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Abstract

Using Hamilton's principle, the finite element equations for both non rotating and
rotating shafts are given, so that not only bending but also torsional, axial and other possible
modes in a 3-D domain can be analysed simultaneously through the corresponding developed
codes. The computed frequencies of bending-like 3-D modes are in very good agreement
with those measured. Use of a rotating frame of reference gives a clear view of the shaft
whirl as a result of bending vibration. Forward and backward whirls in this frame are found
to be able to exist simultaneously along the shaft, which is reported for the first time.
Resonant whirl frequencies or natural frequencies of rotating shafts can be determined with
respect to the rotating or fixed frame. Critical speeds and unbalance response can also be
consistently evaluated using the 3-D modelling. For this chain-like structure, reduction
procedures such as the developed transfer matrix method based on finite element models and
dynamic reduction method, can be implemented without any loss of accuracy. A distributed
fluid/shaft interaction model has been given for rotor-bearing analysis in accordance with the
3-D shaft model. Distributed damping effects on the peak forced response frequency have
also been discussed. Good agreement with some results from the ABAQUS software, testing
and analytical solutions of uniform beams shows the validity of the written codes which are

used throughout the research.
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bearing force in fixed frame

stiffness and damping matrices of the bearing in fixed frame
bearing force in rotating frame

stiffness and damping matrices of the bearing in rotating frame
coordinate transformation matrix

representing cos(Q2t) and sin(Qt)

fluid velocity vector
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velocity components aty =y,
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shape functions to form fluid/shaft interface elements
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subscript used to denote the fluid/shaft interaction system
coefficient matrix relating nodal forces to nodal pressure variables
standing forp,, p,, etc.

circumferential coordinate (=R 0)
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“load” vector for dynamic pressure increment due to perturbation
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bearing length (fluid/shaft interaction length)

distributed fluid/shaft interaction stiffness and damping matrices

damping coefficient



Chapter 1

Introduction

Rotating machinery is employed widely for power transmission throughout the
industrialized world. Its applications can be found in power plants, petrochemical facilities,
airplanes, marine propulsion systems, automobiles, machine tools, etc. In order to ensure safe
design and reliable operation, many scientists and engineers have been engaged in the area
of study called rotordynamics. The current trend toward higher speeds and lighter structures
reinforces the importance of more accurate modelling of rotor-bearing systems. This thesis
uses three-dimensional (3-D) solid finite elements to simulate the dynamic response of the

system.

1.1 A Brief History

The first published paper in the area of rotordynamics was presented by Rankine
(1869). When deriving equations in a rotating frame, Rankine forgot to include Coriolis
acceleration and thus made erroneous conclusions which confused engineers for half a
century. Later Jeffcott (1919) proposed a flexible rotor model to analyse the response of high
speed rotating shafts to mass imbalance. Named after this English dynamicist, the Jeffcott
rotor model consists of an unbalanced flat disk located at the mid-span of a uniform,
massless, flexible shaft, which is simply supported at its ends by rigid frictionless bearings.
For a simple rotating machine, this simplified modelling might be acceptable. The analysis
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based on the Jeffcott model has correctly introduced the concepts of rotor critical speeds and
synchronous motion due to mass imbalance. These are fundamental in rotordynamics and
even today they still can be effectively used to analyse complicated problems qualitatively
to a certain extent.

It is noted that the Jeffcott model is basically a particle or point-mass representation.
In order to reflect the rigid-body character of flexible rotating equipment, Stodola (1927) and
Green (1948) used a rigid-body model to include the effects of rotary inertia and gyroscopic
coupling. When a rigid disk is not located at the mid-span of a shaft, use of the Stodola-
Green model is an appropriate approach. The Stodola-Green model led to the development
of multi-body lumped-parameter models.

Early rotating machinery was designed to operate below the first critical speed. One
could usually obtain reliable operation by ensuring that the highest operational speed would
be below the first natural frequency of the shaft. It follows that most of the early papers were
concerned with predicting first critical speeds and with balancing shafts for sub-critical
operations. In fact, there were few publications in the area of rotordynamics before the
1960's.

Modern rotating machinery, however, often must operate at very high speeds, far
above the first critical, under high load and with light shafts. These performance
requirements have required rotordynamicists to treat a greater range of problems and
phenomena in the past few decades. As noted in references (Eshleman, 1984; Goodwin,
1991; Sankar, 1991), more and more papers have been published each year on the subject of
rotordynamics. There have been many books published in this field (Dimarogonas and
Paipetis, 1983; Rao, 1983; Vance, 1988; Goodwin, 1989; Childs, 1993) as well. Topics such
as unbalanced response (Gupta et al., 1993; Yu and Craggs, 1995a), balancing (Craggs,
1986; Ehrich, 1990), stability (Ehrich, 1991; Muszynska and Grant, 1991; Taylor, 1993),
hydrodynamics of bearings (Lund, 1987; Rouvas and Childs, 1993), cracked shafts (Nelson
and Nataraj, 1986; Papadopoulos and Dimarogonas, 1992), torsional vibrations (Schwibinger
and Nordmann, 1990; Yu, 1991and 1994), coupled vibrations (Diken and Tadjbakhsh, 1989;
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Muszynska et al., 1993), and health monitoring (Bently, 1986; Laws and Muszynska, 1987)
are all of practical interest to the researchers and engineers of modern rotating machinery.

Reliable dynamic modelling is the foundation of the subject of rotordynamics. If a
simplified Jeffcott model were still being used to simulate the response of today’s
complicated rotor-bearing systems, one would not be able to determine gyroscopic effects
on the natural frequencies of the system. To study the dynamic characteristics or simulate
the response of a rotor-bearing system, an appropriate modelling technique and an efficient
solution method are essential for problems to be properly examined. Fortunately, the
development of powerful computers has greatly accelerated the progress of accurately

modelling procedures.

1.2 Modelling of Rotors

In rotating machinery, rotors or shafts are the main functional components. The
dynamic response depends considerably on the geometry and properties of the rotor, which
in the sense of dynamics have corresponding inertial, elastic, gyroscopic and damping forces.
The work of shaft modelling involves the selection of model types and computational

techniques, both being closely related.

1.2.1 Model Types

Generally speaking, there exist two classes of models: lumped-parameter and
continuous (distributed-parameter). An approach using lumped-parameter models is more
convenient for computational processes. From the physical point of view, however, the most
accurate model is to be a continuous one. Though few closed form solutions can be found
for continuous models, the finite element technique makes continuous models discrete and
yields convergent solutions.

In a lumped-parameter model, a shaft is simplified as a collection of several rigid

bodies connected by massless springs. Rigid bodies may involve a lumped mass, a diametral
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mass moment and a polar mass moment of inertia, depending on what kind of vibrational
behaviour is examined. Likewise, springs may include bending, torsional, and axial stiffness.

The Jeffcott rotor is the simplest lumped-parameter model when bending vibration
is examined. A point mass is lumped at its mid-span and no mass moment of inertia is
considered. If a rotor is relatively rigid compared to the attached bearing supports, the
effective mass is the total mass of the rotor and the effective stiffness is the stiffness of all
the bearings. If a rotor is relatively flexible compared to the bearing stiffness, the effective
stiffness is determined by the bending stiffness of the rotor. In this case, since the mass near
the bearings does not vibrate as much as that near the mid-span, only a portion of the total
mass is regarded as the effective mass. The motion can be considered in two orthogonal
directions and thus a whirl orbit can be computed.

If higher vibration frequencies are of interest for a rotor, additional discrete lumped
rigid bodies must be added. When bending behaviour is examined, rigid bodies consist of
point masses and diametral and polar mass moments of inertias. The effective stiffness can
be determined by applying simple Euler beam theory to a massless shaft section.
Timoshenko beam theory (Timoshenko, 1921, 1922, 1955) can be used to include shear
deformation as well. For torsional vibration analysis, one or more lumped disks with polar
mass moments of inertias, are connected by massless torsional springs. Likewise, for axial
vibration analysis, several point mass blocks are connected by massless tensional springs.

The purpose for lumping the parameters is to describe the dynamics of each rigid
body mathematically by ordinary differential equations, thus avoiding the more difficult
partial differential equations required for a physically continuous rotor. The ordinary
differential equations can be derived from Newton's laws, or from Lagrange's equations.

The second approach is to model a rotor as a continuous system. In reality, there may
not be any valid reason to assume that the lumped masses cannot deform and that the
connecting springs have no mass. In fact, every material portion of the rotor possesses both
mass and elasticity and, moreover, these properties may vary from point to point.

Due to the configuration of the rotor, continuous bar theory has often been employed
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to formulate the equations of motion in terms of one spatial variable along its neutral axis
and time. The cross-sectional areas, diametral and polar moments of inertias may vary along
the axial direction. Therefore this is a spatially one-dimensional problem, in which the
properties such as mass and elasticity distribution, and the response, of the rotor, are the
functions of its axial distance. When bending vibration is analysed, the bar is usually called
the beam in which transverse displacements and their slopes are of interest. For torsional and
axial vibrations, twist angles of cross sections and axial displacements are examined,
respectively.

There are three main types of beam models, i.e., the Euler beam (or the Euler-
Bernoulli beam), the Rayleigh beam and the Timoshenko beam. For the Euler beam, neither
shear nor rotatory inertia is taken into account, though they do exist in reality. When the
cross-sectional dimensions are small compared with the length of the beam, the Euler beam
is a good approximation. For a rotating shaft (a spinning beam), however, this approximation
may result in erroneous conclusions. What particularizes the bending vibrations of rotors, are
the gyroscopic moments which do not appear in non-rotating shafts. Gyroscopic moments
are proportional to the rotatory inertias of the rotating shafts. Depending on the rotational
speed, gyroscopic moments can have a considerable influence on the natural frequencies and
critical speeds of rotors (Dimentberg, 1961; Loewy and Piarulli, 1969). If the Euler beam
theory is applied to a rotating shaft, one might conclude that forward and backward whirl
frequencies would be the same in magnitude. For the Rayleigh beam, the shear effect is
neglected while the rotatory inertia is included. The Timoshenko beam theory, in which both
the shear deformation and the rotatory inertia effects are included, has been used widely in
rotating shafts (Choi et al., 1992). For a uniform beam, using the Timoshenko beam theory
will generally yield more accurate natural frequencies and responses than either the Euler or
the Rayleigh beam model.

There are, however, some limitations on the use of Timoshenko beam theory. It is
generally understood that the Timoshenko beam theory may only be adequate for the

calculation of first few natural frequencies of thick beams with a shear correction factor of
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around 5/6 (Senthilnathan and Lee, 1992). Senthilnathan and Lee (1992) also found that the
Timoshenko beam theory is not adequate in the computation of stress in a vibrating beam.
Moreover, it is well known that beam or bar theory is based on the assumption that its plane
sections remain plane during the deformation. This assumption is violated for tapered beams
(Vest and Darlow, 1990). The reason is that the Timoshenko beam theory is merely the
simplification of a three-dimensional continuum into a one-dimensional bar. Cowper (1966)
investigated the accuracy of the Timoshenko beam theory for dynamic analysis, and using
an exact elasticity approach, found that some terms were neglected. Therefore, in order to
describe the real phenomena accurately, one must refine the assumptions and conceive a
continuous mathematical model. Obviously, the best model is the three-dimensional
elasticity model.

The theory of elasticity (Love, 1927; Timoshenko and Goodier, 1951) can be applied
to this model. It is worthwhile to note that in the dynamics of elastic bodies there exist two
model types: the classical case and the Cosserat type (Teodorescu, 1975). For the classical
case, only stresses and volume forces appear, and the motion of a particle is characterized
by three linear velocities; while for the Cosserat type, there are additional couple-stresses and
volume moments, and the motion of a particle is therefore characterized by six parameters
including three angular velocities. The classical case is commonly used in the theory of
elasticity.

The three displacements u, v, and w satisfying the equations of motion at each point
of the rotor body, are functions of three space variables x, y, and z, and time ¢. Here the
displacements u(x, y, z, 1), v(x, y, z, t), and w(x, y, z, t) play the role of coordinates and x, y,
and z are are space variables. Each of the variables x, y, and z can take any value within the
region occupied by the system, so the system has an infinite number of degrees of freedom
(Meirovitch, 1967). The equations of motion in terms of displacements are called Navier's
equations. In most cases, it is impossible to find their closed form solution which satisfies

the boundary conditions. It is the finite element technique that makes a solution possible.
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1.2.2 Computational Techniques

To obtain an effective solution, one must apply an appropriate computational
technique to implement a model. For a lumped-parameter model, one can employ the transfer
matrix method (TMM) or the modal analysis method. For a continuous model (distributed-
parameter model), there are three approaches. The first one is the analytical method which
sometimes may yield a closed form solution. The second one is the assumed mode method.
The third one is the finite element method (FEM), the most extensively used computational
technique in engineering. Sometimes numerical integration in a time domain might be
utilized to acquire the transient or nonlinear response of the rotor with either lumped or
distributed parameter model.

In the TMM, a relationship is established between a set of unknowns on the two ends
of the rotor section. The equation for the whole system is available by multiplying the
successive matrix expressions for connected elements. In the conventional TMM approach,
a lumped-parameter model is often employed, such that both the mass and inertia properties
are lumped at discrete points which are considered to be connected by massless elastic
members. Myklestad (1944) and Prohl (1945) developed this transfer matrix formulation to
calculate the critical speeds of rotors. Lund and Orcutt (1967) employed the TMM to
compute the unbalance response of a rotor. Rao et al. (1987) used the TMM for transient
analysis of rotor systems. Inagaki (1987) used the TMM to include the foundation flexibility
of rotor-bearing systems. The TMM was the most commonly used technique for lumped-
parameter models with multiple lumped masses.

Although convenient for both modelling and computational processes, the
conventional TMM is inconsistent and therefore gives poor results. As is well known, using
the TMM based on lumped mass models will not yield natural frequencies which converge
from above to the true values as the number of lumped mass is increased. The consistent
FEM, however, has this characteristic, and thus can yield more satisfactory solutions. Yu and
Craggs (1995a) developed a transfer matrix technique based on finite element formulations.
In this way, the finite element solution can be obtained using the TMM technique with small
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matrix operations.

Modal analysis can be applied to the developed equations of vibrational motion of
the whole system, thus giving both natural frequencies and forced response (Metirovitch,
1967; 1975a). In both lumped and distributed parameter models of a rotor, the stiffness
matrix is not diagonal. Using modal analysis, a set of simultaneous ordinary differential
equations can be uncoupled to obtain solutions. Sometimes gyroscopic terms are neglected,
and proportional or small damping is assumed to facilitate the modal analysis of the rotor.
There are some methods to include gyroscopic and damping terms (Hablani and Shrivastava,
1977; Meirovitch, 1975b). The concept of modal analysis is often applied to rotor balancing
as well.

For a continuous model, a closed form solution using an analytical approach would
be ideal. When beam theory is applied to a uniform cross-sectional rotor, some researchers
have obtained closed form solutions of critical speeds, natural frequencies and normal modes
(Eshleman and Eubanks, 1969; Huang, 1961; Zu and Han, 1992). However, no closed form
beam solution for a tapered or nonuniform cross-sectional rotor has been found. When three-
dimensional elasticity theory is employed to model a rotor, the equations of motion become
Navier's equations. In this case, an analytical approach is much more complicated. The
solution form, if any, depends considerably on the boundary conditions. It is worth noting
that the one-dimensional elastic wave propagation theory can be applied to torsional
problems of a continuous rotor shaft (Mioduchowski and Faulkner, 1986; Mioduchowski,
1995; Bogacz, et al.). Formulation of the problems along with initial and time-dependent
boundary conditions yields a set of ordinary differential equations which can be solved
numerically (Mioduchowski, 1990) to give transient angular velocities and strains or elastic
moments in any cross-section of the shaft. For bending problems, however, wave analysis
is much more complicated and thus is seldom employed.

The assumed-mode method (Meirovitch, 1967), based on the Rayleigh-Ritz method,
can be applied to a continuous system. The method does not involve any discritization of the

system configuration. Instead, a solution is composed of a linear combination of admissible
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functions, which are functions of the spatial coordinates, multiplied by time-dependent
generalized coordinates. The admissible functions must satisfy the boundary conditions. The
accuracy of the method considerably depends on the selection of the admissible functions.
Shiau and Hwang (1989; 1993) have used this approach for the dynamic analysis of rotor-
bearing systems.

The FEM, an engineering tool of wide applicability (Zienkiewicz, 1971), can be
successfully employed to model a continuous rotor. Unlike the assumed-mode method, the
FEM allows one to assume appropriate displacement functions in terms of coordinates for
individual elements instead of the whole rotor. The expressions of potential and kinetic
energy for each element can be established without involving any change of distributed
physical parameters. Using Lagrange's equation or Hamilton's principle yields the equation
of motion in matrix form for each element. The system matrix representation is obtained by
assembling element matrices at appropriate entries dictated by the connectivity. The
solutions can be determined at all nodal points. Since the individual element matrices reflect
the real properties of distributed parameters involved in their formulation, the FEM
technique results in better solutions than the lumped parameter approach.

Ruhl and Booker (1972) first employed the FEM for the dynamic analysis of
distributed parameter turborotor systems. Since the Euler beam theory was used in this work,
no gyroscopic moments were included in the derived equation. Nelson and McVaugh (1976)
adopted the Rayleigh beam theory to take into consideration the rotary inertia and gyroscopic
effects in the finite element formulation. Later, Nelson (1980) gave a detailed finite element
matrix equation using the rotating Timoshenko beam theory to include shear deformation as
well. There were also some publications dealing with finite element formulations for
nonuniform cross-sectional rotors based on beam theory (Thomas and Wilson, 1973; Rouch
and Kao, 1979; Akella and Craggs, 1986). For a continuum model instead of a beam
element, Geradin and Kill (1984), Stephenson et al.(1989), Stephenson and Rouch (1993),
and Yu and Craggs (1995b) have used solid finite element approaches in the dynamic

analysis of rotors.
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The FEM solutions can be obtained using modal analysis. If expressed for the whole
system, the matrix size of the finite element equation will be quite big, depending on how
many elements are used. In order to reduce the size of the overall system matrices, the
component mode synthesis method (Nelson and Meacham, 1981; Nelson et al., 1983;
Craggs, 1987) is often utilized. In this method, the rotor is partitioned into a set of small
substructures in which the modal character is derived. The total system model is then
constructed from a reduced number of component modes of each substructure. This
procedure is a combination of the FEM and the assumed-mode method. There are also matrix
reduction techniques for reducing the size of matrices (Guyan, 1965; Rouch and Kao, 1980).
Recently, the continuous coordinate condensation method (Craggs and Eckert, 1992) was
proposed for long beams and shafts, so that the natural frequencies can be obtained without
any loss of accuracy using only small matrix operations. The TMM based on FEM
formulation (Yu and Craggs, 1995a) can be successfully employed to simulate the response

of a rotor due to distributed mass imbalance.

1.3 Fluid/Shaft Interaction

Bearings are very important parts in rotating machinery. The role of bearings in
rotating systems is not only for locating a rotor and supporting its weight, their dynamic
properties and working conditions can also crucially influence the overall dynamic
characteristics of the whole system, such as the natural frequencies, the stability and the
unbalanced response. There are mainly two types of bearings: rolling-element bearings and
fluid-film bearings. The rolling-element bearings are often much stiffer than the rotors they
support, and with almost no damping and no cross-coupling, thus having little influence on
the dynamic characteristics of the system. For the fluid-film bearings, however, the
hydrodynamic behaviour is much more complicated. The motion of the shaft will cause fluid
dynamic pressure, which acts on its surface. Therefore, hydrodynamic bearings involve

fluid/shaft interaction. But because of their compactness, long life, high load capacity, low
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power loss, low noise and low cost, they are most commonly used in industry. Many
researchers, therefore, have been engaged in the analysis and design of the fluid-film
bearings since Osborne Reynolds (1886) derived a differential equation bearing his name
about hydrodynamic lubrication theory.

It is clear that the bearings cannot be studied in isolation from the rotor
characteristics. Thus, the hydrodynamic forces have been modelled to enable the dynamic
analysis of the whole rotor-bearing system. Stodola (1925) first postulated the simplest
model by including the flexibility effect of the oil-film. Pastel (1954) evaluated spring and
damping coefficients of journal bearings. The properties of these coefficients were found to
be related to the rotor stability and oil whip as described by Newkirk (1924; 1925). The
linearized coefficient model is still popular today in the dynamic analysis of rotor-bearing
systems (Lund, 1987). Some researchers have also considered the fluid inertia forces in
journal bearings (Muszynska, 1986; EI-Shafei and Crandall, 1991; EI-Shafei, 1995).

It is clear that the use of dynamic coefficients is an approximation method. In reality,
it is the distributed pressure that acts on the rotor surface. Craggs (1993) found that even
distributed bearing stiffness along its axial direction can have great effect on the critical
speeds of the rotor. It is not appropriate to use eight coefficients in modelling hydrodynamic
forces acting on the surface of the three-dimensional elastic rotor model.

There are two reference frames involved in rotor-bearing systems: an inertial or fixed
frame and a rotating frame. Conventionally, all variables or coefficients are described in the
inertial reference frame. It is easier for design engineers to determine the load capacity of the
bearings using this frame. The spring and damping effects of the bearings are evaluated
through the displacement and velocity perturbation of the rotor around its equilibrium
position in the fixed reference frame. The equations of rotor motion are usually expressed
in this frame as well. The equations of the whole system are accordingly given in the fixed
reference frame. However, when a three-dimensional elastic rotor model is used and the
stresses within the rotor are of interest, one has to choose the rotating reference frame so that

rigid rotational motion can be removed. That requires pressure distribution to be expressed
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in this frame as well.

The Reynolds equation is a simplified version of the Navier-Stokes (NS) equations
based on some physical properties of the oil, the bearing and the journal, and given in the
fixed reference frame. For a new problem, the best approach is to derive goveming equations
from the NS equation, the continuity equation of the oil, and, if needed, the energy equation,

the equation of state and other basic equations.

1.4 Objective of the Thesis

In the dynamic analysis of rotor-bearing systems, lumped-parameter models have
been proven to yield poor results and continuous beam models have been widely used to
examine bending vibrations of the shaft. These beam models including the Timoshenko
beam are based on an assumption that plane sections remain plane during the deformation.
Obviously, this assumption is violated when the rotor has changes in its radial dimension,
such as tapered shafts.

A few researchers (Geradin and Kill, 1984; Stephenson et al., 1989; Stephenson and
Rouch, 1993; Eckert, 1992) have tried solid finite element approaches instead of beam
elements to model rotors. Geradin and Kill (1984) first derived finite element equations for
both beam-like and axisymmetric structures. In beam-like structures, an assumption that
cross-sections are conserved and remain orthogonal to the neutral axis during deformation
is made. Stephenson and Rouch (1989, 1993) utilized axisymmetric elements to analyse
bending vibrations of rotors. Since only one symmetric and one anti-symmetric terms are
retained to analyse bending behaviour in the displacement functions, some restrictions on
displacements still exist beyond finite element modelling. Along any circumferential line of
a cross section, radial, axial and circumferential displacements are assumed to vary with sin&
and cosf where @ is an angle along the centre of the shaft. If only the symmetric
components are adopted for a free shaft (Stephenson et al., 1989), transverse displacements
on all the points of this circumferential line would be identical and the line would remain
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plane after deformation. On the other hand, use of this axisymmetric element modelling may
be inefficient when modelling bending, torsional, axial and other possible modes
simuitaneously. This approach is also inapplicable to non-circular cross sections, distributed
density or nonlinear hydrodynamic forces. For whole system analysis, these researchers still
used a bearing model with eight dynamic coefficients to simulate fluid/shaft interaction on
the shaft surface.

This thesis, therefore, employs a three-dimensional elastic shaft model with a three-
dimensional solid finite element technique to examine the dynamic behaviour of rotor-
bearing systems. Earlier work (Yu and Craggs, 1995b and 1997) has shown that it is a
successful and effective approach. Not only bending, but also torsional and axial vibrations
can be analysed simultaneously. Mass imbalance can be consistently modelled without
attaching an additional force. The use of the rotating reference frame will reveal, or help one
to have a better understanding of, the nature of the shaft whirl, and facilitate the shaft
modelling and the stress calculation. Although more degrees of freedom are adopted for the
whole shaft using this new approach than in a beam model, some reduction procedures, as
mentioned in the preceding discussion, can be implemented for this chain-like structure
without any loss of accuracy.

Using a hydrodynamic lubrication equation derived from the NS equations and the
continuity equation in the rotating frame, the effect of the distributed oil pressure on the
system response can be determined. This approach, instead of using eight dynamic
coefficients in the fixed frame, will facilitate the modelling of asymmetric, cracked, or
unbalanced rotors. In addition, the weight of a rotor might be regarded as harmonic

excitation, and the equilibrium position can be considered to be fixed in the rotating frame.

1.5 Scope of the Thesis and Main Contributions

In the present work, three-dimensional elasticity theory is employed to model rotors

with a hollow shaft. A commonly used classical type of elastic continuum is assumed
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without involving couple-stresses and volume moments. For each particle of the rotor, the
three displacements u(x,y,z,1), v(x,y,z,f) and w(x,y,2,t) are expressed in a rotating reference
frame. The deformation is assumed to be small. A solid three-dimensional finite element
technique along with reduction procedures is used to obtain the convergent solutions
effectively. For the modelling of distributed hydrodynamic pressure on the rotor, the NS
equations along with finite element techniques are used. The effectiveness of the new
approach is confirmed by physical experiments and compared with commercial codes.

The proposed pure three-dimensional solid finite element modelling of shafts in this
thesis is attempted for the first time. Although some other approaches such as beam-like
elements or axisymmetric elements have been used instead of beam elements, restrictions
of deformations or displacements still remain beyond finite element modelling. In the new
approach, however, three-dimensional characteristics of the elastic shaft can be completely
included in the model without any restriction. The allowed modes are only restricted by the
prescribed displacement functions used in finite element modelling. The shaft is composed
of a series of superelements. Each superelement consists of four basic continuum elements.
Any one section of the shaft will then have more pertinent degrees of freedom. Therefore
when bending vibration is examined, the related modes are actually bending-like ones in the
sense of three-dimensional elastic shafts instead of pure bending modes in one-dimensional
models or restricted bending modes in two-dimensional axisymmetric element models. No
further assumptions beyond finite element properties are made regarding the displacement
or deformation of the shaft. Non-uniform shafts such as tapered ones can be correctly
modelled.

