BY PERMISSION OF THE COUNCIL
EXCERPT FROM GEOTECHNIQUE, DECEMBER 1960

STABILITY COEFFICIENTS FOR EARTH SLOPES

BY

A. W. BISHOP, M.A., D.Sc., AM.I.C.E., and
NORBERT MORGENSTERN, B.A.Sc.. Grad.I.C.E.

PUBLISHED BY

THE INSTITUTION OF CIVIL ENGINEERS
GREAT GEORGE STREET - LONDON, S.W.1.

1960

The rights of publication and of translation are reserved

The Institution of Civil Engineers as a body is not responsible either for the statements made

or for the opinions expressed in the following pages.



STABILITY COEFFICIENTS FOR EARTH SLOPES
by
A. W. Bissor, M.A,, D.Sc., AM.I.C.E., and NORBERT MORGENSTERN, B.A.Sc., Grad.I.C.E.

SYNOPSIS

The application of the effective stress analysis to L’application de principe des tensions efficace sur
earth slopes has suffered through lack of a general l'analyse des pentes de terre c’est empécher de

. I'absence d'une solution générale, telle que celle du
solution such as that presented by Taylor (1937) for Taylor (1937) pour I'analyse des pentes on termes

the total stress analysis. Recent developments in  des tensions totales.

computing technique have been applied to the slip L’application des progrés récents dans la technique

circle method and have made it possible to present de computation, 4 la mét}mde du cerclede g]issement,

the results of the effective stress analysis in terms of % rendu possible Ia présentation des résultats en
o ’ . J termes de coefficients de stabilité, baser sur le principe

stability coefficients from which the factor of safety  des tensions efficace, dont on peut obtenir rapide-

can be rapidly obtained. ment le facteur de sécurité.

Illustrations are given of the use of these co- , ich on donne des illustrations graphiques sur
emploi de ces coefficients avec la répartition des

efficients with the distributions of pore pressure  [regsions interstitielles rencontrée dans des talus ot
encountered in typical earth dams and cuts. des tranchées de terre typique.

INTRODUCTION

The practising engineer and the designer frequently require a rapid means of estimating
the factor of safety of a cutting, an embankment, or a natural slope. A detailed analysis is
often impracticable in the preliminary stages when a number of alternative schemes are under
consideration. Taylor’s stability charts (Taylor, 1937; 1948) are sometimes used in these
circumstances; but as Taylor himself pointed out, they are strictly valid only for analyses
based upon total stresses. Studies have indicated the advantages to be obtained by employ-
ing an effective stress failure criterion (Bishop, 1952; Henkel and Skempton, 1955; Bishop and
Bjerrum, 1960) for the analysis and design of earth dams and slopes. Current methods of
stability analysis used for the long-term stability of slopes and for most earth-dam problems
include the observed or predicted pore-pressure distribution as a major factor in the calcula-
tion. These problems therefore call for a general solution of the type presented by Taylor
but expressed in terms of effective stress rather than of total stress.

The number of variables to be considered in the effective stress solution is, of course, more
formidable. Simple slopes without berms have been selected for analysis, and their geometry
is specified by the parameters shown in Fig. 1. The height of the slope is H, and D.H is the
depth of the first hard stratum below the crest of the section; D being termed the depth
factor. For example, for an earth dam founded directly on bedrock the depth factor would
be 1. The slope angle with respect to the horizontal is 8, and the inclination is expressed as
the value of cot B, the slopes being referred toas2:1,3:1,...etc. The crest width is left
unspecified since the most critical circle in an effective stress analysis begins close to the top
of the slope in the cases considered in the Paper; the solution is thus applicable to earth dams
as well as to cuts and natural slopes.

For purposes of analysis and tabulation, it is most convenient to express the pore-pressure #
at any point in terms of the pore-pressure ratio 7, defined by:

u
Yu :';-l'l_, . . . . . . . B . . (1)

where 4 is the depth of the point in the soil mass below the soil surface, and y is the bulk

density of the soil. The general solutions are based on the assumption that the pore-pressure

ratio 7y is constant throughout the cross-section. This is called a homogeneous pore-pressure
129
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distribution. Approximations to allow the estimate of the factor of safety for non-homo-
geneous pore-pressure distributions in which the value of 7, varies within the cross-section
(e.g. the steady seepage case) will be discussed in a subsequent paragraph.

The remaining variables are the cohesion intercept ¢’, and the angle of shearing resistance
¢’, both in terms of effective stress, and the bulk density, y.

The factor of safety, F, is therefore seen to depend on seven variables. An accurate and
extensive general solution is made possible by three factors:

(1) For a given value of the dimensionless number ¢’/yH the factor of safety depends only
on the geometry of the section, expressed by the values of cot 8 and D, on the pore-pressure
ratio 74, and on the angle of shearing resistance ¢’. The use of a dimensionless number for
expressing the influence of cohesion on stability has been suggested previously (Fellenius,
1927), and has been used by Taylor (1937, 1948) as an important simplification in the total
stress analysis and further by Janbu (1954). Its application to the effective stress analysis is
demonstrated in a later paragraph dealing with the development of the governing equation
in a completely dimensionless form.

To reduce the amount of computation only three values of ¢’/yH have been used—0, 0-025,
and 0-05. Considering that the cohesion intercept in terms of effective stress is generally
somewhat lower than the cohesion intercept in terms of total stress, these values have been
selected as representing the range commonly encountered in effective stress analysis and also
a range within which a linear interpolation can be used without significant errors. Extra-
polation beyond this range can be made and a measure of the inaccuracies involved is given
in a farther section. It should, however, be borne in mind that for cross-sections of natural
slopes or wide embankments some errors may be incurred due to the neglect of tension cracks
whose effect on stability becomes more pronounced at higher values of ¢’/yH. For these
problems, a modified analysis is generally required.

