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ABSTRACT 

 

Rubber-toughened polymers have extensive applications due to excellent 

mechanical performances. However, the toughening mechanisms are not completely 

understood, as current study approaches are too localized for quantitative analysis and 

deviation from mechanical testing has rarely been taken into consideration. 

In this study, Weibull statistics is applied to quantify the involvement of crazing 

and shear yielding mechanisms in poly(acrylonitrile butadiene styrene) (ABS) under 

tensile loading. Different loading rates were used to vary the involvement of each 

mechanism. In monotonic loading tests, the dominant deformation mechanism 

switches from crazing to shear yielding with the increase of crosshead speed. Crazing-

dominant toughness values show narrow data scattering while those for shear yielding 

a broad distribution. The involvement of the deformation mechanisms can be varied 

through multi-stage loading at different crosshead speeds. Results from the study 

suggested that the Weibull analysis has the potential for quantifying the roles of 

various mechanisms in the deformation process. 



 

ACKNOWLEDGEMENTS 

 

I am particularly indebted to my supervisor Dr. P.-Y. Ben Jar for the guidance and 

financial support throughout this study. 

 

I also would like to thank Mr. Bernie Faulkner and Ms. Tuula Hilvo for their constant 

technical supports, help in the lab and some valuable discussions. 

 

Appreciation is extended to group members and ex-members of the Failure and 

Material Engineering Lab: Chengye Fan, Tik Man Dick, Riski Adianto, Paul 

Khosathit and Souvenir Muhammad for their friendship and the positive group 

environment. 

 

Special thanks go to “The 2009 Joint ASCE-ASME-SES Conference on Mechanics 

and Materials” for the opportunity to present the research outcome, and to Department 

of Mechanical Engineering, Graduate Students’ Association and Faculty of Graduate 

Studies and Research for the financial assistance on the research and on the 

conference travel. 

 

Finally, gratitude is given to my parents, Zongzheng Xu and Shumin Tian, for their 

care and support throughout my study. 



TABLE OF CONTENT 

 

Chapter 1  Introduction .............................................................................................. 1 

1.1  Literature Review............................................................................................ 2

1.1.1  Toughening mechanisms of rubber-toughened polymers ........................ 2

1.1.2  Loading rate effect ................................................................................... 5 

1.2.3  Conventional techniques.......................................................................... 7 

1.2  Objective and Scope of the Study................................................................... 9 

 

Chapter 2  Fundamentals of Weibull Distribution ................................................... 11 

2.1  Formulations ................................................................................................. 11 

2.2  Median Ranks ............................................................................................... 13 

2.3  Parameter Determination .............................................................................. 14 

2.4  The Three-Parameter Weibull Distribution................................................... 16 

2.5  Parameter Effect on the Weibull Distribution............................................... 18 

2.5.1  Effect of the shape parameter β .......................................................... 18 

2.5.2  Effect of the scale parameter η ............................................................ 22 

2.5.3  Effect of the location parameter ....................................................... 24 0t

2.6  The Mixed Weibull Distribution ................................................................... 25 

 

Chapter 3  Experimental Details .............................................................................. 26 

3.1  Material ......................................................................................................... 26 

3.2  Specimen Preparation ................................................................................... 27 

3.3  Mechanical Testing ....................................................................................... 29 

3.3.1  Test equipment and control .................................................................... 29 

3.3.2  Monotonic tensile tests .......................................................................... 30 

3.3.3  Multi-stage tensile tests.......................................................................... 30 



 

Chapter 4  Results and Discussions ......................................................................... 32 

4.1  Monotonic Tensile Tests ............................................................................... 32 

4.1.1  Test results ............................................................................................. 32 

4.1.2  Weibull analysis ..................................................................................... 37 

4.2  Multi-stage Tensile Tests............................................................................... 51 

4.2.1  Test results ............................................................................................. 54 

4.2.2  Weibull analysis ..................................................................................... 62 

4.3  Discussion ..................................................................................................... 82 

 

Chapter 5  Conclusions ............................................................................................ 84 

 

References.................................................................................................................. 87 

 

Appendix 1  Derivation of Weibull Mean and Variance .......................................... 97 

 

Appendix 2  Monotonic Test Results..................................................................... 100 

 

Appendix 3  Multi-stage Test Results .................................................................... 105 
 



LIST OF TABLES 

 

Table 3.1  ASTM standard for tensile specimen of plastics (D638, TypeI), unit:mm ................. 27 

Table 3.2  The scenarios of the multi-stage tensile tests .............................................................. 31 

Table 4.1  Results of UTS, extension at break and toughness for monotonic tests at three 

crosshead speeds ........................................................................................................................ 34 

Table 4.2  Parameter values for two-parameter Weibull and two group mixed Weibull analysis for 

(a) UTS, (b) extension at break and (c) toughness .................................................. 38 

Table 4.3  Mechanical properties of ABS in multi-stage tensile tests of (a) scenario 1 and (b) 

scenario 2 with different predetermined strokes ...................................................... 56 

Table 4.4  Two-parameter Weibull and two group mixed Weibull parameters for (a) total energy 

and (b) 2nd stage toughness for scenario 1 .............................................................. 63 

Table 4.5  Two-parameter Weibull and two group mixed Weibull parameters for (a) total energy 

and (b) 2nd stage toughness for scenario 2 .............................................................. 64 

Table A2.1  Ultimate tensile strength at 5mm/min ................................................................... 100 

Table A2.2  Extension at break at 5mm/min ............................................................................ 101 

Table A2.3  Toughness at 5mm/min ......................................................................................... 101 

Table A2.4  Ultimate tensile strength at 30mm/min ................................................................. 102 

Table A2.5  Extension at break at 30mm/min .......................................................................... 102 

Table A2.6  Toughness at 30mm/min ....................................................................................... 103 

Table A2.7  Ultimate tensile strength at 60mm/min ................................................................. 103 

Table A2.8  Extension at break at 60mm/min .......................................................................... 104 

Table A2.9  Toughness at 60mm/min ....................................................................................... 104 

Table A3.1  Second stage maximum strength for scenario 1 and the predetermined stroke of 

2.563mm .............................................................................................................. 105 

Table A3.2  Total elongation for scenario 1 and the predetermined stroke of 2.563mm .......... 105 

Table A3.3  Total energy for scenario 1 and the predetermined stroke of 2.563mm ................ 106 

 



Table A3.4  Second stage elongation for scenario 1 and the predetermined stroke of 2.563mm 

................................................................................................................................. 106 

Table A3.5  Second stage toughness for scenario 1 and the predetermined stroke of 2.563mm 

................................................................................................................................. 107 

Table A3.6  Second stage maximum strength for scenario 1 and the predetermined stroke of 

3.129mm .............................................................................................................. 107 

Table A3.7  Total elongation for scenario 1 and the predetermined stroke of 3.129mm .......... 108 

Table A3.8  Total energy for scenario 1 and the predetermined stroke of 3.129mm ................ 108 

Table A3.9  Second stage elongation for scenario 1 and the predetermined stroke of 3.129mm 

................................................................................................................................. 109 

Table A3.10  Second stage toughness for scenario 1 and the predetermined stroke of 3.129mm 

............................................................................................................................. 109 

Table A3.11  Second stage maximum strength for scenario 1 and the predetermined stroke of 

6mm ....................................................................................................................110 

Table A3.12  Total elongation for scenario 1 and the predetermined stroke of 6mm ................110 

Table A3.13  Total energy for scenario 1 and the predetermined stroke of 6mm ......................111 

Table A3.14  Second stage elongation for scenario 1 and the predetermined stroke of 6mm ...111 

Table A3.15  Second stage toughness for scenario 1 and the predetermined stroke of 6mm ....112 

Table A3.16  Total elongation for scenario 2 and the predetermined stroke of 2.998mm .........112 

Table A3.17  Total energy for scenario 2 and the predetermined stroke of 2.998mm ...............112 

Table A3.18  Second stage elongation for scenario 2 and the predetermined stroke of 2.998mm 

..............................................................................................................................113 

Table A3.19  Second stage toughness for scenario 2 and the predetermined stroke of 2.998mm 

..............................................................................................................................113 

Table A3.20  Total elongation for scenario 2 and the predetermined stroke of 3.432mm .........113 

Table A3.21  Total energy for scenario 2 and the predetermined stroke of 3.432mm ...............114 

Table A3.22  Second stage elongation for scenario 2 and the predetermined stroke of 3.432mm 

..............................................................................................................................114 

Table A3.23  Second stage toughness for scenario 2 and the predetermined stroke of 3.432mm 

..............................................................................................................................114 



Table A3.24  Total elongation for scenario 2 and the predetermined stroke of 6mm ................115 

Table A3.25  Total energy for scenario 2 and the predetermined stroke of 6mm ......................115 

Table A3.26  Second stage elongation for scenario 2 and the predetermined stroke of 6mm ...115 

Table A3.27  Second stage toughness for scenario 2 and the predetermined stroke of 6mm ....116 



LIST OF FIGURES 

 

Fig. 2.1  Estimation of the location parameter  for the three-parameter Weibull distribution 17 0t

Fig. 2.2  Effects of the shape parameter β  on (a) CDF, (b) PDF and (c) failure rate functions 19

Fig. 2.3  “Bathtub curve”-effect of the shape parameter β  on the failure rate function ........... 22 

Fig. 2.4  Effects of the scale parameter η  on (a) CDF and (b) PDF ......................................... 23 

Fig. 2.5  Effects of the location parameter  on (a) CDF and (b) PDF ....................................0t 24 

Fig. 3.1  Molecular structures of the three components of ABS .................................................. 26 

Fig. 3.2  Configuration and dimensions of an ABS tensile specimen (unit: mm) ........................ 28 

Fig. 3.3  MTS material testing system and tensile test setup ....................................................... 29 

Fig. 4.1  Post-fracture specimens for the crosshead speeds of 5mm/min (bottom), 30mm/min 

(middle) and 60mm/min (top)........................................................................................ 32 

Fig. 4.2  Typical load-displacement curves at crosshead speeds of 5, 30 and 60mm/min ........... 34 

Fig. 4.3  Variation of (a) ultimate strength, (b) extension at break and (c) toughness with 

crosshead speed.............................................................................................................. 35 

Fig. 4.4  Results of unreliability and PDF on UTS by (a) two-parameter Weibull distribution and 

(b) two group mixed Weibull distribution ...................................................................... 40 

Fig. 4.5  Results of unreliability and PDF on extension at break by (a) two-parameter Weibull 

distribution and (b) two group mixed Weibull distribution............................................ 42 

Fig. 4.6  Results of unreliability and PDF on toughness by (a) two-parameter Weibull distribution 

and (b) two group mixed Weibull distribution ............................................................... 44 

Fig. 4.7  Unreliability of UTS (by two-parameter Weibull distribution) for the three crosshead 

speeds............................................................................................................................. 46 

Fig. 4.8  Comparison of unreliability curves for the three crosshead speeds by two group mixed 

Weibull distribution........................................................................................................ 48 

Fig. 4.9  Unreliability subpopulations of the toughness distributions at three crosshead speeds 49 

 



Fig. 4.10  Comparison of unreliability curves of (a) the first subpopulations and (b) the second 

subpopulations at the three crosshead speeds .............................................................. 50 

Fig. 4.11  Damage development in monotonic tensile tests at (a) 5mm/min and (b) 60mm/min 52 

Fig. 4.12  Typical load-displacement curves for the first scenario............................................... 54 

Fig. 4.13  Typical load-displacement curves for the second scenario .......................................... 55 

Fig. 4.14  Summary of multi-stage test results for scenario 1 (5-60mm/min): (a) 2nd stage 

maximum strength, (b) total elongation, (c) total energy, (d) 2nd stage elongation and 

(e) 2nd stage toughness ................................................................................................ 57 

Fig. 4.15  Summary of multi-stage test results for scenario 1 (60-5mm/min): (a) total elongation, 

(b) total energy, (c) 2nd stage elongation and (d) 2nd stage toughness........................ 59 

Fig. 4.16  Results of unreliability and PDF on total energy for scenario 1 by (a) two-parameter 

Weibull distribution and (b) two group mixed Weibull distribution ............................ 65 

Fig. 4.17  Results of unreliability and PDF on 2nd stage toughness for scenario 1 by (a) 

two-parameter Weibull distribution and (b) two group mixed Weibull distribution .. 67 

Fig. 4.18  Results of unreliability and PDF on total energy for scenario 2 by (a) two-parameter 

Weibull distribution and (b) two group mixed Weibull distribution ............................ 69 

Fig. 4.19  Results of unreliability and PDF on 2nd stage toughness for scenario 2 by (a) 

two-parameter Weibull distribution and (b) two group mixed Weibull distribution .. 71 

Fig. 4.20  Unreliability results of (a) mixed group distributions, (b) all subpopulations, (c) 1st 

subpopulations and (d) 2nd subpopulations of total energy for different predetermined 

strokes for scenario 1 ................................................................................................... 74 

Fig. 4.21  Unreliability results of (a) mixed group distributions, (b) all subpopulations, (c) 1st 

subpopulations and (d) 2nd subpopulations of 2nd stage toughness for different 

predetermined strokes for scenario 1 ........................................................................... 76 

Fig. 4.22  Unreliability results of (a) mixed group distributions, (b) all subpopulations, (c) 1st 

subpopulations and (d) 2nd subpopulations of total energy for different predetermined 

strokes for scenario 2 ................................................................................................... 78 

Fig. 4.23  Unreliability results of (a) mixed group distributions, (b) all subpopulations, (c) 1st 

subpopulations and (d) 2nd subpopulations of 2nd stage toughness for different 

predetermined strokes for scenario 2 ............................................................................. 80 



Chapter 1  Introduction 

 

A polymer molecule is composed of repeating structural units typically connected by 

covalent bonds with molecular weight over 10,000 g/mol. Ever since early 19th 

century, the works on polymer science and engineering revolve modification and 

enhancement of natural and synthetic polymers. The understanding of microstructure 

and its strong influence on the bulk material properties were of interest, too. Till today, 

most commercially important polymers are entirely synthetic, which find applications 

in nearly every area of industry, such as construction components, aircraft, home 

appliance, semiconductors, adhesives, lubricants, etc. 

One common classification of polymers is to divide them into thermoplastics and 

thermosets. A thermoplastic is a polymer that turns to liquid when heated, and freezes 

to a very glassy state when cooled sufficiently. A thermosetting polymer, on the other 

hand, forms covalent bonds through a cross-linking process known as a curing 

process, and cannot be remelted and remoulded. 

