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Abatract

The purpose of the study was to analyze the communication and
group Interaction among Grade Three students involved in an introductory
multiplication unit. The children worked in a mathematics laboratory,
primarily using activities designed hy Richard Skemp.

These structured activities were part of Skemp's multiplication
"network”, devised to assist students in creating a relational
understanding of the concepts.

The research questions were:

1) What communication patterns appear

- between adults and children?
- among the children?

2) How are the assumptions underlying the Skemp programme reflected

in the communication pat_erns?

3) How do the forms of organizing for learning affect the

communication patterns?

The five childven in the study group were chosen to represent a
cross-section of the verbal, social and mathematical abilities of the
class. This classroom, with its mathematics laboratory, might be
considered unusual because of the shared teaching responsibilities: both
the Grade Three teacher and an intern teacher taught the mathematics.,
The students were instructed as a whole class, and in small, cooperative
learning groups. Students had been taught the cooperative skills from
the Johnson, Johnson and Holubec model.

Data about the cooperation and the verbal and non-verbal
communication were gathered through observations in the mathematics
laboratory, journals, a questionnaire and through individual and group
interviews. Data were analyzed for information outlined in the research
questions.

Through analyzing the data, the following conclusions were reached.
A variety of communication patterns were evident: the inirial role
assumed by the two teachers was highly directive and students' responses
were short and unelaborated. The teachers gradually asked more

open—ended questions and encouraged increased student interaction.



The children's responses became lengthier and more detailed. On davs
when the children worked alone, one or more students assumed the
procedural/director role. All the children prompted each other verbhally
and non-verbally.

Their conversations supported some of Skemp's assumptions about the
structured activities and the discussions which should occur.

The tasks and seating arrangements were designed to facilitate
communication. The students' interaction did not always meet the
expectations of the cooperative learning model, the mathematics

laboratory or Skemp's mathematics programme.
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CHAPTER !
STATEMENT OF THE PROBLEM

INTRODUCTION
In 1989 the National Council of Teachers of Mathematics (NCTM)

published a document entitled the Curriculum and Evaluation Standards for
School Mathematics (commonly referred to as "the Standards”). This

document begins with a statement referring to the "call for reform i{n the
teaching and learning of mathematics”. It continues "Inherent in this
document {s a concensus that all students need to learn more, and often
different mathematics and that instruction in mathematics must be
significantly revised”. The Standards outline a set of five general
goals and thirteen more specific standards to improve mathematics
education for the future. The five general goals for all K~12 students
are:

1) that they learn to value mathematics

2) that they become confident in their ability to do

mathematics

3) that they become mathematical problem solvers

4) that they learn to communicate mathematically, and

5) that they learn to reason mathematically (p. 5).

These goals imply that students should be exposed to
numerous and varied interrelated experiences that encourage
them to value the -mathematical enterprise, to develop
mathematical habits of mind, and to understand and appreciate
the role of mathematics in human affairs; that they should be
encouraged to explore, to guess, and even to make and correct
errors so that they gain confidence {n their ability to solve
complex problems; that they should read, write and discuss
mathematics; and that they should conjecture, test, and build
arguments about a conjecture's validity (p. 5).

In a section entitled, "The Need for Change"”, the authors peoint
that the past emphasis has tended to be on computation and other
traditional skills. Change is necessary because the current curriculum:

is narrow in scope; fails to foster mathematical insight,
reasoning and problem solving; and emphasizes rote activitles.
Even more significant is that children hegin to lose thelr
belief that learning mathematics is a sense-making experience.
They become passive receivers of rules and procedures rather
than active participants in creating knowledge (Standards,
p. 15).



These statements from the NCTM imply that the central focus of a
mathematics programme should be problem solving; students must develop
the ability to think, reason and communicate mathematically (NCTM, 1989).
Without communication, they could not solve problems, tell time, make
connections among diverse concepts, program or use a computer, or explain
the difference between one-half and one-third of an apple, Communicationm
{n mathematics has usually centered around the use of formal, abstract
symbols., Mathematics teachers, researchers and writers must give
increased attention to the more informal concrete language of children
and the everyday math involved in it. (NCTM, 1989), Children come to
know mathematics through their use of informal language. Developing a
true understanding of mathematics is virtually imposaible without
opportunities to discuss and explove the concepts. Through written, oral
and non-verbal communication, pupils may help each other hy supplying
vital connections between ideas for which other children were ready, but
connections they had not yet made alone.

Communication is not merely conversing. The process of
communication implies interaction among the communicators. This notion
does not mean several people speaking at each other but with each other,
taking careful note of wvhat is said and what is meant,

Communication, cooperation, problem solving and small group work
are highly interdependent. It is difficult to discuss any of these
aspects in {solation from each other. Without a means to communicate,
students may be unable to accomplish any task rvequiring them to work
cooperatively. Without some sort of problem to solve or common content
to use, there might be nothing to communicate. Without some students
cooperation, might be unable to effectively accomplish many of their
goals.

One programme which the researcher feels {ncorporates all of the
above mentioned components was designed by R. Skemp, a mathematician and
learning theorist,

Based on his own experiences and research by others (1989a, p. 1)
Skemp perceived a need for a new way to teach children mathematics. In
response, he devised what he describes as "a fully structured collection
of more than 300 activities, covering a core curriculum for children
aged 5 to 11 years old, which uses practical work extensively at all
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stages”. He explains (ibid., p. 4) that "the concepts embodied in [the
activities] fit together in ways which help learners to build good
mathematical structures in their own minds”.

The activities are organized into "networks"; each "network”
focuses on an area such as numbers (naming and properties), fractions,
shape, the number line and the number track, set based organization and
the four operations. The games are meant to be used with small groups
of children to teach or consolidate the concepts of a network. The
activities or games are structured not only to promote communication
hetween teacher and students, but amongst students as well. This
communication takes place primarily through discussions.

Skemp (1986, pp. 114-115) outlines some of the benefits of using
discussions in a mathematics classroom: intervelating ideas with those
of other learners; flexibility and open-mindedness; stimulation of new
ideas; and "cross~-fertilization" of ideas where listening to someone
else sparks new ideas or connections.

PURPOSE OF THE STUDY

The purpose of this study was to analyze the communication and group
interaction which occurved among Grade Three students as they learned the
skills and concepts of an intvoductory multiplication unit hased upon the
Skemp matevials.,

RESEARCE QUESTIONS
The Skemp materials which introduce new concepts have heen designed
to involve teachers divectly; those which consolidate ideas are ta be
done by groups of children working independently. Using the materials
from the multiplication unit in these two situations, it is the intent of
the vesearcher to explore the following questions:
1) What communication patterns appear in this classroom:
- between adults and children?
- among the children?
2) How are the assumptions underlying the Skemp programme
reflected in the communication patterns?
3) How do the forms of organizing for learning affect the

communication patterns?



SIGNIFICANCE

)

2)

3)

Although other studies (Barnes, 1992; Brissenden, 1988) have
been done which examine communication in mathematics, long-term
studies involving a single topic and group of subjects appear
not to have been done. One significance of this study is that
it provides a concentrated focus on a single unit of mathematics
and one group of learners, Thus, patterns of communication and
understanding may be discerned which would not be avallable
through shorter studies.
Skemp's work in the psychology and theory of teaching and
learning mathematics has gained wide acceptance (Brissenden,
1988; Davis, 1990; Pimm, 1987). These authors appear to have
generally accepted Skemp's assumptions about children's
mathematical learning and discussion. The present study seems
to be alone in attempting to test those assumptions in a school
setting.
This study has amassed a large amount of data in the form of
videotapes, audiotapes and transcripts which other researchers
could use for background, further interpretation or to assess

the present researcher's analysis and conclusions,

DELIHITATIONS
The 'boundaries' for this study are set out in short form below:

1)

2)

3)

One group of four students (later five) from one Grade Three
class were selected for the study by the researcher and
classroom teacher. The main criteria for the selection of these
specific students were the students’ varying general ability,
mathematical ability and social skills.

One teacher was an experienced mathematics teacher who was
familiar with the Skemp constructivist approach to teaching
elementary mathematics, not only in her classroom but in the
mathematics laboratory. The second teacher was a teacher intern
who, at the time of the study, had six months experience in
teaching mathematics in Grade Three.

The study did not involve a study group and a control group
matched in order to find out which group made superior gains in



five‘weeks. While the researcher was greatly interested in
pupil growth in multiplication skills, the major focl of the
study were determining by qualitative analysis, any
correspondence between Skemp's suppositions and the teachers'
and pupils' actual behaviour and the communication which
occurred in the mathematics laboratory sessions during the
study.

LIMITATIONS
Because of the delimitations set out above, there are limits to the

numbera and kinds of findings which one can extract from the study:

1}

2)

3

OVERVIEW
The

The study was essentially a case study of a small group of
children.

It would not be possibdle to generalize beyond this small group
to larger numbers of students who might bhe taught through a
constructivist approach. Some tentative conclusions may be
drawm, but the researcher will not offer any major assertions or
firm forecasats.

Since there was no use made of a control group, it will not he
possible to state that the children learned subject matter more
quickly or thoroughly than children being taught hy saome ather
method and activities,

07 TAR STUDY
study focused on a group of Grade Three students during an

introductory multiplication unit. The children were observed as they

worked in cooperative learning groups in a programme utilizing the

philosophy and activities of R. Skemp., The study was an attempt to

assess?
1)

11)

111)

what communication occurred between teachers and children and
among the children;

how the communication related to Skemp's assumptions about
learning; and

how that communication related to the structure of the

mathematics programme.

Limitations may be placed on the interpretation of the data hecause

of the size of the sample and the relatively short duration of the unit
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studied., Thi3s class situaty ) was distinguished from most others because
of the regular use of a mathematics laboratory with its emphasis on
cooperative learning groups, activity-based tasks and the opportunity for
children to discuss the activities while learning., The background and

constructivist attitude of the classroom teacher also influenced the

mathematics programme.



CHAPTER Il
BACKGROUND TO THE STUDY
COMMUNICATION

Verbal Communication

Verbal communication has become an increasingly important topic
among mathematics educators. Many authors have recently stressed the
inclusion of meaningful classroom discourse {n mathematics classrooms at
all levels (NCTM, 1989; NCTM, 1991; Mathematical Association, 1992;
Brissenden, 1988; Barnes, 1992; Pimm, 19R7). Discourse is "central to
what students learn about mathematics; [{it] is both the way ideas are
exchanged and what the ideas entail” (NCTM, 1991, p. 34). How teachers
encourage dlalogue among students demonstrates the teachers' attitudes
about language and about knowledge -- what it i{s, who owns it and how it
is created by each learner.

Children learn a great deal abhout the world through verbal
communication, They come to school with vast knowledge gained through
talking, listening, questioning and playing with lanpuage. They also
have intuitive mathematical knowledge. School mathematics has
traditionally focused on formal representations of mathematical ideas,
many of which children are not initially mentally capable of grasping.
Educatovrs must place greater value on the childven's way of explaining
what they already know.

When small groups of children discuss and solve prohlems,
they are able to connect the language they know with the
mathematical terms that might be unfamiliav to them. They make
sense of those problems. The use of concrete materials is
particularly appropriate because they give the children an
initial basis for conversation (NCTM, 1989, p. 27).

The Standards also indicate that "teachers facilitate this process when
they pose probing questions and invite children to explain thelr
thinking” (NCTM, 1989, p. 26). If children are asked to explain thelr
thinking orally, it will help them to clarify their ideas.

Barnes expresses a similar view when he states:

If in the classroom we limit spoken language to the teacher
telling and the pupils veplying to cross-examination, we ignore
and reject the function of speech as an Instrument of shaping
experiences, that is, as a means of learning.... But {t takes



time: children need time to assimilate what they are
learning by talking about it in relation to what they know
already. Too many classroom discussions ask children to relate
strange Information only to other strange informatien: the
conversation is carried out in terms of what the teacher knows,
while the child's other experience =-- in and out of school ~--
is excluded (1992, pp. 84-85).

The use of reflective, exploratory, and therefore informal, language
makes the learner an active participant in his/her own education, not a
passive reciplent of other people's knowledge. Pimm (1987), Dean (1992),
and Barnes (1992) all stress the need to discuss ideas, regardless of
their source, in order to clarify them for one's own understanding. This
process involves putting forth a conjecture, listening to others'
reactions, answering questions and thea refining the idea based on how it
was perceived by the listeners. Such a dialogue helps the speaker and
the listeners to form and redefine concepts and strategies.

Egplaining Thvough Communication

In order to provide situations which will facilitate the discussion
and development of mathematical concepts, teachers must be aware of thairy
pupils' verbal skills. The means used to assess students' oral
communication and mathematical reasoning must focus on the specific
language used as well as the intent, The Curriculum and Evaluation

Standards recommend that teachers:

should pay attention to the clarity, precision and
appropriateness of the language used. In addition, students'
ahility to understand the oral communication of others is an
important component of instruction and assessment (NCTM, 1989,
P 214).

Listening to students' conversations is a less threatening means of
assessing the language used and concepts grasped than requesting that
individual students provide explicit explanations of concepts or
procedures in a discussion with the teacher. Barnes (1992, p. 96)
cautions against expecting pupils to "spell out for outsiders something
they are only heginning to make sense of."” The terminology and phrasing
used Iin discussions between students will likely reveal their
understanding more thoroughly because its flow is natural. Even allowing
for the stops and false starts and hesitations or normal exploratory
conversations, the teacher can achieve a clearer picture of students.

The pupils' willingness to participate in class discussions should also



be noted:

because the degree to which children are comfortable
expressing their mathematical thinking and thuir flexibhility in
using various forms of communication are primary aspects of
communication (NCTM, 1989, p. 215).

Betveen Adults and Children

The degree to which students willingly participate in discussions is
determined in part by the role taken by the teacher. Teachers in
mathematics may assume roles which range from directive and authoritarian
to facilitators helping children to develop their own knowledge in a
constructivist atmosphere.

An authoritarian instructor tends to give orders which must be
obeyed; gives information, ideas and opinions which he/she expects to be
accepted uncritically; and structures the learning to create student
dependence (Brissenden, 1980, p. 142). This teaching stvle depends on a
lecture method, often leaving children with the impression that
mathematics {s nothing more than guessing the one correct answer which
the teacher already knows. The pupils' limited role is to locate the one
answer. Teachers ave viewed as the ultimate judge of students' work and
thinking; there is little room for discussion. Traditional,
authoritarian teachers may use "cueing”; they provide a sentence In which
there ia a pause into which children put the apprapriate word
(Mathematical Association, 1992, p. 15), Pupils may also use "cueing” to
encourage teachers to provide move clues about the expected answer. In
contrast, "cueing"” may be used in a more open-ended manner {n which the
instructor cues the child by asking a question or making a noncommittal
response to the pupil's vemark. Thie teacher comment is followed by a
pause during which the child may elaborate on the original thought.

This more open form of rvesponding could {dentify a teacher who s a
facilitator. This teaching style can be characterized by a teacher who
encourages discussions and mathematical reasoning by frequently asking
"Why?" Such a technique, used whether or not the student's statement Is
correct, plays an important role in establishing classroom discourse, In
addition to asking "Why?", the Professional Standards recommend that

"ecultivating a tone of interest when asking a student to explain or
elaborate on an idea helps to establish norms of civility and respect
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rather than criticism and doubt” (p. 35).

A facilitator might also take the part of a learner/participant. By
assuming the role of a fellow learner the teacher sends the message that
teachers do not always know the answers and are willing to learn froem the
students. This provides the chance for students to do the talking and
explaining and to discuss the difficulties that they experienced with a
task or in theilr private conversations. This creates "a different
quality of discussion and it begins to approach more nearly the type of
discussion which, in ordinary life, leads to learning” (Mathematical
Association, 1992, pp. 21~22). Children sharing their successes and
failures help to reinforce that mathematical authority "does not reside
solely with the teacher, but with the teacher and the children as an
intellectual community” (Yackel et al., 1990, p. 118).

Even as a participant/learner, however, the teacher may still need
to use exposition in order to introduce new ideas or skills: a teacher's
explanations often help children to focus on the major points of the new
idea (Mathematical Association, 1992, p. 28). This dual function of the
teacher, that of facilitator and of instructor, is consistent with the
teacher's role in the Skemp programme and therefore in this study.

The teacher has a specific role to play whether the classroom
learning occurs in groups with the teacher assisting or without his/her
constant presence. First, if the teacher is working directly with the
group, he/she may play a:

strong social role in managing the discussion: ensuring fair
turns at talking, encouraging the shy, helping the diffident to
give voice to their opinions, and giving a focus to the
perceptions of the less fluent (Mathematical Association, 1992,

p. 35).
I1f students have been used to a more traditional style of classroom where
discussion was not valued, they may be passive and require guidance and
encouragement. An environment where mathmatical discourse occurs
requires that everyone's thinking be respected (NCTM, 1991, p. 35).
Second, teachers must learn to listen as students do the talking,
modeling and explaining. After listening to the children, the teacher
should orchestrate the classroom discourse by focusing on some student
contributions and not pursuing others (NCTM, 1991, p. 36), Third,
teachers must avoid telling pupils that they are wrong, leaving that role
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to the group instead., Fourth, the teacher should provoke discussion
without telling everything to the group. Fifth, he/she must notice when
learning is not taking place and intervene. And sixth, the teacher needs
to be aware of any problems in the group's interaction and find creative
ways to resolve them (Weissglass, 1990, p. 307).

Whether they are working with individuals, small groups or the
entire class, educators may also assume two more roles. Brissenden
(1988) defines these additional roles as "mathematical” and “"procedural”.
In a mathematical role, the teacher asks helpful or challenging
questions, supplies mathematical vocabulary, directs attention to salient
ideas and suggests ways of testing developing knowledge. 1In a procedural
role, the teacher questions students about their progress, draws out
pupils' ideas and extends their responses, ensures the smooth running of
the group and encourages and supports pupils (p. 55). Brissenden
cautions teachers to keep mathematical interventions to a minimum and to
focus an the procedural interventions in the early stages of group work
or with the whole class (1988, p. 40). Skemp's recommendation of more
direct teacher involvement in the early part of concept development seems
to concur with Brissenden,

A teacher who has taken all of these responsibilities while working
divectly with his/her pupils will have equipped them to work in small
groups without constant supervision. According to the Professional
Standards, with the proper training, students ought to be able to learn
with and from others to clarify terminology, to consider one another's
ideas and to avrgue about the reasonableness of alternative approaches and
answers (NCTM, 1991, p. 58).

Among the Children

In their discussions about concepts and terminology, when children
realize that other people's views differ, they have an opportunity to
learn from each other and to reassess the validity of their own thinking.
Whether they are conducting discussions in large or small groups,
students serve as audience and judges. Thus (NCTM, 1991 p. 58), they
need to learn how to demonstrate respect as they question ideas and
solutions and to define their own thinking without becoming hostile or
defensive (NCTM, 1991, p. 58). 1In order to make discussions effective
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and worthwhile for all participants, pupils need to learn how to: defend
their own ideas when challenged; speculate puclicly and try to convince
themselves and others of the worth of their solutions; use mathematical
language; acknowledge when they are confused; and build on one another's
contributions (NCTM, 1991, pp. 47=49).

The quality of the verbal interaction is a vital factor in the
success of the group (Artzt and Newman, 1990, p. 17)., 1If students have
learned the skills listed above, they have a good chance of communicating
effectively. To work together for everyone's benefit pupils must be
aware of both the v:,bal and non-verbal messages they send to other
children. Verbal signals are conveyed through the tone of voice, the
choice of vocabulary and the emphasis placed on certain words.
Non-verbal, but equally important messages are sent through the posture,
body movements and facial expressions of the speaker and listener. All
of these signals can assist or interfere with effective communication
hetween adults and children and among children,

COLLABORATIVE RESEARCH
Collaborative research involves two or more participants who work

together as equals to design and implement an investigation of a topic of
mutual concern,

While a collaborative model may sometimes involve both students and
teachers, for the purposes of this study, the collaboration occurred only
among the teachers. Many of the discussions about the content and
structure of the multiplication unit were among the school's two Grade
Three teachers, the intern teacher and the researcher. The final
decision making rested with the classroom teacher and the researcher.

The researcher assumed the responsibility for the final design of the
study while the classroom teacher assumed responsibility for the specific
details of the multiplication unit. Despite this apparent separation of
their roles, both the teacher and the researcher could propose changes or
delete aspects of the study; 1f the teacher felt uncomfortable or did not
think a suggestion would suit her class, she indicated that fact to the
rescarcher. They would then discuss alternatives and reach an agreement.
Such frequent conferences are a normal feature of collaborative research.

Before undertaking a collaborative research project, the participants
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should be aware of the need for constant meetings and discussions. Hord
(1986) lists this need among her "ten demands of collaboration”:

1) mutual sense of gain

2) greater time commitment than for cooperation

3) greater effort to reach out and take action

4) frequent interaction and sharing needed

5) worthwhile rewards or outcomes for both parties

6) greater promotion of other activities between parties

7) willingness to relinquish personal contrul and assume more risk

will create a more flexihle environment

8) empathy for others' points of view

9) satrong enthusiastic leadership and

10) simple patience, persistence and willingness to share (p. 26).
She also states that collaboration "requires more effort [than
cooperation], but ideally yields more” (cited by Compton, pp. 2-3).

A further benefit of collaborative research is that it provides a
valuable means of interacting with peers who have a similar commitment to
personal growth and excellence. Schaffer and Bryant (cited by Hord,
1986, p. 24) describe this shared commitment as "working with rather than

on a person.”
COOPERATIVE LEARNING

Definicions

Cooperative learning also involves working with others but with a
different intent than collaboration. Tn collaborative research, the
participaris c-eate a study through joint decision making; cooperative
learning ' :lves the participants in small groups carrying out tasks
which they have been assigned. Johnson, Johnson and Holubec (1990)
suggest a cooperation is "working together to accomplish shared gnals”
and that cooperative learning is "the instructional use of small groups
so that students work together to maximize their own and each other's
learning” (p. 4).

In this study the students had for some months received cooperative
learning training based on the Johnson, Johnson and golubec mndel, These
authors outline five essential components which must be included {f small

group learning is to be truly cooperative. These five components are:
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1) positive interdependence;

2) face-to-face interaction among students;

1) individual accountability/personal responsibility;

4) the use of interpersonal skills; and

5) the processing of how well the learning groups functions (ibid.,

pp. 10-15; p. 122).

Johnson, Johnson and Holubec give some further detail on one of the
above caomponents, that of interpersonal skills: students must get to know
and trust each other, communicate accurately and unambiguously, accept
and support each other and resolve conflicts constructively (ibid,,

p. 13).
Benefits

1f all of the five essential components from Johnson, Johnson and
Holubec are included, cooperative learning can have many benefits,
Johnson and Johnson (1985) summarized some of the research findings about
the advantages of cooperative learning:

- more learning than in a competitive classroom;

- greater academic growth of children, especially those children in

the lowvest third of the class;

- higher intrinsic motivation to learn;

- more positive attitudes towards instvuctional experiences and the

{inastructors;

- highey self-esteem;

- stronger perceptions that others care and want to help everyone to

learn; and

- better understanding and greater acceptance of other students,

including minorities and special needs peers (pp. 23-24).
The same authors (1990, p. 120) have identified further benefits
including discussing procedures, sharing of knowledge and reasoning,
questioning to encourage oral rehearsing and rethinking, and encouraging
peers., Wiessglass (1990, pp. 305-306) outlines another set of advantages
to using the small-group laboratory approach.

1) The small-group laboratory approach provides an opportunity for

students to talk about mathematics instead of being passive

listeners.
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2) Students are more likely to ask questions of peers than they
are of teachers. The approach encourages students to construct
their own understanding through dialogue instead of accepting
the explanations of an authority.

3) In a traditional classroom, students have little opportunity to
talk about thely feelings. Students working in small groups
will develop friendships, discuss mathematics and talk ahout
their feelings.

4) The combination of laboratory equipment and a cooperative
approach can make the mathematics classroom a more relaxed
place. The students are free to ask questions and admit they
do not underatand. This approach can also help students to
develop confidence in their ability to evaluate thelr own
learning and to learn self-discipline.

5) The experience of manipulating concrete models is relevant to
students and helps lay the foundation for more abstract learning
in the future.

Finally, Artzt and Newman (1990, p. 5) state that "cooperative
learning strategies have been credited with the promotion of critical
thinking, higher-level thinking, and improved problem-solving ablility of
students”.

Application

The children {n this study worked in cooperative learning groups In
the mathematics laboratory. They had been instructed in the Johnson,
Johnson and Holubec model with its five essential components. The Skemp
mathematics programme is structured so that it includes the first four of
these five components. The groups of students were provided with a set
of materials and a defined task which they had to complete together
(positive interdependence). The children were organized into small
groups seated at rectangular or octagonal tables (face-to-face
interaction). Each student was expected to take his/her turn and offer
explanations or comments to the group (individual accountahility). The
directions for the activities contained the expectation that students
would discuss their work constructively (interpersonal skills). Skemp's
programme does not include any indication of group processing elther
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during or after the children are discussing and manipulating the concrete

materials for the activities.

THE SKEMPIAN APPROACH

Active lnvolvement
In the Skempian approach, activity-based mathematics means providing

children with manipulative materials and carefully structured games or
activities. These materials follow a clear progression through the
development of the mathematical concepts and should be used as a central
focus for the mathematical programme. Active involvement using
discussions and concrete materials can assist pupils in reaching a deeper
understanding and help them to internalize concepts so that the students
can generalize to other mathematical situations. If children learn
mathematics in a meaningful way, {t may prevent them from trying "to
slide through courses by externally manipulating the symbols" (Rose,
1989, p. 1). Skemp's Structured Activities for Primary Mathematics
provide activities which require children to discuss theilr understanding
of the underlying concepts and not just the symbols,

Constructiviss
Skemp designed activities for primary mathematics hased on his

belief that students wmust build their own structures (or schemas) and
mathmatical knowledge. Skemp {8 convinced that all students wmu&t
understand how and why mathematics works, This comprehension provides
them with virtually infinite mathematical power. This point of view
about students' needs is known as constructivism. Skemp explains
furthey, saying:

Fach individual learner has to put together [the] structures
in his own mind. No one can do it for him. But this mental
activity can be greatly helped by good teaching, an important
part of which is providing good learning situations (1989b, p.
4)'

These activities, which include active participation of all the students
in the discussions and playing the games, were created to provide these

"good learning situations”,

Elements of Skemp's Philosophy
Skemp's constructivist philosophy of mathematics learning is based

on a number of key, contrasting concepts. These include "deep” and
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"surface” structures, relational versus instrumental understanding and
habit versus intelligent learning (19893, 1989h).

According to Skemp, mathematics has often consisted of:

a) instrumental learning - "Rules without reasons” (19893);

b) habit learning - rote memorization of situation-specific rules
and procedures; and

c) surface structure - the mental or physical symbols used to
convey mathematical meaning.

Whereas, mathematics should consist of:

d) vrelational understanding - understanding how individual i{deas
relate to each other and the overall body of knowledge;

e) intelligent learning - generating the structures of schemas from
which future knowledge may be constructed and into which new
ideas may be fit; and

f) deep structures - the actual mathematical ideas and their
relationships.

Skemp emphasizes that it {s essential to develop both the "surface"
and "deep” structures because without these, mathematical communication
would be impossible, Too often, students have learned only the symbols
("surface” structures) at the expense of the underlying concepts ("deep"”

structures).

Benefice

The advantaées in acquiving the "deep” structures of relatianal
understanding and Intelligent learning lie in the degree to which they
provide an intellectual framework which allows the learner to Integrate
and adapt newly acquired knowledge. Relational understanding may he more
time~consuming to achieve but it will persist in students' memories
longer than the "invert and multiply” or "borrowing” type of rules
characteristic of instrumental understanding. The more mathematics a
child learns, the more obvious the need for an organized, long-term
method for remembering and organizing Information because habit learning
is effective only in limited, short-term situvations., Intelligent
learning allows pupils to broaden their repertoire of strategies for
achieving their goals in specific situations. It also Increases thelr

independence; they do not need to rely on a teacher to confirm their
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thinking. They can confirm their own thinking through conversations with

themselves or other learners.

ORGANIZATION POR LEARNING

The primary form of organizing for learning in this study was the
mathematics lahoratory where the children cooperated verbally and
non-verbally to construct their mathematical understanding.

Designs and Definitions
There are many different definitions of mathematics laboratories

which contain elements of small groups of students, manipulative
materials and oral discussions. Cathcart (1977, p. 1) indicares that any
definition of a mathematics laboratory should consider the place, the
process and the attitude. He describes the "place” as somewhere
"ehildren can handle materials, perform mathematical experiments, play
mathematical games, and become involved in other activities” (ibhid.,
p. 1)» The location may be a decentralized/classroom lahoratory, a
centralized area, a team-room, or a roving/movable labhoratory (Barson,
1977, p. 43). When setting up any type of mathematics laboratory,
consideration must be given to the size and layout of the space, the
furniture, and the available resources; these ave all elements of the
"place". In this study, the location was a centralized laboratory
available to all students and teachevs.

The "process”, Cathcart explains, means a "procedure for teaching
and learning mathematics.... Group discussions, individual projects,
even lectures can he part of the process” (1977, p. 1), A further
reflection of the process is seen in the ways that teachers structure the
laboratory learning time and the ways in which they encourage independent
thinking.

The "attitude” aspect of a laboratory description must include
both the teacher and the students. Pupils must be willing to "think for
themselves, to ask questions, to look for patterns == in short to adopt
an attitude of inquivry” (ibid., p. 1). The teachers must be willing to
encourage and demonstrate that they value discussion, to resist the
temptation to judge or even comment on every student's contribution, and
to allow the group and the iadividuals to assess the correctness and

sense of their own work., The teacher shows that he/she values a
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cooperative attitude and the benefits of verbal interaction by the
questions he/she asks, the tone of voice used, and the non-verbal
messages which are conveyed along with the verbal information.

All three factors of place, process and attitude are echoed by
Barton (1977, p. 43) in his list of the similarities among many
mathematics laboratories. He includes:

1) stations of activities for children working individually,

in small groups or as a class;

2) vich varieties of materials;

3) teachers working with various groupings in a child-centered

atmosphere;

4) open-ended activities for children to explore and extend;

5) flexible organization so children can move freely according to

their interests or needs;

6) multimedia or multisensory approach to learning; and

7) teutbooks and pamphlets to be used as references.

The mathematics lahoratory in this study included many of these
characteristics, However, children were not allowed to set their own
tasks or to circulate freely; the seating arrangements and activities
were prescribed by the teacher, not chosen by the pupils,

Although they did not satisfy all the ahove requirements, this
mathematics laboratory and the Skemp programme hoth satisfied the terms
of Weaver's definition. He suggests that mathematics lahoratories must
include "promising activities and experiences that are appropriate for
the attainment of particular mathematical goals or ohjectives within
thoughtfully planned, structured programs of instruction” (1977, p.
223).

Hatevials

In order to attain the mathematical goals, the mathematics
laboratory needs to be well equipped with manipulative materials. The
laboratory in the study contained a wide variety of commercial and
teacher-made materials includiﬁg the entire set of Skemp activities.
This assortment was advantageous because {f children are exposed to only
one set of materials, they may focus on an attribute of the materials as
though it were part of the mathematical concept. Having a varlety of
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manipulatives ensures that pupils see multiple representations of
concepts; this increases the likelihood that children will be able to
separate the concepts from the materials.

Another benefit of providing different types of materials is that
children may he more attentive and motivated because their curiousity
will be aroused (Fennema, 1977, p. 99). The curious child may use the
materials in ways that help teachers to gain insight into the child's
thinking. Two further advantages of manipulatives are that they provide
a common basis for understanding and discussion among students and
"diversity of learning environments” (i{bid., p. 99).

Discussions among students are likely 1f they are using
manipulatives, These conversations may focus on the mathematical {deas
or the more mundane aspects of the asteps and procedures involved in an
activity. The opportunity to engage in discussions and bheing able to
share thoughts, ohservations and ideas cannot he overemphasized (Reys,
1977, p. 103),

In the same article, Reys sets out some pedagogical considerations
for choosing manipulatives which will encourage this shaving described
above. These considerations are that the materials should provide: a
true embodiment of the concept; clearly represent the concept; motivate
students; be multipurpose 1f posaible; provide a hasis for ahstvaction;
and provide for individual manipulation hy each learner.

The manipulativea supplied to the childrven in this study met Reys'
requirementa. When these or any students are profitably engaged through
the use of well chosen materials, they will use their time productively,
use resources appropriately, and ask for the teacher's assistance only
when other sources have proven inadequate (Webb, 1986, p. 121)., When the
manipulatives are well chosen and matched to the task, students are ahle
to function more independently, leaving the teacher free to observe and

learn about the students.

Rales
The unobtrusive examination of students' learning i{s one role which

might be assumed by the teacher in the mathematics laboratory. By
listening to conversations and acting as an observer, not a judge, the
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tracher conveys the message that students ave responsible for assessing
their own work. The teacher, "while remaining the authority, ceases to
take an authoritarian position” (Ewbank, 1977, p, 216)., If children are
to judge their own successes, the teacher must ensure that there {s
something worthvhile for students to do and discuss. Having supplied the
learning situation, the educator then places the responsibhility for the
correction of errors on the learners. The teacher assumes a neutral
stance so that students become self-reliant.

Part of this self-reliance {s shown through self-control, helping
others, showing tolerance, asking for assistance when necessary, thinking
for oneself and engaging in on-going self and group assessment., This
responsible attitude from students also needs to include acceptance of
everyone's contributions. Children learn this last aspect of group work
when the teacher demonstrates vespent for the children, listens to them
and requires that they listen to one another and provides explicit
acknowledgment of every child's ideas. Many of these are traits which
are heneficial to cooperative learning as well and were {dentified in the
above section entitled "Cooperative learning”.
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CHAPTER 11!

NETRODOLOGY

This chapter will outline the design of the study and how it was
negotiated, the selection of the study site and of the students involved
and the roles played by the pupils, teachers and researcher. The chapter
will also include information ahout the types of data collected and how

they were analygzed.

SELECTION AND DESCRIPTION OF
TRE STUDY SITE

Selection
The study site was chosen because of its combination of a

mathematics lahoratory, the frequent use of Skemp's structured activities
and the attitude and philosophy of the classroom teacher. The researcher
was acquainted with the Grade Three teacher prior to the study through
several in-gservice presentations given by the teacher and through
University of Albherts courses focusing on the work of Richavd Skemp. The
researchey visited this school initially because of her intevest in
seeing the Skemp materials in use. After observing the Grade Three claas
in the mathematics lshoratory, the veseavcher and teacher decided that
the class could provide wvorthuhile data for a study. They also both felt
they could benefit from the opportunity to collaborate. The school was
one of a very few in the Edmonton vegion vherve the Skemp programme was
being {mplemented in more than just an occasional classvoom. The
school's official mathematics philosophy was based on constructivism.

All of the teachers and students in the school had access to the
mathematics laboratory and, thus, to the Skemp activities. The
supportive attitude of the principal was also a factor in the selection

of the site.

Description

The Grade Three class in this atudy was a heterogenesous group of 20
children {n an urbhan elementary school. This class might be considered
unusual because of the number of English as a Second Language children,
the use of a wide variety of mathematical activities and manipulative
materials, the existence of the mathematics laboratory and the two
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teachers who worked together during mathematics classes.

There were two Grade Three classes in the schocl, both taught by
teachers who had no previous experience at this grade level. These
teachers had taught Grade Two in the previous year so some of the
children had been with the same teacher for twe yeavrs. The frequent
collaborative planning sessions also included the school's intern teacher
who was in his first yeayr of teaching, He assisted both classes in the
mathematics laboratory and instructed some other subject areas
independent of the classroom teachers' direct supervision. The teacher
in whose class the study took place usually provided leadership during
these meetings hecause of her apecialized mathematics knowledge and her
familiarity with a wide vange of materials. Thias teacher served as the
school's mathematics coordinator and had organized the mathematics
laboratory several years before. She had also helped to instruct
in-service mathematics courses in her school district. The discussions
occasionally included the school's principal because of his expertise and
intepest in mathematics.

The mathematics laboratory was organized with the pupils seated in
five groups of four each., This arvangement allowed students to assist
each othey but also provided additional distractions for some children.
As the taslis on each day changed after fifteen minutes, an adult usually
moved the equipment from one table to another so the students changed
thei{y locations only vhen they went to the computer station.

Mathematics instruction took place every morning for 30 minutes,
Monday and Friday the children were taught in the classroom; Tuesday
through Thursday they proceeded to the mathematics lahoratory where they
were engaged in activities designed to teach and review concepts. The
class spent one half-hour in the laboratory; the time was split into two
15=-minute segments so the children had two different tasks to complete.
On Thursdays there was only one l5-minute activity and then the children
wrote in their mathematics journals for the remaining 15 minutes. The
childven in the class weve divided into five groups so the time
arrangement allowed each group to complete all five "statfons” scheduled
for the week's laboratory work. Many of the children had attended the
school since Kindergarten or Grade One so they were famillar with the
format and expectations of working in groups in the laboratory. A few of
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the students were new to the school during the year when the study was
done hut were used to group work by the time the study occuvred.

The work {n the mathematics laboratory included a computer
"station”, games and activities from several mathematics series,
teacher~designed jobs as well as activities designed by Richard Skemp
(1989a, 1989h). There was a atrong emphasis on using manipulative
materials to teach and extend the concepts.

SELECTION AND DESCRIPTION OF ROLES

Students
During their work in the mathematics laboratory, the class was

divided into five groups. Originally eight of the students were placed
in two groups of four each., After gathering the data and beginning the
analysis, it hecame clear to the researcher that the data regarding the
Research Questions for both research groups were so much alike that an
analysis of the second group would he redundant.

The four students in each of the two study groups were chosen hy the
teacher and the reseavcher to represent a cross-section of the
mathematical, cooperative and verhal skills of the class. Further
references to "the study group” will include only the four students who
fivast formed the group and then, after Day Ten, when one hoy returned to
the class after a lengthy family holiday, all five students,

At the heginning of the multiplication unit, the study group
sonsisted of two girls and two boys, As mentioned above, one additional
hoy was added to this group on NDay Ten of the study. The
first day he was included in the videotaping was Day Eleven.

The names of the following students have been changed; no attempt
has been made to ensure that the pseudonyms reflect the students' ethnic
hackgrounds.

Theresa (female) - average mathematical ability, cooperative skills

varied, verbal abilities quite good;

Peter (male) - average mathematical ability, had some
difficulty expressing his knowledge, tended to
become flustered, good cooperative ability;

Fred (male) - high mathematical ability, good verbal skills,
good cooperative skills;



Jenny (female) - high mathematical ability, good cooperative
skills, good verbal skills but rarely
volunteered information;

Alex (male) = high mathematical ability, excellent verbal
skills, good cooperative skills. This was the
student who returned to class on Day Ten of
the study., His initial experiences indicated
that he had some grasp of the multiplication
concepts studied by the other children during
his ahsence. The teacher and researcher felt
that observing the other children teaching this
boy what they had heen learning might yleld
gome valuable insights into how well they had
learned so far and what type of understanding
they possessed.

The children's role could be described as cooperative because they
needed to work togethev to accomplish the goals set for them. The
teachers rarely included the children in the planning. One exception to
this was a class discussion at the conclusion of the unit. On this
occasion the children played a collaborative role. The questions and
tasks used for the individual Intevviews were developed in part from this
discussaion.

The study sought a combination of formal and informal types of
cooperation, To help them with their work in the mathematics laboratory,
the Grade Three children had received cooperative learning training hased
primarily on the Johnson and Johnson and Holubec model. The classroom
teacher indicated that students had been taught the skills of mutual
encouragement, group processing of information and tasks and the
behaviour necessary to work well {n groups., While working in the
mathematics laboratory, they should also have exhibited the
characteristics of informal cooperation such as taking turns and using
courteous ways of speaking.

Although the distinctions between "cooperation” and "collaboration”
may not be universally agreed upon, this study will accept that there are
some differences. Therefore, the terms will be used to describe two
style of working together. “Cooperation” will be used to designate
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simply working together to accomplish a goal. This style does not
include any means of controlling the goal or, usually, the manner by
which {t will be reached. "Collaboration” will be used to designate
situations in which the participants have equal decision-making status
and are able to jointly influence the gor' an:/or how it will be

accomplished.

Teachers .
The classroom teacher, Ms. C, taught all of the "whole class”

lessons and she and the intern, Mr. G, shared the responsibility for
working with the groups. Students usually indicated through their tone
of voice and phrasing of questions that they considered the intern as a
"regular” teacher. The teacher was usually responsible for deciding what
specific role the intern would fulfill within her classroom, particularly
in the mathematics programme. Following the consultations with the
intern and the other Grade Three teacher, the classroom teacher would
assign specific tasks to the intern to do during the laboratory time.
Neither the classroom teacher nor the intern had ever taught an
introductory multiplication unit., However, the researcher was familiar
with the content, having taught Grade Three for several years. The
planning meetings frequently consisted of short conversations at recess
or while pupils wvere working in their grvoups. More formal meetings werve
also held during which the content and sequence of the material was
discussed. Issues such as how to teach the notatiorn and the meaning of
the multiplication factors were discussed among the tvo Grade Three
teachers, the Intern and the researcher based on the Alberta Programme of
Studies and the reccmmendations of the Structured Activities for Primary
Mathematics (Skemp, 1989a, 1989b). Occasionally these conversations
included the school's principal because of his interest in the study and

his extensive mathematical knowledge.

The teachers' and researcher's vroles may bhe described as
collaborative because of the sharing of ideas and responsibilities. The
adults were equal participants. At any given time in the study, one of
them could take a more dominant role, based on that person's expertise in
a glven area.

In her five months of observations prior to the study, the
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researcher found it useful to elicit and accept the Grade Three teacher's
informed judgements based on her more extensive knowledge of, and
experience with, the Skemp materials, These judgements also included
suggeastions about what might be appropriate to attempt by way of
communication between the teachers and pupils and among the pupils. For
the five weeks of the astudy, the researcher was essentially an observer
of students and teachers. There were several exceptions to this ohserver
status and these will be noted at appropriate places in the study.

