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Abstract

Imposing constraints on the class of the available self-financing strategies
may eliminate the possibility of using replicating or superhedging strategies,
which leads to the problem of partial hedging. In the present work, the partial
hedging problem is investigated from the viewpoint of the contingent claim
seller who aims to minimize the shortfall risk through dynamic hedging un-
der the constraint on the initial capital. The shortfall risk is measured via
conditional value-at-risk, a coherent quantile risk measure. Another problem
consists in finding a strategy that minimizes hedging costs under a constraint
on conditional value-at-risk of the hedging portfolio. In a complete market,
an explicit algorithm for constructing the optimal hedging strategy in both
problems is presented, along with a number of detailed illustrations. In the
incomplete case, the optimal solution is no longer explicit, however a cer-
tain generalization of the Neyman-Pearson lemma may be used to deduce the
general structure of the optimal strategy. Some of such generalizations as-
sume weak compactness of the set of densities of equivalent sigma-martingale
measures. We show that this requirement is in fact never satisfied in the in-
complete market setting and provide detailed discussion of the matter in both
the discrete- and continuous-time cases. Finally, we demonstrate how path-
wise comparison can be used in the problem of approximate option hedging
and pricing, and we illustrate the approach in the framework of the constant

elasticity of variance model.
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Chapter 1

Introduction

This thesis is composed of several relatively independent parts which repre-
sent the areas of research that I have been involved in during my stay at the
University of Alberta.

The first part has been my primary focus of study and relates to the prob-
lem of partial hedging of contingent claims with conditional value-at-risk cho-
sen as the performance criterion. The problem naturally arises in situations
where the claim seller is unwilling to engage in a perfect hedging or a super-
hedging strategy due to the high cost of the such. By limiting the initial capital
from above, we restrain the class of the available self-financing strategies and
we then search for a strategy that is optimal in the sense of minimizing con-
ditional value-at-risk of the hedging portfolio at the terminal moment of time.
It turns out that in a complete market model the optimal strategy can be de-
duced in a semi-explicit fashion in terms of randomized tests by utilizing the
Neyman-Pearson lemma in conjunction with a certain representation theorem
for conditional value-at-risk. This method is also applicable to the dual prob-

lem in which the required initial capital is minimized subject to a constraint



on the conditional value-at-risk. In the incomplete market setting, the optimal
strategy can no longer be found explicitly, however by using duality methods
for state-dependent utility functions it can be shown that the solution still has
the typical 0-1 structure.

The second part presents a joint research with Alexander Melnikov and
Vladislav Krasin and is devoted to the problem of finding option price bounds
in diffusion models via the path-wise comparison theorem. To illustrate the
approach, we derive the upper price bound explicitly for a call option in the
framework of the constant elasticity of variance model and compare precision
of our estimate to the distribution-free approach. We show that our method
provides highly precise price bounds for in-the-money options and can also
be viewed as an alternative to the existing numerical methods of computing
option prices in the constant elasticity of variance model for extremely short
maturities.

Last but not least, this thesis questions weak L'-compactness of the family
of densities of equivalent sigma-martingale measures. To our knowledge, this
topic hasn’t been studied in detail in existing literature, yet it carries signif-
icant meaning for the problems of composite hypotheses testing that arise in
partial hedging problems since certain duality methods require the aforesaid
set of densities to be compact in L. We show that this set is never closed in
an incomplete arbitrage-free market due to the violation of measure equiva-
lence of the limit measure, both in discrete- and continuous-time settings. We
also investigate the discrete-time case thoroughly and find other reasons for
non-closedness and the lack of relative compactness of the set of densities of

equivalent martingale measures.



1.1 Outline

The dissertation is divided into five chapters. Chapter 1 introduces the reader
to the notion of conditional value-at-risk and its characteristic properties, the
Neyman-Pearson lemma with some of its generalizations, and a certain version
of the path-wise comparison theorem.

Chapter 2 contains our main theoretical results regarding the problem of
CVaR-~optimal partial hedging. We first pose the problem of conditional value-
at-risk minimization under a capital constraint in a complete market setting
and demonstrate how the optimal partial hedging strategies can be constructed
semi-explicitly. Next, we consider the the dual problem of hedging costs min-
imization under the conditional value-at-risk constraint, where the solution
can also be derived in a straightforward way. Finally, we briefly discuss the
general structure of the optimal solution in the incomplete market setting.

In Chapter 3, we present several illustrations of our approach in complete
market models: the Black-Scholes model, the telegraph market model, and the
problem of hedging a unit-linked life insurance contract in the Black-Scholes
setting.

The path-wise comparison theorem and its applicability to mathematical
finance are discussed Chapter 4, where the explicit option price bounds and
the approximate hedging strategy are derived in the framework of the con-
stant elasticity of variance model, and performance of the suggested method
is compared numerically to the distribution-free approach.

Finally, Chapter 5 contains full proofs of several auxiliary results, including
the detailed investigation of the reasons for non-compactness of the family of

densities of equivalent sigma-martingale measures.



1.2 Conditional value-at-risk and other quan-
tile risk measures

The primary purpose of this introductory section is to familiarize the reader
with the notion of conditional value-at-risk, outline its main characteristic fea-
tures and point out its key distinctions from the related quantile risk measures
(which in practice get often mixed up and are used interchangeably).

Before we start off with formal definitions, let us note that conditional
value-at-risk (or, as the practitioners prefer to call it, the expected shortfall)
has recently become the central topic of attention in the banking industry. In
the consultative document by [Basel Committee on Banking Supervision, 2012
(the outline for “Basel 3.5”), it is suggested to move away from the VaR-based
methodology of estimating the required regulatory capital and adopt expected
shortfall as a unified risk metric in both the standardized and the internal-

model approaches. Quoting the above document,

“A number of weaknesses have been identified with using value-at-
risk (VaR) for determining regulatory requirements, including its
inability to capture tail risk. For this reason, the Committee has
considered alternative risk metrics, in particular expected shortfall
(ES). <...> Accordingly, the Committee is proposing the use of
ES for the internal models-based approach and also indends to
determine risk weights for the standardised approach using an ES

methodology.”

Concerning the aforementioned “weaknesses” of value-at-risk, we refer to

[Sarykalin et al., 2008] for a detailed survey of properties of value-at-risk and
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conditional value-at-risk in risk management and optimization problems.

In this section, we consider a probability space (€2, F,P) and a choice-
dependent F-measurable random variable L = L(z) characterizing the finan-
cial loss contingent upon the choice of strategy x € X, where X is the set of
all available strategies. We require that E (|L(z)|) < oo for all z € X.

Denote the lower and upper a-quantiles of L(z) by L) (z) and L) (z)

respectively:

Ly =L(z)=inf{teR : P(L<t)>a}, (1.1)

L@ =L9)=inf{tcR : P(L<t)>a}. (1.2)

For a given strategy x € X and a fixed confidence level a € (0,1) with
typical values close to 1, value-at-risk (VaR) at the confidence level « is defined

as the upper a-quantile of the loss distribution:
VaR®(L) = L@, (1.3)

In other words, VaR at confidence level « is the smallest number A\ such that
the probability that the loss exceeds A is not larger than (1 — «).

Following [Acerbi and Tasche, 2002a|, we define conditional value-at-risk
(CVaR) at the confidence level «, also known as expected shortfall (ES) or

average value-at-risk (AVaR), as

CVaR*(L) = - ! — (B (Lpopen ) + L@ (1=a =P (L > L)), (14)




where 14 is the indicator of event A € F:

1, weA,
lA(w) = 1A - ¢ A (15)
0, w .

Alternatively, CVaR can be defined as a mixture of VaRs evaluated at varying

confidence levels (see the definition of AV@QR in Follmer and Schied [2011]):

1 ! 1 !
CVaR*(L) = - / L®Pdp = / VaRP(L)dp, (1.6)

— l—«

or as the mean of the a-tail of a suitably modified distribution (see the defi-
nition of CVaR in Rockafellar and Uryasev [2002]).

Conditional value-at-risk is closely related to the notions of tail conditional
expectation (TCE) and worst conditional expectation (WCE). Lower TCE,
also known as conditional tail expectation (CTE) or tail value-at-risk (TVaR),
is the conditional expectation of loss above the upper a-quantile of the loss

distribution:
TCEL(L)=E(L|L>L“)=E(L|L>VaR*(L)). (1.7)

Similarly, upper TCE is the conditional expectation of loss above the lower

a-quantile of the loss distribution:
TCE*(L) =E (L | L > L(a)) . (1.8)

Worst conditional expectation is defined as in [Artzner et al., 1999] (up to a



discount factor):

WCE, (L) =sup{E(L | A): Ae F,P(A) >1—a}.

Proposition 1.1 (Acerbi and Tasche [2002b]):

TCE*(L) < TCEL(L) < CVaR*(L),

TCE*(L) < WCE4(L) < CVaR*(L).
Proposition 1.2 (Acerbi and Tasche [2002b)]):
CVaR*(L) = WCE,(L) = TCE,(L) = TCE*(L)
iof and only iof

P(LZL(Q)):l—Oz,

P(L> L") >0

or

P({L> Ly} N {L# L)) =0

Proposition 1.3 (Acerbi and Tasche [2002b]):
CVaR®(L) = TCE4(L)

if and only if
P(L>L")=1-a

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)



or

P(L> L) =o0. (1.18)

Propositions 1.2 and 1.3 imply that if L is a continuous random variable,
CVaR coincides with TCE and therefore equals the conditional expectation
of the a-tail of the loss distribution. However, the difference between CVaR
and TCE becomes immediately apparent once we consider a discontinuous
loss distribution. TCE and other tail risk measures like VaR and WCE are
generally not continuous with respect to the confidence level a, hence changing
the confidence level by a small amount may cause drastic jumps in their values.
In contrast, CVaR is continuous with respect to « regardless of the underlying

loss distribution.

Proposition 1.4 (Acerbi and Tasche [2002b]): For any real-valued random
variable L satisfying E (|L|) < oo, the mapping o — CVaR*(L) is continu-
ous on (0,1).

Another prominent property of CVaR is that it is a coherent risk measure

(in the sense of the definition given in Artzner et al. [1999]).

Proposition 1.5 (Acerbi and Tasche [2002b]): Consider a fized o € (0, 1) and
a set V of real-valued random variables on (2, F,P) such that E (|L]) < oo
forall L € V. Then p: L — R with p(L) = CVaR*(—L) is a coherent risk

measure, i.e. it 18:

1. monotonic': Ly, Ly € V, L1 < Ly = p(L1) = p(Ls);

2. sub-additive: Ly, Ly € V = p(Ly + Lo) < p(L1) + p(L2);

! Alternatively, the monotonicity property can be formulated as L € V, L > 0 = p(L) < 0.



3. positively homogeneous: L € V,h > 0= p(hL) = hp(L);

4. translation invariant: L € V,a € R = p(L+a) = p(L) — a.

Note that TCE and VaR fail to be coherent since they are not sub-additive.
Violation of the sub-additivity property contradicts the diversification princi-
ple, hence the use of a non-sub-additive risk measure to quantify risk where
the loss distribution is not absolutely continuous is questionable at best. WCE
is coherent but it is initially defined in a way that makes it highly impractical
to use it in applications.

It turns out that it is possible to compute both VaR and CVaR simul-
taneously by solving a certain one-dimensional convex optimization problem
which is presented in the theorem below. For simplicity of notation, we shall
use VaR“(z), CVaR(z) and VaR“(L(z)), CVaR*(L(z)) interchangeably in

what follows.

Theorem 1.1 (Rockafellar and Uryasev [2002]): As a function of z, function

Folx,z)=z+

E ((L(z) —2)"), (1.19)

11—«

where y* = max{0, y}, is finite and convex (hence continuous), and

CVaR%(z) = miﬂg F,(z,2), (1.20)
zE
VaR%(z) = min{y : y € argmin_p F,(x,2)}. (1.21)



In particular, one always has

VaR%(z) € argmin, g Fy,(z, 2), (1.22)

CVaR%(z) = F,(z, VaR%(z)). (1.23)

An evident yet important corollary is that the problem of CVaR mini-
mization over the set of available strategies may be expressed as a problem of

F,(z, z) minimization.
Corollary 1.1.1: Minimization of CVaR“(x) over the strategy set X is equiv-
alent to minimization of F,(x, z) over X x R:

IIll)I(l CVaR*(z) = minmin F,(z, z). (1.24)
Te

zeX zeR

1.3 The generalized Neyman-Pearson lemma

Consider probability measures P* and QQ on a measurable space (€2, F) defining
two distinct distributions. The problem in question is to discern between these
distributions based on a single observed outcome w € ). Measure P* shall be
referred to as the (simple) null hypothesis, and Q shall correspond to the
(simple) alternative hypothesis.

One of the ways of approaching this problem is to search for a solution
in the form of a pure test — a rule that unambiguously defines the choice
between the two measures for each elementary outcome. Such rule can be
naturally expressed as a random variable ¢ : Q — {0,1}, which rejects P*

when p(w) = 1. For a given test ¢, the probability of type-1 error (rejecting P*

10



when it is true) can be calculated as P*(p = 1), and the probability of type-II
error (accepting P* when it is false) can be calculated as 1—Q(p = 1). Since in
general it’s impossible to minimize both error probabilities at the same time,
the usual method is to choose a significance level a € (0,1) and minimize the
probability of type-II error while ensuring that the probability of type-I error
does not exceed a:

Q(¢p =1) — max,

PERy

(1.25)

where R, is the set of all pure tests on (€2, F). Note that minimizing the
probability of type-II error is equivalent to maximizing the power of the test,
i.e. the probability of rejecting P* when it is false.

Assume that there is a third measure P on (€2, F) such that both P* and Q
are absolutely continuous with respect to P, and denote the Radon-Nikodym
derivates of P* and Q by

dP 7 dQ

e =gp =g

(1.26)

The classic Neyman-Pearson theory provides the optimal likelihood-ratio test

@ in terms of Zp« and Zg for problem (1.25):
0 = a zp <25} (1.27)
provided that there exists such a > 0 that

P* (- Zp < Zg) = a. (1.28)

11



In the case when the underlying distributions are absolutely continuous, it is
always possible to find a positive a that solves (1.28). However, in general the
solution is not guaranteed to exist (in the form of a pure test) for any given
a.

To ensure that the optimal test can be constructed for any significance
level, the class of available tests has to be extended to include the randomized
tests. A randomized test is defined by a random variable ¢ : Q — [0,1], and
for each observed outcome w € € it rejects P* with probability ¢(w). The

probability of type-I error can then be expressed as

Ep- () = / (WP (dw), (1.29)

and the power of the test equals

Eg(p) = / () Qdw). (1.30)

Denote the set of all randomized tests on (2, F) by R (evidently, R, C R).

Similar to (1.25), the following problem is considered:

E
olp) — max,

(1.31)
Ep-(p) < .

Theorem 1.2 (Cvitani¢ and Karatzas [2001]): Problem (1.31) admits a solu-

tion for any a € (0,1), and the optimal randomized test ¢ has the form

¢ = Yazp<zgy 7 Yazp =24}, (1.32)

12



where

a=inf{a>0:P" (a-Zp < Zy) < a} (1.33)

and
_&—P*<&'ZP*<ZQ)
TS TP Ze = Zg)

(1.34)

The Neyman-Pearson lemma can also be generalized to account for com-
pound hypotheses. Consider the problem of discriminating a family P* of
probability measures on (Q, F) (compound null hypothesis) against another
family Q of probability measures on (2, F) (compound alternative hypothe-
sis). The objective is to minimize the probability of accepting P* when it is
false (type-II error) under the condition that the probability of rejecting P*
when it is false (type-I error) is less than a given significance level a € (0, 1).
Same as before, we search for a solution in the form of a randomized test
¢ : Q — [0,1] which rejects P* when ¢(w) = 1, and we denote the class of
such tests by R. The problem is then to maximize the smallest power of a
randomized test over all tests of size less or equal to «a:

inf Eg(¢) — max,

QeQ R
© o (1.35)

sup Ep«(¢) < a.
P*eP

Let all P* € P* and Q € Q be absolutely continuous with respect to a proba-

bility measure P and denote

dP 7 dQ

= T

A solution to problem (1.35) when the set of densities Zp+ is compact was

13



suggested in [Rudloff, 2006] (a more recent published result can be found in
Karatzas and Rudloff [2010]). Denote also the o-algebra of all Borel sets of
Zp« with B, the set of all finite measures on (Zp«, B) with A, and the closure
of the convex hull of densities Zg with respect to the norm topology in L'

with c0Q.

Theorem 1.3 (Rudloff [2006]): Let Zp« be a compact set. Then problem
(1.35) admits a solution for any a € (0,1), and the optimal randomized

test @ has the form

0, Zg< [p. Zp-d),

Q= (P-a.s.) (1.37)
1, Z@ > I,P* Z[[D*dA7
with
Ep-(p) = a, A-a.s., (1.38)
where (@, ;\) 18 a solution to the dual problem
+
Ep ((ZQ — /P* Z]p*d)\) ) +aX(Zps) — et (1.39)

Corollary 1.3.1: The optimal randomized test @ in Theorem 1.3 can be

expressed as
P=Vgp 2oy ¥ Yz op zeas) (1.40)

where random variable v € R is chosen to satisfy condition (1.38).

The above result plays a central role in the problems of composite hy-
potheses testing and partial hedging in incomplete markets in the papers

[Rudloff, 2006], [Rudloff, 2005] and [Rudloff, 2009], with P* being the set of

14



equivalent sigma-martingale measures. However, the authors fail to notice the
fact that in this case the set of densities Zp« is never compact, except when
P* is a singleton, which corresponds to the complete market case. The for-
mal statement of this fact and the full proof can be found in Theorem 5.4
in Section 5.1. In a more recent paper by [Karatzas and Rudloff, 2010], the
compactness assumption has been replaced with a weaker requirement of weak
compactness. However, the set of densities of equivalent martingale measures
is not weakly compact either (see Section 5.1), which makes this version of the
Neyman-Pearson lemma hardly usable in mathematical finance in the incom-
plete market setting.

Therefore, we need to consider a more general version of the Neyman-
Pearson lemma (or a result of the similar type) which does not require com-
pactness. A corresponding theorem based on duality approach with respect to
a state-dependent utility function shall be presented in Section 2.4 (Theorem
2.3) when we consider the problem of minimizing conditional value-at-risk in

the incomplete market case.

