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Abstract

A diffuse interface model to simulate a system of two immiscible liquids with surfac-
tants is proposed. This model is based on a modified Ginzburg-Landau free energy
functional to account for non-ionic soluble surfactants and couples the Navier-Stokes
equations with two Cahn-Hilliard equations representing the transport of immiscible
liquids and surfactant concentration. The governing equations are solved using a
free-energy-based lattice Boltzmann framework.

The proposed model is validated for Langmuir and Frumkin adsorption isotherms
when applied to simulate a planar interface and a spherical drop equilibration. The
model ensures numerical stability and accurate results for low and high surfactant
concentrations, and the diffuse interface thickness remains constant even for high
surfactant loads.

The methodology is suggested to correlate the strength of the nonlinear surfactant
coupling with the packing of surfactant molecules in the interfacial region. The pro-
posed model allows for a reduction in surface tension of 45-50% compared to the clean
system at low surfactant concentrations for the Langmuir isotherm, which follows the
experimental results observed for liquid-liquid systems. The appropriate surfactant
mobility and solubility values are recommended for different values of the strength of

nonlinear surfactant coupling.
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Chapter 1

Introduction

1.1 Background and motivation

An emulsion is a system of two or more immiscible liquids, for example, oil and
water. Emulsions can be categorized into three types: coarse emulsions, mini- or na-
noemulsions, and microemulsions [1]. These emulsion types differ from each other in
various aspects, such as their formation process, the drop size of a dispersed phase in
a continuous phase, physio-chemical properties, and their appearance [1]. Coarse and
nanoemulsions are thermodynamically unstable, meaning the free energy of emulsion
formation, AGformation is positive [2]. This energy level indicates the requirement
for external energy in the form of mechanical stirring or shearing to maintain the
stability of the emulsion [1]. Due to the spontaneous trend toward a minimal inter-
facial area between the dispersed phase and the continuous phase [3], the emulsion
will naturally break into separate phases, i.e., a state of lowest free energy. To slow
down conversion from the state of a colloidal dispersion to the state of separated
phases or increase its kinetic stability, a surfactant is used as an emulsifier to ensure
the stability of the emulsions from seconds to years, depending on the application [1].
Microemulsions, consisting of two immiscible liquids and a surfactant, form sponta-
neously (AG formation < 0) [2]. Microemulsions are thermodynamically stable because
their interfacial tension is lower compared to that of coarse and nanoemulsions, mak-

ing the interfacial energy comparable to or lower than the entropy of dispersion and



favors the spontaneous formation of microemulsions [1].

Surfactant molecules are amphiphilic in nature, which means that the chemical
structure of a surfactant molecule consists of a hydrophilic head and a hydrophobic
tail [4], increasing its affinity for adsorbing at the water-fluid interfaces. As a result,
the surfactant facilitates the emulsification of two immiscible liquids by decreasing
the free energy formation of emulsion (AG formation) O reducing the interfacial tension
between two immiscible liquids and promotes thermodynamic stability of the system
[1]. Due to these properties, surfactants are used in various applications, ranging from
improving detergent foaming capacity [5], preventing drops from coalescence in drop-
based microfluidic systems [6], emulsifying cosmetic products such as sunscreens [7],
and separating minerals in the froth flotation process [8] to altering rock wettability
to more water-wet states for enhanced oil recovery [9].

The design or prediction of the surfactant-induced phenomena, such as the ad-
sorption of surfactant molecules at the fluid interface, reduction of surface tension,
micelle formation above the critical micelle concentration (CMC), and the appear-
ance of Marangoni stresses is a challenging task. For example, estimating surface
tension reduction based on surfactant adsorption on a water-hydrocarbon interface
is of great importance for surfactant flooding applications [10]. There are several
experimental /laboratory methods to measure the surface tension between water and
hydrocarbons in the presence of surfactants, such as the weight of drop method [11],
[12], pendant drop [13]-[15], and spinning drop [16]-[18]. These laboratory techniques
are costly when factoring in the time spent, the expense of chemicals used to perform
a test, and the cost of conducting tests [10]. In addition, experimental measurements
of surface tension become difficult at very low surfactant concentrations (below 10
ppm in water) due to a significant increase in equilibration time for a typical mea-
surement [19]. For this case, numerical modelling becomes critically important for the
prediction of surface tension reduction. Considering the advances in numerical mod-

elling of surfactant-laden systems, from studying the spontaneous emulsification of



the oil-water mixture by surfactant [20] to analyzing the role of surfactant in promot-
ing drop breakup and preventing drop coalescence in turbulent flow [21], numerical
simulations have shown great potential to study the system of two immiscible liquids
with surfactant.

In the present study, we focus on developing a numerical model for a microemulsion
to study the adsorption dynamics of non-ionic soluble surfactants on the interface of
two immiscible liquids and to investigate surface tension reduction at low and high
surfactant concentrations. Here, a non-ionic soluble surfactant is a type of surfactant
that does not have an electric charge [10] and can dissolve in the liquid below the
interface [4].

In the following sections, we explore various interface modelling approaches and
justify the choice of a suitable interface model and a numerical method for simulating
microemulsions. Based on the choice of the interface model, we discuss the existing
numerical models of microemulsions in detail and outline the objectives of the present

study.

1.2 Interface modeling approaches

When we consider modelling of a ternary system comprising two immiscible liquids
and a non-ionic soluble surfactant, the initial step involves the selection of a suitable
model for investigating the nature of the interface between two immiscible liquids.
Subsequently, the second step entails the incorporation of the relevant physics per-
taining to the behaviour of the non-ionic soluble surfactant into the chosen model.
Modelling of the interfacial flows is often classified into two categories based on a
representation of the interface: sharp interface and diffuse interface approaches. The
sharp interface approach assumes the interface between two immiscible fluids as a
surface of zero thickness [22]. This means that the fluid properties, such as density,
velocity, and viscosity at the interface, are discontinuous. The interface is treated

as a free boundary that deforms and moves in time, resulting in a free boundary



problem [23]-[27], where the interfacial boundary condition upon applying the stress
balance at the interface relates the jump in stress across the interface to the interfacial
curvature [22]. The phase transition from one phase to another is sharp. For example,
in a stair-step method [28], the interface between two immiscible fluids is represented
as a vertical surface in a computational domain by modelling the interface as a Dirac
delta function (9).

Several numerical methods have been developed using the sharp interface approach
to model incompressible immiscible two-phase flows. One group among these meth-
ods, such as the front-tracking method [29] and the Marker in Cell method [30] tracks
the interface explicitly using Lagrangian markers, while in another group, the inter-
face is represented implicitly by a phase indicator function discretized on an Eulerian
mesh, and this function is updated to capture the position of the interface. Examples
of these methods include the volume of fluid method [31], the level set method [32],
the coupled level set and volume of fluid methods [33], and the ghost fluid method
[34].

On the other hand, the formulation of a diffuse interface assumes that the interface
has a non-zero thickness, where the fluid properties change continuously. This idea
was developed based on gradient theories proposed by Lord Rayleigh [35] and van der
Waals [36]. Based on these gradient theories, Kortweg [37] proposed a capillary stress
tensor in terms of density and spatial gradients for the diffuse interface model. Later,
Cahn and Hilliard [38] showed the use of local mass fraction as an order parameter
(i.e., phase indicator function) to represent a smooth change of material properties
and physical quantities from one phase to another. The non-zero thickness of the
interface is represented by regularizing the Dirac delta function [28] or the nascent
delta function. The diffuse interface approach was implemented in the continuum
surface force model [39] and the phase field model [40] to study surface tension and
internal waves in a near-critical fluid, respectively.

In diffuse interface models, the models based on surface tension forces, such as



Brackbill et al.’s model [39] are difficult to implement for topological changes, for
example, the breakup of a liquid drop, and these models have instability as well as
convergence issues [41]; whereas, the phase field model is based on the fluid free energy
and provides numerical stability for the flows with large topological changes [42].

In the phase field model, the physical quantities, such as the chemical potentials
and surface tension force, are derived from the free energy functional, representing
the thermodynamics of the system. In addition, the continuous transition from one
phase to another phase is represented by introducing a phase field variable or an
order parameter with distinct constant values in each bulk phase [22]. The local
difference in the densities of binary liquids is taken as the order parameter [43]. The
dynamics of immiscible two-phase flows are represented by either the Cahn-Hilliard or
Allen-Cahn equations based on the Gingburg-Landau-Wilson free energy functional
[44]. Due to the lack of conservation of mass in the Allen-Chan equation, the Cahn-
Hilliard equation is typically used to study the two-phase flows [44]. Normally, the
scale of the interface thickness is observed to be in the range of a few nanometers
for multiphase flow problems [45], which makes the implementation of the diffuse
interface computationally difficult. For this reason, the interface width is diffused by
the length scale of the numerical spatial step size [22].

The difference between the sharp and diffuse interface formulations is shown in
Figure 1.1. In the sharp interface, the change in the field variable representing two
immiscible fluids from Fluid 1 to Fluid 2 is discontinuous, resembling a step-like
change. In contrast, in the diffuse interface, the transition occurs smoothly over a
finite thickness, creating an interfacial region.

Sharp interface models have shown the potential to simulate immiscible two-phase
flows. The study conducted by Shaikh et al. [46] shows that the sharp interface-based
level set method significantly reduces spurious velocity near the interface compared
to the diffuse interface-based level set method, thus, leading to accurate results for

capillary-induced flow. However, there are some limitations of the sharp interface



A surface of zero
thickness

— Sharp interface
d |[Fluid 1 Fluid 2 —— Diffuse interface

L N |
" A non-zero thickness or
An interfacial region

Distance

Figure 1.1: Change of the field variable representing two immiscible fluids for sharp
and diffuse interface methods.

models:

e The assumption of a surface of zero thickness is not applicable for a near-critical

fluid [22] because the interface thickness diverges at a critical point [47].

e The influence of the interface thickness on the bulk fluid needs to be accounted
for when the length scale of any bulk fluid at two sides of the interface is

comparable to the realistic interface thickness [22], [48].

e The numerical methods based on the free boundary problem are difficult to
implement for interfacial flows where the free boundary shape or the sharp

interface becomes self-intersecting or complicated [22].

e Sharp interface models are prone to numerical instability for the flows with
large topological changes such as the drop breakup and coalescence [42], where
the length scale of these physical mechanisms is comparable to the interface

thickness [22].



e The interface reconstruction processes in the sharp interface-based models are

complex [49] and computationally expensive.

Unlike sharp interface models, the description of a narrow interface thickness allows
the phase field model to study the near-critical fluid [40] and the topological changes
of the interface, such as drop coalescence [50]. Furthermore, the free energy governed
diffuse interface model/phase field model provides a physical basis [42]. The interface
dynamics captured by the evolution of the phase field variable makes the computations
of the phase field model easier compared to the sharp interface models [49]. Therefore,
we will adopt the phase field model for the investigation of surfactant-laden systems.

In the next section, we will explain the choice of a numerical method to simulate

the binary fluid-soluble surfactant system.

1.3 Choice of a numerical method to solve govern-
ing equations for multiphase flows

For multiphase flows, the governing equations include the continuity equation, the
momentum equation, and any additional convention or convection-diffusion equations,
such as the Cahn-Hilliard equations for the present study.

The set of governing equations can be solved by two methods: the macroscopic and
particle-based discrete methods. The macroscopic methods involve the conventional
computational fluid dynamics (CFD) methods such as finite difference, finite volume,
and finite element methods. In these methods, the governing equations are directly
discretized and solved on a finite number of nodes, volumes, or elements, respectively,
that make up a physical space or domain of interest for numerical simulations [51].
There are several examples of the use of these methods for binary fluid-surfactant
systems, for instance, the finite difference-based front tracking method [52] to study
axisymmetric flow with soluble surfactants, finite volume [53], [54] and finite element

methods [55] to solve surfactant transport equations. However, these methods fall



short when applied to model complex fluid phenomena involving multiphase flows
such as drop formation, breakup, and coalescence [56], where the characteristic length
scale of the problem is of the same order of magnitude as the interface thickness.
In addition, the continuum assumption of these methods becomes inadequate for
studying the physical phenomena occurring at micro- and meso-scales [57].

On the other hand, particle-based discrete methods such as molecular dynam-
ics (MD), lattice gas models, dissipative particle dynamics (DPD), direct simulation
Monte Carlo (DSMC), and lattice Boltzmann method (LBM) do not solve the govern-
ing equations directly, but they represent the fluid as particles, which themselves can
represent atoms, molecules, collections or distributions of molecules, or portions of
the macroscopic fluid [51]. Contrary to the macroscopic view of the conventional CFD
methods, the microscopic or mesoscopic view of the particle-based discrete methods
benefits them in handling physical mechanisms involving large interfacial topological
changes. However, the higher computational cost involved in MD, DPD, and DSMC
simulations and the problem of statistical noise in lattice gas models [51] make these
methods an impractical choice for solving the governing equations.

Unlike other particle-based discrete methods, the LBM is a mesoscopic method
that represents the entire fluid using the collection of particles and tracks the particle
distribution function [51] instead of the particles themselves. The particle distribu-
tion function is governed by the discretized Boltzmann equation or lattice Boltzmann
equation. Considering the fact that the LBM is developed from lattice gas models, the
LBM can recover hydrodynamic behaviour at the macroscopic scale by preserving mi-
croscopic kinetic principles [58]. For example, macroscopic properties such as density
and velocity can be obtained from the moments of the particle distribution function.
In addition, the governing equations can be recovered from the lattice Boltzmann
equations formulated for the problem of interest by the Chapman-Enskog analysis
[51]. The LBM method is described in detail in Section 2.7.

The LBM is comparatively better than macroscopic methods in dealing with com-



plex geometries for multiphase flows involving interfacial topological changes [59]. In
addition, the linear convective term in the lattice Boltzmann equation makes its im-
plementation easier, in contrast to the non-linear convective terms of Navier-Stokes
equations, which are difficult to discretize [57]. The mesoscopic characteristics of the
LBM allow it to eliminate the problem of statistical noise that existed in the lat-
tice gas models [51]. Furthermore, it makes the lattice Boltzmann algorithm simple
and amenable for parallelization compared to other particle-based discrete methods
[51], [60]. The capability of the LBM to incorporate the microscopic physics (i.e.,
intermolecular interactions) without surrendering the computational efficiency of the
macroscopic methods [56] makes it a promising candidate for simulating multiphase
flows. At the same time, the LBM is not well suited for certain applications, such as
simulating strong compressible flows. It is memory-intensive as significant memory
is required to store and update the particle populations. Moreover, it suffers from
spurious currents near fluid-fluid interfaces because of its lattice-based formulation
[51].