In the collaborative planning meetings, the researcher assumed a
consultative role. Based on her nine years' experience teaching Graue
Three, the researcher was able to offer advice to help the Grade Three
teachers and the intern anticipate aspects of multiplication which the
pupils might find relatively difficult. These observations were general:
no attempt was made to impose a particular approach. The planning
discussions did not involve the researcher {n the structure and
development of individual lesson plans or the final "shaping” of the
unit. The intern played an active role in the discussions but a minor
role in the final decision making, Lesson planning was the
responsibility of the teacher., The collaborative planning determined the
outline of the unit but its specific implementation was determined by the
teacher.

The researcher's efforts to avold influencing the specific form and
content of the iessons resulted from a concern that the natural flow of
the communication should continue as it had in the first six months of
the school yeav, The researcher did not interfere with the programme or
the group interaction (except as noted elsewhere) in order to attempt to
obtain an accurate set of data.

The teacher and the researcher agreed prior to the start of the
study that its design was the responsibility of the researcher. The
teacher acted as the consultant in this case; she offered suggestions
but the researcher was ultimately responsible for the decisions
mada. The teacher expected the researcher to familiarize herself
with the children and the mathematics programme so that they could
select the topic and children together. The researcher was also
expected to remain aloof from the everyday activities as much as

possible.
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Researcher
The researcher intended to act as an observer, not an inatructor,

during this unit, However, due to the ongoing collaborative nature of
the study, the role could be redefined. The vesearcher had the primary
reaponsibility for analyzing the videotapes and audiotapes. In order to
assess the degree and forms of cooperation and communication which
occurred, the teachers and researcher discussed their individual
observations. This ongoing consultation helped to shape the unit and the
study.

Participation by the researcher in discussions with teachers, and in
the questioning of children, did not deatroy the quality of the data
gathered. That is, while complete objectivity on the part of the
researcher might be required in some kinds of atudies, it was not
necessary in this study. On occasion, the researcher felt it vas
necessary to put questions to the children to test the students'
reasoning heyond what the presiding teacher or intern had just done at a
particular moment in a class or group, or at a stage of the students'
group interaction when it was useful to test more explicitly one of
Skemp's concepts which seemed to be just "under the surface” of the

students' remarks.

DATA COLLECTION PROCEDURES
Nata wveve gathered through:
- obhsgervations in the classvoom and mathematics laboratory
- videotapes and audiotapes of mathematics lessons in the classrooms
and labhoratory
- a journal kept by the researcher
- Journals kept by the children (available to the researcher)
- conversations among the vesearcher, the Grade Three classroom
teacher and the intern teacher
- videotaped interviews with the study group and with the individual
children from this group
- a questionnaire regarding students' attitudes administered at the
finish of the unit
DATA AWALYSIS PROCEDURES
The analysis was centered on three complementary components listed 4
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below: the communication patterns among the students and between teachers
and students, Skemp's eight assumptions about how children probably best
learn mathematical concepts and the extent to which the students'
training in cooperative social skills was reflected in their verbal and
non-verbal communication,

a) Teachers and students assumed many different roles, The analysis
focused on the roles taken, which participants took these roles and
how the communication patterns were affected,

b) Skemp's practical activities for learning mathematics are hased on a
series of assumptions about how children can develop mathematical
knowledge. The researcher has paraphrased these assumptions and
listed them. (For Skemp's original wording, see Appendix D). His
assumptions include:

1) New concepts should usually be introduced through a
teacher-led discussion;

2) Children can play the games together without direct adult
supervision once they have learned the procedures;

3) The atructure of the games will encourage discussion;

4) The discussions will be mathematical hecause the rules and
strategies are largely mathematical;

5) Children will question each other's moves and justify their
oun moves;

f) These discussions will consolidate the students'
comprehension;

7) Explaining an idea to someone else is an effective means of
improving one's own understanding: and

8) Childrven can henefit just as much as adults from the
opportunity to discuss and explain their ideas.

c) The cooperative social skills desired included courtesy, taking
turns, effective listening skills, and willingness to help each other
grasp and develop concepts.

Because of the numerous sources of information used, it is possible that

some relevant information was omitted. The conditions under which the

videotaping occurred vere sometimes quite noisy because of the linoleum
floor, the stools on which students sat, the unmuffled sound of materials
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materials on the tables and the number of simultaneous conversations. It
was occasionally difficult to obtain an accurate transcript. The
addition of the tape recorder ensured that the conversations of the
teachers and students were not missed. Every effort has been made to
make the data as complete as possible,

Daily Descriptions

As the researcher ohserved the "live” work in the mathematics
lahoratory and reviewed the videaotapes, she sought examples of
the types and the effectiveness of the communication which took
place bhetween the adults and children and {n the student groups.
The researcher made note of what sorts of questions were asked, by
whom, and the wording and attitude with which the questions were answered,
as well as the tone of voice and non-verhal aspects of the intevaction,
The researcher also watched and listened for evidence of whether the
discuasions were mathematical and how the children reacted to requests
for help from their peers. The reseavrcher sought evidence about how the
activity-based materials and the physical and temporal organization of
the mathematics laboratory encouraged ov curtailed the communication.
Remarks were conasidered to be particularly significant when they scve

made spontaneously and not in vesponse to an adult's prompting.

Other Sauvces of Data

The vesearcher videotaped all of the activities in the classroom and
the mathematics laboratory. The classroom work usually utilized
groupings of students different from those used in the mathematics
labhoratory. Therefore, data gathered duving the classrvoom work were of
limited usefulness and werve excluded except for Day 21 vhen the study
group worked together in the classroom. Some of the laboratory
activities included veview of addition and subtraction; consequently they
have been excluded from the data.

After some initial self-consciousness, the children ignored the
video camera most of the time. They would occasionally glance at it
during their group work. They were most aware of the camera during
the week when each group in the class was interviewed about the
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mathematics laboratory, group work and cooperative learning. In ovder to
have a quiet atmosphere for these interviews, it was necessary to use a
small room attached to the mathematics laboratory. The size of the room
required students to be close and face directly into the camera., The
questions asked in the interviews (see Appendix C) focused on the
cooperative learning groups, the content and structure of the activities,
the use of a mathematics laboratory versus a texthook and the need to
communicate while learning.

While the researcher asked the students to keep journals in which
they could record their understanding of multiplication, she concluded at
the end of the data-gathering phase that the student notebooks did not
offer additional insights into student behaviour than were obtained
through videotapes and individual interviews, Thus the journals were
discarded as sources of information for the study.

Individual interviews were conducted at the end of the study as a
means of assessing the students' grasp of the unit's concepts., These
interviews (see Appendix F) provided a more detailed picture of the
understanding acquired by each student.
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CHAPTER &

DAILY DESCRIPTIORS

DAILY DESCRIPTIORS
The names in the parentheses following the number of the day in the

laboratory indicate which children were present. In total, 21 days of
lessons and laboratory time were taped; but since Group A was dropped
from the study for reasons previously stated in the report, information
was used for only 1l days of taping of Group B. The data utilized (see
Appendix A) was from Days 1, 2, 4, 7, 8, 11, 12, 13, 17, 18 and 21; all
other videotapes and audiotapes were of Group A. The multiplication unit
extended several days beyond Day 21; these days included individuals
vorking or the classroom groups and were not taped, During the last week
of the unit, the group {interviews (see Appendix C) were done as one
"atation” in the mathematics lahoratory.

Throughout the daily descriptions the researcher has included
comments intended to clarify the students' vemarks and behaviour.
These interpretive comments appear in an an alternative style of
print,

DAY i (Thevesas, Vved, Peter)
Skemp's Num. 5/1/1 "Make a Set, Make Others Which Match" (1989a,

pp. 164-165) provided the structure for Day ! labovatory activity. In
this activity one child made a set (e.g.,, of four obhjects). All the
other group members then made sets of the same size on small cardboard
circles and placed them together into a "set loop”. This loop was a
circle of yarn meant to show that the different materials had been
combined into one larger set. Each child in the group used a sepavate
type of material (i.e., shells, buttons, plastic hearts). In one round
of the game, the classroom teacher, Ms. C, asked only the pupils vearing
blue to build the matching sets. Skemp suggests this procedure of using
a portion of the groups (1989a, p. 165).

The class vas introduced to the game (see Appendix A) which each
group then played. The teacher, Ms. C, asked questions of the individual
groups and the whole class. She frequently requested that each group
describe its work because, although the rules of the game vere
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the same, the groups worked with different sized sets. The teacher
assumed a highly directive role because this was an introductory
activity.

Approximately half way through the laboratory work, the teacher
reviewed the two actions of making a set and making matching sets, She
described these sets as ones "that have the same number of objects in the
set”. Theresa responded, "I suppose you can't use [sic] if someone put
down five and then someone put down four and then someone else put down
five and then someone else put down five", When asked whether she
thought that would work, Theresa said she didn't know, Ms. C told her
that it would not be multiplying because the sets must be the same size.
1t seemed to the neseanchen that Theresa was truing to soat out the
concepts of aroups and matchina aroups bu offening a possihfe
non-example, 1t would have been intenresting to ask Thenesa to continue
speculating on to ask whu she thouaht hen deseniption would not wonk,
This miaht have provided an oppontunitu foxr Thenesa to neflect on hen
current undenstanding and how 2o accommodate the equal aroups idea, 1%
might also have intnoduced a mathematical discussion bewond the stnictlu
procedunal one which ook place im Thenesa's aroup, Howeven, since this
was an intrnoductoru gqame, i miqht have been too soon fon this open sont
o4 discussion 2o have much meaning.

Theresa's group was observed during one round of the game. Theresa
spoke move frequently than the two boys; she argued with Fred ahout
procedures, ansvered several questions and made two mathematical
comments. When instructed to create a set with nothing in it, Theresa
said, "Ze number zevo, Zevo is nothing” and a moment later, after
another student said, "Zero times four is zero", Theresa commented, "Zero
times four, four times zero.," This seemed to indicate that she had
some Grasp of commutativity. However, the class period ended just
after she made this vemark so there was no opportunity to explore her
understanding. Thenresa seemed focused on the mathematics of the aame
as much as the procedures, The nesponses and explanations hu the hous
were Limited solelu to the stnuctune of the aame and did not ao beuond to
"olay' with the ideas the wau Thenresa did.

The explanations provided by members of the group were limited to
how large the original set was, how many sets were put into the set loop
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and what the result was.

DAY 2: (Pred, Theress, Peter, Jenny)
The class played "Make a Set, Make Others which Match” with

different materials and more explanations than on Day !. Two rounds
were played using the materials from Day 1l; then the groups were given
Unifix cubes to use for making "trains” of cubes., Each child received

a different colour of Unifix cubes so the gvoups could be diastinguished
from each other. In addition to explaining the size and number of the
sets, children were asked to clarify how they had determined the result
of their combined sets. Many of the children in the class were move
digtracted than on Day 1, The teacher indicated in a later conversation
with the researcher that this lack of focus might have resulted from the
two days' activities being too similar, The mathematics laboratory work
usually meant that each group had a diffevent task and they proceeded at
their own pace., This time they were working step by step and waiting to
listen to the other groups' explanations or to explain their work to

the teachey., The students in the study group played a great deal

with their manipulatives as they waited for the teacher's directions

to the whole class. The children wvere using Unifix cubes to make
"trains” showing their combined sets. Since these materials faaten
together and contain a small hole in the end, the students were using
them as telescopes; they weve also holding them horizontally like
handguns.

Theresa dominated the conversation. She made 42 comments in
contrast to the 37 from the othey three children combined., She
instigated the telescope game but later told the others, "Come on you
guys, we're not playing.” She also shoved off her set to a student at an
ad jacent tahle. Theresa argued with both Fred and Peter about how the
game was to be played. Theresa also ansvered a great many of the
teacher's queations and made predictions.,

During one round of the "Make a Set” game, Fred made a "train” of
six. Theresa predicted the result of combining all the sets would be 24.
She repeated, "It's going to be 24" twice and then chanted, "Twenty-four"
eight times as Fred put the individual "trains” together and counted them
by ones. Peter agreed with Theresa's prediction and when Fred te#ched
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24, Peter announced to Theresa, "See, I told you I was right.”

Theresa provided the majornitu of the dau's "smart" mathematical
ideas. She modefled the use of partial sums (which Fred used aaain
Latenr), made cornect and unsolicited predictions : and provided clear
explanations. One of hex explanations was wrong; this was the point at
which Fred used partial sums to tell why he disaareed with Thenresa's
answexr,

Although she participated in the day's laboratory activities and the
off-task activities, Jenny spoke only twice in this half hour., Both of
her comments were about the off-task behaviour. Part of the reason for
her lack of speaking was her assigned role; she never had a turn to make
a "train” or do the explaining. She was often quiet during the
laboratory activities and ravely spoke as much as the other children bhut
this was an exceptionally quiet day for Jenny.

Fred modelled a means of determining equal sized "trains”. Rather
than counting each one, he stood the "trains” side by side. After he had
assembled the longer "train” using everyone's Unifix, Fred again stood {t
on end. Theresa immediately criticized, saying, "Trains don't stand
up." Tred merely shrugged and left it as it was. At this point Peter
suggested, "Let's do {t with fives and see how long it is. Twenty."

His ansver followed almost immediately after his original idea, He
evidently did no2 sequine the Unifiv cubes, He did not have an
opportunity to elaborate because the teacher arrived to ask ahout the
results of Fred's work. When she asked how they knew what the vight
ansver was, Theresa responded, "'Cause we just did it.” Hen tone of
voice was ofd-hand and somewhat sancastic, Peter offered partial sums
as his method. Thevesa repeated, "And plus, we just did ft.”

The final class activity in the laboratory was to describe the game
using Skemp's "First action, second action, result” model. FEach group
was asked to tell what it had done and Ms., C wrote the information under
the appropriate headings on the blackhoard.

Some of the group's conversation focused on the necessary
mathematics but much of it dealt with the materials they were playing
with,

The children did question each othen's moves but with a nathen
neqative and critical attitude, Theresa was panticularbu quick %o
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eniticize Fred and Peten and to support Jennu,

The social ahifls which the children were expected 2o use were ofien
Paching on Dau 2. Ms, C's idea of ashing all of the aroups to describe
thein wonhk fon everwone could have heen beneficial but the studu aroup

was imattentive, \

DAY 43 (Thevesas, Fred, Peter)

On the 4th day in the mathematics laboratory students used Unifix
cubes once again to make "trains” with the focus on descrihing the "First
action, second action, result”. The children had "First action” cards
telling them how long the rods or "trains” should be and "Second action”
cards telling how many rods to join. Skemp designed the activity using a
number track on which to place the rods but this was not supplied to the
pupils on this day. One advantage of not suppluing the wnumben ¥rack
was that the children had to discover the nesults fon themselves, The
disadvantaae of the missing numben thack was that theu tended o use
confusing and inefdicient counting stnategies,

Mg. C bhegan hy informing the pupils that they were going to repeat
the previous day's activity and asking why they thought she had made this
decision., Students replied that vepetition would help them remember ov
learn 1f they had not the first time and would teach those who had been
absent. The need to explain eleavly and, in partiecular, to listen
carefully to other students' talking was stvongly emphasized by the
teacher., This admonition resulted fnom a conversation amonq the adulis
about the Lack of qood Listening LR 288 used the previous daw. Important
ideas wene iqnoned in most of the class arcups because students were
inattentive duning the explanations,

The study group started by arguing about the roles they had been
assigned and how many cubes each of them should take out of the container
on the tabhle. The intern teacher intervened and helped the group
organize, Thelr work began with two rods of ten joined cogether.

Theresa tended to direct the work; she asked procedural questions and
quizzed Fred about how he found the vesult. Fred responded by saying,
"It's twenty, Ten ... times ... ten times two is twenty." He pointed to
each section of ten cubes as he spoke. Theresa asked how he knew and
Fred indicated that, "Two groups of ten is twenty.” He did not specify
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how he had computed the answer nor did he vefer to having counted the
groups. He appeared to know this combination without any figuring. Next
it wvas Theresa's turn to do the First action and Second action, She was
to create rodas of nine cubes. To do this, she demonstrated how to take
the ten-rods, put them side by side and remove one cube from each. The
Second action required four rods of nine to be joined. Fred added two
groups of nine for a result of 17. Peter repeated the mistake and
Theresa corrected it. She then started to combine two groups of 18, A
conflict arose between Theresa and tne boys abhout whose turn it was to do
the Result step. As Theresa and Fred were arguing, Peter recounted the
rod from the 19th cube. Just then the intern returned and wanted to know
what was happening. During this conversation Fred vealized that Peter's
ansver was erroneous. The Iintern, Mr. G, asked a series of questions
designed to prompt the use of partial products. Theresa told him about
their attempt to use 18 plus 18; as she explained, she was recounting the
long vrod. To keep track of her counting, she was tapping each cube. She
became confused and Fred placed a finger on the 19th cube. Theresa
mevely pushed aside his finger and resumed her counting. Fred
counted along with hev, using his finger again to keep his place, The
rvesult was 35, Theresa disagreed and attempted to explain how she had
used the first nine cubes plus one from the second section to equal ten.
Fred had begun to count once more. As Fred and Peter tried again,
Theresa put her head on the table and sald nothing. Peter finally
indicated that he was mixed up and Theresa said, "How did you do {t?
You've supposed to tell us."” Hea faustration and disquat wenre obvious
daom hexn Zone of voice and body Lanquage., Peter indicated that he had
counted by ones; Theresa's response was to repeat, "ones” {n a negative
tone, Theresa's job was to explain what had occurred. She did this in a
monotone. Fred disagreed with Theresa's account and they argued. Her
defense was that she had described exactly what Peter had said he had
done, Fred countered with an explanation that he had counted nine and
nine make eighteen and then he counted the remaining eighteen to equal
thirty-six.

The intern had returned and the children tried to tell him about
their problems. Mr, G seemed to think that Theresa was making too much
04 the saituation; his zone of voice dismissed Theresa's concern and she
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Loohed unhappu aften theu spoke,

During the second round, Theresa again used the partial sum strategy
to find the sum of the firat two groups and then counted on. She checked
by counting by ones from the first cube. Peter thought the total was 39
but Theresa and Fred agreed that it vas 40. Theresa supported her
conclusion by pointing out that the rods were all even numbers (8) so the
total also had to be an even number. Neither of the boys commented. The
day's laboratory work concluded with Ms. C's stating that the group's
work had actually shown multiplication. She said, "When you're
multiplying, {t's in tuo actions. You make a group and then you stick
five of those groups together to find out what you get.” The pupils then
wrote in thelr mathematics journals about the week's activities.

The atmosphere in the aroup was more arqumentative than on the
previous daus, AL three pupils appeared {rustrated at some point durinag
this dau's wonh, Peter was annoued with his inabilitu to {ind the
answers easiluy, Fred had a numben of disagreements with Thexesa and also
had difficultu finding consistent answens, He counted and necounted and
achieved sevenal different results fon the same quastion, Theresa was
qenesallu annowed with the bous not Listenina to hen, She was providing
some valuahle mathematical suaaestions, The only one of these which the
bous adopted was the idea of partial sums, This was used by all thaee
students, Thenesa convewed hen fauagnation thaough her bodu Lanauage,
tone of voice and bu pushing Fred's hand aside. Hexn overnall attitude was
neqative, The childnen contnibuted almost equal numbers of comments bhut
thedin purposes difdened, Peten appeaned most focused on the
multiplication task, He organized the othens and initiated the finst two
nounds., A number of Theresa's remarhs wexne attempts to point the bous
towarnd appropriate stnateadies and the necesdsany mathematics, She
{requentluy prompted the othens as they worked., Fred tended to focus on
explaining the procedures and answering questions grom the othen students
and the intean teachex,

Thenesa's mathematical undernstandina seemed mone developed than the
hous', She verbafized hen thinkina mone 4requentlu and more clearfu and
had a widen nange of mone sophisticated stnateaies.,

The adult-to-chifd communication on Daw 4 was not effective, Rathex
than justifuing theixn ideas to other students, the focus was on
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appealing to the intean teacher to fudae who was coavect. 14 an aduft
had nemained with the group and encouraaed hetten Fistening shills,
pexhaps moxe o4 Theresa's ideas would have been heard and the hous would
have benefitted, :

DAY 7 (Vred, Theresa, Peter, Jenny)

On Day 7 the students were continuing to play "Giant Strides on a
Number Track"” (1989a, pp. 165-167)., Ms., C had introduced this activity
on Day 5 Iin the classroom by having pupils role-play “giants” striding on
a large number trvack laid on the floor. Number cards designated how long
each "stride” should be and how many "strides” should he taken. These
two numbers were the multiplication factors. Students were asked, as a
whole class and later in their groups, to predict where the giant would
finish striding. As the groups played independently using number tracks,
they would use blcbs of clay to represent the footsteps and confirm thelr
predictions.

The conversation in the study group on Day 7 was divided almost
equally with all four children assuming similar roles. At the start,
Fred and Jenny vorked together to veview the procedures, prompted by
Petey. The two boys and Jenny had to teach Theresa the game since she
had misged its intenduction on Day 5. Theresa asked why a guess was
necessary; this led to a difference of opinion. Peter did not know and
Fred thought all they had to do was place the clay on the number track
and tell wvheve the last stvide fell. He thought that, since there were
no glants, no prediction was called for. IZ may have heen that he
Zhought that an actual pernson had to play the qiant's pant hefore the
aameboand was used. Thevesa responded, "We are the giants. Well look,
it's 8o small no-one could be the giant” and she then asked again about
estimates. In spife of the fact that this issue did not appean to he
nesolved, the children did make predictions as they went on,

Peter took the first turn at being the giant. His task was to make
five stridea of ten spaces each. He began by "striding” with his
fingers. Jenny, her finger marking the ten space, took some clay from
Peter and placed it on the track. As she did, she also verbally prompted
Peter. Following this, Jenny speculated that the answer would be 50.
Peter replied, "Ten times five.” Theresa interjected, "Is {t a times
thing?” 12 was difficult to telld {nom hex tone of voice whethen she
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was puzzled, attempting to help on beina sarcastic. Then she asked
whether "it had to be right”. Peter was in the process of skip counting
by tens. At this question, he gave an answer of 25 and then immediately
"re-estimated” a product of 50. I¢ was unclean whethen he felt he was
thulu predictina on i he was truina to find the exact product, He did
not place the clau to show the strides until Fred prompted him, Seeding
the clauw on the numben track evidentlu clanified Theresa's thinking,

She commented, "Oh, so every ten is a stride, Now I get it."

Fred proceeded with the next round. As Fred turned over the number
cards, Peter tried to guess what they would be., As he saw a four and a
two, Peter counted four groups of two on his fingers. Fred quickly put
down the clay and wrote the answer. No discussinn of an estimate

occurred.
When Jenny turned over four and nine for the third round, Theresa
said, "Four times nine. Oh, man!" Peter, meanw ile, had used his

fingers to estimate 28, Jenny rapidly put down two blobs to show the
first strides. This appeared easu, Howeven, she had to count by ones
to higune out the thind stride, Theresa reminded her that four blobs
were needed., Fred pointed to where he thought the next step would end,
Jenny placed the clay to show 27 and then 36, Theresa prompted, "Is it
right? Was it right?” Peter checked by once again counting on his
fingers and confirmed the answer.

Peter had developed a system of counting groups on his fingers and
he used this strategy frequently throughout the multiplication unit., For
example, {f he was figuring out four times three, he would tap his one
finger three times, at the top, middle and bottom, with the index finger
of the other hand and then repeat this to create the other three groups.
This method required him to keep track simultaneously of the number of
groups, the number in eack group and the running total.

The children did a Lot of negotiating of meaning during Dau 7,

Theu discussed the need for estimates, clanified the procedures and made
predictions. Three aspects o4 this dauv were unique, Finast, Peten, Fred
and Jenny all provided non-venrhal prompts which helped thein classmates .
This was in contnast to Dau 4 when Thenesa nefected Fred's attempts 2o
help her, Second, Thenesa experienced an "aha" when she nealized the
sdanificance of placina the clau at the ten aspace intervals, She
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nemarhed twice on this discoveru, Third, Peten dispfawed an interest in
predicting both the numbexr cands and the products, 1¢ 48 questionahle
whether he was actuallu estimating: his idea of "predicting”" apmeared to
be truing to figure out the andwenr and presenting 4¢ as an estimate,
This {4 consistent with his approach throughout the astuduy: he scemed to
value beina riaht and was disinclined to take chances,

ALL of the children assumed the noles of explainen, directon,
prompten and predicton, There was no off-task convensation on hehavioun:
theu nemained focused for the entine 15 minutes theuw wene alfotted to
play "Giant Strides".

The communication and coopenative behavioun on Daw 7 wene
commendahle, The assistance which the students provided and the
mathematical content of the entine discussion appean to support abl o4
Skemp's assentions about whu students ought to work togethen on practicaf
activities, Thenesa's "Oh, a0 every ten (& a stnide, Now 1 get it!"
comment clearfu shows how the venhal and non-verbal prompts oé hen
groupmates enabfed hen to make a connection, There was no neal
indication that the othens henepitted as much asr Thenesa; they seemed to
he content to plau the game and make and confirm predictions, The
attitude of all foun students was counteous and attentive to thein
assianed task,

DAY 8: (Thevess, Vrped, Peter)

On Day 8 the children worked with Ms. C to learn Skemp's Num. 5.2/1
"1 Predict - Here". They created stacks of two, three, five and then
four Unifix cuhes which they linked together to find the products. The
number of stacks which students combined were determined by "set cards"
with various arrangements of squares on which to place the stacks of
cubes. Students then were required to predict how far the whole “"train”
would extend on a number track. They used different sized sets for each
round of the activity.

The communication patterns this day were similar to Day 2 when the
students focused on the procedures rather than the mathematics.
Responses to the teacher's questions were often only one or twc words,
The childnen seemed to inteapret the questions as "closed" nathen than
open-ended a0 Little o4 thein thinking was verbalized, This was
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particularly true of Fred. On four occasions he made a prediction or
other spontaneous remark; all 16 of his other comments were in response
to direct procedural questions.

Peter and Theresa talked more freely than Fred but the range of
their conversation was restricted as well. They discussed how to figure
out the answers and they made predictions., Theresa seemed to compute the
answers quickly. Almost as soon as the number card was displayed she
predicted the ansver or indicated that she knew {t. Theresa also made
connections that the others did not. Even before the teacher had
explained the activity, Theresa compared it to the "blob game” ("Giant
Strides”). Ghe later talked about how her task of making five stacks of
two was like Fred's four stacks but she had to add two more cubes. She
thought that Peter would make six stacks during his turn.

All of the children found the groups of two and five very easy to
calculate by skip counting. They also utilized partial sums.

After playing the game with twvos, fives and fours, Ms. C talked
about the activities completed since Day 1 and said, "What we're going to
do now 18 multiply", Theresa's reaction was negative. She repeatedly
commented, "Now you tell me". She sounded annowed at the thouaht of
mubtipluing and not fust "doina times", She even asked, "Why didn't
they tell us ve were doing multiplying?”

As Fred was heginning, "We took some numbevs ...", Theresa
interrupted with, "So you have to have the same numbher”. When the
researchey asked her to vepeat and clavify her remavk, Theresa responded,
"You have to have a set of even numbers" and demonstrated by holding up
two four-rods side by side. She was evidently indicating that
multiplication needs equal sized groups. This echoed her question on
Day 1 about whether the groups needed to be the same.

This day's communication contrnasted strnongly with the precedina
day. On Day 7 the students wonked togethen; on Dau & the pupif-to-pupil
intenaction was much fess. The students focused Laraelu on the teachen's
questions and the conversation was from the teachen to individual
students and back aaain., The studenta' conuénAatLon among themselves
took place as they wenre assembling the stacks of Unifix cubes; it
consisted of comments about the Length and colourns o4 the stachs,

The teachen's questions tended 2o be dinective and quite closed;
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theu generallu nequired shont answerns. Once the childsen had pfawed
several rounds of the game, Ms, C asked Theresa to compare hen method of
deteamining the product to Peten's, As Thenesa was attemptinag o
explain, and she was unable 2o reproduce hexr eanfien thinking, Fued
quickly outlined his pantial suma stratequ,

Day 8 was one of the days when the researcher stepped out of her
"observer only” role. As the children were cleaning up, the researcher
spoke to Fred to reinforce Theresa's ohservation about having equal
groups.

The teachen intnoduced the pupils to "1 Predict - Hene" and
neinfonced the procedures and concepts as Skemp necommends [Asaumption
#1). Tuning the finst plawing, it was difficult to detenmine whethes the
childnen wene attending to the meaning of the mathematics on
concenirating almost exclusively on the steps involved,

The speed and ease with which the students could make predictions
and verifu them seems to indicate a development of some multiplication
shills, Even {4 they did not hnow thein basic facts, thase students wene
all able to use fairlu ehficient strateqies fon detenmining products,
Theresa, in particulan, seemed at ease with the shills/facts and the
concepts faom the unit s0 fanr,

Days 9 and 10 dealt with Study Group A,

DAY 11: (Theresa, Vred, Patey, Jenny, Alex)
This was the first day on which Alex joined the group's work in the
mathematics laboratory.

Day 1l'a activity consisted of the teacher working with the group on
Skemp's "Number Stories” (Num. 5.4/1). This was a series of number and
situation cards combined to make stories for the students to figure out.
The teacher turned over the story card and two number cards representing
the factors, read them aloud and then instructed the group to find the
ansver by using manipulatives or drawing pictures. An example of a story
might be, "Giles is collecting fir cones in a wood. He gets 5 cones {nto
each pocket and he has 6 pockets., When he gets home and empties his
pockets, how many fir cones will he have?” (1989a, p. 178),

During the first round (factors of six and three), the children
seemed to require vepetition of the situation and the numbers to be used.
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This information was written on the cards displayed on the table., They
also asked questions about whether they could use whole pieces of paper
and 1f they should include a "math sentence”. Fred supplied the answer
even before he began to "figure"”, The students ugsed the manipulatives
and sketches which they explained to the group., Methods used to
calculate the product included counting by ones and by sixes and partial
sums ,

In round two, as soon as Ms, C read the situation and number cards
(five groups of four), Theresa asked, "So we keep adding groups of four?"
She was simply reminded to show how she discovered the product. The
children asked a lot of procedural questions at the start of round two,

Peter's utterances as he explained his method were quite limited in
length., Ms, C asked him four questions; his responses were short and to
the point. He did not elaborate of any of his answers. Aside from his
inftial, fairly detailed statement, Fred's responses were even more
limited than Peter's. His answvers to moat of the teacher's questions
wvere only one word long.

When Theresa completed her explanation about using repeated
addition, the teacher drvew the group's attention to the method. Theresa
had written out a series of five fours and joined them in a multiple
addend equation. After questioning Theresa and reviewing her method for
the group, Ma. C said, "This is what multiplying is. It's adding the
same number over and over again."” TFred appeared stavtled. Theresa
replied, "Thank vou for telling me." 1¢& was difdicul? to assess hex
attitude, Hen tone of voice did not sound reallu sarcastic but it was
not adincene sounding eithen, Fred then began a comment with, "So {f
it's the other way arvound it's .,..” The implication appeared to be
that he was truing o soat out the concept of commutativitu,

As they began round three, the number cards were six and three, the
same factors as the first vound., Fred noticed and commented so the
teacher altered the number cards to read six and four. She then read the
story card. Again, the pupils asked repeatedly about the facts needed,
Fred seemed quite confused by this problem. He put a "train" together
and then separated {t into sections again. Ms. C asked him how many
groups and how many in each. Part of his confusion was evidently caused
when he reversed the factors. His responses to questions were, again,
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quite short. To figure out their answers, Peter counted by ones; Fred
and Jenny used partial sums (6 + 6 = 12, 6 + 6 = 12, 12 + 12 = 24) and
Theresa indicated that she had started with 4 x 5 and added another four.
This ahowed more advanced connections beina made bu Thenresa, She was
able to incorpornate hen previous hknowfedae about foun times {ive as an
aid to determining somethina new,

12 was intenesting to note that the wau the pupifs used the cubes to
make thedin "traina" was somewhat altened {rom the emphasis in previous
activities, In eanlien aames, the children had been asked to
difdenentiate among the groups in the "train" bu making them separate
colourns, On Daw 11, several students used the cubes without arouping
bu colour, 1n onme case each, Petexr and Alex counted the entine "thain"
by ones rathen than utilizina the agroup "chunka" to count, Vet, fon the
most part, the students seemed to be able to heap track of the fact theu
had anoups and how many wene in each, Sevenal of the pupils used partial
sums which demonstrated that thew were comfontahle with comhining smallen
gaoups and using a mone efhicient, advanced counting sustem,

Thene was some indication of Atudents promptina each othen's
thinking; in the 4inat nound Alex was uncentain ahout his answen and
Jennu ashed him about the numbex of nests and how manu hinds wene in
each. This seemed 2o be all Alex needed to connect his answen, Dineed
student to atudent communication was rarne; most of the students' nemanks
were "Lhinking out Loud". This miqht have provided clues that othen
childnen needed,

Dau 11 was dominated by question and answen exchanges hetween the
teachen and individual students, The chilfdren's attention tended to he
docused on understanding dinections and making centain thew wene doing
things properly, Comments Like Thenesa's, "So we keep adding founs?" on
Peten's, "Can 1 fust draw stichs?" seem to indicate that the studenis
needed confirmation befone proceeding, Mone than 50 student uttenrances
wene questions about procedures on answens to the teachen's questions,
Significant numbers of pupid nresponses wene £imited in confent and
consisted of only one on two wornds. This might have been hecause the
teachen was ashing questions which did not seem 2o encourage the chifdnen
to elaborate. The students made few efforts to explain their thinking

to Ms. C or the others. Any explanations provided occurred hecause of
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the teacher's questioning. During the explanation phase of round two,
the following exchange occurred:

Ma, C = Fred, what did you do?

Fred - 1 took the cubes. I made four ..., five groups with
four in them. Then I stuck them together and then I
took off efght and then I took four and counted them,

Mg, C And what was your ansuver?

Fred - Twenty.

Ms. C Okay, 80 you took off eight and eight. Did you add
those two together then?

Fred - Yeah.
Ma, C - And how many did you get?

Fred - Sixteen.
Ms. € = And then did you count on?
Fred - Yeah.

DAY 123 (Jenny, Thevesas, Pred, Peter, Alex)

The hehaviour, actions and tone of voice used by the pupils were in
marked contrast to Day 11l. The task on Day 12 was to play an independent
game of "Glant Strides”. This game had been taught to the whole class
several davs earlier Iin the classvoom. Alex and Thevesa were absent the
day the game was learned and the classroom groups were different from the
lahoratovy groupa. By Day 12, Theresa had learned the game but Alex had
not. The objective of "Glant Strides” was to show the number and size of
a "glant's” steps on a number tvack. The astrides represented factors in
a multiplication equation.

As the five students hegan working, Alex asked how to play. He
received a very brief, somewhat vague explanation from all four other
students. He indicated that he understood (despite the confusing
directions) and the game proceeded. As the children were playing the
first vound, it seemed clear that they were going to omit the estimation
step emphasized by the teacher. This step had been left out of the
group’'s explanation. They knew that they were supposed to estimate
because as the researcher asked, "What's the first thing you need to do",
two students saild, "Guess"”. Theresa evidently thought that any guess
would suffice so the researcher defined an estimate as a "smart guess,

not just any old guess”. As Jenny began to place blobs of clay
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representing the gilant's strides (6 x 4), Fred stopped her to point out
that she had skipped the 24. Jenny indicated that 24 had been her guess;
hovever, she had not told any other child her estimate,

The second round was 5 x 10, Theresa recei{ved prompting from Peter
and Fred as she tried to estimate. Fred held up his fingers to show
the other boys his estimate and then he whispered, "Five tens .., five
tens ... ov ten fives". Theresa repeated, "Ten fives?” and the three
boys all agreed that the answer was 50. Theresa accepted their estimate.
Fred's comments appear fo indicate his increasing awareness of
commutativity, Theresa questioned him ("Ten fives?") but he did not
elaborate and she did not pursue the matter, Theresa placed her blob
of clay at S0 and then worked backwards by tens, She seemed more
concerned ahout whether the hlobs were "too skinny” than ahout the
accuracy of her mathematics.

Throughout Fred's turn, round three, the group's behaviour and
comments were off-task, As Fred made a remark, Theresa pointed at the
tape recorder on the floor near the group, Peter moved to observe the
machine move closely. The children were willing #o view the nesearchen
as a teaches duning the game {tself but (t was ohvious that she did not
inhibit thein behaviourn, Theuw were more conscious of the tape neconder
than the nesearchen and/on the video camenra,

Alex took his turn as the others continued to chat. The researcher
drew theiy attention to Alex's method because no-one had heen watching
him. Howevey, Alex was unable to describe what he had done. There uvas a
pause aftev which Fred asked, "Did you count backwards?” When Alex said
yes, Peter responded, "See, I told you it was minus.” The researcher
indicated that it was not "minus”, to which Theresa replied, "Close
enough.” Alex had put his clay at 12 and counted hackwards, He had
ended up with two strides of four and one stride of three. No other
child had noticed that Alex's strides were uneven. Theresa asked the
researcher whether Alex's work was correct but the researcher told the
group that they had to decide for themselves. Fred was the one whn
noticed the unequal groups and said that Alex could not use them.

The rest of the conversation consisted of a discussion about the
fact that Alex's approach was in fact division because he had partitioned
the 12 into groups. The researcher labelled Alex's method as division
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and then asked {f {t was the same as the multiplication they had bheen
doing. Theresa and Fred both questioned whether the "Giant Strides” was
actually multiplication. Then the pupils wanted to figure out more
division questions; Peter and Fred both gave accurate examples of division.

The researcher asked Alex i{f he could do the same question as
before using the "Glant Strides” instructions but he was uncertain.

Fred, Theresa and the researcher provided some prompts and Alex
successfully did three strides of four with a result of twelve. Theresa
obgserved that he still landed in the same place and Jenny remarked, "But
he had one more blob.”

In qenenral., the students wene extremely talkative as othens took
thedin tunns and it appeared that 2{ttle attention was beina paid to the
mathematics, Anothen facton which had some influence on how closely the
aroup followed the prescribed procedure was the numbexr of comments and
questions 4aom the neseanrchen,

About one-thind of what was said on Dau 12 was the answers to
questions oxn making predictions, Twentu-four of the questions were ashed
bu the nesearchen, This was in contrast to Daw 11 when the Zeachenr posed
42 questions but was 8388 too manu interventions fon the neseanrchen to
have made. The neseancher asked mainfy procedural questions designed to
make pupils more aware of what they wene doing, Recause doun of the five
Atudents had plawed this game beforne, the neseanchen was able 2o focus on
the mathematics as well,

The explanation with which Alex was provided at the stant was almosi
entinely procedunal, Thene was Little apecific wmithematical detail
adiven; the students gave instructions Like, "And then wou count thrnee and
uou put a hlob, ... 40 you do it once more and you Go to nine and then
uou wrnite {t down", No-one cxplained that the cards were meant to
nepresent the numben and Length of the "adan's" sitnides on what the
purpose o the game was, 1¢ {a possible that the purpose was not
consdidened o be impontant because (¢t was fust one in a sendies o4
activities and because this was the thind time the children had plaued
it.

Thenesa and Fred dominated the day's convensation, Fred acted as
the quide 4fon most of the wonk; he prompted and directed Alex and made
predictions 2o which the others reacted, Thenresa appeared neluctant to
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make predictions, prederrnina to adopt those made bu the hous, Thevesa
snapped at Fred at ome point when he made a prediction but Afex defended
Fred bu sauina, "That's 'cause he's Ao smant," At this point (n the dau,
Theresa was araumentative arnd {mpatient, Thenresa's behaviour and
attitude wenre siLLu; she sana and made {requent off-Lopic comments,

Fred provided mone than twice as manu directions and prompts as any
othexr aroup memben, He also staued on-tash bettenr than the othens, Fred
nesponded most quicklu to the number canrds being tunned oven, "plawed"
with the mathematics and indicated some understanding of commutativiti.
He alsao nealized the exnon Alex had made in using unequal qroups,

Peten's contrnibutions to the gqroup consisted mainlu of rroviding
dinections about the necessary procedunres and answenring questions ox
making predictions., His comments were shont, usuallu Pimited to two to
five wondas.

Jenny was quiet as usual this day, She was attentive when the
othexns took tuans and promptly took hen tuxsn but said £ittle,

Alex's contributions wene mainlu questions and predictions. He
indicated that he undenstood the othersa' inmatructions at the bheainning
but subsequen? behavioun showed misunderstanding instead, He was also
unable to explain his wonk without promptinag from the nesearchen and his
dellow students, His kinal turn, putting the clay at 12 and wonking
backwand, seems 2o show ownlu partial comprehension, The othen students
had not provided veru clear models on dirnections, When he {oined the
class on Day 10, Alex already appeared 2o have memonized manu ob his
mubtiplication facts., He said that his parents had tauqht him, Based on
his Lack o4 clear explanations on Day 12 and obsenvations of his
bhehaviour durina qroup activities, it appeared that his knowledae was
primarilu instrumental, When he counted hackwards from 12 in his Fart
tuan, he did not seem aware that his blobs of clau wene inconnectlu
placed, Aften being asked questions and given hints bu the othen
childnen, Alex was able to wonk fomwands Pihe the othens.

