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Abstract

In this thesis, we study the problem of robust filtering under network-induced errors. Our
intention is to design a robust filter that provides stable estimates of the plant states
when the plant model is uncertain, the states are disturbed with an unknown input, and
the measurements are quantized and therefore erroneous. To this end, we tackle the
problem by first studying the various problems caused by the network and their effects on
the filtering process when there are no model uncertainties and unknown inputs. Once
familiarized with the challenges encountered in the design process, an active approach is
proposed to deal with the error caused by quantization and packet dropouts, which gives
way to considerably better performance specially when a coarse quantizer is considered.

Since our final design needs to be robust to unknown disturbances, we will propose two
novel unknown-input linear filters, which are free of some of the restrictive assumptions
seen in the literature. Both of these filters are based on a modified plant model, however,
one of them has more design parameters and comes with a heavier computational burden
than the other, but in return it generates slightly smoother estimates of both the states
and the unknown input.

Having two distinct classes of filters, one with the ability to estimate the network-
induced errors and one capable of estimating and rejecting unknown disturbances, we next
propose a two-zone robust filter, which estimates the states with limited information and
under unknown disturbances. The two-zone idea is based on the fact that the error caused
by a linear quantizer is significant only when the estimates are close to their real values.
Taking advantage of this fact, the estimation space can be divided into two operating zones
based on the reliability of the received information. Finally, the two-zone filter is adapted
for a fault-tolerant filtering application where the measurements are assumed to undergo

coarse quantization, and unknown disturbances and model uncertainties are employed to
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model various fault scenarios.
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Notation

R, Z The sets of real and integer numbers
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Chapter 1

Introduction

1.1 Background and Literature Review

Numerous applications of state estimation and observation have drawn great interest into
the field since its early years. In a classical configuration, an observer receives information
directly from the plant. In a modern configuration, however, the information between the
plant and the observer is transmitted over a communication channel. ” Networked control
systems” have seen a great deal of attention over the last decade. Figure 1 shows the

general schematic of a networked control system.
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Figure 1.1: General schematic of networked control systems

Having multiple controllers, sensors and actuators connected through a communication
network has several advantages such as low wiring cost, easy maintenance, reduced power

requirements, and high reliability. However, these advantages become less noticeable as



the number of the connected elements drop.

The insertion of the communication network in the feedback loop, on the other hand,
makes the analysis and design of an NCS far more complex than a network-free control

system. The main difficulties encountered are the following:

e Limited channel capacity and quantization effects: data rates used throughout net-
works are typically constrained, thus limiting the sampling rates used in control
design. Quantization effects therefore become important because the number of
quantization levels used in the transmission affects the communication flow and the

capacity required to transmit information.

e Network-induced delays: time-varying delays originated and dependent upon net-

work transmission delays.

e Packet-dropouts: information transmitted through the network is broken into a
stream of packets. Depending on the characteristics of the network, packets can not

only suffer delays but they can also be lost during transmission.

e Communication constraints: the presence of more than one sensor on the network
asks for a network-access protocol. This leads to the unavailability of the sensor (or

controller) data to the filter (or actuator) at every sampling instant.

A report published by Richard Murray in 2003, (see [2]) stated that control over
communication networks would be one of the major challenges and future directions in
control. Since those years, many important results have been obtained in this field. Pioneer
work on NCS include, among others, [3], [4], [5], [6] and [7]. See also the recent survey [8]
covering the subject up to 2007. In this thesis our interest is in the state estimation or
filtering problem over communication networks. A filter is, in fact, a state observer with
the capacity to limit the effects of exogenous inputs on the estimation error and is one of
the classical problems encountered in systems theory. Perhaps the most celebrated result
in estimation theory is the classical Kalman filter [9], which has been applied in numerous
applications ranging from guidance, navigation and control, to biological systems [10], [11].
A standard assumption in Kalman filtering is that the process dynamics and measurements

are affected by additive white noise with known covariance properties, which are not



always easy to obtain. An alternative to the Kalman filtering problem is the H filtering
which provides a guaranteed noise attenuation level in the presence of noise with unknown
statistics. Hoo filtering has received much attention. See, for example, [12], [13], [11] and
the references therein.

The importance of networked control systems has also been officially acknowledged in
industry. In 2007 the International Society of Automation (ISA) released the ISA100.11
protocol setting industrial standards for networked based control. In 2008 they also re-
leased the ISA100.11a, which focuses on process systems such as the petrochemical indus-
try.

In this thesis our interest is in the robust filtering problem in a network setting. Our
goal is to explicitly discuss the effects of the network on the filter stability and perfor-
mance and to propose a design methodology that can limit those effects with an arbitrary
attenuation level. Different approaches that deal with the filtering problem can be found
in the literature. In [14] the problem of state estimation for discrete-time linear systems
with quantized measurements is investigated. The quantization error is modeled as a
multiplicative noise and a static-gain observer is designed to address the problem. [15] de-
signs a filter for networked linear systems with communication constraints. In that work,
a stochastic approach is taken to model the network access probability. In [16] filtering
of discrete-time linear systems over wireless fading channels is discussed where a mobile
sensor observes a dynamical system and sends its observation to a remote estimation
unit. [17] considers the state estimation of continuous-time linear time varying uncertain
systems via a limited capacity communication channel. [12] considers the problem of H.,
estimation for continuous-time linear uncertain systems when network-induced problems
such as quantization, delay and packet dropout are present. In [18] an stochastic approach
is taken to estimate the states of a Lipschitz nonlinear system with time-varying delays in
the states. [19] finds a minimum data transmission rate for the convergent estimation of a
process with a specific distribution. [20] introduces a two-agent scheme, namely observer
and estimator, under communication constraints. The former is located by the sensor
and is responsible for evaluating the sensor data and transmitting them. The latter is by
the user on the other end of the channel, and is responsible for using the received data

to generate the state estimates. Another similar two-agent scheme is introduced in [21]



under communication constraints, where the system is assumed to be uncertain and the
estimator part is a Kalman filter. In [22] the problem of Kalman filtering over a network
with packet dropouts is considered. In that work, authors model the information loss
using a probability function and then find the minimum number of the packets that need
to be transmitted for filter stability. More works on estimation and filtering over networks
can be found in [23], [24], [25], [26] and the references therein.

Among the various problems induced by the network, we are more concentrated on
the issues arose by quantization and packet dropouts. Most references in this area handle
the quantization errors in one of two ways: (i) as model uncertainty when they deal with
logarithmic quantization, or (ii) as an unknown disturbance when the quantizer is linear.
In [22], the state estimation problem with packet dropouts is studied and an stochastic
approach with Kalman filter is proposed. [14] considers a joint design procedure for both
the estimator and the quantizer. In that work, both static and dynamic quantization
schemes are studied and the trade-off between performance degradation and quantization
density is investigated. In [17], the authors use the deterministic form of Kalman filter
(see [27]) to design a state estimator in the presence of quantization. [20] investigates a two-
agent estimation problem where the first agent observes the process and decides whether
or not the current information should be disclosed to the second. The second agent
then generates the state estimates based on the limited information received. In [24], the
random packet dropout rate is modeled as an stochastic parameter and then a set of LMI’s
is derived to design an #Hg optimal filter. References [28] and [29] consider the problem
of Ho filtering in the presence of quantization and random sensor packet losses. In [15],
channel accessing processes are modeled as Bernoulli processes and an optimal linear filter
is designed using the orthogonal projection principle and the innovation analysis. [30]
studies the filter design problem under uncertain delay for Lipschitz nonlinear systems.

Our focus in this thesis is on a specific class of filters known as Unknown Input Filters.
Unknown disturbances can lead to significant deviations between the true plant states and
those reconstructed by the observer and therefore much attention has been drawn to the
solution of this problem. One important approach is by using the disturbance decoupling
principle to render a state observer that is immune to those effects. The approach was

first proposed by Wang, Davison and Dorato in 1975, [31], and since then it has been the



subject of constant research. In [32] the authors design an unknown input observer with
the assumption that the C' matrix in the state space realization has a specific structure.
The idea is to use a similarity transformation to partition the states into two groups
such that only the second set of states is affected by the disturbance. A conventional
observer is then designed for the first partition and the remaining states are obtained
from them. In [33] the problem of unknown input observer design is discussed in detail
for generalized state space models. [34] introduces an optimal unknown input filter with
a form similar to the well-known Kalman filter. In [35] the authors assume bounded
unknown inputs and propose a full-order observer, with the same state parameters as the
original continuous-time linear system. This work was later extended in [36] to reduced
order observers. [37] proposes a full-order observer for delay-free estimation of the system
states by allowing very small errors between the original and estimated states, which
account for the variations of the unknown input. In [38] the general structured observer
framework is used to design an unknown input observer for discrete-time linear systems.
[39] proposes a reduced order dynamic observer with an H, performance measure. In [40]
a new dynamical observer framework is used to design an H filter for Lipschitz nonlinear
systems with unknown inputs. In [41] the authors combine an unknown input observer and
a finite time observer to achieve finite time convergence of the estimation error dynamics.
See also [42], [43], [44], [45], [33], [38], [39] , [40], and the references therein.

Unknown input observers rely on a key structural assumption on the state-space real-
ization of the system; namely: rank(CBsz) = rank(Bsz), where C and Bs are respectively
the state space matrices corresponding to the measurements and the unknown inputs.
This assumption was first introduced in [46] and places restrictive necessary and sufficient
conditions in the solution of the decoupling problem and thus in the very existence of
the unknown input observer. Several authors have attempted to circumvent this struc-
tural assumption and design unknown input observers under less restrictive conditions
( [47], [48], [49], [50] , [51], [52] , and [53]).

These references overcome the structural limitations in [46] at the expense of alterna-
tive assumptions. In [47] and [48], Sundaram and Hadjicostis provide a characterization of
observers with delay, which relaxes the well-known structural assumption. Their method

provides a parameterization of the observer gain that decouples the unknown inputs from



the estimation error and then uses the remaining freedom to ensure stability of the error
system. [49] later extended this work by developing a design procedure that characterizes
the set of all linear functionals of the system states that can be estimated by a linear ob-
server with a given delay. In [50] an algorithm is proposed to design finite-time observers
provided that the system is left-invertible with sampling delays. The algorithm computes
some variables that are not affected by the unknown inputs and then performs a change
of coordinates that makes the transformed system well-suited for designing the delayed
estimator. In [51] the structural condition is circumvented by using a nonlinear sliding
mode observer. [52] also employs a nonlinear sliding mode observer and provides finite-time
error-free estimates assuming that the unknown inputs belong to L. Unlike [51], their
observer also generates estimates of the unknown inputs, a very important feature in fault
detection applications. [53] replaces the structural condition in [46] with the assumption
that the state space matrix A is invertible. In that work, the authors design an observer
assuming that at each sampling instant, the unknown input can be approximated using a
polynomial.

When both of the previously mentioned problems, namely filter design with limited
information and unknown input filtering, are considered together, a joint problem is formed
which is more complex to solve. The closest literature, which in a way addresses the joint
problem can be found in the field of fault detection in networked systems where a very
common approach for detecting a fault is by designing a residual generating filter. This
filter is designed such that it is robust to the problems imposed by the network and yet
sensitive to faults, which are usually modelled by an unknown signal affecting the states
or the measurements. In [54] a fault detection filter is designed to detect f2-bounded
faults when unknown disturbances and packet dropouts are present. [55] proposes an Hoo
approach to designing a residual generating filter which is robust to network-imposed
delays and also packet dropouts. In [56] authors introduce a fault detection filter for a
class of nonlinear systems when random delays and packet dropouts are present and the
system is subject to £» bounded faults and disturbances. Sensor fault detection through
robust filter design under packet dropouts have also been studied in works such as [57], [58],
and [59]. For more work in the area of fault detection filter design over networks, see for

example [60], [61] and [62], among others.



One of the most important applications of robust filters is in the fault-related problems.
The fault problem is usually dealt with from either a detection and isolation point of view
or a tolerance and compensation perspective. In the field of fault detection and isolation
(FDI), mainly a threshold analysis is done on the residuals which are generated by fault
detection filters. These filters are designed in a way that they are very sensitive to specific
user-defined faults. For example some works such as [63], [64], [65] and [66], model the
fault as an unknown external disturbance and therefore design a filter which outputs a
residual with high sensitivity to that external disturbance.

Fault accommodation, also known as fault-tolerant control, endeavours to maintain
system stability as well as its performance in the presence of faults. In general, fault-
tolerant control methods can fall under one of the following two main categories: I. Active
and II. Passive. The approaches in the first category use an internal FDI scheme to either
change the controller parameters (and even structure), or generate a compensation signal
which is added to the main control signal, that is of course in case a fault is detected.
Works such as [67], [68], [69], [70], [71], [72] and [73] are all examples of active methods.
The approaches in the second category are robust control schemes which are designed
in a way that they maintain system stability even in the presence of the worst expected
scenario. Examples of this category can be found in, but not limited to, works such
as [74], [75], [76], [77] and [78]. The passive approaches are usually simpler to design and
implement compared to the active ones. However, they usually produce a considerably
weaker performance and can cover a smaller range of faults.

With the growth of networked control systems in the past decade, fault-related prob-
lems in networked setups have attracted a lot of attention in the literature. Network-
induced issues such as quantization, uncertain delays and packet dropouts make the fault
detection and accommodation problems even more challenging. Various works have been
done in the past few years in both the detection and compensation areas. [79] studies the
fault detection problem for networked nonlinear systems when both the measurements
and the control signal are subject to delays and packet losses. [60] proposes a fault detec-
tion filter for linear systems subject to Markovian packet losses. In [80] authors employ
a Takagi-Sugeno fuzzy model to detect faults in a networked setup with delays. More

works in this field can be found in [81], [82], [83], [55], [84], [85] and [86]. All of the works



mentioned above investigate the detection problem, however, there are several works in
the literature that tackle the accommodation aspect. [87] proposes a fault-tolerant control
system for networked linear systems subject to access constraints and packet dropouts.
In [88] authors use decoupling techniques to introduce a fault-tolerant controller for Lip-
schitz nonlinear systems undergoing delays and packet losses. More related works can be

found in [89], [90], [91], [92] and [93].

1.2 Problem Formulation

Consider the following linear system:
z(k+1)=(A+ AA)x(k) + (B1 + AB1)u(k) + Bad(k)

y(k) = (C + AC)x(k) + Du(k)

z(k) = Hx(k) (1.1)
where x € R is the state vector; y € RP represents the measured outputs; z € R" is
the vector to be estimated; u € R™! is the known input; d € R™2 is the unknown input;
AeR"™" By € R"™*™ By e R"™™2 (C ¢ RP*", D e RP*™ H ¢ R"™"™ are the certain

parameters of the model; and AA € R*"*"™, AB; € R AC € RP*" represent the

uncertain parameters of the model. We assume that

e the measurements are quantized via a linear quantizer and transmitted through a

communication network,
e (A,C) is an observable pair,
e B5 has full column rank and C has full row rank with p > mao,

o rank(CBsy) = rank(Bs) is not necessarily satisfied.

The objective is to design a filter that produces estimates of the system states ib the
presence of the model uncertainties and unknown disturbances when the measurements

are transmitted through a communication channel.

1.3 Thesis Outline

The rest of this thesis is organized as follows:



Chapter 2: This chapter considers nonlinear discrete-time systems and proposse a
filter design method in a network setting. The nonlinear system is modeled as a linear
system plus a nonlinear function that satisfies a Lipschitz continuity condition and is
disturbed by unwanted exogenous inputs. Lipschitz systems are important because they
provide a mechanism that can account for the effects of, at least, mild nonlinearities and
because of their generality most nonlinear system models can be represented as a linear
system plus a Lipschitz nonlinearity, at least locally around an equilibrium point. In this
work we assume that the data sent by the sensors is subject to finite-level quantization,
uncertain delays and communication constraints. In order to understand the limitations
introduced in the design by each of these effects, first the effects of quantization and un-
certain delay are investigated separately, and distinct design procedures are introduced for
each case. Next, these two issues along with the problem of communication constraints
are assumed to be present simultaneously. Using a Lyapunov-Krasovskii function, an op-
timization problem with linear matrix inequalities is proposed to guarantee filter stability
as well as an Ho, bound on the error system. Although packet dropouts are not explicitly
addressed, our modeling of communication constraints can easily include this case in the
sense that when packet dropouts occur, we are forced to use the estimated measurement
instead of the real one and therefore the effect can be modeled as the error between these
two.

Chapter 3: In this chapter we propose a novel adaptive approach to design filters
for discrete-time (i) linear and (ii) nonlinear Lipschitz systems, whose outputs are subject
to quantization and limited channel capacity. We model network-induced effects as an
unknown error between the real measurement and the one received by the filter, and
employ an adaptive approach to estimate this error. The estimated error signal at every
sampling instant is used to generate state estimates with desired attenuation bounds on
the effects of state and measurement noise and also variations of the network-induced
errors on the estimation error. A hysteresis quantizer is used for the quantization of the
measurements. This quantizer reduces the noise-caused chattering between neighbouring
quantization levels at the expense of a larger error margin between the real and quantized
measurements. Since our approach is based on the estimation of this error regardless of its

magnitude, the benefits of the hysteresis quantizer heavily outweigh its shortcomings. Our



design process is first formulated as a linear matrix inequality (LMI) feasibility problem
for linear systems and then extended to Lipschitz nonlinear systems.

Chapter 4: In this chapter we propose two new approaches to the design of unknown
input filters that overcome the structural assumption given in [46], i.e. rank(CBs) =
rank(Bg) . Although not without limitations, we show that our assumptions are less
restrictive than those in [46]. The main idea in both methods is to modify the plant
model in a way that in the revised model the measurement is directly affected by the value
of the unknown disturbance. The major distinction between the two proposed filters is
the model of the filter on which the design is based. Throughout the chapter our focus is
on the filtering problem. In other words, we consider the problem in which both states
and measurements are disrupted by noise and design a filter to bound the effects of noise
on the estimation error. The proposed filters provide both state and unknown input
estimates, a very important property in fault detection and correction applications, with
zero-delay for the states, and behave exactly as a conventional Luenberger observer in
the absence of noise and unknown inputs. Necessary stability conditions are established
using basic linear system theory for both methods, and then two LMI-based approaches
are proposed to design the H, filters. Finally, the proposed filters will be simulated for
examples systems to show the effectiveness of the approach.

Chapter 5: This chapter studies the filter design problem when the system states are
subject to unknown external disturbances and the measurements are transmitted through
a network and therefore are erroneous. Our approach in this article is based on the
concept of the reliability of the received information by the filter. We define a reliable
packet of information as a piece of information which contains more information on the
system behaviour rather than the network-induced errors. Similarly, an unreliable packet
of information is a packet which contains more data about the network-induced errors
than the system behaviour. Using this definition, the estimation space can be divided
into two separate zones in which the received information needs to be treated differently.
In one zone the information is considered reliable and therefore a filter is designed to
estimate the states as well as the unknown disturbances, whereas in the other zone the
information is unreliable and a filter is designed to take this into account when estimating

the system states. Eventually an overall two-zone H filter is formulated using these two
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filters with optimized attenuation gains on the unwanted effects of the network and the
unknown disturbance. Through simulation, it will be shown that the proposed two-zone
filter is more effective than the predesigned single-zone filters.

Chapter 6: This chapter focuses on the design of a fault-tolerant filter under quan-
tized measurements. In order to cover a wider range of potential faults, we model the
internal faults as model uncertainties and common actuator faults such as offset and stuck
as an unknown disturbance on the states. In addition to the existence of faults, we also
assume that the measurements are quantized via a linear quantizer and therefore the mea-
surements are subject to quantization errors in both presence and absence of faults. Our
treatment for this problem is through a dual-zone robust filter which consists of two dif-
ferent sub-filters, each operating in one zone. The dual-zone idea is based on the fact that
the effects of quantization become significant only when the estimation error is near the
origin. Using this, we define zone 1 as the zone where quantization effects are insignificant
and zone 2 as the zone where quantization effects are significant. A separate robust filter
is designed for each zone and through a Lyapunov-based approach with H., performance,
necessary LMIs are derived. Finally, the effectiveness of the proposed filter is illustrated
through simulation examples.

Chapter 7: This chapter discusses the concluding remarks and the suggested future

research.
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Chapter 2

Hoo Filtering of Nonlinear Plants

over Networks

In this chapter, we consider the filtering problem for Lipschitz systems in a networked
environment. We assume that the measurements transmitted over the network are subject
to quantization, uncertain delays and communication constraints. We first analytically
demonstrate how each of the these issues affect the filtering problem. Second, we tackle
the filter design as an optimization problem with LMI constraints. The optimization
maximizes the Lipschitz constant and thus the region of attraction for which the filter is
stable and an H., bound is satisfied by the error system.

The rest of the chapter is organized as follows. In section 2.1, we introduce the notation
used in this chapter along with the plant and filter models. section 2.2 discusses the effects
of the network-imposed problems on the filter design and proposes design methodologies.
In section 2.3 the proposed filters are tested via simulation and section 2.4 summarizes

the results of this chapter.

