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Abstract

Unmanned Aerial Vehicles (UAVs) are receiving increasing interest from industry
and academia due to their wide application in search and rescue, infrastructure
inspection, and surveillance. This thesis focuses on research in the area of nonlinear
control for rotary wing UAVs. Throughout this thesis, we design the controllers
based on the inner-outer loop structure. The outer loop stabilizes translational
variables and generates a reference roll and pitch signal which is fed to the inner
loop. The benefits of the cascade structure include simplicity of implementation
and ease of tuning. Due to physical constraints of actuators, e.g. UAV rotor speed,
we consider motion control with input and state constraints. This work considers
bounds on thrust, roll, and pitch. Unlike most of the existing work we use a body-
frame representation for the dynamics outer loop design. This allows us to specify
independent bounds for roll and pitch. The global asymptotic stability of the nested
saturation-based outer loop is proven, and the stability of the inner-outer closed-loop
is analyzed.

Time delay has practical significance given it can negatively affect the stability
of the system. For example, latency in the UAV communication can cause delay. We
analyze the robustness of the nested saturation controller with respect to time delay
using the emulation approach. A sufficient condition for stability in terms of the
upper bound of time delay is derived. Since there is no compensation for delay in the
controller design, this method is suitable for smaller delays. We also deal with time
delay using prediction method. In this case, we design a predictor-based control for
both motion control and visual servoing problems. Parameter uncertainty is also

considered. Sufficient conditions for stability are given in terms of linear matrix
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inequalities (LMIs) for both problems. The abovementioned control designs and
theory is experimentally validated on the Applied Nonlinear Control Lab (ANCL)

indoor quadrotor platform.
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Chapter 1

Introduction

1.1 Background

Unmanned Aerial Vehicles (UAVs) are receiving increasing interest from industry
and academia. This attention stems from a number of reasons including their use in
remote sensing, surveillance, domestic policing, oil, gas and mineral exploration and
production, search and rescue, forest fire detection, parcel delivery, and scientific
research.

The most common UAVs have a fixed-wing or rotary-wing configuration. Rotary-
wing UAVs have unique characteristics which include maneuverability, vertical take-
off and landing (VTOL), and hover. This makes them ideal for detailed inspec-
tion work or surveying hard-to-reach areas such as pipelines, and power lines. The
quadrotor is a popular choice of rotary-wing UAV due to its simplicity of construc-
tion and actuation. The first reported quadrotor UAV is HoverBot, invented by
Dr. Johann Borenstein in 1992 [1]. The HoverBot is built by tying four helicopters
at their tails. Currently, many universities and companies have developed their
own quadrotors [2]: X4-flyer (Australian National University [3]), OS4 (EPFL [4]),
STARMAC (Standford University [5]), Intel Aero (Intel), ARDrone (Parrot), Spark
and Mavic (DJI), etc. The open-source autopilots include Arducopter, Pixhawk [6],
Openpilot, Paparazzi, etc [2].

As for scientific research, some research groups have developed their own indoor
test bed, such as Real-time indoor Autonomous Vehicle test ENvironment(RAVEN,
MIT [7]), General Robotics, Automation, Sensing, and Perception (GRASP) mul-
tiple MAV test bed (UPenn [8]), and Flying Machine Arena (FMA, ETH Zurich
[9]). Recent research at the University of Alberta’s Applied Nonlinear Control Lab
(ANCL) has focused on the control of rotary wing UAVs [10-15]. The ANCL in-
door UAV platform was developed. Their VITOL maneuverability makes them a
good choice for inspection tasks, and the ANCL is currently investigating their

application in improving the inspection of transmission lines and other linear struc-
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Figure 1.1: Configuration of a typical UAV system.

tures. The aim is to use computer vision to control the relative pose of the vehicle
to the line. Having a consistent view of the conductors improves the efficiency and
quality of the inspection.

