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Abstract

The mechanics of composite materials is a subject of intense study due to their ver-
satile and tailorable mechanical properties. A composite material consists of at least
two different phases; one is called the reinforcing phase and the other one in which
it is embedded is called the matrix phase. Due to the presence of multi-phase and
fiber-matrix interface, the characterization of local behaviors of a composite is com-
putationally expensive. The continuum mechanics offers the necessary mathematical
framework to accommodate the overall microscopic behaviors of the reinforcement
phase into the model of deformations. In this thesis, the mechanics of fiber-reinforced
composite materials are presented within the framework of the second strain gradient
theory. A continuum-based model is developed for the analysis of elastic materials
reinforced with unidirectional and bidirectional fibers and subjected to finite plane
deformations. Moreover, the continuously distributed unidirectional fiber-composite
system is transformed into the randomly distributed short fiber-composite system by
introducing the shear lag parameter and krenchel orientation factor into the model.
The mechanics of randomly distributed short fiber-composite system is also presented.
The Euler equilibrium equations and the associated boundary conditions are obtained
via the variational principle and iterative integration by parts. In particular, the
energy density function is augmented to accommodate the first, second, and third
gradient of deformations into the models of continuum deformation. The complete
expressions of Piola-type triple stress and its coupled triple force arising in the third
gradient of continuum deformations are formulated, which, in turn, yield the unique

deformation maps in the presence of admissible boundary conditions of higher or-
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der. The solutions of the resulting systems of differential equations are obtained via
the custom-built numerical scheme from which smooth and dilatational shear angle
distributions are predicted throughout the entire domain of interest. It is also ob-
served that the third gradient constitutive parameter is associated with the volume
dilatation of third-gradient continua, which may be appeared in the form of shear
band inclination angle. In addition, the fiber aspect ratio and the third gradient
constitutive parameter are observed to be related to the effective Young’s modulus
of a randomly distributed short-fiber composite system. The obtained numerical re-
sults are compared with the results in the dedicated literature, which show a good

agreement.

il



Preface

This thesis is performed as a part of the research project under the supervision of
Professor Chun 11 Kim.

Chapter 2 of this thesis has been submitted to Continuum Mechanics and Thermody-
namics journal entitled “A third gradient based continuum model for the mechanics
of continua reinforced with extensible bidirectional fibers resistant to flexure”.

Chapter 3 of this work is ready to be submitted soon.

v



“To my dear parents, and Wife Orna Khandoker” for their support and sacrifices



Acknowledgements

Firstly, I would like to express my very special gratitude to Professor Chun Il Kim
for his support, patience, motivation, and in-depth knowledge. His guidance helped
me in all the time of M.Sc. research.

I also would like to thank my thesis committee: Dr. Ge Li, Dr. Zengtao Chen and
Dr. Hyo-jick Choi.

Also special thanks to Mr. Suprabha Islam, for his development of nano-fiber rein-
forced composite system which is discussed in chapter 3. Also, Mr. Suprabha assisted
with the numerical tools that was used for generating the shear angle distributions
plots.

Finally, I must express my special gratitude to my parents for providing me continuous

encouragement during my graduate studies.

vi



Table of Contents

1 Introduction 1

1.1 Composite material and its Background . . . . . . . . ... ... ... 1

1.1.1 History of composite materials . . . . . . . .. ... ... ... 2

1.1.2  Classification of composite materials . . . . . . ... ... .. 3

1.2 Hyperelastic material models . . . . . . . .. ... ... ... ... .. 4

1.2.1 Neo-Hookean model . . . . . . ... ... ... ... ..... 4

1.2.2  Mooney-Rivlin model . . . . . . ... ... oo )

1.3 Analysis of composite materials . . . . . .. .. ... ... L. 6

1.3.1 Higher-gradient continuum theory . . . . . . . ... ... ... 7

1.3.2  Strain gradient theory . . . . . ... ... oL 8

1.3.3 Micropolar theory . . . . . .. .. ... 0oL 9

1.3.4 Nonlocal elasticity theory . . . . .. .. ... ... ... ... 10

1.3.5 Classical theory vs Higher-order theory . . . . . . .. ... .. 10

1.4 Applications of higher-order gradient theory . . . .. ... ... ... 13

1.5 Thesis Objectives . . . . . . . . . . 14

1.6 Structure of thesis . . . . . . . . ... 15
2 A third gradient based continuum model for the mechanics of con-
tinua reinforced with extensible bidirectional fibers resistant to flex-

ure 17

2.1 Kinematics . . . . . ..o 17

2.2 Equilibrium . . .. ..o 23

2.3 Boundary conditions . . . . . ... ..o 27

2.3.1 Example: Neo-Hookean materials . . . . . .. ... ... ... 32

2.3.2  Example: Mooney-Rivlin materials . . . . ... .. ... ... 35

2.4 Finite element analysis of the sixth-order coupled PDE . . . . . . .. 37

2.5 Results and discussion . . . . .. ... oL 44

2.5.1  Application of third gradient of deformation theory . . . . . 49

2.6 Conclusions . . . . .. .. 55

vil



3 A second strain gradient based continuum model for the composite
reinforced with extensible nano-fibers resistant to flexure 57
3.1 Kinematics . . . .. ... 57

3.1.1 Defining energy potential for the unidirectional continuous fiber
composite system . . . ..o oo o8

3.1.2  Development of randomly oriented short fiber composite system 60

3.2 Equilibrium and Boundary Conditions . . . . . .. .. .. ... ... 63
3.2.1 Example: Neo-Hookean materials . . . . . ... .. ... ... 69

3.2.2  Example: Mooney-Rivlin materials . . . . ... ... ... .. 70

3.3 Custom-built FEA of the nonlinear coupled PDE . . . . . . ... .. 71
3.4 Results and discussion . . . . . . . ... 7
3.5 Conclusions . . . . . . . .. L 87

4 Conclusions & Future Works 89
4.1 Conclusions . . . . . . . L 89

4.2 Future Work . . . . . ... 91
Bibliography 93

viii



List of Tables

2.1 Shear band inclination angle obtained from [89, 95] and proposed third

gradient model . . . .. .. Lo oL

3.1 Interfacial parameters and properties of graphene [100] . . . . . . ..

X



List of Figures

1.1
1.2
1.3
1.4

1.5

2.1

2.2

2.3

24

2.5

2.6
2.7

2.8

2.9
2.10

2.11
2.12

Materials used for the Boeing 787 Dreamliner passenger airplane [9] . 3
Bone modeling using micropolar elasticity. Picture taken from [62] . . 10
First vs. second gradient elasticity comparison. Picture taken from [68] 11

Shear angle distribution: first gradient (left), second gradient (right).

Picture taken from [67] . . . . . . .. ..o Lo 12
Shear angle distribution: first gradient (left), second gradient (middle),

third gradient (right). Picture taken from [69] . . . . .. .. ... .. 12
Schematic of the problem . . . . . . ... .. ... ... . ....... 43

Deformation Configuration when % = 10, % = 10, 071 =5 and % =5 45

Deformed configuration with variation of % when % =10, & = 5,

and S5 =5 ... 45
Deformed configuration with variation of % when % = 10, % = 10,
and SL=5 ... 46
Deformed configuration with variation of triple force (a) when % =5,
% = 10, % =5 and % = 5, (b) Zoomed section . . . . .. ... .. 46
Comparison with the existing result [67] . . . . ... ... ... ... 46
Deformation contour /X3 + X3 (a) % =5, (b) % =10, (¢) % =50
When%zlo,%: 10, and %:5 .................. 47
Shear angle and shear strain distribution for various triple stress pa-
rameter when % = 10, % =10 and % =D .. 49
Material structure (a) Close packed array, (b) Loose packed array . . 51
Shear angle distribution for various triple force r:r < 0 (left) and
r>0(right) . . . ... 52
Shear angle distribution with the average shear angle of the domain . 54

Variation of shear band inclination angle a with triple stress parameter

% and drucker prager coefficient a presented in [89,95] . . . . . . .. 55



3.1

3.2

3.3

3.4
3.5

3.6

3.7

3.8
3.9

3.10

3.11

3.12

Schematic of the problem and demonstration of the model development
(a) continuous unidirectional fiber, (b) aligned short fiber, (¢) randomly
distributed fiber . . . .. ..o 58
A typical strain distribution along the fiber length, and its dependence

on the fiber aspect ratio . . . . . ... ... L 61
Strain distribution along the fiber length for (a) Pristine, (b) Hydrox-
ylated and (c¢) TSW-defected cases with various aspect ratios S . . . 78
Deformation configuration: f? = 10, % = 100, % = 10, f =10,5 =100 79
Deformed configuration with variation of % when ﬁ = 10, % = 10, f =
10, S =100 . . . . . e 80
Deformed configuration with variation of S when ﬁ =10, % = 100, % =
10, g =10 .. 80
Deformed configuration with variation off when ﬁ = 10, % = 100, % =
10,5 =100 . . . . . e 81
Comparison with the existing results [67] . . . . . . .. ... ... .. 81
Deformation contour \/x? + x3 (a) S = 100, (b) S = 1000, (c¢) S =
5000 when - = 10,5 = 100, % =10, g =10. ... ... 83

Shear angle distribution for various fiber aspect ratios S ((a) S = 100,
(b) S = 1000, (c) S =5000) when £ =10, =100, =10, £ =10. 84
Variation of effective Young’s modulus of composite with fiber aspect
ratio S . . .o 85
Variation of effective Young’s modulus of composite with triple stress

parameter % ................................ 86

x1



Chapter 1

Introduction

This chapter begins with a brief introduction to the composite material and, subse-
quently, fiber-reinforced composites. In section 1.1, we discuss the background of com-
posite materials and their common classifications. In section 1.2, we briefly discuss
the hyperelastic material models that are usually used as the matrix phase of compos-
ites. In section 1.3, we discussed the various approach to analyze the mechanics of
fiber-reinforced composite materials. In section 1.4, we illustrate the application of
higher-order theory. Furthermore, We will demonstrate the objectives of this thesis

in section 1.5. Lastly, we present a brief structure of this thesis in section 1.6.

1.1 Composite material and its Background

‘Composite materials’, also briefly referred to as ‘Composites’, consist of two or more
constituents that are combined at a macroscopic level and are not soluble in each
other. The physical and chemical properties of composite materials differ from their
constituents. One constituent is called the reinforcing phase material, which may be
appeared in the form of fibers, particles, or flakes, and the other one in which the
reinforcing phase is embedded is called the matrix. The matrix is the continuous ma-
terial phase, while reinforcement is the dispersed material phase. The matrix provides
structural integrity and works as a binder to keep the reinforcement phase in place.

The matrix transfers load to and between fibers. In particular, the reinforcement



phase adds tensile strength to the matrix material [1]. The physical properties of
composite materials depend on the volume fraction of their constituents, individual
properties of constituents, fiber orientation, fiber length, bonding between fiber and
matrix, etc. So it is possible to tailor the properties of a composite and make it
specialized to do a certain job, for instance, to become stronger, lighter, or resistant

to electricity.

1.1.1 History of composite materials

The Mesopotamians are credited with using composite materials for the first time.
In 3400 B.C., these people glued wood strips at different angles to make plywood.
Following this, the Egyptians began to manufacture death masks out of linen or
papyrus soaked in plaster at around 2181 B.C. [2]

In 1200 A.D., the Mongols constructed composite bows using wood, bamboo, bone,
cattle tendons, horn, and silk which were quite effective at the time. This bows made
Genghis Khan military superior on earth until the invention of gunpowder [3].

During the 1900s, synthetic resins started to take a solid form by using polymer-
ization, which led to the creation of various plastics such as polyester, phenolic, and
vinyl. The famous Belgian chemist Leo Baekeland invented Bakelite which did not
conduct electricity and was heat resistant. [3, 4].

In 1935, Owens Corning combined fiberglass with a plastic polymer and invented
a remarkably strong and light structure. The Fiber Reinforced Polymers (FRP)
industry as we know it today began with this. [4]. The FRP industry transitioned
from research to manufacturing following World War II. A fully composite frame car
was created and tested by the year 1947. Later on, in 1961, carbon fiber composites
were used commercially, and by the mid-nineties, the composite started to replace the
traditional materials [5, 6]. In the case of manufacturing Boyeing 787 Dreamliner, 50
percent of major structures are made of Carbon Fiber Reinforced Polymer, and 15

percent of titanium alloy, resulting in 20 percent fuel saving due to reduced weight



(See Figure 1.1).

The versatile and tailorable mechanical properties of composite materials make
them useful in every aspect of modern society, including home appliances, agriculture,
space, chemical, and automotive industries [6-8]. Currently, it is anticipated that the
size of the global market for composite materials will increase from USD 88.80 billion
in 2021 to USD 144.5 billion by 2028 with a CAGR (Compound Annual Growth Rate)
of 6.66 percent from 2021 to 2028.

Materials used in 787 body

Fiberglass M Carbon laminate composite . Total materials used
B Aluminum W Carbon sandwich composite © By weight
i Aluminum/steel/titanium : Other
. Steel 5% composites

10% 50%

itanium
15%

Aluminum
20%

By comparison, the 777 uses 12 percent
composites and 50 percent aluminum.

Figure 1.1: Materials used for the Boeing 787 Dreamliner passenger airplane [9]

1.1.2 Classification of composite materials

Classification of composite materials has been presented in literature [10] at two

different stages:
1. Based on the matrix material types, the composites are classified as follows

e Polymer matrix composites (PMC)

e Ceramic matrix composites (CMC)

Metal matrix composites (MMC)

Carbon fiber /carbonaceous matrix composites (CCC)

Particulate-reinforced metal matrix composites (PMMC)

Fiber-reinforced polymeric composites (FRPC)



2. The second criterion is based on the reinforcement material. The composites

are subdivided into the following categories as

e Particulate reinforced composites (PRC)
e Flake reinforced composite

e Fiber reinforced composites (FRC) (continuous fibers, short fibers, whiskers)

The main discussion in this thesis is about the Fiber reinforced composites (FRC).
Usually, the fiber’s radius is far less than its length, and they increase the strength of
the composites under tensile and shear loading. The necessary mathematical frame-
work for both continuous fibers and discretely distributed short fibers is presented in

this thesis.

1.2 Hyperelastic material models

The necessary mathematical framework for the continuum description of fiber-reinforced
composite materials is attained by assuming the fibers are densely embedded into the
matrix material. The stress-strain relationship of matrix material can be either linear
or nonlinear. For many cases, it is necessary to use a nonlinear stress-strain rela-
tionship to predict the mechanical behavior more accurately, and the hyperelasticity
models serve this purpose [11]. The strain energy density function is widely used
in continuum mechanics to derive the stress-strain relationship of the hyperelastic
matrix material. In this section, we briefly discuss the well-established hyperelastic

matrix material models.

1.2.1 Neo-Hookean model

The Neo-Hookean model is a hyperelastic material model that can be used for pre-
dicting the nonlinear stress-strain behavior of materials and is similar to Hooke’s
law. In general, the relationship between applied stress and strain is initially linear,

but at a certain point, the stress-strain curve changes to nonlinear. Ronald Rivlin
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[12] proposed this model in 1948 to predict the deformation of plastics and rubber-
like substances. The strain energy density function for a compressible Neo-Hookean

material is as follows:

W =Ci(I, —3—2InJ)+ Dy(J —1)% (1.1)

where C7 and D; are material constants, and I; is the first invariant (trace), of the

right Cauchy-Green deformation tensor, i.e.,

L=+ X+ A3, (1.2)
where \; are the principal stretches. J is the determinant of deformation gradient
Fie.,

For an incompressible material (J = 1) the strain energy density function becomes
W = Cy(I; — 3). (1.4)

It is to be noted that, the Neo-Hookean model does not consider the dissipative
release of energy as heat during deformation and assumes the perfect elasticity at all
stages. It is usually used for small deformations and is typically accurate only for

strains less than 20% [13].

1.2.2 Mooney-Rivlin model

In 1940, Melvin Mooney [14] proposed a hyperelastic material model. Following that,
in 1948, Ronald Rivlin [12] expressed the strain energy function in terms of first and
second invariants of the Cauchy-Green deformation tensor. The strain energy density

function for a Mooney-Rivlin hyperelastic material is as follows:

W = Cy(I) — 3) + Cy(I, — 3), (1.5)



where C] and C5 are empirically determined material constants, and }1 and I_g are
the first and the second invariant of the deviatoric component of the Cauchy-Green

deformation tensor defined as

I =J50, (1.6)
I=J 71,
where J and I; are defined in Eq. (1.3) and Eq. (1.2) respectively, and I5 is defined
as
I = NIA3 + M55 + A3A3. (1.7)

For an incompressible material (J = 1) the strain energy density function becomes

Mooney-Rivlin model is related to the linear elastic shear modulus G, which can

be expressed as follows [15]:

G =2(C, +C) (1.9)

Several hyperelastic material models are present in the literature, amongst which the
Ogden model, Arruda-Boyce model, Yeoh model, and Full and reduced Polynomial
model are notable. In this thesis, we used both Neo-Hookean and Mooney-Rivlin
models to characterize the matrix material. However, only the Neo-Hookean model

is considered for the model implementation.

1.3 Analysis of composite materials

The general approach to analyze the mechanics of composite materials leads to two
major branches of research [16]. The first approach is the direct investigation of local
behaviors of an individual fiber—matrix system, including interfacial region. The
interaction of the fibers with one another and with the surrounding matrix is well
explored in [17-19] to comprehend the mechanical properties of fiber-reinforced com-

posite materials. However, studies based on interface properties could not forecast

6



how a fiber-reinforced composite will react to external pressures and/or displace-
ments. Later, microstructures and element interaction were added to the constitutive
equation to predict the microscopic behavior of composites under boundary stresses
[20-22]. Although the direct approach to investigate the local behavior is computa-
tionally expensive, this approach was used successfully to analyze the mechanics of
composite materials [16].

