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il
Abstract

The formalism of variations of local systems is applied in a geometric setting to define a
notion of geometric variation of local systems; this provides a natural framework with which
to study families of fibrations of Kahler manifolds. We apply this formalism in various
contexts, starting with an examination of the moduli space of rational elliptic surfaces with
four singular fibres. From there, we use the quadratic twist operation to construct families of
K3 surfaces and examine the resulting geometric variations of local systems. We then proceed
to study families of K3 surface fibrations. Specifically, we study families of M-polarized
K3 surface fibrations and M,,-polarized K3 surface fibrations in the context of geometric
variations of local systems; in particular, we are able to show how to obtain the fourteenth-
case of integral variation of Hodge structures from the Doran-Morgan classification in this
setting. Finally, we explain the connection to geometric isomononodromic deformations and,

more generally, to solutions of the Schlesinger equations.
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Chapter 1

Introduction

In his own thesis [21], Doran described a class of isomonodromic deformations of Fuchsian
equations coming from geometry and named them geometric isomonodromic deformations.
His interest at the time was in finding interesting algebraic solutions to the Schlesinger
equations, of which the sixth Painlevé equation is a special case. By examining the kinds
of geometric isomonodromic deformations that arise from Herfurtner’s classification of the
moduli space of rational elliptic surfaces with four singular fibres [23], Doran was able to
determine the totality of geometric isomonodromic deformations that gave rise to solutions to
Painlevé VI—there were essentially only five of them. The perspective taken in [21], and the
follow-up article [15] was tailored to the period map associated to the differential equation.
This has the effect of inducing an equivalence relation, known as projective equivalence on
the kinds of differential equations in consideration. Such an equivalence relation is also
natural from the standpoint of isomonodromy, but it is not so well-behaved geometrically.
For example, it is possible for two elliptic surfaces to have projectively equivalent Picard-
Fuchs equations without themselves being isomorphic. Indeed, consider any elliptic surface
and apply a quadratic twist.

The goal of this thesis is to refine the notion of geometric isomonodromic deformations
in such a way that we remain sensitive to the underlying geometric structures involved.
This is accomplished in the following manner. Dettweiler-Wewers in [12] have developed a
formalism for studying variations of local systems of R-modules where R is a ring with unit.
Roughly speaking, a variation of local systems is a family of local systems V, parameterized
by a topological space A where each V), is a local system on a punctured sphere. The
sheaf of R-modules on A whose stalks are equal to the parabolic cohomology groups of

the local systems V, is a local system on A that captures information about the variation.
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In the setting where f: X — A is a family of Kahler manifolds for which each X, itself
admits a fibration of Kéhler manifolds, we then imagine the local systems V, as describing
structures related to the “internal” fibration on each X, and then the parabolic cohomology
local system W on A is a local system capturing information about the “external” fibration
f: X — A. These parabolic cohomology groups have already proved useful in studying
K3 surface-fibred Calabi-Yau threefolds. Indeed, the article [18] explains how the parabolic
cohomology of a single K3 surface fibration can be used to compute the hodge numbers
of the total-space threefold. A key component in these computations was the fact that
the parabolic cohomology groups involved admitted polarizable Hodge structures, thanks to
results of Zucker [45]. While it was observed in [18] that several of these K3 fibrations move
in families, the investigation of the corresponding family of parabolic cohomology groups
was left open. Zucker’s results are quite general and equip the parabolic cohomology groups
of “geometric” local systems with Hodge structures in a general setting. By combining these
results with the variation of local system formalism, we are led to the notion of geometric
variation of local systems. In short, this is a family of variations of Hodge structures whose
parabolic cohomology local system is itself a variation of Hodge structure. This is the natural
successor the notion of geometric isomonodromic deformations and allows us to capture more
of the underlying geometric structures.

Just as important to the subject as the formalism are the algorithms developed in [12]
to compute the corresponding parabolic cohomology groups and the monodromy represen-
tations for the corresponding local systems. By implementing these algorithms in sage, we
are able use these algorithms to compute monodromy representations for many interesting
variations of local systems. Since the algorithms developed in [12] are valid for rings with
unit, we are able to work with Z-bases of parabolic cohomology and obtain Z-valued mon-
odromy matrices. In this way, we remain sensitive to the integral structure underlying the
geometry.

Chapter 2 of the thesis is devoted to recalling and developing the formalism needed to
introduce geometric variations of local systems. In Chapter 3 we explore many of the geo-
metric variations of local systems that come from Herfurtner’s list. As it turns out, there
is a whole array of interesting geometric variations of local systems that can be found in
Herfurtner’s list, despite the fact that it led to so few interesting geometric isomonodromic
deformations. From the Herfurtner list we consider families of K3 surfaces that are obtained
by applying quadratic twists. By computing the monodromy representations of the corre-
sponding parabolic cohomology groups, we are able to compute the Picard number for many
of these families by deciding whether or not the representation is irreducible.

Chapter 4 moves up a dimension and considers geometric variations of local systems
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corresponding to K3 surface fibrations. Specifically, we study manifolds that are fibred by
M-polarized K3 surfaces, where M is the rank eighteen unimodular lattice H @& Eg @ Eg, as
well as M,,-polarized K3 surfaces, where M,, = M @ (—2n). Starting with the two generic
fibration structures on the family of M-polarized K3 surfaces, we show that that the parabolic
cohomology of the corresponding geometric variations of local systems gives rise to the rank
four two-parameter transcendental lattice local system on the M-polarized moduli space
M. By restricting to a special “o = 1”7 sub-locus, we are able to apply the Dettweiler-
Wewers algorithm to compute the monodromy representation in two different ways. In turn,
we show how to obtain the fourteenth case of integral variations of Hodge structure classified
in [20] by constructing a one-parameter geometric variation of local systems corresponding
to a family of Calabi-Yau threefolds fibred by M-polarized K3 surfaces in the o = 1 locus.

After constructing the fourteenth case variation, we examine M,-polarized K3 surfaces.
We state a definition of generalized “K-equation” that captures the structure of the kinds
of differential equations that arise from studying the corresponding mirror-map and prove
a similar structural result to the result of Stiller [42]. We then consider the Dwork pencil
of mirror hypersurfaces and the “iterative” geometric variations of local systems therein.
Starting with the family of mirror cubic elliptic curves, we are able to construct the variation
of Hodge structure on the family of mirror quartic surfaces using our techniques; in turn,
we construct the variation of Hodge structure on the family of mirror quintic hypersurfaces
from this.

Chapter 5 brings us back to Doran’s original motivations: the Schlesinger equations.
We explain precisely the close relationship between isomonodromy and variations of local
systems. By considering the Schlesinger equations, we use results of [27] and [32] to show that
geometric variations of local systems will always give rise to “Schlesinger” deformations, as

4

opposed to “non-Schlesinger.” We end the thesis by noting that associating to each solution
of the Schlesinger equations its parabolic cohomology may be an interesting invariant to
study from the point of view of the classification problem of the algebraic solutions. It is
shown by example how this can be implemented for solutions to Painlevé VI, which now has
a complete classification of solutions [33].

Finally, Chapter 6 describes some of the various directions in which we will continue to

apply the tools developed in this thesis.



Chapter 2

Geometric Variations of Local

Systems

In this chapter, we review the necessary prerequisite material to develop the notion of ge-
ometric variations of local systems. We start with Fuchsian differential equations, local
systems and flat connections, and then review the theory of variations of local systems as
discussed in [12], going over in some details their algorithm that will be used extensively in
this thesis. After reviewing local systems and their variations, we discuss Hodge structure,
their variations, and the result of Zucker that allow us to endow our parabolic cohomology
groups with a Hodge structure. Finally, we combine these notions and define geometric
variations of local systems in an abstract setting, laying the groundwork for the rest of the

thesis.

2.1 Variations of Local Systems and Parabolic Coho-

mology

Here we review local systems and differential equations. Our conventions on the fundamental
group of a topological space are the following: the product of two loops « - 3 denotes the loop
obtained by first traveling along o, and then along f3, i.e., we read loops from the left to the
right. With this convention on the fundamental group, it is most natural to consider right
actions when speaking about group actions, and we do this for most of the thesis, pointing
out when/if we stray from this. These are the conventions that are used by Dettweiler-
Wewers in their papers on the subject, making it easier for the reader to transition between

our work and theirs.
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2.1.1 Fuchsian Differential Equations

We begin with a quick discussion of the necessary background of Fuchsian differential equa-
tions and differential systems. For references, the reader is encouraged to consult [26] for a

careful treatment of the subject. Consider the n-th order differential equation

dnf dn—lf
t v
g )

+"'+€ln(t)f:0- (2.1)

The singular points of equation (2.1) are the points at which the coefficients a;(t) fail to
be holomorphic. We say that (2.1) is Fuchsian, or is in the Fuchsian class if each singular
point of (2.1) is regular. This means that solutions to (2.1) obey certain growth conditions
near each singular point. In turn, this condition is equivalent to growth conditions on the
coefficients: equation (2.1) is Fuchsian with regular singularities at ti,...,%,,+1 = oo if and

only if the coefficients are of the form

Pr(t)

[L (& —t)

where each pg(t) is a polynomial of degree at most k(m — 1).

Clk(t> =

The solution space in a neighbourhood of each regular point to (2.1) is a complex vector
space of dimension n. A basis {fi,..., f,} of solutions is known as a fundamental set
of solutions to (2.1). Two differential equations of the form (2.1) are called projectively
equivalent if there is function A(¢) for which the map f +— X - f maps the solution space of
the first equation to the other. In particular, if we scale by the n-th root of the Wronskian,
which is defined to be the determinant of the matrix whose columns consist of the first n —1
derivatives of a fundamental set of solutions, then we obtain the projective normal form of
(2.1)—this is the unique n-th order Fuchsian equation that is projectively equivalent to (2.1)
for which the coefficient a; vanishes.

Suppose now that {fi,..., f,} is a fundamental set of solutions defined in a neighbour-
hood of t, and let S = P} — {t1,...,t,,, 00}, and G = (S, o) be the fundamental group.
The solutions f; are functions on the universal cover S and G acts as deck transformations.
For each solution f of (2.1), the function f7 is also a solution. If we fix a fundamental set
{f1,.-., fa} of solutions and write them as a column vector, then for each v € G, there is a

uniquely determined matrix p(vy) € GL,(C) satisfying
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known as the monodromy matriz. The map p: G — GL,(C) is a homomorphism and is
called the monodromy representation of (2.1) with respect to the basis {fi,..., fo}.
Suppose that ¢ = 0 is a regular singular point of the differential equation (2.1) and

introduce the operator

d
0 =1t—.
dt

Using the fact that tki—i =06(0—1)---(0 —k+1), we can re-write (2.1) as

L(F) =0, L= b5,
=0

where by(t) = 1 and the other b; are convergent power series in t. The polynomial g :=
> o bi(0)s" " is called the characteristic equation of (2.1) at t = 0 and its roots are called
the characteristic exponents at t = 0. We define the characteristic equations and exponents
for an arbitrary point ¢ € C by making the appropriate change of variable.

The data of the characteristic exponents and the singular points of a differential equations

is typically tabulated as follows, in a table known as the Riemann-scheme:

ty | oo |t

sh|-- STH
1 . m+1

Sn STL

The Riemann-scheme tells us information about the local solutions near each singular
point. One can use the Frobenius method to find power-series solutions to (2.1) near each
singular point and determine the local monodromy transformation [26]. If sq,..., s, are the
characteristic exponents of (2.1) at the singular point ¢ = ¢;, then the eigenvalues of the
monodromy transformation along a small loop around ¢; are equal to e?™1 ... e*™sn [26].
Thus, the determinant and trace of each monodromy transformation is determined by the
Riemann-scheme. In particular, if the exponent differences s; — s; are all non-integers, the
monodromy transformation is diagonalizable.

If the exponent differences are all integers, then many things can happen. First, we may
have a so-called logarithmic singularity, in which case the monodromy transformation for a
loop near this point will have infinite-order. It may also be the case that the singular point is
an apparent singular point, which, by definition, means that the corresponding monodromy
transformation is trivial. That is, an apparent singularity is a singularity of the equation

(2.1) that nonetheless admits a basis of single-valued (but possibly meromorphic) solutions



CHAPTER 2. GEOMETRIC VARIATIONS OF LOCAL SYSTEMS 7

near the singularity.
We will also consider linear systems of differential equations of rank n. These are linear

differential equations for the form

dy

— = A(t 2.2

o (2.2
where y = (y1,...,yn) is a vector-valued function of ¢t and A(t) is a matrix. A matrix

Y (t) whose columns solve the Fuchsian system (2.2) is known as a fundamental matrix of
solutions. Starting with the rank n Fuchsian differential equation (2.1) in the unknown y,
then setting y; = %, we can express equation (2.1) as a Fuchsian system.

Just like for Fuchsian differential equations, the system above is called Fuchsian if each
singular point is regular. If A(¢) has at worst poles of order one, then the system is Fuchsian
[26], but the converse is not true: there are Fuchsian systems that may have worse polls.
While it will not be needed for us, there is analogue of the Frobenius method that tells us
what the local solutions to the system (2.2) are. The analogue of the characteristic exponents
are the eigenvalues of the residue matrices res;—, A(t) at the singular point ¢t = ¢;. If Y is a

fundamental matrix for (2.2), then we can write
Y7 = p(0)Y,

where p(0) € GL,,(C); this is what we mean when we say monodromy representation in the

case of differential systems.

2.1.2 Local Systems and Parabolic Cohomology

Next we recall some of the theory of local systems, parabolic cohomology, and variations
of local systems, following the treatment in [12]. We start with a connected and locally
contractible topological space X, and let R be a commutative ring with unit; for all of our

applications, we will take R = Z,Q or C.

Definition 1. A local system of R-modules on X is a locally constant sheaf V on X, the

stalks of which are free R-modules of finite rank p.

The stalk of V at a point x € X will be denoted by V,. Once we fix a base point
xo € X, the fundamental group (X, zg) acts on the stalk V,,, which we will denote by V;
the following theorem of Deligne characterizes the structure of local systems in terms of this

action:

Theorem ((2.5.2) in [11]). The fundamental group m (X, x¢) acts on the stalk V,,, and
the functor V — V,, induces an equivalence of categories between local systems on X and

representations of the fundamental group into GL(V).



CHAPTER 2. GEOMETRIC VARIATIONS OF LOCAL SYSTEMS 8

Definition 2. The representation p: m (X, z9) — GL(V') associated to a local system will

be called the monodromy representation associated to the local system.

Remark 1. We will use the convention that the fundamental group acts on V' on the right. Af-
ter picking a basis for V', we may represent elements of V' as row vectors and the monodromy

representation

p: (X, z9) = GL,(R)

is given by right-multiplication:

vl = p(y).

These conventions are the same as those that appear in [12], and will allow us to most easily

implement their algorithms.

Remark 2. We consider two representations pi, p2 to be isomorphic if they are related by a

change of basis.

We now focus on the case where X = P¢ is the Riemann sphere. Let D = {xy,...,1,} C
X be a subset of r pairwise distinct points, and denote by U the compliment U = X — D.
Then, one can choose simple loops v; € (U, xo) that go around z; counter-clockwise in

such a way that

’Yl""YT:l'

This gives us a presentation of w1 (U, xq) as a free group on r — 1 generators. A local system
of R-modules on U corresponds to a representation p: m1(U,xz9) — GL(V') which, in turn,

corresponds to an r-tuple of transformations g; = p(+;) satisfying

gi-g =1

Conversely, if we are given an r-tuple of transformations g = (g1, ..., g,) whose product is
trivial, then the categorical equivalence discussed above gives rise to a local system )V with
this monodromy representation.

Let j: U — X denote the inclusion map.

Definition 3. The (first) parabolic cohomology of the local system V is the sheaf cohomology
of 5,V and will be denoted by

H)(U,V) = H'(X,j.V).

According to [12], this cohomology group is a subgroup of H'(m (U, xy), V), computed using

group cohomology.
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In concrete terms, a cocycle for m (U, xy) with values in V' is a map §: m (U, z9) — V
satisfying d(af) = d(a) - p(B) + 6(B). If we set v; = §(7;), then since §(1) = 0, we find the

following relation among the v;:
fUl.g2...gr+/u2.93...gr+...+vT:0. (23)

Conversely, if we have an r-tuple of vectors (vy,...,v,) € V" that satisfy relation (2.3), then
we obtain a unique cocycle by setting §(;) = v; and extending to the rest of the fundamental
group using the cocycle condition. The cocycle is a coboundary if and only if we can find a
vector v € V for which v; = v - (¢; — 1) holds for all i.

The parabolic cohomology group H, (U, V) is a subgroup of H'(U,V) = H'(m1(U, x), V)
and we call such cocycles parabolic cocycles. This subgroup is characterized by the following

condition:

Lemma (Lemma 1.2 [12]). The cocycle ¢ is a parabolic cocycle if and only if v; lies in the

image of (g; — 1) for alli.

Define the following subspaces of V":
Hg = {(v1,...,v,)| v; € image(g; — 1), and condition (2.3) holds}

and
Eg={(v-(g1—=1),---,v-(¢9 = 1)) veV}

Then, the association § — (vy,...,v,) is an isomorphism
H)(U,V) =Wy := Hg/Eq

by the previous lemma.
If the stabilizer V™(U0) ig trivial, then this description of the parabolic cohomology group

allows us to compute the rank in the case R = K is a field:

dimy Hy (U, V) = (r — 2) - dimg V = ) _ dimg ker(g; — 1). (2.4)

i=1

The differential equations that we considered in the previous section give rise to complex
local systems. Let V be a quasi-coherent sheaf of Ox-modules. A connection on V is a
C-linear homomorphism

ViV o QL @0, Vi=Qk(V)
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that satisfies the Leibniz identity:
V(gs) = dg® s+ gVs.
Given a connection V = Vi: ¥V — Q% ® V, it can be extended to a C-linear map
Vi: @V - QM ey
via
Vilw® ) i=dw ® s+ (—1)'w A Vo(s).

The composition R = V1V is called the curvature of the connection V; a connection V is
flat, or integrable if R = 0.
Suppose now that E is a complex local system on X, and let £ = Ox ® E. Then we can

give £ a natural connection V for which £ = ker V by setting
V(gs) = dys,

where g € Ox and s € E. This connection is flat and known as the Gauss-Manin connection

associated to the local system E. Conversely, we have the following theorem of Deligne:

Theorem (Deligne [11]). Let V be a connection on a locally free sheaf € over a connected
domain X. Set E =kerV. If V is flat, then E is a local system on X and € = Ox ® E.

2.1.3 Variations of Local Systems

In this section, we introduce the notion of a wvariation of local systems.

Definition 4. Let A be a connected complex manifold and » > 3. An r-configuration over
A consists of a smooth and proper morphism 7: X — A of complex manifolds together with
a smooth relative divisor D C X for which the fibres X, are isomorphic to P& and D N X,

consists of r pairwise distinct points.

Fix an r-configuration (X, D) over A, let U = X — D, and denote by j: U — X the
inclusion and 7: U — A the projection. Choose a base point ag € A and set Xy =7 '(ay),
Dy=XoND ={xy,...,2,}, and Uy = Xg — Dy. Let zq € Uy be a base point. The fibration

m: U — A gives rise to a short exact sequence of fundamental groups [12]:

1—>7T1(U0,[E0)—>7Tl(U,[E0)—>7T1(A,CLO>—>]_. (25)
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Let V, be a local system of R-modules on Uy corresponding to a representation pg: w1 (Up, xo) —

GL(V).

Definition 5. A wvariation of the local system Vy over A is a local system V of R-modules
on U whose restriction to Uy is identified with V.

The parabolic cohomology of the variation V is the higher direct image sheaf
W = R'%.(5.V).

By definition, the parabolic cohomology of the variation is a sheaf of R-modules on A.
Locally on A, the configuration (X, D) is topologically trivial, and it follows that W is locally

constant with fibre
W = H;(UQ, Vo).

Therefore, W is itself a local system of R-modules. Let n: m(A,a9) — GL(W) denote its
corresponding monodromy representation. The following lemma describes the monodromy

representation for this new local system:

Lemma (Lemma 2.2 [12]). Let 5 € m(A) and §: m(Uy) — V be a parabolic cocycle, with [J]
the corresponding equivalence class. Let B € mi(U) be a lift of B. Then [6]"®) = [§'], where
6 m(Uy) — V is the cocycle

ar 5(Baf™) - p(B), a € m(Uy).

Remark 3. While it is not emphasized in [12], it should be noted that the sheaf ¥V may not,
in general, be free—there may be torsion. We obtain a local system of R-modules, in the
sense of [12], by dividing out by the torsion subgroup. The braid companion quotient Wy
that one works with when implementing the algorithms in [12] is equal to the intersection
of parabolic cohomology tensored with the field of fractions and the R-valued cohomology
group, i.e., is identified with parabolic cohomology modulo torsion. This is not an issue for
us because we divide out by the torsion anyway when working with Hodge structures, but
we point it out because some of the parabolic cohomology groups we will work with are not

torsion-free, as we will see in the next Chapter.