2.1 Plant and Filter Models

Consider now the following discrete-time nonlinear plant model,

z(k+1) = Az (k) + Bw(k) + ¢(x, u)

y(k) = Ca(k) + v(k)



where x € R" is the state vector, y € RP represents the measured outputs, and u is the
control input. z € R" is the signal to be estimated, and w € R™ and v € RP denote state
and measurement noises, respectively. Both w and v are assumed to be in #5. A € R™"*™,
B e R™™ (' € RP*™ are the state space matrices of the linear part of the model; and ¢
is a Lipschitz function with Lipschitz constant .

We note that the model description (2.1) is very general and can provide an accurate
description of a large number of systems of interest, at least locally in a neighbourhood of
an equilibrium point. Before introducing the filter model, we define the static logarithmic

quantizer as follows (see [14]).
Definition 2.1. A static logarithmic quantizer is given by
o if B <y< 2t
y=Qy)=1 0 if y=0 (2.2)
—Q(=y) if y<0
where j = 0,+1,+2,..., and Q(.) is the quantization function, 0 < p < 1 is the quantiza-
tion density, pu is a scaling parameter, and

5=(1—-p)/(1+p) (2.3)

For a signal quantized by (2.2), the quantization error is given as
eg=9y—y=Ay (2.4)
where A is an uncertain variable (see [94]), which depends on y and is bounded by ¢, i.e.
—§<A<S (2.5)

Figure 2.1 shows the quantization error e, with respect to y.
The discrete-time nonlinear filter is given by
2r(k +1) = Azp(k) + LK) — yr (k) + o(ar, u)
yr(k) = Cxp(k)
zp(k) = Hxp(k) (2.6)
where xp € R™ and yr € R? are, respectively, the state and output vectors, and zp € R is
the output estimate of the filter. L is the filter parameter to be designed, and Y (k) € RP

is the feedback term, which is different for each of the three problems to be discussed;

namely, quantization, delay, and communication constraints.
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Figure 2.1: Quantization Error

2.2 Filter Design

In this section, we endeavour to design stable filters of the form (2.6) for the plant (2.1),
when any or all of the aforementioned problems arise due to the presence of a communica-

tion network. More explicitly, we will pursue filter design under three different scenarios:

e measurements are quantized.
e measurements are transmitted with uncertain delay.

e quantized measurements are transmitted with uncertain delay and are subject to

communication constraints.

We note that the delay is only present in the measurements not the states, and our
proposed filter will be delay-independent in the sense that the structure of the filter itself
is free of any delays.

Our interest is in designing a filter with the following properties:

e (Stability) In the absence of external disturbances the observer error converges to

zero asymptotically.

e (Filtering) The region of attraction is maximized for an arbitrary attenuation level
1 on the effects of exogenous disturbances on the estimation error; i.e. we find a

maximized Lipschitz constant [ such that
lell < pllwll

where ¢ is the estimation error, and w € f5 is the vector of exogenous disturbances

defined as follows:
e(k) = z(k) — zr (k) (2.7)
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w = (2.8)

Our solution is based on the use of Linear Matrix Inequalities (LMIs) and is therefore
free of the stringent existence requirements encountered in the Riccati approach. Our
design procedure is effective in the sense that it renders a stable observer, if one exists and
can be solved efficiently using commercially available softwares. Some related results for
discrete-time systems were recently presented in [95] and [96]. See also [30] for an earlier

version of this work.

Remark 2.1. Throughout this chapter, we will focus on the mazimization of the Lipschitz
constant assuming a given disturbance attenuation gain p. However, the optimization
problem can also be stated as the minimization of u while assuming a given Lipschitz
constant 1. In our simulation section, we will illustrate a trade-off curve between the two

optimization parameters.

Before investigating the effects of network-imposed problems on the filter design pro-

cess, the following lemmas need to be introduced.

Lemma 2.1. ( [97])
For any z,y € R™ and any positive definite matriz T € R™"™, we have :

20Ty < aTTa 4+ yT Ty

Lemma 2.2. ( [/97])
Let A, E, F, A and P be real matrices of appropriate dimensions with P > 0 and A

satisfying ATA < I. Then for any scalar € > 0 satisfying P~ — e 'EET > 0, we have:
(A+ EAF)TP(A4+ EAF) < AT(P7' — ¢ 'EET)™1A

+eFTF (2.9)

2.2.1 Filter Design with Quantized Measurements

In this subsection, we consider the filter design problem with quantized measurements.
When the measurements are quantized, ) in (2.6) is given by Y(k) = y(k), where 7 is
as defined in (2.2). We define the state error as e(k) = z(k) — xp(k), which leads to the

following error dynamics:
e(k+1)=(A— LC)e(k) — LACxz(k) + Bw(k)
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— Lu(k) — LAv(k) + A¢(z, zp, u)

e(k) = z(k) — zrp(k) = He(k) (2.10)

where A¢(z,zp,u) = ¢(z,u) — ¢p(zp,u), and € is known as the estimation error. Aug-

menting the plant and error models, we get

X(k+1) = (A+AA)X (k) + (B + AB)w(k) + Q(X, u)

e(k) = CX (k) (2.11)
where
x= |7 we Y axw=]| “Y (2.12)
e v Ap(z, xp,u)
and
-A 0 0 0
0 A-LC —LAC 0
-B 0 0 0
B — AB = C= [0 H] .
B —-L 0 —LA

The augmented system is also Lipschitz and its Lipschitz constant is calculated as follows,

QPO =T+ AT Ap < P(aTz 4 eTe)

= [ < X] (2.13)

The following theorem establishes a filter design methodology for Lipschitz nonlinear

systems with quantized measurements.

Theorem 2.1. Consider the plant (2.1) with measurements quantized by (2.2). Then the
filter given in (2.6) is optimal with an Ho, bound p on the effects of the unwanted external
inputs on the estimation error, if there exist scalars o, n, € > 0 and matrices G, and

P = diag{ Py, P»} > 0 for which the following optimization problem has a solution:

min wa + 7 (2.14)

s.t.
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[ P+CTC+eFT™F I 0 ATP 0 0
* —al 0 0 0 0
* * —p*l BTP 0 0
<0 (2.15)
* * * -P P E
* * * * —nl 0
i * * * * *  —el]
where w > 0 is an optimization weight for the Lipschitz constant, and
A 0 B 0
A= , B= , C= [0 H] .
0 A-LC B —-L
T
E = [0 —G] , F= [C 00 I} (2.16)

Also the optimal filter gain L and Lipschitz constant | can be calculated as follows,
L=P;'G, 1=1/yan (2.17)
Proof. Consider the following discrete-time Lyapunov function:
V(k)=X(k)TPX (k) (2.18)

The forward difference of this Lyapunov function along the trajectories of the augmented

system can be written as

AV =V(k+1)—V(k)
=N+ AT P(I + AT)E + Q7 PQ

~ XTPX +2¢7(T, + AT)T PQ (2.19)

where £ = [XT wT}T and I, = [A 153], AT = [AA AIB%].

Using lemma 2.1 we can write
2TTT PO < 7T P~ PTE + QT (2.20)

where I' = T, + AT. We choose T} = W where W = nI — P > 0 for some n > 0.
Substituting (2.20) in (2.19), we get

AV < 8Ty + PAD)T (P71 + W) (g + PAT)E
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+ ¢y (2.21)

where T'y = PI', and I'] = diag{nl*I — P,0}. Since P and W are codependent, we follow
the procedure introduced in [95] to simplify the term P~! 4+ W~

Plyw =P tymr-pP)!
= (I = P)"((nI = P)P~' +1)
= (n — P)"'nP™"

=(P-n P! (2.22)

T
To handle the uncertain element AT', we can write PAT' = FAF, where £ = P [0 _LT} )
F = [C 00 []. Now, using lemma 2.2 and (2.22), the following inequalities are es-
tablished:

(T2 + PAD)(P~' + WY P(T'y + PALY)

<THP—n'P? - 'EET)™'T| + ¢FTF
The simplified AV is given by
AV < TP -y tP? — e 'EET) 196 + £TT¢ (2.23)

where I'} = I'/ + eFTF. Since our problem is filtering (not just observation), we need
to bound the ratio of the estimation error to unwanted external inputs. To this end, we

define
T2 3 e e(k) — pPwlk)w(k)} (224)
k=0

Adding (2.18) to the right hand side of (2.24), we get J < 33° Ji,, where

T = e(k)Te(k) — pPwk)Tw(k) + AV, (2.25)

Now, if we design our filter such that Ji, < 0, we can conclude that J < 0, which is
equivalent to ||e]|?> < p?||w||>. This implies that the second norm of the estimation error
is bounded by a factor of the second norm of the exogenous input. In other words, this
establishes an Ho, bound on the estimation error system. Using (2.11) and (2.23), we

have
Jp < €T +T5T5 To)¢ (2.26)
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where I'y = I'y + diag{CTC, —p?I}, and T3 = P —n~1P? — ¢ 1EET.
To avoid running into bilinear matrix inequalities, the following variable changes need

to be performed (see [95]):
P =diag{P,, P}, G=PL, o '=nl* (2.27)

Now for stability we should have J;, < 0, which by using Schur’s complement, leads to the
LMI given in (2.15). O

Remark 2.2. According to (2.17), mazimization of the Lipschitz constant | can be ac-
complished by simultaneous minimization of o and . A common way of solving this
two-objective optimization problem is to linearly combine these two objective functions

into a single one like the one given in (2.14).

2.2.2 Filter Design with Delayed Measurements

In this subsection we focus on filter design in the presence of uncertain transmission
delay. When the measurements are transmitted with an uncertain delay dj satisfying
0 < di < dpr, one can express YV in (2.6) as V(k) = y(k — di). Defining the estimation

error as e(k) = x(k) — zr(k) leads to the following error system:

e(k) = (A— LC)e(k) + LCx(k) — LCx(k — dy,)
+ Bw(k) + Lv(k — di) + A¢(z, xp,u)

e(k) = z(k) — zrp(k) = He(k) (2.28)
where A¢(z,zp,u) = ¢(z,u) — ¢(xp,u). The augmented system will be given as

X(k+1) = AX (k) + AgX (k — dy) + Bw(k) + Q(X, )

e(k) = CX(k) (2.29)
where
FREC] I O
_e(kz) v(k — dy)
X< | oY (2.30)
_Aqﬁ(a:,:cp,u)




and

A 0 0 0
A= Ay =
LC A-LC —LC 0
B 0
B = C:[o H]
B —L

(2.31)

Similar to the quantization case, the augmented system is also Lipschitz and its Lipschitz

constant is [. The following theorem establishes a filter design methodology for Lipschitz

nonlinear systems affected by variable delays.

Theorem 2.2. Given the plant (2.1) with measurements transmitted with an uncertain

delay dy, satisfying 0 < dy, < dps. Then the filter given in (2.6) is optimal with an Heo

bound p on the effects of the unwanted external inputs on the estimation error, if there exist

scalars o, m, n2 > 0 and matrices P = P'+ P", P! = diag{P{, Py}, P" = diag{P{', Py} >

0, and Q,R >0, and G, and M, S, N for which the following optimization problem has a

solution:

minwa + n + dyne

s.1.

T, +Ts+04+17 T, 17 o 17 0 T;]
* —al 0 0 0 0 0
* * —-P P 0 0 0
* * * —mIl 0 0 0| <0
* * * * -P P 0
* * * * * —md 0

i * * * * * * —Ig |

where w > 0 is an optimization weight for the Lipschitz constant, and
I'; = diag{CTC,0,0, —p2I}
Ty = diag{l,0,0,0}
ri=|pa PA, 0 PB|
Ty =du [P(A — 1) PAy 0 PB}

I's = diag{—P 4+ CTC + (dyy + 1)Q + R, —Q, —R, 0}

20
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1ﬂ4:[M+N S-M -S-N 0}

Us = [VaduM VS duN|

[ = diag{P', P', P"} (2.34)
with
A 0 0 0
A= Ay =
LC A-LC —-LC 0
B 0
L R
B —L

Also the optimal filter gain L and Lipschitz constant | can be calculated as follows,

L= (Py+PH7 G, 1=1/Valm+dyn) (2.35)

Proof. Consider the following discrete-time Lyapunov-Krasovskii function ( [98]):

k—1
V(k)=X(k)TPX(k)+ > X(0)TQX()

i=k—dy
k—1 _
+ Y X(0)TRX()+ Z Z XHTQX (i)
i=k—dps j=—dp+1i=k4j
—1
+ ) Z T(P' + P"Yr(i) (2.36)
j=—dns i=k+j

where P/, P/, P=P' +P">0,Q,R>0,and 7(k) = X(k+1)—- X (k) = (A-I1)X (k) +
AgX (k — di) + Bw(k) + Q(X,u). The forward difference of (2.36) can be written as

=TT Prye + 26T T PQ + QT PQ + 7Tl

—~ Z X(0)TQX (i) + dpe Ty PTh¢

i=k—dp+1
k—dp—1
+2dy T PQ 4+ dy QTP — Y (i) P'r(i)
i=k—dps
k—1 k—1
— (i) P'r( 7(i)TP"7( (2.37)
i=k—dy, i=k—d

T
where € = [X(K)T X(k—d)T X(k—d)” wk)] s T1 = [ A 0 B], T} =
diag{—P+ (dyy+1)Q+ R,—Q,—R,0}, T}, = [A_[ Ay 0 B}. Now, using lemma 2.1,
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we can establish the following inequalities:
o' PO < QTwiQ+ I PWtPTY (2.38)
oy PQ < QTWoQ + Iy PWy L PTY, (2.39)
27 M (X(k) — X (k- dy) — Y, 7))

k—
Z TP/ +dk§TMP/ 1MTf
i=k—

+2£TM [I -1 0 0[¢ (2.40)

2T (X(k; —dy) — X(k—dr) — Y5, T(i)>

k—di—1
< > 7)) Pr() + (dy — di)€TSPTSTE

i=k—dps
+2¢7S [0 I I 0]5 (2.41)
267N (X (k) = X(k - dar) = Y5, 7(0))

k—1
< 7_ TP// +dM§TNP// 1NT§
i=k—dps
+2'N |1 0 —I 0]¢ (2.42)

where W; =n,/—P >0 i=1,2,and M = [MlT M2T M3T O}T, S = [SlT SQT Sg O]T,
N = N{f N2T Ng O}T are matrices with appropriate dimensions. The first two in-
equalities help us eliminate the terms involving the nonlinear function €2, while the last
three provide a less conservative approach to avoid the summation terms in (2.37). It
should be noted that in the last three inequalities, the left-hand side of the inequality is

equal to zero. Using the above inequalities and also the Lipschitz property of €2, we get

AV < €Tag+ ¢ Dy +TE+ TP+ W Ng
+ TS (P + Wy ol + dipg" M P MT¢

+ dp ' NP"INTE 4 (dpy — dp)€TSP' 18T (2.43)
where
=PI} , Ty=+/dyPl),
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T3 = I + diag{(m + dun2)I*1,0,0,0}
Iy = [M+N S—M —-S—N 0}
Now defining I's = [\/@M VduS 1/dMN], s = diag{P', P, P"}, and using (2.22),
one can simplify AV as given by
AV <3+ Ty +TT + 77T
+ 3T Ty + 5T T e (2.44)
where I's = P — nl_lPQ, and I'g = P — 772_1P2. It should be noted that dj is an uncertain
variable with upper and lower bounds, and thus it cannot be used in the design formulation.
As a result, it needs to be replaced with its bounds such that the inequality (2.58) still
holds, as done in formulating (2.44). Now, for the H filtering problem, J and Jj, are
defined as in (2.24) and (2.25), respectively. Using (2.44), we have
Je < €N (Ts+ T+ T4+ T + 11Ty
+ 3T Ty + Tl 1T )¢ (2.45)
where I'; = diag{CTC,0,0, —u2I}. Similar to the quantization case, in order to convert

bilinear matrix inequalities into linear ones, the following variable changes need to be

performed:
P' = diag{Py, P}, P" = diag{P/, Py}
G=(Py+P)L, a "= (m+dyn)l’ (2.46)

Now for stability we should have J; < 0, which by using Schur’s complement is the same

as the LMI given in (2.33). O

Remark 2.3. According to (2.85), maximization of the Lipschitz constant | can be ac-
complished by simultaneous minimization of a, 1 and m2. A common way of solving this
multi-objective optimization problem is to linearly combine these objective functions into

a single one like the one given in (2.52).
2.2.3 Filter Design with Variably Delayed Quantized Measurements Sub-
ject to Communication Constraints

In this subsection, we assume that due to the presence of a communication channel,

quantized measurements are transmitted with an uncertain delay and also communication
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constraints apply. When the measurements are quantized, transmitted with an uncertain

delay and subject to communication constraints, ) in (2.6) is given as follows,

y(k — di) if network access is granted
V(k) = (2.47)
yr(k) otherwise

where dj is the uncertain delay satisfying 0 < dj < dps. From equation (2.47), one can
see that when a sensor is granted access to the network, our filter will use its data, which
is delayed and quantized, for the correction of the estimates. However, when there is no
data coming from the sensors, the estimates will not be corrected. In other words, the
latter means that the filter will operate in open loop until it receives new data from the

sensor. We can rewrite (2.47) as
yv(k) = y(k — di) + Ay(k — di.) + Ay, (k) (2.48)

where Ay is the error induced by quantization, and Ay, is the bounded error induced by
communication constraints (unavailability of sensor data). It is important to note that
Ay and dj are both zero for those elements of y, for which we have no sensor data. On
the other hand, for the ones that we have sensor data, Ay, = 0.

The error system is given as:
e(k+1)=(A—-LC)e(k)+ LCx(k) — LCx(k — di)
— LACz(k — di) + Bw(k) — Lv(k — dy)
— LAv(k — dy,) — LAy, (k) + Az, xp,u)
e(k) = z(k) — zr(k) = He(k) (2.49)

where A¢g(z, zp,u) = ¢(z,u) — p(zp,u). For this case, the augmented system is given by,

X(k+1) =AX(k) + (Ag + AAg) X (k — di)

+ (B + AB)w(k) + Q(X, )

e(k) = CX(k) (2.50)
where
w(k
et ) (k)
Xt =" e = ol - d
o) Ay, (k)

24



QX,u) = (2.51)
AQS(QL’, TF, U)
and [ A 0 0 0
LC A-LC —LC 0
_B 0 0
B = c=lo A
B —-L —-L
I 0 0 0 0 0
ANy = AB = (2.52)
—LAC 0 0 —LA 0

Similar to previous cases, {2 is Lipschitz with the constant [.

