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Abstract

When computing the essential dimension of an algebraic group G defined
over a field k, finding lower bounds is generally a much more difficult prob-
lem than finding upper bounds. For simple algebraic groups G of adjoint
type, Chernousov-Serre developed a general method for computing lower
bounds of GG via an orthogonal representation. Their work did not cover
the case when char(k) = 2, but they did note their belief that the method
could be extended to this case. We will show that the method developed
by Chernousov-Serre does indeed work in the characteristic 2 case. As an
application, we employ the method to assist with the computation of the
essential dimension of the orthogonal group O,, and simple adjoint groups

of type (G5 in the characteristic 2 case.
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Chapter 1

Introduction

1.1 An Introduction to Essential Dimension

The essential dimension of an algebraic object can be thought of as the
minimal number of independent parameters needed to define it. Essential
dimension assigns a numerical invariant (a non-negative integer) to algebraic
objects and allows us to compare their relative complexity. Naturally, the

fewer parameters needed for definition, the simpler the object is.

The notion of essential dimension is relatively new and first appeared in
a 1997 paper by J. Buhler and Z. Reichstein [BuRe] within the context of
finite groups. A. Merkrujev later extended this notion to arbitrary covari-
ant functors; see [BF03]. Before we examine how essential dimension first
appeared in [BuRe], let us see some simple examples (taken from [Re]) to

get an idea for what is going on.
Example 1:

Let ¢ be a non-degenerate quadratic form on K" where K/k is a field
extension of a field k with char(k) # 2. Let b denote the bilinear form
associated to ¢. We would like to know whether ¢ can be “defined over” a
smaller field £ C Ky C K, i.e. is there a K-basis e, ..., e, of K™ such that



bij = b(e;,e;) € Ko for all i, j = 1,2, ...,n? Equivalently, this means that in
this basis

n
q(l‘l, ,.Tn) = Zbijxixj
i=1

has all of its coefficients in K.

It now makes sense to ask the question: “Is there a minimal field Ky which
g can be defined over?” In general, the answer to this question is no. How-
ever, in a similar vein, we can inquire: “Can we find a field K, of minimal
transcendence degree over k such that ¢ is defined over Ky?” This question
is much more tractable and often has a positive response and so leads us
to the following definition. The smallest possible value of tr.degy(Ky) such
that ¢ is defined over K| is called the essential dimension of ¢ and is denoted
ed(q) or ed(q).

Example 2:

Again, let k be an arbitrary field, K/k a field extension and consider a linear
transformation 7: K™ — K". We say that two linear transformations are
equivalent if their corresponding transformation matrices are conjugates
over K. If the transformation matrix of 7' is (a;;), then we say that 7'
descends to Ky for k C Ky C K if a;; € K, for all 4,5 = 1,2,...,n. We
define the essential dimension of 7" to be the smallest possible value of
tr.degr(Ko) and write ed(T') or edy(T') for this value. Clearly, 7" descends
to k(a;;|i,7=1,2,...,n), so ed(T) < n?.

However, we can improve dramatically upon this upper bound. By con-
sidering the rational canonical form R of the transformation matrix of T',
we obtain an equivalent linear transformation whose matrix has at most
n entries which are not 0 or 1. Thus, using this argument we see that
ed(T) < n.

We have now seen two very concrete examples of essential dimension. Let
us proceed with a more formal definition of essential dimension and see how

our two examples fit into this context.



Let k be our base field, Fields; the category of field extensions over k and
F: Fields;, — Sets

a covariant functor.

For K/k a field extension, we say that a € F(K) descends to Ky if k C
Ky C K and a is in the image of F(Ky) — F(K). The essential dimension
of a € F(K) is defined as

ed(a) = min{tr.degy Ko},

where the minimum is taken over all subfields K such that a descends to
Ky. If ed(a) = tr.degy K, we say that a is incompressible. The essential
dimension of the functor F is defined as the supremum of ed(a) taken over

all a € F(K) and over all field extensions K/k.

In Example 1, F(K) is the set of K-isomorphism classes of non-degenerate
quadratic forms on K. In Example 2, F(K) is the set of equivalence classes
of linear transformations K™ — K™. We saw in both of these examples that
ed(F) < n and in fact it is possible to show ed(F) = n for each of these

examples.

Related to the definition of essential dimension we also have the following
notion. The essential dimension at p (where p is a prime number) of a €
F(L) is defined as

ed(a;p) = min{ed(ak)},

where ax is the image of a in F(K) and the minimum is taken over all
field extensions K such that [K: L] is finite and prime to p. The essential

dimension at p of F is
ed(F; p) = max{ed(a;p)}

where the maximum is taken over all (L, a) with a € F(L).



To give some historical perspective, we will explain where the idea of es-
sential dimension first came from. Consider the following age-old problem:
We would like to find a “radical formula” for the roots of a polynomial
2" + a;x" ! + ... + a, over some field k. By radical formula we mean a
formula involving only addition, subtraction, multiplication, division and

n-th roots. Let us start by examining the case n = 2.

Let f(xz) = 22 + ax + b and define L = k[z]/(f(x)). Thus L is the field
attained from k by adjoining a root of f(z). We know that we can choose an
element o € L whose minimal polynomial g, depends on a smaller number
of parameters than f. For example, if we choose o with trace 0, then g,
is of the form z2 — d. Here we can easily find a radical formula a = v/d.
But then we have a formula for any element of L, including for the roots
of our minimal polynomial f(x), because any element of L can be written
as [y + lra for ly,ly € k. From this process we can derive the well known

quadratic formula

—a++va? —4b
2

We can develop similar formulas for n = 3,n = 4, but Galois proved that

no such formula exists for n > 5.

Now consider the situation where K = k(t1,...,t,), the generic polynomial
f=a"+tiz" '+ .. +1t, and the field extension L = Klz]/(f). Let a € L
and write its minimal polynomial as g, = 2™ + fiz" ' + ... + f,, where
fi € K. As before we can choose a@ € L so that the field generated by
the coefficients of its minimal polynomial k(fi, ..., f,) = E C K is a proper
subfield (e.g. take o with trace 0). If we define F' = FElx]/(g,) then we
have that I'®p K = L because, similarly to the case n = 2 from above, the
powers of a will form a K-basis for L. In this case we say that L descends
to F'. We would like to choose « so that the corresponding field E has the
smallest possible transcendence degree over k, because this field would be

simpler than our original field L.

Note that L in the previous paragraph was a separable algebra, and it is



known that its twisted forms can be described by the Galois cohomology
functor H'(—,S,): E/k — H'(E,S,). It was for this functor that Z. Re-
ichstein and J. Buhler first introduced the notion of essential dimension;
see [BuRe]. It turns out that the consideration of these Galois cohomology

functors is very natural and leads us to the following definition.

Let G be a smooth linear algebraic group over a field k and consider the

covariant functor

F: Fields;, — Sets
K+ H'(K,Q).

We define the essential dimension (at p) of G to be the essential dimension
(at p) of this functor F. Thus, by definition, if G is an algebraic group, the
essential dimension of G is the minimal number of parameters needed to

define all G-torsors.

Related to the notion of essential dimension is that of compressibility. In FEx-
ample 1 above we saw the definition of the essential dimension of a quadratic
form when the base field did not have characteristic 2. We will extend this
notion to arbitrary fields. Let K/k be a field extension of an arbitrary field
k and f a quadratic form over K. Then, if there exists another quadratic

form g defined over a field L/k satisfying
e kCLCK,
o tr.degy L < tr.degy K; and
e g, K~ f

we say that f is compressible. Otherwise, it is incompressible. Then, as in
Example 1, we can define the essential dimension of f to be the smallest

possible value of tr.degy(L) such that f “compresses” to L.

Since the area of essential dimension is still relatively new there are many
open questions. For example, even the essential dimension of the group that

spawned the notion of essential dimension, S,,, is still unknown. As of right



now, it is known that if char(k) = 0, then
n/2] <ed(S,) <n-—3.

The precise values are known for some small values of n. Most recently A.
Duncan, in [Du], proved ed(S7) = 4, but for higher values of n this remains

an open problem.

Despite only being in its infancy, the study of essential dimension has be-
come very popular and many mathematicians have contributed results to
this area. Most notably, Brosnan, Reichstein and Vistoli computed the
essential dimension of spin groups through the use of stacks [BRV] and
Merkurjev and Karpenko found the essential dimension of p-groups, in good
characteristic, by employing K-theory [KM]. In an upcoming paper A.
Merkurjev gives an overview of essential dimension, its connection to other

areas of mathematics and the current state of open problems; see [Me].

We now will turn our attention to the heart of this dissertation. In gen-
eral, computing lower bounds for essential dimension is more difficult than
computing upper bounds. If G is an algebraic group and G — GL(V) is
a generically free representation, then a result from [Re2] says ed(G) <
dim(V') — dim(G). To get an upper bound we take a generically free repre-
sentation of smallest possible dimension and then subtract the dimension of
the group from this value. There is no method for computing lower bounds
which works quite so easily as the one for upper bounds. However, a gen-
eral method of computing lower bounds of essential dimensions of algebraic
groups over fields of characteristic # 2 via orthogonal representations was

proposed in a 2006 paper [ChSe] by V. Chernousov and J.-P. Serre.

In this paper, regarding their method for computing lower bounds, the

authors remarked

It seems likely that a stmilar method can also be applied in characteristic 2

The goal of this dissertation is to extend this method for computing lower



bounds of essential dimension to the characteristic 2 case. Results regarding
essential dimension in the characteristic 2 case can vary wildly from their
non-characteristic 2 counterparts. For example, if char(k) # 2 it is known
that for the orthogonal group O,, we have ed(O,,) = n. However, as will be
seen in Theorem 1.2.2, the essential dimension of the orthogonal group in

the characteristic 2 case is quite different.

In attempting to extend the method for computing lower bounds in [ChSe]
to the characteristic 2 case many roadblocks arise. The primary difficulties
when working in characteristic 2 are related to the definition and manip-
ulation of quadratic forms and an object known as the Witt group which
will be described in Section 2.2. We will now proceed to state the main

Theorem and results of this dissertation.

1.2 The Main Theorem and Results

In what follows, we will be assuming that char(k) = 2 and k is algebraically
closed. Let K = k(ty,...,t.,u) where ti,...,t,,u are algebraically indepen-
dent indeterminates. Let G° be a simple algebraic group over k of adjoint
type and let 7" be a maximal torus of G° of rank r. Let ¢ € Aut(G°) be
such that ¢? = 1 and ¢(t) = ¢! for each t € T (it is known that such an
automorphism exists, see e.g. [DeGr, Exp. XXIV, Prop. 3.16.2, p. 355].
This automorphism is inner (i.e. belongs to G°) if and only if —1 belongs
to We(T), the Weyl group of (G,T). When this is the case we put G = G°.
If not, we define G to be the subgroup of Aut(G°) generated by G° and c.
We have

e G = G° for types Ay, B,,C,., D, (r even),Go, Fy, E7, Eg; and
e (G: G°) =2 and G = Aut(G®) for types A,.(r > 2), D, (r odd), Fg.
Theorem 1.2.1. If G is as above, then we have ed(G;2) > 1+ 1.

We will prove the Theorem in two steps:



1. We construct a particular cocycle g in H'(K,G) for K defined as

above and depending on r 4+ 1 parameters.

2. We construct an orthogonal representation for G and show that the
twisted quadratic form associated to the image of 6 under this rep-

resentation is incompressible.

Of course, the last property implies that the cocycle 6 is incompressible

and the Theorem follows.

In order to construct this orthogonal representation we will need to know
explicitly the Killing forms of split simple Lie algebras of simply connected
groups defined over Z. The computation of these is done in Chapter 3. Next,
in Chapter 4 we construct our desired orthogonal representation. In Chapter
5 we describe our particular cocycle and determine explicitly the types of
quadratic forms associated to this cocycle. In Chapter 6 we show that these
associated quadratic forms are incompressible and then in Chapter 7 we put

everything together to complete the proof of Theorem 1.2.1.

This approach must be modified for groups of type B, and Fj. For B,
we will not use the orthogonal representation constructed in Chapter 4,
but instead will use the standard representation. This special case will be
discussed in Section 5.2. To deal with Fy we will use a totally different
approach relying on the theory of cohomological invariants. This special
case will be discussed in Section 7.2. The reason for treating these cases
separately is that the process detailed in the previous paragraph produces

a weaker lower bound than Theorem 1.2.1 asks for.

We will now state two more Theorems whose proofs are based on the main

Theorem.

Theorem 1.2.2. Let O, denote the smooth orthogonal group of dimension
m defined over a field k of characteristic 2. Then,

® ed((’)Qn) =n-+ 1,‘

® €d(02n+1) =n+2.



Theorem 1.2.3. Let Go be a split simple algebraic group of type Go defined
over a field k of characteristic 2. Then

ed(Gsg) = 3.

In Chapter 7, these two results will be proven by relying on Theorem 1.2.1.



Chapter 2

Background Information

2.1 Quadratic Forms

In this Section we will briefly recall the definition of a quadratic form and
explain some associated concepts/definitions, which will be used through-
out. Note that all the definitions in this Section make the assumption that
the characteristic of the field we work over is 2. The definitions and results
below are taken from [EKM].

Let F' be an arbitrary field and V' a finite dimensional vector space over F'.

A quadratic form is a map ¢: V — F satisfying:
1. g(av) = a®q(v) for all v € V and a € F'; and

2. (Polar Identity) b,: V x V' — F defined by
by(v,w) = q(v +w) = q(v) = g(w)

is a bilinear form.
We call the pair (V, q) a quadratic space.

There is a standard notation for certain types of quadratic forms. If a € F',

we denote the quadratic form on a one-dimensional vector space V = F

10



defined as q(v) = av?, by (a). We will denote the direct sum {(a;) & (as) &
. ® {a,) as (ay, ..., a,). As well, the form (a,a,...,a) will be denoted r{a)
where r is the number of times a appears. Finally, if a,b € F, the 2-

dimensional quadratic form on V' = F? given by ¢(v,w) = av? + vw + bw?
will be denoted [a, b].

If (V,q), (W, p) are two quadratic spaces, we say that a map ¢: V — W is

an isometry if
e ¢ is a linear isomorphism; and
e p(p(v)) =q(v) forall v e V.

If an isometry exsits between two quadratic spaces, we say that they are

1sometric.

Let V' be a finite dimensional vector space over an arbitrary field F. We
define the hyperbolic form of V to be the form on the vector space V & V*
given by

H(V): VeV — F
(v, f) — f(v).

Note that any such form is isometric to a quadratic form of the shape
[0,0] ©[0,0] & ... & [0,0].

If ¢ is a quadratic form which is isometric to H(WW') for some vector space
W, then we say ¢ is a hyperbolic form. Also, the form H(F') is called the
hyperbolic plane and denoted simply by H.

Let b: V x V — F be a bilinear form. The radical of b is defined as

rad(b) ={v eV | b(v,w) =0V we V}.

11



Let q: V — F be a quadratic form. The quadratic radical of q is defined as

rad(q) = {v € rad(b,) | q(v) = 0}.

We say that ¢ is regular if rad(q) = 0.
Ifb: V xV — Fis a bilinear form and L/F is a field extension, then by, is
a bilinear form on L ®r V' := V], given by

br(a®v,c®@w) = ac b(v,w).

Similarly, if ¢: V' — F is a quadratic form and L/F is a field extension,

then we can define a quadratic form
qr: Vi =LoprV = L, qla®v)=adqv).

With these definitions in hand consider the following result:

Lemma 2.1.1. Let q be a quadratic form over F'. Then the following are

equivalent:
1. qr, is reqular for every field extension L/F.
2. qr, 1s reqular over an algebraically closed field L containing F'.

3. q is regular and dim(rad(b,)) < 1.
Proof. See [EKM, Lemma 7.1.6]. O

A quadratic form ¢ over F' satisfying any of above three equivalent condi-
tions is called nondegenerate. We have the following results on nondegener-

acy:
Lemma 2.1.2. Let F' be an arbitrary field. Then
1. the form (a) is nondegenerate if and only if a € F*;

2. the form [a,b] is nondegenerate.

12



Proof. See [EKM, Proposition 7.19]. O

Lemma 2.1.3. If p and v are nondegenerate quadratic forms over F' and

at least one of them is even-dimensional, then @ @ 1 is nondegenerate.
Proof. See [EKM, Remark 7.2.1 (3)] O

The next two results provide a sort of analog of the diagonalization of

quadratic forms in the characteristic 2 case.

Lemma 2.1.4. Let ¢ be a quadratic form on V' over F'. Then there exists
2-dimensional subspaces V; C 'V, 1 < i < n for some n, a subspace W C

rad(b,), and an orthogonal decomposition

Y= 90|md(<p) D 30|W D ‘:0|V1 D...D 30|Vn>

with @y, ~ [a;, b;], nondegenerate, a;,b; € F for alli = 1,...,n. In particu-
lar,
o ~1(0) D (c1,c2,...Cs) B a1, b1] B ... B [an, by,

where r = dim(rad(y)) and s = dim(W),¢; € F* fori=1,...,s.
Proof. See [EKM, Proposition 7.3.1] O

When the form we begin with is nondegenerate, we have a stronger version

of this Lemma:

Lemma 2.1.5. Let ¢ be a nondegenerate quadratic form over F.

1. If dim ¢ = 2n, then
p ~ @i [a;, bi]

for some a;,b; € F.

2. If dimp =2n + 1, then

@ ~ i ylai, b © (c)

13



for some a;,b; € F and ¢ € F* unique up to (F*)2.
Proof. See [EKM, Corollary 7.3.2]. O

Let ¢: V — F be a quadratic form. Let V := V/rad(q) and let 7: V — V
be the canonical epimorphism. Consider the mapping g: V — F given by

q(v) = q(v) where v is any lift of 7. We first claim that this map is well
defined.

