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Abstract

Piecewise affine functions as defined in [1] and denoted by the set S are
those functions in C(R™) that agree with a finite number of affine functions.
In this thesis, we extend their study by introducing the set of locally piecewise
affine functions denoted by S;,. Unlike piecewise affine functions, a locally
piecewise affine function could possibly agree with an infinite number of affine
functions on R™. We discuss the relationship between the two sets under
the umbrella of order theory. In order to define the set of locally piecewise
affine functions we first define piecewise affine functions on arbitrary subsets
of R™ and discuss the conditions that guarantee the natural extension of a
piecewise affine function on arbitrary sets to a piecewise affine function on the
whole space. We then define the set of locally piecewise affine functions and
discuss how the properties of piecewise affine functions that have been studied

previously [1] can be extended to the new set.

The literature of vector lattices contains the study of the equivalence or
lack thereof of three main definitions for order convergence. However, this
problem has not been studied in C'(R™). In this thesis we utilize the results by
Anderson and Mathews [2] to study this problem. In doing so, we investigate
if C(R™) possesses the countable sup property which allows us to show that
for bounded nets, two main definitions of order convergence in the literature

coincide.

We also study S and Sy, as sublattices of C'(R™) and we show that both
S and subsequently S, are order dense minorizing sublattices in C'(R™). We
then study the relationship betwen S and Sj, by introducing the definition
of locally finite sets of functions. This definition allows us to show that any
locally finite set of functions in S has a supremum and an infimum both of
which are in \Sj,. In addition, we show that any function in \S;, can be expressed
as the difference of the supremums of two locally finite sequences of functions
in S.

The Stone-Weierstrass theorem can be directly applied to show that piece-
wise affine functions can uniformly approximate continuous functions on com-

pact sets. However, piecewise affine functions cannot be used to uniformly ap-
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proximate functions in C'(R™). In this thesis, we show that the set of locally
piecewise affine functions can be used to uniformly approximate continuous
functions in C'(R™).
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Chapter 1

Introduction

1.1 Thesis Objective and Outline

The concepts of ordered vector spaces and lattices have been shown to be
important to many applications in engineering and economics. In particular,
multivariate piecewise affine functions in the context of order vector spaces
have been shown to be important tools in economic theory [3]. Aliprantis and
Tourky [1] present a comprehensive study of the space of multivariate piecewise
affine functions in C'(R™) in which they show that the subspace of piecewise
affine function is equivalent to the sublattice generated by the affine functions.
Their work, however, is limited to multivariate piecewise affine functions with
finite number of components. While multivariate piecewise affine functions
with finite number of components can uniformly approximate any function in
C(K) where K is a compact subset of R™, however, such functions cannot be
used to uniformly approximate many functions in C'(R™).

The objective of this thesis is to extend the work by Aliprantis and Tourky
[1] to define a new class of multivariate piecewise affine functions with infinite
components that agree with the multivariate piecewise affine functions defined
by Aliprantis and Tourky [1] on compact sets. We call these functions locally
piecewise affine functions. We then study the relationship between the two
classes of functions in the context of order convergence.

In the first chapter of this thesis, we present the basic structure of partially
ordered sets followed by the structure of ordered vector spaces and lattices.

We only present the tools needed for our analysis of the space C(R™).



In the second chapter of this thesis, we introduce the sets of one dimensional
and multivariate piecewise affine functions as presented in Chapter 7 of the
book by Aliprantis and Tourky [1].

In the third chapter of this thesis, we introduce the set of locally piecewise
affine functions. In addition we present sufficient conditions on a subset U C
R™ that guarantees that a piecewise affine function on U can be naturally
extended to a piecewise affine function in C'(R™). This result is useful on its
own and in the study of the relationship between the piecewise affine functions
and the locally piecewise affine functions. We then discuss the properties of
the locally piecewise affine functions and show that in most cases, they are
similar to the properties of piecewise affine functions.

In the fourth chapter of this thesis, we study how piecewise affine functions
and locally piecewise affine functions approximate functions in C(R™). In do-
ing so, we first present the various definitions of order convergence in partially
ordered sets and vector lattices and study their agreement or lack theroff on
the lattice C'(R™). We then show our original result that two definitions of
order convergence agree on C'(R™). We then present three different definitions
for "order dense” subspaces and study under these definitions how piecewise
affine functions and locally piecewise affine function approximate C'(R™). We
then present a new class of sets that we call: "locally finite sets of functions”.
Using this definition we show that a locally piecewise affine function can be
written as the difference between the supremums of two locally finite sequences
of piecewise affine functions. Finally, we present our original result that locally

piecewise affine functions uniformly approximate functions in C'(R™).

1.2 Order Structure

In this section we present the traditional definitions of order structure and
ordered sets. We follow a convention similar to that presented in Aliprantis
and Tourky [1].

Definition 1.2.1: Partial Order Relation: Let S be a set. A relation ”<”

is called a partial order if it satisfies the following three properties:

1. Reflexivity: Vz € S :x < z.



2. Antisymmetry: Ve,y € S:x <yandy<z=zx=y
3. Transitivity: Vx,y,z€ S:x <yandy<z=zx <z

In this case, S is called a partially ordered set. If Vo,y € S :x <y ory <z,
then the relationship is called a total order and S is called a totally ordered

set. We write

e >yify<z
e r<yifr<yandx#y
e y>zifr<y

Definition 1.2.2: : Directed Set: A partially (or totally) ordered set I is
called an upward-directed set if Vo, 8 € T' : 3y € I" such that a < v and
B < . Similarly, I is called a downward-directed set if Vo, 5 € ' : 3y € T’
such that a > ~ and § > . For example: N with the natural order is
an (upward- and downward-) directed set. Directed sets, can be used to

generalize the concept of sequences as follows:

Definition 1.2.3: Net: Let I' be an upward-directed set, X be another set.
A function z : T' — X is called a net and is written: {z,}aer or just {z,}.
If X is endowed with a partial (or total) order, then a net is increasing
if Vo, 8,7 € T" such that o« < v and 8 < v then z, < 2, and z3 < x,.
We write x,, T to indicate an increasing net. Similarly, a net is decreasing if
Vo, B,y € I'such that o« < yand 8 < v then 2, > 2, and 23 > x,. We write
Zo | to indicate a decreasing net. For example, a sequence {x,}22, C R is

anet z: N —R.

Definition 1.2.4: Supremum and Infimum: Let S be a partially ordered
set. Let A C S. If da € S such that Vx € A : x < a, then a is an upper
bound of A. If a € A then, a is also the greatest element of A. Simiarly, if
db € S such that Vx € A : x > b, then b is a lower bound of A. If b€ A
then, b is also the least element of A. Let B C S. If the set of upper bounds
of B has a least element, then this least element is called the supremum (or
the least upper bound) of B. If it exists, we write sup B to indicate the
supremum of B. Similarly, if the set of lower bounds of B has a greatest
element, then this greatest element is called the infimum (or the greatest

lower bound) of B. If it exists, we write inf B to indicate the infimum of B.
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If x,y € S, we write x V y to indicate sup{x,y} and = A y to indicate
inf{x, y} if they exist.

If an increasing net {x,} has a supremum a, then we write: z, 1T a. Simi-

larly, if a decreasing net {z,} has an infimum b, then we write: x, | b.

Definition 1.2.5: Lattice: A partially ordered set S is called a lattice if
Ve,ye S:xVyand z Ay exist. If A C S, we define A® = {zy Axg A--- A
xpn € NNVi<mn:z; € A}, AY = {3 VasV---Va,n e NNVi <n:zx; € A}
It should be noted that AY" # A"V. For example, consider the lattice
S ={a,b,z,y,z,e, f} shown in Figure 1.1. A straight arrow between two
elements indicate that they are related and define the order. For example,
a < f, a is not related to b, and a Vb = f. Let A = {a,b,d,e}. Then:
AN ={a,b,e,d e, f,g,h, 2z} while AN = {a,b,d,e, f,g,h,z}.

Z

Figure 1.1: S = {a,b,c,d,e, f,g,h,z} is a lattice, A = {a,b,d,e}. A" # A"

Definition 1.2.6: Order Completeness: A partially ordered set S is called
order complete, if every non-empty bounded above subset of S has a supre-
mum. This is equivalent to the statement that every non-empty bounded
below subset of S has an infimum. To see this consider an order complete
partially ordered set S. Let T" C S be a bounded below set. Consider the
set TV of lower bounds of T', namely T% = {t|[t < T'}. T* is bounded above,
therefore, it has a supremum, say a. Therefore, a is the least element in the
set of upper bounds of 7% which is denoted by T*'. But 7' C T*' therefore,
a < T. Therefore, a € T* is the greatest element. Therefore, inf 7' = a.
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In this thesis we are dealing with piecewise affine functions as subsets of
the space of continuous functions C'(R"™) which is NOT order complete. To

see this consider the example of the sequence of functions {f,}>°; C C(R)
defined as:

0, t<0
fat) =¥Vt 0<t<1
1, 1<t

Clearly, f, is increasing, however, on the positive part of R : f,, is bounded
above by 1 while it is bounded above by 0 on the negative part of R. There

is no continuous function that would be the least upper bound of f,.

1.3 Vector Lattices

In this section we introduce the structure of vector lattices along with some

important vector lattices operations and properties.

Definition 1.3.1: Ordered Vector Space: A vector space E is said to be

an ordered vector space if it is a partially (or totally) ordered set such that

eVryze E:x<y=zx+z2<y+z
e Vryc FEand VAER" :z <y = Ix < \y.

Definition 1.3.2: Vector Lattice and its Subspaces: An ordered vector
space E that is also a lattice is called a vector lattice. A C FE is a lattice
subspace if it is a vector subspace and a lattice under the order induced

from E. A is a sublattice if it is closed under the lattice operations.

Definition 1.3.3: Archimedean Vector Lattice: A vector lattice E is
Archimedean if Vo € E then: the set {nz|n € N} is bounded above implies
x < 0. An equivalent definition is that E is Archimedean if Vo € E* : if
dy € E* such that Vn € N : nz < y then 2 = 0. Roughly speaking the
Archimedean property is that of having no infinitely large or infinitely small

elements.

Proposition 1.3.4: Let E be a vector lattice, then we have the following
identities Vx,y,z € E,Y\ € RT:



—(@Ay) = (=2) V (=y) and —(z Vy) = (=) A (~y).
r+y=xzVy+zAy.
r+yNz=(@+y)AN(x+z)ande+yVz=(x+y) V(z+2).
Az Vy) = (Ax)V (Ay) and Az Ay) = (Az) A (Ay).
cAyVz)=(@Ay)V(eAz)andzV (yANz)=(xVy A(zV=z2).

ARSI

Proof. The first identity can be shown as follows: z Ay <z = —x < —(zAy).
Similarly, z Ay < y = —y < —(x A y). Therefore, —(x A y) is an upper
bound for both —z and —y. Therefore, (—x) V (—y) < —(xz A y).

To show the opposite inequality: —z < (—z)V(—y) = —((—2)V(-y)) <=z
and —y < (—z) V (-y) = —((—z) V (—y)) < y. Therefore, —((—x) V (—y))
is a lower bound for both z and y. Therefore, —((—x) V (-y)) <z Ay =
—(x ANy) < (—z) V (—y). Therefore, —(z Ay) = (—x) V (—y). The identity
—(x Vy)=(—x) A (—y) can be shown similarly.

The third identity can be shown as follows: yAz <y=z+yAz<zx+y
and yAz < z = x+yAz < x+z. Therefore, z+yAz < (z+y)A(z+2). For
the opposite inequality: (z4+y)A(z+2) <zx+y= —z+(x+y)A(z+2) <y
and (z4+y)AN(x+2) <z+z=—2x+(x+y)A(x+2) <z Therefore,
—z+@x+y)A(r+2) <yAz= (r+y)A(z+2) <x+yA =z Therefore,
r+yANz=(x+y)A(x+z2). Theidentity z+yVz= (x+y)V (x+2) can

be shown similarly.

The second identity can be shown using both the first and the third as
follows: Using the third identity we have: —z + (z Ay) = (—x + x) A
(—x+y) =0A (y—x). Using the first and then the third identity we have:
y—(@Vy)=y+(—2)A(-y) =y —2)A(y—y) = (y —x) A0. Therefore,
—x+ (xAy) =y — (zVy). Therefore, z+y=xVy+axAvy.

The fourth identity is straightforward: A(z Ay) < Az and A(z A y) < Ay.
Therefore, AM(x A y) < (Ax) A (\y). For the opposite inequality we have:
(Az) A (Ay) < Az = $((Az) A (Ay)) < 2 and similarly, $+((Az) A (\y)) <y
Therefore, +((Az) A (\y)) < z Ay = (M) A (Ay) < A(z Ay). Therefore,
Mz Ay) = (Ax) A (Ay). The identity Az V y) = (Ax) V (Ay) can be shown

similarly.

