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Abstract

For many investors, such as mutual fund managers, the closing price of
a stock is an important benchmark. The closing price for stocks traded at
NASDAQ is determined through an auction, like at many other stock ex-
changes. Each day and for each stock traded at NASDAQ), the intertemporal
order imbalance of the auction is announced beginning ten minutes before the
close. We introduce a mathematical framework that takes the order imbalance
announcements into account, and then derive an optimal trading algorithm for
flow trades, whose benchmark is the closing price. Under suitable assumptions,
we find explicit formulas for the optimal trading strategy and that it is not
beneficial for the investor to trade after the imbalance announcement. How-
ever, in addition to participating in the auction, the investor trades before the
imbalance announcement to benefit from prices which do not reflect the later
impact of the investor’s own auction order. Using real historical data, we simu-
late the performance of the proposed algorithm and find a small, but persistent

out-of-sample improvement and a reduction in average trading costs.
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Chapter 1

Introduction

Closing prices of stocks are important and often serve as reference points for
investors to determine their performance. Closing prices are particularly rele-
vant for managers of mutual funds. In mutual funds, flow trades correspond
to inflows or outflows of cash when clients decide to buy or sell shares of the
fund. Regardless at which specific time the transactions are taking place on
any trading day, the mutual fund managers, or an institutional flow trader,
will receive from or pay to the client the closing price. Hence, such traders
use the closing price as their benchmark: they aim to achieve a price that is
as close as possible to the closing price and, if possible, more favourable than

the closing price.

Algorithmic trading, the implementation of mathematical and computa-
tional algorithms to conduct trading decisions and asset management, is be-
coming a frequently used tool in the public equity market by institutional
investors targeting various trading benchmarks. Some of the standard trad-

ing benchmarks include arrival price, VWAP (volume weighted average price),



TWAP (time weighted average price), and closing price. The trading algo-
rithm typically aims to achieve optimal trading strategies by minimizing a
combination of expected slippage (reflecting average costs) and variance of
slippage (reflecting risk), where slippage is the difference between actually
paid prices for the order and the benchmark price. The mathematical studies
for algorithmic trading started with seminal papers by Bertsimas and Lo [3],
who set up a discrete-time model to minimize expected slippage, and by Alm-
gren and Chriss [1], who focused on the trading strategy targeting the arrival
price benchmark including risk considerations. In the past several years, a
vast literature on trading algorithms targeting different benchmarks has been
developed. An overview can be found in the recent books by Cartea et al. [4],
Guéant [8], as well as Lehalle and Laruelle [9]. Though the trading strategies
for many benchmarks have been well studied, less attention has been paid to
the closing price benchmark. Frei and Westray [6] presented a stochastic con-
trol formulation targeting a closing price benchmark for stocks traded at the
Hong Kong Exchange. At many stock exchanges, the closing price is determin-
ing through a closing auction. However, the closing price at the Hong Kong
Exchange, instead of a closing auction, is selected as the median of five prices
taken over the last minute of trading. The trading algorithm with a closing
price benchmark through the closing auction has not yet been widely discussed
and mathematically modelled. At first sight, one could think that the only
question then is about the percentage that one should place in the auction.
However, various exchanges disclose information on the projected order imbal-
ances before the auction closes. This affects the prices before the close so that

the question becomes about how to trade before the closing auction as well.



The topic of this thesis focuses on trading around the close in the stocks at
NASDAQ. The closing auction mechanism at NASDAQ is as follows. While
the regular trading takes place from 9:30 AM to 4:00 PM Eastern Standard
Time (ETS), the closing auction takes place from 3:50 PM to 4:00 PM at
NASDAQ. At NASDAQ [10] and [11], a closing auction consists of three
types of orders; namely, Market-on-Close (MOC), Limit-on-Close (LOC), and
Imbalance-Only (I0) orders. MOC and LOC orders must be received before
3:50 PM. MOC orders are executed immediately by matching with the cor-
responding best buy/sell orders in the limit order book. On the other hand,
LOC orders are executed at a given price as they go into the limit order book.
An 10 order is a type of limit order that is used to provide liquidity and offset
the imbalance during the closing auction. The initial imbalance announce-
ment occurs at 3:50 PM, after which, one can only submit IO orders. After
3:50 PM, NASDAQ publishes imbalance information every five seconds un-
til 4:00 PM. All types of orders are accepted by NASDAQ for closing cross,
a process to determine the closing price, at 4:00 PM. In the cross process,
the closing book and the NASDAQ continuous book are brought together to
create the NASDAQ Official Closing Price. Bacidore et al. [2] illustrated and
summarized the market behaviour during the closing auction at NASDAQ and
NYSE (New York Stock Exchange). The closing auction mechanism at NYSE
is similar to that of NASDAQ. At NYSE, restrictions in submitting orders to
the closing auction begin at 3:45 PM on each trading day; however, traders
may submit MOC and LOC orders during the closing auction if there exists a

significant amount of imbalance volume, known as the Regulatory Imbalance?.

INYSE Rule 123C(1)(d); see http://wallstreet.cch.com/nyse/rules/
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Moreover, instead of Imbalance-Only (1O) orders, NYSE offers Closing Offset
(CO) orders, which serve a similar purpose as the IO orders at NASDAQ. The
major difference between the closing auctions at NASDAQ and NYSE is that
the floor brokers have an advantage over other market participants at NYSE.
From 2:00 PM to 3:45 PM, the floor brokers are able to view the close book
every 15 seconds. The information includes the MOC, LOC, and CO orders,
as well as any imbalance. At 3:55 PM, the Closing D-quotes, which are or-
ders floor brokers use that can add or create an imbalance anytime until ten
seconds before the market close, are included in the calculation of the imbal-
ance. Due to the multiple layers of additional complexity at NYSE, we choose
to study the closing auction at NASDAQ to analyze the underlying financial

mechanism.

Since the trader will typically begin trading in the open market sometime
before the start of the closing auction, one faces a degree of uncertainty in
the quest in attaining the closing price. As a flow trader, the objective is to
minimize the average and deviations of the slippage, relative to the closing
price benchmark. A trader is guaranteed to receive the closing price if the
total volume of the order is placed in the closing auction so that the slippage
is zero. In this case, the risk is zero and average cost equal exactly the bench-
mark cost. However, a trader may perform even better overall by taking some
risk and achieving a slippage on average by participating in the continuous
trading as well. Such behaviour is mainly due to two reasons. Firstly, the
trader can benefit from the impact of one’s own order in the closing auction.
In particular, the imbalance volumes revealed at the imbalance announcement

have an influence on the stock prices. As such, by investing prior to the initial
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imbalance announcement, the trader could execute orders at more attractive
prices. If the order placed in the closing auction is sufficiently large, one can
have a negative impact on the closing price when the orders are executed at
4:00 PM; thus, trading in the open market before the prices are affected by
the large order submitted to the closing auction can reduce the implemen-
tation cost. Secondly, the imbalance announcement may suggest a drift of
stock prices if the revealed information goes predominantly in one direction
(buy/sell). Hence, the trader placing buy (sell) orders may be able to gain
from a lower (higher) price from orders before the closing auction if a buy
(sell) imbalance is forecasted. While we include and discuss this second factor
in our main results for the optimal strategy, we put more emphasis on the
study and implementation of the first impact because it is a crucial feature
of the closing price benchmark that the trader’s own orders submitted to the

auction affect prices before the auction through the imbalance announcement.

Based on the observations discussed in Bacidore et al. [2], they suggested
that it is optimal to not trade, or only trade with a small order, continuously
after the initial imbalance announcement. After the imbalance is announced,
the impact of one’s own participation in the closing auction is reflected in the
stock prices. By trading in the open market during this time, the trader will
receive an unfavourable price due to the imbalance announcement. Thus, it is
preferable to trade before the initial imbalance announcement and not after.
This statement will be proved mathematically as a part of the main results of
this thesis. The main results are expressed in the form of explicit formulas for
the optimal strategy. In the empirical part, its implementation to real histor-

ical data yields a small but persistent improvement in average costs.



This thesis focuses on presenting an optimal trading strategy for flow
traders at NASDAQ. In Chapter 2, we first introduce a discrete-time frame-
work and then derive the optimal trading strategy through the Karush-Kuhn-
Tucker conditions. In Chapter 3, we present a continuous-time variant by solv-
ing the corresponding Euler-Lagrange equation. In Chapter 4, we estimate the
model parameters based on historical data and test the out-of-sample perfor-
mance on real data from 15 stocks traded at NASDAQ. Chapter 5 provides
proofs of the mathematical derivation of the models. Chapter 6 concludes,

and the appendix contains auxiliary calculations.



Chapter 2

Discrete-Time Model

2.1 Problem Formulation

Consider a market order with volume of v; at time i for i € {1,2,...,7 — 1}
where time 7' corresponds to 4:00 PM EST, the close of the market. Let 7 be
the time when the initial imbalance is published, which corresponds to 3:50
PM EST, at NASDAQ. Let vy be the volume of orders submitted to the closing
auction. Suppose the order imbalance is cleared immediately and there are no
orders in the closing auction after 3:50 PM. If the market impact of our order
is only temporary, then our investment decision at time ¢ will only affect the
price at time ¢ but not the subsequent stock prices at time t+1,¢4+2,...,T—1.
Moreover, our order placed in the closing auction, vy, does not only affect the
closing price, Pr, but is also accounted throughout prices from 3:50 PM ET

(time 7) to 4:00 PM ET (time T"). Then the prices of the stock are given by:

P,=P+pv, for te{l,....7r—1,7+1...,T—1},

7



PT:pT+ﬁvT7

PT:pTJ
for

P=P_,+2 for te{l,...,r—1,7+1...,T—1},
PTZPT—:[_'—ZT_FO[NJ

PT:PT—1+Zia

where (3 is a non-negative scalar that measures the influence to the stock prices
due to the investor’s orders in the open market, and « is a non-negative scalar
that reflects the impact of the auction imbalance announcement on the stock
prices. Z; is an independent and identically distributed random process and
Zp is a random variable independent from Z;. For Z;, we denote its mean by
pz and its variance by 0%, and for Zr, we write g1 7 for its mean and 0% for its

variance. Moreover, the imbalance N can be expressed as:
N =N + vr,

where N is the imbalance caused by other market participants. W is the total

orders given in advance, which can be written as:



Consider any risk aversion, A > 0. Flow traders’ benchmark is the closing

price, Pr; thus, the objective is to minimize:

T T
E{Z v P, — WPT} + AVAR[Z v Py — WPTl . (2.1)

t=1 t=1

2.2 Optimal Strategy under Drift Condition

In this section, we first analyze the optimal strategy when we impose additional
conditions on the drift of stock prices as well as the amount of predetermined
total order volume (W). In particular, the assumptions we impose on the drift

are:

which ensures it is not optimal to trade after the initial imbalance announce-
ment. In other words, we assume random drivers reflected in stock prices, Z

and Z, have non-positive drift.

If the imbalance announcement related to the orders of the other traders has
a clear positive direction that outweighs the impact of our trader’s order, then
it may be optimal for our trader to trade before the imbalance announcement
without participating in the closing auction. To avoid such situation, we as-
sume our trader has at least a certain amount of predetermined total order

volume (W).

By applying the Karush-Kuhn-Tucker conditions, we derive a set of explicit

optimal investment strategies. The detailed proof is shown in section 5.1.1.



Furthermore, we later examine a generalized strategy in section 2.3 when the

conditions mentioned above are removed.

Proposition 1. Suppose that there are no orders in the closing auction after
the nitial imbalance announcement and the imbalance is cleared immediately.
Assuming the investor is a flow trader and his/her participation has temporary

market impacts. Suppose the investor has sufficient capital, in particular:

oY
W > g 2.2
T 2((T — 7+ 1)Aoy + Ao + Aa%o%) + o'y (22)

If the random drivers reflected in stock prices, Z and Z, have non-positive

drift, then we have the following:

1. It is not optimal to trade after the initial imbalance announcement; that

is, vy =0 for k€ {r,..., T —1}.

2. Suppose the investor’s orders in both the open market and the closing

auction have an influence on the stock prices. We denote:

my = (T — t)Aoy + Ao} + Aa’o% + a,

)\O’% )\O’%
T+1—x2 T—l—l—xl
pom (LT e (T,
3 —1 x5 —1
xt 2t
G = L+ 2

2—-1 2i-1

where

o2 o2 o2
=1 206Z+\/ ;Z(H 4052)’

10



o2 o2 o2
=1 Z _ Z (1 Z .
T \/B ( i 45)

Let t* be the smallest number such that:

T—1

1
((T — ) + 5 Z miqiﬂ_t*)uz +ps+alpy +W)>0.

i=t*+1

If there exist such t* € {1,...,7 — 2}, then the investment strategy in

the open market is given by:

v, =0 forse{0,...,t" =1},

y ((T t)+ 5 Zz 1 Midig1— t*)MZ +pz+alpy +W)
tx — )

(ﬂ + my + Zz =t*+1 mipPi41— t*)

,UZ :pi+1_t*vt* — g_;%’—&-l—t* fOT/L 6 {t*_f‘]_,,T_l}’

and the investment in the closing auction is:

-1
Ur = (1+ Z Pit1- t) ,u_ﬁ Z Qit-1—t*-

1=t*+41

Otherwise, the optimal strategy is:

=0 forte{l,...,7—2},

_ (T =7+ Dpz + py + alpy + W)
Ur—1 = INnax 70 ’
28+ (T — 74+ 1)Aog + Ao% + Aa2o% + a)

Ur = W — Vr_1.

11



3. If the investor’s orders have no influence on the stock prices in the open
market, then the investments in the continuous trading can only occur at
the beginning and the moment before the initial imbalance announcement.

In particular, we have:

=0 forte{l,...,7—2},

T -1+ Vpz+pz+alps+W)
2((T =7+ Aoy + Ao + Aok +a) )’

VUr—1 = mMax (

Ur = W — UVr—1.

4. If the investor’s orders have no influence on the stock prices in the closing
auction, then it is optimal to invest only in the closing auction. That is,

’UT:W

Remark: If the condition 2.2 is not met, we can still give explicit formulas
for the optimal strategy, but they become more complicated. In particular,
if investor’s orders have an impact on the stock prices, we denote by t* the

smallest number such that:

T—1
1
<(T —t) + = Z miqz-ﬂ_t*),uz +py+alpy +W) =0 >0

B i=t*+1
where
1 T—1
dp+ :=max <((T —t") + E Z miQiJrlt*)MZ +py +oalpy + W)
i=t*+1

12



2(8 + my= + ZT;£ MiDit1—t*) 7 —!
S W t2 E Git1—¢= ), 0 ).
I+ Zi:t*+1 Pi+1—t*

If there exist such t* € {1,...,7—2}, then the investment strategy in the open

market is given by:

v, =0 forse{0,...,t" =1},

((T t*) +3 Zz o1 TMidi+1— t*)/vLZ + Kz + O‘(MN + W) 5t*
Vg = 3
208 +my + 30, i1 MiDi1-t+)

Hz . "
Vi = Pip1—=Vpr — %C]Hkt* forie{t"+1,....,7 =1},

and the investment in the closing auction is:

(1 + ZZ =t*+1 p74+1 t*)vt* + Z’L t* 41 q1,+1 t* lf 5t* = O’

Ur =
0 if 6« > 0.

Otherwise, we denote:

0 =max ((T—T—i—l)uz—i—uz—i—a(uN—l—W)

—2W(B+ (T — 7+ 1)Aoy + Ao + Aa’o% + a), 0),
and the optimal strategy is

v, =0 forte{l,....,7—2}

( (T—7+Dpz+pz+alpg+W) -0 )
VUr—1 =— mMax 2 70 )
2(8+ (T =7+ 1)Aog + Ao} + Aa20% + )

vp =W —uv,_q.

13



If the investor’s orders have no influence on the stock prices, then the invest-
ment in the open market will only occur at the moment before the initial

imbalance announcement. In particular, we denote:

d =max <(T—T+1)/L2+M2+OZ(MN+W)

—2W((T — 7+ 1)Aoj + Ao} + Ao + a), O),
and have:

=0 forte{l,...,7—2}

(T—7+Dpz+pz+alpy+W)-9 0)
2((T — 7+ 1)Ao% + A% + Aato%, +a) )’

V,_1 = max <

vp =W —u,_q.

Corollary 1. Suppose uz < 0. As the investor’s influence on the stock price

in the open market (B) converges to 0, the optimal strategy will converge to

v=0 forte{l,...,7—2}

(T —7+Vpz +pz+alps+W)
2((T = 74+ 1)Ao% + Ao} + Aa2o2 +a) " )

Vr—1 = Max (

vp =W —u,_q.

The proof of corollary 1 is available in section 5.1.2. The finding suggests
that item 2 converges to item 3 in proposition 1, as 5 converges to 0. In other
words, when the stock prices in the open market have a non-positive drift, if

a flow trader’s investment decision has extremely small influence on the stock

14



prices in the continuous trading, then the optimal strategy converges to the
strategy where there is zero effect on the open market (5=0). In addition,
we will observe an analogy with its continuous model counterpart later in

section 3.3.

2.3 General Optimal Strategy

Suppose we remove the constraints imposed on the drifts, gz < 0 and p; <0,
and the condition on the amount of capital, W. To address this question,
we introduce a generalized strategy in this section. Unlike proposition 1, it
is difficult to express the optimal strategy in the form of an explicit formula;
instead, it will be presented in the form of an algorithm. As a trade-off of a
generalized strategy, the execution can be time-consuming due to the compu-
tational iteration discussed in this section. The proof of the general strategy
can be found in section 5.1.3.

We dissect the strategy into two cases. In particular, the case where the
traders have influence on the stock prices in the open market (5 > 0), and
the case where the traders do not affect the open market (8 = 0). In the first
case where 8 > 0, we organize the various scenarios into three categories. We
define Strategy A to be the strategy when one does not invest after the ini-
tial imbalance announcement. Strategy B is the optimal investment strategy
when one would invest both before and after the initial imbalance announce-
ment. Lastly, Strategy C is the strategy when one only invest after the initial

imbalance announcement.

15



Case 1: 3 >0

For all three strategies, we denote:

o2 o2 o2

o2 o2 o2
o :_H?BZ_\/ﬁZ(HLLﬁZ)’

such that:

(T—z’))\a%—i—)\aé—i-/\aQU%]—i—a forie{l,...,7—1},

(T—i))\U%-i-)\O'% fori e {r,..., T — 1},

and fori € {1,...,7 — 1},

qi ‘= P + D)

Strategy A: v, =0 forke{r,...,T —1}.

Strategy A consider the case when the investment occur only prior to the ini-

tial imbalance announcement. The structure follows directly from the remark

after proposition 1, which is exactly the optimal strategy under the drift con-

ditions. However, if pz > 0, then the resulting formula may not hold due to

the violation of our constraint, v; > 0. In particular, applying the strategy

directly could result in heavy investment in the earlier period and short selling

(v; < 0) in the later period. To avoid this issue, we select the optimal strategy

with computational iteration.
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Let t* € {1,...,7—2} and t € {t* +1,...,7 — 1} be the starting and ending
time of investment, respectively. Moreover, let t* be the some integer such
that v > 0 and vy > 0, for some ¢ € {t* + 1,...,7 — 1}. We consider the

auxiliary term:

t
F 1
6t :=max <<(T —t*) + 3 Z miql'_l’_l_t*)uz + s +oalpg +W)
i=t*+1

208+ mp + S MiPig1—t-
B ( t szt—i—l iDi+1—t (W—i— Z Qig1— t*> )

t
1+ Zi:t*+1 Dit1—t* i=t* 41

If there exist t* and ¢ as defined above, then the structure of the optimal
investment strategy in the continuous trading, for i € {1,...,T — 1}, is given

by:

( - _
((T*t*)+% Zgzt*+l miQH—l—t*)#ZJFNZJFO‘(:“NJFW)*&* if 4

t L= t*a
2(B+myx +3 25—y 11 MaPi1—1%)

U’i - < pi+1—t*vt* — g—ng‘_j’_l_t* lf/l 6 {t* + 17 e ,f},

0 if otherwise.
\

The investment in the closing auction is vy = W — ZZ 1 Vi

If puyz < 0, or g1 _pvp — g—gqiﬂ_t* is non-decreasing over ¢ for all t* €

{1,...,7 — 2}, then we have ¢ = 7 — 1 and t* is the smallest integer such
that:
1 T—1
(T =)+ 5 3 mitinruz +117 + alig + W) =670 > 0.
i=t*+1

Otherwise, one would need to iterate through every combination of t* and ¢

17



such that v, vy > 0. For each pair of t* and ¢, we compute the strategy given

above and compare the objective value, which is equivalent to:

—_

T—

T-1 7—1
Bva+athth “ZZ —t)vy — szvt alpug +W)
2 T—-1 2 T—1 2 t
+Aagz<zm> +Aa§<zw) +)\a20]2v(211t) , (2.3)
t=1 1=0

t=1 t=1

1

as shown in Step 1 of section 5.1.1. The optimal t* and ¢ are given by the

combination that leads to the lowest objective value.

If t* and t defined above do not exist, then investment in continuous trad-

ing can only occur once at time t € {t*+1,...,7 — 1}. We denote:

0" = max ((T —pz + pz +alpg + W)

—2W(B+ (T =)Ao} + Ao + APoy + a), 0),

and the optimal strategy in the open market is:

T—Dpz+pz+alpyg+W)—ot . T
max( Tz ”ZZ (;"N 2)2 ,O> if i = ¢,
v; = 2(B+(T—ﬂ)\az+)\az+>\a O’N-"-Oé)

0 if otherwise,

and the investment in the closing auction is simply vy = W — vz. Similarly,
if 17 <0, then we have t = 7 — 1. Otherwise, after iteratively examining the
objective value in eq. (2.3) given by above strategy for all ¢ € {1,...,7 — 1},

the optimal strategy is given by the ¢ yielding the smallest objective value.