Indeed, let T € V and let vy, v, be two liftings of 7. We must show that
q(v1) = q(vg). By definition we can write vo = v + u where u € rad(q).
Since u € rad(q) C rad(b,) we know that 0 = b,(vs, u). From this we get

0 = by(v2, u) = q(v2 +u) + q(ve) + q(u) = q(va + u) + q(v2)
jnr

= q(v2) = q(va + u) = q(v1).

Moreover, this mapping defines a quadratic form because

o g(ar) =q(ar) = q(ar) = a’q(r) = a’q(7); and

® b(v,w) =g(v +w) =q(v) —7(w) = q(v+w) —q(v) —g(w) = by(v, w).
We will call § the normalization of q.

For the remainder of this Section consider the general situation where we
have a quadratic form ¢ defined over an algebraically closed field F'. Since F
is algebraically closed we know that in the decomposition given by Lemma

2.1.4 we can choose the ¢; to be 0 or 1. Thus we may write our form as
q=la1,b1] ® ... ® [an, b,] & (c1, ..., cn), ¢ € 40,1}

Moreover, we claim that if at least one of the ¢; = 1, then we may assume
without loss of generality that exactly one of the ¢; = 1. Indeed, consider

the quadratic form ¢ = (1) @ (1) defined over a vector space V' with basis

14



e1,es. Consider a new basis €] = e; + ey, €, = e2. Then we have

q(ze) +yeh) = qlzer + (z + y)ex) =2 + (x +y)* = 2* + 2° + ¢/
=02 + 1y* ~ (0) @ (1).

Then by induction our claim follows.

We can also show that in the case of an algebraically closed field [a, b] ~ [0, 0]
for any a,b € F. Indeed, by [EKM, 7.19] in characteristic 2 every binary
isotropic nondegenerate form is isometric to H = [0,0]. So to prove our
claim, we only need to show that [a,b] is isotropic. We first consider the
case where one of a or b equals 0. Without loss of generality consider [a, 0].
Then [a,0](0,1) =a-0*4+0-1+0-1% =0, so [a, 0] is isotropic and therefore

isometric to [0, 0].

Now consider the case where neither a nor b equals 0. Note that
2 2 _ 2 Y A
ar”+zy+by" =02 +z=+ab|=) =0
a a
so we can consider the form [1, ab] instead. Then, by 7.6 in [EKM] this form

is isotropic if and only if 22 4 z + ab has a root in F. However, since F is

algebraically closed a root exists and hence [a, b] ~ [0, 0], as desired.
With the two previous results in hand we know that an arbitrary quadratic
form ¢ can be expressed in one of the following two forms:
q~1[0,0]®...®[0,0]® (1) ®(m—1){0) (typel)
or
q~[0,0]® ... ®[0,0] ®m(0) (type 2).

For either type, we will make the convention that our quadratic form ¢ is
defined over a vector space V' with fixed basis {e1, ..., €an, €2n11, -+, €2n4m }-
This means that we have n summands of the form [0, 0] for both types,

m — 1 (0) summands for forms of type 1 and m (0) summands for forms of

15



type 2.

Next, we would like to describe the radical of ¢ for each type. In general, if
we can write a quadratic form as ¢ = ¢; @ ¢z, then by examining definitions
its easy to see by = bgz @ bg,. Then, by combining induction and this fact

its easy to see that for forms of type 1 we have

by = EP b & P by
i=1 j=1

and a similar decomposition exists for forms of type 2. Then note,

biey (,9) = (ei) (x +y) + (i) (@) + () (y) = il +y)* + cia® + ey’
=’ + cin + et + cz-y2 =0.

and

b0 (21, 1), (2, 92)) = [0,0]((21 + y1, 22 + y2)) + [0, 0]((z1, 22)) + [0, 0]((y1, y2))
= 0(z1 +11)* + (@1 + y1) (@2 + 2) + 0(22 + y2)°
+ 023 + 2129 + 023 + 0y + 192 + Oy
= T1%2 + T1Y2 + Y1T2 + Y1Y2 + T1T2 + Y1Y2
= T1Y2 + Y1 2.

It follows that for both types of forms we get
rad(b,) = span{ean i1, ..., €2ntm}-
Furthermore we get
rad(q) = span{eania, ..., €an1m} for forms of type 1

and

rad(q) = span{esn i1, ..., €onym} for forms of type 2.

Knowing this we can say precisely what the normalization of each of these
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forms looks like. For forms of type 1 the normalization looks like

n

i=~@ 0,0

i=1

and for forms of type 2 the normalization looks like
q~ EB [0, 0].
i=1

Note that for either type, each summand in the normalization is nondegen-
erate by Lemma 2.1.2 and then by Lemma 2.1.3 so is their orthogonal sum.
Thus the normalization of an arbitrary quadratic form is nondegenerate, a

result which we will record as a Lemma.

Lemma 2.1.6. Given an arbitrary quadratic form q defined on a vector

space V over F, its normalization q: V = V/rad(q) — F is nondegenerate.

We also need the following result from [EKM, Theorem 8.4], known as the

“Witt Cancellation Theorem”, for later use:

Lemma 2.1.7. Let ¢, ¢’ be quadratic forms on V and V' respectively and
Y, " quadratic forms on W and W' respectively, with rad by, = 0 = rad by.
If

@Y=y @y and P =,

then ¢ ~ ¢'.

The last goal we would like to achieve in this Section is to relate the or-
thogonal group of a quadratic form to that of its normalization. Recall that
given a quadratic space (V,q) we defined the orthogonal group related to
this space to be

O(V.q) = {z € GL(V) | ¢(z(v)) = q(v) Vv € V}.
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We would like to define
A O(V,q) — O(V, 7).

First note that the canonical epimorphism 7: V' — V preserves length, i.e.
q(m(v)) = () = q(v).

Next, given © € O(V,q) define A(z) = 7: V — V by T(v) = z(v). First
we claim this mapping is well defined, for which we must show x(rad(q)) C
rad(q). To prove this claim we first need to show that z(v) € rad(b,) for

v € rad(q). Let wy € V. Since z is invertible we have z(w) = w, for some
w € V. Then

because v € rad(g) C rad(b,). We also have ¢(z(v)) = ¢g(v) = 0. Thus,
z(v) € rad(q).

It remains to see that * € O(V,q). However, q(z(v)) = q(q:(v)) =
q(z(v)) = q(v) = q(v). Thus we have the following result:

Lemma 2.1.8. A canonical mapping V — V induces a natural morphism

A OV, q) — OV, 7).

2.2 The Witt Group in Characteristic 2

In this Section we will introduce the notion of the Witt group, discuss a
structure Theorem of the Witt group in characteristic 2 for certain fields
due to Arason and conclude by giving some simple tools used to manipulate

elements of the Witt group.
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Given two quadratic forms ¢: V — F and p: W — F we can define their
orthogonal sum as ¢ @ p: Ve W — F (v,w) = q(v) + p(w). This is
again a quadratic form. By Lemma 2.1.3 if p, ¢ are two even-dimensional,
nondegenerate quadratic forms over a field F', then their orthogonal sum
is again nondegenerate. Thus, the isometry classes of even-dimensional
nondegenerate quadratic forms over F' form a monoid under orthogonal

suin.

In general, if M is any monoid, we have an associated construction called the
Grothendieck group, which turns any monoid into a group. On M x M we
define a coordinate-wise addition (mq, mg) + (n1,n2) = (Mq + ny, Mo + na).
Then we can define an equivalence relation where (my,ms) ~ (n1,ny) if
there exists k € M such that my +ny + k = moy +n; + k. If we mod
out M x M by this equivalence relation, it will produce a group, known
as the Grothendieck group. Note that in this group the identity element is
the class of any element of the form (m,m) and the inverse of (my, my) is

(mg,ml).

Now we return to our situation where we have the monoid consisting of
isometry classes of even-dimensional, nondegenerate quadratic forms over
a field F. The quadratic Witt group or just Witt group is the quotient of
the Grothendieck group of this monoid by the subgroup generated by the
image of the hyperbolic plane. We will denote this group by W, (F').

Next we will summarize the results of [Arl] related to the structure of the
Witt group over complete fields in characteristic 2. Let K be a field of
characteristic 2, s an indeterminate over K and let K((s)) be the field of
formal Laurent series over K. If f is a quadratic form over K((s)), we will
denote its image in W,(K((s))) by fw-.

Theorem 2.2.1. W (K((s))) is the additive group generated by the ele-
ments |a, Bs *lw and [as™t, Bs™* )y where k € Z, k > 0 and o, B € K,

with the condition that o, Bs |y and [as™t, Bs™* Yy are biadditive as
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functions of o, f and satisfy the following sets of relations:

[, Bp*s ™ |w + [B, ap®s™¥w = 0 if k is even (2.1a)

[as™, Bp*s "ty + (857, ap?s ¥y = 0 if k is even (2.1b)
[, Bp?s F|yw + [Bs™, ap®s ™"y = 0 if k is odd (2.1c)

[, ap?s My + [, ps ™ w = 0 (2.2a)

[as™ ap®s )y + [as™h ps Ty =0 (2.2b)

Here k runs through the non-negative integers and o, B and p run through
K.

Theorem 2.2.2. Form > 0 let W, (K ((s)))m be the subgroup of W,(K((s)))
generated by the o, Bs ™ w and [as™, Bs ™)y where k € Z,0 < k < m
and o, B € K. Then:

o W,(K((s)))o is isomorphic to W,(K) & W,(K). A generator o, Blw
of W,(K((s)))o is sent to [a, Blw in the first summand W,(K), but a

generator [as™t, Bs|w corresponds to [, Blw in the second summand.

o Ifn >0 then W (K((s)))an/W4(K((5)))2n—1 is isomorphic to
K Az K ® K Ag2 K. The class of a generator [a, Bs™*"|y corre-
sponds to a A\ B in the first summand, but the class of a generator

[as™t, Bs™ 2"y corresponds to o A B in the second summand.

o Ifn >0 then W, (K((s)))ont1/W4(K((5)))2n is isomorphic to K &g
K. The class of a generator [, Bs™*" )y, corresponds to a ® 3, but

the class of a generator [as™, Bs™2"y corresponds to B ® .

We conclude this Section by providing some simple Lemmas related to
quadratic forms and the Witt group in characteristic 2. We will make
use of these results in Chapter 6 to prove the incompressibility of so-called

canonical monomial forms which will be defined later.

Lemma 2.2.3. Let a,b € K((s)) be such that ab € sK][[s]]. Then [a,b] is
hyperbolic, i.e. [a,blw is zero in the Witt group W (K ((s))).
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Proof. See [Arl, Lemma 3]. O

Lemma 2.2.4. Quver a field of characteristic 2 every binary isotropic non-

degenerate quadratic form is isomorphic to the hyperbolic plane.
Proof. See [EKM, 7.19 (4)]. O

Lemma 2.2.5. Let a,b € F*, where F is a field of characteristic 2. Then,
all,b] ~ [a~ !, ab]

Proof. Given a[l,b] = ax*+axy+aby?® consider the linear change of variables

T = az,y =y. Then our form becomes a™12% + 7y + aby? = [a',ab]. O

Lemma 2.2.6. Let [a,b] be a binary quadratic form over a field F' of char-
acteristic 2. Then, [a,b] is hyperbolic <= ab = f + f? for some f € F.

Proof. See [EKM, 7.6] and apply Lemma 2.2.4. ]

Lemma 2.2.7. [1,a*s™" |y = [1,as "|w for any a € K and any nonega-

tive integer n.

Proof. Follows directly from equality (2.2a). O

Lemma 2.2.8. Let K be an arbitrary field of characteristic 2, K((s)) the
field of formal Laurent series over K and let u,v,p,q € K be arbitrary.
Then

[u’p, v2qs™"] ~ [p, v*u’qs "] (2.3a)

[u?ps™t v?qs " ~ [ps, vPuqs T (2.3b)

Proof.
[u?p, viqs "] = uPpa® + wy + vigs "yc.
Consider the change of variables T = ux,y = y/u to get:

2

~ o —n, 2 U ~ | -n -n
P+ T+ 0%qs Ty 5 = pE A Ty + 0Mwlgs Y = [p,vtutgs .
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A virtually identical argument will give equality (2.3b). O

2.3 Galois and Faithfully Flat Cohomology

Later on we will make heavy use of both Galois cohomology and faithfully
flat cohomology. We will give a brief introduction of both cohomologies and
also explain how to twist quadratic forms with respect to cocycles in each
of these cohomologies. We begin with the notion of non-Abelian Galois

cohomology. The discussion below is taken from [Se(2].

Let G/k be an algebraic group over an arbitrary field, k; its separable closure
and define I' := Gal(ks/k). We define the 0-th Galois cohomology set as:

H(k, Q) = G(k).

To define the 1st Galois cohomology set we need some preliminary defini-

tions. A cocycle is a continuous mapping:

C: T — G(ks)

o (o)

such that for all 0,7 € I, g5 = g,0(g,). In the above definition, continuity
means with respect to the profinite topology on I' and the discrete topology
on G(ks). We denote the set of all cocyles by Z(k,G). We say that two
cocycles are equivalent and write (¢’,) ~ (g,) if there exists z € G(ks) such
that (¢)) = 27'(g,)o(z). We can then define the first Galois cohomology
set as

H'(k,G)=Z'(k,G)/ ~ .

Note that if G is commutative then G induces a natural group structure on

H'(k,G). As well, if we have a k-morphism of algebraic groups ¢: G — G,
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it induces a mapping
H'Y(k,G) — H'(k,G").
Indeed, let [(g,)] € H'(k,G) and by abuse of notation let us write
p = p(ks): Gks) — G'(ks).
Then,

©(95)0(0(97)) = ©(9s)0(0(gr)) = ©(950(97)) = ©(gor)-

Note that ¢ commutes with o, because ¢ was defined to be a k-morphism
and o € Gal(ks/k).

We will now present some key results about the first Galois cohomology sets

of certain algebraic groups.

Theorem 2.3.1. We have:

G) =

Ga) =

o H'(k,
(k,

o HY(k,pu,) =k*/(k*)"; and
(

o HY (K

o H'(k,Z/p) = k/p(k), char(k) =p, p(k) = {a? —x | 2 € k}.

We will now explain the process of twisting a quadratic form with respect
to a Galois cocycle. Let k be an arbitrary field, L/k a field extension
and G/k an algebraic group. Assume we have an orthogonal representa-
tion p: G — O(V,q) where V is a finite dimensional vector space over k
with basis {eq, ...,e,} and ¢ is a nondegenerate quadratic form on V. The

orthogonal representation p induces a natural morphism
pr H'(L,G) — H'(L,O(V,q)), ¢+ <.

It is known that H'(L,O(V,q)) ~ {isomorphism classes of nondegenerate,
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n-dimensional quadratic forms}. So to each cocycle ¢ in Z'(L,O(V,q)) we
can associate a quadratic form, namely the twisting of ¢ by the cocycle (,

a process which we describe below.

Let L be a separable closure of L and let I' = Gal(Lg/L). Let ¢ = (a,).
We have a, € O(V,q)(Ls) € GL(V;) where V, =V @1 L,. We now define
two actions of I' on V. Let v € V, be arbitrary, and write v = ZLI ;€4
where v; € Ly. Also, let v € I'. Then

Tv= 27(%)(%
i=1

is called the standard action of the Galois group on V. We next define the

tunsted action by
Y v=a, <Z y(vi)ei> :
i=1

Note that a, € GL(V;) and v € Vj so this action makes sense and one can

check easily that the twisted action really is a group action.

Now define
W=Vl={weV,|v"-v=vV yeTl}

One can easily see that W is a k-subspace of V;. According to Galois descent
[Wa, Ch.17] we know W ®, L, >~ Vj so it follows that dim (V') = dim(W).
By assumption we have a quadratic form ¢: V' — L and by scalar extension
we get a quadratic form ¢s: V; — L ®p Ly = Ls. Let us show that if we
restrict ¢s to W, then ¢;,(W) C L. Indeed, suppose w € W, so we know that
w =" w=a,(y-w). Now, since a, € O(V,q)(Ls) it preserves length, i.e.

qs(w) = qs(ay(y - w)) = qs(y - w).

Now since ¢ was defined on a vector space V/k, its coefficients live in k& and

then so do those of ¢, by definition. Because of this, we get ¢, commutes
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with the Galois action. Thus

qs(w) = qs(7v - w) =7+ (gs(w)).

It follows that ¢s(w) € Ly is stable with respect to the Galois action and

this implies g,(w) € L, as was desired.

So we define p = ¢4y : W — L, a quadratic form over L, which we call the
twisting of ¢ with respect to the cocycle (. We say p is the twisted form of q
with respect to (. So in order to explicitly compute the twisted form p, we
need to find a basis for W, that is, a set of n = dim(V) linearly independent

vectors in V, which are invariant under the twisted action.

We now move on to describing faithfully flat cohomology and twisting with

respect to a faithfully flat cocycle. The discussion below is taken from [Wal].

Let G/K be an algebraic group and consider an algebraic closure K of K.
The zeroeth faithfully flat cohomology set is defined as H°(K,G) = G(K).
To describe the first faithfully flat cohomology set we need some preliminary

definitions. Consider two natural maps

. r®l1l 1=1
T K > KK, r+— .
1l®x 1=2
These give rise to two maps G(K) — G(K ® K) which we will call 7}, 75.
If we fix an embedding G' < GL, then one can view elements in G(K)
as matrices and then 7} corresponds to applying m; to each entry of x €
G(K) C GL,(K). For example, if = (a;;), then 7} ((a;;)) = (a;; ® 1) and

m5((aij)) = (1 ® a;5). Further, we can also consider the embeddings

a®@b®1 for s
812,813,8232?@9?—)?@?@?, a®b— a®1®b fOI‘813 .
1®a®b for s
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These induce 3 maps
7y, 875,55 G(KRK) — G(K® K ® K).

