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Abstract

In the current literature, there are two distinct families of credit risk models: firm value
model and intensity-based model. The first one makes explicit assumptions about the
dynamics of firm value and default happens if the firm value is less than some threshold
level. The second one treats default as a totally unexpected event, the stochastic structure
is modeled by some intensity process. Is there any connection between these two classes
of models?

Before answering the question, we introduce a class of stochastic processes named after
the French scientist Paul Pierre Lévy: Lévy processes. In part of the dissertation, we
analyze properties of Lévy processes, which includes Lévy densities, multivariate Lévy
processes and equivalent martingale measures for Lévy processes. We model the firm value
process as an exponential Lévy process. Starting with the firm value models, we obtain
the instantaneous default probability in form of the Lévy measure. In this case, default
may be caused by either the random jumps or the Brownian motion. The information
of the instantaneous default probability is not enough to obtain the survival probability.
Thus we provide PIDE (partial integro-differential equation) representations of the survival
probability and the corresponding bond prices. Since default is a totally unexpected event
in the intensity-based model, it need more assumptions to achieve the point. Under the
assumption that the default is only caused by the random jumps in the firm value process,
the default intensity is a decreasing function of the nature logarithm ratio of pre firm value

to the default threshold, which is not given exogenously. And in this case, the survival
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probability has a closed-form expression as in the intensity-based model. It shows the
connection between two default risk models. Several examples are shown to justify out
setup.

The results of the equivalent martingale measures and the instantaneous default

intensities based on the Lévy processes can be extended to additive processes with local

characteristics.
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Introduction

1.1 Credit risk models

There are a lot of risks in financial markets such as interest rate risk, volatility risk, currency
risk and so on. Credit risk is an important consideration in most financial transactions.
It refers to any kind of credit-linked event, for instance, changes in the credit rating,
variations of credit spread and the default event. It is gauged by quality ratings assigned
by commercial rating companies such as Moody’s Investor Service and Standard & Poor’s
Corporation. The credit risk specified in this thesis is the credit default risk, the possibility
that a contractual counterparty does not fulfill its obligation stated in the financial contract,
that is the possibility of loss due to the default event.

In the current literature, there are two ways to model the time of default and thus we have
two classes of the credit risk models: firm-value model and intensity-based model. The first
one is pioneered by Black and Scholes (1973), Merton (1974), followed by Black and Cox
(1976), Longstaff and Schwartz (1995). They define that the default occurs when the firm-

value process V reaches a certain boundary D which maybe deterministic or stochastic,
T=inf{t € A7 : V; < D}, (1.1)
where Ar is the set of possible default times with maturity 7. We denote inf § = oo. Let

1
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Sec. 1.1 Credit risk models 2

F; be the information filtration which includes all the information up to and including £,
then the default time 7 is a stopping time with respect to F. In Merton’s setup, Ay = {T'}.
If A7 is infinite, particularly A7 = (0, T}, then it is called the first-passage model. In the

latter case, the survival probability under the risk-neutral measure () is

Qr > TIF) = 1@ 58, (Vi- D > 05), teTl )

If F; is generated by Brownian motion, it is continuous and then 7 is predictable. Thus
the instantaneous default probability is zero, in other words, the term structure of credit
spreads should always start at zero. It is a property that is not observed in reality. Zhou
[56] proposed a jump-diffusion model of V', which makes 7 partly unpredictable due to the
sudden drop of the firm-value and then the instant credit spread is not zero anymore but the
intensity does not exist. Another advantage of this model is that the firm-value at default is
not equal to the threshold D, it could be any number between 0 and D. It shows us a way
to model the recovery rate at default.

The second class of models focuses directly on describing the evolution of the
probability of default in the next instant without defining the exact default event, and the
time of default or other credit events are treated as an exogenous random variable, for
instance, the jump time of a Lévy jump process X defined in Definition 1.2.1. Thus the
intensity h; is introduced to define the instantaneous likelihood of default, which is the
(stochastic) hazard function in reliability analysis. In the intensity-based model, default

time can be defined as the first jump time of X:
T=1inf{t € (0,T] : AX; # 0}, (1.3)

it is a totally inaccessible stopping time with intensity s with respect to F. These models
were developed by Duffie & Singleton (1999), Jarrow & Turnbull (1995), Lando (1998),
Madan & Unal (1998, 2000). Jarrow & Turnbull considered the case of a constant default
intensity A, that is X is a Poisson process. Madan & Unal generalized the result to the
case when A is a continuous process adapted to a Brownian filtration. If A, is the default

intensity under the risk neutral measure (), then the survival probability is

Q(r > T|F) = Ity E9e™ I % |5, t e [0,T]. (1.4)
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Sec. 1.1 Credit risk models 3

These two classes of models have different concerns. In firm-value models, default is
an endogenous event while in intensity-based models it is exogenous. Are they consistent
or can they be unified under some certain conditions? As discussed in Duffie & Lando
[16], the default intensity does not exit when the firm value follows a diffusion process or
a jump-diffusion process. The default intensity exists only when the firm value follows
a pure jump process. Giesecke [27] concludes that the key to unify both approaches lies
in the probabilistic properties of the default event. In other words, the default must at
least be unpredictable in the structural model. The jumps in the jump-diffusion process are
not sufficient, unless the firm-value is modeled through a pure jump process. This ideal
is equivalent to identify the two definitions (1.1) and (1.3) with respect to (F;):>o. Chen
& Panjer [10] show that the forward default intensity exist in both diffusion and jump-
diffusion structural models. The probability of default is a function of the forward intensity
thus the structural model can link to a forward-intensity model. Another feasible way is
to drop the assumption of perfect information commonly made in structural models. With
imperfect information on assets and/or default threshold, investors are uncertain about the
default time. In the case of existence of the intensity, let (G;);>¢ represent the imperfect
information, then this idea is equivalent to identify the two survival probabilities (1.2) and
(1.4) with respect to G;. Refer to Duffie & Lando [16], Giesecke [27] for example.

Our method to connect two approaches is based on the first idea. We model the firm-
value process as an exponential jump-diffusion process: V; = VyeXt, typically, X is a Lévy
process. With perfect information in the first-passage model, assume that the default is

caused by sudden drops of the firm-value only, then (1.1) and (1.3) can be equalized as
7=inf{t € (0,T]:V, < D,} =inf{t € (0,T] : AX; € B},

where B, is a subset of R \ {0}. And then the survival probabilities (1.2) and (1.4) are
identical. While in the general case, the default is caused by either the random jumps or

the movement of Brownian motion,
7=1inf{t € (0,T]:V, < D;} < inf{t € (0,T] : AX; € B;},

and

EQ[e~ S hds| ) > @ (t inf (V, - D,) > O|]—'t> , te[0,T)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 1.2 Stochastic processes in mathematical finance 4

In this case, even though the default intensity does not exit when the firm value follows a
jump-diffusion process, we define the instantaneous default probability as (4.5) or (4.6) and
we will show that the instantaneous default probability does exits. Please note that in the

intensity-based model, the instantaneous default probability is called the default intensity.

1.2 Stochastic processes in mathematical finance

Economists model the prices of financial assets as stochastic processes evolving with time.
Lévy processes are stochastic processes with stationary independent increments, infinitely
divisible distribution and they are continuous in probability. Brownian motions and Poisson
processes are two special cases. Brownian motion, a Lévy process with continuous sample
paths, plays a very important role in modeling financial markets since the work of Bachelier
in 1900. He modeled the stock as a Brownian motion. However it may have a negative
stock price. A more appropriate model, geometric Brownian motion was suggested by
Samuelson (1965) with the stochastic differential equation: dS; = S;(udt + odW;), p and
o are called the drift (mean return) and the volatility of the stock S respectively. Black
and Scholes (1973) and Merton (1973) used this model to calculate the price of European
options and received the Nobel Prize for Economics in 1997. To meet the fact that the log
returns of most financial assets are not normally distributed but skewed and fat-tailed, a
more flexible model is needed. Lévy processes fulfill that role. The first example of Levy
process used in option pricing is Merton (1974), where the stock returns are generated by a
mixture of Brownian motion and Poisson process. Mandelbrot used alpha-stable processes
earlier, in 1963, but for statistical description of cotton future returns.

Let X = {X;}:>0 be an R%-valued stochastic process defined on a stochastic basis

(Q, F,F = (F)i>0, P), where the filtration F; satisfies the usual conditions.

Definition 1.2.1 (Lévy process) An R%-valued stochastic process X = {Xit}hi0 with

Xo = 0 almost surely is called a Lévy process if for 0 < s < t < oo,
1. X has independent increments: X; — X is independent of F,;

2. X is time homogeneous: X; — X, has the same distribution as X,;_,;
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Sec. 1.2 Stochastic processes in mathematical finance 5
3. X is continuous in probability: lim,_.o P(X;, — Xt > €) = 0 forany € > 0;
4. as a function of time t, X, is right-continuous with left limits almost surely.

The Fourier transform on characteristic function of the Lévy process X is defined as

U(z,t) = Blei=X0)],

Theorem 1.2.1 (Lévy-Khintchine formula for Lévy process)

The characteristic function of a Lévy process X is

U(z,t) = exp {t [—%(z, Az) + /R d(ei(z,r) — 1 =iz, 2) Lo <1y (2) v (de) + i(zﬁ)Jl}s,)

where A is a symmetric nonnegative-definite d x d matrix, v is a measure on R satisfying
v({0}) = 0 and [ .(|z]]> A 1)v(dz) < oo, v € RL We call (A,v,7) the generating
triplet, A the Gaussian covariance matrix, v the Lévy measure of X. The representation by

this generating triplet is unique.

X is a Brownian motion when v = 0. If A = 0, then we say that X is purely
non-Gaussian. The Gaussian part and jump part of X are independent. If v satisfies

Jizp<1 I12llv(dz) < oo, then

T(z,t) = exp {t [—%(z, Az) + Rd(e“w> — D)y(dz) + i(z,'yo)] }

Yo ="y — f”I” <1 zv(dz) is called the drift of the Lévy process X . (It is different from the
drift used in finance.) If f“$“>1 |lz||v(dz) < oo, then

U(z,t) = exp {t [—n;-(z,Az) + /R d(e“z””) -1 —i{z,z))v(dz) + z’(z,m] }

M=+ f”1”>1 zv(dz) is called the center of the Lévy process X. The three parameters
7, 7o and -y; have the following relationship if they exist,

EXi)=m =’70+/

» zv(dz) = v+ / zv(dz).

llzli>1

Thus we say that X, is a martingale if and only if f”$”>1 lz||lv(dz) < oo and 7; = 0. (See

Proposition 3.18 in Cont & Tankov [12].) For the Gaussian covariance matrix A, there
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Sec. 1.2 Stochastic processes in mathematical finance 6

always exists a real d X m matrix ¢ such that A = ool , m > d. Such o is not unique, but
the Cholesky decomposition of A is unique.

A distribution is infinitely divisible if its characteristic function can be represented by
nt* power of a characteristic function for every integer n. The distribution of Lévy process
is infinitely divisible. The characteristic function of an infinitely divisible distribution has
the form of (1.5) with t = 1. Conversely, the characteristic function ¥(z, 1) implies the
existence of an infinitely divisible distribution. A Lévy process is a-stable if it has the self-
similarity property: for all b > 0, X3 and b'/®X; are identical in law, where a € (0,2] is
the index of stability. Brownian motion without drift is the only stable process with o = 2.
A Lévy process on R with increasing sample path almost surely is called a subordinator.
For a subordinator X; € R, A = 0,v(—00,0) = 0 and f(o,u zv(dz) < oo. A Lévy process
on R with no positive jumps is called a spectrally negative Lévy process. Its Lévy measure
has support in (—o0, 0) with v(0, c0) = 0.

Since the Gaussian part and jump part of X are independent, any Lévy process can be

decomposed as following.

Theorem 1.2.2 (Lévy decomposition, see Theorem 42 in Protter [48])

A Lévy process with generating triplet (A, v,~y) has a decomposition

X; = O'VVt / / N(ds,dz) — v(dz)ds] / / zN(ds,dz) +~t, (1.6)
lzli<1 llzlI>1

J

—

martingale with bounded jumps Lévy process with paths of finite variation
W, is an m-dimensional standard Brownian motion and o is a d X m matrix with ool = A,
N(ds,dz) is the Poisson random measure of X while N(ds, dz) := N(ds,dz) — v(dz)ds
is the compensated measure. W is independent of the two jump processes and the two jump

Dprocesses are independent, that is, they do not jump at the same time.

Besides ¢, Brownian motion is the only Lévy process with continuous sample paths.
Note that N (ds, dz) = 1if X; jumps at time ds and the associated jump size dz is recorded.
Otherwise N(ds,dr) = 0. (See Definition 2.18 in Cont & Tankov [12].) In fact, the
stochastic integral |, _, fot ZN(ds,dz) = Y o s DX I4(AX,). If g and 7, exist, X can
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Sec. 1.3 Contribution of this thesis 7

be rewritten as
X; = vt + oW, + Z AX, =mt + oW, + / /t mN(ds,dm).
0<s<t R¢JO
Lévy processes are mostly used to model the return of financial assets in option
pricing as dS; = S;-dX;. Another generalization of the market model is the stochastic
volatility model. In pricing problems, the equivalent martingale measure (EMM) should be
determined. It is not unique for Lévy processes. The choice depends on a transform to the

Lévy measure and the Brownian motion part of the Lévy process.

1.3 Contribution of this thesis

The first part, Chapter 2, deals with the Lévy process. Section 2.1 is about its basic
properties. We show the construction of the Lévy process, the Lévy measure and the Lévy
density through a limit procedure. Section 2.2 gives examples of popular Lévy processes
with their probability distribution functions and their Lévy densities. In Section 2.3, we
investigate the structure of multi-variate Lévy processes. The methods used to obtain multi-
variate Lévy process are linear transformation, subordination, transformation of jump sizes
and Lévy copula. The generating triplet, particularly the multi-variate Lévy measure after
transformation can be expressed as a term of original triplet and other parameters. Time
copulas are also mentioned as a complement of copulas. Additive processes are introduced
in Section 2.4. They can be easily constructed with Lévy processes and they are similar to
Lévy processes in some properties.

Chapter 3 focuses on the equivalent martingale measures for Lévy processes. At first, the
main theorem of the measure transform is provided. Examples in general case are shown
in Section 3.2, which include the numeraire portfolio, the (Féllmer-Schweizer) minimal
martingale measure and the minimal entropy martingale measure. The three particular
equivalent martingale measures for Poisson-diffusion processes are treated as special cases.
At last, we extend the results to additive processes with local characteristics.

Chapter 4 analyzes the credit risk models. The basic factors in credit models are provided
in Section 4.1, including the default time, the recovery amount, the default probability and

the bond price as well as the dependence structure of default. Section 4.2 discusses the
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Sec. 1.3 Contribution of this thesis 8

stopping times. Section 4.3 sets up the firm-value process and obtains the instantaneous
default probability. The survival probabilities are described in the forms of partial (integro)
differential equations in two cases: the one that the default time is totally inaccessible and
the general case. The dependent structure of default events and the dependent structure
of default intensities are discussed. Section 4.4 is about the defaultable bond price with
different recovery schemes as well as the instant credit spread. Section 4.5 generalizes the
instantaneous transition matrix of credit rating. Section 4.6 summarizes the results and
extend them to additive processes. The last section shows that the instantaneous default
probabilities are different under different risk-neutral measures.

Examples of the first-passage model with simple Lévy processes are given in Chapter
5. The instantaneous default probabilities, the survival probabilities, the hazard rates and
the corresponding PIDEs are shown in each example. Simulations are also provided in the

Poisson-diffusion firm-value models.
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Lévy processes

2.1 Lévy measure and Lévy density

Consider a one-dimensional Lévy process X, let A be a subset of the real line bounded

away from 0 and let N/ be the number of jumps of X in (0,t] with the jump size in A:
N =Y I(AX), AX,=X,—X,_. 2.1

0<s<t

In fact, N} is a Poisson process. Let v(A) = E(N{) be the parameter of the Poisson

process, then E(N2) = tv(A) and v(A) < o0.

Theorem 2.1.1 (Lévy measure) The set function A — N} w) defines a o-finite measure

on R\ {0} for each fixed (t,w). The set function v(A) = E(N}) also defines a o-finite

measure on R \ {0}. And this measure v is called the Lévy measure of the Lévy process

X.

The Lévy measure of the Lévy process X on A is in fact the expected number of jumps
of X which belong to A in any time interval with length 1. It measures the frequency of

jumps.

Proposition 2.1.1 Let v be the Lévy measure of the Lévy process X, A is a Borel setin R
and N} is defined by (2.1), then
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Sec. 2.1 Lévy measure and Lévy density 10

o v(A) is finite if A is bounded away from 0;
o IfA1NAy =0, NM is independent of N},
° I/(Al U Ag) = I/(Al) + V(Ag) — V(A1 n Ag),’

o IfA = U A and i N A; = O for i # j, then N = S0 N and v(A) =
i V().

The Lévy measure may be infinite when 0 is in the closure of A . In such case, the Lévy
process has infinite activities near 0. Sato [50] divides Lévy processes into three types: a

Lévy process { X;} generated by (A, v, ) is
e of type A if A =0and v(R?) < oo (or flzlsl v(dz) < oo);
e oftype Bif A =0, v(R?) = oo and flzlﬁl |z|v(dz) < oo

o oftype Cif A# Oor [, |z|v(dr) = o0.

The type A process has a finite number of jumps in every finite time interval, therefore it’s a
compound Poisson process with drift. The number of jumps in every finite time interval of
a type B process is countable. The sample functions of these two processes are of bounded
variation in every finite time interval. Type C processes are Lévy processes with infinite
variation in any time interval. Surbordinators are of finite variation in every finite time
interval, which do not belong to type C.

In one-dimensional case, define ¥(R) = E[) ,_,; [{ax,20)], which measures the
expected number of jumps in any time interval of length 1. The Lévy measure of Brownian
motions is zero on any subsets of R because it is continuous. Consider a pure-jump
Lévy process X, if ¥(R) = A < oo, type A process, then for any set A C R, the
Lévy measure is ¥(A) = AP(AX € A). If v(R) = oo, type B or type C process, by
Lévy decomposition, this measure can be divided into two parts: v = v; + vy, where
vy measures the part with bounded jumps and 1, measures the part with jumps of size
at least 1. Then 11(R) = vi({z : |z|] < 1}) = lim.. fe<lxlsl v(dz) = oo and
n(R)=v({z:lz| > 1}) = [, v(dz) < c0.
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Sec. 2.1 Lévy measure and Lévy density 11

Lévy process has independent and stationary increments, then

n
Xt=ZJi, where J; = Xyt = X, i=1,-,m

i=1
J;’s have independent identical distributions. As a consequence, the Lévy measure can be
approached by the limitation:
v(A) = E[ Y IN(AX)]) = lim 3 P(X: — Xiz € A) = lim nP(J € A).
i=1

n—oo
0<s<1
Theorem 2.1.2 (Lévy density)
o IfV(R) = X\ < o0, that is X is a compound Poisson process with drifi. Let J be the
Jjump size of X, then the Lévy density is a combination of these two types at © # ()

v(de) = MFj(dz) if J is continuously distributed with CDF F;;
v({z;}) = AP(J =ux;) ifJ isdiscretely distributed.

e Ifu(R) = oo, then the Lévy density is v(dz) = lim,_o nF(dz; L), where F(dx;t)
is the CDF of the increment X, — X, 8,1t > 0, the same as the CDF of X;.

Consider a bivariate compound Poisson process. Let Y/ = vail J7, j = 1,2 where
N follow equation (2.1) and the jump sizes are nonzero random numbers. The intensities
of the Poisson processes are \; = v,(A;), v, is the Lévy measure of X. Y; and Y; are
independent if A; N Ay = @. In other words, if two processes never jump at the same time,
they are independent. More specifically, denote 2 = R \ {0}, then for By, B, C () the

joint Lévy measures in the independent case are
v(B1,{0}) = v (B1), v({0}, B2) = 1»(Bs), v(B;,By)=0. 2.2)

v; are the Lévy measures of Y7 and the measure at point {0} measures the event that the

corresponding process does not jump. If A; N A, # 0, the joint Lévy measure is
V(Bl,Bg) = I/I(Al N A2)P(J1 € B, h e BQ), (2.3)

which is fully determined by A := v, (A1 N Ag) and the joint distribution of jump sizes. A

is the intensity of the common jumps of Y7 and Y;. Moreover

v(Bi, {0}) = Vl(Bl) - V(B1,Q) = >\1P(J1 € B))— AP(J; € Bl),
v({0}, B2) = 1a(Ba) —v(Q,By) = MP(J; € By) — AP(Jy € By),
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Sec. 2.1 Lévy measure and Lévy density 12

where A\; — X is the intensity of the specific jump parts of Y;. The total intensity of the

2-dimensional compound Poisson processes is

v(R?) = v(Q,Q)+v(Q,{0}) +v({0},Q)
= A+M=NF+Q=N =X+ -\

If \y = A2 = A and Jy, J, are completely positive (or negative) dependent, then we say Y;

and Y; are completely positive (or negative) dependent.

Let A; CQ,j=1,---,d, the d-dimensional joint Lévy measure may be obtained by

limit as

V(Ala T vAd) E Z IAI(A}/;I) Koeee X IAd(AY:sd)

0<s<1

— lim ZP(Yg—Yi{_I €Ay, YV, eAd)
’n,—>00i=1 n n n n

= lim nP(JleAl,---,JdGAd).

n—oo

Theorem 2.1.3 (Joint Lévy density on nonzero points)

Let X be a d-dimensional Lévy process and T = (x1,- -+ ,xq) # 0.

o Ifthere exists any two independent components of X, then v(Q,--- ,Q) = 0;
o Ifv(Q,---,Q) = X < o0, then the joint Lévy density is a combination of these two
types

v(dZ) = AF;(Z)
if the jump sizes J; are continuous distributed with joint CDF F;
vWZ) =AP(Ji=21,...,Ja=124)
if the jump sizes J; are discrete distributed.

o Ifv(Q,---,Q) = oo, then the Lévy density is v(Z) = lim, . nF(dZ; 1), where
F(dZ;t) is the joint CDF of the increment X, — X, s,t > 0, the same as the joint
CDF Oth.

Let 1% be a Lévy measureon R%and A; C Q,i=1,---d. Fork < d,

VAL, Ag, R, R) = vF(Ay,--- JAL);
l/d(Ala"' aAd—la{O}) = Vd_l(Ala"' aAd—l) - Vd(Al,"’ ’Ad—hQ)a
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Sec. 2.2 Examples of Lévy processes 13

if the measures are not infinity. Others may be induced by the equations above. For

example,

I/d(Al, s ,Ad—2a {O}a {0})
= Ild(AI, e aAd—Q,Ra {0}) - Vd(Ah e ’Ad—2a Qa {0})
— Vd(Ab o 7Ad—27R7 R) - l/d(Ah e 7Ad—27 R7 Q) - Vd(Ala oo 7Ad—2’ Q’ {0})’

The zero value of multivariate Lévy measure dose not mean the total independence of
all the components, while if any two components are independent this measure is zero.
Let By, B, C R, the 2-dimensional independent Lévy measure, equation (2.2) can be

summarized as

v(B1, Be) = vi(B1)]o)eB, + 12(B2) 0}eB,-

2.2 Examples of Lévy processes

In these section, we list some popular Lévy processes and their probability densities as
well as Lévy densities. (Refer to Schoutens [53] for more examples and details.) Denote
u(z)dz = v(dz) if v(-) is absolutely continuous.

1. The Brownian motion: The probability density of X, is

1 z—ut2
z; ut,azt = e 2%,
K ) V2mo?t

and the Lévy density is

2
u(z) = lim nf(z; E, g

n—00 n n

)= 0.

2. The Compound Poisson process: As we discussed before, let f(z) be the density of

the jump size and ) is the arrival rate, the Lévy density is

u(z) = Af(x).

3. The Poisson process: It’s the special case of compound poisson process with jump size

is equal to 1. Then the Lévy density is

u(m) = )\I{Izl}.
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Sec. 2.2 Examples of Lévy processes 14

Poisson type process has finite activities, and the following Lévy processes are of infinite

activities, especially for small jumps as fllxll o v(dz) = oc.

