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There . is wide agreement that optiluti&\ skilis are 1mpornnt
/and .hOuld be tiught as an mtcgnl part of the luthematic& program.
Few.studies have been conductcd " however, to detormine how children
-estimate lhd wby they expérience diificulty with this topic. The
majo: putpose‘of the present study was to determine what strategtls
. grade sﬁr students used when they estimated.answers to conputational

exercises in addition, subtraction, uultiglication and division Df

'whole numbers, y ' . . - )
-Tueﬁtyitwo grade six séudents from the Edmontdﬁ_éatﬁélic

l~$y§tem ﬁi:giciﬁathd in the sgudya There were ten ‘girls and

' fﬁql@e boy§ from a class groupe? heLerogene&usly with }espec£.tob

4 . . . . . e
ability. . ' . '

‘

A two:part interview u;s conducted with each student on an ;
J'in€1v£du§1,bagis} The first pari-required that the Student‘ofally

estimate answers to cqmputational exercises in addition, subtractiom,

multiplication and division. The second pért required the student to

ﬁentally round numbers and then mentally compute with those rounded '

~
.

: nuthbers.. The interviews were tape-recorded to fﬁcil;tate subéequent
,anaiysis‘._ " ’ )

Riﬁlts showed that the students wexje more accurate when Py
estimating answers tq-adaition and subtraction exercises than
muitiplieation and division exétcises The majority of the estimates
gduld genarally be identified with hse of rounding procedures or mental
use of. pencil and paper algorithmi No particular procedure was

.

iv
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lu\ociatcd with Qtthn the ‘accurate". or thc "1nacm¢th” estimates.
\ \ ‘
The nb'uity to round.nulbcu and cupute with tho‘o mnded numbers
. LY
g appuud to bc ncithér mulury por puﬂutont to’uke accurate

eag‘pltes L - "

\

. Cx Major ulcomenaatiom were tha&hchildren should bave
o ’
. ‘P

» ‘e

erience 1n making egtimates in a variety of practical gettings

-

and in’ deciding upcm sqnon,ble aécurlcy for the answer.
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CHAPTER 1

4
INTRODUCTION ANP STATEMFNT OF THF PRORIFM
-

\

Purpose of the Study

The purpose of the studv was to determine what strategies

.

‘grade six stuhents used as thgyv estimated answers to computational
exercises in addition, subtractton, multiplicafion and division of )
whoie numbérs. Verbal interaction with the students while mak ing
the estimates was the method used to obtain knowledge of the
thought processes used by thg students.

It was hoped that the data obtained in the-study would
provide teachers with ingight into the strategies children use when

they estimate so this knowledge could he incorporated into teaching

methodology.
Rationale for Fstimation ©

Reporting on the National Assessment of Fducational Progres§
(N.ALF.P.), €arpenter et al (1976) claimed that {n view of its
N -

importance, estimation mav be one of the most neglected skills in
L4
the mathematics curriculum. Fstimation is a broad topic, used in
reference to numbher, measurement, and computation. This study dea
with estimation only as 1{t applied\to computation.
There is wide agreement that developing estimation skills

shoyld be an ohbjective of the mathematics curriculum. Sauble (1955)
gave both a social need and a mathematical need. The former arises

from the frequent use of mental arithmetic in daily life where

estimates can serve as a check on the exact answer, or mayv be



adequate in themselves. There is a mathematical need because mental

computation and estimation not qgnly prewide opportunities for the

-
»

utilizstion of acquired ’onnlngn. but help to further understandings

of basit number principles ;nd relationships. )
Payne and Seber (1959) claimed that a design for learning which

fncludes plann?d experiences in estimating and making sensible

.

approximations is necessarv, as children are highly unlikely to
achieve these skills ?y themselves. Holmes (1975) A;reea in ;aying
that estimation is an 1mpo(tant skill fPr real livin' and clags time
devoted to it is well spent.

Fdwards, Nichols and Skarpe (1972), re}orting for the Tommittee
on Basic Mathematical Competency and Skills, proposed guidelines which
would define minimum competence in mathem;t1Cs. Estimation skills
were included as necessary for judging the reasonableness of
computat ional answers, and for making intelligent consumer decisions.

Bell (1974) proposed a&ecification of what 1s ''really"”
needed for miniﬁum mathematical literacy and competency in the
mathematics curriculum. He called for confident, ready and informad
use of estimates and approximations.

Trafton and Suydam (1975) presented a position paper on
computational skills which reflected the thinking of the Arithmetic
Teachef editorial panel. The second of ten points stated: "All

children need proficiency in recalling basic number facts, in using
standard algorithms wit® reasonable speed and accuracy, and in

estimating results and perferming men%al calculations, as well as

an understanding of computational procedures (p. 530)."



. / _ .

Hon recently, th. wide availability of the MM-hou

'
calculator hu had lnplicauom for the entire nthmuco currtcuh..

Opponents of calculator use predict tt;o decline and eventual

loss of mental arithdetic reasoning. ' Advocates, on the other hand,
vh‘i‘le cautious about elementary school use of the calculator, cl‘aln
it can and should be used to advantage. -Many educators, including

Br?ni (1976), Ockenga (1976), Gibb (1995). and Immerzeel (1976) .
have pointed out the necessity for sharp.cning estimation skills when
u-ling the calculator. Bell (1976) reported that poor judgment of ~
significant figures 1‘ revealed by calculator use. Calculater
errofs tend to be farge gkd ability to estimate would help.prevenl

"
students from accepting erroneous answers. Bell suggested that

estimation skills, whicH'are important in anv case, must be learned.

Rationale and Need for the Study'

- -

There is little or no argument that estimation skills are
important %or modern living: Rasults from the N,A.E.P. (1976)L
diowever, gave evidence that present treatment is insufficient to
build any rea& skill in estimating or to encodrage students to-use
estimation where it is appropriate. )

There have Seen few studies conducted to ldentify the cause
of children's difficulties with estimation. One reason for this
is that estimation is a process and {s diffipult to measure.
Trafton (1978) said that there is not much known about how children's
thinking develops in this area, nor how they can be helped to learn

]
estimation skills competently and confidently. Investigating

-

—
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)
children's estimation ‘tpchaiques, Sauble (1933) found t they do
. - -
not alvays employ standardizsed prescribed thought pat s, but use
ingenuity nné fesourcefulness.

The N.A.E.P. study (1976) hypothesized that one source of

difficdlty in making espimates is & lack of the prerequisite ekill
~5 .

of rounding numbers and operating with multiples of ten, one -

-

hundred, one thousand apd so on. Further indications were that

estimation requires "quantitative imtuitien” which includes the ability
to decide if an ansver makes sense, and a feeling for the quantities
L4

represented by large numbers. There {s no well-defined algoritha for

estimation; anv such strategy would depend on the acceptable criteria

for a reasonable estimate. )
‘g.A.E.P. proposed, ". . . it is doubtful that the ability to

estimate cmf Se validly assessed {f onlv the final result of the

calculation is considered. To obtain a valid measure of a student's

ability to estimate, it is probably necessary to obser‘e that

student estimating (p. 299) ."

-

Scope of the Study
o

The study was designed to help answer the following

questions:

1) How accurately do children estimate answers to

computational exercises in addition, ‘subtraction, multiplication

-

and division?



L 4
L)
2) What identifiable strategies do children use when

estimating? ’ '

3) Are there similarities in the strategies used to
obtain "accurage' estimates’

4) Are there similarities in the strategies @sed to

obtain "inaccurate' estimates?

5) Js there a relationship between the abilityv to make

Accurate estimates and the atility to round numbers and compute

with those rounded numbers”?