18



Strategy B:

Strategy B is the strategy where one choose to invest during both periods,
before and after the initial imbalance announcement at time 7. The beginning
and ending time of investment for both period could vary drastically depend-
ing on the input parameters. We define t* € {1,...,7 — 1} to be the starting
time and ¢ € {t*,...,7 — 1} to be the ending time of investment for the time
horizon prior to time 7. Similarly, we let k* € {7,..., T —1} to be the starting
time and k € {k*,...,T — 1} to be the ending time of investment after time
7. In other words, we define t* € {1,...,7 — 1} and k* € {r,...,T — 1} to
be the integers such that vy, vy > 0 and v, vz > 0, respectively, for some

te{t,...,7t—1}yand k € {k*,..., 7 — 1}.

We denote:
Bat-1) T BEi-1)
and
o2 1if 7
_ ﬁ+,§ Zpr_i = proimr i€ {1, 7 — 2},
pi =
)\U% . .
=5 iti =7—-1.
o2 1f 7
- B+2 Zqr—i — qr—i—1 i1 € {1,..., 7 — 2},
qi =

lifi=7—-1.
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We suppose t*, k*, £, and k defined above exist. We further denote:

‘ s ok
B + My + Ef:t*+1 MGPi+1—t* + D= ZiZk*+l (mz + %)Qifk*+1,

ar (t*, k", t, k) == =

AoZ _ )
B+ mi+ = S g (M4 §) gy =1,

B+m; if t* =t and k* = k.

(mk* + %) (1 + Zgzt*+1 pi-‘rl—t*) +ﬁt* Z?:k*+1 miqQi—k*41,

a2(t*7k*7t7 k) = !
o 4 Aoy N~k . o f
s + D) + B Zi:k*—i—l mMiQi—k*+1 it t* = t7

mp+2 ift* =fand k* = k.

k a : * 1.
B Mmex + & + Z~:k* 1 (m + *)T‘,k*+1 if k* < k,
b (K, F) 1= oo

my, if k* =k

_ B+ my + Zfz e Mirige g1 Af KT <K,
bo (£, k%, k) = S

B+my itk* = k.

t -k
Zézt*-q—l M;Qi+1—t* + Qe* Zi:k*ﬂ (ml + %)Qi—k*ﬂ,
. Ef:t*+1 migi1—e+ k" =k
Sl(t*,k*,t, k) = i ’
Zf:k*ﬂ (mi + §)Gimpr1 i 5 =1,

0 ift*=1%and k* = k.

t -k

(mk* + %) Zﬁ:t*ﬂ Qit1—t* + Q= Zi:k*+1 MGk 415
7 . _
so(t*, k*, 8, k) = 2icprpr Qi1 KT =F,

k . -
Dimhey1 MiGi—k1 i 7 =1,

0 ift*=tandk* =k.
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Moreover:

)
t ok
L Zgzt*“ Piti—t+ + Dex D e 1 Qimk+1,
s L+ Zf: w11 Pit1—t if k* = ]}’
A(t*7k*7t7 k) = vt
Ao L . . _
1+ BZ zll:*-i-l Gipryp ift"=1t,

1 ift*=17and k* = k.

\

.
E _
1+ Zi:k*+1 Ticke41 VET<U,

Bt k"t k) =1 ifk*=Fk, V<t

0 iftr=t.
\

(

t ~ k
Zi:t*Jrl ¢ + G- Zi:k*Jrl Qi—k*+1,

- Zf: o1 Qip1—p A ET = ]2’,
Ot k" 1K) = v

Ef:k*+1 Qi—k*+1 if t* = E?

0 ift*=tand k* = k.

\

Furthermore, we let:

- . vk Lk
,U?um(t*7 k*ﬂf, k’) Z:(bl(t*7 k‘*,t, k) (T — K + %)

— by(t*, k", 1, ];/,) (T oy W))W

+ (b (k5 k) — ba (U k¥ 1 k) ) gy — o (U K%, L k) a (g + W),

o (K E k) =2y (8 K B R)as (8, K5 8 k) — Do (5, K 8 K)ay (t°, K, 1, k),
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and

- t k* 1k
o (kLK) (al(t*,k*,t,k) (T—k*+—82( ’6’ ’ )>

- t k51 k
—aQ(t*,k*,t,k)(T—t*—i——Sl( ’5” )>),uz

+ (al(t*’ E* £ k) — ag(t*, k*, 1, ]%))[LZ —ag(t*, K* k) a(ugy + W),
VI K k) =2 (an (8, K5 E Kb (87, KT LK) — ao(tt, K58 R)b (7, K7L T k),
such that:

ilen(t*’ k,*’ t, k)

5’6"(#*, k*, t, k)

X(t* k1, k) = Y (£ k* 1 k) =

We find that, for the auxiliary term:

o 2([)10,2 — b2a1) < Kz ) >
5t*,k‘*,t,]€ = AX+BY - =C-W
( ) = max <A(bl —b2) — B(a1 — az) 28

the optimal strategy in continuous trading takes the form of:

(

X—(‘“—IJQ(SHCZ—IS*

2(braz—baa1)
Dit1—txUpx — g_gqi+1_t* if ¢ € {t* + ]_7 N ,f},

v; = Y—l—ﬁdlfz—k*

Di* Qi—kr 41Vpx + Ti_jr 41 Vpx — Z—gdt*qi_k*ﬂ ifi e {k*+1,...,k},

0 if otherwise,
\

fori e {1,...,T—1}. The investment in the closing auction is therefore given

by vp =W — ZZ 11),
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The challenge is now to determine the optimal starting time, ¢* and k*, and
the ending time £ and k. If py < 0 or the following two equations are non-

decreasing,

i+1—t* Ut QB 1+1—1t*,
~ Z ~
Dt Qi—k*+1Vtx + Ti—fx 41Uk — M_Qt*%ék“rla
20
then it is clear that f =7 — 1 and k = T — 1. In this case, t* € {1,...,7 — 1}

and k* € {r,...,T — 1} are smallest integers such that v+ > 0 and v > 0.

Though one cannot easily derive the optimal value t*, k* ¢, and k explicitly,
they can be found iteratively. In the case where the above two equations
are increasing, one can iterate every combination of t*, k*,f, and k such that
Vg, UE, U, U, > 0. The optimal strategy is given by the set of combination
that yields the lowest objective value shown in eq. (2.3). Depending on the
over all time horizon and the time increment of the investment, the overall

iteration procedure can be very time-consuming.

23



Strategy C: v, =0 forte {1,...,7—1}.

The overall presentation of Strategy C is similar to that of Strategy A. Suppose
k*c{r,...,T —2} and k € {t* +1,...,T — 1} are the starting and ending

time of investment, such that vg« > 0 and v; > 0, respectively. We consider:

k
— N 1
6;:* = max <<(T —k ) + = Z miqi_k*_,_l)uz + MZ
6 i=k*+1

2(,6 + mypx + ZE: « M‘p'_k*+1) Wz k
- T—i il W—f—% Z Qi—k*+1 70 .
L+ i g1 Pickey1 imh 1

If such k* and k exist, then the optimal strategy in the open market is given

by:

( — _
((T—k*)‘i'% PO miQi—k*+1)HZ+HZ'_5£* Ty
2(BFmp + 30 g 1 TPk 1)

Vi =Y picke 1V — 550G e if i € {RT 1, K

0 if otherwise
\

The investment in the closing auction is again vy = W — ZiT;ll vj.
If uz <0, or p;_pry 1V — %qi,k*ﬂ is non-decreasing over ¢ for all k* €

{1,...,T — 2}, then we have k = T — 1 and k* is the smallest integer such

that: )
1 < :
((T — k*) + B Z miqifk;*+1),uz +py — (Sllz* > 0.
i=k*+1

If not, then the optimal strategy can be found by iterating through all combi-
nations of k* and k such that vy, vz > 0. The pair of k* and k that suggests

the lowest objective value shown in eq. (2.3) gives the optimal strategy.
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If k* and k defined above do not exist, then investment in continuous trading

can only occur once at time k € {k* +1,...,T — 1}. We denote:

6F = max <(T — Kz +pz —2W(B+ (T —H)rog + /\022), O),

and the optimal strategy in the open market is:

max ( (T —Rugtiz =8 ,0) if i =k,
v = 2(BHT A0 +r02 )

0 if otherwise,

and the investment in the closing auction is simply vy = W — v;. Similarly,
if 17 <0, then we have ¢ = T — 1. Otherwise, after iteratively examining the
objective value in eq. (2.3) given by above strategy for all k € {1,...,7T — 1},

the optimal strategy is given by the k yielding the smallest objective value.

Overall, the optimal strategy for case 1, is the one among the resulting strategy

of Strategies A, B, and C, that suggests the lowest target value.
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Case 2: [ =0.

In the investor has no influence in the continuous trading at all, then the
investment can only occur at three particular time periods. Specifically, at the
very beginning of the investment time horizon (time ¢*), the period before and
the period after the initial imbalance announcement at time 7. We denote
by t and k the starting time of the investment before and after the initial

imbalance, respectively. As such, the strategy for the continuous market is

given by:
Ut*—max<2)\ 2,)
—t‘)az+a2 )ta )
T kﬂz+ﬂz 55
Ve — — 1+ —1.,0
Uk ( 2my, (o1 + v7) +2mk )

where 5? =max (uy; — a(ve + vg) — 2Wmg, 0).

If v = 0, then the strategy is:

Vg = MaxX 'LL—ZO
t 22y

T—1 > o+ W) —d;
vF = max (( QUL +'uZ2+ olpy +W) = o — Ut*,())a
mg

with & = max (T — t)pz + pz + a(py + W) — 2Wmg, 0).
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If both vz = 0 and v; = 0, then the strategy is simply:

o :max<(T—t )uz+/~bz+a(/~w+W)—5,0)7
2m1

with 6 = max ((T' — t*)pz + pz + a(uy + W) — 2Wmy,0).
If iy < 0, then we have t = 7 — 1 and k = T — 1. Otherwise, the opti-

mal strategy can by found iteratively by locating the set of t*, ¢, and k that

yields the lowest objective value depicted in eq. (2.3).
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Chapter 3

Continuous-Time Model

3.1 Problem Formulation

The orders in the open market can be executed at a high frequency, which
means the time increment between each transaction is nearly zero. To incor-
porate the continuous-time structure, we adjust the model accordingly. Sup-
pose we trade at the rate of v, in the open market time s for s € [0,7") where
time T corresponds to 4:00 PM EST, the close of the market. We denote
by 7 the time when the initial imbalance is published at 3:50 PM EST. As-
sume the order imbalance is cleared immediately and there is no orders in
the closing auction after 3:50 PM EST. Suppose the flow trader’s orders have
temporary market impact, then the investment decision at time s can only
influence the stock price at time s and not the subsequent prices at time ¢ for
t € (s,T]. Similarly to the discrete-time model, the order placed in the clos-
ing auction, vy, is accounted for in all stock prices after the initial imbalance

announcement (during the time interval (7,7]), and does not only affect the
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closing price. Furthermore, we model the movement of stock prices without
the trader’s involvement with an arithmetic Brownian motion. An arithmetic

Brownian motion satisfies:
dY, = odW, + pdt

which is equivalent to:

Y;‘/:Yb‘i‘UWt‘i‘,U/t

by integration. In addition, the absolute change, dY;, is normally distributed.

We define # and a to be non-negative scalars to measure the effect on the
stock prices due to the investor’s orders in the open market and the auction
imbalance announcement, respectively. Z is a random variable to capture the
stock movement at time 7. We denote by p; the mean of Z and by 022 its

variance. Moreover, the imbalance process N is expressed as:
. T
0
W is the total amount orders given in advance, which can be written as:
T
W = / ’Utdt + v,
0

As such, the prices of the stock are given by:

Pt:ﬁ’t—i—ﬁvt for tG[O,T),
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PT == pT7
where

P, = Py+ ut + oW, for tel0,7),
P,=Py+pus+oW,+aN for se[r,T),

Pr=Py+ puT +oWr+aN + Z.

For any risk aversion parameter, A > 0, the objective function for a flow trader

is presented as:

T T
min E{/ v Prdt + (W — / ’Utdt) Pr — WPT}
0 0

T T
+ )\VAR[/ v Prdt + (W — / vtdt) Pr — WPT}
0 0

T
st. v>0 Vtel0,T), W—/ vedt > 0.
0

Additionally, we define the cumulative order up to time ¢ as:
t
X/ = / vsds.
0

3.2 Excursion: the Euler-Lagrange Equation

The Euler-Lagrange equation is a fundamental mathematical tool in the field
of Calculus of Variation. In this chapter, this concept plays a key role in

deriving the results. The methodology gives a differential equation such that
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one can optimize equations of the form:

b
J:/ F(x,y,y )dx.

Gelfand and Fomin [7] give a detailed presentation of the Euler-Lagrange equa-
tion and its various forms in the context of Calculus of Variation. In addi-
tion, Weinstock [12] shows various application of the Euler-Lagrange equation.
In this section, we give a brief description on the application of the Euler-
Lagrange equation used in the proof of proposition 2 in section 5.2.1; further

detail can be found in Chapter 7 of [7].

We consider the problem of the form min, J = ® (I3, ..., Ix) where

b
]k:/ Fe(z,y,y)dx for ke {l,... N},

and the function ® is continuously differentiable. For some Lagrange multi-

pliers, A\q,..., Ay, the objective function can be expressed as:

y y I X

N b
min J = min min max (<I>+Z)\k(]k—/ Fk(x,y,y’)dx>).
k=1 a

Thus, for all k£, we have:

We consider:
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The methodology suggests that the optimal solution can be determined by
solving the Euler-Lagrange equation:

_ 4o o
dtoy oy’

3.3 Optimal Strategy under Drift Condition

In this section, we propose a set of optimal investment strategies for flow
traders when assuming a continuous-time model. Similarly to the discrete
time model in section 3.3, we first examine a model with additional conditions
on the drifts of stock prices and the amount of predetermined total order

volume (W). We recall that the assumptions we imposed on the drift are:

As an analogy with the discrete-time model, above assumption suggests no
investment after the initial imbalance announcement. Furthermore, we simi-
larly impose an assumption on the capital W. If this condition is not satisfied,
then the trader may not invest in the closing auction. Moreover, similarly to
section 2.2, we further impose the condition that u < 0 to avoid complicated
presentation in this section, due to computational iteration, which is further

discussed in section 3.4. Hence, the drift conditions become, ;1 < 0 and p; < 0.

In comparison with the discrete-time model, the mathematical derivation

shown in section 5.2.1 is structurally simpler with the help of the Euler-
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Lagrange equation mentioned in section 3.2. Furthermore, later in section 3.4,
we present a more generalized strategy when the conditions mentioned previ-

ously are removed.

Proposition 2. Suppose there are no orders in the closing auction after the
initial imbalance announcement and the imbalance is cleared immediately. As-
suming the investor is a flow trader and his/her participation has temporary

market impacts. Suppose the investor has sufficient capital, in particular:

Ao eV
W > 2sinh <, /%T>C(O) - % (3.1)

If the random drivers reflected in stock prices have non-positive drift, p < 0

and p; <0, then we have the following:

1. It is not optimal to trade on a stock after the initial imbalance announce-

ment; that is, v, =0 fort € (1,T).

2. Suppose the investor’s orders in the open market influence the stock

prices. That is, B > 0. We denote:

my =Tp+pgz+alpy + W),

LN

=57 ()\022 + )\04201%, + a),

mo

and

Cnum (t) =sinh (ﬁ / )\;27> <m1 — My <1 — eQ\/?T>) — sinh ( >\;2t> <m1
— My (1 —e? $t>> — ;L(Tsinh <ﬁ / )\;27> — tsinh < )\g2t>
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_ % /)£2<e_2 2e2, 2 *ﬁt))’
Cden(t) =2 B)\UQ(sinh <2’ / )\227) — sinh (2\ / >\;2t>>
+ 4()\022 + )\0420]2\7 + a) (sinh2 <, / )\;27> — sinh? (, / A;t) ),

such that:
Cnum (t)
Cden (t) ‘

c(t) =

Let t* be the smallest number such that:

Ao? 22
2 cosh (, / %t) c(t*) + 2/\NUQe_ )

If there exist such t* € [0,7), then the rate of trading in the open market

at time t is given by:

vs=0 forsel0,t),

Ao? Ao? _ 22
vy = 7(2 cosh ( 725) c(t) + 2;\22(3 5 t),

and the cumulative order at time t is:

X?=0 forse|0,t),
v : Ad N\ f ke
X :QSmh( 71&)0(25)4—2/\02(1—6 @t).

Furthermore, the investment in the closing auction is:

UT:W—X}_}.
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Otherwise, the investment only occur in the closing auction:

UT:W

3. If the investor’s orders have no influence on the stock prices in the open
market (8 =0), then the investments in the open market can only occur
at the beginning and the moment before the closing auction, which is

denoted as T = T — € for some small € > 0. In particular, we have:

%:max( T =7)+pz+alpyg+W) -0 70)’

2(a+ Mo2(T + 7) + a20% + 02))

V=W —Vr,

where § = max (u(T —7)+pg+apg —2(a+ A0*(T +7) + a?o% + 022))1/(/,0).

o2 r

In (3.1), the term % is non-negative if g < 0. Therefore, under the

assumption p < 0, the condition (3.1) is satisfied if W > 2sinh (, / %7’) c(0),

which holds if W is big relative to %2

Remark: Suppose the condition (3.1) does not hold. For simplicity, we denote

o2 -

a; = eV 7' and we consider:

5 — o <2sinh(a7)c(t*) — g (l—e7) =W

sinh(2a,) — sinh(2a;.) (2v/BAo?(sinh(2a,) — sinh(2a+))

+ 4()\022 + /\a2012§, + ) (sinh?(a,) — sinh?(ap))), O) .
We define:

6num(t) = Cnum(t) - 5(Sinh(2a7) — sinh(2at*)),

35



such that
c(t) = .
( ) Cden(t)

If there exists t* € [0, 7), then the rate of trading in the open market at time
t is given by:

v, =0 forsel0,t"),

o2 Ao \ ., B [re?y
vy = 7(2cosh(w/7t)c(t)—l—2)\02e s ),

and the cumulative order at time ¢ is:

X?=0 forsel0,t),

) Ao? 1 _ [y
v —= —_— * —— - B
X} = 2sinh (\/ 3 t>c(t )+ g2 (1 e )

We find that as the influence of a flow trader’s investment decision on the stock
prices diminishes approximately to 0, the optimal strategy is identical to the
strategy where the trader has no influence. We recall a similar finding in the
discrete-time model shown in corollary 1. The detailed proof can be found in

section 5.2.2; and we propose:

Corollary 2. Suppose i < 0. As B converges to 0, the optimal strategy shown

in item 2 of proposition 2 converges to item 3. In particular,

V;:max( wT—7)+pz+olpy+W)—9 ’0)7

2+ X(o2(T +7) + a’o? + a%))

V=W —Vrp,

where § = max (u(T —7)+pg+apg —2(a+ A (T+7) + 0% +0%))W, O).
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3.4 (General Optimal Strategy

In this section, we discuss the generalized strategy if we omit the conditions
we imposed in proposition 2. Similarly to the discrete-time model, we will dis-
sect the overall strategy into two cases. The first case is when a flow trader’s
investment decision has influence on the stock prices during the continuous
trading (8 > 0). The second case is the opposite where the trader has no ef-
fect at all (8 = 0). The proof of the optimal strategy is shown in section 5.2.3.
As we have in section 2.3, we further separate case 1 into three strategies. We
let Strategy A be the strategy when one only invest before the initial imbal-
ance announcement. Strategy B is the optimal investment strategies when the
trader invest both before and after the initial imbalance announcement. Strat-

egy C is the strategy when the trader only invest after the initial imbalance

announcement.
Case 1: >0
For simplicity, we denote:
Ao2
a(i) := [ ——i
5

in all three strategies.

Strateqy A: v, =0 for k € [1,T).

Strategy A considers the case when the investment occurs only prior to the
initial imbalance announcement. The strategy is given by the remark of propo-

sition 2. Similar to the discrete-time model, if p > 0, then the resulting for-
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mula may not hold due to the violation of our constraint, v; > 0. Specifically,
implementing the strategy without any modification could result in excessive
amount of investment in the earlier period and then short selling (v; < 0) af-
terward. In particular, one can select the optimal strategy with computational

iteration.

For some small ¢ > 0, let t* € [0,7) and 7" € [t* + €,7) be the starting
and ending time of investment, respectively, such that v~ > 0 and vz > 0. We

recall from proposition 2 that:

my =Tu+ pz +a(py + W),

!

Mo = ——
27 o2

()\022 + )\a2a]2§, + a),
and

Crum(t,£) =sinh (a(?)) (m1 —ma (1 — ")) — sinh (a(t)) (m1 — ma (1 - )
—n (t sinh (a(0) ~ tsinh (a(t)) — 31/ 12 (e—m(a _ e—aau)) )
Cen(t, 1) =21/ BA0?(sinh (2a(t)) — sinh (2a(t)))

+ 4()\022 + )\oz2o']2\~[ + a) <si1r1h2 (a(f)) — sinh? (a(t))),

such that c(t,t) = % We consider the auxiliary term:

2sinh(a(7*))e(t*, 7%) — 5=z (1 — e~y — W
sinh(2a(7*) — sinh(2a(t*))

5(t,t) =max ( (2v/BAc?(sinh(2a(7™))

—sinh(2a(t"))) + 4()\022 + )\oz2a]2v + ) (sinh?(a(7%)) — sinh2(a(t*)))) , 0>.
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We define:

Crum (t,€) — 8(t, ) (sinh(2a(?)) — sinh(2a(t)))
Cden(t, E)

&L, 7) =

If there exist t* € [0,7) and 7" € [t* 4+ ¢,7), then the rate of trading in the

open market at time ¢ is given by:

V5 (2cosh (a(®) et 7) + giize V) if t € [t 7]

0 if otherwise,

V¢ =

and the cumulative order at time ¢ is given by:

2sinh ((a(t))é(t, 1) + gz (1 — e”@®) if £ € ¢, 7],
XV =

0 if otherwise.

