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ABSTRACT

This thesis studies the qualitative theory of linear and nonlinear infinite
dimensional dynamical systems with applications mainly to parabolic
partial differential equations. The objective of the study is to examine
through linearization the local and global behaviour, including existence and
nonexistence, of invariant structures such as equilibria and periodic solutions.

In the linear theory, the dimension of the asymptotically stable solution
subspace of a linear differential equation is studied. This gives new insights
into the behaviour of linear and nonlinear dynamical systems.

The nonlinear results include such topics as a generalization to infinite
dimensional differential equations of a classical stability condition of
Poincaré.  The main idea is that a periodic orbit is stable if the
system diminishes nearby 2-dimensional areas. Similar considerations give
conditions for the existence as well as the stability of a periodic solution.
If the system diminishes areas globally rather than locally, it is shown that
nontrivial periodic solutions can not exist; this is a generalization of the well-
known 2-dimensional Bendixson condition for the nonexistence of periodic
solutions.

Examples of applications to concrete differential equations are given
throughout and the thesis concludes with an application of the Bendixson

condition to an epidemiological model.



ACKNOWLEDGEMENT

I am grateful to all the people who made this thesis possible. First
and foremost, I would like to express my deep and sincere gratitude to
my supervisor, Professor James Muldowney. During my doctoral study, he
never failed to be friendly and supportive and always had time to help and
discuss problems. His enthusiasm, inspiration and personal guidance helped
to make research life smooth and rewarding for me. Without his patience and
generous support, as well as his critical comments during the thesis writing
period, this thesis would not have come as far as it did. I simply could not
wish for a more dedicated supervisor.

I wish to express my appreciation to my co-supervisor, Professor Michael
Li, for many valuable suggestions and constructive advice especially during
the development of applications of this thesis. His organization of a very
productive research group and laboratory was especially valuable.

I thank my mathematics teachers in China and Canada and departmental
support staff who have assisted me in many different ways. Special thanks
to Professor Thomas Hillen for two courses which increased my knowledge in
the area of partial differential equations and to Professor Jack W. Macki for
taking great interest in my doctoral research as well as providing suggestions
to improve my presentation skills.

I thank Shawn Desaulniers, for his love and support over the years.
My many student colleagues, especially Hongbin Guo and Zhisheng Shuai,
provided a stimulating and friendly environment in which to learn and grow.

Financial support from an Izaak Walton Killam Memorial Scholarship, a
F. S. Chia PhD Scholarship, a R. Pundit Sharma Scholarship, a Josephine M.
Mitchell Graduate Scholarship and a Josephine M. Mitchell Research Prize
is gratefully acknowledged.



Contents

Introduction

1 Compound Operators and Compound Equations

1.1 Exterior Products . . . . . . ... ... ... ...
1.1.1 Vector Space: Hamel Basis . . . . . ... ..... ...
1.1.2 Normed Vector Space: Schauder Basis . . ... .. ..
1.1.3 Function Space . . . . .. . v
L14 L2 . o oo
1.1.5 Imterpretation . . .. ... .. ... ... ... ... .

1.2 Compound Operators . . . . . ... ... ... ... ......
1.2.1 Representation of Compound Operators . .. ... ..
1.2.2 The Laplacian Operator . . .. .............

1.3 Compound Differential Equations . . . ... ... ... ....

Dimension Problems

2.1 Asymptotically stable subspaces . . . .. ... ... ......
2.1.1 Function Space . . .. ... .. ... ... . .. ....
2.1.2 Normed Vector Space . . . . ... ... ... ......
2.1.3 Differential Equations . ... ... ...........

2.2 Dimension Problems for Steady State Solutions . . . ... ..

On Poincaré’s Stability Criterion for Periodic Orbits

3.1 Orbital Stability of Periodic Solutions . . . . . ... ... ...

3.2 Reaction Diffusion Systems . . . . . ... .. ... .......

3.3 Effectof Diffusion . . . . . . .. .. .. ... . ... ......
3.3.1 Stability of Periodic Solutions . . . ... ... ... ..
3.3.2 Instability of Periodic Solutions . . . ... .......

26
27
30
31
32
35



3.3.3 Planar Reaction Diffusion Systems .. ... ... ... 75

3.4 Scalar Reaction Diffusion Equations . . . . . .. ... ... .. 81

4 Convergence Theorems 96
4.1 Existence of Stable Steady State Solutions . . ... ... ... 98
411 Proofof Theorem4.9 . ... ... ... ... ...... 102

4.2 Existence of Stable Periodic Solutions . . . .. ... ...... 107
4.2.1 Proof of Theorem 4.12: . . . . . . . . ... .. ... .. 112

5 Bendixson Criterion 126
5.1 Surfaces and Boundaries in Banach Spaces . . . ... ... .. 128
5.2 Bendixson Criterion. . . . . .. ... ... ... ... ..... 136

6 An Example from Epidemiology 145
6.1 Existence and Boundedness . . ... ... ... ........ 146
6.2 Nonexistence of Periodic Solutions . . . . .. ... ....... 156

A Lozinskii Measures 158
B Sectorial Operators 162
B.1 Sectorial Operators and Analytic Semigroups. . . . . . . ... 162
B.2 Fractional Powers of Operators . . . .. ... ......... 163

Bibliography 166



List of Tables

2.1 Norms of kth exterior products . .

A.1 Norms and Lozinskii measures of A



List of Figures

1.1

2.1

2.2

3.1
3.2
3.3

4.1
4.2

5.1
5.2
5.3

6.1

Exterior product u* A---AuF . . .. L 13

Stability of steady state solutions in the invariant subspace S;

and SQ ................................ 42
Graphsofyzl—s—%andy=—3+7e+5;. ........ 46
£ = 0.2. The black trajectory is u? + (u')2 =222 . . ... .. .. 90
e = 1. The black trajectory is u? + (u/)2=2.92. . . . . ... ... 91
g = 10. The black trajectory is u? + (v/)2 = 1452 . . . . . .. .. 91
A measure of the angle between z' and 22 . . . . . ... ... 114
Evolution of the oriented infinitesimal parallelogram v! Av . . 122
The boundary of the 2-dimensional surface hin X . . . .. .. 131
Asector Tat 0inR2, .. ... ... ... ... ......... 133
The map R. Note v(de) = (P (xe), |Patp (£e) ||). . . . . . . 135



Introduction

This thesis extends the theory and applications of compound matrices to
differential equations in Banach spaces. The research developed provides
new tools for the study of global behaviour of infinite dimensional dynamical
systems.

Most of the developments on compound operators have occurred in the
context of linear and multilinear algebra. Results on Hilbert spaces are
discussed in [1, 7, 8, 94, 104]. A classical body of work dealing with algebraic
aspects of multiplicative compound operators in R?, usually called compound
matrices, can be found in [3, 33, 47, 67, 109]. One of the best-known results
is the Binet-Cauchy identity. Good historical summaries are [75-78, 91]. In
contrast, the literature on additive compound matrices is quite sparse. In
the final chapter of the lecture notes [110] Wielandt discusses algebraic and
spectral properties of both multiplicative and additive compound matrices.
The same approach is taken in the book of Marshall and Olkin [67]. Fiedler
[31] presents algebraic aspects of additive and multiplicative compounds in
a coordinate-free setting and has applications to stochastic matrices.

Apart from the Abel-Jacobi-Liouville equation, which is also the formula
for the determinant of an n X n matrix solution of a linear differential
equation, applications of compound matrices to differential equations begin
in the 1970s. Other cases are considered for special equations by Mikusinski
[73], Nehari [82] and less directly by Hartman [41], Corollary 3.1, Chapter
IV. However, the first treatment in full generality is due to Schwarz [95] in
his study on the total positivity of fundamental matrices to general linear
systems. London [61] derives a large number of interesting properties of
additive compounds based on the relationship between a linear ordinary
differential equation and its compound differential equations, and shows
how properties of compound matrices may be used to greatly simplify many
classical spectral inequalities.

Muldowney [76-78] systematically develops the theory of compound
differential equations in his study of linear and nonlinear problems of
differential equations in R", such as dichotomy and stability theory, orbital

stability of periodic solution of nonlinear autonomous systems and establishes



a new approach to higher dimensional criteria for the non-existence of
periodic orbits analogous to the conditions of Bendixson and Dulac for planar
systems. Li and Muldowney [52-54, 56, 58] further explore problems such as
lower and upper estimates for the Hausdorff dimension of the global attractor
of dissipative dynamical systems, higher dimensional generalization of the
criteria of Bendixson and Dulac for the nonexistence of periodic solutions,
the existence and stability of equilibria and periodic orbits of nonlinear
autonomous systems on invariant manifolds and global stability problems.
They solve a long-standing open problem on the global stability of the
endemic equilibrium of the SEIRS models with general nonlinear incidence
rate in epidemiology.

Temam [104] reviews the definitions of the exterior product of Hilbert
spaces and of two multilinear operators, which are the additive and
multiplicative compound operators of this thesis. Emphasis is placed on
investigation of bounds on the growth of exterior products of solutions of
differential equations in terms of Lyapunov exponents rather than specific
representations for the compound operators. Central to the discussion in
Chapter V of [104] is the behaviour of distance, area, and, more generally,
k-volumes which are generated locally by the semigroup {S(¢)}i>0 of a
dynamical system. This book gives an exposition of the work of P. Constantin
showing that the evolution of oriented k-dimensional volumes is related to
the k-th multiplicative compound operator of the differential of the map
S(t). Applications to an upper estimation of the exponential decay rate of
the volume and the Lyapunov exponents to partial differential equations are
also discussed in Chapter VI. The concept of evolution of k-volumes in the
dynamics is also emphasized in this thesis.

In Chapter 1, the exterior product of vector spaces and additive and
multiplicative compound operators are defined and compound differential
equations associated with linear differential equations in a Banach space X
are discussed with examples.

In the linear theory, Chapter 2 investigates the codimension of the
asymptotically stable solution subspace of a linear differential equation,
which gives new insights into the qualitative theory of linear and
nonlinear dynamical systems. The objective of the study is to examine,



through linearization, the behaviour of nonlinear dynamical systems in
the neighbourhood of particular invariant structures such as equilibria and
periodic orbits.

Chapter 3 establishes a generalization of the 2-dimensional Poincaré’s
stability criterion to differential equations in Banach spaces. It is well
understood that for periodic orbits of evolutionary differential equations,
the moduli of Floquet multipliers determine their stability characteristics.
However, the problem of directly estimating the Floquet multipliers is
inherently difficult. It is shown that the orbital stability of periodic solutions
is equivalent to the stability of a related compound linear system. This
permits the use of simpler techniques such as Lyapunov functions in the
estimation of the multipliers. Applications to reaction diffusion equations
give new insight on the effect of diffusion terms.

Chapter 4 discusses the structure of omega limits of differential equations
in Banach spaces. A criterion for the existence of periodic orbits for
differential equations in Banach spaces is developed. The finite dimensional
motivation is the Poincaré-Bendixson theory. The characterization of the
stability of steady state solutions in terms of stability of linearizations and
orbital stability of periodic orbits in terms of stability of second compound
differential equations, discussed in Chapter 2 and Chapter 3 respectively, are
special cases of this chapter.

In Chapter 5, an infinite dimensional analogue of the Bendixson criterion
for the nonexistence of periodic orbits is established. The generalized
Bendixson criterion states that, if some measure of 2-dimensional surface
area tends to zero with time, then there are no closed curves that are left
invariant by the dynamics. In particular, there are no nontrivial periodic
orbits, homoclinic loops or heteroclinic loops. In this chapter, the Bendixson
conditions for general nonlinear differential equations are developed in terms
of stability of associated compound differential equations.

In Chapter 6, the results of this thesis are applied to a diffusive SIR model.
A SIR model is an epidemiological model that is used to study the spread of
an infectious disease, such as measles, mumps and rubella. In this chapter,
the Bendixson criterion of Chapter 5 is used to establish the nonexistence of
periodic orbits under certain conditions.



Appendix A gives a brief synopsis of relevant properties of Lozinskii
measures for linear operators. These arise when norms are used as Lyapunov
functions in stability analysis of linear systems.

Appendix B is a summary on sectorial operators and some notations which
will be used throughout this thesis.



Chapter 1

Compound Operators and
Compound Equations

This chapter contains essential definitions and results that will be used
extensively throughout the thesis. A theory of compound operators and
compound differential equations in a Banach space X is developed.

The definitions and properties of multiplicative and additive compound
operators in R", usually called compound matrices, can be found in
3, 31, 33, 47, 67, 75-78, 91, 109, 110]. Applications of compound matrices to
differential equations are discussed in [41, 52-54, 56, 58, 61, 73, 76-78, 82, 95].
Results on Hilbert spaces are discussed in [1, 7, 8, 94, 104]. In particular,
when X is a Hilbert space, Temam [104] relates the evolution of oriented
k-dimensional volumes to the kth multiplicative compound operator of the
differential of the semigroup {S(t)};>o of a dynamical system.

This chapter introduces the exterior product of vector spaces and additive
and multiplicative compound operators. Compound differential equations
associated with linear differential equations in a Banach space X are
discussed with examples.

1.1 Exterior Products

Let X,Y be vector spaces over R. Let Z(X,Y’) denote the space of all linear
functionals from X to Y and X* = 2(X,R) denote the (algebraic) dual
space of X. Define a nondegenerate bilinear map (-,-) : X* x X — R by

(v,u) = v(u) (1.1)

)
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where v € X* and u € X.

Definition 1.1. For every k € N and elements u!,--- ,u¥ € X, define the
kth exterior product u' A --- A uF by
ut A AR (X — R
w A AUy, ) = det[v;(v?)], v, €X*, i=1, -,k (1.2)
Definition 1.2. For each k € N, the kth exterior power of X, /\kX, is the
vector space of all finite linear combinations of elements u! A u2 A --- A u*

where u; € X, i =1,---, k, whose vector addition and scalar multiplication
are defined by

(W AWEA- AU LW AWEA - AR (g, v, 000, k)
=u AuEA - AuF (v, vg) W AWEA - AwE (g, g, 000 1),
a(u AvEA AU = (au) AuEA AU ==l AU A - A (auh),
where o € R,ut,w* € X, v, € X*, i=1,---,k.

Remark 1.1. Equation (1.2) also defines v, A- - -Avg € A¥ X* as a multilinear
map from X* to R and a nondegenerate bilinear map (-,-) : A* X*x A* X —
R by

(A A ut A AUF) =ul A AUE(ug, ).

In this thesis, both notations will be used.

Proposition 1.1. The vectors u',--- ,u* are linearly dependent in X if and
only if
W AUEA- AU =0,
that is, ul A+« AuF(vy, -+ ,08) = 0 for all vy, -+ , vy € X*,
Proof. 1t is straightforward that u! A -+« A u* = 0 if u!,--- ,u* are linearly

dependent in X. Mathematical induction is used to prove that u! A u? A

-+« Au* = 0 implies the linear dependence of u,--- ,uk.

First, it is true
if k= 1. Assume that u' A--- A v* = 0 implies that u!,.-- ,u* is linearly

dependent in X. Next, suppose that u' A -+ Au* Au**' = 0. Then for every
V1,0, Vg1 € X*a

ut A AU oy, o) =0,
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Choose v, such that vy(ul) # 0. Let o; = —jjﬁil 2<i<k+1. Then

1(ut)?

0 = WA AUy, Ukr1)

vy (ul) 0 e 0

vp(ut)  wa(u +onut)  --- va(uFt! + agprut)
= det . .

Vpe1(ul) vper (v 4 opul) o Upp (W 4 appaut)
= v (ul) (@ +agul) A A (W ot (v, vks),
which implies that
(W2 + aqu') A= A U+ agut) (g, 0ppn) = 0

for all vy, - - , Ugy1 since vi(ul) # 0. Therefore

(u? 4 agul) A -+ A (WP + gqut) =0,

and the induction hypothesis implies that u? + agu!, -+, vt + apyqul
are linearly dependent. Hence wu!,---,u**! are linearly dependent.
Mathematical induction implies that u!,--- ,u® are linearly dependent in
Xiful Ao AUF=0. n

Let X be a normed space and X’ denote the continuous dual of X,
consisting of the continuous linear functionals on X. In general different
topologies and norms can be imposed on /\’c X depending on the application.
For w € \* X, define

wllgx x = supw(v, -+ ,v¢) = sup (V1 A+ A vg, w). (L.3)

vy Ui
Here the supremum is taken over v; € X' ||lv|lx» < 1, ¢ = 1,--- k.
For simplicity, the symbol || - || will be used instead of || - || \x x except

when the relationship with the norm in X is to be emphasized. Then for
w, Wy, W € /\kX,a €eR,

(@) llwll = 0;

(i) [|w|l = 0 if and only if for every v; € X', w(vy,v2,--+ ,v;) = 0 if and
only if w = 0;
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(#4) |lawl|| = |a|[|w]|;
(iv) ||wi +wa| = sup (w1 (vi, v, -+, vk) + wavr, V2, *+ , Vk))

< Supwl(’Ul,U% avk) ‘|‘Squ(U17'U2a"' ,’Uk)
i v;

< Nwall + [lwel-

Ak
Therefore, || - || is a norm on A* X. The symbol A X is used to denote the
completion of /\’c X in this norm.

Proposition 1.2. If X is a normed space, then for every u* € X, i =
1,--- ,k, the norm on \* X defined by (1.3) satisfies

k(k—-1)

lut A A< 2T ] [l (1.4)

Proof. The proof is by mathematical induction . First, equality is satisfied
in (1.4) when k = 1. Assume that (1.4) holds for k, a positive integer. Then
ifureX,v;eX,i=1,---,k+1landv; A--- A0 A--- Avgs denotes the
exterior product of the k vectors {v; :i=1,-++ ,k+1,i # [}, then

<7)1/\"'/\Uk+1,ul/\---/\uk+1>

k+1
= S (=D, ul) (v A AT A AU, U A AuFT
i=1

k(k—1)
< (k1) futll - 277 flu?l]- -
k(k—1
< 2627 [l lll] - flu |
k(kt1) -
= 272 Jlulflfle’lf- - e
Thus
ut A A < 255
and mathematical induction implies that (1.4) holds for all k. ]

1.1.1 Vector Space: Hamel Basis

Every real vector space X has a Hamel basis H C X such that each u € X

is a finite real linear combination of elements A € H, a sum of the form

U= Z uhh,

heH
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where all but a finite number of u;, = 0. With each h € H associate a linear
functional (h,-) : X — R defined for k in H by

1 ifk=h
<h’k>‘{o if kB

and, for any u € X, by linearity so that (h,u) = up. Thus
u=Y_(hu)h. (1.5)
heH

Finally, for any 4 € X, a linear functional (u,-) : X — R is defined by
linearity (u,:) = >_ (h,u) (h,-). It follows that, when H is a Hamel basis of

heH
X, u! A -+ Au¥ can be expressed as a finite sum of the form
wA-endb = YT (R uty (BB uP) - (RR ) R A A RE(16)
hicH, i=1,-,k

However, if k > 1, {h* A---AR¥: i € H, i=1,--- ,k} is not a Hamel basis
for /\k X. It is not a linearly independent set as

RYA - - ANRF =sgno b A+ A Bl (1.7)

if o = (43, - - , %) is any permutation of (1,--- , k). A subset Hj obtained by
including just one element A' A - - - A B* of each set of k! elements related by

(1.7) is a Hamel basis for A* X and, from (1.6),
1 k_ 1 ko1 k\ 71 k
uAnuF= Y (A ARR A A R A A RE,
h1A--ARECHY,

where (W' A  ARF Ut A AUR) = det (B, u)

1.1.2 Normed Vector Space: Schauder Basis

Suppose that S = {e*:i=1,2,---} is a Schauder (countable) basis of a real
normed vector space X, then

U= E uie’,
i

where u; = (€%, u) is the ith coordinate of u with respect to this basis. Here
(¢*,-) is defined as for (1.5) but now the sum (1.5) may contain infinitely many
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non-zero terms when X is not finite dimensional. Analogously to (1.7), the
set

Sk={e"A---Ae*: 1< < <ip}
is a basis for A*X under the norm | - || defined in (1.3). No particular
order is imposed on S;. By Definition 1.2, if w/ € X, j=1,--+ ,k, w =
S ulel, ul = (e, uf), then
i

uw A AU ==Zu(i)ei1/\---/\ei‘“,
®

where ] _
UG = <e“/\---/\e“‘,ul/\---/\uk>

= det[{e",u))], nrj=1,---,k

= det [um, r,j=1,---,k

= ulk.
Thus the (i) = (i1---ix)-th coordinate uy = u}l“,'.ﬁk of ul A-- - Ak,
1 < iy < ++ < iy, with respect to the basis {e A--- A€k} in AFX is
the k x k minor determined by the rows iy, --- ,i; of the matrix [u{] .

If X is a Hilbert space with inner product (-, -), then /\k X is also a Hilbert
space with inner product

(ul/\---/\uk,vl/\---/\vk>:det [(ui,vj>]. (1.8)

The space i\kX is the completion of /\kX under the associated norm
<’LU1,’LU2>%. If X is separable and {e‘} is an orthonormal basis, then
{e" A---ANe" 4 < ... < 4} forms an orthonormal basis of /\kX. It
follows from

("N New et A N etR) = 68))

that
lut Ao AuF|2 = (Ut A AUE Ut A AUE)
= 3 (A Aem Ut A AUEY
1< <
o)
31 <<l

Remark 1.2. A good reference on the exterior product of a Hilbert space is
Temam [104], Chapter V.
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1.1.3 Function Space

Let X be a vector space of real-valued functions on a set €. Then a linear
functional x € X* may be associated with z € Q by

(z,u) = u(z)
ifueX. Foru',--- ,u* € X and 21, -+, 21 € Q,
(z1 A Azgut A AR = Ut A AuF(g, e 3) = det U (2)]
Norms on A* X may be defined by
[lwlloo := ess sup {|w(zy, -~ ,zx)| : 2; € Q} (1.9)

or, if 1 < p < oo and ) is a measurable set by

lwliee == = 2 [/ lw(zy, -+, zx)|Pdey - - dzg| (1.10)

when these expressions are finite. If Q is finite or countable, the integral
(1.10) may be replaced by a discrete sum. For example, when X = R™ and
Q={1,2,-++,n}, for ' = (u%,--- ,ut),i=1,--+ ,k,

(AN AUt A AU =ul A AuR(L, - k) = det [u]]
and the I, norm of u! A --- Au* on A¥*R" is

p
”ul/\ /\uk”lp Kl ( Z uzl %kl )

il;"'yik

==

1
p
- 11 zk
1<iy <<l

where ul"% is the k x k minor of the n x k matrix (u,--- ,u*) determined

by the rows 4y, - -+, i.

1.1.4 L%(Q)

The choice of v plays an important role in the application of exterior products.
The following example on X = L?(2), where Q is a measurable set in R”,
shows different representations of u! A u? associated with different choices of
v.
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Case 1: A pointwise representation of exterior products
For v € L*(Q),z € Q, let = again denote the linear functional u —

(z,u) = u(z). Define an inner product

(u,v) = /Qu (z)v(z)de.
For u!,u? € X and 21,22 € Q,
ut AuP(zy, zo) = det [u'(z;)] .
Then, from (1.8),

(ul A, 0t Av?) = det { (w,v) {u,v) ] = det [/Q uivj] (1.11)

(w?,vl)  (u?,0?)
is an inner product on A’ L2(Q). Since u! A u?(z1, z5) = det [ui(z;)),

(ut Aot AV?) = [ det [ui(zy)] det [V¥(z5)] dzidee (1.12)
Q2

is also an inner product on A* L2(Q). In fact, the inner products in (1.11)
and (1.12) are equivalent since

(u' At vt A0?) = % (u? AP vt AP (1.13)

This can be seen by applying the Binet-Cauchy identity for square matrices
[u], [v], det[u] det[v] = det[uv], to the integrand in (1.12).

Case 2: A basis representation of exterior products
Suppose that {e’} is an orthonormal basis of L?(Q2). Then u = Y (¢, u) €.

1
Define another linear map e : u — (€, u) . For u},u? € X, u' Au? is a bilinear
map from {€‘} x {e*} to R and
1 2001 iz} (ez:l,’lﬁ) <6f1,u2>
u' Au(e™,e?) = det [ (e ul) (e u?) |
The set {e* Ae® :4; < iy} forms an orthonormal basis of A? L%(2) and if
w =3 (ef,u)el, j = 1,2, then
uAu? = Z u(i)eil A €%
@
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where ) )
ue = (e Ae?,u' Au?)

= det[{e",w?)], r,ji=12
= det[ul], rj=12

12
7182

is the (i) = (4112)-th coordinate of u' A u?, iy < iy, with respect to the basis
{eir Ae?} in A® L2(R), which is the 2 x 2 minor determined by the rows 41, i
of the matrix [uf ] (see Section 1.1.2). It follows from (1.13) that

2 1 i 2
[l A u?)? = Z (ui2)" = o /m det [u'(x;)]” dz1dzs,

i <ig

(1.14)

= U

where u}2 is defined by (1.14) for any basis orthonormal with respect to the

1112

inner product (-, -) on L%(Q).

1.1.5 Interpretation

In keeping with the tradition of representing a vector v as a directed line
segment, the exterior product u' A---AuF € /\k X can be interpreted as the
oriented parallelepiped determined by the ordered set of vectors {u!,--- ,u*}
(see Figure 1.1). Just as ||u]| can be considered a measure of the length of u

Figure 1.1: Exterior product u* A--- A u*

when it is represented as directed line segment, a norm |Ju' A- - - Au*|| may be
considered a measure of the k-volume of the oriented parallelepiped. If u is

referred to a basis {¢‘}, then u = Y u;e* and the coordinate u; = (¢, u) may
@
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be considered the projection of the directed line segment onto the coordinate
axis e!. With respect to the basis {€® A--- Ae#*} of AP X, ul A v AUk =

Sue A -+ A€, where ug = (€1 A---Aek ul A AUF) = ulE
@

may be considered the projection of u! A --- A u* onto the k-dimensional
subspace of X spanned by e®,... e%. For example, when X = R™ with
the standard orthonormal basis el,-- - ,e", then A*R" ~ R® and the )

components of u! A --- A u* with respect to the k-dimensional coordinate

1.k
G i

subspace span {e",... ,e%*} are the determinants u

1.2 Compound Operators

The definitions of compound operators on vector spaces are generalized from
compound matrices on R?, (see [3, 33, 47, 67, 109]) and the two multilinear
operators on Hilbert spaces considered in Temam [104], Chapter V.

Definition 1.3. Let X and Y be vector spaces and A : X — Y be a linear
operator. The operator A®) : /\"c X - /\"c Y defined by

AB (A A = AU A A AW, W e X (1.15)

and extended by linearity to /\"c X is called the kth multiplicative compound
(or ezterior power) of A.

Definition 1.4. Let X and Y be vector spaces, X CY and A: X — Y be
a linear operator. The operator A¥ : A* X — AFY defined by
k

AB (yh A A uk) :=Zu1/\~~~/\Auj/\~~~/\uk, weX o (1.16)

j=1

and extended by linearity to /\’c X is called the kth additive compound of A.

Remark 1.3. In [104], Temam uses A® A and Ay, to denote what are, in this
thesis, called the kth multiplicative compound operator and kth additive
compound operator of A.

The multiplicative and additive compound operators have the following
properties.
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Proposition 1.3.

(@) IfA: X - Y and B :Y — Z are linear operators, then (AB)®
satisfies the Binet-Cauchy identity

(AB)®) = A®) B®),

() If X CY and A,B : X — Y are linear operators, then (A+B)[k]
satisfies the additive identity

(A+ B)M = A® 4 Bl

(i) If X C Y and A : X — Y is a linear operator, then AWK =

¢ A = = lim [(I + RA)® <k>] / h.
dt =0
(iv) If A, X, -+ and €', €2, --- are eigenvalues and eigenvectors of A, then

ETA-Aek 1 <y <y < - < i are eigenvectors of A® and Al
with corresponding eigenvalues Xy, - -+ Ay, and A, +- - -+ X, , respectively.
Proof. (i) Letw* € X, i=1,---,k. Then
(AB)®) (u' A---AuF) = ABu'A---AABu*
= A®(Bul A--- A BuF)
ABBE) (4 Ao A )

and this equality can be extended by linearity to /\k X. Thus the
Binet-Cauchy identity is proved.

(i6) Let ut € X, i =1,--- ,k. Then
(A+ B)E (ut A+ A k)

[l
M=

WA ANA+BW A AU
1

.
i

Il
=

. k .
WA NAW A AU S U A ABUW A AU
1 i=l1

= (AWM 4+ BF) (ul A - Aub)

and this equality can be extended by linearity to /\kX . Thus the
additive identity is proved.

s,
Il
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(ii7) Let u* € X, i=1,--- ,k. Then
(1 +RA® — 18] (Wl Ao A w)
= (T+hA® (WA AU —ul A Ak
= (1+ hA)u' A
= (hAu) A AuF+- +ul Ao A (hAYR) + O(R?)
= hAF (u! Au?- A uF) +o(h?)
and thus

A1+ hAWF —ul Ao AUR

lim [(I+hA)(’°) - I(")} (ut Au?- - /\uk)/h = AW (ut AP AuF)
This above equality can be extended by linearity to /\"c X. Therefore

d
k] _ (k)
A = )7 (I +tA)

= hm [(I—}— hA) ) _ (k)]/h

t=0
(iv) The eigenvalues and eigenfunctions properties follow from
AR (et Ao Ae) = At Ao A Al
= A€ Acee AN e
Mg A (€A - Ae)
and
A[k](eil Ao Aelk) = ileil Aveo AAeS Aeee A gk
i=
k
= ;:jle” Aves A€ Aeee etk

= (A + A ) (€A Aehk).

1.2.1 Representation of Compound Operators

Let X and Y be real normed vector spaces with Schauder bases {e¢’} and
{f?} respectively. If A : u + v = Lu is a bounded linear function from X to
Y, then _

uoo= Yuel, u;=(e,u),

Lu = ]Z’Uz'fi, Vi = (f‘,Lu)
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implies that
v; = Za{uj, where a] = (f%,Le’). (1.17)
J

Thus the relationship between the sequences of basis coefficients or
coordinates, u = (u;) and ¥ = (v;) of v and v = Lu respectively, arrayed as
column vectors, satisfy (1.17) which may be written

v=Au

where A = [af ] is a matrix whose rows are indexed by ¢ and columns by j.

By Definition 1.2, if " € X, r = 1,---,k, o = Y ujel, uf =
J

(e, u"), implies

ul/\--~/\uk:=Zu(j)ej1/\---/\ej’°
€)

where _ .

U(]) = <e]1 A=A e]k,ul Ao A uk> = u;lkjk, (118)
is the (j) = (j1---Jjx)-th coordinate of u! A --- AuF, j; < .-+ < i, with
respect to the basis {e/t A--- A e/} in A* X (see Section 1.1.2).

From (1.17), v" = Lu" = Zv{fi, vj = (f*, Lu") implies, since

LW (' A Aub) = (Lut) Ao A (L)

the (1) = (41 ---d)-th coordinate vy of L&) (ul Ao A uk), i < v < i,
with respect to the basis {f* A--- A fi} in A*Y is given by

L® (ul A~ AUk =Zv(¢)fil/\---/\fi’°
@

where, from (1.17) and (1.18) with (¢) = (4, --+ix), () = (1" Jr) »

- 1k __ (), 1k
Vay = Yoy = ,b(f)“}r--ju
7

bg)) _ <le A - ,,/\fik,L(k) (ejl A-- ./\ejk)>
— (A A f (L) A A (L))
= det [(f,Le")], r,s=1,---,k

— Jidk
= Gy,



1. Compound Operators and Compound Equations 18

where afll f’“ denotes the k x k minor of the matrix A = [ al | determined by

the rows 41, -+ , % and the columns 71, -, jx. Denote by

A® = (6] = [afiF], (1.19)

(ARR A

the matrix of the linear function L® : A*X — A*Y referred to the bases
{ejl /\.../\ejk}’ {le /\/\fnc}

Similarly, if X C Y, the (i) = (i;---ix)-th coordinate wy of
L¥ (u! A~ AUk, iy < -+ < i, with respect to the basis {€" A -+ A e}
in A*Y is given by

L[k] (ul Ao A uk) = Zw(i)eil Ao A et
0]

where, from (1.17) and (1.18) with (5) = (i1 ---ix), () = (j1 - - J)

_ (4),, 1k
We = ) Ygn-ge
@
cg)) _ <ez’1 A Aetk, LI (et /\.../\ejk)>

k
= <eilA~--Aeik,Zejl/\--~/\Lejs/\-~~/\ej’“>
s=1
k
= Z(eilA---Aeik,ejl/‘\---/\Lej*’/‘\---/\ej’“>.