2.1.4 Computing the Monodromy Representation of Parabolic Co-
homology

Given a variation of local systems )V, the monodromy representation 7 of the parabolic

cohomology can be computed explicitly under some mild assumptions. In order to describe
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the algorithm, we introduce a few more preliminaries.
Let
O,.,={D CC||D|=r—-1}={DCPg||D|=r, oo € D}

be the configuration space of r — 1 points in the plane, or of r points on the Riemann sphere
with one of the points at co. The fundamental group m1(O,_1, Dy) is known as the Artin
braid group on r — 1 strands. The braid group admits standard generators f3i,..., 5,_o that
exchange the position of x;, x;;1 by rotating counterclockwise [2]. These generators satisfy

the relations
BiBit1Bi = Biv1BiBiv1s BiBy = BB i — jl > 1.
Let
EWV)={g=(91,.--,9) g €GL(V), g1...9, = 1}.

Then, A,_; acts on &.(V) from the right via

gﬁ2 = (91, ce ,gi+1;g;—11gigi+17 ce 7g7")'

If Hg, Eg denote the vector spaces introduced earlier, then we define an R-linear isomorphism
(g, 8): Hg — Hgp,
by declaring
(v, ... ,Ur)q)(g’ﬁi) = (v1,. -+, Vig1, Vg1 (1 — gz‘:rlﬂigiﬂ) + Vigig1, U, (2.6)
and extending to all of the braid group using the “cocycle” rule:
®(g, 5)®(g", 7') = ®(g, BF).
These maps act appropriately on the submodules E and therefore induce an isomorphism
D(g, f): We — Wes.

On the other hand, given h € GL(V'), we define isomorphisms
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where g" = (h™1g1h, ..., h7tg,h). The maps ¥(g, h) induce isomorphisms

T(g, h): Wgn — We.

For the rest of this section, we make the following assumptions:

e X = P! is the relative projective line over A;

e the divisor D contains {oo} x A C P;

e there exists a point ag € A such that Dy is contained in the real-line.

Remark 4. These assumptions are only to make computations more feasible in [12]. As they
will hold in all applications in this thesis, we choose to make these assumptions ourselves for

clarity of exposition.

Since co x A C D, we can use Dy as a base point for the configuration space O,_;. The
divisor D C P gives rise to a holomorphic map A — O,_; by sending each a € A to D X,.
Let A,_1 = m1(O,, Dy) be the fundamental group—it is more commonly known as the Artin

braid group.

Definition 6. Notation as above, let ¢: m(A,a9) — A,_; be the corresponding push-
forward homomorphism on fundamental groups. The map ¢ is called the braiding map
induced by the configuration (X, D).

The variation V corresponds to a monodromy representation p: m (U) — GL(V). Let
po: m(Up) — GL(V) denote its restriction, via the exact sequence (2.5). As explained in
[12], the short exact sequence is split, so that p is determined by pg and a representation
x: m(A) = GL(V). A loop v € m(A) acts on the initial representation py in two different
ways. First, we can lift the loop v to a loop in m(U) and act by conjugation; this has the
effect of conjugating the representation py by x(7)~!. On the other hand, o(y) € A,_; acts

via the braid action defined above. These actions are compatible:

We then have the following theorem proved in [12]:

Theorem (Theorem 2.5 [12]). Let W be the parabolic cohomology of V and n: m (A, ap) —
GL(W) the monodromy representation. For all v € (A, ag), we have

n(y) = (g, 0(7)) - (g, x(7)).
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Remark 5. As is pointed out in [12], if R is a field and the local system is irreducible, then
the homomorphism yx is determined up to scalar multiples by the braiding map because
of Schur’s lemma. It follows that the braiding map is enough to determine the projective
monodromy representation. In many of the examples we discuss, we can use other knowledge
of the parabolic cohomology local system, such as the Picard-Fuchs equation, to pin down

the representation precisely.

This theorem, together with the preceding discussion, describes an algorithm to com-
pute the monodromy representation of the parabolic cohomology of a variation of local
systems, which we now summarize. Start with a variation of local systems defined on an
r-configuration and fix a base point ay € A, and the initial monodromy representation p°,
which corresponds to an r-tuple of matrix g. Further, suppose that 74, ..., 7, are generators
for m (A, ag). Then, the following steps compute the projective monodromy representation

for the parabolic cohomology local system on A:
1. construct the spaces Hg, Eg, Wy;

2. for each i = 1,... s, find matrices h; € GL,(C) for which

gw(%) — ghfl;

3. compute the transformations ®(g, ¢(7;)) and V(g, h;);
4. the projective monodromy is given by n(y;) = ®(g, ¢(v)) - ¥(g, h;)

Thus, in order to compute the monodromy representation, we must know the braiding
map ¢ and the representation y. In practice, it is the description of the braiding map that

is the most complicated part of the algorithm.

2.2 Variations of Hodge Structures

The local systems that will play the central role of this thesis are ones arising from geom-
etry. Specifically, we will be studying variations of Hodge structures. We begin with some
preliminaries on the subject, following the treatment found in the very-well written survey

paper [44] and text [6].
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2.2.1 Hodge structures

Definition 7. A (pure) Hodge structure of weight n € Z, denoted by (Hz, H??) is a finitely

generated abelian group Hyz together with a decomposition of the complexification:

He= P B

pF+q=n
satisfying H?? = HP.

We will also be interested in rational Hodge structures, but we always want to be sensitive
to the integral story in our work. Equivalent to the above Hodge decomposition is the Hodge
filtration. This is a finite decreasing filtration {F?} of H¢

HcD -+ DFP DO FP o

such that
Hg & FP @ Fr—p+l,

Given the hodge decomposition, we obtain the filtration by setting

FP .= @ H"

>p

given the filtration, we recover the decomposition by setting
HP1 .= PN Fa.

The filtration perspective is a useful reformulation as it varies holomorphically in families
[44].

Let us briefly recall the Hodge decomposition associate to a Kahler manifold. Start with
an m-dimensional Riemannian manifold. Let A% be the sheaf of smooth n-forms and let

d: A — A" denote the exterior derivative. The laplacian is given by
Ag = do + dd,

where §: A" — A""!is the codifferential given by 6 = (—1)"™ ™ 1« dx where * is the Hodge

star operator. Let H"(X) denote the set of harmonic forms of degree n:

H'(X) = {a € A"|Aa = 0}.
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Then, Hodge’s theorem states that
H*'(X)= H"(X,R).

Now suppose X is a complex manifold with Hermitian metric. Then, the sheaf A™ splits as

n o= @ AP

pt+q=n

a direct sum

where the sheaves on the right-hand side are the sheaves of (p,q) forms. The differential
d decomposes as d = 0 + 0, the so-called Dolbeault operators. We have 0: AP4 — APt1a
and 0: AP9 — AP9tl This allows to defined operators Ay and Az, which preserve the
bidegree. Note that for an arbitrary complex manifold, these operators may not be related
to the regular laplacian and the laplacian need not preserve bidgree.

This is why we restrict to Kéahler manifolds, those for which the imaginary part w of the
hermitian metric (a (1,1) form) is closed. For such manifolds, we call w the Kéhler form.

Under this assumption, we have

Ag =205 =27,

This allows us to decompose

H'(X) = P H(X),

where HP4(X) is the space of harmonic forms of type (p, q); this decomposition satisfies the
conjugacy conditions. If we further assume that X is compact, we have H"(X) = H"(X, C),
and so we get a decomposition of complex cohomology. By Dolbeault’s isomorphism, one can
show that HP? = H(X, Q%), where QF is the sheaf of holomorphic p-forms on X. Thus, to
each Kéhler manifold, we have an integral Hodge structure of weight n on H"(X,Z)/torsion.

We will be interested in Hodge structures with an additional structure known as a po-
larization. Notation as above, consider the Hodge structure of weight n attached to the
cohomology of a Kaher manifold X. The Kahler form w allows us to define a non-degenerate

bilinear form Q) : Hz x Hz — Z by the formula

Q&) = /X£ A AwtmXm

This form extends by C-linearity to Hc on which it enjoys the following properties:
e () is (—1)"-symmetric;

e Q(&,n)=0for £ € H?Y and n € HP ! with p # ¢/;
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o (—1)@@%%2(5,5) >0 for € #0 € HP.
Definition 8. A polarized hodge structure of weight n consists of an (integral) hodge struc-
ture of weight n together with a non-degenerate bilinear form on Hyz which extends to H¢g

and enjoys the above properties.

2.2.2 Variation of Hodge Structure and Parabolic Cohomology

Given a family of Kahler manifolds, we now wish to consider the way in which the Hodge
structures vary. More precisely, consider f: X — A, a proper smooth surjective morphism
onto a complex polydisc and assume that the fibres X, are all compact Kéahler manifolds.
Further assume that there exists w € H?(X,Z) for which we have w|x, is a Kéhler class.
We then have polarized hodge structures of weight n on each H"(X,,Z) that varies with b.
Under this set-up, there is a unique isomorphism H" (X, Z) = H"(Xy, Z) for each b,/ € A
and so there is no ambiguity in us setting Hyz = H"(Xy,Z) and Hc = H" (X}, C) since
these don’t depend on b. These isomorphisms do not preserve the Hodge decomposition as

b varies, rather it varies in such a way that the hodge numbers are preserved.

Definition 9. Let D be the set of collections of subspaces { H??} of Hg for which Hc =
P HP? and dim(H??) = h?9, on which () satisfies the conditions we need. Alternatively, we
may define D to be the set of all filtrations {F?} for which dim F? = h"™° 4 ... + h?»""P and

@ satisfies the Hodge-Riemann relations.

The space D is called the local period domain and is actually a real manifold. Moreover,
we can enhance D to a complex manifold. The point is that we obtain a map ¢: A — D
defined by associating the Hodge-filtration to each point b € A; this is called the local period
mapping.
In terms of the filtration, we find that the following two properties hold:
OF}

b C Fp
b

OFf 1
a_bb C FP .
The first is called holomorphicity and implies that ¢ is holomorphic and the second is known
as Griffiths transversality.
Of course, we want to study families over non-contractible domains. In this case, the

isomorphisms of the cohomology groups are no longer unique and we will have to quotient
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out by monodromy. To this end, set

Aut(Hz, Q) := {g: Hz — Hz|Q(£g,n9) = Q(&, 1)}

>~

This group acts on the period domain in the natural manner. Gluing isomorphisms H" (X}, Z)
H"(Xy,Z) for b,b" close together, we find that H"(X},Z) may not return itself when con-
tinued along a path. Instead, for each v € m(B,b), there is an automorphism p(vy) €
Aut(Hz, Q) for which analytic continuation is given by multiplication-by-p(7). If ' is a sub-
group containing the image of this monodromy representation, then we obtain a well-defined
period map

¢: B — I\D,

which we call the global period mapping. The quotient is called the period domain.
Now let D be a local period domain classifying Hodge structures of weight n on Hg
polarized by @, let I' C Aut(Hz, Q) as above and B a complex manifold.

Definition 10. A map ¢: B — T'\D defines a polarized variation of Hodge structure of
weight n on B if

e for each b € B, the map ¢ lifts a holomorphic map gng: A — D,
e the locals lifts satisfy Griffiths transversality.

We can express this in the language of flat connections and local systems as follows. Let
B be a complex manifold and let £z be a locally constant system of finitely generated free
Z-modules on B. Set £ := £z ® Op. Then £ is a complex vector bundle and is equipped
with the Gauss-Manin connection V: £ — £ ® QF induced by d: Op — QL. Let {F} be a
filtration by subbundles.

Definition 11. The data (€z, F) defines a variation of Hodge structure of weight n on B if
e {77} induces Hodge structures on weight n on the fibres of &;

e if s is a section of F? and ( is a vector field of type (1,0), then Vs is a section of F?~*
(Griffiths transversality).

Furthermore, if £z carries a non-degenerate bilinear form @): £z x & — Z, we have a

polarized variation of hodge structures if

e () defines a polarized Hodge structure on each fibre;
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e () is flat with respect to V; that is, we have
dQ(s,s') = Q(Vs,s") + Q(s,Vs').

In particular, a variation of Hodge structure is an integral local system; we may therefore
consider the associated parabolic cohomology. Results of Zucker show that this group can be
given a Hodge structure in the case where the base of the family is a curve. More precisely,

he proves the following theorem

Theorem (Theorem 7.12 [45]). Let S be a non-singular algebraic curve over C, S its smooth
completion, j: S — S, and V a local system of complex vector spaces underlying a polarizable
variation of Hodge structure of weight m. Then, there is a natural polarizable Hodge structure

of weight m + i on H(S, j,V) associated to the variation of Hodge structure.

As Zucker explains, when V = R™f,C, 7,V is the sheaf of local invariant “cycles” and
the Hodge structure is most interesting when ¢ = 1. A Hodge structure can always be placed
extrinsically on H'(S, j,R™f.C) using the Leray spectral sequence for f; one of the main

results of [45] is that these two Hodge structures coincide:

Theorem (Theorem 15.5 [45]). The Hodge structure on H'(S, R f.C) is induced by that of
HH_I(X).

That is, there is an inclusion of H'(S, R'f.Q) inside H™ (X, Q) for which the Hodge
structure on H'(S, R'f.C) agrees with the one it inherits from the Hodge structure on
H*(X,C).

2.2.3 Geometric Variations of Local Systems

Here, we combine the notions of variations of local systems and variations of Hodge structures
and introduce the main subject of this thesis: geometric variations of local systems.

Let 7: X — A be an r-configuration. That is, we consider a proper morphism of complex
manifolds 7: X — A, together with a smooth relative divisor D C X for which each fibre X,
is isomorphic to P&, and D, = DN X, consists of  pairwise-distinct points; let U = X — D
and set U, = X, — D, for each a € A.

Theorem /Definition 1. A geometric variation of local systems is a variation of local sys-

tems V satisfying the following conditions:

1. the local system V is a polarized variation of Hodge structures of weight n over A;
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2. for each a € A, the restriction V, is itself a polarized variation of Hodge structures of

weight n over Uy,
3. the parabolic cohomology VW is a polarized variation of Hodge structures of weight n+1.

Let f: X — U C X be a family of Kdahler manifolds, and let V = R"f.Z be the po-
larized variation of Hodge structure of weight n on U corresponding to the n-th cohomology
groups, equipped with the Gauss-Manin connection. For each a € A, let f,: X, — U, be the
restriction of f to the fibre X, over a € A of the composition wo f, and let V,,V, denote
the restrictions of V,V to the fibre U, C X, = P!. Then V defines a geometric variation of

local systems.

Remark 6. In the above definition, conditions (1) and (2) imply that each stalk W, carries
a polarized Hodge structure by the results of Zucker [45]. The additional condition being
imposed in this definition is that the Gauss-Manin connection on W gives rise to a vari-
ation of Hodge structures. In practice, the only condition that needs checking is Griffiths

transversality.

Proof. For each a € A, the local system V, is equal to the local system R} Z on U, C
X, = P!, where f,: X, — U, is the restriction of f to the fibre over a € A. The local
system W := R'm, 7,V on A is the local system whose stalk at each a € A is the parabolic
cohomology of V,. That is, W, = le-a,*Va. Each W, carries a Hodge structure of weight
n + 1 by [45]. On the other hand, the local system W is contained in R"*(7 o f),Z, the
local system whose stalks are the cohomology groups H""(X,,Z), and the Hodge structure
on W, is the same as the one induced by this inclusion. Since R"*!(7 o f),Z is a variation
of Hodge structure, its restriction to WV is also a variation of Hodge structure. Therefore, V

defines a geometric variation of local systems in the sense of Definition 1. O



Chapter 3

Elliptic Fibrations

In this this chapter we explore the geometric variations of local systems that come from
families of elliptic fibrations. We start by reviewing some of the basic theory of elliptic
surfaces and describing in some detail the structure of the parabolic cohomology groups.
After discussing these foundations, we explore the geometric variations of local systems
that arise from studying the moduli space of rational elliptic surfaces with four singular
fibres that was completely described by Herfurtner [23]. The Herfurtner list was already
examined by Doran in [15] with a view towards finding examples of geometric isomonodromic
deformations. From this perspective, there are only five interesting examples that come from
this moduli space. In contrast, we show that the the seven “omitted” families of elliptic
surfaces with four singular fibres do give rise to interesting geometric variations of local
systems. For each of these variations, we determine the monodromy representation of the
corresponding parabolic cohomology in Propositions 2, 3, and 4.

Next, we consider families of K3 surfaces that can be constructed out of the Herfutner
list by applying quadratic twists. By considering the most general quadratic twist (twisting
two smooth points), we obtain two-parameter families of K3 surfaces from the thirty-eight
rigid entries on Herfurtner’s list. Thus, all elliptic surfaces on this list give rise to geometric
variations of local systems. Since the deformation spaces for the geometric variations of local
systems that are obtained in this way are so simple, we are able to run the Dettweiler-Wewers
algorithm to compute the monodromy of parabolic cohomology for all of these local systems.
Propositions 5-11 summarize the computations that we performed and detail some of the
interesting phenomena that occur. In particular, we are able to determine the Picard number
for these families of K3 surfaces by proving that the corresponding parabolic cohomology

local systems are irreducible.

21
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3.1 Elliptic Surfaces and Parabolic Cohomology

We begin by reviewing some of the main features of elliptic surfaces and prove a structural
theorem about their parabolic cohomology groups. Good references for the material here
are the original papers by Kodaira [29, 30, 31|, several of the papers by Stiller [42, 41], and
the survey paper [40] by Schiitt-Shioda [40], to name a few.

3.1.1 Geometry of Elliptic Surfaces

In this section we will briefly review the geometry of elliptic surfaces.

Definition 12. An elliptic surface E over S is a smooth projective surface F with an elliptic
fibration over S, i.e., a surjective map

fi E—S

for which

e all but finitely many fibres are smooth curves of genus 1;

e no fibre contains an exceptional curve of the first kind.

A section of an elliptic surface f: E — S is a morphism
o: S — E, for which f oo =idg.

An elliptic surface with section will be called a basic elliptic surface.

Remark 7. All of the elliptic surfaces in this thesis will be assumed to have a section.

Since we are only dealing with complex basic elliptic surfaces, we can always choose a

Weierstrass presentation of E:
y* =42’ — go(t)r — g3(t), 92,95 € K(S9). (3.1)

The fibres of (3.1) are smooth elliptic curves as long as the discriminant A = g5 — 27¢% does
not vanish. For each t € S such that A(t) = 0, the fibre is either a cuspidal or nodal rational
curve, and the singular point of the curve may or may not be a surface singularities of (3.1).
If the singular point of the fibre is a surface singularity, then we perform a sequence of
blow-ups to resolve the singularity. Doing this for each singular fibre, we arrive at the Néron
model, which is a smooth surface with elliptic fibration whose singular fibres are chains of

rational curves.
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In order to classify the the kinds of chains of rational curves that occur, i.e., classify
the kinds of singular fibres that can occur, Kodaira considered the following two invariants

associated to an elliptic surface [29]:

Definition 13. Let £ — S be an elliptic surface, ¥ the support of the singular fibres, and
So = S — X. The functional invariant J is the rational function on .S whose value at t € S,

is the J-invariant of the fibre E; at t. In terms of the Weierstrass form (3.1), we have

3
92
J=—"__
9 — 27g3
The sheaf G := R! f,Z|s,, which is the Z-local system on Sy whose stalks are given by the
first cohomology groups H'(FE}, Z), is called the homological invariant; it is characterized by

its monodromy representation
p: 7T1(X0) — SLQ(Z),

and we will often refer to the representation as the homological invariant.
The dual local system GV, whose stalks are given by the homology groups H;(Ey, Z), is
called the geometric homological invariant and its monodromy representation is called the

geometric monodromy representation.

The classification of Kodaira is described in terms of the possible local geometric mon-
odromy transformation around the singular fibre. In order to compute the type of singular
fibre, we only need to know the order of vanishing of go, g3, and A at the singular fibre. The
classification is tabulated in Table 3.1. Of the possible singular fibre types on an elliptic
surface, those of type Iy are called multiplicative fibres, while all other singular fibre types
are called additive (the terminology comes from the kind of singular curve obtained at this
particular point).

Let us now consider the weight one integral variation of Hodge structure on the elliptic
surface f: E — S associated to the homological invariant G. The polarization on G is induced
by the cup-product and if we choose a basis o*, 8* € H'(F;,Z) that is Poincaré-dual to the
standard cycles «, 5 € Hy(F:,Z), then the matrix of the polarization with respect to this

0 1
() o

The Hodge filtration on H'(F}, C) is determined by a non-zero w € H'(E;, C) that spans
the filtrant F'. If we write w = 20" + 203" in terms of the standard basis for H'(E;, Z),

then the Hodge-Riemann relations imply that 2 € b, and conversely.

basis is given by
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H Type ‘ v(g2) ‘ v(gs) ‘ v(A) ‘ Graph ‘ Monodromy H

Iy |a>0]b>0 0 — ((1) (f)
Iy 0 0 N>1 Ay (o Jf )
I |a>1]| 1 2 - (_11 é)
111 1 |b>1 3 A ( 01 (1)>
IV [a>2| 2 4 Ay ( 01 11)
Iy |a>2|b>3 6 D, < 01 01)
I%, 2 3 | N+6>7| Dy (01 N)
IV [a>3]| 4 8 Es ( 11 )
I 3 |b>5 9 E; ((1) 0 )
I |a>4| 5 10 Ex ((1) 11>

Table 3.1: Kodaira’s Classification
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One can associate to this variation of Hodge structure a Fuchsian differential equation
known as the Picard-Fuchs equation as follows. Let w = %"’3 be the usual global holomorphic
1-form on the elliptic surface F, and let V denote the Gauss-Manin connection on Gg. Since
the rank of G¢ is equal to 2, there is a linear relation amongst w, V 4w, V? w and so we may

. dt
write:

a(t)Viw +b(t)Vaw + c(t)w = 0, (3.3)
dt dt

for rational functions a, b, c. If vy € H'(E,;,Z) is a cycle, and f,(t) := fvw, then the function
f+(t) satisfies the differential equation:
d*f df

alt) 25 +b(t) = + (D) (1) = 0, (3.4)

which is known as the Picard-Fuchs equation. According to [22], this differential equation
is a Fuchsian differential equation. As v varies over all the cycles in G¥, the 2-dimensional

space of function f,(t) spans the solution space to (3.4).

