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Tre initiation of graurel growth wos simulated
by approximating a hexagonal ice crystal to be a very
thin oblate spheroid. The flow of air pascing oblate
spheroids of ice with Reynolds numbers of 10 and 20 was
6élculatcs by solving the steady state lavier-Stokes
equation in oblute spheroidal co-ordinates for spheroids
with aspect ratio of 0,05. The flow field of air around
the water drop was evaluated by two mcthods: solving the
‘avier=Stokes ecquation in spherical co-ordirnates. for
spheres of Re=0,1 and using the aralytical solution of
stokes flow for spheves of Re 0.1 as sugcésted by le Clair
ct al (1970). Tre hydrodyronic interaction betwecn an
ice cry:tal and & water drop was sirulated By using a
cuperposition nodel of their combined flow fields. The
trajectories 6f water drorlets approaching iée sphéroids
were calcuiitc& ty o:wa ions of motion which co“uldorud
the groavitational force and the drar'f orce on the bodies
under concideration., Theoe QQuatlonu.wcrc 1ntearated by
the Homming mpthod ahd initiated by'the Runge Yutta method.
The waximun angle *ha t water d:opléts would‘CS{lect on .
.the}edge of an ice crystal was also investigéted. The },
“flow fields around. an oblate spheroid‘of axis ratio 0.05
agreed quite well with those obtained bj Pitte“ et al (1973) "

but the. trlJ“PuDTl;u gc >rated in the present tudy were

I



clpnific oty diffurunt from those of Pitter et al (1974)
in thot drorYots wrroaching the cenver of the cpheroid
were rot Torcet out and past the cpheroid, The maximum
angle thoat water arops accreted on the edge of an.ice
crystal supportcd the theory fo graupel growth suggested

by List, lience, & thin oblate Spheroid‘was used to apbroxi-
matc a hexagonal ice crystal and the theory of Knight and

Knight which involved corner effects on accretion patterns

was not covered.
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yved *rat hal.sones initiate Jrom

'praupel's  According tc Fletcher
anooextreme caz#a(>f cloud drepuer
aceretion.,  There s 4150 a qaalitative differonce retweer
a hailstone and a preupels A hailé‘one is formed by a
tast aceretion prmcgss during which the heat conducted
away froamothe stone 15 not surficient to frecze aii he
acereted water, Therclcre, part o the water remusins
unfrozen ang the store hecomes covered with a liquid skin
which frenées relativelyv slowly to a dense, more orgless
transparent msase with air tubbles in it, On ‘the other'
hand, when the accretion rate is slow, each collected
cloud droplet freezes almost immediately upon impact, The
resulting structure is pbrous and of low dénsity %nd the
particle formed is identified as a gfaupel or snow pellet,
Since the Yineteenth Century, there have been mahy
theories involving the formation or-graﬁpel. These theories
< will be reviewed in the 1éter section, For almost two
hundred years no widelv accepted formﬁlation of the

development of gradpel has ever been provided, The

commonness of graupel in convective storms during the cool



davs o rrine Ssoccestsc tal they are ool the Tasteot-
groving of all the rrecivitation ermoc onnd thut el
i
PR ! FETR Y yEney \ Pavyee ot 3 EEE IR I L e
must he o conion witnono o sumner tua“uur;ynwer clouds atthourh

on warnm sunmer davs ther wodd me]t(iuto raindrops tefnre
reaching {ho ground,  They musﬁ alsn sct as haillstone
embryos in the c¢old refions of thundercloudse As such,
they are very important in’explaining the elrectiveness
of raiu-mufing or hall suppression gechani:ms.

There is no strong reason to suppose that there
are differences in origin betwee:n graupel’of varions shapec,
Dissection bf small hexaropal praupel always clearly reveals
an ice érysta] withine It is logical therelore to believe.
that graupel ctart as a rimed ice crvstal In some way or
another, As the ice crystal continues to rinez it could
either break up to Inrm several graupel embryos (HEnight
and ¥night, 1973) or it could continue to grow into a
single graurel with an ice crystal at its center (List,
1958) which would be difficult to identify in a laboratory
dissection, C{ince the shape of lérge graupel is often
conica} it would be of interest to know the side of the
original ice crystal on‘ﬁhich the riming origihally begins,
l.e. fanning out into the wind (Reynolds, 1876) to forﬁ
the blunt end of the cone or pointing into the wind (Aren-
berg, 19#1)‘to start the pointed -end of the\!fne. The
main interest of this thesis is‘to find the direction of
growth of a graupel pellet during its early stage of

growth by using a numerical model which can also calculate



the aug]q of the poirt of graupel which, from reports

in the literature, varys tfrom 00 P o 100° (srenberg, 10k1;
Flogel, 1¢77), Wilkins and huer (147C) reported thut the
onsel of rimirg is mainly on plane ice crystals between 300
microns and Y00 microns in diameter, These atmospheric

ice crystals typically have Reynolds numbers less than 100
and greater than 1 which lie between the values described
by Otokes and potential theories It is, thereifore,
necessary to ohtain solutions for the viscous flow past ice
crvstals ¢t intermediste ernnlds numbers in order to
calculate reascnuble f{low fields and hydrodynamic interac-
tions between ice crystal and approaching water drops,

'

1.2 Graupel: its definitions and seasonal occurrernce’

-The word ‘graupel 1s frequently used by cloud
physicists and its definition is still vague. Evidently
it is derived from the German word 'Graupéln' for

hulled barley or hulled graines It 1is usually translated

“in Géfman-English dictionaries as 'sleet‘, an 11l-defined

term in the English language with Qarious regional interpre-

ta y “or 'ice pellet' which is clearly contrary to 'snow -

bel_ ts'.or 'soft hail' as graupel is éefined by Mason (1971).
According to Lason, ‘the International Commlssion for Ice

~and Snow récommended in 1956, the definition of graupel

should be: "3now pellets (soft hail, graupel). ‘These are

vhite, opaque, rounded or conical pellets of diameter up- to

-



about 6 mme  They are Comgosed largely of small cloud
drepletls individually fro:en‘together, have a low density,
and are reudily crushed, They may break up on striking a
hard surface,"
According to hakava (19951, 1954), Schaefler
(1951) and argono and Lee. (1966), graupel are the extreme
stage of ri=ir~ oi ice particles (usually snow crrstals)
before further accretion 1eads to harder growth, making
hail, ome hailstone erbhrvos and small hailstones are
mos! probtably soaled or partially melted and then refrozen
5 '
~graupel (iist, 1958),
There are thres typical‘forms of graupel:
-hexa;onal, conical and lumpy or granular (llakaya, 1951
‘Schaefer, 19515 Yagono and Lee, 1966), - Hexagonal graupel
are vaioesly heavily rincd snow or ice crystals (rimed

‘plates and stellar dendrites) which retain their general

shape., Coniccl graupel are sometimes pointed and sometimes

s .

not aeﬁ they occur more-frequently than the other two types
in convective thunderstorms, Lumpy graupel may be rimed
snow crystals or ice crystals or pasts thereof which tumble
along in the process of riming. | |

od Very often, the words Snow crystal and 1ce
crystal are used intefchangeably. In fact,'there isap
ﬁ‘;difference between the two terms., Ice crystal rea ers to
o _{gijp&;e particles grown in an ice supersaturated atmesphere“f

=,

by diffusion of water vapour to their growing surfaces, and

[y
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mav exist ac individusl nitts of cimple geonetric shape,
for exumple hexusgonsl priswatic columns (needles and prisms)
and hexagonal plates, or, under suitable conditions, may
grow into conp” :x richly-branched formse. Cnow crystal
ineludes 4ll solid precipitation in hature. They can érow
by any of the three possitle process: (1) growth by
diffusion in the presence of supercooled drops, (2) growth
by collision wi*h other solid'hydrometeors in the atmgsphere,
or -(3) grow*h by coalescence of supercnoled water drOpletS.
zTﬁgg, the {érm SnOW crysfal can te implied for ice crystal,
bﬁt not vice versa,. The;abovc definitions of these two
»té}ms will be used in this study. , >

Graupel fall to the ground during three rather
dibtinct seasonal weather pheromena. - These are (1}, heavy
winter convective snow storms (2), convective storms in e
the early Spring; and (3), as hailstone embryos in Su@mer.
It is rare tb find hexagonal'graupel in'vigorous,convectiye
étorms or occuring as hailstone embryo, (¥night and Xnight,
1973) and'coniéal graupel ﬁredominates in all thfee of the

above stormse

1.3 Review of the theories of conical graupelfformatibn.

"The origin of the three seasonal occurfences of
'graupel'mentioned above is probaﬁly,quite similar;"EVer

‘invéstigator-agrees and the 6bservéfional evidence»shows

that grauﬁel*éreAa résuit»ofirimfng; ‘i.e¢ accretion of



supercnoled water droplets in conditions such that each
drop retains its shaype when it frbaﬁe: on inpact, The
droplet heconmes a little ball of ice adhering to the object
being rimed,

While the initiation of snow pellets, or graupel,
is. generall‘ uﬁder"toéd to be due to the riming of settling
snow CP"Ydlq, there are certain features in their )
developnent, particularly the conical form, which have not
achicved a widely acceptable description,

Arenberg (1941) proposed that conical graupel

* begin as large snow crystals that become heavily rimed

oni being carried upwards to the top of cumulus cloud., If

the flules are {lat hexagonal plate of varloua QLbPGEJ uf

intricacy they wguld fall with their flat 31dewfa01ng down-
ward v;rticallykgs rime continues to.collect on their under
side, aﬁirst;thay wouldtrime along the edgés and thentovar 
the antire‘surfacas. The deposit gradually builds up until
tha boint of the cohe'is formed. Arenberg admits that this.

'13 not the most stable fall attitude for a cone, i.e. p01nted

stde down, but he points out that it is the second most:
stable attltude. It éould be assume d that during the early
growth stages when there is little difference in stabllity
betwean thg two ;table fall.modes that the pointed downward
mode'couidtbé'maintained fof long periods if no disfhrbancé’

6caurs;' His prop051tion explains also the observation that

',graupel are least dense. at the top and harder at the base,



-&.o

Holroyd §196h) sugpests that conical graupel
start as rimed clusters of two to six riméd needle crystals,
as dZduced from observations. 1i'e¢ proposed that needles
falling in their usual horizontal orientation would tilt
and descénd vertically as rime build-up makes one end
heavier than the other, Thc,increasing deposits of rime on
the down@ard end keeps the needles in that orientation, TI7
two rimed needles coalesce they would attach at the bases
where their dimensions are greatéSt and the air flowing
past.would'then.force the trailing tips tégether._ Further
riming or more coalescence with other rimed needlesiwould
develop a conical shape, A conical graupel.wou]d have been
: rormed.' R | ' |

While most investigators believe that conical
_gféﬁpel start as ice c:ystals, studies4by Weickmann (1953)
and Magono (1953) suggested that'cbqical graupel can start
directly from'frozeh drbylets or tinyg irregular ice
particles. Their prOposition_was_based'méinly on the fact
that snov'crygtalé are.seldom recognized within conical hail

émbryoﬁ.' | | ‘
| 'Contfary to Arenberg's bointihg dOwnwérd theory,
most writers since the very early investigation of graupel
,by Reynolds (1876) expect riming to lead to shapes that grow -
'broader on the bottom sxde, 1.9. toward the approaching air 3

.and cloud droplets. In such a growth mode, the original

ﬁsnow crystgﬁs must then be near the tips of tha graupel,
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not at the hiun‘ ends. List (1058) ShOWS'phofographs to
| i]lustrate.thut lce crystuls can be found near tne pointed
ends and he (1960) also points out that about 40 or 50
‘percent of the graupei he examined in Switzerland had
originating snow crystals as centers. I this is the
actual way'of most graupel grewth, for the pointed qnds to
be truly pointed some capfure nust occur on thevdo&n wind
side of the original snow crystal, i.eq in the wake.
cht Yecently, Knight.and Ynight (1973).
hypothesize ﬂhat;ﬁonical‘graupel should form as follows;'

A planar or dendtitic ice crystaly falling in its mos?

stible cricntatign with its axis vertical, lends to rinme
finst at the edges of tne windwand side, in particular it
rimes more at the six corners, ‘The fiming starts at(ﬁoints
of the crYstai and fans out into thexﬁind. Furthér riming
‘Von the crystal wnich is still falling in the sane attitude
'increases the size of ‘the conical shape deposits attached
by their tips to each of the six corners of the snow. crystal.
If tuibu;pnce exists or the snow crystal changes its
lorientatlon, these conical dep051ts would break off due to
cair stress. Graupel could then originate as single cones,
' vhich have broken off f{rom the corners of ice crystals, or
- as groups of cones that haVe grown together and coalesced
at their broadér'ends.) This would explain the difficulty
"in finding 1ce erystals’ within graupel particles,:

Thé fact that the collaction efficiency is the»'



9

greatest at the edpes of the downward tacing side of a
Aalling snow crystol of size 150 to LOC microns hus been

. 3

“justified by Pitter and Yruppacter (1074) through numerical
investigation, Jasyo (1971), after careful study of the
formation of precipitation by the aggregation of snow
particles and the accretion of cloud droplets on snowlakes,
also provided evidence that cloud drople's conlééce in
greater amounts at the .corners than over the lother paft§ of
snowbcryStal.« Using suppofted models of hexagonal plates
of diameter 0,5 cm and 1,0 cm placed 1n saturated air moving
al various relative velocities, he [ound tgat the frontal

surface captures water droplets of various sizes while the!

%

rear surface captures only water droplets smaller than 10

4
o

microns in diameter, iurthermore, he discovered ihat there

is avtendency to increase the number of droplets captured o
by the frontél surface with“incréasing air velocity at the
same.ﬁime as droplets.captungd'by the rear surface increased,
It seémé'that Khight and Xnight's theory of }raupel}growth.

