T ={ImC50 L;,ImCyo0Cy,Im Ly).
This induces a fully-faithful functor
F:T/ImC, —T.

We shall take the two Bousfield triangles from Lemma 7.3.13 and Lem-
mas 7.3.12 to be the triangles 1 and 2 above respectively. Hence we need to

show that
Jx Oj* © (I)Q(R) = Jx Oj*.

The Fourier-Mukai transform j* o ®g(g) is the one induced by the kernel

(Id x7)*Q(R). Note that the R ® R module structure on Q(R) is p ® s. By
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Lemma 7.3.6 applied to an open cover of X x X (Id x5)*Q(R) is isomorphic
to (Id xj)*A(R), as we are inverting a positive element with the s-module
structure. Noting that ® 4 j)-a(r) = J* proves the claim.

The functor F' mentioned above is the functor ®¢, . O

Remark 7.3.15. We mention here that [BDF17] proves a semi-orthogonal
decomposition result for the homotopy category of the category of spectra in
simplicial graded modules over R (viewed as a simplicial graded commutative
ring), which is morally equivalent to a part of the semi-orthogonal decomposi-
tion (Lemma 7.3.14) that we prove. The relevant result is [BDF17, Proposition
5.4.7] for the interested reader.

7.4 Windows and Wall-crossings

In this section, we study the object (), defined earlier as a Fourier-Mukai

kernel for the window functor,
Dg, : Perf®(XT) — Perf® (X).

We use the various properties of () proved in the previous section to prove that
the functor is always fully faithful. Then, we identify the essential image of
this functor explicitly under certain assumptions on out dg-scheme X, which
proves our first main theorem, Theorem 7.1.3. Then, we look at wall-crossing
functors between the GIT quotients and prove that it is an equivalence in
some cases, and this gives our second main result, Theorem 7.1.4. We also
study the cases where the wall-crossing functor is not an equivalence, but only
fully-faithful. Then, under certain conditions on X, we find a semi-orthogonal
decomposition for a GIT quotient, where one of the pieces of the SOD is the
derived category of the other GIT quotient.

For ease of exposition, we first tackle the case that X is affine space (i.e.,
Example 7.3.1) in Section 7.4.1, as the calculations are more explicit. The case
of general smooth affine schemes X will reduce to this using the Luna slice

theorem in Section 7.4.2. Wall-crossings are studied in Section 7.4.3. Finally,
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we also look at applications to flops and the Bondal-Orlov conjecture, and

prove the derived equivalence result for the Mukai flop in Section 7.4.4.

7.4.1 Windows over affine space

Here, we consider the case where the underlying scheme of the dg-scheme X
is affine space. On the level of the rings, this means that we will choose (as in
Example 7.3.1, 7.3.5)

T = kx,y],

where we use the shorthand notation x to mean xq, x5, -+ ,z; and y to mean
Y1, Y2, -, Ym with internal Z-grading degxz; = a; > 0 and degy;, = b; < 0.
We will repeatedly use the above convention for bold letters for notational

convenience. We also define the following two integers:

Jhy = Zai, [ = sz-.

Lemma 7.4.1. When T = k[x,y] with the notations above, the object Q(R)

satisfies property P, i.e., the morphism

o (Q(R) 22 Q(R), - Q(R)
from equation (7.6) is an isomorphism.

Proof. In order to compute the derived tensor product, we need to find a
semi-free resolution of Q(R). We claim that the following cdga K is a semi-

free resolution of Q(R)
K = (R® Rlu,k, A\, p,v],d),
such that
dk = (x2—ue*x!), dX = (e?—ui®%e'), du = (y'—u~98Yy?), dv = (f'—u~9°eff?).

In order to make the notation compact, we are using k to denote a set
of elements (as many as the number of x;s); and similarly for A, p and v.

The superscripts (1 or 2) refer to which copy of R the variable belongs to; for
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example x' denotes x! € R ® R (we apologize for this unfortunate choice of
notation)

It is easy to see that the morphism
K—Q

sending K, A, u and v to zero is a quasi-isomorphism.

Now, we explicitly calculate (Q(R) ,®L Q(R)):

(Q(R) 8®£ Q(R)) =TTk, p,v,u| s®,k[x,z,e,g,v]

~ 1 1 1 1
:k[X,X ,€,€,2,y 7gaf ,KI,A,[J,,I/,U,UL

where the dg structure remains unchanged on all the elements expect x, A, i, v

on which it is given by
dr = (x—u®*x), A = (e—u®%e"), dp = (y'—(un) V%), dv = (F'— () **'g).
Now, we see that this cdga is quasi-isomorphic (by “solving out” the above

relations) to

k[x' el z, g u,vl,
where the tri-degree of the generators are as follows
tri — degx; = (degx;,0,0) tri—dege; = (dege;,0,0) tri—degz; = (0,0,degy;),
tri —deg g; = (0,0, deg f;), tri—degu = (—1,1,0), tri—degv = (0,—1,1).

Taking middle degree 0 invariants we get

(Q(R) s®, Q(R)), = k[x' e, 2,g,uv]
Q(R).

12

If we carefully trace through the series of isomorphisms in the proof, we see

that it is induced by the morphism p. [

Lemma 7.4.2. The category of perfect objects PerfG"‘(X+) 15 generated by

FRA) for i € (—py, 0],
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Proof. The structure sheaf Ox+ is an ample line bundle as X is quasi-affine.
By Definition 7.2.3, the category is generated by j*R(i) where i € Z. In fact,
we can restrict to a smaller set of generators, j*R (i) where i € (—pu,, 0] due
to the following argument.

Consider the Koszul complex ICqo (21, 29, - ,2,) on X

0 —— OX(—/L+) N N @Z OX(—(IZ').(MJ%W’M)OX 0

This is acyclic when restricted to X+ and the twists in all intermediate terms
lie in (— g4, 0]. Now, we may apply ®O;j*7€ to see that j*R(—p. ) is generated
as claimed. We can twist the Koszul complex by R(p) where p < 0 to show
that j*R (i) for i < —p, is generated as claimed. Similarly, we twist by R(q)

where ¢ > 0, to show that j*R(¢) for i > 0 is generated as claimed. O

Now, we would like to find a set of generators for the essential image of

®q. . For this result we need to make the assumption that all the positive
generators e; vanish, i.e., R is semi-free over 7', where all the (homological)

generators f; of R over T" are of non-positive internal degree.

Lemma 7.4.3. Assume that the degrees of the generators f; of T — R are
non-positive, i.e., deg f; < 0. Then, the image of ®q, : Perf®(X*) —
Perf® (X) is the full subcategory of Perf®™ (X) generated by R(i) where i €

(—p+,0]. Moreover, we have
q)Q+ Oj*<R(Z)) = R(Z) where i € (—/L+,O]

Proof. Tt suffices to find the image of ¢, on the generators obtained in Lemma
7.4.2 — 7*R(i) for i € (—p4,0]. We have the following sequence of isomor-

phisms.

Do, (*R(1)) = (Rmau(Q+ p @ T R(1))) 5"
= (RWQ*Q—F@J 0))(07*)
= (T2:(Q4 ® Cx+xx)(4,0))(0.4):
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where Cy+yx denotes the Cech resolution obtained by inverting the x;. We
claim that we can use the Cech resolution to compute the derived pushforward
Ry, due to the following argument.

The morphism 7y : X* x X — X factors as
X+ x X 75 (X* x X,0x: BR) " (X,R) = X,

where the first morphism is the forgetful morphism. To compute R7?, we can
use the Cech resolution and then to compute Ry, we use the composition of
derived functors.

Notice that we are tensoring over the p module structure and hence the
result of the cohomology computation will have the s module structure.

We claim that the morphism

T94(Q%(,0)) = o (Q%. ® Cx+xx(4,0)). (7.7)

is an isomorphism for all b < 0 after taking internal degree (0, *) invariants.
Here, the upper index b denotes the homological degree. First, let us compute
the right hand side using a standard Cech cohomology computation. Notice

that
HC(WQ*(Q?F@CXJFXX(ivO))) =0 C%O,l.

The ¢ = [ term is generated by

l

Hx;pik[z,u} H Gis

i=1 S hdeg f;=b
where p; > 0 for all 0 < i < [. Here, we use hdeg to denote the homological
degree, and where all the a; are strictly positive. Upon taking degree (i, )
invariants, this term vanishes as i € (—py,0]. The left hand side of (7.7) is
just a module and by taking its cohomology, we just mean taking degree 0
invariants. This can be computed directly as
T (Q%) 1.0y = u™ 'k [u8* x, 7 H g =2 s(R)° (i)
" hdeg f;=b
Finally, we apply H® and (0, %) invariants to equation (7.7) to get
$(R)* (1) = HO(2.(Q% @ Cx+xx))(ie) = u ' k[u'®* x, 7] H Ji,

3" hdeg fi=b
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which is clearly an isomorphism and this proves our claim.

Now, this claim implies that

Tox(Q1 ® Cx+ XX))(i,*) = R(i),

with the s-module structure and hence we are done.

]

We can do the same analysis for ®¢_ : Perf®"(X~) — Perf®(X) where
Q- = Q|x-xx. Again, we need to make the assumption that all the negative
generators f; vanish, i.e., R is semi-free over T', where all the generators e; are

of non-negative degree.