4. The Gamma Process: The Gamma process X; follows a Gamma distribution, hence it

only takes positive value and it’s a subordinator. The density is

bat
I'(at)

at—1 —xb

f(z;at,b) = ¥ e, a,b,x > 0,

where the gamma function I'(a) = f;° y°~'e ¥dy. And the Lévy density is

1 g _ -1 _—bx
u(zr) = nlLIEO nf(z; n’b) =azr e Iy

5. The Inverse Gaussian Process: Let T be the first time a standard Brownian motion
with drift b > 0 reached the positive level a, T = inf{s > 0 : W, + bs > a}, then

this random time T follows the so-called Inverse Gaussian distribution. And the process

T; =inf{s > 0 : W, + bs > at} is a subordinator with density

1
f(x;at,b) = —ie’"’tac'g’/2 exp4 —=[(at)’z™ 1 +b%2] 3, a,b,z>0.
Vor 2

The Lévy density is

u(z) = lim nf(z; 271)) = Lx_?’/Qe_%bQII{DO}.

n—00 n 2

6. The Tempered Stable Process: The process X; follows a Tempered Stable distribution

with the following series representation of the density: for z > 0

_ B exp{bat—%bl/kx} o0 i TR+ D) x —ik—1
f(z;k,at,b) = o (at) /" Z(—l) sm(zkw)—i!—z W) ’

i=1
where the parameters @ > 0,6 > 0 and 0 < k& < 1. This process is also a subordinator.

And the Lévy density is

2kx_k_1sin(7rk)1“(k: +1)
s

. a 1
u(z) = lim nf(z;k, E’b) = aexp {—gbl/k:v} Itzs0y.

Because I'(1 + k)I'(1 — k) = wk/ sin(nk), the Lévy density is

ak

— 1 1/k k,..—k—
u(:l:) = mexp {—§b / x} 2%z ll{x>0}.
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Sec. 2.3 Constructing dependent Lévy processes 15

7. The Normal Inverse Gaussian Process: The density of X; is
(6t)2 + x2)
\/ (6t)* + ’

where K (-) is the modified Bessel function of the third kind, and

a,d>0,—a< B<a,

f(z;a, B,6t) = —exp{ét\/oz2 B2 + Bz }

1 [ 1 _
Kl(:v)=§/0 exp{—ix(gﬁ-y 1)}dy, z > 0.

The Lévy density is

u(e) = lim nf(z;a 6, ) = Lea| Kaolal).

n—o0
8. The Meixner Process: The density of X; is

(2 cos 22t

f(z; 0, 8,0t) = F(Q&)

efr/e ]F(5t+g)|2’ a,d >0,—m< <.
o

The Lévy density is

u(z) = lim nf(z:a, B, 2) = 2o fe/a|r

(ix
n—00 n 2om

W2
)2

The gamma function satisfies the following equations: ['(z) = —w, I'(1+ix) = (iz)!
and |(iz)!|? = wz/ sinh(rmz), so the Lévy density can be written as

dexp (Bz/0)

zsinh(rz/a)’

u(z) =

2.3 Constructing dependent Lévy processes

A Lévy process is uniquely determined by its generating triplet (A, v, ), the covariance
matrix A measures the dependence structure of Brownian motion while the Lévy measure
gives the dependence structure of its jump part. To construct a multi-variate Lévy process,
instead we may define the generating triplet with a symmetric nonnegative-definite matrix

A and a Lévy measure v (v({0}) = 0) which verifies

/ (Jlz|> A Dv(dz) < 0o <= |z||*v(dz) < co and / v(dz) < oc.
RA

lzl|<1 flzll>1
Any transformation of the Lévy measure, respecting the singularity at {0} and the

integrability conditions, will lead to a new homogeneous jump process. Esscher
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Sec. 2.3 Constructing dependent Lévy processes 16

transformation is an example, where the new Lévy measure is v*(dz) = e*®v(dz), §

is a real vector in R? such that fllzl e®®ly(dr) < oo.

>1

The methods used to construct dlependent multi-variate Lévy processes from known ones
are listed in Chapter 4, Cont & Tankov [12]. Such methods include linear transformation,
subordination, tilting and tempering of the Lévy measure. Lévy copulas are introduced in
Chapter 5, Cont & Tankov [12] for building multivariate models. In this thesis, we will
show the details of these transformations and focus on the representation of Lévy triplets

after these transformations.

2.3.1 Linear transformation of independent Lévy processes

Lévy processes have independent stationary increments, so a linear transformation of
Lévy processes will also have these properties. A linear transformation of independent
Lévy processes will construct dependent Lévy processes. Particularly, for any correlated
Brownian motions (or Poisson processes) Y; € R™, there exist independent Brownian
motions (or Poisson processes) X; € R? and a real-valued m x d matrix C such that Y’
is a linear transformation of X as Y = C'X. But not all correlated Lévy processes can be

represented as a linear combination of independent components.

Theorem 2.3.1 (Theorem 4.1 in Cont & Tankov [12])
Let X be a R%valued Lévy process with generating triplet (A,v,~) and let C be a real-
valued m x d matrix, then Y = CX is an m-dimensional Lévy process with generating

triplet (AY , ¥ | ~Y) given by

AY = CACT, a nonnegative-definite m x m matrix; 2.4)
vY ({0}) =0, and v¥(B) = v({z : Cz € B}), VB € B(R™); (2.5)
¥ =Cvy+ /R Y (T ®) = Ty=cae<1y () " (dy). (2.6)

Proof: The Lévy measure of ¥ on some Borel set B has the same value as the Lévy
measure of X on the set {z : Cz € B}. The nonnegative measure v¥ on R™ defined by

Equation (2.5) is a Lévy measure satisfies

[ ol 10 (a) = [ (el avtan) < / (ICIP2[2 A 1)w(dz) < oo
Rm RE Rd
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Sec. 2.3 Constructing dependent Lévy processes 17

since ||| < oo and [,(||z||? A 1)v(dx) < oo. The characteristic exponent of C'X is
—%(z,CACT@ + / (€9 —1 —i(z, Cx) ey <y () v (d2) + (2, C).
R

On the other hand, the characteristic exponent of Y is

m

—%<ZaAYZ> +/ (@) — 1 — iz, ) <y @)V (dy) +i(z,77).

By comparing these expressions, we have (2.4) and (2.6). The prove of the existence of the

integral in (2.6) is given in details in Cont & Tankov [12].
a

The quadratic covariation process [ X, Y] of two semimartingales X and Y is defined in

Definition 8.4, Cont & Tankov [12] as
t t
X,Yh= XY~ XY~ [ XY~ / Y,_dX,,
0 0

which can be rewritten as the limitation in probability

[X,Y); = lim inp. Y (Xewen — Xow)(Yeweny — Yar ),

n—00
k=0

The process [X, X]; is called the quadratic variation process of X, it is positive and

increasing in £. The quadratic covariation of independent semimartingales is (.

Proposition 2.3.1 A Lévy process Y; € R™ is a linear transform of independent Lévy
processes if and only if its quadratic covariation matrix can be represented as CS,C7,
where C is a real-valued m x d (m < d) matrix and S; is a d x d diagonal matrix whose
entries are subordinators. Let X, € R be the independent Lévy processes, then Y = CX
and S; = diag{[ X', X}, ..., [X?¢ XY}

It is easy to prove. If Y; = C X, let ¥; denote the quadratic covariation matrix of Y with
(Z)i =Y, Y),4,j=1,...m, then

¥, = Cdiag{[X*!, X", ..., [X¢ X9, }CT = CS,CT.

For example, the quadratic covariation matrix of an m-dimensional Brownian motion Y

with generating triplet (A,0,0) can be rewritten as At, that is S; = diag{¢t,...,t} and
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Sec. 2.3 Constructing dependent Lévy processes 18

CCT = A. Thus Y, can be represented as Y; = CW,; where W, is a d-dimensional
independent standard Brownian motion. If d = m, then C is the Cholesky decomposition
(a lower triangle matrix).

Here is an example of correlated Lévy processes which cannot be written as a linear
transformation of independent Lévy processes: Y,F = ﬁ\I:,l JF, k = 1,2 where N, is a
Poisson process, J! and J? are independent for each jump. These two compound Poisson

processes jump at the same time but with independent jump sizes.

2.3.2 Lévy process as a time change of Brownian motion

Monroe [46] proposed that a process is equivalent to a time change of Brownian motion
with sufficient large o-field if and only if it is a local semimartingale. The definition of the
local semimartingale in [46] is following: a process (X;, ;) is a local semimartingale if
X; = M, + A, where M, is a local martingale and A, is of pathwise bounded variation.
Lévy processes are semimartingales, hence any Lévy process is equivalent to a time change
of Brownian motion. The term of time change is defined in Chapter V §1, Revuz & Yor

[49] and in Definition 2, Kallsen & Shiryaev [31].

Definition 2.3.1 (7ime Change)

o A time change T is a family of F-stopping times {T}}y>q such that the map t — T,
is increasing, right continuous and nonnegative almost surely. 1t is called finite if

T, < oo for any t > 0 almost surely.

o Let Fy = Fr,, which defines the time changed filtration, if X is an F;-progressively
measurable stochastic process then X, = Xr, is an ft-adapted process and the

process X is called the time change process of X.
o The inverse time change {T, }1> is defined as T, = inf{s > 0: T; > t}, which is an

increasing and right continuous family of F -stopping times..

If T} is continuous, strictly increasing and T,,, = oo, then IA} is continuous, strictly
increasing and T, = oo and it is also true the other way. The processes 7" and T play

totally symmetric roles. For any f't-progressively measurable stochastic process X , the
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stochastic process X := 5(} is F;-progressively measurable. If T,,, # oo (or Too # 00),
the same holds but X (or X)isonly definedont < T, (ort < foo).

In Monroe’s result, X = W, a Brownian motion and the time change 7" may depend on
W. For example, the discrete time process Y, = ZLI J;, J;’s are independent identical
distributed with P(J = 1) = pand P(J = 0) = 1 —p, p € (0,1). Thatis J follows
a Bernoulli distribution and Y,, follow a Binomial distribution for each n = 1,2, ... Then

Y,, = Wr, + np and the time change will be

Ty = inf{t >0,W;=—-porl—p},
T, = inf{t>T1,W,—Wp =—porl— p},

T, = inf{t > Ty, W, —Wr,_, =—porl—p}

The time change T is a sequence of stopping times of the Brownian motion W. In
this paper, we only consider the case that X and T are independent and both are Lévy
processes. The increasing Lévy process T is a subordinator and such time change is called
subordination. Here are some well-known examples: when W € R is a Brownian motion
and a, 3 € R are constants, then Y; = Wr, + 87} + ot is an univariate Lévy process.
If T} is a Inverse Gaussian process, then X, follows a Normal Inverse Gaussian process;
if T} is a Generalized Inverse Gaussian process, then X; follows a Generalized Hyperbolic
processes; if 7} is a Gamma process and o = 0, then X follows a Variance-gamma process.

The characteristic function and the generating triplet of the subordinated process are
shown in Theorem 4.2 in Cont & Tankov [12] as following. Let 1(-) be the characteristic
exponent of X, thus E [e/*X¥)] = ¢(). Let I(-) be the Laplace exponent of T, thus
E [e*T] = ¢®). 45 > 0 is the drift of the subordiator T.

Theorem 2.3.2 (Subordination of a Lévy process)

Fix a probability space (0, F, P). Let X; € R® be a Lévy process with characteristic
exponent Y(-) and triplet (A, v, y) and let T, € R be a subordinator with Laplace exponent
I(-) and triplet (0,vr, o), Yo is the drift. X and T are stochastically independent. Then
the new process (Y})i>o defined by the subordination: for each w € €, Y(t,w) =
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X (T(t,w),w) is a Lévy process on R* with characteristic function

E[ei=¥] = SHT()

Its generating triplet (AY ,v¥ ,vY) is given by

AY = 4y A, a nonnegative-definite d x d matrix; )
v¥ (B) = yv(B) +/ pX(B)vr(ds), VB € B(R%); 2.8)
0
A =y + / VT(ds)/ zpX (dz), 2.9)
0 lzli<1

where piX is the probability distribution of X;.

Proof: Since X and T are Lévy processes, Y; = X7, should also be a Lévy process. (See
the proof of Theorem 4.2 in [12] for more details.) The characteristic function of Y can be

derived by conditioning on the process 1" as

B[] — E{E[eX)|T,s <]}
- E [e‘I’(Z)Tt] —E [etl(‘l’(z))] .

T, = 7ot is a simple example, where E[e¥*¥t)] = E[e/=Xwt)] = E[e}*X10¢] and AY =
YA, V¥ (dz) = v (dz) and v = 7g7y. Since the subordinator T; = Yot + Y, <ot BT,
the law of the instant jump of Y is

AY; = X1, — X1, ~* AX ¢ + Xar,

where AX.,; describes X’s own movement at transformed time 7yt and X7, represents
the movement of Y with respect to the jump of 7. Conditioning on AT; = s, by assuming
that X, has the distribution pZ, the Lévy measure corresponding to AX.,; is Yov(dz) and
the Lévy measure corresponding to the second part is f;° pX(dz)vr(ds). Then we obtain
Equation (2.8). Since

Y(z) = —%<Z,AZ)+ Rd(ei“’”—1—i<z,1'>1{||x|151}(55‘))1/(dy)+i<2,7>,

Wp) = /Ooo(e“s—l)VT(dS)nLu%-
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Then their composition I(1)(2)) is:
[ (e = tyuntas) + wieo
- /Ooo (Ele’®**)] = 1) vr(ds) + 70 [—%(z,Az) +i{2,7)
b = 1 i) e @) ()|
= /oo /‘Rd(e“z””> — D)pX (dz)vr(ds) — %<2,70AZ> +1i(z,707)
+/Rd (e — 1 —i(z, 2) Izy<13(z)) Yov(dz)
/ (¢ =1 it ) g @) fovta)+ [ o ()
2,7%42) +1(2,707) / / 2) Ijai<1y (2)p3 (dz)vr(ds))
omds) + [ (@ =1 =i, X)Ly (0) V¥ (22)

+1 <z,707 + /000 /||xu§1 :cp‘;((dx)u;r(ds)> :

It is the characteristic exponent of the new Lévy process Y, thus AY = ;A and

Y =907+ 5 fjag<r 23 (dz)rr(ds).

<
1
2

a

When X is a Brownian motion, the characteristic function and the Lévy measure of
Y, = Wr, + BT} + ot will be

. . . —l 2
E [ezzYt] — ezzatE [eZZBTt 37 Tt} ,

/ | = F dyonas),

Based on the expression, not all the Lévy process can be represented as a subordinated

Brownian motion with independent time change.
The way to construct dependent Lévy processes by the subordination of Brownian
motion lies on the fact that they follow a multi-variate normal distribution given the

subordinators.
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2.3.3 Transformation of jump sizes

As mentioned before, any transformation of the Lévy measure respecting the integrability
conditions will lead to a new homogeneous jump process. Tilting and tempering of the
Lévy measure are such transformation as #(dz) = f(z)v(dz). Here are two examples
in section 4.2.3, Cont & Tankov [12]. One is the Esscher transformation f(z) =
exp{fz}, which is also called the exponential titling. The other is an asymmetric version

transformation as
F(@) = Igsoye ™ + Ipcope 1L A, A0 > 0.

This function defines a Lévy process whose large jumps are tempered, that is the tails of
the Lévy measure are exponential damped.

Denote v(dz) = wu(z)dx if it is absolutely continuous, now we present another
transformation of the Lévy measure as 7(dg(z)) = v(dz). Consider a one-dimensional

Lévy process with decomposition

X = 'yt+/ / N(ds,dz) — v(dz)ds] + / / zN(ds,dz),
0<zi<1 lz|>1

the new jump process Y; associated with function g(-) : R — R is defined as

.e +/ / g(z)[N(ds,dz) — v(dz)ds] + / / N(ds,dz), (2.10)
0<jg(z}|<1 JO lg(z)|>1

vY € R. Y is a Lévy process if

/ (l9(@)? A 1) v(da) < oo <=>/ (l9P A1) 2¥ (dy) < o0

where the Lévy measure of Y is ¥ (B) = v(B), B = {z : g(z) € B}.
The Lévy measure of Y can be obtained in this way. Consider the simple case that g(-) is
a strictly monotone and differentiable function and X; has the probability density function

f(z;t), then the probability density function of Y} is

flg ' (y);t)
Fw) = g@wnr

where g~! and ¢ are the inverse function and the first derivative of g respectively. The

Lévy density of Y exists by the following limitation, for y # 0,

_ y 1f(g‘1(y);t) w97 H(y))
() =iy it) = g W) - P

2.11)
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For other functions of ¢ without constant part (i.e. g'(+) # 0), u¥ has the similar form as
above. For example, if g is a discontinuous strictly monotone function, equation (2.11) still
hold in the range of g(-). More generally, for any real function g with non-zero derivatives,
there exists a series of functions a;(y), b;(y) with —oo < a; < b; < oo and g(a;(y)) = v,
g(bi(y)) =vy,i=1,...,k such that

{z:9(0) <y} =Ule: aily) <z <bilw)}-

The probability function, the probability density function and the Lévy density function of

Y are
k

Pg(z) <y) = Y Pla(y) <z <b(y)),

;1
st = D@0t - aGm)faw)n),
k
W) = Y bub:w) - G@uaw) (2.12)

In the case that a or b take infinity value, their derivative would be set to 0. Equation (2.11)
is the special case of (2.12). If g is strictly increasing, then k¥ = 1 with a,(y) = —oc and
bi(y) = g~ (y). If g is strictly decreasing, then k = 1 with a;(y) = g~'(y) and b (y) = co.

If g has constant parts, for instance, g is a simple function as g(z) = >, ¢;Ia,(2),
where c¢;’s are nonzero constants, A;’s are disjoint Borel sets of R. Then Y; =
N fot e;:N(ds,dz) = ¢; Y, N;(A;) is a Poisson point process, and the Lévy measure of

Y at non-zero point y is

v ({yh) =D v(A)Iy=cy- (2.13)

2

The Leévy measure of Y corresponding to a general function g with step part Y, ¢; I3,
will have the form of the mixture of (2.12) and (2.13) as

VY (B) = /B W Wy + 3 v(A) sy, (2.14)

for any Borel set B in R.

Denote g~*(B) = {z : g(z) € B}, then the Lévy measure of Y defined as Equation
(2.10) are v{(B;) = v(g;*(B;)), i = 1,2. The joint Lévy measure of Y and Y2 is
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v(Bi, By) = v(g7(B1)N g5 (Bz2)). If both g; and g, are strictly increasing, then the
jumps of Y'! and Y2 are completely positively correlated. If one is strictly decreasing and
the other is strictly increasing, then the jumps of Y'* and Y? are completely negatively

correlated.

2.3.4 Probability copula and Lévy copula

As we know, a multivariate probability distribution can be expressed by the marginal
distributions and a copula. Copulas capture all the information of the dependence structure
of random variables irrespective of their distributions. The Lévy measure has similar
properties as probability measures. Specifically, a multivariate Lévy measure can be
decomposed into marginal measures and a copula-type function. Here are the definition

and the main theorem of the probability copula.

Definition 2.3.2 (Copula) A d-dimensional (d > 2) copula is a function C : [0,1]¢ —
[0, 1] satisfying:

o (Boundary condition) fori =1,...,d, C(21,...,2i-1,0,Zit1,...,24) = 0. And the
Sunction (z1,...,2-1,2Zi11,...,24) — C(z1, .., i1, 1, Tiq1,-..,0g) isad — 1
copula. C(1,...,1,2;,1,...1) = Ci(x;) = x; is called the margin.

o (Monotonicity)

> _sen(V)C(V) 2 0
VeR

Sfor all rectangles R of the form R = ngl[ai, bi], a; < b;. Here the sum is over all

vertices V = (g1, ...,&4) of the rectangle, where &; = a; or b;, and

R A etmprsiobt
i = er of i'’s.
sgn(V) =

Theorem 2.3.3 (Sklar) Let H be a d-dimensional CDF with margins Fy, ..., Fy then

there exists an m-dimensional copula C such that for all z € RS,
H(.’El, RN ,l’d) = C(Fl(JIl), ceey Fd(.’L‘d)),

Moreover, if all F; are continuous, then C is unique; otherwise, C is uniquely determined

on RanFy X ... X RanFy, where RanF; = {Fi(z) € [0,1] : z € R}. Conversely, if C is an
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m-copula and F\, . .., Fy are 1-dimensional CDEF, then the function H is a d-dimensional

CDF with margins Fy, ..., Fy.
The bivariate joint probability function and survival function can be represented as

P(r; <a,zy <b) = C(P(z1 £ a),P(zy <)),

P(z; > a,z5>b) = C3(P(zy > a), P(zy > b)).
C and C? are the probability copula and survival copula of X; and X, respectively and
and C%(u,v) = C(u,v) + 1 —u —v.

When a Lévy process is constructed by subordinating a multivariate Brownian motion,
it will follow a multivariate normal distribution given the subordinators. So its probability
copula is the mixture of the Brownian copula and the dependence of subordinators. For
example, in the two-variate case define X = W}t,-, i = 1,2, let ®(-) be the CDF of

univariate standard normal distribution and let Hti be the CDF of the subordinator Tti,

i = 1,2 and let H, be the joint CDF of T, T2. Then
. oo a; .
E (] ::PXzS i) = o — ; )
()= Pxi<a) = [ (f) Hi(ds)
P(th S al,Xf S 0,2) = / / P(WJ S (Il,I/Vv2 S ag)ﬁt(du,dv)
0 0
Y (@(ﬂ)@(ﬂ))ﬁ du, dv),
L) Vi) 2\ ) ) Hldwdv)
S 0 F_l(l'l) F_l(.’ﬂz) ~
Ci(z1,72) = cVle| = Q-2
(21, 7) /0 /0 ( < el 022 ) ) )
= / / CN (24, &) Hy(du, dv), (2.15)
0 0

where CV is the normal copula, C; is the probability copula of X!, X2 and

5 = F(yad(z) - /0 wq»( ﬁqu(a;l)) H(ds)

S
Ty = FQ,t(\/EQ-l(;%Q)):/Owcb<\/g<1>-1(5:2)> H2(ds).

Generally, the probability copulas of Lévy processes depend on the time ¢, for example,

the one defined by equation (2.15). For the stable processes, their probability copulas are

constant.
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By using the probability copula and marginal of J instead of the joint probability

function, for z1, zo < 0 equation (2.3) is equivalent to

v((—00,21], (=00, 22]) = AC(P(J1 < 1), P(Jr < 22))

\C (Vl((—;@xl]), m((—;;,xﬂ)) ,

for z,, 5 > 0, use the survival copula C? instead of probability copula,

I/([.’L‘l,OO), [IL‘Q,OO)) = /\CS(P(Jl > xl),P(Jg > .’1,'2))

- acs (llmeo) o))

Now the Lévy measures and probability copula are connected for the compound Poisson
process. The Lévy measure of compound Poisson process is finite, we may define a Lévy

copula of such process F as following, for lower tail integrals

F(u, p2) = AC <’;—If\‘—z) L 0< i < A,0 < g < Mg

let £V be the copula measuring the upper tails, then

FY(uy, pe) = ACS (H/\—i,l;—z) y 05y < AL0 L g < Ao

And F(A1,X2) = FU()\1, A2) = . But the relation FY (u,v) = F(u,v) + A — u — v does
not hold any more except for the case that A = A\; = Ay. At this point, we may see that the
function defined above does not cover the case that two processes do not jump at the same
time, it only measures the dependent structure of jumps.

If two compound Poisson processes are completely positive (or negative) dependent,
it implies that they have the same driven Poisson process and the jump sizes are also
completely positive (or negative) dependent, that is \; = Ay = A and C(u,v) = min(u, v)

(or C(u,v) = max(0,u + v — 1)). Then for 1, uo € [0, A, the bivariate Lévy copula is

F()U‘IHU’Q) =
Amin(gt, 52) = min(uy, po) for perfect positive dependence;
Amax(0, & + & — 1) = max(0, u; + p2 — A) for perfect negative dependence.

Even if the jumps are independent, the two compound Poisson processes are still
dependent as long as they have a common driven Poisson process. And the copula will

be F(p1, pa) = 3255 i iz.
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In the two variate case, given the function F' and their margins, the parameters A, A, A2
and the marginal and joint distributions of jump sizes can be easily identified. Our setup is

slightly different from Cont & Tankov [12] (Page 151).

Definition 2.3.3 (Lévy copula of dependent compound Poisson processes)
Consider a d-dimensional (d > 2) compound Poisson process. Let )\; be the Poisson
intensity of it" process and let \ > 0 be the joint intensity of all processes, its Lévy copula

of the associated joint jumps is a function F : [0, \] x ... x [0, Ag] — [0, \] satisfying:

e (Boundary condition) F(Ay, ..., Ny ., Ad) = N
foralli=1,...,d, F(zy,...,21,0,Zi41,. .., 24) = 0;

~

F($1,...,$1,Ai+1,...,>\d) _ F(Il,...,l‘i)
A FQq, . h)

where ﬁ’(ml, ..., Z;) is a similar function as F defined on [0, \;] x ... x [0, )] —

[0, FO\, ..., X)), And F(z;) = x; for a similar function F - [0, \;] — [0, ]
e (Monotonicity) The same as definition 2.3.2.

o F(z1,...,2q) = AC(, ..., 32), where C is a probability copula if z; are lower tail

integrals and C is a survival copula if x; are upper tail integrals.