The configuration of a typical quadrotor UAV includes actuators, motor con-
trollers, onboard avionics, sensors, radio transmitters, receivers, and communication
systems, as shown in Figure 1.1. The actuators includes the propellers and motors,
which are used to generate thrust to control the vehicle. Normally brushless DC
(BLDC) are used and are controlled by electronic speed controllers (ESCs) which
include an DC/AC inverted circuit. Onboard avionics consists of a processor with
input/output (I/O) ports. The outputs connect to the ESCs and telemetry radio.
Inputs connect to a radio-control (RC) receiver, and sensors such as a gyroscope,
accelerometer, magnetometer, barometer, and global positioning system (GPS). A
gyroscope measures changes in orientation or changes in rotational velocity, an ac-
celerometer measures linear accelerations, and a magnetometer determines absolute
orientation by measuring magnetic fields. Sensor fusion is performed to improve the
accuracy of state estimation. GPS is only valid for outdoor flight because for indoor
environment GPS is not available in general. RC transmitters and receivers can be
used for manual control. The communication with the ground station, RC transmit-
ters, and other position sensors are implemented by communication modules, e.g.
XBee. The tasks include sending and receiving commands, ground monitoring, and
receiving external sensor data (e.g. Vicon).

UAVs are usually underactuated. They have four inputs with the capability
of motion in 6 degrees of freedom (DOF). This feature makes the motion control
of UAVs a challenging task. Work in [16] investigated the input output feedback
linearization method. Work in [17, 18] proposed nonlinear controllers based on the
backstepping technique. However, practically it is hard to implement the controllers,
because derivatives of the thrust are involved in the inputs. The thrust is a function

of motor’s speed, thus, the dynamics of motor have to be considered as well, which



complicates the problem. Most field tested autopilots use an inner-outer loop or
cascade control structure [2, 19]. The idea of separating the control into two (or
more) cascaded loops is seen in many applications such as electric motor drives and
static synchronous compensators (STATCOMs) for power quality control [20]. The
benefits of a two (or more) loop structure include simplicity of implementation, ease
of tuning, and satisfaction on input or state constraints. For UAVs, the outer loop
stabilizes translational variables, i.e., position and linear velocity, and generates a
reference signal fed to the inner loop. Separating the control into simpler trans-
lational and rotational designs is important for reliable practical implementation
[21-24]. The indoor and outdoor ANCL UAVs have been experimentally tested us-
ing an inner-outer loop control structure [13, 14, 25, 26]. Therefore, throughout this
thesis, the cascade control structure is applied. It should be noted that the analysis
of the entire inner-outer closed-loop stability is performed.

In addition to motion control problem, the problem of visual servoing is consid-
ered. Visual servoing involves the use of images from a video camera to achieve a
motion control objective. Traditionally, many UAV applications rely on an accu-
rate estimate of the vehicle’s position or linear velocity which is fed back to achieve
motion control. A UAV’s position and velocity is usually estimated by an onboard
navigation system which fuses various sensors including accelerometers, gyroscopes,
ultrasonic sensors, and GPS [11, 12]. For outdoor applications GPS is commonly
used for maintaining a stable position or velocity estimate. However, often GPS is
unavailable indoors, or motion control is desired relative to a visual target whose
GPS coordinates are uncertain. For example, commercial rotary wing UAV au-
topilots (e.g. ARDrone 2.0) can hover indoors thanks to a downwards facing video
camera which regulates the linear velocity relative to the ground. Given the clear
practical benefits of using computer vision in UAV motion control, there is an in-
creasing amount of research on new visual servoing algorithms [27]. For example,
model-based visual servo control has been used to land a vehicle whose GPS coordi-
nates are not accurately known [28]. It is important to note that only recently have
relatively inexpensive powerful computer vision systems become available to make

experimental work on on-board visual servoing for UAVs possible [6].

Input saturation

Due to physical constraints of actuators, e.g. UAV rotor speed, many researchers
study motion control with input saturation [29]. In addition, constraints on states
should also be considered for practical reasons [30]. For example, it is necessary to
constrain attitude to a safe range to avoid undesirable UAV configurations (e.g. an
inverted aircraft). Constraints on attitude are also useful for visual servoing appli-

cations where an on-board camera is used to provide feedback for motion control



[31, 32]. Here attitude must be limited to ensure the visual target remains in the
camera’s field of view. The inner-outer loop control structure is useful for limiting
attitude since the inner loop references can be saturated [19].

In [33], a nested saturation controller for multiple integrators was proposed.
One advantage of this method is that it is induction-based, which allows it to be
extended to systems of arbitrary order. However, since there are no control parame-
ters introduced, the closed-loop performance might be degraded especially for bigger
initial conditions [34]. With work in [33] as a foundation, many results [35] have
been proposed to improve the performance of saturated controllers, e.g. work in [36]
added some free parameters so that transient response can be designed. Work in
[37] extended this result to the case with bounded external disturbances. Work in
[38, 39] generalized the result to controllable linear systems.