1.4 The path-wise comparison theorem

In this section, we shall briefly quote a somewhat intuitive and a well-known
statement in the theory of stochastic processes known as the path-wise com-
parison theorem, which we shall use in Chapter 4 to find an upper price bound
an construct a corresponding approximate hedging strategy. Informally, the
comparison theorem states that if two stochastic processes are driven by the
same underlying process and have the same volatilities, the dominance of drifts

leads to an almost-sure dominance of trajectories. As there exist many ver-

15



sions of the same result, we shall present one of the earliest ones suggested in

[Yamada, 1973].

Theorem 1.4 (Yamada [1973]): Consider the following two stochastic differ-

ential equations:

where p,(t, ), p,(t,z) and o(t,x) are continuous in (t,r) on Ry x R, and

there exists a positive increasing function p(u), u € Ry such that

and

/R p~ 2 (u)du = oo, (1.44)

and, moreover,
ua(t,7) < iy (t2), V(tx) Ry xR (1.45)

Under these conditions, Xy = Yy implies X; < Y; a.s. for everyt € R,.

16



Chapter 2

CVaR hedging: the theoretical

results

In a complete financial market every contingent claim with payoff H delivered
at time ¢t = T  can be hedged perfectly: given the sufficient amount of the initial
wealth, an agent who holds a short position in claim H can construct a hedging
portfolio (Vg,&,) that will replicate the liability without risk, that is, Vpr = H,
a.s. In an incomplete market not all claims are attainable and the equivalent
risk-neutral measure is no longer unique, which makes the perfect hedging in
general not possible; however, one can still stay on the safe side by employing
the superhedging strategy (Follmer and Leukert [1999]). Whatever the case,
the cost of both perfect hedging and superhedging is commonly regarded as
unreasonably high from a practical point of view.

The problem of partial hedging is to construct a portfolio that minimizes
the risk of the difference L = H — Vi subject to a constraint on the initial
wealth. The efficiency and consistency of such an approach depend to a great

extent on selecting a specific way of quantifying the risk. For instance, one

17



of the most studied methods known as quadratic hedging suggests minimizing
the quadratic error E (L?). Despite its simplicity, this method has obvious dis-
advantages since the quadratic risk measure does not distinguish between loss
and profit and equally penalizes both. Another method, known as quantile
hedging, involves maximizing probability of a successful hedge P (L < 0) (see,
for instance, Follmer and Leukert [1999] or Cvitani¢ and Spivak [1999]). This
approach was generalized in [Féllmer and Leukert, 2000] to address the prob-
lem of minimizing the expected shortfall E (LT) and, more generally, E (I(L"))
for an arbitrary loss function I(-).

We address the problem of partial hedging by minimizing conditional value-
at-risk (CVaR) of loss at the terminal moment of time. Conditional value-at-
risk is a quantile downside risk measure which is rapidly gaining popularity
among professionals in both risk management and insurance and boasts many
mathematically attractive features (it is a coherent quantile risk measure con-
tinuous with respect to the confidence level, see Section 1.2 for details). Our
main objective in this section is to derive a dynamic hedging strategy which
minimizes conditional value-at-risk associated with loss L subject to a con-
straint on the initial wealth; we also consider the dual problem: minimization
of hedging costs subject to a constraint on CVaR. Note that a somewhat
related problem was investigated in [Li and Xu, 2008] from the optimal in-
vestment point of view: minimization of CVaR when the returns are bounded;
however, in the present work we focus mainly on derivatives hedging under
capital constraints and the related applications.

In the following sections we suggest a method which can be used to con-
struct CVaR-optimal hedging strategies explicitly in complete market models,

which will be illustrated in the examples provided in Sections 3.1 and 3.2. We
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also provide the general structure of the solution for the problem of CVaR
minimizaiton in the incomplete market case.
Note that the Sections 2.1, 2.2 and 2.3 are largely based on a recent article

by [Melnikov and Smirnov, 2012].

2.1 Problem setup in the complete case

Let the discounted stock price! be governed by a stochastic process X = (X;)
on a standard stochastic basis (€2, F, (F¢):cjo,r1, P) with a fixed time horizon
T > 0 and Fy = {0,Q}.

A self-financing strategy is defined by initial wealth V; > 0 and a pre-
dictable process & = <€t)te[0,T] which indicates the holding in the stock and
essentially determines the portfolio dynamics. For each strategy (Vp,&) the

corresponding value process V; is defined as
t
Vi=W +/ £dXs, Vtel0,T]. (2.1)
0
We shall call a strategy (Vp, &) admissible if it satisfies
Vi>0, Vtel0,T], P-as, (2.2)

and we shall denote the set of all admissible self-financing strategies by A.
Consider a contingent claim whose discounted payoff is an Fr—measurable

non-negative random variable H € L'(P). In a complete market there exists

Tt is implicitly assumed that there is a freely tradable risk-free asset in the market whose
returns are known in advance; this asset’s future prices determine the associated discounting
factors. In the ‘discounted’ world where the stock price and all payoffs are discounted, the
risk-free asset has zero return so it can be essentially viewed as cash.
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a unique equivalent risk-neutral (martingale) measure P* ~ P, under which
the discounted stock price is a martingale, and construction of a perfect hedge
is possible for any contingent claim. According to the risk-neutral valuation
theory, the perfect hedging strategy requires allocating the initial wealth in

the amount equal to the fair price
Hy=E"(H), (2.3)

where E* denotes the expectation with respect to the risk-neutral measure P*.
The first problem that we shall investigate relates to the following question:
what is the “best” hedge for H that can be achieved if the available amount of
the initial wealth is limited from above by V; € (0, Hy)? To specify the exact
meaning of “best”, we shall use the notion of conditional value-at-risk.
We define loss from the viewpoint of the claim seller who hedges a short
position in H with portfolio (Vy, £), thus the realized loss at time T equals the

claim value less the terminal value of the hedging portfolio:
T
L(Vo,§)=H —-Vp=H -V, — / €. dXs. (2.4)
0

For a fixed confidence level o € (0,1), our problem is to find an admissible
strategy (Vp, &) which minimizes conditional value-at-risk CVaR®(Vj, £) asso-
ciated with loss L(Vj, £) while using no more initial wealth than V.

Another question relates to the dual problem: what is the least amount of
the initial wealth that we have to allocate in order to keep CVaR of a given

confidence level below a certain threshold?
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2.2 Minimizing conditional value-at-risk

In this section we develop a method of constructing the optimal hedging strat-
egy for the problem of CVaR minimization subject to a constraint on the initial
wealth:
CVaR*(Vp, &) — (VE{?)%A’ .
Vo < Vo
Denote by Ay, the set of all admissible strategies satisfying the wealth con-

straint:
Ay ={(%,8): () € AV < Vi b (2.6)

0

According to Corollary 1.1.1, problem (2.5) is equivalent to

F,((V5,€),2) — min min. 2.7
(0.6).2) —  min, i 1)

Recall that F, is defined by (1.19) and the loss function for this problem is

given by (2.4), so (2.7) becomes

zZ +

E((H = Viyp — 2)* in  min. 2.8
— E(( - 2) )H(VOTBELVO%Q (2.8)

Let us introduce an auxiliary real-valued function

! min E((H-Vr—2)"), (2.9)

clz) =2+
( ) 1 — X (Vo,g)E.AVO

so that

in  CVaR®(Vp,€) = mi . 2.10
By, OV (Vo,€) = min c(2) (2.10)
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Assume that for each z € R the minimum in (2.9) is attained at (Vp(2),£(2))

and that c¢(z) reaches its global minimum at point Z:

i, E((H-Vy—2)*) =E ((H —Vr(z) — z)+) . (211
riiél c(z)=c(2). (2.12)

~ ~

Then strategy (Vo, &) = (Vo (2),€ (%)) is the optimal strategy for (2.5):

min  CVaR*(Vj, €) = CVaR*(V, (2),€ (2)). (2.13)
(Vo.8)eAy,

The definition (2.9) of function ¢(z) is not immediately helpful as it contains ex-
pected value minimization. Deriving a closed-form expression for (Vy(2), £(2))
for each z or, equivalently, deriving an explicit expression for ¢(z) would al-
low us to reduce the initial problem (2.5) to a problem of one-dimensional
optimization with respect to z.

~

For each z, strategy (Vo(z),£(2)) is a solution for the following problem:

E(H—-Vy—2)7T) — i 2.14
(Ve =27 = i, 21

Since H and Vi are both non-negative, (2.14) can be rewritten as
E(((H-z)%"=Vr)") — min . (2.15)

(Vo,£)eAy,

Moreover,
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where p(z) : Q — [0, 1] is such an Fp-measurable random variable (“success
ratio”) that

o(z)(H—=2)"=Vr A (H—2)". (2.17)

It is shown in [Follmer and Leukert, 2000] (Theorem 3.2) that problem (2.15)
is equivalent to the problem of finding the optimal success ratio @(z) :
E((1=¢(2))(H = 2)") — min ,

PRIER (2.18)

E* (p(z)(H = 2)7) < W,

where R is the set of all Fpr-measurable random variables taking on values
from 0 to 1. The optimal strategy (%(z), %(z)) can then be found as a perfect
hedge to the modified claim H(z) = (H —2)*®(z). Problem (2.18), in its turn,
can be rearranged to match the Neyman-Pearson class of problems:

E Z)) — max ,
0 (v(2)) Jmax

Vo
Eq- (¢(2)) < m,

(2.19)

where measures Q and Q* are defined via their Radon-Nikodym derivatives:

aQ  (H—2*  dQ*  (H—2)*

dP ~ E((H—2)%) dPr E*((H-2)%)

(2.20)

Applying Theorem 1.2 (the Neyman-Pearson lemma for simple hypotheses) to
(2.19) and expressing the results in terms of measures P and P* gives us the
optimal randomized test in the form

@(2) = 1{ dP >d(z)} + ”)/(Z) . 1{%:&(,2)}’ (2.21)

dP*
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where

az)=inf{a> 0B ((H =2 1w ) <To}, (2.22)

dP*

Y(z) = o ((H it >&(Z)}> . (2.23)
B ((H =2 1)

dP*

Note that we assume convention 0/0 = 0, so that

v(z)=0, ifP* ({% a(z)} N{H > 0}) =0, (2.24)

which implies that the optimal randomized test reduces to a pure test if the
underlying distribution is atomless.

Let us collect the above results in the following theorem.

Theorem 2.1: The optimal strategy (%,é’) for the problem of CVaR mini-
mization (2.5) is a perfect hedge for the modified contingent claim H (%) =
(H—2)"@(2):

E* (ﬁ(z)yﬂ):%(z)+/0tés(z)dxs, P-a.s., Vte[0,T], (2.25)

where p(2) is defined by (2.21), Z is the point of global minimum of function

- E((H—2)* (1 —-3(2)), forz< =z,
= i (2.26)
% for z > z*

on interval z € [0, 2*], and z* is a real root of equation

Vo=E"((H-27"). (2.27)
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Besides, one always has

CvaR® (V,€) = (3), (228
VaR" (%,é) = min {z Dz € argming g . c(z)} . (2.29)

Note that it only makes sense to search for a non-trivial solution to problem
(2.15) when V < E* ((H — 2)*), otherwise a perfect hedge for (H — z)* can be
used as the optimal strategy, providing zero expected shortfall. As a function
of z,

h(z) =E* ((H — 2)*) (2.30)

is monotonically non-increasing, and

h(0) = Hy > Vj, (2.31)
jggo h(z) =0, (2.32)

so there always exists such z* > 0 that

E*((H —2)%t) > Vp, for z < 2%,
(2.33)
E* ((H —2)%t) < Vp, for z > z*.

Therefore, when z is greater than z*, a perfect hedge for (H — 2)* is the
optimal solution for (2.15), which explains why ¢(z) = z for z > z*.
According to Theorem 1.1, the leftmost point of the argminimum of ¢(z)

coincides with the value-at-risk of the CVaR-optimal hedge, so

VaR® (%,é) <2 (2.34)
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Besides, the loss function is always non-negative:
L(z)=H—-H(z)=H—@(z)(H—2)" >0, (2.35)

therefore the value-at-risk associated with the optimal strategy would also be
non-negative, which in conjunction with (2.34) implies Z > 0.
Finally, ¢(z) = z for z > z* and ¢(z) is increasing at z = z*, hence the

global minimum of ¢(z) coincides with its minimum on [0, z*].

2.3 Minimizing hedging costs

In this section we shall focus on minimizing the initial wealth required for
construction of a hedging strategy over all admissible strategies (Vp,£) under
the condition that conditional value-at-risk of a given confidence level a does
not exceed a predefined threshold C:

Vo — min |

(Vo.£)eA (2.36)

CVaR*(Vp, €) < C.

Let us rephrase the problem in terms of the terminal capital V = Vo+ fOT £, dXs
(we can always derive a corresponding admissible trading strategy (Vj,&) by
constructing a perfect hedge for Vr):

E* (Vr) — min ,

Vrevt

(2.37)

CVaR*(Vy) < C,

26



where V7T is the class of all non-negative Fp-measurable random variables.

Recall that
1
CV&RQ(V[bg) = Hlelﬂgl <Z + EE ((H — VT — Z)+)) , (238)
and consider the following family of problems:

E* (Vr) — min
ey (2.39)

E((H-Vy—2)*) <C,,

where

C.=(C—-2)(1-a). (2.40)

In order to establish the link between problems (2.37) and (2.39), we shall

make use of the following lemma.

Lemma 2.1: Let T be a solution for

f(l') — gél)f{l,

(2.41)

min g(z,2) < c.

Then the following family of problems also admit solutions, denoted Z(z):

(@) — min,

(2.42)
g(x,z) < ec.

Besides, one always has

7= i(3), (2.43)



where z is a point of global minimum of f(z(z)):

min f(z(2)) = f(2(2)). (2.44)

Denote
G.={z : g(z,2) <c}, (2.45)
G= {x : riié} g(x,z) < c} : (2.46)

Then for each z € R
UJg.-=g (2.47)

z€R
and
UJ@ng)=xng. (2.48)
z€R
Therefore,
iy 1=y (L, S0)). 249

which proves the lemma. []
Denote the solution for the parametrized subproblem (2.39) for each z € R
by VT(Z), then, according to Lemma 2.1, the solution for the original problem

(2.37) can be expressed in the form

Vp = Vi (2), (2.50)
where
E*Q@@Q::Q%Eﬁobgg. (2.51)
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We shall now focus on deriving Vi(z) explicitly by solving (2.39). To begin
with, note that in case z > C the problem admits no solution since the left-
hand side of the constraint in (2.39) is always non-negative.

In case z < C we have

(H=Vr—2)"=(H=-2)"=Vr)" =(1=()(H-2)" (2.52)

where ¢(z) is a randomized test defined the same way as in the previous

section. Problem (2.39) can then be rewritten in terms of ¢(2):

E((H - 2)*p(2)) < C.,
(2.53)

B ((H = 2)%e(2)) — .

With the help of the two auxiliary measures Q and Q* defined in (2.20), we

can transmute (2.53) into a classic Neyman-Pearson problem:

(2.54)

Eg- z)) — max .
@ (p(2) — max

It it now straightforward to apply the Neyman-Pearson lemma (Theorem 1.2)
to (2.54) to obtain the optimal solution. However, one thing should be noted
before we do that: problem (2.54) admits a non-trivial solution only in the
case when E ((H — z)*) > C,, since otherwise the optimal test has the form

@(z) = 1 (and, consequently, Vi (z) = 0).

Lemma 2.2: Condition

E(H-2)%)>C. (2.55)
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is satisfied for all = < C' if and only if both of the following inequalities hold

true:

E(H) > C,,
(2.56)
EQH—OW>>0
Note that both the right- and the left-hand sides of (2.55) are monotonically

non-increasing functions of z. In addition,

d—E (H—-2)")=-1, for z < 0, (2.57)
z
and
de— 14 (2.58)
dz = @ '

so it is necessary and sufficient that (2.55) holds true at points z = 0 and
z = C only, which implies (2.56) and thus proves the lemma. [J

Lemma 2.2 provides an immediate way to check whether condition (2.55) is
satisfied for all z < C or not. If it turns out that there exists such z = 2* < C
that it doesn’t hold true, then Vp(2*) = 0 and, according to (2.50) and (2.51),
the solution for the initial problem (2.37) would also have the form Vi = 0,
which can be interpreted as adopting the passive trading strategy. Indeed, if
the first inequality in (2.56) is not satisfied, the target CVaR value is too high
in comparison with the expected payoff on the contingent claim, so there is
no need to hedge at all; if the second inequality is not satisfied, the payoff
is bounded from above by a value less than C, so CVaR can never reach its

threshold value no matter what hedging strategy is used.

We shall summarize the results of this section in the following theorem.

30



Theorem 2.2: The optimal strategy (VO,%) for the problem of hedging costs

minimization (2.56) is

a) a perfect hedge for the contingent claim (H — 2)*(1 — @(2)) if condition
(2.56) holds true, where ¢(z) is defined by

@(2) = 1{%>d(z)} + ’}/(Z) . 1{%:&(@}7 (2.59)
a(z)=inf{a> 0 E((H =2 1re o) <G}, (260)

() = C.-E ((H —2)*t. 1{% >&(z)}> | .
E((H =2 1 1)

dap

and Z s a point of minimum of function
d(=) = B ((H = )" (1 - 3(2)) (2.62)

on interval —oco < z < C~';

b) a passive trading strategy:
V,=0, tel0,T], (2.63)

if condition (2.56) is not satisfied.

2.4 Minimizing CVaR in the incomplete case

In an incomplete financial market not every contingent claim is attainable
and the set of equivalent martingale measures is no longer a singleton. In

this case, the perfect hedging is no longer applicable, yet it is still possible
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to completely eliminate the shortfall risk by using a superhedging strategy
(El Karoui and Quenez [1995], Féllmer and Leukert [1999]). However, the cost
of superhedging (the superhedging price) which is equal to the supremum of
expected values over all equivalent martingale measures is often considered
unreasonably high from the practical point of view. We investigate the situa-
tion where the amount of available initial wealth is less than the superhedging
price. We shall use the CVaR risk measure to quantify the shortfall risk and
minimize it over the set of self-financing strategies subject to a constraint
on the the initial wealth. Towards this end, we shall use the general ideas
laid out in Sections 2.2 and 2.3 along with the duality approach presented in
[Rudloff, 2006] and [Xu, 2004].