L4

is supported by these studies of Sasyo. ‘ ‘ '

Y
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Dol Introjuction

The first step in this numerical study is to
calculate flow [ields around ice crystals and cloud
droplets, The SCCUnd‘Sth is o calculute the motion ofla
cloud droplet as 1t approaches an ice crystal. There are
-nomcrous renvorts of experimental and theoretical work in.
the literature on the churacteristies of the flow of a
.viscous tluid past a single sphere and on the fofccs between
tWO‘hydrooynumically interacting spheres, (Le Clair et al,
1970, 1972: llamielec et al, 19675  Ghafrir et al, 1970),
I;ffontrast, ro work has been done on hexagonal discs and
re atively little on planar objects, Jayaweera and Cottis
(19?9), ond %&st and Sche@enauer'(1971) expofimentally,
sﬁowbd that the hydrodynamic behaviour of a simple hoxagonal
plate can be apbroXimatod with sufficient accuracy by that
. of a circulor disk Pitter et al (1973) showed that the
hydrodynamlc behaviour of a thin oblate spheroid is essential-
1y the same as that of a c1rcul§//disk of the same thickness |
to width ratlo (aopect ratio). The flow field past a~disk
"can most easilv*be Qplculated 1f its shape is approximeted
. as a thin oblate shperozd of . variable aspect ratio., The

flow rleld past a spherical cloud droplet would be

equivalent ‘to an aspect ratio equalling"one . The



R

v

interaction of the culculated flow fields arownd the pluate
and the cphere should ullow one to calculate the trajectory
of a cloud drople' as it is approaches and collides with

an ice crystal,

Tha qu¢ ions reore,er(lnv flow around a spheroid

N
'
N

or gphero '

e,

The meotion ol a system can bte best descrited
by Newton's second law as:

{rmacs of saﬁtem)(acceleration of the system)=net force of

{

the systens !or a fluid parcel, the net force can be
classified as the body (gravity, etc.,) force and the
surlface lorce, ewton's second law can then be expressed

in an equational form as,

3

oV net body force net surface force
density — = | + , g
' Dt volunme. , volume

where the time derivative of the velocity 1s the acceleratlon |

Y
( ) of ‘the fluid parcel For a Stokesian fluid, such as

: air, water and oil, the net surface force;on a fluid~§arcel
per unit volume is formed-byvtwo forces; 'thé pressure
gradient force and the viscous friction. ' If tﬁelnet'
bédy'rorce per unit volume is denoted'by F, and the rluid

1j!anompre551b1e, then the equation of motion and continuluy
%



equatiog can be written s,

A R | (2.1)
ok
beVr = 0 @loy

vhere T+ and V* are the dinensional nrecsurh and velocity,
P and/x* ure the dimensional density and dynamic viscosity
of the rluid., T 4l ferpntinl aperators: cradient V,

divergence 9 and«<raplacian V°, in generalized curvilinear

. (

orthogonal co=-ordinates are: “

O (Vyhyhy) (2.1)
q
-3
ana i , . . -
: v - '[ d ( 273 9 ) + .
hyhohs L 3 g, hy ©4q; o N A
RS I U LR
dq, . hy 94, 043 . hy ;8q3 ‘

9 5 9, , 4y , are the curvilinear co-ordinates; .
au ,‘al, a, .are unit direC%&on'vectbrs and hy, h2,'h3



\
*
-
PR R ‘o oy " . foa . :
are the motriec o LA G WA Y .ae vaines a0 tne metric
A ‘ e I P ~os
CoOCL .. .Cian's une i, © O=0or . out x)‘),’"‘ C. vl

: . ' . ) A . . .
study ¢re given Ir section Doele 10 *he fluid Iy steady

~

state j@uation (2e1) becomes:

. Il

V*-W’J‘-}uv?i&: -V o+ F . (2.6)

The calculation of ‘he flow fields in 'his

e~
.

Je

study 1s restriected to ax'al symmetr:r, ?k there are no

4

variations with the azimathal 2icle, 4 three dimernsional

approsel, would te much nore complicated. Cnce axial
sylmelry is imvosed, i.e o - 0 and ?* = constant, »ne
(S0 IR SPPEVA SN o Ao 4 ) ~ ] Py ] d O - ‘ j - a3 I ) it

.

- = . ’ . 3 3
can define a tokes! streum function W which will satisfly
- the continuitly equation (2.2) automatlcally, and use it ac

-

bne of the dependent Variablcs to eliminate the pressure
gradient term, If the bfip%tive variatles, velocity and
. pressure, are used; special care must be taken to satisfy
the Z%ntinuity eduation as accurately as possfb}e. The
§tream functiod q/‘can.be defined in terms of yelocity -

-in the two dimensional curvilinear co-ordinate system

with 44 as the radial and Q5 as tHe angular-Coofdinates:

co-1 vyt

Ve, = o

A : (2.7

V"‘q = ——
’J .' . /;Q . .
{



1L a curl operator is applied to eq*utmn (e0)
™

the jre ¢ pradient term tecomes ceroy f,e, VX Vo= 0
¢
ain the fgerot o ol the cardoon e vejocityoveetor 1o
'
,‘...
4 vy O M . . 3 .
axisyrmae :rjc:v.‘x‘vm,‘.:.(uz conrdinates rives:
v

' - | BP\VJ Sh,Vs o *
V x V¢ = 1Ve,  onh.vg. = ()
X = [aq. 5o }as S

then eguution (2,0) becowes:

1\

o ,(* AL (2.9)
hh a(qn(h -~

[a [ h, aw) <thwj)]
8q,\ h.hy 04, 0q; hahs 09:27)

The operator a(\y*rE*I\y*/hi)/a q”qz) is a

Jacobian und it is denoted by the delerminant as follows:

VEETY =

where

-

ke S EY' WY ﬂ
aq,

a(w E*! Vhs) q °9s (2.10)

9,00 |aetvhy avt

P B
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h.h, 'aq. hhy0q, 99,\nhyaq,

.

The symbel Y+ in equation (7.9) is the kinemutic viscosity
and it 1s deflined a0 the dvnanic vi;cws;ryl}k* divided by
the densits () o iustion (U0) s of the Ucarth order in
\P‘ and 14 1o not linesr Yecguse o the prescrce of the

inertial term oo the picht hend side, T ogenerul, e

eniatiog 15 called the Javier=Stoxes equation in twoe

and

Gphcrnlds
N r

The oldest formulation of flow past an obstgclg
is called Stores flow (1851) or creeping flow, The
inertial effects ure assumed to te negligible in comparison
with those of viscosit&.. The Navier-Stokes equation

~

raeduces to:

E*2 E+° Y=o o (2,12)

L

lSuch a simplification of'the equation 6f motion is'vefy

sub;ﬁantial, since the equation of motion thus becomes
A .
linear.
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The pencral oo Jtion of the ereepins K ow
eqaat ien (;.7‘)‘f\r Syrerienl (ry 68) and spheridal
coordinaten (g,rl) was civern by Campson (1091),  Por
spheres

4.),

o0
. . -n+1 1+ =T+
Wrlr, &) = 3 Gyre vpr™ 0 oo™ e n e ™))
0

n
» = ’ v ! ]‘11 / 7 A
. ~ii N+
{ ) '
DI EHIR R iz Ch;
0
’ _n*:j . \
oo+ Dy ) oy, (8, - (2413)
» -
whiere Ay W“, ?“, ﬁ“ ar.d the correcponding prined terms

are conctantsand § is defined as ¥ = cos 9, I,(Y) aha.
H,(Y) sre Gegerbauer functions of order n and degree -*

o7 the first and seciond type raspectivelrs The constahts
are evaluated from the applicable boundary conditions.,

For the no-slip condition at the sphere and a un{form

stream function at infinity, eQua&ion (?e13) becomes:

2 a2
‘ . 2
, W= e el (LL30 22 ) sin® 8, (%)

where a is the radius of the sphere and U* is the speed
of the undisturbed stream, The drag force experienced by

the sphere can be givén as:

F = h}T};*D2 y | . (2.15)



., 1a tre constant e cauation (Celi)e 10 s oeual to
S a ve Thedimencionl osuriucs pr.'n.:sur(: io plven b
>
- ‘ 6
*= i p o (14— cos 8 ) ' (2.16)
A'\e
%!,
Por Otapes flow in the cpheroidal coordinates (Q,V’L ).
orowes oivan bty Jemys o (1v%i) and diccussed in Mosilyah
(197%) as: : ' ‘ )
- H. (T
Y+ Cor DT+ LM { BT+ G LD Dkl
!/ .
. \»4/

£ 1, 09){ ByHa T Dy (1) + B ()

(2.17)

where '[: (oshi 3 \P: coSVL; In(\p) are the Gegenbauer
functions of the fiist type with corresponding orders;
}Q#‘P) are the‘Gegenbavér.functicns of the second type,
with correspohding orders; and all the Cs, BS and Ds with
or without primesbare constant coefficienfs dependent on

boundary conditions., For an oblate spheroid one obtains:

P =.IA,‘(‘?){£ B+ C,Iz(ix)f.D,H,(f '\)) . (2.18)

" vhere i = ’—,1, the imaglnary unit, and )\ = sinh E‘. The
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spheroidal coordinates ore piven as in fipure (2.1),  “or

thie no-clip coniition oY the spheraid surface and 4

H
wniforn stream eondition ot infinity, the stoles strean

-

function given by equation (2,18) hecomes:

W = ;?*cg(f\2+ \)(l'\Pz)

{\- [’\/(/\1”] [(/\cz-l)/(/\lﬂﬂ(ot-'\ }

[,\Q/(,\ +| [(/\a"l /(/\q”)] cot” /\z(’;z.19)

where subscript \Cl,danotes the surface and c.%@e,foeal ’
length of the spheroid,
Tﬁ; drag. force experienced by the spheroid is
then piven as;
| - R S
F=6mu UK & L Y2.20)

- Wwhere Q.15 the major axis radius of the spheroid, and for

an oblate spheroid,

(2,21)

J)\a* [/\Q (AQ " cot” /\Q]

The dimen51on1ess sur‘ace pressure distribution for Stokes

b

flow past an oblate spheroid is given by o -
IO “'eK"X’+| - BN
T P= |+ a COS ' (2.22)

7\4 (os (l
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In the cace where the inertial effects of the
flow are smsll but not nerlipible, Stokes solution can no
longer be considered valid at points far awéy from the
surface unles Le - 0, Al boints near the body the inertial
.forces tend to vanishe. This means that Stokes approximatiocn
for the flow ficld is not uniformly valid throughout és'

il lreaks down at a larpe distonce from the surface,
The inertial fefm; are thus, to somec extent,  taken into
account , 'Gnldstean‘(1929) developed Oseen's (1915)
perturbation method of approximating the drag force
experienced by a sphere in non-GStokes flow, giving the
drag force as a series in Reynold number:

3

. 2 . )
19Re. . 11 Re®

F = 3 Re - A

6 Tpmlal [ * 76 Re Y7g0 * 20480

- 301719Re’ 4+ 122519 Re® ... |
34406400 56074240 : :
‘ : ‘.(202})

The first term of the above egquation is the value given by
- Stokes (éduatioﬁ 2. TS), while the second term is that giveh
by Oseen. Unfortunately, the equation (2, 23) is valid only
for Reynold number up to and 1nc1ud¢ng 2, ‘

| Aol (1955), maintaining conformigy with the
corresponding creeping flou solution, derived the

-;9xpre§sion for;the total drag force on an oblate spheroid



20

ase

F = 6n#*UfaeK{}+.§‘f6Re} (2.24%)

where ¥ and (e are the same as those in equation (2.18),
wh11e the Te is based on the diameter of the magor axis
of the sphernid, ioi (1955 leo developed the ratio of
the form (pressure) drag to the skin (friction) drag on

an oblate spheroid which is given by:

' FF ___.. (>\(3+|)(_l—,\‘qut"/\q) ,
CFe T (NG D (- Nacot Na) (229

Thus, according to the above expression, though the form
drag and skin drag_of the oblape spheroid.depend on its
size, the retio of the drag forces is independent of the |
Reynolds nunber, _ | |
. Proudman and Pearson (1957), instead of |
'obtainlng perturtation- fields, ‘seek separate asymptotib
solutlons which are locallj valid 1n separate regions
near to, and far from, ‘the body.} These inner‘and outer |
- solutions are each’ detenmined by asymptotically matchingeev
;othem in their common domain of validity. The expression

for the drag force experienced by a sphere placed in a .

1rorm stream is given bY'»

F 6TT,UL U*Q{I+—~Rg+£-6Re In (-Rz‘)}. (2.26) .-



Breach (1941) extended the technique of }roudman and

btearson to apply 'o ellipsoids of revolution, btoth prolate
4

and ohlate, The exrression for the drag force on an oblate.

sphercid can then be rewritten in the form:

160

F = 6ﬂ/«A*U“QCK{|+_‘%Re+§KZRellnR_zgz} (2,27

with Qe and K identical to those in equation (2.20). Once
again, the first term in the aoove equation‘is for cfeeping
dflow, the second being Oseen's extension while iho/third

is new. For a sphere, K=1 and the equation (2.27) becomes
identical to that of ' Proudman and Pearson ‘(equation 2.26){

~

2.4 umerical Solutions of Flow sround Spheres and

The solution of the Wavier-otok?s equation via

" Stokes, Oseen and Proudman and Pearson fail- to describe the
‘flow for-Reynolds‘number3greater than-2, Approximate
LSoiutions using the Galerkin method (Sn&der,_Spriggs and
Stéwarf' 196“) have been tried by'numerous investigators.

This method first assumes trial functions, and an approximate
isolution is then obtained by determining the trial function
parameters such .as to satisfy the Vavier-Stokes equation i‘/
land tha bOundary conditions as- closely as possible. The //

‘optimum trial funotions may be determined by variational /



calcuinn »or by errcer distribae Jon methods.  The success of
this meth 4 depenis sivonsly on Lhe th>ice of the -trial
polynomiul. Masmielee and Jehnson (106.0), ilamielec et al
(1963) used thls technique to evaluate the viscous flow
around fluid spheres of Reynolds nutber from 10 to SOOO.

Jenson (19592), in his work on spheres, solved
the Havier;ﬁtqkes equat ion by splittdng it into two
simultanenus second.onder/equations representing the strean
function and the vo"t‘ci*v. Jenson approximated the |
.vorticity near the surflace by a. thlrd order pol. nomlal and
he uaed an exponential transformatlon for radial dlatance
from the surface. Le.Clair and Hamielec (1970) and
Hamiclecdet al (1967) extended Jensonfa technique with the
aid of digltal computers to intermediate and hlgher
Reynolds number. |

leon and Lugt (1967), using a time-dependent
numerical technlque, calculated the viscous flow around |
an oblate spherold. Unfortunatelj, thelr results were
limited to Re % 10 and R ,# 100, l.asliyah and Epstein
(1971) u31ng an adaptation of the relaxation technique
of Jenson, obtained numerical solutions of the Vavler-
Stokes equation for axisymmetric flov past oblate spneroids
| at.particular Reynolds numbers up to 100 and of aspect
ratios 0.2 to 0O, 999.~'Nost repently, Pltter et al (1973)'
- followed the numerical method of on (1971), adapted to

. oblate spher01ds and obtained quite satisfactory solutions
. . - ‘U



ol the steadv-stote Lavier-"tokns equation of visceous flow

past an oblate sphnercoidal obstacle of heynolds rumrers 0,1
to 100 and of axis ratio 0,05 to 02, Thelr numerical
results for cblate spheroids of acpect ratio 0,2 agree

well with those of Masliyah and ®pstein (1971).

