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ABSTRACT * - 3
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second ordet'differentgal equation o , : R

oyt a(eEG(e) = 0 )
e { R ..
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! Syt + q(t)ly(t)l sgn y(t) = 0,7 a > O. ’

o4

¥
B
i

. ;Similar.results are. also obtained for the integrOfdifferencial
: equatidn o o " 1 ; ‘
N T - -3
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: A S B o
S Soe(e)y'(e) =c - [ £(y(s))do(s)
' . L F.a S
and thg_dffference equation : e

w? A(cn-lb?n_l) + bnf(yn)- 0 , n= .0,1,2,000 A )
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CHAPTER 1.

INTRODUCTION AND PRELIMINARIES

1.1 Introduction
3

We are mainly concerned in this thesis with the following second

~

order nonlineap,differential equacion

°

S

YD)+ aCe)|y(e)|sgn y(e) =0, ke

R

i

yE(y) >0, £'(y) > 0 for

y1UE) A Q(DE(E) =0,

€

.-
il

R+ - _[0’“) ‘ (N) '

fﬁ.and'its_pfototype, the géneraliigd.Emdén—Fowler,ooudtion

R, -'[o,;); a>0 . (N)

" In (N) we shall assume that £ e C( R) U CH(=,0) U (0,4=)] with

yEO. o @1y

The function q(t) 1s assumed to be continuous ‘on R but‘noﬂ

necessarily to be nonnegative throughout this ohesis.

Definition 1:1. 1 A solution of (N) or’ (N )

is séid to be oscillatory

if it has arbiCrarily 1arge zeros, i e., for any T € [0 ™) there s

~

_‘existg t 2> T such.that_‘ (t)‘- 0,

r

Equation (N) or (N ) 1s sald to be oscillatory-if every

continuable solution is oscillatory.




‘ : ’ . . ‘ N

: _ « .
;Remark l.l.1. We, wish to point out that not every solution of (N) or

n

' [(N )ffis continuable hroughout [0 w) when q(t) assumes negative
1;

N , _values for arbitrari large values of ¢t. For results on. - .

continuab lity of solutions of the above equations we refer to Wong ;

139] snd Butler [7] There will always exist infinitely many

e

continuhle solutions under the above conditoius on q..f,,a [7]

.Wershall first state a series of oscillation'results for equation

»

;Vl(N) and (N ) based on the comparison theory and the inbegral averaging

'technique. And then we shall give some 01ech—0pial-Wazewski : ‘,"*u\
:‘oscillation criteria for (N) and (N ) ‘ 5Q B
*Webwill eatend'pur'results to more general self adjoint equations .ifi”};‘
S A :
S ()Y e+ a(t)ECy(e)) = 0 SNy
L and . o
i v/a N N
ey Nt + aey|y(e)|®sen yle) =0 ()

S . . ’ -
. . .

w ere r(t) > 0 is continuous on [0, @)'
v We will also discuss ‘the oscillatory %havior of . the Stielt jes '
integro-differential equations

SR t SR : ~
r(E)y (LY = ¢ = [ £(y(s))da(s) sy
. . PR

_‘and ‘
. . “‘.,,- | ‘, o : . it ’ L - e A., o
S ey = e =] 1y(s)|%sgn y(s)da(s)y (s



N ) “ ", . 3-

N o . -

where ‘c = (ry')(a), ©, a: R, + R arejright cdnfinuous functions of

locally bounded variation on R v,such that r(t) > 0 and '

o ey e»L(I) ghere I = [a,t) < R . e T
y a -solution of (S). or (S ) we will mean a function *
. “y(t) € LAC( R+L‘(i.éf; lbcaliy'ab%oluteky contfnuous_on : R 2

.satisfying, (§) or (ga) for'aimost all poihgs on R+ y (t) denot%g

I

e :; ~ the right derivative of y(t)f - T

[N

'Remarkﬁl{l.i. Equa;ion.(g) and (§a) are of more generalgfqrms than

- equation (¥) and (§ ). In fact, if we let o(t) e C'(R), and
q'(;).- q(t), then equation (§)' and (§d) becoae equation;:(ﬁj and
(N ), respeatively.

Whéh/ r(t) 1, we denote (§) and (§a)- by (S)iand '(Su).lbks'.;

an appIication we will glve some analogous oscillation criteria to: the'
correspondipg.Qifference equations»
{m- R SR .
A .

T

 _A(c

n—lAyn—l) +'bﬁf(yn) =0, . m -19’172f...' j : ‘(D):-]

. o lahdv ) _ A
z . _ | L
A(cn lAy -l) + b Iy | sgn y, = 0-, n -‘0,1,2,.f., ;

° -

'where c >0 (n'= -1,0,1,...), (b g @=o, 1;.2.)“15 any.giyen real
sequence and’ Q is assumed to satisfy all ‘conditions for (N), .

) ‘ . Y L ¢ ] . ‘

v : Ayn ’.¥n+1 (S o | ﬂ .

CTeg .




o . o -
Definition 1.1. 2 A solution of equation (D) or (Da)..isicalled'

- &hd (Dd), resé;ctrye;yf.

: e S . IR
" . ) . | S b
When acﬁif‘l <tﬁ'- ?1,9,1;...), werdenote (ﬁ)-andv (Ba)_by'f(D),. ~

.. - N

Yoal R a . . . B
~ & - . -

-3

oscillatory‘if for any integer N 2 0 there is an n Z_N such that

0 : _ o » A R
y yn+1 L0 . N - L e
w Equation (D) or (ﬁu) ;is called oscillatory 1f all coutinqabie -

-

solutions of it are oscillatory.‘

Let {tn} be an increasing sequence of points such that 't_1-= a

- and tn +® ag . n + ®. Define thegstep funct10ns o(t) and r(t).as"';,44/

>

\
Y

' "follows:,

- .
- .. i

N e - o(e 70) - b R (’1».1‘:21). |
and;' .
r(t) -”&n;l(c

n-t»nrl)’-‘ t e [tn l:t )

Noterthet o(t)c'and r(t) are right-COntinuous-end.Of 1ocaliy bounded

_ variation on [a w) So according to [42] we can conclude that all

',‘solutionk of (S) are polygonal curves whoae viygdces“ are the points

(t ,y(t )) where Ya - y(t ) satisfy (B).v On the other hand we can .

also prove that for any solution Y of._(D) with' c_ Ay;l-= c there’

" is a solution of (S)' which is a. polygonal curve whose "vertices” af?i

~ the P°int3:;(tn:yh)- In fact, since all solutions of ) are

™

polygonal curves, assume y(t) 1is.a solution of"(§) with y(a) =~y,£;\

N \ . ) . o : . ) . - . N



- From (B) .wé have

A T A s
y(tg) -yCa)r - T )
Thus y'(a) = —,. from which- we have.
o N . to"a',‘_ o Rt T .~

o= r(a)y (a) = e (3(tg) = V(@)
? o R -~
_ . -

-Compéripg With'-caiAY;i = ¢ we-ge;f"y(to) -.yofﬁ‘ In general,‘if Wé;v;

assume y(ti)'- Yy o i i«fl,O,I,;.,;n, gséh‘frqm- (g)' wéghanéfAA

] - ’ T ’ g
’ £ o
(ey)(e)) 7 (ey™Ce ) - [ Ely(s))dats), _
: C o tn-l : ¢
i .e. , ) . ‘ - ) . . . - , . ‘m_ ~ .

~

m"'-cnﬁy(§h+1) - y(e ) = cn_lxy<;n>';"g<;n_l>> 7fbnf(y(cn5)" -

S a
- - .

& "

o ' : K o
: cn(yn+1'yn) =39n_1$yn - ynqle- b f e

?

From_fhe above‘disEﬁBsionAwe obtain the follﬁwingAproppgitiohi'

a
N .
~
i . . ~
a . ~<

N

Proposition 1.1 Equation (D) 1s oscillatory if and omly if equation’
psition tion (B) 1s oscirl? nd.on. uatzon

' (8) with conditions (L.1.2) and (1,1.3) is oscillatory for any
c € R« ‘ -
“—
[N
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L 2

Theorem 4¢5.1'. Leéhconditions (H) and (4.3.3) hold and - £ 21 < 22

5_+m.:;Assume there are constants ( i =1,2,3,4) and e>0 .
N )

satisfying . (4.2.1), (D)), (ﬁé)'ann (D)% ‘Thqn-equation (5;) is

oscillatory., .

.

Theorem 4:5.2'. Let conditions (H) and (4.3.3) hold and —w= =g, < &,

L oo Asaume:there are constants hi (G =1,2,3,4) , e > 0 and
, Kk ¢ (max{wm,0},1) satisfying (4.2.1) , @' (D2) and (D3). Then

»
°

equation (§a) is oScillatory; . _
v » b . . .

Theorem 4.5.3'. Let conditions (H) and (4.3. 3) hold and l < L .

' éssu@e there‘are an h2 € (—w,lz) and a k € (max{m,O} 1) satisfying
(Bi),'and for any h3 € (-m,zz) there is.an € > 0 satisfying'(Dz)-

Then .equation (ga) is oscillatory.

4.6 Interpretation for difference equation (ﬁ).

. ’ -1 ~ A
In this section we assume- ) Cp =+ in equation (D) . We

) - n=0
. _ ' T e . - v
omit the *sults for ‘the case:that z Cn—l < 4o since it is easy to
. n=0 ‘

obtain it by following the idea described in sections 4.3 and 4 5. ‘As

in'gection'3.3. we choose th =n (n = —1 0,1,...0). Then '

o) = o(a0) = b, £(e) = C

1]

el t e [n*ltn), and



t : .
Q(t) = f do(s) = Z b for. c‘e (n, n+L) g
i-l S y . . - .: . '
| 4‘ -  =~§~1 LS

According to the défingkion

0

L2

8= lim approx igk Q(t) = 1im inf z b1 2
5 ‘ 't+w . n+o . - 1=12 '

.“‘and‘ ‘ v . ) 4 - ) ‘
}ﬁ; ‘ . v . . ot n : "
- | 2, = lim approx sup Q(t) = lim sup 2 b, -

¢

For any b, € (21;12)'(1 =Al,2,3,4) satisfying (4.2.1) and for any
p e N define : : I o

% .

oip={n:1,in‘<p,2-lbj<h}
. J .
. i . n 3
s = : 1 < < s b, > h
and | )
o, (@) = U [a-L,m), s, (p) = U [n-Lyn) ,
il neo nesip

'éﬁi,2,3,4. By an easy calculation we see

P P
L -1 -1
[ r "(s)ds =] C __
0. . n=l n-1
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(El)  lnm sup( § C ;-

64

and if a(p) 1s either oi(p) or Si(p)

(p) .
' .ob
P _ .
= ): Cnil/ 2 cn.l.]_ >
nea n=1

; e _ - . '
Before stating some theorems“:? give the conditions gqrresponding'to

(p1) - (D3): | o

-1 P -1
-1 )
. p+eo .RGSZP -

. . ’ p “ .
_1 _1
(E1') 1lim sup( 2 qp_l - G(M,n,k) 2 Cn—l)’n + ,
‘ . preo vn€82 - .n=1
L
(E2) 11 (Y '.Cm1 - § C_1 ) = tw
) miup Lo P € L % ,
P €93 . v
(E3) | iim sup ('} c’l - § ¢l ) = +m'
' X . “n—-1 n-1 o
pre nesapUULp . . n:ll

In particular, when Cl érl (1 = -1,0,1,...), we let u(a)'be the

cardinal measure,ofvany finite set a. Then (E1D-(E3) become

L B



(F1) 1lim sup (u(szb)f;p),- 4o
o 43 t ' pm a, o v
v (F1")"1lim sup (u(szl)jgim,m,k)p) = 4w, S -
. pom *jQ p

(F2) 1lim sup (u(o3p)-ép) = 4w,

pro

(F3) 1lim “sup (“(S4QJ°1P)'EP) =+, | »

pr=

Theorem 4.6.0. Let condition (H) hold and 12 = 4+, Assume

1im sup ( N C;{i—dp)‘= +o L (4.6.1) -
pr®’  mes, - AL -

/f*\>:~:y' R o ~» ﬁ 5'
. S i

for all L. sufficiently/iarge, where & —zgh——*
i o £ ‘-4m+4

Xﬂ

a a2 L ’ &p o
: I R : R
~ - .8, ={n:l<x < p , 2 by z} »
' Y S . .lp o J'i j s
v o " * 75f'f' -;- L .
Then,equation'(D)?&is osciLiatdfyyf ;21_ o .J: «
. ] ) ) ‘-A"t :»[ {'U. ) “ . B ’-
‘f - -(- R .