Lemma 7.4.4. Assuming that the degrees of the generators e; of T — R are
non-positive, i.e., dege; > 0, the image of ¢ PerfG’"(X_) — Perf®m (X)
is the full subcategory of Perf®(X) generated by R(i) where i € [0, —p_).

Proof. This holds by symmetry. O]

Now, we look at an example of a hypersurface in affine space, in order to
compare our conditions on the degree of e; with Property (L+) and Property

(A) of [HL15).

Example 7.4.5. We consider the hypersurface case of Example 7.3.5. This
is also studied in [HL15, Example 2.5]. However, as a warning to the reader,
the convention on weights in loc. cit. appears to be the opposite of our work.
Consider the cdga R = k[x,y, f|, where df = h. The internal Z-grading is
given by

degx; > 0, degy; <0,

as before. If we have the condition
degh <0,

Lemma 7.4.3 identifies the window subcategory explicitly. By comparison,
Property (L+) and Property (A) of [HLL15] can be satisfied either by imposing
deg h > 0 or by requiring that h mod x is non-zero and linear in at least one of
the y;. Hence our condition on the degree appears to be almost complementary

to the one imposed in loc. cit.
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Now, let us look at a specific case of Example 7.4.5 with degh < 0.

Example 7.4.6. We consider the cdga R = k[z1, zo, f] with df = 225 and
internal Z-grading degz; = degzs = 1. Note that deg f = 2 in this example,
and hence Lemma 7.4.3 does not apply. However, we wish to understand the
essential image of the window functor ®¢, in this example. It is easy to do
so by direct computation. As we wish to compare our window to [HL15], we

also use the isomorphism
Perf® (R) = Perf® (k[x1, 2]/ (2122)). (7.8)

It suffices to find the image of j*R as j*R(—1) = j*R. So, we compute
g, (7*R) as in Lemma 7.4.3 to get

CI)Q+(j*R) = (Q+ ®Cx+><X)(0,*) == (k[$1,$2,$fl,€7u] ) k[xhx%x;l?evu])(o,*) :
(7.9)

To get this, observe that the other term of the Cech complex is
k[l‘l, I, xfla Iglv €, u] =0

as de = x1x9 1s inverted.
Under the isomorphism 7.8, we can compute the right hand side of equa-

tion 7.9 to get

IIZ

(k[xlwr?v'rl_l?u]/(xlx?)@k[‘rhx%x;lvu]/ $1I’2) ( xhxl U @k[x27x2 7“])(07*)
k

= kluxq] @ kluxs).

Now, one can check that the window subcategory as defined in [HL15] is
generated by k[z1] and k[z,].

7.4.2 Windows in general

Now, we consider the general case (for us), where T is a finitely generated
smooth Z-graded ring over a field k. We need to restrict to a field £ in order
to use the Luna slice theorem. We recall the following result from [BDF17] for
(non-dg) k-algebras.
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Lemma 7.4.7. For any smooth finitely generated Z-graded k-algebra T, Q(T)
satisfies Property P i.e.,

Proof. The proof uses the Luna slice theorem to reduce to the case of affine

space. See [BDF17, Lemma 4.2.5, Proposition 4.2.6]. ]

Lemma 7.4.8. When T is a finitely generated smooth Z-graded ring over a
field k, the object Q(R) satisfies property P, i.e., the morphism

p: (Q(R) s@; Q(R)), — Q(R),
s an isomorphism.

Proof. Consider a semi-free resolution K of Q(T') as a T'® T-module. This
provides a semi-free resolution K'e, g| of Q(R) and we can compute the derived

tensor product,

Q(R) «®, Q(R) = (Kle,g] «®, Q(T)[¢, g'])
=~ K @sr Q(T)[e, g]
=~ Q(T) @k Q(T)[e, g'].

(Q(R) ;&% (R))O =~ (Q(T) @i Q(T)),[e g since e, g’ have middle degree 0
(T)le, gl by Lemma 7.4.7
(

Tracing through the chain of maps, we see that the map inducing the isomor-
phism is p.
O

Defining windows

Let us recall the definition of windows in the setting of ordinary schemes as in

[BDF'17] now. Let T" be a Z-graded smooth ring over a field k. Let py be the
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sum of the weights of the conormal bundle of Spec T'/J* in Spec T = X, where
J* is the ideal generated by all the positive/negative-ly graded elements. For
simplicity, we assume that the fixed locus V/(J*)NV(J7) is connected. If not,
we need to define different p4 for different connected components.

Then we define the grade restriction window W1 to be the full subcategory
of D?(QCoh®™ X)) generated by objects A such that for any fixed point y € X,
and some affine étale neighborhood V' = Spec S in X = Spec T, the restriction

A@r S

is generated by S(i) for ¢ € (—pu4,0]. Notice that this definition of the window
matches the one from Lemma 7.4.3 in the case where X is affine space.

In our setting of dg-schemes we will view the scheme X = SpecT as a
dg-scheme (X, Ox), but by abuse of notation denote it by just X. We use j’

for the following inclusion:
7 (XT,0x+) = (X, Ox).

For the dg-scheme X = (X, R) that we are interested in, we will define the
window W as the pullback of the window W} under the forgetful morphism.
Just as in the case of ordinary schemes, we assume that the fixed locus is

connected for simplicity. In more detail, we have the following.

Definition 7.4.9. Let
fX=(X,R)— X =(X,0x)

be the forgetful morphism. The grade restriction window Wx to be the full
subcategory of Perf®" (X) generated by objects f*A with A € Perf®"(X) such
that for any fixed point y € X, and some affine étale neighborhood V' = Spec S
in X = SpecT, the restriction

A®r S

is generated by S(7) for i € (—pu4, 0] i.e.

W = (f*A, A in W),
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We also introduce the forgetful morphism on the semi-stable locus
X o X
and the forgetful morphism
a=frxf: Xt xX—=X"xX

Let us reiterate that we will denote the dg-scheme (X, Ox) by just X, as
opposed to the dg-scheme X = (X,R). The following commutative diagrams

summarize the notation:

XtxX 25 XTxX

™ ™
- T
x I 3x

Xt ——— Xt

and ‘
Xt 1+ X
Il
x+I,x
The following result about base change for ) under the forgetful morphism

f X — X will help us compute the window W.

Lemma 7.4.10. Assuming that the degrees of the generators f; of T — R are

non-positive, i.e., deg f; <0, the following is an isomorphism of functors

Py o [T = T o oy,
where Q(R) and Q(T') are considered with the p ® s-module structure.

Proof. We claim that the following morphism of Z x Z-graded R ® R-dg-

modules
Q(T)s®r R — Q(T)]g]

g®1—q
(7.10)
1® fi—gi
1@t s(t),
where ¢ € Q(T), f; € Rand t € T C R, is an isomorphism.
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If we forget the dg-structure, it is clear that the map is surjective and
injective, and respects the grading when we view R in Q(7T)s;®r R with the
grading (0, ). The morphism also respects the dg-structure; if df; is in T,

This proves the isomorphism

Q(T)s@r R = Q(R).
Now, let M be an object of D(X). Then

Dqr) 0 f*(M) = m2.(M @7 R) @g ,Q(R))®"
= 2. (M @7 R) ®p ,(Q(T),®7 R))™
2:((M @7 ,Q(T)y @1 R)®"
= m. (M @1 ,Q(T)))*" @1 R
= [0 ®gr) (M)

I
3

To get the second to last line of the above chain of isomorphisms, we use that
R has grading (0,*) and that the G,,-invariants is with respect to the first
grading. O]

We recall one of the main results of [BDF17].

Lemma 7.4.11 (BDF17, Theorem 4.2.9]). When X is a smooth scheme over
a field k, the following

Dory,  DY(X ) == Wy : 5"
18 an equivalence of categories.

Finally, we show that our window functor ®¢, lands in the window Wx.

Lemma 7.4.12. Assuming that the degrees of the generators f; of R as a T-
algebra are non-positive, i.e., deg f; < 0, the image of ®q, : PerfG’"(Xﬂ —
Perf®(X) lies in the window subcategory W5 C Perf® (X).
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Proof. We have the following isomorphisms:

fro®qm 0. = @m0 7o
= Ogry 0 juo [T

= Dory, o f17,

where we used the isomorphism of Lemma 7.4.10 in the first line. The second

line follows using the projection formula,

Jx Of+*(f) :j*<jl*R®f)

This gives us the following isomorphism of functors.

Doy, o [T [T oDy, -

Clearly, Perf®™ (X*) is generated by the essential image of f**. Hence we
only need to find the image of ®g, on objects of the form f**j'*A, where A
is in W4,

Now, if we consider an object A in W},

Dory, (fT7"A) = 7o Oy, (57 A)
~ A

where we used Lemma 7.4.11 in the last line.

This shows that the essential image of ®¢(g), lands in the window W¥. O
The previous statement can now be upgraded to the following theorem.

