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Abstract

Boundary value problems involving continuous flow reactors have been considered
in which tubular reactors have been modeled with an axial dispersion model. Con-
centration distribution in tubular reactors can have variety of consequences. It can
have negative effects on the conversion and selectivity of the desired reaction. Conse-
quently, it will affect the productivity and energy efficiency of the plant. It is therefore
important to design efficient controllers that are able to track the optimal pre-defined
trajectories of the operating conditions to ensure optimal operation of the reactor.
The governing transport phenomena occurring in a tubular reactor is modeled by
parabolic partial differential equations (PDEs). In this work, infinite dimensional op-
timal control of a tubular reactor is studied which is discretized exactly over time,
without any discretization over space. The discrete case is derived from the continu-
ous case and the process is shown theoretically. Numerical simulations are performed

for formulated optimal controller and its performance is studied.
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Chapter 1

Introduction

1.1 Motivation

Tubular reactors have vast applications in chemical and petrochemical industries.
They can be regarded as one of the most important parts of a chemical plant. In
a chemical plant, usually the reactors are followed by other unit operations such as
separation processes or stirred tanks. Therefore, the operational performance of the
ensuing processes strongly depends on the quality and state of the products from the
reactors. Thus, optimal operation of reactors in each plant is of great economical
and operational importance. If the concentration of the reactant in the reactor does
not follow the desired process, it can have negative repercussions on the conversion
and selectivity of the desired reaction. Consequently, it will affect the productivity
and energy efficiency of the plant. Therefore, the desired concentration must be
maintained through an off-line dynamic optimization problem. These trajectories are
used as the set-point variables for the controllers. It is therefore important to design
efficient controllers that are able to track the pre-defined trajectories of the operating
conditions.

In control theory, systems similar to a tubular reactor are regarded as distributed
parameter systems (DPS) where the dependent variables are functions of time and
space; opposite to lumped parameter systems where the dependent variables are only
functions of time (e.g., a well-mixed stirred pot). Other examples of DPS in chemical
engineering are heat exchangers, fluidized beds, and continuous flow stirred tank
reactors (CSTR). Traditionally, most of control methods have been developed for
lumped parameter systems. Therefore, the DPS are commonly approximated with
lumped parameter systems and controlled using algorithms for such lumped systems.
As a result of the boundless existence of DPS and economic advantages of precise

control of these systems, developing controllers that use the most punctilious model



of these systems can have superabundant performance benefit. Motivated by this,
this thesis is focused on formulation of an optimal controller for tubular reactors. In
the following sections the available studies on the topic of DPS and the outline of the

thesis will be recapitulated.

1.2 Background

As stated before, the most conventional approaches for control of DPS use lump-
ing techniques to approximate the partial differential equations (PDEs) model of the
system by a set of coupled ordinary differential equations (ODEs). Methods such as
finite differences may be used for spatial discretization, resulting in model approx-
imations that consist of ODEs. However, such approximations may not be proper
for high performance control schemes, as the dimensionality of the produced sets of
ODESs can be very high when trying to ensure high performance control. Besides, this
high dimensionality requires powerful and expensive computing tools which may not
be usually available. Also controllability and observability of the system will depend
on the number and location of the discretization points, see [8]. Another method for
controlling DPS is to develop the control algorithm based on the PDEs and discretize
the resulting controller during the implementation. The advantage of this approach
is that the controller synthesis is based on the original model of the system which rep-
resent all the dynamical properties of the system without any approximation. Over
the recent years, research on the control of DPS is oriented towards development of
algorithms that deal with infinite dimensional nature of these systems.
Mathematical theory of optimal control of DPS began in late 1960s in the work of
Lions [20] and followed by other researchers (e.g., [4], [18], and [9]).

In a functional analysis frame of reference, systems modeled by PDEs can be formu-
lated in a state-space form similar to that for lumped parameter systems by intro-
ducing a suitable infinite-dimensional system representation and operators instead of
usual matrices in lumped parameter systems, see [9]. The type of PDE system (e.g.
hyperbolic, parabolic or elliptic) determines the approach followed for the solution of
the control problem [8]. Based on the governing phenomenon in a chemical process,
convection or diffusion, the model equations can be hyperbolic or parabolic.

For hyperbolic systems, Callier and Winkin in [7] studied the linear quadratic (LQ)
control problem using spectral factorization for the case of finite rank bounded ob-
servation and control operators. Aksikas in [1] extended this approach for the more
general case of exponentially stable linear systems with bounded observation and con-

trol operators. In his work, this method was applied to a non-isothermal plug flow



reactor to regulate the temperature and the reactant concentration in the reactor.
The optimal control problem for a particular class of hyperbolic PDEs is solved via
the infamous Riccati equation, which is developed in a series of papers by Aksikas and
co-workers. (e.g., [1], [2], [3], etc); however, the approach taken in this work addresses
only a particular class of hyperbolic PDEs and does not address the case of parabolic
systems, which models widespread number of chemical engineering processes.

The conventional approach for dealing with parabolic systems is modal decomposi-
tion, see [25]. The main characteristic of parabolic systems is that their spectrum can
be partitioned into a finite slow part and an infinite fast complement (slow modes
and fast modes). This feature has been used by many researchers to perform model
reduction and synthesize finite dimensional models representing the distributed pa-
rameter system with arbitrary accuracy (see [8], [11], [17] and references therein).
The low dimensional model is used to formulate predictive controllers for the infinite
dimensional system. Although the model reduction method is computationally effi-
cient for diffusion dominant systems, it can result in a high dimensional system for
convection dominant parabolic systems.

The control action in a DPS can be distributed over the spatial domain of the system,
or can be applied at the boundary. For example, in the case of a tubular reactor, the
manipulated variable can be inlet concentration (i.e., boundary control) or the con-
centration profile of the reactor (i.e. distributed control). Boundary control systems
are mathematically more complex than systems with distributed control inputs.
Boundary control of DPS has been explored by few studies. Curtain and Zwart in [9)],
Emirsjlow and Townley in [12], Yapari in [28], and Mohammadi in [22] address the
transformation of the boundary control problem into a well-posed abstract control
problem. Byrnes et al in [6] studied the boundary feedback control of parabolic sys-
tems using zero dynamics. The proposed algorithm is designed for parabolic systems
with self-adjoint operator A.

The topic of parabolic systems with non-self-adjoint operators was introduced by
Amundson in [24]; however, due to mathematical complexity, boundary control ap-
proach through abstract control problem has not yet been investigated much. An
applicable proposed solution is via backstepping method with some less theoretical
complexity (see [19], [16], and references therein).

The topic of optimal control of infinite dimensional systems is explored by many re-
searchers ( [2], [28], [22], and etc.), but time discretization issue was not discussed too
much. The novel idea of this thesis is that the optimality notion of the controller is
studied by exact time discretization. Exact time discretization for a class of parabolic

PDEs is studied by [27]. In this thesis, optimality in controller design is added to the



method proposed by [14] and [27].
Although the emphasis of this thesis is on tubular reactors, the general idea and
developed controllers are capable of controlling any system that is modeled by the
studied class of DPS in this work.

1.3 Outline and Contributions

In this thesis, the control of a tubular reactor is demonstrated through the application
of linear quadratic (LQ) controller. The system to be controlled is given in the form
of a parabolic partial differential equation (PDE) which describes the spatiotemporal
dynamics of the concentration of the reactant, [23].

In Chapter 2, the governing PDE is first put into an abstract boundary control problem
and then discretized exactly in time via symplectic Fuler’s method. Then, a gain-
based full-state feedback controller is designed to show the original behavior of the
system. Exact time discretization is applied to this controller. In this chapter, three
different numerical schemes are studied and the effect of each one on the stability of
a parabolic system is inspected also. It is shown that the symplectic method used in
this work does not have any effects on the stability and preserves the system stability
status.

In Chapter 3, linear quadratic (LQ) controller is designed for the governing PDE, both
in continuous and discrete space. The optimal gain K of the controller is calculated
and the stability of the LQ controller is studied.

Finally, Chapter 4 consists of the concluding remarks and summarizes possibilities

for future research direction.



Chapter 2

Tubular Reactors and Self-Adjoint
Operators

In this chapter the approach proposed to solve the eigenvalue problem for a parabolic
PDE is spectral decomposition used by [25]. Using the spectral properties of the
system, stability of the system is studied and the gained-based full-state feedback
controller is designed. The model studied in this work is parabolic PDE.

In the nature, pure hyperbolic systems are found seldom. Normally, hyperbolic equa-
tions result from ignoring the effect of diffusion phenomenon within the process. In
most chemical engineering systems, more specifically in most tubular reactors, trans-
port may not be ignored and as a result, the model of the system should be represented
by one or a set of parabolic PDEs. Here, system described by one parabolic PDE is
studied.