0 L

Thédrem be6.l. Let conditioq (H) hold and ~o < 1 < 22'< +w., Assume

i

there are constants h (i =1 2 3,4) and € > 0o sacisfying (4.2. l)l“”

(E1), (E2) and (E3). Thennequation (D) is oscillatory.
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Theetem 4.6.2. Let condition (H) hold and -0 = ll < 12 { +=, Assuﬁe

there are constants hi (i1 =1,2,3,4), € >0 and k € (max{m,O} 1)
satisfying (2.1), (E1'), (E2) and (E3). Then equation @) is

J
oscillatory®

Theorem 4.6.3. Let condition (H)'hold\and g, < li . Assume there are

(—wgnz) and a k ¢ (max{m,0},1l) satisfying- (El ), and for any

éJGﬁ;,z z‘.there 1s an ¢ >0 satisfying (E2). Then equation (D) is
A8 )

- oscillatory.

‘For equation (D) we can replace (El) - (E3) by. (Fl) - (F3), and the

above theorems also holds. We do not state them ﬂgke.

Example 4;6¢l} .Consider the difference equation

L A

2 ) n'ﬁ a - : : P
. AtinhrEftﬁil) [quynl-sgn ¥, = 0 A\ ® = 0,1,2,...‘ (4.6.2)
) 'b’:,( . t
&here o 2 9 ; —1 denotes the 1nteger part of %-. Here we have

c=1,n u»—x 0, 1,..., and bn = (- 1)-[71, n=0,1,2,000, ieee,

: 2n . - 2ntl
b .=n, b, . = -n. Hence J b, =wm-l," J b, = -1, and
2n 2n+l {=1 i ’ 1=l i
: n 2n+l
2, = lim inf I b~ 1im ] by

3 , nee. 1=l n+o 1=l
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T ; n 2n :
’22 = }1im sup Z b, = lim ) bi = 4w .
n+o iml n+o 1=l
o
a : . L '
Choose hi d = 1,2,3,4) satisfying (4.2.1) and 0 < e < 7 We find

o1 1
th* u(s‘zp)" 7 ’ U(GBP) id 20 and UI(SQPUUIP) + 1 as P + »,

therefore- (Fi), (F2) and (Fs%ggfld. According to Theorem 4.6.1

equation (4.6.2) is oscillatory’

Noté that for equation (4.6.2), 1f we choose m = G;l ,
) . . v ’/ 2 P ) | |
M= | 2L ‘ , then & = — L (G;bz 5 <;._ glves us that
' RS ot o
o 6'(/3 =+, '/:7'_ 1) . Thus (4.6.1) hold only for a e ("Z -t "_2_ ty
JZ 4+ /T -1 - /T 4 YT -1

Therefore Theorem 4.6.0 fails when a ¢ (/2 -1 , /2 +l,
; ' Y2+l V72 -1

’

Example 4.6.2. ‘Gonsider the difference equation'

2 v : a
{ + = :
ATy cos n(m Tn)lyn| sgn ¥y 0, n

0,1,2,+++  (4.6.3)

where a > 0 , Y Ti { w . ‘Here we have <,
n=0

1, a=-1,0,1,...,

Hi

and

_bn = cos8 n(q+1n)‘? gés(wn)cos(nfn) : ,

h

R - (-l)nCOS(wr;) , 0 -"0',1,.2,_...‘



Since tn+Oas n-+w, . N o

: P T TP SN N
cos(nt ) : l 2sin (»2 'rn) 1-3 _...(Tn -i-:o(_'r_n)‘.) . as. ,If"v" @

AN} _ .. 04 ; i
I () + ‘o(rn)|) Cow TR

o & o AT ¢
nlzo 2 ;' Ym,"%?‘

P '"uz 2 2 S T

= -1)'[1 - 5= (x7 + o(r))] 1is upiformly bounded for
Cqe1 b 121 ‘ [. ‘2.,,_“ “] v ‘E
¥ n ¢ N. That means - < li 5‘22 < 4= . From ('4:.6‘.4')‘ :fv}e'_j'see':t;'\heré'.'v" '

W

*Ye a N > 0 such that

(oGt < —5 - -
e e i} 2ﬂ2 S

n
Then § b

- 2N-1 k., o '.,_ , .  )' .
Let J b, =M. Then for anp k > N
i : .
i=l R - .

2k-1 - 2N-1 ~ 2k-1 .

§ b,= ] b+ ] b

g boga b et TS

B . T
Xl 2 .
S I C O P = CA TGP

1=2N a0



-and

' . 'Thefefore'

Lo

v N thte '21 < lzfa Choose h

s

oy
&5
S 2 2k-1 .
Lt 2 2.
KM+ 23— 7 (xf + o)D)
- 2 qan 1 1
2 o .
T . o 2 2
<M+ = T(x] HeGz DD
Z by ot i
1\3“%%,
2k-1 . 2N-1 % - 2,
Yob o= I b+ I D[l - G
i=1 I g1 b gm2n 2
22k ,
>M+ 1 - %—- y (zi + |o(Tf)|)
: 1=2N
2
>u+1- 7 oD
1=2N
3
>_M+Z.
v : Y 8 2k-1
2, = lim inf | b, < lim inf I bysm+
T nee =l ko 1=l
\
_ S n o 2k
2, = lim sup Y b, > lim sup ) by 2 M+
. K+ i=]1

nro  i=l

T a

iv.
o e
o
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2
+ o(r; )]
1
4
3
A
and

(-i‘? 152,3,4) “gatisfying (4.2.1)



. N ‘fjv; A p .70

. 0>e < —2—-, we find that_ u(82p)+—z.r’ u(a3p) * 2 and u(slbpwlp) » 3

: . - . S|
a8 p + ». Thus’ (F1), (F2) and;(F3)“hold- According to Theorem gﬁﬁfl
-éddation.(4.6.3) is oséillatof§. _o 2 * ‘

‘ ," ' - -2 - : . ' s
@ Iy : . B R ‘
- Example 4 6 3. Consider the difference equation - .
[ : L ’ i : : j,
Az-, t+;:l' }a = 0 '; = 0'1 2' L (4.6.5)
R U S
oo - N . ' .j, ‘ |

. : . -2 ‘ ’ > n‘- 2k-1 bl ‘} o "f : ’ »lj

where a > O, bn - : o 28 k € N .evHere P
| . " [[211 ’) v n = 2k ) ’ l‘ )
L s on ’ ‘! U § A
. ‘ '/:/, . 2 b/ > _:\m',) as n+ m"
o i=l R Peeas

We can not conclude that equation (4 6 5) is oscillatory by Theorems

p 4.6.0-&.6.3. It is easy to check that equation (4 6.5) has a
t 1 v,,v n - Zk_ ) A

nonoscillatory solution_ yn#i O k € N.’ In fact,
. C B -l 2 "’,, n = 2k .
BY9a-1 " Y20 T Y20-1 T L. ;
E AyZn ) y2n+1 yZn i
S, o Y
LR TS T yZn-l) AyZn o1 = 72
whence ' LT '



n
2

A yZn-l + b

a
2020 7Y >

Yon = 80 o0r1V20) T Vope1 T W T2

2 : o
5 Y20 ¥ Pon+1¥20m 0. 3
;e

' A - ; '
This examplé shows that the conditions of Theorems 4,6.0-4.6.3 are

sharp in a certain sense.
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:differentiai equation

.weighted average of integrals of  q’t) of the form

9
L]

1.2° Criteria’ for linear oscillation

14 ) . »

! Before stating some. oscillation resultsvfor‘nonlinear equations we

. preqent some basic previous results on the second order linear

yE) Ay =0, te R @)

’ . : : . - .

. “ ) ‘

©  where q(t) € C[O w) In the study of this equation from the point of

view of disconjugacy on R B ‘many criteria for oscillation

found which inyolve the behavior of the integral of q(t . Let™
L . . - .\‘ o . k/\_ » ‘ .
\//\ .
Qft) = [ q(s) ds, t >0 . ¢ C o (1.2.1)
“ 0 0 - .0 P 5y . .

L . .o
. K]

S I

»

?Three of the most important such qonditioqs which guarantee that all

f:solutions of (L) cscillate are as follows:

{a1) lta e o ’ ‘ (Fite [171;”ﬁintnerl[3$j) v
t+oo ) D - X :
: Lt S | o
(A2) 1lim E'I' Q(s)ds = 4= , (Wintner [35])
t Tt N

(A3) ~ < lim inf —J‘ Q(s)ds < lim su g j Q(s)ds < tw e \(l‘lartmzan [18]).

t oo

-—

<"

Coles [ll] and Willett [34] extended these criteria by considering

,\?



Q (t) = [ o(s)Q(sdds/[ o(s)ds.
? ‘0 | o <

v
4

Thus Willett [34] showéd that thereris:a class '@0 of nonnegative

locally integrable, but not integrabLe on [O, w)}'functions,‘which

o -

contains all such Jbounded functions, such that if for some. p.e &y » we

‘

have

(a2) lim Q¢(t) = 4o .

Ctrew

Ll

or

" (a3) '~ < lm inf‘Q¢(t) < lim sup Q¢kc) < 4.

o 21 ) L '1C+¢’ . -

Then all solutions of (L) are osclllatory.

.

It is obvious that (a2) and (a3) are extensions of the criteria
(A2) and (A3), which together correspond to (aZ) and (a3) with @ 1.