Let

6j1"'1:’"'jk={ 1, ifi1"'§'3"'ik=j1"'js"'jk
(SR PR 0, 1f7«17t7«k7é.71.73.7k

where 4y - -+ 4; - - - i, denotes the k — 1 numbers 4; - -+ 41941 - - - ix. Since
(P A Netk et Ao ALes A -ee A elk)

——

= 1)7+ (et Le’8><ei1/\---/\;E/\--‘/\ei’“,ejl/\---/\ejS/\---/\ej’“>

— E 3+t .78 Jl"']s"'.?k
Zn ll""t"'lk ’
t
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the matrix of L¥ is A = [CE]))] where

ag + -t aif, if (1) = (7);

o) (—1)s+t al, if exactly one entry 4; of (i) does not occur in
® (4) and js does not occur in (7);
0, if (7) differs from (j) in two or more entries.
(1.20)

Example 1.1. When X = R3, A*R3 = span {ut Ao AUk Ut R ~
R(E). Let A : R3 — R3 be a linear operator, which has a matrix

representation A = [ ]3><3 Then

1 3 12 13 23

m_ |4 un @ _ | Mgt o

— — — 1

AV = | a} a3 a} | = A, AP =] a}} al} oaB |, A® = a3 = det A,
1

a3 a3 Q3 Qo3 Q33 Q53
aj+a3 @ —a}
Alll — A, Al = ag al + ag a% , ABl — a}+a§+a§ = trA.
—a3 ai a3 + a3

Example 1.2. Let X = C (22, R) where 2 is a measurable set in R" and
p € C(2 x @ — R). Consider an integral operator P : X — X,

(Pu) (z) = / p (z,y)u (y) dy. (1.21)

Let (Qu) ( fQ y) dy and the multiplication of P and @ is defined
by

(PQw @) = [ pa(a.0)u () dy
where pq (z,9) = [, p (%, ) ¢ (s,y) ds. Now the operator P®) : A*X — AFX,
1
(P(k)w) (Ila'“ ,Ik) = F\/deet[p(l'i,yj)]w(yl,"' :@/k)dyl "'dyk y

satisfies the Binet-Cauchy identity (PQ)® = P®Q®. and the operator
P AFX 5 AR X

(p[k]w) (21, ,zx)
/Q[p(mhy)w(y’m%"' )mk)++p(xk7y)w($la ,-’Ek—l,y)]dly,

satisfies the additive identity (P + Q)["] = Pk 4 QWl.
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‘Example 1.3. Let X be a vector space of real-valued functions on a set €.
Consider a linear operator A : X — X defined by

(z, Au) = a(z)u(z), =€ (1.22)

Then, by Definition 1.3 and Definition 1.4, pointwise representations of the
kth multiplicative and additive compounds of A satisfy

<',I‘l1 ARERRA -’L'k7A(k) (Ha :EZ > "L'l) a"I;k)

k
and (Zy Ao A mk,A[k]w> = Za(xi)w (Z1,--+ ,xk),
=1

where z;, -,z € Qand w € A* X.

More generally, Example 1.3 can be included in Example 1.2 if singular
kernels p(z,y) are permitted in (1.21).

In the case that X is a normed space with a basis {e’}, this example falls
under the discussion of bases at the beginning of this section. The basis
representation of A is ai = (¢/,ae’) = a] and thus the basis representations
of A®) and AF! are given by (1.19) and (1.20).

1.2.2 The Laplacian Operator

Let X = C?(QL,R) and Y = C(Q,R) where () is a bounded domain of
R™. Then X C Y. By Definition 1.4, the kth multiplicative and additive
compounds of the Laplacian A : X — Y, A® and AF : A* X — A*Y are
defined on wedges by
AP A AuF) = (Aut) A A (AUF),
Al (ul/\.../\uk) = (Aul) Ao AuF it ut A A (Auk)
and extended by linearity. For u € X and z € (2, the pointwise representation
of Au is
(z, Au) = Au(z),
the Laplacian of u with respect to z. For w € /\kX and xy, -,z € ),
pointwise representations of A®w and Akl are

(1 A Az, APw) = (HA) Ww(Ty, e, Tx),
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k
and (Zy A~ Az, AFlw) =2Aiw (T1,+ " ,Tk),
i=1
where A;w = (x;, Aw) is the Laplacian of w(zy,--- , zx) with respect to z;.

Remark 14. Tt is emphasized that A®) and AM are not considered as
operators on w(zy, -+ ,zx) in C? (QF,R), but rather in AFC2 (Q,R) and,
in particular, w(zy,- - ,zx) is antisymmetric in (zq,- -, Tx).

In the more general context, X = H*(Q) = {u € L*(Q) : Vu, Au € L*(Q)}
is associated with some boundary conditions on a smooth boundary 9 and
Y =L%Q); X CY. Let {¢! : i = 1,2,---} be an orthonormal basis of
X composed of eigenfunctions of the Laplacian A. Then the set of vectors
{en A Ae%:1 <4y <. <4} is an orthonormal basis of /\k X composed

of eigenfunctions of A®) and A, Since (¢, Ae) = );47,

<ez’1 A A eik’A(k)(ejl Aeer A ejlc)> — ()‘.7'1 .. )\jk)&?‘l.njk

11...ik
and <ei1 Acer A eik7A[k](ej1 Ao A eJ'k)) G VT )\jk)(sjlmjk

zl"'ik b

it follows that if u € X, then a basis representation of Au is
(€', Au) = M,

and if w € A* X, then basis representations of A®w and A¥w : A¥ X —
A*Y are
(e A= Aete, AByY = (N, -+ Ny )w,

and (e A nek, AFyY = (N, + o+ X, )w.

1.3 Compound Differential Equations

This section deals with linear differential equations in a Banach space X.
Definition 1.5. A two-parameter family of linear operators {T'(t,s) : 0 <
s <t} C.Z(X,X) is said to be an evolution operator if

(i) T(s,s) =1,

(1) T, s)T(s,r)=T(t,r)for0<r<s<t,

(i13) t — T'(t, s) is continuous for ¢ > s.
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Let
. Tt+ht)x—2z
lim
h—0 h
the domain D(A(t)) of A(t) being the set of all z € X for which the limit
defined above exists. The map A(t) : D(A(t)) € X — X is called the
generator of T'(t,s). Assume that D(A(t)) = D(A), which is independent of
t and dense in X.

— A(t)z, (1.23)

If there exists a unique solution of the initial value problem

du
— = At
= A,

u(s) = u, € D(A),

(1.24)

then there is an evolution operator given by the relation u(t) = T'(¢, 8)us.
The operators A(t) are usually unbounded. Detailed discussions of these
topics may be found in [34, 42, 87, 111, 113].

Now assume that u(t) = T'(t,8)us,0 < s < t solves the initial value
problem (1.24). The kth multiplicative compound T® (t,s) of T (t,s)
satisfies, from Definition 1.5,

(1) T® (s,8) = I = Ik

(i5) T® (¢,8)T® (s,7) = T® (¢,7), 0 < r < s < t, from (ii) of Definition
1.5 and the Binet-Cauchy identity;

(#33) t — T® (¢, ) is continuous for ¢ > s.

Thus T® (¢,s) is also an evolution operator. Let u!l(t),---,u*(t) be k
solutions of (1.24) with initial conditions u},--- ,uf € D(A). Since

T® (t,8)ul A- - Auf = (T(t,s)ud) A A (Tt 8)uf) = u (¢) A~ Auk (1)
and
SEOAA@)] = Z:ul(t)/\--~/\%ui(t)/\---/\uk(t)

= > U ) A--AA@) U () A AU (2)

= Al (1) [ul @) A~ Au®(2)]
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it follows that w (t) = u! (t) A -+ A u* (t) is a solution of

%" = Afl(yw, t>s,
w(s) = uln---Adk.

This equation is called the kth compound differential equation of (1.24).

For example, if A(f) = A is a sectorial operator, then —A is the
infinitesimal generator of an analytic semigroup {e~*4},5¢ and the evolution
operator T'(t, s) = e~ (=94 (see [87], page 20). The evolution operator of the
kth compound differential equation of (1.24) is

T®(t,5) = (-t=4) ) — g~lt=0a%,

Example 1.4. Consider a linear differential equation in R"

& _

W _ A, (1.25)

where A(t) is a continuous real or complex matrix-valued function of ¢.
Suppose that y'(t),---,3*(t) are k solutions of (1.25). Then w(t) =
y'(t) A - A y*(t), is a solution of the kth compound differential equation

of (1.24)
dw

E =
For the special case when k = n, it is well known that w(t) is the solution of
the Abel-Liouville-Jacobi equation

AW (t)w, (1.26)

dw

— =trA .

7 trA(t)w
If Y (t) is a fundamental matrix of (1.25), then Y*)(¢) is a fundamental matrix
of (1.26). Here T(t,s) = Y(t)Y~(s) and T®(t,s) = Y® () (¥-1H)® (s).
For example, if A is a constant matrix, then Y (t) = et4 and Y®(¢) =
(e‘A)(k) = ¢!4" is a fundamental matrix of (1.26). For a detailed exposition

and applications in the finite dimensional situation, see [76-78|.

Example 1.5. Consider a reaction diffusion equation

du
i (A + A(t))u. (1.27)
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Suppose that (1.27) generates a semigroup on H3(0,1) = {¢ € L2(0,1): ¢' €
L?(0,1), #(0) = ¢(1) = 0}. It is assume that the linear operator A(t) has the
pointwise representation

(x, A(t)u) = a(t, x)u(x). (1.28)

This example illustrates how different choices of families of linear functionals
v used to examine the exterior products of solutions of (1.27) yield different
representations of the differential equation and its compound equations.
Choosing first as v the pointwise evaluation functionals gives partial
differential equations representing (1.27) and its compounds. Then, using
eigenfunctions of the Laplacian a basis and the spectral projections as the
linear operators v, equation (1.27) and its compounds are represented by
infinite systems of coupled ordinary differential equations.
Case 1: A pointwise representation of the kth compound differential
equation of (1.27)

For u € H}(0,1),z € (0,1), let z also denote a linear functional u
(#,u) = u(z). Then (1.27) can be written as

U =Ugy +a(t,z)u, O0<z <1, t>0,

U(t,0)=U(t,13- 0, t>0. (1.29)

For w(t) € A* H(0,1), a pointwise representation of w is

(@ Ao Az, w(t)) = wt, 21, -, 2k)-

A pointwise representation of the kth compound operator (A + A(t))¥ =
AW+ A . AFHE0,1) — A®L2(0,1) follows from Example 1.3 and
Section 1.2.2 and thus, a pointwise representation of the kth compound
differential equation of (1.27) in A* H}(0,1) is

k k
wy = szm + Z a(t, z;)w. (1.30)
i=1 i=1
If u'(t), - ,u*(t) are solutions of (1.29), then

@y Ao Az, ul () A+ AUF(R)) = det[u? (¢, 24).
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It can be checked by differentiating the above determinant that u*(¢) A--- A
uk(t) satisfies the kth compound differential equation (1.30) and Dirichlet
boundary conditions of u? implies that

(z1 A Az Ul () A - AUE(E))

0, i=1--,k

=01

Again, (1.30) is not considered as an equation for w(t,z;,---,zx) in
H} ((0,1)%), but rather in A* H{(0,1).
Case 2: A basis representation of the k&th compound differential equation of
(1.27)
Let {e/(z) = v2sinjnz : 5 = 1,2,---} be an orthonormal basis of
H}(0,1). Define another linear map €’ : u — (7, u). Then u(t) = 3 u;(t)e
j

and u; = (e/, u) satisfies

du; ; .

==+ a®)h + > ity (1.31)
i#]

where \; = —(j7)? and a = (¢, ae’) = al. For w(t) € A\* H}(0,1), a basis

representation of w is

<ei1 Ao A eik,w(t)> = Wy () = Wiy i) (£)-

A basis representation of the kth compound operator (A + A(t))¥ =
AW 1 A(t)H follows from Example 1.3 and Section 1.2.2 and thus, a basis
representation of the kth compound differential equation of (1.27) is

dw(il---ik)

S = Qa e e () e+ () Wi

. . (1.32)
+ Y (@ (Wi + -+ @], (W) -
JE(1--ig)

If ul(t),--- ,u*(t) are solutions of (1.29), then
(€ A Aet ult(t) A AuE(E)) = det [(er,uP(t))] = ui k().

It can be checked by differentiating the above determinants that u!(t)A- .- A
u*(t) satisfies the kth compound differential equation (1.32).


file:///Z2swjirx

Chapter 2

Dimension Problems

This chapter addresses the problem of estimation of the codimension of the
asymptotically stable solution subspace of a linear differential equation. This
question arises not only for its intrinsic interest as a singular linear boundary
value problem but also for its importance in investigations of the dimension
of stable manifolds of equilibria and periodic orbits of nonlinear equations by
linearization techniques.

The approach is motivated by results on the dimension of the
asymptotically stable solution subspace of a differential equation

d

E"ti = A(t)u,  u() eR™ 2.1)
When n = 2, Milloux [74] shows that if 0 < a(t) is a nondecreasing function,
then the scalar equation u” 4+ a(t)u = 0 has a nontrivial solution u = ug(t)
such that

tlim uo(t) =0 if and only if tlim a(t) = oo.
—00 —00

Higher dimensional equations have been studied by Hartman [40], Coppel
[19], Macki and Muldowney [65] and Muldowney [76-78]. Hartman [40]
([41], page 501) shows that if 0 < tll’rg lu(t)]| < oo exists for all solutions
u, and || - || is the Euclidean norm, then there exists a nontrivial solution
such that lim lluo(t)|| = O if and only if tlirgj fot Re trA = —oo. Hartman’s
proof relies heavily on properties of the norm. Coppel [19], page 60, shows
that the result holds for any norm. Macki and Muldowney [65], by an entirely
different approach, weaken the restriction that |Ju(t)|| tends to a limit to a
stability requirement on u(t). Muldowney [76-78] extends these results by

26
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means of a sequence of compound matrices A¥l(#),k =1, ,n of A(t) such
that, under the same stability assumptions as in [65], the given system has
an (n — k + 1)-dimensional asymptotically stable solution subspace if and
only if all nontrivial solutions of the system

dw

— Al
7 A" (tw

tend to zero.

The applications of compound matrices to differential equations are
further developed in [51, 56, 58, 76-78]. In [78] a general result on the
existence of an asymptotically stable subspace in a linear space of R™-valued
functions is obtained. This chapter extends that result to general vector
spaces. Nonlinear applications include estimation of the codimension of
stable manifolds in Section 2.2. It also provides an important step in the proof
of Theorem 4, Section 4.2.1, on the existence of stable periodic solutions.

2.1 Asymptotically stable subspaces

This section extends a result of Muldowney [78] on the existence of an
asymptotically stable subspace in a set of vector space valued functions on
[0, 00). |

Let X be a vector space and X* be its (algebraic) dual space. Let I be a
vector space of maps ¢ — u(t) from [0,00) to X and V be a family of maps
t +— v(t) from [0,00) to X*.
Condition L: The pair {{/,V} satisfies Condition L if for each u € U, the

following two assumptions hold:

(¢) limsup |(v,u) (t)| < oo for every v € V;

t—o0
(i1) lilgl'glf | (v,u) ()| = 0 for every v € V implies that ltlim (v,u) (t) =0
for every v € V.
Here (v, u) (t) = (v(t), u(t)).

Remark 2.1. For example, suppose that X is a normed space and that ¥/ is
a linear space of functions ¢ +— % (t) from [0, 00) to X that satisfy in some
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sense a linear differential equation of the form

du_

i At)u, u(-) € X. (2.2)

If V is the set of all functions ¢ — v (¢) from [0, 00) to X', the continuous dual
space of X, such that ||v (¢)|| = 1, then the pair {U, V} satisfies Condition L
provided that (i) and (i) hold:

(i) |lu (¢)|| is bounded, 0 <t < o0

(i7) litrn inf ||u (¢)|] = 0 implies tlim lw (@®)|| = 0.

The above conditions (i) and (i7) are satisfied if tlim llu (t)]] < oo exists for
all 4 € U. Conditions (7) and (i¢) are also satisfied if there exists a constant
C such that

@ <Clluls)], 0<s<t <0 (2.3)

Thus the solution space of a linear differential equation satisfies Condition L
if the equation is uniformly stable. The condition (2.3) can be weakened to

lu @Il < Cullu(s)ll, 0<s <t < oo,

where the constant C,, depends on the solution u.

Let
Uy = {u €U : lim (v,u)(t) =0 for every v € V} . (2.4)

t—o0
In the following proposition codim U < k means that any subspace of U
that has dimension k or greater must intersect U nontrivially.

Proposition 2.1. Let U be a vector space of maps t — u(t) from [0,00) to
X and V be a family of maps t — v(t) from [0,00) to X*. Suppose that the
pair {U,V} satisfies Condition L. Then

codim Uy < k

if and only if
i e IAa... k =
thm (VA Avgut A AURY () =0 (2.5)

is satisfied for all u',--- u* €U and vy, -+ , v € V.
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Proof. Suppose that codim Uy < k. Then for every k linearly independent
functions u!,.-. ,u* € U, there exists a nontrivial linear combination ug =
ciul + -+ -+ + cxu® such that

Jim {(v,up)(t) =0 forall ve V. (2.6)
Without loss of generality, it is assumed that ¢; # 0. Then, it follows from
Condition L(3) and (2.6) that for every vy,--- ,v; € V,
Hm (vi A Avgul A== AuP) (8)

t—00

1
= c—thm (i Ao Avgug A= Au) (2) (2.7)
1 V0

= 0.

Conversely, suppose that (2.5) is satisfied. If u!,---,u* € U are
linearly independent, it is to be proved that span{ul, oo uf } intersects Uy
nontrivially. The proof is by mathematical induction on &. It is evidently
true when k£ = 1 since, in that case,

(o, u') (8)

€ Uy. Suppose that the proposition is true if

t—»oo

for all v; € V and hence u!

1 <k < h.Let vy, -, v, € V. From Condition L(3) any sequence t, — 00

has a subsequence, which will also be denoted ¢,, such that e
lim (v;,0) (t) = €] (2.8)
exists i,j = 1,---,h. Let £}27F denote det[¢]], i,j = 1, - - k. Now
(2.5), k = h, implies &2t = 0. It may be assumed that t, and
v1,* + ,v—1 € V can be chosen so that §%§j:,’,’l‘:} # 0 since otherwise

tlim (vl Avr AUp_, U Ao A uh"‘1> (t) =0 for all vy, -+, up—1 € V and the
— 00

induction hypothesis implies that there is a nontrivial uy = Z_: cjul € Up.
Thus, with
h~
11 # 0, 512 b=

expanding the determinant 512 » along the last row gives

ook = Z ¢} (2.9
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where c; is the cofactor of &, j = 1,- - -, h. In particular, ¢, = &}2.771 # 0.
Then (2.9) implies

h h
0= ¢, = lim > ¢; (vn, ) (tn)
j=1 J=1

R
and thus uy = ) ¢;u’ satisfies
i=1

lim (vp,ug) (tn) = 0. (2.10)

n—oo

Furthermore, for any choice of vy, € V, a subsequence of ¢, also denoted t,,
may be chosen so that (2.8) is still satisfied and the preceding analysis shows
that each choice of vy, satisfies (2.10) with the same constants ¢;, which do not
depend on vy, for some sequence ¢, = 0. Therefore litrilglf (v,u) (£) = 0
for all v € V which, by Condition L(i), implies

tlim (v,up) (t) =0
and so
h
Uy = ZCj’U/j S Uo.
ji=1

The proposition is thus true for Kk = h also and hence for all k¥ by
mathematical induction. [

2.1.1 Function Space

Let X be a vector space of real-valued functions on a finite, countable
or uncountable set €2. For z € (), let z also denote the linear functional
u +— (z,u) := u(z), v € X. The pointwise representation of the exterior
products discussed in Section 1.1.3 s ul Au2 A--- AuF : A*X — R,

(LA Azt A AdF) =u A AR (e, ) = det [ui(zy)]

Let U be a linear space of maps t — wu(¢,-) and V be the set of constant
maps {t — v(t) =z: 2z € X*}.
The following corollary is a particular case of Proposition 2.1.
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Corollary 2.2. Suppose that, for every u € U, the following two conditions
hold:
(1) limsup |u(t,z)| < oo for all x € §;

t—00

(i7) li{n inf |u(t, z)| = 0 for all z € Q implies ltlim u(t,z) =0 for all z € Q.

Then
codz’m{u eU: tlim lu(t,z)| =0 forallz € Q} <k (2.11)
—>00

if and only if, for eachul,--- u* €U and all zy,--+ , 21 € Q,
tlirg det [u'(t, ;)] = 0.
In particular, conditions (i) and (ii) are satisfied if, for every u € U,
tlim lu(t,z)] < oo exists for all z € Q.
2.1.2 Normed Vector Space

Let X be a normed vector space, U a linear space of functions t — wu (t)
from [0,00) to X and V the set of functions ¢ — v (t) from [0, 00) to X’,
lv(®)|lx = 1. Proposition 2.1 has the following corollary.

Corollary 2.3. Suppose that for every u € U, the following two conditions
are satisfied:

(¢) limsup ||lu(t)||x < oo;
t—oo
(1) lim inf lu(t)llx = 0 implies Jim lu(t)]|lx = 0.

Then
codim {u €U : Jim [Ju ()|l = o} <k

if and only if, for all u', -, u* e U,
: 1 k
}H&“u A A (t)“/\’“X:O'

In particular, conditions (i) and (ii) are satisfied if, for every u € U,
lim llu(@®)|lx < oo exists.

Consider X, a vector space of real-valued functions on Q. The following
table gives examples of the norms |ju(t)]y and |ju' A---Auf(t)]| ., in
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llu ()1l x ut A AR ()]
/|U(t,$)l dz ~ [ |det [w (¢,2.)][" da: - - - dy
Q k! 0k

sup [u (t, z)| sup |det v (¢, 2,)]|

oeh2 T, TR EQ

(z " <t>|ﬂ)" Stk (0

@

sup |u; (t)] D ik, @)
1 4]

Table 2.1: Norms of kth exterior products

Corollary 2.3 for a set U of functions ¢ — u (t) in this space. In the first two
examples () is a measurable set in R"™ and in the last two examples Q) is a
subset of the set N of natural numbers. In each case, it is assumed that X
is the space of functions for which the expression defining the norm is finite.
Notation in the last two examples is defined in Section 1.1.2.

The examples may be related, for example, through an orthonormal basis
{e'} with respect to an inner product (u,v) = [, uv and

Z u; () €'(z),
u; (t) = /Qu(t,m)e"(x)dm

and, then

WA A (T, Z“n K (t)eN N A (T, Th)
@
Remark 2.2. When X is a Hilbert space and p = 2, the second and fourth
lines in the table above give the same condition in Corollary 2.3.

2.1.3 Differential Equations

In Remark 2.1, Condition L is discussed in the context of the solution
space U of a linear differential equation. This discussion is continued with
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applications of Proposition 2.1 to estimation of the codimension of the
asymptotically stable subspace Up.

Theorem 2.4. Suppose that X is a normed space and that the differential
equation
du
— =A(t)u
dt ®)
has a solution space U that satisfies, if u € U,

() timsup u (9] < oo;
t—o0
(i%) litminf lu ()]l = 0 implies tlim lu (t)|lx = 0.

Then
codim {u EU: tlg& lu@®)llx = 0} <k

if and only if all solutions w = u' A --- AuF, ul € U, of the kth compound

equation
dw
22 = AW
7 t)w

satisfy
Jim 10 ()]s x = 0.

Remark 2.3. In particular conditions () and (i¢) of Theorem 2.4 are satisfied
if, for every u € U, tllglo [l (£) |l x < oo exists or if the equation & = A (t) u is
uniformly stable. The finite dimensional results discussed in the introduction
to this chapter are all special cases of Theorem 2.4.

Consider a scalar reaction diffusion equation

% — (A + AW, u() € H0,1), (2.12)

where the linear operator A(t) has the pointwise representation
(z, A(t)u) = a(t, z)u(z).

In Example 1.5 of Section 1.3, two representations of the kth compound
differential equation of (2.12) are considered.
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Case 1: The pointwise representation of the kth compound differential
equation of (2.12) on A* H}(0,1) is

k k
wy = szm + Za(t, ;). (2.13)
i=1 i=1

Case 2: The basis representation of the kth compound differential equation
of (2.12) on A* H}(0,1) is

7 = (A N s @)+ 4 04 (1) Wiy

2.
+ ) (s O)WGigig o i (W i) .
J@(i1-ix)
where (€1 A+ At w(t)) = we(t) = We.an@), €(z) = V2sinjrz,
A= —(jm)? and a;; = aj; = (¢, ael) .

To compare different choices of the functionals in X', Theorem 2.4 implies
the following two corollaries. Corollary 2.5 discusses the problem in L2 (0, 1),
)2, = fol u (t,z)? dz, while Corollary 2.6 considers the lo, norm, |ul|,, =
s1i1p |ui (8)]

Corollary 2.5. Suppose that there exists a constant M such that

]

/ [)\1 +ma.xa(r,m)] dr<M, 0<s<t<oo, (2.15)
where the mazimum is taken over 0 <z <1 and \; = —(jn)?, j=1,2,---.
Then

codim {u() satisfies (2.12) and Jim lu®)||z2 = 0} <k
if

/ i+ o4 e+ kmaxa(t, 2)] dt = —oo. (2.16)
0 x

Corollary 2.6. Suppose that there exists a constant M such that

t
/ sup {)\i + au(T) + Z |aij(7')|} dr <M, 0<s<t<oo, (2.17)

Ji#i
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where ai; = aj; = (€',ae’) and \j = —(j7)?, j=1,2,---. Then
codim {u() satisfies (2.12) and tlim lu )l = O} <k
if

k

/000 SEI)P Z (/\19 + aisis(T)) + Z (|0/i1]~(7'){ 4+t !aikj(T)I) dr = —00
. i#) -

where (1) = (i1, -, ix), 11 < iy < -+ < Gk

Remark 2.4. In Corollary 2.5, condition (2.15) implies that the reaction
diffusion equation (2.12) is uniformly stable in L?(0,1) by considering ||u| 12
as a Lyapunov function. The asymptotic stability of the kth compound
differential equation (2.13) in A* L2(0, 1) is obtained from condition (2.16) by
considering ||w|| \k ». Similar arguments using conditions (2.17) and (2.18)
with [|lu||,, and [[w|| \x,  prove Corollary 2.6 respectively.

2.2 Dimension Problems for Steady State
Solutions

This section derives results on the stability of steady state solutions of
differential equations. For an autonomous ordinary differential equation

du

— = f(u), u(:) € R,

T = 1w, ul)
a necessary and sufficient condition for an equilibrium u = u* to be stable
hyperbolic is that the linear variational equation at u = u*,

dv?_f_

'(_ig = Ju (U )U7
is uniformly asymptotically stable. General results on the stability of steady
state solutions of differential equation in Banach space can be found in

Smoller [103], Theorem 11.20, page 120 and Henry [42], Theorem 5.1.1, page
98.

Let A be a sectorial operator in a Banach space X and f be continuously
differentiable from X* into X where 0 < a < 1. Let D(A) denote the domain
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of A. Consider an autonomous differential equation

Dy au=1@), () ex. (2.19)

Equation (2.19) has been discussed in Henry [42]. Definitions and properties
of sectorial operators and the space X* are listed in Appendix B.

Definition 2.1. A solution of the initial value problem

du
Et— + Au = f(u)s
1(0) = uy,

on (0,7T) is a continuous function w : [0,7") — X such that u(0) = ug and
on (0,7), (t,u(t)) € R x X%, u(t) € D(A), &(t) exists and the differential
equation (3.1) is satisfied on (0, 7).

Lemma 2.7. Assume that A is a sectorial operator, 0 < a < 1, and that
f X% — X is locally Lipschitz continuous in u. Then for any ug € X<,
there exists T = T'(ug) > 0 such that (3.1) has a unique solution u on (0,T)
with initial value u(0) = ug.

Definition 2.2. A solution is a steady state solution or (an equilibrium) if
u = u* € D(A) and Au* = f(u*). The steady state solution u* is stable
hyperbolic if the spectrum of A — gﬁ(u*) lies in {ReX > B} for some 8 > 0.

Theorem 2.8. A steady state solution u* is stable hyperbolic if and only if
the linear variational equation at u(t) = u*,

— 4+ Av= —u(u*)v, (2.20)
is uniformly asymptotically stable.

Remark 2.5. Definition 2.2 is equivalent to Definition 11.19 in Smoller
[103], page 120. Theorem 11.20 in Smoller [103], page 120, shows that the
hyperbolic stability of u* is equivalent to the uniform asymptotic stability of
(2.20). Theorem 5.1.1 in Henry [42] proves that if f = f(¢,u), then u = u*

is stable hyperbolic if
dv
—+ Av="H
7 + Av V
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is uniformly asymptotically stable where B is a bounded linear operator from
X® to X such that

ft,u* +2) = f(t,u*) + Bz + g(¢, 2)

and |lg(t, 2)|| = o({[z[|a) as [|2]la — 0.

The effect of adding diffusion to the dynamics of an ordinary differential
equation in R” has been studied by [16, 17, 57, 62, 63, 81, 83, 85, 103, 105].
Turing [105] is the first to demonstrate that different diffusion coefficients can
cause a stable equilibrium of the ordinary differential equation to cease to be
stable for the reaction diffusion equation. The diffusion-driven instability has
become an important mechanism for the occurrence of interesting patterns
in many model systems. Turing’s idea has been explored by many authors;
see [17, 81, 83, 85]. With the help of compound matrices, for a stable
matrix A with real entries, Wang and Li [57] derive sufficient and necessary
conditions for A — D to be stable for any nonnegative diagonal matrix D.
These conditions can be used to study the stability and instability of constant
steady state solutions to reaction diffusion equations.

In the following, the stability of steady state solutions of scalar reaction
diffusion equations is studied. Theorem 2.4 gives an estimate of the
codimension of the asymptotically stable solution subspace, which is related
to the stability of a compound differential equation. Rather than use
Theorem 2.4 directly, estimates on the spectrum of an operator A from the
spectrum of its compound A¥! are derived.

Consider a nonlinear scalar reaction diffusion equation

U = Uy + f(z,u), a<z<bh t>0,

u(t,a) =u(t,b) =0, t>0. (2.21)

Assume that (2.21) generates a semiflow on Hj(a,b) and that u(t, ) exists
for all £. Suppose that v = u*(z) is a steady state solution of (2.21). The
linear variational equation at u = u*(z) is

Ut = Uge + q(2)v, a<zr<b t>0,
v(t,a) — v(t, ) =0,  t>0, (2.22)

where
¢(z) = fu(z,u*(z)). (2.23)
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Assume that (2.22) also generates a semiflow on Hi(a,b) and that v(t,x)
exists for all . Theorem 2.8 states that the steady state solution u = u*(z) of
(2.21) is stable hyperbolic if the linear variational equation (2.22) is uniformly
asymptotically stable and thus, if the eigenvalues of the following eigenvalue
problem

Ap = ¢" + q(z)0,

o) <oy 2 (224
satisfy A < 0, the steady state solution u = u*(z) is stable hyperbolic. The
eigenvalue problem (2.24) is a Sturm-Liouville boundary value problem; see
Hartman [41], page 337-344 for details.

