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Abstract

This thesis considers PVol (Percentage of Volume) strategies, which are
an often used type of algorithmic trading strategies. In a PVol strategy, the
broker aims to bring the order execution speed in line with a percentage of the
market volume. This target percentage and the total order size are typically
given by the client. In a discrete-time setting, we analyze the optimization
problem of minimizing the expected deviations between the realized portion
of trading and the target percentage. Under different assumptions, we either

solve the problem explicitly or implement a numerical solution in MATLAB.



Acknowledgements

Firstly, I would like to express the deepest appreciation to my supervisor,
Dr. Christoph Frei for the valuable guidance and useful advice to the thesis,
since he inspired me greatly to work on it. What Chris did made me feel
motivated and encouraged, and I am really grateful for the fate choosing me
as Chris’” student.

Deepest gratitude is also due to Dr. Abel Cadenillas, Dr. Tahir Choulli,
Dr. Alexander Melnikov and Dr. Byron Schmuland for accepting to be mem-
bers of my examination committee.

Also, T am grateful to all my friends met in Edmonton, where we shared
great time and happiness.

Last but not least I wish to express a sense of gratitude and love to my

parents for their support, help and everything.



Table of Contents

1 Problem Formulation
1.1 Imtroduction . . . . . . . . ...
1.2 Mathematical Formulation . . . . .. .. .. ... ... ....
1.2.1  Simplified Problem . . . . .. ... ... ... ... ..

1.2.2  Original Problem . . . .. ... ... ... ... ....

2 Simplified Problem
2.1 Identically Distributed Volumes without Stopping . . . . . . .
2.2 Identically Distributed Volumes with Stopping . . . . . . . . .
2.3 Time Dependent Volume without Stopping . . . . . . . .. ..
2.4 Time Dependent Volume with Stopping . . . . . . . . ... ..

2.5 Performance Analysis using Trading Data . . . . . . .. . ..

3 Original Problem
3.1 Without Stopping . . . . . . . . .. ...

3.2 With Stopping . . . . . . ...

Bibliography

14
18
22
30

32
32
41

45



A MATLAB Code 46

A1 MATLAB Code to Section 2.2 . . . . . ... ... ... .... 46
A2 MATLAB Code to Section 2.4 . . . . . ... ... ... .... 50
A21 Casel . . .. oo 50
A22 Case2 . . ... 53
A23 Case3 . . . ... 55
A.3 MATLAB Code to Section 2.5 . . . . . . ... ... ... ... 58
A4 MATLAB Code to Section 3.1 . . . . ... ... ... ..... 62

A5 MATLAB Code to Section 3.2 . . . . . . . . . . . . .. . ... 64



List of Tables

2.1 Comparison of Error 1 for different strategies

2.2 Comparison of Error 2 for different strategies



List of Figures

2.1
2.2

2.3

3.1

Optimal stopping regions depending on ¢t and S —s. . . . . . .

The optimal stopping time depending on the parameter b of the

bt+1

expected volume p; = B2 phltotal: - -
R

The optimal stopping time depending on the parameters a and

_ t2+bt+1
b of the expected volume p; = aT(T+1)(2aT+1)+bT(T+1)+T,Ut0tal' C
6 2

Mlustration of the penalty function f as function of our trading

volume y. . . . ...

24

25



Chapter 1

Problem Formulation

1.1 Introduction

Nowadays, algorithmic trading is very popular for equity trading among invest-
ment banks and hedge funds. Algorithmic trading is about computer-based
algorithms to execute trading orders. It is used for large orders, which affect
stock prices. The main goal of algorithmic trading is to control execution
costs and market risk. From a broker’s perspective, the task is to execute
an order in a way that it is close to a benchmark. The order size (number
of shares) and the benchmark are typically chosen by the client. The most
popular benchmarks are VWAP (Volume weighted average price), PVol (Per-
centage of volume; also abbreviated as POV), IS (Implementation shortfall)
and TWAP (Time weighted average price).

An IS strategy uses the arrival price as benchmark, which means that one
aims to find a strategy such that the price paid is close to the opening price
of the stock. While there is an extensive literature on IS strategies, notably

the seminal paper by Almgren and Chriss [1], IS strategies use a single price



as benchmark, but it is often more adequate to compare with an average price
over a certain period.

Such an average price is TWAP. One splits the time interval, say one
trading day, into a number of small time buckets with the same length. A
TWAP strategy trades an equal number of shares in each period so that the
average cost of the strategy is close to the average intraday price over the
trading day. This leads to a strategy which is easy to execute. However,
such a strategy may not minimize the market impact because the market
volume, which is a key factor for the market impact of a trading order, is
not evenly distributed over a trading day. Indeed, intraday market volume is
often U-shaped: market volume is high in the morning and evening while the
volume in the middle of the day is lower. To account for this, VWAP and
PVol strategies are frequently used.

A VWAP strategy uses the VWAP benchmark, which is calculated at the
end of the day as the average intraday price weighted by the corresponding
market volume. VWAP strategies are among the oldest and most popular
trading algorithms, and there is some considerable literature about them, going
back to Berkowitz et al. [2], although much less research has been done than
for IS strategies.

In practice, also popular are PVol strategies, whose target is to keep
the ratio of our volume to the market volume close to a given participation
rate. However, there is very little literature about PVol strategies. Recent-
ly, Guéant [3] found a closed-form expression for the optimal participation
rate in a continuous-time setting under the assumption of deterministic mar-
ket volume. In contrast, this thesis considers a discrete-time setting from the

perspective of a broker with the participation rate fixed by the client and opti-



mization is over trading strategies by minimizing expected deviations between
the ratio of our volume to the market volume and the fixed participation rate.

The remainder of this thesis is organized as follows. Section 1.2 introduces
the optimization problem corresponding to PVol. Because this optimization
problem is involved, the second chapter focuses on a simplified problem, which
removes a main difficulty, the random market volumes appearing in the de-
nominator of the optimization problem. At the end of Chapter 2, we use
exemplary trading data to analyze the performance of the strategy optimal to
the simplified problem. In the third chapter, we return to the original problem
with the market volumes in the denominator under i.i.d. assumption on the

market volumes.

1.2 Mathematical Formulation

We now present the problem in mathematical terms. A broker needs to buy
(or sell) a fixed volume S during the discrete-time periods 1,...,T. The target
of PVol is to bring the order execution speed in line with a certain percentage
of the market volume. We fix a target percentage ¢ € (0,1), and want to have

XJZJ_'%_ close to ¢, where Y; is our trading volume in the market and Xj is the

trading volume of other participants. The aim is to minimize the value

under the condition Y; + ...+ Yy = 5. This condition means that the order is

E

completed after T' periods. We assume that the market volumes Xi,..., Xp

are positive random variables on some probability space (€2, F, P) with finite



moments E[X?] < oo and E[X;? < oo for all j. We denote by F; the
o-algebra generated by Xi,..., X; and set Fy = {Q,0} equal to the trivial
o-algebra. Because the trader needs to choose Y; with information available
at time ¢ — 1, Y; must be F;_;-measurable, hence the process Y must be
predictable. Because the trader can have completed the order already before

T, the problem we consider is minimizing

2 (w4
S\ Y

under the condition Y; + ...+ Y, = 5 where 7 is a stopping time with respect

E

to the filtration (F;—1):=1, 7, because the decision to stop at time ¢ needs to
be based on the information from Xi,..., X;_; available at time ¢t — 1. In
mathematical terms, this means that {r <t} € F,_; forallt=1,...,T. Al-
ternatively, we can see this as first specifying all Yy, ..., Yy with Z;‘.le YJ > S,
then defining

7 = inf {t >1

i?jzs}

=1

and finally setting

}N/t , t<T
Y, =
S —

Tizl 37] , t=T.
j=1
1.2.1 Simplified Problem

Since this question is quite difficult, we modify it into a similar, but easier one.

In a first step, we aim to minimize



under the condition Y; > 0,.... Yy > 0 and ZleY} = S. Note that this
results from multiplying each term in (1.1) by X; + Y}, which removes a main
difficulty in (1.1) that the market volumes X; appear in the denominator.
More generally, we consider a dynamic formulation which means that it starts
at time ¢ and the broker has already executed volume s. The value function

equals

Vi(t,s) = min F [Z (YJ—C(Xj—i-Y}))Q

¥;>0
=t+1

T
for constants t € {0,1,...,T}, s € [0,.S] under the condition > Y; =S5—s.
j=t+1
We will analyze this problem in Section 2.1 for identically distributed volume
and in Section 2.3 for time dependent volume.

We then include the possibility of stopping early, which means the value

function is

Vo(t,s) = min F [i (YJ—C(Xj—i-Y}))Q

¥;>0
=t+1

for constants t € {0,1,...,T}, s € [0, 5] under the condition > Y; =5 —s.
j=t+1
We will analyze this case in Section 2.2 for identically distributed volume and

in Section 2.4 for time dependent volume.

1.2.2 Original Problem

We then get back in Chapter 3 to the original problem formulation of per-
centage volume. We give a dynamic formulation which means that it starts at

time ¢ and the broker has already traded volume s. Again, we consider first



without stopping early, namely

T v 2
— i i
Vé(t,s)—%g%ELZ (Xj—i-Yj c) ]
=t+1

T

for constants t € {0,1,...,T}, s € [0, S] under the condition ) Y; =5 —s.
j=t+1

We will analyze this case in Section 3.1.

