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Abstract

This thesis investigates observer design for uncontrolled multi-output nonlinear sys-
tems. The notions of special state coordinates and time scale transformations are
explored to generalize an Observer Form (OF) in the geometric framework. Ob-
server designs and stability analysis of the error dynamics are provided. Special
coordinate forms are also used to derive two adaptive observer designs.

We begin by discussing a Block Triangular Form (BTF) whose structure readily
allows decentralized observer design. The existence conditions of a BTF are estab-
lished. Unlike with most normal forms in the literature, the existence conditions are
derived in an iterative manner using a notion of extended state. A system in BTF
has a relatively general dynamic structure which in some cases can make observer
design nontrivial. Hence, a Block Triangular Observer Form (BTOF) is presented
which is a special case of the BTF. By restricting the dynamics of the BTOF, a
straightforward observer design results which is similar to exact error linearization.
We consider a Time-scaled Observer Form (TOF) to generalize an OF by includ-
ing output dependent time scale transformations. This work is further extended to
a Time-scaled Block Triangular Observer Form (TBTOF) where time scale trans-
formations have a more general state dependence. Existence conditions for TOF
and TBOTF are given. Conditions on time scale transformations to preserve global
stability of the error dynamics are presented.

Finally, this thesis discusses the adaptive observer design for two linear and
nonlinear uncertainty parameterizations. The linearly parameterized case considers
a more general OF with nonlinear output. Next, an adaptive observer design for
nonlinearly parameterized systems transformable to an OF with linear output is
considered. Local exponential convergence of the estimation error of system state

and parameters is established for both cases.
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Chapter 1

Introduction

Many real systems are nonlinear and often modeled in an explicit state-space frame-

work

<=f(C7u), (1'13)
y = h(¢,u), (1.1b)

where u € R™ is the system input, { € R™ is the system state, y € R? is the mea-
sured output, the mapping f(-,u) : R* — R” is a C®-vector field defined on R" for
each u € R™, and h is a p-vector valued C*-output function defined on R x R™.
The mapping f is called C* if each of its components possesses continuous partial
derivatives of all orders < k on R™. If f is C¥ for all k then f is C* or smooth. In
this thesis we will work in the smooth or C* setting, although everything can be
adapted to the C*-setting for sufficiently large k. The problem of estimating a state
from system measurements is referred to as a nonlinear observer design problem
when either the system dynamics (1.1a) or measurements (1.1b) are nonlinear func-
tions of their arguments. A nonlinear observer is a system that processes system
measurements to asymptotically provide the value of the actual system state. There
is practical motivation to being able to estimate a system’s state without its direct
measurement. This is because direct measurement is often either impossible or pro-
hibitively expensive. Examples of applications which involve estimating a system
state include bioreactor microorganism concentration estimation [46, 145], chaotic
synchronization for communication systems [119, 123, 93], nonlinear map inversion
in robotics [117, 112}, parameter identification in uncertain models [44, 32], etc. The
value of a state is also commonly required to evaluate a state feedback control law

[101, 127, 128]. Although this is an important application of state estimation, the



proposed work does not directly address performance of so-called estimated state
feedback laws.
Most identity or full-order observers for (1.1), including those discussed in this

thesis, take the form

¢ = F(&,u) +k(C,€, 4,3, h(C,w), (1.2a)
£=x¢ 6 uy), (1.2b)

with
k(& u,y, h(¢,u) =0, Y eR™¢cRY,uecR™ yeRP,

where f € R™ denotes the state estimate, £ € R, A : R® x RY x R™ x R? — R?
is a C*® mapping, k : R® x R? x R™ x RP x RP — R" is an observer gain that is
C* in its arguments. The augmented state variable £, which for some observers is
omitted, provides dynamics to the observer gain k. Such state augmentation is used
for example in the Kalman Filter [68], Kalman-like observers [17], and observers for
systems with unmeasurable inputs [61, 153]. The structure in (1.2a) ensures that if
¢(0) = ¢(0) then ((t) = ¢(t) — {(t) = O for all ¢ > 0 [152, 166, 151]. Equivalently,
¢ —{ =0 is an invariant subspace for the cascade system (1.1), (1.2).

The so-called error dynamics are the differential equations determining the error

¢. For the system (1.1) and observer (1.2) we have the error dynamics

C=¢—C=f(¢,u) — F(&,u) — k(C, € w9, h(C,w). (1.3)

Hence, the observer design problem involves a selection of the observer gain k and
the dynamics vector field A in (1.2) to ensure at least local asymptotic stability of the
equilibrium f = 0 of (1.3) for all system inputs u. “Local asymptotic stability” of
¢ = 0 means for all system inputs u and initial augmented observer state £(0) there
exists an open neighbourhood U C R" of the equilibrium such that if {(0) € U then
NCOIL IE@)] ,t = 0 are bounded and lims_, o [|{(t)|| = 0. For nonlinear systems,
the error dynamics (1.3) is nonlinear and nonautonomous, even when the system is
unforced; this makes nonlinear observer design challenging. Further, local stability
is sometimes not enough in practice. Often we desire global or semi-global error
stability at the origin. “Semi-global” stability is when the error dynamics is globally
asymptotically stable at the origin provided the system state remains in a compact

subset of R™.



1.1 Literature Review

In this section we describe some of the main existing approaches to observer design
which are relevant to the thesis. Particular emphasis is on geometric design methods
where state coordinate transformations are used to put the system dynamics and its
output equation into a special form. The discussion below will show that although
observer design is a mature and sophisticated area of research, there is presently
no globally applicable observer design method. We broadly categorize the design
methods discussed.

The linear observer design problem, i.e., when f and A in (1.1) both depend lin-
early on ¢ and u, for Linear Time-Invariant (LTI) and Linear Time-Varying (LTV)
systems is fully solved when f and h are known exactly [122, 91]. However, many
extensions to this linear observer design problem remain open, e.g. designs for sys-
tems with unknown inputs and optimal observer design. Work on observers for
LTV systems originated with the Kalman Filter [70, 69]. Later work in [163] consid-
ered observer design for LTV systems in a deterministic setting. This last approach
is significant since it is a basis for the Exact Error Linearization (EEL) nonlinear
observer design discussed below. Although the problem of linear observer design
is fully solved, nonlinear observer design continues to receive significant attention.
This interest has led to a range of methods being developed over the last three
decades. One of the original nonlinear designs is the Extended Kalman Filter (EKF)
which is based on a (time-varying) linearization of a nonlinear system about an esti-
mated state trajectory [143]. The EKF for a nonlinear system is in fact a standard
Kalman Filter for the system’s (LTV) linearization and therefore its performance
can be fundamentally limited by its first order approximation. The EKF is some-
times described as heuristic as it provides limited guidance on how to choose its
design parameters to ensure estimate error convergence [11, 50, 86]. On the other
hand, we note recent efforts to analyze the EKF’s convergence [10, 130, 144, 26].

Since the EKF was proposed, many researchers have developed methods which
are mathematically well-founded. That is, they provide precise statements about
performance subject to various system assumptions which are often verifiable a pri-
ori using modeling information. Typical measures of performance include the size

of the error dynamics system’s region of attraction and bounds on norms of the



error’s trajectory. Nevertheless, providing a rigorous design method only partially
addresses the difficulties in nonlinear observer design. Other attributes are also im-
portant: applicability to a broad system class, constructive nature of the method,
robustness to model error and noise, and ease of implementation. The given ap-
plication will determine which criteria are most important in order for a particular
method to be practically useful.

The high-gain observer design method is a popular and relatively constructive
method based on a nonlinear observability assumption which is often satisfied in
practice on some open set of state space [46]. Generalizations, including industrially
applications, of the high-gain method are in [12, 17, 22, 38, 42, 45, 47, 48, 141, 148].
The main drawback of the high-gain method is large observer gain values [12]. Hence,
the high-gain method can suffer from a lack of robustness to measurement noise.
Roughly speaking, we can attribute this lack of robustness to a gain conservatively
designed to overpower the worst-case nonlinearity which is measured by a Lipschitz
constant. Below, we discuss EEL methods which rely on exact cancelation of system
nonlinearity (as opposed to overpowering it). Exact cancelation extracts additional
structure from the system which can avoid high gain. We remark that the high-gain
observer theory for the multi-output case appears to be incomplete [42].

Time-invariant EEL is a geometric approach to nonlinear observer design which
dualizes State Feedback Linearization [66, 62]. The method originated indepen-
dently in [84, 19] shortly after the development of State Feedback Linearization [66,
62]. EEL attempts to find a change of state coordinates z = ®(¢) which puts the

unforced multi-output system

é = f(C)y
(1.4)
y = h({),
into Observer Form (OF) without output transformation [166, 167, 109]
¢= Az +(y), (1.5a)
y=Cz, (1.5b)
where matrices A € R*»*", C € RPX" are block diagonal
A = blockdiag(Al, ..., AP),
(1.6)

C = blockdiag(C", ..., CP),



and each pair

010 0
0 01 0
A= 1|: + . ] eRM¥NM
000 - 1 (L.7)
0 00 -+ 0
C'=(1 0 0 - 0)eRN

is in dual Brunovsky Form, and A;,1 < ¢ € p are observability indices in Definition
A.0.1. The existence conditions of (1.5) are given by Theorem A.0.2. Transformed

into OF, a Luenberger-like observer
(= As4+4@y) + Ly - C3) (1.8)
yields a homogeneous, LTI error dynamics system
7= (A-LO)3,

where Z = z — 2. EEL can be difficult to apply in practice as it requires an in-
tegrability condition to hold. Condition (iii) in Theorem A.0.2 is non-generic and
restricts the range of applicability of EEL. Numerous papers have generalized and
improved the original work on EEL which considered unforced, single-output sys-
tems. Significant improvements made the original work more constructive {75, 74].
A similar approach to [75, 74] is found in {124, 125] which presents a more gen-
eral constructive algorithm incorporating an output transformation for multi-input,
multi-output, control-affine systems. Other work in [92] also contains constructive
conditions given in terms of rank conditions of matrices for the single-output, nonau-
tonomous general system case without output transformation. The multi-output
generalization of [92] is in [166], and a time-invariant version of [166] is in [167]. A
substantial generalization is obtained in [90, 6, 67] by immersing an n-dimensional
system into a linear N-dimensional one with N > n. Constructive algorithms are
discussed in [7, 121, 8] for a class of systems and a specific structure of dynamic
extensions. Although immersion is a generalization of state diffeomorphisms used in
(84, 19], the algorithms to check immersibility of the system are difficult to describe
for the most general form of dynamic extensions. Work on discrete-time EEL in-
cludes for example [89, 30] and the necessary and sufficient conditions take a similar
form as the continuous-time case. However, the unit vector fields are constructed

differently.



Even when an OF (1.5) exists, computing the change of coordinates is often
impractical since it requires the closed-form expression for the inverse of a non-
linear map. The work in [19] presents a so-called Extended Luenberger Observer
which computes an approximately linearizing observer for integrable systems using
straightforward operations of differentiation and integration. This approach is ex-
tended to a Generalized Observer Form with output transformation for single-output
systems in [170] and for multi-output systems in [20]. Work in [113] characterizes
the OF existence conditions by the exactness of one-forms. This exactness con-
dition is weakened by approximating the nonexact one-forms by exact ones up to
some order. Other work which provides approximately linear error dynamics is in
[24, 99, 98]. Here optimization is used to uniformly make the system error dynamics
approximately linear in some coordinates.

Important recent work in [72, 73, 82, 83] eliminates the constraint (1.5b) which
forces the output to be linear in the design coordinates. Removing this constraint
and applying a result on existence of solutions to systems of first-order PDEs [126],
sufficient conditions are provided for the existence of a new Observer Form where
the output can be in general a nonlinear function of state in the new coordinates.
These conditions are met by a larger class of systems than those admitting OF (1.5).
Instead of an analytic and invertible solution of PDEs, work in [2] requires the solu-
tion is only continuous and uniformly injective. However, the method can still have
practical limitations since in general the solutions of the PDEs are only guaranteed
to exist in a potentially small neighborhood of an operating point. On the other
hand, the local nature of this result can be considered a drawback of any geometric
method.

Work on time-invariant error linearization is extended in [13, 53, 55, 56, 57, 54] to
consider state transformation into bilinear and state-affine forms plus input-output

injection vector. In the new z-coordinates the system has the general form

z= Az +v(w,y),
(1.9)
y=Cgz,
where A € R™"*" is C* matrix-valued function of the input u € R™, «y is an input-
output injection vector field, and C is defined in (1.6). Extensions of the form

(1.9) are considered in [15] where an output transformation is introduced for a sin-

gle output system. Work in [17, 18] considers transformation to state affine forms



plus triangular nonlinearity using immersion techniques. As opposed to systems
admitting an OF (1.5), which are observable uniformly for all inputs, the problem
of observer design for state-affine systems is complicated by the existence of inputs
which makes them unobservable. Even though generically nonlinear systems have
few bad inputs [146], state estimation can be difficult for inputs rendering the sys-
tem sufficiently unobservable. Recent work [132, 52] considers a generalization of
EEL which incorporates an output dependent time scale transformation for a single
output unforced nonlinear system. Time scale transformations lead to an additional
degree of freedom when transforming the system to OF. Similar to the work on
time-varying linearization [17, 13, 53, 55, 56, 57, 54, 15, 18], the system’s dynamics
in new state coordinates has a LTV part plus output injection. The idea of time
scale transformation has been applied in state feedback design in [137, 131, 51).
Most of the design procedures discussed above assume knowledge of an exact
system model. Evidently, this assumption is rarely valid in practice and a design’s
robustness to model error is desirable. Significant work has been placed on designing
adaptive observers to achieve robustness by simultaneously estimating the unknown
parameters and system states. Compared to observer design assuming a known
model, the design of adaptive observers is more challenging and error convergence
can only be proven under restrictive conditions. Adaptive observer design for linear
systems has been largely solved [31, 58, 80, 81, 88, 97, 96, 115, 133, 171]. On the
other hand, the nonlinear case remains only partially solved. The existing work is
applicable to a small class of nonlinear systems state equivalent to a certain form
with a specific uncertainty parameterization. For example, uncertainty is assumed
to be linearly parameterized (LP). Results on nonlinear adaptive observer design are
usually developed by combining linear adaptive theory and a nonlinear geometric
framework [11, 105, 102, 103, 104, 16, 37, 169, 14, 168]. For example, work in
[11, 105, 102, 103, 104] transforms the system to an Adaptive Observer Form (AOF)
and a LTI observer design in [96] is applied. The resulting adaptive observer includes
a state estimator, a parameter identifier, and an auxiliary filter which is excited
by the coefficient of unknown parameters. A different approach to that taken in
[11, 105, 102, 103, 104] is in [37] which considers a different class of system whose
dynamics are Lipschitz and have a LP uncertainty. Based on results in [129], [37]

solves an adaptive observer problem using LMIs. The work in [105, 103, 104, 37]



was unified under the same framework in [16]. Here Lyapunov’s direct method is
applied to design the parameter update law. This work treats the AOF in [103] and
[37] as special cases. However, the results are given as non-constructive existence
conditions which could be difficult to apply in practice.

Many practical systems such as biochemical processes and machines with friction
often contain unknown parameters that enter the systems’ dynamics nonlinearly, e.g.
friction dynamics in [4] and bacterial growth systems in [43, 172]. From a theoreti-
cal point of view, adaptive observer and control design of nonlinearly parameterized
(NLP) systems is interesting and challenging. The major difficulty in extending ap-
proaches developed for LP systems to the NLP case is due to the non-convexity of
the underlying cost function which prevents the application of a gradient algorithm
[95, 25]. There is little known general theory on adaptive observer design for NLP
systems. Some work on specific systems includes a microbial growth process appli-
cation [172]. For the control problem, backstepping and high-gain techniques are
applied in [108] to a class of system admitting an OF. Recent work [9, 3, 95, 142, 78]
proposes a control design using a novel parameter update law based on a min-max
optimization strategy instead of a gradient algorithm. Other approaches include
a linear approximation design {71}, a control Lyapunov function method [49], a
parameter separation technique combined with feedback domination design [94],
and a backstepping design {150]. The work above is not generally applicable and
is restricted by factors including the type of parameterization and nonlinear sys-
tem structure. For example, work [3] requires convex/concave parameterizations,
[95] considers general nonlinear parameterizations where closed-form solutions of a
min-max optimization problem are nontrivial, [79, 78, 150] discuss special classes
of triangular systems, and [94] investigates a class of feedback linearizable systems.

Evidently, further research is required to solve the control problem for NLP systems.

1.2 Contributions of the Thesis

Chapter 2 presents a Block Triangular Form (BTF). The primary reason for trans-
forming a system into BTF is that it permits lower dimensional observer designs
to be performed subsystem-at-a-time while effectively treating “upper” subsystem
states as known measurements. Reducing the dimension of the observer is important

as it simplifies the design. Existence conditions for the BTF are weaker than those



of the OF [85, 165, 167] and can therefore be applied to a broader class of systems.
The main contribution of this chapter is to establish new BTF existence conditions
with the ordering of observability indices. The ordering constraint is finally removed
and BTF existence conditions are derived which are less constructive. This chapter
is based on [154, 158].

Chapter 3 discusses the existence conditions of a Block Triangular Observer
Form (BTOF), BTOF-based observer design, and the stability of the error dynam-
ics. As a special case of BTF, the existence conditions of the BTOF are weaker
than the OF but stronger than the BTF. A main contribution of this chapter is
to provide generalized BTOF existence conditions. Our work shows that different
BTOF existence conditions can be formulated depending on which system variables
are treated as parameters. Treating variables as parameters leads to more restrictive
existence conditions. Another contribution is to provide a rigorous proof of global
and semi-global error dynamics stability. The resulting stability proofs lead to a
simple condition on the observer gain. This chapter is based on [155, 159].

Chapter 4 investigates a Time-scaled Observer Form (TOF). Output dependent
time scale transformations are introduced to enlarge the class of systems admitting
OF. A main contribution of this chapter is to extend the single output time scaling
work [52, 132] to multi-output systems. TOFs with single and multiple time scale
transformations are discussed and existence conditions are provided. The necessary
and sufficient conditions on time scale transformations to preserve the global ex-
ponential stability of the error dynamics are presented. This chapter is based on
[160, 161].

Chapter 5 considers a Time-scaled BTOF (TBTOF) which generalizes a BTOF
to include time scale transformations. Due to a block triangular structure, the time
scale transformation introduced in this chapter allows more general dependence
than the TOF case. A main contribution of this chapter is to derive the existence
conditions for a TBTOF. The error dynamics stability for TBTOF-based observer
design is studied. This chapter is based on [39, 156, 157].

Chapter 6 discusses adaptive observer design for uncertain unforced nonlinear
multi-output systems. A relatively large class of systems admitting the Nonlinear
Output Observer Form (NOOF) in [73, 82] is considered. Hence, the proposed

adaptive observer should also be widely applicable, Due to the system’s nonlinear



dependence of the output in the new coordinates, only local exponential conver-
gence of the error dynamics is achieved with the proposed adaptive observer. Next,
we consider the adaptive observer design for NLP systems in OF. Local exponen-
tial convergence of the state estimation error of system state and parameters is

established.
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Chapter 2

A Block Triangular Form (BTF)

In this chapter and in Chapters 3-5, we consider special coordinates which enable

observer design for the uncontrolled multi-output system

¢ =f(Q),
y = h(¢)
with C*° vector fields f : R® — R™, and C*® output functions h : R* — RP,

(2.1)

Throughout this thesis we consider the design of observer which provides convergent
estimate error dynamics when ¢t — o0o. Hence, we assume that (2.1) has a unique
solution on [tp,00). The Observer Form (OF) and related special forms, such as
the Block Triangular Form (BTF) considered in this chapter, define coordinates in
which the system has a special structure which facilitates observer designs. This
chapter considers a BTF which permits lower dimensional observer designs to be
performed subsystem-at-a-time while effectively treating “upper” subsystem states
as known measurements. The idea of performing a design in subsystems came from
work in [134]. We consider existence conditions for the BTF. These conditions are
weaker than those of the (Block Triangular) OFs used in EEL [134, 165, 167] and
can therefore be applied to a broader class of systems.

This chapter is organized as follows. In Section 2.1 we introduce some funda-
mental concepts and system forms. Two different existence conditions for a BTF are
established in Sections 2.2 and 2.3. Examples of the construction of BTF coordinates

and a BTF-based observer design are presented in Section 2.4.
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2.1 Introduction

Before introducing a number of special state coordinates, we define some notation.

Given a C* vector field f : R® — R"”, and a C* function o : R™ — R, the function

da
Lfa = ?9-_’1,‘—

is the Lie derivative of a along f. The differential or gradient of a C* function

a: R™ — R is denoted da and has local coordinate description

da da da
da=-—=(z—,..., 7).
*= 5z~ Gar )

Given a C* one-form w : R® — R™ and a vector field f : R® — R", the inner

product of w and f is the function
(w(@), f(@)) =Y wil) fil=),
=1

where w;, f; are the components of w, f in local coordinates, respectively. The Lie

bracket of two C* vector fields f, g : R™ — R" is defined as

1) 13)
[f. gl = a_.f; - —a—i-tg-

See [64, 120] for further details.

The approach taken for observer design in this thesis relies on special coordi-
nates which exist if we assume system (2.1) is observable in some sense. A number
of notions of observability exist [60, 118, 85]. For instance, Definition A.0.1 uniquely
defines observability indices to ensure a single normal form. However, this unique-
ness is actually unnecessarily restrictive for transforming a system into a special
coordinate form. Hence, we introduce an alternate definition of observability in a

similar manner as in [109, 85].

Definition 2.1.1. System (2.1) is locally observable in Up with indices A;,1 € 1 < p,

if after suitable reordering of the h;’s,
dim(span{L;_ldhi(C), 1<j< M 1<i<p})=m, (2.2)

for every ( € Uy. A system is globally observable if LJf._lhi, 1<i<A,1<i<p
are globally defined coordinates on R™. O
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Note that in [120, 60] the notion of indistinguishability of states is introduced
and used to derive a rank condition for observability. For the mapping x = T({) =
(hy,--- ,L}“—lhl, S ,L?”—lhp)T to be a global diffeomorphism, in addition to sat-
isfying (2.2) for all ¢ € R™, the following condition must hold [164, 77]

im ||T(Q)]| = oc.

i<l —o0

The indices A; in Definition 2.1.1 are not uniquely defined [134].

Example 2.1. The non-uniqueness of observability indices in Definition 2.1.1 is

demonstrated in the two-output system

G
i=10=| .8
a+aa)’
G+4d

y= (hl(C)) _ (C%)
ha(¢) ¢’
where ¢ = (¢}, ¢2,¢3,¢2)T. The system is globally observable with indices (3, 1) since

the observability matrix with indices (3, 1) has the representation in (-coordinates

dh
_ | dLghi } _ 4
Q"' dL}hl —14) VCGR )
dhs
and the mapping
b <)
TO= |0 =%
L}hl C‘?;
ha €

is globally defined. On the other hand, the observability matrix with indices (2,2)

has the representation in ¢(-coordinates

dhy 1000
0= | st 0100
| dhe 000 1]

dLghe 0011

which is nonsingular for all ¢ € R%. Verifying that the mapping

T(C) = (thfhl, ha, thz)T

13



globally defines new coordinates, we confirm that the system is also globally ob-
servable with indices (2,2). On the other hand, according to Definition A.0.1, the
observability indices make use of the lowest order independent Lie derivatives and

are uniquely defined as (2, 2). O

When system (2.1) is locally observable according to Definition 2.1.1, we can
define new coordinates m LJ lh,,l < A, 1 € 4 € p to locally transform

system (2.1) into an Observable Form whose ith subsystem is

Th
G T4
_ ¢*(z)
Yi = mqi)
where ¢ (z) = L)"'hz-, and z¢ = (z%,...,2% )T. The vector field f*(z) can be written
f 1 i

using two notations: in matrix format (2.3) or alternatively

iy 0 4 )
fi() = sz“az P

Treating the lower subsystem outputs as inputs, we denote ¢*(x) as ¢*(z<*, y[f_‘:li]),

where

H
> = (@7, L@ eRS, 5= A,
k=1

i <ot > <>\
y[ffli,] = ((yi+1+1 )T "'a(yp ) )T,
<at> . (a?)
y; 0 = G0y )

and the non-negative indices ai. 1 €1 < j < p denote the highest order of time
derivative of y; appearing in ¢'. Since wk = (k b , there can be time derivatives of

y; of order at most A; — 1 appearing in ¢*, i.e.,
a; <A -1, 1<i<ji<p

Putting system (2.1) into Observable Form allows us to derive the existence condi-
tions in the framework of [41].
Assuming that system (2.1) is observable according to Definition 2.1.1 and can

be interconnected in a state cascade output feedback form, system (2.1) is said to
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be in BTF [134, 139, 140, 154]. That is, in BTF the ith subsystem has the form

20 Fi(=<i>

1:1 —_ _f"’(f ¢ ’y[i+1,p])a (2.4)

yi = hi(Z),
where 7' = (3¢,... ,a'i:f\i)T denotes the state vector of the ith subsystem, z<*> =
(@HT,...,(@)7T)T denotes the state vector of the upper i subsystems, yj 41, =
(Yi+1,---,Yp)7, and h; is the output function expressed in the Z-coordinates. We
denote f(Z<*,yy11,)) in matrix format (fH(Z<", yuy1p)s-- - F5,(E Y1)

or the alternate form

A.
o i 9
FE@ i) = D fi($<’>,y[i+1,p])—6j,- ,
k=1 k

where f{(Z<%, yj;41 ) is the kth component of f4(Z<*>, yj;41 ). In order to simplify
presentation we make use of both notations in the sequel. We remark that a BTF
considered in [139)] is a special case of (2.4) in that y; = Z!. This special case can
be useful for observer design and is discussed below.

As shown in Section 2.4, non-uniqueness of \; can add a degree of freedom when
checking BTF existence conditions. That is, for a particular choice of indices A; the

system may be transformable to a BTFEF and for another choice it is not.

2.2 BTF Existence Conditions : State Approach

Two approaches have been proposed to solve the existence conditions of a BTF. For
the ith subsystem, the first approach, which is taken in [134, 139] and Section 2.3,
treats only part of variables in the ith subsystem dynamics as states, and the rest
of variables as parameters. This parameter assumption reduces the complexity of
the existence conditions, but it also limits the range of applicability for the resulting
conditions. It is worth noting that in. [134, 139], where only the current subsystem
state z¢ and output derivatives y;a3>,i + 1 £ j € p are considered as states,
incomplete existence conditions for the BTF result due to the implicit assumption
that the upper subsystem states are parameters. In Section 2.3, only yj; .y is
treated as a parameter. Another approach which is considered in this section treats
all variables in the ith subsystem dynamics as states. However, this approach in
general leads to very complex existence conditions. We therefore impose the ordering
constraint on observability indices in this section to derive relatively straightforward

existence conditions.
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2.2.1 Main Result

Theorem 2.2.1. Given an observable system (2.1) with A\; > max; 1< igpAj — 1,
with its first i— 1 subsystems in BTF, and its last p—i+ 1 subsystems in Qbservable

Form, define the prolonged vector field Fi and the extended state z% as

i—1
(o) = 32 FE g + S+ D Z e (k), (258)
j=1

j=i+1 k=0

i - i <al >
2t = (@), (@), ()T € RY, (2.5b)

where N =vy;+ L, L = ZJ =it
transformed into BTF in (2.4) by the extended state transformation T = Wi(zl)

1(aé + 1). The ith subsystem in (2.3) can be locally

and the first i — 1 subsystems remain identical if and only if

P 5 1<i<pl<p
adf —y s adfy = =0, (0<g<aj; (2.6)
dy; “ay 0<r<al.