The adult-to-child communication involved the neseanchen providinag
nemindens about the nequired procedunres (i.e., estimating) and attempting
to clarnifu the stnategies students utilized, She was parnticulantu
concerned that the othen children notice Alex's unusual "hachwands"
method and that theu tell him how it was different énom thein methods.
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Thenosa used a "hackwarda" approach durinmg hex 5 x 10 tuana; this also
elicited no neaction from hen peers, The nesearcher was interested in
how the four children who wene familian with the qame would clanidu the
procedunes and/on mathematics for Alex, When Fred discovered where
Alex's problem lay, he addnessed his explanation to the researcher and
not to Alex. This focus was comsistent with the teacher's role assumed
hu the xeseanchen, but, in effect, excluded Alex 4rom the conversation;
Fred was pointing out the eanon to the adult, not to the child who had

made i%,

DAY 13: (Fred, Theresa, Peter, Alex)
Day 13 involved the students working with the intern teacher, Mr. G,

on Skemp's "I Predict ... Here” (Num. 5.,2/1). They had learned this
activity on Day 6; the added component on Day 13 was a written record of
their work., A Lengthy discussion had occurned among the classroom
teachen, the principal, the intean teachen and the researcher reqarding
how to introduce mubtiplication notation, Skemp recommends (1989a,
pp. 171-172) that teachens and childnen use whatever notation theu are
"happiest with until Num, 5.5". MNum, §,5 "Numben Seniences" intnroduces
commutativitu. Reqandless of the foam predenned, Shemp suqaes?s that an
equation such as 3 x 5 = 15 be intenpreted as "5, 3 times, equals 15"
(ibide, pe 171). This is mone consistent with his "finst action,
second action" method in which the "4ixs2 action" is making a se? and the
"second action {4 making matching sets, He also acknowledges that 3 x &
= 15 can be nead, as it frequently i& in Canadian texthoohs, as 3 sets of
& equals 15, Shemp states that this "nevenses the ondenr of the
openations , but connesponds well to the diagram helow which shows the
combined nesult" (ibid., p. 172).
3(5) .

When Ms, C introduced wrnitten notation to the pupils, she acknowledaed
that sevenal notations and Lnteapnetationa exist but said that the cfass
would nead 3 x 5 as Skemp did in his second example, This was, she
explained, because of the texts and other teachens which the children
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would encounten, Howevexr, she made occasional rederence during the nese
0f the unit to the alteanatives, Once the students reach Num, &,5, Skemp
introduces computer notation (3 % S) because (t {8 compatible with
comutativitu and because students will need to be {famifiar with the
computen representation of multiplication,

The intern teacher emphasized the "how many groups times how many {in
each” interpretation in his introduction and then again frequently as
the children worked. Each child used his/her own set of materials and
number cards so after the {nitial discussion, the first number of verbal
exchanges vere predominantly between the intern and individual pupils.

The atudents organized their work in two ways. Alex and Fred made
groups of Unifix cubes and then placed them on the tahle to determine the

"

product; Theresa and Peter made groups and placed them on the "set” card

to confirm the number of groups. Theresa, Fred and Alex chatted as they

found their products. Peter spoke only in response to questions from the
intern and had one brief exchange with the researcher as she asked him to
demonatrate and verbalize his method of counting the groups.

The intern watched the propress of each group member carefully and
asked the children to veview what they had done. His frequent "closed”
queries tended to produce mainly short mechanical responses.

On Day 13, several intervesting behaviours happened spontanecusly,
Shortly after beginning, Alex was vequived to compute 9 % 6 but he did
not have enough cubes. Theresa assisted by offering him some of her
stacks of six and he thanked her. This shaving of materials and the
thank-you were unusual, Alex struggled to find the product; he was using
partial products and counting on but he kept getting lost. He was
interrupted twice by the intern. On the first occasion, Alex was adding
groups of nine ("I know that's 18. Eighteen plus nine --- twenty-seven
plus nine .,. thivty-six ... thirty-six plus nine ...). At this point,
the intern referred to Alex's previous work (3 x 5) and asked the
significance of the factors. He then inquired what would happen 1f Alex
reversed the ovrder of the digits. Theresa then interrupted and Mr, G
helped her to do her next question. Perhaps the intern was attempting
to make AMex aware that, even thouah he had bequn with aroups of six, and
was now counting bu nines, he could stifl achieve the same nesult,
Howeven, aéten assisting Thernesa, Mr, G went on to talk to Peten so AMlex
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continued to work alone, When Alex exclaimed, "Oh, God! Now

I've got to start again! Mr. G, I counted them all and now I forgot the
ansver”, the intern's attention returned to Alex. When questioned, Alex
indicated that he was now using groups of six to do partial products.
This was when another unusuasl event occurred. Fred suggested that Alex
consider two groups of six at a time. He said, "Adding six and six is
twalv; and then two more is twenty-four and then counting on.” He
demonstrated his method. The intern then asked, "Is there another 24
there somewhere?” Fred rveplied yes. Mr., G demonstrated that Alex had
twe twenty=fours and one six more. Alex was able to easily add these
numbers to reach a sum of 54, This was a rare occurrence of
"scaffolding" hetween childrnen, Even with onganizational helfp {rom Mr,
G, the ideas were Fred's,

The pupils' attitude was pleasant and cooperative, Theuw asked to
sharne matenials instead of fuat takina them and theu apoke politelu,

Theu wene on-tash throughout the 15 minutes and secemed to neallu he
concentrating on the mathematics o4 the activitu. Thene wene examples of
"self-2alh" , especiallu fnom Theresa and Alex, As the end of the working
time approached, three of the students began to make comments to no-one
in particulan about theixr proghress.,

Aside fnom ashing Fred 2o tell? Mex his method, the intean did not
encounaqe intenaction among the chifdnen; however, because theu wene
fiquaing out difdenent problems simulianeouslu there was no neal need for
them 2o share information., Anu help ofderned bu one student to another
was inditiated by the pupifs. On most other occasions when the studu
anoup worked with a teachenr, theu were nequined to explain thein own
solutions on explain someone else's, On this day, the children worked on
parallel nather than cooperative tasks, 1t was especiallu intenestinag 1o
note, thenefone, that this was a dau on which "scaffolding" and
coopernative behaviour happened spontaneously.

DAY 17: (Thevesa, Alex, Pred, Petev, Jenny)

The pupils vere engaged in two tasks on Day 17. First, they worked
independently on replicating "Books of Two" and then they played a
Concentration game with the intern teacher. To make "Books of Two", the
children stapled together sheets of paper, placed stickers in groups of
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two and wrote equations. The students were concerned about the paper
being different sizes; Theresa and Alex seemed particularly bothered.
There was a sample book in the tub that held the materials and the pupils
referred to it frequently. Thew appeared to undenstand the assiqnment:
the constant examinations o4 the sample wene evidentlu to confiwm the
numben o4 aroups or dots needed, The book was organized with the two
t:mes table in sequential orvrder so it was curious that the children were
relying on {ts examples so carefully. They had not yet encountered all
of the two times table in sequence but were all able to use the facts
easily in their laboratory activities.

Much of the conversation centered around the procedures for
assembling the books, on what colours of stickers to use and occasionally
on off-task topics like pictures in the newspaper. There was relatively
lictle conversation during the first task. The reproduction of the
sample book was a fairly mechanical joh., Therefore, the off-task and
non-mathematical comments were not unexpected.

One of the most noticeable aspecta of the talk during the "Arrays
Concentration” game was the students' confusion about the ohjective. The
intern began by introducing arrays as a means of telling "math stories”,
The childven quickly comprehended the {dea of arrays displaying two
multiplication facts at once. As soon as My. G showed the six groups of
theree avvay, Jenny said, "Or three groups of six”. As the game began,
the children were told to look for "matching number sentences”. The
teacher provided an arvay card for each child; they were to find three
other cards as the teacher turned over cards from the deck which he held.
Pupils weve also warned that they would have to be prepared to explain
how the cards matched. Fred was the only child who seemed to know what
to do. As they started the first vound, Theresa, Alex and Jenny all
expressed uncertainty. Theresa asked, "Which one comes first? Does this
number come firat or does this number come first?” She indicated the
rows and columns of the array. Mr. G asked her to decide far herself to
which she responded, "All makes the same number anyways.” This was ane
0f several comments that Thetresa made duming the unit showing that she
had a aood qrasp of commutativitu. Howeven, Theresa appeared 2o
expenience the aqreatest dearee of confusion ahout the Concentrnation aame
and how 2o descnibe the arnaus, She was uncooperative at times, naising
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her voice and trying to take cands out of the intean's hands whilfe he
talbed to Peten.

Jenny provided clear explanations of her matching cards despite her
{nitial protestations that she did not comprehend the rules. Theresa had
difficulty telling why she thought she had matching cards. When Mr. G
asked whether one of her cards was the same as the one she had just
described, Theresa stated, "No, but the answer's the same.” Fred tried
to help by counting five groups of six on Theresa's card but she
disagreed, turning the card sideways and pointing out the six groups
{nstead. Although she understood commutativity, Theresa did not seem to
see the connection with arrays. Peter, Alex, and Fred could all describe
thelr arrays quite easily.

Deapite thein initial uncentainty and numerous questions, the
pupils wene all abfe to associate the multiplication dacts with the
annaus and choose cards which showed nefated facts, Because they wene
engaged in plawing a game in which theu sought different sonts of cards,
thene was no cooperation duning the plawing phase, Once the children
were asked to explain thedin answens, several examples of prompting ox
assistance occurned between pupils,

Manu of the vexrbal exchanges wene between the intean and individual
chifdnen nathen than involving the whole aroup.

The intean's questions wene generally focused on having the
childnen explain thein own answens ox confinm someone elfse's, He
also asked pupils to demonstnate how thew had found the products.

The chifdren's venbal neaction to the new concep? of arraus was
inconsistent with thein choosina the comnect cands Laid down bu the
intenn, 14, as the childwen claimed, theu trnuly did not undenstand,
theu should have been unabfe to #ind the matchinag sets o4 cards, The
nesearcher found it difficult to neconcile this difference bhetween
the venbal and non-venhal actions o4 the group. The students,

except Thenesa, wene abfe to match and expfain the sets o4

cards,

DAY 18: (Theresa, Peter, Alex, Jenny, Fred)
On Day 18 the classroom teacher integrated the idea of arrays witch
the "Little Giant explains why" activity from Structured Activities,
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Vol 2 . The focus was on the similarities and differences between the
trips the Big Giant and the Little Glant made. The number track and
blobs of clay from "Big Giant, Little Glant" were replaced by stacks of
Unifix cubes to show the glant's strides., Skemp uses this activitu to
intnoduce the team "commutativity' and 20 shift {nom phusical matenials
2o a papen and pencif (1989b, pp. 115-117), His versdion includes the
students drawing the fourneus on squaned paper aften theu ame comfontah?e
with using the rods of cubes to nepresent each giant,

Students were able to easily identify the mathematical similarities
and differences between the glants' journeys i{n each turn. After
discussing the trains of cubes, the teacher asked for them to be broken
apart and made into rectangles. Theresa described the two rectangles as
being the same length and width but neither she nor Fred thought that the
rectangles contained the same number of cubes. Fred justified his answer
by noting that one rectangle contained groups of five and the other had
groups of six, He interpreted this as two different totals. Once one
rectangle was stacked atop the other, all of the children agreed that
they were equal. Jenny knew that the rectangles were equal because the
trains of cubes had been equal. Ms, C summarized the essential aspects
of this activity., She pointed out that although five groups of six and
six groups of five look different, they "end up at the same place”.
Theresa was inclined to focus on the differences in the length of the
groups and Ms, C needed to reiterate that both rectangles contained the
same number even though thev did not appear the same. After Theresa and
Jenny had been the 3ig Giant and the Little Glant in the first turn, Ms.
C asked Fred and Alex to confirm the girls' work. Jenny had described
the Little Giant's trip as "Six strides with five In each stride”. Alex
exclaimed, "That's backwards.” Ms, C corrected him and began to show him
the strides taken. Alex then clarified his statement; he had meant that
the trip was "buzckwards from what the Big Glant did.”

As Alex was answering questions ahout the second round, (8 x 2), he
described the trains as looking different. Ms. C asked him how but Alex
changed his mind, Ms. C told him that he was correct when he thought the
trains did not look the same. Alex claimed the difference was, "You

can't count them. 'Cause {t's all one colour (Big Glant) but here
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(Little Giant), you can.” Both Theresa and Jenny predicted that the

Big Glant's rectangle would be longer. Ms. C requested that Theresa
describe the Little Giant's rectangle and provide the equation that would
match {t. Theresa responded with, "Oh, that's easy. Two times eight or
eight times two." Ms, C insisted that Theresa choose only one equation,
hased on the "how many groups first" rule., As the game was being put
away, Theresa complained to Jenny that she was confused., This prohably
anose fnom the emphasis on the rectanale being desenibed hu onlu one
equation nathen than snowing both as it had in the arraus game,
Thenesa's intenpretation appeared to nedlect the concept of
commutativitu; Ms, C's intenpretation was in teams of the "{inst facton
names the numben of groups" aule,

Students' attitudes were positive except for the occasional
interjection from Theresa., Pupils' certainty about their work wavered
several times. As the five groups of six and six groups of five were
being reviewed for Theresa's henefit, students were asked to point to
the "five times six". Alex, Peter, Fred and Theresa all {ndicated the
same rectangle. Ms. C asked Alex, "This one?” which prompted Alex to
withdraw his hand and look uncertain, The teacher chided Alex, saying,
"Don't change your mind just because I asked again.” Alex's action
seemed to demonstrate that he thought he was heing corrected or told to
try again., The teacher's purpose, though, was to confirm Alex's
regponsge,

The communication pattern on Day 18 involved morve student
interaction than usual on a "teacher-led" day. The children discussed
their interpretations of the gilants' journeys instead of limiting their
comments to conversations with the teacher and virtually ignoring their
peers. The teacher's questions facilitated these student-to-student
exchanges by asking predominantly open-ended questions. She used
strategies such as asking children to compare answers with a partner and
ther with the whole group in order to encourage the pupils to share their
thinking.

Rather than {ntroducing a completely new concept, Ms, C was
providing an activity to reinforce the commutative principle which had
been used in the other Big Giant, Little Gilant games and in the
Concentration Arrays. The manner in which she phrased the questions
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helped to generate mathematical discussions; she assisted the students
in drawing connections among concepts. She also reinforced the value of
students helping each other and listening to the others' ideas. This
served to remind the children of the cooperative social skills which were
expected of them,

DAY 21: (Jenny, Pred, Peter, Theresa, Alex)

Day 21's activities took place in the classroom but since the
study aroup was seated together, the data have been included. Except
for the physical setting, the day was no different from a laboratory
day.

The children in the study group were filling in the answers in
duplicated multiplying booklets. The pages used clocks and coins to
represent the five times tables, The students did not have any
difficulty in completing the questions because they used skip counting to
verify the products. Several children commented how easy they found the
assignment. They did ask for help as they hegan new pages; however,
their "What do I do here?” inquiries appeared to he almost rhetarical.
The first time Alex asked this question, Fred volunteered an explanation.
When the teacher avrived to check the group's progreas, Theresa and Fred
asked whether Ms. C wanted to mark their booklets. She responded by
asking Fred whether he knew that his products were correct and then
praised him when he said he was sure of his answer, This served to
reinforce his self-reliance, A moment later, Fred inquired how to do the
page of clocks and the teacher gave him some hints about calculating 9 x
5, When Alex had a question about the same page, Ms. C referred him to
Fred for aassistance. Alex's observations demonstrated good mathemati{cal
connections. He reasoned that since he knew 7 x 5 = 35, all he had to do
was add two move fives to find the product of 9 x 5.

Fred was the onlu one who prompted a fellow student on Day 21,

Alex was the sole person who explained his mathematical thinking
spontanecusly., Jennu and Peten wene present but did not contnibute
anything to this short convernsation,

Filling the equations in the duplicated multiplication hooklet
helped to neindonce the shkills of the basic facts but did not nequine
that the children coopernate hecause each child had his/hen own copy. Two
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0f the students did provide assistance to each other, answenina "What do
1 do hene®" tupe questions and providina hints about usina known facts to
fiquae out the unknown ones,

Communication with the teacher was quite fimited and consisted of a
few procedunal matters (i.e., the ondenr in which the pages had to bhe
completed) and some mathematical advice as the children worked out the

producs,

GROUP INTERVIEW

The study group was interviewed in the "quiet voom” of the
mathematics labhoratory the week following Day 21. In the Interval
hetwean these two days, the students had worked on individual games to
reinforce their basic facts or in their classroom groups. There was no
need to videotape these activities since doing so would not add to the
study data.

Students were asked whether they liked the group arrangement of the
mathematics lahoratory and why. They were generally positive about the
group work because they could obhtain and provide help to figure out their
prohlems; have company while they worked; listen to explanations: and
"learn a little hit faster so you don't have to sit there all day trying
to get one or two [questions] done”, The pupils disliked the group work
some days becaise other people talked too much or gave answers {nstead of
helping., Jenny commented that she found the group activities difficult
because sometimes she could not find the words to explain,

The children were quite negative about having to provide
explanations to other group members but accepted that explaining was
necessary. They felt that they could help and be helped through talking.
Fred identified the need to be prepared for the future. The children
disliked providing explanations because they did not know how or became
nervous.

If they were having difficulty, four of the five students said they
would ask another child rather than a teacher. Their reasons included
the fact that the teacher would just tell you to ask another child.
Theresa said, "And the teacher would say, 'Ask someone in the group,
they're just as good as a teacher'.” Jenny felt that the teachers
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encouraged children's interaction and wanted the children in the groups
to get along with each other. The fone o4 the comments appeared to
indicate that, despite Ms. C's efforts 2o convince them othemuise, these
students did not feeld that the children would be "f{ust as qood as a
teachen", Fred preferred to ask teachers for help because he was
certain that they would know the expected ansver.

Consistent with their answers to the previous tople, the students
felt that they would receive a more understandable answer by asking a
peer. They identified a common vocabulary, simpler examples and being
able to understand the children better as reasons to ask another student.

The next focus of the interview was on the laboratory games versus
using a texthook. Three of the five students would have preferred to
learn multiplication from a texthook. Therasa first said that she liked
the laboratory, then changed her mind. Fred chose the lahoratory because
the activities were fun and he felt that he would learn just as much
as from a book. The children who wanted to use a text did so because {t
would prepave them for future mathematics classes. Jenny said that a
text would help "so you get used to the questions. How they look when
you grow up and do math, you would only be knowing the game, You won't
be knowing how the math looks.”

Many of the attitudes about the mathematics fabonatory and the use
04 texts wexne unexpected given 2o the activitu-hased, coopenative
Peanning and communication emphases of the school and parnticularfu Ms., C.
These attitudes appear to be contradicted, however, bu some of the
answers these students gave on the questionnaire,

QUESTIOWHAIRE

After the multiplication unit was completed, an individual written
questionnaire was administered. The researcher read the questions aloud
one at a time to the whole class and children were free to ask for
clarification. Questions dealt with using a texthook versus an
activity-based approach, the need for manipulatives, feelings about their
abilities in mathematics, their perceptions of the teacher's attitudes,

seeking help and writing in the mathematics journals.
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CHAPTER V

ANALYSIS OF THE RESEARCH QUESTIONS

COMMUNICATION

BETWEEN ADULTS AND CHILDREN
The study examined the roles assumed by participants, who assumed

them and what influence the roles had on the communication patterns.
Skemp provides little guidance regarding the roles of teachers and
children or how to facilitate the type of discussion which will most
benefit the pupils, He appears to feel that the materials and directions
for playing the games will provide the appropriate degree of guidance,

On page 9 of Structured Activities (vols. 1 and 2) Skemp states:

While with a group, it is very difficult, if one 1is a
teacher, not to keep actively teaching when it might be better
te wait for children to do their own thinking. The kind of
teaching involved here includes ways of managing children's
learning experiences which are less direct, and more
sophisticated than more traditional approaches. They are also
more powerful.

All three adults working with the study group made the same error;
they frequently asked "closed” questions rather than encouraging or

allowing students to struggle through constructing their own
explanations. As children seemed uncertain, the teachers tended to ask a
structured series of "Well, didn't you do ...?" sorts of queries so that
the child's contribution was reduced to one or two words at a time. The
pattern of "closed” questions was greater at the start of the unit when
pupils were first becoming familiar with the concepts. As the unit
progressed, the type of questions asked by the teacher and intern altered
to include more open-ended queries. These later questions sought to
consolidate facts learned earlier (equal groups, the arrangement of
factors, commutativity, various ways to represent multiplication such as
arrays). These more open~ended inquiries elicited lengthier and more
complex answers from the pupils. The teachers asked students to make
connections among the tasks or concepts. On several occasions, children
identified tnese connections without adult prompting.

The researcher found it challenging to remain an observer and not

become involved in teaching. She was not always successful as can be
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seen from the transcript of Day 7 (Appendix A). The researcher's
journal from Days 2 and 3 reflected her frustration and struggle to
remain uninvolved in the problems experienced by Theresa, Fred and Peter.
May 3's journal entry read:

Very difficult not to become involved in helping group with
understanding the task and also had to really resist the
temptation to try to improve their listening and explanations,

2

Peter gave an interesting explanation of how he figured out 4 x
8 = 32 but Theresa and Fred were not attending,

The researcher was in the unique position of beaing an ohserver and
also a peripheral member of the group. Prior to the commencement of the
study, the researcher had assisted groups in the mathematics laboratory
in the same manner as the teacher, intern teacher and the classroom alide
who was occasionally present., At that time the students appeared to view
her as just another teacher. At the bheginning of the multiplication unit
the children had little interaction with the researcher: they were
generally able to ignore the video camera and {ts operator. On Day 4,
though, when Theresa became particularly frustrated with Fred, she
acknowledged the researcher when she complained that Fred refused to
listen to her suggestions., By Day 7 when the group played Giant Strides
in the "quiet room", the researcher was unable to stay completely
separate from the group's work, She asked whether the pupils had made
predictions and whether those predictions were accurate. When the game
was taught to the class, there was an expectation that they would
egtimate the answers first but on Day 7 the children seemed to be
ignoring that requirement, The room in which this activity took place
was very small and the researcher was in closer proximity to the children
than was usual, There was also little likelihond that the classronom
teacher or the intern would come in to check on the proup. Tt seemed
natural for the researcher to step In and remind them of the procedures.
The researcher was aware that this interference was contrary to her
intentions: on later days she attempted to restrict her interactfon with
the group to asking for clarification of individuals' strateples. These
requests usually took place in private conversations as the rest of the
group worked and this procedure was consistent with the design of the
study. Another reason for the researcher assuming the teaching role

resulted from the classroom teacher's stated expectation that the
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researcher would provide "another pair of eyes and a helping hand”
(private conversation, December, 1990). It was agreed that, {f the
classroom teacher or intern were unavailable, the researcher could assume
the teacher's role temporarily.

Early {n the unit Ms. C emphasized the necessity of explaining
clearly and listening carefully becsuse an adult could not always be with
the groups. On Day 12 the researcher again became the teacher, The
children had a curious viev of the vesearcher on this day. They accepted
her questions as {f she vere the teacher but also were able to ignore her
sufficiently to engage in considerable off-task hehaviour. Their singing
and making silly comments seemed to indicate that they accepted the
researcher as arother group member, not as an adult wvhose presence should
inhibit their behaviour. Their att{itude appeared quite diffevent from
thase days when they were working with the teacher or intern.

Among the problems on May 4 were those caused by the intern's method
of interacting with the group. As the three pupils were attempting to
veach a concensus about the product of 4 % 9, the i{ntern arvived to check
their progress. FHe iIntervupted Peter's description by asking a series of
three questions i{n a vow. Peter started to vespond to the fivst question
but was cut off. It vas clear that the children were struggling so the
intern attempted to {ntroduce a nevw means of using partial sums. Almost
{mmediately after this, he suggested counting the tvain of Unifix cubes
to confierm an ansver. This appeared to contvadict his earlier
suggestion. The next time Mv. G came to listen to the group's
deliberations, Theresa and Pred were arguing about Thevesa's description
of Peter's method. He inquired about Theresa's "problem”. When she told
him, the {ntern dismissed the inecident.

The intern's interjections tended to interrupt the flow of the
communication. Had he waited and listened when he first arrived at the
table, he might have learned what was happening without questioning the
students. This might 8lso have altered the students' tendency to appeal
to the adult to judge the accuracy of & pupil's {deas and reinforced the
need to communicate effectively within the group.

The poor communication and uncooperative atmosphere on Day 4 arose
from lack of effective listening by the intern teacher and children.
Various strategies for finding products were being discussed because the
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children vere {nvestigating which method best suited them. Had they been
alloved to continue their conversation, Fred and Theresa might have
reached an understanding about thelr different vievs of what had happened
during the 4 x 9 round. As wvas obvious from the questions that Fred and
the others put to the teachers and from the accompanying tone of voice,
the students stil]l vegarded the adults as the final authority. If a
dispute arose, pupils wuld often appeal to an adult to resolve {t: they
evidently did not believe in trying to veach a group consensus instead.

On several occasions after the students had played a game, the
teacher, Ms, C, made summary statements ahout multiplication. She drew
parallels betveen activities, pointed out some of the similarities, and
highlighted the {mportant aspects. Snemp suggests (1989, pp. 165~166)
that asking the children put a nevw concept into their own words will help
them to develop a cleaver formulation than merely listening to the
teacher, The children did note some similarities among the activities.
For example, on Day 8 Thevesa compaved "I Predict - Here” and what she
called "the blob gare” ("Giant Strides”) and on May 18 Fred related the
Unifix cubes avvanged in vectangles to the arvays game played with Mr. G.
Neither teachey requested that students explain how the activities vere
velated or asked students to verbalize their emerging understanding of
multiplication, To do so would have heen entively consistent with a
constructivist approach.

The voles snd expectations of the childven and adults vavied
throughout the unit., When students worked with the two teachers, they
often changed the group dynamics from interaction among themselves to a
one-to-one velationship with the teacher.

AHORG TWE CHILDREN

The communication patterns among the children were different from
those on days when they worked with the teachers, On the days when the
group vorked along ov with limited adult supervision, the remarks they
made tended to be longer and ofter more detailed than on days when an

adult was pregent.

isles
One or more of the students would assume a directive role, either
telling the others what to do or offering hints to establish the
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correct interpretation. This rvole might be taken by one child throughout
a day's work or the role might be assumed by several children in turn.
Pred and Theresa tended to assume the leader's role movre often than the
others., These dirvections from one child to another focused on procedures
more often than mathematics. Theresa's manner vas frequently abrupt as
she gave her directions; on Duy 4 she vas upset so her manner vas
particularly {mpatient. The other four children seemed able to offer
directions in a gentler manner.

The pupils also offered verbal and non-verbal prompts throughout the
group vork. These vere given in a helpful vay rather than with a
superior attitude. The prompts were often made to assist another child
to find & product or make an estimate. There was usually a difference in
the tone of voice vhich distinguished 8 directive from s prompt. The
non-verbal prompts took forms such as Fred holding up & number of fingers
to show Aley and Peter how many groups ov Jenny placing blobs of clay to
keep track of Petevr's "strides”, These non-verbal assists wvere, like the
verhal variety, usually gratefully veceived. Theresa's rejection of
Fred's help with counting the Unifix "train” on Day 4 wvas a rvare

accurrence.

Caoperative Rahaviouve
The degvee of cooperation among the students varied. On some days

therve uas evidence of children asking for and offevring to share materials
and helping others to find asolutions to the wmathematical aspecto of the
work. Fred's "scaffolding” hehaviour on Day 13 and Alex and Theresa's
sharing materials on the same day wevre the wmost striking examples of this
cooperative attitude., Some students from the group cooperated well with
each other but not effectively with the rvest of the group. Theresa
offered numerous mathematical hints and strategies; she was often not
listened to by the other pupils. Therve weve indications that the
children heard and adopted some of the {deas suggested. Her strategy of
partial sums was used by all the group members; the others might also
have supggested this method had she not mentioned {¢t first. They all
appeared quite comfortable with the strategy. On most of the

independent working days the group cooperated vrelatively well on the
mechanics of the activity but less effectively on the mathematical
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concepts.

Students' Views

In the group interview (see Appendix C) students generally agreed
that they could request and receive help from their groupmates and that
an explanation from another student was often preferahle to an adult's
explanation, This positive assessment of the merits of group work
appears to be contradicted on numerous days by the attitude of the study
group, Perhaps this point should have been clarified at the time of the
interview; the researcher's view of the group interaction was not as rosy
as the students'. There {s evidence of students helping each other, as
noted ahove, but there were also numerous conflicts over relatively
unimportant things such as whose turn was next and who was to have a
specific colour of Unifix cubes or stickers.,

off-task Behaviours and Conversations

Some of the disputes related to the assigned tasks while others
arvose as the childven were off-task. The degree of off-task bhehaviour
which occurved often seemed related to either the students' familiarity
with the game or the amount of time they spent waiting for their turns.
Days 1 and 2 contained almost as much off-task as on-task behaviour. As
previously mentioned, the classroom teacher indicated to the researcher
that she felt that Day 2's misbhehaviour was caused by too much similarity
to Day 1. On hoth days, the study group was expected ta listen ta other
groups' descriptions; vather than attending carefully, they chose to play
with their materials. Part of this, according to the teacher, might have
been because they were not usually expected to work as a total class In
the mathematics laborvatory, This, plus the attractiveness of the
materials, may have caused the lack of attention which occurred. Day 12
also contained many inappropriate behaviours and comments. The students
wvere meant to be playing "Giant Strides”; this was the day when they were
instructing Alex. The group seemed rushed and restless as they gave Alex
a sketchy account of the rules. They were talkative and inattentive
throughout the day's work; this might be explained by the lack of direct
teacher supervision. Since the researcher wvas present in the "quiet
room” where the group was playing, neither teacher checked on whether the

pupils were doing what they had been assigned.
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On—task Behaviours and Conversations
The length and content of the pupils' on-task comments seemed to be

related to their familiarity with the task and {ts underlying concepts.
One noticeable exception to this generalization happened on Day 4. Mr.
G and Ms. C occasionally watched the pupils and offered guidance but for
the most part, the students played the multiplication game unsupervised.
Even when they were alone there wvas a concentrated focus on learning the
concepts and playing the game. Unlike Days ! and 2, students were
working independently and were not distracted by the materials or their
neighbours. Despite the conflicts of the day's activity, all three
children stayed focused on the task.

Yaniliarity with the Activity
Being familiar with the routine of a8 game allowed the pupils to

discuss the mathematics more easily. On the days vhen the group replayed
a4 game, there vas a greater likelihood that they would focus on its
mathematical aspects. This pattern vas not true for all the work; the
students also became entangled in procedural disputes about the games.
The practical activities provided a focus for the mathematics and
the communication; they supplied the structure and the content of the
discussions. The childven did discuss the mathematical concepts such as

focus frequently appeared to be move of the "how" than the "what" of the

tasks.

Tewporal Considevations
The degree of verbal and physical {nteraciion among the pupils was

determined i{n part by the amount of time allotted to any one activity,
The mathematics laboratory time was divided into two fifteen-minute
blocks per day. There were aluvays two tasks to accomplish {n that time.
One complaint voiced by the children during "clean-up" on several days
was that they would only have begun a game and would be expected to move
on to another assignment. They found {t frustvating that they would
often not have enough time to complete their games. There was at least
one day, though, on which Peter sighed with velief when the working time
was over and he said that he had thought the game would never end.
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Synthesizing and Ezplaining

Encouraging children to provide "vich", complete explanations of
their thinking {s not easy. This i{s more likely to happen in a s{tuation
vhere the students are familiar with the task and the required
mathematics than vhen they are learning something new. On days when
pupils vorked without constant adult supervision there vere more examples
of prompts and of students assisting each other. However, the focus was
not alvays on the concepts. Students' patterns of speech and verbal and
non=verbal intevaction differed on these days as well.

The pupils wvere often not yet able to synthesize and comment on
their learning. Their knowledge was not yet sufficiently well-formed or
sophisticated enough to allow them to "think ahout their thinking”.

Skemp recommended (private conversation, Mav, 1991) that children should
not be asked to explain their developing knowledge too soon. To do so
runs the risk of confusing the children and slowing their progress toward
relational understanding of the concepts,

ASSTHPTIONS TWDERLYING TWE
HATHENATICS FROGRAMNE

The multiplication unit {in this study was primarily based on
Professor Skemp's Structuved Activities. Therefore, one might reasonably
assaume that the communication and mathematics should occur as he
suggested. This assumption, see below, vequives teating.

Skemp hases his practical activities for learning mathematics on a

sevies of assumptions about the learning and teaching of "real
mathematies"” (1989, p. 2)., His assumptions include:
1) MNawy concepts should usually be introduced through a teacher-led
discussion;
2) Childven can play the games together without direct adult
supervision once they have learned the procedures:
3) The strvucture of the games will encourage discussion;
4) The discussions will be mathematical because the rules and
stvategies are largely mathematical;
5) Childrven will question each other's moves and justify their
oun moves;
6) These discussions will consolidate the students' comprehension;
7) Explaining an idea to someone else {s an effective means of
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improving one's own understanding; and
R) Children can bhenefit juat as much as adults can from the
opportunity to discuss and explain their ideas (ibid., p. 1;
Paraphrased by the researcher; for Skemp's original wording see
Appendix Dj.
Most of his assumptions were accurate but the study group did not
always conform to the teacher's or researcher's expectations resulting

from Skemp's work.

Assumption 1
Skemp explains that his activities

fall 1into two wmain groups: those which introduce new
concepts and those which consolidate these and provide varilety
of applications, Activities in the first group always need to
be introduced by a teacher, to ensure that the right concepts
are learnt. Once they have understond the concepts, children
can go on to do the second kind together with relatively little

supervision (ibid., p. 9).

Ms. C and Mr. G introduced the new aspects of the multiplication
unit efther to the {ndividual groups or to the whole class. When new
material was taught to the entire class at once, the practice was
usually followed by the chance to share a description of the group's
results. Ms. C's questions were intended to help the children discern
the important mathematical ideas and the common parts of their work.
She asked for details about the numbey and size of the sets used and the
result when the sets were combined. She was careful to follow Skemp's
"First Action, Second Action, Result” model (ibid., pp. 165-166) from
the start of the unit. As the students took their turns describing
their actions to their groups or the class, they followed the same
pattern,

The teachers were more ruccessful in holding the children's
attention when the concepts were taught to smaller groupings of
students. During a vhole class discussion on Day 2, the pupils in the
study group created telescopes, trains and guns with their Unifix cubes
while they were meant to be listening to other groups' explanations.
Even though they could all tell tﬁe teacher how they had put the groups
of cubes together and what the result was, the conversation within the

g.oup was largely off-task. The only mathematical comments were made
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vhen the spokesperson for the group described their work to the teacher.
The fact that they could explain the mathematics indicated that they did
understand the task but the off-topic discussion appears to contradict
Skemp's assertion that the conversation will be about the mathematics.

Skemp's first assumption held true in large part because, as has
been shown through many years of pupil-teacher exposure, a teacher-led
introduction of & new topic or concept in mathematics {s an example of
"scaffolding”. The more experienced person, in this case the teacher,
is able to provide information about the salient points and provides a
framework into which the less experienced child may begin to fit his/her
emerging knowledge. Some studunts ave capable of identifying and using
relevant information with little or no guidance but the result may not
be as efficient or effective as having a "live" person to help remove
any small but stubborn elements of confusfon in the student's mind.

Teachers are usually very good, as they were {n this study of Skemp
and communication, in moving from the concrete to the abstract. The
movement in this case was ai{ded by the children's familiarity with the
manipulative materials and voutine of the mathematics lahoratory. Their
reasoning skills were not as good as their oral-aural skills. Thus the
teachers' euposition and direct questioning were a great assistance to
students' reasoning as they moved from the familiar to the unfam{liar
and from the simple notion to the complex notion.

Assumption 2

Skemp's second assumption was true for this group, Once they
had learned the games from one of the teachers, they were able to cape
on their own.

Assusptions 3 and &

Theresa's use of the partial sums strategy and Fred's subsequent
use of the same strategy appear to demonstrate Skemp's third assumption
and, {n part, supports the fourth assumption. In general, his third and
fourth assumptions were not as valid for these students. This is
evident from the poor listening, lack of effect{ve communication and
adversarial atwosphere in the study group on Dy 4. On this day, the
children were quite capable of following the procedures and there was

constant discussion about the mathematics: however, the atmosphere In
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the group was not 8 productive one. Fred and Peter assisted each other
as they tried to find the product of 4 x 9 but their work excluded
Theresa. There were sincere attempts made, mostly by Theresa, to
{nstitute a mathematical discussion but she was unsuccessful. At the
beginning, Theresa assumed the role of leader, trying to persuade the
boys to follow the prescribed routine. She also shared her strategy for
making a ten-vod into a nine-rod. This technique, like her partial sums
method, was an example of vhat Skemp terms "an elegant solution” (1989¢,
p. 79). She made two attempts to make Fred listen bhut he and Peter were
involved in the next step and ignored her. Theress was repeatedly
rebuffed as she tried to introduce her mathematical ideas to assist in
calculating the products. Fred and Peter did engage in a discussion as
they worked and they talked aloud much of the time so the others in the
group could hear their thinking; however, there was little cooperation
among all three members of the group.

In the early part of the unit on multiplication, when the students
played some of the games independently, the conversation did not always
extend beyond the mechanical vepetition of the steps. On Day 4, Peter
bhegan his explaining by saying, "1 put down first action ..." He was
interrupted by Ma. C wvho requested that he provide a more exact
description.

By Day 7, three of the students had learned "Ciant Strides” (1989,
pp. 165 and 167) from the teacher and the group was ashked to play it
independently, Their conversation and interaction seem contrary to
Skemp's conviction that children will naturally engage in meaningful
discussions. Theresa, who was just learning the game, appeared to focus
on the mathematics while the others were concerned about the yrules. 5he
made comments like, "Ch, so every ten is a stride”, by which she
demonstrated her growing grasp of the content and the procedures.

Asawmptiona 5 and 6
Assumption 5 is most velevant to Day 12's work; the children did

question each other and justify their own. The mathematical focus of the
discussion occurred partly as interaction among the pupils and partly
because of the researcher's prompts.

Theresa's remarks on Day 7 offer some proof of the siuth
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assumption. By talking about what was going on in the game, Theresa
seemed to develop her understanding of the activity and the mathematics
involved. The children did sometimes question each other's moves or
strategies and justify their own assumptions but the focus was mainly on
whether the rules had been followed.

Day 18's work {s best reflected in Assumptions 6 and 7.

Assumptions 7 and 8

While the last tun assumptions seem logical, it is difficult to see
Assumption 8 demonstrated in the group's interactions. When the children
explained an idea to the others, their understanding did not seem to
alter visibly. If any changes occurred in their level or type of
comprehension, the evidence i{s hard to pinpoint exactly.

Skemp's Assumption 8 (Children can benefit just as much as adults
from the opportunity to discuss and explain their {deas) {s {rrelevant to
this study. In the firvst place, the study did not seek to compare
students and adults. In the second, the only adults present were
teachers and the reseavcher and there are no data recorded concerning
their degree of learning from each other as they discussed the pedagogy
included in the multiplication unit. And last, {t would not be valid to
test adults' learning about general pedagogy against children's learning
about specific machematical concepts.

Of all of Skemp's assumptions, the two which least fit the study
group ave that the structure of the games will stimulate discussions and
that these discussions will be mostly mathematical. Once the proper
concepts have been learned, students ought to be ahle to consolidate
their knowledge by ve-playing the games. In this study the mathematical
conversations which did occur tended to be rather limited in scope. For
the most part they included details about using one of the three common
strategles (partial sums or products, counting on, or counting all).
Peter used an additional strategy of counting the groups on his fingers.
The other pupils apparently were aware of Peter's method through prior
exposure; therefore, he explained the procedure to the researcher but not
to his fellow students., The group's conversations were more often about
the procedures for doing the activity than strictly mathematical topics.
The groups in the laboratory were rarely left unsupervised so it {s
difficult to speculate on the direction a discussion might have taken {f
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the children were left completely on their own.

The multiplication activities in this unit were designed to function
as mode 1 and mode 2 schema builders (1989c, p., 74). Mode 1 focuses on
structured practical activities which provide a foundastion for further,
more abstract learning. One advantage of mode 1 is that children may
experience mathematics in ways that allow them to formulate and test
ideas without relying on an adult's authority., They are also able to
have a greater degree of control of their own learning processes than in
a situation where they are dependent on a teacher to tell them whether
they are correct. The children make predictions and through testing
these, they are able to determine the validity of their thinking. Mode 2
focuses on communication in which students explain and compare their
understanding. In order to do this, children must put their thoughts
into words so that they can discuss whether a move in a game is
mathematically allowable, and why. Skemp contends that by arguing about
the correctness of a move, the children will criticize each other's
thinking in "a less threatening manner"” than the teacher would (1989c,

p. 76. He states,

Trying to justify, or disagree with, a move on mathematical
grounds means explaining oneself clearly, and this requires on
to get these ideas clear in one's own mind. Simply speaking
one's thoughts aloud takes one a step in that direction (ibid.,

p. 76)
By completing these mode 1 and 2 activities, Skemp anticipates that
pupils will he able to engage in mode 3 level thinking which involves
using previous knowledge to create new ideas and connections. This is

when mathematics becomes creative.

ORGANIZING FPOR LEARNING

A dilemma arises in attempting to find a better way to arrange the
learning atmosphere and experiences so that a truly constructivist
approach occurs and relational learning takes place through all three of
Skemp's modes. Issues which must be addressed include the materials,
activities, content of the mathematics, control, roles played by teachers
and pupils, differing perspectives about those roles and the avallability
of time and resources.

Skemp addresses the issue of organization:
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Consideration also needs to be given to classroom
management . 1 am assuming that your children are already
sitting in small groups, and not in rows of desks facing the
front. Even so, they may be more used to working individually
than co-operatively, and {f this is the case then their social
learning will also need to be considered. Such things as
listening to each other, taking turns, discussing sensihly and
giving reasons rather than just arguing, which we may take for
granted, may need to be learnt. The ways of learning
mathematics which are embodied in this scheme both depend on,
and also contribute to, social learning and clear speech
(1989a, pp. 8-9).

The children in the study were, as suggested by Skemp, used to
working in cooperative groups in the mathematics laboratory but they were
not consistent in listening, discussing sensibly or giving reasons
instead of arguing. Their abhility to conform to Skemp's and the
teacher's expectations varied according to the task, the materials, the
children's attitudes and whether an adult was present. The students had
been taught the five essential skills of the Johnson, Johnson and Holuhec
cooperative learning model but neither this training nor the structure of
the Skemp programme seemed to keep them consistently on-task.