For the fifth identity, one inequality is true for every lattice as follows:
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xANy <zand x Ay <y < yVz Similarly, t Az < z and x A 2z <
z < yV z. Therefore, (x ANy)V (x Az) < xA(yVz). The opposite
inequality is true only for vector lattices: Using the second identity above
y=xzVyt+zAy—z < azVyVz+(zAy)V(zAz)—zrand z = xVz+zAz—z <
xVyVz+(xAy)V(xAz)—x. Therefore, yVz < zVyVz+(xAy)V(zAz)—x =
r4+yVz—azVyVz < (xAy)V(zAz) = cA(yVz) < (zAy)V(xAz). Therefore,
A (yVz) = (zAy)V(xAz). The other identity 2V (yAz) = (xVy)A(zV z)

can be shown similarly. [ |

Proposition 1.3.5: Let E be a vector lattice, A C E, and v € E. Therefore,

1. x +sup A =sup{x + ala € A} and x + inf A = inf{z + ala € A}.
2. x Asup A =sup{z Aala € A} and x V inf A = inf{z V a|a € A}.

In the first identity, the existence of the supremum or infimum on either side,
guarantees the existence of the supremum or infimum on the opposite side.
In the second identity, the existence of the supremum or infimum on the left

side gquarantees the existence of the supremum or infimum on the right side.

Proof. For the first identity, assume ag = sup A exists. Therefore, Vo €
ENa e A:a<ag=x+a < x+ ay. Therefore, z + ag is an upper
bound for {z + ala € A}. To show that it is the least upper bound, assume
t to be another bound, i.e., Va € A :t > a + x. Therefore, t —z > a =
t—x > agp =t > xv+ag. Therefore, z+ay = sup{r+ala € A}. Now assume
a; = sup{z + ala € A} exists. Therefore, Vo € E,Va € A:z+a < a; =
a < a; —x. Therefore, a; — z is an upper bound for A. To show that it is the
least upper bound, let ¢ to be another bound, i.e., Va € A : t > a. Therefore,
t+x>a+xr=t+x>a =t>a —x Therefore, x +sup A =a;. The
same proof applies to the identity: x + inf A = inf{x + a|a € A}.

The second identity can be shown similarly. Assume ag = sup A exists.
Then, Vo € E,Va € A: x Na < x Aag. Therefore, x A ag is an upper bound
for {z ANala € A}. To show that it is the least upper bound, let ¢ be another
upper bound. l.e,Va € A:t>xANa=x+a—xVa>—-xVa+r+a=
t+xVay—x>a=>t+xVay—xr>ay=>t>xr+ayg—xVay=2zxANay.
Therefore, © A ag = sup{z A ala € A}. It is worth mentioning that the

existence of sup{x A ala € A} does not guarantee the existence of sup A.
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For example, considering R? with its conventional order. Let x = (1,0)
and A = {(0,n)ln € N\ {0}}. Then, sup{z A ala € A} = (0,0) while
sup A does not exist. The same proof and argument apply to the identity:
xVinf A = inf{z V ala € A}. |

Proposition 1.3.6: Let E be a vector lattice, A C E is a subspace. Then,
AVN = AN, AYM s the sublattice gemerated by A, namely the smallest

sublattice containing A.

Proof. Clearly, A C AV. Therefore, A® C AY". Let y € A"Y. Therefore,
dm € N and Vi < m : dn; € N such that

y:(an/\alg/\-~~/\a1n1)\/(agl/\agg/\~~~/\a2n2)\/~~
V(@1 A Gma A= A @)

(e

i=1 \j=1

The identities in Proposition 1.3.4 can be used to show that

y:(an\/agl\/---\/aml)/\(au\/agl\/---\/amg)/\---/\(alm\/agm\/-~-

V amn,,)

ny  ng Nm,

:/\ /\ /\ (altl\/ath\/"'\/amtm>

t1=1t2=1 tm=1

Therefore, y € AY" and A" C AY" Similarly, AV ¢ A"Y. Therefore,
AVA — ANV
Let B C E be a sublattice such that A € B. Clearly, Vy € AV : y € B.

Therefore, AY" C B. Therefore, A" is the smallest sublattice containing

A. [

Definition 1.3.7: Positive Part, Negative Part and Modulus: Let F
be a vector lattice and x € E. Then, the positive part, negative part, and
modulus of x respectively are: =z = 2V 0, 2~ = (—z) V0, and |z| =

xz V (—z). Proposition 1.3.4 and Definition 1.3.7 can be used to show
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that the operations Vz,y € E : z V y,z Ay, |z|,2T7, 2~ can be expressed
via each other. Therefore, it is enough to show that one operation is well
defined to show that an ordered vector space is a lattice. Notice as well that
r=24+0=2V0+azA0=2"—(—2)VO=at —z".

The vector space C'(R™) is an ordered set with the partial order defined
as Vf,g € CR™) : f < g Vo eR™: f(x) < g(x). Clearly, this order
satisfies the properties of ordered vector spaces. In addition, C(R™) is a

lattice since the function:

g(x) = max{f(z),0}

satisfies ¢ = f V0 and g € C(R™). In addition, C'(R™) is Archimedean
since if h,k € C(R™)" are such that ¥Yn € N : nh < k, then Vo € R™ :
nh(z) < k(z). Since h(x) and k(x) are positive real numbers, then h(z) = 0
therefore, h = 0.



Chapter 2
Piecewise Afline Functions

This chapter is based on Chapter 7 of the book by Aliprantis and Tourky [1].

2.1 One Dimensional Piecewise Affine Func-

tions

Definition 2.1.1: Affine Functions: f: R — R is called an affine function
if 3b,m € R such that Vt € R: f(t) = mt +b.

Definition 2.1.2: Piecewise Affine Functions: f : R — R is called a
piecewise affine function if 3{a;}7, C R, {(m;, b:)}4) C R?, with n € N,
and VO <7 <n:a;_1 < a; such that:

mot + bo, t < ag
f@t) = mit + by, ai—1 <t < a

mn—i—lt + bn—i—la Qnp, S t

The sets of parameters {a;}?, and {(m;,b;)}4; are called the represen-
tation of f while the functions {fi(t) = m,t + b;}?4 are called the com-

ponents of f.

Similarly, the function f : [ag, a,] — R is called a piecewise affine function
if 3{a;}y CR, {(my, b))}, CR? withn e N, and VO <i<n:a; 1 <a
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such that:

f(t) =mit +b;, ai—1 <t < a4

Remarks:

The way picewise affine functions were defined ensures their continuity.

The spaces of piecewise affine functions defined as:

Stay = {f : [a,b] = R|f is a piecewise affine function}

S ={f:R — R|f is a piecewise affine function}

are linear vector spaces and Sjp C Cla, b] where Cla, b] is the space of
continuous functions on the interval [a,b]. Similarly, S C C(R).

S and Sj,y are vector lattices. This can directly deduced from the fact
that if we have fi(t) = mqt + by and fo(t) = mat + by defined on the
interval [a;_1,a;], then fi A fo is a piecewise affine function defined on
the same interval.

Let V = {g : R — R|g is an affine function}"V and Vi, = {g : [a,b] —
R|g is an affine function}"V. Clearly, V' C S and Vi3 C Sap. We will
later show that V' = S and Vi 5 = S[ay-

When it is clear from the context, we will use the symbol S to represent
both S and S|, and similarly will be the case for the symbol V.

Lemma 2.1.3: If f : R — R is a piecewise affine function, then Ya < b € R
the restriction fljp is a piecewise affine function. Also, if f : [a,b] = R

is a piecewise affine function, then it can be extended (in many ways) to a

piecewise affine function f: R — R.

Proof. This is straightforward. See Lemma 3.1.3. |

Lemma 2.1.4: Real functions on compact sets can be uniformly approrimated

with piecewise affine functions. Namely, S is uniformly dense in C|a, b|.

Proof. Since the unit function f = 1 and the function g(¢) = ¢ which separates

points in [a,b] are both elements of S, then by the lattice version of the

Stone-Weierstrass approximation theorem (see Theorem 11.3 page 88 in
[4]), S is uniformly dense Cla, b].
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We can also show this directly using the uniform continuity of functions in
Cla,b]. Let f € Cla,b]. Fix e, then 36 such that Vx € [a,b], Vy € B(z, /)
we have f(y) € B(f(x),e). Divide the interval [a, b] into n subintervals with
end points a =ag < a; < ---<a, =bsuchthat VO <i<n:a;, —a;_1 <9.
Let fi(t) = f(ai-1) + —f(aézii.(z_l) (t —a;—y). Let

g(t) = fi(t) a1 <t<a;

Clearly, g € S. Let t € [a;_1,a;], therefore, |g(t) — f(t)| = |fi(t) — f(¢)]
fi(t) = filai)| + | filai—r) = fF@O)] < |fia:) — filai)| + | filaizr) — f(2)]
e + ¢ = 2e. Therefore, sup, |g(t) — f(t)] < 2e.

| IRVANVAN

Lemma 2.1.5: Sy C Vigy. Moreover, Vf € Syap: f(t) =c+> i, c(fi(t)V
0) =c+ > c(t—ai_1)T whereVi<n:c,ceR a=ay<a; <---<
a, =0b, and f;(t)=t—a;_ 1 €V.

Proof. Fix f € Spp) and let {a;}7_y and {(m;, b;)};-, be the representation of
f asin Definition 2.1.2. Set ¢ = bj+mjag,c1 = mq,Vi > 1:¢; = m;—m;_1.
Let

g(t)y =c+ Z ci(t —ai_q)"

Note that by the continuity of f we have: m;a; + b; = m;1a; + b;y1. Then:
For ap <t < ay:

g(t) = bl + myag + m1<t - CL()) = b1 + mlt = f(t)

12



For a;_; <t < a;:

j=i
g(t) = b1 -+ miag —+ Z Cj(t - CLj_l)Jr
j=1
j=t
—b1+m1t+z —m;— 1)(t—aj 1)
7j=2
—bl—l—mt—l—z mjl CLjfl)
j:z’
= bl + mit + Z(bj — bjfl)
j=2

=b; + mit = f(t)

Therefore, g = f. This shows that f € S}, has the representation f(t) =
c+> " ¢i(t—a;_1)*. Therefore, f can be written as the finite sum of sups

of functions in Vi, i.e., f € Vjap. Therefore, Sp, 4 C Viay- [ |

Lemma 2.1.6: S C V. Moreover, Vf € S : f(t) = by +mot + S0 ci(filt) V
0) = by + mot + Z;Hll ci(t —a;_1)" where VO < i < n+1:¢,by,mg € R,
a0<a1<---an€R, andfi()—t—ai_lev.

Proof. Fix f € S and let {a;}1, and {(m;,b;)}1) be its representation as in
Definition 2.1.2. Set Vi > 1:¢; = m; — m;_;. Let

n+1

g(t) = bo + mot + Z Ci(t — ai_1)+

=1

Note that by the continuity of f we have: m;a; + b; = m;1a; + by 1. Then:
For t < ag:
g(t) = b() + mot = f(t)
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For a;_; <t < a;:

Jj=t
g(t) = bo+mot + > ¢;(t —a;_1)"
j=1
j=i
= b() + mot -+ Z(m] — mj,l)(t — Cljfl)
j=1

Jj=t
=bo+mit +»_(mj —mj_1)(—a;_1)
=1

For a,, <'t:

j=n+1
g(t) =bo+mot+ Y ¢;(t —a;_1)*

Jj=1
Jj=n+1

= bo + mot -+ Z (mj — mj,l)(t — aj,l)
j=1
Jj=n+1

= bo + mn+1t + Z (mj — mj,l)(—aj,l)
j=1
j=n+1

= bo + mn+1t + Z (b] — bjfl)

Jj=1

= byt1 + Myt = f(2)

Therefore, g = f. This shows that f € S has the representation f(t) =
b +mot + 374! ¢;(t — a;_1)T. Therefore, f can be written as the finite sum

of sups of functions in V, i.e., f € V. Therefore, S C V. [ |
Corollary 2.1.7: S, = Via,b] = span{l,t,(t —a)*|a € [a,b]} C Cla,b]
and S =V =span{l,t, (t — o)|a € R} C C(R).
Proof. This is a direct consequence of Lemma 2.1.5 and Lemma 2.1.6. B

Lemma 2.1.8: Let f € S,y and m = f(bl)):a(“). Then Ji < n,tg € [a;_1,a;],
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and m; > m such that f(to) = f(a) +m(to — a).

Proof. Assume not, then Ym; > m, Vt € [a;_1,a;] : f(t) # f(a) +m(t — a).

For t € [ag,a;]: Since f(a) = f(a) + m(a — a), then my < m and Vt €
(ag,a1] = f(t) = by +mya +my(t —a) < f(a) +m(t — a) and in particular
flar) < f(a) +m(a; — a).

For t € [CLl, (12] .

f(t) = bQ + m2t = bg + mg(t — al) + mg(al)

2.1
:mg(t—a1)+f(a1) ( )

If mo < m then: f(t) = ma(t —ay) + flar) < m(t —ar) + f(a) + m(ay —
a) = m(t —a) + f(a). And if my > m, then by assumption and using
the intermediate value theorem, f(t) < f(a) + m(t — a) and in particular

flag) < f(a) +m(az — a).
Proceeding inductively, f(b) < f(a)+m(b—a) which is a contradiction. W

Corollary 2.1.9: Let f € Sjgp. Let m = w Then 37 < n and m; such
that f(a) > m;a + b; and f(b) < m;b+ b;.