The investment in the closing auction is, therefore, vy = W — X7.

If 4 <0, then 7 = 7 — ¢, and the strategy is identical to the one given
in the remark of proposition 2. If u > 0, then one may need to iterate through

every pair of t* € [0,7) and 7 € [t* 4+ €, 7) and check for the objective value:

T T T T T
B/ vfdt—u/ (T—t)vtdt—,uz/ vtdt—a/ vt<,uN+W—/ vtdt>dt
0 0 0 0 0
T T 2 T 2
+ )\02/0 (XP)2dt + Aa%(/o vtdt> + AaQU]Qv(/O Wﬁ) , (3.2)

which is derived in section 5.2.1. The optimal strategy is given by the set of

t* and 7* that yields the lowest target value.
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In the case that t* and 7" do not exist, the investment will only occur in

the closing auction, which means vy = W.

Strategy B

Strategy B is the strategy where one choose to invest during both periods be-
fore and after the initial imbalance announcement. Consider some small € > 0.
We denote by t* € [0, 7) the starting time and 7% € [t* + ¢, 7) the ending time
of investment for the time horizon prior to time 7. Similarly, we let k* € [, T)
be the starting time and T* € [k* 4+ ¢,T) be the ending time of investment

after time 7. We define t*, 7%, k*, T™ to satisfy vy, v« > 0 and vp«, v« > 0.

We consider our denotation for Kij (t*, 7%, k*,T*) shown in appendix A.2. We

denote:

AL(t5, 7% K5, T*) =BK} + aKTKE + A\o? K7 + Mo (K7)? + Aa?o2 (K1)?,
Ao(t*, 7%, K, T*) =BK3 + \o? K3 + Ao (K2)?,
As(t*, 7%, k", T*) =BK3 + aK{ K3 + Ao’ K3 + 2005 KT K3,
Ag(t, 7%, k%, T%) =BK{ — (T + py) K7 + pK} — a(ug + W)K]
+a(K1Kj + K3 K7) + Ao” K3 + 2005 K1 K3 + 2)\a’0% K1 K3,

As(t*, 7, k", T*) =BK5 — (Tp + py) K3 + nK3 + oKy K3 + Ao KE + 2XA0 K5 K3

We further denote:

A3 K2 —2A,K?
Dl(t*,T*,k*,T*) _ 3439 243

4A1A, — A3

A3 K7 —2A,K3

Dy(t*, 7%, k*, T*) = ZA1A2—11122
3
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and

C4( T ]{7* j*) 3 f , — 2 4,
c (* * k* T*) 3 ;1 - 5.

Moreover, we consider the auxiliary term:

B W —ca (62(1(7'*) _ 1>e—a(T*) —cp (ea(T*) _ eQa(‘r*)—a(T*)) _ 2)\#02 (1 _ e—a(T*))
0 = max ( Dy (¢20() — 1)e=a(T") + Dy (cal(T") — c2a(r")—a(T")) ’0)

If we have:

4A1 A5 — A3 <0,

then the optimal strategy will simply be v, = 0 for all £ € [0,T) and vy = W.

Otherwise, the optimal rate of trading at time ¢ is given by:

(ﬁ<cA+D15(F+eﬁt> AQeFt>fort€[t ],

v = \/A;?<(CB + D2(5 <eV %t 4 &% Nﬁt)
(CA + D1 -V t —V? t> for t € [k*, T,

+ 5igz€

,

and the cumulative order at time ¢ is given by:
-2
(ca + D16) < Vi —e V t> < —e Aﬂt) for ¢t € [t*,7%],
Ao2

Xy = (CA+D15)(62a—1)e_ Tty cB—l—D25 < v t %™ )

yrv
+2>\‘;2<1—e ﬂt> for ¢ € [k*,T].

The investment in the closing auction is, therefore, vy = W — X7.
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As we have discussed previously, one can find the optimal ¢*, 7% k* and T™
iteratively by selecting the combination that yields the lowest objective value
shown in eq. (3.2). The overall iteration procedure can be extremely time-

consuming, especially, in the continuous-time framework.

In addition, if ¢*, 7, k*, and T* as defined previously does not exist, then

it is optimal to only invest in the closing auction. Namely, vy = W.

Strategy C: v, =0 forte {1,...,7—1}.

Strategy C considers the scenario where the investor only invest after time 7.
The overall structure and proof of this strategy are nearly identical to that of

Strategy A introduced previously in this section. We denote that:
my=Tu+pg, me= -0z,

and

such that c(k, k) = % We consider the auxiliary term:

S(k, k) = max<2Sinh(a(T*))c(k*a ") — 2/\“02 (1 — e—a(T*)) - W

Sinh(QQ(T*) _ Slnh(2a(k*)) (2 B)\GQ(sinh@a(T*))

— sinh(2a(k*))) + 4A0% (sinh®(a(T*)) — sinh®(a(k")))), o) .
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We consider:

Gk F) = Crum (K, k) — 6(k, l;:)(sinh(%a(/%)) — sinh(2a(k))) |
Cden(k, k)

If there exist k* € [1,7T) and T* € [k* + ¢€,T), then the rate of trading in the

open market at time k is given by:

V25 (2cosh (a(k)) ek, T%) + gfze @) if k € [k*,T7),

0 if otherwise,

Vs =

and the cumulative order at time k is given by:

2sinh ((a(k))c(k, k) + 525 (1 — e @®)) if k € [k*, T7],

2Ao
vo__
X, =

0 if otherwise.

The investment in the closing auction is vy = W — X7. The search for the
optimal pair of £* and T is the same as seen previously. The optimal strategy

will yield the lowest value of eq. (3.2). If £* and T* do not exist, then vp = W.
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Case 2: =0

In this case, the flow trader has no effect on in the open market. We find that
it is not optimal to invest continuously, but rather, only invest at certain point
of time. Namely, we find that it optimal to invest once before the initial im-
balance announcement (time 7) and/or once before the market end (time 7).
If the stock prices yield a positive drift (u), then one should invest at the very
beginning as well (time ¢*). In particular, for some €; > 0 and €, > 0, let the
time of investment before and after time 7 tobe 7 :=7 —¢; and T := T — €2,

respectively.

We denote:

v =T )4 i+ ol + W) =20+ MPT + % + 022V

co =p(T — T) + s — (a + 2)\(02T + 022))%
Moreover, we let:

m = 4)\(a + )\(02(T +7)+ 022 + a2012v)) (02(T + T) + 022) — (a + 2)\(02T + 022))2‘

In addition, we denote:

Snum =m(2A(e*(T + T) + o%) (W — Vo) — ¢2) — (200°T — a) (2A(0c*(T + T) + 0%) 1

- (a + 2)\(02T + 022 )02)

such that § = max < (2/\U2T—6237a—a2f) ,O>. The optimal strategy is given by:

1%
Ve = 0
t max <2)\0_2, )7
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INOAT +T) + 02)er — (a+ 2A (02T + 02) )z + (@ — 0*T)5 0)
m b

V: =max < ,

Cco — (a+ 2)\(02T+ 022))1/; -0 >

Vz =ma <
T ( 2M(0%(T +T) + 02)

Vi =W — Vi — Vi — V.

If V7 = 0, then the optimal strategy follows from item 3 of proposition 2. In

particular, we have:

I
Vi = max (2)\02,0>,

wT —7) +pg +alpg + W) —2(a+ A(0°T + a®0f + 7))V — 4
2(@+ A(0HT +7) + a%0% + 0%)) | )

Vz = max <

Vp =W — Vir—5,
where
§ = max (,u(T —F)+pg +apg + 220077V — 2(a+ A(0*(T + 7) + 0% + U%))WO).

The optimal set of t*, ¢1, €5 should give a strategy that produce the smallest

objective value in eq. (3.2); it can be done iteratively.
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Chapter 4

Data Analysis

In this chapter, we use real intraday stock prices and imbalance volumes dur-
ing the closing auction to estimate input parameters, and then test the per-
formance of the optimal trading strategies. We assume our trader is only
submitting buy orders. We choose the time increment of investment to be 1
second; as such, we implement the discrete time strategy introduced in sec-
tion 2.3 in our simulations. The simulation uses the data from the previous
t — 1 days to estimate the parameters, which are used to test the performance
of the strategy on day ¢. Lastly, we compute the sample value of the objective
(2.1) suggested by the optimal strategy for each selected stock and examine if
the optimal strategy outperforms the case where the entire purchase is done
in the closing auction. The overall investment horizon consists of the last half
hour before market close on each trading day, which means each simulation

begins at 15:30:00 EST.
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4.1 Data Description

The data used in the simulation come from two sources. Namely, the im-
balance information provided by NASDAQ and the intraday stock prices ex-
tracted from the Bloomberg terminal.? The entire data set consists of a time

horizon from November 01, 2016 to January 26, 2017.

The imbalance information shows the imbalance volume at the moment of
announcement. The closing auction begins usually at 15:50:00 EST and the
information is updated every five seconds. The imbalance information is man-
ually saved through the NASDAQ Net Order Imbalance Indicator on a daily
basis. Due to unavoidable technical issues, the information at 15:50:00 EST
is missing on certain days. Thus, the information at 15:50:05 EST is used as

the initial imbalance information instead.

The Bloomberg terminal provides the intraday stock prices along with their
corresponding traded volume. Since the smallest time measurement Bloomberg
provides is in seconds, we sometimes have multiple entries for the same point
of time. In addition, the order of multiple data at a particular time does not
necessarily correspond to the order of transaction. Hence, in order to bet-
ter reflect the true volatility of the changes in stock prices, we additionally
compute the volume weighted average prices (VWAP) per second and choose
these prices for the corresponding second. In this chapter, we will refer to

these VWAP computed stock prices simply as stock prices.

?Data obtained with permission of NASDAQ OMX Group, Inc. and Bloomberg L.P.
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In the execution of the simulations, we divide our data into two sets; namely,
a training set and a test set. The training set is used to estimate the param-
eters for the optimal strategy, which is used to test the performance with the
stock prices from the test set. The training set will change with an increasing
window, which is explained in more detail in section 4.3. In our simulations,
we test the performance of our strategy from December 16, 2016 to January
26, 2017. This suggests the smallest training set consists of data from Novem-

ber 01 to December 15, 2016.

4.2 Stock Selection

Among over 100 stocks that comprises the NASDAQ 100 index, we test the
performance of a total of 15 stocks. Specifically, we consider three different
sets with each containing five stocks. Set 1 consists of the top 5 stocks with
the highest dollar-volume, Set 2 is comprised by the five stocks that best fit
our assumption of the model, and lastly, Set 3 is randomly selected from the
remaining pool of stocks. The stocks in Sets 1 and 2 are selected based on the

information between November 01 and December 15 of 2016.

Set 1: The Most Liquid

The dollar-volume liquidity is crucial to institutional investors as they often
submit large trading orders. One can easily enter and exit the positions of a
highly liquid stock. A measurement of liquidity of stocks is the dollar-volume.

From the daily summary of the NASDAQ 100 stocks, one can calculate the
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dollar-volume for each stock, which is the product of the volume of trade
and closing stock price. By examining the average of the dollar-volume from

November 01 to December 15, the top five most liquid stocks are given by:

Set 1 = {AAPL,AMZN,FB,MSFT,GOOGL}

The companies in Set 1 are: Apple Inc., Amazon.com Inc., Facebook Inc.,

Microsoft Corporation, and Alphabet Inc.

Set 2: The Most Suitable

We recall that one of the assumptions in the theoretical framework is that the
imbalance is cleared immediately and will not reappear after the clearance.
Though this assumption stays true on certain days, there exist occurrences
where the imbalance is not cleared for a long period of time and may reappear
after the initial clearance. For certain stocks, there exist times that the order
imbalance is never fully cleared. As such, we select the top 5 stocks that, on
average, take the shortest time to clear the imbalance order and have the least
number of occurrences where the imbalance volume reappears after the initial

clearance. Excluding any stock from Set 1, Set 2 is given by:

Set 2 = {ORLY,ESRX,EA HSIC,DISCA}

The companies in Set 2 are: O’Reilly Automotive Inc, Express Scripts, Elec-

tronic Arts, Henry Schein, and Discovery Communications Inc.
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Set 3: The Random

The last set of stocks is determined randomly from NASDAQ 100, excluding

stocks from Set 1 and 2. In our simulation, we have:
Set 3 = {SBUX,ULTA,FOX,PYPL,BMRN}

The companies in Set 3 are: Starbucks Corporation, Ulta Beauty, 21st Century

Fox, PayPal, and BioMarin Pharmaceutical.

4.3 Parameter Estimations

We recall that the parameters one needs to determine in order to compute

the optimal strategy are: iz, pz, g, 0%, 05, 0%, o, 3, W, and X\. We first

N’

examine the parameters that can be determined without any data analysis:

o iz and p; are the drift of the random drivers in the stock prices. As
stock prices behave differently in different days, it is difficult to determine
a clear direction of drifts on average. Moreover, since we are considering
only a relatively short time horizon of 30min, it is sensible to suppose
that drifts are close to zero. As such, we assume pz = p; = 0, which

suggests the optimal strategy will follow the result of proposition 1.

e /5 is the average imbalance volume to be cleared within the first five sec-
onds since the initial imbalance announcement. By examining the histor-
ical imbalance data, there are few occurrences where the side (buy/sell)

of the imbalance remain unchanged for a long period of time. As there
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is no clear indication on sign of the imbalance volume, it is reasonable

to assume py = 0 on average.

Remark: For particular stocks, one could observe a tendency of im-
balance direction. In the case of AMZN, one can obtain a better perfor-
mance by assuming a positive . Specifically, one can estimate p 5 as
the average value of the cleared imbalance volume within the first five

seconds, throughout the training set.

[ is a parameter that quantifies the effect of a trader’s action to the
stock prices during the continuous trading. For the testing, we choose

=107, in line with section 3.4 of Almgren and Chriss [1].

W is the pre-determined shares of a stock to be traded; we assume it is

100,000 in our simulation.

A measures the risk aversion of the investor. A smaller (larger) value sug-
gests the investor has a greater (lower) risk tolerance. In our simulation,

we examine the performance with A = 10~* and with A = 1075.

We use the historical data to estimate the remaining parameters. We estimate

the parameters on an increasing basis. In other words, we always use the

information from day 1 to day ¢ — 1 to estimate parameters in order to test

the performance of the strategy on day t. For example, to test the strategy on

Dec. 16, we estimate parameters with imbalance data from Nov. 01 to Dec. 15,

but to test the strategy on Jan. 02, we would estimate parameters using data

in the period Nov. 1-Dec. 30. With an increasing window, we determine the

parameters in the following manner:
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e « is a parameter that quantifies how the imbalance volume affects stock
prices. In other words, it can be viewed as the effect on the changes of
stock prices by the changes of the imbalance volume. We assume our
trader has the same influence as other traders in the market in general.
One can estimate such parameter with the ordinary least squares (OLS)
method. Under the Gauss-Markov assumptions, the estimated parame-
ter is the best linear unbiased estimator. The training set serves as the
sample data set of the regression. The linear regression model is given
by:

Yi = ax; + €

where z; is the change in imbalance on day i, y; is the change in price
on day 7, and ¢; is the estimation residual. Wooldridge [13] gives an

overview of the OLS approach.

° 01%7 is the variance of the imbalance volume cleared within the first five
seconds. For each day in the training set, we calculate the changes of
the imbalance volume (the cleared volume) in the first five seconds. 0%

N

is determined as the variance over the entire training set.

e 0% captures the volatility of stock prices without any effect from the
imbalance announcement. For each day, we compute the variance of the
changes in stock prices from the beginning time of investment (15:30:00
EST) to the moment before the initial imbalance announcement. We
exclude the changes of stock prices for the last 10 minutes of trading to
avoid any effect that may be due to the closing auction. In the end, 0%

is the average value of such daily variance.

52



2

[
UZ

is the variance of the changes of stock price at the last moment before
the market close. It is simply calculated as such variance throughout the

training set.

As we are adapting an increasing window, the set of parameters is different each
day. For illustration purpose, Table 4.1 shows the set of estimated parameters

using information from Nov. 01 to Dec. 30, 2016. During this period, one can

y | a(x107%) | 0% (x10%) [ 05(x107%) | 0% (x107%) |

AAPL 0.13 58.05 0.45 2.23
AMZN 5.56 0.63 2.31 3.25
FB 0.20 16.37 0.66 1.37
MSFT 0.07 49.11 0.81 2.84
GOOGL 6.90 0.62 4.24 3.21
ORLY 1.40 0.16 3.58 1.60
ESRX 0.16 12.60 1.57 3.44
EA 0.36 241 1.70 1.32
HSIC 1.50 0.36 3.37 1.55
DISCA 0.19 1.15 4.50 2.56
SBUX 0.17 6.09 1.03 1.12
ULTA 2.77 0.06 6.30 2.40
FOX 0.19 1.31 3.41 5.94
PYPL 0.14 19.65 2.09 1.57
BMRN 4.03 0.26 12.69 5.43

Table 4.1: Estimated Parameters for Jan. 03, 2017 based on Data from Nov. 01 to
Dec. 30, 2016.

see that the investor has the most market impact during the closing auction in
GOOGL and least impact in MSFT. Moreover, AAPL has the most volatility
in the initial imbalance clearance and BMRN has the most fluctuation in stock

prices.
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4.4 Algorithmic Simulation

Using the estimated parameters as described in section 4.3, one can apply the
algorithm proposed in section 2.3 to determine the optimal strategy. In this
section, we examine two cases where the trader has a relatively low or high
risk tolerance; that is, A = 107* and A\ = 107, respectively. Having a low risk
tolerance suggests the investor will tend to invest less in the earlier time of the

investment horizon.

Average Trading Volume per Second Set 1 (A = 1E-4)

0.50%
0.40%
0.30% —— AAPL
—— AMZN
0.20% A
/ ——FB
0.10% —— MSFT
—— GOOGL
0.00%

Figure 4.1: Average Trading Volume per Second for Set 1 (Higher \)

Figures 4.1 —4.6 show the average progression of trading volume as percentage
of the total volume, W, throughout the testing period for all 15 stocks. By
comparing Figures 4.1-4.3 (A = 10~*) with Figures 4.4-4.6 (A = 107°), the
trading volumes at the earlier period on Figures 4.1 —4.3 are smaller; however,

there is a greater increase in the trading volume when the time is closer to
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Average Trading Velume per Second Set 2 (A = 1E-4)

0.50%
0.40%

0.30% ORLY
S —ESRK
) —EA
0.10% —HSIC
0.00% e

PP LL LG EE 68
Sl S SIS S S
o, ’?’wﬁ ol o ”P il ﬁ"‘ﬂh BB
b S S S e . e

Figure 4.2: Average Trading Volume per Second for Set 2 (Higher \)

Average Trading Volume per Second Set 3 (A = 1E-4)

0.50%
0.40%
0.30% SBUX

/I —JLTA
0. 20%

/ = FOX
0.10% —_ PYPL
— BMRN

0.0:0%

Figure 4.3: Average Trading Volume per Second for Set 3 (Higher \)

95




the initial imbalance announcement at 15:50:00 EST. On the other hand, the
trading volumes on Figure 4.4—4.6 are greater in the earlier period, but lower
at the later period. These phenomena are consistent with our intuition and
illustrate that a relatively risk-averse investor would place the orders with a
larger marginal increase whereas a less risk-averse investor tends to trade with
a less marginal increase of volume throughout the trading period so to achieve
a lower average price impact by accepting higher deviations compared to the
benchmark (closing price). In the case of BMRN, one can observe through Fig-
ure 4.3, that there is almost no investment in the earlier period and a larger
volume of orders being placed near 15:50:00 EST. Since the trader has a rela-
tively low risk tolerance, the orders will only be placed at a later period, due

to the high volatility of BMRN’s stock prices, which is reflected in Table 4.1.

Average Trading Volume per Second Set 1 (A = 10E-5)

0.50%
0.40%
0.30% —— AAPL
—— AMZN
0.20%
——FB
0.10% —— MSFT
0.00%

Figure 4.4: Average Trading Volume per Second for Set 1 (Lower \)
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Average Trading Volume per Second Set 2 (A = 10E-5)

0.50%
0.40%
0.30% ORLY
— SR
0.20%
—FA
0.10% —_—HSIC
— DISCA
0.00%

é‘«é‘é”é"é‘é‘«%ﬁ«? o & &S EE

RO PO
0o o ts’bﬁ'bP‘m c; BB B
PP S

Figure 4.5: Average Trading Volume per Second for Set 2 (Lower \)

Average Trading Volume per Second Set 3 (A = 10E-5)

0.50%
0.40%
0.30% 5BUX

—JLTA
0. 20%

] i
0.10% —_ PYPL
i — R

0.0:0%

Figure 4.6: Average Trading Volume per Second for Set 3 (Lower \)
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A less risk-averse investor would tend to trade more orders in the open market
than a more risk-averse investor; this is reflected through Figures 4.7—4.12,
which show the cumulative order for each stock. Figures 4.7—4.9 show that
our trader would invest between 25% to 50% of the total volume in the open
market, depending on the selected stock. For a ten times smaller risk aversion
parameter, Figures 4.10—4.12 suggest the trader would buy generally more in
the continuous trading. For most stocks in this analysis, the trader tend to

increase the investment in the open market from around 30% to approximately

50%.