The nested saturation controller and its variations have also been applied to
UAVs. Lateral and longitudinal controllers for a helicopter was designed in a cascade
control structure in [40]. Work in [41] considered mass uncertainty and thrust
saturation at the same time. Work in [17] applied the nested saturation control to
an approximately linearized model to account for thrust and torque limits. Work in
[42] considers a visual servoing application and incorporates orientation limits using
nested saturation and the angle between the z-axes of the navigation and body
frames. A cascade framework using the rotation matrix is in [24] which includes
bounds on thrust.

Model predictive control (MPC) or receding horizon control (RHC) is another
useful method for constrained control [43] and has been applied on UAVs [44]. MPC
solves an online finite horizon open-loop optimal control problem with constraints
involving states and inputs. However, online computational burden of MPC might

degrade its performance. In general, global stability is hard to achieve with MPC.

Time delay

The ANCL UAV indoor platform includes a Vicon motion capture system which
provides the vehicle’s position, linear velocity, and attitude. In many cases the
position and linear velocity are sent to the vehicle via a wireless link. In some
cases the yaw is also sent to avoid problems with magnetic interference introducing
errors in the on-board estimation of yaw. The wireless transmission introduces a
time delay to the Vicon data when it received on-board. For UAVs with GPS
as the sensor, a delay is introduced for the same reason. Futhermore, for visual
servoing applications, the image processing time also causes a delay. Therefore, it
is necessary to consider the time delay while designing a controller. Since the time
delay from the Vicon system only influences the outer loop, we categorize it as input

or measurement delay.



Time-delay systems are infinite-dimensional, thus instead of Lyapunov functions,
Lyapunov-Krasovskii Functionals (LKF) are used for stability analysis. The LKF
depends on past values of the state variable which can complicate analysis. This
difficulty led to the Razumikhin stability theorem, which does not necessarily require
the derivative of a Lyapunov function to be negative for all time [45, 46]. In [47] it is
pointed out that results using LKF are generally less conservative. Another method
for stability analysis uses the frequency domain and the location of the system’s
characteristic roots [47, 48]. This approach can only be applied to linear systems.

There are two main categories for the control of systems with input delays
[49, 50]. The first one is called model reduction or prediction, which compensates
delays by augmenting the system with a new state. Predictor-based control meth-
ods for input delays are commonly used, especially for problems with large delay.
Examples of this approach are the well-known Smith Predictor, Finite Spectrum
Assignment, and the reduction approach [51, 52]. More recently, work in [49] devel-
oped a backstepping design procedure using a partial differential equation (PDE)
framework which provided a stability proof based on LKF for linear systems with
constant delays. Using an adaptive control method, this result was extended in
[53] to the unknown delay case and the unknown constant input disturbances case
[54]. Work in [55] dealt with unknown time-varying disturbances. Work in [56]
developed a predictor-based control for multi-input nonlinear systems with distinct
input delays in each input channel. By introducing a new method for constructing
LKFs, work in [57] considered linear systems with distributed input delay. In [58]
a predictor-based control using chaotic synchronization is designed. Here, an extra
correction term in the predictor dynamics is introduced to improve robustness. This
method has been applied for remote control of a wheeled mobile robot in [59].

The second way in dealing with input delay is called the emulation approach.
This method designs a stabilizing controller for a nominal system without delay, and
analyzes the effect of delays on the closed-loop stability. This method is generally
suitable for small delays and is easy to implement because no extra design is needed.
Constraints on the size of the delay are given to ensure stability. For linear systems,
we can design linear controllers and analyze their robustness to the time delay
based on LKF, Razumikhin theorem or frequency domain method. Analysis of
linear time delay systems can be found in [48]. For some cases, nonlinear controllers
are investigated for linear systems, e.g. the saturation control. Work in [60] solved
the problem of the global uniform asymptotic stabilization by bounded feedback of
a chain of integrators with a delay in the input. A review for nonlinear time delay
systems using emulation approach can be found in [50].

The background described above motivates this thesis. The research focuses on

model-based motion and visual servoing control for quadrotor UAVs with constraints



and time delay disturbance. A nested saturation controller is proposed such that
the thrust, roll and pitch are constrained. Both prediction and emulation methods
are considered for the control of UAVs with time delay. Outline of this thesis is

summarized in the following section.