In conclusion, it can be said that LBM is not suitable for all possible applications,
but it has matured into a powerful and efficient alternative to other methods in recent
years, particularly for multiphase flow simulations, for instance, the study of phase
separation in non-ideal two-component fluids [61], the investigation of incompressible
two-phase flows with large density differences [62], [63], the emulsion drop deformation
and breakup study [64], and the simulation of binary fluid-soluble surfactant systems
[20], [42], [60], [65], [66]. Therefore, we select the LBM for the present study of the
ternary system consisting of two immiscible liquids with soluble surfactants.

In the next section, we will discuss a detailed literature review of the existing phase

field models for microemulsions.



1.4 Literature review on the modeling of microemul-
sions

Before we delve into the discussion of existing phase field models for the system
involving two immiscible liquids with soluble surfactants, it is important to highlight
the advancements made in sharp interface models for simulating the same system.

For the sharp interface model, Stone and Leal [67] formulated the equation of state
(EOS) to describe the effect of surfactant on the reduction of surface tension. Later,
Milliken and Leal [68] coupled fluid mechanics and surfactant mass transfer to study
the effect of surfactant solubility on drop breakup and deformation using the bound-
ary integral method based on a sharp interface model. Following the work of Stone
and Leal [67] and Milliken and Leal [68], different numerical methods such as front
tracking methods [52], [69], [70], ghost-cell immersed boundary method [71], [72],
volume of fluid method [73], and the hybrid numerical method combining boundary
integral method with a fixed grid solution of the bulk surfactant equation [74] have
been developed in the sharp interface framework to study the topological changes of
the interface in the presence of surfactants for two-dimensional and three-dimensional
multiphase flows. The recent progress of sharp interface methods shows that it has
overcome some of the limitations mentioned in Section 1.2 such as the modelling of
interface topological changes. Still, the phase field models are more physical than the
sharp interface models, for example, the interface is artificially reconstructed in the
sharp interface model; whereas, the interface evolves according to the chemical poten-
tial gradients derived from the fluid’s free energy functional in the phase field model
[65]. Second, to account for the mass transfer of a soluble surfactant between the in-
terface and the bulk fluids, the sharp interface models require an external boundary
condition that cannot arise uniquely from the model itself [42], [75].

In the phase field model, Laradji et al. [43] modified the Gingburg-Landau free

energy functional describing the Cahn-Hilliard theory of an immiscible binary fluid
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mixture [38] by incorporating the additional free energy terms associated with the
physics of soluble surfactant. These additional terms in the free energy functional
represent the adsorption of the surfactant at the binary fluid interface, the solubility of
the surfactant in bulk phases, the diffusion of the surfactant, and the self-interaction
strength between surfactant molecules. In addition to the Cahn-Hilliard equation
for the order parameter representing two immiscible liquids, another Cahn-Hilliard
equation for the soluble surfactant was introduced to account for the surfactant mass
transfer. A local surfactant concentration is used to represent the soluble surfactant
[43].

Later, Theissen and Gompper [20], Teramoto and Yonezawa [76], van der Sman
and van der Graaf [65], and Teng et al. [77] proposed notable modifications to the free
energy functional terms proposed by Laradji et al. [43] to study the surfactant effects
on the spontaneous emulsification, drop growth dynamics, and adsorption dynamics.
Li and Kim [78] compared these four models and modified the surfactant term that
describes the diffusion of the surfactant, which allows a larger time step compared to
these four models with severe time step constraints due to nonlinear coupling of the
order parameters. During the comparison of these four models along with the Li and
Kim [78]’s model for the case of a planar interface between two immiscible fluids in
the presence of surfactant, it was found that the models suggested by Theissen and
Gompper [20], Teramoto and Yonezawa [76], and Li and Kim [78] suffer from negative
values of the surfactant volume fraction during the calculation of the equilibrium
profile of surfactant for a certain set of numerical parameters that is unphysical and
clearly outside of the range of surfactant volume fraction (i.e., [0,1]). Similarly, the
model of van der Sman and van der Graaf [65] and Teng et al. [77] also suffer from
unphysical oscillations in the equilibrium profile of the surfactant volume fraction.
However, the logarithmic free energy term inducing a Fickian-type diffusion for the
surfactant in the van der Sman and van der Graaf [65]’s model restricts the value of

surfactant volume fraction to be in the range [0, 1] and ensures the physical results

11



for the surfactant profile.

The phase field model proposed by van der Sman and van der Graaf [65] is the most
widely adopted model for binary fluid-surfactant systems. The free energy functional
of this model is partly formulated based on the free-energy-based, sharp interface
models of Diamant and Andelman [75] and Diamant et al. [79]. Specifically, in these
models, the Dirac delta function used in the free energy term to account for surfactant
adsorption at the interface was modified by regularizing it as a squared gradient of
the order parameter representing two immiscible liquids for the phase field model.
This allows the model of van der Sman and van der Graaf [65] to possess a realistic
Langmuir adsorption isotherm. In addition, this model captures the expected relation
between surface tension reduction and surfactant concentration. It also couples the
surfactant adsorption with hydrodynamics to study the correct drop dynamics in the
presence of surfactant.

Several modifications have been made to the van der Sman and van der Graaf [65]’s
model, improving its stability and extending its capability to capture the adsorption
dynamics for high surfactant concentrations. Liu and Zhang [42] extended this model
to account for the Frumkin isotherm and different surfactant solubility in the bulk
phases. In addition, they demonstrated the capability of their phase field model
by investigating the drop dynamics with large topological changes in a shear flow.
The model of Liu and Zhang [42] exhibits both Langmuir and Frumkin isotherms,
which are the well-developed adsorption isotherms for non-ionic surfactants under the
thermodynamic equilibrium state with a bulk surfactant concentration below CMC.
However, their model works only for low concentrations of surfactants.

Yun et al. [80] investigated the van der Sman and van der Graaf [65]’s model for
high surfactant concentrations. They observed that the equilibrium profile of the
binary fluid becomes sharp, indicating the decrease of the interface thickness with
an increase in the surfactant load. This phenomenon occurs due to the presence of

surfactant in the chemical potential of the binary fluid system and the effect imposed
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by the regularized Dirac delta function/nascent delta function. For instance, as the
surfactant load increases, the squared gradient representation suggested in the van
der Sman and van der Graaf [65]’s model mathematically leads to the decrease of the
interface thickness. To overcome this problem, they suggested removing the surfactant
terms from the chemical potential of the binary fluid system to keep the thickness
constant regardless of the surfactant concentration. This modification makes the
equilibrium profile of the binary fluid independent of the surfactant concentration.
We categorize this description of the interface thickness as non-variational, where the
interface thickness remains unaffected by the surfactant load.

Engblom et al. [81] performed the stability analysis of the van der Sman and
van der Graaf [65]’s model considering the “frozen” coefficient formulation. It was re-
ported that the use of the squared-gradient nascent delta function or squared-gradient
nonlocal coupling between the surfactant and binary fluid makes the model mathe-
matically ill-posed under a large set of physically relevant parameters. In addition,
they suggested that the natural requirement that the interface sharpness be inde-
pendent of the surfactant loading is sacrificed to improve the stability of the phase
field model for binary fluid-surfactant systems. To improve the well-posedness of
the squared-gradient based phase field models, they proposed three different mod-
els namely Model 1 - where a complete logarithmic free energy term is considered
instead of the partial one used in the model of van der Sman and van der Graaf
[65], Model 2 - where a square hyperbolic secant function in terms of the order pa-
rameter representing the binary fluid is suggested as the nascent delta function, and
Model 3 - where a quartic hyperbolic secant function in terms of the order parameter
representing the binary fluid is suggested as the nascent delta function. Note that
the nascent delta functions used in Model 2 and Model 3 are the gradient-free rep-
resentations of the nascent delta function. In addition, the authors did not neglect
the presence of surfactant terms from the chemical potential of binary fluid. Hence,

we define this description of the thickness of the interface as variational, where the
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interface thickness depends on the concentration of the surfactant. They compared
these models and determined that Model 1 does not theoretically possess a natural
adsorption isotherm. Model 2 and Model 3 are stable and possess realistic adsorption
isotherms. The results of Model 2 match the analytical predictions, but it produces
slightly more diffuse results compared to Model 3. The model 3 has been shown to
be the most reliable among these three models. From hereafter, whenever we men-
tion the gradient-free nascent delta function, it means that we refer to the quartic
hyperbolic secant function of Model 3 proposed by Engblom et al. [81].

Toth and Kvamme [82] observed that the gradient-free nascent delta function ap-
pears to increase the thickness of the interface with increasing surfactant concen-
tration. They combined the squared-gradient and gradient-free representations of
the nascent delta function to avoid interface-related problems, such as sharpening
and broadening of the interface thickness at high concentrations of surfactant. Con-
sequently, this formulation prompted the phenomenon of no phase separation, i.e.,
perfect miscibility at the critical surfactant concentration, the concentration at which
the bulk phase order parameter representing the binary fluid becomes zero. The
concept of a critical surfactant concentration can be thought of as similar to that
of the theory of liquid-vapor critical point. Van der Sman and Meinders [83] also
analyzed the squared-gradient and gradient-free surfactant couplings and concluded
that the squared-gradient coupling leads to numerical instability for high surfactant
concentrations. Furthermore, they questioned the physical meaning of the interface
broadening when gradient-free surfactant coupling is used.

Shi et al. [66] adopted the strategy of Yun et al. [80] to resolve the interface
sharpening phenomenon that occurred when using the squared-gradient representa-
tion of the surfactant coupling. Similarly, Soligo et al. [21] and Zong et al. [60] have
successfully kept the thickness of the interface stable and addressed the Marangoni
effect on the dynamics of the drop following the suggestions of Engblom et al. [81]
and Yun et al. [80].
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From the literature review, it is clear that the definition of interface thickness
changes in the phase field model when investigating the binary fluid-surfactant sys-
tems at high surfactant concentrations. For example, one group of researchers in-
cluding Shi et al. [66] has followed the non-variational description of the interface
thickness, but this type of models still suffers from numerical instability at high surfac-
tant concentrations and cannot attain the surfactant volume fraction at the interface
near 1; whereas, another group of researchers such as Toth and Kvamme [82] have
resolved interface-related problems by adopting the variational description of the in-
terface thickness. Similarly to the former group of researchers, the interface thickness
becomes unstable when the surfactant volume fraction converges to 1 at the interface
84].

Both descriptions of the interface thickness resolve the interface-related problems
and keep the interface thickness stable and constant to some extent for high surfactant
concentrations. These descriptions of the interface thickness are formulated because
the change in the interface thickness is unphysical from macroscopic point of view.
Moreover, the interface thickness should remain constant since the chemical structure
of the surfactant molecule is not considered in the free energy functional. This implies
that the phase field model is limited to the general non-ionic soluble surfactants.

Considering these observations, we would like to pose three questions:

e From the variational and non-variational descriptions of the interface thickness,
which one to use to model surfactant-laden systems and obtain physically real-

istic results that capture experimental observations?

e How can we promote the stability of the model for high surfactant concentra-

tions and avoid the occurrence of perfect miscibility?

e How can we extend the potential of the phase field model to account for the

effect of different non-ionic soluble surfactants on surface tension reduction?
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In the next section, we will outline the objectives of the present study along with

a summary of the subsequent chapters.

1.5 Objectives

By addressing the three questions mentioned at the end of Section 1.4, our goal is
to propose a phase field model that has a variational description of the interface
thickness in a free-energy-based lattice Boltzmann framework that remains numeri-
cally stable and provides accurate results at high surfactant concentrations, i.e., when
the local surfactant concentration at the interface approaches the maximum allowed
value of one, allows controlled reduction of surface tension based on the strength of
the nonlocal surfactant coupling or nascent delta function, and can replicate the effect
of different surfactants on the reduction of surface tension.

In Chapter 2, we introduce the macroscopic governing equations for the ternary
system of two immiscible liquids with non-ionic soluble surfactants. In addition, we
provide a derivation of the general phase field model, the phase field models proposed
by van der Sman and van der Graaf [65], Engblom et al. [81], Shi et al. [66], and
the proposed phase field model followed by the analytical solutions of these models
for a benchmark case of the planar interface, the brief description of the surface
tension, and the formulation of the free-energy lattice Boltzmann method for solving
the governing equations.

In Chapter 3, we validate the ability of the proposed model to simulate two bench-
mark cases named a planar interface and a spherical drop equilibration. The planar
interface between two immiscible liquids in the presence of surfactant was investigated
for low as well as high surfactant loads. In addition, the results of the proposed model
were compared with the models of van der Sman and van der Graaf [65], Engblom et
al. [81], and Shi et al. [66] at high surfactant concentrations. Similarly, the proposed
model was applied to study the adsorption dynamics of soluble surfactant over the

spherical drop interface for low and high surfactant concentrations. Furthermore, we
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introduce the methodology to demonstrate the effect of different surfactants on surface
tension reduction using the strength of nonlocal coupling between the surfactant and
binary liquids. The simulation parameters were also explored to obtain numerically
stable simulations for different strengths of the nonlocal surfactant couplings.

In Chapter 4, we summarize the findings of the present study and discuss the scope
of future work. In addition, there are two appendices describing the Chapman-Enskog
expansions of the lattice Boltzmann equations of particle populations to recover gov-
erning equations and the formulation of the chosen collision operator for the particle

population representing the density of the binary fluid-surfactant system.
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Chapter 2

Methodology

In this chapter, the governing equations for an incompressible multiphase system con-
sisting of two immiscible liquids and a non-ionic soluble surfactant are introduced.
It is followed by the formulation of the free energy functional describing the thermo-
dynamics of the ternary system. From this, we derive the general model equations
for the chemical potentials of binary fluid and the soluble surfactant, as well as the
thermodynamic pressure tensor. The equations of the general phase field model are
used to recover the equations of the phase field model proposed by van der Sman
and van der Graaf [65], Engblom et al. [81], Shi et al. [66]. Following the discussion
of these models, we propose the equations of our phase field model. For all models,
analytical equations of binary fluid and the soluble surfactant are developed for the
case of a planar interface between two immiscible fluids contaminated by a non-ionic
soluble surfactant. The EOS is formulated to account for the effect of the soluble
surfactant on surface tension reduction in the phase field model. Then, the procedure
for solving the governing equations of the ternary system in the free-energy lattice

Boltzmann framework is presented.