Theorem 2.3. Given the plant (2.1) with measurements quantized by (2.2) and trans-
mitted with the uncertain delay di, where 0 < di, < dps, and subject to communication
constraints. Then the filter given in (2.6) is optimal with Heo bounds p and p on the
effects of the unwanted external inputs and communication constraints on the estimation
error, respectively, if there exist scalars o, 1y, 12, €1, €2 > 0 and matrices P = P’ + P”,
P’ = diag{ Py, Py}, P" = diag{P{', Py} > 0, and Q,R > 0, and G, and M,S, N for which

the following optimization problem has a solution:

minwa + n1 + dyne (2.53)
s.t.
_FJ+I‘3—|—F4+F4T b ¥ o0 o T¥ o 0 T ]
* —al O 0 0 0 0 0 0
* * —-P P E 0 0 0 0
* * * —ml 0 0 0 0 0
* x % x  —al 0 0 0 0 | <0 (2.54)
* * * * * P P E 0
* * * * * * —ml 0 0
* * * * * * * —el 0
* * * * * * * * —I'g

where w s the optimization weight for Lipschitz constant, and
I = diag{C"C,0,0,diag{—p*I,—p*I,—p*I}}
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Iy = diag{l,0,0,0}

Iy = [PA PAg 0 PIB%}

Ty =+\/dy [P(A — 1) PAy 0 PB}

I's = diag{—P + (€1 + dprea) FTF + (dps +1)Q + R, —Q, —R, 0}

I‘4:[M+N S-M -S-N 0}

s =Vdw |[M S N| To=diag{P',P'P"} (2.55)
with

_A 0 0 0

A= , Ag=
_LC A—-LC —-LC 0
_B 0 0

B= ; Cz[o H]
_B -L —L
r T

E:_o —G],FZ[OOCOOOOIO}

Also the optimal filter gain L and Lipschitz constant | can be calculated as follows,

L=(Py+P)7'G, 1=1/valm +dyn) (2.56)

Proof. Consider the discrete-time Lyapunov-Krasovskii function given in (2.36). The for-

ward difference of this function can be written as

AV = (T + AD)T P(I'} + AD)¢ + 2¢7(I') + AT)T PQ
k
+QTPQ+ T - Y X(1)TQX (i)
i=k—dpr+1

+ dp €T (T + AD)TP(D), + AT)E

+ 2dp €T (T + AT PQ + dp QT PO

k—d;—1 k—1
- Y r@TP'r@) - Y ()P
i=k—dr i=k—dy,
k—1
= > ()P (2.57)
i=k—dps

where AT = [0 Ahy 0 AB}, T = diag{—P + (dy + 1)Q + R, —Q, —R, 0} and &, T,
I, are as given in section 2.2.2, only with the parameters defined in (2.51) and (2.52).
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Now, using lemma 2.1, we can establish the following inequalities:

2(T) + AD)T PQ < QTWQ
+ (T + AT PW L P(T) 4 AT)
2(Th + AD)TPQ < QTR0
+ (T + AT PW, L P(Th 4 AT)
T T
where W; =n,I-P >0 i=1,2,and M = |M] MI MTF o} , S = [slT ST sT o] ,

T
N = [NlT NI NI 0| arematrices with appropriate dimensions. Using these inequal-

ities along with the Lipschitz property of 2 and inequalities given in (2.40-2.42), we will
get

AV <eThe+ M (Da+TT)E
+ 0 + AD)TP(P~L + W P(I) + AT
+ dp T (T + AD)TP(P~! + Wy Y P(T), + AT)E
+ " MPTIMTE + dpy " NPTINTE

+ (dpy — dp)eTSP 18T ¢ (2.58)

where I'y = T + diag{(m + darne)l?1,0,0,0}, Ty = [M +N S—M —-S—N 0}-
T
To handle the uncertain element AI', we can write PAI' = EAF, where £ = P [() — LT} ,
F=100C 0000 I ()]. Now, using lemma 2.2 and (2.22), the following in-
equality is established:
(PT} + PAD)T (P! + W, 1)(PT} + PAT)
<TP(P -0 'P?— ¢ ' EET) P, + ¢ FTF
for ¢ = 1,2. The simplified AV is given by
AV < M3+ Ty + T +TIT'T
+ T3 Ty + sl 'TE )¢ (2.59)

where I'y = PT, Ty = \/dp P, Ty = T4+ (e1 +dprea) FTF, Ty = P—n; ' P2 — e, 'EET,
Ts=P—n, P~ ¢'EET, T5 = [\/dMM VS \/dMN], I = diag{P', P', P"}. As
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explained in section 2.2.2, the uncertain dj needed to be replaced with its known bounds

i.e. 0,dps. For Heo filtering, we define
T2 S (0T R) — (k) (k) (2.60)
k=0
— pPv(k — di) " w(k — di) — p*Ayy (k)" Ay, ()}
Adding (2.59) to the right hand side of (2.60), we get J < 332 Ji, where
Ji = AV (k) + e(k)Te(k) — p2w(k)Tw(k) (2.61)
— pPv(k — di)Tv(k — di) — p* Ay, (k)" Ay, (k)
Now, if the filter such that Ji < 0, we can conclude that J < 0, which is equivalent to
lel® < 2 llwll? + k2llv ]l + p* | Ags | (2.62)

This implies that the effect of the unwanted external inputs on the second norm of the
estimation error is bounded by u, and the effect of the measurement error, caused by

communication constraints, is bounded by p. Substituting (2.59) in (2.61), we get
Je <&T(Ts+T 4+ T4+ T +T]T;'Ty
+ T3 Ty + Tl 1T )¢ (2.63)

where T'; = diag{0, H'H,0,0,0,0, —u2I, —u*I,—p*I}. To avoid BMI’s, the following

variable changes need to be performed:

P = dzag{PllaPQI}v P" = diag{P{,aPQN}

G=(Py+P)L, a=" = (m + dymp)l? (2.64)

Now for stability we need to have Jj, < 0, which by using Schur’s complement is equivalent

to the LMI given by (2.54). O

It should be noted that remark 2 is also true about the objective function given in
(2.53).
2.3 Simulation Results

In this section, we will design stable filters using the results of section 2.2 for an example

system. Our intention is to show how the network-imposed imperfections will affect the
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Figure 2.2: z and its estimate zp

designed filter gains and also the region of attraction of the filters. We assume that the
discrete model of the plant is obtained using a t = 0.01sec sampling period.

Consider the system given in (2.1) with the following parameters,

0.9323  0.0185 0.0008
A= B= C= [1 o}
_0.0092 0.9138 0.0095

0
—0.1(1 — cos(x3))
Choosing u = 0.5, and p = 0.1, the maximum Lipschitz constant and the corresponding

optimal observer gain are calculated to be as follows:

when the measurements are quantized:
T
L= [0.16 x 107* 3.9 x 10*4} = 0.059
when the measurements are transmitted with an uncertain delay:
T
L= [—0.12 x 1072 —0.09 x 10—2} [ = 0.0464

when the quantized measurements are transmitted with an uncertain delay on a network
where every sensor is granted access to the communication channel once in every 8 sam-
ples:

T
L= [—0.061 x 107° —0.11 x 107 [ =0.0464
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Figure 2.3: z and its estimate zp

The value of | in each case determines a neighborhood of x5, in which the filter stability

is guaranteed. In other words, the filter with quantized measurements is locally stable
as long as |zre| < 0.71, and the filter with uncertain delay as well as the filter with all
of the aforementioned issues are locally stable as long as |z2| < 0.69. Figures 2.2, 2.3,
2.4 illustrate the estimated variable zp for the case with quantized measurements, the
case with uncertain delay, and the case with all the issues, respectively. It can be seen
from these figures that the proposed filters output smooth estimates of z using the noisy
measurements which undergo quantization and delay.

As mentioned in Remark 1, there’s always a trade-off between the maximized Lipschitz
constant [ and the disturbance attenuation level p. Figure (2.5) shows the trade-off curve
between these two parameters in the third case. As one can see from this figure, tighter
bounds on the effects of the external disturbances come at the expense of smaller regions
of attraction, or in other words, with a smaller  comes a smaller [. A similar trade-
off was also examined between [ and p and it was seen that different values of p have
very small effect on the maximized Lipschitz constant {. However, the filter gain L was
significantly affected by the changes in p such that smaller values of p led to smaller
maximum singular values of L, i.e. &(L). In order to see how the upper bound of
the network-induced transmission delay dj; affects the maximized Lipschitz constant [, a

trade-off curve between the two is illustrated in figure (2.6) for the third case. It can be
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Figure 2.4: z and its estimate zp
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Figure 2.5: The disturbance attenuation gain p and the maximized Lipschitz constant !
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Figure 2.6: The upper bound on the delay dj; and the maximized Lipschitz constant [

seen from this figure that as delay grows larger, the maximized Lipschitz constant becomes

smaller until the LMI’s become infeasible at dj; = 23.

2.4 Summary

In this chapter, the filtering problem for Lipschitz nonlinear systems in a NCS setup
was addressed. It was assumed that the data sent by sensors were quantized by finite-
level quantizers, and also subject to uncertain delays. It was also assumed that the filter
receives sensor data once in every few samples, which models the communication con-
straints imposed by the network. First the effects of quantization and delay on filter design
were investigated separately, and then the general filtering problem, with delayed quan-
tized measurements and subject to communication constraints, was formulated. Using a
Lyapunov-Krasovskii function along with an H., bound on the estimation error system,
both stability and performance of the filter were investigated. It was seen that the as-
sociated LMI with the general filtering problem was very similar to that of the filtering
problem with delay. Although quantization and communication constraints introduced
some new variables into the resulting LMI, the structure remained intact. Simulation

results were presented to show the effectiveness of the proposed approach.
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Chapter 3

An Adaptive Approach to Filter

Design with Limited Information

In this chapter, a novel adaptive approach is proposed to account for network-imposed
imperfections such as quantization and limited channel capacity on the filter design. The
main idea is to estimate the error caused by quantization and communication constraints
instead of treating it as a bounded noise input or a norm-bounded uncertainty. Using
an LMI based approach, the filter design procedure is formulated for both linear and
Lipschitz nonlinear systems with desired attenuation bounds on the effects of the state and
measurement noise inputs and also variations of the network-imposed errors. Simulation
results are given to illustrate the effectiveness of the proposed filter.

The rest of the chapter is organized as follows. In section 3.1, we introduce the plant
and filter models. Section 7?7 and ?? discuss the proposed design approach for linear and
nonlinear systems, respectively. In section ?7? the proposed filters are tested via simulation

and section 3.5 summarizes the results of this chapter.

3.1 Plant and Filter Models

We now introduce the plant and filter models as well as the quantizer to be used in later

sections.
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3.1.1 Linear Models
Consider the following discrete-time linear plant model,

z(k+1) = Az(k) + Biu(k) + Bow(k)

<

—~
&y

~—
I

Cx(k) + Du(k) 4+ v(k)
z(k) = Hx(k) (3.1)
where x € R" is the state vector; y € RP represents the measured outputs; u € R™? is

the known input; z € R” is the signal to be estimated, and w,v € {5 denote state and

measurement noises, respectively, and

AeR™"™ By € R By ¢ R™*™

CeRP" DeRPY™  HeR™".
The discrete-time linear filter is given by

l’p(k + 1) = AxF(k) + Blu( ) + L(yrec(k)
—yr(k) — O0r(k))
yr(k) = Cxp(k) + Du(k)

zp(k) = Hxp(k) (3.2)

where xp € R”, yp € RP and zp € R" are, respectively, the state vector, output vector,
and estimate vector of the filter. L is the filter gain to be designed, 0r € RP is the adaptive
parameter of the filter, and y,.. represents the measurement signal available to the filter

and is defined as follows:

yr(k) + 0p(k) if packet is lost
yrec(k) = (33)
Yq (k) otherwise

where y,(k) € R? represents the quantized measurement received by the filter and can be

written as

yg(k) =y +0(k) (3-4)

where § =y, — y is the error induced by quantization and will be estimated by 0.
Remark I. Please note that according to (3.3), when a packet dropout occurs, the filter
will run in open loop, and therefore no corrections will be made to the state estimation

trajectories.
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3.1.2 Quantization

The quantization is assumed to be done via a dynamic linear hysteresis quantizer, which

is defined as follows,

otherwise
Yqi (k) = (3.5)
fr if fTi—Ti/2<yi(k') SfTi+Ti/2

—f7i if —fr, —7/2<y;(k) <—fri+71/2

where f € N, and ..., —27;, —7;,0, 7, 27;, . .. represent the quantization levels for the ith
measurement; and 0 < h; < 1 determines the size of the hysteresis region for that measure-
ment. It should be noted that the initial conditions of the quantizer, i.e. y4(—1) cannot
be arbitrarily chosen and they should all belong to Yy ={..., —27;, —7;,0,73,27,...}. In
the sequel, a brief description of the operation of this quantizer will be given, however,
for more detailed information on hysteretic quantizers, the reader is referred to the work
done by Ceragioli et. al in [99].

In order to understand how the hysteresis quantizer given in (3.5) works, one first
needs to understand that the main purpose of this quantizer is reducing the noise-induced
chattering between two adjacent quantization levels. To do so, this quantizer compares the
current non-quantized measurement, i.e. y;(k), with the last quantized one, i.e. yqi(k—1),
and if the absolute value of the error is less than or equal to 7;/2 4+ h;7;/2, then it carries
on with the last quantized measurement. This dynamic behavior helps reduce the noise-
induced back and forth switching between adjacent levels. Furthermore, if the absolute
value of the error is greater than 7;/2 + h;7; /2, then the quantizer acts like a conventional
linear quantizer to find the new quantized value. Figure 3.1 shows the quantization error
€qi = Yi — Yqi VEIsUs y;.

Remark II. In the hysteresis quantizer given by (3.5), there are two design parameters.
The first one, which is common among all linear quantizers, is 7;. This parameter is
the main design parameter in any linear quantizer and determines how coarse or fine
the quantization levels are. A bigger 7; corresponds to coarser quantization levels and
therefore a larger bound on the quantization error. The second parameter is h;, which is
exclusive to hysteresis quantizers, and determines how sensitive the quantizer is to noise

when switching from one quantization level to another. A larger h; implies a less sensitive
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Figure 3.1: Quantization Error

quantizer. However, the reduced sensitivity to noise comes at the price of a larger bound
on the quantization error. i.e. |eqi| < /2 + h;/2.
We note that the hysteresis bands can also be applied to logarithmic quantizers. in

this chapter, however, we restrict our attention to linear quantizers.

3.1.3 Nonlinear Models

Consider the following nonlinear plant model,

z(k+1) = Az (k) + Biu(k) + Bow(k) + ¢(x(k), u(k))
y(k) = Cx(k) + Du(k) + v(k)

z(k) = Hx(k) (3.6)

where all the variables and parameters are as defined for the linear model, and ¢(x, u) is
a Lipschitz function with the Lipschitz constant [.

The dynamic model of our adaptive filter is defined as follows

zp(k+1) = Azp(k) + Biu(k) + ¢(zp,u)
+ L(yrec(k) - yF(k) - HF(k))
yr(k) = Cxp(k) + Du(k)

ZF(k) = pr(k) (3.7)

where all of the variables and parameters are as defined in (3.2). Similar to the linear

case, quantization is assumed to be done via the linear hysteresis quantizer given in (3.5).
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3.2 Linear Filter Design

In this section we introduce a novel adaptive approach to handle the filtering problem of
linear systems subject to quantization and packet dropouts. As discussed in the previous
section, A is an adaptive parameter of the filter which estimates the network-induced
quantization error modelled by 6. Consequently, for our filter to function as desired, we

first need to derive an stable adaptive law for 0p.

3.2.1 Adaptive Law Extraction

In order to extract an stable adaptive law for #r, we first need to investigate how the
estimation error of the network-induced quantization error, i.e. 6=0-—10 F, is related to

the measurement estimation error, i.e. €(k), defined as follows:
(k) = Yrec(k) — yr(k) — Op(k). (3.8)

To this end, we use (3.1), (3.2) and (3.3) to simplify the above equation into the following

form:

0 if packet is lost
e(k) = (3.9)

Ce(k) 4+ 0(k) +v(k)  otherwise
where e(k) 2 x(k) — zp(k) represents the state estimation error. The idea is to use
the Gradient optimization rule (see [100]) to find the desired adaptation law. Define the
minimization cost function as follows:

J(0) = %eTe. (3.10)

Based on the Gradient optimization rule, for J to be minimized with respect to 0, the
adaptive law for  should be in the following format:

0J(0(k))

0k +1)=0(k)—T 500

(3.11)

where I' = diag{v1,72,...,7} > 0 is the adaptation gain, and 8J/85 can be calculated

as follows

0J(0(k)) _ dJ(O(k)) Oe(k) _ (k). (3.12)
a6( (k)

~—
U
()
—~
N
~—
D
>
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As a result, the minimizing adaptive law can be written as below
0(k +1) = 0(k) — De(k). (3.13)
Substituting § = 6 — A into (3.13), we have
O(k+1)—0p(k+1)=0(k) —0p(k) —Te(k)
= 0p(k+1) =0p(k)+Te(k) + A0(k+ 1)

where AG(k + 1) = 0(k + 1) — 0(k) represents the variation of 6 between the sampling
instants k and k+1. Since A# is unknown, alternatively we choose the following adaptation

law for Op:
Op(k+1) =0p(k) + Te(k). (3.14)

Remark III. Note that as long as the quantizer is not saturated, Af(k) is bounded for all
k, and its truncation, i.e. Afs(k) = {A0(0),A0(1),...,AH(s),0,0,...} has finite support,
which implies Al € /5.

3.2.2 The Proposed Design Approach
Based on (3.9), e(k) can have one of the two values:

e ¢(k) = 0 which implies an open loop filtering error system whose stability properties

are the same as the plant.

e (k) = Ce(k) + (k) + v(k) which closes the loop and stability of the corresponding

closed-loop filtering error system depends on the how L and I' are chosen.

Since our goal is to design a closed-loop filter, in the remainder of this article we will only
focus on e(k) = Ce(k) + 0(k) + v(k), having in mind that when a packet dropout occurs,
the loop is opened and the closed loop filter will resume its operation with new initial
conditions as soon as the next measurement is available.

Now using (3.1), (3.2) and (3.14), the closed-loop filtering error system can be written

as

e(k+1) = (A — LC)e(k) + Byw(k) — Lv(k) — LO(k)

O(k+1) = —TCe(k) + (I —T)0(k) — Tv(k) + AO(k)
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e(k) = z(k) — zp(k) = He(k) (3.15)

where ¢ is the estimation error.
Our interest is in designing a filter that can attenuate the effects of state and mea-
surement noise as well as network induced errors on the estimation error € with bounds

Ly o > 0 defined as follows:
llesl? < g ([lws]1? + [[vs|?) + 15| AOs|* - Vs, vs, Abs € £y (3.16)

Remark IV. The above inequality establishes H,, bounds on the effects of the truncated
signals ws, vs, Afs on the truncated signal 5. Note that we do not claim that the inequality
is satisfied in the space £ because, in general, A# is not ¢5 bounded.

The following theorem formulates the proposed adaptive approach for linear systems.

Theorem 3.1. Consider the linear system (3.1), with measurements quantized via a hys-
teresis linear quantizer, and the linear filter in (3.2) with O updated by (3.14). Then the
filtering error system satisfies lo bounds pywy, g on the effects of the noise and network-
induced errors, if there are matrices P > 0, G, and diagonal matrices Q, G4 > 0 satisfying

the following LMI:
x —P 0]<0 (3.17)

where

E1 - dlag{HTH - P7 _Q7 _I‘L’l21)1)17 _N?uvla _Mgl}

%= |PA-G,C G, PBy G, 0]

—_
=3

—¢,0 @-¢, 0 -¢, q (3.18)

The filter parameters L and I' can be calculated via L = P_le, and I' = Q_le, respec-
tively.
Proof. In order to analyze the stability of the error dynamics, we introduce the following

Lyapunov function candidate:

V (k) = e(k)T Pe(k) + 0(k)TQO(k) (3.19)
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where P > 0 and Q = diag{Q1,Q2,...,Qp} > 0. The forward difference of this Lyapunov

function can be written as
AV (k) = £(k)" (21 + 25 PEg + 25 QZ3)¢ (k) (3.20)

where £(k) = |e(k)T 0(k)T w(k)T w(k)T Ae(k)T]T, and

[1]>

1= dZCLg{-P, _Q7 07070}

[1]>

QZ[A—LC —L By —L O}

[1]>

5= [—FC I-T 0 -T I] (3.21)
Substituting G, = PL and Gy = QT in (3.20) yields
AV (k) =Tz + 2T pte, + 2TQ1as)e (3.22)

where Z9,Z3 are as defined in (3.18).
To show that the error system satisfies the desired Hoo performance, we need to es-
tablish attenuation levels on the effects of the noise signals and network-induced errors in

any finite time interval, under zero initial conditions. To this end, J is defined as follows:
J £ Zs:{€(i)T€(i) = i (w(@D) Tw (i) + 0(0) 0 (7))
i=0
— W3A0()TA0(0)}
= i{&‘s(i)T&‘s(i) = Wi (w5 (1) T (1) + 05 (i) T 05 (1))
i=0
— pgA0s (i) A95(i)} (3.23)

where s > 0 s any finite integer, and 0 < iy, g < 1 are, respectively, upper bounds
on the effects of the noise, and network-induced errors on the estimation error. Since
ws, Vs, AbBs all have finite supports, J is bounded. A negative J implies limited effects of
these unwanted signals on the estimation error in any finite time interval [0, s]. Since V (k)
is a positive definite function, under zero initial conditions, V(s) — V(0) = >°7 AV (i)
is positive semi-definite and therefore adding it to the right hand side of (3.23) results in
J <328 o J(k) where

J(k) = e(k)Te(k) — piy (w(k) w(k) + v(k) v (k)

40



— w2 AO(k)TAO(k) + AV (K). (3.24)

Substituting (3.22) in (3.24), we obtain

J=€eTE, +2T P e, + 21 Q 7 1Es)¢ (3.25)

where 2, = 2 + diag{HTH,0, —p2 I, —pu2,I,—u2l}. Therefore, the estimation error e
is bounded and satisfies the Hoo performance inequalities given in (3.16) if J < 0 which
is guaranteed if the LMI given in (3.17) holds true.

Remark V. Note that although the proposed linear filter was obtained solving the
feasibility problem in theorem 3.1, the problem can also be stated as an optimization
problem with an objective to minimize the Ho, bounding parameters pg and pi,,. To this
end, one can define min [y, + Wiig as the objective function with W as a weighting
parameter and iy, = pu2, and fig = u% as simple variable replacements to avoid bilinear

terms in the LMI given in (3.17).

3.3 Nonlinear Filter Design

In this section, we extend the adaptive approach of section 3 to nonlinear Lipschitz sys-
tems. Similar to the linear case, we define the state error as e = x — xr and the estimation
error of the adaptive parameter as 6 = § — 6. The closed-loop filtering error system can

be written as follows:

e(k+1)=(A— LC)e(k) + Bow(k) — Lv(k)
— LO(k) + A¢(x, xp, u)
O(k +1) = —TCe(k) + (I — T)0(k) — Tu(k) + Af(k)
e(k) = He(k) (3.26)
where AO(k) = 0(k+1) — 0(k) and A¢(z,zp,u) = ¢(z,u) — p(xp, u). Before formulating
the proposed approach, we introduce the following lemma that will be used in the proof

of the main theorem:

Lemma 3.1. ( [97]) For any z,y € R™ and any positive definite matriz T € R™™ ™, we
have:

20Ty < aTTa 4+ yT Ty
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The following theorem formulates the proposed adaptive approach for Lipschitz non-

linear systems.