Tankov [55] concerned the dependence of Lévy processes with only positive jumps
(subordinators) because of the non-integrability at 0. In his later book with Cont [12], they
redefine the Lévy copula for a general case that involves positive and negative jumps. See
Definition 5.13, 5.14, 5.15 and Theorem 5.7. The original version of S-copula (Definition

3.1 in Tankov [55]) associated with subordinators is following.

Definition 2.3.4 (Lévy copula of subordinator with infinite activity)
A d-dimensional (d > 2) S-copula is a function F : [0, 00]¢ — [0, 00| satisfying:
o (Boundary condition) F(zy,...,2;-1,0,2Z:41,...,24) = 0 for all i;
F(oo,...,00,2400,...,00) = Fi(z;) = z; for all i, which is called the margins.
o (Monotonicity) The same as definition 2.3.2.

Tankov [55] also proved a theorem, similar as Sklar, about the relationship of the Lévy

measure and S-copula.
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Theorem 2.3.4 Let U be the tail integral of a d-dimensional Lévy process with positive
components having tail integrals Uy, ..., Uy U(xy,...,24) = v([z1,00],...[Tq,00]) and
Us(z) = vi([z,00]) for all i = 1,...,d. Then there exists a d-dimensional S-copula F'

such that for all vectors (z1, ...,14) in R,
U(zy,...,zq) = F(Ui(21),. .., Us(za)).

If Uy, ..., Uy are continuous then this S-copula is unique, otherwise it is unique on
RanU; X ... x RanUy. Conversely, if F is a d-dimensional S-copula and U1, ...,U, are
tail integrals of one-dimensional subordinators, then the function U defined above is the

tail integral of a d-dimensional Lévy process with positive components having tail integrals
Uy,...,Us

If two subordinators are independent, then for zy, 25 > 0

v([21,00], {0}) = w([z1, 00]), ({0}, [2, 0]) = va([2, o0]);

v([zq, 00], [22,00]) = 0.

Thus v([z1,00], [0,00]) = v1([z1,00]) and then the independent copula is F(u,v) =
UI{v:oo} + UI{u:oo}.
Since the inverse of the Lévy measure is not unique and we define v~ (u) = sup{z :

v(z) = u}. Roughly, when n is large enough
1 1 U
w=w(z) = nf(2) = v w) = f(

For a positive stable process the limitation approach yields the following formula:

Fuy,...,ug) = / u(zy, ..., xq)dzy ... dzy
[vy ! (ug), 00)x...x[v7 H(ua), 00]
. 1
= lim n/ flz1,...,2qg;=)dzy ... dxg
no0 Jf NS L), colx e x [fy T2 L), 00) n
= lim an(E,...,%) = lim nC’S(E,...,E).
n—oo n TN n n—0o0 n n

CS is the survival copula of the positive stable process and it does not depend on time

which ensures the last equality. F is the S-copula of the positive stable process. Tankov
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[55] also gave this formula in Proposition 4.4. Since only subordinator is considered here,
the survival copula C¥ only represents positive dependence.
Here are some examples. First the perfect positive dependent S-copula, where the

probability copula is C(uy, . .., Uy) = min(uy, . . ., Uy). And the S-copula is

. .U .
F(uy, ..., up) = lim nmm(gl,..., ) = min(uq, ..., Un),

Um
n—00 n

which has the same form as the probability copula. Another example is to use Cook-

Johnson copula as the survival copula
CS(u,v) = (u¥ + v —1)718,

and the associate S-copula is obtained by limit

P = timn (57 + (27 -1) =t

n—oo u

The last one is to use the Cuadras-Augé copula as the probability copula, then the

corresponding survival copula is
C%(u,v) = (1 —w)(1 — v)min((1 —u)™*, (1 —v) ™) +u+v -1,
where 0 < «, 8 < 1. If u and v are bounded, the associate S-copula is

F(u,v) = {

ou if (1—%)*>(1-2)8 je ou < fu

Bv  otherwise = min(ax, fv),

which is the compound Poisson case where the jump sizes for the common jumps are
perfectly positively dependent. And o = A/\i, 8 = A/Ag, A1, \e are intensities of two

dependent Poisson processes with common intensity A and 0 < u < A,0 < v < Ao,

2.3.5 Time copula of Lévy processes

The probability copula described above considers the dependence at time ¢ for all processes.

Given a Markov process X, its joint distribution of different times is
Fs7t(l‘1,.’L'2) = P(Xs <11,X; < .’L'Q) = Cs,t(P(XS < xl),P(Xt < .’L'Q)),

s < t. Csy is called the time copula for the process X;. It was introduced by Darsow,

Nguyen and Olsen [15] to illustrate the conditions of Markov process. (See Theorem 3.2,
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3.3.) Kéllezi and Webber [32] found the expression for the time copula of Brownian motion
and subordinated Brownian motion.
First, let’s see the time copula of one-dimensional Brownian motion W;. (See section

2.1 in Kéllezi and Webber [32].) The joint distribution of W and W}, s < tis

P(Ws<a1,Wt <a2) = P(WS < ap, Wy — W <02—WS)
@ as — T z
= | —)dP{ —
(=)= ()
®(a1/+/5) _ -1
L[ (o)
0 \/t—S

- e (e(3) o(3)

Cﬁft is the time copula of Brownian motion, which has the following expression,
ViR (25) — V507 (ys)
CN(zy,29) = / ( ) dys.
o) = | )= 4 y

Consider the Gaussian Process X; = Wr,. When T; is deterministic function, the time

Cos(on, 72) = /O * <\/Tt¢>-1(x2:)rt —_\f@-l(ys)> e,

When T; is a stochastic subordinator, we follow a similar way as Equation (2.15). (Also

see section 2.2.3 in Kéllezi and Webber [32].) Let H; be the probability function of 7, let

copula is

H s,+ be the joint probability function of T, and T}, s < ¢, then
o a
Fi(a) = P(X; < = & — ) Hi(d
o) =Pet<a) = [To( ) R

P(X,<a, X, <ap) — /0 ” OOOP(Wu < a1, W, < a3)Hoy(du, dv)
T3 () e
Cop(21,29) = / / ( ( Ef”) ,® (1:;-\1/(;2))) H,,(du, dv)
_ / / (81, 32) H,1(du, dv),

where Cj; is the time copula of X and

n = Rvae @) - o Za7a) Ao
n = R = [0 (| o) ),
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2.4 Additive processes

Additive processes are stochastic processes satisfying all conditions except condition 2 in
Definition 1.2.1. That is, we relax the assumption of time homogeneity in the law. Their

properties are given in Theorem 14.1 in Cont & Tankov [12].

Theorem 2.4.1 (Sato) Let (X;):>0 be an additive process on R%. Then X, has infinitely
divisible distribution for all t. The law of (X})i>o is uniquely determined by its spot

characteristics (Ag, Vi, Tt )i>0:
U(z,t) = E "]

= e {=gte A+ [ (€09 1=t 0) e (@) Vld) it T |

Re
The spot characteristics (A, Vi, [t)i>0 Satisfy the following conditions

o For all t, A, is a nonnegative definite d x d matrix, V; is a positive measure on R?
with V,({0}) = 0 and [,,(||z|* A 1)V;(dz) < .

e Positiveness: Ay = 0, Vo = 0, I'g = 0 and for all s, t such that s < t, A, — A,
is a nonnegative-definite matrix and V;(B) — Vi(B) > 0 for all measurable sets
B € B(RY).

e Continuity: if s — t then A; — Ay, T's — 'y and Vo(B) — Vi(B) for all B € B(R?)
such that B C {z : ||z|| > €} for some € > 0.

Conversely, for family of triplets (A, Vi, T't)t>0 satisfying the three conditions above, there

exists an additive process (X;)i>o with the spot characteristics (A, Vi, Tt)1>0.

A triplet (a¢, v, % )eepr), T < oo is called the local characteristics of the additive
process (X )icp,r) if Ar = fg asds, Vi(B) = fotl/s(B)ds and I'; = f(f vsds for each
t € [0,T]. a, is a nonnegative definite d x d matrix, a family (24)o<;<7 of Lévy measure
satisfies fOT Jra(@ A | z|*)r(dz)dt < oo and 4, € R? is a deterministic function. (See
Section 14.1 in Cont & Tankov [12].) An additive process admits the local characteristics
if all the elements in the spot characteristics are absolutely continuous in £. Similar to

equation (1.6), an additive process with local characteristics can be decomposed as

¢ ¢ ¢ ¢
X; z/ ade3+/ /xN(ds,d$)+/ /zN(ds,dx)—i—/ Ysds,
0 llzll<1 Jo0 lzl|>1 J0 0
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for some m-dimensional standard Brownian motion W; and d x m (m > d) matrix o5 with
as = 0507, and N(ds,dz) = N(ds,dx) — vs(dz)ds is the compensated Poisson random
measure of the additive process X.

Additive processes can be easily constructed by Lévy processes with deterministic
volatilities. For example, let o(t) : [0,00) — R be a measurable function such that
fg‘ o2ds < oo for allt > 0 and then X, = fot o,dW, is an additive process with
spot characteristics ( fot 02ds,0,0);>0. Let L be a purely non-Gaussian Lévy process
in R with Lévy triplet (0,v,7), and X, = [, 0,dW, + [ 85dL, with 6, deterministic
and bounded. Then the new process X is an additive process with spot characteristics

(fot o2ds, fot vXds, fot X ds)>0, where
X | v(B) if6,#£0 5
yt(B)_{O ifetZO,B—{x.HtxeB}
with

/Ot/R(la:P A DX (dz)ds = /Ot/n(|9s$|2 A 1)u(dz)ds < oo,

and ;" satisfies

/ (%% — 1 — 20,2 ]p1<1y)v(dz) + i20yy = / (e — 1 — izylyy <))y (dy) + iz,
R R

which is obtained from the characteristic function of X

t 1 )
U(z,t) = exp {/ (——2-93 + / (%% — 1 — 120,21 (jp<1y)v(dz) + ist'y)ds} .
0 R

The triplet (o2, ¥, v{) is called the local characteristics of the additive process X.

Let’s go back to the equation (2.1), which constructs a homogeneous Poisson process. A
similar construction can be made with an additive process X as N} = > __ <« In(DX).
The set function A — Nj*(w) defines a o-finite measure on R \ {0} for each fixed
(t,w). The intensity (instantaneous jump probability) of N} exists if X admits local
characteristics (a, 14,7:), and it is equal to v;(A). If 8, is deterministic in the example
above, N is an inhomogeneous poisson process with deterministic intensity. If 6, is

random, then N is a Cox process with stochastic intensity.
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Equivalent martingale measures for Lévy
processes

3.1 Main theorem

Consider a financial market with d risky assets traded up to a horizon 7' < oo and one
riskless asset S = e™ with constant interest rate . In the physical world, the prices of
the risky assets (S,...,S59) are given by a multi-variate exp-Lévy process on a filtered
probability space (2, F, (F:)iepp,7), P) and define S = (S, S%,...,5%).

For a predictable S-integrable process 6 = (6°,6, ..., 8%), the value process of the self-
financing trading strategy 6 with initial capital 1 is given by V; = 1+ fg 67dS,. If the value
process {V; }i>0 is strictly positive, it is called a numeraire asset. Let N denote the set of
all numeraire assets. Any asset process S (without dividends) discounted by a numeraire
V € N should be a (local) martingale under some measure () which is equivalent to the
physical probability measure P. And such measure () associated with V is called the
Equivalent (Local) Martingale Measure (EMM) for the process S. Generally, given a pair
of the EMM and numeraire (P', N') and another numeraire N2, an EMM P? associated
with N? can be defined by the Radon-Nikodym density process: dP?/dP! = N2/N},
t € [0, T). Becherer [5] provides two dual approaches for EMMs:

33
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1. Fix V € N and choose Q ~ P such that S/V become (local) Q-martingales.
2. Fix Q ~ P and choose V € N such that S/V become (local) Q-martingales.

The so-called risk-neutral measure is the EMM with V = S°, the riskless asset, which is
the most used EMM in pricing. It belongs to the first approach. The risk-neutral measure
is unique when the market is complete, otherwise the choice of the optimal martingale
should be made according to different criteria. Such optimal EMMs include the minimal
martingale measure ([1], [22], [54]) and the minimal entropy martingale measure ([21],
[23]). In the second approach, a certain probability measure () is fixed first. The physical
measure P is a natural choice and the corresponding portfolio process of the numeraire V'
is called the numeraire portfolio ([5], [33], [37]).

Long [37] proved the existence of a numeraire portfolio in the case of finite {2 and
discrete time and in the case where the asset prices follow a regular multi-dimensional
diffusion model. Korn, Oertel and Schél [33] studied it for a multi-dimensional Poisson-
diffusion process with univariate Poisson process. In these cases, the numeraire portfolio
turns out to be growth-optimal. The minimal martingale measure for (continuous)
semimartingales was introduced by Follmer and Schweizer [22] and it is in general only a
signed measure for discontinuous processes (see Schweizer [54]). Arai [1] discussed the
case when the asset prices follow jump-diffusion processes. Fujiwara and Miyahara [23]
investigated the minimal entropy martingale measures for the geometric Lévy processes.

In this section, we focus on the change of measure, specifically, the EMM for the
Lévy/additive processes. The three martingale measures: the numeraire portfolio, the
minimal martingale measure and the minimal entropy martingale measure are used as
examples to illustrate the key ideas of measure transformation. The results for the
numeraire portfolio are new.

Sato [50] shows the conditions of equivalent Lévy measures in Theorem 7.2 and
Theorem 7.4, also see Proposition 9.8 in Cont & Tankov [12] for the one-dimension case.

We modify it as following:

Theorem 3.1.1 (Equivalent measures for Lévy processes) Let (X;, P') and (X, P?) be
two Lévy processes on R? with generating triplets (A1, v1,b;) and (A,, v, bs). Then P}

and P? are equivalent for allt > 0 if and only if the following three conditions are satisfied:
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1. A; = As, denote A == Ay = Ay;
2. The Lévy measures are equivalent with [,,,(\/v) — \/v5)*(dz) < o0,
3. by —by — fllzllfl z(vy — 11)(dz) = An for some n € R

Under the P! measure, let th be a d-dimensional standard Brownian motion and o be the

unique Cholesky decomposition of A, then X has a decomposition as in (1.6)
X, =bit + oW} + / N(ds,dz) — vi(dz)ds) + / / xN(ds, dz).
llzll<1 lz||>1

Under the P? measure, the Lévy decomposition with the same dimension of the Brownian

motion is
X, = byt + oW?2 + / N(ds,dz) — vo(dx)ds) + / / zN(ds, dz),
[lzll<1 [{l[>1

then W2 = W} — o'yt is the standard Brownian motion under P2. Denote the function
&(x) = In[y(dz) /1 (dz)] : R — R, when P and P? are equivalent, the Radon-Nikodym

density process is
_ 4P|/ dPE
"7 dPYF, ~ dP}

Ue = oW} - Lol + / / 6(z) N (ds da:)—t/Rd(ed’(x)—l)yl(dx).

Then Uy is a Lévy process on R with generating triplet (Ay, vy, by) given by

with

Av = o™l
vy(B) = /RdI{qg(x)eB}vl(dx) Jor B € B(R),

]' x
bu = —slo"nlP - /Rd(e"" ' =1 - ¢(@) sy (de)
1
= —5Au - / (€¥ =1 —ylyi<ay)vo(dy).
R
And the density process Z; = eV satisfies the stochastic differential equation

dZ,)Z,_ = nFodW} + / (e?® — 1)[N(dt, dz) — v, (dz)ds)],
Rd

which is a positive P'-martingale with initial value 1.
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Given a Lévy processes (X;, P') with generating triplet (4,v,b;), one may define
an equivalent probability measure P? by defining the function ¢(-) and the parameter
n such that condition 2 and 3 in Theorem 3.1.1 are satisfied. A simple example is the
Esscher transform, where dP?/dP} = %X /E[e®X%)]. In this case, ¢(z) = (4, z)
for some § € R? with condition [, %2y (dz) = Jizjz1 v2(dz) < oo. And
by = b1+ fiz< z(e®® — 1)vy(dz) + An, where 7 = 6. Thus the generating triplet
of X under P2 is (A,e'% %y (dz),bs). The function ¢(-) is the key to the construction
of the equivalent measures P2, which transforms the Lévy measure. The parameter 7 is
used to adjust the drift (or « in its generating triplet) of the Lévy process, which also
transforms the Brownian motion. The covariance matrix A remains unchanged after the
measure transformation.

If we want P? to be a martingale measure, that is X is a martingale under P?, we must
have [, [|z]v2(dz) < oo and E?*X;] = O yields by = — Jizj>1 Tv2(dz). Thus n will
solve the equation (see condition 3 in Theorem 3.1.1)

b1+A7}+/

lizll<1

2(e?® — Dy (dz) + / ze*@y; (dz) = 0. 3.1

ll=ll>1

3.2 Equivalent martingale measures for exp-Lévy
processes

Assume that under the physical measure P, the asset prices satisfy:
dS! = Si_(rdt+dX}), Si>0,0<t<T<o0,i=1,...,d. (3.2)

Then the discounted asset processes S; = Si/S? satisfy: dS! = Si_dX!. Here X =
(X', ..., X7 is a Lévy process with generating triplet (4, v, 7). By assuming that the
assets have finite expectation under the physical measure and the risk-neutral measure,
that is 7y, the center of the Lévy process X, exists under both measures, we will use the
centering triplet (o, v, v, ) instead of its generating triplet because it is more informative.

Theorem 1.2.2 shows that under measure P, X has a decompensation

1
X =mt+oW; + /R / z[N(ds,dz) — v(dz)ds]. (3.3)
a Jo
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Under the risk-neutral measure Q, the discounted asset process S is a martingale. S is a
stochastic exponent of X, thus X is also a ()-martingale and the risk-neutral measure () for
the asset S is the EMM for the process X. Let W = W, — 0Tt be the standard Brownian
motion and v9(:) = e?@y(dz) be the Lévy measure under @ satisfying condition 2
in Theorem 3.1.1 and fl
centering triplet (o, v, 0) with the decompensation X; = oW* + [, fot T[N (ds,dz) —

fell>1 |lz||v®(dz) < oo, then the Q-martingale X will have the

v?(dz)ds]. Compared to equation (3.3), we obtain

v +aoTn +/ z(e®® — 1)v(dz) = 0, 3.9

RA
which is the same as equation (3.1). Here 077 represents the market price of the diffusion
risk while e?(®) — 1 is the risk premium associated with the jump risk.
Foreachi =1,...,d, the solution to (3.2) is
) ) 1, . . i
S; = Sjexp {rt + X — §||oll|2t} H (1+AXHe 2%,
0<s<t

where ¢! is the i row of the matrix 7. To keep the asset processes positive, we must
assume that for each i the jump sizes of X*¢ are always greater than —1.

If f||x||§l l|z||v(dz) < oo, the drift of X exists as vo = 1 — [ zv(dz). Thus

st = Stexp {rt -+ 0= Lie'iee} I (1 6%,

O<s<t

and equation (3.4) yields (recall that y; = v + [, zv(dz))

Yo 4+ ooTn + / ze®@y(dz) = 0. (3.5)
Rd

3.2.1 Numeraire portfolio

The value process V; = 1 + f; HEdSM defined at the beginning of the section satisfies

d d d
AV, =0/dS, =Y 6,dS; = Vi Y mi(dS}/Si) = Vi(rdt + > midX}),
=0 i=0 =1
where 6, = (67,...,01)" is called the trading strategy and m, = (x0,7},..., 78T,

T; = 0:S;_/V,_ is called the portfolio process. Since 70 = 1 — Zle it for each t, we

denote m; = (7{,..., 7T from now on. Long [37] defined the numeraire portfolio as:
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Definition 3.2.1 (Numeraire portfolio) A numeraire portfolio m; is a self-financing
portfolio such that its value process {V, }+>0 is strictly positive and the physical probability
measure P is an EMM with respect to the numeraire V;. That is, Si/V; are positive P-

martingales fori =0, ...,d.

Just as in Korn, Oertel and Schil[33], we may focus on the case where the portfolio

process is described by a constant vector 1 € R

Theorem 3.2.1 (Numeraire portfolio for exp-Lévy processes)
Suppose that the asset process is modeled by a d-dimensional exp-Lévy process as (3.2),

the numeraire portfolio 1 € R exists if

1. 1+ (m,z) > 0and 1+ = > 0 for any , the possible jump size of X ;

2
SN S .
2. [ra (1 1+<mz)> v(dz) < oo,

|2
3 fra T—H,—z7y(dx) < oo.

T is the solution to the following equation

v —ooln — /Rd ﬁ%u(dm) = 0. (3.6)

The corresponding numeraire V defines a risk-neutral measure Q* with Radon-Nikodym

derivative dQ* /dP = S /Vr. The density process Z; = €™ [V, is

exp {—(7{', oWy) — l”o*T7r||2t - / /t In(1 + (7, z))N(ds,dz) + t/ —m—mu(dm)} .
2 ®re Jo re 1+ (m, z)

Moreover, the Lévy process X is a martingale under Q* with centering triplet (o, v*,0),

v*(dz) = v(dz)/(1 + (7, z)). W} = W, + oL nt is the standard Brownian motion.

Proof: Suppose that the numeraire portfolio 7 exists, then S;/V; must be positive

martingales under P. Denote 7 as the constant portfolio process,

Vi = exp {rt — %HaTﬂ'Hgt + {x, Xt)} II 0+ r ax,))emaxe,

0<s<t

' ' 1 1, ., ‘
Sipve = Stom { o el YoM — (r X+ 32}
14+ AX: o

I g en (o ax) - ax), i=1ia
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Condition 1 guarantees that S and V are positive. Condition 2 is equivalent to condition

2 in Theorem 3.1.1 as

| o - v = [ (1 - —1%@—) (de) < oo.

Condition 3 guarantees the existence of the solution to (3.6) and X; is a *-martingale
since [, lz]lv*(dz) < oc. For0 <u <t,

V. SP

—FE |=|F,
seld

exp {%HaTwHQ(t —u) —{(mX; — X,) — Z (1 + (m, AX,)) — (m, AXS}]}}

u<s<t

= FE, [exp {— /Rd /ut In(1 + (7, z))N(ds,dz) + (t — u) /Rd %V(dx)}} X
exp {(t —u) [||0T7r||2 — (m, ) + /Rd<7r,:c)1/(d:1:) - /7?,d %V(dx)J } .

If 7 satisfies equation (3.6), the expectation is equal to S°/V,, and S?/V; is

exp{—<7r,om> —%naTwn?t—/Rd/o ln(1+<7r,x))N(ds,dx)+t/Rd %V(dx)}.

(3.7)

= Eu

Similarly, for eachi = 1,...,d, E[S!/V;|F.] is

Su Lo s i i

seexp{ (¢ =) 510" = o"rIP + lo™rlP = 1o'1P) = (ro + ]
exp {(t — ) /Rd((w,x> — 2Y(de) — (¢ — ) /R %u(dm)} ,

which is S¢ /V,, based on equation (3.6).

So S/V are positive P-martingales. So S%/Vr is the Radon-Nikodym derivative of the
risk-neutral measure Q* to the physical probability measure P. By comparing equation (2?)
to the density process in Theorem 3.1.1, we find that n = —7 and ¢(z) = — In(1+ (7, z)),
that is v*(dz) = v(dz) /(1 + (m, z)).

If 7, is not set to be constant at first, equation (3.6) turns to be

v —oofm — /Rd —i%y(dx) =0 foreacht € [0, 7).
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The solution 7; will not depend on the time ¢. So the restriction that the portfolio process
is constant will not affect the results.
It is well known that the numeraire portfolio coincides to the growth optimal portfolio 7

that maximizes the expectation of the logarithm:

E [ln VT] = 5u/;\>f E[InVr|,
€

where dV;/V,_ = rdt + Y%, #dX}. Under the conditions listed in Theorem 3.2.1,
1
W Vr = (m, Xr) = 5lo"7PT+ ) [n(1+(mAX,)) = (m, AX,)],
0<s<T

with the expectation under the physical measure P:

ElnVy|=T {<7r,'71> - %“UT’R’HZ + /Rd (1 + (7, z)) — (m, z)] V(dx)} .

To achieve its maximum, let us take the derivative with respect to the portfolio process 7

and equalize it to be 0:

—ooTr— [ HTD gy -
" —oo'T /Rd1+(7r,:1:)y(dx)_0'

The growth optimal portfolio process 7 satisfies the same equation as (3.6) if it exists,

which confirms that the numeraire portfolio coincides to the growth optimal portfolio. The

maximal value is
E [mVT} - T{%HUTﬁHQ +/Rd [111(1 + (7, 1)) — <7r—x>>} I/(dx)}.