1.2 Thesis outline

The outline of this thesis is given in this section. Thesis contributions are summa-
rized in Section 1.3.

A model of the UAV considered in this thesis is given in Chapter 2. We start
with the translational dynamics in both navigation and body frames, and rotational
dynamics in Section 2.1. We introduce the image kinematics for visual servoing
including the virtual camera model. In Section 2.2 we present the ANCL quadrotor
platform which is the experimental test bed used in the following chapters.

Chapter 3 focuses on the position control of quadrotor UAVs with state and input
constraints using an inner-outer loop control structure. We review Teel’s nested
saturation method [33] for a chain of integrators in Section 3.2. In Section 3.3 we
propose a nested saturation control for the translational dynamics of a UAV in body
frame. Using body frame allows for independent bounds on roll and pitch.Based on
this controller, the outer loop generates a saturated thrust, and the reference roll
and pitch angles, while the inner loop is designed to follow these reference angles
using a traditional PID controller. A commonly-used PID structure based on Euler
angles is relatively easy to implement and tune. The proof of global asymptotic
stability of the outer loop is provided. The closed-loop stability is also analyzed in
this section. Simulation and experimental results to validate the controller are in
Section 3.4 and 3.5.

Chapter 4 studies the input-delay control for UAVs. We start the chapter with
an introduction of time delay systems which includes the functional-differential-
equation description and definitions of stability. We overview three methods for
stability analysis: frequency domain, LKF-based, and Razumikhin theorem-based.
An overview of the control problem of time delay systems is given in Section 4.2. In
Section 4.3 we propose synchronization-based predictors for a class of systems based
on the work in [58, 59]. We consider the robustness to uncertainty in model param-
eter and unknown time delay. To improve its robustness we modify the method in
[58, 59] by adding an extra term in the predictor dynamics. Assuming the unknown
parameter and time delay are bounded with known bounds, global asymptotic sta-
bility is proven. In Section 4.4 the results are applied to two input delayed control
problems for UAVs: motion control and visual servoing. Section 4.5 and 4.6 provide

simulation and experimental results.



In the presence of time delay the nested saturation control cannot be extended
using the predictor designed in Chapter 4. This is because the stability analysis of
nested saturation controllers is based on induction. A different Lyapunov function
is designed for each step to guarantee its convergence to an invariant set, thus there
is no unified Lyapunov function. Therefore, in Chapter 5, we analyze the robustness
of the nested saturation controller proposed in Chapter 3 to time delay using the
emulation approach. This work is inspired by [60] which analyzed the robustness of
the nested saturation controller for chains of integrators. This method is suitable
for small delays and is easy to implement because no extra design is needed. The
controller design is described in Section 5.2. Compared to Chapter 3, the analysis
has been simplified. Instead of considering the dynamics in the body frame, a new
frame is proposed. In addition, instead of treating each component of a saturated
vector separately as in Chapter 3, here we analyze the stability based on a vector
norm. This simplifies the proof which is given in Section 5.3. Based on the analysis,
sufficient conditions of stability on time delay and control parameters are given. We
provide simulation and experimental results in Section 5.4.

In Chapter 6, we conclude the work done in this thesis and discuss possible

future research directions.

1.3 Contribution

The contributions of this thesis are summarized as follows:

e Motion control with saturation [15, 61]. A saturated controller for the trans-
lational dynamics in body frame is proposed. This is a vector form of Teel’s
nested saturation method for a chain of integrators in [33]. The difficulty is
duo to the fact that variables in the dynamics are 3-dimensional vectors and
are coupled. The contribution of this work is the stability analysis of nested

saturation control for systems of this form.

e Predictor-based controller with the presence of time delay [62, 63]. We improve
the robustness of the synchronization-based prediction controller originally
proposed in [58] and [59] by adding an extra term in the predictor dynamics.
Uncertainties considered include unknown model parameters and time delay
mismatch. Sufficient conditions for stability are given in terms of linear matrix
inequalities (LMIs).

e Robustness analysis of the nested saturation control with respect to time delay
[64]. Using a new reference frame, we modify the nested saturation control

proposed in [15, 61]. Also, for simplicity, the norm of a saturation vector



is used in the stability analysis. The analysis yields sufficient conditions for

stability in terms of time delay and control parameters.

e Experimental validation of controllers [15, 63, 64]. The controllers proposed
in [15, 63, 64] are implemented on the ANCL indoor quadrotor platform to
validate the theoretical results. The implementation is based on open-source
Pixhawk hardware and PX4 firmware and the code is available at Gitlab!.