Including the possibility to finish the order execution early, the value func-

tion equals

. a Y; ?
V4<t’8>—yjé%ELZ (x5% ) ]
=t+1

for constants t € {0,1,...,T}, s € [0, S] under the condition ) Y; =5 —s.
j=t+1
We will analyze this case in Section 3.2.



Chapter 2

Simplified Problem

In this chapter, we approach the simplified problem presented in Section 1.2.1.
We divide this chapter into five parts. In Sections 2.1 and 2.2, we analyze the
simplified problem when the market volumes are identically distributed while
Sections 2.3 and 2.4 consider time dependent volumes. Section 2.5 compares

the performance of different trading strategies using real trading volume data.

2.1 Identically Distributed Volumes without
Stopping

In this section, we assume that the market volumes X; are independent and
identically distributed with mean p = E[X;] and variance o0® = Var(X;).

Recall that we study here

T
Vilt,s)= min B [Z (V) — ¢ (X; +Y5))° (2.1)
j=tit1,.7  Li=t+l



under the condition Zf:t 1 Y; = S —s. We use the following well-known

auxiliary result; see for example Theorem 6.4 of Kallenberg [4].

Lemma 2.1: Let X and Y be two random variables on some probability space
(Q,F,P). Let f : R?* = R be a measurable function with E[|f(X,Y)|] < oo
and let A C F be a o-algebra. If X is independent of A and Y is A-

measurable, then

E[f(X, V)| A]ll(w) = E[f(X,9)]ly=y w) for almost allw € 2. (2.2)

The right-hand side of (2.2) means that we fix the random variable Y and
take expectation over the independent random variable X. Using this result,
we show that in (2.1), it is enough to minimize over deterministic Y;. Indeed,

we obtain that

r T
Vilt,s) =minE | 3 (¥; —c(X; +Y)))’
= Li=tn
[ T—1
=min B (Y; = (X5 +Y5)" + (Yr — ¢ (Xr + Yr))*
=20 S
[ T—-1
. 2
—winE | ) EY; - (X +Y)) [F]
Li=t+1

T-1 T-1 2
+E[|S—s— ) Yj—C<XT+S—S— > }g)) Fr_i
j=t+1 j=t+1
T-1
(5—8— >y

j=t+1

=ik Li E[(y; — ¢(X; +v))’] L E

. y;=Y;(w)

T-1 2
—c (XT+S—S— Z yj>>
j=t+1

where the last equality follows from Lemma 2.1.

Yt+1=Ye4+1 (W), yr—1=Yr _1(W)



Define a function

T-1

9(Yis1s- - Yr-1) 1 = Z E [(Z/J —c(X; + yj))Q]
j=t+1
-1 T-1 2
+FK (S—s— Z yj—c(XT+S—s— Z yj>>
j=t+1 j=t+1

This is a deterministic function g : R’=**! — R and we can write

Vi(t,s) = min E [g(Yis1, ..., Yr-1)]

Y;>0

under the condition ZtTJ:llYJ < § — s. Hence, the problem is equivalent
to minimizing g and finding a deterministic minimizer y* = (y/14,...,¥7_1)
of g. To do so, we take partial derivatives of ¢ with respect to y, for ¢ =

t+1,...,T — 1, which results in

0
a_ng[z(yg—c(wae))(l—c)J
Ye
T_1 T-1
+E 2(5—5— >, yj_C<XT+S_S_ 2 yﬂ')>(_1+c>
i j=t+1
T-1 -1
=FE [(ye—c(Xe+ye)) — (S_S_ ) yj_c(XT+S_S_ 2 yj))]
j=t+1 J=t+l
T_1 T-1
=1 —=cye—cpu— <S—S— > yj—cﬁ‘_c(s_s_ 2 yﬂ))
j=t+1 a=t+l

We set % equal to 0, thus we have

T-1
y;:S—s—Zy;, (=t+1,...,T —1.
j=t+1

Then we sum all the y; for { =¢+1,...,7 — 1 so that



This implies

T—t—1)(S—s
Sy (S=s) g .
J T—t
Jj=t+1
Hence, we get
T-1
. ., S—s
y4:S—s—'Zyj:T_t, (=t+1,...,T -1,
j=t+1
T-1
S—s
* S - o *
Yr $ Z yj T — ta
Jj=t+1
which means y; = 2=2 for all ¢. This shows that the minimizer of V;(t,s) is
deterministic with y; = ;:‘z because g has only one critical point and needs

to have a global minimum as continuous function with g(y) — oo for |y|— occ.
This means that we distribute our trades equally, which is what we expect
because the market volume is i.i.d. and we cannot finish our trading early as

opposed to the setting of the next section. The value function equals

¥;20

Vi(t,s) =min E LZ (V; — c(X; +Y;))

= Ym1>r(1)(T —:t)E (1= 0)?Y] —2¢(1 — ¢)X;Y; + 2 X]]

= (T —1) ((1 —c)? (i:j) —2¢(1 — c)iiiE[Xj] +c2E[Xf]>
(L=)(S—9)\* 2eu(1=)(S—=5) | 5 5

:(T—t)(( T ) — Ty + (o +u)>-

Alternatively, we can use another method to determine the minimizers for Yy,

10



¢=1t+1,...,T —1 and Vi(t,s). We do this backward in time by dynamic
programming. When ¢ = T — 1, we need to trade all the remaining volume,

hence Yr =5 — s and

Vi(T —1,5) = min B [(Yr — ¢ (X7 + Yr))’]
:E[(S—S—C(XT—i—S—s))z}
=((1—=¢)(S —5))?—2c(1 —¢)(S — s)E[X7] + E[X?]

— (1= &)(S = 8))2 = 2eu(1 — &)(S — 5) + F(u + 0?).
When t =T — 2, we have

Yr=58-s5-Yr_,

Vi(T —2,s)=_ min _F[(Yr_1 —c(Xr_1 + Y1)’ + (Yr — ¢ (Xr + Y7))?]

Yr>0,Yr_1>0

= min  E[(Yro1 —c(Xr_1 + Yro1))?
YT_1E[0,S—S]

+(S—S—YT_1 —C(XT+S—S—YT_1))2] .
Define a function

9(yr—1) :=FE [(yT—l —c (X1 + ?/T—l))ﬂ

+E[(S—s—yT,l—c(XT—i-S—s—yT,l))Q].

This is a deterministic function g : R — R. Hence, the problem is equivalent to

minimizing g and finding the minimizer y}._, of g. We then choose Yr_1 = y;._,

11



to minimize Vi. We take the derivative of g, namely,

9 (yr-1) = E[2(yr—1 — ¢ (Xr—1 +yr-1)) (1 = ¢)
+2(S—s—yro1—c(Xr+S—s—yr_1)) (—=1+¢)]

=(1=cyr-1—cp—(S—s—yr-1—cp—c(S—s—yr1)).

Setting ¢'(y4_;) equal to 0, we have

% S —s % * S —s
Yp_1 = 5 yT:S_S_yT—IZ 9
and then
V(T —2.5) = i E[(Yr | —c(Xp_y+ Yr_1))?
=200 =, sy B 0 e 3

+(S—s5—Yr, —C(XT"‘S_S_YT*)V]
- <<(1 _C)2<S_S>> - 2all= B +02(02+u2>> |

2

This structure leads us to the induction hypothesis that

VT —i.8) = 1 <<<1—c>jgs—s>) 2§ +CQ(02+M2>>

with optimizers y; = S;S,K =T —7,...,T. To confirm this hypothesis, we

12



deduce

‘/1(T - .] - 17 S)
= min FE[Yr;—c(Xr_;+ Yo ) + V(T —j,s+ Yr_j)]

YT_]'G[O,st]
(1= c)(S—s— YT»)Q
J

YT,jG[O,S—S]

= min F| (Yo —c(Xp_; +Yr_;) +7 ((

2cp(1 =) (S — s = Yr)
J

A ,uz)) ] .

Define a function

9(yr—j) 1= E| (yr—j — c(Xp—; + yT_j))Q + (((1 —c)(S ; s — yTj))

2cu(l — C)(i' — 5 —yr-) + (o + ,ﬁ)) } :

This is a deterministic function g : R — R. Hence, the problem is equivalent to
minimizing g and finding the minimizer y7._; of g. We then choose Yr_; = y7_;

to minimize Vi. We take the derivative of g, namely,

G (yrs) = E |2 —c(Xos+yr_) (1—c) - §<1 — (S~ 5)

2
+50- ¢)yr—; + 2cpu(1 — ¢)

_ 2(];‘ 1) (1 . C>2yT—j . 3(1 . C)Q(S _ S).

Setting ¢'(yr—;) equal to 0, we have

13



and then

‘/I(T_j_lﬂs)
=(G+1) (((1_C>(S_3>) _ 2cp(l —c)(S — s) +02(02+M2))>

Jj+1 Jj+1

which is consistent with our induction hypothesis (2.3). By backward induction,

we conclude that this holds for all j =0,...,7T — 1.