Average Cumulative Trading Velume Set 1 (A = 1E-4)

Figure 4.7: Average Cumulative Trading Volume for Set 1 (Higher \)
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Average Cumulative Trading Velume Set 2 (A = 1E-4)

100.00%
90.00%
80.00%
70.00%
60.00% ORLY
50.00%
40.00%
30.00% ——EA
20.00% ——HSIC
10.00%

0.00%
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Figure 4.8: Average Cumulative Trading Volume for Set 2 (Higher \)

Average Cumulative Trading Volume Set 3 (A = 1E-4)

100.:00%
90.00%
B0.00%
70.00%
60.00% SBUX
ig.m[ s ’_'I ULTA
30.00% 7 p—
20.60% — PYPL
10.00% """’ /
— BM RN
0.00%

Figure 4.9: Average Cumulative Trading Volume for Set 3 (Higher \)
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Average Cumulative Trading Velume Set 1 (A = 1E-5)

Figure 4.10: Average Cumulative Trading Volume for Set 1 (Lower \)

Average Cumulative Trading Volume Set 2 (A = 1E-5)

100.00%
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Figure 4.11: Average Cumulative Trading Volume for Set 2 (Lower \)
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Average Cumulative Trading Volume Set 3 (A = 1E-5)

100.00%
S0.00%
80.008%
7000
5BUX
—JLTA
= FOX
— PYPL
— BMRN

Figure 4.12: Average Cumulative Trading Volume for Set 3 (Lower \)

We examine the performance of the optimal strategy against the performance
of investing entirely in the closing auction, based on two aspects. Namely, the
size of the difference in the implementation shortfall and its stability; the two
aspects correspond to the two terms in the objective function (2.1). For each
day of our testing period, we determine the optimal strategy for each stock

and calculate the value for

T

> wP —WPr. (4.1)

t=1

In the testing of the strategy, we adjust the stock prices with corresponding
market impact of our orders, as presented in section 2.1. By computing the
mean of eq. (4.1) over the entire testing period, we obtain the expected cost

reductions for all 15 stocks. Additionally, with the inclusion of the variance,
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we examine the risk-adjusted expected cost reductions. Table 4.2 shows such

objective values under two different values of \. With a lower risk tolerance,

Average Risk- Average Risk-

(A=10"%) adjusted (A=1079) adjusted

amount | change | (A =107%) || amount | change | (A = 107°)
in$ | in bps in$ | in bps

AAPL -2,144 -1.82 -174 -4,101 -3.47 -3,487
AMZN -40,698 -5.15 87,025 || -52,940 -6.69 -24,169
FB -1,037 -0.84 3,571 -1,640 -1.33 -886
MSFT 1,157 | -1.82 22 || 1,042 -3.05 ~1,601
GOOGL || -58,040 | -7.06 41205 || -75,539 | -9.17 253,668
ORLY 9720 | -3.48 9.163 | -9.358 | -3.35 26,910
ESRX -1,132 -1.66 1349 -1,610 -2.36 -1,195
EA -3,464 -4.30 -1,554 -3,666 -4.55 -3,433
HSIC -13,503 -8.64 -7,978 || -14,489 -9.26 -13,668
DISCA -1,601 -5.75 -1291 -1,636 -5.87 -1,601
SBUX -1,482 -2.59 -696 -1,667 -2.92 -1,552
ULTA -339,716 -9.21 -10,613 || -24,929 -9.46 -22.,985
FOX 2077 | -7.13 1611 || -2,293 | -7.87 2,228
PYPL -764 -1.92 -128 -1,407 -3.50 -1,290
BMRN -31,740 | -36.91 -25,077 || -34,300 | -39.89 -33,420

Table 4.2: Out-of-Sample Objective Values across the Different Stocks for A = 1074
and A\ = 1075,

the risk-adjusted value can be positive for certain stocks, such as GOOGL,
as illustrated in the fourth column. However, these positive values do not
necessarily suggest the underperformance of the strategy, but rather, reflect a
notion of fluctuation in the cost reduction. A risk-averse investor would value
these fluctuation more than the average value in cost reduction. In fact, the
second and third columns of Table 4.2 verify that the optimal strategy would
provide an attractive cost reduction on average for each stock. As expected,
if the trader has a higher risk tolerance, the risk-adjusted values are negative

for all stocks, which can be seen on the last column. Overall, if the trader is
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less risk-averse, then the simulated objective values for all sets of stocks are
negative, which suggests, generally, the proposed strategy yields a positive and

stable performance.

Though the second and fifth columns of Table 4.2 show that the average cost
reduction are negative for all selected stocks, it does not necessarily suggest
the optimal strategy will outperform everyday for all stocks. In particular,
FB yields one of the lowest cost reductions among the selected stocks. This
is to be expected as FB is one of a few stocks that deviate materially from
the theoretical model assumptions. In particular, throughout the training and
testing period, FB had ten days where the imbalance volume took a long time
to clear, and there exist three days where the imbalance volume was never
cleared. Moreover, the initial imbalance volume clearance was relatively small
on multiple occasions. In this section, we present detailed information of FB as
an illustration. For A = 10~?, Table 4.3 shows the implementation costs of the
optimal strategy as well as investing only in the closing auction. The fourth
column shows the cost reduction in dollar, given by eq. (4.1), whereas the last
column measures it in percentage. One can observe that the investor is incur-
ring losses from January 04 to January 10, as well as January 20 to January 26.
The highest loss occurred on January 06, where the strategy underperformed
by 0.13%. However, the losses incurred on such days are completely covered
by the gains from other days; thus, resulting in a decent implementation cost
reduction on average, as shown in Table4.2. Although the trader may ex-
perience temporary losses from time to time, the proposed optimal strategy

outperforms in general, nonetheless.
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FB Cost: Cost: Difference Difference
Optimal Only C.A. (3) (%)
Strategy
2016-12-16 $11,985,009 $11,989,018 -$4,009 -0.03%
2016-12-19 $11,920,018 $11,926,009 -$5,991 -0.05%
2016-12-20 $11,907,823 $11,911,006 -$3,183 -0.03%
2016-12-21 $11,899,183 $11,906,000 -$6,817 -0.06%
2016-12-22 $11,728,834 $11,742,006 -$13,172 -0.11%
2016-12-23 $11,725,144 $11,729,007 -$3,863 -0.03%
2016-12-27 $11,804,965 $11,803,010 $1,955 0.02%
2016-12-28 $11,695,062 $11,694,017 $1,046 0.01%
2016-12-29 $11,634,884 $11,637,009 -$2,125 -0.02%
2016-12-30 $11,507,593 $11,507,053 $541 0.00%
2017-01-03 $11,671,078 $11,687,981 -$16,903 -0.14%
2017-01-04 $11,879,775 $11,871,003 $8,772 0.07%
2017-01-05 $12,071,586 $12,069,013 $2,573 0.02%
2017-01-06 $12,358,789 $12,343,012 $15,777 0.13%
2017-01-09 $12,500,051 $12,492,020 $8,030 0.06%
2017-01-10 $12,447,244 $12,437,040 $10,204 0.08%
2017-01-11 $12,602,509 $12,611,032 -$8,523 -0.07%
2017-01-12 $12,660,938 $12,664,031 -$3,093 -0.02%
2017-01-13 $12,845,679 $12,836,028 $9,652 0.08%
2017-01-17 $12,776,859 $12,789,026 -$12,166 -0.10%
2017-01-18 $12,788,408 $12,793,991 -$5,582 -0.04%
2017-01-19 $12,755,764 $12,756,970 -$1,206 -0.01%
2017-01-20 $12,709,382 $12,705,986 $3,396 0.03%
2017-01-23 $12,904,073 $12,894,944 $9,129 0.07%
2017-01-24 $12,943,840 $12,939,011 $4,829 0.04%
2017-01-25 $13,152,468 $13,150,011 $2,458 0.02%
2017-01-26 $13,282,190 $13,280,014 $2,176 0.02%
2017-01-27 $13,211,519 $13,220,019 -$8,500 -0.06%
2017-01-30 $13,079,683 $13,100,017 -$20,334 -0.16%
2017-01-31 $13,019,756 $13,034,034 -$14,278 -0.11%

Table 4.3: Implementation Costs in Facebook Inc. of the Optimal Strategy vs.
Investing only in Closing Auction
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Overall, the performance of the proposed strategy shows cost reduction for all
sets of our selected stocks. The sixth column of Table 4.2 summarizes the aver-
age cost reduction for each stock in basis point (bps) when A = 107°. One can
see that BMRN performed exceptionally well with an average cost reduction of
almost 40 bps. Excluding BMRN, the average value of cost reduction for all 15
stocks is 5.20 bps. Set 1 and Set 2 each have two stocks performed above the
average while Set 3 has three stocks performed above the average. We recall
that Set 2 consists of five stocks that satisfy the model assumptions the best.
However, Table 4.2 suggests that Set 2 does not necessarily always outperform
the average performance. Though stocks in Set 2 satisfy the theoretical as-
sumptions well, they are rather small-capitalized and less liquid stocks, hence
their stock prices and impact of imbalance announcement are more difficult to

model and estimate.
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Chapter 5

Proofs of Results

5.1 Proofs for the Discrete-Time Model

5.1.1 Proof of Proposition 1

Suppose the order imbalance is cleared immediately and there are no orders
in the closing auction afterward. We assume the market impact of our order
is only temporary. We will first restructure our objective function for a flow
trader. Then, we will construct a Lagrange function and examine its the first
order condition with respect to the investment strategy at each point of time.
By using the Karush-Kuhn-Tucker conditions, we show that it is not optimal
to trade after the initial imbalance announcement using contradiction. As
such, we derive the explicit optimal investment strategy for the period before
the initial imbalance announcement. We will show various strategies base on
the existence of the investor’s market influence. In particular, we analyze the

structure in the following four cases:

Investor’s Market Impact | Exist in Closing Auction None in Open Market

Exist in Open Market >0, a>0 B=0,a>0

None in Open Market >0, a=0 8=0,a=0
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Step 1: Preparation.

We begin the proof with rewriting our objective function. We recall that the

stock prices are:

P,=P+pv, for tef{l,....t—1,7+1....,T—1}
PT:ﬁT+/BUT

Pr = Py

where
P=P_+ 2 for te{l,.... t—1,7+1...,T—1}
P.=P._ 4+ Z,+aN
PTZF)T—1+Z~1"

and

T
N:]\~/+Zwi:N+vT,

=T

which can be expressed as:

t
Pt=P0+ZZi+5Ut for te{l,...,7—1}
=1
k ~
Pk:PO+ZZi+ﬁvk+a(N+vT) ke{r..., T—1}
i=1
T—1 ~ ~
Pr=P+» Zi+Z+aN+uvr).

i=1
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For flow traders, we recall that the objective function is:

T

T
min E{Z v Py — WPT} + AVAR[Z v Py — WPT]
t=1 t=1
T
st. W= Zvi
t=1
T-1
W — v >0, v, >0 forallte{1,...,7—1}.
t=1
One can show:

T

thpt W Pr

t=1

T—1 T—1

= ’Ufpt(zvi)PT
t=1 =1
T—1 t T—1 t ~ T—1
= vt<P0+ZZi+ﬁvt>+ Ut(PO—i—ZZZ——I—ﬁvt—i—a(N—i—W— vt>)
t=1 =1 t=1 =1 t=1
T—1 T—1 ~ ~ T—1
- (Z%) (PO—FZZt-i-Z-i-Oz(N-i-W— ZW))
t=1 t=1 t=1
T—1 T—1 T—1 T-—1 T—1 T—1 T—1

In particular, we show:

t

-1
> (UtZZz) = (nZ14+v2(Z14 Zo) + -+ +vr_1(Z1 + -+ Zp_1))
=1 N =1

=Zi(v1+---+vr_1) + Zo(ve + - - +vp_1) + -+ Zrqvr1,

which suggests:

T-1 t T-1

_ T-1
Z (UtZZi> - th Z Zy = —(Zyvr + Zs(v1 +v2) + -+ + Zp_1(v1 + -+ - + v7p_2))

t=1 i=1 t=1 t=1
T-1 t—1

— _; (sz)Zt.

—1
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Hence, we have:

T-1 T-1 t T-1 —
5va+2(thZi> thzztaz@wv th)vt szt
T—-1 ,t—1 T-1 —

(5Zv§_awzvt+azvtzvt) -3 (Xw)z-(Xu)z- <azvt)zv.

t=2 =1 t=1 t=1

We will then examine the expected value and the variance of the above equa-

tion, but before we do so, we denote vy = 0 and observe:

-1

E(Tz:l <tz:fuz) Zt> =E(v1Zs 4 (v1 +v2)Z3 + -+ (v1 + -+ +vr_2)Zp_1)
=1

t=2

z(vi+ (1 +v2) 4+ 4 (v + -+ o))

I
=

pz (T =)oy + (T —2)va + -+ + vr_3)
T-1

=Kz - t Uta
t:l

Now, the expected value term can be formulated as:

T
E [ Z v Py — WPT}
t=1

T—
BZU?—&WZUt+athth /LZZ —t’Ut IU’ZZUt OZ,MNZUt

t=

[y
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T—1

T-1 r—1 T-1
BZU?—{—QZWZW ,uzz — vy — g th—a,uN-i-W)Z
t=1

t=1 t=1

On the other hand, we have the following for the variance term of the objective

function:
T T-1 ,t-1 2 T—1 9 —1
VAR[Z v Py — WPT} = O‘% (Z Ui> + a% < Z Ut> + o’ < vt>
t=1 t=1 \i=0 t=1 t=1

Step 2: Lagrange Systems of Equations.

Our objective function is now transformed into:

T—1

min BZUt—i—aZUtht [Lzz —t)vy — ,uZth ,uN+W th
t—1 2 T-1 2 r—1 -
+/\0ZZ(ZUZ-> —i—)\a%(th) + Ao <th>
= i=0 t=1 t=1

s.t. W—thZO, v >0 forallte{l,...,T—1}.

From this system of equations, we construct a Lagrange function L. For some

0 > 0, we have:

T-1 T—1

T—1 —
L BZU?+QZUtht MZZ —t)vg — th—a,uN—}—W)Z

t=1 t=1

T—1 2 T—1
Ut> + 5( Z Vg — W>
1 t=1

t—1 2 T-1 2
+)\0ZZ <sz> +)\o%<2vt> +>\a2012v<
t=

t=1 =0 t=1

We differentiate L with respect to v, for all ¢t € {1,...,7 — 1} and §. Note

that for all ¢, we have:

t—1
50 )\UZZ < vl> )\az(vl + (v +v)? -+ (v Forg)?)
t t=1 =0
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:2Aa§<(T tZivz—i—Z )

Using the above equation, we are able to find the following partial derivatives:

oL T—1 -1
a—vt:2th+aZvi+aZvi—uz(T—t)—uz—a(uN—i-W)
T-1 T—1
+2Aa§< —t) Zvﬁ—z >+2)\ 2 v+ 22a%0% > i+ 6
i=1 i=1
:th+<)\a20—]2\7+3)2m+<)\0 + )ZUH—)\JZ —t) sz
i=1

T-1
+)\U%Z(T—i)vi—ct fort e {1,...,7 —1},
i=t

oL k—1 T-1
- :2ﬁvk+aZvi—uz(T—k) —uZ+2/\a%<(T—k)Zvi+Z(T—z’)fuZ)
=0

oy i—1 i—k
T—1
+ 2)\022 Z v+ 0
=1

= fup + = TZ%—!—/\JZTZle—i-)\UZT k:kz:luz—i-)\a Tz:l(T—i)vi—ck
=1 i=1 i=0 i=k
for ke {r,..., T — 1},
%—Tiw W,
i=1
where
1
Ct —5((T—t)uz+,ug+oz(,uN+W)—5) fort e {1,...,7—1},
Cr %((T k)pz + py — ) for k € {r,..., T —1}.

71



To minimize the objective function, the following Karush-Kuhn-Tucker condi-

tions must hold:

oL oL
- = > _— >
(%7 avt O, () O, 8’(}75 = 0
oL oL
— = > —_— >
Vk Do 0; v > 0; Do = 0
oL oL
i > 0 e
65 =0 620;  55<0

Step 3: Not Optimal to trade after time 7.

We will show here that it is not optimal to trade after the initial imbalance
announcement by contradiction. Based on our assumptions, pz, 7 < 0, which

suggest (I' — t)pz < —p ;. Thus, we know:

(T —k)pz +pz—06) <0 forke{r,....,T—1}.

DO | —

C —

Suppose there exist k € {7,...,T — 1} such that v; > 0, then by the Karush-

Kuhn-Tucker conditions, we have % = 0. For any k, we have

-1 T-1 k=1 T-1
_ @ 2 2 2 ,
0= Pug + Ez;vz +/\0Z~20i + Aoz (T — k’)Z;vi —|—/\JZZ;(T—Z)UZ~ — Ck.

Since S, > 0 and A > 0, it is clear that each term of the above equation
is non-negative since v; > 0 for all 7. The RHS of above equality is strictly
positive since A > 0, unless v; = 0 for all i € {1,...,7 — 1}, which will imply
v, = 0. Now, we have a contradiction; as such, we conclude that v, = 0 for

allke{r,...,.T—1}.

72



Step 4: Optimal Investment Strategy - Case > 0 and o > 0.

Step 4a: Scenario v, > 0.

We will now examine the set of optimal v, for ¢t € {1,...,7 — 1}. We first
consider the case where the investor’s decision have impact on stock prices in

both the open market and the closing auction. Namely, § > 0 and a > 0.

To show the explicit expression of the set of optimal strategies fort € {1,...,7—

1}, we suppose that v, > 0 for any ¢, which implies g_th = 0 by the Karush-

Kuhn-Tucker conditions. In other words, we solve for the following set of

equations:
T—1 t—1 T—1
¢t = Bug + <)\022 + )\a2012\7 + a) Zvi + A% (T —t) Z v + \o%, Z(T — 1)v;.
i=1 i=0 i=t
We denote:
m; = (T —i)Aoy + Aoy + Aa’o% +a
for i € {1,...,7 — 1}. Note that for any i € {1,...,7 — 2}, we have:
1

2
Ci — Cit1 = Mz, m; — Mip1 = Aoy,

2
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We observe that the system of equations can be expressed as:

We subtract row i — 1 from row 7 for i € {2,...

is transformed into:

B+ m Mo ms
mo 5 + mo ms
ms ms B+ ms

| mr—1 mr—1 mr—1

mr—1 C1
mr—1 Ca
mr—1 C3

ﬁ +Mry | Cre 1]

, 7 — 1}, then the above matrix

B+ my ma ms Mr_1 1
my —my — 3 B 0 0 Cy — €
m3 — Ma m3 —my — 3 B 0 C3 — C2
_mT—l — M2 My_1 —Mr_2 My — Mr_2 5 Cr—1— CT—2_
which is equivalent to:
B+ my ma ms Mmr—1| €1
Girl B0 0 | buz
A% Bty =B 0 | u
\o% Aoz Ao% =B | shz
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Moreover, we can further transform this matrix into:

B+ my ma ms My ... Mr—2 Mmr—1| €1
B+ Aok - 0o 0 ... 0 0 |ipz

B 28+x% B O ... 0 0 | 0

0 0 0 0 -0 0 0

0 0 0 0 28+ Mo%,  —p3 0

We can see that:
o2 1

p 20
By examining the above matrix, for i € {3,...,7 — 1}, we have a recursive
function:
)\0%)
v = | 24— Vi1 — Vo
2+
We denote:
o2
b:=24 2
B

and note that b is strictly positive. Specifically, we have b > 2 because A and

o2 are strictly positive. The solution to the above recursive function depends

on the roots of the characteristic equation:

22 —bx+ 1.

By applying the quadratic formula, the roots are given by:

b+ V2 —14 b— V24
Tpi= and xo := —

5



where x1 # 29 and x1, x5 > 0 since b > 2. The recursive function can now be
expressed as:

v; = Ax' + Bl

for some A,Be R and i€ {3,...,7 — 1}. For v; and vy we have:

v, = Az; + Bry and vy = Am% + Bx%.

One can easily show that:

b—l—l‘g)’Ul—M—Z (b—l—J?l)Ul—M
A= ( 5 26 and B= 5 28
X1 — L1 Xy — T1T2

Thus, the recursive function is equivalent to:

b—1—ax9)v, — BZN\ . b—1—x)v, — B2\ |
Ui:(( 2)01 QB)a:iJr(( o 26)365

1?2 — 1179 T3 — 11T
b—1—a\ , b—1—a1) , Wz xy x4
=\ )tz )%)u—55| = + :
xT{ — T1x2 x5 — 12X 20\ x5 — w129 X5 — T2

We observe that:

<b+\/b2—4) (b—\/b2—4) b2—(b2—4)
1Ty = = =1.
2 2 4
We denote:
b—1—x, i b—1—x1)

g = | ———= — |z

P 2 —1 & 3 —1 2
and

76



Moreover, since b > 2, we obtain the following:

b+ 62—4

b
b—l-ay=b—1-— Y "% 1/ 1
T 9 2 < 0
62 4 b [ b2
b—l—xQZb—l— 25— —1>0

e

2] —1= 1 —1>0,
b— Vb2 —4)?
ﬁ—1=( 1 )—1<O

Hence, we know that p; > 0 for all i. As such, we now have:

T—1

c1 = (B+my)v + Zmivi

1=2

T—1
= (B+mi)vr + Z m; (pivl — g—;%)

1=2

T—1 T—1
_ Hz
- (ﬁ ft zmp) Y
which leads to:

o a + 52 Zz 9 Miq;
/B +m1 + Zz 2 mZpZ
(( - 1) +3 Zz 2 szz)HZ +pz + OC(MN + W) 0

= (5.1)
2(8 +my + Zi:g m;p;)

where

m; = (T —1—1i)Aoj + Ao} + Ao + a,

2
Aoy,

%+1_$2 i & tl-a
pi‘( -1 )*( -1 )

7



with

A\o% o2 Ao

o2 o2 Ao

Subsequently, the investment at time ¢ € {2,...,7— 1} can be determined by:

and

v = pyv qu
i = DiV1 — 5, -
20

Step 4b: Scenario v; = 0.