Proof. Let i and ty € [a;_1,a;] be as in Lemma 2.1.8, then:
f(to) = fla) + m(to — a) = m;(to) + b;
Since f(a) = f(b) — m(b — a), we also have:
f(to) = f(b) +mf(to — b) = my(to) + b;
Since tg > a and m < m; we have:

fla) = f(to) —m(to —a) > f(to) — mi(to — a)
> m;(to) + by — mi(to — a)

Z bl + m;a
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And since Since tg < b and m < m,; we have:

f(b) = f(to) —m(to —b) < f(to) — mi(to —b)
S ml(to) + bz — mi(to — b)

2.2 Multivariate Piecewise Affine Functions

In this section we introduct the multivariate affine and piecewise affine func-

tions. We follow a convention similar to Section 2.1.

Definition 2.2.1: Affine Functions: f : R™ — R is called an affine function
if 3v € R™ and b € R such that Vo € R™ : f(z) = v -2+ b. We will denote
A = {f]|f is an affine function} and V = AY". V C C(R™) where C(R™) is

the space of continuous functions defined on R™.

Lemma 2.2.2: Let f,g € A. f = g if and only if there is a nonempty open
subset U C R™ such that fly = glu.

Proof. Assume f(x) = vy -2+ by and g(x) = v, - x +b,. Let U be nonempty
and open subset of R™ and f|y = g|y. Then, 3§ > 0 and zq € U such

that Vy € B(xo,9) : f(y) = g(y) = (vy —vg) -y + (by —by) = 0. 1If

6(vy—vg)
2flvp—vgll "

vy = vy, then by = b, and f = g. Otherwise, let y; = z¢ + Since

y1 € B(x,0) we have: (Uf—vg)-$0+bf—bg+(vf—vg)-;5'?2;:22?' = 0 Therefore:

S(vr—v
(v = V) - g = 0= [lop — vy = 0= vy =vy = by =by = f = g.

Multivariate piecewise affine functions can be defined in a manner similar
to one dimensional piecewise affine functions. Here we will introduce this
definition after which we will show that the definition ensures the continuity
of the piecewise affine functions. Then, we will introduce a theorem that
shows that piecewise affine functions can be defined as continous functions

that agree with a finite number of affine functions.
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Definition 2.2.3: Piecewise Affine Functions: f : R™ — R is called a
piecewise affine function if In € N, distinct affine functions {f;}, C A,
and subsets {S; C R™}”_; such that:

1. Vi : Int(S;) # 0 and S; = Int(S;)
2. Vi # j:Int(S;) NInt(S;) =0
3. UL, S; =R™
4. fls; = fils,
The sets {fi}rq, {Si}i, {(Si, i)}, are called the components, regions,

and characteristic pairs of f, respectively. We denote
S ={f:R™ — R|f is a piecewise affine function}

Lemma 2.2.4: S C C(R™).

Proof. We will argue by contradiction. Let f € S but is not continuous, then
3z, == = while f(z,) - f(z). Passing to a subsequence, 3¢ > 0 such
that Vn : |f(z,) — f(z)| > €. Since the number of regions is finite, there is a
further subsequence y,, such that Vn : y,, C S; for some 7. Since S; is closed,
Yo — y =z € S;and € < |f(y,) — f(x)|. However, f|s, = fils, and f; is
a continous function by definition which is a contradiction. Therefore, f is

continuous. ]

Lemma 2.2.5: Let f € C(R™) such that In € N and a subset {f;}-, C A
such that Vx € R™ : 3i < n with f(x) = fi(x). Then, YV C R™ that is open
and nonempty, AW C V that is open and nonempty such that Yy € W :

f(y) = fi(y) for some j.

Proof. Assume V' as in the statement of the lemma. We will argue by con-
tradiction, i.e., dx; € V such that f(z;) # fi(x1). Pick 6 = M
Therefore, B(f(z1),d8) N B(fi(z1),d) = 0. Let Vi = f~1(B(f(z1),d)) N
fiH (B(fi(z1),6)) N V. Since f, f; are continuous then V; is open. In addi-
tion, z; € Vi so, V] is not empty and Vo € V; @ f(x) # fi(z). By repeating
the argument, dxy € Vi such that f(xs) # fa(x2) and we can similarly con-
struct Vo C V4 C V that is open and not empty and Vz € Vs @ f(x) # fo(z2).
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Therefore, by induction 3V, C V such that Vi,V € V,, : f(z) # fi(x) which

is a contradiction.

Alternatively, the above argument can be rewritten as follows. Let V
be as in the statement of the lemma. Set Vi = V. If f|y, = fi|y, then
the lemma is true. Otherwise, set Vo = Vi \ {z|f(x) # fi(x)}. Vi is
nonempty and is open. If f|y, = fa|y, then the lemma is true. Otherwise, set
Vi = Vo \ {z|f(z) # fo(x)} which is again nonempty and open. Continuing
in this manner, if none of the sets ¢ < V; satisfy the lemma, then let V,,;; =
Vo \ {z|f(z) # fu.(z)} which is nonempty and open. f is different from

fi, fo, -+, fn on V,—; which is a contradiction. |

Theorem 2.2.6: f € S < f is continuous and agrees with a finite number of
affine function. Le., 3n € N and a subset {f;}?_, C A such that Vo € R™ :

f(z) = fi(x) for somei.

Proof. By Definition2.2.3 and Lemma 2.2.4 a piecewise affine function is

continuous and agrees with a finite number of affine functions.

For the opposite direction, and using Lemma 2.2.5 VV C,,,, R™ 3 a
non-empty open subset W C V such that f(x) = f;(z) for some j. Let
O; = UH{UIU Copen R™, filu = flu}. If O; = 0 for some 4, then remove
O; and f; from the list and renumber and note that by Lemma 2.2.5 and
setting V' = R™, there is at least one O; # 0. Set S; = O;. We will
show that {S;}, satisfy the conditions of Definition 2.2.3 of the regions

of a piecewise affine function. Condition 4 is satified since both f and

f; are continuous and S; = O;, therefore: f s, = fils,- For condition 1
we have O; C Int(S;) and since f|imgs,) = filmees,) and Int(S;) is open, then
Int(S;) C O;. Therefore, O; = Int(S;) # () and O; = Int(S;) = S;. Condition
2 is satisfied as follows: Let U = O; N O;. Since O; and O; are open, then
U is open and f;|y = f;|lv. Then, by Lemma 2.2.2 f; = f;. Finally, for
condition 3 we have | J;"; Si Cuosea R™. Therefore, V.= R™\J;_, S; is open
and by Lemma 2.2.5, 3W C,pe, V such that f|w = f;|w for some j which
contradicts the maximality of O;. Therefore, |J;_, S; = R™.

Corollary 2.2.7: S is a vector lattice.
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Proof. Assume f,g € S. Therefore, f is continuous and agrees with {f;}; C
A, and g is continuous and agrees with {g;}* , € A. Therefore, f V g is
continuous and agrees with {f;}7., U{g;}%., C A, i.e., fVg € S. Therefore,

S is a vector lattice. [ |

Corollary 2.2.8: V C S.

Proof. Since S is a vector lattice and A C S then V = AV C S. [ |

Definition 2.2.9: Hyperplane: A hyperplane is a subset H C R™ of the
form H = {x € R™|v-z+b =0} where 0 # v € R™ and b € R. Clearly H is
closed and has a Lebesque measure zero. Also, H has an orientation since
H divides R™ into H and the positive part H; = {z € R"|v-2+b > 0} and
the negative part Hy = {x € R™|v-2+b < 0}. This orientation is reversible
since H = H = {z € R"| —v-z — b= 0} while f, = Hy, and H, = H,.

Lemma 2.2.10: The set where two distinct affine functions agree is either

empty or a hyperplane.

Proof. Let f # g € A such that Vo € R™ : f(z) = vs -2+ by and g(z) =
vy - T + b, with vy, v, € R™ and by, b, € R. Set Hy, = {z|f(z) = g(z)} =
{z|(vf —vy) -2+ by — by, = 0}. If vy = v, then Hy, = (. Otherwise, Hy, is
a hyperplane. [ |

Lemma 2.2.11: The boundaries of the regions of a piecewise affine function

are subsets of hyperplanes and the regions only intersect on their boundaries.

In other words: Let f € S, then Vi : 0S; = U#i SinS;.

Proof. Using Lemma 2.2.10, and since the boundaries of the regions are the
locations where affine functions agree, therefore, the boundaries are subsets
of hyperplanes. Let © € 9S;, then Vk € N: B(z, z) NR™\ S; # 0. Vk pick
z, € Bz, 1) NR™\ S;. Since 2 — 2 and {z;};2, C U, Sr there is a
subsequence and an index j # i such that {z4}32, C S;. Since z;, — z and

S; is closed, we have x € S;. Therefore, x € S; N .S;.

For the other inclusion, let x € S;NS;,7 # j. We will argue by conatrdiction
by assuming that x ¢ 0S; but x € Int(S;). Therefore, 36 > 0 such that
B(z,d) C Int(S;). Since Int(S;) N Int(S;) = 0, then = € 9S;, therefore,
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B(z,0) N Int(S;) # 0 = Int(S;) N Int(S;) # O which is a contradiction.
Therefore, x € 05;. [ |

Lemma 2.2.12: The characteristic pairs of piecewise affine functions are

uniquely defined up to reordering.

Proof. Let f € S and let {(S;, fi)}, and {(S}, f;) ¥_, be two sets of charac-
teristic pairs for f. Fix ¢ and consider Int(S;). By Lemma 2.2.5 3W C ey,
Int(S;) such that fy = fJ|W = filw for some j < k. By Lemma 2.2.2
fi = f; and therefore S; = S;. Since the components are distinct, then the

characteristic pairs are uniquely defined up to reordering. [ |

Corollary 2.2.13: Definition 2.1.2 and Definition 2.2.3 are equivalent for

one dimensional piecewise affine functions.

Proof. Let f be a one dimensional piecewise affine function defined according
to Definition 2.1.2. Then, the sets S; = (—o0,a0], V2 <i<n+1:S5;, =
la;—o,a;_1], and S, 12 = [a,,00) satisfy the conditions of Definition 2.2.3,
with n + 2 components. If the components are not distinct, i.e. 3¢ < 7 such
that f; = f;, then by renumbering the components and setting S; = S; U S;

then the resulting renumbered components are distinct.

For the opposite direction, let f be a one dimensional piecewise affine
function defined according to Definition 2.2.3. By Lemma 2.2.11 05, =
Uz S NS5 C Ujufzlfi(z) = fi(x)}. However, the set U, {z|fi(z) =
fi(x)} is a finite set of points as it is the union of a finite number of hyper-
planes in R and each hyperplane in R is a set of one point. Therefore, 9.5;
is a finite set. Since Int(S;) # ), therefore, Int(S;) is a union of pairwise dis-
joint open intervals whose end points are in 0.5;. Therefore, f is a piecewise

affine function according to Definition 2.1.2.

Cells Induced by Hyperplanes formed by the Components of Piece-
wise Affine Functions: Let k¥ € N and {H.}*_, be a family of hyper-
planes such that Ve < k: H, = {z € R"|v. - © + b, = 0} where 0 # v, € R™
and b, € R. Let H.; and H., be the positive and negative parts according

20



to Definition 2.2.9 respectively. Consider the set D = {+1,—1,0}*. Let
o : R™ — D be such that Vo € R™ : o(z) = {sgn (v, - x + b.)}*_,. Denote
M = Range(c). Denote a vector T' = {T.}*_, € M satisfying Ve : T, # 0
by a tope of M. Clearly, the set of topes is finite because D is finite. Ad-
ditionally, the set of topes is not empty because: UIZ:1 H, # R™, therefore,
dr € R™\ Ule H. and therefore o(x) is a tope of M. Let J be the car-
dinality of the topes of M and let {T;}7_; be an enumeration. The sets
K; = {z € R"|o(x) = T} define cells in R™ induced by the family of hy-
perplanes independent of the orientation. Each cell K is not empty, convex
and open because it is the intersection of a finite number of open and convex
sets of the form H., and H.,. In addition, szl K; =R™\ J'_, H,. Since
the number of cells J is finite, then U‘j]:1 K; = U;.le K; =R™.

Let {fi}.; € A. By Lemma 2.2.10, the sets where these functions
agree with each other are either empty or hyperplanes. Let H;, = {z €
R™|fi(x) = fm(z)} and let k be the cardinality of E = {(I,m)|H;,, # 0}.
As defined above, let J be an enumeration of the topes and let {Kj}}']:1
be the cells induced by the family of hyperplanes { H.}.cp. These cells, by

definition, are locations where the affine functions do not agree.

Lemma 2.2.14: Let f € S. Let {K,}j_, be the cells induced by the compo-
nents of {fi}i—,. Then, Vi, h,Vx € Kj:

1. If f(z) = fi(z), then Vy € Ky« f(y) = fi(y).
2. If f(z) < fi(x), then Vy € Ky : f(y) < fi(y).
3. 1f f(x) > fi(z), then Vy € Ky« f(y) > fiy).
Moreover, VK, : iy, such that Vo € Ky, : f(z) = fi, (x).

Proof. The moreoever part is a trivial outcome of the statement and the fact

that the components are unique and do not agree on any cell Kj,.