2.1 Governing equations

The system of two immiscible liquids and a non-ionic soluble surfactant is represented

by the order parameter ¢ that describes the immiscible liquids and the order param-
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eter 1 that captures the concentration of soluble surfactant. The parameter ¢ is the
difference between the densities of two immiscible liquids [20] and the parameter 1) is
the volume fraction of the surfactant [65].

Four equations govern the hydrodynamics of the surfactant-laden system: the con-
tinuity equation, the momentum equation, and two Cahn-Hilliard equations describ-

ing the transport of ¢ and :

Oip + 0a(pus) =0 (2.1a)
Or(pua) + Os(puaug) = —9s P + 95v(pOaus + pdsua) (2.1b)
0 + Da(Pua) = MyDia iy (2.1c)
O + Do (Yua) = My piy (2.1d)

The equations are written in the Einstein notation, where o and [ represent the
spatial coordinates x, y, and z; t stands for time; p and v are the fluid density and
kinematic viscosity, respectively; u, is the fluid velocity; My and M, represent the
mobility of ¢ and 1, respectively; Pé’é is the thermodynamic pressure tensor; p, and

fty are the chemical potentials for ¢ and 1, respectively.

2.2 Free energy functional

The Ginzburg-Landau free energy functional, Fj.,;, describing the thermodynamics

of the ternary system, is represented as follows [42]:
Eoml(p’ Cb, 77Z)> = /]:totaldv = / |:F¢ + Fdz + ]:0 + Fem - E¢¢ + PTID,O av (22)
where

e F, is the Ginzburg-Landau free energy density functional describing the Cahn-

Hilliard theory of a binary fluid mixture [38]. It is defined as follows:

A B int
Fo= 500+ 76" + 2L(0:0)? (2.3)
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The first two terms represent the double-well potential with two minima for
two pure bulk phases: ¢g = j:\/m. Here, A is negative and k;,; & B are
positive constants. Assuming that —A = B gives ¢y = +1, where ¢g = +1
and ¢y = —1 refer to the dispersed and continuous phases, respectively. From
hereafter, we assume —A = B. The last term accounts for the free energy
density excess of the interfacial region [38] and is interpreted as the interfacial

free energy density between liquids due to the diffuse interface approximation.

Fy is the free energy density associated with the surfactant expressed as follows:

Fy = ks TWn() + (1~ (1 - )] - & v? (2.4
The term in square brackets represents the ideal entropy of mixing of surfactant
with the immiscible binary fluid mixture [65]. This term restricts the value of ¢
to be in the [0, 1] range. The coefficient kgT represents the thermal energy. The
second term accounts for the free energy density related to the self-interaction

strength between neighbouring surfactant molecules, C' [75].

Fo is the free energy density contribution due to the adsorption of the surfactant
at the interface. Fy suggested by Toth and Kvamme [82] is adopted, which is the
combination of the squared-gradient nascent delta function, 3SQ(J:), proposed
in [65] and the gradient-free nascent delta function, dgs(z), (Model 3 in ref.

[81]). It reads as follows:
D R R
fo = _§¢ )\155Q(.Z‘) + )\2(553(1’) (25)

Here, ) (x), is the nascent delta function or the approximation of the Dirac delta
function, 0(x), used in the sharp interface models suggested by Diamant and
Andelman [75] and Diamant et al. [79]; A\; and Ay are coefficients incorporating
the different combinations of & (). The squared-gradient and the gradient-free

nascent delta functions are defined as follows:

_ 1 (g% -9

35@(@ = (959) 3E3(I) e & (2.6)
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where the interface thickness of the pure system [85] reads:

- 2’iint

So= 1\

(2.7)

After substituting Eqs. (2.6) in Eq. 2.5, assuming D = k;,, and taking ¢Z = 1,

the simplified form of F{ is obtained:
D A
7= v (G001 ) - x(Fa - 2] 29)

e The term F, penalizes the presence of free surfactant in bulk phases [81]. The
expression for F, proposed by Theissen and Gompper [20] is used in the present
study:

Fuo= S (2.9
Furthermore, the solubility of surfactant in the bulk phases can be controlled

by dimensionless number Ex:

D

Er— ——
T we

(2.10)

We set the value of Ez and then calculate the corresponding value of W.

e The term —F ¢y accounts for the different solubility of the surfactant in the
bulk phases [42] and the parameter E describes the difference in the solubility

strength of the surfactant in two bulk phases.

e The term pT1Inp ensures the incompressibility of the fluid in the lattice Boltz-
mann (LB) algorithm and 7' = % is recommended to reduce compressibility
errors within the acceptable numerical tolerances [85]. This term does not in-

fluence the phase behaviour. [20].

2.3 Derivation of chemical potentials and thermo-
dynamic pressure tensor

The key quantities, Poté%, te, and puy are derived from the total free energy density

functional of the binary fluid-surfactant system.
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The chemical potentials j4 and p1,, are derived by taking the functional derivative
of the total free energy density functional, Fjuq, the integrand of Eq. (2.2), with

respect to ¢ and 1 as follows:

5~Eota
o = 55 L= Al¢ — ¢*)(1 = Do) — (Kine — DMt0)D2500 + D1 (950)(D51))
+ W(bw _ Eiﬂ (2.11&)
- 5-Eotal o w . . 2 é o K _
oy = 50 kBTln(1 —2/1> Cy 5 A1(85¢)2+ 4)\2(1 ¢?)? + 5 ¢2< E¢)
2.11b

In addition to the chemical potentials of the order parameters, the expression for
the thermodynamic pressure tensor ijé is necessary to solve the system (2.1). The
challenge is that there is no explicit expression for P(i% that follows directly from
the total free energy density functional. However, the divergence of this tensor must
satisfy the mechanical equilibrium [20] represented by the Gibbs-Duhem relation at

a constant temperature:

0Pl = [p(Os1ts) + D(Op1t6) + V(Dpiy)]dag (2.12)

Following the explanation of the meaning of ds P4y given by Kendon et al. [85] for the
pure system, it can be said that the divergence of thermodynamic pressure tensor for
the surfactant-laden systems represents the thermodynamic force density acting at
each point in the binary fluid-surfactant mixture which is caused by the non-uniform
compositions of binary liquids and surfactant in terms of excess chemical potential

gradients. After inserting Eq. (2.11a) and Eq. (2.11b) in Eq. (2.12), the expression
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for 93P, can be simplified as follows:

0Py = [p(Da1,) + D(Ophs) + 1(ppiy)]dap
= #(0atis) + Y (Oatty)
= 0 AL(6 — )-220,0) + (010 3620,0)(1 ~ dat] — (035
+ DA10(0250) + DA (0at)0256 + DX10a(056) (951))

+ D04 (050)(050) + W (0a®)th + W (Du10) — E(M»))

Y ((aaw%  C(0ut) — D (050)0u(050) — Adad(1 — 6)(0u0)

+IW0(0.0) - E0.0))
= AG(06) — BAP(0u8) — 2A01(6 — 26%)(008) — ANad(6 — 6)(0u1)
i ®0a(DR6) + DMGUO(0350) + DAH(Duth) OBy + DAr30u(036)(90)
§ DX G0 (05) (D58) + Wrb(Da) + W (0u) — ED(Dut)
kgT

+ (aa¢)m - C¢(aa¢) - DA1¢(8B¢)aa(aﬂ¢) + W¢¢(aa¢>

— EY(0,0) (2.13)

To develop an expression for P;%, we will follow the suggestion of Theissen and
Gompper [20] and decompose this tensor into the isotropic and non-isotropic parts
as follows:

Pl = péas + POE™ (2.14)
Taking the divergence of Eq. (2.14) gives:
(95Pg[3 = 05(]950,5) + 85Pofgem (215)

The thermodynamic pressure p is the scalar part of the thermodynamic pressure

tensor that can be derived using the following thermodynamic relation [20]:

P = plp + Oty + Uity — Frota (2.16)

Using Eq. (2.11a), Eq. (2.11b), and Eq. (2.2), the simplified expression for p can be
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written as:

A A
p=pT+5¢" - %& — AXg(6” = 6") = ined(350) + DM1g(D550)
+ DNO@56)(050) — ks Tin(1 ) = S0 = " (0,67 + Wy~ Bow (2.17)

2 2

From Eq. (2.17), the divergence of pd,s can be obtained as follows:

95(P0as) = AP(0at) — 3A¢*(Dat) — 2AXM1 (6 — 26°)(0atd) — AXad(6 — ¢°)(Dat))
- ’iint(aa(b)agﬁ(b - /iint(éaa(agﬁ(b) + D)\l <8a¢)wagﬁ¢ + DA@(%WQ%M?
+ DX\1¢Y0a(0550) + DA1(0a9)(959)(9p10) + DA160a(036)(9p1))

+ DA(20)05(050) + () 25 = C(0ut) = i 050)01(050)
+ W(@M/})gf + 2W¢(3a¢)¢ - E(aa(b)w - E¢(aoﬂ/}) (2~18>

Now we have the expression for the divergence of Potj;; which is Eq. (2.13) and we
know the expression for dz(pdas) which is Eq. (2.18). What remains is the unknown
expression for 9z P55, We will adopt the similar form of P that has been used
in references [65], [42], and [66] which satisfies the Gibbs-Duhem equation (2.12) and

reads as follows:

Pos™ = (Kint — DM1)(0a6)(959) (2.19)

The divergence of Eq. (2.19) gives:

OpPys™ = 9pl(Kint — DMi1)(0a)(930)]
= Kint03(0a9)(050) + Kint(0a®) 350 — DA1(Ip1)(0a)(Tp9)
— D\903(020)(950) — DAt (0a0)9350 (2.20)

Combining Eq. (2.18) and Eq. (2.20) gives us exact terms as in Eq. (2.13) confirming
the correctness of the choice to represent the thermodynamic pressure tensor Pé%
We will call this derived set of equations mathematically consistent, meaning that

the expressions for the chemical potentials and the divergence of the thermodynamic
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pressure tensor are obtained directly from the free energy functional, the divergence
of the pressure tensor satisfies the Gibbs-Duhem relation, and no terms are neglected.

The last quantity that we need is the expression for the bulk pressure in the phases.
It can be obtained from Eq. (2.17) assuming there are no gradients of the order

parameters:

po= o7+ 567 = 226~ kaTIn(1 — ) = S0 — ANgi(8? — ) + Wi — B

4
(2.21)
We will estimate the Laplace pressure using Eq. (2.21).
The equations (2.11a), (2.11b), (2.17), (2.19), and (2.21) represent the key equa-
tions of the general model to simulate a system of two immiscible liquids with soluble

non-ionic surfactant.

2.4 Variations of the free energy models

In this section, we describe four phase field models that capture the behaviour of
binary fluid systems with soluble surfactant: the squared-gradient model [65], the
gradient-free model [81], the non-variational squared-gradient model [66] and the
proposed model.

From the general model described in Section 2.1, we can recover the equations
of chemical potentials, the scalar part of the thermodynamic pressure tensor, the
chemical pressure tensor, and the bulk pressure that represent the models developed
by van der Sman and van der Graaf [65], Engblom et al. [81], and Shi et al. [66].

Case A: Squared-gradient model [65]

Setting A\; = 1 & Ay = 0 in equations (2.8) — (2.21) gives the model equations based

on the squared-gradient approximation of & (x) in Fy proposed by van der Sman and
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van der Graaf [65]. Then, the model equations read:

po = A9 — &°) — (Kine — DY) 03p0 + D(050)(0p0) + Wb — EYp - (2.22a)

[y = k:BTln(l @_bw> —C — g(am)Q + %& — E¢ (2.22D)
p= 0T+ 56— 226% — rad(d56) + Dov(eB0) + D(050) (951)

o TIn(L — ) — S — " 0,02 4 Weg? — Bou (2220

PR = (i — D) (02) (930) (2.224)

o = pT + édﬂ — %gb“ — kpTIn(1 — ) — %W + Wapd? — Ed) (2.22¢)

This model is mathematically consistent. The drawback of the model reported by Yun
et al. [80] is that the thickness of the interface decreases with increasing surfactant
load at high surfactant concentrations. As indicated by Yun et al. [80], this numerical
effect occurs due to the presence of the term Z = D>\1¢3§g¢+ DX (030)(0p00) +W )
in the expression for the chemical potential 4. In addition, Engblom et al. [81] noted
the ill-posedness of this model, meaning that physical solutions do not exist under a
large set of model parameters and raised questions related to the model stability.

Case B: Gradient-free model (Model 3 in [81])

The model equations based on the gradient-free approximation of § () in Fy pro-

posed by Engblom et al. [81] are recovered by setting Ay =0 & Ay = 1:

fo = Al — ¢*) (1 — ) — Ki033¢ + Weop — Evp (2.23a)
A W

[y = kBTln(l 1_%) —Cy+ Z(1 — ¢*)* + 7¢2 — E¢ (2.23D)

A 3A C

p=pT+ §¢2 - T¢4 - A?/)(CZ52 - ¢4) - /fmtcb(aé@@ — kpTIn(1 — ) — 5202
— TEH950)° + Wog? — By (2:23¢)
P™ = Kint(0a0) (950) (2.23d)
A 2 3"4 4 C 2 2 4 2

po=pT + 59" = —=¢" = kgTIn(l — o)) — 9" = AP(¢” — ¢") + Wpo” — B¢y
(2.23e)

This model is also mathematically consistent. The gradient-free nascent delta func-

tion suggested by Engblom et al. [81] solves the instability problem. However, it
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brings another effect: the interface thickness increases with the increase in the sur-
factant concentration, as observed by Toth and Kvamme [82] and van der Sman and
Meinders [83].

Case C: Non-variational squared-gradient model [66]

Following the suggestion of removing the term Z = D)xﬂ/}@éﬁgb + DX (059)(0¢) +
Wy from gy [80] and setting Ay = 1 & Ay = 0, the model equations studied by Shi

et al. [66] are obtained:

po = Al — ¢°) — Kin0350 — BV (2.24a)

[y = kBT1n<1 ‘_Dw> — O — g(ﬁﬁw - %d“ — E¢ (2.24D)
p= 0T+ 56 = 2064 — rad(TBy0) — ko Tin(1 — ) — S

— 2 (0:0)? — Egy (2:240)

PLE™ = (Kine — D) (0at) (9p0) (2.24d)

o = pT + §¢2 — %qs‘* — kgTIn(1 — 1)) — %W — Egnp (2.24e)

Here, the modified p4, Eq. (2.24a), is used to simplify the isotropic pressure p, but the
expression of P is still the same as implemented in refs. [65] and [42]. This modi-
fication in p4 introduces the non-variational description of the interface thickness, i.e.,
no effect of the coupling between the surfactant and the binary fluid in p, ensuring
no change in the interface thickness regardless of the surfactant concentration. How-
ever, this modification of the equations makes the model mathematically inconsistent.
Furthermore, the simulations become unstable for high surfactant concentrations, as
mentioned by Shi et al. [66] and Zong et al. [60].