Note that the problem of minimizing expected linear shortfall in the in-
complete market setting in discrete-time case was thoroughly investigated in
[Schulmerich and Trautmann, 2003], where it was stated that finding the op-
timal modified claim can be reduced to a certain linear program due to the
fact that PZ is a convex polyhedron (e.g., in the multinomial market model).
Using the techniques presented in this chapter, these results can be used to
explicitly construct CVaR-optimal strategies in discrete-time models.

The discounted stock price process is assumed to be a semimartingale
X = (X1)iepo,r) on a filtered probability space (2, F, (Fi)iejo,1], P) with a fixed
time horizon T' > 0 and Fy = {0, Q}. Let P denote the set of probability mea-
sures equivalent to P under which X is a sigma-martingale (a semimartingale
with an integral representation, refer to Delbaen and Schachermayer [2006] for

details). We assume that there are no arbitrage opportunities in the market
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in the sense that P’ is non-empty?. Note that all equations and inequali-
ties in this section involving random variables are understood as P-a.s. unless
explicitly stated otherwise.

Similar to Section 2.1, a self-financing strategy is defined by the initial
wealth Vy > 0 and a predictable process ¢ = (gt)te[O,T} so that the value

process V; has the form
t
Vi=V, —|—/ £dX,, Vtel0,T]. (2.64)
0
Denote by A the set of all admissible self-financing strategies (V4, £) that satisfy
V,>0, vtel0,T], P-as., (2.65)
which ensures that the value process is well-defined. Denote also
Ay ={(%,8) 1 (0, ©) € AV < Vo ). (2.66)

Consider a contingent claim whose discounted payoff is an Fp—measurable
non-negative random variable H € L'(P). The smallest amount H, of initial
wealth for which there exists an admissible strategy satisfying Vr > H is called
the superhedging price (Delbaen and Schachermayer [2006]), which is assumed
to be finite:

Hy= sup E*(H) < +o0, (2.67)
PPy

where E* denotes the expectation with respect to measure P*. In a complete

market, the superhedging price equals the unique arbitrage-free (“fair”) price

2This type of no-arbitrage condition is known as “no free lunch with vanishing risk”
(NFLVR), see e.g. Delbaen and Schachermayer [2006].
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of the contingent claim, while in an incomplete market, it coincides with the
upper bound of the arbitrage-free price interval.

We shall now investigate the problem of finding a hedge for H that mini-
mizes the shortfall risk in the case when the available amount of initial capital
is limited by Vp € (0, Hy] and construction of the superhedging strategy is
not possible. Same as before, the shortfall risk shall be measured by CVaR at
a pre-defined confidence level o € (0,1), with the loss function defined as in

(2.4). The resulting optimization problem thus has the following form:

CVaR*(Vp, &) —  min . 2.68
aR*(Vo, §) (vo,%l&% (2.68)

By following the same logic that we used in Section 2.2, the optimal strat-
egy (Vp, €) for the problem of CVaR minimization (2.68) can be expressed as
(Vo, &) = (Vo(2),€(2)), where strategy (Vp(2),£(2)) is the solution to

E((H—-Vp—2)%) — min |, 2.69
(= Vo= 2) — | min (2.69)

for each z € R, and 2 is the point of global minimum of function

min E((H—-Vr—2)%). (2.70)

clz) =z+ :
(=) I —a (hoeAy,

Problem (2.69) can be viewed as a problem of linear expected shortfall
minimization where the contingent claim is parametrized by a real-valued pa-
rameter z. It is no longer possible to apply the classic Neyman-Pearson lemma
to derive the explicit solution like we did in Section 2.2. However, it is still
possible to show that the optimal test still has the typical 0-1 structure.

In [Follmer and Leukert, 2000], it is shown that the problem can be bro-
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ken into two independent subproblems — finding the optimal modified claim
(the static part) and then constructing the optimal strategy as a superhedge
for the modified claim (the dynamic part), however it is not specified how
one can obtain the modified claim in the incomplete market setting. In
[Rudloff, 2006], a Fenchel duality method is employed to deal with this prob-
lem when the market is incomplete under a somewhat vague assumption that
the set of densities of equivalent martingale measures is compact. Through
this approach, it is possible to express the optimal randomized test explicitly
in the terms of a least favorable distribution defined on the set of equiva-
lent martingale measures. However, it turns out that the set of densities of
equivalent martingale measures is never compact unless the market is com-
plete (see Section 5.1 for details), hence a more general approach is required
that doesn’t assume compactness. In what follows, we shall use the utility-
based method suggested in [Rudloff, 2006] and [Xu, 2004], which is largely
based on the duality results for state-dependent utility functions proposed in
[Kramkov and Schachermayer, 1999].

Denote by V(z) the set of admissible self-financing value processes V' start-

ing at the initial wealth x > 0:
t
V() ={V:Vi=uz +/ £,dSs >0, telo,T]}, (2.71)
0

and the set of contingent claims that are super-replicable by some admissible

self-financing strategy with the initial wealth z > 0:

Cr)={ge L’:0< g < Vqfor some V € V(r)}, (2.72)
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where LY = L°(Q, F,P) is the set of all random variables on (2, F, P).
For each z € R, define the state-dependent utility function U, : R x 2 —
R, as

U.(z,w) = (H(w) —2)" A, (2.73)
then problem (2.69) (primal problem) becomes

u:(Vo) = sup E(U.(Vr(w),w))

Vev(Vo)

= sup E(U.(g9(w),w)
geC(Vo)

= sup E((H—-2)"Ag. (2.74)
g€ (Vo)

As in [Kramkov and Schachermayer, 1999], the dual space is defined as a

set of processes Y such that

VY(y)={Y >20:Y;, =y and VY is a P-supermartingale ¥V € V(1)}, (2.75)

and the dual extended set D (y) of random variables h is defined by

D(y)={h e L’:0< h <Yy forsomeY € Y(y)}. (2.76)

Then the dual problem is to minimize the expected value of the conjugate
function:

v(y(2)) =E(V(Yr) — yif (2.77)

for a suitable g(z) > 0.

We shall now present a theorem which provides the structure of the optimal

modified claim, which is an adapted version of Theorem 4.38 in [Rudloff, 2006]
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with Q = P.

Theorem 2.3: The optimal strategy (Vo(z),£(2)) in problem (2.69) is a su-

perhedging strategy for a modified claim (H — z)"@(2), where for each z € R

0, h(z)>1
P(z) = 3 P-a.s. (2.78)
1 0<h(z) <1,
with

E (p(z)(H - 2)h(=)) = Voi(2) (2.79)

where §(z) € du,(Vy) is assumed to satisfy §(z) > 0 and h(z) € D(j(z))
solves

E((1-h)*YH=-2)")— hdi)r(lf( . (2.80)

Remark 2.1: The optional decomposition theorem (Follmer and Kabanov [1998])
ensures the existence of the superhedging strategy along with an increasing

optional process Cy(z) with Cy(z) = 0 such that

esssup E* (p(2)(H — 2)* | F) = Vp(2) —i—/o £,(2)dX, — Cy(2). (2.81)

PreP;

Let us now summarize the above results in the form of a theorem.

Theorem 2.4: The optimal strateqy (Vo,%) for the problem of CVaR mini-
mization (2.68) is a superhedging strategy for the modified contingent claim
H(z)=(H—2)"p(2):

esssup E* (I:[(é) | .7-}) = Vo(3) + /t £, (2)dX, — Cy, (2.82)
0

PreP;
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where p(z) is defined by (2.78), z is the point of global minimum of function

S E((H -2 (1= 3(2), forz <2
oz) = a (2.83)

*

z, for z > z

on interval z € [0, 2*], and z* is a real root of equation

Vo = sup E* (H—=29"). (2.84)

PrePs

Remark 2.2: The explanation of why we only need to consider the interval
0, z*] when minimizing ¢(z) can be found in Section 2.2 following Theorem

2.1.
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Chapter 3

CVaR hedging: applications and

examples

In this chapter, we demonstrate how CVaR-optimal hedging strategies (and,
alternatively, hedging strategies that minimize hedging costs) can be explicitly
constructed in complete market models.

First, we consider the problem of conditional value-at-risk minimization
in the framework of the classical Black-Scholes model. We provide numerical
illustrations for various confidence levels and investigate the structure of the
optimal hedging strategy. We also observe how the suggested hedging strategy
performs in the case when a CVaR-based regulatory capital requirement is im-
posed. Then, we apply our technique to the telegraph market model, in which
we suggest an efficient method of computing expected values with respect to
both the historical and the risk-neutral measure. Finally, we use the results
obtained for the Black-Scholes model to derive the relationship between the
optimal age of the insured and the minimal conditional value-at-risk of the

financial component of a pure endowment unit-linked insurance contract.
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3.1 Hedging a call option in the Black-Scholes
model

Consider a fixed time horizon T" > 0. In the framework of the standard
Black-Scholes model (Black and Scholes [1973]), the price of the underlying
S = (St)eeo,r) and the bond price B = (By)scp,r follow

Bt — ert7
(3.1)
St = S() exp(aWt + ,ut),

where 7 is the riskless interest rate, ¢ > 0 is the constant volatility, p is the
constant drift, Sy is the initial stock price and W = (W,)icp,r) is a Wiener
process under P. We assume that there are no transaction costs and both
instruments are freely tradable.

The stochastic differential equation (SDE) for the discounted price process
X = Bt_lSt has the following form:

dX; = X, (cdW, + mdt),
Xo = o,

where m =y —r + 30°.
The unique equivalent martingale measure P* can be then derived with the

help of the Girsanov theorem:
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Note that

X1 = xgexp (UWT + (m — lUZ)T) , (3.4)
0 (3.3) can be expressed in the form

dP* m/o
i = const - X, /o* .

In this section, we focus on hedging a plain vanilla call option with the
strike price of K, i.e. a contingent claim whose payoff equals (S — K)*. The
discounted contingent claim is also a call option with respect to X;, with the
rT.

strike price of Ke™
H=(Xy— Ke ™" (3.6)

The amount of the initial wealth H, required for a perfect hedge is provided

by the Black-Scholes formula:
Hy=FE*(H) = 20®, (Ke ™) — Ke ™" ®_(Ke ™), (3.7)

where

@i(K)_é(lnxg\/inKi a\/_> (3.8)

and ®(-) is the cumulative distribution function for the standard normal dis-
tribution.

In the case when the amount of the initial wealth is bounded from above by
Vp € (0, Hy), we cannot construct a perfect hedge for the call option. Instead,
we shall minimize CVaR over all admissible strategies with the initial wealth
not exceeding Vy. The results of Section 2.2 shall be used to derive the explicit

solution.
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As stated in Theorem 2.1, the original problem can be reduced to a problem

of minimizing an auxiliary function ¢(z) on interval [0, z*], where

z+ 1 i QE((H —2)tp(2)), for 2z < 2%,
c(z) = (3.9)

*
z, for z > z*,

@(z) is defined by (2.21) and z* is a real root of equation
Vo=E" ((H-z"). (3.10)

The optimal hedging strategy is a perfect hedge for the modified contingent
claim (H — 2)"@(Z), where 2 is the point of minimum of ¢(z).

Since we only consider z > 0,
(H—2)"=((Xp - Ke )" — )" = (Xp — (Ke ™" 4 2))7. (3.11)

For simplicity of notation, denote

H(z) = (Xr — K(2)), (3.12)
K(z) = Ke ™ + 2, (3.13)

O () = Oy (ve™7), (3.14)
As(z,y) = 04 (x) — Po(y), (3.15)
As(z,y) = Ds (2) — Di(y). (3.16)
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Evidently, H(z) is also a call option with respect to X, with the strike price of
K(z), hence the optimal strategy is a perfect hedging strategy for a knockout
call option with a modified strike price K(z) > K. By minimizing ¢(z), we
simultaneously derive both the knockout threshold and the modified strike
price.

By applying the Black-Scholes formula to (3.10), we obtain:

Vo = 20®4 (K (2%)) — K(2) (K (2")). (3.17)

In what follows, we shall refer to z* as to the solution for (3.17).

We shall consider two distinct cases.

(a) u+%02> r (m>0)

The set {% > &} has the following structure:

dlP mfo? 2\ _
{dP* > a} - {XT > b} = (X7 > b}, (3.18)
and, moreover,
dP . [ dP
P(W—a)—ﬂp (dP*—a>—O. (3.19)

Consider the case when z € [0, z*), since otherwise we have ¢(z) = z. By

applying (3.18) and (3.19) to (2.21), (2.22) and (2.23), we obtain

P(2) = Lok, i) (3.20)
b(z) = inf {b > 0:E (H(2) - 1ix, o)) < f/o} , (3.21)
Y(z) =0. (3.22)
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Note that in this particular case the infimum in (3.21) is always attained since
we deal with atomless measures. The expectation in (3.21) can be rewritten

as

E*(H(2)), for b < K(z),
E* (H(2) - Lix;>0)) = (3.23)
2o® (b)) — K(2)®P_(b), for b > K(z2).

Furthermore, (2.33) implies that

E* (H(z)) > V,, for z < z*,
(3.24)
E* (H(z)) < V,, for z > 2%,

therefore the minimum is not attained on the set {b € R : b < K(2)}, hence

b(z) is a solution to the following system:

29®4(b) = K(2)®_(b) = Vh,
(3.25)
b> K(2).

The constraint b > K(z) in (3.25) is crucial since the equation may have
multiple real roots. It is straightforward to show that for all z € [0, z*) there
exists a unique solution b(z) for (3.25).

We are now able to write down the function ¢(z):

E {1y x, i -H(z)), 2z < 2%,
o(z) = —a B (Lo} HG) 2 < (3.26)

*
z, 2227
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or, by evaluating the expectation,

o z+ i . (xoemT]\Jr(K(z),l;(z)) — K(z)[\f(K(z),é(z))) ,z <z

where b(z) is a solution for (3.25) when z < z*.
According to Theorem 2.1, the optimal strategy (Vy,€) is a perfect hedge

for the modified contingent claim

H(z) = (H =2 1 (3.28)

where 2 is a point of minimum of ¢(z) on interval [0, z*].
(b) p+30°<r (m<0)

In this case the set { d‘g; > a} has the form

P > .
{jp* > a} - {X;”/" > b} — Xy < b}, (3.29)

therefore Theorem 2.1 provides the following optimal randomized test in the

case when z € [0, 2%):

P(2) = 1, ci)) (3.30)
b(z) = sup {b >0:E" (H(2) - Lixp<n)y) < ~0} : (3.31)
v(2) =0. (3.32)
Denote
5([?, Z) = $0A+(K(Z)ab) - K(’Z)A—(K(z)?b)? (333)
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then

0, for b < K(z),
B(b, z), for b > K(z).

Same as above, recall that E* (H(z)) > Vj for z < z* and consider the prop-

erties of function 5(b, 2):

B(K(z),z) =0, B(+o00,2) =E" (H(z)), % (b,z) = 0. (3.35)

It follows from (3.35) that the supremum in (3.31) is attained on the set

{beR:b> K(2)}, hence b(z) is a unique solution for the following system:

2oy (K (2),b) — K(2)A_(K(2),b) = Vi,

(3.36)
b> K(2).
Function ¢(z) then has the form
Z 4+ E( Ly, pon - H(2)), 2 <25,
o(z) = —a ( b=y ) (3.37)
z, z > 2",
or
2+ (xoemTCI)+(b(z)) - K(z)é,(é(z))) Lz < 2,
c(z) = @ (3.38)
Z, z = 2",

where () is a solution for (3.36) when z € [0, z*), and the optimal strategy
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(Vo,€) is a perfect hedge for the modified contingent claim
A(2) = (H= 5" 11y, G0y (3.39)

where 2 is a point of minimum of ¢(z) on interval [0, z*].

To illustrate the above method numerically, consider a financial market
evolving in accordance with the Black-Scholes model with parameters o = 0.3,
1= 0.09, r = 0.05 and a European call option with the strike price of K = 110
and the time to maturity 17" = 0.25. Let the initial price of the underlying
be equal to Sy = 100. In this setting, we are interested in hedging strategies
that minimize conditional value-at-risk at various confidence levels and various
amounts of the initial wealth. The results of numeric computations can be

observed in Figure 3.1.
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Figure 3.1: CVaR of the optimal hedging strategy at confidence levels of 90%, 95%
and 99% for varying levels of initial wealth in the Black-Scholes model.
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It can be seen in Figure 3.1 that the optimal strategy becomes insensitive
to the confidence level as we increase the initial wealth. This is due to the
fact that that the minimum of ¢(z) for high values of Vj is attained at z*, thus
c(2) = ¢(z*) = z*, which does not depend on «. The optimal hedging strategy
is a perfect hedge for a modified claim obtained by shifting the initial claim
down by z*e"’ and then taking the positive part (e.g., if the original claim is
a call option, the optimal strategy is a perfect hedge for a call option with a
higher strike price). In this case, the tail risk is concentrated entirely at the
a-quantile of the loss distribution, and value-at-risk coincides with conditional
value-at-risk. Alternatively, when Vj is low, the optimal strategy is a perfect
hedge for a knockout option based on the modified claim described above,
where the knockout threshold depends on the amount of the initial wealth.

Both types of strategies are presented in Figures 3.2 and 3.3 below.

1.5
loss
hedge
residual
1 L

0.5 VaR, CVaR

109.5 110 110.5 111 111.5
St (stock price)

Figure 3.2: The structure of the CVaR-optimal hedging strategy at the 95% confi-
dence level with the initial wealth Vj = 0.06 - Hy in the Black-Scholes model.
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Figure 3.3: The structure of the CVaR-optimal hedging strategy at the 95% confi-
dence level with the initial wealth Vj = 0.95 - Hy in the Black-Scholes model.