Let # € K}, be such that f(z) = f;(x) for some i. Claim: 36 > 0 such
that Vz € B(z,d) C K, : f(2) = fi(2). Proof: Let j # 4, therefore f;(x) #
fi(x) = f(z). Let e = M Therefore, B(f;(x),e) N B(f(x),e) = 0.
Since f, f; are continuous, then f~H(B(f(x),€)) N Ky N f; {(B(f;(x),¢)) is
open and not empty. Therefore, 3§; such that Vz € B(z,d;) : f(z) # f;(x).
Repeating Vj # ¢ and setting 6 = min;; ¢;, the claim is proved.
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We will argue by contradiction, let y € K,z # y be such that f(y) #
fi(y). Since K}, is convex, the interval {z + t(y — 2)|0 < t < 1} C K.
Let to = infi{zx + t(y — )| f(x + t(y — x)) # filx + t(y — x))}. Clearly
0 <ty <1 (If toc = 1, then by continuity, f(y) = f;(y) which is a con-
tradiction while ¢, > 0 is a result of the claim above). Therefore, 35 # i
such that f;(x + to(y — z)) = f(x + to(y — z)). By applying the claim to
fj, 30 > 0 such that f agrees with f; on B(x + to(y — x),d). Therefore,
f (:L‘ + (to — m)(y — x)) = f; <x + (o — m)(y - :U)) which contra-
dicts that tg is the infimum. Therefore, Vy € K, : f(y) = fi(y).

Let x € K, be such that f(x) > f;(x). By the first part of the proof,
35 # i such that Vy € K}, : f;j(y) = f(y). Since f;(xz) > fi(z), therefore,
Ky, C {z|f;j(2) > fi(#)}. Therefore, Vy € K} : f;(y) = f(y) > fi(y). The
same holds if f(z) < fi(x).

Theorem 2.2.15: Let f € S with n distinct components. Let {Kp};_, be
the cells generated by the components. Let O; = \J{Ku|flk, = [filk,}. Let
S; = O;. Then, {(S;, fi)}7, are exactly the characteristic pairs of f.

Proof. First notice that if O; is empty, then we can remove f; and renumber the
components. We will show that {S;}7_; satisfy the conditions of Definition
2.2.3. Indeed, the fourth condition is satisfied by the continuity of f and
fiso fls, = fils,- Using the result of Lemma 2.2.14: Vh : 3li}, such that
flk, = fi,|k,- For condition 3, |J;_, S; = U;{:1Fh = R™. For condition
1, O; # 0 and therefore Int(S;) # 0. Also, O; is open so O; C Int(S;),
therefore, S; C O; C m c S = m = S;. For condition 2, if
x € Int(S;) N Int(S;), then f(z) = fi(x) = f;(x) and 39; and §; such that
Vy € B(z,min{d;,d;}) : f(y) = fi(y) = fj(y). Therefore, by Lemma
222 f; = f; and S; = S;. By Lemma 2.2.12 {(S;, fi)}", are exactly the

characteristic pairs of f.

Lemma 2.2.16: Let f € S with n distinct components. Then, Ya,b &
R™ 3i < n such that f;(a) < f(a) and f;(b) > f(b).
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Proof. Let h : [0,1] — R™ be such that V¢ € [0,1] : h(t) = a + t(b — a).
Let g = foh,ie, gt) = fla+tb—a)). Vi: g = fioh is an affine
function, indeed: fi(a +t(b—a)) = v;-a+t((b—a)-v;) +b; = mit + ¢
where m; = (b —a) - v; and ¢; = b; + v; - a. Therefore, g : [0,1] — R is
a continuous function and agrees with the affine functions {g;}?_,. Then,
by Theorem 2.2.6 and Corollary 2.2.13, g is a piecewise affine function.
By Corollary 2.1.9 3i < n such that ¢;(0) = fi(a) < g(0) = f(a) and
6:(1) = Fi(b) = g(1) = F(b).

|

Theorem 2.2.17: SC V.

Proof. Let f € S. Let {K,}j_, be the cells generated by the components
{fi}i=, of f. Using Lemma 2.2.14, we can define the set of indices of the

components that are larger than or equal to f on the cell Kj,. lLe.,

Vh < J: E, = {i <nlflk, < filk,}

For each h define the function g, = /\ieEh fi- Then, Vo € K}, : gn(x) >

f(x). Using Lemma 2.2.14, there exists a unique index i, in Fj such that
fin(x) = f(x), therefore, gn(z) = f().

Fix h. Fix x € Kj, and y € K with k£ # h. By Lemma 2.2.16: 3 such
that f;(x) < f(x) and f;(y) > f(y). In particular, i € Ey, therefore g, < f;.
We also have gi(z) < fi(z) < f(x) = gn(x). This is true Vk # h, therefore,

f(z) = ngJ 9k ().
Therefore, Vz € |, < ; Ku:

f& =\ N\ iz

h<Ji€E),

Since f is continuous and Uhg ;K = R™, therefore the equality holds
Vz € R™. Therefore, f € AN = V.

[ |
Theorem 2.2.18: S=V.
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Proof. Using Theorem 2.2.17 and Corollary 2.2.8, then, S = V.
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Chapter 3

Locally Piecewise Affine

Functions

3.1 Motivation and Definitions

The motivation for this chapter is to introduce a new class of piecewise affine
functions that have infinitely many distinct components since Definition
2.2.3 is restricted to functions with finitely many components. In addition,
Theorem 2.2.6 cannot be naturally extended to functions with countably
many components. Moreover, it is not clear when a piecewise affunction
on a subset of R™ can be extended to a piecewise affine function on R™.
As per the previous chapter, the affine functions are denoted by A = {f :
R™ — R|f is an affine function} and V' = AY"  in addition the space of

multivariate piecewise affine functions is denoted by S.

Definition 3.1.1: Piecewise Affine Functions on Arbitrary Subsets:
Let U C R™ such that it is the union of at most finite number of connected
sets. f: U — R is called a piecewise affine function if f is continuous and

f agrees with {f;}?., C Aon U.

Definition 3.1.2: Locally Piecewise Affine Function: f : R™ — R is
called a locally piecewise affine function if Vx € R™ : 3 an open neighbour-
hood U of x such that U is the union of at most finite number of connected

sets and f : U — R is piecewise affine. We denote the space of locally
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piecewise affine functions by:

Sip = {f : R™ — R|f is locally piecewise affine}

Remarks:

o Vf € Sy, : f is locally continuous, therefore continuous. Ie., S;, C
C(R™).

o S CSp.

e Definition 3.1.1 is restricted to subsets that are the union of at most

finite number of connected sets to exclude examples similar to the func-
tion: f: N C R — R defined as:

n, niseven

2n, nis odd

f(n) =

f as defined agrees with 2 affine functions, but it cannot be naturally
extended to a piecewise affine function on R.
e Another example of a piecewise affine function as per Definition 3.1.1

that cannot be extended to a piecewise affine function on R is the func-
tion f:[0,2]\ {1} — R defined as:

Here we list some lemmas that offer some conditions on the form of the proper
subsets U C R™ that allow the natural extension of a piecewise affine func-

tion on U to a piecewise affine function on R.

Lemma 3.1.3: Let f : [a,b] — R be a continuous function that agrees with
a finite number of affine functions on [a,b]. Then, f € Sy and can be

extended (in possibly many ways) to a function f € S.
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Proof. Assume f(a) = fi(a) and f(b) = f.(b) where fi, fo € A. Let

fit), t<a
F=4F1), a<t<b
fa(t), b<t

f: R — R is a continuous function that agrees with a finite number of affine
functions. Therefore by Theorem 2.2.6 and Corollary 2.2.13, f € S and
its restriction on [a,b] is f € Sp - |

Lemma 3.1.4: Let U C R™ be closed and convexr and let f : U — R be a
piecewise affine function. Then, f can be extended (possibly in many ways)

to a piecewise affine function f € S.

Proof. Assume Int(U) # (. U is closed and convex, then Int(U) = U. Also,
if Int(U) = 0, then U can be considered as a convex subset with non-empty
interior of R! for some | < m and the lemma can then be applied. A
piecewise affine function on R! can be trivially extended to R™. So, without
loss of generality Int(U) # 0.

Consider the cells {K; C R™}/_, generated by the distinct components
{fi}=, C A. It is possible that the components of f do not agree anywhere
and the set of cells is empty. This is possible because some of the components
might not be actually used in f. In that case, set J = 1 and K; = R™.
In any case, there is at least one cell K; such that Int(U) N K; # 0. Let
E={<J:KnNnht(U) # 0}.

Claim 1: Vi € E, fix v € K; NInt(U): (1) Assume f(x) = f;(z) for some
J, then Vy € K; nInt(U) : f(y) = f;(y), (2) Assume f(x) < f;(x) for some
J, then Vy € K; NInt(U) : f(y) < fi(y), (3) Assume f(x) > f;(z) for some
J, then Yy € K; nInt(U) : f(y) > fi(y)-

Proof: (1) U and K are convex, therefore, K;NInt(U) is convex. Therefore,
the line {x + a(y — 2)|0 < o < 1} C (K;NInt(U)). We will argue by
contradiction. Assume that f(z) = f;(z) and f(y) # f;(y). Consider the
function g : [0, 1] — R defined by g(t) = f(z+t(y—=x)). g is piecewise affine
with at least two distinct components g; and gs, then, 30 < g < 1 such that
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91(B) = ga(). Therefore, x + 5(y — x) ¢ K; which is a contradiction. (2)
and (3) are straightforward as in Lemma 2.2.14.

Claim 2: Va,b € U, 3i < n such that f;j(a) < f(a) and f;(b) > f(b).

Proof: As in Lemma 2.2.16, let t € [0, 1] and let A : [0,1] — R™ be such
that Vt € [0,1] : h(t) = a+t(b—a). Let g = foh, ie., g(t) = fla+t(b—a)).
Since U is convex, then g is well defined. The result follows as in Lemma
2.2.16.

The rest of the proof follows as in Theorem 2.2.17. Define Vi < J : K'i =
K;NInt(U) and let B; = {j|Vx € K, : f(z) < f;(x)}. Define g; = Njeg, Ii-
Then, Vz € K; : g;(z) = f(z). Using claims 1 and 2 above and following
the proof in Theorem 2.2.17 we have: Vk # i,V € K, : gi(z) < gi(z).
Therefore, Vz € U<, Ky

)=\ N fiz)

h<Ji€E),

Since f is continuous and Uhg J K, = U then the equality holds Vz € U.
Let f = f then f € S and is a natural extention for f to R™. [

Conjecture

Let U C R™ be open, bounded, connected and OU = U\Int(U). Let f : U — R
be a piecewise affine function. Then, f can be extended possibly in many

ways to a piecewise affine function f € S.

3.2 Properties of 5,

Lemma 3.2.1: f € S, if and only if V6 > 0,V € R™, f : B(x,0) — R is

piecewise affine.

Proof. Assume f € Sj,. Fix x € R™ and § > 0. Therefore, B(z,d) is compact.
Vy € B(x,6) : U, Copen, R™ such that f: U, — R is continuous and agrees

with a finite number n,, of affine functions on U,. The open neighbourhoods
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U, form an open cover for B(z,d) so it admits a finite subcover U, with i <
m € N. Therefore, f : |J, U, — R is continuous and agrees with a finite

number of affine functions on (J;*, Uy, D B(z,9), therefore, f : B(z,d) - R

is piecewise affine.
The opposite direction is straightforward from Definition 3.1.2.
[ |

Lemma 3.2.2: f € S}, if and only if VC' Ceompact R™ and C' is the union of

at most finite number of connected sets: f: C'— R is piecewise affine.

Proof. For one direction, assume f € Sj,. Consider a compact set C that is the
union of at most finite number of connected sets. Then Vx € C' : 3V, Copen
R™ such that f : V, — R is continuous and f agrees with a finite number n,
of affine functions on V,. The open neighbourhoods V, form an open cover
for C. Since C' is compact, C' admits a finite subcover V,, with ¢ <k € N
(k is the cardinality of the subcover). ¢ ¢ UY Vo, f: UM, Vi, — Riis
continuous and agrees with a finite number of affine functions on Ule Va,

therefore f : C' — R is piecewise affine.

The opposite direction is straightforward from Lemma 3.2.1.

Lemma 3.2.3: 5), is a vector lattice.

Proof. Clearly Sy, is a vector space. Assume f, g € Sj,. Consider z € R™ and
d > 0. By Lemma 3.2.1, f and g are continuous and agree with {f;}?.; C A

and {g;}72; C A on B(x,0). Therefore, fV g is continuous and agrees with

{fitizi U{gj}je, € Aon B(z,6). Then, by Lemma 3.2.1, fvge S, ®

Lemma 3.2.4: Let f € Sy,. Then YV Copen R™, AW Copen V,W # 0 such
that Ve € W : f(x) = f;(z) where f; € A.

Proof. Let V' Copen R™. Let € V. Then, 30 > 0 and B(z,d§) C V such

that f : B(z,6) — R is piecewise affine. Let g = f|gr5. Since B(z,d

is closed and convex and using Lemma 3.1.4, 4g € S such that g\m =

9l5ws = flzasy- Applying Lemma 2.2.5 to g and B(x,6) C V, the result
is obtained. |
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Lemma 3.2.5: f € Sy, if and only if 3 distinct affine functions {f;}2, and
subsets {S; C R™}°, such that:

1. Vi : Int(S;) # 0. Int(S;) = S;.

2.0 >0: Ve e R™": E, s ={j € N:S;NB(z,0) # 0} is finite.