Kamenév gave another congition for oscillation of (L}; {.e.,
. , ‘
. p ot . ;
(A4) 1lim sup —;»j (t-s) q(s)ds = 4=, ‘n > l.
tho L 0o o S .

We can easily check that (Al) implies (A4) with n = 2.. We should note

that (a4) withn =1, i.e.,

o

. ‘ . . P
(AS) 1im sup %-f Q(s)ds = +w : ‘ .p,v)
‘ o o - ’ ' i '

t oo

3



%i' ;  ' '»‘l' o ,%..8
. alone is ‘mot . sufficient for ‘the oscillation of (L),'see Hartman [18]

“In a different direction,. Olech; Opial and//azewskfﬂgave another
vcriterion for oecillation of (L). To state the resulto'we’need the ;"

following definition. .

~>
e

)

~

Definition 1. 2 Assume h = h(t) is a real-valued function defined on

[a,») , a 2 0, and . — < £ » L < +m u(s) denote .the Labesgue

A

measure.' Then we write

-

LY

: ~ 1im approx sup h(t) = L
tro
in case’ )
ult: h(g) > L)} = += for.all Ly <L and
’ 3 . '
w(tt h(e) > Ly} < 4o for all Ly > L. o
Similarly, ' ' : c g
é? o . , R
lim approx inf h(t) =2
tro
in case o R ) & I

u{t: h(t) < 2,} < +e for all 2, <2 and
wee: h(e) S-%Z};' = for all <92_> b

o

Finally; lim approx h(t) = 1, -~ < 2 <'+w-bin.case

troo

®

- lim approx sup. h(t) -'lim approx’ inf h(t) = 2-

© Lo t+ov



- g :
' A . , | . - . ‘
According to the definition we see that '
g : : : R a
' K 4 ) i ‘ ) . " L . ] ‘ -,
lim inf h(t) < lim approx inf h(t) < lim approx sup h(t)-< lim sup h(t),
T esm Lt - T e T tee
“and 1f 1im h(t) = 4, then lim approx.h(t) = 2.
o o - o . ' '
v ) " > - ‘ . ° -
»'Theoréh 1.2 [31]. Equa:i'oti (L)‘ is_oscillatory in case _' . o _ ' -
iim_ approx Q(t) = oo - . (1.2.".2)' !
. tre . s '
~or .in case ; B ‘,)\/
1im approx inf Q(t). < lim approx sup Q(t). (L2,
In ‘pavrticgl‘ar, if
h | S
lim approx sup Q(t) = += ,. L\
_ A : .
ki .
* then equation (L) |1is Jogcillatory-
. " .
] .
o )



CHAPTER 2.

COMPARISON THEOREMS

4

. 2.1 Introduction.

- . ;‘

In 1836 Sturm proVed a famous result usually known as the
Sturm-ComparisOn Theorem for,the-linear equation of the form

: /\ | : (p(gt')y'(t)ﬁ‘— q(t)y(t) = 0.

In that thesia'Sturm'considered the equations |,

I ’ . o "‘ v S
> CRANEE AN | (2.1.1)
and T e,

A (p,y")' = qp¥ = ot (2.1:2)

on a finite interval and showed that if 0 < p2 < p1 » 4, < < q1 .

equality not holding everwhere on the interval then between any two
. e @
zeros of some solution of (2.1. 1) there is at least one’ zero of any

solution of (2 1. 2)
‘ This theorem gives‘us a way to get the oscillatory property of a
‘linear equation by comparing it with another linear equation which is |
: known to} be oscillatory. Several extensions of ‘the Theorem have been
made fof the linear oscillation.‘ In'a similarhway'we-can obtain some‘
interesting oscillation criteria for nonlinear equations by comparing

; them with related lﬁnear eqé:tions. ‘o
In the following we present some results mainly from [28}.
. > _ _

R

T 10
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(/
_ Y
2.2 For equdtion (N)
; ' Cons der the reIation between equatiou (N) and the ‘linear
eqoation e S ] .\4 . '_E e
. v L .
y'rCe) + &(t)y(cw) =0, te [0,e)e o (2e2el)
B « / B . i ™ o “ o, . .t-, s .
Definition 2.2 Equation (2.2.1) is called strongly oscillatory if the '
equation , : N . R v T E
/ y''(t) + cq(t)y(t) =0, (2.2.2)
[} oscillatory for every positive constaqt Ce ' -
'Equation (2;231) is called weakly oscillatory if equation (2 2 2)
is‘oscillatory for some positive constant vc. : f‘ // . . : .
Theorem 2 2.1 Cwohg [38{}n Suppose that vf(y).satisfies (l.l.l)vand
] ‘ oo ,
j_ there is a positive constant ¢ such that £'(y) > ¢ > 0 for all
S ]l 3 e (moytm). If, for this fixed ¢, (2.2.2) is oscillatory, phen
. "f _ equation (N) is also oscillatory. v m'
/ ‘Theorem 2.2.2- (Erbe [14]) Suppose that the function f£(y) satisfies
. "'&j o . - , e . | |
’ ' ' ff(y)‘2_£§Xl > 0 for 'y A 0, ?:' ©(2.2.3) -




e

(Note thgt condition (2 2 3) implies (1.1. 1)) and that q(t)

s&tfliies

.
j

, e
. lim inf [ q(s)ds > O
troo T o

12

for all large T. If (2.2.1) is strongly oscillatory, then (N) 1is

_oscillatory.. o \

" Let us point out that an %pplicatiop‘of Theorem 2-2;1 gives the

following oscillation criterion for quationu(N).

L 4

-

.;Cordllafy‘Z 2 Let. f(y) satisfy (1l.1l. l) and let there be a constant

c >/0 such~tha% ’f'(y) > ¢ for all y € (=, +w) ‘Suppose’ conditiqh~

(AS) holds and there exists a constant 'h > Ol.such that

I
[ a(s) ds > —e T, t 2t

for some .to‘Z_O, Then equation (N) is oscillatory.

(2.2.4)

Remark 2.2 This result genegéiizea a theorem of Onose [32 Theorem 3

“fP~.7L],4where condition (2 2 4) is replaced by the stronéer

L3

. assumption e .

1im inf Q(£) > <L >,

o o
'

-
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,and 'f(y)isatisfies an additional'nohlinea;ity condition.
2.3 _?or equapigp (Na) ‘ | | |
Because of the limited applications of the‘theotéms in section

2.2, we present some fﬁrthér criteria for-the oscillation of equation -
) . o ) : : o
Sippose 1im Q(t)- exists and is finite first, where Q(t) is
R o ' . ‘ )
defined by (1.2.1). Denote P(t) = q(s)ds and
. 0 .t ,

. t. . :
p(t) = max {l,-[ 'P(s)ds}.
' . 0 - .

N

Theorem 2.3.1 Suppose equation

(p(t)z")' + q(t)z = 0
;- ' o
“is st:bngly oscillatory. Then (Na).vis oscillatory.for‘ a> 1. o

—~1

‘ Corbllaryf2.3.1A‘Sﬁbpose.éduétion (2.2.1) 1is slronglyﬂoscillatory, and

| e e
B ) lim inf |

P(s)ds > —= . ; (2.3.1)
L 0o - ' . -

Then (N&) is oscillatory for uq)ll.

—

" Corollary 2.3.2 Suppoge (2.3.1)‘holds andr’assume'that thete.exists a

1

.. . : ) - <,
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positive nondecreasing function ¢ € C [Q,m)' eatistying- ,%#2
et > ‘ . e
[ &— <o and lm [ g(s)q(s)ds = +=. - :
? . ' ’t+°° 0 R ; . .

Then (Na) is oscillatory for a-) 1-

-~ Now we“assume Q(t) is bounded below inéteaﬂ of the existence of

1im Q(t).
tyo
»Théorem 2.3.2 Suppose R
lim inf Q(t) > —=
. t+o ’ :
- 'If equation
(tz'(t))"' + eq(r)z(t) =0 o (243.2)

L ke

i{s weakly oscillatory, then-y(N&)lfie oScillatory,for' a_5 0. L

»

) -
Remark 2.3 Many well-known linear oscillation criteria are’ stated only
for equation (2.2.1). To apply theorem 2.3.2 we can ttansform (2 3. 2)
by the'familiar_tiouville transformation. t'# est and z(8) = y(t) to

R ad

et +eeta(eDa(a = 0, s 200 e (203.2)

Cleatly2the‘oscillatOryibehaQior of (2.3.2) and (2.3.3)_remaihs ;hé'

same.

LMy,



15

t
Corollary 2.3.3 Let tq(t) be-elther‘bounded above or below and
_ satisfy -
“o < lim inf Q(t) < lim sup Q(t) < oo s -

B Lo

" Then (N ) is oscillatory.

Before stating—the next theorem we introduce some new concepts.f

Consider two equations

..'(R(t)z?)'.f:q(t)z -0 _' "x (2:3.4)

.‘&

(p(E)Z")" + (a(e)n(E)z = O (2.3.5) .

-

where - p(t) > O, q(t)-and n(t) are continuous;
\ " . -.

£
£

Definition 2;3 Supnose equation (2;3.4) is;(strongly) oscillatory, and

R : .
for any n(t) satisfying lim f- n(s)ds exists and 18 finite,'equation
| e 0 B ; .
(2 3. 5) 1s also (strongly) oscillatoryt Then equation (2 3.4) is 'F v

(strongly) Sl-oscillatory.
Snppose equation (2.3. 4) 1is (strongly) oscillatory, and for any
t ' . . ‘
n(t) satisfying f n(s)ds vis bounded, equation (2.3.5) is_also

_(strongly) oscillatory.' Then equation (2 3 4) 1is (stongly)

. LY
S2-oscillatory.

-



g(t).

| P 4' | S | o
© ‘ - | ' ' ) ' ‘16

Here we mention two conditions which are relevant to the above

concepts. We say that function R(t) satisfies condition (*) or (**)

if
- | S .'//; 5 v A
(™ _Thereexists an increaifyg sequence {lo}" Xn + ©» as n + » such
_that o R
dt
lm inf A_[ >0,
n+e 8
n .
Yy |
‘ : : ' . \
. where 8, is the set {t e [0,=): R(Lt) 2_Xn}; or
© (**) There exist two numbers A < Az.:such that
. © ' ©
1 2 1 2 '
[ fIR(E) -l de - ;0 T [R(e) - Ay]0de ==,

0

~ yhere ()], = max{g(),0}, [8(t)]_ = max({-g(t),0} for ‘any function

'&.

'_rProposition 2.3'$Spppose equation (2.3.4) is (étronglj) oscillatory-

s

e

1 if :(c)'- t and Q(t) .séﬁisfieSj (#)_'pr_"(**);'chen (2.3.4) is

__(strongly) oscillatory, IR | . o

1) if p(e) = t and Q(t) satisfies (*) or p(t) =t and Q&)
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satisfies (**) for some *1 'and all xz > Al,‘then (2;3.45 is
‘;'gﬂtrongly SZ?oscillatory. ' o T

: , } ; 2 . . .