Theorem 3.2. Consider the nonlinear system (3.6), with measurements quantized via a
hysteresis linear quantizer, and the nonlinear filter in (3.7) with 0p updated by (3.14).
Then the filtering error system satisfies £o attenuation levels p,, and pg on the effects
of the noise and network-induced errors, if there exist matrices P > 0, G, and diagonal

matrices Q,Gq > 0, and a scalar n > 0 such that the following LMI is feasible:

= =T =T
=1 =2 =3
*  —Ey 0 <0 (327)
* * —Q

where

21 = diag{H"H — P +nl*1,—-Q, — 2, I, —p2, I, — 31}
PA-G,C -G, PBy -G, 0
0 0 0 0 0

(1]
o
|

(3.28)

Es=|-G,C Q-G, 0 -G, Q

P -pP
—-P nl

The filter parameter L, and the adaptation gain T' can be calculated as L = P~'G and
I'= Q*IGq, respectively.

Proof. In order to analyze the stability properties of the error system given in (3.26), we
use the Lyapunov function (3.19). The forward difference of this Lyapunov function can

be written as

AV (k) = £(k)T (Qf Py + Q5 Q)E(k) + 26(k)TQf PAg

+ ApTPA¢ — e(k)T Pe(k) — 0(k)TQO(k) (3.29)
where (k) = |e(k)T (k)T wk)T (k)T AG(I{:)T]T, and

Q1=[(A—LC’) 0 By —L —L}

sz[—rc I-T 0 —-TI I}-
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Using lemma 3.1 we can write
26TQN A < TQTTIQNE + AT TI A (3.30)

where €, = PQy. Choosing Ty = W where W = nI — P > 0 for some n > 0 and then
substitute (3.30) in (3.29), we get

AV (k) < E(k)TQp(P™H + WHQE(R) + E(k)TQ5 Q26 (k)
+e(k)T (ni’T — P)e(k) — 0(k)TQO(k) (3.31)

where P and W are codependent. We have:

Plywlt=pPl4(ni-pP)!
= (nI = P)"((n] = P)P™ +1)

=l —P) " 'nP ' =(P—y P! (3.32)
Using (3.32), we can simplify (3.31) into the following inequality,
AV(E) < Ty +25(P—n P 'ey + 28 Q155 (3.33)

where

w

= dlag{nﬂl - Pv 7@7 Oa Oa 0}

(1]

2
3

[11

— |PA-G,C -G, PB, -G, 0]
-G,c @-6, 0 -G, Q| (3.34)

with G, = PL, and G4 = QI'.
Proceeding as in Theorem 3.1, we consider J and J defined in (3.23) and (3.24),

respectively. Substituting (3.33) in (3.24) and using Schur’s complement, we obtain
J <€ (E1+E1E S + EQTE)E (3.35)

where Z1,Z9,23,24 are all as defined in (3.28). Therefore, the estimation error e is
bounded and satisfies the performance inequalities given in (3.16) if J < 0, which is
guaranteed if the LMI given in (3.27) holds true.
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3.4 Simulation Results

In this section we consider two illustrative examples and compare the performance of the
adaptive filters of sections 3 and 4 to those obtained using conventional (non-adaptive)
filters and linear quantizers. We assume that the discrete model of the plant is obtained
using a sampling period ¢t = 0.01sec .

Example 1: Linear Case Consider the following linear system,

0.9323 0.0185 0.1 0.01
x(k+1)= z(k) + u(k) + w(k)
—0.0092 0.9138 0 0.01

y(k) = [1 0} x(k) + 0.1u(k) + v(k)

(k) = [o 1} (k) (3.36)

where u(k) = sin(5k) is an exogenous input, and w, v € {2 are noise signals. It is assumed
that both of the quantizers (linear and hysteresis) cover the range [—1.5,1.5] with 7 = 0.5
and therefore have 7 levels, which leads to 3-bit data packets. For the hysteresis quantizer,
we choose the hysteresis parameter h = 0.1. We assume that there are no communication
constraints i.e. the sensor can access the network at every sampling instant.

The Conventional Hoo Filter: In designing this filter, the network-induced error, i.e.
0, is modeled as noise input, and the H filter tries to bound the unwanted effects of 6,
whereas, in the proposed approach, 6 is estimated by 0 and the H, filter tries to bound
the unwanted effects of the variations of this signal, i.e. Af. Choosing the pi,, = pg = 0.5,
the resulting filter gain is Leony = [1_1()72 0,0732}T.

The Proposed Filter: Choosing i, = g = 0.5, the filter parameters are I' = 0.5331
and Lqdapt = [0.5061 0_0101]T. Figures 3.2, and 3.3 show the operation of both the
conventional and proposed filters. Comparing figures 3.2, we see that the proposed filter
is less sensitive to noise and network-induced errors than the conventional counterpart.

Example 2: Nonlinear Case Assume the linear system given in (3.36) plus the
following Lipschitz nonlinear function in the state equation:

¢(x) = 0.05(1 — cos(z2(k))?),
which is globally Lipschitz with [ = 0.05. The quantizer characteristics are also assumed
to be the same as those in the linear case. Furthermore, we assume that 3 agents use the

network and therefore our sensor is granted access to the network once in every 3 samples.
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Figure 3.3: 6 and its estimate 6
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Figure 3.5: 6 and its estimate 6

We assume that at ¢t = 1 sec a fault occurs in the sensor, causing a constant offset with
the amplitude 1 in the measurement.

Choosing the gains pyy = 0.5,u9 = 1, the filter parameters are calculated to be
Lodapt = [0,21 0_11]T X 10*3, I' = 0.998. Figures 3.4, 3.5, and 3.6 show the operation
of the proposed filter. Due to the offset added to the measurement at ¢t = 1 sec, the
quantizer becomes saturated when y > 1.5, which can be seen in figure 3.6. In the proposed
approach, however, this error is identified and estimated by the adaptive parameter 0p
(figure 3.5). As a result, as shown in figure 3.4, the generated signal zp follows z without

any significant deviation.
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3.5 Summary

This chapter considered the filtering problem for discrete-time linear and Lipschitz non-
linear systems over communication networks. Our formulation assumes that the sensor
data is first quantized and then transmitted to the filter after access to the network is
granted. The error imposed by the network was modeled as an unknown disturbance of
the measurements and then an adaptive law was proposed to estimate this error. Using a
Lyapunov-based approach, it was shown that the estimation error is bounded with arbi-
trary attenuation gains on the undesired effects of the network and noise inputs if certain
LMTI’s were feasible. Finally, the effectiveness of the proposed approach was illustrated

through simulation.
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Chapter 4

Unknown Input Filter Design for

Discrete-Time Linear Systems

In this chapter, a new H., filter design approach is proposed for discrete-time linear
systems with unknown inputs. The proposed Lyapunov-based approach, free of any sim-
ilarity transformations, designs a linear filter for the modified model of the plant, and
then extracts the original states of the system. The designed filter estimates both the
system states and the unknown input simultaneously and does not have many of the re-
strictive assumptions and restrictions that the existing unknown input filters do. In the
end, simulation results are used to illustrate the effectiveness of the proposed filter.

The rest of the chapter is organized as follows. Section II introduces the plant model. In
sections IIT and IV the two design approaches are discussed. In section V the corresponding
simulation results are given for both methods and finally section 4.5 summarizes the results

of this chapter.

4.1 Plant Model

Consider the following linear system:

x(k+1) = Az(k) + Biu(k) + Bad(k) + Bsw(k)

y(k) = Cx(k) + v(k)
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where z € R" is the state vector; y € RP represents the measured outputs; z € R”
is the vector to be estimated; u € R™ is the known input; d € R™2 is the unknown
low-frequency disturbance input; w € R™ and v € RP are the state and measurement
noise inputs, respectively, and A, By, By, Bs, C, H are the state space matrices of the
model. We assume that (A,C) is an observable pair and also By, C are full rank with
rank(Bs) = ma, rank(C) = p and p > mao.

Now we define the new state variable T as
Bk+1)=ax(k+1) =) _ A'Byd(k — i) (4.2)
i=0

where o can be calculated through either

min o
s.t. rank <C’AUBQ> = rank(Bs) (4.3)
or
min o
s.t. rank (Z‘i’:o CAZ'BQ) = rank(Bs) (4.4)

These two conditions are extracted through the stability analyses of two correlated yet
distinct approaches which are based on two different filter models. The details of each
approach will be discussed in the next two sections of this chapter.

Before introducing these approaches, we first rewrite the plant model by substituting

(4.2) in (4.1), which leads to

z(k+1) = Az(k) + Biu(k) + A" Bod(k — o — 1)
+ Bgﬂ)(k)
y(k) = Cz(k) + i CA'Byd(k —i—1) +v(k)
i=0

2(k) = Hz(k) + i HA'Bod(k —i—1) (4.5)
=0

Based on the above revised model we will propose two distinct filter models and the

corresponding design approach.
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4.2 Approach I

In this approach we assume that o is calculated by (4.3). Consider the following filter

model,

tp(k4+1) = Azp(k) + AT Bodp(k — o — 1|k — 1)
+ Bru(k) + L(y(k) — ype(k))
yrp(k) = CTp(k) + Y  CA'Bydp(k —i— 1|k — 1)
=0

yre(k) = Cp(k) + >  CA'Bydp(k —i—1]k)
=0

ap(k) = Hzp(k) + Y HA'Bydp(k — i — 1|k) (4.6)
=0

where Zp € R™ is the state vector of the filter; dp(k —i|k — 7) € R™2 is the estimated dis-
turbance vector dp(k —1i), which is calculated using the measurements up to the sampling
instant k£ — j; yrp € RP is the predicted measurement vector which is calculated using the
estimated dp up to the sampling instant & — 1; yp. € R? is the corrected measurement
vector which is calculated using the estimated dr up to the sampling instant k; zp € R"
is the estimated vector; and L is the static filter parameter to be designed. It should be
noted that this filter has exactly the same structure and same state space matrices as the

original plant if the disturbance is zero.

4.2.1 Stability Analysis

The first step in the stability analysis is to find the unknown input estimate dp. As
explained before, to calculate the value of dp at every sampling instant we propose an
stable adaptive law, which uses the plant measurements to update dg. In this section,
we will first extract this stable adaptive law and then discuss the necessary conditions for

stability.

Adaptive Law Extraction

In order to extract an stable adaptive law for dp, we first need to find how the unknown

input estimation error d = d — dp, is related to the measurement y received by the filter.
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To this end, we define the predicted measurement error €, as

ep(k) = y(k) — yrp(k)
= Ce(k) + iCAiBch(k —i—1lk—1)
=0

+v(k) (4.7)

where € = ¥ —Zp is the state error, v is the unknown error introduced by the measurement

noise. Similarly, the corrected measurement error €, can be defined as

Ec(k) = y(k) - ch(k)
= Ce(k) + zaj CA'Bod(k — i — 1K)
=0

+ v(k) (4.8)

We now construct our adaptation law to ensure that € is exponentially decreasing. More
explicitly; the adaptive law ensures that ||e,(k + 1)||, the predicted measurement error at
k+1, is smaller than ||e.(k)||, the corrected error at k, and also that e.(k+1),the corrected
error at k + 1, is smaller than €,(k + 1), the predicted error at k + 1. If those conditions
are satisfied we can conclude that ||e|| is decreasing with respect to d in accordance with

the Gradient Optimization Rule. Therefore, using (4.7) and (4.8) we can write
ep(k+1) —e(k) =Ce(k+1)— Ce(k)+ 0
+ Y CA'By(d(k — ilk)
i=0

—d(k—i—1lk)) (4.9)

where 6 = v(k+1)—wv(k) is an unknown error term introduced via the measurement noise.

We now choose d(k — i|k) as
d(k — ilk) = d(k — i — 1|k) — TBL A7 €T (k) (4.10)

fori=0,...,0 where I is a diagonal positive definite matrix. Substituting (4.10) in (4.9),

we get

ep(k+1)= (I = CABTBYA” CT)e (k)
=0
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+C(e(k+1)—e(k)) +0 (4.11)

From the above equation, we can conclude that for a stable € and a bounded error term
J, the predicted output error at k + 1, i.e. €y(k + 1), is decreasing with respect to the
corrected output error at k, i.e. e.(k), provided that I' is chosen in such a way that the
following inequality is satisfied:

NI — 20: CA'BTBI A" 0T < 1 (4.12)

i=0

where A\( M ) represents the eigenvalue of M. We claim that there always exists a small
enough I'g > 0, that for all I' < Iy the condition given in (4.12) is satisfied. To show this

more clearly we first break down this condition into the following two inequalities:

o

Amas(I =Y CA'B,I'BI A7 CT) < 1 (4.13)
=0

Amin(I =Y CA'B,TBT AT CT) > —1 (4.14)
1=0

The first inequality is always satisfied due to the fact that for a positive definite I', the
matrix given by Y7 CA'B,T’ BQT ATOT s always positive semi-definite. To investigate
the second inequality we can write
~ T
Amin(I =Y CA'B,TBy A” CT)
i=0

=1~ Anao(Y_ CA'B,IBY AT CT)
=0

>1- | CcA'B,rBI A" 7|
1=0

. i il
>1— ||| Y CA'ByBy A” CT|
i=0

Therefore, for (4.14) to be satisfied we need to have
I CA'ByB AT CT| < 2
i=0
Based on the assumption given in (4.3), || >°7_, C’AiBngAiTC'TH is non-zero and there-
fore there always exists a small enough I' > 0 for which (4.14) is satisfied.
Next step is to show that e.(k) is also decreasing with respect to €,(k). Going back

to (4.10), it is easy to see that at every sampling instant k, o + 1 consecutive values of
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d starting from d(k — o|k) to d(k|k) are updated. Solving (4.10) in a recursive manner,
links all of the updated variables to cZ(k — o — 1|k), which was last updated at k — 1, i.e.

dk—o—-1k+j)=dk—-0c—-1k-1) j=0,1,... (4.15)
As a result, (4.10) can be rewritten as follows:
dk —ilk) =d(k —o — 1k —1) ~ TS BY A7 CTe.(k) (4.16)
j=i
for i =0,...,0. It should be noted that the adaptive law given in (4.16) is not realizable

due to the existence of the unknown disturbance d in the equation. To handle this problem,

we rewrite (4.16) as

d(k —i) —dp(k —ilk)
=dk—0—-1)—dp(k—0—1]k—1)
~ TS BT AT CTe (k)
j=i
=dp(k—ilk)=dp(k—0c—1lk—1)
+ T3 BI AT CTeo(k) + Ad(k — i) (4.17)
j=i
where Ad(k —i) = d(k — i) —d(k — o — 1) is an unknown term, which is bounded for any

continuous signal and cannot be realized. As an alternative, we choose the adaptation law

to be
dp(k —ilk) =dp(k—0o— 1k —1)
+ T3 BI AT Ce (k) (4.18)
j=i
for:=0,...,0. Now in order to calculate €. we first need to calculate the corrected filter

measurement, i.e. yr.. To this end, we substitute (4.18) in the third equation of (4.6),

which results in

yre(k,l+1) = CZp(k) + >  CA'Bydp(k — o — 1|k — 1)
1=0
+Y CABr Y BI AT CT ek 1) (4.19)
i=0 j=it+1
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where [ = 0,1,2,... is a variable introduced to solve the above equation in an iterative

manner. The initial values of this equation are given as
yre(k,0) = yrp(k), ec(k,0) = e(k)
By substituting (4.19) in €, = y — yr., we get
ec(k,l+1) =y(k) — Czp(k)

— Y CA'Bydp(k— o —1[k — 1)
=0

N CAB,r Y BI AT CTeu(k, 1)
i=0 j=i+1

Using this equation, we can conclude that at every iteration, ||e.(k,!+1)|| becomes smaller

with respect to ||e.(k, )| if I is chosen small enough so that the following inequality holds:

g ; g o
Amaz(} CA'BoT' Y~ By AV CT) <1 (4.20)
i=0 j=i+1

Based on (4.20), at every iteration, e.(k,!) will become smaller until it reaches its steady

state value, i.e. €.(k). As a result we can state the following corollary:

Corollary 4.1. e.(k+1) and e,(k+1) are both decreasing with respect to e.(k) and e,(k)
if the inequalities given in (4.14) and (4.20) are satisfied.

The steady state value of €.(k, 1), i.e. €.(k) can be calculated via the following equation:
ec(k) = lim e.(k,l + 1) = lim e.(k,1)
l—o0 l—o0
— Jim {y(k) — Cop(k)
l—o00

— Y CA'Bydp(k— o —1[k — 1)

=0
N CA'B,r Y BIAT CTeu(k, 1)} (4.21)
i=0 j=i+1

Simplifying this equation will result in:

ee(k) = @ 1y(k) — @ 'Czp(k)
—o! z(,: CA'Bydp(k — o — 1]k — 1) (4.22)
=0
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where
o o
¢=1+> CABT Y BIa'cT (4.23)
i=0 j=i+1
It should be noted that for a small enough I', ® is positive-definite and therefore invertible.
Note that among the o + 1 consecutive values of dp, which are updated at every
sampling instant, two stand out. The first one is dp(k — o) which is being corrected for
one last time at this instant and is therefore of great importance in our mathematical
analysis and design. The second one is dp(k) which is being predicted for the first time
and is therefore important in the analysis of our simulation results. We will refer to the
former as the corrected disturbance estimate or dp. and to the latter as the predicted

disturbance or dpp.

Necessary Stability Conditions

In order to obtain the necessary stability conditions, we first need to calculate e, with

respect to € and d, which can be accomplished by substituting the second equation of

(4.5) in (4.22), i.c.

ce(k) =0 'Ce(k) + @'Y CA'Bad(k — 0 — 1]k — 1)

1=0
o—1
+ @'Y CA'ByAd(k — i — 1) + 2 u(k) (4.24)
=0

Now we use this equation along with (4.5), (4.6) and (4.18) to write the error dynamics

as follows:
e(k+1) = Ae(k) + APd(k — o — 1|k — 1)
+ Byw(k) + Bllo(k) + BRAd, !
d(k —olk) = A%e(k) + ARd(k — o — 1]k — 1)
+ B¥v(k) + B¥Ad,
(4.25)
where

A =A-Lo7'C
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A = AT By — L& 'CAs B,
A% = —T(CA°By)To~!C

AZ =1 -T(CA’By)Td 1CAsB,

By = -Lo™!
B =—-Lo"lC [BQ ABsy ... AHBQ}
BY = _T(CA°By)T o~}
B?z[@ 0 ... I}
~T(CAB)7C By ABy ... ARy

Ay = 20: A
i=0

and
[Ad(k—1)]
o Ad(k — 2
Adl = (k=2)
Ad(k - o))

It should be noted that our stability analysis is done for ¢ = ¢ due to the fact that at
sampling instant k, the only updated J, that won’t be corrected in the next sampling

instants, is d(k — o). Now using (4.25) the error stability matrix can be written as

All A12
AS AS

Assume that Bs is partitioned as By = { Bj Bé’} and
rank(C A% By) = rank(B%) < rank(Bz). (4.27)
Defining

M = (AT — L&~ 1CAx)B)
M" = (A°T — Lo~ 1CAx)BY
N'=(CA’By)"o~'C

N// _ (CAUBQI)T(I)fIC
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I'= diag{Fl, FQ} (428)

then (4.26) can be rewritten as

Aévl M/ M//
S=|-I''N' I-T|N'AsB, -~T1N'AgBY (4.29)

~TyN" —TyN"AgB) I—TyN"AxBY

According to (4.27), the columns of C' A% BY are the linear combination of the columns of
CA? B}, or in other words CA?BY = CA?B,R. As a result N” = RTN’. To analyze the

stability of this matrix, we introduce the following similarity transformation matrix:

I 0 0
T= |0 I 0 (4.30)
0 —-TLRTTy' T

Applying this transformation to S, we get

Sy =T8T
Ad M M
= |-I'N' E -T1N'AxBj (4.31)
0 0 I

where E = I —T''N'AyxB), — I‘lN’AgBé’I‘gRTFfl. It is easy to show that S has h

eigenvalues at 1, where h = rank(Bs) — rank(BY}).

Corollary 4.2. The filter (4.6) with the adaptive law given in (4.18) can produce stable

estimates if the following inequality holds true:
rank(C A° By) > rank(Bs) (4.32)

It is crucial to note that the necessary stability condition given in (4.32) is less re-
strictive than the well-known necessary condition rank(CBz) > rank(Bs), which is very
common in unknown input observer design. The following example illustrates this point:

Example: Assume

0 0 1 0 1
rk+1)=1|0 —05 olz(k)+ |1 o] dk)
025 0.25 0 10
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01 —1
y(k) = (k)
01 0

For this system, we have rank(Bz) = 2, rank(CBsz) = 1 and rank(CAB2) = 2.

4.2.2 The Proposed Filter

In this section, we will propose an LMI-based filter design procedure for discrete-time
linear systems subject to unknown state disturbances.
Consider the revised linear model given in (4.5) and the filter model given in (4.6).

The following theorem, formulates the proposed adaptive approach.