3. Vi # 7 Int(S;) NInt(S;) = 0.

4. U, Si =R™.

5. fls, = fils,-

Similar to the previous definitions, The sets {S;}32, are called the regions of f
and { f;}32, are called the components of f. The pairs {(S;, f;)}2, are called

the characteristic pairs of f.

Proof. For one direction: assume that f satisfies the conditions listed in the
lemma. If x € Int(S;) for some ¢ then 36, such that V = B(z,d,) C S,
and fy = f;|y and thus V is an open neighbourhood of x with f being
continuous on V' and agreeing with a finite number (only one) of affine
functions. If z € 0S; for some 7, then, by condition 2: Fix § > 0 =
B(z,9) C UjGEI,é S;j. We need to show that f is continuous on B(z,d) and
that f agrees with a finite number of affine functions. Indeed, since E, s is
finite, then f agrees with a finite number of affine functions. Additionally,
arguing by contradiction we will show that f is continuous at x. Consider
a sequence {z,}>°, C B(z,0) such that x, — = and f(x,) - f(z). Since
E, s is finite, then, we can pass to a subsequence {z,}°°, C S; for some j
satisfying |f(z,) — f(z)| > ¢ for some ¢ > 0. But since S; is closed and f; is
continuous, then f(z,) = f;(z,) = f;(z) = f(x) which is a contradiction.
Therefore, f is continuous at x. Since x € 0S5; was chosen arbitrarily,

therefore, f is continuous on B(z,d)N (UjeEm 5 8Sj>. From the first part, f

is also continuous on B(x, )N <U ek, , Int(Sj)>. Therefore, f is continuous
on B(z,d) and agrees with a finite number of affine functions. Therefore, f

is locally piecewise affine.

For the opposite direction, assume that f € Sj,, and recall that R™ =
U,-_, B(0,m). Using Lemma 3.2.1: Vm : f is piecewise affine on B(0,m),

and therefore, 3 a finite number n,, € N of affine functions {f;}™ with

which f agrees. By collecting the distinct affine functions associated with
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each open ball B(0,m) then f agrees with a countable (infinite) set of dis-
tinct affine functions {f;}°,. Let O; = (J{U|U Copen R™, filv = flv}. I
O; = 0 for some 7 then remove O; and f; from the list and renumber. Note
that by setting V' = R™ in Lemma 3.2.4, then at least one O; # (). Thus,
Vi : O; # 0 and {f;}2, are distinct. Let S; = O;. We will show that
{S;}2, satisfy the conditions in the lemma. Condition 5 is satisfied triv-
ially: Since f|o, = fi|o, and both f and f; are continuous, then, f|s. = fils..
For condition 1: Since O; C Int(S;), therefore, Int(S;) # 0. Also since f
agrees with f; on Int(S;) which is open we have: Int(S;) C O;. Therefore,
O; = Int(S;) # 0 and O; = m = S;. Condition 3 is satisfied as fol-
lows: Let U = O; N O;. Since O; and O; are open, then U is open and
filv = fijlu- Then, by Lemma 2.2.2, f; = f;. Condition 2 is satisfied
as follows: Let 6 > 0,z € R™. By Lemma 3.2.1 f is piecewise affine on
B(z,6). Therefore, f| B(z,6) agrees with a finite number of affine functions.
Therefore, E, 5 = {j € N: S;NB(z, ) # 0} is finite. Condition 4 is satisfied
as follows: We will argue by contradiction. Assume 3z € R™\ |J;2, S;. Let
6 > 0. By condition 2, E;; is finite, therefore, V = B(z,0) \ U,ep, , 5; is
open and by Lemma 3.2.4, 3W C,pe, V such that Yy € W : f(y) = fi(y)
for some affine function fj. Therefore, x € W C S; which is a contradiction.

Therefore, | J;=, S; = R™. |

Lemma 3.2.6: The characteristic pairs of locally piecewise affine functions

are uniquely defined up to reordering.

Proof. Let f C Sy, and let {(S;, f;)}22, and {(S;, f])};’il be two characteristic
pairs for f. Fix ¢ and consider Int(S;). By Lemma 3.2.4 3W C,pep, Int(S;)
such that fy = fJ\W = filw for some j. By Lemma 2.2.2 f; = fj and
therefore S; = S’j. Since the components are distinct, then the characteristic

pairs are uniquely defined up to reordering. [ |

Lemma 3.2.7: The boundaries of the regions of a locally piecewise affine
function are subsets of hyperplanes and the regions only intersect on their
boundaries. In other words: Let f € Sy,, then Vi : 0S; = Uj# S;NS;.

Proof. Using Lemma 2.2.10, and since the boundaries of the regions are the

locations where affine functions agree, therefore, the boundaries are subsets

31



of hyperplanes. Let x € 95;, then x € S; N m, then V& € N :
B(z,1) NR™\ S; # 0. Vk pick 2 € B(z,7) NR™\ S;. By Lemma
3.2.5, E, is finite. Since zy — x and {x;}32, C U
subsequence and an index j # ¢ such that {z;}2, C S;. Since zy — = and
S; is closed, we have x € §;. Therefore, x € 5; N 5.

re€Esa\{i} S, there is a

For the other inclusion, let x € S;NS;,7 # j. We will argue by conatrdiction
by assuming that x ¢ 0S; but x € Int(S;). Therefore, 36 > 0 such that
B(z,0) C Int(S;). Since Int(S;) N Int(S;) = 0, then = € 95;, therefore,
B(x,0) N Int(S;) # 0 = Int(S;) N Int(S;) # O which is a contradiction.
Therefore, x € 05;. [ |

Cells Induced by Hyperplanes formed by the Components of Locally
Piecewise Affine Functions: As shown in the previous chapter, there
are finite number of cells induced by hyperplanes formed by the components
of a piecewise affine function. In the case of locally piecewise affine functions,
there are infinitely many cells and these cells are not necessarily open. Let
{H.}2, be a family of countably (infinite) many hyperplanes such that
Ve: Ho = {x € R"v - ¢ + b, = 0} where v, € R™ and b, € R. Let H,
and H,., be the positive and negative parts according to Definition 2.2.9
respectively. Consider the set D = {+1,—1,0}*. Let ¢ : R™ — D be
such that Vo € R™ : o(x) = {sgn (v. -z + b.)}22,. Denote M = Range(o).
Denote a vector T' = {T.}2°, € M satisfying Ve : T, # 0 by a tope of
M. The set of topes is not empty because each hyperplane is nowhere
dense. Therefore, |Jo2, H. is a meagre set and thus, using Baire Category
Theorem, has empty interior implying that | J°°, H. # R™. Therefore, 3z €
R™\ J2, He and o(z) is a tope of M. Let My be the set of topes of
M. Unlike the finite case, the set of topes is not necessarily finite. Since
the set of hyperplanes is countably infinite, then, the cardinality of My is at
most equal to the cardinality of the real numbers and by chosing an adequate
ordering of the topes, then My can be viewed as a subset of R. Let {7, }, e
be a representation of the topes. The sets K, = {z € R"|o(x) = T,}
define cells in R™ induced by the family of hyperplanes independent of the
orientation. Each cell K, is not empty, convex but unlike the finite case,

it is not necessarily open because it is the intersection of countably infinite
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open and convex sets of the form H.; and H.,. In addition, J,. K =
R™\ UZ, He and U, ¢y, K = R™. Let {fi}2, C A. By Lemma 2.2.10,
the sets were these functions interest are either empty or are hyperplanes.
Let Hy, = {z € R™|fi(z) = fu(2)} and let E = {(I,m)|H;, # 0}. Note
that E is countable since if fi, fo, f3, ... are the affine functions, then the set
made of the elements Hy o, Hy 3, Hy3, H1 4, Hou, Hs 4, Hi5, Ho 5, Hy 5, Hy s, ...
is also countable. Define a representation for the topes and let {K, } e
be the cells induced by the family of hyperplanes { H.}°°, as defined above.
These cells, by definition, are locations where the affine functions do not

agree.

Lemma 3.2.8: Let f € S),. Let {K, }reny be the cells induced by the compo-
nents {f;}2,. Then, Vi < oco,¥r € Mp,Vo € K,

1 1f f(zx) = fi(z), thenVy € K, : f(y) = fi(y).
2. If f(z) < fi(x), then Vy € K, : f(y) < fiy).
8. If f(x) > fi(z), then Vy € K, : f(y) > fi(y).
Moreover, VK, : i, such that Vx € K, : f(z) = fi; (x).

Proof. The moreoever part is a trivial outcome of the statement and the fact

that the components are unique and do not agree on any cell K.

Let z,y € K, be such that f(z) = fi(z) and f(y) = f;(y) for some i # j.
Unlike Lemma 2.2.14, K, is not necessarily open. Since the cell K, is a
set where none of the functions agree, then f;(x) # f;(z) and fi(y) # f;(y)-
Consider the set C' = {z + a(z — y)|0 < a < 1} C K,. C is compact
and connected. By Lemma 3.2.2, f|c agrees with a finite number of affine
functions. Without loss of generality, we can assume that f|c agrees with the
two distinct functions f; and f;, otherwise, we can pick another point y close
enough to x. Consider the function ¢ : [0,1] — R defined as g(t) = f(z +
t(z —y)). g(t) is a piecewise affine function with two distinct components
91(t) = filz+t(x—y)) and go(t) = fj(x+t(x —y)) such that f(z) = g1(0) =
fi(z) # 92(0) = f(z) and g1(1) = fi(y) # 92(1) = f;(y) = f(y). Therefore,
30 < ¢t < 1 such that ¢1(t) = ¢2(t) = filz +t(x —y)) = fi(z +t(x —y))
which contradicts the fact that Vo € K,,Vi # j : fi(x) # f;(x).

Let # € K, be such that f(z) > fi(z). By the first part of the proof,
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37 # i such that Vy € K, : f;(y) = f(y). Since fj(x) > fi(x), therefore,
K, C {#|f;(2) > fi(#)}. Therefore, Vy € K, : f;(y) = f(y) > fi(z). The
same holds if f(z) < fi(x). [

Theorem 3.2.9: Let f € Sy, with components {f;}2,. Let {K,}remy, be the
cells generated by the components. Let A; = | J{K,|Vx € K, : f(x) = fi(x)}.
Let O; = Int(4;). Then, {(O;, f;)}2, are exactly the characteristic pairs of

f

Proof. First notice that if O; is empty, then we can remove f; and renumber
the components. By setting V' = R™ in Lemma 3.2.4 then 36 > 0, z € R™,
and f; such that f|p.e) = filBs). Therefore, B(z,0) C A; U2, He and
since U:ozl H, is a meagre set, therefore, O; # (). We need to show that O;
as defined here satisfy the five conditions of Lemma 3.2.5, implying that
S; = 0.

Condition 5 is straightforward since f and f; are continuous, so f|5- = filg;.
For condition 1, by construction O; # @, therefore Vi : Int(O;) # 0. Since O;
is open, then O; C Int(0;) and therefore, O; C Int(O;) C O;. For condition
2, since f is a locally piecewise affine function, then f agrees with a finite
number of components say {fi}y, on every compact set B(z,d) and the
corresponding sets {A;}7, are dense in B(z,0). Therefore, E, 5 = {j €
N|O; N B(z,d) # 0} is finite and not empty. For condition 3, notice that
the set A = Int(O;) N Int(O;) is open. Let x € A. Therefore, 3§ > 0 such
that Yy € B(z,0) : f(y) = fily) = f;(y). By Lemma 2.2.2, therefore,
fi = f; and O; = UJ For condition 4, we will argue by contradiction.
Assume that 3z such that Vi : # ¢ O; which means Vi : 36; such that
B(z,0;) N O; = 0. Pick 6 > 0 then E,; is finite and clearly not empty.
Therefore, 3 at most m € N with m > 0 such that Vi < m : B(z,6)NO; # 0.
Pick dy < minj<;<,{d;} then Vj € N : B(z,d0) N O; = 0. By setting
V = B(xz,d) in Lemma 3.2.4, 30, > 0,65 < &y, y € B(z,d), and f; such
that f|gs,) = filBwe,). Therefore, B(y,ds) C A; U oo, He, therefore,
B(z,0) N O; = B(x,8) NInt(A4;) # 0 which is a contradiction. [

Lemma 3.2.10: Let f € S), with components {f;}2,, then Ya,b € R™, Ji

such that f;(a) < f(a) and f;(b) > f(b).
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Proof. Let h : [0,1] — R™ be such that V¢ € [0,1] : h(t) = a + t(b — a).
Let g = foh,ie., g(t) = f(a+t(b—a)). Since the set C = {a + t(b —
a))|0 < ¢t < 1} is compact, therefore, f : C — R is a piecewise affine
function (continuous and agrees with a finite number of affine functions
{fi}k_, on C). Therefore, Vi : g; = f; o h is an affine function, indeed:
fila+t(b—a)) =v;-a+t((b—a)-v;)+b; = m;t+c; where m; = (b—a)-v; and
¢; = b; +v; - a. Therefore, g : [0,1] — R is a continuous function and agrees
with the affine functions {g;}?_,. Then, by Theorem 2.2.6 and Corollary
2.2.13, g is a piecewise affine function. By Corollary 2.1.9 3¢ < n such that
9i(0) = fi(a) < g(0) = f(a) and g;(1) = fi(b) = g(1) = f(b).

|

Remark:

In Theorem 2.2.17, it was shown that piecewise affine functions are elements
of the lattice generated by the components. Extending this theorem to lo-
cally piecewise affine functions requires taking infinite pointwise supremums
and infimums of affine functions. In general, taking infinite pointwise sups
and infs is not guaranteed to give continuous functions since C(R™) is not
Dedekind complete! At the same time, it is trivial to show that any continu-
ous function is the pointwise supremum and/or infimum of affine functions.
Therefore, no useful extension to Theorem 2.2.17 was found for locally

piecewise affine functions.
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Chapter 4

Order Convergence and Order
Structures for Piecewise Affine

Functions

In the first part of this chapter, the various definitions of order convergence
that exist in the literature are investigated. Then, it is shown that two
definitions agree on the space of continuous functions C'(R™). In the second
part, the order structure of S and Sj, as subspaces of C'(R™) and with

respect to each other is investigated.