Polymers are also defined as “brittle” or “ductile” considering the amount of 

deformation upon failure. Brittle polymers show limited deformation before failure 

and their load-displacement curves usually exhibit a proportional relationship. Brittle 

failures involve little plastic deformation, thus absorb a very low level of energy. On 

the other hand, ductile polymers have the ability to undergo significant deformation 

and absorb a large amount of energy before failure. However, the definition of 

“brittle” or “ductile” is not absolute for a polymer. Generally, a ductile-brittle 

transition temperature (DBTT) exists for a polymer, representing the temperature at 

which the deformation or fracture energy changes dramatically due to change of the 

deformation behaviour. For amorphous and semi-crystalline thermoplastics, the 

concept of DBTT can be understood in light of the glass transition temperature, Tg, 

below which the polymer is in a glassy state with relatively large stiffness. When Tg is 

approached or exceeded, the polymer chains can stretch or slide easily under loading, 

thus increasing the level of deformation and ductility. 
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In load-bearing applications, ductility and extensive plastic deformation are 

valued. Therefore, brittle polymers such as thermoplastics below their Tg need to be 

engineered to enhance their toughness. A good way of achieving this is to 

copolymerize elastomeric chains in the form of a dispersed phase. The technique is 

known as rubber toughening. Since modulus of the rubber component is usually much 

lower than the glassy thermoplastic, rubber toughening may come with a price of 

stiffness reduction. 

This study is concerned about the deformation behaviour generated by a 

rubber-toughened polymer, poly(acrylonitrile butadiene styrene) (ABS). A method 

that quantifies the deformation mechanisms involved in the fracture process, thus the 

change of ductility, is developed from this study. 

In this thesis, Chapter 1 provides an introduction and motivation to the study. 

This chapter contains literature review of related topics, toughening mechanisms of 

rubber-toughened polymers, loading rate effect and conventional study techniques. 

Chapter 2 provides knowledge background of the most important analysis tool in this 

study, i.e. Weibull distributions, which includes their formulation, determination of 

the parameters in the distribution models and the effects of those parameters. Chapter 

3 describes experimental details. The material ABS will be further introduced. The 

test and specimen specifications follow ASTM standard for tensile tests of plastic 

materials. The operation and control of the material testing system (MTS) and the test 

procedures are given in details. In Chapter 4, test results are presented and discussed, 

followed by Weibull analysis and results. The conclusions of the study, as well as the 

recommendations for the future study will be given in Chapter 5. 

 

1.1 Literature Review 

 

1.1.1  Toughening mechanisms of rubber-toughened polymers 

 

Sultan and co-workers [1, 2] were among the first researchers to show that the 

toughness of a polymer could be improved by the incorporation of rubber particles. 
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The practice of rubber toughening of polymers has been successfully carried out since 

then and has led to many diverse engineering polymers. 

The mechanisms involved in the deformation process of rubber-toughened 

polymers have long been studied and at least thirteen different toughening 

mechanisms have been proposed as being responsible for the toughness enhancement 

[3]. One of the most important toughening mechanisms is crazing [4-13]. Crazing is a 

frequent damage phenomenon in glassy thermoplastic polymers. It is the formation of 

crazes in regions of high hydrostatic stress status. Crazes are microvoids that contain 

small interconnected fibrils. This void-fibril structure was first visualized by Kambour 

and Russell [6] using transmission electron microscopy (TEM). Crazes are different 

from cracks in that the former can contribute to the load support. When strained 

sufficiently, the fibril bridges will elongate and break before the microvoids grow and 

coalesce to form cracks. Crazing, the process of craze formation and growth, 

effectively absorbs a great amount of energy, therefore increasing the toughness of the 

polymer. Crazing does precede fracture in some glassy thermoplastic polymers, but 

only to a limited extent. The existence of the rubber particles provides numerous spots 

associated with stress concentrations and flaws, thus promoting craze formation to 

increase the energy absorption in the fracture process. Another important mechanism 

involved in the deformation process of rubber-toughened polymers is shear yielding 

[1, 14-19]. In this case, when global yielding occurs, deformation will develop in the 

form of shear flow in an inclined direction with respect to the applied tensile or 

compressive loading. One of the main differences between shear yielding and crazing 

is that the former does not change overall volume while the latter increases the 

volume. In addition, a typical phenomenon associated with shear yielding is “local 

thinning” or “necking”, while crazing tends to spread relatively uniformly throughout 

the material. Furthermore, since crazes break down to form cracks rather easily, the 

crazing-dominant failures tend to show a brittle response. On the other hand, shear 

yielding is usually associated with ductile behaviour. Other mechanisms such as 

rubber particle cavitation [20-26], energy absorption through rubber deformation [27, 

28], crack branching caused by rubber particles [29] and crack termination at rubber 
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particles [30] were also observed in the rubber-toughened polymers and new 

deformation mechanisms are still being discovered [31]. 

For many rubber-toughened polymers, more than one toughening mechanisms 

may be involved in the deformation process. They interact with each other, sometimes 

with the dominant mechanism changing from one to another, by a series of factors, 

from test conditions such as temperature and strain rate, to material compositions such 

as particle size and distribution [30]. A huge amount of research works have been 

done in this field. Bucknall and Smith [5] showed that crazing in the polystyrene 

phase is the main mechanism of energy absorption in high-impact polystyrene (HIPS) 

while shear yielding and crazing both contribute to the toughness of ABS [30]. 

Bucknall also provided a framework of rubber toughening mechanisms through 

review of the existing models for rubber particle cavitation, shear yielding and craze 

growth in polymers [32]. Takahashi [33] revealed the craze healing stages in 

ABS/MMA sheets and indicated that the healing rate was influenced by the magnitude 

of plastic strain to which the specimens were subjected. Cheng et al. [34] studied the 

cooperative cavitation behaviour of rubber-toughened polycarbonate and found that 

the growth of the cavitation domain could be arrested when shear yielding of the 

matrix provides an alternative mechanism for relief of strain energy. Jansen et al. [35] 

investigated the influence of strain rate on the microscopic deformation mechanisms 

of a rubber/PMMA system and pointed out that the key for toughness improvement is 

the degree of cavitation formation, which induces shear yielding. An optimum amount 

of cavitation was identified with the variation of strain rate. Jang [36] examined the 

temperature and deformation rate effects on crazing and shear-type yielding damage 

in rubber-modified polypropylene (PP) and showed that the ductility and toughness 

lie in the competition between catastrophic crack propagation and the degree of 

plastic deformation through crazing and shear yielding. Wellinghoff and Baer [37] 

observed a “shear to craze” transition as a function of temperature in a number of 

vinyl polymers and arylene polymers, with crazing being favoured at elevated 

temperatures. Starke et al. [38] also studied the deformation mechanisms in 

rubber-toughened PSAN with core-shell particles over a range of temperatures, and 
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discovered that a transition in the deformation behavior from crazing to shear yielding 

occurs as the temperature increases. Jar et al. [39] suggested that for 

styrene-N-phenylmaleimide-modified ABS the rubber particle cavitation and matrix 

shear deformation are the main deformation mechanisms in the tensile testing. But for 

the Izod specimens, extensive crazing replaces the shear deformation to be the 

dominant matrix deformation mechanism. Jansen et al. [40] studied the mode of 

microscopic deformation in rubber-modified poly(methyl methacrylate) (PMMA) 

during tensile deformation, and pointed out that the transition from crazing to shear 

yielding takes place as the rubber content increases. Zhou et al. [41] found that the 

deformation mechanisms involved in polymer blends depend on the composition of 

the blends. There exists a deformation transition from crazing to shear yielding with 

the change of PVC/SAN ratio. The blend with a SAN-rich system deforms via the 

formation of crazes while the blend of a PVC-rich system deforms via shear yielding. 

The transition from crazing to shear yielding results in the improvement of toughness. 

A study by He and Donald [42] showed that the rubber particle concentration has a 

significant influence on the craze density in rubber-toughened PMMA. The wealth of 

literature on the subject suggests that the microscopic deformation behaviour in 

rubber-toughened polymers is very complex. Although it has been studied by many 

groups for a few decades, the understanding of the level of toughening mechanisms 

involved in the fracture process is still ambiguous, and sometimes results reported are 

contradictory to each other. 

 

1.1.2  Loading rate effect 

 

Loading rate is one of the important factors to evaluate mechanical performance of 

polymers [43-51]. For example, in 1993, Cardwell and Yee [43], based on their study 

on a rubber-modified epoxy, found that not only the fracture toughness is 

rate-dependent, but also, an activation energy could be determined to predict the 

variation of fracture toughness with each temperature. In 2000, an unusual failure 

mode transition from brittle to ductile under a combined pressure and shear loading 
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was observed in polycarbonate (PC) and poly(methyl methacrylate) (PMMA) by 

Ravi-Chandar and co-workers [46], with a normal-stress dominated fracture mode at 

low loading rates and a shear-stress dominated shear band failure at high strain rates. 

Park et al. [50] studied the rate-dependent mode I fracture behavior of the amorphous 

poly(lactic acid) and found that the static toughness was higher than the impact 

counterpart, mainly owing to extensive multiple craze formation at the static rate. 

For rubber-toughened polymers, loading rate has been found to affect the 

brittle-ductile transition process and the associated deformation mechanisms, thus 

having a major influence on the toughening phenomenon [32, 35, 52-54]. For instance, 

Beguelin and Kausch [53] pointed out that for the rubber-toughened PMMA, the 

deformation involves cavitation and the amount of cavitation increases with the 

increase of strain rate. Raghavan et al. [54] measured the fracture energy over a wide 

range of crosshead speeds, and found that the viscoelastic characteristics of the 

rubber-toughened polymers allow more crack-tip deformation at lower loading rate, 

thus increasing the toughness. Lowering the loading rate also increases stability of the 

crack growth, but this transition occurs over a very small range of the loading rate. 

In some studies, the loading rate effect was found to be coupled with the 

temperature effect, especially at high loading rate, due to the involvement of glass 

transition. Williams and Hodgkinson [55] believed that the toughening effect at high 

loading rate is a result of heating of the material due to energy dissipation by the 

plastic deformation. Vukhanh and Yu’s work [56] on the brittle-ductile transition in 

HIPS and Zytel ST-801 found that the change of loading rate affects the molecular 

relaxation process and the brittle-ductile transition temperature. The correlation 

between temperature and loading rate seems to be controlled by the molecular 

relaxation according to the Arrhenius equation [56, 57]. On the other hand, some 

researchers, such as Ravi-Chandar et al. [46], believed that thermal effect may not 

play a significant role in the failure mode transitions in polymers.  

The maximum crosshead speed applied in our study, is 60mm/min (10-3m/s), 

equivalent to a strain rate of 0.02s-1 considering the gauge length of our specimens. 

According to the investigation by Inberg et al. [58], this loading rate is insufficient to 
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cause any noticeable temperature increase in the specimens, and the maximum 

temperature measured was far from approaching the glass transition temperature of 

ABS [59]. This has been supported by Steenbrink et al. [60] who reported that the 

specimens fractured at this loading rate did not show any relaxation on the fracture 

surface. Therefore, we believe that the loading rate used in this study is low enough to 

exclude any possibility of significant adiabatic heating. 

 

1.1.3  Conventional techniques 

 

For the purpose of understanding the microstructure and deformation behaviour, the 

experimental studies on the rubber-toughened polymers and relevant composite 

materials rely largely on microscopy, including optical microscopy (OM), 

transmission electron microscopy (TEM) and scanning electron microscopy (SEM) 

[38, 53, 61-69]. The latter two techniques form images of high resolution from 

interaction of the electrons with the specimen. The first observations on the 

toughening mechanisms in multiphase plastics were made by Bucknall and Smith in 

1965 [5], who used transmission optical microscopy of thin films to study the 

deformation behaviour of HIPS. Chen and Jan [62] studied the microstructure and the 

fracture behaviour of the rubber-toughened epoxy resin by both TEM and SEM. 

Moskala [63] identified the debonding of the rubber particles from matrix using SEM, 

and suggested that this dilatational process would relieve the triaxial stresses and 

enhance shear yielding of the matrix. Bernal et al. [65] investigated the toughening 

mechanisms of ABS under both static and dynamic loading conditions by SEM and 

TEM. Xu et al. [66] through in-situ TEM observations on polystyrene/low-density 

polyethylene (PS/LDPE) blends, found that multiple-crazing is the main deformation 

mechanism for toughening when LDPE constitutes the dispersed phase, whereas shear 

yielding becomes the major deformation mode when LDPE forms the continuous 

phase. Takahashi et al. [68] conducted impact tests on 

methylmethacrylate-butadiene-styrene resin and observed deformed rubber particles 

and voids in the TEM photographs of whitening area without any evidence of crazing. 
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The SEM analysis of Lach and co-workers [69] revealed three different types of 

deformation mechanisms in the poly(styrene-butadiene) block copolymer blends: 

coalescence of microvoids, shear flow and tearing. Other than OM, SEM and TEM, 

the atomic force microscopy (AFM) has also been applied to studying the morphology 

of rubber-toughened polymers [70-72].  

The main concern of these microscopic observation techniques is that voids and 

other features might have been introduced when the sections were prepared from the 

test specimens, thus not representing true fracture behaviour. Another criticism is that 

the observation scope is too small to represent the general behaviour of bulk 

specimens. In order to counter these criticisms, other experimental techniques have 

been applied, such as small-angle X-ray scattering (SAXS) [26, 42, 73-80], 

volumetric strain measurements [22, 30, 81-86], light scattering [87, 88] and so on. 

SAXS is a technique to detect the shape and size of aggregates that cause scattering of 

the X-ray. In 1993, Ijichi et al. [74] used the technique and observed a diamond-like 

pattern in HIPS before the yield point. As the deformation proceeded beyond the yield 

point, a distinct streak perpendicular to the tensile direction arose and, therefore, the 

cross pattern was observed. Magalhaes and Borggreve [75] studied the deformation 

process in rubber-modified polystyrene by static SAXS on deformed tensile samples 

under loading. They found that matrix crazing has very minor contribution to the 

plastic deformation. With an increasing rubber content, the amount of crazing 

decreases significantly whereas the toughness increases. The main source of energy 

absorption for the plastic deformation might be cavitation-induced microscopic shear 

yielding. Sferrazza et al. [78] investigated in-situ tensile deformation of toughened 

PMMA by SAXS, and found that the dominant deformation mechanism depend on 

the concentration of the toughening particles. Jar et al. [79, 80] examined the 

deformation mechanisms in a high thermal resistant ABS using both TEM and SAXS, 

and provided new evidence for the coexistence of crazing and shear yielding. Since 

void-formation-associated deformation mechanisms such as crazing and particle 

cavitation induce dilatational volume change while shear yielding is believed to keep 

the volume constant, volumetric strain measurements, also known as dilatometry, was 
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used to quantitatively characterize the contribution of these deformation mechanisms 

in rubber-toughened polymers. In 1981, Maxwell and Yee [82] employed this 

technique in their study on the toughening mechanisms of rubber-modified polymers, 

and found that cavitation and shear yielding can both be observed over a range of 

strain rates, with the voiding being sensitive to the change of strain rate. The 

technique was also used in the work by Nair, Wong and Goettler [85] in order to 

understand the relative roles of cavitation and shear yielding in the blends of nylon 6, 

6 and ABS. Xu and Tjong [86] obtained quantitative information through the 

dilatometric technique and found that there is a crazing-shear yielding transition with 

the increase of the HDPE content in the PS/HDPE blends. 