The extended state transformation V' is a solution of the \;- L PDEs

oV (ai) o 0
ozt 8 (ef)

=0, 0<¢<aysi+1<ji<p 2.7)

Remark 2.2.2. The notion of a prolonged vector field comes from {41]. The main
differences between Theorem 2.2.1 and previous work [139, Thm. 1] involve the
definitions of the extended state z¢ and the prolonged vector field F. Previously,

r¢ and F? did not include the upper subsystem states. That is,

i i) . f£i ) o (k+1)
Fi(al) = f{@<>,y5e7) + Z Z (k), (2.8a)
j=it+1k=0
ze = ()7, () DT (2.8b)

The necessary and sufficient Lie bracket conditions in [139, Thm. 1] are the same
as (2.6). The difference in the definitions of z} and F! leads to different vector
fields appearing in conditions (2.6). This difference will be demonstrated by two
counterexamples in Section 2.2.2. However, the Lie bracket conditions using either
(2.5) or (2.8) are equivalent in two simple cases. The first case is when aé- <
1,i+1<j<p1<i<p—1 In this case we have & = F(y),1 < j < i— 1
and the Lie bracket conditions using (2.5) or (2.8) are equivalent. That is, the Lie
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bracket conditions reduces to ¢ not having terms involving y;ui,i + 1 < 4,1 < p.
The other case is when the first subsystem is transformed. No upper subsystem
for the first subsystem implies the same prolonged vector fields and extended state
for both definitions. Hence, for the two subsystem case, which is considered for the

examples in [139}, the Lie bracket conditions are equivalent. [

Remark 2.2.3. To simplify notation we have specified that the extended state

transformation ¥ depends on a:fe, however ¥ can only be a function of

: i
—<im1> 4 <y T1> <ap—1>
T A TAR v Yp :

This is because allowing yj(.a") dependence in ¥ is not required to remove y;aj) from
the ith subsystem. As shown in the proof of Theorem 2.2.1, provided that conditions

(2.6) hold, such a ¥* can always be constructed. O

Remark 2.2.4. Theorem 2.2.1 removes all time derivatives of lower subsystem
outputs from the ith subsystem. In order to reduce the order of time derivatives
of y; by aj- - ;,i < j € p, we change the range of indices in (2.6) to 0 < ¢ €
a}—};OSrSaf—ﬁf,i<j,l<p. ]
Remark 2.2.5. Given an observable system (2.1) with A; > max;1¢j<p Aj — 1, the
first i — 1 subsystems have a globally defined BTF, and the last p — i+ 1 subsystems
have a globally defined Observable Form, The ith subsystem in {2.3) can be globally
transformed into BTF in (2.4), and the first ¢ — 1 subsystems remain unchanged if

and only if (2.6) are satisfied on R and the vector fields ad'f,;a—igj,o <k <
aj, i+ 1 < j < p are complete. A vector field f is said to be complet:Jif the domain
of all its integral curves can be extended to all of R [162, 21]. Thus if through every
point there is an integral curve that exists for all time, we show that a vector field
is complete. A vector field is incomplete if we find one integral curve that cannot

be extended for all time. O

Next, two examples are given to illustrate Theorem 2.2.1 and its differences from

the previous work in [139, Thm. 1].

2.2.2 Counterexamples

The first example shows the existence conditions based on (2.8) are not necessary,

and the second example shows the conditions are not sufficient. We consider a
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three-output system with indices A\ =2, g = A3 = 4

.1 gl _ 331
# =@ = (3).

3
2
X
& = 1}z) = 22 ,
3
byl + w(z)
T3 (2.9)
3
. T
&3 = f3(z) = I% ,
o3 (z)
i
y= |z |,
z}

where initially we take x(z) = z2z3/(z})?. The first subsystem is already in BTF
coordinates (i.e., Z! = z'). Hence, we only consider the transformation of the second

subsystem into BTF. Since a2 = 3, we define the extended state
z2 = (@7, )", ()",
and the prolonged vector field
FE = () () s, s, 08”3670

We can verify that the Lie bracket conditions (2.6) of Theorem 2.2.1 hold. Using
PDEs (2.7) to solve for the state transformation ¥2(z2), we can transform the second
subsystem into a BTF

2
1

. 3

22 _ = 2 =22

Ty = I3+ —253% ((y3)° — (Z3)°),

. _ 1 _ _ _ 0.1 o
I3 =] — R (5(23)® — 523 (y3)? — 2(z3)%ys — 3237472 + 3ys737}5 + 2(y3)),
2
2o TE—UY3 o1 o 2.1\ “2\3 _ k=2/. \2
Ty = —'(51)3 (6237575 — 474(%3)° — 7(Z3)° — 575(ys)
2

— 27(%3)%y3 + 18y3T275 + 15(ys)%),

Following the results in [139, Thm. 1], we define
22 = ((=*)7, (v*)")7,
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and
F2 = ((F)7, 0, 50,487 157) "

It is trivial to verify the Lie bracket conditions (2.6) are not satisfied, which implies
the second subsystem is not transformable to BTF. This leads to a contradiction as
a BTF was computed above. Hence, the Lie bracket conditions (2.6) with definition
(2.8) are not necessary.

In order to show the conditions of [139, Thm. 1] are not sufficient, we consider
system (2.9) with x(z) = 0. As above, we only consider the transformation of the
second subsystem. Defining F2 and z2 to include the first subsystern as in Theorem

2.2.1, we observe the Lie bracket conditions (2.6) are satisfied nowhere

3] 5] 5]
adZ. ,ad3, =2—3.
Fg ay:(;s) Fe ay:ga) Bmﬁ

Alternately as in [139, Thm. 1], defining F? and z2 to exclude the first subsystem, we
observe the Lie bracket conditions (2.6) for a2 = 3,j = | = 3 are satisfied, and the
second subsystem appears to be transformable to BTF for some ¥2. Consequently,
there should also exist changes of coordinates 1?!,1/?? which successively remove
yéa) and (§3,%3) from £2. However, we show that attempting to remove yéa) and
then ({3, ¥3) from the second subsystem using [139, Thm. 1] leads to a contradiction
and the conditions in this result are therefore not sufficient.

Remark 2.2.4 can be applied to [139, Thm. 1] and in order to remove only yéa)
from the second subsystem, we verify

5 o
adpe—=r, —= | =0,
l " oy Gyéa’}

and solve PDEs (2.7) to get a transformation 42! which removes yés). Without any

loss of generality (shown below), we choose the solution

2 I% 1
le( 2) _ | ¥2 — 23
Le) = 2 1.
T3 — T3Y3
2l
.’E4 .’Ezyg

which leads to - )
x3" + T3y3

321 Z3m; — (y3)?
-yl |’
~Y3y3
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where the state of the second subsystem is re-notated as Z%!. Next, we define

o2t = (@), (5",

.. (3
F2 = ((F)7, 9s, i3, 957)7
where 2! = f21(z2!), and verify the Lie bracket conditions for removing (§s, ¥3) are
not satisfied

8 ., 8 )
a.dFele,adFezl'-a—:Tyg = — ﬁzl‘

B3
By [139, Thm. 1] this means there exists no change of coordinates 9?? to transform
the second subsystem into a BTF, but because ¥? was previously shown to exist,
there must exist 1?2 given by ¥??(z2!) = 0?(x2) o (v*!(22))~!. This leads to a
contradiction. Above, we made a specific choice for ¥?!. However, this choice
will not affect the existence of 1?2, For instance, suppose we consider an alternate
transformation 12! in place of ¢!, and that after transformation by 92! there exists
$?2 to put the second subsystem in a BTF. If we define 7 = 9% o (»?1)~! then 122
can be constructed as 1?(z2!) = 9?2 o n(Z2'). Therefore we can pick any 2!

without loss of generality.

2.2.3 Proof of Main Result: Theorem 2.2.1

We assume the ith subsystem of (2.1) to be in Observable Form (2.3) and that
its first ¢ — 1 subsystems are in BTF. We determine the existence conditions to
transform the ith (i < p — 1) subsystem (2.3) into BTF (2.4) while leaving the
first ¢ — 1 subsystems unchanged. As originally suggested in [134], we treat the
¥j, i+1 < j < p which appear in (2.3) as inputs so that the problem of transforming
the ¢th subsystem to BTF is converted into the problem of removing derivatives of
inputs as considered in [41]. In particular, we wish to completely eliminate, as
opposed to merely lowering input derivative order. The important point is that we
consider the first ¢ subsystems, and not the ith subsystem in isolation, as the original

system. The problem is to transform the prolonged vector field (2.5a) into

i P
_ i o k1) O
Fez($<z>,y[§f1;]) = Zf](x<1>7y[j+l,p]) + Z Zyj( * )6 ) (2.10)
j=1 j=t+1k=0 Yj

where we have removed the derivatives of yj;; ;) from the ith subsystem dynamics.

Necessity: We assume there exists a transformation
= (@) (T, (5o )T (2.11)
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putting the ith subsystem into BTF and leaving the other subsystems unchanged.
According to Remark 2.2.3, the components of the inverse transformation :c}c b=

(¥71)i., have the dependence

i o ~1\3 —<P> <a':+1—/\.'+k> <a:,—/\i+k>
Thy1 = (¥ Jet1(Z sYiv1 ye -2 lp )s

for 0 < k<A —1and Ay 2 maxiqigigpdj — 1 2 maxiigigp a;'-, and particularly
we have

yi = (T H1ES, yg1)-

Hence, the vector field (2.10) can be rewritten as

i i a k+1
Fo( <>’y[f+1>p])—§:f] 2 Ypir1p) + Z Z ; )8 (k)

F=1+1k=0

By induction we calculate

0] 3] )
k _ i .
ad—F“g (a;l)_a(a;l—k)’ 0<k<apitl<sji<p
0y; Y

These unit vector fields satisfy the Lie bracket conditions (2.6), and since these
conditions hold independent of coordinates, necessity is shown.

Sufficiency: We use a constructive method to prove sufficiency. The extended
state transformation ¥(z!) is the inverse of a composition of flows of vector fields.
These vector fields are defined on the extended N-dimensional state space S which
is constructed by extending the v;-dimensional state space of the first ¢ subsystems

<at>
[i+1,pp

fields defined on S

with y the L output time derivatives in . We begin by introducing N vector

j a . .
k= oz 1<k< ;1< <i-1,
0
Y= ot LSh< X, (2.12)
j ik 0 )
Z] = ad7y —y 0Sk<aji+l<j<p
eayjaj)

We denote the vector fields (2.12) as Wy, ..., Wy and order them as follows: the first
vi—1 vector fields are Xll7 ces ,X/{l, e ,X{'_l, ces ,Xii‘_ll, followed by the next \; vec-
tor fields Y1,...,Yy,, and finally followed by the L vector fields Zg*!,..., 2,

t+

' )
l
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ZB, ..., ZZ;. Given an initial condition sy € RY, ¥ is given by ¥(zt) = = (%) +sp
where

B(t1, o tv-1,tn) = $ifly (- (BiF, (B, (50))) ) (2.13)
with ¢!, denoting the flow of a vector field V defined on &, i.e., the solution of the
differential equation

4 8(5) = VI8 (s))
passing through s at ¢t = 0.
We show ¥(z%) has the following properties

(i) it is a local diffeomorphism;

(ii) it rectifies the prolonged vector fields ad® Fi - ?a;_) into :9——%5;
Y Yi

(iii) it preserves a’:<i“1>,y[f_‘s;>p], i.e.,, U takes the form of (2.11);

(iv) it transforms the ith subsystem into a BTF.

The property (i) can be shown by verifying that the Jacobian matrix of ® at sg is

nonsingular. Computing the ith column vector of the Jacobian matrix ﬂgtﬁ

08(t) 0%  OTn_iyz O i N

Oti  O0TN-1 OTN—it1 OtN-is1 (d)w”‘*“(' - (@, (s0)) .- ))

09 0T N_iy2

OfN-1  OwN-i+1

where t = (t1,...,ty)T, and Ty = ¢€,’{,k(...(¢{,%,l(so))...),1 < k < N - 1. Taking
try =0 for 1 € k< N, we have

W —it1(Tn=i+1(50)),

Wr—it1(Tn-i+1(50)) = Wn-i+1(S0),

k41 _ I
oYy "
Since \; 2 max;;1<j<p Aj — 1, by direct calculation all the vector fields in (2.6) have
the form \
j _ a’:—k 6 _ - k,] i 6 6
Zi =ad ] P ed) Zas (ze)azi + W’ (2.14)
ay] 7 8= 8 y]

k,j

for0 < k < aj-,i + 1 £ j £ p, and where g5~ is a smooth function. We therefore

conculde that the Jacobian matrix
o® (L,
o1 (0) = (Wi(sg),--.,Wn(so)) = (0 IL)
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is nonsingular and ¥ is a local diffeomorphism.
The property (ii) can be shown by verifying

ov
ot

[

(Wps1,. ., W) = ( IOL) . (2.15)

From the Lie bracket conditions (2.6), i.e., Wy, N - L +1 < k € N commute, we

know their flows commute [162]. This implies

O(t) = ¢yl (- (S, (D1, (50))) )

= g (B (- (BE (87, - (B, (50)) ) - ),

for N - L+1< k< N. Similar to the proof of property (i), we can derive

0P

() =Wi(2(®), N-L+1<k<N,
k

and
oo

at

Considering the formula of the extended state transformation ¥(z%) = ®~1(zi)+ s,

= (*,WN—L+1,~--,WN) .

we have
oV 00 . ov

50l 9t~ 0o
and complete the proof of (2.15).

(* WNn_L+1,.-.,WN) = In,

To show the property (iii), we compute the effect of ® on a point

=<i~1> i  <ai>
(z<* amzay[ipr]) €S.

Clearly, for Y, 1 < k< X

b o i =<i—1>\T i i ' > \T\T

o (@) =(@< )2k, ghot b, g, ST (216)
k4 vi-1
entry

We have a similar result for the flow of X,{, ISk 1€igi—1

4 (i i y y
¢)l(‘,c(1‘:3) = ((z<7 1>)T>""Ifc .. ',(x1+1)T’

vi-1+k
entry

@@ R (217)
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Considering (2.14), we have

¢tZl’Jc(TZ) =((i<i—l>)Ta(i‘i) (y[i(:lz 1]) (y]<k 1>)T7

% ((k+1),(al)] o
R N (O LN (T ) L L (2.18)
where Z(xt) is some smooth function, | = v; + ZT Zip(et +1) + k+1, and
][.(kﬂ)’(a;')] = (y§.k+1),..., ;a )) . From (2.16)-(2.18) we conclude that ® defined

in (2.13) transforms a point

so = (57", @b (y[ffli’]) )€s
into
where

Fl=ty, 4k + (@0, 1<kSA1< <i-],

(k k » ,
]( )= by Izl (i) +ht1 (yJ( Do, 0<k<ajiit1<ji<p

with (-)o denoting the initial point, and #i(z!) € R* is a smooth function. Thus
U, which differs from ®~! by a shift of the initial condition sp, preserves E{c, 1<
k<A, 1<j<i-1and y§k),0 < k< a?,i+ 1 < j < p. Therefore, only z¢ is
transformed or ¥ has the special structure given by (2.11).

Finally we show VU transforms the ith subsystem into BTF, i.e., the property

(iv). Since ad’iF,- g!),O <k € a4i+1 < j < p are rectified into —(;—k) by ¥,
“oy, ? By,
i.e., in ncw coordinaites, !
& 0 0
ad—F‘gf 5 (a;) = 5 (a;—k) , (2.19)
Yj Y

where F? denotes F} in the new coordinates. Since My > maXgii1gigpdj — 1 2
MaXk41<j<p f, we know g only depends on (Z<F>,ypy1,)) for 1 < k < i. After

applying the extended state transformation ¥, F’e’ is written as

1—1
Fi=Y FE g + F + Z Z i
k=1 j=i+1 k=0 ]

From (2.19), we readily verify by induction that

of
@B

Gyj

=0, 0Sk<ai-Li+1<j<p,
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which implies that f* is independent of y;k),l <k <of,i+1<j<p and the ith
subsystem is in BTF. [ |

Remark 2.2.6. According to the structure of the vector fields in (2.14), we have

. . O . xL
Z= 2z, .zt g 7P ) = Y )
( 0 Qi 0 ap Q(Ai+L)xL

Thus ¥ can be solved from ‘
o
Ozt

e

Q= Oz\iXL7 (220)

where z¢ is defined in (2.8b). Written in the form (2.20) we remark the similarity
with the PDEs provided in [139, Thm. 1]. However, the first A; rows of 2 can differ.
This accounts for PDEs in [139, Thm. 1] leading to the incorrect transformations
for some systems. For the same reason, the Lie bracket conditions (2.6) using (2.8)

can lead to the wrong conclusion about the existence of a BTF. O

Remark 2.2.7. In a more general setting, for Z to be rectified into the form of
(0,0, 1T by an extended state transformation ¥ (2.11), the first v;_; rows of Z must
be zero. In Theorem 2.2.1, this necessary condition is inferred from the ordering

constraint on A;. (1

Example 2.2. To illustrate the construction of the BTF coordinates by the com-

position of flows of vector fields, we consider a system

3
x3 — f3 —_ x% ,
¥’ (x)
]
y=|=}],
3

where ¢ is a constant and ¢® a C® function. The system is in Observable Form
with indices (2,2, 3). The first and the third subsystems are already in BTF and we
only consider the transformation of the second subsystem. We have o3 = 2 since {js

appears in f2. Defining the extended state z2 and the prolonged vector field F2
T
‘7;3 = ((‘Tl)Tr (‘TQ)T; (y3<2>)T) )

F2= (Y%, (7, g3, 43, )7,
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we verify the conditions of Theorem 2.2.1 with j = [ = 3 and 7 = 2. Taking the

vector fields

Wi —5%, Wa 5%, W3=ai$%7 Wy 52?
W "adz—FEaiy'a :m%aiz% —053—%+ 3?13’
W7_£E’

we compute the composition of flows of Wi,1 € k £ 7 with the initial condition

sg = 0.
i
0
0
¢w, (0)=1]01,
0
0
0
3]
t2
0
¢€%’2 o ¢€/]V1 (O) = O b
0
0
0
1
3]
i3
i 0 i, 0Bl (O = 0 [,
0
0
0
t
1)
i3
i3, 0 B, 0 81F, 0 Bl (0) = [ 14 |,
0
0
0
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t1

123
ts + tots
B, O 1w, 0 Biy, 0 B, 0 I, (0) = | ta—cts |,
ts
0
0
i1
to
t3 + tois
Bie. 0 Bi5 o B, 0 bt o diZ 0Bl (0) = | ta— cts + tate |,
is
1
0
t1
2]
t3 + lats
T = ¢'€17V7 o qﬁﬁ,s o ¢€;'f,5 o ¢€j€,4 o ¢€’?’3 o ¢€}€,2 o qﬁ%l (O) = | t4 — cts + Latg
13
te
t7

The transformation ¥ is obtained by solving the inverse of the composition of flows

t1 .’17%
t2 l‘%
t3 m% - a:%a:?
U= |ty|=|22-2dzd+cz} |,
143 :1::1{
¢ 3
6 T2
¢ 3
7 z3

which define the BTF coordinates

2 1,3
52 — :l:l - .’E2.’E1
:c% - z%w% + cz‘z’

2.2.4 BTF with Linear Output Function

As we will discuss in the next chapter, a BTF is an intermediate step between the
original (-coordinates and Block Triangular Observer Form (BTOF) coordinates.
For the ith subsystem in BTF to be transformable to BTOF, the ith output is
required to be independent of lower subsystem states and outputs. Furthermore,

a BTF system with a linear output is more likely to admit a BTOF. Hence, the
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existence conditions of a BTF with linear output function are significant. Using the
same procedure as in the sufficiency side of the proof of Theorem 2.2.1, we obtain

the following theorem which ensures y; = :E{,l <j<p

Theorem 2.2.8. Given an observable system (2.1) whose first i — 1 subsystems
are in BTF, the ith subsystem 1 < i < p— 1 in (2.3) can be locally transformed
into BTF (2.4) by ¥i(zi) = (xl,\Ilz,...,\Il’)‘i)T leaving the remaining subsystems
unchanged if a;'- + 1< M,i+ 1< 7 < p, and the Lie bracket conditions (2.6) hold.

Proof: Since a + 1 < ), the vector fields ZJ can be written as

9 o~k k,j 1 0 .
ay(k) +2:20 or (xé)a—zi\———, 0<k<al—1,

k ay? 5, k= aJ,
for smooth functions o7 (xt), ie., Z,c has no 66 component. Therefore, the com-
position of flows defined in (2.13) preserves 2% and we have i = zi. Finally,
U= (2%, 0S, .. \Iﬂ )T transforms the ith subsystem into BTF. ]

Remark 2.2.9. If system (2.1) has indices A\; > ... > A, and is transformable to
BTF, we have yj=i{,1<j<p. |

2.2.5 BTF for Systems with Inputs

We now consider the BTF existence conditions for a class of affine control nonlinear

systems. Without loss of generality, we assume the input u is a scalar,
¢ =F(¢)+ Oy,
y = h(Q),

where p(¢) is an input vector field. It is well-known that for nonlinear systems

(2.21)

observability is a function of input [46]. As our objective is observer design we avoid

the problem of “bad inputs” by assuming (2.21) is uniformly observable for any

input. By defining the observable coordinates x}c = L’;—lhi, 0k 1,11 p,
the ith subsystem of system (2.21) is rewritten as
’57'2 Lo(z)hi()
. z L) L(zyhi(z) < .
= ) + . = f'(z) + o' (z)u,
: . u= f'(z) + 0¢'(z) (2.22)
¢*(z) (z)Lf(z) i(z)
Vi = hz(z)
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where f(z), o(z) are expression of f({),¢(¢) in z-coordinates respectively. Denote
f}(m), g}(m) as the jth component of fi(x), ¢*(x) respectively. Sufficient conditions
to ensure (2.22) is uniformly observable can be found in [22, 23].

A system (2.21) is in BTF if its ith subsystem has the form

&' = FH @, yrag) + 8@ Y1) us
yi = hi(Z).

We state the BTF existence conditions for the forced case in the following theorem.

(2.23)

Theorem 2.2.10. Given a uniformly observable system (2.21) with

A 2 i+q12_}'xgp Aj—1
, with its first i — 1 subsystems in BTF (2.23), and its last p — i + 1 subsystems in
(2.22), define the prolonged vector field F! and the extended state x% as (2.5). The
ith subsystem can be locally transformed into BTF in (2.23) by the extended state
transformation & = U'(zl) and the first i — 1 subsystems remain identical if and

only if in addition to Condition (2.6), the following Lie bracket conditions hold

0 ; ; . .
ad%g—m,gé =0, 0<g<aj-Li+tl<j<p,
Y !
where g& = (0, (0*(z))T,01x)¥. The extended state transformation ¥ is a solution
of the A\; - L PDEs (2.7).

2.3 BTF Existence Conditions : Parameter Approach

Theorem 2.2.1 gives BTF existence conditions for an observable system (2.1) pro-
vided that its indices satisfy
A 2 i+I{12_}‘X<p)\j -1, 1<i<p

This condition potentially restricts the choice of indices, and the objective of this
section is therefore to remove this constraint.

Noticing a;,i +1 < j € p instead of A; plays a crucial role in determining
the expressions of the prolonged vector fields Z,Z and therefore the extended state
transformation to a BTF, which in turn affects the BTF existence conditions. We

divide the existence problem of a BTF into two cases in terms of a;'-.
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file:///0ixl)7

Case 1: \; 2 ot

o tH1<isp

Case 2: \;<a}, i+1<j<p

Since Case 1 differs slightly from conditions in Theorem 2.2.8 for BTF with linear
output, we state the BTF existence conditions for Case 1 in the following proposi-

tion without proof.

Proposition 2.3.1. Given an observable system (2.1) whose first i — 1 subsystems
are in BTF, the ith subsystem 1 < i< p—1in (2.3) can be locally transformed into
BTF (2.4) by Vi(z%) leaving the remaining subsystems unchanged if aj. € A,i+l g
j £ p, and the Lie bracket conditions in Theorem 2.2.1 hold.

Next, we focus on Case 2. As shown by the following example, allowing a_’; > A
makes yx a general function of £ in BTF coordinates. For the ith subsystem, the
complexity of the state approach increases drastically because of the dependence on
Y[2,i—1) in the first ¢ — 1 subsystems. Hence, we treat yp; 1) as parameters. Since
the ordering conditions on observability indices are not satisfied, Theorem 2.2.1
and Remark 2.2.4 are in general not applicable. However, with Y[2,i-1) treated as

parameters, we verify that the first v;_; components of the vector fields

9
ad® i ———, 0<k<N\i+1<i<p

By;-a; )

are zero. This fact allows us to establish the following proposition by imitating the

proof of Theorem 2.2.1.

Proposition 2.3.2. Assume Y[2,i-1] are parameters and a§ > ). For the ith subsys-

k
), 0 € k < A, of the jth subsystem can be removed

tem, the output derivatives y;.a"_
by an extended state transformation ¥' if and only if the Lie bracket conditions of
Theorem 2.2.1 are satisfied with the indices 0 < q,7 < A1+ 1 < 4,1 € p and the

vector fields adlipg_g;j’o S k< Ni+1 <7< p are independent of yp ;1)
Oy,

Y;
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Example 2.3. We consider a five-output observable system with indices (2,1,1, 1,4)

.3 - =2
= "=x1+y; —iys+7I7,
.4 4
T = 7 =1+ Z1Ys,
5
2
5 5 3
z =f = 5 ’
54
©°(z)
1
77
_ 3
y= |
4
s
1

The first two and the last subsystems are in BTF. For the third subsystem, since

A3 = 1, Proposition 2.3.2 is applied to determine the existence of a change of coor-
3

dinates where the second subsystem dynamics is independent of y; ). We verify the

Lie bracket condition (2.6) with 0 < ¢, < 1,1 = j = 5, and solve PDEs (2.7) for ¥3
jzla-’:\p:}:m:l}_?j&

which puts the third subsystem into

=3 3 3 =2
T = f = ‘Tl +:E1.

For the fourth subsystem, af = 1 = )\4. If y3 appearing in f? is treated as a function
of state, Proposition 2.3.2 is not applicable to remove g5 from the fourth subsystem
since 3%, ad_ pga-?; are not the vector fields to be rectified. We illustrate this fact
in Example 2.4. On the other hand, treating y3 as parameter, we apply Proposition

2.3.2 to solve an extended state transformation
Ut = :v‘ll - f%y;;.
U4 puts the fourth subsystem into
= 71 + (23)%ys + (3% + 1d)ua, (2:24)

which is independent of output derivatives of the lower subsystem. Note that due

to the dependence on y3 (2.24) is not in the BTF (2.4). O
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Example 2.3 demonstrates the use of Proposition 2.3.2 for Case 2 and the
limitation of the BTF (2.4). In the sequel, we consider the existence conditions of
a generalized BTF whose ith subsystem is written as

¥ = fi(z<",y),
g (2.25)
¥ = hi(Z).