4.1 Order Convergence

Definition 4.1.1: Order Convergence I in Partially Ordered Sets: Let
E be a partially ordered set and let {f,} C E be a net, we say that f,
converges in order (I) to f € E and write f, <5 f if I{hs}, {9,} C E
such that hg | f, g, T f, and VB, v : 3ao(,7) such that Yo > o we have
9y < Ja < hg.

Proposition 4.1.2: Order Convergence I in Vector Lattices: Let E be
a vector lattice and let {fo} C E be a net, then f, 2N fif and only if
I{ks} C E such that ks } 0 and V5 : Jag(B) such that Yo > oy we have

|fa_f’§kﬂ‘
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Proof. For the first direction, assume f, 2N f. Therefore, 3{hg}, {g9,} C E
such that hs | f and g, T f and Vj3, v : 3ao(B, v) such that Vo > o we have
9y < Ja < hg. Let w5 = (hg = f), y; = (f —94), and kg, = 25V y,. Clearly,
0 < kg, and Vf : kg, | and Vy : kg, |. Claim: 0 = infz {25 V y,}. Proof:
Using the vector lattice identities: V3,7 :0 <23V y,, —(xg Ay,) <0, and
g+ Yy = 28V yy + 23 Ny, Let ¢ be another lower bound of x5 V ., i.e.,
VB, v:t <apVy, < 23+y, — 23Ny, < 23+ yy. Therefore, V3, v :t—x5 <
Yy =>1t—23 < 0=1t< x5 =1<0 and the claim is proved.

Fix 8,7, then Vo > «ag : (fa — f) < 25 and (f — fo) < y,, therefore,
|fa — f| < kg,. We can combine the net with indices § and v such that
we have one net with index A\ = (3,v) with the natural partial order of RZ.

Therefore, k) | 0 and the first direction is proved.

For the opposite direction, assume 3{kg} C E such that kg | 0 and Vf3 :
Jag(B) such that Ya > ag we have |f, — f| < kg. Let hgy = ks + f and
gs = —ks + f we have Yoo > ao(B):fa — f < kg = fo < ksg+ f = hg and
f—fa <ksg= —kpg+[f < fo. Therefore, g5 < fo < hgwith gg = —kg+f 1 f
and hg = kg + f | f. Therefore, f, < f.

Remark:

It is important to note that we have two different index sets for f, and kg so
that convergence wouldn’t be altered if we add more terms at the begin-
ning of the net f, [5]. See [5] for examples showing that Definition 4.1.1
allows for adding more terms at the beggining of the net f, without alter-
ing convergence. The following is another ”stronger” definition for order

convergence according to [6]:

Definition 4.1.3: Order Convergence II in Partially Ordered Sets:
Let E be a partially ordered set and let {f,} C F be a net, we say that f,
converges in order (II) to f € E and write fo 2= f if I{ha}, {ga} C E such
that he | f, 9o T f, and Va we have g, < fo < hq.

Proposition 4.1.4: Order Convergence II in Vector Lattices: Let E
be a vector lattice and let {f,} C E be a net, then f, % ¥ if and only if
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Hka} C E such that ko L 0 and Yoo we have |fo — f| < k.
Proof. The proof is analogous to that of proposition 4.1.2. [ |

Clearly from the definitions, order convergence II leads to order conver-
gence 1. In addition, 7] showed that there are two conditions that guarantee
that order convergence I and order convergence II are equivalent. The first
condition is that f, has to be bounded and the second is that the set E has
to be Dedekind complete. The importance of the boundedness of the net f,
is crucial as can be shown when considering £ = C(R). Consider the sets
A; = {(z,0)|x € N} and A; = {(0,y)|y € N}. Consider the set A = A; U A,
with the dictionary (lexicographical) order. A is a directed set. Consider
the net { f;,)ea} C C(R) such that f,,) = y. Clearly, f(,,) does not order
converge (II) since the beginning of the net is unbounded. However, the net
order converges (I) to the function f = 0. Some authors [5] and [2] use the
following modified version of order convergence II to allow for the exclusion

of the "beginning” of a net:

Definition 4.1.5: Modified Order Convergence II in Partially Or-
dered Sets: Let F be a partially ordered set and let {f,} C E be a net,
we say that f, converges in order (mll) to f € E and write f, LN foif
Hhaot,{9a} C E such that h, | f, go T f, and Jag such that Va > ap we
have g, < fo < hg.

Proposition 4.1.6: Modified Order Convergence II in Vector Lattices:
Let E be a vector lattice and let {fo} C E be a net, then f, mo2, fif and
only if Hko} C E such that ko | 0 and 3oy such that Yo > oy we have

|fa - f’ < ka-
Proof. The proof is analogous to that of proposition 4.1.2. [ |

Note that for bounded nets, modified order convergence (II) is equivalent
to order convergence (II). [5] proved that if f, LAN f in a vector lattice F,
then f, mo, f in E? where E° is the order completion of E. Notice as well

that in the above example, f, . 9% 0.
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There are examples given by [5] and [2] that show that modified order
convergence (II) and order convergence (I) are not equivalent, i.e., even
for bounded nets, order convergence (II) and order convergence (I) are not
necessarily equivalent. However, [2] proved that order convergence (I) and
modified order convergence (II) are equivalent when the partially ordered
set I possess a special property which they named: ”Property B”. A more
modern term is: ”Countable Sup Property” as defined by [8] for vector

lattices. We will use the modern term for the definitions.

Definition 4.1.7: Countable Sup Property in Partially Ordered Sets:
Let E be a partially ordered set. E possesses the countable sup property if
and only if:(a) if ) # M C E is increasing, with sup M = y, then, 3J C M
such that J is increasing, countable and supJ =y, and (b) if ) # M C F
is decreasing, with inf M = y, then, 3J C M such that J is decreasing,

countable and inf J = y.

Proposition 4.1.8: Countable Sup Property in Vector Lattices: Let
E be a vector lattice. E possesses the countable sup property if and only
if for every net {x,} C E with xo, T x € E, there exists a subsequence
{z,}22, C E such that z,, T x.

Proof. The proof is straightforward using the definitions. [ |

Note that the set R as a vector lattice has the countable sup property. If
{zo} T 2 € R, then Vn € N : 3z, € {z,} such that z — + < z,, < x and
Zp > Tp_1. The following Theorem (Theorem 8.22 in [9]) is important in

identifying spaces that have the countable sup property.

Theorem 4.1.9: If a vector lattice £ admits a strictly positive linear func-

tional, then E is Archimedean and has the countable sup property.

Proof. Let f* be a strictly positive linear functional on E. Let a,b € E be
such that a # 0 and Vn : 0 < b < 2. Therefore, 0 < f*(b) < fT@w) Since
R is Archimedean, therefore, f*(b) = 0 and since f* is strictly positive, we
have b = 0. Therefore, E is Archimedean.

Let {z,} C FE be an increasing net with x, T x € E. Since f* is strictly
positive, we have f*(z,) T and bounded by f*(x). Since {f*(z,)} is a
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bounded increasing net in R, then it has a least upper bound. Let s =
sup,{f*(z,)}. Since R has the countable sup property, then 3{z,,}>° ;| such
that f*(z,) T s and x, 7. Note that Va,Vn : f*(z,) V f*(x,) < fH (2o V z,)
and since x, V x, C {x,} we have sup, {f*(zo V z,)} = s. We claim that
x, T x. Indeed, let x,, < g € E. Therefore, f*(x,) < f*(g). Also, Va : 0 =
fH0) < fr((za —g) VO) < f*((za — 20) VO) = [*(za V 20) — [*(20) E—
s —s = 0. Since f* is strictly positive, therefore, (z, —¢g) V0 = 0. i.e.,
o < g. Therefore, g is also an upper bound for {z,}, therefore, g > z.
Therefore, x,, 1 x. |

Corollary 4.1.10: Let 1 < x5 € R. Then, C([z1, x2]) possesses the countable
sup property.

Proof. Since the Rieman integral operator is a strictly positive functional on
C([x1,x2]), then by Theorem 4.1.9, C([x1, x2]) possesses the countable sup
property. [ |

Now that we have shown that Vz; < zo € R : C([z1,x2]) possesses the
countable sup property, we wish to extend this to show that C'(R) also

possesses the countable sup property.

Lemma 4.1.11: Let {f,}aer C C(R™) be an increasing net with sup,, {fo} =
f e CR™). Let n € N and consider the interval I, = [—n,n| and K =
(I,)™. The restriction of the continuous functions {f,} on C(K) satisfy

sup,{falx} = flx where sup,{fa|x} € C(K).

Proof. We will argue by contradiction. Assume Jg € C(K) such that sup, { fo|x} =
gk and gk < flk. If glox = flox then the function:

g(x), reK
f(z), Otherwise

is such that g € C(R™), g < f and is an upper bound for {f,} which is a

contradiction.

Assume then that dzy € K such that g(xo) < f(x). Let ¢ = f(zo) —
g(xg). Since both g and f are continuous, 3dy > 0 such that Vz € B(xzg, dp)N
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K :|f(x) — f(xo)| < e/4, |g(x) — g(x0)| < €/4, and therefore, f(z) > g(x).
Since xy € OK, then B(xg,d) N Int(K) # 0, therefore, 3§; > 0,2, €
B(xg,00) N Int(K) such that B(z1,d1) C B(xg,d) N Int(K). Notice that
Vo € B(x1,01),Va: f(z) > g(z) > fa(x). Consider the function:

g(a) =55l (g(2) - f(2) = € B(a,61)
f(z), Otherwise

g € C(R), g < f and is an upper bound for { f,} which is a contradiction.
[ |

Theorem 4.1.12: C(R) possesses the countable sup property.

Proof. Let {fo} C C(R) be a net such that f, 1 f € C(R). By Lemma 4.1.11
sup,{falz,} = fl1,- By Corollary 4.1.10, there exists a countable sequence
{fun |, }o0_, such that f,, |5, T fl|r,. Since R is a countable union R =
U~ I, then we can construct a sequence of functions {fs, }°, such that
fs; T [ as follows: Let fs, = fi,. Let fg, be such that fg, > {fi,, fo,, [, }-

Let fs, be such that fs, > {f1,, fon_1s f3, 9+ Jnis f5. 1}, - etc. Clearly,
fa, T f otherwise, there is another continuous function f < f such that it is

an upper bound of fz,. However, for every interval I,, = [—n,n] : f|5, T f1.
which contradicts that fg, < fo < f.

Corollary 4.1.13: Let {f.} € C(R) be a net and f € C(R). Then f, <>

mo2

f<:>fa—>f‘

Proof. By Theorem 4.1.12, C'(R) possesses the countable sup property. There-
fore, using the main result of [2], order convergence (I) and modified order

convergence (II) are equivalent on C'(R). |

Corollary 4.1.14: Let {f,} € C(R) be a bounded net and f € C(R). Then
fo P f e fa T

Proof. By Theorem 4.1.12, C'(R) possesses the countable sup property. There-

fore, using the main result of [2], order convergence I and modified order
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convergence (II) are equivalent on C'(R), but since the net is bounded, then,

modified order convergence (II) is equivalent to order convergence (I). M

Remark:

Corollary 4.1.10 can be extended naturally to C'(I; X Iy X I3 X - -+ X I,;,) where
Vi <m:I; = [x;, 2] C R In addition, Theorem 4.1.12 and Corollaries
4.1.13 and 4.1.14 can be extended naturally to C(R™) by considering the

compact sets K = I,, X I, X -+ x I, = (I,)"™ with I,, = [-n,n].

4.2 Order Structure for S and 5j,

In this section we present three different definitions available in the literature
for order dense subspaces in a vector lattice. Since we are concerned with
C'(R™), the definitions given here, when applicable, will utilize the modified
order convergence (II) in vector lattices as per Definition 4.1.6. We will

then investigate S and .Sj, with respect to each other and as as subspaces
of C(R™).

Definition 4.2.1: Toplogically Order Dense: Let A C E where F is a
vector lattice. A is topologically order dense in E if Vo € F: Hy,} C A
such that y, 2 g,

Definition 4.2.2: Order Dense Minorizing Sublattice: Let A be a sub-
lattice of a vector lattice E. A is an order dense minorizong sublattice in E
if Vo € ET,Jy € A such that 0 < y < x.