3.2.2 Minimal martingale measure

The asset processes in (3.2) are semimartingales. Thus foreach¢ = 1,. .., d, the discounted

prices can be decomposed as S = fot Si_dXi= S8+ Mi+ Al

I

¢ ¢ . .
M} /S’_aldWer/ S;_/x[N’(ds,dx)—uz(d:v)ds],
0 0 R
i
Al = /gz_yfds.
0

v is the Lévy measure of X* and +/ is the center of X?. Thus M* is a P-martingale and A'

is a predictable process with finite variation.
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Definition 3.2.2 (Minimal martingale measure) An equivalent local martingale measure
Q is the minimal martingale measure if any square-integrable P-martingale X which is P-
orthogonal to M fori = 1,. .., d remains a local martingale under Q X is P-orthogonal

to M if the quadratic variation process [ X, M| is a local P-martingale.

The density process of the minimal martingale measure follows dZ;/Z,_ = —a,dM;,
where M = (M, ..., M%7 is a d-dimensional P-martingale and oy = (a},...,af) € R?

is a predictable process which satisfies
dA; = (S om)dt = (ad(M, M),)T,

A= (AL..., AT and Soy; = (S'44,...,5%$)T. Denote v¥ the 2-variate Lévy
measure of L? and L, then (M, M), is a d X d positive definite matrix with entry

t N . . I
(M*', M), = / St sI [G’(U’)T +/ xyu”(dxdy)] ds, i#j,4,j=1,...,d
0 R?
t
(M, MY, = /(Sf;_)2 [oi(ai)TJr/ x2ui(dm)] ds.
0 R

Let © be a d x d positive definite matrix with entries ©7 = [, zyv¥(dzdy), i # j and
0% = [, 2% (dz). Or © = [, z2Tv(dz). The matrix o7 + © is the variance matrix of

X. If © is bounded, the predictable process o, solves the equation
Y1 = (00T +0)(S,— 0 a,)7,
and then (S;_ 0 a;)T = (667 + ©)~'v,. So the density process is
dZ,/Z, = —audM; = =T (00T + @)™ [adm + /R ) N(dt, dx)}

provided that 1 — {(goT 4+ ©)71v;, AX,) > 0.
Compared to the density process in Theorem 3.1.1, one finds that } = — (00T + ©) 71y,
and ¢(z) = In(1 + (7, z)). If the condition
/ (Vv — VD) (dz) = / (1 - 14 (9,z))*v(dz) < 0
Rd Rd

is satisfied, there exists a minimal martingale measure Q.
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Theorem 3.2.2 (Minimal martingale measure for exp-Lévy processes)
Suppose that the asset process is modeled by a d-dimensional exp-Lévy process as (3.2),

the density process of the minimal martingale measure Q is given by
1 ’ . R

7= e {(.owi) — gomll+ [ [ 0+ Gy~ [ Ghaywian|
2 Rd Jo Rd

i = —(ooT + ©) 71y, under the following assumptions:
1. 1+ {i,z) > 0and 1+ z > 0 for any =, the possible jump size of X ;
2. fra(\/1+ (f,z) = 1)’v(dz) < 00
3. the matrix © = [, zz"v(dz) is bounded;
4 Jizys1 121(1 + (7, 2))v(dz) < oco.

The Lévy process X is a martingale under Q with centering triplet (0,1,0), ¥(dz) =
(1+ (9, 2))v(dz). Wy = W, — o7t is the standard Brownian motion.

The first assumption implies that Z and S are strictly positive. The second assumption
assures that the measure Q is equivalent to the original probability measure P. The third
assumption is to guarantee the existence of @1, it also guarantees the square integrability

of Z. Z is square integrable if

/ (2142 _ 1) y(dz) < 00, that is / (2(9,z) + (9, 7)?) v(dz) < 00
R4 R¢

Since [r(h,z)v(dz) = (A,7) and (A,z)® < |z||?||4]]%, both are finite. X is a Q-

martingale by the last assumption.

3.2.3 Minimal entropy martingale measure

Definition 3.2.3 (Minimal entropy martingale measure) Denote the set of EMM by M,
an EMM Q is a minimal entropy martingale measure if it minimized the so-called relative

entropy with respect to the original measure P:

dQ . dQ dQ dQ
ap " ap &%E[dP P
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The inside of the expectation is the relative entropy which is often used as a measure of
proximity of two equivalent probability measures. Fujiwara & Miyahara [23] derived the
result in the one-dimension case with a geometric Lévy model defined as S; = Sp exp{ X:}.
(Also see Proposition 10.7 in Cont & Tankov [12].) Here we extend it to a multi-
dimensional stochastic exp-Lévy model. In their result, one may check that for stochastic
exp-Lévy process, &(-) is a function of the parameter 7 as ¢(z) = (7,z), an Esscher
transform. In comparison, the functions of the numeraire portfolio and the minimal
martingale measure are ¢*(z) = — In(1 — (*, z)) and ¢(z) = In(1 + (4, z)) respectively.
Theorem 3.1.1 and equation (3.4) give:

Theorem 3.2.3 (Minimal entropy martingale measure for exp-Lévy processes)

Suppose that the asset process is modeled by a d-dimensional exp-Lévy process as (3.2)
with T+ z > 0 for any z, the possible jump size of X, if there exists a solution 7] € R to
the equation:

y+ootn+ / z(e™® — 1)u(dz) = 0, (3.8)
RE

and [, 5, |zlle*v(dz) < oo, then the density process of the minimal entropy martingale
measure Q is

A eXp{<ﬁ7Xt>}
t Elexp{(n, X1)}]

exp {17, = Flo"nle — (ot ¢ [ (6% -1 (2ot

Under Q, the Lévy process X is a martingale with centering triplet (0,7,0), v(dz) =

e y(dz). Wy = Wy — o1t is the standard Brownian motion.

3.2.4 Pure diffusion model: v(-) =0

In the simple case where the asset process is pure-diffusion, that is v(-) = 0 and oo7 is

not singular, the problem of the existence of EMMs is reduced to solve the equation (3.4)

without v* and v as

N+o0'n=0=n=—(00") .

Such 7 is unique even if the market is incomplete, which means that the three EMMs: the

numeraire portfolio, the minimal martingale measure and the minimal entropy martingale
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measure are identical. Now, let p = r1 + ~1 be the mean of the return process of S
and WtQ = W, + Bt, B € R? be the standard Brownian motion under the risk-neutral
measure @, then (3 satisfies the equation p — rl = oB. The solution is not unique
when m > d and 89 = —oTn = o(ocoT) " (1 — r1) is just a special root where the
randomness W; is considered globally. When m = d, the financial market is complete and
then there is only one equivalent martingale measure, that is only one 3 € RY, specifically
B=p9=0c"u— T‘T) is called the market price of risk. In this case, all the risk-neutral

measures are identical.

3.3 Special case: exponential Poisson-diffusion processes

Here, we consider (3.2) where foreachi =1,...,d

m n_ N
Xi=ait+ > o* Wi+ > gl 0<t<T.
k=1 =1 h=1

o= (78, ..,7§)T is the drift of the Lévy process X. N = (N!,..., N™)7T is an n-variate
independent Poisson process with intensity A = (AL,..., \*)T, the jump sizes J*, ... J*
are independent for each ¢ = 1,...,d and the joint distribution of JY, ..., J# is given by
F' for each [ = 1,...,n. Denote the average jump size by p! = JrazdF(z) € RY
for each I. W and o are the same as before. W, N and J = (J%);<icq 1<1<n are
mutually independent. The joint Lévy measure for each compound Poisson process is
Vi (dz) = NdF'(z),l = 1,...,n. We also require 1 + AX! > 0 for each i and s € [0, 7]
to ensure the asset price is positive.

Suppose there exists a risk-neutral measure (), then Theorem 3.1.1 shows that under
Q, WtQ = W, — o”nt is the standard Brownian motion and the new drift for X is
v§¢ = 40 + 00Tn. For each | = 1,...,n, the Lévy measure is Vi@(dz) = e*@M i (dz),
N'is a Poisson process with intensity A'? = X! [, e?®"dF!(z) and the joint distribution
of the jump sizes associated with N! is dF'?(z) = e?@MdF )/ Jra €?@MdF!(z). Since
X is a Q-martingale, Y | [, ||z]|V'?(dz) < 0o and 7§ 4+ 37, Jra2v'9(dz) = 0and n
satisfies

Yo 4+ ooy + Z A /Rd xe‘b(zm)dFl(r) =0, 3.9
I=1
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same as equation (3.5). For constant jump sizes J, we get 7o + 00’1 + JA* = 0. The
financial market is complete if there is only one equivalent martingale measure, that is the
equation only admits one solution (1, A*). When o = 0, the solution is unique if d = n and
J is not singular. The unique solution \* = —J 17, is the new Poisson intensity under @,

which must be positive.

3.3.1 Numeraire portfolio: ¢*(z) = —In(1—(7*, z)) = — ln(1+ (=, z))
The conditions in Theorem 3.2.1 can be modified as

e 1+ (m,z) > 0and I+ z > 0 for any z, the possible jump size of X;

o [ I:‘%dFl 1) < oo for each [.

Then the portfolio process 7 solves a similar equation as (3.6) or (3.9)

n
T ! 1
Yo — 00 T + /\/ _dF =0.

Note that [, 1+ dFl( ) < oo shows > b, X Siei>1 —”LdFl( ) < oo, then X; is a

1+(m, x)
martingale under Q . Also

14(m, x)

Jra T+(, x)dFl( =1 [ 1+(7rz)z)dFl( ) < o0

fRd T+0 (m.2) dFl(I) < |7l fra —”&dFl(z) < 00 }

TR () — 2+ (m, 2y — 24/1+ (7, z) 2) < oo
/Rd(\/v_ VoY (dz) /\’/Rd L AP (z) < co.

By the measure transformation, the sum of the intensities varies by

n()\l* M —1-——1 dF(z) = (1, 7%) — |loTx|]> = (z, 7).
> Z/( - 1) 4P @) = {20 o = (.7

=1

3.3.2 Minimal martingale measure: $(z) = In(1 + (7}, z))

Theorem 3.2.2 or equation (3.9) shows 7 = —(coT + ©) (v + Y1, 4). Where @9 =
S A s zydF}(z,y) fori # jand ©% = 31| N Jro £2dFN(z), 4,5 = 1,...,d. F},
is the joint distribution of the jump sizes of i** and j** assets with respect to N'. Then the

conditions of existence are:
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e 1+ (f,z) >0and 1+ z > 0 for any z, the possible jump size of X
o the matrix [, zz”dF"(z) is bounded for each /;
o fiaor 12T+ (@, z))dF*(z) < oo for each [.

By the second assumption, the inverse of © exists and the density process is square-
integrable. The two martingale measures are equivalent since (V! — Vi!)2 = 2+ (4, z) —
2/1+ (9, z) and

/Rd(\/_ NGI% (dx)<)\’/ 2 + (5, 2P (z) = A2 + (7, 1)) < oo

R4

Under the minimal martingale measure @, N' is a Poisson process with intensity
=X [ @+ (. 2)dF ) = X1+ (o)),
R4

3.3.3 Minimal entropy martingale measure: ¢(z) = (7, z)

Both equation (3.8) and equation (3.9) show that 7 € R¢ is the solution to

Y +ooTh+ Z)\l/ 2D dF!(z) = 0,
=1

RE

I+ > 0 for any z, the possible jump size of X and f|x||>l |z|le™ = dF!(z) < oco. If 7
exists, M'(7]) = E[efm¥1)] < oo foreach! = 1,...,n, then

/ e 2y (dz) = Z)\’ / e DGR (z) < ZA’M’
flzll>1

llzli>1

and the following condition is satisfied automatically

/Rd(\/zj —Vidz) = N /Rd (1 +elme) mf)) dF'(z)

— [1 + M(7) — QMI(Z)} < .

Under the minimal entropy martingale measure @, the intensity of N' is

A=\ /R ) e HdF (z) = A\ MY(7).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 3.4 Extension: equivalent martingale measures for additive processes 47

3.4 Extension: equivalent martingale measures for
additive processes

Theorem 3.1.1 and equation (3.1) can be extended to additive processes with local

characteristics.

Theorem 3.4.1 (Equivalent measures for additive processes)

Let (X;, PY) and (X;, P?) be two additive processes on R with local characteristics
(a}, v}, b}) and (a2, v2,02), 0 < t < T < oo. Then P} and P? are equivalent for all
t € [0,T) if and only if the following three conditions are satisfied.:

1. a; = a?, denote a; = a; = a?;
2. v} and v} are equivalent with [,,,(\/v} — \/v?)*(dz) < o0,
3. 67 = b = [iay<1 207 — 1) (dz) = ayy for some 1, € R

Under the P! measure, let W} be a d-dimensional standard Brownian motion and o, be

the Cholesky decomposition of a, then X has a decomposition as

/ blds+/ osdW} + / / N(ds,dz) — v!(dz)ds) + / / TN(ds, dz).
zll<1 ll=l|>1

Under the P? measure, the Lévy decompositions with the same dimension of the Brownian

motion is
t
/ b2ds+/ o, dW?2 + / / N(ds, dr) — v*(dz) ds)+/ / zN(ds, dz),
lzl|<1 llzl|>1
then W2 = W} — fot 0Tnsds is the standard Brownian motion under P?. Denote

$(t,2) = In[vi(dz)/vi(dz)] : [0,T) x R¢ — R, when P and P? are equivalent, the
Radon-Nikodym density process is

dPF, dP?
7z, = =t _ gl ]
t AP 7, ~ dP} e with

t 1 t
U, - / oW — 2 / o7 1%ds

/Rd/ é(s,z)N(ds,dz) — / /Rd (e — 1)v}(dz)ds.
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U, is an additive process on R with local characteristics (ay(t), vy(t), bu(t)) given by

a(t) = o/l

w(t, B) = / d1{¢<t,z>eB}V3 (dz) for B € B(R),
R

1 .
bu(t) = —zllofnl® - /Rd(e"’“’ "= 1= ¢t D) Igsemis)v: (do)
1
= —3wlt)- /R(ey — 1= ylyy<y)vu(t, dy).

Moreover, if P? is a martingale measure for X;, then v? must satisfy f”x“>1 |z||vE(dz) <

oo. Thus b} = — |

2> 1 zv2(dz) and n, will solve the equation

btl +amt +/

=<t

(et = Dr(da) + [ aetIwidr) =

flzl>1

Here we only give a sketch of the proof of the first part (equivalent part). If the first part
is true, then the second part (martingale part) comes from the fact that X; is a martingale
under P2 with E2[X,] = 0 for all t € [0, T).
Proof: Additive processes share a common property with Lévy processes: independent

increments. Under P!, fix T € (0, 0o) and we may construct an additive process as
n
Xy = Z L;i—ti,ll{tzti}v te [OaT] (310)
=1

where 0 =ty < t; < ... < t, = T is a subdivision of [0, T'] and L: are d-dimensional Lévy
processes with generating triplet (a,v%,5'), i = 1,...,n. The spot characteristics of X is
(A, Vi1, T3), where Ay = 571 a*(ti—tio1)zey, Vi (de) = 300, vA(dz) (ti—tim1) [y
and I} = 30 0 (6 — 1) geoe,)-

Since any two Lévy processes L! and L{ (i # jand i,j = 1,...,n) in (3.10) work
on disjoint time periods, we may assume that L* and L’ are independent for any i # j.
Theorem 3.1.1 shows that for (L, ..., L}), P') there exists an equivalent measure P? (or
there exist functions ¢*(z) : R* —» Randn' € R% i =1,...,n) fort € [0,T]. For
each 4, under the measure P?, L{ is a Lévy process with triplet (a,e? ®)vi(dz), b*) if

Jra(€?@/2 — 1)2i(dz) < co and b* = b + lell<t 2(e?'® — 1)1i(dz) + a’r’. Thus X, is
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an additive process under P? with spot characteristics (A7, V;?,I'}), where

A? = Zaz(tz - ti—l)I{tZti} = A% = At, (311)
i=1
Vi(dz) = Y e @vi(da)(t — ti) o,
i=1

th = Zbi*(ti —tici gty = l"% +/“ ” x(‘/tQ _ th)(dx) + A
i=1 z||<1

For each L¢, the Radon-Nikodym derivative on t € [t;, ;1) is

dP?| F, _ Ui
dPYF,

where U} is a Lévy process on R with triplet (af;, vf;, b};) given by

ay = (), (3.12)
Vi(B) = /R TpwenyV(dz) for B EB(R)
. ]_ ., i i(p i )
by = —5(77’)% n' — /Rd(e‘“ ) —1 = ¢ (&) Isi o)<y V' (d)
1, Z.
= —3au -~ / (¥ =1 —ylyy<1p)vy (dy)
R

So the density process Z; associated with X satisfies

ln Zt = Z UtiI{tZti]U

i=1
which is an additive process with spot characteristics (Ay(t), Vu(t),Tu(t)) given by
Ap(t) = Yriap(t — i) ey, Vo(tdz) = 30, vp(d)(t — tio1)lp>ey and
Ty(t) = 300, by (s — tiei)geoe)-

Now let n — oo, A® will be the derivative (from right) of dA;/dt =: a; at ;. Denote
dV}/dt = v, and dI'}/dt = b,. Then X; in (3.10) is an additive process with local
characteristics (ay, v4,b;) under P! when n — oo. There exists an equivalent measure
P? with density process eVt, U, is an additive process with the local characteristics
(au(t),vy(t),by(t)) which have almost the same form as (al;, v}, b%) in (3.12) and
the parameters (af, %, b%, ') are replaced by (as, vy, by, ;) respectively. The function

¢*(z) becomes @(t, ) and satisfies [o,,(e?®®/2 — 1)2,(dz) < oo for each t € (0,T).
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Compared to the spot characteristics of X; in (3.11) under the new measure P2, the local

characteristics will be (a;, e?®®)v;(dz), b} ) with b} = b, + f||zug1 z(e?®®) — Dy (dz) +asm;.
O

In financial market, if the asset process is modeled as dS; = S;_(rydt + dX,) where
r¢ is the deterministic interest rate and X is an additive process with local characteristics
(ay, ¥4, t), then the numeraire portfolio may be obtained by ¢*(¢,z) = —In(1 — (n}, z))
and the portfolio process is m; = —n}. The minimal martingale measure and the minimal
entropy martingale measure may be determined by ¢(¢, z) = In(1 + (#,, z)) and (¢, z) =
(7, x) respectively. The functions 7}, 7}, 7: and ¢ will satisfy Theorem 3.4.1. Discussions
about the minimal martingale measure and the minimal entropy martingale measure for

exp-additive processes can also be found in Henderson & Hobson [28].

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Credit models with Lévy processes

4.1 Basic factors in credit models

Consider a financial market with filtered probability space (Q2, F,F = (F;)i>0, @), Q is the
risk-neutral measure. For a defaultable zero-coupon bond with face value F' and maturity
T, let ; be the short rate and 7 is default time, the bondholders will receive C, at default
and F at maturity if there is no default before or at T'. Then the price of such defaultable
bond before default is

B(t,T) = E° [Fe_ I rdsfe ory + Cre K Ted e 1y |-7:t] , T >t

The price depends on the default time 7, the recovery amount C, and the risk-neutral
measure (). Equation (1.1) defines the default time in the firm value models and equation
(1.3) defines the default time in the intensity-based models.

Let P(t,T) = E9[e” S rads | F¢] be the price of a zero-coupon default-free bond at t < T
with face value 1 and maturity 7. Then the defaultable bond price before default is

B(t,T) = FP(t,T) = E9 [e75 "(F - C e ™) Iopy | 7.
The credit spread, which is defined as the difference between the yield on the defaultable

51
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bond and the yield on the equivalent default-free bond, is

_InB(:,T) - n(FP(t,T))

cs(t,T) = T3 ,

T >1.

And the instantaneous credit spread is defined as

_ ERAB(,T)F] _ EPP(t,T)|F. ]
= TTBE-, T)dt P(—,T)dt

, T>1t.

4.1.1 Recovery scheme

We define the recovery rate as the ratio of debt recovered once a default event happens.

There are three recovery schemes in the current literature.

e Recovery of Face Value (RFV): at default, bondholders will receive a fraction w; of

face value of the bond C. = w; . F;

e Recovery of Treasury Value (RTV): at default, bondholders will receive a
fraction wy of the price of default-free bond with same maturity and face
value, which is equivalent as receiving the same fraction of face value at
maturity C; = wo,FP(7,T). In this case, B(¢,T) can simply rewritten as
F (P(t,T) = B9 i (1 = wn ) Igrry | ) )

® Recovery of Market Value (RMV): at default, bondholders will receive a fraction w;
of the price of pre-default market value of this defaultable bond C; = w3, B(7—,T).

Duffie & Singleton [18] shows that under the RMV scheme in the intensity-based model,

the price of a risky bond can be generally written as
B(t,T) = FE® {e‘ftT(”+(1_°98)hs)ds|_7:t ,

where F is the face value, r; is the interest rate, h; is the defaunlt intensity and &; is the
expected recovery rate given all the information up to, but not including, time ¢ if default
happens immediately. The instantaneous credit spread is cs; = hy(1 — &).

Let B°(t,T) be the defaultable bond price with zero recovery, that is

T
BY(t,T) = B9 "% Iy ]
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If the recovery rate w is a random variable which is independent of other random variables

or processes, the bond price under the RTV scheme is
B(t,T) = F(P(t.T)~ E%e ¥ (1 - w)lien|F))
= FP(t,T) - (1~ EQW)Ee ) "®F(1 - Iirory)| 7]
— ECW|FP(t,T)+ (1 - E°Ww)B°t,T),

where Since w € [0,1] and then E?[w] € [0, 1], B(¢,T) can be rewritten as the expected
value of the random variable X, where

x| FP,T) withp= EQw];
| B, T) withl—p.

4.1.2 Bond price in the firm value models

Merton used the geometric Brownian motion as the firm value process: dV; = V;(rdt +
cdWy), Vo > 0, r > 0 is the constant interest rate and 0 > 0 is the volatility.
The defaultable bond only defaults at maturity if V; < F and its value at maturity is
B(T,T) = min(F,Vr) = F — (F — V7)*. Then
B(t,T) = V,®(—d!) + Fe " T-09(d?);
WV, —InF + (r+30%)(T - t)
ovT —t ’
@2 = d—oVT -t
Here ®(z) is the CDF of a standard normal distribution. The default probability is
Q(r = T|V;) = &(—d?). Letl; = Fe"T79/V, be the leverage at time t, the credit

a =

spread is
1 1 1 2
es(t,T) = _T—tln <Z;<I>(hi) +<I>(ht)> ;
B Ini, B am'
t = Um 5 ;
B2 o_ In/; _ ovT —t
¢ ovT —t 2

It increases with the leverage and the volatility. While the instantaneous credit spread at

maturity is
0 ifly < 1,thatis Vp > F;

Jimes(t, T) = { oo iflp > 1, thatis Vp < F.
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This is the consequence of the fact that the firm value process is continuous.
In the first-Passage Model, let F be the default boundary, Musiela & Rutkowski [47]

shows that

Q(T<T|T>t):¢<1nxt—ﬂ(T—t)>_}_62_5?@ <lnr +M(T—t)>,

t
oI —t oI —t

where z; = F/V;,and p = r — 302

Zhou [56] used a jump-diffusion model instead of the geometric Brownian motion in the

firm value model, where
dVy =V, [(r — M)dt + odW,; + (J — 1)dNVy],

Ny is a Poisson process with parameter A and v is the expected value of jump size J — 1.
N, is independent of the Brownian Motion W;. Now, the default may be caused by the
movement of Brownian motion or the Poisson jumps. The first one is predictable while the
latter one is a surprise.

By assuming that the jump size follows a log-normal distribution with In J ~ N (i, 02),
under Merton’s setup the default probability is

= e AT (= \T)? o <lnF —InVg — (r — 26®M)T — iﬂ,,)

Qr=T)=QVr<F)=Y_ i o?T + o2i

i=0
And in the first-passage model, the bond price and the survival probability can be

approached by PDEs with numerical solutions.

4.1.3 Dependence of default

In the firm value model, the correlation between the dynamics of firm’s assets determines
the default dependence. Consider two firms that follow dV} = Vi(rdt + 0;dW}) with
Vi, o' > 0 and dW}!dW? = pdt. The joint distribution of default times is a bivariate
standard normal distribution with correlation coefficient p in Merton’s model, and it is a
bivariate inverse Gaussian distribution with correlation p in the first-passage model. For
some deterministic D;, Zhou [57] shows a closed-form joint default probability.