The only difference between a first order hyperbolic PDE and a parabolic PDE is pres-
ence of the second order derivative with respect to the space variable. This difference
results in completely different dynamical behavior and mathematical properties.
Parabolic systems can be characterized by their set of eigenvalues and eigenfunctions.
The spectral property of these systems is the tool that is generally used to deal with
parabolic systems ( [25], [23], and [24]).

Control of transport systems, which are described by parabolic PDEs has studied by
many researchers (e.g. [8], [11], [17] and references therein). In these works, modal
decomposition is used to derive finite dimensional system that captures the dominant
dynamics of the original PDE and is subsequently used for low dimensional optimal
controller design. The potential drawback of this approach is that for diffusion-
convection-reaction systems the number of modes that should be used to derive the
ODE system may be very large, which leads to computationally demanding controllers

which requires powerful and expensive computing tools that may not be available usu-



ally.

Boundary control of parabolic systems have been explored in few studies. Curtain
and Zwart in [9], Emirsjlow and Townley in [12], Yapari in [28], and Mohammadi
in [22] introduced transformation of the boundary control problem to a well-posed
abstract control problem using an exact transformation. Byrnes et al in [6] studied
the boundary feedback control of parabolic systems using zero dynamics. The pro-
posed algorithm is designed for parabolic systems with self-adjoint operator A.
Parabolic systems with non-self-adjoint operators was introduced by Amundson in
[24]; however, due to mathematical complexity, boundary control approach through
abstract control problem has not yet been done. Proposed solution are via backstep-
ping method with less theoretical complexity (see [19], [16], and references therein).
The topic of optimal control of infinite dimensional systems is explored by many re-
searchers ( [2], [28], [22], and etc.), but time discretization issue was not discussed
too much. The novel idea of this work is that the optimality notion of the con-
troller is studied by exact time discretization. Exact time discretization for a class of
parabolic PDEs is studied by [27]. In this work optimal controller design is added to
this method.

Although the emphasis of this thesis is on tubular reactors, the general idea and
developed controllers are capable of controlling any system that is modeled by the
studied class of DPS in this work.

2.1 Problem Statement

In this section, some background will be provided for infinite dimensional representa-
tion of parabolic partial differential equations. The introduced concepts will be used
throughout this thesis to formulate the infinite dimensional controller and analyze
the stabilizability of the parabolic systems. The following transport equation will be
used.
The problem is consisted of a tubular lead in which homogeneous first order reaction
(A — Product) occurs. The entire reactor is held at a constant temperature.

Axial dispersion model is applied to the reactor, so that the differential equation

that governs the concentration c of the reactant A is given by

d*c  Oc dc
D— —0v— —kec= — 2.1
2 Van kc Y 0<z<l (2.1)
The boundary condition at the inlet (x = 0) is
de ot +
_D(‘?_m(o 1) +vc(07, 1) = vey (2.2)



Reactant A

x=0 x=I

Figure 2.1: Tubular reactor

where ¢y denotes the concentration at section —oo < x < 0 which is a function of
time only.

The initial condition is
c(x,0) = F(x) (2.3)

Non-dimensionalizing the variables

T Dt lv
6 = 7, T = l—27 Pe = 57
c(x,t) cr(T) kI?
u(g, e 2Pt = oug(r) = @ =
cs(0) T e(0) D
V 1
= __. = F 1/2 Pe &
s=q SO =P
Employing all of the dimensionless parameters above, the boundary value problem
becomes as 52 ) 5
U Pe U
- — Ju=-—== 1 2.4
8§2+(a+4>u 57 0<é< (2.4)
1
—g—g(O*, T) + §Peu(0+, 7) = Peuy (2.5)
1 0u
——(17,7)=0 2.6
S5 (26)
u(&,0) = f(&) (2.7)
So, Equations 2.4 and 2.5 can be written in the following form
ou
Fu = E
and
Bu = Pe uy



where u(.,t) = {u(§,t),0 < £ < 1} is the state variable in the Hilbert space H :=
Lo([0,1];¢) [9], and us(t) € R is the boundary actuation. F is the spatial derivative

operator defined as:

02 P
Fo(&) = {8—52 — fy} ®(¢) where y=a+ Te (2.8)
with the domain D(F) = {®(§) € L(0,1) : ®(£), ¥'(€) are abs. cont., FO() €

P
L£5(0,1),9'(0) = ;@(0),@’(1) = 0}. Here £5(0,1) denotes the Hilbert space of

measurable, square-integrable, real-valued functions.
The boundary operator B : £5(0,1) — R can be defined as follows

Bo(¢) {— a% + 1Pe] B(0) (2.9)

Our PDE equation is not well posed, due to the fact that the controlled input appears

in the boundary condition. Therefore, one define a new operator A such that
AD(&) = FP(E) and D(A) = D(F) N ker(B) (2.10)

This is based on the assumption that uy € C*([0,¢]; V) is sufficiently smooth, and
one can find function B(§) such that Yuy(7), B(§)us(7) € D(F), and

BB(&)us(1) = Peus(r), wureV (2.11)

Now having Equations 2.4 and 2.5, one can lift the boundary actuation into the

domain by having the following state transformation

w(&, ) =p& 1)+ B&)uys(r) (2.12)

So, Equations 2.4 and 2.5 become the following well posed abstract system of differ-

ential equations

de -
i
%4 N
oL~ Aple,7) + AB(E)uy () — By (213)
with
p(&;0) = po(&) (2.14)
Now from the boundary conditions it is known that BB({) = Pe which can be written
* 0B(0) 1
—PeB(0) =P 2.1
o +5Pe (0) e (2.15)

8



So, one can write

op(0,7) 1
_ _P = 2.1
e+ SPen(0.7) =0 (2.16)
. L ou(l, )
Besides, from the boundary condition imposed over u at £ = 1, one can say J¢ =
0 which leads us to op(l7)  OB(1)
p\L, T
=0
T ug(7)
Since B(&) is an arbitrary function, one can define B(§) such that
0B(1)
—— =0 2.17
- (217)

Based on Equations 2.15 and 2.17 and the assumption that A is the infinitesimal
generator of a Cg-semigroup on L, one can easily suggest a function for B(§) which
in this case would be B(§) = 2; a constant scalar function over space.

By taking Laplace transformation of Equation 2.13 it can be said

’p(&, s)

sp(&;s) — po(§) = —oe (& 8) — 2vuy(s) — 2uy(s) (2.18)

So, it can be said

9e |ople.s) | = op(e,s) | ||| st s
o€ s+ 0 8—§ 1 2 -
The solution to this first order system is
Pl&:s) cosh(y5F7E) = sinb(y5FAE) | | 7O
op(€,s)| — op(0, s)
¢ VIETsmh(JiEE)  cosh(vEERE) | | e
¢ _1 sinh <m(§ — x))
— s po(z)dx
0 cosh (W(f — x))
€ —1_ sinh <\/m(€ — x))
+2 s (’yuf(s) —i—ﬁf(s))dx (2.20)

0 cosh (5 F A~ 2))



In addition, the following boundary condition is known for p(&, s)

~ Op(1,s)
0="
= /s + ysinh(y/s +7)p(0, s) + cosh(v/s + 7) Gpg)f, °)
1 1

- / cosh (v/s + (1 —z))po(z)dz + 2/ cosh (v/s + (1 =) (yus(s) + ag(s))dz

’ ’ (2.21)
Besides, it is known that

ap(0 1
p(aé s) = éPep(O, s)

So, putting above boundary condition into Equation 2.21 one will have
1
0= /s + ysinh(y/s + 7)p(0, s) + cosh(y/s + 7)§Pep(0, s)
1 1
— / cosh (v/s + (1 —z))po(z)dz + 2/ cosh (v/s +7(1—z)) (yur(s) + ag(s))dz
0 0

(2.22)
Thus
1 9 . )
s Ji cosh (VEFT(1 = )pof)de — — = sinh(/5F7) (s (s) + i (5))

VETsinh(yFTA) + - cosh(y/TT7)
(2.23)

and (tr(s) = suy — uys(0), where ur(0) = 0 is assumed without loss of generality)

p(&,s) =
COSh(me% 1+ sinh(\/mf)] Jy cosh (vs+7(1 —Pz))Po(x)dx
T VT sinh(v/5 ) + - cosh(y/5 7)
3
_ /0 81+ = sinh (v/s + (€ — 2))po(z)dx
+ 12 [cosh(\/m) — 1]
2
——=sinh(y/s +7)(y + s)
_ cosh(\/mf)Jr% ! Sinh(\/mg)] S Peo
veTy VT Asinh(v/5F7) + 5 cosh(y/5 ¥ 7)
3
+ 2/0 \/31+—7 sinh (v/s +7(€ — 2)) (s + 7Y)up(s)dz  (2.24)