Let Lo = ¢” + q(x)¢. Then L is a self-adjoint operator on H}(a,b). The
standard analysis in [2, 20, 21, 103] on the eigenvalue problem of a self-adjoint

second order differential equation implies that the principal eigenvalue of

(2.24) is
b b
M= f;lf% /a [~ (¢’)2+q¢2] / /a ¢?

where the supremum is taken over the functions ¢ € H}(a, b) with fab & #0
and the maximizing function ¢; is the corresponding eigenfunction. In
particular, if pu; > pe > --- and ej,eq,--- are the eigenvalues and
orthonormal eigenfunctions of the Laplacian in H} (a,b),

u1=;;11%/ab—(¢')2//1b¢2 =*/ab(e'1)2-

b
Ml‘l—/ Q(el)QS/\ISN1+ max q(z).
a

a<z<h

Therefore

Since L is self-adjoint, the kth additive compound operator L of L is
also self-adjoint on A Hi(a,b). Let A, > Ay > -+ be the eigenvalues of L,
counting multiplicities, and ¢;, ¢3,--- be the corresponding eigenfunctions.
Then {¢y, A---A gy 11 < iy <--- < ix} forms a basis of \¥ Hl(a,b) and
the principal eigenvalue of L is \; + - -+ + s satisfying

k
A+t A= sup / —(wa;z.)z-l—q(:ci)w2 // w?
(a,p)" Z [ ] (a,b)"

we/\k Ht% i=1
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where the supremum is taken over the functions w € A* H{(a,b) with
Jany w? # 0. Therefore

k
prteee o+ pe + qu(azi)(el/v--/\ek)?// )k(el/\---/\ek)Q
(a)b

(O':b) =1
< Al_Jr_...-Jr-Ak_<_u1+"'+uk+k?mé‘llxq($)‘

It follows from

Gl = e Ao Aeinen Ao Aes,)
1
= 1 ( b)r(eil/\"'/\eir) (ejl/\"'/\ejr)’
',
where r > 1, that
/ (esA---Aeg)? = k! (2.25)
(a,)*
and
k k b
/ Zq(a:i)(el/\---/\ek)2=k12/ q(e:)?
(@b)* =1 i=1 o
which implies the following proposition.
Proposition 2.9. Let yy > po > +++ and e1,eq,-++ be the eigenvalues

and orthonormal eigenfunctions of the Laplacian in H}(a,b). Then the
eigenvalues Ay > Ay > - -+ of the eigenvalue problem (2.24) satisfy

k b
) 2
N /Q(ei)
;’ a (2.26)
< /\1+---+/\kSu1+---+uk+k£3§bq(x).

Remark 2.6. The inequalities (2.26) are sharp in the sense that both can be
replaced by equality when g(z) is a constant. The above techniques can be
applied to a more general eigenvalue problem, for example,

M= A+ a(2)9,
with homogeneous boundary conditions on 052,
du
u(0Q) =0, or T b(z)u =0,

where A is the Laplacian on €, a is bounded and b is a piecewise continuous
function on 0f2. Here () is a bounded domain of R™ and 69 is smooth.
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The estimates obtained in Proposition 2.9 on the eigenvalues for the regular
Sturm-Liouville boundary value problem (2.24) may be of independent
interest and a particular case is noted separately in the following proposition
with a = 0,b = 1. In this case, u; = —(j7)?, ¢; = V2sin(jnz), j=1,2, -

Proposition 2.10. The eigenvalues A\ > Ay > --- of the Sturm-Liouville
boundary value problem

Ap = ¢" +q(z)¢,
$(0) = ¢(1) =0,

satisfy

1
—gk(k+1)2k+17r +2Z/ )sin®(jnz) do
(2.27)
Z’\J < -——k (k+ 1)(2k + 1)7? +k [nax Q( )

Stability of the steady state solution v = u* of the scalar reaction diffusion
equation (2.21) follows from Theorem 2.8 and Proposition 2.9.

Corollary 2.11. If
p + max q(z) <0, (2.28)

then u = u*(z) is stable hyperbolic.

Corollary 2.12. If
itttk maxog(z) <O, (2:29)

then u = u*(x) has @ stable manifold with codimension at most k — 1.

The above procedure also applies to a more general reaction diffusion
equation u; = Uge + f(z,u,u,). However, the eigenvalue problems of its
linear variational equation and compound differential equations need to be
transformed to the self-adjoint form. An example of f = f(u, u,) is explained
as follows.

Example 2.1. Consider a scalar reaction diffusion equation

Up =Ugy + v +eu(l —u?—u?), 0<z<2m t>0,

u(t, 0) = u(t, 2m), us(t,0) = ug(t,27), t> 0. (2.30)
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When € > 0, since
1 d 2 27
-2‘5 | U,2d.'17 = /0 U/tudm
27
= / [—u2 4+ (1 + e)u? — e(u4 + uiuz)]dm
0

27
< (1+5)/ w2
0

and
1 d 2r 27
5&"5 ; Uidél? = —/0 UtUgy

2w
= / [—u2, + (1 +&)u2 +e(v? + uul)uy,|dz
0

27 u4
= / [-—uiz + (1 +e)ul —¢ (3u2ui + —3%)] dz
0

27
< (1+€)/ uZdz,
0

the solution u(t,z) of (2.30) exists in X = {u € H!(0,27) : u(0) =
w(27), uz(0) = uy(2m)} for all £ > 0. Each solution of (2.30) can be written
as u(t, z) = ao(t) + X (a;(t) cos(jz)+b;(t) sin(jx)). It can be shown that the
i=1
subspaces S; = span{l1} and S; = span{cos(z),sin(z)} are invariant with
respect to (2.30). In fact, if u = ao(t) + a1(t) cos(z) + by (¢) sin(z), then
ap(t) + al (t) cos(z) + b/ (t) sin(z)
= —a;(t) cos(z) — by (t) sin(z) + ao(t) + a1(t) cos(z) + by (t) sin(z)
+e(ag(t) + a1(t) cos(z) + by (t) sin(z))
(1 — ad(t) — a(t) — b2(t) — 2ao(t)a1(t) cos(z) — 2a0(t)b1(t) sin(z)).
Thus, if u = ay(t), then

ay = ap +€ap(l — al);

if u = a1 (t) cos(z) + by (t) sin(z), then
a) = ea;(1 —a? -0,
2.31
b, = eai(1—a?—02). (2:31)
When ¢ > 0, the reaction diffusion equation (2.30) has steady states solutions

u =0, u==%,/= and u = cos(z + @), where a € R. The stability of these
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/cosgc),-—:—__\ l/. S.
N\

sin(x '}"’"/

Figure 2.1: Stability of steady state solutions in the invariant subspace S}
and Sg.

three steady state solutions in the invariant space S; and S, is illustrated by
Figure 2.1.

In the following the stability of these steady states solutions in the whole
space X will be studied.

Steady state Solution v = 0:
The linear variational equation at v = 0 is

V=g +(1+e)v, 0<z<2m, t>0,
v(t,0) = v(t,27), vg(¢,0) = v,(¢t,27), t>0

and its eigenvalue problem is

Mp=¢"+(1+€)9,
$(0) = ¢(27), ¢'(0) = ¢'(2m),

for some A, which has eigenvalues

(2.32)

AM=14e>0, a=XA=¢>0, /\4=/\5=—22+1+E, sy

and corresponding eigenfunctions

¢1 =1, ¢2 - COS(:E)’ ¢3 = SiIl(CE), ¢4 = COS(2$), ¢5 = Sin(2$)7 Tty
respectively.

Casel: n2 —1<e<(n+12—-1,n>2

u = 0 has a (2n + 1)-dimensional unstable manifold and a stable manifold
with codimension (2n + 1).
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Case2: e =n%—1,n>2
u = 0 has a (2n+1)-dimensional unstable manifold, a 2-dimensional center

manifold, a stable manifold with codimension (2n + 3).

Steady state solution u = £,/*=:

The linear variational equation at u = 4,/ is

Vp=Upe —2(1 +6)v, O0<z<2m, t>0,
v(t,0) = v(t,2m), v.(t,0) = vp(t,2m), t>0

and its eigenvalue problem is

Ap=¢" —2(14¢),
$(0) = $(2r), ¢'(0) = ¢(2n), (2.33)

for some A, which has eigenvalues
Al=-2(1+¢)<0, d=A=-1-2(1+¢)<0,

M=X=-22-2(1+¢) <0, ---,

and corresponding eigenfunctions

p1=1, ¢p=cos(z), ¢3=sin(z), ¢s=cos(2z), ¢5=sin(2r), ---,

respectively. Therefore u = +, /1< is stable.

Steady state solution u = cos(z + a):
Only the case u = cos(z) will be discussed and other cases are similar.

The linear variational equation at u = cos(z) is

U = Ugg +€8in(22)v, + (1 — € —ecos(2x))v, O0<z<2m, >0,
v(t,0) = v(t,2m), v.(t,0) = v (t,27), t>0
(2.34)
and its eigenvalue problem is
Y : / L
Ap = ¢" + esin(2z)¢’ + (1 — € — e cos(2x)) ¢, (2.35)

¢(0) = ¢(2m), ¢'(0) = ¢'(2m),

for some A, which has solutions

¢1 =sin{z), when \; =0,
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and ¢2 = cos(z), when Xy = —2¢ < 0.

Rewrite (2.35) as a self-adjoint second order differential equation
Lo — Apd = (p¢')' + q¢ — Apd =0, (2.36)
with periodic boundary condition, where
p(z) = exp (—; cos(2m)) >0, g(z)=(1-¢-¢ecos(2z))p(z).

Then the first principal eigenvalue A, of (2.36), and thus of (2.35), is given
by 27 2
Ap = sup / [~p(¢)? + a¢”] / / pe’® (2.37)
pcHL. JO 0
where the supremum is taken over ¢ € H.(0,27) = {¢ € L*(0,2n) :
¢ € L2(0,27),6(0) = ¢(27), #(0) = ¢/(2r)} with [ pg? # 0. Substitute

o= :)(w) into the right-hand side of (2.37) to obtain

Moreover,
Ap <L

Fore >0,1—-¢— % = 0 when ¢ = 2(v/6 — 2) ~ 0.898979 (see Figure 2.2). If
0 <e < 2(v6—2) ~ 0.898979, then ), > 0 and thus A;, Ay and ), are three
different eigenvalues of (2.36).

If v', 02 v3, v* are solutions of (2.34), then w(t) = (V! Av2 A3 Avi)(t) €
A’ X has a pointwise representation

w(t, 1, T2, T3, T4) = det [vi(t,xj)] ,

which satisfies the 4¢h compound differential equation of the linear variational
equation (2.34)

i: sin(2z;)w,, +4(1 —e)w —¢ f_: cos(2z;)w. (2.38)

4
Wy = Y Wy +€
i=1 i=1 i=1

=

Consider a Lyapunov function

V(t) :/ w? :/ ’U_)z(t,.’L‘l,.’L'g,.’L'g,fL'4)d.’L‘1d.’L‘2d.’L‘3d.’L‘4.
(0,2m)4 (0,2m)4
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Then

dt Jowme

4 4
= /( ) (w Z Wyye, + 41— e)w® — € Z cos(2xj)w2>
0,27)

j=1 j=1
4

+ / Z € sin(2z; )wwy,
(0,2m)* 55

< (0—12—12—22+4(1—e))/ w?
(0,2m)4
4

~2 / Z cos(2z; + 2ct)w?
(0,27{')4 ]:1

< (—2—46+2€-4:)/ w? = 2(—2+ 4e)V.
(0,2m)*
Thus, for any four eigenvalues \;,, Ay, Ais, Ai, Of (2.35), by choosing w =
iy N+ - ANy, where ¢, s =1,--- ,4 are the corresponding eigenfunctions, it
follows that
)\il + )\ig + /\i3 + /\i4 < -2+ 4e.
In particular,
/\p+/\1+/\2+)\3 S —2+48.

Therefore,
2

/\3§—3+7s+%.

Fore > 0, =3+ 7¢ +5 = 0 when ¢ = 2(v202 — 14) ~ 0.425341 and
2

l—e~% =-3+7+% when ¢ = 2(13v2 — 18) ~ 0.769553 (See Figure
2.2).

Corollary 2.13. If 0 < ¢ < 2(v202 — 14), then u = cos(z) has a I-
dimensional center manifold, a 1-dimensional unstable manifold and a stable
manifold with codimension 2.

Corollary 2.14. If 2(1/202 — 14) < e < 2(13y/2 — 18), then u = cos(x) has
a stable manifold with codimension at most 3.
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Chapter 3

On Poincaré’s Stability
Criterion for Periodic Orbits

This chapter deals with the stability of periodic solutions of differential
equations. A fundamental result on this topic is that a nonconstant periodic
solution is orbitally asymptotically stable with asymptotic phase if, with the
exception of a single characteristic multiplier which equals 1, the moduli of
all characteristic multipliers of the periodic solution are less than 1. For a
2-dimensional autonomous ordinary differential equation, this is equivalent
to Poincaré’s stability criterion: a nonconstant w-periodic solution u = ¢(t)
of
= fw), ()R,

is orbitally asymptotically stable with asymptotic phase if

/ " div F(o(t))dt < 0.

0

This is the requirement that the Liouville equation

L div f(g(t))w
be uniformly asymptotically stable, which means that 2-dimensional areas
near the orbit of ¢(¢) decrease exponentially under the flow of the differential
equation and, as a consequence, nearby orbits are attracted to the orbit of
o(t)-
A higher dimensional generalization of Poincaré’s stability criterion is
obtained by Muldowney [78]: a nonconstant w-periodic solution u = &(¢)

47
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of J
= fw), u)err,

is orbitally asymptotically stable with asymptotic phase if

dw OfH

— I e— t

= =L e
is uniformly asymptotically stable. This equation is called the second
compound differential equation of the linear variational equation

dv Of

= = 5y 20,
which reduces to the Liouville equation when n = 2. The uniform asymptotic
stability of the second compound differential equation means that, under the
flow of the nonlinear equation, 2-dimensional areas near the orbit of ¢(t)
diminish exponentially, which is the reason that the characteristic multipliers
of the periodic solution ¢(t), with the exception of a single characteristic
multiplier which equals one, all have moduli less than 1.

When, with the exception of a single characteristic multiplier which equals
1, the characteristic multipliers have moduli less than 1, the periodic solution
is said to be stable hyperbolic. It was shown by Muldowney [78] that the
periodic solution is stable hyperbolic if and only if the second compound
differential equation is uniformly asymptotically stable.

In this chapter the property of the diminishing area being a sufficient
condition for a nonconstant periodic solution to be stable hyperbolic is
extended to autonomous differential equations in general Banach spaces
X with particular applications to reaction diffusion equations. As in the
finite dimensional situation, this property is characterized by the asymptotic
stability of an associated compound differential equation. This allows the
possibility of applying standard asymptotic stability techniques such as
Lyapunov theory to the difficult problem of estimation of the characteristic
multipliers.

3.1 Orbital Stability of Periodic Solutions

The following notation, definitions, and lemmas are taken from Henry [42],
page 53-54, page 197-202 and page 247-261.
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Let A be a sectorial operator in a Banach space X and f be continuously
differentiable from X into X where 0 < a < 1. Let D(A) denote the domain
of A. Consider an autonomous differential equation

d

d—;‘ +Au=fu), ul)€X. (3.1)
In the following, let u(t) = u(¢,uo) denote the solution of (3.1) with initial
value u(0) = up. A nonconstant periodic solution of the autonomous
differential equation (3.1) is u = ¢(t) if there exists a least w > 0 such
that ¢(t + w) = ¢(t). Let v = {¢(t),0 < t < w} denote the orbit of the
w-periodic solution ¢(t).

Definition 3.1, An w-periodic solution ¢(¢) of (3.1) is said to be orbitally
stable if the orbit <y is stable, that is if for any neighbourhood U of ~, there
exists a neighbourhood N of v such that uy € N implies that the solution
of (3.1) u(t,uo) € U for all ¢ > 0. An w-periodic solution ¢(t) is said to
be orbitally asymptotically stable if the orbit +y is asymptotically stable, that
is, the orbit v is stable and there exists a § such that distxa(ug, #(0)) < &
implies that dist xa«(u(t, ug), (t)) — 0 ast — oo. An w-periodic solution ¢(t)
is said to be orbitally asymptotically stable with asymptotic phase if there exist
M, p, 3 > 0 such that

distxa{uo, v} = min [lug — ¢()]la < p

0<t<p

implies that there exists a real constant h = h(ug) such that the solution
u(t, ug) of (3.1) satisfies

lut, wo) — ¢t — h)||la < Me™,  fort > 0.

An w-periodic solution ¢(t) of (3.1) is orbitally unstable if it is not orbitally
stable.

The linear variational equation of (3.1) at the solution ¢(t) is

dv of
&+ Av="Lig, (32)

whose solutions satisfy

v(t) =T(t,s)v(s), t=>s,

where T'(%, s) is the evolution operator generated by (3.2).
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Definition 3.2. The period map of (3.2) is
Ut)=T(t+w,t). (3.3)

The nonzero eigenvalues of U(t) are called characteristic multipliers of the
periodic solution ¢(t) or characteristic multipliers of the linear variational
equation (3.2).

Remark 3.1. For an ordinary differential equation, this map is called the
monodromy matriz, whose eigenvalues are also the eigenvalues of the Jacobian
matrix of the Poincaré map.

Lemma 3.1. U(t +w) = U(t) for all t. The characteristic multipliers are
independent of t, that is, the nonzero eigenvalues of U(t) coincide with those
of U(s). In fact, o(U(t))\{0} is independent of t. If A has compact resolvent,
then U(t) is compact and o(U(t))\{0} consists entirely of characteristic
multipliers.

Lemma 3.2. Suppose that 0, is a spectral subset of o(U(t)) for all't; the
usual case is when o1 1s a finite collection of isolated eigenvalues or the
complement of such a set. Then for each t, the space X may be decomposed
as X = Xq(t) ® Xo(t), the direct sum of closed subspaces invariant under
U(t), o(U®)|x.y) = 01, 0(UR)|x000) = c(U(t)\o1. If t > 8,T(t,s) maps
Xi1(s) into X;(t), and is a one-to-one map onto X,(t) if 0 & 0.

Let €% = sup{|\|, X € 61}. Then for each € > 0, there exists M > 0 such
that

It s)ull < M@y

fort > s and u € X;(s).

Suppose 0 & o1 and let e* = inf{|A\|,A € 01} > 0. Then T(t,s)u,u €
X1(s), may be defined also for t < s, and for small € > 0, there erists
M. > 0 such that

IT (¢, s)ull < Meele=9E|u]|

Jort < s and u € Xy(s).

Assume that ¢(t) is a nonconstant w-periodic solution of (3.1). Let S be
a C" manifold (in X*) of codimension 1 such that ¢(0) € S and %?(O) is not
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tangent to S at ¢(0). For £ € S near ¢(ty), define ®(€) € S by

where w( £) = w+ O(J|¢ — ¢(0)|la) is chosen to ensure ®(£) € S. Let
(€)= G

Definition 3.3. The map ¢ defined in (3.4) is called the Poincaré map.

It is shown in Henry [42], page 258-260, that ® is a well-defined C? function

on S near ¢(0) and

@'(¢(0)) = U(0)
where T'(t, s) is the evolution operator generated by (3.2). Notice that any
fixed point of ® yields an w-periodic solution of (3.1).

Without loss of generality, assume that ¢(0) = 0, Zf( ) # 0and S is
represented near 0 in the form z = h(y) for y € Y where Y is the tangent
space to S at 0. Thus [[A(y) ~ ylla = o([lylle) @8 ¥y — 0 in Y. Now
X = span {%?(0),5/}. Let Py : X* — Y be the projection onto Y where
Pr®0)=0,Pry=yforyeY.

If {1} is an isolated eigenvalue of U(0) and X* = X® & X§ is the
corresponding decomposition with

a(U(0)|xe) = {1},
o(U(0)|xg) = a(U(0)\{1},

then Y =Y; © Y, where Y; = Py X%, j = 1,2 are ®'(0)-invariant subspaces

and
o(®(0)ly) € {1},
o(®'(0)]y,) = o (U(to))\{1}.

In particular, if {1} is an isolated simple eigenvalue of U(0), then Y; = {0}
and 1 ¢ o(®'(0)). If {1} is an eigenvalue of multiplicity m, then dimY; =
m — 1. Suppose that Y, = Y @ Yy where

a(®'(0)lvs) = a(U(0) N{IAl < 1, A € a(U(0))},
a(®(0)ly,) = o(U(0)) N{[Al > 1, A € o(U(0))}-

)
)

Let e = sup{|A|,X € o(®'(0)|y,)} and e* = inf{|A\|, A € o(®'(0)]y, }-
(@

Assume that either o(®'(0)|y,) or o(®'(0)]y, ) is a finite collection of isolated
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eigenvalues and § < 0, > 0. Then Lemma 3.2 implies that there exist
constants M, N > 0 such that

IT(t, 0)uo|la < MeF!|uolla, for t >0 and uo € Ys,
and T'(t, s)u,u € Yy, may be defined also for ¢t < s, and
T, 0)uolle < NeZ||uglla, fort < 0and up € Yy.

Definition 3.4. The dimension of Ys is called the dimension of the (local)
stable manifold of ¢(t). The dimension of Yy is called the dimension of
the (local) unstable manifold of ¢(t). The dimension of span{¢'(0),Y;} is
called the dimension of the (local) center manifold of #(t). The sum of the
dimension of the (local) center manifold and the dimension of the (local)
unstable manifold is called the codimension of the (local) stable manifold of

¢(t)-

Lemma 3.3. If A has compact resolvent, then the zero solution of (3.2) is
uniformly asymptotically stable if and only if all nonzero eigenvalues of U(t)
have moduli less than 1.

Lemma 3.4. Let f be continuously differentiable from X% into X in a
neighbourhood of a nonconstant periodic solution ¢(t) of (3.1). Suppose that
t— gﬁ(qﬁ(t)) € Z(X? X) is Holder continuous. Then the linear variational
equation dv

0
D+ av= Lo,

has 1 as a characteristic multiplier.
Lemma 3.5. Suppose that the assumptions in Lemma 3.4 are satisfied. If
a(U@®))N{|A| > 1} is a nonempty spectral set, then ¢(t) is orbitally unstable.

Lemma 3.6. Suppose that the assumptions in Lemma 3.4 are satisfied. If
1 1s an isolated simple characteristic multiplier of the periodic solution ¢(t),
and the remainder of the spectrum lies in {|\| < e P} for some 3 > 0, then
@(t) is orbitally asymptotically stable with asymptotic phase.

These theoretical results from Henry [42] furnish a context in which
the compound differential equation approach to orbital stability may be
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developed. The next theorem uses the compound differential equation
introduced in Chapter 1 to provide a sufficient condition for the remainder
of the spectrum of the period map lying in {|| < e~#} for some 8 > 0.

Theorem 3.7. Suppose that ¢(t) is a nonconstant w-periodic solution of
(3.1). If the second compound differential equation
dw afte
U

W gy, = 9L
o+ AN == ($(0)w

of the linear variational equation (3.2) is uniformly asymptotically stable in
/\2 X, then ¢(t) is orbitally asymptotically stable with asymptotic phase.

Theorem 3.7 will follow from Theorem 4.12 in Section 4.2. No proof is
given here. A particular case when A has compact resolvent is discussed in
detail as follows.

Theorem 3.8. Suppose that A has compact resolvent and ¢(t) is a
nonconstant w-periodic solution of (3.1). If the kth compound differential

equation

dw oft

—— 4+ Al = 2L t 3.5

2 At = S )y 35)
of the linear variational equation (3.2) is uniformly asymptotically stable in
/\k X%, then at most k — 2 characteristic multipliers of the periodic solution
@(t) have moduli greater than or equal to 1.

Proof. Let T(t,s) be the evolution operator generated by the linear
variational equation

v 0
% + Av = E{—(gb(t))v

Let U(t) = T(t + w,t) denote the period map. Since ¢(t) is a nonconstant
w-periodic solution of (3.1), Lemma 3.4 implies that one of the characteristic
multipliers of the periodic solution ¢(¢) is 1. From Section 1.3, w(t) =
T®(t, s)w(s) is a solution of (3.5), and thus the period map of (3.5) is
U®(t) = TW(t + w,t). Since (3.5) is uniformly asymptotically stable and
A has compact resolvent, Lemma 3.3 implies that the nonzero eigenvalues
of U (¢) have moduli less than 1. Let {A\:} be the eigenvalues, counting
multiplicities, of U(¢). Then all possible products of k eigenvalues of U(t)
in the form A;, Ay, -+ Aiy 91 < @2 < --- < iz, counting multiplicities, are the
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cigenvalues of U®)(t). Since one of the characteristic multipliers of ¢(t) is 1,
it can be concluded that at most k — 2 characteristic multipliers of ¢(t) have
moduli greater than or equal to 1. [

Definition 3.5. A periodic solution is stable hyperbolic if, with the exception
of a single characteristic multiplier which equals 1, the moduli of the

characteristic multipliers of the periodic solution are less than 1.

Corollary 3.9. Suppose that A has compact resolvent and ¢(t) is a
nonconstant periodic solution of (3.1). If ¢(t) is stable hyperbolic, then ¢(t)
is orbitally asymptotically stable with asymptotic phase.

Corollary 3.10. Suppose that A has compact resolvent and ¢(t) is a
nonconstant w-periodic solution of (3.1). Then ¢(t) is stable hyperbolic if
the second compound differential equation

dw

hadad 2 =
+ Ay 3

. con (36)

of the linear variational equation (3.2) is uniformly asymptotically stable in
A2 Xe,

Remark 3.2. Let U(t) be the periodic map of the linear variational equation
of (3.1) at the solution ¢(t)
dv

-+ Av= g%(qS(t))v. (3.7)

Suppose that {);} are the eigenvalues, counting multiplicities, of U(t). If the
corresponding eigenfunctions of U(t) form a basis of X, then the eigenvalues
of UM(t), counting multiplicities, are given by all possible products of &
eigenvalues of U(t) in the form A\ Ay, - - Xy, 41 < 42 < -+ < i, In this
case, the uniform asymptotic stability of the second compound differential
equation (3.5) is equivalent to the hyperbolic stability of the periodic solution
(t).

Remark 3.3. The finite linear combinations of expression of the form v! A 2
are solutions of the second compound differential equation (3.6), where
v*,1 = 1,2 are solutions of the linear variational equation (3.7) of (3.1) at the
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solution ¢(t). If the second compound differential equation (3.6) is uniformly
asymptotically stable in /\2 X2, then there exists a o > 0, such that

I Av)(@)lIpxa < eIV Av?)(O)]IAxe- (3-8)

Hence
1T (0)(w" Av*)0)[Iaxe < (¥ Av?)(0)]IAxe,

where U®)(t) is defined in the proof of Theorem 3.8. Let {)\;} be the
eigenvalues, counting multiplicities, of U(0). Then all possible products of
two eigenvalues of U(0) in the form )\, Ay, 41 < i2, counting multiplicities,
are the eigenvalues of U®(0). Since one of the characteristic multipliers of
#(t) is 1, it can be concluded from that (3.8) that all the other characteristic
multipliers of ¢(t) have moduli less than 1 and thus ¢(t) is stable hyperbolic.

3.2 Reaction Diffusion Systems

In this section, Corollary 3.10 is applied to study the stability of periodic
solutions of reaction diffusion systems.

Let Q c R™ be a bounded domain with smooth boundary and D =
diag(dy,--- ,dn), di > 0. Let f : QxR"™ — R™ be locally Lipschitz continuous
in u, uniformly in z. Suppose that ¢(t,z) is an w-periodic solution of

% — DAu+ f(z,u), (3.9)

with Dirichlet boundary condition
ulgq =0, (3.10)

or Neumann boundary condition

ou
ol = 0, (3.11)

or a more general boundary condition of the form
By = 0. (3.12)

In the following, the case with Dirichlet boundary condition is discussed
and similar arguments can be applied to other boundary conditions. Let
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X = L*Q,R") and A : D(A) C X — X be the linear unbounded operator
Ay = —Au, where

D(A) = {u € H*(Q,R"), uloq =0} .

The initial value problem of (3.9) is well-posed in X%, 0 < a < 1. The linear
variational equation of (3.9) at u = ¢(t,z) is

ov of
— = DAv + =—(z, ¢(t, x))v,
ot Bu( #(t,2)) (3.13)
Vg = 0.
Let X\, i =1,2, -+ be the eigenvalues of the Laplace equation

with Dirichlet boundary condition (3.10) and e!,e?,-- - be its corresponding
orthonormal eigenfunctions. It is assumed that 0 < A; < Ag < -+ - .

Remark 3.4. If ¢(t,z) is an w-periodic solution of (3.9) with Neumann
boundary condition, then 0 = Ay < Ag < A3 < -+ is assumed. For other
boundary conditions, A; are the eigenvalues of the Laplace equation (3.14)
and Ay < Ay < A3 < --- is assumed.

Let ¥ = (vi,2,--- )T € X4 = 1,2 be solutions of (3.13)
and f(z,u) = (fi(z,u), fo(z,u), -, fu(z,w))T. In the following, two
representations of the second compound differential equation of (3.13) are
discussed.

Case 1: A pointwise representation of the second compound differential
equation of (3.13)

Foru € X% z €, i =1,--+,n, define a linear functional (i,z) : u
((,2),u) = uy(z). Then (3.13) can be written as

ov; -
a—tj = deUj + kzzlajk(t,.’li)vk,
where
Of;

ajk(t, CI)) = a—uk(l’a ¢(ta .’L‘))
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For w(t) € A°X®, 21,2, €9, 4,5 =1,++-,n, a pointwise representation of
w(t) is
(G, 21) A (4, 72), w(t)) := wis (¢, 71, T2)

af\ 2
and a pointwise representation of the operator (DA + —f-> is

u
’<(i,x1) A (4, z2), (DA + g—i)p] w>

= diAlwij(t, Z1, ZL'Q) + deQ’wij + (aii(t, .’171) + aj; (t, xg))wz-j(t, T, .’172)
+ 3wty 1wk + D ae(t To)w,
ki ket
where Ajw;; and Aqw;; are the Laplacian of wy;(z1, z2) with respect to z;

and zo. Since w;; satisfies
wZJ(ta X1, 1’.2) = —wJZ(ta Za, $1)7

there are k+ (k—1)+(k—2)+---+1 = (5*) different types of determinants
that will need to be discussed. Thus a pointwise representation of the second
compound differential equation of (3.13) in A% X is

Ow;;
;Ut = di(Aqwy + Dowy) + (au(t, 1) + ault, z2))wy
+ Z(aik(t, T1)Wki + @ik (t, T2)wik), =1,2,-+n,
—
S * (3.15)
a—t” = dz-Alwij + deQU)ij + (aii(t, 1'1) + lljj(t,IL'Q))wij

+ 5 awlt, z)we + Y @ty ews, 1<i<j<n.
ki k£

If v1(t),v%(t) are solutions of (3.13), then
wij(t, 21, 22) = ((,21) A (J, 22), (v AVP)(2))
vi(t,z1) v(t,71)
vj(t,T2) vi(t,T2)
It can be checked by differentiating the above determinant that v'(t) A v2(t)

satisfies the second compound differential equation (3.15) and the Dirichlet
boundary conditions on v* imply that

= det{ ], 1,20 €80, ,7=1,2,---,n.

wij(t, 1’.1’1’.2).11639 = 0, wij(t, X1, .’172)|z2€39 = 0.
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Case 2: A basis representation of the second compound differential equation
of (3.13)

Let {¢*(z)} be the orthonormal eigenfunctions of the Laplace equations
(3.14) with Dirichlet boundary condition (3.10) and A;,4 = 1,2,--- be the
corresponding eigenvalues. Then the set of vectors {e'} is an orthonormal
basis of X® and {e? Aef, 1 < i < j} is an orthonormal basis of A> X®. Define
another linear map (i,e’) : v = (v1,v2," -+ ,vn) = ((4,€7),v) = [, v%el. Then

T
U(t,iL‘) = (U1,1)2,--~ 7'Un = (261] 6'7 Ecn] 6'7 )

where c;; := ((i,¢?),v),i=1,2,--+ ,n,j =1,2,--- satisfies

de;; . ) . )
— =i taa(t g, Dley+ ) aalt, . k)ea+) D ault d, K)ew, (3.16)
k£ Ak
where a”(t k1) = (ef,a;e) = [,a(t,2)el(2)ek(z)dz, 4,5 = 1,2,--- ,m,
k,01=1,2,---. Here a;;(t, k,1) = a;(t,1, k).
For w(t) € /\2 X*?, a basis representation of w(t) is

<(i,ei1) A (j, CiQ'), w(t)> = wz-j(t,il,iQ)

and a basis representation of the second compound differential equation of
(3.13) in A’ X is

dwy o . .
g7 —(t,i1,92) = (=didi; — didi, + ai(t, i1, 1) + a8, 92, i) )wy (2, i1, 52)
-1-1;3 aii(t, Ky i )wi(t, Ky dg) + ZZazl(t ki )wy(t, k,i2)
i1
+ 3 au(t, kyi)wu(t, i k) + 3. aa(t, ky io)wy (i1, k)
ki1 £k
dw;; o o o
gt (t i1,92) = (=didi;, — djdi, + ay(t, i1, 41) + a;; (42, 92))w;; (L, 91, 92)
+ Z aii(t, k, Zl)wl] (ta k: 7/2) + Z Z ail(ta k) il)wll(t7 k> 7’2)
ki £ &
+Igé:'ajj(t, k, i?)wij(ta 7:17 k) + l;: zk:a'jl(ta kaiQ)wll(tail’ k)

(3.17)
A direct application of Corollary 3.10 implies the following corollary.
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Corollary 3.11. If the second compound differential equation (3.15) or (3.17)
of the linear variational equation (3.13) is uniformly asymptotically stable in
N’ X, then ¢(t,z) is orbitally asymptotically stable with asymptotic phase
n X°.