Then we say that g € G(K ® K) is a faithfully flat cocycle if si,(g)sis(g) =
st5(g) and denote the set of all cocycles by Z!'(K,G). We can introduce an
equivalence relation on cocycles, where g; ~ g, < 3z € G(K) such that
go = mi(z)g1m5 (27 1). Then we define the first faithfully flat cohomology set
as HY(K,G) = ZY(K,G)/ ~. Tt is possible to show that this construction

is a generalization of Galois cohomology [Wa, Section 17.7].

Next, suppose G, GGy, G4 are affine algebraic groups over a field K. Then we

explain what it means for the sequence
1— G 5 G- Gy— 1

to be exact in the faithfully flat topology. The definitions of exactness at
G, and G are as expected. That is, the sequence is exact at G; if for
every K-algebra R, the induced map ¢(R): G1(R) — G(R) is an injection.
The sequence is exact at G if for all K-algebras R one has Keriy = Im ¢.
However, exactness at G5 is a little bit different. We say the sequence is
exact at Gy if for all K-algebras R and § € G5(R) there is a faithfully
flat extension R C S and a € G(S) such that () equals the image of
B under the induced map Gy(R) — G2(S5). Recall that an extension of
rings A\: R — S is called faithfully flat if X is a flat morphism and for any
R-module M, M ®r S =0 = M = 0. Note that since K is a field to check
exactness at G it suffices to show that G(K) — G5(K) is surjective where

K is an algebraic closure of K.

When the above sequence is exact, it produces a long exact sequence in

faithfully flat cohomology:

1= Gi(K) = G(K) = Gy(K) - H'(K,Gy)
— HY(K,G) — H' (K, G).
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For later use, we would like to describe in detail the connecting morphism
G2(K) = HY(K,Gy) — H'(K,Gy). Let a € Go(K). Now over an algebraic
closure K we have a surjection G(K) — Go(K), so let @ be a lifting of a in
G(K). Then it can be shown that if we let 8 = 7} (@) - (75(a)) ™!, not only
does A3 live in G(K ® K), it actually takes image in the subgroup G (K ® K).
Moreover, [ is a cocycle in the sense of faithfully flat cohomology. Thus the

connecting morphism is given by

Go(K) — HY(K,Gy), avs f=mi@)(r@) "

In general, let G be an algebraic group acting on a finite dimensional K-
vector space V with basis {ey,...,e,}. Let o € Z'(K,G) C G(L ® L) where
L = K(y/a). Suppose further that we have a quadratic form ¢: V — K
and that G preserves it. We will now explain how to twist this form with
respect to the cocycle a. We first consider the vector space V ® L =V}, and
we can naturally extend our quadratic form to this space as seen in Section
2.1. Any z € V,, can be written as > " (a; + b;\/a)e; = x where a;,b; € K.

Now to compute the twisting of ¢ we have to find a basis for
Y=V, ={z eV, | m)=alm(r))}

By faithfully flat descent dim(Y’) = dim(V') = n, so it is enough to find n
linearly independent elements of V, which satisfy the given condition. Once
we have this we can restrict our form ¢;, to Y and it is known that such a
restriction takes an image not only in L, but more importantly in K. Thus
qrly is a quadratic form over K, called the twisted form of q with respect to

the cocycle a.
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Chapter 3

Killing Forms of Simple Lie
Algebras over Z

3.1 Preliminary Results

To construct the required orthogonal representations of the algebraic groups
described in Section 1.2 we need to know explicitly how the Killing form
IC of Lie algebras of split, simple, simply connected groups defined over a
field k£ looks like. Since our main field has characteristic 2, we begin by
computing K in a Chevalley basis of the Lie algebra £ = L(G) of a split
simple simply connected algebraic group GG defined over Z and then we pass
to k by applying the base change Z — Fy = Z /27 — k.

Recall that a Chevalley basis is a canonical basis of £ which arises from a

decomposition of

L=2Loo (][] La)
a#0

into a direct sum of the weight subspaces L, with respect to a split maximal
toral subalgebra H = Ly C L. Note that the set of all nontrivial weights in

the above decomposition forms a root system and that for every root a we
have dim(£,) = 1.

28



In what follows ® will denote the set of all roots of £ with respect to H,
A C P its basis and @ (resp. ) positive (resp. negative) roots. By [Hu,
Theorem 25.2] there exist elements { H,,| a; € A} inH and X, € £,, a € O
such that the set

{H,,|o, € A} U{X,Jae T U{X ,|ae dT}
forms a basis for £, known as a Chevalley basis, and these generators are
subject to the following relations:
o [H,, H,|=0;
o [H,, Xo] = (o, ;) Xq;
o H, =[X,, X ,]= ZaiGA n;H,, where n; € Z; and

0 ifa+p5¢d
+(p+1)Xatps  otherwise

o [X,, Xp| = {
where p is the greatest positive integer such that a — pg € .

Here for two arbitrary roots «, 5 € ® the scalar (a, 3) is given by

2(a, B)
a’ /8 - Y
@O =55
where (—, —) denotes the standard inner product on the root lattice. It is

in this Chevalley basis that we will compute the Killing form X of L.

Recall that for any X,Y € L one has
K(X,Y)=Tr(ad(X) o ad(Y)) ,

where ad: £ — End(£) is the adjoint representation of £ and it is straight-
forward to check that

K(Ha,, Xo) =0, K(Xa, X5) =0
for all ¢+ and all roots o, B € ® such that a + 8 # 0; in particular,
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K(Xq4, Xo) = 0. Thus as a vector space L is decomposed into an orthogonal
sum of subspaces H and ( X,, X _, ), « € 7. Before proceeding with the
computation we require some more preliminary results. The most important

of these is [Ma, Lemma 3.4.2] which we state below:

Lemma 3.1.1. Let L be as above with a Chevalley basis

{Ha

a; € A} U{X,|aedT U{X ,|ae dt}.

The restriction K|z ar_., is of the form myxy where my, is an integer and
K(Haﬂ Haj) — 271(07“ dj) 5

where h is the dual Cozeter number of L, &; = (Oi_o‘;i) and (&, [) is the

Weyl-invariant inner product with (&, &) = 2 for a long root .

Note that the formula given by Lemma 3.1.1 requires (&, &) = 2 for a long
root a. As will be seen, for groups of type C,, and G5 we will have to
multiply the standard inner product by an appropriate scalar to match this
condition. We will also make use of some results due to Steinberg and

Springer [SpSt]. The first of these is that for any long root o € ® we have
K(H,, H,) = Tr(ad(H,) o ad(H,)) = 4h , (3.1)

where h is the dual Coxeter number of the given Lie algebra. They also

showed that for any root a € ® we have

K (X, X_0) = Tr(ad(X,) 0 ad(X_y)) = %Tr(ad(Ha) oad(H,)). (3.2)

Combining these results we see that to compute the Killing form of £ we
really only need to know how this form looks on the Cartan subalgebra H.
On each subspace L, ® L_,, Lemma 3.1.1 tells us that the Killing form is of
the form myxy. Then, the coefficient m,, of this binary quadratic form can
be determined by equation (3.2) if we know the Killing form on the Cartan
subalgebra. Further, for each long root a we know by equation (3.1) that
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K(H,, H,) = 4h. Similarly, by using the formula given in Lemma 3.1.1 and
the fact that the Killing form is W-invariant, where W is the corresponding
Weyl group, we see that IC(Hg, Hg) is a constant value for all short roots
[, but this value will depend on the type of ®.

Also, again using the formula in Lemma 3.1.1, we see that if a;,; € A C @

are non adjacent roots, then

K(Ha,, Hyy) = Tr(ad(Hy,) o ad(H,,)) = 0.

i

Indeed this is equivalent to saying that (a;,«;) = 0 which is true for non

adjacent roots.

We will make use of the explicit description of the root systems found in
[Bo02] to help us with the computations needed to determine the Killing
forms. In all of these explicit descriptions we make the convention that
€¢; denotes the vector in R™ with a 1 in the ¢th position and 0Os elsewhere.
We now proceed with the computation of the Killing forms of simple Lie

algebras.

3.2 Type A,

The basis of the root system is given by:

;=€ —¢€y1 forall e=1,...,n.

Then we have:
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Tr(ad(H,,) o ad(H,,)) = 4h

€1+1) 2<€i+1 - €i+2)

;.«

Tr(ad(H,,) o ad(H, =

a1+1

||
pu

( ez —€iy1,6 — Ez+1) (€¢+1 — €42, €41 — €i+2)

2

D«

Thus we can conclude that the Killing form /C restricted to the Cartan
subalgebra H of the Lie algebra L of type A, is of the form:

n n—1
1=1 i=1

Therefore it follows that the Killing form on all of L is:

K=K|y+ 4h Zyiyz‘-i-l

|+

This is because for each positive root o € ® we know that K restricted
to the 2-dimensional subspace L, & L_, is of the form m,y;y;11. Since all
roots have the same length it follows from equation (3.2) that

Tr(ad(X,) o ad(X_g)) = %Tr(ad(]—]a) oad(H,)) = = - 4h = 2h.

l\DI»—t

The coefficient m, is then 2 times this number, or 2 - 2k = 4h, which is

precisely the number that appears above.

To pass to the main field £ we first modify K by dividing all coefficients
of K by 4h. After doing so our modified Killing form (still denoted by K)

becomes

K= ZIE —ZZE Tit1 +Zyzyz+1

| D]
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Passing from Z — 7 /27, which is a field of characteristic 2, we finally would
like to “diagonalize” our form. Recall that (unlike in fields of characteristic
not 2) it is not true that every quadratic form is diagonalizable over a field
of characteristic 2. However, we saw in Lemma 2.1.4 that we have an analog
of diagonalization and using this we would like to write the above form C

in a similar way.

Lemma 3.2.1. We have

(n—1)/2
K~ @ [0,0] @ (c) @ @ 0,0], if nis odd; c € {0,1}
i=1 [+
and
(n—1)/2
K~ @ [0,0] & @ [0,0], if n is even

i=1 o+ |

Before proving this assertion we make the following trivial observation. For
the part of the Killing form outside of the Cartan subalgebra it is obvious
that it is a direct sum of hyperbolic planes, so is of the shape € [0, 0.
Therefore, to prove the above result and a similar result for all subsequent
simple Lie algebras, it is enough to provide a “diagonalization” for the

restriction of the Killing form to the Cartan subalgebra.

Also, recall in Section 2.1 we observed that over an algebraically closed
field [a,b] ~ [0,0] for arbitrary a,b. In the proof of Lemma 3.2.1, binary
quadratic forms of the shape [1,0],[0,1] and [1,1] will appear, but using
the observation from Section 2.1 we can immediately conclude these forms
are isometric to [0,0] over k. To avoid excessive explanation in the proof
of Lemma 3.2.1 and in the computation of Killing forms for all subsequent
types, we will not repeat this result each time. Just always keep in mind

that if we have a quadratic form of the shape

n n

B laibi] or @D lai b @ (c)

i=1 i=1
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then, by this observation, they are (respectively) automatically isometric to

n n

P 0.0 oo 0,0 ().

i=1 =1

Proof. We will proceed by induction on odd and then even rank n. First
we explicitly compute the Killing form restricted to the Cartan subalgebra

for types Ay to As.
o Ay 22 ~ (1);
o Ayt a? + wywg + 23 ~ [1,1];
o As: 23411 Tyt a5+Tow3+ 13 = x5+To (11 +13)+ (11 +23)% = [1, 1]H(0);

o Ayt 2P+ x1T2 + 25 + 2273 + 25 + T334 + 27 = (25 + D21 +23) + (71 +

23)%) + (2§ + x324) ~ [1,1] @ [1,0]; and

o As: 2 + 2119 + T3+ Tox3 + 13 + x3wy + 15 + waxs + 2F = (34 2o (21 +
x3)+ (21 +23)?) (@] +za(rs+as5)+ (25+25)%) +23 ~ [1,1]@[1, 1]@(1).

Case As,. 1. We proceed by induction on n. We know that the Killing

form restricted to the Cartan subalgebra is

Sl 3w =
22 4 1179 + 23 4 Towy + 22 4+ 13wy + 23+ xaws + (o 2 S i) =
(23 + 2oy + x3) + (@1 + 3)?) + (2324 + 25 + T425)+
2n+1 n
(i 2f + Z?=5 TiTit1)-

Note that (3274 22 + 327" 22,41 is the Killing form of the Lie algebra of
type Agni1-4 = Ag,_3 restricted to the Cartan subalgebra, so by induction
is of the required form. The remaining terms (23 +xo (2 +x3) + (v, +23)?) +

(w34 + 2% + 2475) are isometric to [1,1] @ [1,0], so the claim is proven.

The case of even rank Ay, follows by using an identical argument as in the
odd case. O
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3.3 Type B,

As mentioned at the end of Chapter 2, we will not use the Killing form to
get an orthogonal representation for groups of type B,,, but we inlcude its

computation for completeness.

The basis of the root system is given by

a=¢—€ Vi=1,..n—1; and

O, = €.

So here aq, ..., a,_1 are long roots and «,, is a short root. Note that for the
standard bilinear form on the root lattice one has (&, &) = 2 for any long

root a. Then we compute:

Tr(ad(H,,) cad(H,,)) =4h Vi=1,..,n—1;

7

(2 2 ) )
Tr(ad(H,, ) o ad(H.,,)) Qh( e e ):2h(26n,2en):8h;

(€n,€n)  (€n,€n)

Tr(ad(H.,,) o ad(H,,,,)) = —2h Vi =1,...,n — 2 (identical to computation in Section 3.2);

2} (M 2&) — 4},

Tr(ad(H,,_,) cad(H,,)) ) =

Thus we can conclude that the Killing form K restricted to the Cartan
subalgebra H of B,, is of the form

n—1 n—2
Kly = 4h (Z x?) + 87L$i —4h (Z :L‘Z'.IH_1> — 8hTy 1T
i=1 i=1

Therefore it follows that the Killing form on all of B, is:

K=Kl + 4h Z YiYi+1 | + 8h Z ZiZit1

| )

long short

Each y;y;11 corresponds to the restriction of the Killing form to the two
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dimensional subalgebra L, & £_, where « is a long root. The coefficient
appearing in front of the y;y;.1 was computed in the exact same way as in
Section 3.2, i.e. by employing equation (3.2). The coefficient appearing in
front of the z;z;11 is computed similarly; namely, it was noted in Section
3.1 that Tr(ad(Hgs) o ad(Hg)) was constant for all short roots . In the
B, case this constant value is 8% = Tr(ad(H,, ) o ad(H,,)) because a, is a
short root. Then, in the same way we did for long roots, we make use of
equation (3.2) to conclude that this is the coefficient appearing in front of

the restriction to the Killing form on £3 @ £_3 where 3 is a short root.

As we did for the Killing form on A,,, we can modify this form by dividing
out by the highest power appearing in all terms, which once again is 4h.

After doing so and passing to Z /27 we get

n—1 n—2
K= (Z xf) — (Z :cl-xiH) + Z Yilit1
i=1 i=1 |

+
|(I>long

2
+2 |z, — Tn1Tn + E ZiZit1
@,

short

n—1 n—2
- (me) — <Z$i$i+1> + Z Yiirr | +mx(0).
i=1 i=1

+
|(I>long|

_l’_

ol + 1. We would now like to “diagonalize” our Killing

where m = 2|®
form as we did for A,,. As noted in that computation, all we need to do is to
“diagonalize” the restriction of the Killing form to the Cartan subalgebra.
After simplification the Killing form restricted to the Cartan subalgebra of

B, is
n—1 n—2
Kl = (Zﬁ) - <Z$i$i+1> +(0),
i=1 i=1

which is clearly isometric to the Killing form restricted to the Cartan sub-
algebra of type A, _1. So the next result follows immediately from the proof
of Lemma 3.2.1.
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Lemma 3.3.1. We have
(n—2)/2
K~ @ [0,0] & GB [0,0] & (c) ®m(0), if nis even; c € {0, 1}
=1 @]

and

(n—1)/2
K~ @ [0,00e € [0,0]©m0), if n is odd,
=1

(L

long

where m = 2|®7, |+ 1.

3.4 Type C,

The basis of the root system is given by

a=¢—€Vi=1..,n—1; and

oy, = 26,.

So here ay, ..., a,,_1 are short roots and «, is a long root. Note that for a,

we have

2(2¢,) de,
p=——""—-=—=¢,
(2€,, 2€,) 4
and so we get (&, d,) = (€,,¢,) = 1. However, in order to apply the

Theorems of Section 3.1, we need this value to be 2. In order to achieve
this we will consider the standard inner product multiplied by % If we do

this we get
2(2¢,) 4e,

Ay = — = 2,

(260, 26,) A% 3
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and it follows (d,, &y) = (2€,,2€,) = 4 * % = 2, as desired. So using this

modified inner product we compute:

Tr(ad(H,,) o ad(H,, ) zza( 2(ei = i) 2ei — cisn) )

(Ei — €i+1, € — €i+1>’ (Gi — €41, 6 — €i+1)
— 9 Q(Ei - €i+1) 2(@ - €i+1)
2%3 | 2x3

il(Ei — €41,€6 — €i+1> = Sil Vi= 1, = 1

Tr(ad(Ho,) 0 ad(Ha,,,)) = 2h(2(&; — €i11), 2(€i41 — €ir2))
h(Ei — €41, €41 — €i+2)
=—4h Vi=1,...,n—2

Tr(ad(H,, ,)oad(Hy,,)) = 2h(2(en_1 — €,), 2¢,) = 8h(€n_1 — €n, €n) = —4h

QAnp—1

We can now conclude that the Killing form K restricted to the Cartan
subalgebra H of C,, is of the form

Therefore, arguing as in Section 3.3, we get that the Killing form on all of
C,, is:

K = Kl + 8h Z Yiyir1 | +4h Z ZiZiy1

L (L
g9

short

Again, after dividing it by 4h our Killing form becomes

IC:xi—l— Z Ziziv1 +mx 0.
12|

long

where m = (n — 1) + 2|®, Then, the “diagonalization” of this form is

short!*

obvious. We summarize it in the following Lemma:
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Lemma 3.4.1. We have

K~(1)e @ 0,0 e m).