2.5 wFinite Differcree Zaustien Weormulz2tion of Flow Arownd

<

Spheres and Srheroid,

| The choice of spherical (for water drops) and ‘B :
sphéroida] (for ice crystals) coordinates in this study‘
facilitates the formulation of the boundary conditions.. In
agdition, if these coordinates are given.exponential |
properties, a fine lattjce near the surface of the particlé
and a coarse lattice far away from the boéy can bebermulatcd.
As thé influeng; of the particle on the flow is mainly
‘manifesfed near .the particle’s'surrace.and as this imfluence
~decreases QithIQiStance‘ffomithe éurfécé;Athe lattice thus
produced serve the purpose Of giYinz a GGSirea-latﬁice

gradation,

2.5.1  Spheroids
' The Navier-Stokes equation for steady-state.
axisymmetrie or’twp-dimensional flbw, expres;ed in}orthogonal

curvilinéar'coordinates.in»terms'of'the dimensional stream



10s ]

fareticon Lj,/ .

R 1 . *. & ¥y ‘/h:\: R
)/}t I T \l)- - ﬂ__y a(\‘) ____,\1}__/_.“ :Z._L (2.\))
SR 9(q9,,92)
and
pe? __ha [_i_( h, 9 )+ J (I_."h_..a.__\ (2.11)
h,hz q hk \)q. aq& n;,hSOQI’) o
ln .Jp ] )l}dl C()ﬂ"d‘)])t(,-),
i .
y 2 8 1
.q1 :E h1 = h2 = ¢ (S5inh E+ cos” T\)“’ )
’ : I | ‘
qzzrt h37cco}1§ smr\
. N . , o
where € is the radial and Q.is the angular-coordinates as
v 3

in figure (2,1) 4&nd CAis‘the'focal length of the System,
i.es the distance between the two foci of the oblate

spheroid, then, equation (2,9) and equation (2.11) become:

(cosh& Smn) '
’(s«nh’&»«cmq
a( S,#’Etl "/C coSL’ggm ‘ ) | | (2.28)
] B(E, VL) \ 4 : ’ w

U* E*2 "E*2xw* =

-and

2 R 9 otn.9 |
o C’(Smh’gwosvl)[a%‘ | Eag %r'l" ‘ rl'a_r_(]
R e X
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§ = CONSTANT

Fige 2.1 ¢
Oblate Spfnef
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ooy - \ 4 .
Jeline the gjmensionless stream dunceticor

Y -‘-'W‘/U*(ll Cthe dimencionless 0 notds munter o=
ZQUVV oand set = 4 ot wnhere gt i the geni-
major uxisy, a = C coch Ea. €a is tho value of & at the

surface, Bquation (2,2¢) and Tquation (2.29) become:

f‘,f!C}lg\-l[?( \ Re[ ceenf st '\"1 ] .

Stan‘€ + cest vl

'[a@_é_( FIW v oy EW )
S€ on\ comn ( "

};2 - coshzg [____

Putting 1° @cosh& sin '?1 sechga , wherec’ is the
non- dlmensmnal vortimty and § § a/U and
;* h EX q.) Eqis the value of & at the surface, then

equation (2,30) can be split into two equations,

sech go Ez(ccoshésinq\)f—‘ Re[wsi‘g“"n } .
| - Stnh! £+ cos‘q (:.2’32)’

Gelaga) 35 sg(a,s:éwn

b

| 'Y an Y o
Asin"h2§+c°$‘rl[ IE? -1 kgaag VL ’(Vl ]

p— gcoshgsm Vl SAC(,HB‘E‘Q | . ‘ (2.3_3‘.)
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Since r’, can becowme very lorre at the surface af the sphorosid

)

and bord to be ohprodled romerically, 1t s more convernient

to trarslorm ‘he equation (2,32) and equantion (2,3) to

120 = _Rf.__(_Oi’LE_Q_[ cochf sin 1] } .
2 Senh?g (OSZ\K

SR
s
o/
sl
]

[« RNV

’Y“ T
N

Q
S
Qj«
S
\)
,__)

(2.34%)
and
%y '
LW (anhgak« W _ cotq?f_!i
5mhlf4(J;1L O% & ’2
7N\ - Gsech2 ,
Ea (2.35)

\

by delining the non-dimensional quantities::
y aen, :

C co.sfzif sin Y\ / cosh E& - (2.36)

| F o= C ACOSh,éQ/ cosh E sin r‘( . '(2_.37)‘

o]
It

Using the finite differancing scheme: I 3

ofy o Sy -0 7
- o€ o 2A y

a;x' — fh! ' Sl"

BVL - - 2B Yy
a,z §, . f}*@.\ -2 f; "’51-_\'
agz ' haet A2 oy
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i



79

strewn weticn and non=domensoonal vorticity by coupntler

3t

to obtain corresponding values of Wand g at each prid point,

L
Defie T nheresn
- RIS RS

"he non=dimensional Navier-Utohes equation

, . . LY , : L
or steadv-state axiorinmetrrie f1ow o in spherical co-ordinates

Relota (o ESY ) WA Wﬂm@ £y

2 Lor 30 risntg’ 36 dr\ rZsinig (2.40)

where
. 9% S\ne

(2.41)
arl rz s«neae) - -

Futting: 3°Y =" & r sin0 (2.42)

where ; as before is the dimensioniesd vorticity, then
. A ~
equation (2.40) can be reduced to:

W38 VW, 8 \sinf =
‘F? ‘m@( )58 Sl nb =
(@rsme‘) i‘f-? P (w9 ae'f,‘vs\n 0)

and equation (2.42) becomes:

(2.43)

?ﬁu’ + 3 8.3 » | ' 
oS ew
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Fige 2.2
f : , .
Oblate Spheroidal esh System

‘.
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ero e sane of noavins ey onential proyerties wnien woilidd
: N 4 . N A\ \ . [, - Ay
ve ool tiee pear e ovrlnce,y the rodial o coordinoe

rois transtoreed into r o= e, The equation (2W13) and

(2. 4%) are now given as,

(2.45)

and
Vo LoD Nt : 17 : 51
S e R Y (2.46)
N e ()42 <A : k) e .
0 ¢ aplsagag ! o
AS ﬂwr the snme reasons mentioned in the case of spheroid,

the transf{ormations:

£ =C/ e? sine « (2.%47)

C= g e” sin® - : (2.48)

are taken., The lavier-5tokes equation in spherical

co-ordinates is finally expressed as:

Re [ QW 3F wa'r’} e?1G
z[azoe T4 AN VL

(; -
.and ‘ * Sme 59 SU‘B) 0

(2.49)

o wB D e?? o
a’:'uz Sgiz ae(smg ae) G . (2.§0)

Taking the finite differencing scheme as before with C and D
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(-

as the radial ang ancwiar spueing resrectivelr o a sphierical
mest o showe In Cloe (203), the eguations (0.49) and (.. 50),

expressed in tinite di“ferencing formy, can be Written us:

|

'1 i T_0 . o Q ,\
v "\ 2C‘)+(')“';,‘(°ZZ+”CCT)+W(I lT)( 2~ DZ(D,(Z ( )
+ P | iy I\ 2 2 _ 2Zt7)
and ' Y
(1(1)*\( ) Cr‘lj 1\(2+C) G([Jd)(Z‘DZCBt?'!‘l)

2C*

(7(1-1 1\(2 Deut G i\} GILI

2Dz (cI DZ) 2. 2C

F(ﬂx\-g:(:-l,w‘.)_(w(Ifl,T\fwx’z-t,f‘»)<:(z,m\- FrL, \ﬂ = ()

2D cb ¢ . (2.52 >

"The equations (2,51) and (2,52) can be solved simultaneously

by computer for appropriate boundary conditions.

2¢543 Formulation of Noundary Conditions for Spheroidss '

- The numerical'analysis’is COnfirmed between an

. inner surface represented by the spheroid itself and by

an outer envelope which, 11ke the spheroidal sur;ace,

coincides with one of the spheroidal co-ordinate grid lines.

As the .two flow eQuations are of second order,

four boundary condltions must be satisfied.f The boundary-

Ree "’”g;neu\[( WL 3

)






condltlons for the streun function P are:

for V\: O‘,‘ Y =C
for V\: T, LP:O

for £ = Eay W=0  at the surface of the spheroid.

} defines the axis of symnetry,

AU the ouler boundary, E Ew the {low is assumed (o be a
| : . . . o . L2
streaning parallel flow, givirg Y = . sin VL cosh .Sm

D . ] . . . .
sech” f;q o The boundary conditions for the vortlcmyq ares

- for Y\:O s ;:O'
~ for _r’L:ﬂ , @:0

defines thd/axis of symmétry,

syrface of

for E :Eq , §=L2\U cosh‘?gq/sin — at the
| | the spheroid,

for £ =E,, =0  — in the undisturbed flow.
The boundary condition for § at E:_EG , which originates
7fr6m-éQuation'(2 35), can be explained asvaIIOWS' At the :

surface, the no- slip condltions noted abqve require that

...b\V Bq) :':0 . - i
va3y-2e %Tl

Fquation (2 35) therefore reduces to

‘(oghzﬁo; la’w | S
smh?g +Co$2vl Iagz €§'-»§a e (2.53),

o, =

S : )



'e _ , : .
jJ:1 is the value of J at the surface of the spheroid,
Using the valuec of P ot 7=2 and J=3 ond expanding

cequation (2.53) as a Taylor's series to the third order,

gives
!
L _coshtEq[BY(1.2)-W(L,5)]
G(T,1) = 2AZ[sinh? £~ costn(1)]
, / X (2454)
whicli is equivalent to / |

e /
A ' o
§(1 .= coshzga[8‘4)(1»,2\;;“4/_(1,5”
C 2R skt cof (] san(1)

/
{

2.5. 14 Formulation of 3oundary Conditions for Cpheres,
The no-slip boundary conditions for a sphere
s ; I v :
are about the same as those for spheroid, namely for-

they are:

foD-8 :

H

=

n

o ©

=
€ €
o .

fof‘e

r = 11. ’ ’ 'W;“O '

N

Far from ﬁhe_éphere, theie:ié_uhdisturbed pgrailél flow:.

[

Y

(2,55)

L d



“he Loundary conditions for are:
for A =0 ’ C=0
0 =7 y <:O
r =1 ’ q = E?‘ W/sine ‘
r =r ’ T=0 |

The boundary conditions for § &t r=l, can bLe as follows. Al

the surface, the no-slip conditions require:

) _ .
A 26, or  26° ‘

Then equation (Z.M4) reduces to:

'W. - T rsind
ors

: (2,56)
ixpanding as a Taylor's series to ‘the third term, equa‘ion

(2.56)'takes the f0110wing_finite‘difference form:

CrLn=8¥(12-Y(ry
Y T T T R (257
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3.1 Tntreduct ion

~ The basic shape of ice crystals grown by
di?fusion is tuat of a hexaronal D”i’ﬁ. ane d np oon the
amtient temperature, growing ice c”»stals possess either
prominent c-axis growth (Lexgponal colupns) or a-dxis
growth (thin Qoxagonal plateS). Tn atmospueric clouds
the warnest temperature.at which glaciation btegins is
generally beiween 210° to -13°C glvior ice crystals with
Epredomlnantly plate type growth, That temperature range
corresponds to growth mainly in the form of thin hexagonal
plates with or Qithout dcndri*ic extensions. The-dendritic
(i.c, 1ntr1cate) crysiﬁfs are caused by fast growth due to
hlgh supersaturatlons. These facts have 1ncit&d the study
of the collision, behaV1our of plate-llke ice crﬁktals
with water drops as a study of the.rlmlng behaviour of
ice crystals. Pitter and Pruppacher (197%) computed the
.collision erflclencies of water spheres with oblete ice
'spheroids of axis ratio O , 05 and assumed ‘that these collision
,efficien01es closely approximate thOSe for. thin hexagonal -
.plates of ice, The hydrodynamic behaviour of an. ohlate
spheroid was shown to be essentially tee same as that of

,_a'circular disk-of.the.same aspect ratio (P;;ter et al, 1973).

37 4
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rloog Javaweoers and Cottis (V909 Gud List aid Jenenmenaer
(170 1) bave coown o experinoetally that ‘e nvidredynanic
benaviour of a4 siaple nexuronal plate can be idealized with
sufficient acciracy by tha! of a circular disk., For these
reasons, ice oblate spheroids are used in this study to
aoprcx1‘ e the simple nhexogonal ice plates in the
numericsl simuic€§on or ﬁLc iaitjuticn o prounel ﬁrwﬁth
conputations, The tendency of ice platesz ‘o accrete
droplets Lt their COrners w:'proposod vy rnigne az@ night
{9

1673) s, of course, not covared ty *this type of
’ ’ N 7i

approzinstion, Q

' oy Yo,
2 e

o
[ )

hermat icul adel,

In order to model the hy droddnamic 1nteract1pns
|

i

between the ice crvstals ‘&d cloud drops with as much
phy51c31 realism and convenience as p0531b10, the superpo-
'sitlon schieme of Shafrir and Gal-Chan (1971) and Pitter
-and Pruppacher (19/&) is useds The model neglects.the
.close boundary ef’ecto, since 1t assumes that each body
moves in the stream caused by the fluid motion around the
other body in 1solacion. The equations governing thlS
‘model are described later, but some physical aspects are
described gs follows.’ This approach grves only‘moderately
accurate accounts of theAhydrodyl'bic interaction og’the

two bodies,” especially. when the two bodies are very near
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to. cach othier or they bave o very low relutive velecity,
Hovever, the accelerutive forces which occur durins a

hydroliynmic irteraction of the falling bodies 4rc small as

compared to the product o rticle mass and the gravitational

acceleration., Since total by ociated with the flow
field is approximate 10 the mass of the body
(Steinverger et 21, hable ncrmvctcr for cvalu ting
the effeect of the Y ,‘ﬁnu the smaller body on the
larger body is the nd of the two bodies. The use of
the superposition nethy bribed abovc would, thercfore,
cc justified if the ma? o of the small body over the
larger one is gmall enoy

This argumeﬁr : permits the neglecting o

the possibility of»the ield around the drop causing
the ice cr)otal to tilt. rcrrrengular acceleration is
proportional to the torque‘;z .inversely prOportional to
the moment of inertia ofﬂt‘: which in turc is. propor=
tional to the mass of the’ e torque on the spheroid i
is duc'to the effect of t) ﬁflow field around the sphere - |
which is proportional to thevenergy in’the wake of;the

sphere, therefore, thehabilitylof the water sphere to cause
‘the ice sphefoid to tilt is appfoximatel& proportional*ta the
mass ratio of the bodies. If the mass ratic is always kept
,small, significant tilting of the ice spheroid is unlikely to
occur. This has. proved to be acceptable since the horizontal

velocity of the ice Sphercid calculated from the model is
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24 tIJA J \'t"ltJ"‘ MAIEE AN TG SIS N oE R !,-];J il il!
~ o+ hl
would have iis br 3UoaXien noperperdicuisr to the Slow

sO ag to maxinize its dreg.  Tnosuch o wWay,
sviame*' vy is parcllel o the axis ol the Ilow
droppit.y veriically in NL‘QfAt is sub/ect to

tho rravitatt ol oand Ao dras Toren gane

its oaxlis of

. For a bod:

vy oy 3~ e
LW poarces:

0 tie air ic movins, the drog force on the body would
the o aue o the relative motlcn of the body and alr,
oy N N . A Y v LR . -

"he Coree onow body noving at vV oand enmtedded in flow

——

. Tos ' . : ' LT el .
moving at 1Y could be aprroximated by ~C[>P"’lg"‘ in

the direc'inn o "2V where 1 is the project
Lhe body perpendicular U tne Jlow, afid f)*
of the mediume. As the nblate spheroid 1s as
steady state, the cross section area af the
to the flow is just a circle with radius of

. , . . R % 2 o
axis of the spheroid, i,c. 4 =TQ° . The
dra forcg I'd is then written as,:

£ '

) 1 - ;—a __";-t\ ‘
FColalp*|Vtu f%;_%q o

D e ‘ ) - i
or Fa=3CNASPH VU ‘l(V vy .