(2) For a simple soil profile and specified shear strength parameters it had been found that,
to a close approximation, the factor of safety, I’, varies linearly with the magnitude of the
pore pressure expressed by the ratio 7,. It had been noted earlier (Bishop, 1952; 1955) that
for a given slope the relationship between F and 7y, based upon a limited number of graphical
solutions, did not differ appreciably from a straight line. For this reason the present calcu-
lations have been limited to only three values of 7,; i.e. 0, 0-3, and 0-7.

The more accurate solutions now available show that there is indeed no significant depar-
ture from linearity in the relationship between F and 7, for the range of 7, values, 0-0 to 0-7,
usually encountered in practice. A typical example of this linear relationship is given in
Fig. 2. It is therefore permissible, at least for the range of slopes, depth factors, and soil
properties considered in this Paper, to use the expression:

F=m-—nyy . . . . . . . . . (2

where m and n are termed the stability coefficients for the particular slope and soil properties.

The presentation and tabulation of the results are greatly simplified by the use of these
stability coefficients, which also have the advantage of giving an immediate picture of the
influence of pore pressure on the factor of safety.

(3) The third factor making the present general solution possible has been the application
of the electronic digital computer to the problem of slope stability analysis by Little and Price
who have generously made available to the Authors the machine programme described
recently (Little and Price, 1958). A general solution had been planned on a more modest
scale before the electronic computer was programmed for this type of work. The scope of
the present general solution, which has involved more than five thousand trial circles, could
not have been contemplated using normal methods of computation.

This investigation has been concerned with values of slope inclination from 2:1to 5: 1,
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Fig. 2. Linear relationship between factor of safety, F, and pore-pressure ratio, r,
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and values of ¢’ from 10° to 40°. The range of ¢’/yH considered has already been given
and depth factors, D, up to 1:5 have been treated where necessary.

METHOD OF ANALYSIS

For simple slopes having a homogeneous distribution of pore pressure (i.e. 7, being con-
stant) it appears that the factor of safety is given by the circular arc method to a degree of
accuracy adequate for all practical purposes. An investigation made to find a more critical
surface for a typical earth dam section with a homogeneous pore-pressure distribution resulted
in a reduction of only about 19, in the estimated value of the factor of safety (Kenney, 1956).
This investigation was restricted to one section and the result should be regarded as only
indicative. The circular arc method also has the great advantage of both mathematical
simplicity and flexibility.

Two differences between the present solution and the approach adopted by Taylor may
be noted. Taylor presented his results in terms of the value of stability number ¢/F.y.H
required, for a given value of friction angle, ¢, to maintain limiting equilibrium. This enabled
the general solution to be presented in a very compact form but also meant that a step-by-step
numerical method had then to be used to evaluate the factor of safety of any actual slope
not in limiting equilibrium (Taylor, 1948). In the present solution the stability coefficients
lead directly to the factor of safety. This presentation occupies rather more space, but per-
mits the result in any particular case to be obtained by simple interpolations.

The factor of safety is defined as the factor by which the shear strength parameters in
terms of effective stress, ¢’ and tan ¢, can be reduced before the slope is brought into a state
of limiting equilibrium. The shear strength, =, mobilized under these conditions is given by
the expression:

’ t 4
P e

where o, denotes the total stress normal to the potential failure surface and # denotes the
pore-water pressure. This definition is the same as that adopted by Taylor as ““ the factor of
safety with respect to shearing strength”, and is in accord with that enunciated earlier by
Fellenius (1927). It has the advantage of being applicable to circular and non-circular slip
surfaces alike without modification and operates directly on the relevant strength parameters.

In his general solution Taylor used the friction circle method (Taylor, 1937; 1948), and
from a comparison with results obtained by the method of slices he reached the conclusion
that “these two general solutions show such close agreement that neither can be adjudged
preferable”. However, for routine work in which the shear parameters and the pore pres-
sures vary throughout the cross-section, a numerical version of the slices method has con-
siderable advantages (Bishop, 1955). Ifor this reason the slices method had been used by
Little and Price in programming the electronic computer and could therefore be readily
applied to the present solution. :

Taylor’s solution can be considered a solution in terms of effective stress with no pore
pressures. A direct comparison between the present solution and that of Taylor can be made -
for few cases, however, because Taylor calculated only one section with a specified depth
factor, D =1, for a frictional material, toe circles being used in most cases. The excellent
agreement in this comparison is shown in Table 1. An example of the analysis of a circular
sliding surface including pore pressures has also been calculated using the friction circle
method by including a resultant pore-pressure vector in an analytical solution equivalent to the
usual graphical process. The difference between this solution and that calculated by the
method of slices is less than 29, as shown in Table 1. This point is emphasized because
results presented at the Conference on the Stability of Earth Slopes at Stockholm in 1954
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T'able 1

Comparison of factors of safety calculated by friction circle and slices methods

cot 8 D ¢’ ¢’ T F r
vH (Friction (Slices)
circle)
4:1 1-00 0-05 30-4° 0 3-33* 3:30
34:1 1-00 0-025 10-0° 0 1-00* 1-00
3:1 1-00 0-05 30-0° 0-30 1-89% 1-92

* Obtained from Taylor’s solution.
+ Obtained analytically.

indicated wide differences between the results obtained by different methods of analysis.
Provided comparisons are made on the basis of the same definition of the factor of safety,
methods which represent adequately the statics of the problem will lead to the same numerical
result. A similar conclusion based upon a comparative study of several methods of stability
and using two different definitions of factor of safety has recently been reached by Borowicka
(1959)*.

The derivation of the numerical slices method has already been given by Bishop (1955),
but is repeated below for the sake of completeness.

Consider the system of forces on a slice as indicated in Fig. 3, where the potential sliding
body is bounded by ABC, the free surface of the soil mass (of unit thickness), and the arc
ADEC of the circular sliding surface under consideration.

In this diagram:
E, and E,4+; denote the resultant horizontal forces on the sections # and #--1, re-
spectively, and:
Xn and X, 4, denote the resultant vertical shear forces on the sections # and n-+1,
respectively.
w denotes the total weight of the slice above the sliding arc between »# and
n+1. ‘
denotes the total normal force acting on the base of the slice.
the shear force acting along the base of the slice.
the height of the slice.
the length of the arc DE.
the breadth of the slice.
the angle between DE and the horizontal.
the horizontal distance of the slice from the centre of rotation.