The above techniques are able to provide information about deformation 

occurring in the bulk polymer, in the data form that represents the average behaviour 

over a large volume. In combination with the microscopic observations, they provide 

valuable insights to the deformation mechanisms involved in the rubber-toughened 

polymers. However, the uncertainties involved in the mechanical testing caused by 

either material defects or deviations of test conditions have rarely been concerned. 

 

1.2 Objective and Scope of the Study 

 

Due to possible defects and variation of testing conditions, the measured mechanical 

properties of rubber-toughened polymers often show some scattering. Sometimes, the 

data scattering is very large, thus accurate prediction on the mechanical performances 

becomes difficult. To this end, the idea of reliability must be introduced. Like the 

mechanical properties themselves, the reliability characteristics of the mechanical 

properties are of interest and the understanding of their relation with microstructure or 

microscopic deformation behaviour of the materials could be further pursued. 

Overall, the objective of this study is to establish the effectiveness of using 

Weibull analysis to identify and quantify the contribution from each of multiple 

mechanisms in the deformation process of rubber-toughened polymers. The variation 

characteristics of material toughness will be determined for a rubber-toughened 
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polymer, poly(acrylonitrile butadiene styrene) (ABS), and their relation with the 

deformation mechanisms, crazing and shear yielding for ABS, will be investigated. 

For determining the variation features of material properties, repetitive tests have been 

done for each test condition. Different loading rate was applied to change the 

distribution characteristics of toughness in the monotonic tensile tests. Based on the 

results of monotonic tests, multi-stage tests were carried out to further demonstrate 

the ability of the proposed approach to quantify the contribution from each 

mechanism. 
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Chapter 2  Fundamentals of Weibull Distribution 

 

Weibull distribution is a well known continuous probability distribution. It is also 

called the Rosin-Rammler distribution when used to describe the size distribution of 

particles. It was invented by Waloddi Weibull in 1937 and popularized by his 

significant works from 1939 to 1951. Weibull distribution is versatile, and its 

representation contains a good approximation of the normal distribution as well as the 

exact expressions of the exponential distribution and the Rayleigh distribution. 

Because Weibull distribution has the ability to provide reasonable accuracy with very 

small size of samples, it has a wide range of applications in life data analysis and 

engineering design. The fundamentals of Weibull distribution were well summarized 

in references [89, 93], which will be followed in this chapter up to section 2.5. 

 

2.1  Formulations 

 

The most commonly applied Weibull distribution is the two-parameter one, and its 

cumulative distribution function (CDF) is 

( ) 1 exp tF t
β

η

⎡ ⎤⎛ ⎞
= − −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
                        (2-1) 

where ( )F t  is the probability of failure up to lifetime , or unreliability at , in 

which  is the failure time. In our study, the ranges of material properties such as 

ultimate tensile strength, extension at break and material toughness are of interest, and 

they are the meaning of “lifetime” of the material. 

t t

0t ≥

β  and η  are the shape and the 

scale parameters, respectively. The complement of the CDF is reliability, ( )R t , 

expressed as 

( ) exp tR t
β

η

⎡ ⎤⎛ ⎞
= −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
                          (2-2) 

By taking derivative of the CDF with respect to , the probability density function t
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(PDF) can be determined 

( )
1

exptf t t
β β

β
η η η

− ⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞
= −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

                    (2-3) 

The instantaneous failure rate (or hazard rate) is the rate of failure for the survivors up 

to , and it can be defined as the ratio of PDF to reliability, namely t

( ) ( )
( )

1f t th t
R t

β
β
η η

−
⎛ ⎞⎛ ⎞

= = ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

                       (2-4) 

    The shape parameter β  controls the skewness of the probability density 

function of the Weibull distribution, and represents the slope in the Weibull 

probability plot, as to be discussed later. The scale parameter η  represents the 

characteristic life of the Weibull distribution. By setting t η=  in the CDF,  

( ) ( )1 exp 1 exp 1 0.632F t
β

η
η

⎡ ⎤⎛ ⎞
= − − = − − =⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
 

We see that η  represents the time at which 63.2% of the sample units fail. 

    The Weibull mean μ , variance  and standard deviation  of the failure 

time can then be expressed in terms of the Weibull parameters 

Var Std

11μ η
β

⎛
= Γ +⎜

⎝ ⎠

⎞
⎟                             (2-5) 

2 221 1Var η 1
β β

⎡ ⎤⎛ ⎞ ⎛
= Γ + −Γ +⎢ ⎜ ⎟ ⎜

⎝ ⎠ ⎝ ⎠⎣ ⎦

⎞
⎥⎟                     (2-6) 

1
2

22 11 1Std η
β β

⎡ ⎤⎛ ⎞ ⎛ ⎞
= Γ + −Γ +⎢ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎣ ⎦
⎥                    (2-7) 

where the Gamma function is defined as  

( ) ( )1

0
expzz y y

∞ −Γ = −∫ dy                        (2-8) 

See Appendix 1 for the detailed derivation. 
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2.2  Median Ranks 

 

For each failure time  from the ordered test data, a position of the corresponding 

unreliability  is needed for the Weibull analysis. However, its true percentage 

values are always unknown. If  is the sample size number and  the rank order 

number, the first attempt would be using 

it

iF

N i

i N  as an estimate. However, this will 

make the unreliability of the last point 100%. Alternative solutions such as ( )1i N− , 

( )0.5i N−  and ( )1i N +  were also suggested. 

    Although all the estimates can be very close when the sample size number is 

reasonably large, the median ranks is the most popular approach for determining the  

plotting positions of . The position given by the median ranks is the value that the 

true probability of failure should have at the th failure out of a sample of  units 

at a confidence level of 50%, that is, the probability for at least the th failure to have 

occurred is 50%. According to this definition, the estimate is based on a solution of a 

binomial equation and can be calculated for any confidence percentage, , by 

solving the cumulative binomial equation for 

iF

i N

i

P

Z : 

( )1
N

N kk

k i

N
P Z Z

k
−

=

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑                       (2-9) 

The unreliability estimated by the median ranks is obtained by solving for Z  at 

, namely 0.5P =

( )0.5 1
N

N kk

k i

N
Z Z

k
−

=

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑                     (2-10) 

where 
( )

!
! !

N N
k k N k

⎛ ⎞
=⎜ ⎟ −⎝ ⎠

. The only input in the calculation above is the sample size 

number  and the rank order , and the results for a variety of  and  and the 

confidence percentage  are well tabulated in relevant handbooks [89]. 

N i N i

P

    Solving the above cumulative binomial equation requires numerical methods due 

to the high order of the unknown variable. A straightforward and quick approximation 
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to the median ranks is suggested to be [90] 

0.3
0.4i

iF
N
−

=
+

                           (2-11) 

 

2.3  Parameter Determination 

 

To determine the parameters β  and η  in the two-parameter Weibull distribution, 

Eqn. (2-1) is rearranged to a transformed scale to obtain a linear relation between 

( )
1ln ln

1 F t
⎡ ⎤
⎢ ⎥−⎣ ⎦

 and : ( )ln t

( ) 1 exp tF t
β

η

⎡ ⎤⎛ ⎞
= − −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
 

( )( )
1 exp

1
t

F t

β

η

⎡ ⎤⎛ ⎞
= ⎢ ⎥⎜ ⎟− ⎝ ⎠⎢ ⎥⎣ ⎦

 

( )( )
1ln

1
t

F t

β

η

⎡ ⎤ ⎛ ⎞
=⎢ ⎥ ⎜ ⎟− ⎝ ⎠⎢ ⎥⎣ ⎦

 

( )( ) ( ) ( )1ln ln ln ln
1

t
F t

β β η
⎡ ⎤

= −⎢ ⎥
−⎢ ⎥⎣ ⎦

               (2-12) 

Denoting  as ( )ln t x , the scale on the abscissa, and 
( )( )

1ln ln
1 F t

⎡ ⎤
⎢ ⎥

−⎢ ⎥⎣ ⎦
 as , the 

scale on the ordinate, all data points 

y

( ),i ix y  can be fitted using linear regression into 

a straight line on a x -  plot with the slope equal to y β  and intersect ( )lnβ η− . 

Such a plot is called the Weibull probability plot. 

    Redefine the linear relation to be 

x ay b= +                           (2-13) 

where the coefficients can be expressed in terms of the Weibull parameters as: 

( )

1

ln

a

b
β
η

⎧ =⎪
⎨
⎪ =⎩

   or    
( )

1

exp
a

b

β

η

⎧ =⎪
⎨
⎪ =⎩

                (2-14) 
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Minimum horizontal (vertical if regression on ) deviation of the data points from 

the straight line is pursued according to the least squares principle. Assume 

y

i ix ay b iε= + +                         (2-15) 

and 

( 22

1 1

N N

i i i
i i

)x ay bε
= =

Ε = = − −∑ ∑                   (2-16) 

To determine  and  for the minimum a b Ε  value, Ε  is differentiated with 

respect to  and , respectively, and set equal to zero to yield a b

( )

( )

1

1

2 0

2 0

N

i i i
i

N

i i
i

y x ay b
a

x ay b
b

=

=

∂Ε⎧
= − − − =⎪∂⎪

⎨
∂Ε⎪ = − − − =

⎪ ∂⎩

∑

∑
  or  

( )

( )

1

1

0

0

N

i i i
i

N

i i
i

y x ay b

x ay b

=

=

⎧
− − =⎪⎪

⎨
⎪ − − =
⎪⎩

∑

∑
      (2-17) 

By solving the above equations simultaneously for the coefficients  and b , we 

have 

a

1 1 1
2

2

1 1

N N N

i i i i
i i i

N N

i i
i i

N x y x y
a

N y y

= = =

= =

−
=

⎛ ⎞− ⎜ ⎟
⎝ ⎠

∑ ∑ ∑

∑ ∑
                    (2-18) 

1 1

N N

i i
i i

x a y
b

N
= =

−
=
∑ ∑

                         (2-19) 

Hence β  and η  can be determined for the two-parameter Weibull distribution, and 

the correlation coefficient of the rank regression is given by [89] 

1 1 1
2

2 2

1 1 1 1

N N N

i i i i
i i i

N N N N

i i i i
i i i i

N x y x y

N x x N y y

ρ = = =

= = = =

−
=

⎛ ⎞ ⎛ ⎞− −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∑ ∑ ∑

∑ ∑ ∑ ∑
2

           (2-20) 

in which ρ  indicates the strength of linear relationship between the median ranks 

and the life data. 
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2.4  The Three-Parameter Weibull Distribution 

 

In some cases, it may be physically impossible for the failure to occur early. A 

guaranteed failure free period exists within which the probability of failure is simply 

zero. Under such circumstances, the two-parameter Weibull distribution should be 

modified by introducing a location parameter (representing the guaranteed value or 

failure starting time)  to form the three-parameter Weibull distribution. The CDF 

and the PDF of the three-parameter Weibull distribution are given by  

0t

( ) 01 exp t tF t
β

η

⎡ ⎤⎛ − ⎞
= − −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
                     (2-21) 

( )
1

0 expt t t tf t 0
β β

β
η η η

− ⎡ ⎤⎛ ⎞⎛ − ⎞ ⎛ − ⎞
= −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

               (2-22) 

for . When , these expressions reduce to those for the two-parameter 

Weibull distribution. 

0t t≥ 0 0t =

    To determine the parameters, an appropriate correction of ( )0lni ix t t= −  is 

needed for the data points to acceptably fall on a straight line on the rectified Weibull 

probability plot. There are quite a few ways to estimate  [91]. Here we follow the 

method given by Shigley [92] and introduce one of them in detail. 

0t

    In order to determine the location parameter  in the three-parameter Weibull 

distribution, 

0t

( )
1ln ln

1 iF
⎡ ⎤
⎢ ⎥

−⎢ ⎥⎣ ⎦
 is plotted against ( )ln it  in the Weibull probability plot, 

and a curve is drawn to fit the data points. Then, locations for three distinct points on 

the curve, ( )1 1,x Y , ( 2 2, )x Y  and ( )3 3,x Y , (note that they are not necessarily the data 

points) of equal space with respect to the ordinate are determined, as illustrated in Fig. 

2.1. That is, 

2 1 3 2Y Y Y Y d− = − =                         (2-23) 

or  
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( ) ( ) ( ) ( )2 1 3

1 1 1ln ln ln ln ln ln ln ln
1 1 1 1F F F

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
− = −⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢

− − −⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦2

1
F ⎥

−
     (2-24) 

 

 

Fig. 2.1  Estimation of the location parameter  for the three-parameter Weibull distribution 0t

 

 

According to the relation implied by the three-parameter Weibull distribution 

( ) ( ) (0
1ln ln ln ln

1
t t

F
)β β η

⎡ ⎤
= − −⎢ ⎥

−⎢ ⎥⎣ ⎦
               (2-25) 

the abscissa of the three points should satisfy 

( ) ( ) ( ) ( )
( ) ( ) ( ) (
2 0 1 0

3 0 2 0

ln ln ln ln

ln ln ln ln

t t t t

t t t t

β β η β β

)
η

β β η β β η

⎡ ⎤ ⎡ ⎤− − − − −⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡= − − − − −⎣ ⎦ ⎣ ⎤⎦

        (2-26) 

From this, through the following derivation,  can be determined 0t

( ) ( ) ( ) ( )2 0 1 0 3 0 2 0ln ln ln lnt t t t t t t t− − − = − − −  

2 0 3 0

1 0 2 0

ln lnt t t t
t t t t

⎛ ⎞ ⎛ ⎞− −
=⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠
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2 0 3 0

1 0 2 0

t t t t
t t t t
− −

=
− −

 

( )( )
( ) ( )

2
3 2 2 1 1 3 2

0 2
3 2 2 1 1 3 22
t t t t t t tt t

t t t t t t t
− − −

= − =
− − − + −

              (2-27) 

After  is determined, linear regression can be performed on 0t

( )0ln

1ln ln
1

i i

i
i

x t t

y
F

= −

⎛ ⎞
= ⎜ ⎟−⎝ ⎠

 

to determine the other two parameters, β  and η . The procedure is exactly the same 

as that described for determining the parameters for the two-parameter Weibull 

distribution. 

    However, the above method for determining  may be subjective due to the 

freedom of choosing curve and points, thus may not have sufficient accuracy. The 

calculation adopted by commercial softwares usually involves iteration on  until 

the maximum correlation coefficient is reached. Weibull++ used in this study adopts 

the parameter iteration process of the three-parameter Weibull distribution based on 

an optimized Nelder-Mead algorithm [93, 94], and adjusts data points by this  

value to fall on a straight line. 