On some days the physical proximity of sitting around a tahle
assisted the children to stay on-task because they could all see the
materials easily and hear each other's comments and strategles. They
could also share the manipulatives so that they could demonstrate to
reinforce their ideas,

The tasks and manipulative materials also had a varied effect on the
on-task behaviour and the conversation. The early activities, especially
those played in groups and discussed with the whole class, did not appear
to interest the children very much. Pupils focused Instead on using the
materials as toys. On Day 4, despite their argumentative attitudes and
lack of group togetherness, the students did discuss some strategles and
share the needed materials. Activities later in the unit appeared to
engage the children more; their vocabulary and understanding of the
concepts aided them in discussing the activities,

When working without an adult, control of the group usually rested
with Fred and Theresa. Fred tended to prompt the others to keep them
on-task; Theresa's tone of voice and manners were often less tolerant
than Fred's. The other three children also prompted the group's work

occasionally. Their manner was more like Fred's; they rarely raised
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their voices or betrayed any impatience.

The pupils' attitudes were only partly the sort that were hoped for
{n the study. They did display some of the characteristics of helping
others, asking for assistance when necessary, and thinking for oneself.
They had some difficulty with showing acceptance for others' ideas and
did not appear to do mich self-evaluations.

STUDENT ATTITUDES

The opinions of the children in the study group were fairly
representative of the whole class in most areas on the questionnaire.
These five pupils were, however, more positive about their own
mathematical ahilities, ahout writing in mathematics, about asking others
for help and about conversation as an aid to learning. In response to
the statements, "I would like to learn all of my math from a textbook”
and "1 could learn more from a math texthook than I do in the math
lab”,the study group indicated that they would prefer working in the
mathematics laboratory.

DISCUSSION

Developing Communication Skills

Worthwhile communication in mathematics vequires that students have
activities which pique thelr curiousity and provide material worth
discussing. If childven perceive that explaining the mechanics of an
activity or answering a limited range of questions is all that is
expected, then that is all that they will produce. The conversation is
much "richer” when pupils justify their answers in order to help another
child comprehend instead of talking their way through the prescribed
steps. Some students may be able to explain easily but others find
themselves at a loss for the right words, Teaching children how to
explain or how to ask the questions so that they will receive the needed
information is a vital component of a communicative classroom. 1f
children do not understand an activity or explanation, they need to be
able to i{solate what parts they do or do not comprehend. This requires a
somewhat more precise vocabulary than "You put that thing here” or "You
just count three and put a blob” types of comments. Caution muet be
exercised, though, not to require such exact explanations that children

become tongue-tied.
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The challenge lies in developing enough communication skills to help
the students explore the materials and the wmathematics concepts and
language without making them feel that there is a "right"” way to do
everything. The attitude that there is only one way to do mathematics {s
precisely what documents like the Standards seek to counteract.

There are benefits to be realized by helping pupils develop
metacognitive skills, Reys, et al., sugpest (1989, p. 39) that "the
development of metacognition requires children to observe what they know
and what they do, and to reflect on what they ohserve”,

Teachers and parents can begin by asking questions like, "How do you
know?” and then encourage children to ask themselves, "How should T do
this? Would brainstorming help me to get started on this problem? Would
a draving help? Would it help me to talk about this problem? [Is this
similar to anything else I have done? How is this the same or different?
What is the easiest/havdest part of this for me"?

Teachers' Verbal Rehaviouvs

Any teacher working with studeats on these or any foundational
mathematics must be cautious ahout the comments he/she makes and the way
that questions are phrased. It may be appropriate to ask more focused or
limited sorts of questions as a new concept {s introduced; these must
emphasize the important mathematics and not be limited to the procedures.
To foecus on "how do you play this?" may leave children with the errvoneous
idea that the steps are the most important part of an activity, and not
the underlying concepts.,

Teachers also need to avoid carrying on conversations with one
individual at a time while working with a group. Obhviously, It is
sometimes necessary to address a comment or question to a specific
child. The students will benefit from being encouraged to assume the
"teacher's role" and ask each other questions and justify their own
work. This is more likely to occur {f the discussions Iinclude all
of the students at once and the teacher "turns the tables” on children
who frequently seek reassurance, If the other students are asked
what they think or encouraged to debate whether answers are acceptable,
they will be less likely to treat the teacher as an absolute

authority.
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Values .
Teachers' questions reflect their attitudes about how and what

students learn and about the teachers' own feelings of competence and
willingness to explore mathematics. If teachers experienced instrumental
intruction in their lives as students, they may view mathematics as
threatening and limited. Their focus as mathematics instructors may be
on the "correct” way to approach a problem or the "one right anawer”; the
texthook may become a lifeline {nstead of a guideline. Alternatively,
educators who were taught by or who have discovered relational methods
may be more inclined to work towards helping students understand the
concepts instead of just developing the skills,

The degree to which teachers' inquiries and comments accept the
child's ideas as {mportant also conveys a message; 1f the questions are
ones to which the adult obviously knows the answer and simply seeks
confirmation from the child, then that child has no incentive, The game
becomes one of guessing exactly what the teacher is aiming at and there
is no {nvitation for the child to "play” with or investigate the
mathematics.

Whatever the physical arrangements of the mathematics classroom, the
atmosphere must bhe an open and trusting one. Students need to feel that
they can request assistance from their peers and the help received is as
valid as an adult's. Children need to see errors as learning
experiences, not reasons for feeling ashamed. Teachers and students can

all benefit from their interactions,

Thinking and the Skemp Haterials

Because the Skemp materials are organized into small, sequeutial
steps designed to build multiplication knowledge gradually, the
mathematics is predetermined and so, to some extent, is the possible
degree of student involvement. The tasks did not encourage these
children to use higher level thinking skills, to speculate or "play” with
the mathematics or to use metacognitive skills to analyze and explain
their thinking to themselves or other group members, The limited role
which students were apparently allowed by the tasks might have fostered
the students' over developed concern about following the procedures, and
not on learning the ideas, The mathematics might have seemed secondary

to the rules. Many of the children in this Grade Three class had
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attended this school since Grade One. The mathematics philosophy of the
school and the structure of the mathematics laboratory were based mainly
on the work of Richard Skemp. Although it {s {mpossible to state for
certain, {t seems fair to assume that the children had been taught with
an emphasis on relationsl understanding. This ought to have included
aspects of effective communication and cooperation {n order tn faci{l{itate
learning. Those traits appeared to be missing from much of the study
group's work,
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CHAPTER VI

SUMNARY

PURPOSE
The study concerned a group of Grade Three students engaged in an

{ntroductory multiplication unit. The research focused on the
cooperative and communicative skills of the childven as they worked in
the school's mathematics laboratory.,

RESEARCH QUESTIONS
The research questions dealt with three complementary aspects of the
classroom structure and the mathematics programme.
1) What communication patterns appear in this classroom:
- between adults and children?
- among the children?
2) How are the assumptions underlying the Skemp programme reflected
in the communication patterns?
3) How do the forms of organizing for learning affect the
communication patterns?

RESPARCH DRSIGN _

Five students were chosen from among the twenty in the class. These
five pupils were selected for their varying competence in mathematical,
verbhal and social skills. An attempt was made to identify and choose
pupils who represented high, average and lower levels in each cf these
skills. The Grade Three class included a number of English as a Second
Language students; these children were not considered for inclusion when
the study group was chosen. The classroom was unusual because of the
shared teaching responsibilities. In addition to the Grade Three
teacher, an intern teacher also tgught some of the mathematics, During
this unit, the classroom teacher did all of the whole-class instruction;
she and the intern both worked with the mathematics laboratory groups on
introduction and consolidation activities,

While working in the mathematics laboratory, the Grade Threes were
arranged into five groups seated at small tables. There were five tasks
to be completed each week; students were allowed approximately 15
minutes per task over a three day span. The children were instructed
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in the laboratory on Tuesdays, Wednesdays and Thursdays; the Monday and
Friday lessons took place in the classroom.

To assist with their vork in the mathematics laboratory and in the
classvoom, the pupils had rveceived cooperative learning group training.
They vere expected to be able to share materials, listen effectively,
speak couvtoougly. take turns and provide each other with any necessary
ov vequested help to accomplish the learning. Some of the concepts were
introduced through vholewclass lessons and some by small groups working
vith one of the teachers. After they were familiar with an activity,
students vere usually asked to play it {ndependently. Their cooperative
learning training was expected to help make their independent working
time productive.

The children wvere taught the prescribed multiplication skills and
concepts from the Alberta Progam of Studies through concrete, sequenced
activities in the school's mathematics laboratory. Most of these tasks
vere frvom R. Skemp's Structured Activities for Primary Mathematics: how
to enjoy real mathematics., The classroom teacher devised some variations
on the Skemp activities and also included ideas from other sources.
These additional matevials also veflected the constructi{vist philosophy
of the teacher and the scheel.

Pata in the study wvave gatheved through:

= the teachevs' and rvesearcher's obsevvations in the classroom and

the mathematics labovatory;

= videotapes and audiotapes of all the lessons and groupuwork;

- the vesearehevr's journal:

= children's journals;

= videotaped interviews with the study group together and

individually; and

- & questionnairve,

Information from the journals was not used for the final analysis
because move than sufficient detall could be found from the other
gouvces.

Data weve analyzed for information about the patterns of
communication betwveen adults and children and among the children, the
cooperative skills expected and the assumptions upon which Skemp's

programme {a baged.
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CONCLUSIONS
This study began with three Research Questions about the cooperative

and communicative interaction in the study groups.
Question 1. What communication patterns appear in this classroom:
= betveen adults and children?

The initial role assumed hy the adults in the study was highly
directive; they asked structured, closed questions to which the students
made short responses. The students made few attempts to elaborate or to
outline their strategies. As the unit continued, the teachers' questions
became more open-ended and encouraged students to provide lengthier and
more detailed answers. When the group worked with the teachers, the
children spoke more frequently to the teacher than to other students
unless the adult specifically requested that the children discuss and
compare answers., This tendency, along with the manner in which students
posed thelr questions to the teachers, demonstrated that the students
looked on the adults as the authority on the mathematics.

- among the children?

The communication patterns among the childven vavied according to
thelir knowledge about the mathematics and activity. When they worked
independent of an adult's supevviaion, they took turns assuming the
leader's role and provided verbal and .on-vevbal prompts to assist each
other. Much of thelr conversations focused on the procedures although
they did discuss strategies for finding products and other related
mathematics.,

Queation 2. How are the assumptions undevliying the Skemp
programme veflected in the communication patterns?

Assumption 1 was confirmed in this study because of the way the
classroom teacher structured the multiplication unit. Assumption 2 was
valid; the children could play the games independently. Assumptions 5
and 6 were partially supported. Assumptions 3 and 4 were not entirely
valid for these students; discussions did take place during the
activities but wvere not necessarily mathematical.

Question 3. How do the forms of orvganizing for learning affect the
cormunicstion patterna?

The tasks and the physical arrangement of the mathematics laboratory

were deliberately structured to facilitate and encourage discussions
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among students. These discussions ought to have, but did not always,
follow the procedures taught through the cooperative learning model and
expected in the ideal mathematics laboratory. Children did not always
take turns, share materials and provide help to each other.

RECOMMENDATIONS FOR FURTHER RESEARCH .

Although this study was limited to one grade level and mathematical
topic, its vesults suggest several areas for possibhle research,

It appears that Grade Three students can use discussions with their
peers to assist their mathematical understanding. A supgestion for
further research would be to ohserve students at other levels, enpaged in
introduction or consolidation activities in order to determine whether
communication affects their learning. Part of that research might focus
on various means to encourage the desired communication. .

Another aren of possible future research might be the effect on
students' discussions of concentrated instruction {n the area of
metacognition. This additional tool for learning might enable students
to better express theiy doubts and confusions as well as their
successes.

Pupils in this study appeared to focus on mechanical aspects of the
tasks. PFurther research into the Skempian approach might investigate the
degvee to whieh this {s tvue in other groups and how this tendency mipht
be overcome.

A final suggested vesearch focus might be to refine the
techniques of assessing and classifying meaningful communication in

mathematics.

4 VIHAL WORD
Rose's vision of the bhest possible future of mathematics {is

powerful,

Classvrooms need to be places where the learning of
mathematics Is seen as the posing and investipating of
questions; where ervors are not viewed as faults to bhe
remediated, but as springboarde for learning; where 1+ 1is
acceptable for bhoth students and teachers not to «now the
answer, but continue the quest; where paradoxes and ambiguities
are gpeen as interesting challenges to be pursued; where
struggling for understanding is the norm; where mathematical
knowledge {5 seen as constvucted, tentative, pluralistic, and
subject to vevision; where mathematics is contextual, formed by



there are many ways to solve the same problem: where
induction is used as well as deduction; where the process {s as
important as the product: and where new mathematics can be
created and enjoyed (1989, pp. 3-4).
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APPENDIX A

The first section of this transcript deals with Group A (Ab, An, L, IK)
which vas eliminated from the data. The information has been included
here because it demonstrates the manner {n which the multiplication unit
vas introduced.

DAY ONE - "Make a set, make others which match” Num. S5.1/1.

Ab - {(Made set; then was trying to figure out whether L or An should
do next step (person 2); Ms. C, came over and asked An: How
many are you going to put on yours?

An - Four.

Ms. C - Please put it on your circle. L, how many ave you gofng to put
on your circle? (L just sitting-—not making set).

L - Four.

Mg, C - Four. Do it,

- (All children made matching sets (each with different
materials): while waited for next direction, L. watched T's
group and Ab was watching someone else In room. Some
conversation among group as waited).

Ms. C - What was the first thing that we did? (Asked a member of a
non-study group). Number one made a set of things. What was
the second thing that we did? Fred?

Fred - Everybody.

Theresa ~ In the group.
Fred - In the group put the same amount of numbers.

Ms. C - Made a matching number. Okay. Now very carefully put your
yellow circles into the loop.

- (Done by Group A).

Ms. C - Then 1 want you to be able to talk about what you did iIn
this way.... Okay, who was numb-r one? Ab, what did you
do?

Ab - 1 put four things on the yellow.... My group put four the

same, and we put it into the middle.

Ms. C - How many people are in your group?
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Four.

Ab put four objects in her circle. Everybody else in her group
made a matching set in their circle and then they put them out
all together. How many things do you have in the big blue

loop?

Sixteen. (Had not been asked to figure this out beforehand;
but replied immediately when asked).

Sixteen. Okay, good. Theresa, what happened at your
group?

I set a number of ...

How many?

Three. And the rest of the group put three.

And how many people are in your group?

Four.

Good, and how many things do you have In your set loop now?
Altogether?

Altogether.

Twelve.

Twelve?

- Twelve.,

[As Ms. C asked another group to explain, Theresa and Peter had
a short conversation. Could not pick up exact words but
Theresa didn't leook as though she had appreciated Peter's
interjection].

(Asked for explanations from each of the other three groups.
Study groups not very attentive - could hear rustling on tape,
at one point Theresa sajd "Subtraction”).

(Instructed children to put away their counters in their
medicine cups to get ready for the next example).

(Put up hand).

Number two, please put some objects on your circle. Everybody
else watch number two.
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(Put out two counters).

Two?

Numbers twos all put objects on their circles. FEveryone else
in your group make a matching set. Make a group of objects

that has the same number of objects as number two's does.

(All three in An's group had finished making groups before
Ms. C had completed her directions).

Please put your sets together into the loop. Number three,
please tell the others in your group what you just did.

(Pointed to k) - Number three.

We put it all in the loop. All the circle things into the
circle,

But what did we just do?
What did we do?
Yeah, what did we do before?

We did the same thing that number two did. We put the same
in.

How much does it equal?

You don't? ...

Eight.

Eight? Okay.

How much everything together?
Eight.

(Counted aloud by ones at same time L was giving him the
answer).

Eight. That's what he said.

Two times ...

We don't do times yet.

(Some conversation about non-math).

Okay, did 1k explain it right?
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I./Ab - Yup.

Ms. C - Fxcellent, All right, please take your objects out of vour
loop. And take your circles out of your loop. We don't want
them to roll all over the floor. Person number three put up
your hand. Person number three make a set of objects on your
circle.

- (Tk made set of five).

Ms. C - Everybody else in your group watch. ZEveryone else make
a matching set. A set that has the same number in
and when you've done that, put them all tcgether in the
loop.

An - (Checked Ab's set by counting by ones, then checked that her's
matched).

An - All together in the loop? (Looked at T's group). Put them all
together in the loop.

Ms. C - Numbers fours put up your hands. Numbers fours explain to the
rest of your group what you all did together.

L - We .., Tk put down five, Ms. C told us to put all of our things
in the loop.

Tk - The same.

Ab ~ How much does it make?

L - Um ... (looked at set loop).

An - T know how much.

Ab - She can count,

An ~ 1 know.

Tk - (Leaned forward and started to speak).

L - Don't tell me, Ik!

Ab - How much?

L - Twenty! (Sounded annoyed).

Ab - Tk, it's not fun for the other person.

L - No, it's not fun. Ms. C asked me, she didn't ask you. I can

answer by myself. It's math, you don't (help?) me.
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Okay, clear off vour circles. Numbers fours please put up vour
hand. MNumber four please build a set.

(Made set).

Now listen carefully. The rest of vou shouldn't have made a
set yet. If you are wearing blue, vou may build a matching
set, If you are not wearing blue, vou may only watch.

(A1l checked clothing).

1f you're wearing blue, build a matching set. TIf not, just
watch.

I'm wearing blue.

If everyone at your table has blue, that's fine, Children
wearing blue, please put your sets Iinto the loop.

(Number four and two other people put sets Into the loop).

If you are not wearing blue at your table, please describe what
happened. Number two describe what happened.

L made a set, then you did the same as her.
Yup.

Don't fool around.

Ik, did you hear An?

Yeah.

What did she say?

7).

T didn't say the same thing. You all put the same amount In
... three ... and you put the same amount in as number four.

How much does it make all together?

Nine.

Please empty out your set loops.

'"Cause 1 know how to makz nine.

You are all doing a very good job. This is all about

multiplying and {t's not that hard so if you're payinz
attention, this'll be a very easy thing for you to learn. And
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for those of you who already know about {t, now you'll know
some new things.

This is multiplying?

Pretty easy, huh, Ik?

That's times. It's the same thing as times.

Okay. We do two things. The first thing we do is we make a
set. And the second thing we do is to make sets that

match ... that have the same number of objects in the set.

1 suppose you can't use 1f someone put down five and then
someone else put down four and then someone else put down five
and someone else put down five.

Would that work?

I don't know.

No, that wouldn't be multiplying. In multiplying, all the sets
have to be the same, If they're not, then it doesn't work.

Do we get to use these things up there too? When we multiply?
Up where?
Up in the classroom.

When we're learning we'll use things to help us. When we get
smart we won't have to use things anvmore.

Do we have to know multiplying before the end of the year?
Yas, we have to know multiplying before the end of the year.
'Cause grade four does that too.

Okay. Number ones put up your hand. Number ones please build
a set in your circle.

i - - —— A — = - —— T " — — — " Y P — " — - — - - - -

(Film nov switches to Theresa's group (the study group of Peter, Theresa,
Fred, Jenny)

Peter

- One that we never did before.

Theresa - Why?

Peter

- I don't know.
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(Discussion started with Fred but can't hear the first part;
Theresa replied - Who cares ... you guys don't have to....)
Everybody else build a matching set.

(Theresa and Peter built sets of one and put them {nto the set
loop).

All right, put yvour sets together.

Put your sets together (directed at Jenny and Fred).

You put four.

No, I put one.

No, vou put four.

1 did?

In a really loud voice, explain what happened. Tnstead oe me
going to each table, explain so everyone can hear. Fred,
explain what happened at your table,

Theresa put....

(Put up one finger to show how many objects Theresa had
put).

One bean on her circle and then we did the same,

So how many sets do you have that have one thing in 1t?
Four.

And then what did you do?

We added it up and then we got four.

Okay, good.

(Ms. C asked for explanations from the other three groups:
fewer prompts used for the other groups).

Take out your circles please. Person number two, please make
set that has nothing in it.

That's kind of easy.
(Students picked up set circles and played with them).

Everyone else make a set that matches that. And then put them

a
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together in the loop. (Done). Fred, how many things do you
have?

Theresa - Nane.

- (Ms. C asked An's group and while she was talking to them,
Group B (the study group) was playing with circles).,

Theresa - Ze number zero. Zero is nothing, Zero times four, four times
ZEYOQ.. o

kkk% Clegn up *kk¥k
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IN LAB: Num, 5.1/1 "Make a set, make others which match” (with
added explanations about how results were ohtained); (Peter,
Fred, Theresa, Jenny).

Number ones put up your hands. Number twos put up vour hands,
Number threes. Number fours. Number three, please make a set
of objects on your circle.

(Put three objects down),

She puts three and she's number three.

(Study group began making matching sets).

I don't want to use my chubby ones (held up one of her
objects).

Wait, don't do anything else. Okay, everyone else make a set
of matching objects so that on your circle you have the same

number.

(Done by group).

(Showed Fred how she could bend the edge of her medicine cup

with the objects in it so only one at a time would come out).
Here's how I do mine, Fred.

Okay, put your sets together in the loop. (Done)., Cood,
figure out how many you have all together in the loop.

(To Fred) Twelve!

What {f we did 1t already?
Then we know it easler.
Did what?

Figured it out.

Good. T would like the number onec to tell me how you figured
out how many you have 1in your loop.

(Explanations from one other group).
Okay, who's the number three at this table? (Study group).

Jenny laid down three and then Peter and Fred and me laid down
three and it added up to twelve.

How did you add it up to get twelve? What did you do?



99

Theresa - ] added those two up (indicated two sets) and then 1 added
them two up (other two sets) and then 1 added them together
(the palrs of sets grouped together earlier).

Ms. C - When you added these two together, how many did you get? (Two

sets).
Theresa - Six.
Ms, C - And then when you added these two up you got....

Theresa - Six.

Ms. C - And then when you added them together, you got twelve?

Theresa - Yup.

Mg. C - (Asked two other groups to explain). Please clear out your
circles. Number two, please make a set of objects on your

circle.
Fred - Number one?

Theresa - (?7?). It was probably number two (??). She did it first.
(Indicated J).

Ms. C - Everyone make a matching set and put them together in the
loop.

Fred -~ (Made set of two).

Theresa - (Made set of two). It's going to make six ... no, it's going
to make eight.

Ms., C - Why do you think {t's going to make eight, Theresa?
Theresa - 'Cause I did the same as I did with the other one. Put these
two (sets) together and these two (sets) together and then

(gestured to show combining all four sets).

Ms. C - Okay. I want number four to explain to the group what you just
did and how you figured out the answer.

Peter - Fred put two and then we copied that and put them in the circle
and then we added four and four and so it's eight ... eight.

Fred - We put two.
Peter - Thank you for talking for me.

Theresa - We added these together (two sets of two) and then we added
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these together (two sets of two) and then we added them all
together and we got eight.

(Fred and Theresa picked up two of their objects and put them
up to look like eyes).

Yeah, well I've got hearts for eyes. I've got four eyes,

(Asked for explanation from another group).

- - - T — — T = - = v o=

Switched to "Making Trains” (activity devised by Ms. C based on "Make a

Set, Make
MS. C -
Theresa -
Petey -
_Theresa -
MG' C -
Jenny -
Theresa -
MSv C -
Fred -
Peter -
Theresa -

Others Which Mateh™).

Same idea, different activity. Person number three, make a
train. Use your Unifix cubes and make a train of a certain
number.

(Study group - hegan to make trains).

Yeah, like i{f you want two, you jusi ... (separated two from
long rod and put them in center of table).

I'11 just do this so T don't have to do nothing. (Put whole
rod into center).,

No, she can make it the way she wants to.
Good.

(Made a train one cube long).

A train of one?

(Then Jenny made train two cubes long; Theresa picked {t up
from table).

Everyone else make a train that matches number three's. Check
that yours all match, that they're all the same. Then put them
together into one long train and find out how laong your train
is.

(Fred compared length of his rod and Jenny's rod by placing
them side by side; then put them together).

It's two.
Two? T thought it had to be four.

1 want to look through i1t. (Picked it up and looked through
like a telescope).
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Put this together and look through {t. Tt looks cool.
(Combined the remaining parts of his rod and Jenny's).

(Looked through the long rod). Neat.

Figure it out how long your train is.

He (Fred) just wants to look through {t.

(Picked up the train and stood it on end).

Tts supposed to be a train., Trains don't stand up, Fred.

(Shrugged).

Let's do it in five and see how long it is. Twenty. [No train
made to help him figure out that would be twenty].

Gee, Fred. Yours is like a pile. [Reference to train or to
number of cubes left in Fred's hand??].

(Came to talk to group). How long {s this train?

Eight,

Fight. How do you know that?

'"Cause we just did it.

(Pointed to parts of train). Four and four.
And plus we just did it.

It was the same one?

Yeah. (Reference to "Make a Set; Make Others Which Match It"
question done just before).

(Ms. C moved to another group).

(Children played with the cubes; combined them and looked
through) .

Come on you guys, we're not playing.
Yes we are.

We could put this here. (Broke apart train and put more blue
cubes into middle section).

(Children continued to play with combining trains in different
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lengths; Peter took train from Fred, "Give me my black”: took
back his Unifix).
Okay. Everybody get your own colours back.

(CGrabbed train from Fred). Gimme mine back. Oh vou didn't
have to take them.

Children reassembled their own colours into trains).

(Comment to student in adjacent group: held up one of Fred's
blue cubes). L! She has the same colour as vou,

Person number two, make a train., Make your train. Please make
it les: than seven cubes long. Please stand 1t up and hide the
rest of the cubes so they don't get in our way. FEverybody else
look at person number two's train and make your train that
long.

(Made train).

Six?

(To Ms, C). He's putting six.

That's okay.... Then you have to show them so they can make
theirs exactly the same.

(Compared lengths; children played with the trains
like guns).

Show them to each other so you make sure the tralns are the
same length and height.

(Children did).

Me and Fred like each other. (References to their trains being
side by side).

Excellent. Person number two, make them Into one train.
(Put together).

It's going to make twenty-four. Twenty-four.

Okay. Twenty-four. It's going to be twenty-four.

It's going to be twenty-four.

(Stood train up on end).

It's going to be twenty-four. It's going to be twenty-four.
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Six plus....
(Began to count by ones).

(Kept chanting as Fred counted). Twenty~-four, twenty-four ...
(repeated eight times).

(Counted aloud tao twenty-four).

1 told you 1 was right (to Theresa).

Okay. (Asked for explanation from other groups).

(Study group playing with trains while others explained).
Fred, explain what your group did.

1 made a train and then Theresa and Peter and Jenny made
trains. (Long train had been disassembled and individual
trains were standing upright).

Can I see your train?

(Reassembled their lang train).

And you made a train and then what?

I counted them.

And how many are in your train?

Twenty-four,

(Asked for explanation from other group; theu said): everybody
get your own colour back.

T have to start that one.

Person number four, please make a train.

Okay. (Made train of four).

(Other children made trains to match and they put Jenny's,
Fred's, Peter's together: Theresa tossed hers into centre:
Fred added it to train).

Fveryone else make a train the same length.

(Worked on assembling their train).

Ms. C, number ones didn't get a turn.
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All right., Number ones, please put the train together.

(Handed train over to Theresa). Okay, you do {t,
(Conversational tone only).

(Assembled train).

You could bend that (end of train) and make it a thing. That
what's M (child in another group) did. You can bend {t up like
that. It turned up.

All of a sudden you take them all apart again.

(To Theresa). The blue doesn't stick.

(Held train up so blue was hanging at bottom; cubes didn't
detach; laid it dowm).

Hands off the train. Hands off the rest of the cubes. Fyes
looking at me.

(Children complied).

Okay, we're poing to talk about it like this., (Headings
"First Action, Second Action, Result” on blackhoard). Tt says
"First Action". That's the first thing that people did. Then
1 want you to tell me the second action. And what does
"Result” mean? Fred?

What happened?

Gnod. The first action in your group was ... what, Peter?

We each put cubes dowm.

How many?

Four.

All right. (Wrote "train of 4"). Then what was the second
action your group did? T?

We put them Into a train.

How many? How many trains did you make that were the same?
Four.

You made one train of four ... and then you made....

A big train. A long train.
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You made one train of four and then you made four trains that
were all the same, right? (Wrote "four trains” under heading
"Second Action”) What's the result? How long is the train

you have now?

Eight.

Eight cubes long? Count it,

S{xteen.

Sixteen.

Sixteen? How did you figure out sixteen, Fred?

We had four and four and that made eight. And then I added
eight and eight.

Okay. Their first action was to make a train of four. They
made one train that was four trains long. They made four
trains that are the exact same thing. All together they have
sixteen cubes in their long train. (Repeated same telling and
recording procedure with other four groups). Good work.

At your tables tomorrow we're going to do an activity where
you'll have cards where your first action will say to make a
train of this many cubes long and the second action is to make
this many trains and put them together. Then you'll find out
what the result {s. Please make your stacks into one colour.
Don't make them into long trains. Just put yours together and
put them into the center of the table.

*4d¢ Clean up 1 2444
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IN LAB: "Multiplying on & Number Track”™ Num. 5.1/2; (PV, F, T).

We're going to do the same thing we did again vesterday. Why
do you think I would make you do the same thing twice?

So we can learn.

Very good. Any other ideas?

So we can remember?

So we can remember, good,

In case we didn't get the hang of it, we can learn.

Yeah, you need to get the hang of it,

Mayhe you weren't here.

Right. Matthew, you weren't here. Jennifer wasn't here.
Okay. Remember that there are four jobs, Rememher that you
should not be playing with the cubes, Theresa. Okay. First
action .,. second action....

Are we going to write in our math hook today?

Yes, we're going to write.... Result (writing on hoard as she
said the headings)....

Explain.,

And explain. Now, We have a lot of grown-ups in the room.
It's important that the grown-ups are around and are able to
listen to the children, But a grown-up can't be at your tahle
all the time to remind you that the explaining part is really
important and that you need to listen to the person explaining
because listening to them is going to help you.

To understand.

If you're not watching for all these things ... maybe not
watching how the person figured out the result, then you won't
be able to explain. You need to listen and you need to make
sure that everybody in your group is understanding what we're
doing. Otherwise, you won't get {t.

And Jenny wasn't here.

Okay, now. The number thing got a little confusing yesterday
but it's really very simple. You're all sitting, and you all
remember that when we're playing games and doing things, we zo
clockwise, So {f An does first action, you (pointed to chfld)
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do second action and you (pointed) do result and you (pointed
to next child) explain. And then the next time, you start one
person over so L would start and you (pointed) do second
action, result and explain, and it just keeps going around.
It's really not that complicated. If An did first action the
first time, then L will do it the next time and you just keep
going around. At your table (study group) if PV did the first
action, who would do it the next time?

Theresa?

(Checked for comprehension with each group). So that's how it
poes, it's really quite simple,

I understand.

An understands. Does everyone else understand? Good. All
right, set up your boards, decide who is going to do first
action first and then get started.

I1'11 be first.

You were first last time.

T know.

Mse. Civne

What {f we have three people?

Then you know that person one and person four....

He got the first last time.

If you do the first action you also do the explaining if there
are only three people in your group.

You guys ... we need the result...,
You guys are wasting time.
(Children took rods and board out of tub; setting up).

I get an extra one (extra rod).

The (??) are all mixed up now.
Well, there you have it. Life's like that sometimes.

(Counted kids to show order; Theresa=l, Peter=2, Fred=3). One,
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two, three four.

One, two, three, four. (Counted children in opposite
direction: observed for a moment, then left).

(Turned over first action card).

(Children started to make rods to match).

(To Fred). Oh, you have three. Better put them back.
No.

Yes you do. 'Cause it's not going to be falir to us.
(Reply inaudible).

(Continued through the discussion). Second actiow ...
(indicating Theresa) see how much you take down. High, high,

high, high.

(Turned over card; didn't read aloud; card said make two rods)
Wwhich one is yours, Fred? (Meaning rods) .

(Returned to observe). Have you guys started yet?

Yeah.

But these people are arguing.

Join them. (Rods).

What do you do with the rest of them? (Took one rod and set It
aside: then took the three from Fred's hand and put them Into
the tub holding the Unifix cubes).

Why?

You don't need them.

Ten ... ten. We've done results.,

No, you figure out....

(Wrote answer down).

How did you figure it out? You didn't tell us how you flgured
it out.

It's twenty. Ten ... times ... ten times twn 15 twenty.
(Pointed to rods as said numbers).
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How? How did you figure it out?

Two groups of ten is twenty.

(Explanation). 1 put down first action....

(Had been standing watching the group). What was the first
action? Just saying I did the first action, that's not
helpful. We need to know what the first action was.

The card said, make a rod with ten cubes.

And the second action was...?

Theresa turned over, make two rods.

Two rods. And how many cubes were in each rod?

Ten. Then Fred wrote down the answer.

Which was...?

Twenty.

Good. All right, whose job is it to do the first action now?
{Peter and Fred pointed to T).

(Kids got out all of their rods from the pile).

Okay. Keep them there this time, Fred. (Turned over first
action card). 1 turn over the card. Each make a rod of nine
cubes. Here's the easy way to do {t. You put two of them
together and then you just rip one, two off. (Put two rods
side by side and took one cube off top of each).

Now, look at one.

Fred, look. You just put them together and....

Somebody put down the second action.

T will. Join four rods.

Fred joins four rods. (Handed them to him).

(Joined rods).

What's the best colour? (To Ms. C as she went by). We got
four rods of nine.

Four rods of nine? How much does that make all together?



Fred

Peter
Theresa
Fred
Theresa

Peter

Theresa
Peter
Fred

Peter

Theresa

Fred

Mr. G

Peter
Mr. G
Fred

Peter
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Nine, nine, seventeen (pointed to sections of rod as said
numbers) .

Nine and nine is seventeen,

Nine and nine is eighteen.

Seven....

E{ghteen. Eighteen and eighteen is....

1 know, it's ... ocooh! (Paused, then hit himself on
forehead) .

It's supposed to be him answering i1t. (Indicated Fred).
It's me.
He has to write the result,

(Counted rods by starting after the eighteenth cube; counted by
ones; wrote result).

(As Peter was writing his answer). Now tell us how you did
that.

Two rods....

(Returned). What's happening here? Theresa, do you need thase
right now? (Indicated spare rods; indicated they should go
into tub). What is your job now?

I'm just....

What ave ynu guys doing?

Peter -+ : counting.

I finished that. (Picked up result card to prove he had
finished).

So each make a rod of nine. (Reading from gamehoard). So you
made rods with nine in each. And what did you come up with,
Peter?

Twenty-six.

Is everone working together to make sure that Peter {s doing
his job right? Four nines equal twenty-six,

We tried to help him with the answer but he wouldn't let us.
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Nine and nine is eighteen and (during conversation among group
members and Mr. G, Fred was recounting to check answer) .

You were getting me mixed up.

Oh, oh. (When he reached twenty-seven realized that answer was
wrong) .

Check and double-check.
'Cause {t was eighteen here....

I have a question for you. How do you know that this is
eighteen? (Put hand masking half of long rod so children would
focus on half only).

Nine and nine.
Or {t's seventeen.
How big is this here? (Other half of long rod) .

Nine. (Looked as if Mr. G might mean only one nine section as
he asked this question).

So 1f you know that this is nine and this is nine and this is
eighteen (on nine section at a time and then the two nine
sections together), how long do you know that this is? (The
other half of the long rod).

Eighteen. But we were trying to figure out eighteen plus
eighteen.

Okay. Did you figure it out?
No. Can we have a plece of paper?
oOkay, count them.

(Began counting at nineteen; lost track). Oppsie, I'm going
too fast.

(Put finger on nineteen as Theresa restarted her count) .

(Pushed Fred's finger aside and continued counting). Nineteen
veo (up to) twenty-five, twenty-six....

(Began counting along, putting finger on cubes to keep
track).

All right, everyone else take my place.
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Thirty-five,

(Took paper to write new result).

It can't be thirty-five. Okay, Fred.

(Was recounting again).

And then that's ten .., (indicated third nine-rod plus the
first cube in the fourth nine-rod). No-one listens to me.
(Facing the video camera).

(Counted from one this time). Thirty-eight,

Ahhh,

(Sitting and watching boys try to figure out total number of
cubes; said nothing even when they were wrong).

(Counted again, starting at one).
(Put head down; looked frustrated).
I'm mixed up. It's thirty-five.

Well, how did you do {t? You're suppoed to tell us.
(Impatient tone).

1 counted {t.

But how?

By ones.,

Ones (looked disgusted).

(Recounted rod one more time). Thirty-six.

(Wrote new result on paper; put on pile on gameboard).

(Picked it up and moved it). 1 turned over first action and it
said to make a rod with nine cubes, and then Fred picked up
second action and it said join four so we took my rod and three
of his and put them together. And then Peter counted them all
by ones.

No.

That's what he told me. I'm going by what he told me.

1 was counting (?7).
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Well then, how did you get {t?

1 added., It was eighteen. Nine and nine was eighteen and then
T counted all these and {t was thirty-six.

(Returned). And what's your prohlem, Theresa?

Well he (Peter) told me that he counted by ones and he (Fred)
said, no. Then 1 asked him how he does it and he says
something different and I just asked him how he does it.
Because Peter's answer was wrong.

Peter's answer WaS....

1 counted to make sure If it was right or wrong. And it was
wrong.

(Counted cubes from nineteen by ones). Thirty-six exactly.

Okay. So what's your problem, Theresa? (Put his hand on her
arm and used soothing tone).

He said....
(77).

1 asked him what he (Peter) 'cause he (Fred) was the person who
was supposed to do the result and I'm supposed to ask him,

Peter made a mistake and Fred caught it. All right? So
there's no problem,

(5et up for nevw round of activity).

{Turned over first action card). And it says ... each make a
rod of eight,

How come it's first ten, nine, eight?
We haven't had a ten.

Yes, we did.

(Started to turn over first action cards to find the "ten" card
from earlier round).

Don't worry about it,
(Turned over second action card). Five rods.

We can't join them together.
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Now how many rods are you supposed to have?

Five.

Did someone turn this over? (Checked second action pile).
I did.

Go ahead. Do your jobs.

(Joined five eight-rods).

Okay, find the result then,

Eight and eight 1s sixteen plus sixteen ... (Indicating the
two eight-rods to make the sixteens). Eight plus eipht
equals sixteen ... (began counting from seventeen; reached
nineteen).

Twventy-six.

(Stopped; looked at Peter then continued from where she had
left off; counted by ones up to forty). Forty.

Forty.

{(Picked up paper). T1'll just count again. (Recounted by ones
from beginning).

Thirty-nine, Oh, 1 counted....

It's forty. I counted in my head.

Yeah, it i{s. 'Cause it has to he an even number 'cause all of
these (rods) are even. So {t couldn't be thirty-nine, How
shall I make my four? ULike this or just...? (Described two
alternatives in the air).

It doesn't matter.

(Wrote result).

I flipped over the first card and it said make a rod with eight

cubes. And then Peter flipped over the second card and {t sald
join five rods. So we joined five rods and then Theresa....

Counted all the ones,
Do you know what this {s here? (Long rod).

A rod.,
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Multiplying. This is all multiplying is. Doing one action,
and then doing the second action. When you're multiplying,
ft's {n two actions. You make a group and then you stick five
of those groups together to find out what you get.

(Speaking to Ms, C, but Group A, the other study group, too
noisy so can't hear on tape).

It's forty.

I don't get....

(??; too noisy).,

1 figured it out.

We done all the people.,

Okay, one, two, three. (Numbered group again).

(Turned over the first action card). I'll het you anything
that {t's going to be seven.

'Cause {t's ten, nine, eight, seven.... (Counted in unison
with Peter),

I suppose {t's a six next.
(discussion ahout bets on what the next number would he).

Okay, we each make a rod with seven.

t¥e¢¥% Clean up L X244
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IN LAB: (in "quiet room”) Num. S.1/3 “"Giant Strides on a Numher
Track"; (Fred, Peter, Theresa, Jenny).

-

Make a stride of.... (Reading gamehoard).
Tell us what a stride is.

(Peter's suggestion is to provide a review of the rules and
procedures).

A stride is a step. You flip over this card and it tells you
how many strides to make. And we have to make twenty-seven
strides.

Twenty-seven.

Turn it over. (Cards were still face down).

What it says on the back {s "LS8" and that means "length of
strides”. That's just so you know which space to put the cards
in.

(Turned over LS card).

You flip over the card and it tells you how many strides to
make.

Then you make a guess and put a bloh of clay up to where you
think the giant will end up and then you take the strides.

And then you write the answer here. (On paper).
Nice.... Why do you have to make a guess?
I don't know,

You don't have to make a guess. You just put it on the spots
and where you end up....

Peter and Jenny just said you have to make a guess. But you
don't think you have to.

No because there are no gilants. [Misunderstanding from
previous day has interferred--Fred thinks people have to act
out part of gilants].

We're the glants. Well look, it's so small no-one could he the
giant. Well, what are we going to do? Do we have to make a
guess or don't we have to?

T don't think we have to.
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Peter - We'll use this for a glant. (Picked up eraser).

We'll use this (paper).

Theresa

Fred - That's the answer. Write the answer on here and we're done and
then it's the next person,

Theresa - Okay. Everybody goes first.

Peter - (Turned over card). Take a stride of ten.

Jenny - Spaces.

Peter <~ Spaces. And take five. Llet's see that's ... (took blobh of
clay and began counting strides of ten but put no markers to

show the strides).

Jenny - (Put her finger on ten; took clay from Peter and put some on
ten). Just take a plece of clay and put it down here.

AHW - Have you made your guess yet?

Peter - Now let's see. Ten spaces and {t's five.
Jenny -1 think {t's fifty.

Peter ~ Ten times five.

Is it a times thing?

Theresa

Peter (Counted groups on fingers). Ten, twenty, thirty.
Theresa -~ Does it have to he right?

Peter - Twenty-five then, No, no. (Recounted on fingers). Ten,
twenty, thirty, forty, fifty!

Peter ~ (Took clay; began at zero and took one stride; matched with
where he had placed clay).