Theorem 7.4.13. Assume that R is generated as a T-algebra by non-positive

elements. The functor
Dg, : Perf®(XT) — Wi
s an equivalence of categories with inverse functor j*.
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Proof. The fullness follows from Lemma 7.3.14 using Lemma 7.4.8. The faith-
fulness was proved in Lemma 7.3.8. Lemma 7.4.12 implies that a set of gen-
erators of Wy lies in the essential image of ®¢,. This shows that ®g, is an

equivalence. The inverse functor is j* by the proof of Lemma 7.4.12. O]

Similarly, we can define the negative window functor and the negative
window for the negative GIT quotient, when the generators e; of T"— R are

non-negative.

Theorem 7.4.14. Assume that R is generated as a T-algebra by non-negative

elements. The functor
®g_ : Perf(X7) — Wx

s an equivalence of categories with inverse functor j*, where j_ : X7 — X is

the inclusion of dg-schemes.

Proof. This is true by symmetry. O]

7.4.3 Wall-crossings

By combining Theorem 7.4.13 and Theorem 7.4.14, we can prove results about
the wall-crossing functors when all the generators e; of T — R have degree 0.
Hence, we assume that the generators e; of the semi-free cdga R over T have
internal degree 0 in this section.

We consider the easiest case first. Recall that T is a Z-graded smooth
ring over k, and that J* are generated by the positively/negatively graded
elements of 7. Let p4 be the sum of the weights of the conormal bundle of
SpecT/J* in SpecT. Our first result is when py + u_ = 0, often referred to

as the Calabi-Yau condition.

Theorem 7.4.15. Let R be a semi-free cdga equipped with a G,,-action such
that T = R° is smooth, and the generators e; of R over T have internal degree
0. Let puy be the sum of the weights of the conormal bundle of T/J* in T. Let
Jj— + X7 — X be the inclusion of dg-schemes. When, puy + u_ = 0, the wall
crossing functor
P = j* o (= @ R(uy — 1)) 0 g, : Perf® (XT) — Perf®(X7)
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18 an equivalence of categories.

Proof. Theorem 7.4.13 shows that ®¢, gives an equivalence of categories
Perf® (X*) = Wi.

A similar analysis for & shows that
Perf® (X ™) = Wy.

We have the condition py+p— = 0 which ensures that applying (— ® R(puy — 1))

exchanges the positive and negative windows
Wx @ Rps — 1) = Wx.
As j* is the inverse functor to ®¢_, we have the result. O]
Now, we would like to understand the case when the windows are of differ-

ent lengths, i.e., when p, + p_ # 0. We only consider the (easier) case when

X is an affine space.

Affine space
Recall the setting of Section 7.4.1, where
T = k[x,y],

with internal Z-grading degx; = a; > 0 and degy; = b; < 0. The assumption
that the generators e; of R = T'[e] are of internal degree zero still stands.

For convenience, we also introduce the notation
Wiy = (R(a), R(a+1),---, R(b)) C Perf®"(X), a<binZ

Let us consider the case when p, + pu_ > 0, i.e, the positive window W4
is longer than the negative window Wy. Then, we have the following semi-

orthogonal decomposition for the window.

Lemma 7.4.16. Assume b — a > u,. The following is a semi-orthogonal
decomposition

W[a,b—H] = <Perf(RGm),W[a,b}).

where R™ := R/(x,y) is the dg fived locus. Furthermore, Perf(R®) is the

category generated by R/x(b+1).
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Proof. First, we show that the category Wi, p41) is generated by R/x(b+ 1)
and Wi,3. The only missing generator is R(b+ 1), and we can get this by

considering the following Koszul resolution
R® ’C.(l’l, ce ,l’l>(b + 1) = R/X(b + 1)

The top term of the resolution is R(b + 1) and the rest of the terms are in
Wiay- Hence R(b+ 1) is generated by (R/x(b+ 1), Wiay).
Now, it suffices to verify the semi-orthogonal decomposition condition on

the generators. Hence we need to check that
RHom(R(i), R/x(b+1)) =0 for a <i <b.
We have
RHom(R(i), R/x(b+ 1)) = (R/X)ps1-1 = klylpi

as b+ 1 —17 > 0 and hence, we are done.

We now compute the dg-endomorphism ring of R/x(i) as:

RHom(R/x, R/x) = RHom(R ® K(x1,--- ,x;), R/X)

=1 0
— RGm
The derived category of perfect dg-modules of the endomorphism ring
Perf(R®™) is then equivalent to the category generated by R/x(b+ 1) [Kel06,
Theorem 3.8b)] (note that (R/x(b+ 1)) is idempotent-complete as it is gener-

ated by a compact object of the category D(X) which is idempotent-complete

as it admits countable co-products). ]

Using this, we can get a semi orthogonal decomposition for Perme(X+)

when g > 0.
Theorem 7.4.17. The following is a semi-orthogonal decomposition
Perf® (X") = (Perf(R®™),,--- , Perf(R®™),, ®*¢(Perf® (XT)))

where Perf(R®m); = Perf(R®) denotes the full subcategory generated by

JiR/x(0).
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Proof. First, we use Lemma 7.4.16 inductively to get the semi-orthogonal de-

composition

W[*H++1,0] = <R/X(“)7 T R/X(2)> R/X(1)7 W[u_+1,0]>a

in Perf®" (X). Then, we pull back along j, : X+ < X to get the result.

7.4.4 Applications to flops

As discussed in the introduction, one of the major applications of our results
that we have in mind is to the Bondal-Orlov conjecture on derived equivalences
of flops [BO95]. By an observation of Reid [Tha96, Proposition 1.7], a flop
between smooth projective varieties can be realized as different GIT quotients
of G,, acting on a scheme Y. Let us consider the local setting and assume that
Y is affine. In general, Y is singular, and the idea is to resolve it as a semi-free
cdga in order to construct the wall-crossing functor. We can prove the derived
equivalence under certain conditions, using the results of the previous sections.

To be precise, consider a sub-variety Y of a smooth affine variety X =
SpecT', equipped with a G,,-action. Now, consider the Koszul-Tate resolution
of k[Y] = T/I to get a semifree cdga R over T in particular, the cdga R can be
chosen such that there are only finitely many generators in each homological
degree [Stal9, Lemma 23.6.9]. In general, we require an infinite number of

dg-algebra generators. Then, we have
R = (T[ey, e, ],d), such that H°(R) ~ k[Y].

If Y is a complete intersection in X defined by functions (hy,--- , h,), we can
take the semi-free cdga R to be the Koszul resolution; in this case, the number

of dg-algebra generators is finite, and the differential acts as
d@i:hi, 1€ [1,7’1,]

In either case, if we assume that the internal degree of all the e; is zero,
we can use the results of the previous section, in particular Theorem 7.4.15,

to obtain the following result.
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Corollary 7.4.18. Assume that the condition p, + p_ = 0 is satisfied. Also
assume that the dg-algebra generators e; in R have internal degree zero. Then

the wall crossing functor
OV : Perf(Y /) — Perf(Y/)
1 an equivalence of categories.

Proof. This is a direct application of Theorem 7.4.15 to the setting of this
section. We use the fact that quasi-isomorphisms of dg-schemes induce equiv-
alences of derived categories, which is an immediate extension of [Ric10, Propo-

sition 1.5.6] to the equivariant setting, i.e.,
DG"L <X:‘:’ Ri) g DG"L (}/':l:7 O)

as R is a dg-resolution of k[Y]. As mentioned in Remark 7.2.4, it is easy to
see that our ad hoc definition of the category of perfect objects coincides with

the standard one in the case of ordinary schemes, and hence we are done. [J

Moreover, if we do not have the condition gy + p— = 0, the results on wall
crossings (Theorem 7.4.17) can be carried over to our setting in this section.
These statements are straightforward to write down, but we leave it to the

interested reader.

Mukai flop

In particular, this allows us to give a VGIT proof of the derived equivalence for
the Mukai flop. Let us briefly remind the reader about the VGIT construction
of the Mukai flop. Here, k will be an arbitrary Noetherian ring, and we recall
Example 7.3.1. Consider the Z-graded ring T' = k[z1,- -+ , 2,91, -+ ,y] with
internal degree

degz; =1 degy; = —1.

Consider the cdga

I
R =Tle], de = inyi,
i=1
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which is quasi-isomorphic to the ring

!
Si=klxy, 1,y ayl]/(leyl)
i=1

The (local model of the) Mukai flop is the birational transformation between

the two GIT quotients

Y[y < Y

where Y = SpecS. As the e has internal degree zero, we can apply Corol-

lary 7.4.18 to get the derived equivalence.

Corollary 7.4.19. Consider the VGIT presentation of the Mukai flop as

above. The wall crossing functor:
o D'(Y/,) — D*(Y/-)
18 an equivalence.

Proof. This is a direct application of Corollary 7.4.18. We note that as the
GIT quotients Y /. are smooth, the category of perfect complexes is equivalent

to the bounded derived category of coherent sheaves. O]

Remark 7.4.20. This result is well known, however, all the existing proofs
in the literature are over C [Nam03, ADM19, Morl8]. Our results hold over

an arbitrary Noetherian ring k.
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Chapter 8

Conclusion

In this chapter, we address some of the natural questions posed by this thesis,
and developments in the field that have occurred since the time of completion
of the papers that comprise this thesis. We point out the most interesting
questions here, and strategies to tackle them whenever possible; some of these
are being pursued actively by myself and various collaborators.