Now, we observe from eq. (5.1) that v; > 0 only if the following holds:

0 — ((T -1+ % Z;—;; miQi)MZ —Hz T auy
5 .

W >

Otherwise, we must have v; = 0 to satisfy the Karush-Kuhn-Tucker Condition.

If we have v; = 0, then our system of equations can be written as:

6+m2 ms e My Co

5"‘/\0’% —5 0 %,U/Z
Aoy B+Xoy ... 0 |ipg
Aoy A% .. —p %,uz_
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One can repeat the identical procedure and have:

. maX(((T 2) + 5 3y migia) iz + iy + alpy + W) =6 )
’ 28+ my + > s mipi 1) ’

Similarly, if vo > 0, then the investment at time ¢ € {3,...,7 — 1} can be

determined by:

Uy = Pi—1V2 — QZ 1

25

If v = 0, then the identical procedure is repeatable until time 7 — 3.

To generalize our observation, we denote t* to be the smallest integer such

that:

T—1

1

((T —t") + B Z miql-ﬂ_t*),uz +py;+a(py +W)—390>0.
i=t*+1

If there exists such t* € {2,...,7 — 3}, then:

v, =0 forse{l,...,t"—1},

(T—t)+3 Ez —pr 41 MiGi+1- t*),uz +py+alpuy+W)—0
U = . (5.2

(B + myx + Zz 41 miPiy1— t*)

Vi = Pig1trUpe — g—;qurl_t* forie{t"+1,...,7—1}
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We will now analyze the auxiliary term 0. Suppose § > 0, then we must have

0=W->" 1 v;. In particular, we have:

T—1
0= W — Z V;
=1
T7—1
W (14 X pas )+ 42 z -
i=t*+1 i=t*+1
W — <1+ = ) (T—t*) 521 t*+1mqu+1 t*)uz+uz+a(ﬂN+W)
= DPit1—t*
i=t*+1 (/B + M= + Zz’:t*-‘,—l mipi+1—t*)
7—1
14 - "
+ ’u’l Z i Zz =t +1pz+1 —t 57

q
2p it +1 2(5 + mg= + Zi:t*Jrl mzpz+1—t*)

which is equivalent to:

T—1

. 1

§ = ((T —t") + 3 Z miqz'+1t*)/1/Z +py+olpy +W)
i=t*+1

2(8 + my- + Z:_;H M Pit1—t* ( Z 0 )
- b1t

1+Zz t*+1pl+1 t* i=t* 41

Suppose W > I —a My, which implies:

7—1
/LN S (2m7' 1(]- +ZZ t*+1pi+1—t*) . 1)W
+zz t*+1pz+1 t*)
< 26+Aaz+m7 1+mT IZZ t*+1pl+1 t*)_1>W
(T+ >0 t*+1p1+1 )

1 + Zz t*—i—l Pit1- t*)
2 6 + mt* + ZZ =t*4+1 mlp'b“l‘]. t*) . a) K
]- + Z’L t* 41 pl+1 t* «

(2 5+m7 2+m‘r lzz t*+1pz+1 t*) —1)W
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We see that:

(5 + my + Zz =t*+1 miPiyi1— t*)

oy +W
(s )= L+ t*+1pl+1 t*

W <0.

Since pz < 0 and p; < 0, we get d < 0, which is a contradiction. Therefore,

0 = 0 must hold. As such, the order placed in the closing auction is:

vp =W (1+ Z Dit1— t*>Ut* +— Z Qi+1—t*-

i=t*+1 i=t*+1

Step 4c: Scenario v; =0 forie {1,...,7 — 3}.

Suppose for all i € {1,...,7 — 3}, v; = 0. In this case, we our system of

equations is reduced to:

/B+m7’—2 Mr—1 | Cr—2

B+Xoy =B | 3uz

By solving this matrix, we find:

(T —7+2) + "5 ) g + pg + alug + W) =0

VUr—2 =
P (B Mg+ M (1 + A"Z))

Ao
Vr—1 = (1 + TZ> Vr_9 — g—;

We note that if v,_o > 0, then v,_; > 0. In this case, the optimal strategy is

(5.3)

given as above equalities. Moreover, similar as in the previous cases, if § > 0,
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we have

5:<(T—r+2)+mgl)ueruZJra(uNJrW)

2(ﬂ+mT_2 + ms_q <1+ %))
- (W+“—Z>.

2p

Due to our assumption that W > o—=

I e My, one can show that 6 = 0, which

means :

vp =W —v,_9 —v,_1.

Step 4d: Scenario v; =0 fori € {1,...,7 — 2}.

Suppose v,_s = 0, in this case, we simply have

Ur—1

I . ( (T —7+Dpz +pz+alpy+W) -4 0)
B+m._y Q(B—i—(T—T—i-1))\0’%4‘)\0%4—/\&20’%4—&)7 ’
(5.4)
and
§=(T 7+ Dz + i3 + aljug + W)
—2W(B+ (T — 7+ 1)Aoy + Ao + Aa’o% + ).

Similarly, by our assumption:

W,

—2m,_1 —«
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we have:

(6] (0%

g < <M)W< (M_l)m

which implies § < 0, a contradiction. Thus, 6 = 0, and we have :
Vr = W — Ur—1-

Step 5: Optimal Investment Strategy - Case >0 and a = 0.

Now, we consider the case where the stock prices is insensitive to the investor’s
closing auction order, or a« = 0. As such, we note that v; < 0 for all ¢ from
eq. (5.1), eq. (5.2), eq. (5.3), and eq. (5.4), due to the non-positive drift of
random drivers Z and Z. This is a contradiction from our initial assumption
with v; > 0. In order to satisfy the Karush-Kuhn-Tucker condition, we have

v; = 0. As such, we conclude that:

W:UT.

Step 6: Optimal Investment Strategy - Case 3 =0 and a > 0.

We now examine the case where the investor’s orders in a open market have no
impact on the stock prices but the order in the closing auction can influence

the stock prices; in other words, = 0 and a > 0.

Once again, to show the explicit expression of optimal strategy, we suppose

vy >0 forallt e {l,...,7—1}. In turn, the Karush-Kuhn-Tucker conditions
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suggest:

oL T—1 t—1 71 ‘
0= i ()\022 + )\aza?\? + oz) Zvi + o2 (T — 1) Zw +Ao% Z(T —1)v; — ¢,
t i=1 =0 i=t

which can be expressed as:

my ma ms3 mr_1 C1
mao my ms3 Mmr—1| C2
ms msg ms mr—1| Cs
_m'r—l Mmr—1 Mr_1 mr—1 C'r—l_
If we subtract row ¢ from row i + 1 of the matrix for i € {1,...,7 — 2}, we
have:
mi — mg 0 0 0 0 C1 — C2
mo — M3 mo — M3 0 0 0 Co — C3
msz — My ms — My ms — My 0 0 c3 — Ca
Mr—2 —=Mr—1 Mr_2 —Mr—_1 Mr_2—Mr_1 Mr—2 —Mr—1 0 Cr—2 —Cr—1
mr—1 mr—1 mr—1 mr—1 mr—1 Cr—1
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which is equivalent to:

o2, 0 o ... 0 0 | 3uz
Ao Ao% o ... 0 0 | suz
Ao Aoy Moy ... O 0 % Lz
\oy Aoy Aoy ... Aoy 0 | suz
Mr—1 M1 Mep—1 ... Mg Myp—1 | Cr—1

We see that:

Kz
v1 = max <2>\0%,0> =0.

Moreover, it is clear that v; = 0 for t € {1,...,7—2}. Our system of equations

is now reduced to:

mT—l(Ul + UT—l) = Cr—1-

Suppose the investor’s order in the closing auction has market effect, which

means « > 0, the investment at time 7 — 1 is given by:

VUr—1 =

_ 1(T — 1 > N —
Cr—1 —vlzmax( ( T+ Dpz + py+alpy + W) 5_1}1’0)'

mr_1 2 (T -7+ DAy + Aok + Aa2o% +

Suppose that 6 > 0, then by the Karush-Kuhn-Tucker condition, we have

W —wv,_1—v; =0,
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This suggests:
§=(T—7+Duz+pz+olpg + W) =2W (T — 7+ )Xoy + Ao} + Aa’o% + a),

which is non-positive due to our assumptions. As such, the order placed in

the closing auction is given by:

vp =W —u,_1.

Step 7: Optimal Investment Strategy - Case f =0 and a = 0.

Lastly, we examine the case when the investor’s orders have no impact on the
market price at all, which means 5 = 0 and o = 0. One can see that ¢,_; <0,
which implies v,_; < 0. This is a contradiction, so v,_; = 0. Since v; = 0
for all i € {1,...,T — 1}, we conclude that vy = W, which means that the

investor will only participate in the closing auction.

In addition to the previous result where § > 0 and a = 0, we again have
an optimal strategy to not participate in the open market since v; = 0 for
all 7. We can conclude that, in general, if the investor’s order in the closing
auction has no effect on the stock prices, then he/she will only invest during

the closing auction to minimize the implementation cost.
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5.1.2 Proof of Corollary 1

We first denote a := % We note that a converges to 0 as 8 converges to 0.
A

Furthermore, we have:

1
x1:1+a(1+\/1+2a),
1
xo =1+ —(1—+1+ 2a).
a

We recall that z125 = 1 and:

2 2
E‘i‘l—IQ ¢ E‘i‘l—l’l ¢
n= (=) (=)

t t

T x

1 2

Gt = + .
-1 23-1

Since (8 is non-negative, we will examine the right limit only. It is clear that

lim,_,o+ £1 = 0o since lim,_,o+ é = 00. For x5, we have:

| 1-yIt2
lim 2o = lim 14+ ~(1—vI+2a) =1+ lim — Y- <¢

a—0t a—07t a a—0t a

By L’Hospital’s Rule, we know:

_1—-yT+2a . —(14+2a)"2
lm — = lim ———— = —1;
a—0+ a a—0+ 1
thus, lim,_o+ z9 = 0. Moreover, we have:
! 0
lim ——2— = — =0,
am0t 253 —1  —1



and by applying L’Hospital’s Rule, we see that:

.
0, ift=1
t t—1
: x . lx : _ t . _
lim 21 = lim —*— = lim —2/?=-lim 2/ 2 =41  ifr—9.
a—0t T — 1 a—0t 21T a—0+ 2 2 a—0+ ’
oo, ift>3
\
Also, we observe:
22t _
e T it
lim ——*——z; = lim 5
a—0t ZL’I - ]_ a—0T Il - 1
2t 2.t 1
:hm21 + lim —2 + lim =t

a=0t 22— 1 asot a2 —1 asotax?—17
1 1 1

We note that lim,_,o+ % = oo for t > 2; as such, we find:

1+2—x
lim 2“—2xt1:oo for t > 2.
a—0t Zﬂl—l

On the other hand, we have:

2 t . 2 t—1
e U TR e e
lim 5 Ty = lim 5
a0+t x5 —1 a—0+ x5 —1
2t 2.t 21
= lim — 2 4 lim —2 + lim —2

a=0t 22 —1 asot a2 —1 asotax2—1°
2 2 2

We analyze the numerator of the second term. By using Taylor expansion at

0, we have V1 +2a~14a — % Thus, we can show:

Co2¢h . 21+ (1 -1+ 2a))
lim —= = lim a
a—0t a a—0t a
21+ 1(1—1—a+ %))
— 111’11 ( a( a 2))
a—0Tt a
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a—0+ 2ta  a—0+

2at a\'"™*
= lim — = lim (5) =0 fort>2.

Therefore:

2,0
lim —# 2 —0 fort>2,
a—0+ x5 — 1
which implies that:
1 + 2 _ Ty "
lim 5 25 =04+04+0=0 fort>2.
a—0t 5172 -

As a result, we discover that:

1+2 -2 1+2 -2
lim p, = lim 2“—23';3 + lim 2“—1x§ =o0 fort>2
a—0+t a—0t x| — 1 a—0t X5 — 1
and
.
0, ift=1
! g
li = lim lim = 4t —9.
air(x)l*' a a—0t l’% —1 + a—0t+ [L’% —1 1’ ift=2
oo, ift>3

\

Furthermore, we note that:

1 1t
2 . - 1 . _$2
= lim ; + lim ;
Aoy \a=0+ 27 —1 a0t 25 — 1

=00 fort>2
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In addition, one can observe that:

2 2

N a1 Ty Ta at2 )

2—-1 22—-1 23—-1 23-1 22—-1 a3-1
2

ZQt‘i‘EQt—Qt—l

Now, we will analyze the strategy itself. Suppose there exist t* € {1,...,7—2},

such that:

7—1

1

((T 1)+ B Z miqiﬂ—t*)ltz +pz +alpy +W) > 0.
1=t*+1

We know that:

1 7—1
+1—t .
—0+ [3
b i=t*+1

Suppose pz < 0, which suggests:

T—1
, oo, L
lim ((T —t")+ - Z miQi—&-l—t*)NZ = —00,

por 6 i=t*+41

Hence, such t* does not exist. In this case, we have v; = 0 at the limit as

converges to 0 for t € {1,...,7 — 2}.

Suppose iz = 0 and we have

py+oalpy + W) >0.
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In particular, we have t* = 1 and recall that lim,_,o+ ZZ:_QI m;p; = 00; thus,

we get:

=0

s+ a(py + W
lim v; = lim )\/iz—i_ (i + 1)
a—0t a—0t 2((1 ;’z +my + Z:;z mipi)
Since v; = 0 at the limit, we will now analyze v, at the limit; by our construc-

tion, we have:

lim vy = lim o Hz +olpy + W)

a—0+ a—0t 2(@722 + mq + 21;31 mz’pifl)

By the same argument, one can show that lim, .o+ v = 0. To generalize, for

any t € {1,...,7 — 2},

lim v, = lim tz +olpy + W)

+ + Ao 71
TS0 SN+ Y mip o)

suggests v; = 0 at limit as [ converges to 0.

In general, for any pz < 0, we have lim, ,o+ v; = 0 where t € {1,...,7 — 2}.
To analyze the strategy right before the initial imbalance announcement, we

obtain:

. o (T =7+ Dpz + pz + alpg + W)
im v,_; = lim 5 5 55
B—0+ 50+ 2(B + (T =7+ Aoy + Ao + A 0N+a)
_ (T—74+Dpz+pz+alpg+W)
2((T = 7+ )Xo + Ao} + Aa2o% + a)

91



Since v,_1 is non-negative, we have:

lim v,_; = max
B—0+

< (T =7+ Dpz + py +alpy + W) 0)
2((T = 74+ 1)Ao% + Ao} + Aa2o2 +a) " )

In turn, we have vp =W — v, _4.

5.1.3 Proof of the Discrete-Time General Strategy

In this section, we present the mathematical derivation of the structure of
the generalized optimal strategy shown in section 2.3. Suppose we remove
the constraint imposed on the drifts, pz,1; < 0, in proposition 1. We re-
call that t* € {1,...,7 — 1} and k* € {7,...,T — 1} are the integers such
that vy, vz > 0 and vy, v; > 0, respectively, for some ¢ € {t*,...,7 — 1} and
ke {k*,...,7—1}. With loss of generality, we assume f = 7—1 and k = T —1
for simplicity of presentation in this section. The mathematical procedure is

identical if otherwise.

Recall that, in section 5.1.1, we have:
my = (T —t)Aoy + Aos + Aalos +a forte{l,...,7 -1}
we now denote:

my = (T — k)Xo, + Ao} for ke {r,...,T —1}.
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Let v := Aa’0% + § and we observe that:

«

mT,l—mT:)\a%—i-’y—l— 5

Moreover, we recall that:

1
e = 5((T = Oz + g +alpy + W) =) forte{l,....,7~1},
1
Ck=§((T—k)uz+uZ—6) for ke {r,..., T —1}.
Case 1: > 0.

Strategy A: v, =0 forke{r,..., T —1}.

In this case, the strategy and its mathematical derivation are identical to the
optimal strategy shown in section 5.1.1. The more generalized variant is de-

rived in the remark of proposition 1.

Strategy B

Ift*=7—1 ("=t and k* =T — 1 (k* = k), we can arrive to a conclusion
without any computation. Otherwise, the set of equations in the Lagrange
system presented at the end of Step 2 of section 5.1.1 can be expressed as the

following matrix:
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B4 my=
Mix41

Mx 42

mr—1

o
mr-_1+ 3

M+ 41

B4 mp4q

Mix42

mr—1

[e%
mr-_1+ 3

Myix42
Mix 42

B+ My 42

mr—1

mk*+%

[e%
mr_1+ 3

mr—
mr—1

mr—

B +mr_1

mk*-’—%

[e3
mr-_1+ 3

M +

(N1}

Mp+ +

T e+ +

[SlI~Ea NI

mk*—l—%

B 4 g

mr—1

[e]
mr_1+3 | C=
mr_1+ 5 | Cry1

(]
mr—1+ 35 | Cery2
mr-1+35 | Cr—1

mr—i1 (&%
B4+mr_1 | croa

We subtract row ¢ — 1 from row ¢ fori € {¢t* +1,...7 —1,k*,...,T — 1} and

then multiply each row by -1, the above matrix is transformed into:

B+ my
B+ o2,

)\J%
)\J%
1

2
Ao

2
Ao

where we denote (; := (k* —7+1)A\o% +v and w; :=

mMex41
—B
B+ o2,

)\J%
G

2
Ao

2
Ao

Mmr—1
0
0

—pB
B+ G

2
o7

2
Ao

mgx + % M1 + %

0
0

0
$-5

B+ Ao

2
Ao

0
0

(NI

2
Aoy

Once more, we subtract row ¢ — 1 from row ¢ and get:
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mr_1+§ | ¢
0 5

0o | %

0o |

2 w1

0o |

-8 bz
2 -

(k*—71+1)

B2 + a(pug +W).



B+ myx Mr_2 Mr_1 M= + 5 mr_1+ 5 | Ct
B+ Ao% 0 0 0 0 bz
-3 0 0 0 0 0
0 -5 0 0 0
0 28+ A% - 0 0 0|,
G2 -8 28+G 5-8 3 wa
—C2 —C2 —B—C 28+ Xy —% -3 —ws
0 0 0 -8 0 0
0 0 0 0 -8 0 |
which is equivalent to:
B+ my- M2 Mr_1 Mg+ G Mpgey1+ 5 mr_1+ 5 | ¢
B+ o2 0 0 0 0 0 bz
~B 0 0 0 0 0 0
0 B 0 0 0 0
0 28+ B 0 0 0 01,
G2 Q-8 264G 58 g 3 wo
0 —B B+ Aoy B+ A% -8 0 0
0 0 0 -3 28 + Ao, 0 0
o 0 0 0 0 -8 0 |
where we denote ¢y := (k* — 7)Ao + 7 and wy 1= W +oa(py +W). If

t* < 7 —1, then one can see that the top-left (k* — 1) x (k* — 1) submatrix is:
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B+ mys Mpep1 Myprgg Mgz ... My_g Mg | €1
B+rt -8 0 0 ... 0 0 | Luy
B 28+X2 -8B 0 ... 0 0 | o
0 0 0 0 _3 0 | 0
0 0 0 0 268+ % —B | 0

We recall that:

with

o2 o2 o2
— 14+ =Z Z14 22
€ + 28 + \/ 3 ( + 18 )
o2 o2 o2
— 1422 _ 214222,
Y \/ 3 ( i 45)

As we have shown in Step 4a of section 5.1.1, given that ¢* < 7—1, the optimal

and

strategy for time ¢ € {t* +1,...,7 — 1} can be determined by:

o Hz
Vi = Pit1—tx Vg — %qfi-l—l—t*-
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Fori e {1,...,7 — 2}, we denote:

_ B+ \o2,
pl = —prl - p’T*’L’*l7
B
- B+ g%
qi -= Qr—i — 4r—i—1-
5
Ift*=7—1and k* <T — 1, then we denote p,_; := % and ¢,_; := 1. In
this case, we have:
B+ Aoy . Mz -
Uk*41 = 3 Uk + Pr—107—1 23 Gr—1-

Otherwise, by analyzing row k£* 4+ 1 of the above matrix, we have:

B+ o2
Uk =g Z (vy_1 4 V) — Vr_2
B+ o2 B+ \o2 7 ( B+ Ao
:TZW 73 Epr—tr = Proge1 |04 — /2% 5 L et — G2 1
B+ Aok 5 Kz -
= U + D= Vgx — ==
B 28

Now, if £* < T'— 1, then we can examine the bottom-right (T"—k* — 1) x (T —

k* 4+ 1) section of the above matrix:

—B 28+X% —B 0 ... 0 0 [0
0 0 0 0 . ~B 0 |0
0 0 0 0 28+ X% —B |0
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For i e {k*+2,...,T — 1}, we have a recursive function:

Ao
v = <2 + 72) Vi—1 — Vi—2,

which can be expressed as
v; = AxtF T 4 Byl

for some A, B € Rand i € {k*+2,...,T — 1}, as we have shown in Step 4a

section 5.1.3. Moreover, we have:
Vg = Axq + Bxo

and

2 2
U1 = Ax] + Bxs.
Since 115 = 1, we can express A and B as:

Uk*+1 - .I‘ka*
i e

2 —1
_ Ukxq1 — T1Upx
B = — 1
2
By the structure of v+, we have:
B+Ao2 ~ rz 5
Ao (TZ — fUQ)Uk* + Pty — 55
N 2 —1
1
ﬁ+)\0'2 ~ M ~
B (TZ — 1) Upe + D=1 — ﬁfh*'
3 —1
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As such, for i € {k*+1,...,T — 1}, the recursive function is:

B+ray 5 _bzgj Btrad = _ bz
o ( 3 l‘z)vk* + ppv1 55t~ k1 ( 3 a:1)vk* + P71 23 dt* i—k*41
Vi = x?—1 1 + x2 —1 2
1 27
Bty Bty i—k* 41 i—k*+1
_ (T ik n B T ik vee + e [ 2L 4% o
x?—1 1t w2—-1 "7 2—-1  23-1

_ bz (xli_km 4 xé"““)
203 z?—-1  23-1

B+AcZ —Bw1

_ BHror—Bz2
B(x5—1)

We denote r; := B 1t x4 such that:

- Kz . . %
Vi = PexQi—ter 41V T Ti— g 41 Ukx — %Qt*qzek*ﬂ forie {k*+1,...,T -1}

We now examine the first row of the above full matrix, we get:

T—1 T-1
(0% (6%
Cix = (ﬁ + mt*)vt* + E m;v; + <mk* + 2)Uk* + E <'rnZ + 2)Ui

i=t*+41 i=k*+1

r—1 T—1
~ «Q
= (5 + myx + Z MiPi+1—t* + Di* Z <m1 + 2>(]i—k*+1>7ft*

i=t*41 i=k*+41

T-1
(6% (6%
+ (mk + 5 + Z <’mz + 2>7“ik*+1>vk*

i=k*+1

T—1 T-1
Z - a
- /2‘76 ( § MiGir1—t+ + G § (mz + 2> qz’-k*+1>.