2.2 Identically Distributed Volumes with Stop-
ping

We first show that it is enough to minimize over deterministic stopping times.

Recall that the value function is now given by

Valt,s) = min B | 32 (¥ - (X, + 7))

Lj=t+1

roT
= min F Z (Y; — c(X; +Y;))? IL{TZJ'}]

Y20 | £
Lj=t+1
[T
= min £ > (Y —e(X;+Y)))’ 1{r<j1}C]
= Lj=t+1

T
=minE | Y E[(Y; —e(X;+Y))) [F] ]l{ng—l}c]

= | j=t+1
r T
. 2
— min > E[(y— (X +y;)°] 1{79—1}6] 7
iZ Lj—t+1 Y=Y (w)

using Lemma 2.1 for the last equality and that {7 < j—1} is F;_;-measurable
for the second last equality because 7 is a stopping time. Note that the last

equality uses that X; is independent of F,_; since (X;),—

,,,,,

14



T
Vo(t,s) = min £ Z g(yj)]l{7<j_1}c]
LJj

v =0 —t+1
[ T
ﬁ%EZM%i
| j=t+1
subject to Z;:t +1Y; =S —s. Note that this last formulation does not involve

any given random variables. We can minimize over deterministic y; and 7.
We can solve for the value of 7 explicitly. From the conclusion of the previous

section, we get

m(t,S)Z(T—t) (((1_0)(5_5)) . 20#(1_6)(‘3_5) +02(02+M2)>

T—1t T—1t
and we set
ﬁﬂﬂsz_ﬂ<(u—:{i—@>__%Ml;?f—ﬁy+gw;+ﬁ0

for the value function between time ¢ and 7. The question becomes

Define a deterministic function g : R — R by

g@%:@_w<<u—@w—ﬁ>_@wu—@w—ﬁ+gwﬁHﬁ>‘

p—t p—t

Hence, the problem is equivalent to minimizing g over integers between ¢ and

T and finding the integer-valued minimizer p* of g. We first find the minimizer

15



over the real numbers in [t, +00). We take the derivative of g, resulting in

/ __((1_0)(3_3))2 2(o? 2
g(p) = o—tE (0% + 7).

Then we set ¢’(p*) = 0 so that

(1 —c)(S—s)'

pr=t+
cy/ o+ p?

Taking the derivative of ¢'(p), we have

2((1—c)(S—s))?
(p—1)3

gl/ (p) —

We find that ¢"(p) > 0 for all p > ¢, so we get that if p € (t,t + m},

CA /g2+#2
(1=o)(S

. . : . —s) : .
the function ¢ is decreasing, and if p € |t + YT ,+oo), the function g is
increasing. Hence, we need to consider three situations.

I.case: When T' < t + %\/%_z), we take 7° = T' to minimize V5(¢,s), which
c\/ o2+

then equals

Valt.s) = (T — 1 (((1—c><s—s>) _ 2ep(1—)(S — s) +CQ(02+M2)>‘

T—1 T—1

2.case: When t +1 >t + %, we take 7F =t 4+ 1 to minimize V(¢ s),
e/ o2+

which then equals

Va(t,s) = (1 = ¢)(S = 5))* = 2cu(l — ¢)(S — 5) + ¢*(0” + 11%).

16



3.case: When t +1 < ¢+ % < T, we set p; = {t-I— —(Cl_c,—;gi;)J and

— (1—¢)(5—s)
b2 = ’Vt + m—‘ .

If g(p1) < g(p2), then we take 7% = p; so that

Valt.s) = (pr — B (((1 —o)(S - s)) 20 =0(S=9) o Mz)) |

p1—1 p1—t

If g(p2) < g(p1), then we take 7 = py so that

Valt.5) = (9 — 1 (((1 — (5 - s>) _2(1=9(5=9) | o +;ﬁ>) |

p2—1 p2 — 1

Following this idea, we program the MATLAB code presented in Appendix
A.1. This function returns the values of 7 and V. For example, choosing
T = 50,t = 5,s = 500,c = 0.5,S = 600,u = 5,0 =5, we get 7 = 19 and

= 103.57. Similarly to the exercise boundary for American options, we

400

350

.
50

Figure 2.1: Optimal stopping regions depending on t and S — s.

can plot the optimal stopping regions, which are displayed in Figure 2.1. The
parameters chosen are S = 600,7 = 50,c = 0.5, = 5 and ¢ = 5. The main

idea of the corresponding MATLAB code presented in Appendix A.1 is to

17



compare Vj(t, s) given different end times t+1,...,7T and to find the stopping
time 7 which is the end time where V/ (¢, s) is minimal. In Figure 2.1, we see, for
example, that a curve starts at (¢, 5—s) = (0,210) goes via (¢, S—s) = (20, 70)
to (t,5 —s) = (30,0). This means that with remaining volume 210 at time
zero it is optimal to trade over 30 periods while with remaining volume 70 at
time 20, it is optimal to trade over 10 periods. Note that the curves are linear
because the optimal strategies are the equal distributions of volume until the

stopping time thanks to the i.i.d assumption of market volume.

2.3 Time Dependent Volume without Stop-
ping

In this section, we consider the case where X; are still independent, but not
necessarily identically distributed. Analogously to Section 2.1, we can min-
imize over deterministic Y;. However, here we need to make sure that the
optimizers Y;* are nonnegative, because this does not automatically follow
from setting the partial derivatives equal to zero; see the example at the end
of this section. We use a set A C {t+1,...,T} which contains all j such that

Y; > 0. We can rewrite the optimization problem as

Vi(t,y) = min £ LZ (V; = e(X; +Yy))°

Y;>0
=t+1

= min E [9 <A; (Yj)jeA\{f}ﬂ ’

7]2

18



where 7' = max A and g is defined by

g (A; (yj)jeA\{T}> = c’ ;(0? +43) + Z; E[(y; — ¢ (X; +9)))]

+E || S—5— Z yi—c| Xp+95—s5— Z Yj
JEA{T} JEA(T}
Hence, the problem is equivalent to minimizing ¢ and finding a deterministic
minimizer. To do so, we take partial derivatives of g with respect to y,, ¢ €

A\ {T}, which yields

dg

" =E[2(ye—c(Xe+yr) (1 —c)]

+E|2(S—s— Z yy—c| Xz +S—s5— Z Yj (=1+¢)
JEA{T} JeA(T)

=E|ly—cXety)—(S—s— Y y—c|Xp+S—s5— >
JEA{T} JEA{T}

=(1—-cys—cpg— | S—s— Z yi—cpur—c|[S—s— Z Yj

JEA\{T} JEA{T}

We set g—g equal to 0 to find y;, which results in
Ye

* * C(/Lg—,uf)
=S—5— i (=t+1,...,T—1.
Yy s E y; + ¢ + 1.

JEA(T}

Then we sum all the y; for £ € A\ {T so that

o= 0A-D)[S=s— Yy |+ Y C(“lﬂ—:é"f)

JEA(T} JEA(T} JEA(T}
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This implies

. (A]=1)(S = s) c(p; — pig)
2. U= A ps [Al(1—¢)

JEA(T} JEA(T}
Hence, we get
=S5 Y g ezt

B 1—-c
JEA{T}

S5—s 3 c(pj — pg) | clpe — pg)

Al _A[(1=¢) A
JEA\{T}

* S—s C(luj — Mf)
yr=9S—s— E Y = ——— — E T
! = A A A1)

jeA\{T} JEA\{T}

So, we have

L S-s 3 c(pj — pg) | clpe — pg)

Ye= g ) 1-c
JjeA{T}
S—s c 1
=20 - S| forall £=t41,... T (2.4)
e (e )

This is the minimizer of g(A;.) because it has only one critical point and
needs to have a global minimum as continuous function with g(A;y) — oo for

ly|— 0o. We then choose Yy = y; to minimize V; (¢, s), which gives

Vi(t,s) =min ) B [(y —c(X;+y;)"] + ¢ ) (07 +uif)

teA (gA
2
: (S—s)(1—¢)
=min » F i+ cpe —
e | (e
+ (0f + ). (2.5)
(gA
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We set

S—3s)(1—-c¢)
ani= SIS Y (2.6

JEA

then

Va(t, s)—mmZE OéA—i-C,ug—CXg +c Z o7 + p7)

teA egA
- mf}n Z E [ + 20a(cpe — ¢Xy) + (cpe — eXo)?] + ¢ Z(O‘? + p?)
teA (gA
- mjnz (0 + 2004cE[ne — X¢) + PE[(1e — X0)%]) + Y (07 + 117)
teA 0gA
—mlnz o+ o) + ¢ Z(O’?+/L?).
teA (gA

The minimization is over A such that all %, j € A, given in (2.4), are nonneg-
ative. This can be done by ordering the pi;, starting with the j corresponding
to the biggest p; and then continuing until a y; becomes negative. We denote

the resulting minimizing set by A*, so that

Vilt,s) = Y (b +07) + Y (07 + 1)

LeA* (g A

To see that one really needs to introduce the set A, we consider a simple
situation with t = T — 2, up = %,[LT_l = 0 and s = 0. In this extreme

example, we would get from (2.4) for A = {T'— 1,T} that

S
S 2(1—0) <0,

S
+—2(1_C) > S.