11

<

Contribution of the Study

The current paucityv of knowledge recarding students'
understanding and use of estimation prompted this study which is

expleoratory and descriptive in nature. The studv was designed to

vield irnformation ahout the strategies children use when thev

estdfmate. Vnowledge of strategics used and

difficulties encountered
A .

by students would have implications for teaching methodologv. It

was also hoped that the results would provide some direction for

future research in this area.
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REVIT™W OF THF LITERATURE
Estimation and Mental Arithmetic

Istimation as a topic cannot be completely separated from the
larger field of mental arithmetic. Mental arithmetic has had an
-~

interesting history which provides a background for the present studv,

History of mental arithmetic
Mental arithmetic is a tvpical example of a mathematics
-
curriculum concern whose popularity has been cvclical in nature.
Historicallyv, as pointed out by Wolf (1967), it long preceeded written
SN
computation. Following the.advent of written numerals, numerical
syvstems were perpetuated hv pencil and paper for the purposes of
educating the voung and satisfving the needs of society. Fesulting
raterials tended to prorote routine pencil and paper procedures, which
when emphas<ized, hecame a guide to arithmetic instruction rather than
an aid. This written approact to teaching arithmetic relegated oral
computation to a minor role.

According to Smith (1917%) 0 4 clange was initiated in the earley
nineteent! centurv, largelv due te the influence of Pestalozzi in
Furope and Warren Colburn in the 'nited States. Thev protested the
written method of arithmetic, claiming it was too slow and promoted “

intellectual ghuggishness and lack of reasoning. Also prominent at

this time was the theorv of facultv psvehology which advocated mental



pl

discipline through exercising the mind with mental calculations.

Thus, oral arithmetic flourished and written arithmetic assumed the

N
-

miﬁor tole.

In the earlv twentijeth century: the theory of faculty psychology
was discredited. In the large reaction against the doctrine of'mental
discipline, mental arithfietic once again fell into great disfavor.

Hall (1954) regrets this erroneous association by writing, "It is
unfortunate that mental arithmetic, in such questionable company as
mental discipline, was also discredited (p. 349)."

The result was that, from about 1910 to 1940, mental arithmetic
virtually disappeared from the curriculum. Bv the 1940's, educators
once meore began to reexamine the place of mental arithmetic in the
curriculum. This was perhaps due to the social utilitv theory of curriculum
prevalent at that time. Menta! arithmetic for evervday life situations
wds recognized as heing hotd necessarv agd different from pencil and
paper methods.

I'ntil this time, arithmetic instruction tencded to extremes
of total emphasis on, or total lack of, mental procedures. According
to Hall (1954), the return was characterized bv a totally different
point of view. Purposeless drill on rapid calculation was replaced
by practical situations which required either exact or approximate
answers, methods which led to increased understanding of the decimal
system of numeration and number relations, and enrichment exercises
for motivation. The past tendency to adopt extreme positions was

seen as impractical. Putting it in its proper perspective,



Thorndike (1922) said that problemsdsolved with or without pencil
and paper had varying degrees of merit, according to the particular
arithmetic esxercise, pupil, and problem context. A similar thought was

<

voiced by Suzzallo (1911) who said that the use of pencil and paper or P
mental procedures should be a matter of situational judgment rather than

an arbitrary decision which is often uneconomical or inefficient.
*

Definition of mental arithmetic
Another factor which has influenced the popularity of mental
arithmetic i\_dé?;ﬁition of the term itself. Hall (1954) found that
r many .dif ferent terms and phrases are understood and used in reference
to mental arithmetic by Fexthooks, authorities, and teachers. He
discovered that in eight series of fifth and sixth grade textbooks,
eleven different terms or phrases were used in reference to ;olving
problems mentally. Brown (1950) surveyed teachers on their opinion
as to whether or not mental arighmetic should be included in a
. g ‘cultural general mathematics course. He found that their answers

depended upon their notion of mental arithmetic. Those in favor

¥
interpreted it as a topic which implied estimation or mental

shortcuts; those not in favor saw it as using standard written
procedures, but doing them mentally.

The terms mental arithmetic and oral arithmetic are used most
frequently, and are sometimes used synonomously. Some authorities

(Hall, 1954) claimed that all arithmetic is mental; even when

each step is written down, the arithmetic is done in the mind.
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One sujk contender was Thompsén (1917), who saw mental arithmetic
as calculations perfbrmed in the mind without recording on p;per any
inte;;ediate results, whether the final answer is written down, said
aloud, or simply thought. Similarly, the origin of the-problem may
be spoken, written or raised in the mind by a practical sitqﬁti;n.
. This view was‘adOpted by Schall (1973) and Hall (1954).who aléo
included-;uick estimations which may or may not be verified in writing.
Hall recommendgd exclusive use of the term mental arithmetic because

it is used more frequently than oral arithmetic and because the latter

term often limits the problem to one which arises, is solved, or

-
answered orally,

Flournoy (1959) defined mental arithmetic as 'the interpreting
or solving of quantitative situations without the aicd of paper and
pencil (p. 133)." She defined short-cut method as '"a method which
differs from the regulér paper and pencil method. Sometimes it may
not actually be shorter but it mayv be an easier wav of thinking when
not ugimg paper and pencil (p. 137)." Wolf (1960) used the term oratl
arithm;tic which he interpreted as non-written figuring. These
definitions would not seem to limit mental arithmetic to refer only

to exact calculations, but could encompass situations in which estimates

are made of numerousness, measurements or answers to calculations.

Need for mental arithmetic
To justify the inclusion of mental arithmetic in the curriculum,
it must be recognized as differing from pencil and paper methods, and

a need for such procedures must be established. While the topic has

i
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‘not been extensively investigated a review of exiating 3 nal
articles and research reports offers mdck support.

' A major proponent of the teaching of mental‘hrithmetic,
Frances Flournoy 61957) asserted that it 15 a matter of tommon 3
experience and ohservation that mental arithmetic is.often required
to solve or interpret quantitative situations or produce-qﬁick
sélutions without the use of pencil and paper. Childran must be
given the opportunity to.gentaif§ golve problems involving éimé}e

{ °

computation, make npproxiﬁations, and interpret quantitative data,
terms and statements. In a study with intermeéiate grade children, <
trained to.mentally solve exercises and word’problems, Flournoy M954)
claimed they made s;gnificant gains in these skills. Their written
arithmetic skills were not hindered, but rather seemed to be aided by
the experience. Supporteg by her research, she concluded that it is
doubtful that good arithmetic teaching which emphasizes only written
skills, equips pupils to handle daily mental arithmetic situations.
. This view reaffirmed a similar one made by Smit; (1913) more than
forty 'years earlier,.

Wandt and Brown (1957) investigated the non-occupational use
of mathematics. Ih a twenty-four hour period, college students kept
a record of their u;es of compugation. Mental computation
accounted for 75% of their uses and written'computation for 257%.
Of the uses recorded by children in grades three to six, 71.6Y were

non-pencil-and-paper. It was felt that the children may have

overlooked many uses and that they would make even greater use of



‘\
\ .
\ ¢ 11
‘mental arithmetic if they felt confident in doing sb. The\

' reading of' tables, graphs, and scales found in reference materials

. - X\
and neéwspapers involves mental arithmetic, but such uses yeie nqt

e

reported, indidating that they were, overlooked.

Kramer (1970) said mental computation is one of fhevskills
. ‘ !
which primary feaoheLs must develop in young thildren, as it will be

of substantFal fssistéhce to them throughout life, His claim for
this emphasis is that about 75% of all non-occupational uses of ‘
;rithmetig by aéult; is'ﬁental. 'peberman (1965) observed that mental
arithmetic helps children become iﬁdependent of memorized techniques.
Children who follow strict algorithms with pencil and paper ére at a
great di;advantage when fp}lowing blackbdard or textbook presentations.
Mental arithmetic encourages children to discover computational
shortcuts which provide deeper insight into tﬁe number system,
| Payne (1966) found that grade ‘}ve pupils who were taught
mental computation using a specified time allotment within the
arithmetic curriculum and a step-bv-step planned sequence of material
performed betgter than thgse using an intermittenF texthook
presentation, as mgasureé‘by a mental comquation test. As stqndard
achievement test scores revealed no significant differences between
the two groups, he concluded that the time taken from regular class
instruction had no adve?se effect on the experimental group.
In a similar experiment, Grumbling (1970) found that grade
r~ .

four pupils significantly improved their mental computation skills

@ following a series of prepared mental computation lessons, without

A2
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suffering a loss in Arithme£ic lchievemeat. The control group,
following thé regular arithmetie program, also made significant gains
in mental computation ability, but the experimental group made
significant gains 1nlmenta1 problem-solving ability as compared to
the con%rol group. N

- Rea and French (1972) assessed the merits of oral instruction
in mental computation versus pencil and paper enrichment activities
for gr;de six. Both treatments, as measured by standardized
mathematics achievement test scbres, resulted in a significant
growth over a small number of instructional sessions.