Although more degrees of freedom are involved in the three-dimensional solid finite
element modelling of the shaft, reduction procedures can be implemented in this chain-like
structures without any loss of accuracy. A dynamic reduction method has been proposed
which can condense not only dynamic matrices but also dynamic forces. A transfer matrix
technique based on finite element models has also been developed. Reduction algorithms
greatly reduce computer requirements for this proposed three-dimensional solid finite
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element modelling of rotor-bearing systems.

Using the three-dimensional solid finite element modelling, shaft whirl is analysed
in the rotating frame of reference. Forward and backward whirl frequencies, critical speeds,
and unbalance responses can then be accurately determined. Using three-dimensional solid
finite elements permits dynamic stresses to be directly calculated throughout a rotating shaft
with complex geometry. Behaviour of forward and backward whirl coexistence in the
rotating frame is reported for the first time.

A general lubrication equation is derived, which has one more term than the classical
Reynolds equation. Fluid/shaft interaction can be modelled with the introduction of shaft
surface forces. Finite element techniques are used in the modelling of fluid/shaft interaction.
A distributed fluid/shaft interaction model is then given for the dynamic analysis of a rotor-
bearing system in accordance with the three-dimensional solid finite element shaft model.

Damping effects on the peak response frequency are examined. It is found that a
forced peak response frequency can be lower or higher than the natural frequency, depending
on the point or distributed damping model. What happens in a single degree-of-freedom

system cannot be simply applied to other systems.

1.6 Subtitles

The thesis is divided into eight chapters including introduction and conclusion
chapters. Results from commercial codes are attached in appendices.

In Chapter 2, a non-rotating shaft is modelled based on three-dimensional elasticity
theory with the finite element technique. The selection of coordinate systems, parametric
elements, and nodal variables is discussed in detail. A superelement consisting of four basic
elements is used to replace a short "beam" element. Results are compared between the Euler
beam, the Timoshenko beam, the three-dimensional elasticity approaches and physical
experiments.

In Chapter 3, the advantage of solid three-dimensional finite elements is shown. Mass
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imbalance of rotors is modelled by varying the density within the shaft. Non-circular cross
sections of shafts are modelled as well. Coupling behaviour is discussed in detail.

In Chapter 4, a rotating shaft is modelled in the rotating reference frame. The
equation is derived using the Hamilton's principle with finite element techniques. Results are
compared with the closed form solutions of the Timoshenko beam.

In Chapter 5, the motion of a rotating shaft is discussed in detail. The characteristics
of forward and backward whirls are analysed. The advantage of using the rotating frame is
shown. Behaviour of forward and backward whirl coexistence is found in the rotating frame.

In Chapter 6, eigenvalue problems and reduction procedures are discussed. Frequency
characteristics for different forms are addressed. Two reduction procedures are introduced:
transfer matrix method based on finite element formulations and dynamic reduction method.

In Chapter 7, distributed fluid/shaft modelling is developed in accordance with the
3-D solid finite element shaft model. The effect of different damping models on the peak
forced response frequency is discussed as well.

Computational results shown in the thesis are obtained through computer programs
developed by the author. The programs are briefly introduced in Appendix B. Results using
a commercial code - ABAQUS - are also illustrated in Appendix C.



Chapter 2

Modelling of Hollow Shafts with 3-D
Solid Finite Elements

In this chapter, a non-rotating hollow shaft is modelled based on 3-D linear elasticity
theory with finite element techniques. A superelement consisting of four basic continuum
elements is constructed to represent a very short shaft element. The displacement functions
for each element are expressed as polynomials, whose coefficients are then determined by
nodal variables and their positions. Sometimes the coefficients may depend on the geometry
of the shaft. This approach allows one to select displacement polynomials, nodal positions
and variables flexibly, so that the concerned behaviour could be best modelled with fewer
elements. The resulting unit displacement functions can be different from conventional ones.

The use of cylindrical coordinates in terms of r, 6, z was attempted to model circular
cross sectional shafts. Conventional polynomials could not satisfy a basic requirement for
allowing rigid body motions of elements. The displacement expressions, in which
trigonometric functions must be included, would be more complicated. On the other hand,
the bending behaviour, which is of most interest, would not be examined easily in this way.
Instead, a Cartesian coordinate system has been employed including orthogonal natural
coordinates, so that isoparametric and subparametric element approaches can be easily
implemented.

The adopted subparametric element with slope variables along the shaft makes

17
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convergence quicker than the isoparametric element. It is noted that C' continuity can be
automatically achieved along the axial direction of the shaft. Usually commercial codes or
other programs only guarantee C° continuity for 3-D solid elements. Having C' continuity
is beneficial to the modelling of the bending behaviour of the shaft. The obtained results are
in good agreement with the measured frequencies.

2.1 Finite Element Formulation

2.1.1 Superelements and Basic Elements
Let a shaft be divided along its axial line into a series of short shafts that are called

superelements or substructures. Each superelement consists of four basic continuum
elements whose geometry is a quarter-annulus, as shown in Figure 2.1(a). One or more
superelements replace a conventional beam or bar element for the shaft modelling. Use of
the superelement allows one to treat it as a shaft element, so that some condensation
procedures (Craggs and Eckert, 1992; Yu and Craggs, 1995a) can be employed to facilitate
computational operations without any loss of accuracy.

For a basic continuum element as shown in Figure 2.1(b), the real coordinates of its

geometry can be defined in terms of local coordinates (§,1,{) in the following form:

x = {2} {x )}
y = &} ) @.1)
z = {g)7117'{z)}

where
{g}™=[{h}", {{h}"]
{h}"=[1.E,n.E%En.n%E.En]
(7 = [ 6™ .. (™ .. (g} ]
(see Appendix A.1)
{x:}, {yi}, {z} = coordinates at nodes



Chapter 2. Modelling of Hollow Shafts with 3-D Solid Finite Elements 19

Note that subscript “(¢)” denotes the ith nodal point. Evaluated at corresponding
nodes, the matrix [T] can be obtained. The product of {g}* and [T ]" are also called the
geometry shape function. The eight nodes define the mapping and therefore the boundary
form of the quarter-annulus cross section. It is found that such an approximation is
extremely accurate, and has a maximum error in the radial direction of about 1%
(Schwarz, 1988).

The displacement functions are expressed in general as

u = {g}T,] ' (u}
= {g }T,] (v} 2.2)
w = {g HTJ {w}
where the notations possess the same meaning as those in Eq. (2.1). The product of {g,} and

[P ves ! |
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¥ (b)

Figure 2.1 Shaft modelling with 3-D solid elements. (a) shaft element or superelement,
and (b) basic continuum element
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(7]" . {g}" and [T,)", or {g,}7 and [T,]™" arealso called the displacement shape
function. The nodal variables may include slopes if subparametric element formulations are
involved. The displacement functions u(g, 0, {), v(§, n, {) and w(€, 1, {) can be interpolated
in terms of nodal variables. Note that different polynomials can be chosen in order to
simulate the response effectively for a particular problem. Only if isoparametric element
formulations are employed, then interpolations of displacements in Eq. (2.2) will be identical
to those of coordinates in Eq. (2.1).

As indicated above, the products of first two terms in Egs. (2.1) and (2.2) are actually
the shape functions defining geometry and displacement, respectively. For convenience,
usually the tabulated shape functions such as Lagrange and Hermite polynomials are adopted
directly. The alternative in this thesis allows one to construct new shape functions based on
desired polynomials.

For the three-dimensional elasticity problem, partial differentiation is carried out with
respect to global coordinates x, y, z. Since local coordinates &, 1, { are utilized in Eq.(2.2),
the following Jacobian matrix [J] is introduced by the usual rules of partial differentiation

P} =1 (P} (23)
where
el E R
o o O OF OF
9 9 o dy Oz
P} = Y5=(> P} =1 ( = Va0 3% Ao
{P} pe (P} ayf 1 prgp anr
9 9 O 9 9z
19 9z o ¢ L

In the above, {P;} can be evaluated as the functions are specified in local coordinates.
From Eq.(2.1), the matrix [J] can be given explicitly in terms of the local coordinates as
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(5¢g}”
o€
_ oy’
an
g}’
| d¢ |

] 17 [} O €] @4

To transform the variables and the region with respect to which the integration is

made, a standard process is often employed which involves the determinant of [J]:
{P} =W ey (2.5a)
dx dy dz = det[J] dE dn d( (2.5b)

2.1.2 Potential energy

Six strain components are relevant in full three-dimensional elasticity analysis. The

strain matrix is defined as
du
Ax
't:Jr ov
. dy
7 ow P} 0 0
ey =1 b1 % Lomlo vy o 2.6)
£ = A r = = -
e lou o [B] .
) 3  ox 0 0 (P}
Il lev  ow
e —_— o —
[ "= 0z oy
Ou , Ow
| Oz Ox |
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where
10 00O0O0O0O0TO0
00001 0O0O0CO0
0000O0O0OOTUO1
(B] =
0101000O0O00O0
0000O0OT1O0TU10
.001000100_

Note that the displacement functions », v and w are given explicitly in terms of local
coordinates. From Eq. (2.2), it follows

P} O 0 u {u}
2.
0 {P} O vi = [G] [T ] {{v;} @7
o o (P3| w (w}
where
{P} g}’ 0 0 [r)" o 0
[G] = 0 {P}{g,}" 0 , 7] = o (]t o
0 0 {P}ie.}" 0 o [r,]"
Eqgs. (2.6) and (2.7) can be related by
P,y 0 0 P}y 0 0
0 (P} O [=[1| 0 (P} O (2.8)

0 0 (P 0 0 (P}
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where

1t oo 0
V1= 0o "' o
) o !

Thus the strain matrix can be given by

{u;}
{e} = [BIVIGIT ){v} 29)
{w.}

In the absence of initial strains, the potential energy or strain energy for an element

can be written as

v = .;_ fff (e}7 [D] (&} drxdydz (2.10)

Vol(e)

The range of local coordinates is defined as

-1 €<l
-lsn<1
-1 < (<1

Substitution of Egs. (2.5) and (2.9) into Eq. (2.10) yields
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b} ' 111 {u}
ot o w3
where
(4] = [B] V] [G]
[D] = linear elastic constitutive matrix (See Appendix A.2)
2.1.3 Kinetic Energy

For three-dimensional elastic bodies, the kinetic energy can be written as the sum of
the translational kinetic energy of all particles. For a particle located at the point (x,y,z), its
position after deformation can be given by

r=(x +u)i+(y +v)j+(z+w)k 2.12)

where i, j, and k are unit vectors along x, y, and z axes, respectively. Thus, the kinetic

energy of an element can be expressed as

T =lfffpr'-r'dxdydz
2 Vol(e) 2.13)

%fff p (@® +v* +w? ) dxdydz

Vol(e)

where p is the density of the element material. A dot “ -  denotes the differentiation with
respect to the time. Note that unlike a beam or bar model, this three-dimensional model
involves only particle kinetic energy.
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From Eq. (2.2), the velocity components for each particle can be written as

u = {g T ] "{u}
v = {g}HT1'{v} (2.14)
w = {g }T,1{w}

Thus Eq. ( 2.13) becomes

| {my o o | [t}
A 0 [m] 0 |{{v} (2.15)
wi | 0 o [m]| kw}

T:l
2

where

111

] =(7)7 [ [[ple} {8y dets] dEandC [T,]"

-1-1-1
111

(] = (T)7 [ [[ple) ()" detl)] dEanaC [T,]" (2.16)

-1-1-1
| S U ¢

[m,) = (107 [ [ [ple,} (g7 detls) dEandl (T,)°

-1-1-1

2.1.4 Equation of Motion

Once the kinetic and potential energies are obtained, the equation of motion for an
element can be easily derived by using either Lagrange equations or Hamilton’s principle.

The Lagrange equations can be expressed in the following matrix form:

d| dL oL
- —| - = {F} 2.17
d’( a{U}) AUy =
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where

=T -V
0 = {p™ waT Tl

{F} = generalized nodal forces

and Hamilton’s principle can be given by
f(ar -8V + 8W)dt =0 (2.18)
4

where oW is the virtual work done by generalized nodal forces.

Substitution of Eqs. (2.11) and (2.15) into Eq. (2.17) or (2.18) yields the equation of

motion for the basic continuum element:

[MI{U} +[KI1{U} = {f} + {F} (2.19)
where
[m] O 0
[M] = 0 m] o
0 0 [m]

1t
(K1 = (7T [ [ (41 (DI{A]det ] aEdndC (1)

-1-1-1
{f} = internal generalized force vector
{ F} = external generalized force vector

A superelement representing a very short shaft is composed of four solid continuum
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elements, as shown in Figure 2.1. The mass and stiffness matrices of the superelement can

be assembled by direct addition of the basic element matrices, i.e.,

[m(.nlp) = E [Al],.(e) , [K](‘"'p) = 2 [K],(e) (2.20)

where the summation includes the corresponding four annulus elements. To perform the
summation, each basic element matrix [M] or [K]/ is regarded as a matrix [M]? or [K]?
of the same order as the superelement matrix [M]*“® or [K]*®, where all entries in [M]? or
[K]™ are zero, except those which correspond to an element degree of freedom. The main
purpose for constructing such a superelement is to employ reduction procedures such as
continuous coordinate condensation and TMM techniques which can be successfully used

in chain-like structures.

2.2 Use of Different Interpolations

For the element shown in Figure 2.1, there appear to be three possible types of
formulation. Assume that the element geometry is interpolated as given in Eq.(2.1). The
displacement functions expressed by Eq.(2.2) can be interpolated differently. If Eq.(2.2) is
interpolated using the same polynomials as Eq.(2.1), the elements are called isoparametric
elements; and if the polynomial order of Eq.(2.1) is lower (or higher) than that of Eq.(2.2),
the elements are named subparametric (or superparametric) elements. Since use of
superparametric elements cannot guarantee convergence requirements, only isoparametric

and subparametric elements are to be discussed and demonstrated.

2.2.1 Isoparametric Elements

The most straightforward formulation is to use isoparametric elements. Thus from
Eq.(2.2) to Eq.(2.20) the corresponding polynomial terms and transformation coefficients for
displacement functions are all given by
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{g.} = {g,} ={g,} ={g} (2.21)
(r,) =1(71,] = [T,] = [T]

There are three nodal variables », v, and w at each nodal point. The element can
undergo rigid body modes and constant strain states, and satisfy the compatibility
requirement. In order to examine the convergence behaviour, different meshes have been
made for a free-free steel hollow shaft, as shown in Figure 2.2. Since the dynamic response
of the shaft is of interest, comparison is based on its natural frequencies. For consistent
modelling, the calculated natural frequencies will converge decreasingly as the discretization
of the shaft is increased. Table 2.1 gives the results of bending, torsional and axial modes
using 8, 16 and 24 superelements. It can be seen that meshes influence bending frequencies
much more than torsional and axial ones. If accurate bending responses are desired, more
superelements have to be employed though convergence is guaranteed for this isoparametric

element formulation.

Dimensions in mm
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Figure 2.2 Free-free steel hollow shaft
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Table2.1 Convergence of natural frequencies (Hz) using isoparametric
elements. Percent deviation from frequencies with 24-superelement in

parentheses.
Modes 24-superelement 16-superelement 8-superelement
(1500 d.o.f’s) (1020 d.o.f’s) (540 d.o.f’s)
763 786(3.0) 902(18)
Bending 1933 2006(3.8) 2387(23)
3439 3607(4.9) 4495(31)
1964 1966(0.1) 1975(0.6)
Torsional 3937 3951(0.4) 4027(2.3)
5926 5974(0.8) 6232(5.7)
3164 3168(0.1) 3187(0.7)
Axial 6325 6354(0.5) 6513(3.0)
9469 9570(1.1) 10110(6.8)

2.2.2 Subparametric Elements

There are two ways to improve FE solutions, i.e., use of more element meshes or
higher polynomial orders of displacement functions. The above computational results show
that convergent torsional and axial frequencies can be achieved with only a few elements.
However, more element discrization must be used in order to obtain convergent bending
frequencies. This behaviour suggests that bending characteristics are not well represented by
current polynomials. If proper shape functions which can simulate bending response well are
employed, meshes might not be needed to increase in order to obtain accurate results.

It is well known that the transverse displacements u and v contribute much more to
bending modes than the axial displacement w. One might notice that the above isoparametric
element formulation can only satisfy C° continuity along the axial direction. This means that
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slopes or deflections may not be continuous. To possess C' continuity along the axial

direction and high polynomials of  and v, Eq.(2.2) is rewritten as

u = {g}7{B,} = {g}IT) " ou,

v, ] (2:22)

v = {g}{B,} = &g} T Nov |
Lazd

w = {g}7{B,} = {g}" 117 {w}

where

{g}" = UM, LR, Ceny", Oy

For transverse displacements, the transformation coefficient matrix [7,] will be
dependent on the real geometry of elements. To evaluate [7}], one has to examine the slope
expressions. From Eqgs.(2.3) and (2.22), the slope in the x-z plane can be given by

Ou - Ou « Ou - Ou
—_— =g, — + Jo— + —_—
oz nag 3281] 338(;

Jog\T o Loe " .fee)” 2.23
= ( J31%€} + le{a} + J33 ac ){Bl} ( )

s {g}Y(By

where J;,", J;," and J;;" are the three elements in the last row of inverse Jacobian matrix [J]".

Thus [7}] can be expressed as
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1
(gMh"

(87

(ry=| (& ¥

{g" M7

(2.24)

{g" N

| {g "N |

where index *“(i)” stands for the ith nodal point. {g*} is given by

. b agl - ag[ . ag(
= J, J. J.
{g }=J;5 85} + Jy a"l} + Jy ac}

Evaluated at corresponding nodal points, all elements in [7}] can be obtained.

Since the polynomial order used for the coordinates is lower than that for transverse
displacements u and v, the discussed elements are called subparametric elements. The
previously discussed isoparametric elements are well known to satisfy the convergent
requirements. It follows that subparametric elements based on convergent isoparametric
elements will be guaranteed to be convergent as well (Bathe, 1982).

The convergence of subparametric elements was examined for the same shaft, as
shown in Table 2.2. It can be seen that convergent solutions have been quickly acquired. The
results show that bending and torsional modes, to which displacements « and v mainly
contribute, have been better modelled using the proposed C' subparametric elements without
adding additional nodal points.
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Table 2.2 Convergence of natural frequencies (Hz) using subparametric
elements. Percent deviation from frequencies with 16-superelement in

parentheses.
Modes 16-superelement 12-superelement 8-superelement
(1700 d.o.f’s) (1300 d.o.f’s) (900 d.o.f’s)
746 746 750(0.5)
Bending 1886 1890(0.2) 1924(2.0)
3345 3358(0.4) 3467(3.6)
1963 1963 1963
Torsional 3925 3925 3925
5888 5888 5888
3167 3169(0.1) 3184(0.5)
Axial 6348 6361(0.2) 6481(2.1)
9546 9592(0.5) 9992(4.7)

2.2.3 Comparison

Both isoparametric and subparametric elements will yield convergent solutions as
element meshes are increased. The most efficient approach, however, should be the one with
less demanding of elements and degrees of freedom and higher accuracy. The comparison
between these two approaches was made, as shown in Table 2.3. It was found that for the
subparametric element formulation, using only half the amount of discretization that was
utilized for the isoparametric element approach could yield more convergent solutions of
bending and torsional modes. The axial frequencies were slightly affected, and of course
could be improved if a little bit more superelements would be used. Though nodal variables
increased to five at each node, element performance has been greatly improved. Slopes
become continuous when bending and torsional vibrations are examined. That is why fewer

superelements (12) and degrees of freedom (1300) using C' subparametric elements give
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superior solutions to more superelements (24) and degrees of freedom (1500) using C°
isoparametric elements. Since consistent finite element modelling is used, solutions should
be always above the true values. Lower values then imply better solutions.

Table 2.3 Comparison of natural frequencies between isoparametric and
subparametric element approaches (Hz)

Modes Isoparametric element Subparametric element
(24 superelements, 1500 d.of's) (12 superelements, 1300 d.o.f’s)
763 746
Bending 1933 1890
3439 3358
1964 1963
Torsional 3937 3925
5926 5888
3164 3169
Axial 6325 6361
9469 9592

2.3 Results

For this 3-D solid finite element approach, Fortran codes were written and run on
IBM RISC 6000 Unix machines. Condensation procedures were employed, which will be
discussed in the later chapters. Here, computational results are given, and compared with
measured ones, Timoshenko beam and rod/bar solutions.

The developed software is discussed in detail in Appendix B. Commercial codes such
as ABAQUS have been used as well for non-rotating shafts, as shown in Appendix C. A
good agreement is reached between the developed software and ABAQUS results in the case
of non-rotating shafts. For rotating shafts, however, where gyroscopic effects and fluid/shaft
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interactions need to be included, special software as described in Appendix B has been
developed which was used throughout the research. Reduction procedures are also included
within the software.

2.3.1 Comparison with Beam Solutions

For the uniform shaft as shown in Figure 2.2, slender and short beam cases were
examined. The shaft has an interior diameter of 0.05 m and an exterior diameter of 0.1 m.
A slender beam defined here is the one with a length of 8 m, and a short beam with a length
of 0.8 m. Young’s modulus is assumed to be E = 2.0 x 10'' Pa, Poisson’s ratio
to be v=0.3, and density to be p = 7800 kg/m*. Compared with Euler and Timoshenko beam
solutions, the results for the two cases are given as shown in Table 2.4 and Table 2.5,

respectively.

Table 2.4 Bending frequencies of slender beam (length=8m) using three
different approaches (Hz)

Mode order Euler beam Timoshenko beam 3-D solid F.E.
(512 superelements)
1 8 8 8
2 22 22 22
3 42 42 42
4 70 70 70
5 105 104 104
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Table 2.5 Bending frequencies (Hz) of short beam (length=0.8m) using

three different approaches
Model Euler beam Timoshenko beam 3-D solid F.E.
(64 superelements)
1 787 744 744
2 2170 1867 1875
3 4255 3281 3307
4 7034 4837 4892
5 10508 6458 6548

It can be seen that for the solutions of the slender beam, there is almost no difference
between three different approaches because rotary inertias and shearing effects make less
contribution to the bending motion for such a long shaft. However, when the beam becomes
short, using the Euler beam theory cannot yield accurate solutions. For this uniform shaft,

the computed results are in good agreement with Timoshenko beam solutions.

2.3.2 Comparison with Measured Results

For a tapered aluminum shaft as shown in Figure 2.3, the computed results are given
in Table 2.6. Its density is p=2700 kg/m’ , Young’s modulus E=107 psi (0.689x10"! Pa), and
Poisson’s ratio v=0.34. Vest and Darlow (1990) measured its free-free natural bending
frequencies and found that tapered shafis cannot be correctly modelled using a standard beam
theory. They tried to use some empirical formulas to correct the Young’s modulus and
therefore gave the corresponding results. This may not be a valid approach for different
shafts with different geometry.

Stephenson and Rouch (1993) used an axisymmetric element approach and obtained
results as well. For a consistent finite element model, computed natural frequencies should

be always above the true values. The solutions they obtained failed to satisfy this criterion.
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This may be because only the symmetric components of one Fourier series term were
retained. The shortcoming of this axisymmetric element modelling can be analysed in the
following.

In this case, radial, circumferential and axial displacements along any circular line

of a cross section of the shaft, as shown in Figure 2.4, are expressed as

)

u_ = u, cos6
1) .

ug = —ug sin®

1
u_ = u:( dcosO

where 1" and u,(" are the values of u, and u, at 6 =0, and ug" is the value of ug at 0 = - 1/2,

respectively. The transverse displacement in x and y directions can be given by

1 n_.
u_ = ucos?® +udsin?0

m (1)
u “Ug
u = '—2——sin29
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Figure 2.3 Tapered hollow shaft
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X

(a)

Figure 2.4 Symmetric displacement components in axisymmetric elements. (a)
transverse displacements, and (b) axial displacements
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Figure 2.5 Deformed circular line of a cross section. (a) " = u/", and (b) u," = u "

respectively. Obviously the bending direction is in the x-z plane. No matter how large is the
radius r, the transverse displacements on this circumferential line are restricted by the above
expressions. If and only if " is greater (less) than u," , then the right half of the line would
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Table 2.6 Free-free natural bending frequencies (Hz) of tapered shaft with 8 and 12
superelements for a uniform and a tapered section, respectively. Percent error from
measured frequencies in parentheses.

Vest and Darlow Stephenson and
(1990) Rouch (1993) Authors
Mode | Measured  Beam elements  Modulus corrected | Axisymmetric 3-D solid
FE FE
1 1040 1072.1 (3.1) 1043.8 (0.4) 10359 (-04) | 1050 (0.96)
2 1643 1693.6 (3.0) 1658.7 (0.9) 16245 (-1.1) | 1646 (0.18)
3 4042 4161.3 (2.9) 4123.0 (2.0) 4068.6 (0.7) 4107 (1.61)
4 5886 5970.0 (1.4) 5817.0(-12) 5851.6 (-0.6) | 5913 (0.46)
5 7459 7943.0 (6.5) 7867.0 (5.5) 7533.0(1.0) 7550 (1.22)

Table 2.7 Free-free natural frequencies of tapered shaft for torsional and axial modes with
8 and 12 superelements for a uniform and a tapered section, respectively

Mode Torsional modes (Hz) Axial modes (Hz)
1 5098 6216
2 5454 8717
3 8087 13283

be elongated (shortened) and the left would be shortened (elongated), as shown in Figure
2.5(a). If this condition cannot be satisfied, then u, =0 and = 4 ® at every point of the
circle, as shown in Figure 2.5(b). Regarding axial displacements in this circumferential line,
the deformed line will be located in the same plane as shown in Figure 2.4(b) with an angle
o = tan’' (4" /r). Therefore, in the axisymmetric element approach, the transverse
displacements along any circumferential line are restricted, and this line will remain in the

same plane during deformation.
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The proposed 3-D solid finite element approach does not involve any restrictions of
displacements or deformations beyond finite element properties. Thus it is believed that this
approach will yield most reliable and accurate solutions. The results acquired using 8 and 12
superelements for each uniform and tapered sections, as shown in Table 2.6, are in the best
agreement with, and are always slightly above, the measured frequencies.