The second approach is the development of continuum theory by incorporating the
properties of fibers into the model of deformations. Adkins and Rivlin [23] introduced
the idea of considering fibers as a constraint to the extension of composite materials
along the directions of aligned fibers. Spencer et al. [20] extended Adkins and Rivlin’s
[23] concept to propose a continuum model for fiber-reinforced composite materials in
which the deformation history dictates the principal axes of anisotropy. The mathe-
matical framework of generalized continuum theories using Navier-Cauchy’s approach
is discussed in [24-27]. The issue with the Cauchy-Navier format is its inability to
encompass the generalized Micro-Structured continua [28-31]. Mindlin [32] adopts
the concept of variational principles to obtain the equilibrium equation. In this work,
Mindlin formulated a linear theory describing the responses of an elastic solid in which
the potential energy density is a function of the first and second gradient of contin-
uum deformations. Later on, the concept has been widely adopted in the analysis of

micro-structured solids [33-39].

1.3.1 Higher-gradient continuum theory

We have discussed in section 1.3 the usefulness of continuum theories in analyzing
micro-structured continua. This section will briefly discuss the higher-gradient con-
tinuum theories and their suitability in the analysis of fiber-reinforced composites.

Higher-gradient theories can be categorized into three major groups [40]:

e strain gradient elasticity



e micropolar elasticity
e nonlocal elasticity
The strain gradient theories can be sub-categorized into the following groups:
e first and second strain gradient theories
e couple stress theory
e modified couple stress theory

e modified strain gradient theory

1.3.2 Strain gradient theory

In the strain gradient theories, the strain energy is a function of both strains and
the gradient of strains. The primary continuum theories describing the mechanical
responses under various loading conditions consider the composites as anisotropic
materials whose response function depends only on the first gradient of deformation
[41, 42]. Due to some of its limitations, i.e., the first gradient theory can’t capture
large deformations, Rivlin [43] formulated a new method incorporating up to the
second order of deformation gradient into the model. Later, Adkins and Rivlin [23]
provided a mathematical framework to analyze large deformations and considered
the fibers as a constraint to the extension of isotropic materials along the directions
of aligned fibers. The proposed model [23] is further developed in [44-47]. In [47],
Spencer developed a more comprehensive model for the fiber-reinforced composite,
which closely connects with nonlinear anisotropic elasticity. A few applications of
the proposed theory [47] in the analysis of biological materials can be found in [48].
However, all the previous developments [44-47] consider the fibers as infinitesimally
thin and thus infinitely flexible and exclude the fibers bending resistance. Later,
Spencer and Soldatos [49] incorporated fiber bending stiffness into the continuum

model by assuming that strain-energy density depends not only on the deformation



and the fiber vectors but also on the gradients of the deformed fiber vectors. Thus
the fiber curvature is included in the continuum model via the second gradient of
deformation. A similar continuum theory is discussed for liquid crystals [50] and large
deformations of elastic membranes with bending stiffness [51]. Using the concept of
variational principle to obtain the Euler equilibrium equation, Mindlin [32] formulated
a continuum model for the deformation of an elastic solid in which the potential energy
density is a function of the strain and its first and second gradients. Steigmann [52]
modeled the fibers as continuously distributed spatial rods of the Kirchhoff type
and formulated a theory of fiber-reinforced composites where the fiber’s resistance to
bending and shear is incorporated. A similar mathematical framework can also be
found in [53-56]. In addition, several higher-order theories have been proposed to
analyze the micro-structured continua; for example, couple stress theory [34, 35, 57],

modified couple stress theory[58], modified strain gradient theory[59], etc.

1.3.3 Micropolar theory

The micropolar elasticity, also known as Cosserat elasticity, describes the static de-
formation of each point by a displacement vector and an independent rotation vector
along with non-symmetric strain and stress. According to micropolar elasticity, a
material element can have microrotation without undergoing a micro displacement
[60]. Tt incorporates both couple stress and force stress. In the isotropic Cosserat
solid, there are six elastic constants, in contrast to the classical elastic solid in which
there are two independent elastic constants (Lame’s constants). These constants are
experimentally determinable.

The micropolar elasticity was proposed by Cosserat brothers more than a hun-
dred years ago and later developed by others (see, for example, [37, 61]). Nowadays,
micropolar elasticity is widely used in modeling bones, cracks in fracture mechanics,
foams, porous media, beam lattices, etc [62]. Figure 1.2 depicts the micropolar model-

ing of bone structure. In general, micropolar elasticity has the following consequences



over the classical elasticity theory:

e it can accommodate size effects, i.e., the effect of microstructure, whereas clas-

sical elasticity doesn’t [62]

e the stress concentration factor estimated from micropolar elasticity for a circular

hole is smaller than the classical value [63]

e in wave propagation analysis, the pace of dilational waves in the Cosserat

medium is independent of frequency[63]

Figure 1.2: Bone modeling using micropolar elasticity. Picture taken from [62]

1.3.4 Nonlocal elasticity theory

Kroner [64] presented the nonlocal elasticity hypothesis, which was further improved
by Eringen and Edelen [65]. In this theory, the points undergo translational motion
as in the classical case, but the stress at a point depends on the strain in a region near
that point, and the size effect is thus accounted for by constitutive equations with a
nonlocal parameter. Nonlocal elasticity theory was initially formulated in an integral
form and later reformulated by Eringen [66] in a differential form by considering a
specific kernel function. Compared to the integral model, the differential one is widely

used for nanostructures due to its simplicity [40].

1.3.5 Classical theory vs Higher-order theory

The classical theory or the first-order deformation gradient theory assumes the stress
as a function of strain only, whereas the higher-order deformation gradient theory

includes both strain and strain gradient into the constitutive equation of stress. The

10



mathematical relationships of stress-strain for classical and higher-order gradient con-

tinua are defined in Eqgs. (1.10) and (1.11) respectively as

o= f(e), (1.10)

o = f(e,Ve). (1.11)

In the case of fiber-reinforced composite materials analysis, the classical theory doesn’t
append the fiber’s bending energy into the strain energy potential function that
demonstrates the stress-strain relationship. Mathematically, we can express the strain

energy potential function for the first gradient continua as
W(F,e(F)) = W(F) + W(e(F)), (1.12)

where W(F) is the energy potential of matrix, W (e(F)) is the fiber’s energy po-
tential pertaining to the extension. The mechanical response (i.e., shear angle dis-
tribution) of first-gradient continua under the extension test is shown in Figure 1.3.
It is shown that the transition zones (from the red area to the green area and again
from the green area to the blue area) are sharp, which doesn’t correspond to the
experimental results. In the actual case, there exists some gradient in the transition

areas, and the transitions are smooth, continuous, and dilatational [67].

shear angle [l 40
35
30
25
20
15

10
5
0

standard simulation simulation based on
(first gradient) a second gradient approach

Figure 1.3: First vs. second gradient elasticity comparison. Picture taken from [68]

In the case of second-order theory, the strain energy potential is augmented as

W(F,&(F),g(G)) = W(F) + W(e(F)) + W(g(G)), (1.13)

11



to incorporate the bending energy of fiber into the model of deformations. The
fiber bending energy (W (g(G))) can be computed via the computation of geodesic
curvature, which is related to the second gradient of deformation. The shear angle
distribution (see, Figures 1.3 and 1.4) from the second gradient theory exhibits a good
match with the experimental results as it can capture the gradients in transition zones.
Although the shear angle distribution is smooth and continuous, it is non-dilatational.
To this end, Kim et al. [69, 70] devised a third gradient theory and incorporated the
rate of change in curvature into the model by augmenting the strain energy potential
(see Eq. 3.3). The obtained solutions provide a smooth, continuous, and dilatational

shear angle distribution (see figure 1.5).

1 1 1
0 0.5 1 15 2

Figure 1.4: Shear angle distribution: first gradient (left), second gradient (right).
Picture taken from [67]

e |

Figure 1.5: Shear angle distribution: first gradient (left), second gradient (middle),
third gradient (right). Picture taken from [69]
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1.4 Applications of higher-order gradient theory

We have already mentioned the applicability of higher-gradient theories to analyze
the mechanical responses of micro-structured continua. In particular, higher gradient
models account for singularities and can explain phenomena associated with localiza-
tion, such as crack nucleation and the localization of shear stresses, amongst other
examples [71, 72]. Higher gradient theories are applied to study several complicated
phenomena, including buckling, interactions of multiple bodies, internal resonance
due to the interactions of beams and cables with three-dimensional bodies, and wave
propagation inside an inhomogeneous body [73-75].

The numerical analysis of bones and biomaterials is a very challenging problem
due to complex microstructures and physical properties. Sometimes a bone can be
treated as an open foam-like structure or a system of beams. Since in foam struts or in
beams, there exist moments in addition to forces, this naturally leads to the model of
the higher-order gradient elasticity [62]. The complex continuum modelings of bone
tissues [76, 77], tendons, and ligaments [78] are obtained within the framework of the
higher-gradient theory.

Recently, higher-gradient theories have gotten more attention to analyze fiber-
reinforced composites, especially to obtain the shear strain distribution and deforma-
tion configuration under various boundary conditions. To this end, Kim et al. [67]
devised a strain gradient elasticity theory for composites and incorporated fiber’s re-
sistance to stretch and flexure via the variational computations of the first and second
gradients of deformations. In addition, Kim et al. [69, 70] formulated a third gradient
continuum model, in which the energy density function depends on the first, second,
and third gradients of deformation, and demonstrated that introducing an additional
gradient field results in a set of mechanical interaction forces on the desired bound-
aries. The obtained third gradient models also predict smooth and dilatational shear

angle distribution.
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1.5 Thesis Objectives

In the previous sections (1.1-1.4), we have discussed that the first-order theory can’t
describe the micro-structured continua properly. Several second-order theories [24,
34, 35, 67] have been proposed to attain the experimental results more accurately.
However, the second-gradient theories can’t explain some complex phenomena, for
example, mechanical contacts on the edges, dilatation, etc. The third gradient of
deformation model or the second strain-gradient model leads to dilatational shear
angle distribution throughout the domain of interest [69, 70].

The main objective of this thesis is to develop a second-strain gradient model to
understand the mechanical responses of an elastic material reinforced with unidirec-
tional or bidirectional, or randomly distributed short fibers and subjected to finite
plane deformations. The complete procedure to develop the continuum model is given
in chapter (2-3). We first define the kinematics of the fibers by their position and
director fields, allowing them to be modeled as continuously distributed spatial rods
of the Kirchhoff type [79]. Within this prescription, we develop the energy density
function to account for the third gradient of continuous deformation. In particular,
we consider the contact forces, couplings, double forces, and triple forces in addition
to the extension and bending resistance of fibers. Then, we obtain the Euler equations
and associated boundary conditions by employing iterative integrations by parts and
variational formulations that emerge from the third gradient of continuum deforma-
tions. Further, we compute the rate of change in curvature, specified at locations
on the convected curves of fibers, using the third gradient of the deformation map.
Both Neo-Hookean and Mooney-Rivlin hyperelastic models are used to characterize
the response of matrix material.

The model furnishes the governing equations as a system of sixth-order nonlinear
coupled Partial Differential Equations (PDEs) from which we obtain a set of numerical

solutions via the custom-built Finite Element Analysis (FEA) code. The detailed
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finite element analysis procedures are given in chapter 2 to 3. Finally, we compare

the obtained solutions with existing literature and find a perfect match.

1.6 Structure of thesis

This thesis consists of 4 main chapters, including the introduction and the conclusion.
The first chapter briefly introduces the composite materials and the objectives of this
thesis.

In chapter 2, we formulate a second strain-gradient theory for the mechanics of
continua reinforced with extensible bidirectional fibers resistant to flexure. In sec-
tion 2.1 to 2.3, we develop the fiber kinematics, equilibrium equation, and boundary
conditions and form the governing equations as a nonlinear coupled system of par-
tial differential equations (PDEs). The case of Neo-Hookean material reinforced with
bidirectional fibers is considered for the purpose of model development which has
been generalized to the case of a Mooney-Rivlin hyperelastic matrix material rein-
forced with bidirectional fibers. The obtained model is further applied to the case of
Neo-Hookean material reinforced with unidirectional fiber for the purpose of model
implementation. The resulting system of PDEs has been solved numerically and the
procedures are shown in section 2.4. The following section 2.5 provides the results
obtained from the proposed model and found to be consistent with those reported in
the literature.

In chapter 3, we develop a second strain gradient-based continuum model for the
composite reinforced with nano-fibers. We assume that the fiber’s directors and ac-
companying deformation map remain in a plane with no out-of-plane components
and that the corresponding deformations and material parameters are constrained
to be independent of the out-of-plane coordinate. The kinematics of the embedded
fibers are formulated by their position and director fields. The reinforcement phase is
transformed from the continuously distributed unidirectional fibers to the nanofibers

system using shear lag parameters[80, 81] and Krenchel orientation factors [82]. Fi-
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nally, we investigate the effect of fiber aspect ratio on the mechanical response of
composites.

Throughout all chapters, we use standard notation such as AT, A=1, A* and tr(A).
These are the transpose, the inverse, the cofactor and the trace of a tensor A, re-
spectively. The tensor product of vectors is indicated by interposing the symbol ®,
and the Euclidian inner product of tensors A, B is defined by A-B = tr(AB”); the
associated norm is |A| = VA-A. The symbol | * |is also used to denote the usual
Euclidian norm of three-vectors. Latin and Greek indices take values in {1,2} and,
when repeated, are summed over their ranges. Lastly, the notation F5 stands for the

tensor-valued derivatives of a scalar-valued function F'(A).
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Chapter 2

A third gradient based continuum
model for the mechanics of
continua reinforced with extensible
bidirectional fibers resistant to
flexure

In section 2.1, we define the kinematics of fibers. Following that, we develop the Equi-
librium equation by using the virtual work statement and iterative integration by parts
i section 2.2. The associated boundary conditions are derived in section 2.3 and
the governing equations for the mechanics of Neo-Hookean solids and Mooney-Rivlin
solids reinforced with fibers are delivered in section 2.5.1 and 2.3.2 respectively. In
section 2.4, we provide a detailed Finite Element Analysis procedure to solve the ob-
tained nonlinear Partial Differential Equations PDEs for the case of the Neo-Hookean
solid. Lastly, we discuss the obtained numerical solution in section 2.5 and provide a

summary of this chapter in section 2.6.

2.1 Kinematics

In the reference configuration, let D and M be the unit tangents to the fiber’s tra-

jectory. d and m are their equivalents in the deformed configuration. Following that,
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the orientations of specific bidirectional fibers are determined as

B B ds B B du o g
A=nl=-g, y=lrl= -5 andd =nA" m =777, (2.1)
where
FD = A\d and FM = ym. (2.2)

The unit tangents to the fiber’s trajectory in the current configuration are d and

m, and F is the gradient of deformation function (x(X)), i.e.,
F = Vx(X). (2.3)

Eq. (2.2) can be derived by taking the derivative of r(s(S)) = x(X(S5)), with
respect to the arc length parameters, S, and ultimately, s, upon making the iden-

tifications D = 9% and d = C(li—’s‘amd similarly for M (i.e. M = %% and m = 2% ).

d() d(x) g de) de)

IS = 5 refer to the arc length derivatives of (*) along the fibers’

Here

directions in the reference and deformed configurations, respectively. In this thesis,

we limit our attention to the case of initially orthogonal fibers:
M-D = 0. (2.4)

Combining Egs. (2.2) and (2.4) embellishes a useful fiber decomposition of the

deformation gradient that is
F=XAM®D+ym®M. (2.5)
Therefore we have, for example, D = D, E 4 and d = d;e; to yield
M = FiaDa, (2.6)

where {e;} and {E 4} are the orthonormal bases in the current and reference con-
figurations. Accordingly, from Eq. (2.2), the geodesic curvature of an arc (r(s,u))

can be obtained as

Cx(S)  d d(x(S). O(FD)dX
8=y a5 as )T ox dS

V[FD|D, (2.7)
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and
Pr(U)  d dx(U),  O(FM)dX

g2 =

In a typical environment, most of the fibers are assumed as a straight prior to
deformations. The length scales of fibers compared to the matrix materials are small
and that allows us to treat the slightly curved fibers as ‘fairly straight’ [70]. Thus,
the gradient fields of the unit tangent in the reference configuration are assumed as

zero (i.e.,VD = 0, and VM = 0). Now Egs. (2.7) and (2.8) reduce to
g1 =VF(D®D) and go = VF(M @ M). (2.9)
The commonly used conventions of the second gradient of deformations is:
VF = G, (2.10)
and the compatibility condition of G is as follows
Giap = Fiap = Fipa = Gipa. (2.11)
Combining Egs. (2.9) and (2.10) gives
g1 =GD®D)=g,(G) and g =GMeM) =g,(G). (2.12)

The above kinematic settings constitute a second gradient-based energy function

in the description of an elastic solid reinforced with fibers resistant to flexure;

W(F.g(G)) = W(F)+W(g(G)), W(g(G)) = 5C1(F)lgi(G)|* + %@(F)Igz(G)IQ,

(2.13)