We shall now consider a situation when a CVaR-based capital require-
ment is imposed by the regulator. This constitutes a relevant and important
topic, as in the latest consultative document which was presented recently
by [Basel Committee on Banking Supervision, 2012] (the so-called “Basel 3.5”
outline) for discussion to the banking industry, “the Committee is proposing
the use of ES for the internal models-based approach” as a replacement for the
well-settled value-at-risk methodology. Assuming that the regulator requires
to allocate 8 > 0 units of capital for each unit of expected shortfall, we shall
take position of the option seller who is faced a choice of a partial hedging strat-
egy and is concerned with the short-term capital allocation. Thus, the option
seller compares pz(0) = 8- CVaR*(0) against pﬁ(f/o) = 3 - CVaR*(Vp) + V%,
where CVaR*(v) denotes the CVaR at the confidence level o of the CVaR-

minimizing hedging strategy which uses no more than v of the initial wealth.
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(Note that although this particular way of measuring hedging performance is
consistent with the short-term capital allocation objective, many other criteria
may considered based on the option seller’s preferences.) On Figure 3.4, the
ratio ps(Vo)/ps(0) can be observed for varying levels of 3 and V. The regions
of the graphs where the aforesaid ratio is less than 1 correspond to the case
where the option seller can reduce the required regulatory capital by a value
exceeding the initial cost of hedging, while at the same time reducing the total

risk exposure CVaR-wise.

2_
——B3=5%
— B =10%
| ——B=15%
Ll
— B =25%

0.5r

regulatory capital 4+ hedging costs
—_

0 0.2 0.4 0.6 0.8 1
Vo/Hyp (hedging costs / fair price)

Figure 3.4: Performance of the CVaR-optimal hedging strategy at the 99% confi-

dence level with varying levels of the initial wealth and the capital requirement ratio
in the Black-Scholes model.

In the second half of this section, we shall use the results of Section 2.3
to explicitly construct hedging strategies minimizing the initial wealth with
CVaR not exceeding a given target value C' > 0.

According to Theorem 2.2, a passive trading strategy is optimal in the

hedging costs minimization problem if at least one of the inequalities in (2.56)
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is violated. In the Black-Scholes setting, these inequalities take the form

20T d (K) — KO®_(K) — C(1 — ) > 0,
(3.40)

20e™T® (K +C) — (K +C)d_(K +C) > 0.

In what follows, we assume a non-trivial case, i.e. both inequalities in (3.40)

are assumed to be satisfied. Again, we consider two distinct cases.
(a) pt+i0?>r (m>0)

In this case

dP* dP [ dP
{dJP’>a}:{XT<b}’ P(d]P’*:a):P (dP*—a)—O, (3.41)

so we have

P(z) = 1{XT<5(Z)}7 (3.42)

b(z) = sup {b >0:E(H(2) 1pxpepy) < (C—2)(1— a)} . (3.43)

7(z) = 0. (3.44)
Denote
5(b, 2) = 20e™T AL (K (2),0) — K (2)A_(K(2),b), (3.45)
then
0, for b < K(z),
E (H(2)  1gxr<) = (3.46)
d(b, z), for b > K(z),
I(K(2),2) =0, d(+00,2) =E(H(2)), 2(S(b, z) = 0. (3.47)

0b
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Assuming that inequalities (3.40) hold true and z < C, the supremum in (3.43)

is attained on the set {b € R : b > K(2)}, hence b(z) is a unique solution for

woe™ AL (K(2),b) — K(2)A_(K(2),b) = (C = 2)(1 — a), .
if z < C,
b> K(z),
(3.48)

and

b@):sup{b>0:xﬁfﬁﬁ+ﬂ(wyby—BX@AfU(@Lb):O}, if 2= (.
(3.49)

The optimal strategy (Vp,€) in the hedging costs minimization problem
is then a perfect hedge for the modified contingent claim H(2)* -1 [Xe>H(9)}
where b(z) is defined by (3.48) and (3.49), and % is a point of minimum of

function

20D, (b(2)) — K (2)®_(b(2)), if z<C,
d(z) = (3.50)

rb (K (2)) — K(2)0_(K(2)), i 2 = C,
on interval z € (—oo0, C].

(b) p,—i—%oj< r (m<0)

We have

P dP /P
{dP>a}_{XT>b}’ P(dP*_a)_P (dP*_a)—O, (3.51)
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hence

2(2) =1 xpmio} (3.52)

b(2) = inf {b > 0:E (H(2) - 1ixpony) < (C— 2)(1 — a)} . (3.53)

v(z) = 0. (3.54)
Denote
C(b, 2) = 2o®4.(b) — K(2)®_(b), (3.55)
then
E(H(2)), for b < K(z),
((b,z), forb=> K(z),
and
((K(2),2) =E(H(2)), ((+o00,2) =0, %C(b, z) < 0. (3.57)

When z < C, the supremum in (3.53) is attained on the set {b € R : b > K(2)},

thus b(z) is a unique solution for the system

2oy ()~ KB () = (C-2)(1-a),
if 2 < C, (3.58)
b> K(z).

and

b(2) = inf {b >0 20d () — K(2)&_(b) = o}  ifz=0C. (3.59)

The optimal strategy (Vp,€) in the hedging costs minimization problem in
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this case is a perfect hedge for the modified contingent claim H(2)*-1 [Xr<i(®)}

where b(z) is a solution for (3.58) and % is a point of minimum of function

2oA (K (2),0(2)) — K(2)A_(K(2),b(2)),if z < C,
d(z) = (3.60)

20®4 (K (2)) — K(2)@_(K(2)), if 2 =C,
on interval z € (—oo0, C].

We shall illustrate the above results numerically in the Black-Scholes model
with the same parameters as earlier (o = 0.3, ¢ = 0.09, » = 0.05, European
call option with the strike price of K = 110, time to maturity 7' = 0.25, initial
price Sy = 100). Figure 3.5 shows the minimum amount of the initial wealth
that has to be invested in the hedging strategy so that conditional value-at-
risk of the resulting portfolio does not exceed a specified threshold, for various

confidence levels of CVaR.

100%
a = 90%
a = 95%
80% [ o = 99%

60%

40%

20%

Vo/Hy (initial wealth / fair price)

0%

0 10 20 30 40 50
C' (conditional value-at-risk threshold)

Figure 3.5: Initial wealth of the optimal hedging strategy for varying levels of CVaR
threshold at confidence levels of 90%, 95% and 99% in the Black-Scholes model.
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3.2 Hedging a call option in the telegraph mar-

ket model

In this section, we shall demonstrate how a CVaR-optimal hedging strat-
egy for a plain vanilla call option can be constructed in the framework of
the telegraph market model suggested in [Melnikov and Ratanov, 2008] and
[Melnikov and Ratanov, 2007]".

The telegraph market model can be informally described as a complete mar-
ket model in which the dynamics of the risky asset features jumps and regime
switching. The model can be viewed as a generalization of the pure-jump ver-
sion of the Merton’s model that is arbitrage-free and preserves market com-
pleteness under some restrictions on model parameters. In addition, it can be
shown that the telegraph market model converges to the Black-Scholes model
in distribution under proper scaling (Melnikov and Ratanov [2008]), hence it
can be used to approximate the lognormal stock price behavior.

For the sake of illustration, let us briefly compare the properties of the
telegraph market model to those of the well-known Cox-Ross-Rubinstein bi-
nomial model. Both models feature jump dynamics, market completeness and
convergence of the stock price process to a lognormal process in distribution.
However, the key difference between the two is that in the binomial model the
jumps have fixed timing and random size, while in the telegraph market model
the size of the jumps is pre-determined but they occur at random.

Consider a simplified version of the Merton’s model (Merton [1976]) with

IThe author is grateful to Alexey Kuznetsov (kuznetsov@mathstat.yorku.ca) for his con-
tribution to the results presented in this section.
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no diffusion term and a constant jump impact:

dBt = T’Btdt,
(3.61)
dSt = St(mdt + O'dNt),

where S; and B; are the prices of the stock and the bond respectively, V; is
a Poisson process, r > 0 is the risk-free interest rate, ¢ > 0 is the constant
jump impact and m is the constant drift. It is easy to verify that this model
represents a complete arbitrage-free market; the risk comes only from the
uncertainty in timing of jumps in the Poisson process, with the size of jumps
known in advance.

How can this model be generalized without violating completeness? If we
simply allow the jump size to be random, a new source of randomness will be
introduced which will render the model incomplete. Instead, we can let the
jump size change in a predictable fashion. Let the time between jumps be
determined by a family {7;},.y of independent exponential random variables
with intensities {\;},.y, and let {h;}; .y be an arbitrary deterministic sequence

specifying the size of jumps. Define the moment of the n-th jump as

T,=) 7, (3.62)
i=1
let the log-price process Y; = In(S;) follow

Yi=mt+ > h (3.63)

1eNJT; <t
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and consider the market

dBt = TBtdt,
(3.64)

dSt - StdY;

Similar to (3.61), the market model defined by (3.64) also contains a single
source of randomness: the timing of the next jump is random while the size
of the jump is known in advance. However, unless certain restrictions are
imposed, this market model admits arbitrage. For the sake of illustration, we

shall provide a simple example. Let
(hi,hy) = (=h,h), (AM,X2)=(1,1), r=0, m=const >0, h>0.

In this setting, consider the following strategy on t € [0, 1]:

o if a negative jump occurs at time ¢ = ¢, < 1, borrow S}, in cash and buy
one unit of stock. Sell the stock at time ¢ = ¢; A 1 and repay the debt of

St,, where ¢t = t; is the time of the next (positive) jump;

e if no negative jumps occur on [0, 1], don’t do anything,.

Evidently, the strategy presented above is an arbitrage strategy: if there
are no negative jumps on [0, 1], the profit is zero, otherwise there is a positive
gain since Sy a1 > Sy,. In the case when the drift is negative or both jumps
are negative it is straightforward to construct similar examples.

To ensure the no-arbitrage property in model (3.64) with alternating jump

sizes, the drift should switch sign and/or magnitude at the time of the jump:
t
d(t) = /Zdz i, 1) (8)ds, (3.65)

o N
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where d; should be constrained in such way that the model does not allow
arbitrage opportunities. Processes of this type are known as telegraph processes.

To summarize, the telegraph market model is a generalization of the Pois-
son market model obtained by introducing regime switching, where only the
timing of regime switching is uncertain. In this section, we shall consider the
simplest case of a telegraph process with two alternating states. This par-
ticular case is important since it inherits all of the characteristic features of
a general telegraph model, yet at the same time it allows for quite simple

semi-explicit solutions for the problem of option pricing and hedging.

Definition 3.1: The two-state telegraph market model.

1. Let o(t) € {1,2} be a continuous time Markov chain process with Markov

generator

“A A
Ly = . (3.66)
Ay —As

Process o(t) represents the current state in the telegraph market model.
Without loss of generality, we assume that o(0) = 1.
2. Define the telegraph process X; and the jump process J;:

t

Ny
Xt = /CU(S)dS, Jt = Z hJ(Tj_), (367)
0 0

where ¢ = (1, ¢y) determines drift states, h = (hq, hy) determines jump

size states, and NV; denotes the number of jumps of o(t) up to time ¢.
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3. The risk-free asset is defined by
AB; = 7o) Bydt (3.68)

or, equivalently,
t

B; = exp /TU(S)dS , (3.69)
0

where r = (ry,7r3) determines the states of the (non-negative) risk-free

rate.

4. The risky asset is defined as a telegraph market price process

dSt = St_d(Xt + Jt) (370)

Following [Melnikov and Ratanov, 2008], we can express S; as
St = (C/’t(X + J) = SoeXt/€<Nt), (371)

where & (+) denotes the stochastic exponential and

k(Ny) = [J(1+ AL, (3.72)

which implies
k(2k — 1) = (14 hy)"(1 + ho)" (3.73)
K(2k) = (14 hy)" (1 + hy)F, (3.74)

for all £ € N.
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One of the most important questions regarding the telegraph market model
is the absence of arbitrage and market completeness. This topic has been
investigated in detail in [Melnikov and Ratanov, 2008], and we shall reproduce

the main results here in the form of a theorem.

Theorem 3.1 (Melnikov and Ratanov [2008]): The two-state telegraph mar-

ket model is arbitrage-free if and only if

>0, oe{l,2} (3.75)

If the telegraph market model is arbitrage-free, then it is complete, and the

unique equivalent martingale measure P* is defined by

dpP*
dp

=7, = E(X* +J) =M K (IN), (3.76)
Fi

where

k() = [+ AT,

s<t

X/ is a telegraph process with intensities A\, defined in (5.66) and drift

cj;:AC,JrC"hJ, o e {1,2}, (3.77)

and J} is a jump process with jumps

Te — Co

h;, =
7 hoAs

~1, oe{1,2}h (3.78)

The discounted price process By 'S, is a telegraph market process under P*
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with drift c,, jumps h, and modified intensities

> 0. (3.79)

We shall now turn to the problem of CVaR hedging in a complete telegraph
market model. Consider a plain vanilla call option with maturity 7" and the

strike price of K. The discounted payoff H at time t = T" has the form
H = B:'(Sr — K)*, (3.80)
where B; and S; are defined by (3.68) and (3.70). Denote the unique fair price
Hoy = E*(I),

where [E* is the expectation with respect to the unique equivalent martingale
measure P* defined by (3.76), and assume that the amount of available initial
wealth is bounded from above by Vj € (0, Hy). Same as before, our objective
is to find an admissible strategy that minimizes conditional value-at-risk while
requiring no more than Vj of the initial wealth.

According to Theorem 2.1, the problem of CVaR hedging can be reduced

to a problem of minimizing a special function ¢(z) over interval [0, z*], where

1
z 4+ n E((H — 2)"¢(2)), for z < 2%,
-«

c(z) = (3.81)

z, for z > z*,
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@(z) is defined by (2.21) and z* is a real root of equation
Vo=E" ((H - 2")*). (3.82)
Since z > 0, we have
(H—2)" = (B; (Sp — K)* —2)" = (B;'Sp — (B7'K +2))t (3.83)
Explicit derivation of ¢(z) and ¢(z) involves computing expectations

E(f,a) =E (f(St, Br) - 1{z,<a}) (3.84)

and

E;(f,a) =E* (f(St, Bt) - 1{z,<a)) (3.85)

for arbitrary functions f : [0,00) x Ny — R and a € R, where Ny is the set
of natural numbers including zero. Towards this end, we shall first express
processes By, S; and Z; in terms of X; and ;.

By the definition of B;,

t

B; = exp /To(s)ds = exp (TQ —n X+ wt) ) (3.86)

Co— (1 Co— (1

0

Process S; can be related to X; and N, via (3.71):

Sy = St k(Ny). (3.87)

Finally, according to Theorem 3.1,
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7y = XK (V). (3.88)

In order to express Z; in terms of X; and NN;, we shall use Lemma 2.2 from
[Melnikov and Ratanov, 2008] which states that two telegraph processes based

on the same process o(t) are linearly related. More specifically,

X;=2"09% 297 9%, (3.89)
Cy — C1 Cy — C1
which in conjunction with (3.88) yields
7, = exp <62 —Gx, 420499 t) K*(N). (3.90)
Co — C1 Co — C1
Note also that
E:(fa CL) = Et(f ’ Zt7 CL), (391>

hence it is sufficient to only consider the expectation E;(f,a) under P.

We can now substitute (3.86), (3.87) and (3.90) into (3.84):

Et(fa G) =K (f(St7 Bt) : ]-{Zt<a}) =K (9<Xt, Nt)) . (3'92)

By conditioning on {/N; = n}, we obtain

E (g(X¢, Ny)) ZIE (Xi,n) - 1{n,=n}) :Z/g(x,n)pn(t,x)dx, (3.93)

No i
where p,(t,x) is the corresponding conditional density

pa(t ) = %IP’ {X: <z} N {N, =n}). (3.94)
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Therefore, we can reduce evaluating expectations of the form (3.84) and (3.85)
to a summation of one-dimensional integrals with respect to densities p,(t, z).
Theorem 5.5 in Section 5.2 provides the recursive relationship for these condi-
tional densities so that the expectation can be computed explicitly.

To illustrate how the conditional value-at-risk can be minimized numer-
ically in this setting, we shall derive CVaR-optimal hedging strategy nu-
merically for a European call option with the strike price of K = 100 and
time to maturity 7" = 0.25 in the telegraph market model with parameters
c=(—0.5,0.5), A= (5,5), r = (0.07,0.07), h = (0.5, —0.35), Sy = 100.

The process of finding the CVaR~optimal strategy involves computing ex-
pected value of various functions a large number of times. One possible way
of evaluating the integral in (3.93) efficiently is to consider a fixed grid

?

§RE5-(xmw——xmmL i=0,1,...2N@, (3.95)

T; = Tmin +

nj=j4, j=0,1,...N" (3.96)

where xpnin = 1T A T, Thax = 1TV ¢T, and approximate the expectation

by partitioning the interval (Zmyin, Tmax) into N@ parts:

aN (@) N(n)

S [ otemmtaide 303 gl (T, w)c. (3.97)

where values p,, (T, ;) are computed in advance, and (; are the Simpson’s
method weights: (4 = (y@ = %7 Cop = %7 Copt1 = %'
Figure 3.6 shows the minimal CVaR that can be attained by using the

CVaR-optimal hedging strategy in the telegraph market model for various

values of the initial wealth and confidence level. In Figure 3.7, we present
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Figure 3.6: CVaR of the optimal hedging strategy at confidence levels of 90%, 95%
and 99% for varying levels of initial wealth in the telegraph market model.
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Figure 3.7: Initial wealth of the optimal hedging strategy for varying levels of CVaR
threshold at confidence levels of 90%, 95% and 99% in the telegraph market model.
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the numerical solution for the problem of hedging costs minimization in the

telegraph market model.

3.3 Hedging a unit-linked life insurance con-
tract

In this section, we shall use the quantile methodology which was proposed in
[Melnikov and Skornyakova, 2005] and [Melnikov and Romaniuk, 2006] along
with the techniques presented in Sections 2.2 and 2.3 to construct CVaR-
optimal hedges for an embedded call option in an equity-linked life insurance
contract.

In addition to the “financial” probability space (2, F,P) considered earlier,
let us consider the “actuarial” probability space (Q,]:" , I@’) Let a random
variable T'(x) denote the remaining lifetime of a person aged x, and let 7p, =
P[T(x) > T] be a survival probability for the next T" years of the insured. We
assume that 7'(z) does not depend on the evolution of financial market, so we
can treat (€, F,P) and (Q, F,P) as independent.

Under an equity-linked pure endowment contract, the insurance company
is obliged to pay the benefit in the amount of H (an Fpr-measurable random
variable) to the insured provided the insured is alive at time 7'. Since the
benefit is linked to the evolution of financial market, an insurance contract of
this kind poses two independent kinds of risk to the insurance company: the
mortality risk and the market risk.

