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N ABSTRACT

In a series of articles by Ditkin and Prudnikov, Meller,

Osipov and others, an opcrationdl cafculus for the operator DxD, and .

- 1, ’ o ) . _
x 7D3Y+ D, was developed ond several interesting consequences
and applications werc pointed out. It also becanme apparent that the

Bessel operator, B = DxD plays the rol¢ of a derivativégdn the con-

volution product

. d x : ' :
_ (fxg) (%) = = [ flx=o)g(odde ,
- . . o .

in the scuse that

CB(f:g) = (Bf)=*g +.f?(Bg) . T Xi:> 
This th-sis starts by studying operatibnal‘calculi for ghich'.
Bl = AXV,‘_Or I general Bz = A(x+y)?,v play the rolé‘of_diffcrcnti— _
, , , » L /

‘ation. In each case a cenvolution * was constructed such that
. ! A

» B(frg) = (B;Dxg + D(Big), 1= 1,2, .

A transform 1, was :also introduced in ecach case that satisfies

v

L(f*g) = LfLg and’ LBif = DLf for i = 1,2. The first 6gcrational
calculus is essentially due to L. Berg Bu;'we proved more results in
thnt‘dirpctioq and included some novel applicatiens. In énse of B1

and BZ ‘it was .shown that any linear difference equation with poly-

‘nomial coefficients is transformed under L -to<a linear differential

/

equationtwirh polynomidal coefficients. This anaiogy provides a meéthod: ;
“of solving one of them by knowing the solution to the other. DMMoreover,

in Spudying_thu firsEaCOuple of operational calculi, we were led to-

(iv)_'



A

. o ] )
study transforms of the type Lf = z f(n) and
n+l
L. = Z ———*——)—~—— f(n) which are special cases, of Jakimovski's" W
(it l)n+l+Y _ T . 7 y

sequence ‘to function transfofm, the " [J,£(x)] transform. Operational
calculi wene developed.  We also included some q finite difference &,

analogues..

o . ) i 2
Later in the thesis we studied expansions of powers of the xwmdés?

discrete Bessel operator AxV; or more generally powers of any -

foperatOr‘ r _that'$atisfies 'F(z) % cn(nfl), ’Co = O"‘Cnrf 0 fOr ‘;. ) 'QE
n,.= l,rt.; 'in?poweré of the shift opefator E and its inverse. o !
We also introduce a discrete anaiogue'of o;thogonn]ity‘wifh. R f{ ,
respect to éonQolution,and uéed.it t§ show .that the zeros of the ) -
Ricé poiynomials are real and siﬁple;v_w o : S ’

;

(v)-
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o CHAPTER 1

INTRODUCTTON
S ‘

a

5

"Mikueinski developed his operational calculus via an algebraic £7

approach. He emb.odded the integral domain  (C[0,%),+,*), where

>

(1.1) , frg(x) r= f f(u)g(xTU)du s o B co e
> ‘ o - - '

into its fiela of quotients. This qubtient field is rich enough to

< B ) . . . . X ) . .

contain the integral operator . f f(t)dt, f e C[0,=), and hence

its inverse, thedifferentiation operator qc - In this setting, a

4

differéntial equation is nothing but an algebraic equation in the field

of quotients. Solving this equation means . finding a convolution

quotient that satisfies it and if this convolution ' quotient is a func-
tion, then.it will be the sclution of the differential equation. - ' y
Mikusinski's appruach_hanbecomc a standard approach and = ' .

sevcral operational calculi were developed by using different con-

. volutibn'producps. ‘Rajewski replaced (1.1}) by

X : ' K

(1.2) A frg(x) = g;_.j f(w)g x-u)du -

o
\ A , _ o
- The rgsulpiqg.ring :(C[O,w),+,*)_-contnius’a unit element, tire constant
’fuhgiioﬁ 1. It is clear that Mikdsin#ki's riqg»doo; not have a unit
element. Note Lha: anc&ski'slconvolutiqn also prégé;ves dimensions.’ :
1f we use thc'Carsﬁanuﬁlace trdﬁyfofm

.3 - Lifsx} = %1 I e“t/x f(?)dt«‘
- : . ' o : ‘ R




= . -
. ) . ’ & /
then _ [ ' - T '
. . \\ v ,
. .. \\' m . 1 .
(1.4) : o Lifrgsx]) =\LIfsx)LIgsx] - . v
. . to
where the ccnvo]ution'in (1.4) is that of (1.2). ‘Let us denote the” v

operator R R -3; by B. The~pperalq; B .was\called Bessel

operator by Pitikin and Prudnikov. B  acts on the convolution (1.2)

\

. as a diffcrcntiation.' Indeed o » - . u‘ £
(1.5) . a B(f*g) = fx(Bg)+(Bf)*g .

The c¢hvious relation:

n n-1
%

x' = -.L—__'_-
b i n (n-1)!

n - P4 ) .
X X . _ . . n o, .
shiows that o7 im the B. caléulus is Lie analogue of x in the

-

differentizl calculus. Ditkin and Prudaikov [13] introduccd an
operational claculus for the Bessel operator. This calculus enabled.
them to treat any lincar c¢cuation in B with constant coefficients

as an algebroic equation in a certain field. Their convolution is

. R d d ¢ .
(1.¢) VFRG(x) = o v f ] FER)GI(e-£) (1-n) Jd&dn .
. : ‘ ” o o v c
Undar this convo!lution, we have , : : B : o
. 4 (‘
k : 3 ki
: , X NS A xk+J
2 2 N2 T .
. : - (k) GO (k) T) Do
Meller [21] developed an Opnratiqnal»cnlcu]u%7fof iﬁq geh— 
erélizeduBeséc? operater. B o= e g¥~fa+l <4 wini rly Cnn(JinS 5

X S
a v O6x - dx

Ditkin and Prudnikov’s as the special cace a = U, -
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] . . S

;)." o ’ ] . b T —

¢ Amulbdcv dnd\ﬁauLLbu [2] lnt.OddLPd t ;hotibn of

A . SRR Y AL s
ortho ondlity w1Lb respL(t to cenvolution. Tﬁe idea-is (g erreceqr
. . . ’ A
& )i : ' \

1 known polynpmia[ set Pu(x),‘ orthogonar on. IO,w), ~as, the Cg;seﬁ~\

Laplace transform of another polynom?%l set Qq(x); tnat is

(1.7) P (x) = X_’l‘-f' e t/x Q (D)dt, - x >0 .-

. o ) J . )
;Substitucing for Pn(x),‘ from (1.7) in the orthogonality relation

0}

for’ Pn(x) we end up with'a kind-of orthogonality invclving.thg Qn's.vh

,;Jgﬁefbaev and Naurzbaev [21 st&died;p' '%rties of/the— Qn's of (l;")

when Pm(x) arc the‘Jacoyé'polynOmidls wig? nrgumcntj'(L N
s

Qéa’sl(x) be the Correépondid@ podynomials.! Tue convolution

.\Iorthbgonality relation is ST ~ :
N . oy R t—T ' L ’8' . . . (
I © -t t - 2 (t711~1 ) _ . '
. M - : T A U S A —~a:34+l:t-7.~-71
/ t dc t T f el e
o o o . : :

} = T{xwtat+l) T (n+3+1) .
2 nl Qo+ D (aHi+ntl) Tmyn

x Qﬁa’s)(rl)Qia’B)(jz)dzidr

L

They utilized (1.5) to deduce several ptoperties ¢f the pclynom als

(o, B) (a,8)
Qn

(x) from thos' se of P (x). Among outher thlnvu they obrained

differential equations, recurrence relations and generating functions

(a,B)
Q'

for (x). These polynomials are not orthogoﬁal, in the usual

sense, on any subset of the real liue and it is this fact that

makes this new concept interesting.

w : N Berge [8) introduced an ational calculus on sequences

using the convolution’



—_—

& k=o |

p. el

. t ”r "

and. used the exponential generating function as his transform. Iloore
» i - - : L / ’ . ' t . B o )
{261, Brand-[lQ] aid Traub [36] studicd an operational’ caleculus on

@t

scqucPccs using the p;odudt‘ : B : i B

n o
frg(n) =Y () glmk)
’ e}

A

which is a discrete analogue of Mikusinki's convolution (1.1).

In [6] Berg developed an operational cazlculus for sequences
. .

1

based on the convolution .~ o Y

o

- (l.S) . ' fxg .=

c >~
n
=
[0y}
jo)
i
-~
|
[ad)
7“
[0}
=
t
~ -
|
it

. » L S
In this thesis we give several discrete anaYegucs of the

‘ - P
Berg's convolution ift the discrete analogde of (l.Z)J ; k“ku“

Bessel operator and its generalijzation and construct operational

caleuli for them. - T
& . Sy / . :
’ In Chapté@ I1 we consider the Berg operational culus in
more detail than was doﬁg:beforc obtaining new results as ‘well as
A B . S _ g
indicating some novel applications. - We shall fird out here«thgzﬂ\
- : ’ . . ¢

e

a discrete analogue for D x D is -4 n V. We then gcnéralizé Berg

calculus to a discrete operational calculus which corresponds to the .
o, A L L - atl . ) c .
gencralized Bessecl operator | x D x “D. We note here that the

operations which' map the Bcssel‘opeﬁf¥ors' to the derivatives
: : ;" . )
(analogue of Carson~Laplace transfor.z) are special cases of
VJakjmuwskl'S‘scquchG‘to fuacticn ticwform Known -as thé.f[J,I(x)]

SAgxgn) =) ‘(E)‘ f(k)g(nk) L .

“

i

S
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} . . . . ‘

o
a ‘e

means [19]. In Chapter TII ﬁ%agencraligg the results of Chapter 1T

by showing that a large clash of(jakimowski type,hedns induce cdr—’»
) oo . . . . ) o . N
‘respond ing quna%iqnal galcuﬁi,by defIning for cach member of this ..
L L . . .
classaa convolution product, % Besscl~L¥pé operator and’a Carson- N
PR 5 .

Laplace-type transform prescrying the basic properties of Chapter 11, %
- B . IR 4 F . . :

7\, L. B v : , S g

S . o v C . . . .
/ “AIn Chapter IV we consider a discrete analogpe of oufhogo—
% ) . . v 4 B *

a 9. . bl
i, T . S ) )
nality with respect 1o cnnvo&ut:qﬂy, We user our concept to obtaim the
. - . u L N [y

N " N o féf'

A 2

"apparently unknown resuit that the zcrog,bf the {ﬁcé_polynomfg&é [32]

wht
- 1 e

arc-rca&ﬁhnd simple. = - C v o
‘ S . ‘ ) - 7 - N
Finally in Chapter V-we derive expansionh fegmulas for linear

“

) ot ,

_operators . I' satisfying . ‘ X !

. - SN )
| | X X . \ " R " /
‘ , e N
B T L T

: AR a : Tl
) N 2 . t - & 3 a3

. e, v . ’
- 7 . . i

0

_ X I
where c., € ... 1is an arbitrary sequence with c¢. ='0. The> .
0 1 , y. se n .
_ . @ : . .
discrete Bessel operator £ is such a P operator with c/ = j. ' :
5 : p ) : ¢ %

\

Later, in Chapten.v we

N,

develop, . very briefly, somch—nnafbgucs of the

(L,a) _transforms and operational calculi. We also outline a possible -
. & . A ) . R .

way of extending the .((L,«) transforms tb severdl variables.
B kN i : : :
- \

( ’ ,'
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T ) cd
c . o CHAPTER 11 VJ
“ < .' ) . .
" BERG'S OPERATIONAL CALCULUS
> . ! > » . ‘
2.1 1t is well known that the action -of the Bessel operator
: v . N _ J ' - '
‘B = ﬂ; t d. 'bn Rw"ewski's convglution. roduct
. dt - dt Sers e G Produc
d \ - N .
fxg(t) = o [ f(welt-u)du .
S . o . , :
DI v L@
resembles the action Qﬁitho di;;;IEhtiatiog‘op‘ ator %;— on ordinary

products. The-image of a convolution’ product -undex the Carsor-laplace

* . transform PO R o P /
o . S 1 AV . o
PP : L[g;x] = x f e f(e)dac x> o0,
) _ o - So. - . %
-is the proeduct of the transforms, that is . : » /
T Lergsx] = LIEIxILIgix] . . *g -
Moreovér; L' transforms B Eo.ag;-, .in the sénSe{;hat '
C ot s asa T
» ~ n, , ' . ' oo\,
‘and mgps t /a! to : . Thus t'~ role of —— .and x in the range
. o - dx 7 . L >T
.,of L is played by =« and t"/n!  in the ddhain of L. This
observation,led to some jnteresting results ([2],,%;3]), and so_ii
is of 'interést tc study a discrete An‘alogu%ﬂu’@- calculus. - , -

) S In thg_caléhlus“pf~finite differences, the Sequence'
.{(;) s 3=0,1,.. .} ‘may be cons‘idér\_éd as the di’scret'é' an,alo";g_u.e:f‘ofv
) ~ " - . N e.\ tj M A - . - B
~the functions { -

3

-~

,[?j’?fd;;,..;}; Tﬁis is'so Sinée';‘>"




0

o - . w

%z &tj/jg}'s tj—l/(j—l)! and a () = '(

T - e T L

where . - ' ; N . ' -
ST o - S v
2.n s ) = Kt - f(n) . o o
Because of the relation ' o ' : o ‘
- B _t_.{’\z J _t_J:_l_
. o > 3T T I G o
. Y - ’
woe are interested’ in firding a finice difference operater B, say,
d vhich takes (g). o j(jfl). This is accomplished- by '
.o | \
2.2y v . A v
( ) | . Bc At tvt ,
“where
> (2.3) . Vt f(t) = f(v) - f(e=1) . , S
- . - . . ) . . oo . k_*.l v ) R . . ‘
- To see this gg put, formally, BD =‘z,ak(t)5» snd use Lthe require-
. . . 0 - [N
R & t :
L I R 4
a0 s 1 amd a0 = (D%, keL20..
so that . 5 . ’
. ) ® );‘ ‘ 2> :
- ’ ko k+2 W A ‘ ’
13 ‘ . ) = + - = A = ) )
S B=a+ ] B+ e oo By
. - [s] . . ) . . / .
| » & . 9 ‘ T ,-Q ' . [ ’ N
The operator 1+4 1is the shift operator 'E defined by o
(2.4) R CECE(R) = f(e4l). .02 Lo
4’ ,/'. .
Clearly,

T
. =




. I
1+4 E Py
' \ -\-‘:
hence: ! .
‘ M (;
\.‘ B, = A+LEV = AtV
which is (2;2).. The assertion
(2.5) 5 (5 =30.") = 0,1 with (5 =0
S5 B () = 3G j=0,1,... witl 1 .

3

‘ , . i ' L
can be easily verified. : 1t is also ecasy to see that

\ . » . _ .
F(2.6) ' 8 f(t) (t+l)f(t+l) - (2t+l)f(t) + tf(t- 1)
‘ R <. ) I '. '. .’_
In the following we shall drop the subscript_ t from AI’ 'Eé, Vt
or Bt whencver no confﬁsion a;isés'from doing so.,

We»iﬁtroduce‘a discrete analogue of the Cérson—Ldp]acc 
transform later.
{Zt s be the set of a{l.sequcnccs {f(n)}ioo with

f(-1) = £(<2) = ... = 0. S can be made into a complex vector space,

¢

in é naturdlvway, by defining the addition of two elements of S- by
»componeﬂtwise aEHition and scalar»hultiplicatiod by af,:{df(n)}

for any complex number «.
: A N | ; R |

- Throughout '1'5 thes}s,‘fqrv £/6\§g by f(t) ve ‘mean the
tth component of f apd formulaq like (2.1 (2 2) and (2 3) should
) . o 4 th :
e 1nLerpr%ted as thc”seqpence, in ‘S, whose t. componenL_)s whnt

-
X

. / L .
appears o:ii the right hand side.
: \

Now that we have found g, the nextqstep‘is to look for

an‘appropriatéAcdnﬁbiutioq product that is well defiﬁed on‘,$.Cand
c . - o T .. ' s

%)
i
v

. S
satisfies



2.7 ‘ B(fxg) = g + pfxg .
' < . . .
The.convolution_
(2.8) o f*g(u),= v Z E()ga-k) |
. ’ ' R
or equ1valently
E . n__l' . ) .
(2.9) f*g(n) Z n>g(n W - ) f(Rgln-k-1)
L . o 1 o - hE .
. i , ) . L
'is a natural differcnce anachue to Rajewski's coavclution
~ ’ . ? : .
a / |
I f f(u)g(t-u), hen\e is a candldatg for the COﬂvolut‘On «UUJnt.
o ' : Lo
Indeed we bhave ‘
. Toneorem 2.1. ‘The Eg«.nvolu:inu. product (2.8) lsafi/sfies_ (2.7')’.
g EEOOE. Clearly we hqve o7 . ' : .
l . .
fag(n) = & )} £(x)g(n-k-1) .