We can make use of Proposition 2.3.2 to solve the extended state transformation W¢

ik
which eliminates the output derivatives y;a’ )

,0 < k € A; from the ith subsystem.
The ith subsystem after ¥¢ will depend on y;ﬁ" >,,B;: = a;'. — M. Hence, in this
section we consider the following problem.

Problem: Given an observable system with the first ¢ — 1 subsystems in BTF
ik = fk(f<k>’y)

- <k<i—1, (2.26)
Y = hk( ,y;cf_li]])7

the ith subsystem ‘
= @y,

v = h(@<>, 2 50,

and the remaining p — ¢ subsystems are in Observable Form, find the necessary and

(2.27)

sufficient conditions to guarantee the existence of an extended state transformation

Il—f<i_1>
F<i-1> i i1 i (<im1 <gi-1>
\I/(CE<1 l> Y [f—lfl p]>) = ‘Iﬂ(z ¢ >7$ 7y[1,+1 ) ) (228)
<Bi>
[i+1,p]
such that the ith subsystem is transformed into a BTF (2.25). (W

Remark 2.3.3. The ith subsystem (2.27) is not in Observable Form and y; is
a general function of system state. This is different from what is considered in
Section 2.2. Proposition 2.3.2 is not applicable to remove y[ffzz] from f% This is

explained by Example 2.4. 0

Example 2.4. We consider a three-output observable system with indices (1,1, 3)

:fl=$%+y27
= f* =zt + 221 + §a + s,
-3 3 l‘g
T=f"= R (2.29)
@ (x)
4
y: wl )
o
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where the first and the third subsystems are in BTF. Proposition 2.3.2 is applied to
removed §j3 from the second subsystem. We verify the Lie bracket condition (2.6)

for g =0,r = 1,7 = = 3, and solve the extended state transformation
w2 = 2 — g,
which yields the first two subsystems

.1 1, =21 | =+
Ty =x] + 7 + Y3,

72 = 2! = 3ys + o} + 2z2L.

We attempt to remove g3 by reapplying Proposition 2.3.2. Defining the extended

state and prolonged vector field

21 _ /.1 =21 « \T
Te _(wlal‘l 7y3;y3) ’

F€21 = (f1>f217ﬂ3u333)T,
computing the vector field

ad 6 _20 +3-—Q—+—?—
~F& gy oz} ozt - dys’

and verifying the Lie bracket condition (2.6) for ¢ = 0,7 = 1,5 = [ = 3, we solve the

extended state transformation to remove 73 from the second subsystem

v (F) o st
z? -2z} -z )

We remark that the change of coordinates ¥ cannot preserve the first subsystem
dynamics since the first component of the vector field ad_ Fé"l% is nonzero. In the

new coordinates, the first two subsystems are expressed as
1 =f' =21 +ys + y2 — U3,
T2 = f? = —5%1 — 72 — 53,

which are not in BTF (2.25) since the first subsystem dynamics depends on 3. On

the other hand, the first two subsystems are in BTF with the transformation

=1 1

= xr T

O=("1)=( _, "1 ) .
(Z%) (Efl ~ 3y3

This fact demonstrates that for Case 2 vector fields which appear in the Lie bracket
conditions (2.6) are not necessarily unit vectors to be rectified. This results from

the appearance of y; in the upper subsystem dynamics. a
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2.3.1 Main Result

We first introduce several definitions, then state the main theorem, and finally
present the proof of the theorem. For the ith subsystem, the prolonged vector field

F* and the extended state z¢ are redefined as
€ €

i—1

Fg(at)

If
M

F1(Z<9%,y) + fH(ah) Z Z ("+”—?(—~ (2.30a)
J

= (@), (@) (yfflig])T)T, (2.30b)

I
A
.L
+
=
?r-
O

~~ W

and N=y;+L,L = E?___Hl(ﬂ;—i—l). The vector fields n;,k,O <k« ;'-,i—l—l <j<p

are defined as

, 5 . . :
? —_— 2 —_ 1 1
M0 = "y Tk = Ao piMik-1 — Kk (2.31)
dy. "’
J
where .
;) <i—1>
8 —k+1
o
i i i\~ i Feio1
kKba=0, kbi,=|_(ov owi__ af<i-1> || 2.32
7,0 ) gk (W) BE<I-T> (@ —k41) ( )
dy; 7
0

The vector fields 77;',0: ﬁ;.,l,i + 1 € j € p are defined by the following equations

R T S OF;
M0 = Mo Mjn = - (2.33)
, 8y,
We also introduce the following definition.
Definition 2.3.4. U is the set of all transformations ¥* such tha.t - is nonsmgular
and njyk,O <k < ;-,z 4+ 1 £ j £ p are rectified into unit vector fields 7;_;
oy, ?
respectively. ’ a

Remark 2.3.5. According to the proof of Theorem 2.2.1, the set U is not empty
if and only if there exists a state transformation ¥ such that n;,k are linearly
independent and commute. It is not difficult to verify that vector fields n;’k (2.31)
are always linearly independent. However, the construction algorithm cannot ensure

that the first v;_; rows of n},k are zero, which is required to construct an extended

state transformation as (2.28), i.e., (17:.‘Jrl g e ,17;-0,...,17; ﬁi,...,nzi,o) is not of
WMit1 ! »p '
the form
Ol/i._l XL
*
I
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As in Section 2.2, the extended state transformation rectifying n;'., ¢ is defined by the

PDEs
v )

A ik = e
6.’1715 5 ay](ﬁj_k)

0<k<Bhi+1<j<p,

and ¥ € U can be solved from the PDEs

oY e
57 —ne=0, 0Sk<B;i+1<ji<p (2.34)
As demonstrated in Example 2.4, the extended state transformation solved from the

above PDEs is not necessarily written as (2.28). (i

Theorem 2.3.6. Considering an observable system (2.1) with the upper i subsys-
tems given by (2.26)—~(2.27), and the remaining p—i subsystems in Qbservable Form,
the ith subsystem 1 <1 < p—1 (2.27) can be locally transformed into BTF in (2.25)

by an extended state transformation (2.28) if and only if
(i) U is non-empty;
(ii) the first v;_1 rows of n;'-yk are zero;
(iii) the vector fields n;'-,k are independent of the parameters, i.e.,

— 1,
2 (2.35)
p.

6”§,k

1
=0, 0
Ayr

i

+ //\ //\
&)s

N

J
Remark 2.3.7. Treating y; ;1) appearing in the first ¢ subsystems as parameters
simplifies the presentation of the proof. Also, it ensures that yJ( 7 5 is the highest
derivative of y;,i + 1 € j < p appearing in the prolonged vector field F! and
extended state definition (2.30b). On the contrary, treating yj; ;1) as the state
results in the appearance of y (65) J1<k<i~-1L,k+1<j<pin F where Yi1,i-1]
might have higher order time derivatives of lower subsystem outputs than y;, i.e.,
ﬁ]’? > ﬂ; The extended state has to include output time derivatives higher order
than ﬂ; This will overcomplicate the derivation and statement of the existence
conditions. As well, treating y[; ;1) as a parameter does not significantly restrict
the class of systems. The component y;, with y, = Z¥ can be treated as a state, and
accordingly the conditions (2.35) with 7 = k are no longer necessary. The example

in Section 2.3.4 illustrates this case. |
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Remark 2.3.8. Condition (iii), where n; i determine the dependence of ¥, are im-
posed by the assumption that ¥ depends on z‘. The extended state transformation
V¥ has no dependence on y.,1 < 7 € 7 — 1 only if none of the vector fields ";',k

depends on y,. a

2.3.2 Proof of Main Result: Theorem 2.3.6

Necessity: If the first ¢ subsystems are in BTF and the remaining subsystems
are in Observable Form then there exists a transformation (2.28) to put the ith
subsystem into a BTF. We show W' € U, or equivalently the vector fields n;'.,k are

linearly independent and commute. First we introduce the prolonged vector field

Fi zilfj(f<j> Z Z (k+1)6 (k), (2.36)
=

J=i+1 k=0

where the dependence of ith subsystem dynamics on derivatives of yj;4; ;) has been

<fi>

Vst g Conse-

removed. As discussed in Section 2.2, y; is some function of Z<%*>

quently, (2.36) is rewritten as

’l

F} = ]( <z>7y[ffl o) Yli+1i- 1]»y[z+1,p])

€

s k
+f( ;y[2z 1) y[z+1,p] Z Z o (

J=i+1k=0 _7

Taking ﬁ;,k = —(g_—k),o <k < ;-,i +1 < j £ p, which are linearly independent
By,
unit vectors and commute, we have shown the necessity of Condition (i) in BTF

coordinates. Condition (ii)—(iii) hold in BTF coordinates. Given the transformation

(2.28), we have

I 0 O

) ov _ vt vt "
* = B FG-T>S ot

e 0 0 I

With n;’k = (\I/,.)_lﬁik, where n;'-’ x denotes ﬁ;:’ ¢ in zt-coordinates, we prove that Con-
ditions (ii)—(iii) are necessary. To show Condition (i) is necessary in z¢-coordinates,
we need to work out the expression of ";,k' According to the definition of the trans-
formation (2.28), it is trivial to determine W;.',o are unit vectors as well. Next, we

show the vector fields n;'-’k,k # 0 are given by (2.31). Given the transformation
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(2.28), ¥, maps the vector fields ad_an;,k_l into adwpgﬁ;',k_l for

v, ["Fé,n;',k-l] = [—‘I’*Fg,‘l’*n;‘,k—l] = [_Fé,ﬁ§,k~1] ‘

We have
i—-1 A
u st 0 0
i1 = =22~ (Bi—k+1) t T m (Bi—k)
r=1 s=1 8 oy Y;
= ”j,k + nj,ka
and ,
Rjo =0,
6_<i‘1>
i _i _; ey (2.37)
Kjk = ad—F‘gnj,k—l — Nk = | 9 .

0
On the other hand, it is true that

T 7 1
Mk = ad_giflj k-1 — Kjk

where 7, is the expression of K} , in z¢-coordinates. Knowing «% , we can determine
1 1) 1

n;’k. For K/j-,k, the following relation holds
Ukl =R (2.38)

Evidently, there is a unique vector n;.,k which satisfies (2.38) with ¥, nonsingular.
Given K? 1 expressed in (2.37), it is straightforward to verify the solution of nj-,k is
given by (2.32) and nj,k is given by (2.31).
Sufficiency: Condition (i) of Theorem 2.3.6 guarantees the existence of ViU
such that n;'.,k satisfies the Lie bracket conditions. Given Conditions (ii)-(iii), the
extended state transformation ¥ can be constructed as in the sufficiency proof of
Theorem 2.2.1 and is given by (2.28). W rectifies the vector fields n;'-yk,O <k <
;,i + 1 < j <€ p into unit vector fields ﬁ;yk. For any U¢ € U, it is simple to verify
any U(z!) of form (2.28) is a local diffeomorphism, rectifies the prolonged vector
<pi>
[i+1,p]"
subsystem into BTF. In Z-coordinates, we have

fields n;'.,k, and preserves Z<"1> and y Next we show ¥ transforms the ith

\IJ*ad__F;'T];',k = ad_pgﬁ;'yk

= Vun kg1 + Vakjpe1
___ 0 Zi
T, (BE—k-1) Rkt

8yj J

(2.39)
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where K’ k+1 is given by (2.37). Since n};,0 < k < B},i+1 < j < p are rectified

into

(Bl 5 by ¥, we have
6 J

i A P

2d_pile =0 —5 5 (ﬂ‘ ") axr L7 = (240)
r=1s=1 0y, dy,’

It is clear that (2.39) is equal to (2.40) if and only if

oF
oy

=0,

(85—F)

which implies f* is independent of yj . Thus we have verified that f* is inde-

pendent of y]( ) 1< ﬂ‘ i+ 1< j < p, and the ith subsystem is in BTF. Hence,

the necessary conditions are sufficient. [ ]

2.3.3 Lowering the Highest Derivatives

Theoretically, we can apply Theorem 2.3.6 to solve the extended state transforma-
tion such that all the derivatives of the lower subsystems are removed from the ith
subsystem. However, we have to solve the high order PDEs (2.34) which is non-
trivial. Considering the well-developed approaches for solving first order PDEs, it
is meaningful to derive the conditions on removing the highest order derivatives of
lower subsystem outputs. These conditions are formulated in terms of first order

PDEs as in the following Proposition.

Proposition 2.3.9. Given an observable system (2.1) with the upper i subsystems

given by (2.26)—(2.27), a local extended state transformation (2.28), which removes
(8

Yii+1,9] from the ith subsystem (2.27) can be solved from the following first-order
PDEs

oVt _ ) .

6’7’” 0, k=0,L;i+1<75<p, (2.41)

where ﬁ;,k is defined in (2.33) and satisfies

Oy n

=0, 0<r<i—-1.
Oyr

Proof: In this case, U is defined by (2.34) with indices ¥ = 0,1. PDEs (2.34)
with k& =  is equivalent to PDEs (2.41) with k = 0 since n;'-,o = 77;',0‘ We only need
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to verify they are equivalent when k& = 1. First, we calculate né,l, 77;,1 based on the

definitions (2.31), (2.32)

af<i-1>
(8}
3ij
. . __1 . -
k' = | _ (avt oyt af<i1>
1 (azt) gz<i-1>  (ah)
3yj'1
0

According to the expression of nj"l and ad_ F;-'”;.',m ”;,1 is written as

g
. 3}
n;',lz 0 y
1
0
where . o ' o
Qi, _ afv. N _(?Ei ot 8f<z—1>
5l 8% Az ox<i-1>  _ (8)
Oy, Ay,

From the formula of ”;,1, (2.34) with k£ = 1 is written as

ot 8f'<i——1> ot afi ot —o
05<i-T> (@A) | ot 5 B-kD) | (B-kD)
8yj Byj Byj

which leads to PDEs (2.41). Hence, the transformation ¥* solved from PDEs (2.34)
with k£ = 0,1 also satisfies PDEs (2.41). On the other hand, it is straightforward
to verify that for any transformation ¥* which solves PDEs (2.41) also satisfies
PDEs (2.34). Therefore, PDEs (2.34) and (2.41) are equivalent in that they solve
the same transformation ¢, with %%: nonsingular. Additionally, from the necessity
proof of Theorem 2.3.6, we have the condition that ﬁ;k has to be independent of

Yy, 0L r e — 1. a

Remark 2.3.10. The ith subsystem 1 < 7 < p—1in (2.3) can be locally transformed
to BTF (2.25) if and only if Proposition 2.3.9 can be applied step by step until
Bi=0,i+1<j<p. a

Remark 2.3.11. Considering the existence conditions of the transformation elimi-
nating one of the highest derivatives from the ¢th subsystem, we notice the difference
between Theorems 2.3.6 and 2.2.1. Here, given the ¢th subsystem in Observable

Form (2.3), the function ¢ does not have to be affine in the highest order derivative
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of the lower subsystem outputs. This is shown by verifying the necessary Lie bracket

condition of 7% 4,75 ;

0
] i a2fi avi\"l  pui o2 F<i-1>
% 1 =— —_—
["j,o: 773',1] = (6%) (az’) oz<i-1> (8%) =0
ay; 7')? . By, )2

Considering the fact 6—‘11; is nonsingular, we conclude that
oz

aZfi (3\1,1)—1 oV 32f<z‘-1>

2 7 F<i—1 14
has the same solutions as
\I/i 32 i a\I,i 32 £<i—1>
%}7 (zﬁo oz <i-1> f(ﬂ"-) =0 (2:42)
o(y; ')? Ay; 7)*

Hence, ¢* is required to be affine in the highest order derivative if and only if the
second term in the left hand side of (2.42) is zero. Compared with results in Theorem
2.2.1, this approach potentially introduces additional freedom when transforming a

system to a BTF. |

2.3.4 Example

We consider a three-output system with indices A\; =2, A9 = 2, A3 = 5 and

=1
?
1

2 2 m%
j,‘ = = y
! y:(f) + z}ys + xiz}

=

e

T

For a general function @3(x), if the system is arranged in a different order, for
instance using indices (5, 2, 2), although Theorem 2.2.1 is applicable, its conditions

do not necessarily hold. Hence, we order the system with indices (2, 2,5). The first
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and third subsystems are already in BTF, and the second subsystem is not in BTF
for y:(f) and 73 appear in f2. For the second subsystem, a% =4 > 2 = Ay, and
Theorem 2.2.1 is not applicable. However, Proposition 2.3.2 can be applied to check

if y®,y® can be removed. Defining the prolonged vector field and extended state

F2' = (T, (AT, (DT,

the conditions to eliminate y:(;l), yé?’) are

a a
{ T_Fg 8 ]=0, 0<rs

yadZ 2.
" T oy

N

The transformation to remove y§4), ygs) from f2 can be solved from

ov2 9
alead‘Fgay$)

=0, 0<r<2

After applying the transformation
P21 (z2) z? — {3 o1
T = 3 =T y
©7 7 \a-”

the first two subsystems are written as

H_ z3
5%1_1_93 3

=21
:1:L21 = ( 21 ?2 . 1) .
(Z1" + 93 + 93)Z1
To apply Proposition 2.3.9, we redefine the prolonged vector field and extended state
.. (3
F2 = (7, (7, 93, s, w5 )7
22 = (@), @7, 5T,

where 22! = f21. Computing 733, 733

o)
=22
Mo = 20
ay5”
N 1 0 g
i3y = == + 71 +



Since y; = Z} is treated as a state instead of a parameter, conditions (2.35) are

unnecessary. ¥22 removes §j3 from the second subsystem and leads to

where g3 still appears. Applying Proposition 2.3.9 once again and iterating the same
procedure for solving the transformation ¥?3, we define
F2 = ((FH7, ()7, g3, 8)",

7B = (@7, @), 65>))7,

where 222 = 22, Computing

0
~23 _ Y
713,0 ays )

16} 16}
23 _ -1 s
N31 = ml—aa_:%z + e

we solve PDEs (2.41) for transformation ¥23

—92

23 _ 7 =2

U™ = -2 1] =%
Ty™ —Y3x

Finally, the second subsystem in BTF is

a2 _ (a‘ag +zH(3h + ys)) .
~Z3(3 + y3)

2.4 Observer Design Examples

Industrially relevant examples which are transformable to BTF include: a Web
Machine [100] with y = (61,682,03,71,72)T and indices (2,2,1,1,1), a Synchronous
Motor [109, Sec. 1.10.10] with y = (6,44,%5)" and indices (2,1,1), a Permanent
Magnet Stepper (PMS) motor [40, Sec. 3.2] with output y = (g,i1,42)" and indices
(2,1,1), a Brushless DC (BLDC) motor [40, Sec. 4.2] with output y = (g, %4,%)7 and

indices (2,1,1), and a one degree-of-freedom MAGLEV system with y = (z1,2%)7,
indices (2,1)7, and Observable Form dynamics [110]
T
T=19" m(z1)? + Ol u,
2,3172(B1 Ty
2,3(B11 +a(z1] )2 ari+20 (243)
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where a, 3, m, g are positive constants, zi is position, :1:5 is velocity, z% is the current,
and x = »(z%,z%,z%)T. Many practical systems, such as the ones above-mentioned,
are forced and control affine. These examples are a special case of that discussed in
Section 2.2.5. This is because the input vector field for the ith subsystem in BTTF
depends on the output alone. Hence, complexity of the observer design is unaffected
by the forced part of the system.

When transformed into an Observable Form, the above-mentioned systems are

also in BTF. To illustrate the transformation to BTF for a system whose observable

form is not in BTF, we consider the cart-pendulum system

M +m milcos¢) (Z b —mipsing) (2 0 (N
(ml cos ¢ I+ml2) (¢)+(0 0 ) ((/5) h (mgl sin ¢>) - (0) » (2:44)

where M is the mass of the cart, m is the mass of the pendulum, b is a viscous friction
coefficient of the cart, AN is the force input applied to the cart, ! is the length to
the pendulum’s center of mass, z is the cart’s position, and ¢ is the pendulum
angle from vertical position. For simplicity, we take the pendulum inertia I = 0
as this does not affect the BTF-based observer design. For the output y = (2,¢)7,
system (2.44) is observable with indices (2,2). However, it is not transformable
to BTF because the first subsystem has dependence on the output derivative of
the second subsystem from the term ((i))2 This implies the Lie bracket conditions
(2.6) in Theorem 2.2.1 do not hold. Reordering the outputs as y = (¢, z)T, we
can verify the forced system (2.44) can be transformed to BTF. Leaving the output
as (¢, 2)T leads to ¢? appearing in the first subsystem of the BTF. This increases
the complexity of the observer design. Hence, we introduce the following output

transformation to allow for linear error dynamics

v =(¢) = VME (¢, -7).,

Y2 =z,

(2.45)

where £(£, k) = fé v/1 — ksin? tdt is an elliptic integral of the second kind. The
Observable Form of system (2.44) with this new output is

1
1@ = (ot a1). 0'o)= (5.
2

(2.46)
z 0
20 = (et o) 90 (1)
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where z! = (z},2})T = (¢,9)7,2% = (22,23)T = (2,%)7T, g%, ¢° are input vector

fields, and

ﬁ:-i
g1 _ beos(r) 7’
1 In o2 — mlsin(y~1)
o g Y Mam) BT T
2 In g2 mgcos(y)sin(y7h)
,_ —costy™) : .
03 = 1
In g2 = —
4 — n2)

with (y1) = /M +m -sin®(y=1(y1)). In order to put the system into BTF, we need

to remove the second subsystem output derivative g = x2 from the first subsystem

dynamics. Defining the extended state z} = (z},z3,y2,72)T and prolonged vector

field F} = ((f1)T, 42, 92)T we can verify the Lie bracket conditions (2.6) of Theorem

2.2.1 hold. The transformation ¥! can be solved from PDEs (2.7) as ¥! = (z},z} —
201)T. Applying ¥! puts the system (2.46) in BTF

=1 él 0
=2
P2y _ _ Iy _ 72(0) = _Q
f4(z) = (5292 (w2)292+ 192+92> , 37y = (02>
with h(Z) = (h1(Z), ha(Z))T = (z},22)7, and where 7% = 22,73 = m2,01 j <4,

512., 1 < j < 5 are some functions of y, and g*, g2 are input vector fields. The observer

and the error dynamics for the first subsystem are

0 1\ . 9! 0 It
1 _ 1 71 =~ 1 5
‘(o %) *(@)*(09’“ *(@)(“ )
l 1
- a)#ear

— #1. The error dynamics of the first subsystem is LTV, hence

8p-

8-
il

=1

where 7 1

=Z
one approach to determine an observer gain is to apply [136, Cor. 8.4] so that the
maximum eigenvalue Amax(A1 + Af{‘) < —¢ < 0. This ensures the error dynamics
of the first subsystem is uniformly exponentially stable. For the second subsystem,

the observer and error dynamics are

2 (8 012) i <(:%5)25% +0§55§ +ég) ( )N + ( ) (v2 = 92),

22@%\((@5) @+ 5 §>

Az disturbance

Kp-

8-
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where 72 = z2 — 72. The error dynamics consists of a LTV part forced by a “distur-
bance” which converges to zero exponentially assuming the system state is bounded.
To ensure the second subsystem error converges to zero, we apply the result of [104,
Lem. I11.1] and place the eigenvalues of As + .47 in the open LHP so that the origin
of the second subsystem error dynamics is exponentially stable. Finally, we remark
that without output transformation (2.45) a BTF-based observer design would still
be possible; however, a relatively simple LTV design in BTF coordinates results if

output transformation (2.45) is used.

2.5 Summary

This chapter considered existence conditions of an established Block Triangular
Form for a broad class of uncontrolled multi-output systems. Given the constraint
on the ordering of the observability indices A,,..., \,, necessary and sufficient con-
ditions were derived in Theorem 2.2.1. Sufficient conditions were given in Theorem
2.2.8 to ensure that the output is linear in BTF coordinates. Next, Theorem 2.3.6
was presented to generalize the work of Theorem 2.2.1 by eliminating the ordering
restriction. Existence conditions of a state transformation for lowering the highest
order derivative dependence on the lower system outputs were proposed as a special
case of Theorem 2.3.6. Finally, a physical example illustrated the BTF construction

and a typical observer design.
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Chapter 3

A Block Triangular Observer
Form (BTOF)

In Chapter 2, a BTF was introduced and its existence conditions were derived. Ex-
amples of the advantage of a BTF-based observer design were shown. Although the
complexity of a decentralized observer design for a system in BTF is generally lower
than a centralized approach, it is relatively difficult to establish error convergence
and the design procedure itself is less systematic. This motivates the work in this
chapter which presents a Block Triangular Observer Form (BTOF) that leads to a
straightforward observer design. The BTOF originally appeared in [134]. A BTOF
divides a p-output nonlinear system (2.1) into p subsystems and is a special case
of a BTF. The BTOF dynamics of the ith subsystem contain two terms: a linear
function of the 7th subsystem state, and a term with nonlinear dependence on 4 and
on “upper” subsystem states, i.e., the states of subsystem j, j < i. This nonlinear
term plays the role of the output injection in EEL (see Section 1.1), and allowing
for its dependence on upper subsystem states gives the entire system a triangular
structure. The ith component of the output in BTOF coordinates is a linear func-
tion of the sth subsystem state. As expected, the existence conditions for a BTOF
are more restrictive than a BTF but weaker than an OF [85, 165, 167].

As mentioned above, a motivation for BTOF is a straightforward observer design
similar to an EEL design. The difference is due to the upper subsystem states
in the nonlinear terms which in general cannot be exactly canceled in the crror
dynamics. However, the exponentially decaying nonlinear terms which appear in
the error dynamics do not complicate the proof of convergence. Related recent work

in [141] also considers a triangular cascade structure which allows for a more general

46



nonlinear dependence of the ith subsystem dynamics on the ith subsystem state,
and the resulting observer design uses high-gain to prove error convergence. We
restrict our attention to the more structured BTOF. Relative to work in [141], the
BTOF considered here has the advantage of a simpler error convergence proof and
condition on the observer gain. As well, no high-gain approach is required.

In Section 3.1 we present BTOF existence conditions and demonstrate coun-
terexample systems which show the conditions established in previous work [134]
are neither necessary nor sufficient. In Section 3.2 we discuss the error convergence.
The work in Section 3.1 is further extended in Section 3.3 by removing the pa-
rameter assumption used to simplify the derivation and statement of the existence
conditions. In Section 3.4 we discuss some examples with engineering relevance and
provide the details of a BTOF-based observer design which is compared to the recent
method in [82].

3.1 BTOF Existence Conditions I

We begin by defining a BTOF.

Definition 3.1.1. An observable system (2.1) is said to be in a BTOF if its ith

subsystem has the form

'éi = Alz! + ’Yi(z<i~1>a Zi, y[H—l,p]))

y; = Cizt, (3.1)
where
2 =(,. .. ,zf\i)T € RM,
Y =), )T RN,
22 = (T, (T)T e R™,
and A%, C* are defined in (1.7). O

In order to derive the existence conditions for the BTOF, we recall the two
methods used for the BTF in Chapter 2. These approaches arise naturally from
the decentralized design. The first approach treats a subset of the outputs and
states appearing in the current subsystem dynamics as parameters. This assumption
restricts the class of applicable systems. However, the existence conditions are

easier to derive. The second approach treats all system variables appearing in the
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current subsystem dynamics as functions of state. This approach enlarges the class
of applicable systems while increasing the complexity of the derivation of existence
conditions. As with the BTF, in this chapter we first derive the BTOF existence

conditions under the following parameter assumption.