Wolf (1960) conducted a study to determipe the best materials
and procedures for oral instruction in the four fuﬁdamental
processes as well as addition and subtraction of %ractions. The
lessons were geared to supplemmﬂ\grade four apd five arithmetic
programs. Experimental groups received either film presentations or
printed materials. He found "that bo;h experimental methods were
effective in both motivating and teaching oral arithmetic processes.

Similarly, Schall (1973) compared the effects of short,
frequent mental arithmetic lessons in gr;de five, which were presented
in either visual, oral, or both visual and oral modes. The pupils
grew in their mental arithﬁetic skills regardless of the mode of
presentétion,'all of which were enjoyed. There wad no loss in the
paper and pencil skills of the expérimental gr0up§, though regular
class time was used for the lessons. In fact, these groups showed

gains in the problem-solving retention test, indicating that thev were

-



13
better able to transfer skills and concepts than the)control groups
who received eitd&r no treatment or placebo treatment.

Hall (1947) investigated mental problem solving with grade
six pupils. He f&und there are considerable individual differences
in abilitv to solve vérbal problems without pencil and paper. There
was a positive correlation with 1.Q., but no sighificant difference
between male and female students. Generally, addition problems were
the easiest, followed by subtraction, division and multiplication,
in that order. Similarly, one-step problems were easier than two or
three step problems.

Spencer and Brvdegaard (1952) claimed that oral-verbal
problems occur more often in life experiences than do written problems.
In school, these problems should center around children's activities
and ;onsumer tvpe problems. Spitzer (1954, 1967) said that if he
were limited to offering one suggestion for improving the prohblem-
solving ahility of upper-grade pupils, it would have to be oral
problem solving. He claimed it is successful because it puts into
practice essential problem-solving procedures. These he listed as:
1) undivided attention to the problem, 2) sizing up or analysing the

problem situation, 3) use of significant or_gimple numbets, 4) better

<
picturing of the problem-solving process through forced use of simple
numbers and processes, 5) time for reflection and evaluation, and

6) better understanding through various solution methods.

Petty (1956) conducted two parallel experiments to study the

effectiveness of a non-pencil and paper method of solving verbal
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arithmetic problems in grade six. The experimental groups did not

use pencil and paper and "h no acc;ss to the printed problem during
the alotted solution time. Control groups used pencil and paper and
had continuous presentation of the printed problem during both reading

and solution time. Criterion tests included pencil and ,paper

problems, non-pencil and paper problems, orally stated problems, and

a speed test. There were no significant differences on the overall mean
gatns or performance changes between the expefimental and control
groups, but gains made favored the groug\ﬂmwe practice method was
similar to the criterion method. This trend indicated that maximum
improvement in abilitv to solve verbal problems bv either method

could hest be accomplished bv pra;ticé in the respective method.

While the control group scored higher on the practice exercises tgan

L <

did the experimental groups, their édvanfage declined as the

’

experimental group had more practice with nop-pencil and paper
methods. Since there is a need in life dgfizlve problems mentally,
practice in such procedures is essential.

Mental arithmetic, then, whether it refers to solving problems
or performing computations without pencil and paper, has a definite
place in the curriculum.” Mental arithmetic situatigns occur
frequ;nfly in life for both children and adults. The processes

involved differ from pencil and paper procedures, and require specific

instruction 1¢ they are to be used both effectively and efficiently.
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Research bn Estimation of Computation |

The literature on'estimation of computation is sparse agd the
studies done vary in nature. °They include invg€tigation of the effect
that teaching estimation has on computational / ills, the relative
merits of planned.or incidental instruction in estimation and attempts to
correlate éhe ability to estimate with other skills or attributes.

Mazzei (1959) compared the growth in arithmetic achievement of
grade nine and ten pupils who estimltgd'answers to problems hefore
solvipg them, with those who did not. He found that the lower one-
third of the experimental cli;ses achieved greater gains than the upper
third in three-quarters of the {éﬁparisons made. This indicated that
the lower students can increase achievement skill; by first estimating
answers. He was certgin that arithmetic instruction would become more
meaningful and students would show increased understanding i% emphasis
were plaéed upon a thoughtful analvsis of the relationships between
numbers rather than upon rule-of-thumb procedures.

Nelson (196h) compared the effect of planned teaching of
estimation on arithmetic achievement with the effect of incidental
eétimation exercises in a regular textbook in the fourth ancd sixth
grades. In grade six, the experimental group significantly surpassed
the control group on a test of arithmetic concepts and applications.

In grade four, the control group sgrpassed the experimental group on
a test of computation. The experimenter felt that this was perhaps
due‘to the fact that the time necessarv to estimate each answer
prevented them from completing as many examples. The children given

instruction and practice in applying estimation skills were more

competent in using this procedure than those not receiving the



16
instruction. This indicated that the ability to estimate is more
related to the ability to apply procedures than gke ability to
compute. Also, children with higher 1.Q.'s ténded to be bettc;
estimators. Nelson concluded that it is difficult to successfully
integrate such a program in one year, as change in behavio} is
'}elated to previous habits and tegching.

Paull (1971) analysed grade eleven student's abizity to
estimate length, area, and answers to numerical computations; ana
to solve problems by trial and error. He found that the subjects .
were not consistent across the tasks in their ability to estimate
answers to problems, but this ability was significantly correlated
with mathematics and verbal ability. He also found a. positive
correlation between the ability to estimate answers to numerical
computation and the abiliév’to solve problems by trial and error.
The ability to estimate length was not correlated with mathematical
or verbal abilitv nor was the ability to estimate area and length
correlated with the ability to compute rapidly. Fstimation abilities
were not related to the tendency to categorize quantities in broad,
medium or narrow band-widths, nor were there significant differences
between males and females. |

Mental aritﬂmetic has had an interesting history. Acceptance or
rejection of mental procedures as par£ of the mathematics curriculum
has been inconsistent. This inconsistency was in part due to the

difficulty of defining mental arithmetic. Those educators who have

seen mental arithmetic as procedures different from pencil and paper
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algorithms, have promoted its practice a« part of.rogulnr

»~ "

mathegatics instruction.
Estimation is an important, but often neglected, facet of
mental arithmetic. Pmevious studies concerning e:tlultién have

been statistical in nature, mainly attempting to link the ability to
’

estimate with other measurable mental abilities. The present study
( Ve ) - ~ :

is intendad Qb be descriptive of the strategies used to estimate

4 [}
and how'the strategies are related to the accuracy 'of the .estimhtes;



CRAPTER 11!
’ DESIGN OF THE STIMY -

.

The main purpose of the study was to determine what strategies
gvade six students used as they estimated answers to computationsl
exercises in addition, subtracfion, multiplication and division of
whole numbers. The specific purposes of the study were 1isted in

.
Chapter 1. The present chapter includes definition of terms,
descriptige of the sample and instrument used, method for data

collection, assumptions and limitations, and an gutline of the data

4
analvsis plan,

Definit{on of Terms
The following definitions are operational in nature as used

in the study: - -

Estimation: the mental process of determining an appro§1mate
answer to a computational exercise.

Fstiﬁate: thev;inal answer determined through the process

) of estimation.

Proper order within one thousand, one hundred, ten or one of

of magnitude: -
the exact answer when the largest place value of
the éxact answer is thousénds, hundreds, tens or
one respectively.

Accurate estimate: within the proper order of magnitude.

Inaccurate estimate: outside the proper order of magnitude.