-Thus

. n__l 4 ' 7z :
(2.10) (ﬁf*g+ngg)(n) =a ) {g(nfk=1)sf(k)+f<k)Sg(Jf;fl)}
| | T 4

e . _ ) -
\\l . ol 4

. o T - , S
‘Substituting for Bf and I'8g  frem (2.6) in the right hand side of

(2.10) and simplifying the resulting expression we get
' . ’ N . . " L .

<

o " . : n o . n-1 o '
(Bfxg+f*3g)(n) = an{ ) £(: (n k) - 2 2 f (k) g(n-k-1)
. ¢ . ’ [o]
- ' ' o n—z .v B . . '.
5 , : . : o+ ) (k) g(n-k-2)}
: . o o .
. =B () .
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L. Berg [6], [7] has constructed, a la Mikusinski, an
operational calculus based on the convolution (2.8). 1In:the next
section we mention few propertics of that operational calcuius and
derive scveral properties that are not contained in: [6], [7]. We
‘shall refer to this par icular operational calculus as Berg's
‘Operational Calculus. Frr similar type of .results see [14]. Noteﬁﬂ\
that discrcte operational caculi based oh‘diffetent convolutions

]

‘have Beéﬁ'stﬁdied in [81, [101, [25], [26] and [27].A,

2.2 Berg's Operational Calculus. It is obvious that (S, +, *) is
a‘commutatiye ring without zero divisors. 'For brevity, we shall .

ﬁdenore this ring by S alsq; "Let Y, f,.*}ﬂ ‘or simpiY' Y, be

r - . ’
its field of quotients. The following formulas may be found in 17].

(2.11) O {1,0,0,:. (I} = {VE(} o

(2.12) - . {n}*{sf(n)} = {f(n)f4f(0)1 o /"’Z
- N . | h. v ' . . . ) - //9‘/,/

(2.13) - ' "{n+1}x{f(n)} = {of(n)} , - R 5

where - ‘ ;Q J"A»*g: o . 3 “.‘\ !

S Y

(2.14% of(n) = -} £ . |

. o -

S e

(‘24.15); | | o (8) = () » k=00, o

Theﬁfundémcntai réia;ion

(2-}6)A},._ : ak(t)faj(t)_='°k+j(t)~. k,} = 0,},~--__. R

r ) . . . &

NPl
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» , i1

also appears in [7]. Relations (2.11) and (2.13) provide vepresentarions

" for V ard o in Lhe field ,YsﬁﬁThq relation (2.16) exprcsseé the

‘fact that the functions ao(t), al(t), ui(t), ... can be treated like

powers i, x, xz,‘... . Formula (2.f2) shows that A nay be identified

with the convolution quopicnt %i%— on the manifold {f:f ¢ S. and
£(0) = 0}. Let 8{f(n)} = {nf(n)}. 1t is casy to see that the

operators 8 and 6 _are not members of Y in the senss that there
. : : a Coesse oA a
‘is no convolution quotient B € Y that satisifes ¢f = e £ or
. _ a ; ' ‘ ‘ o ¢
£ == f. gﬁ/
8 b N . ] g - N

Theorem 2.2. For £ ¢ § Ve have

ean i e} = a *3f v
aﬁd'
{nf(nfl)} = quﬁflf'giff» :
Proof. By (2.13) we have
n;L n-1 . .
= { ¥V BEQ)} = { ] akVE(K)} = {nVE(a}} ,
.o : . 0 ; o
R )
Now - ' :
qz*éf élﬁl*a1*5f4é al*{n vE{n)} . : ”“ : /
by (2.17),/so that
' - o on=1 ' ’ . n=1l .n-2 ' -
(a+BE)(n) = § R{EC-£(k-1)) = ] kf(K)- ) (D)
e o o ) o
| C= (=D f(n-1) - ] £(k) = nf(n-1) - (axD) () .

co . {. O

‘Therefore



<

(aqksf+ul*f)(n) = n f(n-1) ‘,'

and (2.18) follows.: » ‘ ‘<:~'
Corollarx; '
e :

(2.19) - {nf()} = (o, ta Yx3f + a *f .

2° 1
/‘

For the definition of convergence of convolution quotients

we- refer the reader t [7] and [16]. In this regard ‘we have

Theorem 2.3. If f = {£(0), £(1), ...} ¢S, f# {1,1,1,...},

then iﬁ_order that lim f(n) exists, whegg f(n) = f*f#...*; , - it
. . n.‘_}m - . T — -
- , n-times
is necessary and dufficient that [£(0)]| < 1. Moreover, if this -

limit exists, it will be zero.
The proof will be postponed until the cnd of the next

sec¢tion because it uses some results to be developéd there.

2.3 A Discrete Analogue of Carson-Laplace Transform. Now we come to

-‘thé problem of findihg>a discrete énalpgue of the Carson-Laplace
trahsfofﬁ. Denote the required transférm byl_L. We require L to
be‘iiﬁear;.to nap S:'intoxthé ring of formal power‘series and to Have
a noﬁtfiviai rangé. We write ZL[f;xJ. to ﬁ@an thé image.under L‘.

of f(eS). L must also satisfy

- o ’ id i
(2.20) L[Bf;x} = 7= L[£;§]
. and
(2.21)  Llfxgx] = LiEsxILigsx] .

Thevlinéarity of L iﬁplies thét_it must be of the form
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~ak(x)f_(k)w,

BN

(2.22) Lifsx] = §°
. ' - 'O

whequ ao(x), al(x), .+. are power series in x.

Theorem 2.4. The transform L is given by

- - a
(2.23) » - "LIf;x] = 2 —}i_n—'f'l— f(n). ,
' o (1+x) ,
w to a shift in 'x.
Proof. "Set .
ek(x)’= L[qk;x) , k =0,1,... -

The relation a_f = £ for all £ ¢S implies, by (2.21),

L{ao;x]L[fjx L[f}x] ,

and *hence.
- - ) . B o RSN . ) . Co 5
o= o = 1

Using (2.20) we get Oi(x)y= Go(x), that is:
’ :Ql(x)'= xt+C, C is constant.
"Récall Fhat o = al*al*;.f*al., .forr k > 0. Thu5'by'(:.21).and‘
N V—_—/ )
‘”k—ttmes

the definition of_'Ok(x) we have

ék(x).F {L[ozl;'x]_}k";= (x+c)k {.



(xte)d = )  ak(x)(k

)
k=0 j‘

Multiply both sides of the above equation by '(—1)J (i) -and

surming over all j we get

o s m @
. (xtc)” . , k,  j j+n

(2,24%) —=—— =Y a(x) J OO ,

o (1+)c+c)n+l k=0 k j=o- bon .

and by virtue of th

this foramula reduce

and we take ¢ = o
it only remains to.

f,g € S.

Llfxg;x] =

R

' Finally we have

",

e well-known identity

-5 [N |
1 D P S5 -

j=o 120
s to-  ,‘ -
' +1§?§§i
an(X) = (xtc)?/ (L+xtc)"™ J,”

since, in general, we allow a shift in x. Now

show that (2.20) and (2.21) are satisfied for

: - a

23 e - g
) f(K)g(n-k) - £(k) g(n-k-1)
n=o (1+x)n+1 {k=o ' o
: ' x kS S 4
= JERGED) ) —E— gn)
o ™ 5 (1+x)n+; o
3 KFL A
-1 fodp ] AW
k=0 xtl » o (1+x)nf1

LIf;x]LIg;x] .

°

>

14



LIBE;x]

{(n+l)f(n+l) - (2n+l) f(n) + nf(n 1)}

1 '
Ct\’e

(x+1)

B an
x+1 T on X

, +1
* o v(1+x)n o (1+x)

n
f(n) - 2 ) —-———-+—l— nf(n)

[ w n LA
Z f(ﬂ) X, Z - (n+l)x f(n) .
o (1™ x5 Qaig™

_(1+x)—

or8

x o ‘ n B R
() @ {n+ = - 2n-1+ (m+D)x/(xtD}

PN B n ol ¢
(400 ) () £ b=

xtl%

and the proof is complete.

From now én;;we adopt (2.23) as the.defingtioﬁ of thé trans-—
form L. IWé.shail always use small’letterS'tonﬁgote members éf S
and capltal letter; to. denoca their trdnsforms¢u;der L, fthaf.ié
f(x) will stand for L[f;x]. v_ Aé?"

The above L transform appearé e Berg [7L’and Ditkin:and

Prudnikov. [14] with a change of varlabl&é?gﬂowever,'no attempt was
\ ’ ) o

el

. {3
difference operators. The formuﬁgky_h‘

;.
(2.25)  Llnf()sx] = {G+DFGIY ,  where D = S,
| | .. }ﬂ &  | “ . ‘ .‘ N : '
2260 LVE@ix] = F/Ger) ¥
- L N | i‘ S
@an  Llafsx] = {F(0 - FO}x

and .-
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- (2.28) . ' : L[of7 = (sFD)F(x)

- follow e#sily from the definition of L, hence we omit their proofs.
By induction we get : _ ‘ @
o ok : ko
(2.29) . Lln £(a) ;=] = {xD(x+D)}" F(x) ,

(2.30) ' LT 5x] = FO0 /(14 F - Z A
and ' ’
(2.31)  LI8%E5x] = {FG0-F(O)-xF"(0)=..=x" | pél l)(0)}/ k>0,
-where F(0), F'(O),"»..'. ,.are defined by
| 7 k(K
F(x) = )~ F oy .
o
The formulas U v 5
(2.32) -~ LI(e7) £;x] = (xD) F(x)
~ and
o ' - k ' k
(2.33) _ L{(nt1)A} £;x] = {(x+1)D} F(x)
- N _ ,
- follow also. easily by induction. , _ r
The formula
(2.36) Lin e = K 0K Fe0
o :
where _
@ | 1 for k.=0 o
_ a A v : i

o for .
) in(n-—l)..-.(}n’-»k*l_-l) - forl, !c>‘0

- may be pioved as follows. k = 1 follows by (2.32). If (2.34) is



valid for some k, then . ~~
\ o

A | .
La (kD) it ] )

. iy
f:x] = L{(n~k)n Vka;x] = xD(1+x)L[n(*)V‘Vf;x}

)
' - kL[n(k)VkV£;x]

) | o s
xD(l+x)kaK{F(x)/(1+x)}:kkaK{F(x)/(L+x)}

= | (k+1)xk+lbk{F(x)/(1+g)}+x?+1(L+x)Dkfl{F(x)/(x+1)}

k+1 k+1
xk le

i

G LEGO / (x+1) )

[

and fhe inducﬁion 15‘complete;‘ ' : o ' A | -
| Relations (2.29),‘(2.30) and.(2;31) shcw that the }L

transform of‘a\lihear difference equation with pnlynomial cnefffciéﬁts 

Vis a linear differential‘éqhétion Qith‘polydoﬁial coefficicnté téd;

-Iﬁ pafticuiar, a linear équaﬁion'with éonst;nt.coefficfénts is -

transformed under L to an algebraic equaticn. Relaticns (2332)

and (2.33) show that difference-equﬁtions of the tybcs

2 k : o . L k .. .
L 3 (DY £(a) = g(n)  and - § 2 N E() = gn)
k=o. - I . ke L
aré‘fransformed to .'v : : o B ~
2 e o oo
I a4 {G+HDDITFG) = 6(x) and ] a (D) F(x) = G(x)
k=0 K - ‘ k=o0" ) ,

' respectively, when a, a
% N

+-+, a, are’constants.  Furthermore
according to (2.34) the difference equation’

1’ L

(/_, ‘ z ak n(k)ka(n) = é(n) _; |

k=0

is transformed to Euler's equation * ' ~



G(x)

- ) _ a0 .
: The above correspondence provides a possibtly useful method

'

oflsolving differerce equations because the resul'ting - differential

C . . PIUNE S
- eguation is very often easier

equation.

{f:f ¢ S

neighborhdod of the origin,

cand.

i

to solve thah the original difference

sup [f(n)llln < @} . Thus, fer.

will be3holdmorphic.in a‘neighbofhooa of the origin.

f X, F(x)
It is:pléin that X  1is closed under addition. X is-also‘closcd
" -under convolution. for, ifvvn >0 then
1/a . 1/n 1 . '
l L f(k)g(n k)l / < (ntl) /n sup {|t(k)l /n k = O,l,..;,nl
k_ . . N R ) , N
: fﬁl" x sup {lg(k)llln k = 0,1,...,a}
< A% @t
"where - L. -
1k - 17k o
A= max {1, sup | £(k) | / , . sup |g (k)[ / , f£(0), !g(0)}
' k>o k>o o
L 1/n ' - )
i Therefore  sup l f*g(n) [777 < o ~and ' fxg € X. .
n _ , s : - ‘
For f ¢ X, or equivalently F(x)  is holomorphic gn‘d .

the inversion formula

, o1 Cz: -n-1 5 -1 .
(23 (=g [ TG 2 Az,

or

18 .
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(2.36) | : f(n) =

with an appropriate contour c¢, follow by Cauchy s Lheoxem

that if f € X, then so will be Af, of, Vf {nf(n)}

‘the operations we performed so f

Note
. and all

f r)example rearranging terms

That L 1is one-~to-one follcws from the identity theorem for poWef

n .
then Cf(n) = z_akﬂ;).
S 0 E
'It is also easy to'sée that

-

(2.38) f, R CL[rw] = I LAy L
Lo - o S

In solving difference equations one mlght use the cpelaelonal

. use the L-transform in our illustrations and examp és.

7 Now & are in'a position\fo prove Theorem 2.3.

. N M \ . . - ‘
_ . Proof of Theorem 2.3, Clearly

A

- R TR

2.39) - i e J 0 R R 1) L T I
- , ' . m=o0. - jl+;.;+jk=nv o R

-

=)

series.. Note that the proof of . s

, v ¢k ,
S : n
. (2.37) o © LIG =) = % '
is contained in Theofem 2.4, Relation (2 37) provides an easy-
inversion formula. -ILf F(x) Z » 1s any formal power series,
. - R o . . .

]

>1calculuslapproach or the L transform.technique. We would 1at‘ler

3. .
A ®£(0)

-~ in series, are justifiable from the theory of functiorns point of viecw.

<



which shows that f

4

The . 1uie f(k)(O) =_{f(0)}k& for all k, and 'f(k)(O) éonverges,

as k ° wg if and only if If(O)l <1 or £(0).= 1. In the latte;

caée,. f(O) 1, we ‘get

., .l‘g‘ - ’ ’ '
£ (1) =_L+uar<0>{f<0)}5 Y- waro) .

[

"This implies AI(O) and by 1nduct10n we may deduce that . p o ‘

'Akf(O) =0 k- > 0 Therefore, in this»case, = {1} which is

a ébntrqﬂiétiqn., »
i o . 4 . ‘ ' ‘
4 Convérsely, let lf(O)f < 1l. Then (2.39), for k > n,

impiics

: J . -J
lf“‘)( )I < lf<o>l‘° nEy e Y 8 0] .. |8 e ]
N i ‘ . j1+,;.+jn=n’¢/ T

K , v - s S - _ .