0t

0t

0t

 

2.5  Parameter Effect on the Weibull Distribution 

 

2.5.1  Effect of the shape parameter β   

 

The shape parameter β  is dimensionless. It is also known as the slope in the Weibull 

probability plot. The value of β  has a remarkable effect on the distribution 

behaviour. As a matter of fact, some values of β  will reduce the Weibull distribution 

to other distributions. For example, when 1β = , the two-parameter Weibull 
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distribution becomes the one-parameter exponential distribution with the CDF being 

( ) 1 exp tF t
η

⎛
= − −⎜

⎝ ⎠

⎞
⎟                      (2-28) 

When 2β = , it is equivalent to the Rayleigh distribution. When the value of β  is 

between 3 and 4, the PDF is approximately symmetric and it approaches the normal 

distribution. When β  goes to infinity, the Weibull distribution approaches 

asymtotically to the Dirac delta function. 

    The following discussion on the effect of β  is for values greater than 1, 

because if 1β < , the PDF ( )f t →∞  as  and with 0t → 1β = , ( )0f  has a 

constant value of 1
η

. 

    The effects of the shape parameter β  on the CDF, PDF and the failure rate 

function are illustrated in Fig. 2.2. 

 

 

(a) 
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(b) 

 

(c) 

Fig. 2.2  Effects of the shape parameter β  on (a) CDF, (b) PDF and (c) failure rate functions 

 

 

As β  increases, the steepness of the CDF curve rises with the point at CDF=0.632 

fixed. With increase of β  value, the peak of the PDF curve becomes high and 
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narrow. In addition, small β  value results in the peak skewing to the left, and large 

β  skews to the right. When β  falls in the range between 2.6 and 3.7, the skewness 

of the PDF curve is approximately zero. One of the most important effects of β  on 

the Weibull distribution is on the failure rate. Weibull distributions with 1β <  have a 

failure rate that decreases with time , also known as infant or early-life failures. 

Weibull distributions with 

t

β  close to or equal to 1 have a fairly constant failure rate, 

indicating useful life or random failures. Weibull distributions with 1β >  have a 

failure rate that increases with time, also known as wear-out failures. These comprise 

the three sections of the classic “bathtub curve” (Fig. 2.3). Note that in Fig. 2.3, the 

three sections of the “bathtub curve” do not necessarily share a continuous time scale. 

They simply represent the different failure features for the distributions corresponding 

to the different β  values. For 1β > , the failure rate always increases with time , 

indicating the mode of wear-out. When 

t

2β = , the failure rate is positively 

proportional to . When t 2β > , the failure rate curve is convex, meaning the failure 

rate increases at an accelerating rate with . As t β  increases further, the failure rate 

increases drastically. The failures can be further classified. When 1.0 4.0β< < , it 

implies early wear-out and when 4.0β > , it implies old age (rapid) wear-out. For the 

latter case, the CDF curve of the Weibull distribution is steep, and if the characteristic 

life is beyond the design life, the risk of failure before being worn out is much 

lowered. The extreme case where β = ∞  implies perfect design. 
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Fig. 2.3  “Bathtub curve”-effect of the shape parameter β  on the failure rate function [95] 

 

2.5.2  Effect of the scale parameter η  

 

The scale parameter η  represents the characteristic life in the two-parameter Weibull 

distribution. A change in η  has the same effect on the distribution as a change of the 

abscissa scale, as illustrated in Fig. 2.4.  
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(a) 

 

(b) 

Fig. 2.4  Effects of the scale parameter η  on (a) CDF and (b) PDF 

 

Increasing the η  value while holding β  constant has an effect of straightening the 

CDF curve and making the steepness gentler. In the PDF plot, increasing η  stretches 

out the PDF curve to the right. Since the area under a PDF curve is always equal to 

one, the peak of the PDF curve will also decrease with the increase of η . 
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2.5.3  Effect of the location parameter  0t

 

The location parameter  simply has a shifting effect on both the CDF and the PDF 

of a Weibull distribution. It locates the range of the distribution along the abscissa 

(Fig. 2.5). 

0t

 

(a) 

 

(b) 

Fig. 2.5  Effects of the location parameter  on (a) CDF and (b) PDF 0t

 24



When , as in the two-parameter Weibull distribution, the distribution starts at 

the origin. When , it introduces a horizontal translation  to the distribution, 

and a physical justification is needed for the failure probability not starting at the 

origin. If , it indicates a guaranteed failure free time. If 

0 0t =

0 0t ≠ 0t

0 0t > 0 0t < , it indicates the 

possibility of failure during production or fabrication which is before the design of 

being actually used. 

 

2.6  The Mixed Weibull Distribution 

 

The mixed Weibull distribution (also known as the multimodal Weibull distribution) is 

commonly used for describing distribution behaviour when there are multiple failure 

modes involved. It gives a global picture of life by mixing different Weibull 

distributions, or subpopulations. When each subpopulation is described by a 

two-parameter Weibull distribution, the CDF of the mixed Weibull distribution is 

( )
1 1 1

1 exp 1 exp
i iS S S

i i i i
i i ii i

t tF t p F p p
β β

η η= = =

⎧ ⎫⎡ ⎤ ⎡⎛ ⎞ ⎛ ⎞⎪ ⎪ ⎤
⎢ ⎥ ⎢= = − − = − −⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎥
⎢ ⎥ ⎢⎝ ⎠ ⎝ ⎠⎪ ⎪ ⎥⎣ ⎦ ⎣⎩ ⎭

∑ ∑ ∑
⎦

   (2-29) 

And by taking derivative of ( )F t  with respect to t , the PDF is obtained as 

( )
1

1 1
exp

i iS S
i

i i i
i i i i i

tf t p f p
β β

β
η η η

−

= =

t⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞
⎢ ⎥= = −⎜ ⎟⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠⎝ ⎠ ⎝ ⎠⎣ ⎦

∑ ∑           (2-30) 

where  is the number of failure modes, or the number of subpopulations, S ip  is 

the mixing weight or portion for the th subpopulation, and i iβ  and iη  are the 

corresponding shape parameter and scale parameter. The total number of model 

parameters is 3S 1−  considering that the following condition has to be satisfied 

1
1

S

i
i

p
=

=∑                           (2-31) 

Weibull++ realizes nonlinear regression by utilizing a modified Levenberg-Marquardt 

algorithm [96, 97] for the parameter determination in the mixed Weibull distribution. 
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Chapter 3  Experimental Details 

 

3.1  Material 

 

The material used in the study is poly(acrylonitrile butadiene styrene) (ABS), a 

typical rubber-toughened thermoplastic. Introduced commercially in the 1940s, ABS 

is synthesized through grafting of butadiene to styrene-acrylonitrile (SAN) copolymer. 

The molecular formulas of the three components are shown in Fig. 3.1. In the 

resulting polymer, most of the styrene and acrylonitrile form a continuous glassy 

matrix with the polybutadiene to form the dispersed spherical phase. The continuous 

phase of styrene-acrylonitrile is responsible for the strength, stiffness, rigidity and 

processability of the polymer. It also provides a shiny, impervious surface. The 

butadiene-riched dispersed phase provides the resilience and toughness even at low 

temperatures. A wide range of ABS materials can be formulated from different 

combinations of the above three components. The proportions can vary from 15% to 

35% for acrylonitrile, 5% to 30% for butadiene and 40% to 60% for styrene. Desired 

material properties can be achieved through design of the components, often with the 

sacrifice of some others. 

 

 
Fig. 3.1  Molecular structures of the three components of ABS [98] 

 

    Due to its excellent mechanical properties, ABS has extensive applications in 

piping, auto industry and home appliance. 
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    As introduced in the literature review, crazing and shear yielding are found to be 

two principal toughening mechanisms involved in the deformation behaviour of ABS. 

In general, the roles of crazing and shear yielding in the deformation of 

rubber-toughened polymers vary with the component ratio and test conditions, such as 

temperature, strain rate, etc. 

    The ABS material used in this study is supplied by McMaster-Carr (Part Number: 

8586K24) and some properties of the ABS product can be found on the supplier’s 

website [99]. 

 

3.2  Specimen Preparation 

 

The ABS panels provided by McMaster-Carr came in 3.2mm thick sheets 

(121.92×60.96 cm2). They were firstly cut using table saw into rectangular strips of 

195mm×19mm. Then the strips were fixed in a template and machined to tensile 

specimens using Tensilkut, model 10-33 (from Qualitest). Dimensions of the template 

follow the ASTM standard for tensile tests of plastics, as illustrated in Table 3.1. The 

configuration and dimensions of our machined specimens are shown in Fig. 3.2. 

 

Table 3.1  ASTM standard for tensile specimen of plastics (D638, Type I), unit: mm 

 

gauge length 50 

distance between grips 115±5

length of narrow parallel-sided portion 57±0.5

overall length ≥165 

width of narrow portion 13±0.5

width at ends 19±0.4

thickness 3.2±0.4

radius of fillet 76±1 
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Fig. 3.2  Configuration and dimensions of an ABS tensile specimen (unit: mm) 

 

    The cutting was done by fixing the rectangular strip to the template, and then 

pushing the template against the guide bar of Tensilkut. Given the specimen thickness 

and the fact that ABS is a plastic material, the machining can be done by cutting once 

on each side of the specimen. The high speed rotation of the cutting bit at around 

17,000 RPM is suitable for machining soft materials like plastics and does not cause 

melting. The Tensilkut machine was hooked up to a vacuum chamber to prevent the 

debris from building up on or near the cutting bit. 

    The machined surfaces were then polished using sandpapers, 400 Grit first and 

then 600 Grit, to improve the surface smoothness. The polishing reduced the 

possibility of defects and potential stress concentration caused by the machining. The 

gripping positions were marked on each specimen and the dimensions of the cross 

section within the gauge length were recorded before the testing. 
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3.3  Mechanical Testing 

 

3.3.1  Test equipment and control 

 

Both monotonic tests and multi-stage tensile tests were carried out on a hydraulic 

MTS machine (Material Testing System, Model 810) (Fig. 3.3) at room temperature 

and pressure. According to the material used and the thickness of the specimens, 

wedge grips of Model 647.10A were used at a gripping pressure of 2.8 MPa. 

 

 
 

Fig. 3.3  MTS material testing system and tensile test setup 

 

    When mounting the specimens, the MTS machine was set in the stroke control 

mode. An alignment jig was applied on both the upper and lower grips to ensure that 

the specimen was placed vertically. The specimen was gripped at the upper side first. 

Then the load was set to zero before the lower grip was engaged. Note that before 
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engaging the lower grip, the CLC control mode was selected to be able to monitor 

both load and stroke readings. After the lower end of the specimen was gripped, the 

load control mode was immediately selected and the load is commanded to be zero. 

Finally the stroke control mode was selected again and the stroke reading was set to 

zero before the test started. The above steps removed residual load upon gripping and 

ensured that the test started with real zero load and zero stroke readings. Load, stroke 

and time were recorded during the test through the MTS data acquisition system at a 

sampling rate of 50 Hz. 

 

3.3.2  Monotonic tensile tests 

 

Monotonic tensile tests were carried out under stroke control mode using the MTS 

machine. Three different crosshead speeds, 5, 30 and 60mm/min, were used to 

investigate the effect of loading rate on material toughness and the deformation 

mechanisms involved. The ultimate tensile strength [100] was determined by dividing 

the maximum load by the original cross sectional area of the specimen. In addition, 

the toughness, defined as the energy consumption during the test, i.e. the area under 

the load-displacement curve, was determined for each specimen. Considering the data 

scattering from the mechanical testing, at least 42 repetitive tests were conducted for 

each crosshead speed and the statistical distributions were examined for material 

properties such as ultimate strength, extension at break and toughness (as defined 

above). 

 

3.3.3  Multi-stage tensile tests 

 

Based on results from the monotonic tensile tests, loading rates that were in favor of a 

particular deformation mechanism were identified, 5 and 60mm/min for crazing and 

shear yielding, respectively, as to be presented in the following chapter. Multi-stage 

tensile tests were then conducted using these two crosshead speeds to further 

understand the effect on the mechanical properties of ABS, that is, to evaluate the 
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effect of pre-existing deformation on the development of the other mechanism during 

the tensile test. Two scenarios were considered for the multistage tensile tests. One 

was to use a low crosshead speed of 5mm/min to a prescribed stroke to introduce 

crazing. After unloading, the specimen was immediately loaded at a high crosshead 

speed of 60mm/min until failure. The other scenario was to reverse the above order of 

the crosshead speeds. The MTS control system was able to realize the pre-loading to a 

prescribed stroke and then unloaded it to zero and reloaded it at the new crosshead 

speed. Using different prescribed stroke values, extent of deformation by one 

mechanism was changed. The above two scenarios of the multi-stage tensile tests are 

summarized in Table 3.2. Totally, about 25 specimens were used for each loading 

condition. Mechanical properties and their variation were analyzed in the same way as 

those for the monotonic tensile tests. 

 

Table 3.2  The scenarios of the multi-stage tensile tests 

 

 pre-loading tensile loading 

 
crosshead speed 

(mm/min 

predetermined stroke

(mm) 

crosshead speed 

(mm/min) 

2.563 

3.129 scenario 1 5 

6 

60 

2.998 

3.432 scenario 2 60 

6 

load  

returning

to zero 

5 
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Chapter 4  Results and Discussion 
 

4.1  Monotonic Tensile Tests 

 

Repetitive monotonic tensile tests were conducted at crosshead speeds 5, 30 and 

60mm/min. Test results are summarized in section 4.1.1, and Weibull analysis of the 

results in section 4.1.2 to quantify the damage mechanisms involved in the deformation. 

 

4.1.1  Test results 

 

As depicted in Fig. 4.1, post-fracture specimens show distinct deformation mechanisms 

by the change of the crosshead speed. 

 

 
 

Fig. 4.1  Post-fracture specimens for the crosshead speeds of 5mm/min (bottom), 30mm/min (middle) 

and 60mm/min (top) 

 

With the crosshead speed of 5mm/min (bottom in Fig. 4.1), damage involves a great 

amount of tiny but dense strips that are perpendicular to the loading direction. With the 
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crosshead speed of 60mm/min (top), damage appears as a fairly uniform whitening area 

over the gauge section. For the medium crosshead speed of 30mm/min (middle), the 

damage appears to show both features, with the extensive stress whitening in the middle 

section, in which the fracture occurred, and strips at the ends of the gauge section. This is 

probably because of the change of strain rate along the specimen even though one 

crosshead speed was applied. Therefore, specimens tested at 30mm/min actually show a 

transition of the damage mechanisms due to the change of strain rate. It was also noticed 

that necking occurred in the whitening area at the crosshead speeds of 30 and 60mm/min, 

while no obvious necking was observed on the specimen at 5mm/min. Considering that 

crazing and shear yielding are the two main mechanisms involved in the deformation of 

ABS [30], and necking is a remarkable sign of shear yielding, the dominant deformation 

mechanism for specimens tested at the crosshead speed of 60mm/min and the stress 

whitening region in the mid-section of specimens tested at 30mm/min are believed to be 

shear yielding. At the crosshead speed of 5mm/min, on the other hand, crazing must have 

dominated the deformation. 