The optimal price of the contract is traditionally calculated as an expected

present value of cash flows under the risk-neutral probability. However, the in-
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surance part of the contract doesn’t need to be risk-adjusted since the mortality
risk is essentially unsystematic. Denote the discounted benefit by H = He "7,
then the price of the contract (known as the “Brennan-Schwartz price”, see

Brennan and Schwartz [1976]) equals

U, =K (E* (H - liz@ys1y)) = 700 - E*(H), (3.98)

where E denotes the expectation with respect to P.
The objective of the insurance company is to mitigate the financial com-

ponent of risk and hedge H in the financial market. However,
U, <E*(H), (3.99)

in other words, the insurance company is not able to hedge the benefit per-
fectly; instead, a partial hedging strategy may be used.

For a fixed client age x, denote the maximum amount of capital that is
allocated for partial hedging of H by Vy = 7p, - E* (H). We can now use the
results of Theorem 2.1 to derive CVaR-optimal hedging strategy. Along with
providing a way of hedging, this may be viewed as a possible way of estimating
financial exposure of contracts for given values of age. Note that by applying
Theorem 2.2 we can also address the inverse problem: given the financial claim
and a fixed CVaR threshold, we can find the target survival probability (and
hence the largest acceptable age) for the contract.

In the following example we investigate a pure endowment contract with a

fixed guarantee which pays H at maturity given the insured is alive:

H = max{Sr, kSy}, (3.100)
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where S; is the stock price process and k is a fixed percentage value. Since

l’IlaX{ST, kSo} = ]{ZSO + (ST - /{ZS(])+, (3101)

it is sufficient for our purposes to only consider the embedded call (S; — K)*,

where K = kS,.

Let the financial part of the model follow the Black-Scholes with parameters
o =20.3, p=0.09, r = 0.05 and let the embedded call option have the strike
price of K = 110; the length of the contract T" will vary in this example.
Let the initial price of the stock be equal to Sy = 100. In this example, we
shall use the survival probabilities listed in mortality table UP94 @2015 in
[McGill et al., 2004] (Uninsured Pensioner Mortality 1994 Table Projected to
the Year 2015). The objective is to construct partial hedging strategies that
minimize CVaR for varying values of client age and time horizon. Please note
that since we are dealing with the Black-Scholes, we can refer to Section 3.1
for the explicit calculation of the optimal CVaR for a given amount of initial
wealth. The numeric results are presented in Figure 3.8.

We also consider the dual problem: for a fixed CVaR threshold C, specify
the optimal client age for an equity-linked life insurance contract. In the Black-
Scholes setting, we can employ the results of Section 2.3 to derive the optimal
survival probability. Then it’s just the matter of using the corresponding
life table to find the optimal client age. (Note: depending on the life table,
the client age may not be uniquely defined by the survival probability; in
our example, we pick the highest possible value). The corresponding numeric

results can be observed in Figure 3.9.

68



CVaR® (conditional value-at-risk)

10 20 30 40 50 60
x (age of the insured)

Figure 3.8: CVaR of the optimal hedging strategy at the 99% confidence level
for varying age of the insured and varying length of the unit-linked life insurance
contract.
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Figure 3.9: The optimal age of the insured for varying length of the unit-linked life
insurance contract for varying levels of CVaR threshold at the 99% confidence level.
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Chapter 4

Approximate hedging via

path-wise comparison

This chapter explores an approach based upon a result from the theory of
stochastic processes known as the path-wise comparison theorem (see Theorem
1.4 in the introductory chapter). Our main objective is to demonstrate how
path-wise comparison can be used to derive closed-form option price bounds in
diffusion models. The stock price process is dominated path-wise by a suitably
chosen stochastic process with a known distribution, which allows to obtain
explicit bounds for various financial quantities. This chapter is primarily fo-
cused on practical applications of the comparison theorem. Towards this end,
we provide full analytical derivation of the option price bounds and the ap-
proximate hedging strategy in the constant elasticity of variance (CEV) model
along with the supplementary numerical illustrations.*

Considering the growing importance of the comparison theorem and its

! This chapter represents a joint research of the author with Vladislav Krasin and Alexan-
der Melnikov.
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applicability to the problems arising in mathematical finance (Krasin [2010],
Krasin and Melnikov [2010]), we shall briefly describe its history and point out
its main differences from similar results (see, e.g., Hajek [1985]).The path-wise
comparison theorem for stochastic differential equations (SDEs), which in this
chapter will be referred to as the comparison theorem, was first introduced
by [Skorokhod, 1961] who established that the solution for a stochastic dif-
fusion equation with constant diffusion coefficient is a monotone function of
the continuous drift coefficient. About a decade later, [Yamada, 1973] signif-
icantly weakened Skorokhod’s conditions by proving the comparison theorem
for SDEs with continuous drift coefficient and the diffusion coefficient satisfy-
ing the Holder condition of order o > % In addition to generalizing the original
comparison theorem, Yamada’s method, which is essentially based on mono-
tone smoothing of the absolute value function, enables the use of the classic
version of the Ito’s formula. This approach was further developed in papers
by [Melnikov, 1979a] and [Galtchouk, 1982], where the comparison theorem
was extended to handle SDEs involving continuous and non-continuous semi-
martingales, respectively. Since then, these results have been proved again by
a number of authors under the same or similar conditions; note, for instance,
the work of [Yan, 1986] where the Tanaka-Meyer’s formula is used instead
of the classic Ito’s formula. The first version of the multi-dimensional com-
parison theorem was suggested in [Melnikov, 1983], along with the method of
monotone approximations which allows proving uniqueness and existence of so-
lutions for SDEs driven by semimartingales with non-Lipshitz coefficients (see
also Melnikov [1979b] and Barlow and Perkins [1984]). Among the more re-
cent research on the comparison theorem, we would like to mention the works

by [Ding and Wu, 1998], [Peng and Zhu, 2006] and [Cohen et al., 2010], the
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latter of which illustrates the growing interest towards the comparison theorem
in the context of the theory of backward SDEs. In addition to [Hajek, 1985], a
compelling review of comparison methods in the theory of stochastic processes
may be found in [Bergenthum and Ruschendorf, 2007].

Note that monotonicity of the option price with respect to the price of the
underlying has been previously used by several authors to construct explicit
option price bounds. In [Levy, 1985], the stochastic domination results are
used to find option price bounds in discrete time markets. A distribution-
independent result can be found in [Schepper and Heijnen, 2007], where option
price bounds are based on several moments and the mode of the terminal value
of the stock price.

The rest of the chapter will be organized into three sections. Section 4.1
contains our main results, where we demonstrate how the comparison theorem
can be applied to the CEV model in order to derive the upper option price
bound. Section 4.2 presents the approximate hedging strategy and the condi-
tional value-at-risk upper bound. In Section 4.3, we conclude the paper with
numerical illustrations in the CEV model and we also compare the relative

precision of our approach with the distribution-free method.

4.1 Deriving option price bounds in the CEV
model

In this section we are going to demonstrate how the comparison theorem can be
applied in the constant elasticity of variance (CEV) model to derive the upper

and lower price bounds for contingent claims with monotone payoff functions.
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The CEV model which was first introduced in [Cox and Ross, 1976] sug-

gests that the risk-neutral stock price process follows

B
dSt = TStdt + USf th,
(4.1)

S():S,

where the initial stock price s, the risk-free interest rate r» and the volatility o
are non-negative constants, t > 0 and 0 < 8 < 2. Note that the solution for
(4.1) is positive till random time v, where S; hits zero, and is zero afterwards.

The CEV model generally provides a better fit for the observable option
prices relative to the Black-Scholes (see, e.g., MacBeth and Merville [1980]).
However, the improved precision comes at a price: the CEV model does not
admit a simple way of calculating option prices. [Cox and Ross, 1976] derived
a general formula for the option price and [Schroder, 1989] expressed it in
terms of the non-central chi-square distribution, but both approaches rely
on numerical procedures in some form or another. Applying the comparison
theorem to this model allows us to construct an explicit option price bound
featuring a high level of precision.

Consider a smooth transform X; = F(S;) of the discounted stock price

process. According to the Ito’s formula,
2 8
dX; = (TStF,(St) + %SfF”(St)) dt + o S2 F'(S;)dW;. (4.2)

The key point in our approach is to find such transform F'(-) that the SDE

for X; has a relatively simple form. In this regard, we may want the volatility
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term in (4.2) to become constant and equal to one:
g /
oSEF'(S;) =1. (4.3)

In order to simplify X; even further, we would like it to take off from the
origin, i.e.

Xo = F(s) = 0. (4.4)

By solving ordinary differential equation (4.3) with boundary value (4.4), we

obtain

F(z) = %ﬁ (zQEﬁ - sy) . (4.5)

and therefore (4.2) on [0, 1) takes the form
r 2-8
dX; = (;St e ) dt + dW,. (4.7)

Since

— 2-6\ 2-8
St:Fil(Xt): (0'2 QﬁXt‘i_S 2 ) 5 (48)

we obtain the following SDE for X; on [0, v):

2 — S 2 — 26\ 7!
dXt:<T< ﬁXt—k—sQ)—ﬂ(a BXt—I—s?) )dt+th~
g

2
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Let us now consider process Y; defined by

2-p

dY, =r (#Yt+§s ? )dt+th,
(4.10)

Yy = 0.

Equation (4.10) is inhomogeneous and linear in the narrow sense (see, for
instance, Kloeden and Platen [1992]), hence its solution Y; can be derived ex-

plicitly:
2-8

2 — 25 7 2 —
Yt:exp{rt 26} 0(;—5) (1—exp{—rt 26}>+[t . (4.11)

where

I, = /Ot exp {—7‘72 ; 5} AW, = \/1 ~ exf({;jtg - 5)}57 (4.12)

with £ being a standard normal random variable. Process Y; is Gaussian and

Markov, and for any fixed moment of time ¢ > 0 its distribution is normal:

" \/exp{(viz_ S+ 2—_2;) (o {550 -1).

We have specifically constructed Y; in such a way that the drift term in

(4.10) dominates the drift term in (4.9); besides, Xo = Yy = 0. Therefore,

according to the comparison theorem, for ¢ € [0, o] we have

X: <Y, (as.) (4.14)
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hence

X; <Y, (as.) (4.15)
or, equivalently,
St < Zt (a.S.), (416)
where
Z = F(W). (4.17)

Note that taking the absolute value in (4.17) is essential in the general case
since F~1(Y;) may be undefined for negative values of Y;.
Consider a contingent claim of European type whose payoff at time t =T

is equal to f(Sr). Its risk-neutral price at time ¢ = 0 is equal to

fo=E (e f(S7)). (4.18)

If the payoff is a non-increasing (non-decreasing) function of the stock price,

inequality (4.16) can be used to determine the upper (lower) price bound.

Theorem 4.1: The price at timet = 0 of a contingent claim with payoff f(St)

is bounded from above (below) by

Co=E (e f(Zr)), (4.19)

provided that [ is a non-decreasing (non-increasing) function.

In our particular case Zr is a function of a normally distributed random
variable, hence the expectation in (4.19) can be computed explicitly.
For the purpose of illustration, consider a European call option with the

strike price of K in the CEV model with 5 = 1. Note that we can replace Y|
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in (4.17) with ¥; since in the case when 8 = 1 the inverse function F~'(z) is
defined for all real z. According to Theorem 4.1, the upper bound Cy = C(T), s)

for the call price can be calculated as
o 2 *
C(T,s)=e""E ((EYT + ﬁ) — K) : (4.20)

Recalling that Y7 is defined by (4.13), we arrive at the following result.

Corollary 4.1.1: The price of a European call option with the strike price of
K in the CEV model with § =1 is bounded from above by

+

2
rT _
O(T,s) = ¢ "TE (%0\/e Ley \/seT’T> K|, (4.21)
T

where £ is a standard normal random variable.

4.2 Construction of the approximate hedging
strategy

The comparison theorem can also be used to construct an approximate hedging
strategy. Let us show how this can be done in the CEV model. First, we will

derive the SDE for Z; by applying the Ito formula to (4.17):

dz, = (r (2 Oy ésﬁ) (F71) (Y0 + % (F)" <Yt>> dt

+(FY (v;) dw,. (4.22)
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Calculating the derivatives,

/ 2 - 2— 2-8 B
(FY (W) =0 (a 5 BYt + 52) =077, (4.23)
—1\/ 60'2 2 — ﬁ 2-8 226_23 60’2 B—1
(F 1) (Yt)z7 o—5—Yi+s7 =% (4.24)

we obtain

228 B 2 8
dZt = (ZZt ? UZt2 + %Zfl> dt + UZt2 th
g

2 8
- (th T %Zf1> dt + o Z2 dW,. (4.25)

Consider a two-dimensonal degenerate diffusion process (S;, Z;) with S;
and Z; being strong solutions to SDEs (4.1) and (4.25) respectively. This

process is homogeneous and Markov, therefore inequality
St < Zt (a.s.), (426)

which is provided by the comparison theorem and holds true on time interval
[0, T if the initial value of the process at time ¢ = 0 is (s, s), will also be true
on interval [u, T'] given the initial value of the process at time ¢ = w is (S, Sy)-

Define a Markov family of processes Zt(") as a family of solutions to SDE

B-1 5
) = (5 () ()
(4.27)
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for each u, then for any fixed t € [u, T
S, < 2" (as.). (4.28)

Same as before, Z{") can be represented as a function of Y,:

7 = Fp (). (4.29)
where
1 2 2.8 2-8
. 2-8 ., 22\
Fo,(z)= (a 5 z+ S, ) : (4.31)

2-8
av" =r (%Y,}“) +13,” ) dt + dW,,
(4.32)
We can now use (4.27) to construct an option price bound at time u.
Theorem 4.2: The price at time t = u of a contingent claim with payoff
f(Sr) is bounded from above (below) by

C,=E (e_T(T_“) f (Z;“) | ]—“u> , (4.33)

provided that f is a non-decreasing (non-increasing) function.

For the remainder of this section, we assume that f is non-decreasing and
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focus on the upper price bound. The conditional distribution of Y;(u)

given
S, is normal, therefore the conditional expectation in (4.33) can be computed
explicitly as a function of current stock price and time. This function can be
used to estimate the option price from above at an arbitrary moment of time,
and it also allows constructing a hedging strategy. In case § = 1 the upper

price bound is equal to C,, = C(T —u, S,), where C(t, ) is defined by (4.20).

It turns out that for for any v € [u, T
ZM < 7™ (as), v<t<T. (4.34)
To prove (4.34), let us rewrite it as
o (Y;“’)) < FL (Yf“) . (4.35)

Applying increasing function F{,) to both sides, we obtain

1 2 2 — 2-8 2-8
Y;(U) < F(v) (F—l (Yt(U)>> _ = o 5}/;(1;) + Su2 _ sz . (4.36)
c2—0 2

Therefore, (4.34) is equivalent to
V- v < F(8,) (as), v<t<T. (4.37)
Recalling that Y;(u) is a solution to (4.32),
2-p

a( -v") = SE (0 =) = Rs)) d o (438)
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or, if we pin the initial value at time ¢t = v,

2-p

Y =Y = F(S) + (Y = Y™ = F(S.)) exp { (t - v)} - (4.39)

The path-wise comparison theorem provides
ZW =38, < zW (4.40)

or, equivalently,

Y~V < Fo(S.), (1.41)

hence (4.37) follows directly from (4.39), which concludes the proof.

The option price estimate at time ¢ = T' is equal to

E (e—r(T—T)f (Z;T)) | ]_—T> “E(f(Sr) | Fr), (4.42)

therefore the proposed hedging strategy constitutes a perfect hedge. However,
since different processes Z;u) are used as upper boundaries for St at different
moments of time, the option price estimate is not a martingale, which implies
that the strategy is not self-financing. Moreover, it can be shown that for
a non-decreasing payoff function the proposed hedging strategy is a strategy
with consumption.

Denote the discounted hedge value by L; and consider two moments of

time v > wu:

Le=¢"TE ( f (Z;”) | ]—‘u> , (4.43)
L,=¢"TE ( f (Zﬁ”) | fv> . (4.44)
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Applying (4.34) yields
E(L, | F,) = e '"E ( f (Z}”) | ]—"u) <eTE ( f (Z}“)) | ]—"u> — L. (4.45)

Thus, process L = (L¢)scpo,r) is a supermartingale and as such it can be repre-
sented as a sum of a martingale (which can be viewed as the discounted value
of some self-financing strategy) and a decreasing process. The latter can be
treated as a consumption process which continuously removes excess hedging
capital from the strategy until the value of the hedge exactly matches the op-
tion’s value at maturity. Note: for non-increasing payoff functions, the option
price estimate is a submartingale and the hedge is a strategy with the inflow

of capital.

Remark 4.1: In addition to providing a way of constructing option price
bounds and the associated approximate hedging strategies, the path-wise
comparison theorem may also be used to derive bounds for various risk
measures. To demonstrate this we shall estimate conditional value-at-risk
of a European call option in the CEV model from the option seller’s point

of view.

According to Theorem 1.1, CVaR associated with loss L at confidence level

a € (0,1) can be defined as
1 -
CV&RQ = mf {Z + EE ((L — Z)+) Lz E R} . (446)

Note that the expectation in (4.46) is taken with respect to the historical
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measure P, under which the stock price follows

8 .
dSt = ,LLStdt + 0';5'152 th,
(4.47)

S():S,

where 1 is a constant drift coefficient and W, is a P-Brownian motion.

If 3 =1and L = f(S7) = (Sp— K)", we can use (4.16) to estimate

conditional value-at-risk from above in the following way:

YAV +
CVaRagmin{z—i—LE((Z%—K—z) )},
z€R l—«a

~ 1 w1 .
Iy = 50 ¢ &+ VserT
\/ i

and 5 is a standard normal random variable.

where

4.3 Numerical illustration and comparison with

the distribution-free method

In this section, we assume that the risk-neutral stock price follows the CEV

model with g = 1:

dSt = TStdt + U\/Eth,
(4.48)

S() = S.
Our objective is to compare the true model price of a call option and the

upper price bound provided by the comparison theorem. To evaluate the rela-

tive precision of the proposed comparison theorem price estimate, we shall also
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compute the so-called distribution-free upper price bound which was suggested
in [Schepper and Heijnen, 2007] and which is largely based on the results pre-
sented in [Jansen et al., 1986].