\

%%e‘Reynolds number Req 1s defined for the a
20.p%IV?-0%
T

~

y so the drag forc

ReL

ry

réwritteq as 1d = -1 CDReL}L a, ( _ ');F&j

ion area of

ig the density
sumed to be in
dey-nbrmal

thé semi-major

dimensional

bove body*qs
e can be

. Thus, tha



cqaations o o o tion Lo clvern by Cnafrin and Gul-Chan (1901
i R ; i

and 1otter ond prupvyachier (1004)
\')
m:gi;\-f:mL'é',I“L‘CDLReLdJ(Vt—UU | (3.1)
d(# 4. .
arnd
TAV. ey Y ST (VI-US
s -cr(lw"m.s 8- "I}’k kDSReSQS V ) . (3.2)

Tne Tirst terms of tne right-nand side of the above
cauatons are the gravi Lational Iorces and thg second terug
care ithe drag forces on lhe bodies due ‘o their relative.

. . . R TN . e c e
moticn In 2ire s denote the massec, V*s the velocities
ol p-...'. “l’. . . . .

Cps the drag coefficients and A s thc semi-major axes
\ / ! . .
norizal to the flow, +’s5’ denote the flow fields due to
| . N 7 .. . ] :
the me*ion of the other boales and the subscripts' L and :
N *~
’ .
{? ‘represent the ice crjotal and \kater dropﬁ respecuivelj.
¢
g' and u. ‘are the grav1tv accele”atlon and d&namlc
viscosity pf air, THe buoyancy of ice or water in air has
been left out.
Th° quantltles in eQuation (3.*) and (3. 2). .

can be non-d1men31onallzed by the relations:
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e ol ot Vo vt direr Ll oniass, the genmd-najor
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cryatai. vV, Uy ¢ocna Uoare the dlronolonicd AN titic

Y SR MU TS A PEUE RS A Pl ottt o Juri Inter ouinn
[N
‘ol U ‘ Froorvolaon cLer, Ty Lo e ynolin nwuers
#
ant the o cnefTiciote of the rarticles vary due
chovres dn tnoiy terminal velocity, The variaticn in the
proaquct oawos Lo the dcee pphercic 10 nepliglvle aince change
- yaee g 3 - -l * Y 3 i )
1y dtos torminal volocity wur to the flow Tiecldl of the crall

waie Jdr0

cocfficient

15 ney ligible. For the small crhere, the drag

times Reynolds number was found to change by a

- .
factor of about "two" ac it approached the spheroid, Pitter's

assunpLion
flow where
the larger
The effect

LY

watersdrop

computation of the trajeé%ories, the variation in drag

coefficient

is not be t

that Rccb'is conctant would be good for Stokes -
Cp is inversely proportional to Re. However for
Re encountered here it appears to be inadequate.

~

is more predominant if the mass ratio of the small

to the large ice crystal is small. In he

and Reynolds number of the large i e spherbid

aken into account but that of the small'water

' B
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the dray coeldvicior aua Terrolds nanior gre thoage for g
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hody <t tio termingl valectty inoun ndisturbed medivum and

Sor the owall opurticley the drag coclTicient and Pevnolds
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prateane e (“S\"Y' e conpilrat i Of T ¢ orie and
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N ] . —~ " 4+ P )
‘ CTE G LTy TR A SO RN O VariLtion i Ve g

. 3 PR . JE SR Ll FP ] . e
cono he uritten onodonwnsiontess form as,

d g MCDLRC (V U ) . . (30“)

1

i

In the case of the ice spheroid falling at its terminal

velocity im an undisturbed medium:

dVizo0 , U=0 and VL=-\-/L.‘,;-=1,
L : .

then equation (3.4) gives

3 =1 wCoRe, = (3.5)

-

-

For convenience, the parameter O _ 1s equated to the scalar .

magnitude of the non-dimensional acceleration of gravity,



o T (o, Re
b - 4 L L

whicn 1s deperdent on variast-los wiich, are constants for a

40
given Zce crrgtal end environment,  Squation (3.0)
non=dimensionsliced with o respect Lo the ternmingl velocity

N . . N L. PN . . O PN
and semi-taor cxis of large ice erystal Tor coavenlicerice.

Jieeo \
’
<

m = 4T7Q, Av 5 /3
and m *'4”65 {35/5 ’

wiiere A- ic the aspect ratio, then the ratio of macses of

the two, particles is

3
pls___ClsEs : : '

m_ -aul AA" FL

Pefining the ratio P35 a’ and q = f?“ y the mass ratio can-
S

-be rewrittien as,

ms :_E_.;. ’
m qAr .

Thus, equation (3.2) can be expressed in non-dimensional

form as

- d¥%s o g "CDZR;s;qArM ( vS U,

. | o CG3.D

s alsH

, (3e0)



QS - _TLCDSBESQP'AZYJM_“ ) ’ (3.())

"
wiere ooio g variatle wnich devends on eorstants for g
given jce crveraly water drop and atnosphere and varies

with the veloceltr ol "o waler drop,

- N A Al 4 . - ,-‘ X hal N - N - :’: A L) H
16 3 Surroilat Ton o) Cormumt gt o et rann,

+

Velocity i1s the time derjvative ol positions In
the cnso oreither the oblate ice spheroid or the water drop,

the relstien

o
pel

l‘

=V | (349)

[a W
~t

holds true., 1 is the position vector, A system 6f eight
first_order aif?ercnfiul equation‘can be spécified for the
water sphere and the thin oblate ' spneroid trajéctorie5>
bj reaglv1nv cquations (3.9), (3. 7) and (3;&) into their
,components with the simplification of equations (3 6)

and (3.8). Namely,'the equations in their component g

forms are: .
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~

dRir a
4V Q[ 1-(Vir- Usa)

= VQY

(3410)

‘Q_\Zg:-a TV \"ULY) )
dt ‘( A

~’SQUSCPinS'Z.aud Y denote the vertical and.hofizon@al7
components respectivelv, 7The {irst four equafions of (3.10)
" are those forvthe vertical and horizontal time derivatives
- of position'and velocfty of the-ice crystal and thé 1ést
fourAequations govern those of the water‘Aer.

, The above equations are'solvéd numericaliyv_
using the Hamming  .pred1ctof-correctdf-modirier.méthod.
(Jameé et al, 1967). fgL-Hammingv‘imethod'for numefical
solution of ordinary differentialleqhagions is of fourth
~ order éccuracy.' The/ disadvantage of_this-methodig that
it requifes f ur initialfknbvn.steﬁ #blues,for calcuiétingv
the value of the next stap, Tolovercome this, the Hunge-_:.'

Kutta method (Gerald, 1970) is used to start the integration,

-~



Phe nurpe=putts coneme 1o of fourth orasr accuracy alro,

but it rojmires loaor coarautational btimes. The integpration
routine ic given in the Appencix I1I. During the integra-

tion of the trai ctories, it is assumed that each body 5
exporiences an external force due to the presence of the
Uthef tody ac thousn the flow field of the second body acts
at the center of the first body. The flow fields are evaluated
at the Spccific points at each :tcw.of thé integration

by using bi-qu&%ratic interpolation in the appropriate
co-oriinatu :yutcms.'That is, by taking sixteen grid-ﬁoint
“values (see figure 3,1) around the point in question., The
value 2t that point is found using the expressions below.

The ¢'s are intcrpolated with the four grid-point'valﬁés P's

‘along the lined passing them and the magnitude of X is then

determined by the four values of Q's with the equations,
8= Prn+ (Pru Po 15y
+ (P utPq,n- Py,n- qu) (531".33) /4’ |
X = Gn(a, Q. Mx-‘
+(a $ Qi Qar Q, )<sx-5x)/4

The flow flelds due to the motions of the 1ce crystal and |
water drOp are. calculated by using the finite difference |

schume as disscussed in Chap’cer 2 and the computer programs

R

ay
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Fige 3.

Il}ustranon 01 Grid-points for the Bi-quadratic

Interpolation. | S
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are given In Gppendix oand Sppendizx Il'rw;ywc‘ivoly.'
savand e uu‘o; Boagdarion ised fo o determine the flow fieldsye
thg fluid is aosumed to.be unperturted by the presence of”
the moving Yodx, Qlthin tie boundaries, the flow fields
are assumed to remain the same as those caused by the fluid
motion due to the movement of the bndy in‘isolati()n de:;p‘.j,te
the presence of the 51.‘”01‘ body. —— superpogition, as
discusﬁed in seetion 3.1 of tnis ctiapter, : .
The vcrticul.and Lorisontal snpefatimés tatween
the centors of the oblate ice sphernidbanﬁ the water“sphere

are determined byv:

)
Z © Rsz - Riz ’ . : o

Y o . (3.11)
Y - ,

t

= RSy - .Ruy ,

and these vaIUes are-assigne& aé the position for.evaluating
the flOw Tields acting on the other body by usxng the

b1-quadratic 1nterpolat10n method as mentioned above.

Y

g _Evaluation'of”khe Dragﬁdbefficient;;the"Terminal

‘Velocity_and the Radidslof Body.Normal‘to the Flow

Le Clair et'al (1970), éftei~ah“e2ten51Va-study'
‘of variation of drag coefficient with Reynolds numher of
spheres,Esuggest the drag coetficient for a sphera of

-.'Rejnolds‘numbgr less than O.JACankbe approximatgd by,the '
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eXDreasion

C: h A
o= - ( 1 4 g o ). »
ne 1o

bFver since the study of {1uid started, nq'sjmple relation
of drag coefficient with size of an Oblatehspﬁeroid moving
in g mc*iuc his teen established, ‘FOP“WAJ rcuaun, the
drag coefficient of an oblat e >phL101d is calculated bv
_the me* hod 01c\¢u,cd as follows: ' |
| The dimensionless local "hedr stress at the

surlacc of.a ,pucre 7:r9|1-1 in teras of VHTthltl 1;1“1

and ”cvnolds nurber is given by ra,llyah (1973) as

Troles =*+‘,‘?7v=.’/Re G

The surface of the sphere for x=0 is given by 22 + Y2 =1,
~ where . o . .
Z = r cos% -
‘ r=1
Y = r sin9 . ‘ o

| The surface area of the circular strip in fig (3.2) on . .
which the shear stress is considered to act is 2'ﬂy(dz

+ dy ﬁ“;' The drag force in the direction of the
"undisturbed flow acting on the whole surface due to the

shear stresa alone is then given by



© U Pip. 3.2

“Actiom of thefnormalland=¢angehtial

-stresses on an elemeht of area ol a

spheré.v

51
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: \
\ ’ AL . \
where ok can e exprocsed o =5 -V o The dragm
B [ 4

) ~ » ) ) - . . .
on o body is usually exvprecsed in terms of o dimensionless

drag ceefllicient,

CI : drag iorce in the flow direction

(projection srea normal Lo tre direction of

x 1
flow) x kinetic pressure,

/

Therefore, the sikin (friction) drag cbafficient can be

written from cquation (3.14) as,

C. . Spanidziditsng Thoer cosd

5 = : 11y - (3415)
| T(zpU) . :
Yow cosS k= - — dy — ' L
(dz2 + ay2 ¥ . .
dz = cos® 46 | ’
dy = sing d8 . | oy

- . ) : . - 2
the: dimension relatlon, T =T*/2 P‘ U ., and
_making use of equatlon (3. 12), equation (3.15) yields

| S n | S . o

".CDs - 8 S sin®e Sy a0 - (3.16)
: Re o o o

The above equation gives the skin drag coefficient for a

spherc. For the case of an oblate spheroid, using the same



n

€ .
arerorts, eguation (2,100 can be tranctornmed to
. .
8 G
CDO =T Ta'lhgo n 'l g:quvl. (3017)
. Y .

The pressure distritution around a sphere is
obtuained bty considerinz the radial and angular comronents
of the finvinr-_toxes equation,  Turing the curl of the
equwtimn’a&d applvine the continuity equation; thé equation
(2.14) gécﬁges:

¢ .
w“

v.*“*ﬁ*f %VP"«-—r %vv*ﬁ yuxa’ . (319

Now c>n314er the angilar cnmponent of equation (3,18) which

is giv?n b/ _ ‘ ' .
H: : * 2
SHVIE* = ha 0P 4 [ VI Y3 (8T |
A TR A RS b JRERT

At thé‘ urface, v*2 = 0, V*r 20 and for an oblate spheroid

so that equation (3. 19) becomes S {

' ﬁ‘frl,., ; s

r=1 (3-20‘)

+‘h,§i‘g_,.(-"5;)‘} |




Wihoerepa g Do e dlme e oo et aL atarrat lon e e,
subsviiating ©or o, G renderins all o terme dimesalonle S8y
J
the equation (,20) Yec wmec:
.
p————— — P = e (-
4+ 00 Ir=t OV |r=t .