+
|q>long ‘

3.5 Type D,

The basis of the root system is given by

O = € — €41 VZ:1,2,,7’L—1, and

Oy = €1 + €.
Note that «a,,_5 is adjacent to «,, but a,,_; is not. Then we compute:

Tr(ad(H,,) o ad(H,,)) =4h Yi=1,..,n;

i

Tr(ad(H,,) o ad(H,

i Q41

))=—2hVi=1,..n—2 (identical to computation in Section 3.2);

Tr(ad(H,, ,) cad(H,,)) = 2h(€,—2 — €41, €41 + €,) = —2h.

Thus we may conclude that the Killing form K restricted to the Cartan
subalgebra H of D, is of the form:

n n—2
Kly = 4h (Z ri — Z TiTipy — xn_an> )
i=1 i=1
Therefore, arguing as in Section 3.2, we get that the Killing form on all of
D, is:

K=Kl +40 | Y vitin

||

As before, after dividing this form by 4h it becomes

n n—2
2
K= Z Ty — Z TiTiy1l — Tn—2Tn + Z YilYit1-
i=1 i=1

||
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Passing to Z/27Z we would like to “diagonalize” this form as we did in

previous Sections.

Lemma 3.5.1. We have

(n—1)/2
K~ €D [0,00@(0) @& [0,0], if nis odd;
=1 |<p+‘
and
(n—2)/2
K~ @ [0,0] ® (c1) ® {c2) B @ [0,0], if n is even; ¢y, ¢ € {0,1}.
i=1 |®+|

where one of ¢1 or ¢y equals 0.

Proof. As discussed in the proof of Lemma 3.2.1 it is enough to see what
happens to K|y. For this we will proceed by induction on rank, but first we

need explicit computations for some small values of n.
o D3: 3+xi+ri+rimstai1e = 22411 (Tot23)+ (22+23)% = [1, 1]B(0);

o Dy: 3+ 11T + T3 + Toxz + X3 + Toxy + 15 = 13 + To(T1 + X3+ 14) +
(71 + 23+ 24)* = [1, 1] @ (0) @ (0);
o Ds: 22+ 1109+ T3+ 293+ 23 + T334 + 15 + 1375 + 1 = (27 +1179) +

(22 4+ x3(w9 + T4 + 75) + (T2 + 14 + 75)?) = [1,0] ® [1,1] & (0); and

o Dg: a3 + 2129 + 25 + Tox3 + 13 + T3Ty + 1] + 245 + 23 + 1476 + 5 =
(22 + xo(z1 + x3) + (21 + 23)%) + (23 + 24(23 + 25 + 76) + (73 + 75 +
x6)?) + 23 ~ L] & [1,1] & (1) @ (0).

We first assume that n = 2k + 1 is odd and proceed by induction on k. We
know that on Dy the Killing form restricted to the Cartan subalgebra is
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n n—2
2
Kly = g x; — E TiTig1 — Tp_oTy
i=1 i=1

2 2 2 2
=]+ T1X2 + T5 + T3 + T3 + T3y + Ty + T4T5+

n n—2
2
€, — TiTit1 — Tn—2Tp
i=5 i=5

= (23 + zo(x + 3) + (21 + 13)?) + (25 + 24(23 + 25))+
n n—2
<Z T} — Y Tl — xnzxn> :
=5 1=5
Then note
(@5 + mo(21 + x3) + (21 + 23)%) + (2] + za(23 + 25)) = [1,1] @ [1,0]

and the remaining terms

n n—2

2
E T, — g LTiTig1 — Tp—2Tn
=5 =5

give the Killing form restricted to the Cartan subalgebra of Doy 4 =
Doy 3, which by induction has the desired form. Thus, the result follows.

The case of even n = 2k can be treated in exactly the same way and so we

omit this portion of the proof. O]
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3.6 Type Eg, E7, Eg

Type Eg A basis for the root system is given by

041:%(61—62—63—64—65—66—67+68);
Qg = €1 + €]

Qg = €2 — €1,

Gy = €3 — €g;

as = €4 — €3; and

Qg — €5 — €4.

We have
p if i =j
(i, 5) = ¢ —1 if a;, a5 are adjacent
0 otherwise

Note that o, a; are adjacent for the pairs (i, j) = (1,3),(2,4), (3,4), (4,5), (5,6).

Now again using the formula in Lemma 3.1.1 it is easy to see that

Tr(ad(H,,) o ad(H,,)) =4h Yi=1,...,6

(3 7

Tr(ad(H,,) o ad(H,.

1 ])) = —2} for all adjacent oy, o

Thus the Killing form of Ej restricted to the Cartan subalgebra H is:

6
K|y = 4h ( E T — T1T3 — ToTy — T3Ty — T4Ts — x5x6> )

i=1

It follows then that the Killing form for Fj is:

K=K+ 4h ZyiyiJrl

|F]
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We can simplify this form by dividing through by 4A. Doing so we get

6
2
K= E 371 — T1T3 — XXy — T3Ly — T4T5 — T5Te + E Yiliv1-
i=1 o]

Now we would like to “diagonalize” this form. As before, it is enough to do

so for the part related to the Cartan subalgebra. We have

6
2
Kly = E T+ T3 + Tokg + T3Ty + T4Ts + T5X6

=1
= (23 + x3(x1 + z4) + (21 + 20)?) + (22 + 25(24 + 26)
+ (24 + 26)?) + (73 + To4).

Now consider the linear change of variables
Ty =1 + Ty, Tp = X9, T3 = X3, Ty = Ty, T5 = X5, T6 = T4 + Tg.
After this change our form becomes
(T3 + Z3d1 + 73) + (T2 + TsTg + Tg) + (T3 + Tals),

which is clearly isometric to [1,1]@[1, 1]@[1,0]. Thus the “diagonalization”

of our simplified Killing form on FEj is

K=[11a[1 11,000

|2+
~ [0,0] & [0,0] @ [0,0] & € [0, 0].

|®F]

Type E7 A basis for the root system is the same as for Fy along with the

following additional vector:

Qy — €g — €5.
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Then,
0 ifi=1234,5
(vi,a7) = ¢ —1 ifi =6
2 ifie="17

and hence

Thus the Killing form of F; restricted to the Cartan subalgebra H is:

7
IC|H = 4h ( E IZQ — X1X3 — XXg — X3Ty — Tyqly — T5Xg — .I‘GZL'7> .

i=1

It follows then that the Killing form for F7 is:

K=K|y+ 4h Zyiyz‘-i-l

|+

We can simplify this form by dividing through by 4k. Doing so we get

7

E : 2 2 :
K= Ty, — X1T3 — Toly — X3T4 — Tyl — 5T — Ty + YilYit1-
i=1 |+ |

Now we would like to “diagonalize” this form. As before, it is enough to do

so for the part related to the Cartan subalgebra. We have

7
§ : 2
K:|”H = Xy + X103 + oy + X3Xg + T4T5 + T + Ty
i=1

= (l‘i + .’113'4(.%2 + 33'3) + ($2 + .1'3)2) + (.’L'(Q; + 1'6(33'5 + $7)
+ (5 + 27)%) + (2] + 2173) + (v475).
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Now consider the linear change of variables
Ty =1,T2 = X2+ X3,T3 = X3, Ty = Ty, T5 = X5, Te = Te, L7 = T + T7.
After this change our form becomes

= (T] + Talo + T3) + (T3 + TeTr + T2) + (T3] + T173) + (T475)
= (22 + Z4(Fo 4 T5) + (Fo + 5)%) + (32 4 ZeT7r + T2) + (22 + T173) + 72
~ (1,1 @ [1,1] @ [1,0] @ (1).

Thus the “diagonalization” of our simplified Killing form on FE7 is

K=[L1aL1]eL0e(1)ed0,0

|+

~ [0,0] & [0,0] & [0,0] & (1) & ) [0, 0].

|®F]

Type Eg A basis for the root system is the same as for F; along with the

following additional vector:

Qg — €7 — €g.

Then,
0 ift=1,2,3,4,5,6
(Oéi,Oég) = —1 lf’L:7
2 if7=8
and hence
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Thus the Killing form of Eg restricted to the Cartan subalgebra H is:

8
’C|7-L =4h ( E .’1712 — X1T3 — XXy — X3L4 — Tyqly — TzLg — Tely — $7$8> .
i=1

It follows then that the Killing form for FEg is:

K = Kl + 4h ZyiyiJrl
|2
We can simplify this form by dividing through by 4A. Doing so we get

8

2
K= E T; — X1T3 — Xaly — X3Ty — T4l5 — T5Teg — Tely — T7Xg + E Yilit1-
=1 ‘<1>+|

Now we would like to “diagonalize” this form. As before, it is enough to do

so for the part related to the Cartan subalgebra. We have

8
2
IC‘H = E Z; + 13 + XoTy + T3X4 + TyT5 + T5Tg + Ty + Ty
=1

= (2] + (w2 + 3) + (22 + 3)%) + (27 + @7 (w6 + 5) + (w6 + 5)°)
+ (:17% + x123) + (:1:% + x5(xy + 26))-

Now consider the linear change of variables

Ty =T1,T9 = Ty + X3, T3 = T3, T4 = Ty,

T5 = T5,T6 = Ty + Te, L7 = 5 + T7,Tg = T + Ts.
After this change our form becomes

= (T3 + T4To + T3) + (T3 + Trdig + T3) + (T3] + 2173) + (T2 + T576)

~ (11 @1, 1]&[1,0] @ [1,0].
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Thus the “diagonalization” of our simplified Killing form on FEg is

K=[11&[11]ae[10 1,000

|F]

~ [0,0] & [0,0] & [0, 0] & [0,0] & € [0, 0].

|F]

3.7 Type F;

As with type B,,, we will not need the Killing form for groups of type Fj,

but we include the computation for completeness.

A basis for the root system is given by

O] = €2 — €3;

Qg = €3 — €4,

Qi3 = €4,
1
Oy = 5(61 — €9 — €3 — 64).
Next we compute
(a1, 1) = 25 (a1, a2) = =15 (o, a3) = 0; (a1, o) = 0; (g, a2) = 2,
(g, a3) = —1; (a2, ) = 0; (a3, a3) = 1; (a3, a4) = 5 (g, c4) = 1.
Also, recall the definition & = (3‘2) from Lemma 3.1.1. For the roots in the

basis of F; we have

5 o fori=1,2
o; = .
2c; fori =34
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Knowing this, we compute:

Tr(ad(Hg,) 0 ad(H,,)) = 2h(ay, on) = 4h
Tr(ad(Hy,) o ad(H,,)) = 2h(aq, ) = —2h
Tr(ad(Hy,,) o ad(Hy,)) = 2h(as, ap) = 4h
Tr(ad(H,,) 0 ad(H,,)) = 2h(as, 2a3) = —4h
Tr(ad(Hy,) o ad(H,,)) = 2h(2as, 205) = 8h
Tr(ad(H,,) o ad(H,,)) = 2h(2as, 204) = —4h
Tr(ad(Hy,) o ad(H,,)) = 2h(204, 204) = 8h

Thus the Killing form of F} restricted to the Cartan subalgebra H is:

Kly = 4h(2? — z129 + 22) + 8h(—mox3 + 25 — w324 + 13).

It follows then that the Killing form for Fj is:

’C:’C|H+4B Z Yilit1 + 8h Z ZiZit1

| g |

long short

We can simplify this form by dividing through by 4A. Doing so, and noting
all terms multiplied by 2 go to 0, gives us

K=ai+zz+a5+ Y g +m=(0),
195,01

long

where m = 2+ |®F, | Clearly a “diagonalization” of this form is given by
short Y

K=[11a @ [0,0]&m(0)

| g

long

~ 0,0/ € [0,0] & m(0)

|

long
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3.8 Type Gs

A basis for the root system is given by

) = €1 — €23

o = —2€; + €2 + €3.
Next we compute
(a1, 1) = 25 (a1, az) = =3; (a2, ag) = 6.

Also, recall the definition & = (j%) from Lemma 3.1.1. For the roots in the

basis of G5 we have .

dl = and dg = gag.

Note that ay is the long root and (dg, dy) = (%ag, %042) = % * 6 = %, but in

order to use the formula of Section 3.1 this value should be 2. In order to
achieve we will consider the standard inner product multiplied by % If we

do this we get

. 2062 2042
Qg — = =
2 (Oég, 042) 6 ES % 2
and then it follows (s, ca) = (a2, ag) = 6% 5 = 2, as desired. So using this

modified inner product we compute:

Th(ad(Huy) 0 ad(1,) = 2 (2005, 200 ) i (2 2 )
2

. . 1 .
Tr(ad(H,,) o ad(H,,)) = 2h(3aq, ) = 6h | —3 * §) = —6h
Tr(ad(Hou) 0 ad(Hau) = 2h(50a, 50) = 40
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From the above calculations it follows that the Killing form of G5 restricted
to the Cartan subalgebra H is:

Kl = 4h(32? + 22 — 31125).

Thus the Killing form on all of Gy is

K = Kly + 12h Z YiYir1 | + 4h Z ZiZit1

+ +
|q>sho'rt ‘q)long‘

Then we may simplify this form by dividing through by 4A and making use

of the fact that we work in characteristic 2. After simplification we get

K =2} + zym9 + 25 + Zyiyi+1-
[P+

An obvious “diagonalization” of this form is

K=[11ao0

|F|

~ [0,0] & @5 [0,0]

|F]

3.9 Dimension Lemma

Later on we will need the following result.

Lemma 3.9.1. The dimension of the normalization of the portion of the
Killing forms not related to the Cartan subalgebra for all simple algebraic

groups G is greater than or equal to 2 - rank(G).

Proof. To simplify terminology, in the remainder of the proof we will refer
to the portion of the Killing forms not related to the Cartan subalgebra

as the “non-Cartan form”. We will now proceed to verify the result on a
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case-by-case basis.

A,: The dimension of the non-Cartan form is 2|®*| = 220 —

2
n?+n > 2n for all n > 1.

B, : Since root systems of type B; and A; are isomorphic, we only
need to consider the case n > 2. The dimension of the non-Cartan
form is then 2|®; | =2(n? —n) = 2n? —2n = 2n(n — 1) > 2n for all

long
n > 2.

Cu: Since root systems of type B,, and (), are isomorphic for n = 1,2
we only need consider the case n > 3. The dimension of the non-

Cartan form is 2|®f [ =2n > 2n for all n > 3.

D, : Here we only need to consider the case n > 4, because for lower
values of n the result follows for root systems of type A,. The di-
mension of the non-Cartan form is 2|®*| = 2(n? — n) = 2n* — 2n =
2n(n — 1) > 2n for all n > 4.

Eg: The dimension of the non-Cartan form is 2|®*| =72 > 6-2 = 12.

E7: The dimension of the non-Cartan form is 2|®*| = 126 > 7-2 =
14.

Es: The dimension of the non-Cartan form is 2|®*| =240 > 8-2 =
16.
F4: The dimension of the non-Cartan form is 2\@;;19] =24 > 4.2 =8.

G2: The dimension of the non-Cartan form is 2|®*| =12 > 2.2 = 4.

]
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Chapter 4

Constructing an Orthogonal

Representation

4.1 A Preliminary Lemma

Letting GG be an algebraic group as defined for Theorem 1.2.1, we will con-
struct a very explicit orthogonal representation, which we will call the “non-
degenerate Killing” representation. Before doing so we need a small prelim-
inary Lemma.

Lemma 4.1.1. Let g be a simple Lie algebra. The Killing form IC of g s

mvariant under any automorphism of g.

Proof. Let p € Aut(g). The equation p([z,y]) = [p(z), p(y)] for z = p(y) is
p([z, p71(2)]) = [p(x), 2], which can be written as ad(p(x)) = poad(x)op!.

Thus,

K(p(z), p(y)) = Tr(ad(p(x)) o ad(p(y))) = Tr(p o ad(z) o ad(y) o p~")
= Tr(ad(z) cad(y)) = K(z,y). O
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4.2 An Orthogonal Representation

We will construct the “non-degenerate Killing” representation by relying
on the explicit computations of Killing forms of simple Lie algebras done in
Chapter 3.

Let G be a simple algebraic group of adjoint type over a field k of char-
acteristic 2 and let ¢: G*¢ — G be its universal covering. Here G*¢ is the
corresponding simply connected group. Let p = Ker(p). It is the center of
G*¢ and hence p is contained in any maximal torus T of G*. Related to ©

we also have the associated differential map
dp: g° = Lie(G*®) — Lie(G") := g**,

which is a morphism of Lie algebras. Before proceeding we would like to get
a little more information on Ker(dy). In particular we want the following

result:
Lemma 4.2.1. Ker(dy) C C where C' is a Cartan subalgebra of g*°.

Note that Ker(dy) is nontrivial in the following cases: A, for odd n, B,,
C,, D, and FE;. For completeness, at the end of this Section we will provide
a summary of the kernel of ¢ for each type of simple algebraic group and

then Ker(dp) can be viewed as the Lie algebra of these kernels.

Proof. Proof of Lemma 4.2.1 Recall the definition of the ring of dual num-
bers:
kle) = {x +ye | x,y € k}

where €2 = 0. We define a ring homomorphism

kle] — k; a+ be — a.

If G is an algebraic group over k, then this morphism induces another
morphism

A: G(kle]) — G(k).
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We can view G as living inside GL,, for some n and after making such an

identification we get that

Ker(\) = {(9z‘j) € G(kle])

14+ be ifi=j
Gij = + bije 1 l j for bij eky.
bij€ if 1 £ 4

It is then a well-known fact that the matrix (b;;) is contained in the Lie
algebra of G and hence Lie(G) = g can be identified with Ker(A). In this
way we have Lie(G) = Ker(\) C G(kle]). Now, let us apply this general

result to our situation.