1=t*+1 1=k*+1

Similarly, row £* gives us:

T—1 T-1

« (0%
Cpx = <mk + 2)1&* + <mk* + 2) Z v; + (B + mp= v + Z miv;

i=t*41 i=k*+41

7—1 T-1
o)) -
= ((mk + 2) (1 + Z pz‘+1—t*> + Dy Z mz‘Qik*Jrl)vt*

1=t*+1 i=k*+1

T—-1
+ <ﬁ + mpx + Z miri_k*+1>vk*

i=k*+1
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z
—%((mk + ) Z Git1—t* + Gt~ Z mM;q;— k*+1>

We denote:

t* k*

ok

t*,k*
b )

t* ,k*
bQ

and

t* k*

i=t*+1 =k 1

-1 ~ T-1
B my + 3 e MiDik1—tx + DPee D i i (mz + %)Qi—k*—i-ly
B+ mp + 31 mipi1 e k=T —1,
A .
B+mr—1+ UZ Z, a1 (Mi+$) Qo it =7—1,

B+m,_1 ift*=7—1land k*=T—1.

T-1
(mk* + *)( + Zz t*+1 Pit+1- t*) + D+ Zi:k*-H MiGi— 1,
L+ ZEﬁﬂ Pir1—gr Mk =T—1,
A .
mk;*—l- + Uzz k*+1m2qz w1 =11,

mr_1+45 ft'=7—land k*=T-1.

mis 4§+ Vi (M + §)ricpesn R <T -1,

mr_1 if k‘* =T —1.

B+ mys + Zz:kl*_i_l myri_pryq  if K <T —1,

B+mpr_y ifk*=T-1.

ST Mibisi—te + G i1 (M + $) dimkot1s

ST MG K =T -1,

T-1 (

i=k*+1 m; -+ %)qi*k’“i»l lf t* =T — 17

0 ift*=7—1land k*=T —1.

\
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a T—1 ~ T_1
(M + 5) imee 1 Givr—er + G Picpegr Mtk 41,
T—1 .
t* k* Zi:t*Jrl Gir1—+ kK =T -1,
T—1 )
Zi:k*+1 miqi_g+41 ft"=71-—1,

0 ift*=7—1land k*=T —1.

\

If t* = 7 — 1, then we define Z;;H m;v; = 0. In addition, if &* =T — 1 and

t* <1 —1, then one can easily show that:

T—1 7—1
_ nz
cpr = | B+ my + § MiPiy1—t* | Vg + mp_1vr—1 — 25 5 MiQit1—t,
i=t*+1 i=t*+1

T—1 71
z
cro1 = (1 + ). Pi+1—t*>vt* + (B+mr—1)vr—1 — ;LB > i

i=t*+1 i=t*+1
In general, the system of equations becomes:
£k £k HZ k>
ay " v+ 017 v =0 + 55
26
t* £k HZ k>
Ay " Ve + by " Vg = Cpr + %32

By solving this system, we have:

g — (bﬁk B bg’k*)é

Vgx =
pilen
t* t* k*
o — (ay " —ay ™t )6
Vx = )
vien

where we denote:

k> t* k*
v :z(bf”“* (T— K+ 825 ) — by " (T—t* + 816 )),uz
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+ (B0 =0 )y — 0h (g + W)

Ut*

and

St*,k* St*,k*
num . T — k* + 2 > . at*,k* <T ¢t + 1
( ( B ’ s

+ (@)

den

Uk:* = (

K t* K ke tr
den '_Z(b —by" ay )

t* k* t* k*

—ay " )y —ay M alpy + W)

R R Rk
by ™ —ay 0 )

Moreover, we denote:

We further denote:

k* L __
A =

k*
By =

\

\

X: =—— Y7 = )
t den t Uden
t* k*

1+ ZZ 1 i1t~ + Dy ZZ*_:I Qi—k*+1,
L+ piae k=T —1,
1+*"sz*+1% w1 it =7—1,
1 ift*=r—land k*=T —1.
1+ ren W< — 1

1 ik =T -1, V&r<71—1,

0 iftr=7—-1
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/

r—1 ~ T—1

Zi:t*+1 qi + e~ Zi:k*Jrl Qi—k*+1,
T—1 .

Zi:t*+1 Giv1—p+ A" =T -1,

T-1 .
Dickeg1 Gimker =71,

0 ift*=7—1land k*=T —1.

\

If 6 > 0, then we must have:

T-1
OZW—Z’Ul

i=t*

* * ,LLZ *
=W — A¥ v — B v + SZC8
23
e ke
_ k* vk k*y k* E* (by " — by )6
=W - AL X — BLYy + AL Y A
(by " ay ™ —byay )

(" —ay ™6 pz

+ B]C** * * * * * * * *
(e T — gy 28

As such, we have:

(B L g gt §
5k :max{ L 2 21 _J (A’fX’if +BEYE — Lok —W),o}.
t AR O =0 = BE (@ —ag )T 2
Summarizing various cases, for t € {1,..., 7 — 1} and k € {r,..., T — 1}, we
arrive to:

vs=0 forse{l,....t" =1} ift">1,

K * k*
Vgx = Xf* - 51{9* )
t* k*  t* k* t* k*  t* k*
Kz
Vp = Dig1—+Vps — %Qtﬂft* fort e {t"+1,...,7 -1},
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v;=0 forse{r,....,k* =1} if k" >,

t*,k* t*,k*
(11 ’ - a2 ’
t* k* K t* k* K

= Kz -
Vg = DpxQr—k* 11V + Th—x 1 Vkx — %Qt*(ﬁcfk“rl

k* k*
Uk* — )/t* —I'_ 5t* 9

for ke {k*+1,...,T -1},

T-1
Ur = W — E V;.
i=1

Strategy C: v, =0 fort € {1,...,7 — 1}.

Suppose v; = 0 for t € {1,...,7 — 1}. We denote k* € {7,...,T — 2} to be
the smallest integer such that:
T-1

1
((T — k‘*) + B Z miqi_k*+1>uz + pz + 0> 0.
i=k*+1
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for some § > 0. Moreover, the system of equation is now:

5 + My Mp*41 M2 e mr—1 Cle*
M=yl B+mp1  Myeyo ... Mpo1 | Gy
Mijex 42 Mpsya  B+mpeqa .. mrp_1 | CGryo
mr—_1 mr—_1 mr_1 coe BAmroq | v

We can see that the matrix appears nearly identical to the original matrix
from Step 4 of section 5.1.1, so by the exact same procedure, we can show that

the optimal strategy is given by:

vs=0 forse{l,.... k" —1},

((T — k) + % Z;tkl*ﬂ miQi—kz*—H),uZ + gy — Oks
Vg = — ;
2(8 + my + ZiT:kl*H MiDi—k*+1)

Vi = Pi—k*41Vk* — g—;qi_kurl forie {k*+1,...,T —1}.

where
;] T
S+ :=max (((T —k*)+ 3 Z miQi—k*—O—l),U'Z tuz
i=k*+1

T-1 T—

2(B 4 mrs + iy TPk +1) Wz .

B T—1 W+ 25 > ikt ),0).
1 + Zi:k)*-ﬂ,—l Pi—k*+1 i=k*+1

Similarly, if £* does not exist, then the strategy is:

v = max Hztliz — d 0
=l 2(8+ Ao +A02)" )

for 6 = max <,uz +uy; —2W(B+ Aoy + )\0’22),0>~
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Case 2: =0.

Suppose § = 0. The matrix of equations will be:

mi mo ms3 .. mr_1 mr Mry1 ce. mp_q c1

ma ma ms . mr_1 ms Mrt1 .omro1 | e

ms3 m3 ms3 cee mr—1 mr mr+1 cee o MT—1 c3
mr—1 mr—1 mr—1 mr—1 mr mr41 mr—1 Cr—1

mr + % mr + % mr + % mr + % mr mr41 ceeo MT—1 Cr
Mmrp1+5 My +5 Mo+ g o mepa+§ mepr+ g Mr41 Lo.oomT_1 | Crg1
mr1+9% mrai+9 mra+g ... mroat+g mra+g mroa+9§ ... mro1 | eroa

which can be represented as:

Ao, 0 0 0 0 0 0 £z

0 Ao, 0 0 0 0 0 0

0 0 Ao, 0 0 0 0 0
o ¥ ~y )\0'224»'\/ 0 0 0 alpg + W)

0 0 Ao 0 0 0

0 0 0 0 0 o 0 0
lmr—1+9 mri+9 mri+g ... mr1+9§ mra+9§ mra+g§ ... mr_ cr—1 |

by subtracting row i 4+ 1 from row ¢ and then subtracting row ¢ from row 7 + 1
for i € {1,...,7 — 1}. We can see that v, = 0 for all t € {2,...,7 — 2} and

ke{r,...,T —2}. We can directly see that:

Hz

v = max | ———
2X\o%’
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We first consider the case where vy > 0. In this case, the number of equations

is reduced to three:

mr—1 mr—1 mr—1 | Cr—1

mr_1+45 mroi+5 mroi|cr
By subtracting the third row from the second row, we have:

(T—T+ 1),“2

5 +alpy + W)= (T -7+ 1)Aoy +7)(v1 +v,),

which suggests:

(T —7+ Dz +2a(ug + W) )
—Ul,O .

v, 1 = max
! (2/\((T—T+ 1o} + a20%) +

Moreover, the last row suggests:

| Q

cr—1 = mp_1(v1 + ;1 +vr1) + = (v1 + vr21),

which leads to:

,— 6
Vr—_1 — Imax M - (’Ul + ’UT_1) 1+ a ,0
2mr_q 2mr_q

where

d = max (MZ —a(vy +v,1) = 2Wmp_q, O).
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In the case where vr_; = 0, then the strategy is similar to what has been

shown in Step 6 of section 5.1.1. In particular, we have:

(T —r+Vpz+pz+oalpy+W)-0o 0)
- U1, 5

VUr—1 = mMax
2m7'71

with

) = max ((T — 74+ Dpuz+ps+alpuy +W) — 2Wm71,0).
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5.2 Proofs for the Continuous-Time Model

5.2.1 Proof of Proposition 2

Suppose the order imbalance is cleared immediately and there are no orders
in the closing auction afterward. We assume the market impact of our order
is only temporary. We will first restructure our objective function. By ex-
amining the objective function, we show that it is not optimal to trade after
the initial imbalance announcement. As such, we derive the explicit optimal
investment strategy for the period prior to the initial imbalance announce-
ment by applying the Fuler-Lagrange equation. We study the case where the
trader’s investment decision has some influence on stock prices in the open

market (8 > 0) and the case where there is no influence (5 = 0).

Step 1: Preparation.

We recall that the prices of the stock is given by

P, =P, +pv, for te(0,7T)

where

P, = Py+put+oW, for tel0,7)
P, =DPy+pk+oWip+aN for kelr,T)

PT:P0+/LT+UWT+OCN+Z,
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and

T
N:N+W—/vm.
0

The objective function is:

T T
min E{/ v Prdt + (W — / Utdt) Pr — WPT}
0 0

T T
0 0

T
st. vn>0 Vtel0,T), W—/ vedt > 0.
0

We note that:

T T
/ ’UtPtdt + (W - / ”Utdt) PT - WPT
0 0

T B T _ 5
:/ vt(Po+,ut+0Wt+ﬁvt)dt—l—/ vt(Po+,ut+0Wt+ﬁvt+a<N+W
0 T

T T
— / wdt))dt — (Po +ul' +oWr 4+« <N + W — / Utdt> + Z) / vedt
0

T
—ﬂ/ dt — / — t)'l)tdt + U/ Wt'l)tdt — (O’WT + Z) / Utdt
0

—a/ vt<N—|—W /vtdt>dt
0

Since W} is a Brownian motion, we have E(W;) = 0 and Var(W;) =t for all
t. Also, we recall E( fOT [Etdt) fo (x¢)dt under integrability assumptions.

Thus, the expectation of the above equation is:

T T
E(/ ’UtPtdt+ <W—/ Utdt)PT-WPT)
0 0
T T T r T
:ﬁ/ v?dt — u/ (T — t)vedt — NZ/ vpdt — a/ v </‘N + W — vtdt> dt.
0 0 0 0 0
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Similar to what has been shown in Section 2.1 of Frei and Westray [5], we

denote:

dX;) = Utdt,

and the product rule yields the following:
T T T
0 0 0

where YV := X7 — X = fOT vdt. As such, we observe that:

T T T
U/ Wt’l)tdt — UWT/ ’Utdt = —U/ Xtvth
0 0 0

Moreover, since fOT XPdW, is a martingale, we know E( fOT XPdW,) = 0. Thus:

VAR(—J/OTdeWt> :E<<—U/OTXZ’th>2> —E((—U/OTdeWt>>2

= 02E</0T(Xt”)2dt> —0=o0? /OT(X;J)th.

Hence, the variance term in the objective function is given by:

T T
VAR(/ Utptdt + (W - / Utdt) PT — WPT>
0 0
T T 2 T 2
:02/0 (X})%dt + 0% (/0 vtdt> + o’ (/0 vtdt) :

Therefore, the objective function is reformulated into:

T T T T T
min B/ vfdt—,u/ (T—t)vtdt—uz/ vtdt—a/ vt<uN—|—W—/ vtdt>dt
0 0 0 0 0
T T 2 T 2
+ Ao /0 (X7)2dt + )\022 </0 vtdt) + )\oz2o*]2v </0 Utdt>
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T
st. v >0 Vte|0,T), W—/ vedt > 0.
0

We define @ to be the Lagrange function such that, for some § > 0:

T T
d 5/ dt—/ (T—t)u—l—,uz)vtdt—oz/ vt(uN+W— vtdt>dt
0 0

T 2 T 2 T
+ )\02 / (XZ’)th + )\O’QZ (/ Utdt> + )\0420'1% </ Utdt) +4 </ ’Utdt — W) .
0 0 0 0

Step 2: Not Optimal to trade after time 7.

We can rewrite above objective into two portions; namely, before and after the

initial imbalance announcement (time 7):

T T
o B/ dt+ﬁ/ vfdt—/ ((T—t)u+u2)vtdt—/ (T — t)pu + py)vpdt
T " T
—a/ Ut<,uN+W / vtdt>dt— / vt<uN—|—W—/ vtdt>dt
0 0 T

T T 2 T 2

+ Ao / (XP)2dt + \o? / (X7)2dt + AaQZ< / vtdt> - )\02z~< / vtdt>

0 T 0 T
T 2 T T
+ )\a20]2\7 (/ vtdt> + 5(/ vedt + / vedt — W)
0 0 T

At time 7, the prior orders, v; for t < 7, are determined; thus, one can only
optimize the objective function over v; for ¢ > 7. As such, the target function

of the minimization problem after time 7 is:

T T
min ﬂ/ dt—/ ((T—t)u+uz)vtdt+ (a/ vtdt—i-é)/ v dt
0 T
T 2
+)\02/ (XZ’)thJr)\a%(/ vtdt) :
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We now analyze each term of the target function given that v; > 0 for all ¢:
e Since 8 > 0, we must have v; = 0 to minimize fTT vidt.

e We assume p < 0 and gz < 0; thus, —((T' — ¢)p+ pz) > 0. In order to

minimize fTT —((T = t)p + pz)vedt, we have v, = 0.

e We have ,d > 0 and we know [ v,dt > 0 since v, > 0 for ¢ € [0, 7).
Hence, v, = 0 will minimize fTT vedt, thus, minimizing (a fOT vpdt +

5) J;_T Utdt.

e We have A > 0 and 0 > 0 and we note that X = fot vsds. As such,

vs = 0 will minimize Ao? [7 (Xy)2dt.
e Since 0% > 0, v; = 0 minimizes AJQZ(ITT vtdt)Q.

Since each term of the above target function is minimized by v; = 0 for

t € [1,T), we can conclude that it is not optimal to trade after time 7.

Step 3: Fuler-Lagrange Equation.

Since v, = 0 for t € [, T), we have:

T SW
d :/ Bv; — (T =+ py + alpg + W) = 0)v + Ao (X)) — -t
0

T 2
+ (Ao + Aok + ) ( / vtdt)
0
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Now, we will apply the Euler-Lagrange equation to determine v; for ¢ € [0, 7);

see Section 2.3.1 for descriptions. Suppose v; > 0 for all t € [0, 7). We denote:
u(t) =X, and  U(t) = v
Moreover, let:

T T
].1 — / L1<t,u,ul)dta [2 = / Lg(t,u,u/)dt
0 0

with
/ 2 / 2,2 ow

Lyt u,u') = pu? = (T — t)p+ py + alpg + W) = 6)u’ + Aou® — -

Lo(t,u,u) ==
We rewrite the Lagrange equation as:

O(t,u,u') = I + (Ao + Ma’o% + )13
We consider:
0P ow

—Li(t,u, ') = pu”® — (T — )+ py + alpyg + W) = 0)u' + Ao?u® — —

) T
Ad) ") = 2(\o% + Ao’ I
8—12 g(t,u,u)— ( 02+ CYUN+()£> 2U
Furthermore:
od od
=—L(t ! —Lo(t !
w 8[1 1(>uau)+a[2 2(7“7“)
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=pu? — (T — t)p+ pz + alpg + W) = 2(Ao% + Aoy + a)l, — §)u

4%
\odu? — —.
+ Aoc“u T

The Euler-Lagrange equation suggests:

We compute that:

0

a_Z)/ =20u — (T —t)u— py — a(pg + W)+ 2(Ac} + Aa’0% + o), + 6
o >

5 Ao“u

The Euler-Lagrange equation can be written as:
o= Llogu — (1 -+ ; ¢+ W) +2(\0% + AP0 I+9
cu=— Bu' — (T —t)u—py —alpy + W) +2(Aos + Aok +a) [+ 6|,

which is equivalent to ZB%u —2)\0%u = —p.

Step 4: Solve for optimal strategy.

Case 1: B> 0.

By solving the above non-homogeneous ODE, we have

u(t) = creV 5 + coe” V 5 + A

2\o?
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for some ¢y, c2 € R. We recall that «(0) = 0, which implies 2 = — (¢ + 3i53).

Hence, we have:

= e\/%zt—e —J—L 1—e 5t
202
) [ Ao? i _ 22,
:2smh( 725) 2)\02(1—e 3 >

Moreover, the rate of trading is:

[ \o2 [ N2 =3
v =u'(t) = /\5 <2cosh< %t)cl—i—#e Bt).

Now, we will determine the optimal value of ¢; by differentiate the objective

function:

o ﬁ/ V2dt — (Tp+ iy + alug + W) — 0) /OTu’(t)dtJru/OTtu’(t)dt

T 2
+ Ao / 2(t)dt + (Ao + AaPo% + ) (/ u/(t)dt> — oW
0 0

with respect to ¢;. Before we do so, there are some preparation steps. We

compute that:

4o [ Ao2 2u [Ao? \ _ ur o g [re2
12 2 2 | “H AgZy 2,/ 25
u'(t) 5 cosh < E t) c] + 3 cosh ( 5 t)e c1 + 46)\026
2 2 -2
u(t)* =4 sinh? <ﬁ / )\; )Cl + ol P sinh (1 / A;t) <1 —e ABt) c1

2 7\ 2
K —y/ 22
+4/\204(1_6 i )
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We denote a := 4/ ’\g 7 and compute the following integrals:

/OT sinh? < >\;2t> dt = E )\52 (sinh(2a) — 2a),

and

/Tsinh< )\g2t><1—6_ Mlg%)dtz 1\//\ﬁ2(2a+e 2a — 4 cosh(a) + 3)
0 V
[ (=T = (- )

Using above integrals, we compute:

T / ﬁ . 1% —a
/0 tu'(t)dt = To? [Q(a sinh(a) — cosh(a) + 1) g2 (1—e 1+ a,))} ,

g

i ! 2 _ Ao 2 6 —2a
/0 w (t)°dt = N (2a + smh(2a))cl + = Zﬂ (2a —e "+ 1)

2
p p _
8B a2 V \o? (1-c Qb)

I
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/0 u(t)?dt =1/ %(sinh@a) — 2a)cf — # % (2a + e** — 4 cosh(a) + 3) 1

#2 i e—2a B e—4b +3 ta
4X\204 \ \o2 4

Moreover, we note that:

’ , p -
/0 o (t)dt = u(1) =2sinh(a)c; + W(l —e %),

- 2 2
. 21 ~2a H ~a)2
(/0 u/(t)dt> = u?(7) =4sinh?(a)c} + ol sinh(a)(1 —e 2 ey + W(l —e )"

We denote the following constants:

K := 2sinh(a)

K, := 4sinh*(a)

21 . _og
Kj:= Wsmh(a)(l — e
| B :
Ky = FQ(@ sinh(a) — cosh(a) + 1)
2
K5 = %(2@ + sinh(2a))
1% 6 —2a
Kg = —1/ —(2a — 1
6 QB )\0_2( a e + )
K7 =4/ i(sinh(QCL) — 2a)
Ao?
I B —2a
Kg = — —(2 — 4 cosh
8 o3 )\02( a+e cosh(a) + 3)

As such, we have:

d :ﬁ(K5C% + K601> — (T,LL + 12974 + CY(,MN + W) — 5)K1€1 + ,MK401
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+ Mo? (K76 + Kser) + (A\o% + Aa0% + ) (Kac] + Ksep) + constants
:(BKg, + Ao’ K7 + ()\022 + )\aza?v + a) Kg)cf + constants
+ (BKs — (T + pz + olpg + W) — 8) Ky + pKy + Mo*Kg

+ ()\022 + )\aza]%, + oz) Kg)Cl.
We denote:

my =T+ pz+ aluy + W),

L

Mo = ——
27 o2

()\022 + )\a2a]2\~[ + oz).