Remark 8. Given a cycle v, the analytic continuation of f,(t) along a loop o € m;(.Sy) satisfies

f«?(t) = fre (1)

It follows that the monodromy representation for the Picard-Fuchs equation (3.4) can be

identified with the geometric monodromy representation of the elliptic surface.

Remark 9. The formulation of Hodge structures is most natural for the cohomology groups
because of the naturally defined cup-product on cohomology, which induces the polariza-
tion. However, in practice, one often works directly with the Picard-Fuchs equation and the
geometric homological invariant. The reason for this stems from the period map associated
to the variation of Hodge structure. In the setting of the elliptic surfaces, the period map is
the map

per: S — P(H)

t o= w(t). (3:5)

If we fix the basis a*, §* of the homological invariant, then period map is given explicitly via

per(t) = fa(t)a™ + f5()5".

Thus, the variation of Hodge structure on the homological invariant is described, via the
period map, in terms of properties of the geometric homological invariant. For this reason, we
will often use the term homological invariant to describe the geometric homological invariant,

as in the literature, and clarify when any confusion arises.
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Given the Weierstrass form (3.1), there are a number of methods one can use to compute
the Picard-Fuchs equations, such as the Griffiths-Dwork algorithm. This calculation was

carried out in [7] for example, where it is shown that the Picard-Fuchs equation is

af  Ldf _
T3 TP +Qf =0, (3.6)

where

dgs  dgz g7 27

p — A _ T o W’
gs g2 J %
A7\ 2 dA d2A dA
0 — _La) @ (p,ar B
1447(TJ - 1)  12A % 12 A )7

More than just being a Fuchsian differential equation, the Picard-Fuchs equations arising

from elliptic surfaces are K-equations, a term coined by Stiller [42].

Definition 14. A second order Fuchsian ODE is called a K-equation if it possesses two
solutions w;,ws which are holomorphic non-vanishing multivalued functions on a Zariski

open subset Sy C S satisfying the following conditions:
(1) wi,wq form a basis of solutions;

(ii) the monodromy representation of the differential equation with respect to this basis
takes values in SLy(Z);

(ili) im(22) > 0 on Sy (positivity);
(iv) the Wronskian lies in K(S5).
The pair wy,ws is called a K -basis.

The solutions w; = f,,ws = f3 to the Picard-Fuchs equation (3.4) form a K-basis thanks
to the Hodge-Riemann relations. Therefore, the Picard-Fuchs equation of an elliptic surface
is a K-equation. Conversely, as his article shows, every K-equation can be realized as the
Picard-Fuchs equation associated to an elliptic surface [42][Theorem I1.2.5].

Let us briefly go over some of the details of how this works. Stiller starts by considering

the elliptic surface E — P} given by the Weierstrass presentation

y? = 4o’ — T — : (3.7)
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h1) o =(0)

Figure 3.1: Branch cuts and transformations for ®.

Then, the functional invariant in this case is J = t. The Picard-Fuchs equation associated
to this elliptic surface is given by
f  Ldf | Tt =5
ZJ Y =0, 3.8
az Tra Teaon! (3:8)
as can be computed using Equation (3.6), for example.
An explicit K-basis @1, ®, for (3.7) is constructed in [42]. The quotient of these solutions

P = % induces a holomorphic multivalued map

P% - {07 1,oo}i>b ) (39)

because of the positivity condition of a K-basis. In fact, ® is an inverse to the classical
modular J-function. If one makes a branch cut on P} joining co to 0 along the negative
real-axis and another branch cut along the interval [0, 1], then one can choose a single-valued
branch of ® on the slit-sphere that takes values in the usual fundamental domain for the
SLy(Z)-action on bh:

{rebl —5 <Re(r) <, Ir|>1}

Continuation along these slits in the directions indicated leads to monodromy transforma-
tions as shown in Figure 3.1 up to sign:

Choosing loops 7o, 71, based at i looping around 0 and 1 once, and setting 7o, = (70v1)7?,
we can determine the monodromy transformations from these branch cuts up to sign. By
analyzing the characteristic exponents of the differential equation (3.8), we can pin down

the monodromy representation precisely. We find that

11

7o 10

oo (O (3.10)
10
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In particular, we see that the elliptic surface defined by (3.7) has singular fibres of type I11*
att =0, at £t =1 and I; at t = oo by consulting Table 3.1.
Next, suppose we have an arbitrary K-equation
f  Ldf

Tt P

e SQ+ Rf =0, (3.11)

and let wy,ws be a K-basis. Then, the ratio of these two solutions gives rise to a multivalued
map to b and the composition J := J o £* is a rational function from Sy to P! [42], called
the functional invariant of the K-equation.

We then have the following structural results about K-equations:

Proposition. [[/2]] Given the K-equation (3.11), there exists an algebraic function X sat-
isfying A2 € K(S) for which the original K -equation is obtained by pulling back (3.8) by the
functional tvariant J and then scaling by X. Explicitly, we have

W) - T d

P = ( dt? — A2
T dat 8

) 2
)T ) (5 T @ (@
Q = T2T —1) - jdt dtlog)\— \ +2 SR

In particular, the Picard-Fuchs equation of an arbitrary elliptic surface can be computed

— 9%
93"
Finally, every K-equation is the Picard-Fuchs equation of an elliptic surface.

this way by taking \?

One the reasons why a result like Proposition 3.1.1 is so useful is that it helps us compute
the homological invariant of an arbitrary elliptic surface in terms of the homological invari-
ant of the well-understood elliptic surface given by (3.7), if we understand the functional
invariant. Indeed, the monodromy representation of the Picard-Fuchs equation is obtained

as follows. First, the functional invariant induces a push-forward map
J.: m(Xo) = m (P! —{0,1,00}).

Composing this map with the monodromy representation (3.10), we obtain the monodromy
representation for the pull back of (3.8) by J. Scaling the solutions by A = \/Z:i has the
effect of multiplying the monodromy transformations by —1 at the positions where A\ has a
pole or zero. Thus, if we understand the push-forward map 7., as well as where the poles

and zeroes of A lie, we can compute the homological invariant precisely.
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3.1.2 The Structure of H*(E,Z) and Parabolic Cohomology

In this section, we will describe in some detail the lattice H2(E, Z) and its weight two integral
Hodge structure. A good reference for this section is

citeschuettEllipticSurfaces2010. The Néron-Severi group, which is the group of divisors
modulo algebraic equivalence, embeds in H?(F, Z) modulo via the cycle-map and is denoted
NS(E). If we assume the curve S is genus 0, as is the case for all examples in this thesis, then
NS(E) is torsion-free. The cup-product on H?(E,Z) coincides with the intersection pairing
on NS(F), and makes NS(F) a sublattice; its rank is called the Picard number, which we
denote p(E). According to the Hodge index theorem, NS(F) has signature (1,p — 1). The
orthogonal compliment of NS(E) in H?(FE,Z) is called the transcendental lattice and is
denote by T(F). The Hodge decomposition of H?(E,Z) induces weight 2 Hodge structures
on both the Néron-Severi lattice and the transcendental lattice. However, by the Lefschetz

(1, 1)-theorem, we have
H*(E,Z)n H"' = NS(E), (3.12)

from which it follows that the h?°(NS(E)) = 0. Typically, we are most interested in the
Hodge structure on the transcendental lattice.

Each section o of the elliptic surface £ — S corresponds to a K (S)-rational point on the
generic fibre, making the generic fibre an elliptic surface over the function field K(.5). If we
fix one section o( as an origin, then the group law on the generic fibre induces a group law

on the set of sections.

Definition 15. The group of sections of an elliptic surface f: E — S is called the Mordell-
Weil group of E — S and is denoted MW(E). The narrow Mordell-Weil group, denote
by MW'(E) is the subgroup of sections that meet the zero component of every fibre. The
narrow Mordell-Weil group is torsion-free and has finite-index in the full Mordell-Weil group
citeschuettEllipticSurfaces2010.

Definition 16. The subgroup of NS(F) generated by the zero section, general fibre, and
the components of the bad fibres is called the trivial lattice, denote by T

The trivial lattice can be decomposed as follows. First, introduce the following notations:
e [ is a general fibre;

e [} is the fibre over ¢;

e m; is the number of components of F};

e X is the set of singular points;
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e R C Y is the subset of singular points lying under additive fibres;

e O, is the component of F; met by the zero section;

e Oy; forv=1,...,m; — 1 are the other components;

e T} is the lattice generated by the fibre components not meeting the zero-section;
e (O is the class of the zero-section.

Then we have:

T=(0,F)ePT. (3.13)

teR

Thus, the rank of the trivial lattice is
rank(7T) = 2 + Z(mt —1).

Since each section corresponds to a divisor on E, we obtain a map from the Mordell-Weil
group to the Néron-Severi group. The induced map P +— P mod T induces an isomorphism
citeschuettEllipticSurfaces2010

MW (E) = NS(E)/T. (3.14)
This allows us to compute the rank of MW (E):

rank(MW(E)) = p—2— Y (m, — 1).
teR

The trivial lattice does not embed primitively inside NS(F), the cokernel is isomorphic to
the torsion subgroup of MW(E).

Definition 17. The essential lattice L(E) is the orthogonal compliment of the trivial lattice
inside NS(E).

The essential lattice is even and negative-definite of rank equal to r —2 — %" (m, — 1),
i.e., has rank equal to the Mordell-Weil group. Orthogonal projection with respect to the
trivial lattice defines a map

©: NSq(F)——L(E)q - (3.15)

This map is characterized by the universal properties:

o(D) LT(E)q, ¢(D)=DmodT(E)q.
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By restricting to MW (E'), we obtain a well-defined map from the Mordell-Weil group MW (E) —
L(E)q, the kernel of which is the torsion subgroup. Thus, MW(E)/{torsion} sits inside
L(E)q.

Remark 10. In general, if a section ¢ hits a non-zero fibre component, then its image in
L(E)q will not lie in the integral part; that is, tensoring with Q is necessary to define the

above homomorphism.

This map can be used to give the Mordell-Weil group the structure of a positive-definite
lattice by setting

(01,02) := —p(01) - p(02).
Definition 18. The lattice MW (E)/{torsion} is called the Mordell-Weil lattice. The sub-
lattice MW(E) is called the narrow Mordell-Weil lattice.

Remark 11. The lattice structure on MW (E) was first discovered by Cox-Zucker in [46]; this

is simply a more modern perspective on their approach.

Each torsion section must hit a non-zero fibre component
citeschuettEllipticSurfaces2010. It follows that the restriction of the orthogonal projection
map to the narrow Mordell-Weil lattice is injective. The image of the the narrow Mordell-
Weil group lies in the integral part, and if we flip the sign on the bilinear form on L(E), then
the essential lattice and narrow Mordell-Weil lattices are isomorphic
citeschuettEllipticSurfaces2010. The full Mordell-Weil lattice embeds in the dual of the
essential lattice and is isomorphic to it if NS(F) is unimodular.

Let us now consider the parabolic cohomology of the homological invariant H'(S, 7,G)
and its Hodge structure. The torsion on H'(S,j * G) is isomorphic to the torsions subgroup
of the Mordell-Weil group, according to [46]. Modulo torsion, the parabolic cohomology
group sits inside H?(E,Z), and its Hodge structure agrees with the one that is induced from
this embedding, as discussed in Chapter 2. As described in [46], the parabolic cohomology
group can be computed as follows. Consider the Leray filtration on H?(E,Z), given by

L' = ker(HE,Z)— H(S, R*£.Z))
LY/I* =~ HYS,j.0) (3.16)
L? = image (H*(S,Z) — H*(E,Z)) 2 Z[F).

Using this, we can prove the following structural results:

Proposition 1. The transcendental lattice T(E) is contained in H'(S,j.G). Over Q, we
have the following orthogonal decomposition of H(S, j.G)q:

HY(S,j.G) = L(E)q® T(E)q. (3.17)
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If the transcendental lattice is unimodular, then the above splitting holds over Z.

Proof. The first statement follows from the fact that L'/L? = H'(S, j,G), that the transcen-
dental lattice is contained in L!, and that the transcendental lattice has trivial intersection
with Z[F]. Tensoring with Q, the kernel the map H*(E,Q) — H°(S, R*f.Q), which sends

each divisor to its restriction to each fibre, is precisely
L(E)q®T(E)q® Q- [F].

Thus, the second result follows by taking the quotient by L2

If the transcendental lattice is unimodular, we argue as follows. The discussion that pre-
ceded the proposition shows that the essential lattice is contained in parabolic cohomology.
The discriminant of the essential lattice is equal to disc(T")/n? [39]. On the other hand, this
is also the discriminant of the cup-product on parabolic cohomology, as was calculated in
[46]. Thus, the quotient of parabolic cohomology by the transcendental lattice is a lattice of
the same discriminant (by unimodularity), from which it follows that the quotient is equal

to the essential lattice. Therefore, we have the splitting over Z. ]

In particular, if F is a rational elliptic surface with homological invariant G, then the

group H'(E, j.G), modulo torsion, is identified with the narrow Mordell-Weil group.

Remark 12. While all of the ingredients required to prove this result are in [46] and

citeschuettEllipticSurfaces2010, I have not seen this formulation in the literature.

Remark 13. From this decomposition, we see that the parabolic cohomology group over Q
breaks into one piece that does not depend on the fibration structure, the transcendental
lattice, and another that does, the Mordell-Weil lattice. When we study these in families, the
corresponding parabolic cohomology local systems therefore decompose into one “extrinsic”
local system, capturing information about the transcendental data and one “intrinsic” local

system, telling us information about the varying internal fibration structure.

3.2 Elliptic Surfaces with Four Singular Fibres

In this section, we consider the geometric variations of local systems coming from the moduli
space of rational elliptic surfaces with four singular fibres that was studied in [23]. For ratio-
nal elliptic surfaces, the transcendental lattices are trivial and the corresponding parabolic
cohomology local systems are related to the Mordell-Weil group as described in the previous
section. By applying a quadratic twist to the elliptic surfaces on Herfurtner’s list, we are

able to produce families of K3 surfaces and compute the monodromy representations of the
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corresponding parabolic cohomology local systems. We provide many examples for which
we are able to determine that the monodromy representation is irreducible which, in turn,

allows us to compute the Picard rank for these families of K3 surfaces.

3.2.1 Families of Rational Elliptic Surfaces

In his article [23], Herfurtner classified the all elliptic surfaces with four singular fibres and
tabulated them in what is known as Herfurtner’s list. The classification consists of twelve
one-parameter families of elliptic surfaces and thirty-eight isolated, rigid, elliptic surfaces.
Of the twelve families, seven of them posses I fibres and this means, in particular, that the
corresponding family of Picard-Fuchs equations are all projectively equivalent to each other.
For this reason, these seven families were considered uninteresting to Doran in [15] for the
purpose of finding solutions to the sixth Painlevé equation.

We begin our exploration of Herfurtner’s list by considering the five families that Doran
studied in [15]. The Weierstrass invariants and singular fibre types are indicated in Table 3.2.
In each case, we have a one-parameter family of rational elliptic surfaces with four singular
fibres parameterized by a € A = P! — X, where ¥ is the finite set of points that corresponds
to the collision of these singular fibres. Let X = P} x A, D C X be the divisor that cuts
out the four singular points, and U = X — D. We consider the local system V on U whose
stalk at each (¢, a) is the first cohomology group

Vita) = HY(E; o, 7).

If we fix a base point ag € A, the restricted local system V) is the local system on P! — D,
that corresponds to the elliptic surface &,,.

The local system V satisfies the conditions of Theorem/Definition 1, so we have a ge-
ometric variation local systems V over A and (X, D) is a 4-configuration that satisfies the
computational assumptions described in Chapter 2. Thus, we can use the Dettweiler-Wewers
algorithm described earlier to compute the monodromy representation of the parabolic co-
homology. By our earlier structural result, we know that the parabolic cohomology local
system for each of these rational elliptic surface can be identified with the narrow Mordell-
Weil group.

Since these local systems are irreducible, the rank formula (2.4) allows us to compute
the ranks of the integral parabolic cohomology. For singular fibres of type I, b > 0, the
monodromy matrices have one-dimensional stabilizers. All other kinds of singular fibres have
trivial stabilizers. It follows that the parabolic cohomology of the variation of local system

in family 1 is a rank two local system, while the other four families have rank one parabolic
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H Family ‘ Sing. Fibre Types ‘ Weierstrass Presentation H

1 I, I, IL, TV* ga(t,a) = 3(t — 1)(t — a?)?
(0,00, 1, a?) gs(t,a) = (t — 1)(t — a®)*(t + a)
2 L,1, L, I ga(t,a) = 126%(t* + at + 1)
(w1, w2, 00,0) g3(t, a) = 483(2t* + 3at® + 3at + 2)
3 ITRAE go(t,a) = 126%(1* + 2at + 1)
(w1, w2, 00,0) g3(t,a) = 483(2t* + 3(a* + 1)t* + 6at + 2)
4 I, 1, I, T ga(t,a) = 3t3(t + 1)
(w1, w1, 00,0) g3(t,a) =t5(t+ 1)
5 I, 1, I, IV* go(t,a) = 3t3(t + 2a)
(w1, w2, 00,0) g3(t,a) = t*(t* + 3at + 1)

Table 3.2: The five families.

cohomologies. We now compute the monodromy representations of these local systems.

Family 1: For this family of elliptic surface, the functional invariant is

1 (t=1)(a®>—1t)
(a+1)2 t '

J(t,a) =

This allows us to determine the global monodromy representation for the elliptic surface &,
for any a. To do this, we draw a figure that describes the cover J(¢,a). This is done by
drawing a graph on P! with red vertices corresponding to the pre-images of 0, blue vertices
corresponding to the pre-images of 1, yellow vertices corresponding to the pre-images of oo,
and brown vertices that correspond to ramification points other than {0, 1, 00}. Further, we
draw coloured arcs for the fibres between vertices: purple arcs map to [0, 1], green arcs map
to [1,00], and orange arcs to [—o00,0]. By drawing loops on such graphs that correspond
to the generators of the relevant fundamental group, it is possible to determine the images
under the push-forward. For this family of covers, we obtain the graph in Figure 3.2.

As long as a ¢ {0,+1, 00}, the elliptic surface has four singular fibres as shown in Table
3.2. Let us choose a = —2 as a base point on A = P. — {—1,0,1,00}. The corresponding
elliptic surface has singular fibres at ¢ = {0,1,4,00} and if we choose a basis of loops

Y1, - .., as indicated above, then £ 5 has the following monodromy representation:

oty 1oy (o1 (11
o)\ o) 0 ) o)

Next, we must determining the braiding map ¢: m (A, —2) — Ajz. Choose standard
generators o1, 09,03 for m (A, —2) around —1,0,1 respectively, as depicted in Figure 3.3.

As a moves around oy, the point a? starts at 4 and moves around 1 in a counter clockwise
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el V2

Figure 3.2: Initial configuration for Family 1.

fashion, returning to its starting point; we see that

o(01) = 3.

By considering the motions of the poles carefully, which is depicted in Figure 3.3, we find
that

p(02) = By 51 B2, wlos) = By 8125365 ba-

One computes the following:

(6 B e ) A (R R E e B O )

Next, we check that this is also equal to ghil, where

()

It follows that x(oy), is determined up to scalars, where x: m(A,—2) — SLy(C) is
the auxiliary monodromy representation as described in the Dettweiler-Wewers algorithm in
Chapter 2. Since we are working integral local systems, we have thus determined x(o7) up
to multiplication by £1. The braids ¢(03) and ¢(03) act trivially on g and so x(02), x(03)
are equal to £1; x(oy4) is determined by the other three since oy090304 = 1.

We have now determined the braid map and the representation y. Computing the mon-
odromy representation is now simply a matter of running the algorithm outlined in the

previous section. In this example, a convenient computational basis for the parabolic co-
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o
a= -2 -1 1

Figure 3.3: The braiding action for Family 1.

homology group is obtained by taking the “characteristic” vectors associated to the two
unipotent monodromy transformations go and g4; that is, let vy be a basis for image(gs — 1)

and similarly, let vy be a basis for image(gs — 1). Then let
Vo = (07 Vg, *, 0)7 V4 = (07 07 *, U4)7

where the third entry is determined by relation (2.3). The results of running the Dettweiler-

Wewers algorithm are summarized below.

Proposition 2. With respect to the basis Vo, V4, the monodromy of the parabolic cohomology

local system is given as follows:

10 -1 0 1 1 1 -1
RS ) R O N £

We have the following relations:

n(02)* =1, nlos)® = —1, n(o2)n(os)n(o2) ™" =nlos) ™"

Thus, the projective monodromy group is isomorphic to the dihedral group of order 6.

Since we are working with rational elliptic surfaces, the fact that the parabolic cohomol-
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ogy has rank 2 implies that the Mordell-Weil rank is equal to 2. With a little bit of algebraic
manipulations, one can find the following infinite order sections on this family of elliptic

surfaces:

= C(t—a®)?, y= ﬁ(t — a?)2(24t + B)

where C' is root of

§ = 16a(a — 1)C* +9(a — 1)*C* — 6(a — 1)C + 1,

A= (C—-1)2C+1)* B=—-8a*C*+3d’C —a+3C +1.