AN

~

—
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Description of Sample

Theasample was comprised of twenty-two grade six students
from a school in the Fdmonton Catholic Svstem. The area was
described by the administration as middle-class. Twelve hovs ard ten

girls participated in the stu’v. The class was heterogeneously
grouped with respect to a%ilitv,

Table 1 shows existing data which were available for the
sample.

The studente were listed in descending order of age as of
April 1, 1978, This statistic was the only one'which was available
fo; the entire sample. The average age was eleven vears and six
months; and the ages ranged from eleven vears and two months to
twelve vears and zero months.

As the entrance age for grade one students in thevﬁdmonton
Separate System"ranges ‘rom five vears and six months to six vears
and «ix months, the ages of grade six studeﬁts a~ of April 1 woulld
bé expected to range from eleven yvears and one month to dawelve vears

and one month. The ages of all students in this sample fall within
the expected range.

Lorge-Thorndike I,Q; scoYes of twenty students were availahle.
0Of these twentv, the average score was 105 and the scores rangedl
from 72 to 128. As the avetage score for the Fdmonton Separate

System is 104, the students in this sample scored slightlv above

the norm for the svstem.



Table 1

Ages in vears and months, 1.0. scores, and grade equivalent
score~ for concepts and problems on Canadian Test of
Basic Skills, for sample used.

Student Age 1.0, Concepts Problems
! o= 105 6.9 6.9
2 i 111 6.3 5.9
3 T a3 5.5 4.3
4 11-11 122 6.8 6.4
5 11 19 116 5 8 o4
6 11- 4 104 5.9 5.7
7 11- 7 106 5.4 5 8
ol 11- 7 1000 5.8 4.9
9 11- 7 97 - -
10 11- 5 115 6.8 7.3
DI 11- 6 - 5.4, 5.7
12 11-5 12+ 7.9 7.3
b\ 11- 5 116 f.5 b4
14 \ 1- 5 - 4.4 3.2
1 : 1=« 110 5.4 5.1
1+ 11~ 4 113 - -
17 -1 104 1.5 3. h
L 11- 1 22 1. 4.6k
e -2 ay 9. 5.8
20 11- 2 s h.7 6.2
R 11- 2 &Y 4.7 4.9
-2 al 4.0 4.3

Averace Y1~ f 10e 5k 5.5

(hawed on

SCuvles

avdailab e
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. Scores from the Canadian Test of Basic Skills administered
in April, 1977 were available for twentyv students. Scores for
both the concepts and problems subtests are reported in grade
equivalents. The average grade equivalent for concepts was 5.6
and the scores ranged from 3.1 to 7.9. The average grade
equivalent for the problems was 5.5 and the scores ranged from
3.6 to 7.3. As the expected average for both these scores for
students in the Fdmonton Separate System would have been 5.7, the

! .

scores of the students in this sample were slightly nger t han
expected.

Thus, when coacidering age, I.Q. and mathematics
achievement, this class is close to Fhe norms for sixth grade
classes injthe Fdmonton Catholic Sysfem.

Grade six pupils were chosen because children at this
level are expected to be proficient at-doing the four basic
operations with whole mumbers. It was also felt that children at

this age would be better able to explain their strategies than

would vounger children capable of the same exercises.
Instruments and their Characteristics

A two-part interview was conducted with each child on an
individual basis. The first part required that the student orally
estimate answers to computational exercises in addition, subtraction,

multiplication and division. The second part required that the

R4
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student mentally round numbers and then mentally compute with
those rounded numbers.

The interview protocol was designed by the researcher.

The original questions were piloted with three children. The
children were encouraged to ask for clarification of any aspect

of the qdﬁgtioning procedure that did not seem clear and to offer
suggest&ons. As a result, modifications were made with respect to
what questions were asked and how they were phrased. [

Questioning procedures were similar towthose used by
Cathcart (1969) in that the order and phrasing of the quesfions
was preset to ensure consistency. The intention was to draw out
the students' thoughts while they were estimating without prompting
or suggesting possible answers.

The exercises selected were ones which are commonly
encountered by grade six students in thestegular course.of math-
ematics instruction as prescribed by the Alberta Department of
Fducation (1977).

Curriculum objectives for the sixth grade include addition
and subtraction of any whole numbers; m;ltiplication using one,
two and three digit multipliers; division using one, two and
three digit divisors (with or without remainders); mental

multiplication of whole numbers by 10,100 and 1000; and estimation

!
of products gnd quotients.
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‘ The addition exercises were all pr;::;}ed in column
| . o
férmat of three, four or five numbers. The numbers had two, three
or four digits.

The subtraction exercises involyed three and four digit
numbers with regrouping of the ones, tens and hundreds digits.

The multiplication exercises were either a one digit
number times a two digit number or a two digit number times a .
three digit number. All exérc;ses required regrouping.

The division exerc¢ises involved two digit divisors and
either two or four digit dividends. Two quotients had remainders.

Experiences similar to ail the exercises used can be found
in the grade six textbooks of the three prescribed references.
The publishers of these references are Addison Weslev; lolt,
Rinehart and Winston; and Science Research Associates.

Part one consisted of two exercises each, of addition,
subtraction, multiplication and division, in that order. For
each part the simpler exercise was given first. The stuéents were
asked to explain how theyv would estimate the answer for each
exerciFe.

Part two consisted of one exercise each of addition,
subtraction, multiplication and divisiop, in that order. The
students were asked to round the numbers in each exercise and

then compute the rounded numbers.
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Each exercise in both parts was Presented on a single page
of a booklet which contained nothing but the exercises. After the
student had made each estimate in part one, a pencil was used to do

the exercise. - The exerckges In part two were not done with pencil

and paper.
Exercises in Part one were presented in this form:

" Addition: Al) 36 A2) 203

25 . i 169
10 s 46
+13 77
: + 2
Subtraction: S1) 743 S2) 5862
-416 -377
Multiplication: M1) 67 ' M2) 253
X4 X 39
Division: D1) 16)92 N2) 76)6308

\

Exercises in Part two were presented in this form:

Addition: 2875
3629
+ 536

. Subtraction: 426
-288

Multiplication: 563 . -
X29

Division: 84) 3652

.



Data Collection
The data was collected over a one-week period from April 3 to

April 7, 1978. Interviews were tape-recorded to facilitate

subsequent analysis,

Pre-interview Discussion: A pre-iﬁterview discussion was conducijd.

. with each child to: |

1) establish répport and make the child feél comfortable,

2). ensur; that the child understood what estimation means
and why it is necessary, -

3) ‘explain the purpose of the study.

This part of the interview was not tape-recorded. The )

following statements and questions are examples of those poged by the

researcher. ‘

1) "The reason I am here is to find out how grade six

students estimate answers to addition, subtraction,

.

'

multiplication, and division exercises'.
2) '"'The questions I will be asking you do not have right
or wrong answers. 1 am interested in how you estimate
the answers''.
3) "Do you know what estimation means?" This questiqn,was
followed by.a discussion of the child's notion of

estimation.

25
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{ 4) "When you make an estimate; you figure out in your
head about how much the answer is without actually
aéding, subtracting, multiplying or dividing the
numbers to get the exact answer as you would with a
péncil and paper'.

5) ''Have you studiegrhow to estimate in class?"

6) '"Do you know why it is u;eful to be able to estimaté
answers?" .This question was followed by‘a discussion
of using estimation when shopping, building, solving
problems or using the calculator.

D) Fach student was asked not to discuss with the other

— students what was ipholved in the interview until all

the students had participated.

Part One: The resea}cher gave each student the following directions
beforé recording the answers:

1) "I am going to give you some exercises in addition, subtraction,
multiplication and division. For each exercise 1 want you to explain,
step by step, how you would estimate the answer in your head before
you work out the exact answer with pencil and paéer”.

2) "I want you to try to tell me exactly what you think or say to
yourself while you are making the estimate. It might help if you tell
me how you would explain to, or teach another student how to estimate
the answer''.