1
2

where C;(F) refers to the material property of fibers which are, in general, inde-

pendent of the deformation gradient (i.e. C;(F) = C; ). Thus, we find

W(F,8(G)) = W(F)+ W (g(G)), W(g(G)) = 1Cile (G + 1 Cola(@). (214

1
2
In Eq. (2.14), the fiber’s bending energy is assumed to be dependent entirely on

the second gradient of deformations, G, which facilitates the development of the
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associated mathematical framework. The concept has been widely and successfully
adopted in the relevant studies (see, for example, [52, 54, 67]). For the desired
applications, the above energy potential is now augmented to accommodate extensible

fibers as

W(E,<(F),8(G)) = W(F)4 1V ((Q)) + W ((F)), W(=(F)) = JFie + 3 Foch

(2.15)

where F; are the elastic modulus of fiber’s extension. The expressions of ¢; are

given respectively as

1
£l = 5()\2 —1), (2.16)
and
1 2
€9 = 5(7 —1). (2.17)

The expressions of A2 and 72 can be obtained using Eqs. (2.2) and (2.4) as following:
N =FD-FD=F'FD-D = (F'F) -D®D, (2.18)

and

v =FM -FM =F'FM-M = (F'F) - M® M. (2.19)

Hence, Eqgs. (2.16)-(2.17) can be recast as
Lo L i
5125(/\ —1):5((1? F)-D®D - 1), (2.20)

and

5223(72—1) :%((FTF) "MeM -—1). (2.21)

In this thesis, a more comprehensive description of generalized higher-order con-
tinua is obtained by introducing the third gradient of deformations into the model

of continuum deformations. For this purpose, the rate of changes in curvature (the
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third gradient of deformations) at points on the fibers is computed as

Cdr(S)  d _ (VIFDID)dX

— [V{V[FD]}D+V[FD] (VD)] D,
Cdr(U)  d _ O(V[FMM) dX

= [V{V[FM]IM+V[FM] (VM) M, (2.22)

through which the interactions between the fibers and the surrounding matrix, con-
tact forces between the edges may be characterized [69]. The required third gradient

fields can be formulated in the same spirit as in Eqgs. (2.9)-(2.10) that
a;=V(VF)(DD®D) and ay =V (VF) MM e M), (2.23)
V(VF)=V(G)=H. (2.24)
Combining Eqs. (2.23) and (2.24) furnishes the third gradient fields as
a=HDD®D)=a;(H) andao =H(MaoMa M) =a(H). (2.25)

Thus, the energy potential associated with the third gradient of deformations is

incorporated and yields

W(F,e(F),g(G),a(H)) = W(F)+W(e(F)+W(g(G)) + W(a(H)),

W(a(H))

1 1

A1 ()| (H)” + 5 Ay (H) oo (H)[* (2.26)
We note here that, A;(H) pertaining to the third gradient of continuum deforma-

tions is assumed to be constant for the sake of simplicity (i.e., A;(H) = A;). Thus

W(F,e(F),g(G), a(H)) = W(F)+W(e(F)+W(g(G)) + W(a(H)),

W(a(H)) = %A1|a1(H)|2+%A2|a2(H)|Q. (2.27)

We continue by assessing the induced energy variation of the response function
with respect to F, ¢, g and a as needed for the derivation of Euler equations and the
appropriate boundary conditions,

W (F, e 8 00) = Wp F+ Weii+ Wy, - g+ Wa, -0, i = 1,2, (2.28)
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where the superposed dot refers to derivatives with respect to a parameter at the
particular configuration of the composite (¢ = 0) that labels a one-parameter family
of deformations. The desired expression for the induced energy variation can be found

using Eqgs. (2.16)-(2.27) as

1 1 ' :
=5\ ~1)=_(FD-FD 1) =FD-FD=FD®D F, (2.29)
o1 1 ' :
y = 5(72 ~1) =5 (FM-FM - 1) = FMFM=FM®M F, (2.30)
and
W.,e; = W., ey + We,y = Ere16, + Eaeocs. (2.31)

Using Eqgs. (2.20)-(2.21) and Egs. (2.29)-(2.30), we find

Eieie, = EI(FD .FD-1)FD®D-F = é(FjCFjDDCDD —1)(F;3DpDA)Fia,
(2.32)

and

Eheqey = 72(1«*1\/1 .FM — 1)FM @ M-.F = TQ(FJ-CF]-DMCMD — 1) (F;gMpM4)F; 4.

(2.33)
Combining Egs. (2.32) and (2.33) gives
W.,ei = %(chFjDDCDD — 1)(FigDpDa4) + %(FjCFjDMCMD — 1)(FipMpMa) FiA~
(2.34)

Using Eq. (2.12) (ie., g1 = G(D ® D) and go = G(M ® M)), the variational deriva-
tive of the energy potential with respect to the second gradient of deformations is

Wy, 8 =Wg, 81+ Wg, 82 =C181 - g1 + Caga - g2 = 4 (91);€; - GiapDaDpe;

+ G (gQ)j e; - GiapMaMpe;. (2.35)

This can be further simplified as

We, - & = C1 (91); GiapDaDpdij + Cy (92),; GiapMaMpdi; = Cy (91); GiapDaDg

+ Cg (gg)l GiABMAMB~ (236)
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The similar fashion is used to find the variational derivative of the energy potential

with respect to the third gradient of deformations, i.e. using Eq. (2.25),

Wa, - o = Wa, - oy + Wa, - oy = Ajag - aq + Ay - g = Ay (Oél)j e HiapcDaDpDce;

+As (a2); €j - Hiapc MaMpMce;,

which is reduced as

W, - o = 4 (041)j HiapcDaDpDcdij + Ay (Oéz)j HiapcMaMpMcd;j

= Ay (oq);HiapcDaDpDe + Ay (a0); Hiape MaMpMe. (2.38)

Now, from Eq. (2.28) the final expression for the induced energy potential variation

is obtained as

FE
W(F,e1,69,81,82,00,00) = Wg, , Fia + [71(F]'CF]‘DDCDD — 1)(FipDpDa)+

72(chFjDMCMD — 1) (FipMpMa)|Fia+Ci (g1); GiapDaDp+ Cs (92), GiapMaMp

+ Ay (1), HiapeDaDpDe + Ay (), Hiape MaMpMe. (2.39)

As a result, we have the variational form in Eq. (2.39) that is dependent on
both the second and third deformation gradients. The rate of change in curvature
has now been incorporated into the model via the third gradient of deformations,
as can be shown. The obtained variational form (Eq. (2.39)) facilitates the relevant
mathematical framework to accommodate the triple force (e.g. interaction forces) and

its energy couple (Piola-type triple stress) sustained by the third-gradient continua.

2.2 Equilibrium

The derivation of the Euler equation and boundary conditions arising in the second-
gradient elasticity are well established in [24, 34, 35, 67]. In this section, we discuss
a variational formulation arising in the third gradient of the continuum deformation

using the principles of the virtual work statement and iterated integrations by parts
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[24, 33, 67]. The weak form of the equilibrium equations is given by the virtual-work

statement,

E=P (2.40)

where P is the virtual work of the applied load and the superposed dot refers to
the variational and/or Gateaux derivative.

Volumetric changes in material deformations are energetically expensive processes
in a typical environment, and so are constrained in most engineering analyses [52].
The following form of the augmented energy potential can be used to overcome the

constraint of bulk incompressibility.

U(F>€1,€27g1>g2,a170427]?) = W(F7517527g17g2, 0‘170&2) —p(J - 1); (241)

where J is determinant of F' and p is a Lagrange multiplier field. The strain energy

of the system is then expressed as

EZ/U(F,€1,52,g1,g2,al,ag,p)dA, (242)
Q

where (2 is the referential domain occupied by a fiber-matrix material. Since the
conservative loads are characterized by the existence of a potential L such that P = L,
the problem of determining equilibrium deformations is then reduced in this case to

the problem of minimizing the potential energy F — L: Accordingly, we find
E= / U(Fa517€27g17g27a17a27p>dA- (243)
Q

Using the identity J = JFF F=F.F along with Egs. (2.39) and (2.41), the

variational derivative of the augmented energy potential can be evaluated as

U=W —pJ
. E, E,
= Wpg, Fia+ [T(F’]'CFJ'DDCDD — 1)(FipDpDa) + T(FjC’FjDMCMD —1)
(FipMpMa)|Fia+Ch(g1); GiapDaDp+C5 (92); GiapMaMp+A, (o), HiapcDaDpDe

+ A (Oéz)i HiapcMaMpMc — pFiyFig. (2.44)
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Let us define the variation of position field x; = u;. Then, Eq. (2.43) can be recast

as

. E E

E= /[WFiAuz’,A + [jl(chFjDDoDD —1)(FipDpDa) + f(FjCFjDMcMD - 1)
Q

(FspMpMa)|uia+ (Ci(g1); DaDp 4 Cs (g2); MaMp) u; ap + (A1 (1), DaDpDc

+ Ay (o), MaMpMc)us apc — pEjgu; aldA. (2.45)

Applying integration by parts on the third and fourth terms in Eq. (2.45)

(C1(91); DaDp + C2 (g2); MaMp) uiap = [(C1(91); DaDp + C2(92); MaMp) u;a] g

—[(C1(91); DaDp + Ca (92); MaM3)| g uia, (2.46)

and

(Ay (a1); DaDpDec + As (ag), MaMpMec) u; apc = [Ar (1), DaDpDc

+ Az (a2); MaMpMc)uiapl,c—[(A1 (a1); DaDpDc + As (o), MaMpMc)| ¢ wiab.
(2.47)

Now putting back the values from Eqs. (2.46) and (2.47) into the Eq. (2.45) we

obtain

E = /Q[WpiAui,A + [%(chFjDDCDD — 1)(FigDpDa4) + %(FjCEDMCMD -1
(FipMpMa)luia + [(C1 (91); DaDp + C2 (g2); MaMp) u; 4] 5 — (Ci(g1); DaDp+
C (92); MaMp) puia + [(A1 (a1); DaDpDc + Az (o), MaMpMc) Ui,AB],c

— (A1 (1), DaDpDe + Az (o), MAMBMC),C u; A — pEyui aldA. (2.48)

This can be recast as
E= /Q[WFA —pF + %(chFjpDcDD —1)(FipDpDa)+ %(chFjDMCMD —1)
(FipMpMa) — (C1(g1); DaDp + C(92); MaMp) pluiadA — /[((A1 (a1); DaDpDe

Q

+A2 (Oég)i MAMBMC),C)ui,AB]dA+/ [(Ol (gl)l DADB —+ CQ (gz)Z MAMB) ui,A] NBdS
o0

+ / [(Al (al)i DADBDC + Ag (CYQ)Z- MAMBMC) ui,AB] chS, (2.49)
oQ
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where N is the rightward unit normal to the boundary 0f). To obtain the desired
expression, we again apply integration by parts and the Green-Stoke’s theorem on
the second integral of the above; i.e.,

/Q (41 (@), DaDDe + A (), MaMpMe) ) s a5] dA = /Q {((Ar (), (DaDy

D) + Ag (o), MaMpMe) c)uiatp — (A1 (ar); DaDpDe 4 Ay (o), My

MgpMc) cp)uialdA = /

{ ((Al (Oél)i DADBDC + A2 (O{Q)Z» MAMBMC)70> Ui,A} NBdS
0N

- /[((Al (al)i DaDpDc + Ay (042)1- MAMBMc)pB)Ui,A]dA. (2.50)

The substitution of Eq. (2.50) into Eq. (2.49) then furnishes

. E E.
E= / (Wr, —pFa+ Tl(ijOFjDDcDD —1)(FipDpDa) + jz(ﬂchDMcMD —1)
Q

(FipMpMa) — (C1 (1), DaDp + Ca (92), MaMBp) g + (A1 (o1); DaDpDc
+ Ay (o), MAMBMC),CB]ui,AdA+/ [(C1 (91); DaDp + Cs(g2); MaMpg) u; 4] NpdS
o9

+ / [(Al (al)i DADBDC + A2 (Oég)i MAMBMC)ui’AB]chS
0N

N /aQ {(<A1 (c1); DaDpDc + As (az); MAMBMC),C) “i:A} NpdS. (2.51)

Finally, we obtain

E= / Piau;adA +/ {C1(91); DaDp + C2(g2); MaMp — A1 ((a1); DaDpDc)
Q

o0
—As ((a2); MAMBMC)C}UZ',ANB-F(Al (1), DaDpDe + As (a2);, MaMpMe) ui apNeldS,
(2.52)
where
% E1 E2
Pa(e,RE,) = [WFiA_pFiA‘i‘7(F}CF}DDCDD_l)(FiBDADB)‘i‘?(F}‘CF}DMCMD

— D) (FipMaMp) — C1 ((91); DaDp) 5 — C2((92); MaMp)

—+ Al <<a1>i DADBDC)’BC -+ A2 ((OCQ)Z' MAMBMC),BC](GZ' ® EA). (253)
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2.3 Boundary conditions

In this section, we present derivations of the admissible boundary conditions which
arise in the third gradient of virtual displacement. The introduction of the higher
order gradient fields into the model of the continuum deformation leads to the nec-
essary existence of their high-order energy conjugate pairs (e.g. triple forces, contact
interactions) suitably imposed on the desired boundaries (see, for example, [33, 72,
83]).

To proceed, we apply integration by parts (i.e. Pauja = (Piaui) 4 — Piaau;) on

the first term of Eq. (2.52) and thereby obtain

E = / Piau; NaodS — / RAAuidA + / [{Cl (gl)i DsDg+ Oy (g2)i MasMp
o2 Q o0
— (4 ((Ozl)i DADBDC)’C + Ay ((Oég)i MAMBMC),CJ}ULANB + (A (al)i DaDgDe

+ AQ (Oég)l- MAMBMC)ui,ABNC]dsa (254)
where we define

WGz’AB =i (gl)i DaDp + Cy (92)i MyMp, and

Wit ape = A1 (1), DaDpDe + Ay (a2), MaMpMe. (2.55)
Also, the Euler equation satisfies
Piase; = Div(P) = 0. (2.56)
Using Eqgs. (2.55) and (2.56), we can recast Eq. (2.54) as

E = / P qu; NadS —|—/ [<WG-LAB — (WHiABc),C> u; ANp + WHz‘ABcuLABNC]dS'
o oN
(2.57)

We project Vu onto the normal and tangential direction and thereby obtain

Vu=Vu(T®T)+VuN@N)=u @T +un®N, (2.58)
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such that u" and u y are, respectively, the tangential and normal derivatives of u
on 0f) , i.e.,

uy = uiaTa, Uiy = u; AN, (2.59)

where T = X'(S) = k x N defines the unit tangent to dQ , and N is the asso-
ciated unit normal to the boundary. Thus, invoking Eqs. (2.58)—(2.59), u; 4 can be

decomposed into

— — i — =T i NN, 2.60
OX.  dSdX. daNdx, ‘itatuinia (2.60)

U A
and similarly for u; ap

Wap = wTaTs +u(TyT + TanNg) + u; n(TaNp + NaTg) + uin(N4 T

+NanNg) + u; NNNaNp. (2.61)

Substituting Eqgs. (2.60) and (2.61) into Eq. (2.57), we obtain

E= / PauiNadS + / [WGMB - (WHI.ABC)C} <u;TA + ui,NNA) NpdS
oN oN

+ W,

sclt; TaTs + uw,(TyTs + TanNp) + vy y(TaNp + NaTp)
oN

+ u v (N3 Tp + NanNp) + ui vy NaNp|NedS.  (2.62)

In order to extract the admissible boundary conditions from Eq. (2.62), we make
use of iterated integrations by parts. For example,

WG’Z-ABTANBU; = (WGiABTANBui)/ - (WGiABTANB), Uj, (263)

’ ’

(WHZ'ABC),C TANBU; = <(WH7.‘ABC),C TANBUi) - ((WHiABC),C TANB) Ui, (2'64)

WHiABC (TATBNC + TA,NNBNC)u; = (WHiABC (TATBN(] + TA,NNBNC)Ui>

!