( )(n)‘.converges to zero, as "k > =, and the
» : , . o 220 .

sufficency part follows. ’

.'-x‘ ‘ L

) 2}4M‘Ekam§1és and Applications. In our firsttéXamplé we solve the *

.7

“'thréevterm recurrence reldtionasatisficd by ' the Hermite's polynomials

Hn(>') . E - | _v | v-’- .

[

(y) = ZyH (y) - 2nH

;1<y) s m=0,1..,

with"ﬂ;l(y)_= 0, Ho(;>ti l{\ The subzzitutlon H (y) 8 (y) (Zy)

- 5

leads to

2y AGn —.,-—nan'_»-l ‘ .-“‘ v,: ) ] p

Applyihg the'- transform to the ébovc'equatioh g¢-get ;he;diffcrgntial

equatiogn .
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21
2 2 23
C'{x) + U(R)Qy +x)/x" = 2v7 /x>,
where
S 0G0 = Ll R
—, ¥ -
The solution of the above differential e&uﬁtion is
: N Lo 0
. 1 . ‘:}:. ?
2: 2 X X 2 _ o -
xC(x)e y ixog 212 f e 7 fu é% . _
o u
R . g - 2,2 2,2
Yi we perform the change of variables y /u™ =y /x + t we will
obtain o - ’ .
.v . B v " A‘ i ey -t . . 2 2 —;.- . )
4 ' x0(x) =y [ e (t+y/x) (llz)dt >
v | o, _ . .
fand by repeated integra;ion by parts, we obtain )
R I E 2,2
. o : | v 0(x). = ZFO(Zf l,»—, -x"/y) |,
gobthat 
& . . oW .
R | n,, -2
o () =) .G,
LE 3'2j -
“j=o
. and ‘
H (y) = (iy)n. F ('—j L N R
n 20 27 2 22 2 102 . o

thch is a standatd_hypgfgeometric4fbfm of 'hn(y).

4
N :

Our second example is to sol¥e the three term recurrence

B

“relatfon - . L R PR

b

v

~ o
woooy

(2.40) (MY, (0 = (@eélowka)y (w-(ata)y (W), 3y, =1,y =0,



.(“)(

_whose sclutioa is %nown to be the Laguere polynomial u) Thp

. . LB
recurrence relation (2.40) may b& writteun as

I

?yn(u) = -uy[}ﬂ\?yn ,
 whose L ‘transform is'

.Yf(x)\%.—uY(xi + aY(x)/(x+lj“
;

Therefore , D o o S >

v

t(i) = (1+x)" XU .

which is the standard generating function
£&F —xt/1-
RN ("‘)() —<1 e

As another exanple we solve the tﬁfee'termvrecurreuce
relation - o ' ) L .
(2.41) (o+l)y +l( u) = (2n+1)uy (u)—ny RON
. Cm _ c
Y_l(p) =0 and" - yo(u) =1 .
The solution is known to be the nth . Legendre's pquhomialk

an(u). ,Rewfite (2.41) in the form

= (20+1) (u-Dy_

and  apply the L—transfonn to get: -

(142 (ued): | e

Y'(X) = 5 Y(x) .o '
| ,1+(1‘U) (ZX'*'ZX ) w . 'l L | ‘,,

LI

' Therefore B S S
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Y

\2-‘*2)‘ o ¥ = (1w ez VD

"which is - nothing but the'gcnerating function

RS P (0t = (i-2xere’) D
oL R

e

Furthermore, by expanding the right hand side of (2.42) in powers of

X we obtain

- L . _
v O (D R A OO P

k=0 : -3

e

T o . 1
and by applying thie inverse transform L © we.get

1 J
: @ ,
: . ky Tk ok _k, n : )

which is equivalent to”
. - -
(%) 2 (l—x)kf(n+k+1)

k n » 1-x.

e~

: P_(x) =
oo ’ n . k=o

T (2k+1L

One'can}derive another, hypergeometric form for the Legeddre‘v'

polYnomiéfé'by using‘tﬁe substicution.-yn(u) = unfn(u). The f's

-will.ghen satisfy

(n+1)fn+l(u)~(2‘n,+1)fn(U) + ;—2- fn_l(u). =1, f,=0 ,

“v':se L transform is

- . Are - o . .
> R s . . AR h oL !
- o T - o . . . .

0 = x(l-w )R/ (1L Q-u D))

..
: -
s

Ad .



Thus

. L - Q
: _.l o (i’ 9. K N
_ ' 2.2 2. k ,u’- 2]
¥ : F(x) = {l-x"(u"=1)/u"} z Z 1 (u 21) x€ .
: ‘ > ’ k=0 u’
and we obtain
o ( ) ‘
[n/2] \ . . 2
._..n k u —l _ .n { n n_ 1. u-1
Pt}(u) _ u z (Zk)( —) = u ZFl = _2_> - E’ + ?’1.’ 2 )

k=0 ) U _ ' ' . - u

Our next application is to solve the non hcmogeneous linear
‘difference equation with constant coefficients using the 'L transform.
‘.‘ . T . ) R . . . . I~

"+ The usual method of solving this type of difference equation relies on

.solving the_chargctcristic equati as wellﬂés)rﬁ;gining é;parﬁicglar
sblution; xHowever,'solying/éaygizibrdié equation or é;EIESSing'i£s> |
footé in terms OE tﬁ? éoefficints is indeed véry difficult in genérale
Our aéproach av01ds this dlffluultv and we: ob;éln tﬁe general solution» 

expressed in terms of the coefflclents -in the dlfference equation.

- Let. - S _ |

(2.43) (-1 ak;iAlf(n) =gn) , k>0.
We ﬁay assume ao‘=,1. Tﬁe’imége_of %.63) undef L is
) | _
i-1_(i-1) =

D¥aFou + I (D e FG-FO - .ot 0y 1l 2 g
wheré, as usualh F()vc)‘.»= L[f;x],.G(ﬁ)'= Ltg;x]. Théfefore - :\‘E
k-1 okeifl .
(xc(x) + 2 (n'a -] Pt

Jj=o

(2.44)  F(x) = R :
{ X -Dlaxl)
3‘oﬁr ' ;7f'.'"



SN

(k

It is clear that the above soluticn dentains k  arbitrary constants

_equation. Note that the h

7%

{
: S : A
et L N .
' ° 12 .
L X iot-l v ] a
(2.45) (2 VD x = Y onad
_— 1 * o J

From (2.44) Ve get =

!

k-1 ki

" or

| : , i i-1 ..- | 2 s
F(x) = (x7C(x) + ) -Da, .1 S 0y (F aaxdy ]
‘ i=o . =0 o ‘0 J
. L eokol kil s
(2.46) f(n) =¥ h (. )xg() + ) 2} L ) (=D aF 70}
) > ] jtx . L= = i R
, , : J . j=c i=0, =0 .
by Gaged?

F(0), F(0),..., b

(0), which is the right number of constants.

The first term in the ri@Q; hiﬁd-side of (2.40) is a particular

solution while the second term is gencral solution of the hoemogerneous
.. : . : . . N

's. in {2.45} may be given cxplicitlyvas\

TR . (S1.)! A %,
h,o= (- Pt a b e
) X .-‘xl. eee lk. 1 k
‘ i _ :

where the sum is taken over X1:~'-’Au with Tid, o= . This

4

-follows from-the-mulfindmial‘theorem.

As an example, cousider thgﬂdifferénce equation

T

@4n . c.,=C, +C +n"

2 ntl

o
7 "

that 'vas studied,byIWCinshéﬁk and hoggatt [371. ThHey solved it by

25



an operator method as well as polynomial expansions but both solutibhs
. , s :

arc rather lengthy:i We. first write (2.47) ia the form
c

. 5 7
A c+tAc ~¢c =n R
n n on

so that a

i
£3
I

-1. It is wéll now that

Fn¥n = (;—x—x2)~f

bt~58-

! -’ iy
> g@,’

Y
¥

where FO,Fl,;.. are the Fibonacci Numbers. Thus the hj's, of

(2.45) are given by" 'hj = (-1)ij,‘

ig
h, = (-)'F,
S ( Ry

and the solution (2}47) is »

s -

_ "_ j n S
. f(n) =1 D FiGppdxn’ # AF +8F

J s
g

sincg. Fn and Fn%ix aré'linearly indegendent éolqtions of the
Corfgspondiﬁg hoﬁogencqpé eqﬁation.

:0u£>fiq$1 apﬁiication of_the L transform, in this
chapter; i; to Bateman éoi;nomials .Fk(z). Bateman [4],.[5];studied

the polyncmials

quite extensively. In what follows we use the 1 transform to

derive some of his results as consequences ‘cf well known properties .

e

of the Legendre polynomials ‘Pk(x),' Recall

N TN
X I

26
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3
Let n = -(1+2)/2 in Fk(zf “and denotevthe resulting funciien by

fk(n). Clearly
(2.48) L[fk(n);x] = ZFI(—k,k+q;;;—x? ='Pk(2x+l) .

Relation (2.48) enables us to dcrive,sévgralAproperties of fk(n).
Under L-l,' Légendre's differential equdtion
, dz . a R v
x(x+1) == P (2x+1)+(1+2x) -= P (2x+1) = k(k+1)P (2x+1)
2k 7 odx Tk , k ’

dx ‘ : : ‘ .
is trqhsformed'to
Do (M)tnyeile (n) +:(1+7 )*5 f-( ) = k(k+1) £, (n)
- 1T e PRI

.which leads to, after some manipulations,

(2.49) %‘(z-l)ZFk(z—%) + %-(z+l)2Fk(z+2) -'% {(z—l)?#(Z%i)g}Fg(z)
= k(k+1)F, (2) -

 So, (2.49). is valid for'negé;ibe odd ‘integeral values of z, heace

-

‘for all z.
Using this method we can also derive the generating
.functién v»‘v -
' - n sl 1 01 .1 . :
L F (@ = (-0 F (5 5+ 5 ozili—thyy
n | 212027 3 (-0
froanatehan{s {Fn(z)}: ‘for the standard generating function

e 0" = (eaxerd?y D

for ‘the Legéndre pblYnomials.
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¥ s ‘r?\*‘ ~
R 'I.'ne \‘"cn-‘ral Lucas 1y :":,2,‘; : . 12 .".,‘,ax\'])_, or
: %u" O S j .
( )4 N ; :
mply U ar-,. d‘.flned by’ .
m‘ ";s‘f;f? .
(%) ¥ (u) :
ARty -
ars ™ Al 7
with U( ) = =0, They arose in -
2 : , » fLw. : -
connection ‘with f;ndl g . power of an \I x N mhtrlx [3] -
. ; N ;'W. RS ; " _ o R
. Barakat and Baumaxm [3] (.\ifg’;gesscd 2 need for a closed °fo'fr‘_x; which:
was obtained fn [{30]. 'Kne xjequired closed form obviou$ly follows
from (2.46). T . '



_be exact: let S '5\

. CHAPTER 1[I

EXTENSIONS

Wc'notelthat-phcv[ihite difference analogue of -the Carson-—

Laplace transform,; that was studied in Caapter II, is.a scquence to .

. - . . 'E‘\ - P
function transform known in summability“as Abel transform. ‘Since
this is only a speé@al'casé ol a much more general Sequeﬁce to

: : ' ‘\ o . : s .
function transform, the so called [J,3(x)] transform introduced
in [19], then it is of interest to see wnich, if any, of tiese
general transforms yield an operational calculus, or a transform

theory, alcng the same lines we dévelopeg in Chapter II. Ye shall

restrict ourselves to such ¢(x)'s that are power series in x. To

(3.1). Lif;a ,x].= [i==9—f(n) “— () ,
. B o : ' dxﬁ
wﬁere
i(3.2)‘ ‘ v ’ ¢(x) 5_‘2 ad'xé .
. v ° o . o '
) Substituting for ﬁ(x),‘inl(3.l) and using
_ S ' e ‘ ‘ ‘
3.3 £y =) () & £HO)

~Wé‘get : -
’ . o at g
(3.4 (-x) 7. 8" £(0) - -
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provided that we can rearrange the temms in the series appearing in
(3.1). At any rate for a given scqueﬁce a : ao,al,...,an,;.. "
shall take (3.4) as the definition of our transforam iustead of (3.1).
Tne dependence on the sequence {an}o is explicit in the notation
L{f;a,x]. If ¢(x) has avpositive radius of convergence then (3.1)
and (3.4) will be equivalent.
' ' ' -1 ' IS .

In the case $(x) = (14x) ~, ot rather a = (-1)7, we

- nave the L  transform of Chapter II. ‘Whenever we drop the dependence
. . L® C i .&gﬁ_ i : : T

on {ah}o" that is we/write. L[f;x], we shall always mean
L[f;(kl)n,x]‘ of Chapter II.

We note that formally (3.1) is equivalent to

- ™ . e i
Lifsa,x) = § (0" § (o 3]
: = .= j ntj
n=o : Jj=o . Y
which in turﬁ ltas the operational representation
: ® _ o
T - (-xE)
L[f;a,xl = 2. fﬂn) T ol %

n=o (1+xE)
] f’\\\ o SRS

from which we see that
L{f;e,x] = F(+xE)-ad‘;

wherév F(x) = L(f;x);

| " As befo;e, wqﬁ%hall:usé sﬁéll letters f, g,'...',tb denqte
’séégencés and use cabitai.letgers F;,G, ce-  £0 dénote their fran;forms.
We.shall féfer to theée transfofms as tL,aj‘ transforms in genéral-
éf"(i,an) Zif Wé afe‘5Pédiin"g'thé Squence {an}: -

’:~it is natural to require (L,a) *c satisfy



¢

shall assume . -

f,g e S if

L{l;u,x] = 1‘,¢ where . {1} = {1,1,...} ;

which is the case 1f and only if a = 1.° wgialso,gffuire (L,a)
S o Ay > . .
to be oneé-tb-one. Relation (3.3) shows that f is uniquely

determihed'by £(0), Af(0), ..., hence onr transform is one-to—

v

one 1if and only'if'none of'the an s vanish. That is.uhy'Qe

(3.5) a =1 and a #0 o= 1,2,... .

31
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-~ Now we look for a suitable convolution product and a fihite

difference operator Ba such that

P " . .‘ . . _d v".v.
(3.6) . L{B,fsa,x] = 5;'L[f,a,xl »
and
(3.7 . “‘v, B (f*g) = £*(8 g) +.(5af)fg .

1

Recall thag we referred, and shall always refer, to the case where

La = -nt as 8. . 7

3.1 Proberties of the (L,a) Transform." We define the sum of two
sequences as before. The requirement

;-

(3.8) L{frg;a,x] = F(x) G(x) ,

defines the convolutionfpfoduct uniquely. In fact we havé'

a

Theorem 3.1 Tne relation (3.8).i§:satisfied'f6r all

d only if

_"v‘




o]
- . A
v . N
vooongcov Si%-i 4 r-
(3.9) frg(n) = ) (D) ] — <& £(0)A
’ =0 r

r=o . i
e

Proof. 1f (3.8) is satisfied, then

= n .0 ' _ L ° i . vw
L (=07 87 (£xg)(0) = { ] o (=x)"aTEO)H }
o 7 s 4 j=o

ﬂ

so that

. . o
anA f*g(0) =

| t~10

aa_A'£(0)a" g

o f 1

i

" and (3.9) follows by (3.3)

Conversely, if (3.9) is satisfied, then

by elementary sceries manipulations. /

So, we adopt (3.9) as the definition of

i
£(0) - '
. R~

s

r

2, Colsdgoy

0

je
"

(3.8) will follow

tae conyolUtiOn

product. Let us define a sequence _co;cl,.;.' by

&

o ) o
v‘(3.10) c, —ZQ and: e = —an/an_1
so’ that
; o a ‘
(3.11)_ - @ = (-1 cl"'cn'f n-0 | and

S

o % m=1,2,...