3) '"Do you understand what 1 am going to ésk you to do? Do you have

any questions before we begin?"
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For each of the eight exercises to be estimated, some or all
of the following questions were asked. .Altern;te questions were used
when it was necessary to repeat the question. They were pre-planned
to help the researcher be consigtent and avoid asking leading
questions when ‘the students failed to respond.

1) "Please explain, step by step, how you would estimate

the answer to this exercise’.

Alternate questions were:

la) "What woyld vou think or sav to vourself when estimating
the answer to this exercise?"

1b)  "What do vou think is a good estimate of the answer to
this exercise’ Whv? How did vou get this answer?"

led  About how guch do vou think the answer is? Why 2"

1d)  "How would vou explain to another student how to

estimate this answer?”

2)  "Do vou think the exact answer is more or less than vour
estimate? Why?"
An alternate question was:
- 3
2a) "If vou work out the exact answer with pencil and paper,
do you think the exact answer will be bigger or smaller
than your estimate? Why?"

3) "Now find the exact answer with this pencil. Do vou

think vour estimate was a good one? Why or why not?"



An alternate question was:

3a) '"Use this pencil to get the exact answer. Now that you
know the exact answer, do you think your estimate was
good? Why or why not?"

4) "If your estimate is not good, do you think there is a
better way to estimate” the answer to thik exercise?

Tell me how you would do it".

Part Two: The researcher gave each student the following directions
before recording the answers.

1) "One ‘way of estimating the answers to exercises is to
round each number and then add, subtract, multiply or
divide then'.

2) "This time I'm going to ask vou to do each exercise bhv
rounding the number first'.

For each of the four exercises to be estimated, some or all of the

following questions were asked. Alternate ways of phrasing the
quest ions were pre-planned to help ensure consistencv.

1) "Please explain to me how you would round each of these
numbers to make it easier to add (subtract, multiply,
divide) them'.

An alternate question was:

la) "In order to make an estimate it is easier if you round the

number first. How sMmould you round these numbers to make

it easier to get an answer?"
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2) "Now, add (subtract, multiply, divide) the rounded numhers&.
.
An alternate question was:
2a) ”Whéf answe¥ do you get when you add (subtract, multiply,
divide) using the rogpded numbers?"
3) "Do vou think this estimate is larger or smaller than the
exact answer? Why?" .
If the student was unable to respond to the first three questions,
the following was asked: ]

4) '"Do vou know how to round numbers? Please explain how vou

would do it. Could you give me an example?"

Assumptions and lLimitations

The following assumptions were made about the §ample.and procedure used:
1) It was assumed.that verbal interaction with students while
thev estimated would proVT!&‘information about what they were thinking.
2) Tt was assumed that grade six students would have an under-
standing of the operations used and the standard algorithms commonly
applied.
3) The exercises w:,L presented in a fixed order. ¥t was
assumed that no learning would affect subsequent responses,
Limitations of the studv are acknowledged as follows:
1) The students' previous learning and background experiences
[

were not taken into account.

2) Variation in the students' verbal abilitv may have affected

<

the results.
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3) The sample was limited in size,
4) Recent 1.Q. scores or recent general mathematical ability
scores were not available.
5) Presence of the tape recorder may have interfered with

the responses.

-—

Data Analysis Plan

The data were organized for analysis as follows:
Part One:

Accuracy of estimates: The estimates were classified as either accurate
or inaccurate. The rationale for this distinction is given {in
Chapter IV. The data were examiped to gain a general picture of the’

accuracy of the estimates both within and across the operations.
-

Strategies used: The strategies were classified on a researcher-

designed basis. Major anticipated categories were: 1) use of rounding
and 2) mental use of pencil and paper methods. The data were examined
to determine if tlere was a relationship between the strategv used ana

the accuracy of e estimates.

Part Two:

Rounding and Computation: The rounding procedures were examined to
determine how precisely, with respect to place value, the students
rounded the numbers. The data were examined to determine if accuracy

in computation is related to precision of rounding.

Accuracy and rounding: A comparison was made to see if there was a

relationship between the ‘ability to round numbers and use of this

-

procedure to obtain accurate estimates in part one.
.
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DATA ANALYSIS AND DISCUSSION

Twenty-two grade six pupils were interviewed to determine
what strategies they used as they estimated answers to addition,
\\\\\\ subtraction, multipllcatioﬁ and division exercises using whole
numbers. The major purposes of the study were to determine:
\ (i) how accurately children @timate answers té
computational exercises in addition, subtraction,
multiplication and division;

, .
(1i)  identifiable strategies the children used when

» estimating;
(iii) 1if there were similarities in the strategies used //
to obtain "accurate' estimates; (

(iv) if there were similarities in the stratéekies used
to obtain "inaccurate" estimates;

(v) if there was a relationship hetween the abilitv to
make accurate estimates and the abilitv to round
numbers and compute with those rounded number§.

The results of the studv are presented and discussed in the

present chapter under the following headings:
Accuracy of Estimates
Estimating Strategies

Rounding and Mental Computation

31
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. Accuracy of Estimates

fo obtain a genetral picture of the accuracy of the estimates,
each estimate was placed in a category based ¢n the error, e (difference
hetwfen the estimate and the exact answer).

N.A.E.P, (;976)noted that cne is often concerned with estimating
an answer of the proper order of magnitude. For example, 1if the .
largest place value of the exact answer is the thousands, hundreds,
tens or dﬁ‘;\place, the estimate should be within one thousand! one

-/ '
hundred, ten or one of the exact answer, respectivelv.

.

This suggested a rationale for the determination of accuracy
cdtegories. Fstimates within the proper order of magnitude were

placed in categorv A. Estimates which fell outside the proper order

of magnitude were placed in category B. C(ategorv C accounted for the

exercises for‘which ne estimate was given. Table 2 shows the specific

.

criteria for categories A and B,

) / \,
Table 2 .

<

Criteria for determining categories to classifv
estimates on the basis of accuracy where e is
the difference between the estimat® and exact answer

\

Number of digits - Accuracy Category

in exact answer \ A B
1 e & » . e»]
2 e £10 e>10
3 e =100 e>100
4 N e £ 1000 e » 1000
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For purposes of further analvsis and discussion, the estimates

R
in categorv A were considered to be accurate; those in categorv B were
considered to be inaccurate.

Tabtle 3 gives the frequencies of the estimates in each accuracy

category for each exercise.

Table 3

Frequency distribution of estimMes in eact
accuracv categorv for each exercise (N=22)

Accuracy (Category .

Exercise A R C Total
Al 17 5 0 27
A? 17 5 0 27
<] 1 3 0 22
]2 17 4 1 22
M1 11 11 n 22
M2 0 21 i o0
"1 6 14 o 22
A A 20 1 o

_Total «7 86 ‘ 17

The data in Table 3 show that aboat half the estimates were
considered accurate and about half were ronsitlered inaccurate.

Ry combining the number of accurate estimates tor each
“operation it can be seen that generally, the most accurate estimates
were made for the operations in this order: subtraction, addition,
multiplication, and division.

The addition exercises were hoth relativelv well estimated.
Mnly five estimates in each addition exercide were (onq}ﬁered

inaccurate.
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-

.-

The subtraction exercises were hoth relatively well estimated.
All byt three estimates made for S1 were gonsidered accurate. This
was the best estimated exercise. All but five estimates for S? were
considered accurate.

The multiplication exercises were relatively poorly estimated.

-

Only half of MI and none of the M2 estimates were considered to be
accurate,

- Coe . - . .

“he division exercises were relatively poorlv estimated.
vrlv oabout one-quarter of t'o D1 and none of the D? estimates were
considered accurate.

Becausa addition is usually considered easier than subtraction,

one wenld have expected the aldition estimates to be more accurate than

the subtraction estimate~. While it would be difficult to estahlis'
the relative Jifficulty of the specific exercices used, it mav bhe
that a4l and Al, wiich required comhining four and five numhers
respectively, were mere difficult than €1 an?t S2.