Intcgralirm ol equation (34.21) wlong ‘n surtuace givoes

;*' %r:l]dev | C(3.20)

r=1

- where  io is}}hé djmensjonlqhs frontal s?agnation pressure
(ar‘ a :'O) and b is the dimensionless pressure at any one
polnt on the surface of the spheracy

The- d]mop ion losu otagna*lon p“nssure Fo 1is
obtained hy cnnSLderailon of the radial component of equation
(3. 18)‘ Using the ax1symmetr1c propertlea, equation (3.18) |

VYleldo for the radial direction as

ho oPY
"Vg e"F*'f a

5_’1)'

h’ae( (3.23)

-

Along the axis of the spherbid, V¥g = 0, hence equation
(3.23) becomes: -

-4 t9+9S v.='év,3V 2P
R‘e(gco *39)0=° 57£+%7, IS

N .'
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\ T, . N . . e . - . TR & . )
The vo kg ! Sy o L,V a shme e agve beoen
N 4 . + ) 1. v — - i o
sutstituted, St the oover towndars o= 0 and Vet

Ial

and at tre surfuce i=;0 and V=C, On e axis of the
sphere the intepration ol equation (3.°4) {rom the surfgge

to tne outer boundery, therefore, becomes:

(3.29)

Along the cxis “=0, ¢l = =00 and q =0, using 1'¥ospital's

rule, equa‘ion (3,05) becomes:

8 (a5 4
e r 12
o= 1+ — Sl. YR : . (3426)

From figure (3,1), the form (pressure) drag coefficient is

given by: ' :

2n(dz%+d Z%Sino(.P’
-CDF = S° (dz7+dy") (3.27)

T | S

3
where sind = dz/(dz° + dy® ¥ and at the surface, z= cos§

[

énd dz = sinBde, rendering equatioﬁ (3.27),

»
{

) ~ W ‘ . ) . ..
| Copp- jo Psin20d6 , (328
Equations (3.2?);v(3.26) and (3.,28) can be tfanéformed fof

the case of an oblate spheroid as given by Pitter et al (1973)

Lo
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T So L”{E N %a}‘*““ga]dl’ e

};571._.3_'—8._35_ d€ (3.30)
@ éd ayl "l:O y

m
c . S Psm2"(di(. | (3031)
. o
Che total irac eoeUielont Do ottained by cddingeg the srin

N
e

and rermodres conlliclents, i,e, CD = G s G
L4

v

For a.spherical luods falling‘iﬂ steady slale

YWl uir, Lhe bruvitatiunal I ree acting.on the bLody should
be neutralired hy the arag force c1ised by the motioh.
sing the definition of e and Ms  this concept can be

) 1
vritten as

Y

%CDReasvms,u =m,Q if_s.:fg_)

=) (3 32)

4

and can pe rewritten as
CoR 2:52. 2( - ) / 2 - ("
oRe =328Gy {Ps-Palfa/ pm™ o = (5,43

For known Reynolds number and dra% coefficient solving for

.-



—~d

\f)/ L

Qsif(.ﬁlk Cae” :?-8(;K”llﬂi3u)5 (34234)

The terminal vel ety can then be tfound using the relation

a
ol Hevnosdo ramrer o rajius and terntinal velocits of a
SpreTe, *
: .
Poroan oblate spaeroidy torlowing the same
BN . } ‘ A
Srvents Witho e nns, m, = - ﬂaL Ar DL y thus ‘
2 32 ¢ Q 3:\ ( 3 \ / 2
s = L AT -2 0 A -
;o CeRe=oegaonrtirtaria / (3.39)
or
_ 2. /.. h
a,= (3 WGRe/52Q(p-2) tJaAr)B

) (3.35a)

The drag cwefficientﬁ'for the spheroid and the
sptiere in cqnations‘(3.15), (3.28), (3.17) are integrateq
using figiﬁe differencé method with the vorticities
caleculuted from the flow field routine, They are then
used for solving the rudii of the Sodies normal to the
- flows and the terminal velocitjes of the bodies which are
to be applied to initiate the computation of the

P

trajectories



me flow field of *he ice crystal is evaluated

with trhe finite di:ference netnod discussed in section

[

(efel) of Cropter Iy T mreid opoirts used are in oll
sphreroaidal co-ordingtes wilh radial step size AE = 1 =01
and aneuLar cteposire AYL: Tox oo, Boundary coﬁditions
saovn nosect ten (UeSe3) are.oused,  Cuter boundaries

are lccated ot 50 ervetal semi-major axis longlhs.
Apprﬁximn*ﬁ srid-paint values are evaluated frem the araly
tical solutions of thne Stores flow around a sphere

LY

'(cquafirn Doth), A relaxation technique is then employed
to acheive more accurate grid values., The solutions are
considered to have converged wﬁen suceessive values at all
5rid points rer toth the dimensionless stream function
. o
and the non-dimensional vorticity fieldg have fractional
changes of less than 0,001, An ovor-rqlaxation method
is uséd for equation (2.,39) while an under-relaxation is

applied to equation (2.38), as the'former equation ié

'.mathematically linear and the second is, not, j

» Two methods are used to calculate the:flow
‘field of thé water drop; For droplets of Reynolds number
greater than or équal to 0,1, the finite §ifference me thod

of solving the conplete Navier-Stokes‘eQuation numericallY‘

!
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chodire Laed i e Ceten b ned it e Tdepaint s
;
TR PP IPTE S N N oo \ vty e ,
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C o= 0.05 ““iﬂhiyu‘wr Sterocore e 2T o Doundary conditions
.
¥

AY

shiown in :?c*jﬂn (2. ) wre used with outer bourndaries
located at YO droy radiiy Approxima‘c initial grid-values
are taren r'romoanslviic solution of creeping low past a
Cp;ﬂriuui ciotacta (ontion Doy, telaxation techniques
ond converpence criteria are followed the same as that for“
Cor irors ol “wynmldé numbter-smaller than

4

Coly the flow Uiclds are compu'ed usins a procedure sucraested
by e Clair et al (1970), "This involves the Cinkes solutien
for a bownded rlnid,

Tae flew Tield:s evaluasted from the above

~
- i

giscursiong are in fnrms.of dimensionless stream func*ions
and vorticities, 7These values have to pe converted into
non-dimensionnl velocitiess Tn two-dimensicnal cu“V111near
co-ordinates, the dimensional velocAtl es can te relatee>to

the dimensions 1 strean function by the expressions:

V*x = -‘ ag)*

Q . B e ’
_ hzhs._aqz (4.1 ,

i S NN 1V S N

h1 , h2-, h3 are defined as thé,same,in Chépter 2e Tﬁerefore,

in spherdidal.co-ordinates, the non-dimensional velocities



0

\ : dw_i.QQib Eklﬂ___-_gégi.
A (Smn £+ cos? flcoshﬁsmf’l on
and (4.2)
v . COJ\ EQ aw v ‘
1 (s\nth+c05 0 ) coshE sinf] di
N . -
and M the mediricd spnerical eo-ordinates with ree” , the

dinengionless veloecities are

..
-2
vV o -e BLU

e g i e

smB 3f

and | | - (&.3)
S e
? sin@ Q7 .

Tn order {o save cUm\utlng time, the symmetry condition

around the Q -axis is used, thus inmplying that .
vilf'l:o‘“— Eq.“'\:.qq— q) 'ltouﬂ'-— §‘1=°‘n— - O (’4.]-})

and

v No| L
'v-'A"o-“:.;’ TR 9=0,1 '"W'e:ow"glesou?O .- ' (h.l;)

| Using 1'Hosbital’srule and e_quations'h(lh2) and v(,“*+-3l)'ot
" we have' - | | -
v,\ "\'” =0 |

o (4,6)
- Co;h2>€q.'a A -
Cosh? g a,'l? -
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and
\’g\bzo'ﬁ = O
2z O W ' L
\/7‘9=O,W': e . aoz - (4-7)

The flov ficlds calculatcd-from the previous
qrguﬁunt: are for stationury obostacles ih & moving strean,
For & body moving in a calm'fluii the velocities would be
rclutive to those Ealculates above, Thus, the velocitices
would he tﬁo di "ferences between the terminal Velocity of
* the boéy and thoce caléulgted from the case of a stationary
obitacle in a moving wedium, |

The corréctedAfIOW Tields are then applicd
- into tle trajéctory calculations. In the trajectories J

apompuéation roﬁtino,.theAice spheréid and the water drop
_are 1n1t1a11y vcrtlcally separated by three- seml-magor axeg_
of the cry°tal.;*h19‘separatlon is: belleved to be enough
Llnce the change 1n tne ve1001ty of the flow due to -the
spher01d's approach is practlcally negligible at a - dlstance
of three seml-maaor axis Up: 3tream. The'horizontal separation
of the fall paths of the twp particles is varied for each
calculation, Therefore, ‘the initial horizontal and vertical

‘acceleration of the ice crystal.and‘the water drop are
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taken to be zero and the vertical velbcitiep are their

forminnl velocities nor=dimensionsliced br the terminal

veiocity of ﬂhe ice crystal. Initiall& the flow field

caused by onc body at the location gpf the other body 10

taken to be zero. The bodies are initially falling vertically

at their terminal velocities. That is, the horimontal velocities

are taken to be rero ab the beginning of t}h inthration.
”hcvnon dirwenslonal time difference used.

betweer, cvery s:oﬁ in tue ih‘cgration of tue trajectories

Xis of Loo

- . o 1
microns 0@ rellinc at a speed of 4§ cm sec” , the actual

fab]

is 0,01, wor «u ice cryetal of sémi-majOr

[\l

time sted mnw]d ke less thanh O,1 msec, This amount of
time has proved ta be sﬁail erough to avoid prrofs due 1o
the nurerical integration, |
The . hydrodvnamlc 1ntnract10n proccos is aS°umed
to be taklng place in an atmos paere of temperature -10°c and"
of pressurc‘/OO-mb. The denaity of air is theréfgrev
9,267 X 10'4 gﬁ-Cm'3 and the dynﬂmxc viscosity of air is
_1;667 X 10fk pdiSe.' The density of ice is taken as 0492
gm cm 3 dnd the den51ty of water is 1 gm cm -3 . After
proper non- dimensionalization, these valueu are used with
appropriate eynolds nunber, radii of particles, drag
/

coefficients and terminal velocities to obt ain the

parametars for»the<computatxon reutings ..



b0 sssimplions of e werical Slmiation of the

b s e~ e

Tnitiatiog A0 Qe oY Drpurd

Theoe is no perfect modeling that can fully
illustrate the happenings in a graupel growing cloud. 1In
every cleoud model or graupel or hall growth model, there

-

atinng pnd acsumptlions involved. There |

4
1

must DA Sone.liﬁL
is no exception in *hic models' As it is impohsihle Lo
inelude a ranjonm canple of clize distribution o’ cloud
droplets and lee crystals in the model, the modﬁl is
resiricted to o partipular ice crystal and it assumes that
drops of the same fadips ere distfibhtéd everywhere in

- the rcgion under eonsideration, This assumption impl;cs

that no collision between drope oceurs, If collision
between drops exiets,othen the sizé of drops can ho longer

be the'desihnod one.f.Moreoyer, that'watér dfoh muet.

retain its spherieel shehe duhing the:whole procéss of
_calchlotio 2, alon g'its t}ejeetory and.after collision with
_the ice. crystdl In ano*her wordo, the water drop must

 be spherlcal all tne tlme and it nyst freeze oompletelv
W‘without any distortion 1n shape when it touches the surface
of a cryetal. The drop will remain at the point of 1mpact.
‘This 1s not likely to nappen | exactl{)in the atmosphere,
hecause according to Varuyama (1968) the frozen cloud '
droplets are found to have accreted together with ona another
:.so tightly that no vacant gaps are seen at the points of

/ ’ ®
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cadberence 10 the intorior sirutiure,  This surtasig that
Water dropn oo onot freece coompletely risht aftar ‘he lmpact,
but some of the Waler remains at itsc surlace until another
cloud droplets acerete ~n them, Pesides,‘results,of
density measurenents sugfFest that'cloud droplet accretion
15 nearly unifors durins the growth from a small graupel
to n large one.  feecordin: to Nason (109650), the ccnsify of
a.graupel s arcund - 0.6 £n em™3 or less, This density
is mueh crnaller than that of pure ice. This implies thut
air tubbler should te *rapped insidec a graupel;

As'partlﬂﬁla“ interest is on eritical collisioh
parameters, nnly tne:ﬂare calculated, That is, the

¢ -

range of discrepaner between the lines of motion of the
crfstal (ohlate ;pherojd) and'the'cphere which feSults in a
collision is‘evalugted.| The outerl(or inner) nos* critical
point of impact is defined as thal‘criticai of fset on %he
'ice va tal that away from (or 1nside of). whlch collision
never occurred and inside of (or away from) which colllsion. «
always occurred fnr particular size of cloud droplets. E
After a crltlcal point of impact, either inner or outer,
has teen calculated, the critical p01nt on which a
second drop would just ‘touch the first drop 1s evaluated.-
It 1s assumed that the flow field around the ice crystal
does not change even when there is a vater drop frozen on

J

ﬂits surLace. Thf& is ‘the most agreeable assumption, If

‘.this change in flow field were taken into account, the newcv



6

flow tield would have Lo te calewlut e, aoain from the
comypicte ﬁavier-ffuLeﬁbeqwutiun. mheh the inmer toundaries
weuid no longer be the shupe ol a simrie oblate spheruvid,

It becomee er0umbination ol an oblate spheroid and a small
spliere, The chblute ;pheruidel co-ordinste SYstem would o no
longer provide the convenience it paove tefores o simple
co-«uwiinefnz‘syr?r m 1S suitable ik\r an obsiacle ()g this

shape, Voreo?er, the computer time used to generate a

flow field aromﬁd»a‘symmetric obstacle, by éolving the
NavierLStoxes eqnation‘numericﬁlly using the finite‘ggfierence
methnd, is yery long already, 7Tt would take even much longer
to obtain the flow field'around an irregular partiele. o
Erow a whole graupel te not the objieet of this studyv,
The-ObJLCt uf this nodel is to deternlne the maximumn angle, .
that acereted water drops would form with the ice crystal.
WO or three drops adhened at the outer most or inner most
side of the ice. crjstal would be good enough to 1llustrate
“the sulutlon. If a few small drops are attached ‘to the
esurfece of an ice crystel, the flow field around it would
not be changed a very great deal fnem.that of a clean and
smootﬁ.one of the'samé size. For all these reasons, the
“flow fleld around the water drop adhered ice crystal is
taken rrom that of an ice oblate spheroid of the same-
fReynolds number and aspect ratio.‘ S 'f-

: e It has been mentioned in the Chapter 3 that.

-the drag :c‘oefficient -and Reynol'ds numbe‘of the 1ce_crystélfj
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':ffo sosvved Yo he oot The o comhow the interration o

v

the trojectyrics of e two purcicleos sy there 15 oG
r

very crall deccelerationg of order of 1077 ure reported
from the nodel, Tn aduition to all the assumptions discus-
sed abtove, the btunyancy effect of ice and water in air are i\

neglected in the calculations,



. N\ e

D1 te Mlow Vields around wn tlate Cvheroid (Gee Crvstal),

In most continental clouds, the drops are too
small to grow by collision snd coalescence with other
drepse  Tiosuch celoudsy wnen portlions of cinud beecorne conzed
enoush, lce crystals are nucleatcdi, The ice crystals formed
ustio b by orow inowwoy stapes: initiclly bty diffusion of water
vebutr, ard subsecaent 1y by rimins, o (1969) and Wilkins
and Auer (1270) showed that, after ndcleation, thin
hexugonul ice plates musf crow by vapour dulxu51on Lo at
least 200 wicrons in radius nefore riming may commence,
For this reassen and due to the limitation of time and compu!-
ing funds, tuo sizes of ice oblate ;§§9roids are studied,

. : ! A '
namely with Revynolds number 10 and 20,Awhich correspond

to radii of ?F,.;‘and 39693_miefons. The dragecoefficients_

obtained from the conpverged numerical solution of the
Navierésfokes equation‘of motion for viscous flow bast an
oblate JpherOLd of axis ratio O. OS of Reynolds number 10
and 20 are 2,81 que3.92. The stream function and vortié’!,
®iolds near the spher01d are plotted for Reynolds number 20
in Qigures 5e 1.1 and 9¢142, and. I‘or Reynolds number 10 in
figures Sel1e3 and 51 "’ The computed values of the

s

vorticitv at the surface of the body of Reynolds number 20

67
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Fig, 5.1.3 o
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DimensignleSS Streaw Kunction Field areund An
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Dimensionless Vorticity of Oblate Spherbld of
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.Re..10 Arsoos , ' ' '.