10
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In other words, it can be written

p(&.s) = A& 5)p(&, 0) + B(E, s)uy(s) (2.25)

2.2 Time Discretization

Now, having built up the foundation, one will have a look at linear system time

discretization. If a system is represented as
X(¢,t) = AX(¢,t) +BU(t) (2.26)
we will have its solution in Laplace space in the following form
X(¢,8) = (s —A)rX(¢,0) + (s — A)'BU(s) (2.27)

In addition, given a discretization parameter At > 0, a slightly non-standard time

discretization of Equation 2.26 of Crank-Nicolson type is given by [14] as

X(¢, k+1)—X((, k) %AX(C,k+1)+X(§,k:)

B 2.2
L . FBUR)  (228)
Re-arranging Equation 2.28 gives us
X k+1)~ (i — A)—l(i +A)X (¢ k) + (i — A)T'BU(k) (2.29)
’ At At ’ At '

Here, Equation 2.29 is the discrete version of Equation 2.27. Comparing these two

equations, one can conclude that in order to discretize a continuous equation in

2
Laplace space, one can simply replace s by A and one will have the discrete version
as well [14].
There is an extensive discussion over the stability of the numerical methods given in

§2.5.

11



Discretization Procedure for a Simple Case

Consider the simple ordinary differential equation (ODE) given by

z(0) =z (2.30)

it can be discretized with the following schemes.

e Explicit Euler method discretizes the ODE as

n+1 n

"t —x
At
2"t = (At + a)2"

= ax"

e Implicit Euler method discretizes the ODE as

n+1

T — "

At
2" = (a — At) 12"

— aanrl

e Crank-Nicolson method discretizes the ODE as

Q;n+1 — " xn—i—l 4 "

N
At At
JJ"+1 — (1 . a_)—1<1 4 aT)xn

2
alt

1 _
n+1 + 2 n

2
2 2
n+l _ (= -1/ = n
x _(At a) (At—i-a)x

As shown above, in Crank-Nicolson method the coefficient of z™ is the first order

approximation for the exponential expression.

12



Applying the discretization method, the discrete expression for p over time is then

found.

P&k +1) =

2 P 2
{cosh(\/E + &) + §+ sinh( A + ’Yf)}

a7

fol cosh (\/ A2t + (1 — a:))p(x, k)dx
VA 2 +'ysmh( A2t +7) + P7(:osh( Azt +7)
/ Fsmh \/ +(€ ))p(w, k)dz
At

2
+ <2{cosh( A7 +7) — 1]
2 Pe 1 . 2
— |:COSh( Kt + '75) + ?2— Slnh( A_t + '75):|
ar
2

) 2 2
Ty sinh( AT 7y + E)
Var o
\/ A2t + ysinh(y / A2t +7) + P7(:osh( A2t +7)
+ 2/ smh \/ .+ (& — )) (é + 7)dx> ur(k) (2.31)
\ At

X

For k = 1 the above equation holds which implies that one can build the state at
any arbitrary k by starting from k& = 0. It is utmost clear that k£ = 0 is given by the
initial condition.

Therefore, based on what is shown in Equation 2.31, it can be said that p(&, s) is

consisted of two parts; initial condition contribution, and input contribution.

13



Assuming zero-input condition, leads us to

pk+1) =

2 P 1 2
{cosh( N ¥é) + ;—sinh( AT ’Yf)}

which is a function of initial profile po(§) as it is shown.

Now, assuming an initial profile for p(¢,t), one can see the system evolution through
time.

Hence, by taking po(§) = 2m€ — sin(27€), one will have

p(€,1) =

2 P 1
cosh(y/ — +7¢) + =

At 2 2
Var ™

/2 . 2 Pe /2
E+731nh< E—F’Y)—F?COSh( E-i-’)/)

X /01 cosh ( Alt + (1 — x)) (2w sin(27x))dx

_ / ‘ + sinh (, /é (e — x)) (2r€ — sin(2n€))dz (2.33)
0 /Kt +")/

) 2
sinh( AT vE)

Implementing Equation 2.33 in MATLAB, one will see the behavior of the system with

a prescribed initial condition py(§) = 27€ — sin(27€). State evolution is depicted in
Figure 2.2.

Note that in this case since there is no input at the boundary (u; = 0), the
evolution for both p and u would be the same.

14



27€ — sin(27E).

time for po(§)

ion in

Discrete system evoluti

Figure 2.2
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Now, how the input affects the evolution of the system is considered. To do that,

an arbitrary input function will be chosen and the system evolution would be governed

by Equation 2.31.

ctel. Therefore, the governing equation would

21 — sin(27€) and wu(k)
evolution in time is shown by Figure 2.3. Note that in this case, finally system

Here, step input is chosen, i.e. u(k)
be Equation 2.31 where po(&)

cte, and the system

reaches the profile of the input.

21 — sin(27€) and step

Figure 2.3: Discrete system evolution in time for py(§)

input (k)

cte.

Ldenotes constant function

16



2.3 Eigenvalue Problem

Now, looking back at abstract boundary control problem in Equation 2.13.

9
5 = Ap(&,7) + AB(§)u (7) — Biy

e 0.1) Lo o)
ag - 2 P\Y, ) ag -

This PDE can be reformulated on extended state space L§ := L, &V, yielding
e 00 [up(r) 1.
e[ ) [3]s

ey = | WO _ e
(6.0 = 0] = aste 234)

Here, the eigenvalue problem of interest is given by the following equation
Ap = Ao

where operator A€ is given by Equation 2.34 and

A — L‘PB EJ (2.35)

We observe that the operator A€ is a lower triangular operator, therefore the set of

eigenvalues consists of the eigenvalues of the elements on its diagonal, i.e.
o(A%) ={0}Uc(A) (2.36)

Eigenvalues of Operator A

The eigenvalues and corresponding eigenfunctions of A can be found through the
separation of variables [9]. Furthermore, eigenfunctions of the adjoint operator .A*
that satisfy the orthogonality condition (¢;(£), ¢(§)}) = i, can also be computed [25].
For A it is known that

st = 549

—79(8) = —Ag(¢)

So, introducing new operator L, the above equation be written as

166 = T2 1 - 009 (2.37)
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where dg(0) _ P dg(1)
e
—— = —0(0 d——=0
i = 5 000), and <
Equation 2.37 is Sturm-Liouville operator, which is self-adjoint and can be put in the

following general form of this type, i.e.

d*()
dez

+a© a0

L() = aa(8) %

and its adjoint looks like

(a:0)  d(a@()

L*() = TR T + ao(€)(.)

Now, it is known that as(§) = 1, a;(§) = 0, and ag = —y. Therefore, one can say
that L is self-adjoint, i.e. L = L* or A = A*.

Hence, A has a solution for its eigenfunctions of the following form

On(&) = Apcos(v/ A — ¥E) + By sin(y/ A, — 7€) (2.38)

Applying boundary conditions, one has

d¢(0)  Pe _ Pe
TG 7¢(0) = VAn =By = S An

%(;) =0= A,sin(\/ A\, —7) = Bpcos(v/ A, —7)

Therefore one can write

VA —ysin(y/ A, — ) = % cos(v/ An — ) (2.39)

Equation 2.39 is to be solved numerically. Assuming Pe = 2, v = 1, and employing

MATLAB to solve that, the following numerical values for A\, are found:

A = 1.7402
Ao = 12.7349

A3 = 42.4388

Based on the values found for \,,, one can compute the coefficients A,, and B,,. Hence,

eigenfunctions of A are found. Here, ¢,, and A, are the eigenvalues and eigenfunctions
of A.

So, associated eigenvalues of A€ are given by
o(A) ={0}Uo(A)={\} n=01,2... (2.40)
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where Ao = 0, and )\, = \, for n > 1.

Note that if there are m boundary input variables, the zero eigenvalue will be
repeated m times. Here, m = 1 as there is only one input variable.
Since the operator A is self-adjoint, biorthogonality holds over the spectrum of its

domain [25], so
1
ns Pn) — id =1
(om0 = [ ot

Coefficients A,, and B,, are calculated numerically.