Since each elliptic surface in the family has a fibre of type II, there is no torsion in the
Mordell-Weil group
citeschuettEllipticSurfaces2010. A basis for the Mordell-Weil group can be chosen by tak-
ing two sections of the above form corresponding to two different choices of roots C' of §.
By examining these sections closely, the results of our monodromy computation are not
surprising—these sections can be defined over an algebraic extension of the function field of

degree 6.

Remark 14. We will be examining many different kinds of covers in this thesis and often
represent them by drawing graphs such as the one in Figure 3.2. We will consistently use
red dots to denote points above 0, blue dots to denote points above 1, and yellow dots above
oo (when considered thrice-punctured spheres whose punctures are at 0, p, oo for p # 1, the
fibre over p will also be coloured blue). Similarly, green arcs denote pre-images of the line
segment joining the blue and yellow dot, purple arcs join red and blue dots, and orange arcs
join red and yellow dots. Black dots will denote base points and another coloured point
will denote a point of excess ramification—a ramified point not lying over one of the three

punctures.

Families 2-5: For the other families considered in [15], three of the monodromy transfor-
mations are unipotent and the remaining transformation has no fixed vectors. It follows that
the corresponding parabolic cohomology groups are rank 1 and the associated monodromy
representations will correspond to characters x: m(A) — {£1}. Thus, each projective mon-
odromy representation is trivial in this case and applying the Dettweiler-Wewers algorithm in
these four cases would be uninteresting. Rather, to close the discussion of these five families

for the time being, we compute the Mordell-Weil group for the remaining cases.

Proposition 3. The Mordell-Weil group for the elliptic surfaces in Families 3,4,5 in Table
3.2 are free of rank 1. The Mordell-Weil group for the surfaces in Family 2 have rank 1 and
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H Family ‘ x-coordinate ‘ y-coordinate H

2 | -t | 6iva+1-t° |

| 3 | —tla+1) | V-4a*+12a—-8 ¢ |
i | it fat

| 5 | 2.2 | —142(9a(3a® - 2)t —4) |

Table 3.3: Generating sections for Mordell-Weil of Families 2-4.

torsion subgroup isomorphic to Z/27Z. Moreover, the x-coordinate of each of the sections

that generate the free part of the Mordell-Weil group are rational functions of t and a.

Proof. We have already remarked that the Mordell-Weil rank is equal to 1. It therefore
remains to find a generating section of the free part and to determine the torsion subgroups.

Generating sections for the free part are tabulated in Table 3.3. We can determine the
torsion subgroup with the help of [39] in which the complete structure of the Mordell-Weil
group for rational elliptic surfaces is determined.

We find that Family 2 has torsion subgroup isomorphic to Z/2Z, and the other families
have no non-trivial torsion sections. The 2-torsion section on the elliptic surfaces in Family
2 is given by

(2,) = (—H(t +1),0).

]

We can see by looking at the sections that there is non-trivial monodromy as a varies in
A. So, even though the projective monodromy representations associated to the parabolic
cohomology local systems were trivial, this allows us to see that the “honest” monodromy
representation are not.

Despite the fact that the seven families with I singular fibres were not useful to Doran
in [15], they still provide interesting examples of geometric variations of local systems. The
seven I families and their Weierstrass presentations are tabulated in Table 3.4. Note that
the functional invariants for each of these families do not depend on a, which shows that the
projective normal forms of the Picard-Fuchs equations are also independent of a.

We can examine the parabolic cohomology local system attached to these families in a
uniform manner. Let A = P! —{0,1,00}, X =Pl x A, D = {(0,4a), (1,a), (00, a), (a,a)| a €
A}andU = X—D. Use a = —1 as a base point and let Uy = X ND =P —{-1,0,1,00}.
Using similar methods to what we did in the five families calculation, we can easily write

down the global monodromy representations for these examples. We do this with respect to
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H Name ‘ Sing. Fibre Types ‘ Weierstrass Presentation H

1 I, 1,1, T ga(t,a) = 3(t — a)?(t? + 14t + 1)
(1,00,0,a) gs(t,a) = (t —a)®(t> — 33t — 33t + 1)

2 I, Ip, Ip, T} ga(t,a) = 12(t —a)*(t* —t + 1)
(1,00,0,a) g3(t,a) = 4(t — a)3(2t3 — 3t2 — 3t + 2)

3 I3, 1, IT, T ga(t,a) = 3(t —a)*(t —1)(t —9)
(0,00,1,a) g3(t,a) = (t —a)®(t — 1)(t* + 18t — 27)

4 L, Iy, IT1, T, ga(t,a) = 3(t —a)*(t — 1)(t — 4)
(0,00,1,a) gs(t,a) = (t —a)®(t — 1)*(t +8)

5 L, 1, IV, T go(t,a) = 3(t —a)?(t — 1)*
(0,00,1,a) gs(t,a) = (t —a)®(t —1)*(t+1)

6 I, IT, I1T, T, go(t,a) = 3t(t —a)*(t — 1)
(00,0,1,a) g3(t,a) = t(t —a)®(t — 1)?

7 Iy, IT, 11, I3 go(t,a) = 12t(t — a)?(t — 1)
(00,0,1,a) g3(t,a) = 4t(t —a)?(t — 1)(2t — 1)

Table 3.4: The seven families with Ij fibres.

loops 71,72, 73,74 around —1,0, 1, 0o respectively. The rank of the parabolic cohomology is
easily calculated using (2.4).

In order to compute the monodromy representation of the parabolic cohomology local
system, we need to determine the braiding map ¢: m(A,—1) — As. Let 09,01 be loops
based at a = —1 wrapping once around 0 and 1 respectively in the upper half-plane. Then

we have

o(00) = 53, w(o0) = By 5301

We now apply the Dettweiler-Wewers algorithm to compute the monodromy representations

of the parabolic cohomology groups.

Proposition 4. For each of the seven families in Table 3.4, the parabolic cohomology local

system on P* — {0,1, 00} is irreducible and has finite monodromy group.

Proof. The monodromy representations are tabulated in Table 3.5. For each representation,
we check that the group generated by n(cg) and n(o;) is finite of the indicated order. It
is straight forward to check that in each case, the matrices n(og) and 1(o;) do not have a

common eigenvector, which establishes irreducibility. O

Thus, we see that even though these seven families were not interesting from the per-
spective of [15], we see that there is non-trivial information captured by the corresponding
variations of local systems. In these examples, the local system on the base P! — {0,1, 00}

is describing how the narrow Mordell-Weil group varies with the deformation parameter.
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H Name ‘ n(oo) ‘ n(o1) ‘ Size H
[ 1 | 1 [ 2 ]
L2 | 1 | 1 [ 2 ]
-1 3 1 -3
v ) L Gs) e
-1 2 1 -2
G | GD) e
-1 3 2 =3
s | (W) | GD)
-1 -1 0 -2 -1 1
6 -1 0 1 3 2 -1 24
-4 =2 1 -2 0 1
1 1 1 -2 -3 -1
7 -1 =2 -1 1 1 0 12
2 4 1 0 0 1

Table 3.5: Monodromies for the seven I families.

3.2.2 Families of K3 Surfaces from Herfurtner’s List

In this section we consider some families of K3 surfaces that can be constructed from Her-
furtner’s list and study their associated variations of homological invariants. Given any of
the rational elliptic surfaces on Herfurtner’s list, we construct a K3 surface by performing
a quadratic twist at the points t = aq,t = as, for smooth points aq,as. This results in a
two-parameter family of K3 surfaces with six singular fibres. In particular, we can do this

for the thirty-eight isolated cases to produce geometric variations of local systems.

Proposition 5. Let E be an elliptic surface with four singular fibres, A = {(a1,as) €
O? ay,ay ¢ B}, and € — A be the family of elliptic K3 surfaces obtained by applying a
quadratic twist at the points t = a1 and t = as. Let v = v(E) denote the number of I,-fibres
in E with b > 0. The rank of the parabolic cohomology local system on A is

7“]_:;:8—1/.

As E wvaries over Herfurtner’s list, the rank rg takes on the values {4,5,6,7}.

Proof. This follows from the rank formula (2.4). Each K3 surface in the family is an elliptic
surface with six singular fibres. The only types of singular fibres that unipotent monodromy

are the I, fibres; every other kind of singular fibre has no fixed-vectors. It follows that

rg=(6—-2)-2—v=8—u.
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\

araz 0 1

Figure 3.4: The loops 71, ...,7s.

By inspection, as E varies in Herfurtner’s list, v takes on the values {1,2,3,4}. O]

We can use the Dettweiler-Wewers algorithm to compute the monodromy representation
of the corresponding two-parameter local system of parabolic cohomology groups. Let us
normalize the singular fibres to to be located at t = ay,as,0, 1,00, so that we can identify
the relevant subspace of the configuration space with A = {(a1,as) € C?| a; # as, a; ¢ X},
and choose (ay,as) = (—2,—1) as a base point for A. As explained in [12], the fundamental
group of A is generated by five elements 1, v2, V3, 74,75 as depicted in Figure 3.4. Their
images under the braiding map ¢: m (A, (=2, —1)) — A; are as follows:

pln) = B
e(r2) = BB
pls) = BBy 0
plu) = 5
p(s) = By B35

Once we determine the initial homological invariant, we can then run the Dettweiler-
Wewers algorithm to compute the monodromy representation for the parabolic cohomology
groups.

To demonstrate the technique, let us examine the eleven isolated examples on Herfurtner’s
list for which there is exactly one additive fibre. These are tabulated in Table 3.6. By
examining the functional invariants in each case, we can determine the homological invariant
for each of the eleven examples. The homological invariants for the twists are obtained by
adding —1 monodromies at t = a1, as. Let

*f L df

W+P£+Qf:0

be the Picard-Fuchs equation for one of these elliptic surfaces. The quadratic twist is obtained

by setting A = (¢ — a;)(t — a3) and scaling g, by A? and g3 by A3. The a-dependent family
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H Name ‘ Sing. Fibre Type ‘ Weierstrass Presentation

1 I,I, I, 11 g2(t) = 12t(t* — 6t + 15t — 12)

(67,07,00,0) | g3(t) = 4¢t(2t° — 18¢* + 72t3 — 144¢* + 135t — 27)
2 I, I, 17,11 go(t) = 12t(9t3 + 36t* + 42t + 14)

(F2,52,00,0) | ga(t) = 12¢(18t° + 108t 4 234¢> 4 222¢> + 87t 4 8)
3 1,14, 15,11 ga(t) = 3(8t — 1)(8t3 + 87t% + 96t — 64)

(—10,0,00,5) | g3(t) = (8t — 1)(64¢° +2* - 5- 13¢* 4+ 52 - 15713 4 100t 4 27 - 5% —

29)

4 Iy, I3, 15, 11 ga(t) = 3(t — 3)(81¢3 — 9t2 — 53t — 27)

(52,0, 00,3) g3(t) = (t — 3)(35¢° — 3°5t* — 23352¢3 — 350t% — 335%t — 243)
5 I, I;, 11T go(t) = 12¢(t* + 4¢* + 10t + 6)

(w1, ws, 00,0) g3(t) = 42 (2t* + 123 + 42¢% + 70t + 63)
6 I, Iy, Ig, 111 go(t) = 12t(? — 6t* + 9t — 3)

t

7 I,,13,I5, 111 ga(t) = 75(5t — 1)(5t% + 45t? + 39t — 25)

(=2,0,00,3) | g3(t) = 25(5t — 1)%(25¢* + 340> + 2 * 3 * 181¢% + 100t + 5%)
8 Iy, I3, I, 11T ga(t) = 3(t — 1)(16t> — 3t — 1)

(5,0,00,1) g3(t) = (t — 1)*(64¢* + 32t> + 6¢> + 5t + 1)
9 I, I, IV go(t) = 3t%(9t? — 8)

(1,—1,00,0) g3(t) = s*(27s* — 365 + 8)

(t) =
(t) =
() =
(t) =
() =
(t)
(t)
(t) =
() =
(t) =
(4,1,00,0) g3(t) = 4t%(2t* — 183 + 54t? — 63t + 27)
(t) =
() =
(t) =
(1)
(t) =
(t) =
(t) =
() =
(t) =

10 L, L, 15, IV ga(t 12t2(t2 + 8t + 10)
(22, 21,00,0) | gs(t) = 4s%(2t" + 24¢% + 78t% + 56t + 27)
11 I3, 15,15, IV ga(t) = 3(t — 1)%(9¢* + 14t +9)
(00,0, —1,1) | g3(t) = (t — 1)2(27t* + 36t> + 2t? + 36t + 27)

Table 3.6: The 11 examples with one additive fibre.

of Picard-Fuchs equations for the twists is therefore

d*f 2t —a; — ay df 2t — a; — as (a1 — ay)? B
e <P T ag)) it (Q e —ay) A= a2l = a2)2) f=0.
(3.18)

Proposition 6. Let £ — A be the two-parameter family of K3 surfaces obtained by starting
with an elliptic surface in Table 3.6 and applying a quadratic twist at t = ay,as. Then,
the monodromy representation for the parabolic cohomology local system is irreducible. The

family € — A is a family of Picard-rank seventeen K3 surfaces.

Proof. One applies the Dettweiler-Wewers algorithm in each case to compute the monodromy
representation for the parabolic cohomology local system. Since each of these families origi-
nates from a rigid elliptic surface with one additive fibre, the rank of parabolic cohomology

is equal to five. These monodromy representations are tabulated in Table B.1, located in
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the appendix.

Irreducibility is argued as follows. For each of the eleven monodromy representations, at
least one the transformations is diagonalizable; call this transformation 7. It follows that
any subspace that is left invariant by all monodromy transformations is a direct sum of the
eigenspaces T'. One then checks by brute force that for each subspace W constructed as the
direct sum of eigenspaces of T' that some other monodromy transformation does not leave
W invariant. Thus, the monodromy representation is irreducible.

On the other hand, the parabolic cohomology local system always contains the transcen-
dental lattice local system and so these two are equal by irreducibility. It follows that the
Mordell-Weil rank is equal to zero for these surfaces and, therefore, the Picard-rank is equal

to seventeen. O

Rather than consider the most general kind of quadratic twist, we can instead consider
quadratic twists in which we twist one mobile smooth fibre ¢ = a and one of the fixed singular
fibres t = s for some s € Y. This produces a one-parameter family of elliptic K3 surfaces
with five singular fibres, and we can compute the ranks of the parabolic cohomology group in
the same manner as earlier, taking into account a “correction” factor depending on whether

we twist at an additive or multiplicative fibre.

Proposition 7. Let E be an elliptic surface with four singular fibres, one of which is at
00, A=P! — %, and & — A be the family of elliptic K3 surfaces obtained by performing a
quadratic twist at a and the singular fibre t = s. Let v denote the number of I,-fibres in E
with b > 0. Let 6, = 0 if s is an additive fibre, and let 65 = 1 if s is an I, fibre. Then, the

rank of the parabolic cohomology local system on A is
rg =6 —v+0ds.

The a-dependent family of Picard-Fuchs equations are obtained from (3.18) by setting
a; = s,as = a where s € ¥ is the fixed singular fibre we are twisting. By choosing a = —1

as a base point, the braiding map used in the Dettweiler-Wewers algorithm is determined by

o(01) = B, (o) = By BB, plos) = By ' 68y 836 B

Applying the algorithm to the eleven examples in Table 3.6 where the unique additive fibre

is twisted, we obtain the following results:

Proposition 8. Let £ — A be the one-parameter family of K3 surfaces obtained by starting
with an elliptic surface in Table 3.6 and applying a quadratic twist at the unique additive fibre
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and at t = a for a ¢ . Then, the monodromy representation for the parabolic cohomology

local system is irreducible. The family € — A is a family of Picard-rank nineteen K3 surfaces.

Proof. By our rank formula, we know parabolic cohomology will be rank three. The mon-
odromy representations are tabulated in Table 3.7. Since we have a family of K3 surfaces,
we know that that the smallest the rank of the transcendental lattice can be is three, and so
we are guaranteed the fact that the parabolic cohomology local system and transcendental
lattice local system agree. Irreducibility follows, as does the fact that these K3 surfaces have

Picard-rank nineteen. O

Remark 15. These eleven one-parameter family of K3 surfaces were considered by Besser-
Livné in [1] in which they show that these families are closely related to certain Shimura
curves. In their work, they compute the Picard-Fuchs equations for these eleven families.
Therefore, the monodromy representations in Table 3.7 are the monodromy representations
for the eleven Picard-Fuchs equations computed in [1]. The connection to the kinds of
Shimura curves considered in [1] explains the orders of the monodromy transformations

computed above.

Note that we may of course apply this quadratic twist construction to the families of
solutions on Herfurtner’s list as well. If we start with the seven Ijj families in Table 3.4, and
apply the general quadratic twist at t = ay,ay for a; ¢ {0,1,a, 00}, then we obtain a three-
parameter family of K3 surfaces with six singular fibres. Here, we have a three-parameter

variation of local systems with deformation space equal to
A= {(a1,a2,a3) € C°| a; # a;, a; ¢ {0, 1, 00}.

As earlier, the fundamental group is generated by nine elements ; and the braiding map is
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Orders

n(o3)

n(o2)

n(o1)

H Name \

— —~ —~ — — ~—~ —~ —~ —~ —
™~ ~ ™~ ™~ ™~ ™ ™~ ™ ™~ ™~ ™~
~ =) =) o~ <t i <t <t o~ ~ o~
o~ N ™ ™ o~ o~ ~ ™ o o~ o~
=) [ ~ =) ™~ ™~ ~ ~ ~ e} oo}
N~— S~— S~— S~— N~— N— S~— S~— S~— N~—
L~ L
— —
— — || — — || — —
— — — — —
0_05773550_0H6M4563456740_00_00_0
_ [ | _ | ]! | [ | _
— — N — — N — N
Q_u0607425 _0647586495794 o_onU _0 _O
[ N I _ ]! | [ | _
/l\ /l\
NOo —H||loN -H|llod —|lm o —lloa Ao —||lom —lom —lla ~ 6] o —|;m o —
I
M —ollo ol —o|llm ol —-ollo—ollo— o]l —~ o <+ — Ol = O
_ _ _ _ _ _ _ _ o = ol ! _
—
/I\((
R L~ ~ \ WV
N O | N© N <t © N Oy < <
| — O = O — —n O H|H O H[[H O [N A~ D | _
Mmoo O — O — Olln 10 oM — O — O|AN — O — O — Ol I~ 1O
™M ©
_1__ _ _1_._ | _ _ _ _1_A 0
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Table 3.7: Monodromy representations associated to examples in Table 3.6
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determined by

pn) = B

(1) = ﬁf15§51

e(y3) = BBy Bibap
o) = BBy 85 BB
o) = 522

w(6) = B3 B35

o(yr) = By B5 BiPsp
p(s) = B3

() = B35'Bibs,

and we can then apply the Dettweiler-Wewers algorithm to compute the monodromy repre-

sentations for the parabolic cohomology groups.

Proposition 9. Let £ — A be a three-parameter family of K3 surfaces with six singular
fibres obtained by starting with an elliptic surface E in Table 3.4 and applying a quadratic
twist at t = ag,a3 ¢ {0,1,a1,00}. Then, the monodromy representation for the parabolic
cohomology local system is irreducible. The family € — A is a family of Picard-rank 22 —rg

K3 surfaces where rg is computed as in Proposition 5.

Proof. This is argued similarly to the previous propositions. We apply the Dettweiler-Wewers
algorithm to compute the monodromy representations. These are tabulated in Table B.3 in
the appendix. For each representation, at least one of the monodromy transformations is
diagonalizable and a case-by-case analysis tells us that each monodromy representation is
irreducible. O

For the twelve families of surfaces in Hefurtner’s classification, we can also produce one-
parameter families of K3 surfaces by taking quadratic twists at two of the singular fibres not
of type Ij. We summarize the results of these computations below, starting with the five

families studied by Doran.

Proposition 10. Let E; be the first elliptic surface in Table 3.2. A K3 surface is produced
by quadratic twisting two singular fibres if and only if we twist both the I, fibres or twist one
Iy fibre and the type II fibre. In the first case, the corresponding one-parameter family of
K3 surfaces has Picard rank eighteen; in the second case, the corresponding one-parameter

famaly of K3 surfaces has Picard rank nineteen.
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If E is any other elliptic surface in Table 3.2, then a K3 surface is produced by quadratic
twisting two singular fibres if and only if we do not twist the unique additive fibre. The

resulting family of K3 surfaces has Picard rank nineteen.

Proof. Whether or not we obtain we obtain K3 surfaces is determined by the euler charac-
teristics of the singular fibres, as described in [37]. A case-by-case analysis shows us that the
only possibilities are as stated above.

If we take Fy and twist at the two I; fibres, then the rank of the parabolic cohomology
local system is equal to four. Applying the Dettweiler-Wewers algorithm to compute the
monodromy representation of the parabolic cohomology, we see that it is irreducible, which
shows that the K3 surfaces has Picard-rank eighteen. In all other cases, parabolic cohomology
is of rank three, and so irreducibility and the statement about the Picard follows from the

fact that the K3 surfaces are not rigid.