GNUCTO et G Lt e P L Lt o gl (1w9) or
K et i b i i WoSsntedn oo ;',I,:O,
are ol o viovre Sol, 0, iter eonvertins froag the strean
fusetions, the vertical and horirontal v010c1t fields of
-

)

alr pussing the. oblate spheroid of “evnolds number 10
relative Lo free gir diue 1o the motion of the particle are
p]"‘éyi Py fienres Soled and 5,107, The varticitc on thoe
surriace o0 the o blate spieraids secm o agree pretty well
With Loone nf vitrer o 4l ond e dimensionlese streun
Swietlong e Cheowindvard cide or the oblate spaer,id o
fe = 20 s uwlmnst the same ac those from their resuit,
Howaevery tiere are some small deviations in the s*ream ®
function field ot ‘lie downstream cide Of t?e oblute spleroid,
This deviation 1o most protably due to the uifference in
the cwnvérging criteria.and the computation routine,
) ’ o ¢ .
Anywéy, a very well developed eddy at the downstream end
of the oblate spueroid both for Xe = 20 and ‘Re = 10
-
can be seen, e uddV'lenrth — the ratio of the length
of the wake to Lhe major 3115 of the oblate spheroxd -—
of. the present re’ults are plotted in figure 5.1 8 in

conjunction thh tlie curve glven by Fltter et al for oblatev
’»spher01ds ‘of Ar =. 0, 05 ‘and various Reynolds numberu. ’
It is clear from the diagram that the eddy length or

the present results agree quite well with ‘those obtained

by the prev1ous workers, . B 2
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| Fig. 5.1 % |
B -D Wf ion;ess "nr'lcal Veloc1ty of Air Passing Oblate

‘ma gy

opher01d of 10-10. .

. .
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5.’ Flow Setan et et el g

Wilkins und puer (1970) in their field siudy of
the riming properties n¢ hexagonal ice crystals showed that
the sixé distrivution of droplets accrobed on ice crystals

of radins smaller than %00 ricrens lies in the range of

L2

5 to 10 micron:s in radius. Fletcher (1659) . ug este that
the drnplets:in confinenﬁal cnnVective clouds fiave radii
mainly smuller "hat. 10 micrens in range, Therelore, only
..sﬁhurjrvl drnpé df feyho1ds ﬁumbets smniler than 0.1

(xac;ud less than 17 mierons) are considered in this study,

Fipures 5;?.1 and 56262 rnprescnt the dlMQHglOﬂ;eaS streamn
! KA
Al

..Iuncfxon and Vﬂ”thjtV fl@ld" of air passing a sphere of.
He/noldg number. of 0,1, A summqry of the radii, drag -
'coefficzents and terminal‘veloci*ief of sphereo of various
Rcvnoldu numhers in an atmosphere of" -10 and /OO mb are
given in able 5,2, 1. . . .:.4.5

Reynbldb 5i , 10‘ radius Hmerminal Drag coeff Dra cCOQ o .

‘lumber - - (cm) . Vel s from nhumer- Le- Clair's
. S, T - . 86c”') - ‘cal method approx,

0.1 ’9“* e hé‘?o.'*f B 2&3.50_'" "zuh.s‘,f‘_,.

.

: a..b.‘dt-f Ctoeey 1,02 2399.93 M.s

L0005 2,00 - 0,6k . 4B02,89° U8Ok,5 -
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0,00k Gl - 0.Y5 (010,93 600k, 5.
0,003 5,91 0,40 H001,38 - E004, 5
Table 5.2,1 . -molds anter, Dra-
Coefficien*,. 1din° ‘rd Terminal |
Velocity o erical’ Jrn" Nrops

in Atnosyuere of 5‘0 F %O mb
( = 9, ’6, x 107 fm cr
= 1=007 ¥ 107 jpoise )

*

Table ).k.1 curde the two drag coefrieien's calculuted by

.

the metncd discussed . ’n section 3,3 uring the analytic g
iloq ilo}d' >7u‘103 for tok@s flow und the relation of

drag cmgfﬁlOlcn"qnd “o'nold number sugegested by Le Clair

- Pl

et al (1970) for cmall Ppcxe, of Reynolds nurunz less than

0.1.‘ "hLe dlilorunceﬁnbotweon the two mehOdu are well

.

[
: Wltth 1 percent.

=

53 Trajeetories of Water D"op" belative to an Tce.

' ﬁblage ‘phnroid.

. o -w“i
. . : V. . . R ’ J
I ' The superposition method i!‘employed with the
ice spher01ds of heynolds numbars of 10 and 20, and water'
spheres of He noIdu number of 0, 003, 0.00“ 0.005, 0.01 and
The tragectories of a vater sphere of 5, 91 micronf

nd of 19.1k‘microns radius (Reynolds npmber 0.003 and

0.1 respocti’vely) inuraeting with an iou :ph‘omid vith

seml-majos*axis of 396,3 udcrons (Reynolde number 29} ara
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immeiiately

R“ynOqu‘Igjwr ! ‘ho vater
' N

the product o

o
. ¢
plottod Tl Cirure .3, A Tosa e The eurvature o7 Lo
Ltrajeo! i inoal) b cneen T otais stugy Ls notoas vat
45 those cblained by pitoer oo al (107h) and the. annuiar
behpviour  — no gceretion of drnpletx in tlie center of

the ice cmnﬂzd@ even for dr

in radius, % not so predomi

to the Cu#flct ol tne por

Y

a5 a result ol tne

¢hanzae of

Pce v lute opoeroid

veloe ty o “he drop lrereas

rur?vunfyng the

The Vest numior a

C Ré

the "eynolds n

of

constant, I{

P

1

the drag coef

*

decreasest® i.e. the paramete

i\ .
Then- the terninal Velocity Q

aps as stiall as 5,91 microns

ninte  This wouid be nainly due
aneter sy In oequation 3,10,
velocity 'of the water drop,

41 prosches the water arop, the
eoodne o tne fluid motion

ice particle, « As a iﬁ'uLt the

\

sphere increases proportiovnally,

body moving in a fluid is a

unter of tie waler drop increases,
ficient and the Reynolds number
r Qs reduces in magnitude,

f the water sphere is never -

ablﬂ to increase to the termlnal veloc1ty of the oblate

.."

aphcr01d be’orn colli ion,

. are nqt great enough-to nove
> .

the cehter-of thé'épheréid a

In Pitter et al's studj, thé

sphere 15 assumed cOnstant t

-_aqg hdrizontal acceration of- the water sphetﬁ 1s then “,f

A‘ N ELY

zThs parameter Qs is, therefore, held constant.,

[ -
N N

Yy

Therefore the horizontal forces

a water sphere théh,approachesﬂ
roﬁnd'the obiaté épﬁéfdid. |
Rejnold° numbar ;f ‘the water
hroughout the whole interactlon.,‘

The vertical

£y

,capable ot xecoming large enough to enable tﬁe drop to speed

e
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Fig. 5e 3 1
mrajectorles of 5,91 mipron Uater Drop Relative

to an- blate upheroid of ice of Re = 20

t
A
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~Fig. 5.3.2 © |

i

. Trajectories bf‘19.1ﬁ microns‘water;Drop

,‘*‘?RelatixéAtoran Oblate Spheroid of 1°€'°f'ﬁﬁr

: . . -
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up and te go around the oblate sphercoid of ice yithout
collision,
The maximum aungle that water érops of radius

5.91 microns formed when they éollected at the outer edge
of an oblatg ice spheroid of Reyhold; number 20 i1s drawn
in figure 5.§.3. Tigure 5,34 reﬁresgnts the wariation
of the outer maximun ané]es that Qéter drops may éreété
on oblatg spheroids of Reynolds number 10 and 20 with
varioug leynolds u&?bérg-of Yater spgeres. Since no water
droplet which approaches the;midale part of_th; ice cr?stal
expelled around without collision occufed,'the inner
critical angle would no lenger be of any importance and
thev are not recorded, The outer critical angle that water
sphere would create on ;n oblate ice 'spheroid is rather
large, but they are the maximum angle that the drop just ™ -
touched'thé a?ier drop, However, in the atmospheré,'tge ‘
spcond droﬁ most likely cannot attach to a single dfdﬁq/a
adhered to the dblate‘éphéroiﬂ of 1ice bx\gust touching it.
‘Therefore, the vertex angle that a graupel.would haQe
should be smai}er than twice the maximum angle given above,
‘The bigger the ice crystal and the smbller the_cloud Qater
droplet, the sharper yould;be the angle of the point of the
.graupel, ‘ . | ' ’ ; -

" In all the cases of this study, no capture of
..water- drops in the wake oft an i,ceto‘blate spheroid isi'_ever‘ A

detected, FExamining the vertical and horizontal 1sotac§§

-
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plots in figures 5,1,6 and 5.1.7, when.a ve?y small water
sphere passes the fce spheroid, there is a tendency to move

~ the water sbheré towards the axis of the ice particle and

the vertical fl?w field at the rear of the ice body may

push the water drop downward (i.e. back toward the,

trailing end of the spheroid)., If fhe parameter Qs in
equation 310 still remains comparably very large after
passing around the ice'Spﬁeroid, itimay be able to accelerate
to a velocitly to catch up with the larger pérticlé which
isiin fact moméntatily.decelerating very slowly due to the
flow field of the water drop, It will,'hdweVer,SOquﬁzaiﬁ its
termiﬁal velocity again. This may‘explaih why ﬁhe tip of a
graupel is seen:in laboratory studias fé be fofmed by very

small cloud droplets, e



CHAPTER VI CONCLUuIOh, AND RECOMMENDATION

The modecl made in this study was fairly
successfull -though 1t only dealt with two -dimensionals.
‘anvergehce to tune steady-gtate Navier-Stokes equation
was slow. The compuding time was therefore very lomg,

’ ﬁp %o 30 minutes CPU time in the IBM 360 computer of
the University of Alberta. 1581 grid-point values for
the thin oblate spheroids of ice and 4941-grid?poinf
values for the spherical water drop were eveluated to
get, the flow field, However, the model preliminarily
'revealed the following
(1) The length of the wake formed at4the down-stream .
end of tge ice crystal is ldnger'ror highef Reynoids numbers,
(2) For small ReynoldS'number (5.1); the drag
‘ coefficient can be successfully approximated by the
\expressiom Cp= 24(1*’ RQ) o | v
(3) Water drops of Reynolds number 0.003 to 0.1
appnoaching a thin oblate spherotd of ice of Reynolds number'
10 or 20 would not pass around the ice partiecle vithout .
“collision. o
| (4) This study suggests that 1ca crystals appear to
accrete droplets primarily on their upstroan side. This .
v'supports the theory of graupel growth suggosted hy List

as discussed in section 1.3. L



(5) Jo wake ‘capture was found in this study,

(6) mhe makximum angle that water drops would accrete
on an ice crystal's edge depends on bpth the size of the
crystal and that of.the droplet, ©Omall crystals and big
droplets give larger.angles of riming groﬁth beyond the.
‘edge of the ice crystale. ; “ |

| Since only mininal annular behaviour was

| detected when an ice cryseel was epproximated by ahihin
.oblate spheroid, the theoiy~of the formation of conical
graupel at the points and the edge of hexagonal plates

as hypothesized by Knight and‘Knight could not be further
justified.“fThe collision efficiency is no doubjy greater |
along the edge. Trajectories showing d:oplete passing'
around the ice'perticle as obtained by ﬁitter were not

ffound The reason of this discrepancy,was explained earlier.
‘ In order to fully understand the growth of ‘

. graupel, a three dimensional model should be ueed instead -—:

that is, a hexagonal plate should be used rather than an '

oblefe spheroid.‘ The boundary conditions at. the corners andggﬂ

along the szarp edges of the" hexagonal plate nay tiret

~ have to be nvestigated by experinental teehnique. This

s important as the corner effeets would erfect the flow
ﬁfield drastically. Another nunerieel nethod should be
used instead of. the finite dirfereneing nethod used in thit

study. The finite differencing scheme 13 rlther slov and

’ } . . ‘ | B

:\‘-
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A
‘ ‘

a convonient co-ordinate system 1s hard to seek for a
hexagonal p}ate. The best alternate numerical method would
‘be the finite»element method, This scheme deals in
infinitesimal area but not in grid-boints. If is faster in
converging and it can deal wiih a ‘three dimenSional_object
~of any shape in simple Cartesian coordinate syetem. The
superposition model would be'etill valid provided the mass
ratio is small, The_fiow field arognd the iee crjstal,
after a water drnpvis adhered'bn ifi'ﬁould be better
.calculated again. por the finite element method, this
procedure would not *te a hazard since the scheme, as
mentioned before,~1s suitable for an object of any shape
and the‘eompufation tima is Lar shorter than the finite‘
differencing method;v If possibixikthe range of water
droplets under study shoyld be enlarged so that the feasibi--'
lity of wake capture would be fully investigated.\
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RLranv1PQ:t(1 /) v
VTERM=ANURT/2, :-P/A V
RLbePL?v‘FOfO. S

21,2)

A

‘ ‘ 102

J) /S (D)

) t
)

1, )

-

SINA(T +1 tt‘)tV'\( ,1

&0 -

RE/,

0«.‘(10(‘,J01)*4 -vo(z J01))0

-

{5, ’) VO(."))*( VO(’01 1)*3.0 »
Qe (=VO(ZI¢2,%)*2,0 .

o

-

( )‘3 *” ‘C“g\("2)‘91("2)
a)tCOfn( ou) :

ITTT, P

asay

-&‘”LO)*PE"Z/BZ.'CDTIr/930 /n!-‘

L] :
-
.

1) +SINA (T42) ##2

4

RS /--”‘(V“(-: RARISESPARLT Oovo(-’2.1»



G
ST
ﬂvﬂ
AT
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SCy
£05
506

=07
SC?

nn
—
O
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e . TYLN A *
ATIT0 (Y, f,;\AH Tl ), oo, 7{
: L TG R . = £ 3
A ‘(,I o PR vy I8 BATTO = RSN
- ) - Byls
<07 ( ’ - - ' t':'-/' ’
PRl S A ASSRR
N (/7. “':;..;f«uf L
VLot . 1 . B
R V.