In the following, the two cases when 2 = (0, L) are discussed in detail.

Scalar Case: n = 1 with periodic boundary condition
Suppose that © = ¢(t, z) is a nonconstant w-periodic solution of

up =Ugy + f(z,u), 0<z<L, t>0,

(3.18)
u(t,0) = u(t,L), u,(t,0)=u,t,L) t>0,

where f € C?((0,L) x R — R). The linear variational equation of (3.18) at

o(t, ) is
v =g +a(t,z)v, 0<zxz<L, t>0,

(3.19)
v(t,0) = v(t, L), v.(t,0)=v,(t,L) t>0,

where

of
t = — t .
aft2) = 2 a,0(t,2)
If v!,02 are solutions of (3.19), then w(t) = (v' A v?)(t) € A’X has a
pointwise representation

t7$1)

vi(t, 2,) 02
w(t,zy,20) = <-T1 A Za, (’Ul A UZ)(t)> = det ,Ul( X v? t,xa) |’

(t, 11,'2)

which satisfies the second compound differential equation of (3.19) defined
on A’ X

NN

Wy = Weygy + Wapay + (a(ta m1) + a(ta xZ))w (3-20)
The periodic boundary conditions of v* implies that
w(t,0,20) = w(t,L,x2), wg(t,0,25) = wy, (¢, L, 22),
w(t,r1,0) = w(t,z1,L), wa,(t,z1,0) = wg,(t, 21, L).
The eigenvalues and orthonormal eigenfunctions of the Laplace equation

Au = -—)\iu,

w(0) =u(L), us(0) = uy(L) (3.21)
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are Ay = O, han = ()" dons1 = (%)% and el(z) = 1,e%(z) =
\/%cos(%’i)z,e%“(z) = \/%sin(%)a:,n = 1,2,--+, respectively.
Consider a Lyapunov function

V()= 1/ w® = 1/ w?(t, T1, 22) dzids.
2Jor 2Joup

Then

v / W
dt B (0,L)2 ¢

= / WWg, gy T Wiy, +/ (a(t,z1) + a(t, z9)) w
(0,r)? (0,L)?

L L 2
= wwmlm:o + WWg, lm:o _/ [(wml) + (wg,) 2]
(0,L)2
+/ (a(t,z1) + a(t, z2)) w?
(0,L)?

= _/ [(wz1)2 + (w$2)2] + / ((J,(t, 'Tl) + (J,(t,.’lfg)) w’
(0,L)?

(0,L)?

IA

/ (=1 — o) w? +/ (alt,z1) + a(t, z2)) w?
(0,L)2

(0,L)?

= [ (C @) -2y e

Corollary 3.12. If

/Ow max {——(x (¢, x))} dt < —2”—;,

then ¢(t,x) is orbitally asymptotically stable with asymptotic phase in
L*(0,L).
Suppose that v(t,z) = Y c;(t)e(z), where ¢; = (e,v) = fOL vel, j =
. J
1,2,--- . Then
de .. .
—L ==X +alt,5,)le + Y ast, j, K)ew, (3.22)
di k#j

where a(t,k,l) = (¥ ae!) = fo e¥(z)dz, k0 = 1,2,---. If
v',v? are solutions of (3.19), then w(t) = (U /\ v?)(t) € A* X has a basis
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representation
. i a2 ¢, ¢ .
w(t,i1,i2) = (" A e, w(t)) = det A for 1 <4y < io,

i2 i2

which satisfies the second compound differential equation of (3.19)

dw(t,y,1 . .. ..
%dtl——z_) = (=X — My +a(t,i1,91) + alt, i2,i2))w(t, i1, 12)
+ Z a(t’ih k)’LU(t, k7i2) + Z a(t’ kaiZ)w(tﬂ:la k)
k#i1,i0 k#4102
(3.23)
Consider a Lyapunov function
V(t)= Y wi(tis, i)
1<41 <z
Then ey
T = §: Hiyia (t)w2(ta il, Z.2)
dt 1<t <ia
< u@)v,
where
/J/iu'z(t) = _>‘i1 - >‘i2 + a(tv ilv Z'1) + a(t’i%i?) + E (Ia(t:ila k)l + la(t7 k,i2)|),
k#iq,i2
of g 1 k
at,z) = %(ac,gb(t,x)), a(t,k,l) = a(t,z)e (z)e*(x)dz, k,1=1,2,--+,
0
/J’(t) = Ssup {p’iliZ(t)} . (324)
1<i1<ia

Corollary 3.13. If

W
/ p <0,
0

where p(-) is given by (3.24), then ¢(t,z) is orbitally asymptotically stable
with asymptotic phase in L2(0, L).

Planar Case: n = 2 with Dirichlet boundary condition

Suppose that u = ¢(t, z) = (¢1(t, z), #2(t, x)) is a nonconstant w-periodic
solution of

ut:dlumm+f(m7u7lv)7 Ut=d2/UII+g(m7u7/U)7 0<£L'<L, t>07

u(t,0) =u(t,L) =0,  v(t,0)=v(t,L)=0, t>0,
(3.25)



3. On Poincaré’s Stability Criterion for Periodic Orbits 62

where f,g € C?((0,L) x R? = R?). Let

U e, 0u(t,2),0000,2)) L (@,01(0,),n(t,2)

20 o (6,2),80(6,) 93,610,282, 2)

all(t, .’E) alz(t, T
a91 (t, .'L') agg(t, T

N’
|

The previous discussion implies that a pointwise representation of the second
compound differential equation defined on A* X is

dw
(%11 = di(Aywin + Agwyy) + (an(t, 1) + an(t, z2))wn
+a12(t, 21)wa + a12(t, To)Wio,
Owa

= A
o da(Arwaz + Aowag) + (aze(t, T1) + agn(t, z2))wss (3.26)

+a21(t, 21)Wia + ao1(t, To)Wwoy,

ow
6t12 = diArwng + dalowrz + (a11(t, 1) + axn(t, 22)) w2
+a12(t, 1)Wan + a1 (t, T2)Wg.
Let 1 )
Vi(t) = —/ (wn)? = —/ (w1 (t, 71, 22))?dzdzs,
2 JeoLy 2 JoLy
1 1
Va(t) = = (wee)? = = (waa(t, 71, 22))?dz1d2,
2 Jo,y "2 Jou
1 1
Va(t) = 2 (wia)® =3 (wia(t, 71, T2))%dz1ds.
(0,L)? (0,L)?
Then
L0,
2 dt
= / di(Arwig + Agwnr)wyy +/ (a11(t, 1) + a1 (t, 22)) (wn )?
(0,L)? (0,L)2
+/ [a12(t, 1) war w1 + a12(t, T2)wiawyy]
(0,L)?
<

/(0 Ly di(=A1 = A + a1 (t, 21) + a11(t, 22)) (wy1)?

+/ [@12(t, 1) warwis + a1a(t, T2)wiowry] .
(0,0)2
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It follows from

ay2(t, z1)way (t, 21, T2)wi1 (E, T1, 2)dT1d2s

S~

(0,L)

a12(t, o) wy (t, T2, 1 )wi1 (t, To, T1)dz1dTo

Il
\

(0,L)2

= / a12(t, z2)wia(t, 21, T2) w11 (t, 21, T2)dz1d,

(0,L)2

that

1d+W;

= ! / di [=A1 ~ o + an(t, 1) + an(t, z2)] (wir)?

2 dt (0,1)2

+2/ alz(t,l'z)’wlz’wn.
0,L)2

Similarly,

1 dVg

< / da [—A1 = Ao + age(t, 71) + azn(t, 72)] (wae)?

+2 / a2 (t, T1)WwiaWae
(0,L)2

1dV;
=2 < / [—A1(di + d2) + an(t, 71) + an(t, 72)] (wrs)?
2 dt (0 L)2
+/ [a12(t, 21 ) waswia + @ (t, To)wiiwia) -
(0,L)?
Consider a Lyapunov function

1
V(t) = 57(Vi+ 12 +2V3).

It follows from Young’s inequality

1 2
u(z)v(z) < 3 [V(.’zr) 2(z) + —((;:—)) , for every positive function v(zx),
(3.27)
that for any positive functions v (z), va(x),
d+V 2 2 2
TS [ O+ ) ) + 2ua(0) )]
(0,12 (3.28)

< 2u)V,
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where
,U/l(t) = - (Al + AQ) di + m;iX {2(1,11(15,1') + T](-.’E—S |(1,12(t,.’17) + a,gl(t, .’17)1} ,
1
/.LQ(t) = — ()\1 + )\2) d2 + mf.X {2&22(t, 1') + W |a12(t, 1') + a9 (t, :L')l} ,
/_1,3(t) = —)\1 (dl + dg) + ij {all(t, :L') + VQSE) ]alg(t, CE) + agl(t, Cl?)'}

+ max {agg(t, )+ %CE—) |a12(t, ) + a21(t, a:)]} ,

u(t) = max{ui(t), pa(t), ps(t)}
(3.29)
and the maximum is taken over 0 < z < L.

Corollary 3.14. If
/ b<0, (3.30)
0

where p(-) is defined by (3.29), then §(t,x) is orbitally asymptotically stable
with asymptotic phase in L?((0, L), R?).

Remark 3.5. Corollary 3.14 is used in Section 3.3 to give a stability condition
for a periodic solution of a system arising from an ordinary differential
equation.

3.3 Effect of Diffusion

In this section the effect of adding diffusion to the dynamics of an ordinary
differential equation in R”™ on the stability of a periodic solution is studied.
It has been shown by Henry [42], page 201-202, that for 2-dimensional
systems, the orbital stability is preserved under certain circumstances. But
he proved that, in general, stability is not preserved for general diffusion
terms. Leiva [50] extended Henry’s sufficient condition on the preservation
of orbital stability to systems in R”. Here the necessary and sufficient
condition for hyperbolic stability is formulated in terms of stability of an
infinite dimensional system of uncoupled ordinary differential equations,
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which includes both conditions of [42] and [50] with weaker restrictions on
the added diffusion.

The following necessary and sufficient condition for a periodic solution of
an ordinary differential equation to be hyperbolic stable is from Muldowney
[78]. Let u = ¢(t) be a nonconstant w-periodic solution of

% _ f(w), feCiRYRY. (3.31)

The linear variational equation at u = ¢(t) is

dv Of

T Bz@’(t))v-
Theorem 3.15. The periodic solution ¢(t) of (3.31) is stable hyperbolic if
and only if the second compound differential equation

dw N Qi 2]

T = Ba (P(t))w

is uniformly asymptotically stable in \*R™ (=2 R®)).

Corollary 3.16. The periodic solution ¢(t) of (3.31) is stable hyperbolic if,
for some Lozinskii measure i,

w 5fld
/0 u(;—f (¢(t>)) <0,

Theorem 3.15 is the special case of Theorem 3.7 when X = R™ and
A = 0. When n = 2, it is the Poncaré stability criterion which asserts
that a nonconstant w-periodic solution u = ¢(t) of

du
7 =), uer,

is orbitally asymptotically stable with asymptotic phase if

/ " div f(6(t)) < 0.

0

Suppose that a diffusion term is added to (3.31) as follows. Let Q C R™ be
a bounded domain with smooth boundary and D = diag(dy, dy, - - - ,d,),d; >
0. Then u = ¢(t) is also a periodic solution of the reaction diffusion equation
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ou

— = DAu+ f(u),

o (3.32)
ou

—| =0.

o | g

Let X = L*Q,R") and A : D(A) € X — X be the linear unbounded
operator Au = —Au, where
=o}
80

Theorem 1.6.1 in Henry [42], page 39, implies that if & < o <1, then

D(A) = {u € H2(Q,R™), g_z

X% C C(Q,RY), and X* C IP(Q,RY), p > 2.

The initial value problem of (3.32) is well-posed in X®. The linear variational
equation of (3.32) at u = ¢(¢) is

v of
— = DAv+ — . 3.33
= — DA+ S ((0)v (339)
The eigenvalues and orthonormal eigenfunctions of the Laplace equation
Au = —'Az"u,
du (3.34)
—| =0,
on |4
are 0 = g < A\ < A < --- and €(2),€(z),€%(x), - - -, respectively. Let
v(t) € X* be any solution of (3.33). Then v(t,z) = 3 v;(t)e!(z) where

i=0
v;(t) = (), v(t)) = [yv(t,z)el (z)de, j =0,1,2,--- and (3.33) is equivalent

to the following infinite dimensional system of linear equations

dv; 0

While the methods of Section 3.1 may be used directly to analyze the
characteristic multipliers of the periodic solution ¢(t) with the help of the
second compound differential equation of (3.33), a simpler development
presented here is based on the finite dimensional theory of compound matrices
by Muldowney [78] and the material in Henry [42], page 201-202. To that
end, the above infinite system of uncoupled n-dimensional linear differential
equations (3.35) is considered.
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Lemma 3.17. The characteristic multipliers of the periodic solution ¢(t) of
(3.32) are the characteristic multipliers of the infinite dimensional system
(3.35).

o

Il
)

Proof. Let v(t) € X® be any solution of (3.33). then v(t,z) = 3~ v;(t)e’ (x),

j
where v;(t) = (¢, v(t)) satisfies (3.35).

If u; is a characteristic multiplier of (3.35), then there exists a nonzero
v;(t) such that

vj(w) = p;;(0).

Since v;(t)e?(z) is a solution of (3.33), i; is a characteristic multiplier of the
periodic solution ¢(t) of (3.32).

If p is a characteristic multiplier of the periodic solution ¢(t) of (3.32),

o0
then there exists a nonzero v(t,z) = ) v;(t)e’(z) such that
=0

v(w) = w(0),
or Z vj(W)el (z) = p Z v;(0)é ().

Thus for all 5 =0,1,2,---,

vj(w) = s (0).

Since v(t) is nonzero, at least one of the v; is not identically zero and thus
is a characteristic multiplier of (3.35) for some j.

Remark 3.6. The technique developed here can also be applied to other
boundary conditions such that p(t) is still a periodic solution for the reaction
diffusion equation, for example, periodic boundary condition.

3.3.1 Stability of Periodic Solutions

The following theorem is an analogue for the reaction diffusion equation

(3.32) of Poincaré’s stability criterion for the ordinary differential equation
(3.31).
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Theorem 3.18. Suppose that ¢(t) is a periodic solution of the ordinary
differential equation (3.31). Then ¢(t) is stable hyperbolic for the diffusive
system (3.32) if and only if the second compound differential equation

dw 3 3_f[2]

—_— = 3.3
= =L 6w, (3.36)
and the linear equations
d’Uj N 8f -
- = D+ g @)y, j=12, (3.37)

are uniformly asymptotically stable.

Note that the stability of equation (3.36) is a necessary and sufficient
condition for the periodic solution ¢(t) of the ordinary differential equation
(3.31) to be stable hyperbolic. In addition, Poincaré’s stability criterion here
also requires the stability of the infinite system of decoupled n-dimensional
linear equations (3.37). The following corollaries give concrete sufficient
conditions on D for the preservation of stability in the diffusion system. The
concept, “Lozinskil measure”, is discussed in Appendix A. Good references
on Lozinskii measure are Coppel {19], page 41 and Muldowney [76-78].

Corollary 3.19. Suppose that the periodic solution ¢(t) of the ordinary
differential equation (3.31) is stable hyperbolic. If, for some Lozinskii measure

H p(=D) <0 (3.38)

and /Owﬂ (g—g(qb(t)) _ A1D) <0, (3.39)

then u = ¢(t) is stable hyperbolic for the diffusive system (3.32).

Remark 3.7. The Lozinskii measure p in Corollary 3.19 is assumed to be
admissible. The term “admissible” was introduced by Li and Wang [57].
Precisely, a Lozinskii measure p is said to be admissible if p(—D) < 0 for
all diagonal D = diag(dy,ds, - - ,dn) where d; > 0,1 < i < n. The Lozinskii
measures (4 listed in Table A.1 of Appendix A are admissible.

Corollary 3.20. Suppose that the periodic solution ¢(t) of the ordinary
differential equation (3.31) is stable hyperbolic. Then there ewists K > 0
such that

[X®X ()| <K, 0<s<t,
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where X (t) is a fundamental matriz solution of

dv Of
& _ % gy

then u = ¢(t) is stable hyperbolic for the diffusive system (3.32).

Remark 3.8. Neither of Corollary 3.19 and Corollary 3.20 is implied by the
other. This is discussed through an example in Section 3.3.3. For the case
D = dI, inequality (3.39) is true but inequality (3.40) may not be satisfied.

Remark 3.9. Corollary 3.20 includes as special cases results of Henry [42]
and Leiva [50]. When n = 2 and D = diag(ds, d2), Henry [42] proved that if
|dy — dp| is small, u = ¢(t) is orbitally asymptotically stable with asymptotic
phase for the reaction diffusion system (3.32). Leiva [50] generalized this
result for D = dI + diag(ey, €9, - ,€,) With g; small enough. The results of
Henry and Leiva are strengthened slightly in that a concrete bound is given
here on ¢;. A particular example obtaining such a bound is discussed in
Section 3.3.3.

Proof of Theorem 3.18:

Proof. Theorem 3.15 implies that ¢(t) is stable hyperbolic for the first
equation of (3.37) with A if and only if the second compound differential
equation (3.36) is uniformly asymptotically stable. Theorem 7.2 in Hale [37],
page 120, implies that the characteristic multipliers of the infinite dimensional
linear equations (3.37) with A; = Aj, Ag, -+ have moduli less than 1 if and
only if it is uniformly asymptotically stable. By Lemma 3.17, the proof is
completed. [ |

Proof of Corollary 3.19:

Proof. Let A(t) = 2L(4(t)). A solution of (3.37) satisfies

T
lvj(t)lﬁlvj(S)Iexp(/ u(A—/\jD)>, s<t, j=1,2,--,
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which implies that

X0x7 @) <ew ([ wa-AD), st G-t

where X (t) is a fundamental matrix solution of (3.37) and X;(0) = I. Thus

x@i<en ([ ua-x0).

If u(—D) <0and [ (A~ D) <0, then for j =2,3,---,
[ wa-x0) = [ wa-x0-0y-20D)
0 0

< / " (WA = \D) + (A — A)u(=D)) <0,

which implies that all of the characteristic multipliers of (3.37) with A =
Aj;j = 1,2,--- have moduli less than 1. Therefore, u = ¢(t) is stable
hyperbolic for the diffusive system (3.32). [ |

Proof of Corollary 3.20:

Proof. Since the periodic solution ¢(t) of the ordinary differential equation
(3.31) is stable hyperbolic, Theorem 7.2 in Hale [37], page 120, implies that
there exists K > 0 such that

IX®X'(s)| < K, s<t,

where X (t) is a fundamental matrix solution of

dv Of
pri %W(t))v-

Let A(t) = %5(¢(t)). Choose d > 0 and consider the following equation

d
E% = —dIy + A()y. (3.41)

Then the fundamental matrix solution Y'(t) of (3.41) satisfies Y (t) =
X(t) exp(—dt) and thus

Y)Y~ (s)] < Kexp(—d(t - 5)), s<t.



3.3. Effect of Diffusion 71

Now consider differential equation

dz
i (=D + A(t))=. (3.42)

Then the solution of (3.42),
z(t) =Y ()Y (s)2(s) + /t Y)Y H7)(dI - D)z(r)dr, s<t,
satisfies
(0] < K exp(d( ~ ]e(s)| + [ K expl(aft —7)|D — |- |z
Gronwall’s inequality implies
|2(t)] < Kexp((—d+ K|D —dI|)(t — s))|2(s)|, s<t.
Therefore, if
D -dl| < =, (3.43)

then (3.42) is uniformly asymptotically stable. Since A\; > 0,5 =1,2,--- and

Ad
l/\J‘D — /\Jd.” = /\le — dII < %,

the above argument implies that if |D — dI| < %, then

dv;
— = (=D + A[H)v;
is uniformly asymptotically stable. Therefore, from Theorem 3.18, u = ¢(t)

is stable hyperbolic for the diffusive system (3.32). u

3.3.2 Instability of Periodic Solutions

Since solutions of the ordinary differential equation (3.31) are also solutions
of the reaction diffusion equation (3.32), it follows that an orbitally unstable
solution of (3.31) is also an orbitally unstable solution of (3.32). In the
following, it is assumed that u = ¢$(¢) is an orbitally stable solution and
conditions under which it is an orbitally unstable solution of (3.32) are
explored.
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Theorem 3.21. Suppose that for some Lozinskii measure (,
u(—D) < 0.

Then the stable manifold of the solution u = ¢(t) of the diffusive system
(3.32) has finite codimension.

Proof. Since the Jacobian matrix A(t) = 2L(¢(t)) is a continuous and

ou
periodic function of ¢, there exists a 8 > 0 such that
t
/ p(A) <B(t—s), s<t. (3.44)

IftA> _—M(@_:F), then

t T
[ WD+ &) < €-D)e = 5)+ [ 1) < (u(-D) + B)(t =) <0,
which implies that the linear ordinary differential equation
dv
22 = (=)D
7 (=AD + A(t))v
is uniformly asymptotically stable. Thus there exists N such that (3.37) with
A = ); is uniformly asymptotically stable for j > N. Therefore the stable
manifold of the solution u = ¢(t) of the diffusive system (3.32) has finite
codimension. m

Theorem 3.22. Suppose that u = ¢(t) is orbitally asymptotically stable for
the ordinary differential equation

du
i fu).

Let A(t) = %5(¢(t)). Suppose that there is a principal m x m submatriz Ay;
of A and a Lozinskii measure py on R™ such that

/Ow —[Ll(—All) > 0. (345)

Then, for any integer k > 0, there ezist an ¢ > 0 and ¢ n X n matriz
D = diag(elmxm, %I(n_m)x(n_m)) such that u = ¢(t) is orbitally unstable for

the diffusive system
Ju

5; = DAu + f(u)a
@ 0 (3.46)
on | g o

and the dimension of the unstable manifold of u = ¢(t) is at least k.
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Condition (3.45) in Theorem 3.22 is satisfied if for some 4, [} a;(¢)dt > 0.
Without loss of generality, let i = 1.

Corollary 3.23. If [," a11(t)dt > 0, then for any integer k > 0, there exist
an € > 0 and a n X n matriz D = diag(e, %I(n~1)><(n—1)), where £ > 0, such
that u = ¢(t) is orbitally unstable for the diffusive system (3.46) and the
dimension of the unstable manifold of u = ¢(t) is at least k.

The proof of Theorem 3.22 is based on an argument in Muldowney [77].

Proof. Consider the linear equation

dv
d_tl = (A11(t) — AeLmxm)v1 + Ar2(t)vs,

v, (3.47)

A
T Ao (t)vr + <A22(t) - ‘E—I(n—m)x(n——m)) Vg,

where ¢ > 0, [’ —pi(—An) > 0 for some Lozinskil measure y; and
v = (v1,v2),v1 € R™,v3 € R*™. Let |-]; and | - | be vector norms in
R™ and R™™™, uy and s the corresponding Lozinskii measures, respectively.
Let = |v1|; and ry = |vg|. Then

d+’f'1
dt

d+7"2 A A
“dt < Qo171 + Ho (Azz - g-’(n—m)x(n—m)) T2 < og1m + <a22 — Z) ra,

> —p1(—A11 + Aelpum)ri — @1ara > (@11 — X&) 11 — QuiaTe,

where
aq1(t) = —pa(—An(t)), a(t) = —pa(—Ax(t)),

At
o12(t) = [Ai2(t)|lr = sup [Aw(t)zls
ZER™F, TF0 lx|2
[An )zl

a1(t) = |A21(t)12 = sup
TeRE, g0 |Z|1

and %;1 denotes the right-hand derivative. Since fo“’ ~p1(~A11) > 0, we can
choose £, > 0 sufficiently small such that

/ (a11 — A — 5(121) > 0, (348)
0
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and

A1
ng(t) - g -+ galz(t) S au(t) —Xe — 5&21(t), for all ¢ > 0. (349)

Let r = r; — drg. Then

dt A
d—tr > (oq1 — Ae) 1y — quory — gy — 6 (azz - g) 9
A 1
= (a11 — Ae — dagy) 11 + - T 02— o dry

> (a1 — Ae —dag) 1,

which implies

r(t) > r(s)exp (/st(an ~Xe — 6a21)) , fort>s.

Choose v1(0) and v2(0) such that 7(0) > 0. Then

r(nw) > 7(0) exp (n/ (a1 — Ae — 60421)) — 00, as n — 0o,
0

and thus

v (nw) — 00, as n — oo.

Therefore (3.47) is unstable and at least one of the characteristic multipliers
of (3.47) has modulus greater than 1. Let A, Ay, -+ , A\ be the first & nonzero
eigenvalues of the Laplace equation

Au = —/\iu,
Gul
on |50

Then there exists an £ > 0 such that the inequalities (3.48) and (3.49)
hold for all Aj, Ag, -+, A. The above argument for A implies that for each
J=1,2,---,k, the linear equation (3.47) has at least one of the characteristic
multipliers with modulus greater than 1. Hence, Lemma 3.5 and Lemma
3.17 imply that u = @#(t) is orbitally unstable for the diffusive system and
the dimension of the unstable manifold of u = ¢(#) is at least k. n
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3.3.3 Planar Reaction Diffusion Systems

The following results include Henry [42], page 201-202, as the special case
n = 2 of Theorem 3.18 and Corollary 3.23.
Suppose that the planar system

Z_’:{ = f(u7 U)’
& (3.50)
at = g(u,v),

has a nonconstant periodic solution (p(t), ¢(t)) with period w, where f,g €
C'(R? — R). In this case the second compound differential equation of the
linear variational equation at (p(¢), ¢(¢)) is the Liouville equation

w 01 0
(fi_t = (%(p, q) + a—f(p, q)) w

= (fulp, @) + 9o(p, @))w.

Theorem 3.15 implies that (p(t), q(¢)) is stable hyperbolic for the ordinary
differential equation (3.50) if and only if

/0 w(fu(p, 9) + 9.(p,9)) <O0. (3.51)

Solution (p(t),¢(¢)) is also a periodic solution of the diffusive system

U = dyUge + f(u, ),

vy = doVgy + g(u,v), in (0,27) % (0,00), dy,ds >0, (3.52)
with Neumann boundary conditions
(t,0) = ux(¢,2m) = 0,
Zz , 0 = :C((ft, 2271'))——- , fort>0, (3:53)
or periodic boundary conditions
u(t,0) = u(t,2m), uy(t,0) = uyu(t, 27)
v(t,0) = v(t,2m), vi(t,0) = vy(t,2n), fort>0. (3:54)
Let
M, (1) = fulp:9) = Ndi fuo(prg) ’ (355)

9.(p, q) 9u(p,q) — \jda
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where A\g = 0,)\; = (j/2)? for Neumann boundary conditions and )\, =
0,Xj—1 = Ag; = 32 for periodic boundary conditions, j = 1,2,---. The
characteristic multipliers of (p(t), ¢(t)) for the reaction diffusion system (3.52)

are the characteristic multipliers of

@
dt M u .
= ](t) I J =0a1727"' . (3.56)
d v
dt

Let dy,d2 > 0 and d; + dy # 0. Corollary 3.24, 3.25 and 3.26 are given in
Henry [42]. Corollary 3.27 and 3.28 are new and follow from Corollary 3.23.

Corollary 3.24. Suppose [;’(fu(p,q) + gu(p,q)) > 0. Then (p(t),q(t)) is
orbitally unstable for the diffusive system (3.52).

Corollary 3.25. Suppose ['(fu(p,q) + gu(p1q)) < 0. If I 9(pyq) > 0,
then (p(t),q(t)) is orbitally unstable for the diffusive system (3.52) with
dy =e" dy =¢ wheree is sufficiently small.

Corollary 3.26. Suppose [°(fu(p.q) + 95(p.q)) < 0. If |dy — da| is small,
then (p(t), q(t)) is orbitally asymptotically stable with asymptotic phase for
the diffusive system (3.52).

Corollary 3.27. Suppose [,"(fu(p,q) + 9.(p,q)) < 0. If

/Ow max { fu(p,q) — Ad1 + | fo (0, D), 90(0, @) — Mo + |gu(p, 9)|} < O,
(3.57)

or

/0 max { fu(p,q) — Ad1 + |gu (0, @), 9u (P @) — Mida + | fo(p, 9)|} < O,
(3.58)

(73] M M*
/ A (——1%) <0, (3.59)
0

where A (A_/I%—ﬂ denotes the largest eigenvalue of Ml—;Ml‘:, then (p(t), q(t)) is

orbitally asymptotically stable with asymptotic phase for the diffusive system
(3.52).
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The orbital asymptotic stability of (p(t),¢(t)) can also be discussed by
using the result of Corollary 3.14 in Section 3.2. Let

mt) = —A1d1+mgX{2fu(p,q)+;I%Ifu(p,q)wu(p,q)l},
pa(t) = —A1d2+m3x{2gu(p,q)+-V;](L7)|fu(p,Q)+gu(p,Q)l},

lt) = max{ 0+ 22 1000.0) + (0 (8.60

+m§:i.X {gv(p, Q) + Vl;x) va(pa Q) + gu( 7q)|} ’

p(t) = sup{pi(t), pa(t), us(t)},
where vi(z), () are positive functions and the maximum is taken over
0<z<2m

Corollary 3.28. Suppose that

/ p <0,
0

where u(-) is defined by (3.60). Then (p(t),q(t)) is orbitally asymptotically
stable with asymptotic phase for the diffusive system (3.52).

The next example is an application of Corollary 3.27.

Example 3.1. ([18, 35]) Consider the following predator-prey system with
logistic growth for prey u in the absence of predation and Holling type II
functional response for predator v:

du U Mu

E—ru(l—R>—N+uv.:f(u,v), {

I Mu (3.61)
where M, N,K,r,3 > 0. Let M > 3 and n = 2. This system has been

75
studied in Cheng [18]. If 5% < 5 < K, then tlfe equilibrium (u*,v*) is
globally asymptotically stable where «* = 7,v* = L(N +u*) (1—%). If
0<n< -K—gﬁ, then the equilibrium (u*, v*) is unstable and a unique periodic
solution exists. Let (p(t), ¢(t)) denote the unique periodic solution. Then

v ={(p(t),q(®)), 0 <t <w}C{(uv), 0O<u<K, 0<v}.
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The second compound differential equation of the linear variational equation
at (p(t), q(t)) is the Liouville equation

dw 2p MNq Mp
—_— 1-Z) - - .
dt (r( K> (N+p)2+N+p ﬁ>w

It has been shown in Cheng [18] that

I (o s) =0 6o
[O-D) -y o

Thus if 0 < n < K—;—M, then Poincaré’s stability criterion implies that the

periodic solution (p(t), ¢(t)) of (3.61) is orbitally asymptotically stable with
asymptotic phase. Let

M) [ fup,@) = Ndi fu(p,q) }
| 9u(P, Q) 90(D,9) — Mada
Then%—ﬂ>05ince0<n<@. If
Mdy > 1, Mda > MK B,

then
max {r <1 - %) - ‘_—(inv;)a — \idy + (]yj_v;)y Nﬂﬁ’p — B— \dy + lei
< max {r (1 — 2%) — Aidy, %f—( - 68— /\1d2}
< 0.

Corollary 3.27 implies the following result.
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Corollary 3.29. Suppose that 0 < 7\% < EE Ifhdy > 1, Ady >
Z—AJ’IVI—{— — B, then (p(t), q(t)) is orbitally asymptotically stable with asymptotic

phase for the diffusive system

U Mu
U = diUgy + TU (1 - —IE) TNT uv, 50
Uy = d2v:c:c + (Njw_:llu e /6) v, in (07 27T) X (O’ OO),

with Neumann boundary conditions (3.53) where \; = % or periodic boundary
conditions (3.54) where A\ = 1.

The following example will show that neither of Corollary 3.26 and
Corollary 3.27 is implied by the other. This example will also show how
to find a concrete bound on |d; — ds| in Corollary 3.26.