,andiintroduceAquflineér dbefétqrs A, _and Bd by

. T § ' nel n .k .
(3.12) o AjE() = ;Z ¢ Gopd £,
k=l ,
wmd
(3.1 8 =An V. L, (Bdf)ﬁn?;.Aapr(ﬁ).. -

32
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" -
Thé opcrutdr. £, satisfies ’ '
‘ - o n., - A+l : ’
(3.14) B E() = kgo (ke . () 87 TEO) . .
- \

To see this, we have

N

séf(n) . A[an(ﬁ)] (k)Ck+;Akfl[m(f(m);f(mfl))Im=o -

i
I~

(o]

N

and by. the finite differeucé analogue of Leibnitz formula, see

({34}, p. 11), we obtain

Qe

-

¢ )°k+1[ ML ey S f (me1)) (k1) AN (F (me1)

]
o~

B f(n) SE@ T

. j L
£  o +1 S v
CL =] () (ktl)e, 87 £(0)
. k=o .
pfoviﬁg7(3 14).
v : It is, clear, from (3.12) and (3.14), that for thé'sgqpehce‘ _
SR , o gl ", ar
D 2oz L
Gas, A (k) = o G o
) *and ‘ : . e . ] .R‘
) L : e ‘)
. (3016) Ba (k) k Ck (k"l) »

. It wxll turn out the’ Ba as defined by (3;1}¥J;slthe sought operator

.of (3 6) and (3 7)

Theorcm 3.2. - The following relations *

@.an LI (-1) sa,x] = x"
- ) ‘ 19 ar ‘ [ 3 .
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| F(x)-F(0)

Y S 1A Fea <1 = FCO-F@)
(.18) . . ELA fia,x] = —=" >
o : . 1
as well as (3.6) hold.
‘Proof. (3.17) follows from A ( )[ Sr-m and (3.4);
By (3 13) and (3 3) we get ' B w@
‘m ~ mt1 - %mh ATl ‘
A Aaf(O) = cm+lA f@W)y = - —;—— f(O) .
 .Thus
1o F yml moml_ o F(x)=F(0)
L[A_ f;a,x]. umzé (-1) o X A7 T£(0) —

‘proving (3.18). Similarly (3.6) follows from (3.14) and (3.3).
Corollarz.. ‘BQ satlsfles (3.?).

‘-Proof. This follows by (3.7 and (3. 8) It can be ptoVed>5
22002 L -c .

jdlrectly f rom (3 9) and (3. 14) . ,'. : o - ”",'y

Noté that if 'cn.,is a polYnomial in n,”lthen7 k&' will
. o o (2. : o o Co '
~be a finite differencé operator, for examplei’cn_= 1, n, nty

N . . . 4 B

correspond to A‘u=.A;,ﬁnv " and YA + AnV  respectively. In chtﬁ'

. : . L. A‘- L. .:' ‘q' -
. we have = i§ =y

i .
T & B

Theorem 3Q3. If o =‘&(n),_'where, P £§;3_Bolydomiel;
_ e ! T — = .
then 'q, P(r)&# and’ Ba = P(1)f , __where T = 1+xv.
]The-' 0 f is rather-easy'and is omitted.‘ These operational
_v'q \

formulas ¢

extended formally to functions which are power: series.

.I «

5_t_this stage we can use the ,(L u) transform to solve

equatigﬂb in A of the type
d S : -

RN



oL Wi - }
-z oiAuf(n) = a(n) ,

with constaat éoefficients VbO’:bl’ ceey br' Let us illustrate the

method and its advantages by an example.

Example. Consider tie cquation
(3.19) | . AnVE(n) - f£¢n) = g(n) .

" We take A = AnV ; that is ¢ = n,' so: that . ~
: a 2 ‘ n .

F(x) = LIE(-D" a?,x] =
D e =

e~ 8

a! KMAPE0) .
o ;

Applying the ‘(L;(—l)n(n!)) transfo—m toi(3.19) and using (3.18)

get

£(0) + xé(x)
1-x }rl—x

F(x) = R vwith' -b(x) = L{g;(—l)u n!,x] .

e

Thus, using‘(J,l?) we obtain

Lo : ‘n . n
CE@) = £00) Y ()/k+ ]
' ’ k=

(Mysga) k! .
k=0 k ’ :

1

The observation

y/1! S

S VS R ¢
=0 . n=o0 R
‘11ead§ to
- on ; n"‘n' k—1, 2 i :
f(n) = £00) § /&t + § (D [ ilatgoyzkt .
g k=o' © ksl ~ i=0 ° .

Oa the other hand if we use a generating function methed, i.e., if -

we

(W]
w



v

we put 09(t) = _2 f(n)tn; to solve (3.19), we will get
v . o ,

.‘ell(l—t) t

et ~1(l-u)_, | du
o(e) (1-t) - ¢ Sl e .
. -
 where n(t) = Z g(n)tn. Now it is apparent that- recovering f(h)
‘ ) 5 ‘ ;

=

from 9(t) involves very messy expansions.  The use of an exponential -

gegefating function leads to a second order differential equation}yf

.The‘use'of the L traﬁéform of Chapter II leads to . “

‘ o x L .
Lif;x] = e [ e " Llg;tlae ,
| R .
and recovering f(n) will again involve messy expansioné.

bNow we'gq back to the general (L,c) transformsiand look

at the transfcrm of nf{n) - and Af(n).j First, wé introduce the

—_— 4 =P R Ny
linear operators C and _C; defined on formal power series by . /j/
(3.200 ¢ x" e‘x“"llcn if n>0, C-1=0

. g . n h '~ i ’ n- » _

(3.21) ) | Cx = (n+l)cn+1 X , ﬁ_—.O,l,...

Theorem 3.4. Under general (L,a) -transforms‘gg;have

\

(.22 Llsf3ax] = CLifse,x])
(3.23)’ S L[nf(n);a,x]‘?;rg;t[fga;x] + xC(L[f;q,k]) ; "

v

~ Proof. 'We,have



n+1

(- x) a A nt+l

LIafse,x). = (o - 1 D" el e, 0" )

) !
o r~8

© +1 .‘ "‘ + + »
C = Y en™ e a™ e = cLigse,xD)
1 o+l o _ _ s
. proQiné (3.22). Now
© . , .m—l . )
A nf(n) = a4 £Q1) ,
: n=0

' foilows from thé'finite difference analbgue 6f Leibnitz formula

"}(fjal,'p. 11). Therefore, .since = &" f(l) = mA TE@) + mA lf(o)',
A A - A \

';: L{nE(n) 5a,x] = zv(;x)?an{n$é£(0)+nAnf‘f(O)},j

. ) 0 ." v
FY

]

x %i.{: ) 0" @)

L T ™ 0
e LG0T e, (Do)

. | o
v S

‘the. right-hand side’of (3.23).

. iy
.

If sup {la A f(O)[lln o =71 2,.;;1 < @, theffﬁnction

F(x) will bL holomorphic in some nelbhbofhood of the o*igin. Let

=o{{fn}:'i sup [a A f(())[”m < w} .
0 B

Y is.closed undef7b6thfaddicibn’d§d‘thgicunvolutioh product (3.@):

- For, by?#(3,9) we éet for m>0 = . °

37



qumf*g(O)ll/m < DY nax (las’ (O)I”m 26 <i<m)
\ . - d
: x max {iaJ.AJg(O)Illm :0 <3 <m}
W < 2

where v = max (1, f(O),g(O), sup la A f(O){ /1, sup l AJf(O)ll/J}
i>o j>o J

‘Thus f*g e Y for ,f.e Y and g € Y.

) .By using the argumeﬁt in Theorem 3.1, we can prdve (3 8),

4 _ »

for f_e Y, w“ere, in thls settlrg, equalltleo as (3. 6), (3. 8)

. ‘ ‘

3 v e

etc. must be 1nterpretted as equalltleb between helcemorphic functlous.

WWth this in mlnd Theorém 3.2 is valld if the left and side'of_

(3. 6), (3 17) and (3. 18) are holomorphlc in a neighborhood of the

v

arigin. This»iS'i1deed so since A (r)'_1 =6

2
: =0 r,m

m = and .o AP e wtl
2,48 £(0) = - /““i_£<0),_ and o 878 £(0) = ~(arDa, A" )
ircply {(2); r éio;i,r..} € Y and that both'.Aaf and SAf ara

members of IY_ whenever £ .is so.

38

This approach is: undoubtedly more Lestrlcttve t\an our former

one, u51ng formal poaer series. On the other hand the present approach

allows ‘us to use complex functlon theory. For examplc the inversion

formqla W
(3°24) o A f(O) 2nlan fi'2n+l dz X

or-equivalently.
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(3.25) () = 5= [ { Z (~1)k(;)z"k_l/dk} F(x)dz ,

(o =0

.1s obvious, withv F(z) holomorphio in &and on the contour c.

‘-ve restrLct ourselves to operators, A, oOr seguences
a’

(" .

o fo which - 0. < sup [c | < o then ‘both- CF(x) andé

- n>o
'CF(x) are well deaned and holomorphlc in a ne1uuborhood of the

fe X Moreover, Y will be closed under f1n1te'

'differencés

»

d products of ltS mcmbtrs by polynomlals. in this .

ase (3 22) and (3 23) follow by a lethlmJtC rearranonmﬁnt of
/

ttrms in the Taylor serlea of the revpeot1VL rlont hand 31des.

3;21; An Opcrational CalculuslApprodch In th 5 section‘we develop'

an- operational calculus based on the Lonuolutlon product (3.9). ;Our
approacn is, as before, an algebralc approach; séo [16]. _It~1$ eas&
to see'that the set S under addition'and'tue convolutiou product
(3.9) forms an integral.douain; We shall deuote.its field ofA

duotienté by Q.

“Theorem 3.5. We have

) ) n' ) .‘ - .
(3.26) RS N
L 1
and
(3.27)  (Z-bA £ = £ uhinever £(0) = O ..

1
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Proof. It is easy to sce that Aif(O) = 61 1 if f(n) = n.
. . . > )
Thus
. n a o N S :
A EE) =a ) (M LTl coyy -6
a ¢ . r’ ¢, a
1 r=1 1 r

Relation (3,275 can be provéd similazrly.
Relation'(3,27) shows that A&. can be'ideptified witﬁ the

quotient {1}/{n} on éequenceé' {f(n)}: with £(0) = 0.

Definition. The index of a sequence S s denoted by i(sn)
i : C _
ror  i(s), “the imdex of its first non-zero term, that is
: ¢ Y = in. . . .
l(snf min {n : s, # 0}, . |
It is clear that i(an) = min {1 :'Aiao # 0} . - The uéefuly

relétibn.A
(3.28) L dGasb) = (@) + i(b)

" follows from

€ . <

a.a

S SO - . "
g EO @,

o~

' r . _ .
arA f*g(0) =

(o]

which in turn follows from (3.9); .

: o i . a
Theorem 3.6. 1In order that a convolution quotient 5

'belong to S, 1£;i§_necessaryvand'sufficieht that 1i(a) > 1(b). .

Proof. If c'= %Ve S, then b*c = a and so -

i(B)+i(c)f= i(a),_iahdr:he-neceésity follows.

C&fﬁ”}sely,»if i(a) > 1(b), then the system of equations”'

S Syl T



_in the unknowns X Axo,-..., A xo,'... has a unique solution,
proving the sufficiency. = . ‘ a
_ 1
As before, we derote fxf x...xf by f .
. — __V__‘/ .

n-times

-

(n)

Theorem 3.7. Let {snhz,s with g # 1, then lim f

Do

n

exists if and only if |s_| < 1, in which case the Limit will be'
. zero.
The proof of this result is similar to the proof of

-

 Theorem 2.3 and is Omitted.>

1.3 Special Cases. In this section we study two speciaI (L,a)‘
transforms. Recall that the transform. L ' of Chapter II is another

. special Case. For more applications see»Chapter-IV.
S 1.3.1 The Case. @ =‘(f1)n/n3."lﬁ this case e, = 1/n for n >.0,
coor ¢(x) = eéx. This:sbeéiaL ﬁransform, L[f;(Fl)n/n!,x] may be
defined"by' h
. 'n _x @ Xn.
E[f5(-1) /nl,x] =" | = £(n)
E . g - ) ot )
and is indeed a modified exponential generating function. This

"trahsfbrm, épartiffoh the facfor' e-x,‘ was studied by Bérgé [8}. 1In

this case the doﬁvorutionfproduct (3.9) reduces to

frg(n) = | (DA"g(OfGr) ,

=0

41
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the operator C is the diffcrentiation operator and  C 1is the

" identity. Thus we have.

. a I
(3.29) ciag; 0 o = pupe Sy
. . Ne. .. n. R
and
(3.30) L{nf(n);ii%l—ux] = xL[f;§§%l—sx] + xD[f;(;%) »X]

For more properties and numerous applications the recader. is

referred to [8].

'""As an illustration let ‘'us solve the recurrence

not2

(3.31) - f "=v(n+4)fn+l-(n+l)fh‘ (0 > 0), with ¢
T .

1 -2

‘which éppeared-in the advgnéed,problem éection, Mon:hly;v01 80 (19732)

problen 5911.

First we'reﬁrite_(3;31)‘as

a%f = naf +20F +2f +(b-4a)6_ , n =0,1,...
n n n o . °omn,o v '

By (3.29) and (3.30) we obtain, for F(x) =L[(-1)"/n',f,x], the

differential equaﬁion

4 s

(3.32) AP @-@HOF (0-2EG) = (-ba)e ™

-.‘Hultiplying:(3.32)-by et and,integfating ;he result we get

]

ex(l¥x)F'(x)—2exF(x) = (bfha)i’+ constant ,
and the initial conditions'implyv

(.33 (1-x)F ' (x)-2F(x) = (b44a)xe‘*+ae*x .

a

a ‘and f

42

= b
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The solution of (3.33) is

. X |
(l—x)zF(x) = f {(b—&a)t+a]c—t(1—t)dt + constant .

Therefore we get

] ) /D"}
. -X .
. . - =
FG) = —S— {(b-ba)x’+(b-3a)xt(b-ba)} - 242)
(1-x) : o (1=x)
-and
. ©on -1
£ = ba-bin(n){3b-1la+(4arb, | (GO} .
o L o
As an application of this transform we derive Kummer's
transformation
F(asbix) = e F (b-a3b;-x)
S Bk 1T
Ne.write
- = (a), (-D" @ (a,)(-n), ,_\n
F.(a:b:;-x) = 'z ko xk = [( zvf' X k(1) n]
V. O L . 0y [} >
R O N A U O P A
5 o . ® c
Y Sl Sy C DA IR i SN
_ 1 ’ : L - .
(b a{n n! . g 0 (b a)n
= e 1Fl(b—a,b,x) .
: Ty n, Y+n L
- 1.3.2. The Special Case. “n = (~-1) ( I ) . In this case
a+n : o . . X )
=@+ B 0. We also assume that a 1is not a negative integer.

We shall déndte the operatdrs Aa and Ba in this case by'wAY_ and

. BY and shall not u$e the symbol <y -anywhere elsé. Clearly

i



,44

f(ﬁ+1)—f(0)

. Sl
/ (3.34) _ AYf(n; At(n) + v —1

and Y

(3:35) S 3, E() = AGVIER) .

It is clear that our BY is the finite differcn;e analogue of the
‘generalized Bessel operator ‘Y :t tY+} gz- introduced by Mcller’[Zl],

' , ‘ d . '
since the latter can be expressed as gE'(Y +t aE).»-Hote that in
case Yy = 0, theipperator AY reduces to A and hence our operational
calculus and transforms reduce’to those»of"Cbapter Ii.__
) . . ." 'b . . . . n'Y""'n
For simplicity we use inf;x] to denote L[f;(-1) ( ﬁ\),x].