Therefore ¢,, are given by

1(&) = 0.8268 cos(v/A1 — vE) 4+ 0.9610 sin(v/ Ay — 7€)
(&) = 1.3110 cos(v/ A2 — ¥€) + 0.3827 sin(y/ Ay — ¥E)
¢3(&) = 1.3816 cos(v/ A3 — v€) + 0.2146 sin(v/ A3 — ¥E)

If ®,, is defined as ®,, = [FI”] as the eigenfunction of A°, one can say

FZ,n
e Fl,n _ Fl,n
A {FQJ =0, [an} (2.41)
. 0
For, n > 1 one can write ®,, = Lﬁ }

For n = 0, it can be written
Fio Fio
A1 7 =04
{FQ,O] {Fz,o

1
Therefore, by utilizing the definition of resolvent sets [9], associated eigenfunctions of
A¢ are given by
1

1 0
Z;'il )\_j <ABv ¢j>¢j

P, = é

,and@n:{ } n=12... (2.42)

Eigenvalues of Operator A

By doing the same procedure as the previous section, one obtains the following ex-
pression for ¥,
1 *

v, = {1} ,and W, = |\ n=12... (2.43)
! ¢
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2.4 Gain-Based Full-State Feedback

In this part the state is inserted as the input to study the behavior of the model.
So, one will have @s(k) = —K2° and in this part there is constant gain, i.e. K = cte.

Hence, our extended state space will look like

wen=[y 2]+ [] e w7

) PP | e .

Now, a new extended state space arises where ¢ = Ax® and

Kl KQ 1 xe

== [AB—BK1 A~ BE,

Expanding our state by the eigenvalues, it can be said

1 o], [ K K, 1[1 o] .
{o @} i = [AB—BK1 A—BKJ {o @} T (245)

Projecting this onto

1 0
1o oan
we obtain
.e u K1 K2 :| |:U:|
e _ 4] 2 ) ) . 2.47
= o) = lomon Semay a-onan]ln] @0
Putting ¢« = 1, it is shown (in §23) that A = 17402 and

dr = ¢ = 0.8268 cos(y/ A — 7E) + 0.9610sin(v/ Ay — 7€).

Therefore, it can be written

i = [;1] = [(ABﬂbl) ]—(1<K137¢1> A — (ng,@)} [;1]

So, the above equation turns into the following simple equation

e = u| K Ky U (2.48)
L7 g | T [2:2340(—y — Ky) Ay — 2.2340K5 | |py '
Now one can find the eigenvalues of the above equation via det(A\ — A) = 0, i.e.
ST A=K, —K,
det(AT — A) = det [2.2340(7 + K1) A=)+ 2.2340}(2} (2.49)

which says that in order to have closed-loop system stability, one has to manipulate

K, and K, such that it is always as ®(\) < 0. In other words, if the system is
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unstable, by proper choice of the coefficients in full-state feedback gains, one can
simply stabilize the system.

Another method is to decompose z¢ by the eigenfunctions of A, i.e.

If K; is at hand, Equation 2.44 becomes

. 0 O 1
if = (O’i + <BBKZ', ‘IIZ>)$Z (250)

This way gives the same result, that is A; must be manipulated such that it is always
R(7) < 0. In other words, if the system is unstable, by proper choice of the coefficients
in full-state feedback gains, one can simply stabilize the system.

2.4.1 Time Discretization

We know that

i =1y = K1 Ko [”fm} = Kyus + Kap

P& 7)
E{Uf} = Suy — Uf(O) = K1Uf + Kgp
K, 1
u= TPt S_Kluf(o)

Without loss of generality, one can assume u(0) = 0, so uy will look like this

Ko
S — Klp

up = (2.51)

Therefore, taking Laplace’s transformation of Equation 2.44, the evolution of p will

be as
sp(&, s) = po(§) = 82%(—52’8) + (=7 = 2K2)p(§, ) + (=27 = 2K4) f(ZKlp(g, s) (2.52)
So, it is
) p(&,s) o 11| PEs) 0
o€ | Op(E.s) | ap(e,s) | T Po(§) (2.53)
8—5 poo 0 8—5 -1
(27 +2K)) K,

where = s+ v+ 2K, +
S—Kl
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Therefore, one has the following solution for Equation 2.53

p(&;s) cosh(/1i§) % sinh(/7€) p(0,)

op(&,s) | (0, 5)
o€ Visinh(y/pg)  cosh(y/mg) 23
3 1 sinh <\/ﬁ(f — ZU))
_ 'z po(z)dz (2.54)
0 cosh <\/ﬁ(§ — x))

Following the same procedure as was done early in this chapter, one has the following

expression for evolution of p(0, s)
fol cosh <\/ﬁ(1 - x))po(x)dx

p(0,s) = Pe
VaEsinh(y/p) + > cosh(y/1)

(2.55)

So, one can write p(&, s) as
fol cosh <\/ﬁ(1 - m))po(x)d:v
Vasinh(y/) + % cosh(y/1t)
3 1
_ /0 ﬁ sinh (\/ﬁ(ﬁ - x))po(x)dx (2.56)

Now, based on what was discussed in §2.2, one has the discrete expression for the

Pe 1 .
plE.s) = | cosh(vE) + 5 = s ()|

above equation as

S cosh (@(1 - x)) ple, k)de
Visinh (/i) + - cosh( /)
(Vi€ — =) )ple, k)de - (2.57)

1
v/ Hd

_/05

P+ 1) = | cosh(y/a6) + o sinh(ﬂdo]

1
sinh
V Hd

2 2y + 2K, K.

where ud:E+7+2K2+(72+—1)2.
— K
At

We see that another condition over the feedback gain arises; K; cannot be chosen

2
equal to AL Hence, K; must satisfy the stability condition for Equation 2.49 and

must hold K; # A Besides, if gains are chosen in advance in order to stabilize the

system, one can say that one is not allowed to take any arbitrary At. So, At must
be chosen such it is always — # Kj.

One of these conditions must be met based on the design requirements.
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Looking back at Equation 2.49, one can assign stabilizing and unstabilizing values to

Kl and KQ.

Similar to §2.2, the boundary condition must satisfy the original PDE. Therefore,
the boundary condition is chosen as same as the way is chosen in that section (i.e.

Numerical Demonstration
Po (5 )

27 — sin(27E)).

For the stabilizing gains, it is well demonstrated in Figures 2.4 and 2.5 that by
changing gain values, the controller has different dynamics. By the proper choice of
Figure 2.4: System converges and has stability, and has a relatively fast dynamics.

the gains system can have the desired dynamics; fast or slow dynamics. Simulations

are conducted via MATLAB.
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Figure 2.5: System converges and has stability, and has a relatively slow dynamics.

by poor choice of the gain values, the system diverges

)

As shown in Figure 2.6

and does not have any stability whatsoever. In this case by simply just manipulating

due to zero-

2
t

K, one is able to make the system unstable. It cannot be put K;

2

:Kt+6’

2

Kt, ie. K1

by putting K slightly greater than

9

however

I

division limit;

the system becomes unstable.
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Figure 2.7: Trajectory of boundary input uy for unstable gain value.

2.5 Numerical Methods

In this section, motivated by [5] and [14], the stability of a generalized, infinite-
dimensional version of symplectic scheme used in this thesis is shown. The resulting
numerical method can be used for input/output simulation of input/output stable
linear dynamical systems that are governed by PDEs, specifically parabolic PDEs in
this thesis, see [14].

The only difference between a first order hyperbolic PDE and a parabolic PDE is pres-
ence of the second order derivative with respect to the space variable. This difference
results in completely different dynamical behavior and mathematical properties. How-
ever, this type of PDE is not studied in this work.

In this section, each Euler method is presented and inspected by a general parabolic
PDE. The stability and convergence of the scheme is then theoretically studied. Nu-

merical examples are given for each case too.
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2.5.1 General Case

To have a coherence and a common frame of reference in studying each numerical
scheme, let us assume the following parabolic PDE as our general system which is

going to be solved via numerical methods.

ox(¢,t)  0%x(¢,t)

TR ac + Wa((,t) (2.58)
with
0r(CH)| _ 0
ac |, oC |,

The stability of the above PDE is dependent on the sign of the parameter V¥, i.e. for
U < 0 the system is stable and for ¥ > 0 the system is unstable.

2.5.2 Explicit Euler

An explicit Euler scheme, sometimes called a forward Euler, is perhaps the simplest
scheme to be implemented. To construct the approximation, one must first deal with
the time derivative in Equation 2.58. Recall that the derivative is defined by

dy yt+h) —y(t)

T A h

The computer has no chance of understanding this quantity. Since we have discretized
the time, no information about the solution on time scales less than At can be found.