Proposed model

Before we introduce the proposed model, we want to stress the importance of the
effects related to the change in the thickness of the interface when the surfactant is
adsorbed. Van der Sman and Meinders [83] raised the question about the physical

significance of the interface broadening phenomenon; however, there is still no clarity
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if the thickness of the interface should depend on the surfactant load. In their mod-
els, Yun et al. [80], Shi et al. [66], Soligo et al. [21], and Zong et al. [60] assume
that the adsorption of the surfactant at the interface does not affect the thickness of
the interface. At the same time, MD) [86] and DPD simulations [87] of surfactant-
laden systems indicate that certain surfactants adsorbed at the liquid-liquid interface
increase the interface thickness due to the chemical structure or orientation of the sur-
factant. If so, then the thickness of the interface must be a function of the surfactant
concentration.

Considering that we apply a diffuse interface method, meaning that the thickness
of the interface is substantially enlarged compared to the physical interface thickness,
we believe that the interface thickness should not noticeably change as the surfactant
is adsorbed; however, to follow the observations of MD and DPD simulations, we
want to retain the ability of the interface thickness to depend on the surfactant load.
Therefore, we make the interface thickness a function of the surfactant concentration,
as done in refs. [81], [82], and [83]. In addition to this assumption, we make the
following modifications to the general model described in Section 2.1 with the primary
intention of improving the numerical stability of the model and accuracy of the results

at high surfactant concentrations:

e We neglect the term DA;(03¢)(05%) in e, Eq. (2.11a), to improve the stability
of numerical simulations for high surfactant concentrations. The discretization
error in the calculation of the gradient of v increases with the increase in sur-
factant concentration [42] and the presence of this term in y, causes unphysical
behaviour (i.e., decrease in the interface thickness) in ¢-profile [80] or leads to

instability.

e We neglect the term W¢e) in p4, Eq. (2.11a). This term introduces the concept
of perfect miscibility of the binary fluid mixture as the surfactant concentra-

tion reaches the critical surfactant concentration [82]. Since we aim to model
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immiscible fluids only, we remove this term.

e Even though two terms are neglected from fi4, the expression for Pacgem remains
unchanged (as these two terms have not been neglected), following the strategy

adopted by Shi et al. [66].

Following these considerations, our proposed model equations read as follows:

He = Ao — ¢3)(1 — M) — (Kint — D>\1¢)a[235¢ - By (2.25a)
A
o = k:BTln(l :/’w) 0% = D000 + Sall = ) + 26— B
(2.25b)
_ T é 2 % 4 2 AN 2 2
p=pT + 50 = 20t = AN(6? — 6%) = sind(0B50) + DX169(00)
ke Tin(1 ) — = 0,07 — Bou (2.25¢)
P = (it — DA (0) (050) (2.25
A 2 3A 4 O 2 2 4
p= T+ 56 = 220t — kpTIn(1 — ) — S0% — Ag(6? — o) — Boy
(2.25¢)

The proposed model is mathematically inconsistent. We gave up mathematical
consistency to gain the essential advantage of keeping the interface thickness con-
stant while still letting it be a function of the surfactant load for high surfactant

concentrations.

2.5 Analytical solutions for a planar interface and
stability of the models

In this section, we derive analytical solutions for ¢ and ) profiles in the case of a
planar interface for the general model described in Section 2.1, three models outlined
in Section 2.4 (Cases A-C), and the proposed model. The derivation is accompanied
by a discussion of the stability conditions for each model, the choice of the numerical
parameters, and the physical quantities. We consider a planar interface between two
immiscible fluids contaminated by a non-ionic surfactant with the same solubility in

both fluids (F = 0).
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Analytical solution for the order parameter representing binary fluid

In thermodynamic equilibrium, the chemical potential of ¢ is the same at every point
in the system. Comparing 1, Eq. (2.25a), at any arbitrary location ‘a” with the same
at the interface ‘x = 0" and keeping v constant at the bulk surfactant concentration

¥y (i.e., constant surfactant field approximation), we have:

Koz = He,0
A(p = ¢°) (1 = Aathy) = Fine (1 = Mhy) 20 + Wphy = 0 (2.26)
Assuming D = K;;, using the definition of Ex that characterizes the surfactant
solubility, Eq. (2.10), replacing W with A and Ex in Eq. (2.26) and dividing it by
—A(1 — A\atly), we get the following equation:

King (1 — M) 5
R )\Zwb)qub =0 (2.27)

—Go+ 6" +
where the coefficient of the first term in Eq. (2.27) represents the bulk phase order

parameter in the presence of surfactant (i.e., ¢,) which is:

1 (et )]
2.28
) (228)
After factoring out ¢} from Eq. (2.27) and using Eq. (2.28), we obtain a differential

b = &

equation that should be integrated to obtain the analytical expression for ¢:

B G

o Kint (1 — A1) a) b
We can rewrite the term on the right side of Eq. (2.29) as follows:

() -+ ()

After inserting Eq. (2.30) in Eq. (2.29) and assuming (g) = w to simplify this
b

derivation, Eq. (2.29) can be rewritten as:

/ dz(é[dxw)dx . {I_SA iEM / W -wlde (231)
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Taking the integration on both sides of Eq. (2.31) gives the following expression:

A}

1— (/\2 + ﬁ)wb

(

L)+ =-

Ad}

Kint(1 — A\p)

1— (>\2 + ﬁ)wb

-/’imt(l — M)

w4

(3
w4

4

(

)-(
)-(

w2

2

)

w2

2

)

+ C

+e o (2.32)

Here, the constants of integration c¢; and ¢y are combined as a single constant of

integration ¢ = ¢ — ¢; in Eq. (2.32). As we know behavior of ¢ in the interfacial

region and bulk phases, we can determine ¢ by evaluating Eq. (2.32) at a very far

distance from the origin such as x = oo (i.e., the bulk phases), where w(£o0) = %1

and 0, (W) (z=to0) = 0. After evaluating Eq. (2.32) at © = $o00, the value of ¢ can be

obtained as:

1- (&—l—ﬁ)%

-/fmt(l — Aty)
1-— (/\2 + ﬁ) Uy

L A
~[d, — _
(s007)_
Ad}
0= —
Ad}
c=—

:F&mt(l — M)
1- (/\2 + ﬁ) U

-’fint(l — M)

(2.33)

Eq. (2.32) can be simplified after putting the value of ¢ back into it as follows:

w4

(5

4

(%[dxw) - 1(9 if))d}

AR _1 — (Az + ﬁ) wb_

(3lt?) = —H e —
2 e = A i
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Kint (1 — Mp)

(2.34)



Here, £ represents the interface thickness in the presence of surfactant and it is ex-

pressed in terms of &, as:

(1= M)

£=&
- ()]

We know that ¢ varies from —1 to +1 and using this argument, it can be stated that

(2.35)

the term (w? — 1) is negative throughout the interfacial region except in the bulk
phases, where it is zero. Now, taking the square root on both sides of Eq. (2.34), it

can be represented as follows:

2

—1
do(w) =~ =1 (2.36)

3
Integrating Eq. (2.36) by the method of separation of variables as:
dw dx

— = [ — 2.37
[om-]% 237

The term on the left side of Eq. (2.36) can be decomposed into partial fractions for

the integration as follows:

14 B o
I-?) (1w (=w (2.38)

Now, we need to find the values of A and B such that Eq. (2.36) holds true for any

w. This can be done by equating the numerators on both sides of Eq. (2.36) as
1=A(1-w)+B(l+w) (2.39)

For w= -1, A = % and for w =1, B = % With these values, we can integrate Eq.

%/(1+w %/ 1 —w) w_/fd:B

(2.36) as follows:

—1H|(1+w)|——1n|( w)|+ e = E+CZ
L |(IT+w)| oz
5l ‘ o)~ &t¢ (2.40)
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By evaluating Eq. (2.40) at the interface x = 0, where w(0) = 0, gives the constant of
integration ¢ = 0. After that, the analytical solution for ¢ is obtained by simplifying
Eq. (2.40) as follows:

L |[(I+w)| =
?ﬁu—w>‘5
(w+1) _ ‘p(%)
(w—1) 1

) _ , — tann (f) (2.41)

For Egs. (2.28) and (2.35), the following necessary conditions proposed by [82]

must be satisfied to keep constant £ and ¢? & 1 for the general model:

Ay > ——— (2.42a)

A=A+ —— (2.42b)

We discuss the numerical challenges these conditions impose on selecting Ez and Ao
values later in the section 3.1.

We also present analytical solutions for the ¢ profiles for other models using the
general analytical solution for a planar interface. Note that the expression for ¢
described by Eq. (2.41) is the same for all models; only the definitions of ¢, and ¢
are different.

Case A: Squared-gradient model

Assuming A; = 1 and Ay = 0 in equations (2.28) and (2.35) gives the bulk order

parameter and the interface thickness for the model proposed by van der Sman and
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van der Graaf [65] as follows:

1
& = &g <1 - %wb) (2.43a)

fogy | L)
)

Van der Sman and van der Graaf [65] assumed 1, < 1, which means ¢? and ¢ become

(2.43D)

independent of ¢, & Ex. As a result, this model gives stable and accurate results for
low 1)y, values, as shown by Liu and Zhang [42]. When the assumption of ¢, < 1 is
not made, the condition Exz > 0.5 ensures that Ex has a negligible effect on ¢ and
&. However, the thickness of the interface £ decreases with increasing v,. In addition,
a combination of Fx < 0.5 and high v, values leads to physically unrealistic results.

Case B: Gradient-free model

The equations of ¢7 and £ for the model suggested by Engblom et al. [81] can be
obtained by setting Ay = 0 and Ay = 1 in equations (2.28) and (2.35) as follows:

A

S = b0

1

R

Similarly, setting Ez >> 0.5 is required to keep ¢7 ~ 1. Then, the thickness of the

§£= &

(2.44D)

interface depends only on 1, and increases with increasing .

Case C: Non-variational squared-gradient model

After removing the term Z = DX90356 + DA (95¢)(05v) + Weip from pg, Eq.
(2.11a), and setting \; = 1 & Ay = 0, the equations of ¢? and & of the model proposed
by Shi et al. [66] are obtained:

&% = &% (2.45a)

£ =& (2.45D)
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Here, ¢7 and ¢ are independent of the surfactant concentration and Ex. This model
is still susceptible to numerical instability at high surfactant concentrations, probably
due to the use of a squared-gradient delta function, as noticed by Engblom et al. [81].
Proposed model
Following the modifications outlined in Section (2.4) and keeping both A\; & Ao,

the expressions of ¢7 and ¢ for our model read as follows:

(= Dathy)
o = cb?)—(l Nt (2.46a)
_ (1= Aithy)
§€= % 0= o) (2.46b)

Different combinations of A\; and Ay define the behaviour of the interface thickness,
&, given by Eq. (2.46b) as a function of surfactant concentration. When \; = \, the
thickness of the interface remains constant regardless of the value of ¢,; whereas Ay >
A1 and Ay < A; refer to the increase and decrease of the thickness with the increase
in the bulk surfactant concentration, respectively. For the rest of the discussion and
simulations, we consider the case of a constant interface thickness setting A\; = \s.

Neither ¢, nor £ depend on Ez values. In Eq. (2.46a), we did not cancel the
numerator and denominator even though they are the same to explicitly show the
case when ¢? becomes indeterminate, i.e., (1 — X\g1y,) = 0 and leads to numerical
instability. To derive the additional condition of numerical stability, we examine
the thermodynamic equilibrium where the chemical potential for ¢ is defined by Eq.
(2.25a) reads as follows:

fo = (1= M) [A(¢ = ¢°) — Kim02,¢] = 0 (2.47)

The term (1 — Ag¢0) should not be zero because it makes the definition of interface
thickness ¢ and bulk order parameter ¢, indeterminate. To promote numerical sta-

bility, we must have the term (1 — Ag?)) positive, which means that the following
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condition must be satisfied:

Ay < % (2.48)

To get a quantitative limit for Ay, we need to approximate 1 at either bulk value,
W = 1y or ¥ = 1y = ¥(0), i.e., the surfactant concentration at the interface. Fol-
lowing the literature, the constant surfactant field (i.e., bulk value) is typically used
to approximate v; however, Ay should be chosen based on 1)y, which is the maxi-
mum value of ¢ in equilibrium, ensuring that the term (1 — \y%)) never becomes zero.
Hence, the condition of numerical stability can be rewritten as follows:

Considering that ¢y must be in the range between 0 and 1, A\, must be equal to or

greater than 1 (Ay > 1) to achieve physically realistic results.
Analytical solution for the order parameter representing surfactant

At the thermodynamic equilibrium, a steady state profile of ¢ (z) for the general
model can be obtained by comparing p, (2.11b) at any arbitrary location, x, with

the value at the bulk phase location, b, as follows:

Hop .z = [Hap,b

) —Cv- R;n“l(dm)”%kz(l — ¢+ %cf = kBTln<1 ‘_”b%)

k?BTIIl<1 %@D

A |44
—Cyp + Z)\z(l — ¢3) + 7@% (2.50)
After dividing Eq. (2.50) by kgT and then taking the exponential on both sides, the

equilibrium profile of 1 reads as follows:

_ b
o+ (1 — o) We()

() (2.51)

Where, ¥.(z) is given by:

We(w) = exp ( R k:BLT {C (v — o) %M(l = (= G () — (- ¢?>]>

2 2

(2.52)
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The surfactant concentration at the interface (i.e., x = 0) can be defined from Eq.

(2.51) as

Py
Uy + (1 —4y)W.(0)

U.(0) is the adsorption constant that depends on the model parameters. At the

o =1(0) = (2.53)

interface = 0, ¥.(0) is obtained by using the definition of §, & Fz and Eq. (2.41)
giving ¢(0) = 0 & (020)z—0 = ¢b as follows:

\Ifc<o>—exp( le{ %(Azw)b 9] - §2A1 ;xﬂ)exp(—,@%[cwo—wb)])

— 4 (0) oxp ( - o lC - wbn) (2.54)

Here, 1.(0) is the adsorption constant for the Langmuir isotherm and ¥.(0) becomes
1.(0) at C' = 0.