N _‘V-..Y T::LD.)
A VNATIOTN :
e ' N R
ST (//;1?4p.L) V‘LUES = ',I )
AR ARl B,
gqﬁfﬂ?(//' N

o D,nr,‘oxl
KIN',10X,1COFOS
MY, 0K, TCISKINY, 10X,
THLURTYNLL MDY, 0K, .
EOEMAT (! ¢ .“ﬁ'
v‘ﬁ*""’?x"p}\) .
® P OPNTTT c - 1.
FORAT(/,5717,0)

: sqq‘.'~ '
»ny e i
ENSITY'!, 2K, CaYs D .
Y, X, AIT DENSIT
K, TVIIerSTTY o
SOTMAT(//, 100,

. J
. AR A ) ‘

“IX,'AXIS 4215“ ;

TOCART (/0720

2 U) o
TY =0 ?‘,0

[ :;\"< v“‘ !

RS ' D

Lw/\,')'ﬂ“gi(’//l ‘\

SR

BEND
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APPENDIX TII

COMPUTER PROGRAM FOR SOLUTION OF FLOW PAST A
SFHENE .



()

g

DO 4 I=1,61
PE(I, 81;—exozz(e1)tsxur12(r)/2._
- CONTINUE
DO 15 1=2,60

YELna00 L e
",.P(‘1 a)ao 0 T U EEN

105

CALCUILANTION CF FLN4 FILXD A20URD A SPHEDRE sssssssnststasssinw
DIMINSION T3 (01), CU(AT), FE(F1,81),6(51,31),V (£1,31) ,F (51,81)
*, SIEFI(R1),C05P1 (1), xwz(a*;.rxpéz(91).szxrx‘(su.
*PT(65), P2 (AS)

RE=, 1. <

PF=1%,5

PG=0.2 .

B=3.%3,1u16/180,

A=, 0°¢

Ch=2,/\/h¢2, /R/H

DN 2 J=1,81

Z=R*FLINT(J-1)
EXPZ(J) =X 2(2)
EXP23(1)‘“X°Z(J)‘rX°Z(J)
CC!\"‘T‘ ne
Cli=(2.-1)/2. /3/A/S‘
"C2=(2.48) /2. 7h/N /0
SINFI(H) =0.74
COSFI(1)=1.0"-
SINFI2(1)=0."
SINFI(5%)=0.0
COSFI (51)=1,0
SINFI2(61)=O 0-
DO 3 ¥=2,40 . : :
,r*zbtv'oa~('-v)_ o R ~

USINFI(D) =3IN(FI)

"CNSFI(I)=COS(FI) . ‘ .
SINFI2(I)= SIV?I(7)‘SI“F'(T) : L
COTPI=CNSFI(I)/SINFZ (1) ' < ’
C3(I)=(2.-B%COTPI )/2./B/B/CS -

CU(I)=(2.4B4C0TFT) /2 «/B/B/CS 7 -

CONTIKUE : o ;
P1=1,0/5XPZ(81) ° » _ - S .

CPIEPISRISF] | h B o o B —

Fhefisp3y

D=2 (2, *rh- 40.-10.~r3o1o.-r1)‘

DO.6 J-1, A9 . .

DD 6 I=1,61 - .

PI(I, J)=( xb?z(a)/z.o ZS/EXPZ(J)-.7“‘191(0))‘SIBPI2(I)

- 6 (X,J)=15, /D/'X?Z(J)*S'VP'Z(I)‘(F3‘EXPI(J)‘*3-1 0)*2.

CONTI'NUT

DO 15 ys=1,80 . - o

(1, J)S:(; J)i”XPZZ(J)/SIN?IZ(I) K

. CONTINUE
PO S J=1,91 -
v(1,3)=0.0

'(1 J)‘Ono N




.

20

21
" 60-

100

_ i.;‘ |

CoMTINGS

TFLAGR?

noT N=1, 700

L=0, _ -

IF(IFLAG,00.2)50 723 20 .

DY Y I=1,+0 7

DO 2 Jg=2,%9 .

RFI=PF (7,J¢7) #TT1¢FF (I, 0=1)*C2¢FE (141,0) #CI(I)+FE(I-1,])
*ECL (7)) =G (I,])*LY P22 (J) /CS

RG=G (I,J¢1)% 145(T,T=1)%C2¢5(1+1,J)%C3(T)¢5(1-1 J)*“U(I)‘
*-RPxEYD7 (J) 4 SINFI(I)/(2.%A*E) * ((FE(I,J*1)-FE(I,J- "y
¥ (F(I+1,J)-"(I-1,0))

- (FE(I+¢1,J)-FE(I-1,J))*
*(F(:,Joﬂ)—?(:,J-‘)))/cs

DI1=RFR-FE(ZI,J)

D2=7Ge3 (I, ) ‘

IF(A8S (21 LT. .00, 85D, ABJ(D“).M-..001)'-Lo1v

Fr(T,J)=F " (I,J) ¢Fr=p*

A(T,J)=6(7,J)¢F3%D2 {\

F(I,0)=G(2,J)/ENP22 (J) /SINFI (D)

CORTINYE

IFLAG=2 ‘ ‘

GO "0 &0 . : o T .

DI 21 JJ=.,80 ‘ . ST ‘

J=R2-33 . :

DO 21 T1=2,60 | . / . .

I=F2-II >

RFE=FE(T,J¢ 1) *CV+FE(Z .J 1)*C’*""( + J)‘C’(')*Y"(T 1,J)

*&CO (I )-:(;,J)* Xp2 Z(.n/cr :

GG (T, Te1)AC14G (I,T=4)*C2245 (T, J)-cz(r)o,(z 1 J)*CU(I)
*-TF*EXDL(J) *#SINFI(I) /(R ‘A‘b)*((F (I-J‘1>" (I J=1) .-
** (F(I¢1,0)-7(1-1,3)) .
*-(Fr(ro1,J)_?v(i—1 1)) *. .
‘(F(I.J01)-?(Z,J-1)))/C5 ' .o

D1=PRFE-FF(L,J) . g ‘ o

D2= n&.l':(I J) ) ‘

TF(ABS{D1).L7..C01, A“D A&G(D’) LT..001)L=L+1
CPE(Y,J) =FZ(I,J)¢+FE*D? . . o,

G(I,d)=6(1,J)¢Fi*n2. - ‘ S

~¢
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i?..

P(I, d)-G(*'J)/“'P”Z(J)/SINF’( ) I -
CONTINIE - e
IFLAG=1 e

TF(L.2Q.50479)GO TO 100 T |

DO 8 T=2,69 " ' | : N

._spp=(e.ty£( (2)-2E (T, %) 7:4gx(1 1))/2./A/A R

G(2,1)=6(1, ‘)+(PR”-&(I,1))ﬁJG
'P“!’)’\’(‘Iv‘)

COK INUR .
NUE _' o
<E(6, 500)!, o ’
DO 10 I=1,6% ' '
H"”8(7 999)(PF(I,J) J=t, ﬂ1) s
ITEL5,501) (FE(I, J),Jz1 61, 5)
CQN TINUF. , S T EUEAES S SRt SV R
lQ!TE(S s94) . e L ._~." ST e e el
DO 14 Ta2,60 Ui STt

: ho. 14 J=1,91 R




u

13

110

111

112

113

'SOOk
~ 501
- 505

506
507

ROQ )
509
510
- 999

1 POPHA*(/ S218,

_sTop

- 5 I 107
VA(T,0)=5(1,3) /3 INFI(2) 75XPZ (J)
CCANTINGT . Y
nn o1 T,

u»**‘(s >01)l1(1,1),J 1,61,%)
ARITI(R,07%) (V(1,d),3=1, M)
conTINyT

" CDSKIN=G,0 . . )

DO 110 I=1,%%,2 ‘ '
COSKIN=SINTI (I)we2ay(1,1)eu, 'sran(*+1)tt2~V(Io1 1) +SINFI (I+2)

X828y (1+7,1) +CISKIN
CDSKIN=CDSKIN®U, O/v"/:,*a
P1=0,0 - ‘

DO 111 J=1,79,2
P1=P1e:((V(2,J)*u,C~ V(3,J))00.*(V(2 J+1) =4, “V(3;3¢1))¢

*(V (2, J*’)‘b =V (3,342))) /2.0

FG)'"‘T}'JV .

P1=1,Ce?2, /?“!1\/<,/ptn1

P2(1}=2.0
SINFY (57)

'l
O

D SEDE 3¢ : . ' '
P2(II)=((=W(Z,")*3.¢u,%V(1,2)~ V(I.-))*( V(I*1 1) 3.
AUV (I, 2) =V (Te1,3))sLoe(=V(T¢2,7)%2,0
BEULEV(162,0) =V (202,3)) ) ZR/2. 4 (VI )4V (I%T, 1) %U. eV (102, 1))'P2(I>
°“('*)’°1*‘2(*I)‘arf”h/3.‘8 .
PT(Y) =P : :
COPNeN=N.0
DN 113 T=1,57,u. v
rnrovu-ﬂn"nnroe¢( )*COSFI(I)*?Iﬂf;(I)*2.08.‘COSPI(I*2)
*«SINFT (T ‘7)‘P"('02)0‘.‘P*(¢*“)‘STNFI(I‘Q)‘CQSFI(A'Q)
CDFOKM=CDFCaMsu /1 5 .
COPTT=CDFORYSCOSKIN
WRITP(5,505) . ' , L
WRITE(6,507).RS,COSKIN,CDPOFM,LCOTTT, P

Y

CAMYU=1, 66780

ATELD=.92672-2
CRYLO=1,0 ' y
‘ALESO=2,/aAMi %2 /0T pLO/(:aYLo-AIQLc)tqrn*zliz tcnr */990.,
RLR=PLRSQO®*(1./2,). A
VIERM=ANMU*RE/2, /RLR/AIRLO R g e S
RLR=°LR*10000,s " o S . T
WRITE(6,508) - ' L

WRITE(6,599).AMU,ATRLO, carLo o

WRITE (5,510)PLP,¥YTEPN = e N
PIPNAT (//,15," ITERATTORS nsouxwtn',', -rort;zEOGD vanazs*s',ISQ_r
PORMAT(/, 2X, 13?9.a) ;”~ : 5 S
PORMAT (Y17} ' o

’t.‘ °

~ PORMAT (*1',5X, *REYHOLD N0, ”, nsxxl'.lx. 370831.81} ""

*1EDTITY, 0K, PO K e
PORMAT (4/, 10X, 'VISCOSI*Y' 7X,'AIP aensrrz',sx.'bnap oxusx@tﬁ3 S
PORMAT(/,3E30.5) . - RSN
FORMAT(//, ' *ADIUS=", Fe 2. L rzau. vzn.s',ro 3)

roann*(1=r¢ u) S N :
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APPENDIX III
) , .
COMPUTER PROGRAM Fomfjonov TRAJECTORIES PAST
] AN ICE CRYSTAL. '
/'——\:/" ‘ O

¥



.o,

1C1

1C2

703

10

5C

. PRSZ(1)=PSC

TPAJLCINLTINS 00 ICE CRYSTAL A WwALUTP

CUMGE=KUTTE VT HODY TO 5T ART
DL¥INATO TRUT(e), Paa e,
"".(YLY (w) y VST (1), 0L
Fo(ul,3%) v (o, 1Y) i
kU-)-L. . o0T /N h0T

Ak=,0

Jlnp

" PFGRATINN
VLY (W), TESY (u),

ZIA=ALUS(5)”W((1 $AT) /(1 =AR)))

READ (7,10 0) R
WEITS (n,10)
WPITE (b, 177)

REAW(7,1:‘)ﬁ[y g,TWnK P1e 022,22 ,.YY

REALG(T, T ALY,
wriT:(e,‘”f3"r}T"s¢TxAx,u1,
HR]??(h,HHT)VL?‘,PEZ1,#SZ:
np 71n1 1A1,r‘ '

HLAD(Y, 000) (W (1,0 ,d7, 8 )
CONTINUY .

DN T2 177,00

RELDAT, 999y (U (1,0) ,J=1,E)
COXT.INYT R

DO 1N 1=7, 21

READ (2,49 ) (2 (i,0),d=1,51)
CONTINUE

DO (4 I1=19,

REXMD (4, vav)(((x,u),d 1 5*)
COMTIvIE ..

$]9) 1: I" ,h_ Ce

Do *C J=1,81 . '
W(I,Jd)=w(],J)/.1762VS2"
U(l,d)==U0(I,d)/100*VSY1
ZAn=0.C00Q : ' ’
po 20 N=1,4
- DELT=DELT™S/1CCC.

o RPITE (6,457)

¥

1)

'L YY
V( "‘1

CONTAC=CONS*RSR*AXISL*VTIPL

RLS=0.C

RLY‘V.OCO . .
VLZ=VLZY .

VLY=0,C00C

ALZ=ALZY

-ALY ) .
RSL=P’Z1Q‘ :
RJY-RSY1 ’

VSZ=VS21 .

VvSY=0,€00

ASZ=AS21

ASY=0,000

FRL2 (1) =RL2

. KRLY (1) =RLY

RVLZ (1)=VL2 .
BVLY (1) =VLY

CRALZ (1) =BLZ

RALY (1) =ALY

L{8) ,MASC(w) , ALY (4),%

L21, vsz*,‘°y1 ¥5721,4S524

+ BS

VI (u)

FYL,REYS,VTHREL, VTIPS, AXISL, AXI)b

S

mrns.vrrtz,.xvn>,ux13L AYISS
4R, FLR

52Z1,RSR,

PLR

nsr(u),«(n‘,

109

L(4),
31) ,U (61,81,



BESY (1Y -0 0y
PYST (YY) mv o

BVSY () VL ,

WAL (1) -per ’ ’
TALY ()Y AST

DroY 1=, ‘

"“”l?*(TY'N'(Y))

LUVAT UL Lienw 7

YFJ\&x-?L!o‘JY

IS5 A ITR/ b e s

YSLEYFA/T S *h L
ARYI=DELTH*CY® (*. = (VLZ=UDE (7S5A,YSA,W)))
ALfrDHLT"(-\1-(V'Y BDT(Z82,Y5h,U)))
ANT=DELTA (=L 2% (VSY=UCR(ZIA, ¥YFA,Y)))
AV I=DLLT 2 (0 =T H(VRZ=UUE (ZFA, ITA,7)))
LFI=2FAeDFLI/Z % (V5u=YLZ) .
YE1-YFA4NLLT /7. % (VSYRRLY)

AR R PSR A .
yr*-yr:/"$-r1“

DELIIAPLYS (VA e AT /2, = UCR (SFA,YFA,7) ) /CONEAC

AV 2=DELT*¢ 1= (1 -(VLZ*;K1/:.-UDP(ZS1,YS‘

ALT—UYLT*(-;‘w("{o LY/0.0=710R(25317,Y51,0)))
AX_ZDELT (0 = R (VST AN /L =UCP (ZFY,Y Y, 7
AN = DVIT'(-‘;*(VW\*,V‘/z.-HC‘(/F f1T,Y)))

CFT=LTAe LT /0 ® (VGL=TL7¢ (A% AhY)/” )
Yro- flb*frl"/‘.‘(v &-J’Y*(R"1°AL1)/4 )
S LFI /RSH*PLis .