- <WH2'ABC<T:4TBNC +TA,NNBNC)> Uy, (2.65)

Wi, sne (TaNpNe + NaTsNo)u; y = (Wi, (TaNpNe + NaTeNe)u; n)

- (WHiABC (TANBNC + NATBNC))I Ui N, (2.66)
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"

Wit e TaTaNet; = (WiypeTaTsNews)' + (Wiapo TaTeNe) wi

—2 [(WHMBCTATBNC)’ u] . (2.67)

Using Eqgs. (2.63)-(2.67) into Eq. (2.62), we obtain

E= / PauiNadS + / [(WGiABTANBui)I—(WGiABTANB)/ui} ds
0N oN

_/ |:<(WHiABC),C’TANBui> - ((WHiABC),CTANB> ul} dS+/ [WGiABNANB
o0N o0

- (WHiABc),C NANB]ui,NdS + / [(WHiABCTATBNCui)” + (WHiABOTATBNC)N Ui
o0

/

2 [ (Wit o TaToNe) i) 1S + / [(Witoue (TaToNe + TaxNoNo)u )
o0
- (WHMBC (TaTpNe + TA,NNBNC)) uldS + | Wi luin(NyTsNe
o0

+ NA,NNBNCHCZS + / [(WHz‘ABC (TANBNC + NATBNC)ui,N)/ — (WHiABC (TANBNC
o0

+ NATBNc))IUZ‘7N]dS + / (WHiABcui,NNNANBNC) dS, (268)
o0

which can be rearranged as

’

E= / [PiANA - (WGiABTANB)/ + ((WHiABO),C TANB) + (WHiABCTATBNC>
0N

— (WHiABC (TATBNC + TA7NNBN0)> ]UZdS + / [WGMBNANB — (WH'LABC),C NANB
o0
+ Wh o (NA\TsNe + NanNeNe) — (Wi, po (TaN5Ne + NaTsNe)) Jus v dS

+/ [{WGiABTANB - (WHZ'ABC),C TaNp —2 (WHiABCTATBNC>I}ui]/dS

oN

+ / [(WHZ,ABCTATBNCUZ-)”} ds + / [WHMEC (T TsNe + TanNpNe)ui| dS
o0 0N

+ / [WH,L-ABC(TANBNC’ + NATBNC)uLN]/deL / (WHiABCUi,NNNANBNC) ds.
o o
(2.69)

29



The above maybe further recast as

E= /a [Piala = (Cr (), DaTaDpNi + Ca (g2), MATAMpNg) +
(A1 (1), 0 DaTaDpNpDo+As (as), o MATaMpNpMe) +(A; (a1); DaTaDpTDeNe
+ Ay (), MATAMpTMcNg)" — (Ar (), DeNe(DaTy DT + DaTanDpNp)
+ Ay (ag); MoNe(MAT MpTp + MsTa nMpNg)) |u;dS
+ /ag [C1(g1); DANADBNp + C2(92); MANAMpNp — Ay (1), o DANADpNpDc
— Ay (a2); o MANAMpNpMc + A (on); DeNe(DaNyDpTy + DaNanDpNp)
+ Ay (2); MoNo(MAN 'y MgTs + MaNoxMpNg) — {A; (a1), DaDpDe(TaNp N
+ NaTsNo)} — { Ay (aa); MAMpMo(TaNpNe + NaTNe)} Jui ydS
+ Z | {C1(g1); DaATaDpNp + Ca(g2); MaATaMp Np — Ay (a1); o DaATaDpNpDc
— Ay (a2); o MuTAMpNpMc — 2(A; (1), DaTaDpTsDeNe)
— 2(As (a2); MATAMpTsMeNe) ui ||+ | %[(A1 (1), DAT4D5Ts Do Ne
+ Ay (a0); MATAMpTpMcNe)uw) |+ || [Ar (i), (DaTy DT Do Ne+
DaTanDpNpDcNe) + Az (o), (MATAMBTBMCNC + MaTynMpNpMcNe)u) ||
+ 3 | [As (), (DaTaDpNpDeNe + DaNaDpTpDeNe)
+ Ay (ag); (MATAMNgMgNe + MANAMpTs Mo Ne)u; v |

-+ / (Al (ozl)i DANADBNBDcNC -+ AQ (Oég)i MANAMBNBMch)ui7NNdS, (270)
0N

where the double bar symbol refers to the jump across the discontinuities on the

boundary 9 (i.e.| * ||= (¥)T — (x)7) and the sum refers to the collection of all

discontinuities. It is concluded from Eq. (2.40) that admissible powers are of the

form

dwy ow ow

By comparing Eqgs. (2.70) and (2.71), we obtain
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d
ti = PiaNy — E[Ol (91); DaATADpNp + C5(g2); MATAMpNp—

Al (al)i,C DATADBNBDC _A2 (052)7;’0 MATAMBNBMO+A1 (Ozl)i D0N0<DATI/4DBTB

+ DATA’NDBNB) + A2 (Oég)i MCNC(MATAMBTB + MATA,NMBNB)]
2

—+ E (Al (Oél)i DATADBTBDcNC + AQ (042)2- MATAMBTBMCNC) s

m; = Cy(g1); DaANADpNp + Cy (g2); MANAMpNp — Ay (1), o DANADpNpD¢
— Ay (a2); o MANAMpNpMc + A (on); DeNe(DaNyDpTp + DaNanDpNp)
+ Ay (), MoNe(MANyMpTp + MsNaonyMpNp)

- %{2(141 (a1); DaDpDcNATeNe + A (), MaMpMcNATpNc)},

r; = Ay (1), DaNsaDpNgDcNe + Ag (o), MANAMpNpMcNe,
fi=C1(91); DaTaDpNp + Cs (g2); MaATaMp Np — Ay (1), ¢ DaTaDpNpDe
— Ay (); o MATAMpNpMc — 2%[,41 (a1); DATADETDeNe+
Ay (@), MATaMpTMoNe] + Ay (o), (DaTy DT DeNe
+ DaTanDsNpDcNe) + A (az), (MAT\MpTpMcNe + MaTanMpNpMcNe),

d

d
E(ﬁ) = @[(Al (Oél)i DATADBTBDcNC + AQ (042)2- MATAMBTBMCNC)],

hi = 2[141 (041)2- DANADBTBDcNC + AQ (OéQ)i MANAMBTBMch], (272)

where t;, m;, and f; are, respectively, the expression for edge tractions, edge mo-
ments, and corner forces. More importantly, the introduction of the third gradient
of deformations yields new interaction boundary conditions (i.e. r;, %( fi) and hy).
In [69], Kim et al. proposed that these additional sets of boundary conditions can
be thought of as the set of admissible contact interactions that the third-gradient
continuum can sustain (see, for example, [24, 33]). Kim et al. [69] referred that the
produced interaction forces are associated with the Piola-type triple stress, resulting
in the triple forces that characterize mechanical contacts on the edges and points of

Cauchy cuts [33, 39, 83]. In case of fiber-reinforced composite, the triple force would
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refer to the impacts of local fiber-matrix interactions that can be assimilated by the
computation of the third gradient of the continuum deformation on the convected
curves of fibers [69, 70].

In a typical environment where fibers are aligned along the directions of either

normal and /or tangential to the boundary (e.g., rectangular boundaries), we compute
DATADpNp =0, MsTsMpNg =0and Tyy =Ty = Nan =N, =0. (2.73)
Thus the boundary conditions reduce to

ti = ]DiANAy

m; = (Cl (91); — A1 (1), ¢ Dc> DsNaDpNp + (02 (92); — A2 (a2), ¢ MC)
MaANsMpNp,

ri = A1 (1), DANADgNpDcNe + A (02); MANAMpNpMcNe,

fi = 07
d
hi = 0, (2.74)

and, the expression of the associated Piola-type stress in Eq. (2.53) now becomes

E E
Poa(e;@E4) = Wk, —pm+71(ﬂcﬂDDcDD—n(FiBDADB)+72<ECEDMCMD—1)

(FipMaMg) — Cy (1), 3 DaDp — Ca(92); g MaMp + Ay (a1); pe DaDpDe

+A2 (a2)i,BC MAMBMC](GZ' ®EA) (275)
2.3.1 Example: Neo-Hookean materials

In the case of Neo-Hookean materials, the energy density function is given by

W([l,lg) -

N =

A
(I —3) — plog I3 + 3 (log I3)?, (2.76)

where p and A are the material constants and I; and I3 are, respectively, the

first and third invariants of the deformation gradient tensor. By setting I3 = 1, the
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incompressible model can be obtained as

W) =51 -3 =EF.-F-3). (2.77)

N =
RS

Now taking the derivative of the above with respect to F and subsequently substi-

tuting it into Eq. (2.75), we find

E
Pia(e; @ Ey) = [uF;q — pFyy + g(ﬂchDDcDD —1)(FigDADg)+

E
~ (FicFipMeMp = 1)(FigMaMp) = Cy (91); y DaDis = Ca (92); 5 MaMp

+ Al (al)LBC DADBDC -+ AQ (a2)i7BC MAMBMc](eZ' & EA) (278)

To obtain the Euler equation, we put the expression of Eq. (2.78) into Eq. (2.56)

and obtain

E
Piaa= MFiA,A—p,AFiA—I-—l(Fz’B,AFjCED+EBEC,AED+FiBFjCF}D,A)DADBDCDD

2
FE E
- iB,aADADp + 72(E'B,AchFjD + FipFijcaFjp + FipFjcFjp,a)MaMpMcMp

2
E
- 72 iB,aMaMp — C1(91); ap DaDp — C2(92); ap MaMp

+ Al (al)i’ABC DADBDC + A2 <a2)i,ABC MAMBMC = 0. (279)

Here we use the Piola’s identity F}y 4 = 0.
Let us now assume a fiber-reinforced material that consists of initially an orthonor-

mal set of fibers and is subjected to finite plane deformations,
D=E;,Di=1,D,=0M = Ey, M; =0,M; = 1. (2.80)

Accordingly, Eq. (2.79) can be reduced as

E E

71(Fi1,1Flejl + FaFjpa Fpn+ FaFpFja) — 71 i1,1
E E

+ 72(Fi2,2szP}2 + FioFjo0Fjo + FioFjoFjo o) — 72Fi2,2 -Gy (91)@11

Piaa=pFiaa—paF, +

-Gy (92)1,22 + A (al)i,lll + Ap (042)2',222 =0, (2.81)
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where

(91)1- = I'i1,1, (92),- = I'i2,2, (Oél)i = I'51,11, (042)1- = I'i2,22, Fipa = Xi,As F[;x = 5ij5ABFjBa
(2.82)
and ¢;; is a 2-D permutation, €19 = —€21 = 1, €11 = €22 = 0. Consequently, invoking

Egs. (2.80)-(2.82), together with the constraint of the bulk incompressibility (i.e., det

F = 1), we deliver the following system of PDEs,

Ey Ey
0 = pXi,44 — P.AEEABX;,B + 7()(@11)@1)(;’,1 + X1 XG1XG1 + X X1 X511) — 7)(1',11
E2 E2
+ 7<Xi,22Xj,2Xj,2 + Xi2Xj22X5.2 + Xi2Xj2Xj22) — 7)(2‘,22

- ClXi,llll - C2Xz‘,2222 + AlXi,llllll + A2X¢,222222, (2.83)

and
X1,1X2.2 — X12X2,1 = L. (2.84)

The above system of PDE’s can be solved for x1, x2, and p using commercial finite
element analysis packages (e.g., Matlab, COMSOL, etc.).
For the special case of an unidirectional fiber (i.e., M4 = Mp = 0), the expression

of Euler equation can be found from Eq. (2.79) as

FE
Piaa= MFiA,A—p,AFiZ+71(FiB,AFjCF}D+Fz‘BFjC,AF}D+FiBFjCFjD,A)DADBDCDD
E
- 71 i5.4DaDp — C1 (1), 45 DaDp + A1 (01); spe DaDpDe = 0. (2.85)

Using same fashion as in Eqs. (2.80)-(2.84), we can deduce the following system

of PDE’s for the unidirectional fiber reinforcement (i.e., M; = My = 0) as

E FE
UXi,AA — D, AEijEABX;,B T 7(Xi,11Xj,lXj,1 + X1 X511 X1+ XiaXiaXga1) — 71Xi,11

— Cixipn + Aixipin =0, (2.86)

En

2
X1,11 — 01X1,1111 + A1X17111111 =0, (2-87)

fori=1, p(x1,11+ X1,22) —PaXez +P2X21 + = (BX1,11X1,1X1,1 + X1,11X2,1X2.1

En

+ 2X2,11X1,1X2,1) 5
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. E
for i =2, p(xo11 + X222) +PiX1,2 — PaXi1 + 71(3X2,11X2,1X2,1 + X2,11X1,1X1,1

E
+ 2X1,11X1,1X2,1) - 71X2,11 - Cle,nn + A1X2,111111 =0, (2-88)
and
X1,1X2,2 = X1,2X2,1 —1 =0. (2.89)

2.3.2 Example: Mooney-Rivlin materials

In the case of Mooney-Rivlin materials, the energy density function is given by

W (F) =

=

(I —3) + g(f2 —3), (2.90)
where [5 is the second invariants of the deformation gradient tensor defined by

L= [(tr(FTF))Q —tr ((FTF)2)] . (2.91)

N | —

Now, taking the derivative of W (F) with respect to F we obtain

K

WFiA = 2

N =

(1) Fa + 5 U2) s

where (I1)p, = 2Fa,and (ly)r, = 2Fip(FijcFjcdap — FjaF;p). The expression of
(I3)F,, is derived in [84]. Thus Eq. (2.90) turns into the form

Wr, = ulia+ 6Fip(FicFicdap — FjaFjp), (2.92)
and substituting it into Eq. (2.75), we find

E
Poale; @ Ey) = [uFis + 6Fip(FijcFicdap — FjaFyp) — pFfy + 71<ECEDDCDD

E
~ 1)(FipDaDp) + — (FycFjpMcMp = 1)(FipMaMp) = C1 (91); 5 DaDis

— C’g (QQ)LB MAMB + Al (al)i,BC’ DADBDC + A2 (OQ)Z',BC MAMBMc](ei & EA)
(2.93)
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Hence the Euler equation for the Mooney-Rivlin materials reinforced with bidirec-

tional fiber in the frame of third gradient of deformation takes the form of

Piaa=pFiaa+ kFiaaFjcFjc — kFpaFjaFip + kFig(2F;cFjca — FiaaFjp—
FiaFipa) —paFiy + %(E’B,AF]CFJ'D + FipFicaFjp + FipFjcF;p a)DaDpDcDp
— % iB,ADsDp — %EB,AMAMB + %(FiB,AFjCF}D + FipFicaFjp+
EipFicFip a)MaMpMcMp — C1(91); 4 DaDp — C2(92); g MaMp

+ Ay (al)i,ABC DaDgDc + A, (ag)i7ABC MsMgMe = 0. (294)

Using Eq. (2.80), the above can be reduced as

Piaa = pFiaa+ 6FaaFjcFjc — kKFpaFiaFip + kFig(2FcFjcoa — FijaaFjp—

E E
FiaFjpa) —paFiy+ —1(E1,1Fj1Fj1 + FaFjpa Fpn+ FaFaFjpa) + 72(5152,25}2}73'2

2
Ey Ey
+ FioFjo o Fjo+ FioFjoFp ) — 751,1 — 752,2 -G (91)7;711 —Cy (92)2-722 + Ay (061)1',111

+ A2 (062)7;7222 = 0. (295)

Using Eq. (2.82), we obtain the following system of PDE’s for the Mooney-Rivlin

matrix materials reinforced with bidirectional fiber

0 = pxi,A4 + KX, AAXG,CX5.0 — KXi,BAXG,AXG,B + KXi,B(2Xj.0X5,cA — Xj,AAXj,B—

Ey FE
Xj,AXj,BA) — D, A€ij€ABX;,B + 7(Xi,11Xj,1Xj,1 + Xa,1 X111+ X XG1XG,11) — 5 Xl
+ %(Xi,22Xj,2Xj,2 + Xi2Xj.22X5,2 + Xz',2Xj,2Xj,22) - %Xﬁ,ﬂ - ClXi,llll - 02X¢,2222
+ A1Xz’,111111 + A2Xi,222222; (2'96)
and
X1,1X22 — X12X2,1 = L. (2.97)

36



2.4 Finite element analysis of the sixth-order cou-
pled PDE

The resulting systems of PDEs (Egs. (2.87)—(2.89)) are sixth-order coupled nonlinear
differential equations. Demonstrating numerical analysis approaches for coupled PDE

systems, especially those with higher order terms, is not trivial. For preprocessing,

(Egs. (2.87)—(2.89)) can be recast as:

E
MQ+Mm%ﬁw+BD+fﬁ@ﬁ+@ﬁ+mﬂm-@%%mw+mMm:Q

E
M@+Xmﬂ+AG—BC+E%WDMJ%Q+%@D—R%41N+&NH:Q

Q—x1,11 =0,
R — X211 =0,
C—x11=0,
D —x21 =0,
G —x12 =0,
S —x22 =0,
M—-Q.1 =0,
N— Ry =0,

A= p(Q+ x1.22) — C1M =0,

B — ,M(R + X2,22) - ClN = 0, (298)

where, A = D, B = D2, Q = X1,11, R = X211, C = X1,1, D = X2,1, G = X1,2,
S = x22, M = Q11 and N = R;;. As a result, we were able to reduce a sixth-order
partial differential coupled system of equations to a second-order system of coupled

PDEs. The above non-linear terms(i.e., Ax22, Bx21 etc.) can be treated via the
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Picard iterative procedure,

initial initial 0 0
—Aim'tialXQ,z + Binitialel = _AOX272 + BOXz,la
initial initial 0 0
Ainitiat X152 — BinitiarX11 " = AoXi2 + BoXi 1,
—30: .. 02 .. D2 A i R e D i 2 D? 419 D
7
3letzalc nitial + anztzal initial + sztmlRmztml initial = 3C)OCY() + QO 0 + CORO 05

_3Rim'tialDi2mtial + Rinitiat C* + 2Cnitial Qinitiat Dinitiat = 3ROD8 + RoC§ +2Co Q0 Dy,
(2.99)

where the values of A, B,C,D,G,S,Q, and R continue to be refreshed based on
their previous estimations (i.e., Ag, Bo, Co, Do, Go, So, Qo and Ry) as iteration pro-

gresses. As a result, the above expression can be generalised to /N number of iterations

as

—An-1X95 '+ Brnoixat = —AnXd, + Byxd,
An_ixts ' = Bnoixis L = Anxie + Bxias
3QN_10%_ |+ Qn_1D3%_, +2Cn_1Ry_1Dn_, = 3QnC% + QnD% + 20N Ry Dy,

3RN_1D2 + RN_chQ\f_l + ZCN—lQN—lDN—l = 3RND12\7 + RNOJQV + QCNQNDN.
(2.100)

A convergence criteria can be used to determine the number of iterations. Thus,
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the weak form of Eq. (2.98) is obtained by