Theorem 2+3.3 Suppose ¢ ¢ C [0,») satisfying - o

2'2(E) 2 a(E)e" (1)

4' fo;'allflafge t, and

AL_L 4> .
fo w( ds > -L >

v

If the linear equation (tz')' + q(t)z = O ‘is strong}y.Sl—oacillaCOrj,

then
yH(E) + o()ale) [y(6)[%smn y(£) =0, @ > 1, te [O=)

is oscillatbry.-

2.4 Further results for = (N, ),70 <a < 1

Theorem 2. 4¢1 Suppose there exists a function ¢ ¢ C (o, m) satisfyingvy

! (;)-Z_O,c¢"(t),5_0',.t-2_0 such that

: : .t 8 L o : .
" 1im inf %4[..jv o (1)q(r)dtds > ~= . (2.4.1)
~If the equation o ‘ ' '
| e (t))' *o (c)q(t)z(c) -0, tel(0®  (2.4.2)

/\3



18 strongiy SZ-dscLllqtory,'then .(Na) with 0>< a <1 is

~oscillatory. a

-Theorem 2.4.2 Suppose there exists a functioh ¢ € C [0,®) satisfying

-

w"'_(t)Z}__O,v o''(t) <O, £ >0, and N
. . R - - . ’ » N
lim te'(t)/e(t) exists and is finite (2.4.3) .

T

such that lim —-[ f ¢a(t)q(r)dtds exists‘and is. finite. - If (2.4.2)

is strongly Sl-oscillatory, then (N ) with O <a < 1 ‘is bécillafory.

Suppoae instead of (2.4. 3) ? satisfies the stronger condition

L%

lim :§_~'(¢)'/¢(£’) =0

taeo

and _q(t)'_aatisfigs‘(2.4.1); If'(2;4;2) is. strongly Sl—bscgllatdry,

then_(Na) with- 0 < a < 1‘ is.oééillatory.

Theorem 2.4.3 Suppose thgt

w

L "f
lim sup —f Q(s)ds > ..
1f che linear equation ' )

. . »
'

(tz (t))' + q(t)Z(t) =0



is weakly,ostilIaﬁory, then (Na) wigh 0 <aX l\\isﬁpacillatpry;ﬁ
‘Remark 2. 4.1 Theorem 2.4.3 includes a result of Bquer in [9], whfeh\

AN

state the condition (A3) in section 1.2 implies (N ) with 0 <a <l "@\m"

is oScillatory. -



S U o " CHAPTER 3

INTEGRAL AVERAGING\IECHNIQJE FOR' OSCILLATION

T

' . ES ) :
ln this eection we will first state a series of criteria‘fbr nonlinear

=

oscillation, especially for equation (N ), which are the analogues of
Lthe integral aVeraging technique for linear oscillation. The proofs
.can be found in [9 19, 33 37 40] ,- : S ‘]. - : f_

- Wong gave a ‘new proof for all of - the results in- [41] Usingvhis'
j-idea ‘we will e;tend all of the results to the Stieltjes
"idtégFo‘diffgre“tial eqnation'(Sa).and,§he’£i;}erential equation

Cu)

3.1f' For equation KN,) L,

We list below the major results relating to the generalization of
oscillation criteria (Al)- (AS) in chapter 1, and the conditions

(A3 ) 1lim inf —-f Q(s)ds < lim sup -j Q(s)ds
t+o 0

(A6) 1im inf Q(r) > =~
’ tho .

to equation (N;j{

(I)' Waltman [33]: (A1) => (N ) oscillatory for a > 0,

(II),Kameuev 191: (AS) => (V ) oscillatory for 0 <a<l,

(111) Butler [9]: (a2) => @, N oscillatory for "a >0 ,

(3V)-Butler [9]: (A3) => (w ) oscillatory for Ca>ly -

]

-

. 20



,)§71 T 4
o | | - o
@) Butler (9] (43 = (u&)foscixiaco:y for 0 <a <1,
:(v1)°wong [40] (a4)(a6) => () oscillatory for a >0, Y
(VD) Wong [37]: (AS)(A6) => (N)) oscillatory for a > 1.
With the exception that (III) = (I), since condition (Al) follows from .
e
%)

(A2), all other theorems are independent of one another. The most

sophisticated results ‘are three theorems*of Butler (III) (IV) and (V)

'which were in fact proved for the more. general equation (N) with ‘some

‘rather complicated assumptions which are satisfied by (N ), a > 0.

However as - far -as applying general averaging conditions of the type
(a2) or (a3) ‘to (N) is concerned we have. had | only limited success.
Wong gave ‘a new simple method to prove all of the results

(I) (VII) His main idea is depicted below:

Assume (N ) has a nonoifillatory solution y(t), which‘can be

1l-a

- assumed -to be positive on [to,w) for some . t Define z(t) =y (t)

0"
whenr a # 1. It is easy to verify from (Na) that z(t) satisfies the
following equation'

z'" = (a-l)q + a(a—l)—lz_lz'2 h (3.1.1)

o -1 ' :
‘on [to, ). Denote m = a-1 and n = a(a-l1) . Integrating both sides

of (3.1. 1) twice and dividing them by t, we have . -
t s : ‘ ' t =
- R ST Cm 1 z ) :
T Jooz Tt pa(e) =uleg * caltg) + T/ Q. (3.1.2)
ty %o _ o

o



. s
. . W
-\

whé}e.;u(t) - z'(t) - mQ(t); (3.1.2) would in each case lead to a

Lo
desired contradIC;ions

' <
-

3.2 For Stieltjes intggro—differenpial equétidn’(Sa)'l
Theorem 3.2 1Lf we replace Q(t) by [ do(s) 1in conditions
K] ““ . ’ VO . |
(AL)=(A6), then all of the results (I)=(VLI) hold for equation (S ),

where ¢ <1s any constant.
A A .
‘Proof. _'Assuﬁ% (S‘a) has a ngn—oscillatory solution y'(t)", which can

be assued to be positive on [to,w) for some t,. .Then y(t)

satisfies
,{c >
, K _L Por
, , y'(t) =c = [ ¥ (s)da(s),
Tty = | ) A
where:‘c - y'(to){ Define z(t) = yl_u(t) when a #l. Then ' Kﬂ {ﬁ%
l-a ‘ Ly 1 l-a _, s L
y(t) = z -(t) ,-y'(r) = I:;-z. z' . Substituting them into
equation (3.2.1)gwe have V |
S S - SH S
' 1- 1- o -
27ty = c(la)z S () - @-wz o (e ] 217 (s)da(s)
o . . g _ :

o -
!\ ' : .

Y




/ : )
N .“ e 23 .
_ I ¢ s E -
. ez TR(o)-(-a)f doe)-(-a)f [  #mdam]dlz Ts))
. t t t - .
0 0 0. .
. a o ! R // ' u,. Ca
T TR t t 1 T~q T Tee,
= c(l-a)z - (t) =(1-a)] do(s).~(1=a)f (e= =% - zV)d(z " ) .
v - e g o ' '
- S e - t -
= c(l-a) 1o (to) -(1-a)/ do(s) - a(l-a)—;f z_;z'zds
. to _ g S
S t‘ S0 .t -1 2
=z'(ty) - (1~a)[ do(s) + a(a-1) [z “z'"ds
%o ot 4
t

Let m = a-1, n‘= d(a—l)_l, and u(é) = zf(t) - mf~ do(s). Then
: : 0 .

t
u(t) = u(ry) + nf z

. t
% ' _ 0

-1z'2d5-

Integrating (3.2.2) and dividing it by t we have

t

(3.2.2)

RS U I | 1 P
- %f f z z' + ?z(t) =‘u.(t0) %E'y(to,) + —t-f (J' da(1)).
% fo . to © (3.2.3)
R T
- ' 'st " o . RV o
If we replace Q(t) by f: do(s) , then (3.1.2) becomes (3.2.3)
- A o 0 ‘ ' v

o
e



i
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immediately.' Since éll'of the results (I)?(VII) contradict (3.1.2),
t .

'welzanieoncldde that after:changiﬁg 'Q(t)vto"f do(s);‘everyueondition’
: . Lo o 0 ' B o

in (I)_—'(VII) al;o guaraotees the oscillation of equation (Sa).

3. 3 For difference equation (D )

‘As indicated in section 1.1, under the assumptions (1 1.2) and

»(1 1. 3) equation (S ) becomes. equation (D ). Now we' are going to

derive gome oscillatory results on equation (Da)‘ from Theoreﬁ'3.2.1.

To simplify the -discussion we .assume rﬁ =0 (n = -1;0,1,...).> Then
. hY i .

t ¢ [n-1,n)7 "1t is easy to

d(ﬁ) - c(n;O) = bﬁ , and r(t5:= C -1

see

Q(t) - f do(s) = 2 by for t e [n,ntl).
1= o

| Therefore conditions (AI)-(A6) in sections 1.2 and 3.1 become

conditions (B1l)-(B6) respectively:

k!

81y Y b, =+,
i=l :
1
(B2) lim = Z by om te,
n+o i-l
. n

(33) —= < lim inf E’ I b, <lmsuwp o { by L +=

. n+o i=]l - ne B oi=l



!qt

(B3') lim inf %
‘D> i=1

n

n+o _nk i-L

(B4) lim suﬁ L 2, (n-i)k b,

‘n

_ ) _
(B5) lim sup - Y by =t

n-+e i=1

?

i+ .

o n
©(B6) lim- inf by > = .

nreo 1=l

According to theorem 3.2
" Theorem 3.3

(Bl) => (Da) oscillatory

(85) = @) oscillatory

(BZ) =) (Dd) oscillatory

(83) => (D) oscillatory

&

n 1
1 b, < lip sup —

- 25

n
1 by .
=1 i_’ T

=4o, k>1, %

and the discussion in section 1.1 we obtaln

for

for

for

for

a >0

"0<a

«a>0

1

)

(B3') => (Da) oscillatory for 0 <a <1,

| (B4)(B6) = (D) oscillatory for a > 1 .



| vémm‘n 4
- OﬂECH—OPIAL—WAZEWSKlrOSCILLATlON CRITEhIA
4.1 lntroduction
In section 1. 1 we have stated the Olech-Opial Wazewski criterlon
(Theorem 1 l) for linear oscillation which uses the special limits |

given by'Definition l.l. Now we shall extend the result to nonlinear

oscillation. More precisely, we will obtain conditions under which all

.continuable solutions of (N) or (N ) are oscillatory by considering the
asymptotic density of the sets. {t: Q(t) > h} and {t:v (t) <k} for
'various values of h, ke | | |
In [10] .Theorem 1.1 was. shown to have one kind of nonlinear
"analogues expressed in terms of the nonlinearity as well as the
asymptotic density of the sef where: Q(t) is sufficiently~positive.
"And it was shown that this was sharp in a certain sense.
In this paper'we shall show that an extension of (l.2. 3) is also valid
\x\for> (N) and (Na);',This involves'a more -detailed analysis than in