Y52=YP2/0ShepLy

027QL2%FFYS/ (VS0 ¢ A% /2. =UCR (LP1, YP*,;))/cdwrac

AK“’F“I""O“( = (VLA #AKL /2. =UNF (282,Y5S2,

ALZ=DELT® (=% (VI Yol /..-nnr(ZQM,y).,u)))
AMEEDULT* (2T=yow (YSE$A"I /0. =NCT (LF2,¥YT2,7)))
AMI=DELT® (=02* (VSY+ANI/D.=UCR (7F2, YTJ,Y)))

ZF=ZTFASDFLTX(VSZ=VLZ4 (212=RK2) /)
YFI=YFA¢DELT® (VSYpVLY+ (ANZ=AL2) /2.,)
2S3=ZF3/RSReKLY °
YS2=YF3/ESP®FLY

02-=0: 7*°LY\/(V)L0A")-ULR(7F2,YF¢,Z))/COVFAC
AKL=DFLT# 0V (1, = (VLL4+PKI=UDR(2S?,¥S3,4)))

ALWSDELT® (=31 (VLY +AL3=UDR(ZS3, ¥52 1))

ArYy= DEI?'(J1~W"(VJIOAY’°UCR(ZF3 !P-,Z)))

$ANU=DELT* (-, 2= (VSY+AN3=UCR (4F3,YF3,Y)))
RLZ= PLA*FLLT*("L’f(kK10AK(0AK3)/6 )
RLY=RLY4DFLF* (VLY + (AL1¢AL2*%ALY) /b.)
RSZ=RS7Z4DELL* (VSZ+ (AMT+AM2+A%3) /6,) -
RSY= PSY#DFIT*(V SY+ (ANT+AN2+AYY) /6 ,)
VLO=VLZ¢ (AKY42,*AKZ+2,%AKI+AKU) /6,
VLY=VLY+ (AL1+], *ALZ*Z *AL2+ALY) /6,
S{-VSbO(AH14?.‘Aﬂ”*¢.*AH’*AHO)/6.
VSY=VSY+ (ANT 42, *ENZ+ 2, #ANI¢ANU) /6,
DP=YY+R5Y-RLY R :
DH=ZZ+RS$2-RL2
DHS=DH/RSR*KLR .
. DPS=DP/RSF*RLR
Q2=QL2*PEYS/ (VSZ- UCR(ZFJ,YP3 Z)) /CONFAC
ALZ=Q1%1.=(V1Z-1UDR(DHS,DPS,N)))
ALY==(Q1% (VLY=-1iDR (DHS$DPS, U))
- ASZ=Q1-02% (VSZ-UCR(DH,DP,2))
ASY==D.* (VSY~UER (QH,DP,Y)) -

WRITE (6, BHB)AK1 AK AKB AKG, AL‘ ALZ,AL3 AL“

S
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oo R e 11

nrzfn

wrr~r"<~

=0, £ %

Troou, «"¥47

Vl"Pﬁkqgiﬂ\

VEIZ o TR e

VIyie- o vty (4)

VI7RC VLY (u)

VSTID=EVET ()

VHoU=1Vs? (&)

VEY IPEEVSY (u)

VSYIC=4VST (4)

VLZG7=1VLT (1) ¢4, /07 .(~ *’hl?( )=PALZ (3;»7 ‘PA’?(Q))*DELT

VOIUP=TVET () e /e (T R BRGT(2)=RAST(T) 3.2 RASZ (4)) *DELT”

YLY4“:7LQ~P-1T7./TL1.'{\.uBP VL7 () ‘

VSISV ELuD=10 /109, ¢ (V523 P=V 52 °()

VLYUP=EVLY () 4. /a.*(‘.*VALY( £)TAALY () 2 *RALY (4) ) *DELT

VSYAP=ovsyY (1) o8, /3 (2, *ASY (2 )-"AbY(!)07 *RASY (4) ) *DELT

VIYBM=VLYUP=S 12,7121, # (VLY P=VLY3C)

VEYUM=VSY4P="12, /901, = (VSY2pe vqy’C)

KL2U=, 252 (9 295 (4) =RELZ(2) ¢2.%D2 LT* (VLZUMeZ  *RVLZ (4)=RVLZ (3)))

RS U=, 1 I0% (Y, % KS7 (U) =PESZ (2) ¢2, »XDFIT® (VSZUMeD, $RVSZ (4)=PVS? (3)) )

(i)

(2)))

SUEDICIO = Ca e T CE=MODTFLIFE PETHAD

RLYU-, 125+ (g, =ppy, V(u)=-FPLY (2)y+?,=pC L’“‘(VLY“‘H?.""VIY(U)"?VLY

RSYu=, 1w"(" FURSY (4) <TESY (2) ¢ 20%DELT® (VS Y4142, *RVSY(M)-«VSY
DH=27+RS24-FL74 . .

DP=YYeiS Yu-fLYw \ . :

DES=DH/I SR *KLR _ ‘
DPS=DP/ISPERLE : : ; .
QOZ=QZ2*RTYS/(VSL44=-UCP (DU, DP,Z))/CONFAL .
ALZU=Q1* (7, ¢ (VL74M=UDR (PHS, DP3,H))) ‘ " .
ALY“"'O"’(VIYM'-!DR(DHS DPs,U)) | f/ "’
ASZU=01-02* (VS .u4=lICR (DH,DP, 7)) ‘ , R

Asyu:-ozt(vsvuw-ucacon,np,v))

vLzuc=, 1‘%*(9 FRVLZ(4) <FVLZ (2) ¢2 *DELT'(ALZQ04.’RALZ(Q) RALZ(B)))
VSZUC=,105% (9, %BYSZ (W) =1 VSZ (2) +3, *DELT* (ASZ24+2, *RAS”(Q) RASZ (3)))

VL2GF=VLZUC+), /121, % (VLZUD=VLZ4C) . . . L
VSZMP=YS2UCHyY, /1-..°(VSLUP-VS’“C) ' - ;
VLY4C=, 12)t(q “EVLY (4) -FVLY () ¢3,*DELT® (ALY4¢2 ‘R&L!(Q) RALY(B)))}
VSYUC=, 1055 (9, *PVSY (4) (2) ¢3.*DFLT*( xuo‘.-wxsv(u) RASY (3))) !
VL!MP=VIY“L09 VARARE X uP'VLruC) .
VSYUF=VSYLC+Y, /" 27, % (¥SYUDP-VSYUG) .
RL74=. ‘25*(9.'“PL1(u)¢RRL£l2)43.‘D¢L**(VLZﬁP0 ?FVLZ(H) RVLZ(’)))?
RSZU=,125 ~(9 *RRS5C () =RRSZ(2) ¢Y.¢DTL T*(vszaroz tpv*Z(u)-nvszta))y'



‘ R P RIS L I
Yl vt e ()= VoYl ),
YY+on -l Ya

: P o]

TV (U R T e Ty s T 810

D= St alu=p

PR HTDA RIS IES I
DEL= D/ E e L .
TEY S/ (Ve Tt (U, DT

ST e
SN R

AL G v (V- (VR EeGOE (LS, DES, 8) ) )
ALYG= =00 (VLY WY =0 00 (DS, 05, 1))
AG74=Q1=(0 % (VEAGF=ICF (D, DD, 7))

ASYU==QD» (VSYWE=UCH (DH, 0P, Y))
DPOV= DP/(N)P( Th)

1F(DPNV, L) DPNV=T,
Z’I:CUJ(‘

IF(DU=220)97,501,54¢
1“("?\Y LI .T) G T 60y
T2 (Dd.6™ 1. )0 Do 521
™ ("F-. “)h21,3“’ e
WOTTF (6,857) 00, M, P1Y4, [L74,
ﬁ&t””(n,‘S1)VL'4T,”LYQ,,VS$QF,
TK = =17
,OD“L7
“TEeNpPLT
neou 1-1,3 .
RAL? (I)=40Y.0 (14+1)
RVLY (2)=EVLT (I+1)
FRPZ (1) =LA (1+1)

RALY (1) =RALY (I¢7)

RVLY (I)=FVLY (I+1)

FRELY (D) =FiLY (i+1)
RASZ(I)»"SH(I*l) .
RVSZ(T)=KVSZ (Tel) g
PkSZ(I)?F?SI(X&ﬂ

RASY (I)=FASY (I+1)
RV’Y(I) EVSY (I+1)

PRSY (1) =kESY (I+7)
CONTINUF '

RALZ (4)=ALZUY

RVLZ (4)=VLZu4F
VLZ3p=vLZ4p - b

VLZ3C=vVvLZ7ucC

FRLZ (4) =FLZW&

RALY (G)=21Y4

RVLY (U4)=VLY4F - A
VLY3P=VLYUp 4 >
VLYIC=VLYUC

RRLY (4)=PLYU

RASZ (4) =AS24

RVSZ (4)=VSZUF

- VSZ3P=vVsSZup = - _ '
'VSZ3C=VS24C : ‘
- RRSZ (4)=PSZ4
"RASY (4)=ASYL

PN :
RVIY (4)=VSYuF | o _
VSY3P=ySYWp | K
VSY3IC=VSY4C

RRSY (4) =RSYY

GO To 3
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FOSAAT (C1 2 ¥, 001504, TF0, D)

FORMAT (Y5, 4)
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FNUMAT (17 PV )
FOFMAT(7115.9)

FOTMAT(8715,9)
FORYAT (//)
POTMAT (/TR0
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STup :
END
SUNCTION
DITPNSION K1,
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At=.1
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“X,'YAD?', 89X, ZAD!
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AML=ADRS(FP7)
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LF(AY.GT.0.C)GC TO 1
ZI“ALPG(ALGSQ%“(AZ‘A701 )4

ANG=0,.0

GO TO Wy
IF(AZ.GT.C.
ZIN=0.C
AMG=1,5708
GO TO 4y
Y2-AY*pY
22=h2#*17
C=Y2+¢72-1,
B2PUAC

G)sn 1O

-
-

X= (C+SCET (BR2PUAC)) /2.

JSINHAN=SORT (X)

IF (STSHAN=C, )uo “e,u

2IN=0,0
AXG=0,0
GO TO 4y

SRSQP1= bQRT(,INHu"SINHAN01.)
ZIN=ALOG (SINHAN+SRSOPT)

COSAN=AZ/SIPHAY .

IF(COSAN,GE.1.0) GO TN 5

ARG=ARCOS (COSAN)
GO TN 49 .-

ANG=0.0
TF(RZ.GT.C.0) GO TO
CANGE3 141596+ AHG
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114 AV AN
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1S NG YY)
1.0 dPANANG=T) 121,187,127
127 NAYG

0 TO V=0
IF (MANG=31) 123,123
NANG=3C
BI-LIMPAT IV‘VﬁPOLATIF"-“XTRAPOLATION
NZINPY=NZIN+"
NANGDRI=FA 5+
DZIN=LZINZ=FLOAT (NZIN)
DANG=AMAI=TLAAT (NAYG)
JCU=D(HANG, N oTH) ¢ (D (NANG, W7 IvP*)-p(“Awr NZIN))*DZIN
B (P(YANGPY, NITY) <D (MANG,NITY) ) *DANG# (F (NAVS, NZIW)
B+D (NANGPY,NZINPS ') =P (NAYGPY, NZITX) =P (NANG, NZIWP1))*DANG*DZIN
GO TO 2
c NI-0UADFATIC IMTLEPOLATICY  ~- R o -
149 DZIN=ZINI=PLOAT (NIIK) :
 DANG=ANGZ=FLNAT (YANG)
NZIND2=NZING
NZINPI=NZINed

NZINMY=NZIN=1 o

FCT= (DZIN®*Z-D2IV) /4. ' . . .“//
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DN 145 1=, -

—h b
ot
-t

—
W
(e}
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“$eP (M, NZINP2) =D (N, MZI¥) =P (¥, N2IKP1)) *FCT
145.  CONTINUE
: UCR=3 (2) ¢ (3 (3)= 5(¢))*D\RGO(D({)OB(M) 9(2) B(3))‘F£T
/ 3 RETURNY
' END
FUMCTICN UD® (RZ,RY,P)
DIMENSIUN P(61,87),35 (4)
B1=3./160.%2, Y416
A1=.05 -
"AZ=ABS (R2)
AY=ABS(PY)
C IFY(AY.6T.0.0)GN T0.1
4SPEALOG (A2).
B AYG=C,0
1 IF (AZ.GT. o.oacn T0 2
5p=0.,0
ANG=1,57C8
. GO O 49 ‘ o
2. zsnaatoc(scaf(aztnzoArtnv)y
- IP(25P.LF.0.2)25P30. 0
. © ANG= Y. 1616=ATAN (AY/AZ)
4y IP("2.LT.C.C)ANG=], 1u1s-auw;
T ZIN2=USP/ATES, -
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FILE

[ A ) ¢ . , T . . .
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IL(A '1(“"‘2
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GN T ol

dnr=2,¢

GroTh 2

TENING=T) 130,000,102
\.‘\‘v ‘—1

G0 10 1:¢

[F (¥ANG=61) 132,723 122

NANG=6C .

BI-LIMEAY ZNTERPQLATION-EXTPAPOLATION

NZINP1=NZINe¢

NARGPI=YAY e

DZIN=ZIN2=FLOAT(NZIY)

DANG=ANGZ= FLOA™ (NANG)

UDH=P(NANG,NITN) ¢ (P (NANG, NZINPY) =P (NANG,NZIN))=D2LN
SQ()( A‘nt‘v \'{Y])-S(\VA)J( v'?T\>)tl)t\f¢(p(\sA‘r "7'\') '
toP(\Ahuﬁ’,\?I‘P1)-e(VA‘(P1 VRIN) =P (YANG, V"""‘))*DAHG'DZIN
60 TO ? . » )
BI-QUANFATIC - INTZRPOLATION

DZI(=ZI“T—FLUAT(JLIn)

- DAVG=ANG_=FLNAT (MANG) . .

NZINP2=NTTIN+?Z

R l,n'(\xp“ \"In’-! N ’

NZINMI=NZIN=Y :
FCT= (DZIv**2~D71IVvy 24,
FET= (DAND*#*2- n\nn)/u.
no 1S 1=1,4
N=VANG=Z+]L, -
LB (L) = P(.,.’Ih)o(P(L,V IhP*)-P(N N?IV))*DZINO(P(P szrhn1)
F4D (N, NZINP) =P (Y, N2ZIN)- PN, hZIVP1))'FLT

"CONTINUF . o
UDR=0D (2) ¢ (B2 ( -)-uB(E))?DANGO(BB(1)*BB(Q)!QG(Z)-DB(B))*FET
RETURN - o o ' R
-END
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