Denote by p,, the m-th moment of random variable Sp:

w, =E(Sm). (4.49)

According to [Schepper and Heijnen, 2007], if three moments of Sy are known,

the price of the call option satisfies the boundary condition

E ((Sr — K)") < Fuy(K), (4.50)
with
( fio — 413 u
(1 — K)+ =——K, K <2,
Ha 241
2 2
=K =)+ 0 =Ky v
Fy(K) = { 2 2 241 2
M3u1—ﬂ22 .Cz—K’ 61+02<K< 2c2 7
s — 2Caty + 511y Co 2 3¢y — 1
/~L3N1_N32 .C2_K’ K> 23 ’
(M3 — 2¢3109 + €341 C2 3¢y — 1
(4.51)

where ¢; < ¢y are the roots (which are guaranteed to exist and which are real

and positive) of

(,U2 - /ﬁ) 2+ (p iy — pz) T + (N1H3 - Ng) =0, (4.52)
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and where c; is the unique root in the interval [cy, +00) of

20, 2% — (219 + 3K p1y) 22 + 4K pox — Kz = 0. (4.53)

In order to find the distribution-free upper price bound in the CEV model,
we need to calculate the first three moments of Sp. It turns out that in the
case 8 = 1 the m-th moment of the CEV stock price can be derived in an
analytical way; this fact along with the full proof is presented in Lemma 5.5
in Section 5.3.

Applying Lemma 5.5 for m € {1,2,3} yields

g = se’’, (4.54)
py = s2e¥ 4+ 2k tse™ | (4.55)
s = 52”1 4+ 6k 5% + 6k 2se’T (4.56)
where
2r
P (4.57)

o2 (T — 1)

For the numerical demonstration, we consider the CEV model with g =1,
T =1,r=0.05 0= 0.35 and a European call option with the strike price of
K = 15. The true model price of the option is calculated with the help of the

exact pricing formula given in [Schroder, 1989]:

Cy = SiQ(2y; 4, 2x) — Ke™ (1 — Q(22;2,2y)), (4.58)
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with
x=rS", y=rK, (4.59)

where k is given in (4.57) and Q(y;v,\) is the survivor function at y for a
non-central chi-squared random variable with v degrees of freedom and non-

centrality parameter \.
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—— 3-moments method
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So (initial stock price)

Figure 4.1: The absolute error of the upper price bounds based on the comparison
theorem method and the 3-moments method for varying values of initial stock price
in the CEV model.

As can be seen on Figure 4.1, the upper price bound based on the com-
parison theorem is far more accurate than the distribution-free bound for all
values of initial stock price but the extreme high. In addition, the comparison
theorem bound exhibits superb level of precision for out-of-the-money options.

Figure 4.2 can be viewed as an illustration of the fact that the compari-
son theorem bound converges to the true price as the option approaches its

maturity, which essentially makes it reasonable to use the proposed bound as
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Figure 4.2: The absolute error of the upper price bounds based on the compari-
son theorem method and the 3-moments method for an at-the-money option with
varying time to maturity in the CEV model.

an alternative to Schroder’s formula for extremely short maturities. Indeed,
as the time to maturity nears zero, computation of the Schroder’s formula
becomes increasingly slow and inaccurate (since both the quantile and the
non-centrality parameter become infinite) while the upper price bound pro-
vided by the comparison theorem becomes increasingly precise. Essentially,
this fact also makes it possible to construct an approximate hedging strategy

as suggested in Section 4.2.
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Chapter 5

Supplementary results

5.1 Weak compactness of the set of densities
of equivalent sigma-martingale measures

In this section, we investigate why the assumption of weak compactness in L*
of the set of densities of equivalent sigma-martingale measures is never satisfied
in the incomplete market case.

We shall first discuss the weak closedness and the relative weak compact-
ness in a discrete-time case where the results are more intuitive and we shall
then move on to the proof of non-closedness in a more general continuous-
time semimartingale setting. It turns out that in a discrete-time case the set
of densities of equivalent martingale measures may be not compact for one of

the following reasons, each of which we consider in detail below:

1. non-closedness due to non-equivalence of the limiting measure (Theorem

5.1);
2. non-closedness due to the violation of the martingale property when
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the support sets of conditional distributions of price increments are not

bounded (Theorem 5.2);

3. relative non-compactness in the case when the support sets of conditional

distributions of price increments contain a limit point (Theorem 5.3).

In a discrete-time case with finite time horizon, consider a filtered probabil-
ity space (2, F, (Fi)ier,P) with T = {0,1,...T}, T € N, under the standard
assumption that Fy = {0, Q}. On this probability space, consider an R%valued
Fi-measurable discounted price process of the risky asset X = (X;)ie7, where
the discounting is being done with respect to an F;_;-measurable price process
of the risk-free asset B = (By)ier-

Throughout the section, we shall use the following notation:

- 1i(A) is the relative interior of set A;

- conv(A) is the convex hull of set A;

- lin(A) is the linear hull of set A4;

- aff(A) is the affine hull of set A;

- ¢o(A) is the closure of the convex hull of set A;

- supp(P) is the topological support of measure P;

- B(z,¢) is the closed e-neighborhood of vector z;

- A¢= 8\ A is the complement of set A with respect to space S;

||z|| is the Euclidean norm of vector x;

xVy=min{z,y}, * Ay = max{x,y} for z,y € R;

89



- L'(P) is the space of P-integrable real-valued functions.

In addition, denote by P;(w, ) the regular conditional distributions of in-

crements AX;:

Pi(w, ) =P(AX; € - | Fio1)(w), forte Ty, (5.1)

where T, ={1,2,...T}.

Denote by P* and Py the sets of probability measures equivalent to P
under which X is a martingale or a local martingale, respectively. According
to an extended version of the first fundamental theorem of asset pricing given

in [Shiryaev, 1998], the following statements are equivalent:

(1a) the (B, X) market is arbitrage-free;

(1b) P* # 0;

(lc) P # 0

(1d) 0 € ri(co(supp(Py(w, -)) for all ¢t € T, and P-a.s. for all w € .

In addition, if the (B, X) market is arbitrage-free, then the following state-
ments are equivalent (an extended version of the second fundamental theorem

of asset pricing, Shiryaev [1998]):
(2a) the (B, X) market is complete;
(2b) P* is a singleton;

(2¢) Py is a singleton;
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(2d) There exist d + 1 predictable affinely independent Re-valued processes
(a1, a2, - .- aat1), t € Ty, such that supp Py(w, -) € {aiy, azy, - - . ags1.},

for t € Ty, P-as.

Proposition 5.1: If the (B, X') market is not arbitrage-free or if it is complete,

the set of densities of equivalent (local) martingale measures is compact.

Indeed, if the market is not arbitrage-free, then the set of (local) martingale
measures is empty and so is the set of corresponding densities. If the market
is complete, then both sets are singletons. Either way, the set of densities is
compact. We shall see below that this is, in fact, the only case when the set
of densities of equivalent martingale measures is compact.

In a discrete-time case the terms sigma-martingale, generalized martin-
gale' and local martingale are interchangeable (Jacod and Shiryaev [1998]).
Moreover, every discrete-time local martingale bounded from below (above)
with finite expectation at the initial moment of time is a proper martingale
(Shiryaev [1998]), which in conjunction with non-negativity of X and the
choice of Fy = {0,Q} implies that Pj. = P*. Therefore, it is sufficient to
only consider the class of equivalent measures under which the discounted
price process is a martingale.

Note also that convergence of densities in L'(P) is equivalent to conver-
gence of the associated probability measures in total variation norm to a mea-
sure that is absolutely continuous with respect to P. Choosing an alternative
reference measure P* ~ P would not affect the L'-convergence of densities (al-

though it would obviously alter density values). Besides, the set P* would also

1By following the terminology in [Jacod and Shiryaev, 1998], a generalized martingale
is a process that is only required to satisfy the martingale property, whereas a (proper)
martingale is also assumed to lie in L'.
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remain unchanged since it is only dependent on the reference measure up to
measure equivalence. Therefore, we can replace the original reference measure

P with an element from P* without loss of generality.

Assumption 5.1: The reference probability measure is a martingale measure,

ie. P ¢ P*.

For each P* € P*, define the Radon-Nikodym densities

dpP*
Tpe = 2
= (5.2)
and the set of densities of equivalent martingale measures
Z’p* = {Z]p* P S P*} (53)

Before we move on to discussing the closedness and the relative compact-

ness of Zp«, we shall introduce several auxiliary lemmas.

Lemma 5.1: Let P* # () be the set of equivalent martingale (local martin-
gale, sigma-martingale) measures and Zp« be the set of the associated den-
sities with respect to P. Then, if there exists a probability measure Q such
that Q < P, Q = P and X is a martingale (local martingale, sigma-

martingale) under Q, the set Zp- is not weakly closed in L'(P).

Proof. Since Zp- is non-empty, we can select an equivalent measure Q €

P* and construct a family of measures
1 1Y\ =~
Q.= @‘f‘(l—ﬁ)(@ n e N. (5.4)

n —
n
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The measures Q,, are all in P*, hence the densities

1 1
Zg, = —24 1——)Z; N 5.5
o=1to+(1-1) 2 nen, (5.5)
are in Zp«. However,
lim Zo, = Zy ¢ Zp-, (5.6)

which implies that Zp« is not closed in L!(P).
Moreover, Zp« is not weakly closed since in a locally convex normed space

a convex set is weakly closed if and only if it is strongly closed (see e.g.

Akilov and Kantorovich [1984]). O

Lemma 5.2: Let (R%, B, P) be a probability space with Borel o-algebra B, and

B € B be an almost sure event:

Then

/Rd x P(dz) € conv(B). (5.8)

Proof?. Denote

y = /Rd x P(dx) (5.9)

and assume that y ¢ conv(B). Let V = aff(supp(P)), then V is the affine
subspace of minimum dimension such that P(V) = 1. It is easy to show that
y € co(supp(P)), thus y € V since the affine hull is closed in R? and thus

contains the closure of the convex hull. By the hyperplane separation theorem

2The proof of Lemma, 5.2 belongs to George Lowther.
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there exists a non-trivial affine map L : V — R such that

L(z) >0, forz € conv(B), (5.10)

L(y) = 0. (5.11)

Note that we only get proper separation and not strict separation since the

closedness of the convex hull of B is not assumed. Since

uw:Lu@MM) (5.12)

and L(z) is non-negative P-almost everywhere due to (5.10), L(y) = 0 requires

L(z) = 0, P-almost everywhere. This implies
P(ker L) =1, dimker L = dim V' — 1, (5.13)

which contradicts the minimality of V. Therefore, y € conv(B). [

Remark 5.1: The statement of Lemma 5.2 only holds true for the finite-
dimensional spaces; in an infinite-dimensional space, the expected value is
only guaranteed to lie in the closure of the convex hull. As an illustration
to this fact, consider the space £? of square-summable sequences with an
orthonormal basis {ej}reny and a discrete probability measure P concen-
trated in points axer with a; # 0, Y7, ai < oo and p, = P({arer}) > 0,
k € N. By evaluating the expected value y as a Gelfand-Pettis integral y =
> oo praxex € €%, we conclude that y € co(supp(P)) but y ¢ conv(supp(P))
since the convex hull only consists of the finite convex combinations of vec-

tors ajey.
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Lemma 5.3 (Jacod and Shiryaev [1998]): Let (H,H,P) be a probability space,
G be a Polish® space with its Borel o-field G, and let A be an H ® G-
measurable subset of H x G, with H-projection m(A) = {x € H : Jy €
G, (z,y) € A}. Then there exists a G-valued H-measurable function'Y such
that (z,Y (x)) € A for P-almost all x in w(A).

Note that Lemma 5.3 (the measurable selection theorem) is an adapted
version of the complete section theorem whose full statement and proof may

be found in [Dellacherie and Meyer, 1975] (Theorem 82).

Proposition 5.2 (Rogers [1994]): Let IT denote the compact metric space of all
d x d orthogonal projection matrices. Then there exists an F;_1-measurable

mapping R : Q — 11 such that for almost all w

ker R(w) = lin(supp(P:(w, -))). (5.14)

Theorem 5.1: In a discrete-time arbitrage-free incomplete market, the set

Zp« is not weakly closed in L'(P).

Proof. To prove the statement of the theorem, it is sufficient to construct a
probability measure QQ that is absolutely continuous with respect to P and not
equivalent to P, such that 0 € ri(co(supp(Q:(w,-))) almost surely for all t € 7.
In this case, we can consider an alternative market model in which the original
reference measure is replaced with Q. This market would still be arbitrage-free
since 0 € ri(co(supp(Q¢(w, -))). Therefore, by the first fundamental theorem
there must exist a measure Q equivalent to Q such that X is a martingale under
Q. However, Q < P and Q ~ P, hence by Lemma 5.1 the set of densities Zp-

would be not weakly closed.

3Separable, metrizable and topologically complete.
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Since the (B, X) market is incomplete, there exists a moment of time ¢ =
s € T, and an F, j-measurable set © with P(©) > 0 such that for each
w € O the set Fy(w) = supp(Ps(w,-)) contains at least d + 2 different points.
Moreover, due to the absence of arbitrage, 0 € ri(co(Fs(w))). Let I'y = {w €
O : |Fy(w)|< k}, then © = Iy, ; and hence P(I'G,;) > 0. Now consider two
exhaustive cases.

Case 1: P(I'yy\I'441) > 0 and d > 1.

In this case it is straightforward to show that there exists an absolutely
continuous martingale measure Q such that Qg (w, -) is concentrated on at most
d + 1 points (hence it is not equivalent to P). Indeed, since Fs(w) is finite, it
is compact, therefore ¢o(Fy(w)) = conv(Fs(w)) and the no-arbitrage condition
implies 0 € ri(¢o(Fs(w))) C conv(Fs(w)). According to the Caratheodory’s
theorem, zero can be represented as a convex combination of at most d + 1
points from Fy(w). Moreover, the choice of this convex combination can be

Rdx2d

done in a measurable way. Consider the space G = X Sq4 of vectors of the

form g = (g1, go, - - - Goa, S1, S2, - - - S2q), Where Soq = {(s1, S2, . .. S2q) : Z?il s; =
1,8 >0,i=1,2,...2d} CR* g, € R?are the elements from F(w) and s; are
the associated probabilities. Let A be a (non-empty) subset of 2 X G consisting
of all such pairs (w, g) that satisfy w € I'sq\lay1, g: # g5, for i # j, g; € Fi(w),
for i = 1,2,...2d, (s1,82,...824) € Sag, Zfill g;8; = 0 and Zfil 1,500 <
d + 1. Note that condition g; € Fy(w) does not violate joint measurability as
it can be expressed in a measurable form. Concretely, since R? is a second-
countable space, its naturaly topology has a countable base U = {U;}72,. On
the other hand, the complement of the topological support is the largest open
set of zero measure, so we have {(w,g) : g; € Fs(w)} = (Upe{w : Ps(w, Ug) =
0} X B; X Sq)¢, where B; y = By x By X ... Byy C R¥*™4 B. = R? for j # i and
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B; = Uyg. Therefore, according to Lemma 5.3, there exists a G-valued F_;-
measurable selector Y(w) = (z1(w), zo(w),. .. xeq(w), ¢1(w), g2(w), . . . goa(w))
which satisfies the above conditions for each w € T'9y\I'g1.
Define measure Q via its density Z, that is, dQ(w) = Z(w)dP(w):
G (w)

2d
Z(w) = l(rzd\rdﬂ)c + 1r2d\rdJrl ; ml{AXs(w):xk(w)}a (5.15)

where x;(w) and ¢;(w) are the components of the measurable selector and
pr(w) = Py(w, {gr(w)}). By construction, the total number of non-zero weights
¢i(w) does not exceed d + 1 < 2d, hence measure Q is not equivalent to P.

Case 2: P(I'y4\I'4+1) = 0.

Note that in this case the market incompleteness condition implies that
P(I'3,) > 0 and denote r(w) = rank(/ — R(w)) < d, where I is the iden-
tity matrix and R (w) is the F,_j-measurable orthogonal projection matrix
from Proposition 5.2. Since ri(¢o(Fs(w))) = ri(conv(Fs(w))) (see, for instance,
[Rockafellar, 1970]), we can apply the Steinitz theorem (see [Steinitz, 1913],
[Steinitz, 1914], [Steinitz, 1916]) which ensures that there exists a finite subset
K(w) C Fy(w) with |K(w)|< 2r(w) < 2d such that 0 € ri(conv(K(w))) on
I'S,. Since |K (w) |< 2d, for each w € I'§, there exists at least one more point
g2q+1(w) which belongs to Fy(w) but does not belong to K(w). Moreover,
the set K(w) and the point gog41(w) can be chosen in a jointly measurable
fashion. Let G = R®¥1Dxd and let A be a (non-empty) subset of Q x G
of all such pairs (w,g) that w € T'S;, g = (91,92, .- G2ar1), gi € Fs(w) for
i=1,2,...2d+ 1, 0 € ri(conv({g1, 92, ---924})) and gogr1 & {91,992, .- Goa}-
Note that the condition 0 € ri(conv({gi, ga,-..g24})) can be expressed in a

measurable way. Indeed, denote B = {g1, g2, . . . gaa} and let A(B) be the dis-
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tance from the origin to the boundary of conv(B). Then 0 € ri(conv(B)) if
and only if A(B) > 0. Besides, A(B) = infy|z|=1 h(x), where hp is the sup-
port function of B, and hg(z) = \/?il<x,gi>, where (-, ) is the inner product.
Therefore, {A(B) > 0} = U2, ﬂzep{ 24 (x, gi) > %}, where D is an ar-
bitrary countable dense subset of RY, hence Lemma 5.3 ensures the existence
of a G-valued F,_j-measurable selector Y(w) = (z1(w), z2(w), . .. xeq:11(w)))
satisfying the above conditions for each w € I'§,.