For any ring R our universal covering map ¢ induces
pr: G*(R) — G*(R)

and by a general result Ker(¢r) = Z(G*°)(R) where Z denotes the center.
Letting R = k[e] we get a map

prg s G (kle]) — G*(k[e]).
By the above identification we know g* C G*“(k[e]) and it is also true that

Prfalgee = dp: g% — g™ C G (k[e]).

Again, working with an arbitrary algebraic group G, it is known that
G(kle]) ~ G(k) » Lie(Q).
Hence, applying this decomposition to Z(G*¢) we get
Z(G*)(kle]) = 2(G™)(k) x Lie(Z(G*)).
Putting everything together we have

Ker(dp) C Ker(pyq) = Z(G*)(k[e]) = Z(G™)(k) » Lie(Z(G)).
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This implies that
Ker(dp) = Lie(Z(G*) Cc C

as desired. The last inclusion follows because Z(G*¢) C T for any maximal

torus 7" and therefore Lie(Z(G*)) C Lie(T) = C. O

Define W := dyp(g*) and note that this is a Lie subalgebra of g*?; in particu-
lar it is a vector subspace of g*. Also, since we have seen that Ker(dy) C C

where C' was a Cartan subalgebra of g*¢ we obtain the following result:

Corollary 4.2.2.
W ~ C/Ker(dp) @ A,

where A represents the components of the root space decomposition of g

other than its Cartan subalgebra.

Let K be the Killing form on g*¢, which we computed in the previous Chap-
ter. Let Ad: G* — GL(g*) be the adjoint representation. Then for any
g € G*(k) and v € g*° we have

K(Ad(g)(v)) = K(gvg™) = K(v)
by Lemma 4.1.1. Thus, we can view the adjoint mapping as going from

G* = O(g*, K) C GL(g™).

Similar considerations are applied to the adjoint representation Ad: G —
GL(g*) of G*. We would now like to show the following:

Lemma 4.2.3. W C g is stable with respect to Ad(G), i.e. for every
g € GYk) and v € g° we have g(dp(v)) = dp(w) for some w € g*.

Proof. Since k is algebraically closed we have a surjection G*¢(k) — G*(k).
Thus, given g € G*(k), we can choose a lifting g € G*¢(k).
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It is known that the following diagram is commutative by [Hu2]:

Gsc X gsc ﬂ) gsc (g’ U) — ’L(‘]“(U)
pldp O ldp 1 1
God s god AL gad | (g dp(v)) s g(dp(v)) = dp(G(v))

So setting w = g(v) the claim follows. O

As a result we get a representation G — GL(W) via the restriction of the
adjoint representation of G, i.e. for g € G*(k) we get

Ad(g)lw: W — W.

Our next goal is to show that the Killing form I on g*¢ produces one on
W = dp(g*¢). Namely, we define a form Ky (and by abusing terminology
we still call it the Killing form) on W by Ky (w) = K(v) where v € g*
is any lifting of w € W. Note that such a lifting exists because dy is a
surjection of g* onto W. The only thing we must now check is that this

definition is well defined, i.e. does not depend on the choice of lifting.

Suppose vy, v9 are two liftings of w € W under dp. Then
vy —vg == u € Ker(dy) C Lie(Z(G*)) C Z(g*).
Hence

K(v2)

]C(’Ul + U) = ,C(Ul + u,v; + U)
(v, v1) + K(vg,u) + K(u,v1) + K(u, u)
(Ul,U1> = IC Ul).

K
K

These equalities follow because u € Z(g*®), which implies ad(u) = 0.

Having shown that Ky is well defined in all cases we next claim that we

have the following result:
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Lemma 4.2.4. There is an orthogonal representation n: G — O(W, Ky ).

Proof. We know already that we have a mapping G* — GL(WW), but to
prove our claim we must show that for every w € W and g € G*(k) we
have Ky (g(w)) = Kw(w). Let v € g°¢, g € G*(k) be any liftings of w and
g respectively. Then,

Kw(g(w)) = K(g(v)) = K(v) = Kw (w),
so our claim is proven. O

Note that Ky may be degenerate, but we know its normalization Ky is
nondegenerate by Lemma 2.1.6. Also, by Lemma 2.1.8 we have a natural
morphism \: O(W,Ky) — OW,Ky) where W = W/rad(Ky ). Thus
Aon gives us the desired orthogonal representation, which we call the "non-

degenerate Killing” representation

We would also like to get a handle on the dimension of W. In Chapter
3 we explicitly computed Killing forms on g* which we have denoted by
IC. We then saw that we had an associated Killing form Ky on W o~
C/Ker(dp) @ A.

From this decomposition of W and the definition of Ky it follows that
Kw is isometric to I, except that some terms of K related to the Cartan
subalgebra of g* may be missing in K. Note that the terms of I not
related to the Cartan subalgebra are not modified at all when we pass to
Kw. Then, since the portion of I not related to the Cartan subalgebra is
nondegenerate, when we pass to the normalization Ky this portion again

remains unaffected.

What this tells us is that the dimension of Ky is at least as great as the
dimension of the portion of I not related to the Cartan subalgebra. In
Lemma 3.9.1, we saw that this lower bound on the dimension of Ky was

greater than 2 - rank(G) for all types of simple groups G.

To complete our construction we need an orthogonal representation not
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only for G, but also for the subgroup of Aut(G®) generated by G and
¢, where ¢ € Aut(G*) was defined in Section 1.2 to have the property
> =1 and c¢(t) = t~! for all ¢ in a maximal torus T’ of G%. However, as
discussed in [ChSe], ¢ preserves g*¢ and its Killing form. Then arguing as
for Ad above, we can conclude ¢ preserves W and Ky,. Then again, arguing
as above, we get an orthogonal representation which we will also call the

“non-degenerate Killing” representation.

We conclude the Chapter by providing a table of Ker(y) for each type
of simple algebraic group. We also indicate whether or not this kernel is

smooth over a field of characteristic 2.
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Table 4.1: Kernel of ¢

Type Kernel | Smooth?
A, - n odd Hn+1 1no
A, - n even JT yes
B, C, (49 no
D, -neven | o X o no
D,, - n odd 4 no
Ey s yes
B~ [42 no
remaining types 1 yes
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Chapter 5

Twisting of Killing Forms

5.1 Twisting of Killing Forms

Let G be an algebraic group as described in Section 1.2 . Let ® be the
root system of G with respect to a maximal torus 7% of rank r and let
Q = {a1,...,a.} be a basis of ®. We use the notation 7% to indicate
that this is a maximal torus in a group G of adjoint type. It follows by
definition that € is a basis for the character group X (7%?). Now consider
the co-character group Y (7°?) = Hom(G,,, 7%?). There is a natural bilinear
pairing

(=, —): Y(T") x X(T*) — Z

which is defined as follows. If p € X(7T%) and ¢ € Y(T"), then ¢ o
v: G, — Gy, is a homomorphism, hence it is given by exponentiation to

an integral power, say a = a,, € Z. Then, by definition (¢, ¢) = a.

Having fixed our basis ay, ..., a,. of X (7%?) we can choose a basis for Y (7%)
dual to this one with respect to the pairing (—, —), say 1, ..., d,. What this
means is that dy,...,d, is a basis of Y (7?) such that

_ 0 i#j
(5i7aj)_{ 1 i=j :
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Then if S is any k-algebra and t € T%(S) we can write ¢ uniquely as
t = 01(51)d2(s2) - - - 6, (s,) for some s; € S*. Thus we can view elements of
the group 794(S) as r-tuples t = (0;(s1), ..., 6,(s,)) and in this way we fix a
decomposition 7% ~ G,, X G, X ... X Gp,.

Let A be the kernel of squaring on 7% and let A = Ay x {1,c} be the
subgroup of GG generated by A and ¢, where ¢ is the automorphism described

in Section 1.2. The group A is isomorphic to ps X ... X ps X Z/2.

Let K = k(t4,..,t,,x) where ty,...,t., x are algebraically independent inde-

terminates. Then
Hl(K,A) = Hl(K,ug) X ... X Hl(K,,uQ) X Hl(K,Z/Z)

where here we work with faithfully flat cohomology. Note that in char-
acteristic 2 the constant group scheme Z/2 is smooth so we can think of
HY(K,Z/2) in terms of Galois cohomology. Then using standard results
from cohomology theory [Se02] we get that

HY(K, A) ~ K*J(K*)? x ... x (K*)/(K*)? x K/p(K),

where p(K) = {y*+y | y € K}. The t; define elements (¢;) € K*/(K*)?
and z defines an element (z) € K/pK. Let 64 be the element of H' (K, A)
with components ((t1), ..., (t.), (x)).

Now let A(64) := 6y be the image of 64 in H'(K,O(V,q)) where A\: A —
O(V,q) is the restriction of the orthogonal representation constructed in
Chapter 4. Note that 6y can be interpreted as a quadratic form, namely the
twist of ¢ by #y. We will compute this form explicitly.

Before beginning to compute the twisting, we want to make clear precisely
which forms will be twisted. In Chapter 3 we computed Killing forms for
the simply connected case and then in Chapter 4, via dyp, the differential of

the universal covering ¢: G*¢ — G, we obtained a corresponding Killing
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form on

W = dp(Lie(G™)) C Lie(G*) = g**.
It is for these Killing forms that we will be computing the twisting.
We know we can decompose Lie(G*®) = g*° as
gsc — ¢ ® @ (Xa EBX,Q) — (5 ® AsC
acdt

where C*¢ is the Cartan subalgebra corresponding to the maximal torus 7°¢
and A®¢ corresponds to the remainder of the root space decomposition. We
saw in Chapter 4 that the kernel of dp: g*¢ — g was contained entirely in

C*¢. Thus if decompose g% as

gad _ Oad @ @ (on @X—a) _ Cad @Aad

aedt

ase: A% =5 A% is an isomorphism. Thus, the portion

we know that dy
of the Killing forms not related to C*¢ computed in Chapter 3 is the same
for g*¢ and g®. Since Ker(dy) was contained in C*¢, some portion of the
Killing forms related to C*¢ computed in Chapter 3 may vanish, but we will

see this will be of no consequence.

We begin the computations of the twisted quadratic forms by noting that
our cocycle 64 is really the product of two cocycles ((t1), ..., (¢.)) and (x).
Since these two cocycles take values in a commutative group, their product
really gives a cocycle which we call 4. So to twist we can proceed in 2
steps. First we will twist by (x) with respect to Galois cohomology and
then twist the resulting form by ((¢1), ..., (¢.)) with respect to faithfully flat
cohomology. This process would be the same as if we twisted by 6y all in

one step.

We will further break down each of these steps into two substeps. Since C%?
and A% are orthogonal with respect to the Killing form and our cocycle

stabilizes each of C% and A%, we will twist separately the portion of the
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Killing forms related to the Cartan subalgebra and those which are not

related to the Cartan subalgebra.

This observation is useful for two reasons. First of all it simplifies compu-
tations. Secondly, in Chapter 4 we computed an orthogonal representation
not for g@¢, but rather for the normalization of W = dy(g*¢), which we
denoted W. So what we would really like is to know what the twisting of
the Killing form we defined on W looks like.

Let us decompose W as W = Wegrtan @ Wioots. We know that Wpes ~ A%,
so after we compute the twisting of the portion of the Killing form related
to A%, we will know exactly what the portion of the twisting of the Killing
form related to W,,s is. This form will be non-degenerate, so when we
pass from W to W this portion of the Killing form will remain unaffected.

Now, let’s see what happens to the Cartan part of the Killing form.

As mentioned, we only know that the Killing form on Weypan is the same as
that of C*¢ with some terms potentially missing. Based on our computations
in Chapter 3 we would thus know that the Killing form on Wegpien looks
like
Plo,0] @ m(0) ®n(1) (1)

where m may be zero and n = 0 or 1. When we move from W to W, the
only change to the portion of the Killing form related to Wegptan would be
that any copies of (0) would disappear.

The discussion in the previous paragraph tells us, to a degree, what the
portion of the Killing form related to Wegrten will look like when we pass to
W. However, what we really want to know is what happens to the twisting
of the portion of the Killing form related to Wegren When we pass to W.
Well, as we will see shortly, the portion of the Killing form related to Wegrtan
remains totally unaffected when we twist. Thus we know that after twisting
and after passing to W, the portion of our Killing form related to Wegrian
will be given by (7).
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As mentioned above, we will twist with respect to the cocyles (z) and
((t1), ..., (t.)) separately. To compute the twisting by (x) we begin by con-
sidering the portion of the Killing form not related to the Cartan subalgebra,
which is a direct sum of binary quadratic forms [0, 0] stable with respect to
c for all types of simple Lie algebras. So to compute the twisting, it will be
enough to consider how to twist just one of these binary quadratic forms.
Let
V=LDL o=(Xa, X 4)

be the 2-dimensional vector space over K on which our quadratic form [0, 0]
is defined. Now let L/K be a Galois extension of degree 2, i.e. L = K(6)
where 6 is a root of the irreducible polynomial 3% 4+ y + . We know that
['=Gal(L/K) = {1,0} where 0(0) = 0 + 1. Define V;, = L ® V and let
v = (v1 +10) X, + (v] + v40)X_, € VI be an arbitrary element.

10
Since 1 is the identity automorphism, clearly A(1) = [ 01 ] and since

1
¢ permutes X, and X_, we get A(c) = 0 ol We will now describe

explicitly what the twisted actions of the automorphism 1,0 are on an

arbitrary element v of V. We get,

AMD)id((vy + 120) X0 + (V) + 150)X_0)) = v ; and
o v =MAc)o((vy + 120) Xy + (v] +150)X_,)
Ae)

= (V] +vy(0 + 1)) Xo + (v1 +02(0 + 1)) X _, .

In order to compute the twisting of our Killing forms by (x) we must find
a basis for
U=V " ={veVy |y -v=vVyeTl}

By Galois descent, the dimension of this vector space is the same as that of
V', namely 2. So in order to find a basis we must find 2 linearly independent

elements of U. Note that 1 fixes every element of V' under the twisted action,
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so to see whether or not an element of V;, belongs to U it is enough to check

that it is fixed under the twisted action of ¢*. For this, we have:

0" (Xa+ X 0) = AMe)o((Xa+ X)) = M) (Xa + X_0)
=X _,+ X, ;and
o (0 + D)X, +0X o) =Ac)o((0+ 1) X, +0X_,)
=AMco)(0Xo+ (0 +1)X_,)
— X o+ (0+1)X .

So these two elements clearly live in U. They are also linearly indepen-

dent because if you consider the matrix associated to these elements it is

1 0+1
[ . —g . The determinant of this matrix is§ —# —1 = —1 = 1, hence

these elements are linearly independent and thus form a basis for U =V},
Let e = Xo+ X o and eg = (0 4+ 1) X, +0X_,.

Now we can compute the twisting of p = [0,0]. Note that by definition
p(Xa) =p(X_n) = 0. Then we have:

+1-1+02=1;
+(0+1)(0)+0*=0*+0=ux;
p(@Xa+(9+1)X_a) =(0)(@+1)==x;and
pler +e2) +pler) +ples) =14+x+x=1.

p(er

)
p(es)
)
) =

(61 + €9

by((e1, e2)

Thus we can conclude that p|y = yi +y1ys +xy3 = [1, 2] is the twisted form
of [0, 0] with respect to (z).

Now we focus on computing the twisting, by (x), of the portion of the
Killing form related to C% (resp. Wegrtan)- In fact, we will show that this
portion of the Killing form is unaffected by twisting. At the beginning of
this Section we fixed a decomposition 7% ~ G,, x G, X ... x G,,,. Given an
arbitrary element s € 7% we can write s = (sy, ..., 5,). We know that for

the automorphism ¢ defined in Section 1.2, ¢(s) = s7' = (s, ..., 571). Our

0 7’L
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goal is to show that c acts trivially on C'®? (resp.-Weartan ), which would prove
our claim that the portion of the Killing form related to C%¢ is unaffected

by twisting.

We have

C = Lie(T™) = Lie(Gp X Gy X ... X G)
~ Lie(G,,) x Lie(G,) x ... x Lie(G).

So to show that ¢ acts trivially on C%? it is enough to show that ¢ acts
trivially on each component Lie(G,,). Let a € Lie(G,,). Since Lie(G,,) C
Gm(kle]) (as discussed in Chapter 4) we know that we can identify a with
1+ ae € G,,(kle]). We know ¢ takes 1 + ae to its inverse, which is 1 — ae.
Indeed, (1 + ae)(1 —ae) = 1+ ae — ae — a*¢*> = 1 because ¢ = 0. However,
since we are in characteristic 2 we have 1 — ae = 1 + ae and therefore ¢ acts

trivially on Lie(G,,), as desired.

Now we will proceed to compute the twisting of our newly twisted Killing
form by ((t1), ..., (t,)). Note that since piy X - -+ X jy C T, this cocycle will
act trivially on the Cartan subalgebra C% and so twisting does not change
the portion of the Killing form related to the Cartan subalgebra at all. So
we focus our attention on the portion of the Killing form not related to the
Cartan subalgebra. From the above we have the form [1,z] defined on a

K-vector space U with basis ey, e; described above.

In our situation, we have a short exact sequence
1—pu — G, — G, —1,

where the map between G,, and G,, is squaring. Now let a € G,,(K) and
let v/a be a lifting of a in G,,(K). Recall that in Section 2.3 we defined two

embedding maps:

yo1l i=1

7rpf—>?®?,yr—> ) .
1®y 1=2
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Then, 7j(y/a) = y/a® 1 and

(mWa)t=(1eva) =18 %

are both elements of G,,(K ® K). Their product is (va ® 1)(1 ® \/La)

(Va® \/La) € G,,(K ® K). However, note that (y/a ® \/LE)Q = (a®1i) =

a

flel) =1®1,s0 (Va® \/L&) € (K ® K), as we expected from the

general construction in Section 2.3.