R R ™ hy

The total normal stress is o, where:

P
Op == "Z' . . . . . . . . . . (5)

* An alternative definition of factor of safety has been suggested on the basis of the ratio of the moment
of the available shear strength about the circle centre to the moment of the forces about the circle centre
tending to produce rotation {for example, Frohlich, 1954; 1955) such that:

Fr=2220 0 0 0L L@

where My is the total resisting moment.

and Ma is the total activating moment.
The relation between this definition and the definitions of factor of safety with respect to shear strength has
been considered by Odenstad (1955) and more recently by Borowicka (1959).
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The equation for the shear strength mobilized under the condition of limiting equilibrium,
equation (3), then becomes:
<’ r tan ¢’
Tw”j-?*f‘(—l-mit) Ja . . . . . . . (6)

The condition of moment equilibrium about the centre of rotation 0 between the weight
of the sliding body and the total shear force acting on the base of the sliding body leads to:

2Wx =3S.R S ()
where S is the shear force mobilized along the base of the slice and is given by:
S=+ . . . . . . . . . . (8
From equations (6), (7), and (8) we readily obtain:
R ! ’

From the condition of vertical equilibrium:
Pcosa+rdsina =W + X, —Xpyy . . . . . . (10)

and hence:
W“]LXn "“‘X/n—}-l “%lCOSa "'%lsin(l

n ¢’
F

P = (11)

. t
COS & -+ sIin «

where P’ = P — ul.

Substituting for P’ in equation (9), we obtain:

{W + Xn — Xpty — ttl cos a — E—lsin a}

R , , F
F= ZW.;VZ ¢l + tan ¢ sin o tan ¢’ (12)
Cos a - ————"
F
and introducing the following substitutions:
¥ =Rsina
b =1lcosa
b
and %/ = 7%% = ¥y,
we obtain:
1 sec o
J O — ‘b — . ’
SWsin aZ[{C b+ [W(1 ru) + (Xn — Xpyq)] tan ¢} T fan « tan ¢/:, . (13)
’a

For a further discussion of the conditions to be satisfied to determine the internal forces
X and E, the reader is referred to the earlier work by Bishop (1955). The determination of
these forces is necessary for a rigorous solution of equation (13), but it is sufficient for our
purposes to note that the term (X, — X,4;) may be omitted from consideration with an
estimated loss of accuracy of less than 19, for the range of circles considered in this Paper.
The equation for the factor of safety, F, then becomes:

1 ' ’ Sec o
r= SW'sin az[{c b4 Wl —r) tan ¢ tan « tan qS] .. (14)

1+
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To illustrate the simplification that can be achieved by the introduction of cohesion as a
dimensionless number, W is expressed as y.b.%, assuming y to be uniform, and the linear
dimensions are expressed as ratios of the height of the slope H (see Fig. 1). Equation (14)
then becomes:

‘ 1 - ¢ D b h ) /1 seC a
F = —-—————-————-ﬂ_])—.ﬁ‘Si] > {;ﬁ—ﬁ g (=) tan d)fl ] tan ¢’ tane| . . (15)
2 H S T

For given values of ¢'/yH, ¢', and 74, the value of the factor of safety, I, can then be seen to
depend only on the geometry of the sliding body enclosed by the circular arc. The simpli-
fication resulting from the introduction of cohesion and pore pressure as dimensionless ratios
thus greatly reduces the number of separate cases that have to be computed to provide a
general solution.

The computer programme is based upon equation (14) (Little and Price, 1958); the neces-
sary translation to the form of equation (15) is performed in the specification of the geometric
and strength data to the digital computer rather than by modifying the existing programme.
A typical set of machine instructions is shown in Fig. 4 to illustrate this point. The geometry
of the section is specified in terms of the unit length, H = 1, such that the X and Y co-
ordinates of the points required to specify the geometry and the centre of circles are deter-
mined by their position on the grid whose scale is defined by the unit height characteristic.
This expresses all lengths as a function of the height of the section and the computer auto-
matically reads the height and breadth of each slice as a ratio of the total height of the section.
The bulk density is also taken as unity and then ¢'/yH takes the prescribed value for the ratio
being investigated. After the data are specified, as shown in Fig. 4, they are then adjusted
to conform to the number of significant digits demanded by the computer programme.

In the special case when ¢’ = 0, the failure surface is a plane parallel to the free surface
and «, therefore, is a constant and equal to 8 (Haefeli, 1948). Equation (14) then becomes:

“”Zgimn"s"secﬁ R e 1)

sin B + F(}s’-tan B-sin B

F =

_ tan ¢’
" tan B

Equation (17) determines uniquely the variation of the factor of safety with geometry,
friction angle, and pore-pressure distribution, and no machine computation is necessary.
This expression tacitly assumes that the slope is semi-infinite and hence end effects are
neglected. Ior design purposes, this 1s felt to be a reasonable approach to the analysis of
cohesionless slopes. It is interesting to note from equation (17) that for I to be greater than
zero 7, must be less than cos? 8. No frictional resistance can be mobilized when the pore-
pressure ratio is equal to or greater than cos? 8. When 7, is equal to cos? B, the pore pressure
at any point in the soil mass is equal to the normal stress on a plane parallel to the surface,
and the effective normal stress is zero. It is obvious that in this case no shear strength can

be mobilized.

(1 —wyseczp) . . . . . . . . (17

CALCULATIONS AND DATA PROCESSING

Sets of instructions, as illustrated in Fig. 4, were fed into the computer for each combina-
tion of parameters being investigated. Instructions were also given to the computer to
calculate a family of circles specified over an area where the centre of the critical circle was
expected. Approximately twenty circles were needed to define a minimum. Rules for
estimating the likely position of the critical circle (Fellenius, 1927) proved to be of little help.
However, it has been found that the critical circle lies close to the locus of the centres of the
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circles passing through B (see Fig. 3) and the tangential to the level indicated by D. This
is illustrated in Fig. 5. By specifying circles in the proximity of this locus the number of
circles needed to determine the minimum factor of safety was reduced.