Definition 4.2.3: Interval Order Dense: Let A C F where FE is a vector
lattice. A is interval order dense in F if Vx < y € E,dz € A such that
xr < z < y. This definition is motivated by the fact that an order on a
partially ordered set F is termed a "dense order” if Vx <y € F:dz € F
such that * < z < y.
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Remarks:

e S is not interval order dense in C(R). Consider the functions fi(x) =
sinz and fo(z) = 0.9sinz. Obviously, it is not possible to fit a piecewise
affine function between the two curves due to the periodic nature of the
functions.

e Sy, is not interval order dense in C(R). Consider any two functions
fi < fo that are nonlinear and equal on R\ I, where [ is a compact
interval and fi|; < fo|;. Then, it is not possible to fit a locally finite

piecewise affine function between the two curves on the portion where

fi=Ja

Lemma 4.2.4: Interval order dense is a stronger condition than order dense
minorizing sublattice. In other words, let A be a sublattice of a vector lattice
E. Assume A is an interval order dense set, then A is an order dense

minorizing sublattice in E.

Proof. Assume A is an interval order dense set. Therefore, VO < z € ET :
Jz € A such that 0 < z < x. Therefore, A is an order dense minorizing
sublattice. [ |

Lemma 4.2.5: (From problem 6: page 66. in [7]): Assume E is an Archimedean

vector lattice. A is a sublattice. A is an order dense minorizing sublattice
in E if and only if Ve € ET {y € A|0 <y <z} T x.

Proof. : Assume Vz € ET {y € A|0 <y < z} T x. Therefore, 3y, € A such
that 0 < yg < x. Therefore, A is an order dense minorizong sublattice. For
the opposite direction, assume A is an order dense minorizong sublattice in
E. Let C ={y € A|0 <y < z}. Therefore, x > C and C' # (). Assume that
x is not the least upper bound of C', therefore, 42 < x such that z > C.
Let w = x — z. Note that x > u = * — z > 0. Therefore, dv € A such
that 0 < v < u = x — z < x. Therefore, v € C' and v < z. Therefore,
v+v < u+ z=x. The proof follows by induction. First fix n and assume
nv < x. Therefore, nv € C and nv < z. We also have v < u. Therefore,
v+nv <u+z<xz= (14n)v <z Therefore, Vn: 0 < nv < z and since

E is Archimedean, v = 0 which is a contradiction. [ |
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Lemma 4.2.6: In Archimedean spaces: Order dense minorizong sublattice is
a stronger condition than topologically order dense. In other words, let A
be a sublattice in an Archimedean vector lattice E. Assume A is an order

dense minorizing sublattice of E, then A is topologically order dense in E.

Proof. Assume A is an order dense minozirong sublattice of . By Lemma
425 Y0 < x € Et the set C = {z € A|0 < z < x} T 2. Therefore,
Hya} C A such that yo 2% z. Now let « € E. Therefore, z = 2+ — 2~
Therefore, 3{y,} C A and {23} C A such that {y,} T 2" and {25} T 2.
Therefore, |y, — 25 — a7 + 27| < |ya — aT| + |25 — 27| | 0, therefore,

mo2

Yo — 28 — T.

Remark

In general, an order dense minorizong sublattice is not equivalent to a top-
logically order dense sublattice. As a counter example, consider the space
A = (C[0,1] + G where G = {f : [0,1] — R|{z|f(x) # 0} is finite} (G is
the set of real valued functions on [0, 1] with finite support), then C]0, 1] is
a topologically order dense sublattice in A. However, it is not order dense

minorizing since the function

1, t=3
g(t) = ,
0, Otherwise

is such that ¢ € A" but 3 no function f € C[0,1]" such that f < g. This last
example shows that, in general, a topologically order dense sublattice is not
necessarily an order dense minorizong sublattice. However, an interesting
question is to check whether a toplogically order dense sublattice in C'(R™) is
necessarily an order dense minorizinong sublattice. While we were not able
to answer this question, here are some results regarding order convergence

and topologically order dense sublattices in C'(R™).

Lemma 4.2.7: Let D C C(R™) be a topologically order dense sublattice.
Then, the set A= {x|Vf € D: f(x) =0} is closed and nowhere dense.
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Proof. A is closed is straightforward from the continuity of the functions in
D since if z, === z where z,, € A, then Vf € D : f(x,) = 0 2= f(x).
Therefore, f(z) = 0. Therefore, x € A. To show that it is nowhere dense,
we will argue by contradiction. Assume that Int(A) # (). Therefore, 36 > 0

and x € R™ such that B(x,d) € A. Consider the function:

1- =2t € B(a,0)
0, Otherwise

g(t) =

Then, ¢ is continuous. However, there is no sequence (or net) in A that

would converge in order (modified order converge II) to g since Vf € D :
| flB@s) — 9B@s)| = 9Bs) u
Lemma 4.2.8: Let f, | 0 in C(R™), be such that 3z € R™ such that
inf, fo(x) > 0, then the function g(y) = inf, f,(y) is not continuous at

x.

Proof. Since f, | 0, then, Yh € C(R™)" : 3z, € R™ and S such that fz(zp) <

h(xp). Let ¢ = g(x). Consider the sequence of functions:

%(1_M>7 tGB(%,%)
gn(t) = "
0, Otherwise

then, Vn € N : 3z, and 3, such that fz, (z,) < gn(z,) < e/n. Therefore,

n—oo n—00

Ty — X, hOWGVGI‘, g(xn) = inf, fa($n> < fﬂn(xn) — 0 7£ g(ZL’) =
inf, fo(x) =¢.
|

Conjectures

e Let B C C(R™) be a sublattice. Then, B is order dense minorizing if
and only if B is topologically order dense.
e Let f, | 0in C(R™), then the set A = {x € R™|inf, f,(z) > 0} does

not contain an open ball.

Lemma 4.2.9: S is an order dense minorizing sublattice in C(R).
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Proof. Let f € C(R) be such that f > 0. Therefore, 3z € R such that
f(x) =a>0. Let € = §, then 30 > 0 such that Vy with |z —y| < § we have
f(y) > §. Consider the compact interval K = [z — 6,z +0]. Set z1 =2 -9

and 29 = x + 6. Consider the function

C —(h—mx) z<h<um

2(z—x2)
gh) = sty (h =) o1 <h<z
0, Otherwise

Then, g € S, g > 0, and g < f. Therefore, S is an order dense minorizing
sublattice in C(R). |

Lemma 4.2.10: S is an order dense minorizing sublattice in C'(R™).

Proof. Let f € C(R™) be such that f > 0. Therefore, 3x € R™ such that
f(x) = a > 0. Let € = §, then 36 > 0 such that Vy € B(x,§) we have
f(y) > 5. Without loss of generality, x = 0. Let {e;};", be the standard
orthonormal basis set for R™. Let Vi < m : fi(y) = 4 (1 —3(e;-y)) and
9i(y) = ¢ (1+ 3(ei - y)). Consider the function g = A, ((fi V0) A (g; V 0)).
Let C' = {y||lyi| < %}. C € B(0,0) and Vy ¢ C : g(y) = 0 < f(y). Also,
Vye C:g(y) <§ < f(y). Therefore, 0 < g < f and g € S. Therefore, S is

an order dense minorizong sublattice in C'(R™). [

Corollary 4.2.11: S is topologically order dense in C(R).

Proof. This is straight forward by Lemmas 4.2.6 and 4.2.9 and since C'(R) is
Archimedean. |

Corollary 4.2.12: S is topologically order dense in C'(R™).

Proof. This is straight forward by Lemmas 4.2.6 and 4.2.10 and since C'(R™)

is Archimedean.

Lemma 4.2.9 and Corollary 4.2.11 are implied by Lemma 4.2.10 and
Corollary 4.2.12 but they were presented here since the ideas of the higher
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dimensional space are clearer in the one dimensional case. Also, since S C
Sip, then the results apply to S, i.e., S, is topologically order dense in
C(R™).

Another approach to show that S is topologically order dense in C(K)
where K C R™ relies on the Stone-Weierstrass approximation theorem and

is presented here as well.

Lemma 4.2.13: Real functions on compact sets can be uniformly approz-
imated with piecewise affine functions. In other words, let K C R™ be

compact, S is uniformly dense in C(K).

Proof. g =1 € S. Leta #b € K. Let f(x) = (a —b) - x be an affine
function defined on K. f(a) — f(b) = (a —b) - (a — b) # 0. Therefore, S
separates points in K. Using the lattice version of the Stone-Weierstrass
approximation theorem (see Theorem 11.3 page 88 in [4]), S is uniformly
dense in C'(K). [

Lemma 4.2.14: Let K C R™, K is compact. Then, S is topologically order
dense in C(K).

Proof. By Lemma 4.2.13, S is uniformly dense in C(K), therefore, Vf €
C(K) : 3f, € S such that f, — f using the sup norm. By passing to a
subsequence, Vz € K : |fn(z) — f(z)] < L. Let g =1 € S. Therefore,
|fm — f| < =g. Let hy,, = +g. Clearly, h,, | 0, therefore, f, moz, f [

Remarks:

One cannot uniformly approximate continuous (bounded or not) functions
in C(R) using piecewise affine functions. For example, consider the func-
tion f € C(R) : f(x) = sinz. Because piecewise affine functions have
finite number of components, f(z) cannot be uniformly approximated us-
ing piecewise affine functions. However, we will show that locally piece-
wise affine functions can approximate any function in C'(R) which is also
a different approach to show that 5y, is topologically order dense in C(R).

Note that the classical Stone-Weierstrass theorem cannot be used for C'(R)
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or for Cp(R) = {f € C(R)|f is bounded}. Clearly, S separates points in
R and contains the unit function, yet it cannot approximate the function

f(z) =sinz, i.e., it is not uniformly dense in the Banach space C(R).

Lemma 4.2.15: Functions in C(R) can be uniformly approzimated by func-
tions in Sy,. In other words, Ve,V f € C(R) : 3g € Sy, such that sup |f—g| <

E.

Proof. Let f € C(R). Fix € > 0. Consider I, = [n — 1,n] € R,n € Z. Since
f is continuous and [, is compact, therefore, 39,, such that Vo € I, : Vy €
[ —0n, v +0,] 1 |f(y) = f(x)| < 5. Let M, = %ﬂ, ro=n—1z;= :1:0+Min,

1 <@ < M,. Define the function g, : I,, - R:

(i) (i — ) N f(zi)(x — )

(xi+1 —x;) (l‘i+1 — Iz)

gn(x) = : r; <x <X

Clearly, g, is a piecewise affine function with a finite number of components
and sup |(f — gn)|1.| < e. Let g : U~ . I, — R such that g(z) = g,(x)
whenever z € I,,. Since, Vn : g,(n) = gny1(n) and g,—1(n — 1) = g,(n — 1).
Therefore, the function g is well defined and is continuous. Also, clearly for
every compact set C' that is the union of at most finite number of connected
components we have g : C' — R is piecewise affine, therefore, using Lemma
322, g€ Sy, and sup |f —g| <e. |

Lemma 4.2.16: Sy, is topologically order dense in C(R).

Proof. Let f € C(R). By Lemma 4.2.15, Vm € N : 3f,, € S}, such that
Ve e R: |f(z) — f(z)] < % Let g =1 € Sy,. Therefore, |f,, — f| < %g.
Let h,, = %g. Clearly, h,, | 0, therefore, f,, moz, f.

Alternatively, Corollary 4.2.11 can be used to prove the lemma. Since

S C Sy, and using Corollary 4.2.11, then, S, is topologically order dense
in C(R). [

In the following part, we will attempt to describe S;, as the order closure
of a class of sets termed: "locally finite” in S.
Definition 4.2.17: Locally Finite Set of Functions: Let F C C(R™). F

is termed a locally finite set of functions if VA C R™ where A is compact,
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the set E4 = {f € F|3x € A : f(z) # 0} is finite. If F' is a sequence,
then F is termed a locally finite sequence of functions. Clearly, any subset
of a locally finite set of functions is another locally finite set of functions.
Additionally, if F' C C(R™) is a locally finite set of functions, then F, F"

and consequently FV" are all locally finite sets of functions.

Lemma 4.2.18: Let F' C C(R™) be a locally finite set of functions. Then,
fa=sup F and f, = inf F' are well defined and f,, f, € C(R™).

Proof. Assume F' is at least countably infinite, otherwise the statement is
trivial. Let A, B C R™ be compact. Since F 4 is finite, then d¢g, h € F' such
that g(4) = 0 and h(B) = 0. Let fa = Ve, fla) V0 € C(4). Similarly
fs € C(B). In addition, the function

fa(x) z€A
fap(x) =
fe(zr) z€B
is continuous since if x € AN B, then fa(z) = fp(z). Since R™ can

be expressed as R™ = |J;2, A; where A; is compact, then, the function
g : R™ — R such that Vi,Vz € A; : g(x) = fa,(x) is well defined and
continuous. In addition, Vi,Vo € A; : f.(x) = g(x). Therefore, f,(z) €
C'(R™). The same applies to f;. [ |

Lemma 4.2.19: Let F € S C C(R™) be a locally finite set of functions.
Then, f, =sup F and f, = inf I are such that f,, f, € Sip.

Proof. By Lemma 4.2.18, f, and f, are continuous function. Since on any
compact set, f, and f, agree with a finite number of affine functions, then

using Lemma 3.2.2, f, and f, € S),. [ |

Lemma 4.2.20: Given a hyperplane Hy = {x|a; - x + by = 0} where a; €
R™ by € R and an affine function fi(z) = vy -x +t;, v1 € R™ and t; € R.
Then, an affine function f(x) = v-x+t, withv € R™ andt € R is such that
fla, = filw, if and only if Jo € R such that v = vy — aay and t = t; — aby.