In Chapter 3, we demonstrated that the non-perturbative definition of the
wave-function is crucial to understanding the relationship between quantum
curves and topological recursion. We studied the simplest non-trivial case
of the conjecture, where the algebraic curve is an elliptic curve satisfying a
quantization condition. In this elliptic curve case, the conjecture has since been
proved by [Iwal9]. The most recent result in this direction is [MO19, EG19],
which proves the conjecture for any hyperelliptic curve. A somewhat unrelated
question in the case of the topological recursion applied to elliptic curves, is
whether the correlators which are elliptic functions and the free energies which
are quasi-modular forms, admit an enumerative geometric interpretation.

In the context of higher Airy structures, we posed a number of questions
throughout Chapter 4. One of the questions was about an intersection theory
interpretation of the higher Airy structure associated to a spectral curve of
type (r,s) (see Question 4.6.1). In the case where s = r — 1, we have the

following conjecture. Consider the smooth proper moduli stack H;j; that
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parametrizes r-th roots of the bundle
R(s—r
K= wloé )(— Zmipi)
i=1

of an r-stable! curve C' with n-marked points p, - - - , p,. Consider the univer-

sal r-th root §. Then, we define a cohomology class

0 .= ¢, (RT.S)

g?”

, as the Euler class of the derived pushforward from the universal curve 7 :

C— M;; (which is a vector bundle).

Conjecture 8.0.1. The partition function associated to the (r,r — 1)-spectral

‘ ' ) -1) .

curve s the intersection theory of the cohomology class @éf;f ), i.e.,
a a Qan
ngn('r’al—i—mh... ,ran—kmn): Qg’n(mh... 7mn> B8z g

ik

g,n

when 0 < m; <r—1.

In the general case, i.e., when s # r — 1, it is easy to check that the Fj ,, do

not calculate the intersection theory of the cohomology class @g;f ), However,

we still understand how to obtain the intersection theory of the class @E,f;f )
using the topological recursion (by taking limits of certain families of spectral

curves) and this is a problem that we are actively pursuing.

Question 8.0.2. s there a topological recursion (or YW-algebra constraints)

that governs the intersection theory of the class @(gf;f) described above?

What 1is the intersection theory interpretation of the Fy, constructed by the

topological recursion on the admissible (r, s)-spectral curve when 1 < s < r—27

We can also use ideas similar to those described in the previous paragraph
to try and understand the intersection theory associated to W-algebra con-
straints in the case of Dy and Ey with s = 1. We do not spell out the details

here, but this provides a conjectural answer to Question 4.6.6.

IThis is a certain notion of stability required to obtain a proper moduli space, see [Chi08,
Definition 2.1.1]
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Question 8.0.3. Do the partition functions constructed in Theorem 4.4.20
for Dn-type and Theorem 4.4.24 for En-type in the case s = 1 have an inter-

pretation in terms of Fan-Jarvis-Ruan theories?

In Chapter 6, we studied the @-construction in the case of GL(V')-actions,
and proved the derived equivalence for the Grassmann flop. In general, one
could study similar VGIT problems, where the wall-crossing functor is not an
equivalence. Identifying the orthogonal component to the essential image of

the wall-crossing functor would be a very interesting problem.

Question 8.0.4. When dy # dw:, what is the orthogonal complement to
the essential image of the wall-crossing functor that we construct in Theo-

rem 6.5.127

By extending the techniques of Chapter 6 to the case of GL(V)-action on
arbitrary schemes, one could try to study other examples of flops. In the
case of GL(V')-actions on a singular scheme, we can combine the techniques of
Chapter 6 and Chapter 7, we can resolve the singular scheme by a semi-free
cdga, and then apply the generalized ()-construction in order to understand
the window functors. In fact, we are working on applying these techniques in

the context of the stratified Mukai flop as studied by [Caul2, Kaw06].

Question 8.0.5. Does the derived Q-construction provide a Fourier-Mukai

kernel for the derived equivalence of the stratified Mukai flop?

The derived equivalence for the Abuaf flop was proved by Segal [Segll1]
using tilting bundles. A VGIT presentation of the flop (using G,,-actions)
is defined using a non-complete intersection cut out by functions of non-zero
degree, and hence our Theorem 7.4.15 is not directly applicable. However, we
still hope that we will be able to identify the window explicitly in this example
by combining our results with the ones of [HL15].

As noted in Chapter 7, the only major obstruction to verifying the con-
jectures of Bondal and Orlov is that we are unable to describe the window

subcategory explicitly in general. By comparing with the construction and

277



definition of [HL15], we hope to be able to find a general definition of the

window. This is work in progress.

Question 8.0.6. Can one find an explicit description of the window subcate-

gory for the fully-faithful functor that was constructed in Proposition 7.1.17
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Appendix A

Explicit computations for
Welierstrass curve

A.1 Correlation functions for Welierstrass curve

In this appendix we record the correlation functions constructed from the
Eynard-Orantin topological recursion at the first few recursive levels. Those
are needed to calculate the first few terms (S,, S3 and S4) in the WKB expan-
sion in section 3.6.

First, at level 2g — 2 +n =1, we get:

Wo,:s(Zo, 21, 2)
12 ’
= —dzodz1d22 2(20G4<T> — 6?)P2<ZO — wi>P2(Zl — wi)Pg(zQ — wi), (Al)

A =1
and
Wl,l(zo)
6. < 1
= ;(2004(T>—63) ((GQ(T) — i) Pa(z — wi,7) + 5B (0 — wi T>) .

At level 2g — 2 4+ n =2, we get
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(G2 + (21 — ;) (G2 + (23 — wi)) — (ei2 + Ga)(e} z+1 — 20G4)
(Ga+ p(z1 — wit1))(Ga + p(23 — wit1)) — (€is1 + G2)(€f 0 — 20G4)
(G2 + p(z1 — wi42)) (G2 + p(z5 — wit2))) + (G2 + p(z1 — w;))(—Ga (e} — 20Gy)
(G2 + p(22 — w;)) (G2 + (23 — wi)) = (eir2 + Ga)(efy, — 20G4)
(Ga + p(z2 — wi1))(Ga + p(z3 — wit1)) = (€iv1 + G2)(€Fs — 20Gy)
(G2 + p(22 — wit2)) (G2 + p(23 — wit2)))),

where the index ¢ is defined mod 3.
We also calculated the correlation functions at level 2g —2+4mn = 3, namely
Wos(z0, 21, 22, 23, 24), W13(20, 21, 22) and Wa1(29). The expressions are very

long though so we will not include them here. They are available upon request.
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A.2 An independent proof of Corollary 3.5.1

In this Appendix we provide an independent proof of Corollary 3.5.1 directly
from the theory of elliptic functions. Recall that Corollary 3.5.1 states that:

Po(22;7) . Ga(7)(5G4(7) — Ga(7)?)
%4 p/(z; 7_)2 dz = 30(20G4(7’)3 — 49G6(7')2)‘ (AS)

Let us evaluate the period integral on the LHS explicitly and show that it is
indeed equal to the quasi-modular form on the RHS. In this Appendix we will
suppress the 7-dependence for brevity.

First we expand the integrand with a “double angle” identity:

Py(22) = G — 20(2) + i (Z ,:((j; > (A.4)

Hence our original integral splits into the following three integrals:

P(2z) dz 0(2) i 1 o (2)? .
]i o= GQ}é o' (2)2 27{1 oot 4?{4 o (A.5)

Let us focus on the third constituent integral. Using integration by parts

and the fact that p"'(2) = 12p(z)¢'(z) we see that it simplifies into a more

familiar form:

L@ L e | e | o)
4%4 p,(z)4d 4 { 3¢/(2)3, +4£ p’(2>2} %4 o' ()2 (A.6)

Hence our original problem reduces to solving only two integrals:

75 %)ZQ) de= GQ?i p’(](ljﬁ - f; 582 dz (A7)

To solve both we need a very useful identity, which follows directly from

the differential equation for the Weierstrass p-function (3.16) and the fact that

%(@”(2) —G2) = 4@(2)2 — 02

O'(2)?2 g3 ¢(2)?
As it turns out, using integration by parts we can express these two integrals

11 [2 p(2) (¢"(2) — g2) _1} (A.8)

in terms of one another:
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b= s (4.9)

= 3%]3 [1 + 2@}2 5,((;)2 dz} (A.10)
]{‘;((;Ldz :é Eﬁ olz)” ;@,I(ISQ) ~ ) —]i@(z)dz} (A.11)
-5 [+ 5 4,707 (A1)

For the last equation, we used the fact that
]i@(@dz = —Go, (A.13)
since 0— £P2(2>d2 = ﬁ(p(z) + Go)dz. (A.14)

Solving the system of equations (A.9) and (A.11) results in the following
explicit expressions (with A = g3 — 27¢32):

4§ (2)? 2A '
_ 2
]{ o) g, - 18G9 (A.16)
4 §'(2)? 2A
As a result we see that the original integral (A.7) is given by:
]{ P2(2Z)dz _ 18Ghags — 12G3g,  18Gags — g3 _ ga(g2 — 12G3) (A17)
4 9 (2)? 2A 2A 2A '

Making the substitutions g, = 60G,4 and g3 = 140G we arrive at the final

expected result:

A

o227 T 30(20G% — 49G2)
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Appendix B

Appendix to Higher Airy
Structures

B.1 Sums over roots of unity

We encountered in Definition 4.4.3 the following sums for i € {1,...,7}
1 ' mpa
\p(al,...,ai):i—! Z He (B.1)
..... =0 |=1
mﬁéml/

2im/r

where § = e is a primitive r-th root of unity. This is the j = 0 case of the

more general sum for j € {0,...,[i/2]}

) 1S [ pmetma
' Nt —myag
L (a23+17 s 7a1) T Z - H (szl/ _ szl/—1)2 H 0 ’

I'=1 =2j+1

(B.2)
This appendix is devoted to the proof of several properties of these functions

used in Section 4.4 and an explicit computation of W

Lemma B.1.1. For any j € {0,...,[i/2]|}, we have

r—1 7
Qg —1G2y 5a2l1_1+a2l/,r ;
> Wlar,.a) ][] " = VD (agesq, ... a;). (B.3)
a1,...,a2;=0 I'=1

Proof. The left hand side of (B.3) is equal to

1 r—1 r—1
- E : § : He(mm/ Mgy _q)agp H g (B4)
7!

mi,..., m;=0 a1,as,..., agj—1= =010'=1 1=25+1

my#Emy
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We compute the sum

—_

<3

a(r—a)z®  z((r—1z—(r+1)z"+(r+1x—(r—1) |

g 2r 2r(z —1)3
Setting x = 6™~ for distinct my, mg € {0,...,7 — 1} gives
r—1 CL r— CL ga(m1 ma) grma—m2 gmitma

M

(9171177712 _ 1)2 = (9m1 _ 9m2)2 :

a=0
Using this formula to perform the sum over ay, as, . .., as;—1 = 0in (B.4) entails

the claim. O
We can get rid of zero entries in WU in a simple way.

Lemma B.1.2.

U9 (agjer, .- ai).

qj(j)(a2j+17 vy Ay, 0, e ,O) =
——
£ times
Proof. In the sum (B.2) defining U9 (ag;,1,...,a;, 4,0, ...,0), the terms only
depend on

m = (ml,...,mi_g)

and the as. Therefore, we can perform the sum over the ordered j-tuple

(u)i_;_¢41 of pairwise disjoint integers in {0,...,r —1}\ {mi,...,m;_¢} and
get a global factor of (Pitﬁ)!. We then recognize \Ij(j)(a/2j+17 ..., Qi_g) up to
another global factor (l ) O

Lemma B.1.3. We have i ¥(r —1,...,r —1,i—1) = (=1)"1r.
i—lgmes

Proof. Let us denote for m € {0,...,r — 1}
0=(1,0,6%....007Y, Gml=6\60".

Coming back to the definition of ¥ = ¥ we can write

r—1 r—1
SIS ED DU (D DR | CE S ST SIC )]
i—1 times ’ m=0 LC{O,...|,T 1}\{m} leL ! m=0
|L|=i—1
(B.5)
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where ¢; is the j-th elementary symmetric polynomial. Since —6 are the simple

roots of the polynomial 1 + (—1)"t" we get

r—1 r—1
er(@tF = +t0") =1+ (-1t
k=0 a=0

from which we deduce that ej,(6) = 8¢ for k € {1,...,r —1}. On the other
hand we have by inclusion-exclusion

-

ex(f) = Hmek_l(g[m]) + e, (6]m]) .
So we deduce by induction that
Vke{l,....r—1},  ex(m]) = (=1)F0™*.

Inserting this result in (B.5) gives

\3
|
—_

iU(r—1,...,r—1i—1) =) (=1)7tgmi=Ngmi=l = (1) 1y
iflzmes 0

3
]

]

Lemma B.1.4. More generally for any s > 0, let us introduce d = ged(r, s)
and v’ :=r/d. We have
- 1—1 d - 1
iV(=s,...,—s,(i—1)s) =r (—1) L5 ( i_lj)

%/_/ r!

i—1 times

Proof. The strategy is similar. We have

r—1
Uiy =W (—s,.. ., Ze m(i=1)s ( > Hels) =" oD,y (67 [m))
i—1 times LZA{0,...,r—1}\{m} leL m=0

|L|=i—1

where 6 = (1%,6%,...,6°""D) and 6 [m] is the sequence 6 with 6™ omitted.
We write by inclusion-exclusion

=8 =S =S

ei(0) = 0" ei 1 (6 [m]) + (6 [m]),

with the convention e_; = 0. We multiply this identity by 67" and sum over

m € {0,...,r — 1} to find

70y is 61‘(58) = Yis + Yit1s (B.6)
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where d,), is equal to 1 is alb and to 0 otherwise. With the value ¢, = r
we will obtain by induction on 7 a formula for v; 5, provided we can compute
ei(gs). For this purpose we observe that 6 contains each r’ := r/d-th root of
unity, with multiplicity d. Thus

T

Zei(§s> b (1 i (_t)r’)d _ Z(_l)j(r’+1) <d> jr”

i=0 j J
therefore
0 e-(és) = 7045}y Op|s (—1)+1/1) 4\ 70p7; (1) d . (B.7)
rlis €1 1s|rOr’|i Z./T, |4 i/?”l
Solving the recursion (B.6) with (B.7) as left-hand side yields
ol
iU(=s,...,—s,(i—1)s) = (=1)""'r > (=1) (j) :

—_———
=0

i—1 times

e

Recall that d > 2, and let us denote

k

Y(k,d) = Z(—mﬂ(;l), ke{o,...,d—1},

J=0

so that

i—1 times

We observe that

ol )~ 0k~ 1) = (<1 (B5)

which is also valid for k = 0 with the convention (—1,d) = 0. But Pascal’s

)= ()G
bk, d) = p(k,d—1) =k —1,d— 1), (B.9)

with the convention that (%) = 0. Combining (B.9) and (B.8) we find

vtk = -0 (1)

identity

implies that
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Now we focus on the evaluation of these sums for small values of <.

Lemma B.1.5. Forr > 1 we have V(ay) = 70,4,. Forr > 2 we have

1
\11<a17 (12) - §(T26r|a15r\a2 - T67‘|a1+a2) 5

2 1)
g — Tt -1
() 51
For r > 3 we have
1
\I/(Cll, as, CL3) = 6(r35r|a15r\a26r|a3 - T25T|a15r\a2+a3 - T25r\a26r|a1+a3

_T25r|a35r|a1+a2 + 2T5r\a1+a2+a3)
r(r—2)(r* — 1)

1 - _
L (ag) 79 5r\a3 .
Proof. We have forv=1and j =0
r—1
U(ay) = Z 07" =1l - (B.10)
m=0

For ¢ = 2, j can take the two values 0 or 1. We have

1 r—1 1 r—1 r—1
\If(a1,a2) = 5 Z 9—m1a1—m2a2:§< Z o Z )9—m1a1—m2a2

m1,m2=0 m1,ma2=0 mi1=mo=0

mi1#ma
1 2
= 5(7’ 5r\a15r|a2 - rér\alJrag) .
Using Lemma B.1.1 and the formula we just proved we compute
r—1 2
() a2 o __1 B ot =1)
() = Z U(ay,as) — 5 T Z ar(r —ay) TR
a1,a2=0 a1 =0
For ¢ = 3, we apply the same strategy
1 r—1
U(ay,a,a3) = G Zé) ”“1< Z §—m202- m3“3>
n=0 ma,m3= =0
maF#Ems
ma#n
1 r—1 r—1
_ 6 (9 na12\112<a2,a3 n(ai+a2) Z g—msas _0—n(a1+a3) Z 0—m2a2>
n=0 m3=0 mo=0
ma#n ma#n
1
= 6 (T(;r\al 2\112(0127 CL3) - T25r\a1+a25r\a3 - r25r|a1+a35r|a2 + 2T6r|a1+a2+a3)
1
= 6(T36r|a15r\a25r|a3 - T267‘|(Z157’|a2+(l3 - T26r\a25r|a1+a3

2
-r 6r|a35r\a1+a2 + 2r5r|a1+a2+a3) )

(B.11)
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after using the result just found for ¢ = 2. Using Lemma B.1.1 we further

compute
a(r —a)

W (ag) = 2
r

a

U(a,r —a,as).

Il
o

The three first terms in (B.11) do not give any contribution as they force the

prefactor a(r — a) to vanish. We obtain for the two last terms

—

r—

rir—2)(r* —1)
72

a(r —a)
2r

\11(1)(@3) = (2r — 7‘2) Orlag = — Orjag -

| =
=}
I
()

O

We can give a general formula for ¥(ay, ..., a;), which involve the following
notations. We denote L I (ay, ..., a;) when L is an unordered set of ||L|| non-
empty, pairwise disjoint subsequences of (ay,...,a,) whose concatenation is
equal to (ag, ..., a,). The length of a subsequence L € L is denoted |L|. These

notations agree with the ones used in Section 4.2.2.

Lemma B.1.6. For general i € {1,...,r} and ay,...,a, € Z we have the

formula

N(ay,. .. a;) = Z LIl (1 yi=IILl H(|L| — D)0y s,, o -

Lk(aq,..., ai) LeL

In particular, ¥(ay, ..., a;) € rZ.