In the intensity-based model, there are several ways to model the dependency. (See

Duffie & Singleton [19] for more details.) One is to introduce the correlation between the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 4.1 Basic factors in credit models 55

intensity processes through time and assume the jump processes X in equation (1.3) are
independent given the paths of intensities. For example, let A} = h? + a;h, be the default
intensity of firm i, where h and h¢ are mutually independent processes and a; > 0. Then

the join survival probability are,
QU > Ty = EO [erIe] = B9 [ominie] 5@ [~ Siene]
QUr'>T, ™ >T,) = E¢ [e‘fé()‘é“‘?)ds}
_ g@ [6_ It hgds] EQ [e_ I hgds] EQ [e- fot(a1+a2)h.gds] _

Jarrow & Yu [29] consider the counterparty risk: a firm’s default will increase the default
probability of another firm. Specifically, the default intensity can be described by A} =
ay + aal{s>r23, a1, a2 > 0.

One may consider the dependence between two jump processes. Giesecke [25] gave
a simple exponential model for bivariate correlation. Let the jump process in (1.3) be a
Poisson process. The defaults are driven by firm-specific (N*) and common shock (V)
events. NV and N* are Poisson processes with intensities A and A’ respectively and the three
poisson process are mutually independent. Then the default times are 7¢ = inf{t > 0 :
Nf + N; > 0} and

Q7' > 1) = QN + Ny = 0) = "W+,

The join survival function is

Q' > t1, 7 > 1) = QN =0,N2 =0, Nmax{tr 12} = 0)
= exp{—A't; — N, — Amax{t;,t,}}
= Q(t' > t;)Q(7* > t,) min{e*, M2}, 4.1

Given N; = 0, the default events are mutually independent up to time ¢. Such construction
only admits positive correlation.

Another way to model the dependence structure is to use the copula method
QUI' > 11,72 > ty, -, 7" > 1,) = C(Q(T' > 1), Q(T: > t3),- -+, Q(T" > t,)).
The joint survival probability in (4.1) implies that the survival copula

Clp, p2) = papa min(ui™, 43%),  6; = X/(A + X0).
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4.2 Default time as a stopping time

Let h; be the intensity (stochastic hazard rate) of a totally inaccessible stopping time 7, then
the survival function S(t) = Q(7 > t), the probability density function f(t) = —dS(t)/dt
and the hazard function A(t) = f(t)/S(t) are

S(t) = E°psyl = EQe fohed],

f() = BQlue 7o) = B9[],

o
In fact, the hazard function A(t) is the forward default rate at time ¢ assessed at time 0.
Duffie & Singleton [19] summarize that the intensity h; is the arrival rate of default at ¢,
conditioning on all information available at ¢ and the forward default rate (hazard rate) A(?)
is the mean arrival rate of default at ¢, conditioning only on survival to ¢.

On {7 >t} let S(t,T) = Q(r > T|F:), T > t, be the conditional survival probability,

define
se1) = ~28D,
MET) = ggg

Here f(t,T) is the probability density function at time 7" assessed at time ¢ and A(¢,T) is
called the forward hazard function at time 7" assessed at time ¢. Similar to the relationship
between the forward interest rate and the short rate, the instantaneous default probability is

the limitation of the forward default rate
Thus the survival probability of 7 can be represented as
S(t,T) = EQfe ST hods| ;) — eI Ats)ds

and the forward hazard rate is

AGT) = — OS(t,T) _ EQ[hpe= i hods|F)
EC[hrIfrsmy|F)

EQ >y | F]

= E9hy|Fy, 7 > T, (42)
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which is the expectation of the intensity hr conditioning on all the information available
at time ¢ and survival to 7. While the forward interest rate is the expectation of the short
rate given all the information available at time ¢ under the forward measure with maturity
T. We must note that equation (4.2) is not true if the intensity does not exist.

Consider the First-passage model, define the default time as
r=inf{t > 0:V; < D}, (4.3)

where V; follows a jump-diffusion process, the threshold D is predictable and is left to
be empirically determined. Both of them are defined on the probability space (2, F,F =
(Fi)i>0, Q). Then T is a stopping time with respect to F, that is {7 < t} € F;. Given
{r > t}, we have

{r=t}={Vi <D, <V} ={Vi <D, < Vi_}U{V, < D, = V;_}.
Here are some important definitions and theorem from Métivier [45].

Definition 4.2.1 (Definition 4.5, 4.9, 7.1, 7.4 in [45])
o The graph of the stopping time 7: [7] := {(t,w) € R* x Q:t = 7(w) < o0}
o A stopping time T is called predictable when 7| is a predictable subset of RT x (0.

o A stopping time 7 is called totally inaccessible when, for every admissible measure p

on F and every predictable stopping time S, the following holds: p([7] N [S]) = 0.

o A stopping time T, the graph || of which is included in the union of denumerably

many graphs of predictable stopping times, is called accessible.

A stopping time 7 is totally inaccessible if, for every predictable stopping time S,
Q{w : T(w) = S(w) < oo} = 0. A totally inaccessible stopping time is non-predictable,
but there exist unpredictable stopping times which are accessible. In the later case, the

intensity does not exit. Refer to Example 7.5 in Métivier [45].

Theorem 4.2.1 (Decomposition theorem for stopping times, theorem 7.3 in [45])
For every stopping time T, there exists one and (up to (Q—negligibility) only one pair (7., 7,)
of stopping times with the properties:
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o [r] =[rJUn] [re] N [r] =0
e T, is totally inaccessible;
e T, is accessible, that is, there exists a sequence (T, )n>1 of predictable stopping times

such that [1;] C Up[T,].

For a stopping time 7 to have an associated intensity, it must be totally inaccessible.
The default time defined in equation (4.3) is the first time that the J;-adapted process
{InV; — In D, };>¢ hits the Borel set (—o0, 0]. If In V; has a diffusion part, the default time
is not totally inaccessible and does not have an associated intensity. Thus equation (4.2)

does not hold anymore and in fact
¢, T) > E9lhg|F, 7 > T).
Chen & Panjer [10] divided the forward hazard rate into two parts: jump part which is
ER[hr|F;, T > T) here and diffusion part which is A(¢, T) — E9[hg|F;, 7 > T).
Based on the decomposition theorem above, let us define the following stopping times:
70 = imf{t>0:V, <D, <V,_,V, > D, fors <t}
= inf{t>0: AlnV; <InD;, —InV;_ <0,V; > D, for s < t};
™ = inf{t>0:V, <D, =V,_,V,> D, fors< t—}
= inf{t>0:AlnV; <0,D; =V,_,V, > D, for s < t—}.
To is the default time that the default is caused by a jump and 7* is the default time
that the default is caused by diffusion. The definition of 7* is similar to Definition
4.1 in [10]. Clearly, 7 is totally inaccessible while 7* is neither totally inaccessible
nor predictable because the event {AInV; < 0} is unpredictable and there exists a
predictable stopping time S = inf{t > 0 : D; = V,_,V, > D, fors < t—} such that
Q{w : ™ (w) = S(w) < o0} > 0. The graphs of the stopping times are
(7] = {(tw) €eR" xQ:V, <D, <V;.,V, > D, fors < t-—},
o] = {(tw) eR*xQ:V, <D, <V, Vs> D, fors < t-},
"] = {t,w)eRT xQ:V, <Dy =V,_,V, > D, for s < t—},
5] = {(t,w)eR" xQ:V,_ =D, V, > D, fors < t—}.
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Thus [7] = [ro] U [7*], [0] N [7*] = @ and [7*] C [S]. Here 7 is accessible, 1o and 7* are
mutually independent. Moreover, since we define inf § = oo, 79 = co when 7 = 7* < 00
and 7™ = oo when 7 = 7y < 00, thus the default time can be expresses as 7 = 79 A 7™,

Notice that
ST\ [7*] = {(t,w) € R* xQ:V; > Dy, V,_ = Dy, V; > D, for s < t—},

which is the case that even though V;_ = D;, 7 > ¢ due to the positive jump of V' at time ¢.

4.3 TFirst-passage model with Lévy processes
Let the firm value be modeled as an exponential Lévy process,

V, = Voexp {ovW; + L.}, / e*v(dz) < oo 4.9

|z{>1

where W is a one-dimensional standard Brownian motion, L € R is a Lévy process with
generating triplet (0, v, vy ) and oy > 0 is the volatility. The inequality of the Lévy measure
ensures that the firm value has finite expectation. Let  be the constant risk-free interest
rate, then the discounted firm value is a (-martingale and we have 207, + In E(e*!) = r.

The generating triplet of the Lévy process InV; — InV; is (02,v,7y). The firm value
follows the SDE:

2
dVi/Vi. = %‘idt + oydW, + dL, + (2F — 1 — AL)

_ rdt 4 oydW, + / (6" = 1) [N(ds, dz) — v(dz)ds].
R

4.3.1 Instantaneous default probability in Exp-Lévy model

On {7 > t}, the (stochastic) hazard rate (also known as the intensity) in reliability analysis

is deﬁIled as
ht — 1110 P(t = _S S, t) .

It is well known that the intensity does not exist when the firm value follows a jump
diffusion process. One may refer to section 4 in Chen [9] for the existence of instantaneous

default intensity. As he discussed, default occurs with probability 1 due to diffusion when
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the firm value is about to cross the default boundary. When the firm value is far away from
the default boundary, default is caused by jump only with some finite intensity. In the latter
case, there exists a positive number ¢ such that In V; — In D; > 4 and the finite intensity is

<
by = lim PVess —SD o |72) 4.5)

In the following part of this thesis, we only consider the case that the firm value is far away
from the default boundary. Under such assumption, the instantaneous default probability is

finite as shown in the following theorem.

Theorem 4.3.1 If the firm value process follows an exp-Lévy process as equation (4.4), the
default time is defined as equation (4.3) and the default boundary is either deterministic or
follows a geometric Brownian motion. Assume that the distance In'V; — In D; is bounded
by § > 0 from below for all t < 7. Given all the information up to time t, then on {T > t}

the instantaneous default probability is
hy = v((—o0,In D; — InV})),

where v(-) is the Lévy measure of In V; — InVj and hy is bounded by v((—o0, —0]) < oo.

For two exp-Lévy firm value processes with default threshold level D} and D?, D},
i = 1,2, are deterministic or follow geometric Brownian motion, denote v’ (+,-) be the
joint Lévy measure of In V! — InV{ and In V2 — In V2. If the distances In Vi — In D} are
bounded by 6 > 0, then the joint instantaneous default probability is

h] = v/ ((—o0,In D} = InV}], (~o0,In D? — InV}?3)),

which is bounded by v’ ((—oc, —8'], (=00, 62]). These instantaneous default probabilities
are adapted to the filtration F;.

Proof: Let F(+;t) be the CDF of the Lévy process In V; —In Vj, followed by equation (4.5),
P(lnViy, —InV; <In Dy, — InVi|)

ht = lim
sl0 )
_ h?gl E[F(In Dy — InV;; 8)| F]
s S

If the boundary D, is a continuous function of ¢, since V} is a Markov process, then

r\ﬁ““”ﬂww)
1m .

o]

hy = lim F(lnDyys — InVj; s) _
5|0 S sl0 L]
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Theorem 2.1.2 shows that the Lévy density v(dz) = limgjo F'(dz; s)/s, thus
In D,—InV;
h = / v(dz) = v((—o0,In D, — In V})).
If D; is a geometric Brownian motion, assume that InD;;, — InD, follows a

normal distribution with mean a(t)s and standard deviation b(t)+/s, where a(t),b(t) are

deterministic functions, then

E[F(In Dyys —InVj; 8)|V, Dy

ht = lim
s]0 s
[ FaDi+(a)s+zb)ys) ~nVie) 1 2
sl0 Jn s NGT
First observe that the CDF F'(In D; + (a(t)s + zb(t)\/s) — InV}; s) < 1 and

lim F(Iln D; + (a(t)s + zb(t)y/s) — InV;; s)
s]0 S

= y((—o0,In Dy — In V}]),

which is bounded by v((—o0, —4]). Thus there exists some constant B such that

F(InD; + (a(t)s + zb(t)y/s) —InVi;s) 1 & 1 e

e 2| <B——e"7

s v2r T Ver

and the upper bound is integrable. By dominated convergence theorem, we have

[~

)

hy = /V((—oo,lnDt—ant]) L e_%zd:v
R

Vor
= v((-oo,InD; —InV}]).

Similarly, in the two-variate case, let F*/(-,-;¢) be the joint CDF of InV;! — In V! and

In V2 — In Vi, we may prove that the joint instantaneous default probability is

= v/((—o0,In D} —InV;}], (—co,ln D? —InV2)).

Since D; and V; are F;—measurable, thus the instantaneous default probabilities h; and h

are adapted to the filtration F;.

The results need to be verified for other types of predictable default boundary processes.

O
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h; increases with the ratio D;/V; (or it decreases with the distance of In V; — In Dy). If
limgo ¥((—00, —0]) = o0, the instantaneous default probability tends to be infinity when
the firm value V; approaches to the threshold D, but default may not occur immediately
if the movement of the Brownian motion or the jump is upward at {. Similarly, if
limgp v{(—00, —8]) < oo. When V; approaches to D;, even though the instantaneous
default probability is less than infinity, default happens immediately when the movement
of the Lévy process is downward. If the Lévy measure is undefined on the negative real
line, that is v((—o0, 0)) = 0, the instantaneous default probability is zero, then 7 = 7* and
the default is caused by the Brownian motion only.

Empirically, the instantaneous default probability h; will match the short term credit
spread with zero recovery and the forward hazard rate A(¢,7) = —0InS(¢,T) /0T will

match the long term credit spread with zero recovery.

Proposition 4.3.1 h, is the intensity of the totally inaccessible stopping time 1o on {T > t},

a subset of {1y > t}, and the intensity of 7o is O on {19 >t > 7}.

Proof: Since 7 < 79, given {r > t} , we have {7y > t}. The instantaneous default

probability

ht — hm P(T > t; V;+s S Dt+s |~7:;‘.)
sl0 K]
- lim P(1g > t,Viys £ D1, Vi > Dy | )
BT s
. Pit<m<t+s|F)
= lim
sl0 S

i

which is the intensity of 5 on {7 > t}. On {7, >t > 7}, the intensity of 7g is 0 because

the default time 7 = 7* and 7y = oc.

d

Here is an example that uses the structure approach in the intensity-based model. Madan
& Unal [41] define default as occurring when the outgoing cash flow triggers a short-fall
of equity. Equity is composed of non-financial assets S (modeled as a geometric Brownian

motion) and financial assets less liability in the amount g(r), a function of the short rate.
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And the unforseen cash flow has the arrival rate A and the loss distribution is exponential
with mean loss rate ;7. This intensity model can be represented as

)

T=inf{t >0: AL > S, +g(r.)}, hs=Aexp {—
Here L, is the cumulative value of outgoing cash flows and the default intensity has a
similar form as ours. Taking a local linear approximation in In S and r around their initial
values, the intensity becomes

hy = ho |1 — Ni (e™%(In .S, — In Sp) + ¢’ (ro)(re — T'(])):| =qa-0blnS, + cr,.
L

¢'(ro) is call the duration of the net financial asset g(r) at time 0, b,c > 0 and

So + g(ro)

aerXp{— m
L

} + blIlSo — CTIp.

h is a decreasing function of the asset value S and it increases with ;.

Given no default before (but not including) ¢, that is 7 > ¢, we define another

instantaneous default probability as

P(t - <t _
h; = lim ( 5<;— Fis). (4.6)

Under the same assumptions in Theorem 4.3.1,

. . PnV,—InV,_; <InD; —InV,_(|InV,_,,In D;_,)
h; = lim
510 s
= v((—oo,InD; —InV;_}]).

h} is F,_—measurable (predictable). There is no big difference between h, and h} except
that one is F;—measurable and the other is predictable. We choose to use A} in the

following sections due to its predictability. In Chapter 5, we will use h; for simplicity.

4.3.2 Intensity-based model: 7 = 7

If the default time is restricted to be 7y, that is 7* = oo, then this structure model is an

intensity-based model. Similar to the example above. The default time is

T =19 =inf{t >0: AL, + R, <0}, 4.7
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where R; = InV;_ — In D; is the log ratio of the (pre-)firm value to the threshold level,
which can also be considered as a measure of the distance to default. Since V;_ > D, before
default, R, is a positive predictable process. There are lots of choices to model the positive
predictable process R;. One may model R as a diffusion process, which means the default
level D will jump after the jump of the firm value if such jump in V' does not cause default
and both jumps will be canceled out as In D;+ — In D; = InV;, — In V;_. Here the threshold
process D is left continuous with right limits. Then the survival probability can be obtained
by Q(r > t) = EQ[e~ Jo %), where the default intensity is h* = v((—oc0, —Ry)).

This method can be treated as the case that the hazard rate depends on the firm value
in the intensity-based model. Here is an example, Madan & Unal [40] take as a sufficient
statistic on the well being of a firm its equity value measured in units of the money market
account. The hazard rate is modeled as a function of this relative price s, = S;/B;, where
S, is the stock price, B; is the value of money market account and ds; = 8s;dW;, 6 > 0.

Thus s; is a martingale and the hazard rate is

c
B — 5> 0. 4.8
*" (Ins; —Iné)? (45)

Ifé < sg, h* is a decreasing function of s and default happens immediately as s; approaches
8. If § > sg, h* increases with s and default happens immediately as s; approaches 4. The
exact location of 4 is left to be empirical determined.

In equation (4.7), let R; = (In s; —In §)? for s; # 4, a strictly positive predictable process
and let v(dz) = cz™*Izopdz with

0 -1
/ (|z]* A Dv(dz) = / *(cx™?)dz + / cr2dz = 2¢ < .
R -1 -

(e}

Since ds; = 0s;,dW;, R; will be equal to (ln so—Ind — %0215 + 0Wt)2, which satisfies the
following SDE

dR, = (1 — \/R,)6?%dt + 2+/R,0dW,.
And the default intensity is matched to equation (4.8):

C

v((—o0,~Ry]) = cR; ' = (s, — )’

a decreasing function of R.
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Assume that R follows a Markov process as
th = O[(t, Rt)dt + /B(ta Rt)dwyta

then by following Madan and Unal’s idea in [40]: e~ Jom%Q(r > T|F,7 > t)is a
(Q-martingale. It’s not true if default is caused by either Brownian motion or random
jumps and in such case we consider the Q-martingale E?[I(,»7}|F:]. Let the function
W(t,Ry) = Q(r > T|F,, 7 > t) and apply the 1td’s formula on e~ Jo " Bodsyy (¢ R,), we
obtain the following PDE

{ b+ aft, R)pn + 3B(t, R)2¥ms — h*(R)$, t€ [0,T],R>0

$(T,R) = 1 “9)

where i;, Yr are the first derivative of ¢ to ¢ and R and ¥gp is the second derivative of
1 to R. The absorbing boundary condition 1 (¢,0) = 0 can be omitted since R is strictly
positive. Its Feynman-Kac solution is the survival probability E?[e~ b (Ro)ds (AR

As in Zhou [56], we assume that the jump component of the firm value is purely firm-
specific and is uncorrelated with the market. Then in this setup, the random jumps are the
direct reason of default. The systematic risk appears in the Gaussian component and so
in the stochastic structure of default intensity, which only affects the likelihood of default
but cannot lead to the default event directly. Generally, when the whole economy goes
down, the default intensity will increase and then the likelihood of default will increase.
But default only happens on some companies because of the different firm-specific risk

(jump risk).

4.3.3 Survival probability in general case: 7 = 79 A T*

In the general case where default is caused by either Brownian motion or random jumps,

that is 7 = 79 A 7*. We rewrite it as
7=inf{t >0:Y;:=InV, —InD, <0}.

The intensity of 7, (or the instantaneous default probability) is v({—oo, —Y;_]). For certain
threshold that In D; — In Dy is a Lévy process, in fact a Brownian motion, then Y, — Y} is

also a Lévy process with the same Lévy measure as In V; — In Vj. The default probability
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is
Vs .
ar <=0,z <1) =@ pL o - < %),
define I; = infpc (Vs — Yp), the infimum process of the Lévy process Y; — Y;. The
probability Q(I; < Yp) does not have a general closed form expression, but it can be

generated from the Fourier transform of I which satisfies (see Theorem 5.3 in Sato [50])

o 00 0
q/ e—ntQ[eizIt]dt = exp {/ t_le_qtdt/ (eiz:): - ]_)d’u,t(.’E)} y §> 0
0 0 e

u(z) is the CDF of ¥; — Y;. It may also be generated from Baxter & Donsker’s result.
Denote p(a,t) = Q(I; > —a), a > 0, then the default probability is 1 — p(Yp,t). The
double Laplace transform of p(a, t) can be expressed in terms of 1)(¢) = In EQ[e~#(1-Y0)],

the characteristic exponent of —(Y; — Yp).
Theorem 4.3.2 (Theorem I in Baxter & Donsker [4]) For all positive u and ),
o If (&) is real,

/ / —ut=reg p(a, t)dt = exp{ / / e _|_£2 55 _(fp)(g))dfds}-

o If (&) is complex, and for some § > 0, f—a [¥(€)/€|dE < o,

wf e Md"p”dt‘e"p{ [ | —s s@ﬁ(fp)@))déds}‘

The numeric solution of the default probability may be obtained by inverting the Fourier

or Laplace transforms. Another option is to use PIDE (partial-integro differential equation)

approach to obtain the survival probability.

Proposition 4.3.2 Consider a first passage time model where T = inf{t > 0 : X; < a},
where X is a Lévy process with generating triplet (6®,v,v), 0 > 0anda < 0. FixT > t
and let Y; = X, — a, the survival probability Q(17 > T|Y; = y) on {T > t} is given by
Y(t,y) on{y > 0}, where (t,y) =0fort € [0,T], y < Oandfort € [0,T], y > 0

W 2 [0,T] x (0,00) — (0, 1]

verifies
x 1
QY = Yoty + 500y, +

/R[(Q/)(t? y+ ZL’) - W(t, y))I{z+y>0} - Il[)y(t, y)I{Imlgl}]V(dx) (410)
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on [0,T) x R* with the terminal condition
Yy >0, T,y =1 4.11)

Here h*(y) = | (z4y<0) v(dz) and h*(Y;-) is the instantaneous default probability of T on
{r > t}. IfY(t,y) is C1? (or CV! in the case of 0 = 0), then v is a solution to (4.10) and
(4.11) with the boundary ¥/(t,y) = 0fort € [0,T), y < 0.

Proof: Since {Y; > 0} D {7 > t}, given 7 > t then y > 0 and

RUr>TlYi=y) = Q(Jnf X,>alXe=y+a)=0Q(Inf ¥,>0]Y:=y)
= Q(inf (Y;-Y)>-y)=Q( inf Y,>-y)

t<s<T 0<s<T—t

The last equality is the consequence of the property of independent stationary increments

of X. Fix the maturity 7', define

S(t,Y:) = B9y F = Iesy E9 Ty |Yan 7 > 1] = U(t, Yo Irsay, 4.12)
and

[ Q(r>T|Y;,7>t) hereY; > 0since 7 > t,

Then S(t, Y;) is a Q-martingale satisfying E?[dS(t, Y;)|F;—] = 0 with dS(t, Y}) is equal to
VY, Yo ) rogy + Lo @04 Ye) + (Ursty — Irse-)) (9(4 Y) — ¥(3, Vo))

Here EQ[dI{T>t}|.7:t_] = —Ipsyh*(Yo)dt, R (Ys) = v((—o0,—-Y;_]) is the
instantaneous default probability. If ¥(¢,y) is C? continuous on y such that ¢, ¥, and
1y are bounded by a constant, the martingale-drift decomposition of functions of a Lévy

process (Proposition 8.16 in Cont & Tankov [12]) shows that E?[dy (¢, Y;)|F;-] is equal to
(/R[Wt, Yio +2) —9(t, Vi) — 2y (t, Vi ) aj<ny v (dz) +

by 5 ) = (e, i) + L Vi
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here L is called the integro-differential operator of Y. And the conditional expectation of
the last term in dS(t,Y}) is

E? [(Igrsty = Iroey) (Bt Y2) — (8, Yoo )) | Fc ]
= E9[(Iycor>t-} — Lty W8, Y2) — 9(t, Yin))| Fo ]
= —h*(Yi ) ey X (0—¥(t, Vi)
= B (Vi) oy (t, Vo),

Thus E?[dS(t, ;)| F;-] is equal to
_I{r>t—}h*(Y2—)dt + I{‘r>t—}(wt(t’ Yt‘) + ‘Cd}(t’ Y;—))dt + h’*(Y;‘)I{T>t—}w(t7 Yt—)dt7

then we have Ii»—1(¥:(t,Yi-) + Lp(t,Y;)) = 0. That is, given {7 > t},
EQ[dy(t,Y;)|Fi-] = 0, in other words, ¥(¢,Y;) is a Q-martingale on {7 > t} and
¥(t,y)satisfies the PIDE

Yelt,y) + LY(t,y) =0, t€[0,T),y>0
Y(t,y) =0, t€0,T),y <0.