Theorem 4.1. Consider the linear system (4.1) along with the linear filter (4.6) with dp

being updated as follows:

dp(k—i) =dp(k—o—1)+TY BT AT CTe.(k)
Jj=t

where €. = y—yre 1S the measurement estimation error and I' > 0 s the adaptation gain.
Let iy, po, fta, be the €o attenuation gains bounding the effects of state noise, measure-
ment noise, and disturbance variations, on the estimation error. Then the Hoo filtering
problem with disturbance estimator has a solution if there exist matrices P,, P; > 0 and

G satisfying the following LMI:

i
[1
[\]

where

P = diag{P., P}

=11 =12
—_ =1 =1
=17 22

L * \:ll

[ 1T 1 1T ~2
11 C’S CS—PE CS Cs
\_41 —_—

2T ~1 2T ~2

[ 1T 1 17T 2
—12 0 C’S Dg C’S D3
\_41 _—

0 c3'Dy 2D}
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—p2 1 0 0
=22

E'=1| 0o DY Dy-pl1 D} D%

0 D3'DY DD -3l

9 = =1l =2

ATP, — CTo-TGT ]

BI (At p, - 527 AT CTH-TGT)
BIP,

—o-TGT

[1]

N =

—-B; CTo-TGY
—BIATCTo-TGT

—BIAs 1T Te-TGT

—CTdTCA’ByI' P,y
(I-BI'S 7 AT CTo-TCA”B,T) P,
0

_2 0 TCA B, TPy

) ~BICTo"TCA° BT Py
~BIATCT®-TC A By Py

Py— BT A" CcT®-TCA? B,T'P,

CL=H({I-Y ABr Y BIA'c e '0)
i=0 j=i+1
C2=S HABy(I-T Y BIATCTo 'CAsB,)
=0 j=it1

e (o
Dy=-Y HABT Y BIA CTo
=0

j=i+1
D% =H |:BQ AB> AU_IBQ:|
o ' o e
—) HA'BI' Y BjA cTo7'C
i=0 j=i+1
X |:B2 ABy ... AgilBQ}
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¢=1+Y CABT S B C” (4.34)
i=0 j=itl

Then the filter parameter is calculated as L = P, 'G., and the disturbance estimate dp is

updated as given in (4.18).
Proof. Using (4.25), (4.5) and (4.6), the estimation error system can be written as

ek +1) = Ag'e(k) + AFd(k — o — 1]k — 1)
+ Byw(k) + BYv(k) + BR¥Ad,_,
dk — o) = A¥e(k) + ABd(k — o — 1]k — 1)
+ Bo(k) + B¥Ad,_,
e(k) = z(k) — zr(k)
= Cle(k) + Cid(k — o — 1]k — 1)

+ DLo(k) + DA, _, (4.35)

where Cl, C2, Dg are as defined in (4.34); and Ag, ng are as given in (4.25). Augmenting
~ ~ T T
e and d as X(k) = |e(k)T d(k—o— 1k —1)T| and defining w = [T o7 AdT] ,

the augmented error model will be given as:

X(k+1) = AX (k) + Bw(k)

e(k) = CX (k) + Dw(k) (4.36)
where
_All A12
A— |8 S
A2l A%
5 | P BY BY
0 B3 BZ
c=loy o
D=0 D}g Dg} (4.37)

To analyze the stability of the augmented system, the following Lyapunov function is used,
V(k) = X(k)TPX (k) (4.38)
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The forward difference of this Lyapunov function can be written as

AV (k) =V (k+1) - V(k)
(k)TATPAX (k) + w(k) "B PBw(k)
E)TATPBw(k) 4+ w(k)TBTPAX (k)

BIPX (k) (4.39)

T
Defining ¢ = [ xT WT} , (4.39) can be simplified as follows:

T
T AT AT -P 0
AV (k) = &(k){ P + (k) (4.40)
BT BT 0 0
In order to establish an H,, bound on the effects of the unwanted noise inputs and also

the effects of the variations of the unknown disturbance i.e. Ad, we define

h
T2 {e(k)Te(k) — wk)" u" pw(k)} (4.41)
k=0

where h > 0 is a finite integer and p = diag{pw, tv, pa}- Adding (4.38) to the right hand
side of (4.41), we get

h h

T <> {elk)Te(k) — wk) 1" pw(k) + AV(E)} = Ji (4.42)
k=0 k=0

Now, if we design our filter such that Ji, <0, we can conclude that J < 0, which implies
that in the time interval [0, h], the second norm of the estimation error is bounded by
factors of the second norms of the noise inputs and disturbance variations. In other
words, it establishes an Hs, bound on the estimation error system. Using (4.36) ¢ can

be simplified as follows:

CTCc C™
ele = ¢(k)T (k) (4.43)
DTC DTD

Substituting (4.43) and (4.40) in (4.42), we have
Jr < E1(Qr + P10l (4.44)

where
cTc-P CT™D
pT'Cc DD - uTp

O
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ATP
Oy = (4.45)
BTP
Now if we define G, = P.L, we can rewrite (4.44) as follows:

Jr < €T (B + EPTED)E (4.46)

where =1, Z9,Z3 are as given in (4.34). Using Schur’s Complement one can show that

(4.46) holds true if the LMI given in (4.33) is satisfied. O

4.3 Approach II

Consider the following filter model,
Zp(k+1) = Azp(k) + A" Badp(k — 0 — 1)
+ Bru(k) + L(y(k) — yr(k))
yr(k) = Czp(k) + i CA'Bodp(k — o — 1)
i=0

zp(k) = Hzp(k) + XU: HA'Bodp(k — o — 1) (4.47)
=0

where Zp is the n x 1 state vector of the filter; dp is the mo x 1 estimated disturbance
vector, which will follow an stable adaptive law to track the unknown disturbance; yp
represents the p x 1 estimated measurement vector; zg is the r x 1 estimated vector; and

L is the static filter parameter to be designed.

4.3.1 Stability Analysis

Similar to Approach I, in this section we will first derive a stable adaptive law for estimating
the unknown input and then we’ll move on to the necessary stability conditions for this

approach.

Adaptive Law Extraction

In order to extract an stable adaptive law for dr, we first need to find how the unknown
input estimation error d=d—d F, is related to the measurement vector. To this end, we

define the measurement estimation error as
(k) =y(k) —yr(k)
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= Ce(k) + ZU: CA'Byd(k — 0 — 1)

=0
o—1 )
+3 CAByAd(k —i— 1) + v(k) (4.48)
1=0

where € = T — T represents the state estimation error; Ad(k—i) = d(k—i)—d(k—o—1)
represents the variation of the unknown disturbance; and v is the measurement noise.
We now construct our adaptation law to ensure that e is exponentially decreasing. Using

(4.48) we can write
e(k+1)—elk)=Ce(k+1)—Ce(k)+ 6

+ zg: CA'By(d(k — o) —d(k — o — 1)) (4.49)
=0

where

5= i CA'By(d(k — i) — d(k —i — 1))
=0

+ ok +1) — v(k)

We now choose d(k — o) as

g
dk—o)=d(k—o—1)~TY BT A" CTe(k) (4.50)
i=0
for i =0,...,0 where I' is a diagonal positive definite matrix which represents the adap-

tation gain. Substituting (4.50) in (4.49), we get
e(k+1)=(I -3 CABIS BY A" CT)e(k)
i=0 =0

+Cle(k+1)—e(k))+9 (4.51)

From the above equation, we can conclude that for a stable € and a bounded error term 6,
the measurement estimation error, i.e. €, is decreasing in time, provided that I' is chosen
in such a way that the following inequality is satisfied:
g e T
MI - CA'BI'Y BJA" CT) <1 (4.52)
i=0 i=0
where A\( M ) represents the eigenvalues of M. We claim that there always exists a small

enough I'g > 0, that for all I' < I'y the condition given in (4.52) is satisfied. To show this
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more clearly we first break down this condition into the following two inequalities:

Amaa(I =Y CA'B, IS BT AT CT) < 1 (4.53)
=0 1=0

Amin(I =" CA'B,I'S" BY AT CT) > -1 (4.54)
=0 =0

The first inequality is always satisfied due to the fact that for a positive definite I', the
matrix given by .7 CA'BoI' Y7 BT ATOT s always positive definite and therefore
the largest eigenvalue will always be smaller than 1. To investigate the second inequality

we can write

Amin (I — ZU: CA'B,T i BT A 0T

=0 =0
=1 Anao(Y_ CA'B,I S BT AT CT)
=0 =0
>1- Y cABrY Bl A" 7|
=0 1=0

o (o2
> 1LY CcA'By Y BT AT CT|
i=0 i=0
Therefore, for (4.54) to be satisfied we need to have
T CA'B Yy - By AT CT| < 2
i=0 i=0
Based on the assumption given in (4.4), || >°7_,CA'By 37, BgAiTC’TH is non-zero and
therefore there always exists a small enough I" > 0 for which (4.54) is satisfied.
It should be noted that the adaptive law given in (4.50) is not realizable due to the

existence of the unknown disturbance d in the equation. To handle this problem, we

rewrite (4.50) as
d(k — o) —dp(k — o)
=dk—0—-1)—dp(k—0—1)
- riBQT AT CTe(k)
=0
=dpk—0)=dp(k—0—1)

+TY BT A" CTe(k) + Ad(k — o) (4.55)
=0
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where Ad(k — o) = d(k—o0)—d(k— o0 —1) is an unknown term, which is bounded for any
continuous signal and cannot be realized. As an alternative, we choose the adaptation law

to be
dp(k—o0) =dp(k—o—1)+TY BT A" CTe(k) (4.56)
i=0
Necessary Stability Conditions

In order to establish necessary stability conditions, we first form the filtering error system

by using (4.5), (4.47) and (4.56) as follows:

é(kj + 1) = Allé(l{;) + Algd(k — 0 — 1) + ng(k) + Bllv(k‘) + Blgmlz:;
d~(k} — o) =Agye(k) + AQQJ(k —o—1)+Byv(k) + ngfdlg:i
e(k) = 2(k) — 2p(k)

Cié(k) + Cad(k — o — 1) + Dyv(k) + DoAdy o (4.57)

where

Ay =A-LC
A= A°T'By — LOAs By
Ao; = —T(CAsBy)TC

Aoy =T —T(CAxBy)TCAs B,

By, =L
B = —-LC [B2 ABy ... A"*lBg}
By = —I'(CAxBo)T
Boo = [0 0 ... I}
_T(CAsBy)TC [32 ABy ... A"_lBg]
Cy=H
Cy = HAs B,
Dy = H [Bg ABs ... A"*lBQ]

Ay = zg: A
i=0
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and

Ad(k —1)
o Ad(k — 2
Ady L = (k=2)

_Ad(k: — U)_

Now using the above model, we can write the error stability matrix as follows,

A1r A
Ao Ago

S:

Assume that By is partitioned as By = { Bé Bé’} and
rankz(z CA'By) = rank(Bj) < rank(Bs).

=0

Defining

M' = (AT — LCAx)B)
M" = (A°t! — LCAx)B)
N' = (CAsBY)TC
N" = (CAsBy)'C

[' = diag{l';,T'2}
then (4.58) can be rewritten as

All M/ M//
S=|-I'N' I-T)N'AsB, —I'N'AsBl
—ION”  —TyN"AsB) I—TyN"AsBY

(4.58)

(4.59)

(4.60)

(4.61)

According to (4.59), columns of C'Ay, BY are linear combinations of the columns of C'Ax, B,

or in other words C Ay BY = CAsB4R. As aresult N” = RTN'. To analyze the stability

of this matrix, we introduce the following similarity transformation matrix:

I 0 0
T=0 I 0
0 —ToRTTT! T
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Applying this transformation to S, we get

Sy =TST™!
Ay M M
= |-T'N' E -T|N'AsBj (4.63)
0 0 I

where £ = I — I'N'Ax Bl — I‘lN’AgBéTgRTFfl. It is easy to show that Sy has h

eigenvalues at 1, where h = rank(Bs) — rank(By).

Corollary 4.3. The filter (4.47) with the adaptive law given in (4.56) can produce stable
estimates if the following inequality holds true:
rankz(z CA'By) > rank(Bs) (4.64)
i=0
Similar to the necessary stability condition of Approach I, the above condition is less

restrictive than the well-known necessary condition rank(CBsz) > rank(Ba).

4.3.2 The Proposed Filter

In this section, we will explain the design procedure for the proposed filter in the second

approach.

- ~ T AT
Augmenting € and d as X (k) = é(k)T dk —o — 1)T} and defining w = [wT T AdT ,

the augmented error model can be written as:

X(k+1) = AX(k) + Bu(k)

£(k) = CX (k) + Dw(k) (4.65)
where
Ao Air A
|Ag1 Agp
B_ Bz Bi1 Bio
| 0 Bap B
.
D=0 0 Dy (4.66)

The following theorem formulates the design approach for the zone 1 filter.
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Theorem 4.2. Consider the linear system in (4.1) . Then the linear filter given in (4.47)

with the disturbance estimator given in (4.56) generate stable estimates of z and d with

arbitrary Heo gains iy, ty, fta > 0, which respectively bound the effects of the state noise,

measurement noise and disturbance variations, if there exist matrices P., P;, Gq > 0 and

G satisfying the following LMI:

x —P, 0 |<0 (4.67)
* * =Py
where
e
==
x =22
. | #TE-P HTH A5 B,
"~ |BYALHTH BIALHTHAsB, - Py
1 0 0 HTD,
o 0 0 BJALH'D,
2T 0 0
EP =1 0 i 0
| 0 0 DIDy—piI
| atp_cter ]
BT (AT p, — AZCTGT)
BIP,
=, = _GZ
- _BICTGT
—BIATCTGT
—BT AT TG
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—CTC A5 ByGy
P, — BT ALCTCAsB,Gy
0
—CAsByGy
~BICTCAsByGy
—BIATCTC A5 ByGy

(1]
|

P, — BT A 1"CTC Ag B, Gy
Dy =H By, ABy ... A07132:| (468)
Once solved, the filter parameters are calculated as L = P.'G, and T’ = PglGd.

Proof. To analyze the stability of the filtering error system given in (4.65), the following
Lyapunov function is used,

V(k) = X (k)P X (k) (4.69)
where P = diag{P., P;}. The forward difference of this Lyapunov function can be written

as

AV (k)

V(k+1)—V(k)
X(B)YATPAX (E) + w(k)TBTPBw(k)
+ X (k)TATPBw(k) + w(k)TBTPAX ()
— X(k)TPX (k) (4.70)

T
Defining ¢ = [ xT wT} , (4.70) can be simplified as follows:

T
o |AT AT -P 0
AV(k) = &(k)"{ P + (k) (4.71)
BT BT 0 0
In order to establish attenuation bounds on the effects of the network-induced error Ay,

and also effects of the variations of the unknown disturbance i.e. Ad, we define
T2 felk)Te(k) —wk) pn" pw(k)} (4.72)
k=0

where s > 0 is any bounded integer and pu = diag{w, fv, ta}- Adding (4.69) to the right
hand side of (4.72), we get

J < ZS:{E(k)Ta(k) —w(k) ) pw (k) + AV (k)} = Z Ji (4.73)
k=0
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Now, if we design our filter such that Ji <0, we can conclude that J < 0, which implies
that in the time interval [0, s], the second norm of the estimation error is bounded by
factors of the second norms of noise inputs and disturbance variations. In other words, it
establishes an H., bound on the filtering error system. Using (4.65) ”¢ can be simplified

as follows:

B - cTc CTp
et e =¢(k) &(k) (4.74)
DTC DTD

Substituting (4.74) and (4.71) in (4.73), we have

Jr < €1 (0 + QP T'05)E (4.75)
where

(cTc—p D

0 =

DTC  DTD - pulp

ATP

Q= (4.76)
BTP

Now if we define G, = P.L and G4 = P,;I", we can rewrite (4.75) as follows:
Jp <ET(21 + S P12 4 23 ED e (4.77)

where =1, 59,3 are as given in (4.68). Using Schur’s Complement one can show that

(4.77) holds true if the LMI given in (4.67) is satisfied. O

4.4 Simulation Results

In this section, we simulate the proposed unknown input filter for three examples. In all

of these examples we assume the following:

e the sampling time is assumed to be Ts = 0.1 sec,

e w and v are white noise inputs with the standard deviations of 0.5 and 0.1, respec-

tively,

e the unknown disturbance d is applied to the system at ¢ = 3 sec as a step input
with the amplitude of 2 and then it grows linearly till ¢ = 4 sec where it reaches the

amplitude of 4,
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e H. bounds are chosen as i, = iy = g = 0.5.

In all of the figures, zp1, dpry represent the estimated signals by Approach I and zgs, dpo

represent the estimated signals by Approach II.

Example 4.1. In this example a stable system with an invertible A matriz is considered
and the results of both of the proposed approaches are compared with those generated by
the approach introduced in [53].

Consider the following stable linear system,

08 0 0 1
x(k+1)= 121 -1.3 —0.6481| z(k)+ |[1| u(k)
0 0.6481 0 1
1 0.01
+ |1] d(k)+ [0.01] w(k)
0 0.01

yW:bOLmhw+M)

MFpOJMMW (4.78)

For this system we have CBy = CABy = 0 and therefore majority of the approaches in
the literature will fail to produce stable results. For both of our approaches we get o = 2.

Choosing now the adaptation gain as T’ = 0.2, the filter gain derived through Approach [

18
T
L= [0.1968 0.7734 —0.3164}
For Approach II, the filter and adaptation gains are calculated as
T
L= [0.2425 0.8284 —0.2962}
I'=0.2314

Using the above parameters, we simulate the filter in two scenarios:

Scenario 1. we assume that the known input u is zero,

Scenario 2. we assume u(k) = sin(5kTs).

Figures 4.1, 4.2, 4.3 and 4.4 compare the estimated signal zp and dp produced by both
of our approaches to those produced by [53] in scenario 1. In all of the figures of this
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example zpo, dpo represent the estimated signals by the method given in [53]. As seen in

these figures, the proposed filters illustrate better performance in tracking of both z and d.

3

Z

z
ol ZF1 |
FO ||
1 /" J
0+ — .
Al 7

_2 L L L L L

0 1 2 3 4 5 6

Time (sec)

Figure 4.1: Approach I: Real signal z and its estimate zg for the proposed filter in the
first scenario of example 1

Figures 4.5, 4.6, 4.7 and 4.8 compare the estimated signal zp and dp produced by both
of our approaches to those produced by [53] in scenario 2. The supremacy of the proposed
approaches is very obvious in these figures as the approach in [53] does not take the effects

of the known input u into account.

Example 4.2. In this example we will consider a stable system with noninvertible A
matriz. This example is to demonstrate that our approaches do not require the invertibility
assumption of the matriz A encountered in [53].

Consider the following stable linear system,

0.5 0 _1
z(k+1)= xz(k) + u(k)
1 0 _1
_1 0.01_
+ (k) + w(k)
0 0.01
y(k) = |0 1] (k) +o(k)
(k) = :0,1 o] (k) (4.79)




10
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Figure 4.2: Approach I: Disturbance d and its estimate dp for the proposed filter in the
first scenario of example 1

_ 2 L L L L L
0 1 2 3 4 5 6
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Figure 4.3: Approach II: Real signal z and its estimate zp for the proposed filter in the
first scenario of example 1
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Figure 4.4: Approach II: Disturbance d and its estimate dg for the proposed filter in the
first scenario of example 1

Time (sec)

Figure 4.5: Approach I: Real signal z and its estimate zg for the proposed filter in the
second scenario of example 1
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Figure 4.6: Approach I: Disturbance d and its estimate dp for the proposed filter in the
second scenario of example 1

Time (sec)

Figure 4.7: Approach II: Real signal z and its estimate zp for the proposed filter in the
second scenario of example 1
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Time (sec)

Figure 4.8: Approach II: Disturbance d and its estimate dg for the proposed filter in the
second scenario of example 1

For this system we have CBs = 0 and o for both of our approaches is calculated as o = 1.
Choosing now the adaptation gain as I' = 0.5, the filter gain derived through Approach I

18
T
L= [0.1363 0.2758}

For Approach II, the filter and adaptation gains are calculated as

T
L= [0.218 0.4199}

I' =0.7748

Figures 4.9, 4.10, 4.11 and 4.12 show the estimated signal zp and dp for both of the
proposed approaches. As seen in these figures, the proposed filters estimates both zp and

dr regardless of the invertiblity of A.

Example 4.3. In this example we consider an unstable system to show that system sta-
bility is not a requirement for our proposed filters.

Consider the following unstable linear system,

0.5 0.1 1
x(k+1) = z(k) + u(k)
0.2 1.01 1
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Time (sec)

Figure 4.9: Approach I: Real signal z and its estimate zp for the proposed filter in example
2

Time (sec)

Figure 4.10: Approach I: Disturbance d and its estimate dr for the proposed filter in
example 2
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1.2

Time (sec)

Figure 4.11: Approach II: Real signal z and its estimate zp for the proposed filter in
example 2

Time (sec)

Figure 4.12: Approach II: Disturbance d and its estimate dr for the proposed filter in
example 2
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y(k) = [0 1] 2(k) +v(k)

2() = [0.02 0] (k) (4.80)

For this system too, CBo = 0 and o = 1 for both approaches. Choosing now the adaptation
gain as I' =5, the filter gain derived through Approach I is

T
L= [0.2901 ().6425}

For Approach II, the filter and adaptation gains are calculated as

L= [0.7795 1.1422}T

I' =6.5152

Figures 4.13, /.14, 4.15 and 4.16 show the estimated signal zp and dg for both of the
proposed approaches. These figures illustrate the effectiveness of the proposed filters even

with unstable systems.