\

-
[IQ]. As an example, we are then able to show that (Nd)v‘is
B-

Ho

oscill;gory for all « > 0 if q(t) =t (t ), B > 0, where -g(u) ‘is

periodic with period w > 0 and f ¢(s)ds > 0.  An example is also
0

N

wgiven to indicate that the_conditions_are again, in some sense sharp.
We Tefer to‘[10,28,36,38,39]-ror'additional discussions of the
.oscillation/nonoscillation problem'for (N) and '(Na).‘ The results
'which ﬁerobtain_also are somewhat related tovresults-of Kwong and Zettl

. 3

(see [28] for further_discussion of,these results). "Moreover, we hope
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‘that ouf'results make a little mofe precise the genefaleideewthat‘
‘oscillation for (N) and (Na)' is caused by Q(t)ibeeoming'sﬁffieientLy
positive on a sufficiently large set or by iesfoeeillatofy'behavio%
on two sufficiently large sets . e
In section 4.2 we present the main results with proofs and in

!

section 4.3 we give some extensions to the more general self-adjoint

equation
(r(E)y'(£)) + Q(OE((E) =0 )
and | ‘ ’
(£(0)y"(£))" + a(e)] (y(£)|sgn y(£) =0 - R
where r(t) >‘0( ) ‘?ff

In‘sectign Zté Eé ﬁilf show some examples and applieafions, in'f'
sections 4.5 ‘and 4:gzﬁe will give the»interpretation'bf the results for
equations (), (§.)'and. o) , iﬁv).' | |

Before giving the main results in the next section,‘we introduce
somé'notation.- For any sEt S C [0,+»), we define S(t) = S N [0, t]
and the deqpity‘fuqctien by

t

where yu denotes Lebesgue measure. We denote by g(y) the expressfbn



a > 0 the& g(y) - —-—1 ¥ We sﬁal,l assume tigle

. . ) AR Vi ’ ;“ o ‘ ik L . :
h°1ds" S ' gr'— 7 B £, Tt
' - > [‘9‘"' R ,
. - I N )
I S A,
(H) there exist‘. numbers M > 0 ‘dang“?m,ﬁ L ;& .
’ ek - " )
o - =
and” T
a
) 5

For later coﬁpa:ison purposés we state the fbllowing result which

is Theorem 2.1 of [10]-

Theorem 4.1.1: Let.condition_(H) hold'and assume there exists a set

s C [0 +=) such that N

(1) lim sup t(D(S(t))" 5) = o LT
Lo o
—and
(11) 1lim Q(t) = +=, ‘ -9
’ tyoo ' : :
t:eS .. ’
t 7 -MZ
where: Q(t) = f q(s)ds and & = —E-———— . Then equation (N) is
R y— . o
oscillatory.
o . ¢



~ Then equation (N) 1s oscillatory.

‘ 29

Ah‘equivaleqt version of Theorem 4.1.1 may be reformulated as
follows. - '
- . s - .
Theorem 4.1.2: Let condition (H) hold- and assume :
~ (1)'  lim approx sup Q(t) = +o . :
. A _ b L . e
' 5Hd _ : ' v _ o
vy (o 9
(i1) lim sup t(p(Sg(t) - §) = 4w .
for all 2 sufficiently large, where
. .
5,(£) = {t e [0,2): Q(E) > }. 5,

A
'

. To verify that the condition (i) and (ii) of Theorem 4. 1 1 are

.equivalent to (i)' and (11)" of Theorem 4. 1 2, suppose that (1)'

(ii) hold. Choose t > 1 with u(Sl) 21, where S = {t ¢ {0,t ]

2 =
Sz.= {t e [tl,tz]: Q(t) > 2}, and ‘in general choose £, > o such that

Q(t) 2_1}. Then chodse' > 2  such that u(SZ) > fﬁ where

u(s,) 21 where ,Sn = {t e [t _y»t, ) Q(t) > n}. Clearly S _# @,
. : " w . ‘ > » .
n=1,2,... and if we set S = U Sﬁ_ then it follows that

o ’ n=1 B .

-

lm Q(E) = 4= .
troo .
teS

- k v '
For & = n there is a sequence: t + = as k + » such that

L
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lim t (p(S (c )) 5) = , n.=1,2,... « For n=1,2,... we'le;‘
ke’ o

1&1; ¢ "+e as n»e and lm T (S _(1))=8) =+ FrBh the

definitiqn of TS we see cha; p(S(Tn)) Z_p(Sn(rn)) and hence
T (p(S(;&yﬂi&) >t (p(S (t ))-8) + = as n+ = and so

1im "sup t(p(S(t%J’G) = +m. ’Suppose that (1) and (ii) ‘hold. Then

trm .

for any 2 sufficiently large there is a T > O such that when

t e SN [T,4») Q(t) > 2. Hencgg Sz DS N.[T,+») and so 1lim approx
' . S ’ oo

gup Q(t) = +» and lim sup t(p(Sz(t))-G) = 4w. That is, (i)' and

tyo

(;i)"hbld.. | | o <§§?
- | O N |

9

4,2, Main results.

-In the éequel we will use the following notation. For the

. ‘ . . : oot )
function q(t) given in (N) and (N), let’ Q(t) = [ q(s)ds and
° , S 0

. . ]
lim approx inf Q(t) = 21/,
. lim approx sup Q(t) = 12 K

o ]

o

(1 =1,2,3,4) € (1,,2,) satisfying

For any h,
| | e _
l'zi'< hy <hy <hy <y < L, -]a’7:‘(&52J;)'
define | ..o = {t e [0,@): QCEY < h, }
. Si*-{te[O‘-) Q<c>>h}f |
{‘»':and s NOREN A [0,c], o (8) =0 N %c] .

v
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R _ e - , NS
It 1s'9§v;9us that = S,(t) D sz(c)fq's3(t) o) sh(;) and ol(g)}c 0,(t)

C Ué(t) C oa(t').

For convenience we introduce some conditions.

(cry ‘.é%}imlggp :(p¢§2(t));gj - tw ) )
.1y - 1iﬁ'sﬁb £(0 (S, (£))=6 (M,m;k)) -,
, Ly 0 . . '
(€2) . 1lim sup t(p(o3(t))—é) = 4w
: E> ', o
(€3) © lim sup t(p((S,U0y)(t))=e) = +=
. e ] .

o Co . : L ' 2 .
ere € > 0 1is g'cbnstant, §(M,m,k) = '2.M for some constant
. _ , S . M ~4k(m-k) ;

Ke

u

THEOREM 4.2.1. Let condition (H) hold and" = < 2 <2, < +=. Assume

- there are constants hi‘ (i,F:1,2,3,4) and ¢ > 0 satisfyin;\ﬁj:z.l),

(Cl), (C2), and (C3). Then equation (N) is oscillatory.
o - 'ﬁgﬁﬂ . . . e

THEOREM 4.2.2. Let condition (H) hold and — = 2, < zi < +w.  Assume

there are coustants hi (1= 1,2,3,4),' e >0 and k g_(max{m,O},l)'
satisfying (4.2.1), kCl'), (C2) and (C3).y Then equation (N) is
oscillatory.

-~

Théorem 4.2;3. Let congition (i) hold and zl < 22-\ Assume ;hére are

hz € (—w,ﬁi) and k ¢ (max{m,0},1) satisfying (CL"), and for any

H’h3 € (—0,22) there is an ¢ > 0 satisfying (C2). Then equation (N)



.o is oscillatory.

Remark 4.2.  The conditions- of'Theorem 4.2:3 imply that 2, = —=. But

Theorem 4.2.3 gives different conditions for oscillation of equation
y o

'(N) from those of Theorem 4 2. 2.‘ The conditions (Cl), (Cl)', (CZ),
(03) 1mply, of ‘course, that the limit of the asymptotic density of the

'aets appearing in thesge“conditions cannot be zero. Thus, the measure
) .

of these sete'cannot be of the order of tn; Ot “v<.l“

s

o0

. 3 . 7 . i w.
Proof of .Theorem 4.2.1l: ‘Suppose equation (N) 1s not oscillatory and

let. y = y(t) be a nontrivial nonoscillatory solntion.on [O,w)rwhicnl

>

we:max suppose satisfies ~y(t) > 0 onmn [to,m), tO > 0. Define the

, - T e
Riccati variable
\f\
. ) ‘ !
z(t) = =y"(e)/E(y(L)), = _ (4.2.29
and we obtain the Riccati equation
| L
5 EROR q(t)é*-'\g'(y(t))zz(c) ety
i : : ’ 200
which we mé§ integrate to obtain
- ) ) b‘\ .v
s ; ‘
: o .
44
N S
Wt



N} 3
. ' : t » ‘2T -
z(t) = z(ty) + Qe) + £'(y(s))z"(s)ds = Q(t )
| BN o e
G . | . (4-2.3)
| e a(r + D)+ u(e) - Qe), £ty
where s L |
' t R
£'(y(s))z (s)ds , t > to'.
i:o : C ,

w(t) - f (4.2.4)

s
i

Now"21'<512‘ impiies that q(t) # O on any half-line [tl,m)‘and 80
z(t) # 0 on any half-line [t,»=)- It follows that w(t) > 0 “for

t sufficiently large. Wiﬁhout loss" of generaliﬁy we may assume that

w(t) > 0 for t >t o Then we can ‘set

0 o v -
| Q8 | |
RS S . .
limge(t) =a = - /\
t+o A - ’
wheré 0<a £ e
i) If ¢ = 4w, “define.functions  p(t) and u(t) as follows: -
'prr) ;'z(t);w(t){’ u(t) = _ 1 . e
/k R £ (y(enu() "0 L%
IIWe see tﬁat ‘p(t) >0 for ¢t ZﬁtO.A'From'(Z.Z) and_(%;A).we have
CN
L oyre) = —f(y(eDa(e) |
and. . o ‘ \ulJ",: T
ar(e) = EyEni® .o (4.2:5)
3

_



‘.Thq;.we get
;J'v(t) - - f"‘ (Y(t))}zl‘ (t) - - w'(t%
[£'(y(t))] w(t)’ f'(Y(F))V (t)

L EOENIGENE) 2(0)
Trayentue) v o

. SN o . _
= g(y(t))p(t) --pz(t) st 2ty . (h.2:6)

- &

, .Chooge ho <.Ql and let .

Sg = St_ e 10,3t QE) > g}

. s . q o ' '
Then u([to,w)\SO) { 4w , i.e., for any & ¢ (o,1)

oy : ’ R
: . . .

C n"e(p(Sy(£))m8) = . C (4.2.7)
B 2 - ' ' - PR

‘ | | i e .
According to (4.2.3) we know for 't € S0 I

h N S ORI h, - Qe TKg

i.e. :
- ’ . ‘ ;&

Since lim.w(t) = o, for anyﬁllgéiYﬁaxfﬁ;O},l);'there is a T‘Z_to such

. the |
<that p(t) > k for, t €Sy N [T,»). Hence from (4.2.6), when

bl . T
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te 85 N [Th=),

v

u'(e) < p(t)(ap(c)) < k(mk) < 0.