In that case [ is uniquely determined by c.
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Proof. One direction is straightforward. If 3o € R such that v = v; —aa; and
t =ty — aby. Therefore, Vo € Hy : f(z) — fi(z) = (v—v) -z +t —t; =
—afay - © + by) = 0. Therefore, f|g, = filn,-

For the opposite direction: assume that f|g, = fi|g,. Therefore, Vo € H :
(v—2v1)-x+t—t; = 0. We will argue by contradiction, i.e., assume that v—uv;
and a; are not linearly dependent. Let the orthogonal project of v — v on
ay by aaq, therefore, o € R and u € R™, u # 0 such that v — vy = aay; +u
and u-aa; =0 # (v—ov1)-u. Since a; - (x+u)+by = ay-x+b; = 0, therefore
r +u € Hy. However, (v —wvy)-(z+u)+t—1t = (v—ov1)-u# 0 which
contradicts that f|g, = fi|g,- Therefore,3a € R such that v = v; — aa;.

Showing that t = t; — ab; is straightforward.
[ |

Lemma 4.2.21: Given two hyperplanes Hy = {z|ay-z+b; = 0} # Hy = {z|as-
x4 by = 0} where ay,as € R™ and by, by € R. Given two affine functions
filz) =vy -z +t,v1 ER™ ¢ € R and fo(x) = vy - x + ta,v3 € R™ by € R.
Then, there exists an affine function f(x) =v-x+t such that f|lg, = film,
and flm, = folm, if and only if Jay, as € R such that vy — vy = ajay + asas
and t; — ty = a1by + axby. In this case v = v; — aja; = Vs + Qnas and

t =t — a1by =ty + asby. In addition, aq and as are unique.

Proof. One direction is straightforward. Let f(z) = v-x 4t be as described.
Then, Vo € Hy : f(z) = (1 —a1aq) -z + 1t —aiby = fi(x) —ai(ay -z +by) =
fi(z). Similarly, Vo € Hy : f(z) = (vo + agas) - © + ta + agby = fo(x) +
as(as - x +by) = fo(x).

For the opposite direction, assume that there exists an affine function
f(z) =v-x+tsuch that f|g, = filg, and f|g, = fo|g,. By Lemma 4.2.20
Jdag, e € R such that v = (v; — aqay) = (ve + agag) and t = t; — by =
ta + aby. Therefore, we reach the following equation that dictates the pos-
sible values for a; and as so that the two conditions f|y, = fi|g, and

fla, = f2|u, are simultaniously satisfied:

Up —v2\ [ a1a2 831
tl — tg bl b2 (6%)
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If the underlying space is one dimensional (m = 1), and since H; # Ho,
therefore, a;bs — asby # 0 which means that there is a unique solution for
a1 and as. Therefore, we can always find f, a1, and ay that satisfy the
lemma. When m > 1, then the above equation is an overconstrained system
of equations (m + 1 equations) with only two unknowns and if there are two

constants a; and as satisfying the m + 1 equations, then, they are unique.

Lemma 4.2.22: Let f € ST C C(R™) with components {f;}!,, then, Ve >
0: 3k € S such that flx = k|k, flem\x > klgm\k and klgm\ (k+efom) = 0
where K = [0, 1]™.

-~
-
~ -

Figure 4.1: f, k € ST C C(R) satisfying Lemma 4.2.22

Proof. Figure 4.1 shows the construction for m = 1. Let {Kj}/_, be the
finite number of cells generated by the components of f. Vj < J : K is
open and convex. Let L; = K; NInt(K). Therefore, L; is open and convex.
Fix j such that L; # (0. 0L; is formed by a finite set of hyperplanes (either
the hyperplanes generated by {f;}?; or the boundaries of K) associated
with a finite number of neighbouring cells. By Lemma 2.2.14, 3: < n
such that f|p, = filz,. Assume fi(z) = v; - @ +t;,v; € R™,b; € R. Let
h =max,.7-{f(z)}. his well defined since f is continous and L; is compact.
Let h; = f;—4h, ie., hj(x) =v;-x+t;—4h. Let E; = {K;|K;NL; # 0}. E;
is finite. Let {H; = {z|a; -z + b; = 0}}'_; be the hyperplanes that form the
boundaries of L; such that Vi : L; C {z|a;-x+b; < 0}. Let L;_be a slightly
larger cell whose boundaries are the hyperplanes {H;. = {z|a; - x + b; —
ella;]] = 0}}._, where € is chosen such that the following three conditions

are satisfied L_‘jaﬂUKkgEj Ky =0, hj|r, <0,ande < 3. Since the number of
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cells is finite, then, ¢ > 0. Consider H; = {z|a;-z+b; = 0,a; € R™,b; € R}.
Claim: dist(Hy, Hy.) = €. Proof: Let 21 € Hy. Let u € R™ be such that x,+
u € Hy.. Therefore: a;-(x1+u)+by —¢l|a1]| = a1-u—ella1]| = 0. Therefore,
|lu|| > e. Picking u = €Ty shows that inf,,em {||z1 — 22]|} = €. By
applying Lemma 4.2.21 3¢; € A such that ¢1|g, = fi|ln, and g1|m,. = hyj|m,.
and in this case ¢1(x) = (v; — day) - x + (t; — 6by) where § = %. Similarly,
we can construct go, gs, -+, g; for the [ hyperplanes that are boundaries of
Lij. Let g; = fingit ANga A--- ANg. Claim 1: f[|r, = gj|z,. Proof: By
construction: Vk <1 : fi|g, = gi|n, and fi|a,. > hj|la,. = gx|#,., therefore,
9kle; > file, and gilr, = filo, = flo;- Claim 2 gylz, \r, < flr;\z,-
Proof: Let x € L;_\ L;. Therefore, x € K} for some Kj € E; with
K,NOoL;. # 0. Let C = Kj, N L;_. Since f]j|aLjs < 0 therefore, §;|c <
frle = flc where f is the affine function associated with the neighbouring
cell K. Claim 3: gthm\L].E < 0. Proof: This is straightforward from the
fact that Vy € R™\ L;_: 3 < [ such that y € {z]a; - v + b; — ¢la;|| > 0}
and Jzy € H;,xo € H;.,a > 0 such that y — 29 = a(zy — x1). Assume
gi(x) = vy - x + by;. We also have, g;(x2) — gi(z1) = vy - (23 — 1) < 0.
Therefore, ¢;(y) — gi(z2) = vy - (y — 22) = av, - (x2 — x1) < 0. Therefore,
9i(y) < 0. Therefore, gj|rm\r; < 0. From the three claims above we have:
0V g; < fVvO0=f where 0V g;is equal to 0 outside of L;_. Repeating this
construction for every j such that L; # () and setting k = (\/ L0 §j> V0 we
have: f|x = k|k, flrm\k > K|rm\kx and Jej, such that k|gm\ (k4e,[0,1m) = 0.

Theorem 4.2.23: Vf € S;) C C(R™) : f = sup,{fi} where {fi}32, is a locally

finite sequence of functions in S.

Proof. Consider the set K = [0,1]™. By Lemma 4.2.22, there exists k € S
such that f|x = klk, flrm\k > klgm\x and Jej, as small as possible and
kg \ (i te,0,11m) = 0.

We can now divide R™ into the countable union of translates of K such
that R™ = U;’il K; where K; = K + v; is a translate of K and v; =
{n1,ng, -+ ,np} € R™ and Vj < m : n; € Z. For each compact set K

we can find the function k; such that k; is equal to f on K; and equals to
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0 outside an ¢ neighbourhood of K;. Therefore, {k;}°, is a locally finite

sequence of functions in S and f = sup,{k;}. |

Corollary 4.2.24: Vf € S;, € C(R™) : f = sup;{f;"} — sup,{f; } where

{fi7}2, and {f; }32, are two locally finite sequence of functions in S.

Proof. This is straightforward by applying Theorem 4.2.23 to f = f* —
/. [

Theorem 4.2.25: S, uniformly approzimate functions in C(R™). In other
words, Ve > 0,Vf € C(R™) : 3g € S}, such that sup |f — g| < e.

Proof. Assume first that f € C(R™)". Fix ¢ > 0. Consider K = [0, 1]™. Con-
sider f|x € C(K). By Lemma 4.2.13, 3fx € Ssuch that Vo € K : | fx(x)—
f(x)| < 5. Note that by Lemma 3.1.4 fx can be naturally extended to R™.
By Lemma 4.2.22 3fxs € S such that fx|x = fxs|k, [rlrm\x > frslrm i
and fx s|rm\(k+s[0,1m) = 0 where 0 can be chosen as small as possible. In this
case ¢ is chosen as small as possible such that the variation of the function
J to be approximated close to the boundary of K is smaller than 7. ILe.,
Vo € 0K, Yy € {x} £6*[0,1]™ : |f(x) — f(y)| < §. This is guaranteed by
the fact that 0K £ %[0, 1)™ is a compact set and f is continuous. This con-
struction can be repeated for a translate of K say H = K +{1,0,0,---,0},
therefore, 3fy € S, fus € S as above. We claim that the function g =
Jus V frs is such that Vo € K U H : |f(z) — g(x)| < § (See Figure
4.2). Clearly, Vx € (K \ (H£0x*[0,1]™)) : g(x) = fxs(z) and therefore,
|f(z) — g(z)| < 5. Similarly, Vo € (H\ (K £0«[0,1]™)) : () = fus(x)

and therefore, |f(z) — g(x)] < §. Consider v € K N (H £0*[0,1]™). If

9(z) = frs(x) then [f(z) — g(z)| < §. However, if g(x) = fus(x) then
dx; € OK NOH such that © € {z1} £ 6[0,1]™ and by the construction in
Lemma 4.2.22 g(x) < fgs(x1). Therefore, frs(z) < g(x) < fhs(r1) =
F(@) — /4 < fes(w) < 9(a) < fus(er) < Fla) + 5 < f(@) + 5+ 5. There
fore, | f(x) —g(x)| < 5. By assuming that R™ is equal to the countable union
of translates of K, i.e., R™ = 2, K; where K; = K + v; is a translate of
K and v; = {ny,ng,--- ,np} € R™ and Vj < m: n; € Z. For each compact
set K; we can find the function fx, such that fx, € S and uniformly ap-

proximates f on K;. In addition, fg, equals to 0 outside a d neighbourhood
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of K;. Therefore, {fx,}:2, is a locally finite sequence of functions in S and

g =sup,{ fk,} € S, In addition, g uniformly approximates f on every K.

Figure 4.2: Construction of fxs, fus and g = fxsV fus C C(R)

Let f € C(R™) then f = f*— f~. Therefore, 397, 9~ € S}, g =97 —g~ €
Sip such that Vo € R™ : |fT(x) — gt (z)] <e/2 and |f~(z) — g~ (z)| < /2,
therefore, | () — g()| < [f*(2) - " @] +1f (@) — g~ ()| <c.
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Chapter 5
Conclusion

In this thesis, we extended the concept of piecewise affine functions with fi-
nite components in C'(R™) by introducing the set of locally piecewise affine
functions which could possibly have infinite components. We discussed the

relationship between the two sets under the umbrella of order theory.

Our first original contribution was the definition of piecewise affine func-
tions on arbitrary subsets of R™ and the extension lemma (Lemma 3.1.4).
In that lemma we proved that a piecewise affine function on a closed and
convex set in R™ can be naturally extended to a piecewise affine function
on the whole space. We also introduced a conjecture that such an extension
can also be achieved for any open, connected, bounded set whose closure is

equal to the union of its its boundary and its interior.

Our second original contribution was the definition of locally piecewise
affine functions and showing that this set of functions as a subset of C'(R™)
is a vector lattice (Lemma 3.2.3). We also showed that the properties of
the set S of piecewise affine functions can be naturally extended to the set

Syp of locally piecewise affine functions.

Our third original contribution was the comparison of the various defini-
tions of order convergence in C'(R™). We first showed that C'(R™) possesses
the countable sup property which enabled us to show that for bounded
nets, the two main defintions of order convergence in the literature coincide

(Theorem 4.1.12 and the following corollaries and remark).
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Our fourth original contribution was the study of S and S, as sublattices
of C(R™). We first introduced three different definitions for order dense
subsets of vector lattices (Definitions 4.2.1, 4.2.2, and 4.2.3). We showed
that in Archimedean vector lattices an order dense minorizing sublattice is
a stronger condition than a topologically order dense sublattice (Lemma
4.2.6). We introduced the conjecture that in C'(R™), order dense minoriz-
ing sublattices are equivalent to topologically order dense sublattices. We
then showed that both S and subsequently 5;, are order dense minorizing
sublattices in C'(R™).

Our fifth contribution was the study of the relationship betwen S and .S,
by introducing the definition of locally finite sets of functions (Definition
4.2.17). Then we showed that any locally finite set of functions in S has
a supremum and an infimum both of which are in S;, (Lemma 4.2.18).
In addition, we showed that any function in Sj, can be expressed as the

difference of the supremums of two locally finite sequence of functions in S.

Our final result was to show that .Sj, uniformly approximates functions
in C(R™). While the result was straight forward when m = 1 (Lemma
4.2.15), we utilized the definition of locally finite sets of functions to show

the result for the general case (Theorem 4.2.25).
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