Assumption 3.1.2. For the ith subsystem, the lower subsystem states 7 and

outputs y;,7 + 1 < j < p are treated as constants. O

Later in Section 3.3, a state approach is applied to establish existence conditions,
and we demonstrate the limitation of the parameter approach. We make another
assumption to simplify the presentation of the existence conditions. This assumption
is natural since the BTOF is a special case of the BTF, and the BTOF existence

conditions are verified sequentially subsystem-at-a-time.

Assumption 3.1.3. When transforming the ith subsystem, the first i — 1 subsystem
are already in BTOF, and the other subsystems are in BTF. O

3.1.1 Main Result

Theorem 3.1.4. Let system (2.1) be locally observable in Uy C R™ with indices
Ai, 1 €4 < p. Given Assumptions 3.1.2 and 3.1.3, there exists a local diffeomorphism
®(zL) = ((2<)T,(94(ZL))T)T such that in the new coordinates, the ith subsystem

is of the form (3.1) if and only if in Uy

(i) the first vy;_; = Z};]l A components of ad’iﬁigi, 0 < k< M\ —1 are zero,

where

Fr= (7. (DT e R,
7= (<7120, @) e RY,

and the v;-dimensional starting vector §* is the unique solution of
Lglhhi=0kp-1, 0SkSh—1 (3.2)

(i) the Lie bracket conditions are satisfied

[ad” 3,07 i3] =0, O<rs< -1,
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(iti) the vector fields are independent of lower subsystem outputs

d ,
——adr_ﬁ."zzo, 0<r<M-1i+1<j<p
Oy;

(tv) the ith subsystem output is independent of lower subsystem states
oh;

=]
0Ty,

0, 1<k<A;i+1<j<p

The state transformation ®° is the solution of the A2 PDEs

OPHEL) [ ai-1-i S\
a7 (ad~F,.g,...,g)-I>‘i. (3.3)

Remark 3.1.5. Given Assumptions 3.1.2 and 3.1.3, Condition (iii) ensures

5 0S<rsM—-1;
k i+1<5<p

Condition (3.4) means the vector fields ad” §*,0 < r < \; — 1 depend on % which
in turn guarantees that the state transformation ® is independent of parameters.
Condition (iv) is imposed to ensure the output map h;(Z) is not a function of
#,i+ 1 < j € p after the transformation ®’. A simple example can explain its

significance. Considering a system
,_(AY 0 7 (y) )
2 = z+ )
( 0 Az) (72(217 yZ)

1, .2
_ (2t
v=(1%7).

we can verify all the conditions of Theorem 3.1.4 hold except Condition (iv). With-
out Condition (iv), we might falsely conclude the system can be put into a BTOF

by an identity transformation which actually cannot transform the system into a
BTOF. O

Remark 3.1.6. As in Section 2.2 the solution of (3.3) can be constructed by a

composition of flows formula. We denote the vector fields

; 0
0z,
Y, =adb 75, 1<r< N
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as W1,...,W,, and order them as follows: the first v;_; vector fields are the ch'
(ordered as Z},...,Z}\l,...,Z{'“l,...,Zi\;ll ), followed by Y7,...,Y),. Given an
initial condition

s0.= (52T, (@57 e R¥,
the change of state coordinates ® is given by

o(zg) = UH(FL) + so,

where
U(ts, bt t) = Yot (o (08, (0, (50)) )

Thus the solution of the PDE (3.3) can be obtained by integrating ODEs and per-
forming a nonlinear map inversion. Standard numerical routines are available to

accomplish this procedure. 0

Remark 3.1.7. For a globally observable system (2.1), a globally defined transfor-
mation to BTOF exists if

(i) BTF coordinates are globally defined;
(ii) the conditions in Theorem 3.1.4 are satisfied globally;
(iii) the vector fields adr_F,gi, 0<r<\—1,1< 1< pare complete.
0O

Remark 3.1.8. A main difference between Theorem 3.1.4 and work in [134] is that
the latter uses F* = f* in Conditions (i)-(iii). Also, previously a \;-dimensional
starting vector g* is defined as in (3.2) with F* = fi. Taking F* = f* implies the
effect of the upper subsystems is ignored. This leads to the vector fields ad® Fi 7', 0<
k < A — 1 defined on R*. However, when applying the transformation ®* defined
on R%, 2<t=1> and 7 are treated as states. The transformation ®° defined on R
cannot guarantee Condition (i) (with F¢ = f%), which was defined on R™, still holds

after transformation. However, if we impose

e

(3.5)

2

=

0

Q

il
—_ O
N ININ
. o o
N INA

T

|

=

)
|
—_
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then Condition (ii) (with F* = f*) still holds after transformation to BTOF. Con-
dition (3.5) implies the upper subsystem states are treated as parameters and the
transformation solved from (3.3) depends only on Z'. Condition (3.5) limits the
applicability of the result to a smaller class of systems. Finally, Condition (iv) does

not appear in previous work. O

Remark 3.1.9. The BTOF for the control affine system (2.21) can be generalized
as in Section 2.2.5:

<i-1> i
y %1y y[i+1,p])u7

3= Al +7i(2<i—1>72§,y[i+1, D)+ éi(z
yi = C'2'.
The existence conditions of the generalized BTOF above can be established analo-

gously. In addition to the conditions in Theorem 3.1.4, we require

[ad® ', 0l] =0, 0<k<A-2,
where g = (0, (g"))7. d
3.1.2 Counterexamples

In this section two examples illustrate that the existence conditions as previously
stated are neither necessary nor sufficient. In order to show existence conditions

given in [134] are not necessary, we consider a two-output system

T3
i =fl@) = # |,
zl+ 40
z3
2=pP@= -&= |

The first subsystem is already in a BTOF. We consider the transformation of the

second subsystem. Using (3.2) with F2 = f? we solve for the three-dimensional
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starting vector g and check Condition (ii)

dﬁz_ )

gz = dL{2£l2 0 = ——(fa)
dL% o ]

[adpg?, 5] = [ad%g?, 3] =0,

= (3.6)
3

o)
ad 232,ad%,5° | = 257%-—_— #£ 0.
[ s f ] 0z3

Since Condition (ii) is not satisfied with 2 = f2, we falsely conclude that the second
subsystem is not transformable to BTOF. On the other hand, using Theorem 3.1.4

we solve (3.2) for the starting vector

_ 1,
92 = —5(935)

2 0

oz3’
and verify the other conditions are satisfied. Therefore, the second subsystem is in
fact transformable to a BTOF. The transformation for the second subsystem &2 is

determined from the PDEs (3.3) with \; = 3,7 = 2

zf = j?)
1
2 2.1 | 0122 | (=212 1\2-2
z; = %T($2$3 + 2%,77 + (%7)° — (%3)°77),
3

# =23~ [225+ 2 — (23)7],
3
2
22 =22 6(;)2 [12(23)%2) — 24(23)? + 9(23)22% + 302327 + 10(23)% + 24(23)?],
3
2
R Z
2= —3(23)3 [12(2%)3 — 6(23)%22 — 12(23)%23 — 3(23)* + 24(23)%22
+4(21)% + 1625 (21)?] .

Here we have denoted 2} = I},23 = T} as the first subsystem is already in BTOF.
Hence, this example shows that the conditions as stated in previous work are not

necessary.
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Next, we show that the conditions given in [134] are not sufficient by considering

the BTF system

h(z) _ (%]
ha(z)) — \31)°
The first subsystem is observable and LTI. Hence, the transformation to a BTOF

is straightforward. We attempt to transform the second subsystem. As in example

system (3.6), we use the incorrect definition of the starting vector to get
2-_L 0
(z3)° 073
Next we verify that Condition (ii) with F2 = f2 and g2 holds. Hence, we falsely
conclude the system admits a BTOF. However, we can show by direct computation
that in fact no transformation exists. For the second subsystem to be in BTOF, we

require 22 = z? and have the form of the other two coordinates

2 =2~ =1 =
22—21 ’Yl(z wl)"%%“ﬁ(i’?l,iﬂ%,

23—22 72(33 11)

_37 __37 10y
B e e B

Local diffeomorphism ®2 = (22, 22, 22)T puts the second subsystem in the form
g =2+,
3= ead
2 =w(@!,?).

The fact that a BTOF structure requires

Ow  Ow
3z§ N 3z§
provides two PDEs which define 7%,~vZ. Using Maple, a solution for 7%, 42 is

2 =1
2 ( ) 4z; 2
M= ($3 + 31 ) 1,

=0 (3.8)

o) ool b o]
@



Since y2 must depend on z2 we cannot transform system (3.7) into a BTOF. As
expected, we can verify that the conditions in Theorem 3.1.4 are not satisfied. We
use (3.2) to obtain the starting vector

-2 v

I T @yen
Condition (ii) is not satisfied for

6 0
2 =2 oo 72] —
[adng ,aszg ] = -@6—53 ;é 0.

Hence, this example shows the conditions as stated in previous work [134] are not

sufficient.

3.1.3 Proof of Main Result: Theorem 3.1.4

Necessity: Assume there exists a state transformation ® such that the ith subsys-
tem is put into BTOF, and the first : — 1 subsystems are unchanged, i.e., ® defined

on a v;-dimensional state space takes the form of

z<i~—1>
@ - < @‘L .

This @ transforms the first 7 subsystems in BTOF. Given the ith subsystem in BTOF
a2

ozt *
g

Based on the expression of the ith subsystem in BTOF and the assumption that

(3.1), we denote the representation of ' in z-coordinates as ' and define §* =

the first ¢ — 1 subsystems are in BTOF, we have by direct computation

3 0<k<A1—11

where F' is the representation of F* in the z-coordinates. Denoting the ith output
function h; expressed in the z-coordinates as h;, we have ﬁi(z) = zt. Hence, we

know §' satisfies

~ y ;0
@m@&ﬁ¢>=<mhagj>=5Mrh 0Kk h—1. (3.9)
From [120, Lem. 6.15], conditions (3.9) are equivalent to

LuIh P =61, 0SE<S A -1, (3.10)
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which imply LgiL’},»l_z,- = 0k 2,-1,0 < k£ < A — 1. We note that the starting vector

g*, which is the representation of §¢ in Z-coordinates, is also given by g¢ = (®,)"1§,

where
o I, 0,, )
Oy = o = ( oot ”’5;,3“’) . (3.11)
Ze 92<t-1> Bzt

It is clear in the Z-coordinates the starting vector is written as
/\.
. ..
7= d@)—,
k=1 0zk
and we have the definition of the starting vector (3.2).

As the vector fields ad® ;,5*,0 < s < A; — 1 are constant, we have
|ad? 5% 00" 15| =0, 0<s k<A1

Also, from the expression of ®, in (3.11), we know its inverse is given by
- I, i1 O i—1%X A5
(@) = ( U* ' gtbil)x-1> :
Bzt
Hence, expressed in the Z-coordinates the vector fields ad”® Fi g, 1<k )\ ~1are
of the form (O1xy,_,, Qlix A,-)T’ with the components of inx a; any arbitrary functions
depending on 5:*6 The first v;_; components of ad’i Fi g, 1 < k< M\—1 are zero.

Similarly, as ad’ g, §',1 < s < \; — 1 are constant, we have
—ad” -5 =0, 0<r<N-Li+1<j<p

Conditions (ii) and (iii) in Theorem 3.1.4 are satisfied in the z-coordinates. These
conditions hold in Z:-coordinates because they are invariant under change of co-
ordinates which is independent of y;. In addition, from the expression of ﬁi, we
have .
Oh; . .

- =0, 1<k<A;pi+1<i<p
oI,

k

After a transformation ®~! depending on 2<%>, we have Condition (iv). Therefore,

all conditions in Theorem 3.1.4 hold and necessity is proven.
Sufficiency: Given definition (3.2), local observability ensures the solvability of the

starting vector g in Z-coordinates. Since

- 1 0 00
dhi * 1 ... 00

. (adiiﬁ‘—ilgi) e 7g") = ' .. . : ' € RAiX/\i’
dLJ/\Eiihlﬁi * % 1 0
* * 1
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the vector fields ad’i pi §,0 < k < ); — 1 are therefore linearly independent. Given
Conditions (iii) and (iv) are satisfied, these vector fields are independent of y;, jf;, 1<
k < Aj,i+1< 5 < p If Condition (ii) holds, the Simultaneous Rectification The-
orem [120, Th. 2.36] guarantees the existence of a change of coordinates ® defined
locally on R* such that

®, (adAi;ilgi, L ,§i> — Ou,-—1x>‘i c waAi' (3_12)

—F I)u'

Denoting the last A; components of ® as ® we have

6‘1’1 . —i
- (ad’l’ﬁilg’, s ,g) =1, (3.13)
[

Using the conditions that the first v;_; components of vector fields ad’i Fi F,0<k<
Ai — 1 are zero, we know the first »;,_; components of ® can be taken as identity
and get & = ((z<7>)T (®9)T)T. Next we show @ is a local diffeomorphism, keeps
the first ¢ — 1 subsystems in BTOF, and transforms the ith subsystem into BTOF.

Since ®" is solved from (3.13), and

(adi';}g",...,gi) = (0""--1“") , (3.14)

(3
Q/\ix)\,'
where the components of ng x); are some functions depending on zt. We know %

is nonsingular, i.e., ®, in (3.11) is nonsingular, hence ® is a local diffeomorphism
defined on some open set of R¥.

Next, we show that the ith subsystem is transformed into BTOF by @, i.e,,

fi(z) = Al 4 Vi(z<i_1>,zi,y[i+1,p]),

hi(z) = C'2'.

As well, we require f7, ﬁj, 1 € 7 € ¢ ~ 1 remain untransformed by ®. Because the
first ;-1 components of the transformation ® are zi,l k< MICj<i—1,
and the first 4 — 1 subsystems will not be affected by the transformation ® through
their dependence on y;, the first 1 — 1 subsystems remain in BTOF. As for the ith
subsystem, we first consider how f? transforms. Given the expression of F% in the

z-coordinates

9 8
azi’+m+f’\‘gf\,.’

i—1
F=f+f

i=1

56



where f*,1 < k < i—1 is the representation of f* in z-coordinates, from Condition

(ii), we have

o . .
azi=0, ISiSA2<EkS< N #k-1,
k
Y
fi =1, 1<j< -1
az1+1 Y J H
J

which imply

<i—-1>

flizzli+1+7lic(z azi'ay[’H-l,p]), 1 Skg)‘i_la

(z<i—1

f}\i = 7;L\,~ >izjll’y[i+1,p])-

Next we consider the expression of hi. From the definition of the starting vector,

we have

which means
dh; =dzi  mod {dz{,lgkg,\j;lgg‘gz‘—l},
and h; = 28 + k(2<""!>) for some smooth function «. Let
P = 2t + k(z571>)

and 7z = ®% be the first component of ®*. With this definition of ®¢, PDEs (3.13)

are still satisfied. With & we have h; = 2, and

i—-1 1
. y BK(Z<'_1>) _. ,
H=s+) — 57—V Y1)
j=1

-1 -
= 4t i <i—1> i S an(z<’ 1>) Fi( <i>
=z5+7(z azlayb’+1,p]) +Z——Bz]—f (2 7y[j+1,p])
=1

Zé + ;ﬁ (z<i~1>, Zi, y[j+1,p])'

Therefore, f7,1 < j < i—1 remains in BTOF and the ith subsystem is transformed
into BTOF. This concludes the proof of sufficiency. ]
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Remark 3.1.10. We show that if h;(Z) = z%, Condition (i) of Theorem 3.1.4 is

satisfied. From (3.2), g* is solved from the following equation

0 dh; 00 0[1 0 -~ 0
. : . R I R .
= .- =] . . A A
0 dL’f\—,’;—zhi A I S
1 dLFfi’lhi * ok e-e ok ok % *
and the starting vector is
—i T
F=(01xyy 0 * - =), (3.15)
or the first v;_; + 1 components have to be zero (since y; = 7} implies dh; = d7%).
Based on (3.15), we find the special structure of vector fields ad’i i g, 1<k -2
Using induction we have for k =1
) ;_i o Ow»é}giz\l—l B Ouy_, xun 3
ad_mg = | grees m 3—5['2‘1; -1 Oixw |F
* * * *
Ou,-_lxl . 01/,‘-1)(1
= | (dLp:hi ) | — 0
* *
0”:’-—1 x1
= 0 ,
*

where Efz,/\,-] = (z4,... ,a‘cf\i)T and <dL1:~,-f_Li,§i> = 0. Hence, ad_j:g* has a special
structure, i.e., its first 1;_; + 1 components have to be zero. Assuming ad’i i g has

this special structure, we show ad’j}l,.g", 2 € k € A — 3 does as well.

% * 0 0pyyxai—1 Ovi_ s 5
1-i afi afi arfi k » i— i .
ad’i'}ig’ = Fz<i-1> ﬁ? aifz ) a«d_i‘igz - leui FZ
et
* * * *
01/5_1)(1
= <dLF‘1‘Bi, ad’ipigi>

*

T
Ouws 0 %), 1<k<X-3,

T
Ow, 1 %), k=X-2

U
(

where

<dLFiBi, ad® 13" ) = k2
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Hence, the first v;,_1 + 1 components of ad'i},l,.

to the definition of g%, we know only the v;_;th component of adi’;.lgi is non-zero

G', 0 < k < A\;—2 are zero. According

for
T Ai—2-0\ rAa—-ly
<de,-hi,ad_F,i g > = LyL¥ R = 1.

Finally, we have (3.14) and Condition (i) of Theorem 3.1.4 is satisfied. O

3.2 Observer and Error Dynamics Stability
We consider the following observer structure in BTOF coordinates
F= A A 4 Ly - C'8Y), 1<i<p, (3.16)

where we have simplified notation with 4% = A*(3<k=1> 2k Yk+1,9): 1 <k < p, and
L¥ € R*,1 < k < p are constant observer gains to be designed below. The error

dynamics for (3.16) is
F=(A-LCYF +4 -4, 1<i<p, (3.17)
where the state estimate errors are 3* = zF — 3% 1 < k < p, and

'Yk — 'Yk (Z<k—1>

’z{cvy[k+1,p])7 1<k P-
3.2.1 Global Exponential Stability of Error Dynamics

Theorem 3.2.1. Assume a BTOF exzists globally for (2.1) and 7%,1 < i < p are
globally Lipschitz in z<*"1> wuniformly in Yip w.Tt. any norm, i.e., there exist

constants M};, 1< k<i—1 such that
i—1
“,Yz _ ;Yz“ < ZM/;L: szn , vy[i’p] € Rp—z+1,vz<z—1>’2<z—1> € R%-1, (318)
k=1

Then provided the spectrum of A*~L*C% 1< i< pliesinC™ = {s € C: R(s) < 0},
the zero solution of (3.17) is Globally Exponentially Stable (GES).

Proof: We first show that the stability for the error dynamics of the first two
subsystems (3.17)

7' = (A - Loz, (3.19a)
7t = (A% - L’CH? + 42 - 42, (3.19b)
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then induction is applied to show stability for the entire error dynamics. For the first
subsystem the error dynamics (3.19a) is LTI, thus given (A!, C!) observable there
exists L' such that the zero solution of the error dynamics is GES. For the second
subsystem, its error dynamics (3.19b) consists of a LTI part and a “disturbance”

term 72 — 42. Denoting «?(t) = 7% — 42, (3.19b) is written
72 = (A? - L2C?)3% + B%A(t), (3.20)

where B2 = I,. Provided (3.18) holds and #* converges exponentially to zero, u?(t)
converges exponentially to zero. Also, with (A2, C?) observable, L? can be chosen to
make the LTI part of (3.20) exponentially convergent. Therefore, according to {104,
Lem. III1.1] we know the zero solution of the error dynamics of the second subsystem
is GES. For the ith, 3 < i < p, subsystem, after u(t), B, L' are similarly chosen,
[104, Lem. II1.1] can be reapplied to show the zero solution of the error dynamics
of the ith subsystem is GES. Therefore, the zero solution of the error dynamics of
the first ¢ subsystems is GES, and by induction we have shown the zero solution of

the entire system’s error dynamics is GES. O

Remark 3.2.2. A global Lipschitz property is important to ensure that the zero
solution is GES. We consider a simple quadratic scalar system example

Loy 2

T=—uxr+1°u,

where Z € R,u = ¢~ %, and u > 0 is constant. The system is not globally Lipschitz
in Z,u. As shown in [87], using the change of dependent variable w = 1/Z gives the

solution of Z(t)

..(t) — (,LL -+ k):f?o
(p+k — Zg)ekt + zpekt’
where £y = Z(0). The solution Z(t) has a finite escape time when the initial condition
satisfies Zg > u + k. d

Remark 3.2.3. The global Lipschitz condition on +* is not always necessary. We
consider the Jet Engine Example (87, Sec. 2.4]
R ( ~oR? — 0R(2¢ + ¢?)

¢|=|-v-35¢"-3¢°-3Rp-3R],
¥ ~u

where R > 0 is the normalized stall cell squared amplitude, ¢ is the mass flow, ¥

is the pressure rise, o is a constant positive parameter, and u is the control input.
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The homogenous part of the R subsystem is globally asymptotically stable (GAS).
It is shown in [87] R has a GAS equilibrium at R = 0 if ¢ decays to 0 as t — oo.
However, the nonlinear term o R(2¢ + ¢?) is not globally Lipschitz in ¢. A detailed
proof in [87] reveals that Input-to-State Stability (ISS) of the R-subsystem w.r.t. ¢
leads to GAS. Realizing the Lipschitz condition on <y is imposed to make the error
dynamics (3.17) ISS with respect to 2*,1 < k < ¢ — 1 which appears in v* — 4* [76,

Lem. 4.6], we can provide a GAS version of Theorem 3.2.1. O

Theorem 3.2.4. Assume that a BTOF exists globally for (2.1) and that the error
dynamics (3.17) is ISS w.r.t. 2,1 < k < i — 1. Then provided the spectrum of
A' — L'C% 1 < i < p lies in C, the zero solution of (3.17) is GAS.

Remark 3.2.5. The proof of Theorem 3.2.4 is omitted since it is result from a
direct application of [76, Lem. 4.7]. Although Theorem 3.2.4 is more general than
Theorem 3.2.1, the latter is preferable in some cases since GES is a stronger form
of convergence and systematically verifying ISS in practice can be challenging. A

sufficient condition for ISS is given in [76, Lem. 4.6]. O

Remark 3.2.6. Another choice of observer design is possible for systems in BTOF.

If we take the observer of the ith subsystem as
F= A A () - Dy - O, (3.21)

where we have defined

ifs<i~1> R YW Y| i-1 zi—1 )
Y (2 7y) =Y (21 ) Z[Z,,\l]v cees %) Z[Z,/\i—l]’ 217y[i+1,p]);
sk sk sk \T :
Z[ZI\k]:(Zz,"',Z)‘k) , lgkgl—l,

the error dynamics of the ¢th subsystem is written as

éi — (Ai _ Lici)fi + ,Yi(z<i——1>,y) _ ’Yi(2<i—l>,y)-
With observer design (3.21), we have a similar stability result to Theorem 3.2.1.
However, for (3.21) we only require 7,1 < i < p, to be globally Lipschitz in z[kz ] =

(25, .. .,zf{k)T,l < k € ¢ — 1 uniformly in y € R? w.r.t. any norm, i.e., there exist

~
constants M}, 1 < k < i — 1 such that

7

i-1
I =2l < g
=1

for Vy e RP, Va2, € R* L 1<k <i~ 1. O
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Remark 3.2.7. Many practical systems have outputs which lie in some compact
set ). Hence, we only require the Lipschitz condition (3.18) to hold uniformly for all
Yip €Y C RP~**+1_ If the system state belongs to a compact set and the Lipschitz
condition (3.18) does not hold, convergence cannot be proven as in Theorems 3.2.1
or 3.2.4 due to the observer state leaving the compact set. In this situation, an

observer design with semi-globally stable error dynamics is therefore preferred. [

3.2.2 Semi-global Stability of Error Dynamics

To ensure a GES result we require 7,1 < i < p to be globally Lipschitz. This
condition can be restrictive and unnecessary in practice. In fact, the state of many
physical systems belongs to D < R™, where D is a connected compact subset of
R™ [46]. The set D is mapped to another connected compact set denoted D c R"
in BTOF coordinates. As discussed in {46, 141], we can extend the dynamics in
BTOF coordinates from D to R™ to obtain a semi-global stability result. We choose
a particular Lipschitz extension technique, proposed in [141} and described by the

following Lemma.
Lemma 3.2.8. [141, Lem. 2] Consider a C! function x : M x R" — R where
M={zeR?: |z;| < pi,1 <i<q,p >0}

Then x(o(z),y) is C° on RY x R" and equal to x(z,y) for all x € M, and there
exists a bounded function M(y) such that

Ix(o(z),y) — x(o(2),y)| < M(y) |z - 2|, Vr,2€R? VyeR, (3.22)
where o(x) is an element-wise saturation function which is saturated outside M.

We remark that if function x in Lemma 3.2.8 is defined on M x ) where Y
is a bounded compact subset of R", we can extend the definition of x to R? x Y
in a similar way. Considering the observer design (3.16) for the ith subsystem,

'yi(z<i"1>,zi,y[i+1,p]) is defined on U* x Y D, where

ui={€1€=z<i~1>€7§},
YVi={c:¢=y;y € D}.

We need to extend the definition of 7* from U x Y to R¥%-1 x Vi, 1 <4 < p, to

design a semi-global observer. According to Lemma, 3.2.8, the Lipschitz extension of
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V(251 2, Yjig1,p)s 1 S 1< p, could be constructed as v (o (2<"1>), 24, Yy 1,5))-

The system after extension is

3= A2+ 4 (o (z51), Ziay['i-f-l,l’])’ .
N 1<i<p, (3.23)
Y = C’lz’,

and the corresponding semi-global observer and error dynamics system are

B = A+ (0(2"), A, Yigr ) + Ly — C'FY), (3.24a)
:z'-i = (A‘L _ Lici)zi
+ [7i(0(z<i_1>)a 211:7y[i+1,p]) - 7i(0(2<i-1>)a zlia y[i+1,p])] ) (3'24b)

for 1 < 7 £ p. Using the same method of proof as in Theorem 3.2.1, we can show

the following result.

Theorem 3.2.9. Consider system (2.1) whose state lies in a connected compact
set D, and assume the system is transformable to BTOF on some set enclosing
D. Denote the set D as the image of D in BTOF coordinates, and assume 7%, 1 <
i < p, is Lipschitz in U* uniformly in (zi,y[ﬂ_l,p]) € Y'. The Lipschitz extension
(3.23) and observer (3.24a) yield error dynamics (3.24b). Provided the spectrum of
At — LICY 1 < i < p lies in C™, the zero solution of (3.24b) is GES.

Remark 3.2.10. The stability results are stated in the BTOF coordinates. If the
inverse map ¢ = ©(z) is Lipschitz on D, the error dynamics (3.24b) are GES in the

original coordinates. |

Remark 3.2.11. Based on observer (3.21), another semi-global observer and semi-

global stability result can be derived if we redefine

u = {§ ‘e = ((2[12,,\1])Ta T ,(zfiii_l])T)T})

Vi={s:s=(y1, %) }
and extend the definition of 4* from U x V! to R¥i-1-+1 x V¢, O
3.3 BTOF Existence Conditions II

The previous section gives the existence conditions using a decentralized approach,

in which a system is decomposed into several observable subsystems based on the
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p-tuple of observability indices. Each subsystem is then treated separately and trans-
formed into a BTF by an extended state transformation. Finally each subsystem
is sequentially transformed into a BTOF. As indicated above, Assumption 3.1.2 is
imposed to simplify the presentation of the existence conditions and its elimination

is therefore desirable to enlarge the class of applicable systems.