Yr_ =

Yy =

| U | WU
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This makes no sense as Y; denotes our volume, which cannot be negative.
With the choice A = {T'}, we have Yr_; = 0 and Yr = S, which is the correct
optimizer. The introduction of the set A allows us to perform the optimization

over the nonnegative Y;.

2.4 Time Dependent Volume with Stopping

In this section, we consider the same situation as in Section 2.3, but allow for

stopping. Recall that the value function is now given by

Vo(t,s) = min F [i (Y; — c(X; + V)] .

Y520
=t+1

We can rewrite this as a deterministic minimization problem. From the con-

clusion of the previous section, we get

Vilts) = Y (di;T + c%—g) + Y (07 + ).
LeA] 1 tg A
where « is given in (2.6) and A7, C {t+1,...,T} is the optimal set for (2.5).

Set

T
W)= Y of 141 la% +¢ Y 42
t=t+1 gAY,

for the value function between time ¢ and 7.

The question becomes

Vo(t,s) = min  Vi(7).

T=t+1,....,T
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Define a deterministic function g : R — R by

T

9p) = Y o + Ak +E Y u

(=t4+1 gAY,

Hence, the problem is equivalent to minimizing g over integers and finding the
integer-valued minimizer p* of g. As illustration, we next consider different
examples of the time dependence of o; and ;.
1.case: Assume o, = o is constant and u; depends linearly on time while the
total volume Zle Wt = ltotal 1S fixed. When we start trading at time 1, this
implies p; = %umtal, b e (%1, +00). The coefficient b gives how fast
the volume increases (or decreases) over the different trading periods while the
total volume over all trading periods is fixed.
We can run the program shown in Appendix A.2 to minimize g. Choosing the
parameters S = 600, ot = 10,000,7 = 50,¢ = 0.1,t = 0,s = 0 and o = 5,
we obtain the optimal stopping time displayed in Figure 2.2.
With the parameter given, we get b € (—0.02,4+00). We can find that the
shape of 7 is increasing with b which means when the other participants’
volumes change faster over the different trading periods, then we stop our
trading later. From Figure 2.2, we see that the stopping time is close to 27
for b = 0. Actually, this is the same special case as the third case in Sec-
tion 2.2, because p; = %utotal is then constant over time. Recall that when
1<t U909 < T, WegetT:t—l—W. When b = 0, we get

p = el =200, so 7 = 27, which is the same as shown in the graph.

2.case: Assume o, = o is constant and p, is quadratic function of time, while

the total volume ZL [t = [totar 18 fixed. This implies that p; is of the form

2 .
[ = s J)bfg(T 177 Hotal for some constants a and b. The coefficients
6 2
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Figure 2.2: The optimal stopping time depending on the parameter b of the

expected volume ji; = -2+

b
% o Htotal-

a and b control how fast the volume increases (or decreases) over the different
trading periods. The parameter a has more influence on the speed than b,
because of the quadratic structure.

We can run the program shown in Appendix A.2.2 to minimize g. This results
in the optimal stopping time of Figure 2.3 for the parameters S = 600, ot =
10000,7 = 50,c=0.1,t =0,s =0 and 0 = 5.

We can find that 7 is increasing with a and b which means when other partic-
ipants’ volumes change faster over the different trading periods, then we stop
our trading later. When a = 0 and b = 0, we get p = #gtl = 200 and can find
T=1+ w = 27 from the conclusion in Section 2.2, which is in line with

the value in Figure 2.3.
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optimal stopping time
N
(%))
/

Figure 2.3: The optimal stopping time depending on the parameters a and b

t2+bt+1
of the expected volume 1, = <77 2 e ny ez Ltotal -

3.case: Assume p, = p1 is constant and o2 = k + nt.

We can get
(5—s)1—c)

Qpr = —cl

t,p | A*,p |

If |pe — pjl< IC(CT—St)S) for all ¢ and j, then y; > 0 for all ¢, which means

A;, ={t+1,...,p}. Indeed, we want for any A the positivity of

L_S—s ¢

jEA

which means

(I=9(S—59)
]GZANJ |A| .
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We know that

Z’LLJ ‘ZJGA fie = f;)

Al = A

< 2jealte = 1l

- A ’
which means that if |p, — p;|< (IC— for all ¢ and j, then y; > 0 for all ¢.
Hence, in this case, we have

S—s)(l—-c
SRS (T
p—t

Let g=p—1t,Cy = (k—i—,u + (Qtﬂ)) ,Cy =1 C3 = (S —5)*(1 —¢)? and
Cy = —2cu(S — s)(1 — ¢). We then obtain

. C
3(q) = glg+1t) = Cog® + Ciq + 73 + Cy.

Hence, the problem is equivalent to minimizing g over integers and finding
the integer-valued minimizer ¢ of g. We first find the minimizer over the real

numbers in [1, +00). We take the derivative of g, resulting in
. C
7(@) =20 -5+

Then we set §'(¢*) = 0, in other words, we need to find the solution ¢* to

202(]3 + C’lq2 - Cg =0.
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The discriminant of this cubic function equals

A =4C}C5 — 108C35Cs.

The following cases need to be considered:

If A > 0, then the equation has three distinct real roots.

If A =0, then the equation has a multiple root and all its roots are real.

If A < 0, then the equation has one real root and two nonreal complex conju-
gate roots.

The general formula of the roots is given by

__ OO C?

YT60, 60, 605C7

LG +0(1+¢\/§) C2(1 —iv/3)
2T 60, 12C, 12C,C
O +C(1—i\/§) C2(1 4 iv/3)
5T 60, 12C, 12C,C

where @) = \/m and C' = i/Q 207 ; 108C2203.
Case A: A <0

Set vy = |x1], v2 = [21],

lcase: T —t<xyorax <1

If g(1) < g(T —t), then we take 7* =t 4+ 1 so that

‘/é(t, S) == CQ + Cl + 03 + 04. (27)
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If g(T'—t) < g(1), then we take 7* = T' so that

C
Va(t, s) :CQ(T—t)2+Cl(T—t)+T_3t+C4. (2.8)

2.case: 1 <xy <T —t

If g(vq) is smallest, then we take 7% = v; so that

C
Va(t,s) = Covi + Cron + —= + Ci.
1

If §(vq) is smallest, then we take 7% = v so that

C
Va(t,s) = Oy} + Crvy + — + Ci.
2

If g(1) is smallest, then we take 7* = ¢ + 1 so that (2.7) holds.

If g(T —t) is smallest, then we take 7* =T so that (2.8) holds.

Case B: A >0

Let mq, mo and mg be the largest, medium and smallest numbers, respectively,
among i, Tz, x3; We set p1 = [ma], ps = [ms], ps = [ma] and py = [ma],
ps = |m1| and pg = [m] and consider the following situations:

lcase: T —t <mgorms <1 <T —t<mgormyg<1<T—t<myor

m1§1

)
2.case: 1 <mg <T —t < msy

Compare §(p1), §(p2), g(1), g(T" —t). If §(p;) is smallest for j = 1 or 2, then we
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take 7" =t + p; so that

Va(t,s) = Cop’ + Cipj + % + Cy. (2.9)
j
If g(1) < g(T —t), then we take 7" =t 4 1 so that (2.7) holds.
If g(T'—1t) < g(1), then we take 7% = T" so that (2.8) holds.
S.case: 1 <mzand mqs <T —t < my
Compare §(p1), §(p2), §(ps), §(pa), §(1), §(T — t)
If g(p;) is smallest for some j = 1,...,4, then we take 7* = t 4 p; so that (2.9)
holds.
If g(1) < g(T —t), then we take 7* =t + 1 so that (2.7) holds.
If g(T'—1t) < g(1), then we take 7* = T" so that (2.8) holds.
4.case: 1 <mgand my <T —t
Compare g(p1), §(p2), 9(ps), §(pa), 9(ps), 9(pe), 9(1), §(T" = 1).
If g(p;) is smallest for some j = 1,...,6, then we take 7" = ¢+ p; so that (2.9)
holds.
If g(1) < g(T —t), then we take 7* =t + 1 so that (2.7) holds.
If (T —t) < g(1), then we take 7* = T' so that (2.8) holds.
S.case: mg <1< mgand mes <T —t <my
If §(p;) is smallest for some j = 3 or 4, then we take 7" =t + p; so that (2.9)
holds.
If g(1) < g(T —t), then we take 7" =t + 1 so that (2.7) holds.
)

If g(T —t) < g(1), then we take 7" = T' so that (2.8) holds.
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6.case: m3 <1 <mgandm; <T —1t

If g(ps) is smallest, then we take 7% = ¢ + p3 so that If g(p;) is smallest for
Jj=3,...,6, then we take 7* =t + p; so that (2.9) holds.

If g(1) < g(T —t), then we take 7* =t + 1 so that (2.7) holds.

If g(T'—1t) < g(1), then we take 7* = T" so that (2.8) holds.

7.case When mo <1 <mqand m; <T —t,

If §(p,) is smallest for j = 5 or 6, then we take 7" =t + p; so that (2.9) holds.
If g(1) < g(T —t), then we take 7" =t + 1 so that (2.7) holds.

If g(T'—t) < g(1), then we take 7* = T' so that (2.8) holds.