Proof. We continue with the strategy of the proof of Lemma B.1.5 and find

by successive inclusion-exclusion

7l

r—1 .
1 — |L| — D! L|
\Il(al, o 7@1') _ Z Z 8*”(‘11+ZZGL ar) (_1)|L| ( ’ ’ ) | | \Ij((al/)agé(LU{l}))
}

n=0 LC{2,...,i

(¢ — |L] = DYL]!
= ), (D" ‘ U ((ar)agui1)) Orlar+5,c, o -

7!

where for L = {2,...,n} there appears ¥()) which is by convention equal to
1. This is a recursive formula for i! U(ay,...,a;) on ¢ € {1,...,r}, which is

solved by the claimed formula. O]
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Corollary B.1.7. Let i € {1,...,r} and a € Z coprime with r. Then, for
any b e {0,...,i—1}

Sir(—1)r1 if b=0
v(0,...,0,a,...,a) = 0 ifbe{1,...,i—1} .
T 1 if b=1

b times  i—b times

Proof. The case b = i is obvious from the definition B.1. For b = 0, since
a is coprime with r, we gave 51”\21@ a, = Or|Lja = 0p||z|- Therefore, the only
non-zero contribution in the formula of Lemma B.1.6 occurs when i = r and
for the unique term which corresponds to L being the partition consisting of
a single set, i.e. ||L|| = 1. With b € {1,...,i— 1} we first get rid of the zeroes
thanks to Lemma B.1.2, and use the previous result to find that the expression

evaluates to 0. O

Corollary B.1.8. Foranyi € {1,...,r} andj € {0,...,[i/2]}, ¥V (agjy1,...,a;) €

Z vanishes unless there exists L = (agjt1,...,a;) such that the partial sums

> ier @ are divisible by r for any L € L.

Proof. For j > 0, we insert the formula of Lemma B.1.6 in Lemma B.1.1

J

r—1
. a2l’71a2l’5a “+ao;,T
1 (4) . ) — 21/ —1TA2/
U agjqq, ..., 0;) = CL 5T|ZleL a o ’

ai,...,02;=0 L (a1,...,a;) =1

where

cp, = rlEI(—1)i= I H(|L| —1)!.

LeL
We first focus on the sum over the first ordered pair (ay, as) such that a; +as =

r, and meet two types of terms. If a; and ay are in the same subsequence L,

we will have a contribution of the form
Tiia(r—a)é _(7’2—1)5
27’ 7‘|b - 12 T‘b )

a=0

while if they are in two different subsequences, we rather have a contribution

of the form )
« a(r —a) (b1) (b2)
T 5r|b1+a5r|b27a = T 6r|b1+b2 s

where (b;) is the unique integer in {0,...,r — 1} such that b — (b)) € rZ.

Q

ifng

Considering successively the sums over the other pairs (agy_1, asy), we observe

a similar phenomenon and obtain the claim. O
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For instance, we obtain for ¢ = 4 and r > 4 the following formulas

24@(&1, G2, as, a4) = T<T35r|a15r\a25r|a35r|a4 - T2(5r\a1+a25r\a357“|a4 + - ) + T(5r|a1+a25r\a3+a4 + -
+2r<5r\a1+a2+a35rla4 + o ) —6 5r|a1+a2+a3+a4> )
where the - - - indicate other terms necessary to enforce symmetry under per-

mutation of ay, as, as, as. Furthermore, exploiting the method sketched in the

proof of Corollary B.1.8, we find

(r+1)r2(r—1)(r —4)

24 \I/(l)(ag, a4) = — 12 5r|a36r|a4 <B12>
n ((T + 1)7’(7“1; 1)(r —6) n r<a3)<a4)>5T|a3+a4(,B-13)
2U VO () = (r+1)r(r— 1)(7"7;02)(7‘ —3)(5r +7) . (B.14)

It would be interesting to find a closed formula generalizing Lemma B.1.6 to

all j € {0,...,[i/2]}.

B.2 Characterization of admissible (r, s)

B.2.1 The values of s corresponding to the intermediate
subalgebras

In Section 4.3.3, we showed that for any partition A; > --- > A, > 1 such that
U_1Aj =, the left ideal generated by the modes W} of the W(gl,) algebra
indexed by (i, k) € S\ is a graded Lie subalgebra. The set Sy consists of the

pairs (i, k) with ¢ € {1,...,r} and

k>i— M), M) = min{m>0 ‘ SN 2@'}. (B.15)
j=1
Besides, for any s € {1,...,7 + 1} coprime with r, we showed in the proof

of Theorem 4.64 that the family W} indexed by (i, k) € S, after dilaton shift

Ty — Ty — % satisfies the degree 1 condition of Definition 4.2.6. The set Ss

consists of the pairs (i, k) with ¢ € {1,...,r} and
r(k—i+1)+(i—1)s>0. (B.16)
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This section is devoted to a characterization of the values of s for which (B.16)
can be equivalently described as (B.15). For us this implies that the W}
indexed by such (i,k) € S, form a higher quantum Airy structure (Theo-
rem 4.64).

Proposition B.2.1. Let s € {1,...,r+ 1} coprime with r > 2. There exists
a partition X\ such that Sy = Sy if and only if r = +£1 mod s. In this case, we

can decompose r = r's + r" with r" € {1,s — 1} and the partition is given by
)\1:...:>\r/,:7"/+1’ )\T,/+1:...:)\S:7"/
ifs#r+1,and by \=(1,...,1) ifs=r+1.

Proof. Equation B.16 is equivalent to k > ¢ —1— L(’_T—l)sj so we are asking for

the characterization of s appearing as

AG) =1+ {—@ - 1)SJ ,

r

where A is a partition. In the case s = r + 1, we have

Vie{1,...,r}, 1+{MJ —i,

r

and it is clear that it arises with A = (1,...,1). In the case s = 1, we have

vie{l,....r}, 1+ w—l)SJ —1,

r

and it is clear that it arises with A = (r). In the remaining of the proof we

treat the cases s € {2,...,r — 1}. Let us decompose
r=r's+r", re{l,...,s—1}, ' >0.
We can assume that " # 0 since ged(r,s) = 1 and 7 > 0 since s € {2,...,r—
1}.
Assume that we are given a weakly increasing function p : {1,...,7} = N

such that (1) = 1 and p(i+1)—pu(i) € {0,1}. Let us write down the complete

list of integers for which p jumps, namely

1<k <...<kKp1<r, (e +1) = p(r;) +1, (B.17)
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and adopt the convention ky = 0 and s, = r. If we set

A]:[{]—K/‘j_l’ je{l,,p},

we get a p-tuple of positive integers such that Z§=1 Aj = r and by construction

u(i):min{m ‘ iszz}‘ (B.18)

We however stress that ();)}_; may not be weakly decreasing.

We apply this construction to

u(i) =1+ w ;1)3J , (B.19)

which clearly satisfies (1) = 1 and u(i + 1) — u(i) € {0,1}. We compute
from the definition u(r) = s and comparing to (B.18) we conclude that p = s.
To make the proof more transparent, we keep the letter p to indicate the
length of the sequence (;);. We are going to compute the sequence k. Since
u(r’+1) =1 and p(r' + 2) = 2 we deduce that k; = Ay = ' + 1. For any
je{l,...,p— 1} we can decompose

Ris =B+, we{0,...,s=1} B EN.

For instance we have vy = s —r”. Notice that (k; +1")s = (8; + 1)r +~; —r".

If v; < 1" we deduce
(kj+r)s < (Bj+1D)r < (kj+7r" +1)s,

and thus ;11 = k; + 7'+ 1 which implies A\j ;1 = 7"+ 1 and vj11 =, +s—1".

If v; > r” we rather have
(kj+7r" =1)s < (B + 1)r < (kj +1')s,

and thus k;1; = k; + r’ which implies A\;4; = " and ;41 = v; —r”. To
summarize, we always have A\; € {r’,r’" + 1}. We start with Ay =1’ 4+ 1 and
v = s —1". Let £ > 0 be the minimum integer such that \,;; = r’. It means

that v, > r”. According to the previous rules, we have

v =j(s=1r"), jed{l,....t},
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and
1

ﬁ:{ - ] (B.20)

s—r"

Assume that ();); is weakly decreasing. It is equivalent to the existence of

¢ e€{1,...,p} such that

41 if j <71,
Aj_{ ! if j>0. (B-21)

r

We can compute

=

r:Z)\j:(r’+1)€+(p—€)r’:pr’+€.
=1

Remembering that p = s it shows that ¢ = r”. So (B.20) yields

"

= {T—] . (B.22)

s—r"

The latter is equivalent to
T+ (" =D (s—r") <r" <r"(s—1").
The upper bound always holds, while the lower bound can be rewritten as
(r"—=1)(s—=r"=1)<0.

So (B.22) is equivalent to r” = 1 or " = s — 1. This shows that v’ € {1,s—1}
is a necessary condition for A to be of the form (B.21).