Other types of vibration modes for this tapered shaft can also be obtained, such as
torsional and axial modes, as shown in Table 2.7. Beam models or axisymmetric solid finite

elements with one Fourier series term can only yield specific solutions of bending vibration.

2.4 Boundary Conditions

For a beam model, there could be up to six different boundary conditions. However,
for the 3-D elastic continuum, different boundary condition models might be employed
corresponding to these six beam boundary conditions. The simplest boundary condition
would be a free surface, which corresponds to a free-free beam model. As it was seen above,

solution comparison by using the two different models can be made consistently for this free

7

(@) (b)

Figure 2.6 “Simply supported” boundary conditions for 3-D solid continuum shaft
model. Zero transverse displacements to (a) all the nodes in x and y directions, and
(b) only one node in the bending direction, on the outside surface of the shaft end
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boundary condition. How to define other boundary conditions for the 3-D elastic continuum

model corresponding to those for a beam remains a question to researchers.

Table 2.8 Effects of different “simply supported” models on the natural frequencies for
the shaft shown in Figure 2.2 with a length of 0.8 m

A) ®) ()
(A)~(B) “-(m B)-(N
Mode 1st Model 2nd Model Timoshenko “) ™ [75)
No. beam
(Hz) (Hz) (Hz)
1 356 348 337 2.2% 5.6% 3.3%
2 1332 1228 1246 8.5% 6.9% -1.4%
3 2751 2331 2527 18% 8.9% -1.7%
4 4468 3455 4011 29% 114% | -13.9%
5 6406 4670 5598 37% 144% | -16.9%

Table 2.9 Effects of different “simply supported” models on the natural frequencies for
the shaft shown in Figure 2.2 with a length of 1.2 m

A) B) (M)

(A)-~(B) AN B-(N

Mode 1st Model 2nd Model Timoshenko “ o n

No. beam
(Hz) (Hz) (Hz)

1 160 159 152 0.6% 5.3% 4.6%

2 621 605 586 2.6% 6.0% 3.2%

3 1334 1260 1247 5.5% 7.0% 1.0%

4 2242 2037 2071 9.1% 8.3% -1.6%

5 3302 2860 3005 13.4% 9.9% -4.8%

Simply supported boundary conditions are frequently used in beam models. Attempts
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were made to simulate this boundary condition in the 3-D continuum model. Two
alternatives are illustrated here.

As shown in Figure 2.6, in the first model, both x and y directional displacements are
set to be zero (i.e., # = v = 0) to all the nodes on the outside diameter of the two shaft ends,
and in the second model, only y directional displacements are set to be zero at the lowest
nodes of the two ends. The size of the shaft is illustrated in Figure 2.2. Table 2.8 shows the
3-D model results, the corresponding Timoshenko beam solutions, and the comparisons.

As the shaft length is increased from 0.8 m to 1.2 m, their solution discrepancy using
the two different models is reduced and so too their divergence from the Timoshenko beam
model. Table 2.9 shows the corresponding solution for the shaft length of 1.2 m.

It can be found that the difference of frequency solutions between the two models of
the “simply supported” boundary condition for 3-D continuum modelling is decreased as its
length is increased. As it can be seen from Tables 2.8 and 2.9, when the shaft length is
increased by 50%, the difference is decreased by nearly 70%. Though the number of support
nodes at each end is different between these two models, the resultant forces acting on each
end from the fixed reference frame would be the same. Therefore, this effect will be
decreased when a shaft length is increased.

One might be able to see that the first model, which restrains all the nodes on the
outside surface of the shaft end, is over-constrained, thus yielding higher natural bending
frequencies. It is believed that the best model would be based on real contact cases, not
necessarily in a good agreement with beam models. For a clamped end, the straightforward
approach is to fix all the nodes at the end. However, the author found that this method had

yielded quite different stress values near the end from those given by beam formulas.

2.5 Discussion

The proposed 3-D subparametric finite elements, which possess C' continuity along

the axial direction of the shaft, can yield quicker convergent solutions than commonly used
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isoparametric elements. Four of these continuum elements construct a very short shaft
section, which is defined as a superelement. The whole shaft is modelled by a series of these
superelements instead of beam elements.

The computed results are in better agreement with the measured results of a tapered
shaft than those using existing axisymmetric elements and beam theory. For a hollow shaft,
when its thickness becomes too small or too large, a superelement may need to include more
basic continuum elements in order to depict accurate deformation within a cross section of
the shaft. Since using the present four basic continuum elements as a superelement of the
discussed hollow shaft has yielded accurate convergent solutions for problems of bending,
torsional and axial vibrations, a finer mesh within a superelement has not been attempted
here.

In the natural frequency computation of 3-D finite element shaft modelling, it was
found that high transverse vibration frequencies appeared, which was believed to be shearing
modes. Actually, using a simply supported Timoshenko beam approach will also yield
shearing modes whose frequencies are relatively higher than bending frequencies.

Free-free end boundary conditions are adopted above. This is convenient to compare
with beam solutions directly. For other corresponding boundary conditions used in beam
models, it may be hard to define unique equivalent ones for a 3-D elastic body. To simulate
a simply supported boundary condition, transverse displacements at one or more nodes may
be specified zero on the exterior surface in the two end cross sections. However, it was found
that, unlike the solutions for static problems, the natural frequencies varied with how these
specified nodes were prescribed. Therefore, to obtain more reliable dynamic solutions,
practical contact situations should be better simulated. This behaviour encouraged the author
to seek appropriate hydrodynamic modelling for the dynamic analysis of the whole rotor-

bearing system.



Chapter 3

Modelling of Non-Axisymmetric Shafts

Unlike axisymmetric harmonic finite elements, the proposed three-dimensional (3-D)
solid finite elements can be used to model non-axisymmetric shafts which are defined as
those having either material or geometry non-symmetry with respect to the axis of the shafts.
They also can be successfully employed to model coupled vibrations involving bending,
torsional and axial modes.

As is well known, mass imbalance is the main cause of synchronous shaft whirl. To
model a shaft with mass imbalance using 3-D solid finite elements, an appropriate approach
is to assume distributed material density with respect to the shaft axis. In this way,
unbalanced centrifugal forces could be obtained from the kinetic energy in the finite element
formulation, while using axisymmetric harmonic elements one must introduce an added
unbalance force.

Non-circular cross section shafts are sometimes used in rotating machinery. Here
only an elliptic cross section shaft is illustrated to analyse the corresponding dynamic

behaviour.

3.1 Mass Imbalance Modelling

The mass imbalance is modelled by varying the density distribution. For simplicity,

two half sections of a shaft are assumed with density p + Ap and p - Ap, as shown in

43
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Figure 3.1. The equivalent eccentricity e can be related to Ap as shown below.

For a half circular ring, its mass centre off the shaft axis can be expressed as

3 _p3
1_4R2 Rl

T ioere G.1)

where
R, = interior radius of a cross section
R, = exterior radius of a cross section

[ = distance of half ring mass centre measured from the shaft axis

|
A

Figure 3.1 Mass imbalance modelled with varying density

A shaft with mass eccentricity e and average density p, can be modelled by two half rings
with density p + Ap and p - Ap, respectively. It follows that

P +Ap)§n(k22 ~R HAh(l -e)
. (3.2)
= (P-Ap)_ TR, R AR +e)

where
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4h = length of the concerned part of a shaft
Thus, mass density difference 2Ap between two half rings can be determined by

ap == p (33)

where

e = mass eccentricity of the concerned shaft

Effects of mass imbalance on natural frequencies and mode shapes were examined
based on the variable density model. The shaft, as shown in Figure 3.1, has a modulus of
elasticity £ = 2x10° MPa, density p = 7800 kg/m?, radii R, =25 mm and R, =50 mm, and
length L = 800 mm. For simplicity, a constant mass eccentricity e is assumed to be in the x-z
plane.

An exciting force parallel to the x-axis was applied in the x-z plane to find the
corresponding bending modes. For relative eccentricity ¢/R (R is defined as the exterior
diameter of the shaft, i.e., R,) up to 0.10, the first five natural frequencies decrease or
increase within 1% of zero-eccentricity frequencies, or even remain unchanged, as shown in
Figure 3.2. However, the bending modes are coupled with axial modes when there is any
eccentricity. This is because the resultant inertial forces in the axial direction are no longer
zero, as shown in Figure 3.6(a), and thus make contributions to the axial vibration. The axial
resonant response is not very significant and is very sharp near the coupled frequency. The
coupled modes, therefore, are dominated by the bending motion in this case.

To examine the bending modes in the y-z plane, an exciting force parallel to the y-
axis was used to capture the y-z bending modes. The natural frequencies decrease slightly,
compared with w,, as shown in Figure 3.3. Since the inertial forces resulting from bending
vibrations, whose resultant forces are away from the shaft centre, make contributions to the
torsional motion, as shown in Figure 3.6(b), there appear the bending dominant vibrations
coupled with the torsional modes.

The torsional frequencies were also examined versus mass imbalance. Since the
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resultant inertial forces arising from the torsional vibrations are not zero in the y direction,
as shown in Figure 3.6(c), the bending modes are found in the range of the resonant torsional
frequencies. The torsional dominant coupled vibration frequencies increase slightly with e/R,
as shown in Figure 3.4.

Scanning forcing frequencies of axial forces yielded the natural frequencies in the
axial direction. Since the resultant inertial forces are not located at the centre of the shaft, as
shown in Figure 3.6(d), coupled axial-bending vibrations have been found, in which axial
modes are dominant. The frequencies decrease slightly with e/R, as shown in Figure 3.5. The
bending motion happens in the x-z plane.
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Figure 3.2 x-z plane bending frequency vs. mass imbalance. Coupled
bending-axial modes appear for e=0. w, denotes frequency for e=0 and
R stands for the exterior diameter of the shaft.
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Figure 3.3 y-z plane bending frequency vs. mass imbalance. Coupled
bending-torsional modes appear for e#0. w, denotes frequency for e=0
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and R stands for the exterior diameter of the shaft.
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Figure 3.4 Torsional frequency vs. mass imbalance. Coupled torsional-
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Figure 3.5 Axial frequency vs. mass imbalance. Coupled axial-bending
modes appear for e+0. w, denotes frequency for e=0 and R stands for
the exterior diameter of the shaft.
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Figure 3.6 Resultant inertial forces in a region over a length Az where e+0 contributing to
another mode type. (a) bending-axial, (b) bending-torsional, (c) torsional-bending, and (d)
axial-bending. (Fe™* stands for exciting forces causing a dominant mode, F, , Fy, and Fp
denote resultant inertial forces causing a minor axial, torsional, and bending mode,
respectively.)
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3.2 Non-Circular Cross Section Modelling

Using the proposed 3-D solid finite element modelling, the dynamic behaviour of a
shaft with non-circular cross sections can be appropriately examined. Here an example of a
shaft with an elliptic cross section, as shown in Figure 3.6, is illustrated.

The elliptic cross section was assumed to have the same cross section area of the

Figure 3.7 Elliptic cross sections compared with circular cross sections

shaft, thus satisfying

S = T(R,+AR)(R,-AR) - T(R, +AR)(R, -AR)

= T(R,>-R?) G4

where
S = cross section area

R, = interior radius of the circular cross section
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R, = exterior radius of the circular cross section

AR =amount increased and decreased in x and y directions to form an elliptic

Cross section

For a shaft with radii R, =25mm and R,=50mm, and length L =800mm, a

corresponding elliptic shaft is formed with AR = 5 mm, as shown in Figure 3.7. Compared
with the circular shaft, the elliptic one has different natural bending frequencies in x and y
directions, as shown in Table 3.1. The results show that the natural frequencies in x direction
have been increased due to the greater shaft stiffness, and that those in y direction have been
decreased due to the reduced shaft stiffness.

Table 3.1 Effect of elliptic cross sections on the natural frequencies of

bending modes
Results in x Results in y
il::::::s:;:s direction for direction for
Model number ¢ . elliptic cross elliptic cross
sections . .
sections sections

(Hz) (Hz) (Hz)

| 744 795 684

2 1875 1994 1732

3 3307 3506 3069

4 4892 5175 4556

5 6548 6916 6115

For the torsional motion, the corresponding vibrational modes have also been
examined, as shown in Table 3.2. All the first five natural frequencies have been found to
be decreased. This is due to the increased polar moment of inertia. An existing formula for

a uniform shaft with circular cross sections can be given by
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m,:ﬂ,lﬁ . n=1,23,.. 3.5)
L\p

For non-uniform cross sections, the above formula cannot be employed due to warping

effects.

The axial or longitudinal vibration of the shaft has been analysed as well. The
obtained results indicate that there is almost no effect of cross sections on the axial natural
frequencies, as shown in Table 3.3.

Table 3.2 Effect of elliptic cross sections on the natural
frequencies of torsional modes, bar theory results in

parentheses
Results for Results for
Model number circular cross elliptic cross
sections sections

(Hz) (Hz)

1 1963 (1963) 1934

2 3925 (3926) 3866

3 5888 (5889) 5792

4 7851 (7852) 7707

5 9814 (9815) 9600

Table 3.3 Effect of elliptic cross sections on the natural
frequencies of axial modes, bar theory results in

parentheses
Results for Results for
Model number circular cross elliptic cross
sections sections

(Hz) (Hz)

1 3162 (3165) 3162

2 6304 (6330) 6304

3 9399 (9495) 9400
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3.3 Discussion

Since 3-D solid finite elements are employed, shafts with any complex geometry
could be appropriately modelled. Here non-axisymmetric shafts have been modelled to
reveal or confirm some dynamic behaviour.

To find whether a vibrational mode is coupled with another mode, one only needs to
verify whether the inertial forces/moments/torques caused by the former make contributions
to the latter. If so, the vibration becomes coupled with these two modes. In this case, an
exciting force/moment/torque in one mode will cause the corresponding mode shape which
is dominant, and simultaneously the accompanying inertial forces/moments/torque will
stimulate the other minor mode, whose amplitude-frequercy curve is very sharp.

Non-circular cross section effects on the dynamic response are illustrated through an
elliptic shaft. Bending frequencies in the two orthogonal directions are different. A simple
formula of torsional frequency using the bar theory agrees with the computed finite element
results for circular shafts, but not with elliptic ones. However, there seems almost no effect

on axial mode vibrations.
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Rotating Shaft Modelling

An analysis of rotating shafts is somewhat more complicated than that of other
vibrational systems in that it involves gyroscopic effects, shaft whirls, and mode shapes and
natural frequencies which vary with rotational speeds. The simple Jeffcott (1919) model and
the Euler beam theory would not yield natural frequency difference between forward and
backward whirls in the fixed frame. Although a spinning Timoshenko beam has closed form
solutions of free vibration for circular uniform beams (Zhu and Han, 1992), a 3-D solid finite
element modelling of rotating shafts is believed to be a more general and rigorous approach
for any kind of shafts.

There are two alternatives of coordinate systems: fixed and rotating frames. If the
fixed frame is used, each point of the shaft will have both rigid and elastic displacements.
Thus unknown displacements would no longer be small (Choi et al, 1992) and the
corresponding finite element formulation would be more complicated. The potential energy
would involve rigid body motion, thus yielding time-dependent stiffness. However, when
the rotating reference frame is introduced, displacement functions will involve only an elastic
motion. This allows one to visualize the complicated dynamic behaviour of the rotating shaft
as though it were simply oscillating in the rotating frame like a non-rotating shaft.

Lagrangian mechanics has been employed instead of Newtonian mechanics to
establish finite element equations of the rotating shaft. Unlike beam approaches, which
involve both translational and rotational kinetic energies, the 3-D solid continuum modelling

56
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involves only translational kinetic energy of all particles. Therefore, gyroscopic effects are
automatically included in such kinetic energy expressions, which has been confirmed by the
difference of forward and backward whirl frequencies expressed in the fixed reference frame.

4.1 Dynamic Modelling

A shaft is regarded as an elastic body, which is assumed to be rotating about its
undeformed centroidal line with rotational speed Q. The motion of the body is divided into
the rigid body motion, which defines the rotating frame, and the small elastic motion relative
to this frame. Gyroscopic effects are automatically included with this consistent modelling.

Since displacements are measured relatively to the rotating frame, an assumption of
small strains and displacements is valid, which facilitate an elastic dynamic analysis using
3-D solid FE techniques. Huge eigenvalue problems can be avoided when the above-

mentioned reduction procedures are implemented to obtain the responses of interest.

Z,3(k)

y(J)

Figure 4.1 Reference frames and particle positions in
shaft
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4.1.1 Reference Frames and Kinematics

A particle in the shaft, depicted in Figure 4.1, will have both rigid body and elastic
displacements. The frame (OXYZ) is fixed. The Z-axis coincides with the undeformed
centroidal line of the shaft. The rotating frame (Oxyz) with unit basis vectors i, j, and &, has
the rigid body motion of the shaft. It is obtained from the fixed frame by a rotation of angle
Q ¢ about the Z-axis. Only an elastic motion needs to be examined for all particles in the
shaft. The material particle position P, in the undeformed configuration will move to the
position P, all in the rotating frame.

For the particle with a position vector x, its displaced position vector 7 involving a

displacement « can be given by

r=x+u “.1)
where

x =xi +yf +zk
u = ui +vj +wk 42)

The particle velocity can be expressed as

F = ﬂ r(x, t)L
ot 4.3)

[a-Qy+v)]i + [ v+Q(x+u)lj + wk

4.1.2 Kinetic Energy

If a beam is modelled, its kinetic energy is generally written as the sum of the
translational kinetic energy of its centroidal line and the rotational kinetic energy of its cross

sections. For the three-dimensional continuum modelled here, however, its kinetic energy
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is composed of the sum of only translational energy in terms of each particle.
From Egs. (4.1 - 4.2), the kinetic energy for any part of the rotating shaft can be given

by

~
0l

-;— fff P r°fF dxdydz
S [[] P16 o vty « @ + v +

+ 2Q%0v + xu) + 2Quv - vi) +
+ Q¥x? + y?) + 2Q(xV - yu) | dxdydz

@.4)

where p is the density of the concerned part.

It can be seen that the total kinetic energy consists of six terms as shown in Eq.(4.4).
However, only the first four terms contribute to the equation of the deformable rotating shaft.
This will be discussed later.

4.1.3 Potential Energy
Since small displacements are assumed in the rotating reference frame, the potential

energy of the concerned part of the shaft can be given by

- _E v [du, v dw)® [du)? [av)*,[aw]”,
V'2(1+v)fff[l-2v(§ dy az) (ax) (ay) (az)

JAfow Sv)* 1 du dw)® 1f v du)?
2\dy oz 2\ dz Ox

4.5)

4.2 Finite Element Formulation

As shown in Figure 2.1, a shaft is divided into a series of superelements which
consist of four basic continuum elements. The finite element formulation is discussed here

with respect to such a continuum element.
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The proposed subparametric element approach is employed which has C' continuity
along the axial direction, as shown in Chapter 2. Eq.(4.4) can be defined as

T =T +T,+T, +T, +T, + T, (4.6)

Substitution of Eqs.(2.1) and (2.22) into Eq.(4.6) yields the kinetic energy in the matrix form.
The first term of Eq.(4.6) is given by

~
1

: % [[[ o @ +? +it axaya
m] 0 o @.7)
%{c}}’ 0 m] o |ty
0 0 [m]

where

ou | av T i
{U} =[{ui}rv az'} > {v,‘}TQ az'} 9{W'.}T]

and [m ], [m ], and [m ] can be evaluated in terms of Eq.(2.16). It can be seen that Eq.(4.7)
represents the relative kinetic energy in the rotating reference frame. For a non-rotating shaft
(i.e., Q=0), this would be the total kinetic energy.

The second term is given by

~
1]

) % fff p Q2@® +v?) dxdydz
[m] 0 o0 (4.8)

%sz}’ 0 [m] 0 (U}
0 0 0
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which is related to the centrifugal forces due to elastic deformations of the shaft. For a short
piece of the shaft over an axial length dz with a certain cross section, the corresponding
equivalent forces can be imagined having not only a resultant inertial force but also a
resultant inertial moment if # and/or v vary with z. Such a moment will contribute to the
gyroscopic effect of the shaft in the fixed reference frame.

The third term is given by

T, = fff p Q*(xu +yv ) dxdydz
(N} (4.9)
= QU | (N}
0

where

111

(N} =[T]7 [ f f p{g,} (g}" detl)] dEdnd [T] '{x}

-1-1-1
| S S §

W} =117 [ [ [ele) (g} detl] d€andl (117 (y)

-1-1-1

Eq.(4.9) represents centrifugal forces, which are often considered as equivalent external
forces when non-vibrational stresses are analysed for rotating bodies. It does not include the
centrifugal forces due to elastic displacements.

The fourth term is given by

T, = fff P QWu -uv ) dxdydz
o (1T o (4.10)
U} [ o o {»y
0 o0 o
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where

111

0 =117 [ [ [ele} () dett] dandC [7,0"

-1-1-1

Eq.(4.10) involves the inertial forces caused by Coriolis acceleration. This term is introduced

due to the use of the rotating reference frame. It will also contribute to the gyroscopic effect

of the rotating shaft.
The fifth term is given by
-1 2,2 2
T, szfp Q*(x? + y? ) dxdyd: @.11)

const

which involves the rotational kinetic energy due to the rigid body motion of the rotating
shaft. This term obviously makes no contribution to the equation of the motion in the rotating
frame.

The last term is given by

T, =fffp Qv ~ yu ) dxdydz
{R,} 4.12)
= QU | {R}
0

where
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111

-(r)7 f f f p{g,} {g}” det(s] dEdnd{ [T1'{y}

-1-1-
111

[ f P{g,}{g}" detl)] d€dnd( [T]'(x}

-1-1-

{R,}

(R}

This term also involves the Coriolis component due to the motion of the rotating shaft.
However, it can be seen that Eq.(4.12) does not contribute to the equation of the motion if
Lagrange’s equations of motion are employed (Meirovitch, 1967).

The potential energy in the rotating frame can be rewritten in the matrix form as

% [[[ &7 D1 (&} dsdyz (4.5

where

[D] = Hooke matrix of elastic coefficients (see Appendix A.2)

Note that Eq.(4.5") can also be expressed in the same form as Eq.(2.11).

4.3 Equation of Motion

Since the kinetic and potential energies for each element are expressed in the matrix
form in terms of its nodal variables, the finite element equation of the rotating shaft can be

obtained using Hamilton’s principle
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b
f(ar -8V + 8W)dt = 0 (4.13)

4

where JW is the virtual work done by internal and external generalized nodal forces.
Substitution of Egs.(4.6)-(4.12) and (2.11) into Eq.(4.13) yields the equation of

motion for a basic continuum element:
MI{U} +[GE{ T} +[K QI U} ={NE)} +{f} +{F} 4.14)
where

au |’ w|T [
{U} =|{u)}’, {'a?} NEUA L {'a?} Aw T

(m] o o
(M]=| 0 [m] O

0 0 [m]
0 -~[m] 0
[GE)]=2Q[(m] o0 o
0 0 0
[m] 0 0
[KQD]=[K]1- 0 [m) 0
0 0 0

{NC} =QP[{N T, N}, 0]
{f} = internal generalized force vector

{ F} = external generalized force vector
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To keep C! continuity along the shaft z axis and improve convergence, the above
displacements u, v, and w are defined by Eq.(2.22). Thus five nodal variables including two
slopes at each node are involved, and transformation coefficient matrices are given by

(7, =1(T) =1[T]

(7,1 = (1]

(4.15)

where [7T',] and [T'] are given by Eq.(2.24) and Appendix A.1, respectively. Matrices [/ ],
[m,] and [m,] turn out to be the same, i.e.

(M =[m)=1[m) =[m] (4.16)

where

111

(m] = (T)7 [ [ [plg}{e)” detl] dEandl (1)

-1-1-1

4.4 Discussions

Since the rotating reference frame is introduced, a finite element formulation can be
obtained using linear three-dimensional kinematics and elasticity theory. Eq.(4.14) involves
both particular and homogeneous solutions.

The particular solution for the whole shaft can be obtained by eliminating the first
two terms of Eq.(4.14). It has been found that the resultant force of {N(Q)} is just the
centrifugal force for each basic element, and that its resultant moment is zero when a uniform
shaft is examined. [K] instead of [K(£2)] is often used to calculate stresses of rotating bodies.
As seen in Eq.(4.14), this is a very approximate approach and may be only valid for rotating
bodies at a low rotational speed. For some mass imbalance distribution along the shaft, the
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Q* term in [K,(Q)] mainly contributes to its deformation. At some specific speeds, the
deformation can be very large, and the shaft can then be severely bowed. This will be
discussed in the next chapter.

The homogeneous solution can be attained by eliminating the right-hand-side terms.
This solution will describe the shaft whirling motion, and provide the corresponding natural
frequencies of the rotating shaft, i.e., resonant forward and backward whirl frequencies,
which will be elucidated in the next chapter.



Chapter 5

Motion of Rotating Shaft

Since a rotating shaft is modelled in the rotating reference frame using three-
dimensional solid finite elements, its dynamic behaviour will be analysed based on this
frame. As shown in this chapter, the motion of the rotating shaft will be defined or explained
in a rotating frame. Shaft whirl, critical speeds and unbalance response will be analysed
using three-dimensional solid finite elements.

It can be shown that using the rotating reference frame gives a clear view of the shaft
motion. Since the rotating frame is used throughout the analysis, the transverse
displacements of the particles within the same cross section are almost the same when
bending behaviour is examined. If the fixed frame were employed, the displacements
involving rigid and elastic motions would be different even within the same cross section.

Shaft whirl motion has been successfully modelled using the proposed three-
dimensional solid finite elements. As rotational speeds increase, the divergence of forward
and backward resonant frequencies expressed in the fixed reference frame becomes
significant. For a uniform shaft, the computed results have good agreement with the
solutions of the spinning Timoshenko beam.

In the rotating frame, an exciting force acting in one direction could lead to forward
and backward whirl. These two kinds of whirl could coexist along the shaft. When resonance
occurs, the shaft will be totally either forward or backward.