This suggests replacing the derivative with

dy _ y(t+ A1) —y(t)
dt At

The forward Euler scheme is as follows.
For1<n<N

y(O) = Yo,
dy
— — F(¢
is approximated by
y(O) = Yo,
Ynt+1 — Yn
R — F(t,, Yn 2.59
= Flta, ) (2.59)

Let 2 = (0; L) be decomposed into a uniform grid {0 = (o < (1 < ... < (yy1 = L}
with (; = th; h = 1/N, and time interval (0;7") be decomposed into {0 =ty < t; <
... <ty =T} with t, = nét = T/M. The tensor product of these two grids gives
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a two dimensional rectangular grid for the domain (0;T). We now expand Equation

2.58 by second order central difference on grid points.

gt — g xl, — 227 a2l
: = : 4 2.60
50 2 + (2.60)
Equation 2.60 can be written in matrix form, so
[1—-20 A 0 0 0 0 |
n+1 n n
e A 1-2X A 0 0 0 “1 vy
Lo ) vy
_ y " T (2.61)
i 0 0 0 -+ A 1-=2X A ’
n+1 n
N 0 0 0 - 0 A 1-—2a L™ Vi

where \ = §t/h?.

Here, the first issue is on the stability in time. When W = 0, i.e. PDE does not

contain any source term, in the continuous level, the solution should decay exponen-
n+1

tially. In the discrete level, one has z;"" = Az} and want to control the magnitude

of z in certain norm.

Theorem 1 When the time step 6t < h*/2, the forward Euler method is stable in

the mazimum norm in the sense that if 7 = Aa? then

12" lloe < 2%l < ll7ollo

Proof. By the definition of the norm of a matrix
N

[Alloo = i:fnL???fNZ |aij| = 2A + |1 = 2)|
j=1
if 6t < h?/2, then ||A||o = 1 and consequently
12" loo < NIANlsollz™ Moo < 2"l

Numerical Demonstration

Now, having the following stable PDE

0z(¢,t) _ 0%x((.1)
= v t v
t
we will see that by manipulating the stability factor b = n2/2 such that b > 1, the

simulation becomes unstable numerically. Although the PDE is stable intrinsically,

the system diverges which is as expected.
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Figure 2.8: The PDE is stable, but the scheme is unstable, i.e. b = 2.666 > 1

2.5.3 Implicit Euler

An implicit Euler scheme is sometimes called a backward Euler.
The backward Euler scheme is as follows.
For1<n<N

y<0) = Yo,
dy
— =F(t
i (t,y)
is approximated by
y(O) = Yo,
yn - yn
HT = F(tni1, Ynt1) (2.62)

Now backward Euler is studied to remove the strong constraint of the time step for
the stability. The method is simply using backward difference to approximate the

time derivative. We list the system below:

no_ gl o= 2x + al
flfz 5:1 _ x1,+1 ;21 Iz—l +\IJ? 1 SZS ]\]7 ]_Sng M (263)
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In the matrix form, Equation 2.63 reads as
(I —AAp)z™ = 2™ 4 51" (2.64)

Starting from z°, to compute the value at the next time step, one needs to solve an

algebraic equation to obtain

" = (I — AA,) (2" + 6t0™)

If there is no source term, i.e. ¥ = 0, our system would be (I — AA,)z" = 2"~ 1.

Note that it has been defined

[—2 1 0 0 0 0]

1 -2 1 0 0 0
Ay = . . .

0 0 0 --- 1 -2 1

(0 0 0 - 0 1 -2

Theorem 2 For the backward Fuler method, we always have the stability.

12" [loo < 12" loo < llzolloc

Proof. We shall rewrite the backward Euler scheme as
(L+2\)af = 2P~ + Ay + Ay
Therefore, for any 1 <7 < N
(1+2N)]27] < 2" oo + 22|12 |oo
which implies
1+ 20 [l27lloo < 12" floe + 2M[[2" s

and the desired result then follows. =

Numerical Demonstration

1
The amplification factor here is € = , which is clearly
m 4At . 5 (kh
—————sin“ ( —
h2(1 + AtW) 2

le| <1 for every At at each time step. Hence, the scheme is unconditionally stable.

This scheme can turn an inherently unstable system into a stable discrete system.
Assuming the following unstable PDE
dx(¢,t) _ Px(( 1)
ot 0

The result is shown in Figure 2.9.

+ Vz((,t), ¥>0
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Figure 2.9: The PDE is unstable, but the scheme is stable.

2.5.4 Tustin’s Method

Here, the approach used is Tustin’s method which for any stable continuous system,
returns continuous discrete system, see [14]. In other words, Tusin’s method does not
affect the stability of the system and that is the reason that this method is used to
discretize the system in this work.

In numerical analysis, integration schemes that preserve energy equalities or more
complex invariants of the system are called Hamiltonian or symplectic, respectively.
The Tustin scheme (Equation 2.28) for linear systems is the lowest order symplectic
integration scheme from the family of Gauss quadrature based Runge-Kutta methods.
There exists an extensive literature of symplectic schemes given in [13].

To briefly show the stability region of the symplectic method, from [13] and [14] the

following is given.
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For1<n<N

y(0) = vo,
dy

A
a Y

is approximated by
Yn+1 — Un )\yn—i-l + )\yn

At 2
So it can be written
hA
1+ 7
Yn+1 = —h)\yn = G<h)‘>
1— -2
2

From [13], it is known that (m,n) Padé approximation for e* is

. l+az+-+apz™
e =
1+aiz+--- 4 a2

therefore, for (1,1) Padé approximation of e*, the following holds

1+

And it is known that for stability, it is required that |G(hA)| < 1.

By using a conformal map as suggested by [13], it can be said

z
142
9 24z G—-1
(=) 1_% 2—: TG+l

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

By assigning numerical values to G and using the mapping above, peer points in

z-plane are found. The mapping is graphically shown in Figure 2.10.

O: G=0= 2= -2
A: G=1=2=0

 — 1

B : G:i:>z:22_
1+ 1

C: G=-1"= 2z > ix
C: G=-1"—= 2 > —ico

D: G=—-1=2z=-2
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G plane B’
B z—plane

Figure 2.10: Mapping from discrete to continuous space via symplectic Euler

2.5.5 Conclusion

To have a conclusion over these schemes, one can have the following graph. The
graph shows that the symplectic scheme preserves the stability status of the system

as expected, while for the other methods stability is case-sensitive, see [14].

700

(b) ()

Discrete Continuous Discrete Continuous Discrete Continuous
stable = stable stable = stable stable = stable

Can have continuous stable, Can have continuous unstable,

discrete unstable. discrete stable.

Figure 2.11: (a) Forward Euler, (b) Backward Euler, (c) Symplectic Euler

33



Chapter 3

Optimal Controller Design

This chapter addresses the optimal control of tubular leads modeled by a parabolic
PDEs.

Control of transport systems, which are described by parabolic PDEs has been stud-
ied by many researchers (e.g. [8], [11], [17] and references therein). In these works,
modal decomposition is used to derive finite dimensional system that captures the
dominant dynamics of the original PDE and is subsequently used for low dimen-
sional optimal controller design. The potential drawback of this approach is that for
diffusion-convection-reaction systems the number of modes that should be used to
derive the ODE system may be very large, which leads to computationally demanding
controllers, see [22].

Boundary control of parabolic systems have been explored in few studies. Curtain
and Zwart in [9], Emirsjlow and Townley in [12], Yapari in [28], and Mohammadi
in [22] introduced transformation of the boundary control problem to a well-posed
abstract control problem using an exact transformation. Byrnes et al in [6] studied
the boundary feedback control of parabolic systems using zero dynamics. The pro-
posed algorithm is designed for parabolic systems with a self-adjoint spatial operator.
Parabolic systems with non-self-adjoint spatial operators were introduced by Amund-
son in [24]; however, due to mathematical complexity, boundary control approach
through abstract control problem has not been done much. One proposed solution
is via backstepping method with some less theoretical complexity (see [19], [16], and
references therein).

The topic of optimal control of infinite dimensional systems is explored by many re-
searchers ( [2], [28], [22], and etc.), but time discretization issue was not discussed too
much. The novel idea of this work is that the optimality notion of the controller is
studied by exact time discretization. Exact time discretization for a class of parabolic

PDEs is studied by [27]. In this thesis, optimality of the controller design is added to
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this method.

Although the emphasis of this thesis is on tubular reactors, the general idea and
developed controllers are capable of controlling any system that is modeled by the
studied class of DPS in this work.

Current chapter focuses on the infinite dimensional control of a system represented
by a parabolic PDE. The only difference between a first order hyperbolic PDE and
a parabolic PDE is presence of the second order derivative with respect to the space
variable. This difference results in completely different dynamical behavior and math-
ematical properties. Unlike hyperbolic systems, for parabolic systems the operator
Riccati equation cannot be converted to a matrix Riccati equation. Therefore, one
needs an alternative method to solve the operator Riccati equation. Here, method
used by [9] is employed to solve the Riccati equation.