2 0 0 9 —10 1 4
100 4 3 -1 -2
e 21 0 R
2 30 1 8 —14 -1 3
(3.19)
3 9 4 0 3 2 0 —2
4 -5 —1 2 2 0 1 2
BT 0 9 0 =6 | T 2 -1 2 -9
4 6 6 5 3 1 —1
0

Next, we summarize the results for the seven Ij families.

Proposition 11. For each family of elliptic surface in Table 3.4, quadratic twisting any
two singular fibres not of type I, produce a one-parameter family of K3 surfaces whose
transcendental lattices have rank equal to three or four depending on the number of surviving

multiplicative fibres.

Proof. One applies the Dettweiler-Wewers algorithm to compute the monodromy represen-
tations. The only thing left to check is that the cases for which parabolic cohomology has
rank four have irreducible representations and this is checked the same way as before. The

monodromy representation are located in Table B.4 in the appendix. O]

Remark 16. Completely mapping out the families of K3 surfaces that can be constructed
from Herfurtner’s list constitutes work in progress. The above illustrates both the method

and some interesting phenomena.
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Remark 17. In general, it is not an easy problem to determine the Picard-rank of a K3
surface, or, equivalently, the Mordell-Weil rank. Stiller was able to find an interesting series
of examples in which he could compute these ranks by taking advantage of automorphisms
of fibration [43] and their induced action on the parabolic cohomology groups. However,
these kinds of useful automorphisms rarely occur in families and would not help us here.
In contrast, our ability to use the Dettweiler-Wewers algorithm to compute the mon-
odromy representation of parabolic cohomology allows us to make statements about the

Picard-rank of K3 surfaces moving in families by analyzing the representations.

Remark 18. Note that the number of parameters for these families of K3 surfaces does not
always agree with the dimension of the corresponding moduli space as lattice-polarized K3
surfaces. For example, if we twist the two I;-fibres in the first family considered by Doran, we
obtain a one-parameter family of rank eighteen K3 surfaces, from which it follows that the
corresponding period map is not surjective. One may therefore reasonably ask: are we getting
interesting sub-loci when this happens. This is analogous to the situation of M-polarized K3
surfaces, whose moduli space is two-dimensional, but possesses a one-dimensional sub-locus
(the o = 1 locus that we will discuss in detail shortly) on which the Picard-rank of each
K3 surfaces cannot jump to twenty. Investigating the special properties of the families that
we are obtaining in this, such as the Picard-rank jumping, is another direction of future

research.



Chapter 4

K3 Surface Fibrations

In this section, we study some interesting geometric variations of local systems coming from
families of K3 surfaces—that is, we are moving up a dimension. We begin by studying a
certain family of K3 surfaces for which the Néron-Severi group is isomorphic to the rank
eighteen lattice H ® Eg @& Es. The moduli space of M-polarized K3 surfaces M, was de-
scribed in [8]. It is a two-dimensional variety for which the generic K3 surface admits exactly
two elliptic fibration structures. We show that each of these fibration structures leads to
a geometric variation of local systems parameterized by M, whose parabolic cohomology
is the rank four transcendental lattice local system on M,;. By restricting to a particu-
larly interesting one-dimensional sub-loci, the so-called ¢ = 1 locus, we are able to apply
the Dettweiler-Wewers algorithm to compute the corresponding monodromy representation.
That is, we compute the monodromy representation for the Picard-Fuchs differential equa-
tion describing the periods of the K3 surfaces in this locus, and we are able to do this for
each of the two fibration structures.

In [9], the “fourteenth case” of integral variations of Hodge structures of weight three
underlying the thrice-punctured sphere, classified in [20], was constructed by considering
a particular one-parameter family of Calabi-Yau threefolds admitting an M-polarization.
We show that this local system is realized as the parabolic cohomology associated to the
geometric variation of local systems induced by the M-polarized K3 surface fibration. This
is done by explicitly writing out the variation of local systems and applying the Dettweiler-
Wewers algorithm.

We then discuss M,,-polarized K3 surfaces and threefolds admitting fibrations by such
surfaces. It is observed that the Picard-Fuchs equations that govern M, -polarized K3 sur-
faces share much of the same structure as Stiller’'s K-equations, which describe the kinds of
differential equations that occur as Picard-Fuchs equations for elliptic surfaces.

Finally, we consider two examples of interesting geometric variations of local systems

49
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that arise naturally from M,-polarized K3 surfaces. One example is the Dwork-pencil of
mirror hypersurfaces. Starting with the family of mirror cubic elliptic curves, we construct
a geometric of variation of local systems whose parabolic cohomology corresponds to the
variation of Hodge structure on the mirror quartic family of K3 surfaces. In turn, we con-
struct a geometric variation of local systems whose parabolic cohomology corresponds to the
variation of Hodge structure on the quintic mirror family of Calabi-Yau threefolds. We also
discuss an interesting example found in [38] that showcases some of the subtleties of the

subject.

4.1 The 14th Case VHS of Doran-Morgan

4.1.1 M-polarized K3-surfaces

In this section, we review the necessary details of the theory of M-polarized K3-surfaces,

where M denotes the rank-eighteen even lattice
M = H @ Eg @ Eg,

with H being the standard rank-two hyperbolic lattice and Fg is the unique even, negative-
definite, unimodular lattice of rank of eight. More generally, we start by considering L-
polarized K3 surfaces where L is an even lattice of signature (1,7), r > 0. We follow the
treatment found in [16].

Consider a family of K3 surfaces, which we will take to mean a variety X together with a
flat and surjective morphism 7: X — U onto a smooth, irreducible, quasiprojective variety
U for which each fibre X, is a smooth K3 surface. It is also assumed that there is a line
bundle £ for which the restriction to each fibre is ample and primitive in Pic(X,) for each
p € U. We consider the integral local system R*m,Z, whose fibres above p are isomorphic
to the second cohomology group H?*(X,,Z), together with the Gauss-Manin connection V.

The cup-product pairing on the stalks extend to produce a bilinear pairing of sheaves
R*n.Z x R*n,Z — R'n,Z >~ 7. (4.1)

Now consider the Hodge filtration on R?7,Z®Oy;. Since each fibre is a K3-surface, the filtrant
F? = F?(R*r,Z ® Oy) is given by a rank one local subsystem of R?m,C. Let wy be a flat
local section of F2. Since the pairing is Z-linear and wy is flat, the orthogonal compliment
wy is well-defined on U; we call this local system N'S(X). Note that N'S(X), = NS(X,) for
each fibre. Let T(X) be the integral orthogonal compliment of N/S(X). Then, we have an
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orthogonal decomposition of the Q-local system:
Rr.Q = (T(X) e NS(X)) 2z Q.

Let N be a local subsystem of NS(X) for which the restriction of the bilinear form to
the fibre N, gives N, the structure of a non-degenerate integral lattice of signature (1,n—1),
which is isomorphic to a lattice N, embedded in H*(X,,Z).

Definition 19. The family X is N-polarized if the local system N is a trivial local system.

Now suppose X — U is an M-polarized family of K3 surfaces in this sense. The
corresponding transcendental lattice is isomorphic to the rank-four lattice H & H. Let

{z1,29,y1,y2} be a basis of the local system T (X') for which the intersection matrix is

0010
0001
1 000
0100

Then, the section wy can be expressed as

wx = fi(p)r1 + fa(p)z2 + 91(P)Y1 + g2(P)Y2,

where the f;, and g; are the periods of w, the integrals being defined on the 2-cycles dual
to the x; and y; via Poincaré duality. The filtrant F? is determined by w up to non-zero

scaling, and we see that the corresponding period map can be realized as the map

U — P(H®H)

| (4.2)
p = filp)r+ fo(P)r2 + 91(P)y1 + 92(P)y2

Remark 19. Similar to elliptic surfaces, we see that the period map can be concretely realized,
after fixing the basis {1, Z2, 91,72}, in terms of the dual local system (R?7,C)". This local
system is identified with the solution sheaf of rank four differential operator on U known as
the Picard-Fuchs operator. The monodromy of (RQW*Z)V is identified with the monodromy
of the associated Picard-Fuchs equation, and we often work with this local system, rather

than R?m,Z. This will be the case for the examples considered in this thesis.

The Hodge-Riemann relations imply that we may normalize the image of the period map
as follows:

TT1 + Ty + uyy + (—7u)ys,
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where 7, u are uniquely defined elements of h (that depend on the basis we started with)[8].

Definition 20. The modular invariants of the M-polarized K3 surface X are

o = J(r)+ J(u)
= J(r) ),

where J is the classical modular function.

It follows that the classifying space of these Hodge structures can be identified with
7-[1 = G\b X h)

where

G = (PSLy(Z) x PSLy(Z)) x Z/2Z.

Here, PSLy(Z) acts on each factor of b in the standard way, while the Z/2Z factor exchanges
the two copies; the invariants o, 7 are natural coordinates on the space H;. The space H; also
classifies Hodge structures corresponding to products of elliptic curves. A precise relationship
between M-polarized K3 surfaces and products elliptic curves by way of a canonical Shioda-
Inose structure is described further in [8].

A complete classification of M-polarized K3 surfaces was presented by Clingher-Doran

in [8]. We summarize some some of the important features.

Proposition. Let X be an M-polarized K3 surface. Then, there is a triple (a,b,d) € C?

with d # 0 such that X is isomorphic to the minimal resolution of the quartic surface:
1
Qaba: Yzw —42°2 + 3avzw® + baw® — §(d22w2 +w?) = 0. (4.3)

Two quartics Qay py.d; oA Qay by.d, correspond to isomorphic M -polarized K3 surfaces if and

only if
(CLQ, bg, dg) = (/\2CL17 /\3b1, )\6d1>,

for some A € C*.

A coarse moduli space for M-polarized K3 surfaces is thus given by an open sub-variety

of weighted projective space:

My ={[a:b:d € WP(2,3,6)| d 0},
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and the following invariants are known as the fundamental YW-invariants:

a’ b?
Wl - Eu W2 - E

The inverse of the period map per—!: H; — M, is given by
1 1
per = |7m3, (m—o+1)2,1|;

that is, we have
W1:7T, W2:7T—0'+1.

Let X — M), denote the M-polarized family of K3 surfaces described above. As de-
scribed earlier, the rank four local system 7 (X) is determined by the Picard-Fuchs differen-
tial system on the space M,,;. By applying the Griffiths-Dwork algorithm to the family of
quartic surfaces (4.3), the associated Picard-Fuchs system was computed in [7]. In the affine

chart corresponding to a = 1, the result is the following rank-four differential system in b, d:

92f *f L df) _
oh-a(aZh+%) = 0

92 0 9? 0
0 +d— 154 +2b% +4bdS L +24%L + 2 f = 0.

(4.4)

The local system T (X) arises as the parabolic cohomology local system associated to el-
liptic fibrations in two different ways. Generically, an M-polarized K3 surface admits exactly
two elliptic fibrations [8]. As [a : b: d] € My, varies we obtain a variation of local systems
parameterized by a Zariski-open subset of M, namely, the variation of homological invari-
ants of the elliptic fibrations. By our consideration in section Chapter 2, the local system
of parabolic cohomology groups will be contained in the local system R?m,Z and carries a
weight two integral Hodge structure that agrees with the one inherited by the embedding in
R?m,Z. Moreover, V will necessarily contain the local system 7 (X)) by Proposition 1.

Let us make this explicit for each of the two fibration structures. First consider the
so-called standard fibration on an M-polarized K3 surface X, given by the vanishing of

Qapd = y'2w — 42°2 + 3axzw?® + bzw® — %(szw2 +w?).
This is obtained by noting that for each fixed w, the resulting curve is an elliptic curve.
Since we have typically been using ¢ to denote the fibration parameter on an elliptic surface,

we will rename variables ¢ = w. Scaling variables via (x,y) — (tx,ty), and considering the



CHAPTER 4. K3 SURFACE FIBRATIONS 54

affine piece z = 1, we obtain the model
S 2 3 1 2
Qapa =Yy —4x” +3ax + b — Q_t(d+t ).

This is a Weierstrass equation of the sort we are used to, but it is not minimal at ¢ = oo; we

scale (z,y) — (t72x,t 3y) to produce the following minimal model:
1
pandard — o* — 42° + 3at'z — §t5(t2 — 20t + d). (4.5)

The standard fibration on the M-polarized K3 surface is then described by the following

Weierstrass presentation:
1
ga2(t;a,b,d) = 3aw?, gs(t;a,b,d) = —§t5(t2 — 2bt + d).

The discriminant is

2—7-t10-

Altia,b,d) = —

(t* — 4bt® + (—4a’® + 40° 4 2d) t* — 4bdt + d°).

From this, we see that there are singular fibres of type II" at ¢ = 0,00 and four I; fibres
located at the four roots of the quartic polynomial appearing in the discriminant. The

discriminant of this quartic is
§ =2"%a%d* - (a® — 2a°0* + b* — 2ad — 2b%d + d?). (4.6)

The functional invariant is

t2
t+ — 4bt3 + (—4a® + 4% + 2d) 12 — 4bdt + d?

J = —4a’

We see that J is a degree-four cover of the projective line. The fibre over 0 is t = 0, 00,
which corresponds to the two II*-fibres; the fibre over oo consists of the four I;-fibres; the
fibre over 1 consists of the two roots of ¢ — 2bt + d, each ramified to order two. From the
Weierstrass presentation above, we can compute the internal Picard-Fuchs equation for the
elliptic fibrations; we compute the following expressions for [a : b : d]-dependant family of
Picard-Fuchs equations:

d*f

d
W + Pstandardd_J; + Qstandardf = 07 (4'7>
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Figure 4.1: The standard fibration when [a:b:d] =[1:1: —1].

where
B 2t6—6bt5+(—4a3+4b2—d)t4+8bdt3+(8a3d—8b2d—4d2)t2+6bd2t—d3
Piandara = 2 t(£2—d) (1T —4bt3+ (—4a3+4b2+2d) 2 —4bdi+d?) (4.8)
B 77t6—144bt5—159dt4+576bdt3+(288a3d—288b2d—201d2)t2+144bd2t—5d3 :
Qstandard = 3612 (t2—d) (17 —4bt3 +(—4a3+4b2+2d) 12— 4bdi+d2)

Note that the singular points t? = d are apparent singularities of this family of Picard-Fuchs
equations and do not correspond to singular fibres, but rather points at which the functional
invariant J is ramified over points other than {0, 1, co}.

We now choose [a : b:d] =[1:1:—1] as a base point and determine the homological

invariant of the corresponding local system. The functional invariant simplifies to

t2
(t2—1)(t? — 4t —1)’

J = —4

and the I;-fibres are located at t = —1,1 and t = 2 + V5. The Picard-Fuchs equation for
this fibration is

A’ f 45 — 1265 + 2t* — 1613 — 8t + 12t + 2df

az " te2—1)(2+1)(2—4t—1)  dt

770 — 14485 4 159t — 57613 — 2012 + 144t +5
36t2(t2 — 1)(12 + 1)(t2 — 4t — 1)

f =0 (4.9)

Note that the singularities of the Picard-Fuchs equation above at t = +¢ are the apparent
singularities. We draw the graph on P! that represents this cover and use it to help write
down the functional invariant; see Figure 4.1.

We label the points

(tb t27 t37 t47 t57 tﬁ) = <_17 05_7 07 ]-7 Oé+, OO))
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and choose loops 71, ..., as indicated. The resulting monodromy representation is
10 11 0 —1
-1 1 01 1 1
(4.10)
M, — 10 Me — 11 Mo — 0 —1
S " \lo1 Tl
As [a : b : d] varies in MY, :== M — {6 = 0}, we obtain a two-parameter variation of

local systems. The rank of the parabolic cohomology local system )V on A can be easily
computed using our formula (2.4). We have six singular points in total, four of which are
unipotent and so we conclude that the rank of V is four. On the other hand, we know that
the transcendental lattices of the generic member of this family have rank four, and so we
conclude that V is equal to transcendental lattice local system, i.e., the Mordell-Weil rank
is equal to zero.

Next we consider the “alternate fibration” structure. This fibration is obtained by con-

sidering the projection map from the quartic surface model (4.3) to P} The fibre over a

[z:w]
point [t: 1] = [tw: w] is
1
yPzw — 4P zw® + 3atzw® + bzw® — §(dz2w2 +w?). (4.11)
Set p(t; a,b,d) = 4t>—3at —b. Then, after making a change of variable of the form z — z— %,
one derives the following Weierstrass presentation for the alternate fibration:
y? = 42° — go(t;a,b,d)z — gs(t;a,b,d)
2
ptabd) = (4.12)
2_
g3(t;a7ba d) = _W
The discriminant and functional invariant take the following form:
2_
A _ 64(]:14 d)
_ (4p*-3d)3
J = WQ (4.13)
_ pP(8p*-9d)
J-1 = p27d§(p2—d) :

By consulting Table 3.1, we see that the six roots of p? — d are I; singular fibres and that
oo is a type I}, fibre. By computing the discriminant of p* — d, one sees that that collisions
of singular fibres occur if and only if [a : b : d] € {J = 0}, where 0 is given by (4.6). While
one can compute the family of internal Picard-Fuchs equations for this family in the exact

same manner as we did earlier, the equation is quite complicated and hard to display. Note
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Figure 4.2: The alternate fibration when [a:b:d] =[1:1:—1].

that the degree of the functional invariant in this case is eighteen, rather than four for the
standard fibration.

Using [a:b:d] =[1:1:—1] as a base point (the same base point we considered for the
standard fibration), the six I; fibres are located at the roots of p? + 1 = (423 — 3z — 1) + 1.
The Picard-Fuchs equation corresponding to this fibration is

a2f | 2(128t7—1444°—16114+4813—171—3) (44212

aof = 4.14
dt? (16t6724t478t3+9t2+6t+2)(4t271)f + 4(16t6724t478t3+9t2+6t+2)f 0 ( )

The singular points t = i% of this equation are apparent singularities and once again corre-
spond to excess ramification of the functional invariant.

In figure 4.2, we have marked these poles and drawn the graph that describes the corre-
sponding cover. We take 0 as a base point for the initial local system and choose loops ~;

around the p; as indicated. This allows to determine the initial monodromy representation:

2 1 01 2 1
Y1 10 V2 1 9 V3 10
-1 2 -1 0 -1 2
-1 —12
Y7 = 0 —1 )

The first six monodromy transformations are unipotent and the the last does not have

any fixed vectors. It follows from our rank formula (2.4) that the parabolic cohomology
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group corresponding to this representation has rank given by:
(7T—2)-2—(1+14+14+1+1+1)=4,

from which it follows that the parabolic cohomology local system is identified with the

transcendental lattice local system on M.

Proposition 12. Let MY, C My, be the compliment of {6 = 0} where 6 is as in (4.6). Both
the standard and alternate fibration structures on the K3 surfaces parameterized by MS,, as
described in [8], give rise to geometric variations of local systems whose local system of

parabolic cohomology groups agree with the rank four local system of transcendental lattices.

Remark 20. The significance of the above example is that we are able to access information
about the local system 7 (X') in two different ways, corresponding to the two different fibra-
tion structures. The fibration structures are quite different from each other: the number of
singular fibres is different in each fibration, in addition to certain types of fibres only being
found in one fibration. Nonetheless, the parabolic cohomology local system corresponding
to the two different fibrations agree with each other in this case.

In general, this need not happen. While the transcendental lattice local system will
always be contained as an irreducible piece of the parabolic cohomology local system, it
is possible that two different fibration structures will have different Mordell-Weil lattices,

which will correspond to different parabolic cohomologies.

Remark 21. In principle, if we had a good understanding of the fundamental group of A =
My — {6 = 0}, then we could apply the Dettweiler-Wewers algorithm to compute the
corresponding monodromy matrices. In the next section, we will look a certain sub-locus on

which we will be able to implement the algorithm.

4.1.2 The 0 =1 Locus

In this section, we consider the sub-locus of the M-polarized moduli space cut out by setting
o = 1. In the affine chart defined by a = 1, this corresponds to setting [a : b: d] = [1,1, 1];

the K3-surfaces in this family are the minimal resolutions of the surfaces cut out by

1
Qapd: Yzw — 422 + 3z20* + 20 — 2—(22w2 + 7w?) = 0. (4.16)

™
We start by computing the “external” Picard-Fuchs equation—the m-dependent Picard-
Fuchs equation that corresponds to the periods of the K3 surfaces in this family. Applying
the Griffiths-Dwork algorithm to the family of hypersurfaces defined in (4.18), we obtain the
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following Picard-Fuchs equation:

4 13 3 17 167 12 3 385
df Sr-ldf  Sr—df s df  son

dnt  w(r—3)dmd ¥ (w—1)dn? 7w —1)drm wi(m— )

f=0 (4.17)

On the other hand, we also have two internal fibration structures coming from the stan-
dard and alternate fibrations. We first consider the standard fibration for the K3 surfaces

in this sub-locus given by the Weierstrass presentation:

1
y? = 42’ — 3thr + 2—t5(7rt2 — 2%t + 1) (4.18)
™

The corresponding m-dependent family of Picard-Fuchs equations is

d*f 27310 — 673t — w2t + 812t3 — At + 67t — 1df

az " t(rt? — 1)(mt? + 1) (7t? — 4wt + 1) dt

7735 — 1447315 — 15972t + 576723 — 2017t? + 144nt — 5)
36t2(mt? — 1)(wt? + 1)(7t?2 — dnt + 1)

(4.19)

f =0 (4.20)

Note that the singularities located at the roots of mt% 4+ 1 are apparent singularities, while
the poles correspond to the I; singular fibres.