A set of contours of equal values of FF based upon forty-nine circles has been obtained for
a particular case, and is shown in Fig. 5. It is of interest to note the steep characteristic of
the family of contours and the relative insensitivity to change in I with a change in the Y
co-ordinate of the slip circle centre as compared to the change in F with a change in the X
co-ordinate of the slip circle centre. An attempt to correlate the position of the critical slip
circle centres with the shear strength and geometrical parameters has, so far, been unfruitful.
The only definite correlation obtained is
that the change in position of the centre of
the critical slip surface is more sensitive to
a change in slope angle than to any of the
other variables involved. Inaddition, with
a combination of low friction angle and
high pore pressures the centre tends to
drop. This, of course, would be expected
because the cohesion is playing a greater

role in maintaining the stability of the cot Bkl
slope. a3
The number of slices that the computer )7%;=° o5

uses to represent the sliding body is 030
variable. The effect of this variation on et
the factor of safety has been investigated
for typical cases of these simple slopes and
has been found to be negligible. Over the
range of fifteen to seventy slices, the
maximum difference in factor of safety
for a typical circle was of the order of one
figure in the second decimal place for a
problem whose minimum factor of safety
was approximately 1-92. It would be
expected that by increasing the number
of slices considerably, the solution would
converge on a unique value, but it is of
interest to note that this convergence is
not monotonic, probably due to the in- /
creasing effect of rounding Guiding locus

errors in the machine computa- ¢
tion.

As described previously,
there is a linear relationship be- Fig. 5. Detailed contours for a typical case
tween I and 7, for given values
of ¢'/yH, ¢', D, and B, as shown in Fig. 2. This linear relationship has been described in terms
of two parameters m and »; where geometrically,  is the intersection with the F axis of the
line describing the relationship between F and 74 and corresponds to the value of the factor of
safety for the zero pore-pressure condition, and # is the slope of this line. Since the slope
is always negative (i.e. the factor of safety decreases with increasing pore pressure, all other

parameters being held constant) the factor of safety may be expressed in the form of equation

(2):

I'=m—mn.ory . . . . . 0 . 0 (2
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For use in equation (2), m and # are always positive and will be indicated as such in both their
graphical and tabular forms in a further section.  Using the method of least squares (Worthing
and Geffner, 1943) the two parameters, m and #, which define the linear relationship between
I and ry, may be calculated directly from the fitting process determining the best line passing
through or near all three points. The three points are the values of F for 7, equal to 0, 0-3,
and 0-7.  Since there are three points the normal equations which allow the direct computation
of the coefficients m and # are:
3n oy =2Iy . . . . . . . . (18)
mIrui + 020 2y = vy . . . . . . . (19)
where 7 = 0, 0:3, 0-7.
The machine computations and the least squares fitting
process have provided values of m and #, the stability co-
i1 efficients, at intervals in ¢’ of 10°. It was decided to obtain

50 . values of the stability coefficients at intermediate values of
/ ¢’, by interpolation between the ten degree intervals initially

60

determined. But as shown in Fig. 6, the variation of both m
and » with ¢’, for a given ¢’/yH, B, and D, is non-linear and
31 any linear interpolation formula could only be used at the sac-
rifice of the computer accuracy. Because of this, the Lagrange
interpolation formula for a function given at unequal intervals

/

/ - 2l . -
/ / of the argument was adopted to determine the stability co-

’/

30

7~ efficients at intermediate values of ¢’ (Hartree, 1955). For
the condition where four values of the function are known this
formula is based upon the use of a third degree polynomial which
takes the given values of # or m at four values of the argument,
¢’. Intermediate values of the stability coefficients may then
00 be calculated for intermediate values of ¢’. Any further des-
cription of the numerical technique involved is considered to be
beyond the scope of this Paper. Adopting an interval of
& ¢’ = 2-5°, the intermediate values of m and » have been cal-

culated.

/.
2

50 ot THE STABILITY COEFFICIENTS

5
/ The values of the stability coefficients have been plotted
against B, the cotangent of the slope angle, for ¢’ varying

4:1
/ between 10° and 40° in Figs 7-12, with values of ¢’/yH and
D specified for each figure. Tabular values of the same results

40

¥ / are given in Appendix A. The bold lines show values of m
// . and # at intervals of 10°, whereas the lighter lines indicate the

A A intermediate values that have been obtained by interpolation.

The broken lines are those of equal 7, (denoted by r,.) whose
derivation and use will be described in a subsequent paragraph.
To calculate the factor of safety of a section whose ¢’/yH lies
within the range covered by these figures, it is necessary only
to apply equation (2) to determine the factor of safety of the two

20

I\N
N

00 . . .

' o° 0 40° nearest values of ¢’/yH and then perform a linear interpolation
Fig. 6. Variation of stability ~between these values, for the specified value of ¢’/yH.

coefficients with angle of The variation of m and n with ¢'/yH is slightly non-linear

shearing resistance for ¢ illustrated by Fig. 13. To obtain values of F for c¢'/yH

C . . .
g = 005 and D =100 greater than 0-05, with a minimum loss of accuracy, extrapol-

vH
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ation should be carried out in terms
of I against ¢’/yH, rather than both
m and » against ¢'/yH. Fig. 14, based
upon direct calculations, shows that
the factor of safety is sensibly linear
with increasing ¢'/yH for a typical
case. Therefore, linear extrapolation
based upon values obtained from the
stability coefficients is permissible
mn the ¢'/yH range from 0-05 to
0-10.