Example 3.2. Consider a planar system

d
_u = /Bu+ (1 - u2 - av2)u = f(u,v),
dt
y (3.65)
- = —Bv+ (1 —u® — av®)v := g(u,v),
where 1 < o < 2. Rewrite (3.65) in polar coordinators as
ar _ r(1 = r?cos®(6) — ar?sin®(9)),
dt
(3.66)
Ys
a7

Then & > 0if 0 < r? cos?(6)+ar?sin®(f) < 1 and & < 0if 72 cos?(8) +ar? >
1. Thus, every solution of (3.65) except (0,0) ultimately enters and remains
in the annular region

G={(u,v):

The Poincaré-Bendixson theorem implies that there exists a periodic solution

(p(t),q(t)) in G. System (3.66) shows that the period of the periodic solution

(p(t),q(t)) is %” The linear variational equation of (3.65) at any solution

(p(t), q(t)) is

$u2+v2§1}.

d
_d;t = (1 — 3p2 — aqg)u + (ﬂ — QQPQ)U)
dv 2 2

(3.67)
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Since
4
1-3p° —ag® +1-p* - 3ag” =2 — 4(p* + ag®) S2-—-<0, (368)

Poincaré’s stability criterion implies that (p(t),q(t)) is asymptotically
orbitally stable with asymptotic phase in G. A result in [60] implies that
the periodic solution of (3.65) is unique. Let

() = [ fu(P,q) = Mdy fu(p,g) }
L 9.(p, q) 9u(D,q) — Mde
[1-3p* —a¢>—\d1 B —2apq
- | —(8+ 2pq) 1—p2—3aq2—d2].

If
Mdy > 1+ 8], Mda > 2a+ 6|,
then it follows from £ < p® 4 ¢*> < 1 that
max{l — 3p? — ag> — \dy + |8+ 2pq|,1 — p? — 3ag® — \ds + |8 — 2apql}

< max{1+ 8] — Mdy, 8] + 20 — M\ida}

< 0.

Corollary 3.27 implies the following result.
Corollary 3.30. Ifd; > 1+|3| and dy > 2a+|8|, then (p(t), q(t)) is orbitally
asymptotically stable with asymptotic phase for the diffusive system

u = dyugy + Bu + (1 — u? — av?)u,
(3.69)
Vg = doVgy — Bv + (1 — u? — av?), in (0,2m) x (0, 00),

with Neumann boundary conditions (3.53) where A\, = % or periodic boundary
conditions (3.54) where A; = 1.

From the argument developed in the proof of Proposition 4.15 in Section
4.2.1,if 1 < o < £, then the solution of (3.67) satisfies

VIR(E) + 22(t) < Kv/y2(s) + 2%(s), 0<s<t,

sl / 4 n
where K — 4¢8 1272 <2—% + 1) and Tp = f’_;zl_l.s_@_), Let d = 4% and

«a

i 0\ _(d+e 0
0 d»/ \0 d—e )

Corollary 3.20 implies the following corollary.

€= ‘11;2‘12. Then
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Corollary 3.31. Suppose that dy,dy > 0,dy +do #0 and 1 < a < %. Let
K = 45+ -3:2 oD 1) and Ty = E50O 1014 dy| < 5t then

_4_

(p(t),q(t)) s orbztally asymptotically stable with asymptotic phase for the
diffusive system (3.69) with Neumann boundary conditions (3.53) or periodic
boundary conditions (3.54).

3.4 Scalar Reaction Diffusion Equations

Another type of reaction diffusion equation for which the existence of periodic
solutions can be established is given in the form

U = Ugp + f(2,u,u;), = €S'=R/27Z, feC2 (3.70)

Fiedler and Mallet-Paret [30] proved that the classical theorem of Poincaré
and Bendixson holds for the scalar reaction diffusion equation (3.70): the
w-limit set of any bounded solution satisfies exactly one of the following
alternatives:

(1) it consists of precisely one periodic solution, or

(ii) for every orbit in the w-limit set, its w-limit set and a-limit set are
contained in the set of steady state solutions.

When f = f(u,u;) is analytic, the Poincaré-Bendixson theorem was
proved by Angenent and Fiedler [4]. It was shown in [4] that any w-
limit set contains either a rotating wave or a steady state. All periodic
solutions of (3.70) in this case are rotating waves, that is solutions of the
form v = u(z — ct), which are always unstable. Independently, Massatt
[68] proved that either the w-limit set is a single rotating wave, or a set of
equilibria which differ only by shifting z. The same result was also obtained
by Matano [71], who further shows that the w-limit set is a single equilibrium
if f = f(u,u,) is even in the second argument.

The scalar reaction diffusion equation (3.70) with Dirichlet boundary
conditions or Neumann boundary conditions is gradient-like with respect
to a continuous Lyapunov functional F of the form

2m
F(u)=/0 9(z,u, ug)dz.
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In particular, w(ug) consists entirely of equilibria if the orbit of u(t,u) is
bounded. In the general case of a scalar semilinear parabolic equation on the
line segment (0, 1), Zelenyak [114] and, independently, Matano [70, 71] prove
this result, where Zelenyak uses a special Lyapunov function to obtain this
result and Matano uses a nontrivial application of the maximum principle.
This result is also proved by Fiedler and Mallet-Paret {30], who show that the
scalar reaction diffusion equation (3.70) with Dirichlet boundary conditions
does not have periodic solutions (see page 339), and thus w(ug) consists
entirely of equilibria. Hale and Raugel [39] consider an extension of a result
of Hale and Massatt [38] on convergence of orbits to a single equilibrium point
for gradient-like systems using the theory of integral manifolds in dynamical
systems.

One of the tools in the analysis of w-limit sets and the maximal compact
attractor is the zero number, see Nickel [84], Matano [70], Henry [43],
Brunovsky and Fiedler [10]. For any continuous u : S* — R, the zero number
z(w) is the number of sign changes of u, not counting multiplicity, that is 2(u)
is the maximal integer n < oo such that there exist 0 < 2,11 = Tp < 11 <
coe L 1y < 27 with

u(zy) - u(ziy) <0, 0<i<n.

Set z(0) := 0. The crucial property of z(u) is the following. For any solution
u(t, ug) of

U = Ugg + f(T,0,U;), TE St

with f sufficiently regular and f(z,0,0) = 0, the function t — z(u(,-)) is
nonincreasing in .
Now suppose that u = ¢(t, z) is a nonconstant w-periodic solution of

U = Uy + f(T,0,u,), O<z<2m, t>0,

(3.71)
u(t,0) = u(t, 2m), ux(t,0) = uy(t,2m), t>0,

where f € C?((0,2r) x R x R — R). The initial value problem associated to
(3.71) generates a local semiflow on the Sobolev space X which contains all
functions in H?(0,2m) satisfying the periodic boundary conditions. Choose
s > 3 so that X embeds into C2(0,27). For uy € H%(0,27), u(t,z) =
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u(t,up) € C%(0,27) is a solution which exists on [0,T) for some T' > 0.
The linear variational equation of (3.71) at ¢(t, z) is
Vs = VUge + alt,z)v + b(t, 2)vy,, O0<2<2m, t>0,

(3.72)
v(t,0) = v(t,2m), v (8, 0) = v, (t,27m), t >0,

where

of _of

a(t,:c) = -8_u(x’¢’ ¢w) = fu(m7¢7 ¢:c)a b(t,:l’:) = g’lz(m,qﬁ,%) = fUz(w7¢’ d):c)

If vy, vq,- -+ , vy are solutions of (3.72), then w(t) = (vy Ava A--- Avg)(t) €
AF X has pointwise representation

w(t, T1,Ta, -+ ,24) = (V1 Ava A== Aug)(t, 21, 22) = det(vi(t, z5)),

which satisfies the kth compound differential equation of (3.72) defined on

A X

k k k
wy = Z Wz, + Z: a(t, T;)wz; + Z b(t, z;)w. (3.73)
j=1 j=1 j=1
The periodic boundary conditions of v* implies that
w(t, T1,  ,Tjm1,0,Tju1, o 5 T) = W(E, T1,c , Tjm1, 2T, Tjg1, -+, Tk)
we; (t, 21, 1,0, 41y, k) = Way (8, 21, 5 L1, 27, Tiga, - -+ Tk)
i=12--- k.

The eigenvalues and orthonormal eigenfunctions of the Laplace equation

Au = —\u,
(3.74)
u(0) = u(2m), ux(0) = u,(27)
are Ay = 0,don—1 = n%, Ao, = n%,n = 1,2,..., and %(z) = 1,e¥ \(z) =

% cosnz, () = % sinnz, -+ respectively.

A particular case of Theorem 3.8 is the following theorem.
Theorem 3.32. Suppose that f € C*((0,27) x R x R — R) and that ¢(t, )
is an w-periodic solution of (3.71). If the kth compound equation (3.73) is

uniformly asymptotically stable in /\k X, then ¢(t,x) has a stable manifold
with codimension at most k — 2.
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Consider a Lyapunov function

1 1
V(t) = “/ w?® = —/ w(t, o1, Lo, -+ , T )dT1dT2 - - - .
2 Jo2mt 2 Jo2mk

It follows from Young’s inequality that

v / ww
dt N (OZW))C K

= /(02)k<zwwm]m]+z tmjwwz—i-thx] )

+> /0270’c 5lalt, ;) [uj(az:j)w2 + %]

IA
|
M?r
5
5

=1
k
+ b(t, z,;)w?
()z (2
_ ZkI/ (:aoﬁ,ml _1) (0, )
=1 (0,2m)F 2vj(z;) “
k
Ia(t,fﬂj)lw(ﬂ)>
+ b(t, z;) + —L LI ) g2
(0,2#)’“;( ( ]) 2

for any positive functions v1(z), ve(z). If max|a(t, z)| > 0,0 < z < 27, then
T
a choice

implies that

where

k-1
u(0) = =3 + 2 {b(m) ; Ia(t,a;)ly(t)} |

If max la(t, z)] = 0, then a(t,z) = 0 for all 0 < z < 27 and

k-1
p(t) = —> X+ kmaxb(t, @).
j=1

Theorem 3.32 implies the following corollaries.
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Corollary 3.33. Suppose that f € C?((0,27) x R x R — R) and é(t, ) is
an w-periodic solution of (3.71). If max|a(¢,z)| >0, 0 < z < 27 and

k—1
¥ la(t, z)|v(t) YN
/0 max {b(t,:v) + = dt < % JE=1 As;

orifa(t,z) =0 for all0 < z < 27 and

w k—1
. w
/0 mfxb(t,:v) <z ]E:l Aj

where Agj—1 = 7%, Ayj = j%,7 = 1,2, and v(t) = max|a(t,z)|, then &(t, z)
has a stable manifold with codimension at most k — 2.

Example 3.3. Consider the van der Pol equation

d?u

el +€(u2 - 1)@ +u=0. (3.75)

dt

Equation (3.75) has a unique stable limit cycle ¢(t) with period w for all
values of ¢ > 0. The formula for w as a function of £ can be found in
(15, 25, 90, 106, 107]. Moreover, w > 27. If ¢ > 0, then ¢(z + ct) is a
£-periodic solution of

utzum+cuz+5(u2—1)ux+u, O<z<w, t>0,

(3.76)
u(t,0) = u(t,w), uz(t,0) =uz(t,w), t>0.

The initial value problem associated to (3.76) generates a local semiflow on
the Sobolev space X = H,,,.(0,w) which contains all functions in H*(0,27)
satisfying the periodic boundary conditions. Choose s > g so that X embeds
into C?(0,w). Now for ug € HS,,.(0,w), u(t, z) € C?(0,w) is a classical solution

which exists on [0,T") for some T > 0. Since
/ wdr = / [um + cug + e(u® — Dug + u] dz
0 0

W
= uz|‘5’+cu|‘a’+u3|‘a’—u|‘g+/ udx
0

[
= / udz,
0
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G = {u€ H,(0,w): [ u(z)dr =0} is an invariant set with respect to
(3.76). In this invariant set G,

) 271_ ()
/ Ulgrdr < —— / vidz,
0 w Jo

1d [¥ w
5@/() widr = /0 [uum + cugu + E(uz . 1)uzu n uz} e

= / [wttey + u?] dz
0

[_ (?g)ll] [

which implies that the L? norm of u exists for all ¢t > 0. For any T > 0,

and thus,

IA

/w WA (t, z)de < exp [(—47° /w? + 1) ] /w v*(0, r)dz, (3.77)

which implies that f: u?dz is uniformly bounded for all 0 < t < T.
For each k > 2, multiply u®*~! on both sides of (3.76) and integrate it to
obtain

W 3
2k_1 2lc_1 k__ k__ k
/ u? "lydx = / [u Uge + cugtl® T+ e(u? — Dugu® ! + u? ] dz,
0 0

that is,

1 d b ok 2k - 1 b ok~1 w k
?C-EA u dx = ——Q—QE:Q—/O IVU ’2d$+/0 ’LLZ d(L‘,

where Vu = u, or equivalently,

1d /w ok-1.9 2k —1 /w ok~1 9 k Y gkl
== ) dz = ——— Vu dz + 257! / ur " )2d.
2dt J, ( ) k-1 | | | o ( )

Let
Zk:-l Qk — 1

ut=ul* O = 1 op =271,

Then

1d v *\2 “ x(2 Y 2
55/ (u*)dz = —ak/ [Vu*| dx—l—ok/ (u*)“dz. (3.78)
0 0 0
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Apply Young’s inequality to a special case of the Nirenberg-Gagliardo
inequality ([42], page 37)

€]z < VO|ElbazllEll,
to obtain

€172 < CeMglI3: + Cellélfn.a = CeMIglI7: + Cell VEIZ2 + Celié]Z.
(3.79)
Substitute »* in the place of £ in (3.79) and & in the place of € to get

w w 2 w w
/ (u*)’dz < Ce;?t (/ u*da:) -I—Cek/ |Vu*|2da:+Cek/ (u*)?dx
0 0 0 0
and thus
W w 2 w
[(Cen)™ — 1] / (w2 — 22 ( / u*da:) < / Vu'Pds. (3.80)
0 0 0

Choose ¢; > 0 small such that —% + (ax, + ok )ex + (gx)? < 0. It follows from
(3.78) and (3.80) that

Ld
24t J,

—ox [(Cen) —1] /O " 02z + ane? ( /0 i u*da;> o /O * )2z

W w 2
= [ak — ag (Czsk)_1 + ak] / (u*)2da: + ak6;2 (/ u*da:)
0 0

w w 2
< —ek/ (u*)’dz + ake;® (/ u*dx) .
0 0

If [’ u*dz is uniformly bounded for all 0 < ¢t < T, then

/Ow(u*)2dx < max {(:Tk)g {Slip /0“’ u*dx] ’ ’ /Ow(u*(o,x))zdx} .

In particular, if k = 2, then u* = u%,0, = 2 and ay = g Choose &5 such that
(24 &2)Cey < % and thus

w 3 w 2 w
uidr < max{ —— [s / Qd} ,/ 40,z)dz } .
[ ae s ks o ] [0

(u*)?dz

IA

(3.81)
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Therefore, sup ;’ u*dz is bounded since sup f;’ u*dz is bounded from (3.77).
t t
Induction will imply that for k¥ > 1, sup fow w2 dz is bounded. By taking the
i

515 power of both sides and passing to the limit, the L*> estimate is obtained.
Therefore, for any T > 0, there exists a M, which depends on |[u(0, 2}z,
such that

Since
d {7 [
a/ uldr = —/ [uiz+cuxumx+6(u2—1)uxum+uum] dr
0 0
= — / [W2,d2 + euugugdr — ul)de,
0
< —/ uixda:—i-]\/ﬂe/ quum|da:+/ uldr,
0 0 0
w M4 2 pw 1 ¥ W
< —/0 U2, dz + - 26 /0 uid:c-i-i/o u?wd:c-l-/o udr,
1 w M4 2 w
< —5/ w2 dz + (1+ 25 )/ w2d,
0 0
or

/ ul(t, z)dz < exp [(1+ M*e?/2) t] / u2(0, z)dz,
0 0

the L? norm of u; exists for all 0 < ¢ < T'. Therefore u(t) exists in Hp,,.(0,w)
for allt > 0.
The linear variational equation of (3.75) at ¢(z + ct) is

Ve =Ugp + (6(d% — 1) + ) vy + (1 +2e¢¢,)v, 0<z<w, t>0,
v(t,0) = v(t,w), v4(t,0)=v.(t,w), t>0,
v(0,2) = vo(z), 0<z<w.
(3.82)
It can be shown that u(t) exists in Hp,.(0,w) for all ¢ > 0 since ¢(z + ct) €
C?(0,w). The pointwise representation of the kth compound equation of
(3.82) defined on \* G is

k k k
wy = Z Wayz; + Z a(t, z;)ws, + Z b(t,z;)w, (3.83)
j=1 =1 j=1
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where

a(t,z) =e(@*(z +ct) — 1) +c

b(t,z) =1+ 2ed(x + ct)dy(z + ct).

Consider a Lyapunov function

1 1
V() = _/ w? = ~/ w2(t, T1, Lo, -+ , Tg)dz1dTo - - - ATy
2 J(0,2m) 2 J(0.2m)k
Then
v /
— = ww.
dt (0,2m)k K
= / (w2w$ﬂ]+z (t,z; wwzj+2btx] )
(0,27)*
- / wazﬂj Z (e(¢?*(z; + ct) — 1) + ¢) wwyg,
(0,2m)* j=1 j=1
2 5 , , 2
+ kw* + 2¢ }_J d(z; + ct)pz(z; + ct)w
(0,27T)k j::l
k k
= / w Z Waja, + kw? | + 5/ Z o(z; + ct)pu(z; + ct)w?
(0,2m)% j=1 51
k
< 2 <Z N+ k+ kellp(z + ct)da(z + ct)||oo> 2V
j=1
k
= 2 (Z N+ k+ kell¢¢z||w> v,
j=1
where
27r .
Agj—1 = Agj = -5 o o J=12,---.
Thus, for any k characteristic multipliers pq, po, + - - , tt,

&
lpapz - - pk| < exp (Z Aj+k+ k5”¢¢z“00> .

j=1
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Since 1 is a characteristic multiplier of the periodic solution ¢(x + ct), say
u1 = 1, the other k — 1 characteristic multipliers

k
|apia - - - x| < exp (Z A+ E+ ksll¢¢zlloo) . (3.84)
Jj=1
Case 1: ¢ =0.2
An approximation of the periodic solution of the ordinary differential
equation (3.75) is shown in Figure 3.1, which implies 2||¢¢.lle < (2.2)2
The Urabe formula of the period implies that w =~ 6.3. Then

3 2
2 3
D X+ 3+ 3ellddglle < —6 (—5) +3+3-02-(22) ~ ~1516.
j=1

Figure 3.1: € = 0.2. The black trajectory is u? + (u')? = 2.22.
Theorem 3.32 implies the following corollary.

Corollary 3.34. Ife = 0.2, then the periodic solution ¢(z+ct) of the reaction
diffusion equation (3.75) has a stable manifold with codimension at most 1
inG.

Case 2: e =1
An approximation of the periodic solution of the ordinary differential
equation (3.75) is shown in Figure 3.2, which implies ||¢]lc < A = 2.009,
2|| ¢zl < (2.9)2. The Urabe formula of the period implies that w = 6.687.
Then
i 2\ 2
SN+ 9+ 9ellppallos < —85 (—) +9+9-1-2.009-2.9 ~ —13.609.

j=1 @

Theorem 3.32 implies the following corollary.
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Figure 3.2: € = 1. The black trajectory is u? + (u’)? = 2.92.

Corollary 3.35. If ¢ = 1, then the periodic solution ¢(z+ct) of the reaction
diffusion equation (3.75) has a stable manifold with codimension at most 7
inG.

Case 3: ¢ =10

An approximation of the periodic solution of the ordinary differential
equation (3.75) is shown in Figure 3.3, which implies ||¢|lc < A =~ 2.0145,
ll¢@zllw < 16. The Urabe formula of the period implies that w ~ 19.1550.
Then

1 2
2
E :28,\j+128+1285||¢¢zllw < —178880 (—5») +9+9-1-2.009-2.9 = —488.181.

=1

-15

Figure 3.3: £ = 10. The black trajectory is u? + (u')? = 14.52.
Theorem 3.32 implies the following corollary.

Corollary 3.36. Ife = 10, then the periodic solution ¢(x+ct) of the reaction
diffusion equation (3.75) has a stable manifold with at most codimension 126
in G.
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For the case ¢ = £ > 0, it can be shown that u = ¢(x + ¢t) is the only
nonconstant periodic solution of the reaction diffusion equation (3.76). The
full discussion is as follows. If ¢ = £ > 0, then the reaction diffusion equation
(3.76) is

Up = Uy + WU, +u, 0<T<w, t>0,
u(t,0) = u(t,w), u(t,0)=1u(t,w), t>0, (3.85)
u(0,2) =up(z), 0<z<w.
The steady state solutions of (3.85) satisfies
0=tp +ev®uy+u, O0<z<w, t>0,
(3.86)
u(0) = u(w), ux(0) = uy(w).

Let v = u,. Then (3.86) is equivalent to
Uy = v = f(u,v),
vy = —eu?v +u:=g(u,v), 0<z<w, t>0,
2(0) = u(w), v(0) = v(w).
Since ‘
div(f, 9) = fu(u,v) + go(u,v) = —ev?,

Bendixson’s Condition implies that the only solution of (3.86) is u = 0. The
linear variational equation of (3.86) at u =0 is

V=g +v, 0<2<w,
v(0) = v(w), v2(0) = vz (w),
whose eigenvalue problem
M=¢"+¢ 0<z<uw,
$(0) = ¢(w), ¢(0) = ¢(w),
has solutions
Ao =1, do(z) =1,
Aajo1=—72+1, ¢oj—_1(x) = cos (3:}'—133) ,
Agjo1=—j*+1, ¢oi(z) =sin (23133) ,

where j =1,2,3,---.
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Corollary 3.37. The solution u = 0 of the reaction diffusion equation (3.85)
has a 2-dimensional center manifold, 1-dimensional unstable manifold and a

stable manifold with codimension 3.

The result of Angenent and Fiedler [4] implies that the periodic solutions
of (3.85) are in form of u = u(z — c1t). Let 2 =z — ¢;t. Then
L
PR I P
u(0) = u(w), uz(0) = uz(w).

or

d’u

2 du _
oz tlew tea)—+u=0, (387)
u(0) = u(w), u(0) = tg(w),

which is equivalent to

du
- —vi=f(w),
g-g = —(eul+c v —u:= fQ(u’U)

u(0) = u(w), v(0)=v(w).

Since
div(f,9) = fu(v,v) + f2(u,v) = —(ev® + c1),

Bendixson’s condition implies that the only solution of (3.87) is v = 0 if
¢; 2 0. Thus the periodic solutions of (3.85) are in form of u = u(z + ¢;t)
where ¢; > 0. Let p = \/Zu. Then

c1 d°p cl 2 a1

[E2-) E e
p(0) = p(w), pz(O) Po(w

%4—01(1) —1)3 +p=0,

p(O) = p(w)v pz(o) = pz(w)'

The result of van de Pol equation implies that equation

(3.88)

d?p dp
d2+cl(p—1)d_+p 0
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has an w-periodic solution if and only if ¢; = €. Therefore, the only periodic
solution of the reaction diffusion equation (3.85) is ¢(z + £t) where ¢ is a
solution of the van der Pol equation

d*p 2 dp
8—234-6(1) —1)E;+p—0.

The result in Angenent and Fiedler [4] implies that the w-limit set of any
bounded solution of the reaction diffusion equation (3.85) is either u = 0 or
u = ¢(x + et) whose stability is given by Corollary 3.34- Corollary 3.37.

Example 3.4. Consider a scalar reaction diffusion equation

Up = Upp +u+eu(l —u? —u2)+cuy,, 0<z<2m, t>0,
(3.89)

u(t,0) = u(t,2m), uy(t,0) = uy(t, 27),

where €,¢ > 0. Similar arguments used in Chapter 2 show that the
initial value problem associated to (3.89) generates a global semifiow on the
Sobolev space X = H,.(0,2m) = {¢ € L*(0,27) : ¢’ € L*(0,2m),$(0) =

#(2m), ¢'(0) = ¢'(2m)}. Since u = cos(z) is a solution of

U= Upp +uteu(l—u?—ud), 0<ax<2r, t>0,

u(t,0) = u(t, 2m), ux(t,0) = u.(t,27),
equation (3.89) has a 2Z-periodic solution u = cos(z+ct). In fact, the circle of
equilibria cos(z+a),a € R of (3.4) becomes the periodic orbit v = cos(z+ct)

of (3.89).
The linear variational equation of (3.89) at u = cos(z + ct) is

U = Ugg + (¢ + esin(2z + 2¢t) vy + (1 — € — £ cos(2z + 2ct))v,

(3.90)
v(t,0) = v(t,2m), v,(¢,0) = v,(t,2m),

which has solutions

2

e; =sin(z +ct) and ey = e **cos(z + ct),

with the characteristic multipliers

25..2I

=1 and pe=e % <1.
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The linear variational equation of (3.4) at u = cos(z) is

Vg = Upy + €8in(22)v, + (1 — e —ecos(2z) v, 0< z < 27, t > 0,
v(t,0) = v(t,27), v(t,0) =v,(¢,27), t >0,

whose eigenvalue problem is given by
Ap = ¢" +esin(2z)¢’ + (1 — € — e cos(2z))¢,
¢(0) = ¢(2m), ¢'(0) = ¢(2).

If (3.91) has an eigenvalue A with the corresponding eigenfunction ¢(z),

(3.91)

then (3.90) has a characteristic multiplier e with a corresponding nonzero
solution eM¢(z + ct). In fact, substitute v = eX@(z + ct) into (3.90) to get
AeMNo(z + ct) + eNdy(z + ct)e
Mo (2 + ct) + (¢ + esin(2z + 2ct))eMd (2 + ct)
+(1 — & — e cos(2z + 2ct))eMd(z + ct),

or
Ap(T+cCt) = P (z+ct)+esin(22+2ct)po (+ct)+(1—e—e cos(2z+2ct) ) p(z+ct),

which always holds from (3.91). The stability of the periodic solution
u = cos(z + ct) of (3.89) can be discussed by studying the stability of the
steady state solution u = cos(z) of (3.4), which has been studied in Example
2.1 of Section 2.2. In particular, Corollary 2.13 and Corollary 2.14 imply the
following results on the estimate of the stability of u = cos(z + ct).

Corollary 3.38. If 0 < € < 2(v202 — 14), then u = cos(z + ct) has a I-
dimensional center manifold, a 1-dimensional unstable manifold and a stable
manifold with codimension 2.

Corollary 3.39. If2(v202 — 14) < € < 2(13v/2 — 18), then u = cos(z + ct)
has a stable manifold with codimension at most 3.



Chapter 4

Convergence Theorems

In this chapter the implications of various types of stability of a solution of
a differential equation for the structure of its omega limit set are considered.

A fundamental result of this type is the Poincaré-Bendixson theorem for a
planar autonomous system of ordinary differential equations. The w-limit set
of a bounded solution of such a system is a periodic orbit if it does not contain
an equilibrium. Massera’s theorem [69] infers the existence of a periodic
solution to a nonautonomous time-periodic scalar differential equation from
the existence of a bounded solution. Other expositions and extensions of
the Poincaré-Bendixson theorem were obtained by Hirsch [45], R. A. Smith
[98, 99, 101], Mallet-Paret and H. L. Smith [66]. An application of the
Poincaré-Bendixson theorem is that it can be used to deduce the existence
of a periodic solution in the case when no equilibrium occurs in the w-limit
set of a bounded solution.

In dynamics, it is natural to enquire how much of the nontransient
behaviour can be detected from an analysis of an individual orbit and its
relationship with its neighbours. Sell [96] proved for a general semiflow on a
metric space that a Lagrange stable orbit has a phase asymptotically stable
periodic orbit as its omega limit set if the orbit itself is phase asymptotically
stable. A Lagrange stable orbit means that the closure of the orbit is
compact. Good expositions of Sell’s results may be found in Cronin [22]
Chapter 6 and Saperstone [93] Chapter III. Yoshizawa [112] also discussed
these results and extended the application to functional differential equations.

Pliss [89] established a closely related result for autonomous differential

96
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equations in R™ where the stability requirements are somewhat different from
those of Sell: Lyapunov stability is not required but a certain uniformity is
imposed on the manner in which the orbit attracts its neighbours. Li and
Muldowney [54] and Muldowney [79] extended these results in the context of
dynamical systems on a general metric space with greatly simplified proofs.
A good summary of these results may also be found in Muldowney [80].

Another result of Muldowney in [80] is to deduce the existence of an
equilibrium, even when the algebraic equations yielding the equilibria can
not be solved explicitly. For example, Muldowney proved that, for an
autonomous ordinary differential equation

du n
%Zf(’ll,), U(')ER ’

the w-limit set of a bounded solution u(t) is a stable hyperbolic equilibrium
if and only if the linear variational equation at u(t),
Y - Aoy,
is uniformly asymptotically stable. In particular, if the bounded solution
u(t) = u* is an equilibrium, it reduces to the familiar observation that u*
is stable hyperbolic if and only if the linear variational equation at u* is
uniformly asymptotically stable. Li and Muldowney [55] and Muldowney
[79] also proved that, if the w-limit set of a bounded solution u(t) contains
no equilibrium, it is a stable hyperbolic periodic orbit if and only if the second
compound differential equation
2]
=X ey

is uniformly asymptotically stable. This is in fact the necessary and sufficient
condition cited in Theorem 3.15, Section 3.3.3 for stable hyperbolicity when
u(t) is itself a periodic solution.

An infinite dimensional version of the Poincaré-Bendixson theorem for a
scalar reaction diffusion equation was studied by Henry [43], Brunovsky and
Fiedler [10, 11], Massatt [68], Matano [71], Angenent and Fielder [4], Fiedler
and Mallet-Paret [30]. It was proved by Fiedler and Mallet-Paret that, for a
general scalar reaction diffusion equation

Ut = Upe + f(T,U,u,), = €S'=R/27Z, f e C?
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the w-limit set of any bounded solution satisfies exactly one of the following
alternatives:
(i) it consists in precisely one periodic solution, or
(ii) for every orbit in the w-limit set, its w-limit set and o-limit set are
contained in the set of steady state solutions.

In this chapter, an extension is given of the results in [55, 79, 80] to an
infinite dimensional differential equation

du

EJrAu = f(u), u(:)€X, (4.1)
where A is a sectorial operator in a Banach space X. The characterization of
the stability of steady state solutions in terms of stability of linearizations and
orbital stability of periodic orbits in terms of stability of second compound
differential equations, discussed in Chapter 2 and Chapter 3 respectively, are

special cases of this chapter.

4.1 Existence of Stable Steady State
Solutions

The following notation, definitions, and lemmas are taken from Henry [42],
page 53-54, page 91-92 and page 98-104 and Smoller [103], page 114-122.

Let A be a sectorial operator in a Banach space X and f be continuously
differentiable from X® into X where 0 < a < 1. Let D(A) denote the domain
of A. Consider an initial value problem

du
Et—+Au—f(u), u € X,

(4.2)
4(0) = wuo.

In the following, let u(t) = u(t,uo) denote the solution of (4.2). A solution is
a steady state solution or (an equilibrium) if u = u* € D(A) and Au* = f(u*).

Definition 4.1. A solution u(t,ug) of (4.2) on [0,00) is said to be stable
if, for each ¢ > 0, there exists a ¢ > 0 such that any solution u(t,u;) with
|lur — uolla < & exists on [0,00) and satisfies ||u(t,u1) — u(t, ug)|la < & for
all t > 0. A solution u(t, ug) of (4.2) on [0,00) is said to be uniformly stable
if there exists a 6 > 0 such that for each € > 0, any solution u(t,u;) with
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llur — uglle < & exists and satisfies ||u(t,u1) — u(t, uo)|le < € for all ¢ > 0.
A solution u(t,ug) of (4.2) on [0,00) is said to be uniformly asymptotically
stable if it is uniformly stable and there exists a §y > 0 and for each ¢ > 0,
there is a corresponding T = T'(e) such that if ||u1 — uo|la < o, then
[[u(t, u1) — u(t, uo)|la < e forallt>T.

The linear variational equation of (4.2) at the steady state solution
u(t) = u* is
dv of

pri Av = %(u Y. (4.3)

Lemma 4.1. Let f be continuously differentiable from X° into X in a
neighbourhood of a steady state solution u* of (4.2). If the spectrum of
A-— g—g(u*) lies in {Re A > [3} for some 3 > 0, then the steady state solution
u* of (4.2) is uniformly asymptotically stable in X®. More precisely, there
ezist p > 0, M > 1 such that if |lup — v*||a < 47, then there is a unique

solution of

d
d—?-l—Au: flu), ue X,
©(0) = uy,

satisfying for 0 <t < oo,

Jlu(t, uo) — u*lla < 2Me™||ug — u*la.