/ e wy (1(Q + X1.22) — AoS + BoD + %(3@0& + QD3 +2RCyDy — Q) — C1 M
+A M 11)dQ =0,
/8 wy(1(R + Xa22) + A¢G — ByC + %(31—21)3 + RC? 4+ 2QCyDy — R) — C1N
+A;N 1,)dQ = 0,
/e w3(Q — x1,11)dQ2 = 0,
wy(R — x2.11)dQ2 =0,
ws (C'— x11)dQ2 =0,
we (D — X2,1) dS2 = 0,
wr (G — x12)dQ =0,
/ wg (S — X2.2)d2 =0,
Q
| (a1 = Qujan o
wio(N — R1,)dQ = 0,

(=

/ ’LUH(A — IU(Q + XLQQ) — ClM)dQ = 0,

S~

/ wlg(B — ,M(R + X2,22) - ClN)dQ = 0. (2101)

Using integration by parts and Green—Stoke’s theorem (e.g., er wyx1,11d$2 =
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fare (wix11) NdI' — er wy,1x1,1dS2). We obtain from the above that

E
/ w1 pQ — pw 2X1,2 — w1 AeS + w1 By D + wlé(BQCg -+ QD% + 2RCyDy — Q)

—wlClM - AlelM,l)dQ +/

(,uwlxl,g) NdT’ + / (AlwlM’l) Ndl' = 0,
ore

ore

E
/ (U)Q,MR — Mw272X272 + U}QA()G — wgBQC + UJQ%(?)RD% + RCg + 2QCOD() — R)

—'U)201N — AlelN,l)dQ +/

ore

(pwzx2,2) NdI' + / (AywyN 1) NdI' = 0,

ore

/e(wi’)Q + wz1x1,1)dQ — /(w wsx1,1) Ndl' = 0,
/e(w4R—|—w471X21 )d) — /are wyX2,1) NdT = 0,
/e (wsC' — wsx11)dQ =0,

/ (weD = wexz,) d2 = 0,

/ ) (w7G — wrx12) dQ =0,

/QE (wgS — wgxa,2) d2 =0,

/ (’ng + wgJQ,l dQ) — (’ngJ) NdI' = O,

- |
ore
/ (U)loN + W1071R71>d9 — / (’U)loR’l) Ndl' = O,
e 81"6

/ (wnA - wnMQ + pwii2X1,2 — wncﬂ\/—/’)dQ - / (,uwHXl,Q) NdI' = 0,
e al“e

/ (w12B — wigpR + pwiz2x22 — 71)1201]\7)dQ - / (Mw12X2,2) NdI' = 0, (2-102)
e ar‘e

where €2, OI' and N are the domain of interest, the associated boundary, and the
rightward unit normal to the boundary in the sense of the Green—Stoke’s theorem
respectively. The unknowns y1, x2, @, R,C,D,G,S, M, N, A and B can be expressed

in the form of Lagrangian polynomial as

n=4

[(*)j Uy, y)} : (2.103)

Jj=1

where () represents any of the twelve unknowns. Therefore, The test function w
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is obtained as
n=4

Z Ck=1,2,3,4,..12, (2.104)
=1
where wj is the weight of the test function and W;(x, y) are the corresponding shape

function for the four-node rectangular elements, such that

v, — % 7, = fc(y___zn Wy =2 and 0, = y(""”_; 2. (210)

Eq. (2.102) can be recast using Eqgs.(2.103) and (2.104) as

n

B E E
Z{/ (uxw +32\p\pc2 ;qfiquDg—?l\pi\Ifj) }

4,j=1

Z{/ qui,2

1,j=1
n

Uj)dQ X — Y {/Q (W, 0, Ag) dQ} S; + Z {/ (0,0, By) dQ} D;

i,j=1 4,j=1
E
_ Z {/ (1,0,C, + \Ifi,quj,lAl)dQ} M, + Z {/ < “Lw.2u, OOD0> dQ} R,
ij=1 €

+/ (M\IliXLQ) NdTI' + < Al\I/Z'MJ) Ndl' = O,
ore ore

& E E E
Z{/ (M\pm+32\p\pD2+;WC? Hpixpj) }

< 2
1,7=1

Z{/ (12

1,7=1

W;5)dQ} s, + Z {/ (0,0, Ap) dQ}Gj - i {/ (0,0, By) dQ}cj

i,j=1 i,5=1

= E
_ Z {/ (W, 0,0, 4 W, 1051 Ay) dQ} N+ > {/ (71\111-2\1;]-001)0) dQ} Q;

ij=1 i,j=1

+/ (,U\IjiXQQ) NdF —|— / (Al\IjiNJ) Ndf‘ = 0,
ore ore

n

> {/ (U0 )dQ} Q; + Z {/ Zquj,l)dfz}xlj — /are (Wyx11) Ndl =0,

4,j=1 4,j=1
> {/ VA7 )dQ} R; + Z {/ qfi,lxpjyl)da}xgj —/ (W;x21) NdL = 0,
ij=1 ¢ ij=1 are

i,j=1 ¢ ij=1 ©

n n

> {/ (xpi\l/j)dg} D; =Y {/ (\I/i\I/ﬂ)dQ} Xa; =0,

i,j=1 i,j=1
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Z {/6 (U, %) dQ} G — Z {/e (W, W5 5) dQ} x1; =0,
ij=1 ij=1
Z {/ (\Iquja)dﬂ} Sj - Z {/ (‘I’z‘q’m) dQ} X2; =0,
i,j=1 ¢ i1 e
; {/Q (0, 7;) dQ} M; + ; {/ (W;1051) dQ} Q; — /are (W:Q,) NdI' = 0,
z,jZ=1 {/Q (W;05) dQ} Nj + ”ZZI {/ (U 1951) dQ} R; — /{W (W;R 1) NdT' = 0,
— {/Qe (U, ¥)) dQ} Aj — mzl {/Qe (¥, ) dQ} Q; + Z,]Zl {/e (W20, 5) dQ} X1/
- {/Qe (0:%;C1) dQ} Mj — /are (nVix1,2) NdI' =0,
ij=1
Z {/ (\I]i\ljj)dﬂ} B; — Z {/ (M\I/i\lfj)dQ} R; + Z {/ (M\Ifi,zxpﬂ)dg}m
i,j=1 € i1 e Pyt .
—]221 {/Q (W W;Ch) dQ} Nj - /BFE (1W;iX2,2) NdL = 0. (2.106)

The local stiffness matrix and forcing vector for each element can be found as

Ki Kiy Kiy Ki Xi H
KEORY KM ORE| || _|m 107
K Kg Ko K X Fy
-Kill Ki% Ki; Kii- Local -X%- Local -F41- Local
or alternatively, in a compact form,
[ngl] [xi] _ [Fl} fori,j=1,2,3,4, (2.108)
where
[ngl] . / (;20;2) d€Y, (2.109)
and
[F;} - —/ (4W;x1 2) NdT — (/ AlxpiM,l) Nd. (2.110)
ore ore
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Finally, we obtain the following global systems of equations for each individual

elements as

{F1}

{F'}

{7}

(2.111)

N;

A;

B;

— — — — — — — — —

[ U VL T

— — — — — — — — —

e e e e e e e e

— — — — — — — — —

— — — — — — — —— —

L VU

— — — — — — — —

[V L B VL T

— e e e e e e e e

— — — — — — — @ — —

e e e e e e

[Klo ] [Klol ] [Klol ] [Klol }

] [Klﬂ] [Klo] [K104]
[Klll] [K112] [K113] [K114]

i

[K1o

[K1112}

[Kllll]
[KIQQ] [K1210] [K1211] [K1212}_

[K119] [Klllo]

-[KIQI] [KIZQ] [K123] [K124]

»X

: Matrix

yi

2 E,C,A: Fiber
\

X

2c

A

Figure 2.1: Schematic of the problem
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2.5 Results and discussion

In this section, we simulate a set of numerical solutions for the system of PDEs defined
in Eqgs. (2.87)-(2.89) for the Neo-Hookean materials reinforced with unidirectional
fibers and subjected to uniaxial tension. We have applied the tension t and triple
force r at the two opposite ends (see Figure 2.1) of the composite to find its mechanical

response. More precisely, the boundary conditions are as follows:

Ey
t1= P = pxia —pX2,2+7(X1,1X1,1+X2,1X2,1—1)X1,1—01X1,111+A1X1,11111, iy =0,

m; = Cixainnr —Aixia11 =0, me = Cixenr — Aixe1in =0, 11 = Ai1x1111,

To = A1X2,111 =0. (2.112)

The deformation profile and shear angle distribution have also been displayed with
respect to the different values of second gradient and third gradient parameters. It is
noted that, data are obtained under the normalized setting (% =10, % = 10, % =
5, % = 5) unless otherwise specified. Also, we refer the material constants associated
with the Piola-type double stress and triple stress (i.e., C; and A;) as the ‘double
stress parameter’ and ‘triple stress parameter’, respectively.

Figure 2.2 shows the deformed profile of a composite with fibers having axial stiff-

B _

ness —t 10, bending and triple force moduli of % =5, % = 5 respectively when

the composite is subjected to the axial extension of % = 10. The sensitivity of the
deformed configuration to the axial stiffness E; is shown in Figure 2.3. It is evident
that, the axial stretch is increasing with the decreased values of E;. The results are
also closely aligned with the results in [67, 70]. Figure 2.4 represents the sensitivity of
the deformed configuration to the triple stress parameter A;. The axial stretch is in-
sensitive to the triple stress parameter, whereas the gradients of deformation profiles
at each material point become steeper as the triple stress parameter increases.
Figure 2.5(a) shows the deformed configurations for various applied triple forces.

T1

A triple force o= +5 is applied in conjugate with % = 10 keeping the material
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Figure 2.2: Deformation Configuration when % = 10, % = 10, 071 =5 and % =95

Deformed shape: tI/p, =10, Al/u =5, Cllp =5
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Figure 2.3: Deformed configuration with variation of % when % = 10, % = 5, and

A _ g

o

parameters as 2+ = 10, <& = 5 and 4L = 5. It is evident that the positive triple
mu mu “w

force (%) results clockwise point rotation. The effect is the opposite in the case of
negative triple force. The values of 61,0, and 03 correspond to the cases of negative,
zero, and positive triple force, respectively (i.e. ) < 0y < 03).

Also, when we remove the triple stress parameter (i.e., A; = 0), the deformed
configuration aligns closely (Figure 2.6) with the result obtained from the second
gradient theory [67].

Figure 2.7 shows the deformed contour y/x? + 3 for different values of the triple
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Figure 2.6: Comparison with the existing result [67]
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stress parameter. To gain a better understanding of the influences of the third gra-

Deformation contour: t /u =10,E /, =10,C /y=5,A /p=5
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X

Deformation contour: t 1/11 =10, El/ll =10, Clll" =5, Allu =50
1.2

()

Figure 2.7: Deformation contour \/x? + X3 (a) % 5, (b) %
When%zlo,%z 10, and & =5

10, (c) 4+ =50

dient of deformations, we examine the shear strain fields and associated shear angle
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distributions (see Figure 2.8) over the domain of interest for the uniaxial tension of a
fiber-reinforced composite. The shear strain gradients and shear angles are computed

in the analysis using the following relationships [85]:

"

(14 ) — g

, 9113

u? 4+ (1 + uh)? ( )

O = tan ! (o2 TNy (2.114)
2+ x11+ X21

We have shown earlier that the proposed third gradient model can reproduces the
deformation anticipated from the second gradient model by vanishing the triple stress
parameter (i.e., A; = 0), (see Figure 2.6). The shear angle distribution and corre-

sponding shear strain gradient distribution predicted by the second gradient model

Al
L=
be observed that when % = 0, the shear angle distribution is smooth, continuous

is achieved by setting 0 and the associated plot is shown in Figure 2.8. It can
but non-dilatational. The shear strain gradient field is found to be constant in this
case. On the other hand, the shear angle distribution predicted by the third gradient
model (% # 0) is smooth, continuous, and dilatational. The shear strain gradient
field is also not constant (see Figure 2.8). The change in shear strain gradient can
be interpreted as a sign of dilatation. Further, the dilatation increases as the triple

stress parameter increases.
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Figure 2.8: Shear angle and shear strain distribution for various triple stress param-
eter when % =10, % =10 and % =5

2.5.1 Application of third gradient of deformation theory

The shear band is a narrow, intense shear strain zone that develops during large
deformation. The shear band usually occurs in a wide range of metallic materials,
including nanocrystalline metals and metallic glasses [86]. The thickness of the shear
band is usually in the order of particle size [87]. The shear band can contain extremely
large local deformation and frequently lead to failure [86, 88]. Hence, identifying
the formation of the shear band is an entrancing topic for researchers. Shear band
formation in metallic glasses under uniaxial tension has been well studied in [89-91].
It is found that the shear band inclination angle differs from 45 degrees [89]. In the

case of uniaxial tension, the inclination angle is higher than 45 degrees, and in the
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case of uniaxial compression, the value is lower than 45 degrees. Several theories have
been proposed to describe the shear band inclination angle. In [92, 93], the author
used the Coulomb-Mohr yield criterion to describe this behavior. Some extensions
(see, for example, [91, 94]) to the Mohr-Coulomb criterion have been proposed. In
[90], the author used the Oyane fracture criterion in their simulation and observed
that a shear band was forming at an angle (59 degrees), which differed from their
experimental result (62.9 degrees). This discrepancy is a result of local rotation during
the damage process [90]. Moreover, In [91], the authors explain how the deviation
from the standard 45 degrees is caused by the local friction. Also, the author in
[89, 95] proposed that, since large deformation causes volume dilatation which results
in atomic re-arrangement, the shear band inclination angle can be predicted using a
formulation that incorporates the local volume dilatation. They incorporate a volume
dilatation parameter 'a’ and find that the shear band inclination angle deviates more
from 45 degrees with increasing the value of ’a’.

Local friction has an effect on shear band formation and shear band inclination
angle. In this respect, we would like to discuss the utility of the proposed third
gradient model in the analysis of the shear band’s inclination angles and associated
dilatation. Each particle rotates about its own axis, and the gradient of each unique
revolution creates a relative rotation. Due to the relative rotation of the atoms, a
local frictional force will be created. The friction describes the resistance of a system
to shearing [96]. Because of the high internal friction, the rate of particle rotation
is lower in highly coordinated materials [97]. In addition, for this type of highly
coordinated dense material, dilatation is observed to be more intense [98].

From Figure 2.9(a), we can see that in a close-packed array, the aqua-colored atom
is in direct contact with six adjacent atoms, whereas in a loose-packed array (see
Figure 2.9(b), the number is four. In addition, in a close-packed array, the distance
between neighboring atoms is smaller than in a loose-packed array. It is obvious that

in the case of highly coordinated materials, the atoms have more internal friction
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Figure 2.9: Material structure (a) Close packed array, (b) Loose packed array

because of the higher number of neighboring atoms. Due to high friction, point
rotation or local rotation will be less in this case. For less coordinated materials, the

friction force is less and the local rotation is greater. Now, from our model,
R=Ax®, (2.115)

where R, A and ® are the applied triple force, triple stress parameter and induced
point rotation, respectively. The induced point rotation is inversely related to the
triple stress parameter. Accordingly, for a highly coordinated material where the
point rotation is less [96] and the dilatation is more intense [98], the triple stress pa-
rameter will be large. From the simulation (see Figure 2.8), with varying triple stress

Ay

parameter A;, we can observe that when " is large the dilatation is more intense

compared to the case when % is small. Thus the third gradient model also implies
the similar fact in terms of the dilatation of a highly coordinated material. Moreover,
we have also applied the positive and negative triple force (r) and have investigated
its impact on shear dilatation. The positive triple force results in clockwise point
rotation (see Figures 2.5(a) and 2.5(b)) and the shear dilatation for this case is less
intensified in comparison to the negative ones (see Figure 2.10). Also, the average
shear angle of the domain is higher in the case of positive triple force when it is com-
pared to the negative triple force. Lastly, we obtain the shear band inclination angle

using the formula provided in [89, 95]. In these papers, the authors introduce local

atomic volume dilatation as a governing factor for the shear band inclination angle.
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Figure 2.10: Shear angle distribution for various triple force r : r < 0 (left) and r > 0
(right)

They have used a formulation based on the Drucker-Prager yield criterion with the
volume change governed by Spaepen’s free volume model [99]. A brief description
of this model is presented in [89, 95]. The constitutive theory contains hydrostatic
pressure originated from volume dilatation, o, = al; + v/Jy, where I; = trace(o), is
the first invariant of the stress tensor, and the parameter a is constant related to the
volume dilation sensitivity. J, = %', s = 0 — trace(c)I /3 is the deviatoric stress with
I being the identity tensor. The authors implemented the constitutive theory into
the ABAQUS finite element software using the UMAT subroutine and obtained the
shear band inclination angle from the contour plot of the shear strain field for various
values of coefficient a (see Table 1). It is found that the shear band inclination angle
deviates more with increasing the value of coefficient a which resembles more intense
dilatation. The authors considered a sample under uniaxial tension and expressed
the volume change rate as % = &1 + €9 + €3, where €1, €5, and €5 are three principal
strain rates. For plane strain condition €5 = 0. The angle between the shear plane

and the loading axis, denoted by «, is defined as
1/. . . v
cot(2a) = —= (51 + 52> / <7/2> S (2.116)
2 o
where 7 is the shear strain rate. This expression explicitly incorporates the volume

change rate. Hence, using the ratio between the volume change rate and the shearing

rate, the shear band angle can be determined. For a particular time, the above
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expression can be simplified as

cot(2a) = —% (er+22) / (1/2). (2.117)

where, €1 and &9 are the principal strain and ~ is the shear strain. We previously
discussed how our triple stress parameter A; is related to the shear dilatation. We
can see from [89, 95] that the shear band inclination angle varies with dilatation. In
this respect, we compute the shear band inclination angle for different values of triple
stress parameter A; using Eq. (2.117). We simulate our model with the following
parameter settings of % = 100, % = 100, where 8% axial strain has been applied.
We determine the shear angle at each nodal point of interest by using Eq. (2.114).