Clearly

Ga3  asx] = T
. ) :
~and _?:{; )
: o I (N:n)" : 3
(3.37) . Jylf;xl = y —————f;;E;I'f(n) .

o (1#x)

Relation (3.37) shows that the J 'transform cérrespbnds,to the. Ax

method of 'surmation, a genera11zat10n ‘of the" Abel means , introduced .

in [9]. By straightforward manipulat1ons we obtain

3 -

(3.38) [Vf(n) + X +Y f(n—l) x] = J [£; x]/(x+1)'"

v

Relation (3 38) is a characteriscic gropercy“ the- v
- Lok ' AT

transform. Indeed we Hhave
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Theorem 3.8, If an (L,z) transform satisfies

L[vf(x) + 41— £ (n- 1),u ,x] = h(x)Llf,u, | -

'“‘whencvér :Ltf;a,x] and h(x) pare holomorphic in a neighborhood of

the oripgin and y 1is not a negative integer, then h(x) = (1+x)f

and (L,a) 1s J , up to a change of variable > rX.
- Y : - B SR
: &

Prooﬁ} Tt is c1ear that L[f;a,x] will be Holomorphic in
a neighbprhoq@‘of the'brigin if f(n) vanishes eventually. For

those seguences wve ﬁave by (3 3)

e () A X e, ; . - 5 (1)K rf ; _n ktr
Lly§§9)+n+y;f(“ l),un,x] u,z~ (-1) x an+k{f(n) n+Yf(n—l)}( s )
R c n,k=o _ o
#k S v n_n+k nt+k n¥k+1
’ . z 3( b X- ( )f( )i + nty+l xanfk+l )
n,k=o0 = . . , ~ .
On the ‘l“other_" hand . ‘ . o g, »
L[Vf(n) + f(n l) a ,x] =
ok, o )
= (Inx 0] =" 1)“(1+“)f( a_ b,
o - n;2=oi B
o . SUR P k ‘ | . o '
by assumption, where h(x) = z hkx . Therefore by taking £(k) = 8y 5’
E o . " L i . >
ve obti)n o s '
Tk vk ML N
RZO} * Yy AL W L ATINOL
ol Jk e . 43 i
= { E hkx H ;&( 'J) a +£} .
3 . 2;0\ 3 J

. Equating coefficients of powers of x Qn‘bothbsides of the above



&
[«2

identity we get

) : = E.Y.i]_'. ‘
o - Cht1 - n+l )%l&n N

Tnerefore

i .(n+y+l) Coe

(o = ,

S SRS

hence h, # 0 and we may assume h, = -1, since we allow the change

1 1

of variable x - Ax. Consequently the (L,a) .ansform is nothing

but tﬁé JY' transform. That h(x) = (1+x).'l follows From'(3.38).‘v

Corollary. ‘The only ‘(L,w) transform that satisfies

1

v

CLVE50,x] = WGOLIfax) -

where L{f;a,x] and h(x) are holomorphic in a neignborhood of the ..

. . . ) . -~
origin is the L transtiorm of Chapter II.

As an application of this special transform, we use it to

3

derive the qumula"

- (o bcis) = (Led™@ - T becs - Ey
(3f39) ‘ 2Fl(é,b,c,4) (1-2) ZTl(a,; b,c,. _1_2) .

!

"Let f be defined by

= (14, (b),

- : . P K
R s a C el |
Therefore ‘ .: @

o (b)) (-n), S
) =5 ] g - (b M,

ko k!-(c)k:

@



since J 1 maps xk to -Iéﬁz—- Thus
) Y PS (1_+Y)k ‘ .?\ -
o .
‘ ‘ T (Ynn) (e=b) x"
(3.41) 3 [65x) = Z T

n=o .n! ((:)n (i+x)

—y-1 | X
= -+ F “hHees -1
(1‘x . 9 l(Y+l,c b;c; 1+x?
Relation'(3.39)vnow follows from (3.40) and (3.41). o
.
&l
i
55
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- (4.1) is e valent to

_i#TF?%iwv A | _L[Qj*Q£§un.XIdw(x)'¥>Ajﬁ

“3

CHAPTER IV

ORTHQGGNALITY WITH RESPECT TO CONVOLUT[OS

In this chapter we introcduce and investigate a discrete

analogue of the concept of "Orthogonality with respect ‘to convolution

‘ . | N o
_ introduced in- [2]. We also point out discrete analogues of Redrigues’
. . ! , .

formulas for certain polynomial sets. The last section is devoted

: . . R . .
to proving, under some more assumptions that tte zeros of polynomials

<

“that are ortihogonal with respect to convolution are'real aad simple. o

# 4.1 Convolution Orthogonality. Let w(x) be a non—-decreasing

function of bounded variation on (-»,®») such that all its moments
f“ Cde,‘ j=0,1,..., exist and has infinitely many points cof

iﬁcrease; thété ¢ 1is a distribution function; and let {pj(x)};

/,.

be a polynomial'set4orthogona1 with respect to 1y, - that is .

»f_mPJ(X) QZ(X)dw(x) = Aj5j;il

S .
.

’ -

“and let L[f;an,x] be an (L,a) transform. If Qjﬂh)l is the

preimage un&er (L,an) of pj(x), then the orthogonality .relation
H ‘ ’ SN .‘, L

—co j?lk..

Relétion”(4.2)'expresses a kind of orthogonality for the'polynOQials

o QO(x),Ql(x), ;;...IVW¢,shall refer to ;his fype'as “Orthogbnality

with reépect_to cqhvolutiph" or simplf "Convolution orthogonality”.

48 e
' D
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:

- ey

To be specific, igt' {Qj(x)}o be a Simplé set of polyncmials. We

say that this polynomial set is orthogonal with respect to convolution
‘if there ‘exist a distribution function ¢(x) and a convolution 'x

. _ : 1 T
induced by an (L,a)  transform that satisfy (4.2) for some sequence

lo,ll,.,.' of positive numbers. In other words a polynomnial set

) o . . . . .
{Qj(x))jﬁo' ic orthogonal with respect to convolutioa if and only if

€

>{L[Qj;un,x]};: .is ofthogonal %n-thc’claséitu%-sense. §§té that
one canﬁdrép Lh¢ non;decfcasing‘requiremen; of ¥ aéd still talk
about- an analogoﬁs,ﬁonCcpt.‘ Héwcvcr,.wg shg;i~alwaysfassume thaf
Y is non~dec£easing. ' ' HV if _

1f, ve know a‘Rod;igues txﬁ@if@fgﬁiﬁ forw bj(x)’, e by

virtue of the abovd correspondence and (3.6) we obtain a correspond- -

- .. . - . '. . . \
ing-relation for -Qj(n)‘ involving Sa , of course. .This will be :
nmade clearcr in“tﬁ¢ cxamp%és oflthcznext section.

4.2 Exawglg;, As a first examplc we take -{pj(x)}:r to be the v
Legcadre peolynomials of argument 1-2vx, that is S
4.3), 7. c Py () =GP R,
S e,y BRON
and.we take a = ——y— . The (L, ~—— transform,. maps n to
’ n n. n. : ‘3\5;3&7" )
o o . Tt
. Ck Kk o ‘ el ,
“(-1) (p)kx , .so that . L R :
' o : o B - Y
o S ')} . '
‘ -1, - n e o : .
(4. 4) L e =n] = 31“2(*3, '},p;V)' S A
. p is not a negative intager. PR J
The Rice polynomials Hj(ﬁ,p,v) are . 3F2(ij,j+l;&;l;p;v), séaﬁlﬁljg;ﬂ”.ﬂ
p- 287, These polynomials were introducediand studied by Riég“EgZ].gjf-

.
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In this casé, relation (4.2) for wv ;vl, is

, o ()
(4.5) 2 Hj(—n,p,v)HR(—m,p,v) — = =,6j’2/v(23+1), vl
m,n )
' ." _‘ 'uith,
' v :

He = '(~_1)k / xk(l-X) k 2de .
R N o '

~ The Ricé polynomials ﬂj(g;p,v) . are not brtﬁogonal.in v -unless \\

>

£=1 or p. Tnis follows from §3 of [1]. In the cases §£ = 1 or p,
.- they reduce to special Jacobi polynomizls. They are orthogonal in &
if and only if° v = 1. The if part follows from §6 of [1] and the

only if parp‘folloﬁs from Theorem 4.3;'t6 be p:ovcdllater.

Thus the Rice polynemials for v > 1, is an example of
~ o :

6 a polynomial-set that is orthogonal with respect to convolution and -
not orthogohaul, even in the generalized sense [33]). ‘ A

) 3

1

L ,Berigues' formula fdr‘theALegéndre polyndmials Pn(x)

f:"" (i31],'p. '161.). ' : S ." . - y . -
. J%é o - ‘n 2 n n__,
L 6) T N € I Cte ULVAE L 3D B .

Y

- B operator corresponding to, a = (p)n/n: is  -AnV-(p-1)4.

1" Tnerefore, by (4.3), (4.4) and (4.6). we get

_1,;‘"(4-,-7) Iij(E’,p,\;) = ?%';'{;\‘CV%—?)A}~j ‘(g)zFl(-J;i,jff,‘;'pfj;\f)
In particu]ar‘A o, ' - -
S (4.8) B u = hit — RO It « &Py
( . )_, ., uj(g,p,l) (p)zj’{Ag‘+(P 14} (J.)'('J )



9

- k — . / @9ﬁf,

4 ) ) A';)F ‘l [
| s N S
: e e Ly
Tad Bateman's’ polynomials F (z) ‘are H (z,1,1).: In thi& case (4.8)

reduces to the rather sirple form -

1
v

"‘ L :  ’ .‘ R =. j z z-1 E ‘
(45.9) : S F (z) '(2 ). (12 v) .(j)( j,)y

.
‘e

; Our seqond exaan; is the PLl"ncr po]"qonlals cm(xy ,c) -,
! ‘, . J 3 S R

R

defined by ([15], vol. 2 p. z25) T j St

. r' . . . ‘ . ‘= r B (i ool '
;54.10) o _mj(x,B,c) (“)jfZAI(fJ’ x3831=c 7).

Gy 'iJ’mj(n;sﬂ,6+1).;<—1)“/n!f‘xil - j"!“LJ(-’AS)Kbx) N
since SR ‘. e

( ¥1) - R SR -
(8) Qf (-3;6+1)3%) ©. . .

C(4.12)

- The orthogonality.relation (4.1) for;the»Laguefre‘polynoﬁials is. ¢’

Il

b4 N

‘ ¥ w - o : .: - _.: + . . .

- (4.13) f c‘bxxﬁLgﬁ)(bA) ("(bx)uA bx'lr(£+j+l)6;_hfj!
oo . o S Jh. L Jsx
Re. 5 > -1-.
Thus,‘for "Re B> -1, wclhavc' S - S ' ',€§7F>

&

(4.14) 3 m (n; +1;(b+1)-])ﬁ,(r;g+1;(b{;)' ) -
. . r,n -0 S e

(s+1) (b +“b§6+1 3

‘As a tinal cxnﬁblcf&c consider the transform (L ( l) /(n ) )
A : rk R R
that maps ’n( )_JtQ£ x /k! .- The Charlier polynomials cJ(x,a) are

o,

-



3

defined by (see [34]

jl/2

' “1/2 3 5k ooxe. -k
(4.15) c.(x,a). = ad' (D" /2 G R 6 Y01 SN
j L k™ "k
. k=o
The simple Laguerre polynomials: Lj(x) are L;O)(i) of (6;12). ‘ ﬁ&ﬁ
Cleaf]y. R
© (4.16) L[Cj(ﬂ,a);(—l)n/(ﬂf)z,xl = (—1)333/ G / ’Lj(x/a) .
| | S | | -~ |
By (4.2), and (4.13) and (4.16) we obtain "
‘ | - . i . : =.t j+l ) <y .
| (4.17) L Z_ cj(n,a)cl(m,a)om’n. a Gj’Q/J- s
‘m,nN=0
where '
' &
S min = S:éli. o2  ‘ »
0m,n -8 2 r! ( mhr ). -
r:o .
Note that T -
DY 2 -1 (R
L[ij(n’“)’“n!(€+1)n’xl‘ ( }) a’ (O3] | Lj (x/31) e

. leads to a relation of the type (4.17); with emb ,» of course, .
: o > ¥

"depending on  «; -but-is rather complicated. The § operator
R . Omp ‘ . - Pa ot

assqciated,with’.dn = (—l)n/(n!)2 , ‘say 0O, is

. . A = ) _'.... + Sl R
(4.18) AN a(gﬁil fo)/(nHl).‘ o
Hence, by (3.6) and'%odrigucs' fordhla for the simplc.Lagucrre

polynomials, namely -

Lj(x) ="c¥DJxJ¢—xA= (D—l)ifg .



. »
ﬁ? we get
N S

(4.1%% cj(x,33 = (i .
Relﬁ;ions (4.5),v(4.7), (4.8), (4.9), (4.14), (4.17) and N
(4.19) seem to be new. - |
In contrast with the Rice polynomials, bpth the Charlier
and Meixner pdlynomials are élso orthOgonai, in the ordinary.scnse
(see [15], vel. 2, pp;>225—226), Furrhefmore, bothvthc-Chariiér and -
He;xhér“polynomiaLS’aie preimages of Laguerre pﬁlynomials,under '
(L,a) transforms.‘ THiS:Suggests tne foLlowfng problem. Given
an Qrt%ogoﬁal bolyﬂbmial sec {pj(x)}: , dctermiu§ ali thg orthogonal

sets {Q (X)}: -that are‘preimages of {éj(X)}: undér (L,a)

3

. . . . . -] N
transforms. The answer to this question in the case {pj(x)}0 are

the Jacobi or Laguerfe-po%ynomials isbgiven in-Thcoreaé 4.1 and 4.2

.fpectively;

ThLOme 4 1. The only orthoponal polvnomial sets tnat are

' pre*mages of Jncobl polynomldls ([31], p. 263‘ of arOument 1-2vx -

, \
under (L,a) transforms " are (-n, n+y X3 B 8,31).

’

-3 Z
Proof. 'Lé; {Qn(x)}O' be such a set. Ihus' Qn(x). is

of the fqrm'

| | ‘ o o
(4.20) | S ) = kzo (—n)k§n+y)k(x)k,xk ,

" where Ak # 0 for k = O,I,..;j;‘ Let . B B o s

n+1("> = (A + 0L @ ()

'« be the“three term recurrence relation satisfied by Q (x), see 11
\ : ree : 1
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i

Ly , o : o
and [mﬁpav Erom (4.20) and the above three term recurrence relation
S g ‘.&T\E’:% .

we get
~(nb1) (nyk) (b yrk-1) = (Bn~RAn)(rn+k-1)(n+y)(n+y+k—l)

 —'C;(—n+k)(—n+kfl)/n + An(n+y)x /

k-1 Ak ..
It is obvious from the above equation that
Mot 3 o o

—— = k7+ak +bktc , . a, b, ¢ ara constants ,

K - ‘ . ‘

. . . . '.— : 8 . . . o

and where An(x) is 4F3( nfn+Y,x,1,Bl,32, 3fl> and the rest follows
by -Theorem 4 of [1]. '

N '
N , v

Theorem 4.2. The only orthogonal polynomiél sets that are

" preimages under (L,&) transforms of the Laguerre polynomials

" belong to . this class. In fact we have the more general result. -

® (vx)1° are the Meixner and Charlier polynomials.
i j=o =

The proof is very similar to our proof of Theoreh 4.1 and

uses Theorem 3 of [1]. See also [20]. -

Note_that‘Theoréms 4.1 andv4.2 are also extensions of

Theorems 4 and 3 of (1] réspectively.’

Now we come to preimages of the Hermite pf

(L,a) transforms. There is no orthogonal polynomial sets that

Theorem 4.3, There is no orthogonal polynomiai set_gg the

type S j S : ,4 ‘

b o {n/Z}- A
o Qn(x) = '2 xn k(x)n-Zk .
k=° . » . .

Thelﬁtdof'follows;immediately‘from the three term recurrence
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reldation.

Theorenm 4.3 tells us precisely that the preimages of a

simple set of symmetric polyhomials never constitutes an orthogonal, S
. ) - B . ' -~
;

in the generalized sense, set.

. ' Y ' . -
Nowy it is clear%tﬁgt if we's .fy the orthogonal.poly-

) v ,s ‘

nomial.sct“-{pn(x)}o then the same question could be handled as we

. v , , 5 . : o
did. for the Laguerre and Jacobi polynomials. However, the problem
of determining all pairs bf orchogohnl polynomial sets

. ‘CD‘ Py ! ! ‘* . .
L{P.(x)} {Q.(x); ) that satisty 'L{Q.(n);a,x] = P.(x) for some
e, or 1) y QJ ] 3

(L,a) -transform, Seemj§§§ be much more general and remains to be

investigated.