The analytical solutions for ¢ for different models differ in the W.(x) expression.
The equation of W.(z) is the same for the models proposed by van der Sman and van
der Graaf [65] and Shi et al. [66]. It is obtained by setting Ay = 1 & Ay = 0 in Eq.
(2.52). For the model proposed by Engblom et al. [81], the expression of W.(x) is
recovered by setting \; = 0 & A2 = 1 in Eq. (2.52). For our model, the equation of
U, (z) is exactly the same as Eq. (2.52) because of the way we modified f15 not .
Note that the analytical equations for the pure system (i.e., no surfactant) can be
recovered from equations (2.41) and (2.51) by putting v, = 0.

In addition, we define the limiting value of 1y from the condition of numerical

stability (2.49) as follows:

1

(V0)iim = N (2.55)

For a given Ay and 1.(0), this relation is used to determine the limiting value of )y,
which is the value of ¢y at which ¢, and £ become indeterminate for the case of
constant thickness. From (¢0o)im, (¥p)iim is calculated analytically for the Langmuir

isotherm (C' = 0) or numerically for the Frumkin isotherm (C' # 0) using Eq. (2.53)
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to devise a range of v, values until (¢)1m (i-e., ¥» < (¥p)1im). This range of 1, values
satisfies the stability condition, Eq. (2.49), and ensures the stability of numerical

simulations.

2.6 Surface tension

There are two approaches to account for the surface tension in the diffuse interface
models: geometric and thermodynamic. In the geometric approach, the surface ten-
sion force is based on the interface curvature and is represented as a sum of the
normal and tangential (i.e., Marangoni) components [88], where the EOS describing
the effect of surfactant on surface tension is explicitly present in the surface tension
force. This approach is used in refs. [88], [80], [21], and [60].

In the thermodynamic approach, the surface tension force is implemented as the
divergence of the thermodynamic pressure tensor, ijé, using the Gibbs-Duhem rela-
tion, where the EOS is implicit and is derived from the Gibbs adsorption equation
that relates the surface tension to the surface excess quantity and chemical poten-
tial of 1. Following the references [65], [42], and [66], we adopt the thermodynamic
approach to incorporate the surface tension force into the system, Eq. (2.1).

Using the Gibbs adsorption equation at constant temperature, the variation of

surface tension is expressed in terms of surface excess quantities [89] as follows:

do = —ysdpy (2.56)

Here, 1, is the excess surfactant concentration accounting for the local variation of
¥ in the interfacial region (i.e., diffuse interface) and the integration of ¥ (i.e., Eq.
(2.51)) over the diffuse interface can not be analytically obtained. As suggested in
[65] and [42], we assume that the excess surfactant concentration v, is proportional
to Yy (i.e., ¥zs = athy) with the proportionality coefficient . Then, taking fuy, = fiy,

(i.e., j1y at the interface obtained using equations (2.51) and (2.41)) at the equilibrium

38



in Eq. (2.56) and integrating it with respect to ¢ give the EOS as follows:

do = _wxsd:uib
= —a¢0dﬂwo
, 2
/da = —a/wod{kBTln(llwa) — Chy — H;nt)q% n é)@
O'(wo) — O0p = {]{IBThl(l — w0> + %wg} (257)

Where, 0g = 4kin®3/3&0 represents the surface tension of the pure system. After
specifying the thickness of the interface &, the fitting coefficient o depends on Ay and
FEx. In addition, kg7 increases with an increase in Ay or a decrease in Ex, resulting
in a reduction in o. The coefficient « is less than or greater than unity depending on

the combination of A\, and EFx.

2.7 Free-energy lattice Boltzmann method

The set of governing equations (2.1) representing the binary fluid-surfactant system
is solved numerically using a free-energy LBM proposed by Swift et al. [61]. This
method is extended to accommodate the presence of surfactant following the work
of Theissen and Gompper [20] and Lamura et al. [90]. Three particle distribution
functions fy(xa,t), g4(xa,t), and hy(z,,t) are used to solve continuity, the Navier-
Stokes equations, and two Cahn-Hilliard equations for ¢ and 1. The total number
of discrete velocity directions (i.e., Q) required to represent the continuous particle
velocity space depends on the consistent approximations of the governing equations
with minimum computational resources. In the present study, the D3Q19 velocity set
is selected for the three populations f, g, and h.

The lattice structure of the D3Q19 velocity set is represented in Figure 2.1. The

lattice velocity directions of the D3Q19 velocity set are split into two groups. The
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Figure 2.1: Lattice structure of the D3Q19 velocity set

directions ¢;_g point in the nearest neighbour directions:

Ca1—6 1 =10 0 0 0
e | =10 0 1 =10 0 (2.58)
C21-6 000 0 1 —1

and ¢;_1g point into 12 square diagonal directions

Ca7—18 1 -11 -10 0 0 0 1 -1 1 -1
Cyros | =11 1 -1 .11 -1 1 =10 0 0 0 (2.59)
Cy7-18 0 0 0 0 1 1 -1 -1 1 1 -1 -1
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The weights suggested in [91] are considered for the D3Q19 velocity set:

1
Wi—-6 = 7, Wr-18 = 75
6’ 12’
1
T _ vy _ 4 _ T _ vy _ zZz _
Wi_g = W3~y = W5_g = 19’ Wy_g = Wi—o5-6 — Wiy = 3
xx _ Tx _ yy _ zz — _i
Wr_19 = Wis—18 = Wr1q = Wy118 — o1’
ve oy e L (2.60a)
Wi1-14 = Wi5s-18 = Wr_10 = Tk .bla
Ty _ Yyz _ zZT _ O ry yz _ zZT _ 1
WiZg =Wy = Wi =Y, Wrig = Wir1q = Wi518 = 1’
Ty yz . Zx . _1 Ty . Yyz _ ZX _ 0
Wg g = Wig 13 = Wig 17 = 1 Wir-18 = Wr_10 = Wy_14 =

The discretized Boltzmann equations describe the evolution of particle distribution

functions with respect to time, space, and velocity as follows:

fo(@a + coalit, t + AL) = fo(@a,t) + Q (z4,1) (2.61a)
9a(Ta + cualAt, t + AL) = go(Ta, t) + Q (24, 1) (2.61Db)
h(Ta + CuaAt,t + At) = hy(za,t) + Q) (24, t) (2.61c)

Where z,, and ¢4, represent the position and the discrete velocity vectors, respectively,
and g represents the discrete velocity number. These equations describe the discrete
particle populations travelling from the initial lattice position z, to the neighbouring
lattice position x, + ¢, At with a velocity cgo = (¢gu, Cqys C-) during the time step
At. This leads to particle collision, which is incorporated by a collision operator €2,
i.e., the last term on the right side of the equations. The grid spacing Az and the
time step At are scaled in lattice units so that Az = 1 and At = 1. The conversion
from lattice units to SI base units is achieved by scaling the physical parameters,
analyzing relevant dimensionless numbers, and using the law of similarity (see [92]
for more details). The system of governing equations (2.1) can be obtained from the
set of equations (2.61) by the Chapman-Enskog expansion. The Chapman-Enskog
expansions of the lattice Boltzmann equations (LBE) for particle populations f, g,

and h are provided in Appendix A.
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The collision operator ), accounts for the relaxation of the particle populations
towards the equilibrium distributions after collisions between them. The selection of a
collision operator affects the stability and accuracy of numerical results. In the present
study, the Bhatnagar-Gross-Crook (BGK) collision operator (i.e. single-relaxation-
time (SRT) collision operator) [93] is considered for the particle populations ¢g and h.

The collision operators Q¢ and QP in eq. (2.61b) and eq. (2.61c) can be written as

follows:
9q — 957
Qg = — - SA L AN 3 (2.62a)
N h — h;q
Qq =———" At (2.62D)
Th

where 7, and 75, are the relaxation times representing the time which the particle
populations g and h take to reach their equilibrium distributions gi? and hg?, respec-
tively.

For the particle population f, the multiple-relaxation-time (MRT) collision opera-
tor is used, improving the accuracy and stability of the solution of the Navier-Stokes
equations [94]. The MRT collision operator relaxes the collision of particles in the
moment space instead of the population space with individual collision rates for ¢ =

0:18. The collision operator 2/ in eq. (2.61a) can be represented as follows:
QF = —-M7'SM(f, — fo)At (2.63)

where f7¢ represents the equilibrium distribution of particle population f. The trans-
formation from the population space to moment space and implementation of different
relaxation rates are performed by the transformation matrix M and relaxation ma-
trix S, respectively. Then, the multiplication by M™! refers to the mapping from
moment to population space after relaxation. These matrices are constructed for the
D3Q19 velocity set from the guidelines suggested in ref. [94]. The MRT collision op-
erator is incorporated into the free-energy-based LB algorithm using Ref. [95]. The

matrix representation of the transformation and relaxation matrices are provided in
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Appendix B.

Local macroscopic variables such as density, momentum density, and order param-
eters at any lattice site are calculated by the moments of the particle distribution
functions. The moments are defined as the summation or weighted summation of

particle populations over the discretized velocity space:
Z fq =p Z chqa = Plqa (264&)
q q
D=0 Y hy=v (2.64b)
q q

The moments of the equilibrium distribution functions f;?, g¢%, and h{? represent
the set of equations which is the same as the set (2.64). In addition, the higher-
order moments of these functions are related to the thermodynamic pressure tensor,
the coefficient of mobilities, and the chemical potentials according to the free-energy

LBM schemes suggested in refs. [61], [90], and [20] as follows:

Z f{ CqaCqp = P;% + pugugs (2.65a)
q

Z 957cqaCqp = Ugpiglap + Puqugs (2.65b)
q

Z helcaaCep = Dypigdas + Yuqug (2.65¢)

q

The equilibrium distributions of particle populations f7?, g¢?, and hg? for directions

g = (1 — 18) are calculated as follows [96]:

3 1
f¢ = wq (pb — Kint (02,0 + a§y¢ +02.0) + CqaPlUa + 2 {ancqﬁ - géaﬂ} Puauﬁ)

+ (F%nt - D>\1¢) <w;:ac m‘ba:r(b + wgy8y¢ay¢ + wZZ z¢8z¢ + wgyax¢ay¢

+ w0, $0. + wgzﬁygbﬁzgzﬁ) (2.66)

1

3
9et = w, (Fqﬁ/% + CpaPUa + 3 [cqacqg — §§a5:| gzﬁUQUg) (2.67)
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3 1

The populations for ¢ = 0 are calculated as

18
fst=p=>_ [ (2.692)
q=1
18
g =0—=> g (2.60b)
q=1
18
he' = =) R (2.69¢)
q=1

Note that the expressions of f7?, g¢?, and h? for the free energy models discussed in
Section 2.4 differ from each other based on the selection of A\; and Ay values mentioned
in Section 2.4.

The stencils for the calculation of gradients and Laplacian in the pressure tensor

and chemical potential are given by Pooley and Furtado [91]

0 00 ~1 0 1 0 00

8x=1—12 -10 1 |, -2 0 2 |, -1 0 1 (2.70)
0 00 -1 0 1 0 00
010 1 2 1 010

VQ:% 121, [2-242].]121 (2.71)
010 1 2 1 010

where left, middle, and right matrices show slices of the stencil when c,, = 1, 0, and
—1, respectively.

Macroscopic properties, such as the kinematic viscosity and mobility, are described
in terms of the speed of sound and the relaxation time via the Chapman-Enskog

expansion. The kinematic viscosity v of the system is defined as:

1
v=c’ <Tf - 5) At (2.72)
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where 7; is the relaxation time of particle population f. The mobilities M, and M,

are calculated as follows:

1

My =T, (Tg - 5) At (2.73a)
1

Mw = F¢ (Th - 5) At (273b)

Here, I'; and I'y, represent the mobility coefficients of ¢ and 1, respectively.

For all the simulations conducted in the present study, the periodic boundary con-
dition (BC) is implemented. In the periodic BC, the unknown incoming populations
entering the domain on the one side are given by those leaving the domain on the
opposite side. We consider the opposing periodic edges of the flow domain as if they
were attached together. The periodic BCs are implemented during the streaming
process, where post-streaming populations that enter the domain on one side are re-
placed by post-collision populations that leave the domain on the opposite side. The
detailed procedure of the periodic BC implementation is provided in Ref. [51].

In the present study, a computer code is developed using Fortran 90 to implement
the free-energy-based LB algorithm. We have developed serial and parallel versions
of the code. Parallelization of the code is important to save simulation time and allow
us to study larger simulation domains. The message-passing interface (MPI) is used
for parallelization. In the parallel version of the code, we decompose the simulation
domain into equal-sized sub-domains in three directions x, y, and z. Each CPU is
assigned one sub-domain. The communication between the sub-domains is based on
a receive-sent scheme, and it is established using a command MPI_SENDRECV.

The steps of the free-energy-based LB algorithm are described as follows:

1. We assign the values of model parameters such as k;,; and Fx and then the
fields of macroscopic quantities, for example, p, ¢, ¥, and u,, are initialized for
a validation case at each lattice site. Note that p =1 and u, = {us, uy, u,} =

{0,0,0} are considered for all simulations.

45



e

2. The equilibrium distribution functions fg

1, gg1, and hg? at each lattice site are
calculated using the following equations from the initialized values of macro-

scopic quantities as follows:

3 1
fqeq = pw, (ci + Coalla + 3 {cqacqg — 5(504 uau5> (2.74a)
eq 3 1
957 = dwg | Coaltia + B CaaCap — §§a5 UaUg (2.74b)
" 3 1
he! = Ywy | cgatia + 5 |Caacas — §5a5 Ualg (2.74¢)

After that, the particle populations f, g, and h are initialized as their respective

equilibrium distribution functions.
3. Using the moments (2.64), p, ¢, ¥, and u, are calculated at each lattice site.

4. The gradient and Laplace operators are calculated using Eqs. (2.70) and (2.71)
to determine the bulk pressure p, and chemical potentials pg & . Then, we
calculate the equilibrium distributions fg4, g2?, and hg? by using Eqgs. (2.66),
(2.67), (2.68) for directions ¢ = (1 — 18) and the set of equations (2.69) for

q=0.

5. The collision operators for f, g, and h are calculated using Eqs. (2.63), (2.62a),
and (2.62a), respectively. For example, the discretized Boltzmann equation for

the particle population g is represented as:

gq(xaa t) - QZq(fEa> t)
Tg

9, (Ta,t) = gg(Tast) — At (2.75)

Here, g;(xa, t) is the state of the particle distribution function after the collision

process.