0.7
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0.5
0.4
0.3
0.2
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0

0.1 ‘ ‘ ‘ ‘ ‘

Time (sec)

Figure 4.13: Approach I: Real signal z and its estimate zp for the proposed filter in
example 3
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Figure 4.14: Approach I: Disturbance d and its estimate dg for the proposed filter in
example 3

Time (sec)

Figure 4.15: Approach II: Real signal z and its estimate zp for the proposed filter in
example 3
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Figure 4.16: Approach II: Disturbance d and its estimate dr for the proposed filter in
example 3

4.5 Summary

In this chapter, two approaches for designing discrete-time unknown input linear filters
were introduced. The proposed filters had similar state space parameters to the plant with
minor changes, and directly estimated the unknown disturbances using the measurement
error. The proposed design approaches were similar in nature, however, they were based
on two different filter models and consequently led to two different filters. Based on the
Lyapunov theory, the Ho, filter design problems were transformed into LMI feasibility
problems, and finally simulation results were employed to verify the applicability of the

proposed approaches.
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Chapter 5

Robust Filter Design with Limited

Information

In this chapter, we propose a novel approach for robust filter design in the presence of an
unknown state disturbance when the sensor-provided measurements are transmitted over
a network and therefore are subject to network-induced errors. The main idea is to divide
the estimation space into two zones based on whether the received information is reliable
or not. This dual-zone approach enables us to treat the reliable packets differently from
the unreliable ones. In the reliable zone, the received information is used to estimate the
states as well as the unknown disturbance, whereas in the unreliable zone, estimation of
the unknown input stops and a secondary filter kicks in to estimate the unreliable part of
the information and the states accordingly. Using an LMI based approach, the filter design
procedure is formulated in both zones and finally an overall dual-zone filter is proposed.
Simulation results are given to illustrate the effectiveness of the approach.

The rest of the chapter is organized as follows. In section 5.1, the main problem is
formulated. Sections 5.2 and 5.3 discuss the different design approaches in the two zones
and section 5.4 introduces the new dual-zone filter. In section 5.5 the proposed filters are

tested via simulation and section 5.6 summarizes the results of this chapter.
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5.1 Problem Formulation
Consider the following linear system:

z(k+1) = Az(k) + Biu(k) + Bad(k)
y(k) = Cx(k) + Du(k)

z(k) = Ha(k) (5.1)

where x,,1 is the state vector; ypx1 = [y1, ..., yp]T represents the measured outputs; z,.x1
is the vector to be estimated; uy,, x1 is the known input; d,,,x1 is the unknown disturbance
input; and A, By, Be, C, D, H are the state space matrices of the model. We assume that
(A, C) is an observable pair and also By, C are full rank with rank(Bs) = ma, rank(C) =p
and p > mo. Now assume that the measurements are quantized via the following coarse

linear quantizer:

Ty if ]yz(k) — 7“7;7'1" S Ti/2
Yqgi (k) = Quin(yi) = (5.2)
—Quin(—yi)  if yi(k) <0

where 7, = 0,1,2,..., and 7; is the range of each quantization level for the ith measure-
ment. For this quantizer, the real measurement is related to its quantized version by the

following equation,
Ti
Yoi = Yi + Aygi  |Aygil < 5 (5.3)

We also assume that the quantized measurements may not reach the filter at every sam-
pling instant due to possible packet dropouts. Consequently when a packet is lost, our
filter will not make corrections to the state trajectories, or in other words, the filter tem-
porarily operates in open-loop. From a mathematical point of view, the measurement

signal received by the filter, i.e. ¥y, ec, can be written as

yr if the packet is lost
Yrec = (54)
yq otherwise

where yp is the estimated measurement by the filter and y, = [yq1, . .. ,yqp]T represents
the quantized measurements. Based on (5.4) when a packet is lost, the filter will use its
own estimated measurement instead which will lead to a zero residual error and therefore

no trajectory corrections.
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Our intention is to propose a design methodology which guarantees robustness to un-
known external disturbances as well as the network-induced errors such as packet dropouts
and quantization. To this end we first analyze the residual error ¢ = ¥, — yr. Using

(5.4), we can write € as follows,

0 if the packet is lost
€= (5.5)
y —yr + Ay, otherwise

where Ay, = [Ayg1, ..., Ayg)? represents the quantization error vector. Using the in-

equality given in (5.3), we can claim that ||Ayg| < Tpna/2 where

p
7-b2nd = Z |Ti|2
i=1

As seen in (5.5), the residual error € is either zero, which is due to the loss of information,
or the summation of two signals: The first signal, i.e. y — yp, is the assurable component
of € and represents the error between the real measurement and its estimate; the second,
i.e. Ayg, is the uncertain component of € and represents the bounded error introduced
by quantization. Between these two, Ay, is an unwanted error term and any corrections
made in the estimates based on this signal can be erroneous. Since the error introduced by
quantization is always bounded, i.e. ||Ayq|| < Tpna/2, we can claim that when ||y —yp| >
Tond/2, the information in € is more certain than uncertain and vice versa. As a result,
when the information is not lost, the value of ¥ — yr can divide the estimation space into

two zones:
e Zone 1: €is a reliable signal with a bounded small error.
e Zone 2: € is unreliable.

Since y — yr is not available, we need to translate ||y — yr|| > 7prq/2 into a condition on
|lell. To this end, we can rewrite (5.5) by applying the norm operator to both sides as

follows,

0 if the packet is lost
lell = (5.6)

ly —yr + Ay,l|  otherwise

Since ||€|| > 0, based on (5.6) the following inequality holds true:

lell < lly = yrll + | Ayqll
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Tbnd
< lly — yrl + 72

It is easy to see that if ||€]| > Tpng then ||y — yr|| > Tpna/2. Therefore we can redefine the

aforementioned zones as follows,
e if ||¢|| > Tpnq then we're in zone 1.
o if |l¢|| < Tpnq then we're in zone 2.

Our approach is to design a separate filter in every zone. In the first zone, where the
network-induced uncertainty of € is minor, we design a filter to estimate the states as well
as the unknown disturbance d. In the second zone, where the effects of the network are
major, we will design a filter to estimate the states as well as the error signal introduced

via the network.

Remark 5.1. Note that the significance of the dual-zone treatment for the problem of
robust filter design with unknown disturbances and limited information lies in the active
compensation of the effects of the unknown disturbances as well as the network-induced

Errors.

5.2 Filter Design in Zone 1

In this section we intend to employ the Approach II design method, introduced in the last
chapter, to design our zone 1 filter. We assume that we enter zone 1 at k = h} and exit it
towards zone 2 at k = h2, where s is a counter solely defined to distinguish between the
multiple entrances into the zones. All the results of this section are assumed to be valid

in bl <k < h2. We define the new state variable 7 as
Zk+1)=x(k+1)— i A'Bod(k — 1) (5.7)
i=0
where ¢ can be easily calculated as follows:
o=mnmin j
s.t. rank (Z{zo CAiBQ> =rank(Bz) j=0,1,... (5.8)
Using (5.7), we can rewrite (5.1) as

z(k+1) = Az(k) + Biu(k) + A Bod(k — 0 — 1)
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y(k) = Cz(k) + Du(k) + zg: CA'Byd(k —i —1)
=0

2(k) = Hz(k) + ZU: HA'Byd(k —i—1). (5.9)
=0

Based on the revised plant model given in (5.9), we introduce the following filter model,

p(k+1) = Azp(k) + AT Bodp(k — 0 — 1)
+ Bru(k) + L1 (Yrec(k) — yr(k))
dp(k — o) =?
yr (k) = Czp(k) + Du(k)
+ i CA'Bydp(k — o —1)
i=0

zp(k) = Hzp(k) + ZU: HA'Bodp(k — o — 1) (5.10)
=0

where T g is the nx 1 state vector of the filter; dp is the mo x 1 estimated disturbance vector,
which will follow an stable adaptive law to track the unknown disturbance; yr represents
the p x 1 estimated measurement vector; y,e. represents the received measurement and is
given by (5.4); zp is the r x 1 estimated vector; and L; is the static filter parameter to be
designed.

As discussed earlier, when a packet dropout occurs our filter will operate in open-
loop. Consequently, for the remainder of this chapter we only discuss the closed-loop
characteristics of our filters when ¥,.. = y4, which is when the packet reaches the filter.
From last chapter, we choose the adaptation law as follows,

o
dp(k— o) =dp(k—o—1)+Tq Y BT A" CTe(k) (5.11)
i=0
Now, using the above equation along with the revised plant model in (5.9) and the filter

model (5.10), the filtering error system can be written as follows,
e(k+1) = Ape(k) + Apd(k — o — 1)
+ BHqu(k‘) + Bmfdi:},
(i(k — U) = Aglé(k) + AQQCZ(k — 0 — 1)

—~k—1
+ Bo1 Ay, (k) + BaoAdy,_,
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e(k) = z(k) — zr (k)
= Cyé(k) + Cod(k — 0 — 1)

+ Dy Ay, (k) + DyAdy (5.12)
where
A =A-LC
Ay = A By — LiCAs B,
Ao; = —T4(CAsBy)TC
Agy =1 —T4(CAsBy) CAs B,
B =—11
Bl? = _LIC [BQ ABQ . Ag_lBQ]
Bo; = —Tg(CAxBs)"
Boy = {0 0 ... I}
- Fd(CAZB2)TC [BQ ABy ... Aa_lBQ]
Ci=H
Cy = HAx By
Dy = H |:B2 ABy ... Aa_lBQ}
Ag =) A
i=0
and
[Ad(k —1)]
o Ad(k — 2
Adl = (k=2
Ad(k - 0)]

- - T _m7T
Augmenting € and d as X (k) = [é(k’)T d(k — o — 1)T] and defining w = [quT AdT] ,

the augmented error model can be written as:

X(k+1) = AX(k) + Bw(k)

e(k) = CX (k) + Dw(k) (5.13)
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where

Ao A1r A
|Ao1 Ag
B_ B Bio
| Bor B
.
D= [0 Dz} (5.14)

The following theorem formulates the design approach for the zone 1 filter.

Theorem 5.1. Consider the linear system in (5.1) with its measurements quantized by the
linear quantizer given in (5.2). Then the linear filter given in (5.10) with the disturbance
estimator given in (5.11) generate stable estimates of z and d with minimum Heo gains fiq
and pq, which respectively bound the effects of networked-induced errors and disturbance
variations, if there ewxist matrices Pe1, Py, Gq > 0 and Ge1, and scalars [ig, fig > 0 which

can solve the following optimization problem:

min - fig + wifiq (5.15)
=1 =9 =3
* * —Py

where wy > 0 is an arbitrary weighting coefficient and

=11 =12
= _ |=1 =
- =22
L * :41
_n_ |H'H—=Pa HTHAsB,
—1 —
By ALH'H B ASH"HAs By — Py
I T
=t _ 0 HTD,
0 By ASH'Dy
N 0
|_41 —_ T B
| 0 DIDs — figl
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ATP, — CTGT,
BY (AP, — ALCTGE)

~BI AT OTGL
~CTCAsByGy
Py — BYALCTC A5 ByGy
~CAsByGy
= ~BICTCAsByGy
~BIATCTC A5 ByGy

(11
Y
|

Py — BY AT CTC A5 ByGy
Dy=H |By ABy ... A"—le} (5.17)

Once solved, pg = \/lig, ta = /Itd, and the filter parameters are calculated as Li =
P'Ger and Ty = P;'Gy.
Proof. To analyze the stability of the filtering error system given in (5.13), the following
Lyapunov function is used,

V(k) = X (k)P X (k) (5.18)
where Py = diag{ P, Py}. The forward difference of this Lyapunov function can be

written as

AV(k) =V (k+1) = V(k)
(

K)TATPIAX () + w(k)TBTP Bw(k)

_l_

X
X(k)TATP Bw(k) + w(k) ' BTPAX (K)
- X(

k) P1X (k). (5.19)

T
Defining £ = [XT wT} , (5.19) can be simplified as follows:

- |AT| _|AT R
AV =e® T BT | Ye (k). (5.20)
B B 0 0



In order to establish attenuation bounds on the effects of the network-induced error Ay,

and also effects of the variations of the unknown disturbance i.e. Ad, we define

h2-1

TE S {e(0)Te(k) — k)Tt ()} (5.21)

k=h]

where p = diag{jq, pqa}. Adding (5.18) to the right hand side of (5.21), we get

h2-1 h2-1
J <> e(k)e(k) — wk)" p” pw(k) + AV (kK)} = > J; (5.22)
k=h} k=h!

Designing our filter such that J, < 0, we conclude that J < 0, which implies that in the
time interval [k}, h? — 1], the second norm of the estimation error is bounded by factors
of the second norms of quantization errors and disturbance variations. In other words,
(5.22) establishes an H,, bound on the filtering error system. Using (5.13) ¢ can be
simplified as follows:

cT'c C'™D

ele =¢(k)" DTC DD §(k) (5.23)

Substituting (5.23) and (5.20) in (5.22), we have

where
CcTc - C™D
0 =
pf'c DD - uTp
ATP,
0y = (5.25)
BTP,

Defining fi, = uq, fia = p2, Ge1 = Pe1 Ly and G4 = P4T'q, we can rewrite (5.24) as follows:
Jr < ET(E1+E9P'E] + B3P 'E5)E (5.26)

where Z1,Z9,Z3 are as given in (5.17). Using Schur’s Complement one can show that

(5.26) holds true if the LMI given in (5.1) is satisfied. O
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5.3 Filter Design in Zone 2

In this section, we employ the design approach introduced in chapter 3 to design a filter
that is robust to errors induced by the network. We assume that we enter zone 2 at k = h?
and exit it towards zone 1 at k = hl,;. All the results of this section are assumed to be

valid in h2 <k < hl ;. Consider the following discrete-time linear filter:
:L'F(k? + 1) = Axp(k) + Blu(k:) + ByDp
+ La(yq(k) — yr(k) — Or(k))
yr(k) = Cxp(k) + Du(k)

zp(k) = Hxp(k) (5.27)

where xp € R", yr € RP and zp € R" are, respectively, the state vector, measurement
vector, and estimate vector of the filter; Dp = cte. is an estimate of the unknown distur-
bance d; Lo is the filter gain to be designed, and 0r € RP is an adaptive parameter for
estimation of the quantization error.

Define the parameter 6 £ Ay,. Substituting this into (5.3) we can write:

yq(k) = y(k) + 0(k) (5.28)

The goal of this filter is simultaneous estimation of the states and 6 when the quantization

error is fairly large. The following theorem formulates the design approach for the filter.

Theorem 5.2. Consider the linear system (5.1), with its measurements quantized by the

linear quantizer given in (5.2), and the linear filter in (5.27) with 6p updated as follows:
Op(k+1) =0p(k) + Tpe(k) (5.29)

where €(k) = yq,(k) —yp(k) — 0p(k). Then the filtering error system is stable with min-
imized Hoo bounds pp, pg, which respectively bound the effects of the disturbance input
and network-induced errors, if there exist matrices Peo, Py, Gy > 0 and Geo, and scalars

D, g > 0 that can solve the following optimization problem:

min  [ip + wafly (5.30)
g, = =

* * —Py
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where wy > 0 is an arbitrary weighting coefficient and

By = dzag{HTH - P€27 _P97 _laDIa _/TL@I}

[1]

5= [PeQA_ Ge2C —Gey PeaBo 0}
6= |-GoC Py—Gy 0 Py (5.32)

Once solved, up = /D, 1o = \/Jue, and the filter parameters Ly and 'y can be calculated
via Lo = Pe_QlGeg, and 'y = P9_1G9: respectively.

Proof. Defining the state error as e = x — zp and the estimation error of the adaptive

parameter as § = 6 — 0, the filtering error system can be written as follows
e(k+1) = (A — LyC)e(k) + BoAD(k) — Lof(k)
0(k 4+ 1) = —TyCe(k) 4+ (I — Tp)0(k) + Ab(k)

e(k) = z(k) — zp(k) = He(k) (5.33)
where I'g > 0 is the diagonal adaptation gain; A8(k+1) = §(k+1)—6(k) is the variation of
6 between the sampling instants k and k+1; and AD(k) = d(k) — Dp represents the error
between the unknown disturbance d and its last estimated value (provided by the filter of
zone 1). In the rest of the chapter, we will refer to AD as the unknown disturbance offset.

Both Af and AD are bounded and therefore belong to fs.. To analyze the properties of

the error system, we introduce the following Lyapunov function candidate:
V (k) = e(k)T Page(k) + 0(k)T Py (k) (5.34)
where P, Py > 0. The forward difference of this Lyapunov function can be written as

AV (k) = E(k)" () + 25 PeaZ5 + E'g PiZ)& (k) (5.35)
where £(k) = |e(k)T (k)T Ad(k)T A6k + 1)T]T, and
E) = diag{—Pe2, —Py,0,0}
Z=[A-LC ~Ly B 0
Bp = [_rgc I—-Ty 0 I] : (5.36)
Substituting Gea = PeaLo and Gy = PyI'y in (5.35) yields

AV(k) =T (=, + 5t P ey + 2T Q156)¢ (5.37)
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where

Es = [Pe2A—Ge2C —Gea PeaBo 0]

[1]

6= |-GoC Py—Gy 0 By (5.38)

To show that the error system satisfies the desired Ho, performance, we need to estab-
lish attenuation bounds on the effects of the unknown disturbances and network-induced

errors in any finite time interval. To this end, J is defined as follows:
RSt
J & {e(i)"e(i) — maAd(i)T Ad(i) — ugA6(i)" AG(i)} (5.39)

i=h3
where up, g > 0 are, respectively, upper bounds on the effects of unknown disturbance
offset, and variations of the quantization error on the estimation error. Since AD, Af are
both #s., negative J implies limited effects of these unwanted signals on the estimation

error in any finite time interval [h§,h5T!]. Since V(k) is a positive definite function,

s+1
under zero initial conditions, V (hi™') — V(h3) = Z?:lhg AV (i) is positive semi-definite

s+1
and therefore adding it to the right hand side of (5.39) results in J < Z?:lhg J(k) where
J(k) = e(k)Te(k) — p2Ad(k)TAd(k) — p2A0(k)T AG(K)
+ AV (k) (5.40)
Defining now fip = p%, fig = p2, and substituting (5.37) in (5.40), we get

J=¢"(E+ 2P e + Ef Q7 E6)¢ (5.41)

where =4 = :ﬁl—i—dz’ag{HTH, 0,—ppl,—fgl}. Therefore, the estimation error € is bounded
with Mo performance if J < 0, which is guaranteed if the LMI given in (5.31) holds

true. O]

5.4 The Dual-Zone Filter

In this section we propose our dual-zone filter by summarizing the results of the last two

sections into the following theorem.

Theorem 5.3. Consider the following linear system:
z(k + 1) = Az(k) + Biu(k) + Bod(k)
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y(k) = Cz(k) + Du(k)

z(k) = Hx(k) (5.42)
and the following two-zone filter:
o Zone 1: (ey(k) > 7= h] <k <hj)
Tr(k+1) = AZp(k) + AT Bodp(k — 0 — 1) + Byu(k) + Lie (k)

dp(k—o)=dp(k—0 —1) + T4 Y BY A" CTey(k)
=0
zp(k) = HEp(k) + > HA'Badp(k — o — 1)

=0
o

e1(k) = yg(k) — Cxp(k) — Y  CA'Bydp(k — o — 1)
=0
e.(k) = e1(k) (5.43)
with the initial condition: Tp(hi) = xp(h§) — >0 o A'Badp(h§ — 1 —1i).

o Zone 2: (e,(k) <7 = hy <k<hith

xp(k+1) = Azp(k) + Biu(k) + BoDp + Laea(k)
Op(k+1) =0p(k) + Toea(k)
yr(k) = Czp(k) + Du(k)
zp(k) = Hap(k)
e2(k) = yq(k) —yr (k) — Op(k)
(k) = yq(k) —yr (k)
dr(k) = Dp (5.44)

with the initial conditions: xp(hy) = Tp(h3) + > 1 o A'Bodp(hi — o — 1) and Dp =
drp(hy —1).

where o can be calculated by
oc=min j, 5=01,...

s.t. rank (Eg:o CAiB2) = rank(Ba)
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Then the two-zone filtering error system is stable and satisfies the following Hoo perfor-

mance inequality:

Iz = 2pll* < pgllAdl® + pigl| Ayql?

+upl|AD|* + gl A0 (5.45)

if there exist matrices Pe1, Pea, Py, Py, Go,Gq > 0 and Ge1, Gea, and scalars fig, flq, D, fig >

0 which can solve the following multi-objective optimization problem:

min  fiqg + wiflq

min  [ip + wafig (5.46)
ER==Y

s.t. * —P; 0 |<O0 (5.47)
| * * —Pd_
_H4 oo -

* —Po 0 | <0 (5.48)
| * * —Pg_

=11 =12
= _ |=1 =
- =22
L * :1
_n_ |H'H—=Pa HTHAsB,
—1 —
By ATH"H BJAJH"HAsB, — Py
I T
=12 _ 0  H'D,
0 By ALH'D,
oo |~ Hql 0
I_Jl - T B
| 0 DIDy — gl
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ATP, — CTGT,
BY (AP, — ALCTGE)
-Gl
2= _BICTGT
—BTATCTGY,

(1]
|

~BI AT OTGL

—CTC A5 ByGy
P, — BT ALCTCAsB,Gy
—~CAsByGy
—BICTCAsByGy
—~BIATCTC A5 B2Gy

(1]
|

Py — BT AT CTC As ByGy
Dy=H |By ABy ... A"—le} (5.49)
and
E4 = diag{H"H — Pey, — Py, —[ipI, —figT}
Es = [PeZA_ Ge2C —Gea PeaBy 0}

6= |-GoC Py-Gy 0 Py (5.50)

Once solved, (g = \/Ilq, td = /Ibd; D = /ED, te = \/ig, and the filter parameters can

be calculated as

L1 =P,'Ga
Ly = P,'Ges
Iy=P;'Gy
Ty=P,'Gy
Proof. The proof is easy to establish using the proofs of theorems 5.1 and 5.2. O
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5.5 Simulation Results

In this section, we present an illustrative example of the dual-zone filter and compare the
results to those of the following filters:

Filter 1: a filter which is designed for zone 1 but operates in the whole space.