The discriminant of this fibration is

27
A = ——t"(7wt? + 1) (mt? — 4wt + 1),
472
and the discriminant of the right-most quadratic term is equal to %(4% — 1). Identifying
the o = 1 locus with P}

)

it follows that the standard fibration gives rise to a variation of
local systems over PL — {0, %l, oo}. Using m = —1 as a base point, the initial local system
is exactly the one we used as a base point when we studied the full M-polarized locus; the
monodromy representation is therefore given by (4.10).

Let oy, o1 denote the loops around 0 and }L based at m = —1 as indicated in Figure 4.3.
By carefully analyzing the motion of the singular points as m moves in these loops, we can

determine the braiding map ¢: m (PL — {0, 1 0o}, —1) — As:

T ) 40

p(oo) = B3 B85 By B 8y By By

4.21
) = B3B3 Bafspo. (4.21)

We now apply the Dettweiler-Wewers algorithm to compute the monodromy representation

of the corresponding parabolic cohomology local system.

Proposition 13. The monodromy representation of the parabolic cohomology local system
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(b) The braid ¢(oyp).

(c) The braid ¢(o1).

Figure 4.3: The standard fibration variation.

1
1

60
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associated to the standard fibration over the o = 1 locus is given by the matrices:

-1 10 -1 1 000 -1 010
-1 01 O 1 -1 11 -2 110
o) = , o1 y MO0) =
(o) 010 -1 | "W Lo [P L
-1 0 1 0 0 1 0 -1 0 1
Their Jordan canonical forms are as follows:
w 0 0 0 -1 0 0 0 -1 0 0 0
0w 0 0 0100 0110
Jo=| "~ = oo =
0 0w 0 4 0010 0011
0 0 0 wh 0001 0001

Proof. The matrices above are obtained by applying the Dettweiler-Wewers algorithm with
the initial monodromy representation (4.10) with the braiding map determined as above.
These monodromy matrices are equal to the monodromy matrices of the parabolic cohomol-
ogy local system up to a sign ambiguity. To eliminate the ambiguity, we can compute the
Picard-Fuchs differential equation for this family of K3 surfaces.

The characteristic exponents of the Picard-Fuchs equation (4.17) at m = % are 0, %, 1,2,
which means that the corresponding monodromy transformation has 1 and —1 for eigen-
values, with —1 appearing with algebraic multiplicity one. The characteristic exponents at
m = oo are 0, with multiplicity three, and % with multiplicity one, which means that the
corresponding monodromy transformation has 1 as an eigenvalue with algebraic multiplicity
three, and eigenvalue —1 with multiplicity one. Since the monodromy matrices written above

have the correct multiplicities of eigenvalues, we have resolved the sign ambiguity. O]

We now perform the same computation using the alternate fibration. The m-dependent

family of Picard-Fuchs equations corresponding to the alternate fibration is by

d*f N 21287rt7 — 1447t° — 16mt* + 4873 — 13wt — 3w + 4t df  9(4t? — 1)?

e A2 — (rp? — 1) e S )

Using m = —1 as a base point, the initial homological invariant was computed earlier in
(4.15). If oy, o1 are the same loops from the earlier, then Figure 4.4 describe the motion of

the singular points and allow us to determine the braiding morphism. We determine that

ploo) = BBy ' B B 6"

4.23
) = BsBuB5 ( )
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Using these braids, we run the Dettweiler-Wewers algorithm to compute the monodromy
representation, using the structure of the external Picard-Fuchs equation to eliminate the

sign ambiguity.

4.1.3 A New Perspective on the 14th Case

In this section, we demonstrate how the fourteenth case of integral variation of Hodge struc-
ture constructed in [9] arises from geometric variations local systems. This variation of
Hodge structure corresponds to a one-parameter family ) of Calabi-Yau threefolds admit-
ting fibrations by M-polarized K3 surfaces lying in the 0 = 1 locus. As described in [9], the
fibration is described by a map a: Y — C = P}, and each fibre a~!(¢) is an M-polarized
K3-surface [9]. The M-polarization structure is described in terms of its modular invariants

as follows:

Ty = ——- (4.24)

oy = 1, (4.25)

where ¢ € C denotes the parameter for the family ). The £-dependent family of degree-two
covers of Pl defined above are generalized functional invariant maps to the ¢ = 1 locus that
determine the internal M-polarized K3 surface-fibration on each ).

Let V denote the rank-four local system of transcendental lattices on the ¢ = 1 locus
whose monodromy was computed in Proposition 13. Then, the family of pull-back local
systems pg) defines a variation of local systems that describe the internal M-polarized K3

surface-fibration structure. For each £ ¢ {0, 00}, we have

p"(0) = {000}, pg'(00) = {~1},p"(}) = fa" 07}

The map pe is ramified at ¢ = 1, which lies over rlz%; this branch point is equal to }l only
if € = % Therefore, the local systems p;) form a variation of local systems parameterized

by P¢ — {0, 135, 00}

Remark 22. When & = #, the threefold V!, is still fibred by M-polarized K3 surfaces, but
6

the number of singular points in the corresﬁzonding local system is less than the generic one.

1

This is why, from the perspective of variations of local systems, we omit § = 5.

The &-dependent family of Picard-Fuchs equation is given by

d'f & f af df

w—F 5%+Q§W+R5£+S§f:07 (4.26)
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Ps

G

Pa

Akl

(a) The alternate fibration when © = —1.

P4 p:

0T

(b) The braid ¢(oyp).

\
R

pl e’b
P2 \ ‘
3 A

P4 o

).

Figure 4.4: The alternate fibration variation.

(c) The braid ¢(o

N
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where
4 7 3 7 2 17
P — 6& —so57052 ¢ +(_4£+4478976)t +<_45+ 8957952)t_£
¢ 5t(t271)(t2+<27#%§)t+1)
6 7 5 1355 7 4, (5420 1 3, (9013 35 2, (4202 67
Q — 491(¢t +(7257 20362752)t +(7 491 &+ 5090688)t +( 491 £~ 377088)t +( 491 & 5090688)t +( 491 & 20362752)t+£)
¢ 72£t2(t271)2(t2+(27ﬁ>t+1)
8 1 7 1 6 1256 67 5
R — 59& +(745+4893696)t +(2£7 815616)t +(7 59 ng4893696)t
¢ 72§t3(t271)3(t2+(27%6&>t+1)
9112 17 4 14060 47 3 8286 109 2 1728 53
+ 59+(* 59 £+407808)t +(7 59 5jL543744)t +(* 59 £+2446848)t +(* 59 £+4893696)t7£
72£t3(t271)3(t2+<27?“6§>t+1)
2 1
S — 25(&t2+ (26— 735 ) t+£)

20736§t4(t2—1)4(t2+(2—124—%)15-%1)

(4.27)

Note that ¢ = 1 is an apparent singularity of these equations, corresponding to the excess
ramification of the degree-two covers.

The monodromy representation for each pgV is determined in the usual manner by ex-

amining the push-forward homomorphism, using the monodromy representation for V that

1
2.126

representation of the pull-back by drawing the graph in Figure 4.5. Let 71, 79, 73, 74, 75 be

was computed in 13. Choosing £ = as a base point on, we determine the monodromy

the loops indicated in the figure. Then, we determine their images under the push-forward

map p_1_, as follows:
2.1267

T

Ty 0y

T3 > 01 (4.28)
T4 > 01

Ts > Uf2aalao_02.
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(a) The degree-two cover when & = ﬁ.

(b) The braid ¢(op). The numbers indicated the order in which the cor-
responding motion happens.

(c) The braid (o

).

1
126

Figure 4.5: The M-polarized fibration variation.
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It follows that the monodromy representation of p* , V is given by
2.126

0 1 0 0 -1 1 0 -1
-1 2 00 -1 01 0
T — To
-2 2 1 0 010 -1
2 =2 —-11 -1 0 1 1
1 0 0 O 1 000
-1 1 1 1 -1 11
T3 — (429>
010 0 010
0 1 0 0 01
0O -1 1 0
1 -2 21
Ty >
1 -1 1 0
—1 011
Let 70,0 155 Ooo be the usual generators of P1 {0, 126,00} based at 126 Then, the
braiding map ¢ is determined by
p(o0) = B3 By ' By BB By ' By Bay o) = Ps. (4.30)

12!

Applying the Dettweiler-Wewers algorithm, we compute the monodromy representation for

the parabolic cohomology local system W on P — {0, 55,00} ).

Proposition 14. The local system W has the following monodromy representation:

-2 1 -1 1 10 0 0 4 -1 1 -1
-4 2 -1 1 0 1 0 0 7T -1 2 =2
oo — , 01 , Oco M7
-5 1 -1 2 126 0 0 10 9 -2 4 -3
~10 3 -4 5 31 -1 1 25 -7 9 —7
(4.31)

This is exactly the representation corresponding the 14th case in the Doran-Morgan classifi-
cation of variations of integral Hodge structures corresponding to one-parameter families of

Calabi- Yau threefold over thrice-punctured spheres.

Proof. The monodromy matrices above are found by applying the Dettweiler-Wewers algo-
rithm with braiding map determined as above. We can verify that we have computed the
correct representation by using the fact the 14th case monodromy representation is uniquely

characterized by the the fact that the monodromy at 0 is maximally unipotent, and that the
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characteristic polynomial of the monodromy at oo is 2% — 2% + 1 [20]. [

The Picard-Fuchs equation for the family ) is equal to the generalized hypergeometric

1 5 7 U
127120 127 12

04f—<9+%) (9+%) (9+%) (6+%>f=0, (4.32)

where 6 denotes the differential operator t%.

equation 4F3( ), after the change of variable ¢ = 12°¢, which can be written as

4.2 M, -Polarized K3 Surface-Fibrations

In this section, we will examine M, -polarized K3 surface-fibrations, where M, is the rank

nineteen lattice
M, = H® Eg ® Eg & (—2n),

for n > 2.

4.2.1 General Theory

We begin by describing the moduli space M,, of M,,-polarized K3 surfaces. Since each M,,-
polarized K3 surface is M-polarized, there is a morphism M, — M,,;. The image of this
map consists of the pairs 7,u € h? for which the elliptic curves E, and E, are joined by
a cyclic n-isogeny. Thus, the image of M, inside M is identified with the modular curve

Xo(n)™, which is the quotient of the upper half-plane h by the group

To(n)* = To(N) Ur,Lo(N), T = (ﬁﬁ _jﬁ> .

In fact, the map M,, — M is an isomorphism onto its image [17].
Now suppose 7: X — U is an M,,-polarized family in the sense of Definition 19.

Definition 21. The generalized functional invariant of X — U is the map ¢g: U — M,

defined by sending each fibre X, to its corresponding point in moduli.

For families of M,,-polarized K3 surfaces, the functional invariant is enough to characterize

the family up to isomorphism:

Theorem. [Theorem 2.2 [17]] The family w: X — U is uniquely determined by its functional
invariant g: U — M,,.
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It follows that any M, -polarized family of K3 surfaces 7: X — U is the pull-back of a
fundamental modular family &,, — M, by the functional invariant. In general, computing
explicit models for the families &), is difficult, but for low values of n, models are tabulated

in [17]. As an example, the modular family A5 is given by
Mt 4+ zyz(z +y+ 2 —w) =0, (4.33)

where A is the coordinate on Xy(2)* for which the orbifold points of orders (2,4, 00) are
located at A = 4%1, o0, 0 respectively.

We are interested in the variation of Hodge structure on U given by the local system
T (X); we begin by describing the period domain, following the treatment of Dolgachev [13].
Start by choosing a basis (e, f,g) for M- = H & (2n), where e is a generator of 2n, and

(f,g) is a standard basis for H. The period domain D,, is defined as
D, ={z € P(M; ® C)| (z,2) =0, (2,%) > 0}.

The group O(M,")*, defined to be the kernel of the morphism O(M;") — Aut(A,s.), where
Ajprr is the discriminant lattice, acts on the space D,, and is generated by SO(M1)* =
O(M:)* N SO(M;-) and the involution

@
I

- o O

o = O

o O =

Dolgachev shows that there is an isomorphism between the compactification of the quotient
D,,/O(M;)* and the moduli space M,,.

As explained in [17], we can construct Hodge structures on the quotients as follows. Let
F, be the line bundle Opz2(—1) restricted to D,, which is a sub-bundle of F° := (M} ®
Op2)|p, on D,. This defines a weight two integral variation of Hodge structure which de-
scends to Hodge structures V,, and VI on the quotients D,,/SO(M:})* and D, /O(M:})*. The
local system V,, is the pull-back of VI via the double cover D,,/SO(M)* — D,,/O(M})*.
Moreover, the Hodge-theoretic analogue of Theorem 4.2.1 holds:

Proposition (Proposition 2.6 [17]). The variation of Hodge structure T (X') is the pull-back

of Vi by the functional invariant.

Thus, from the perspective of local systems and variations of Hodge structures, we are
reduced to studying the local systems that arise by pulling back VI along rational functions.

This is not dissimilar to the situation of elliptic surfaces in which Stiller showed, among
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other things, that the Picard-Fuchs equation of an elliptic surface is projectively equivalent
to the pull-back differential equation of a specific hypergeometric function via the functional
invariant. Following the ideas of Stiller, we can attempt to categorize the types of differential
equations that can occur in this setting and prove similar structural results.

To motivate the next definition, suppose that 7: X — U is an M,-polarized family of
K3 surfaces, and fix a choice of holomorphic non-vanishing section wy that generates the

flitrant F2. Choosing a basis (f, e, g) for M} for which the pairing is given by

0 0 1
0 2n ,
1 0

we may write wy = ne+( f+ &g, for holomorphic functions 7, (, £ on U. The functions 7, (,
are the periods of wy and satisfy the corresponding rank three Picarc-Fuchs differential

equation. The condition that (w,w) = 0 implies that
nn® + € = 0.
Scaling w by 71, and using £ = —(/n, we find that
Qw,w) =2 — (w+w),

S
5
It follows that the period domain D, splits into two connected components, each isomorphic

where w = 2. This quantity is always non-negative and is equal to 0 precisely when ¢ € R.
to the upper half-plane, say D and % will stay in one component. By changing basis to
(—n, —(, &) if needed, we will assume that % € b. Finally, the monodromy representation of
the Picard-Fuchs equation with respect to the basis (1, ¢, &) will take values in O(M1)™, the
subgroup that fixes the component D;f.

This prompts the following definition:

Definition 22. A rank three K-equation for O(M)* is a Fuchsian differential equation of
the form
3 f

df
Af=Sl4p
/ du3+

2
df+Q—+Rf:0,

du? du
where P, @, R € K(U), together with three non-vanishing holomorphic, multivalued solutions
1, (, & satisfying:

L nn® 4+ (€ =0;

2. 1m(%) > 0;
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3. the monodromy representation takes values in O(M:)*;
4. the Wronskian W = e~/ P4 ¢ K(U)

Given a rank 3 K-equation for O(M:1)* as above, it follows that we have a multi-valued
map

Uy = D,

defined on a Zarsiki-open subset of U. Composing this map with the map
Dy — O(M; ) "\Dyy = Xo(n)",

we obtain a single-valued function G: U — Xy(n)*; the fact that we have a Fuchsian equation
and properties of the quotient map above imply that G is meromorphic, much in the same

as is argued in [21].

Definition 23. Given a K equation as above, the rational function G: U — Xy(n)* is called

the functional invariant of the K -equation.

Proposition 15. For each n, the Picard-Fuchs equation for the family X, — Xo(n)" is a
K -equation for O(MI)T. We denote this equation by K,,.

Proof. This is just by definition of K-equations. The K-basis is given, after fixing the form
wy,, by the periods of w along the cycles that are Poincaré dual to e, f, g. O

Remark 23. Note that for the equation K, the map u — n(u)e+((u) f +&(u)g from Xo(n)™*
to D;f is a local single-valued inverse to the quotient map D, — Xy(n)*, the same way that
the K-basis for the Picard-Fuchs equation corresponding to J = t defines a local inverse to

the modular J-map. In particular, the functional invariant for each KC, is the identity map.

By using the Griffiths-Dwork algorithm to the family &5 in (4.33), we find that Ky is
equal to

df

d\3

)\_226 d2f+ 51/\_ﬁ df 3_32
)\——)d)\Q AQ()\——)d/\ )\()\—i)

256 256 256

+ %( f=0. (4.34)

After changing variables t = 4*), this equation is the generalized hypergeometric equation
Fo(i L3
3 2(47 9 4)'

Proposition 16. Each K -equation for O(M:)" is projectively equivalent to the pull-back of
K, by the functional invariant G. More precisely, let

+ P25+ Qo+ Rf =0

_fff
dud  du?



CHAPTER 4. K3 SURFACE FIBRATIONS 71

be the K-equation K,,. Then any other K-equation is obtained by pulling back by the func-
tional invariant G and then scaling the solutions by some algebraic function p satisfying

wde K(U).

Proof. Let G: U — Xy(n)* be the functional invariant for I and let \,: D — Xo(n)" be
the quotient map. The period-map associated to K is the multi-valued map A, ' o G. On the
other hand, this is also the period-map associated to G*IC,,, the pull-back of C,, of by G with
respect to the pull-back K-basis. Since the two period maps agree, we deduce that there is
an overall scaling function p that relates the differential equations, i.e., they are projectively
equivalent. One sees by expanding the resulting formulae that y® must be a rational function

for the Wronskian of the scaled equation to be rational. O

Given a K-basis for the K-equation K, we can construct a variation of Hodge structure
over U by setting w = n(u)e + ((u) f + &(u)g, which determines a Hodge structure. Scaling
w by a function A\(u) will not change the Hodge structure, but it will scale each of the period
functions 7, {,&. Thus, the projective equivalence class of the K-equation is completely
determined by the functional invariant G, and fixing a choice of section wy corresponds to

fixing a particular K-equation in the equivalence class.

4.2.2 The Dwork Pencil

In this section, we will consider the Dwork pencil of Calabi-Yau manifolds given in affine

coordinates by
—1)" e,
wl---xn(x1+---+xn+1)+w:0. (435)

For each n, this defines a smooth family of n — 1-dimensional Calabi-Yau hypersurfaces
Yti”;ll). As described in [19], the family Ytg:l) admits a fibration by hypersurfaces YtS:Q).
We consider this family for n = 2, 3, 4.

When n = 2, the pencil (4.35) defines a family of 1-dimensional Calabi-Yau manifolds,
i.e., defines an elliptic surface, known as the cubic mirror family of hypersurfaces. This

fibration can be described in terms of our usual Weierstrass invariants by setting

16 64 8
= — — 4t =——+ -=t; 4.36
g2 3 » 93 27 + 3 ) ( )
1 (3t—4)3

one computes that the functional invariant is J = There are singular fibres of type

27 12(t—1)
I, at t =0, type I} at t = 1, and type III* at ¢ = oco. The rational map 7 is described in

Figure 4.6 and we determine the homological invariant to be
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G B

Figure 4.6: The graph representing the functional invariant for the elliptic fibration (4.36).

(P~

Figure 4.7: The graph representing the initial elliptic fibration (4.38) on the quartic mirror

family.
( 10))(1 1))(—1 —1>‘ (437
21 0 1 2 1

When n = 3, the Dwork pencil (4.35) is the family of K3 surfaces cut out by

t
r1w9w3(z +y + 2 + 1)+4_i =0,
which is exactly the family X5 described above in (4.33) if we look at the affine chart w = —1
and set A = 4%. The pencil Yé admits a fibration by cubic mirror elliptic curves. In fact, for

each to, the fibration is the pull-back of (4.36) by the rational function

_t2

tity): 7 B
g(t; t2) U G

Thus, the fibration of the quartic mirror family gives rise to a variation of local systems
corresponding to the varying elliptic curve fibrations.
If t5 ¢ {0, 1oo}, the rational function g(t;t,) satisfies

g(t;ta)71(0) = {t = oo}, g(t;ta) H(o0) = {t =0,t = —1},

g(tit2) (1) = ft = =1 + By, (4.38)
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OJ.KO

Figure 4.8: The braid ¢(0y).

Figure 4.9: The braid ¢(oq).

It follows that for each t5 ¢ {0,1, 00}, the corresponding elliptic fibration has two III*-
fibres at ¢ = 0, —1, one I4-fibre at ¢t = oo, and two I;-fibres at t = —% + @ Choosing
ty = % as a base point, the degree two cover g(t; %) can be represented by the graph in Figure
4.7, from which we compute the homological invariant for ¢, = % to be

. 1 -1 . 1 1 . 1 1
94! 9 1 V2 01 V3 01
(4.39)
. -1 -1 . 1 0
V4 9 1 5 4 1 )

for the loops indicated in the figure.

Let 0,01 be the loops based at ty = % around 0 and 1 in the usual manner. Then,
the braiding map ¢: m (P} — {0,1,00}) — Ay is determined by the motion of the poles, as

indicated in Figures 4.9. We see that the braiding map is given as follows:

90(00) = 5%53

501 = b (4.40)

Applying the Dettweiler-Wewers algorithm with the above input produces the following

monodromy representation for the rank three parabolic cohomology:

-3 1 3 10 0 5 =5 1
oo—~ | -4 1 4 |,01—~ 01 0 |,000 4 -3 0 (4.41)
—4 0 5 -2 3 -1 —2 5 —3
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(a) The initial K3 surface-fibration for the quintic mirror family.

P P2 P Pe Pr I\ P2 I P4 Pe

(b) The braid (o1 ). (¢) The braid ¢(o1).