To obtain equation (4.10), we may arrange Ly (t,y) as
1
’W/Jy + EUway + A[w(tv y+ .’E) - w(ta y) - Iwy(ta y)I{|m|§1}]V(dI)

1
= gt [ O vtu)ulan)

{z+y<0}

+ A[(m(t Y+ .’I?) - w(t, y))I{x+y>0} - fﬂ%(t, y)I{Izlfl}]y(dx)
= vy, + %U2wyy — R (y)u(t,y)
+ /R[(wu, Y +2) = (YD) ery0y — 28y (Y ai<tylv (d).

When 7 > T, QUr>my|Fr) = 1, thus (T, y) = 1 for y > 0, the terminal condition
(4.11). Proposition 12.6 in Cont & Tankov [12] shows that the survival probability is
the (unique) Feynman-Kac solution to (4.10) and (4.11) if ¥(t,y) is C>? continuous on
(0,7 x (0, 00).
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Remark 4.3.1 As shown in this proof, (t,Y;) is a Q-martingale on {7 > t}. While when
we look at the behavior of Y(t,Y;) itself;

BH(E, YD) = edt + 50"yt + Yyd¥e U0 Vi + AY:) = ${EYi0) — AV,
Given {AY; +Y;_ > 0}, that is {T > t}, ¥ represents the survival probability and
EQ[dp(t, V)| Fil = tu(t, Vo) + Ly(t,Yeo) + B (Yo )9(t, Yoo ) = b (Yo )9t Vo).
It implies that ¢ (t,Y;) is a submartingle on {T > t} under measure Q.

Remark 4.3.2 The survival probability is similar to the barrier option, particularly the
down-and-out option, discussed in Cont & Voltchkova [13], where the terminal payoff
is 1 if the barrier is not crossed. Proposition 5 in [13] summarizes the results on the
continuity of the barrier options. The smooth property of 1 in y is not required in the case

of pure jump processes with o = 0 and y — | (lel<1) zv(dx) = 0, where the PIDE (4.10) is
(Y =t + [ty + 2) — YY) pry>0pr(dz).

Consider the case that [, [z|v(dz) < oo, let p = 7 - f{lzlsl} zv(dz), then
Y(t,y) € CH3([0,T] x R+) will satisfies the PIDE

{ Ut + py + %Uglpyy + f{z+y>0}[w(t’ y+2) =yt y)lvlde) = b Y)v(ty) 4.13)

(T,y) = L.
Generally, this PIDE dose not have a closed-form solution and numeric methods are
required. For a discuss of such PIDEs, refer to Cont & Voltchkova[13]. Here are some
special cases. The first one is that Y is a Brownian motion with mean y and standard
deviation o, then 7 = 7* and 7y = oo with zero instantaneous default probability and the
PIDE is reduced to the following PDE: ¢(¢,y) € C12([0,T] x R*)

{ ¢t + /“aby + %0'2"7[)1/7/ =0
Y(T,y) =1

Its solution is the survival probability in the first-passage model when the firm value follows

a geometric Brownian motion:

i) =0 (HEZAY) g (Do),
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Here ®(-) is the CDF of a standard normal distribution. If y is not restricted to be positive,

that is ¢ € C%2([0,T] x R), then the (Feynman-Kac) solution to the PDE

{ wt + l“»[)y + %Uway =0
w(T7 y) = I{y>0}

is the survival probability in Merton’s Model, where

(T—-t)+y

w(t,y)Z‘I’(uU — )ZEQ[I{YT>0}IY2=3/]~

Define 7, = inf{T" > t : Yr_, < —y}, consider the Laplace transform of 7,
1:(0,00) — (0,1),

I(y) = Ele™v0) = / e flust,y)du, @,y > 0.
t

Here f(u;t,y),u > t is the PDF of 7,,. Then the Laplace transform of the survival function
v, T,y)=P(r>T|r>t,Y;=y)is

/ e~ (t, u, y)du = / e~a(v=t) / f(s;t,y)dsdu
i
= / f(s;t,y / —ov=) duds

= a/ (1- e—als— t))f(s;t,y)ds= l—l(y).

a

Let L™! be the operator of Laplace inverse, the survival probability ¥/(t,y) = ¥ (¢, T, y)

vty = o {10

and its derivatives are

a

ve(ty) = f(Tity) =L {Iy)};

Yylty) = L7 {—

Since the Laplace inverse has the rule of linearity, if [(y) is twice continuous differentiable

at y, the PIDE of v in equation (4.10) will be

1-1Uy) M
a

h*(y) =l(y)+77+—2—7

+ /R [(é[l —l(z+y)] - 2[1 - l(y)]) Liztys0y — x%lll{lzlﬁl} v(dz).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 4.3 First-passage model with Lévy processes 71

That is
o2
al(y) = h* ()1 - )]+ + 5V
+ /R [z +y) = 1Y) z+>0r — ol I<1y) v(dz). (4.14)

It is the integro-differential equation of the function /(y) and it does not involve the time.

The terminal condition (4.11) is automatically satisfied because
oo [1-1(y) , 1-1(y) .
i = 1 =] ——=3=1 lim {(y) = 0.
o) = i 17 {F | = a2 o i 16)

It is the consequence of the Initial and Final-Value Theorems of Laplace transforms stated
as following: let L{f(t)} = f(a), t > 0, then

lirgl+ f(t) = lim af(a) and tlim f(t) = lin(l) af(a).

t— a—o0 — 00 a—

On y < 0, defined I(y) = 1 and then [(y) satisfies

{ al =yl' + 202" + [L{l(z +y) — l(y) — al'Igz<yylv(da), y >0
y) =1, y<0

the right side of the equation is the integro-differential operator generator of the Lévy
process Y. Kuo & Wang [34] solved this equation in the case of the double exponential
jump diffusion process. It is shown in section 5.2.1. Without the boundary condition, the

general solution to al = LI(y) has the form of
(y) = ZAieﬁiy,
i=1
where (3; are the solutions to In E[e’¥?] = @ and A4; are constant.

4.3.4 Dependence of default when 7 = 79

Giesecke [26] discussed the default correlation in intensity-based model as following. A
natural way is to introduce correlation between firm’s intensity processes through time,
while defaults are independent given the intensity paths. Another way is to allow common
jumps. In our model, the default correlation can also be built in these two ways. Basically,
the dependence of two Lévy processes (jump part vs. jump part, Brownian motion vs.

Brownian motion) determines the type of default correlation.
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The dependence of jump parts in two Lévy processes controls the common jumps. For

two firm value processes with log ratios R, their marginal and joint survival probabilities

i )
P(ri>t;) = E[exp{—/ h;ds}], i=1,2;
0
i1 to m.in{tl,tz}
exp —/ h;ds—/ hgds+/ hlds 3|,
0 0 0

where hi = 14((—oc0, RY]) and the joint default intensity h; = v”/((—o0, R}], (—o0, RE]).

arc

P(7'1>t1,7'2>t2) FE

If two jump parts are independent, then defaults are independent given the intensity
paths. And the default correlation relies on the dependence of intensity processes h! and
h?, which is drawn from the correlation of R} and R?. More specifically, the resource of
the second type of default correlation is the dependence of the Gaussian parts in two Lévy

processes.

4.4 Bond price and credit spread in general case

4.4.1 Recovery of treasury value: deterministic interest rate

Now, consider the RTV recovery schema. If the recovery rate at default is a random variable

with mean p,,, given no default before ¢t (r > ?) the price of a defaultable bond with

maturity 7" and face value 1 is

B(ta T) = e ftT TSdsEQ[I{T>T} + wTI{TST} |'7:t> T2 t]

T
= e J TSdS[WtI{T:t} + ;uwa{‘r>t} + (1 - /,Lw)S(t, Y't)]
Denote B(t,Y;) = e/ "% B(t,T), then on {r > t}
dB(t;)/t) = (1 - Mw)ds(ty)/t) + ((-Ut - /-‘LW)I{T':t}'

It is well known that the discounted bond price e~ Jo rsds B(t,Y;) is a Q-martingale and so
is B(t,Y;). On the other hand,

EC[dB(t,Y,)|Fi-] = (1 — ) E?[dS(4, Y3)| For] + (B9 wn| Foc] — po)h* (Yio)dt = 0,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 4.4 Bond price and credit spread in general case 73

which also confirms that B(¢,Y}) is a @-martingale. On {7 > t}, the instantaneous credit

spread is

B9l — p)dy(t, V)| F]
= B(t, Y, )dt
(1 — p)R* (Y )(t, Yi-)

B + (1 - uw)w(t7}/t—)

fheo
Y I)ll-=—7<]).
o) (1~ 5855)
If Y, is a jump-diffusion process, the bond price B(t,T) on {7 > t} is also a jump-

diffusion process. If Y; is a diffusion process, then h*(y) = 0 and the bond price B(t,T)

fTT reds

on {7 > t} is a diffusion process and only jumps at default. w;e™ is the bond price

at default, while the bond price just before default is

B(r—,T) = liﬁ)le—fT~ r‘"’dsB(T—,y) _ Mwe—f}"rsds.
Yy

It is the amount that the bondholders expected to receive if default happens in the next
moment. (w; — fy, )€~ J7 7eds is the difference between the real amount and the expectation.
Thus, it is possible that the bond price will jump up upon default if w, — p,, > 0 or remain
at the same level if w, — u, = 0 or jump down if w, — p, < 0.

Now consider the case that the recovery rate is a function of Y at default, that is

B(t,Y:) = E°[trsty +w(Yo)pery|Finm > 1]
= P(t,Y;) + B?w(Y;) <y Y, T 2 1],
On {r > t}, apply Ité’s formula to B(t,Y}),

_ _ ~ _ 1 .- _
dB(t,Y;) = (B(t,Y:) — B(t,Y:-)) ;) + [Bidt + §U2Byydt + B,dY,
+B(t, Y- + AY) - B(t, Vi) — B)AY) [avitv, 50y (4.15)

B(t,Y;) is a Q-martingale on {7 > t} and then B(t,y) : [0,T] x R — (0, 1] satisfies the
following PIDE on [0,T) x R*

_ " _ _ 1 _
(o(y) = Bt,y)h*(y) + Bi + 7By + 50" By, +

/R (Bt + ) — B, ) gasys0y — ©B, Iimen¥(dz) = 0
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with terminal condition

B(Tay) =1, y> 0,
and boundary condition
B(t,y) =w(y), t€(0,T],y<0.

Here p,(y),y > 0 is the expected recovery rate under ()

Jizsy<qy w(@ + y)v(dx)
Jiaty<oy V(d2)

po(y) = E?w(z +y)lc +y < 0] = (4.16)

The PIDE of the survival probability (4.10) is a special case where the recovery rate
w(-)=0.

On {7 > t}, the instantaneous credit spread is

s, = EClrndB( Y|P ]
b B(t,Y,_)dt

= h(Y-) (1 - 'zg?—t(Y;T__)S)

- RELSS)
- /{z+m30} (1 B(t,Y;) v(dz). (4.17)

At maturity, B(t,Yr_) = 1 on {7 > T} and the instantaneous credit spread has the same

form as the one in Duffie & Singleton’s model,
esp = h*(Yr-)(1 — po(Y7-)).

Chen & Kou [11] (Theorem 2) state a similar result with a double exponential jump
diffusion process, which is shown as an example in section 5.2.1 with h*(y) = Ape™¥™
in equation (5.7) and the recovery rate function w(y) = ce¥, here ¢ € [0, 1] is constant and

y = In(V/F). The mean recovery rate is

_ Jizry<oy CETT ¥ ADPMENEdT m

=c .
f{z+y§0} Apmen®dz m+1

to(y)

If v(-) = 0, we cannot model the recovery rate as a function of Y because there would be
no surprise of both the default event and the recovery rate when Y is a continuous process.

And then the bond price is continuous all the time, even at default. It does not make sense.
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4.4.2 Recovery of market value: deterministic interest rate

Assume that the recovery rate is a function of Y as B(7,T) = w*(Y;)B(7—,T), that is
B(1,T) = w*(Y;)B(r—,T). Similarly as (4.15), on {7 >t}

_ — — 1 — _
dB(t,Y;) = (W' (Y:) —1)B(@,Yi)(r=ty + [Bedt + §0—2Byydt + B,dY;
+B(t, Y, + AY;) - B(t,YE_) — ByAl/t]I{AYt+Yt_>O}-

B(t,y) will satisfy the following PIDE on [0,T) x R™,

_ _ _ 1 .-
(u5@W) — D" ®)B(t,y) + Be + 7By + 50°Byy +

/R[(B(t, y+ ‘T) - B(t, y))I{z+y>0} - xByI{lzISI}]V(dx) =0 (4.18)

with terminal condition B(T',y) = 1 on y > 0, where " (y) the the expected recovery rate

as in equation (4.16). The instantaneous credit spread on {7 > t} is

ese = W (Y )(1 - il (Yin)) = /{ oL Y ),

which has the similar form as equation (4.17), the credit spread in the RTV scheme.
The problem here is that there is no way to set the boundary condition as in the RTV
model since the recovery amount does not dependent on £ and y only, it also depends on

the pre-default bond value. Thus, the solution is not unique.

4.4.3 Stochastic interest rate

We may extend the results to time homogeneous stochastic short rate:
dry = a(ry)dt + b(ry)dWY,

here WY is the standard Brownian motion with dW,dW; = pdt. The default bond price at

time t will be a function of Y}, r; and ¢. Denote
1
LB(t,Y;,r) = Bi+7By+a(r)Br + "2°[Uszy +b(r)’Brr + 2p0b(r) By,]

+ /R[(B(t7 y+uz, ’I‘) - B(ta Y, T))I{z+y>0} - xByI{|z|§1}]V(d1')
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Consider the case that recovery rate is a function of Y. The PIDE of the bond price in
the RTV model is

LB(t,y,r) = (r + h*(y))B(¢t,y,7) — pu(y)p*(y)P(t,7), t€[0,T),y>0
B(T,y,r)=1, y>0
B(t,y,r) =w(y)P,T), te(0,T],y<0
Where P(t, ;) = EQ[e” S reds | F:] is the Treasury value at time ¢ with maturity 7" and face
value 1. The PIDE of the bond price in the RMV model

{ LB(t,y,r) = [r+ (1 — p@)h* @) Bt,y,r), t€[0,T),y>0
B(T,y,r)=1, y>0.

Let C(7,Y;,r,) be the recovery amount at default and define its expectation just before
default as pc(r,Y,_,r,_) = EQ[C (7’, Y;,r,)|Fr—], then the bond price can be expressed
as

B(t,T) = B ™ Ly + & K 501, Ve v ey | Fiv7 > 1],
Thus the defaultable bond price before default B(t, y) will satisfy the generalized PIDE

LB(ta Y, 7”) = (’f‘ + h*(y))B(t, Y, T) - h*(y)NC(ta Y, T)v te [07 T)a y> 0
B(T,y,r)=1, y>0 (4.19)
B(t,y,r)=C(t,y,r), te€(0,T],y<0.
po(t y,m) = pu(y)P(t r) in the RTV model and pc(t,y.7) = pi(y)B(¢, y,7) in the
RMV model. The instantaneous credit spread is

/‘I’C(t,}ft—’rt)
=h Y, V(1 -—-—=—1—"—" 7 .
csy = h*(Yi-) ( BY,) , T>t

4.5 Instantaneous transition matrix of credit rating

Y; = InV; — In Dy is the logarithmal of the ratio of firm value to the default level, which
measures the distance to default. When we consider the class of credit rating with state
{1,2,--- , K}, where state 1 is the highest credit rating class, state 2 is second highest and
K is the default state. Let D; > D, > -+ > Dg_; = 0, be the boundaries of states, that is
a firm is in state 1 if its state variable Y; > D,, it is in state 2 if Dy < Y; < D; and so on.

Default (state K) occurs when Y; < Dx_; = 0.
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The instantaneous transition matrix can be obtained in the similar way as the
instantaneous default probability, the instantaneous transition probability from state i to

state j (1 # 7,4, =1,2,--- , K —1)is

Aij(Yee) = / v(dy) = v((D; = Yi-, Dj—1 = Vi),  Yio € (Ds, Dia).
Dj<Yy_+y<D; 1

\ij € [0,00) because the interval (D; —Y;_, D;_1 —Y;_| is bounded away from 0. And the

instantaneous transition probability from i to absorption state K is
Ak = v((—o0, -Y_]), Yio € (D;,Di).

When v((—00,0)) = 0, \;; = 0if 7 > j. When v((0,00)) = 0, X;; = 0if i < j. The

instantaneous transition matrix is

— A1 (Xe) A(X:)  Aus(Xy) e Mk (Xt)
A1 (Xe) —Xa(Xy)  as(Xy) e Aok (Xt)
A= | C ;
Ag-1,1(Xe) Ax—12(Xy) - —Ak—1(Xy) Ag-1,x(Xy)
0 0 ... . 0

Al:z_f_—l,];télAU’Z:]‘?Q? ,K_]_.

4.6 Summary and extension

We model the firm value as an exponential Lévy process (equation (4.4)) and the default
threshold is predictable. Starting with the first-passage firm value model, the instantaneous
default probability k] is the Lévy measure of X on the interval (—oco, —Y;_|, where Y;_ is
the log ratio of the (pre) firm value and threshold and it measures the distance to default.
We decompose the default time into two parts: a totally inaccessible stopping time with
intensity A} and a predictable stopping time.

By assuming the default is only caused by jumps, we discover that it is an intensity-
based model. In the general case, assume that Y is also a Lévy process, the PIDE of the
defaultable bond price (4.19) is derived. The PIDE for the survival probability (4.10) is
a special case of (4.19) with zero interest rate and zero recovery amount. The solution to

(4.10) with terminal condition (4.11) is not closed form except for some special cases.
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The results can be generated to additive process with local characteristics. For example,

let (02, v, ;) be the local characteristics of Y; = InV; — In D; with

T
/ / ey (dz)dt < oo,
0 |z|>1

T is the maturity od the default bond. The default intensity is h} = 14((—o0, =Y;_]) =:
h*(t,Y;_) and and define LB(t,Y;, ;) be

1
B, +vBy + a(’f’)B.,» + §[O't2Byy + b(T)QBTT + 2p0tb(T)ByT]
+ / [(B(t7 y+z, T') - B(ta Y, r))I{1'>—y} - ICBy(t, Y, T)I{I.’EISH]Vt(dx)
R

Then the PIDE (4.19) can be modified as

LB(t,y,r) = (r+ h*(t,y))B(t,y,7) — k*(t,y)pc(t,y,r), t€[0,T],y>0
B(T,y,r)=1, y>0.

4.7 Risk-neutral measure vs. physical measure

In the intensity-based model, the default intensity under the physical measure h*F is
different from the default intensity under the risk-neutral measure A*? not only in current
levels but also in dynamics. Generally, h; Q> h;¥ due to the that investors are risk-aversion
and their difference reflects the premium for default-timing risk. Duffie & Singleton
[19] show two approached to parameterize h*? from h*F. One is to infer information
about h*? from the market prices of defautlable bonds. The other is to parameterize the
transformation between h*? and A*F explicitly. In our model, their relation lies on the
equivalent martingale transformation of the firm values.

The EMM transformation for Lévy processes has been studied in Chapter 3. Assume
that under P, the firm value follow an exponential Lévy process

t t
InV;, = InVo+vt+ovWr + / x[N(ds,dx)—yP(d:E)ds]+/ / xN(ds,dz),
0 lz|>1J0

|x]<1

with flr|>1 e*v?(dz) < oo. After the martingale measure transformation

¢ ¢
InV; = InVo+73t + oy W2+ / x[N(ds,dm)—yQ(dm)d8]+/ / zN(ds,dz),
0 |z|>1 J0

lz|<1
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with [, ev9(dz) < oo and V9 satisfies

1
r= 7‘(;’ + 50‘2/ + /7;(6$ -1 xI{|x|51})1/Q(d:r).

The key points of the transformation are
WO(dz) = e VuP(da), /(e%"’(ez'l) - 1)%P(dz) < %0
R

we = W +ay! [75—73—/'

z(vf — I/Q)(d.’L')] t.
z|<1
Here we use ¢(e* —1) since the firm value process is an exponential Lévy process, while we
use ¢(x) in Chapter 3 where the asset processes are stochastic exponential Lévy processes.

An exponential Lévy process el satisfies the SDE
1 .
delt = ekt~ [st + §d[LC, L) + (eAlr — 1 — ALt)] =: el-dL,,

where L, is a Lévy process and el is a stochastic exponential of L;. The Lévy measure of

L and L satisfies
vi(A) =v;(A), A={e—1:2€ A} ={z:In(1+z) e A}.

See Proposition 8.22 in Cont & Tankov [12] for the details of the relation between ordinary
and stochastic exponential.

Under measure P and (), the firm values (the threshold) are at the same level but with
different dynamics. Then the values of Y; = In V, —In D; are the same under both measures.

The instantaneous default probabilities are

wre) = [ ),

ontA —Y:
RRY;) = / VQ(dz)z/ 9D P (d2).

Their current levels and dynamics differ from each other except the case of v¥ = 19, where
they have the same value with different dynamics. Their difference is
-y

h(y) — *P(y) = / (€D Z 1P (), y> 0. 4.20)

—00
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In one-dimension case, recall that ¢(z) = — In(1 + 72 in the numeraire portfolio, 7 the

equation (3.6) based on the stochastic exponential form as

rin
1 —o’n — /R T mcy(dx) =0.

7, is the instantaneous return on assets minus the risk-free interest rate. v, > 0 in the

risk-aversion world, then = > 0. The difference in (4.20) is

/_:(e¢(ez—1) —1)P(dz) = /_: (1_%%1_) _ 1) VP(d2) > 0,

sincee* —~1 € (-1,0)as 2 < —y < 0.
¢(z) = In(1l + 7fz) in the (Follmer-Schweizer) minimal martingale measure and
i =—(0® + [ 2?v(dz))"'v < 0. The difference in (4.20) is
/_y(e“’(ez‘l) - 1)F(d2) = /—y A(e* — )P (dz) > 0.

x) = fjz in the minimal entropy martingale measure and 7] satisfies equation (3.8)
n g
Y1 + 07 +/ z(e™ — 1)v(dz) = 0.
R

If 77 > 0, then 2(e™ — 1) > 0 for all = and the equation above does not hold. Thus 77 must
be negative and the difference in (4.20) is

—y -Yy
/ (€D — 1) (dz) = / (™7 — 1)pF(dz) > 0.

For the three risk-neutral measures, the instantaneous default probability under the risk-
neutral measure is higher than the instantaneous default probability under the physical
measure in the risk-aversion world. If investors are risk-favor, v; < 0 and A;¢ — hP < 0.

If investors are risk-neutral, y; = 0 and there is no difference between h; Q and h;‘P .
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Examples of first-passage models with
Lévy processes

Define 7 := inf{t > 0 : X; > b} and inf(} = oo, where b > 0 and X is a
one-dimensional Lévy process with generating triplet (¢2,7,v) on the stochastic basis
(Q,F,F = (F)i>0, P). Then 7 is a stopping time with respect to F. If o # 0, the stopping
time 7 does not have an associated intensity but its instantaneous default probability does
exist as

< — >b—
h/t — ].lm P(t <7< T+ S|‘7:t) = lim P(Xt-l-s Xt = b thf.t)

510 S sl0 S

, T>t.

While ¢ = 0 does not guarantee the existence of the intensity because the drift of X
may also cause the default. The formula used here is slightly different from the one used
in Chapter 4, equation (4.6). We choose the F;-adapted version just for simplifying the
expression.

The default time 7 with constant barrier is also called the time to ruin in ruin problem for
Lévy-typed risk processes. A lot of works have been done in ruin probabilities, one may
refer to Asmussen [2] for more information.

Before analyzing the default event in the jump diffusion processes, we deals with the

first-passage time of jump processes. Examples are the jump processes with nondecreasing

81
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Sec. 5.1 Jump processes witho =0 82

sample paths with/without drifts and the jump processes whose sample paths are not
monotone. The instantaneous default probabilities, the survival probabilities, the hazard

functions and the PIDEs of survival probabilities are analyzed in each case.
5.1 Jump processes with 0 =0

5.1.1 Hazard rate and intensity when 7 is totally inaccessible

Since the stopping time is defined as the first time that the Lévy process approaches to a
positive number b, {X; < b} D {7 >t} ={X, < b,s € [0,t]} and {X; < b} = {7 > t}

if and only if X has a nondecreasing sample path. Given {7 > t}, the instantaneous arrival

probability is
P(Xpys — Xs > b— Xi| X,
by = lim (Ko - ol Xe) =v(lb— X;,00)) = h(X;), X:<b.

It is an increasing function of X; with the condition X; < b and it is adapted to ;.