Critical speeds of the rotating shaft are closely related to its unbalance responses,

67
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which present constant magnitudes in the rotating frame if a free-free boundary condition or
symmetric bearing supports are used.

When Newton’s law is simply applied to a beam or shaft, its rotordynamic analysis
is usually carried out in the fixed reference frame. Parameters such as forward and backward
whirl frequencies will depend on the reference frame chosen. They can be easily transformed

from one to another coordinate system.

5.1 Shaft Whirl

Shaft whirl is a unique dynamic phenomenon which does not exist in other non-
rotating vibrational systems. The whirl frequencies vary with rotational speeds. There are
two kinds of whirl motion: forward and backward whirls. If the whirl is asynchronous with
shaft speed, there will be dynamic stresses varying with time.

5.1.1 Definition of Whirl in Rotating Frame

Since the rotating frame is used to simulate the shaft motion, its rigid rotation will
not be involved. The shaft can only have elastic displacements u, v, and w in this frame. Due
to Coriolis acceleration, there will be both x and y directional motions even though
excitation or perturbation is only applied in either x or y direction.

— ——

Figure 5.1 Shaft whirl in rotating frame
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Figure 5.1 illustrates the whirling motion of a cross section in a symmetric circular
shaft. Line AB within this section will not have any rotational motion in the xy plane. In a
one cycle of oscillation, this section has a translational motion along the z axis although a
small relative deformation within the section may be involved. Nevertheless, it undergoes
axial vibrations as seen in the y-z and x-z planes.

It can be seen that in the reference of the rotating frame, the complicated shaft whirl
can be simply viewed as elastic translational motion if deflection is considered, as though
the shaft were not rotating. The axial oscillation of the shaft is also involved. Unlike a non-
rotating shaft, it has a circular trajectory at resonance. The whirl frequencies at resonance are
just natural frequencies, which vary with rotational speed Q when bending vibration is
examined. This type of motion is called shaft whirl.

The whirl direction could be the same as or opposite to that of the rotational speed.
If the dynamic responses in x and y directions of the rotating frame are expressed in the

following complex form:
g, Q)
u—Aei(mwv) G.1)
v =Be .
then the whirl angle relative to the x-axis is given by
0 =tan"( 5‘*—(”1) (5.2)
Re(u)

where Re(v) and Re(u) denote the real part of v and u, respectively. It follows that the whirl
frequency in the rotating frame can be given by

4
rot _-Z

ABsin(@, -9,) (5.3)
=@

A%cos’ (@ +@, ) + B *cos*(wrt +@,)

The whirl will be counter clockwise if @,- ¢, is within 0~, and otherwise will be clockwise.
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There is a special case where A=B and | ¢ .- @, | = /2. In this case, the whirl frequency @,
will be constant all the time.

It is quite common for rotordynamic analysts to use whirl frequencies in the fixed
reference frame. A simple formula can be given by

mﬁx = wml *+ Q (5-4)

where Q is always defined as positive sign "+".

If w,, has the same rotational direction as Q, then it is said to have forward whirl in
the rotating frame; if it has the opposite direction, then it is said to have backward whirl in
the rotating frame. The direction and frequency magnitude of the corresponding whirl in the
fixed frame is then determined by Eq.(5.4). It can be found that backward whirl in the
rotating frame can become forward whirl in the fixed frame.

5.1.2 Forced Responses in Rotating Frame
Since the rotating frame is used to simulate the dynamic responses of shafts,

excitations are expressed in this frame as well. Gravity is one kind of excitation with a
forcing frequency of a rotational speed. Mass imbalance, which can be modelled by a
distributed density, can be regarded as a resultant constant force in the rotating frame. Fluid
disturbances, forces due to misalignment and other excitations can also be given in the
rotating frame.

To examine the dynamic responses, an exciting force has been applied to the different
locations with a varying forcing frequency. A simple uniform shaft, as shown in Figure 2.2,
is illustrated. Since 3-D solid finite elements are employed, trajectories at different nodal
points within one cross section are not the same. However, it was found that transverse
displacements within the same cross section are very close in this case regardless of very
different axial displacements. Therefore, the average value of the transverse displacements

at different nodal points is adopted to represent the trajectory of this cross section.
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Figure 5.2 Forced response when an exciting force with an amplitude of 1 kN and a frequency
of 495 Hz was applied to the left end in x-direction in the rotating frame (Q= 1570.8 rad/sec).
(a) transverse displacement responses vs. axial distance, and (b) trajectories of transverse
displacements for various cross sections from the left to the right end of the shaft.
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When an exciting force with an amplitude of 1 kN is exerted to the left end of the
shaft with a rotational speed of 1570.8 rad/sec in the x-direction of the rotating frame, its
forced response can be shown in Figure 5.2. Figure 5.2 (a) gives the x directional and y-
directional responses, which in terms of Eq. (5.1) generally yield elliptic trajectories as
shown in Figure 5.2 (b).

It can be seen that unlike non-rotating bodies, an excitation on the shaft in the x-
direction causes transverse displacements in not only the x-direction but also the y-direction.
This is due to the rotational speed which leads to the Coriolis acceleration term. In Figure
5.1 (a) the positive amplitude of the x-directional response corresponds to phase angle ¢, =
0; that of the y-directional response corresponds to @, = - /2. X-directional responses have
a phase angle of either 0 or - 7 ; and y-directional responses have a phase angle of either -7/2
or /2.

Near the left end, the trajectories of the shaft can be seen to be elliptic after the
superposition of two orthogonal responses, with forward whirl as defined in Eq. (5.3). At the
location A, the transverse displacement in the x-z plane becomes zero, thus the trajectory
being a straight line along the y-direction. Between locations A and B of the shaft, there
exists backward whirl in terms of Eq. (5.3). There is a location between A and B where
amplitudes of x and y directional responses are the same, thus making the backward
trajectory circular. At the location B, the trajectory becomes a straight line in the x-direction.
Then after location B, the trajectories become forward again until the location E at which the
two amplitude curves intersect. Obviously the trajectory of the location E is circular with
forward whirl. The trajectories appear backward between locations C and D. Near the right
end of the shaft after the location D, the trajectories become forward.

It can be seen that the response due to the left end excitation is not symmetric with
respect to the two ends of the shaft. The shaft whirl can be both forward and backward in a
shaft. When the two same exciting forces are applied to the left and right ends, the response
becomes symmetric with respect to the two ends of the shaft, but still forward whirl coexists
with backward whirl, as shown in Figure 5.3.
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Figure 5.3 Forced response when exciting forces with an amplitude of 1 kN and a frequency
of 495 Hz were applied to the two ends in x-direction in the rotating frame Q= 1570.8 rad/sec).
(a) transverse displacement responses vs. axial distance, and (b) trajectories of transverse
displacements for various cross sections from the left to the right end of the shaft.
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From Figures 5.2 and 5.3, it can be found that at that forcing frequency for the
prescribed rotational speed, the shaft mainly presents forward whirling motion except for the
regions between A and B, and between C and D. A, B, C, and D are the critical points where
the transition between forward and backward whirls is located. At these points, the whirl
becomes a straight line. With the forcing frequency being increased to 505 Hz, the
characteristics of the response are totally different, as shown in Figure 5.4.
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Figure 5.4 Resonance response when an exciting force with an amplitude of 1 kN and a
frequency of 505 Hz was applied to the left end in x-direction in the rotating frame (Q= 1570.8
rad/sec). (a) transverse displacement responses vs. axial distance, and (b) trajectories of
transverse displacements for various cross sections from the left to the right end of the shaft.
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Though only one exciting force is applied to the left end of the shaft, the response is
symmetric with respect to the two ends of the shaft for that frequency. There is purely
forward whirl with circular trajectories all along the shaft. The amplitude of the response is
extremely large, compared with other forcing frequencies. This is believed to be forward
whirl at resonance.

With the forcing frequency increased, the trajectories of the response generally
become elliptic again. Forward whirl coexists with backward whirl. When a frequency is far
away from the previous forward whirl frequency, backward whirl becomes dominant. At the
frequency of 930 Hz, the forced response and its trajectories are shown in Figure 5.5.

Similarly, one might be able to envision the response behaviour as discussed above
for Figure 5.2. Clearly, backward whirl is dominant along the whole shaft. Forward whirl
appears between points A and B, and between points C and D. The intersection points E and
F correspond to the circular trajectories.

When the forcing frequency increases to 979.6 Hz, the shaft has pure backward whirl
responses along the whole shaft, as shown in Figure 5.6. This is the resonant backward whirl
frequency, which corresponds to the peak amplitude responses along the whole shaft.

One can see that the characteristics of the shaft whirling motion depend on the
forcing frequency in the rotating frame. There are resonant forward and backward whirl
frequencies, i.e., natural frequencies of the rotating shaft. These resonant frequencies
correspond to the peak amplitude responses, which could present very large magnitudes. In
numerical analysis, large responses will be found when a forcing frequency is almost equal
to the resonant frequencies. In this case, even if some excitation is applied into the shaft
asymmetrically with respect to the shaft span, the response will still be symmetric with
respect to the shaft span and will have either pure forward or pure backward whirl with all
the circular trajectories. At other frequencies, forward and backward whirl will coexist along
the shaft. Forward/backward whirl will be dominant if a forcing frequency is close to a
resonant forward/backward frequency. The trajectories are usually elliptic. A straight line
trajectory corresponds to a transition point where the forward whirl region adjoins the
backward whirl region.



Chapter 5. Motion of Rotating Shaft 76

0.03 T T T
@ x-z plane
-Z plane
002 A Yy-Zp
3
§, 0.01 |
3
e
% 0.00
-
o
k)
>
é -0.01 |—
<
0.02 |- ]
0.03 ] l |
0.00 0.25 0.50 0.75 1.00
Axia distance 2/LL
@)
0.02 mm
1 ' } s
sl (1) * &
E |
= U ' |
< i !

2<2z, Z=Z, z,<z<zg

) ;
i |

|
z=zB ZB<Z<ZC Z=Zc

-

z<z<zp z=1zp 2>z

(b)

Figure 5.5 Forced response when an exciting force with an amplitude of 1 kN and a frequency
of 930 Hz was applied to the left end in x-direction in the rotating frame (Q= 1570.8 rad/sec).
(a) transverse displacement responses vs. axial distance, and (b) trajectories of transverse
displacements for various cross sections from the left to the right end of the shaft.
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Figure 5.6 Resonance response when an exciting force with an amplitude of 1 kN and a
frequency of 979.6 Hz was applied to the left end in x-direction in the rotating frame (0=
1570.8 rad/sec). (a) transverse displacement responses vs. axial distance, and (b) trajectories
of transverse displacements for various cross sections from the left to the right end of the shaft.

Recently, Muszynska (1996) found the phenomenon of forward and backward whirl
coexistence along a rotor in the fixed reference frame. As one can see from the above
discussion, forward and backward whirls could exist simultaneously along the shaft in the
rotating frame. This phenomenon has never been previously indicated. The detailed analysis

is shown in a recently accepted paper (Yu et al., 1997) based on the above work.
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5.1.3 Resonant Whirl Frequencies

Resonant whirl frequencies are defined as the natural frequencies of the rotating shaft.
As indicated above, they correspond to infinitely large responses for undamped rotating
shafts. In reality, a peak response frequency is considered to be the resonant frequency when
a sweeping technique is used with a certain frequency step. At resonance, there is either
forward or backward whirl all along the shaft, with the circular trajectories for a uniform
shaft, as shown in Figures 5.4 (b) and 5.6 (b).

It is believed that for a uniform shaft, a 3-D solid continuum model will yield results
close to solutions for the Timoshenko beam model, as shown in Table 5.1. The shaft size is
the same as that in Figure 2.2. When the Timoshenko beam theory is employed, a shear
coefficient influences vibration modes to a great extent. Cowper (1966) developed a series
of formulas based on the 3-D elasticity theory to calculate these coefficients. Though some
terms had to be dropped out to obtain these coefficients in terms of uniform beam models,
the author believes that they can yield satisfactory solutions when the beam theory is
adopted. In this example, a shear coefficient of 0.6202 was computed.

It can be seen that for an ith mode, there exist both forward and backward whirl
frequencies for the given rotational speed instead of only one frequency for a non-rotating
case. This confirms that gyroscopic effects have been consistently included using the
proposed 3-D solid finite element modelling. All these values can be determined with
computer simulation through the developed code involving reduction procedures, which will
be discussed in the next chapter. Whirl directions and frequencies in the fixed frame can also
be determined using Eqs.(5.1)-(5.4). As expected, these results are in very good agreement
with the Timoshenko beam solutions.

It should be noted that the ith forward and backward whirl modes represent two
different ones. The mode shapes will not be necessarily identical. Figure 5.7 gives their first
mode shapes, i.e., relative whirling trajectory radius distribution along the shaft length.
Magnitudes of mode shapes are set to be unity (1.00) at z = 0. It can be seen that if the

magnitudes at the mid-span would be set to be the same, then the forward whirling mode
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shape would seem to be more flatted.

Table 5.1 Resonant forward and backward whirl frequencies (Hz) for
Q=15000 RPM (in parentheses is the percent difference from closed form
solutions of rotating Timoshenko beams from Zu and Han (1992) with

shear coefficient of 0.6202).

Mode 3-D solid F.E. 3-D solid F.E. Timoshenko beam
Type results results solutions

gi : (in rotating frame) (in fixed frame) (in fixed frame)

F, 505 755 (-0.3) 757

B, 980 730 (-0.1) 731

F, 1645 1895 (0.3) 1889

B, 2101 1851 (0.3) 1845

F, 3083 3333 (0.8) 3308

B, 3529 3279 (0.8) 3254

F, 4671 4921 (1.1) 4867

B, 5112 4862 (1.1) 4807

Fs 6328 6578 (14) 6489

Bs 6766 6516 (1.4) 6426

' “F” and “B” are referred to forward and backward whirl, respectively.
Subscript “i”” stands for a mode order, i=1, 2, 3, ....
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Resonant whirling modes are not identical to non-rotating bending vibration modes
either, as shown in Figures 5.8 and 5.9. It can be found that the ratios of end amplitudes to
mid-span amplitudes are slightly different among the three mode shapes. The forward and
the backward whirling modes have the lowest and highest ratios, respectively, while the non-
rotating bending mode has an in-between ratio. It should be noted that whirling mode shapes
rotate forward or backward around the shaft axis, while non-rotating mode shapes oscillate
in the bending plane around the shaft axis with varying curves. All these properties show that
each resonant or natural frequency (755 Hz for forward, 744 Hz for non-rotating, and 730
Hz for backward, if expressed in the fixed frame) corresponds to a unique mode, though
there are some similarities among the three modes which are all conventionally called the

first order.
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The effect of rotational speeds on resonant whirl frequencies has been examined for
the same shaft. The frequencies obtained directly from the analysis are expressed in the
rotating frame, as shown in Figures 5.10 and 5.11. One can see that both forward and
backward whirl frequencies expressed in the rotating frame decrease with rotational speeds.
In this frame, as the speed increases, the absolute magnitudes of the resonant forward whirl
frequencies decrease until they reach zero, and then increase; those for the backward whirl
always increase.

If they are expressed in the fixed frame, the corresponding frequencies can be
determined by Eq.(5.4). Conventionally, backward whirl is specified without adding a *“-”
sign to its frequency. Figure 5.12 shows the first five order whirl frequencies versus
rotational speed. As expected, a zero speed corresponding to a non-rotating bending mode
is the very special case of resonant whirling motions where the forward and backward whirl
modes are degraded to a plane curve with only one frequency for each order. As the shaft
speed increases, forward whirl frequencies increase and backward whirl frequencies decrease
in the fixed frame. In the figure, the solid line denotes the forward whirl, and the broken line
represents the backward whirl. This behaviour gives the information about the change rate
of forward and backward whirl frequencies with respect to the rotating frame. From Eq.(5.4),
it follows that

dwﬁ.x dwm . .5
= + .
dQ dQ

Since the left-hand-side will be always greater than zero ( “-” sign for backward frequencies

is included), one can have

dw

rot
-1

—_ >
dQ

(A
In consideration of the fact that y 5 ~ is always less than zero, one can conclude that the
change rate of whirl frequencies as shown in Figures 5.10 and 5.11 in terms of the rotating
frame will be
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dw
-1 < d(;" <0 (5.6)

The resonant whirl frequencies are also compared with the spinning Timoshenko
beam solutions (Zhu and Han, 1992). As shown in Figures 5.13 and 5.14, they are in good
agreement with each other for the uniform shaft. It should be noted that this is only used to
verify the 3-D solid finite element solutions. In other cases such as tapered shafts and those
with more complex geometry, the 3-D solid finite element approach is expected to yield

more reliable accurate results than beam theories.
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Figure 5.10 Variation of resonant forward whirl frequencies in rotating frame with
shaft speed
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Figure 5.11 Variation of resonant backward whirl frequencies in rotating frame
with shaft speed
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5.2 Critical Speeds and Unbalance Response

As one could see from the above, the rotational speed has significant effects on the
dynamic response of the shaft. For each rotational speed, there exist resonant forward and
backward whirling modes and corresponding frequencies. Critical speeds are often related
to the peak system responses. All these are also related to the boundary conditions of the
shaft. A simple free surface boundary condition is used here to illustrate their definitions and

solution methodology.

5.2.1 Definition and Determination of Critical Speeds

Since mass imbalance is considered a major source which causes the unbalance
response of the shaft, the flexural critical speed is defined as such a speed which leads to the
peak steady-state response of the shaft. This case is also called synchronous whirl with a
frequency of zero in the rotating frame or of the shaft speed in the fixed frame.

Mass imbalance rotates with the shaft. Therefore, in the rotating frame, the
corresponding distributed centrifugal forces will be constant. If only steady-state unbalance
response is concerned, the shaft does not vibrate in the rotating frame. Instead, when a
rotational speed reaches the critical values, it may be severely bowed into the corresponding
mode shape, which is “locked” in the rotating frame. In this case, the equation of motion for

each finite element, i.e., Eq.(4.14), can be rewritten as

(KU} ={NQ)} +{f} +{F} 6.7

where an external force vector {F} could be set zero when only unbalance response is
examined due to shaft centrifugal forces.

To find critical speeds of the shaft, one does not have to know how mass imbalance
is exactly distributed. If system matrices were to be assembled, the determinant of the matrix
consisting of all elemental stiffness matrices [K; (2] would have to be zero. However, this
approach would lead to difficulty in obtaining solutions due to very high order polynomials
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of Q being involved. An alternative can be used which involves only small matrix operations
as will be discussed in the next chapter. The idea is based on forced vibration response versus
frequencies. The corresponding critical speeds of the rotating shaft as shown in Figure 2.2
have been obtained. The results are given in Table 5.2 where the corresponding non-rotating
natural bending frequencies are also given. Due to gyroscopic effects, they are higher than
the latter, which are sometimes also called at-rest natural frequencies. Therefore, a rotating

case should be examined in order to obtain reliable accurate critical speeds.

Table 5.2 Critical speeds of the rotating shaft

Critical speeds Non-rotating natural
Order (cyc/sec) bending frequencies
(Hz)
1 764 744
2 1959 1875
3 3491 3307
4 5184 4892
5 6939 6548

One might notice that in Figure 5.10, the curve of the first forward whirl frequency
versus rotational speed goes from positive to negative values. Actually, it is found that when
the shaft reaches the first critical speed (Q = 764 cyc/sec), there is no vibrating mode shape
in the rotating frame corresponding to the possible first forward whirl, as shown in Table 5.3.
However, when the shaft is kept just below or above the critical speed, there is a vibrating
mode, as indicated in Table 5.4. Though defined as backward whirl when “-” sign appears
in the rotating frame, the negative frequencies in the figure will turn out to be positive in the
fixed frame, which will be considered as the first forward whirl in the fixed frame. Therefore,
it can be concluded that the critical speeds can also be determined as such shaft speeds where

a zero frequency line ( w(Q) = 0 ) intersects the curves of resonant whirl frequencies versus
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shaft speed in the rotating frame.

It is clear that the two approaches mentioned-above are consistently matched with
each other. The first method based on Eq.(5.7) may be easier to handle without relevant
information about whirling modes.

Table 5.3 Resonant whirl frequencies corresponding to vibrating modes
in the rotating frame when the rotational speed reaches Q = 764 cyc/sec

Resonant vt'hirl Resonant thirl
Modeorser | Tl inthe | treencesin e
0, (Hz) Wg (Hz)

1

2 1164 1928
Forward 3 2616 3380

4 4211 4975

5 5872 6636

1 -1450 -686

2 -2559 -1795
Backward 3 -3978 -3214

4 -5557 -4793

5 -7209 -6445

Table 5.4 First order resonant whirl frequencies corresponding to
vibrating modes in the rotating frame for the rotational speed just below

and above Q =764 cyc/sec
Resonant whirl Resonant whirl
Rotational speed frequencies in the frequencies in the
Q (cyc/sec) rotating frame fixed frame
Wyoe (HZ) Wey (HZ)
760 +4 =764
768 -4 =764
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5.2.2 Effects of Mass Imbalance on Response

Mass imbalance may cause severe damage to rotating systems. If a shaft were rigid,
one would easily balance it using only two planes along its axial distance. However, due to
its elasticity, even a well-balanced shaft with a zero resultant centrifugal force and moment
may lead to significant unbalance response when it operates at a critical speed.

As indicated before, in this 3-D continuum model mass imbalance at a certain
location along the shaft is modelled by varying the density within the corresponding cross
section. This is believed to be a consistent modelling of centrifugal forces in accordance with
the 3-D continuum shaft model. For a given mass eccentricity e(z) along the shaft axis, the
corresponding density difference 4p( z) can be determined as discussed in Chapter 3.

The effects of a few different e(z)’s on the unbalance response of the whole shaft
have been studied. For simplicity, free surface boundary condition is assumed. In reality, the
shaft is always attached to fluid-film or rolling element bearings, which will be discussed in
Chapter 7. However, it is desired that a shaft be balanced as perfectly as possible. An
unbalance force transmitted to the bearings is a source of periodic excitations that can cause
vibrations, often very strong, in the non-rotating parts of the machine.

For a uniform shaft as shown in Figure 2.2, an arbitrary distribution e(z) will usually
cause high magnitude of unbalance response when the shaft is running at any speed.
However, some particular distributions may not lead to significant responses for all critical
speeds. The first and second critical speeds of the shaft, as shown in Table 5.2, are known
as 764 Hz and 1959 Hz, respectively. Two different distributed mass imbalance cases were
studied to observe their corresponding unbalance responses.

“A” mass imbalance distribution as shown in Figure 5.15, was found to cause an
extremely large response when the shaft is kept at the first critical speed of 764 cyc/sec. As
expected in Figure 5.16, the deflection curve is very similar to the first non-rotating bending
and resonant whirl mode shapes. Obviously, the magnitudes shown in Figure 5.16 would not
be reached in real cases because a real system possesses damping and nonlinearity. The

purpose is to indicate the severely bowed shape of the shaft caused by this type of imbalance
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at that shaft speed. However, this type of distribution did not cause a large second mode
unbalance response at the second critical speed of 1959 cyc/sec. Instead, the shaft was still
slightly bowed in the first mode shape. Therefore, this type “A” distribution will excite the
first order mode, but not the second order one.

If a mass imbalance curve e(z) appears in the form shown in Figure 5.18, named “B”
distribution, then the shaft presents totally different unbalance response. The first mode
shape does not occur at the critical speed of 764 cyc/sec. Instead, a very small amount of
unbalance response in a shape close to the second mode appears at this speed, as shown in
Figure 5.19. When the rotational speed reaches the second critical value of 1959 cyc/sec, the
shaft presents a huge amount of unbalance response in the second mode, as shown in Figure
5.20. Of course, as indicated above, the large magnitudes shown in Figure 5.20 would not
hold in real cases. But a large response is expected at that shaft speed.

Therefore, mass imbalance distribution can have significant effects on unbalance
response. The above-mentioned two cases would not cause big problems at very low speeds
because no balancing is needed if a rigid rotor model is considered. However, modern
rotating machinery tends to work at high speeds. Identification of mass imbalance helps to
predict possible dynamic response of the shaft at an operational speed range. This author
believes it can be implemented after obtaining reliable data at a few different speeds. Mass
imbalance can then be redistributed by choosing appropriate balancing locations so that
resonant mode shapes may not be excited at the running speed range.

The mass imbalance distributions in Figures 5.15 and 5.18 are symmetric and anti-
symmetric to the midspan of the shaft, respectively. Therefore, they will cause resonant
unbalance responses in symmetric and anti-symmetric modes, respectively.

It should be noted that the deflection curve of unbalance response is invariable in the
rotating frame at a given speed, as discussed above. If expressed in the fixed reference frame,

the shaft would present synchronous motion.
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5.3 Discussion

The phenomena discussed in this chapter are based on the results with the proposed
3-D solid finite elements. When dynamic stresses due to shaft whirl or bending stresses at
critical speeds are evaluated, this approach yields more reliable and accurate results than
beam elements.

Shaft whirl has been studied in the rotating frame, thus giving a clear view of its
whirling motion. Non-zero frequency excitations in the rotating frame will cause forced
vibrations of the shaft in terms of rotating coordinates. This motion is defined as shaft whirl
due to the excitations, and the corresponding frequency is called whirl frequency in this
chapter. Only a frequency that cause resonant response of the shaft will be called a resonant
whirl frequency, or a natural frequency of the rotating shaft. The transverse trajectories all
along its axial distance appear in a certain rotating deflection mode shape with very large
circular orbits when some excitation is applied at a resonant forward or backward whirl
frequency. However, once a forcing frequency deviates from such a resonant forward or
backward whirl frequency, forward and backward whirling motion could be found
simultaneously at different locations along the shaft axis.

Critical speeds can be determined by the rotating stiffness matrices, or the speeds
corresponding to zero resonant whirl frequencies. Mass imbalance distribution may influence
unbalance response to a significant extent. A specific distribution can completely eliminate
a resonant unbalance response if a shaft operates at the corresponding critical speed!

Mass imbalance, which is modelled by varying the density within the corresponding
cross section in this thesis, might also be possibly modelled by varying the geometry while
keeping the density constant.