When t e [T,=)\S, also from (4.2.6) we see

2.
A_M'

.“‘(t).sg%'gz(y(t))‘g
';;Dééote So(6) = 8o N [Tyel, (o) = (Te1NS4(®) » €2 T Then
W) » = as £ore and B((S(ENT) LA e From

-

a(e) = u(®) + | ai(sys + [ _u'(eds, t2T
: - Sple) : (5,(e)) ™ ' -

4

and u(t) >0, t > T we know there ‘18 a -g > 0 -such that when

~

s ~ <~ < | Wi(s)ds + [ _u'(s)ds
| S - . (So(e))

‘ \
. 2 o
CR@AOU(S (D) + G (SN >, as £ v me,

which is a contradiction.
NG

1i) If 0 < a.{ », define functions p(t) and u(t) as follows:. .
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p(t) = 2()/w(r), u(t) = L a1 (4.2.8)
- o £'(y(e))w (t) ' B
From (4;2.5)_we'get
), 2
Cu'(t) = g(y(tr)) - A

e W

= ML () (g (£))p(E)=Ap (8D (4.2.9)

.
~ For ény_~x‘> 1 and 'y > O let P = {p: g(¥)p - Apz > -1}.. Since g(y)
is boundeéd and for any p # O

: : » ’;.-" . -
R ’ 2 =
o lim (g(¥)p — AP ) = T,

© we T choose A sufficiently large so that theilength'of the interval
P is sufficiently small. Let X = A, be so large that the length of

the interval P  is less than ,l—ffmin {h - hi} , where “h. = 2

b
2 ociqh R o
hs‘- Lz . Set r(t0)~- z(to):f Q(to) and for_gny ’n }‘0;,;et~;
R ICINC: or(egH
P,- {2: 1 +_—_-__f—,< P <‘l + ?;:13;75 » P € P}.
. -1 r(t0)+£ v o :
‘Then for £ € L, — < ——;:I——-< « , where p ¢ P« Therefore we can
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 choose 1 = n,. 8o large that the lengthvbf ﬁhe‘interval L is Yess
than min {h
0<i<4

A and n we can conclude that

i+l -hi} when X"Z_xb ’and n 2.“0 . For these values of

| [hzt.-lw) AL = ¢,-or_'[-°°,h3‘] N L =0, or ((~=,h)) U [.hl‘,+m)) nL =9 .

We only‘considgr'the case for . [h2,+9) N L = @. The discussion for the

other cases is similar. ’ ' '
From (4.2.3) and:(4.2.8) we get
C o
p(t). = 1+ (t) (r(t ) + Qe _
S ?
It is;easy'to'show that p(t) ¢ P for 't_e S, .and f Z_T , where T

2
is suffic;ently'laréeL For otherwise, there is a t glsz , €T,

L

‘'such that p(t) e P~ Then .

K

r(t0)+9. L r(t o)1
1+ < p(t) < l + m

for some’ 2 € [h2,+w) , Lf T is large enough., Therefore 2 e L,

[ w, @
o

‘whlch contradicts the assumption.g‘

. v

‘Froml(4.2.9) we know for t f.sé ﬂ_tT,m)

w'(e) <~ o

v

Hhen“; € [T,w)}SZ,:also frgm (4.2;9) we have o ’
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2 -x+1
u'(e) < 3—95—)-1 (c) < (t)-
Let- T -be so large that for "t‘ > T
| . . . ‘}éj&»‘p"; .
- -+l
._ .“1(:)<2 ML
’E N ~ N .,%'Tv“ :‘;" '."., s ) ’ ~ ’ .
. Denote ‘Sz(r_)_ - Szm [T,t“]» , (Sz(t:)).c‘ = [T,;]\Sz(t), t > T. Then frofm.
u(t) = u(T) +f o u'(s.)ds”+vf ' u'(s)ds
/:b . ’ ’ ~ . :
‘ . : L \sC
32(':) (SZ(tz-)

s

~and  u(t) >'?Q,‘ t > T, we... have

N . . L ‘ }
L < -¢ ('f © u'(s)ds +‘f .5 u'(s)ds
~ R E .’A c -
-+l 5 ' M2 -+, 0 ‘ c
<ma T Tu(S,(e)) gy s 2 w((S,(e)7)

Lo Hl[p(sz(t))t = p(S,(TNHT] + % ¢ “1[1-9-(52(t))]t :

for some c > O~ and t > T, so that

c2 B 2
M =X+l : M7 -atl
S ERRAICHONES "R S
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for some c¢' and t > T. Therefore

j o . 2 | r
° M ' 2xe!
e(p(s,(8)) - ) ¢ —-2el

2 Mty T T b2

. ) . : .
. . . .
3 B

A+ N

. ‘ ' 2 _
-Letting A = X be so. large that H < for X > A, , we obtain
. 0 L M2+2k‘_ . ="

a

P RN ¢ ®
& T e, (o <=
‘ T (MTR20)a

1..1 A . I

which contradicts the assumption ‘(Cl). The proof is complete.

. AR A ' ) . ¢

»

o
BN

l
Cegh -

Proof of Theorem 4 2 2., The only part of the proof which is different

. from that of Theorem 4 2 1 1s for the case that o = +w.

In this case we knoy from (4 2.3) that for t e S2

(RCEY1w(E) > t(tg) +Th, -

1-3-, ‘ . . ’

. B(E) > 1+ (x(eg)h)/u(e):

‘Since 1lim w(t) = ©, for any k ¢ (max{m,0},1), there ig a T Z.to

I , B ' .
such that p(t) >k for t e S, N [T,=). Hence from (4.2.6), when
) ‘t 6 SZ N [T,oo)’ ;

w'(£) < p(E)(m=p(t)) < k(mk) < 0.
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2

When t ¢ [T,w)\Sz, also from (4-2f6) we seé 

o1 2 1.2
u'(t) 5_4— g (y(£)) <z M -
Denote g‘z(c) - th [T,e] .7 (S,(eN° - [T,e]\S,(t), t > T. Then
from | | | ' ‘

u(t) = u(T) + [ u'(é)dsl+'f' Avu'(é)ds , t ZJT
N T |

and u(t) > 0 , t > T we obtain that

-~ < =c < | .u'(s)ﬁs + / ‘ u'(s)ds‘
S,000 0 Gyen©

&

< @) [p (85(80E = 9 (55 (MNT] + 3= [1p(Sy(eN]e

for some ¢ >0 , and t > T, from which we have

e[ @0]e(s,(e) - 3 <

for some <c' >-0' and t Z_T. Therefore

e

[
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. o : u2 C he '
t(p(S (1)) = ———) < 75— <oy

n -4k (m-k) M7 -4k (m-k)

. &
h) . X .

v,

which contradicts the assumptiqn'.(leP_

>

Proof of Theorem 4.2.3. The only part of the proof which is different
from that of Theorem 4.2.2 is for th# case that 0 < a < +w.
In this case we define.functioné p(;) and u(t) just the sa@e.as

in part i). From (4.2.3) we can see fdr any éh} € (—m,LZ), when

t 5.03 , t thOA

BT <L+ (r(egyy)/u(e)s

©

So for ahy» a <-M we can choose h3 so small that

p(t) <1 +‘(r(to)+h3)/w(t) < a

‘for F € 0g ‘gnd c.z_td . From (4.27§?_when t e 03‘0 [to,w),

wr(t) < Mp(r) - pP(t) < Ma - a .

\

When t e [tg,®)\g,, also from (4.2.6) we have

. 2 l‘\\ v.' .
Lo l 2 T
HORSEAIOP <E -
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0,0 [egr€] /(55N = [£g,t1Na5(E)s € 2 £ = Then

. Denote ‘33(t)
from

'u(:o)'+ / u'(s)ds + | u'(s)qs ) t Z_:Ou

u(t)
f 5,0 - Byent

>

and u(t) >0

. . ’ 4
t Z.to we obtain that

=< < < | u'(s)ds + | u'(s)ds
| 8y(0) O Byen©
2

| ¢ —aQra) [p(a5(0)E = p(a5(Eg))EQ] + = [1ploz(EN]E

for some c > 0 and 't 2ty
2

v
{8+ agea)]p(a4(0) - 5 < e

from which ' vg

R X

for eomez_cF and t Z_to . Therefore

MZ ) 4e!

3 RS
MAan(M+a)

“
.

t(p(aa(t)) - ,
_ 3 ‘Me44a(Mta)

Let’ a be sufficiently large and negﬁtive, a § -M,'éo that Q"
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M
I
M~ +4a(M+a) - .

then‘we have

4e!

- b
M +ha(Mta)

tlp(og(e))e) <

~.

whicﬁ contradicts the assumptioﬂ‘(CZ); This completes the proof.”

4.3. Extensions of the previous results

Concerning equatlons (ﬁ) or (ﬁa) simila; regsults can be
obtained. Before stating those results we introduce some cbnditiond..

For any ‘hi 1= 1,2,3,4) €. (zi,zé) gakfsfying (4.2.1) let

\.,

. ‘ t )

(b1) lim sup ([ r 1(s)ds)(s(sz(:))‘—e) 4w,

t+o o - v
: € 7 oo o
(OL') limsup ([ T (s)ds)(ﬁ(sz(t))-G(M,m,k)) = 4w,

N tﬁh_l .

(02) lim sup (J r (8)ds)(B(og(t))-e) = += ,

t+o 0 - . : .
(03) limsup (J r (s)ds)(a(s4 U dl)(t))-e) = 4o

£+
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where Si(t)’ oi(t) (1 = 1,2,3,4); §(M,m,k) and ‘¢ are the same as in

(Ci)f(C3), and

o o , ‘ f\ r_l(s)ds

. o | p(a(t)) = i(tf

ﬁ‘b [ ;;l(s)ds
,A ‘ B .‘0 .

For the case that"f r—l(t)d; = 4o we Bave the following results.

!

" THEOREM 4.3.1. Let condition (H) hold and -» < g, < 2, < +w. Assume
there‘are conséﬁﬁts hi (1 = 1,5,3,4) and e > 0 satisfying (4.2.1),

(Di), (D2) and (D3) and there exists an’ h0 <Q11 such thatvb

¢ L , A
1im sup B(SO(C)) =- 1. - Then equation (N) 'is oscillatory.

Lo

1

THEOREM 4.3.2. Let condition (H) hold and — = £, < 2, < +=. Assume

;hefe are éonstantsh hi'(i - 1,2,3,4); € > Omfand "k e (max{m,O};l) 
. satisfylng (4.2.1), (L'), (D2) and#(83). Then equation (¥) 'is

¥

‘oscillatory.

THEOREM 4.3.3. Let c°qdft;on;(H)'hold and 4 <oy o Assume there are

an; h2 € (-m,lz)lland—a kveliﬁax{m,O},l) satisfying (D1'), dnd for:

ény h3 € (—»,22) there is an ., ¢ >0 satisfying' (DZ). “Th@p equa;ion

o

R N :»‘._" ) "
- (N) 'is oscillatory.