Recall that we started our twisting process working over V' = (X,, X_,).
Now let a = > m;c; € X(T'). Then if t € T(S), where S is any k-algebra,
and t = [ 0;(s;), then a(t) = s7"* -+ - s Also recall that we defined

U= (e,e) =(Xo+X o, 0+1)X,+60X_,).

Now let @ = ¢7" -- -t and

L=KH/t" i) = K(Va).

In order to compute the twisting of [1,z] by

t o (1) () € [T B /(K

we must find 2 linearly independent elements of Uy, := U ® ¢ L which satisfy

the condition
™ (x) = t(m3(z)).

Note that t = [] 6;(v/; ® \/Lt,) and then

timy(x)) = TI(VE® Z=)mims(2)
= [OVTe i)
= (\/F"'\/EWT@)W)%(%)
— (Va® )mi().
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Any element of U(L® L) can be written as w = ce; +dey where ¢,d € L& L
and {ey, ea} is the basis for U described above. Then the action is given by
a-w=(ya® \/ia)(cel + dey). Now we must find two linearly independent
elements wy, ws of U, = U ® L such that m (w;) = a(me(w;)) for i = 1,2.
Consider first wy = y/ae;. Then,

m(wi) = (Va®er;

m(wz) = (1® Va)e; ; and

a(ma(uwn)) = (Va ®%m<w1> (Va®

= (Va®1)e; = m(w) .

%)(1 ®Va)er = (Va®

Je

SIS

Similarly, one can check that wy = \/aey satisfies the given condition. It

remains to see that wy, wy are linearly independent. The matrix associated
a
to wy, wy is [ \g_ which has determinant a # 0, hence these vectors

0
Vva
are linearly independent and thus form a basis for Y := {w € U | m(w) =
ame(w)}.

We can now compute the twisting of p = [1, z| by the cocyle ((t1), ..., (¢.)).
Note that by definition p(e;) = 1, p(es) = z. Then,

p(wi) = p(

plw2) = p(

p(wi + w2) = p(
)

((w1,w2)

Thus after twisting our form becomes ay® +ayz +axz? = a(y? +yz+x2?) =
all,z] =" -t 1, ).
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5.2 Special Case - Type B,

As we mentioned we will not use the orthogonal representation constructed
in Chapter 4 to help us compute a lower bound for a group G of type B,.

Instead we use the following well known representation
A: G — SO(f) := 0" (f) C GLayy1,

where f = [0,0]®[0, 0]®....®][0, 0]&(1) is a non-degenerate 2r+1 dimensional

quadratic form.

A maximal torus T' C (G is a block matrix of size 2r + 1 x 2r + 1 which is

T o _
0 t!
t, 0
0 !
1

of the form

Note that each 2 x 2 block preserves the form [0, 0] because

t 0 x 1
1))

and therefore we get xy — tat~ty = tt 1oy = zy.

Now consider the element ¢ of the Weyl Group of G which is a 2r+1x2r+1

block matrix consisting of 2 x 2 blocks of the form
01
1 0
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and whose bottom right entry is a 1. Note that ¢ permutes ¢ and ¢! for
any t € T and has order 2, and therefore matches the definition of ¢ defined
in Section 1.2. Now we will twist the quadratic form f from above with

respect to the cocycle ((t1), ..., (t.), (z)) as we did in Section 5.1.

To do this we can repeat the exact same arguments as in the previous
Section. The only thing which needs to be noted is that the basis for the
character group X (7") in our current case is different than before. It consists
of the projections «;: T" — G,, which send ¢t € T to t;, where t is defined
as matrix like in (). Then, mimicking the reasoning from Section 5.1, we
get that after twisting our quadratic form f becomes the orthogonal sum
of (1) and binary quadratic forms of the shape ¢™ - --¢7*"[1, z]. Even more,

we know that after twisting the quadratic form f is precisely

tllLz] ®tal,z] ® ... &t [1,2] & (1). (5.1)
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Chapter 6

Incompressibility of Canonical

Monomial Forms

6.1 Introduction to Canonical Monomial Forms

Let k be an algebraically closed field of characteristic 2, K := k(t1, to, ..., Ly, x)
a pure transcendental extension of k of transcendence degree n+1. Consider

the quadratic form f over K defined as:
[ =@uerpmy(u)t* 1,z cHOHS ... H, (6.1)

where Fy is the field with 2 elements, ;1 = (pq, ..., ptn) € Far, tH = 41 th> .. thn
and m(p) the number of times a given summand appears. Note that m(u)
may be 0. We will refer to my(p) as the multiplicity of the summand t#[1, x].

We define a monomial quadratic form as any quadratic form of the shape
(6.1).

The proof of the main Theorem in [Ar2] tells us that the Witt group of a
field of characteristic 2 is a group of exponent 2, i.e. all elements have order
2. If a quadratic form gets sent to zero under the natural map Quad(K) —
W, (K), where Quad(K) is the set of all quadratic forms over K, then by
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the definition of the Grothendieck group it must be isometric to a sum of
hyperbolic planes. Combining these two facts, t#[1, z] @ t*[1, x] has a zero
image in the Witt group of K and is therefore isomorphic to the direct sum
of two copies of the hyperbolic plane, H@® H. So if ms(u) > 2 we can apply
the above replacement a finite number of times until ms(p) = 0 or 1. Doing

this, we get that f is isomorphic to
f= Duery mf(u) tH [1,.113] SPHG.... 6 H,

where m¢(p) = 0 or 1. For all p such that ms(u) = 1, let V' be the vector
subspace of F}' generated by them. Choose a basis of V, say py, po, ... pus.
Then define u; = t* for ¢+ = 1,...,s. We know that any p € V can be
written as p = > . | ayu; where o = 0 or 1 so then t* = uf"...u2s. This

allows us to conclude that the quadratic form f has descent to the field

k(uy,...,us,x) C k(ty, ..., t,, z) and viewing f over this field we may write:
fr=wllz] ®usfl,z] ® ... ®us[l,z] Buey v'l,z]dHS ... & H,

where u* is a monomial in the u; of length at least 2. When a monomial
quadratic form is written in such a way we say that it is a canonical mono-

maal form. The main result in this Chapter is the following Theorem:

Theorem 6.1.1. Let f be a canonical monomial form over K = k(ty, ..., t,, x),
1.€.
f=tll,z] &..o t,[L,z]e, t'l,z] s He..e H

Then f is an incompressible quadratic form.

We defer the proof of this Theorem to later on in the Chapter. The next

two Sections will demonstrate why this is really a useful result.
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6.2 Rank of Monomial Quadratic Forms

We saw in Section 6.1 that a monomial quadratic form was defined as a

quadratic form of the shape
fi=Cuerpms(u)t' Lzl cHOHS ... 0 H,

where Fy is the field with 2 elements, u = (u1, ..., ) € Fyt and t* = [ t".
We saw previously that up to isomorphism we may assume that mg(p) =0
or 1. We then define the rank of a monomial quadratic form to be the

rank of the Fy-subspace of FJ' generated by all p appearing above with
my(p) = 1.

We would now like to determine the ranks of the twisted Killing forms we
computed in Chapter 5. These of course are monomial quadratic forms.
Note that after twisting, the portion of the Killing forms related to the
Cartan subalgebra did not change and so are isometric to an orthogonal
sum of hyperbolic planes and potentially a one-dimensional form (1). So
these parts of the Killing forms will not play a part in the computation of

rank.

Now for groups of type A,,, D,,, Fg, F7, Es and G4, all positive roots appeared
when we computed the portion of their Killing forms not related to the
Cartan subalgebra. That is, a binary quadratic form [0, 0] defined on L, =
(X4, X_o) appeared in the Killing form for all positive roots «; in particular,
for all simple roots aq,...,a,. As a result, the following binary quadratic

forms appeared after twisting:
t[1, x], ta[l, 2], ..., tu[1, 2], (%)
along with some others. These elements correspond to

(1,0,...,0),(0,1,0,...,0),...,(0,0,....1) € F,
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which clearly generate a subspace of rank n. Thus, the rank of the twisted
Killing forms for these types is equal to the rank of the given simple al-
gebraic group. Moreover, since all the summands of the form (%) appear,
these twisted Killing forms are not only monomial, but are in fact canonical

monomial forms.

Next we deal with groups of type C,. Here, for the portion of the Killing
form not related to the Cartan subalgebra, only the long positive roots
appeared. From the appendices of [Bo02] we get an explicit description of

all long positive roots as:
Z aj+ta, (1<i<n).
i<j<n

For each long positive root we have a corresponding element p € F3'. For
example, oj + aj+1 + ... + o, corresponds to (0,0, ...,0,1,1,...,1) where the
first 1 occurs in the j-th position. So the long positive roots correspond to

n elements in F3'. They are:
(1,1,1,....,1),(0,1,1,.....1),...,(0,0,.....,0,1) . (+)

We claim these are linearly independent. Indeed, if we compute the deter-

minant of the matrix

1 ... 1
01 1 1
00 .. 01

it is clearly 1 because this is an upper triangular matrix. Thus, the elements
listed in (4) generate a subspace of dimension n and hence the twisted
Killing form associated to groups of type C,, has rank n. Also, since this
form has rank n, it can be turned into a canonical monomial form by the

process described in Section 6.1.

We now turn to groups of type B,,. For the proof of Theorem 1.2.1 we really

need to work with monomial quadratic forms which are of rank n. However
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if we used the Killing form computed in Section 3.3 this would give us a
monomial quadratic form of rank n — 1. It is for this reason we use the

so-called standard representation described in Section 5.2.

We recall equation (5.1) where we computed the twisted quadratic form to
be
t[l,x] @ ta[l, 2] B ... B t,[1, 2] B (1)

which clearly has rank n, as desired.

For the same reason as for type B,, we will not discuss the rank of the
twisted, normalized Killing form for groups of type Fj. As mentioned previ-
ously, we will prove Theorem 1.2.1 for groups of type F} using an alternative
method which is detailed in Section 7.2.

The key takeaway from this Section is that for simple algebraic groups of
all types (except Fj) we have a quadratic form which can be turned into a

canonical monomial form of rank equal to the rank of the group.

6.3 A Reduction of the Problem

When we computed Killing forms in Chapter 3 they were all of the form

& (0,0 ® 1{0) & m(1).
In Chapter 4 when we constructed the “non-degenerate Killing” represen-
tation we passed to the normalization of these Killing forms. Then by the
discussion in Section 2.1 we know that these normalized Killing forms fall

into one of two types:

=@ hoe

or

1)



As well, if (1) appears in the normalization g, then by the explicit con-
struction in Chapter 3 we know this term came from the Cartan subal-
gebra. In Chapter 5 we twisted these Killing forms and we saw that the
portion of the Killing forms related to the Cartan subalgebra remained un-
changed. So after twisting the term (1) remains unchanged. As well, the
0,0] terms related to the Cartan subalgebra remained unchanged. On the
other hand, the [0,0] terms not related to the Cartan subalgebra became

tyt -t 1, x] = t™[1, x] after twisting.

So after twisting, our normalized Killing forms take on one of two forms:

@ noe g i

Cartan non—Cartan
- @Ee @ rid
Cartan non—Cartan

or

LHe Pooe il

Cartan non—Cartan
~e P He P 1]
Cartan non—Cartan

where H as usual denotes the hyperbolic plane.

Now, the main goal of this Chapter is to prove the incompressibility of
these normalized, twisted Killing forms. Assume that they have rank n.

We would like first to show that if we can prove the incompressibility of

b e @ izl

Cartan non—Cartan

then the incompressibility of

He P HE E t"[14]

Cartan non—Cartan

will follow.
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Indeed, suppose

¢=(e P He P "]

Cartan non—Cartan

and assume it were compressible. This means there is a subfield ¥ C L C
K with tr.deg, L. < n and a quadratic form ¢’ defined over L such that
¢ ®; K ~ q. Since ¢ is odd-dimensional and non-degenerate so too must

be ¢’. Then by Lemma 2.1.5 we can write
¢ =~ (a) ® q

where ¢} is an even-dimensional form and a € L* is determined uniquely
up to squares. Now since the (1) term in ¢ is also determined uniquely up
to squares and ¢’ ®7 K ~ ¢ it follows that « = 1 (mod K?), i.e. a is a
square in K. Now define the field L = L[y/a]. Because a is a square in K
we get that L C LCK. Also, since L /L is an algebraic extension, we have
tr. deg, (L) = tr.deg,(L). Thus, if ¢ were compressible to ¢’ defined over
L, it must also be compressible to ¢ = ¢ ®p, Z, which is defined over L.
However, in L a is equivalent to 1 mod squares, thus 7 = (1) & §, where ¢,

is an even-dimensional form.

Now since ¢ ®; K ~ ¢ and both terms are made up of the sum of an
even-dimensional form, plus the uniquely determined (up to isometry) 1-

dimensional form (1), by [EKM, Proposition 7. 31}, we can conclude that
i~ P HO G t"[1a]
Cartan non—Cartan

Thus if ¢ is compressible so is

b e @ ]
Cartan non—Cartan

and our claim follows.

Summarizing: to prove the incompressibility of our twisted, normalized
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Killing forms, it is enough to prove Theorem 6.1.1. In the next Section we
will highlight some results regarding the Witt group that will be needed to
prove Theorem 6.1.1.

6.4 Preliminary Results

6.4.1 Decomposition inside the Witt Group in Char-

acteristic 2

In this Section we will work with a field of Laurent series K ((s)) where the
coefficient field K is of characteristic 2. By Theorems 2.2.1 and 2.2.2, given
a quadratic form f defined over K((s)), we may decompose its image in the
Witt group as

fw = fow + fo—aw + o+ fow

where f;w € W,(K((s)));- The following Lemma allows us to give a more

precise description of these components.

Lemma 6.4.1. Let {o;}Y, be a basis for K as a K*-vector space. We can
decompose fwy = foow + fm—1.w + ... + fow in such a way that it satisfies

the following:
If n is even,
faw =Yl ways "w + ) _[aus™ vays T
i<j i<j
where u;,v; € K. If n is odd,
N
[ S
Z7.]:1

where u; € K.
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Proof. Suppose first that n = 2m is even. Then

Fomaw = _[pi- s lw + > _[phs ™ dls " w

where p;, ¢;,pi, ¢, € K. Since {a;}Y, is a basis for K/K? we get that
D = nyjzl e?jaj and similarly for the g;,pl, ¢.. Replacing the p;, ¢, p}, ¢
with these expressions and using the biadditivity of [, |y we get that:

N N
_ 2 2 —2m 2 =12 —2m+1
f2m7W = E [uiai,vjajs ]W—I- E [u, Qs U S ]W
i,j=1 i,j=1
N N
2.3a,2.3b 2 —2m —1 2 —2m—+1
= E [aiawijajs ]W+§ [O‘is y Wi A5 S ]W
i,j=1 i,j=1

where u;, vy, ui, v; € K and wi; = wvy , wi; = wv}. If @ = j above we have
that

2 —2m 2.2a —m
[Oéz‘,wiiOéiS ]W = [Oémwiis ]W
and
-1 2 —2m+1 2.2b 1 7 —m+l
[s™ wifas lw = [aus™, wis ]
If © > 7 we get that
2 —2m 2.1a 2 —2m
[Oéhwijajs Jw = [O‘j’wijais Jw
and
-1 2 —2m+1 2.1b -1 2 —2m+1
[a;s , Wil lw = lays , Wi lw
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If n =2m — 1 is odd, following what we did in the even case, yields

N

o 2 2m+1 —2m—+2
f2m—1,W — § [’LL OéZ,U + E U az U ajs ]W

i,j=1 ,j=1
N

2.1c 2m+1 —2m+1
= E [a@,w —i—g aj,w 2048 lw

t,j=1 ,j=1
N

=Y o 220y 2y

1,j=1

— [
where ul,vj,ul,vj € K, wy = wv; , wy; = uv] and z; € K. The last

equality follows from the biadditivity of [, |w. O

Theorem 6.4.2. Given a quadratic form f, its image in the Witt group can
be decomposed uniquely up to isometry as fw = fow + fociw + ... + fow,

where fow, ..., fow are as in Lemma 6.4.1.

Proof. We already know by the previous Theorem that a decomposition

exists, so we only need to prove uniqueness. Suppose

fw = fow + focrw + o+ fow = frow + foosiw T+ fow

are 2 different decompositions of fy. We first claim that n = m. Suppose
not. Then without loss of generality we may assume n > m. Let us compare
the images of these decompositions in the quotient group W, (K ((s)))n/ Wy (K ((5)))n-1.
Jrow+ fon1wt-+ fow equals 0 whereas the other decompostion has image

fnw. We consider separately the cases n is even and odd.
n is even: Here we may write
641}: 2 -n 2: -1 ,2 —n+1
an = [Oli7uj()éj8 ]W+ [OéiS ,vjajs w
i<j i<j
and

2.2.2

O W (K () Wy (K ((8)))not =" K Agr K@ K A2 K .
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Then we have that

an (Zu 041/\04] Zv 041/\04]).

i<j 1<J
Since {a; A a;}icj is a basis for K Ag2 K, &(fow) =0 < u? = sz- =0Vj.
This would imply that f, w = 0, a contradiction.
n is odd: Here we may write

N

6.4.1 _
Faw "= lon, ulags

and
61 WK ((5))n/ W K((5)nr 2° K @2 K .
Then we have that N
O(fow) Z (0 ® )

Since {a; ® a;}};_, is a basis for K @2 K, ¢(faw) =0 uf =07 j, a
contradiction.