The shear strain () is calculated from the average shear angle of the domain.

Table 2.1: Shear band inclination angle obtained from [89, 95| and proposed third
gradient model

Triple stress parameter, % 100 200 400 600 800

€1 0.211 | 0.149 | 0.104 | 0.096 | 0.091
€2 -0.233 | -0.151 | -0.097 | -0.081 | -0.071
Bang (deg) (see Figure 2.11) 21.94 | 14.05 | 7.053 | 5.276 | 3.982
v = tan(f.,) 0.4028 | 0.250 | 0.124 | 0.092 | 0.069

Shear band inclination angle, «

(deg) (Using Eq. (2.117)) 45.63 | 47.15 | 49.22 | 52.12 | 55.69

Drucker-Prager Coefficient, a [89,

95 0.045 | 0.087 | 0.130 | 0.168 | 0.205

Shear band inclination angle, «

(deg) [29, 95] 48 51 54 o6 o8

We compared our result to the shear band inclination angle reported in [89, 95].
Table 2.1 reveals that the shear band inclination angle deviates more as % increased.
Since the dilatation is more intense for the higher value of triple stress parameter A,
(see Figure 2.8), it is evident that our model can successfully correlate the shear band

inclination angle to the volume dilatation in a similar manner shown in [89, 95].
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Figure 2.11: Shear angle distribution with the average shear angle of the domain

The triple stress parameter follows a similar trend to the Drucker-Prager coefficient,
as shown in Figure 2.12. Both the triple stress parameter (%) and the coefficient
a reported in [89, 95] characterize the deviation of shear band inclination angle and
found that the deviation is more intense with the higher value of the triple stress
parameter and drucker-prager coefficient. Thus, the triple stress parameter A; can
be regarded as a new parameter characterizing volume dilatation and subsequently,
the shear band inclination angle as specified by the coefficient @ in [89, 95]. It should
also be noted that the obtained model can be expanded to include more practical
issues, such as determining the triple stress parameter and analyzing the residual

triple stresses on the mechanical responses of higher-order continua.
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2.6 Conclusions

In this chapter, we present a continuum-based model describing the mechanics of
third gradient continua reinforced with bidirectional fibers and subjected to finite
plane deformations. The kinematics of fibers are obtained via the first, second, and
third gradient of continuum deformations within the prescription of continuously dis-
tributed spatial rods of the Kirchhoff type. The variational principles and iterative
integration by parts have been employed to obtain the Euler equations and the nec-
essary boundary conditions. In particular, the energy density function of the Spencer
and Soldatos type is refined within the framework of the second strain gradient theory
to accommodate the kinematics and the associated bulk incompressibility arising in
the third-gradient continua. The resulting systems of partial differential equations
are solved using the custom-built numerical scheme.

The solution of the obtained model predicts smooth deformation profiles and di-
latational shear angle distributions throughout the domain of interest when the com-

posite is subjected to bias extension. Further, the introduction of the third gradient
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of continuum deformation has resulted in the emergence of a constitutive parame-
ter that is associated with the Piola-type triple stress and its energy couple (i.e.,
triple force) sustained by the third-gradient continua. Phenomenologically relevant
results pertaining to the third gradient of continuum deformations has been discussed
throughout the chapter, including; the increase of the triple stress parameter results
in intensified volume dilatation and reduced local point rotations. We also computed
the corresponding shear band inclination angles with respect to the different triple
stress parameters indicating that the triple stress parameter follows a similar trend
to the Drucker-Prager coefficients characterizing shear band inclination angle. More
precisely, the deviations of the shear band inclination angle under uniaxial tension

are intensified with the increasing triple stress parameter.
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Chapter 3

A second strain gradient based
continuum model for the composite
reinforced with extensible
nano-fibers resistant to flexure

In section 3.1, we define the kinematics of randomly distributed short fibers. Via the
virtual work statement and iterative integration by parts, the corresponding Equilib-
rium equation and associated boundary conditions are derived in section 3.2. Follow-
ing that, in sections 3.2.1 and 3.2.2, the governing equations for the mechanics of Neo-
Hookean solids and Mooney-Rivlin solids reinforced with randomly distributed short
fibers are delivered respectively. In section 3.3, Finite Element Analysis procedure is
discussed to solve the governing Equations obtained for the case of the Neo-Hookean
solid reinforced with randomly distributed short fiber. Finally, the obtained numerical
results are discussed in section 3.4, and a summary of this chapter is provided at the

end in section 3.5.

3.1 Kinematics

In this section, we derive the kinematics of randomly distributed short fibers. The
transformation of unidirectional fiber composite into nano-fiber composite system is

developed by Suprabha [100]. Here we used the similar transformation method which
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is illustrated in Figure 3.1. We begin the derivation of the kinematics of continuously
distributed unidirectional fibers within the similar framework used in chapter 2. Next,
we transform the unidirectional fiber composite system into an aligned short fiber
composite system by introducing the Shear Lag Parameter. Finally, this aligned

short fiber system is transformed into a randomly distributed short fiber composite

using the Krenchel Orientation Factor.
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Figure 3.1: Schematic of the problem and demonstration of the model development
(a) continuous unidirectional fiber, (b) aligned short fiber, (c¢) randomly distributed
fiber

3.1.1 Defining energy potential for the unidirectional contin-
uous fiber composite system

Let D be the unit tangent to the fiber’s trajectory in the reference configuration and
d is its equivalent in the deformed configuration. Following that, the configuration

of a particular unidirectional fiber is determined as

d
A=|n| = ﬁ, and d = pA ', (3.1)
where
FD =\, F=\d®D, (3.2)

and F is the first gradient of the deformation function, which is defined in Eq.
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(2.3). Also, the above equation can be yielded to Eq. (2.6) using the orthonormal
bases of the current and reference configurations.

In chapter 2, we have shown that (see Eq. 2.27) a third gradient based-energy
density function in the description of an elastic solid reinforced with extensible fibers

resistant to flexure can be expressed as
W(F.e(F),g(G),a(H)) = W(F)+W((F)+W(g(G)) +W(aH)), (3.3)

where W (F) is the strain energy function for the matrix material; using the similar
manner as in Eqs. (2.7-2.27), the other terms can be defined for unidirectional fibers

as follows:

For example, W (e(F)) is defined as
[
W(e(F)) = §E5 : (3.4)

where FE is the fiber’s elastic modulus, and the expression of ¢ is given by Egs.

(2.16)-(2.20) as

e:%()\Q—l):%[(FTF)-D®D—1]. (3.5)
Next, W(g(G)) can be defined as
W(g(G)) = SCF)|s(G)P, (3.6

where the geodesic curvature g(G) is defined in Eq. (2.7). For the present unidi-

rectional case, it can be written as
g(G) = G(D® D), (3.7)
and C'(F) is a constant material parameter. Thus Eq. 3.6 can be written as

Clg(G)|*. (3.8)

N =

Also, the energy contribution related to the third gradient of deformation is defined

as

A(H)|o(H)[%, (3.9)



where a(H) is the third gradient of deformations. Using Eqs. (2.22)-(2.24), for an

unidirectional fiber, a(H) can be defined as

d®r(S)
= =HD®D®D) =a(H). (3.10)

Also, by assuming A(H) as a material constant, Eq. 3.9 can be recast as
1
W(a(H) = S Ala(H), (3.11)

Thus, using Egs. (3.3)-(3.4),(3.8),(3.11), we have defined the energy potential
accommodating fiber extension, fiber bending, and the third gradient of deformations

for the case of continuously distributed unidirectional fiber-composite system.

3.1.2 Development of randomly oriented short fiber compos-
ite system

To obtain the nano-fiber composite system, we followed the same procedure that was
originally developed by Suprabha in [100]. In this section, we briefly discuss the
theoretical development process. The continuously distributed unidirectional fiber
composite is transformed into the short-fiber reinforced composite system via the
shear lag parameter. In the case of a fiber-reinforced composite material, the load is
transferred from the matrix material to the fiber by means of interfacial shear stress
transfer. The theoretical background for the shear lag theory is well presented in [80,
81]. It is well known that the interfacial shear stress transfer is highly sensitive to the
length scale of fiber. For example, if a fiber length is L, height is h, and aspect ratio
S is defined as %, it is shown that the interfacial shear stress transfer is more efficient
for the higher value of aspect ratio, S [81]. Figure 3.2 represents the settings for the
shear lag theory and displays the typical strain distribution along the fiber length.
When the aspect ratio S is small, the maximum strain attains in the fiber is low.
Also, the strain distribution is non-uniform throughout the entire fiber length. This

is due to the poor interfacial shear stress transfer from the matrix material to the
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fiber. In case of high aspect ratio, the strain in the fiber reaches its maximum value
which is close to the strain of the matrix (=L ~ 1) at the very corner and remains

constant throughout the entire length.
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Figure 3.2: A typical strain distribution along the fiber length, and its dependence
on the fiber aspect ratio

The dependence of the interfacial shear stress transfer on the aspect ratio of fiber

is accommodated by the following relation [81]

cosh(Bsz)

e =¢[l - —Cosh(BSL)], (3.12)

where the shear lag parameter (; is defined as, s = %, K is the interfacial stiffness,
h is the thickness, and L is the half-length of the fiber. To accommodate shear lag
parameter into our model for the entire length of the fiber, we have modified our

extension potential (see Eq. 3.4) using the similar method developed by Suprabha in
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[100] as follows

1 1 1t cosh(f,)
Wie) = bei =3Pl / L )
1 tanh(8,L)7>
= 5E 1— L } 2
_ %EQ;?, (3.13)

where the modified shear lag parameter is defined as

tanh(8,L)]>
B ]

In Eq. (3.13), we have considered the energy potential for the uniformly distributed

¢ = [1 (3.14)

nano-fiber reinforcement. In most cases, the fibers are distributed randomly. Hence,
the above fiber energy potential is further modified by Suprabha in [100] to accom-

modate randomly oriented fibers using the krenchel transformation function [82] as

1

W(e(F)) = 5 Eno¢e”, (3.15)
where the term 7 is defined as
8 8 8
M= 15 + 51 (Pycos®) + 3% (Pycosf), (3.16)

for the perfectly oriented fiber, P, cos = P,cosf = 1, and for the randomly ori-
ented fiber P cosf) = P, cosf = 0. A similar fashion is widely used in micromechanics
of randomly oriented fibers (see, for example, [101-104]).

Now, the energy fraction of fiber indicated as /3, is accommodated to the model as
W(F,&(F),g(G), a(H)) = 1=8)W(F)+B[W (c(F))+W (g(G))+W (a(H))]. (3.17)

The induced energy variation can be evaluated from Eq. (3.17) as,
W(F, e g 0)=(1—B)Wg -F+BWe+ Wy g+ Wa-a), (3.18)

Recalling the procedures used in Eqgs. (2.29)-(2.38), we obtain the desired induced

energy variation for the present case. For example, using Eqs. (3.4), (3.5),(3.7)-(3.8)
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and (3.10)-(3.11), we define the following terms as

. E .
W€€ = ET}OC(P}CF}‘DDCDD — 1)(FzBDBDA) FiA; (319)
We - g = Cg;GiapDaDp, (3.20)
Wa . a = AOéiHiAchADBDc. (321)

Now put back the values from Eqgs. (3.19)-(3.21) into Eq. (3.18), the induced
energy potential variation is obtained as

W(F,e,g,a) = (1—-B)Wg,Fia+ EUOCB(FJ'CFJ'DDCDD —1)FigDpDaFia

+Cg¢6GiABDADB + AO&@ﬁHz‘AchADBDc. (322)

Thus, we obtain the variational derivative of the energy potential in Eq. (3.22).

3.2 Equilibrium and Boundary Conditions

The weak form of the equilibrium equations can be obtained by the virtual-work
statement (see, for example, [24, 34, 35, 67]) as described in Eq. (2.40). In this
thesis, we also adopt the framework of the virtual work statement to formulate the
Euler equilibrium equations and the associated boundary conditions arising in the
third gradient of the continuum deformation. For the present case, we evaluate the

potential energy of the system as

E—/U(F,e,g,a)dA, (3.23)
Q

where () is the referential domain occupied by a fiber-matrix material. The varia-

tional derivative of the potential energy of the system is
E= / U(F, e, g, o)dA. (3.24)
Q

The energy potential in Eq. (3.23) is augmented as U(F, e, g, a,p) = W(F,e, 8, a)—

p(J — 1) to overcome the constraint of bulk incompressibility, where J is determinant
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of deformation gradient F and p is an indeterminate Lagrange multiplier field. There-

fore Eq. (3.24) becomes
E= / U(F, ¢, g, a,p)dA. (3.25)
Q

Now, using Eq. (3.22) and the relation J=JyF-F=FF , we evaluated the

variational derivative of the augmented energy potential as
U=W—pJ
=(1- /B)WFZ'AFZ'A + gnoCﬁ(FjCFjDDcDD — 1)(FiDpDa)Fis + CgifGiapDaDy
+ AOéi/BHiABcDADBDC - pﬂze’A. (3.26)
Let us define y,; = u;. Thus Eq. (3.25) can be recast as
E= /Q[(l — B)WF,uia+ gnoc/B(chFjDDcDD — 1)(FipDpDa)ui 4
+ Cg;iBDaDpu;ap + A;BDsDpDeu; ape — pFiyui aldA. (3.27)
Applying integration by parts (see Eqs. (2.46) and (2.47))
C9iDaDpu; ap = (Cg:DaDpu;a) g — (Cg:DaDp) pu; a, (3.28)
and
Ac; DyDpDcuiapc = (Ao DaDpDeuiag) e — (AiDaDpDe) cuiap.  (3.29)
Now using the expressions from Egs. (3.28)-(3.29) into the Eq. (3.27) we obtain
E= /Q[(l — BYWE, ,uia + gnoCﬁ(chFjDDcDD — 1)(F;gDpDa)u; a

+ (Cg:8DaDpu; a) g — (C’gZﬂDADB)vB w4+ (A;8BDADp Do ap) o
— (AaiBDADBDC)yc u; ap — PFyu; a]ldA. (3.30)
This can be written as
B~ [ (1= 8)We, ~ pFy + gCB(FeFioDeDp — 1(FisDsD)
— (CgiBDaDp) plu;adA — /

Q

—|—/ (OglﬂDADB) ui7ANBdS —|—/ (AOZiﬁDADBDc) ui7ABchS. (331)
o0 oN

[(AaiﬁpADBDC)C u AB] dA
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By applying integration by parts and Green-Stoke’s theorem, we find the expression

of second integral term of Eq. (3.31) as
/Q [(Aa,»DADBDC)VC u@w} dA
= /Q[{(AOéiDADBDC),C)Ui,A},B — (Aa;DsDpDc) cpu; aldA,
_ /8 (40:DAD5DC) ¢ ANpdS = /Q (AaiDaDpDo) opus adA. (3.32)

In Egs. (3.31) and (3.32), N is the rightward unit normal to the boundary 02. We
substitute the Eq. (3.32) into Eq. (3.31) and furnish

; E
E = /[(1 — B)Wr,, —pFy + EWOCB(FjCFjDDCDD — 1)(FigDgpDa4)
Q

— (Cg:BDADp) 5 + (AaiBDADEDe) ot adA + / (Cg.BDAD puu; 1) NpdS
o0

+/ [(AOéiﬂDADBDc)ui7AB] chs—/ [(AOQBDADBDc)’C’LLLA]NBCZS. (333)
o0 onN

Finally, we obtain

E= / Piju; adA +/ [{C’gzﬂDADB —A (OéiﬁDADBDC),C} u; ANB
Q o9

+ AaiﬁDADBDCui7ABNc]dS, (334)
where
E
Piale; @ Ea) = [(1 = B)Wrg,, — pFiy + EUOCB(P}CFJ’DDCDD —1)(F;pDaDp)
- C (gzﬂDADB)B + A (aiﬁDADBDc)7BC] (e,- & EA) (335)

To obtain the admissible boundary conditions, we apply integration by parts (i.e.