Typical load-displacement curves from the monotonic tensile tests are presented in 

Fig. 4.2. All of the load-displacement curves illustrate extensive elongations. Initially the 

load increases almost linearly with stroke till yield point is reached. Then the load drops 

relatively quickly for over 10%, and decreases gradually until failure. Experimental 

observations suggest that the rapid load drop coincides with the appearance of damage on 

the specimens. They also suggest that the modulus remains constant within the range of 

the crosshead speed used. However, by increasing the crosshead speed, the ultimate 

strength, the post-yield load level and the extension all have a trend of increase. They all 

contribute to increasing the area under the load-displacement curve, thus the toughness 

increase. 

Data of the ultimate tensile strength (UTS), extension at break and toughness are 

tabulated in Appendix 2. Their mean values and the standard deviations are summarized 

in Table 4.1, and their variations with the crosshead speed shown in Fig. 4.3.  
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Fig. 4.2  Typical load-displacement curves at crosshead speeds of 5, 30 and 60mm/min 

 

 
Table 4.1  Results of UTS, extension at break and toughness for monotonic tests at three crosshead 

speeds 

Crosshead speed 
(mm/min)                   # of tests 5           51 30         50 60         50 

mean 36.7 39.2 40.2 UTS 
(MPa) standard 

deviation 0.25 0.31 0.20 

mean 11.8 16.4 22.9 Extension at break 
(mm) standard 

deviation 2.95 7.42 9.45 

mean 13.7 19.7 28.0 Toughness 
(J) standard 

deviation 3.60 9.21 11.61 
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(a) 

 
(b) 
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(c) 

Fig. 4.3  Variation of (a) ultimate strength, (b) extension at break and (c) toughness with crosshead 

speed 

 

The UTS, extension at break and toughness all increase with the increase of the 

crosshead speed, though the UTS shows a different trend from the extension and 

toughness. Also, variation of the UTS is relatively small compared to that for the 

extension at break and toughness. The results suggest that by increasing the crosshead 

speed from 5 to 60mm/min, the mean value of the UTS increases by only 9.46%, while 

for the extension at break and toughness, they are 93.45% and 104.55%, respectively. 

When considering the ratio of deviation to the mean value, it ranges 0.5~0.8% for 

the UTS, 25~45% for extension at break and 26~47% for toughness. Hence, extension at 

break and toughness bear more variation characteristics than the UTS. In addition, the 

favorable deformation mechanism at a given crosshead speed does not seem to have a 

clear influence on the standard deviation of the UTS values. But it is noticed that the 

standard deviation has its largest value at the intermediate crosshead speed of 30mm/min. 

This is probably due to the competing effect of crazing and shear yielding that coexist at 

this crosshead speed. Although this competing effect may also contribute to the variation 
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of the extension at break and toughness, their standard deviation values show a clear 

trend of increasing with the crosshead speed. This is probably because the variation of 

those values by the shear yielding overpowers the variation due to the competing effect. 

 

4.1.2  Weibull analysis 

 

It is well established [5, 21, 30] that crazing and shear yielding are the two mechanisms 

involved in the deformation behaviour of ABS. Therefore, two-parameter Weibull and 

two group mixed Weibull (see Chapter 2) were applied to the test data analysis. The 

parameter determination and graph generation were through Reliasoft Weibull++ 7 

(ReliaSoft Corporation). Note that if some of the specimens did not fail at the end of the 

tests or some specimens failed in a different manner, these test data would be “censored” 

or “suspended”. Under this circumstance, the calculation of median ranks for the 

unsuspended test data would need adjustment [89]. In our case, however, all the 

specimens fractured, thus the test data were treated as a single set without suspension. For 

the two-parameter Weibull evaluation, settings of standard linear regression on x  and 

median ranks were assigned for calculating the shape parameter β  and the scale 

parameter η . When based on the two-group mixed Weibull for evaluation, the settings of 

nonlinear regression and median ranks were used to determine β , η  and the portion p  

for both subpopulations. The correlation coefficient ρ  was also given for each evaluation. 

The results are presented in Table 4.2. The unreliability (CDF) curves and PDF curves by 

two-parameter Weibull distribution and two group mixed Weibull distribution are 

illustrated in Figs. 4.4, 4.5 and 4.6 for UTS, extension at break and toughness, 

respectively. 
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Table 4.2  Parameter values for two-parameter Weibull and two-group mixed Weibull analysis for (a) 

UTS, (b) extension at break and (c) toughness 

 

(a) 

Crosshead speed (mm/min) 5 30 60 
Shape parameter β  189.7 159.4 250.7 

Scale parameter η  (MPa) 36.8 39.3 40.3 Two-parameter Weibull 
Correlation coefficient ρ 0.95 0.96 0.99 

1β  358.9 247.8 300.7 

1η  (MPa) 36.5 39.0 40.1 1st 
subpopulation

1p  0.50 0.50 0.49 

2β  324.0 320.5 434.8 

2η  (MPa) 37.0 39.5 40.4 2nd 
subpopulation

2p  0.50 0.50 0.51 

Two-group 
mixed Weibull 

ρ  0.98 0.98 0.99 
 

(b) 

Crosshead speed (mm/min) 5 30 60 
β  4.5 2.3 2.5 

η  (mm) 12.9 18.6 25.9 Two-parameter Weibull
ρ  0.98 0.99 0.99 

1β  30.1 24.3 3.9 

1η  (mm) 15.4 16.3 26.3 1st 
subpopulation

1p  0.28 0.18 0.53 

2β  5.0 1.9 1.7 

2η  (mm) 11.4 19.0 25.0 2nd 
subpopulation

2p  0.72 0.82 0.47 

Two-group 
mixed Weibull 

ρ  0.98 0.94 0.96 
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(c) 

Crosshead speed (mm/min) 5 30 60 
β  4.2 2.2 2.4 

η  (J) 15.1 22.3 31.8 Two-parameter Weibull
ρ  0.98 0.99 0.99 

1β  22.7 21.5 4.8 

1η  (J) 18.1 19.8 32.1 1st 
subpopulation

1p  0.23 0.18 0.38 

2β  4.4 1.9 1.9 

2η  (J) 13.7 22.8 31.3 2nd 
subpopulation

2p  0.77 0.82 0.62 

Two-group 
mixed Weibull 

ρ  1.00 0.95 0.97 
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Fig. 4.4  Results of unreliability and PDF on UTS by (a) two-parameter Weibull distribution and (b) 

two group mixed Weibull distribution 
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Fig. 4.5  Results of unreliability and PDF on extension at break by (a) two-parameter Weibull 

distribution and (b) two group mixed Weibull distribution 
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Fig. 4.6  Results of unreliability and PDF on toughness by (a) two-parameter Weibull distribution and 

(b) two group mixed Weibull distribution 
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From these results, both two-parameter Weibull distribution and two group mixed 

Weibull distribution can satisfactorily fit the test data to characterize the unreliability 

distribution of the material properties. The mixed Weibull distribution shows its 

advantage of describing details with the ability to fit distributions when multiple failure 

mechanisms are involved. 

In the two-parameter Weibull evaluation on the ultimate strength, β  values are very 

large for all the three crosshead speeds. The unreliability curves have a steep rise and the 

PDFs have relatively sharp and narrow peaks. In the two group mixed Weibull analysis, 

β  still shows very large values for all the subpopulations. For each crosshead speed, the 

parameters of the two subpopulations are not much different, and the portion (or mixing 

weight) of each subpopulation is close to, if not exactly, 0.5. The PDF plot for each 

crosshead speed has two sharp peaks that look similar and are close to each other. 

Therefore, we believe that single group distribution is acceptable for the analysis of UTS. 

This is supported by the unreliability curves for the three crosshead speeds, Fig. 4.7.  

 
Fig. 4.7  Unreliability of UTS (by two-parameter Weibull distribution) for the three crosshead speeds 
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Using two-parameter Weibull distribution, changing the crosshead speed only 

causes shift of the unreliability curves of UTS. Other than that, characteristics of the 

curves remain largely unchanged, except that the rising of the curve for 30mm/min is 

slightly gentler than the other two curves. This indicates that the unreliability curve for 

30mm/min has a relatively more scattered distribution than the other two, probably due to 

the competing effect of the two deformation mechanisms, crazing and shear yielding, as 

mentioned earlier. 

The Weibull evaluation results on extension at break and toughness are again very 

similar among the three crosshead speeds. It is noticed that using the two-parameter 

Weibull distribution to evaluate toughness, the β  values are much smaller than the 

results for UTS. This reduces steepness of the unreliability curve, and by comparing Figs. 

4.5 and 4.6 with Fig. 4.4, the distribution ranges of PDFs for the former are much larger 

than the latter. In addition, the η  value has a very large variation for the three sets of data. 

In general, with the increase of the crosshead speed, β  decreases (though β  has very 

similar values for the crosshead speeds of 30 and 60mm/min) and η  increases drastically. 

That is, the distribution characteristics of toughness have changed tremendously as the 

crosshead speed varies.  

The above phenomenon can also be shown by the unreliability curves with the two-

group mixed Weibull distribution (Fig. 4.8). The figure suggests that the characteristic 

life increases and the steepness of the unreliability curve decreases with the increase of 

the crosshead speed. 
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Fig. 4.8  Comparison of unreliability curves for the three crosshead speeds by two-group mixed 

Weibull distribution 

 

When evaluating the toughness using the two group mixed Weibull, the two 

subpopulations are designated in such a way that for each crosshead speed, the first 

subpopulation always has a larger β  value. As shown in Fig. 4.6, the two group mixed 

Weibull is able to better characterize the kink of the unreliability curve at 30mm/min than 

the two-parameter Weibull distribution. At the crosshead speed of 5mm/min, the PDF of 

the toughness distribution can be decomposed into a sharp peak and a slightly broad one. 

For 30mm/min, it consists of one sharp peak and one very broad curve. For the crosshead 

speed of 60mm/min, however, only one broad curve can be identified even using the two 

group mixed Weibull distribution. Fig. 4.9 shows the curves for each of the unreliability 

subpopulations of the toughness distributions. For each crosshead speed, the first 

subpopulation with larger β  value tends to have larger steepness. Note that the β  value 

of the second subpopulation for the crosshead speed of 5mm/min is comparable to that of 
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the first subpopulation for 60mm/min, but η  for the former is much smaller which makes 

the corresponding unreliability curve still relatively steep. As a result, all unreliability 

curves can be classified into two groups with distinctly different steepness. That is, both 

subpopulations for the crosshead speed of 5mm/min and the first subpopulation for 

30mm/min are in one group that has relatively large curve steepness. The second 

subpopulation for 30mm/min and both subpopulations for 60mm/min are in the other 

group that has small steepness. Therefore, each of the toughness distribution at the 

crosshead speeds of 5 and 60mm/min can be acceptably described by one group 

distribution and at 30mm/min two failure modes are involved, with distinct difference in 

the distribution characteristics. Based on the above discussions and observations, it is 

concluded that there is one dominant mechanism at the crosshead speed of 5mm/min, i.e. 

crazing, and shear yielding at 60mm/min. At the intermediate crosshead speed of 

30mm/min, both mechanisms are involved. 

 

 
Fig. 4.9  Unreliability subpopulations of the toughness distributions at three crosshead speeds 
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(a) 

 

 
(b) 

Fig. 4.10  Comparison of unreliability curves of (a) the first subpopulations and (b) the second 

subpopulations at the three crosshead speeds 
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Note that for either the first subpopulation or the second subpopulation of each of 

the three crosshead speeds, β  has a trend of decrease and η  increase with the increase of 

the crosshead speed. As a result, the steepness of the corresponding unreliability curves 

has a tendency of decrease with the crosshead speed, as shown in Fig. 4.10. 

 

4.2  Multi-stage Tensile Tests 

 

In the monotonic tensile tests, damage was developed through crazing and shear 

yielding with the increase of elongation, at the crosshead speeds of 5 and 60mm/min, 

respectively, as shown in Fig. 4.11. In addition, the coexistence of both deformation 

mechanisms was observed at the intermediate crosshead speed of 30mm/min. In order to 

further understand the roles of crazing and shear yielding on the toughness and the effect 

of one pre-existing damage on the other, multi-stage tensile tests were conducted, 

following the scenarios described in Chapter 3, Section 3.3.3. 
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(b) 

Fig. 4.11  Damage development in monotonic tensile tests at (a) 5mm/min and (b) 60mm/min 
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4.2.1  Test results 

 

For the first scenario where the specimen was loaded at 5mm/min first  to a stroke of 

2.563, 3.129 and 6mm, and then at 60mm/min to fracture, typical load-displacement 

curves are displayed in Fig. 4.12. 

 
Fig. 4.12  Typical load-displacement curves for the first scenario 

 

It can be seen that upon reloading at the crosshead speed of 60mm/min, the load-

displacement curves still show a peak. As the predetermined stroke increases, the residual 

stroke immediately after unloading increases accordingly. The maximum strength of the 

second stage loading, on the other hand, decreases. A slight decrease of stiffness can also 

be noticed. But the total elongation does not seem to be affected in any obvious manner. 
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Therefore, the second stage elongation has been shortened and the corresponding 

toughness decreased by the increase of the first stage stroke. 

For the second scenario, the specimen was loaded first at the crosshead speed of 

60mm/min to a specified stroke and then at 5mm/min till fracture. All post-fracture 

specimens showed extensive “stress whitening” and little trace of crazing damage. 

Typical load-displacement curves are presented in Fig. 4.13. 

 
Fig. 4.13  Typical load-displacement curves for the second scenario 

 

In the second loading stage, at 5mm/min, no peak was detected. The load-

displacement curves rise to a certain level, and remain steady with a very gradual drop 

until fracture. The steady load level does not change with the predetermined stroke value. 

This is believed to be an indication of the lack of the second damage mechanism involved 

in the deformation process. Given the conclusion from the monotonic tests that shear 
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yielding is the dominant damage mechanism at the loading rate 60mm/min, it is 

reasonable to believe that crazing has been to some extent suppressed by the pre-existing 

shear yielding damage. 

The results of multi-stage tensile tests are tabulated in Appendix 3. Note that for 

both scenarios, the total energy of fracture includes the unloading-reloading loop energy 

twice, therefore it is a summation of material toughness and energy dissipation during the 

unloading-reloading stage. The mean value and the standard deviation of the mechanical 

properties are listed in Table 4.3 and their variations with the predetermined stroke are 

illustrated in Figs. 4.14 and 4.15 for the first and second scenarios, respectively. 