4.3 Zeros of Polyncmials Orthopgonal witih Respect to Convolution. 1In

.thé_present section we restrict ‘ourselves to sequences fn for which
L . < : ) ; e e . ; .

Lov fn remains bounded on (0,*). Taus definitions " (3.1) and (3.4)
are equivaleat. Furthermore we shall assume. that 3(x) is a Laplace

transform of a non-negative function, that is

[--}

. . " . ) o v
(6.21) 6(x) = [ e *Te(r)dr  for x € (0,=), with e(t) >0
o
for t ej(O,w) .
Therefore _ : T ' V O
. . ’ «© -t o (Xt)n : ;
(4.22) S L[f;a{x] =“£ e {.E o fn} ;(t)'dt;.. |  99

a

‘An operator T is variation diminishing if V{Tf} < V{f} ,
where V{f} 1is the Variétidn of f defined as the number of sign

' chang?s of theAfunétion-as 'x -varies across 1its domain f18].
¥ '

-
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‘Lerma l.-vLef £(x) {'z akz be uniformly convergent on

-

[G,ag,a tner@n [0 a], \'[l’% V[{a }1, where V[{a }] is the number

u.cnce 0 ,al 9o~ .g@ -
el -

gy Le"*d 2. If f(x) f

&(t)dt, then on [0,2), . ..
\[f] < V[g] ‘ e
: coo | . . §
Lerma, ) is due to Cheney and Sharma [12]. It follows easily

S

. v s e ‘
. from Descarces rulc of signs. Lemma 2 follows from Theoréems 7.1 and

9.1a of [18] on pages 97 and 103, respectively.

_ We now come to the main result in this section.

Theoren 5.4. Supposq'that {pj(x)}§= cis a polynomlql

set or?ﬁogcﬁal on a subset of {0, °°)V‘and Q;(i) [p (x) ;a,n]
— = 3
with (y z a « satisfyving (4 21) Then Qj(x) has real

and sirple zercs.

Proof.  Lemmas 1 and 2, and (4.22) imply that the number

of sign changes of pj(x) in [0,«) is at most V[{Qj<n)]::°].

O the. cther hond kpj(i)i hés j 'changes of sign in [0,«). Thus,

3 sign'éh;ngcs_of Qj(x) must occur at x = 0,1,... . and the

I

result follows since Qj(x); is ‘a polynomial oI-degrée 3.

Corollary 1. The zeros of the Rice polynomials are real

and simple for p > 0. o 7§
Proof. One can. argue that

(r) ' -
,n, x] = Pj(]—va) R

LIHj(%n,p,V);

Pj(x) being the Legendre polynomial of order  j. For: v > 0, the

. - B | T
Lezevndre polyncmials of argument. 1-2vx  are orthogonal on [0, V],

Y



| . o ‘, 'E@Q" ; .

& v

The corrcspondiﬁg 4(x) 1is (1+x)—p -which is the Laplace transform
: v .
- t —-— -
of o b P i),

Thereforeé FHj(x;p‘y)' has real and simple zeros

for v > 0 and p > 0. Let

[
)
2T . . . ) .

BN
L Y N
e oy = V)T
4 Hj(x,p, v) (p)j (

Z

where the 0's

are distinct. Clearly the 0's are real polyncmials

in v—l. - Therefore Hj(x,p,v) also has real and simple zeros.

, ‘ - .
Corollary 2. 1f {Qj(x)}j_o' are orthogonal with respect
to convolution and the points of increasc ,of the distribution v of
(4.2) are éoﬁ%ained in (0,*), then the zeros of Qg(xfm are real
: [ . ) , \ 5

and simple.



 DxD, namcly the: operator Dq xDq where

CHAPTER V

.
g

MISCELLANEOUS RESULTS

‘This chapter contains several niscellancous results

- . . -
related to the subject of this thesis.
4 : Y

Recall that the thecry developed in Chaptcr 111 enables

us. to ‘handle difference eq@iations of the type .

(5.1) )} alfm =gk, aja

PP | are constants,
o :
k=0

1

for operators I of a particular type. Comsequently one would

like to have a“way of recognizing difference equations of thne’
. _ .

above type. In other words one needs some operaticnal formulas’ |

to expand powers of F 'in terms of the shift operator E and
, : -1 B '

its inverse E 7 in order to be:able to write a given differcnce
equation in the form (5:1),vif‘possible. So, we dévotc the first:

. . ) . G : B : .
section, 5.1, to expansion formula of . (&4x7) in terms of powers

) _1 ' " » ) ’ . PR
of L and E and illustrate how to obtain such formulas for more -

ngnéra]'l I's. Osipov ([27], [28]) studiod‘the pfob]cﬁ 6ﬂjbxpandingA

-y, 1

the Bessel operator - DxD and its generaliiation x 'Dx’ "D in powers

of D. Carlitz [11] indépendcntly save a similar'cxpansion for the

Bessel operator.

In §5.2 we introduce a g-analogue of‘the Bessel operator

R

S N . . . x-
o

'(5-,2',). CE D) S @-1 O Vx(E-1)

.-

SN

-,,‘(."A .

.
et

ST



As we shall sce these considerations will lead to aiq-anilcgue of the

Laplace-Carson transform. = Some applications related to Heine series

59

‘ . S . X o L ) .
and to q-diiferen%é_equatlons will be mentiored. It is clear that the

differentiaticn operator D is the limiting case of D as gq - 1.

q .

- ‘Finally in 55.3 we shall indicate some possible extensions

to multi-dimensional cases. In pdrticilar we shall indicate a2 methed

w

of solving some mixed®equations.

5.1 Expansion Formulas. Kecall thnat 3 = 2xV satisfies

BE(x) = (x+1) £{x+1) - (2xF1)(x) + xf(x-1) .

R Y

It is élear that \ ,
|-
b ) . -
= o n _ Kt S S :
BCHO R 3= 1 D A k(D E
: ) k=-n
thdat is - e /
cagd S S - ‘k4+n ) S

L u;
- The'relatjaa”

. ~ I b '
505 S I O3 D LR YED U ) W
. . . j

where the a]
. C

S
P

IENEER

s r,s

for non-negative integers’ r and s, r > s, fcllows easily .from

the binomial theorem.

” Let £(m) = (?

) in'(S.A),‘for positivc integérs n,

“to get

s = are polynomials in x of 'déegree at most 1. :



- j ! “m k+n ‘ atk
(5.6) L (T = T a @ 7Y
(j n). ,% 1 o ) o,k ] O ‘
J . +24+j - :
Multiplying (5.6) by (—l)w ) (mil) and sunming over all j, by

(5.5), we obtain

u

n . o, _yyjtm 3 ﬁ ViR |
(5.7) (-1)7a (@) = n! g DT QGINC)
‘ ‘ ; . .

2=0, 41, ..., +n .

 .In the left hand sidé_of (5.7), 3 runs fromiymin {n,mti} to min.

: . o . o
Replace j by jtmt. in (5.7) in order to have

e j+n+1‘ jomHe,  m, . j+1zi+i _ :
(5.8) 'an,l(?) = n! § (-1) ( n )(n—l—j)( Iy ) - L

Now, for fixed n and £, -‘the polynomials (—l)l'an i(x)/n: and
: ; _ ‘ . .

' 2 (_1)3+n(3+i+x)( X (X+J+l) agree at all positive integers, hence

: =237
they are identical, that is DR
- M T "nF.p“‘ g x P
e ~(5. . : = : _ - PR i A
\ .‘:(’;,5» 9) an’g(.x) n ( 1) - -[: (.1) . n )(n—i—j)( j ) ’
V. . . j=o . L .
where:
(’Jf) = x(x-1) ... (x-j+1)/5' .
'Ieérly the above.procédure can be duplicated for any
' ﬁ?épefa@orb‘r satisfying
b m :
r‘(‘()1 ck(k_l) » . k— it 0,1,-0-~ .
* . Tndeed let



| (5.10),‘

For f(m) = (?)

fnf(x) =

(S;il) c, ¢

j j_l...C

Hultlply (5 11) by (~1)

(5.12) “‘a
n

we get

g = ) (—;

3

We sec that if

reducesggo‘(s.

and

- (5.13) an,l

3).

(m) -

)

k=—

(

j-n+l-j-n

m+2+3( i

)

[od

‘k

k+n 'k‘:
(—})‘ an,k(X) E ‘(f)

m y = z v(_l)k+nan’k(m)(m;k

)
k=== .

+i) ‘and sum over j to get, by (5.3)

J+n+s , JHmte

—j) Citmby 7 9j+m+2—n+l

5

= k, i.e., r-=+g¢ , formula (5.12)

In the caSé r = BY of Chapter ILII we ‘have

n

e = (yH) , K >0,
. J+n+2 J+m+2 o j+m+£+y
: § (-1) ( )(nfg_j>< T )

Clearly (5.13) reduces to (5 8) when Y'=A0.v

~ Now we go bapk to (5 9) to write a ,(x) ina moréj

compaét form.

T8

(5.14) - a
. n,-

: Clearly fo:

k(x_)

dn'the other hand

(

n+k—j

)(

n: (- l)

x+j -k
j .

) =

v n, L
k Z_O» we have .
n+k'

n+k
)
j=o

x+i-k

j -k+x X )
) ( 3

CuIATE ) .

n+k-3".

9 G0 Mot 7
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dnd (5.14) imply E L | U
‘ " (o P k] ok (n)’ SR
(5.15) . a  _ (x) =x Yy (-1 J( )(x+j—k) 7, k=0,1,...,
. 4 B J_.o .
that is ,‘/‘
. ’/’
. .. . e (k) uv. ‘
, Lox 4 k (n),2
(5.16) 30,k & = T & (™Y,
k=0,1,...,n .
’ s
. . ( .
Furthermore, we have ’
.o v ) ‘ ) ] .
Vee iay ¢ : “ik él-"l)vﬁ‘k-j Flerjry ™32
(5.17)  a_ (X)) = ) —r—— , k>0 .
n,k j=o n. {n-k J,.(>“£xfl)k E
Relatibn (5.17) may be'wéitten as.
A a g
- “ . : . -1 (n) 2
. - ] o
.(5.18) ) a, () = [(“>k)~(x+1)k], KL Gy ) - Y |
k = 0,1,....(,n, . o . A
Going back to (5.3) and using g"tl_g g" we obtain the
‘ :' P . o ’ ¢ L ' '
recurren¢e“relation - o . _ SuE
‘éfl9)£, ntl k( ) (x+1)a k;l(x)‘+ (2x+1)an'k‘3)-+Hxan'k+1(x-1)=,
Set _ ‘i o ' ’ .
5.200 NG = )b G0, a LGy = x®p
T n,k° k'n,k > “n,-k ‘n,~k ’

- One" can easily see from (S 19) that bh _k(x) éatisfies, fdr“.'
. .

"k > 1 the relation

62 .°
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RN ¢
_ u"é‘ %
‘ oy 2 )
(5.21) ,'bnfl,—k(x){T (x+l)vbn,_k_l % y
From (5.9) and (5.16) one can easily see that bn k@x—k) also satisfies
(5.21). Thus bn,—k(x? anQ bn{k(x—k) must,bg 1d§nt1cal since. .
bn’_h(%)_f bn’ngxfnx;shl. Cons?qucptlx . . | : o | -
- : (x+1)
; : B k 'ntk, (n),;2 o
(5.22) an’k(x) = T A T{xT7) 5 k =0,1,...,n ',
- and
~ : 3‘ gtk ()52 |
(5.23) 3, - G0 = [ (), =™ k=0,1,...0m .
‘, . R “’ !
This leads to the curious identity"
(5.28) . {( +k)(“)} (‘(+1) 1 (q ) A" k{x(“)} , k=0,1,...,n.
f$.2 g-Andlpgue> )
‘5.2.1;,q—§nélogue'of the Bessel Operator. .Thc‘q—difference.opgrator
'n‘-1 #is“defined by
D E(x) = {£()-f(a0)}/x(1-q) .
" Iteis clear-that,;for_differentiable‘functions;:the differéntiagion
;ppera;?r‘ dc 1S the llglt;ng caée of Pq,_ as 1!f L. w§ defléﬁ a ifﬁzﬁ%
q—a2nalogue of the BeSselwoperator by means
" .»' ° - 'v".‘ ) ) B . . + : “ -
Y TR T T
We begin by 1ntroducing some notations. 'q-factoriéls
[n]' and q-binomial coefficients [ 1. are dgfined byf s . o ©

Coe L e : B : Co : ' ‘ :
: ¢ . . , » _ ~
, . ) . . . i . : : N >



3

] L o |
(5.26) [nli = (q;n)/(1-q) > .
where ' S - ’ )
(5.27) (q;n) = T (1-q7) , n >0 and (q;0) =1,

=1 | -
and -
- : LAy [h]!____ _
(5.28) - . lk] B k]![n-k]! [n—gﬂ '

“¥oreover, by [a] we shall always mean. (qa—l)/(Q—l). We shall ¢

¥

o R
assume 0 <q < 1.

There are. two g-analogues of the axponeatial function.
. : . XL . o
~Indeed the exponential function e is the limit as. q =1 of both

“eé((l-q)x) and Eq((leq)x), where.

¢ .
5 (5.29) - e (x) = I '(l'—xqj')’1 - - x3/(a33)
'~ a j=o Ry . j=o .. . 'y
and
(5;36) O E(x) = T (+xqd) = ) PELS b D T
_— 4 j=o . =0 | o
We shd?fialso use [17] . N v a ' _ ‘\?
. ‘. . ] 3 b j : . —\, .
. : « _1+=9q oo (1I-q ) R
’ = v Lo _________a - = v - i n - bq n
- (5'1}); (?+b)v‘ ,? jfo (1_+ 2_qj+v) va',nzo (q;n) ¢ - a ) .
SRR ' T a R ‘ -

p
3
,

N, N ‘is a positive integcf; formula (5.31)

{+

o In'pafticular-ifv'v =

"becomes : ' o : L
q @t



'i'v‘\

.33) - — — =

'417/tnis setting, one ?igﬁ;?gibéﬁ;fthhp"

n-1 ST by a(a-1)/2.a YN-n

(5.32) (atb) (atbq) ... (atbg ) Lo [la i S R

and

8.
I

N , v . =N
a

i
I~
—
2]
—
~
[

(a+bq_l)..;(a+bq)_k n

respectively.
' I
. .. \

We are’ interested in finding a transtorm, Lq say, and

A convoiution produce *, such fhata L  ‘/$4‘
5.34 L L [eemsx) = LExIL {gsx]
-39 alfres] = fltdigtend -
holds ana ’Lq“gjpsA#Bé to me;.Lthatfigif'_m -
o, ' e ”“%.;:’ 2;}“;fj,;~ L f;Zf
5.35). . - . CLL B Eixl = DL [fix) oL
( ).V . s ;q[ q" 3]:_*”q q[U“ ]ion,f

.‘ T & - R oo
. f"’ N B B . ° 7 ' EER L .1 4,;
R AN . [ VTN .

. . . . . Y,

. “
&
-

L (5.38) ; L [: /{n] ,x] “,;L o
» . f‘\\i,, I e
o Lol ‘.,n E n—1'3= . —’./ ) a ) n—l‘
This is so siﬁce 4 q [n]' [n] [n 1], ? while qu = [n]x . The

1

- abové lnterlatlon butween _*:,.Lv, B and D resembles the i

q q S q

¥

;interlation betwceﬁ'thc convolution of Chapter IILI, the (L;an) 

transform, chefbperator B; and the differentiation operator D
- L ’ : . ’ . | o
respectively.

Nefrecall that the g-analogue of the Laplace transform

’(see,[17])

8
D

=
(]
!}
/2]
[
[y}
o
n
]
ot
ll ("1

(q Y f(q /5) o - f .




'sgtisfies , -

i . .
. n —n—- .
L n = ,
s t (q,x) (n=0,1,...) ,

§

5 transform in Cnapter II the tran§form Lq defined as »
-(5.37) L [£;x) = E (-0 ¥ q° £ /€53 -
- q q 5 1-q

It js casy to see that,(S.j&)_as w%ééyaS'
O y 3.0

38 Lq{qu;x]'=.{Lglf;x]—Lq[f;0]}/$ ,

are valid under (5.37).