The boundary control problem is already transformed into a well-posed abstract
boundary control problem by applying an exact transformation similar to the trans-
formation introduced by [9]. The stabilizability of the resulting systems is also in-
vestigated. Stability of linear parabolic systems with constant coefficients is studied
by [26], and [10] for the special case of a tubular reactor with two state variables. Fi-
nally, by using the spectral properties of the system, the operator Riccati equation is
converted into a set of coupled algebraic equations, which can be solved numerically.
It is solved via Newton’s method in this case. The Riccati equation is solved for the
continuous case and the result is then used for the discrete case.

In this work, our focus is on parabolic systems defined in one-dimensional spatial
domain, but the approach can easily be extended to a more general form of parabolic

systems with 2D or 3D domain in space, see [22].

3.1 Continuous Optimal Controller Design

In this section, a linear-quadratic optimal controller is formulated for a system de-
scribed by 2.34. The state-feedback controller assumes that full state measurement is
available. The existence of the solution for the L control problem requires that the
linear system is exponentially stabilizable and detectable. These two properties will
be investigated and in the following sections. Then, it will be proven that the infi-
nite dimensional system in Equation 2.34 is a Riesz spectral system. In this section,
one will use the spectral properties of Riesz spectral systems to solve the LQ control
problem, see [9].

The linear quadratic control problem on an infinite-time horizon employs the cost
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function:

J(xo,u) = /Ooo(xe(s), Qz°(s)) + (u(s), Ru(s))ds (3.1)

where u(s) and 2¢(s) are the input and state trajectories, respectively. ) is nonneg-
ative operator in £(X) and R is a self-adjoint, coercive operator in L(U).

The control problem is to minimize the above cost functional over the trajectories of
the state linear system X (A¢, B¢, C°).

It is well-known that the solution of this optimal control problem can be obtained by

solving the following algebraic Riccati equation (ARE) by [9]:
(A0, Thag) + (Tlaf, A%a) + (Caf, C°Qus) — (BT, RV B Tlag) =0 (3.2)

When (A€, B¢) is exponentially stabilizable and (C¢, A®) is exponentially detectable,
the algebraic Riccati equation 3.2 has a unique nonnegative self-adjoint I1 € L(H)
and for any initial state zf; € H the quadratic cost 3.1 is minimized by the unique

control Uy, given by:
uopt(87 x8> - _R_lBe*szpt(S)ﬂ xzpt<8) - TfBeR_lBe*ng (33)

In addition, the optimal cost is given by J(z§, uopt) = (x§, x).

The ARE 3.2 is valid for any infinite dimensional system, but depending on the
characteristics of the infinite dimensional system different approaches are needed to
solve it. For Riesz spectral systems, the spectral properties of the system can be used
to solve the ARE 3.2. It is known that ®,, are the normalized eigenfunctions of A¢. If

x{ and z§ are taken as z{ = ®,, and z§ = ®,,, then the Riccati equation 3.2 becomes:
(A°®,, 11®,,) + (1D, A°®,,) + (®,,Q®,,) — (BII®,, R'B 1I®,,) =0 (3.4)

Assuming R = I and a solution of this form II(.) = > Tl,( ., ®,,)®, for II,

n,m=0

turns Equation 3.4 to the system of infinite number of coupled scalar equations:

(00 + ) M + Qum — > Y BullyIliy = 0 (3.5)
k=0 1=0

where By, = (B*B® ®,,,®,,) = (B¢ ®,,, B* ®,,) and Q,,, = (®,,, Q®P,,).
Using the spectral properties of the Riesz spectral systems, the operator Riccati
equation 3.4 is converted to a set of coupled algebraic equations that can be solved
by any numerical algorithm. Then the main step to solve the optimal control problem
for these systems is to calculate the spectrum of the operator A¢, which is already
done.

Note that since II is a self-adjoint operator, IL,,, = Il,,,. As a result, Equation
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3.5 gives mnt+l) coupled algebraic equations that should be solved simultaneously
where n is the number of modes that are used to formulate the controller. In this
work, the first two modes were used for numerical simulation. The computed LQ
controller was applied to the model of the reactor.

Employing two modes to calculate II, there are three coupled quadratic equations,

i,e. n,m =0,1. So, it can be said

20’0Hoo + QOO - BOOHSO - 2BOIHOIHOO - BllH(2)1 =0
201111 + Q11 — B00H81 — 2By 1111111 — BnH%l =0
(00 + 01)Ip1 + Qo1 — BoollpoIlor — BU1H(2)1 — BoiIlpollyy — Billpi Il =0

Therefore, using a preferred numerical method to solve the above coupled equations

(here Newton’s method) one has the following for each coefficient by assuming @ = 1

HOU = 1
Moy = TMyo = 0 (3.6)
Iy, = —0.227723

Hence, our II will be equal to
() = (., ®0) Py — 0.227723( . , D) P, (3.7)

Recalling Equation 2.42, if AB is replaced with —2~, for ®; one can write

1 1 1

= 1 = 1 = 1
P0IBT SR 2o | T -2 S b €,
J J J

Using first three modes to approximate the second element of @, it can be said:

1
= 1

Po= |2y X+ b erl)ages
J

1
2y ()\il [l é1(6)dcor + )\% [ da(6)de s + %3 N ¢3(€)d§¢3)

(3.8)
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Deriving Equation 3.5

Conversion of Equation 3.4 to Equation 3.5 is done through the following procedure.

Recalling Equation 3.4, it is known that:
(A°®, 11®,,) + (I®,, A®,,) + (®,,Q®,,) — (II®,, B°B Id,,) = 0

Knowing that o, is an eigenvalue of the operator A°¢ and ®,, is the corresponding

eigenvector, one has

(A°®,, 11®,,) + (II1®,, A°®,,) = (0, P, [1®,,) + (1P, 0, P,)
= 0, (P, U®,,) + 0, 11D, P,,)
= opllpm + omlln,
= (Un + Jm>Hnm
Now let us calculate the last term of the Riccati equation 3.4. From [9], it is known

that any element in the space can be written uniquely in the Riesz basis; particularly,

one claim that

BB ¢ =Y (B°B“¢, ®;)®;
k=0
Therefore,

(1@, B°B° I®,,) = <H<I>n, > (BB I, ¢>k><1>k>
k=0

(B°B*TI®,,, ®;)(I1®,,, ®;)

W

iy
o

(I1®,,, BB &)},

[M]#

iy
o

[M]¢

<H¢m, > (BB ¥y, <I>,><§,>H,m
=0

iy
o

(BB &y, &) (11$,,,, &)1,

NE

x>

J1=0

= Bullullg,
k=0

= Z Bl 1,

k,1=0

Hence, if Q,,, is defined as Qyp, = (®,, QP,,), Equation 3.5 is found.

38



It is utmost obvious that in order to implement a continuous system via computer,
its discrete version should be provided or the continuous case must be somehow
discretized. In this work, the exact discrete model in time is provided by the proposed
method without the need of space discretization. Besides, the continuous case can be
modeled through an approximation method (e.g. spectral decomposition, see [25]).
Therefore, in order to have a frame of reference to compare the performance of the
controller, both results are compared.

To model the continuous case optimal controller, one can use the spectral property of
the extended state space method, i.e. to approximate the system by its eigenfunctions.

To do so, one can write

i(en) = | 4 4] wen+ | | reen

where K = — R B*II.
From [25] it is known that z¢(§,7) = "2 a;(7)®;(§). Therefore, by expanding the
extended space and projecting the resulting equation onto adjoint space of operator

A, one can say
as(7) = (ai (BB, (¢), \Ili>)ai(7) (3.9)

Now, by using finite number of eigenfunctions, one can approximate the evolution of

a; in Equation 3.9 over time. Hence, the evolution of p can be found.
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3.2 Discrete Optimal Controller Design

Consider continuous-time state linear system (A, B, C') on the Hilbert space H and
its related discrete-time system Y4(Ag, By, Cq, Dg) with —1 € p(Ay). From previ-
ous section, it is known that the following relationship holds between discrete- and

continuous-time spaces

A= (I+A) A1), (
B =+2(I + Ay)"'By, (
C = V2C,(I + Ag)~Y, (3.12
D = Dy — Cy(I + Ag)" "By (

Note that even if our continuous-time space does not have D, our discrete-time sys-
tem will always have Dy which is an important point. In other words, input has
contribution in at least one of discrete or continuous cases.
From [29] and [9], it is known that the following discrete algebraic Riccati equation
(DARE)

AXTA; — 1T+ C5Cy — K*(BiIIB, + D5Dy) 'K = 0 (3.14)

has a unique nonnegative solution II € £(#) if and only if the continuous ARE has a
solution. And the solution for II in continuous case would be the solution in discrete
case as well. Here K = B3IIA,; + D;Cy.