"http://gitlab.nonlin.local /px4.git



Chapter 2

Model and Platform

In this chapter, we will introduce the quadrotor model that will be used in this
thesis. We start with the translational dynamics in different frames, and rotational
dynamics. We also introduce image kinematics for visual servoing problems. In the
end, we present the indoor ANCL quadrotor platform. Controllers designed in the

following several chapters will be experimentally validated on this platform.

2.1 Modelling

In this section, the rigid body dynamics of a quadrotor UAV is presented. Similar
material can be found in existing literature, e.g. [65-68]. Unlike traditional heli-
copters which rely on complex linkage mechanisms to implement a variable pitch ro-
tor, the quadrotor uses fixed pitch propellers with direct drive variable speed brush-
less DC motors to control the external force and torque on the vehicle. As shown in
Figure 2.1, we label the four rotors 1 to 4 and denote their speeds €2;,7 = 1,2,3,4
which can be considered the system’s physical inputs. The direction of rotation for
Rotors 1 and 2 is opposite to Rotors 3 and 4. This ensures no reaction torque when
rotor speeds are equal.

The modelling is based on two reference frames. A navigation frame is stationary
with respect to the earth and denoted N' = {ni,n2,n3}, where ny,ny, n3 are basis
vectors with ng pointing down. The body fixed frame is fixed to UAV’s centre of
mass (CoM) and denoted B = {b1, be, b3}, where by, ba, by are basis vectors. The two
frames of reference are shown in Figure 2.1. We chose b3 to point down and b; to
points in direction midway between the arms of Rotor 1 and 3. We remark that
other choices for b; are common and define the so-called “x” and “4” configurations
[32]. The rotation matrix R € R3*3 transforms vectors between A and B. We



Figure 2.1: Frame definition of a quadrotor UAV.

parametrize R using the “ZYX” Euler angles n = [¢, 0, w]T as

CpCo  —SyCp T CpSeSe  SpSy + CpSoCy
R(n) = | syco  cpCy+ 54505  —SpCy + C3S05y

—Sp Cgsd) C@C¢

where ¢ is roll, 6 is pitch, and 1 is yaw, s4 = sin¢, and ¢4 = cos¢. As shown in
Figure 2.2, the coordinates of a point P in the body fixed frame PP can be related

to its coordinates in the navigation frame P" by
P* = RT(P" —p") (2.1)
where p" is the translation from the origin of A/ to the origin of B expressed in N.

2.1.1 Quadrotor translational dynamics

From Newton’s law we obtain the translational dynamics using the position of the
UAV in N

pr=1" (2.2a)
mi"™ = mgnsz + RF® (2.2b)

where m is mass, p” € R3, v € R? is velocity expressed in A, and the term mgns is
the gravitational force. F® € R3 is the external force acting on the vehicle expressed
in .

For each rotor, the steady-state thrust generated by a hovering rotor in free air

10
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by

b3

ni

n2

ns P

Figure 2.2: Relation between the navigation frame and the body fixed frame.

can be modelled as
fi = CrpAnri 0 = ¢, 07

where C is the thrust coefficient related to rotor geometry and profile, e.g., angle
of attack. p is the density of air. A,, = 7TT‘Z2 is the area of rotor disk, r; is the radius.

Rotors of a quadrotor are not rigid and aerodynamic forces acting on the rotors
can cause the rotor to flex. This mechanism will protect motors mounting or the
airframe while causing the blade-flapping effect. It is concluded that the flapping
dynamics converge to steady state after one cycle, thus only the steady state is

studied. The longitudinal and lateral flapping angles can be modelled as [69]

1

upi = —— (40 — 2X7)

1=
_ 1 Cr8uy Gy

wi= 2 (g Ty

14809 a2
b
where p; = H&i” is the rotor’s ratio, v® = RTv™. 9, is blade tip angle. \; = % is

the non-dimensionalised near-hover inflow of the ith rotor. o is the solidity of the
rotor, i.e., the ratio of the surface area of the blades and the rotor disc area. a is
the airfoil polar lift slope. 7 is the Lock Number [70]. Then, the flapping angles in
the body frame can be calculated as [69]

A1y5 = Cop; Ulyi — Sop; Vi

b1,i = Sy, U1, + Cyp; V1

b
where ¢; = arctan(Z—?,) is the azimuthal direction of motion.
1

11



Besides, drag force on the body is also considered in some references [67, 71].