Following this idea, we program the MATLAB code presented in Appendix
A.2.3, which returns 7 and V5. For example, choosing T = 50,t = 30,s =
500,¢ = 0.5, =600, u =5,k =5,n =10, we get 7 = 35 and V5 = 700.

2.5 Performance Analysis using Trading Data

In this section, we analyze the performance of the strategy from Section 2.4
using real trading data.! As examples, we consider trading volumes from four
large US companies: General Electric Company (GE), Microsoft Corporation
(MSFT), Wal-Mart Stores Inc. (WMT) and Exxon Mobil Corporation (XOM).
We use intraday volume observed at 5 minute frequencies over the trading days
from January 2010 to December 2012. We compare the average error of our
method and two alternative strategies }7;,]- and 7157]': as long as the volume is
below S, they are given by fft,j =1 2?21 Xi—a140; and Yt,j = ﬁ?},j, where ¢

is the trading day and j is the period. These are two reasonable alternatives:

"'Wharton Research Data Service (WRDS) was used for this study. This service and the
data available thereon constitute valuable intellectual property and trade secrets of WRDS
and/or its third-party suppliers.
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the first is just ¢ times the historical mean of market volume over the last 40

trading days while the second is chosen such that = Vi

= ¢, where p; ; is
Yijtue,; ’ Mt

the historical mean.

We can run the program shown in Appendix A.3 to compare the performance
of the different strategies. We choose as parameters a trading volume of S =
100, 000 shares and a participation rate ¢ = 0.1. Tables 2.1 and 2.2 show the
results for the different strategies: Strategy 1 is based on our method from
Section 2.4, Strategy 2 uses f/tﬁj and Strategy 3 uses ?t,j. Error 1 means the
average error of the simplified problem 7, (Y; — ¢(X; + Y;))? and Error 2
means the average error of the original problem Z;:1 (% — c>2. We see

in all the examples of Tables 2.1 and 2.2 that Strategy 1 has the lowest Errors

1 and 2.

Error 1
GE
MSFT
WMT
XOM

Strategy 1
8.3897 x 10°
6.1815 x 10°
9.0539 x 10°
8.9490 x 108

Strategy 3
9.9214 x 10° | +18.3%
6.8805 x 10° | +11.3%
1.0826 x 10° | +19.6%
1.4021 x 10Y | +56.7%

Strategy 2
1.115 x 10 | +32.9%
7.9237 x 10° | +28.2%
1.1743 x 107 | +29.7%
1.3960 x 107 | +55.9%

Table 2.1: Comparison of Error 1 for different strategies

Error 2 | Strategy 1 Strategy 2 Strategy 3

GE

0.0022870

0.0041416 | +81.1%

0.0037910

+65.8%

MSFT

0.0020464

0.0035300 | +72.5%

0.0026895

+31.4%

WMT

0.0158720

0.0162800 | +2.6%

0.0180120

+13.5%

XOM

0.0060703

0.0073188 | +20.6%

0.0083281

+37.2%

Table 2.2: Comparison of Error 2 for different strategies
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Chapter 3

Original Problem

3.1 Without Stopping

In this section, we assume that the market volumes X; are independent and
identically distributed with mean p = F[X;] and variance o = Var(X;). We

now turn our attention to the problem

T Y. 2
_ ; J .
o= w23 (gl
T

j=t+1,., =t+1

where the minimization is under the constraint that Z]T:t 1 Y;=5—s Sim-

ilarly to Section 2.1, we obtain that

r T Y 2
] —_
Vat,s) = min Z (X]”j )
Lj=t+1

T-1 2 2
- Y, Y
=pnE | (Xj+Yj _C) * (XT+YT _C> ] |
Li=t+1

32



which equals

T—1 2
s ( S—s=> Vi _C>
T—1
Xr+S—s—=3 Y

Yt41=Ye11(W),. ., yr—_1=Y1_1(W)

where the last equality follows from Lemma 2.1.

Define a function

Wty i= S B

2
Xj+y;

T-1 2
L E ( S_S_Zj:t+1yj _C)
T—1
Xr+S—s=2 1Y

This is a deterministic function g : RT=! — R and we can write

Vs(t,s) =min FE [g(Yiy1, ..., Yr_1)].

¥;20

Hence, the problem is equivalent to minimizing ¢ and finding a deterministic

minimizer y* = (y{4,...,y7_1) of g. To do so, we take partial derivatives of
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g with respect to y, for £ =t +1,...,T — 1, which results in

o= (5 ) mar)
Oye X+ (Xo+ ye)?

Tf
5 2( S—S—ijtlﬂyj —c) Xr
T-1 2
XT+S_S_Zj:t+1yj (XT"’S_S_Z?:_;-IYJJ)

X X )
22 () e F R ) ey
Xo+ ye (Xe+ ye) X7 +yr (X7 +yr)” |

We set 5—52 equal to 0. While we cannot solve this explicitly in general, we give

three examples.
1. Example: Consider the simple situation with 7" = 2 and X; = Xy = pu

deterministic, which results in

( U1 —C) 1% :( Y2 —C) H
©+ (14 11)? IR (14 y2)?

We can change this equation to

cp—(1=cyp  (p+uy)’

cp—(1=cyp (n+y2)®

Set k1 = cpu, ko =1 —cand k3 = S — s, then simplify the equation to
(Y2 — 1) ((3M2k1 + 3pkiks + kik3 + ko) — (k1 + 3pks + k2k3)y1y2) =0.
Let w = 3u?ky + 3ukiks + k1k3 + ke and v = ky + 3uks + koks, then

(2 — y1)(u — vyry2) = 0.
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Thus, y1 = yo or Y172 = ¥.

If y; = yo, with condition y; +y2 = 5 — s, we get

S —s
5

Y1 = Y2 = (3-1)

If y1yo = ¥, with condition y; +y, = S — s, we distinguish three cases.

1. Case: If k3 — 47“ < 0, then there is no solution for y; and y» in addition to
(3.1).

2. Case: If k2 — 24 = 0, then

v

which corresponds to (3.1).

3. Case: 1f k3 — 47“ > 0, then there is a solution given by

ks & (k3 — 2

2

Ys g =

In conclusion, if k2 — 47“ < 0, there exists a unique solution given by (3.1) while

in the case k3 — 2% > 0, there exist two solutions. We next examine which of

the two leads to the minimizer.

Recall that the objective function is g = f(y) + f(S — s — y), where f(y) =
y

2
<m — c) . To find out more about the minimizer of g, we study the function

f. We take the first derivative of f(y) and get
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For f'(y) = 0, we get y* = ;%. Taking the second derivative of f(y), we
obtain

ey 2 A e/
f@y_w+yf+2(u+y 0(u+w3

2 2
_ ( po 2y %_20)
(n+yP \u+y p+y

2 —2
= H 3<,u y+20>.
(n+y)P \ n+y

(14+2c)p
2(1—c) -

For f"(y) = 0, we get y* = Figure 3.1 illustrates the function f for
the parameters p = 300 and ¢ = 0.5, based on the MATLAB code presented

in Appendix A.4. Choosing y = % (300 in the plot), we can get the minimal

0.25

0.2

0.15

f(y)

0.1r

0.051

. . .
0 500 1000 1500 2000
y

Figure 3.1: Illustration of the penalty function f as function of our trading
volume y.

value which is equal to 0; when choosing y* = (21(?2_00))“ ,

we can get the point

(y*, f(y*)), which is the inflection point.

Note that f”(y) <0 for all y € [0, (21523)“}, hence f is convex on [0, (21;;23)“}

Thus, we can get the conclusion that when 0 < § — s < (21;;2_06))“ , then the

minimizer is y; = yy = %, since f(y3) + f(ys) > 2f (WTM) = f(y1) + f(y2).

Realistically, we should satisfy the condition (7" —t) > S — s, where ;%
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means the optimal volume per period without any constraint. This condition
says that the client has chosen ¢ such that following the expected market
volume optimally will give at least the required amount of shares. In particular,

when considering two periods, we should satisfy IZL_“C > 5 — 5. We have

(14+2c)p  2cp  1-2c

20l—¢) 1—c¢ 2(1-¢)

Therefore, if we make ¢ < 0.5, then f—f’ic > S —s implies (21;;2_62)“ > S —s and thus

S—s

2

the minimizer is y; = ys = . Actually, in the second example presented
next, we will find the result that the minimizer is the equal distribution of
volume holds for all c.

2. Example: We now consider the multiperiod generalization of Example 1.
The objective function is to minimize 3,_, Rt ¢)” under the constraint

Yetn
T
ZZ:t—i—l ye =S5 —s.

S—s
T—t

Lemma 3.1: Under the reasonable assumption < 1%, the optimal strategy

n

—S

oo ok
WY1 = =Y = 74

Proof. Similarly to the first example, we can write ZzT:t 1 (yéy—iu — 0)2 =

S fye) for f(y) = (L - ¢)’. Recall that f is convex on [0, (12?1270);)1)]'

Let 9411, ...,yr be nonnegative numbers such that ZZT:tJrl ye =S —s. We set
7, = min {y,, £ }. Since f is increasing on [, +00), we have f(ye) > f(7,)

for all £. Therefore, we obtain

S Fw) = Y f@) = (T -0 (Z%L_thf)

by Jensen’s inequality using that f is convex on [0, {£].
ZZT:tH Ye < S8=s

7+— < 7=, and hence

Because 7, < y, and ZeT:tH ye = S — s, we have
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—

T _
T-1)f (%) > (T —1t)f (?:i), since f is decreasing on [0, ;%] and

n

—s
T—t

< 1%“6 by assumption.