6. The post-collision distribution functions are then propagated to neighbouring
lattice sites. For example, the streaming process for the particle population

g from the initial position of z, to the neighbouring position z, + ¢, At is
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represented as:
9q(Ta + At t + At) = g7 (240, t) (2.76)
During one time step, both collision and streaming processes are completed.

. Based on the particle populations obtained after the streaming process, p, ¢,

¥, and u, are updated using the moments (2.64).

. The cycle from step 4 to step 7 resumes for the next time step, and it continues

untill the last time step or the system reaches equilibrium.
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Chapter 3

Results and discussion

To demonstrate the capability of the proposed model and compare its performance
with the models of van der Sman and van der Graaf [65], Engblom et al. [81], Shi et
al. [66], and the general model, we apply these models to simulate two benchmark
problems: a surfactant-laden planar interface between two immiscible liquids and
the equilibration of a spherical drop in a quiescent medium. First, we show our
model performance at low and high surfactant concentrations for a planar interface
for Langmuir and Frumkin isotherms. We compare the numerical profiles of the order
parameters obtained with different models, confirming the enhanced capability of the
proposed model to accurately capture the stable profiles of the order parameters for
high surfactant concentrations.

Then, we apply the proposed model to study the equilibration of a spherical drop.
We discuss the equilibrium fields and profiles of ¢ & 1, the effect of the surfactant
mobility My on the stability of numerical results, the reduction of surface tension,
and the spurious velocity for different Ay values.

For all simulations, several numerical parameters were fixed. The relaxation times
of the particle populations g and h are set 7, = 7, = 1/(3 — v/3) following the sugges-
tion in Ref. [97] to obtain accurate and stable numerical results for the convection-
diffusion type equations of ¢ and 1. The constant mobilities My & M, and the

coefficient D = k;,,; are assumed for convenience. Note that all the quantities defined
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for the simulations are in lattice units [lu].

When selecting numerical parameters and physical quantities, it is necessary to
satisfy the condition of numerical stability, Eq. (2.49). We use the following procedure
to set the simulations. First, the value of 1.(0) is selected from the typical range
1:(0) = [0.002 — 0.2]. Subsequently, we fix Ay from the range [0.5 — 10] to calculate
(¢0)1im using Eq. (2.55). Then, using Eq. (2.53), we calculate (1) analytically for
the Langmuir isotherm (C' = 0) or numerically for the Frumkin isotherm (C' # 0) to
construct a range of 1, values until (¢ ), that lead to stable numerical simulations.
Finally, we select a single value of 1, representing a low or high bulk surfactant

concentration to run the desired simulation.

3.1 Planar interface

We begin by presenting the results of the planar interface obtained with the proposed
numerical model governed by a set of equations (2.25) where C' = 0 is set for the
Langmuir and C' = 2kgT for the Frumkin isotherms, respectively. Simulations are
carried out in the fully periodic domain of size 130 x 130 x 130 [lu], where the dispersed
phase is initially positioned at 34 < x < 97 [lu], and the interface locations are
fixed at xo; = 33 [lu] and zps = 98 [lu]. The simulation parameters were selected
as follows: interfacial tension oy = 0.02 [lu], dimensionless initial thickness of the
interface §/Az = 2 [lu], mobility for ¢ parameter M, = 0.2, mobility for 1) parameter
M, = 0.02, bulk surfactant concentration ¢, = {0.005,0.01}, Langmuir adsorption
constant 1.(0) = 0.02, Ex = 0.17, Ay = 1, and A; = As. Note that the profiles of ¢
and 1 in all planar interface simulations were initialized using the analytical solutions
presented in Section (2.5).
The equilibrium profiles of ¢ and ¢ at low surfactant concentrations v, = {0.005,0.01}

for Langmuir and Frumkin isotherms are shown in Figure 3.1. The numerical profiles
of ¢ and 9 accurately follow the analytical solutions (2.41) and (2.51). In addition,

the comparison of i-profiles (Figure 3.1(b) and (d)) between Langmuir and Frumkin
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Figure 3.1: Planar interface results of the different isotherms for low surfactant con-
centrations, 1, = {0.005,0.01}, Ex = 0.17, Ay = A2 = 1. The solid lines and markers

represent the analytical and numerical solutions, respectively.

isotherms shows the significant difference in the value of surfactant concentration at
the interface for a given bulk surfactant concentration.

Next, we show the results of the proposed model when applied to high concentra-
tions of surfactants. Bulk surfactant concentrations were set as 1, = 0.5 and ¢, = 0.2
for the Langmuir (C' = 0) and Frumkin (C = 2kgT') isotherms, respectively. The

rest of the settings are the same as for the case of low surfactant concentration. The
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profiles of ¢ and 1 are given in Figures 3.2(a) and (b), respectively. Our results show
that following proper selection of Ay from the stability condition (2.49), the proposed
model gives physical results for high values of v,. The key outcome here is that the
¢ profile is not affected by the high surfactant load at the interface and follows the

analytical prediction for both isotherms.
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Figure 3.2: Planar interface results for high surfactant concentrations: Langmuir
isotherm (C' = 0) & ¢, = 0.5 and Frumkin isotherm (C' = 2kgT) & ¢, = 0.2,
Ex =0.17, A\ = Ay = 1. The solid curves and markers represent the analytical and
numerical solutions, respectively.

To compare the performance of our model with the performance of the models
proposed in Refs. [65], [81] & [66], we set Ay = 0.5 in our model. This case makes the
comparison of the surfactant profile consistent by ensuring the same mathematical
expression of U, (z) for all models. Following Eq. (2.55), A2 = 0.5 gives (¢0)iim = 2
(i.e., (¥0)um > 1), indicating that this choice of Ay does not affect the stability of
simulations for high concentrations of surfactants.

We consider the Langmuir isotherm with the bulk surfactant concentration ¢, =
0.03. The rest of the settings are selected as follows: og = 0.02 [lu], {,/Ax = 2 [lu],
M, =0.2, My = 0.03, ¢.(0) = 0.02, and Ex = 1. The ¢ and 1 profiles obtained using

different models are represented in Figures 3.3(a) and (b), respectively. From Figure
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3.3(a), we see that the interface thickness decreases and increases with increasing
surfactant concentration for the models proposed by van der Sman and van der Graaf
[65] and Engblom et al. [81], respectively. The interface thickness behaves as expected
from the definition of ¢ for these models after ensuring ¢? ~ 1. Change in ¢ due
to surfactant concentration is considered a numerical artifact because the chemical
structure or orientation of the surfactant is not considered in diffuse interface models.
As a result, most research groups have removed the presence of 1-terms from f4 to
keep ¢ constant. This is the case for the model proposed by Shi et al. [66], which
demonstrates no change in £ at high surfactant loads. In Figure 3.3(b), the significant
difference in the prediction of the surfactant concentration at the interface between
the model of van der Sman and van der Graaf [65] and other models is mainly due to
the discretization error in the calculation of (Jz1)). Removal of the term D(93¢)(0s0)
from pe, Eq. (2.22a), resolves the issue of overpredicting ¢y but the remaining term
Dw(‘?gﬁqb still leads to the interface sharpening phenomenon as shown in Ref. [83].

It is also necessary to discuss the numerical stability of different models. Models
based on squared-gradients, including the models of van der Sman and van der Graaf
[65] and Liu and Zhang [42], are susceptible to instability at high concentrations
of surfactant and restrict the choice of simulation parameters [81]. The model of
Engblom et al. [81] is more stable than the models of van der Sman and van der
Graaf [65] and Shi et al. [66] for a wide range of simulation parameters due to the use
of the gradient-free nascent delta function. Considering the same set of parameters
as above, we confirmed that the results of the van der Sman and van der Graaf [65]
and Shi et al. [66] become unstable for Fz = 1 and high v values. The model of
Shi et al. [66] gives accurate and physical results for high values of ¢, (¢, = 0.3) and
low values of Fx (Ex = 0.17). The advantage of our model is that it retains the 1
terms in fi, as opposed to the suggestion of Yun et al. [80] to neglect these terms,
and it gives a stable interfacial profile without exhibiting the interface sharpening

phenomenon as observed in the model of van der Sman and van der Graaf [65] and
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the interface broadening phenomenon as observed in the model of Engblom et al. [81]

for high surfactant concentrations.
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Figure 3.3: Planar interface results of the different models discussed in Section 2.4
considering the Langmuir isotherm for v, = 0.03 with the common parameter set:
o9 = 0.02 [lu], {/Az =2 [lu], My =0.2, My = 0.03, ¥.(0) =0.02 & Ez = 1.

Finally, we discuss the performance of the general model for high concentrations
of surfactants with Ay = {1,5}, Fx = 0.17, and the remaining set of parameters
as the same as for the previous case. The necessary conditions proposed by Toth
and Kvamme [82] to keep ¢7 ~ 1 and £ constant as mentioned in Section 2.5 are
also satisfied. The presence of the term DA, (095¢)(05¢) in pg, Eq. (2.11a), causes
instability or unphysical results due to discretization errors in the gradient calculations
for high 1, values. Simulations of low surfactant concentrations are also carried out
for Ay = 0.5 and Fx = 1, which means that the presence of 1 terms should not affect
ity. However, we obtained inaccurate results and noticed the interface-sharpening
phenomenon. For more accurate results, we recommend improving the finite difference
stencils used for the Laplacian and gradient calculations and/or increasing the initial
interface thickness (§y/Ax).

Overall, the removal of the ¢-terms from p, suggested by Yun et al. [80], the

conditions of Toth and Kvamme [82] for a general model, and the case of constant
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thickness of our model, all lead to constant thickness of the interface for high values
of ¢,. The advantage of our model is that it inherits a physically consistent definition
of ¢ as a function of the surfactant concentration. In addition, the conditions of our
model to keep & constant and ¢? = 1 are not as stringent as the conditions suggested
by Toth and Kvamme [82] for the general model. Furthermore, our model produces

stable and accurate results for high concentrations of surfactants at the interface (that

iS, wO ~ 1)
3.2 Drop in equilibrium

We proceed with the results of a single spherical drop equilibration in a quiescent
immiscible liquid obtained with the proposed model. The drop of radius R = 32 [lu]
is placed in the centre of a fully periodic domain of 128 x 128 x 128 [lu]. Similar to a
planar interface initialization, we use analytical solutions to initialize the profiles of ¢
and v for drop simulations. We consider the following set of simulation parameters:
oo = 0.02 [lu], &/Az = 2 [lu], My = 0.2, My = 0.03, ¥.(0) = 0.02, Ex = 0.17, C =0
(that is, Langmuir isotherm), Ao = 1 and A\; = Ao.

The equilibrium fields of ¢ and ) for ¢, = {0.005,0.5} on a two-dimensional cross-
section xy plane at z = 64 [lu] are presented in Figure 3.4. The ¢-fields, as shown
in Figure 3.4(a) and (c) are stable and do not exhibit any interface-related problems
for both low and high surfactant concentrations. The surfactant distribution over the
interface is more uniform for higher bulk surfactant concentration v, = 0.5 (Figure
3.4(d)) vs Figure 3.4(b)).

To quantify the accuracy of the results, we plot the order parameter profiles for the
Langmuir isotherm with ¢, = {0.005, 0.5} and for the Frumkin isotherm (C' = 2kgT)
with ¢, = {0.005,0.2} along a line segment starting from x = 24 [lu] to = 40 [lu]
for the fixed planes y = 64 & z = 64 [lu]. Profiles of ¢ and v for the Langmuir and
Frumkin isotherms are shown in Figure 3.5.

As seen in Figures 3.5(a) and (c), the profiles of ¢ at 1, = 0.005 are shifted
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Figure 3.4: Fields of the solvent composition and surfactant concentration considering
the Langmuir isotherm on the xy-plane for ¢, = {0.005,0.5}.

from the expected location of x = 32 [lu] due to the shrinkage of the drop volume
caused by the use of the double well potential [98]. The presence of surfactant at
low concentrations does not inhibit this phenomenon. However, at high surfactant
concentrations, ¢ profiles are not significantly affected by the shrinkage effect and the
location of the interface is close to x = 32 [lu]. In addition, the numerically predicted
profiles of ¢ for high surfactant concentrations agree well with analytical solutions
compared. To mitigate the drop dissolution effect, we recommend incorporating the

penalty flux in the Cahn-Hilliard equation for ¢, as suggested by Li et al. [99].
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Figure 3.5: Profiles of the solvent composition and surfactant concentration on the
line segment considering Langmuir and Frumkin isotherms for ¢, = {0.005,0.5}.
The black solid lines and markers represent the analytical and numerical solutions,
respectively.

In addition, the discretization errors in the 1 profiles for ¢, = 0.005 as shown
in Figures 3.5 (b) and (d) are more apparent due to ¢, < 1.(0), which makes the
approximation of v values in the interfacial region for low surfactant concentrations
less accurate with §y/Ax = 2 [lu]. Consequently, the surfactant value at the interface

and 1) profile over different line segments for the low surfactant concentrations vary
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more than the high surfactant concentrations.

To explore the equilibrium drop shape and uniformity of the drop coverage by
surfactant, we calculated the mean and standard deviation of the order parameters
and their gradients for the Langmuir isotherm at the different radii values starting
from the droplet centre in the same way as suggested by Kendon et al. [85]. The
mean and standard deviation of ¢ & V¢ and ¢ & Vi at different radii values are
represented in Figure 3.6.

The gap between the profiles of ¢ and V¢ for ¢, = {0.005,0.5} (Figure 3.6(a)
and (b)) indicates the apparent decrease in drop volume for ¢, = 0.005 compared
to ¢, = 0.5. Furthermore, the error bars, that is, standard deviations, are higher
for ¢, = 0.005 in the profiles of ¥ and V1 that denote the high discretization errors
in the interfacial region for low surfactant concentrations (Figure 3.6 (b) and (d)).
The discretization errors in the profile of i for low surfactant concentrations can be
decreased by taking the large values of &/Axz.