3.3.1 An Illustrative Example

To demonstrate the challenge in removing the assumption, we consider a two-output
system with indices (2, 2)
5= Al +9(y),

22 = A222 + ’)/2(2"17 Z%), (3_25)

The system is in a BTOF. We discuss the necessary conditions of a BTOF, and
explore the differences from the OF case. The Simultaneous Rectification Theorem
[120, Th. 2.36) is applied to derive the BTOF existence conditions. We begin by
defining the unit vector fields to be rectified

1_ 9 1 _ 0 2_ O 2 _ 0
h = 82%’ = 8227 m= 82%’ 2 = azg
Starting vectors are required to construct these unit vectors. For the second sub-

system, we take g2 = 72 as the starting vector and have
77% =ad_ f92‘

Taking the starting vector for the first subsystem as g' = n}, we have

0z} 822 02} 022
1 37% 2 _(27;2 2

=ad - =i — :
ad_yg 6z17h 6z%n2

We notice the vector field 77% depends on unknown functions 'yf, 722, i.e., unit vectors
are not merely determined by system dynamics f and output mapping h. This leads
to the difficulty in verifying the new existence conditions given later. To compute

the starting vectors, it is straightforward to verify g? = 73 is defined by
LyLkh = 6i26k1, 0<k<L1<i<2
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This is equivalent to
<dhi, ad'ifg2> = 51',26]9,1.

We note the definition of g2 is the same as that in the OF. However, we cannot
derive a similar definition of the starting vector for the first subsystem. Following
the standard procedure of computing the starting vector g', we obtain Lshy =
2+ '711,th2 = 22 ++2, and have
Lphy =0, Lgahg =0,
o0v?

1
L 4o,

LaLshy =1, LaLgho = —=
gt f gt f 622

which implies the starting vector depends on the unknown function v?. Without
the knowledge of the starting vectors, it is difficult to construct the vector fields to
be rectified. Therefore, it is desirable to develop a new definition for the starting
vectors which can be solved directly.

Relative to an OF, the extra freedom introduced by a BTOF is evident. For a
two-output system with indices (2,2) to be transformed into an OF, the necessary

conditions are
[adﬁfgl,adifgj] =0, 0<ks<11<],j<2
On the other hand, transforming to a BTOF does not require
[ad{”_fgl,gl] = 0. (3.26)
Instead, this condition is replaced by
[ad’ifgl - Lgl'yfad_fgz - nggg"’,g‘] = 0. (3.27)
Allowing the dependence of functions 42,2 on 2] makes (3.27) easier to satisfy.

3.3.2 Construction of Vectors

Starting vectors The previous example shows how the derivation of the starting
vectors in the BTOF coordinates is not straightforward. However, we can simplify
the derivation using a parameter assumption. That is, when calculating L’}hl,O <

k€ M —1,1 <1 < i for the ith subsystem, the outputs of lower subsystems
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Yji+1,p) are treated as parameters. This new assumption can be made without loss

of generality. Imposing the assumption we have

Lyhy = 25+,

i 1> i
Lf 1hl = Zf\i + Ql(z<z 1>’2[1,,\i_1];y):

and L’}h; =0for 0 < k< N\ — 1,5 <1< p. Hence, the starting vector ¢g¢ = 6_3;
follows its traditional definition [165, 109]

LyLbhy =610k 01, 0<k<N—11<I<p (3.28)

It is worth noting that in the BTOF case, ¢ is solved from i); equations since the
last (p — i)\; equations are trivially satisfied, while the number of equations for g
is pA; in the OF case. There is more freedom in choosing the starting vectors for
the BTOF than for the OF. Given a system in Observable Form, a typical solution
of (3.28) for the starting vector g¢ is

9=+ 0e() 5> (3.29)
Oy, S Oz},

where g} (z) is an arbitrary smooth function of z. The unknown functions g} (z) is

result from treating Yli+1,p) 3 parameters.

Unit vectors Next we discuss the construction of unit vectors given the starting
vector ¢* defined in (3.28). For the ith subsystem, we proceed as in the example

system (3.25) and construct 77} from g* and f

nii = gi)
P A k
. . ok o (3.30)
ny=ad_srip =~ D 237‘ 54 LSssa-l
k=it1 1=1 OPs+1 94

When i = p, we have 7} = adj\_"f_kgi,l < k < A, Since 7}, has dependence on
<l<

in advance whether n}; are unit vectors. Also, it is not clear whether 'y}'c, 1<k<

unknown functions 'yfc, 1€k Ai+1 p, it is impossible for us to verify

Ai, 1 €1 < p solved from (3.30) ensure that the Jacobian matrix defined by

Q(C): (77]1.,"' »77,1\1,"' 77711)a"" )‘p)

is nonsingular.
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3.3.3 Main Result

Given the starting vectors and the unit vectors defined by (3.28) and (3.30) respec-

tively, we state a theorem for existence of a BTOF without Assumption 3.1.2.

Theorem 3.3.1. Let systern (2.1) be locally observable in Uy C R™ with indices
Ai, 1 <@ < p. There exists a state transformation z = ®(() defined locally such that

in the new coordinates, system (2.1) is of the form (3.1) if and only if in Uy
(i) for 1 < i< p, there exists a starting vector g* satisfying (3.28);

(i) there exist functions 7,1 < k < A, 1 < i < p such that n vectors niy, 1 <1 <

i, 1 <1< p given by (3.30), are linearly independent and commute:

i4) the functions vi,1 < k < A, 1 < i < p satisfying Condition (ii) are such that
k

Lyihy = k0015, 1<k<A51<i,I<p.

The transformation ® is the solution of the n? PDEs

99(¢)
| o¢
Remark 3.3.2. The BTOF coordinates are globally defined if the system is globally

Q) = In. (3.31)

observable, the theorem conditions hold in R™, and the vector fields 7%,1 < r <

Ai, 1 €1 € p, are complete. |

Remark 3.3.3. The unknown functions g}, (defined in (3.29)) and 'y; are restricted
by Conditions (ii)-(iii). To simplify computation, the starting vectors can be typi-

cally taken as g* = 5;:@,-— in the observable coordinates. O
A

2

Remark 3.3.4. Unlike the OF case, the vector fields a.dr_fgi, 1<r<A1Igigp
are linearly independent. This is guaranteed by the observability assumption on the

original system and can be verified by

dhy 10 00

: x 1 00
aLY 'hy | ) = :

I 1 Q(C)_ : H

: * 1 0
dL?P“th * * 1
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where
A - Ap—1
() = (ad¥ g, gty ,ad g, g7))
However, we cannot arrive at the same conclusion if Q(¢) is replaced by Q(¢). O

Proof: Necessity: Given the system in BTOF, the starting vectors are.taken
as ¢* = n}'\i = 5%.-, 1 € ¢ £ p. It can be verified that the starting vectors satisfy
(3.28) provided the outputs of the lower subsystems are treated as parameters.
Furthermore, the vectors n%,1 < k < A;,1 < 4 € p can be calculated as proposed
in (3.30). The vector fields 7},1 < k < A, 1 < @ < p are unit vectors and therefore
commute. Hence, Condition (ii) holds with some functions 4%. On the other hand,
according to the expression of & in BTOF-coordinates we conclude

oh;

6zfc

= (dhs,nk) = Ly hs = Seadis,

for 1 € k < X, 1 < i < p. The necessity of Conditions (i)—(iii) is therefore shown.

Sufficiency: To prove the sufficiency, we need to verify the existence of the state
transformation to BTOF coordinates and f, h under the new coordinates is in BTOF
(3.1). According to Conditions (i)—(ii), we can construct the vector fields 7,1 <
k < M,1 < i < p. Since Lie bracket conditions (ii) hold and the vector fields are
linearly independent, the Simultaneous Rectification Theorem ensures the existence
of a state transformation ®(¢) which rectifies 7% into a unit vector field. Induction is
employed to verify the expression of f in the new coordinates. According to (3.31),
the starting vector of the pth subsystem is denoted as 3—35; in BTOF-coordinates.
Following the standard approach in Section 3.1, it can be verified that the dynamics
of the pth subsystem is written as fP = AP2P + 4P(2<P~1> ;7). The dynamics of
the other subsystems, denoted by f%,1 € i < p — 1, have no dependence on the
pth subsystem state z¥ except on its output z§. We assume the last p — ¢ + 1
subsystems’ dynamics have the BTOF structure in the transformed coordinates
and check the expression for f¢ in the new coordinates. Denoting the unit vectors

nt = a%f’ 1 € k € A and considering (3.30) we have
k

gt =1k - 30 Y Ay
- ; k
k=i+1 i=1 3z§+1 0z
Oyk
3 F) ’Yl 3 <s< N 1,
Zk k=it+1 =1 zs+1 2y
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for 1 € k € A; — 1, which implies that

aft |1, s=k,
azfﬂ_l 0, 1<s< \ijs#k,

j
&:0, 1<s< A
0244

Similarly, we can verify that 4¢ depends on 2<*"1> 2% y; = z{,i +1<7<p, and
have fi = A'z* + +'. Enumerating i from 1 to p, we can verify the expression for
f in the new coordinates has a BTOF structure. Condition (iii) can be applied to

verify the expression for h in the new coordinates. O

Remark 3.3.5. Theorem 3.1.4 gives conditions which are very similar to the result
we can obtain by following the generalized characteristic equation approach taken

in [74]. Both are based on the construction of n functions ~. a

3.4 Observer Design Examples

We consider the observer design for a Lorenz system

. a(¢2—G1)
(=fO={p01-C-CG |,
€162 — (3 (3.32)

y=10 = (%),

where ¢ = (¢1,¢2,G)T, ¥ = (y1,52)7, and 0, §, p are constants. Provided that o # 0,
the system (3.32) is globally observable with the indices (2,1). The conditions of
Theorem 3.1.4 are satisfied and the transformation of the first subsystem is a linear
transformation of the observable coordinates a:; = Ljr_lhi: &' = (21, z3+(c+1)z})T.
The system in BTOF coordinates is

010 —(o+1)2}
z2=100 0 }z+ ozt (p—y2—1)
000 L(2l2] — (2])? - 0622)

Al 0 A
= 0 AZ z+ 72 )

The error dynamics for the first subsystem is LTI, and the second subsystem has
error dynamics

z 2, 1 g,
32 =127 4 ;2%2%.
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Applying the observer (3.21) we require the disturbance term to be globally Lipschitz
in 23 for GES. This condition is satisfied as 2] is bounded for any initial condition.
For the simulations below, the observer is implemented in the {-coordinates and we
take L! = (2,1)7,12 = 1.

In order to demonstrate the usefulness of a BTOF-based approach, we compare
it to a generally applicable method in [82]. We take the parameters ¢ = 10,0 =
8/3, p = 28 and design the observer about the equilibrium

Cel = (\/6(p - 1)’ \/6(p - 1)ap - l)T'
The system matrix of the linearization F' = %g((el) has a spectrum
A(F) = {0.09396 + 10.1945i, —13.8546}.

These eigenvalues lie in the Poincaré domain and are non-resonant {5]. We choose
A such that its eigenvalues are type (C,v) w.r.t. A(F). This is achieved with A =
diag(—v/2, —v/3, —1). Recall, an n-tuple s = (u1, ..., tn) of eigenvalues belongs to
the Poincaré domain if the convex hull of the n points (u1,. .., #,) in the complex
plane does not contain zero; the n-tuple u of eigenvalues is said to be resonant
if among the eigenvalues there exists an integral relation of the form uy = (m, u)
where m = (m1,...,mp), mg 2 0,> . mg > 2; given an nxn matrix F with spectrum
A(F) = p and constants C > 0,v > 0, we say a complex number « is of type (C,v)
w.r.t. A(F) if for any vector m of nonnegative integers, |m| = Y i, m; > 0, we

have
C

Im|””

As the conditions of [83, Main Thm.] are satisfied, there exists a local diffeomor-

|k —m-Al >

phism & which transforms the system into 6 = A9 — B(y). We choose 8 to have

degree two and compute

—11y; 4 40y
g = 270y1 — 10y192 )
y1 — 8/3ys — 0.9(y1)?

—0.4447  4.6703 0.2960
oM = | 14.8084 194072 -17.6194 |,
0.3654e-1 —0.3058 —0.4306e-1
0.7364e-1  0.6010  0.4917 02279  0.1344 ~0.2271
o = 0.7262 3.0887 2.1235 0.8475 1.4636 ~0.9013 | ¢®,

—0.1245e-1 0.984%-1 0.5056e-1 0.3176e-1 0.7445e-1 —0.2582¢-1
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where (13 = (((1)2, (C2)?, (¢3)2 182, C1G3, C2(3)T-

Figure 3.1 shows trajectories of the 2-norm of the error for both observers for

three initial conditions

ICL:  ¢(0) = (6v2 — 2,6v2,27)7, ¢(0) = (6v/2,6v2 — 1,27)7,
IC2:  ¢(0) = (6v2 — 3,6Vv2,27)7, ¢(0) = (6v2,6v2 — 1,27)7,
1IC3: ¢(0) = (0.1,0,0)7, ¢(0) = (10,10,10)T.

We make a number of observations. First, as expected, the BTOF-based observer
converges for all initial conditions. Second, the observer from [82] is local and its
convergence depends on which equilibrium point the observer is designed about and
the choice of 3. Some experimentation was performed to optimize the region of
attraction by varying 8. However, this is an unguided empirical process which led

to local convergence in all cases considered.

T T T T T T T T T
6 4
). L
14 16 18 20
’U T
L 1 A
14 16 18 20
T T T T T T T T
e 7]
I 1 el I S I L
2 3 4 5 6 7 8 9 10

Figure 3.1: 2-Norm of estimate error for BTOF (dashed line) and observer in
[82](solid line). Each graph corresponds to a different initial condition.

Other examples to demonstrate the usefulness of the proposed approach include
a simple MAGLEV system (2.43). For the indices (2,1), system (2.43) is already in

BTOF provided we include input dependence into fyf. A semi-global observer based
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on Remark 3.2.11 is applicable if we assume the system state is bounded:

21 0 1) ~1 0 1 1.1
T = T+ 2 | +L -C'z
(0 0 g— TTIIL((!:I:I)z (yl )7

. ) 1327(.'17“1) rl
52 nTy 2 1 2 252
] = u+1! cz

1 9 % | ( %)2 % ro 1(y2 )a

where o (-) is a saturation function. We remark that an OF does not exist for system
(2.43) for x3 appears in the dynamics of z2-subsystem. Further, we note that the ap-
proach given in [82] cannot be applied as the spectrum of the system’s linearization
F= %g(ze) about any equilibrium point z. is not type (C,v) w.r.t. A(F), i.e., the
last condition of Main Theorem in [83] is not satisfied. Other industrially relevant
examples for which the BTOF-based design is suitable include: a Synchronous Mo-
tor [109, Sec. 1.10.10] with y = (8,44,45)7 and indices (2,1, 1), a Permanent Magnet
Stepper Motor [40, Sec. 3.2] with y = (g,41,%2)7 and indices (2,1,1), a Brushless DC
Motor [40, Sec. 4.2] with y = (g, i4,%,)” and indices (2, 1,1), and a Ball-and-Beam
system with y = (¢,7)7 and indices (2,2) provided a time scale transformation is
used for the first subsystem [139, 156]. A straightforward application of the results
in this note yields the BTOF coordinates for the above examples. Evidently, for
systems which admit a global BTOF, such as the practically relevant ones consid-
ered in this section, a BTOF-based observer has significant performance benefits
including error dynamics which are GES in BTOF coordinates. In this case, the
error dynamics are GAS in the original coordinates. If the inverse map { = 6(z) is

globally uniformly Lipschitz in z, then the error dynamics are GES.

3.5 Summary

In this chapter, we first discussed the existence conditions of a BTOF for unforced
nonlinear multi-output systems. Theorem 3.1.4 removes the upper subsystem state
parameter assumption to provide existence conditions. Two counterexamples were
provided to demonstrate the difference from the existing work [134, 139]. Condition
(iii) in Theorem 3.1.4 is imposed as a parameter assumption. This simplifies the
derivation and presentation of the BTOF existence conditions. Theorem 3.1.4 was
extended by removing the parameter assumption and new existence conditions of a
BTOF were provided in Theorem 3.3.1. Since the vector fields to be rectified depend

on unknown functions, conditions in Theorem 3.3.1 were presented as the solvabil-
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ity of PDEs which cannot be verified as easily as those in Theorem 3.1.4. Next
BTOF-based observer designs were studied. The BTOF allows an established EEL
observer design method to be generalized to a larger class of multi-output systems.
Observer design proceeds in a decentralized manner, starting with the uppermost
subsystem. Designs for each subsystem effectively treat upper subsystem states as
known measurements and are relatively simple given their reduced dimension. The
zero solution of the error dynamics was shown to be GES in Theorem 3.2.4 under
the global Lipschitz assumption on -y. The global Lipschitz assumption was removed
and the semi-global stability of the error dynamics were established in Theorem 3.2.9
by using a saturation technique. Examples illustrated the construction of the BTOF
coordinates and the advantages of a BTOF-based design compared to a generally

applicable method in [82].
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Chapter 4

Time-scaled Observer Form
(TOF)

In the previous two chapters, we presented the BTF and BTOF coordinates in
which observer design became simplified. These coordinates are generalization of
the Observer Form (OF). In this chapter we also consider a generalization, but take
a different approach; we show that a time scale transformation can be combined
with a state transformation in order to generalize the OF. Recent work in [52,
132] incorporates an output dependent time scale transformation for single output
nonlinear systems. The extension to multi-output systems form has not appeared
in the literature to date. Compared to the time scaling of the single output OF, the
multi-output problem allows distinct time scale transformations for each subsystem.
We take a different approach relative to {132] in order to simplify the derivation of
the existence conditions. This difference in approach is largely due to different time
scales for the subsystems.

This chapter considers the existence conditions for a Time-scaled Observer Form
(TOF). In Section 4.1 we present two motivational examples and introduce the TOF.
In Section 4.2 we discuss both single and multiple time scale transformation cases,
and propose the existence conditions of TOF. A comparison between TOF and OF
with output transformation [85] is made in Section 4.3. TOF-based observer design
ensures global exponential error convergence in the transformed time scales. In
Section 4.4 we derive conditions on time scale transformations to preserve global

exponential stability in the original time scale.

74



4.1 Problem Statements

A significant amount of work has been performed on the use of time scale trans-
formations for control design [137, 131, 51]. Early work on time scaling for control

in [137] considered a single-input control affine system

d
B =f(O+g(Qu, C(ER"ueR

which is state feedback linearizable in a new time scale. Recall, that a system is said
to be locally “state feedback linearizable” if it is locally equivalent to a linear system
in Brunovsky controller form by a smooth state feedback u = k(¢) + 8(¢)v, 8(0) # 0
and a local diffeomorphism z = T(¢), where v denotes the auxiliary input. In order
to generalize the class of single output systems which admits an OF, an output
dependent time scale transformation was introduced in [52, 132]:

dr

T = sy() > 0, 7(to) =, (@)
where s(y) is a non-vanishing positive smooth function, called a Time Scale Function
(TSF). A TSF uniquely defines a time scale transformation; for simplicity of pre-
sentation below, we do not distinguish between a TSF and its associated time scale
transformation. As well, we ignore the initial conditions 7(tg) = 7y since they play
no role in our application of the TSF. For the single output case, work in [52, 132]
considered the problem of finding a TSF and change of state coordinates z = T(()

to locally transform (2.1) into OF in 7 time scale

dz
y=Cz.

When this transformation is possible, a Luenberger-like observer in 7 time scale can
be designed

dz . A

T =Abt v(y) + L(y — C2),

which yields a LTI error dynamics system in 7 time scale.

4.1.1 TOF Problem

For the multi output case, we consider distinct time scale transformations for each

subsystem
d X
7;—’ =si(y(t) >0, 1<i<p (4.2)
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We define the TOF as an OF in the new time scales

d_‘zi_Aizi+ z( )
dr; YW i<igo, (4.3)
yi=Cizi’

where Af, C* are given in (1.7). The ith subsystem in the TOF coordinates and ¢
time scale is given by
2 =si(A'Z +4'(y)),
. L1 p,
yi =C'2",
where s; abbreviates s;(y(t)). Collecting the p subsystems in TOF in the original

time we denote the system dynamics as

(4.4)

y=0Cxz
where S = Blockdiag{siIy,," - ,spls,}. Note that the difference between the multi-
output and the single-output TOF lies in the matrix S. This difference leads to an
alternate and more straightforward approach to deriving the TOF existence condi-

tions. Given TSF (4.2) and TOF (4.3), we then formalize the problem of transfor-
mation to TOF.

Definition 4.1.1. The nonlinear system (2.1) locally (globally) observable w.r.t.
indices A;,1 < 1 < p in Definition A.0.1 is said to be locally (globally) transformable
to TOF (4.3) if there exists a local (global) diffeomorphism z = ®({) and time scale
transformations (4.2) such that the transformed system in 7,1 < k& < p time scales
is

% = s-l-‘?%f—)sf = Az +1(y), (4.5)

where
dz!

dry
d o
Z=|: | f=s7r1
dr wor

e

a

System (2.1) is transformable to TOF (4.3) if and only if there exists a change
of coordinates z = ®(¢) and time scale transformations (4.2) such that the system

in the ¢ time scale is given by (4.4).
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4.1.2 Motivational Examples

The following two examples illustrate that distinct time scale transformations for

each subsystem allow for an important degree of freedom in the multi-output case.

Example 4.1, Consider a two-output system in Observable Form with observability

indices (2,2) corresponding to the output y = (y1,%2)7
3
. _ | (@2)? + 7323
= 2 5

(4.6)

We can verify system (4.6) is not transformable to OF since ¢!, ¢? have terms

(73)%, z3x%, (z3)2. We introduce the time scale transformation (4.1) with s(y) =

e¥'t¥2 and rewrite system (4.6) in the 7 time scale

dzx 1 A
E}_—Ef—f’
y = h(z),

where s is an abbreviation of s(y). Applying Theorem A.0.2 with f replaced by f ,

we solve the starting vectors

N I 3
g = 61:%7 g = 6.’1,'%,

and verify that the Lie bracket conditions (A.2) are satisfied
[ad’jfg',adl_fg‘I] =0, 0<kl<L1<rg<2

We solve PDEs (A.3) for the new coordinates

.’111 .’112
o(z) = (a1, 22,23, 22T, @)

in which system (4.6) is a LTI OF

dz

— = A

dr %
y=0Cz.
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Example 4.2. We modify the dynamics of the system (4.6) by taking

2

&y = (1"%)2 + x%“”lv

NN N

&% = (23)% + 1.
Using the results provided below, we can show the system cannot be put into an OF
using a single time scale transformation and a state transformation. If we introduce

a different time scale transformation for each subsystem

dT1 _ _ .0
di - Sl(y) =€,
dr

2= saly) = e,

the system in the new times can be put into OF

0
dz e~ Wiy s
-d—; = Az + 0 ,
e~y
y=Cz
with the local diffeomorphism
z3 x2
®(z) = (21, 2,27, =), (4.8)
81 82

4.2 Existence Conditions

We first present the existence conditions for a TOF when each subsystem has a
different time scale transformation. Then necessary and sufficient conditions for
a TOF with one time scale transformation are given. These last conditions are

presented in a similar form to the established result for OF [167, 132].

4.2.1 Multiple Time Scale Transformation Case

Theorem 4.2.1. Assume the nonlinear system (2.1) is locally observable w.r.t.
indices A;,1 < i@ < p in Definition A.0.1. The system is locally transformable to
TOF (4.5) if and only if in Uy
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(i) the TSF of the ith subsystem (4.2) satisfies the PDEs

. 1 0s; P 0s;
dL L7 h; = — [ Iy, —dLsh; + (1), — 1 -dLsh,;
A *’621 rhi+ (b )jzlzj;éi 2] 1% (4.9)

mod {dy}, 1<i<p,

where

k(k—-1)
2

and g* is the starting vector field in the original time and defined by (A.1);

(i) Qi=Q:;N Q;

Iy = +1, 1Kk A,

(iii) the Lie brackets conditions are satisfied

1<r <Ay
[nﬁ,ni] =0, ¢1<s< N (4.10)
1<14,l<p,
where for 1 < i < p,
. ) 1 . .
m=8, ni=_ad_mj, 2<j<N (4.11)
1

and §¢ are the starting vector fields and defined by
LyLkhy = s 16510, 0<k<A-151<I<p (4.12)

The transformation z = &(() is the solution of the n?> PDEs

o
B(CO (Uil,,ﬂi,,ﬂﬁp,»ﬂf)=fn (413)

Remark 4.2.2. The TOF coordinates are globally defined if the system is globally
observable, the theorem conditions hold in R™, and the vector fields 77;'-, 1<€j<
Ai,1 < 4 < p are complete. The transformation ®(¢) can be constructed from the
composition of flows of vector fields 77;-, which is globally defined if the vector fields

are complete. O

Remark 4.2.3. Given the nonlinear system (2.1) in Observable Form, we know
L’}"hi = ¢i(z),¢' = 6/63:3‘1,, and Lehy = z5,1 < k < p. We therefore reformulate
Condition (i) as

g (z) _ U 9si

Bzgaxf\i T s Oy

?pi(x) Uy —10s

) , 1<k<pk#i
ozkozl s Ou Spk#
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Since s; > 0, we introduce the change of variable x; = In(s;) and rewrite PDEs

8#67; _ Zﬁ‘p}c,z(‘r)v k 7& i;
where 4,0};’1. = 0%¢'(x) /81’2‘8:23\1,. A solution of k; exists if and only if

02k, Ok,

dy;0ux  Oykdy;’

which imposes conditions on ¢(x):

80 (x 8yt (x

wk,’LF ) _ (p],z( )7 j;é ’L,k 3& ’L',
9y; Oy

i&ﬁz,i(f) 1 9y(a)

l)\i ayj - l)\i -1 ayi '

k=14,j %1
O

Remark 4.2.4. From definition (4.12), we know §° = sf‘i“lg". Note that the

following fact will be used to prove Theorem 4.2.1

oS
dhi—(Az+~) =dh; BS S1S(Az +7)
021 021 S ——
f
0s; 1
= az’:i 's_i(OIXU.'..la 1)01)((11—-!/,‘_1-1)).)"
(9.3,' 1
= ——VL¢h,.
0z} siLf ¢

O

Remark 4.2.5. Condition (ii) guarantees the solvability of the starting vectors

[167]. This can be illustrated by considering a LTI system with observability indices
(2,1)

(8-
ha(¢) :
The starting vector g' cannot be solved from

dh1(¢)

0 dhi(¢) 100
L) | |1 with | 4££71(O) 010
dh2(¢) o’ dha(() 00 1)’
dL the(C) 0 dL thy(C) 011
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since

dhy () 100
Q1= | dh2(¢) =<0 0 1],
dLha(C) 011
dh1(¢) 100
Q=[dLsm(Q) =(0 1 0],
dha(Q) 00 1
()

rana=(9)-( 8 )

which violates Condition (ii). Hence, the system is not transformable to OF by a

linear coordinate transformation. Including a change of output coordinates allows

transformation to OF. O
Proof: Necessity: Taking o} = 8/ 8z,\ ,1 £ ¢ < p and following the definition of
nt given by (4.11), we verify
; 8
p=——, 2K k<AL
K 923, k11 '

Since nfc,l < k € A, 1 € @ € p are unit vectors and commute, the Lie bracket
conditions (4.10) are necessary. Next, we derive the definition of the starting vector
§* (4.12). Since § = n,1 < i < p, we have
ohy
02},

=0= Ly =0, 1<I<p.