The drag force is proportional to the body-frame velocity v?, i.e.,

b
KUY

b _ b
deg = — | KUy

0

where k is the drag coefficient which can be modelled as kK = ); Z?Zl Q;. Kk can be
treated as constant because in nominal flight conditions for a quadrotor, the sum of
rotors’ angular speeds can be seen as a constant [71].

The total external force will be

—sinai m)ll’

4
Fb— , . b
= fi cosay,;sinby; — | kg
i=1 —cosay,;cos by, 0

Throughout this thesis, we simplify the external force by neglecting the blade
flapping and drag force. Thus, the external force F® has the form

FP=1 0 (2.3)
-T

where T' = Zle fi- In the following chapters, we will treat T as the control input.

The dynamics can also be expressed in B. We assume the point P is at the
origin of A in Figure 2.2. Then, P" = [0,0,0]” and p® = —P?.

Based on (2.1), we have p* = —P* = —RT(—p") = RTp", where p® denotes
position expressed in B. In order to obtain the translational dynamics in terms
of p® and v’, we require the rotational kinematics. Since R is orthogonal, i.e.,
RRT = RTR = I, by taking the derivatives on both sides, we get RRT = —RRT =
—(RR™)T, thus RRT is a skew-symmetric matrix and is parameterized using sk(w™)
[72], where w™ € R? is the UAV’s angular velocity expressed in A/ and the operator
sk(-) is defined as

al 0 —das a9
sk as = as 0 —-a
as —a al 0
Therefore, we have
R = sk(w™)R = Rsk(w’) (2.4)

where w® = RTw™ is the angular velocity expressed in B.

12



Then, taking the derivatives of p® and using (2.2), (2.3) and (2.4) leads to

P’ = —sk(w’)p” + o (2.5a)

T
0 = —sk(w?)v® + gRTng — —by (2.5b)

where v® = RTv"™ is velocity in B.

Remark 2.1. Robustness analysis to unmodelled dynamics and external distur-
bances, e.g. wind gust disturbance, is out of scope of this thesis. However, in
the following chapters, we will add these disturbances in the simulation to show
the effectiveness of the proposed controllers. The detailed description of the sim-
ulation can be found in Chapter 3. The robustness of proposed controllers in this
thesis is also shown in experiments. We remark that study on the robustness of
UAV controllers to disturbances and uncertainties has attracted massive attention
in academia [73]. Work in [74] considers external forces and torque disturbances and
the unknown position of CoM. Work in [75] investigates an approximate adaptive

controller for model uncertainties, e.g. payloads, and disturbances.

2.1.2 Quadrotor rotational dynamics

The rotational dynamics are given by Euler’s equation [72]:
Job = —wb x Jub 4+ 70 (2.6)

where J € R3*3 denotes the inertia tensor of the UAV and 70 € R? is the applied
torque in the body frame, which can be modelled as follows. The first term comes
from aerodynamic forces, i.e., the thrust imbalance and drag force acting on the
rotors. The drag is acting on the blades not on the hub, thus it results in drag
torque, the magnitude of which can be modelled as

T = CTpAT.TsQ? = cTin2

(2

The sign depends on its direction of rotation. It is positive for rotor rotating counter-
clockwise. Here we assume the thrust from each rotor is in b3 direction. Therefore,

the torque is modelled as

(fotfa—fi— )5
= (h+fs—fa—f)5
> imt T

S-S

where [ is the distance from the motor to the CoM of the vehicle. §; denotes the

sign of the drag torque for the ith rotor. Besides, the rotating rotor can be seen as

13



a gyroscope, thus changes in the attitude will cause the gyroscopic torque, which

can be given as

A 0 —¢ 6 0 A J-,0
P PLl I N B e DL B
=l -0 ¢ 0 Jr 9 =1 0

where J,. is the rotor inertia.
In addition, there is a reaction torque due to the rate change of the rotors’

speeds. This torque is only in bs direction, i.e.,
4
=) 6] Qibs
i=1

Therefore, the total torque can be modelled as

Tb:Tch)+T£I;+T7?