Jenny - Twenty.

Peter - Twenty.... (Didn't put clay marker; continued to figure out
the next stride).

Fred - Put the clay down.

Peter - (Put the clay on twenty; proceeded to do rest of task without
assi{istance). Fifty,

Fred - One, two, three, four, five. (Counting strides),
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So was your prediction right?

Oh, so every ten is a stride.

And then write your answer (to Peter).

Oh, now I get it. So all the tens are just one stride.
(Wrote answer).

That was just a practice.

Before you go on to the next one, can you explain what you did
and what the numbers mean?

okay. Peter took ... Peter took a card ... flipped a card over
and it said go ten spaces so we went to ten {she and Theresa
both gestured to show the ten space) and he flipped another
card aver and it said to do five strides.

Five strides and each one is...?

Ten.

This goes up to siuty. Giant steps need more than sixty.
(Reference to number track). Okay, your turn (to Fred) .

(Turned over "make a stride of" card). Four. (Turned over the
'"number of strides' card).

Saven. (Cuess ahout what card was going to be).
Two.

Okay. 1'11 just guess. (Counted out four groups of two on
fingers), Eight.

(Put clay to show strides). Eight.

(To Fred). Did you make your prediction first?
Yes.

Did anyone predict anything that was different?

No.

(Wrote answer).

1 want to be after Jenny. So Jenny's next.
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(Turned over strides cards). Four. Nine.

So nine times four ... oh man,

(Figuring out on fingers). I say it's twenty-eight,
Well, {t's her guess.

Try 1t.

(Did; could do first two nines without counting: had to count
to twenty-seven: stopped but still had clay in hand).

You have to put down four blobs,

(Pointed on track to where he thought next stride would be).
(Counted). Thirty-six.

Is that right? Was it right?

(Recounted on fingers).

This is hard.

I guess it 1s right.

#94¥ Clean up iwe
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DAY 8: IN LAB: Num. S5.2/1 "I Predict--Here": Group B - with Ms. C;
(Peter, Theresa, Fred).

Children began by creating rods of two cubes each.

”av C -
Theresa/-
Fred

MSV C -
Theresa -
MB- C -
Fred -
Ms- C -
Theresa -
”8' C -
Theresa -
Peter -
MSI C -
Peter -
MSO C -
Fred -
MS' C -
Frecg -
Ms., C -
Fred -
Theresa -

Okay, that should be enough.,

Over here. (Motioned for him to include his two rods with
pile).

And here's the number track. This i{s the way this activity
Works ¢ v o

This is like the blob game.

This i1s sort of like the blob game. Same kind of idea.
Stride game?

Not exactly.

Good.

What, you don't like it with strides?

No.

1 liked {t hetter with steps.

All right, Fred, turn over the top card please. On each nne of
the squares in this set, T would like you to put one of the
stacks, Try and pick the different colours.

(Began to reach for vods),

No, Fred is doing this and you're watching. In this set, you
have stacks that are how many high?

Two.
And you have how many stacks?
Four.

And 1f you stick them together to make a train, how long will
your train be?

Eight.,

Eight.
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Okay, 1f you will stack them together, we will put them on the
number line to see if you are correct.

(Did).
And were you?
Yes .

All right. Excellent. Theresa, you turn over the next one,
Put a stack on each square.

(Put stacks on squares).

How many cuhes do you have in each stack?
Two.

And how many stacks do you have?

Five.

And 1if you stick them all together, how long a train will you
have?

Ten .

Okay, why don't you put them together and we'll check whether
you're right., How did you figure out how many you'd have?

He (Fred) had eight and then 1 added two more.

All right,

(Put vod on number track and it matched her prediction). T was
right.

Peter, would you turn over the next one?

(As she disassembled the ten-rod). These will never run out.
(Turned over card with spaces for six stacks).

Hey, Ms. C, that was cool. He (Fred) had eight and then T had
to add on two to his and that would make ten and now he (Peter)
has to add on two to make whatever that is. [#*¥Probably had
good idea what product would be bur Peter had not made his

prediction yet; ?? reluctant to do his job/take away his
chance].

I've got six.
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Six? And how many cubes in each stack?

Two.

And how long a train is it going to be?

(Pause). FEleven. Twelve, I mean.

Twelve? How did you figure that out?

All T had to do was add two instead of flve.

It looked like you were counting one, two, three, four....

I know. Just to make sure.

That was easy 'cause he just had to lay down eight and then 1
had to lay down five and then ... aaah ... (shrugged and quit
talking).

(Finished his checking). Yeah, I was right.

Well, that seems too easy for you. Why don't you make some
stacks that are five?

All the same colour? 1 need a red.

Five.

1 need two movre of this colour, (Held up Incomplete rod).
There ave only going to be two.

Two of each colour!

This {s just like the doughnuts only {t's not stoppings.
{Meaning????), Oh, you took mine (ta Peter as he took one of
same colour she was using).

I think we have enough. We don't want those (set aside stacks
of four) ... we only want stacks of five. Okay. Same jobh.

Fred, turn over one (card).

(Looked at Fred's card). Oh, this 1s golng to he ecasy.
Easier.

Those five sets are a little wobhly. (Fred having trouble
keeping five rods upright). oOkay, Fred, how many cubes do yonu
have {n each stack?

Five.
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And how many stacks do you have on your card?
Four.

And {f you made a train, how long would it be?
Twenty.

His guess is right.

How did you figure that out, Fred?

T counted by fives.

Yeah, that's why 1 said it's so easy.

(Fred checked rod on number track). Okay, Theresa, you can
break that apart.,

Don't tell me I'm getting a five, (As she turned over the
card)., No, three. Okay, I'll use this ... and 1'l1 need this
... (selecting rods).

How many In each stack?

Five.

And how many stacks?

Three.

And how long will the train be?

Fifteen. (Answered before Ms. C had finished question).

And how did you figure that out?

I counted by fives. T added these two together and then added
this one. (Two five-rods and then other five-rod). (Put them
together on track).

(Turned over card). Six again.

(Checked length of rod on number track: sang). I'm so right
I'm so right.

(Began putting stacks on squares).
Oh, that's easy.

Oh man. Just enough (rods).
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How many on each stack?

Five.

And how many stacks?

Six.

And how long a train will it be?
(C>unted stacks by fives)., Thirty.

He keeps on getting the highest. Why don't we use them?
Ones?

We will.

(Had rod on number track).

And where does it end up?

Thirty.

And were you right?

Yes.

Let's make stacks of three now.

Okay. I need a green.

(Conversation about forming the rods and about thelr colaurs) .

Would you give me all the twos and all the ones that are lnft
over? (Took and set aside). Fred, turn over another one.

(Turned over card with five spaces).
Put on the stacks of three.

(Did).

How many in each stack?

Three.

And how many stacks?

Five.

And when you put them together, how long will it bhe?
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Twenty-seven (no hesitation).

Twenty-seven? Okay, put them together and let's see., (To
Theresa and Peter). Do you think he's right?

(Looked at stacks on card). Nope.

My puess ..o T don't know.

(Put rod on track).

1 was right!

Now, Fred, how did you figure out twenty-seven?

1 put those two together to make six ... (first two sections of
rod) .

Oh ... okay.
They are six.
Okay, so 8ix ... (put finger on sixth cube in rod).

oh ... six and six and ... (seemed to assume Fred had counted
in groups of six).

(No further explanation asked for or given).

All right, Theresa. It's your turn.

Oour last card (in stack).

Two (squares). Oh, that's going to be easy.

My guess 1s six.

(Put together two blue rods; took apart and used
different colours; only reaction to Peter's guess was
to look at him briefly: put rod on number track). Yeah,
you shouldn't have answered it for me. The answer was
mine.

Now everyone cCan .. (.

Okay, now we'll have a new card for PV.

Yeah, just 'cause 1 get the answer right.

(Card with ten squares; counted squares by ones). One, two,
three ... (up to) ten.
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Ch, that's going to be easy.

You'll probably need to use some colours over again (to
Peter).

(Counted ten stacks).

Okay, put one on each square. Fred, can you hold onto the
other end? (Card wouldn't lie flat on table).

(Counted some squares aloud as placed stacks).

Okay, so you have how many?

Ten.

And how many in each stack?

Three,

And when you put them all together, how long will {t he?
(Counted stacks by ones aloud). Thirty.

Yes, I was right.

Peter, you stick it together into a train. Theresa, did you
figure {t out the same way that Peter did?

Ne.

By counting?

No.

How did you do {t?

I put two of them together. I was counting by sixes.

Can you count by six for me?

Six, twelve ... (appeared to be counting by ones; without
direct reference to train) eighteen ... twenty-four. T keep on
forgetting how. (As Fred gave explanation, Theresa counted the
last group of six on her fingers).

1 know. 1 added those two and they were a six (pointed to two
parts of train) and then 1 added those two and It was twelve
and then 1 added those two and 1t was eighteen and then T added

those two and it was twenty-four and then I counted the last
ones to make thirty.
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Theresa - (At the same time as Fred's talking). And then it was
thirty.

Mg, C - From twenty-four, you counted on?
Fred -~ Yeah.

Mg. C - All right, then.

Theresa - Can we play one more?

Ms. C - One more? All right. Make these into stacks of four. (Regan
to make fours).

Theresa - (Took chunk of train). I just break off four. There's a four,
lady.

ARW - Fred, could you explain to me how you got your answer? I
didn't hear the first part hecause I was listening to An.
(Child in another group).

Fred - 1 took three and three to make six.

AHW - So you have two groups of six?

Fred = Yeah, 1 put them together.

AHW - And you made twelve. Okay.

Fred - And then I (?277).

AHW - S0 you had twelve and two more groups of three is six and then
you had six more. Did you add those together?

Fred - (?7?). Twenty=four....(??)
¥%~ Too much noise from dice rolling on Group A's table.¥%
AHW - It's a really smart way to do it.
Theresa - Smart and complicated.,
Ms. C - Okay, Fred. (Handed him pile of cards). What is the first
action that you did? (Indicated approximate length of four rod

with her fingers).

Theresa - We ... um ... um ... pick up a card. ("Obvious" tone of
voice).

Ms., C - The first action is to make.... (Motioned to four rods).

Theresa - Oh, veah. Sets of four,
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Stacks of four. The second action is....
Pick a card.

You pick a card and a certain mmber of stacks, right? And
each stack has? How many in each?

Four.

(Had chosen card with four squares; had placed his four
stacks).

And how long will the train he? (Motioned to Fred's card).
Sixteen,

Sixteen! At least, that's what my guess {s.

And how did you figure {t out?

1 added those two together and got eight and then T added them
all together to get sixteen.

And how did you do {t, Peter?

1 added these two (stacks) and then T counted on.
All right. Did vou have another way, Theresa?
Eight plus eight 1s slxteen.

(No response).

Do you think they're right, Theresa?

Yeah.

We were right (as Fred put traln on number track).
Okay, break it apart.

(Turned over card). I got 1t again (card with two squares).
Okay, how many in each stack?

Four.

And....

Eight., (Interrupted Ms. C).
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Eight?

(Put train on mumbher track).

Eight. (Turned over five square card).
1 got that one last time.

T got this one(???) (meaning the two square card).
(Set up stacks).

Okay, how many in each stack?

Four.

And how many stacks?

(Counted number). Uh, five.

1 know what it is.

okay, and .., hang on (to Theresa) when you make a train how
long will {t he?

(Counted part of stacks). Twenty. (Assembled train).
(As Peter doing train). It's going to be twenty. Twenty,

(As Peter finished train on track). Twenty. T told you
twenty. (last comment in low voice). I told you {t was

twenty.

Well, there you go. Peter was right. What we're going to do
now is multiply.

Do we have to?
This...
Now you tell me.

... and the giant strides game where you put the Plasticine and
the game you played with Mr. G with the sets?

We know that.,

That's multiplying too. Do you think multiplying is a hard
thing?

Now you tell me that it's done.



Peter
Ms. C
Fred
Theresa

AHW

Theresa
ARW
Theresa

AHW

Theresa
AHY
Theresa
Ms, C
Theresa

AR

Theresa
AHW

Theresa

130

Is it times?

Yes., Multiplying and times are the same thing.
We took some number....

So you have to have the same number....

Theresa just made a very smart comment. Did vou hear what she
said?

What?
What was it that you just said?
I don't know.

Fred was talking about having groups and you have some in each
group., What did you say?

You have to have a set of even numbhers.

Can you multiply by three? In groups of three?
(Picked up four rods). Four. Ry four,

Can you put together groups with three each?
Yeah.

Yeah. They don't have to he even numbers. That wasn't what
you said. You said they have to be....

The same.
The same. That's exactly what you said. That's Important,.

No, I meant even when you put them like this (held two rods
side by side).

2T Clean up 1 2221

(Puring clean up, AHW talked to Fred; Peter not listening??)

AHW

- When Theresa was talking earlier about three times four, she

was talking about three groups of four. So she was talking
about groups that have the same numher. When you think ahout
all the things you've done in the past two weeks, when you made
groups, all the groups had to have the same number In them,
right? That's a very important idea in multiplying (left
group).
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Theresa - (To Fred). I got no wrong answers. I got (??) in seven

times.
?? - Do we have writing?
Mg, C - Yes. We have writing.

(To no-one in particular). Why didn't they tell us we were
multiplying?

Theresa

Ms. C = (To class). The date today is March the seventh.

Theresa - (To Peter who had not yet taken his journal from the middle of
table). Would you pay attention., (Hit him on head with
journal).

Fred What do we do with the extra one?

Ms. C - Is it yours?

Fred - No,

Mg, C - Are you going to write in it?

Fred ~ (Set Jenny's journal aside: opened own),

Theresa ~ (Looking through journal). That's how much I wrote on this

page (showed Fred).

(Class continued to write for approximately five more minutes).



DAY 11: IN LAB: Study group (with Ms C) Num. 5.4/1 Number Stories.

Study Group ~ (Sowe information wissed or very hard to hear on tape;
lahovatory really noisy and childven {n study group did lots of chatting
as they vorked).

MS' C -
Alex -
Theresa -~
Mg, C -
Alex -
HS. C -
Theresa -
Fred/ -
Alex

H&. C -
Theresa -~
Alex -
MSO C -
Alex -
M50 C -
Fred -

Alex

(Theresa, Peter, Fred, Jenny and Alex).

What we have here are some word stories and we want to figure
out the multiplication sentences that go with them. So we'll
be able to use these (manipulatives) to help us flgure them out
and we cau use these too if we want,

They're stuck together.

Should we take 'em apart?

No, just leave them there for now. I'm going to take some
number cards and put them down.

(Began to read card aloud).

Each must have ... (from directions; as read to self, children
kept talking).

Oh, this {8 adding.

No, multiplying.

Here, I'1l1l give everyone a piece of paper, T chanped my mind.
T need to get some pencils (went to get).

1 already have a pencil.

Whoopee (sarcastically).

(Returned). All right.

I'm going to write my name on here. (As Ms. C began to give
directions).

Read from story card). There are three blackbird nests. Fach
blackbird nest has ... (turned over numbher cards to flt into
blanks on story card).

Four?

Three?
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There are six bhlackbirds in {t. If you want you can show this
with the materials, or you can draw it on your paper or you can
write it down to help you figure it out. But I want to see how
you would figure it out.

Do we have to do {t right?

You're drawing a picture. How are you going to do it wrong? I
don't understand. There's a tree and there ave three blackbird
nests in {t and each nest has six blackbirds.

There are three blackbirds and you like to draw ...(said to
whom??).

So {f you want you can draw a tree and put the three nests in
it and put six birds i{n each nest or you could pretend these
are nests., (Yellow circles used in "Make a set").

Can we use the whole piece of paper?

Yeah. We're not going to take forever. Take two minutes to
really quickly do that.

There are three nests....

Three nests, six hirds in each nest.

Three nests ... put them together....

(?) Eighteen!

Six birds in each thingamajigee.

There are six black boards ... (??) eighteen.
Read what is says, Theresa.

(To Alex). Did you put it altogether?

(Counting by ones; appeared to be counting birds in individual
nests), One, two ... (up to) eighteen, nineteen.

It's eighteen. How many nests have you got?
Three.

How many birds in each?

oh.

Peter, how many hirds are in each nest?



134

Peter - Six.

Fred - Can we write the answer now?

My. C - Yeah, you can write the answer.

Jenny = Could 1 put the math sentence down?

Mg, C - You can put the math sentence down if you want to.

Alex - Oh, yveah. (Said sentence aloud as wrote). Three multiplied hy
six equals eighteen.

Ms. C =~ Okay, super., I see all of you have written down a math
sentence. What does the three stand for in the sentence?

Jenny - How many groups there are.
Ms., C - And what does the six stand for?

Jenny/ - How many in the group?
Theresa/
Alex

Ms. C = How many in each group. T see that these three children (Peter
Theresa, Jenny) dvew a picture of the tree and then they showed
that there are three nests {n it and there are six hirds in
each nest. And then what did you...?

Jenny = (Intervupted). And we did {t....

Mg, C - Hang on, Jenny, you had a good idea. We'll talk about that in
a minute. What did you guys do to find the answer? (To Alex
and TFred).

Fred - T added six and six and then I counted six from there.

Theresa - Yeah, same.
Peter

Ms. C - 1s that what you did? Okay, good. And Jenny and Alex and 1
would 1like you to listen 'cause it might give you another idea.
(To Theresa and Peter), how did you guys flgure out the
ansver?

Jenny - We put three nests with six in each ... three groups with six
in each ... three groups with six of these in them. And then
we put them together and added. (Had put together a train of
cubes).

Mg. C - Okay. And you got eighteen both ways? Okay, excellent., Now
if you have space on your paper, you can do this next picture.
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1 have space.

We'll put this ... and this underneath.... (Arranging number
and story cards)., Now this has space for a name so we'll put
{n Jenny's name. It says, Jenny was not feeling well. Five of
her friends each gave her ... four peppermints., When she
counted them all, she found she had ... some peppermints., You
may use the things or you may use pictures to help you figure
out how many peppermints J got. Five of her friends gave her
four peppermints.

So we keep on adding fours?
You write it down. Show me how you'd figure out the answer.

(Fred, Alex, Jenny used cubes to make train: Theresa drew;
Peter ?).

(Kept vepeating) four (as he put cubes together).
Five! (To whom??).

Should we write the math sentence?

Yes, please.

Can 1 just draw sticks?

Yes .

Stick them all together?

(To Fred as he built train). So how many groups do you have?
Five.

How many in each group?

Four.

And did you say each of her friends?

Yeah, each of her friends gave her four peppermints and she had
five friends.

1 have to write J over this or else (???). (Minute later).
Why don't you move that pencil?

Okay, do you have five of Jenny's friends? (To Theresa).
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Yeah.,

And they each had given her how many peppermints?
Four.

Twenty. (To ?7?).

(Watching Fred counting train; confirmed that Petar had five
friends/groups; back to Fred).

(Appeared to be having trouble finding answer; began to take
apart the train; seemed to be counting one section by ones,
next section??). Eight ... eight....

Okay, Alex, are you ready? And if you could write the math
sentence to go with it that'd be great.

Oh, T know. Now I've found it (Reference to answer??).

1f 1 could have everyone's attention so we can look at how cach
person solved the problem. Peter, can you explain to the kids
wvhat you did?

1 made circles (indicated on paper).

How many circles did you make?

Five.

And why did you make five circles?

'Cause that's the friends and they each gave her four
peppermints.,

So how did you figure that out? What was the answer to that?

T counted. It was twventy.

Fred, how did you do it?

(Showed train). I took the cubes. T made four ... five groups
with four in them. Then I stuck them together and then T took
off eight and eight and then 1 took four and counted them,

And what was your answer?

Twenty.

Okay, so you took off eight and eight. Did you add those two
together? Then?
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Yeah.

And how many did you get?
Si{xteen.

And then did you count or?
Uh huh.

And what did you do, Alex?

1 pot five of these ... what do you call them ... cubes and 1
got four of these, five times and I stuck them together, And T

got twenty (showed train).

[**Interesting that neither child using trains had done the groups in the
same colours to make them easier to distinguish*#]

Jenny
Ms. C

Theresa

Ms., C

Theresa

Ms., C

Fred

And did you do a math sentence to go with that?
Yup.

And it was?

Five multiplied by four equals twenty.

Jenny?

1 just did what T did last time.

Same idea? And Theresa?

I drew five stick men ... stick girls ... and then I wrote five
fours and then 1 put pluses and added them up.

Now this is interesting. 1I'd like everyone to look at this,

Fred, ['d like you to look at this and you, too, Alex. This
{s the way that Theresa figured out her answer. She knew
that each person gave four and that's four plus four plus
four plus four plus four and that's what she wrote down here.
So then vou used that to help you figure out what five times,
five multiplied by four means?

- (Nodded).

- Good. That's one way to do it. Multiplying is ... this is
what multiplying is.

- (Looked startled).
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Ms, C - It's adding the same number over and over and over agpain.

Thank you for telling me. [Odd tone; not really sarcastic but
not sincere either].

Theresa

Fred So {f you have four times four....

Then that'd be ... (gestured to paper; hidden from the video
camera by her body).

Theresa

Ms., C - Right. So that's all you need to think about. 1If you forget
how to figure it out, you know that {t's five multiplied by
four means five, or four, added together five times. Pretty
simple, huh?

77 - Yeaho

Fred - 80 if {t's the other way, it's four ... (comment lost as
Theresa interrupted; can't even lip read well enough from
video).

Ms. C -~ Okay, let's do one more and then it's time to move on.

This'll be a little tricky 'cause there are five (?7),
Fred - (Pointed to all three boys). Me, him, him.
Ms. C - The boys in one? Okay. This one 1s a little bit different so

pay attention. It says at each palace gate there must he six
guardsmen on duty. The palace has three gates,

Alex - There must be six.,
Ms. C - Here, I'm going to change that,
Fred - We already did that.

[#* Good observation, same factors as first number story*¥|]

Ms. C - The palace has four gates and at each gate there are six
guardsmen on duty. Okay, figure that out.

Theresa I'11 use stick guys.

Ms. C - Now you need to think what the problem 1is saying. Four gates,
At each gate, there are six guardsmen,

Jenny? = Would it be like six times four?

Ms., C - How many gates are there?

Peter Four.
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Ms. C

Four gates.

These yellow ones are not that good 'cause they don't stick
together.

Fred

Ms. C = You're right.

Theresa ~ Okay, then tte answer would be....

Ms ., Cc (??)v six-vo'

(Putting train together; separated into sections again;:
uncertain about how to proceed??).

Fred

Ms, C - Fred, could you just ... ?? ... separate, It's too hard...?
Theresa?- 1 got six and then I just added (7?).

Mg. C - How many guardsmen at each gate?

Fred - Four.

Ms. C - No,

Alex - Six.

Fred Six.
Theresa ~ (Twelve seconds later). There's six on each gate?

Mg, C

{Nodded) .

Fred - (Looked around, especially as Alex wrote 6 x 4 = 24; talked
with Alex).

Mg, C - Jenny, are you almost ready?

Jenny (Affirmative reply).

Ms. C - How many groups do we have?

Fred - Four.

Ms. C - So which number should come first in your multiplying
sentence?

Fred - Four.

Jenny - (Showed four fingers).

Ms. C - Four. Multiplied by.... Now, you get the same answer. Do you
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remember we talked about that vestevrday?
(Nodded).

You have four groups with how many in each group?
Six.

How many guards are on duty?

Six.

How many guards are on duty in the whole palace?
Four. 1 mean, twenty-four.

How did you figure that out? I saw Peter counting., How did

you figure it out?

1 added six and six make twelve and then T added six and six to
make twelve and then I added them together and it was
twenty-four.

Alex, what did you do?

Counted.

Jenny?

1 added six and six together and then 1 did it like Fred.

Theresa?

At first T had four multiplied by six. (??) ... then T added
four more to this (???). (Indicated 4 x 5 equation).

That was a very smart way to do that., You knew that {f five
multiplied by four was twenty, six multiplied by four was fjust
four more?

(Nodded) .

wkk¥ Clean up #wew
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DAY 12: 1IN LAB: Giant strides (Study group - independently): (Peter,
Fred,Alex, Theresa, Jenny.

[**hard to hear much dialogue from video; had to use audio cassette; some
information still] unclear®?)

- (Set up number track and game board; mostly done by
Theresa)/

Alex - How do you play this?

Theresa - That's what 1 asked the first time 'cause I missed the day they
did {t.

Alex - Well, now you've got to tell me.
Peter - Okay, well like....
Theresa - We can use the (??).

- (Group began playing game without really providing an
explanation; began turning over cards).

?? - Seven.

Fred -~ And two strides. Fourteen, Simple as pie. Fourteen (picked
up pencil and wrote result),

Peter =~ T krnew {it.

Alex - I knew {t too even bhefore...,

Theresa - (Interrupted). Nice four. Looks like an (??).

Fred - Okay. Your turn. (To Peter). Then yours. (To Alex).
Alex -~ What do T do?

Fred - Flip over one.

Theresa - I don't want to do nothing.,

Peter - Hey, 1t's his turn. He's first (reference to Alex).
Jenny - I'11 go. I'l1 go, 1'1l1 go.

Peter - 'Cause it's his first time.

Jenny ~ One of each card.,

Fred - Flip over a card.



Alex -« (To F)., Moi?

Fred = (Nodded).

Theresa - Yeah.

Alex - (Turned over length and number of strides cards). Three ...
and three.,

Theresa - Three times three.

Fred - You make .... Now you put a thing here.
Theresa = Blob!

Fred - And then you count three and you put a blob.
Jenny - And then another one.

Fred

Until you get to three of these things.

Alex - (Looked puzzled).

Theresa - So you do it once more and you go to nine and then you do {t?
Fred - And you write it dowm.

Theresa - You have to have three blobs.

Peter - Turn it around. (Reference to plece of paper??).

Theresa - There's twelve on it., (On piece of paper??).
Alex - T don't get this game.
Thevesa - Neither do I. 1 only did {t once.

Alex - So you've got to count three three times?

Fred - Yeah.

Alex Got it!

[¥*Remarkable that he caught on so quickly considering how scrambled the
directions were and that he hadn't had a model¥¥]

Fred - And then whatever ... four three times or five three times.
Alex ~ Gotcha. Gotcha.

Jenny - (Turned over next cards). Six. Four.
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Nice four.

Twenty-four.,

(To Fred). You always want to answer {t, don't you?
That's 'cause he's so smart.

(About to put down hlob on twenty=-four).

Jenny , before you figure out what the answer is, what's the
step you're supposed to do?

Guess .

Guess.

1 have to make six spaces and four strides.

Before you do that, did you hear what Fred just told you?
(Whispered). Guess.

Oh, guess.

What 1s it you're supposed to guess?

Where we'll end up? Where the gilant will land?

Where the giant will land. So before you put the blobs, what
you need to do {s estimate. You need to make a3 guess.

So she can just say any old number?

An estimate is a smart guess. It's as close as you think you
can make it. It's not just any old guess.

oh.,

(Made estimate; began to put blobs),

Wait. She skipped one. She went over the twenty-four.
That's my guess.

I think it's this one (pointed to twenty-five).

(Figured out with strides and blobs).

[Lots of comments as she worked; hard to understand on either tape)
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So J thought it was twenty-four. Was {t twenty~four?
Yeah.

Peter, you said you thought it was twenty~five. Was there
anyeeo?

1 counted wrong.

You were counting along with Jenny and you just counted wrong?
Me too.

okay.

(Turned over cards with 5 and 10).

That'll be easy.

Make an estimate.

(Held up fingers to show his guess to Peter and Alex).
(Looked at his hands/guess). Okay, um ... um....
(Whispered), Five tens ... five tems ... or ten fives.
Ten fives?

My guess is right here. (Pointed to number early on the number
track).,

Fifty.

Mine too.

Mine too.

Okay, I'l1l go by yours.

So, Theresa, are you going to agree with everyone else's
guess?

Yeah.

Okay.

(Put blobs on track beginning at fifty and working backwards by
tens; boys counting aloud for her). ©Oh, shut up. (Went back

and added extra clay). 1'l1l add a little blt extra to each
one. They're skinny.



145

Fred - Okay, mo! turn. Mol turn.

Theresa - (Wrote answer; showed to Jenny). Like my fifty?

Alex

Tt's fifty.
Fred - (Took turn).
(**Throughout Fred's turn, was a great deal of chatter; some effort

(??7not very sincere) to estimate answer: almost impossible to distinguish
meaningful individual comments; Alex and Theresa singing¥¥)

Peter - (Took turn).

- (At one point in turn, Peter said, "What {f I am wrong?”
(Estimate); Theresa's reply, "Then the giants will step on
yDu'"

- (Estimates ~ on Peter's turn). Fifty, two, eight.

[$¥Same chatter and silliness; at one point, Fred made comment--Theresa
pointed at tape recorder¥¥)

[¢¥Interesting that she was more conscious of the tape recorder than of
the video camera right beside hevr¥#)

Peter - (Moved places to watch tape recorder).

Theresa - (Especi{ally silly comments and behaviocur; lots of singing and
nonsense sayings).

Alex - (Took second turn).

ARW - (At end of Alex's second turn). Alex, would vou explain what
you did? Because it was different from the other kids and it
was interesting.,

Peter - What did he do?

AHW - Did you see what he did?

Peter - No.

AHW - It's part of your job to be watching, right?

Peter - He stole my chair.

AHW - Well, you could have asked him to move.

Peter - 1 did (angry).

AHW - Well, solve the problem later. Theresa, are you watching what
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he's doing? (Theresa was playing with clay). Alex, would vou
explain how you found the answer?

(Seven second pause; looked embarrassed).
What did you do?

You started out with what? And what did you do? With the
clay?

(No response; playing with clay; unable to put into words??;
didn't remember??).

Did you count hackwards?

Yeah, I counted backwards.

I told you it was minus.

It isn't minus.

Well, almost.,

Close enough.

Alex, can you explain what it was you did to fipure this out?
Would the rest of you keep your hands off the numbher track
please? It's {mportant to hear Alex's explanation. (Pause; no
responge from Alex). You started by putting the clay at
twelve. Why did you do that?

'Cause that was my puess.

Did the rest of you think it was a good guess? Did 1t make
sense?

Uh huh,

What did you do to figure out? This (number cards) says...?
Four.

And...?

Three.

And what do those numbers mean?

Four spaces.

Okay, four spaces and how many times do you do that?
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Three,

Four spaces three times. So you went to the twelve and you
counted bhackwards? How many spaces did you count?

Four
And then you did...?
Four.

And then you did three. Why is this one three? These two are
four spaces, why is this one three?

(Inaudible).

What do the rest of you think about the way Alex figured this

out?

(Comments made--hard to hear but appear to agree with A).

(Counted the strides; needed three strides, had taken three).

Is {t right?

Why are you asking me? You take a look at it and as a group,
you decide whether it's right.

Mrs, HW, that couldn't be right because it would have to be the
same numher of spaces in each group. He said four spaces and
four spaces and then he put it here. But you can't do that.
It's not four spaces (indicating last space = three).

This group had....

Three.

And this group had....

Four..

And this group had....

Four.

So this group was a different size from the other two.

Yeah.

(To group). So, what do you think? Did it work? (Pause) .
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Jenny?

Not when vou have the one down.

Okay, not when you have the one down. Alex did this a
different way from the rest of you. Theresa, can vou explain
how Alex did this a different way?

Backwards.

Pardon me?

(Somewhat sarcastically). He went backwards and we went front,
forward. Or whatever.

Okay, so he started at twelve and went back. What were the
rest of you doing, Theresa?

Going up.

Going?

Upv

Okay, Good answer.

Am I (??),

Yeah. Does one way of doing it make more sense thun the other
way? (Eight second pause; no response). Do you know what Alex
actually did?

No.

He did a division question.

You mean a divide?

Yeah. You did a division question. You started with a whole
part, with the twelve and then you made it into groups to find
out how many groups there were. In multiplication is that what
ve're doing?

Multiplication?

This is multiplication?

This is multiplication. And in multiplication, you....

Go up.

You go up. In division, it's more like going down. So Alex
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just showed you a division answer.

So {t's twelve divided by three is four?

Right.
And ten divided by two is five?

Exactly. So Alex 1s way ahead of you on this one, Would you
explain going up instead of backwards? Can you do it that way,

Alex?
(Took clay; sort of laughed).

The other kids have done a couple for you. Can you remember
what they did and explain it that way?

Isn't he supposed to get a guess down?
Uh huh.

That was his guess.

Your guess was the twelve, right?

(Counted spaces). How many spaces? Four spaces. (Put down
blobhs on 4, 8, 12).

Four times three is twelve.

How big are the groups?

Four.

And how many groups do you have?
Three.

And where do you end up?

Twelve.

He still landed on the same one.

He still landed on the same one and it still looks the
same.,

But he had one more blob,

But it's important to know that he did it in the opposite way
to what you had done before.
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*¥k¥d Clean up ¥##* (Conversation during clean up -- Fred/Alex/Theresa
discussing where group headed for next lab activity; Peter-"1
thought this would never end!”: Alex~-"1 made a division.";
Fred=(to Ms, C) 'Ms. C, Twelve divided by three s four";
Peter-"Alex made a division").
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IN LAB: Study Group - (with Mr, G) Num, 5.2/1 "1 predict -
Here” (with written record); (Peter, Fred, Alex, Theresa).

What your job i{s here, is when T say 'Go' is to take one of
these cards (for putting stacks on) and we're going to look at
this card and make the multiplication story. When we look at
this card. T, how many groups are we going to have to make?

(Counted squares). Nine.

Then what we have to do ... is to take a card and it will tell
us ... we have to make nine groups.

Of rwo!

With two in each group. (Took out stacks of two cubes; he and
Theresa counted out nine stacks). So we have how many groups
there?

Nine.
And how many are in each group?
Two.

(Began putting stacks of cubes onto card as they had done with
Ms. C).

(Put out hand to stop Theresa). So we don't actually have to
put them on there. We can just count them to make sure
there's the same mumber. No, just leave them, Theresa.
Oh boy. (Pouting tone of voice).

(Counted groups to confirm number).

So there are nine groups here?

Two, four, six, eight ... (counting groups by twos).
(Watching Fred counting). 1 know.

Fourteen or sixteen?

(Counting cubes by twos).

I see nine groups with two in each group.

Eighteen.

So T count it two, four ... (up to) eighteen. And then if I
want to write this down into a number sentence....
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A number sentence?

.vs the first thing I write down i{s how manyv groups do I have,
Nine.

Nine groups ... multiplied by the number in each group.

Nine multiplied by two.

(Together with Theresa). Equals eighteen.

Nine multiplied by two.

1 need an eraser.

No, just write over ... that's right, Theresa, eighteen

(pointing to her 'mistake'). What does the nine tell us?

How much groups?

What does the two tell us?

How much in each one.

And it will always tell us, the first number will always tell
us how many groups we have. And the second number will always
tell us how many are in each group.

And then the last number?

So what does ... without saying nine multiplied by two equals
eighteen. What does that number sentence tell you? What does
it say?

Nine groups with....

Two in each group.

.e. with two in each group equals eighteen.

[** Theresa's tone of voice quite flip this day.]

Mr. G

(Gave each child a set of number tiles). Okay, what T want you
to do when I say go is to take a card from here and do It, use
it at least two times before you get another card. So use this
one with at least two of these numbers here, okay? (Indicated
tiles with numbers). You can build the number L1f ynu want to
or if you can figure it out without building the number, that's
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okay too. It's a good thing to build it {f you have to. Okay,
hegin.

Do they have to be the same colour? (Cubes Iin groups).

No.

Can we pick one? (Card with diagram of stacks).

Yeah. So, Fred, how many groups are you going to make?

Four.

And how many {n each group?

Four.

So four groups of four,

Is this five? 1Is this five? (Held up card with stack on top?

(Referring to stack)., TIs it five? (The numher tile she had
drawn).

Yeah.

How many groups do vou make?
One.

How many are In each?

Flve.

So that's your job. How do you write that out as a number
sentence?

I got it already! (Reference to own work).
me multiplied by five equals five,
Okay, what does this tell you?

One group with five In each group equals five! Can I pick
another one? (Number tile).

Yeah.

That was pretty easy. (Own task).

[**Relatively little Interaction because each child had own set of



cards/tiles. Occasional comments from Alex to Fred.

[¥¥*Alex/Fred making groups and laying them on table to figure out answer;
Theresa/Peter-putting groups onto card to confirm right number of
groups.]

Mr. G What did you find out, Peter?

Peter - Five ... I just gotta add one to each one.
Mr. G - Oh ..., No. How many groups do you have?
Peter - Two.

Mr. G - And how many in each group?

Peter = Two,

Mr. ¢ = So what's your multiplication sentence?
Peter - Two multiplied by two,

Mr. 6 = Two multiplied by two. You want to write that down?

Peter - (Wrote).

Alex Two groups of five ... that was easy. 1 just had to take off

one.,
Theresa - Look, I need to make five groups of six.

Mr. G

How many groups do you have, Peter?
Peter - Two.

Mr. G - (Pointing to equation). Which number in your number sentence
tells you how many groups you have?

Peter = (?? hard to hear but sounded like) Second.
Mr, G - Point to it.

Peter - (Pointed to paper).

Mr. G - What does that number tell you?

Peter - How many in the group.

Mr. G - How many in the group. Which number tells you how many
groups?

Peter - First.
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Mr. G - The first. Good for you. (Turned to talk to Alex). Okay,
Alex, what are you up to?

Alex - I'm doing the card. (Turned over new card). Oh, baby! One,
two ... (up to nine). (Turned over number tile). Oh! Six im
each group!

- (Alex checked with Theresa to see whether he could use some of
the cubes in front of her).

(Turned over card with ten stacks; number tile was five; made
five or six groups then put them back into the general cubes

pile).

Fred

Mr. G - What did you find out?

I didn't £ind out anything. I just ... (??hard to hear because
was seated away from the tape recorder).

Fred

Mr. G - How many groups did you make?

Fred Ten. I need to make five groups of six.

Mr. G - So what's your first number going to be?

Fred - Ten.,

Al ex - (Still gathering cubes and making stacks of six).

Theresa - (Gave him some six stacks)., These are all sixes. There's a
six. There's a six and there's a six,

Alex - Seven, eight, nine. T just need these, Thank you very much.

Mr. G - okay, Peter, how many are you choosing? You're only choosing
four.

Peter - (Had been working on 2 x 4; had two four stacks on card;
appeared to figure out on fingers; but had two mumber tiles in
front of him; when Mr. G looked, Peter appeared to be looking
at the two number cards, (Made motion between cards as if
multiplying them?) and Mr. G evidently thought he was
multiplying the number tiles; Mr. G put away one number tile).

Peter - (Looked at stacks). Two times four. (Wrote equation; figured
out answer on fingers; wrote answer).

Mr. G - (With Fred). Ten groups with five in each group equals fifty
in total. (Reading as Fred wrote).

Alex - Nine multiplied by six? I know that's eighteen. Eighteen plus
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nine ... twenty-seven plus nine .., thirtv-six....

All of them are six?

Thirty-six plus nine....

All right, what does this number tell you?

Aaah! 1 got confused now!

What number does this tell you? When vou look at this number,
what does it tell vou? (Pointed to equation already finished
on paper).

Three groups of five.

Equals fifteen. What would happen {f ... different problem.
What would happen 1f you put the five here and the three here?
(Reversed order).

You'd get the same ansver.,

You'd get the same answer but would it look the same?

No.

Why not?

Numbers are switched around.

Three groups with five in each group. What would happen if 1
had the five here and the three here? How many groups would |
have?

Five.,

And how many would be in each group?

Three.

And so they would look different but you would still get the
same answer.

Mr. G, I'm all out of cards.
okay.

(As Mr. G sat down beside her). I did more than this but I
can't find (27).

Okay, do this one (pointed to page).
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[#%More conversation now between Alex and Fred: Peter working
fndependently, no conversation with anyone.]

Theresa - This one?

[**Conversation hard to hear because of Alex's counting out
loud.]

Theresa - Six multiplied by five. Oh, that's easy, TIt's thirty!

Mr. G How did you kpow that?

Theresa - 'Cause 1 had it the other way.

Mr. G - Oh., What does this number sentence tell us?

Theresa - Five multiplied by six. Five groups with six in each group ...
equals thirty. And {f it had another six in it and then that
could be six. (Equation would be 6 x 6?).

Mr. G - 1 hope you're not talking like a baby. I hope you're talking

like a grade three girl. (Theresa's tone of voice had become
quite babyish). So this one tells you you have how many

groups?
Theresa - Six.
Mr. G - And this one tells you how many groups?
Theresa - Five.
Mr. G - S0 you get the same answer,

Theresa - Thank you. (Very babyish voice).

Mr. G - How are you doing, Peter?
Fred - I'm on my third one.
Alex - (Sti1ll on 9 x 6; counted to fifty-four by nines). Nine

multiplied by six equals.... Oh, God! Now I've got to start
again! Mr. G, T counted all of them and now 1 forgot the

answer.
Mr. G - How did you count them?
Alex - Like this. That's twelve.
Mr. G - You counted them by how?

Alex - Like this. Twelve, thirteen ... (up to) twenty-four.
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Mr. G - How much is in each group? What would be a good way of
counting those?

Fred - 1 think T know. Adding six and six is twelve and then two more
is twenty-four and then counting on,

Mr. G = Good, so show that to Alex.

Fred - Okay. Six and six ... and then you add twelve more. That's

twenty-four. (Demonstrated with stacks).

Alex - Ch, now I get you!

Fred And then count on upwards,

Mr. G - What would happen.... Is there another twenty-four there
anywhere?

Fred - Yeah.

Mr. G <« Oh. So show me the other twenty-four., So you've pot two
groups of twenty-four and a group of six, right?

Alex Twenty-four plus twenty-four....
M!v G - IS?

Alex

Forty-eight!
Mg, G =~ And then you have another group of six.

Alex - (Pause while counted). Fifty-four! (looked at Fred's work).
Are you using them like that?

Fred - Yeah, I'm using one, two (up to) seven.

Alex - All right! Awesome!

Theresa - Can 1 use three of them?

Alex - Don't take them apart.