Thus n = m. If n = 0 there is nothing to prove so we may assume that

n > 1. In particular we now know that in either decomposition f has the
same image in W, (k((s)))n/Wy(k((s)))n-1. If n is even, ®(f,w) = CID(fr’l’W)

= ZUQ- (0 A o)) Zu'2 a; A a;) and Z (04 A o) —ZU;Q(QZ/\QJ)

& u2—u andv = v; <:>an_an

Similarly we can see that f,w = f;  in the case that n is odd. Putting

everything together we have that

(fow + o+ focrw) + faw = (fow + -+ frooaw) + frow
217
f0W+ +fn 1W—f()w+ +f'rl7, 1,W -
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By induction, the proof is completed. O]

6.4.2 Anisotropicity of Canonical Monomial Forms

Theorem 6.4.3. Let f be a canonical monomial form defined over K :=
k(ty, ..., t,, x) without any summands isometric to the hyperbolic plane. Then

f 1s anisotropic.

Proof. Assume the contrary. Then there exist ¢y, ...gs € k[t1, ..., t,, ] such
that f(g1,...,9s) = 0. We may assume from the outset that gy, ..., g5 are
coprime.

| = [t at). By

Lemma 2.2.6 this form is isotropic if and only if (t;')(xt;) = z is in the

Consider first the case when n = 1 and f = t[1,z

image of the map p: K — K which sends y — y + 3.

Suppose that there is p/q € k(t1,x) such that p(p/q) = p*/¢* +p/q = x or
equivalently p(p + ¢) = x¢*. Assume without loss of generality that p/q is
reduced, i.e. p,q are relatively prime. We have two cases to consider. First
assume that ¢ is non constant. Let h be any irreducible factor of ¢q. Clearly
it divides the right hand side so it must also divide the left. Since it can’t
divide p by assumption it must divide p + ¢. But then h|p + ¢, hlg so we
also get h|p+ ¢ — g = p, but this contradicts the fact that p, ¢ are relatively

prime.

Now assume ¢ is constant, say ¢ = 1. The right hand side becomes x and
so it is of degree 1. The left hand side becomes p? + p. If x does not appear
in the expression of p, then it cannot appear in p? + p, thus we cannot have
equality. If  appears in p with degree > 1, then x appears in p? + p with

degree at least 2, a contradiction.

We may now assume that f = t;[1,2] @ [1,z] or f is a canonical monomial
form defined over K := k(ty,...,t,,z) where n > 2. The commonality

amongst all these cases is that in f there are summands which both include
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and omit ¢;. If f(g1,...,9s) = 0 we may separate those terms which include

and omit the indeterminate ¢, to write:

0 = (@t“[l,w}@@t“[lax]) (915 -5 9s)

pely el

- Z (g7 + gigiv1 + £g751) + Z 8t (g7 + 919501 + 29741
pely el

where t* = (t;')t*, 'y = {u € F} such that y; = 0}, i.e. those t* omitting
t; and T'y = {p € F3 such that p; = 1}, i.e. those t* which include ¢;.

= Z (g7 + Gigir1 +2971) = Z 1t (g7 + 959501 +2g31) - (1)
nel'r nely

Since the g; are polynomials in k[t1, ..., t,,, x] the above equality will continue

to hold if we evaluate at t; = 0. Doing so yields:

Z (g + GiGin + 7971) =0,

pely
where g; is g; evaluated at t; = 0 and the equality occurs in k[0, to, ..., t,,, x| =~
k[t ..., t,, x]. We have two possible cases to consider: Case 1: There is a
non-zero g; or Case 2: g; = 0 V 4. If we are in the first case, this tells us that
the quadratic form @ ,cr,

appear in any of the ¢#, this quadratic form is defined over k(t,...,1,,x)

tH[1,z] is isotropic. However, since t; does not

and by induction must be anisotropic. This gives us a contradiction. The
second case could only occur if each g; were divisible by ¢;. Replacing the

g; appearing on the left hand side of (}) with ;¢ yields:

D (g} + tigitigh + x(tigi)?) = D bt (g) + gigin +2g34)
nel'r nely

= > (07 + gigi + 7950)) = Y 0t (g] + 959501 + 2G34)
pnely pel

Dividing both side of this equation by ¢; and evaluating at ¢; = 0 tells us
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that:
0= Z (97 + 93041 + G5 4) -
JISI %)
Then again we have the two cases we mentioned above. Following the same
argument as before, if at least one g; # 0 our induction hypothesis leads
to a contradiction. So assume g; = 0V j. This can only occur if each
g; is divisible by t;. But this now means that ¢; divides all of g1, ..., gs,

contradicting our initial assumption that they were coprime. O]

6.5 Proof of Theorem 6.1.1

Before proceeding to the proof Theorem 6.1.1 we will first recall some useful
ideas related to differential bases and coefficient fields. We will then cover

a series of results which will culminate in the proof of this Theorem.

6.5.1 Differential Bases and Coefficient Fields

Let K/k be a finitely generated field extension, where k is an algebraically
closed field of characteristic 2. As usual, (g, denotes the K-vector space
of Kéahler differentials. We define a differential basis for K /k to be a set of

elements { o; };er such that { da; } C Qg is a vector space basis.

We say that a set of elements {x) }ren C K is a 2-basis for K over k if
the set W of monomials in the x) having degree < 2 in each z) separately,

forms a vector space basis for K over the subfield k- K? = K? C K.

We now collect a series of results from [Ei, Ch16 and Al.3] and present

them as a Lemma for later use:

Lemma 6.5.1. We have the following results related to differential bases

and 2-bases:

1. Any separating transcendence basis for K over k is a 2-basis.

84



2. If B is a 2-basis for K over k, then B is a separating transcendence
basis for K/k.

3. A differential basis B for K/k is a separating transcendence basis for

K/k.
4. Any separating transcendence basis for K over k is a differential basis.
5. A differential basis B for K/k is a 2-basis and conversely.

Now, let R be a complete discrete valuation ring (DVR) containing our
algebraically closed, characteristic 2 field k, with maximal ideal I. Denote
its quotient field by K and its residue field by K. It follows from the Cohen
Structure Theorem [Ei, Thm 7.7] that R ~ K[[z]] and K ~ K((x)). It is
important to note that such a decomposition is not unique. In particular,
the decomposition depends on the choice of a coefficient field in K, i.e. a
field contained in R that maps isomorphically onto K under the canonical
map R — K. Such coefficient fields do exist because the field extension
K /k is separable. The following Theorem describes all coefficient fields.

Theorem 6.5.2. Let R be as above. If B is a differential basis for K over
k, then there is one-to-one correspondence between coefficients fields ECR

containing k and sets BCR of representatives for B.

Proof. See [Ei, Theorem 7.8]. O

6.5.2 The Module of Differentials for Discrete Valua-

tion Rings

Let R be a DVR (not necessarily complete) with quotient field K and residue
field K. Assume that R contains k. Let 7 be a uniformizer and define
I = (7). Then we have a canonical k-map ¢: R — K, x — 7 whose kernel
is I. Abusing notation we denote ¢(k) by k. We will assume that K /k has
transcendence degree n and hence the field extension K'/k has transcendence
degree n + 1 by [Bo72, Ch.6, §8].
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Proposition 6.5.3. (Conormal sequence) The following sequence
2 d 3 Dy
I/I —>K®RQR/k—>QR/k—>07

where the right-hand side map is given by Dy(a @ db) = a - db and the left-
hand side map takes the class f + I to 1 ® df, is an exact sequence of K

modules.

Proof. See [Ei, Prop. 16.3]. O
Corollary 6.5.4. Let day, ..., da, be a K-basis of Q. Then the set

{l®dr,1®day,...,1®da, } (6.2)
is a K — basis 0fK®QR/k.

Proof. Tt follows immediately from Proposition 6.5.3 that the set (6.2) is a
system of generators of the K-vector space K ® Rr/k, hence it suffices to

establish that it consists of linearly independent vectors.

Let by, ...,b,41 € K be such that
bi(l®dar)+ ... +b,(1 ®day,) +byyi(1 ®dr) = 0.

Applying D, we conclude that by =...=b, =0. Then b, ® dr = 0.
Assume that b,1 # 0. Note that by [Ei, Cor. 16.13] the map d is injective.

Therefore
= 1®bn+1dﬂ'+1®ﬂ'dbn+1

bpy1 @ dm + 7 @ dby
= 0+0=0,

a contradiction completing the proof. O

Proposition 6.5.5. Assume that R is the localization of a finitely generated
k-algebra. Then Qg is a free R-module of rank n + 1.
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Proof. Since Qg /IQr/k ~ Qg ®p K is generated by the set (6.2) consist-
ing of n+ 1 elements, it follows from Nakayama’s Lemma [Ei, Cor 4.8] that
Qg is also generated by n + 1 elements, namely dm,day,...,da,. Then

there exists an exact sequence of R-modules
0— M — R"™ — Qg — 0.
Since K /R is flat, tensoring by K we get an exact sequence

0— Mg K — K" — Qpp @ K — 0.

Since the formation of differentials commutes with localization [Ei, Prop.
16.9], it follows Qg ~ Qp, @ K. Since K/k is separable, Qg is a K-
vector space of dimension n + 1. It follows that Qg/, ®g K is a K-vector
space of dimension n + 1 and hence M ®r K = 0. But M has no torsion
and therefore M = 0. m

The following Corollary follows immediately from the proof of the Proposi-

tion.

Corollary 6.5.6. Let ay,...,a, € R be such that {ai,...,a,} is a differ-

ential basis of Q.. Then, {m,a1,...,a,} is a differential basis for Qg .

We should also note that our argument shows {dr, day, . .., da,} is a K-basis

of the K-vector space Qg /y.

Before proceeding, we need the following definition. We say that a differen-

tial basis {aq,as, ..., a,41} for K/k comes from K if G+ is a uniformizer
of K and a4, ...,a, € R are such that {ay,...,a,} is a differential basis for
T/
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6.5.3 A Key Result

Let K = k(x,ty,...,t,) be a pure transcendental extension of k of degree
n + 1. Also, let v be the valuation on K = k(z,t,...,t,) associated to ;.

It is characterized by:
v(ity))=land v(h) =0 V hek(x,ta ... .t,)".

For notational convenience we write t; = 7, so we may use the two inter-
changeably. Let R C K be the corresponding discrete valuation ring. Note
that K? C K is a finite field extension of degree 2", If a;,,...,a; € K, we
will denote the subfield generated by K2 and a;,, . .., a;, by K*(a,, . ..,a;) C
K

Lemma 6.5.7. Let {ai,...,a,,7} be a differential basis for K/k coming
from K. Let w € R. If

_ E 2 €1 € § : 2 vy v
w = Cel,...,enal ey + 7T( dul,...,l/na’l e ann)

with €1,...,€n,01,..., vy € {0,1} and ¢ ., du,. 0, € K, then all of

n

Cep,en and d,, ., are contained in R.

En n

Proof. 1If one of ¢, ., or dy,, ,, isin K \ R, then multiplying the above

n n

equality by an appropriate power of © we get

ww = () Ay (Y () (6.3)

with s > 0, ¢, d,, .

7 T€Ly €0

v, € R and at least one of the ¢’ or d’ which appear

is a unit. Passing to equivalence classes modulo m we have

3 (@) -a = 0.

However, by Lemma 6.5.1 {ai,...,a,} is a 2-basis for K, hence all coef-

ficients ¢/, are divisible by 7. Then cancelling 7 in (6.3) and arguing

cyEn

similarly we conclude that all d,, , are divisible by 7 —a contradiction. [J

LV
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Theorem 6.5.8. Let F' C K be a subfield with tr.deg,(F) <n+ 1. There
exists a differential basis B = {ay, ..., an1} for Q. coming from K such
that F C K*(a;,,,...,a;) where | <n+ 1.

Proof. Without loss of generality we may assume that tr.deg,(F) = n.
Since k is perfect there exists a differential basis {a}, ..., a;,} for Qp/, con-
sisting of n elements with a; € R for all = 1,...,n. Note that

F=F%ad),....d)C K*d,...,d)

’'n

(the equality is due to Lemma 6.5.1). Let F = k(a},...,d,). Then F C

r'n
F2.F , hence it suffices to prove the assertion for F. Thus, replacing F' with

/

Fif necessary, we may assume that F' = k(a},...,al).

We next remark that without loss of generality we can also modify any a!
by multiplying it by any square in K*. It easily follows from this remark
that we can additionally assume that all a}, i = 1,...,n — 1 are units and
that the last element a/, is either a unit or a uniformizer for v. Lastly, we
can take an algebraic closure of F'in K and after that we arrive to the field

which we still denote by F' with the properties:
1. tr.deg,(F) =mn;
2. I is algebraically closed in K;

3. F contains a differential basis {a},...,al,} such that a}, i =1,...,n—
1, are units and that the last element a/ is either a unit or a uni-

formizer.

We consider the case when a, is a uniformizer only. The case when a, is a
unit can be treated along the same lines. In this case we set a,; = a),. Up
to numbering we may also assume that da), ..., da; viewed as elements of
the K-vector space Qz s are linearly independent and that other da’; with

J > i are linear combinations of da, ..., da,. We set a; = a,...,a; = a.

If i = n — 1, then letting a,, to be any element in R with the property that
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ai,...,a,_1,0,} is a differential basis for (2, we get, by Corollary 6.5.6,
K/k
that

B=Aay,...,an, a1}

is a differential basis for €2z, (and hence for (2 K/k) coming from K and we

are done.

Let i <n — 1. Choose b, 1,...,b, € K such that

{al,.. CLZ, z+17-~‘7bn} (64)

is a differential basis for K /k. By Corollary 6.5.6, the set

{aly" ) Qi Z+1a"'7bn77r}

is a differential basis of {0k, coming from K.

Write a;,, in the form

/ _ 2 €1 6@ €41 € 2 V1 1/1 Vit1 v
i1 = § :Cel,...,enal o bz+1 e bnn + 7T( E :dul,...,unal e bz-i—l T bnn)

Since a;_, is a unit, Lemma 6.5.7 tells us that ¢, ., , d,, ..., are contained

in R. Then passing to equivalence classes modulo 7 we have

—/ o —2 —€1 —€1€i+1  Lén
Qi = E Cerpnen@1 "7y ) by

If one of €41,...,€,, say €, was not 0 and the corresponding coefficient

Cer...en, 7 0 we would get that

—/ — — 7
{ai+17a17 P ,ai,biﬂ, e 7bs—1abs+1a e 7bn}

is a 2-basis for K /k and in particular day, . .. ,da;, da, +1 would be linearly

independent in Qg — a contradiction. Thus

—/ _ —2 —€1 —€;
Ajy1 = § Coppen @1 7705 (6.5)
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Since @, q,...,a; are linearly independent in {2z, one of the coefficients

is not contained in F. Up to numbering we may assume that ¢ =

weny

situation when

i = P
with ¢ ¢ F. The following claim says that this is impossible.

Claim: c is algebraic over F' and hence ¢ € F.

Indeed, assume that F'(c¢) is a pure transcendental extension of F. To get

a contradiction it suffices to show that the restriction w = vy is trivial

on k(c). But if w # 1 then k(c) = k (because k is algebraically closed)
implying ¢ € k C F — a contradiction completing the proof. O

6.5.4 Residue Operators

We now switch notation, letting K denote an arbitrary field of characteristic
2 and define L = K((s)) to be the field of formal Laurent series over K.

Recall that Lemma 2.2.1 gives an infinite filtration
W (K ((s)))o € Wo(E () C -+ Wy(K((s)))n € --- C W(K((s)))

of the quadratic Witt group of K((s))). In this Section we will focus on the
zero term W, (K ((s)))o only. It is generated by quadratic forms [«, ]y and
(s, Bslw =~ s|a, Blw with a, 8 € K. By Lemma 2.2.2 we have

Wy (K((s)))o = Wy(K) © Wy (K).
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Under this isomorphism [, 5]y is sent to o, ]y in the first summand and
sla, Blw is sent to [a, Bl in the second summand. This gives rise to two

natural maps
Oy W, (K ((5)))o — W,(K) and 5 W,(K((5)))o — Wy(K),

which we call the first residue and the second residue respectively.

The aim of this Subsection is to show that the first residue doesn’t depend
on the presentation L = K((s))), i.e. it doesn’t depend on the choice of
a coefficient field K C L and a choice of a uniformizer of L. We will also

show that the second residue is defined up to similarity only.

First, let 7 € L be an arbitrary uniformizer. Then, 7 = su~' for some
unit v where v = wy + w5 + uss> + --- with u; € K. Note that we can
write u = ug + v’ where v is divisible by s. Clearly the choice of 7 doesn’t
affect generators of W, (K ((s)))o of the form [a, Blw (because o, € K).
As for generators of the form s[a, 5]y, we have the following equivalence of

quadratic forms:

= 7[a(ug + '), Bug + u)w fm. 223 mloug*, Buolw

Thus the second residues for the uniformizers s and = differ by a scalar
ug € K.

Now let K C L be an arbitrary coefficient field so that L ~ K((s))). Recall
that by definition K C K[[s]] and that it maps isomorphically onto K
under the canonical map K[[s]] — K. Let &, 3 € K be such that & — « and
E—) B. Then we have & = a+ a5+ s +--- and E: B+ 8154 By 4.
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Here «;, ; € K. Therefore

@ Blw =la+ars+-, B+Bs+Jw =" [a,Bw.

Similarly, we have s[a, Sl ~ s[a, B]w. It follows that the first and second

residues don’t depend on the choice of a coefficient field.

6.5.5 Proof of Incompressibility

We are now ready to carry out the proof of Theorem 6.1.1. All notation in
this Subsection is the same as defined in Section 6.1. We will proceed by
induction on the transcendence degree n of K = k(ti,...,t,,x) over k(x).

The base of induction, n = 0, follows easily.

Lemma 6.5.9. Let K = k(x) and let f =[l,2] GH&--- @ H. Then f is

mcompressible.