Conversely, if we assume that " € {1,s — 1}, the equivalence we just
stressed shows that (B.22) holds, so that ¢ defined in (B.20) is equal to r”.
Then, for any j € {¢,...,s — 1} we have

=G =Or" =r"(s=j) =",

hence v; = v, — jr” > r” and we must have ;i1 = 7’. This shows that (););

is of the form (B.21), in particular it is weakly decreasing. O
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B.2.2 Computation of Fj3 and characterization of sym-
metry

We consider the modes W} of the W(gl,) algebra using the twist by the Coxeter
element whose expression is given in (4.59). For s € {1,...,r + 1} coprime

with r, we are going to evaluate

i 1
Hklll - _5 Z C(O) [(h’ — 42, _q3] J*Qz‘]*QS - hC(l)[qﬂ(Z)] +-

q2,493
where --- includes monomials which are different from the ones emphasized
here, and we remind that the correspondence between positive integers ¢ and

indices (i, k) € S for the mode W} equal to J, + O(2) is
q=1(,k)=r(k—i+1)+s(i; — 1), (B.23)

and the set S; consists precisely of those (i,k) that yields a positive ¢ =
II,(7, k). The notation we use is ¢; = (35, k;).

If (Hiill)(il,kl)e s. forms a higher quantum Airy structure, then

Foslar, g2, 3] = 0203 C V| — g2, —¢3] (B.24)

must be invariant under permutation of (g1, g2, ¢3). On the one hand, the rep-
resentation theoretic arguments in Section 4.3.3 allowed us in Theorem 4.4.9
the conclusion that if » = +1 mod s, (H})(res, is indeed a higher quantum
Airy structure, so (B.24) is a priori fully symmetric. Here we compute ex-
plicitly Fj3 and indeed check that it is fully symmetric. On the other hand,
when 7 # +1 mod s, our explicit computation shows that the right-hand side
of (B.24) is not fully symmetric. Therefore, the left ideal generated by the
(H{)@myes, is not a graded Lie subalgebra and the results of Section 4.3.3 are

in this sense optimal.

Proposition B.2.2. Let s € {1,...,r+ 1} be coprime with r.

o Ifr = 1's+s—1 for v > 0, we have Foslq1,q2.93] = (' +
1)Q1Q2Q3 §Q1+Q2+(I3,S'
o Ifr=r's+1 forr’" >0, we have Fy3(q1, q2, ¢3] = —7'q19205 Ogy +q+q3.5-
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e [n all other cases, there exists q1,q2,q3 > 0 such that
6243 COla1| = a2, —as] # 0145 C”[@a] — a1, a3] -

Proof. Starting from the expression (4.59) for the differential operators W},
due to the dilaton shift we must get (i — 2) variables p;s equal to —s and the

two last ps must be equal to ¢; and ¢s. So

gp— 3 EVTAGE D, v J g
ki T Z o q2+q3+(i1—2)s+r(k1—i1+1),0 (Q27 qs, S, ... 75) Y e

q92,93>0 i1—2 times

Remember that H;! = J, + O(2). So the Kronecker delta imposes
G +q+q=s. (B.25)

Since ¢; > 0 for j € {1,2,3} and 1 < s < r + 1 this imposes ¢; < r. Let us
evaluate ¥ under this condition using Lemma B.1.6. Since s and r are coprime,
r cannot divide sm for m € {1, ..., i; —2} therefore the only partitions L that

contribute are those for which each L € L contains ¢; or ¢o

v N Gl - B.26
(qQ; g3, Sy, 3) - . rlg2+q3+(i1—2)s ( : )
i1—2 times

(il _2)| (—1)i1_27’2 mz!mg! s 5
' Z ma!ms! 0! r|g2+ma2sUr|gz+mss -

ma2,m3>0
mo-+msz=t1—2

The extra combinatorial factor 7(;11,;2', is the number of ways of splitting the

sequence (s, ...,s) of length i; — 2 into two subsequences of length m; and
mso. If there exists two mgy and m} in {0,...,4; — 2} such that r|g + mas
and r|ga + mbs, then r|(mg — m)). Since i; — 2 < r we must have mgy = mj,.
Therefore, the sum over ms contains at most one term, and if it contains one

term it is equal to 1. Under the condition (B.25), we have for any m € Z
—(k1 — i1+ 1D)r = (g2 +ms) + (g3 + (i1 — 2 —m)s).

Therefore, we can omit the factor 6,(g,m,s in (B.26). Finally, notice that we

can write go+s(r—ia+1) =r(ka—ig+1+s) withr—is+1 € {1,...,7}. So

the existence of by > 0 and my > 0 such that byr = ¢o + smsy with my <77 — 2
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is equivalent to i — 1 =7 —mg > 7 — (i; —2) that is 4y + iy > r+ 3. As a

consequence

C(O) [(h’ — g2, _Q3] = ((21 - 1) —-r G(QM q2, qi3)) 6q1+fI2+q3,8 ) <B27)

where €(q1,q2,q93) = 1if @1 + g2 +¢q3 = s and i3 +is—3 > r, and €(q1, g2, q3) = 0
otherwise.

o If s =1 we always have Fy3 = 0.

e Assume s = r + 1. It is not possible for ¢ < s — 2 < r to be divisible by r
so €(q1,G2,q3) = 0. Likewise ¢; < 7 so we must have k; = 0 and i; — 1 = ¢.

Therefore

O(O) [q1| — {2, _q3] =1 6111+q2+q3,s )

and Fy 3(q1, @2, @3] = 414243 0y +go+45,5» Which is manifestly symmetric.
We now turn to the values s € {2,...,r — 1}.

e Assume r = r's + s — 1 with ' > 0. We multiply by ¢; and get
¢ =q((r+1)s—r)=—-rq+ (" +1aqs.

Thus ¢ corresponds to i3 = (' + 1)¢; + 1 and k; = r'¢;. In particular
ipn — 1 = (r"+ 1)g;. Assume there exists by > 0 and mqy € {0,...,7; — 2} such
that rby = g2 + mas. Since qu = —rgs + (1’ + 1)gos, there must exist Iy € Z
such that

by = —qo + I35, mo = —(r' +1)qa + lor.

Since q1 + g2 + q3 = s with ¢3 > 0, we have ¢; + ¢o < s — 1, hence i; — 2 <
(r" 4+ 1)(s — 1 — g2). Together with 0 < my < i; — 2 it leads to the inequality

0<(r'+1)q < lor < (F+1)(s=1=q@)+("+1)¢z = (F+1)(s—=1) = r—1" <,

which contradicts the existence of l5. Hence there are no such msy, meaning

that €(q1, ¢2,q3) = 0. Consequently
c© [@1] = g2, —qs] = (i1 — 1) Ogy+go+gs,5 = (r"+Da Og1+g2-+4s,5 »
and Fy3(q1, @2, ¢3) = (" 4+ 1)q1G243 0y +go+45,5» Which is manifestly symmetric.
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e Assume r = r’s + 1 with v’ > 0. We see that
s—q=s+q('s—1r)=—rq+ (g +1)s,

so q; corresponds to i3 —1 =1"(s—q1)+1 =r—r'qy and ky = (s—q1)(r'—1)+1.
We deduce that iy — 2 = 1'(g2 + g3). Since g + r'qas = rqy is divisible by r,
the choice m = r'qy satisfies 0 < m < i; — 2 and therefore €(q1, g2, q3) = 1. We
deduce that

c® (1] = g2, —q3] = (i1 = 1 = 7)0g,g043.5 = 701 Ogy+gas.5 -
This implies that Fos(q1,q2, 93] = —r'¢1¢2G53 041 4+qs+4s,5, Which is manifestly
symmetric.
e Now assume that " € {2,...,s —2}. We are going to show that assuming

the symmetry

QQO(O) [611| — 42, —613] = (hC(O) [CI2| — q1, —613] (B-28)

for any g1, g2,q3 > 0 such that ¢; + g2 + g3 = s leads to a contradiction. We
first remark from the definition that €(qi, ¢2,q3) = €(q2, ¢1,q3) in (B.27). We
set ¢1 = 1, which we decompose as usual ¢; = (ky — i3 + 1)r + (i3 — 1)s for
some i1 € {1,...,r}. Choosing go = s — 1" corresponds to iy = ' + 2 and we
can take g3 = s — (q1 + q2) =" — 1 > 0. Denoting € = €(1,s — 7", 7" — 1), the
condition (B.28) implies

(s =71 —iy+er)=—-1—1"+er.

Choosing g = r” corresponds to i = r — 1’ + 1 and we can take g5 = s — (¢1 +
@) = s—1"—1>0. Denoting ¢ = ¢(1,r",s — " — 1) the condition (B.28)
implies

(1 =iy +er)=—r+r +&r.
Summing the two equations gives

s(l—ii+er)+1l=r(e+e -1 +r"(e-¢)). (B.29)

From the definition we have that

8:{1 i > 1, 6/:{1 ifip 27 +2, (B.30)

0 otherwise 0 otherwise
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Since r —r'+1—(r'+2) =1'(s—2) +r" —1 > 0, we see that the only possible
values of (g,€') are (1,1), (0,0) and (0,1). In the two first cases, reducing
(B.29) modulo s gives

r" = +1 mod s,

which is impossible since we assumed 2 < r” < s — 2 from the beginning. So

we must be in the case (g,¢’) = (0,1), which means that
1<y —1<r—7"—1. (B.31)
The equation (B.29) then implies
1=(i1—1)s—rr". (B.32)
Now we express the symmetry
33Ca| = g5, o) = 11 COgs| — a1, 4], (B.33)
with the choice (q1,¢2,q3) = (1,5 — ", " — 1). We can write
" —l=r—rs—((t—Ls—r")=(r—r" —=(i1—1)s+r(r"+1-53).