Tab le L shows the frequency of estimates which weYe the same as
1 bl

above, or below the exact answer in each categorw for each exercise.
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Table 4

above or below the exact answer in each curacy

Frequencyv distribution of estimates thg}:ﬁme as,
category for each exercis

Accuracy Category

.

A B C

Exercise Fxact Low High Low  High
Al 4 b 7 ! 2 0
A2 2 1N 5 5 0 0
S1 . 3 8 g 1 2 0
s2 1 f 1n 4 0 1
M1 . 4 4 3 8 3 0
M2 0 N 0 19 2 1
AR N 5 1 10 6 0
no 0 3 0 16 5 1
Total 14 19 34 66 20 3

The data in Table 4 show that for the accurate estimates
there was about equal tendencv to he above the exact answer or helow
tlie exact answer. For the inaccurate estimates, however, about
three-quarters of the estimates were below the exact answer, and only
one-quarter were above the exact answer. This indicates that perhaps
the more uncertain the student was ahbout making ah estimate, the
more likely he was to underestimate.

s After estimating the answer to eact exercise, the students were

asked to check their estimate by doing the exercisg with pencil and

paper. The errors made were generallv classified as either algorithmic
or non-algorithmic. Algorithmic errors were the result of using the
algorithmic process incorrectlv. Stude’who made non-algerithmic

errors used the correct algorithmic process, but made casual or

careless errors.
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In the division exercises, some students just multiplied
© their estimate for the quotient by the divisor rather than doing
t:; Jdong division. All students who chose to do this multiplied

correctlv., Tahle 5 shows the frequency of correct and incorrect

answers for each exercise.

Tahle 5

Frequency distribution of correct and incorrect
answers to each exercise done with pencil and paper

-

1

~
Answer Tvpe
Checked
division
Algorithmic ‘Yon-algorithmic ''nahle by

‘xercise Correct  errcr error to do multiplication Total

Al 18 n 4 0 0 22

A

A2 18 n 4 n 0 22

<1 21 1 n n -, n .22

82 18 1 1 0 n 22

W] "] 1 O 0 N ’ 22

M2 11 z R 1 0 22

N1 9 5 3 2 3 22

n2 7 5 n 3 7 22

Total 123 15 22 b 0 176

.
When doing the exercises with pencil an” paper, thte most errors
were made for the operations in the following descending order:
division, multiplication, addition and subtraction. This order is
‘ /

consistent with the order of accuracy of the estimates across the
operations. In the addition exercises, only four students made errors ;
in Al and four students made errors in A2. These were all non-algorithmic
errors and only one student Jid hoth exercises incorrectly. The number

and nature of the errors indicates that the students were generallv



skillful at column addition.

In the subtraction exercises, only one student made an error
in S1 and four students made errors in S2. The only student who
did both exercises incorrectly made algorithmic errors. The other
three errors were non-algorithmic. The number and nature of these
erro*ﬁindicates that the students were generally skillful at

c .
subtraction. ‘

In the multiplication exercises, only one student did M1

incorrectly and that was an algorithmic error. Only half of the

students did ™2 correctlv. Of the eleven students who cdid not, eight
N ‘

[}

made non-algorithmic errors, two made algorithmic errors, and one
student was unahle to do the multiplication. The numher of errors
indicates that the students could multiplv simple (one digit times
two digits) exercises well, but had difficulty with harder (two digit
times_three Aigits) exercises. As most errors were non-algorithmic,
the difficulety appea}s to lie in carelessness or lack of practice rather
than faulty understanding of the algorithm.
In N1, three students checke? their estimates by multiplving
correctlv. “ine did the division algorithm correctly an” ten
(almost half) di' it incorrectly. Three made nop-algorithmic errors
and five made algorithmic errors. Two students were unahle to do N1.
In P2, seven students checked their estimates by multiplving
correctly. Seven students did the algorithm correctly and five did
it incorrectlv. All five made algorithmic errors. Three students were

unable to do N2,



The number and nature of the errors in the division exercises
indicated that generally, the students had difficulty with division.

Generally, bot% the estimation and pencil and paper

calculation of the addition and aubtraction exercises we;! well done.

Also, both the estimation and pencil and paper calculation of
the multiplication and division exercises were not well done.
This parallel observation was not surprising as addition and
subtraction are generally regarded as fasier operations than

‘multiplication and division.

Estimating Strategies

The identifiable strategies used by the students when
estimating answers were generally classified as follows:
1) Student attempted to calculate the exact answer using

“tandard paper and pencil techniques mentally., (Method M)

2) Student attempted to apply some rounding procedure to
simplify the calculation. (Method R)
Responses from students who did not use identifiable

strategies were classified as follows:

1) -Student could not clearly express the procedure used

(Re'sponse U). _ (/4

2) Student offered no explanation of the procedure used.

(Response X).

38
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It could be argued th‘r method M is not a true estimation
procedure because it is an attempt to obtain the exact answer. This
method focuses on detail and step by step algoWithmic procedures. 1'se
of this method may be an indication that the stbdent does not distinguish
v
between the meaning of an operation and a standard algorithm,

Method R, on'the other hand, may be viewéd as a flexible wholistic
approach focusing on the meaping of the operation. 1t is interesting
to note that the standard "round and calculate" strategy taught as
an estimation technique can be used ag mecﬂénically as mg;bod M.

Table 6 shows the frequency of each response or method
corresponding to the estimates given for each accuracy category.. Since
twentv-two students each were presented with elzht exercises, the togal
possible number of estimates is 1176. However, one student could not

even attempt to estimate exercise D2, so the total number of

responses represented in Table 6 is 175.

Tahle 6

Frequency of each response or met%od corresponding to
the estimates given for each accuracy category

Response or Method
P LIV IS

Accuracy category M R r N Total
A (accurate) 42 34 Q 2 87
B {inaccurate) 20 » 29 17 2n 86
C (no estimate) 2 0 0 g) 2

Total 64 63 26 22 175




The data in Table 6 reveals several facts about the responses
and use of the strategies. Methods M and R were u;ed equally as often,
each method acco;nting for about one-third of all estimates made.
All responses and methods were associated with both accurate and
inaccurate estimates. About one-third of the method M estimates and
about one-half of the method R estimates were inaccurate. Two-thirds
of the estimates associated with response l! were inaccurate and about
nine-tenths of the responses associated with response N were inaccurate.
These facts indicate that the more accurate estimates Qere not the
result of a particular general strategv, but perhaps that when a
student is aware of applying a particular strategy, the estimates
were more accurate.

Table 7 shows the frequency of each response or method associated
with the estimates for each operation. Since twentv-two studepts
were each presented with two exercises for each operation, the total
possible estimates for each operation is 44. However, one student
could not even attempt to estimate exercise N2, so the total estimates

represented for division is 43.
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Table 7

*
Frequencv of each response or method associated

with estimates for each operation (N =22)

Response or Method

OEeration‘*'__A M __F n N Total

Addition 19 2] A ) 44

Subtraction 24 14 5 1 44

Multiplication 17 16 7 4 44
Division 4 1> 1n 17 43

Total 64 63 26 22 175

The data in Tahle 7 show tha. the different responses or
methods associated with the estimates cut across the operations, bhut

v

-
responses ' and * are most frequentlv associated with multiplication !
and division.

In order to draw conclusions about successful strategies and

prohlems which the students had with estimation, the particular

wayv in which the methods were used must he examined.

Method M
1) Addition: Method M in addition means an attempt to mentallv
add the numbers by columns.
’ Seven students used method M to ohtain accurate estimates for
exercise Al. Six of these seven used the stan'ard algorithm of right

to left column addition, with four obtaining the exact answer. The

seventh student added the numbers from left to right.

Six students used method M to ohbtain accurate estimates for
exercise A?. Four of these six used the standard algorithm, with three
obtaining the exact answer. Two students added the columns from left

to right.
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Four students who used method M for exercise Al obtained
inaccurate estimates. Of the three students who used the standard
algorithm, one obtained the exact answer of 84 an? then rounded {t
to 50, The fourth student explained how to use the stanﬂérd
algorithm and then made a guess of 21.