Filter 2: a filter which is designed for zone 2 but operates in the whole space.

Consider the following linear system,

0.8 0 0 1 1
z(k+1)= |21 —-1.3 —0.6481| z(k)+ |1| u(k)+ |0]| d(k)
0 0.6481 0 1 0

y(k)z[() 0 1.543} x(k)

z(k):[o 0.1 o} (k) (5.51)

where u(k) = sin(5k) is an exogenous input, and d is an unknown disturbance. This
example does not satisfy rank(CBs) = rank(Bz), which is a very common assumption in
the majority of the unknown-input filters.

We set the quantizer in a way that it covers the range of [—20,20] with 7 = 2. We
assume that the unknown disturbance d is zero until ¢ = 3 sec and then it jumps to 3
where it remains steady.

The Designed Filter: Choosing the weighting parameters as w; = we = 0.1, the filter

parameters are calculated as

T
Ly = [0.2097 0.8085 —0.3301]

T
Ly = [0.0006 0.0087 —0.0065]
'y =0.142

Ty = 0.9864

and the corresponding optimized attenuation bounds are pg = 0.2183, ug = 0.488, up =
0.9725 and pp = 0.1242.

Figures 5.1 and 5.2 illustrate the estimated signals zg, dp by filter 1. This filter shows
good capability in tracking the system states in the presence of the unknown disturbance d.

However, since it treats all the received information as reliable packets, the estimates are
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Figure 5.1: z and zp for Filter 1

Time (sec)

Figure 5.2: d and dp for Filter 1

affected by the errors induced via quantization. These effects can be seen in the estimates
as a considerably large additive noise signal. Figures 5.3 and 5.4 illustrate the estimated
signals zp, O by filter 2. This filter, despite its capability to handle unreliable information,
has poor performance in the presence of the unknown disturbance. The reason for this
performance is the fact that this filter treats any changes in the received information as
an error caused by the network and therefore tries to compensate it through 6.

Figures 5.5, 5.6 and 5.7 illustrate the estimated signals zp,dp,0r by the dual-zone
filter. As seen from these figures, this filter shows good tracking performance in the
presence of the unknown disturbance as well as network-induced errors. Due to the dual

zone nature of this filter, the small noise-like errors which are imposed by the network do
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Figure 5.4: 6 and 6 for Filter 2
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Figure 5.5: z and zp for the proposed filter
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Figure 5.6: d and dp for the proposed filter

not accumulate on the estimates provided by this filter, and at the same time, any changes

in the states can be recognized and tracked.

5.6 Summary

In this chapter, the robust filtering problem of discrete-time linear systems in a networked
setup was addressed. It was assumed that the system states were disturbed by an unknown
input, which could be time-varying and unbounded. We also assumed that the sensory
information are transmitted via a communication channel and therefore are subject to
network-imposed imperfections such as quantization and packet dropouts. To solve the

problem, a two-zone filter design approach was proposed. Based on the reliability of the
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Figure 5.7: 6 and 0 for the proposed filter

residual error, two zones were defined and two different filters with two different approaches
were designed. Then the two designed filters were combined to form the overall two-zone
filter. In the end it was shown through simulation that the proposed filter provides good

tracking of the system states, the unknown disturbance and the network-induced errors.
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Chapter 6

Fault-Tolerant Filter Design with

Quantized Measurements

In this chapter, a novel approach is proposed for designing fault-tolerant filters for linear
discrete-time systems whose measurements undergo quantization. Two types of faults are
considered: internal faults which are modelled by uncertainties in state space parameters;
and actuator faults such as offset and stuck which are modelled by an unknown disturbance
on the states. The proposed filter consists of two robust filters which operate in two
different zones. These zones are defined based on the effects of the quantization on the
residual signal between the quantized measurement and the one generated by the filter.
Using an LMI-based approach with prescribed Ho, performance, stability LMIs are derived
for the proposed two-zone filter and finally the results are validated through simulation
examples.

The rest of the chapter is organized as follows. Section 6.1 discusses the system and
fault models. In sections 6.2 and 6.3 separate fault-tolerant filters are designed for each
zone. Section 6.4 discusses the fault-tolerant two-zone filter design. In section 6.5, simu-

lation results are given and finally section 6.6 summarizes the results of this chapter.

6.1 System and Fault Models

Consider the following linear fault-free system:
x(k+1) = Az (k) + Byu(k)
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y(k) = Cx(k) + Du(k)

z(k) = Hx(k) (6.1)

where x € R is the state vector; y € RP represents the measured outputs; z € R" is
the vector to be estimated; u € R™! is the known input; and A, By, C, D, H are the
state space matrices of the model. We assume that (A, C) is an observable pair and the

measurements are quantized via a linear quantizer as given below

ST if |y(k) —s7| < 7/2
Yg(k) = Quin(y) = . (6.2)
—Quin(—y) if y(k) <0
where s = 0,1,2,..., and 7 is the range of each quantization level. For this quantizer, the

real measurement is related to its quantized version by the following equation,
T
Yg=y+ Ay, Ayl =5 (6.3)
Now consider the following linear faulty system:

z(k+1)=(A+ AA)z(k) + (B1 + AB1)u(k) + Baf (k)
y(k) = (C + AC)x(k) + Du(k)

z(k) = Hzx (k) (6.4)

where By € R™*™2: and AA € R™*", AB; € R™™_ AC € RP*™ model the internal faults
of the system such as changes in gains or movement of poles and zeros. Other faults such
as actuator offset or stuck faults can be modelled using a signal f € R™2, where mo < p.
Our goal is to design a fault-tolerant filter which guarantees stability in the presence
of system faults, and is also robust to quantization errors.
Based on the dual-zone idea introduced in the last chapter, we need to design different

filters for our two operational zones, which will be discussed in the next two sections.

6.2 Fault-Tolerant Filter in Zone 1

In this section we design a filter which estimates both the states and the actuator offset
or stuck fault and establishes an H., bound on the effects of the quantization error.

The basic idea of this filter parallels with the Approach I design method introduced in
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chapter 4. However, in this chapter the errors caused by quantization as well as the
uncertainties introduced through internal faults are taken into account, which in the end
lead to a different design approach. We assume that the results of this section are valid

in hl <k < h2, where hl, h? represent the entrance and exit instants to and from zone 1,

respectively.

6.2.1 Filter Model

We define the new state variable z as
z(k+1)=a(k+1) ZAZBgf — ) (6.5)
where o can be easily calculated as follows:
o=min j
s.t. rank (CAng) =rank(B2) j=0,1,... (6.6)
Substituting (6.5) in (6.4), we rewrite the faulty system model as:
T(k+1)=(A+ AA)zx(k) + (B1 + ABy)u(k)
+ AN By f(k -0 —1)
+ (AA) ZU: A'Byf(k —i—1)
i=0
y(k) = (C + AC)z(k) + Du(k)

+(C+AC)Y A'Byf(k—i—1)
2(k) = Hz(k) + Y HAByf(k—i—1) (6.7)

Based on the revised system model given in (6.7), the following filter model is introduced:

Tp(k+1) = Azp(k) + AT Byfp(k — o — 1)
+ Bru(k) + L1(yq(k) — yre(k))

yr(k) = Cxp(k) + Du(k)

+> CA'Byfr(k—i—1)

=0
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zp(k) = Hip(k) + > HA'Byfr(k—i—1) (6.8)
=0

where T is the n x 1 state vector of the filter; fr is the mg x 1 estimated fault signal,
which will follow a stable adaptive law to track the fault signal f; yg is the p x 1 estimated
measurement vector; zg is the r x 1 estimated vector; and L is the static filter parameter

to be designed.

6.2.2 The Design Approach

In this section, we propose an LMI-based filter design procedure for discrete-time linear
systems with quantized measurements which are subject to internal and actuator faults.
Before stating the main theorem of this section, we first introduce the following lemma

which will later be used in the proof of the theorem.

Lemma 6.1. Let A, E, F', A and P be real matrices of appropriate dimensions with P > 0
and A satisfying ATA < I. Then for any scalar n > 0 satisfying P~' —n~'EET > 0, we
have ( [97]):

(A+ EAF)'P(A+ EAF) < AT(P7' —7'EET)" 1A
+nFTF. (6.9)
The following theorem, formulates the proposed robust approach.

Theorem 6.1. Consider

e the linear system in (6.4),

e the actuator fault estimator (for i =0,...,0) given by
fr(k—i) = fr(k—o — 1)+ T; Y BT AT CTe(k) (6.10)
j=i

where € = y — y, 1s the measurement estimation error and I'y > 0 is the fault

adaptation gain,

o the by gains pig, st [hf, Hu, which respectively bound the effects of networked-induced
errors, actuator fault variations, actuator fault and the known input on the estima-

tion error, and
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o the weighting matrices Wa1, Waz, Wiyt, Wia, Wer, Wea > 0 which satisfy W, ' AAW ! <
I, Wyl ABiW,,' < T and W' ACW ! < I

Then the linear filter given in (6.8) will generate stable estimates of z with guaranteed Hoo

performance if there exist matrices Pei, Py, Py1 > 0 and Ge1, and also scalars m1,m2 > 0

satisfying the following LMI:

21 Eo 0 =3 0
* —P1 Fiw 0
* x —mI 0 0 <0 (6.11)

* * * -1 QW,

* X * *x =2l |

where

=11 =12

—_ —1 —1
=17 22
* =1

=it = diag{—Pe1, — P, —Pu1 + mWhHWoa
+ (m + ) WhWe}
00 0 0
=1"=10 0 0 0
0 0 mMWLEWas+ (m +m2)WEWe]U, 0

ul = diag{— MqI ,u(;fI ,qu + \I’f [mW oWao + (m + 772)WC2W02]\IIf,

— ol + Wi Win}
Ep = (25, E3)
ATP, —CToTGT, ]
BI (A7t Py — ALCTSTGT)
0
= = o e
v CTe TG
0
L 0 J
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[ _TeToATB,T 1Py 0 ]
(I — BYALCT®"TCA"BoT'f) Py 0
0 AT Py
o —&TCA" By Py 0
T S cTe oA BT Py 0
. 0
BT Ac+1Tp,
0 BT Py
- HT _ cTe-TQT _
BIAL(HT — cTo~TQT)
0
=5 = p-TQT
Ui (HT = CcTe Tl
0
L 0 p
_P61WCL1 PeiWy —Gea1® Wy
B = 0 0 —PiT(CATBy)T o 1 Wy
| PeiWar PorWiy 0

g g
Q=S HABI; Y BIA'CT
i=0 j=i+1

Ay = i A
i=0

¢=1+> CABI; Y BIa'cCT
i=0 j=it+1
\Il5f = |:B2 ABy; ... AgilBg}
\I’f = |:B2 AB2 e AUBQ:| (612)

Once solved, the filter parameter is calculated as L1 = Pe_llGel.

Proof. The first step in the proof is calculating the measurement estimation error e. By

substituting (6.10) in the second equation of (6.8) we get

yr(k) = Czp(k)+ Y  CA'Byfr(k—o—1)
i=0
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o} ; g T
+Y CA'BTy Y BFAT CTe(k). (6.13)
i=0 j=i+1

Using this equation in € = y — yr, we get
e(k) =y(k) — Czp(k) = Y CA'Byfp(k — o —1)
i=0

N cAiB,r; ST BIATCTe(k).
i=0 j=i+1

Solving this equation for €, we obtain

e(k) =@ 'y(k) — @7 'Cxp(k) — @'Y CA'Byfp(k—o—1) (6.14)
=0
where
e=1+> CABT; Y BIa'cT. (6.15)
i=0 j=i+1

Note that for a small enough I'y > 0, ® is always positive-definite and thus invertible.
If we define ¢ =z — Zp, f = f — fr, € = z — zp and use the second equation of (6.4),

we can rewrite (6.14) as follows:

e(k) = 'Ce(k) + ! i CA'Byf(k—o—1)

=0
o—1
+ @Y CABAf(k—i—1)+ 0 Aygy(k)
=0
+ @ 'ACZ(k) + @ TTACY S A'Bof(k—i—1) (6.16)

i=0
where Af(k—i) = f(k—1i) — f(k— 0 —1). Now we use this equation along with (6.7),

(6.8) and (6.10) to write the filtering error system as follows:

e(k+1) = Anek) + A f(k —o - 1)
+ AA13Z(k) + Bi1 Ayg(k) + Bi1sATh_y
+ ABlS?Z:ifl + ABju(k)

flk—0) = Ape(k) + Apaf(k — o — 1)
+ AAogsT(k) + Boy Ayg(k) + BooSfp -
+ ABQ?}::;A
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e(k) = 2(k) — zp (k)
=Cie(k) + Cof(k—0 —1)
+ ACsE(k) + D1 Ay, (k) + DeAF L
L ADsF (6.17)

where

Ay =A-L1071C
Ajg = A°T'By — 11 & 1CAs By
A9y = —T;(CA”By)T @™ !C
Agy =1 T (CA"By) & 'CAxBy
AAz3 = AA — L1d7'AC
Aoz = —T1(CA"By)"®@ 1 AC
By = —Li1®7!
Bio = —L1 7' CWsy
By = —I'4(CA?By) o™t
Ba=10 0 ... I|— Ff(CAUBQ)T@AC’\P(;f
ABi3 = AAY; — L1@ ' ACY;
ABy3 = —T;(CA”By)"® ' ACT;
C,=H-Qd'C
Cy = (H —Qd1C)AxB;
AC3 = —Qd~'AC
Dy = —Q@~!
Dy = (H — Q0 '0) Wy
AD; = QO 'ACT;
Usp = [BQ ABy ... AHBQ}

\I/f:[BQ ABy ... AUBQ}

Q= ZHAZBQFJC Z BT A/ CT
J=i+1
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Ay = ZU: Al
i=0

and
Af(k-1)] [ fk-1) ]
apt o (METR g ) T
(Af(k o)) Sk~ —1),

_ _ T
Augmenting e, f and z as X (k) = [é(k)T flk—o—-1DT gj«(k;)T] and defining B33 =
T

[0, A"“Bg] and w = Ayg TfT ?T uT] , the augmented error model can be written

as:
X(k+1)=(A+AA)X(k)+ (B+ AB)w(k)
e(k) = (C+ AC)X (k) + (D + AD)w(k) (6.18)
where
(Al A 0 0 0 AA
A= Agl A22 0], AA = 0 0 AAQg
i 0 0 A 0 0 AA
By B, 0 0 0 0 ABiy AB
B = 18321 15322 0 01, AB = 0 0 ABQ?, 0
(0 0 By B 0 0 AAT; AB

c=lc, o], AC=[o 0 acy
1D>=[1D>1 Dy 0 0}, AD:[O 0 ADj 0]. (6.19)

To analyze the stability of the augmented system, we consider the following Lyapunov

function candidate:

V(k) = X (k)P X (k) (6.20)

where P1 > 0 = diag{Pe1, P¢, Pp1}. The forward difference of this Lyapunov function can

be written as

AV(K) = V(k+1) = V(k)

110



= X (k)T (A + AATP (A + AA)X (k)
+w(k)T (B + AB) P (B + AB)w(k)
+ X(E)T(A + AA)TP (B + AB)w(k)
+ w(k)T(B+ AB)TP (A + AA)X (k)

— X(k)TP X (k). (6.21)

T
Defining £ = [XT wT} , (6.21) can be simplified as follows:

T
AV (k) = ()T (A+AA)T B, (A+ AA)T
(B + AB)T B+ AB)T
-P; 0
+ - (k). (6.22)

In order to establish an /5 gain on the effects of the network-induced error Ay, variations

of the actuator fault Af, the actuator fault f and the known input u, we define
h2-1

T2 ) {e(k)Te(k) —wk)n pw(k)} (6.23)
k=h!

where p = diag{jq, ptsf, f1f, o }- Adding (6.20) to the right hand side of (6.23), we get
h2-1
T < 3 e e(k) - w()TuT pk) + AV (1))
k=hl

=Y (6.24)

Now, if we design our filter such that J; < 0, we conclude that J < 0, which implies that
in the time interval [hl, h2 — 1], the second norm of the estimation error is bounded by
factors of the second norms of quantization errors and actuator fault variations. In other
words, (6.24) establishes an H,, bound on the filtering error system. Using (6.18) ”¢ can

be simplified as follows:

T
(C+AC)T| [(C+AC)T
ele = ¢(k)T (k). (6.25)
(D +AD)T| | (D + AD)T
Substituting (6.25) and (6.22) in (6.24), we have
T
(A+AATP| | [(A+AA)TP,

1
B+ AB)TP, B+ AB)TP,
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, [€+a07] [Cracy T+ B0 | 620
D+ AD)T| |(D+ AD)T 0 —uTul '

In order to be able to use the results of lemma 6.1, we need to factorize the uncertain

terms in (6.26) as follows,
[PAA PAB| = E/AF]
[ac ap] =oacr? (6.27)
where

A = diag{AA, ABy, AC}

Pel Pel - elLl(I)_1
Eir=10 0 —PT(CABy)To!
P:vl P:L"l 0

007100 ¥ 0
Fl=100000 0 I
00700 U0

Fi=lo 0100 v o (6.28)

Since A may not satisfy ATA < I, which is a necessary condition in lemma 6.1, we define

the waiting matrices W1, Wao, Wi, Wio, Wi, Wea such that

AA =W 1A Wys
AB1 = Wy AyWh

AC = WaAWe (6.29)

where A,, Ay, A. are the normalized uncertain terms which satisfy the following inequali-

ties:

Substituting (6.29) into (6.27) and defining G.; = Pe1 L1, we can rewrite (6.27) as follows:
[PlAA PlAB = ElwAwFllw
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[A(C AD} = QWalA FL, (6.30)
where

Ay = diag{Aq, Ap, A}

PoaWa1  PaWy G ® Wy
By = 0 0 —PiT(CA°By)T @' Wy
| PriWar  PriWiy 0

00 Wap 0 0 Waly 0
Fl,=100 0 00 0 Wy
00 Wo 00 Weol; 0

F,=[0 0 W 0 0 Wa; 0. (6.31)
Using the results of lemma 6.1 we can rewrite (6.26) as follows,

ATIP)1 _ T \— ATPl

Jp < €74
T'p, BTP,

cT cT
+ (I —ny ' QWawhah)=
DT DT

—P 0

T T 1

+mFL, Fiy +mF, Fi, + 3 (6.32)
0 —u'p

Finally, using Schur’s Complement it follows that (6.32) holds true if the LMI given in

(6.11) is satisfied. O

6.3 Fault-Tolerant Filter in Zone 2

In this section, we intend to design a filter which actively reacts to quantization errors
while being robust to system faults. Taking advantage of the design approach introduced
in chapter 3, we will propose a fault-tolerant filter that will provide robust and stable
estimates of the system states in the presence of both internal and actuator faults. We
assume that we enter zone 2 at k = h? and exit it towards zone 1 at k = hl, ;. All the

results of this section are valid in h? < k < hl ;.
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6.3.1 Filter Model

Consider the following discrete-time linear filter:

.CCF(k + 1) = AJ}F(I{Z) + Blu(k) + BQfF
+ La(yq(k) — yr(k) — 0p(k))
yr(k) = Cxp(k) + Du(k)

ep(k) = Hap(k) (6.33)

where xp € R", yr € RP and zp € R" are, respectively, the state vector, output vector,
and estimate vector of the filter; fr = cte. is an estimate of the actuator fault f; Lo is
the filter gain to be designed, and 0r € RP is an adaptive parameter for estimation of the
network-induced errors.

Define the parameter 6 = Ayg. Substituting this into (6.3) we can write:

ya(k) = y(k) +0(k) (6.34)

Defining now the state estimation error e(k) 2 z(k) — zp(k) and using (6.4), (6.33) and

(6.34), we can express the filtering error system as follows,

e(k+1) = (A — LoO)e(k) + (AA — LoAC)z(k)
— Lof(k) + AByu(k) + BoAF (k)

e(k) = z(k) — zrp(k) = He(k) (6.35)

where ¢ is the estimation error, AF (k) = f(k) — fr, and 0 = 6 — 0.

6.3.2 The Design Approach

In this section we introduce an adaptive approach to handle the filtering problem of linear
systems subject to quantization.