For natural slopes or dams and
embankments founded on alluvium
whose properties do not differ signif-
icantly from the fill material, the
critical slip circle may penetrate to
below the level of the toe of the slope.
Stability coefficients have been ob-
tained for various depth factors to
allow the ready computation of this
condition. It is not immediately ob-
vious which depth factor will provide
the lowest factor of safety for a given
set of parameters (8, ¢',c’/yH). The
lines of equal pore-pressure ratio, 7y,
serve as a guide for the selection of the
critical depth factor. These are
shown as broken lines in Figs 7, 8,
and 10.

For a given set of parameters
(B, ¢', ¢'[yH), there is a value of the
pore-pressure ratio for which the
factor of safety, when D equals 1-00,
is the same as the factor of safety
when D equals 1-25. This value is
denoted by 74, and the equality
can be expressed in the following
manner:

. My95 — My
e My-25 — M1-00 (20
If the design value of the pore-
pressure ratio is higher than 7., for
the given section and strength para-
meters, then the factor of safety with
a depth factor D = 1-25 has a lower
value than with D equal to 1-00.
This argument can be extended to
discern whether the factor of safety
with D equal to 1-50 is more critical

50

40

30

2:0

0-0

50

40

30

2:0

00
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¢
/ 40°
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/ IOo
/
00 0-025 005
<
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4)/
40°
/
30°
I
20°
|
10°
0-0 0-025 0-05
cl
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Fig.13. Variation of m, nversus
vH

c’

for f = 4:1, D= 1-00
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than with D equal to 1-25. For this condition:

My-50 — My-25
Pue = ——————=2 L0 L (2D)
150 — M1-25
400
300
F /
2:00 //

00 .
00 0-02 0-04 006 0-08 0-i0
-
yH
Fig. 14. Variations in F with —% for a typical section
7
cot 8 = 3:1
D =100
¢ = 30°
r, = 030

Calculating the values of 7, using equations (20) and (21) for the full range of ¢’ and B
that has been treated provides sufficient data to plot contours of 7,.. The contours of 7, on
Fig. 7 determine whether D = 1-25 gives a more critical value of factor of safety than D = 1-00
when ¢’/yH = 0-05. A family of lines of 74, is plotted on Fig. 8 to indicate whether D = 1-50
gives a factor of safety that is even lower for ¢’/yH = 0-05. Fig. 10 contains the family of

lines of 74, that determines whether D = 1-25 is more critical than D = 1-00 when c'lyH

= (0-025.
If one wishes to determine the minimum factor of safety for sections not located directly

Design parameters for dam and alluvium
b =30°
o’ =590 p.s.f.
Y =120pcf
% =050
cotf3=4:1

/

Altuvium (same properties as above)

|
!
|
|
|
|

Bedrock

Fig. 15. Typical symmetrical earth dam section
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on a hard stratum with specified values of ¢’/yH, B, ¢’, and 74, one enters the appropriate
graph for the given ¢'/yH value and for D = 1-00, initially (either Iigs 7 or 10). The values
of B and ¢’ then define a point on the curves of # with which is associated a value of 74, given
by the broken lines. If that value is less than the design value, the next depth factor,
D = 1-25, will give a more critical value of factor of safety. If one is operating with ¢'/yH =
0-05 a set of 74, curves is available to determine in a similar manner whether the level given
by D = 1-50 is even more critical. D == 1-50 has been inspected for ¢’/yH = 0-025 and has
been found to be seldom more critical than D = 1-25; hence it has not been presented. Depth
factors play no part in the analysis of cohesionless slopes within the limits of the method

already described.

AN EXAMPLE

The use of the stability coefficients is illustrated by the following example, for which the
geometry and soil parameters are given in Fig. 15. From the given data we obtain:

’

¢
Proceeding to Fig. 10, for ¢'/yH = 0-025, and with ¢’ = 30° and 8 =4 : 1 it is seen that:
Tue < 0'5

14

Therefore, D = 1-25 is the more critical. Then, from Fig. 11, for D = 1-25 and )TC}-[' = (0-025

it is found that:
m = 2-95,
n = 2-81.
From equation (2), with 7, = 0-50, it follows that:
F =295 — 1-405 = 1-545
For ¢’'jyH = 0-05 it is evident in a similar manner from Fig. 7 that the factor of safety with
D = 125 is more critical than with D = 1-00. Faurther, for ¢’/yH = 0-05, from Fig. 8:
Yue = 072 > 74
Therefore D = 1-25 is the most critical level, and:
m == 323,
n = 2-83.
Applying equation (2) with 7, = 0-50:
F =323 — 1415 = 1-815.
Interpolating linearly for the given value of ¢'/yH = 0-035 we obtain:
F = 1-545 + 04 x 0-270
= 1-65

THE PORE-PRESSURE RATIO, 7y
It has been shown in earlier paragraphs that the introduction of the pore pressure in

terms of the ratio ru(: 1—2) permits the results of stability analyses to be presented in a
v

dimensionless form.

The use of the pore-pressure ratio 7, does not imply that the magnitude of the pore pres-
sure is controlled by the product y#, though this may be approximately true of the pore pressures
in embankment construction before consolidation occurs. It is equally applicable to pore
pressures calculated for steady seepage by a flow net, and to observed pore pressures in either
the initial or the steady state. Though the value of 74 is in general not constant over the
whole cross section, in most slope stability problems an average value can readily be calculated
and used in the stability analysis with little loss in accuracy.
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In the prediction of pore pressure it is, however, necessary to distinguish between the two
main classes of problem*:

(a) problems where pore pressure is an independent variable and is controlled either by
ground-water level or by the flow pattern of impounded or underground water, and

(b) problems where the magnitude of the pore pressure depends on the magnitude of the
stresses tending to lead to instability, as in rapid construction or excavation in
soils of low permeability. In problems which fall initially into this class the pore-
pressure distribution will change with time and at any point the pore pressure will
either increase or decrease to adjust itself to the ultimate condition of equilibrium
with the prevailing conditions of ground-water level or seepage. The rate at
which this adjustment occurs depends on the permeability of the soil (as reflected
in the coefficient of consolidation) and on the excess pore-pressure gradients.