Understanding the effect of Ay on the surfactant concentration profile is important
and discussed here. Simulations are performed for Ay = {1,2,5} and ¢, = 0.003 with
the remaining parameters the same as above for the Langmuir isotherm. Note that
1, = 0.003 is taken for Ay = {1,2,5} using the stability criterion (2.49). The profiles
of ¢ and 1 along the line segment starting from = = 24 [lu] to x = 40 [lu] for fixed
planes y = 64 & z = 64 are shown in Figure 3.7(a) and Figure 3.7(b), respectively.
Here, the analytical solutions of ¢ and 1 are not shown in the comparison, as the
purpose of this discussion is to demonstrate the significance of Ay on the results. Due
to the shrinkage effect, the shift in ¢ profiles for Ay = {1,2,5} occurs as seen in
Figure 3.7(a); otherwise, the profile of ¢ is not affected by the presence of Ay because
of the condition A\; = Ay. In Figure 3.7(b), the visible difference in the profile of
surfactant for different A\, values can be correlated with the packing of surfactant
molecules along the interfacial region, and the packing or arrangement of surfactant

molecules varies based on the chemical structure of the surfactant. The large value of
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A2 can be considered to mimic the type of surfactant with dense packing of surfactant
molecules compared to the small value of A5 exhibiting the loosely packed arrangement
of surfactant molecules. It is demonstrated in Figure 3.7(b) describing the narrow
thickness, which means the compact packing for Ay = 5 compared to the same for
Ay = {1,2}. Note that the difference in the 1 profile for different Ay values is not due

to numerical errors. The interpretation of Ay is different from FEx, i.e., W, because
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Figure 3.7: Profiles of the solvent composition and surfactant concentration on the
line segment considering the Langmuir isotherm for Ay = {1,2,5} & v, = 0.003.

FEx is introduced in the free energy functional to numerically stabilize the diffuse-
interface models [20]; whereas Ay has the potential to represent the nature of different
surfactants and their effects on the surface tension reduction for the case of constant

thickness.

3.3 Surface tension

In this section, we assess the proposed model’s capability to capture a surface tension
reduction. We compare the numerical predictions of the surface tension reduction to
the analytical solution derived based on the thermodynamic approach as mentioned
in Section 2.6. The numerical results of the surface tension are calculated using the

Laplace pressure:

20

Here, py is the bulk pressure defined by Eq. (2.25¢), and o is the surface tension. The
numerical results of the surface tension obtained from Eq. (3.1) are compared to the

results of the analytical equation (2.57) by fitting the value of the parameter a.
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We set 1.(0) = 0.02 for the Langmuir (C' = 0) and Frumkin (C' = 2kgT) isotherms.
The values of Ay for the Langmuir and Frumkin isotherms are Ay = {1,2,5,10}
and \y = {1,2,5}, respectively. From Eq. (2.55), the limiting values of vy for
Ay = {1,2,5,10} are (¢o)im = {1,0.5,0.2,0.1}. For both isotherms, the ranges of v
values are determined based on their corresponding (¢ )y, values obtained using Eq.
(2.53).

The next step is to specify the values of the surfactant mobility M, and the sur-
factant solubility Ex that give stable simulations and accurate results for selected Ay
values. We deem simulations accurate when the relative error in the numerical predic-
tion of g compared to the analytical estimate, (¢0)re = |((¥0)a— (¥0)n)/(¥0)a|-100%,
is less than 5%, and the maximum magnitude of spurious velocity, tq., is at the order
of or less than 1074

To identify the appropriate values of My, and Ex, we performed the sensitivity anal-
ysis of drop equilibration with respect to My, = {0.001,0.005,0.01,0.02,0.03,0.05,0.1}
and Fz = {0.05,0.1,0.17,0.25}. We simulated a drop of radius R = 32 [lu] with
oo = 0.02 [lu], &/Az = 2 [lu], My = 0.2, and 9.(0) = 0.02 in the domain size of
128 x 128 x 128 [lu]. We found that low M, values (M, < 0.01) give stable results
for low surfactant concentrations (¢, < 0.002) for a given combination of Ay and
Exz > 0.1 but our criterion of accuracy is not satisfied. The relative error, (¢o)rg,
exceeds 5% because 1y, < 1.(0) leads to high discretization errors in gradient calcula-
tion that are amplified even more with increasing A\,. At the same time, the decrease
in Fx promotes the diffusion of surfactants that smooths the gradients of surfactant
concentration and, as a result, improves the accuracy of numerical results for high Ay
values. Furthermore, the simulations become unstable for high surfactant concentra-
tions (¢ > 0.3) with low M,, values. Based on this analysis, we selected M, = 0.005
for A\ = {1,2,5} and M, = 0.001 for A\ = 10 with a fixed value of Ex = 0.05 for
considered Ay values.

With the selected surfactant mobility and solubility values, we estimate the reduc-
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tion of surface tension as the surfactant accumulates at the interface of the equili-

brating drop. The relation between the reduction of the surface tension compared to

& = m) and 1) for the

the surface tension of the pure system, o, (i.e.
go 0o

Langmuir and Frumkin isotherms are represented in Figure 3.8.
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Figure 3.8: The reduction of surface tension as a function of ¢y for different values
of Ay for the Langmuir (a) and Frumkin (b) isotherms. The solid curves and markers
represent the analytical and numerical solutions, respectively.

The numerical results are compared to the analytical solutions until (¢g)m,-values
because exceeding (¢g)um for a given Ay results in the unstable simulations according
to Eq. (2.49). The quantitative comparison is achieved by calculating the relative
deviation between the numerically predicted value of the surface tension reduction and

the corresponding value calculated using the equation of state Eq. (2.57): (0)rg =
'AO’ — (AU)EOS

(Ao)pos
As shown in Figure 3.8(a) for the Langmuir isotherm, the numerical results for

- 100%.

Ay = {1, 2,5,10} agree with their analytical solutions with (0)rg < 10% up to 1y =
{0.5,0.49,0.19, 0.09}, respectively. As expected, the numerical results at Ay = 1 do
not follow the analytical solutions for high surfactant concentrations (i.e., 1y > 0.5).

This confirms that this isotherm should not be used for high surfactant concentrations.
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Compared to most existing free energy models, our model demonstrates a higher
surface tension reduction at lower surfactant concentrations, which is highly desirable
for comparing the surface tension results with the experimental findings. The surface
tension reduction for the Langmuir isotherm follows the experimental results observed
in Refs. [100] and [101], where the range of surface tension reduction for the liquid-
liquid system is between 30 — 60% of 0. Furthermore, by varying Ao, our model
replicates the effect of different surfactants on the reduction of surface tension without
accounting for their chemical structures.

For the Frumkin isotherm, the numerical results for Ay = 1 follow the analytical
solutions for the high concentrations of surfactants, and it is consistent up to ¥y < 0.8
as shown in Figure 3.8(b). For low surfactant concentrations, the Frumkin isotherm
reduces to the Langmuir isotherm, as the numerical results of both isotherms at low
surfactant concentrations (i.e. 1y < 0.15) become similar.

The proposed model decreases surface tension by increasing the strength of non-
linear surfactant couplings, i.e., Ay & Ay, and enhancing the diffusion of surfactant,
i.e., increasing W or decreasing Fx. In most existing models, decreasing Fx is the
only way to reduce surface tension, which may be the reason behind the inability of
these models to obtain a significant reduction in o at low surfactant concentrations.

In the free energy models discussed in this study, the relation between Fx and the
change in « is investigated for several cases and it can be concluded that the surface
tension reduction increases with the decrease in Ez but these models do not have \;
and Ay terms. So, it is important to explain the change in o due to Ay for a given
value of Fx. « varies depending on the increase in kg1’ caused by the combination Ez
and 9. The analytical prediction of surface tension reduction is significant compared
to the numerical reduction for low Ex values (i.e., Fx = 0.05) that makes o < 1
for small values of 5. However, this disparity between the analytical and numerical
results can be compensated by increasing the value of Ay for a given Ex. For this

case, the analytical as well as numerical results of surface tension are substantial at
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low surfactant concentrations making o > 1 for large values of \s.

Overall, the increase in Ay decreases the surface tension more significantly than
the reduction of the same due to the decrease in Fx. Moreover, the increase in the
value of @ due to the increase in Fx is higher for large values of Ay compared to small
values of \s.

Taking into account the simulation results of the Langmuir isotherm shown in
Figure 3.8(a), the comparison of analytical & numerical values of 1y and the variation
in the maximum magnitude of the spurious velocity u,,.. over a range of 1)y for

Ay = {1,2,5,10} are represented in Figure 3.9(a) and (b), respectively. Similar to
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Figure 3.9: (a) Analytical & numerical results of 1y as a function of ¢, and (b) the
magnitude of maximum spurious velocity as a function vy for the Langmuir isotherm,
Ay = {1,2,5,10}, and Ex = 0.05. The solid curves and markers correspond to the
analytical and numerical solutions, respectively.

Ex, Ay does not affect the surfactant concentration at the interface. The numerical
results of 1y accurately follow the analytical solutions for low and high surfactant
concentrations as shown in Figure 3.9(a), despite the considerable discretization error
in the results of low surfactant concentrations due to 1, < ¥.(0) that magnifies the

value of U4, as shown in Figure 3.9(b).
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As ¥y > (Yo)1im, the simulation becomes unstable due to the stability criterion
(2.49) that triggers the sudden increase in g, for Ay = {2,5,10}. The increase
N g, for high values of Ay is due to g ~ (¥)um and the discretization errors
caused by low v, values. For these extreme cases, the numerical results of the order
parameters are stable and physical. Increasing the thickness of the clear interface
thickness (§y/Ax) or improving the finite difference stencils for gradient calculations

can decrease the magnitude of spurious velocities.
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Chapter 4

Conclusions and future work

4.1 Conclusions

We proposed a diffuse interface free energy model based on a modification of the
Ginzburg-Landau free energy functional to simulate the system of immiscible liquids
with non-ionic soluble surfactants. We made the free energy density contribution
due to the adsorption of the surfactant at the interface to be a combination of the
nonlocal squared-gradient and gradient-free surfactant couplings controlled by two
coefficients, A\; and Ay, respectively.

In the present study, we set \; = Ay which means that the thickness of the inter-
face, while being a function of the surfactant concentration, remains constant as the
surfactant load increases: no interface-sharpening or interface-broadening is observed.
We also neglected two terms in the expression of the chemical potential of the phase
field order parameter to improve numerical stability at high surfactant concentrations
and avoid perfect miscibility.

We implemented the proposed model in the free-energy-based lattice Boltzmann
framework where the Navier-Stokes equations were coupled with the solution of two
Cahn-Hilliard transport equations to capture the behaviour of two order parameters
representing the immiscible liquids and surfactant concentration. We also derived the
conditions to ensure the numerical stability of the model at high surfactant loads and

outlined the procedure for selecting numerical parameters and physical quantities.
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The free-energy-based LB algorithm developed in Fortran 90 was used to verify
and validate the proposed model for the Langmuir and Frumkin isotherms. Two
benchmark problems were simulated at low and high surfactant concentrations: a
planar interface and the equilibration of a spherical drop in a quiescent medium.

The proposed model accurately predicts the order parameter profiles at high sur-
factant concentrations (i.e., ¥ > 0.5) with the relative deviation in capturing the
maximum surfactant concentration at the interface less than 1.1%. The maximum
magnitude of spurious velocity is at the order of 10~* in the case of the spherical drop
in equilibrium.

The typical way to promote the reduction of surface tension as the surfactant accu-
mulates at the interface is by decreasing the surfactant solubility Fx. In our model,
the increase of Ay & A; introduces an alternative robust way to reduce the surface
tension. Consequently, the reduction of surface tension based on the simultaneous
decrease of Fx and increase of Ay enables the proposed model to achieve a signif-
icant reduction of surface tension (i.e., 45 — 50%) at low surfactant concentrations
(0.085 < ¢y < 0.2). Furthermore, varying the parameter A\, paves the way to mimic
the effect of different types of surfactant molecules on the reduction of surface tension.

The surfactant solubility Ex plays a pivotal role in establishing the numerical
accuracy. We recommend selecting Ez within the range of 0.05 < Ez < 0.25 for
Ay = {0.5,1,2}. For high Ay values such as Ay = {5,10}, it is recommended to set
low Ex values (i.e., Ex = 0.05) to enhance accuracy. In addition, it is necessary
to carefully select the value of the surfactant mobility M,. We recommend 0.001 <

M, < 0.005 for Ay = {5,10} and 0.001 < M, < 0.03 for Ay = {0.5,1,2}.

4.2 Future work

Taking into account the advantages mentioned above and the availability of the pro-
posed model, the following studies can be conducted to extend the usability and

potential of the proposed model:
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e The assumption of a constant M, does not always provide a regular diffusional
equation for ¢ in the bulk phase [82] that sometimes leads to unrealistic results
of the surfactant profile. The implementation of variable surfactant mobility
My = (1 — ) as a function v ensures rigorous solutions of 1) between 0 and
1 [81]. The procedure to incorporate the variable surfactant mobility into the
free-energy LBM is needed to recover the Cahn-Hilliard equation for ¢ with the

variable My

e The penalty flux term needs to be included in the Cahn-Hilliard equation for
¢ to conserve the interfacial profile and to overcome the drop dissolution effect
leading to the shift of the equilibrium profile of ¢ from its expected location as

shown in Figures 3.5(a) and 3.5(b).

e Only the case of constant interface thickness is analyzed, but the phenomenon
of interface-broadening based on the chemical structure of the surfactant as
observed in MD [86] and DPD [87] simulations is not explored in the present
study. It is crucial to first address the question regarding the physical relevance
of showing this behaviour from a macroscopic point of view. Second, a method-
ology needs to be constructed to correlate the parameters A\; and Ay regulating
the behaviour of the interface thickness with the chemical structure of differ-
ent surfactant molecules in the free-energy lattice Boltzmann framework for the
comparison with the results of MD [86] and DPD [87] simulations. The sug-
gested modification could help to demonstrate the constant behaviour of surface

tension after the formation of micelles by correlating (o), with CMC.

e The study of the surfactant-laden drop in shear flows is needed to further vali-
date the usability of the proposed model and to analyze the effect of viscosity
and surfactant concentration on topological changes such as drop deformation

and drop breakage.
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Appendix A: Chapman-Enskog
expansions of the LBEs to recover
governing equations

The Chapman-Enskong analysis is the perturbation analysis of a particle distribution
function around its equilibrium distribution with Knudsen number (i.e. Kn) in terms
of € as the expansion parameter to find the non-equilibrium part of the particle
distribution function that is necessary to recover macroscopic equations beyond the
Euler equations.

Note that all equations in this chapter are written in the Einstein notation, where

a, 3, and ~ represent the spatial coordinates x, y, and z.