Piau; 4 = (PiAu,-)A — Pia au;) in Eq. (3.34) and obtain

E:/ IDiAUiNAdS_/IDiA,AUidA+/ {Cg:iBDADp — A(qiBDaDpDc) ¢ uiaNp
09 Q 09

+ AaiﬁDADBDCuiyABNC]dS. (336)
Now, we define
WGiAB = CgiDADB and WHiABC = AaiDADBDc. (337)
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Using Eqs. (3.37) and (2.56), we can rewrite Eq. (3.36) as

E= / PiauiNadS +/ 16 <WG¢AB - (WHiABc),c> ui ANp + BWh, s 5 i, aB NoldS.
o0 o0
(3.38)
Eq. (3.38) can be recast using Eqs. (2.58)-(2.61) as

E = / Pau; NadS + 15} |:WG1'AB — (WHiABC),C] (u;TA + u@NNA) NgdS
0N

o0

+ / BWi, ape[u; TaTs + uy(TaTs + TanNp) + u;, y(TaNp + NaTs)
o0

+u;n(NyTs + NanNp) + ui nyNaNp] NedS. (3.39)

Now, we apply the iterated integrations by parts (see, for example, Eqs. (2.63)-
(2.67)) and obtain

o / P NadS + / 6[(WGiABTANBuZ-)/—(WGMBTANB)/UZ} s
o0 o0

- B[((WHZABC),C TANBUZ’)/ - ((WHiABC),C TANB) ul]dS + B[WGZ'ABNANB
o0 [2}9]

~ (Whtoape) o NaNpluindS + [ Bl(Wpe TaTsNews)” + (Wirupo TaTsNe) i
oN

=2 [(Wit, e TaTiNe) i) 1S + / BI(Witinne (TAT5 Ne + T NpNe)u:)
o0

— <WH«LABC (T,:;TBNC + TA,NNBNC)) uz]dS -+ /BWHiABO [U@N(NATBNC
o0

’

+ NoAnNgNdS + | Bl(Wh, ,ne(TaNsNe + NaTsNe)usn) — (Wi, e (TaN5Ne
o0

+ NATsNe)) uin)dS + | 8 (Wi, pottinvNaNpNe) dS. (3.40)
o0

We can rearrange the above as
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!/

E= / [PiANA -8 (WGiABTANB)/ + B ((WHz'ABc),C TANB) + B (WHZ'ABCTATBNC)N
o0

- /8<WH1‘ABC(T,/ATBNC + TA,NNBNC))I]UidS + /B[WGZ‘ABNANB - (WHiABc),C NaNp
o0

+ Wi, sne (NaTsNe + NanyNpNe) — (Wi, o (TaANBNe + NATNe)) Ju; vdS

+ /6[{WG1'ABTANB - (WHiABC),C TaNp —2 (WHiABCTATBNC),}ui]/dS
o0

+ | Bl Wiiase TaTaNow)" | dS + | BWir,upo(TATpNe + Tax NoNeui] dS
oQ o0

+ | BWhiine(TaNsNe + NaTsNo)uin] dS+ | 8 (Wi, pousnnNaNsNe) dS,
o0 oN
(3.41)

which may be recast as

E = / [PaN4 — B(Cg;DaTaDsNg) + B(Ac; cDATaDsNpDe)
o0

4 B (A DATADETDeNG) — (5AaiDCNC(DAT;,DBTB + DATANDBNB)) JuidS
+ [ B[Cg;DaNsDNp — Ac; cDANsDsNDo + Aa; DeNo(DaN,DpTx
o0
+ DANA,NDBNB) — {AaiDADBDC(TANBNC + NATBNC’)}I]U@NCZS
+> | B{CgDATADs N — A ¢ DaTaDpNpDe — 2(Aa DATa DT DeNe) Yy |
+>_ 4 [(BADATADTsDeNe) | + 3 [l [AiB(DATy DT Do Ne
ds
+ DaTanDpNpDcNe)lu; || +Z | [Aca; 3(DAT4DpNgDcNe

+ DANADBTBDch)}U,Z”N ” —|—/ (AOziﬁDANADBNBDch) Ui7NNdS, (342)
N

By comparing Eqgs. (3.42) and (2.71), we obtain
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d
ti=PaNy — 5£[CgiDATADBNB — Ac; cDATADpNpDc

, d?
—|— AO{Z'Dch(DATADBTB + DATA,NDBNB)] 4+ — (AaiﬁDATADBTBDch) y

ds?
m; = C(9); BDANsDpNp — A(a); o BDANADpNpDc
+ Aa;BDcNo(DAN DT + DaNanDpNp) — d%{?(AaiﬁDADBDCNATBNC)}],
ri = Aa;BDaN4DpNpDcNe,
fi=CgiBDATADpNp — Ac; cSDATADpNpDc — 25%[AOQDATADBTBDCNC]

+ Aq;B(DAT DT Do Ng + DaTanDpNpDeNg),

d d
%(fz) = ﬁ(AaiﬁDATADBTBDCNC)a
hi = QAO(iﬁDANADBTBDch, (343)

where t;, m;, and f; are the expressions of edge tractions, edge moments, and corner
forces, respectively. Similar boundary conditions are formulated in [69, 70] for the
third gradient continua. In the present case, the local point rotations are obtained
via the computation of the third gradient of continuum deformation, i.e., the rate of
changes in curvature which is determined by the imposition of triple forces (i.e. r;,
h;) on the desired boundaries.

Now, using Eq. (2.73), we reduce the Eq. (3.43) to

ti == ]DiANA7
m; = (Cg;f — Ay cfDc) DaANADpNp,

ri = Ac;SDANsDpNpDcNe,

fi = 07
d
E(fi) =0,
hi = 0. (3.44)
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Further, Eq. (3.35) can be written as

FE
Pale,@Ey) = [(1—-8)Wg, —pFy+ 5770C5(FJCFJ‘DDCDD — 1)(FipDaDg)

_Cgi,BﬂDADB + AOéichﬁDADBDc](ei & EA) (345)
3.2.1 Example: Neo-Hookean materials

So far, we have discussed the kinematics of the reinforcement phase (i.e. fibers) of
a composite. The response of matrix material is assimilated by the energy density
function of Neo-Hookean materials which is given by Eqgs. (2.76) and (2.77).

Taking the derivative of Eq. (2.77) with respect to deformation gradient F and

substituting it into Eq. (3.45), we find
., F
Piale; @ Ex) = [(1—B)uFia —pFiy + EUOCB(FJ'CFJ‘DDCDD —1)(FipDaDp)
_Cgi,BBDADB + Aai,BCBDADBDC] (ei X EA) (346)
By using the Piola’s identity Fj% , = 0, Eq. (2.56), and Eq. (3.46), the Euler
equilibrium equation is obtained as
. FE
Piaa= (1= B)ukian—pakiy+ EUOCﬂ(FiB,AFjCFjD + FipFicaFip

FE
+ FipFjcFip,a)DaDpDcDp — EnOCBFiB,ADADB — Cgi,aBBDADE

+ Ao apcBDADpDe = 0. (3.47)
In case of initially orthonormal set of fibers
D=E;,D;=1,D, =0, (3.48)
and Eq. (3.47) can be recast as
Paa=1—P)uFan—paliy+ gTIOCﬁ(Fﬂ,lelFﬂ + FnFjn Fpn+ FaFjFia)
— gn()CﬁFil,l — BCgi1 + BAa; 111 =0, (3.49)

where

gi = Fiug, 00 = Finin, Fia = Xaa, Fiy = cijeaslp, (3.50)
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and ¢;; is a 2-D permutation. Now, using Eqgs. (3.49)-(3.50) and the constraint
of the bulk incompressibility (i.e., det F = 1), we deliver the following system of
PDEs for the case of Neo-Hookean materials reinforced with randomly distributed

nano-fibers,

E
0= (1—PB)pxiaa —P,ACij€aBX;.B + EUOCﬁ(Xi,an,lXj,l + X1 X111+ X 1XG1XG,1)

E
- Eﬁofﬁxz‘,n — BCXi 1 + BAX 111111, (3.51)

) FE
for ¢ = 1; (1—5)#(X1,11+X1,22)—p,1X2,2+p,2X2,1+§U0C5(3X1,11X1,1X1,1+X1,11X2,1X2,1

E
+ 2X2,11X1,1X2,1) - EUOCﬁXLn - ﬁCXl,nn + BAX1,111111 =0, (352)

fori = 2; (1—5),“()(2,11+X2,22)+P,1X1,2—]9,2X1,1+§U0<5(3X2,11X2,1X2,1+X2,11X1,1X1,1
+2x111X1,1X21) — gnoCﬁin — BCx21111 + BAX2, 111111 = 0, (3.53)

and
X1,1X22 — X1,2X2,1 — 1 = 0. (3.54)
The details of the numerical solution process of the above (Egs. (3.52)-(3.54))

system of Partial Differentiation Equations (PDEs) are reserved in section 3.3.

3.2.2 Example: Mooney-Rivlin materials

In case of Mooney-Rivlin materials, the energy density function and its derivative
with respect to F are given by Eqs. (2.90)-(2.92).
Now, substituting Eq. (2.92) into Eq. (3.45), we find

Pia(ei @ Ex) = [(1 = B){puFia + kFip(FjoFijcdap — FjaFjp)} — pFiy

FE
+§770<B(FJ'CF]'DDCDD_ 1)(F;pDaDp)—CygipDaDp+Ac; pcfDaDpDe)(e,QE ).
(3.55)
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The Euler equations for the Mooney-Rivlin materials reinforced with randomly ori-

ented nano-fibers are obtained using Eq. (2.56) as

Piaa=1—B){puFiaa+ cFiaaFicFjc — kFpaFjaFip + kFip(2FjcFjc.a
. E E
— FijuaFjp — FijaFjpa)} —paF/y — (EUOC@FiB,ADADB) + 5770C5(FiB,AF}chD

+EigFicaFjp+FipFjcFip.a)DaDpDcDp—Cg;i apBDaDp+Ac; apcSDaDpDe = 0,
(3.56)

which can be reduced by using Eq. (3.48) as

Piaa= 1= {pFiaa+cFaaFjcFjc—kFpaFjaFjp+rEp(2FjcFjca—FijaaFp
E E
— FjaFjpa)} —paFiy+ EUOCﬁ<E1,1F}1F}1 + FaFjpiFjpn+FaFjpFng)— EUOCBELl

— CBgin + APa;iin =0, (3.57)

where g;, o;, and F}, are defined in Eq. (3.50). Thus we deliver the following governing
equations for the Mooney-Rivlin matrix materials reinforced with randomly oriented

nano-fibers

0= (1= B){xi,aa + KXi,a4X5,0X5,0 — BXi,BAXj,AX5,B T KXi,B(2Xj,0Xj,cA — Xj,AAX},B
E
— X, AXj,BA)} — D.AEij€ABX;B + Eﬁoﬁﬁ(X@nXme + Xia X511 X1 + Xi1X51Xj.11)

E
- 5770€5Xi,11 — CBxXia111 + ABXin, (3.58)

3.3 Custom-built FEA of the nonlinear coupled
PDE

The resulting PDE systems (Egs. (3.52)—(3.54)) are coupled nonlinear differential

equations of sixth order. For the purpose of preprocessing, Eqs. (3.52)-(3.54) has
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been recast as:

, E
B u(Q + x1.20) — PS+ BD + 5F(3QT2 +QD?* +2TRD — Q) — BCM + BAM 1, = 0,

, E
B (R + x222) + PG — BT + 5r(3RD2 + RT? +2TQD — R) — BCN + BAN; = 0,

Q—x111=0,
R—x211 =0,
T —x11=0,
D — x21 =0,
G —Xx12=0,
S — X2,2 = 0,
M—-Qun =0,
N—-R; =0,

P — p(Q+ x1,22) —CM =0,

B — (R4 x222) — CN =0, (3.59)

where I' = fnol, 1 -8 =5, P=p1, B=ps Q = x111, R = x211, T = x1.1,
D =x21,G=x12, 5= X22, M =Q11,and N = R ;. Thus, we transform a system
of coupled sixth-order partial differential equations into a system of coupled second-

order PDEs. The above non-linear terms(i.e., Pya2, Bx21 etc.) has been treated via

the Picard iterative procedure,

initial initial 0 0
—PinitiaiXas  + BinitiaX21 = —FoXa2 + BoXxais
initial initial 0 0
PiitiaX1a — — BinitiaX11 = Poxi.2 T BoXia;
2 2 2 2
3Qinitial Limiriar + Qinitiat Dinitiar + 2Tinitial Rinitial Dinitial = 3QoTy + Qo Dy + 2T Ry Dy,

3Rinitial Diisiar + RinitialT> + 2Tinitial Qinitial Dinitial = 3RoDj + RoTyy + 2T0Q0 Do.
(3.60)

With the progress of iteration, values of P, B,T, D,G, S, (), and R continue to be

refreshed based on their previous estimations (i.e., Py, By, Ty, Do, Go, So, Qo and Ry).
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Hence, for Nth number iteration, we can write

—Pyn_1X35 "+ Byo1xa: = —Pnxas + Byxah,
Py_1x1s ' — Bno1x11 - = Paxia 4+ Byxias
3Oy 1Ty 1 +Qn1DY_ | + 2Ty 1Ry 1Dn_1 = 3QN8Tx + Qn D3 + 2Tx Ry Dy,

3Ry_1D*+ Ry 1Tx | +2Tn_1Qn-1Dy_1 = 3Ry D3 + RyTrx + 2TnQn Dy
(3.61)

Thus, the weak form of Eq. (3.59) is obtained by

/e w1 (B 1(Q + x1.22) — PoS + BoD + §F(3QT3 + QD2 +2RTyDy — Q) — BCM
+BAM 11)dQ = 0,

/8 wa(B (R + X2.22) + PG — BoT + gf(?)RDg + RT? 4+ 2QTyDy — R) — BCN
+BAN 1,)d2 = 0,

ws(Q - Xl,ll)dQ =0,

15

’UJ4(R — X2711)dQ = O,

o

Wy (T — Xl,l) dQ) = 0,

We (D - X2,1) d§) = 0,

Q

wr (G — X1,2> dQ = O,

®

S

ws (S — X272) dQ = 0,

'lUg(M — Q}H)dQ = O,

®

T

wlo(N - R711)dQ = 0,

w11 (P — p(Q + X1,22) — CM)dQ = 0,

e

S— o

wlg(B — ,M(R + X2,22) — CN)dQ = 0, (362)

e
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Using integration by parts and Green—Stoke’s theorem, we obtain that

/ / E
B wip@ — B pwyexie — w1 PoS +wiByD + leF(SQTg + QD + 2RTyDy — Q)
QE

—wlﬂC'M — 5Aw1,1M71)dQ +/

ore

<5lﬂw1X1,2> NdI' + / (BAw; M ;) NdI' = 0,

are
! / E
/ (wgﬁ ,uR — B HW2 2X2 2 -+ U)QP()G — UJQB()T —+ U)QgP(SRD?] + RT02 + QQT()DO — R)
—’LUgﬁCN — 5Aw271N71)dQ +/

ore

(,BIMWQXQvQ) NdI’ + /8 (ﬁA'LUQN,l) Ndl' = 0,
Te

/e(wzQ + w31 x1,1)dSY — /are (wsx11) NdI' = 0,
/E(W4R + Wy X2,1)dS2 — /are (wyxa,1) NdT = 0,
/e (wsT — wsx1,1) d2 = 0,

/ (weD = wexz) d2 =0,

/ (wrG = wrxi) A =0,

/e (wsS — wsx2,2)dQ2 =0,

/e(ng + w1 Q1)dSY — / (wy@ 1) NdI' = 0,

are

/ (wioN 4 w1 R 1)dS2 — / (wioR 1) NdT =0,
e ore

/ (wnP — wi p@ + HWwi1,2X1,2 — wlch)dQ - / (MwnXl,Q) NdI' = 0,
e 81"5

/ (wlgB — wlg,uR + HWi22X22 — wlch)dQ — / (/,Lw12X2?2> Ndl' = 0, (363)
e 6FE

where 2, OI' and N are the domain of interest, the associated boundary, and the

rightward unit normal to the boundary. Now, the unknowns can be expressed in the

form of Lagrangian polynomial as

n=4

() =3 [, 5@ m)] (3.64)

j=1
where (%) represents any of the twelve (1, x2,@,R,T,D, G,S, M, N, P,B) un-

knowns. Thus, The test function w is obtained as
n=4

(we) =Y [ iz,y)]; k=1,2,3,4,..12, (3.65)

i=1
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where w; is the weight of the test function and ¥, (z, y) are the corresponding shape

function, such that

—-2)(y—1 -2
\111 = <x )2<y ),\IJQ = ,\113 = % and \114 y(ﬂf )

Eq. (3 63) can be recast using Egs. (3.64) and (3.65) as

/ E E E

n

Z{/ (B 1, 50, 5)dQ} 1, — Z{/Q (\IJ\IJPO)dQ}S +Z{/ (0,9, By)

3,j=1 3,j=1 3,j=1
n

dQ}D; — > {/e(\If\IfﬁCJr\If”‘I/]lﬁA)dQ}M +Z{/ —T,20,

,j=1 1,j=1

T()Do)dQ}RJ + /
ore

(5’;,»1/,.;“,2) NdT + ( BA\IfiMJ) NI =0,

ore

a : E E E
> {/ (5 P + 30 =W, W, D2 + T, 0,17 — Emfixp]) dQ} R,

< 2 2
4,7=1
_Z {/ (ﬂ M\PZQ\IIJ2> dQ}X2]+ Z {/ \IJ\I/]PO)dQ}GJ
i,j=1 ¢ i,j=1 ¢
= {/ (0,0, By) dQ} T,-3 {/ (00,50 + W, , U, 5A) dQ} N,
ij=1 ‘ ij=1 ¢

t 2 {/ (gF‘PiZ\IijODO) dQ} Q; + /BFE (6'#%@,2) Ndr

+/ (BAW;N 1) NdI' = 0,
ore

: " {/Q( }Q] + Z {/ zl‘I’j,l)dQ}XU - /are (Wix1.1) NdI' =0,

2,7=1

Zn:{/(\lf\lf }R+Z{/ ,1\pj,1)d9}xzj—/i9re(\DiXQ,l)Ndrzo,

i,j=1 1,j=1
n

2. {/ (T:0;) dQ} T; — ZZI {/ (W:051) dQ} X1j =0,

i {/ (‘I’iq’j)dﬁ} D= > {/ (\I/Z-\I/j,l)dﬂ} X2; = 0,

i,j=1
n

En: {/ (q/iq/j)dg} Gi—> {/ (\Ililllﬂ)dﬁ} X1 =0,

1,j=1

1)



n

i {/ (\yi@j)dﬂ} Si— Y. {/ (xpiqfﬂ)dgz}m =0

=1 ij=1

Z; {\/Qe (\Ijz\p]) dQ} Mj + Z; {/e (\I/i,l\lljJ) dQ} Qj — /ape (\I/ZQJ) Ndl' = 0,

Z; {/Qe (¥, 0,) dQ} N; + l; {/e (W;1¥51) dQ} R; — /are (U;R,) Ndl' = 0,
2 {/Q (0,75) dQ} Py - ]ZZI {/Q (0,0, )dQ} Q; + ]Zl {/ (Wi 20;5) dQ} X

_ Z {/e (WZ\I/)C) dQ} Mj - /8Fc (,u‘;[}ixlg) Ndl' = 07
ij=1
Z {/e (\Iliqu)dg} b= Z {/e (i )dQ} R+ Z {/e qui,Qq}j,Z)dQ}X2j
=t ij=1 3,j=1

_l; {/ (W:W;C) dQ} /are (u¥ix2,2) NdI' = 0, (3.67)

Now, we obtain the local stiffness matrix and the forcing vector for each element

as ~ - L L
Kii Ki; Kz Ki] Xi Ff
Kll Kll Kll Kll 2 Fl
21 22 23 24 X1 _ 2 . (3.68)
K3 K3 Ki K X Fy
11 11 11 11 4 1
-K41 K42 K43 K44- Local -Xl- Local -F4- Local
Which can be written in compact form as
k3] a] = [R] forij=1.2,3.4, (3.69)
where
(k] = - / (802955 ) do, (3.70)
and

[Fg} . / (5’@1-;(1,2) NdI — ( 5A\I/Z»M,1> Ndr. (3.71)
ore ore
Finally, the global systems of equations for each individual elements can be ob-

tained as
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3.4 Results and discussion

The delivered system of PDEs (Egs. (3.52)-(3.54)) which govern the mechanics of the
Neo-Hookean material reinforced with nano-fibers has been solved using a custom-
built numerical analysis scheme. The schematic of the problem is demonstrated in
Figure 3.1. It is to be noted that, data are obtained under the normalized setting
ﬁ = 10, % = 100, % = 10, f = 10,5 = 100 unless otherwise specified. The fiber
energy fraction is taken as equivalent to the volume fraction of fiber (8 = 4.6%). The
various aspect ratios S are obtained by varying the fiber length 2L while keeping the
thickness h = 0.34nm as a constant. Typical strain distribution along the fiber length
for three different types of graphene i.e., Pristine, Hydroxylated, and TSW defected
is shown in Figure 3.3. The relevant parameters (i.e., interfacial stiffness K, Young’s
modulus F etc.) for the different types of graphene are taken from [100].