Besides, it is known that continuous-time ARE has the following form
[MA + ATl + C*C — (IIB + C*D)(D*D) Y (D*C + B*I) = 0 (3.15)

Now, based on what was found in previous section, one has the solution for DARE
and therefore can design the discrete L(Q controller.

First, for obtaining Ay, based on the definition of resolvent sets, one can write

= (I+A) (A —1T)
— (A+ 1) - A)

(A+1)) — A ®; (3.16)
=1

)

And By has the following form

B =V2(I+ Ay)"'By

Q(I + Aq)B

By = 5
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Furthermore, if C' = I, one can say that

I =201+ Ay~
V2

Ca= 71(1 + Ag)
Cy = g(l + Ay) (3.17)

Besides, it has been already assumed D = 0, so our Dy is achieved as follows

D, = Cd(I + Ad)_le

2
Dy = %(I + Ag)(I + Ag) ' By

5
Du = \/T—Bd (3.18)

Note that even if our continuous-time space does not have D, our discrete-time sys-
tem will always have Dy which is an important point. In other words, input has
contribution in at least one of the discrete or continuous cases.

Hence, K would have the following structure
1
K = B (HAd +5+ Ad)> (3.19)

Note that K is only used to simplify the equation and does not have anything to do
with optimal gain.

Since the continuous case has a solution II, our discrete case has the same solution
and there is no need to solve the above DARE. However, the corresponding equations
to solve DARE are brought too.

From [9], it is known that the unique control input for the discrete case would be
Gopt (k) = —R™ B T2® (k) (3.20)

Besides, here the evolution of p(, k) is of importance to us. Therefore, K = R~!B¢ TIA®

and system can be simulated as well using the same approach as §2.4.
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Recalling Equation 2.31, the discrete system looks like this

P&,k +1) =
2 Pe ) 2
cosh(y/ 7 + vE) + 5 sinh( ~ T

N

1 2 —x))p(x, k)dx
\/?Smh(\/gﬂ%cosh(\/?) /OCOSh( i T
/ Fsmh (f 55 + (€~ 0)p(z, R)da
At

2 2
cosh(y/ 2+ 7€) + N sinh(y/ 7 +7¢)
S T 1
2
-2 5 5 Al = 5 /Cosh( At—{—’y(l z)) (yup+ay)de
3 0
\/At—l—’ysmh( At—i—”y)—l—?cosh( At+’y)

+ 2/ F sinh ( + (€ =) (yuy +ag)de
At

1
where 4y = y. So by assuming us(0) = 0, it can be said uy = —@. In discrete case
5

At

one should write uy = 7u £

Now it can be said

Aq() = {cosh( Ait +~€) + %\/% sinh( Ait + 75)}
at?
fol cosh <\/ A2t +~(1 — :c))( ydz
X

\/thwsmh(,/zt+7)+%cosh(,/§t )
sinh ,/ (€ — ))(.)dx (3.21)
/ \/: ¢
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and

\/ Ait +7sinh(\/é +7) + P7cosh( Azt +7)
X / cosh (\/ AQt + (1 - x)) (7% +1)dz(.)
At
+ 2/ \/7 sinh ( \/ +7(§ —x)) (77 +1)dz(.) (3.22)
Aty

As shown in Appendix A, by employing the method used in [21], Bj is then

calculated as

Be()— 2 cosh(\/Ait—i—’y(l—{))(’y%le)
d \/Zt—l—ysmh(ﬂjt+7)+P7cosh(,/zt )
x/ol [Cosh(\/éjtfyx)—l—%\/%sinh(wé—l—fm)}dx(.)
a7

_l’_
At
+ 2/ ————sinh ( \/ +y(z =€) (”y% +1)dz(.) (3.23)
V At

Applying proper initial conditions which must satisfy the original PDE, it can be

written
Po(€) = 2m€ — sin(2r)

Note that here any boundary condition that satisfies the original PDE can be applied.
The above boundary condition is implemented without loss of generality, and can be
replaced by another condition of a choice.
Therefore, the simulation of full-state feedback optimal controller can be done with
the above gain and state space model. Simulations are conducted via MATLAB.
Besides, to show the effect of II approximation, trajectories of boundary control
input for two different Ils are brought in Figure 3.3. It is obvious that by increas-
ing the order of approximation for II, the performance of the controller is improved.
Besides, it must be noted that from a step ahead, increasing the approximation of II

will not have any significant effect on the performance of the controller and will only
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— Discrete case

Continuous case

Figure 3.1: Trajectories of boundary input for optimal controller of continuous and
discrete time.
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timal full-state feedback controller.

. State evolution via op

Figure 3.2
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Table 3.1: Comparison of the cost function for continuous and discrete cases
Controller J
Continuous case 71.4650
Discrete case with first two ® 54.3307
Discrete case with first three ® 49.3975

cost more numerical calculations, see [22].

Solution to ARE and DARE for a Simple Case

Consider the 1D equation below

T=2r+u

y=x+u (3.24)
the algebraic Riccati equation is given by
PA+AP+C'C—(PB+C'D)(D'D)"(D'C+B'P)=0

Solving this equation and knowing that P > 0, one can see that P = 0 is a solution
to above ARE.
Solving the discrete case Riccati equation based on the definitions for A, By, Cy,

and Dy will give the following
AfTA; — T+ C5Cy — K*(BiIIB, + D5Dy) 'K = 0

Here K = Bj11A; + D;Cy.

Finding the discrete coefficients and knowing that for DARE P > 0, one can see the
solution to the DARE would be P = 0.

Hence, the solution to ARE is equal to DARE.
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0.2 ! ! ! ! !
— with first two ®
—— with first three ¢
| - - - L '
0 0.5 1 1.5 2 2.5 3
T

Figure 3.3: Effect of the Il approximation on the trajectories of boundary input.
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3.3 Stability Analysis

Theorem 3 Consider the extended operator { A°(t) }i~o given by Equation 2.534. Then,

{A%(t) }1=0 is a stable infinitesimal generator of Cy-semigroup on H.

Proof. Operator A is a self-adjoint spatial operator. Therefore, A is the infinitesimal
generator of Cy-semigroup T, [26], [10]. As discussed in eigenvalue problem (§2.3),
eigenvalues of A consist of eigenvalues of A and 0. So, operator A€ has real, countable
and distinct eigenvalues. Furthermore, eigenfunctions of A€ are biorthogonal. Thus,
the operator A° is a Riesz spectral operator [10]. By [9], Lemma 3.2.2, the operator

A€ is the infinitesimal generator of the Cy-semigroup 7 given by

() = [T; ” ;} (3.25)

where

Toy(t)x = /OtT(S).ABJ?dS (3.26)

Theorem 4 Consider the state linear system X(A, B, —), where A is a Riesz spectral

operator on the Hilbert space Z with compact resolvent and the representation

Tn

Az =AY (2, 0n))bng (3.27)
n=1  j=1
for z € D(A) = {z € Z| 3202, [Ml? 2000 (2, dnj)|? < 00}, where {A\,,n > 1} are
eigenvalues of A with finite multiplicity r,,, and {¢,;,j =1,...1,,n > 1} are gener-

alized eigenfunctions of A (and A*). B is a finite rank operator defined by
Bu = Z bju;, whereb;, € Z (3.28)
i=1

Necessary and sufficient conditions for ¥(A, B, —) to be [-exponentially stabilizable
are that there exists an € > 0 such that ag_E(A) comprises, at most, finitely many

eigenvalues and
<b17 wn1> tee <bm7 wn1>

rank =7, (3.29)

<b17 ¢nrn> e <bm7 77b7l7'n>
for all n such that A, € o5_(A).
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Proof. Since 0;;76(14) comprises at most finitely many eigenvalues, ZE[G is finite
dimensional. Therefore, A satisfies the spectrum decomposition assumption at f—e [9]

and the corresponding spectral projection on the finite dimensional subspace ZE_E is

given by
1
Ps_ez = 2 - ()J A)Tzdr = > Z 2, 8n;) Bnj (3.30)
)‘"G%_e Jj=1
Consequently, it can be shown that
Zg—e = Span {¢n]7] = 17 e ,Tn} (331)
)\REO';_E
Z5 .= span {¢n;,j =1,....m} (3.32)
)\TLGO' —e
Tﬂ__e(t)z = oAnt Z(z, Unj) Pnj (3.33)
)\nGO'E j:l
)\nGU Jj=1
Z Z (B, n;) n; (3.35)
AnEU

From this, it is seen that Tﬁ:e(t) is a C’O-Semigroup corresponding to a Riesz spectral

operator on Z, .. Hence, it satisfies the spectrum determined growth assumption and

it is f-exponentially stable. Now, one shall show that the finite-dimensional system