A.1 The Chapman-Enskong expansions of the LBEs
for the order parameters representing two im-
miscible liquids and soluble surfactant

First, we will recover the Cahn-Hilliard equation for ¢ from the Chapman-Enskog
expansion of the LBE of the particle population g. The Cahn-Hilliard equation for ¢

(i.e., Eq. (2.1c)) can be written as follows:
O + Oa(Pua) = Mqﬁa;al% (A1)

The Lattice Boltzmann equation (i.e. LBE) for the population g representing ¢ can

be expressed as:

911(1:047 t) B ggq(‘rm t)) (AQ)

Tg

gq<xoc + gqocAta t+ At) - gq(xaa t) = - (
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Where z, and ¢y, represent the position and the discrete velocity vectors; respectively;
t and At refer to time and time-step; respectively; g, and gg? represent the particle
distribution and the equilibrium distribution functions, respectively; 7, is the dimen-
sionless relaxation time of the particle distribution function g,. 2 = — (gq;—%(l>
is the BGK collision operator [93]. From hereafter, we use the convention g, argld gq"

instead of gy(7a,t) and g5?(zq,t), respectively.

The equilibrium distribution function and the source term can be represented as:

o ) W (F¢u¢ + PCgalla + % |:quécqﬁ — %505} gbuauﬁ) Jfor ¢ #£ 0 A3
gq - —0-1 ( * )
¢— Dt 95% for ¢ =0
Here, w, refers to the weights associated with the chosen discrete velocity set; ¢ is the
speed of sound and it is represented as ¢? = (1/3)Az?/At?; u, is the fluid velocity; T
is the mobility coefficient of ¢ controlling My. Eq. (A.3) must satisfy the moments

of gg? defined as follows:

d gt =96 (A.4a)

Z Cqaly! = PUa (A.4Db)

q
D CanCasdy! = Dotobap + duaug (A.4c)

q
After Taylor expansion of the left side of Eq. (A.2) up to a second order (i.e.
the derivatives of order higher than three do not significantly affect the macroscopic

behaviour [51]), the LBE for the population g (A.2) can be written as follows:

At)? — 94
AHO+ conda)ga + 2D (D, + cqudn) g = — <M) (A.5)

2 Ty

After cancelling At from both sides of the above equation, eq. (A.5) can be rewritten
as:
9q — 95"

At
(0 + ¢4a0a)gq + = (O + Cga0a)*gq = — <W) (A.6)

The expansions of g, around géo) (ie. gg?), O, and 0, in terms of € as the expansion

7



parameter can be represented as:

9q = 95V + eglM) + g (A.7a)
0, = e + 2o (A.7h)
Dy = 0V (A.7c)

Please note that the expansions of g, and 0, are considered only up to a second order
in ¢, as we are interested in the second order analysis (i.e. O(€?)) of the LBE (A.6) to
recover Eq. (2.1c). Considering this simplification, the spatial derivative 9, is labelled
without any expansion in terms of € to be consistent with the remaining terms in eq.
(A.6) [51]. In Eq. (A.7b), ) and #®) represent the convective and diffusive time
scales, respectively.

The solvability conditions obtained based on the conservation of phase field pa-

rameter (i.e. ¢) can be written as follows:
> g =0 (A.8)
q

Inserting all the expansions represented by the set of equations (A.7) in Eq. (A.6)

as follows:

(€0 + 20 + cued D) (g + eglV + ¢?)
At

+ 5 (0 + 0 + et (9 + gl + g?)

_ <(gé”+ et + ) —9%”) (A.9)

ToAL

From the above equation, compare the coefficients of € and €2 on both sides as follows:

(1)

oM _ 4
Ofe): &, (géo))+cqaa§)(g§0’)——quAt (A.10a)
At
O+ 7(gf") + 01 (9f") + candD(9f") + 50 + canl) g}
9"
= - A.10b
TaAt (A-10b)
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The term %(@(1) + cqa(?&l))Qgéo) in Eq. (A.10b) can be simplified as:

At
2

At

T + a0 V)29 = . (0 + cgudP) (O + cgudV) gl

The term (8( —|—cqaf)(l ) ' in the above equation can be substituted from eq. (A.10a)

as follows:
2 t g~ o q 9 t g~ o TgAt
L oo 1y (1
== o7, (07 + ana(gz ))gé )

Following this simplification, Eq. (A.10b) can be rewritten as follows:

. e
o + (1= 5 ) o6l + el a)| =~ ()

Taking the zeroth moment (i.e. multiplying by 1 and then summing over ¢) of
Eq. (A.10a) and using the solvability conditions (A.8) along with the moments of gS,O)
(A.4), Eq. (A.10a) can be simplified as:

(1)(2 QSO)) + a&l)(z angéo)) _ (;:/ng@’f;

0

ToAL

OV (9) + 00 (pua) = 0 (A.12)

Similarly, Eq. (A.11) can be simplified as follows:

OMWAE w(1- 5 ) [ >0+as><chagg”>}

q q
0
o (ogga)
N ToAL
a7 (¢) + (1—2—%)01 Zcqagq = (A.13)

The only unknown variable in Eq. (A.13) is gél). gél) can be obtained from Eq.
(A.10a) as

g = —r,At {@(”(950)) + Cad) (950))} (A.14)
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Substituting Eq. (A.14) in Eq. (A.13) and again using the moments (A.4), Eq. (A.13)

can be further simplified as follows:

82 (6) + (1—i)< AN [f% <Zcqag§°>>+a<”<ZcqacqﬁgéO>>' 0

2T,
g q

1
875(2)@5) + (1 ~ 5 )( T,At) 0 oW { Zcqag(o) + 8 Zcqacqﬁgq =0
g |

o0+ (1 5 ) (-maneld [aﬁ”wua) 40 (Coptghns + dugus)| =0 (A.15)

Tg

In Eq. (A.15), assume Z = 9" (¢ua) + O (duaus) and ZT = 85 (Typ1404p).

The term Z can be simplified as:
T = uad) " (¢) + 60 (ua) + 05 (Puaus) (A.16)

During the Chapman-Enskog analysis of the Navier-Stokes equation in our case, the
coefficient obtained by taking the first moment of O(¢) terms can be simplified for

the incompressible flow as follows [51]:

oM (puy) + 8 (P /3 + puqug) =0

0 0
PO (o) + uadl” (p) + 05 (PI) + ua%% + pupdy e + puadiiip =0 (A7)

Now, using the coefficient obtained by taking the zeroth moment of O(e) terms, the
term 8t(1)(,0) in Eq. (A.17) can be simplified as:

o) (p) =~V (pua)

0 0
= PO+ oy OG7)

=0 (A.18)
Following this simplification, Eq. (A.17) can be further resolved as follows:

a(l) Pth
0 (ug) = — (%“ﬂ) + uBag”ua) (A.19)
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Substituting Eq. (A.19) in Eq. (A.16), the final expression for Z can be obtained as:

(b (P W%‘F uaubﬁ( Db +W

I:%dW@—p
0

toudPu;  (A20)

Here, the value of 8f1)(¢) can be obtained from Eq. (A.12) as follows:

oY (¢) =~ (up)
1 O 1
— (0P 5 + usd o)

Using this identity, Eq. (A.20) can be rewritten as:

T = —uassth5 - S0 (PL) + ntts

¢

péé”(}ﬁ%) (A.21)

Here, Potfé is the thermodynamic pressure tensor and it can be represented as 85PO€% =

[0(Fp11) + P(Os1) + ¥ (Dphte)]0as
We assume that the mobility coefficient of ¢ is constant because of the constant

M. The simplification of the term Z7 can be represented as follows:

1T = 05 (T p1g0as)

= O (Typy)

= T,0 (1) (A.22)

Please note that throughout the simplification of terms Z and ZZ, the time derivative
expansions of quantities are replaced by the space derivative expansions as these
time derivative expansions are not the time derivative itself and the space derivative
expansions are used as the space derivative itself because these are simply labelled

without any expansion in terms of € to be consistent with the simplification of terms

81



in the LBE (A.2). Putting the final expressions Eq. (A.21) and Eq. (A.22) of Z and
Z7 in Eq. (A.15) and then it can be simplified as:

087(0) = (3 ) dveld |~ Co (P25 + 10l )| =0
52(9) = ( - —)At [a ( - %a;”(P;%)) " mazg”w)} (A.23)

Rewriting the equations (A.12) and (A.23) with the common factors € and €,
respectively, as:
ed" (9) + eV (guq) = 0 (A.24)
1
20" (¢) = (Tg - —) At {ea (— %eag”(P;;;)) + 0D (e (1g))|  (A.25)
Combining Eq. (A.24) and Eq. (A.25) and reversing the derivative expansions rep-

resented by Eq. (A.7b) as well as Eq. (A.7c), the Cahn-Hilliard equation for ¢ can

be recovered as follows:

(0 + 20 (¢) + (€0 (pug) = [(Tg _ —) AtedV ( - %eag”wg[;))

(70~ ) AT aedl (0 )
0r0) + 0,00 = | (7 3 ) svau - Zan(rty )

+

+ M2 (%)} (A.26)

Where the mobility of ¢ can be represented as M, = I'y (Tg — %) At.

In Eq. (A.26), the extra term 8a( - %85(P£%)> is considered as the spurious
term and this term is Galilean-invariant; however it has no relation with the fluid
velocity at all [85]. In addition, this term arises due to the way the non-ideality of
the fluid is introduced and it has the second order derivative of P (i.e. 9a(93(PL)))
than 85(Pé%), which is in the Navier-Stokes equation. During the linear perturbation
analysis of hydrodynamic modes in Fourier space for a quiescent fluid, Kendon et

al. [85] showed that the coupling between ¢ and p can be neglected in the limit of
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incompressibility of fluid. Considering this observation, we can ignore the effect of

this extra term and write the recovered Cahn-Hilliard equation for ¢ as follows:

O (9) + Oa(Pua) = My2, (11g) (A.27)

Following the procedure described for the Chapman-Enskog expansion of the LBE
for the population g representing ¢, we can recover the Cahn-Hilliard equation for
¥ (2.1d) by doing the Chapman-Enskog expansion of the LBE for the population h

representing ¢ within the limit of incompressibility of fluid.

A.2 The Chapman-Enskong expansion of the LBE
for the order parameter representing the den-
sity of fluid mixture

Here, we do not represent the derivation of the Champman-Enskog expansion of the
LBE of the population f representing p to obtain the continuity and the Navier-Stokes
equations in the present study, as the reference of this derivation for the BGK collision
operator [93] considering the pure system can be found in Chapter 9: Multiphase and
Multicomponent Flows [51].

Similarly, one can find the simplification of the Champman-Enskog expansion of
the LBE of the population f given by Kendon et al. [85] for the pure system. The
differences between the surfactant-laden system in our case and the pure system
studied in [85] are the formulation of the divergence of P! and the use of the MRT
collision operator for the population f, which do not introduce any new terms and the
Chapman-Enskog expansion of the LBE of the population f will recover the similar

expression of the Navier-Stokes equations in the present study, as derived by Kendon
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et al. [85]:

2
O(pua) + 9s(puqus) = —0sPLls + 95 [py (aau/5 + Ogug — gavuvéag) + pugﬁvuvéa/g}

- 371/85 (Uaawpgzem + Uﬁavpac:em + uvavpo(fgem)

— %Ggav(puau/guv) (A.28)
Here, vp is the bulk viscosity and assumed as vg = (2v/3) [85]. Also, the similar
Navier-Stokes equations with additional terms were obtained during the derivation
for the pure system by [51] as well.

The terms on the second and third lines of Eq. (A.28) are the additional terms in
the original Navier-Stokes equation. The term on the third line of Eq. (A.28) is a non-
Galilean-invariant term and is related to the fluid velocity. This term can be neglected
because u, < ¢ is usually the case for the multiphase flows [51]. The term on the
second line of eq. (A.28) is not Galilean-invariant but according to [85], this term can
be decomposed into the Galilean-invariant and non-Galilean-invariant terms. The
Galilean-invariant term is the product of gradients of the chemical pressure tensor
and the velocity, these product terms are small compared to the linear product terms
present in the first line of eq. (A.28). When these product terms become weak,
both Galilean-invariant and non-Galilean-invariant terms can be neglected under the
condition that all hydrodynamic fields vary smoothly on the lattice scale. Following

these considerations, the Navier-stokes equations (2.1b) can be recovered.
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Appendix B: MRT matrices

The transformation matrix M derived following Ref. [94] reads:

1 1 1 1 1 1 111 1 1 1 1 1 1 1 1 1 1
-30 -11 -11-11-11-11-11 8 8 8 8 8 8 8 8 8 8 8 8
2 -4 -4 -4 -4 -4 -41 1 1 1 1 1 1 1 1 1 1 1
0 1 0 -1 0 0 0 1 -1-11 1 -1-11 0 0 0 O
0 —4 4 0 0 0 0 1 -11-11-11-10 0 0 0
0 0 1 0 -1 0 o0 1 1 -1-10 0 0 0 1 —-1-11
0 0 0 —4 4 0 o 1 1 -1-10 0 0 0 1 -1 1 -1
0 0 0 0 0 1 -1 0 00 01 1 -1-11 1 —-1-1
0 0 0 0 o -4 4 00 0 0 1 1 -1-11 1 -1-1
0 2 2 -1 -1 -1 -111 1111 1 1 -2-2-2-=-2
0o —4 2 -4 2 2 2 1 11 1 1 1 1 1 —-2-2-2-=-2
0 0 0 1 1 -1 -11 11 1-1-1-1-10 0 0 O
0 0 0 -2 -2 2 2111 1-1-1-1-10 0 0 O
0 0 0 0 0 0 o 0 1 -1-11 0 0 0 O O O O
0 0 0 0 0 0 o 0 0 0 0 0 0 O O 1 -1-11
0 0 0 0 0 0 o o0 0 0 0 1 -1-11 0 0 0 O
0 0 0 0 0 0 0 1-11-1-11-11 0 0 0 O
0 0 0 0 0 0 0O -1-11 1 0 0 0 O 1 1 —-11
0 0 0 0 0 0 o o o0 o0 0 1 1 -1-1-1-111

The relaxation matrix S is diagonal in the moment space
S - dlag(07 Sey Se 07 qu 07 qu Suy Sy Sy Sy Sy Suy Suy Smy Smyy Sm) (Bl)

where the relaxation rates other than s, are chosen as follows: s, = 1.19, s, = s, =
14, s, =1.2 and s,, = 1.98. These values were obtained by Lallemand and Luo [102]
using linear analysis to achieve optimized stability of the model.

The kinematic viscosity v of the system which is calculated using Eq. (2.72) defines

)

the relaxation rate s, as follows:
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