 
Table 4.3  Mechanical properties of ABS in multi-stage tensile tests of (a) scenario 1 and (b) scenario 

2 with different predetermined strokes 

 

(a) 

Predetermined stroke (mm) 2.563 3.129 6 
mean 11.8 11.8 11.5 Total elongation 

(mm) deviation 3.33 2.93 2.41 
mean 15.1 15.0 14.7 Total energy 

(J) deviation 4.40 3.87 3.27 
mean 36.0 35.2 34.5 2nd stage maximum strength

(MPa) deviation 0.15 0.12 0.12 
mean 11.3 10.9 8.4 2nd stage elongation 

(mm) deviation 3.33 2.94 2.42 
mean 14.1 13.2 9.5 2nd stage toughness 

(J) deviation 4.40 3.87 3.25 
 

(b) 

Predetermined stroke (mm) 2.998 3.432 6 
mean 16.8 20.7 18.8Total elongation 

(mm) deviation 4.89 5.73 6.83
mean 20.1 25.0 23.2Total energy 

(J) deviation 5.83 6.96 8.24
mean 16.1 19.7 15.92nd stage elongation

(mm) deviation 4.90 5.73 6.85
mean 18.5 22.6 17.62nd stage toughness

(J) deviation 5.84 7.08 8.26
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(c) 
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(e) 

Fig. 4.14  Summary of multi-stage test results for scenario 1 (5-60mm/min): (a) 2nd stage maximum 

strength, (b) total elongation, (c) total energy, (d) 2nd stage elongation and (e) 2nd stage toughness 

 

 
(a) 
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(b) 

 
(c) 
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(d) 

Fig. 4.15  Summary of multi-stage test results for scenario 2 (60-5mm/min): (a) total elongation, (b) 

total energy, (c) 2nd stage elongation and (d) 2nd stage toughness 

 

For scenario 1, the second stage maximum strength shows a clear trend of decrease 

with the increase of the predetermined stroke. Its standard deviation also decreases in a 

similar manner, but in a smaller range. However, both the total elongation and the total 

energy remain almost unchanged for different predetermined strokes, with the standard 

deviations decreasing with the increase of the predetermined stroke. The mean values and 

the standard deviations of the total elongations for scenario 1 are very close to those of 

extension at break at the crosshead speed of 5mm/min in monotonic tests. Those values 

of the total energy for scenario 1 in the multi-stage tests also show the same range as the 

toughness at 5mm/min in the monotonic tests. The total energy for the former is slightly 

large compared to the latter, partly because it includes twice of the dissipated energy in 

the unloading-reloading loop. With the consideration of the energy dissipation being 

smallest for the predetermined stroke of 2.998mm and that the total energy decreases 

with the increase of the predetermined stroke, the toughness should actually improve 

through the introduction of the shear yielding in the second stage loading. Decrease of the 
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second stage elongation and toughness, as indicated by their mean values, is probably 

because of the increase of predetermined stroke that caused increase of the residual 

deformation. Their standard deviations, however, decrease, which is consistent with the 

trend of the standard deviations for the total elongation and energy. 

A different trend was observed for scenario 2. The mean values of the total 

elongation and energy are slightly smaller than those values at the crosshead speed of 

60mm/min in the monotonic tests. The variations of the total elongation and energy and 

the second stage elongation and toughness all do not show a monotonic trend of increase 

or decrease.  They all have the largest values at the medium predetermined stroke of 

3.432mm. This is relatively easy to understand for the second stage elongation and 

toughness due to two contradictory effects. That is, with more shear yielding damage 

introduced in the preloading stage, the material toughness is expected to increase. On the 

other hand, the increase damage with the increase of predetermined stroke tends to 

consume more of the energy absorption and reduce the residual toughness. However, a 

reasonable explanation for the variation trend of the total elongation and energy could not 

be suggested. The standard deviations of all above properties consistently increase with 

the increase of the predetermined stroke. This is probably caused by the increasing 

amount of shear yielding introduced in the preloading stage. 

 

4.2.2  Weibull analysis 

 

For each scenario of the multi-stage tests, the results of total energy and second stage 

toughness for each predetermined stroke were analyzed again based on two-parameter 

Weibull distribution and two-group mixed Weibull distribution. The evaluation results 

are summarized in Tables 4.4 and 4.5, and the unreliability and PDF curves are illustrated 

in Figs. 4.16, 4.17, 4.18 and 4.19. 
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Table 4.4  Two-parameter Weibull and two group mixed Weibull parameters for (a) total energy and 

(b) 2nd stage toughness for scenario 1 

(a) 

Predetermined stroke (mm) 2.563 3.129 6 
β  3.7 4.4 5.5 

η  (J) 16.7 16.4 15.9 Two-parameter Weibull
ρ  0.99 0.99 0.96 

1β  11.7 12.7 38.9 

1η  (J) 15.7 13.5 13.1 1st 
subpopulation

1p  0.20 0.21 0.27 

2β  3.2 4.0 4.7 

2η  (J) 17.0 17.1 16.7 2nd 
subpopulation

2p  0.80 0.79 0.73 

Two group 
mixed Weibull 

ρ  0.99 0.99 0.99 
 

(b) 

Predetermined stroke (mm) 2.563 3.129 6 
β  3.4 3.8 3.3 

η  (J) 15.7 14.6 10.5 Two-parameter Weibull
ρ  0.99 0.99 0.97 

1β  10.7 11.3 28.6 

1η  (J) 14.8 11.7 7.8 1st 
subpopulation

1p  0.22 0.19 0.24 

2β  2.9 3.5 3.1 

2η  (J) 16.0 15.2 11.3 2nd 
subpopulation

2p  0.78 0.81 0.76 

Two group 
mixed Weibull 

ρ  0.99 0.97 0.92 
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Table 4.5  Two-parameter Weibull and two group mixed Weibull parameters for (a) total energy and 

(b) 2nd stage toughness for scenario 2 

(a) 

Predetermined stroke (mm) 2.998 3.432 6 
β  4.3 4.7 3.2 

η  (J) 21.9 27.1 25.8 Two-parameter Weibull
ρ  0.96 0.94 0.99 

1β  10.9 29.7 4.2 

1η  (J) 15.5 18.4 22.3 1st 
subpopulation

1p  0.35 0.27 0.33 

2β  4.3 5.3 2.7 

2η  (J) 25.3 29.5 27.9 2nd 
subpopulation

2p  0.65 0.73 0.67 

Two group 
mixed Weibull 

ρ  0.96 0.98 0.96 
 

(b) 

Predetermined stroke (mm) 2.998 3.432 6 
β  4.3 4.2 2.1 

η  (J) 21.9 24.6 20.1 Two-parameter Weibull
ρ  0.96 0.93 0.99 

1β  9.8 50.0 50.0 

1η  (J) 13.8 15.8 20.0 1st 
subpopulation

1p  0.34 0.30 0.06 

2β  4.0 5.2 2.1 

2η  (J) 23.6 27.6 19.9 2nd 
subpopulation

2p  0.66 0.70 0.94 

Two group 
mixed Weibull 

ρ  0.96 0.93 1.00 
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(b) 

Fig. 4.16  Results of unreliability and PDF on total energy for scenario 1 by (a) two-parameter 

Weibull distribution and (b) two group mixed Weibull distribution 
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(b) 

Fig. 4.17  Results of unreliability and PDF on 2nd stage toughness for scenario 1 by (a) two-parameter 

Weibull distribution and (b) two group mixed Weibull distribution 
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(b) 

Fig. 4.18  Results of unreliability and PDF on total energy for scenario 2 by (a) two-parameter 

Weibull distribution and (b) two group mixed Weibull distribution 
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(b) 

Fig. 4.19  Results of unreliability and PDF on 2nd stage toughness for scenario 2 by (a) two-parameter 

Weibull distribution and (b) two group mixed Weibull distribution 
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Again, both the two-parameter Weibull distribution and two group mixed Weibull 

distribution can provide acceptable fitting to the test data to describe the distribution of 

total energy and second stage toughness for each scenario at various predetermined 

strokes in the multi-stage tests. 

For scenario 1, the results of total energy and second stage toughness are quite 

similar except that the characteristic life of total energy almost remains constant and that 

of the second stage toughness decreases with the increase of the predetermined stroke. 

This can be noticed by similar distribution characteristics and the position shift of the 

PDF curves. When using the two-parameter Weibull distribution, the unreliability curve 

becomes steeper and the broadness of the PDF curve becomes smaller as the 

predetermined stroke increases. When the two group mixed Weibull distribution is 

applied, the unreliability of test data can be better described. With the increase of the 

predetermined stroke, a peak can be seen to gradually emerge from the PDF and become 

sharper. The percentage of the corresponding subpopulation has a trend of increase, too. 

This is identified as the increasing contribution of crazing introduced in the preloading 

stage to the toughness distribution.  

For scenario 2, the characteristic lives of total energy and second stage toughness do 

not show a monotonic trend with the increase of the predetermined stroke. This is in 

agreement with the mean value results. When using two-parameter Weibull distribution, 

the broadness of the PDF curves increases with the predetermined stroke. When using 

two-group mixed Weibull distribution to analyze the total energy, a relatively sharp peak 

and a broad distribution curve coexist in the PDF plots for the predetermined strokes of 

2.998 and 3.432mm. When the predetermined stroke increases to 6mm, however, only 

one broad distribution curve can be observed even using two group mixed Weibull 

distribution. That is, with the increasing amount of shear yielding damage introduced in 

the preloading stage, crazing can no longer be identified. The portion of the 

subpopulation representing crazing has a trend of decreasing and then increasing at the 

predetermined stroke is 6mm, the shape and scale parameters of the two subpopulations 

are so close that they cannot be distinguished as two groups. The analysis result for the 

second stage toughness is similar except that the portion of the subpopulation 

representing crazing consistently decreases and a very small peak can be identified in the 
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PDF curve for the predetermined stroke of 6mm. The distribution characteristics still 

indicate the dominancy of shear yielding which to some extent suppresses crazing. 

The results of unreliability are further compared based on tw- group mixed Weibull 

analysis on the total energy and second stage toughness for different predetermined 

strokes for scenario 1 (Figs. 4.20 and 4.21) and scenario 2 (Figs. 4.22 and 4.23). 

 
(a) 

 
(b) 
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(d) 

Fig. 4.20  Unreliability results of (a) mixed group distributions, (b) all subpopulations, (c) 1st 

subpopulations and (d) 2nd subpopulations of total energy for different predetermined strokes for 

scenario 1 
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(d) 

Fig. 4.21  Unreliability results of (a) mixed group distributions, (b) all subpopulations, (c) 1st 

subpopulations and (d) 2nd subpopulations of 2nd stage toughness for different predetermined strokes 

for scenario 1 
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        Although the unreliabilities of total energy for different predetermined strokes are 

very similar, a trend of the increase of the steepness of the curve with the increase of the 

predetermined stroke can still be observed. This is more obvious in the comparison of the 

second stage toughness. For which the unreliability curve shifts to the left, indicating the 

decrease of characteristic life. For either the total energy or the second stage toughness, 

when all subpopulations are plotted, the unreliability curves can be classified into two 

groups with distinctive steepness. One group, plotted in solid lines in Fig.  4.21(b), 

represents the first subpopulations, for the contribution from crazing. The other group in 

dashed lines with much gentler steepness represents the second subpopulations, which is 

believed to be from shear yielding. With increasing predetermined stroke, thus more 

crazing damage introduced in the preloading stage, both curves in the first and second 

subpopulation become steeper and the characteristic life tends to become shorter. 

 

 
(a) 
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(d) 

Fig. 4.22  Unreliability results of (a) mixed group distributions, (b) all subpopulations, (c) 1st 

subpopulations and (d) 2nd subpopulations of total energy for different predetermined strokes for 

scenario 2 
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(d) 

Fig. 4.23  Unreliability results of (a) mixed group distributions, (b) all subpopulations, (c) 1st 

subpopulations and (d) 2nd subpopulations of 2nd stage toughness for different predetermined strokes 

for scenario 2 

 

For scenario 2, the total energy and the second stage toughness do not have a 

monotonic trend with the increase of the predetermined stroke. But it has been noticed 

that when the predetermined stroke is 6mm, the unreliability curves are much smoother 

and gentler. When the subpopulation is considered for the total energy, Fig. 4.22 (b), the 

curves can be classified as two categories of different steepness. Note that both curves for 

the predetermined stroke of 6mm are in the group of gentle steepness. For the second 

stage toughness, the classification can still be based on the first subpopulations and 

second subpopulations. But note that the portion of the first subpopulation for the 

predetermined stroke of 6mm is fairly small. It is believed that at this point crazing has 

been sufficiently suppressed to allow the deformation to be dominated by shear yielding. 

 

4.3  Discussion 

 

It has long been accepted that difference of the two mechanisms, crazing and shear 

yielding, lies in that the crazing-dominant failure is more brittle and the shear-yielding-
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dominant damage tends to improve material toughness. Our results also supports those 

findings and suggest, more importantly, that the major difference between crazing and 

shear yielding is their effect on distinctive distribution characteristics of toughness. This 

is probably due to the sensitivity of the two mechanisms to defects or mechanical testing 

conditions or both. In terms of the PDF curve, crazing can be identified by a relatively 

sharp peak and shear yielding a broad distribution curve. Therefore, the crazing-dominant 

failure is expected to be more consistent than the shear-yielding-dominant failure, making 

the latter difficult to predict its reliability, especially when the number of tests conducted 

is small. Dominancy between the two mechanisms is affected by the test conditions, i.e. 

loading rate in the monotonic tensile tests and preloading stroke in the multi-stage tensile 

tests. The coexistence of both mechanisms can be identified and their contribution to the 

deformation can be quantified using two-group mixed Weibull distribution. Transition of 

the dominancy of the damage mechanisms has also been observed. This suggests that 

variation of test conditions changes toughness distribution or reliability of its prediction. 
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Chapter 5  Conclusions 

 

In this study, Weibull statistics was applied to characterize the data scattering of 

mechanical properties for a rubber-toughened polymer, poly(acrylonitrile butadiene 

styrene) (ABS) in monotonic tensile tests and multi-stage tensile tests. Both the 

two-parameter Weibull and the two-group mixed Weibull distribution were proven 

effective in describing the data distributions. More importantly, the involvement of 

two deformation mechanisms, crazing and shear yielding, can be identified in ABS 

and quantified through the two-group mixed Weibull evaluation on toughness. 

In the monotonic tensile tests, loading rate was found to be able to vary the 

involvement of each mechanism in the deformation process. The dominant 

mechanism changed from crazing to shear yielding by increasing the crosshead speed 

from 5 to 60mm/min. When failure is dominated by crazing, the material is relatively 

brittle with small values for the extension at break and toughness. Shear yielding 

generates a relatively ductile failure, and the corresponding properties increase in 

value significantly. This is consistent with results available in the literature. Based on 

the data from more than 40 repetitive tests at each crosshead speed, Weibull analysis 

suggests that the crazing-dominant toughness values showed a characteristic sharp 

PDF while that for shear yielding a relatively broad distribution. At the intermediate 

crosshead speed of 30mm/min, coexistence of both mechanisms was observed, and 

the unreliability of the toughness data were better fitted using two-group mixed 

Weibull distribution. The portion of each subpopulation in the two-group mixed 

Weibull distribution provided the statistical contribution from each mechanism to the 

deformation.  