The steady-seepage condition in an earth dam and the long-term stability of a natural
slope are both example of class () problems for which the pore-pressure distribution may be
obtained either directly from field piezometer measurements (e.g. Sevaldson, 1956), or esti-
mated from the construction of a flow net or by means of other analytical techniques for the
solution of the differential equation governing the steady flow of water through soils (e.g.
Casagrande, 1937).

In class (b) problems, the pore pressure # at any point in the soil mass is given in general by
the following expression:

w=auy+du . . . . . . . . . (22

where , is the initial value of the pore pressure in the soil before any change in stress, and
4u is the change in pore pressure in the soil due to the change in stress.

The change in pore pressure, du, induced by a change in stress distribution has been
expressed in the following manner (Skempton, 1954):

Adu = B{dog + A(doy — Aos)y . . . . . . . (23)

where do; denotes the change in major principal stress,
4oy denotes the change in minor principal stress
and 4 and B are the pore-pressure parameters.

The application of the undrained triaxial test with pore-pressure measurement to the
determination of these pore-pressure parameters has been fully described elsewhere (Bishop
and Henkel, 1957).

The change in pore pressure with changes in both oy and o is most conveniently expressed
in terms of the relationship between pore pressure and major principal stress as given by the
parameter B. This parameter is obtained from an alternative form of equation (24):

ﬁ’i:B:B[@jLA( ——gﬁé)] N .2

AO']_ AO’]_ (o5]

As illustrated by Fig. 16, the pore-pressure parameter B is a function of the principal stress
ratio and also varies, in general, with the magnitude of the major principal stress. For a
limited stress range, the variation with major principal stress is slight and B may be considered
to be essentially a function of stress ratio alone.

It has been shown that the pore-pressure parameter B can be used to estimate the magni-
tude and distribution of pore pressure set up in a dam or embankment at the end of construc-

* A discussion of the analysis of practical problems in terms of this classification is given by Bishop and
Bjerrum (1960).
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tion where no dissipation is assumed to occur* (Bishop, 1954), and the pore-pressure ratio as
defined by equation (1) is related to B:

=0 B 5
N —«yh +‘yh Aolv . . . . . . . . (20)

On the basis of the theory of elasticity, and averaging round a typical slip surface, it has also
been shown that it is reasonable to assume the major principal stress at a point in earth fill
embankments to be equal to the weight of soil above the point under consideration (Bishop,

1952). Then:

For earth fill placed at or below the optimum water content the initial pore pressure #, may
be negative and in the low stress range the corresponding value of 7, will also be negative.
Where negative values of 7, obtain they are usually neglected in design. For earth fill placed

1000
= 800
P
<
g / zﬁ\;o:;l:ko,AU[’
2 600
i
a.
i Aoy=k Ao/
1% o0 A (F=1-5)
b .
T i Ag; / / Aoy=ki, Ao/
< =1.
& / (F=1.0)
z / A
20-0
1]
| / Z/
. o0 50 Ag;o e 400 600 80°0 1000
° INCREASE IN TOTAL MAJOR PRINCIPAL STRESS: A o (p.s.i.)
u= uo + B-a [}
—20-0 H

Fig. 16. Diagrammatic variation of pore-pressure parameter B with principal stress ratio and
major principal stress

wet of the optimum water content, the initial pore pressure is often small enough to be
considered negligible. Hence, stability analysis of the end of construction condition with
predicted pore pressures has sometimes been based upon:

7’u == B . . . . . - . . . . (27)
The early use of the pore-pressure ratio in stability analysis (Bishop, 1955) was based upon
equation (27).

* The effect of dissipation on the magnitude and distribution of pore pressures in a section has been
treated by Gibson (1959).

* ¥ ¥ K
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As mentioned previously, the pore-pressure ratio, 74, in a section is not constant and an
average value of 7, must be used to employ the stability coefficients in calculating the factor
of safety. The averaging method that has been used has proved successful in giving values
of the factor of safety that correspond closely to those obtained by direct calculation for casesin
which the pore-pressure distribution in terms of the pore-pressure ratio 7, varied considerably
throughout the section. To illustrate its application, take a cross-section as shown in Fig. 17
with three different pore-pressure zones given by 74y, 742, 743 and divide it into four areas, by
dividing the base into four equal parts, starting from the middle of the crest and moving
toward the toe. In the case of natural slopes begin the sectioning at a distance equal to H/4
from the crest. Then obtain the average pore-pressure ratio for each section area by averaging
along the centre line of each section. TFor example for section area 1:

_ Mruy + hotug + hgrug
AVerage Yy == hl -+ ]Zz -+ h3

or more generally:

i
2.hirui
Section area average, 7y = —— e (28)

L
Zhi
1

where ¢ is the number of different pore-pressure zones intersected by the centre line of the

section.

After finding the section area average of the pore-pressure ratios for the remaining three
areas, the overall area average is found by summing the products of the area of each section
times its own average pore-pressure ratio, given by equation (28) and dividing this sum by

the sum of the areas of the four sections:

ZA n¥un
Overall average, 7, = ‘177"_‘ e e (29
24n
1
where # is the number of sections, and in this case equal to 4. Typical examples of overall

average pore-pressure ratios, and the range of values from which they were derived are given

in Table 2 for different classes of stability problem.
The four examples given in Table 2 have been calculated precisely, using the actual
varying distribution of pore pressure. A comparison of the values of factor of safety obtained

Table 2
Pore-pressure ratios for four typical cases

Case Range of #, Average 7, Remarks

Vallecito Dam 0-0-55 0-23 Pore-pressure ratios calculated from measurements at
end of construction (Niederhoff, 1951).

Steady seepage 0-0-40 0-22 Pore-pressure ratios calculated from construction of a
flow net (Casagrande, 1937).

Lodalen 0-0-49 0-28 Pore-pressure ratios calculated from field measurements
(Sevaldson, 1956).

Selset 048 0-48 Pore-pressure ratio based upon field observations
(Imperial College).
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by this more exact calculation with the values given by calculations using the stability co-
efficients and the average pore-pressure ratio shows that reasonable results are obtained by
this approximate method when the pore-pressure ratio varies throughout the section.