' Furthermgre we have" o : ) tuﬁ
‘:f A j'_ : Theorem 5.2.1. The relations
. €5.39) - L [tTf(e)3x]) = (xD x) L [£;n]
A q ¢ R LA R
.;and'
S : . a n_, . o d o
(5.40) ) .Lq[(t dt) f(t),x] = (x E§) Lq[f,x]
and (5.35) holds.
v'Proof. ‘e have S s
( -
: " E ( q) o n+1
xD {xL [f x]} 2 {xf(———) qxf( 1 q
! ™ . . ‘

]

XL oy X . o . 2™ oy
Tog Eql q) (e # § q ;(1_q)/§q,n)}

v

' e ' n n n :
- E (- 4 (X ypXd = :
B (-0 E iy o EGI © klefex]

x4y

s‘ whlch suggests that we consider, as the gq- 1nalooue of the L
.4

; LI

,u!'
.
y

-
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J

and (5.39) follows for n = 1, and by induction for all n.

Fortula (5;40) is obvious and (5.335) follows from (5.38) and (5.33).
Let L;l bc'£§:>invcpsc of Lq' We have (see‘[17])

{2

- | : oo w $(3+1)
(_).,41) L_l . - . -~ (_})J J
q [£;x] q(q) é (q’iy——*— £(xq? 1-a))

‘

Note that (5.37) as well as (5.41) are valid at least for
functions that are regular at the orig%E;//‘}

We ‘are now in-a posicionw{& int nce a convolution
product * so .that

G Ll = LInL ]

BN
’
'

Or, in other words
. 1.
[ *, = L “{L [£;x]L sx)x}l o -
SF*B)(X) "4 { ql‘ X].q[S ‘]_X}“

By (5,32) aﬁd'(S.él) we therefbre nus t hgye

; . e -y j(j+1)/2 _

o o (-3 g ,

5.43 = E (= - 5

,( ) (B () = E ) % @i Lo
if? , S x‘ “'"‘“i(.xq‘ ji&(an+j) k

(q;m)(q3n) ..~
Now having the definltlon (5. 43) at hand we can. verify (35.42)
dlrectly The setof all functlons that'are regular at the orlgln.
\forms F commufative fing, under addition and convolutlon (5.43).
ThlS ring has no zero dlvisors;‘ One can eabily construct én
operational calculus baqed on thé convolution (5 43), as we’dld

1in Chapter I1I. The technlque 1s very simllar to that of Chapter I11
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.thfficients iﬁfchap;er I1.

. w6 :
) el 68v
! ) //\_)
o \ N .
and we shall ledve it-out.
AU S ua T N P

: o
5.2.2 Appllcatlon to Fu1ct*ona1 Equatxons Fxrst of all the linear

q= deference equatlon w1th consLant coeff1c1en:s is transformcd

under Lq to an alncblalc equation and xts treatment i

with'our}creatmcnt of the_linéatédi

oS

Our sccond application is to

type T
. ! . o ’ C B . R . /;a;l.' oL 3 \-- R ° . . 1’.,‘
. | n o . '/\)‘l: A' .‘\ B . Iv‘l'
(5.44) Y a (D x)TE(x) = G(x)
Coe T e AN . "
: . e J o . . ‘ S . B o,
. whe1e the ‘a's - are coanaan Le f(y) ,-[F,x]. and 3
.g(x) = [G x}. Equétion (5,44);is.therqforeiéquiﬁéiéﬁt'to;qu
(Dr34) . . . . B I -t{ PR . "o
. N - B  ,fv.,. i
e (L ajt)eCe) = go) 5
L L o . _»_p 4‘i -
. . < 5
and hence - ’
-1 )
. Lq [g;t] _
F(X) L —;r—r~——”\ .
B . af ii
Yoat
’ ]

 -Thc'1imiting case, as q 1, Qf‘(5.44) can be treated'simi]arly 

“using the Carson—Laplage transform. ) U O
Our tnird application is to.q-difference ~ differential "5:
G U R g d ST
equations with constant. coefficients in Dq‘ and x =, Such an
equation; say . : : R R . Lo )
(o) . C”\(j\_ -
- o . D .
t .- <
/ 2



.

n vy .
U d 1
.l (x5 £
i=o

is transformed under Lq _to the

n '
. -d 1
Lo g

F(x) + (
i=o ’

= Q(X)

m . '
+ 1 b 0) £

i
much simpler equation

m s
T b, x HFx)
=1 4

|/

m<j—l s - _
D R R I ST G I e N
j=1 r=o
F(x) and G(x) being the Lq‘ transform of - fl and g respeﬁtiVely.
"As an example of the above type consider the functional
* ‘equation
S ey v N 2( ;1) 3 .
(q-1)x"£" (x)+£(qx)-f(x) = ———%———-+ x (q-1)/(1+q) ,
whose Lq ‘traﬁéforh‘is
Vo o+ BOEO 2, |
- v;'wﬁere; F(#) is as before. “Thus' :
' . CFG) = FO) + g x
° 0O ~ ' .
//,LJ,' . A R ; vx[_“
L . o = S e
- f(x? | f(OZ TETS)

"~ 5.2.3 héplicationé-ﬂb Basic Hyp

G v o L IR
. -4hype:ge0metric'functiqp'*m¢n"is

‘

erpeometric Functions., ' A basic

défined by the Heine series



3 (a

mn

" fuactions

1

g T
,---,8 ’bl"",bn

]

F.. ‘ ‘ ;
D n : v

3x) =

r=o

w (1—al)r.:.(14a )

o .

’

mr

s

by

identities among Specral functlons, ‘Let

Iz

operators

satisfying

(%) = 1.

L (5.43) -

’

cxpress i

Ceatities.

."(l—bn)r

2

x' /(q;1)

5

 The§e~}unctions,are g—analogues of the generalized hypergeometric

As-u-ar'

ﬁller [22] and [73] used tn¢ follow1ng method to ‘OBtain

Tl »and rz»

bc_two given

aihd supposc tait one can ~find an lnvertlble operator U

!

oT, 2 T U and 'U1}=

1 2

By indugclon we have ﬁTi
R H¢) a T )1 = () a T,
" o

" Ia general (S‘CS)Héﬁd //

o -

(2 n l

n .

case it ic easy toc sece tHaL

if weug%ke for - T

. o ’ n 5 _" -
.ticular, put a_ = a , that.is

U

l,

.4.

T .
=

.hna T
q p

(l*Q)n

1, vuvhere

2

70

1 vis_qhe’constant function

we get {hentities involving basic hypergecometric series.

-f B+1

= D x D x .
q q

((1-0) /(1-0) ,

=:T;U, n =0, +1, +2.
Myt = (§ a T,)1 .

21 . o

U} a 1,1 B

Therefore

IZ, q—différencc operqtots

In par-

) x
n

In this

n
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It~ 8

B

WA ’ | b G /2 .
it _ B+] (=47 ¢’ i,
%é%gh ) Uf(x) cq(q ) Q@ f(xq” (1 q)) R

B 0y

~"‘Lcan ciheck dircctly to see that the operator U defined

by (5.47) satisfies all the requirements. Furthermore, we have

g+1

-1 i =
U “f(x) = E (-q 7) Z — s
- q
o
T, . , | T . : L,
Ez:;-l = ed((l—q)ax) and I 1= 0¢l(—;£+l§(l—q) ax)
¢

From (5.45) and (5.46) wc get . - '

\ e . 3G /2 .
éé(qs+{2 { (-QL)J g*-—wm—r4¥.cq(xq3

(@D s, (=341 5x)

) = 0%

and '/

Case 11. _Take 11 f D2 and 12 = X qu ,

#$ 0,-1,-2,... . As in Case I we first establish

(liq)g(q:n)

Ux = e —— x, n=0,1,...
(1 q)ﬁ+n , o

and try to gucsé the definition of U. Nete that the operator U
of Case i maps X to ((1-§)n(l—() )/((l—q) ) x"  and L.
S aps o Vn S ptn - . q
n ' n n,.. L ; v
maps X to (q,m)x /(l-q) . “Thus it is conceivable that the
composition of these operators is the required, operator. This is

indeed so and we set
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Ecgre (@) - da-a,

q Z+j-1 3
Ut (> - - . f
(x) (I-2), . (a;3) (xa)
v (& lﬁ;
and hence
: 541
R L L DD ady
(l—q)3+11 o (q;3) -
4
In this case, : S : -
Tl TZ ) )
51:2-1'2 eq((lfq)ax) and T,-a 1= 1¢1(1;Sf1;(1—q}ax) R
and (5.45) and (5.46)‘imp1@ - /o 55
g+l
E(-Qe (@ ) = . (1-9), . . .
9 q g | +j-1 Voo . (1-0i
%'q T S & U latE X

“ {‘; (l-q)s_l
[~

!

" and

. B+1 .
E (- > ce (1= y
q('q )eq(q) 7 o Dapjer -

/. (1—q)8+1‘ o - (q33) %1

(1;2+1;xq3) = eq(x) E

1t is clear that we can repeat tinis process and get many
more identities. For more results of tais type regarding ordinary

pergeometric functions see [22] and [23].

5.2.4 Another q—a1alogue. The Lq' transform of the previous section,

. being a functlon to funrtion transform, mlght not be a proper analogue
‘/ of any (L,a) _transform.- Houever,.one can define such a gq-analogue

by

| (5;4g) A LEs a,x] = 2 (;f} q""(u 1)f(n)D 6(xq %, a>1,
- 5 . ‘jﬁi&"a

.él v ' . l‘:,



. [=]
where a stands for thie sequence {an} , and A(x) =

o8

n B
‘ € X . By
n -n n 3 - X -n
Dq $(xq ) we mean of course, Dq » evaluated at xq . In the pre-

sent section we shall restrict ourselves to q > 1, and q =1 will

be a limiting case. If ¢(x) has a positive radius7of convergence

" then

'(5f47) Aq[f;a,x] = a X (-l)n[i]wn(“_l)/zf(n)qn(l-s) R

S=0 n=o

e~ 8
. [
W e~w

for x belonging to some neighborhood of the origin. We shall assume
that @ #0, n=20,1,..., in order to make Aq ont-to-one. Further-
v

more we suppose a = i. Let

' (5.50 RN TE T D77 30 e ey
fS ,) Oj(q) q>, [j] ’ Ej(u)A (-1) Jj(n)/aj ,
and -

(5.51). L =0 ° and Cj+1w= - ni+1/aj , j‘z_O )

It is easy to see that

| a o
(5.52) f(n) = § b.(f) 6(n) , (n=0,1,...) ,
: o j=o0 3
whete .
’ A . i
(5.53) | by(0) = (¢ 8)7 £(1)

£=0

qumula‘(5.53) may also be written as

jt+r

[i] qr(ﬁ+1)/2 qajr'f(r) ,

S s - ) (1)

J =0

and symbolicially, by (5.32), as



b0 = U e o T fO

'Now substituting for f(n) from (5.52) in (5.49) anmd using

(5.32) we get

1

Y (-x) @ bs(f)

sS=¢

5.55) A [fia
fu) q[ LX],

~

fos

_ 2 (—x)s u;q—S(Sfl?(z

wnich may be comparea with (3.4). We shall adopt (5.55),@5 our

definition of the Aq[f;a,x], or (Aq,a), tranfornm.

(5-1) (E-q) - . )E-a> D £(0) ,

We point out here that (5.53) may also be written formally as

@
A {fya,x] = ) (Tx)rq—r(r—l)/zf(r) P xj[j:r]qur *jrr
4 . r-o . - 3o ’
. =]t e
T (LexB) (@) (g xB) ©

by (5.33). . Therefore we get the ‘formal relation . ‘ _
'A [£f; x]‘= A tf'(—l)n -xE] a
X q $a: q > v y .0 A’
" N N v.4:‘ . . N .
which 'in turn may be compared with a simila; formula in Chapter III.
‘The case a = (—l)n is of special iﬁtepﬁst._ We have,
for Jxl <1,

L | | o
(5.56) © A [£;(-D7xl = ] (q0" £(x)
| o n=o (1) (a+%) - - (a"40)

) / n | .
In case a_ = i:l%— " we have
n . [n]: _

o



. |
- e ((-Dx) | e — ()
1 ‘r=o [r]?! ((1-9q )x+l)‘r

A [f [ :) ]—

Or ifx a_ = —T;TT q , we-get
(-1H)" n(n- 1)/2; ‘ = xr‘f(')
Arg; DG i) = E (x(e-1) ] o
~ {alt T q oo Inl:
' e . o : ‘ - 5§ n n+a
On the other hand, corresponding to (3.36) we‘have = (- l) L)
and
< +1 ~r(r-1
l,x] = ¥ xT(xg™ ) R A
- J-r-o~-1
r=o .
@ o -r(r-1)/2
r +
= 7 oxt (77 fCx ).
.= ,
r=o {1+xq )q+r+l
) _Let us define the vperators A q and 'B__l ,- that are
., b : . . s a, :
q~analégoﬁes of A and Buﬁ of Chapter III, by
, . a ;
(5.57) | Au,q{f(n)} = .Z bj;l(f)cj¥10j(n)’; {
L j=o v
and , l . . | ﬁ “ ' : o
(5.58) o Ba’q{f(?)} = - jzd by (D [-3=1Tey ) 9, ()
Thé rclations
(5.59) -  Baq T TR
and,
5.60) A 6.(n)=c.0, . (n) and B_ 8.(n) = -[=jlc 0,  (n
¢ , )_ 9,9 jg') i3l _ a9 =iy J-l( )



. . [ tr ’ . MG R N
. . - X . . . . . . .
" o . B : . . .
r - . N : . . N . \
CAl . . . - . i e . . e

~(_5.,6‘1) - Agle; () sa.x]
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- o
. .
. <, : . S iz
arevobv1oub. o ) , ‘ (ﬁ)
. L o Y o oL 2
fhecorem 5.2. We have ) L . o

Y = X j=0,1,.4. .
/ } i , ‘r\.’-’-
& 4 y oL ) , od
U (5.62) A [A fiex] = EOZFO) o
P o ] q a,q > X 1 .
T B
s and K
(5. “ A {A ;ax] =D, , - R " e
.-(5.63? o q[ a,qf,a x] Di/q FFXL , | R
- ! . ‘ . - . L4 N v S
- where® F(x).= A “[f';'&",x]._. S R T N B B
g Proof Relatlon (5 605 clearly foTlows trom*() '55) and (5 52).
S I.
f . Thc deflnltlons (5 37) and (3 58) Lell us prpcxbcly that
3.

Y b (A f) = c-
o . J

T

a,qt » j+l J+l( ) and b .(B ,qf = —[ -j- 1]c e bj+l(t) respéc_

tively. This obv1ously prébes (D 62) and (S\T3)

-lhus a llnear equatlon with consltant cocfficients in- A

g& transformedvunder (A ,Q) to an algebraiC'equatioﬁ.; ‘ oA
We deflne the Lonvolution product by, >y ' : “
) ’.?:E::“. N ! »0 hel
g - T T T R i Y
C(5.64) “b (fxg) = ) o ' :
(5.84) 0 o ;m(f.g)‘ rﬁo S Py b (f).b .w(g);f ,

. . P - R . " L} “~ -
. . o “ L) . - < . i - -t
N . . N « . N . " N e .- R . .
N . i .
PR, S L . i . "
/ C R R . c e . Lot X . ¥ - ,
. Lo . R . ” . . o AR

which implies =~ o T S

. . . . . o
2 : . . - o . / v T
. ~ < . T : RO - / -

; - . N ]

'(5_§5)% ' ‘» ’Aq[ffg;qéﬁlvf /\q[vf;t‘l,’x']f‘-fkq[g;c'lt,x]ﬁ‘,“/,'.‘“t _f"': _ .