However, in most references [66, 76, 77|, the model of 7% used for control are ap-
proximated by taking the main components, i.e., 70 = ;Z. Then, the torque 70 is

can be expressed in terms of rotor thrust as

(fot fs— f1— f)l/V2
= (fi+ fs— fo— f)l/V2 (2.7)

asfz+aafs —onfi —asfo

-

where a; = 271 We remark that there is a known one-to-one relation between
(F®, %) and roltor speed Q;,7 = 1,2,3,4. Hence, for simplicity, in the rest of this
thesis, T and 7° are taken as control inputs.

The moment of inertia J of a rigid object can be identified using the trifilar
pendulum method. To develop this method, the rigid body is suspended from a
platform using three flexible wires and the period of torsional oscillation around the
vertical axis is measured. We built a thin cardboard as a platform with 6 marks
attached for Vicon detection.

We run 5 experiments with the following setup:
e cardboard

e cardboard + stand

e cardboard + stand + quadrotor in z-axis

e cardboard + stand + quadrotor in y-axis

14
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Figure 2.3: Measured yaw and its estimate.

e cardboard + quadrotor in z-axis

For each experiment, we

e Record the yaw angle of the object with the help of Vicon motion capture

System;

e Use function createF'it in Matlab to find the best fitting curve. One example is

given in Figure 2.3. Note that only the oscillation frequency is needed for the

measurement. Therefore, the mismatch between magnitudes is acceptable.

e Run the experiments with the same setup 10 times and calculate the average

of oscillation period.

The moments of inertia of the quadrotor are

Jew = (2.99 4 0.09) x 1072 kg - m?
Jyy = (2.76 £ 0.09) x 102 kg - m?
J.. = (4.81£0.06) x 1072 kg - m?

In addition, (2.4) can be expressed alternatively using Euler angles. From the

previous subsection we recall sk(w?) = —RT R, where R and R can be expressed

using Euler angles 17 and their derivatives 7. Thus, solving for 7 we obtain

7=Wu’ (2.8)
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where

1 sgtg  coty
W = 0 C¢ _S¢
0 sg/co ce/co

where ty = tan6.
The rotation matrix using Euler angles is not a global representation. The

singularities occur when 6 = (2k 4+ 1)3,k € Z [78]. For example, when 6 = 7,

- 0 Sp—y Cop—y
R(9, 5 V)= |0 co_yp —Sp—y
1 0 0

This implies for § = 7, the rotation matrix is the same as long as ¢ — 1) is constant.
This can be seen as the mathematical explanation of the well-known gimbal lock
phenomenon. Moreover, the determinant of W in (2.8) is é This implies when
§ = 7, infinite angle rates are needed to generate a finite angular velocity [78].
The singularities can be avoided with quaternions. The unit quaternion contains
]T

a scalar gy and 3 dimensional vector ¢ = [q1, q2, ¢3]" satisfying

go + llal* =1
Accordingly, the rotation matrix using quaternions is given as

1-2¢3 —2¢3 2q1g2 — 2q0q3  2q1G3 + 2q0q2
R=| 2q1q2 +2q0q3 1 —2¢° —2¢3 2q2g5 — 2qoq1
2¢193 — 29092 2923 + 2q0q1 1 — 2¢3 — 2¢3

The quaternion evolves as

qo G —q —q92 —q3 0
| _1|la @ -3 @ w}
@ | @2 @B QO —q w}
qs 3 —9¢ 9 q wh

Controllers based on quaternions can be found in [79, 80]. However, despite of its
disadvantage, the roll-pitch-yaw representation is still very popular. In some cases
when singularities won’t happen, it is not necessary to introduce one redundant

variable. For this reason, in this thesis, we will use the Euler angle representation.
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2.1.3 Image kinematics

This thesis will consider visual servoing problems of UAVs, i.e., control the motion
of UAVs based on the computer vision data. There are two main visual servoing
methods: position-based and image-based visual servoing (PBVS and IBVS) [27].
In PBVS, the relative 3D pose between camera and target is used as a control input.
This pose is estimated using visual features extracted from the image and model of
the target. Estimating 3D pose can be useful to ensure global convergence. However,
PBVS is highly sensitive to calibration errors and image noise. In contrast, IBVS
measures the error signal based on the image and maps it directly to a feedback
command. Since it works with error in the image plane, it avoids reconstruction
of the cameras relative pose. This makes it suitable for unstructured environments
and robust to calibration errors. In this thesis, we only consider IBVS method.

In this subsection, we will derive the image kinematics based on point features
and image moment features of a virtual camera. We assume a perspective camera

is mounted on the UAV facing downward.