The distribution of the pore-pressure ratio at the end of construction has been obtained by
applying equation (1) to the measurements described by Niederhoff (1951) for the Vallecito
Dam:

u

Yy == ,)7]'1 (1)
The contours of 7, are shown in Fig. 18. Using typical shear strength values, a direct calcula-
tion of the factor of safety taking account of the varying pore-pressure ratios gave a value that
was 6:89, less than that given by the average pore-pressure ratio (Table 2) and the stability
coefficients. The section and strength parameters used in the calculations are also given in
Fig. 18.

The steady scepage case for an earth dam (Fig. 19) is an artificially constructed problem
which is, however, typical of this condition in a rolled fill earth dam. In this case, the calcula-
tion using the averaging technique and stability coefficients over-estimated the factor of safety
given by the more precise calculation by only 2-3%,.

The next two cases mentioned in Table 2 are natural slopes that have failed under long-
term conditions, and for which the pore-pressure distribution at failure has been observed.
For the slide at Lodalen (Sevaldson, 1956) the factor of safety calculated in terms of effective
stress has been given as unity for the centre section. Recalculating the factor of safety using
the stability coefficients and the average pore-pressure ratio, an over-estimate of 7%, (F = 1:07)
has been obtained. TFor the slide at Selset, the ground-water level lies almost at the surface
and the flow is very nearly horizontal. With the assumption of ground-water level at the
surface and horizontal flow a homogeneous distribution of pore-pressure ratio is obtained and
the averaging technique is not needed. As expected, the value given by the stability co-
efficients, namely, 0-99, coincides with that given by a direct analysis. It is expected that a
full description of this slide will be given at a later date.

It is seen that for typical cases where the pore-pressure ratio varies throughout the section,
the use of the averaging technique and stability coefficients for estimating the factor of safety
gives sufficient accuracy for at least preliminary design purposes. Although exact for simple
sections with a homogeneous distribution of pore-pressure ratio, this method tends to over-
estimate the factor of safety in cases where the averaging technique must be applied. How-
ever, the error in the calculated factor of safety is only of the order of 79, for an example
representing an extreme case of non-uniformity of pore-pressure ratio. The practical value
of this method in solving ordinary engineering problems with a minimum of labour is therefore
apparent. It should be borne in mind that if there are isolated zones of high pore pressures,
the failure surface may be controlled by their position and may deviate considerably from a
circle; in this case a different type of analysis is required.

CONCLUSIONS

More general application of the effective stress analysis to routine work has been hindered
by the lack of a general solution similar to that produced by Taylor for the total stress analysis.
To obviate this difficulty, a set of coefficients that can be used to investigate the stability, in
terms of effective stress, of most simple sections encountered in earth dam and embankment
problems has been presented. The application of these coefficients gives results that are
correct for simple sections composed of only one material and whose pore-pressure distribution
can be described by the pore-pressure ratio, 74, being constant throughout the given section.
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Fig.17. Example of a non-homogeneous pore-pressure ratio distribution
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Fig. 18. Distribution of pore-pressure ratio r, for end of construction case
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Fig.19. Distribution of pore-pressure ratio r, for a steady seepage case
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A method has been described for determining the average pore-pressure ratio when the
pore-pressure ratio distribution is variable within the cross-section. This allows the applica-
tion of the stability coefficients to the more usual type of design or analysis that the engineer
faces and the several cases of this type investigated reveal that only a comparatively small
error is incurred in estimating the factor of safety. Examples of the end of construction and
steady seepage stability in earth dams as well as natural slopes have been given to illustrate

this application.
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APPENDIX A

The stability coefficients are presented in tabular form in this Appendix for use in the expression:
F=m—mn.rn

2)

Table A-1
Stability coefficients m and n for £ _ 0
Stability coefficients for earth slopes
Slope 2 : 1 Slope 3 : 1 { Slope 4 : 1 wmgl—ope 5:1 ‘
# |
m n 42 7 m 7 m n
10-0 0-353 0-441 0-529 0-588 0-705 0-749 0-882 0-917
12-5 0-443 0-554 0-665 0-739 0-887 0-943 1-109 1-153
15-0 0-536 0-670 0-804 0-893 1-072 1-139 1-340 1-393
17-5 0-631 0-789 0-946 1-051 1-261 1-340 1-577 1-639
20-0 0-728 0910 1-092 1-213 1-456 1-547 1-820 1-892
22-5 0-828 1-085 1-243 1-381 1-657 1-761 2:071 2-153
25:0 0-933 1-166 1-399 1-554 1-865 1-982 2-332 2:424
27-5 1-041 1-301 1-562 1-736 2-082 2:213 2-603 2-706
30-0 1-185 1-444 1-732 1-924 2:309 2-454 2-887 3-001
325 1-274 1-593 1-911 2-123 2-548 2:708 3-185 3-311
35-0 1-400 1-750 2-101 2-334 2:801 2977 3-501 3-639
37'5 1-535 1-819 2-302 2-558 3-069 3-261 3-837 3-989
40-0 1-678 2-098 2-517 2797 3-356 3-566 4-196 4-362
Table A-2
Stability coefficients 1 and n for ’}%—{ = 0025 and D = 1-00
¢’ Slope 2 : 1 Slope 3 : 1 Slope 4 : 1 Slope 5 : 1
1 7 i ' ¥ (i1 71 71 Vi
10-0 0-678 0-534 0-906 0-683 1-130 0-846 1-365 1-031
12-5 0-790 0-655 1-066 0-849 1-337 1-061 1-620 1.282
15-0 0-901 0-776 1-224 1-014 1-544 1-273 1-868 1-534
17-5 1-012 0-898 1-380 1-179 1-751 1-485 2-121 1-789
20-0 1-124 1-022 1-542 1-347 1-962 1-698 2-380 2-050
22.5 1-239 1-150 1-705 1-518 2:177 1-916 2-646 2:317
25-0 1-356 1-282 1-875 1-696 2:400 2-141 2:921 2-596
275 1-478 1-421 2-050 1-882 2-631 2-375 3-207 2-886
30-0 1-606 1-567 2-235 2-078 2-873 2-622 3-508 3-191
32-5 1-739 1-721 2-431 2-285 3127 2-883 3-823 3-511
35-0 1-880 1-885 2-635 2-505 3-396 3-160 4-156 3-849
37-5 2-030 2-060 2-855 2-741 3-681 3-458 4-510 4-209
40-0 2-190 2-247 3-090 2-993 3-984 3-778 4-885 4-592
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Table A-3
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¢’ i Slope 2 : 1 Slope 3 : 1 Slope 4 : 1 Slope 5:1
: m E V72 i n N k12 n T 7"
10-0 0-737 0-614 0-901 0-726 1-085 0-867 1-285 1-014
12-5 0-878 0-759 1-076 0-908 1-299 1-089 1-543 1-278
15-0 1-019 0-907 1-253 1-093 1-515 1-312 1-803 1-545
17-5 1-162 1-059 1-433 1-282 1736 1-541 2065 1-814
20-0 1-309 1-216 1-618 1-478 1-961 1-775 2.334 2-090
225 1-461 1-379 1-808 1-680 2194 2017 2:610 2-373
25-0 1-619 1-547 2.007 1-891 2.437 2-269 2.897 2-669
27-5 1.783 1-728 2213 2-111 2689 2-531 3196 2.976
30-0 1-956 1-915 2431 2-342 2.953 2-806 3511 3299
325 2139 2112 2.659 2-585 3231 3095 3841 3-638
350 2331 2-321 2901 2-841 3.524 3-400 4191 3-998
375 2-536 2:541 3.158 3112 3-835 3723 4-563 4-379
40-0 2.753 2775 3-431 3-399 4164 4064 4958 4784
Table A-4
Stability coefficients 1m and n for ;71 = 005 and D = 1-00
| Slope 2 : 1 Slope 3 : 1 Slope 4 : 1 Slope 5 : 1
: m ” m 1 m K12 Vi1 -”m' o