Further computation gives

Oh
aziil_l <dhl’772> = <dhl)_[ f7 ]>

" 1 i
== (deh,,g1> — —Lg(dh;, §*)
Si S

0=

1
= —L:;Lsh
s; gt fil,

for 1 <! < p. Having shown the k = 0, 1 cases we can use induction to show

kB —0 0<k<A-21<I<p,

1 T
c’)zA

sif“% siTl k=XA-11<1<p.
31

Lkh = (4.14)

Hence, the starting vector §* satisfies (4.12). For the necessity of Condition (ii), it
is evident that @, N Q C @Q;. Thus we only need to show Q; C @ N Q;. From (4.14),

we have

Qi (g, ad Mgk = Qi (nfy i, on,) =0, 1<k <i-L
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Since 7f,...,m%,_,»1 < k < i — 1 are linearly independent and have dimension
S2L (M = Ag), we conclude

-1

rankQ; <m— Y (A —A) -1 =i\ + Z A — 1.

k=1 k=i+1
Considering @ is a nonsingular matrix, rank @; N Q = A + Zi:i s1 M -1 and
Q; € Q;NQ. We therefore complete the necessity proof of Condition (ii). To derive
the condition on TSFs, we first state the equations ensuring the existence of a state

transformation ®(¢), for L < i< p
ow ow

Sz'a7—l—=a _f—a_Ta ZSJS A‘L, (4.15&)
G~
ow o W .
Eazi (S(AZ+ ’)‘)) = ad_f 9z 7. ) J= ]'7 (4‘15b)
dhr% = b 1<i<Al<r<p, (4.15¢)
2%

J

where W = @~ 1(2). 0W/ Bzf\i is verified to be the starting vector since it satisfies
the starting vector definition (4.12). Substituting §* into (4.15a), we have

ow . ' .
By :nj\i"‘j‘i—l’ 1<j<A1<ig<p
J

The left hand side of (4.15b) is

ow o oW [0S Oy
81,

B o St = G (A S

Given the right hand side of (4.15b) in Remark 4.2.6, the multiplication of (4.15b)
and dh;(OW/8z)~! gives

Ai—1 .
Z] 1 J

‘L

9y
6 ‘L

dhia—S(Aer v)+dh;S—

/\,A
5 _dh” ad™ 3" +dh;

Ly(si)adX 1. (4.16)

According to Remark 4.2.4, we rewrite (4.16) as

Ai ——1
681 1 Z i
FER I PY) = —mr Lo gihi +

1 i

Lf(sz)L ogehe (4.17)
where p(y) = dh;S8v/8z: is some function of y. From [120, Lem. 6.15]

Ai—1 Ai—1
Ladt\_if_lgihi = LgiLfl hi =577,
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and from [64, Lem. 4.1.2]
— T TN,
Loy gohi = Ly L hi
Hence, (4.17) is rearranged as
Os; 1 A(Ad—1)1

1 N
321 —th + p( ) S)\i“]- LglLf hi - —2——‘ Lf(S-,,) (418)

i

Collecting the terms of (4.18) and taking the differential, we have

. 0s; P 0s
dLgi Ly hs = Iy,s} 28 dLphi+(Iy, ~1)s) 72 Y ’deh mod {dy}, (4.19)
J=1j#i
where y; = z’f, 1<k < p. Since §t = sA 1gt, we have

dLy LY hy = sM7 1AL LR, mod {dy}.

Plugging the above equation into (4.19), we have Condition (i).

Sufficiency: Given the TSF of each subsystem s; solved from Condition (i), it is
readily shown Conditions (ii)—(iii) are sufficient to guarantee the existence of a state
transformation z = ®(¢) which puts system (2.1) into TOF (4.4). This approach

was taken in the proof of sufficiency in Theorem 3.1.4. 0

Remark 4.2.6. Given (4.15a), we can compute 3W/32;'-, 1< 7 < A — 1 iteratively

and have
k-1 .
ow 1 4 g 25=1J k=15
o, gt _—k+l Ly(si)ad>}'g
span{ad’ fg O0<i<k-2}, 1<kgsMh-1
Further calculation yields the right hand side of (4.15b)
Xi—1
ow L o 26 11 . . ,
ad-fa_zi' = —t—gad’g" + I= Lf(Sz)a.dA 14t span{ad’ ;¢*,0 < j < A — 2}

‘I.

The previous two equations are independent of coordinates and hold provided a TOF
exists. Without loss of generality in the above proof we made use of a {-coordinate

representation in (4.15b). O

Remark 4.2.7. The multiple time scale transformation case has a different TSF
for each subsystem. This can be generalized by employing a TSF for each state, i.e.,
S = Blockdiag{si, - ,sn}, which leads to the multi-output extension of the output
dependent observability linear normal form in [173, 174]. A similar procedure can

be followed to obtain the existence conditions of this generalized TOF. O
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Example 4.2 (Continued) We recall Example 4.2 and verify the conditions of
Theorem 4.2.1, solve for a matrix TSF candidate using Condition (i), and compute
the state transformation. The functions LgiL?hi and dLsh;, i = 1,2 are readily

computed and Conditions (i) reduce to

— 681 681
2dzd = s7}(2—=dzl + —dz2) mod {dy},
2 1 ( A1 2 By 2) {dy}
_1,.039 Osg
2dz? = s;1(2=—=da? + —=dz)) mod {dy},
2 2 ( Bye 2 e 2) {dy}
which yield the PDEs
91 _ o Om_ 0 _, 0% _
dy. U By O dyi 0 By %
Hence, we solve the TSFs s; = ¥, s = €¥2. Computing
i) 0 i)
1_ 9 1_ 9 1 9
m= (9:1:%’ 2 ax% + Lo (9:1:%’
0 0 0
2 O 2_ 9 20
= 0x?’ 2 ox? + T o3
and verifying the Lie bracket conditions (4.10) are satisfied for 1 < r,s,4,! < 2, we
solve the state transformation (4.8) from (4.13). d

4.2.2 Single Time Scale Transformation Case
The existence conditions are given in the following theorem.

Theorem 4.2.8. Assume the nonlinear system (2.1) is locally observable w.r.t.
indices A, 1 < ¢ < p in Definition A.0.1. The system (2.1) is locally transformable
to TOF (4.5) if and only if in Uy,

(i) Condition (i) in Theorem 4.2.1 with s = s;,1 < 7 < p holds;
(i) Qi=QiNQ;

(iit) the Lie brackets conditions are satisfied

0<k<A-1;
[ad’i 747, ad fﬁ"] =0, 0<I< A -] (4.20)
lsrgs<sp,

where f = f/s, and §*,1 < i < p, are the starting vector fields in new time

scale and defined by

LgiL’;.hr =6k p-10ir O0SESN-11<r<p (4.21)
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The transformation z = ®(() is the solution of the n? PDEs

Q%%Q (adilf_lglv"' gt )ad'ipf‘lgp,... ,gp) — I, (4.22)
Proof: Condition (i) in Theorem 4.2.8 can be immediately obtained from Con-
dition (i) in Theorem 4.2.1 by taking s = s;. Given system (2.1) in the new time
scale, Conditions (ii)—(iii) in Theorem 4.2.8 are equivalent to Conditions (ii)—(iii) in
Theorem A.0.2. Provided the existence of a TSF, Conditions (ii)-(iii) in Theorem
4.2.8 are therefore necessary and sufficient to guarantee the transformation to OF

in the new time scale. O

Remark 4.2.9. Theorem 4.2.8 and its proof demonstrate its similarity to Theorem
A.0.2. Alternatively, we can show Theorem 4.2.8 by replacing the matrix TSF with
a scalar TSF in Theorem 4.2.1. We verify that §* solved from (4.12) is the same as
§* solved from (4.21), and ad'i}lgi =nt,1 <k < A, 1< 1< p. Thus Theorem 4.2.8
is proven. When p = 1 Theorem 4.2.8 leads to the same existence conditions as

stated in [132, Thm. 1]. a

Remark 4.2.10. For a fixed i, it can be verified by induction that for 1 < r <p

dLEh — s7'dLsh, mod {dh,}, k=0,
FT7 | s7kdLhh, mod {dL%h.,0<j<k-1}, 1<k<Ai-1.
We therefore conclude that § = s*~1g¢, where g¢, §* are defined by (A.1) and (4.21)
respectively. O

Example 4.1 (Continued) We apply Theorem 4.2.8 to solve a scalar TSF, verify
the conditions, and compute the state transformation. Given LgiLf,hi,dL fhiyi =

1,2 readily obtained, Condition (i) reduces to

0s ds
d(2z} + £2) = s71(25—dzi + =—dz2) mod {dy},
(223 2) ( E 2 e 2) {dy}
Os Os
d(2z2 + 1) = s71(2=——dz% + =—dzi) mod {dy}.
(225 2) ( £ 2 £ 2) {dy}
The above equations give the PDEs
0s  0Os _ s
dy1  ye

Hence, we solve the scalar TSF (4.1). Lie bracket conditions (4.20) are satisfied and

the state transformation is (4.7). O
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4.3 TOF and OF with Output Transformation

In this section we discuss the difference between TOF and OF with output trans-
formation [85]. Our discussion relies on a system (2.1) being in Observable Form

with indices A;, 1 € 7 € p. The starting vector ¢' = 0/0z% and conditions (4.9) are
A

Bgoi(z) 1 0s; ,
d Bxii —_——S—; Iy B —dah + (I 1)] ;#deg mod {dy}, 1<i<p

Performing coefficient matching of the above equation, we can solve s; only if ¢* is
affine in 7§ and the coefficients of z¥_ in ' are of the form o (y)z3 or aa(y). How-
ever, without the time scale transformation, the necessary condition for OF requires
no terms of the form al(y)zng\‘, in ', This illustrates a benefit of introducing a
time scale transformation. If A; = 1 and ¢*(z) has dependence on k> 2, no
TOF can be solved. We conclude this by verifying the conditions (4.23¢c) which are

written as
32 ‘Pi
0y, 0Y;

=0, j#1

If ¢ has lincar dependence on 1'%, introducing the output transformation leads to
the transformability to OF. On the other hand, if ¢‘(z) depends on y only, no
time scale transformation is required for the ith subsystem which is in OF already.
Transformation of the other subsystems to OF will not change the expression of the
7th subsystem dynamics. We therefore conclude that a time scale transformation is
not helpful when attempting to transform one dimensional subsystems.

We perform the comparison between a time scale transformation and an output
transformation by considering a multi-output system with observability indices Ay =
2,1 € k < p. Assuming the system is in Observable Form, gi = sia/azf\i, 1<igp
are unit vectors and commute. We expand [}, nf] = [s; *ad_ fg §¥] = 0 to derive

necessary conditions for a TOF:
[ tad_ g, ""] = [ad_fgi - Si_lLf(Si)gi,Skgk]

= st [ad_ 0", *| + Laa_ g (s0)0" + [—s;lLf(s,-)g*‘, sxd"|

g o g 0
+ Lgi Ly (s + L L¢(s;
[Z i 031+ oy ay} slon)ge + 5 Laks(oild

_ 2”: 0% 8 L 0% 0 sk0si 8
01; 0y Byz By; Oyk  si Ok Oy’
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which yields the PDEs

0%t 2 sy
208 4.23a
oy s Oy (4.232)
a2tpk 1 Osy
— - =0, k#i, 4.23b
0%iOyx sk Oy; # ( )
82(,01
—— =0, [#kl#1, 4.23c
000 £kil# ( )

for 1 < {,4,k < p. For the output transformation case, we define the output trans-
formation § = ¢(y) = (¢1, - ,¥p)? and compute
O g S % o
Z oy ¥ z Z Byrdy; Uk
k=11i=1
For a system transformable to OF with output transformation we require

Z 6"»01. 62 ! 6271’12
oy 5yk6yz 0y Oyx

=0, i#k,
(4.24)

2l 2,0,
Zawza 2P o ik

oy ayz 8y.2
for 1 < i,k,l <p. Comparmg Conditions (4.23) and (4.24), we have the following

observations

1. When p=1,1ie., 9=k =11in (4.23) and (4.24), the conditions are equivalent
since s; = OY;/By;. We recover the result in [132] that an output transforma-

tion is equivalent to a time scale transformation for a two dimensional system.

2. In general, an output transformation is not equivalent to a time scale transfor-
mation even for a p-output system with observability indices A, = 2,1 < k < p.

This demonstrates a difference between the single and multi-output cases.

Next, two systems exemplify the difference between TOF and OF with output trans-

formation,

Example 4.3, Consider an observable system with indices (2,2, 2)

zy + i (y2)
vé(y)

552 + '7’1 2(y1)
V3 (y)

932 (4.25)

:c2:c2 + :c%

]

y= |z}

3

H
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System (4.25) is not transformable to OF without output transformation since z3z3
appears in 3. Since conditions (4.23c) do not hold for I = 3,4 = 1,k = 2, system
(4.25) does not admit a TOF. This is consistent with the conclusion from checking
the conditions in Theorem 4.2.1. However, we can solve an output transformation
3 = Y192 — 2y3, and the system with new output y = (z},2%,43)7 is transformable
to OF. O

Example 4.4. Consider a system in Observable Form with indices (2, 2)

25

1,1.2 4 .2/.1\2
17375 + 71(x3)
a3
1.2.2 . 1/.2\2
TaxiTs + T1(T3)

= () = ()

System is not transformable to OF since (z3)2, 232, and (22)? are present in ¢!, ¢?.

?

(4.26)

We apply Theorem 4.2.1 to investigate whether system (4.26) admits a TOF. The

starting vectors are trivially solved as g1 = 8/0xz3, g> = 0/0z% and we have
Ly L3hy = z125 + 2233,
LpL3hy = 2iz) + 22123,

With Lshy, = z§, k = 1,2, Condition (i) in Theorem 4.2.1 is applied to set up the
PDEs

9 ___ 1 681 _ 1 681
2= oy’ = Oy’
2’!/ 1 682 y 1 682
1= ————, Yo=—7".
52 0y 82 Oy1

Solving the above PDEs gives TSFs
81 = 82 = e¥?y,

With s; = s, Theorem 4.2.8 can be applied. Since g¥,k = 1,2 exist, Condition (ii)
holds. Defining f = f/s1,8* = s1g%,k = 1,2, we verify Condition (iii) as well. We
therefore know system (4.26) is transformable to a TOF. On the other hand, system
(4.26) cannot be put into an OF with an output transformation since no output

transformation satisfies PDEs (4.24). O
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4.4 Error Dynamics Stability

Assuming the existence of a TOF and considering the Luenberger-like observer in

TOF coordinates and the new time scales

43
Zi; = Az +(y) + Ly — C%), (4.27)
we have the LTI error dynamics
dz .
a; = (A - LC)Z,

whose zero solution is GES. The error dynamics of the ith subsystem in the original
time scale is written as

7 = si(A* = L'CY) %, (4.28)

which is LTV. We study the stability of the error dynamics (4.28) by examining the
stability of the LTV system

é=o(t)Ace, oft) >0,Vt > to, (4.29)

where e = (1, ,€,)7, and A, € R™™ is Hurwitz. Since the observer gain allows
for arbitrary eigenvalue assignment, A, is assumed diagonalizable. We first give the

stability result of (4.29) when n = 1.
Proposition 4.4.1. Given a one dimensional system
T = —op(t)r, =zo=2z(tg),oc >0,0(t)>0,Vt > tg, (4.30)

its equilibrium point x = 0 is GES if and only if there exist positive constants tg,To,
and ¢ > 0 such that
t+Tp
/ o(E)dE > €, Ve3> to. (4.31)
t

Proof: For the LTV system (4.30), its solution is
a(t) = e 7 o % 54y (4.32)

Sufficiency: From Condition (4.31), we have

(S50« o< (£520).
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Substituting the above equation into (4.32), we know
c1e ™ (to)| < Ja(t)] < cae™ 0z (to), (4.33)

where ¢y, m are some positive constants, and ¢z = exp(oe/Tp),! = oe¢/Tp. Hence,
the equilibrium point & = 0 is GES and the sufficiency of Condition (4.31) is shown.
Necessity: Since the origin = 0 is GES, the system trajectory satisfies (4.33)

where ¢y, c2,m, ! are some positive constants. Combining with (4.32), we have

t
/ o(6)d€ > c3(t — to) —cq, VE 2 to,
to

where ¢3, ¢4 are some appropriate positive constants. Letting Tp > ¢4/c3 and € =

c3Tp — ¢4 > 0, and computing the integral from t to ¢ + T, we have

t+To
/ o(€)dE > €, VE2 to.
t

Thus the proof of the necessity is completed. O

Proposition 4.4.2. The equilibrium point e = 0 of the LTV system (4.29) is GES
if and only if there exist positive constants tg, Ty, and € > 0 such that Condition
(4.31) holds.

Proof: Since A. is assumed diagonalizable into A; = Diag{o1, - ,on} by a
linear transformation & = (&1,...,&,)T = He, system (4.29) is transformed into n

decoupled scalar systems
éi = "‘Uig(t)é’ia 1<i<g n,

whose equilibrium points g, = 0 are GES. According to Proposition 4.4.1, condi-
tion (4.31) is necessary and sufficient to ensure e; = 0 is GES. O
Finally, we state the theorem without proof for the stability of the error dynamics

(4.28), 1<i<p.

Theorem 4.4.3. Assume system (2.1) is globally transformed to TOF (4.3). Given
the observer (4.27) with A — LC Hurwitz, the zero solution of the error dynamics
in the original time (4.28), 1 < 1 < p, is GES if and only if there exist positive
constants to, Ty, and € > 0 such that Condition (4.31) holds with o(&) replaced by
si(y(§)).
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Remark 4.4.4. A non-vanishing positive TSF is necessary and sufficient to preserve

the error dynamics stability in the sense of Lyapunov. For a LTV system
T = A(t).’L‘, .’L‘(to) = Z0,

z = 0 is a globally uniformly asymptotically stable (GUAS) equilibrium if and only
if z = 0 is an GES equilibrium point. Hence, GUAS is guaranteed by Condition
(4.31). 0

4.5 Summary

The TOF for uncontrolled nonlinear continuous-time systems was considered in this
chapter. The multiple and single time scale transformation cases were considered
and necessary and sufficient existence conditions were provided in Theorem 4.2.1
and Theorem 4.2.8, respectively. For each case, the unit vector fields are con-
structed differently. Compared to the existing single output time scaling work in
[132], the proof of Theorem 4.2.1 does not directly make use of the OF result. On
the other hand, Theorem 4.2.8 can be shown by directly applying the OF result and
is therefore analogous in method to the single output time scaling case. Since the
time scale transformation affects the error dynamics stability, necessary and suffi-
cient conditions on TSFs to preserve GES and GUAS of the error dynamics were

presented.
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Chapter 5

Time-scaled Block Triangular
Observer Form (TBTOF)

In Chapter 4, a time scale transformation was considered to enlarge the class of
systems admitting OF in the new time scales. In this chapter, to further broaden the
class of systems allowing EEL design, we proposes a Time-scaled Block Triangular
Observer Form (TBTOF) by incorporating time scale transformations with a BTOF.
Thanks to its block triangular structure, the TBTOF is more general than the TOF
considered in Chapter 4. The TSFs do not necessarily depend on outputs only.
Instead, for the ith subsystem, the T'SF can be a function of the upper subsystem
states 2¥,1 < k < i— 1 and outputs y,1 < k < p. A system is in TBTOF if in new
time scales there exists a state transformation to BTOF. Theorem 3.1.4 is applied to
establish the existence conditions of a TBTOF. Since each subsystem is transformed
into BTOF sequentially while leaving the upper subsystem unchanged, similar to
the single time scale transformation case in Section 4.2, we derive the necessary
conditions on the TSF of the ith subsystem. The motivation for considering the
TBTOF originated from [135] where it was briefly described.

In Section 5.1 we consider TSFs and the TBTOF. The TBTOF existence con-
ditions are given in Section 5.2. In Section 5.3 we discuss TBTOF-based observer
design and error convergence. Section 5.4 presents a Ball-and-Beam system and
a mathematical example which admit a TBTOF but not a BTOF; TBTOF-based

observer designs are given.
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5.1 Problem Statement

Theorem 3.1.4 requires that the original system in new time scales must be in
BTF. This fact imposes restriction on the form of TSF for each subsystem. For
the ith subsystem, its TSF can only depend on the first ¢ subsystem states and
all outputs. On the other hand, a TSF should only depend on measured signals
for the purpose of observer design. Considering the observer design for a system in
BTOF is performed sequentially, for the ith subsystem, the previous ¢ — 1 subsystem
states can be treated as measurements since the convergence of the error dynamics
of the first i — 1 subsystems can be established independently. Hence, a time scale

transformation for the ¢th subsystem is taken as

dr; i )
= =55 ), 1<i<p, (5-1)

Similar to the TOF case, work in [157] chose an output dependent TSF for a TBTOF
which led to a straightforward analysis of the error dynamics stability. However,
the generalized form (5.1) provides an additional degree of freedom in design. This
will be illustrated by the mathematical example in Section 5.4,

After introducing the time scale transformation (5.1), we define the TBTOF

whose ith subsystem is
2= si( Al ),
- 1<igp, (5.2)
Yi — sziv

where 7¢ = 4} (2<071> 24, Yli+1,p)- This subsystem can be expressed in BTOF in 7;

time scale Ly
2 .o .
= A% i
an PP 1<igo (5.3)
Yi = Cizt.

Provided that a TBTOF exists, observer design in the new time scales can be per-
formed as described below in Section 5.3. We formalize the TBTOF problem to be

solved.

Definition 5.1.1. The nonlinear system (2.1) locally (globally) observable w.r.t.
indices A;,1 € 7 £ p given by Definition 2.1.1 is said to be locally (globally) trans-
formable to a TBTOF (5.2) if there exists a local (global) diffecomorphism z = ®(¢)
and time scale transformations (5.1) such that the transformed system in the 7 time
scales is in BTOF. O
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5.2 Existence Conditions

In order to derive the existence conditions of a TBTOF and a necessary condition on
the TSF we follow the method of proof for the BTOF existence conditions in Section
3.1. That is, we assume the first 7 — 1 subsystems are in TBTOF and consider the
transformation of the ith subsystem from BTF to TBTOF. Specifically, starting
with

& s1(A'z' +47)
— i = o X '
zz——.l Si_l(Az—lz_z.— + ,Yz-—l)
K E'L f’L (5 4)
Y1 012}1 '
vt | |01
Yi hi(Z)
we want to transform into
2 = sp(AF2F +F),
<k<i (5.5)
Yk = Cka:
Expressing (5.4) and (5.5) in the 7; time scale as
1
& LAtz +qh)
| e :
d;;l %(Az—lfl:l + ,Yzal)
= L7
dr; * (5.6)
n Clzl
via| C'i_"lzi_l 7
Yi hi(Z)
and N
dz Sk k. k k
= —(A
R e (5.7)

yp = C*2F,
respectively, we can apply Theorem 3.1.4 directly on (5.6) to check if it admits a
TBTOF (5.7).

Theorem 5.2.1. Let system (2.1) be locally observable in Uy C R™ with indices
Ai, 1 <1 < p given by Definition 2.1.1. There exist a change of time scale (5.1) and
and a local diffeomorphism ®(2<*"1>,7%) to transform the first i subsystems (5.6)

into (5.7), if and only if in Uy
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(i) the TSF (5.1) must satisfy
- sh - ; . i
dLgLYhi = l,\is—:deihi mod {dz],1 <k < Xj,1 <j<i-1dzd), (5.8)

where st = 8s;/0y;, F' is defined in (5.4), and the v;-dimensional starting

vector § is the unique solution of
LgiL’;'*iﬁi =0kn-1, 0SSk N1 (5.9)

(ii) the first v;_1 = ng;ll A components of ad;ifﬂ, 0 < k < X\;—1 are zero, where

F s defined by (5.6) and the v;-dimensional starting vector §' is the unique

solution of

LgL%hi=0kp-1, 0<kSAN-1 (5.10)
(iii) the Lie bracket conditions are satisfied
[ad g ad® 107 =0, 0<rs <N -1,
(iv) the vector fields are independent of lower subsystem outputs

%adr—ﬁ‘igizo’ 0<r<A-Lit+l<j<p
(v) the ith subsystem output is independent of lower subsystem states
oh;
ozl

0, 1<k<);i+l<ji<p

The state transformation ®* is the solution of the )\? PDEs

0! (x 1 g
a—;ie) (adfﬁjga .. ,gz) =1, (5.11)
€

where 7, = ((z<1>)T, ()T € R¥.
Remark 5.2.2. By induction, we obtain
- 1 - . -
dLkh; = ;—k_—ldL’},-h,- mod {dzJ,1 < ¢< A1 <j<i—1,dL5:R;, 0< T <k -1}
i

for 0 < k < A; — 1. The starting vectors §*, 5 computed from (5.9) and (5.10) have

the formula §* = ¥ 'g*. We remark that when calculating L’;:H. hi and L%k, % is
treated as the state, and yj;;1 ) is treated as a parameter. The same methodology
is followed in computing L’%,i. hi,0 < k < )\ and the proof of Theorem 5.2.1 below.