It should be noted that there could be four types of resonant bending modes. Non-
rotating bending vibration modes, which are often discussed in many vibration books and
references and are easy to understand, corresponds to a non-rotating shaft. For a rotating
shaft, there are resonant forward and backward whirling modes which rotate at the whirl

frequency with constant radial deflection. In the rotating frame, these whirling modes can
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be viewed as the superposition of two orthogonal non-rotating bending modes with the whirl
frequency. Thus cyclic stresses occur when a shaft undergoes the whirling motion. At
critical speeds, a shaft may be bowed to a deflected configuration without any vibratory
motion in the rotating frame. Hence the corresponding modes are fixed in the rotating frame,
and no cyclic stressing is present. However, the mode shapes are similar to those of the
corresponding resonant whirling motion, though not exactly the same. The similarity lies in
the fact that they are the natural frequencies and mode shapes for a certain order. The
difference is due to the presence of the shaft speed. This author speculates that not only the
critical speed mode shape is unique, but also other whirling modes with the same order may
be slightly different from each other if the shaft operates at different speeds.

It is found that the rotating shaft modelled as a 3-D continuum in the rotating frame
seems to have only a rigid body mode in axial direction. Obviously, non-rotating stiffness
has totally six rigid body modes. However, once the shaft rotates at a certain speed, the
singularity of the rotating stiffness matrices is changed.

Though only free surface boundary condition is involved here, the analytical and
numerical methods for other cases would be the same to that used in this chapter. All the
concepts and conclusions might be applied to the shaft with other boundary conditions which
have to be established in terms of real contact circumstances.



Chapter 6

Eigenvalues and Reduction Procedures

Rotordynamics differs from general vibration problems in that it often involves a
complex eigenvalue analysis of gyroscopic systems. When a rotating frame is employed to
analyse the dynamic response of the rotating shaft, Coriolis forces contribute to the
gyroscopic terms of the equations of motion. There have been a few approaches developed
for the eigenvalue analysis. However, for a very large system involving thousands or more
degrees of freedoms, there might be difficulty in solving or obtaining reliable solutions.

Since the 3-D solid finite element approach is used here instead of conventional beam
element theories to model the dynamic response of rotor-bearing systems, thousands of
degree of freedoms may have to be adopted. Many eigenvalue analysis methods require a
change from a second order to a first order system, thus doubling this number. A very high
order eigenvalue analysis takes too much computer capacity and cost. On the other hand,
though a system involving thousands of degree of freedoms may theoretically have the same
number of vibrating modes, higher frequency ranges and related modes are of less interest
to engineers. There would not be excitations with such higher frequencies in reality.
Moreover, since there must be differences between a computational model and a real system,
these computed higher frequency magnitudes are not usually considered to be accurate and
reliable. Hence, from the practical point of view, only a few modes within a low frequency
range need to be captured.

There have been a few reduction methods, such as Guyan reduction and component

mode synthesis, which can be used in the dynamic analysis of structures having a large

98
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number of degrees of freedoms. However, these methods result in lost accuracy to some
extent due to mode truncation or neglected inertia terms. Craggs and Eckert (1992) proposed
a reduction procedure called the continuous coordinate condensation for beam elements with
end nodes.

A transfer matrix technique based on finite element models has been proposed for a
chain-like structure (Yu and Craggs, 1995a). It can be used for not only free vibration
analysis but also computation of forced response due to any distributed external forces using
only small matrix operations. Unlike conventional transfer matrix methods which involve
lumped mass matrices, the proposed transfer matrix technique corresponds to the consistent
mass, stiffness, gyroscopic terms for the modelled system, thus giving convergent natural
frequencies or reliable forced responses.

In this chapter, a dynamic reduction procedure has been developed. Compared with
the continuous coordinate condensation method (Craggs and Eckert, 1992), the new
developed dynamic reduction method allows one to condense any kind of harmonic
excitation in a chain-like structure. This makes it possible for one to know equivalent
magnitudes of excitation in terms of a forcing frequency at the two ends of a part where
distributed or concentrated excitation exists, thus giving a clue to simulate or reduce the
dynamic response by applying equivalent excitation at the two ends. It can also be used to
handle elements involving intermediate nodes. This is a very efficient approach for the

analysis of unbalance response due to distributed mass imbalance.

6.1 General Eigenvalue Analysis

In rotordynamics, a complex eigenvalue analysis is often involved due to gyroscopic
terms in the equation of motion. Knowing the properties of an eigenvalue problem for

gyroscopic systems helps to predict and determine the dynamic response to a great extent.

6.1.1 Generalized Eigenvalue Problem

For an autonomous vibrating system, the equation of motion after finite element
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discritization can be expressed in the following form:

MU + CU + KU=0 6.1)

where M is an nxn mass matrix, C is an nxn gyroscopic/damping matrix, K is an nxn
stiffness matrix, and U is an nx ] vector of displacements, or generalized coordinates. The
overhead dots denote time derivatives. In order to obtain the corresponding eigenvalues, one
usually reconstructs it into the form:

Ax =ABx (6.2)

There have been the QR (B=/, a unit matrix) and the QZ algorithms for dealing with the
above first order eigenvalue problem. B can be singular in the QZ algorithm.

One might set
x = {”} (63)
U

x = x,e™ (6.4)

Assuming

yields

3

Eq. (6.1) might be rewritten as the partitioned matrix form in terms of Eq.(6.2)

RRAK,

From Eq.(6.5), it follows

_C_
K o0
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U=2AUje" 6.7

Comparing Eqs.(6.5) and (6.7) gives

U, = AU,

(6.8)

which is true in any case. However, in the case of singular K, if using Eq. (6.6), one cannot
obtain a correct U,.
The reason can be explained as follows. Eq.(6.6) can be expanded into

-CU, - KU, = AMU, (6.9)
and
KU, = AKU, (6.10)

Only if X is not singular, then one can pre-multiply K~/ and obtain Eq.(6.8). But whether K

is singular or not, one can have from Egs.(6.9) and (6.10) the following expression

MM + AC + K)U, = 0 6.11)

The original eigenvalue problem for Eq.(6.1) corresponds to

MM + AC +K)U, =0 6.12)

Therefore, if using Eq.(6.6) in the partitioned matrix form to acquire eigenvectors for
the system with a singular K, one should choose Lfo as mode shapes instead of U,. This
is because the original eigenvalue problem has evolved into Eq.(6.6), i.e., Eqs.(6.9) and
(6.10) which are not totally equivalent to the original one.

In the case of C = 0 and M is non-singular, Eqgs. (6.9) and (6.10) can yield
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KX + M 'E)U, =0 6.13)

which was verified by the author through an example involving a singular K matrix. Note
this is valid for any K matrix. Only if K is not singular, then one can have

WM + KU, =0 (6.14)

One also could avoid this problem by using a different partitioned matrix from
Eq.(6.6) regardless of K’s singularity. An alternative can be given by

ef e

where a prerequisite of M’s non singularity must be guaranteed.

-M'c -M'k
I 0

6.1.2 Gyroscopic Effects on Stability

For a system with Eq.(6.1), the criterion of stability is to observe the real parts of all
complex eigenvalues. If they are all negative, then the system is considered to be stable; if
at least one of them is positive, then the system is unstable. There also exists the Routh-
Hurwitz criterion which can be found in literature.

The eigenvalue problem for a gyroscopic system can be expressed as
[A’M +AG +K U, =0 (6.16)

where G (= -G" ) represents a gyroscopic matrix. M is assumed to be positive definite. Pre-
multiplying Eq.(6.16) by U, results in

mA +igh +k =0 6.17)
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where
m=UMU> 0
-~ T
k=UKU,
— T
[ ] GUO

ig =

The solution of Eq.(6.17) can be given by

A = gV ramE (6.18)

i
2m

If K is positive definite, then k>0, which always yields pure imaginary parts of eigenvalues.
If expressed in the rotating frame, however, K may not be positive definite. In this case, as
well known, symmetric rotors remain quite stable. Therefore, it is the gyroscopic effect that
contributes to the stabilization of undamped rotor systems. As long as the following

condition
g2+4mk > 0

is satisfied, an eigenvalue A will be purely imaginary so that the system could be kept stable.

6.1.3 Damped Natural Frequencies
For a single-degree-of-freedom (SDOF) system, the corresponding free vibration

equation can be given by

i) + 28w, x(0) + @ 2x() =0 (6.19)

where £ is the damping ratio, and w, denotes the natural frequency of the system. Its

characteristic equation can be given by
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A+ 280 A +? =0 (6.20)

Thus one can obtain its solution provided that 0<€<1:

A=(-E£jy1-B)a 6:21)

where j =/~1 . Sometimes the second term is defined as the damped natural frequency, i.e.,

0, = o 1-8 (6.22)

The peak response due to harmonic excitation occurs when the forcing frequency is equal

to

® = o128 (6-23)

When fluid/shaft interaction is examined, a damped multiple-degree-of-freedom
(MDOF) model is often employed. Using Eq.(6.6) or Eq.(6.15), each eigenvalue for an n
DOF system can be expressed as

A =a )P, (6.24)

where i = 1, 2, ...n. Eq.(6.24) can be rewritten in a form similar to Eq.(6.21) as

A = (-E * j/TEDa, (6.25)

where
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W, = Varz M piz

£ = (6.26)

, aiz + piz

It should be noted that in general cases, ; varies with the damping matric C. There
is only one exception for proportionally damped systems where a matrix CM'K is
symmetric so that the vibration equations can completely decouple. As is well known, a
system with damping matrix C=aM+BK (e, B constant) satisfies this condition. For most
cases, however, there is no such relationship.

An example is given in the following to verify this behaviour. For a system with

mass, stiffness and damping matrices assumed as

R W

1 0
C =001M + 001K + ¢ L ll

¢ =0 denotes the proportional damping and that e+0 indicates a general case. The undamped
natural frequencies for C=0 can be easily found to be

w, =1, w,=1732l

For C#0, changing parameter € leads to different values of w; and w (=B;). Only when the
system has a proportional damping matrix ( &€ =0 ) are values of w; the same as the above.
The detailed values can be seen in Table 6.1.

It is noted that w; is no longer the undamped natural frequency for C=0. As ¢
increases, the differences become larger. In general, one could not conclude that damped

natural frequencies or resonant frequencies (with respect to forced peak response) will
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always be less than the undamped natural frequencies as they are in a proportional damping
system. In this example, the damped natural frequency for the first order is less than the first
order natural frequency, while that for the second order is greater than the corresponding
undamped natural frequency. In forced vibration analysis, the peak response frequencies
should be based on frequency response functions (FRF) or modal analysis.

Table 6.1 w; shift from w, as non-proportional damping increase

@y, ©,~@, & Wy;

£ in Eq.(6.26) ®, in Eq.(6.26) (=8)

0 1.0000 0 0.0100 0.9999

0 1.7321 0 00115 1.7319
02 0.9912 -0.9% 0.2065 0.9698
02 1.7475 0.9% 0.0145 1.7473
04 0.9730 2.7% 0.3898 0.8960
04 1.7802 2.8% 0.0285 1.7795
0.6 0.9541 -4.6% 0.5609 0.7899
0.6 1.8154 4.8% 0.0522 1.8129
0.8 0.9373 -6.2% 0.7238 0.6467
0.8 1.8479 6.7% 0.0820 1.8417
1.0 0.9227 -1.7% 0.8812 0.4361
1.0 1.8773 8.4% 0.1155 1.8647
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6.2 TMM Based on FE Models

For chain-like structures, such as beams and shafts, the two usual numerical
approaches of dynamic analysis are the transfer matrix method (TMM) and the finite element
method (FEM). Both have been used successfully and extensively.

In the TMM, a relationship is established between a set of unknowns at the two ends

of a section of the structure. The equation for the whole system is available by multiplying
the successive matrix expressions for connected elements. In the conventional TMM
approach, a lumped mass model is often employed, such that both the mass and inertial
properties are lumped at discrete points which are considered to be connected by massless
elastic members. Although convenient for both modelling and computational processes, this
approach is inconsistent and therefore gives poor results. For example, the calculated natural
frequencies using a lumped mass approach will not converge as the discretization of the
system is increased (Stephenson, et al., 1989).

In the FEM, stiffness, damping and gyroscopic, and mass matrices relate
displacements and their first and second time derivatives to a set of nodal forces for each
element. The system matrix representation is obtained by assembling element matrices at
appropriate entries dictated by the connectivity. Since the individual element matrices reflect
the assumptions involved in their formulation, a consistent distributed mass modelling results
in better solutions than the lumped mass approach. Obviously, the larger the number of
elements that is used, the larger is the system matrix. For this reason, much work
[Guyan,1965; Craggs,1987] has been done for reducing the size of a FE model while
preserving the lower frequencies and mode shapes of the original FE model. However, these
method will certainly lose accuracy to some extent.

An alternative, which employs a transfer matrix technique, therefore is proposed
herein: the governing equations are modelled with FEM, rewritten in the form of a dynamic
matrix, and then changed into transfer matrix form, so that using only small matrices the
finite element solution can be obtained for steady state response caused by harmonic

excitations. Note that in the analysis of forced vibration, the external forces must be
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included. In a rotor, for example, the distributed centrifugal forces due to mass imbalance
are usually regard as external forces which can be put at the nodal points on the two ends of
each element along its axial line through the principle of virtual work. The proposed method
can deal with any possible external forces applied in the system.

Considerable computational efficiencies can be attained without any loss of accuracy
when dealing with a number of identical elements. Here the chain-like structure just means
that the degree of freedom at the left side of an element or substructure is the same as that
at the right side.

6.2.1 Transfer Matrix Formulation Based on FE Models

In a chain-like structure, the dynamic formulation using finite element method for an

ith element, as shown in Figure 6.1, can be expressed as

—>» fi —» ~Ti+1
—>» Fj —» Fi+1
(i -1)th ith (i+1)th
element element element
ith (i+1)th
node node
q; Qi+1

Figure 6.1 The discretized finite element model
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d; } cn 2 J{ q; } k, Kk,
+ . +
[ 9 € €32 | |(Yia ky, ki
= +
Tin F,,

where my,, ¢, and k; represent the sub-matrix of mass, damping and stiffness matrix,

{"'u m,,

m, my;

6.27)

respectively, for the ith element. {q;} and {q;.,} denote the state vector of displacement. f;
and f;,, denote the internal generalized force vectors for the ith and (i+1)th nodes due to
adjacent elements. F; and E,,; denote the external generalized force vectors equivalently
acting on the ith and (i+1)th nodes.

For convenience, the following matrix partitions are introduced

kll
’ [Kl; = k

21 k22

m, €u ‘2 k,,

, €1, = (6.28)

m,
M], =
21 My €31 €32

The steady state response is assumed corresponding to harmonic excitations. Thus,

for an ith element, the external forces can be expressed as

[ Fi } = {F' }ej"" (6.29)
Fhl Fz

where @ represents the harmonic forcing frequency and j stands for /-1 . The

corresponding response can be given by

9; | .
{ } = { }e/“" (6.30)
9 9,
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and the internal force vectors can be given by

4 = d Jox 6.31)
T ) ) .

Substitution of Egs. (6.28) - (6.31) into Eq.(6.27) yields

D(w)lfq} = 1t + {F} (6.32)

where

[P(W)], = (-*[M], + jw[C], + [K]),
=1 o0 g ( i
q = 4 = A F =

9 7; ' F,

Eq.(6.32) can be rewritten as

1,

q, I, T, T, 6.33
T, T,, T,; |1/, (6-33)

-,'2 =

2 ‘22
1 o 0 1 1

where

T, =-D,," D,
T, =D,

T, =D, F,
Ty = Dy + Dzzbu-l D,
Ty, = DD,

23 = Fy ~ DzzDu-l F,

~
!

It is obvious that the expression



Chapter 6. Eigenvalues and Reduction Procedures 111

I, 1, T,
(T, =| T, T, Ty
0 0 1

is a (2p+1)x(2p+1) transfer matrix, where p is the degree of freedom at each node. Therefore,
the transfer matrix method can be employed to obtain the solution of the finite element
formulation for this chain-like structure. In principle, it is believed that the solution using
such TMM should be the same as that using the modal superposition method for the global
system. However, TMM, takes much less computational time and storage when dealing with
a long beam or shaft.

Note that Eq.(6.33) can be in the complex form: whenever [C]; is a nonzero matrix,
then [D(w)]; will be complex and so will Dy, and D,,". In this case, if one cannot obtain D,,*
directly from Dy,, one can divide D, into real and imaginary parts, i.e.

D, =4 +jB (634)

Thus its inverse matrix can be given by

D.'=@U4 +B4'B)" - j(B + 4B 4)" (6.35)

12

Condensation can be made when modelling uniform components of subsystems with
a number of identical elements. In this case, two identical elements correspond to the same
transfer matrix [T],. Thus the transfer matrix between these two elements is [T}, = ([T}, )?
and similarly that between these four elements is [T], = ([T].)’- As shown in Figure 6.2, the
corresponding transfer matrix for 2" identical elements can be formed using only n times of
matrix multiplication rather than 2”. Therefore, such 2" elements have been condensed to a
superelement relating the variables at two ends without any loss of accuracy. Note that when
no external force exists, one only needs to deal with a (2p)*(2p) matrix.

Once the model is assembled with suitable condensation to form transfer matrices,

the response at the nodes of interest can be easily obtained for any distributed harmonic
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(T1.

[Tl.
71,

[T] s

Figure 6.2 The condensation process for identical elements

excitation. The computation is performed with a proper frequency step size over the
frequency range of interest and the response verse forcing frequency is plotted. The
frequencies corresponding to maximum responses can be considered as the natural
frequencies of the system if damping effects are negligible.

The proposed transfer matrix method based on finite element formulation is an
effective approach. The matrices to be operated are always no bigger than (2p+1)x(2p+1).
The computation can be carried out even in a desktop computer for a system with a large
number of elements without any loss of accuracy. Forced responses including damping and
gyroscopic effects can be obtained without solving eigenvalue problems. This method can
be used to handle external forces over the whole system. In a shaft system there usually
exists distributed eccentricity of mass, which forms harmonic excitation over the shaft. Using
FEM the equivalent loads are assigned to nodal points. Thus, the response on distributed

eccentricity of mass can be easily attained.
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6.2.2 Application and Discussion

Many numerical examples can be given by using the TMM approach based on FEM
formulation. In this section, a vibrating Euler beam is first analyzed to obtain its natural
frequencies for checking purposes, and then the forced response of a rotating Timoshenko
shaft with a distributed unbalance and damping and gyroscopic effects is given to illustrate
the validity of the proposed method.

A uniform circular beam with simple supports, as shown in Figure 6.3, was modelled
with 4 elements. The beam has a modulus of elasticity E = 2x10° MPa, and density p = 7850
kg/m>. In this example the equations of motion were obtained using a FEM formulation. It
is noted that there exist two state variables u; and (3u/6x); corresponding to each nodal point.
Using the proposed TMM approach, the response at the nodes of interest to a forced
harmonic input versus forcing frequencies can be easily obtained. The computed results are
almost the same as those obtained by using the mode superposition method through finite

4000 mm ,‘

T1zo mm

/724 >

Figure 6.3 A simply supported beam
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element modelling.

In Table 6.2 the first three natural frequencies obtained by using power method
(Meriovitch, 1975a) for a full eigenvalue problem are compared with the first three peak
resonances calculated using the proposed TMM method. There is no difference of results
between the two approaches. It is found that the accuracy of peak resonance depends on the
frequency step size. In order to save computational time and obtain accurate solution, one
can first use a coarse step size to determine the frequency ranges of interest, and then repeat
the calculations with a smaller step size near the desired response peaks to obtain more

accurate results.

Table 6.2 Natural Frequencies of Simply Supported Beam

Peak resonance using TMM Solution of full eigenvalue
based on FEM (rad/sec) problem (rad/sec)
93~94 93.4
375~376 375.1
856~857 856.0

The second example is to obtain the forced response of a rotor-bearing system with
distributed unbalance, in which damping and gyroscopic effects are taken into account. The
rotating circular shaft supported by isotropic bearings, as shown in Figure 6.4, was modelled
with 16 elements using Timoshenko beam theory. The bearing stiffness is k = 6MN/m and
damping coefficient is c = 60kNs/m. Its material properties were set the same as those of the
previous case. Moreover, Poisson's ratio is v = 0.3. Each element has 2 deflection and 2 slope
nodal variables in two perpendicular planes at either end. Assumed unbalance distribution

varying with axial distance x, can be expressed in x-y plane as

-0.2 + 0.8x, 0 <x £ 500
nkx) =
0.2 -0.8(x - 0.5), 500 < x < 1000
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Figure 6.4 The configuration of the rotor-bearing system

and in x-z plane as

-0.1 + 0.4x, 0 <x < 500
{(x) =
0.1 -04(x - 0.5), 500 < x < 1000

As proposed by Nelson (1980), using Hamilton's principle, the finite element
equation for a rotating shaft including bearings can be given by

(IM] + [ND{4} + ([C], - QIGD{q} + (K] + [K], ){q} =
(6.36)
{0 tcosQt + {Q }sinQr + {f}

where {q}={q,, ¢, .--.qs}" is the displacement vector with respect to XY and XZ planes. [M]
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and [N] are the translational and rotatory mass matrix, respectively. [G] is the gyroscopic
matrix which provides coupling between the two planes. [K] is the shaft stiffness matrix. [K,]
and [C,] are the bearing stiffness and damping matrix, respectively. {Q@_} and {Q}

are unbalance force vectors, due to distributed mass centre eccentricity 7(x) and ¢(x),
which can be obtained through variational work expressions. {f;} stands for internal forces
due to adjacent elements.

Note that the right-hand side of Eq.(6.36) can be rewritten as

RHS. = {P} + (P} + f} + U}

where {P} and {P} are conjugate pairs of complex vectors with {P}=1/2({Q.}-j{Q.})e’™.

{f.} and {fc} are also conjugate pairs whose real partisequal to {f} .Once the complex

response {p} corresponding to excitation {P} has been computed, one can easily obtain the

true value of forced responses:

g} = {p} +jip}

which is in the form of real numbers.

Since the properties and dimensions of the shaft and bearings are equal in both the
orthogonal planes, the deflection trajectory of the shaft will appear in a circle with respect
to the inertia frame. Figure 6.5 shows the unbalance response of the shaft at the midspan
through the proposed TMM approach. The abscissa is the rotational speed of the shaft, and
the ordinate is the corresponding unbalance response orbit radius. At around 4260 rpm,there
occurs the peak response with the orbit radius of 0.65 mm. Thus the forced response, based
on finite element modelling, of such a damped and gyroscopic system was obtained through
only small matrix operations, without solving a complicated eigenvalue problem which is
required when the mode superposition method is employed.

From the above examples, it has been shown that a transfer matrix method based on
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finite element models can be used for the dynamic analysis of a chain-like structure under
harmonic excitations. The given numerical examples have demonstrated its applicability and
efficiency. The method allows any possible distributed external forces to be included by
transfer matrices, so that the forced response could be successfully simulated. Condensation
can be made when dealing with a number of identical elements. It can also be employed in
a damped and/or gyroscopic system when the steady state response is examined. This method
allows a very large system, with any external forces, to be modelled by finite elements and
to be calculated with the transfer matrix technique. The numerical operation can even be

implemented on a desktop computer.

(mm)
o o o o ‘o ’'o
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Figure 6.5 The unbalance response of the rotating shaft with bearings
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6.3 Dynamic Reduction

It is well known that the finite element method for modelling the dynamics of a large
structure often leads to a complicated eigenvalue problem which requires huge working
matrices, thus taking much computer memory and long processing time. Since not all these
eigenvalues have to be taken into consideration in reality, several reduction methods have
been developed. Yu and Craggs (1995a) proposed a transfer matrix technique with finite
element modelling. Craggs and Eckert (1992) came up with a reduction procedure called
continuous coordinate condensation.

Since transfer matrix techniques are well known to rotordynamic analysts, they can
be implemented on a desktop computer. However, it may sometimes cause numerical
instability. The previous continuous coordinate condensation method can be used to obtain
natural frequencies effectively by using small ziatrix operations without any loss of accuracy.
However, it only involves condensation of dynamic matrices, not of external forces or
excitations.

The dynamic reduction condenses not only dynamic matrices but also any distributed
forces or excitations. This method allows one to select nodal points of interest, i.e, the
remaining degrees of freedom, at which condensed external force or excitation vectors can
be equivalently applied. The accuracy of the solution will not be affected due to the use of
the dynamic reduction. Thus it gives a relationship between some distributed forces of the
system and condensed equivalent forces right at the selected nodes. The magnitudes of these
condensed forces are also dependent on the system characteristics and forcing frequencies.
[t can be inferred that dynamic response due to distributed forces can be simulated by only
applying the equivalent forces at the selected nodes. This may help to determine mass
imbalance distribution along the shaft through several speeds and balance it in selected
planes of interest.

The previous work about coordinate condensation demonstrated that the reduction
was applicable to end-node elements which have nodal variables only at left and right ends.

In fact, as shown in the following, such restriction is unnecessary and the reduction method
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can be employed in all kinds of elements or superelements consisting of a few basic
elements. The reduction can be implemented for systems with any boundary conditions,
including structures having rigid body motion. The physical meaning of the solution will also
be interpreted.

6.3.1 Dynamic Matrix and Force Vector Reduction

When the linear vibration behaviour is examined, the equation of motion for each

element can be given in the following matrix form:

MOPTD) + ([C@) + [6ODU} + [KOHU®}

= (FO} + )

(6.37)

Where [M®], [C*)], [G] and [K™] are the mass, damping, gyroscopic and stiffness matrices
of the element, respectively. {U"} denotes the displacement vector involving all the degrees
of freedom of the element. {F©} stands for the generalized force vector due to any
distributed external forces or excitations, which can be consistently obtained using the virtual
work principle. {f®} is the corresponding internal force vector due to adjacent elements.

The dynamic matrix [D] for the element is defined as

[D®] = [K®] - @M @] + je(C®] + [G“D (6.38)

where @ is the frequency of harmonic exciting forces exerted somewhere.
Two elements (or superelements composed of several basic elements) undergoing

forced vibration, as shown in Figure 6.5, result in the following matrix equations of motion:
“(l) D |2m Ul} _ F l(l) . {fl} (6.39)
4+ 0,0\, F® £,

and
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Figure 6.6 Chain assembled elements/superelements

W D@ U..} . [Fm(z)} . { -f,,} (6.40)
L@ D2 U, F® s,
where all displacement and force vectors are expressed in the form of complex amplitudes.