Lemma 4.2. Let f be continuously differentiable from X2 into X in a
neighbourhood of a steady state solution u* of (4.2). Let L = A — gﬁ(u*).
If (LY N {Re A < 0} is a nonempty spectral set, then the equilibrium u*
of (4.2) is unstable. Specifically, there exist e¢ > 0 and {u,,n > 1} with
|n — u*|la — 0 as n — oo, but for alln

sup ||lu(t, un) — u*|la > €0 > 0.

£0
Here the supremum is taken over the mazimal interval of existence of u(t, uy).
Definition 4.2. For any ug € X?, the positive orbit of u(t,uo) is Cy(uo) =
{u(t, uo) : t > 0} and the w-limit set of ug is

w(ug) = {u € X* : there exist ¢, — 0o such that u(t,,uo) — u}.
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Remark 4.1. If u; € Cy(ug), then w(u1) = w(uo). Also

w(tg) = r] cl Cy(ult, uo)),

t>0

where cl denotes the topological closure.

Lemma 4.3. If C, (uo) lies in a compact set in X*, then w(uo) s nonempty,
closed, connected, invariant and dist(u(t, o), w(uo)) — 0 as t — oo.

The following Lemma 4.4, Lemma 4.5 and Lemma 4.6 are taken from
Smoller [103], page 114-122.

Lemma 4.4. Let u(t,up) be a solution of (4.2) which exists on [0,T). Then
there exists a neighborhood N of ug such that if uy € N, there is a solution
u(t,u1) of (4.2) which exists on [0,T). Moreover, there is a constant ¢ > 0
such that for all such u; € N,

[[u(t, u1) — ult; wollla < ellur — uolla- (44)

Let u(t,up) be a solution of (4.2) which exists on [0,7). Let N be as
in Lemma 4.4. Define the solution operator (t,ug) — S(t)ug on the set
[0,T) x X* such that the solution u(t, ug) = S(t)uo satisfies (0, up) = up.

Lemma 4.5. Let u(t,uo) be a solution of (4.2) and N be as in Lemma 4.4.
If uy € N, then S(t),0 <t < T, is (Fréchet) differentiable, and if ug € N,
then v(t,vg) = dS(t)y,vo solves the linear variational equation of (4.2) at
u(t, ug),

dv af
- = Av + a—(u(t, uo))v,
v(0) = vo.

Lemma 4.6. S(t) is continuous (Fréchet) differentiable on N.

For an autonomous finite dimensional ordinary differential equation, a
necessary and sufficient condition for the w-limit set to be a stable hyperbolic
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equilibrium was proved by Muldowney [80]. Consider an autonomous

differential equation

% = f(u), u(-)€R", (4.5)

where f € C*(R",R"). This defines a semiflow (¢,uq) — ¢(t,uo) on the set
R x R™ such that the solution u(t, up) = ¢(t,ug) satisfies u(0, ug) = ug. The
linear variational equation of (4.5) at a solution u(t, ug) is

dv Of

— = —(u(t . 4.6

dt ou (’LL( ,’LL()))’U ( )
Because of linearity, every solution has the same stability properties as the
zero solution. Therefore, it is permissible to say that a linear system is stable,

uniformly stable, and so on.

Proposition 4.7. The equation (4.6) is uniformly asymptotically stable if
and only if there exist constants K,o > 0 such that if u € Cy(up),

”(%(b(t,u) < Ke™%, fort>0.

Definition 4.3. An equilibrium u*, f(u*) = 0, is stable hyperbolicif Re A < 0
for every eigenvalue of g%(u*). This is equivalent to the uniform asymptotic
stability of (4.6) with u(t, ug) = u*.

Theorem 4.8. Suppose that u(t,uy) is a bounded solution of (4.5). Then
tl’}*xpoo u(t,ug) = u*, where u* is a stable hyperbolic equilibrium if and only
if the linear variational equation (4.6) of (4.5) with respect to u(t,uq) s
uniformly asymptotically stable.

The generalizations of Definition 4.3 and Theorem 4.8 for a differential
equation (4.2) in a Banach space X are as follows.

Definition 4.4. A steady state solution u* is said to be stable hyperbolic if
the spectrum of A — —g—ﬁ(u*) lies in {ReA > 8} for some (3 > 0.

Remark 4.2. Definition 4.4 is equivalent to Definition 11.19 in Smoller
[103], page 120. Theorem 11.20 in Smoller [103], page 120, shows that the

hyperbolic stability of u* is equivalent to the uniform asymptotic stability of
(4.3).
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Definition 4.5. The equation

% = Av + %{-(u(t,w))v, (4.7)

v(0) = vy
is said to be uniformly asymptotically stable if there exist constants K,o > 0
such that [|[dS(t)ylla < Ke 9 for t > 0 if u € Cy (ug).

Theorem 4.9. Suppose that u(t,uo) is a solution of (4.2) and that Cy(uo) =
{u(t,up),t > 0} is relatively compact in X* with 0 < o < 1. Then

tliﬁn u(t, ug) = u*, where u* is a stable hyperbolic steady state solution if and
—T00

only if the linear variational equation (4.3) of (4.2) with respect to u(t,uo) s
uniformly asymptotically stable.

Theorem 4.9 will be proved in Section 4.1.1.

Remark 4.3. For a steady state solution u = u*, its omega limit set is itself
and thus Theorem 2.8 in Section 2.2 is a special case of Theorem 4.9.

Remark 4.4. An example of a diffusive epidemiology disease model will be
discussed in Chapter 6 as an application of Theorem 4.9.

4.1.1 Proof of Theorem 4.9

To prove Theorem 4.9, a particular upper bound of the estimate in the
inequality in Lemma 7.1.1 in Henry [42] is given in Lemma 4.10 .

Lemma 4.10. Suppose that a,b > 0,8 > 0 and u(t) is nonnegative and
locally integrable on 0 <t < co with

ut) <a+ b/t(t — 8)Ptu(s)ds.

u(t) < ([Zﬂ + 1) ae?, (4.8)

where p = (bF(ﬁ))% and [] is the greatest integer function.

Then

Proof. Lemma 7.1.1 in Henry [42] shows that

oo .
u(t)<a) %fg—)ii—). (4.9)

n=>0
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An alternative proof of the above inequality can be obtained by first showing

that a Z —11’}%%% is a solution of v(t) = a + b [;(t — 8)°'v(s)ds, and then
n=|

showing that u(t) <wv(t) forall 0 <t < oo. Let p= (bI‘(ﬁ))%. Notice that

tlon] 0<t<l1
8 ) =<4
(Bt < T(Bn), 7 < { g >,

If pt > 1, then

o5t <o Sy = ([ +) o & = ([5] 1) oo
and thus,
u(t) < ([%] + 1) ae?

If 0 < pt < 1, then

= (pt)f = (pt) B
°2 Tm) n)SaZ(W)!

n=0 n=0

IA
N
-
| -
| I

+

—
~——

=)

(e
==

=
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| —
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+

et
—

2

g4}

®

and thus,

Therefore for 0 < t < 0o,

The proof of Theorem 4.9 adapts the proof of Theorem 11.12 in Smoller
[103], page 121-122 and Theorem 5.1 in Muldowney [80].
Proof of Theorem 4.9:

Proof. Suppose that tligrn u(t,up) = u* and u* is a stable hyperbolic steady
—+ 100

state solution. Then the spectrum of L = A — gﬁ(u*) lies in {Re A > G} for

some 8 > 0. If 0 < 8 < 81 < Re (L), there exists My > 1 such that for
t>0,ve X,
e~ vlla < Mie™¥|[v]]q,

4.10
lleHvlla < Myt=e=#t||u]. (10
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In fact, dS(t),- = e7L%. Since f is continuous differentiable from X* in to
X, choose T > 0 and an open set N = {u € X : ||u — u*||q < r} with the
property that if u;,up € N and u(t, u1), u(t, us) are solutions of (4.2), then
there exists My > 1 such that for 0 < s < T,

|0 = o0 = G 0)ut5,0) + F 07,0
< Malu(s, u) — u(s, uz)|la-

Ou

Rewrite (4.2) as
du af * _ af *
o + <A Bu(u )) u=f(u)— —8_1;(“ Yu.
Then any solution u(t, ug) of (4.2) satisfies

u(t, ug) = e Pug + /Ot g L(t-5) (f(u(s, Up)) — %(u*)u(s,u@) ds.
Thus,

lu(t, ur) — u(t, u2)||a

< lle™(ur — u2)]la
+ / e 60 (o) ~ Fuor )~ S0 s, ) + B Yl ) | s
< Mye P |uy — ugo
+ /0 ’ My(t — s)=2ePa(t=9),
{17l u1)) = Flu(s,u2) = BE(uYuls, ur) + G (u)u(s, )| ds
< e s~ + [ Mot 5) e D0l u) — (s, )

Lemma 4.10 implies that there exist constants r, M, 3y > 0 such that if
lui — u*||le <7, i=1,2, then

llu(t, w1) — w(t, ug)lle < Me P2 |luy —ug|lo, for0<t<T. (4.11)

If luy —ula < § and flug — wifla < 5, then |jug — u*|ls < r. Choose
0 < v < Ba(< Br), so that Me=PT < 77T, For any t > 0, there exists a
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nonnegative integer n; such that ;7T <t < (ny + 1)T. Let t; =t —n,T.
Then 0 <t; < T. Notice that

fu(nT,w) —wlla < Melu((n — )T, u1) ~ vl

IA

< Jul(n = DT, w1 — vl

< o Sfu-wle <5
lu(nT,uz) = wlla < Me®Tlu((n — )T, u5) —

< lul(n = DT, up) — u*la

< vl lug—uHfla <

Thus from (4.11),

llu(t, u1) — u(t, uz)|la
lu(ts +naT,u1) — u(ts + naT1, uo)lla

< Me Pt |lu(n T, up) — u(m Ty u2)llo
< Me—Pat1 ppm e—mﬁQT“ul _ U2“a
< MevmmTe=mT||y; — wy|l, = Me " |luy — up|a-

Hence if ||u1 — u*||« < § and [Jug — u1|jo < 5, then
Nu(t, u1) — ult,up)|le < Me ™ |luy — uglle, for t > 0. (4.12)

This implies that there exists ry > 0 such that if u; € X, |ju; — u*||q < 74,
then v(t,vp) = dS(t)y,vo solves the linear variational equation of (4.2) at

w(t, u1), J of
v

— + Av = = (u(t
7 + Av 8u(u( , U1))V,
’U(O) = Uy,
where vy € X¢ and
IS ®)uylla < Kie™™, for ¢ >0, (4.13)

for some constants K; and v; > 0. Notice that if tlim u(t, ug) = u*, then
—+00

there exists a constant 77 > 0 such that for t > Ty, |Ju(t,up) — u*||e < 71.
Inequality (4.13) implies that if v € {u(t,uo) : t > 11},

1dS(E)ulle < Kie™™, fort > 0.
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Since the orbit C.(up) is relatively compact, Lemma 4.4 and Lemma 4.6
imply that there exist constants Ks,y; > 0 such that if v € {u(t,up) : 0 <
t <Th},

1dS®)ulle < Koe ™, for t € [0,T1].

Let K = max{Ki, Ky} and 0 = max{y1,7}. Then if u € Cy(u) =
{u(t,uo) : t > 0},
1dS(t)ulla < Ke™, for t > 0.

Therefore, the linear variational equation (4.7) of (4.2) at u(¢, up) is uniformly
asymptotically stable.

Conversely, suppose that the linear variational equation (4.7) of (4.2) at
u(t,up) is uniformly asymptotically stable: there exist constants K,o > 0
such that if u € Cy(ug) = {u(t,uo) : t > 0},

145 (t)ulle < K0, fort > 0. (4.14)

If u(t,up) is a solution of (4.2), then

v d du Of du
aE g At = AT S
Thus %(¢,uo) is a solution of the linear variational equation (4.7) and
B (t 1) = dS(t)uy, 2(0, uo). Inequality (4.14) implies that Jim Lt ug) =0
and thus
tlifrn —Au(t,ug) + f(u(t,ug)) = 0. (4.15)
Since C (up) is relatively compact in X, w(ug) is nonempty and connected.
If u* € w(uog), then there exists a sequence t, — oo as n — oo such that

lim u(t,,uo) = u*. From (4.15),

n——+oo

lim —Au(ts, uo) + f(u(tn,ug)) = 0.

n——+o0

Since f is continuous and A is closed on X* when 0 < o < 1,

lim —Au(tn, uo) + f(u(tn, uo)) = —Au™ + f(u*).

—+00

Thus u* is a steady state solution of (4.2). From Lemma 4.4 and Lemma
4.6, inequality (4.14) is satisfied with u = u* which means that u* is a stable
hyperbolic steady state solution. Hence there exists an open neighbourhood
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N of u* such that any solution u(t, u;) of (4.2) with initial condition u; € N
stays in N when ¢ is large enough. Consequently, u* is the unique steady
state solution in IV since the omega limit set w(uo) is connected.

[ ]

4.2 Existence of Stable Periodic Solutions

In this section, conditions for an omega limit set to be a stable hyperbolic
periodic solution will be studied. A result of Li and Muldowney [55] for
n-dimensional ordinary differential equation is the following. Consider an
autonomous differential equation

?1—1: = f(u), wu()€eR?, (4.16)

where f € C1(R",R"). This defines a semiflow (t,ug) — @(t,up) on the set
R x R” such that the solution u(t,ug) = ¢(t, ug) satisfies u(0, up) = uy.
The linear variational equation of (4.16) at a solution u(t, ug) is

dv _Of
= = 8u(u(t,u0))v. (4.17)
The second compound differential equation of (4.17) is

dw OfP

it ou
Theorem 4.11. Suppose that u(t,up) is a bounded solution of (4.16) whose
omega limit set w(ug) contains no equilibrium. Then w(ug) is a stable
hyperbolic periodic orbit if and only if the second compound differential
equation (4.18) of (4.17) is uniformly asymptotically stable.

(u(t, u))w. (4.18)

A generalization of the sufficiency statement in Theorem 4.11 for a
differential equation in a Banach space X is Theorem 4.12.

Theorem 4.12. Let A be a sectorial operator in a Banach space X and f
be continuously differentiable from X® into X and 0 < o < 1. Suppose that

u(t, uo) 18 a solution of

(4.19)
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such that

(1) Cy(ug) = {u(t,uo) : t > 0} is relatively compact in X°;

(i3) v(t) = (¢, uo) is uniformly bounded in X* with respect to all t > 0;.
(ii1) the omega limit set w(ug) of u(t,uo) contains no steady state solution;
(iv) the second compound differential equation

_of (2]

dw 2
+ ABly =5 (u(t, uo))w, (4.20)

dat

is uniformly asymptotically stable in /\2 Xe
Then w(ug) is a stable hyperbolic periodic solution in X°.

The proof of Theorem 4.12 will be discussed in Section 4.2.1. The key
consequence of the asymptotic stability assumption (¢v) is that v!(t), which is

tangent to the periodic orbit and a solution of the linear variational equation

dv of

o + Av Bu( u(t, ug) v (4.21)

satisfies
|0 ARl < KN Av)@)lle, 0<s<t,  (422)

for some constants K,y > 0. The exponential decay of v Av is deduced from
the uniform asymptotic stability of the second compound differential equation
(4.20). This means that, infinitesimally, the area of a parallelogram with one
side tangent to the periodic orbit decays exponentially in the dynamics.
The remainder of this section will be devoted to discussion of an application
of Theorem 4.12. Consider a reaction diffusion system
Ju
E

with Dirichlet boundary condition

=DAu+ f(z,u), =ze€Q, (4.23)

ulgo = 0, (4.24)

or Neumann boundary condition
ou
on | sq

or a more general boundary condition of the form

=0, (4.25)

Buly, =0, (4.26)
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“where Q C R™ is a bounded domain with smooth boundary, f : @ xR"® — R"
is locally Lipschitz continuous in u, uniformly in z and D = diag(dy,- - ,d»),
d; > 0. Let X = L?(},R™) and A : D(A) C X — X be the linear unbounded
operator Au = —Au, where

D(A) = {’LL € H2(Q, Rn), B’LL!@Q = 0} .

The initial value problem of (4.23) is well-posed in X“. Two representations
of the second compound differential equation of (4.23) are (3.15) and (3.17)
in Section 3.2 where the coefficient a;x(t, z) = 6—2—(3:, u(t,z)). Theorem 4.12
gives a sufficient condition for the w-limit set of a bounded solution u(t, uo)
to be a periodic orbit in X,

Example 4.1. Consider a special case of (4.23) with n =2 and Q = (0, L):
up = diugy + f(2,u,v), v = davg + g(z,u,v), O<z<L, t>0,
u(t,0) =u(t,L) =0, vt 0)=v(EL)=0, t>0,

(4.27)
where f,g € C?((0,L) x R? — R?). Suppose that (u(t,z),v(t,z))
is a bounded solution of (4.27) in X = H{(0,L) x H}(0,L). Then
(&(t,2), 2(t,z)) € X (see Henry [42], Theorem 3.5.2, page 71). A pointwise
representation of the second compound differential equation of the linear
variation equation at any solution (u(t,z),v(t,z)) is

ow
31&11 = di(Arwir + Agwir) + (anr(t, 21) + a1 (t, 22))wn
+ay(t, z1)wa + aia(t, T2)wia,
Owso

2 - d2(Arwag + Aowsz) + (aga(t, T1) + aga(t, 22))wae (4.28)

+a (t, z1)wi2 + a1 (t, z2)way,
Owyz

ot

= diAqwiz + deAgwiz + (a1 (t, 1) + aza(t, 22))wiz
+a12(t, x1)weg + ani (¢, T2)wiy,

of of

au(:c, u(t, x),v(t, z)) 5 (z,u(t,z),v(t, x))

dg dg

B—t:(x’ u(t, z),v(t, z)) %(m, u(t, z),v(t, x))

an(t,z) aa(t,x)
an (t,z) agg(t,a:)J
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Let A\; < Ay < --- denote the eigenvalues of the Laplace equation

Au = —>\7;’U/, Av = —)\i’U
u(t,0) =u(t,L) =0, v(t,0)=u(t,L)=0.

Consider a Lyapunov function

V) = 517 /(O,L)2 [(w11)* + (w32)” + 2(w12)*]

Then the derivative of V' calculated for (3.28) of Section 3.2 implies that for
any positive functions vy (), va(z),

atv 2
TS PO O O]
< 2u)V,
where
pa(t) = — (M +Ag)dy + max {2a11(t, z) + ;1—2}5 lasa(t, @) + an (¢, x)l} :
pe(t) = — (M +A)da+ max {2@22(t,$) + ;2—1—;5 lai2(t, ) + a2 (¢, x)[} ,
,u:;(t) = —)\1(d1 + dz) + mgx {all(t,m) + UQéI) |a12(t, iZ') + agl(t,m)|}
+m3x {agg(t, z) + —V-l-éip-)- lawe(t, z) + a21(l‘z,$)|} )
p(t) = max{p(t), pa(t), ps(t)},
(4.30)

and the maximum is taken over 0 < z < L.
Since H*(0, L) C L*(0, L) is compact, Theorem 4.12 implies the following
corollary.

Corollary 4.13. Suppose that n = 2 and u(t,ug) is a bounded solution of
(4.23) in X and that there erist constants a,b > 0 such that
t
/u<—a(t—s)+b, 0<s<t< o0, (4.31)

where u(-) is defined by (4.30). If the omega limit set w(ug) of u(?,ug)
contains no steady state solution, then it is a stable hyperbolic periodic
solution in L*(0, L).
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Remark 4.5. The above procedure also applies to other boundary conditions
where )\; are the eigenvalues of the Laplace equation with correspond
boundary conditions.
Remark 4.6. To apply Theorem 4.12, it is not necessary to find an explicit
bounded solution u(t,u). For example, if S is an invariant bounded set and
no steady state solutions exist in S, then there exists a stable hyperbolic
periodic solution in S as long as inequality (4.31) is true for an upper bound
of u(t) in S.
Fiedler and Mallet-Paret [30] proved the classical Poincaré-Bendixson
theorem for a scalar reaction diffusion equation
U = Ugy + f(T,0,Uz), O0<z<2m, t>0,
u(t,0) = u(t,27), u.(t,0) = u.(t,27), t >0,
where f € C?((0,27) x R x R — R). However, Theorem 4.12 establishes
both the existence and stability of periodic solutions. Let X = {u €
H%(0,27) : u(0) = u(27), wug(0) = uy(27)}. The initial value problem
associated to (4.32) generates a local semiflow on X. The linear variational
equation of (4.32) at a solution u = u(t, z) is

(4.32)

Uy = Vgp +a(t, vy +b(t, 2)vy, O0<z <21, t>0, (4.33)
v(t,0) = v(t,2m), vg(t,0) =vg(t,27m), t>0, '
where

0(t,2) = (00, 02) = fu (00, 00), b(E,2) = (0,4 ) = ol ,1),

A similar argument to that in Corollary 3.33 of Section 3.4 implies Corollary
4.14.

Corollary 4.14. Suppose that u(t,z) is a bounded solution in X and that
there exist a,b > 0 such that max|a(t,z)| >0, 0 < z < 27 and
T
max {4b(t,z) + 2|a(t, 2) ()} dt < (1 —a)(t — s) + b;

s 0<a<2m

ora(t,z) =0 for 0 <z < 27 and

2/tm§1xb(t,a:) < (1—a)(t—s)+b,

where v(t) = m£x|a(t,m)|. If the omega limit set w(uy) of u(t, ) contains
no steady state solution, then it is a stable hyperbolic periodic solution in
L?(0,L).



4. Convergence Theorems 112

4.2.1 Proof of Theorem 4.12:

The proof of Theorem 4.12 is adapted from the argument used in the proof of
Theorem 4.1 in Li and Muldowney [55]. To prove Theorem 4.12, the following
Proposition 4.15 is established to show that, under the assumptions of the
theorem, the solution space of the linear variational equation (4.21) is the
direct sum of two subspaces X; and Xj; the 1-dimensional subspace X;
is strongly stable and spanned by v!(t) = %(t,uo) and the codimension 1
subspace X, is uniformly asymptotically stable.

Let X be a normed space and t € [0,00) and X* be its (continuous) dual
space. Let V be a linear space of maps ¢t — v(t) from [0,00) to X. If z € X
and 9 € X*, define

Y(z) = (¢, z).

For z!,2? € X, define a norm of z' A z? as follows (see Section 1.1):

wlfom BB] o

Here the supreme is taken over v; € X', ||vs|lx <1, i = 1,2. For simplicity,
the symbol || - || will be used instead of || - || \x x except when the relationship
with the norm in X is to be emphasized.

|zt A 332”/\2)( = sup
s

Proposition 4.15. Suppose that assumptions (%), (%), (#44) are satisfied:

(i) there exists a constant L > 1 and a nonzero v* € V such that
I Ol < Ll (), 0< 8,85
(i1) there exist constants K,y > 0 such that for every v € V,
I AN < Kl Av)(e)le), 0<s <t
(i11) there exist constants H > 0 and B > 0 such that for every v € V,
lv®ll < Hllu(s)lle?~, 0<s<t.
Then there exists a constant C > 0 such that

V=VieV
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where

Vi = spanfo'}, Va={yeV: Ju@®)| < Cliy(s)le", 0 < s <t}

Remark 4.7. When X = R", Proposition 4.15 is proved by Li and Muldowney
[55].

Proposition 4.15 will be proved by the following sequence of lemmas.

Lemma 4.16. For z',z% € X,

nllz 2| < lla* A 2®(] < 2|22,

0= s, { )

Proof. For z* € X and ¢; € X/, |4 < 1,1=1,2,
(Y1, 7Y) (Y1, 2%) ”
}det [ (o, ") (2,27
| (¢1;x1> : <1/12,$2> | + I <’lp1,$2> : <Ilp2a$1> l
2f|z*{l1|22.

where

1 2

X X
—— Z/__
2t [l=2

I

IA

Thus
la! A 2?|| < 2l ||| 22]].

Let (z')* € X’ such that ||z|| = (z*,z), ||z*||x» = 1. Then
Izt Az?|| 2 Slépl 2] - (¥, 2%) = ((=")*,2%) - (9, 2") |

(W,2%) _@,2h) ((@)",2?)

> |lelll22] sup - -
i I 7 T Py P
2 !
= Jlz'}ll2?] sup <w,——u——->\
el sup | ¥ T = 1
2 !
= el —u—\,
]
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1yv* .2
where v = (z”i ’”z ) and —1 < v < 1. Therefore,

Izt A 2?| > nll=* {12

1= i, { }

Remark 4.8. The number 7 in Lemma 4.16 is a measure of the angle between
2! and z?, see Figure 4.1. When X is a Hilbert space with inner product

<.7.>’

where

1 2

z y z
2t =2

lzt A 22| = det

) ) |l el

where 6 is the angle of the vector z!,z? and

(o, o)
%0 = el
Thus
et A 2| = 2t Pla?
& 22 . {2 a?)
where n = Te ~ VT l with v = T

Figure 4.1: A measure of the angle between 2! and 22

Lemma 4.17 is from Daleckii and Krein [23], page 156.

Lemma 4.17. Suppose that the normed space X decomposes into a direct
sum X = X1 ® Xy of closed subspaces and P,,P, = I — P, are the
corresponding projections. Then

inf
x,€X;

z! z2

[EX ]

2
< . i=1,2.
1} |2



4.2. Existence of Stable Periodic Solutions 115

Proof. Suppose that 2! € X;,i = 1,2. Let 2 = 2! 4 2? where 2° = Pyz,i =
1,2. Then

5[;1 1’2 “ PliL' PQCL’
Izt |22 HP1$H | Rz]|
| Przl
IIPJIII YT e
1 | Poz|| — || P
= — flpg— 2= _1"="lIDae
lefﬂll || Poz|| :
| Pz + Poz|
< |z Bl Py
i (b + e
_ 2l
| Pz’
and thus
inf { 2 }< g 1 _ 2
€X; ||$1“ ”$2” T€X ||P1$|| HPIH
Similarly,
inf{xl_x2’}<2
weXe |||l =2l |]) ~ Rl

Lemma 4.18 is Corollary 2.3 proved in Section 2.1.2.

Lemma 4.18. Suppose that for every v € V, the following two conditions
are satisfied:

() limsup [lu(t)|| < oo;
t—o0
(41) litminf [lv(t)|| = O implies tlim lv(®)] = 0.
Then
codim {v eV : lim |lv®)| = 0} <2
t—00

if and only if, for all v},v? €V,

im [ A =0.

The proof of Proposition 4.15 is adapted from Li and Muldowney [55).
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Proof of Proposition 4.15;

Proof. The proof of Proposition 4.15 will be divided into two parts according
to the value of 3 in assumption (%it).
Case 1: § = 0 in assumption (#i1)

Let Vy={veV: tllrg |lv(t)|| = 0}. For any v € Vj and ¢ > 0, there exists
a T such that |[v(t +T)|| < 5 |v(t)|. It follows from assumption (i) that for
any -1 <y <1,

111 |+ T)  w(t+T) oi(t) (b
oL "I 2= |l @ ”SH Q] ”nv(t)nH’
o 1 vi(t) v

27L = | TP @] ”||v(t>nH'

Thus, Lemma 4.16 implies that

1
2HL

W OIEI < 160 ADON < K@ Av)(s) et

IA

2K v} (s)llv(s)lle™¢=2).

It follows from assumption (¢) again that

1
) <2 —7(t—35)
sz lP® < 2K Liju(s)lle ’
or
lo(®)]l < 4HEKL|[u(s)]le™¢),
Therefore,

Vo={veV:|vit) <4HKL*|v(s)]|e”""™, for all 0 < s < t}.

Now under assumptions (i¢) and (i9¢), Lemma 4.18 implies that for every
v € V, there exists a nontrivial vy = ¢1v" + v such that

Jim[fuo(t)] = 0.

From assumption (i), ¢; # 0 and thus v = —%;-vl + é’l}o. Therefore
V = span{v'} @ Vo.
Case 2: 8> 0 in assumption (4i)
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In the following, it will be shown that assumptions (i)-(iii) imply that there
exists a constant H’ > 0 such that

lo@® < H'llv(s)ll, 0< s <,

and thus Proposition 4.15 follows from Case 1.

For each t > 0, let (v')*(t) € X' be such that |[v1(t)]| = ((v})*(¢),v(t))
and ||(v')*(®){|lx: = 1. It follows from assumption (i) that |jv!(¢)|| # 0. For
each v € V, let

V = span{v?,v}.

Given 0 < ¢ < 7, define

v (t) + v(t). (4.35)

Then vy € V and {((v!)*(7),v%(7)) = 0. For each t > 0, let (v?)*(t) € X’ be
such that ||v2(t)] = ((v¥)*(t),v%(t)) and ||(v®)*(t)||x» = 1. Then

w0200 (03 o
It Av?)(T)]|

K||(v* A v?)(0)[|le (=)

2K |[v* (0)|[[v? (o) |7t =2).

[ ()l (DI

IN A

IN

Thus assumption () implies that

02 - ” U) 2 —y(r—0)
[CRCI “U() || v*(o)|le
< 2KL|v?(0)|le=").

Therefore, every v € V can be written as

= SO L
(t) ol v(t) + vi(t), (4.36)

where v2 € V and ||v2(7-)l] < QI{L“vQ(a)“e"Y(""‘”). Choose T > 0 such that

1
§:=2KLe " < <L (4.37)
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Let sy > 0 and define s = 89 + kT, k = 0,1,2,.-- . Then every v € V can

be written as
v(t) = vt (t) +0*5(t), k=0,1,2,---, (4.38)

where v>* € V and

_ (0D (3r01), (Sk1)) gty ) 2k (s _
cr = e s (Y (skr1), ¥ (sk41)) = 0,

V¥ (se12) ]| < 8™ (si)l-

Let
Vi =span{v'}, Vor={veV:|u(sp)ll < dllv(si)ll}-

Then (4.38) implies that on the interval [sg, sg41], V = V1 @ Vo and Vi, Vo
are closed subspaces of V. Notice that if v* € V,, then

HePT visk) __v(sk) ‘ v! (k1) _ v (sk+1)
[t (sl lv*(se)ll ot (sl v2(sw)l]
2 L 5> 0.

L

Thus, on the interval [sk,sk,1], Lemma 4.17 implies that the projections
P;(-),i=1,2 onto V; and V,; respectively satisfy

Pi(sk) < pHe™ == p,

where p = 12k, For every v € V, it follows from (4.38) that
v(sk) = cxv' (sk) + V¥ (sk) = ceo1v (s) + V¥ (sp).
Then
v (se) = Pa(sp)v>*(sk),
avt(sk) = cp—10'(sk) + Pr(sg)v?*1(s).

Thus, for i = 1,2,
[1Pi(si)v® sl < pllv™ = (sg)
pO|[v** (k1) == Rljv®* (1)l
-+ < RE[vP(s0) |
pRE(|v(s0)ll,

IA A

IA
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since ||v*(so)| = || P2(s0)v(0)ll < pllv(s0)]l, where
R = pé = 2K LuHe# T, (4.39)

Hence . . ot
leelllv (el < ler—1lllv (si)ll + | Pu(si)v®* (si)]

< lee-lllv'(se) | + pR*[lv(so)l,

or
k
musk%wmwmmm%m,
< o Zeol + pllv(so)l Z Hvl
(4.40)

< |:| 1(( + pljv(so) ||Z [o1(s)]

ki
< sl Y

=0

since |co| = “thlo()sz()ﬁlo) M@)-)”ﬂ where m = M < |[vt(@)]| for all
t > 8g.

Case 2.1: 8 <~
It can be assumed that R < 1 in addition to (4.37) by choosing T
sufficiently large if necessary. Now inequality (4.40) implies

4] < el
and thus
losll < feelliv! (o)l + 03 (s0)]

=gy ol se)l + o oo

< o (g +1) ool

where M = L||v!(so||) > |[v'(¢)|| for all ¢ > s. It follows from assumption
(t4¢) that for every v € V,

IA

lv@®| < HeT||v(sg)|| for sg <t < Sge1s
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and thus
lv@®l < H'lv(so)ll, 0<s0<t,

where H' = HefTp (;n(leR) + 1) which is independent of sj.
Case 2.2: 3>~

The case 8 = v can be included in the case 8 > v by replacing v by a
slightly smaller constant in assumption (ii) or 3 by a slightly larger constant
in assumption (i73). Thus, without loss of generality, only the case 8 > «v
will be discussed.
Step 1: Inequality (4.40) implies

k _
o] < Py (oo,

and thus

(sl < lexlllv' (se)ll + [lo™*(se)l

b
;l}(BR—_113||U(80)HI|v1(Sk)H + pRF|lu(s0)]|

o (e 1) R¥fu(so)l

Let 0 < 41 < <. Choose T > % In(4KL?H + 2K L?) so that

< p

2KLuHe 7T < 1.
Notice that if 8; = 8+ v — v < 3, then
R=2KLuHe "TeAT < AT,
and thus

o6l < o (s + 1) T fo(en)]

M
p (mﬂ + 1) e [y(s0) .
Hence, for s <1t < Spy1,

@ < He|lu(sk)l| < Hllo(so)[le® =), 0 < s <1,
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where Hy = HefTp (T—n—(%%) + 1) which is independent of s.