In conclusion, this shows

d S—s
> f = -0 (523),
t=t+1
which proves that the minimizer is y/ | = -+ =y = ;:i ]

3. Example: We now consider uniformly distributed volumes. Assume that

and X, ~ Ula,b], a,b > 0. The optimizers y, satisfy o(y,) = o(yr). If o is

strictly monotone, then we can say that the solution is unique with
Yy = Yr, (=t+1,...,T—1.

Then we sum all the y; for  =¢+1,...,T so that

T
Z y; =T —ty, =S —s.

j=t+1
Hence, we get
S—s
;= ——— C=t+1,...,T.
Ye T_ta + 9 )

Instead, if for example o is strictly increasing and there exists y, < ;:‘z, then

there must exist y; > 2=% because Z?:Hl y; = S —s. But then o(y;) >

0(5=2) > o(y,), which contradicts to o(y;) = o(ye).
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Take the derivative of o(y), which results in

d@)EFXiﬂ+é2?@f32@@J )
- [ T e
1 <2+4c_(—4c—8)§ 6y )

b

S b—a\ r+y  2@+9)?  3x+9)3)|,
(—4c—8)y(a + b+ 2y)
2(a+79)(b+7Y)
67°%(a® + ab + b* + 3ay + 3by + 3372)}
3(a+79)%(b+7y)?

1 l6(1 +2¢)(a+9)%(b+ 1) + 67*(4u* — ab + 6py + 37?)
(a+y)(b+y) 3(a+y)*(b+y)?
_12(c+2)§(u+@(a—l—@(l)+@}

3(a+y)*(b+y)?
6(1+2¢)(a + §)2(b+ )2 + 1872 (u + §)* + et
3(a+y)2(b+y)?
_12(C+2)§(u+37?(a+@/)(b+@77}
3(a+7)%(b+y)?
2

_ ~ a o - (a+b)y a
SRCES YL K(Qy +2(a+b)y)c — 2y 5 +(1+2)b)
3@2(a—b)2]'

1
:—(a—l-@(b—i—@ {2—1—40—1—

1
(a+79)(b+7)

<((a+ DO+ - J7+m) + =5

Set k= ¢ € (0,1), and consider

(a+b)y
2

fle) = ((2@)2 +2(a +b)y)c — 25° — +(1+ QC)ab)

3y%(a — b)?

< ((a+ Do+ 57 +n) + =5

For o'(y) > 0, which means f(c) > 0, it is enough to have f(0) > 0 and

f(1) > 0, because f depends linearly on c.
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When ¢ =1, we get

f) = {qu +(1+ ZC)ab] [—(k +21)@ - ka} A Gl Vi > Do,

When ¢ = 0, we get

1 = |- - EE e | EE D] ST

+ Z(kQ — 4k + D)y — (k+ 1)7°

> By + g(k2 — 4k + 1)y — (k+ D

— k2b3

1 _
= Z<9k2 — 24k + 1)y

Thus, if we make 9k? — 24k + 1 > 0, then f(0) > 0, which means we need to

have 0 < k < %ﬁ. In this case, the minimizer of V3(¢,s) is deterministic

with y; = % This means that we distribute our trades equally, which is

what we expect because the market volume is i.i.d. and we cannot finish our

trading early as opposed to the setting of the next section. The corresponding

value function equals

Y; >0

2
Vs(t, s) mlnEL < Y, )]
2
2 *

(5
ENE

T+

d
b—a o
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which can be simplified to

b

T—t )
Viltos) = g |~ 2o+ i) + ]
4 a
T—1 (S — 5)? S—s S—s )
- - —2 In|b+ 22+ %

b—a[ b(T —t)24+ (S —s)(T —1t) e L I
T—1 (S — s5)? S—s S )

_ _ —9 1 e
b—a[ dT 1P+ —9)T=0) T 7T

- (T —1)(S = s)*
ab(T —t)2 + (a +b)(T —t)(S — s) + (S — s)2
2¢(S — s) aT—t)+S—s ,
(b—a) 1 <b(T—t)+S—s)+<T_t)C'

3.2 With Stopping

We first show that it is enough to minimize over deterministic stopping times.

Recall that the value function is now given by

Vi(t,s) =min & Z

¥;20

T Y. 2
— m3 J _ .
=pnE (Xj+Yj C) 1{@}]

T Y- 2 T
= min F E J — . e
e | 0| () o s
Lj=t+1 A
[T 2]
. Yj
=min F E E ( —c) Lir<j—nye|
AN PR RS A AN | W

using Lemma 2.1 for the last equality and that {7 < j—1} is F;_;-measurable

for the second last equality because 7 is a stopping time. Note that the last



equality uses that X; is independent of F,_; since (Xj),=1, r are i.i.d.

2
Define g(y) = E [(ijer — c) ], then

T
Vi(t,s) =min E Z g(yj)]l{7<j_1}c]
Lj

A P
T
— min E :
min Z g(yg)]
[ j=t+1
subject to Z;:t +1Y; =S —s. Note that this last formulation does not involve

any given random variables. We can minimize over deterministic Y; and 7.
1. Example: Consider the multiperiod situation with deterministic volumes

X¢=p, 0 €[t+1,T]. By using Example 2 of Section 3.1, we obtain

and we set

N S—s 2
Va(1) = (T — 1) (T—_t—C)

S—
pt o=

for the value function between time ¢ and 7. The question becomes

Define a deterministic function g : R — R by

S—s 2
g(p) == (p—1) (ﬁ - 6) :

~

Hence, the problem is equivalent to minimizing g over integers and finding

the integer-valued minimizer p* of g. We first find the minimizer over the real
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numbers in [, +00). We take the derivative of g, namely,

N S—s
glp) = ((p—t)u+5—s _C>
y ((1 —c)(S —5)* = (1+2c)u(S —s)(p—t) — cwz(p—t)Q)
(p—tu+ S —s)? '

Then we set ¢’(p*) = 0 so that

. 1—c)(S—s
P ErEED)
ch
. (V8c+1—2c—1)(S —5s)
2:t+ )
2cp
—V8+1—-2c—1)(S —
gy Y8 lz2e-DE-s)
2cp
so that pj is outside the relevant interval and p; — pj = (—VBC’L;?(S_S) < 0.

From {£ (T —t) > S — s, which means % <T—t,wegetp; <T.
We find that g is increasing on [¢, p) and (p}, T, and it is decreasing on [p}, p}].
Weset g =t+1, o = V + %J and g3 = {t + _(1—6225—5)]

If g(q;) = min[g(q1), 9(q2), 9(gs)] for j = 1,2 or 3, then we take 7" = g; so that

Vilt,s) = (¢ — t) (——) .

S—s
At a—t

2. Example: Consider the same situation as in Example 3 of Section 3.1 with
uniformly distributed volume X, ~ Ula,b],¢ =t +1,...,T for a,b > 0. In

this example, it is hard to find the solution explicitly, but we can solve it
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numerically.

T b 2
: Yj )
= min —c dx
w3 [ (7259
T 1 y2 b
= min ——2— —2cy;In(x + y;) + cza:}
b0 Hlb—a{ T+ y; ! ! .
T , aty;
' yjz 2cy;In (bﬂ/;) ,
= min + +c
ijOj:t_H (a—l—yj)(b+yj) b—a

We can run the program shown in Appendix A.5 to find the stopping time and
optimal trading volumes.
Choosing a = 30,0 = 50,5 =0.5,s =0,7 = 10,t = 0,c = 0.1, we will get the

stopping time 7 = 6, the minimizer y; = 0.0833,/ = 1,...,6 and V, = 0.12635.
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Appendix A

MATLAB Code

A.1 MATLAB Code to Section 2.2

In the code, we write pl instead of p;, p2 instead of ps, p instead of p, gl

instead of g(p;) and ¢2 instead of g(ps).

function [tau,V]=compared (T,t,s,c,S,mu,sigma)
if T<t+(l—c)* (S—s)/ (cxsgrt (mu”2+sigma”2))
tau=T;
V=(T—t)* (((1l—c)*(S—s)/ (T—t)) "2—2xc*mux (1—c) * (S—s) / (T—t)
+c" 2% (sigma”2+mu”2));
elseif t+1>t+(l—c)*(S—s)/ (cxsqrt (mu”2+sigma”2))
tau=t+1;
V=((1l—c) * (S—s)) "2—2xc*mux (1—c) % (S—s)
+c” 2% (sigma”2+mu”2) ;
else
pl=floor (t+(1—c)* (S—s)/ (cxsqgrt (mu"2+sigma“2)));
p2=ceil (t+(1l—c) * (S—s) / (c*sqgrt (mu"2+sigma”2))) ;

gl=(pl—t)* (((1—c) x (S—s)/(pl-t)) "2
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—2*xc*mu* (1—c) * (S—s) / (pl—t)+c 2« (sigma " 24+mu”"2)) ;
g2=(p2—t)* (((1—c)*(S—s)/(p2—t)) "2
—2*cHmu* (1—c) * (S—s) / (p2—t) +c”" 2% (sigma”2+mu~2)) ;
if gl<=g2
tau=pl;
V=gl;
else
tau=p2;
V=g2;
end

end

function tau=compare(T,t,s,c,S,mu,sigma)
V=zeros (1l,T—t);
a=t;
tau=t+1;
for 1ii=1:T—t
a=a+t+l;
V(ii)=(a—t) * (((1—c)*(S—s)/ (a—t)) "2
—2*c*mux* (1—c) * (S—s) / (a—t)+c" 2« (sigma”"2+mu”2)) ;
% assign V matrix
end
for ii=1:T—t—-1
if V(1i+1)<=V(ii)
% compare which element of V
tau=ii+t+1;
% find tau when the element of V is smallest

else

V(1ii+1)=V (ii);
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end

end

end

The following code generates Figure 2.1.