To find the optimal ¢;, we obtain:

0P
0 — e :2(5_;(5 + N2 K7 + (/\022 + )\a2012\~] + oz)Kz)a

+ (BKs+ (T + pz + alpy + W) = 6) Ky + Ky + MoKy
+ ()\a% + )\O[QO'%[ + a) Kg)
=(2v/BAo?sinh(2a) + 4(Ao% + Aa’o% + a) sinh®(a)) ¢y
+ g\/ % (2asinh(a) — e ?* 4+ 1) 4 sinh(a) (ma (1 — e7>*) — my)

+ dsinh(2a).

Therefore, we find:

= sinh(a) (m1 — ma(1 —e™2%)) — £/ %(2a sinh(a) —e 2 +1) — 6sinh(2a)’

24/ o2 sinh(2a) + 4()\022 + )\QQUJQV + @) sinh?(a)
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and the optimal rate of trading is:

2 2 -2
vy = v/ (t) = max (ﬁ / %(QCOSh ( %t)c’{ + 2>/\L02e7 A@'5>,0>.

Now, we denote by t* the smallest integer such that v~ > 0. We can find ¢}
similarly by analyzing the integrals shown previously over the interval [t*, 7)

instead of [0, 7). We denote:
Crn8) =) omy = (1 =) = sinh(a) a1 — e 2)
_ M(T sinh(a,) — tsinh(a;) — % )\i(e_hf _ e—th))7

Cden(t) =21/ A2 ( sinh(2a,) — sinh(2at))

+4(Ao% + Aa’0% + ) (sinh®(a,) — sinh*(a,)),

where
2
ay = Ait for t € [0, 7],
B
such that:
Cnum(t)
c(t) = .
( ) Cden(t)

As such, we have:

d(sinh(2a,) — sinh(2a;+))
Cden(t*) ’
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Hence, the rate of trading at time ¢ is:

. Ao? Ao? N\ Lo o _ a2,
pum— B
v; e (QCOSh (\/—5 t>cl(t )—f—2/\0_26 ),

and the cumulative order at time ¢ is:

) Ao? 1 _ [y
* _ s X [k 1 — 3 )
u*(t) = 2sinh (” 5 t)cl(t )+2)\02< e )

We will now analyze the structure of . Suppose that 6 > 0, then we must

have:
O W Utdt
=W —u*(
T — 9 X (g% M _ —ar
=W ZSlnh(aT)cl(t)—l—2)\02(1 e )
: . % _ d(sinh(2a,) — sinh(2a+))
= — 92 h t 1 — ar
W sinh(ar)e(t") + 2)\02( )+ Caen (t*)
Thus:
2sinh(a, )c(t* (1 —e™ %) W .
_2sinblo)elt?) — gl =) W

sinh(2a,) — sinh(2a;~)

We note that:

sinh(2a,) — sinh(2a;+) > 0,

and

2/ BAo?(sinh(2a;) — sinh(2a4+)) + 4(>\022 + )\0420']2v +a)(sinh?(a;) —sinh?(az)) > 0.
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By our assumption, 2sinh(a,)c(0) — “(;;’;T) < W, we can see that § < 0,

which is a contradiction as > 0 must hold. Therefore, we have 6 = 0, which

implies ¢} = c. Moreover, we have:

vp =W —u*(r) > 0.

If such t* does not exist, then we can conclude that there is no investment in

the continuous trading. That is, vy = W.

Case 2: 5= 0.

We recall that the Euler-Lagrange equation suggests:

d? 9
QB@U —2\o"u = —p.

If 8 =0, then we simply have u(t) = 5i=; in particular, we have:

W
X - _ e .
0 = max (2)\02,0) 0

Moreover, we have v, = 0 for t € (0,7) and v; does not exist for ¢ = 0, 7.
We note that the transactions in the continuous trading only occur at time
0 and the moment before time 7; that is, 7 — € for some small ¢ > 0. We
denote 7 := 7 — €. Let Vy, Vz, and Vi be the order volume at time 0, 7, and

T, respectively. In order to determine u(7), we rewrite the objective function
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accordingly. In particular, we have:

min E [VOPO + ViPr + (W = Vo — Vz) Pr — WPT]
+AVAR [VOP0 + ViPr+ (W — Vo — V;)Pr — WPT]

st. V>0, W-=Vy—-Vz2>0
where

P; = Py + BVy + i + oW,

Pr=Py+BVo+uT +oWr+a(N+W -V, — Vi) + Z.
We can rewrite the following:

VoPo + ViP: + (W — Vo — Vi) Pr — WPy
=VoPo + Vi (Po + BVo + pf + oW5)

— (Vo + Vi) (Po+ BVo + uT + oWr + a(N + W — Vo — V;) + Z)
=V; (U7 + oWs) — BVE — (Vo + Vi) (T + oWr + a(N + W) + Z)

+ a(Vo + V)2
We recall that E(W;) = 0 and Var(W;) =t for all t. As such, we obtain:

E[VOPO + ViPr+ (W= Vy— V3)Pr — WPT]

=piVz = BVG — (Vo + Va) (uT + alpg + W) + pz) + a(Vo + V5)?,

VAR [VOPO + ViPr+ (W = Vo — Vz) Pr — WPT]
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=0?7VZ 4+ (Vo + Vz)? (02T + 0420]2\7 + 022).
Hence, the objective function is equivalent to: ;

min L :=p7V; — BV — (Vo + Vi) (0T + a(pg + W) + py) + a(Vo + V5)?

+ AP TVE + (Vo +V2)2 (6T + a®oy, +03) | +6(Vo + V7 — W),

for some 6 > 0. To find the optimal V;, we analyze:

oL

O:
v

=p7 — (UT + alpy + W) + pz) + 2a(Vo + V5)

+ 200 7V; + 2X\(0°T + 0% + 03) (Vo + Vz) + 0,

which suggests:

(T —7)+ py+alpyg +W) =2(a+Xo°T + a’0% +0%)) Vo — 6 )

V%Imax( 2(0&+)\(U2(T+7:)+Q2U]2Q+U%))

Furthermore, we have Vi = W — V, — Vz and V; = X,.

We now analyze 6. We consider Vz > 0. Suppose that 6 > 0, then we must

have:

0=Vo+ Vs =W

20+ AT +7)+ 0% +05) )W =u(T — 7) + py + apg + 20077V — 6,
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which suggests:

6= (T —7) + pz + oapy + 2200°7Vo — 2(a + A(0*(T + 7) + o’c% + o) )W.
Since 6 > 0, we have:

§ = max (u(T — )+ py + apy +2200%FVy — 2(a + A0 (T + 7) + o’0% + 03) )W, o).

Since p < 0, the strategy is given by:

V;:max( (T —7) 4+ pg +olpy + W) =0 0)’

2@+ AT +7) + o202 +02))’

Vp=W —Vp,

where § = max <,u(T—7~')—|—,uZ—|—a,uN—2(a+)\<a2(T+7~')+a2012\7—|—022))M/, O).

5.2.2 Proof of Corollary 2

We recall that:

cvun(®) —sinh (ﬁg <ml _ m2<l e )) b (fg (1
(o >>

Caen(t) =2 ﬁ/\a2<sinh (2\/> — sinh 2 )\Ugt
+4(Ao% + AaPo% + a) smh2 \/> — sinh? ﬁt))
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such that: ¢(t) = CC’;“—"‘((t? If t* exists, then the optimal cumulative order at

time ¢ is:
X? =0 forsel0,t),

v : Ao? * K — Mt
X :251nh< /Bt>c(t )+2)\02<1—e 5 )

Ao
It is clear that limg_,ge V “5 ' = 0. Moreover, we compute:

Ao?
lim sinh | 4/ ——t | cpum (t*
ﬂli}]%sm < 5 >c (t*)

Ao? Ao? ) MZT> )
= lim sinh ——t | sinh —7T1)|lmi—mgll—c¢e 2 — uT
g sin (/) sinh (/%) (= :
— lim sinh < /\Jt> sinh < )\Ut*> <m1 — Mo (1 — e gt > — ut*)
50 B B

:007
and

%g% Cnum (T)

Ao2 Ao?
_ 2 2 9 . . 192 . .9
_4()\02 + A og T a) éli)l}) <smh ( 67’) — sinh <\/Zt>>
2 2
+21im W(mm (2 MT> — sinh (2 A‘H)) — 0.
B—0 154 B

sinh ( %t) Cnum (t)
Cden (t)

We now analyze limg_, . In particular, we note that the term

with the highest order in the numerator is:

sinh (1 / %t) sinh ( %‘27),

126



and the term with the highest order in the denominator is:

Ao?
sinhQ( —7-)'
\ B
Since t < 7, we know that:
Ao? o2 o2
sinh {4/ ——t|sinh [ {/—7 ) < sinh2( —7)
(75 ) sm () <om (5

Hence, we have:

sinh ( %Qt) sinh ( %‘27)

hm = 07

B—0 .
sinh? < ’\;%27')

which, in turn, suggests:

Therefore, we find:

sinh < %t) Croum (1) 2
Ao
lim X} = lim +-F (1 —lime V zat) __H

550 550 Cden(t) 2 o2 B—0 2\o?’

We apply the same argument in case 2 in section 5.2.1 and obtain the result

stated in corollary 2.
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5.2.3 Proof of the Continuous-Time General Strategy

In this section, we show the mathematical derivation behind the generalized
strategy for the continuous-time model. In particular, we consider the con-
dition (T" — t)u < —p; does not necessarily hold. Moreover, as we did in
section 5.1.3, we consider the case for 5 > 0 as well as the case with g = 0.

Consider some small ¢ > 0. We recall that t* € [0,7), 7" € [t* + €,7),
k* € [r,T), and T* € [k* 4+ ¢, T) are some real numbers such that vp, v« > 0
and vg«, v+ > 0. The search for the optimal set of t*, 7%, k*, T™ is discussed in
section 3.4 and the mathematical proof remain the same for any combination.
For the simplicity of the presentation of the proof, we write 7 for 7* and T
for T™. This is done to ensure the consistency notation-wise with section 5.2.1
when drawing references. For a more generalized presentation, one can simply

replace 7 and 1" with 7* and T™.

Case 1: > 0.

Strategy A: v, =0 fork e {r,..., T —1}.

This strategy and its mathematical derivation are identical to the optimal
strategy shown in section 5.2.1. The more generalized variant is derived in the

remark of proposition 2.

Strategy B
This strategy consider the scenario where investor choose to invest in the time

period before and after time 7. The below steps follow immediately after Step
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1 in section 5.2.1. We can rewrite:

T T
/ 'Utdt = / 'Ut]I{t<7—}dt
0 0

As such, the objective function is:

' oW
() :/0 BUE - ((T — t)/’L + Hz = 5)Ut — O{(/J,N + W)vt]l{t<7'} + AO.Z(XZ))Z . Tdt

T 2 T 2 T T
+ )\UQZ (/ Utdt) + )\042012\7 (/ Utﬂ{t<7}dt> + a/ vtdt/ UtH{t<T}dt
0 0 0 0

We denote:
u(t) =X, and  W(t) = ;.

Moreover, let:

T T T
I, = / Ll(ty'Uz;U/)dt, I, = / L2(t7u7 ’U/)dt, Iy = / L3<t’u’u/)dt
0 0 0

with

oW

Li(t,uu) = Bu? = (T — )+ py — 0)u' — a(uy + W)u'Tgyery + Ao?u? — T

Lo(t,u,u’) ==

L3(t7 u, U,/) = u/]I{t<T}
We rewrite the Lagrange equation as:

O(t,u,u) = I + Aozl; + Aa’o% I3 + albly
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We consider:

0P
ELl(ta u, ') = Bu® — (T — )+ py — 0)u' — aluy + Wu'Tyoy + Ao*u?
gZLg(t, u,u') = (2)\02212 + alg)u’,
8<I) ! 2 2 /
a—Ing(t, u,u') = (2Aa o5ls + als)u.
Furthermore:
0o 0o 0o
=——Lq(t ! —Ls(t ! —La(t !
¢ (9]1 1(7u7u)+812 2(7u)u)+813 3(7“)“)

ow

T )

=pu* — ((T — )+ py — (a+2x0%) L — (a+ 2 a’0%) I5 — 5) u’

ow
— a(py + W)u'Tyery + Ao?u® — i
The Euler-Lagrange equation suggests:
0= d oy oy
Cdtou Ou’

We compute that:

0
a—:f/ =20u" — (T — t)pu — py + (o + 2)\022)]2

+ (a + 2)«120]2\7) Is 460 — a(pgy + W)]I{t<7'}7
g—:f =2)\o’u.

The Euler-Lagrange equation can be written as:

d
2\0%u == 26u' — (T —t)p — puy + (o + 2\0%) I
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+ (a + 2)\oz2012v)]3 +0 —a(puy + W)lien

2 0%u =26u" + 1 — oy + W)%]I{KT}
On intervals [0, 7) and (7,7"), we have
2% u = 26U + 1
In both cases, we a non-homogeneous ODE:

25%1/ + pu = 2\o*u
d2

2
25@“ — 2 \o"u = —p. (5.5)

By solving this ODE, one can show that:

(
2 2
eV T fope VI 4 A forte [0,7)

2\ 2

cyeV T e VI 4 for t € [1,T)
\

202

for some ¢y, ¢9,¢3,¢4 € R We recall that «(0) = 0, which implies ¢; =

—(er+ 5)-

One one hand, we have:

o2 o2
lim wu(t) = lim (cle\/ eV L F >

tr— tr— 2 o2
: V222 H /222 15
:t1_1>r£ (Cle CT (Cl N 2)\02>e S 2)\02)
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I Ao2, _ /202y ol I Ao?
=c; llm eV 2~ —e B — ime V 8 4+ ——
t—T~ 2)\0‘2 t—71— 2)\0‘2

=c (e\/?T — e\/?T) — H ei\/%T + K

202 202’

On the other hand,

lim wu(t) = lim C3eV " egeV X t
2)\02

t—7t t—s7+

—Cge\/F + cye F +

2)\02

Since the function u(t) measures the cumulative order up to time ¢, it is con-

tinuous as 7, which suggests:

<ﬁ—e ﬁ) M 2/\ —03e\ﬁ —|—c4er+

0-2

0'2 g
C1(€2 AB T-].) 2/<110_2 :Cgez‘f ATT+C4

Hence, for a := ,/’\g 7, we have:

Cy = C (e2a — 1) — C3€

2\o?

2a H

Now, we can rewrite the function u as:

( o2 o2 o2
¢ <e e ABt) i3 (1 —e V Aﬂt) for t € [0,7)

u(t) =
el (62(1 _ 1)67\/gt ¥ e (e\/?t _ o2 Mgzt)

—|-2>\ 2 (1 —e Agt) for t € [, T).

132



Moreover, the rate of trading is:

./%(Cl(ev%we—v%t) + ghpe VI t> for t € [0, 7)

2 Mt 20— Mt — ﬁt
1/%(03(6 B eV B —cl(e2“—1)e 8

2
+5peze ABt) for t € (1,7T).

\

We will now analyze the optimal structure for constants ¢; and c3. We recall

the objective Lagrange function:

o 5/ dtf/ ((Tt),u+u2)u’(t)dtoz/OTu’(t)<uN+W/()Tu’(t)dt)dt
+ Ao /0 u(t) dt—i—Ao%(/oTu’(t)dt)z+>\a2012§,</07u’(t)dt)2+5</0Tu’(t)dt—W).

Suppose t* and k* are the smallest real number such that v > 0 and v« > 0
for t* € [0,7) and k* € [1,T), respectively. As such, the objective function

becomes:

</ dt+/ ()th> (Tp+py — (/ o' (t)dt + kT ’(t)dt>

T
< dt+ '(t)dt)—a py +W) [ d(
k* *

/ (/ (t)dt+/: ! ) 02</t u?(t)dt + kT 2(zt)dt)
+AUZ(/t* ()dt+/:u’(t)dt) + Mo </tTu(t)dt) oW,
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Using the integrals shown in appendix A.1, we have:

o :ﬂ(Kfc% + Kac3 + Kijcies + Kjcp + Kies + Kgl)
— (Tu+pz —6)(Kier + Kjes + K3) + u(Kier + Kjes + K3)
—alpy +W)(Kiei + K7) + a(K{Kici + K{Kjcies + (K1 K3 + K3 K7 )er
+ KiK2e3 + K21K32) + )\O‘Q(K?C% + K33 + Kiciez + Kjey + K2es + Kg)
+ Ao ((Ki)%{ + (K3)°E + 2K K3cies + 2K K3er + 2K3 K3 es + (K§)2>

+ AaQU]Q\?((Kll)%% +2KiKjel + (K%)2> —OW.
We now denote:

A (5, k) ==BE (t*, k") + K KT (%, k") + Ao” K7 (t*, k*) + Ao (K (", k)2
* * 2
+APo% (K (%, K))7,
Ag(t5, k%) ==BE4 (1" k*) + A? K5 (1%, k) + Ao (K3 (t*, k")),
As(t*, k") :=BK5(t*, k) + oK1 (t", ") K2(t*, k*) + Ao K3 (t*, k*)

+ 200 LK (k) K (H, k),

Ag(t k) =B k) — (Tu+ pg) K3 (£, k) + pK (8, k)

—alpg + WKL (" k%) + (KT (t*, k) K5 (£, k*)

+ Ky (", K" KT (", k")) + Ao K3 (£, k*)

+ 200 KT (1%, ) KS (1, k") + 200”0 % K (k") K3 (t*, k),
A5t k") :=BES (", k*) — (T + py) K3 (8%, k) + k3 (¢, k)

+ K3 (t* K"V K3 (15, k%) + A2 K2 (t*, k*)

+ 2002 K3 (%, k) K3 (1, k7).
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and

Ag(t* k%) = Ay (5, k) + K2 (t*, k*),

As(t, k) = As (8, k%) + SK2(¢, k).

As such, we express the objective function as:

d = A (t*, k*)C% + Ag(t*, k*)cg —|—A3(t*, k*)clcg +A4(t*, k*>01 + A5(t*, k'*)03 + const.

To find the optimal value of ¢; and c3, we analyze:

0P

0= ac = 2A1(t* k‘*)cl + Ag(t*, Ii'*)Cg + A4(t*, k’*>,
1
oo * * 7% * 7%
0= ac = 2A2(t k* )03 +A3(t ,k‘ )Cl +A5(t ,]{Z )
3

By solving this system of equation, we find:

Ag(t*, k) As (£, k%) — 2A0(1%, k*) Au(t*, k*)

(t*v *)A (t*’k )_A§<t*’k*) 7
)ALt k) — 244 (15, k9 As (£, k)
(

Gt k") = A -
AL(7, k) Ay (7, k7) — A3(t, k")

4
4
By the second partial derivative test, we must have:
4A(t*, k) Ap(t, k) — AZ(H*, k) > 0
to attain a minimum solution. If this condition is not met, that is,

AA (" k) Ao (7, K7) — A5, k%) <0,
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then the optimal solution will simply be v; = 0 for all ¢ € [0,T) and vy = W.

If the above condition is satisfied, then the optimal rate of trading at time

t is:

/%52( t*k*(rt+e\/7t>
//\22( (t* k*)(e ’\;%Qt_i_eQaf ’\EQt)

—ci(t, k") (e* — 1)e Ft fae Ft) fort € (1,7T),

e V h52t> for t € [0,7)

’Ut:

\

and the cumulative order at time ¢ is given by:

( -2
cr(t*, k%) < v Bt—e a > 2502(1—6_\/%'5) for t € [0,7)

et k") ( ) Ft+63 £ k) <\/Tt_ 2g— Ml'ft)

+ iz (1 e VE t) fort € (1, 7).
\

Furthermore, we will now determine §. We denote:

Dy (t, k") = As(t", k") KG (8", k) — 2As(8", k") K3 (¢, k7)
R AAL(t*, k) Ay, k*) — A2(t*, k*) ’
Dyt k) = AU ROER(E ) — 240 (17, k) K3(t, k)
S AAL (5, k) Ag (1%, k%) — A2(t, k) ’
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such that we have:

(k) = ea(t, k) + Dy (t5, k)6,

(5, KY) = et k*) + Dao(t*, k)3,

where
) m AR L1, k) — 2A5(r" k) Au(t, k)
CA(t ,k ) . 5 7
AA, (t, k) Ao, k*) — Ad(t*, k)
Y S N ( *) 4(t*7k*> 2A1(t*7k*)A5(t*7k*)
CB(t ,/{ ) : 5
4A1(t*, k*)Ag(t*, k*) — A3(t*, k*)
Recall that we denoted a := 4/ ’\g 7 and we now denote b := %QT_ Suppose

0 > 0, then we must have:

0=W —u*(T)

=W —ca(t* k%) (2 — 1)e " — cp(t*, k) (" — **7?) — 2;\22 (1—e?)