Step 2: Repeat Step 1 until 3, < +y for some n and
vl < Hallv(so)[le®¢*, 0 < s <1,

where H, is independent of so. In fact, this can be done by choosing T'
sufficiently large in each step. Since 8, < v, Case 2.1 implies that there
exists a constant H' > 0 such that

@Il < H'fjo(s)ll, 0< s <.

Therefore, Proposition 4.15 is proved.

Proof of Theorem 4.12:

Proof. Since u(t,uo) is bounded and 2L (u(t,u)) € £L(X% X), there exists
a constant C such that ||%£(u(t,u0))|| #(xe,x) < C1. For a sectorial operator
A, there exists a constant M; such that for 0 < 3 < a <1,

le=4EDy(s)la < Mi(t — ) *ly(s) g

The solution of the linear variational equation of (4.19) at u(t, uo),

d 0
E;—) + Av = 8—£(u(t,u0))v, (4.41)
’U(O) = o,
satisfies
ot < e+ [ e Lttt m)| s
< M1]]v(0)”a—l—/O e_A(t_s)-g{-(u(s,uo))v(s,vo) ads
< M1||v(0)||a+M1/0 (t—s)™@ g—q{(u(s,uo))v(s,vo) ds

1
< Mol + M8y [ (¢ = 5) (s, vo)lds
0
Thus, Lemma 4.10 implies that there exist constants M, 3 > 0 such that

l[o(t, vo)lle < Me{|ug]a- (4.42)
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Since v!(t) = L (u(t, uo)) € X* (see Henry [42], Theorem 3.5.2, page 71) is
uniformly bounded, there exists a constant a > 0 such that

[0'@)la <@, t>0. (4.43)

Moreover, since its omega limit set w(up) contains no steady state solution,

there exists a constant b > 0 such that
lv' (8)|}e > & > 0, 5> 0. (4.44)
If not, then there exists a sequence {s,}, s, — co as n — oo, such that
711320 —Au(S,, up) + f(u(sn, ug)) = 7;1320 v!(sn) = 0.

Since f is continuous and A is closed on X* when 0 < « < 1, this implies
that w(up) contains a steady state solution contradicting the assumption that
w(up) contains no such solution. Thus, (4.43) and (4.44) imply

o' Al < Lllv* (s)lla;  for t,5 > 0, (4.45)

where L = § > 1. Let {T(t,5),0 < s < t} be the evolution operator
generated by the solution of (4.41). The space X decomposes into a direct
sum X = X;(¢) & X2(t) where X,(t) = span{%(t,up)} C X is the tangent

vector space at time ¢t of the bounded solution u(t,ug). If v(t) = v(¢, vg) is a

Figure 4.2: Evolution of the oriented infinitesimal parallelogram v* A v

solution of the linear variational equation (4.41), then (v! Av)(t) is a solution
of the second compound differential equation (4.20); see Figure 4.2. Thus
the uniform asymptotic stability of (4.20) implies that there exist constant
K,~v > 0 such that

(@ Av)I < KIl(W! Av)(s)lle™™, 0<s<t. (4.46)
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From (4.42),(4.45) and (4.46), Proposition 4.15 implies that there exists a
constant C' > 0 such that
T, 8)z1|la < Cllz1lla for z; € X1(s), 0<s,t,

(4.47)
IT(t, 8)22| < Ce™ 7 3)||zy|lq for 2 € X$(s), 0<Ls<t

Since the stability of the second compound differential equation (4.20) is
sufficiently robust, the above argument can be applied to any solution in the
omega limit set w(uo).

In the following, consider u = u(t, u;) where u; € w(ug) and so u(t,uy) €
w(ug). Let X = Xi(t) ® Xo(t) where Xi(t) = span{%(t,u1)} C X* and
P,(8) be the projections onto X;(s),¢ = 1,2. Next apply an argument used
in Coppel [19], page 82-85, Henry [42], page 251-253 and Li and Muldowney
[55]. For any solution wu(t) of (4.19), let 2 = u — u(t,u1). Then (4.19) is
equivalent to

%—? + ( - %(u(t,ul))) 2= g(t,2), (4.48)
where
glt,2) = fultyun) + 2) = flultw)) ~ 9 u(t, )2
satisfies ¢(¢,0) = 0 and
lg(t, 21) — g(t, z)|| < k(0)l|21 — 2ellay If fl21]las 22lla <,

with k£(0) — 0 as § — 0*. Given ¢ > 0, there exists § > 0 such that
|21 llas | 22]| < 0 implies

lg(t, z1) — (¢, 22)l| < ellz1 — ze|a (4.49)
If 0 < B < v, consider a Banach space
Bap = {2z € C([0,00), X%) : ||2]la,s < 00},
where ||z]|a5 = sup lz@)||la€?. If 2 € Bag, ||2]las < 6 and a € X$(0), define

Fo(z) as

Fu(2)(t) = T(t,0)0+/tT(t,S)PQ(S)g(S,Z(S))dS
L (4.50)
_ / T(t,8)Py(s)g(s, (s))ds, > 0.



4. Convergence Theorems 124

From (4.47), (4.49) and (4.50),

IF(2) Ol < ceﬂwwa+g[eﬂ*%4ﬂmw+e[wwwmw4

: t )
CKW%+WM4/KW%%@ﬁ/K%Q]
L 0 t

IA

o oo o (2422
< e "allo +ellzllas | — + —
ol + el (5 + 5
= Ce™|allq + 0||2||lase™?, §=Ce—L—.
(4.51)
Choose € and 6 so that 0 < 6 < 1 and C||a]l« < (1 — )4 and thus
Fa z t o S C a [0 +0 z «,
1 Fa(2)(8)llov8 lalla +6l1lla,s (452)

< (1-0)5+05=04.

Let 2,2 € Bag,|12llag < 6, ||2illas < 6,4 = 1,2 and a € X$(0), |lalla <
(1—5025. Then F,(2) € Bag and ||Fo(2)|la,s < 0. A similar estimate shows that

| Fa(21) — Fa(22)lla,s < 0ll21 — 22)la,s-

Hence the equation z = Fg(z) has a unique solution z* = z*(t,a). Notice
that

(t,a) = u(t, &) == ult,u1) + 2*(¢,a)
is a solution of (4.19) with initial condition
€ = u(0,u1) + 2°(0,0) = w1 + @ — /0 T T(0,5)Pi(s)g(s, 2(s))ds.  (4.53)
From the first inequality of (4.52),
12 0)las < gl
Since ||g(t, 2)||« = 0(]|2]|e) uniformly in ¢ for ||2||o — 0, it follows that
2*(0,a) = a + o(||a]la)u(0, u1). (4.54)

If p is sufficiently small, the set of all £ satisfying (4.53) with ||£||l« < p and
P1(0)¢ = 0 is a manifold S, of codimension 1 and if £ € 5,

tllglo lu(t, &) — u(t, u1)||« = 0. (4.55)
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Let u(t,£) be a solution of (4.19) with u(0,§) = £. For { = u;, equation
u(t, &) —ug — 2°(0,a) =0 (4.56)

has a solution when t = 0,a = 0. Observe that the linear map (t,a) —
t‘fi—?(O, u1) —a is invertible. From (4.54), the implicit function theorem implies
that equation (4.56) is solvable when ||§ —ui[lo < o for some constant ¢ > 0,
that is, there exist ' = ¢'(§) and o’ € X§(0) such that

u(t’, &) = u1 + 2*(0,a"),

where 1—¢
, _

< ——9.

la'lla < =5~

Since u; € w(uy), there exists £1,& € S, such that u(t;, &) = &2, > 0 and
a sequence ty — 00, u(tg, &1) — w1,k — oo. Now (4.55) implies

tllrg Hu(t7 él) - u(ta§2)”a =0

so that
tll'rg ”u(t, 51) - u(tl’ u(t’ 51))”(1 =0 (457)

since u(t,&) = u(t,u(ts,&)) = ult + t1,&) = ulty, u(t, &)). Let ¢ = t; in
(4.57). Then

B {Ju(t, &) — u(ty, w(te; §1))lla = 0

and thus u; = u(ty, u;), which shows that u(t,u,) is periodic with period ;.
From Theorem 3.7 in Section 3.1, this orbit is stable hyperbolic, and thus
attracts all nearby orbits. Therefore this orbit is the whole set w(uy).

[ |

Remark 4.9. If the bounded solution u = u(t, ue) is a periodic solution, then
its omega limit set is itself. Thus Theorem 3.7 in Section 3.1 is a special case
of Theorem 4.12.



Chapter 5

Bendixson Criterion

In this chapter a generalization of the Bendixson criterion for the
nonexistence of periodic orbits to differential equations in Banach spaces
is established.

In the early 1900s, I. Bendixson and H. Dulac gave conditions for a 2-
dimensional autonomous system of ordinary differential equations to rule out
the existence of nontrivial periodic solutions, which are called the Bendixson
and Dulac criteria. In particular, Bendixson [6] showed that

du

e f(u), ueR” (6.1)

has no nonconstant periodic solution if n = 2 and
div f #0 on R2

Dulac [26] generalized this to the statement that if div (a.f) # 0 on a simply
connected open subset D of R?, where « is a real-valued function on D, then
there is no closed path of (5.1) which lies entirely in D.

Higher dimensional Bendixson criteria have been developed by Busenberg
and van den Driessche [12] and by R. A. Smith [100, 102]. Busenberg and van
den Driessche obtained conditions which preclude the possibility of certain
oriented loops occurring in the dynamics of (5.1) and are not confined to finite
dimensional spaces. In particular, an extension is obtained for functional
differential equations. R. A. Smith [102] shows that, if the system (5.1) is
dissipative and A, (z) + Aa2(z) < 0 or Ay—1(z) + An(z) > 0, then each bounded
solution converges to an equilibrium. Here A\ (z) > Ao(z) > -+ > M\ (2)

126
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are the eigenvalues of } ((gﬁ)* + gﬁ), gf is the Jacobian matrix of f and
the asterisk denotes transposition. In particular, there are no simple closed
curves that are invariant with respect to (5.1). Smith’s proof contains an
error; see Li and Muldowney [53], page 465. However the result is correct.

Based on compound differential equations, Muldowney [78] observed that
Smith’s conditions imply that, in the dynamics of (5.1) the usual Euclidean
measure of 2-dimensional surface area decreases with increasing or decreasing
time respectively. Also it was noted that, for any 2-dimensional surface which
has a given simple closed curve as its boundary, there is a positive lower
bound on the area of the surface that depends only on the boundary curve.
These observations were used in 78] to develop two new approaches to higher
dimensional Bendixson conditions based on various measures of surface area.
Both approaches give the Bendixson-Dulac results when n = 2.

The first approach in [78] uses the fact that, if some measure of 2-
dimensional surface area decreases in the dynamics of (5.1), then no simply
connected open region D C R™ can contain a periodic orbit or any invariant
simple closed curve if such a curve is the boundary of a 2-dimensional surface
of minimum area. Since the boundary is invariant and the surface area
decreases strictly, the minimality of the area is contradicted.

The preceding approach has the advantage that it requires only local
existence of solutions. However, it places a restriction on the region D to
which it is applied: it must have a shape that permits the existence of a
minimal surface for any simple closed curve in D. As explained in [78], the
“minimal surface” can exist in a fairly abstract sense, such as the existence
of a minimizing sequence of surfaces.

The second approach requires that solutions originating in D exist globally,
but replaces the requirement that 2-dimensional surface area decreases with
a condition that the area of any surface originating in D tends to zero as ¢
tends to infinity under (5.1). If the boundary is an invariant simple closed
curve in D, this would contradict the existence of a positive lower bound for
the surface area.

Both of these approaches are facilitated through consideration of the
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second compound differential equation

2]
L )

with respect to a solution u(t,up),uy € D, which governs the evolution of
2-dimensional surface areas near u(t, up). In particular, the second approach
can be implemented in terms of Bendixson conditions related to stability
requirement on (5.2); see Li and Muldowney [58], Muldowney [78].

This chapter begins with the establishment of a positive lower bound for
a 2-dimensional surface area whose boundary is a given simple closed curve
in a Banach space X; the bound depends only on the curve. Bendixson
conditions for differential equations in Banach spaces are developed in terms
of stability of associated compound linear differential equations.

5.1 Surfaces and Boundaries in Banach
Spaces

In this section, a measure of 2-dimensional surface is introduced and the
existence of a positive lower bound for 2-dimensional surface area whose
boundary is a given simple closed curve in a Banach space X is obtained.

Throughout this section, the real Banach space X is assumed to satisfy
the Radon-Nikodym property (see [5, 27, 88]) and its norm is Géteaux
differentiable (see [29, 46, 72]).

Definition 5.1. Suppose that G is a nonempty open subset of a real Banach
space X and that f : G — Y is a map from G into a real Banach space Y.
The map [ is Gateaur differentiable at z € G if for each h € X, the limit
oo f(ztth) = f(2)
t—0 t
exists in the norm topology of Y and defines a linear (in h) map which is
continuous from X to Y. The map f is Frechét differentiable at x € G if
the limit (5.3) is uniform for h € Sx = {r € X : |jz|| = 1}. The Gdteauz
derivative of f at z is denoted by df(z).

(5.3)

Definition 5.2. A real Banach space X is said to satisfy the Radon- Nikodym
property if every function of bounded variation from [0,1] into X is Gaiteaux
differentiable almost everywhere.
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Earlier results of Dunford and Pettis (see [27]) showed that such spaces
include separable dual spaces and reflexive spaces. The Aronszajn Theorem
(see [88]) shows that every Lipschitz continuous map f: G — Y is Gateaux
differentiable almost everywhere provided that X is separable and Y satisfies
the Radon-Nikodym property.

Definition 5.3. A norm || - || on a Banach space X is Gateauz differentiable
if it is Gateaux differentiable at every point of X\{0}.

Lemma 5.1. Let X be a Banach space whose norm is Gdteaux differentiable
at the point * # 0 and X* be its (continuous) dual space. Then

t -
%ir% w = G,(y) defines an element G, € X* such that ||G,|| < 1.

Furthermore, if x € X and |z| < 1, then |G| = 1.

Let B= {z € R? : |z| < 1} be the Euclidean unit ball in R? centered at
the origin, whose closure and boundary are denoted by B and dB. The
boundary OB can also be associated with S* = R/27Z. The following
definitions are similar to those in Li [51] and Li and Muldowney [53, 58|.

Definition 5.4.

(¢) A map 9 € Lip(S* — X) is a simple rectifiable closed curve if it is one to
one.

(i1) A map h € Lip(B — X) is a rectifiable 2-dimensional surface in X, and
the restriction h|sp is the boundary of h. The map h is a simple rectifiable 2-
dimensional surface if hlpg : 9B — X is one to one. Henceforth, for brevity,
the term “rectifiable” will be omitted.

Define

Z(w,X) := {h € Lip(B — X), h|ap is one to one and h(8B) = ¥(S")},
(5.4)
where ¢ € Lip(S* — X) is a simple closed curve. If D is a simply connected
open subset of X, then

Z(1/},D) := {h € Lip(B — D), h|sp is one to one and h(8B) = v(ShH},
(5.5)
is nonempty (see Li and Muldowney [58]).
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Definition 5.5. If X satisfies the Radon-Nikodym property and its norm is
Cateaux differentiable, define a surface area measure o, on Lip(B — X) by

/ |2n]| = /
(5.6)

where d h denotes the Gateaux derivative of 2. Here || - || is any norm on
A’X and the associated operator norm on Z(A%R2, A2X).

oh

8r1 YA —56(1") dr, h € Lip(B — X),

The integral in (5.6) exists and is finite since h is Gateaux differentiable
almost everywhere in B and the integrand is bounded.

Example 5.1. Suppose that X = {(zy,29,--),2; € R,i = 1,2,---} is a
sequence space. Then h(r) = (hy(r), hy(r),---) and for each h € Lip(B —

X),
1
oo p
/ ( Z ) dridr, and / sup
A . 1<i<y

1<i<y
are examples of measures ga(h) of 2-dimensional surface area if the integrals

A(hs, hy)
8(7‘1, 7'2)

O(hi, hy)

(7"177"2)

drl d’f'z

exist. When X = R"™ and p = 2, this is the usual Euclidean measure of the

surface area.

Example 5.2. Let X be a space of functions f : s — f,, where s € Q, a
measurable subset in R", and f; € R. A surface h in X is a Lipschitz function
r € B+ h(r) € X and may be expressed in the form (r,s) — hy(r),r €
B,s € Q and h,(r) € R. Then

1

P
a(hsuhsz)
/(n/‘ 5(7"1,7‘2 1d82) dridrs - and /slsign
B

are measures op(h) of 2-dimensional surface area if the integrals exist.

a(hsl 3 h32)

dridr
8(7‘1 , 7'2) 1502

While Example 5.1 is a special case of Example 5.2, it is useful to state
the examples separately. For instance, the first example might be used to
define surface area for a function space in terms of the Fourier coefficients.
The second example uses the pointwise representation of the functions.
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When X = R" and % is a simple closed curve in R", the existence of a
positive lower bound for g,(h) where h € Y (1, R™) has been established by
Li and Muldowney [51, 53, 78]. In the following, the existence of a positive
lower bound for o2(h) for general 2-dimensional surfaces in X with a given

boundary will be proved.

Figure 5.1: The boundary of the 2-dimensional surface h in X

In general outline, the procedure is as follows. At any point on the curve
where there is a tangent, a whole segment of the curve lies inside a cone whose
axis is the tangent line. Because % is one to one, there is a ball centered on
the point of tangency which contains no points of the curve other than those
inside the cone. A rotation about the tangent is a map from X to R? which
does not increase the area. The region inside the ball and outside the cone
“traps” a section of the surface which is mapped onto a sector of a disc in
the upper half-plane of R?; see Figure 5.1. The area of the sector is a lower
bound for the area of any surface in X that has this boundary curve.

Suppose that ¢ € Lip(S! — X) is a simple closed curve. Then %
is Gateaux differentiable almost everywhere since X satisfies the Radon-
Nikodym property. Moreover, 1 is Frechét differentiable almost everywhere
since Frechét differentiability is equivalent to Gateaux differentiability in R.
Without loss of generality, assume that 1 is Frechét differentiable at 0 € S?!
and ¥(0) = 0 € X. Let X; = dy¥(0)R and e be a unit vector in X;. If
z =ae € X; and a € R, let g(z) = a be the coordinate functional of z; € X,
referred to e, whose norm ||¢||x, = 1. By the Hahn-Banach theorem, the
linear functional ¢ admits an extension on the whole space X denoted also
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by ¢ with the same norm. Define Piz = ¢(z)e and P = I — P,. Then P,
and P, are projections and

[Al=1, [Pl <2 (5.7)

(see Fabian et al {29], page 139 or Li and Muldowney [53], page 459-460).
Now X = X; ® X, where Xy = P,X. Define a map R : X — R? by

R(z) = (q(z), | Pozl)), (5.8)

where Pz = q(z)e € X, ¢(z) € R.

Remark 5.1. The map R is Lipschitz continuous. Let []o, ], and J]_
denote the sets of points (y1,y2) € R? such that y, = 0,95 > 0 and y < 0,
respectively. Then R can be viewed as a rigid rotation of X about X; =[],
into [], with RX; = [,

Remark 5.2. If X is a separable Hilbert space with an orthonormal basis
{€!}$°, then the rotation map R : X — R? about X; = span{e'} is

z— R(z) = | zi, (Z(a:m) :

=2

[N

o0
where z = Y z;€¢".
i=1

Remark 5.3. Since it is assumed that the norm || - || of the Banach space X
is Gateaux differentiable, it follows from Lemma 5.1 that Gateaux derivative
of R exists and is uniformly bounded for all z € X. Thus, there exists a
constant M > 0 such that

d®R(z) : /\2X — /\2R2 ~ R

satisfies
|[d@R(z)|| < M.

Let v=Roe¢:5 — ﬁ+. Since v is Frechét differentiable at 0 € S! and
¥(0) =0 € X, it can be assumed that

P(r) = d(0)s + g(s)
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where g(s) = o(s) near s = 0. Thus,

Pyy(s) = dy(0)s + Pig(s) € X,
Pyyp(s) = Pag(s) € Xo,

and v(s) = (vi(s),v2(s)) where vi1(s) = q(P1¥(3)), v2(s) = || P2y(s)|| implies
that
vi(8) = ms+o(s), 0<wvas)=o(s), (5.9)

near s = 0, where 0 # m = ¢(Pidy(0))(1). Without loss of generality,
assume that m > 0. If a > m, there exists 0 < ¢ < 7 such that

0 < ve(s) < alui(s)], —e<s<e

and sv(s) > 0, s # 0. Thus v((—¢,¢)) is a curve from v(—¢) to v(e) through
0 and lying in the sectorial region

T = {(vy,v2) € R? : 0§v2_<_a|v1|},

see Figure 5.2.
v

-
Ce
O o

S? T

Figure 5.2: A sector T at 0 in R2.

Next define ¢ : S* — X by 9¥(s) = 9(s) on s € S'\ (—¢,¢) and
¥ : [—€,6] — X is one-to-one defined by linear interpolation from v(—¢)
to Piy(—e), from Pyyp(—€) to Piyp(e) with (0) = 0 and from Pyy(e) to
Y(e). f 5 =R o : ST — R?, then v, differ only possibly on (—&,€). Both
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v and © map [—¢,€] to curves from v(—e) to v(e) through 0 = v(0) :

%(0)
and passing from one half of T to the other as s passes through 0.

The main result in this section, Proposition 5.2, shows the existence of
a positive lower bound for o2(h) independent of h € Y (v, X). This was
deduced in the original paper of Muldowney [78] on systems in R” from a
classical result on the existence of a surface of minimum area. The proof
given here for a general Banach space is adapted from a Brouwer degree
argument used in Li [51] and Li and Muldowney [53]. A good reference for
degree theory is the book by Lloyd [59].

Proposition 5.2. Let X be a Banach space satisfying the Radon-Nikodym
property whose norm is Gateauz differentiable. Suppose that ¢ € Lip(OB —
X) is a simple closed curve in X. Then there exists § > 0 such that

oa(h) > 6
for all h € 3 (v, X).

Proof. As in the preceding discussion, it is assumed that 1(0) = 0 € X and
¥ is Frechét differentiable at 0. Let h € (%, X) and R=Roh: B — ],
and v =Ro¢ : St — ﬁ+ so that R(OB) = v(S?), where R is defined by
(5.8). Remark 5.3 implies that there exists a constant M such that

|d®PR(z)|| < M

for all z € X. Therefore,

/ |dPR| = / |dPR(h) 0 dPh(r)| dr
B ' B

IA

[ 1d®R@) | |d®her) | dr

B
(5.10)
< M/||d(2)h(r)||
B

< M/||d<2>h|| = Moy(h).
B

Since h|gp is one-to-one and h(0B) = (S?), the connected components of
R?\ R(dB) = R? \ v(dB) are the same for every h € 3 (¢, X) and thus the
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Brouwer degree of R relative to B, deg(®R, B, -), is a constant and independent
of h on each component. It will be shown that there is a component A of
R2\ R(JB) such that deg(R, B,p) = +1if p € A. It follows from (5.10) that

1
o= HareaA < o5(h)

for all h € (¢, X).

Let 4 be as in the preliminary discussion. It follows that there exists
h € S (4, X) and an open arc ¥ C 8B such that h(y) = ¥((—¢,¢)), h(y) =
¥((—¢,€)) and rq € 7y, h(ry) = ﬁ(rg) = 0. Recall R = Roh and let R = Roh;
r € dB\7v; R(y) C T,%R(y) C T and both curves pass from one convex half of
T to the other half as r passed through ro. Further, $R(v) consists of three line

RO R@)

Figure 5.3: The map R. Note v(te) = (P (e), || Paw (£e) ).

segments [1(—e), Pip(—e¢)], [Pryp(—¢), Piy(e)] € g and [P11(e), ¥(€)]. Since
R(z) = 0 if and only if z = 0, it follows that, if r € 8B, 0 = R(s) = Roh(s)
if and only if r = ro. Therefore, the compact set R(OB \ v) = R(AB \ 7) is
a positive distance from 0 € R? and so does not intersect B(0,p) C R? for
some p > 0; see Figure 5.3. In particular,

#(8B) N B(0,p) = (~p,p) C L. (5.11)
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Since R(s) = R(s) if r € OB\ 7y and the line segment [R(s),R(s)] C T if
r € v, the Poincaré-Bohl theorem, [59], page 25, implies that deg(R, B, ) =
deg(fR, B, -) on R?\ T From (5.11), the sets II_, B(0, p) N IL are subsets of
A1, Ay, connected components of R?\ R(0B). The interval [~p, p] C [], is a
subset of R(0B) and is in the boundary of each of these sets. Further, R is
one-to-one on R~1([—p, p]) and deg($®R, B,-) = 0 on A, since R(dB) C [].,.
Therefore, deg(R, B,-) = %1 on B(0,p) N [I. € A;. The Poincaré-Bohl
theorem then implies deg(fR, B, ) = £1 on B(0, p) \ T and hence

5=iﬁmdBmmNJU§aﬂm.

5.2 Bendixson Criterion

In this section, a generalization of the Bendixson criterion to autonomous
differential equations in a Banach spaces will be developed. Let A be
a sectorial operator in a Banach space X and f(u) be continuously
differentiable from X® into X and 0 < a < 1. Consider the initial value

problem

du
T + Au = f(u),

u(0) = up € X
In the following, let u(t,up) € X® denote the solution of (5.12). The linear
variational differential equation of (5.12) at a solution u(t, ug) is

(5.12)

d 9
L a0 = it uo), (5.13)

and its second compound differential equation defined on /\2X ¢ is

dw of
hdd 2, = 2L
i + A¥w B0 (u(t, uo))w. (5.14)

Suppose that X¢ is a Banach space satisfying the Radon-Nikodym
property whose norm is Gateaux differentiable. Let D < X¢ be a simply
connected open subset and B = {z € R? : |z| < 1}. Consider a 2-dimensional
surface ho € Lip(B — D). Suppose that h(r) = u(t, ho(r)) is defined for all
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t and » € B. Then h; is a 2-dimensional surface and

Ohy  Oh
@ A 5.15
oalhe) = /Hd Pell / or " ora ., (5.15)
where || - || is any norm on A>X®. Proposition 5.2 implies the following

Bendixson criterion.

Bendixson Criterion. Suppose that
(¢) D C X* is a simply connected open set;
(i7) the solutions of (5.12) exist for all t if uy € D;
(#51) 1 is a simple closed curve in D;
(iv) there is a simple 2-dimensional surface hy € Y (v, D) such that o2(hy)
tends to zero as t tends to infinity under (5.12).
Then 1 cannot be invariant with respect to (5.12).

Remark 5.4. Condition (iv) is irrespective of the norm on A® X* that is used
to define ga(hy).

Since Sult.h
mm=ﬁ%%m'%w>

satisfies the linear variational differential equation (5.13) with ug = ho(r), it

follows from the Binet-Cauchy identity that

du(t, ho(r))®
6’&0

which satisfies the second compound differential equation (5.14). This

dPh(r) = - dPho(r)

observation can be used to derive a concrete sufficient condition for
Assumption (iv) of Bendixson Criterion.

Theorem 5.3. Suppose that

(¢©) D C X* is a simply connected open set;
(1) the solutions of (5.12) exist for all t if ug € D;
(i11) the family of linear systems

dw ort
7 Ay = 8_1{ (u(t, uo))w, ug € S,

1s equi-asymptotically stable in /\2X * if S is a compact subset of D.
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Then D contains no simple closed curve that is invariant with respect to
(5.12).

The equi-asymptotic stability in Assumption (i43) of Theorem 5.3 means
that if S is a compact subset of D, then, for all uy € S, the linear systems
(5.14) are asymptotically stable and the limit

tlim lw)||e =0

is uniform with respect to ug € S, where w(t) € A2X is a solution of (5.14)
and || - || is any norm on A®X<.

Proof. Suppose that ¥ € Lip(S* — D) is a simple closed curve which
is invariant with respect to (5.12). Let ho € 3 (¥, D) be a simple 2-
dimensional surface which is one-to-one on 8B and ho(8B) = 1¥(S'), where
B ={z € R*: |z| < 1}. Then r — Mh(r) = u(t, ho(r)) is also a simple
2-dimensional surface which is one-to-one on B and h;(0B) = 1(S*). Since

o
dhi(ry = Oult, ho(r)) dho(r) satisfies the linear variational differential

6’&0 @
2
equation (5.13) with ug = ho(r), dPh(r) = @%ﬂ(ﬂ
0

solution of the second compound differential equation

- dPho(r) is a

dw of 2 B
haded @y = 2 = B
= + Ay B0 (u(t, uo))w, uo = ho(r), r € B.

These linear systems are equi-asymptotically stable and

Au(t, ho(r))®

lim B

t—o00

=0

[+

uniformly with respect to r € B, which implies that
lim [[d®hs(r) o = 0

uniformly with respect to € B. Thus tlim oa2(h:) = 0. But Proposition 5.2
shows that § < oy(h;) for some § > 0. Therefore, 1) can not be invariant

with respect to (5.12).
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Remark 5.5. Theorem 5.3 rules out the existence of nontrivial periodic
orbits, homoclinic loops and heteroclinic loops. For some systems, the equi-
asymptotic stability of the family of linear systems (5.14) can be established
by constructing a suitable Lyapunov function in A?X®. For instance, (5.14)
is equi-asymptotically stable if there exists a positive definite function V(w),
such that "’;—tv‘(s ) is negative definite, and V and d—;;‘i 5.1 are both
independent of wuy.
Remark 5.6. The results in this section are motivated by the high-dimensional
Bendixson criterion for an autonomous ordinary differential equation in R
established by Muldowney [78]. The proof of Theorem 5.3 is adapted from
the idea used in Theorem 4.1 of [78].
Remark 5.7. An application of Theorem 5.3 is to combine with Theorem
4.12, Section 4.2 to show the existence of steady state solutions.
Consider a scalar reaction diffusion equation

U = Upg + f(2,u,u5), O<2<L, t>0,

u(t,0) =u(t, L), ug(t,0)=uy(t,L).
Here f € C*((0,L) x Rx R — R). Let X = H,..(0,L) = {¢ € L*(0,L) :
¢ € L*0,L),4(0) = (L), ¢'(0) = ¢/(L)}. Suppose that if up € X,
u(t,z) = u(t,up) € X is a solution which exists for all ¢ > 0. The linear
variational equation of (5.16) at a solution u(t, ) is

Vg = Uggp + a(t,T)vy + b(t, x)v, O0<z <L, t>0,

(5.16)

(5.17)
’U(t,O) = U(ta L): 'Ua:(ta 0) = Um(t7 L)7
where
a(t,z) = ;)Tf(x,u(t,x,uo(:r)),uw(t,x, uo()),
¢ (5.18)

b(t,z) = g—z(:r,u(t,x,uo(x)),uz(t, z,u(x))).

The pointwise representation of w(t) € A® X is
w(t, T1, T2) = det [(z;, w(t))]

which satisfies the second compound differential equation of (5.17) defined
2
on A X

2 2 2
wy = Z Wz, + Z: a(t, z;)we, + Z b(t, z;)w. (5.19)
=1 =1

Jj=1
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The eigenvalues of the Laplace equation

Ay = —)\iu,
(5.20)
U(O) = “(L)7 U’I(O) = U:v(L)
are A = 0, Ag = (25)*, Mgy = (22)%
Suppose that, for u,v € R,
lg—f(xou,v) < A(z),
v (5.21)
of

%(.’L‘,u, v) < B(z).

Consider a Lyapunov function

1 1
V = ——/ w? = —/ ’w2(t,x1,$2)d$1dx2-
2 Jo,Ly 2 Jory

The discussion in the proof of Corollary 3.33, Section 3.4 implies that

d+V Z/O » (21/3 - 1) (wa,)?