This is consistent with the proof of Theorem 3.1.4. O
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Proof: Conditions (ii)—(v) are apparent by applying Theorem 3.1.4 with the vector
fields F*, 7* replaced by F‘, 5'. Next, we focus on the derivation of the necessary
conditions on a TSF, i.e., Condition (i). We assume (5.4) is transformable into (5.5).
Based on (5.9) and (5.5), we compute the starting vector expressed in the original
time scale and z-coordinates denoted by g. First, since h;(z) = zi and defining F*

as

i
Fey R
=1
Aj—1
fl=sj Z(zk+1+71]c 7,7\, ,
Pt 82]
we obtain Lj.h; = si(25 + 7%). Further computation gives

LEihi = (25 + W)L jusi + si (Lpzg + Lpeni)
= s?zg + (zg)zsgsi + ngg + B2,

<i—-1>

where g9, 52 depend on (2 .Yli,p))- By induction we have

h = s”‘zl,chl + Is; zzzks 1y gkz + Br(2< z[2 k1] y[m,]) (6.12)

holds for 3 < k € A; — 1. It can also be verified that gx,2 < k < A; — 1 depend on

( L <i=1>  Yjino] ). In particular

L’\’ hs —s’\’ lz,\ + Iy—18; zzz)\ _13’\‘
cicls i (5.13)
+ Qz\i—lzii~1 + ﬁ)\i—l(z : ’2[12,/\i—1],y[i,p])'
Given L’;iﬁi,o £ k< A —1and (5.9), the starting vector is solved as
~i . 1 6. .
LTy
From (5.13), we have
Ai T i i
Lz = Uy 223’\ lz,\i + o5 2%, + B,
where gy, and ), depend on (z<*"'>, y;; .1} and (z< 2[2 x—1)2 Ui, p]) Tespectively.
Hence, we have
o~ ; 1
Ly LYk = Iy, s2h + ST (5.14)
i
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On the other hand, we know
dLgih = s;d2h  mod {dz;', 1<k<AI<j<i 1,dz§}.
We therefore simplify (5.14) into
Ly LY b = zAi%dLﬁiﬁi mod {dzf,1 < k<51 <j<i—1,dzt},

which is the expression of (5.8) in z-coordinates. Since it is independent of coor-
dinates, we have shown Condition (i) holds for A; = 4. By direct computation,

Condition (i) holds when A; = 2, \; = 3. O

Remark 5.2.3. Since (5.8) is a necessary condition on the TSF, its solution can be
too general to give an explicit expression of the TSF candidate. This is the case we
have in the Ball-and-Beam example in Section 5.4. To avoid this situation, necessary
and sufficient conditions for TSFs would be required as in [137] where the feedback
linearization problem is considered. On the other hand, conditions on TSFs in [137]
are much more complicated and difficult to verify. Hence, no additional conditions

on TSFs are considered here. 0O

Remark 5.2.4. Condition (iv) in Theorem 5.2.1 implicitly impose some constraints
on TSFs. In some special cases, Condition (iv) can give particularly straightforward
constraints on the TSF candidates. For example, when g‘ has no dependence on
Yji+1,0) the TSF candidate s; should be independent of yj;;1,). This is because
A

with the time scale transformation introduced, §¢ = s;

~15¢, applying Condition
(iv) for r = 0 in Theorem 5.2.1 with g"' replaced by §* we end up with conditions
8§%/8y; = 0,i+1 < j < p. On the other hand, if §* is a function of Yi+1,p)> the TSF

candidate must have dependence on yj; 1 5 such that 0§t /0y; =0,i+1<j<p. O

Remark 5.2.5. In the single output case, the output transformation is equivalent
to the time scale transformation when the system order is two [132]. We have two
examples to illustrate this is not the case for the TBTOF. The first example demon-
strates that a system admits a TBTOF but does not admit an OF with an output

transformation. The second example admits an OF with an output transformation

97



but does not admit a TBTOF. We consider a two-output system with indices (2, 2)

il Alz! + vl (y)
72| = z3 )
i3 o(z')(75)? (5.15)

System (5.15) is not transformable to OF or BTOF since (#3)? appears. To find
out if it admits a TBTOF, Condition (i) in Theorem 5.2.1 is applied to solve the
TSF for the second subsystem. We can solve the TSF sg = (2% and verify
that Conditions (ii)~(v) in Theorem 5.2.1 are satisfied with F2 = F2/s;, §* = 593°.
Hence, there exists a state transformation to put system (5.15) into TBTOF. On the
other hand, we show by contradiction that the second subsystem with new output
72 cannot be put into OF. Assuming the existence of an output transformation

72 = ¥a(y), the characteristic equation for the second subsystem is

L3a = Lyvi(y1, ) + 75 (v1, Bi2),

where 2, ~2 are the components of the output injections. Further computation
leads to the necessary condition on the transformability to OF, that is the so-called

polynomial condition: 82L27, 83?22 = 0. This condition yields the following PDE
f

82 1 =2 1 0 1
_ 72} =
8(i%)2¢2(z1ax1) + U(Z )35}%1!)2(2171:1) )

which in general is unsolvable for an output transformation ¢(y) since z% appears
in 0. Hence, we conclude system (5.15) admits a TBTOF but not necessarily OF
with output transformations. Next, we present a perspective dynamic system [33]

with indices (2,1)

o [~wibibe +wa(1 4 €]) — wabe + (b1 — ba€1)és
£=| wbife—wi(l+&)+ws+ (b2 —b3)és |,
~(w1&2 — wabs + b383)&3 (5.16)
_ (&
y - (62) )

where € = (£1,&2,&3)T. System (5.16) is locally observable if

(b1 — b3&1)? + (b2 — b3ka)? # 0,
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which is a commonly obtained expression, referred to as the focus of expansion.
Without loss of generality, we assume b; — b3&; # 0. We have shown in [39] that
system (5.16) can be transformed to OF with the output transformation

1

= bayr ~ b1’
Gy = ba — b3&a
bs(b1 — b3&1)

The first subsystem is not transformable to BTOF since Condition (ii) in Theorem

o

3.1.4 is not satisfied. We attempt to transform the system into a TBTOF by intro-
ducing a time scale transformation for the first subsystem. Applying Condition (i)

in Theorem 5.2.1 yields the PDE for s;

4bs 2,
—————— _Sl
b3yr — b1 s

Solving this PDE gives the TSF s; = (b3y1 — b1)2. We verify that Condition (iv) in
Theorem 5.2.1 is satisfied if and only if

w1l + wsaby = 0.

Hence, system (5.16) is in general not transformable to TBTOF. O

5.3 Observer Design and Error Dynamics Stability
5.3.1 Observer Design

Assume the existence of a TBTOF and consider the following observer structure in
BTOF coordinates and the original time scale
2= [ANS 44 + Ly - CMY)], 65.17)
=4 [AF+ 4+ Ly — C'3Y)], 2<i<p, .

where s; = Sl(y),§k = Sk(2<k_1>1y[k,p])7$/k = ’Yk(2<k—l>’zf,y[k+1,p])72 <k<p

The error dynamics for (5.2) and (5.17) is

2l =5 (A! - LichH

i

g o T - (5.18)
=g [A’z’ + 'y’] —§ [A’E’ + 4 + L'y — C’ﬁ’)] , 2<1<p,

where 3¢ = zF — 2’“,1 < k € p. For a TBTOF, a time scale transformation is
p

employed as well as a change of state coordinates. The stability of the error dynamics

might be affected by the time scale transformation. We first give an example error
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dynamics which has different asymptotic behavior in different time scales. Then the
conditions for a TSF to preserve the error dynamics stability are discussed briefly.

Finally, the stability result of the error dynamics (5.18) is given.

5.3.2 Stability Preserving TSF

Example 5.1. We consider
dz
dr
where the 7 time scale is defined by

dr

Ez=a¢>m 10 = tg =0.

T

Clearly, z(7) = e™ 7,7 > 0 is globally exponentially convergent to the equilibrium

z = 0. However, 7(t) solved from dz/dt = e™*Z, 2(0) = 1 gives the solution
() =e"""Y t>0,

which converges to e™! as t — co. Hence, a C® and positive TSF does not neces-
sarily ensure that the stability is preserved. Additional conditions on the TSF are

required. If we consider the map
t
7(t) = / s(e)de : RT — R,
0

which can be solved analytically 7(t) = 1 — e %, ¢t > 0, we notice the time scale
transformation defines a homeomorphism 7(¢) mapping R* to a finite interval [0, 1).

This means the trajectory of Z(t),t > 0 is same as Z(7), 7 € [0,1), which explains

lim 2(t) = lim 2(1) = e
t—o00 T—1
a

We can intuitively give sufficient conditions on the time scale transformation

7(t) to preserve Uniformly Asymptotic Stability (UAS):
1. 7(t) is a monotonically increasing function of ¢;

2. limy_,o T(t) — 00.
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As well, we can show these conditions are necessary. Note the above conditions
on the map 7(t) can only guarantee that UAS in 7 time scale implies UAS in ¢
time scale, not the converse. The conditions for the other direction can be similarly
derived. Finally, we have the conditions on the time scale transformation to ensure

that the zero solutions of the error dynamics in different time scales are UAS.

Lemma 5.3.1. Given a system in different time scales t, T,

di . dz .
S =s0f@), T =1@)

where

d
E;-:s(t) >0, 7(0)=0,t20,

the following statements are equivalent:

1. the zero solution of system in 7 time scale is GUAS & it is GUAS in t time

scale;
2. the maps
t
7(t) = / s(e)de : RT — R+
( OT 1 + +
t(r =/ —de: RT - R
) o s(e)
satisfy

lim 7(t) — o0, lim t(r) — 0.
t—oo T—00

A sufficient condition for a TSF s to preserve GES is J < |s} € K for some pos-
itive constants J, K. This can be readily established from the Lyapunov argument.
We simplify the following discussion by introducing a stability preserving TSF which
defines a new time scale such that the stability of an equilibrium point in the new
time scale is equivalent to that in the original time scale. We denote the sets G, and

G, consisting of GUAS preserving TSFs and GES preserving TSFs respectively.

5.3.3 Error Dynamics Stability

To simplify the stability analysis of the error dynamics (5.18) we make the following

assumptions.

Assumption 5.3.2. The TSF candidates sg, sgl, 1 € k € p in the error dynamics
(5.18) belong to G,. a
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Assumption 5.3.3. The state of system (2.1) belongs to a compact subset D C R",
i.e., there exists a constant M such that ||((¢)]| < M,t > 0. O

Provided that the TBTOF coordinates are defined on a set containing D, As-
sumption 5.3.3 implies that the state of system (2.1) in TBTOF coordinates lies in
a compact subset D of R", i.e., there exists a constant M such that lz()]| < ]\7I,t €
R*.

Given Assumption 5.3.3 and that s;,¥* are smooth, we have s; and 7 are Lips-
chitz in 2<*~1> € D uniformly in Yiip) € D w.r.t. any norm, i.e., there exist constants

Hi, M{, 1< k<1i—1such that

i—1
lsi = il < Y HL ||
= (5.19)
I =5 < a2
k=1

for all y[i,p],ik, z¥ € D. When considering the stability of the ith subsystem error
dynamics, the observer state <*~*> might leave D. The Lipschitz condition (5.19)
still holds if we introduce an element-wise saturation function o(-) as in Section 3.2.
For the ith subsystem observer, we saturate <!> to keep it in D, i.e., in (5.17)

we take

5 = §i(0(2<1—1>)’y[i,p]),
§ = Ao (297), 2, s g)-
We now present the error dynamics stability result.

Theorem 5.3.4. Let Assumptions 5.5.2, 5.3.3 hold and provided that a TBTOF for
system (2.1) is well-defined on R", we consider the observer (5.17). If A*— LiC% 1 <
i < p are Hurwitz, the solution Z = 0 of the error dynamics (5.18) is GUAS.

Proof: s, s;l € G, implies §k,§;1 € Gq. The error dynamics (5.18) being GUAS
in 7,7, time scales is equivalent to them being GUAS in the t time scale. Hence,
we only need to show (5.18) is GUAS in any one of 7,7k, t time scales. We use
an induction argument to prove that the error dynamics (5.18) is GUAS in 7} time

scale. First, we consider the first subsystem error dynamics

dz! .
-C-H'_l = (Al - LlCl)zl.

102



We define its Lyapunov function candidate Vi = (21)TP'#!, where P! > 0 is to be
determined. Since (A',C?!) is observable we can always solve L!, P! > 0 such that

dVl ~1112
i <~ “Z H )
where p; is arbitrarily large. Hence, the error dynamics of the first subsystem is
GUAS in 7; time scale.
Assuming the error dynamics of the first i — 1 subsystems is GUAS in 7; time
scale, we consider the stability of the ith subsystem error dynamics
dzi ) L ) . T __ §i
____:_Z(Az_chz)'Z*z_l_,Yz__;?’t_l_s -
d’Ti

(A2 4+ 4Y). (5.20)

§’L

Treating 2<¢~1>

as an input u, and z<=1>, Yi+1,p) as functions of 7;, (5.20) is rewrit-
ten as dz°/d#; = p(3,u,#). Clearly, p(3*,u,#;) is Lipschitz in #* and u on D which
can be extended globally as in [46]. On the other hand, taking v = 0, we have
dzt/d#; = (A* — L'CY)#, which is GES. Combined with the global Lipschitz prop-
erty, the error dynamics (5.20) is ISS [76, Lem. 4.6]. Given the first i — 1 subsystems’
error dynamics are GUAS and the ith subsystem error dynamics is ISS, we can ap-
ply [76, Lem. 4.7] to show the zero solution of the first ¢ subsystem error dynamics
is GUAS in 7; time scale. Therefore, by induction we have shown the zero solution

of the entire system’s error dynamics is GUAS. [

Remark 5.3.5. If Assumption 5.3.2 is replaced by sy, 5;1 € G., with Assumption
5.3.3 and (5.19), the zero solution of the entire system’s error dynamics can be shown

to be GES. This follows from an induction argument and [104, Lem. III.1j. O

5.4 Observer Design Examples

5.4.1 Ball-and-Beam Example

To illustrate the TBTOF-based observer design, we consider a Ball-and-Beam sys-
tem. It can be shown that this system does not admit a BTOF. However, it is

transformable to a TBTOF. From [139] the dynamics for the system in BTF with
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indices \; = Ao =2 is

2 o (5.21)
e — 95in(@)

=1
—{T1
= (34):

Let 7% = (z%,25)T, yx = &%,k = 1,2 denote the state and output of the kth subsys-
tem, respectively. We first verify the conditions of Theorem 3.1.4 to see if the first

subsystem can be put into BTOF in ¢ time. Define

) —mqa‘:% COS("—I‘_‘%))T7

The starting vector ' is obtained from

o ( R ~1 /0 b
1 _ [ O 1 _ =2\2 9
7= (321 (eom)) () =emed® + 15

where h; = y;. Since §' depends on yz which violates Condition (iii), the first sub-
system is not transformable to the BTOF. Next we investigate if the first subsystem

admits a TBTOF. Using Condition (i) in Theorem 5.2.1, we calculate

mgz? cos(Z1)

L%’l}_ll = L PP LglL%vlill - 0,
dz;, dLg L%, hy =0,

and setup the PDE for s; )

JQZ—idel Ry = 0.
Solving this PDE gives s; = p(y2), where g is some positive-valued C* function
depending on yy. Hence, we introduce the new time scale for the first subsystem
given by dr;/dt = p(y2). The first subsystem in 7; time scale is Fl= Fo(ya),y1 =
b =5}, 71 = (&1,2)7. Solving the starting vector ¢! in 7, time scale from (3.2)
gives

¢=mmwmﬁf+né%

According to Theorem 5.2.1, Condition (iv) has to hold, i.e., 8§!/8yz = 0. Taking

1
o(y2) m(z3)2 + J ’
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which belongs to Ge, we have §' = 0/07; and ad_,, " = 0/021. It is trivial to
verify the other conditions in Theorem 5.2.1 are satisfied. This implies that the first
subsystem admits a BTOF in 7; time scale. Further, §',ad_.,§' are unit vector
fields, and the BTF and BTOF coordinates are identical. We observe the second
subsystem is in BTOF in t time scale. System (5.21) is therefore transformable to
a TBTOF. The observers for the first and second subsystem expressed in 7; and ¢
time scales, respectively, are

a2t [0 1\ 4 0 . L
dn (0 0) T ((m(zf)2 + J)(u — mg2} COS(zll))> +L(y1 - C°2),

s

-
A (2] ya,u)

20 0 1) 52 0 2 252
2= 2+ 21)221 . +L - C“2%),
(0 0 ((mgzlggzi‘])'z -9 Sm(‘z%)> (w2 )

~

~—
32(2}.,23,y2)
where L* = (l{“, IYT, k = 1,2 are observer gains. The observer in z-coordinates and

t time scale is
. s\ -1 1 .
() (2 (TSRS, e
= 42(3,42), and
2(z) = (a1, 23(m(a})? + J), o, 23)7

Take the observer gains L! = (4,4)7, L? = (4,4)T, J = 0.020002kg-m?, m = 0.05 kg,
g = 9.81 m/s%, and the initial condition of system (5.21) and its observer (5.22) as

z(0) = (0.1,0.5,0.1,0.5)7,

#(0) = (0.1,0,0.1,0)7.
Given the approximate feedback linearization and estimated state-based feedback
v(d,y) - B, y)

a(2,y)
v(&,y) =ab? cos(bt) + 8(ab® sin(bt) + g2 cos(y1)) + 24(gsin(y,) — ab? cos(bt))

u("i‘ay) =

?

— 32(absin(bt) + £2) + 16(a cos(bt) — y2),
.y gcos(y1)
A&,y TmED? +J
gcos(ys)
m(23)2 +J’
and the sinusoidal reference y; = acos(bt) with a = 1,b = 0.63 [59], the simulation

(2m2343y2 + mgys cos(y1)) + g(£3)? sin(yy),

a(:i,y) =

result is shown in Figure 5.1.
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Figure 5.1: Estimate error of TBTOF observer for Ball-and-Beam System
5.4.2 Mathematical Example

For the Ball-and-Beam example, a time scale transformation is solved which is only
output dependent. In this section we provide a mathematical example which results

in a T'SF with more general dependence. We consider a three-output system

8= P = s, 22yt bt 22,28
03(%1,77)(73)° + B3(3", 71, 77)
B == < 3(=<2> =3 z_3—2 7 3(=<2> =3 )v (5.23)
05(Z<%7,29)(%3)° + B3(Z<%~, 73)
71
y= |3
z3

The first subsystem is in BTOF. The second and third subsystems are in BTF in the
original time scale. Qur objective is to transform the second and third subsystems
into BTOF to perform observer design. For the second subsystem, we define the

extended vector field and extended state respectively
F = ((FH", (P,
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According to (3.2), the starting vector §2 of the second subsystem in t time scale

has the expression
a 0
=2 2,-2 2/ =2
g = 91(%)5—5? + 92(%)55—%‘
where g,zc, k = 1,2 are smooth functions. Solving the following equations

Lgzhy =0,
LyzLpahy =1,
where hy = I3, Lp2hy = 73 — 272, we have

7= -2

0z

.

[ V1.5

Next, we check Condition (ii) in Theorem 3.1.4
-2 -2 ~1 =2 5
[ad 3, 5%) = 202(21,31) 55 #0-
2

Hence, the second subsystem is not transformable to BTOF in t time scale. To
investigate the existence of a TBTOF, we first solve for a TSF s5(Z!, y2,3) for the

second subsystem. We calculate the Lie derivatives
Liaho = 63(21,29)(23)° + B3(2', 2) - 2(25 - 2a)),
Lg2L2hy = 205(y, 20)35 — 2,
and the differential of Ly2L%,ho

dLj2L%she = 203(21,%7)dz5 mod {dz1,dz?},

where dZ% = dLg2hy + dZ2. From condition (5.8) the PDE defining the TSF is

54 2(=1
- = 92(';1_:17:’/2):
52

whose general solution is
=1 =1 2(z1,y2)d
32(1: ay2ay3) = ”2(:1: 7y3)ef e2(@y.v2) yz)

where r2(Z!,y3) is some function depending on Z!,y3. For simplicity, we choose
Y P 3 )Y p )

k2(Z!,y3) = 1 and the 75 time scale is defined by

fd_ﬂ — ef Q%(f%,yz)dyz_

dt

107



Given system (5.23) in the 7o time scale, we define the vector field F? = f? /sg and
compute the starting vector §% = sp32. Verifying the conditions of Theorem 5.2.1,
we know the second subsystem can be put into TBTOF.

Following the analogous procedure as with the second subsystem, we conclude
the third subsystem is not transformable to BTOF in ¢ time scale but to a TBTOF

with the 73 time scale given by

dT3

D =@

—<2> S 63(2<*> ya)dys

7y3) =€

We perform an observer design for the case

%(2, ) = —1 + 3,
- — - =1
03(21,37) = -1, F3(z',27) = €7,
o3z, 7%, 8}) = 33, B3z, 2%, 3}) = Z{73.

The TSFs for the second and third subsystems are
52(:21, Y2, y3) = e—yzy
53(Z<%, y3) = e 30,

Solving the transformation ®2(Z2) for the second subsystem from the PDEs

0®?(z2 9 .
r (4 8?) =1

gives the general solution

72 2(71
22\ _ zf +wi(z')
() = ((zg +273 - 2)€™ +w§(il))'

Taking w? = w? = 0, the transformation is a global diffeomorphism. After the
transformation, the second subsystem is written as

2 4 + et (—42} + 2)
R W= (~—4(Z%)2 + ez%) )

Solving the following PDEs for the transformation of the third subsystem

82%(z) 3 ~3
er: (ad,ﬁag 'g ) =1

gives the general solution
$1(z) = 2} + wi(z?),

1 =1
$3(z) = G (73 +23)(35)? + (& - 2933 — 1)7) + 73 — 73] &2°
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Taking w? = wd = 0, this particular transformation is well-defined everywhere

except Zs = 0, and it transforms the third subsystem into

3= sS(<8 é) 2+ %) = 53(4%2° + %),
where
A3 = = 54 {~22? - -(-—11—)—5 [z%(z"fz% —1-2323) + 2% - z%]} ,
7 = (— 2+ 2(e3)%2} — (23)%22 + 2 ()2 — 2d4d
oy (74 14 DA+ G - st — 2Dk )

s (4202141 + 2 — 35 - 228 (21)” - 221 ()]

()2
+( })3 [2(z1 )2 +2(z ) 4z121]}
=2

2 2
Iz=e - (22 — 2e*1 22 + 2¢%1).

We design the observer for each subsystem of (5.23) in z-coordinates and t, 72,73

time scales respectively. For the first subsystem we take

;1 1 1 O 1 _ A1
2 (1 0 Ly Z% + LY (y1 — C13°).

We choose the observer gains L! = (1,0)7 to place the eigenvalues of Al — L1C? at

—1. This observer gives the LTI error dynamics

, -2 1
s1 51
sz (—1 o)z

For the second subsystem we take the observer

2 2
. 0 1\ ., e*i(—4z7 +2) 0 2.9
Z = l(O 0)% T\ 2 (—4(zf)2 + ei%) + L*(y2 — C*%%)

where L? = (12,12)T. The corresponding error dynamics is

L —-12 1\ . 22 0
=3 [(—l% 0) 72 4 e (ez% _ 62%)] . (5.24)

If yo is bounded, ss has finite lower and upper bound which are positive, the stability

dz? —12 1\ .3, o2 0
d—Tg—(—@ o) T et —ett) (528)
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of (5.24) is same as


file:///-2zl

To stabilize (5.25), since it consists of a LTI part and a disturbance which converges
exponentially to zero, we take the observer gains L? = (2,1)7 for eigenvalues at —1
to get exponentially stable error dynamics. For the third subsystem, the observer
is taken

dz 353 1 43 3 353

— = A+ 4+ L (y3 — C°%°),

d7s3
where L3 = (13,13)7. The error dynamics in ¢ time scale is

2 = s3(A32° + %) — 55(A%5° + 4 + L3(ys — C°5%))

=i {4 - 092 + |1 -9+ 2B s )| |

83

(5.26)

Since 83 depends on 2<%> which itself is exponentially convergent to a bounded
2<%>| &3 has finite positive lower bound and upper bound. Therefore, the stability

of (5.26) is equivalent to that of

dz® —8
WP -+ BB s ). e
d7s S3

dis;(—;‘rzance

The disturbance converges exponentially to zero due to the exponential stability
of 3<2> the Lipschitz dependence of ¥3,s3, and the boundedness of A323 + 3,
Hence, if the eigenvalues of A3 — L3C3 are in the left-half-plane, system (5.27) has
an exponentia]]y stable equilibrium. We take L3 = (2,1)7 to place the eigenvalues
of A* — L3C% at —1.

Since the transformation ®2 is not a global diffeomorphism, the state estimate is
not globally convergent. If any bounded trajectory z(t) € D and estimate trajectory
3(t) € R™ satisfy 23(t), 23(t) # 0,Vt > 0, then the error dynamics are exponentially
stable. The system (5.23) has three equilibria. One of its equilibria

Fe1 = (0.715,0.715,0.715, 1.430, 0.846, 0.846) T
is stable. This point is mapped by ®2, ® into
ze1 = (0.715,0.715,0.715, 1.756, 0.846, 0.536) .
Hence, we choose the system’s initial condition
2(0) = (-1,1,-1,1,-1,1)T

in the domain of attraction of 2 to ensure ||z(t)|| is bounded and z(t) # 0,t > 0.

Together with A% — L2C?, A3 — L3C3 Hurwitz we ensure exponential convergence of
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the estimate error provided the initial conditions gives ig(t) # 0,t 2 0. Taking the

initial condition of the observer as
2(0) = (0,05,0,0,0,0)7,

the simulation results in 2-coordinates and ¢ time scale are shown in Figures 5.2,

5.3, and 5.4.

0 5 10 15 20 25 30
Time

Figure 5.2: Actual and estimated states of the first subsystem

15 20 25 30
Time

Figure 5.3: Actual and estimated states of the second subsystem
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Figure 5.4: Actual and estimated states of the third subsystem

5.5 Summary

This chapter has discussed the existence conditions of a TBTOF for multi-output
systems which generalizes an established BTOF by including time scale transfor-
mations. Since a block triangular structure leads to sequential observer design, the
TSFs allow for more general dependence. That is, dependence on the upper subsys-
tem state as well as outputs. A necessary condition for the TSF was presented. A
stability result for the observer error dynamics was given. Two examples which do
not admit a BTOF but admit a TBTOF were presented and TBTOF-based observer

designs were given.
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Chapter 6

Adaptive Observer Design for
Nonlinear Systems

The nonlinear adaptive observer design problem was partially addressed by intro-
ducing certain Adaptive Observer Forms (AOFs) in [11, 105, 103, 104, 37, 16, 169].
A relatively straightforward stability analysis of the error dynamics resulted for sys-
tems with linearly parameterized (LP) dynamics and linear outputs. The linearity
requirement restricts the class of systems allowing adaptive observer design. In this
chapter, we first consider the adaptive observer design for a LP system but without
the linear output constraint. The adaptive observer design is carried out on the
basis of the Nonlinear Output Observer Forms (NOOF) in [73, 82]. The existence
conditions of NOOF are commonly satisfied [82] and the adaptive observer design
can be performed in general. Next, we consider adaptive observer design for a class

of NLP systems admitting an OF:

2= Az+v(y,0)
(6.1)
y=Cz
where A, C are given by (1.6), z € R"*,§ € R™, and v € R™ is a C* vector field.

In Section 6.1 we recall some fundamental results, assumptions and stability the-
orems in the adaptive observer design setting. In Section 6.2, an adaptive observer
for a LP NOOF is proposed and the local exponential stability of the error dynamics
is proven. In Section 6.3, we present a local adaptive observer for a class of NLP sys-
tems in OF and the local exponential stability of its error dynamics are established.

In Section 6.4, an example illustrates the adaptive observer design procedures.
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6.1 Fundamental Results

The design of an adaptive law and stability analysis are the core parts of adaptive
observer design. Indeed, these are not trivial even for linear adaptive observer design
since the error dynamics are generally Nonlinear Time-Varying (NLTV). We first
introduce some key concepts and results for adaptive systems, then demonstrate
the use of these techniques by introducing a typical linear adaptive observer, and
finally present a typical nonlinear adaptive observer to illustrate its connection to
the linear case. Strictly Positive Real (SPR) functions play a central role in the

stability analysis using Lyapunov’s method.

Definition 6.1.1. [116, Def. 2.6.1] A rational function H(s) of the complex variable
s = 0 + jw is Positive Real (PR) if

(i) H(s) is real for real s;
(if) R[H(s)] = 0 for all R[s] > 0.
0

Definition 6.1.2. [116, Def. 2.7] A rational function H(s) is SPR if H(s —¢) is PR

for some € > 0. g

Alternate definitions of SPR give certain criteria for a SPR function [63, 147].
From the definitions of PR, and SPR, it is clear that if H(s) is PR, its phase shift
for all frequencies lies in the interval [—7/2,7/2]. Hence, if H(s) is the transfer
function of a causal system, the relative degree can only be either zero or one [116].
The connection between a SPR function and the existence of a Lyapunov function
is demonstrated by the Lefschetz-Kalman-Yakubovich (LKY) Lemma. The choice
of the Lyapunov function is therefore simplified substantially when the transfer

function of a linear system is SPR.