Due to the upper bound in (B.31) we have r — 7" — (i; — 1) > 0 therefore
is —1 =r —1"— (i1 —1). Notice that iy +i3 = 2+ r — 1" < r + 3 thus
€(q1,3,q2) = €(qs3,q1,q2) = 0. Using (B.27), the equality (B.33) becomes

Pt (=) —r= (0" =11 —0),

that is r”b = r — /. If we use this result when multiplying (B.32) by r”,
we find that 7" = rs — (r — ") — rr”. This implies 7/ = s — 1, but this
contradicts the starting assumption " < s — 2. In other words, we have
proved that if r” € {2,...,s— 2}, we cannot have the symmetry (B.27) for all

q1, 92,493 > 0. O

B.2.3 Computation of F

Let us compute Fi; for the quantum Airy structure of Theorem 4.4.9 — that

is, assuming » = +1 mod s.
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Lemma B.2.3. We have F[q] = T;—Zl Og.s-

Proof. We need to isolate the term
Hp = —hFy Ui, k)] + - -

where F1]q] is a scalar, I1,(i, k) is given in (B.23) and - - - represent the other
monomials which we are not interested in. We recall that H} is obtained from
the generators W} given in (4.59) after the shift J_, — J_¢ — 1. The only
contribution to this term comes from j =1 and py = —s for all [ € {3,...,i}
such that —s(i—2) = r(k—i+1). Since r and s are coprime, such a contribution

can only appear for i = 2 and k = 1, and in that case [I4(2,1) = s. So we have

1
Fi1lq) = s v () Og,s 5

r2—1
24

which is equal to 045 using Lemma B.1.5 to evaluate VION O]

B.3 Proof of uniqueness of the solution to the
higher abstract loop equations

In this appendix we show that if a solution to the higher abstract loop equa-
tions that respects the polarization exists, then it is uniquely constructed by
the Bouchard-Eynard topological recursion of [BE13, BHL"14]. The argument
follows along similar lines to what was presented in [BS17, BE17]. For clarity
we will only present the proof here for local spectral curves with one compo-
nent, but it is straightforward to generalize it to local spectral curves with ¢
components.

Consider a spectral curve with one component, as defined in Definition

4.5.1. Let
WO,I(Z) = ZTI dfl('z) = y(Z)dfr(Z) ’

>0
where y(z) = > 72, m2""". Let us assume that the spectral curve is admissible

(Definition 4.5.2), that is, 1 < s <r+ 1 and r = £1 mod s with

s:=min{l>0 | 7#0 and r{l}.
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Let wp2(21, 22) be the formal bidifferential that encodes the choice of polariza-
tion
le X dZQ

(21 — 22)?

+ Z Drm A& (21) @ d&n(22) -

1,m>0

wo2(21,22) =
Then the following result holds.

Proposition B.3.1. Fiz an admissible! local spectral curve with one com-
ponent. Assume there exists a sequence of formal symmetric differentials

Wy n € ®?:1 VZ; satisfying the higher abstract loop equations

Pui (9 (wlz)) e ™' Ct] @V, ®@...0 V.,

Zn

forallg>0,n>1,29—2+n>0, andi € {1,...,r}, where z = (z9,...,2,)
and w = (wy,...,w;). Here, 0" =i—1— L@J and ES)(A|B) was introduced
in Definition 4.5.16, and the projection map Py, tn Definition 4.5.5.

Then, this sequence of formal symmetric differentials is constructed by the

Bouchard-Eynard topological recursion formula

t r—1
1
Wg7n<217 Z) = ReStZO </ WO’Q(.7 Zl)) Z(_l)l—‘,—l5
0 =1 :
r—1 ) (i+1) " o
1 RUFV(E,0m¢, ... 0%t|z)
x ’ . (B.34
Z:l (E (y(t) — y(9amt))) (& ())k (B.34)
am#a

Proof. Suppose that there exists a sequence of w,,, € ®?:1 VZ; such that

1
CltleV,®...0V, .

trbi

Pyt (E0h(w]2)) €

Let us now argue that the expression

dgr(t) - i r—i i
12 (1) — y(6me)) ;(_” ()" Puie (£ (wl2)) (B.35)

lives in C[t[dt ® V; ® ... ® V. On the one hand, if y(t) € C[t], then this

is clear as long as y/(0) # 0, that is 7,1 # 0. This is the regular case. In
the irregular case, let us suppose that 74 # 0 with s € {1,...,r — 1}. Then

ITo be precise, in the proof here we only need the requirement that s is coprime with r,
we do not need the stronger admissibility requirement that » = +1 mod s.
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y(t) ~ 7,t°7" when t — 0. Assume that s is coprime with . We rewrite

Di:i—l—L@J:i—(w]Wehavewhent—>0

d¢, (¢) o T ==t 1) gy

[T, (y(t) — y(6mt))

7_sl—r t(r—i)(s—r) Fl=r

r—i ) (wlz)) ~ = =2
WO Py (Ew12) ~ S = T
with
5:Ti_r[ww_(T_Z')(s—r)§<r—1)(r—s+1),

and the result follows.

We can rewrite this statement as a residue condition

t d&,.(t) - i r—i i
Res,_ (/0 wo,2(~,z1)) T ) — 5670 (Z(—l) y(t) Pw|t<€§,%(W\z))> =0.

m=1 i=1

Now let us manipulate this expression a little bit, by writing down the projec-
tion map explicitly. By definition,

T

- ; (L s (0t 0t]2)
SO0 () Pue (2 (wlz) = > =ty Y AT

i=1 i=1 ’ ai,...,a; =0

We can extract the wy ; contributions out of the Sg(f})z (w|z) using Lemma 4.5.17.
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D DY) Page (E0(w]2)
=1
_i(—l)’ i Z (1) ﬁy(eaj+zt) Rygn(0t, ..., 6% 1]2)
i=1 1,02, =0 j=1 g —=g)! =1 (dé: ()7
ama
= i r (—1)* Z ! y(t) 1 Y (6%11) Rn(67t, ..., 0%|2)
at,...,ar=0 i=1 7=1 ]'(Z - ])'(7’ o Z)' =1 (dgr(t))]
am Ay
B 7‘21 r r—4{ (_1)£+m r l—m ﬁy G(le“t jo%(@%t, Ce ,0a£t|Z)
at,...,ar=0 ¢=1 m=0 E'(T —l= m>'m‘ (dg’f’ (t))g
am#a;
r-t r r—¢ © (pa a
(—1)* Ron(09t, ... 0%t|z)
= y — y 0a€+lt ’
L2 2 (B0 = Gy
am;éal
(1) = RN, 6L, ..., 6 ttlz)
= Y ‘gae71+lt >
Z Z e (H( 0=l ”) &0
alfam
Then
I (y(ig(i)y(emt ) O P (£ (w12)
m=1 i=1
B Z (—1) i ﬁ 1 ROt 09¢, ..., 09-1¢|z)
= =D, =\ W) —y(9m1)) (d&,(t)) "
arF#am
Thus the higher abstract loop equations imply that
t r (_1)1 r—1 i—1
Res;—g (/0 wo,z(-,Z1)) ; (i — 1) 0«17“%:—1:1 (H ealt))>
aj#am
(Z) al a;—1
" Ryn(t, 0, ... 0% 1t|z) _0.

(A& (1))

Now we can take out the term with ¢« = 1, which is equal to

t
— Res;—o (/ wo2(+, 21)) Wyn(t,z).
0

V-

zZ1

Assuming that w,, € ®,

the residue simply replaces the terms with

¢_1(z) with the same terms but with £_;(z1). Thus

t
— Resi—o </ wo,z(', Z1)> wg,n(t,z) = _wg,n(zbz)?
0
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and we get the topological recursion

wg.n(21,2) = Resi—g (/Ot W0,2(',21)) S (_1.)i+1

7!

i=1
y i H 1 RUSV(t, 00, ..., 6%¢|z)
at,...,ai=1 \l=1 <y(t) - y(ealt)) (dfr(t))l ’
aj#am
which uniquely determines the wy . O

Remark B.3.2. To prove existence of a (polarized) solution to the higher ab-
stract loop equations, one could follow the proof above step-by-step in reverse.
However, for this to work one would need to prove initially that the Bouchard-
Eynard topological recursion produces symmetric wy,. This is known from
[BE13] for spectral curves that appear as a limit of a family of curves with
simple ramification points, by an indirect argument. It is however not clear to
us which spectral curves satisfy this condition. Since in Section 4.5 we identify
the higher abstract loop equations with higher quantum Airy structures for
admissible spectral curves, it implies via Theorem 4.2.11 that the solution to
the higher loop equations exists, in the case when 1 < s <r 41 and r = £1
mod s. Hence we have a new, more direct (and perhaps more general) proof
that the Bouchard-Eynard topological recursion produces symmetric w, , for
all admissible spectral curves, independently of the arguments of [BE13], as

stated in Theorem 4.5.32.
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