Two students who used method M for exercise A? obtained
inaccurate estimates. Both students used the standard algorithm.

Basicallv, success in using method M for addition depends on
skill and accuracv in rememhering partial sums and regrouped pumhers
which are normally written ‘own, and a sound knowledge of hasic facts.

2) Subtraction: Method M in suhtraction means an attempt to
mentally subtract the numhers hv columne.

Ten students used method M to obtain accurate estimates for
exercise S1. Six of these ten used trhe standard decomposition
algorithm, with three okbtaining the exact answer; one student ohtained
the exact answer and then roungeﬂ it. Four students subtracted the
numbers from left to right.

Fleven_students used method M to obtain accurate estimates for
exercise S2. Fight of these eleven used the standard algorither, with
one obtaining the exact answer. Three students subtracted from left
to right.

One student who used mettod ™ for exercise S1 ohtained an
inaccurate estimate. This student used a left to right method of
column subtraction, subtracting the smaller Aigit from the larger in

each case. He forgot, one of his partial answers and gave 733 as his
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estimate instead of 331,

Two students who used method M for exercise S? obtained
inaccurate estimates. One student pttempted to use the standard
algorithm, but could not do it. The other student subtracted from left
to right and confused the columns.

Success in using method M for subtraction seems to be based
on the ability to remember partial difference and "decomposed"
numerals which are normallv written down, as well as a sound knowledge
of basic facts. As the number of digits in the numerals and the need
to regroup increases, mental use of the standard a@gorithm to o%tain
the exact answer hecomes more difficult. An interesting wav of obtaining
an accurate estimate was to suhtrao; the columns one at a time, from
left to right, suhtracting the smaller from the larger digit 1in each
case.

3) Multiplication: Method ™ in multiplication means an attempt
to mentallv multiplv the numbers using thé~etansard algorithm,

L)

Six students used method M to ohtain accurate estimates for

exercise Ml. These students all used the stanard algorithm with
@
four obtaining the exact answer.

“o students used method M to ohtain accurate estimates for
exercise M2,

Five students who used method M for exercise M1 obtaéned

inaccurate estimates. These students attempted to use the standard

algorithm, but were unable to remember all the partial procducts.
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Five students who attempted to use method M for exercise M2,
obtsined inaccurate estimates. Another student who attempted to use
method M was unable to give a final estimate.

This method for multiplication 1s difficult because partial
products and carried numhers must be remembered. While some students
had success with an easy example (one digit times two digits), none
could use this met%od successfully with the more difficult example
(two digits times three digits).

4) Divisien: Method M if division means an attempt to mentally
use the inverse process of multiplication or the standard long
division, to obtain the exact answer.

Two students used method M for exercise ﬁli They mentally
multiplied the divisor by trial numbers to ob;ain a prod;Ct close to
the dividend. BRoth students obtained accurate estimates.

“ne student used method M for exercise D2. This student
attempted to use the standard division algorithm and obtained an
inaccurate estimate.

The standard long division algorithm is difficult to use
either mentallv or with pencil and paper because it involves several
. operations and steps. This mav explain why so few students attempted
to use this method when estimating.

Generally, method M i{s difficult because numbers and partial
answers, which are usuglly recorded, must be remembered. Use of this

method becomes more difficult as the numbers increase and the numher

of steps increase,



0f the students who used method M and were not satisf{ed
with their estimates after doing {he examples with pencil and paper,

few could suggest ¥ilternate methods.

Method R,

1. Additien:

Seven students used rounding to obtain accurate estimates for
\

exercise Al. Four of these seven rounded each number to the nearer
ten and added the rounded numbers, with one adjusting the answer,
ne student rounded two numbers fo the nearer five, two to the nearer
ten, added the rounded numhers and adjusted the sum. One student
rounded the sum of the first two numbers and added the last two. The
seventh student approximatec the two partial sums of the numbers
taken in pairs, and adjusted the sum of these.

Ten students used rouncding td obtain accurate estimates for
exercise A?., The techniques included rounding each number (to various
places) and adding, rounding partial sums and adding, and a combination

- -
of these techniques, with some adjusting answers.

One student used rounding an” obtaine& an inaccurate estimate
for exercise Al. The student rounded three numhérs to the nearer ten,
one to the nearer five, added these to get an answer of 95 an- then

.
again rounded up to gei 110.

Three students used rounding and obtained inaccurate estimates

for exercise A2. One student rounded numbers to the nearer ten, but

v

added incorrectly. One estimated two partial sums, but added them
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-

incorrectly. The third student estimated by considering the
hundreds digits only. 2

Those who successfully used method R for addition dicd not
yecessarily follow a r%gid pattern, but use¢ creative and '1ex1ble
strategies. All numbhers were not necessarf&y rounded to the same
place value. Partial sums of a group of two or three numbers were
used as subestimates which were combined. Adjustments were made h)&r4
some cases for nymbers whizh were rounded up or down. ‘
Tnaccurate estimates seemed

e .
computat ion ‘or pu;y ‘or uncer

2. Subtraction:

esult from inaccurate mental

rategv.

Seven students used rounding to obtain accurate estimates
for exerciséﬂ?q. Four of these seven rounded each number to the
nearer hundred an< subtracted. Two students rounded the numhers to the
nearer ten or five and subtracted incorrectly, but the error was small.
One student estimated that the subtrahend was about half of the
minuend and took approximately half of the minuend for an estimate.
Five students used rounding to obtain accurate estimates for
exercise S2. One student rounded both numbers to the nearer
hundred and subtracted. Two stgdents rounded one number to the nearer
thousand, the other to the nearer hundred, and subtracted. One
student claimed to use rounding but did not explain how it was used.
The fifth student rounded numbers, but subtracted incorrectly

although the error was small.



One student used rounding and obtained an inaccurate estimate
‘for exercise S1. The student rounded each number to the nearer
hundred but subtracted incorrectlvy,

- One student used rounding and obtained an inaccurate estimate-
for ex;rcise S2. ’\he student rounded the thousands as though thev
were hundreds. ~

Those who used method R most succgssfully for subtraction
roupded both numbers to one significaqt digit or both to the same
place value. Of the two students who used method R to obtain
inaccurate estimates, one made a rounding e;ror an’ the other made
a computational error.

. Multiplication:

Four students used rounding tc obtain accurate est;mates for
exercise MI*, Tliree of these four rounded correctly to one significant®
iigure, two multiplying Cm;rectly an? one incorrectlv. The fourth
student rounded incorrecelv to one significant figure,

Yo students used method P to ohtain accurate estimatec for
exercise ™2,

@

Four students used met'od R and o%taineg,‘natgurate estimates

L ‘
cfj;fthLne significant

for exercise M1. Onc¢ student rounded incor

figure and multiplied incorrectlv. One student did not round
appropriatelyv and multiplied incorrectlv. Two students Jounded one
number to zero to obtain a product of zero. One student realized

this was not appropriate and made a guess of 100 for an ect imate.

oo



Fight students used rounding an” obtained inaccurate
t

estimates for exercise M2. Five of these eight rounded both numbers
to the nearer ten but multiplied incorrectly. The other three
hoth rounded inappropriatelv and multiplied incorrectly.

One reason for difficulty with method R for multiplication
is failure to round appropriatelv. This means rounding the number
to too manyv significant figures for convenient mental multiplication.
The most frequent error, however, was mental multiplication of
multiples of ten.
4, DNivision:

One student used r&undinz to obtain an acearate estimate for

4

exercise ™1, The student rounded bot» numbhers to the nearer ten,
divided an’' adjusted the answer.

' students used rounding to obtain accurate estimates for
exercise N2

Four students used rcouniing and obtained iraccurate estimates
for exercise ™1, The students rounded correctlv, three rounding both
numbers t. the nearer ten, but all divided incorrectlv.

Sevenr <tudentse use?! rounding and obhtained inaccurate estimates
for exercise N2, The students rounded the numbers correc}lv, hut

divided incorrectlv.