. . : ; iy nytnsc T e m
. e In case @ = ('}) , (1) { rt‘],‘ﬁ.ori'[_-j']: . Ffe fBQ,d‘ .

oﬁeratpr'wilijge —qT?A [;n]V,' q—nA ([Y];[;n]V) and qnnA réspecf

“tively. ‘Furthermore gq A w1ll be the A ,q"bperdtbt when

= (?i)n.  theﬂthéE —q A [—n]V may be. written as

(X



‘and

(5.68) .

| (5.70)

i

fq_nA[vn]Yf -q_:{—[—n

In the rest of th

by Aq[[;x] or F(x).

(5.56). Clearly, 35

to Lff;x]. and 3

(5.66) .. - Aq[f(n+1);§]

L3

!

(5.67)-
from (5.36).
‘ #; . .o
" Theorem 5.3..

- q[q: x]

1

(5.69) _;

ard

"

&

Recall that

of Chaptcr II.

’A f(n-
- qg

The

~-n
A vE
Ala

[[n] f,*g] .

‘n

77

A . 7
—1f(n+l)+([—n]+;11—lj;f(n)—[—n]f(n—l)} :

N L@

S n o ’
Aq[f,( Do,xl L

is section we shall denofe

is defined by

A [£;(~ l) ]

d%[f ix], ;ghq

1

and —q—ﬁA[fn]V recduce

It is easy to deduce

! e’

= F(gqx) +’{F(qx);F(Q)}égx a

'\\__,/\]

—~——

1) ;x] =~——I~F(x/q)4 -

fgilgying formiulas

-~ % ’

;x] = Fix/q)/(xtl) -

AL R
.

PG =xF(x) . e
.. -~ . / TR e .

-«

I

xD (1+\)} thj, } K. =

g™ Ly vf(n)

-
—~
e
b
ot
{l

(x+l)..

-1

(1+x)

.
=
(8]

X (X
2 G l)"'(d

(;(n) f(n 1} = Y . T

.(x+q ) 0 (\+l) - (x+gq ).

" o ‘ n

D =

f(n) ,
f*qn)‘ -



) ‘
and.(5.68) follows. Cleardy we have : o ) oY 4
. ¥ [ - ‘
Feax) = (1tax)”
= (l+x<1)‘-l
= (g T GO+ [aE) 5x1)
which'pi;xes (5.69). * Formula (5.70);-f0r k =1, fdilo&s from (5.69)
‘4 B . . . ¥ ! ‘h
and can be established for genmeral k by easy fnduction;ﬁ v v
We now proceeé to evaluate the Aq t}ﬁnsforﬁs of aER- and f
Efk, E .beingiﬁhe'shift operator. By iterating (5.67)-&@ get
) » | | . " . A\ | E ) N o e M
N ' -k : X -~k . . : : .
5.7% . ' - A [E Tf; ',= T F X . ' o
(5.71) - HglET ) = iy (™) -
s k. o ‘ . N . | . . ko ) .
- To}evaluate Aq[E>f;x], let” E f = g, that is . f = E ,g+1f0,f1,..,,
' ¢ L ~ : B : ‘ ’
k_1,0 0,..;}. Thus we have
-~ ! ’
. _ ' : k: i k . , L _ C
- RN = (Xq) X -k : o
i ‘ -, F(x) ‘ .L. f( ) +l.) ( 4'1.) G(Xq ) 3 n’. o " y " . R
- ) ) . ’ " L : .; A ' . ) e k . .:-‘ - f toL - | ‘ 4\’ S ‘ ‘/ g .,
“O\r L s . -H‘ “_._a' N - 1. R '.} (J.‘ ‘\j\ . ) war e -
! ;-'a N ’ o o ’ ’ " o v "': S : -
L. . - 1l R BRI T . . s 3 A B . N
B o S A Mt € 2 R ’
(5.728 b_[ESE3xds= x “Gea O FF(@0-a L ) )
X f q . ) . B . .l g (x+q ) +l .
4

o Co - R . o, "', : C
Tﬂa\(Aqij;zfl):tfanSfOrm transforms.a linear difference equa-
e

Y - -n, L L
ffjcients in g 4 ‘to an algebraic equation. Noke '

‘tion . with consthn

\

1

cqn&tant_coefficzénts. This is sb; since by the change of variables

‘-q_n = x, and ftn) =Cg(x),-'q—nAf"bééomes ’(d—lf.Dq g(x). The -
. 9.
(' > -{‘-3, . . c .
inverse transform tﬁiiigprms a’ 1ine3r equation with constant coefficients
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in xDq(l+§),- Say ’
- o j k . .
(5.73) % a, {xD (x+1)} ¥(x) = G(x) ,
. e q
k=0 v
. i. : k‘ : .
to  {} a [n] }f(n)'= g(n), with f(n) = [F a] and
ok - q
ko M . . ]
%(n) ﬁ [G n] éonseQUently the solufion rto (3.73) is oA
, ' "_—1[C;n']_ :
F(x) = & | —4—o s xt .
. k
. ) . z ak[Pl
.o S 1 k=0 .
' ' A . =

Our final result in this section is to establish expansion

formulas of powers of a general Aa q cpzrator in terms of powers of
o . Y . .

the shift operator E. This is a q-analogue of our investigations &

. % - R . . - . . . . -
in §5.1. On the other hand,the resalts of §5.1 may be Yooked at as’
£ ’ B : : o c :

. ‘the linmiting éééel q L bf'buf‘préscnt-result, .ﬂetn )
" “ f
¥ (5.76) At L E@ (n) e,
L1 . ’ . Q, - | g - P
: ' o L ' ’_,- Lo j Ve i
In ‘particubar, if -t(n) = &j(ny),@lwe get the relation '
. M ' ‘ '.'\ . - o Lo ) - - . N L ’,‘;"_ " » e
v - - X c. @, . Lode %(n)-= z (n) (n+h) f;t'*‘< o
ST RER B o j=ioy-tt [ gk . R
o an 3
. . -~ .
_ - or its,%quivalen; &
L jtr (j—n—r)(jdn—r—lj/Zd
(_1 J . . b C. . .. € .
- e _ T3 -t j-t-
L SHEG-D/2 no ] _ o -
. :3,3":«»‘1 . : i [ “n+r] }‘v
' "_,,' . . nt+k j . J4ntr j-n-r '—n—r;l /2
L e Ta @™ e et (GG
_ R L,k © 3 ntr’ - -
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Summing the above equations for different j, with ntr < j < otk
i _— '
and using (5.32) we get

T ' ' j+ +r _(j-n-r) (j-n-r-1) /2 E
(5.75) - ?12‘ r(n) = E (:l)'] | r vq‘(,J n-r)(j n r ) [Jnl.] [nir] L

E]

A (r=je1) 2
x ¢, C. ee. C. ST
- - TS Ut B T I |
C}earlyv(Sth) and (5.12) are the 1imi€ing case’ q > 1 of (5.74)
dnd (5.75). )
5.3"'Multfaimensional"(L,a) Trﬁnsformsg A'two'dimensiondl (L;a))v
.' . R _.{. } . ‘ . : e
trahsfoﬁm,'ngi‘L[f;am n,x,y]' can be defined as ' .
. o e e ‘ otn ’
,, s TR ER =T T e,y '
(5.76)  Llfse gs%0y] L " Tmtoa o a2 5
‘ ' o .~ 0,0 9Ix -y T o=
on douBle Seﬂue&teg (£ (m’w)‘\f”wh§£¢  3(x‘y) is thé powerﬂseiics
8 Y : m’n (O,C) 2 r > ' ) 2
- ‘ noo¥ - . . oot . ,\ i . -f; “ ;4" o
' Y 3 m n A»‘ : . 3 . A ‘
(5.77) o ooelxy) =Ye xy . 7 ‘
Lt - 1 ‘m,n ¢
- : -, 0,00 L -
. ’ . - a . ’ - q
We shall use the notation ’ T . N
§ . N PR - : . '/ o . . o ARY . | .
RS L A'lf(m',n)_'f':‘—-:' £(mkl,n) .= £(m,0) ST 5
N L E 2
e ) ’ K N . Q ' . . - C -
L 3 Azf(m,n) =f(m,n+l) ~ f(myn) -, .
.. 4 R o Lo ‘ /
. gnd SLm;lar;notaﬁl?n_for 'hI;'EZ’ YI énd VZ°' ‘ . f; :&~,/'
~ B o ’ . o /
The convolution product is defined by- !
. . - ) ] g
LA v . : o : &
VRN it o my,ng L ‘
. (5.78) - Cfxg(min) = L GDTI D) A L,
. : . 3 1,j : - “

‘ where.

‘>
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(5.79) X =

L OGS e

e e’ d? T a d 7 47 N \\g

Equivalently, i
. ) ! v
= v'z‘h : N
. . i. % - .
(:.80) 51 N N -
‘=0 Uu=0 /
I' s : —]:" _<;f~’"’
‘ &, b, £€0,0) &y " a7 " g(0,07 N
Notg{éhaﬁ”(5.76) may be written, formall;, as ’
}:3 o . 'q . o m“-..n -
(5.:81) J,[f a x,yl = 7 (0 =nTd A s, £0,00
: m,n 1 2
’_) L . 0,0 o
N : "
whére a now standq for the double quUane J*% (m =) . T
o A n n (b O) ¢ .

C z he Shdll restrict ourselvgf 'ﬁ thé case 3(x) = (l+t+y)—1, }
: ) + +j, ¢ ”
that.is '-ai 3 ( 1)i % (1 J) and the general casé§c4n bL dchloped o

on the samg,lines. : ‘ \

, ¢+  Easy mamipulations lead to . N L ¢
L 5.82) - Lnf () ;(~—13‘?*“‘l<,.<“*n‘-‘).,_x,,y_‘] - x[l‘?’“}f%; PO LRy T 9

dn&-éim;}arly,.ofpby Symmet}y,

. . '-‘. .. v . - o 3 ) !

(5.83). L[nf(m,n);(—l)Jnrhl (™™ x,y] = yll+x S+ (14x) “ZIF(x,Y),

. o m : . IX ' » -on _ A -
“ where - D . B ;R
, o+ _ -
PO = L[: " “),x,yl 2



. . ‘ . 13 ’ B}
LY = _— %+ .
(5.84) ‘ ) Q=1+x ox y 3y

One can show that - S

(5.85) UGt ()5 DT (T oy )

o

I

(L+xty) F(x,y) -,

(5.80)  L{(wratDE,E(mn) , D™ (00 ,x,]

fl

(1hxty) (2 + ZPCey)

(5.87)  L[(utnt1)E,E(m,n), (-1 (M x,y) = (M) (0 + IFCLY)

o) - . . =

and’

S IR I R 1o«
(5.68) » - L . pIC n" Xy

k+j
o &\

for fixed k ‘and 3rked= 0lheen

i
<
<

In this case we have two flnlte difference an1lo&ueq oF the.

Bessel opétator.‘ [ndeed A (mV +nV )f(m n) and Az(mvl+nvz)f(m,n)
W E ! e ) . o
are such operatorssince’

X

(5.89) L[A (mv +07 )f(m n) (-1) mtn m:]){x,y] = %i'vti,y) )
: and S ’
B T T :
a : o mtn 3
- (5.90) L[Az(mV1+nV )f m,n) (- l) (-n-x,x,y] =y b(x y)
o c %§»~ ,
fgrﬁhg;more'wa_gaﬁ,prove the féllowing-fqrmulasv;‘ :
PPN mtn ek ' ‘
RCE B A A v P £ (mea) (- D™ (™" ov] = aFGey)
- g ‘, A ) gn F
\ - k v - . - ¥ 'k .
oo k - b o . y
(5.92)  LE T (rbmd 407)8% 5D (MLl = S Ry
) EA 1 2°71 n k
. - =0 . » _ \ o
' P
‘and ’ ¢

B2

[



.o S ok “ 'k" :
. . —- v K =, . .
(5.93) Al ? (‘p+m anVZ) =, [l w(mylfnvz+r)Al >
r=o . r=0 . .
and two.more formulas similar to (5.92) and (5.93) where - Ak and  ——

- ; . 1
. ,' , , o e b x

o

L are replaced by A; and - In particular one can conclude o
L . ' : 2 a2 ' , : : ,
that the Laplace operator — + -—5' is the‘transform,undér

P ~

- mr+n -, mkn ! 2 2. B

~1) + g = :

(L,(-1) C o)) to (&) F 85) (mV +nV,-1) (m7 +nv,).
. / . - A

The general (L’hm n) transforms may provide a simple method

4 -

to solve difference equations in two varflables. However, the present
topic is far from being compi?te and will have to be investigated,
in nore dctaxl;@a 1$&future- 
: ; *‘ : ‘
We would llke te point out Lhat a Lomblnatlon of (L,an)
and Cargon Lap ace transforno may prodee a very effcct1Ve tcchniaue
to s« 1lve functional equatxons ﬁbr thmpl@ the® lntegro dlffcrentlal

Tdiffereﬁce qqppfion

f . !
MR X ) % . :
, . £

< (5.94) . (2 ) f(m n) + 5?(m Hm,n) 4 k(m n=t)E(m, D)t = g(m.n)
' Y . n : ) 0- 2 P
T is transformgd under T, o o N
" I ' 17 ey ¢S it de o
(5.95) fo;-‘g’yl\ =y .J - y 2 n+l‘ (n ) .
. ) . ' - g o 0 ‘('l+x) ",
‘ . -

to o

FOGY)=F(0,). , By =FCx, 0 (oy) Fx.g) = G(x "
y b b ’ bd

~. . x

‘where F, G and - K are the T-transforms of f,'g and k - respec-

iivcly,. Therefore
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/
.

(5.96)

Il

f(t ) xyC{x,y)+x¥(x,D+yF(0,y)
il *yKGLY) By -, _
\ : [

¥ow in.order to get f(m,n) form (5.96), one has to be able to iavert

tone transform (5.95). Such inversion does not present any problem
inverse is a composition of the inverses of ‘the:Carson~

since theé&

b

.
‘e

Laplace tfgg?form and the L transform. _
onal equations’-

'f%ﬁéeneral-one-might be able €owhandlc functi

\
/e
1

. Iy ) ]
in several variables by using a different transform for each variable.
The extension of 's},&) “transforms’ from two to higher dimensions is

- : . R . N

rather
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{(n+1)Af(n)}:

-{nk f(h) }m .

(k) k

{n" v f(n )}

'/;A,.:»

k=1,2,...

88.

L o0 Fo,

{f(n)} F(x) = L[f;x]
{(?)}:zo., j = Oil, xJ s j=0,1,...
n ’ . - ‘V o
V] gf-k)} _ G(x) F(x)
o . h
e : F)-F(O) i
X L hd
e, k=12, HEEIE )-:Lv
. 2
vf F(x)/(1+x)
*E, k=1,2,... ' »JE@SHZ ,
- . (L4x)
. .
{Anvf(n)}o £' (x)
E—if o~——) F{x)
_ x+1 1%
- R Y: (fi$> F(x) - 1O
T 3 . X ) . x
4 .\WN\\ﬂ ‘{nf(n)}: &v.xD{(x+l)F(x)}

CARDF' ()
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) Some 6perational Formulas for B_e_ég:s Calculus
(£*g)(n) ="V ¥ £(k)g(a-k)
N )
o . {Gh,o‘}n=o *f = {vr} R A -
.7 | l -
s 17w =gt} :
n,o n=o o _ .
(n}elaf} = £ - (£()7 -
o . , ) .
) . ) R ‘i ) . *
. o s ) -1 ’
{6 .1 _ xi = {E "Vf}
n,i n=o ‘ .
o s
{ot1)xf = {} fk.}o = of
(o]
{n)T *f = {avE(n) ¥ . '
B(fxg) = £x(8g) + g*(BE)
, .v{n}:faf + {.’ﬂg_l)_}: *8f = {nf(n;;“)} u -
) "{é—(n;l)_}: *Bf + {n}:‘;f = {nf/(/n)} {
(1,1,0,0,.. )%f = (£(~£(a-2)} -
(1,1,...,1,0,0,..)*f = {f(n)~f(n-k}} , k=1,2,...
N e? ~ - : -
n—times_ ' R w- R |
o o r N (_qynk -1 e 1y
L Mt = (f EOEDTE QYL 2 - 12%
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