59

Figure 4.10: The quintic mirror fibration

The corresponding Jordan normal forms of these matrices are

110 ~1 0 0 -1 0 0
o1 1|,] otro],|] 04 0] (4.42)
001 001 00 —i

We have thus computed the monodromy representation for the Picard-Fuchs equation of the
family X5, once we change the variables A = 4%.

When n = 4, the Dwork pencil is given by

$1$2$3Z4(561 + ZTo + X3+ T4+ 1) ——==0. (443)
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This is a family of Calabi-Yau manifolds known in the literature as the quintic mirror family.

As described in [14], the quintic mirror family (4.43) is fibred by quartic mirror K3

surfaces, i.e, Ms-polarized K3-surfaces. This fibration is induced by a family of rational

functions from P! to X,(2)", so that each quintic mirror surface is an My-polarized family

of K3 surfaces in the sense of the previous section. The family of functional invariants that
produces this fibration structure is, according to [14]:

4 45

tQ::g@;@)::BEQZ;:jDZ. (4.44)

For t3 ¢ {0, 1,00}, the maps g(¢;t3) are totally ramified (to degree 5) at ¢t = 0, unramified

over t3 = 1, and have one simple pole at t = oo, and an order four pole at t = 1. The maps

g(t;t3) are ramified at ¢ = 5 which lies over t5 = t3. The fibre over t3 = 1 consists of the five

roots of the following quintic polynomial:
w(t; t3) = 256t5t° — 3125¢" + 12500t% — 18750t + 12500t — 3125. (4.45)

The discriminant of w(t; t3) is 2°25%°t3(t5 — 1).

The t3-dependent family of Picard-Fuchs equations that describes the internal fibration

structures is obtained by pulling back the hypergeometric equation 3F2(}1, %, %) along the

family of rational maps g¢(t;t3). We compute the following expressions:

&’ f & f df

ﬁ +Pt3ﬁ +Qt3% +Rt3f - 0,
where
o 1152t5t" + (—11520t3 — 9375) 6 + (13440t5 + 131250) 5 — 478125¢*
S t(t — 1)(t — 5)w(t; ts)
N 78750013 — 665625t + 281250t — 46875
t(t — 1)(t — 5)w(t; t3)
0, — 816317 + (—16320t5 — 3125) % + (114720t3 + 75000) t7 + (—239040t5 — 737500) ¢
S 12(t — 1)2(t — 5)2w(t; ts)
N (164400t3 + 2700000) > — 4893750t* + 4875000t% — 2687500¢% + 750000t — 78125
2(t — 1)2(t — 5)2w(t: t3)
24t5t%(t — 5)3
P k)

(t —1)3w(t; ts)

The monodromy representation for each of these Picard-Fuchs equations is obtained by

analyzing the push-forward map induced by ¢(¢; t3) and using the monodromy representation
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we computed earlier. Since the original local system on Pé has order four monodromy at
ty = oo, the pull-back local system will have trivial monodromy at t = 1, the order-four pole.
Therefore, the points t = 1 and t = 5 are apparent singularities and we have non-identity
monodromy transformations at the five roots of w(t;t3), t = 0 and ¢ = co. By choosing a
t3 = % as a base point, we can describe the degree five cover graphically and then compute
the corresponding monodromy representation; see Figure 4.10.

If we label the singular points py, ..., p7 as indicated in Figure 4.10, we can work out the
braiding map by keeping track of the motion of these points as t3 moves through the usual
loops 0, 01 around 0 and 1. These motions are described in Figure 4.10, and we find that

the braiding map is determined by

ploo) = B5'Br 85 By By BsBuBaB By By B Bs !
olo1) = BuBsBit

59

(4.46)

With the braiding action determined, we now run the Dettweiler-Wewers algorithm to
compute the monodromy representation of the parabolic cohomology local system. By choos-

ing bases appropriately, we can conjugate the representation to the following:

1100 1000
01 50 -5 1 0 0
og — 01—
0011 -1 0 1 0
0001 -1 0 0 1
(4.47)
1 -1 5 =5
5 —4 20 -20
Ooo >

1 -1 5 -4

The Picard-Fuchs equation for the quintic mirror is the generalized hypergeometric equation
4F3(%, %, g, %); thus, we have computed the monodromy representation for this differential
equation with respect to an integral basis.

4.2.3 An Interesting Example

We close this chapter by examining an example closely related to the quartic mirror family
that was previously studied by Narumiya-Shiga in [38]. This example illuminates a number
of the subtleties of the subject and showcases how we can use the variation of local systems

and parabolic cohomology to capture many interesting phenomena.
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Let V(a) denote the following elliptic surface over P;:
2 2 1
V(t):y" =z + (t+ n +a)r +1). (4.48)

As is shown in [38], for a ¢ {0,+4, 0o}, the elliptic fibration (4.48) has six singular fibres:
there are four fibres of type I; located at

1
t1’2:—<2—a:|:\/a2—4a>, t4’5:

5 (—2—aj:\/a2+4a>,

1
3
and two fibres of type I} at t3 = 0 and ts = co. Based on the singular fibre types, it follows
that each V'(a) is an elliptic K3 surface and that the trivial lattice has rank eighteen.

The authors proceed to compute monodromy matrices for the rank-four local system
obtained by taking the orthogonal compliment of the trivial lattice in H?*(V (a),Z). This is
done by choosing a basis of cycles for the complement and analyzing how they deform as
a varies in loops. Of course, this is very closely related to variations of local systems and
parabolic cohomology even though the authors do not make use of these notions. After they
compute their 4 X 4 monodromy matrices, they observe that the representation is reducible:
there is a one-dimensional invariant submodule that corresponds to a section of the fibration
(4.48). It follows that each V(a) is in fact a rank nineteen K3 surface and the authors show
further that V'(a) is an My-polarized K3 surface. We will reproduce these matrices and make
some important comments using the variations of local systems framework developed in this
thesis.

Choosing a = 2 as a base point for the deformation parameter and ¢t = —1 as a base
point on P}, the authors of [38] pin down precisely the homological invariant with respect

to the basis of loops indicated in Figure 4.11. We have

71772H<0_1)773H<_1 4>7’V47’Y5'—><2_1>;76'—><_1 0)-

1 2 0 —1 1 0 -4 -1
(4.49)

As a varies in P! — {0,+4, 00}, we consider the corresponding variation of this local

system. Using the loops 41, 09, 93,94 as indicated in Figure 4.11, we once again carefully

work out the braiding map. The motion of the poles is described in Figure 4.12. We see that

0(0) = (878585 5uBs) Bs (B85 B3 BufBa) ™ (4.50)
©(02) = Pibs (4.51)
0(0s) = (B85 BuBs) Byt (85 65 BalBs) (4.52)
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T aNCED
(a) The loops 7;.
SN

(b) The loops 9;.

Figure 4.11: The initial configuration.

Running the Dettweiler-Wewers algorithm, we obtain the following monodromy repre-

sentation:
0 0 -2 01 00
1 0 0 2 1 000
51 == (52 ==
2 =21 4 0001
0 0 0 1 0010
(4.53)
10 0 0 1 00 2
4 1 =2 2 8 =3 2 12
53 == (54 ==
20 01 4 -2 1 8
-2 0 1 0 —2 0 0 -3

If we conjugate these monodromy matrices by the matrix

0o 0 1 -1
-1 -1 -1 1
L= ,
-1 0 -1 0
1 -1 0 O

then we obtain the four monodromy matrices (more precisely, their transposes) that appear
in [38].
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te ts to ty

(a) The braid ¢(d1).

tﬁ t5 U
o

(b) The braid ¢(d2).

ts ts to ty

(c) The braid ¢(d3).

Figure 4.12: The motion of poles.
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This monodromy representation is not irreducible. Indeed, the vector v = (1,—1,1, —1)
is fixed by the monodromy transformations corresponding to 1,03 and it is sent to —v by
the other two transformations. Thus, the parabolic cohomology local systems decomposes
into the sum of a one-dimensional representation and an irreducible rank-three local system.
From this, we deduce the existence of an infinite-order section to the fibration (4.48), and
that the K3-surfaces have Picard rank nineteen. The fact that each V(a) is in fact My-
polarized is shown in [38]. The 3 x 3 monodromy transformations corresponding to the

transcendental lattices are as follows:

—2 3 —2 0
51 —> 3 =2 2 52 —>
6 —6 5 1 -1 1
(4.54)
1 0 0 3 -2 2
03 — 6 —1 0 04 20 —15 14
3 —1 1 12 —-10 9

Remark 24. Note that the rank one local system corresponding to the infinite-order section
is not the trivial local system since ds, d4 acted non-trivially. It follows that the family V' (a)
is a family of Ms-polarized K3 surfaces that is not an Ms-polarized family as defined in the

previous section.

Remark 25. As is explained in [38], the elliptic surface V' (a) and V(—a) are isomorphic via
an explicit birational map. Using this, they produce an elliptic fibration structure on the
family A5 for which there is an infinite-order section. Comparing this fibration with the
fibration on &, described in the previous section, we have an explicit example of two elliptic
fibration structures for which the parabolic cohomology groups are different. Specifically,
the parabolic cohomology local system induced by this quotient will have rank four, but will
be reducible—the one-dimensional piece corresponding to the section will be the trivial local
system. Nonetheless, they both contain the same irreducible rank three piece corresponding

to the transcendental lattice.



Chapter 5
Isomonodromic Deformations

The original motivation of this thesis was to enhance the notion of Doran’s geometric isomon-
odromic deformations to a structure that was more sensitive to some of integral structures
involved. Chapters 3 and 4 have demonstrated that the notion of geometric variations of
local systems is a powerful tool that allows us to “replace” a family of fibrations by a family
of local systems, but retain much of the structures we care about. In this chapter, we discuss
the theory of isomonodromic deformations and describe how they tie in to the variation of
local systems framework. We begin by discussing isomonodromy in general, and then the
Schlesinger equations, which describe a particular kind of isomonodromic deformation. It
is shown that geometric variations of local systems give rise to solutions of the Schlesinger
equations; this solidifies the fact that geometric variations of local systems are the true

“successor” to the notion of geometric isomonodromic deformations.

5.1 Isomonodromy

We begin by reviewing some of the formalism of isomonodromic deformations, specifically
the Malgrange formalism discussed in [15][35]. We start with some local theory; consider a

family of Fuchsian systems

- = — ], Bi(t)=0

dzx (ZZ_: T —1t Y Z (*)

depending holomorphically on the parameter ¢t = (¢y,...,t,,) in a small disk around t° =
(9, .-+ t9). The family is called isomonodromic if the monodromy representation does not
depend on the deformation parameter t. Thus, for each ¢ there is a fundamental matrix

Y (x,t) that solves the corresponding system and the monodromy matrices do not vary as

81



CHAPTER 5. ISOMONODROMIC DEFORMATIONS 82
we vary t. Such a family is called an isomonodromic family of matrices. Set
S=P' x D" —U{(z —t;) = 0}.

Then, a solution to such a system is a matrix Y (z,t) depending holomorphically on both

arguments. Such a solution will define a monodromy representation
7T1(S, (ZEQ, to)) — GLP(C)

If we let
dY (z,t)
Ww=—"-=,
Y(z,a)
then w is a single-valued 1-form and so we may consider it as a 1-form on S. For each

g€ 7T1(S, (1'07t0))7 we find
gw=dg'Y (X, t)g'Y Ha,t) = w.
Then, the Pfaffian system dy = wy on S is completely integrable and, for each fixed t € D(¢?),

it agrees with Fuchsian system. We have the following result:

Theorem ([5|, Theorem 2). The family of Fuchsian systems is isomonodromic if and only

if there exists a matrix differential 1-form w on S such that:

1. The 1-form can be expressed as

w= i Bi(t) dx,
i=1

for each fized t € D(t%);

2. dw=wAw.

More generally, we will consider meromorphic connections with logarithmic poles. Let X
be a complex manifold, let Y be a smooth codimenion one sub-manifold, and let £ be a rank
n holomorphic vector bundle over X and V a flat connection on X —Y. The connection V is
called meromorphic over Y if there exists for each y € Y a neighbourhood Y of y such that
E|y it trivial and the connection form of V with respect to a basis of sections is meromorphic
on U. Further, the connection is said to have a logarithmic pole along Y if, in a coordinate
chart (¢1,...,t.) with Y = {t; = 0}, the connection form is given by

dt
0= Alt—l + Aodte + -+ + A,dt,,
1
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with the A; holomorphic.

The primary case we consider is when X = P! and Y = {t{,...,#% |, co}. Use x as
parameter on P! and consider a differential equation over X with regular singularities, i.e.,
a holomorphic vector bundle E° over X with a flat connection V° of E|x_y meromorphic

over Y. If the differential equation is given by

dy [~ Ailt)
i <Z ﬁ) g

then the connection VY is defined by

V(y) =dy — (Z ff?) ydz.

i=1

We see that this has logarithmic poles at each x = ¢; and also at oc.
Now we want to consider a global picture of isomonodromic deformations of flat connec-

tions. Let S be a connection complex variety, and consider deformation functions

that describe the motion of the mobile poles. Fixing a base point so € S, set 17 = t;(sp). We
will assume that the values of the ¢; are pair-wise distinct complex numbers.

Let X = P! x S and Y C X be the smooth codimenion one sub-manifold given by
Y=YU---UY, 1 UY,},

where

Y= {(ZL‘,S)| (ZL’, 3) € X> r = ti(s)}>

and
Yo = {00} x S.

Definition 24. An isomonodromic deformation
(E,V) of the pair (E°, V")

with deformation space S, deformation functions t; and base point sq is given by

1. a holomorphic vector bundle £ over X = P! x S of rank n;

2. an integrable connection V of E|x_y, meromorphic over Y for which the restriction
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to P! x {sg} is our initial system

Remark 26. From this definition, it is clear that an isomonodromic deformation gives rise
to a variation of local systems in the sense of [12] by considering the local system naturally

attached to the flat connection.

5.2 The Schlesinger Equations

In this section, we consider a particular class of isomonodromic deformations known as
Schlesinger deformations. Consider an isomonodromic deformation of the initial rank m

Fuchsian system

dy LAY
Y= AD = A, (40 1

given by the 1-form

ws =3 A g0y,

x —1;
i=1 v

and assume the systems are non-resonant, which means that the eigenvalue differences of
the matrices A; are non-integers. We will say more about this condition later. As ¢ varies,

the isomonodromy condition, dws = wg A wg, comes down to

i —— 3 AAOL g

jhige Tl

Expanding this out, we obtain an equivalent system of non-linear partial differential equa-

tions, known as the Schlesinger equations:

ot;  ti—t; ot

— 5.2
idiger i o
Here, the variable t varies in O", the configuration space of r points on the Riemann sphere.
Note the difference from O,, which classifies subsets of r distinct points on the Riemann
sphere. In the literature, it is common to fix ¢, = oo, in which case we instead work with
C—! — A, the configuration space of r — 1 points in the plane.

Because the Schlesinger equations enjoy the Painlevé property, any solution to (5.2) in
a neighbourhood of the initial point t® = (7,--- ,# ) admits an analytic continuation to a
holomorphic function on the universal cover [26]. Concretely, a solution to the Schlesinger
equations is a collection of matrices A;(#) depending on ¢ € S for which the corresponding

family of Fuchsian systems (5.1) is an isomonodromic deformation of the initial system with
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deformation space equal to S.
The fundamental group 71 (O",t°) = P,, which is the pure Hurwitz braid group, acts on
O by deck-transformations, and thus acts on the set of matrices as well. Let T' be the kernel

of this action so that for each v € I', we have
Al(t) = A(t), i=1,...,7

Then, the functions A; can be viewed as functions on the quotient O := F\(’j’”, and we have
a global isomonodromic deformation with deformation space Or and deformation functions
ti: Op — O" — C. We refer to the cover Op — O as the Schlesinger cover associated to
the solution. If I' is a subgroup of finite-index, then we call the solution a finite-branching
solution. If the A; are algebraic functions of ¢t € O, then it is clear that the A; analytically
continue to produce a finite-branching solution. Results of Cousin [10] show that the converse
is true: if we have a finite branching solution, then the matrices A; are algebraic functions

of t. We summarize this discussion as follows:

Proposition 17. Solutions to the Schlesinger equations (5.2) with initial system (5.1) are
in one-to-one correspondence with variations of the initial local system parameterized by the
universal cover of the configuration space O for which the divisor D(t) is given by (t1,...,t.).

Algebraic solutions to the Schlesinger equations are in one-to-one correspondence with

variations of the above form that factor through a finite sub-cover of the universal cover of
or.

In the beginning of this section, we assumed that the Fuchsian systems were non-resonant.
This is an important condition in the theory of isomonodromic deformations. Indeed, there
exist resonant isomonodromic deformations that do not solve the Schlesinger equations—
such deformations are known as non-Schlesinger deformations. In order to account for this,
a stronger notion of isomonodromy known as isoprincipality was developed in [27]. Ev-
ery isoprincipal deformation of Fuchsian systems is isomonodromic, but not conversely; in
the non-resonant case, the two notions agree with each other. Solutions to the Schlesinger
equations correspond precisely to isoprincipal deformations. Thus, an isomonodromic defor-
mation of Fuchsian systems is either isoprincipal, or else it is a non-Schlesinger deformation.
This subtle distinction is important to us because the isomonodromic deformations that
come from our geometric setting are resonant systems in general.

The original intent of Doran’s work in [15] was to construct interesting solutions to the
Schlesinger equations in the form of geometric isomonodromic deformations. As has been
demonstrated in this thesis, considering the differential equations coming from periods up to

projective normal form has the effect of eliminating a lot of interesting geometric information.
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In contrast, the formalism of variation of local systems applied to families of fibred manifolds
is sensitive enough to capture much of the interesting structures that vary in the family. Thus,
the variations of geometric local systems considered in this thesis should be considered as a
natural successor to the geometric isomonodromic deformations considered by Doran.

As far as finding interesting solutions to the Schlesinger is concerned, the framework
developed in this thesis is sufficient for these purposes. Concretely, if V is a variation of
geometric local systems corresponding to a family of Picard-Fuchs equations, then, more
than being an isomonodromic family of differential equations, the family is isoprincipal, in
the sense of [27], as was shown in [32]. It follows that V describes a solution to a particular
Schlesinger equation due to the results in [27].

To be more precise, it is not, in general, the Schlesinger equations that will be relevant,
but rather a system of differential equations that are derived from the Schlesinger equations.
Indeed, given a variation of geometric local systems, one needs to write down the deformation
functions that describe the motion of each pole, rather than work with the description of the
divisor, as we have done throughout this work. Even after this is done, the number of poles
may disagree with the number of deformation parameters in the Schlesinger equations, and
so we may have to consider a pull-back of the Schlesinger equations.

For example, consider the variation of geometric local systems corresponding to the Mo-
polarized K3 surface-fibration on the quintic mirror family considered in Chapter 4. The
corresponding isoprincipal deformation of Fuchsian systems has seven singularities, but the
motion of the poles is described only in terms of one parameter. Therefore, rather than
solving the Schlesinger equations for rank three Fuchsian systems with seven singular points,
the relevant system of differential equations is the pull back of the Schlesinger equations along
the map that sends the deformation parameter to the ordered 7-tuple of singular points. Since
the five mobile poles in this example were roots of a quintic, we cannot really hope to do
this explicitly, but this is enough for our purposes.

The following summarizes the above discussion:

Proposition 18. Let V be a geometric variation of local systems. Then V gives rise to a
solution to an isomonodromic deformation equation derived from the Schlesinger system. In

particular, isomonodromic deformations arising from geometry are Schlesinger deformations.

5.3 The Sixth Painlevé Equation

Over the course of this thesis, we have seen many different examples of geometric variations of
local systems and each of them gives rise to solutions to different isomonodromic deformation

equations. We end the thesis by discussing one particularly well-known isomonodromic
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deformation equation derived from the Schlesinger equations known as the sixth Painlevé
equation. This equation arises by considering isomonodromic deformations of rank two
Fuchsian systems for which the poles are normalized to be located at (0,¢,1,00) for t ¢
{0,1, 00}:

dy i AO At Al B
%—(?—f—x_t—l-x_l)y—/l(x,t)y, (5.3)

and for which Ay, Ay, Al and Ay, = —(Ag + A; + A;) are all traceless.
As explained in [34], if the top-right entry of A(¢) has a unique zero A that depends on
t. It can be shown that solving the Schlesinger equations subject to these normalizations is

equivalent to solving the following differential equation for \ and t:

GRS U/ S SRS S O 720 R S SRS B 2\
a2 2 \\ \—t dt t t—1 N—t) dt
1

1
AN = 1)(A =) t t—1 tt—1)
2 1) (‘”%”u—m ”(A—w?)’

where «, (8,7, are parameters that depend on the eigenvalues 6; of the residues A;.

By fixing a particular isomonodromic deformation equation, like the one above, it is a
reasonable question to ask: what is the totality of solutions that come from geometry? The
answer to this question was answered by Doran in [21], in which he shows that the only solu-
tions that come from geometry are the ones derived from the five families of rational elliptic
surfaces in Herfurtner’s classification that do not have I fibres. If we relax the condition
that the residue matrices A; must be traceless, which amounts to considering their projective
normal forms, then we obtain a whole slew of solutions to corresponding Schlesinger equation
from all twelve of the families of rational elliptic surfaces found by Herfurtner. Combining
the structural results on Stiller’'s K-equations with Doran’s classification of geometric so-
lutions to Painlevé VI, we conclude that the only solutions coming from geometry to this
slightly less constrained problem are still the ones that we can derive from Herfurtner’s list.