I'se of method*R in division depenis on both appropriate rounding

.y
"‘/and mental division of rounded numbers,

Generally, use of method R require« several sub-skills, somb\

of which are hard to define. It requires knowledge not only of ruleX



for rounding numbers, but also a feel for rounding them to an
appropriate number of significant figures suitable to the particular
exercise and operation. This method also requires ski1l in mental

computation of rounded numbers for all operations.
Rounding NYumbers and Mental Computation

Part two of the interview involved one exercise each in
addition, subtraction, multiplication and division. The student was
asked to round the numbers in each exercise to make them easier
to compute, and then compute them mentafﬁy. Tahle 8 shows the
frequencv of correct and incorrect mental computation for each
operation with respect to precision of rounded numbers. One student
was unable to attempt to round numbers, so the total number of
estimates for each operation is 21.

The majoritv of the children rounded all numbers to one
significant figure;.two-thirds did for the addition, subtraction, and

multiplication exercises, and half did for the division exercises.

49
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® " Table 8
Frequency of correct and incorrect mental
computation for each operation with respect
to precision of rounding (¥=21)
" .
Precision of rounding numbers
Mental More than one
Computation Mne significant figure significant figure
correct 0
Addition incorrect 6
’
: correct 1
Subtradtion incorrect 5
Multi- correct 3 0
plication incorrect 12 6
correct 0 ,
Division incorrect 11 . 1N
With one exception, in subtraction, none of the students *

rounding to more than one significant figure were ahle to compute

the rounded numbers correctly.
™ 0f the twentv-two students, twelve were ahle tqg both correctly
round and correctly add mentally. Of these twelve, five used rounding
in both exercise Al and exercise A2, two used rounding in exercise A2
only, and fiverﬁid not use rounding in either exercise Al or A2.

Fourteen students were able to both correctly round and
correctly subtract mentally. Of these fourteen, five used rounding

’

in both exercise S1 and exercise S2, one used rounding exercise €l

only, and eight did not use rounding in either exercise S1 or B2.
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Only three students were able to bothlcorrectly round

and correctly multiply mentally. 0f these three, one used rouﬁding in

‘both exercise M1 and exercise M2, one used rounding in exercise M?

onlv, and one di{d not use rounding in either exercise Ml or exercise

M2

Yo students were atle to hoth correctly round and correctly
divide mentallv,
"he students who could bott correctly roun? numbers and

correctly compute mentally did not necessarily use these skills in

part one,

ftudents who rounded numbers to more than one significant
figure had difficulty computing those rounded numhers. Those
who rounded numbers to one significaﬁt figure had difficulty with the

number of zeros when computing.

'
*
”

»

An inconsistency note” was .that some students who did not both

correctlyv round and correctlv compute exercises in part two, used these
) . * . W
o

techniques to ohtain accurate estimates in part one in the same
operation. This obhservation accounted for seven accurate addition
estimates, three accurate suktraction estimates, and three accurate

multiplication est}mates.



CHAPTER V

SUMMARY, CONCLUSIONS AND RECOMMFNDATIONS

-

Summary

I

Mathematics educators agree that estimation is an grportant
and necessary skill for modern living. 1In spite of its significance, °
estimation has bifn relatively neglected in the areas of botﬁ
teaching and research.

The major purposea of this study were to determine:

(1) how accurately children estimate answers to computational
exercises in addition, subtraction, multiplication and division;
(ii) identifiable strategies the children used when estimating;

(iii) if there were similarities in the strategies used to
obtain "accurate' estimates;

(iv) if there were similarities in the strategies used
to obtain "inaccurate” estimates; and
(v) if there was a relationship between the ability to make
accurate estimates and the abilitv to round numbers and Coﬁpute
with those rounded numbers.

A two-part interview was conducted with each student on an
individual basis. The first part required that the student orally
estimate answers to computational exercises in addition, subtraction,
multiplicatiqp and division. The second part required that the
student mentally round numbers and then compute with those rounded
numbers. The interviews were tape-recorded to facilitate subsequent

analysis.
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Conclusions

Keeping the limitations of the study in mind, the followimg
conclusions have been suggested by the results.

1. About half the estimates were classified as being accurate
and about half were classified as being inaccurate. The students were

more accurate in estimating those operations which they could do best

) a

when using pencil and paper: When unsure of estimating, the students
‘tended to underestimate rather than overestimate. )

2. The majority of the strategies used could be generally
classified as either using rounding procedures or using pencil and
paper algorithms mentally. The latter Efocedure may have been prompted
by the manner in which the exercises were presented.

3. The use of a particular strategy was not associated with the
more accurate estimates.

4. The use of a particular straFegy was not assoctated with the
less accurate estimates. ( ’

5. The ability to round numbers »nd mentally compute with those
rounded numbers was neither a necessary nor a sufficient condition for
making accurate estimates. This process can be.used mechanically, but
use of context in estimation exercises may lead to a more rational

o

application.
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Recommendations for Teaching and Research

The present study was limited to exercises which were presented
in ,written form and the estimation was done without pencil and paper.
These exercises were 'net presented in a situational or a practical
context, but involved numerical computation only.

The results of ‘this étudy suggest that the foregoing criteria
limited and perhaps directed the students' responses. The following

recommendations are intended to suggest how teachers may translate the

.
findings into teaching practices and how further research in this

area might overcome some of these limitations.
Recommendations for Teaching

.Results of the study %&ve the following implications for the teaching
of estimation:

1) The reason for making ap estimaté must be used as a guide
to select a strategy and to judgé'the reasonablemess of an estimate.

\ '

Rounding must not be taught as a mechanical process where the method
justifies the answer. The possibility of this happening is suggested
by the students who accepted estimates of zero.

2) 1In practicing mental computation with rounded numbers, zercs
must bé given regular attention. The necessity for this was shown by

. : :
the students whdo rounded correctly and knew their basic facts but

could not edmpute accurately when zeros were involved.

&
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3) To evaluate a student's ability to estimate, it is necessary
to consider the context of the problem, the reason fur making the
estimate and the appropriateness of the accuracy chosen.

4) Teaching the skills of rounding numbers and computing
mentally with rounded numbers does not necessarily mean that these
skills will be transferred to the process of estimation. Teachers
must be careful to ensure that these skills are not viewed as an
independent procedure. The need for this caution was shown by the
students who could both cor}ectly round numbers and compute with them

‘ R
but did not use these skills in part one estimates.

5) There is a need to separate the concepts or meanings of
qperations from the standard algor&thms which are applied. Students
who used method M to estimate answers mav not have made this
distinction.

) Students need considerable practice in applving estimation
skills. This was demonstrated bv the students who were inconeistent
in using rounding and computation skills correctlv in both parts of

the studyv.
Recommerndations for Research

Results of the studv had the following implications for further
research on estimation:

1) The form in which the exercises were presented to the
students may have prompted the mental use of paper and pencil
algorithms. Computational exercises should be preéented in a variety

of forms such as standard vertical, standard horizontal, arithmetic

W .
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sentence, or oral, as the form may influence the choice of strategy
used. In particular, the mental use of pencil and paper algorithms
would be awkward if the problems were presented orally. When
attempting to gain insight into a student 's thinking it is impogytant
to reduce the effect of any factors which may suggest answers or
act as cues.
v

2) Estimation of computation should be presented in a variety
of contexts, as the context often suggests the sultable precision for
rounding numbers. In different practical situations, desired accuracy
mav varv even though the numbers and operations involved are identical.

3)  The order of accuracy of estimates across operations
differs from the order which Hall (1947) found in the ability to
solve verbal problems vithout pencil and paper. Because true
estimation techniques differ from pencil and paper algorithms, it
would be useful to investigate which, if any, strategies should
vary depending on the complexity of a particular exercise within any
operation, or vary for different operations. Results of such a
study would have implications for the teaching of estimation. For
example, rounding strategies for simple multiplication exercises may
differ from those used for more difficult exercises, and appropriate
rounding strategies for division may differ from those appropriate

for subtraction. )
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