Eqgs.(6.39) and (6.40) can be combined into the following matrix equation:

)
b, b, 0]jU, F, Iy
ml Dnuu Dmr Um = F,,,(" + Fm(z) +10 (6.41)
o b, D”J v, F® /,

where the left-hand side square matrix is defined as

) (0}
D u D im 0 D u b lr 0
= 1) (LY} (03} )
ml D mm D mr| © rl D r +D u D Ir
0 D D ) )
m r 0 D rl D rr

Note that the displacement vector U,, can be expressed as
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v,=-»0,'p,U -D "D U + 6.42)

* Dnm‘l(Fnu) * Fna))

Eliminating U,, in Eq. (6.41), a condensed form of the forced vibration problem due to any

distributed harmonic excitations can be written as

-1 -1
Dll - Danmnlel - DlnlDlllllanr {Ul}

-1 -1
- DmDumDml Drr - DmDHMIDmr v

r

(6.43)

1 1,0
Fl( )—DImDnlul(F::n)+Fg)) {fl}
+

F®-p p! /.

P +F )
Thus, the new reduced matrix form, i.e., Eq.(6.43) represents a substructure or superelement
consisting of the two chained elements or superelements. Not only can the two dynamic
matrices be condensed into the new one with the same size of one element or superelement,
but also the distributed excitation can be equivalently condensed into concentrated nodal
forces at the two ends of the new reduced subsystem. This process can be repeated as many
other subsequent elements or superelements are added to the model being condensed, as

shown in Figure 6.6 and expressed by

U, F( (A
(D °} = + (6.44)
U, F, Ji
where D denotes the dynamic matrix of the new reduced system. U, and U, are the
displacement amplitude vectors at the two ends, and could have more than one variable
depending on the chosen elements or superelements. F," and F;" represent the condensed

force or excitation vectors equivalently acting at the two ends, due to any distributed force

or excitation within the subsystem being reduced. f; and f; are just internal force vectors
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produced by unreduced adjacent elements or superelements.

Sometimes more than one element must be discretized along the direction
perpendicular to the chain line when using continuum elements instead of beam elements
(Yu and Craggs, 1995b and 1997). In this case, one can form a superelement consisting of
several basic elements. This superelement can be regarded as a short shaft element. Then the
reduction procedure can still be utilized to obtain dynamic response due to any distributed
loads.

It can be noticed that considerable computational efficiencies are achieved when one
models uniform systems with a number of identical elements or superelements. Two
identical elements can be condensed to a new superelement consisting of both elements.
Then the two new superelements can be restructured to form another new superelement
representing the four elements. In this way, after » times of condensation, 2" elements can
be condensed into the reduced system without an increase of matrix and vector size.

It can be seen that distributed forces or excitations are modelled with two condensed
vectors as they were applied at the two ends of the condensed system. The distributed forces
within a basic element can first be consistently transformed into nodal forces such as the first
term of the right-hand side of Eqgs. (6.39) and (6.40). Then using the proposed reduction

method for the condensed part of the system results in the equivalent force vectors such as

L . .
D,F,,F, .
— —~ —
. P :
I > T
o
Element 1 Element 2 o000O0O Element (k-1) Element k
/] U,

Figure 6.7 New reduced system consisting of k elements/superelements
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that in Egs.(6.43)or (6.44). There could be more than one variable at each node, and more
than one node at each end of the condensed part of the system. Therefore, F;" or F;* in
Eq.(6.44) may have more than one variable depending on the chosen elements. This force
condensation process results in no accuracy loss in the sense of consistent finite element
modelling. Note that values of forces vary with dynamic stiffness matrices of the condensed
part of the system. Therefore, even a constant concentrated force or distributed forces acting
at some locations will be equivalent to forcing frequency dependent generalized nodal forces
acting at both ends of the condensed part of the system. For the same reason, to a constant
mass imbalance distribution, the equivalent nodal forces and moments are not simply

proportional to the square of the shaft speed Q2.

6.3.2 Condensation of Elements Having Intermediate Nodes
It has been shown in the above that the dynamic reduction method can be
implemented in chain assembled finite elements having nodes only at both ends. Many
elements, however, have nodal variables at intermediate nodes, as shown in Figure 6.7.
Through finite element modelling, the equation of motion for such an element as

shown in Figure 6.7 (c), can be given in the following matrix form:

M1{z} + ([C] + [GD{x} + [K1{x} = {F} + {f} (6.45)

Where [M], [C], [G] and [K] are the mass, damping, gyroscopic and stiffness matrices,
respectively. {x}"={x,", x,T, x,T} is the displacement vector in the order of left, middle and
right end nodal variables. {F} is the generalized nodal force vector due to distributed external
loads. {f} is the corresponding internal force vector.

The dynamic matrix [D] for the element is defined as

[D] = [K] - &[M] + jo(IC] + [G]) (6.46)

where @ is the forcing frequency. The corresponding amplitude response {X}™={X/", X, T,

X."} for this element can be expressed as
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PEE

(a) (b)

left right
end one element end

x} {x3 {x3

(c)

Figure 6.8 Elements having intermediate nodal variables. (a) beams element with
intermediate nodes “%”, (b) continuum elements with intermediate nodes “%”, and
(c) general elements with intermediate nodal variables

(o) (o)
b, b, D, X F, fl(‘)
mi D mm D mr X ::) =73\F :: ) + 0 (6-47)
D rl D m D rllX '(‘) F '(e) 7, ’(¢)

where Fi, F,, and F,* are generalized external force amplitudes. £ and £ are the

corresponding internal force amplitudes due to adjacent left and right elements. Since the
number of intermediate nodal variables can be different from that of left and right nodal

variables, Dyy, Dy, D, and D,,, may not be square matrices. This does not hinder one from
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using the reduction method. It can be seen that Eq.(6.47) can be reduced to the following

form:

-1 -1 ©
Dy - DDy D, - DD D, |X

~1 -1 (e)
= DmDm,DM D, - D, D onD o, || X»

(6.48)
F® -p pF¥

F® -p p 'r®

Note that the above process is the reduction procedure within only one element
involving intermediate nodal variables. Eq. (6.48) now has the same form as Eq.(6.39) or
(6.40). Thus following the reduction procedure described in 6.3.1, one can condense more
of such elements, so that the actual size of the working matrices remain the same as that in
Eq. (6.48) and considerable computational efficiencies can be achieved when modelling
uniform chain-like structure with many identical elements.

6.3.3 Boundary Conditions

Eigenvalues or forced responses of a structure vary with boundary conditions.
Previous work (Craggs and Eckert, 1992) demonstrated a few examples where boundary
conditions were set to guarantee no rigid body motion. However, not only elastic but also
rigid body motions do occur in some cases such as rotating shafts and free-free beams. Can
the dynamic reduction method still be employed to obtain convergent eigenvalues?

Usually what interests engineers is the pure elastic motion although the rigid body
motion may exist for the structure. To obtain eigenvalues or forced responses corresponding
to elastic modes, one does not have to evaluate rigid body modes. In fact, a particular
distributed excitation at a forcing frequency can only excite a mode which has a natural
frequency close to it. Similarly, the rigid body modes will not occur when forcing
frequencies are greater than zero. Therefore, the eigenvalues corresponding to elastic modes

within the frequency range of interest can be easily obtained without any additional
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processing.

When constraints such as clamped and hinged beams appear, one needs to handle
them by eliminating corresponding displacements and rows and columns in dynamic
matrices or adding appropriate stiffness at these points; when no constraints appear or
constraints still allow rigid body motions, one can find out elastic modes and corresponding
natural frequencies by sweeping harmonic forcing frequencies of interest without removing

rigid body modes.

6.3.4 Implication of Solution

The dynamic reduction method is based on the steady state forced responses to
harmonic excitations. From the theory of vibration, it is known that if the exciting force
coincides with one of the natural frequencies of the system, a condition known as resonance
occurs, and the system undergoes large oscillations. When a mass matrix is real symmetric
positive definite and a stiffness matrix is real symmetric and positive semidefinite or positive
definite, the resonance information reveals the corresponding natural frequencies and mode
shapes under the assumption of no damping. If damping is considered, the resonance will
approximately give the imaginary part of the corresponding complex eigenvalues of the
system.

For rotating shafts, gyroscopic terms are included in the equation of motion. If
properties of mass and stiffness matrices remain the same as above, the resonance can still
accurately lead to the resolution of real eigenvalue problems for the system. In this case, a
resonance frequency or natural frequency corresponds to the pure imaginary eigenvalue, and
the eigenvector is complex (Meirovitch, 1974). However, when the stiffness matrix is
negative definite, it will be hard to determine priori the nature of eigenvalues. If the
gyroscopic force is substantial to stabilize the system so that all the eigenvalues remain
purely imaginary, then the continuous coordinate condensation method can still be adopted
to attain true solutions.

It is noted that when external excitations are applied to a stable system, the dynamic
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reduction method yields the accurate forced response. When damping and/or gyroscopic
terms are included, the operation can be in the form of complex matrices. If the eigenvalues
of the system are purely imaginary, this procedure reveals accurate eigenvalues and
eigenvectors. If the eigenvalues of the system are complex with small negative real parts
which often results from damping, the solution can still be approximately regarded as natural
frequencies and mode shapes. However, this reduction method ceases to determine the
stability of the system because all real parts of the eigenvalues cannot be given
simultaneously. Fortunately, for many vibrating systems stabilities are guaranteed and only
natural frequencies and forced response are of interest to engineers.

The dynamic response will be based on types of excitations for a given system. When
bending modes are examined, for example, one should apply certain bending excitations to
the system. Thus in case there is more than one mode corresponding to the same natural
frequency, these modes can be easily captured by applying appropriate excitations. Of
course, coupling behaviour can be observed by looking at response due to another mode type

of excitations, as discussed in Chapter 3.



Chapter 7

Fluid/Shaft Interaction

In many rotating machines, the shaft is supported by fluid-film bearings instead of
rolling-element bearings. The latter can be easily modelled by a linear or nonlinear
bidirectional spring with little or no damping and no cross-coupling. Even though rolling-
element bearings are used in aircraft turbine engines due to easy maintenance, fluid-film
bearings are still attached to ensure high damping. Fluid-film bearings have a long life, high
load capacity and low power loss.

Since beam elements are usually employed to model a shaft, eight dynamic
coefficients ( four stiffness and four damping coefficients ) are often added to the shaft, as
a bearing effect, to conduct the dynamic analysis of the whole system. For the shaft modelled
with 3-D solid finite elements, however, it is believed that a corresponding distributed
pressure model should be employed in accordance with the shaft model, to obtain system
response accurately.

There are many types of fluid-film bearings including seals. In addition to plain
journal bearings, tilting pad bearings are sometimes used to provide stable working
conditions despite low load capacity. Seals are more complicated to model than ordinary
bearings. Since the plain journal bearing is the simplest of all hydrodynamic bearings, all the
discussion in this chapter will be referred to this type of bearing.

In this chapter, a lubrication equation in the rotating frame is derived and then applied

128
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to practical bearing problems. Pressure distribution calculation is carried out using finite
element techniques. A distributed shaft surface force model due to dynamic pressure of the
fluid is established in accordance with the previously discussed 3-D solid finite element shaft
model. Comparison of distributed and concentrated damping force models shows the
necessity of using the former model. Forced responses due to mass imbalance are also

computed for a rotor-bearing system.

7.1 Relationship of Dynamic Coefficients between Fixed
and Rotating Frames

When beam elements are employed in the rotordynamic analysis, the fixed frame is
often involved in which eight dynamic coefficients are evaluated. One can also model a
rotor-bearing system in the rotating frame which corresponds to different dynamic
coefficients. The relationship of dynamic coefficients in fixed and rotating frames is given
in the following.

Assume there is a bearing force which can be expressed in the fixed reference frame

F, x x
Voo 4

where [K] and [C] are defined as so called stiffness and damping matrices of the bearing. The
eight dynamic coefficients are assumed as

kll klZ

ky, &, €y €

(K] = [ ] . IC] = ‘ZJ (7.2)

This bearing force can also be expressed in the rotating reference frame, as shown in
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Figure 7.1 Bearing force in the fixed and rotating
reference frames

Figure 7.1. It follows that
Fxr Fx
= 73
F (7] F (7.3)
yr. Y

where the left-hand side denotes the components of the bearing force in the rotating reference
frame. [T ] is the coordinate transfer matrix, which can be given by

(7.4)

' _[ cosO sinel

-sin® cosO

where 0 =Q . It can be seen that [T]" = [T]".
The displacements in the two reference frames can be related by

{"} - m"{ } (7.5)
y Y,

Differentiating Eq.(7.5) with respect to the time results in
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: x f’
{’f} - i(m"){ } . m"{,} (7.6)
y dt y, y,

Substituting Eqs.(7.1), (7.2), (7.4), (7.5), (7.6) into Eq.(7.3) yields

Fxr xr x.r
= [K] +[C1y. 7.7
F}" y r y r
where
k(') k(') k(c) k(t)
K] - LS PN U 78)
" (0 () k(c)
Y 1 K2
=
¢y €
€1 ©22
in which
kD = k, cos?0 +(k,, +k,,)sinBcosO +k,,sin?0
kl(;) = k,,c05°0 ~ (k,, —k,,)sinOcos6 -k, sin’0
(7.10)

kS = k,, cos’® ~(k,, ~k,,)sinB cos -k, sin’0

k3 = k,,c0s?0 —(k,, +k,,)sinBcos0 +k,,sin’0
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©@ _ 2 - =2
k) = c,c08’0 —(c, —c,,)sinBcos0 —c, sin 0
kg) = -¢,, 05’0 —(¢,, +¢,,)sinBcosO ~c,,sin’0
(7.11)
© = ¢,,c05?0 ~(c,, +c,,)sinBcosO +c,, sin’0
() _ _ 2 _ : .2
ky; = —c,c0s’0 +(c, c,,)sinfcosO +c , sin 0
and
cl(:) = c“coszﬁ +(e,, *¢,,)sinOcosO +cusin23
‘-'1(;.) = clzcoszﬂ ~(¢e,, ~¢,,)sin0cosb —cusinzﬁ
(1.12)

) _ 2A _ - - _ -2
Ccyy = €,€05°0 —(c, ¢,,)sinBcosO -¢ ,sin’0

cz(? = cncoszﬁ ~(e,, *¢,,)sin0cos6 +c“sin29
It can be seen that in general, the dynamic coefficients, i.e., stiffness and damping
matrices of the bearings, are not the same in the two reference frames. If they are constant
in one reference frame, they will generally become time-dependent in the other frame
provided the two frames are rotating with respect to each other. It should be noticed that
damping coefficients will contribute to the stiffness matrix in the other rotating frame.
There is one exception when &, =ky, =k, ki, =-k =k, and ¢ ;=cn=¢, €3 =-Cy

=c,,l.e.,

“ czl (7.13)
1

In this case, the corresponding stiffness and damping matrices can be given by
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k, K,
X, = + Q
-k, K

c, -c c, ¢
e[ o
6 & c &

If an inertial force generated in one reference frame needs to be expressed in the other

g
Y,

frame, one could use the relation

x - s||* -s —c||*, c -5
(R A R e
y -s —|ly, c -si|y, s ¢

where

c=cos(Q) , s=sin(Qr)
to obtain the corresponding expressions

7.2 Lubrication Equations in Rotating Frame

Rotordynamics involves both rotating shaft dynamics and bearing hydrodynamics.
The latter can also be called a shaft/fluid interaction problem. Baskharone and Hensel
(1991a, 1991b) dealt with seals using three-dimensional fluid finite elements. They gave four
dynamic coefficients in the form of Eq.(7.13). Since the fluid-film of journal bearings is
relatively thin, a simpler lubrication equation might be more appropriate and economical.
The Reynolds equation (Reynolds, 1886; Childs, 1993) was established in the fixed frame
of reference. If the rotating frame is selected, the distributed pressure can be
straightforwardly expressed on the surface of the shaft.
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Figure 7.2 Fluid-film in a rotating frame

7.2.1 General Equations

In the rotating frame as shown in Figure 7.1, the xy plane rotates at a constant angular
speed Q around z-axis. The two solid surfaces are filled with fluid, thus producing a very
small thickness of the fluid-film. At an arbitrary location (x,z) of the film, there are two
points P,(x,y,,z) and P, (X, % ,2) on the two surfaces, respectively. The corresponding
velocities on these surface points (boundary conditions for fluid) are assumed to be U, V,
and U, , ¥, in x and y directions.

The Navier-Stokes equation for an incompressible Newtonian fluid in a non-inertial
reference frame can be expressed as

DY . lup + AV -4, - 2(xW) (7.16)

De P

where
V=ui + vj + wk ( velocity relative to the rotating frame)
w=£2k (angular velocity of the rotating frame relative to the inertial frame)

a, =(R-y )Q?%j (absolute acceleration at the point (x,y,z) when there is no relative

motion in fluid)
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2(wxV) = 28uj- 24X i

P = pressure

p = fluid density

v = fluid kinetic viscosity, which is assumed to be constant.

V = i" + ._a_.j +_a_k
Ox dy Oz

RO
axz ayz azz

Eq.(7.16) can be further expressed in X, y, and z directions as

Ou_ Ou_ Ou du __10Jp Fu . Fu +62u

—tU—Fty—tw— = — ==+ V(

20
a "ax ey T por o gt @t o

O O 13, Py S +32‘;)—znu -RNQLP (7.17)

ot Ox Oy dz poy ox? dy? Oz

ow Ow  Ow wiw__ 1 dp (82w+62w+82w)
ot ox dy dz poz ox? ody? 0z

Continuity equation for the incompressible-fluid can be given by

Ou ov  Ow
= + 22+ % - 7.18
Ox dy Oz (7.18)

Nondimensionalization is made in order to yield simplified equations of the motion. The

spatial coordinates are set to be

r=X y=2X F-2Z=
=y o ity (7.19)

where C, denotes the radial clearance between the bearing and the shaft. Velocity
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components in the xz plane are nondimensionalized in terms of the shaft surface velocity R,

ie.,

7= W=
RQ’ RQ (7.20)

It follows that according to the continuity equation Eq.(7.18) the nondimensionalized
velocity component perpendicular to the fluid-film has to be in the following form:

e LN P
C,| RQ (7.21)
The Reynolds number is defined as
C (R
Re =
v (722)
The pressure is nondimensionlized as
C
P = Re(——'] —L__ (7.23)
R ] p(RQY
Time is nondimensionalized as
t = Qe (7.24)

Substitution of Eqs.(7.19)-(7.24) into Eq.(7.17) yields

Re |9 . 3L GOR 5 98,
R _at dx ay oz
(7.25a)
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B

(7.25b)
—_ — 2 - - . 2 2
_a_egz_(_c_] s -Me(&] He(&] (1_&;)
& % \R)|a& o R AR
cre
Re—2| P @ GO GO,
Rlar o& o oz
' (7.25¢)

35+62‘7+(_C_r)2 &5, F%)
R dx? 0z?)

Since C/R and Re are assumed to be very small, Egs.(7.25a)-(7.25¢) can be simplified as

Pu_ldp  Fw 1B @

5 war o h e 5 0 (7.26)

where p (= vp) represents absolute viscosity. Using the boundary conditions as shown in

Figure 7.1, it follows that
y=y,(x2): u=U, v=V,, w=0

727
y=y,(x2): u=U,, v=V, w=0

Thus, from Eqs.(7.26) - (7.27) the fluid velocity within this thin film can be given by

u =—l~§£-(y VIO -y + !

u - U,Wy-
2o e R L)

(7.28)

L% -
P wende e
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Substitution of Eq.(7.28) into the continuity equation, i.e., Eq.(7.18), one has

av__alap_ _ _9d|1dp, _ _
% ax[z F o -y yz)} 5;{——2;; az(y Yoo -y,)

(7.29)

9
—_—— + -
a{z [0, 0,-»+U,&» yl)]}

Note that for integrating f(x,t) with respect to x from x=a(t) to x=b(t), the following
relationship holds

5(r) b(r)
i f Six.t)dx = f -a—/(x.t)dx +f[b(t),t]-—b(t) f[a(r),t]—a(t)
a(:) a(l)

Integrating Eq.(7.29) plus the above expression yields

Y2
a 1 dp dgql g
V,-V, f —=-= f [ “y) -yz)} ly-— az ——p YO -y,) |dy -
(7.30)
41
_d dy dy
r { [U,0,~¥) +U,(» yl)]} dy +U, gz-U,g‘
Since the fluid-film thickness can be given by
H(x,2) =y,(x,2) ~y,(x,2) (7.31)
Eq.(7.30) can be rewritten as
3 3
O %), 0\H | 1y, -y, y+6(U, +U)°E wsr S, +u,)
Ox| p Ox 3z p Oz Ox Ix
(7.32)
120,22 120 1

2 5x ' ox
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This is a simplified lubrication equation similar to the laminar-flow Reynolds equation
(Childs, 1993). However, it appears that in general y,(x,z) and y,(x,z) cannot be completely
substituted by H(x,z).

If y,(x,z) is assumed to be zero or constant, then Eq.(7.32) becomes

9|H 3p
ox| u Ox

+i[£ia_1’

OH _.. 3
5| o |7 120 TV U, ~U) T 6 H (U, +U)) (7.33)

which is often seen in books and papers. Another extreme situation is in the case where
¥»(X,Z) is assumed to be zero or constant. Then Eq.(7.32) becomes

+ —

Oz

9|H%p Hop
Ox| p ox

a[Hsap

=12(V, = V,) +6(U, - Ul)g—H +6H-ai(Ul Uy (734)
x

u Oz x

The correctness of Eq.(7.32) can be shown herein. To establish a lubrication equation
along the thin film x, as shown in Figure 7.3 (a), two alternatives can be used. In Figure 7.3
(b), v, is prescribed to be zero. It follows that
¥,(x.2) =H(x,z);

u,=Uu,, V.=V,
U,=Ug, V,=V,.

R.HS. of Eq.(7.32) or Eq.(7.33)
= 12(Vy-V ) +6(U, -Ua)a—H~ +6Hi(UA +Up)
Ox ox

However, if y, is prescribed to be zero as shown in Figure 7.3 (c), then

y[(x’z) =-H(x,z);
U,=Uy, Vi=-Vg;
U2=UA, V2=—VA.
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y
x (1 x 4
// //

/(2 _ / l
TN hea=0 \/"\ ya(,2) =0

y y2(x,2) = H(x,2) v.(x,2) = -H(x,2)

2

()] (c)

Figure 7.3 Application of Eq.(7.32) in prescribed coordinates

The right-hand-side of the corresponding equation can be written as

R.H.S. of Eq.(1.32) or Eq.(7.34)
oH d
= 12[(-V,) -(~V ] +6(U, -UB)E +6H§(UA +U,)

= 12(V,-V,) +6(U, —UB)%’ +6H%(UA +Up)

The two different prescribed coordinates with respect to y yield exactly the same partial
differential equation as shown above. The two identical equations also show that a
lubrication equation along the thin film x can be established by prescribing either y,=0 or
y»=0 on the surface where an evaluation of pressure distribution is desired.

The author believes that Eq.(7.32) can be used more effectively in the two defect
surfaces where both y, and y, vary with the film length x. It should be noted that viscous
forces along the surfaces are often neglected. It seems that x axis should be prescribed along

the surface upon which pressure distribution is examined.
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The lubrication equation can be used in rotating or non-rotating reference frames.
This is due to an assumed low Reynolds number Re and a short film clearance-to-radius ratio

C/R, which allow one to neglect higher order terms such as inertia forces of the fluid.