The following theorem formulates the proposed adaptive approach for linear systems.
Theorem 6.2. Given
e the linear system in (6.4) whose measurements are quantized via a linear quantizer,
e the quantization error estimator given by
Op(k+1) =0p(k) 4+ Toe(k) (6.36)
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where € = y — yq — 0F is the measurement estimation error, and I'g > 0 is an

adaptation gain to be calculated.

o the ly gains pu, jir, pg, fif, which respectively bound the effects of the known input,
actuator fault variations, variations of the quantization errors, and the actuator fault

on the estimation error, and

o the weighting matrices W1, Waa, Wet, Wea, Wer, Wea > 0 which satisfy W(;llAAWaal <
I, W 'ABiW,,' < T and W 'ACW ! < I

Then the linear filter given in (6.33) with the quantization error estimator given in (6.36)
generate stable estimates of z and 0 with guaranteed Hoo performance if there exist matrices

Peo, Py, Pra.Gg > 0 and G, and also a scalar ns > 0 satisfying the following LMI:

where
Py = diag{ Pe2, Py, Py2}
2y = diag{HT H — Py, — Py, —Pyo,

- /'L12/,I7 _M%I) _/1’5‘[7 _[L?I}

[ATP, — CTGL,  —G, 0
~G%, Pp—Gy 0
0 0 AT Py
Es = 0 0 BIP,,
BI'P. 0 0
0 Py 0
i 0 0 Bl P,
—PeQWal PeoWy1  —GeaWer
Eoy = 0 0 —GoWey | - (6.38)
| PeoWa1 Pr2Wi 0

Once solved, the filter parameters Lo and T'g can be calculated via Ly = Pe_QlGeg, and

Ty = Pgng, respectively.
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Proof. using (6.35) and (6.36), the filtering error system can be written as follows

e(k+1) = (A — LyO)e(k) + (AA — LyAC)x(k)

— Lo0(k) + AByu(k) + BoAF (k)

O(k +1) = —TyCe(k) + (I —Tp)0(k) — TyACxz(k)
+ AG(k+1)

e(k) = He(k) (6.39)
where T'y is the diagonal adaptation gain; and Af(k+1) = 0(k+ 1) — 6(k) is the variation
of 6 between the sampling instants k& and k 4 1. Since Af(k) is bounded for all k, then
A0O(k) € .. Now if we augment the plant states and the error system states as X (k) =
[e(B)T,0(k)T, z(k)T])T, and also define the input vector as w(k) = [u(k)?, AF(k)T, A0k +
DT, f(k)T]T, the augmented model can be written as follows,

X(k+1)=(A+AAX (k) + (B+ AB)w(k)

e(k) = CX (k) (6.40)

where

AA= 10 0 —TyAC

AB=| 0 0 0 0
AB; 0 0 0

C = diag{H,0,0}. (6.41)
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To analyze the stability of the augmented system, we introduce the following Lyapunov
function candidate:

V(k) = X (k)P X (k) (6.42)
where Py = diag{P.2, Py, Pyo} with P.o, Py, Pyo > 0. The forward difference of this Lya-

punov function can be written as

T
AT + AAT AT + AAT
AV (k) = £(k)T{ P,
BT + ABT BT + AB”
—Py 0
=+ (k) (6.43)
0 0
T
where (k) = X(k)T w(k;)T} . In order to use the results of lemma 6.1, we need to
factorize the uncertain terms in (6.43) as follows,
[PQAA IP’QAIBB] = EbAF, (6.44)

where

A = diag{AA,AB;, ACY}

Peo Peo —Peolo
Ey = 0 0 —P9F9
Px2 Px2 0

(007 0000
F,=10 001000 (6.45)
0010000

Since A may not satisfy ATA < I, which is a necessary condition in lemma 6.1, we define

the waiting matrices Wy1, Weao, We1, Wi, Wi, Wea such that

AA = WA Weo
ABy = Wy AW

AC = W AW, (6.46)

where A,, Ay, A. are the normalized uncertain terms which satisfy the following inequali-

ties:

APA, <T
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AN, <T

ATA . <T.

Substituting (6.46) into (6.44)and also defining Geo = PeoLo and Gy = FPyl'y, we can

rewrite (6.44) as follows:

[IPQAA PQAB = EQwAwFQw (647)
where

Ay = diag{Aa, Ap, Ac}

PeoWa1  PeoWp  —GeaWear

Eoy = 0 0 —GoW,y

| ProWar  PraWi 0

-0 0 Wee 0 0 0 O

Fou=10 0 0 We 0 0 0f- (6.48)
_O 0 Weo 0 0 0 O

Using the results of lemma 6.1 we can rewrite (6.43) as follows,

T
ATPZ AT]P)2
AV (k) < &(k)"{ (P2 — 13 ' BawE3y) "
BTP, BTP,
—Py 0 T

To show that the error system satisfies the desired H., performance, we need to es-
tablish attenuation gains on the effects of the noise signals and network-induced errors in
any finite time interval, under zero initial conditions. To this end, J is defined as follows:

s+1
hl

JE Y {eli)ei) —w(@)"u" pw(i)} (6.50)

y —hS
i=h3

where pu = diag{fu, 1tr, po, fir}. Since u, AF,Af, f are all assumed to be bounded and
therefore belong to £, negative J implies limited effects of these signals on the estimation
error in any finite time interval [h3, h$T!]. Since V/(k) is a positive definite function, under

s+1
zero initial conditions, V(h{t1) — V(h3) = Z?:lhg AV (i) is positive semi-definite and
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s+1
therefore adding it to the right hand side of (6.50) results in J < Z:L:lhg J(k) where
J(k) = e(k)Te(k) — w(k)T u? pw(k) + AV (k) (6.51)

Now, substituting (6.49) in (6.51), we get

T
~ AT]P)Q _ ATIP)2
J(k) < &(k)"{ (Py — 5 ' B Eg,,) "
BTP, BP,
diag{HTH,0,0} =Py 0
0 —pT g
+ 03 Fyy, Fow Y (k). (6.52)

Finally, using Schur’s Complement, it follows that the above inequality holds if the LMI
given in (6.37) is satisfied. O

6.4 The Proposed Two-Zone Fault-Tolerant Filter

In this section we first propose the design approach, and then investigate the behaviour

of the filter in the absence of faults.

6.4.1 The Design Approach

The following theorem lays out the design platform for our proposed two-zone fault-

tolerant filter.

Theorem 6.3. Consider the following faulty linear system:

z(k+1)=(A+AA)x(k) + (B1 + ABy)u(k) + Baf (k)
y(k) = (C + AC)z(k) + Du(k)

z(k) = Hx(k) (6.53)
whose measurements are quantized by (6.2), and the following two-zone filter:

o Zone 1: (e,(k) > 7 = hi <k <hj)

tr(k+1) = Azp(k) + A" By fp(k — o — 1) + Byu(k) + Lie; (k)
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frk—i) = fp(k—o—1)+T; > BT AT CTey (k)

j=i

zp(k) = HEp(k) + > HA'Byfe(k—i—1)
=0

e1(k) =@ 'y,(k) — @' Cxp(k) — @'Y CA'Byfp(k— o —1)
=0
ez(k) = ey (k) (6.54)
with the initial condition: Tp(hi) = xp(hi) — >0 A'Bafr(h§ — 1 — ).

o Zone 2: (e,(k) <7 = hy <k<hith

xp(k + 1) = Axp(k) + Blu(k) + Bgfp + LQEQ(k‘)

Or(k+1) = 0p(k) + Lyea(k)
yr(k) = Cxp(k) + Du(k)
zp(k) = Hep(k)
e2(k) = yq(k) — yr (k) — Or (k)
ez(k) = yq(k) — yr (k)
fr(k) = fr (6.55)

with the initial conditions: xp(hy) = Zp(hy) + > 0o A'Bafr(hy — 1 —i) and fr =
fr(hs —1).

where ® and o can be calculated by

o g
©=1+ CABT; Y BIal'cT
i=0 j=i+1

c=min j, j3=01,...
s.t. rank (C’AjBQ> = rank(Bs)
Then for given
e I'y>0,
o Uy gains psp, fuf, fifs P, gy o, Hu > 0, and
o the weighting matrices Wa1, Waa, Wiyr, Wea, Wer, Wea > 0 which satisfy Wa_llAAI/Va_Q1 <

I, Wy 'AB\W,,' < T and W' ACW ! < I.
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the two-zone filtering error system is stable and satisfies the prescribed Hoo performance if
there exist matrices Pei, Pea, Py, Py, Pp1, Pro,Gg > 0, Ge1,Gea, and scalars 1y,m2,m3 > 0
such that the following LMIs are feasible.

* % —mI 0 0 <0 (6.56)

| * * * *  —nol
Z4 Z5 0
*x =Py FEg, | < 0 (657)

where

Pl = diag{Pel, Pf, le}

=11 =12
—_ —1 —1
:1 = 99
* =9

21t = diag{—Pe1, — Py, —Po1 + mW5HWa2
+ (1 + ) WHWe}
0 0 0 0
E2=10 0 0 0
0 0 [MWhHWae+ (m+m)WhHWe]¥y 0
BV = diag{—p;I, —pj 1,
— uff + ‘1’f IMWEWae + (m + 772)Wc2Wc2]‘I’f’
— ui[ + Wl;‘ngQ}

_ =1 =2

=2 = [‘—‘27 '—‘2]
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ATP, — CToTGT,
BT (A7t P, — ATCT®-TGE)
0
= -o-1GT%
v CTe TG
0
0

[1]

o =
|

—CTo " TCA B,I Py
(I — BT AZCT®TCA" BT ) Py
0
—0 TCAByT Py

=2 _
—9 =
—ngcT@_TCAGBQFfPf
0
0
[ HT _ cTe-TQT
BIAL(HT — cTo-TQl)
0
Ey = —p-TQT
Ui (H' = CToTar)
0
- 0 =
PaWa  PaWy
Elw = 0 0
| PriWar  PriWiy 0

Q= HABT; Y BIa'cT
i=0 j=i+1

Ay = ZU: A
1=0

o ez
®=1+ CABT; Y BIal'cT
i=0 j=i+1
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and

‘I’éf:[Bg ABy ... Aff—lBQ]

Uy =B, AB, ... A"B)]

Py = diag{ Pe2, Py, Pr2}

Ey = diag{H" H — Pu3, — Py, —Pya,

— p2d, =y, —pgl, —muil}

[ATP, — CTGL,  —Gy 0
-GT, Pp—Gy 0
0 0 AT Py
Es = 0 0 BIP,,
BIP., 0 0
0 Py 0
I 0 0  BIPs
(PoWar PaWin ~GeaWa
Eoy = 0 0 —GoWea
| ProWar  PeaWi 0

Once solved, the filter parameters can be calculated as

L = P,'Ga
Ly = P,'Gea
Iy = P6_1G9

6.4.2 Filter Performance in the Absence of Faults

(6.58)

(6.59)

Under fault-free conditions, the system can be modelled by (6.1) and therefore it is ideally

expected that fr would converge to zero in the filter. However, in the proposed two zone

filter fr is only updated in zone 1 and as soon as e, enters zone 2, fr = fp will remain

constant. This means that even under fault-free conditions, fr can be nonzero and cause

steady state error in our estimates. For better performance in the absence of faults, we
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need to reset fr to zero and to do so, we have to find the largest fr whose effects on the
residual error e, will be mistaken for the effects of quantization. We already know that in

zone 2 €, is given as follows,
e, = Ce(k) + 0(k) (6.60)

where e is the state estimation error in zone 2 and 6 is the quantization error. e, is affected
by fr through Ce and since the quantization error is bounded by 7pnq4/2, any fr which
satisfies the following inequality, will have an effect smaller or equal to the quantization

€rTor.
|Cep(k)|| < 0.5Tpng (6.61)

where e is the part of e which is affected by fr. In order to calculate the effect of fr on
e(k), we need to obtain the time response of Ce(k) in the absence of faults. Using (6.39)

and basic linear systems theory, we can write

Ce(k) = CA* M [e(r2)T  4(h2)T)"

k—h2—1
+C ) AN(Bifr + ByAD) (6.62)
i=0
where k > h2 and
-A —L,C —L2 By
A= , Bi=
—Ty I—-Ty 0

By = 2 , C:[c o].

Using (6.62), C'ef(k) can be written as

k—h2—1
Cep(k)=C Y  ABifr. (6.63)
=0
Substituting (6.63) into (6.61), we get,
k—h2—-1
Ic > ABife| < 0.5 (6.64)
=0
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Then we can claim that the above inequality is satisfied if

k—h2—1

_ 1 s : 3

IFrll < Zlle 3" ABi ™ mona (6.65)
i=0

As a result we can say that any frp which satisfies the above inequality has an effect,
smaller than or equal to the maximum quantization error and therefore it can indicate a
practically fault-free system.

Definition: A system in a networked setting is called practically fault-free if the
effects of the occurred faults (if any) are small enough to be mistaken for the effects of
the quantization.

Using the results of this section, the two-zone filter introduced in theorem 6.3 can be
modified in a way that the steady state error, which is induced by a nonzero fr in a
practically fault-free case, is eliminated. To this end, one only needs to add the following

rule to the filter operating in zone 2:

— _h2_ . _
o If [|fr] < 2SNt AIBy |~ rpng, then fr = 0.

6.5 Simulation Results

In this section, we simulate the proposed fault-tolerant filter for an example system under
two fault scenarios. In the first scenario we assume that the system experiences different
internal faults plus actuator offset fault, both independently and simultaneously, and in
the second scenario we simulate the system with the actuator stuck fault.

Example. Consider the following linear system with x(0) = [1,1,1]7:

0.8 0 0 1
r(k+1) =121 -13 —0.6481| z(k)+ |0| u(k)
0 0.6481 0 0
1
+ 0| f(k)
0

y(k) =0 0 1.543} x(k)

N
—
oy
~
Il
o

0.1 o] (k) (6.66)
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where u(k) = 5+ sin(0.2kTs) with T = 0.1 representing the sampling time. We assume
that the quantizer parameter is chosen as 7 = 1. Now if we choose the weighting matrices
as Wy = Wy = Wi = Wiy = W = W = 0.1, the actuator fault adaptation gain as
I'y = 0.15, and the #3 gains as py = psf = pp = py = 1, pg = 0.8, pg = 0.5, iy = 0.9,

then the filter parameters are calculated as follows

T
Ly = [0.1132 0.6162 —0.3225]

T
L2=[0.0121 0.1765 —0.1314]

'y =0.7319

The considered fault scenarios are as follows,

Fault Scenario 1.

e System is fault-free in ¢ € [0, 10] U[15, 20] J[25, 30] J[35, 40] |J[45, 50], where | rep-

resents the union of the intervals,
e f=3int e (10,15),

0.1 0 0
AA=|0 —-01 0 | inte(20,25),

0 0 -01

T
ABlz[—o.l —0.1 —0.1} in ¢ € (30,35),

AC = [0.1 0 0.1} in ¢ € (40,45),
e all of the above faults are present in ¢t € (50, 60].

This hypothetical fault scenario helps us see how the proposed filter works in the presence
of individual faults as well as all of them together.

Fault Scenario II. Actuator gets stuck, i.e. u = 0, after ¢ = 20 sec. This can be
easily modelled by f(k) = —5 — sin(0.2kTy) for k > 200.

Figures 6.1 and 6.2 show the estimated signals zrp and fr in the first scenario, respec-
tively. As seen in these figures, the proposed dual-zone filter demonstrates smoother and
better results than the individual filters designed for each zone. The designed filter for

zone 2 shows barely any sensitivity to the changes in the measurement which are caused
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by the faults and as a result its operation is only desired when there are either no faults
present or only sensor faults exist (nonzero AC'). The exact opposite of this filter is the
filter designed for zone 1 which is highly sensitive to any changes in the measurement.
This filter reflects these changes onto its estimates and as a result appearance and disap-
pearance of any fault can easily be seen in both zp and 6p. However, this also leads to
the appearance of the quantization error in the estimates. Our proposed dual-zone filter
takes the best of the two filters and stays sensitive to the actual faults without showing
any sensitivity to the errors caused by quantization.

Figures 6.3 and 6.4 illustrate the operation of the proposed filter in the second scenario.

6.6 Summary

In this chapter, a dual-zone fault-tolerant filter was proposed for discrete-time linear sys-
tems with quantized measurements. The considered faults were modelled as either model
uncertainties representing the internal faults or an unknown disturbance representing ac-
tuator faults. Based on the significance of the quantization effects on the residual between
the quantized measurements and the ones estimated by the filter, two different zones were
defined and a robust filter was designed for each zone. Using a Lyapunov-based approach
with Hso performance, the design problem was transformed into solving two LMIs feasi-
bility problem, and finally simulation results were employed to verify the applicability of

the proposed approach.
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Figure 6.1: Scenario I: (a) zr estimated by the filter designed in zone 1, (b) zp estimated
by the filter designed in zone 2, (¢) zp estimated by the proposed dual-zone filter
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Figure 6.2: Scenario I: (a) fr estimated by the filter designed in zone 1, (b) fr estimated
by the proposed dual-zone filter
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Figure 6.4: Scenario II: fr estimated by the proposed dual-zone filter
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Chapter 7

Conclusions and Future Works

In this thesis, the filter design problem was investigated in the presence of unknown dis-
turbances, model uncertainties and network-induced errors. The problem was motivated
by the growing interest and practical application of communication networks in control
and monitorng. In real-life systems, presence of unknown disturbances, noise inputs and
model uncertainties are quite common and proposing a solution without considering the
significant effects of these imperfections is not very helpful from a practical point of view.
Throughout this research, we looked into the different problems that can be caused by
communication over networks, and then focusing on the quantization errors and packet

dropouts, we proposed an active approach to robust filter design.

7.1 Concluding Remarks

The main contributions of this research can be listed as follows:

e A filter design methodology was proposed for discrete-time Lipschitz nonlinear sys-
tems under network-induced problems such as quantization effects, uncertain delays
and communication constraints. To this end, first the filter design problem was stud-
ied under the errors caused by a logarithmic quantizer for which the quantization
error was modeled as a bounded uncertainty multiplied by the actual measurement.
This uncertainty was later translated into uncertainties in the plant parameters and
then a Lyapunov-based approach was employed to derive the stability LMI’s for the

filter. The design process was repeated for filtering under uncertain delays, with
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the difference that there were no uncertainties present and the stability LMI’s were
extracted using a Lyapunov-Krasovskii function. Having an individual solution for
each problem, the filter design problem was then tackled considering all network-
induced issues and an LMI-based solution was proposed in the form of an optimiza-
tion problem to maximize the Lipschitz constant while ensuring both stability and

Hoo performance.

e Unlike the existing approaches, which deal with the network-induced issues such
as quantization from a passive point of view, an active method was proposed as a
better alternative to filter design with limited information. In the static point of
view, the error caused by quantization is usually modeled as either measurement
noise or model uncertainty. This in return, gives way to conservative designs and
poor performance, specially in the case of coarse quantization. In order to avoid
all of this, the proposed approach employed an estimator for the errors caused by
quantization and used the estimated errors for producing better estimates of the

system states.

e Motivated by the fact that unknown disturbances can considerably influence the
effectivity of any state observer, two novel unknown input filters were introduced.
Both of the proposed approaches employed a modified version of the plant model,
which was derived by finding out how many samples later, the effects of the un-
known disturbance would appear in the measurements. Based on this modification,
a very important and restrictive assumption which is very common in the literature,
was circumvented and in return replaced by more relaxed assumptions. The first
design approach used an exact equivalent of the modified plant model as the filter
model and consequently involved an internal prediction-correction loop for produc-
ing its estimates. The second approach, however, employed a practical equivalent of
the modified model as its filter model and therefore provided a simlpler and more
straight forward solution. Through simulation it was shown that the first approach
provided slightly smoother results which came at the expense of heavier computa-

tional burden.

e Trying to propose a novel approach to robust filter design with limited information, a
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unified filtering approach was introduced assuming that the measurements undergo
quantization and packet dropouts, and an unknown disturbance is affecting the
state trajectories. The unified approach brought together two distinct filters: the
one designed for the rejection of unknown disturbances and the one designed for
eliminating the effects of quantization. Taking advantage of the fact that the errors
caused by quantization are only effective when the estimation error is small, a two-
zone filter, which consisted of the two aforementioned filters, was proposed. In
zone 1, assuming that the received measurements are reliable, the proposed filter
tracked the states as well as the unknown disturbances, and bounded the minor
effects of the quantization errors. In zone 2, it produced estimates of the states
and the network-induced errors knowing that the received measurements could be

considerably erroneous.

e With the intention of designing a fault-tolerant filter under quantized measurements,
the proposed two-zone approach was extended to systems with model uncertainties.
The unknown disturbance was used to account for the actuator faults such as offset
and stuck, and the uncertainties in the model parameters were employed to model
the internal faults. Entering the uncertainties into the design equations, new sets of
LMI’s were derived and then a performance-improving modification was added for

the fault-free case.

7.2 Future Research

The results of this research can further be extended in the following areas:

e As most of the contributions of this work in the network area are focused on quan-
tization and packet dropouts and issues such as delay haven’t been considered, the
active approach given in chapter 3 can be extended by taking the network-induced

delay into account.

e Bringing the uncertain delay into the equations, the two-zone filter given in chapter

5 can be modified and redesigned.

e The proposed unknown-input filters can be extended to different classes of nonlinear

systems such as Lipschitz nonlinear systems.
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e The unknown-input filters can be integrated with different control schemes to form

active fault-tolerant control systems.

e The fault-tolerant two-zone filter can be integrated with different networked control
systems to result in active fault-tolerant control architectures with robustness to

network-induced errors.
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