The proofs of théorems 4=H are similar to-those of-chedfe O

w7
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4.2.1—3.' As an example we give a sketch’of éhé proof of Theorem

4'3.1.‘

Proof of Theorem 4.3.1. We employ the Ricéati substitution

z(t)‘=‘:r(t)y'(t)/f(y(t)),xwhere' y(ﬁ)-is‘a_nonoscillatoty positive

solution of i(ﬁ).” Instead of (K.2f3) wé-gef

. ()w ‘ ) .
4/> o z(t) = z(ty) + Q(r) +'w(t)'-‘Q(t0) , t Z to . (4.3.1)
where - ' ‘
, 5! R
- ; t ) )
§§§ V{W(F) =_f 34 l(s)f'(y(s))z (g)ds.
' t.
0

Then we can let’. &

e | B |
s lmow(e) = a, 0<a £+
2 e ‘

. 1) If a = 4o , defining"

1
E'(g(t)w(t) '

p(e) = z{t)/u(t) , u(e) =

we get

ar(e) = £ ey (e)p(e) = PA(E)], €2 g -

N t
Since lim sup:B(SO(t)) =1, and |
' tao ; ' 0

§ € (0,1)

r_l(s)ds = o , for any
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A L t
.
ot . : ” . ‘
1im sup(f, £ (8)d8)(p(Sy(t))=8) = *= - (4.3.2)
treo - P E -
According to Un3.l)ﬁwé knéw for t e SO IR .Q
R - ‘ ' ‘_w
p(E) > 1+ (2(£g)=QUE ) ()

) : . < . .
Thus. for any k e (max{m,0},l) there is a T 2 t, such that p(t) >k
, . - ’ -1

for t E»SO N [T,»). It follows that. u'(t) £ k(m-k)r (t) for

ot so,hjir,m)'and quc)wg_%-M £He) for. t e [T,@N\Sy. i:om

u(t) = ?(T) + :  €'(s)ds +[ /A (s)ds, 't Z_f
. ) ’ vso(t) .-

y -

€ 5 | 2 : .
-1 ~ : "M 4et
[ e (e)das (BSy())m 5m———1 < 5 <o
0 M -4k (m-k) M° -4k (m-k)
which.contradictg,(453.2). ' :
i1y 1f 0 < a <=, defining.
- p(t) = z(t)/w(r), u(t) = s A1

£ (y(e))w (v)

we get

.2

oy

N
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u'(t) = r*r(c>w (t)[g(y(t))p(t)—g,(t)]

The remainder of the proof proceeds as in part i11) of Theorem 4. 2 l.

Choose A,Hn so_large~thaﬁ , ‘ ’_': o

)N L =0, or (=myhyl N Le= ¥, or ((~=,h ) U Thy, =) AL = 9.

[>]

For thecase that’ [h2,+m) AL =9 we have u'(t) S_-r—l(t)wfx+L(t) ,

for teS, N [T,m), and u'(£) ”2— Tew ™ ey for t e [T, =)\S; -«
Let T be so large that for t > T w Afl(t) S_Za—X+l. Then from
u(t) = u(T) + [ - u'(s)ds + | Cu'(s)ds , t > T
LN ' A G ' ‘
54(0) S (8g(E))

and u(t) > 0 , t > T we caﬁ obtain finally that

; ) -1 ~ - M - 2ac!
C : A [ £ (8)ds[p(5,(t)) -~ 1 L—3 28 %
= , o ’ ‘ M°+2) M +2))a
; . M2 .
S _Letting A be so large that 5 { e , we obtain : .
' Mo+2x C o
N | 2)\c '(}’
o (s)ds(p(S (t))-e) £ ——E—-'—-jsgr >,
0 M"+2))a -

[

-

which contradicts assumption (Dl).

For the case that
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<A

[ e H(s) ds C4o  ; (4.3.5)'

. using some kind of variable transformation we can get. some
corresponding results for equation (Nd).

In that case we introduce the following transformation

oty = (J rioan ™, ze) = sy (4.3.4)
t - , o :

:
ke

Then we obtain the equatioﬂ in new variables
' ¢

/

. - | L
42 4@ etes)ace(en |2(s)|Fogn 2(s) =0, BNCIP)
ds ' ' ‘

where t(s) is determined by (4.3.4). Tt is éasy to see that s + +=

ag "t + o and‘the oscillation of equation v(ﬁ;) is equivalent to

that of equation (N ).\ Now we only need to consider the equation '(ﬁ')
a

in order  to investigate the oscillatory property of equation (ﬁa)t
: . :

,Replaeing t and Q(t) by s and f T—(a+ )r(t(T))q(t(T))dT in
’ . 0 -t o

Chapter 1 and’ 2, where t(s) is the ihvefse function of s(t),
applying Theotems-4.1.2;54.2.1—4.2.3 %x>equation (ﬁ;), we find that

all of the theorems are of the corresponding forms for equation (ﬁ&):



bed

o
“*

r-l(s)ds < 4. We state  them below.

while |
.0 o . ‘
" For zif(i,- 1,2), h; (4 =1,2,3,4) satisfying (4.2.1) ani s

satisfying (4.3.4) define
: - : s _(6+3) e
v Q) = fo T r(e(r))e(e(r))dr,

3, = {s ¢ [0 6<§>‘< hy)e

_§1 = {s € [0,®): Qs) > by} 5 (4.3.5)
and 5, (s) = o, N [0s], 5,(s) = 5, A [0,s]. Let r

50,0 = 05y (8)), # Gy (E ) = #E5 ()
3»:{ . e . N ‘

We introduce the'following conditions:

. ® - -1 - &
(D1) 1lim sup(f r 1(t)dr) 1(9(520£8))—e) = 4o,
R £ £ t ' ‘
.+ ) )
(d1') 1lim sup([ r-l(r)dr)—1(5(§Z(ts))-6(M,m,k)) = 4w,
Ao o L . . _5 "
©2) lm sup(f £ l(0at) TG@, e me) =4, P
. oo t ; N .

O




]

-

-

/-
‘equation (N )@pis oscillatory.

50

o

: _,V (03) 1im sup(f vr-l(r)dr]_l(s(géJ 51)(:8)—;) = tw. -
2 'y ¢ o ’ L

t+o t

Theorem 4.3;0'.‘1Let conditions (H) and’ (4.3.3) hold and ,zz‘a 4o

Assume

. “ o ‘ - © .
e Lia sup (] TH(0)AT) TR G, (e )E) = =
e ' . ne t : :
‘? i . ' | » “, ,"\ . B - MZ ’ .
for every % . sufficiently large;’wheré § = '2 - . Then equation
o o : ‘ S MT-4mth

(N 18 oscillatory.

o

Theorem 4.3.1'. Let conditﬁgns (H) and (4.3.3) hold and

%w.< 2. < l < 4w, Assume there are constants hi (i =1,2,3 4) and

1
_ ~ 1
€ > 05 Satisfying (4.2, l), (Dl), (DZ) and (D3). Then equation (No)

is osoillﬁtory.

-

£

fTh!!Eem 4.3.2" Let conditions (#) and (4.3.3) hold and -= = 2, <

‘.'(.

¥

2, $_+w. Assume thete are constants .(i = 1,2 3,4), ¢ >0 and
P ,’ .

| k ¢ (max{m,0 Y, 1) é”cisfying (4 2. 1), (Dl'), (D2) and (03) Then

.
1

.v
P
N 3’0:,.3-4 N
¥ .
ul’

Theoren?4:3.3'. -Let conditions (H) and (4.3:3) hold and £, < &,-

x

.Agggme there are an hz € (—m,lz) and a k ¢ (max{m,0),1) satiéfying
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continuous and p

’

)
RS

oscillatory.

. - R
’differentiable,on R

- o

X

. ' s
. J
. PR 51 .

_ cbe ‘ ) - .. . .. i ] - ) .- h :, '_-” . ‘ . ‘ - _ .
(D1'), and .for any. h3 € (-w,zz) there is'an ¢ > 0 satisfying (D2).
Then eduétioﬁ (ﬁ ) 1is oscillatory. . 2 : ‘ ‘ )

b 4 e’ DRSS C v Yoo o
it ) “ R
$ R o 7
) RS 3 "
"4.4. Examples and;éppliéations L
CL A R '
- As éﬁ eXample_we constder theﬁoscillat6ry behavior of the
‘equation, » o
& . s [ . 8 . - LS
I 7. ’ . . .. e
. ’ Sy '(e) +_¢(T(t))r'(Q)f(Y(t))" 0. " (4.4.7)

. THEOREM 4.4.1. Let condition (H) hold, Assume that ¢(u) is

w

etiodic with period” w > 0, and [ o(s)ds » 0, t(£) is
odic od v A e(e)e 2 ,

e
Vo L

and lim 1(t5 = 4w, Thég?eqUAtion (4(4-1).13.‘

Eyee
oo
Proéf. Here q(t) = ¢(f(t))f'(t)5"Th“S,, l | { ;
b, .
LT t . T(t) '
Q(t) = q(s)ds = [ o(t(s)t'(s)ds = [  o(sdds . °
o o T |

7

Ry

If [ ¢(s)ds >0 , then
0 -

‘£

follows that 1lim appfbx Q(t) = 4o
. LA '

equation (4.4.1) is 68cilla§opy;

Lo
@

N

lim Q(t) = +w stnce Lim t(t) = +=. It

$

)
Ly

L

»
&

Acéording to Corollary 2.2"in [l10] .

1
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W t . o
1f [ ¢(s)ds = 0, then [ ¢(s)ds 1s periodic with period w-
0o ' 0 - R '
, ' t . t - ‘ o L
Let ¢, = min {[ o(s)ds}, &, = max {[ o(s)s} , e € (0, 3):"
v tefO,w] O te(O,w] - 0O ¢
. _ _ .
; % Q) <2, for all t ¢ R .
Denote
s, = {t e [0,): Q(t) > 2} and S, (t) =S, N [0,t]-
" Since

lim p(S. (t)) =1, limp(S, (£)) =0,
2,77 | o S

t+o tro 2

and 1lim sup p(SQ(t)) isvcontinuous and decreasing 1nv_£,'thére exist

) _
h, and h, € (11,22), h2‘< hay, such that
o : - : .
- 1im sup p(Sa(t)) = g,
. oo

and ,

K ’ ) | , ' lim sup p(Sz(t))" 2e.

£+

Similarly, there exist hy , hye (llflz) , hy < h, , such cift

® ;
lim sup p(ql(t)) = g, ‘ (4.b4.2) .

‘t+oo

and
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lim sup p(c3(t)) = 2¢.

Croo

3e %ﬁ? show that hl € (%l,hz). For otherwise, h1 Z.hz‘ Then
p (1 o)) =1

. + : -
for t e R . Hence p(0,(t)) 21 = p(S,(t)) for

lim sup (o, (t)) > 1 = lim sup p(S,(£)) = 1 - 2e > ¢ .

tro . T

which contradicts (4.4.2).