Mr. G - Okay, how you doing, Peter? (No audible response).
Peter - (Working on 10 x 4).

Mr. G - How many groups are you making?

Peter - Four.

Mr. G - How many groups?
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Ten.,

Ten groups, and how many in each group?

Four.,

1 need one cube.

But I need that.

Oh, man. Now I need to use this other card again.

I need some more.,

Nine multiplied by three, that's going to be easy.

Hey, there's no more cubes. Who robbed all the cubes?

1 got forty-two!

Eight times four. Thirty-two?

Eight multiplied by four is thirty-two.

Is that right?

I don't know. Is it right? How would you figure it out?
Add these together, then these together and that's ... who
cares ... up to twenty-four and then I'd add this and then I'd
count all of these,

So you have seven groups of six. This i{s twenty-four, and
what's this?

(Counted from twelve to eighteen).
Twenty-four and eighteen.

(Counted number of stacks; counted number of squares again on
card; wrote 10 x 4; figured out answer on fingers and wrote
{t).

- Peter, when you count on your fingers, can you explain to me

what you do? (Close-up of camera had been on him counting
fingers) .

- They're in groups. (Indicated hands).

- How does counting on your fingers help you to figure it

out?
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Okay, four (pointed to 10 x 4 on page ... you have four on one
hand""
So each one of your fingers is the same as a group of four?

(Showed by counting groups of four on each finger). So the
answer is forty.

Could you repeat what you just did and this time count out
loud?

(Repeated with counting more audible this time).

Suppose this was ten times five ... no, ten times three. How
would you do that?

Same thing! (Began counting each finger as group of three).
(Interrupted at twelve). Okay, so every time you're doing
groups ... this group (picked up four stack) is the same as
what you count on this finger and the next group {s the same as
you count on this finger?

Yeah.

What about {f you had three times four?

(Put up three fingers: touched two but didn't appear to be
counting).

Okay, so you knew that four plus four is eight and then you
just counted on from there?

Yeah.

Who taught you that?

(?7?7) (*¥Think he said his dad).

(Still working with Theresa on 7 x 6).

1 know how I could figure it out! (Rest inaudible).
Could you do that in your head? Six plus six is....
Twelve.

Plus six.

Eighteen.

Plus six.
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Twenty=-four.
Plus six.

Twenty-nine. Stopped and counted by ones with some help from
Mr. G). Thirty. (Rest of conversation too hard to pick up).

I'm done with this stinking card.

I'm done all of these cards.

Okay, do another card.

I'm done all of these cards.

Could I have one? Not that ome. T want this., Two! Ha! Ha!
Didn't you do twos already?

Yes.

No, he didn't do twos.

What do vou mean?

Twos. You didn't do two groups.

No, I didn't.

1 knoy this ane. That's why I picked {t,

Eight. Is there an eight on these cavrds? T keep getting
7,

Oh, wow! (To Fred).

Which cards haven't I done? Is someone done with this?
(Picked up card from centre of table).

Yes .

I made a mistake. Anyone got an eraser? Peter, do you got an
eraser?

¥$Camera close-up on A as wrote; erased part of work.

AHW

Mr. G/
Theresa

- Alex, could vou just cross it out and write it again? Write

the part that you fixed separately? Okay?

- (Working on two times six).



Fred - Mr., G? Two multiplied by five is ten.
k¥kk Clean up Whww

Thevesa - I need to do this! 1 just started it!
Alex - Well, too late now, my dear.

Theresa - 1 can't do it now. I don't know what eight times five is.
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DAY 17: IN LAB: Study Group - 'Books of Two' (independently); Arrays
game (with Mr. G); (Theresa, Fred, Alex, Peter, Jenny).

[**Little conversation took place; mostly watching children assemble and
write their hooks.]

Ms. C - The group at that table needs to make the books of two like the
one in the tub.

Theresa - Ones with ten pages in them?
Ms., C =~ Yes,
- (Children counted out sheets to use for book).
Theresa - They aren't all the same size!
AHW - Why are you telling me?
Theresa - Well, they're not!
AHW -~ Well?

- (Children put together and stapled sheets; conversation was
children counting sheets; complaints that pages were uneven).

Theresa - Now what do we do? (No response).
Peter - Yeah, I got an even one, an even pair.
Fred - (Looked at Theresa's book). You have a big one!
Theresa - (Reply inaudible).
- (Theresa took pencils from tub).
Peter - Have you ever been in the newspapers?
Alex - Yeah.
Fred - (To Ms. C). Do we write groups of two?

Peter - Me too. Me and my brother and my other brother playing hockey.
1 got a picture and they put it in the Journal.

Alex - Why?

Peter - Well, I didn't see it but my brother said he saw it. Playing
hockey at the (?7?).

Alex - (To Ms, C). These papers aren't even even.
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Don't worry about it.
Oh, just grab ten. Oh, okay.
(To no-one in particular). How much staples do we put {n?

(Working without talking to anyone).

[#*Took about five minutes for children to get books put together; A
took longest time.]

Fred -
Theresa -
Fred -
Theresa -
Fred -
Fred -
Jenny -
Peter -
Fred -
Alex -
Fred -

(Had sample book in front of him; Thersa-flipped it hack to the
cover).

Come on!
Come on, Theresa!
I'm trying to see what to put on it.

(Opened book so cover was visihle to Theresa and he could see
the interiov).

You're picking fluorescent colours?

One times two equals two. Ow, it poked me!
All of the greens are fluorescent,

This is weird. This {s weird.

These papers keep on messing up when T'm putting them in the
stapler.,

My finger just got jabbed. (Showed to Jenny).

[#¢Three minutes of working; occasional comments such as next three.]

Fred -
Alex -
Peter -
Alex -
Theresa -
Fred? -

Three times two 1s six.

Where's the pencils?

In the tub. (Alex got pencil),

What do we do? Where's the book? (Took book from in front of
Fred: had brief look then J took it away; about nne minute
later Fred took from in front of Jenny).

One times two equals two, okay?

You're only using fluorescent colours?
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Four times two equals....

What are you dolng?

Two times two.

We have to do this,

kept checkirg with the sample book; others looked less.]

(Discussion about what colours were preferred; "I have to pick

up the purple before {t's too late”; "I guess 1'1]l have to use

dark colours, too. 'Cause I don't want to use the same colours
over.”; "I got the last two fluorescent”).

Two times four.... T need the book, please,

Where's the red? Is there any more red?

Ms. C used all the red.

I'm on five times two.

I'm on four times two.

I'm on three times two.

[**Working time about one minute.]

Theresa
Jenny
Theresa

Jenny

What's the next one in the book? Where's the book, Alex?
(Picked book up from center of table).

What's the third one?

The third one? One, two, three. Three times two.

How are you guys doing? I would like to be able to see them in
groups of two, Fred.

About to start taking out stickers).

No, I wouldn't take them out. Just draw circles.
I put them in lines.

So did T.

If 1 can see the groups of two, that's all right, but I need to
able to see them in terms of groups of two. You kids probably
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won't have time to finish. You can take them up to the room
and finish them later,

What did you say, Jenny?

Three times two.

Equals six?

Is there any more blues left?

Yeah. Right there.

I need one blue sticker.

Where's the blue?

I need one more blue, Jenny.

Give the girl a blue! (Like carnival barker),

1 know what I'm going to write down. FEight times two
equals....

Mr. G, do we do up to twenty times?

Up to ten.

up and change of activities,

(With Mr. G).

I'm going to start to explain this game before Fred

gets back. (Put down card). Have you ever seen this

before?

Yeah.

What Is it, Theresa?

I don't know., (Shrugged).

Does anyone know what it is? (Te Alex). Does anyone know the
name for this? Peter, if you could sit down. Fred could
probably sit right here. Peter, if you sit down we can make
sure the camera can see. Now ... have you ever seen one of
these?

No.

Yeah, in Art.
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Mr. G =~ A picture like that with the dots?

Theresa - Yeah,

Mr. G - This picture has a special name. It's called an array. It's
spelled a-r-r-a-y. And what it does is it tells us a whole
bunch of stories., It tells how many groups we have.

Theresa - Three times six (silly grin).

Mr. G - ... a couple different ways and how many we have in total.
(Motioned to one side of array).

Fred - There's six groups of three.

Mr. G - Six groups with three in each group. (Counted and pointed to
groups).

Jenny - 0Or ... three groups of six,

Mr. G - Or three groups with six in each. One, two, three. One, two,
three, four, five, six., So that's one thing it tells us. It
also tells us one more thing.

Theresa - Okay. It's either three times six or six times three.

Mr. G - Three multiplied by six or six multiplied by three. What's the
other thing that it tells us? One more thing?

Theresa - It's a card., With dots on {t,

Alex - Theresa, quit being mouthy.

Theresa - Well, it {is!

Mr. ¢ - Thanks, Alex. ... Six multiplied by three or three multiplied
by six. What does that tell us?

Peter - The answer!

Mr. G - All right, Peter! What 1is the answer?

Peter - 1 don't know.

Jenny - Eighteen?

Mr. G - How do you flgure out the answer? Fred?

Fred - Six (??). Three.

Alex - It's eighteen.
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Twenty-three.

Three and three is six ... and three and three (pointing to
rows of threes).

It's twelve.
So it's twelve.
Twenty-four.

(Put up fingers one by one; appeared to be skip counting).
It's eighteen.

Eighteen, right. So it tells us the two different number
sentences and ... the ... answer.

Answer. (Same time as Mr., G).

What we're going to do is play a concentration game,

Oh no.

Cool.

Now, what you have to do is to figure out your number
sentences, the two kinds of number sentences you're looking
for.

Oh, and we have to get them the same.

And when 1 flip the cards over, you have to find the matching
ones .

So we have to get three matching cards,

Three matching sentences. 3o, ['m going to give you a card.

Be figuring out In your mind what you're going to be looking
for. I don't want you to say {t to anybody, just figure It out
in your mind. (Distributed one card to each). And you're
going to have to be prepared to explain it to get your polnts.
Yeah?

What? 1T don': get it.

Me neither.

You don't get it? Let me explain it again. TI'm going to flip

these cards over. You pick up the cards and you're golng to
have to explain whether you have the right cards or not.



Theresa

Mr. G
Theresa

Mr' G

Mr. G
Fred
Mr. G

Theresa

Mr. G

Theresa

Mr. G
Theresa

Mr. G

Jenny

Mr. G

Jenny

Mr. G

Jenny

Alex

i

169

(Comment about planning to cheat; hard to make out anything
other than "cheat”).

Well then, I'll be watching for cheating.
1 won't show you my cards then. (Making faces at Mr. G).
And you're going to have to explain. You get three points.

One point for each card you get right. But you have to explain
them to get the point. Are you ready?

Yes, 1 am!

Have you figured out the three things you're looking for?
(Slapped hand on table). Are we going like this?

No, just pick pp the cards.

1 got one more question, The one on this side (pointed to
left) ... which one comes first? (Sounded genuinely
confused--not smart aleck).

Okay, let's see what Theresa needs. Show us on this card.

(Mr. G showed new card).

Does this number come first or does this number come first?
(Indicated numbers on top and side of array).

Ahhh. What do you think? You decide.
All makes the same answer anyways.

(Put first card down; Fred took). Once I put the card down, if
you miss it, you miss it. (Put down second card).

(Waved card in air). I don't know what I have to do! 1 have
to explain it?

Once we're finished. Then you need to explain 1f this matches
your array.

Yes, it does.

Well, take it then. (Put down next card; Alex took).
(Game proceeded with little conversation).

I think T got all three.

And so do 1!
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Mr. G

Okay, sit patiently. Are you watching each time I turn?
Fred? - 1 got four.

Peter - I missed one.

Fred - (Had three cards in hand; was counting the fots in the arrays).
Mr. ¢ =~ Okay. (Moved back as though had finished the game).

Theresa - (Grabbed for card in J's hand). That's mine!! (Shouted).

Mr. G - Theresa, that's (??).

Theresa - That's mine. (Stated this time in calm voice).

Mr. G -~ All right, let's start with Jenny. You guys, {t's your job to

check her out and make sure that she's done her ijob corrvectly.
You put them (cards) right down here and if Theresa moves her
arm back it would probably help.

Jenny - (Spread out four cards). What do 1 explain?

Mr. G - Explain how each of the cards fits your array. Fred, do you
want to check her out?

Jenny -~ Five times three is ... there's three groups of five.
Mr. G - Five groups with three in each group.

Jenny - Yeah, five groups with three in each group. And then three
groups of five. And then they all add up to fifteen.

Mr, G - Is she right?

Group - (Agreed).

Mr. G Good, three points for Jenny. Theresa, explain your arrays,

please,

Theresa - (Set out four cards). Explain them all?

Mr. G - Just like Jenny did. Whether you have the right ones or not.

Theresa - Oooo. What do you mean, explain?

Mr. G - How do I know that these match your array? How do T know
you've picked the right ones?

Theresa - (??); comment inaudible).

Mr., G - Yes, but explain that.
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Theresa - Six times five equals thirty. And there's six in each of these
(rows/columns) and there's five of these (rows/columns) and
that equals thirty. And then it's the same with this one!

Mr. G - Is this the same? (Picked up one of her cards).

Theresa - No, but the answer's the same.

Um ... there's six groups ... one, two, three, four, five,

Fred

No, there's six, (Turned card sideways; counted and pointed to
columns).

Theresa
Mr. G - There are six groups. (Demonstrated hy running finger down
columns).

Alex - Fred! Fred! Nice stringy thing. (Fred had string hanging
from his sweatshirt).

Mr. G = All right, Fred, are you ready to explain? Check bhim up,
Jenny.

Jenny - (Looking around room; not paying attention to group).

Fred - 1 don't know the answers.

K!‘- G - Okay.

Fred - 8ix groups ... one, two ... (up to) six ... with four in each
group,

Theresa - 1 know what the answer is.

Fred - Four groups of six. (Next card).

Mr. G - What is your answer, Fred?

Fred - Twenty-four?

Mr. G ~ Twenty-four. How did you figure it out?

Fred - Counting.

Mr. G - Besldes counting them out, how can you figure them ocut with the
help of these (arrays)?

Theresa - 1 know!
Mr. G - Let Fred tell us.
Fred - Four and four {s eight. Eight and eight is sixteen and then I

added the ... no ... I added eight and I counted.
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Fred's explanation, Theresa stroking Mr. G's arm.)

Good. All right, Peter, Let's check Peter out,.

(Comment about one card which Mr., G held being twenty-four).
Right, twenty-four. All right, go Peter,

??).

All right, how does your card fit your array?

Five, five.... (Indicated columns).

[¥¥Theresa trying to get cards out from under Mr. G's arm while Mr. G and
PV talking.])

Mtv Cv -

Peter

Mr. G

Peter

Mr. G

Alex

Mr. G

Alex -

Mt' G -

Theresa

Alex

Mr. G

Alex

Mr. G

Alex -

MY." G -

So what does this mean? Five groups with three in each group.
Four.

Show that to me on your card.

Five and four. (Ran finger down one row and one column).

And last but not least....

It's true too,

Theresa, please. (Theresa still trying tu get card from under
his forearm). Just sit bhack. The camera's trying to get
this,

Explain.

(Nodded) .

Explain what?

How these cards match.

How dc these cards match your array?

There's four groups right here with three {n them. So this
card matches this card. Same with this one.

But how? The card's different. How can they match?

'Cause there's three groups with four in each group!
("Obvious"” tone of voice).

Okay.
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Alex - And the answer is twelve so this card matches that.

Mr. G - Gaot it up here? (Nods from children). They we're ready for
another round. Three points (Jenny), three points (Theresa),
two points (Fred), one point (Peter), three points (Alex).
All right, keep your arrays.

Fred - How come 1 only got two points?

Mr. G - 'Cause you didn't give us the answver.

Alex ~ 'Cause you missed one,

Theresa - (Comment to Fred??).

Mr. G - Keep your arrays please, and pass me your cards,

Fred ~ What arrays?

Alex - This one, (Held up own card).

Mr. G - (Pointed to array card in Fred's hand).

Theresa - 1 got this one! T kept this one.

Mr. G - Pass your array card to the person on your left. (Done).

Jenny - That's right. (Not left).,

Mr. G And one more time (done). Pass one more time.

Theresa - One more time. Hey, I remember that one.

Mr. G - Are you ready? (No response). Are you ready? Have you
figured out what you're looking for?

Group - Yes.,

Theresa - Yes, I'm looking for Alex's.

Alex - (Counting by ones; ??counting array).
Theresa - 1 got Alex's!

*%Clean up signal given; Group B-kept playing; Mr. G assigned points for
number of cards and whether they matched.

Mr. G - Good., You guys did a lot better that time. Maybe next time
you'll have time to explain. Put them out and let's see who
had them right.

[#%As playing last round were comments like (Alex-"Yeah. That's my baby.
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Welcome to the family.") (Fred=" Mine have names, Homer, Marge, Bart and
?v')']

Mr. G - Asked three times for children to hand in array cards;
(Alex/Fred=-joking about having aces and jacks and betting
money.

Theresa -~ Here's my allowance., Twelve dollars. (Amount of array).

Alex

Twenty-four.
Theresa - Oh, shut up.

¥%¥Finish of classtime.
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DAY 18: IN LAB (With Ms. C): "Big Giant, Little Giant"” Num. 5.5/1.

[¥*As setting up, Theresa made comment about wantir; to be little
glant.]

Ms., ¢ = All right. What we're going to do is to do Big Gilant, Little
Giant again and then we're going to talk about how they're the
same and how they're different.

Alex - Again?

Ms, C - Yeah, again. 1It's really important and we have to make certain
everyone understands.

Alex - Oh, really important.

Ms., C ~ Really i{important.

Alex ~ Really important?

Ms. C - Really important. This number stands for ... it says, "My
stride 18",

Peter - Six.

Ms, C - Six spaces. And T take....

Theresa ~ How many strides? (As Ms. C turning over number card).

Ms. C - Five strides., (Theresa - said along with Ms, C), Fred, would
you be the big giant and make that with the cubes?

Theresa - Are you playing?

Ms, C - Yes, I'm playing.

Theresa - Are you playing?

Ms. C - TI'll play.

Theresa - (Counting around group to see what job she'd have on next
round). Big giant, little glant, big giant, little giant.

Ms. C - And while Fred is doing that, the rest of you could be figuring
out in your heads how many spaces long the big giant's track 1s
going to be.

Jenny - How many spaces long the big glant's train will be?

Theresa - 1 know.

Ms. C - Yeah, if the giant takes five strides and every stride covers
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six spaces, how long will he go?
Uh oh. Five strides.

That's pretty easy.

How? What is it?

Thirty.

oh, that's easy.

Do you know it?

Okay, Alex and Jenny, you whisper to each other. Peter and
Theresa, did you come up with an answer?

Yeah.

Did you guys come up with an answer? (Yeah). 1Is {t the same
answer as them? (Theresa/Jenny looked at each other and
laughed).

I think T know toco.

(Instcucted Fred to put train together). Do you two girls have
the same answer, too?

Uh huh. And that means that those two (boys) have the same
ansver.

That's very smart. Do you have the same answer, Fred?
(Nodded). S0 how long do you think this train {s?

Thirty.

I would like someone to describe to me this trip that the giant
took., Okay, Theresa.

I changed my mind.

About what?

About answering.

No, I would like you to do it now, please,

The biggie giant took five strides with six little cubes in
each stride and it added up to thirty.

Okay. Does that sound like a good way to describe what the blg
glant did?
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(Nodded) .

(Comment?).

Now, Peter, I would like you to do the little giant's trip.

You know that the little giant is going to have to take
strides that are five spaces long and you need to make his
trip the same as the big gilant's trip. (Indicated length with

hands). And 1 need the rest of you to think about how many
strides the 1little giant will take.

How many?

How many strides? Each stride the little giant takes is five
spaces long, how many strides will he have to take?

How many strides ... how many?

Steps. Yeah, each one of these {s a stride, a step.
(Indicated five rods Peter was making; Peter had put two blue
rods together, Ms. C put a white on from the end into the
middle to separate the blues).

1 know.

I know! (In {imitation).

Okay, you guys whisper to each other., (Alex and Fred). Did
you guys agree?

Uh huh,

All right, so you think this is the same length? (To group).
How many strides did you think 1t would take the little giant?

Six.

And were you right?

Yeah.

Jenny, can you explain the little gilant's trip?

Six strides with five in each stride.

Is that a good way to describe {t?

That's backwards.

No, that's what the little giant did. He took one, two....

No, it's backwards for what the big giant did.



178

Mg. C = It's backwards? Good. Okay.... (Began looking in number
cards) .

Theresa - You got to find a six.
AHW - Before you go on, it looked like Alex and Fred had a different

idea. (Fred nodded)., Can you talk a little bit about how vour
ideas were different and how vou figured it out?

Fred Mine were six. It says (on gameboard). This says six fives

and he said ... five.... 1 don't know what.

Alex -~ (Laughed).

Ms, C - What was yours?

Alex - 8ix fives. (Aside to Ms, C-=1 counted wrong).

Ms. C - Oh, you counted wrong? (Laughed).

AHW - Fred, how did you explain to Alex how you came up with six?

Fred - 1 went five, ten .., (up to) twenty-five and then 1 went
thirty. (Put up fingers to show how had kept track). And my
answver was thirty,

Ms. C - Okay, 1 want you to look at the trip the big glant took and the
trip the little giant took, and 1 want you to tell me what's
the same about the two trips. J? (Hand up immediately).

Jenny - They +.. they ... are the same length.

Ms. C - Good. €an someone else tell us something the same about them?
Another thing that's the same about them, Theresa?

Theresa - That's not the same, Mine's different.

Peter - They're both the same numbers,

Ms. C - The same length? They both end at what number?
Peter - Thirty.

Ms. C - Jenny, could you break the steps apart (little giant) and we're
going to try to make a rectangle out of it.

Jenny - T know something else. They get to the place at different
times.

Ms. C - Okay, they get to the place a different way. Alex, could ynu
break this apart and make a rectangle out of 1t? Break up the
steps and put them beside each other. (Demonstrated).
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Oh.

It's going to be shorter.

Okay, I want them out here where we can take a look at them.
Now, I want us to look at these and tell what's the same about
the two rectangles. Theresa?

They're the same length going this way.

What else could we say was the same about them?

They're the same the other wav.

The same width? Do you think there are the same number of
cubes in both rectangles?

No.

Yes, Thirty cubes in each rectangle.

How do you know that there are the same number of cubes in both
rectangles?

'Cause when it was over there (in trains) they both were
thirty.

Fred, did we add any or take any away when we broke them up and
made the rectangles?

No.

Why did you think they would have different numbers in
them?

Because that one 1s bigger than this one. It has one, two,
three, four, five ... and this has one, two ... (up to) six.

If we put them on top of each other and they're the same size,
will we know that they have the same number in each?

(Nodded).
That has five and that has five groups of six.

This is just like that game we played with Mr. G. It has six
down here and five down here.

Exactly and that's why we're playing these games topether. You
guys are very smart.
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That looks like a jelly-belly.

That colour? Very exciting. This is an important idea to know
about multiplying. We talked about it in class but I wanted to
show it to you here in the math lab. The idea is that five
groups of six and six groups of five look a little different.
They don't look exactly the same, do they?

Put them up beside each other and...,

But you get to the same place. They have the same number in
them.

Same number.

So this is one, two, three, four, five groups of six and this
1s six groups of five, but they both have how many cubes in
them?

Thirty.

Thirty.

That was easy,

This is an important thing in multiplying. Now, are five
groups of six and six groups of five exactly the same?

No.

That has one more.

One more what?

Cube on each one,

Are these the same number of cubes?

No, when you put them down like this. (One on top of other).

Yes, but we're not.... Are there the same number of cubes in
both rectangles?

Yes ... except for one(??).

Are there the same number of cubes in bhoth rectangles,
Theresa?

(Rolled eyes).

Listen to what T'm asking. I know that the stacks are
different. This has one less stack but one more in each stack,
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right? That's how they're different. And it's {mportant.
When you're drawing pictures of multiplying and people say,
"Show me five times six” or If someone was to sav, "Which one
of these is five times six”, which one of these would vou polnt
to? Which one is five times six?

(All but Jenny pointed to five groups of six).

(To Alex). This one?

(Withdrew hand and looked at Ms. C).

Don't change your mind just because T asked again. Which one
is five times six? (Children all pointed). What does five
times six mean?

Five groups of six,

Five groups of six. One, two, three, four, five, six. This Is
the one that showvs five times six.

(Pointed to other rectangle). This is six times five.

Tnis is six times five. Remember the first number tells you
the number of groups. Okay, let's do one more.

Can you ever teil how many groups ... how many (??).

That's notr usually what we mean by it. You know that you can
figure out the answer the same way.

'Kay then, there's sixty going to be all together. (Smart
aleck tone).

Yeah. 1If we put those together.

Okay, put 'em together, it's sixty,

All right. Theresa, you be the big giant. Take eight strides,
no elght spaces ... two strides with eight spaces in ecach
stride, Can you do that? And Jenny, {f you're the little
glant, how long 1s each stride you take going to he?

How long?

Yeah, how long is each stride that the Iittle glant would
take?

(Looked at gameboard; no response).

(Put up two fingers; not sure that Jenny saw).
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The big giant is going to take two steps with eight spaces in
each step. And you're going to do what?

The litrle giant is going to take eight steps with two in each
step.

Okay, great. (To Theresa). Will you let her work out of that?
You both can work out of the same thing. (Same container of

cubes).

I figured out the answer.
T already got it.

1 already got it and I....

(Interrupted because Theresa nad stopped working). Could you
get another group of eight, please?

What is this, eight? Eight multiplied by two?

(Nodded). Two steps, eight in each step. She's doing two
times eight (Theresa), she's doing eight times two. (Jenny).

1 know the answer.
So do I. It's so cinchy ... I knew that was going to be a two,

J, you need them in groups of two, right? (Jenny--making slow
progress).

(Comments about how to find answer).

Or just say eight plus eight.
Yeah, just two times.
Should I put them in a train?

Yes. And Theresa, can you make a train? How many steps Is
your gilant taking?

Two.

Thank you. Good, please put it in the middle. Peter, could
you please describe this train?

The glant made eight strides.

No. Each one of these is a stride. (One stack).
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Eight ... spaces ... and two strides.

Eight spaces two times. Good. And what did the little giant
do?

He took two spaces and eight strides.

(Put trains side by side). Did both glants get to the same
place?

Yeah.

What's the same about the two trips that they are taking?
Fred?

They're the same length.

They're the same length. Good, what else, Theresa?

They have the same number. That has two and T had two strides
and that has two in each stride and it takes eight strides and
I have eight in each stride.

Alex, what can you say that is different about them?

They look different.

How do they look different?

They don't look different.

They do look different. What looks different about them? ilow
does this one look different from this one?

You can't ... you can't count them. 'Cause it's all one colour
(big giant) but here (little giant) you can.

Okay, Fred and Peter, make them into rectangles, please.
I know what this one....

Hey, this one can go together. (Trains would link together
side by side).

Will the rectangles take up the same space?
Yeah.
At least it looks.... It doesn't look like it.

That's a longer rectangle. (Pointing to blg glant),
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Ms., C - You think that one will be longer?

Alex - No, because he put it that way. (Oriented up and down, not
sideways).

Theresa - That's wider. (Little giant).

Jenny - It's taller.

Ms. C - Okay. Let's match them. Compare them and see if they're the
same. Are they the same?

Peter - Yes,

Ms., C - Do they take up the same amount of space?

Theresa - What about beside each other? Like that?

Ms. C - Describe this rectangle. (Little giant). What's the
multiplying sentence that would go with this rectangle?

Theresa — Oh, that's easy. Two times eight or eight times two.
Ms. C - Which one? Decide.

Jenny - I know.

Theresa - Eight times two.

Jenny - Eight times two.

Ms. C - Eight times two. And this one?

Theresa - T got it (to Jenny).

Fred/ - Two times eight.
Peter

Theresa -~ I'm so confused. That's confusing (to Jenny).
Ms. C - Okay. And now we're golng upstairs to write.

k& d Clean up dhkd%



DAY 21: 1IN LAB:

This work was done {n the classroom, not the mathematics laboratory.
However, the study group was seated together and i{nteracting as {f they
vere in the mathematics laboratory so the information has heen
included.

Ms. C - Today we're going to do math activities in the classroom. Therv
are four different jobs. This is one of them, a book about
multiplying and dividing. (Continued to introduce activities
with occasional student interruptions). What you will do in
this book, they want to give you some ideas to help you remember
your multiplying facts. The children working on this book will
be working here. (At table). That way they can help each
other. One group of children will be over here on the floor. 1
have some activities that you can do by yourself or with a
friend in your group. This i{s a mutiplying puzzle so you have
to find the pieces that go together. There's a picture and a
card that has a multiplying sentence and those need to go
together, So that's one thing that's over here on the floor.
The other thing is pencil pokes. (Demonstrated with a4 child)

AHW - (Explained that 1f a person who can see questions reads them
aloud, both partners get practice).

Ms., C - And another thing, This would be a job that you would do bhy
yourself. You would go over here and get a piace of scrap paper
and put it down. Now one side has answers on it and one side
doesn't, You go through and write down the answers and then
when you're done, you turn it over and check the answers to sece
if you were right. We're not worried about you gerting it
wrong. We're not worried about if you get it wrong, that you
learn the right thing to do. And so those are the things on the
floor. Then Mr. G is going to play a multiplying Bingo game
with you. And the last job is everyone will get ... everyone
will get one of these papers. And what I want you to do Is to
be able to draw for me how you can figure out the answers. |
drew one on here for you. This shows three groups of five and
these are supposed to be hands so they have five fingers. You
don't have to draw hands. You can draw whatever you like.
(Sheet had five times questions) ... what the multiplying answer
would be., Here's six multiplied by three so 1 drew six groups
and T put three in each group. So when T know the answer T can
put it down. When you're finished all three pages, you can
start to work to get it in your head so you don't have to think
about it.

- (Children asked administsrative questions about finishing).

Mg, C ~ (Assigned children to groups).
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- (Study group - Jenny, Fred, Peter, Theresa, Alex-- working on
multiplying and dividing books).

Fred - They're all so easy.

Alex - Yeah, 'cause 1t says two times six and six times two, I just
put them backwards.

AHW - Is it easier to figure out two times six then six times two?
Alex - Uh huh. 1If it's six times two, you've got to do two six

times.
AHW - Is it easier to add the groups when they're big ones instead of

little ones?
Alex - Yeah.
AHW ~ Smart thinking.
Ms. C ~ Are the two times ones easy?

Theresa - Yeah.

AHW ~ (Explained A's thinking to Ms. C).
AHW - It looks like a lot of people have been working on their two
times.
Theresa - I'm just looking at these. They have the same answers.
- (Some conversation between Fred and Alex).
AHW - (To Fred). Tell me what you just did.
Fred — (Counted aloud on fingers to keep track of groups of five).
Alex - Times? That scared me!
AHW - What scared you?

Alex = I thought it was plus.
Fred - (Continued to count on fingers).

AHW - (Asked Alex how had gotten one wrong answer; some comments from
Theresa but too hard to hear).

Alex - (Counted aloud using fingers to keep track; found proper answer
and fixed mistake).

AHW Can you think of another way to find the answer? Instead of
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counting on your fingers?
No.

(Clarifying procedures for Peter; had evidently done matching

quetions wrong way ... talked to Fred about the matching
questions).

Are we supposed to do this first? (One side of page).
Doesn't matter.

Here it's seven times five and here it's nine times five. This
is thirty-five (7 x 5) and so you just add two more fives.

Very smart.

(Conversation didn't want to have overheard?; very quiet voices
and looking at Ms. C).

Don't just look at it to get the answer. Look at it and try to
remember, okay? (To Fred as flipped back to previous page to

see answer).

Okay.

It's got to be in here (tapped her head) and you've got to know
them really fast.

(Comment about learning facts?).

(Continued work with some conversation; mostly silly remarks).
(New page). What do I do here?

(Looked to try to help). Tell how many ... count the groups.
These are all groups with five in each group. So seven times
five ..., you have to look for the seven times five in here (on
page). Then write the answer.

Just write the answer and (?77)!

{Nodded) .

(Came back). I'm golng to do a book so when you get to a
certain place, you can check your answers to make sure they're

all right.

I already know one of these is right. That one. (Polnted to
page) (Comment to Ms. C - about checking with her??).

Do you need me to tell you, though?
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No.
Did you know that it was right?
Yeah,

All right then,

(New page). Ms. C, what do you do on this page? (Didn't read
or look very long before asking). Do you just write the
answer?

Yeah. 1f you were counting, you'd have four times five
minutes. Count around the clock, five, ten, fifteen....

Twenty. And then you just put the answer?

Yes.

[**Especially hard to hear Theresa because her head was either down or
turned away from camera; made a number of comments to other kids and Ms.
C which couldn't pick up with video camera microphone. ]

Ms. C
Alex
Fred
Ms. C

Fred

Theresa
Alex
Fred

Theresa

Alex
Ms. C

Theresa

(Helped Fred figure out nine times five).

(At same page as Fred). I don't get what we do here.

Same thing.

Fred has figured it out.

(To Alex). You count by fives till you ... you count by fives
until you get to the arrow. And whatever the arrow ... every
one of these numbers is five so you jump by fives until where
the arrow's pointing at it? And then you write the answer.
That's how you get the answer? (Sarcastic).

So each one of these are five? Five, ten....

Start at the one.

(Asked question about page).

You're cour:ing nickels and so each one is five cents and the
first number tells you how many groups.

How come they (repeat the same questions?).
'Cause they want you to learn your flve times tables.

(Pointed to two times chart facing her on bulletin board). We
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could just look up there!

*kkk Clean up activities ¥&k¥
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Skemp Materials
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[Num 5] MULTIPLICATION

Combining two operations

Num 8.1 ACTIONS ON SETS: COMBINING ACTIONS

Concepts (i) The action of making a set.
(it) The action of making a set of sets.
(iti) Starting and resulting numbers.

Abilities (1)) To make a given number of matching sets.
(ii) To state the number of a single set.
(iit) Ta state the number of matching sets.
(iv) To state the total number of elements.

Discussion of  Multiplication is sometimes introduced as repeated addition. This works

concepls well for the counting numbers, but it does not apply to multiplication of
the other kinds of number which children will subsequently encounter;
so to teach it this way is making difficulties for the future. This is one of
the reasons why so many children have problems with multiplying
fractions, and with multiplying negative numbers. The concept of
multiplication which is introduced in the present topic is that of
combining two operations, and this continues to apply throughout
secondary school and university mathematics. And as a bonus, the
correct concept is no harder to learn when properly taught.

In the present case, we are going to multiply natural numbers. A

natural number is the number of objects in 3 set, and we start with the
concept as embodicd in physical actions.

First action:  make a set of number §.
Second action: make a set of number 3.

To combine these. “2)
we do the first f' @
action v e

and then apply the second
action to the result
(make a set of 3 sets of ).

This is equivalent to making a set of number 15.



Num 5.1 Actions on sefs: combining actions (cont.)

At this stage, there is not a lot of difference between this and adding
together 5 threes, just as near their starting points two diverging paths
are only a little way apart. But in the present case one of these paths
leads towards future understanding, while the other is a dead end.

So instead of the sequence ‘Start, Action, Result’ used in the addition
and subtraction networks, we shall be using the sequence ‘First action,
Second action, Combined result’. Later in this network we shall discuss
notations for this.

Activity 1

Marerials

What they do

Make o set. Make others which match

An activity for up to 6 children. Its purpose is to introduce the concept of
multiplication in a physical embodiment.

® 5small objects for each child. These should be different for each child,
e.g. shells, acorns, bottle tops. . .

® 6 small set ovals.®

® Large set loop.

* Oval cards, about 6 cm by 7.5 cm.

See illustrations for steps 1 and 3.

1. The first child makes a set, using some or all of his objects. A small set
oval is used for this. It is best 1o start with a set of fairly small number,

say 3.

2. Everyone makes a sct which matches this, i.e. has the same number.
They 100 use set ovals and then check with each other.

3. All the sets are put in the set loop to make one combined set, which is
counted.
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Num 5.1 Actions on seh: combining actions (cont.)

With your help, they say (in their own words) what they have done.
E.g. 'Vicky made a set of 3 shells. We all made matching sets, so we
made S sets of 3. When we put these together, there were 1§ things
aitogether.’ Or ‘We made S sets of 3, making 1§ altogether.’ Or *S sets,
3 in each, makes 1S’

The children take back their objects and steps 1 to 4 are repeated.

To give variety of numbers, sometimes only some of the children
should make matching sets. E.g. everyone on this side of the table, or
all the boys, or all the girls.

Activity 2 Multiplying on @ number track

An activity for up to 6 children. Its purpose is to expand the concept of
multiplication to include larger numbers. The use of a number track saves
the time and trouble of counting the resulting sets.

Materials

What they do

Activity 3

—

N L s owowN

A number track 1to 60 (2 cm spaces suggested).
10 cubes of one colour for each child (2 cm cubes suggested).
Actions board, see figure 8.
First action cards 2 t0 10, e.g.
‘Each make a rod with 7 cubes’
Second action cards 1 10 6, e.g.
*Join 4 rods’
Slips of paper to fit Combined Result space on Actions board.
Pencil.

The pack of first action cards and second action cards are shuffled and
put face down.

The top first action card is turned over, and put face up on top of the
pack.

Each child makes a rod as instructed. The rods are then pooled for
general use.

The top second action card is turned over, and put face up on top of
the pack.

The number of rods indicated is taken, and joined together on the
number track.

The result is recorded on a slip of paper, which is put in the space on
the combined result card.

The second action card used is put face up at the battom on the pile.
Steps 3 to 6 are then repeated using the same first action card. This
saves re-making the rods every time.

When a face-up second action card is reached, this means that all of
this pack have been used once. The pack is then shuffled and put face
down again.

Steps 2 1o 7 are then repeated with the next first action card.

Giant strides on o number track

An activity for up to 6 children. Its purpose is to begin the process of
freeing children’s concept of multiplication from dependence on physical
objects.
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Num 5.1 Actions on sefs: combining actions (cont.)

combuned result

RCTIONS BOARD

second action

First action
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Num 5.1 Actions on sets: combining actions (cont.)

Materials o A card number track 1 to 50.
® Activity board, see figure 9.

® Length-of-stride cards 2 t0 §.°

® Number-of-strides cards 2 to 10.°

® Blu-Tack.

® Pencil and paper.

* Single-headed to fit the dotted spaces on the activity board. Each pack

should be of a different colour.

What they do 1. The two packs are shuffied and put face down in their respective dotted

spaces on the activity board.

The top card in each pile is turned over.

Suppose that cach stride is 3 spaces, and they take 7 strides.

One child puts down ‘footprints’ on the number track (small blabs of

Blu-Tack) at spaces 3, 6, 9 and so on, representing strides each of 3

spaces. The others help by making the blobs for him, and alse checking

that they are put in the right spaces.

S. This continues until (in this case) 7 strides have been taken. The last
footprint will be in space 21.

6. Another child records 21 on a strip of paper, which is put in the last
space on the board.

7. The cards are then replaced face down at the bottom of the pile, and
steps 210 6 are repeated.

S

Discussion of  The first two activities embody, as physical actions, the concept of

activities multiplication as described at the beginning of this topic. In activity 1,
the first action is making a set of (say) shells, and the second action is
making a set of matching sets. In activity 2, the first action is making a
rod out of unit cubes, and the second action is making a rod using a
given number of these rods. In activity 3, this is repeated at a slightly
more abstract level. The last activity also makes a start with relating
multiplication to number staries. The first action is making a stride of a
given number of spaces. and the second action is making a given number
of strides.

All of the activities in the present topic use mode | schema building.

No mental calculations, and no predictions, are yet involved. Very
simple recording is introduced in activitics 2 and 3, in which the children
do not have to do any writing themselves.

OBSERVE AND LISTEN REFLECT NDISCUSS



Num 5.1 Actions on sets: combining actions (cont.)
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Figure 9 Giant strides on o number track.
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Concept
Ability

Num 5.2 Multiplication as @ mathematical operation

Num §.2 MULTIPLICATION AS A MATHEMATICAL
OPERATION

Multiplication as a mathematical operation.
To do this mentally, independently of its physical embodiments.

Discussion of
concept

Multiplication becomes a mathematical operation when it can be done
mentally with numbers, independently of actions on sets or other
physical embodiments. At this stage we concentrate on forming the
concept, using the easiest possible numbers as operands. These are first
2, then §, since the children have already learnt to count in twos and
fives. Afterwards they will expand the concept to include multiplication
of 4 and of 3.

Note that this corresponds to subitising 2-sets and S-sets, etc. It does
not start us down the path of repeated addition. Note also that in this
topic the children are already multiplying these numbers by numbers up
to ten.

Activity 1

Materials

Set cards

On each is drawn a set D
loop, and within the loop :

are drawn squares the size

of a cube, in number from D D

1 t0 10. These squares 7
should be randomly placed. \ D J

‘| predict - hera' using rods

An activity for up to 6 children. Its purpase is o introduce multiplication
used predictively, as a mental operation followed by testing. Tt is a
development of ‘I predict - here’ (NuSp 1.1/1).

@ Set cards ! to 10, as further described below.
® Number track ! to S0 (2 cm suggested).
® 50 cubes (2 cm suggested).
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Num 5.2 Multiplication as @ mathematical operation {cont.)

What they do

Activity 2

Materials

What they do

l-

® N o

bl

The set cards are shuffled and put in a pile face down. (Use only cards
210 6 10 begin with.)

Together the children make 10 2-rods which are pooled for communal
use. Each rod must be of a single colour.

The top activity card is turned face up, and a 2-rod is stood on each
square.

C?ne of the children then predicts where these will come to when put
end to end on the number track. This may be done by counting in twos.
He makes his prediction, e.g. with a piece of Blu-Tack. Adjacent rods
should be of different colours.

His prediction is tested physically.

The track is cleared, the long rod broken up into 2-rods, and steps 3, 4,
5 are repeated with another child making the prediction.

When the children can do this well, the activity is repeated using
S-rods. The predictions are now made by counting in §'s.