Proof. Assume the contrary. Any subfield of K of transcendence degree 0
over k coincides with k, because k is algebraically closed. Hence, if f were
compressible then it would be defined over k£ and in particular it would be
hyperbolic. This would imply it has a zero image in the Witt Group W, (K).
However, by Theorem 6.4.3 [1, z] is anisotropic and therefore f has non-zero

image in W, (K), giving us a contradiction and completing the proof. — [J

Now let n > 0 and suppose that Theorem 6.1.1 is proved for all canonical
monomial quadratic forms of rank < n. We can define a valuation v on K
associated to t; as in Subsection 6.5.3. As a matter of notation let 7 := ¢y,
so we may use them interchangeably. As usual K will denote the completion
of K with respect to this valuation and K will denote the residue field. We
also set Ky = k(ta,...,tn, x).

Suppose that f were compressible. Then there would exist a field F' (which
we can assume has transcendence degree n over k) and a quadratic form g
over F satisfying: k C F C K and g ~ f.
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o~

Lemma 6.5.10. The image fw of f in the Witt group W,(K) lives in

~ R —_

Wq(IA()O. Its image under the isomorphism @: W (K)o — W,(K) & W,(K)

O )™ () sy i, Y [ty i /iy -t Jw)

where 2 < i1 < iy < ... < iy, 1, < n. In particular the first residue of f is a
canonical monomial form of rank n — 1 and the second residue of f, up to

similarity, is a nontrivial monomaial form of rank <mn — 1.

Proof. A general summand of fy, can be split into two cases:

Case 1 - Includes t;: In this case we get a summand of the form ¢1¢;,...¢;, [1, x]w

where 2 < iy <19 < ... <1 <n. By Lemma 2.2.5 it is isomorphic to
[ty ot 0 (i)™ ()™t ]w € Wo(K)o.

Its image under ¢ would be (0, [t;, ...t ,x/ti, .. . ti, Jw)-

Case 2 - Omits ¢1: In this case we get a summand of the form t;,...¢;, [1, x]w

where 2 < iy < iy < ... <1 < n. By Lemma 2.2.5 this equals

~

() () oty -t Jw € Wo(K)o.
Its image under ¢ would be ([(t;,)~ ... (t;,) "', oti, ...t Jw, 0). O
According to Theorem 6.5.8 there exists a differential basis
B={ay,...,ans1}
for Qg coming from K and index i such that
F CK*ay,...,04i_1,041,. .., 0ni1).

Up to numbering we will assume that ¢ = n + 1. Our differential basis

contains a uniformizer with respect to v, say n’, and it gives rise to a
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coefficient field K; € F C K and presentation K ~ Ki((7")). To simplify

notation we will denote 7’ by 7.

~

Since fyr € Wy (K)o, so is (gz)w. Since the first and second residues (up to
similarity) don’t depend on a choice of a coefficient field and uniformizer,
the first residue of (gz)w is equal to the first residue of fy,, which is a
canonical monomial form of rank n — 1 by the previous Lemma. Similarly,
up to similarity, the second residue of (gz)w coincides with that of fy, and

therefore is nontrivial.

We now pass to computing the residues of (g7 ). Since g is nondegenerate it
can be written as a direct sum of 2-dimensional forms [b;, ¢;] with b;,¢; € F.
In turn, b;,c; can be written as sums of terms of the form a?aya;, - - - a;,
with @ € K ¢ K and i, < n. Using the fact that [aa? b] ~ [a,ba?] (by
Lemma 2.2.8) and the biadditivity of the symbol [—, =]y, we conclude that
the image of gz in the Witt group can be written as a direct sum of symbols
2
las,as, - - ai, %%% caylw

where o € K7 and [ > 0.

There are two cases for m: either 7 = a,.1 or 7 = a; with i« < n. We
consider the case when m = a,,.1 only. In particular, in this case ay,...,a,
is a 2-basis of K (because B came from K = K;). The second case can be

treated along the same lines.

We will now consider g as a form over K so that for brevity we will write
simply g instead of gz. By Theorem 6.4.2 we can write gy uniquely (up to

isometry) in the form

9w = Gm + 9m-1+ ...+ 9o

where g; is a sum of symbols of the form

a?

[ailaiz T Qg ﬁa’jl g« + U [W

95



with o € K. In the above decomposition, we write g; instead of g; v to ease
notation. Note that gy has trivial second residue (because 7 is not involved
in a;, aj,). So to finish the proof of incompressibility of f it remains to

show that g, + --- 4+ g1 = 0 in the Witt group W, (K) because this would

contradict the fact that the second residue of fy is nontrivial.

Let us start from the highest component g,,,. We will assume that m is even

to begin with and write m = 2n. By Lemma 2.2.2

W (K ((7)))an/ Wy (K ((1))2nor =~ K Az K & K Age K.

The class of a generator [a, 372"

w corresponds to o A S in the first sum-
mand, but the class of a generator [ar ™!, Br~2" "]y, corresponds to a A 3

in the second summand.

To simplify writing we introduce multi-indices a;, where I; = (a;, ..., a;,)
and ay, is the product of the corresponding a;,. Thus ay,, ..., azn, is a K 2.
basis of K;. Choose any order I1 < ... < Isn. Our form g, is a sum of

forms of type

Oé2

[afja 71'7

naIS]W

with a € K;. Recall that if I; = I, then, by Equation (2.2a), we can rewrite

this as [as,, 2. It follows that g,, can be written as g,, = g/, + g,, where

/

Im = Dj

s#j

ar, 9
ar;; Z 2n Qs
w

with a, € K, and g, lives in W,(K;((7))),. Then using the fact that gy
lives in W, (K;((7)))o and arguing as in Theorem 6.4.2 we easily conclude
that g/, = 0. Note that in such a way we have eliminated the highest
component g, of g living in W,(K;((s)))2n, but we possibly acquire the
component g, in odd degree W,(K,((7))), if n is odd. We can repeat
the above process with the next highest non-zero component of gy . If it

has even degree the same argument as above reduces it to a component of
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smaller degree. Proceeding in this way we eventually arrive at the situation
where the only components left are those with odd degree. If a component

has odd degree, say 2] + 1 then it can be written in the form
52 (32 [on arie?]
- IT A1 Ly
] S

with oy € K;. However, application of the same argument as in Theo-
rem 6.4.2 shows that this component is automatically 0. This completes
the proof of the fact that g,, +--- + g1 = 0 and hence the proof of incom-
pressibility of f.

97



Chapter 7

Proof of the Main Theorem

In this Chapter we will finally prove our main result, Theorem 1.2.1.

7.1 Proof of Theorem 1.2.1

We now proceed to prove Theorem 1.2.1 except for groups of Type F; which

we defer to the next Section.

To each of our simple, rank r, algebraic groups, G, of adjoint type we
associated a non-degenerate quadratic form which we will call ¢g. In Chapter
4 we constructed an irreducible orthogonal representation which we called

the “non-degenerate Killing” representation:
Xo: G — O(V,q).
This induces a map
A HY(K,G) — HYK,O(V,q)),

where K = k(ty, ..., t,, r). We know from cohomology theory that H'(K, O(V, q))

is in one-to-one correspondence with the set of isometry classes of the non-
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degenerate quadratic form ¢. Let ¢ € H'(K,G) be a cocycle corresponding
to ((t1),..., (t), (z)) as in Chapter 5. Then A({) = 7 is a cocycle, but also

corresponds to a quadratic form, say ,g, which is the twisting of ¢ by 7.

In the previous Section, we saw that for each type of simple algebraic group
described in Section 1.2 this twisted quadratic form ,q is a non-degenerate,
rank r, canonical monomial form. Then, by Theorem 6.1.1 we know that
this form is incompressible, i.e. it cannot descend to a field of transcendence

degree lower than r + 1 = tr.deg; K.

We claim then that 7 is an incompressible cocycle. If not, then there exists
k C EF C K and ng defined over E, such that ng ®g K ~ 7. Then since

twisting commutes with base extension, we get that

(WQ)E OF K ~ ne@pkK49 = nq

= 1), is compressible, which is a contradiction.

Also, we claim that since n is incompressible, then ( is incompressible.
Indeed, suppose towards a contradiction that ¢ is compressible. Then there
exists a field k C £ C K and (g € H'(E, G) such that (g ®p K ~ (. Then,
AMCg) @ K ~ Mg ® K) = M) = n. This would imply that 1 compresses

to ng = AM((g), a contradiction.

Thus we have found an incompressible cocycle ¢ € H'(K,G) where K =
k(ty,...,t., ) has transcedence degree r+ 1. Thus, we have proven ed(G) >
r 4+ 1. Finally, arguing in exactly the same way as in the proof of ed(G) >
r + 1, we can show that ed(G;2) > r 4 1. Thus, we have proven Theorem
1.2.1. O

7.2 Lower Bound for ed(F})

To deal with the special case of F; we will need the notion of cohomological

invariants; see [GMS]. We will give the definition of a cohomological invari-
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ant for the special case of a split group of type Fy and a general definition
can be found in [GMS]. For k an algebraically closed field we define two

functors:

a: Fields, — Fy-Torsors, F — H'(F,Fy) ; and
B: Fields, — Abelian Groups, F — H°(F,7/2).

Recall that a natural transformation v: o — (3 is a family of maps v such

that for all F' C E the following diagram commutes:

ofF)=H'(F,F) % H°F,7/2)=j3(F)
1 res O J res
o(E)=H'(E,F,) —% H°(E,Z/2)=B(E)

(where the vertical arrows are restriction mappings). If there exists a natural
transformation v : o — [ then we say that v is a cohomological invariant

for F; in dimension 5.

Theorem 7.2.1. If there exists a non-trivial cohomological invariant of Fy
in dimension 5, then ed(G) > 5.

Proof. Since the invariant is non-trivial, there is a field E/k and a cocycle
(g € HY(E, F}) such that y5(Cg) # 1. Suppose (g descends to k C F C E
where F' is of minimal possible transcendence degree. Then by the com-
mutative diagram from above we have that yg(res((r)) = res(vr((r)) &
ve(Cr) = res(yr(Cr)) and since vg(Cg) # 1 = vr(Cr) # 1. We claim then
that tr.deg,(F') > 5. Assume otherwise, i.e. tr.deg,(F) < 4. Then by the
discussion below it follows that H'(F,Z/2) = 1V ¢ > 5, which would be a

contradiction. ]

Note that the above Theorem is true for any abelian group G and for ar-
bitrary positiver integer 7 instead of 5. We now introduce the notion of
cohomological dimension as defined in [Se02, Section 3.1]. Let F' be a field,
F its separable closure and I' = Gal(F;/F). Let p be a prime number. We
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say that the p-cohomological dimension of I', denoted cd,(I"), is n if for all
discrete, p-primary torsion I'-modules A, H(T',; A) =0V i > n + 1. Recall

that a I'-module is just a finite abelian group upon which I' acts.

Then we can define the cohomological dimension of I' as:

cd(I') = sup {cd,(I')}.

p prime
Also, by definition H*(F,G) = HY(T', G), so cd(F) = cd(T).
With these definitions in hand we have the following result from [Se02]:

Theorem 7.2.2. Let k' be an extenstion of k of transcendence degree N.
If p is a prime, we have that cd,(G) < N + cd,(Gy).

In the situation of Theorem 7.2.1 we have k is algebraically closed, k' = F.
We assumed that tr.deg,(F) < 4 S cd,(F) < 4+ cdy(k) = 4 since k is
algebraically closed. This implies that H*(I'y, A) = 1 for all i > n+1 where

A is any p-primary torsion group and I'p = Gal(Fi.,/F).

Now in the previous paragraph let p = 2 and ¢ = 5. Since Z/2 is a 2-torsion
group we get that H°(F,Z/2) = 1, which is precisely what was needed to
complete the proof of Theorem 7.2.1.

Putting everything together we get that if F; has a cohomological invariant
in dimension 5, then ed(F;) > 5. This is well known to be true when
the characteristic of the base field is not 2, see [GMS, Chapter 6, Section
22]. However H.P. Petersson proved the existence of such a cohomological
invariant when the base field has characteristic 2 in [Pe]. Thus, by Theorem
7.2.1 we have ed(Fy) > 5 =4+ 1 = rank(Fy) + 1.

Now let K/k be a field extension with tr.degy(K) = 5. Let (x € H'(K, Q)
be an incompressible cocycle which we know exists by the previous para-
graph. Let L/K be a finite field extension of odd degree and let (;, denote
the image of (x in H'(L,G). Now assume that ¢y is compressible, i.e. there
is a field k C F C L with tr.degy E < 5 such that (;, compresses to a cocycle
(rp € H'(E,G).
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Let ~ denote the cohomological invariant for Fj in dimension 5 which we
have proven the existence of previously. Consider v(Cx) € H°(K,Z/2).
Consider the following composition of the restriction and corestriction map-
ping:

H?(K,7/2) =% H*(L,7/2) <% H*(K,7/2)

The image of (k) under this composition is [L : K|v((x) = 7((x) because
H’(K,7/2) is a group of exponent 2. However, since 7 is a natural trans-
formation we know that the image of v((x) under the restriction mapping

above is the same as the image of v((g) under the restriction mapping:
H*(E,7/2) ™% H°(L,7/2)

Now since tr.degy E < 5 we have shown above that this implies H*(FE,Z/2) =
1 and therefore res(y((g)) = 1 = res(y((x)). This contradicts the fact that
corores(y(Cx)) = v((x). Thus we have proven (;, must be incompressible,
ieed(Fy;2) >5. O

7.3 Applications of the Main Result

We will conclude by providing proofs for the two Theorems mentioned at

the end of Section 1.2, each of which rely on Theorem 1.2.1.

Proof of Theorem 1.2.2. We first consider the even-dimensional case, i.e.
Os,. This a split group of rank n, therefore by 1.2.1 we have the lower
bound n 4+ 1 < ed(Oy,). To define the orthogonal group we really need a
field of definition and a non-degenerate quadratic form of the appropriate
dimension. Suppose O, is defined over an algebraically closed field of
characteristic 2. By Lemma 2.1.5, an arbitrary even dimensional quadratic
form over a field k is of the form f = @&, [V, ] = ", bi[1, ¢;] where
b; € k*,¢; € k.

Each quadratic form [1, ¢;] corresponds to a quadratic separable extension
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L;/k which is obtained by adjoining a root of the separable polynomial
t* +t + ¢;. Such an extension corresponds to H'(k,Z/2). Thus, isometry
classes of the set of two dimensional forms {[1,¢],...,[1,¢,]} correspond
to H'(k, A) where A = Z/2 x ... x Z/2 = (Z/2)". By examining long
exact sequences of Galois cohomology, one can show that every element in
H'(k, A) can be compressed to k(z), a purely transcendental extension of
degree 1. Thus our quadratic form can compresses to the field k(x) (b1, ..., b,)
which has transcendence degree n + 1. This shows that ed(Os,) < n + 1.
Thus we have
n+1<edOy,) <n+l,

i.e ed(Oq,) =n+ 1.

Now we will consider the odd-dimensional case, i.e. we will show ed(Qg,11) =
n + 2. First we will show that n 4+ 2 is a lower bound by mimicking the
main argument of Section 6.3. Let k£ be our algebraically closed, char-
acteristic 2 base field. Consider the field K = k(ty,...,t,41,2) and the
(2n + 1)-dimensional, non-degenerate quadratic form f = (t1) @ t3[1, 2] ®
e ® tyi1[1, 2], We will show that this form is incompressible, thus giving
us the lower bound we desire. Suppose f is compressible, i.e. there is a
non-degenerate, 2n + 1-dimensional form g defined over a field k C F C K.
By Lemma 2.1.5 we may write g = (¢) ® e1[1,es] & ... & e,[1, €,41]. Since
g®p K ~ f, we know that ¢ = t; (mod K?).

Now consider the field extension £ = E (\/ﬁ) Since this extension is
algebraic, tr. deg, (E) = tr. degk(E). Soif f could compress to ¢g defined over
E, it could also compress to g = ¢ ®p E , which is defined over E. However,
in E we have (¢) = (t;) because ¢ = \/E%l- Then, arguing in the same
way as in Section 6.3, if f is compressible, then so is t5[1, 2| & ... B t,41[1, x].
However, this is a canonical monomial form, so by Theorem 6.1.1 we know
this form is incompressible. Thus we obtain a contradiction. So we have
a form f defined over a field K = k(t4, ..., t,41, ), a field of transcendence

degree n 4 2, which is incompressible. Thus n + 2 < ed(Og;,41).

It remains to show that n + 2 is an upper bound for ed(Os,11). This
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is straightforward since an arbitrary non-degenerate (2n + 1)-dimensional
form over k can be written as (a) & [by, ¢1]® ... ® [b,, ¢,]. Then arguing as in
the even-dimensional case O,,, we know that this form can be defined over
the field K = k(a, by, b, ..., b,, x) for some transcendental element x. Thus
ed(Ogpi1) < n+ 2. O

Proof of Theorem 1.2.3. Our goal is to show ed(G3) = 3. Since rank(Gs) =
2, Theorem 1.2.1 tells us that 2+ 1 = 3 < ed(G2). Recall that when we talk
about the essential dimension of G5, what we are really talking about is
the essential dimension of the cohomology functor H'(—, G3). By [KMRT,
Propostion 33.24], for an arbitrary field extension K/k, H'(K,Gs) is in
1:1 correspondence with isomorphism classes of Octonion Algebras over K.
Then, by [Pe] these isomorphism classes of Octonion Algebras are in one-
to-one correspondence with the so called 3-Pfister forms. These are special

quadratic forms which depend on 3 parameters, say a,b,¢c € K, and are
defined as

({a,b,¢)) = [1,a] @ ((b) ® ()
[1,a] ®b[1,a] ® c[1,a] ® bell, a]

What’s important to note is that these 3-Pfister forms are examples of
canonical monomial forms depending on 3 independent parameters. By
Theorem 6.1.1 we know such forms are incompressible and so by the 1:1
correspondences described previously, it follows that ed(Gy) < 3. Since
3 < ed(Gy) < 3, we get ed(G2) = 3, as desired. O
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