In the same way we can show that h4 € (h3,£2)-
: [
. ) > L
Now we want h2 < h3 R If h2 Z_h3 , then choose h3 € (hth“)
aﬁd

3 3

-gubstitute h! for h . For these hi (L = 1,2,3,4) conditions (Cl);

(CZ)‘and (C3) are satisfied. Therefore, by,Theo:em 4.2.1 equatilon

(4.4.1) 18 oscillatory.

Example 4.4.1. Equation ‘ S

where o(u) is confinﬁous7and pe}iodic with period w and

W , ‘ . ‘
[ @(s) ds > 0, satisfies all conditions of Theorem 4.4.1.  Therefore
0 , : o .

(4.4.3) is oscillatory-



FRTYR T RCEEN A

Qe 7S S -
.a@’&‘% N W ‘&.a :’

2

Example 4.4.2. Considet. equati

“w,

on

3

gin t

yrr(e) + — - lye) % sgn y(£) = 0% (a > 0) .« (4.4.4)
. + D MR A
(2‘51# %2”‘;,V ,
Ly v 'auu'r&%u%
9 %inu ‘ o R
We can let g(u) = — and t(t) = t. And it is easy to see
' " (2+s8in u)a 7

o 2n

that ——Eiﬂ—g———-ds < 0. So we can not conclude that equation
: 0 (2+4sin 0)* - o A

(4.4.4) 1s oscillatory by Iheorem'4;4.1¢> In fact, equation (b.4.4) has
a nonoscillafory:solution y(t) = 2 + sin t. This example shows thét
the conditioﬂs of Theorém‘ﬁl4.1~ane sharp. -

. The result in Theorem 4.4.1 can be extended to more general

forms. «

Corollary 4.4.1. Consider equatioh

yUI(e) + [p(E) +e(r(e)T'(e)]E(y(e)) = 0 (4:4.5)

In addition to the conditions‘of Theorem 4.4.1, assume that w(t) is

t o ) :
y(s)ds = k, — <k { +=. Then equation

continuous on R+ énd lim f
w0

tdo o,

(4.4.5) is oscillatory.

Corollary 4.4.2. Consider equation
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(F(DY' ()" + [H(E) + o(r(ENT(OIE(E)) = 0. (4:4.6)

. € .

In addition to the conditions qf Corollary 4-4.f, assume that

</
4
/ '
\} ’ N o - A._l /
[ £ T(s)ds = .
. 0 T -
e .
Then equation (4.4.6) is 6sciliatory- .
. . i o
»

§

Proof 6f Corollary 4.4.1. Here q(t) = w‘ﬁ) ¥’¢(r(t))r'(t). Thus

i

_ t _ t ()
Q(E) = [ a(s)ds = [ ¥(s)ds + | p(s)ds.
. 0 0 t(

0)

If | ¢(s)ds > O, then 1lim Q(t) = += since lim 7(c) = += and

0 . R o S =
f w(s)ds)= k. It follows that ~lim approx Q(t) = +w. According ﬁo
N \

o0

Corollary 2.2 in [10] equation (4.4.5) is 6scillatory.

w t : ' .
If [ ¢(s)ds = 0, then [ ¢(s)ds is periodic with period w.
. 0 > 0 .
t , t .
‘Let 2, = min {/ o(s)ds}, 2, = max {/ o(s)ds}, € ¢ (0, 7).
te{O,0] O ) te[O,w] -O
' ‘ ' v ' : '
Then therk exists constants &, , %, , such that &, SE T S

and

li < Q(t) 5_25 for Sufficiehtllearge t.

'db

£
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Y

5(M5Donote 3 _
5, = (t € [0,%): Q) > 2} and 5,(£) = S,(8) =5, [p;c]. '

Tﬁen-

ém p(s .(c)) =1, limp(S .(<c))=~0-

ol ML L e 2

The res# oft phe proof 1is similat ,.j;vo
- o ¥y - R
g Proof of Corollary 4 4.2, The proof is straightforward by the same

. N
_}discussion as in Corollary ;;? .1 and using ‘Theorem 4. 3 l.
: . . | 5

J

L 4}5 Extension to equation (S) ®

At first, we glve soﬁe extensions of the previous resqlts‘to
o - S o » _‘_1 o . _
equation (S) under the assumption that j r (s)ds = +» . Let
. /‘ . 0 .
t‘ ’ . .
Q(r) = [ do(s), t 20, 2, (1 =1,2) and h

y (l'ﬂ 1,2,3,4) are given

in section 4.2, (p1)- (D3) are given in section 4, 3.

Theorem 4.5.0 Let condition (H) hold and 22 = 4w. Assume -
' 7z

,:g‘ t _3 - )
lim sup(f © (s)ds)(B(S, (£))r8) = +o

o 2] 0 . ‘ . <

M2
2‘ ] *

for every sufficently large &, where § =
‘ , M"-4urt4

Then equation (S)

' is oscillatory.
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Théorem 4f5.l.' Let condition (H? hold ané-v—w ‘,21 < %, 5_*m7v A%&Bmtﬁ .
there are constants .hi (1 =1,2,3,4) and E'> 0 satisfying :
(4.2.1),(Dl), (D2) and (D3), and there exists an hy < 2, such that
lim sup.B(SO(t)) = 1. Then equation (S) is oscillatory.

t+oo . . . S
v - ‘ %

J Theorem 4.5.2. Let cond!tion (H) hold and f§ - zi < 12 £ . Assume

£here are constants hi (i,- 1,2,3,4), ¢ > 0 and K ¢ (max{m,0},1)
satisfying (4.2.1), (DL'), (D2) and (D3). Then equation (§) is .

oscillatory.

- Theorem 4.5.3. Let condition (H) hold and 21_< 12.’ Assume there are

an . h2 e'(-m,lz) agg a k ¢ (max{m,0},1) satisf;ing (Di')l and for any
. ’ > ‘ .

hy € (~=,L,) there is an ¢ > 0 satisfying (D2). Then equation (§)

i1s oscillatory.

To prove the above theorems we introduce the following lemma, the

.direct proof of which can be found in [42].

Lemma 4.5.1. Let £(t) and - g(t) be continuous functions on [a,b] and

_o(t) be of bounded variation on [a,b]. Then-
b . b N b u v
[ £(s)g(s)do(s) = £(b)f g(s)da(s) - [ [[ 8(s)da(s)]df(u).
. ) : a a

a a

/

Proofs of Theorems‘4.5.0-4.5.3. Sdppose equation (§) 18 not
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oscillatory and let y = y(t) be‘a~nonttivial nohsocillatofy:sdlutiod

. U on [0,=) whichive mAy'suppose'satisfies_ y(t) > 0 on [to,w), tO‘Z_O.

>

Eﬁuation 8) is eqdivalent to the equation .

Se(e)y'(e) =c' - [ f(y(s))do(s)
t .
0 .

%

where c¢' = (py')(to). Let z(t) = -rd)y'(t)/£(y(t)). Then

_ C' ‘ 1 g b . ‘ :
2(8) = = (e T EG() fto E(r(s))da(s)

L4

-

t t

et v b p N e -1 .
IO It- do(s) +‘ft (c'-r(8)y'(s)d(f "(¥(s))
o - o0 N
a . .
: ¢ 2, -2
= z(tgy) - Qry) + Qr) [ x(e)y " (s)f (y(s)£f'(y(s))ds
B - to A

' Ry 2"w

= z(ty) - Qg + Qt) +[ = (s)E'(y(s))z" (s)ds
0 - .

- z(to) - Q(to) + Q(t) + w(t),

‘" where
. _ .
w(e) = f

t

el s)E (y(e))z 2 (6)ds. T
0 : -

L



. : s . ’ 59
@ G N e ’ .
This is  just the same as (4.3.l1) and a corresponding result to (4.7) in
[10]. . =~ ¢
The rest of the praofs of the theo:ems-are similar“td those of

Ry

Theorem 4.2 in [10] and Theorems 4.3.1-4.3.3 in this’ paper. We omit

them here.

A7
F v
(N

Now we give some oscillation results for equation (§a) relating

- -]

to the case that [ r—l(s)ds < +». Here we also use the

0

cransfbrﬁation (4.3.3).

a0 .
Lemma 4.5.2. Under the variable transformation (4.3.3) equatioﬁ (Sa)

becomes equation

: S - ' ~y
2'e) =d = [ * « @Mz(0)|%agn 2(r)do(e(r)) s)
s(a) o

-

-

'whgre 'd'= z'(s(a)), t(s) is the inverse functin of - s(t).

"‘

Proof.',Spppose y(t) is a solution_of‘équation (gag. According to

e T A
(4géliaﬁ§e have
TS

A

Z'»(%‘,)‘t'-‘y(‘t)“*' Sy'(t)%—;— - y(r,) + sy'(t)ri;)

o £

™y

= y(r) + z—‘y'(t)r(t)
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| t . )
=28 4 2 e - [ |y(2)]%sen y()do ()]
a O

s ‘
- Z(8) L ¢ _ l_f _T_a'lz(r)lq'sgn z(t)do(t(t))-
s s S s(a) )

®

Us.i.ng Lemma 4.5.1 we get

9 o *

. R
z'(s) = z(s) +£ = T—(a+l)|z(r)la5gn z(t)da(t(T))

. L
CWE

s(a)
. ]
8 2 - : a : l
- 1 Yz Tsen 2(0)do(e(1))E()
s(a),. s(a) . \
by
= ﬂsél + :-— —‘IS' 'r_(u+1)|z’(-r)la§gn z(t)do(t(t))
o s(a) . ° ‘
] :’- . L .
- [ e = r@(e))y e (e)]d(y) : (4.5.1)
s(a) ' v |
“f?*?“k Since r(t)y'(t) = Z'(é)s - z(s),
‘;.%'. ?‘ e “s .
N R - s ()L = z(2
2 Tty ey = - RS 2(2) 4,
L f s(a) = d% s(a) %
e 5 _
(at R ‘ | (s(a))
. ,ﬁ; L ‘z(l) . .- z(s) z(s(a . .
L e Is(a) () ra — t e ;(4.5 2)
G
‘ LA .
L5y .
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Combining (4.5.1) and (4.5.2) we obtain

{ ’ i

3 . g! ~——
' . $£(s(a)) c_ _ ~(atl) «a 4 .
z'(s) \M§$:) + 5(a) ota) f ~fz> (1)sgn z(j)do(t(T)) | /;:a
1 ‘* .. - c/:i
s ‘ : ) A . \
=z'(s(a) - [ 1 O (oegn 2(0) dote(on. KJ

s(g)

4,ﬁhg proof iiysgmplete-

s

Equation (gé) _is of the form of‘equation (Sa),'which.is a special

case of equation (Sa)f Accordihg to Theorems 4.5.0 — 4.5.3, 1if we
s o ;
‘replace Q(R) by f' T (atl) do(t{t)) in (4.3.5), we’obtain

-

Theorem 4.5.0'. Let conditions (i) and (4.3.3) hold and L, = b

By
Assume
T -z
lim sup (/ r ~(1)dt) (p(Sz(ts)‘G) = 4w
o t ‘ '
. . MZ '
for every % sufficiently lafge, where & = S - Then equation

M -4uts

(Su) is oscillatory.

a