After that, the activity is repeated using 3-rods and 4-rods. For these,
the predictions may be made by pointing to each rod in turn and
counting (for 3-rods): 1, 2, 3; 4,5, 6; 7, 8, 9° erc.

Sefs under our hands

An activity for up to 6 chilaien. Its purpose is to give further practice in the
operation of multiplication.

*A
1.

© ™ o

AL

Five small objects for each child.®
Number cards 2 10 6.

6 small set ovals.*

Large set loop.*®

Pencil and paper for each child.

s for Num §.1/1.

The first child makes a set, using some or all of her objects. As before,
a small set oval is used.

A number card is put out to remind them what is the number of this
set.

All the children then make matching sets, using set ovals.

They cover the sets with their hands.

They try to predict how many objects there will be when they combine
all these sets into a big set. This can be done by pointing 1o ea. hand
in turn and mentally counting on. E.g. if there are 4 in each set:
(pointing 10 first hand) 1, 2, 3, 4'; (pointing to second hand) 'S, 6, 7,
8'; ete.

They speak or write their predictions individually.

The sets are combined and the predictions tested.

Steps 1 to 7 are repeated, with a different child beginning.

As in Num 5.1/1, the number of sets made should be varied, by
involving only some of the children. All however, should make and test
their predictions.



Num 5.3 Notation for multiplication: number sentences

Discussion of
activities

In topic 1, the physical activities were used for schema building. The
activities came first, and the thoughts arose from the activities. In the
present topic it is the other way about: thinking first, and then the
actions to test the correctness of the thinking. First mode 1 building,
then mode 1 testing. By this process we help children first to form
concepts, and then to develop them into independent objects of thought.

Activity 1 gives visual support for the mental activity of counting on,
by which the children are predicting. They can see the number of cubes
in each rod, as well as the number of rods. In activity 2, this visual
support is partly withdrawn. They can see how many hands there are,
but they have to imagine how many objects there are under each hand.
In this way we take them gently along the path towards purely mental
operations.
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Concept

Abilities

OBSERVE AND LISTEN REFLECT DISCUSS

Num §.3 NOTATION FOR MULTIPLICATION: NUMBER
SENTENCES

The use of number sentences for representing the operation of
multiplication and its result.

(i) To write number sentences recording multiplication as embodied in
physical materials.
(ii) To use number sentences for making predictions.

Diseussion of
concept

Several notations for multiplication are currently in use. All the
following can be read aloud in ways which fit the meaning of
multiplication which we are using.

sx3is

means 'Make a set of S.
Make it 3 times.
Combined result, a set of 15.°

This may be shortened to
§x3=1§
and read as 'S, 3 times, equals (or makes) 15.°

This is easier to say than 'S multiplicd by 3 equals 15." (I do not
recommend ‘timesed by’, as one sometimes hears. It is not grammar,
and no easier for the children.) The above notation has the advantage
that the order ‘First action, Sccond action' is preserved.

Other notations for the same operation use parentheses, with an

equals sign or an arrow.



Num 5.3 Notation for multiplication: number sentences (cont.)

3(5)=15 or 3(S)—1§
'3 sets of § equal (or make) 1S, or ‘3 fives are 1S'.

This reverses the order of the operations, but corresponds well to the
diagram below which shows the combined result.

3(5)

] suggest that you use whichever notation you and the children are
happiest with, until topic 5.5. Here 1 introduce a notation for binary
multiplication which combines both, and when properly understood
makes everything much simpler.

Until then, the activities can be used with either notation. You might
think it useful for the children to understand both notations, since they
will certainly meet both in their future work.

Activity 1

Materials

What they do

Number sentences for multiplication

An activity for up to 6 children. Its purpose is to introduce number
sentences for recording multiplication as embodied in physical materials.

Actions board.*®

First action cards 2 t0 §.°

Second action cards 2 t0 4.°

Five small objects for each child.®®

6 small set ovals.*®

) set loop.°°

® Pencil and paper for each child.

® See figure 10. This shows the actions board for () notation with two cards
in position (sce step 2). An alternative board for X notation is provided in
Vol. 1a.

*? As f~r Num S.1/1 and Num $.272.

© 000000

1. The action cards are shuffled and put in 2 piles face down on the
Actions board.

2. The first child turns over the first action card. He does what it says,
using some or all of his objects and a small oval set card.

3. The nest child turns over the top second action caid, and puts it beside
the first. The board will now look like one or other of the illucjrations
opposite.

4. The children make as many of these sets as it says on the second card.

5. They combine the sets by putting them in the large set loop, and count
the result.
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Num 5.3 Nototion for multiplication: number sentences {cont)

Acrions Boaro

Firet action

face down
?\'\l’

Make a seb
ot 5.

second action.

face down
Pi\t

Make 3
of these sets

Combine these. Lirite a number sentence

recording what you did and the combined result.

6.

They write number sentences in whichever notation you show them.
The meaning of these should be carefully explained. In the example
shown, either

this:
3(5) =18
“Three sets of five make a set of fifteen’, or
“Three fives make (or equal) fifteen’.
or this:

§x3=15

‘A set of five, made three times, makes a set of fifteen’, or
‘Five. three times, make (or equals) fifteen’.
They should learn how to read their number sentence aloud, as in these
examples. It is good to be able 1o say these in several ways. In the
process of step 6 they are comparing their results. Any discrepancics
offer opportunity for discussion.
The objects are taken back, and steps 1 10 6 are repeated, beginning

with a different child.
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Num 5.3 Notation for multiplication: number sentences (cont.)

Activity 2 Predicting from number sentences

An activity for up to 6 children. Its purpose is to teach children 1o write
number sentences which predict the results of multiplying.

Materials

What they do 1.
2.

Number cards 2 10 S.

6 small set ovals.®

Large set loop.*

Die (1to 6, then 1 109).

S small objects for each child.
Pencil and paper for each child.

As used in Num §.1/1.

The number cards are shuffled and put in a pile face down.

The top card is turned over and put face up on one of the oval small-set
cards.

This represents the first action. E.g.,

Make a set
of 3

The die is thrown, and that total number of small-set ovals are put out
(counting the first). The set loop is put round them all, to make a big
set. This represents the second action. E.g.,

4. Each child writes the beginning of a number sentence for the above. In
this case,

either 6(3)
or Ixh

S. They then complete their number sentences to predict the combined
result when they actually make the sets represented. To do this, they
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Num 5.4 Number stories: abstracting number sentences
may use the method for predicting learnt in topic 2. In this case the

completed sentences would be

either 6(3) = 18
or Ix6 =18

6. Finally they test their predictions by putting 3 objects on each small-set
card, and counting the combined set.
7. The objects are taken back, and steps 2 to 6 are repeated.

Discussion of
octivities

The children have already learnt to use multiplication predictively, in
topic 2. The new factor here is the use of notation.

In this topic and the one before they progress from ‘Do and say’, to
‘Do and record’, and then to 'Predict and test'. In activity | they use
numbe- sentences to record past events; in activity 2 they use number
sentences to predict future events. This parallels the progression in
topic 2, in which thought begins to become independent of action. Here,
we begin to link thinking with notation.

Initially, writing number sentences is an extra task rather than a help,
s0 it needs to be learnt in a situation where the rest is familiar. For more
difficult calculations, written notation is no longer an extra chore but a
valuable support. [t means that we do not have to ‘keep everything in
our head’ at the same time. Pencil and paper give us an external, easily
accessible, extra memory store.

Another step has been taken here. Until now, the number symbals
have stood for sets of single objects. Now, some of them stand for sets of
sets. So we are now handling more information at a time — one might
say, in set-sized packages. This is another of the sources of the power of
mathematics.

Concept

Abilities

ORSERVE AND LISTEN REFLECT DISCUSS

Num §.4 NUMBER STORIES: ABSTRACTING NUMBER
SENTENCES

Numbers and numerical operations as madels for actual happenings, or for
verbal descriptions of these.

(i) To produce numerical models in physical materials corresponding to
given number stories, to manipulate these appropriately, and 1o
interpret the result in the context of the number story: first verbally,
then recording in the form of a number sentence.

(ii)) To use number sentences predictively to solve verbally given
problems.
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Num 5.4 Number stories: abstracting number sentences (cont.)

Discussion of  The concept of abstracting number sentences is that already discussed in

concepts Num 3.4 (page 110), and it will be worth reading this again. In Num 4.4 it
was expanded to include subtraction, and here we expand it further to
include multiplication.

In some applications of multiplication, we need to place less emphasis
on the first action and the second action, and more on their results:
namely a small set (of single objects) and a large set (a set of these sets).
The use of small set ovals and a large set loop from the beginning
provides continuity here.

Activity 1 Number storias

An activity for 2 1o 6 children. Its purpose is to connect simple verbal
problems with physical events, linked with the idea that we can use objects

to represent other abjects.

Materials @ Number stories on cards, of the kind shown in step S. Some of these
should be personalised, as in Num 3.4/1, but now there should alsc be
some which do not relate to the children, more like the kind they will
meet in textbooks. Also, about half of these should have the number
corresponding to the small set coming first, and about half the other
way about.

Name cards for use with the personalised number stories.

Number cards 2 10 6.

30 small objects to manipulate: e.g. bottle tops, shells, counters.

6 small set ovals.®

A large set loop.®

® Slips of blank paper.

* As for Num $.1/1.

What they do  (apportioned according to how many children there are)
- A number story is chosen. The name, cards and number cards are
shuffied and put face down.

2. lfitis a personalised number story; the top name card is turned over
and put in the number story. Otherwise, explain ‘Some of these stories
are about you, and some are about imaginary people".

3. The top number card is turned over and put in the first blank space on
the story card.

4. The next number card is turned over and put in the second blank
space.

S.  The number story now looks like this:
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Num 5.4 Number stories: absiracting number sentences {cont.)

There are | 3 | etldeen in each rowing

boat and " raw;’ng boats on the lake.

S0 altogether children are boat'mc_‘
on the lake.

Activity 2

Materials

What they do

Activity 3

6. Using their small objects (e.g- shells) to represent children, the oval
cards for boats, and the set loop for the lake, the children together
make a physical representation of the number story. I itis a
personalised number story, this should be done by the named child.

7. The total number of shells is counted, and the result written on a slip of
paper. This is put in the space on the card to complete the story.

8. While this is being done, one of the children then says aloud what they
are doing. E.g. ‘We haven't any boats, so we'll pretend these cards are
boats, and put shells on them for children. We need 3 children in each
buat, and 4 boats inside this loop which we're using for the lake.
Counting the shells, we have 12 children boating on the lake.’

9. The materials are restored to their starting positions, and steps 1 to 8
are repeated.

Ahstracting number sentences

An extension to activity 1 which may be included fairly soon. Its purpose is
10 teach children to abstract a number sentence from a verbal description.

@ As for activity 1, and also:
© Pencil and paper for each child.

As for activity 1, up to step 8.
9. Each child then writes a number sentence, as in step 6 of Num 5.3/1.
They read their number sentences aloud.
10. The materials are restored to their starting positions, and steps 1108
are repeated.

Number stories, and predicting from number sentences

An activity for 2106 children. It combines activities 1 and 2, but in this
case completing the number sentence is used 10 make a prediction asin
Num 3.572.



Num 5.5 Multiplication is commutotive: alternative notations: binary multiplication

physical materials, since these correspond well both to the imaginary
events in the verbally-stated problem, and to the mathematical schemas
required to solve the problem. The route shown below may look longer.
but the connections are much easier to make at the present stage of
learning.

not this way )
verbal . mathematical
problems yet symbols
physical mathematical

materials —_— schemas

Since these physical materials have already been used in the earlier
stages for schema building, they lead naturally to the appropriate
mathematical operations. Side by side with this, they learn the
mathematical symbolism which will in due course take the place of the
physical materials.
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Concepts

Abilities

OBSERVE AND LISTEN REFLECT DISCUSS

Num 8.5 MULTIPLICATION IS COMMUTATIVE:
ALTERNATIVE NOTATIONS: BINARY MULTIPLICATION

() The commutative property of multiplication.
(i1)  Alternative notations for multiplication.
(iti)  Multiplication as a binary operation.

(i) To understand why the result is still the same if the two numbers in a
multiplication sentence are interchanged.
(1) To recognise and write multiplication statements in different
notations with the same meanings.
(i) To multiply a pair of numbers.

Discussion of
concepts

(1) Particularly when considered in a physical embodiment, the
commutative property of multiplication is interesting, and surprising if
we come to it with fresh eyes. Why should § cars with 3 passengers in
cach convey the same number of persons as 3 cars with S passengers in
cach? And likewise whatever the numbers? If you think that the answers
are obvious, try to explain both of these before reading further. | have
tried to introduce this element of surprise in the first two activities.

(1) So far the children may have used only one notation, for

multiplication but there are several in common use.



Num 8.5 Multiplication is commutative: altemative notfations: binary multiplicaton (cont.)

$(3) which may be read as ‘Five times three’ or *Five threes'.
3 xS read as ‘Three, five times'.
3 xS (note the equal spacing)
which may be taken either to mean the same as the one
above, or as representing binary multiplication.

3%5  read as *Three multiplied by five'.

There is also this 3
vertical notation x§

which will be needed
later for calculations 473
like this xS

We are more likely to read the lower one as ‘five threes . . . five sevens
... five fours . . ." than as ‘three, five times . . . seven, five times . . .
four, five times'. So here is an inconsistency.

This inconsistency is neatly removed by using the notation for binary
multiplication, which is explained in the next section.
(iii) These are 3 different multiplications, shown in 2 notations.

5(3) 3xS
6(3) 3%9
73) 3%

The operand in every case is 3, but there are three different operations.
These are, unary multiplication by §, by 6, and by 7.

In contrast, binary multiplication has a pair of numbers as operand;
and there is just one operation, multiply, for all pairs of numbers.

In some school textbooks, binary multiplication is represented like
this.

(3.5) %,
(3.6) %,
(v X,

The above is correct mathematically, but | think it is difficult and
inconvenient for children.

All the foregoing can be taken care of at a single stroke, by
introducing computer notation for multiplication.

305 =15 read as ‘Three star five equals fifteen’

means the binary product of 3 and 5. Because multiplicationis
commutative (see activity 2), it includes and replaces all the following:
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Num 5.5 Muliplication is commutative: alternative notations: binary mulfiplication (cont.)

§(3) =18 Ix§ =S
3(5) =18 §x3=1§

3%S518 3 S

sx3dg X$ X3
1S 15

(3.5) %, 1§

($.3) %, 15

This seems good value to me, particularly since children need to learn
compyter notation anyway. The computer books do not specifically
mention binary multiplication: I am including this meaning as a bonus.

All the above will become clearer as you work through the activities in
this topic.

Activity 1 Big Giant and Little Giant

An activity for up to 6 children. It is a sequel to ‘Giant strides on a number
track’ (Num $.1/3), and its purpose is to introduce the commutative
property of multiplication in a way which does not make it seem obvious
(which it is not).

Activity board, see figure §.

Two sets of number cards 6 to 9 (single).®

One set of number cards 2 to § (double).?

Double width number track 1 to 50. (Card, | cm squares.*®)

® Blu-Tack.

® To fit the spaces in the activities board. See illustration below.

°° These need to be accurate in size, since the track will also be used with
1 cm cubes in activity 2.

Materials

Number cards
What they do 1. Two children act the parts of Big Giant and Little Giant, respectively.

Big Giant is large and stupid, Little Giant is smaller and cleverer.
2. Big Giant has the set of double number cards and one of the scts of
single number cards. Little Giant has the other set of single cards.
Big Giant turns over the top cards in each of his packs, anc:puts these
face up in their respective spaces on the activity board.
4. Big Giant puts into action the statement which he has completed. He

149
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stridey.

Qy wrids is strdey.

Pigure § Big Giant and Litle Giant.

10.
11
12.

does this by putting footprints (small blobs of Blu-Tack) on the number
track, one for each stride of the given length. He uses the upper part of
the number track.

- Little Giant's stride is of a different length. He has to find out how

many of these strides he must take 1o arnve at the same place as Big
Giant. He does this in the same way as Big Giant, using the lower part
of the number track.

- He then puts the appropriate number card in his second space to

complete his own statement.

- The children then read aloud from the board what they have done.
- §teps 3 10 6 are now repeated, with other children taking the parts of

Big Giant and Little Giant. Say to Little Giant: *If you think you know

don't know, find out first and then put in the number.’

- Eventually one of the children acting as Little Giant will realise that his

own numbers are always the same as Big Giant's the other way round.
He will then be able to predict successfully every time. He keeps this
discovery to himself for the time being.

This continues, with children taking turns at Little Giant, until all have
discovered how 10 predict, though probably not yet why.

When this stage is reached, ask: ‘But can yoy explain why your method
always works?'

If any Little Giant can give a good explanation before having done
activity 2, then he is really clever!

Little Giant explains why

A teacher-led discussion for up to 6 children. Is purpose is to provide the
explanation asked for in step 9 of activity 1. For this, it may be necessary
for you to take the part of Little Giant.

Materials @ The same as for activity 1, and also

Squared paper and pencil for each child.
100 1 em cubes, if possible 20 each in S different colours.
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What they do 1. Start with a set of cards in position on the activity board, as in steps 3,
4, S of activity 1. This time, Little Giant's card should also be face up.
So the board will read (e.g.) )

Big Giant: ‘My stride is 7 spaces and I shall take 3 strides.’
Little Giant: ‘My stride is 3 spaces and [ shall get there in 7 strides.’

2. Instead of footmarks on the number track, the giants represent their
strides by rods. So in this example, Big Giant uses a 7-rod to represent
one of his strides, and puts together 3 of these on the number track.
Little Giant uses a 3-rod for one of his strides, and joins together 7 of
these alongside those of Big Giant. Adjacent strides should be of
different colours, to keep them distinguishable.

3. At this stage it is still not obvious why both are of the same length,
since the two journeys look different.

4. ‘Now," says Little Giant, ‘we arrange the rads like this.' The long rods
are then separated again into single strides, and arranged in rectangles
as shown below.

Biy Guanb. Little Guant.
! [ )
3 ! p'o? o weolrregyorraoeqe »oy ‘F..;“
wridew| ' | ' .
+ ——t e e
K R

7 spasss 1 o sbride- T strides-

S. From this it can be seen why the two journeys are of the same length. 3
strides, each of 7 spaces makes the same rectangle as 7 strides, each of
3 spaces. Both rectangles have the same number of cubes.

. Big Giant asks, *Will it always happen like this, whatever the
numbers?’

. The group as a whole discusses this. One or two other examples might
be done using the cubes.

. This should now be continued as a pencil and paper activity, using
squared paper, as follows.

. Two more numbers are shown on the activity board: e.g. 6 and 4.

. All the children draw rectangles 6 squares long and 4 squares wide.

. The children make these into diagrams for the two different ways of
getting to the same place, as shown in step 4. About half the children
make diagrams representing Big Giant's journey (6 spaces in a stride, 4
strides), and the rest make diagrams representing Little Giant’s journey
(4 spaces in a stride, 6 strides).

12. They interchange, and check each other's diagrams.

13. Finally, Little Giant tells the others: ‘There is a word for what we have

just learnt. Multiplication is commutative. It means that if we change
the two numbers round, we still get the same result. Always.’

- D KD o ] >

Gt uad
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APPENDIX C

Group interview in math lab; (Peter, Fred, Alex, Jenny, Theresa).

AHW

Fred

AHW

Peter
Jenny
Theresa
Fred

Theresa

Alex

Theresa

Alex

AHW

Theresa
Alex

AHW

Theresa

ARW

What we're going to talk about is working in the math lab and
working in groups and how you feel about those kinds of things.
The first thing 1 want you to think about is, what's the very
hest thing about working in groups in the math lab? What do
you enjoy most?

Computers.

The subject, not the game or something but the fact that you're
working in groups. What do you like about that?

They tell you the questions.

They tell you the answers.

They give you the answers,

They help you figure it out,

They help you figure it out. That gives you an idea what the
answer is so you can learn a little bit faster so you don't
have to sit there all day trying to get about one or two done,
Sometimes 1f they tell you nine times four, some people forget
that they can have nine four times so they start adding
fouvr....

That's you.

v+ nine times and all of a sudden they hear someone in the
group goes "eighteen!” and then, and then I get the idea to add
nine times. .,

So are the people in your group giving you the answer or are
they helping you to figure out the answer?

Sometimes they're giving it to you, though.
Helping you.

They're helping you to figure it out, not just giving you the
answer, right?

Sometimes they give you the answer by accident. They think
they're just helping you, but they're giving you the answer.

Does that help?



Fted - No.

Theresa - Well, it can. If they tell how they figured it out.
AHW - Jenny, what's the best thing about working in groups?
Jenny - Playing activities with your friends.

ARW - Why?

Jenny - 'Cause there's other kids to help you.

ARW - Peter?

Peter - I've got no answer.,

Peter - They tell you answers and stuff. Make you learn.

ARY - There's nothing that you like about working in groups?
Theresa - Make you?

Peter - Make them learn.

AHW - Fred?

Fred - Same as Jenny. That they help you figure out the answer. And
if they tell you the answer, you can remember the answer.

ARY - So then, everyone thinks that the best thing about working in
groups 1s being ahle to talk to other people and get help. Is
there anything else you like about working in a group? (Pause),
That's it?

Jenny - You have company.

ARW - Why is that important, Jenny?
Jenny - You'd get bored.
AHW -~ So if you were working by yourself you'd get hored?

Jenny - (Nodded).

Alex - T always get bored when I do math.
AHW - Even working in a group?
Alex - Yeah.

Theresa Yeah.
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Why?

If you get the answers wrong, that's the boring part.

No, the boringest part is when you're adding up the numbers.
No, when you have to explain.

Have to explain.

You don't like having to explain your answers?

No.

No.

We just like, we just sit there, duh, duh, duh, duh,

1 sometimes don't know....

And sometimes when someone else says it, then we just say what

they say and then when they ask us how we figured it out, we're
just going to say, "Hey, he said it out first, 7T got it from

him'"

Which {a kind of what you were doing with my first question,
right? Jenny, what were you going to say?

1 forgot.

It's a thing ... oh whatever.

What's the worst thing about working in a group?
They talk a lot,

Some people get you mad.

Sometimes they give you answers when you want to figure it
out.

Oh, T know what 1 wanted to say.
What were you going to say, J?
Sometimes I don't know what to explain ... what to say.

So you sort of know how you got the answer but you can't
explain 1¢t?

I don't know what words to use.
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And when you're trying to write it down on paper, vou sit there
all day trying to figure it out and then suddenly vou go "Yes,
it's time to go clean up”.

That's what I do.

I know I just sat there, how could I ... and then T only get
about one word down,

This is better than being in math,
No kidding.
All you have to do is talk about {t.

In a way, this is doing math. Talking about it i{s an important
part.

You're not asking us no questions though, {t's easier than
math.

1 want you to talk a little bit more about the explaining.

When you're working in a group and Ms. C or Mr. G say, "Okay,
now tell what you did” and you have to explain. Can you talk a
little bhit more about that? About you feel about ft. About
how you think it's useful. Do you learn something by having to
explain it?

Other kids can.

Okay.

1 did. 1 need other people to explain to me.

That's what you have to do....

The fivst day we came in here and we were playing that giant
thingamadooie. 1 had to have someone to explain to me.

You have to learn how to do it now, or you won't know how to do
it in university. Or when you get a job.

You won't be able to get a job, You have to be....

Do you think that it's important to be able to explain what
you're doing?

Yeah.
Why?

Oh, oh. 1I'm explaining this.
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- Yeah, you are. And I think that it's important.
= I think it's important but I don't know how.
= Okay, that's fair,

So I don't have to explain,

- This is a really, really important idea for me, though, and for
Ms. C. whether you learn by explaining to other people, because
the activities that you're doing in the math lab are made up so
that you have to explain., The man who made them up, Dr., Skemp,
thinks that's how children learn math best.

- Even computers?

- No, he didn't do that computer stuff. But a lot of what you
dov..,

- Who's Mr. Skemp?

- Dr. Skemp is the man who made up most of your math materials.
And he thinks i{t's important for people to explain to other
people what they're doing. That's why I want you to talk about
it. Jenny?

- I don't know how to explain how to explain.

-~ 1 get nervous,

- Then what I want you to do is just think about this one
question., If you had to do it by yourself, without anybody to
talk to, without anybody to explain it to you or you could
explain {t to them, you're by yourself, would you learn as much
math? And would you learn it as well, do you think?

- I'm going to start with Theresa and I'm going to ask each one
of you, Do you think you learn more math if you work by
yourself or if you have somebody to explain the math?

= Yeah.

You have to choose one. You can't just say yes.

- To have someone be there so you can talk to them and try and
+++ to have them try and ... "cause it's the same as trying to
explain. They can help you to try and explain.

Alex, by yourself or with somebody to talk to?
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With somebody to talk to.
Can you tell me why?

Oh., Because sometimes you may get the answer wrong and they
can help you out there. (Ten second pause),

Okay, you think about it and if you want to add something more,
you can do it after we talk to the other three. Jenny, would
you rather work by yourself or with someone else?

With somebody else.

Can you tell me why?

Because if you get an answer wrong, they can help you.

Peter?

With friends. Because when you get a wrong answer, they say,
"Oh, that's the wrong question” and they tell vou the answer.

Fred?
With a friend.
Because?

They help you with the answers. They help you figure out the
answers.

What if you have a problem with a question? A problem figuring
out how to do it or what the answer is, who's the first person
you ask, someone {in your group or one of the teachers?

Teacher,

Somebody in....

Teacher.

Group.

Group.

Group.

Group.

Fred, why would you ask your teacher?

'Cause they know the answer.
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But they'll tell you to figure it out.

They tell you to ask somebody in your group.

Yeah, that's what they do.

Why do you think they do that?

So you can learn.

So that they want the kids to learn, they already know that,
the kids know that they know it so the kids think that they can
ask the teachers for the answer. They don't have to ask for
the answer, they just have to ask the group, "How do you do
this?" It's like someone going up to you and saying, "What's
the answer to this?” You wouldn't give them the answer, You'd

Jjust say, "I'll help you with it". And the teacher would say,
"Ask someone in the group, they're just as good as a teacher,”

The teacher would say, "Go ask someone in your group” because
the teacher wants you to get along with the people in vour
group.

Who do you think would give you an explanation you would
understand better?

Kid in your group.
An adult or a kid?

A kid,

A kid because the grown-ups always give you hard ones to
understand, Something like my dad explaining me something,

it's 1like, okay, yeah, bye.

And do you have to think more about an explanation from an
adult? Jenny? Who gives you harder explanations?

An adult.

Peter?

Teacher.

Fred?

An adult.

So, given the choice between an adult and a kid....

1'd take the kid.
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Most of you would still take the kid?

Because we're kids and the kids can....

'Cause they use the words like cowabunga and words like that.
They know our language better.

I've known some teachers who use words like that too. Do vou
have an answer, Fred?

And we understand the kids.

If you had a choice between working on the things in the labh,
and working In a textbook, copyving questions from a book Into
your journal, which would you choose to do? They're both math.
They're just two different ways of doing the math.

1'd say doing {t.

With learning multiplication, would you rather do Bip Giant,
Little Giant and Giant Strides or would you rather have used a
textbook and learned the Information from the text? Theresa?
From a textbook.

Textbook.

Teutbook.

Textbhook.

Math lab.

Okay. Fred has different answers from the rest of you on
almost everything here. Why a texthook?

Uh oh. Explaining.

Yeah, explain. That's why you're here, Theresa. Jenny, why a
math textbook?

So you can get used to the math questions, how they look.
Yeah.
Why is that important?

Because when you grow up and do math, you would only bhe knowing
the game. You won't be knowing how the math looks.

And because if you only play games to figure out the answers In
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multiplication, and if you use a textbook you know what the
question looks like, so if you just play games and then they
ask you on a plece of paper maybe you might get screwed up
inside your head. And put out the wrony answer.

(Pointed to Alex).

Same sort of answer?

(Nodded).

Why would you rather work in the math lab, Fred?

Because you're learning math the fun way.

Is that important to you?

It's easler.

Do you think you learn as much math in the math lab as you
would {f you used a textbook?

Yeah.

Which way do you think you understand math better? Doing Giant
Strides and the games or by using the textbook and writing out
answers? How would you understand it better?

Textboak.

You still think a textbook, Alex?

(Nodded).

Jenny?

Textbook.,

Peter?

Same.

And Fred is going to say "Math lab!"”

Math lab!

The fun way. 1It's always the fun way. I love the fun way.

But your answer doesn't tell me "the fun way"” because a lot of
people don't think that textbooks are fun.

I like the work better if it's fun.



Theresa - Who caves if it's fun?
Alex - You like work better than fun?
Fred - It's boring.

[**End of interviewk¥]

[ %]
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APPENDIX D

Activities for introducing new concepts often take the form of a
teacher-led discussion, Many of the other activities take the form of
games which children can play together without direct supervision, once
they know how to play. These games give rise to discussion; and since
the rules and strategies of the games are largely mathematical, this i{s a
mathematical discussion. Children question each other's moves, and
Justify their own, therehy articulating and consolidating their own
understanding. Often they explain things to each other, and when
teaching I emphasize that 'When we are learning it is pood to help each
other.' Most of us have found that trying to explain something to
someone else is one of the best ways to improve one's own understanding,
and this works equally well for children.

(1989a, 1989b, p. 1)

Activities (which introduce new concepts) always need be introduced
by a teacher, to ensure that the right concepts are learnt (ibid., p. 9)
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Questionnaire
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APPENDIX P

Date

Name

I like working in math groups.

I help other people in my group.

Other people have helped me to learn.

1 can learn more in a group than by myself.

T would like to learn all of my math from a
texthook.,

1 would like to do all of my math in groups in the
math lab.

It helps me when I can use things like cubes to
learn new ideas.

I need to use the things to help me learn.

I could learn more from a math texthook than I do
in the math labh.

My teacher cares about me.

My teacher cares 1f 1 learn my math,

1 have learned a lot of math this year.
I like the people in my math group.

1 am proud of my work in math.

1 am good at doing math.

1 like to write in my math journal,

My journal helps me to learn.

When I have problems, I ask someone in my group
to help me,

I like to help other people in my group.

1 learn better when 1 talk about math,

Yes
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Transcripts of Individual Interviews
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Individual Interview with Alex

AHW

Alex

AHW

Alex

ARW

Alex

AHY
Alex

AHW

Alex

ARW

Alex

AHW
Alex

AHW

I don't know anything about mulriplication, Ms. C tells me
that you are all experts and really smart,

You don't know about multiplying?

No, I have no idea. What I need you to do {s to use any of
this stuff, the pencil, the paper, anything ... and T need vou
to teach me how to multiply. Everything you know so ['m an
expert on multiplying.,

Okay. 1'll use these (took pile of cubes). If they give vou a
question like 4 x 5? You get, you like, add four five times
like (made five four-rods) you try and do this in your mind.
You count them all. Like you count the cubes and you can put
it the other way too. (Took spare cubes and put on top of four
of the four-rods; took away one four-rod). You can have four
groups of five in there. The way that T figure these out to po
faster if they ask me a question, 1 just count the five, the
fives, five, ten, fifteen, twenty.

What about the five groups of four? How would you do that?
How would 1 figure it out? Well I would just (recreated the
five four-rods) I would just count four five times. But | get
really mixed up in my head when I do {t that way.

Is it harder to count by fours?

For me it is,

It is for a lot of people, counting by fours and sixes Is hard
for a lot of people. Okay, so {s five multiplied by four the
same as four multiplied by five?

Yeah but the numbers just look different but you get the same
answer.

How do the numbers look different?

Can T use the paper? (Wrote 4 x 5 = 20), Four times five.
Four groups with five In them, and (wrote 5 x 4 = 20) that {s
five groups with four in them. And they have the same numbers
and the same answer but the numbers are just mixed up.

Do the numbers mean the same thing?

No.

Can you tell me what the difference {s then?



Alex

AHW

Alex

ARW

Alex
AHY
Alex
AHW
Alex

ARW

Aley

ARW

Alex

AHW
Alex

ARW

Alex
ARW

Alex

228

This one, the four in here (in 4 x 5 = 20) that tells how much
groups there is. (Wrote 'groups' above the four). And this is
how much in each group. And this is how much you get.

So in this one, the four means how many groups. What does the
four mean down there (in 5 x 4 = 20)?

How many in each. And the five down here (in 5 x 4 = 20) means
how many groups too. The number here means how much things
(second factor) but you still get the rame answer.

What else do I need to know about multiplying? (Twelve second
pause), 1 know about four multiplied by five and five
multiplied by four. I know that equals twenty. What else do I

need to know? (Eleven second pause). Could T get through life
knowing those two multiplication equations and that's that?

No.

Okay, then you need to teach me more.

Okay. Um ..., (seven second pause).

Is that the only multiplying equation you can think of?
No, 1 can think of lots more.

Okay, why don't you show me another one and see if that'll make
me smarter too.

(Put down pencil; made one four-rod into an eight-rod; counted
it and then added one more cube; pushed rods aside and went

back to the paper). Oh, just a minute., Nine times five,
(Wrote 9 x 5 = ). Oh, that's the same thing.

The same thing as what?

As this one (5 x 4 = 20) but you just count by fives nine
times.

And what does it equal?
Forty-five,

And {f you made it with the cubes, what would it look like?
(Three second pause). Can you describe it to me?

What it would look like?

Yeah.

(Began to build rods).
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Can you just tell me what it would look like?
It would look ... (seven second pause).

It would look big, right?

Big, yeah.

What do the numbers....

It would look like it would be a hard problem.
Is it?

Ne.

Why not? Those are big numbers.

Not a hard problem, though.

Why not?

'Cause you just count by fives.

Oh. Can you tell me what the numbers mean in this sentence?
(9 5=,

This nine in this one means groups and this one..,.
The five.

The five means how many in each group.

Does the first number always tell us how many groups?
(Nodded) .

And does the second number always tell us how many in each
group?

Yeah.,

Does this number always tell us how many we have? (Indicated
product).

The answer means ... the answer means how many there are [n
each group. Like there's nine times five, you have forty-five
with all the cubes that you have. (Indicated five groups of
cubes lying beside paper; had made only one nine-rod hut seemed
to indicate that had five nine-rods). So, that's the answer.

Okay, so the answer means how many you have in every one of the
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groups or in all of the groups together?
In all the groups together.,

So is it like adding two plus three and getting five and the
five tells you how many you have altogether.

Let me explain this another way. The answer always means how
much ... (began to make roda; stopped). 1I'll just do an easier
one. It always means. Like this one (pointed to one of his
equations). This one here (indicated first factor) means how
much groups there are and this one (indicated second factor)
means how much in each group. But the answer always means how
much cubes there i{s together. (Counted five four-rods by
ones) .,

So the answer always means all of the groups all put together?

Yeah.

All right, fine. 1'11 give you one and you tell me Jhat the
multiplying sentence would be, okay?

Okay.

(Made two three-rods and three five-rods). Can you tell me the
multiplying sentence for that?

(Examined rods for seven seconds; looked up; re-examined for
another twelve seconds). I could do something but I'd have to
take one away.

Leaving them exactly the way they are. Can you tell me what
the multiplying sentence would be? (Seventeen second pause).
Can you describe to me what you have in front of you, Alex?
Well, the problem i{s, why I can't figure it out is because
there are two groups of three and other ones with five in
them,

Is that a problem?

Because I can't make 1t go five with five in each. T can't
make it five times five.

Why not?
Because the only way I could do that is if I took one away.
How many groups do you have? How many are in each group?

Five and three.
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It makes a problem, right? You can't do that. Can vou tell me
why you can't do that?

Because. I can't put them. Like multiplying always has to be.
The things in each group always has to be the same amount of
things. So you can multiply.

Because you have five in some groups and three in some groups,
is that what the problem is?

Yeah.

So even though you have five groups altogether, you can't
multiply {t?

No.,

Can you tell me what you could do to change it arouni so you
could multiply it? Or show me how you could change it?

(Looked at rods). To make it a multiplying sentence?
To make {t a good multiplying sentence that you could do.
Without adding or taking anything away.

Without adding or taking anything away. Just change around
what you have,

(Put together two three-rods). That would he six, though.

Does that work?

No.,

Well, keep going.

(Twenty-two second pause; no more changes attempted).

It's okay. 1It's a tough thing to ask you to do. I think {t's
a falr thing to ask but it's kind of tough. Let's leave this
(the five-rods) and use these to change. (The three-rods). So
wve're not going to make these (five-rods) any smaller. Can you

take these (three rods) and make these groups (fives) change?

Can I take these ones (three-~rods) and make these (fives)
change?

Yeah. Not taking anything away from here (fives). So are
these groups going to stay the same or become higger?

Stay the same.
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Recome bigger?

They have to become biggar (six seconds). Now can we use those
(three rods) to make these groups bigger so you could use them
for a multiplying sentence?

And 1 can't add anything to these? (Fives).
You can. You can't take anything away.

But T can add to these.

You can add....

I got it.

You can add however many you want from those six you have in
your hand.

1 got it., (Broke apart one three-rod and added one to each
five-rod).

You had five in each group. Now you have...?

Six, (Broke apart other three-rod and added to six-rods: now
had three seven-rods). There.

Now what do you have? Instead of two groups of three and three
groups of five, what do you have?

Three groups of seven,
And how would you write the multiplying sentence for that?

(Wrote 3 x 7 =; counted first rod, ran pencil down length of
middle rod; counted third rod by ones; wrote down 21).

What did you just do to figute that out?

Well, T know the ones like seven plus seven is fourteen, so I
have seven groups of three here. So ! just take these two
sevens and fourteen instead of wasting my time going one, two,
three .,. fourteen.

So you know that these two together make fourteen and then what
did you do with this one?

Counted 1{t.
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So you counted it by ones and got the answer twentv-one. Cood.
Is there anything else I need to know about multiplving? (Six
seconds). So you've told me all the {mportant ideas.

That 1 can think of.

Without using the paper and pencil and without the cubes, if |
said to you, "Tell me what multiplying is", can vou do that?

Maybe.

See what you can come up with. (Eight second pause).
Multiplying is when ...? (Twelve second pause). When vou do
what?

When you ... when you just ... when you do multiplying, it's
adding. 1It's just adding because you're adding the numbers in
each group together.

So 1if I had that (indicated the unequal rods) that's adding and
I could multiply that?

No.

Why not? Did I just do what you told me to do? Why can't that
be multiplying?

Because. It can't be multiplying. Some questions you got to
add how much there is in each group.

So 1 could have four plus four plus three which would give me
eleven, 1s that the same as multiplying them?

No, not really.

I don't think I can multiply these three groups and get an
answer.,

No.

Can you tell me why not?

Because the three needs one more.
Why?

So you can multiply.

Why?

So it can be even numbers.

Ah. That's what I wondered about. When we were talking before
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++. 1t sounded like.... Do all the groups have to be the same
size?

Yeah.

Do they absoiutely have to? So when I'm multiplving, the
groups have to be the same size and it's like #dding?

Yeah.

That's {t? Is that all I need to know about multiplying?

(Nine second pause). Well ... (ten second pause) that's all.
When I came back from vacation, that's all I needed to know.

Have you learned anything more since youu came back?

Learned how to multiply.

Was the multiplying you did with Ms. C different from what you
had learned before?

{Nodded).
How?

Well, it wasn't different because., Like I sort of knew
multiplying before but {t took me a long time to figure it out.

Can you tell me the difference between how you were doing it
and how Ms. C does {t? 1Is that what you're saying? You
learned a different way from Ms., C?

(Nodded) .

Can you tell me what the difference {s between the two? How
did you do it before you came back?

Well it wasn't ... it wasn't very different, My friends just
told me that, not in Ms. C's class but in the other one, just
said that the first number is always how many groups you have
and the other one is how much in each group and you got to
count how much there is in each group. You got to count each
one of the things that you've got and then you get the answer.
Like you count (made three four-rods) and then you count one,
two, three, four ... twelve. (Pointed as he counted). And
then that's the answer. Ms. C told me pretty much the same
thing.

I'm satisfied. I think I know how to do multiplying now.
Anything else you'd like to tell me about this?

- (Six second pause; laughed).
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Can you answer one last question for me? 1 promise it's the
very last one. Can you tell me the difference between
multiplying and dividing?

okay. Dividing is when you get a number and it's like
separated and you've got to share it into groups. (Took three
four-rods and separated into single cubes; added two extras).
You got to put it into groups. Like twelve divided by two, you
can put it in two groups with six in each or you can just put
it like this (made seven groups of two). There, And that's
how you do dividing.

(Indicated seven groups of two). But this isn't two groups
with six in each group. What's this?

This is six groups with two {n {t.

So when you're dividing, you take something that's big and you
do what?

You share it.
So what's multiplying? How is it different?

You got to count how much ... you got ... like In multiplying?
You got groups with things in them and you've got to count.
Okay. Like dividing? [t's like one, two, three, four, five.
(Realized he had seven groups).

You have seven groups., So how many did we start out with?
(Pause). Fourteen, not twelve. All right.

And so like seven groups. That gives you the answer seven.

And then you get ... (put cubes into two groups of seven). The
other way of dividing, is just putting two groups with seven {n
them and thea you get the answer of how much is in here
(indicated one group). But multiplying, when they ask you the
question, they already have groups.

And what do you do with the groups?

You count how much there {s in each group.

And is that all you do? You just count, "This group has four,
this group has four and this group has four” and then you're
finished?

No.

So what do you have to do after that?

You got to (put together three four-rods). You got to count
them and not go "This group has four, this group has four and
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this group has four.” You got to count each one of them.
(Counted three four-rods by ones). And they, when you multiply
+++ and in division these same cubes, the way that you get the
answer is by how much groups there is or how much there is in

each group.

So dividing, you're starting with a big group and making it
{nto little groups and multiplying you're...?

Starting with little groups and you just, you make, when they
ask you the question they already have groups like three times
seven, they already have three groups with seven in them.

So in multiplying you don't make the groups? The groups are
already made for you?

Yeah. And you just got to count how much there is in each
group,

To find out?

The answer.

And the answer tells you how much all together?

Yeah.