100 | 0913 0-563 1-181 0-717 1-469 0-910 1-733 1-069
125 | 1:030 0-690 1-343 0-878 1-688 1-136 1-995 1-316
150 | 1145 0-816 1-506 1-043 1-904 1-353 2.256 1-567
17'5 1-262 0-942 1671 1-212 2-117 1-565 2517 1-825
20-0 1-380 1-071 1-840 1-387 2-333 1-776 2.783 2-091
225 1-500 1-202 2014 1568 2.551 1-989 3-055 2-365
25-0 1-624 1-338 2193 1-757 2.778 2211 3-336 2.651
275 1-753 1-480 2:380 1-952 3-013 2-444 3628 2:948
30-0 1-888 1-630 2-574 2-157 3-261 2.693 3.934 3-259
32:5 2029 1-789 2.777 2:370 3-523 2961 4.256 3-585
35-0 2178 1-958 2990 2.592 3-803 3-253 4.597 3-927
375 2-336 2-138 3215 2-826 4103 3.574 4-959 4-288
40-0 2-505 2:332 3-451 3-071 4-425 3-926 5-344 4-668
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Table A-5

’

Stability coefficients m and n for _CH = 005 and D = 1-25
¥

¢’ Slope 2 : 1 Slope 3 : 1 Slope 4 : 1 Slope 5 : 1
m 7 m % m n m n
10-0 0-919 0-633 1-119 0-766 1-344 0-886 1-594 1-042
12:5 1-065 0-792 1-294 0-941 1-563 1-112 1-850 1-300
15-0 1-211 0-950 1-471 1-119 1-782 1-338 2-109 1-562
17'5 1-359 1-108 1-650 1-303 2-004 1-567 2-373 1-831
20-0 1-509 1-266 1-834 1-493 2-230 1-799 2-643 2107
22-5 1-663 1-428 2-024 1-690 2-463 2-038 2-921 2-392
25-0 1-822 1-595 2-222 1-897 2-705 2-287 3211 2-690
27-5 1-988 1-769 2-428 2:113 2957 2-546 3-513 2-999
30-0 2-161 1-950 2-645 2:342 3-221 2-819 3-829 3-324
325 2-343 2-141 2-873 2-583 3-500 3-107 4-161 3-665
35:0 2-535 2-344 3114 2-839 3-795 3413 4-511 4-025
37-5 2-738 2-560 3370 3111 4-109 3-740 4-881 4-405
400 2-953 2-791 3-642 3-400 4-442 4-090 5-273 4-806
Table A-6
Stability coefficients m and n for ')7%_1 = 0-05 and D = 1-50
¢’ Slope 2 : 1 Slope 3 : 1 Slope 4 : 1 Slope 5 : 1
" n m n m 7 m n
10-0 1-022 0-751 1-170 0-828 1-343 0-974 1-547 1-108
12-5 1-202 0-936 1-376 1-043 1-589 1-227 1-829 1-399
15-0 1-383 1-122 1.583 1-260 1-835 1-480 2-112 1-690
17-5 1-565 1-309 1-795 1-480 2-084 1-734 2-398 1-983
20-0 1-752 1-501 2-011 1-705 2-337 1-993 2-690 2-280
225 1-943 1-698 2234 1-937 2-597 2:258 2-990 2:585
25-0 2-143 1-903 2-467 2-179 2-867 2-534 3-302 2902
27-5 2-350 2:117 2709 2-431 3-148 2820 3-626 3-231
30-0 2-568 2-342 2:964 2-696 3-443 3120 3:967 3-577
32-5 2-798 2-580 3-232 2-975 3753 3-436 4-326 3-940
350 3-041 2-832 3515 3-269 4-082 3771 4-707 4-325
37-5 3-299 3-102 3817 3-583 4-431 4-128 5-112 4735
40-0 3-574 3-389 4-136 3915 4-803 4-507 5:543 5:171
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