7.2.2 Application of the Lubrication Equation

The purpose of the present development is to show how to apply the lubrication
equation Eq.(7.32) in the rotor-fluid-bearing interaction. The effect of chosen circumferential
coordinates and reference frames on the final equation will be examined. The relative elastic
deformation within the rotor is considered to be small enough to be negligible, compared to
the motion in the fluid. Note that the circumferential variable x as defined in Figure 7.2 is
replaced by R6. R is the radius of the rotor (To be precisely, R + C, instead of R needs to be
used for the bearing surface. This difference, however, makes no contribution to the final
simplified equation). £ is a counterclockwise rotation originating at the line of bearing or
rotor centre. The perturbation of the rotor is assumed to be around the centre of the bearing.
The rotor is assumed to be rotating counterclockwise at a rotational speed £2.
Circumferential coordinates parallel to the bearing surface

The pressure is evaluated upon a circumferential coordinate parallel to the bearing
surface. As shown in Figure 7.4, a circumferential film line is assumed to be a circle, parallel
or attached to the bearing surface between the rotor and the bearing. Therefore, 6
corresponds to rotation about the centre of the bearing. Rotor displacement and velocity

perturbations

Ax, Ay; Ax, Ay

correspond to a film thickness H and fluid/rotor and fluid/bearing interface velocity
components U, V,, and U,, V,.
One can see that in the triangle 404C, the following relation holds:
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Figure 7.4 Circumferential coordinate parallel to the bearing surface

(04)? =(AC)* +(OC)? +24C OC cos(y -6)

where

04=0B-4B=(R+C,)-H, AC =R, OC =e

Thus the film thickness H can be given by

H=R+C,~\JR?+e? +2Recos(Y - 0)

Neglecting higher order terms than e/R after expanding H in terms of Taylor series results
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H=C, -ecos(y -0) =C_—AxcosO -Aysin0 (7.35)

In Eq.(7.32), the change rates of two surface edges to the film circumferential variable can
be given by

—Ll=g, —2=25 (7.36)

1. In fixed frame

Evaluation of pressure distribution on the bearing surface in the fixed or inertial
reference frame is the most common method in the hydrodynamic bearing analysis. Velocity
components can be given by

Ul = Vl =0;
U, =-Axsin@+AycosO +RQ, V, =-AxcosB - Aysin0

(7.37)
Substitution of Eqs.(7.35) «(7.37) into Eq.(7.32) yields the following equation after

neglecting second order terms:

1 i( H_’a_p] +_a_( H_’a_p]

Fae pdb) az\ u oz (7.38)

=-12Axcos0 -12 Aysin0 +6 Q Axsin0 -6 Q Ay cosO

2. In rotating frame

In this frame, the bearing will be observed to be rotating clockwise at the speed Q.
The origin of the rotating frame is set to be in the bearing centre. Thus the effect of a
displaced rotor configuration is neglected if the pressure is considered to be acting on the
rotor surface. Velocity components in this rotating frame are expressed as
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U =-(R+C)Q, ¥,=0;

(7.39)
U, =-Axsin@+AycosB, 7,= ~Axcos0 - Aysin6
Using Eq.(7.32) along with Egs.(7.35), (7.36) and (7.39) yields
_Li( B +i( Eiéa]
R200\ u 00) J9z\ pn Oz (7.40)

=-12 A%cos0 - 12 Aysin0 -6 Q Axsin +6 Q Ay cosO

Circumferential coordinates parallel to the rotor surface

It seems that pressure calculated directly on the rotor surface will yield more accurate
solutions in the rotordynamic analysis. In this circumferential coordinate parallel or attached
to the rotor surface, 8is measured from the centre of the rotor. The simple diagram can be
shown in Figure 7.5. In the triangle AOBC

(0B)? =(BC)? +(OC)* +2BC OC cos(y -0)

where
OB=R+C,, BC=4C +AB=R+H, OoC =e
It follows
H=C_-AxcosO -Aysinf (7.41)
I __oH ¥ o (7.42)

&  Ox dx
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Now the direction of film thickness H is perpendicular to the rotor surface. Thus the pressure
is evaluated on the rotor surface as it is desired.
1. In fixed frame

An expression of pressure distribution on the rotor surface in the fixed frame is
attempted. Velocity components can be given by

Yi=¥ 708 7.43
U, = -Axsin0 + Ay cosB + RQ, V,=-Axcos6 -Aysin0 (7.43)
Use of Eq.(7.32) yields the following equation after neglecting second order terms:
Li( z_’.a_p] . i( 23
R230\ p 090 o0z\ pu Oz (7.44)

=-12Axcos0 - 12 AysinO +6Q Axsin0 -6Q Ay cosO

Figure 7.5 Circumferential coordinate parallel to the rotor surface
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2. In rotating frame

In this frame, the bearing will be observed to be rotating clockwise at the speed Q.
The origin of the rotating frame is set to be in the rotor centre. The relative motion is
considered by fixing the rotor. As shown in Figure 7.5, point B on the bearing surface has

a relative position
r=-Axi-Ayj -(R+C)n (7.45)
where i and j are the unit vectors of rotating coordinates x and y, and n is the normal

direction of the bearing surface. Note that

ﬂ:oj’ ﬂ:—ni, g’-’.: —Qt"

dt dt dt
Thus the velocity at point B with respect to the rotating frame can be given by

% =[Axcos® -QAycosO +Aysin0 +QAxsin0]n +

+[Axsin0 -QAysin0 - Aycosd ~-QAxcosO]7-QR +C )T’

Since the angle o in Figure 7.5 can be given by

(R+C, ) +(R+H,)* e
2(R+C,)(R+H,)

c, H)® ()2
_ R R R
=1+
c H,
A1+ 1+
R R

costt =
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It follows that velocity components in this rotating frame, as shown in Figure 7.5, can be

expressed as
U, = Aisin6 -QAysin0 -Aycos® -QAxcosB -QR +C)),
¥, =AkcosB -QAycosOd +Aysin® +Q Axsin0; (7.46)

U,=0, 7,=0 .

Substitution of Eqs.(7.41), (7.42) and (7.46) into Eq.(7.32) yields

o [Lfi_a_p] +i( f_fia_p)

2290\ n 90 az\ u oz (7.47)

=-12 AxcosB - 12 Aysin0® -6 Q AxsinO +6Q Ay cosO

From the above case studies, one could see that

1. For a plain journal bearing, the lubrication equation, i.e., Eq.(7.32), will yield
different forms in the fixed and rotating frames. This change can be simply made by
replacing “Q” with “- Q”.

2. A circumferential coordinate can be chosen to be parallel to (or directly on) either
the bearing or the rotor surface. The results seem to be no difference for a small perturbation
around the bearing centre.

3. For small perturbation, the circumferential coordinate can be established parallel
to (or directly on) either the original or the displaced surface. The final equation will still be

the same.

7.3 Pressure Distribution Calculation Using FEA

7.3.1 Equation in Rotating Frame for Eccentric Rotor

In the above discussion, the position of the rotor is situated in the centre of the
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I
R
!

TQ t
@ 0\< W/
! °
|
|

Figure 7.6 Perturbation in rotating frame around eccentric rotor centre O

bearing. Then hydrodynamic pressure is evaluated based on some small perturbation. For a
light rotor or a rotor placed vertically, this procedure is considered to be very effective.

There are many situations where a rotor is located eccentrically relative to the bearing
centre, due to the weight of the rotor. In this case, the rotor may be considered to be
perturbed around its eccentric steady-state position, as shown in Figure 7.6. O’ is the centre
of the bearing, O is the centre of the rotor under steady-state condition due to its weight or
other external non-rotating forces. The eccentricity €, and the angle ¢, can be determined
from the lubrication equation Eq.(7.42) by prescribing zero velocity perturbation, plus
boundary conditions.

Note that in the AOO’A, one can obtain

(R+C Y =e 2 +04% +2¢,04 cos(P, +Qt +0)
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After neglecting a second order term (e/R+C,)? , one may have

04 =R +C,-e,cos(P, +Qr +6) (7.48)

One may also be able to see that in AOP'P,

(04 -H)*=e2+R2*+2Recos(y -0) (7.49)
Note that the following relation
ecos({ -0) =ucosB +vsin6 (7.50)

holds.
From Eqgs.(7.48)-(7.50), one can obtain the film thickness

H=H_- ucosf -vsin6 (7.51)

where

H,=C, -e cos(¢, +Qr+0) (7.52)

is steady state film thickness when there is no perturbation of u and v.
Let the circumferential coordinate be attached on the rotor of rotation. Thus, y, and
y, presented in Eq.(7.32), are assumed as

¥,=0 (on the rotor surface);
y,=H (on the bearing surface).

Since the circumferential coordinate is fixed on the rotating rotor surface, a
perturbation u and v will make contributions to the velocity (expressed in this rotating
circumferential coordinate) at the point A on the bearing surface. In the other words, the rotor

is considered to be “motionless™ as long as the relative motion between the bearing and the
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rotor is correctly taken into account.
In this circumferential coordinate, therefore, the rotor surface velocity components

are given by

and the velocity at the point A on the bearing can be given by

V,=-Q047, -l -vj +QMxj)x(-ui -vj)
(7.53)

=U,T,+V,n,

where
U, =isin0 -QvsinB -vcosO -QucosO -Qo4

V,=-tcosB +QvcosB -vsinB -Qusin6

Assume that fluid film pressure is composed of steady state magnitude p, and
dynamic magnitude p. Thus, variable p in Eq. (7.32) is replaced by p, and p. The variable p,
corresponds to H = H, and no perturbation of rotor displacement and velocity. For a

horizontal heavy rotor, H, will vary with angle 0, and a resultant value of p, on the rotor

surface will balance external forces such as the weight of gravity.

Substitution of y, ,y,, H,

w2P Py U .V, ,U,,and ¥, into Eq.(7.32)

yields a general lubrication equation, which even could be applied to very flexible rotors.

After dropping off second order terms, the left-hand side of the equation can be given by
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LHS = a3 Hoz(Ho ~ucos6 -vsin0) dp . a3 H:(Ho -ucos@ -vsin0) ap
a6 R%u d0| oz mn
3 31‘1(,2 (ucosB +vsin@) dp,| 53 Hoz(u cos +vsin) dp,
a0 R 30| oz u 30
3 3
+i HO apo + i Ho apo
00(Rr% 30| dz| n 36

and the right-hand side can be given by

ou ov Ju ov

R.HS. =Alli +A2\; +A3 u +A4V *’Asa—e +A6% + 756- + Aa—ag +A9
where
Q@ OH, H
A, =-12cos6 -6ﬂ—° +6—2cosO
R 46
OH H
4,=-125in0+65%9 o (Fo g
a0 R
H OH,
4, = ~6Qsin6 +6Q—25in6 + 1205259 o
R 5.3 )
sin@ OH,

H
A4,=6Qcos6 -697%056 +12Q —_
H,
A, =6—sin0
R
H,
Ay=-6—-cosO
R

H
A4,=-6Qcos0 - IZQ?ocosﬁ

H
Ay =-6Qsinb - lzﬂ?osinﬂ
OH,,

4,=6Q
i a0

(7.54a)

(7.54b)
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Note that the last two terms in Eq.(7.54a) and A, in Eq.(7.54b) can be cancelled with
each other. It means that when no perturbation of rotor displacements and velocities, the
following relation

H, dp, .

Rzp do

d

a0

0 (7.55)
ET)

Oz

u 40

holds. Eq. (7.55) represents the steady state pressure which supports the rotor under external
forces such as gravity. The equation can be formed to be time independent by replacing Qt
+ 0 with a new variable.

It can be seen that Eq.(7.54) is a time dependent equation in general due to the
combination of rotor eccentricity e, and perturbation uand v in the rotating frame. Therefore,
displacements u and v, and dynamic pressure p will involve terms containing sin(Qt) and
cos(f2t). This will add difficulties in obtaining the response of the whole rotor-bearing
system.

7.3.2 Equation in Rotating Frame for Centered Rotor

For vertical rotor-bearing systems or light rotors, ¢, can be considered to be zero. One
may also be able to make an assumption that the steady state position of the rotor is
originally at the centre of the bearing. Thus, the dynamic response is calculated by summing
all perturbations due to any possible dynamic force expressed in the rotating frame. For

1 aHo

H
further simplicity, terms involving —R'l and — P are neglected when they are

compared with unity. Thus, one may obtain
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2

c
« 2 '(c,—3ucos6-3vsine)a—”
oz| u Oz

2

a| €,

=2 (C,--3ucose-3vsin9)ai
Rp

a0

(7.56)
=-12ucos0-12vsin0-6Qusin® + 6 QvcosO —6Q-§—;-cosﬁ -GQ%sine

One might need to have an insight of possible steps toward the solution of Eq.(7.56)
and alternatives before conducting detailed numerical analysis. Finite element analysis is
employed on the interface between the rotating shaft surface and the fluid film. If a linear

analysis is desired, terms u-g% and "g% may have to be dropped out. p, u and v can
be substituted by
p=INJy,  u=IN[{u}, v=|N[{v} (7.57)

where | Ve | is the shape function related to the element geometry, and {p.}, {«.} and {v.} are
the nodal variables. Applying the Galerkin method to Eq.(7.56) for an arbitrary element
yields

[(H]{p} =[41{U} + [BI{U} (7.58)

where {U,} represents all the nodal displacement variables including slopes if any. Note that
since [H ] could be singular, [H]"' may not be available. It is required that the whole interface
equation has to be formed. Then after using boundary conditions to make the system matrix
[H] non-singular, the pressure all over the interface {p.} can be expressed as (not the final
magnitude):

(H){p)} = [A U} + [BHU} (7.59)
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On the shaft, virtual work done by pressure is

5w = (83U} [Q] {p.}

(7.60)

where [Q] involves an area integral over the elemental rangé. Therefore, the corresponding

equivalent nodal force vector can be given by

{F} =[Q]{r,}

(7.61)

Thus, {p,} can be substituted intermsof {U_} and {U:} . Using Boolean transformation

matrix can make it match solid element nodal variables.

Reduction procedures, however, may not be able to be implemented within the

shaft/fluid interface. To achieve high accuracy, many elements have to be adopted over the

interface. Therefore, an alternative, which will be discussed next, is used to allow the

application of reduction procedures for even the shaft section surrounded by the fluid film.

7.3.3 Perturbation Equations for Centered Rotor

Assume that dynamic pressure p can be expressed as

P=P Up V+p d*tp V-

where

i 5 PV

(7.62)

represent the change rate of dynamic pressure over displacement/velocity. Substitution of
Eq.(7.62) into Eq.(7.56), in which du/00 and 3v/G6 are considered to be zero, yields
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Au+Bv +Cti +Dv +~=0 (7.63)

Neglecting terms of second order or higher, one has

3 35
_l_—a-[ . ap}] + : ( = P =-6Qsin0

R290\ p 90 az\ u oz

al clap,| alc’op
L o 2Pyt 9 2 Pyl 6Qcosd
R230\ u 00 oz\ p Oz

\ (7.64)

(3, ) (.3
C Op. C Op,
L 0} Zr Pl Of Er i) . 13c0s8

R200\ p 90 ) d8z\ p Iz )

3 ) ( 3 )

1
R200\ u» 48} 3z\ u 3z

=-12sin0

Eq.(7.64) can be solved using FEA plus prescribed boundary conditions. Set

s=RO
z 578, §=s,
A L,
2 P 4 7=z,
z=L ’ il‘x
z=z,
L | 3
—4
L
z=0 s
s=0 2wR s=2RR

Figure 7.7 Diagram of finite element meshes for solving Eq.(7.65)
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Let ¢ stands forp,, p.» p, - p;.and E(s) for the remaining term. It follows that

ﬂ + ﬂ +E(s) =0 (7.65)

ds? 0z?

Assume that the bearing length is equal to L. Therefore, finite element discretization is made
on the surface Lx2nR. The steady state pressure, as indicated before, is p,. At both axial
ends of the bearing, the pressure is always kept as p,, without additional dynamic pressure
due to the rotor displacement or velocity perturbation. A continuous flow is assumed over

the circumferential surface. Thus, the corresponding boundary conditions can be given by

cbIz-’-tlb =¢lz=L =0’
¢I:=0 =¢I:=2‘KR =0

(7.66)

For an arbitrary element, as marked in Figure 7.5, the function ¢ can be written as

¢ =|NGs.2) (.}

4 (7.67)
=Y NGs2) 9,
i=1

where
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3
L: L: Lz
§ -5, z -Zl
4 =
L: L:

are shape functions with

N,(sj,zj) =5{j

Inserting Eq.(7.67) into Eq.(7.65) leads to the residual

Res = HAN[ + FNF {$.} +E(s)
ds? oz

where

6uQSiﬂ(%) , for ¢=pu ;

-6uQCOS(%) R fOr d):Pv ;

E(S) =4
12—ucos( —;—) , for &=p, ;

1—2l—l-sin( i—) , for d=p; .

(7.68)

(7.69)

(7.70)
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The Galerkin method yields the following equation:

5

f f {N}Res dsdz =0 (7.71)
ie.,
5
[f{N}az{”} dsdz + [f{mazm dsdz |(d} +
LA Os o B %z (7.72)

+‘7‘7‘{N} E(s) dsdz=0

S5

Note that the first term in Eq.(7.72) can be integrated by parts:

ﬁ{N}az{f’} dsdz {$,) f[{zv}a{”} {¢}] dz ”a{m MY Joaz 3

where the first term will yield four values corresponding to the four nodes of an element.
When assembled into global equations, they will be cancelled between element interfaces.
While on the boundary, even if nonzero, they do not need to be evaluated since ¢ is set to
be zero along the boundary z=0 and z = L. Thus, only the last term remains in the above
expression. Similar results can be obtained for the second term of Eq.(7.72). Finally,
Eq.(7.72) can be rewritten as

ol o am™ 3wy sy ff
[ f( e e KA CR f f {N} E(s)dsdz (7.73)

1A 15

Substitution of Eqs.(7.68) and (7.70) into Eq.(7.73) yields
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(H]){$,} ={Q} (1.74)

where

[l
(%) -
| I
- N
| |
N e

p—
U Y

[ %)
N
~
|

—
— I
—

L
(H]= ‘6 { +— (7.65)

3udL L s j
{0y == N b for b=p, (1.663)

- \ - \
R . sl Rz (L:+s[
—Ssin - —1C0S —Cos

R . Sl\ RZ- sl\ (L""Sl\-
-L—sm ; - ——{ COS ; —COoS

3uQL L s L |
(0} = s \ ) \ , for ¢=p, (7.66b)

L +s, ‘91\
-cos| —
R R

R . L:'l'sl R2 Ls+sl\ )
- -i—sm 2 - —1{ cos —-cos
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( Y[ \ L +s )]
—isin( S LR cos(ﬁ —cos( 1
t, \&] 72 \&) R )
R sl\ Rz s \ L:""S \
-Z-sm -E +—2 COS] —{ —cCoSs R
6uL L s /L / /
) et aid \ \ , for b=p,  (7.66c)
C, IR (L +s. | R? (L,ts'l (sl\}
—sin| + cos -cos| —
L, R ) 2 R ) R)
R . (L +s,| R? (L"l-sl\ [slw}
—sin + cos -cos| —
L, R ] L} R R)
R sl\ R2? sl\ L +s, ’
—cos| — | +={sin| —| -sin|] —=
L, \R] 2 \R, R J]
_cos( fl\ +.R_2. sin( i\ _sin( L +Sl\
R 2 R) )
6uL L s /Lt .
{Q} =——4 - , for ¢=p; (7.66d)
c? I+ ) I +s ) () .
r -icos s LR sin| —= ul -sin i §
L, R ] 2 R \ R)
\ [ )
L +s 2 L +g s
——cos( s LR sin( £ 1| -sin] ]
s R ), L:Z. R / \ R)

Note that no numerical integration is needed. The only approximation regarding the
solution of Eq.(7.65) comes from shape functions which must be employed for the FEA
computational technique. If a fine mesh is used over the interface between the fluid film and

“the rotating shaft, accurate solutions can be reached.

Numerical Results The rate of dynamic pressure due to the perturbation of a

rotating shaft with a radius R = 0.05m surrounded by a fluid film is evaluated on the shaft
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surface. The bearing length, i.e., axial distance of fluid/shaft interaction, is assumed to be
L = 0.1m with the clearance C, =0.075 mm. The fluid viscosity is assumed to be u = 0.035
N-s/m?. As shown in Figure (7.7), on the surface Lx2nR a mesh of 8x24 elements is used.

The computed results are shown in Figures (7.8)~(7.11). To verify the limiting case
of results, a close form solution for “short bearing” (Vance, 1988) is used as listed below for
comparison:

2 .
3"?(%-—22) usin©® ’ -£$zs£
C
r

a *Cicosﬁ)s 2 2

r

p©®) =p_+

where u is the distance of the rotor relative to the centre of the bearing. Therefore, the rate

of dynamic pressure due to the perturbation u can be given by

2
p, =2 =—3"? L 2%)sind
dul _, c} 4

The distribution is similar to the FE solutions, as shown in Figure 7.8. The maximum
value is p,=0.75 pQLYC_ around 6 = 1t/2. Though the corresponding value in Figure 7.8
(L/D = 1) is lower, it approaches this value using FEA when L/D is decreased to become a

very “short bearing”, as shown in Table 7.1.

Table 7.1 Maximum values of p, with L/D using FEA

L/D 1 1/4 1/8 1/16

@, )/ wQLc? 0.53 0.68 0.70 0.75
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7.4 Distributed Shaft Surface Forces in Accordance With
3-D FE Model

Once the change rate of dynamic pressure over rotating shaft surface perturbation has
been determined as is discussed above, the value of dynamic pressure on the shaft surface,
as shown in Figure 7.12, can be given by

-pn=-(p u+p v)cosBi-(p .u+p v)sinbj-

- (p..;li +p.‘;\;)cosei "(p'iu. +P.‘;‘;)sinej (7.67)

on the outside surface of each shaft solid element, the virtual work due to the dynamic

pressure p can be written as

oW = f f Su-(-pn)da (7.68)

(l= -1 " ’71 = 4]

& = +1 (Surface with fluic
pressure distribution

_’f

_ W AN 2=z, ({=6;)

Mm\__\—\i/\\x

,/\ 6=6,(n=n,)
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(a) (b)

h=-1

Figure 7.12 Fluid pressure acting on the surface of a shaft solid element. (a)in the global
coordinate, and (b) in the local coordinate
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where

u=ui+vj+wk

Substitution of Eqs.(2.22) and (7.67) into Eq.(7.68) yields

cosO
W =-(8U (T f f [G1ysin@(|p, p, O[IGIdA|IT 1{U.} -
e 0
(7.69)
cosO
~@UYTIT Y| [[1G1jsinb(lp; p; 0[GIa4|IT1(T,}
e 0

where

oul” av ]’
{U,} =| {u}7, {-au;'} . v}, {—a?} s (wd' [

(1™
[T°1= (ry™

(™

where [T}, [T], {g}, and {g} can be found in Chapter 2.

{g}
(G]= {g}
{g}
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Regarding cos0, sinf and dA, their general expressions can be given by

:f.:l r -1 1 6=L= T ~1
cosO = R{g} M'{x}, sin A (71117 W}

1
R
and

W[(ey__az_fa_az)’ LS (£2-22) | ma

on ol omag on o dn ¢ on o ona¢

Note that since the concerned surface is circular and uniform, the straightforward
expressions can be used instead of the above general forms. As shown in Figure 7.12, 0 is

linearly proportional to 7 alone, and z depends linearly on {. Thus, one can have

0 62—6‘( )+0 (7.70)
= n-n)+ .
n,-1, 1 1
and
6,-0, z -z
dA=RdOdz=R—2—12 1 and 7.71
n,-n CZ-CI ( )

Note that on the interface between the fluid and the shaft, element discretization is
not set to be the same here. The local coordinates for fluid film elements need to be
transformed to solid element coordinates. For the example shown in 7.3.3, six fluid film
elements are attached to the surface of one solid shaft element. As shown in Figure 7.13,
local coordinates of the attached solid element must be adopted in shape functions for each
fluid film element. Thus, the shape functions for each fluid film element in terms of local
coordinates of the solid shaft element can be given by
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Figure 7.13 Fluid film elements located on the surface of a shaft solid element

NG =1-3m-1) -%(c -C) +—2—(c ~Z)m-n)

NG = %«: -Z) —%(c ~Z)m-ny
(1.72)
N,&m=3m-1)- %(c -Z)m-n)

NG =%(c ~Zym-ny)

where {, = -1, and 1, depends on individual elements. A range of n determines which one
is being involved among the six fluid film elements and how 7, should be evaluated, as is

indicated in the Table 7.2.

Itfollowsthat ,  p  p_, and p, canbe evaluated in terms of solid elemental

local coordinates. The order of nodal numbers for fluid film element #1 willbe 1, 8, 2, 9, for
element #2 be 2,9, 3, 10, ...etc, as shown in Figure 7.13.

Thus regarding the fluid/shaft interaction, the distributed shaft surface forces or
dynamic pressure due to the shaft surface displacement and velocity perturbations, can be

expressed for each solid element of the shaft as
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Table 7.2 Fluid film elemental local coordinates matching shaft solid

elemental local coordinate
1 range Element m
~1sn<-273 #1 -1
-2/3sn<-1/3 ' #2 -2/3
-13sn<0 #3 -1/3
0<n<173 #4 0
1/3s n <2/3 #5 1/3
23<q<1 #6 2/3
(F}=-[K]{U}-[CA{U} (7.73)

where

( )

cosO)
(&KA=(7T| [[1G1\sinb(lp, p, OJGId4|(T"]
\ ¢ [ 0 ] )

, (7.74)

r B \
cos0

[cA=(r"1" f [G1\sin@(lp, p, O[G)dA|[T"]
\ © [ 0 ] y

which correspond to the 3-D solid finite element modelling of the shaft. Unlike eight
dynamic coefficients used for beam models, Eq.(7.73) gives distributed fluid/shaft
interaction forces in terms of solid shaft element displacement and velocity magnitudes. If
dynamic pressure p is of interest, its magnitude can be estimated using Eq.(7.62).
Reduction procedures such as continuous coordinate condensation or transfer matrix
method based on FE model, can be successfully implemented along the axial distance of the
shaft. If Eq.(7.59) were used to model the fluid/shaft interaction, such reduction procedures
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would not be able to be implemented because the dynamic pressure cannot be worked out

in terms of displacement and velocity components in the same fluid film element.

7.5 Numerical Examples

Using the developed fluid/shaft interaction model, the dynamic response of a hollow
shaft as described in Figure 2.2 is examined here. It is being supported by two bearings at
the two ends as shown in Figure 7.14. Numerical solutions of the unbalance response are
given with the rotational speed of the shaft. Damping effects, especially distribution extents,
on the dynamic response are studied by letting the rotational speed equal to zero.

7.5.1 Unbalance Response of the Rotor-Bearing System
The shaft is supposed to have a distributed mass imbalance, as shown in Figure 5.15.

As mentioned earlier, for 3-D solid finite element modelling, mass imbalance is modelled
by distributed mass distribution instead of concentrated eccentric masses used in lumped-
parameter or beam models. This mass imbalance modelling technique has been successfully
employed in Chapter 5 where free-free surface boundary conditions are applied on the shaft.
Recall that the natural frequency is 744 Hz and the critical speed is 764 rev./sec (Equivalent
of Hz).

Figure 7.14 A shaft supported by bearings
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Here the dynamic response of a rotor-bearing system is being calculated using the
developed fluid/shaft interaction model as indicated in 7.4. All the parameters of the fluid
film bearings are the same as those in 7.3. The responses are depicted in the rotating frame
at a rotational speed of the shaft, namely, Q. Figure 7.15 shows the response at the mid-span
where transverse displacements within the cross section are almoﬁ the same. Thus, the
deflection at any one of the nodal points or their average value represents the system
response at the mid-span. The abscissa is the x-directional displacement u, and the ordinate
is the y-directional displacement v in the rotating frame. Mass imbalance varying with the
axial distance is located in the x-direction. One may have noticed that this type of imbalance
will cause high value responses similar to the first mode shape when the rotational speed is
close to the first critical speed.

As one can see from Figure 7.15, phases of the responses (combination of u and v
displacements) are always behind that of the mass imbalance plane (x-z plane). The phase
difference is between 0 ~ =, varying with the shaft speed. As the shaft speed increases, the
deflection at the mid-span increases. A lag of 7t/2 corresponds approximately to the value of
natural frequency (744 Hz), but not to the maximum value of the response. When the
rotational speed reaches 900 rev./sec (Hz), the system presents the peak response measured
from the centre of the bearings, with a phase lag of 124° from the imbalance plane. As the
speed continues to increase, the response radius decreases, with a phase lag close to .