S=600;
T=50;
s=0:5-1;
sigma=zeros (50) +5;
c=.5;
mu=zeros (50) +5;
t=0:T—-1;
O=zeros (T, S);
for j=0:T-1
mu=mu (1:T—3) ;
sigma=sigma (1:T—73j);
for k=0:5-1
O(j+1,k+1)=compare(T, j, k,c,S,mu, sigma) ;
%0 matrix stores tau, the values of its rows
$correspond to t—1 and the values of its columns
%$correspond to s—1 since J and k can be zero, but the
$subscript of O matrix cannot be
%zero, we need to add one.
end
end
z=ones (1, 7T);
$predefine z, z(j) 1s used to account the
%$amounts of the points when given tau=j, j=1,...,T

for j=1:T
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eval (['a',num2str(j), '=[0;01;"1);

%$initialize the matrix aj, j=1,...,T, aj is used to
$store the points when given tau=j, J=1,...,T
end
for i=1:T
for g=1:8S
for j=1:T

if O(i,qg)==3
eval (['a',num2str(j), "' (:,z(J))=[1;9];"'1);
$find the points, if the t is same, we
%$just store the point which s is the maximum.
%In other words,

%each t maps to one point at most

%$and assign the matrix aj, j=1,...,7T,
end
end
end

for j=i+1:T
if eval(['a',num2str(J), " (:,z(73)) " =[0;01"'1);
%$since when given tau, it is not possible to
$find the points spreading all the t, so
%$we need to account of the existing points

z (Jj)=z(3)+1;

end
end
for g=1:3
if 0(1,g)==1
eval(['a',num2str (1), "' (:,z(1))=[1;g9];"'1);
$record the point when given tau=1l

z(l)=z(1)+1;
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end
end

h = figure;

ColorSet = varycolor(T); set(gca, 'ColorOrder', ColorSet);
hold all;

for i=1:T

eval (['k', '=a', num2str (i), '(1,:);"1);

% k presents the vector storing the t+l when given tau=i
eval(['sa','=a', num2str(i), "' (2,:);"'1);

% sa presents the vector storing the s+l when given tau=i
plot (k—1,S—sa+1l);

% plot the points(t,S—s) when given each tau

end

xlabel ('t'");ylabel ('S—sa');

axis(gca, [0 T+5 0 4001]);

set (h, 'Units', "Inches');

pos = get (h, '"Position');

set (h, 'PaperPositionMode', 'Auto', 'PaperUnits’',

'"Inches', 'PaperSize', [pos(3), pos(4)])

print (h, '"filename', '—dpdf', '—r0")

A.2 MATLAB Code to Section 2.4

A.2.1 Casel

function [n,v,u]l=compare22(T,qg,t,s,c,e,S,b)

1

[1;%keep the y_j

k=[];%keep the \mu_j"2,which j is not in optimal set A
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w=[];%keep the \mu_j,which j is not in optimal set A

x=0;

for ii=l:g—t
x=x+ (b*11i+1)/ (b*T* (T+1) /2+T) xe;

end

for i=1l:g—t
g=(S—s)/ (g—t)+c/(1—c) * ((bxi+l) / (b*Tx (T+1) /24T) xe—x/ (g—t));
z=(bxi+1) / (b*xT* (T+1) /2+T) xe;

if g<0

end

1

[1;g9l;

k=[k;z"2]1;

w=[w;z];
end
m=find (1 (:) "=0); Sremove y_7j=0
n=length (m);%|A]|
u=x—sum(w) ; $\sum\mu_j,which j is in optimal set A
v=sum (k) ; %\sum\mu_j°2,which j is not in optimal set A

end

function tau=compare7(T,t,s,c,e,S,b,sigma)
tau=t+1;
V=zeros (1l,T—t);
for i=1:T—t
[n,v,u]l=compare22 (T,i+t,t,s,c,e,S,b);

al=(S—s)«*(l—c)/n—cxu/n;
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V(i)=c"2+«sigma”2+i+nxal”2+c”2*xv; % assign V matrix
end
for ii=1:T—t—-1
if V(ii+1)<=V(ii)$% compare which element of V
tau=ii+t+1;
% find tau when the element of V is smallest
else

V(ii+1)=V (ii);

end
end

end

k=[1;

for 1i=-0.05:0.002:0.05
f=compare7(T,0,0,c,e,S,1i,sigma);
k=[k; £];

end

b2=—0.05:0.002:0.05;

plot (b2,k);

ylim ([0 55]);

x1lim([—0.02 0.05]);

xlabel ('b');vylabel ('optimal stopping time');
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A.2.2 Case 2

function [n,v,ul=compare23(T,qg,t,s,c,e,S,a,b)

1=[];%keep the vy_j

k=[]1;%keep the \mu_j 2, which j is not in optimal set A
w=[];%keep the \mu_j,which j is not in optimal set A
x=0;

for ii=l:g—t
X=X+ (a*11"2+b*1i+1)/ (a*T* (T+1) « (2xT+1) /64+b*xTx (T+1) /2+4T) *xe;
end
for i=l:g-t
g=(S—s)/ (g—t)+c/ (1—c) x ((a*i " 2+b*i+1l)/
(a*xTx (T+1) x (2%T+1) /6+bxTx (T+1) /2+T) xe—x/ (g—t) ) ;
z=(ax1"2+bxi+1)/ (axTx (T+1) » (24«T+1) /6+b*Tx (T+1) /2+T) *e;

if g<0

end
1=[1;q];
k=[k;z"2];
w=[w;z];
end
m=find (1l (:) "=0); $remove y_7=0
n=length (m); %|2A]|
u=x—sum (w) ; $\sum\mu_j,which j is in optimal set A
v=sum (k) ; %\sum\mu_-j"2,which j is not in optimal set A

end
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function tau=compare9(T,t,s,c,e,S,a,b,sigma)

V=zeros (1l,T—t);

tau=t+1;

for i=1:T—t
[n,v,u]l=compare23(T,i+t,t,s,c,e,S,a,b);
alpha=(S—s)* (1—c) /n—c*u/n;
V(i)=c"2xsigma”2*i+nxalpha”2+c"2%v;% assign V matrix

end

for ii=1:T—t-1
if V(1ii+1)<=V(ii)

% compare which element of V

tau=ii+t+1;

% find tau when the element of V is smallest

else

V(ii+1)=V (ii);

end
end

end

for 1i=0:0.02:0.5
temp=1[1];

for 3=0:0.02:0.5
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f=compare9(T,0,0,c,e,S,1i, j,sigma);
temp=[temp, £];

end

1=[1;temp];

end

a=0:0.02:0.5;

b=0:0.02:0.5;

mesh(a,b,1);

axis ([0 0.5 0 0.5 0 551]);

xlabel('a');vylabel ('b'");zlabel ('optimal stopping time');

A.2.3 Case 3

function [tau,V]=comparell(T,t,s,c,S,mu,k,n)
Cl=c 2% (k+mu”2+n* (2*«t+1) /2);
C2=c"2*n/2;
C3=(S—s) "2x (1—c) "2;
Cld=—2xc*mux* (S—s) * (1—c) ;
delta=4%C1l"3%C3—-108%xC272xC3"2;
Q0=(—108%xC2"2«delta) ~.5;
C=((Q+2%C1"3—-108%C272%C3)/2) "~ (1/3);
x1=—C1l/ (6%C2)—C/ (6%C2)—C1l"2/ (6%xC2xC) ;
x2=—C1/ (6%xC2)+Cx (1+sqrt (3)*11i)/12/C2