Choose an e(w)-neighborhood of 23441 (w), with €(w) being F;_;-measurable,
so that B(xag11(w),e(w)) N{x1(w), z2(w), ... xeq(w)} = O (take, for instance,
£@) = 3 A llaan (@) — m@)]]). Note that Py (w, B (241 (), £(w))) > 0

and consider the following random variable:

1B (1 () () (AX (W)
Py (w, B¢(z2441(w), e(w)))

Z(w) = 1r2d(w> + 11’*;(1((,0) (516)

Notice that Z(w) > 0 and [, Z(w)P(dw) = 1, therefore it is a proper density
and we can consider a probability measure Q defined as Q(dw) = Z(w)P(dw).
Essentially, we “cut out” the e(w)-neighborhood of x94.1(w) from the condi-
tional distribution Pg(w,-) on the set © in a measurable way and then com-
pensate for it by renormalizing the density. Note also that P(Z(w) = 0) > 0,
therefore Q ~ P. O

Denote by Q* the set of all probability measures Q absolutely continuous
with respect to P under which X is a supermartingale, and let Zg+ be the set

of densities of measures Q € Q* with respect to P.
Proposition 5.3: The set Zg- is weakly closed in L'(P).

Proof. Note first that L'(PP) is a locally convex space, therefore convexity

of Zgo+« implies that it is sufficient to establish its strong closedness in order to
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prove that it is weakly closed (see, for instance, Akilov and Kantorovich [1984]).

Consider a sequence {Z,},en of densities from Zg. converging to Z in
LY(P) asn — oo. Let Q,(dw) = Z,(w)P(dw), Q(dw) = Z(w)P(dw). If Z, — Z
in L'(P), then there exists a subsequence {Z,, }ren that converges P-almost
surely. Choose two moments of time s,t € T, s < t, then, taking into account
the non-negativity of X and the supermartingale property, we can apply the

conditional Fatou’s lemma:

E(ZXs | F) = ]E(lilgninf Zn, Xs | Fr)
—00
<liminfE(Z,, X | Ft)
k—o0

< liminf X}E(Z,, | Ft)
k—00

— XE(Z | F). (P-as.) (5.17)
Therefore,
E(ZX, | F
Eo(X, | F) = % <X, (Qas) (5.15)

which ensures that X is a Q-supermartingale and Z € Zg-. Note that the
denominator in (5.18) is Q-almost surely non-zero and the ratio is well-defined
since 1{g(z | 7)=0} < l{z—=0}- ]
Remark 5.2: Note that the proof of Proposition 5.3 is applicable to the

continuous-time case as is.

We shall say that the martingale property is preserved for a sequence of
densities Z,, € Zp+ which converges to a limiting density Z in L'(P) if X is a
martingale under the limiting measure Q, with Q(dw) = Z (w) P(dw).
Theorem 5.2: In a discrete-time arbitrage-free market, the necessary and

sufficient condition for the martingale property to be preserved for every
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LY(P)-converging sequence of densities Z, € Zp« is the boundedness (i.e.
compactness) of the topological support of Py(w,-) for allt € T, and P-a.s.
for all w € Q).

Proof. If there exists a moment of time ¢t = s € 7, and an Fs_;-
measurable set © with P(©) > 0 such that for each w € ©, supp(Ps(w, -)) is
not bounded, then the market is incomplete. By the no-arbitrage condition
and the Steinitz theorem, there exists a subset X'(w) C supp(Ps(w,-)) such
that |X(w)|< 2d and 0 € ri(co(X(w))). For the sake of simplicity, we can
safely assume that the set X' (w) always contains exactly 2d points (indeed, for
each w € © there is an infinite amount of extra points to choose, and adding
points to X (w) cannot shrink its convex hull). In addition, one can also choose
an F_j-measurable unbounded sequence z,(w) € supp(Ps(w,-)), n € N, such
that ||z, (w)||— 400 as n — 00, 2z, (w)/||zn(w)|| converges, {z,(w)} NX (w) =0
and [z, (w)[|> 2V e x o [2]]; for all n € N.

The set X (w) and the sequence {z, (w)} can be selected simultaneously
for each w in a jointly measurable way. Consider a countable product (G, G) =

> (R?, B(R?)), where B(R?) is a Borel g-algebra on RY, with elements g =
(91,92,--.), g € R% i € N. Let A be a subset of  x G consisting of all
such pairs (w, g) that w € O, g; # g, for i # j, g; € supp(Ps(w, -)) for all 7,
0 € 1i(@({g1, 92, g2a}))s llaill> 2VLllgs(w)l| for i > 2d, ||gsl|= oo and
gi/||gi|| converges as i — oco. Since a countable product of Polish spaces is
Polish, we can apply Lemma 5.3, which ensures that there exists a G-valued
Fs_1-measurable infinite-dimensional selector Y (w) = (y1(w), y2(w), .. .), and
for each w € © we can take X (w) = {y1(w), y2(w), ... y2q(w)} and z,(w) =

Yodin(w) for n € N.
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For w € O, consider an F_j-measurable positive random variable &(w),
then Py (w, B(z;(w),e(w))) > 0 and Py(w, B(z,(w),e(w))) > 0, fori =1,2,...2d
and n € N. Define

w,g w - (L‘]:E s w7(]x 9 5.19
xZ( ( )) 5( ) (m’l( )’ ( ))) \/B(.’ZZ( )E(m)) ( ) ( )
V4 w, W — .IIE UJ,(]!:]Z' 9

n( 6( )) IPS( 7B( TL( )7 ( ))) /B(zn(m)e(u)) S< ) (5.20>

then Z;(w,e(w)) € B(x;(w),e(w)) and Z,(w,e(w)) € B(zp(w),e(w)). Denote
X(w,e) = {F1(w, &), Fo(w, &), ... Faa(w,e)}.
Let

E(w) = % <A(X(w)) A Nllzi(w) — xj(w)H> ) (5.21)

i#]
where A(A) is the distance from the origin to the boundary of the closure of

the convex hull of set A:
A(A) =sup{y>0 : B(0,7) Cco(A)}. (5.22)

Then, since A,_;[|zi(w) — z;(w)][|< 2V ||z:(w)||, for each n € N the neigh-
borhoods B(x;(w),&(w)) are mutually disjoint for all i = 1,2,...2d and don’t
intersect with B(z,(w),&(w)). Moreover, it is easy to verify that our choice of

(5.21) ensures that B(0,&(w)) C 1i(co(X (w,E(w)))).

Take
) ‘(W)
™) = Y F Tl E@)] (5-23)
and
)= 5o SN T IR = HZET 6
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then ||y, (w)||= &(w), hence —y,(w) € 1i(c6(X(w,&(w)))). Therefore, for each

n € N there exists an F,_;-measurable set of weights? {p\™ (w)} such that

2d
Zpin)(w)ii(w7g(w>> = _yn(w)a (525)

or
2d

> (1= m(@)pi™ (@) (w, E()) + (@) En(w, E(w)) = 0, (5.26)

i=1

with 72 1p1 (W) =1and p{™(w) >0 fori=1,2 . 2d.

Since pz(-n)

(w) € [0,1], we can select a subsequence p\™(w) such that

7

(”k)(

p; ' (w) converges weakly (due to uniform boundedness) to pj(w) € [0, 1],

for all e = 1,2,...2d. Consider the sequence of random variables

2d
() — ().~ LB(ai(w),2(w) (AX s (w
A )( ) =1gc(w) + 1ol )Zzl(l Ty, (W) (w) P (o, B(t:(w) . 2@)))

then ZW(w) > 0 and [, Z® (w)P(dw) = 1. Therefore, Z*) are proper
densities with respect to P and thus define a sequence of probability measures
Q™ with Q¥ (dw) = Z® (w)P(dw). Moreover, equality (5.26) ensures that
E(Z(k)AXS | Fs—1) = 0, hence every QW™ is a martingale measure. Besides,

since m,(w) — 0 as n — oo, Z*)(w) converges weakly to Z*(w), where

2(0) = 1orw) + 1o(w) S_pife) et SR (s

4This set of weights may or may not be unique. In the latter case, a specific set of weights
can be chosen in a measurable way by selecting the one that minimizes a strictly convex
function of the weights, e.g. the sum of squares.
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is a density for the limiting measure Q*.

Note that measures Q*) are absolutely continuous but not necessarily
equivalent with respect to P. To remedy this fact, consider a sequence of prob-
ability measures P(™ defined as mixtures P*) = 1P+ 1QW, k € N. Clearly,
P® ~ P and X is a P®-martingale for each k, therefore P®) € P* and
Zpiy € Zp+. According to the argument above, the sequence of measures P*)
converges to some measure P*=1P + 1Q* with density Zp(w) = 5 + 1 2*(w).

However, due to our choice of z,(w) via construction of the measurable
selector, ¥, (w) — y*(w), hence

¥ (w)
R

E(Zp-AX, | Fouy) = — (5.29)

Note that all coordinates of vector y*(w) are non-negative since y,, (w) is defined
by (5.24), ||z, (w)||— oo and z,(w) is bounded from below —X;_;(w) due to the
non-negativity of the price process. Moreover, at least one coordinate of y*(w)
must be positive since ||y*(w)||= &(w). Therefore, X is a supermartingale but
not a martingale under P*, which implies that boundedness of the topological
support of conditional distributions of AXj; is indeed a necessary condition.

Consider a sequence of probability measures Q%) defined by Q¥ (dw) =
Z®) (W)P(dw), for k € N. Then Z*® — Z in L'(P) and, since Q < P, we have
forall k e Nand s € T,

E(Z® | Fiot) - Equ(AX, | For) = E(ZPAX, | Fi)).  Poas.,(5.30)

E(Z | Foo1) - Eg(AX, | Fooh) =E(ZAX, | Foo1), P-as.  (5.31)
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In particular, since X is a martingale under Q*),

E(Z®AX, | Foo1) =0, P-as. (5.32)

Boundedness of the support sets of conditional distributions of AX, means
that there exists an JF,_;-measurable non-negative random variable Y;_; such

that [|[AX||< Ys_1, P-a.s. In conjunction with (5.32) this implies that

IE(ZAX, | Fo)|| = [|E((Z = Z®)AX, | Fooa)|]
<E(1Z® — Z||AX,|| | Four)

<Y -E(1ZW - 2] | Fo). (5.33)

Evidently, E(|Z®) — Z| | F._1) — 0 in L'(P), so we can choose such sub-
sequence Z*i) that this conditional expectation converges P-almost surely.

Then, by applying (5.33) to Z*+), we have

E(ZAX, | Fs—1) =0, P-as. (5.34)

Note also that E(Z | Fs_1) > 0, Q-a.s., therefore (5.31) along with (5.34)

ensure that Eq(AX, | Fs—1) = 0, Q-a.s., which concludes the proof. O

Theorem 5.3: In a discrete-time arbitrage-free market, if there exists a mo-
ment of timet = s € T, and an F4_1-measurable set © of positive probability
such that for each w € © the support of Ps(w,-) contains a limit point, then

the set Zp+ is not weakly relatively compact.

Proof. If there exists a moment of time t = s € T, and an F, ;-

measurable set © with P(©) > 0 such that supp(Ps(w,-)) contains a limit
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point for each w € ©, then the market is incomplete. The no-arbitrage ar-
gument in conjunction with the Steinitz theorem implies that there exists a
subset X(w) C supp(Ps(w,)) such that |X(w)|< 2d and 0 € ri(co(X (w))).
Same as before, we shall assume without loss of generality that |X(w)|= 2d.
Moreover, we can assume that z(w) ¢ X (w). If that were not true, we could
use the fact that z(w) is a limit point and choose a point Z(w) € supp(Ps(w, -)),
Z(w) # z(w), such that ||Z(w) — z(w)||< A(X(w)), where A(X (w)) is the dis-
tance from the origin to the closure of the convex hull of X(w). We can then
replace X(w) with the set X'(w) = X(w) U {Z(w)}\{z(w)} which consists of
2d points from supp(P,(w, -)) and satisfies 0 € 1i(Go(X (w))), 2(w) ¢ X (w).

The set X (w) and the limit point z (w) can be chosen in a jointly mea-
surable fashion by using the similar arguments that we used previously and
taking into account the fact that R? is a second-countable space. Let G =
RZd+Dxd with elements ¢ = (g1, 62, ... g2ds1), gi € R Let A be a subset
of Q x G consisting of all such pairs (w,g) that w € O, ¢; # g¢; for i # j,
gi € supp(Ps(w,-)) for i =1,2,...2d+ 1, 0 € ri(co({ g1, g2, - - - g24})) and gogt1
is a limit point. By Lemma 5.3, there exists a G-valued F,_;-measurable se-
lector Y(w) = (y1(w), y2(w), ... Y2qr1(w)), and for each w € © we can assign
X(w) = {1 (w), y2(w), ... y2q(w)} and z(w) := yoqr1(w). Constructively, we
can first select an arbitrary limit point z(w) and then select X'(w) so that it
satisfies the above conditions. This would be always possible since excluding
a limit point from a set does not alter the closure of its convex hull.

For w € ©, consider §(w)-neighborhoods of z;(w) and &, (w)-neighborhood
of z(w) with its center cut out, for some F,_j-measurable 6(w) and e, (w) —

0. Since P(B(z;j(w),d(w))) > 0 and P(B(z(w),en(w))\{z(w)) > 0, for i =
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1,2,...2d, we can define

5(:6)) = FEETT T /B o Pl (5.35)

1 J,
a P(B(2(w), en(w))\{2(w)) B(2(w),en (w))\{z(w)

2Py (w, dx)(5.36)

Note that Z;(w,d(w)) € B(z;(w),d(w)) and Z(w,e,(w)) € B(z(w),e,(w)), and
denote X (w, §(w)) = {F1(w, 6(w)), Zo(w, 5(w)), . . . Fgs1(w, 6(w))}. We intend to
show that one can choose such F;_j-measurable random variables §(w) > 0,
en(w) >0 and 7(w) € (0,1) that all of the above neighborhoods are mutually
disjoint for each n € N and vector

m(w)

Yn(w) = 5(W=5n(w))1_—7r(w)

is sufficiently small in the sense that —y,(w) € ri(co(X (w, d(w)))), for allw € ©
and n € N. Consider the distance A(A) from the origin to the boundary of

the closure of the convex hull of set A, then —y,(w) € ri(co(X (w, d(w)))) if

A(X(w,8w))) > llya(@)l; (5.37)

which in its turn is satisfied if

AGE@,80) > (o) 2o, (5:39
A > ()ll+2a) T + 8(0). (5.39)
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Our choice of the measurable selector guarantees that A(X(w)) > 0. Take
- 1
O(w) =3 (A(X(w)) A Nlli(w) = z;(w)]IA /\H — (W ||> (5.40)
7]

and choose such &, (w) that &, (w) < 6(w), then the neighborhoods B(z;(w), 0(w)),
for i = 1,2,...2d and B(z(w),&,(w)) are mutually disjoint for each n € N.

Moreover, by assigning

) = K@) + @) (541)
we have 7 (w) € (0,1) and, since &,(w) < d(w), (5.39) is satisfied, hence
Gn(w) = z(w,gn(w))% € ri(co(X (w, 5(w)))). (5.42)

Therefore, for each w € © and n € N there exists an F,_;-measurable set of
weights {p§”) (w)} (which may not be unique but can still be selected measur-

ably, cf. the proof of Theorem 5.2) such that

)= 2P, 3) (5.43)
or, equivalently,
D _ (1= 7 @)p" (@)F:(w, 5(w)) + F(w)3(w, Ea(w)) =0, (5.44)

with 322 p Zn( )zlandpgn)(w)20f0ri=1,2,...2d.
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Consider the sequence of random variables

2d

1
70 (w) = loe(w) +lo(w) [ S (1 = #(w))p!™ (w) ’ -
) e | 2 P, (w. Ble(w),3())

then Z"(w) > 0 and [, Z"(w)P(dw) = 1, hence Z™(w) are proper den-
sities with respect to P and thus define the associated sequence of measures
Q™ with QM (dw) = Z™(w)P(dw). By construction, (5.43) implies that
E(ZMAX, | Fo_1) =0, hence X is a martingale under Q™ for each n € N.

Consider the sequence of probability measures P specified as mixtures
P = %IF’ + %@(”), for n € N. Since Q™ « P and both P and Q™ are
martingale measures, P ~ P and X is a martingale under P, therefore
P(™ ¢ P* and Zpmy € Zp«. We shall now show that the sequence Zp») is not
uniformly integrable.

Notice first that Zpm) = % + %Z (™) is uniformly integrable if and only if
Z™ is uniformly integrable. For simplicity of further notation, for all w € ©

and n € N let

Wy ) = LBEEE@N ) (@)
P D) = B B BN @) (5:40)
(n)

As a function of x, ¢y (w,x) can be interpreted as a conditional density of

AX given Fy_1. Define an F,-measurable random variable

Pn(w) = oM (w, AX,(w)), (5.47)
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then

ZMW > y™ = 7(w)le(w)p,(w) =0, (5.48)

hence the uniform integrability of Z™ implies the uniform integrability of

Y™ For an arbitrary C, consider the following expectation:

E (Y"1 ymscy) = E (7(w)1e(@)@n(@) iz we, @) ) - (5.49)

Note that 7(w) and 1g(w) are Fs_j-measurable, hence if we consider an arbi-
trary JF,_j-measurable extension of 7(w) on ©° and an F,-measurable exten-

sion of @, (w) on ©° (5.49) can be expressed as

E (Y<">1{Y<n>>c}) = E(7(w)1e(W) iz, @)=t B(@, (W) | Fso1)).  (5.50)

Since ¢, (w) — 0o a.e. on O,

1@((,0)1{7}(&))@”(0,)2(;} - 1lo(w), as., (5.51)
and therefore

lim E (Y"1 ym50y) = E(7(w)le(w)) > 0, (5.52)

n—o0

The right-hand side in (5.52) does not depend on C, and as such it does not
become infinitely small as C' — oo. We conclude that the sequence Y™ is
not uniformly integrable, therefore the set of densities Zp« is not uniformly
integrable, hence by the Dunford-Pettis theorem it is not weakly relatively

compact. O
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Remark 5.3: If a subset of R? consists of isolated points only, it is countable
at most. Therefore, according to Theorem 5.3, the necessary condition for
relative compactness of densities in L!(IP) is the discreteness of the joint
distribution of X = (X X,... Xr). In this case, if F; is generated by the
family of random variables {X;}o<s<: and F = Fr, we can choose 2 to be
countable at most without loss of generality, with P({w}) > 0 for all w € Q.
Note that in a discrete case the notions of weak and strong convergence in

L'(P) are equivalent (see e.g. Dunford and Schwartz [1988]).