/0 o ( )+ A(ivj)zl/j(ffj)) o,

for any positive functions vi(z), ve(z). If max A(z) > 0,0 < z < L, then a
x
choice
vi(z) =max A(z) =v, j=1,2,

x

implies that
<
@ SHY
where

2

If max A(z) = 0, then the function f(x,u,u,) = f(x,u) which is independent
of u,, and thus

==X — o -I—4m3x{B(x) + A(w)y}.

p=—A =X\ -|—2m£axB(a:).

Theorem 5.3 implies the following corollary.
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Corollary 5.4. Suppose that the solutions of (5.16) exist for allt > 0 and
up € X. If max|A(z)] >0, 0<z <L, and
T
2
max {2B(z) + A(z)v} < 277

where v = max A(z) or if f(z,u,uz) = f(z,u) and
2
max B(z) < %,
where A(z), B(z) is defined by (5.21), then there is no simple closed curve
that is invariant with respect to (5.16) in L?(0, L).
Example 5.3. Consider a scalar reaction diffusion equation
Up = Uge +pu —ud +q(z), 0<z<L,t>0,
(5.22)
u(t,0) = u(t, L), us(t,0)=us(t, L)

Suppose that p is a positive constant and ¢(z) is nonnegative continuous in
z and maxq(z) <@, 0 <z < L. Let X = H., (0, L). Since

per

1d L ) /L
- udx = wudr
2dt J, 0

L
= / [—u2 + pu? — u? + p(2)u)dz
0

L
< (p+%>/o uzda:Jr%—L,

1d L L
Ed_t/() u: = —/0 UpUgdT

L
= A "—ugm + pui — (@) ugg)dzx

L
< <p+Q>/ uidaH—Q——Ii,
2/ Jo 2

the Gronwall inequality implies that the solution u(t, z) of (5.22) exists in X
for all £ > 0. The linear variational equation of (5.22) at a solution u(t, z) is

and

Up = Vg + (p - 2’1[2)’1),
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and the pointwise representation of the second compound differential
equation defined on A’ X is

Wy = Way g, + Wanze + (20 — u2(E, 71) — v (¢, T2))w. (5.23)
If
A=A+ 20 <0,
Corollary 5.4 implies that there is no simple closed curve that is invariant
with respect to (5.16) in L?(0, L). Since the w limit set of a bounded solution
is nonempty, Theorem 4.12 of Section 4.2 implies that (5.22) has at least one
steady state solution, which is nonconstant if p(z) is nonconstant.

Example 5.4. Consider a reaction diffusion system

i 2

Uy = djUgy + aU — U° — UV*,

(5.24)
v =dotg, — b — V3 4120, O<2< L, t>0,

with Dirichlet boundary conditions or Neumann boundary conditions or
periodic boundary conditions. Suppose that a,b,dy,do > 0. Let X be a
subspace H'(0,L) x H'(0, L) with corresponding boundary conditions. Let
X be a subspace Hp, (0, L). Since
1d L L
3% ), (u? +v¥)dz = /O (ugu + vyv)dz
L
= / [—diu2 + au® — u* — u*?]dx
0

L
+/ [—dov? — bv? — v* + u??]dz
0

L
< a/ u?dz,
0

].d L ) ) 27
55/ (ugz +vi)der = —/ (UtUzy + VUL )T
0

0

and

L
= / [—dyu?, + au? — 3uu? — 2uu, v, |dz
0

L
+ / [—dav2, ~ bv? — 3v*02 + Quu,vv,|de
0

2m
a / uldzr,
0

IA
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the solutions of (5.24) exist in X x X for all t > 0. The linear variational
equation of (5.24) at a solution (u(t,z),v(t,z)) is

Db = dlpzz + (a - 2“’2 - ’U2)p - 2uvq,

@ = dogue + (—b— 202 —u?)qg+2uvp, 0<z <L, t>0,
and the pointwise representation of the second compound differential
equation defined on A® X is

8;};1 = di(Arwir + Agwnr) + (a11(t, 21) + a11(t, 22))wn
+a12(t, T1)war + a10(t, T2)wia,
86&;2- = do(Arwa + Agwag) + (a2 (t, z1) + axn(t, z2))wae
+a01(t, T1)wio + a1, T2)wey,
Owyy
o diAjwig + daAowig + (a11(t, 71) + aga(t, T2))wia
+a1a(t, T1)way + a91(t, Ta)wiy,
where Ajw = #;zi and
ayr =a—2u2 -0 ap=—2uv, ao =2, ag =b—20%—u?

(see (3.26) of Section 3.2 for details). Consider a Lyapunov function

1
V(t) = a1 ((wnn)® + (w2)* + 2(wr2)?) .
. (0,L)2
Then the derivative of V' calculated for (3.28) of Section 3.2 implies that
atv
5 S /( ) (2 (t) (w11)? + pa(t)(wae)? + 2u3(t) (w12)?) (5.25)
0,L)?
where
pit) = — (1 +A)dy+ max {2a — 4u?(t,z) — 20%(t, z)}
S —_ (/\1 + /\2) d1 + 2(1,
pet) = — (A4 Xa)da+ mmax{—Qb — 42(t, ) — 2uP(t, 1)}
< = (A1 +Az)dy - 2b,
pa(t) = —M(di +dp) + max{a — w¥(t, z) —v?(t, 7)}

+ max {=b-2v%(t,z) — u3(t, )}

< —/\1(d1 + dg) +a-0,
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and A\; < Ay < .-+ are eigenvalues of the Laplace equation uzy = —A;u with
corresponding boundary conditions.

Corollary 5.5. If

A+ A
! —;"zdlyb+/\l(d1 +d2)} ;

a<min{

then the system (5.24) contains no simple closed curve that is invariant in
L2(0,L).



Chapter 6

An Example from
Epidemiology

A general account of spatial dispersion of biological populations is contained
in the work of Skellam [97], and in the recent books by Okubo [86] and
Murray [81]. Early results on models for the spatial dependence of the
spread of epidemics are presented by Fisher [32], Kolmogorov, Petrovsky
and Piscounov [49] and Turing [105]. In particular, studies on infectious
diseases with diffusion have been discussed by Capasso [13], Capasso and
Fortunato [14], deMottoni, Orlandi and Tesei [24], Gurtin and MacCamy
[36], MacCamy [64], Kallen, Arcuri and Murrary [48], and Webb [108§].

In this chapter, as an example, the Bendixson criterion of Chapter 6 is
used to preclude the existence of nontrivial periodic solutions to a diffusive
epidemiological SIR model

Sy = d1Sps + A — B(z)IS — b, S,
L = dolpy + B(2)IS — (by + ), O<z<l, t>0 (6.1)
Rt - dSR:ca: + '7-[ - b3R,

with homogeneous Neumann boundary conditions:

S.(t,0) = S,(£,1) = 0,
L(t,0) = L(t,1) = 0, £>0 (6.2)
Ra:(t’ O) = R:c(tv 1) =0,

145
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and initial conditions:
S(0,z) = So(x) >0,
1(0,z) = Iy(z) > 0, 0<z<1, (6.3)
R(0,z) = Ry(z) > 0.
Here S,I,R denote the populations that are susceptible, infectious, and
recovered, see Figure 6.1. The parameter b; > 0,7 = 1,2, 3 is the death rate,
~ > 0 is the recovery rate and d; > 0,7 = 1,2, 3 is the diffusion coefficients.
The parameter 3(z) is the effective per capita contact rate among individuals
which is assumed to be spatially dependent and B(z) € C([0,1]) are
nonnegative, ||8|lcc = max

0<z<l
constant recruitment A > 0 for this model.

(z) > 0. It is also assumed that there is a

A BIS ~vI

b S bal bsR

Figure 6.1: A diffusive SIR model.

The model without diffusion, a system of ordinary differential equations,
is well understood; see Hethcote [44] and Brauer, van den Driessche and Wu
[9]. This chapter presents some results on the existence and the structure of
the global attractor of (6.3), and the nonexistence of periodic solutions, when
diffusion is added and the contact rate j is spatial dependent. Consequently,
the existence of at least one positive, x-dependent endemic steady state
solution is obtained.

The approach to the existence and boundedness is motivated by the work of
Dung and Smith [28] in their study of a parabolic system modeling microbial
populations with competition.

6.1 Existence and Boundedness

Let C,([0,1]) be the cone of nonnegative functions in the Banach space
C([0,1]) with the usual supremum norm || - |o. For u = (ug,--- ,uz) €
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Xy X oo+ x Xy, define [|ulloo = max |u.

Theorem 6.1. The system (6.1)-(6.3) generates a nonlinear local
semidynamical system T (t)io0 on the space C.([0,1]) x C([0, 1]) X C+([0, 1]).
Moreover, the solutions to (6.1)-(6.3) are in fact classical solutions.

Remark 6.1. The system (6.1)-(6.3) is a system of semilinear parabolic partial
differential equations. The standard analysis on the existence by fixed point
theory, see Rothe [92], Pazy [87], Henry [42] and Wu [111].

Let 7(So, Io, Ro) be the maximal interval of existence of the system (6.1)-
(6.3). The first two equations in (6.1) do not contain R, which allows the

reduction of (6.1) to
S, =d1Spr + A — ﬁ(l‘)]S - 0S, (6 4)
Iy = dolpe + B(2)IS — (by + 7). '

In the following, the system (6.4) is studied instead of (6.1). For simplicity,
let X+ = O+([0, 1]) X C+([0, 1])
Consider the following ordinary differential equation

w=A=B@)Iu-~bu, 0O0<z<l t>0
(6.5)
u(0) = ||Sollco-
Then A A
) < — et =
T e e
A
< max{”SO!loo: ?)‘1'} = Smaa::
and thus
. A
limsupu(t) < — .
t—o00 bl
Since
-5 + dlsm +A- ,@(I)IS -0S = —u+A- ,@(CL')IU — bu,
5(0,z) < w(0),
the comparison theorem (see Smoller [103], page 94) implies that
S(t,z) <u(t) < Smaz, forall0<z<1,t>0,
(6.6)

limsup S(t,z) < £, foral 0 <z <1.

t—o00
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Now for any ¢ > 0, define a feasible region
A
T, = {(S(m),[(m)) €EX: |19 < a +E} . (6.7)
1

Proposition 6.2. I, is positively invariant for (6.2)-(6.4) and fore >0, [,
is an absorbing set in X ..

Proof. For any ¢ > 0 and any solution (S(t),I(t)) of (6.2)-(6.4) with
1901} 0 < ﬁ— + ¢, since

—S; +d1Ssx + A= B(2)IS — b8 > —p(x)] (bﬁ + E) — bye,
1
Sz(t,0) = S (¢t,1) = 0,

S0,0) < 2o,
by

a comparison theorem implies that
A
S(t,x)gl—)—+€, forall0<z <1, t>0.
1

Thus I'; is positively invariant.
For any bounded set B in X, there exists a M such that ||S]|e < M for
every (S(xz),I(x)) € B. Suppose that € > 0. If M < % + ¢, choose T = 0,

M-A
otherwise choose T = % In —E”l— Then, fort > T,

A
S(t,z) < <||50||oo - ——) et 4 b
1
A
< =T
= ( ) n
< A + &
— b H
which implies that I'; is an absorbing set in X, when ¢ > 0. |

Since the solution of (6.2)-(6.4) is attracted to the set

Ty = {(S@:),I(x)) € X, 1] < bﬁ}
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for larger time, in the following the dynamics of (6.2)-(6.4) in Ty is studied.
It follows from

(S + I)t = dlszz + d2Im: +A - bIS - (b2 + ’Y)I

that
1 1
0 0
1
= diS; |55 + ol |55 + / (A — b8 — (by +7)])dx
0
1
< A—bm/ (S + I)dz,
0

where b,, = min{by, by + v}, which implies that

/OI(S(t,x) +1I(t,z))dr < (/Ol(Sg(z) + Io(z))dz — A) e—bmi 4 A

b, bm,
! A
< max {/ (So(z) + Ip(z))dz, b—}
0 m
A
< 5=+l = Ci(liHolle),
m
(6.8)
where C1(||Io||0) is & positive continuous function, and thus
! A
limsup/ (S(t,z) + I(t,z))dx < T
t—o0 0 m
In particular,
1
/ 1t,3)dz < Cr([Toloo), (6.9)
0
and
_ ! A X
limsup | I(t,z)dx < 5= (6.10)
t—00 0 m

The next proposition uses mathematical induction to estimate the LP norm

of I. The argument is standard and has been used by Dung and Smith [28].

Proposition 6.3. For each 0 < p < 00, there exists a positive continuous
function Cp(||lo]|oe) and a positive constant c, such that

Il < Co(llLollso), t=0 (6.11)
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and
timsup /(1) < ¢ (6.12)

Proof. Assume that (6.11) holds for some p > 1, in particular, it holds for
p =1 by (6.9) and (6.10). It is sufficient to prove that it holds for exponent
2p. Here only the bound on L; norm is proved. The general case can be
obtained similarly and will be omitted. Since

d ! 1 1 1
— Pdz = 2d2/ II,.dx -+ 2/ B(z)SI%dx — 2(by + v) / I’dz
dt Jo 0 0 0

1 A 1 1
< —2d2/ Igdx+2||ﬁ||mb—/ 12d$—2(b2+’)’)/ Idz,
0 1.J0 0

the Nirenberg-Gagliardo inequality (see Henry [42], page 37) and Young’s
inequality imply that

1 1 1 3 1
/ I*dx C< / dx + / I2dx> ( / Idx)
0 0 0 0
1 1 C 1 2
< Cg </ Igdx—l—/ I2d:r) +— (/ Idx) ,
0 0 €1 0

where C and ¢, are positive constants. Thus,

d 1
el T2
dt/o dz
1 A 1 1
0 1 0 0
1 2 1
sl ([ 10r) —247) [ Pas
0 0
A ! A 1
2 (= 8l Cer) [ Bt 2 (~0u ) + (oo ) [ P
1 0 1 0

AC [ 1 2
428l ( /0 fdx)

A 1 1
—2 (dz—”ﬁ[]ooa(lsl) /0 I§d$—2<(b2+fy)—”ﬁ”oo%Cel) /0 Pde

T2M(|[7(®)]l1)

IA

(6.13)

IA

IA

IA

1 1
— o / dz - 25 / Pdz + 2M (I,
0 0
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where M (|| I(t)|;) = ||B||mb1 = (fo ) . Moreover, from (6.9) and
(6.10),

MATO) < Bl = (Cllole):
and

i MO < 8o () = Bl S0

Choose €, < ——-;;- min{ds, by + v}. Then oy, > 0 and

Cl8lleo
/1 P(t,z)dr < ( /1 @)z (Hii ) )) S (||(§(2 )l
AC
< {HIOH2 161looty sl(il(ﬂfoﬂoo) }

IA

(03]

{I|f0||2 1803, 25 (i + [l Folloo) }:z CallBl)).

(6.14)
Therefore, ||I(t)||2 is defined for all £ > 0 and there exists a positive constant

C
1Blloo gy £ (c1)2
a2

limsup ||1(t)||2 < co.
t—o0
[

Theorem 6.4 shows an upper bound of ||/||,, whose proof is based on the
integral equation of /(t) and the Sobolev compact embedding property.

Theorem 6.4. The solution of (6.2)-(6.4) exists for all t > 0 in T.

Furthermore, there exists a positive continuous function C(||Io]|e) and a
positive constant ¢, independent of the initial data Iy, such that

o < Cllllollo)y 20, (6.15)
and
limsup [I7(t)]o0 < e (6.16)

Proof. First, consider problem (6.2)-(6.4) in the larger space Y = L?((0, 1)).
The solution I(t) satisfies

I(t) =e P, + /Ot e~B=9g,(S(s), I(s))ds, (6.17)
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where B = —do/\ + (by + )] with homogeneous Neumann boundary
conditions,

92(S(t), I())(z) = g2(z, 5(t, ), I (¢, 7)) = B(x)S(¢, ) (¢, ).

The operator B generates an analytic semigroup {T(¢) = ™5}, on Y with
0 € p(B). The semigroup of operators {T'(t) = e B'},.o map Y into the
space Y = D(B®) with the norm ||u|lye = ||B*ul|,, where 0 < @ < 1 and
B¢ is the fractional power of B, see Pazy [87], page 74 and page 242. Choose
p such that 55 < @ < 1 and the embedding

ye—cr(0,1), 0<v<Za-—- (6.18)
cont. D

is continuous, see Henry [42], page 39 and Pazy [87], page 243. For each
Iy e X4,

11
BeI(t) = B B'I, + / BeeB=9g,(5(s), I(s))ds.
0

From the LP estimates of I(t) in Proposition 6.3 and ||S(¢)|le < %,
t > 0, we have that there is a positive function G, = Gp(||h]le) =
[1Bllo0 1= Co(ll ol oo) such that

for

p

l0a(S@), Il = ( / (B(x)S(t,x)I(t,x))”dx)

A\
6l ([ 1ac)
1 0

<
< Gp(lHolloo),
and there is a positive constant g, = [|3 llwﬁcp, independent of ||I5||o0, such

that

lignsup lg2(S(2), I()lp < gp-
—00

Therefore, there is a n = n(ly) > 0 such that ||g2(S(¢), I(t))|l, < 2g, for
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t > n. Consequently, for t > 9,

II®)llye = 1B*IE)ll,

t
< BBy, + / 1B B oy 925 (5), 1(5)) llpds
t
< Cute | L, + / Calt = 8)™2€™ %) go(S(s), 1(5)) | ds
0
n
< Cut e | L, + / G|l olloe)Cialt — 5)e=*C~ds
0
T
+/ 29,Calt — 8) ™79 ds
n
< Cat e | Ioll, + 7G| Tollec) Calt — m)=e=56=)
t—n
+2nga/ r=%e 0" dr
0
< Cate=| Tollp + nGp(ITollso) Calt — m)=e=5=

00
+2g,Cq / e~ dr,
0

and thus ||7(t)||y« is defined for all t > 0 and

limsup [|[I(t)||ye < ZQPC’a/ r~e~dr = 2g,C,07 T (1 — ). (6.19)
t—o00 0

Furthermore, the estimate (6.19) and the embedding (6.18) implies that
(6.16) holds. For t > 1,

IA

IA

fl

IA

IA

I (@®)llye = 1 B*I(t)]l,

7
|Boe-Bt L, + /0 1B 9] ) ll92(S(5), 1(5)llpds

Cot =™ || I |, + / Calt — 5)7%e™29|g5(S(s), I(s)) |lpds
0 (6.20)

t
Cat €| Iolly + G olloo) Ca / r=oe=b gy
0

Coe™ | Tolly + Cp([lollos)Ca / e dr
0

Cae™’[Holloo + Gp([Tolloo) Cad T (1 ~ @),
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and thus the embedding (6.18) implies that (6.15) holds for ¢ > 1. For
0 <t <1, it follows from (6.17) and |le"B!|| »(x, x,) < e~(@+)¢ that

1) loo

T
< llePIolle + /0 le 52 ga(S(s), 1(s)) |ods

A

IN

t
e L0 olloo + C /0 €72 92(S(s), 1(5)) llv=ds

i
< eI+ C [ BT (S(5), 1) ds
0

IA

t
lollew +C / 1B P9 g 192(S(8), 1(5))lnds

IA

T
Mol +C [ Gt = 5) 26 ga(S(s), 1(5) s
11
< ollo +CGp(lll)Cr [ roe"rar
0

< Nolloo + CGy(lTolloe) Ce / redr
0

and thus
()l < [Holloo + CGp(lolloo) Cad ™ T (1 ~ ). (6.21)
Therefore, (6.15) holds for all t > 0.
]
Now define a new feasible region
A
8 1= {(S(2), I(z))" € X+ : |Sllw < o Mlleo < 2¢}, (6.22)

where ¢ is from Theorem 6.4.
Corollary 6.5. © is a bounded absorbing set for (6.2)-(6.4) in I'g.

Proof. For any even number p > 2 such that % <a<l,

ll92(5(@), 1)l

Af o \?
Blleye ([ 1a2)
1 o]

8o (( / i FM&)) o w)

a2 (67

IA

IA


file:////m/u

6.1. Existence and Boundedness 155

It can be shown that for any bounded set B in [y, there is a g = n;(B) > 0
such that for ¢t > n,

AC(np)P :
R e

holds for all (S(t),I(t))T € B. Consequently, for t > m,
@)y = 1B,

t
< 1B Dl [ 1B oy n(S(6), 1(5) s
0

t
< Cat el + [ Calt = 8¢ ga(S(s), 1)) s
0
M
S Cat_ae_&”.[o”oo +/ GP(HIOHOO)Ca(t — 8)_06_6(t_3)d3
0
t
+/ 29,Co(t — 8) %99 g
m
< Cot e I lloo + MGp (|| Io]|o0) Calt — m1) e8¢
t—‘r]l
+20,C4 / % % dr
0
< Cat™e | Dolloo + MGp([lolleo)Calt — 1) *e~2¢—m)

%
+2nga/ =%~ dr,
and thus there existsoa N2 = n2(B) > m such that for ¢ > s,
11®)|lys < 49,Ca /0 " gy 49,Cod™ 12T (1 — @),
Furthermore, for t > 79,
[H)lleo < CIH(E)llye < 4Cg,Cod T (1 - a) = 2¢,

where (' is the embedding constant in (6.18). Therefore, © is a bounded
absorbing set in T'.

n
Theorem 6.6. There ezxists a compact, connected attractor A = w(©) of

(6.2)-(6.4) which attracts the bounded sets in X, and is the mazimal bounded
attractor in X,.
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Proof. The above result shows that system (6.2)-(6.4) generates a nonlinear
semi-dynamical system T(t);>0 : ['g — [y. Let T(t) = (T1(t), T5(t)), where
S(t) = Ti(t)So and I(t) = To(t)Io. From (6.20), for any ¢; > 1,

1 (#t:)llye < Cae™[Holloo + Mp(lllolloo)CabFT(1 ~ @) := M (|| o]loo)

and thus
[(t)]lcr < CllIt)]lye < CM(||1o]loo)-

Since

Cc¥([0,1)) 'c—(—)?n? C([0,1]), (6.23)

T»(t1) is compact. A similar argument shows that T3(¢1) is also compact.
Thus, for every bounded set B C I’y and ¢; > 1,

T(0)B S {(S(), 1(x)) € Xy : [S¢t)ller < N, |1t lov < M},

where N and M depend on B. Theorem 1.1 of Temam [104], page 23 implies
that the w-limit set of ©, A = w(O), is a compact, connected attractor of
(6.2)-(6.4) which attracts the bounded sets in 'y and is the maximal bounded
attractor in I'g. Furthermore, Proposition 6.2 implies that I', is an absorbing
set in X, when ¢ > 0. It can be shown that w(I';) C I'g. Therefore, A = w(O)
is a global attractor for (6.2)-(6.4) in X,. ]

6.2 Nonexistence of Periodic Solutions

In this section, Theorem 5.3 of Section 5.2 will be used to rule out the
existence of nontrivial periodic orbits. A particular conclusion that can be
drawn from this, as a consequence of Theorem 4.12 of Section 4.2, is the
existence of at least one positive steady state solution is obtained.

The linear variational equation of (6.4) at any solution (S(¢,z), I(t,z)) € ©
of (6.2)-(6.4) is

Il

d1Uez — (B(x)] + by)u — B(z)Sw,

{ e (6.24)
v = dovre + B(@)Iu+ (B(x)S — (b2 + 7))v,
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with homogeneous Neumann boundary conditions. The pointwise
representation of the second compound differential equation of (6.24) is

ow
8;1 = di(Aywin + Dowir) + (@11 (t, T1) + @11 (t, T2))wi
+a2(t, z1)wan + ar2(t, T2)wia,
Owo

= da(A1wa + Dawng) + (a2 (t, £1) + a2, 22))war (6.25)

+ag (t, z1)wie + ag1(t, z2)wa,

8’11}12

. diAwiz + doAgwia + (a11(t, 1) + aga(t, z2))wiz
+aq9 (t, .’151)’11}22 + (lgl(t, xg)wll.

__0
where A,w = 5o e and

a1 = —(B@)I+b1), ara=—-0()S, an =), ax = (6(z)S—(ba+7))

(see (3.26) of Section 3.2 for details). Consider a Lyapunov function

1

V() = = / ((wn)? + (wan)? + 2wia)?) .

2! (0,L)2

Then the derivative of V' calculated for (3.28) of Section 3.2 implies that
atv
& = /( L)y (1 () (wi1)® + p2(t)(wa)? + 2p3(t) (w12)?) (6.26)
0,

where
1 A 2
_ 2 _ - _ —
p(t) = —dim® —2b + EHﬂlloobl +- 118]loo
A 2 1 A
pp(t) = —dom® —2(by +7) + 2[18llc; + =Bl + =lIBlloor~
bl g g bl
A A
pa(t) = —br—(ba+7)+ Ilﬁlioogl-+6||ﬁ|\ooa+2&f||ﬂlloo

where ||8]|o = Jnax B(z), € > is an arbitrary constant and the constant c is
—-I.—

defined by (6.22).

Theorem 6.7. If the diffusion terms dy end da are sufficiently large and

A

b+ (b2 +7) > IIﬂlloob—l,

then system (6.2)-(6.4) has no periodic solutions in © and thus there exists
a positive, T-dependent steady state solution.



Appendix A

Lozinskii Measures

This appendix is a summary on Lozinskii measures. Detailed information on
Lozinskil measures of matrices will be referred to Coppel [19], Muldowney
[76-78] and of a bounded linear operators on a Banach space will be referred
to Daleckil and Krein [23], page 61.

Let X be a Banach space. For any z,y € X, the limit

. z+ hy|| — ||z
Byl =t 1201

, (A1)

always exists, see Coppel [19], page 3 and Daleckii and Krein [23], page 61.
Let %8(X) denote the space of all bounded linear operators from X to X.

Definition A.1. For any A € #(X), the Lozinskii measure of A is defined
by

o M+ RA| -1
uld) = Jim, = —

(A2)

Remark A.1. It follows from (A.1) that p(A) exists. The “Lozinskil measure”
4 had previously been called the “Lozinskii logarithmic norm”; however, it is
not a norm since it can take negative values. The term “Lozinskii measure”
has been used by Coppel [19].

The following propositions are stated in Daleckii and Krein [23], page 61-
62.

Proposition A.1. For any A, B € #(X),
(1) w(ad) = apu(4), if a > 0;

158



159

(i) |u(A)] < 1Al;
(#i3) p(A+ B) < p(A) + u(B);

() |u(A) —u(B)| < |4 - B

Proposition A.2. If X is a Banach space, then
—u(—A) < ReM(A) < u(A), forall X € c(A)

where o(A) denotes the spectrum of A.

Proposition A.3. If X is a Hilbert space with an inner product (-,-), then

A+ A*
2

W(A) = \r(Ar),  Ag=Re A=

where A* is the adjoint operator of A and Ay(Ar) = sup (4rz,z).
lefi=1

Moreover,
—p(—A) = An(Ar)

= inf (Apz,z).
llzfl=1

where Am(Ar)

Example A.1. Let X be a Banach space of sequences of complex or real
numbers, = = {;}. Then each operator A € #(X) corresponds to a matrix

k]
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X 1Al ey

loo = {x Hzlloo = sup ] < 00} sup y _laf|  sup (Re ai+ Y Iafl)
j i 7 i

ki

L= { el = 3kl < oo} sup 3 [ef]  sup (Re h+y |a§|)
j=1 i

ik

zz_{x:||x||12=<z|a|2) <oo} A (Ar4) Au (A;A*)

Table A.1: Norms and Lozinskil measures of A

Remark A.2. The above results are given by Daleckii and Krein [23] as
exercises, see page 61-62. When X = C" and A = [a]] is a n x n matrix, a

similar table is given by Coppel [19], page 41.

Proposition A.4. Suppose that z(t) is a solution of

d
d—f — Alt)z, ze€X, (A.3)

where A(t) € B(X). Then, fort > ty,

(o) exp (— / m—A(s))ds) < 2] < Jlalto)] exp ( / u(A(S))dS) .
’ ’ (A.4)

Corollary A.5. The equation (A.3) is

unstable if

T
liminf/ p(—A(s))ds = —o0;
t

t—o0
0

stable if
t
limsup/ w(A(s))ds < oo;
t—o0 to

asymptotically stable if

¢
lim | p(A(s))ds = —oc;
t—o0 to
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uniformly stable if
u(A(t)) <0, fort >ty

uniformly asymptotically stable if

p(A@R) £ -6 <0, fort>t,.



Appendix B

Sectorial Operators

This appendix is a summary on sectorial operators and detailed information
is referred to Henry [42], page 16-29.

B.1 Sectorial Operators and Analytic
Semigroups

Definition B.1. A linear operator A in a Banach space X is called a
sectorial operator if it is a closed densely defined operator such that, for
some ¢ € (0,7/2) and some M > 1 and real a, the sector

Sap ={A| ¢ <larg(A —a)| <7, A# a}

is in the resolvent set of A and

M
”(A — A)—-l“ S m for all A € Sa’¢.

Example B.1.

1. If A is a bounded linear operator on a Banach space, then A is sectorial.

2. If A is a self adjoint densely defined operator in a Hilbert space, and if
A is bounded below, then A is sectorial.

3. If Au(z) = —Au(z), € Q, when u € C2(Q) where ) is an open set
in R, and A is the closure in Ly(2) of —~A|gz(), 1 < p < oo, then A
is sectorial if its resolvent set meets the left half-plane.

162
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Definition B.2. An analytic semigroup on a Banach space is a family of
continuous linear operators on X, {T'(t)}:>0, satisfying

(i) T(0)=1I, Tt)T(s) =T+ S) fort,s >0,
(it) T(t)z +— z as t — 07, for each z € X,
(iii) ¢+~ T(t)z is real analytic on 0 <t < oo for each z € X.

The infinitesimal generator L of this semigroup is defined by

its domain D(L) consisting of all z € X for which this limit (in X) exists
and T'(t) is usually written as T'(t) = el*.

Theorem B.1. If A is a sectorial operator, then —A 1s the infinitesimal
generator of an analytic semigroup {e "};>0,
1
—-tA _ _— AL A -1t
e Y 1“( + A)" eMdA,

where T' is a contour in p(—A) with argh — £6 as |\| — oo for some
6c(5,m).

Further e™*4 can be continued analytically into a sector {t #0 : |argt| <
e} containing the positive real axis, and if Re o(A) > a, that is, if ReA > a
whenever X € o(A), then fort >0

C
”e—tA” S Ce_at, “Ae—tA” S Te_at

for some constant C.

ie‘“‘ = —Ae " fort > 0.

Finally pn

B.2 Fractional Powers of Operators

Definition B.3. Suppose A is a sectorial operator and Re o(A) > 0, define

for any a > 0, 1 )
A—a — _/ ta—le_tAdt,
I'(a) Jo

where I'(+) is the Gamma function.
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Theorem B.2. If A is a sectorial operator and Re o(A) > 0, then for any
a >0, A~ is a bounded linear operator on X which is one-one and satisfies

A4 B = A~ (e+h)

whenever o, 5 > 0. Also for0 < a <1,

sinTa

A=

/ X"\ + A)d).
0

m

Definition B.4. Define A* to be the inverse of A™* (a > 0), D(A%) =
R(A™®). Set A° = I on X.

Remark B.1.
1. A¥=AA*1= ﬁ /0 " e Aoy,
2. If a > 0, A is a closed and densely defined.
3. If a > G, then D(A%) C D(AP).
4. A%AP = APA* = A**P on D(AY) where v = max{a, 3,a + 8}.
5. A% Al = ¢4t A% on D(A%),t > 0.

Theorem B.3. If A is a sectorial operator and Re o(A) > & > 0, then for
any o > 0, there exists C, < 0o such that

A=) < Cat™e™  fort >0,
and if 0 < a < 1,z € D(A%),
1
l(e™ = Dal| < ~Crqt*| A%

In addition, C, is bounded for all a in any compact interval of (0,00), and
bounded as a — 0.

Definition B.5. Suppose A is a sectorial operator, define for any a > 0,
X% = D(AY)

with the graph norm
lzlla = | ATZ]],

where A; = A+ al with a chosen so Re o(A;) > 0.
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Remark B.2. It can be shown that different choices of a give equivalent norms
on X<,

Theorem B.4. If A is a sectorial operator in a Banach space X, then X% is a
Banach space in the norm ||-||o fora > 0,X° = X, and fora > 8 > 0,X% is
dense subspace of X? with continuous inclusion. If A has compact resolvent,
the inclusion X® C X? is compact when o > 3 > 0.
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