If v + flw|>1 zv(dz) < 0 in addition to o = 0, h(X;) is the intensity of 7, then

t
I{TSt}—/ h(Xs)I{T>s}dS
0

is a P-martingale. Then the probability density function and the hazard function are

sy = ol ppxyr )
Ay = 2O BRI el _ gy sy

P(r > t) Bl
If X; has nondecreasing sample path, the survival probability is S(t) = P(X; < b) and
ft) = E[MX)Ix,<p], AM(t) = E[h(X})|X; < b] respectively.
Let E, = {X;, < b t;=it/n,i=1...n},then E; D Ey D ... and lim, ., E, =
{r >t} =N, E,. Forn =1,2,..., the probability density function of 7

f@t) <... S EMX)(5,.1}] < EM(X)[(5,y] < ... < E[R(X)(x,<t))-

Since h; is an increasing function of X; with the condition X; < b_, where b_ is the
possible value of X, that is most closed to b from below. For instance, b_ = |b] for non-

integer b and b_ = b — 1 for integer b when X;; is a Poisson process. Thus h(X;) < h(b_).
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If h(b_) < oo, for each n

f@t) = ER(X)isyl = EMX) (5. — EWX) £, <),
ft) < ER(X)Ie.y] = R,
f@) > ERX)IE,] — ER(-)5, <)

= E[h(Xy)I5,3] — h(b-)[P(E,) — P(1 > t)] =: Ly,.

Since
L1 — Ln = E[(M(X:) — h(b-))I{Bns1} — L1Ea})] 2 0,

as a conclusion, forn =1,2,...
IW<Ly<...<L,<...<f()<...<R,<...<Ry <Ry,

and f(z) = limpooo Ly = limp oo Rp. f(t) = L, = R, for any n if X; has a
nondecreasing sample path.

On the other hand for each n, the hazard function satisfies

EhX)IE,] P(E,) Elh(X:)IE,)
Rl Rl SRS ey
Define A} = E[h(X})|E,], then
n_ EIWMX)IE,] _ EW(X)Ip) o _ ElO-)E]
hy = P(En)E S YR K, S—P(En)E = h(b_) and
Eh(X:)IE,] P(E,) ERr(X)IE] .| P(E) _n
P ”h(b—)[ P> 1) 1]< Prst) " t[P(T>t)—1]_ht'

Thus h} and h; are in the same range as in (5.1). In most cases that the joint distribution of

X and its running maximum is unknown, we may use h to estimate A(t) = E[h(X;)|T >

t] = lim,_,. h}. The absolute error is much less than h(b_)[ 5((%2) — 1] provided that

h(b_) < oco. When n increases, the value becomes smaller and approaches to 0 as n goes
to infinity.

For each example with explicit form of the survival probability, we will show its survival
function, probability density function, the instantaneous arrival probability and check

whether the conditional expectation E[hs|7 > t] is equal to the hazard function. (They

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 5.1 Jump processes withg =0 84

are equal if h; is the intensity.) Moreover, let Y; = b — X;, we will calculate the following

functionsony > 0

Y(t,y) = Pr>TIY, =y),

dlny(t,
)‘(T_t7y) = - ngjj(—' y)a

h(y) = lmXT —t,y).
And we will check the PIDE (4.13) of ¥(¢, )

{ Vs — 1y + 5070y + [0 WY +2) — Y y)lv(de) = R(y)Y(t,y),
Y(T,y) =1

5.1.2 Compound Poisson process with positive jumps

1. Poisson process

Let N; be a Poisson process with intensity A and the threshold level b = n, a positive
integer. Obviously, 7 = inf{t > 0 : N, > n} is the n** jump time of V;, which follows a
gamma distribution with shape n and rate A, denoted by Gamma (n, A). Since the sample

path of NV, is nondecreasing, {7 > t} = {N; < n}. The survival function and the density

function are

n-1 e~ M\t
> ()

P(r>1t) B

= P(N; < n),
i=0
n—~1,—At
) = A(”’LIZT; = \P(N,=n—1).

On {7 > t}, the intensity can be obtained by analyzing the instantaneous behavior of N, as

P(Nt+s = Tl|Nt)

ht = lim
sl0 S
— lim P(Nt+s — Nt = 1,Nt =n— ].|Nt)
sl0 S
. )‘SI{Nt=n—l}
= lim———— = Al{n.—pn_11.
510 8 M(i=n-1y

Its conditional expectation is
E[h|r > t] = AP(N; =n — 1)/P(N, < n) = f(t)/P(T > t),

which is exactly the hazard function.
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Here Y, = n — N,, and the survival probability P(7 > T|Y; = y) is
y—1 e NT- t) T _ t))’ y—1

¥(t,y) :Z =Y P(Nr_, =1).

i=0 i=0

Then ¢ € CY([0,T)),y = 1,2,... The forward hazard rate \(T' —t,y) = —0Inv(t,y) /0T
is
(T — t)y—le—A(T—t)/ (ty) = AP(Np_y =y —1)

- YT Ty

The instantaneous default intensity may be rewritten as a function of y as

)‘(T - t7y) =

h(y) = Bm AT = t,y) = AP(No =y — 1) = My-y.

Consider the PIDE representation of 1), the Lévy density of Y is v(dz) = Al{z—_1}dz and
then

oot [ Wyt e~y
= AT = ,9)(t,) + Aty = 1) = 960 100
= AP(Nr—t =y — DIgsoy — AP(Nr—y =y — 1)y
= AP(Np_y =y — 1)1y = AP(Np_; = 0)
= Myt 1) = h)¥(t.y)
The terminal condition is (T, y) = 1,y > 0.

2. Compound Poisson process with exponential jumps

Now consider a compound Poisson process as

N
X => (5.2)
i=1

Ji’s have independent and identical exponential distribution with parameter » > 0. Given
N, = k, the distribution of X; is Gamma (k,7), thus the survival function and the
probability density function of T are

P(r>t) = P(Xt<b)=ie—tﬁa(bz ),
i=0 ’
o —)\t e—nb 7
ft) = AZ (At z.(!"b). (5.3)
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Where G(b;1,7),b > 0 is the CDF of gamma distribution with shape ¢ > 0 and rate 7 > 0,
which satisfies

e~ (nb)!

G(b;i,n) — G(bi+1,m) = A and G(b;0,n) = 1.

Moreover, let g(b; ,7) be the associated density function. On {7 > t},
P(Xiys — Xo 2 b= Xi| Xo)

ht = lim s Xt <b
8]0 S
. P(Nt+s—Nt:1,J2b—Xt|Xt)
= lim
sl0 S
— lim (}\S) X P(J Z b— Xt) _ )\e_n(b_Xt),
sl0 S

with the conditional expectation
Elhy|t >t = Xe ™E[e™ Iix,<n]/P(X; < b).

And

b o0 _ ¢ )\t)z e—nxnixi—l
nXi = e™OP(N, = " e d
Ele™ Iix,<py] =€ (N 0)+/0 € zzzl il X I'(7) *
o _ i i b i 00 - 1 J X3
B S Yac (Theldr e MM n

il (i—1)! il il

thus the expected intensity conditioned on {7 > t} is the hazard function as E[hs|T >
t] = f(t)/P(r > t). We will not analyze the forward hazard function and the PIDE
representation of the survival function here since it is the special case of the next example

where the drift 4 = 0.

In these two examples, the events occur at one of the random jump times of Poisson

process. The default time can be represented as

T= Z Till{ay,
i=1

where 7; is the i*" jump time of N; with density f;(t) = g(t;i,A) and 4; = {7 = 1} =
{X7 =2 b,X, <b,s €[0,7;)}. Forinstance, A; = {X,, > b, X, , < b} when the sample
path of X is nondecreasing. In this examples, the CDF of X, is G(-;i,7) and the i** jump

size X, — X, , follows an exponential distribution with parameter 7, which is independent
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of X,,_,. Thatis X, and X, , do not dependent on the behavior of 7;. Thus the probability

of A; can be calculated directly as

P(A) = P(X,, >bX,,=Xo<b)=e,

(
P(A) = P(Xn ,<b,X,2b)=PX, ,<b,X;,— X0, 2b— X, )
b o0
= / g(z;i — Ln)/b 9(y; 1,n)dydx
0

—T

_ /b e—nzni—lxi—2 e—ﬂ(b—z)dx _ e—nb(nb)i—l.
. TG-1) G —1)!

And the density function of 7, equation (5.3) can be obtained as

50 © _Atyigi-1 b (o \i—1
f@t) = izzlfi(t)xp(Ai)zi:Zle F)(\z§ xe(’;(_nli))!
=\ e M) (b))
- )\; J'(! Fxf ]'n)

It is true if the events A; do not dependent on the random jump times 7;, the density
function of the first passage time will be f(t) = Y 2, g(t;i, \)P(A;). Otherwise, the
survival probability is P(7 > t) = > o) P(1; > t, A;).

3. Compound Poisson process with exponential jumps and positive drift

Now consider the case that a drift ut is added to X;. If u < 0, the occurrence of
the event {X; + ut > b} will be caused by the random jumps only with intensity
Ae~M6-Xe=1t) on {7 > t}. But X; + ut does not have nondecreasing sample path and

then P(T > t) # P(X; + pt < b). In this case, the survival function can be obtained as

¢
Pir>t)=F [exp {—/ )\e_"(b'Xs_“s)ds}] ,u<0.
0

If > 0, the occurrence of the event {X; + ut > b} will be caused not only by the
random jumps but also by the nature increase of the drift. Thus, the first passage time does

not have an associate intensity because of the increasing drift.
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vt € [0,b/u), the survival function and density function of the first passage time are

> e (At)! .
P(r>t) = PX;+ut<b)= Z i—'G(b — ut;i,m),

i=0
O M (\t)i p—n(b—pt) _ i 00 M )\4)i
e H(At) e (n(b— ut)) e " (At) y
HOBEEPYY m P +“z;_—¢! g(b— ut;i,m).
=0 i=
caused by random jumps caused by the increase of drift
= It + IIt

The second part II, can be rewritten as (u x the PDF of X, + ut at b). In this case, the event
A; = {X,,_, + p7ic1 < b, X, + um; > b} depends on 7;, thus the density function cannot
be represented as Y ., g(t; i, A)P(A;). The instantaneous arrival intensity is

P(Xeys + plt + ) > b X0)

ht = lim
sl0 S
_ i AP 2 b= X — it A+ 8)[Xe) + (1= AS) ixruiers)20)
5[0 S

_ Ae_n(b_Xt_”t) +lim I{Xt+ﬂ(t+5)2b} )
sl0 S

Given {7 > t} = {X; + pt < b}, there exists a constant € > 0 such that € = b — (X; + ut).
Then for all s < €/p, Iix,4p(t+s)>6) = L{us>e} = 0. Thus b, = e~ Mb=Xe=ut) which shows
the motion of the random jumps. And the survival function S(t) # (in fact <)E[e Jo hads],
But in the sense of the conditional expectation, E[h|7 > t] is equal to
Pb> X, +put>b—ps

(b> X S“— “))/P(Xt+ut<b)

o M) G — ptyiym) — Gb— it — pis; )
= (It + I;E)l; A J/P(T >t)

(E[/\e"’(b‘xt"”)I{Xt+,,t<b}] + ligl

8

= e M(At)? :
= L+ = uglb — i) | /P(r > 1) = £(8)/P(r > 1).
i=1 :
It is the hazard function when t € [0,b/u).

Here ¥; = b — (ut + SN J;), » > 0, Ji ~ exp(n) and the Lévy density of Y’ is
v(dr) = Iz<oyAne™dz. GivenY; = y > 0, the survival probability P(r > T|Y —t = y),
T e€[0,b/p)is

W(t,y) =D P(Nr_, =1)G(y — (T - t);3,n),
i=0
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which is zero if y < u(T —t). Theny € CH([0,T] x (u(T —t), 00)). The forward hazard

function is

e~ M=mT=D{n(y — u(T —t)))?
il

AT —ty) = {)\i P(Np_; =9)

=0

+p1 Y P(Npy =i)g(y — w(T —t); i,n)} /¥t y),

i=1

and the instantaneous default intensity
h(y) = Hm MT —t,y) = Ae™™.

Now consider the PIDE representation of 1), first ¢, + (—x)v,, is equal to

AT = t,y)(t,y) — Y P(Nr—y = i)g(y — (T — t);4,7)

i=1

i =n{y—(T-1)) - AN

Second,
/ N >0[w(t, T +y) — ¥(t, y)v(dr)

= / P(t, z +y)v(dz) — / Y(t, y)v(dz)
z+y>u(T-t)

z+y>0
- )\ZP(NT_tzi)/

=0 w(T-t)—y
—Aiﬁ(t,y)(l - en(—y))’

0 z+y—u(T—t)
ne"""/ 9(z;1,m)dzdx
0

the double integration is
y—u(T-t) po
/ / ne™dxg(z;i,1)dz
0 wT—t)—y+z

y—u(T~1)
= / (1- en(u(T—t)—y+Z)) g(z;1,m)dz
0

_ _ i oy ety MY = (T — 1))
Gy — (T —t);i,m) — e "V7H -
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Thus the left side of the PIDE is

vy [l y) - vl

z+y>0

A PNy = Gy — (T — 0 6,1) — Nl ) (1 — ™)

=0

= e T™Y(t,y) = h(y)v(,v)-

The terminal condition is ¥(T,y) = 1, y > u(T —t).

5.1.3 Coin tossing problem

Consider the process {X;};>o with the form (5.2), where J;’s are independent identically
distributed Bernoulli variables with distribution P(J = -1) = P(J = 1) = 1/2. Its
sample path is not monotone and {7 > t} C {X; < n}. Such process is referred as coin
tossing at random times in Baxter & Donsker [4]. It has been shown that for each positive
integern =1,2,...
P(sup X;<n)=1-— n/t e"’\smds,
0<s<t 0 s

here I,,(z) is the modified Bessel function of the first kind with the expression
r\n o 1.2 4 k N /2 2k+n
I(z) = (_) Z'_(/)_ - ZL'_U_'
2/ & KT(n+k+1) P kl(n+ k)!
Define 7 = inf{t > 0 : X; > n},n = 1,2,..., then for each n, the survival function,
the density function and the hazard function are
I, (Xs)
s

i
P(r>t) = P(sup Xs<n)=1—n/ e A ds,
0

0<s<t

6 = 2L,
Aty = f(&)/P(T>1).

On {7 > t}, the instantaneous arrival intensity is

h, = lim P(Xiys = n|X;)
sl0 S
— lim P(Xt+s —Xt = 1|Xt =N — ].)
s]0 S

A
= §I{Xt=n—1}-
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And f(t) = E[hI{rsty) = SE[I{X,=n-1,r>t}). Assume that there are 2k + 7 — 1 jumps in
[0, 1), let X; be the value of X; at i*" jump of N, and M (k, n) be the number of paths such
that Xog = 0, Xoprn 1 =n—-1,X; <nfori =1,2,...,2k+n—-2,k=0,1,.... Then
M(k,n) =n(2k+n—1)!/(kY(n+k)!) (see appendix A for proof). While the total number
of paths of 2k + n — 1 jumps is 225*7~1, Thus the density function is

A
f®) = SBlUxmn1,ro0)]
B é 0 e—At(At)2k+n—1 y M(k,n)
C 24 (2k+n-1) T 2%kennl
_ éine_At(At/2)2k+n_l
24 Kl(n+k)
* ne"\t()\t/2)2k+" n _,,
= 2 T = 7e 0.

The other way to figure out the density function is based on the decomposition 7 =

Y o Til{a,}, where
A, = {X0=0,X2k+n=n,Xi<nfori:1,...,2k+n—1}
= {XO =0, Xogpgn—1=1n— ]-,X2k+n =n,X;,<nfori= 1,,2k+n—2}

The events do not depended on 7;, then f(t) = > 77 g(t; 2k + n, A\) P(Ay) with P(Ag) =
M (k,n)/2%*" and the density is

M(k,n)
2k+n

F6) = 3 gl 2k +n,2) x

[M]e

=
1l
o

)\e—At()\t)Qk+n—1 y M(k, n)
(2k +n—1)! 22k-+n
ne—At(}\t/z)Qk—!-n
th(n + k)!

M 10Ms

o
Il

0
Here Y; = n — S0 J;, P(J = 1) = P(J = —1) = 1/2 and the Lévy density of Y is

v(dz) = %I{J:::tl}- Given Y; = y > 0, the survival probability is

T—t
W(ty) =1-y /O e lvA) 4

s
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Then ¥ € C*([0,T)), y = 1,2,... The forward hazard function is

M- LMT = 1)
—1

T [0t y),

and the instantaneous default intensity

) & ()\/2)2k+y(T _ t)2k+y_1 A
e m —_ = = —I =11-
h(y) %‘l—d )‘(T tyy) Y k§=0 k'(y T k)' 9 {y=1}

Thus h(y)¥(t,y) = 3L=n¥(t,y) and
b+ / (W(z + 1) — ¥())v(dz)
z+y>0

= NT-t,y)(ty) + % >0 (@t y + 1) —¥(t,y))
+Hy-1503(¥(ty — 1) — 9 y)]

then for ¢ € [0,T), PIDE (4.13) is equivalent to

AT =t y)p(t,y) + [ty +1) - 29(t,y)] = 0 ify=1,
with terminal condition ¢(7T,y) = 1, y > 1. We will prove it in appendix B.
At time t, X, is a discrete random variable, for each nonnegative integer n = 0,1, ...
P(X;=n) = P(X;=-n)
- Z P(N; =2i+n) x P(thereare i —1’sand n + 4 1’s)
=0
i e—)\t()\t)2i+n ( 2% +n > <1>2z’+n
~ (2i+n)! i 2
_ i e—At(At/2)2i+n
= il(i+n)!
Since {T >t} C {X; < n}, we may use h; to estimate the hazard function.
AP(X;=n—1)
hl = E[h|X = 2
t (el X < ] P(X; <n)
AP(Xy=n—-1
- PN =n—1) (5.5)

3(1+ P(X, = 0) + 55 P(X, = d).
Figure 5.1 shows the difference of the estimated hazard rate and its true value h} — A(¢)

in basis points, the parameters used are A = 0.6,n = 1,2,3,4 and ¢t € (0, 1]. 1 basis points
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= 0.01. The difference is small for high value of the level n and it increases with time.
Figure 5.2 shows the relative difference of survival probability S(t) and exp{— fot hlds}:
1 —exp{— J; hlds}/S(t). Both show that it is not bad to use A} to replace A(t) at A = 0.6
and t € (0,1].

The following table shows the maximum difference of A} — A(¢) (in basis points) at
different level: A =0.6,1,10;¢t < 1,¢f < 10and n = 1,2, 3, 4. Most maximum difference
happens on the end of the time horizon except for those two highlighted.

leveln [t <1,A=06t<10,A=06t<lA=1t<10, =1]t<Lr=10
1 0.168439 3.800164 0.913636 6.506188 65.061880
2 0.063237 2.249781 0.327769 4477918 44779180
3 0.005520 1202774 0.048034 2.922774 29.227740
4 0.000338 0.574709 0.004955 1.786208 17.862080

It is brought to our attention that the density function of the first passage time satisfies

f(t;A,n) = 10£(0.1; 10X, n).

Thus
t t
St A\n) = /f(s;)\,n)ds:/ 10£(0.1s; 10A, n)ds
OO.lt °
- / 100(0.1s; 10X, n)d(0.1s) = 100S(0.1¢; 10X, n);
0
ft; A,n) 10£(0.1¢; 10\, n)
)\t- — e = U. . 5 .
(55 Am) S(t;A,n)  100S(0.1¢; 10X, n) 0-1A(0.1¢;10A, n)
And

P(X;=n;)\) = P(Xo1u =n;10));
AP(X,=n—1;)) 10A P(Xoqe = 1 — 1;10A)
R*t;An) = = L =0.1—"- ’
BEAR) = 7P, <ni) 2 P(Xo <n; 10N

= 0.1n'(0.1¢; 10\, n).

Keeping At constant, we have A(t/a; aX, n) = aA(t; A, n) and h!(t/a; a), n) = ah!(t; A, n)
for any positive value of a. It is good to use h; to estimate the hazard function only for

small value of A and high value of n.
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5.2 Poisson-diffusion processes

Now we turn to the jump-diffusion processes. Let

Nt

Xe=pt+oWi+Y Ji, o>0.

i=1
w is the drift, o is the volatility, W is a standard Brownian motion and N is a Poisson
process with parameter ), the jump sizes Ji,Js,... are independently and identically
distributed random variables. Two most used distributions of the jump size J are normal
distribution and double exponential distribution. Zhou [56] assumed the normal distribution
of J and got some results in valuing defaultable securities. Kou & Wang [34] obtained
some properties of the first passage times of the double exponential jump diffusion process.
These two distributions of the jump size will be discussed in this section.

In this kind of model, the instantaneous arrival intensity is
P(Xiys 2 b X:)

ht = hﬁ']l s 5 T>1
~ lim ASP(Xy + ps+oW: +J 2 b|Xy) + (1 — As)P(X; + ps + o W7 > b Xy)
8]0 s 9

where W™ is a standard Brownian motion and is independent of X. Thus
s

he = AP(J >b—X,|X,) +lim

While when we look at its conditional expectation,

Elhlr > t] =

b-—Xt— S
EPP(J > b= X X)lgn] | E|@ (e ) Iirsty) P> 8
P(r >1t) sl0 ] '
here ®(-) is the CDF of a standard normal distribution. It will be the overall hazard function
at time ¢, and we call the first part the hazard function due to jumps and call the second part

the hazard function due to diffusion.

5.2.1 Exponential jumps

Fist we list some results from Kou & Wang [34]. Define the first passage time of the jump

diffusion process X; as

o =inf {t > 0: X; > b}, b> 0, (5.6)
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where the jump size follows a double exponential distribution with density

f(x) = pme ™ Izz0) + qee™* Iiz<o}

m,m2 > 0,p € (0,1] are constant and p + ¢ = 1. Denote X, = limsup,_,, X; on
the set {7, = oc}. Then the CDF of 7, is P(n, < t) = P(supg<,<, Xs > b). For any
6 € (—n2,m ), let the moment generate function of X; be

E[e®*] = exp{G(9)t}, where
1
G(z) = ux+—02x2+)\< Pn | 9% —1).

2 m—T Tt
Lemma 5.2.1 (See Lemma 2.1 in [34]) The equation

G(z)=a foralla >0
has exactly four roots.: By 4, 32,0, —B3,a» —Ba,e With

0 < Bre<m < fBaq <00, 0 < B3q < M2 < Puq < 00.

n2

In addition, let the overall drift of X; be d = p + A( ﬁ — ), thenasa — 0,

0 ifd>0, \
/81,0, i { /8; l\fd < 0’ and /32,(1 - /627

where 37 and (33 are the unique roots of G(x) = 0 with 0 < Bf < m1 < 85 < 0.

The distribution of 7, is represented explicitly in the form of its Laplace transform as

following.

Theorem 5.2.1 (See Lemma 2.1 in [34]) For any a > 0, let 31 , and 3, , be the only two

positive roots of the equation G(x) = a with 0 < 1, < T < P2, < 00. Then the Laplace

transform of Ty is

Mm—"051a  Boa 814 Bra—M Pia —bBag
e "+ e~ P2,
m P20 — Bia m B2,0 — /Bl,a

Ifd >0, f1, —» 0asa — 0, then P(T < o0) = lim, o Ele™®®] = 1. If d < 0,

Ele™m] =

P(t < o) < 1. Theorem 5.2.1 holds as long as Bi,0 and 35, exist, which is the case
that {p > 0,0 > 0} or {p > 0,0 = 0, > 0}. If p = 0, there is only one positive
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root and two negative roots for G(z) = a > 0. If p > 0 and ¢ = 0, the equation has
three roots: when u > 0, there are the two positive roots 0 < 81, < m1 < B4 < ©
and one negative root —3, > —m; when p < 0, there are the two negative roots
0 < =B < —M2 < —B3,, < 00 and one positive root By, < 71.

Now consider the PIDE representation of the Laplace transform of 7 in (4.14), here
Y, = b — X;. Then

l(a,y) = Nh—ba B e~VPa 4 Boa—m  PBia VP2
’ M Bra—Bia m  Bre—Bra

= Aje¥Pe 4 A e VP20

and

al(ay) = @)L~ Hau)) - iy0,1) + Slala,n)

+ /{x+y>0}[l(a, z+y) —l(a,y)v(dz).