If when you came in, I had that sitting there (indicated the
seven groups of two) just exactly that way, would you think
that's multiplying or dividing?

Dividing.

If it was just sitting there like that?

Oh.,

If T had put {t out before you came in and I sald, "Okay, Alex.
Look at this. Tell me whether it's multiplying or dividing?"

But they were groups, right?

It's exactly that way.

It would be ... (ten second psuse) multiplying,

Good, because they're already in little groups, right? But if
you came in and I said divide it intc two (pushed cubes into

single pile) then you'd actually have to separate 1t into the
groups, right?

Yeah.



AHW ~ Okay, that's it.
Strengths Weaknesses
a) equal groups a) meaning of factors tied to
b) difference between x and ¢+ specific locations because
c) commutativity his friend saild:
d) skip counting strategy lst # = groups
(by 5's) 2nd ## = quantity
e) could visualize completed rods b) some instrumental (“"rules”)
even without making them (p 229) understanding? or just
f) demonstrated groups (concrete) recitation of convenient

8)

wrote sentence (symbolic)

way to remember?
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What you are going to have to do this morning is to teach me to
multiply. Ms. C's been trying really hard to get you guys to
multiply, but I haven't learned. So, there are chips in here,
chips here, cubes and paper and pencil; you can use anything
you want. Teach me to multiply.

If you have two groups of five, (made with cubes) and you add
them together, that's ten. That's part of multiplying. You
add two equal groups together, And you can turn them around
and five, you can turn them around and two multiplied by five.
(Made five-rods into five two-rods). Two multipled by five,
And the two stands for, sometimes it stands for how many in a
group and sometimes it stands for how many groups.

When you have something like this (pointed to five two-rods)
what does the two mean?

It means how {in a group, Um....

So that's it? Just twos and fives? T can't do anything else
for muletiplying?

Yeah, you could.
Okay, well can you show me something else?

(Eleven second pause; put out six individual cubes). If you
have six and one in a group, that would he the number six
'cause you add them all up (put all six together in one group)
and then six in each ... one in each group and i{f you add them
all up, there would be six. 'Cause there's only six groups and
one i{n each group, And if you have one group and you have six
in the group, vou would, then it would just be six 'cause
there's only one group. And if you have zevro and you have
three ... (put out three cubes) say you have zero groups and
there's three in each group. You can't have that. It would
alvays be zero,

Why?

'Cause there's no group and there has to Le something to hold
the threes. There has to be a8 group. And if you have one
group and nothing in it, (put aside cubes) then that wouldn't
add up to anything. It would still be zero because there's
nothing in the group.

So you'd have a space for the group but nothing in it?

No.
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Sort of like an empty plate.
Uh huh,
Can you write a multiplying sentence for me?

Okay. (Took paper and wrote 5 x 9 = 45), Five times nine
equals forty-five, Tt equals forty-five because {f you have
five groups and nine {n each of them, (made groups of nine;
started by putting out five cubes and then built the groups
around these). That's forty-five. You can count by fives, If
you have five groups and nine in each of them, you can count by
nines. Or if you have nine groups with five in them,
(rearranged cubes to show nine groups of five) if you have five
evs 1f you have nine groups and five in them, you can count by
fives, Five, ten, fifteen, twenty, twenty-five, thirty,
thirty-five, forty, forty-five., And that's nine multiplied by
five.

Why is that nine multiplied by five instead of five multiplied
by nine (pointed to 5 x 9 = 45 Jenny had written earlier).
What's the difference?

Five multiplied by nine means that there's five groups and nine
in each group, That's one way. Or five ... five in each group
and nine groups but right now we're learning about five groups
and nine in each group. So the second number is how many {n
each group and the first one {s how many groups. And i{f you
turn those two numbers around (wrote 9 x 5 = 45) nipe
multiplied by five is nine groups with five in each group. BRut
you still get the same answer.

Why do you get the same answer?

Because you use the same numbers and nine groups with five In
each group is forty-five still and the same as five multiplied
by nine.,

So if you show them the two different ways, do you still have
the same number of things?

Um, yeah,

So this is the same as the number that you had when you did
groups of nine?

Oh, no. Not the same but the numbers are the same.
How is it different?

It's different because there's five multiplied by nine, there's
more {in a group.
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Okay. So this is nine multiplied by five? (Indicated nine
groups of five).

Yeah,
Can you show me five multiplied by nine again?

(Made groups of nine; confirmed by counting each group; counted
groups twice; pushed one cube back into 'extra' pile).

What's the matter?
T just took one from the pile,

It sort of slipped in by accident? What's this? (Indicated
arrangement of cubes).

This 1s five multiplied by nine. There's five groups with nine
in each group.

Do you have the same number of cubes when you showed me nine
groups of five?

(Nodded).

Is that why the answer's the same?

Yeah,

Is there anything else I need to know?

1 don't really think so.

Can you tell me just in a sentence or two what multiplying is?

It's when you have how many groups and how many in them and you
add them together.

All vight, If I gave you ... (set out unequal groups) can you
tell me what the multiplying sentence would be?

(Ten second pause). Is it these two groups? (Separated rods
so she had the like groups together).

No, you have two groups with four and then these three groups
each have two. Can you tell me what the multiplying sentence
is?

(Nineteen second pause). I don't know.

What's the problem?

'Cause they're not equal numbers in a group.
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So {f you have two different sizes of groups, can you do the
multiplying?

No.

Is that an important idea to know about multiplying?

Yeah.

So the groups have to be....

Equal,

And they have to be fair groups, too. Alex kept calling them
"fair" groups. So I know that multiplying is groups. I know
that they have to be equal groups. Thls number means ...

(pointed to first number in equation).

How many in a group. I mean, how many groups and how many in a
group?

What does this mean ... after the equals sign?

That means how many altogether.

okay. That's an important thing to know, too, isn't {t?
Yeah.

You saild that multiplying is kind of like adding. Can you tell
me how they're the same?

It's kind of like adding because you have to add two numbers
together.

Does that mean you add five and nine together here? (In 5 x 9
= 45).

Oh no, it means that in the groups you have to add all the ...
or you have to add numbers together. You have to kind of use
adding.

Can you show me how you'd use adding to figure out nine
multiplied by five?

Um. (Looked at four-rods, picked up one three-rod and hegan to
pull it apart).

Is that what you did when you had all the groups here?

Nine multiplied by five. I had nine groups with five in them
and 1 added all of them together and got forty-five.
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How did you add them together?

1 added them together by when I ..., sometimes I break them up
into ... and sometimes I have to add a couple of another group
into the pile of the other group into fives and then 1 count

them by fives.

Is counting by fives the same as the adding?
That's a hard question,

It is kind of. Can you answer it?

No.

No? Okay, that's fine. Can you tell me how multiplying is
different from dividing?

Because you have to .., in multiplying you have to add them
together and in dividing you have to make them into groups.
It's one whole big group and you have to make them into equal

groups.,
And in multiplying...?
You have to put the groups together.

So you have a whole bunch of groups and you're making them like
this? (Pushed four-rods together). Making them into a bigger

group?

Yeah. And when you're dividing, you have to make them into
equal groups.

That's a very simple way to tell the difference.

If you know multiplying, all you do for dividing is to do it
backwards,

Oh. 1Is there anything else that's important that I need to
know about multiplying?

That there's ... that you have to have equal groups or else you
won't be dividing ... I mean multiplying. And that the
answer's going to be the same if you change the numbers

around.

Do these numbers have to be the same, though? (Indicated
numbers in her equations).

These numbers? If you change them around?

If 1 had five and nine here and down here I had six and five,
will it give me the same answer still?
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Jenny - No.

ARW = Why not?

Jenny - Because the six....

[Interrupted by school intercom; 1 evidently lost my train of thought)

AHW =~ Can you show me a plcture of a multiplying sentence ... say,
three groups of two?

Jenny - (Drew three trees with two apples on each). Three groups with
two in each group.
ARW - And what would the multiplying sentence look like?

Jenny - (Wrote 3 x 2 = 6),

ARV - You've done very well. Thank you.
Strengths Weaknesses
a) zero

b) uses and explains commutativity

c) groups

d) concrete/symbolic/l picture
(prompted)

e) skip counting

f) knowledge of ¢+ and x as inverse
operations
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What you need to do {s to teach me to multiply. You may use
any of the things which are in front of you .,. the paper, the
pencil, anything at all, but I need you to teach me everything
you know about multiplying.

Do 1 write everything down?

That's completely up to you. You can tell me, show me, write
it ... doesn't matter.

Well ..., are you going to ,.. are you .., I don't know how
to.... How do you spell multiplying?

(Spelled for him).

(Wrote "Multiplying is where you have a number of groups and a
number in each group.”).

Could you read your sentence to me?
(Read above sentence).

So does that mean ! can have ... one, two, four. (Set out
cubes as named amounts). Would that be multiplying?

(Laughed). No. You have to have the same number of things in
each group. So ... (made three groups of two) like that.

Can you tell me why?

Here? (Pointed to paper).

If you want to write it that's fine or if you just want to show
me and explain that's fine, too. Whatever you think will teach
me so that 1 know how to multiply,

(Wrote "You have to have the same number in each group.”).
There, I wrote, "You have to have the same number in each
group.” Then {f someone says, three times two, you can count
by twos or you can count on your fingers by ones.

Would you get the same number?

Yes.

Could you show me the two different ways that you'd do it?

Two, four, six, (counted his groups of two) or one, two, three,
four, five, six.

How would you show this in your writing? (Indicated three
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groups of two-rods).
(Wrote "3 groups of two").
Is there any other way you could write it?

T could draw it. (Drew three circles with two smaller circles
inside).,

Is there another way vou could do it?

(Wrote "Jane had three bag and two candys [sic] in each bap.")
This is just like my writing down here.

That's okay.
(Wrote 3 x 2 = 6).,

You said this sentence about Jane had three bags was the same
as what other part?

Three groups of two.
How are they the same?

Because if she had three bags, that would mean three groups and
two candies. That would mean two {n each group.

Can you explain the three? The last part that you wrote? This
multiplying sentence. Can you explain what it means?

Three?

This one (pointed to 3 x 2 = 6). What does that mean?
Three groups of two equals six,

So what does the three stand for?

Groups.

And what does the two stand for?

Number in each group.

Does the three always have to mean the number of groups that
you have?

Yes .

Is that what the three always means or is that something about
the way that you write the multiplying sentence?
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What do you mean? The number of groups 1s always at the start
or it can he here (indicated second factor).

How do you know where it 1g?

My teacher taught me.

Can you teach me some more about multiplying?
No, I don't know it.

You don't know anything more ahout multiplying?
I know answers.

Well, why don't you do some of that and show me.
Okay. (Wrote 11 x 2 = 21),

Can you tell me what you just did?

Eleven times ... eleven groups with two in each group ...
(stopped and looked puzzled). Oops.

Oops, what?

1 made two groups of eleven, so I have to switch it around. Or
it will be eleven groups of two. So it doesn't matter which
way {t goes.

What do you mean, it doesn't matter which way it goes?

The number here doesn't always have to be here. It could be
the second number or it could be ... the number that's in the
front doesn't have to the front. It could be here or it could
be down here (indicated that could be first or second factor).
And it doesn't make any difference at all?

No, because twyo times eleven is twenty-one and eleven times two
is twyenty-one.

So does that mean you get the same answer?
Uh huh,

How do you know you get the same answer?
Because ... I do It with my fingers.

Can you show me?

Two, four, six, eight, ten.... How many is that? Five?
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Twelve, fourteen, sixteen, eighteen ... (counted by putting up
two fingers at a time; after eighteen, stopped and looked
puzzled) ... twenty, twenty-one? (Looked again at hig 11 x 2 =

21).

ARW - Is there a problem? You look puzzled.

Fred - (Set out eleven individual cubes; counted by twos)., Am I
doing...?

ARW - Tell me what you have here (indicated rods).

Fred = I have eleven.

ARW =« Eleven cubes? And what are you doing with them?

Fred - Making eleven groups ... (pointed to 11 x 2 = 21 equatifon) ...

of two. (Made groups of two by adding additional cubes;
counted). Two, four, ... eighteen .., twenty, (hesitated) ...
tventy-one, twenty-two. (Looked puzzled). That's wrong,
right? (Indicated 11 x 2 = 21 on paper).

ARW - What's wrong?

Fred - This. (Changed to 11 x 2 = 22),

ARW - You had twenty-one, now you have twenty-two, Fred. Why did you
change {t?
Fred = Because eleven plus eleven is tvwenty-two. And two makes two

groups of eleven, so you just add eleven and eleven.

ARW - Does this show two groups of eleven? (Pointed to eleven proups
of two).

AHW ~ What's this?

Fred - Eleven groups of two. That's what this is (indicated 11 x 2 =
22).

ARW - Oh, so this i{s eleven groups of two (equation). Ts It

different i{f you have two groups of eleven?

Fred - Yes.
AhW - How?
Fred - (Made two groups with cubes).

ARW - So what do you have in each group?
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(Counted). Eleven,

So this isn't eleven groups of two (indicated cubes), now this
is. ..?

Two groups of eleven.

How is that different from what you did before?
They were in smaller groups before.

How {8 it the same as what you did before?

The answer.

Why 1is the answer the same? They're completely different
groups, aren't they?

Uh huh.
So why 1s the answer the same?

'Cause all you're doing is switching them around and ... I
don't know how to explain it.

Think about the cubes that you put out there. Does that help
you, by looking at that, can you tell me why the answer is the
same?

No.

All right. You had two groups of eleven here. Can you show me
eleven groups of two?

(Arranged cubes).

Tell me what you just did.

Just switched them around. Made it smaller.

By doing what?

By putting them into eleven groups with two in each group.
Does that help you to figure out why the answer's the same?
Uh huh.

Can you tell me?

(Shrugged). I don't know how.

Give it a try,
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Why it's? Why the answer's the same?
Uh huh.

(Pause) Because all you're doing is switching it around and
it's just like plus. You're making it into BTOUpSs.

That's a good explanation. Can you tell me a bit more about
multiplying?

(Eight second pause). No?

What are the important ideas that you've told me so far?

(Read the two sentences he wrote earlier). It's about how vou
can ... I just told you ahout it. 1 told you about
multiplying. 1It's ... how it's ... what multiplying Is. Like
you have the same number In each group ... and three groups of
two and how to do it. And why the answer is the same.

That's a lot of {mportant ideas. (Gave Fred three four-rods),
What would that multiplying sentence bhe?

Three groups of four equals twelve.
(Added one two-rod). What about that?
Seven groups of two,

How did you get seven groups of two?

If you have the same number in each group. (Began to break
four-rods into two~rods).

All right., But {f we left them this way ... (put hack into
four-rods) can you explain how to multiply?

You could take away something.

Leaving it exactly the way it {s. Can you multiply {t?
No.

Wiy not?

Because there's not the same number in each group.
Which is why you took this apart into groups of two?
Yes,

That's a very smart answer. And that a trick question Just to
see 1f you're awake yet this early in the morning. Tell you
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what. Just one last thing. Can you tell me how multiplying
and dividing are different?

In dividing you're taking ... (nine second pause; began to
write).

You can use these too 1f you want (indicated cubes).

(Took some and moved them around but without any final
product)., In multiplying you're taking away. You're making
groups. You're seeing how many groups there is but in
multiplying you're seeing how many in each group or you're
seeing how many there is.

In multiplying, we're making groups and seeing how many in each
group?

Yeah.
And in dividing?
We're taking a number apart to see how many groups there is.

Okay. When we start multiplying, would we see this (three
two-rods) or would we see this? (Pile of cubes).

This. (Pointed to rods).

What about this? (Pile). 1Is this multiplying?
No, that's dividing.

So what wonld you do with this? (Pile).

If it said ... (counted cubes) eleven divided by two, you just
make groups. (Separated all the cubes which had been jJoined)
++ee Multiply, T think. I forget how to do dividing....
Groups. (Wrote 11 divided by 2 = ) 0h, a remainder. (Set out
groups of two cubes; counted aloud). Two ... two ... and one
left over.

Elevan divided by two ...?

(Counted groups of twos). One, two, three, four, five ...
(vrote answer in equation) five ... (wrote rm 1) remainder
one.,

What did you do with the three divided by two? (Reference to
first division equation he had written).

1 was trying to think how to do it again because I forgot that
++« I was thinking ... 1 remembered that this means two in each
group or it can mean two groups. (Referred to 2 in equation).
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And I took it and I found that there was one left. And (f you
did two groups, (took three cubes: showed them shared into two
groups) one in each group and one remainder.

- When you're multiplying, can you have a remainder?

= So they have to be exactly equal? And you're never, ever
alloved to have any kind of a remainder with multiplying?

- That's exactly right. You can have a remainder in dividing,
but you can't with multiplying. If you have a remainder with
multiplying, it should tell you that there's something wrong.

Weaknesses

a) 1s not sure why anwers =
(10, 11 ¥ 27 2 x11)

AHW
Fted - No.
AHW - Why not?
Fred - 'Cause it has to be the same number i{n each group.
ARW
Fred - No.
AHW
So you figure I'm a multiplying expert now?
Fred = Uh huh,
ARW - You've told me all the most important ideas?
Fred < Uh huh.
ARW = T think you have too. Good, thank you Fred.
Strengths
a) = groups
b) used rods to check 11 x 2 when
fingers didn't work
(had 11 x 2 = 21)
c) self-correcting (p 245)
d) knew commutativity would
produce same answer (p 246)
e) able to visualize rods in
different sized groups (p 249)
f) multiple representations of
same multiplication
situation (p 246-47)
g) uses one cube to represent
each group (p 247)
h) wused symbolic, plctorial and
concrete levels
1) wrote definitions as first

means of explaining




252

Individual Interview with Peter
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What 1 need you to do is to teach me to multiply. There are
chips, cubes, paper, pencil. You can uge anything you want.

Make a multiplying sentence or something?
Teach me to multiply. What do I need to know?

Okay. What you need to know ... what you have to do is start
of with any number, a number, ... oh man. You start off, you
see the number then you look at the second number like uh,
(made six-rod) five. You gotta put five. I mean times. (Made
five-rod; counted firat rod by ones; removed one cube; put two
five-rods next to each other)., Okay., Five times five. Let's
see ... there's five, right? (Put up hands to show five
fingers on each), There's five times another five, And you
add like five to another five, vight? (Picked up five-rod).
And you put five in one group. And another five and another
five and another five. (Indicated each five by pointing to
single cube in five-rod). Then you'll get the answer.

Can you tell me more? Explain a little more about these fives
(indicated two five-rods) and how you get the answer from
those?

(Eleven second pause). Hm ... I don't know,

Okay, just take your time. there's no time limit on doing
this, so just stop and start when you need to, Then you can
keep going with your explanation.

Five 18 the group and the second five is how much in each
group., (Twelve second pause). I think that's all,

Okay, so this (two five-rods) means five times five? 1Is that
what these groups mean?

Yeah.

If you write down five times five, what do the numbers tell
you?

How much groups and how much in each group.

How do the numbers tell you that? How do I know when I look at
a multiplying sentence what the numbers mean?

The first number ... (six second pause).
You can use this (paper) to help you explain it too.

(Twenty-one second pause). I don't know.
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It might be easler if you start with something where you have
two different numbers, instead of five and five. That might be
part of the problem,

Let's see, (Made one two-rod and left one five-rod). Two.
(Seven second pause)., What was the question again?

What 1 did was to suggest that you should use two different
numbers instead of five and five, use two completely different
numbers like three and two so you can tell the difference
between them.

Okay., (Twelve second pause). I don't know.

So are you having trouble explaining what multiplying is?
Yeah,

Can you tell me the difference between multiplying and
dividing?

Dividing is putting groups and dividing is when you put one in
the ... like you give the children and you one. Something 1ike
that.

So when we're dividing, what do we start with?

The number. Of how much things you got.

And then...?

Divide by two or something to give the children two or three.

S0 you'd take a big group and give you some and give me
80Me. . v,

But the same number.

Why is it important to have the same number?

So it would be fair.

Okay, what do we do 1f we don't have the same number?
Then....

Does it work?

No.

What about if I had eleven things. And T want to divide them
between you and me....
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There'd be one left o¥ar.

Why?

'Cause that's an odd number.

And what do we do with the one left over?

Cut in in half, whatever it is.

That's okay if it's a chocolate chip cookie. If it was a lemon
or something, T don't know i1f we'd want to cut it inm half and

share it. So dividing is taking a group and sharing it between
people?

Yeah.

Can dividing mean anything else?

No.

How is that different from multiplying?

In multiplying, you don't give children stuff.
What do you do in multiplying?

Put them in groups.

So can you show me with the cubes or with the counters, can you
show me some multiplying groups?

(Twenty-one seconds as Peter moved around some cubes), T don't
know how to make them,

Well, groups of what? How many in each group?
Five. (Put out one five-rod).

What multiplying sentence would you write for this one?
(Indicated five-rod).

Five times two or something. Five times five.
Can you explain to me how this shows five times two?
Hmm?

Well, you said you could write five times two for this one. Or
would it have to be five times five?

Five times five.
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ARW =~ So can you explain to me, looking at this one, how you'd figure
out five times five?

Peter =~ (Made five-rod; placed at right angle to original five-rod).

Five here, (indicated five-rod just made) another five here,
here, here, here. (Indicated where rows of five-rods would

go).
AHW - Why don't you do that and show me how it would look.

Peter = (Made four more five-rods and placed in array: had five
five~rods and one original one at right angles).

AHW - Car you explain to me what you did?
Peter - An array.
ARV - What does the array show us?

Peter - There's five here (bottom row) and five here (left column).
Five times five,

ARV = Is this part of the array? (Five-rod along edge).
Peter - No.

AHW - So what's it doing here?

Peter =~ I don't know. (Removed extra five-rod).

ARY - Oh, it's just extra? So we have five across here and five down
each of these?

Peter - Yeah.

ARW - How many do we have altogether?

Peter =~ Twenty~-five.

AHY - How do you know that?

Peter =~ Five times five Is twenty-five,

AHW - Can you show me an array that has six times five?

Peter - (Added one more cube to each five-rod; included the extra
five-rod from earlier 5 x 5 array; had six hy six array;
counted number of rods; removed the extra).

AHW - How many down this way? (Column).

Peter - Flve.
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How many this way? (Row),

Six.

Does that show us six times five?

Backwards.

Why i{s {t backwards?

I don't know.

How could you have it forwards?

(Shifred array so was oriented in opposite direction).

All right, So it's six this way (row) and five this way
(column) s)y {t's six times five?

Yeah.

Wren you had {t this way before, you had this one in with it
(extra six-rod). Why did you take that one away?

'Cause T put groups? And 1 put one group of five (put rod
along to show its original position in five by five array)
well, it used to be five, So I had one group here and another

group here, another group, another group. (Removed one cube to
make five-rod again).

So what did you use this rod for?
To put the groups. Not the ... how much in each group.

So were you using it just to keep track? Of how many groups
you had?

Yeah.

Why did you take it away at the end?

'Cause 1 didn't need it.

So you just used it to keep track and then it was extra?
Yeah.

(Pointed to array). So this is called an array. Where have
you seen arrays before?

In the math lab. With Mr. G.

How does an array help you with multiplying?
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Just count one, two, three, four, five ..., (indicated cubes {n
one column) and you keep on counting down, down (indicated
columns) until you get the answer.

Okay. Can this array show you more than one multiplying
sentence?

Two. (Counted down one column). Five times six (indicated one
six row) or six times five (indicated appropriate rows and
columns).,

How can it show you two different things?

I don't know. 'Cause they're a family?

Is the answer going to be the sam»?

Yes.

How do you know?

The teachers told me.

And you believe everything you're told?

Yup.

So 1f I told you the sky was green would you believe me?
No.

Can you show me another multiplying....

Array?

All right, an array, Whatever. You can arrange 1t however you
vant.

(Made two by four array). Two times four.
So you have...? Can you explain why 1t's two times four?

There's two down and four. (Indicated columns of two and rows
of four).

This is two times four and it's also....
Two times four or four times two.
Is the answer the same?

Yes.,
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(Separated the array into four two-rods; just created spaces
between Peter's groups; did not regroup or change anything but
the spacing). What does that show us?

Apart. It's apart,

What multiplying sentence could you use for that?
(Seven second pause). Four times four.

Can you explain to me why it's four times four?

(Indicated two of the two-rods). One, two. There's two groups
and then there's four. (Indicated other two two-rods).

I'm not sure that I understand how you got the fours, Can you
Jjust keep explaining?

One, two, one, two. (Counted the first two two-rods by ones).
There's four. One, two, one, two. (Counted other two two-rods

by ones).

How many do we have here? (In first two-rod).
Two.

And how many here? (In second two-rod).

Two.

So you put these together to make four? (Indicated first two
two-rods).

Yeah.
And then...? (Indicated other two two-rods).
Another two, another two,

And we put them together.

- Four.

So this shows us four times four?
What does four times four equal?
Eighteen?

Is that what you have here? (Indicated four two~rods) .

Yeah.
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Suppose 1 give you something that looks like that. (Two
three-rods and three two-rods). Can you explain to me how to
multiply that?

Just put them together. (Pushed together one three-rod and one
two-rod).

You have to leave them the way they are. You can't put
anything together or take anything apart. How would vou
multiply that?

(Twenty-seven second pause). 1 don't know.

What's the problem with it?

It's not equal.

What difference does that make?

(Six second pause). I don't know.

Is there something about multiplying that has to be equal?
Yeah.

Can you tell me?

No.

Can you show me how you could make that so you could multiply
it? Change them around somehow?

(Counted the two-vods first then the three-rods; made three
four-rods; then changed to two six-rods). Six times six.

Which equals?

(Used fingers to count; counted six points on each of six
fingers to keep track of groups). Thirty-four?

Do you have thirty-four cubes there?

(Counted one six-rod). Twelve. Twelve cubes. (Looked again
at the two six-rods). The answer is twelve. No, it's ...
(drew six circles with six smaller circles in each one).
Thirty-six.

You made how many groups?

Six.

And how many did you put in each one?
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Is this six multiplied by six?

Yeah.

And that equals thirty-six?

Yeah.

Does that match with what you have here? (Indicated the two

six-rodg).

Yeah,

S0 1s there anything else T need to know about multiplying?

No.

So that's it. It has to be in groups and the groups have to

he.,..?

Equal or something.

What do 1 do once 1 have the groups? How do I figure out the

answer?

Hm. (Fifteen second pause).

something like that.

Multiplying is like adding?

Just add six times, plus six times ... oops. (Wrote 6%6+6);
began again and wrote 6%6%6%6+6+6),

Now can you explain to me what you just wrote?

S8ix plus six plus six plus six plus six plus six.

That's hard to say isn't it? So what does this go with?
(Indicated the equation).

This. (Indicated the six large circles with the smaller

circles inside).

With this? Okay, so up here you have a group with six in {t
that's this one? (First adend in equation).

Yeah.

And that's that one?

Yeah.

(Showed group and six from equation).

Just add six plus six plus six or

S0
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This i{s like adding all of these sixes together? (In
equation).

Yeah.

How does that fit with the multiplying

It's just a faster way of doing like six plus six plus six.
And an easier way to say it, too, right? Could I have vour
pencil, please. (Wrote 4 x 3 =). If I asked you to show me
what four multiplied by three loooked like, what would you do?
(Drew four circles; put three smaller circles {nto each).
Can you tell me what you just did?

A picture.

of?

0f a circle with a three in each group.

How many circles did you start by doing?

Four.

Four circles and three little circles inside each one?

Yeah,

Can you tell me how that goes with these numbers, with the four
and the three?

Four groups, three in each group.

Does the four have to mean how many groups?

Yeah.

Why?

(Thirteen second pause). 'Cause if you do three. Walt. No,
it doesn't. You could just do a three. (Drew three circles).
Three groups of four. (Put four small circles inside each

larger one).

And does this mean the same as this? (Indicated sets of three
circles and sets of four circles).

Yeah.

So the four can mean how many groups there are or how many
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things there are in each group?

Yeah.

Does it make any difference?

No,

And what does the three mean?

How much in all. Make it three circles and four in each.
Oor down here (in set of four circles) the three means?
How much in all.

What's the answer to this?

(Counted the smaller circles inside the four). Twelve. (Put
answer into equation).

Can you show me four multiplied by three using the cubes?

(Made one three-rod and one four-rod; put them side by side).
Just put a times there. (Wrote on table with finger in between

the rods).

Four cubes multiplied by three cubes equals....
Is twelve.

Is there anything else I need to know?

No.

So that's all multiplying is?

Yeah.

Okay. Thank-you.
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a)

b)
c)

d)

Strengths

"shorthand” - uses one three-
rod and one four-rod to
represent 3 x 4 (p 262)

invented finger counting method

concrete/pictorial/symbolic
levels used

could use same array for
6 x5and 5 x 6 (p 257)

a)

b)

c)

Weaknesses

appears to understand multipli-
cation mainly in arvays (p 258)
1 separated his array into
groups; he couldn't explain)
pp. 3-4, 6 X 5 = 5 x 6 "because
the teachers told me" (p 257)
unclear abhout meanings of
numbers in equations (p 262);
confused the meanings of
products and factors
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Individual Interview with Theresa
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What I need you to do is to teach me to multiply. There are
cubes, there are counters, you have paper.

(Looked at counters). I call them cookies,

You call them cookies. That's great. You can use any of those
things you want or just tell me but ! want vou to teach me how
to multiply.

(Thirty second pause). You mean tell you how to do it?

Tell me. Show me. Explain it. I need to know what you know
about multiplying.

(Twelve second pause). Too bad this wasn't dividing.

We may get to dividing later., Right now, we'll just worry
about multiplying. Would it be easijer to start with dividing?

Uh huh.

Okay. Well, why don't you do that. But keep in mind I need to
know about multiplying later. You can start with dividing.

(Began counting out cubes).

Can you tell me what you're doing?

I'm taking out twenty-two cubes and making them into groups.
Okay.,

(Continued counting).

You said twenty-two cubes?

(Nodded; put cubes into two groups).

So what did you do?

T took the twenty-two cubes and put them into two groups and
after I got done there was eleven in each group.

Why were there eleven in each group?
(Thirty-six second pause). 'Cause it's like if you take
twenty-two and you take eleven away and you put them in the one

group and you take the other group and you'll have eleven and
that'll be the answer.

Suppose we started with this (shoved all the cubes into one
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group). And I made them into two groups. And T started like
this (made two unequal groups). Is that twenty-two divided by
two? ... How many are in this group? (smaller).

Eight.

How many are in this group?

Fouyrteen.

So I took the twenty~-two cubes and I made them into two groups.
Eight in one group and fourteen in the other. That's divisfon,
isn't it?

No. They have to be equal groups.

Why?

'Cause if they aren't equal groups, you'll get a different
answer and then if you were to do {t again, someone would say

v

that you did that wrong. And then you'd get another different
answer and you'd keep on getting different answers all the time.

Is it important to have the same answer?

No. Well, if you're doing it over and over again it is. But
if there were (?7?).

When would it be important to have the same answer?
(Twenty-five second pause). I don't know.

All right. So explain to me what dividing is. You take a
group and you do what?

You take the group and you put it in the ... you can either ...
the dividing sentence {s two things:. You either put it into
two groups or you put two in each group. 1If you have three,
you make it into three groups or you put three in each group.
It's kind of like what you have after the dividing.

So when we're dividing, are we taking little groups or are we
taking a big group? To start with?

What we're doing right now?

Yeah. How do you start when you're dividing? ... Did we start
with small groups or did we start with a big group?

We started with a big group.

You start with a big group and you do what?
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E{ther ... if it's written down on paper and it says make two
groups of whatever, then you just take all the cubes and you
make them into two equal groups or if it says something else
and {t doesn't say make it into two equal groups, then you make
it Into groups of two in each group.,

So we're taking a big group and we're making it into little
groups when we're dividing. Is anything about the groups
important?

That they have the same amount of cubes in each one so that you
don't get a different answer.

We started with twenty-two., If we had started with twenty-one,
what would have happened?

We would have had one remainder and ten in each group.
Is the one remainder a problem?

(Shook head).

What do you do with the remainder? Do you put it in with one
of the groups?

No. You just put it away somewhere and you just keep on going.

Is it important or can you forget it?

You can forget {t, but you have to write it down. So it would
be important,

That sounds like you're telling me two different things, that I
can forget it but T have to remember it at the same time.

You have to remember it.

'Cause otherwise, will the answer be right?

No.

Now can you teach me to multiply, now that you've taught me to
divide?

When you're multiplying, you can take twenty-two but you can
put ten multiplied by two. Then you can just add ten on
Instead of taking ten away and putting it into groups. TIt's
like doubles, You could just add it on. And then you say ...
then you could write down the answer and then ... (thirteen
second pause). It's hard to explain., 1It's easier to do it

than explain it.

Go ahead and do it. You can do it here (paper) or here (cubes)
or do it with the cookies. Or with these (counters).
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each). Sometimes you can just get ... {f {t's nine multiplied
by five or it's eight multiplied by five, if {t's anvthing
multiplied by five, you can just count by fives. TIt's the same
as counting by twos, or threes, or fours or whatever it {s,
And, but sometimes it's hard so vou can draw the first number
of circles and you can put ... {f it's seven, you could put it
.+ seven dots or something in each circle or you could just
write the seven. And you could count {t all up and see how
much it made, then you could write the answer down. Or
sometimes you could just put seven plus seven plus seven and
just keep on going until you get it the right number of times.

Can you tell me how this math sentence that you wrote and these
plctures go together?

UMvvvc

Or do they go together?

Well, there's nine multiplied by five so I can just take nine
circles and {f I put five in each one, it helps me sometimes (f
1 think I know what it is I do this just to make sure. [ guess
first but then I would ... I'd think of a guess and then T
would write it down on one part of the paper and then T would
do something just to make sure if it was done praperly.

So are the pictures your way of checking to see whether your
answer up here is correct? (Referred to 9 x 5

5 =),

Yes.,

What does the nine being multiplied by five mean?

The nine means that you ... like ... I don't (27).

Start with whatever's more comfortable.

The nine means ... {f the second number's five, the nine means
to add the second number on that much times 1f that's what the
first number means. The second number, you just keep adding {t
on until you do it nine or eight or however much many times
you're supposed to do {t.

So the nine tells you how many times you're supposed to add
it?

Yeah.
What does the five mean?
It means what you have to add.

I1f you had three multiplied by two, what does the three mean?
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You add two on three times.

Can you say it any other way?

Two multiplied by three.

And then what does the two mean?

Add {t on three times.,

In two multiplied by three, what are vou adding?
The three.

What is three multiplied by two?

You're taking the two and you're adding it three times instead
of two times and it's the other way arcund.

What does it equal? What's the answer?
Six.
And what does the six mean?

It means how much both ... it means that it added up to
altogether. Sometimes they teach you you can turn them around.

Does it make any difference 1f you turn them around?

I don't know. I only did it a couple of times but I don't
think so.

We were just talking about two multiplied by three and three
multiplied by two., Does it make any difference the order the
numbers come in?

(Shrugged).

Does it change the answer?

No, because in three multiplied by two, you're just taking two
and adding 1t three times and you can just count by twes and it
goes two, four, six and you added it three times. And the
other way around, you would just ..., it's like three multiplied

by two but it's not. You just have to add the three two times
and then it's two multiplied by three equals six.

Can you use some of these and show me three multiplied by two?
(Cubes).

(Made three groups of two).

So we have three...?
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= Groups. And two in each group.

- Now can you show me two multiplied by three?

- (Rearranged cubes into two groups of three).

- That was easy. What does {t equal?

- Six'

= Do you know why the answer to both questions {s six?

- It's like adding three plus three equals six and there's two
threes and that's all I do for the groups. I just add. If
it's twenty-four plus twenty-four, I just ... if it's
twenty=four times twenty-four, I just add another twenty-four
to one twenty-four and it would be forty-eight,

break]

= We were doing multiplying before recess and you were explalining
what the nine and the five meant in this equation, In this
multiplying sentence. If I showed you ... (began to put out
cubes; put out one two-rod).

- That's twenty-two.

= That's twenty-two?

= No, that's twa.

= (Put out unequal groups). Can you tell me how to multiply
that, please?

= (Twenty second pause).

~ Can you tell me what you're thinking about? ... Can you talk
to me and tell me as you're thinking? 1 want to know how you
figure 1t out.

- (Six second pause).

- What do you have in front of you?

- Twelve cubes.

- Okay, but 1t isn't just a pile of twelve cubes. How are they
arranged?

- Three of them have two in each and then two of them have three
in each group.

- So?
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Three multiplied by two.

Leaving 1t exactly the way it is, you can multiply it by two?

Yeah.

Can you show me how to do that?
(Looked at cubes),

How would you multiply this by two?

You can take those three and ... (two-rods; forty-five second
pause) .

Is there a problem?

I don't know how you'd multiply this. Two groups of three and
three groups of two.

Why not?
'Cause I always thought in every group it'd have to be equal.

Is it possible to multiply when you have groups that look like
this?

(Shrugged). I rever tried it.

1f you have two unequal size groups, do you think you can
multiply {t?

(Shrugged). I don't know what the question would be. It would
be""

Think back =--
I know what the answer would be, though.

What's the answer?

If you would take these away. (Indicated one cube at the end
of each three-rod).

If we took one cube away from each of these? (Removed the
cubes). Can 1 just take them away or could I do something else
with them? ... I'd like to leave them as part of the set that
we have here. So what could we do with them?

I don't know. T never tried it this way.

(Put the two extra cubes together), Could we do this? Could
we put them together and include them?



Theresa

ARW

Theresa
AHW
Theresa

AW

Theresa
AHW
Theresa
ARW

Theresa

AHW
Theresa
AHW
Theresa
AHW
Theresa

AHW

Theresa

AHY
Theresa

AHW

Yeah.

You could. So what would this multiplying sentence be? (For
six two-rods).

Six multiplied by two?

Equals?

Twelve.

And we started out with twelve, didn't we, because you told me
that to begin with. You gave me an answer a minute ago that
told me why I can't multiply this. You said 'cause T think the
groups have to be....?

Equal. 1 always thought in every group it'd have to be equal.
And that's a very important part of multiplying.

T got it from what I said in the math lab,

How did you get it from the math lab?

1 don't know. We were just playing a thing. 1T think it was
Giants and I just said something about the glant's strides and
I don't know how T said it.

Was it the same idea? Was it about equal groups?

(Nodded) .

Why did you remember that you said that?

'Cause you said 1t out loud.

Okay. What else did I say about 1t? Do you remember?

No.,

Just that it's a very, very important idea for multiplying.
So, multiplying is about equal groups and what else? I[f you
didn't have any of this kind of stuff in front of you, and T
said to you, "Tell me about multiplying”, no cubes, no cookies.

Tell me what multiplying is.

When you multiply the groups have to be in ... all the groups
equal (ten second pause).

Is that all there is to multiplying? Just equal groups?
No. (Seven second pause). I don't know how to explain {t.

Okay then. Can you tell me the difference hetween multiplying
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and dividing?

When you're multiplying, you can't have one remainder. (Ten
second pause), Multiplying means one thing and dividing means
two things.

That's interesting. Can you tell me more about that?

About what?

What do you mean, one thing and two things?

The dividing sign, it tells you you can have two groups that
have equal amounts in each group or else you can make a littler
group with less in each group and then you would write the
answer of how much groups you had and in the two big groups you

would anwer how much was in each group. And when you're
multiplying, you can only do one thing.

And what's the one thing do you do when you multiply?

You take nine and you can ... oh, boy ... you can take the
number and you can just, the way you have to do it is take it
and put it in the groups. And you can get the answer.

(Put out three two~rods and a pile of individual cubes). If
you came into the room and I had this, tell me which one is
multiplying and which one is dividing.

(Examined). That would be multiplying. (Pointed to assembled
rods).

Because?

One multiplied by three, there's only one group. Or it could
be two multiplied by three.

(Indicated the pile). Is this multiplying as well?

Could be.

Do you think it probably 18? Multiplying or dividing?
Dividing.

Why?

Actually, multiplying because there's one group with eleven in
each group and in dividing it'd have to have two groups. If
you just set it down like this, it'd have to be multiplying.
What would dividing look like? If you came in and saw

something, what would make you say, okay that's going to be
dividing?
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Either {f you could have lots of little groups like this (two
rods) or you could have two big groups like this. (Pile of
cubes). And you can ... that's about it,
If you came in and we had ... (made groups with and without
remainders) ... is 1t easier to tell which is multiplying and
which {s dividing?
No.
Why not?
'Cause there is both two groups.

Is there any difference between these, these two sets of
things?

No.

Be really careful. 1Is there any difference at all?
This one has one remainder and this one doesn't,
What did you tell me earlier about a remainder?

1 said you couldn't have a remainder.

So 1if you sav the groups and the remainder....

That's dividing (with remainder) and that's multiplying
(without).

Can you tell 1f you just see the groups like this when you come
in? (One pile of cubes and several rods). Can you tell right
awvay whether {t's multiplying or dividing?

No.,

If you opened a book and you saw pictures, when you start
multiplying what do they usually give you for a plcture?

Um""
Would they give you a big group like this ar little groups?
Probably little groups.

Right, 1Is there anything else I need to know ahout
multiplying?

1 don't know.

Do you thirk you've done a good job of teaching me?
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Theresa - You're the one that's writing the book.
AHW - It's up to you. Do you think there's anything alse that you
could teach me that I need to know about multiplying?
Theresa = No.
AHW - Okay then., Thank-you.
Strengths Weaknesses

a) good grasp of ¢ a) (p 273) responses contradic-

b) wuses concrete, pictorial, tory; first says that
symbolic levels there is no difference

c) can verbalize differences in between two sets of cubes;
situations when challenged can

d) aware that cannot have immediately identify
multiplication remainder difference and what it

e) much Information given orally; signifies
seems to bhe able to discuss b) (p 265) confused about
multiplication without having whether equations need to
to demonstrate with have same answeys {f done
manipulatives; seems to ovey
represent more advanced c) little motivation to explore
abhility to find unknown answers

f) knows that groups must be =

g) (p 265) seems to know that <
can be done two ways

h) compares to repeated addition;
has strategy for finding
ansvers

1) can describe commutativity;

knows answer stays same