Let R* a set of measures Q such that Q < P and X is a supermartingale
under Q. Denote by Zz- the set of densities of measures from R* with respect

to P.

Proposition 5.4: Consider a discrete-time arbitrage-free incomplete market.
Let the support of the joint distribution of X = (Xo, X1,... X7) be a set of
isolated points with respect to P, F; is generated by the family of random
variables {X;}o<s<t, and F = Fr. Then the set Zr~ is relatively compact
in L(P).

Proof. Let us note first that it is sufficient to consider the case when R*
is non-empty. Notice also that Q < P implies supp(X oQ) C supp(X oP). As
has been pointed out above in Remark 5.3, supp(X o PP) is countable at most,
so we index it as supp(X oP) = {zy,...x;,...}. Moreover, we can choose 2
to be countable at most and equinumerous to supp(X o P). In particular, we
can take Q0 = supp(X o P) without loss of generality.

Since Fy = {0, Q}, the initial value of the discounted price process Xy =
x* > 0 is fixed and is the same under all measures absolutely continuous with

respect to P. Choose an arbitrary ¢ > 0 and a > 3z*/¢. Since X is a non-
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negative supermartingale under any Q € R*, the following inequality holds

(see, for instance, Shiryaev [1995]):

(\/Xt )\% % (5.53)

Notice that (5.53) holds uniformly across all measures from R*. Since only a

finite number of points from supp(X o P) is contained in the cube [0, a]T !,

there exists such N = N(¢) that z,, € ([0,a]?™)¢ for all n > N(e).

Consider a sequence of densities Z() € Zp. with an associated sequence
of probability measures Q%) € R* defined as Q™ (dw) = Z®) (w)P(dw), and
denote ¢ (w) = QW ({w}). By applying the standard Cantor diagonaliza-
tion procedure, it is possible to construct a pointwise converging subsequence
¢*)(w) — ¢*(w) = 0. Then for each ¢ > 0 there exists such M = M(e) that
forall j > M

N
> la%) (@) — g (w)l< . (5.54)
i=1
Besides,
Z g™ Q (X € ([0,a")) < % (5.55)
i=N+1
and, consequently,
> q(m) < % (5.56)
i=N+1

Therefore, for all j > M

Z\q (1) — ¢* xz|<Z!qk) ()]

+ Z q* ) (x) + Z g (x;) <e. (5.57)
i=N+1 i=N+1
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We conclude that for an arbitrary sequence of densities Z*) from Zg- we
can select such subsequence that the corresponding subsequence of measures
Q®) € R* converges in total variation norm to a limiting measure Q* that
is absolutely continuous with respect to P, where Q*({w}) = ¢*(w). There-
fore, the subsequence Z*:) converges in L'(PP) to a proper density Z*, with

Q*(dw) = Z*(w)P(dw). O

Remark 5.4: If the requirements of Proposition 5.4 are satisfied, the set Zp-«
of all equivalent measures under which X is a martingale is also relatively

compact in L'(P).

Remark 5.5: The assumption that the filtration is generated by the process
X is essential in the proof of Proposition 5.4. One could easily construct an
example where the probability space also hosts another random variable Y
that is independent of X, and the sequence of densities of Y can be chosen
in such a way that the uniform integrability of the sequence of densities is

violated.

Corollary 5.3.1: Denote by A* the set of densities of all probability measures
absolutely continuous with respect to P under which X is a martingale.
Then the following statements hold:

(1) if A* is compact in L'(P), then the support of Ps(w, ) is finite, for all
s € T, and P-a.s. for all w € €;

(2) if the support of Py(w, -) is finite for all s € T, and P-a.s. for all w € 2,
and in addition F; is generated by {X}ocs<t and F = Fp, then A* is

compact in L'(P).

Proof. (1) According to Theorem 5.3, relative compactness implies that

the support of P(w,-) must consist of isolated points only. Besides, in order
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for the martingale property to be preserved, the support set must be bounded
(Theorem 5.2), thus it must be finite.

(2) Since the support of Py(w,-) is finite, then by Proposition 5.4 for an
arbitrary sequence of densities of absolutely continuous martingale measures
we can select a subsequence that converges in L'(P) to a density of a limiting
measure that is absolutely continuous with respect to IP. Moreover, the finite-
ness of the support set implies its boundedness, hence by Theorem 5.2 X will
be a martingale under the limiting measure. O]

The results that we obtained for the discrete-time case led us thinking that
the same sort of results regarding the weak closedness of the set of densities can
be derived in continuous-time. A constructive proof of non-closedness of the
set of densities of equivalent sigma-martingale measure due to non-equivalence
of the limiting measure has been kindly provided to us by George Lowther®,
which we present below in full for the sake of completeness of presentation.

Consider a filtered probability space (€2, F, (F¢)icpp,, P) with a fixed time
horizon T > 0 and an R%valued semimartingale X = (X;);cp7]. Same as
before, we denote by P* the set of probability measures equivalent to P under
which X is a sigma-martingale, and we denote the set of densities of equivalent
sigma-martingale measures by Zp-. The objective is to prove that Zp« is
compact in L'(P) if and only if it is a singleton or an empty set (Theorem

5.4).

Lemma 5.4: Let (Q, F,P) be a probability space, G be a sub-c-algebra of F,

S be an integrable R -valued random variable and Z be a uniformly bounded

5E-mail: george.lowther@blueyonder.co.uk
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non-negative random variable with

P(Z > K)>0 (5.58)

for some K > 0. Then there exists a non-negative random variable X and

a uniformly bounded G-measurable random variable Y > K such that

X<Y, P(X=Y)>0 (5.59)

and

E(XS | G)=E(ZS | G). (5.60)

Denote the set of G-measurable random variables by R and let

Y =essinf {y:yeR,y>ZVK, P-as.}. (5.61)

By construction, Y > K and Y > Z. If P(Y = Z) > 0, then we can assign
X = Z which will satisfy conditions (5.59)-(5.60).

Otherwise, for each x € (0,1), define a G-measurable random variable

which can be chosen to be jointly measurable (e.g., take it to be finite variation
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in z). Then

1 1
/ Updz =E < / (1125001 YS) d | g) (5.63)
0 0

1
0

=E(ZS | G). (5.65)
According to Lemma 5.2, for each w € Q
1
/ Uy (w) dx € conv({U,(w) : x € (0,1)}), (5.66)
0

therefore there exist sequences of random variables p,, and z,, such that p,, are

non-negative, eventually zero with ) p, =1, z,, € (0,1), and

/0 Un(@)dz = 3 pule)Un, oy (). (5.67)

Due to the measurable section theorem, the convex combinations in (5.67) can

be selected in a measurable way so that all of p, and x,, are G-measurable.

Let

X = pulizzenyY, (5.68)

then

E(XS|G)=E (anE (1(zs0}Y'S | G) | g> =E(ZS|G), (5.69)

therefore (5.60) is satisfied.
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Besides,

X = anl{z>an}Y < any =Y, (5.70)

hence to finish the proof we only need to verify that P(X =Y) > 0.

Define
T(w) = nax T (W), (5.71)
then
PzY VK <Y)>0, (5.72)

which in conjunction with the definition (5.61) of Y yields

P(Z >zY) > 0. (5.73)

However, Z > zY implies X =Y, thus (5.59) is satisfied. O

Theorem 5.4: The set Zp« is compact in L'(P) if and only if it is a singleton

or an empty set.

Assume that P* contains at least two distinct elements. Choose two dif-
ferent measures Q € P* and Q" € P*, and without loss of generality replace

the original measure P with

/

P:.= Q+Q : (5.74)

2

since P* only depends on P up to equivalence.
By construction, P € P* and

dQ
Zop=— < 2. 5.75
°e=p (5.75)



Also, since X is a sigma-martingale under P* € P*| let

X=¢poS= /(pdS, (5.76)

where ¢ is a strictly positive predictable process and S = (S;)ejo, is an H'
martingale under P* € P*, that is, sup,||S¢|| is P-integrable.
Define a P-martingale (in what follows, we shall refer to P-martingale as

simply a martingale) U = (Uy)icpo,1] as

;) . (5.77)

This is a uniformly bounded martingale with E(U;) = 1. Moreover,
P(U; # 1) > 0, (5.78)

since measures P and Q are chosen to be distinct.

Assuming that the filtration is right-continuous and complete, every mar-
tingale has a cadlag modification. Consider a cadlag modification of U, then
it is strictly positive and non-constant martingale with S and U o S both mar-
tingales. By integration by parts, this implies that the quadratic covariation
(U, S) is a local martingale.

Suppose that we can find a non-negative martingale M = (M;);cjo,r) which
is not identically zero such that M o S is a martingale and P(Mr = 0) > 0.
Then we can define an absolutely continuous but not-equivalent martingale

measure P* by
dP* My
dP  E(Mp)

(5.79)
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According to Lemma 5.1, this would imply that Zp« is not compact in L!(P).

Let us consider four exhaustive cases.

1. P(Uy # 1) > 0. Then we can consider a set A = {Uy > 1} and take M

to be an almost-surely constant martingale defined as

M, = . (5.80)

2. Up=1as.,and AU, = U;—U;_ > 0 for all t € (0,7}, that is, U only has
upward jumps. Since U; is assumed to be not almost-surely constant,

there exists K € (0, 1) such that

P ( inf U; < K) > 0. (5.81)

te(0,T

Let 7 be the first time at which U; < K, and let 7 = oo if this never
happens, then
P(1 < 00) > 0. (5.82)

Since U; has only non-negative jumps, U, = K whenever 7 < co. Then,

the martingale M can be defined as
Mt - Ut/\T - K, (583)

and it hits zero whenever 7 < oo, which happens with positive probabil-

ity.

3. Up = 1 as., P(AU;, < 0) > 0 for some t € (0,7], and there exists a

predictable stopping time 7 > 0 at which P(U, # 0) > 0. Then, since
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U, S and U o S are all martingales,

E(AU,AS, | Fro) =E(A(U o0 S), —U,_AS. — S,_AU, | F,—) = 0.
(5.84)
As Uy is bounded by 2, we have AU, > —2. Also, since AU, is not

identically zero and E(AU, | F._) = 0, there exists an € > 0 such that

P(AU, > ¢) > 0. (5.85)

By applying Lemma 5.4 to R !-valued F,-measurable random variable
(1, AS;) and non-negative random variable 1+ AU, /2 with K = 1+¢/2,
there exists a uniformly bounded F,._-measurable random variable Y >
1+¢/2 and a non-negative F,_-measurable random variable X <Y such

that P(X =Y) > 0, and

E(XAS, | F,) =E((1+ AU, /2)AS, | F,_) =0,  (5.86)

EX|F_)=E(1+AU /2| F._)=1. (5.87)

The martingale M can then be defined by

My =1 1en(X — /(Y - 1), (5.89)

Note that My = 0 whenever X = Y, hence P(M7 = 0) > 0. Besides,

the quadratic covariation

(M, ), = Lor) (X — DAS, /(Y — 1) (5.89)
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is a martingale, therefore, by integration by parts, M o S is also a mar-

tingale.

.Uy =1as., P(AU; < 0) > 0 for some t € (0,7, and U; is quasi-left-
continuous (i.e., AU, = 0, a.s., for each predictable stopping time 7). In

this case there exists an € > 0 and ¢t € (0,77 such that

P(AU, < —¢) > 0. (5.90)

Let 7 be the first time at which AU, < —e, and let 7 = oo if this
never happens. By Lemma 5.4, there exists an F_-measurable Y > ¢

and a non-negative F,_-measurable random variable X < Y such that

P(X =Y) >0, and

E(XAS, | F,_) = E(—AU,AS, | F,_). (5.91)

Let V' be the step process defined by

Vi = Lysny (X + AU,)AS,. (5.92)

Then the quadratic covariation

<V, S>t = 1{@7}(){ + AUT)AST (5.93)

is a martingale. Since P(n = 7 < oo) = 0 for each predictable 1), stopping
time 7 is totally inadmissible. Therefore, it has a compensator V7 =

(V{7 )tejo,r], which is a continuous finite variation adapted process starting
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from zero such that V' — V7 is a martingale. Consider the martingale
Nt = Ut/\T + ‘/tT - ‘/t, (594)

then (N, S) = (U, S), — (V,S) is a local martingale. Also, AN; = —X
and P(AN, > —Y) > 0. Since Y is F,_-measurable, there exists a
predictable process £ with £, = Y. By replacing ¢ with £ V ¢, we can

suppose that & > . Consider the martingale

N = /gldN, (5.95)

then AN, = &'AN, > —1 and P(AN, = —1) > 0. Let M be the

solution to the following SDE:
t ~
M, =1 —|—/ M,_dNj. (5.96)
0

This is the Doléans exponential of N and is given explicitly by

ST ~ 1, - .
M, = exp (Nt - 5<N)t> [[exp (—ANS + 5(ANS)Q) (1+ AN,).
s<t

(5.97)
As AN > —1, we have M; > 0. Also, My = M, = 0 whenever AN, =
—1, which occurs with positive probability. Since

dM, = M,_dNy, (5.98)

d(M,S) = M,_d(N,S),, (5.99)

M and (M, S) are local martingales, therefore, by integration by parts,
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M o S is also a local martingale. By localization (replacing M by M" for
a suitable stopping time n with P(n > 7) > 0), we can assume that M
and M o S are both proper martingales. Thus, M satisfies the required

properties. O

5.2 Computing expectations in the telegraph
market model

Consider the telegraph market model with X; and N; defined as in (3.67). The
purpose of this section is to provide an explicit (recursive) expression for the
conditional density p,(t, ) which allows to evaluate expectations of the kind

E (g(X¢, N;)) numerically for a given function g(z,n).

Theorem 5.5: In the telegraph market model with processes X; and N; defined

by (3.67), for an arbitrary function g : [0,00) x Ny — R,

B (g N0) = Y [ gl mpa(t.)da, (5.100)

No o
where for allt > 0 and x € R,
po(t,x) = e M 5(x — est), (5.101)
and for all k € N,
A (o, (t t, )"
ka_l(t,I> _ 1 (¢1( 7$)¢2( 7I)) 5 e—(j)l(t,x)—d)Q(t,x)? (5102)
o= | ((k=1)!)
1tz t,x

k
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with

cot — x

by (t, ) =X\ CZ — (5.104)
T —cqt

Dt @) = Do — ; , (5.105)

and x € (c1t A cat, cqt V cat).

Denote by T} the time of the j-th jump of ¢(¢) and denote by 7; = T; =14
the length of time between two successive jumps. Since o(t) is a continuous-

time Markov chain, random variables 7; are exponentially distributed:

Tor41 ~ E(A1), (5.106)

Tor ~ E(N2), (5.107)

where £(A) is the exponential distribution with parameter \.

Denote
S,‘gdd =T1+73+ -+ To_1, (5.108)
SEt =Tyt Tyt T (5.109)
then
S2 ~ Tk, M), (5.110)
Szvon ~ F(]C, )\2)7 (5111)

where I'(«, 5) is the gamma distribution with parameters a and 3.
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Without loss of generality, we assume that ¢ > c¢1; the other case can be
handled similarly. Note that the drift of X, is equal to ¢; when Ty; <t < T4,
and it is equal to ¢, when T2j—1 <t< ng.

Hence, if N, = 2k, we have Ty, < t < Topyq and Ty, = S,‘gdd + S5;V°", thus
Xy = 1899 4 0,587 ¢y (t — Top) = (g — ¢1)SE™ + ¢4t (5.112)
Similarly, if Ny = 2k + 1,
X = 15099 + caSgY + ot — Topyr) = (1 — €2)Spl9 + cot. (5.113)
By using the identity
{N, =2k} = {Tor, <t < Top + Tors1}, (5.114)
we conclude that

pok(t,x) =P ({(ca — c1)SP™™ <z — eyt} N

{ SR+ Spvem <t < St + S 4 Topga }) . (5.115)

Finally, since S99 S¢¥n and 795, are independent random variables with

distributions I'(k, A1), I'(k, A2) and E(A;) respectively, we obtain

z—cyt
2—c1 t—z2 [e%¢)

ARFL)R ¢
ka(t,x):W / dZQ/le / dzs (ZlZZ)k—le—,\l(zlJrzg)_Am7

0 0 t—z1—22

(5.116)

By differentiating both sides of (5.116) with respect to z and computing the

124



double integral explicitly, we arrive to (5.103). The expression (5.102) for the

density at the odd indices can be derived in a similar way. ]

5.3 m-~th moment of the CEV distribution with

B=1

Lemma 5.5: Let S; be a CEV process with = 1, as defined in (4.48). Then

for any fixed T > 0

o i+1-m
m i+1 (H—l
E(S7, | S) = Z S, (—02(err - 1)) : (5.117)
where (ag, g, ... Q1) 18 the coordinate vector of polynomial
m—1
Pm—1(n) = || (n+m—j5+1) (5.118)
j=1

relative to basis {eg(n),e1(n),...en_1(n)}, with

ein)=[[(n—j+1), i=12..m-1 (5.119)

j=1
In order to prove the lemma, we shall use the fact that the conditional
density of a CEV stock price may be expressed in terms of power series (see

g.. [Randal, 1998]).

Denote by f.(s) the conditional density of S, given S;:

n+1_n

2 > X z
fT(S | St) = Ke Z m, (5120)
= :
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where

2
r=rSe"T, Z=KS, K= = (err 1 (5.121)
Note that
o xn—i—lzn
fr(s| Sy)ds =e T; e 1)!dz, (5.122)
therefore
m Tz —x—2z = 'In—HZn
B(Sti- | 5) :/0 (E) Y nl (n+ 1)udz

—~ nl (n+1)
= Sie" TR Z Gz (n)Pm—1(n), (5.123)
n=0

where g,(n) is a probability mass function of a Poisson random variable with
mean 2.

If we choose such «q, aq, ... a,,_1 that

—_

m— i

Pm_1(n) = Z o H(n —Jj+1) (5.124)

i= j=1

and notice that

i 0 itn=0,1,...7—1,
[[n=i+1)= ol (5.125)

ifn=dii+1,...,
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we can rewrite the expectation as
m—1 oo

=0 n=1

m—1 00
_ rr 1—-m 7 .
g .
=Sk T gu(n —1)
i=0 n=i

m—1
= S,eTRITm E a; (kS

1=0

3
L

OéiStH_le(l—’_l)rT/ﬁ)H_l_m,

~
I
o

which concludes the proof.
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