Lemma 6.1.3 (LKY Lemma). [116, Lem. 2.6] Given a scalar v > 0, a vector h,
an asymptotically stable matriz A, a vector b such that (A,b) is controllable, and a
positive definite matriz L, there exist a scalar € > 0, a vector ¢ and a symmetric
positive-definile matriz P satisfying

ATP+ PA=—q¢" — €L,

Pb—h = ./vq,
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if and only if
H(s) = %7 + hT(sI — A)™1b
is SPR.

The controllability requirement in LKY Lemma was relaxed in [111]. As shown
below, SPR and LKY Lemma are commonly used to prove the uniform stability of
the error dynamics in adaptive observer design. To show UAS, Barbalat’s Lemma

and its corollary are the most commonly used tools.

Lemma 6.1.4 (Barbalat’s Lemma). [138, Lem. 1.2.1] If f(z) is a uniformly con-
tinuous function, such that lim_, o f; f(7)dr exists and is finite, then f(t) - 0 as

t — oo.

Corollary 6.1.5. /138, Cor. 1.2.2] If 9, € Lo, and g € Lp, for some p € [1,00),
then g(t) — 0 as t — 00.

For a time-varying system
&= f(=z,1), (6.2)
if f(z,t) is additionally assumed to be bounded for all ¢t > ty for any bounded z,

the LaSalle-Yoshizawa Theorem [76, Thm. 8.4] can be applied to prove stability.

6.1.1 A Typical Linear Adaptive Observer

Consider a single-input single-output LTI plant of order n

T = Ax + bu,

(6.3)

Yy=cx,
where input u is a piecewise-continuous uniformly bounded function of time, and
(A,b) are unknown parameters. The plant (6.3) is assumed to be observable. The
objective is to construct an adaptive observer to estimate both the parameters as
well as the state. Although the triple {c, A,b) contains n? + 2n elements, only 2n
parameters are needed to uniquely determine the input-output relationship. Of
these, n correspond to the matrix A while the remaining n are contained in ¢ and
b. Different realizations of the plant transfer function lead to different adaptive
observer designs. One of the adaptive observers is based on the minimal realization

of the plant _
& = [k, Alz + gy + bu,

Yy=cxr =2o1,

115



where k is chosen such that K = [—k A] is asymptotically stable, g,b are the

T Lix(n-1)
A= (diag(—*ag,--- ,—an))’

where 1,(n_1) is a 1 X (n — 1) row vector of ones, and ax > 0,2 < k < n. To

unknown vectors, and

estimate g, b, the observer is chosen
&= K&+ gy + bu,
§ = ct,
where g,é are the estimates of the parameter vectors g, b respectively, and & is the
estimate of . The error equation is derived
i =K%+ gy + bu+ v (t) + va(t),
y = cZ,
where v;(t), v2(t) are auxiliary signals, and

~

j=g-§ b=bv-b
The signals v, (t), v2(t) are designed such that the output error asymptotically con-
verges to €1 which is determined by [116, Thm. 4.2]
¢=Ke+doTw,
(6.4)
€1 = hTe,

where w = (y,u)T, ¢T = (§,b), hT(sI— K)~1d is SPR. The adaptive observer for the
error system (6.4) can be designed based on the following well-established stability

result.

Theorem 6.1.6. [116, Thm. 4.1] Let a dynamical system be represented by the
controllable and observable triple (hT, A1,b1) where A1 is an asymptotically stable
matriz, and

W (s) = hT(sI — A;)7*b; is SPR.

Let the elements of a vector w(t) be bounded piecewise-continuous functions. Then

the origin of the system

€ = Aje+ b1¢Tw, €1 = h{e

¢ =—€ew
1s globally uniformly stable.
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Proof: Since the transfer function W{(s) is SPR, according to LKY Lemma 6.1.3,

there exists a positive definite matrix P satisfying

ATP 4 PA, = @,
Pb = hY,

where @ is positive definite. Taking the Lyapunov function candidate
V(G, ¢) = ¢’ Pe + ¢T¢7
we compute its time derivative

V=-e'Qe+ e Pbi¢’w — ¢l erw
= -e'Qe <0,

which implies uniform stability. 0

As shown in the proof of Theorem 6.1.6, the boundedness of € and ¢ is concluded
from V being negative definite. From the boundedness of V, we have ¢ € £y. If
w(t) is further assumed to be bounded, the boundedness of ¢ is concluded. Apply-
ing Barbalat’s Lemma and its corollary, we know the zero solution of ¢ is GUAS.
Furthermore, global asymptotic convergence of ¢(t) — 0 as t — oo can be estab-
lished under the persistent excitation assumption on w(t). Readers can refer to

[31, 114, 116] for details on the construction of v1(t), v2(t) and the proof of stability.

6.1.2 A Typical Nonlinear Adaptive Observer

In this section, we use a typical nonlinear observer design to exemplify a straightfor-
ward application of linear adaptive observer design methods. The adaptive observer
design for a class of single-output systems considered in [105]

= f(z) + qo(z,u) + ZOiQi(I’u)v

i=1

(6.5)
y = h(z),
where u € RL,y € R,z € R?, ¢; : R® x R} — R, and 6; € R are unknown constant

parameters. Necessary and sufficient conditions are given in [105] to transform

system (6.5) into an AOF

2= Az+ 1/)0(’y,u) + Zeiﬁi(yau, t)b7

=1

(6.6)
y=Cz,
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where A, C are defined in (1.7), b = (b1,...,b,)T € R™, b, > 0, and the polynomial
b1 + b2s + -+ + bps™ 1 is Hurwitz, G;(y,u,t) : Rl x R! x Rt — R. The restrictions
on b and 6; make the form (6.6) more conservative than that in [11]. Taking an

observer

§=C3

yields the error dynamics
m
(A-LC): Z (v, u, )b

where 6’2- =0; — éi. Since b is Hurwitz and (A, C) is observable, the transfer function
C(sI— A+ LC)~'b can be made SPR by choosing a certain L. If 8(y, u,t) is bounded
for any bounded u, y, there exists an adaptive observer that consists of the observer

(6.7) and the adaptive law
0 = —TB(y, u, 1)j. (6.8)

The proposed adaptive observer gives the asymptotic estimate of 2z without the
need of auxiliary signals v1(t), v2(t) as in Section 6.1.1 or any persistent excitation
condition as in [11]. Evidently, the adaptive law (6.8) and its associated stability
analysis is closely related to the linear system case in Section 6.1.1.

Recall the similar approach taken in the previous linear adaptive observer design
case, where auxiliary signals v;(t), v2(t) are used to obtain an error dynamics whose
output approaches that of (6.4) asymptotically. Later work in [103, 109] introduced

a filtered state transformation to put

2= Az + vYoly,u) + ¥1(y,u)b,

y=Cz

into AOF (6.6). We will see the application of the filtered state transformation in
the adaptive observer design in Sections 6.2 and 6.3.

6.2 Adaptive Observer Design Based on a LP NOOF

We first present the definition of a local adaptive observer based on a slight modifi-

cation of a global adaptive observer [109].

118



Definition 6.2.1. A local adaptive observer for system (2.1) with the presence of
the unknown parameter 8 in f is a finite dimensional system

W= al(w,é, y(t)), welR", rzmn,

6 = an(w,6,y(t)), 6e€R™,

¢ = a3(w,9,y(t)), (eR”
driven by y(t), such that for every ¢(0) € R*,w(0) € U, C R",4(0) € Uy C R™,

where Uy, U, are the neighborhoods of ((0),6 respectively, for any value of the
unknown parameter 6 and for any bounded ||((t)||,Vt > 0:

(@) (@), 16()]| and [1¢(2) ~ {(B)]| are bounded, ¥t > 0.

(i) lime oo [I¢() = C(B)I] = 0.
O
Since the state transformation from ({-coordinates to z-coordinates is locally
Lipschitz, the convergence of ((t) to ¢(t) as t — oo is guaranteed if 5(t) — z(t) as

t — co. We therefore focus on the adaptive observer design on the z coordinates.

Given the NOOF
z=Az+(y),
y = h(z),
we extend it to allow the linear presence of unknown parameters
i = Az +~(y) + B,

y = h(z).
To simplify the stability analysis of the error dynamics below, we introduce the

(6.9)

filtered state transformation which relies on a stable filter
M = AM + B(y). (6.10)

We first make an assumption and recall a lemma, then present the local adaptive

observer.

Assumption 6.2.2. The auxiliary signal M (t) generated by (6.10) is Persistently

Excited (PE), i.e., there exist positive constants «, 3, T such that

t+T
ol € MT(r)cTeM(r)dr < BY, Vit ty.
t
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Lemma 6.2.3. [1] Let ¢(t) € R™*P be a bounded and piecewise continuous matric
and T' € RP*P be any symmetric positive-definite matriz. If there exist positive

constants T, o, B such that

t+T
oI, < / ST (D) $(r)wdr < AL, ¥t > to, o] = 1
t

then the system
& = —T¢” (t)¢(t)z
is GES.

Proof: Taking the Lyapunov function candidate V(z) = ;zTI'"'z, we compute

its time derivative

V = —z"¢(t) ¢(t)a.

Integrating V from t to t + T gives

t+T
V(a(t +T)) - V(z(t) = - / 2T (16T (7)o(r)z(r)dr

< —azlz < ~—2%V(z(t)),

where 4 is the maximum eigenvalue of I'. Applying [76, Thm. 8.5] we conclude that
the system is GES. a

As shown in Lemma 6.2.3, given Assumption 6.2.2, the zero solution of the LTV
system

i=-TMTcTCMz (6.11)

is GES. The existence of the Lyapunov function candidate V is ensured by the

following theorem such that

v oV _ o o 2
—_— e — < —
o~ 5y MTCTCMz < —¢|la]
ov
e <
H o || < callal

where ¢, aqg > 0.

Theorem 6.2.4. [138, Thm. 1.5.1] Assume that f(¢,z) : Rt — R™ has continuous
and bounded first partial derivatives in x and is piecewise continuous in t for all

z € By,t 2 0. Then the following statements are equivalent:
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1. = 0 is an exponentially stable equilibrium point of
&= f(t,x), =z(to) = o,

2. There ezists a function v(t, z), and some strictly positive constant b/, aq, a2, ag,

and oy, such that, for allz € Byt 2 0

a1 llzl® < v(t,z) < as |jx)?
du(t, )

L - 2
a az ||zl
du(t, )
— | <
2D < g

Theorem 6.2.5. Given a locally observable system in LP NOOF (6.9) and As-
sumption 6.2.2 holds with C(t) = a—g(;—), the system has a local adaptive observer

A+ y(y) + B(y)f + M6,
AM + B(y),

ur (2

Z

I

M

6
where § = h(%).
Proof: We apply the filtered state transformation n = z — M@ and have
= An+(y).

Defining 6 = ¢ — é, =2+ M6, and ] = n — 7}, the error dynamics are given by

6= —MT (Q’}@)T(y_m. (6.12)

Using the Taylor expansion of y along the trajectory of 2(t), the output error is
reformulated as

On(3) . | 1 r0*h(E).

§=h(z) - h(2) = =5 5% g @ €€ [3,2],

where € = (&,...,&)T, € € [2, 2] is used to denote & € [3k, 2] for 1 < k < n, and

2, < 2 is assumed to simplify the presentation. Given Assumption 6.2.2, the LTV
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part of é-subsystem is GES. From Theorem 6.2.4, we know there exists a function

Vj such that

1< kaHéHv

where € > 0, k; > 0. Taking the Lyapunov function candidate V = kAT PR+ Vi k >

md < —<ol",

0, P > 0, we have its time derivative

V- witgre Vo Wiy (ah(z)> ME) s

Bt a@ 95 9%
0V, 1 (Oh(2)\" %h(€) 3
Bt 1Y ¢ A et S R
Py ( 93 22 8{2

U T
— kif" Qi — 670 + 5 ||0]| kghrkniknaZ" 2,
< kpno. Expanding 37'% gives

where || M ()] < kum, ”%(zfl

% = (1 + MO)T (7} + M0)

2
< khla 662(0 H

= |lil|* + 6" M7 M8 + 277 M6
<1l + R 8]+ 2kar - [
V can be simplified as
V<~ (b= 1)l e8]
SR g+ e 3]+ 2k -]
~ =Dl — ] + <] H ikt oy
(it < B

kZkj k,ﬁlk’z k2k§4kh1kh2 )
o Il Il

-5l - G- : Kb o o~ Sl - ol

where g is the minimum eigenvalue of Q. Given the initial error ||7|| < oo, there

—(kp—1- -2

always exists a sufficiently large £ > 0 such that

K3k ki Ky kEKD ki ki
kp—1 - = - R i) > 0.
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We conclude that V is negative definite if the initial error of 6 satisfies

€

“éH < 2ksk3 knikna (6.13)

Local exponential stability of the error dynamics (6.12) is therefore concluded. O

If system (6.9) has linear outputs, which corresponds to kpz2 = 0, Condition (6.13)
becomes Hé” < oo. This fact implies that GES of state and parameter estimation
errors is guaranteed; we thus recover the previous results in work [105, 103] as a

special case.

6.3 Adaptive Observer Design Based on a NLP OF

In this section, we consider local adaptive observer design for nonlinear systems
having NLP dynamics and linear output maps. This class of systems is more general
than that considered in [105, 103, 104, 171]. As indicated below, applying the same
filtered state transformation to a NLP system cannot yield a partially decoupled
error dynamics, i.e., ﬁ,é still affect each other. Compared to the LP case, where
the error dynamics is simplified to be LTV by the filtered state transformation, the
error dynamics of a NLP system is NLTV. We first transform a system (2.1) into a
NLP OF (6.1), then consider the adaptive observer design for (6.1). The existence
conditions of a parameter independent state transformation from (2.1) to (6.1) are

given in the following theorem. Its proof is omitted since it is straightforward.

Theorem 6.3.1. There exists a local diffeomorphism in a neighborhood Uy of the
origin,
z2=®((), zeR"

transforming system (2.1) into (6.1) if and only if in Up in addition to Conditions
(i)-(iii) of Theorem A.0.2,

k

)

J

dad" 1g:/86; =0, (6.14)

)

—_ = O
NN A
NN

A—1
m.

The state transformation ®(¢) is solved from PDEs (A.3).

Remark 6.3.2. Conditions (6.14) ensure the state transformation is independent of

parameter vector §. This is because the state transformation can be constructed by
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the composition of flows of the vector fields ad® 19 If none of ad® 79i has parameter
dependence, neither the composition of flows nor the state transformation does. The
existence conditions of a parameter dependent diffeomorphism locally transforming
system (2.1) into (6.1) can be similarly presented. To simplify the presentation, we

only consider a parameter independent state transformation. O

As shown in Section 6.2, a filtered state transformation removes the effect of
parameter error § from the 7 dynamics. This requires a stable filter driven by the
coefficients of the unknown parameter. For NLP systems, we use a Taylor series to
approximate the term ~(y, #) along the trajectory of parameter estimate and define
the stable filter )

M = (A - LO)N + g%, (6.15)

~

where 4 = 7(y, 8), and L is an observer gain matrix such that A—LC is Hurwitz. We
propose the following theorem which provides a local adaptive observer for system
(6.1).

Theorem 6.3.3. Given Assumption 6.2.2, with M(t) replaced by M(t) in (6.15),

and considering the system

Z

A3+ 4+ L{y — C3) + N,

M=(A-roywr+ 2,
Py

6= NMTCT(y - C3),

where L € R P is a constant observer gain matriz such that A — LC is Hurwitz,

the above system is a local adaptive observer for (6.1).

Proof: Denoting the errors z = z — 2,6 =0 — 6, we have the error dynamics
F=(A-LC)z+~~4— M#,
H - 04
M=(A-LOWN + 2,
o8
6 =-MTCT(y—9).
As in Section 6.2, we introduce the filtered state transformation
n=2z-M60, H=23— M},
and parameterize the output error § =y — CZ as

§ = C(ij + M8),
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where 7 = 1 — 7. We perform the stability analysis in the neighborhoods of 6, z(0),
denoted by By ¢ R™, B, C R” respectively. Given that (t),y(t) remain in By and

B,, 5} and M(t (t) are therefore bounded. The dynamics of 7 and 0 are given by

: 8l
=(A—-LCy+ (v -+ — —=0),
( i+ =% 5 )
6=-MTcTeme - MTcTcy.
Similar to the proof of Theorem 6.2.5, we take the Lyapunov function candidate
V(i,8) = 7T Pij+ Vj.
A positive definite matrix P is to be determined such that

P(A-LC)+(A-LC)TP = —q,

where Q > 0, and the minimum eigenvalue of @ is sufficiently large. Given an
arbitrary @, such a P always exists if A — LC is Hurwitz. Since v is smooth and

locally has a Taylor expansion along the trajectory of é(t), we have

~ ~|12
e

where k, is the upper bound of Qa%gﬁ_) in B,, Bs. Also, for the fj-subsystem, its

o

homogenous part is GES. The time derivative of the Lyapunov function candidate

is given by

oV;
MTC’TC”

77 Q7 + 2k || P - H ” “fw ”
~k il + 2k, 1Pl - 8]~ €8] +k~HMCTCH-H5H-
i+ 2k, 28] o 5 o+ e e

since

where k; > 0 can be taken as the minimum eigenvalue of @, ' MTcTC “ <ky
112

4 is bounded in By and B,. Since the order of || P7j| - HO” is higher than those of the

other terms, this term can be ignored by assuming sufficiently small initial errors

6(0),7(0). Thus we simplify the time derivative of the Lyapunov function candidatc

to

V< —(ky —

- o
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By choosing an appropriate matrix P such that the inequality holds

21.2
k5K

ki > 2 '

we have V is negative definite. The locally exponential convergence of the zero

solution of the error dynamics 7,  is therefore established. O

Remark 6.3.4. Given the neighborhoods By and B,, Assumption 6.2.2 should
be satisfied for any y € B,,0 € By. To ensure the dropped term 2 | PA|| - “5” is
sufficiently small, we must impose conditions on the initial errors of 7 or 6. That is,
a large 7j(0) results in a very small range of 5(0) allowed. This is different from the
adaptive observer design based on a NOOF, where 7(0) can be large and still not

affect the permissible range of 6(0). a

6.4 An Observer Design Example

We consider a two-output system

z% - 2:1:%

1

N T

:r%:v% + sm(:r%@l) -3
1 H

z3—(1+ e’”lgz)m% + z}

cos(x?0;) — z! — 2% + sin(6222)

1

Iy
y=Cl‘:( >7

o

where 61, 65 are unknown parameters. It is easy to verify system (6.16) is observable

with indices (2,2). System (6.16) is NLP, thus we first apply Theorem 6.3.1 to

(6.16)

check if the system is transformable to the form (6.1). We solve the starting vectors
g' = 0/0x},g*> = 0/0z2, and verify that the other conditions in Theorem 6.3.1
are satisfied. System (6.16) can be put into the form (6.1). Applying the state

transformation z = ®(z) solved from (A.3)

126



we rewrite the system (6.16) in 2-coordinates

Hwm)? - 2p

. sin(y161) — iy
d= Azt yl"(1+ey1022)y2

cos(y261) — y1 — y2 + sin(fay2)

1
z
y=Cz=<1>.
2

We take the adaptive observer as proposed in Theorem 6.3.3

%yf '1‘21/1 (0 N )
. —5Y1 sin(y161
Z=Az+ 2 + ;
Y1 V2 —enfyy
—Y1 — Y2 cos(y2601) + sin(f2y2)
0 0
A - cos(y161)y1 0
M(t) =(A— LCYM(t 5
() =(a- Loy + | TR

—sin(ygél)yg COS(éZyQ)y2
6 =MT(t)CT(y - ),

0o 0 2 B\"
L={p 1 0 0
1 “2

is the constant observer gain matrix. Assuming 8; = 1,02 = 0.5 and taking l;‘ =

where 6 = (61,609)7, and

4,k,j = 1,2 to place all eigenvalues of A — LC at —2, with the initial conditions
(ICs) z(0) = (0.3,0.5,0.2,0.3)T, M(0) = 0, and

ICy : 3(0) = (1.2,1.4,-0.3,1.2)T, 6(0) = (0.8,0.4)7,
ICy: 2(0) = (1,1,-0.3,0.6)T, 6(0) = (0.8,0.4)7,
IC3: 5(0) = (0.2,0.4,0.3,0.2)T, 4(0) = (0.5,0.4)7,

we have the simulation results as shown in Figures 6.1, 6.2, and 6.3 respectively.
The simulation demonstrates that for the error dynamics generated by the adaptive
observer in Theorem 6.3.3, the convergence of its zero solution is affected not only
by the ICs of 6 but also by the ICs of Z, and that PE is not sufficient to guarantee

the convergence of the error dynamics.
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Figure 6.1: Simulation of adaptive observer with IC;

6.5 Summary

In this chapter, we first considered the adaptive observer design for a LP system in
NOOF. Then adaptive observer design for a class of NLP systems admitting OF was
studied. Local exponential stability of the error dynamics for both cases was shown.
The previous results in [105, 103] were recovered as a special case. The stability of
the error dynamics was established using a filtered state transformation, and a PE
assumption. The PE assumption was defined on signals which depend not only on

the measurements (y, u) but also on unknown parameter estimates .
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Figure 6.2: Simulation of adaptive observer with ICy
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Figure 6.3: Simulation of adaptive observer with IC3
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Chapter 7

Conclusions and Future Work

7.1

Conclusions

This thesis considered observer design for uncontrolled multi-output nonlinear sys-

tems using geometric methods. The main contributions lie in four areas: existence

conditions for special forms; extensions of OF and BTOF using time scale transfor-

mations, observer designs based on the proposed forms and the stability analysis of

the resulting error dynamics, adaptive observer designs for two classes of parame-

terized systems. The main conclusions can be summarized as follows

(®)

(iii)

The existence conditions for a change of coordinates transforming the ith sub-
system into BTF or BTOF were presented. An entire system is transformed to

BTF or BTOF subsystem-at-a-time by applying these conditions sequentially.

We extended the OF and BTOF by introducing multiple time scale transfor-
mations. Qutput dependent TSFs were taken in the TOF case. Generalized
TSFs, which can be functions of upper subsystems’ state and output, were
adopted for the TBTOF case. The existence conditions for both cases were

established.

We presented observer designs based on BTOF, TOF, and TBTOF, and per-
formed the stability analysis of the resulting error dynamics. For a BTOF-
based observer design, the zero solution of the error dynamics was shown to be
GES, GUAS, and semi-globally GES under different conditions. For the TOF
and TBTOF cases, we presented necessary and sufficient conditions on TSF's

to preserve stability in different time scales.
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(iv)

7.2

(i)

(ii)

(iii)

(iv)

We investigated adaptive observer designs for two classes of systems: those
transformable to a LP NOOF or a NLP OF. For each class of systems, an
adaptive observer was proposed and the resulting error dynamics was shown

to be locally GES with a PE assumption.

Future Work

There are two problems left regarding BTF existence conditions. The first is
to develop simplified methods to avoid solving high order PDEs in Theorem
2.3.6. The second is to remove the parameter assumption made when deriving

BTF existence conditions in Section 2.3.

As with the BTF, a more constructive algorithm for computing the BTOF

coordinates using Theorem 3.3.1 could be developed.

As shown in Chapter 2, the complexity of observer design can be reduced by
transforming an observable system into BTF. However, currently BTF-based
observer design cannot be described in general. Lack of systematic observer

design approaches restricts the applicability of the BTF.

Considering the benefits of BTF and BTOF-based observer design, a ques-
tion that arises is “can a BTF or BTOF be useful in simplifying control de-
sign?”. This question is natural given that normal forms are commonly used
in nonlinear control, e.g. state feedback stabilization [28, 29, 35, 36, 34], out-
put regulation by state feedback [65, 27, stabilization by output feedback
[106, 107, 108], state feedback stabilization by backstepping [87] etc. Partic-
ularly relevant work is in [149] where dynamic output feedback stabilizes a
restrictive triangular form. Investigating the generalization of this work to a

BTF structure would be a logical starting point.

Adaptive observer design for NLP systems is another challenging but interest-
ing problem. Many interesting results on adaptive state feedback control of
NLP systems have recently become available. For example, adaptive control of
systems having convex or concave parameterizations [78, 142, 79, 3, 9], adap-

tive control for partially feedback linearizable systems [94], etc. Given these
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recent developments in adaptive control, it is natural to investigate solving an

adaptive observer problem with similar techniques.
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Appendix A

Multi-output Observer Form

Multi-output Observer Form relies on the uniquely defined observability indices

Definition A.0.1. [109, Def. 5.4.1] A set of observability indices {A1, -+, Ap} is

uniquely associated to system (2.1) as follows:
Mi=card {s; 2i:520}, 1<i<p
with

sp = rank {dh;(¢) : 1 < i< p}

s = rank {dh;((), - ,dL%h(¢) : 1 < i < p}
— rank {dh;(¢),-- ,dL} ' hi(¢) 1 1 <i < p}

Sp—-1 = I‘ank {dhl(é), . ,dL”}_lh,‘(C) : 1 < ’L < p}
— rank {dhi(g),... ’dL?_zhi(C) 1<i<p)

O
The existence conditions of (1.5) are given by the following theorem.
Theorem A.0.2. [109, Thm. 5.4.1] There exists a local diffeomorphism
z=T((), zé€ Uy,
transforming system (1.4), up to a reordering of the outputs y1,- - ,yp, into an OF

(1.5) if, and only if, in Uy
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(i) the system is locally observable and A1, - , A, are constant;

(i) Q; = Q;[Q where the two co-distributions Q;,Q are given, for 1 < i < p,

Qi = span{dLEh,,0 <k < X\ = 1,1 <7 < pN\dL}F 'k,
Q =span{dL%h,,0 <k < A — 1,1 <7 < pY

(iii) the vector fields g*,--- , gP satisfying

_ 1<4j<p
Ll Yhy =6, 10k vi-1, ' ’ Al
A 1,70k, Ai-1 {OSkS/\i—ly (A1)
such that
1<4,j<p
[ad® o', ad '] =0, {0<k <A1 (A2)
0<ig< A -1

There ezists a global diffeomorphism if, and only if, Conditions (i)—(iii) holds in R"
and, in addition, the vector fields ad’ifgi,O k<< M-L1< 1< pare complete.
The state transformation ®(C) is obtained by solving PDEs

92(¢)

T (ad’llf_lgl, gt ,adi’}_lg”, e ,gp) =1I,. (A.3)
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Appendix B

Derivation of (4.15)

Since f(¢) = W.f(2), taking its partial derivative w.r.t. z;'- gives

() _ oW, 9f(2)
R AR

where W, = 0W/8z. Given f(z) = S(Az + ), we have

4 L . .
w02 _ [ siag ISISP2SISA .
o Wl (S(Az4v), l<i<pj=1
On the other hand, we know
9 ow., ofc)ow 8 [ow
ALY C RS L L LU P
R Fom A (B2)
.
) (92;:'

Combining (B.1) and (B.2), we finally derive (4.15a) and (4.15b). To show (4.15c),
we follow the expression of h(z) and have dh(z)/8z = C, i.e,,

Ohy() _ Bhe(Q) W _

82} a¢ 82} -

5'7151-,,', 1< Mq1€rmiLp.
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