As the aspect ratio of graphene increases, the strain distribution becomes uniform

throughout the entire length of nano-fiber for all the three cases shown in Figure 3.3.
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Table 3.1: Interfacial parameters and properties of graphene [100]

Graphene K(GPa) E(GPa) h(nm)

Pristine 0.173 1023 0.34
Hydroxylated 3.03 956 0.34
TSW defected  0.931 335 0.34

$=150 $=150
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Figure 3.3: Strain distribution along the fiber length for (a) Pristine, (b) Hydroxylated
and (c¢) TSW-defected cases with various aspect ratios S

The uniform strain distribution along the fiber length obtained for higher aspect ratio
(S) indicates a greater efficiency of interfacial shear stress transfer from the matrix
material to the fiber. In later section, we will discuss how this high interfacial stress
transfer efficiency affects the effective Young’s modulus of a nano-fiber reinforced
composite.

A general deformation configuration of a nano-fiber reinforced composite material

subjected to the uniaxial tension under the normalized parameter setting (i.e. i =
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10, % = 100, % = 10, f = 10,5 = 100) is displayed in Figure 3.4. The expression
of the applied load ¢ is obtained from Eqs. (3.44)-(3.45) as follows

E
t= Py = (1_5),@(1,1—pX2,2+5”0C5(X1,1X1,1+X2,1X271—1)X1,1—CﬁX1,111+A5X1,11111-
(3.73)

Deformed shape: t/u =10, E/pn =100, C/p =10, A/u =10, S =100
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Figure 3.4: Deformation configuration: ﬁ =10, % = 100, % = 10, % = 10,5 = 100

The variation of the deformation profile with fiber axial stiffness is shown in Figure
3.5. In chapter 2, we have discussed the effect of fiber’s elastic modulus (see, for
example, Figure 2.3) for the case of unidirectional fiber reinforcement. We observed
a similar result in the present nano-fiber reinforcement case, which refers that the
axial extension of the composite is sensitive to the modulus pertaining to the fiber’s
extension. When the fiber stiffness is reduced, the amount of axial strain in the
composite increases. The result is closely aligned with the findings in [67]. Figure 3.6
indicates that the composite’s axial extension is also sensitive to the fiber aspect ratio
S. The axial extension of the composite is less for a higher fiber aspect ratio (i.e.,
S = 5000) compared to the lower fiber aspect ratio (i.e., S = 100) under the same
applied tension. As we have seen from Figure 3.3 that the interfacial shear stress
transfer from the matrix material to the fiber is less effective for the lower aspect
ratio, most of the load is carried by the matrix itself. Therefore, the resistance to the
axial tension is poor and the axial strain of the composite becomes more in case of

low aspect ratio S.
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Figure 3.5: Deformed configuration with variation of % when ﬁ = 10, % = 10, é =
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Figure 3.6: Deformed configuration with variation of S when ﬁ = 10,% = 100,
10, 4 =10
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The deformation configuration is also affected by the varying triple stress modulus
(%) Figure 3.7 depicts the change in deformation configuration with the various
triple stress parameter (%) for the case of nano-fiber reinforcement. In this case, the
axial strain is also found to be insensitive to the triple stress parameter, whereas
the lateral strain decreases as the triple stress parameter increases. The obtained
result is similar to the unidirectional fiber reinforcement case that we have discussed
in section 2.5 (see Figure 2.4 ). Moreover, the solution obtained from the proposed

third gradient model accommodates the solutions from the second gradient model [67]
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in the limit of vanishing triple stress modulus (i.e., ﬁ = 0, see, Figure 3.8). It is to be
noted here that, to compare the deformation configuration obtained from the third
gradient model to the second gradient model [67], we set the shear lag parameter

¢ =1 and the krencel orientation factor 7y = 1.

Deformed shape: t/p =10, E/p =100, C/p =10, S =100
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Figure 3.7: Deformed configuration with variation of % when ﬁ = 10,% = 100,
10,5 = 100
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Figure 3.8: Comparison with the existing results [67]

To get a better understanding of the effect of fiber aspect ratio S, the deformation
contour (1/x? + x3) is plotted in Figure 3.9. The resulting deformation contours
due to the bias extension of the composite demonstrates that the proposed model

can predict the smooth transitions throughout the entire domain of interest. The
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maximum deformation is observed at the two ends of the composite, and with a
smooth transition, the minimum is attained at the center. In addition, the maximum
deformation in case of a higher fiber aspect ratio is small compared to the lower
fiber aspect ratio. For example, the maximum deformation (1/x3 + x3) for the fiber
aspect ratio S = 5000 is almost 50% lower compared to the case when S = 1000 (see
Figure 3.9).

It is clear from Figs. (3.5-3.9) that the net amount of axial (longitudinal) extension
decreases with increasing the values of fiber’s young’s modulus £ and aspect ratio S.
In particular, to examine the effects of the fiber aspect ratios within the framework of
the third gradient of deformations onto the shear responses of the nano-fiber reinforced
composite material, we evaluate the shear angle distributions over the domain of
interest. The corresponding shear angles are computed by using Eq. (2.114). As we
discussed in chapter 2, in case of first-order theory, there is a significant discontinuity
in the shear strain field, whereas the second-gradient model predicts a smooth but
non-dilatational transition (see, for example, Fig. 5 in [67]). The results in Figure
3.10 indicate that the proposed third gradient theory predicts continuous, smooth,
and dilatational shear angle distribution over the domain of interest for the nano-
fiber reinforcement case. The shear angle is calculated at each node, and the average
(Oavg) is presented in Figure 3.10. The obtained value of the average shear angle
(040g) decreases with increasing fiber aspect ratio S. The compatible results can also
be found in [85], which demonstrate a close agreement with the presented results.
In addition, the dilatational shear angle distribution is reported in [70], where a
linearized third gradient model is implemented.

Finally, we simulate our proposed model with various fiber aspect ratios (S) and
triple stress parameters (3) to find the effect of S and f on the effective Young’s mod-
ulus of the nanofiber-reinforced composite. The Euclidean norm is used to calculate
the effective strain. Upon giving the axial extension, the effective Young’s modulus

of composite is obtained from the applied stress divided by the effective strain. It is
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Figure 3.9: Deformation contour y/x? + x3 (a) S = 100, (b) S = 1000, (c) S = 5000
when £ =10, 2 =100, € =10, 4 =10
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Figure 3.10: Shear angle distribution for various fiber aspect ratios S ((a) S = 100,
(b) S = 1000, (c) S = 5000) when £ = 10, 7 = 100, ¢ =10, 4 =10
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clear from Figure 3.11 that, Young’s modulus of composite F¢ increases with the fiber
aspect ratio. The rate of increment is high until a certain level of fiber aspect ratio
and Young’s modulus gets saturated beyond that level. For example, when f = 100,
the Young’s modulus increases sharply until the fiber aspect ratio value S = 750, then
it increases slowly up to S = 2000. Beyond that limit Young’s modulus converges to

nearly 40GPa and becomes saturated (i.e. insensitive to the fiber aspect ratio).
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Figure 3.11: Variation of effective Young’s modulus of composite with fiber aspect
ratio S

We mentioned earlier that the proposed third gradient model can accommodate the
solutions predicted by the second gradient theory in the limit of the vanishing triple
stress modulus (see, for example, Figure 3.8). In this respect, we compare Young's
modulus of composite E¢- obtained from the proposed third gradient model (% #0)
to Young’s modulus of composite E¢ obtained from second gradient model (% =0).
Figure 3.11 indicates that Young’s modulus Ex converges to a higher value in the case
of the third gradient model approximation than that of the second gradient model.
For example, in case of the second gradient model (% = 0), the Young’s modulus E¢
converges to nearly 36GG Pa, whereas it converges to nearly 40G Pa when ﬁ = 100.

The relationship between Young’s modulus of composite Ex and triple stress pa-
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rameter é is also investigated. In particular, the modulus of elasticity of a highly

coordinated material is high compared to the less coordinated material [105]. In
[105], the authors determined the modulus of elasticity for various planar densities
and showed that the higher the planar density, the larger the modulus of elasticity.
In section 2.5.1, we have discussed that, for highly coordinated materials, the rate
of particle rotation is less and the triple stress parameter value is high. Since the
higher triple stress parameter is a characteristic of highly coordinated material, the
modulus of elasticity will essentially be large for the high value of the triple stress
parameter. Figure 3.12 indicates that Young’s modulus of composite E¢ increases
with the higher value of the triple stress parameter. When the triple stress parameter
% is small, the Young’s modulus E¢x converges to a lower value compared to the case
when % is high. Again, Young’s modulus E¢ gets saturated at a certain limit of the
triple stress parameter. If the triple stress parameter is increased from % = 100 to

% = 500, the Young’s modulus E¢ converges to nearly 40G Pa in both cases, as shown

in Figure 3.12
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Figure 3.12: Variation of effective Young’s modulus of composite with triple stress

parameter ﬁ
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3.5 Conclusions

In this chapter, we present a third gradient-based continuum model for the mechan-
ics of nanofiber-reinforced composite material subjected to plane deformations. The
fibers are initially assumed as continuously distributed spatial rods of Kirchhoff type,
in which the kinematics of fibers is obtained via the first, second and third gradi-
ent of continuum deformations. The shear lag parameter is incorporated into the
model to transform the continuously distributed unidirectional fibers into the aligned
nanofibers reinforcement, which is subsequently transformed into a randomly ori-
ented nanofiber composite system by introducing the Krenchel orientation factor.
The variational principles and iterative integration by parts are employed to derive
the Euler equations and associated boundary conditions. The energy density function
of Spencer and Soldatos type is modified within the framework of the third gradient
theory to accommodate the third-gradient continua and the associated bulk incom-
pressibility. These, in turn, furnish a system of nonlinear coupled partial differential
equations which have been solved using the custom-built FEA procedure to obtain
the mechanical responses of nanofiber composites.

The mechanical response of nanofiber composite for the various fiber aspect ratios
is presented throughout the chapter. The effective Young’s modulus of the composite
is found to be increased with the fiber aspect ratio up to a certain limit. Beyond that
limit, Young’s modulus gets saturated and converges to a constant value. Moreover,
the obtained model predicts continuous, smooth and dilatational shear angle distri-
butions of the composite subjected to plane bias extension. A constitutive parameter
associated with Piola-type triple stress and its energy couple (i.e., triple force), des-
ignated as the triple stress parameter, emerges due to the introduction of the third
gradient of continuum deformation. The relationship between Young’s modulus of
composite and triple stress parameter is discussed within the scope of the third gra-

dient theory. The effective Young’s modulus of the composite increases with the
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triple stress parameter even when the elastic modulus of the nanofiber remains con-
stant. However, The value of Young’s modulus is nearly the same for all values of the

triple-stress parameter above a certain limit.
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Chapter 4

Conclusions & Future Works

4.1 Conclusions

In this thesis, we have presented a second strain gradient-based continuum model for
the mechanics of elastic solid reinforced with unidirectional fibers (see chapter 2 and
chapter 3), bidirectional fibers (see chapter 2), and randomly distributed nanofibers

(see chapter 3) in finite plane elastostatics. The conclusions can be drawn as follows:

e We have developed a second strain gradient model for the composite and solved
it numerically. We formulated the kinematics of embedded fibers by their po-
sition and director fields and eliminated the constraints of fibers by means of
modeling them as Kirchhoff’s rods so that the fibers can bend and stretch within
the medium. Then, we obtained the Euler equations and associated boundary
conditions arising from the third gradient of continuum deformations using it-

erative integrations by parts and variational formulations.

e We modified the energy density function of Spencer and Soldatos type within the
framework of the third gradient theory to accommodate the fiber’s extension,

bending and point rotation.

e Finally, we obtained the governing equations, which are sixth-order nonlin-
ear coupled PDE systems from which a set of numerical solutions describing

mechanical responses of fiber composites are obtained using the custom-built
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numerical scheme.

e To validate the model, we compared the deformation fields obtained from the
proposed model with deformation fields predicted by the second gradient model
in the limit of vanishing triple stress parameter. The results are found to be

consistent.

e We obtained a new constitutive parameter called the triple stress parameter
due to the introduction of the third gradient of deformations into the model.
The obtained triple stress parameter is related to the variation in the curvature
change rate. More precisely, the rate of change in curvature at a particular
point on the convex surface, which provides implicit information about the point
rotation, decreases when the triple stress parameter is increased. Moreover, we

observed that the positive triple force results in clockwise point rotation.

e The shear angle distribution is found to be smooth and dilatational, in contrast
to the first and second gradient of deformation models, where the distribution
is either non-smooth or non-dilatational. The dilatation becomes intensified,
as the triple stress parameter gets higher. The results further suggest that
the proposed third gradient model leads to a more comprehensive analysis of
the characterization of the dilatation process in fiber composites. In the case
of highly coordinated materials, the triple stress parameter is high and the
dilatation is more intense. Also, the deviations of the shear band inclination
angle under uniaxial tension are found to be intensified with the increasing triple
stress parameter. Moreover, we simulate our model for various triple stress
parameters and compute the corresponding shear band inclination angles. It is
observed that the triple stress parameter follows a similar trend to the Drucker-

Prager coefficients with shear band inclination angle.

e We also provide a comprehensive analytical platform for the nanofiber-reinforced
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composite. To do so, we incorporated the Shear Lag Parameter into the model
to transform the continuously distributed unidirectional fibers into the aligned
nano-fibers reinforcement. After that, we transformed the aligned nano-fibers
composite into a randomly oriented nanofiber composite system by introducing
the Krenchel Orientation Factor. The effect of fiber aspect ratio on the me-
chanical response of a nanocomposite is discussed. The interfacial shear stress
transfer from the matrix to the fiber becomes more efficient with the higher
value of the fiber aspect ratio. The effective Young’s modulus of nanocompos-
ite is found to be sensitive to the fiber’s aspect ratio and triple stress parameter.
More precisely, with increasing the fiber aspect ratio, the effective Young’s mod-
ulus of composite starts increasing initially and eventually converges to a certain
constant value. In addition, up to a certain limit, the effective Young’s mod-
ulus is observed to converge at higher values with increasing the triple stress
parameter. Above that certain limit of the triple stress parameter, the effective

Young’s modulus converges to a similar value.

4.2 Future Work

In this thesis, we used the second strain gradient framework for the analysis of fiber-
reinforced composites. The present work can be further extended into various aspects.

Such as,

e In this thesis, we have provided the governing equations using both Neo-Hookean
and Mooney-Rivlin hyperelastic models. However, we have only implemented
the Neo-Hookean case. To characterize the large deformation of soft materials

more accurately, the Mooney-Rivlin case can be solved.

e Since we get an explicit idea of point rotation from this model, with further

investigations, it can be used as an alternative to the micropolar elasticity.

e Experimentation and/or molecular dynamics study is needed to specify the
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numerical value of the obtained new constitutive material parameter called the

triple stress parameter.

e Other forms of energy potential, especially the polynomial and exponential

forms may be used to explore the behavior of fiber.
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