Z(Ag €,B§ ., —) is controllable. It can be done by proving that the reachability

subspace of X(Aj_, B;_.,—) is dense in Z;__. From [9] (Definition A.2.29), R is

dense in Zg[e if and only if when for the orthogonal complement of R we have
+ =10}

Both R and R* are given as
R:={2€Z} | 37>0and u € Ly([0,7];U)
s.t. z :/0 Ty (1 —s)Bj_.u(s)ds} (3.36)

L={rezZf |(z,y)=0,YyeR} (3.37)
In order to have R+ = {0}, there should be no = € ZJr that is orthogonal to the

reachability subspace R. This means that for every x € Zg ., there is a u such that
(z, [y T3 s)Bj_.u(s)ds) # 0. As shown in [9], this condition is equivalent to

> ”Z  6ni) (B, ) # 0 (3.39)

An€og Jj=1

—€
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Therefore, it can be shown that it is equivalent to say that
B, U, #0 (3.39)

<b17 wn1> U <bm> wn1>
: : (3.40)

<b17 wnrn> e <bm7 :lb'r”"n>

(Ut ¥n1) o (U Yma)
U, = : : (3.41)

(Wi, Yor) o0 (s, Vo)
If rank(B,,) < r,, there exists a u # 0 such that B,U, = 0. Thus, the system is
uncontrollable if rank(B,,) < r,. If rank(B,,) = r,, the only solution for B,U, = 0 is
u = 0 and therefore R+ = {0} and the system is controllable.
By duality, as shown in [15], ¥(A, —, C) is S-exponentially detectable, if X(A*, C*, —)
is f-exponentially stabilizable. Similarly, the system (A€, — C°) is S-exponentially
detectable. m

Remark 5 Consider the infinite dimensional system (A, B¢, —) given by Equation
2.34. As discussed in eigenvalue problem, the eigenvalues of A® consist of eigenval-
ues of A and 0 with finite multiplicity m. Since A is Sturm-Liouville operator, the
spectrum of A is finitely bounded (i.e., there exists an w such that all A € 0(A) < w).
Therefore, for any arbitrary (3, U;LG(.Ae) comprises finitely many eigenvalues and the

first condition of previous theorem holds.
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Chapter 4

Summary and Conclusions

This thesis was concerned with the problem of the infinite dimensional optimal con-
troller design for distributed parameter systems with special emphasis on transport
processes (i.e. tubular reactors) that are normally modeled by partial differential
equations. It is obvious that the governing transport phenomenon in this system de-
termines the type of the PDE involved in the modeling, which in this case is parabolic
PDE. The goal was to develop the required mathematical tools for solution of the
optimal control problem for a general class of distributed parameter systems repre-
senting a tubular reactor with minimum number of simplifying assumptions in the
modeling of the reactor. Besides, it was desired to show the implementation of exact
time discretization for designing the optimal controller.

Chapter 2 addressed the problem of the tubular reactors and self-adjoint operators.
The mathematical modeling of tubular reactors via parabolic PDEs was shown. The
governing PDE was turned into well-posed abstract boundary control problem via ex-
act transformation. Then the eigenvalue problem of the governing parabolic spatial
operator was solved and corresponding eigenvalues and eigenfunctions of the self-
adjoint operator were found. Then, the proposed time discretization method was
brought up and applied to the problem. Discrete system evolution through time was
then studied; first, the evolution of the system was inspected under no control input
and some prescribed initial condition. After that, system evolution was studied un-
der the effect of constant input. At the end of this chapter, a gain-based full-state
feedback controller was designed and the system response to different gain values was
studied via numerical simulation. In the last section of this chapter, numerical models
for time discretization were discussed. Explicit Euler method was first introduced and
its stability condition was shown through theoretical formulation. Then a numerical
simulation was run for a general case and the effect of this method over stability was

shown. Implicit Euler method was after that treated with the same approach and it
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was shown that this method does stabilize every system, regardless of their intrinsic
stability. There was a numerical simulation of the general case to show these results
for this method too. Finally, symplectic Euler method was introduced and its region
of stability was shown. Through conformal mapping it was depicted that this scheme
does not have any effects on the stability of the system. As a conclusion, a mapping
was given to show the stability region and the effect of each scheme on the stability
of a system.

In Chapter 3, optimal boundary control of infinite dimensional systems described
by a parabolic PDE with was studied. Using an exact transformation, the boundary
control problem was transformed into a well-posed infinite dimensional system. It
was proven that the resulting system is a Riesz spectral system. Stabilizability of the
system was investigated using the spectral properties of the system. The spectrum
of the system was required to solve the optimal control problem for Riesz spectral
systems and it was solved in Chapter 2. Then, by using the spectral properties of the
system, the operator Riccati equation was converted to a set of algebraic equations
that could be solved numerically. The LQ problem was first solved for the continuous
case and after that the solution for II was used for discrete case. The performance
of the formulated controller was then compared to a LQ controller from continuous
case. Simulation results showed that the infinite dimensional controller with exact

time discretization leads to better performance in terms boundary input trajectory.

4.1 Directions for Future Work

This thesis took a leap towards building required tools for solution of optimal control
problem for a class of distributed parameter systems with special focus on tubular
reactors with self-adjoint operators. It was shown that exact time discretization is
applicable to this type of PDEs. A number of challenges remain in the development of
the infinite dimensional controller for processes modeled by a general form of infinite
dimensional systems.

The method proposed in Chapter 2 had a limitation on the structure of the oper-
ator A. In order to solve the eigenvalue problem it was assumed that the infinite
dimensional operator had a triangular form, which means the coupling of the state
variables is one way. Solution of the eigenvalue problem for general form of infinite
dimensional operators cannot be performed analytically. For special cases the infinite
dimensional operator can be triangularized using a transformation. Exploration of
the conditions for existence of such a transformation is the topic that needs to be

addressed in future work.
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Besides, non-self-adjoint operators can be studied, for which the eigenvalue problem
can be of a more complex form. For example, special case of boundary value problems
with mixed and oblique derivative boundary conditions can be studied. In that case,
complex variables arise in eigenvalue problem. This would be a potential topic to be

investigated in future endeavor.
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Appendix A

Calculation of BZ’fl

To obtain the adjoint of the operator By, one will use the adjoint property from [21].
Therefore, for a spatial operator F and any arbitrary functions ® and ¥ in Hilbert

space H, there will be
(FO,U*) = (O, F*U™) (A.1)

where the asterisk denotes the adjoint of each element here.
Now, doing the same procedure for By, one will have:

i+7€)

P
cosh( © Al

2 1
1 N TE 72—+
(By®, W) = [—2 Var '’
2 2 Pe 2
0 VAT 7 sinh( T v) + > cosh( AT )
X 1 h — ﬁ
/ Ccos (“At +7(1—2)) (v 5 +1)®(z)dx

+2/ Fsmh ,/ + (€ — ))(7%—1—1)@(@@5
At

sinh(

wr(€)dg

(A.2)

56



Now, by taking W* into the integrals, Equation A.2 becomes as

P
cosh( —i— ~v€) + 52; sinh( é + 7€)
v
(Ba®, 1) / / 2 = Pe 2
— +7smh( A7 +79) + 7cosh( A7 +7)
x cosh ( K + (1 —z)) ('y% +1)®(x )\y*(g)} dx dé¢
At
+ 2/ / sinh ( E + 7(5 z)) (77 + 1) O(2)¥* (&) do d¢
cosh(y/— +7§) sinh( 2 + 7€)

PED At
— —I—Wsmh(\/Al—ky) +%C08h(”%t+7)
x cosh (,/— +7(1 —2)) (7% + 1)<I>(x)\lf*(§)] d¢ da
+ 2/ / sinh ( Ait + (£ — z)) (’y% + 1)@ (2)T*(€) d¢ dz

(A.3)
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Now, by interchanging the roles of  and &, one can write

P 1 2
cosh(y/—— ~|— 'y:c) + 2e 5 sinh(4 / Y + )

——l—wsmh(“%t+7)+P7cosh(\/%t+7)
x cosh ,/— +7(1-¢)) (7% + 1)@(5)\11*(95)} da d¢

At

+ 2/ / sinh ( é +7(z = ) (77 +1)®(6) ¥ () da dE

(By®, ")
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Therefore, it is obvious that the adjoint of the operator By is defined as

2 At
cosh (4/ T v(1-¢)) (77 +1)
Bi() = -2
l + i h( l + ) + E h( i + )
V At 7R At 9 At
! | 2 Pe 1 ]2
X /0 [cosh( Y +yz) + T T sinh( A + Wx)} (\)dz

a7

At

LS| _ /2
At
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