Therefore, 900 rev./sec instead of 764 rec./sec will be called the critical speed of the
rotor-bearing system, which leads to the maximum response radius. It can be seen that the
introduction of bearings raises the critical speeds. Note that the motion in the x-direction will
cause the motion in the y-direction by two sources. One is from the Coriolis acceleration in
the shaft, and the other is from the hydrodynamic pressure of the fluid-film. It is believed that
the corresponding dynamic stresses can be more accurately evaluated based on 3-D data than
those with beam models.
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Figure 7.15 Unbalance response varying with shaft speed Q in rotating frame
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7.5.2. Damping Effects on the Rotor-Bearing System

Damping takes an important role in the vibration response of the rotor-bearing
system. Shaft perturbation relative to the bearing through the fluid film will equivalently
produce a damping force. Many rotordynamists use concentrated force models in
consideration of this damping effect, namely, four damping coefficients for each bearing.
Craggs (1993) examined the effect of distributed bearing stiffness on the system response,
and found out the great difference between a point support and distributed models under
certain circumstances. Here damping effects of the bearing using the developed shaft/fluid
interaction model are presented, and then the difference between one-point and multiple-
point (equivalent of distributed model) models is examined.

To study the damping effects of the bearing on the response of the rotor-bearing
system as shown in Figure 7.14, the shaft speed Q is prescribed to be zero. Thus, no
gyroscopic and bearing stiffness effects will be involved. An exiting force with amplitude
of 2kN is applied to the mid-span of the shaft. Amplitude-frequency and Phase-frequency
curves are shown in Figures 7.16 and 7.17. When a forcing frequency reaches 810 Hz, a peak
response arises. Meanwhile, the corresponding phase angle is behind that of the exciting
force with a lag of approximately /2.

For this free-free shaft without bearing supports, the first natural frequency is known
as 744 Hz. Using the developed shaft/fluid interaction model, the peak response frequency
is found to be around 810 Hz, higher than the natural frequency. For a single-degree-of-
freedom (SDOF) system, however, it is concluded that the peak response frequency will be
decreasedirom the natural frequency. What conclusions can be drawn for a multiple-degree-
of-freedom (MDOF) or continuous system?

A one-point damping model is used first to find the peak response frequencies. The
damping coefficients are obtained by integrating the values in Figures 7.10 and 7.11 in x and

y directions over the fluid film, as shown in the following:
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C,,=C,, =2C =9.197x 10° N/s,

ny=ny =0

An exciting force is applied to the one quarter of the shaft axial distance in order to avoid
being located right in a node of the first few mode shapes, as shown in Figure 7.18 (a). The
obtained first three peak response frequencies, as shown in Table 7.3, are below the
corresponding natural frequencies, which seems to yield the same conclusion drawn from
the SDOF system.

However, if damping becomes slightly distributed using the three-point model as
shown in Figure 7.18 (b), the peak response frequencies have been increased to the values
greater than the natural frequencies. When the nine-point model, as shown in Figure 7.18 (c),
is used to model more distributed damping effects, the peak response frequencies are found
to be increased more.

For a shaft, therefore, if a damped region is modelled using dampers only within one
cross section, the peak response frequencies will be lower than the corresponding natural
frequencies. If the damped region is modelled using multiple dampers or distributed damping
forces along the axial distance of the shaft, the peak response frequencies will be greater than
the natural frequencies.

Table 7.3 One-point and multiple-point damping effects on the forced response

natural One-point three-point nine-point
Order Jfrequency damping model | damping model | damping model
(Hz) (Hz) (Hz) (Hz)
1 744 432 806 825
2 1875 1538 2121 2177
3 3307 3007 3782 3882
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Figure 7.18 One-point and multiple-point (equivalent of distributed one)
damping models. (a)one-point, (b)three-point, and (c) nine-point



Chapter 7. Fluid/Shaft Interaction 178

This suggests that when dealing with heavy damping systems, care should be taken
regarding the difference between the natural frequencies and the corresponding peak
response frequencies due to some excitations. Distributed and lumped damping models could
yield quite different forced responses. The conclusion drawn from SDOF may not be
consistent with that from MDOF or continuous systems. The peak response frequencies
could be higher than the corresponding natural frequencies.

The reason is that a general damped system is not of proportional damping, thus not
being able to be transformed to a set of uncoupled individual SDOF systems. Complex mode
theory may have to be involved if one wishes to obtain the solution using the modal analysis
technique in terms of analytical or experimental approaches. This topic will not be discussed
in detail here.

It is noted that the distributed damping is simulated by attaching several dampers
evenly over a short length near the two ends. The distance over this length may somewhat
shorten the effective length of the shaft, though there is no spring force involved on the shaft.

7.6 Discussion

Since simple beam models are often employed in the rotordynamic analysis, eight
dynamic coefficients are conventionally used to model fluid/shaft interaction. Most of the
fluid/shaft interaction research focuses on the fluid behaviour, or computational fluid
dynamics (CFD). When 3-D solid finite elements are adopted to model rotating shafts, the
corresponding distributed fluid/shaft interaction model should be developed to match the
solid shaft modelling.

The simplified lubrication equation as developed in this chapter can be used in both
the rotating and fixed frame. Compared with the traditional Reynolds equation, an additional
term has been found in more general boundary conditions, which may aid the fluid/shaft
interaction analysis, especially for defect surfaces. The circumferential coordinate can be
chosen to be attached to the rotating shaft. The corresponding velocity components at the
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surface boundary should be evaluated in terms of this coordinate. Otherwise, a totally
erroneous equation may result.

Even using the simplified lubrication equation, the dynamic pressure will not be
linearly proportional to the shaft displacement components. For an eccentric rotor, the
dynamic pressure on the rotating shaft surface will be time-dependent. If the steady-state
position of the shaft center is assumed to be in the bearing center, a time-independent
lubrication equation can be formed. The linearized finite element equation for each fluid film
element has to be assembled over the whole fluid film surface plus certain boundary
conditions, thus yielding a totally coupled fluid/shaft equation. Since reduction procedures
cannot be used. with small matrix operations within that region, instead a perturbation
method is adopted to obtain the ratio of dynamic pressure over shaft displacement and
velocity components. Finally shaft surface forces due to dynamic pressure can be expressed
in terms of the solid finite element displacement and velocity nodal variables.

The unbalance response of a rotor-bearing system can be given using the 3-D solid
finite element model along with the corresponding distributed fluid/shaft interaction model.
The lumped and distributed damping effects on the forced peak response frequencies suggest
that one should not simply apply a conclusion drawn from SDOF systems to a damped
MDOF or continuous systems.

It should be noted that the above fluid/shaft interaction model is applied to a rotor-
bearing system where the steady-state position of the shaft centre is assumed to be in the
bearing centre. This is the case when a rotor is located in the vertical position. A very light
rotor in the horizontal position may also belong to this case.

If this fluid/shaft interaction model is omitted, an alternative which uses simple
concentrated spring and damper models may also be employed to obtain dynamic responses.
If results with high accuracy are desired, howevcs, a fluid/shaft interaction model should be

included in the whole system analysis.
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Conclusions and Suggestions for

Further Research

Three dimensional (3-D) solid finite element modelling of rotating shafts, without
making any restrictions on the motion to beam-like behaviour or prescribed axisymmetric
bending modes, is reported for the first time. The modelling procedures have been given in
all the previous chapters, and some important conclusions have been made which will be

discussed in the following.

8.1 Conclusions

The major contributions of the thesis include the establishment of 3-D solid FE model
for rotating shafts, the discovery of the nature of shaft whirls, the development of the TMM
technique based on FE models, and the dynamic reduction procedure, modelling of
fluid/shaft interaction in accordance with the 3-D solid finite element shaft model. In this
thesis, the following main conclusions can be reached:

The proposed 3-D solid finite element model automatically includes all the possible
modes which cover bending, torsional, axial and any other modes. A 1-D shaft model such
as a beam has only one or two degrees of freedom in cross sections of shafts, and thus cannot
completely reflect the behaviour of deformation for shafts with complex geometry. A 2-D

180
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axisymmetric finite element model still has restrictions of displacements in any
circumferential line of a shaft. It can be shown that this circumferential line remains plane
during deformation in axisymmetric element bending modes. The proposed new model has
no restrictions of displacements or deformations beyond 3-D solid finite element properties.
Therefore, the allowed modes are only restricted by the prescribed displacement functions
used in setting up the individual finite elements, which are then assembled together across
a shaft section into a superelement. Any one section of a shaft will have more pertinent
degrees of freedom. Moreover, the proposed 3-D subparametric finite elements possess C!
continuity along the axial direction of the shaft, and give quicker convergent solutioas than
commonly used isoparametric elements. When bending vibration is analysed with the 3-D
solid finite element approach, one examines bending-like modes in a 3-D domain instead of
pure bending modes in 1-D beam models or restricted bending modes in 2-D axisymmetric
element models.

In the special restricted cases of a slender or stubby uniform shaft, this model shows
good agreement with the Euler and/or Timoshenko beam theories when bending frequencies
are examined. However, when the shaft has a non-uniform cross section varying with its
length, a basic beam assumption that plane sections remain plane is violated. A 2-D
axisymmetric finite element model with one Fourier series term cannot completely break
through the plane assumption of cross sections. In this case, the 3-D solid finite element
model should be used to depict accurate deformations of the shaft. It is shown that the
computed results for a tapered shaft are in very good agreement with the measured data.

Mass imbalance can be consistently modelled by varying the density in a cross
section in this 3-D solid finite element model. It should be noted that due to its non-
symmetric properties, mass imbalance is difficult to model in an axisymmetric finite element
model. Coupled modes between bending and torsional actions, and between bending and
axial actions are found in the case of mass imbalance. When a harmonic exciting force,
moment or torque is applied to a shaft with a frequency close to a resonant frequency of

bending, torsional or axial mode, it will cause inertia forces, moments, or torques in another
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mode direction due to mass imbalance and thus excite the latter mode. The coupled
frequencies change very slightly from the natural frequencies of the dominant mode. Non-
circular cross sections yield different natural bending frequencies in two orthogonal
directions, and lower torsional frequencies, although they have almost no effect on axial
frequencies.

The free surface boundary conditions are adopted to compare with free-free beam
solutions and measured results without introducing other errors caused by boundary
constraint modelling. For other corresponding boundary conditions used in beam modes, it
may be hard to define equivalent ones for a 3-D elastic shaft. To simulate a simply supported
boundary condition, transverse displacements at one or more nodes may be specified zero
on the exterior surface in the two ends. The corresponding natural frequency values,
however, depend greatly on how these nodes are determined, especially for short shafts. To
reach reliable dynamic solutions, therefore, practical contact situations should be simulated.

When dealing with a rotating shaft, the rotating frame is used which facilitates the
FE modelling and gives a clear view of the shaft whirl of bending vibration. In the rotating
frame, it can be seen that the complicated shaft whirl can be simply viewed as elastic
translational motion if deflection is considered, as though the shaft were not rotating. Non-
rotating bending modes mainly involve the motion in one plane along the shaft axis, although
there are small displacements or deformations in the direction perpendicular to this plane
with 3-D solid finite element elements. Rotating bending modes or whirling modes can be
viewed in the rotating frame as the superposition of two orthogonal non-rotating bending
modes with the whirl frequency. It is found that ith mode shapes of non-rotating, resonant
forward and backward whirling cases are very close, though they are totally different in the
physical meaning. Using 3-D solid finite elements would allow the cyclic stresses to be
directly calculated throughout a rotating shait with complex geometry.

The whirling behaviour has been examined under harmonic excitations in the
rotating frame. Forward and backward whirls could coexist along the shaft if observed in the

rotating frame. When forcing frequencies reach resonant whirl frequencies, or natural
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frequencies of the rotating shaft, the whirl becomes either purely forward or purely
backward. This whirling nature in the rotating frame, which may aid rotordynamic analysis,
is believed to be reported for the first time, although there were some discussions about it in
a fixed frame (Muszynska, 1996). This author views this peculiar phenomenon as the
consequence of the combination of two different deflection curves in the two orthogonal
bending planes.

Resonant whirl frequencies, i.e., natural frequencies of rotating shafts, can be
determined in terms of the rotating or fixed frame. It can be seen that for an ith mode, there
exist both forward and backward whirl frequencies for the given rotational speed instead of
only one frequency for a non-rotating case. The difference of forward and backward
frequencies in the fixed frame, confirms that gyroscopic effects have been consistently
included using the proposed 3-D solid finite element modelling. Forward whirl in the fixed
frame may correspond to backward whirl in the rotating frame at high shaft speed, while
backward whirl in the fixed frame is always backward in the rotating frame. In the fixed
frame, forward whirl frequencies increase and backward whirl frequencies decrease with
shaft speed. A low backward whirl frequency in the fixed frame may correspond to a high
frequency backward whirl at high shaft speed, thus yielding high frequency cyclic stresses
within the shaft. As expected, forward and backward whirl frequencies for uniform shafts
using 3-D solid finite elements are in good agreement with those using the Timoshenko
beam theory. In the cases of shafts with complex geometry, the 3-D solid finite element
approach will yield more accurate results than other methods.

Critical speeds can be determined by the rotating stiffness matrices or zero resonant
whirl frequencies. Mass imbalance distribution along the shaft may influence unbalance
response significantly. A specific distribution can avoid resonant unbalance response at some
critical speeds. Synchronous whirl corresponding to zero whirl frequency in the rotating
frame without relative oscillation within the shaft, is often caused by mass imbalance.
However, the shaft can be bowed severely at critical speeds, with high non-cyclic stresses
within the shaft.
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For general eigenvalue analysis of damping and/or gyroscopic systems involving
rigid body modes, care should be taken when an original equation is reconstructed into a
standard form. Gyroscopic effects can contribute to the stabilization of undamped rotor
systems. In a non-proportional damped multiple-degree-of-freedom system, items in a
damped natural frequency expression no longer have the same meaning as that in a one-
degree-of-freedom system.

A transfer matrix method based on finite element models has been presented for
the dynamic analysis of a chain-like structure under harmonic excitations. The given
numerical examples have demonstrated its applicability and efficiency. The method allows
any possible distributed external forces to be included by transfer matrices, so that the
forced response could be successfully simulated. Condensation can be made when dealing
with a number of identical elements. It can also be employed in a damped and/or
gyroscopic system when the steady state response is examined. The principal advantage
of the method is that it allows a very large system with any external forces to be modelled
with the powerful finite element formulation and calculated with the transfer matrix

technique, so that numerical operation could be implemented on desktop computers.
Examples show that it can be used to obtain natural frequencies and forced responses.

A dynamic reduction method can be used to condense not only dynamic matrices but
also force or excitation vectors. This method allows one to handle elements even with
intermediate nodal variables and boundary conditions with rigid body motion. For a
particular region in a chain-like structure, the nodal points of interest, or the remaining
degrees of freedom, can be chosen in which a condensed dynamic matrix and an external
force or excitation vector can be equivalently applied without any loss of accuracy. Thus, a
relationship is established between some distributed/concentrated external forces of the
concerned region and condensed equivalent forces at the nodal points of interest. The
magnitudes of condensed forces rely on the inherent characteristics of the region and the
forcing frequency. It can be inferred that the harmonic forced responses at the nodal points

of interest can even be reduced to zero by applying these equivalent concentrated forces at
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the same frequency to these nodal points. The effect of these equivalent dynamic forces
within the concerned part on the responses will be the same. This procedure can help to
determine mass imbalance distribution along the shaft at several speeds and balance is
achieved by applying the equivalent forces at preselected planes.

The above two reduction methods can be implemented for a dynamic analysis of a
chain-like structure without any loss of accuracy. A popular TMM can easily be employed
by engineers, and can also yield internal forces along the chain line. The dynamic reduction
method can be used to deal with elements having intermediate nodal variables and to give
accurate results without involving any numerical instability problems. Mainly dynamic
reduction was used to obtain 3-D solid finite element results. The reduction algorithm
substantially reduces computer code requirements for the 3-D solid finite element modelling
of rotor-bearing systems. Another advantage is that for any kind of excitation within the
concerned part of a chain-like system, equivalent magnitudes at the input and output ends
can be determined at a forcing frequency based on a consistent finite element model and the
dynamic reduction procedure, without any loss of accuracy, thus giving a clue to simulate
or reduce the dynamic response by applying only equivalent harmonic excitation at the two
ends.

A simplified lubrication equation has been developed, which can be used in either
the rotating or the fixed frame. Compared with the classical Reynolds equation, an additional
term has been found in more general boundary conditions, which may aid the fluid/shaft
interaction analysis, especially for defect surfaces. For a small perturbation around the
bearing centre, a lubrication equation in the rotating frame differs from that in the fixed
frame in the sign of shaft speed, and a circumferential coordinate can be chosen on either the
bearing or shaft surface without any difference. For an eccentric rotor where a steady-state
position of the shaft centre differs from the bearing centre, a lubrication equation in the
rotating frame around the steady-state position will be time-dependent.

It can be seen that dynamic pressure is not linearly proportional to shaft displacement

and velocity components. The pressure distribution without perturbation in terms of these
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components has been shown using finite element techniques. Coupled fluid/shaft interaction
can be formed with the introduction of shaft surface forces. Since reduction procedures may
not be easily implemented within the fluid/shaft interface, a perturbation method is adopted
to account for this interaction in a rotor-bearing system. Using finite element techniques, the
ratio of dynamic pressure over shaft displacement and velocity components in the rotating
frame can be given. Then distributed shaft surface forces in accordance with the 3-D solid
finite element model can be included in the dynamic analysis of rotor-bearing systems.
Reduction procedures can be successfully implemented within the fluid film region along
the shaft axial direction. The unbalance response of a rotor-bearing system for a centered
rotor-bearing system is shown using the 3-D solid finite element modelling along with the
corresponding distributed fluid/shaft interaction model in a 3-D domain.

Case studies of damping effects on a rotor-bearing system show an interesting
characteristic of peaked response frequencies below, which can be used in other vibration
systems as well. For a shaft supported by two dampers, a forced peak response frequency
will be lower than the corresponding natural frequency if the dampers are modelled with
point models, and higher with distributed models. Therefore, care should be taken when
dealing with high damped continuous or multiple degrees-of-freedom systems. Conclusions
drawn from a single degree-of-freedom system cannot be simply applied to the other

systems.

8.2 Further Work

The following further studies are suggested to continue and extend the present work:
The present modelling procedure can be extended to include solid shafts. Although
more nodal variables would be involved, reduction procedures can greatly reduce
computational operations. The 3-D solid FE model is also expected to be able to link very
stiff disks as rigid bodies. Dynamic stresses can be evaluated based on the displacement

distribution.
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The refinement of 3-D shaft model to include second and higher order terms in
kinematics can be considered. Comparison of results with the present model can be made to
see whether there is any improvement.

Fluid/shaft interaction modelling can be improved by solving nonlinear coupled
equations. Modelling of horizontal rotor-bearing systems in the rotating frame should be

further investigated.
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A.2 Constitutive Matrix

For isotropic materials, the constitutive matrix is given in terms of Lame’s

constant by
A+2G A A 0 0 0
A A +2G A 0 0 o0
A A A+2G 0 0 0
(D] =
0 0 0 G 0 0
0 0 0 0 G O
0 0 0 0 0 G
in which
Ev

A=
(1 +v)(1 -2v)

- E
2(1+v)

where E is the Young’s modulus and v is the Poisson’s ratio.
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Synopsis of Developed Software

All the results shown in the previous chapters were obtained using the software
developed by the author. Fortran has been mainly used on the UNIX machines at the
Department. The software includes 3-D solid FE modelling, dynamic matrix and force vector
reduction ( development of the continuous coordinate condensation), TMM based on FE
models, shaft/fluid interaction modelling, etc.

A circular or elliptical hollow shaft with uniform or tapered cross sections can be
successfully modelled using 3-D solid finite elements. Given geometrical and material
parameters, the code can automatically form grids which specify elements and nodal points.
C! continuity is guaranteed along the shaft axis. Shape functions, in terms of local
coordinates, are formed based on real geometry of the concerned element. Gauss quadrature
is used when integration is involved. Superelements are employed to make possible the
dynamic matrix and force vector reduction along the shaft axis. Both rotating and non-
rotating shafts can be analyzed to obtain the dynamic responses of bending, torsion, axial and
other possible modes.

The dynamic matrix and force vector reduction allows one to obtain both a condensed
dynamic matrix and a condensed dynamic force vector. Therefore, it involves only a small
matrix operation even for a very long shaft. Many numerical examples used by the author
show that numerical stability can be guaranteed to ensure accurate results. Forced and free
vibration responses, or steady-state displacements can be obtained using this reduction
method. It allows one to calculate the unbalance response due to distributed mass imbalance
along the shaft axis, while the previous continuous condensation coordinate procedure may

not be able to handle. It can be employed in structures other than shafts. Moreover, use of
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the dynamic force vector reduction can yield the relationship between the equivalent
dynamic forces and the original dynamic forces for the condensed part of the system.

The transfer matrix method (TMM) is considered to be a convenient tool in beam-like
structures. Even before the finite element analysis was available, TMM had been very
popular in the dynamic analysis of beam-like structures. The new developed TMM technique
is based on FE models rather than lumped mass models. Therefore, results of FEA can be
achieved by using a simple TMM approach. Moreover, forces within the shaft cross section
can be obtained. Reduction can be further made for a series of identical shaft elements. As
shown in Chapter 6, this method has been employed in the rotating Timoshenko beam with
a finite element model.

Fluid/shaft interaction is modelled using FEA. Ratios of dynamic pressure to shaft
perturbation can be evaluated for the given fluid film surface. The corresponding shaft
surface forces can be automatically modelled in accordance with 3-D solid shaft finite
elements. The response of a rotor-bearing system can be given.

There are some other programs which have been used throughout the research
project. All these programs can yield satisfactory results.
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Use of ABAQUS Code

There are many general purpose finite element commercial codes available today.
ABAQUS is the one of them, which can be used in stress, vibration, acoustic and heat
transfer analysis, especially good for nonlinear analysis. The purpose for using ABAQUS
is to verify capabilities of the author’s code and to use its postprocessing to observe 3-D
mode shapes in a desired view direction.

Natural frequencies and mode shapes of a non-rotating shaft as shown in Figure 2.2
are given with the ABAQUS code. Free surface boundary conditions are assumed for the
whole shaft. Elements of type C3D20 (20-node quadratic bricks) are employed with a regular
mesh.

An input file is listed in Appendix C.1. The corresponding results are shown in
Appendix C.2 along with 3-D mode shapes.

C.1 ABAQUS Input File

An ABAQUS input file shaft.inp is listed in the following:
*HEADING
3-D UNIFORM SHAFT
*NODE, SYSTEM=C
1,0,0.,0.
2,0,0,0.8
11000, 0.025, 0., 0.
51000, 0.05, 0., 0.
18000, 0.025, 315., 0.
58000, 0.05, 315., 0.
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11128, 0.025,0.,0.8

51128, 0.05,0.,0.8

18128, 0.025, 315.,0.8

58128, 0.05, 315.,0.8

*NGEN, LINE=C, NSET=INSIDEA
11000, 18000, 1000, 1, 0.,0.,0.,0.,0., 1.
*NGEN, LINE=C, NSET=OUTSIDEA
51000, 58000, 1000, 1,0.,0.,0.,0.,0., 1.
*NGEN, LINE=C, NSET=INSIDEB
11128, 18128, 1000, 2, 0.,0.,0.8,0.,0., 1.
*NGEN, LINE=C, NSET=OUTSIDEB
51128, 58128, 1000, 2,0.,0.,0.8,0., 0., 1.
*NFILL, NSET=A

INSIDEA, OUTSIDEA, 2, 20000
*NFILL, NSET=B

INSIDEB, OUTSIDEB, 2, 20000
*NFILL

A, B, 128, 1

*NSET, NSET=AB

A,B

*ELEMENT, TYPE=C3D20

11001,

11000, 51000, 53000, 13000,

11002, 51002, 53002, 13002,

31000, 52000, 33000, 12000,

31002, 52002, 33002, 12002,

11001, 51001, 53001, 13001

14001,

17000, 57000, 51000, 11000,
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17002, 57002, 51002, 11002,

37000, 58000, 31000, 18000,

37002, 58002, 31002, 18002,

17001, 57001, 51001, 11001

*ELGEN, ELSET=ALL

11001, 3, 2000, 1000, 1,0, 0, 64, 2, 1
14001,1,0,0,1,0,0,64,2, 1

*SOLID SECTION, MATERIAL=STEEL, ELSET=ALL
*MATERIAL, NAME=STEEL

*ELASTIC

2.E11,03

*DENSITY

7800.

*RESTART, WRITE

*STEP

EIGENVALUE ANALYSIS
*FREQUENCY

20, 12000., 1.0

*NODE PRINT, FREQUENCY=0, NSET=AB
U

*NODE FILE, FREQUENCY=0, NSET=AB
9

*END STEP
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C.2 Results and 3-D Mode Shapes

Using postprocessing yields 3-D mode shapes, which are shown in Figures C.1 - C.10

along with the corresponding natural frequencies.

Figures C.1 - C.5 show the first five bending modes, Figures C.6 - C.8 demonstrate
the first three torsional modes, and Figures C.9 and C.10 display the first two axial modes.
Comparison of results shows good agreement between the author’s and the ABAQUS codes.
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Figure C.1 1st bending mode with natural frequency 744 Hz
(744 Hz using the author’s code)
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Figure C.2 2nd bending mode with natural frequency 1874 Hz
(1875 Hz using the author’s code)
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Figure C.3 3rd bending mode with natural frequency 3304 Hz
(3307 Hz using the author’s code)



211

Appendix C. Use of ABAQUS Code

ode)

Figure C.4 4th bending mode with natural frequency 4887 Hz
(4892 Hz using the author’s ¢
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Figure C.5 5th bending mode with natural frequency 6538 Hz
(6548 Hz using the author’s code)
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Figure C.6 1st torsional mode with natural frequency 1963 Hz
(1963 Hz using the author’s code)
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Figure C.7 2nd torsional mode with natural frequency 3926 Hz
(3925 Hz using the author’s code)
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Figure C.8 3rd torsional mode with natural frequency 5888 Hz
(5888 Hz using the author’s code)
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Figure C.9 1st axial mode with natural frequency 3161 Hz
(3162 Hz using the author’s code)
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Figure C.10 2nd axial mode with natural frequency 6301 Hz
(6304 Hz using the author’s code)