In order to further understand the involvement of crazing and shear yielding 

associated with the change of the loading rate, multi-stage tests were conducted. Two 

scenarios were considered to vary the type and extent of the pre-existing damage, by 

changing the order of the crosshead speeds applied to the specimen, with variation in 

the predetermined stroke value in the preloading stage. For each scenario and 
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predetermined stroke, at least 20 tests were carried out to examine the distribution 

characteristics. Weibull analysis indicated that by increasing the predetermined stroke, 

for scenario 1, i.e. preloading at 5mm/min then fracture at 60mm/min, the amount of 

crazing damage was increased accordingly. The test data indicate that the total energy 

remained constant and the 2nd stage toughness decreased continuously with the 

increase of the predetermined stroke. A sharp peak was observed to emerge in the 

PDF curve, suggesting that the portion of the corresponding subpopulation increases 

with the increase of the predetermined stroke, i.e. the increasing involvement of 

crazing. For scenario 2, when the crosshead speed of 60mm/min was applied first to 

introduce shear yielding, the total energy and the 2nd stage toughness do not show 

significant change with the increase of the predetermined stroke, with the mean values 

increasing slightly then decreasing. However, the increasing contribution of shear 

yielding can still be identified by Weibull analysis. To the point at which the 

predetermined stroke was increased to 6mm, the subpopulation representing crazing 

contributes to a very small portion of the 2nd stage toughness, which is not even 

detectable in the total energy. As a result, crazing is believed to be suppressed by the 

pre-existence of the shear yielding. 

The study concludes that the two deformation mechanisms, crazing and shear 

yielding, have a major influence on the toughness of ABS, more importantly, on its 

distribution characteristics from their contribution. Their involvement in the 

deformation process can be adjusted by changing the test conditions, that is, crosshead 

speed in monotonic test and predetermined stroke in multi-stage tests. Weibull 

analysis is capable of characterizing data scattering in the evaluation of material 

toughness, and mixed Weibull distribution is useful to quantify the involvement of 

multiple mechanisms in the deformation of rubber-toughened polymers. 

In the future study, optical or microscopic observation can be conducted to 

provide visual identification and confirm the involvement of each mechanism. The 

result is expected to give graphic evidence on individual specimens, however, it 

cannot provide quantitative information on the mechanism transition. It is well known 

that the deformation at high strain rate is an adiabatic process and energy will be 
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consumed for heating the material. When the glass transition temperature is 

approached, material properties, as well as the associated deformation mechanisms, 

are expected to change drastically. In our study, the loading rate applied is believed to 

be low enough to avoid significant heating. Therefore, the loading rate is deemed as 

the major parameter that affects the toughening mechanisms. When the high loading 

rate is applied, the temperature change and its influence on material properties and 

distribution characteristics can be an area that is worth exploration in the future study. 
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Appendix 1  Derivation of Weibull Mean and Variance 

 

It is well known for a discrete uniform distribution with the sample size of N , the 

expected value or the arithmetic mean and the sample variance can be defined by the 

equations [92] 

1 2 2
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1 N
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For a discrete probability distribution, if there is a weight of percentage or 

probability if  specified for each ix , the weighted mean and variance can be 

expressed with the satisfaction of 
1

1
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i
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f
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 (A1-4) 

    Generalized from the above, the mean and variance of a continuous distribution 

of a positive variable can be formulated as 

( )
0

tf t dtμ
∞

= ∫                         (A1-5) 

( )2 2

0
Var t f t dt μ

∞
= −∫                    (A1-6) 

where ( )f t  is the probability density function of the continuous distribution. 

Based on the above understanding, the Weibull mean and variance can be 

derived based on the concept of the r th moment of a distribution [89]. 

The r th moment of the distribution about the origin is defined by the following 

integral 
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Obviously, the case of 1r =  represents the mean of the distribution, namely 

1μ μ=  

And the calculation of the variance contains both 1st and 2nd moments of the 

distribution 
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In general, for the two-parameter Weibull distribution, by substituting the 
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Substituting t with y  yields 
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Noticing the integration can be expressed by a Gamma function (see Eqn. (2-8)), we 

have 

1r
r

rμ η
β

⎛ ⎞
= Γ +⎜ ⎟

⎝ ⎠
                      (A1-8) 

Therefore, for the two-parameter Weibull distribution, the Weibull mean and variance 

can be calculated as 
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And for the continuous distribution of Weibull, the condition ( )
0

1f t dt
∞

=∫  can be 

easily verified 
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Appendix 2  Monotonic Test Results 

 

The test data were subjected to processing based on the mean value and standard 

deviation. A range with a lower bound of average minus two times deviation and a 

higher bound of average plus two times deviation was determined. The test data that 

fall in the range were considered reasonable and retained. The data out of this range 

were eliminated for being considered as affected by defects. The data presented here 

are after this processing. 

 

Table A2.1  Ultimate tensile strength at 5mm/min 

failure 
order 

ultimate 
strength 
(MPa) 

failure 
order 

ultimate 
strength 
(MPa) 

failure 
order 

ultimate 
strength 
(MPa) 

1 36.2643 17 36.5369 33 36.8479 
2 36.3142 18 36.5633 34 36.8507 
3 36.3588 19 36.5972 35 36.8665 
4 36.3804 20 36.64 36 36.8825 
5 36.3881 21 36.6471 37 36.8941 
6 36.3942 22 36.6518 38 36.9603 
7 36.3965 23 36.6606 39 36.9617 
8 36.4187 24 36.6799 40 36.9651 
9 36.4264 25 36.7087 41 36.9681 

10 36.4456 26 36.7177 42 37.008 
11 36.4538 27 36.7413 43 37.0323 
12 36.4604 28 36.8122 44 37.0336 
13 36.4951 29 36.8152 45 37.0502 
14 36.4985 30 36.8195 46 37.0744 
15 36.5106 31 36.838 47 37.1493 
16 36.5158 32 36.8453 48 37.1823 
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Table A2.2  Extension at break at 5mm/min 

failure order
extension 
at break 
(mm) 

failure order
extension
at break
(mm) 

failure order
extension 
at break 
(mm) 

1 5.93097 15 10.4634 29 14.2403 
2 6.59109 16 10.7091 30 14.3528 
3 6.64756 17 10.9477 31 14.4287 
4 6.73394 18 11.1308 32 14.4301 
5 7.22538 19 11.2225 33 14.7548 
6 8.13065 20 11.4051 34 14.8135 
7 8.28179 21 11.4433 35 15.2141 
8 9.27965 22 11.9352 36 15.3506 
9 9.36899 23 12.0554 37 15.3868 

10 9.66293 24 12.3566 38 15.4133 
11 10.1011 25 12.834 39 15.4199 
12 10.1309 26 13.0265 40 15.4715 
13 10.2663 27 13.1336 41 15.8972 
14 10.298 28 13.7872 42 16.0082 

 

 

Table A2.3  Toughness at 5mm/min 

failure order
toughness 

(J) 
failure order

toughness
(J) 

failure order
toughness 

(J) 
1 6.5982 15 12.178 29 16.303 
2 7.2749 16 12.318 30 16.456 
3 7.2918 17 12.623 31 16.798 
4 7.3239 18 13.158 32 16.893 
5 7.8194 19 13.299 33 17.022 
6 9.2191 20 13.434 34 17.217 
7 9.3356 21 13.473 35 17.293 
8 10.593 22 13.515 36 17.946 
9 10.716 23 14.236 37 18.061 

10 10.987 24 14.393 38 18.302 
11 11.689 25 15.09 39 18.351 
12 11.705 26 15.232 40 18.571 
13 11.906 27 15.452 41 18.591 
14 11.94 28 16.183 42 18.804 
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Table A2.4  Ultimate tensile strength at 30mm/min 

failure 
order 

ultimate 
strength 
(MPa) 

failure 
order 

ultimate 
strength 
(MPa) 

failure 
order 

ultimate 
strength 
(MPa) 

1 38.6204 17 39.0407 33 39.3754 
2 38.7036 18 39.0937 34 39.3856 
3 38.7116 19 39.1133 35 39.4305 
4 38.736 20 39.1307 36 39.4524 
5 38.7404 21 39.1646 37 39.4594 
6 38.8128 22 39.1669 38 39.4825 
7 38.8144 23 39.1966 39 39.4912 
8 38.8294 24 39.2398 40 39.5116 
9 38.837 25 39.2488 41 39.5128 

10 38.8418 26 39.2943 42 39.5912 
11 38.854 27 39.3116 43 39.6001 
12 38.9073 28 39.3172 44 39.6039 
13 38.9213 29 39.3399 45 39.6083 
14 38.9322 30 39.3465 46 39.6116 
15 38.9659 31 39.3665 47 39.7319 
16 39.0292 32 39.3754 48 39.7413 

 

 

Table A2.5  Extension at break at 30mm/min 

failure order
extension 
at break 
(mm) 

failure order
extension
at break
(mm) 

failure order
extension 
at break 
(mm) 

1 3.566156 16 14.00889 31 17.79727 
2 4.374799 17 14.80712 32 19.42128 
3 5.135317 18 14.85395 33 20.19232 
4 6.652604 19 15.04722 34 20.20932 
5 6.766976 20 15.26609 35 20.40141 
6 7.502906 21 15.55825 36 23.75348 
7 7.901703 22 15.60379 37 23.80051 
8 8.287311 23 15.83693 38 24.1665 
9 9.446812 24 16.21384 39 24.37481 

10 9.568541 25 16.42909 40 25.56533 
11 10.26565 26 16.51426 41 28.53137 
12 10.92506 27 16.57435 42 29.65664 
13 11.85891 28 16.80078 43 30.03277 
14 13.62051 29 17.60049 44 31.7165 
15 13.68914 30 17.70278 45 32.06041 
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Table A2.6  Toughness at 30mm/min 

failure order
toughness 

(J) 
failure order

toughness
(J) 

failure order
toughness 

(J) 
1 3.7113 16 16.589 31 21.045 
2 4.672 17 17.549 32 23.42 
3 5.6069 18 17.557 33 23.843 
4 7.3872 19 17.679 34 24.672 
5 7.7274 20 17.766 35 24.769 
6 8.5927 21 18.451 36 28.974 
7 9.4166 22 19.14 37 29.168 
8 9.5257 23 19.158 38 29.335 
9 11.153 24 19.712 39 30.127 

10 11.329 25 19.837 40 30.592 
11 12.377 26 19.86 41 34.428 
12 13.136 27 19.925 42 35.815 
13 14.183 28 20.227 43 36.756 
14 16.433 29 20.945 44 39.043 
15 16.451 30 21.005 45 39.135 

 

 

Table A2.7  Ultimate tensile strength at 60mm/min 

failure 
order 

ultimate 
strength 
(MPa) 

failure 
order 

ultimate 
strength 
(MPa) 

failure 
order 

ultimate 
strength 
(MPa) 

1 39.6985 17 40.1447 33 40.267 
2 39.7099 18 40.1529 34 40.2737 
3 39.8263 19 40.1541 35 40.2792 
4 39.8776 20 40.1633 36 40.2819 
5 39.883 21 40.1808 37 40.2887 
6 39.9059 22 40.1884 38 40.3148 
7 39.9194 23 40.189 39 40.3359 
8 39.9272 24 40.1898 40 40.3394 
9 39.9292 25 40.225 41 40.3671 

10 39.9936 26 40.2363 42 40.424 
11 40.0298 27 40.2365 43 40.4311 
12 40.0929 28 40.2385 44 40.4635 
13 40.1075 29 40.2508 45 40.4701 
14 40.1195 30 40.2561 46 40.5017 
15 40.1206 31 40.2569 47 40.5234 
16 40.1294 32 40.2656   
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Table A2.8  Extension at break at 60mm/min 

failure order
extension 
at break 
(mm) 

failure order
extension
at break
(mm) 

failure order
extension 
at break 
(mm) 

1 4.67564 18 19.5133 35 28.2602 
2 5.52413 19 19.5806 36 28.476 
3 8.73402 20 20.0554 37 28.4865 
4 8.79665 21 20.1165 38 28.5696 
5 9.58697 22 20.2991 39 29.4841 
6 10.6381 23 21.1272 40 30.0211 
7 11.1604 24 21.2784 41 30.0408 
8 11.4852 25 21.5768 42 31.9061 
9 12.9608 26 22.3142 43 32.8713 

10 13.4181 27 22.8709 44 33.8656 
11 14.0248 28 23.762 45 34.361 
12 15.6411 29 24.1994 46 34.66566 
13 16.2346 30 24.64 47 39.81953 
14 19.0358 31 25.5956 48 41.54877 
15 19.0912 32 25.813 49 41.69999 
16 19.1555 33 26.8109 50 42.6171 
17 19.4563 34 27.0813   

 

Table A2.9  Toughness at 60mm/min 

failure order
toughness 

(J) 
failure order

toughness
(J) 

failure order
toughness 

(J) 
1 5.2635 18 24.194 35 34.793 
2 6.4165 19 24.371 36 34.796 
3 10.468 20 24.52 37 34.813 
4 10.613 21 25.19 38 35.368 
5 11.68 22 25.437 39 35.676 
6 12.913 23 25.852 40 36.7 
7 13.762 24 26.208 41 36.938 
8 14.16 25 26.649 42 39.213 
9 15.535 26 27.565 43 40.428 

10 16.323 27 28.162 44 42.435 
11 17.068 28 29.733 45 42.727 
12 18.998 29 29.863 46 43.197 
13 19.715 30 30.775 47 48.017 
14 23.507 31 31.034 48 50.628 
15 23.51 32 31.642 49 51.026 
16 23.781 33 31.736 50 51.639 
17 23.829 34 32.792   
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Appendix 3  Multi-stage Test Results 

 

The test data of multi-stage tests are subjected to the same processing as in the 

monotonic tests. For each scenario and each predetermined stroke, mechanical 

properties of total elongation, total energy, second stage elongation and second stage 

toughness are determined. For the first scenario, the maximum strength in the second 

stage is also presented. 