The Lévy measure of Y is v(dz) = Af(—z)dz. And the instantaneous default probability

is

h(y) = AP(J > y) = Ape V™. (5.7)
The right side of the PIDE is
2 2
[ﬂﬁm + % — h(y)] Aje¥Pre 4 [,uﬁz,a + (Uﬂ;’“) - h(y)] Age¥P2a
+h(y) + A [/ la,z+y)f(—z)dzx — / f(=z)l(a, y)dx] . (5.8)
>y >—y

And
la,y) /)_ f(=z)dz = l(a,y)lg+p(l —e¥™)] =1(a,y)(1 — pe¥™),

o) 0
/ f(—2)l(a,z +y)dz = / gnee”™%l(a, z + y)dz + / pe™l(a, x + y)dz
>—y 0 —y

(Ale—yﬂl,a Age~ V524
= qm + +
2 + ﬁl,a M+ ﬁ2,a )

A (e ¥B1a . p—ym Ao(e ¥B1a _ o—ym
m ( 1 ) | Aale c )> .
m—Bia m — Boa
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Then the coefficient of A;e~¥%1a in (5.8) is

(061,0)° [ amn pm _
IUI,BL 2 (y) T2 + /Bl,a - /Bl,a ( P )

= G(Bra) — h(y) + Ape™™ = a.

Similarly,the coefficient of Aye~¥%24 in (5.8) is also a. And the remaining term is

A
m — B

e S
m— /Bl,a
Thus the right side of the PIDE, (5.8) is a(A;e Y%t + Aye ¥%24) = ql(a,y), the left side
of the PIDE.

The forward hazard function is

AT =) = ZE g,y {2

and the instantaneous default probability will be
Aly) = im A(T — t,9) = lim L™ {1(a,y)} = lim al(a,y).
g a—00 a—00

As a — oo, the two positive roots of equation G(z) = a are 8; , — 7; and Ba,, — 00. Let

G(f1,.) replace a, then

h(y) = lim G(B14)l(a,y)

a—o0

. 1 A A
= i (o o2+ 2 ) i(a) + Jin 2P,y

2+ Bra a—o0 7 — Bha
A - a
= 0+ lim {dll X m = b, e PLaY — \pe MY,
Bia—m 1 — ﬁl,a ™m

Now we may apply the result to our credit model. Let the nature log of the firm value
(In V})¢>0 be a jump-diffusion process on the stochastic basis (Q, F,F = (F, )0, @), Q is
the risk-neutral measure.

N,
nV;=lnVo— X, =InVo — put — oW, = y_ J,

i=1

then the firm value process follows the SDE

1
dVi =V, [(—p+ 502)dt —odW; + (e7" — 1)dN, | . (5.9)
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Under Q, the expected instantaneous return on V is the risk-free interest rate r,
1, Qp,—J
r=—u+§a + AE®[e™ —1].
Define the default time be 7 = inf {t > 0 : V; < F'}, then it is equivalent to
r=inf{t>0:X;,>InV, —InF},

which has the same form as 7; in equation (5.6) with b = In(V,/F') > 0. To simplifies the
model, let p = 1, that is the jump size J follows an exponential distribution with parameter
1 = 1,. Then Theorem 5.2.1 shows that the Laplace transform of 7 is

EOeor) = 1 Pra__Paa (E)ﬁ“‘ L Bra=1_ B ( F )ﬂ
Ui 182,0 - ﬂl,a Vo n ﬁ2,a - ,Bl,a Vo ’

where (3 , and 3, are two positive roots of the equation

B _ 1 5, Az
a—G(J:)—,ux+2ax +17—x’ a>0.

The laplace transform of the CDF of 7 is

Fla) = /0 et p(t)dt = /0 e /0 " ()dsdt

_ 1! /oo e *f(s)ds = %EQ[e_‘”].

a Jo
As Kou & Wang [34] discussed, numerical inversion of Laplace transform should be
used to obtain the distribution of 7, and they decided to use the Gaver-Stehfest algorithm

since it is the one that does the inversion on the real line. Here is how the algorithm works.

For any bounded real-valued function f(-) defined on [0, co) that is continuous at t,

f) = lim fu(2), where

x 2 (@) el n\ ; In2
fa(t) = T An=1) ;(-1) p ) f((n+ k)T)'
On {7 > t}, the instantaneous default probability is
he = AQ(J > b— X,|X;) = X "O~XD) = \(F/V})". (5.10)
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So at the beginning of the time horizon, the instantaneous default probability is not zero
any more and it is
ho = AF/Vo)".
The hazard function which is considered as a function of time A(t) can be divided into
two parts: the one due to random jumps is E9[h;|7 > t] and the one due to the Brownian
motion with drift is A\(t) — E9[h;|7 > t].
As mentioned before, we may use h? = E?[h(X;)|E,] to estimate E9[h|7 > t]. And

hi = Ae E®[e™ I1x,«5}]/Q(X; < b).

Xy = ut + oW, + Zﬁ\il J;, where the diffusion part ut + cW,(:= ) follows a normal

distribution with mean pt and variance o¢, the jump part 21\21 Ji(:=y) follows a gamma

k%

distribution with rate 7 and shape k conditioningon N; =k, k=1,2,.... So

m&<m:mm=m/

{z<b}

ﬂmm+§ijm=mA F(@)9(y)dady,
k=1

z+y<b}

where f(z) = ~—=exp {—“;;‘;?2} is the PDF of z and g(y) = n*y*~le™/I'(k) is the
PDF of y given N; = k. Similarly, the expectation E9[e"*I;x, 4] is

aw.=o) [

@i+ QU =) [ et fagy)dady
{z<b} k=1 {z+y<b}

Figure 5.3 show the overall hazard function in [0,10], estimated hazard function due to
random jumps (h}) and their difference which can be considered as the estimated hazard
function due to the movement of Brownian motion with drift. The parameters used are
r=0.06,0 =04, A =0.6,7 = 10and F/Vj = 0.5.

A more reasonable setting is to let the threshold level of default be the discounted value

of the face value, Fe™"T~1. Then the default event {V, < Fe "(T~%} is equivalent to
{Xe2InVo—InF+r(T -8} ={X,+rt>hl, ~InF +rT},

So the barrier b = InVy — In ' + rT" > 0 and the function G(z) = (1 + r)z + 30%2® +
Az/(n — z). The instantaneous default probability is

F\" F\"
h :)\e‘"(b‘x“rt)zA(—) eI <A (=] .
' 7 = \n
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Compared to the previous case, the default will be less likely to happen because of the
lower default boundary.

Figure 5.4 show the overall hazard function, estimated hazard function due to random
jumps (h}) and their difference when the threshold level of default is F’ e T The
parameters are the same as Figure 5.3 and the maturity is T' = 10.

Figure 5.5 compares the estimated default intensity due to jumps in two cases. In the
latter case (discounted face value), the estimated default intensity is lower because its
default barrier Fe~"T~?) is much lower than the other one F but the firm value processes
are identical. The estimated default intensities are the same at maturity when two default
barriers are both equal to F. In fact, the instantaneous default intensity is A(F'/V;)" in the
first case and it is Ae”™ T~ (F/V;)" in the latter case. Figure 5.6 compares the overall
hazard rate in two cases.

We also simulate the firm value process in [0, 1], where there is only one jump at ¢ = 0.5.
The initial firm value is 1 and the face value of bond is 0.5. The value is showed in Figure
5.7 and there is no default in [0, 1] for both threshold level F and Fe~"¢~%. The associated
instantaneous default intensities for both threshold level are compared in Figure 5.8.

Figure 5.9 shows the overall hazard rates with three different initial leverages in the case
that the threshold is F. When ! = V;/F = 6, it can be considered as a high grade issue and
the hazard rate has an upward trend at the beginning and then remains flat. When [ = 2, the
hazard rate increases first and then follows a downward trend and remains flat thereafter.
When [ = 1.5, which is the lowest grade among the three, the hazard rate follows a similar
pattern as the one when ¢ = 2 but with higher slopes. It increases dramatically at the
beginning and reaches its highest at £ = 0.41. Overall, the hazard rate of a high grade issue

is lower than the hazard rate of a low grade issue.

5.2.2 Normal jumps

Zhou [56] assumed that the jumps —J; in equation (5.9) follows a normal distribution with

mean (4, and standard deviation o,. Define the default time be

T=inf{t>0:V, < D} =inf{t >0:InV; —InVy <Iln D, — InV,},
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Vo > Dy. Then the instantaneous default probability is

Ry + pir
he = \Q(—J < InD, —InV;|V;, D) = \® (_ Ay )

O

where R; is the log ratio of V; /D, and ®(x) is the CDF of a standard normal distribution.

Obviously, h increases with A, while decreases with R and p,. When B > —p., it will
increase with o,; when R = —p,, it will be invariant with ¢; otherwise h will decrease
with o,. R; measures the distance between the firm value and the threshold level. The
lower the R;, the higher the likelihood of default. The jump size J with lower mean will
have more chance to being small, so more chance to default. A and o, represent the jump
risk. High value of A implies high frequency of jumps. Figure 5.10, 5.11 and 5.12 show
how these four parameters (), R, pr, 0,) affect the instantaneous default intensity (due to
jumps) based on the normality assumption of J.

Following the assumption in equation (4.7), the default time is defined as 7 := inf{t >
0: R + JJAN; < 0}, Ry > 0 before default, the default event will only be caused by

unpredictable jumps. And it admits an intensity, h;. The estimated hazard rate is
hi = E9[hy|R, > 0] = E9[hy].

Let A\(t) be the hazard function, then the survival probability can be represented as

ew{- [ A(s)ﬁds} - £ x| - / s}
exp {£9 |- [ has] } = {= [ nias}.

The inequality is an application of Jensen'’s Inequality on the convex function €. And it is

QT > t)

v

true for all £ > 0, then hy > A(t) for allt > 0 and we say that h! overestimates the hazard
function A(t). The survival probability based on A! is less than its true value.

Now consider the dependence of default. Let R', R? be strictly positive diffusion

processes as
dR! = Ri(udt + o, dWi), R,>0 (5.11)

and define the default times as

7' =inf{t : R + J'AN; + M'AN} < 0}.
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L, 0; are constants. W, W2 are standard Brownian motions with dW}W? = pdt. N,
N}, N? are independent Poisson process with arrival rate A, A;, Ag respectively. The jump
sizes (J!, M) and (J?, M?) are normal random variables with mean 4., 42 and standard
deviation g}, o2 respectively. When AN, = 1, the correlation coefficient of two associate
jumps J! and J? is p,. Other random parts are mutually independent.

The individual default intensities are

1 1
(R = (A +X\)d (-Rt”"),

R2A(RY) = (A +X)® (——u
with the joint default intensity

1 1 2 2 ) i

1 2
ol o

Given the path of R, the joint survival probability is

+ s min{t,s}
QU >t, 7 >s) = exp{—/ hl(R}t)du—/ hQ(Rﬁ)du—F/ h(R}“Rz)du}
0 0 0
= Q' > t)Q(7* > ) min (efot h(Ry,R)du of5 h(R}“Ri)d") .

If R! are constants, the joint distribution of the default times follows the bivariate
exponential distribution. It has been studied in Giesecke [25]. The linear default time

correlation coefficient is
h(Rl, R2)
hl(R') + h?(R?) — h(R!, R?)’

and Spearman’s rank correlation is

3h(R', R?)
9hI(RY) + 2h2(R2) — h(RY, R?Y)’

If A = 0, then there is no common default for the two firms, while the individual

intensities are correlated through W! and W? as

dh! dh?
dhtldh,? = d—RlaﬁR}Rfalagpdt.
Figure 5.13 simulating the R’ values when Ry = 1, u; = 0.2, 0; = 0.3 and p = 0.5.

Figure 5.14 shows the associated default intensities, where A = 0.2, \; = 0.4, uf, =-0.1
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and ¢ = 0.3. With these parameters, the joint default intensity increases with the
correlation coefficient p,, which is shown in Figure 5.15. Figure 5.16 simulates the default
events. The common Poisson process N; jumps at time 1.5 and 6, the jump times of N} are
2.6 2.9 and 8.3, and there are 5 jumps of N? in [0, 10]. Firm 1 defaults at ¢ = 6, and firm 2

survives in [0, 10].
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Difference of Hazard Rate (in basis points)
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Figure 5.1: Coin tossing: the difference h} — A(t) increases with n.
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Relative Difference of Survival Probability

0.05%

0.04% |

0.03%

0.02%

0.01% |

0.00%
——n=1 0.1 0.2

09 1
e =D
— =3

o =4

Figure 5.2: Coin tossing: the relative difference of survival probability and exp{— fot hlds}
increases with n.
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Hazard Functions (in basis points): Default Level is Face Value

25

20

overall hazard rate

Figure 5.3: Exp-jumps: the overall hazard rate A(t), the estimated hazard function due to
jumps A} and their difference when the threshold level is the face value.
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Hazard Functions (in basis points): Default Level is Discounted Face Value

10 . N

hazard rate due to jumps

Figure 5.4: Exp-jumps: the overall hazard function A(¢), the estimated hazard function due

to random jumps % and their difference when the threshold level is the discounted face
value.
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Estimated Hazard Functions Due to Jumps (in basis points)

35

30
threshold levet: face value
25 r
20 t
15 threshold level: discounted face value

10 ¢

05 |

0.0

Figure 5.5: Exp-jumps: h! is higher when the threshold level is the face value than the case
that the threshold level is the discounted face value.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 5.2 Poisson-diffusion processes 109

Overall Hazar Functions (in basis points)

24

20
threshold level face value

threshold level: discounted face value

Figure 5.6: Exp-jumps: A(¢) when the threshold levels are the face value and the discounted
face value.
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Simulated Firm value Process in [0,1]

0% r

08

! RN

05

face value F=0.5

0.4 n s s n o

Time

Figure 5.7: Exp-jumps: the simulated firm value process where there is only one jump in
[0, 1].
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Instant Default Intensities
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035 ¢
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0.05 |

threshold level discounted face value

0 0.1 02 03 04 05 0.6 0.7 08 0.9 1

Figure 5.8: Exp-jumps: h; is higher when the threshold level is the face value than the case
that the threshold level is the discounted face value.
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Overall Hazard Function (basis points)

60
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Figure 5.9: Exp-jumps: the overall hazard rate follows an upward trend for a high grade
issue; for a low grade issue, the hazard rate is hump shaped for the first few years and keeps

flat thereafter. Here [ = V;/F' is the initial leverage.
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Instant Default Intensity
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Figure 5.10: Normal-jumps: h; increases with mean jump rate A and decreases with R.
(pr = 0,0, = 0.5.)
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Instant Default Intensity

1.5.
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2 15 1 0.5 0 0.5 1 15 2
------- sigma=0.2
Mean Value of the Jump Size — e~ sigma=05
——sigma=0.7

Figure 5.11: Normal-jumps: h; decreases with y,. It increases with o, when pu, > —R
and it decreases with o, when i, < —R. (A=1,R=1n2.)
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Instant Default Intensity

1
t
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Figure 5.12: Normal-jumps: h, increases with mean jump rate A and decreases with ..
(R=In2,0,=0.5)
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Default Intensity

10

Figure 5.14: Joint case: the default intensities, A* = (A + Ai)é(—ﬂ;—“g“), a decreasing
function of R. Here A = 0.2, \* = 0.4, 4 = —0.1 and 6% = 0.3.
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Figure 5.15: Joint case: the joint default intensity, A@(—E%“—’l', ——RZ%JZ“—%; Pr), increases

with p,.
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Simulating the Default Time
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Figure 5.16: Joint case: 7% = inf{t : R + J'’AN; + M'AN! < 0}. AN; =1 at 1.5, 6;
AN} =1at2.62.9 and 8.3 Firm 1 defaults at time 6 and firm 2 survives.
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M (k,n) in coin tossing problem

We want to prove that

n(2k +n - 1)!
Kn+ k!

M (k,n) is the number of pathes such that Xy = 0,Xok4n-1 = n — 1,X; < n for

M(k,n) = k=01,--;n=12---. (A.1)

1=1,2,---,2k +n — 2, where

“ 1
Xm=>_ i, PJ=1)=PJ=-1)==.
i=0
Define #(-) be the number of paths satisfied the condition inside, then M (k,n) is
k-1

#(Xo =0, Xopin-1=n—1) = Y _ M(i,n) X #(Xisn = 1, Xogsno1 =1 — 1)
=0

_ 2k+n-1 2k—2i—1

- (M) (M)
=0

When k =0, foreachn =1,2,---,

n(2*0+n—1)!

0l(n + 0)!

MO,n)=#(Xo=0,X1=1,X=2,-+ , Xpoy=n—-1)=1=

Fork=1,2,---andn=1,2,---, define

ZM n)(zk 21_1)=<2k+:—1)_M(k,n),

i=0
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and define ( "
2k+n—1)!
Bk = =it R
Then equation (A.1) is equivalent to
N(k,n) = B(k,n), kn=12,-- (A2)

We will prove it for each k and n by inductive method.
When k = 1, for each n > 0,

N(,n) = M(O,n)<2*1zzzo_1>:1—g—*_% B(1,n).

M(1,n) = (2*“1"‘1)-N(1,n)=(n+1)—1=n.

When k = 2, foreachn > 0,

N@n) = M(1,n)<2*253’;1_1)+M(o,n)(2*2;3’50"1)
(2%2+n—1)
(2-Dl(n+2)!

Next, let’s show that N(I,1) — N(I —1,2) = B(l,1) — B(l — 1,2) for each | > 1 by
assuming that (A.2) istrue fork =1,--- ,[ —n,n =1, 2. First,

20 +1-1)! 20— 1) +2—1)! (2 - 1)1
B - BU-L2) = 0 —qyr5 1) ~ =10 -1+21 _ Q=1
and N(I,1) — N(l —1,2) isequal to
oIk (21 -1) [ A—2—1) =2%(Q2i+2-1)/20-1)—-2 —1
Z il(i +1)! ( l—i )‘Z il(i + 2)! ( l-1-1 )

=0 =0

= nxl+1x3=n+3= = B(2,n).

A—1\ < (2)  (2—2i—1)
:( ! >+Zz'(2+l) Tl =) —i—1)!
22%(2+1) (21 —2i—3)!

; G +2) (I—i—DIl—i-2)

(-1 Z2(]+1) « (25 +1)! (2 -2j-3)
IROIGESY] G+DIG+2)! (-i-D-5-2)

2% (2 +1)! (20 -2 —3)!
_Z G+2) (—i—1)I(1—i—2)
(20 —1)!

= w—n ~ BGD-BE-12).
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Then, we will show that N(I,n +1) = N({,n) + Nl - 1,n+2) and B(l,n + 1) =
B(l,n) + B(l — 1,n + 2) for n,l > 0 by assuming that (A.2) istrue fork = 1,--- ,1 ~ 1,
n=1,2,3,---.

Nln)+N(I1l-1,n+2)
B l_zln(2i+n—1)! 2l—2z‘—1>
N il(n+ )t -1

i=0

+’22 (n+2)(2i+n+2-1)! 2(l—1)—2i—1>
il(n+2+1)! I—1-1

1 . .
20-1 n(2i+n—1) [ 2A-2%—1
_( z >+; A(n 1) I
+’i (n+2)(2j +n—1)! 25—2]'—1)
(G —Dln+1+ ) I—j

j=1

_ (21 >+Z(2Z+n—1)[n(n+z+ )+(n+2)i])(21—2z'—1)

— illn+1+ 1) l—1i

(- @Qi+n-Dn+1)(2+n) [ 2-2—1
N ( >+Z in+i+1)! I—1

B lzl (n+1)(2i +n)! [ 2 —2i—1
- il(n+14+1)! [—i

) =N(,n+1).

=

And

2l +n-1)! el-1D+n+2-1)
(=Din+)! ((-1-Dn+2+1-1)!
m+l+)*«@2+n—-1)+({I-1)*(2+n—-1)!

=Dl n+1+1)!
2l4+n)*2l+n-1)!

= ERICESET)] = B(l,n+1).

Now we have the followings information,

B(l,n)+ B(l —1,n+2)

i Foreachn =1,2,---, M(0,n) = 1and N(k,n) = B(k,n) is true when k = 1,2.

ii For each ¥ = 2,3,---, N(k,1) — N(k — 1,2) = B(k,1) — B(k — 1,2) if
N(l,n) = B(l,n) holds when ! =1,--- [k —n,n=1,2.

ili Foreachk =2,3,---,n=1,2,---, N(k,n+1) = N(k,n) + N(k — 1,n + 2) if
N(l,n) = B(l,n) holds when!=1,--- .k—1,n=1,2,3,---
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iv Foreachk=2,3,---,n=1,2,---, B(k,n+1) = B(k,n) + B(k — 1,n+2).

When k = 3, clause ii shows that N(3,1) = N(2,2) + B(3,1) — B(2,2) = B(3,1)

since N(2,n) = B(2,n) for each n > 0 which is given in clause i.

N(3,2) = N(3,1) + N(2,3) = B(3,1)+ B(2,3) = B(3,2),
N(3,3) = N(3,2) + N(2,4) = B(3,2)+ B(2,4) = B(3,3),
N@3,n—1)=N@3,n—2)+ N(2,n) = B(3,n—-2)+ B(2,n) = B(3,n—1),

N@3,n)=N@3n-1)+N(2n+1) B(3,n-1)+B(2,n+1)=B(3,n), n>1.

v v’

clause iii clause iv
Then N(3,n) = B(3,n) istrue foreachn =1,2,---.

When k£ = 4, clause ii shows that N(4,1) = N(3,2) + B(4,1) — B(3,2) = B(4,1)
since N(3,n) = B(3,n) foreachn > 0. Andthen N(4,n) = N(4,n—1)+N(3,n+1) =
B(4,n—1)+ B(3,n+1)=B(4,n) forn > 1.

By induction, we may conclude that N(k,n) = B(k,n) for each k,n = 1,2,---.
Equivalently, we have proved that M(k,n) = n(2k + n — 1)!/(kl(n + k)!), for each
k=0,1,--,n=1,2---.
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Equation (5.4) in coin tossing problem

First we recall the equation and denote, for t € [0,T),

AT -ty y) + 3y + 1) 9ty —1) - 20(ty)] =0 y>2,
A(t’y)'_{/\(T—t,lll)w(t ?{) f[w( 2) ~29(t,1)] =0 y=1,

with terminal condition ¥(T,y) = 1,y > 1. Where

=t I\
Y(t,y) = 1—1//O 6'“—”(3—8)6137 L@ =2 e m

and
€T —t,9) =y @0 BTy )

Let f(t,y) = MT — t,y)p(ty) = W(t,y)/0t = —0y(t,y)/0T, which is the
probability density function at time T" assessed at time ¢. Then f(7T’,y) = Iy=1;A/2 and

_ ye~NT-0) 1y L(A(T -1))
flt,y) =yeTHIE——2, te(0,T).
The terminal value of A(t,y) is
AT,1) = F(T,) + S(T2) ~ 29T, 1) = 5 + 51 -2) =

and

AT,) = F(T.9) + STy + )+ 9T,y 1) = 26(T9)] =0, y>2.
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Next we will prove that 0A(t,y)/0t =0fort € [0,T)and y > 1.
When y > 2, the derivative 0A(t, y)/0t is

xrp O (L,(Qu)
ATty 9 (A
M(t,y) —ye 50 ( "

A s @ (L)
= Sty + oy -] e 0 (M)
0

= MY {%[(y + DIy () + (y = DIy ()] -y (M)} lu=r—¢.

) |u=T—t + %[f(t’y+ 1) + f(t7y - 1) - Qf(t’y)]

U
Where

9 (L,(w) i (2 +y — 1)(2)Ptug2k+v=2 _ i (2k +y — 1)(A)2+y-1
u\ uw ) Ky + &)! 2u & Ky + k)!

2
and

(Y + DIyp1(M) + (y — DIy-1(Aw)

N (y+ D) S (y - DE)F (y— 13!
- Z;O Hy+110 2 H-1+R " (-1

() (y+ DE)HF Sy — 1)(3
= (y—z)f’; M+ 117 2 (k+1)v§ R
(%)y—l 00 (y+2k+1)(Au)2k+y+1

-2 & (R Dy+1+R)
_ (7”)?’ ' Zyy+2k D™ yly -
Ky + k)! J]
y+2k’— Au2k+y—1
pysten
—~ kl(y + k)!
Thus 0A(t,y)/0t =0fort € [0,T)and y > 2. When y = 1,

dA((itt,l) e — Tl (M) |u=T_t+%[f(t,2)—2f(t,1)]

)2k+y+1

du U

o~ MT—1) [MQ(;\*(T;”) _ % (@) quT_t]

and
(Qk)( )2k+1 2k—1
K(1+k)! =Z(k—1)!(1+k)!

%)2k+3u2k+1 AIQ A'U;)
ER+k)! w7

2(%)2k+1u2k—1

2(

&=
TN
S~
22
£
SN—’
I
M2 I

o
Il

0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



131

then dA(t,1)/dt = 0 forallt € [0,T).
We conclude that JA(t,y)/0t = 0 fort € [0,T) and y > 1, thus A(t, y) is constant in
t. And this constant number is equal to its terminal value A(T,y) = 0. Equation (5.4) has

been proven.
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