There are lots of algebraic solutions to Painlevé VI that do not come from geometry. In
fact, the problem of classifying all the algebraic solutions to Painlevé VI is one that inspired
many bodies of work, most notably the works of Iwasaki et. al. [25, 24], Boalch [?, 3, 4],
Dubrovin-Mazzocco [?, 36], Hitchin [?], Kitaev [28], and Doran [15], to name a few, with
a complete classification of the solutions, up to birational symmetries of the Painlevé VI
equation, being obtained by Lissovy-Tyhky in [33]. The classification naturally breaks into
one discrete family of so-called Cayley solutions, three families of solutions (solutions that
solve Painlevé VI for a continuous deformation of the («, 3,7,d) parameters), and forty-

five exceptional solutions. An interesting fact that appears by looking at the classification
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is that even though the solutions coming from geometry are relatively few, the solutions
derived in this manner all lied in one of the continuous families of solutions. So, while
the classification of geometric isomonodromic deformations may not shed light on the full
classification problem of algebraic solutions to Schlesinger equations, it may well be the case
that the solutions coming from geometry will generate interesting sub-classes of solutions,
as is what happened for Painlevé VI.

To the authors knowledge, the formalism of variation of local systems has not yet been
applied to solutions of isomonodromic deformations. For example, we have already described
how algebraic solutions to the Schlesinger equations correspond to variations of local systems
parameterized by finite covers of the configuration space. One may therefore ask: what is
the structure of the parabolic cohomology of the variation on the corresponding Schlesinger
cover? In the context of Painlevé VI, the Schlesinger cover reduces to a finite covering
t: S — P!'—{0,1,00}, i.e., a Belyi map; in this case, we refer to the curve S as the Painlevé
curve associated to the solution. Since a complete classification of algebraic solutions to
Painlevé VI is known, an interesting problem would be to determine to what extent the
parabolic cohomology of a solution classifies the solution. As we saw with the five families
on Herfurtners list, the parabolic cohomology changes quite a bit if we modify the projective
equivalence class of the initial monodromy representation. Indeed, we observed that for each
of the five families, applying a quadratic twist at two of the monodromies increased the rank
of parabolic cohomology. It follows already that parabolic cohomology is therefore more
sensitive than the equivalence relation that is defined in terms of birational symmetries of
the Painlevé equation.

We close this section by working out one example of computing the parabolic cohomology
of an algebraic Painlevé solution to demonstrate the method. We consider the first excep-
tional solution to Painlevé VI, using notation in [33]. This solution was originally constructed
by Boalch in [4]. The corresponding Painlevé curve has genus 0 and the corresponding Belyi

map is
(5s — 2)? P (s+2)3(4s — 7)?
(s +5)(4s2 — 5s + 10)2’ ~ (s+5)(4s2 — 55+ 10)2°

t =27

By setting
(s°+547)(55 — 2)
s(s+5)(4s% — 5s + 10)’

)\:

one can check explicitly that A\ = A(t) solve Painlevé VI for parameters (a,f,v,d) =

(l —2 1 4
187 257507 9

[33] to produce the 4-tuple of 2 x 2 monodromy matrices g = (9o, g¢, 91, §oo); €ach matrix

). The initial monodromy representation can be calculated from the data in

lies in SLy(Q(C)) where ( is a primitive 30-th root of unity; we do not display the tuple
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here. We do note that each of the transformations is diagonalizable and does not have 1 as
eigenvalue, from which it follows that the rank of the corresponding parabolic cohomology
group is equal to four.

By using the techniques found in [4] and the explicit description of the Belyi-map, it is not
difficult to find generators for the corresponding fundamental group and their images under
the braiding map. In this case, S = P! — {2, -2, 1 -5 1(5 + 3i1/15), 00} is the Riemann
sphere minus 7 points. For an appropriate choice of generating loops 71, ..., ¥7, the braiding

map is computed to be

v BBt

Y2 53

s o 538167

o= BBH(B 8% B 6
o B85 86

v o B3B8

Applying the Dettweiler-Wewers algorithm to compute the monodromy representation for
parabolic cohomology, we obtain a representation for which ~; corresponds to an order six
transformation and the other generators map to involutions. They generate an infinite group
of transformations in SL4(C).

If we apply birational symmetries of Painlevé VI, the rank of parabolic cohomology does
not change, but the corresponding monodromy representations are not globally conjugate to
each other (though the tuple of transformations obtained behaves similarly to that described
above). So, while the rank is invariant under the birational transformations, parabolic
cohomology appears to be sensitive enough to distinguish the solutions.

The purpose of this example was simply to demonstrate some of the things that can
happen, as well as to illustrate the fact that the methods of Dettweiler-Wewers are easily
applicable in this situation. A complete investigation of the parabolic cohomology local

systems corresponding to algebraic solutions to Painlevé VI constitutes work in progress.



Chapter 6

Conclusion/Future Work

Throughout this thesis we have demonstrated that the formalism of geometric variations
of local systems is the natural framework with which to study varying “internal” fibration
structures on a family of algebraic varieties equipped with an “external” fibration. Such vari-
ations of local systems are the natural generalization of Doran’s geometric isomonodromic
deformations tuned to a setting in which we wish to remain sensitive to the underlying
integral structures of our geometric families. More than just developing formalism, this the-
sis has demonstrated that it is possible to implement the Dettweiler-Wewers algorithm for
many interesting families of internal fibration structures in order to compute, in a tractable
manner, the monodromy representation of the corresponding local system of parabolic co-
homology groups which, in turn, gives us information about the external fibration. Because
the algorithm is not tethered to local systems defined over fields, we are able to work with
the Z-modules of cohomology groups and produce the corresponding Z-valued monodromy
matrices.

The next natural step is to layer on the additional structure induced by the polarizations
of the variations of Hodge structures that we are studying. That is, given the lattice structure
on each of the varying internal variations of Hodge structure, we would like to produce the
lattice structure on the associated parabolic cohomology groups. Techniques to do this are
described in a follow-up paper by Dettweiler-Wewers [?] and applying this in our geometric
setting constitutes work in-progress.

In addition to the full exploration of the K3 surface families that one can derive from Her-
furtner’s list by quadratic twist and the examination of the parabolic cohomology invariant
in the context of the classification of algebraic solutions to the sixth Painlevé equation, there
are two other immediate applications of the techniques developed here that will be worked
on in the near future. Firstly, it is natural to continue the study of Calabi-Yau threefolds
fibred by M,-polarized K3 surfaces that served to motivate this thesis. The authors of [17]
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indicated that there are many interesting families of such threefolds and indicated that cer-
tain Hurwitz curves will play a central role in the moduli-theory of such threefolds. The
geometric variation of local systems framework that we developed in this thesis is that natu-
ral formalism to investigate the properties of these families. Since the families considered in
[17] are all determined by families of functional invariants, it is evident that the techniques
used in this thesis will allow us to perform concrete computations in this context in order to
help inform the general theory. Secondly, we will take a closer look at the Dwork pencil and
the iterative construction used in [19] to produce the Picard-Fuchs equation for the family of
Calabi-Yau n-folds from the family of Calabi-Yau n — 1-folds. In each step of their iterative
construction, the internal fibration structures are determined by functional invariants of very
special forms. Our hope is that we can provide an iterative construction that computes the

integral monodromy matrices for each step in the Dwork-family.
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Appendix A

Sage Code

This appendix contains the sage code used for the computations in this thesis. Specifically,
the code for the following algorithms is included, where g denotes an r-tuple of m x m

monodromy matrices:

e implementation of the braiding action—given g and a braid 3, expressed as a word in

Biﬂ, compute the r-tuple g¥;
e constructions of the subspaces Hg, Eg, Wy;
e implementation of the maps ®(g, 5) and ¥(g, h).

Also included in this appendix are dictionaries of the following monodromy representa-

tions:

e the monodromy representations for the eleven rigid elliptic surfaces on Herfurtner’s list

with exactly one additive fibre;

e the monodromy representations for the seven families of rational elliptic surfaces with

an Ij fibres.
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Dettweiler-Wewers Algorithm

###In the following, the input g is an r-tuple of mxm matrices---a
monodromy representation
#Here, K is a field or ring
#This is the function phi(Beta j,qg)
def phi(j,g):
r=len(g)
m=g[0].nrows()
V=K" (r*m)
U=K"m
Ubasis=U.basis()
Vbasis=V.basis()
e={}
for i in [l..r*m]:
e[i1]=Vbasis[i-1]
£={}
for i in [1l..m]:
f[i]=Ubasis[i-1]
#j will take values in 1 to r-1
a={}
for i in [0..r-1]:
a[i+l]=g[i]
#so al is the first monodromy matrix, etc.
I1=[]
I2=[]
I3=[]
for i in [l..m*(j-1)]:
Il.append(list(e[1]))
for i in [1l..m]:
I2.append(m*j*[0]+list(f[i]*a[Jj+1])+(r*m-m*j-m)*[0])

for i in [1l..m]:
I2.append(m*(Jj-1)*[0]+1list(f[1i])+1list(£f[1]*(1-
a[jtl].inverse()*a[Jjl*a[]j+1]))+(r*m-m*j-m)*[0])

for i in [(m*(j+1)+1l)..r*m]:
I3.append(list(e[i]))
return Matrix(K,I1+I2+I3)

def Psi(g,h):
r=len(g)
m=g[0].nrows()
s=r*m
U=K"m



Ubasis=U.basis()

£={}

for i in [l..m]:
f[i]=Ubasis[i-1]

I={}

for i in [l..r]:
I[i]=[]

for i in [l..r]:
for j in [1l..m]:

I[i].append(m*(i-1)*[0]+1list(£f[j]*h)+(s-m*i)*[0])

J=[1]

for i in [l..r]:
J=J+I[1i]

return Matrix(K,J)

#This is the "characteristic" vector that has b in the "i" position,
and solves for the last position using relation (2). So, here i in
[1..r-1].

#Caution, this assumes that we are solving for the last entry

def Chi(i,g,b):
r=len(g)
m=g[0].nrows()
S=r*m
a=1
for j in [i..r-1]:
a=a*g[]j]
return vector(K,m*(i-1)*[0]+list(b)+(s-m*i-m)*[0]+1list(-b*a))

#for this guy, i in [2..r]
def ChiFirst(i,g,b):

r=len(g)

m=g[0].nrows()

S=r*m

a=identity matrix(m)

for j in [1l..1-1]:

a=a*g[]j]

return vector(K,list(-b*a.inverse())+m*(i-2)*[0]+1list(b)+(s-

m*i+m)*[0])

def Diag(g,b):
r=len(g)
m=g[0].nrows ()
S=r*m
I=[]

for i in [0..r-1]:



I=I+list(b*(g[i]-1))
return vector(K,I)

def E Basis(g):

m=g[0].nrows()

U=K"m

Ubasis=U.basis()

£={}

for i in [l..m]:
f[i]=Ubasis[i-1]

A=[]

for i in [l..m]:
A.append(Diag(g,f[1]))

return A

def H Basis(g):
r=len(g)
m=g[0].nrows()
S=r*m
B={}
Cc={}
for i in [0..r-2]:
B[i]=(g[1]-1).image().basis()
for i in [0..r-2]:
C[i]=[]
for j in B[i]:
C[i].append(Chi(i+1,q9,]))
D=[]
for i in [0..r-2]:
D=D+C[1i]
return D

#These are the brainding maps
#here, i in [1l..r-1]
def beta(i,qg):

r=len(qg)

m=g[0].nrows()

s=r*m

if i in [1l..r-17:
A=[]
B=[]
C=[1]
for j in [1l..i-1]:

A.append(g[]-11)
B=[g[i],g[i].inverse()*g[i-1]*g[1i]]
for j in [i+l..r-1]:

C.append(g[J])



return A+B+C
if i in [-(r-1)..-1]:

k=i.abs()

A=[]

B=[]

C=[1]

for j in [1..k-1]:
A.append(g[j-11)

B=[g[k-1]*g[k]*g[k-1].inverse(),g[k-1]]

for j in [k+l..r-1]:
C.append(g[J])

return A+B+C

##These functions take as input a word in the braid generators. Input
the braid from left to right. For example, I=[1,-2,3] acts as
Betal*Beta2" {-1}*Beta3
def Beta(I,qg):

a=g

for i in I:

a=beta(i,a)
return a

def Phi(I,qg):

M=1

a=g

for i in I:
if i>0:

M=M*phi(i,a)
a=beta(i,a)
if i<O0:
M=M*phi(-i,beta(i,a)).inverse()
a=beta(i,a)
return M
#This conjugates a tripe.
def Conjugation Action(g,h):
r=len(g)
A=[]
for i in [0..r-1]:
A.append(h.inverse()*g[i1]*h)
return A
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Representation Dictionaries

#Below are the 11 monodromy representations corresponding to the 11
examples on Herfurtner's list with only one additive fibre

Representations={}
Representations[l]=[Matrix(Z%Z,[[1,1],[-1,0]1]),Matrix(2Zz,[[-1,1],
[—4,3]]),Matrix(ZZ,[[—1,4],[—1,3]]),Matrix(ZZ,[[1,8],[0,1]])]
Representations[2]=[Matrix(Z2Z,[[2,1],[-1,0]]),Matrix(Z2Z,[[-1,2],
[—2,3]]),Matrix(ZZ,[[—2,7],[—1,3]]),Matrix(ZZ,[[1,7],[0,1]])]
Representations[3]=[Matrix(Z2%2,[[2,1],[-1,0]1]1),Matrix(2Z,[[-3,4],
[-4,5]]),Matrix(ZZ,[[-4,7],[-3,5]]),Matrix(ZZ,[[1,5],[0,1]])]
Representations[4]=[Matrix(Z%Z,[[1,1],[-1,0]1]1),Matrix(22Z,[[-2,3],
[—3,4]]),Matrix(ZZ,[[—3,8],[—2,5]]),Matrix(ZZ,[[1,5],[0,1]])]
Representations[5]=[Matrix(ZZ,[[3,4],[-1,-1]]),Matrix(Z2Z,[[3,1],
[—4,—1]]),MatriX(ZZ,[[O,l],[—1,0]]),MatriX(ZZ,[[1,7],[0,1]])]
Representations[6]=[Matrix(Z2%Z,[[4,9],[-1,-2]1]1),Matrix(2Z2,[[3,2],
[_2l_1]])lMatrix(ZZI[[Oll]l[_llo]])lMatrix(ZZI[[1I6]l[ol1]])]
Representations[7]=[Matrix(Z%Z,[[3,4],[-1,-11]1),Matrix(2Z2,[[1,0],
[—3,1]]),Matrix(ZZ,[[—1,1],[—2,1]]),Matrix(ZZ,[[1,5],[0,1]])]
Representations[8]=[Matrix(ZZ,[[5,8]1,[-2,-3]]),Matrix(Z2Z,[[4,3],
[—3,—2]]),MatriX(ZZ,[[O,l],[—1,0]]),MatriX(ZZ,[[1,4],[0,1]])]
Representations[9]=[Matrix(Z%Z,[[3,4],[-1,-11]1),Matrix(2Z,[[0,1],
[_11_1]])lMatrix(ZZI[[Oll]l[_112]])1Matrix(zzl[[116]1[011]])]
Representations[10]=[Matrix(Z2Z,[[0,1]1,[-1,-1]1]),Matrix(Z2Z,[[1,0],
[—2,1]]),Matrix(ZZ,[[—1,4],[—1,3]]),Matrix(ZZ,[[1,5],[0,1]])]
Representations[ll]=[Matrix(Z2Z,[[0,1],[-1,-1]]),Matrix(Z2Z,[[1,0],
[_311]])1MatriX(ZZr[[_112]1[_213]])1MatriX(ZZr[[113]1[011]])]

#Here, we've twisted the additive fibre

ModReps={}
ModReps[1l]=[-Matrix(ZZ,[[1,1],[-1,01]),Matrix(ZZ,[[-1,1],
[—4,3]]),Matrix(ZZ,[[—1,4],[—1,3]]),Matrix(ZZ,[[1,8],[0,1]])]
ModReps[2]=[Matrix(ZZ,[[2,1]1,[-1,0]]),Matrix(22,[[-1,2]1,[-2,311),-
Matrix(ZZ,[[—2,7],[—1,3]]),Matrix(ZZ,[[1,7],[0,1]])]
ModReps[3]=[Matrix(2%Z,[[2,1],[-1,0]]),Matrix(2Z,[[-3,41,[-4,511).,-
Matrix(2Z,[[-4,7],[-3,5]]),Matrix(2%,[[1,5],[0,11]1)]
ModReps[4]=[-Matrix(ZZ,[[1,1],[-1,01]),Matrix(2Z,[[-2,3]1,
[—3,4]]),Matrix(ZZ,[[—3,8],[—2,5]]),Matrix(ZZ,[[1,5],[0,1]])]
ModReps[5]=[Matrix(ZZ,[[3,4]1,[-1,-11]),Matrix(2%,[[3,1],[-4,-111),-
Matrix(zzl[[oll]l[_llo]])IMatriX(ZZl[[1l7]I[OI1]])]
ModReps[6]=[Matrix(ZZ,[[4,9],[-1,-21]1),Matrix(Z22,[[3,2]1,[-2,-111),-
Matrix(ZZ,[[0,1],[-1,01]),Matrix(22,[[1,6]1,[0,11]1)]
ModReps|[7]=[Matrix(ZZ,[[3,4],[-1,-11]1),Matrix(ZZ,[[1,0],[-3,111),-



Matrix(2Z,[[-1,1],[-2,1]1]),Matrix(22,[[1,5],[0,11])]
ModReps([8]=[Matrix(ZZ,[[5,8],[-2,-31]1) ,Matrix(Z2,[[4,31,[-3,-211),-
Matrix(ZZ,[[0,1],[-1,0]]),Matrix(22,[([1,4]1,[0,11]1)]
ModReps[9]=[Matrix(ZZ,[[3,4]1,[-1,-1]1]),-Matrix(2%,[[0,1],
[_ll_l]])lMatrix(ZZI[[Oll]l[_1l2]])lMatrix(ZZI[[1I6]l[ol1]])]
ModReps[10]=[-Matrix(Z2Z,[[0,1]1,[-1,-1]1]),Matrix(Z2Z,[[1,0],
[—2,1]]),Matrix(ZZ,[[—1,4],[—1,3]]),Matrix(ZZ,[[1,5],[0,1]])]
ModReps([1ll]=[-Matrix(%Z%,[[0,1]1,[-1,-1]]),Matrix(2%,[[1,0],
[_311]])1MatriX(ZZr[[_112]1[_213]])1MatriX(ZZr[[113]1[011]])]

##This creates the dictionary for the monodromy representations giving
rise to
TwistRep={}
for i in [1..11]:
TwistRep[i]=[Matrix(ZZ,[[-1,0],[0,-1]1]1)]1+ModReps[i]

Morange=Matrix(zZzZ,[[1,1]1,[0,1]1])
Mpurple=Matrix(ZZ,[[0,1]1,[-1,011)
Minus=[Matrix(Z2Z,[[-1,01,[0,-111)1

#Reps[i] produces the 4-tuple of monodromy matrices representing the
homological invariant for the i-th I0"* family in Herfurtners list. -1
will alway be the first entry.

Reps={}

Reps[1l]=Minus+[Matrix(Z2zZ,[[1,0]1,[-1,11]),Matrix(Z2Z,[[1,4],
[0,1]]),Matrix(2Z,([[3,4],[-1,-111)]
Reps[2]=Minus+[Matrix(2%,[[1,0],[-2,1]]),Matrix(22,[[1,2]1,[0,111),-
Matrix(ZZ,[[—3,-2],[2,1]])]
Reps[3]=Minus+[Matrix(Z%,[[1,3],[0,1]]),Matrix(2%,[[1,1],[-1,0]11),-
Matrix(ZZ,[[0,—1],[1,—2]])]
Reps[4]=Minus+[Matrix(Z2Z,([[1,2],[0,1]1]1),-Matrix(2Z,[[-1,-2],
[1,1]1]),Matrix(22,([1,0],[-1,1]])]
Reps[5]=Minus+[Matrix(2%,[[1,1]1,[0,1]1]),Matrix(22,[[0,1],[-1,-111),-
Matrix(2z,[[-1,0],[1,-111)]
Reps[6]=Minus+[Matrix(ZZ,[[1,1]1,[-1,01]),-Matrix(Z2Z,[[0,-1],
[1,0]1]),Matrix(22,([[1,1],[0,1]])]
Reps[7]=Minus+[Matrix(2Z%,[[1,1],[-1,0]]),Matrix(2Z,[[0,11,[-1,111),-
Matrix(2Z,[[-1,-2]1,[0,-111)]
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Appendix B

Monodromy Representations

This appendix contains tables of monodromy representations for the parabolic cohomology

associated to the families of K3 surfaces computing in Chapter 2.

e Tables B.1 and B.2 tabulate the monodromy representations for the two-parameter
family of K3 surfaces obtained by performing a quadratic twist at two points smooth

points aq, as;

e table B.3 tabulate the monodromy representations for the three-parameter family of
K3 surfaces obtained by performing a quadratic twist at two smooth points for each

of the seven families already containing an Ij fibre;

e table B.4 shows the monodromy representations for the one-parameter families of K3
surfaces obtained by twisting two of the three non-Ij fibres in the seven I families.
Column A corresponds to twisting the second and third fibre; column B corresponds

to twisting the first and third; column C corresponds to twisting the first and second.
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