 

Table A3.1  Second stage maximum strength for scenario 1 and the predetermined stroke of 

2.563mm 

failure 
order 

2nd stage 
maximum 
strength 
(MPa) 

failure 
order 

2nd stage 
maximum 
strength 
(MPa) 

failure 
order 

2nd stage 
maximum 
strength 
(MPa) 

1 35.7185 10 35.9042 19 36.0719 
2 35.7535 11 35.9245 20 36.1073 
3 35.7735 12 35.9256 21 36.126 
4 35.8062 13 35.936 22 36.1265 
5 35.8139 14 35.9555 23 36.1387 
6 35.8362 15 35.9754 24 36.18 
7 35.8399 16 36.0094 25 36.1937 
8 35.8675 17 36.0157 26 36.2998 
9 35.8683 18 36.042   

 

 

Table A3.2  Total elongation for scenario 1 and the predetermined stroke of 2.563mm 

failure order 
total elongation 

(mm) 
failure order

total elongation
(mm) 

failure order 
total elongation

(mm) 
1 5.531637 10 11.02245 19 13.78502 
2 6.465037 11 11.06517 20 14.91458 
3 6.787982 12 11.19905 21 15.30853 
4 7.346274 13 11.4694 22 15.37265 
5 8.362756 14 12.28441 23 15.64961 
6 9.968201 15 12.48512 24 16.40117 
7 10.78397 16 12.68827 25 19.13147 
8 10.82672 17 12.89959   
9 10.87293 18 13.38374   
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Table A3.3  Total energy for scenario 1 and the predetermined stroke of 2.563mm 

failure order 
total energy 

(J) 
failure order

total energy
(J) 

failure order
total energy 

(J) 
1 6.6444 10 13.877 19 17.785 
2 7.8784 11 14.122 20 19.145 
3 8.4487 12 14.146 21 19.773 
4 9.0921 13 14.602 22 19.783 
5 10.509 14 15.874 23 19.84 
6 12.7 15 15.976 24 21.358 
7 13.523 16 16.267 25 24.449 
8 13.699 17 16.577   
9 13.73 18 16.947   

 

 

Table A3.4  Second stage elongation for scenario 1 and the predetermined stroke of 2.563mm 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 
1 5.021272 10 10.52495 19 13.27506 
2 5.991291 11 10.56369 20 14.45303 
3 6.289451 12 10.70568 21 14.82177 
4 6.857181 13 10.95566 22 14.88128 
5 7.881111 14 11.81529 23 15.15126 
6 9.536123 15 11.94423 24 15.90521 
7 10.27576 16 12.17441 25 18.67028 
8 10.34095 17 12.38856   
9 10.37331 18 12.86573   
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Table A3.5  Second stage toughness for scenario 1 and the predetermined stroke of 2.563mm 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 
1 5.6618 10 12.9078 19 16.7813 
2 6.9707 11 13.1371 20 18.226 
3 7.4359 12 13.1737 21 18.8108 
4 8.13814 13 13.60628 22 18.81093 
5 9.5613 14 14.9569 23 18.87363 
6 11.8444 15 14.9733 24 20.3728 
7 12.5903 16 15.2695 25 23.516 
8 12.6975 17 15.5703   
9 12.7726 18 15.9321   

 

 

Table A3.6  Second stage maximum strength for scenario 1 and the predetermined stroke of 

3.129mm 

failure 
order 

2nd stage 
maximum 
strength 
(MPa) 

failure 
order 

2nd stage 
maximum 
strength 
(MPa) 

failure 
order 

2nd stage 
maximum 
strength 
(MPa) 

1 35.0434 10 35.1812 19 35.3234 
2 35.0547 11 35.2 20 35.3437 
3 35.0594 12 35.2083 21 35.3537 
4 35.0678 13 35.2093 22 35.3658 
5 35.1102 14 35.2236 23 35.4039 
6 35.1284 15 35.258 24 35.4364 
7 35.1405 16 35.2837 25 35.4663 
8 35.173 17 35.2879   
9 35.1791 18 35.3192   
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Table A3.7  Total elongation for scenario 1 and the predetermined stroke of 3.129mm 

failure order 
total elongation 

(mm) 
failure order

total elongation
(mm) 

failure order 
total elongation

(mm) 
1 6.050342 10 10.79564 19 14.46915 
2 7.016129 11 11.08013 20 14.61561 
3 8.774771 12 11.1465 21 14.74689 
4 9.31294 13 11.62757 22 14.84583 
5 9.463529 14 11.62885 23 14.94671 
6 9.722652 15 11.64965 24 17.39906 
7 10.11134 16 12.27336 25 18.01389 
8 10.11957 17 12.76496   
9 10.37969 18 13.10906   

 

 

Table A3.8  Total energy for scenario 1 and the predetermined stroke of 3.129mm 

failure order 
total energy 

(J) 
failure order

total energy
(J) 

failure order
total energy 

(J) 
1 7.4722 10 13.232 19 18.264 
2 8.4486 11 14.058 20 18.555 
3 10.721 12 14.076 21 18.724 
4 11.566 13 14.273 22 18.97 
5 11.58 14 14.875 23 19.324 
6 11.762 15 14.934 24 22.159 
7 12.468 16 16.101 25 22.797 
8 13.093 17 16.238   
9 13.227 18 16.871   
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Table 3.9  Second stage elongation for scenario 1 and the predetermined stroke of 3.129mm 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 
1 5.070172 10 9.828942 19 13.50245 
2 6.049429 11 10.1041 20 13.65068 
3 7.80556 12 10.17535 21 13.77714 
4 8.328304 13 10.64351 22 13.87913 
5 8.496829 14 10.66215 23 13.98075 
6 8.755952 15 10.69131 24 16.43236 
7 9.15287 16 11.30828 25 17.04719 
8 9.154778 17 11.80556   
9 9.393514 18 12.1658   

 

 

Table A3.10  Second stage toughness for scenario 1 and the predetermined stroke of 3.129mm 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 
1 5.657 10 11.4426 19 16.4796 
2 6.6642 11 12.2916 20 16.7706 
3 9.0098 12 12.3147 21 16.9615 
4 9.7956 13 12.4886 22 17.1669 
5 9.8345 14 13.1123 23 17.5515 
6 9.9776 15 13.1163 24 20.3746 
7 10.6836 16 14.2785 25 21.0126 
8 11.2795 17 14.4824   
9 11.4399 18 15.1235   
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Table A3.11  Second stage maximum strength for scenario 1 and the predetermined stroke of 

6mm 

failure 
order 

2nd stage 
maximum 
strength 
(MPa) 

failure 
order 

2nd stage 
maximum 
strength 
(MPa) 

failure 
order 

2nd stage 
maximum 
strength 
(MPa) 

1 34.2221 11 34.406 21 34.53 
2 34.2223 12 34.4127 22 34.5406 
3 34.304 13 34.4358 23 34.5685 
4 34.3145 14 34.4416 24 34.5894 
5 34.324 15 34.4485 25 34.591 
6 34.3512 16 34.4875 26 34.6051 
7 34.3562 17 34.5009 27 34.6223 
8 34.3614 18 34.5082 28 34.623 
9 34.365 19 34.511 29 34.6251 

10 34.3773 20 34.5182 30 34.6342 

 

 

Table A3.12  Total elongation for scenario 1 and the predetermined stroke of 6mm 

failure order 
total elongation 

(mm) 
failure order

total elongation
(mm) 

failure order 
total elongation

(mm) 
1 6.690795 10 10.21633 19 12.83628 
2 8.926355 11 10.46625 20 13.4129 
3 9.062793 12 10.69111 21 13.70593 
4 9.251951 13 10.70906 22 14.51928 
5 9.817981 14 10.99739 23 14.65541 
6 9.989012 15 11.6602 24 16.38213 
7 10.15139 16 11.98683 25 16.83725 
8 10.17606 17 12.3624   
9 10.1823 18 12.79815   
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Table A3.13  Total energy for scenario 1 and the predetermined stroke of 6mm 

failure order 
total energy 

(J) 
failure order

total energy
(J) 

failure order
total energy 

(J) 
1 8.106 10 13.206 19 16.693 
2 11.287 11 13.319 20 17.148 
3 11.381 12 13.33 21 17.262 
4 11.464 13 13.56 22 18.809 
5 12.36 14 14.093 23 19.067 
6 12.526 15 15.392 24 21.133 
7 12.811 16 15.57 25 22.08 
8 12.97 17 16.019   
9 13.032 18 16.07   

 

 

Table A3.14  Second stage elongation for scenario 1 and the predetermined stroke of 6mm 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 
1 3.57636 10 7.075776 19 9.703359 
2 5.826311 11 7.3526 20 10.28882 
3 5.905658 12 7.514675 21 10.5673 
4 6.151213 13 7.594045 22 11.42085 
5 6.660487 14 7.87424 23 11.54515 
6 6.883718 15 8.572904 24 13.26913 
7 7.048734 16 8.845878 25 13.73286 
8 7.06546 17 9.268672   
9 7.073437 18 9.626355   
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Table A3.15  Second stage toughness for scenario 1 and the predetermined stroke of 6mm 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 
1 2.8736 10 7.8856 19 11.3448 
2 6.0154 11 8.0632 20 11.9892 
3 6.1807 12 8.0723 21 12.0443 
4 6.272 13 8.3888 22 13.5193 
5 7.1126 14 8.8089 23 13.7719 
6 7.455 15 10.0815 24 15.8833 
7 7.6119 16 10.1397 25 16.7346 
8 7.6433 17 10.7547   
9 7.7248 18 10.8488   

 

 

Table A3.16  Total elongation for scenario 2 and the predetermined stroke of 2.998mm 

failure order 
total elongation 

(mm) 
failure order

total elongation
(mm) 

failure order 
total elongation

(mm) 
1 9.943757 9 13.84606 17 21.26836 
2 10.98492 10 15.97827 18 21.65437 
3 11.36583 11 16.21851 19 23.41202 
4 11.78402 12 16.44245 20 24.17927 
5 12.57585 13 16.63897 21 25.03148 
6 12.76981 14 16.95782 22 25.19191 
7 12.83753 15 16.96632   
8 13.01892 16 20.46207   

 

 

Table A3.17  Total energy for scenario 2 and the predetermined stroke of 2.998mm 

failure order 
total energy 

(J) 
failure order

total energy
(J) 

failure order
total energy 

(J) 
1 11.847 9 16.402 17 25.365 
2 13.003 10 19.252 18 25.866 
3 13.579 11 19.453 19 28.11 
4 13.818 12 19.876 20 28.526 
5 15.05 13 19.917 21 29.725 
6 15.302 14 20.169 22 30.151 
7 15.611 15 20.255   
8 15.714 16 24.643   
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Table A3.18  Second stage elongation for scenario 2 and the predetermined stroke of 2.998mm 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 
1 9.255592 9 13.08213 17 20.54636 
2 10.26319 10 15.2574 18 20.95161 
3 10.65288 11 15.51245 19 22.73684 
4 11.06042 12 15.7132 20 23.48783 
5 11.87953 13 15.90717 21 24.31281 
6 12.04586 14 16.22485 22 24.53044 
7 12.14347 15 16.27625   
8 12.30384 16 19.78094   

 

 

Table A3.19  Second stage toughness for scenario 2 and the predetermined stroke of 2.998mm 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 
1 10.2572 9 14.7298 17 23.7646 
2 11.4283 10 17.5973 18 24.281 
3 11.9634 11 17.8697 19 26.5372 
4 12.2041 12 18.224 20 26.9695 
5 13.4642 13 18.2696 21 28.1293 
6 13.6633 14 18.5857 22 28.6022 
7 14.0141 15 18.6497   
8 14.1233 16 23.0568   

 

 

Table A3.20  Total elongation for scenario 2 and the predetermined stroke of 3.432mm 

failure order 
total elongation 

(mm) 
failure order

total elongation
(mm) 

failure order 
total elongation

(mm) 
1 13.35514 8 17.18789 15 24.36631 
2 14.59449 9 17.41679 16 24.57571 
3 14.9178 10 18.50116 17 25.23091 
4 14.9541 11 21.0522 18 26.55145 
5 14.97152 12 21.3196 19 26.59066 
6 15.61759 13 21.523 20 27.90137 
7 16.41766 15 22.97493 21 35.49294 
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Table A3.21  Total energy for scenario 2 and the predetermined stroke of 3.432mm 

failure order 
total energy 

(J) 
failure order

total energy
(J) 

failure order
total energy 

(J) 
1 16.177 8 20.391 15 29.564 
2 17.705 9 20.821 16 30.038 
3 17.722 10 22.446 17 30.298 
4 17.874 11 24.858 18 31.522 
5 18.105 12 25.991 19 32.341 
6 18.696 13 26.076 20 33.91 
7 19.663 15 27.31 21 42.767 

 

 

Table A3.22  Second stage elongation for scenario 2 and the predetermined stroke of 3.432mm 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 
1 12.28456 8 16.1577 15 23.30864 
2 13.55577 9 16.35349 16 23.5332 
3 13.88696 10 17.43895 17 24.17776 
4 13.90334 11 19.96671 18 25.51155 
5 13.91686 12 20.27037 19 25.5296 
6 14.57629 13 20.4587 20 26.85597 
7 15.3409 15 21.93888 21 34.44654 

 

 

Table A3.23  Second stage toughness for scenario 2 and the predetermined stroke of 3.432mm 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 
1 13.9034 8 17.4019 15 27.3147 
2 15.4769 9 18.2214 16 27.7505 
3 15.5061 10 20.1926 17 28.0591 
4 15.5831 11 22.6354 18 29.3134 
5 15.6498 12 23.7134 19 30.0989 
6 15.8292 13 23.8182 20 31.6541 
7 16.4749 15 25.0963 21 40.5582 
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Table A3.24  Total elongation for scenario 2 and the predetermined stroke of 6mm 

failure order 
total elongation 

(mm) 
failure order

total elongation
(mm) 

failure order 
total elongation

(mm) 
1 7.408214 10 15.13706 19 21.42921 
2 7.989113 11 15.78058 20 21.63443 
3 10.67399 12 17.02187 21 23.59611 
4 10.76922 13 17.651 22 26.7046 
5 12.20426 14 19.93676 23 28.25987 
6 14.34993 15 20.15165 24 28.73548 
7 14.74184 16 20.15603 25 31.65313 
8 14.84864 17 20.47836 26 32.41518 
9 15.09692 18 21.20758   

 
 

Table A3.25  Total energy for scenario 2 and the predetermined stroke of 6mm 

failure order 
total energy 

(J) 
failure order

total energy
(J) 

failure order
total energy 

(J) 
1 9.3537 10 19.009 19 26.412 
2 10.101 11 19.451 20 26.629 
3 13.042 12 21.394 21 29.017 
4 13.453 13 21.877 22 32.732 
5 14.971 14 24.629 23 34.278 
6 17.526 15 24.775 24 35.38 
7 17.732 16 24.795 25 38.149 
8 18.397 17 25.485 26 39.477 
9 18.617 18 25.757   

 
 

Table A3.26  Second stage elongation for scenario 2 and the predetermined stroke of 6mm 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 

failure 
order 

2nd stage 
elongation 

(mm) 
1 4.47607 10 12.16896 19 18.52713 
2 5.045163 11 12.84288 20 18.69058 
3 7.655111 12 14.0731 21 20.66496 
4 7.802237 13 14.6631 22 23.80362 
5 9.25201 14 16.99089 23 25.29434 
6 11.40113 15 17.21698 24 25.80726 
7 11.795 16 17.22439 25 28.79135 
8 11.92667 17 17.55527 26 29.51853 
9 12.14567 18 18.24023   
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Table A3.27  Second stage toughness for scenario 2 and the predetermined stroke of 6mm 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 

failure 
order 

2nd stage 
toughness 

(J) 
1 3.7708 10 13.3854 19 20.9026 
2 4.5024 11 13.9246 20 21.1061 
3 7.5809 12 15.7372 21 23.4954 
4 7.868 13 16.3001 22 27.2082 
5 9.4794 14 19.1326 23 28.8007 
6 12.1641 15 19.198 24 30 
7 12.2617 16 19.2694 25 32.7194 
8 12.8481 17 19.8896 26 33.9399 
9 13.0927 18 20.2638   
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