+C172x (1—sqgrt (3)«1i) /12/C2/C;

x=—C1/ (3%C2)+C/ (6%xC2)+C1"2/ (6xC2%C) ;
X3=x—x2;
v=[floor (x1l),ceil (x1)];
m=[max ([x1l x2 x3]),median([x1l x2 x3]),min([x1l x2 x3])];

p=[floor (m(3)),ceil (m(3)),floor(m(2))
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,ceil (m(2)),floor(m(l)),ceil(m(1))];
gl=Cl+C2+C3+C4;
gtT=C2* (T—t) "2+Clx (T—t)+C3/ (T—t) +C4;
gv=C2xv. 2+Clxv+C3./v+C4;
gp=C2+*p. 2+C1l*p+C3./p+C4;
rl=[gl gtT gv];
ml=[t+1, T, t+v];
r2=[gp(1:2) gl gtT];
m2=[t+p(l:2),t+1,T];
r3=[gp(l:4) gl gtT];
m3=[t+p(l:4),t+1,T];
rd4=[gp gl gtT];
m4=[t+p,t+1,T];
r5=[gp(3:4) gl gtT];
mS5=[t+p(3:4),t+1,T];
r6=[gp(3:6) gl gtT];
m6=[t+p(3:6),t+1,T];
r7=[gp(5:6) gl gtT];
m7=[t+p(5:6),t+1,T];
if delta<O
if T—t<=x1 || x1l<=1
if gl<=gtT
tau=t+1;
V=gl;
else
tau=T;
V=gtT;
end
end
if 1<x1<T—t

tau=ml (min (rl)==rl);
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V=min (rl);
end
end
if delta>=0
if T—t<m(3) || m(3)<=1<T—t<=m(2)
if gl<=gtT
tau=t+1;
V=gl;
else
tau=T;
V=gtT;
end
end
1if 1<=m(3)<=T—t<=m(2)
tau=m2 (min(r2)==r2);
V=min (r2) ;
end
if 1<=m(3) && m(2)<=T—t<=m(1l)
tau=m3 (min (r3)==r3);
V=min (r3);
end
if 1<=m(3) && m(l)<=T—t
tau=m4 (min (r4)==r4);
V=min (rd) ;
end
if m(3)<=1l<=m(2)
tau=m5 (min (r5)==r5);
V=min (r5);
end
if m(3)<=1<=m(2) && m(l)<=T—t

tau=mé6 (min (r6)==r6) ;
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V=min (r6) ;

end

if m(2)<=l<=m(l) && m(l)<=T—t
tau=m7 (min (r7)==r7);
V=min (r7) ;

end

end

A.3 MATLAB Code to Section 2.5

function [op,tau,l]=compare24(t,s,c,S,mu,ss)
tau=t+1;
g=size(mu(:,1),1);%keep the size of mu
V=zeros (l,g-t);
for i=t+l:g
[n,v,u,l]=compare25(i+t,t,s,c,S,mu);
al=(S—s)* (1l—c) /n—cxu/n;
V(i)=c " 2+sum(ss(l:g—t,1),1)+n*xal”2+c”2xv;
% assign V matrix
end
for ii=l:g-1
if V(1ii+l)<=V(ii)
% compare which element of V
tau=ii+t+1;
% find tau when the element of V is smallest
op=V (1ii+1);

% find the optimal value of V

else
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V(ii+1)=V(ii);
op=V (ii+1); % find the optimal value of V
end
end
[n,v,u,l]=compare25(tau,t,s,c,S,mu);
for i=t+l:tau
if 1(i) =0
1(i)=(S—s)/n+c/(l—c)* (mu(i)—u/n);
%$keep the optimal strategy
end
end

end

function [n,v,u,l]=compare25(g,t,s,c,S,mu)
1=[]1; %keep the y_j
w=[];
$keep the \mu.j,which j is not in optimal set A
x=sum(mu(l:g—t,1),1);
for i=l:g—t

g=(S—s)/ (g—t)+c/(1—c) » (mu(i)—x/ (g—t));

z=mu (i) ;

if g<0

end

1=[1;q9];

end
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m=find (1l (:) "=0); $remove y_7=0

n=length (m);%|2|

u=x—sum(w) ;

%\sum\mu_j,which j is in optimal set A
v=sum(w. 2);

%\sum\mu,jAZ,which j is not in optimal set A

end

S=100000;

Aa =xlsread ('WMT.xlsx', 'vlim');

Aa = RAa(3:78,844:end—2);

Aa (isnan (Aa))=0;

$replace undefined values by zero

errl=0;

err2=0;

err3=0;

errd=0;

err5=0;

err6=0;

c=.1;

12=zeros (n, 754) ;

%$initialize one alternative strategy with \tilde{Y}
13=zeros (n, 754) ;

%$initialize another alternative strategy with \overline{Y}
for i=0:753

mu=mean (Ra (:, 1+i:40+1),2);

%using the previous 40 columns data to estimate mu
ss=var (Ra(:,1+1:40+1),0,2);

%$using the previous 40 columns data to estimate the variance
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[op,tau,ll]=compare24(0,0,c,S,mu,ss);
err=sum((ll(l:tau)—c+ (Aa(l:tau,40+i)+11(1l:tau)))."2);
errO=sum((1l1l(l:tau)./(1l1(l:tau)+RAa(l:tau,40+1i))—c)."2);
errl=errl+err;
err2=err2+err0;
12 (:,i+1)=muxc;
muc=cumsum (mux*c) ;
[7,taul]=max (muc>S3) ;
12 (taul0,i+1l)=S—sum (12 (1l:taul0—1,1i+1));
err=sum( (12 (1l:taul, i+l)—c* (Aa(l:taul,40+i)+12(1:taul,i+1)))."2);
errO=sum( (12 (1l:taul,i+1)./(12(1l:taul,i+1)
+Aa(l:taul,40+i+1))—c)."2);
err3=err3+err;
errd=errd+err0;
13=12/(1—c);
mucl=cumsum (muxc/ (1—c));
[T, taul]l=max (mucl>S) ;
13(taul,i+l)=S—sum (13 (l:taul—1,1i+1));
err=sum( (13 (l:taul,i+l)—c* (Aa(l:taul,40+i)+13(1l:taul,i+l)))."2);
errO=sum( (13 (l:taul,i+1)./(13(1l:taul,i+1)
+Aa(l:taul, 40+i+1))—c)."2);
errS5=errS+err;
errb6=erro6+err0;
end
errl=errl/754;
%average error of 754 days in simplified form with our method
err2=err2/754;
%$average error of 754 days in original form with our method
err3=err3/754;
%$average error of 754 days in simplified form in strategy

with \tilde{Y}
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errd=errd/754;

%$average error of 754 days in original form in strategy with
\tilde{Y}

err5=err5/754;

%$average error of 754 days in simplified form in strategy
with \overline{Y}

errb6=err6/754;

%average error of 754 days in original form in strategy with

\overline{Y}

A.4 MATLAB Code to Section 3.1

x=300;
c=.5;
1=[1];

for i=0:10:2000
f=(i/(x+1)—c) " 2;
1=[1;£];

end

y=0:10:2000;
plot(y,1);

xlabel ('y')j;ylabel ("f(y)");

function [gl,g2]=comparel2 (x,c,k3)
kl=c*x;
k2=1—c;

U=3xx"2+xk1+3xx+xkl1xk3+k1+xk3"2+x"3%k2;
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v=k1+3*x+xk2+k2%k3;
gl=2x(k3/ (2*x+k3)—c) "2;
if k3" 2—4xu/v==
y1=k3/2;
y2=k3/2;
g2=(yl/ (x+yl)—c) "2+ (y2/ (x+y2)—c) "2;
elseif k372—4xu/v>0
yl=(k3+sqrt (k3"2—4*u/v))/2;
y2=(k3—sqrt (k3"2—4*u/v))/2;
g2=(yl/ (x+yl)—c) "2+ (y2/ (x+y2)—c) "2;
elseif k372—4xu/v<0
g2=NaN;

end

1=[1;

for i=0:5:200
[a,b]l=comparel2 (x,c,1i);
f=la,bl;

1=[1;£f];

end

b1=0:5:200;

plot (bl,1(:,1));

hold all;

plot (bl,1(:,2));

xlabel ('S—s');ylabel ('minimal value');

legend('gl', 'g2")
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x=50;

k3=300;

1=11;

for i=0.005:.05:0.995

[a,b]l=comparel2 (x,1,k3);

f=[a,Dbl;
1=[1;f];
end

p1=0.005:.05:0.995;

plot (bl,1(:,1));

hold all;

plot(bl,1(:,2));

xlabel ('c'");ylabel ('minimal value');

legend('gl', 'g2")

A.5 MATLAB Code to Section 3.2

function y=fun(x)%find the minimal value of V3 and minimizer y =
y=0;

a=30;

for i=l:size(x,1)
y=sum(x. 2./ (a+sqgrt (x)) .* (b+x)
+2+xcxx.xlog((a+x) ./ (b+x))/ (b—a)+c”2);
end

end
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for 1i=1:T
e=eye (i—t)* (=1); %$exx<=m, which means y_-j>=0
m=zeros (i—t,1);
n=ones (l,i—t);%n*x=5S—s; which means \sum y_j=S—s
x0=ones (i—t, 1) * (S—s) / (i—t);
V=zeros (1l,1i—t);
[X,V] = fmincon (@fun,x0,e,m,n, S—s);
k(l:1,1)=X;
f=[£;V];
end
for ii=1:T—t—-1
if f(ii+l)<=f(ii)$% compare which element of V
temp=ii+t+1;
% find tau when the element of V is smallest
ag=k (:,1i+t+1);
s=f (ii+t+1);
else
f(ii+l)=£(i1);
end
end
a(g==0)=[];
tau=temp% the stopping time
y=g% the minimizer y_j

Vi=s% V_4
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