Dyt k) (€2 = 1)e™ + Dy(t, k) (" — e27)) 5,

which suggests:

W —ca(t' k%) (€2 — 1)e® — ep(t*, k") (e? — e27) — g (
Dyt k*)(e2e — 1)eb + Dy(t*, k*) (b — e2a-0)

5 1—e?)

We recall that 6 > 0; thus, we have:

— * k¥ (e2e — -b _ % 1) (ab _ n2a—b .
6(t*,k*) Zmax<W CA(t ;k )(e 1)e CB(t ,k )(e e ) 2)\0_2 (1 e ) 0)

Dy (7, k) (20 — L)e b + Dy(t*, k) (e — o2-b) ’
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Strategy C: v, =0 forte{1,...,7—1}.

Suppose the investor choose to trade only after the initial imbalance announce-
ment. The proof for this strategy can be viewed as a simplified version of sec-
tion 5.2.1. Suppose v, =0 for ¢t € {1,...,7 — 1}, from Step 1 of section 5.2.1,

we have the objective function:
T 2 2 OW 2 T ?
o = . Bui — (T — )+ py + W) = ) vy + Ao (X))? — Tdt + )\UZ~</O vtdt>

With identical procedure shown in Steps 3 and 4 of section 5.2.1, and the
remark of proposition 2, one can derive the result shown in section 3.4.

Case 2: p=0.

If 3 = 0, then following from eq. (5.5), we simply have: wu(t) = i=; in

particular, we have:

W
— _— .
Xy = max (2)\02,0>

This suggests that we have v, = 0 for t € (0, 7)N(7,T") and v; does not exist for
t =0, 7,T. Similar to case 2 in section 5.2.1, the transactions in the continuous
trading only occur at time 0 and the moment before time 7 and 7. For some
small € > 0, we denote by 7 := 7 — e and T := T — € the moment before time 7
and 7', respectively. Let Vj, Vz, V7, and Vp be the order volume at time 0, 7, T,
and T, respectively. We have shown Vj = Xy. We now rewrite the objective

function accordingly. In particular, we consider:

min B |VoPy+ ViP: + ViPr+ (W = Vo — Vi = V;) Pr — WPy
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+AVAR|VoPy + Vi Pr + ViPr + (W = Vo — Vi = Vi) Pr — W Pr

st. V>0, Va>0, W-=V-V:=V:z2>0
where

P; = Py + Vo + p7 + oWs,
Pr=Py+ Vo + puT 4+ oWs+a(N+W =V, — Vi — V3),

Pr=Py+Vo+uT +oWr+a(N+W =V — Vi = V;) + Z.
We rewrite the following:

VoPo + ViP5 + VpPy + (W — Vo — Vi — Vi) Pr — WPy
ZVOP(H-V%(P(H-BVO +/~L7~'+UW%) +V;ﬁ(Po+ﬁV0+/~LT+UWT”+OZ(N+W— Vo—Vz
— V7)) = (Vo + Vi + Vi) (Po + BVo + uT + oWr + a(N + W — Vo — Vi — Vz) + Z)
=Vi(uF + oWz) + Vi (uT + oW;) — BVE — (Vo + Vi + Vi) (0T + oWr + Z)

—a(Vo+ VE)(N+W — Vo — Vi — Vz).
We recall that E(W;) =0 and VAR(W;) =t for all t. As such, we obtain:

Eh%+w&+mhwyw@H—Wﬁ}

=piVe + uTVi = V5 — (Vo + Va + Vi) (uT + 1)

— a(Vo+ Va)y + W = Vo= Vi = Vi),

VAR|:%PO+VFP%+ (W—%—Vf)PT_WPT}
=0*FVZ + 0*TV2 + (Vo + Vi + V3)? (0T + 02)
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+ @2(‘/[) + Vi-)zO']ZV.
Thus, for some 6 > 0, the objective function is equivalent to:

L :=piVz + pTVi — BV§ — (Vo + Ve + Vi) (uT + p1z)
—a(Vo+ Va) (g + W = Vo = Va = Vg) + 0 (Vo + Ve + Vz — W)

+ Ao FVE + JQTVfQ + (Vo + Vi + V3)* (0°T + 03) + o (Vo + Vz) %o |

To minimize L, we consider:

oL oL

0= v T oV

In particular, we have:

0 =pf — (T + pz) — a(py + W —2Vp — 2V — Vz) + 2X0°7V;
+20(0%T +03) (Vo + Vi + Vi) + 200 (Vo + Va)o + 6,

0=uT — (T + pz) + a(Vo + Vi) + 220 TVz + 2X (0T + 0%) (Vo + Vs + Vi) + 6.
We denote:

o =p(T —7) 4+ pz + oluy + W) =2(a+ X0?T + 0% + a’0%) ) Vo,

ez =p(T = T) + piz = (o + 20T + 0%) ) Vo,
such that:
&1 =8 =2(a+ Mo} (T +7) + 0% + a20%) ) Vi + (a + 2X(0?T + %)) Vi,
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Cy— 6 :(a + 2)\(02T 4 g%))vf + 2)\(02(T +T) + UQZ)VT.
Moreover, we let:
2

m = 4\(a + A(0*(T + 7) +022 —i—aQa]Zv))(az(T—l—T) —1—022) — (a+2)\(02T+022)) :

By solving the system of equations, we find:

2X(0(T + T) + o)er — (a+2X(0?T 4+ 02%))ca + (a0 — o?T)é
Vz :max< Z - Z ,O>

cy — (a + 2)\(02T + 022))‘/; -0
Vi =max ( 5 = 5 , >
2A(o2(T+T) + O'Z)
We now analyze 6. We consider Vz > 0 and V; > 0. Suppose that 6 > 0, then
we must have 0 = V + V; + V7 — W, which is equivalent to:
7m(2>\(02(T +7T) + 022)(W Vo) —c2) — (2)\02f —a)(2X(c?(T + T) + 022)01 — (a+2X(o?T + 022))02)
(2)\02T —a)(a— UQT) ’

We let:

Spum =m(2A(c*(T +T) + a%)(W —Vo) —c2) — (2A?*T — @) (2A\(o*(T + 1) + 0’22)01

— (a + 2)\(02T + 022))02)

Since 6 > 0, we have:

67’Lum
0= = —.,0).
e ((2)\02T — a) (a — O'2T) )

If V7 = 0, then the strategy follows from case 2 in section 5.2.1; we have:

T =7) + g+ aluy + W) =2(a + A0?T + o’0% +02)) Vo — 6 >

Vf:max( 2(a+ A(0HT +7) + a%0% + 0%))

141



VT =W - Vb - VT7
where

§ = max (M(T —7)+pz +apg +2200°7Vo — 2(a+ A(o*(T + 7) + 0% + 022))W,0).
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Chapter 6

Conclusion

The optimal strategy derived in this thesis gives a trading algorithm for an
investor who targets the closing prices of stocks listed at NASDAQ. The in-
vestor attempts to minimize a combination of average costs and deviations
to the closing price benchmark. In both discrete-time and continuous-time
models, we proved formulas for the optimal trading strategies, which depend
on parameters from the stock price dynamics as well as the investor’s level of
risk aversion. Under assumptions on the drift of the underlying stock price
dynamics, the formulas for the optimal trading strategies become explicit, and
there is no investment after the imbalance announcement. Using historical
imbalance volume and intraday stock prices, we performed out-of-sample sim-
ulations for the optimal strategy. The strategy tested on 15 NASDAQ stocks
shows, persistently across different levels of the investor’s risk aversion, an
improvement compared to investing in the closing auction only; in particular,

our optimal strategy has lower average costs for all 15 stocks.
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Appendix A

Auxiliary Calculations

A.1 Integral Calculation

This appendix contains the detailed integral derivation used for Strategy B

in section 5.2.3.

Recall that we denoted a := w//\g 7 and we now denote b := %QT. We

compute

o2 oZ,\ 2 No2
%)‘g ( e ﬁt) +ak <1 +e? ﬁt)

2357 for t € [0,7)

2
46>\ 1Bro2€

QM(e% 1)2 -2 ﬁ =¥ . 01%(62‘1 _ 1)672 3 %

o (1 V) (P

+é
S />
+ng<1+€2(a B & ) 46/\226 S t for t € (1,7)
\
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and

;

2
o2 o2 o2 Ao2
A0y —\ /2% A0y /2%y A0y

Ao2

2
+ 4<1—e 5t> for t € [0,7)

o2 [ Ao=
u(t)? = § (e —1)%e V! +cl%<e% - 1><€‘ Fe >
+2c1c3(e? (1 I A ) ( e e Aﬂt)

o2 Ao2
==t 2a—4/ 27—t so—t
-1-03)\(/12(6 F—e ><1—e 5 >

Ao2

+% <1 —e ﬁt) fort € [7,T).

In addition, we note that:

T
/ a — a— 1% —
/o W (t)dt = u(T) =c; (e — 1)e " + ¢z (e” — € b)+2)\02(1—e %.

We compute the following integrals:
/Tt e a +e” a dt = P (2asinh(a) — 2 cosh(a) + 2)
0 AUQ

T Ao?2 Ao?2
/ t<e Etp e ﬁt) dt = 2e“% (cosh(a) + bsinh(b — a) — cosh(b — a))
0 g

/ Vg = (1—e *(1+1))

/T - Ltd _lm(l—e_%)
L% 0% o

T 2
< ,t) it — %eQG(Sinh(Qa) +sinh(2(b - a)) + 2b)
o g
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1+e? ATZIQtdt:%\/%(l—e_Qa—&—Qa)
T

14 e2lemV25 ) gy - %1 / %(eza — e2(@=b) 4 9p)
T I

1— 62(0,— %t) dt — % %(QQ(a—b) _ e?a + 2b)

T - /
_ ﬁt —2 Mt 1 ,8 —92b/ 2b 2
€ B — e B dt = § We (e — 1)

T AcZ g o=t ? B
(e i —e 5) dt =/ ~— (sinh(2a) — 2a)

Ao?

T 2oy 9 527\ B
(e TEt etV s ) dt = ﬁe%(sinh@a) + sinh(2(b — a)) — 2b)
o
T [ed o a 1
(e My A52t) (1 —e V Aft) dt = — \/E(Qa + e — 4 cosh(a) + 3)
o

2
5 2 —4b
1—e VAW) dt:\//\ﬁQ<e2l’—e 4+3+b>
g

T - -2 -2 1
(e At ey Aﬁt) (1 —e” Xﬁt) dt = ——/ % (2 + e2(@b) — 202070 1 2p — 2eb 4 2)
o

2

)

N

S— S— — S— S— — — — S—

Using above integrals, we compute:

/OT tu'(t)dt = % -201 (asinh(a) — cosh(a) + 1) + o (1—e*(1+ a))} ,

2 o2

/OT tu' (t)dt = % —cl (e** —1)(e7*(1 +b) — 1) + 2c3e”(cosh(a) + bsinh(b — a) — cosh(b — a))

Fatli-eta o)

T 2
/o o (t)2dt 20%1 / )\;2(Sinh(2a) + 2a) + c1%1 / %(1 —e 20 2@) + 85/102 /%(1 _ e_2a),

T , 1 Ao? o, 2 _ I “ B
/0 u(t)thzicﬁ/?(eQ -1)"(1—-e 2b)—612 5)02(62 -1)(1-e 2b)
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Ao? a a a— /’L2 B —
—c1c3 ?(62 —1)(e2 — o b)+2b)+8ﬂ>\0_2wﬁ(l—e Qb)
5 [Ao2 5. . . 5 2 _ 2(a—b)
+c5 76 (sinh(2a) + sinh(2(b — a)) + 2b) + c35= 5 (e —e + 2b),

/0 u(t)?dt =c34/ )\52 (sinh(2a) — 2a) — clﬁ\/ )\52 (2a + e7?* — 4 cosh(a) + 3)
2 —4a
1% ﬂ —2a € + 3
* 42204V \o? <e VR a)

1 - 67217) I B s —2b(.2b 2
)2dt —c”/ +eig—s W(e “—1)e (e —1)
2 —4b
2 [ B ata—sb 2 1 | B —2v € +3
+Clc3(€a_1> W(e(a )_ea+2b)+m )\02<e — 4 +b
+ 63\/ (sinh(2a) 4 sinh(2(b — a)) — 2b)

I a—b 2a—b b
73%02\/@( @4 e2(@7h) 902070 4 o) — 26" 4 2)

We recall that ¢* and £* are the smallest real number such that v > 0 and
v > 0 for t* € [0,7) and k* € [1,T), respectively. We denote a* := %Qt*

and b* := ’%Qk* Moreover, we denote the following constants:

Ki(t*,k*) :=2(sinh(a) — sinh(a"))

Kzl(t*, E*) = — 72)'?02 (e_“ — e_“*)

K3 (t*,k*) :=2(sinh(a) — sinh(a*)) + (e** — 1) (e™? —e™"")

K2 (t k‘*) __e o eb e2a—b + e2a—b*

m
202

*

K2(t*, k*) = — (e_“—l—e_b—e_a —e_b*)
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K3(t*, k) :=y/ %(2 (asinh(a) — a* sinh(a*) — cosh(a) + cosh(a*))
+ (e = 1) (e (L +b) —e " (1+0Y))

K3(t*,k*) :==2 %ea (bsinh(b — a) — b* sinh(b* — a) — cosh(b — a) + cosh(b* — a))

K3(t* k) = — 2;‘02 \/ %(e—a(l ta)+el(14+b)—e ™ (14a*) —e " (14+bY)

2
R Y R R

Ky (t*, k%) =4/ )\gzeh(sinh(Q(b —a)) — sinh(2(b* — a)) + 2(b — b*))

o2

K3(t* k") = — (e =1) (€270 — 27D 4 2(b — b))
Kt k") ::—2 g}\UQ (e—2a* —e% 4 9(a—a¥) — <e2a _ 1) (e—Qb* _ e—2b))
KA K ::L 2a=b%) _ 2(a=b) 4 o(p _ p*

M) = (e ¢ )

Kg(t*, k*) — Sﬁlufo_g /%(672(1* o ean + ef2b* _ ef2b)
K (5, k%) :=4/ % (sinh(2a) —sinh(2a*) — 2(a — ) + %(eza - 1)2(6—%* _ 6_2b)>
K3, 6) =y %eQa(sinh@(b ~ 4)) + sinh(2(5" — a)) — 2(b — b%))

Kg(t*, k) ::(62“ — 1) %(62(“—5) — 2(a=b") 4 2(b — b*))

K3 k) =5t [ <<62“ S (P 1) e (e 1))

+e 2% — e 2" 4 4(cosh(a) — cosh(a®)) — 2(a — a*))

Kg(t*, k‘*) ::2;0—2 % (62(11—6*) _ eQ(a—b) _ 2(62a—b* _ eQa—b) + 2(eb o eb*) o 2(b o b*))

2 —4b —4a —4a* —4b*
5o gy KT B oy oa  oqr o € e —e —e
Kﬁ(t7k)—m )\0_2<e +e — € — € — 4

Hota-v-a)
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We determine the following integrals:

/t: u'(t)dt = /0 (bt — /0 t* u!(t)dt

=2(sinh(a) — sinh(a*))c; — 2;;2 (e7*—e™)

:Kllcl + K21,

- 2
( / u’(t)dt) (K1) 4 2K Koy + (KDY,
t

[ [ RO / L0 — / Y e + [ v

:(e2a _ 1) (e—b _ e_b*)cl + (eb Y g2eb eZa—b*)Cg

M
2 o2

o —a —a*
 9\o2 (e —¢€ )

=(2(sinh(a) — sinh(a®)) + (e** — 1) (e " —e™")) e

(7 —e™”) + 2(sinh(a) — sinh(a*)) e

+ (eb b e e?a—b*)cg

_ 2){‘02 (670 +e b —e@ — )

:Kfcl + K2263 + Kg,

(/t; o (t)dt + /T u’(t)dt)2

— (K23 + (K2)’& + 2K K205 + 2K K26,

+2K2K2es + (K2)°,
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/t: u'(t)dt</t; o' (t)dt + /T u’(t)dt)

=K{Kici + K| Kjcics + (K1 K3 + Ky K7 ) ey

+ Ky Kjes + Ky Kz,

/t ; t (t)dt + / T tu'(t)dt
:/OTtu/(t)dt_/Ok* tu’(t)dt—l—/ dt—/o

_ %{cl(e%—l)( H(14B)— e (14 b%)

+ 2¢3e? (bsinh(b — a) — b* sinh(b* — a) — cosh(b — a) + cosh(b* — a))

+ 2¢; (asinh(a) — a* sinh(a*) — cosh(a) + cosh(a®))

M
2\0?2

:K?Cl + K303 + Kg,

(e *(1+a)—e*(1+a")+e(1+b) —e " (1+0b))

— %‘Q(e&z 1)2(6—21)* —2b>
_ g)\az (20 — 1) (72" — =)

2
— i3 )\i(eQa ~1) (eQ(a—b*) _e2eb) o b))
ool B o e -
“gneV el )
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+ c?,\/ %‘26%( sinh(2(b — a)) — sinh(2(b* — a)) + 2(b — b*))
H a—b* " .
+63m(62( ) _ o2 b)+2(b_b>)

K —2a* —2a *
ta—F—==le —¢€ +2(a—a
' 6/\02( ( )>

2
1 B o
_8ﬁ)\02\/)\g2(e2 —e ™)

:KfC% + K§C§ + Kgfclcg + Kffcl + K§c3 + Kg,

/t; u(t)?dt + /T u(t)?dt
:Cg\/g (e** — 1)2(62—%* )

+ 34/ %e%(sinh@(b —a)) + sinh(2(b* — a)) — 2(b — b"))
o

K B 2 2(a—b 2a-b* _ 2a—b b b *
—1—032)\02\/W(e( ) — e )—2(6 — ™) +2(e’ — ") —2(b— "))

2 —db _ —db*

H B o o €€ *

e G s

| B, , " ]
+cf F(Smh@a) — sinh(2a*) — 2(a — a*))

K ﬁ —2a —2a* " .
_012)\02 F(e —e —4(cosh(a) —Cosh(a )) +2(a—a ))

2 —4a —4a*
' \/i 20 _ g2t 8 T g
+ AN204\ \o2 <e e 1 +(a—a ))

=Kt + Kic3 + Kicies + Koep + Kles + K.
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A.2 Continuous-Time Strategy B

This section lists other notations used in the presentation of Strategy B
in section 3.4. A variant of the notations listed here was introduced in ap-

pendix A.1. We recall that:

We denote the following:

K{(t*, 7%, k*,T*) :=2(sinh(a,~) — sinh(a))

K37 K T7) o= = g (e — o)

Ki(t*, 7%, k*,T*) :=2(sinh(a,«) — sinh(az)) + (e?* — 1) (e 97" — e~ ")

K%(t*,T*, k’*,T*) — 0T _ g0kt _ eQaT* —ars | eQaT* —Qp*

m
202

K3(t5, 7% k*, T%) := —

(e—aT* + e—aT* _ e—at* _ e—ak*)

B (2(ar- sinh(as+) — as sinh(ag+) — cosh(ar-)

K (t*, 7%, k", T*) := 3

+ cosh(az)) + (€2 — 1) (e7*T* (1 + ap+) — e " (1 + ay~)))

K3(t5, 7%, k*, T%) :=24 )\52 *(ap~ sinh(aps — ar+) — ag» sinh(ag- — a,-)

— cosh(aps — ar«) + cosh(ag+ — aT*))

* % 7.k * M B —a% —apx
Kg(t,T,k‘,T)::_Q/\UQ W(e a, (1+a7—*)+€ ar (1+GT*)
e 1 + at* — e (1 + ak*))

}-(il(t*7 * k* T* . % /7 2a x 72ak* _efZaT*)

A
Ky(t*, 7%, k", T*) := /%e%f* (sinh(2(ars — ar+)) — sinh(2(ags — ar+)) + 2(aps — a+))
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2
)‘L(eQaT* o 1) (e2(a7.*fak*) - eZ(aT* —apx) + 2(aT* - ak*))

K3(t*, 7 k", T%) := — 5

* % 7k I —2a,% —2a.,*
Kt 75 K, T%) i=———— (e72% — 720 4 9(q v — ap
A )=y (ar- — ar)

o (e2a7* o 1) (e—2ak* o e—2aT*))
KA, 7k, T7) =

K
2\/Bra2

KAt 7 k5, T%) = — 85502 \/E(e—ht* 20 4 72 _ gm2ar)
K (t*, 7, k*, T*) :z@(sinh(?aﬂ) —sinh(2a4+) — 2(ar+ — ag+)
+ %(ezaf* _ 1)2(6—2%* . €2aT*)>
KS(t*, 7%, k", T%) := %62‘“* (sinh(2(ar> — ar+)) + sinh(2(ag- — a,+))
—2(ap~ — ak*))
K38, 7, K, T%) = (20" — 1)@(&“7*‘”*) P ) 4 9 (age — )
K3(t*, 7%, K, T") ::2;‘02 \/E((ezaf* _ 1) (e*QQT* (GZaT* _ 1)2 o2k (e2ak* _ 1)2)
+ e 2a _ 724 4 4(cosh(a,+) — cosh(as)) — 2(ar~ — at*)>
Kg(t*,f*, k*,T) ::2:‘02 \/E(eQ(aT*—ak*) _ 2(arx—apx) _ 2(62%*—%* . eZaT*—aT*)

+ Q(G(ZT* — e“k*) — Q(GT* — ak*))

2
Kg (t*,T*, ]{Z*,T*) — :Ué : % 672aT* + 672a7.* _ 672%* _ ef2ak*
A 20* N Ao

e*4aT* + ef4a.,* _ ef4at* _ e*4ak*

— 4 —|— (aT* —|— Qrx — Qf*x — a’t*))

(62((17.* 7CLk*) _ 62((1.,.* 70‘T*) + 2(aT* o ak*))
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