Point features

Let pl be the coordinates of a fixed object represented in the navigation frame, then

its coordinates in the body frame will be
py = R"(py — ")
then the dynamics of p? will be
B = —sk(w!)ph — o* (2.9)

which is the same as (2.5a).

Denote pj as the displacement vector from the body frame to the camera frame
C ={c1,¢2,c3} expressed in the body frame, R} the rotation matrix from the body
frame to camera frame as shown in Figure 2.4. Then, the object coordinates in the
]T

camera frame pS = [pS;, pSy, DS3]” can be obtained

v = R; (v~ f)

For simplicity, we can assume p§ = [0,0,0]7 and R{ is the identity matrix. Then,
the frames C and B are the same and we can interchange the superscripts b and c.

Projecting p¢ onto the image plane, we obtain an expression for the normalized
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Image plane

Object

Figure 2.4: Relation between three frames.

image coordinates [y1,ya]":

yi=f"2=@u—c)la (2.10a)
yo=f=2=(v—c) (2.10b)

where [u,v]” are the coordinates of the image point in pixels, [c,,c,]! are the coor-
dinates of the principal point in pixels, f is the focal length in pixels and « is the
ratio of pixel dimensions.

Combining (2.9) and (2.10), we obtain

[ z; -y [ Zz ] (2.11)

where
__f Y1 B 2
I e Of pes Ny (1+yi) v
0 —p= 2 (+4))  —viy2 —n

is the interaction matrix.

We notice the depth of the object relative to the camera frame p¢;, which is
always unknown, is needed in (2.11). Therefore, an estimate of the value of p, is
necessary in order to use the interaction matrix. [27] compared different choices of
approximating the interaction matrix.

Note that to control a 6-DOF UAV, at least 3 noncollinear points are needed. In
that case, the total interaction matrix can be obtained by stacking each individual

interaction matrix.
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Figure 2.5: Effect of image errors using proportional feedback for angle.

Image moments features using virtual camera model

Visual servoing of UAVs designs a control based on (2.11), (2.5b), (2.4) and (2.6).
Unlike traditional motion control problem, the image kinematics (2.11) for point
features involves both translational and rotational motions. Note that (2.5b) also
includes rotational states, but the term sk(wb) has a “passivity-like” property. Figure
2.5 demonstrates the difficulty of visual servoing for UAVs when the feedback law
for angle is linear in feature error. In order to move the projection of the object to
the origin of the image plane, the UAV has to orient away from horizontal in order
to generate a thrust in the horizontal direction. This horizontal motion increases
the image feature error. As a result, the UAV needs a larger angle to generate a
bigger force, and this in turn destabilizes the system.

Recently, a number of approaches have been proposed for visual servoing of

UAVs.

1) Backstepping with spherical projection
As analyzed above, the image kinematics (2.11) for a projective camera is not
suitable for cascade controller design. In [31, 81], the passivity-like property
is recovered using a spherical camera model. The spherical coordinates of a

point can be calculated by ps, = | Plb”Pg. Then, the image kinematics using

spherical projection is derived as

psp = _Sk(wb)psp - Hvb

where II = %Zfﬁ? and is unknown. Then, a backstepping technique is used
to design the controller. Global exponential stability is obtained for a desired
visual feature fixed in the navigation frame [31] and local exponential stability
for a fixed target in the camera frame [81]. However, due to the high complex-

ity of the controller, it hasn’t been verified by experimental implementation.
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2) Virtual spring approach

As shown in Figure 2.5, linear feedback of error leads to instability. In [82], a
virtual spring is introduced to prevent from turning the UAV over. The image
kinematics are derived using image moments. The controller consists of four
terms, which is proved to asymptotically stabilize the system. The analysis is
based on the assumption that the image plane is always parallel to the object

plane.

3) Virtual image plane approach

This method defines a virtual image plane, which is always parallel to ni-no
plane of navigation frame [83-85]. The coordinates in the virtual image plane
are reconstructed using the actual perspective image coordinates and the roll
and pitch of the UAV. The biggest advantage of the virtual image plane is
that, the coordinates of the object only depends on the UAV’s position in the
navigation frame regardless of the UAV’s roll-pitch motion, i.e., the transla-
tional and rotational motions are decoupled. Using the virtual camera frame

many traditional control schemes can be applied.

In the following, we will derive the image kinematics of UAVs using image mo-
ments features based on a virtual camera model. We first define a virtual camera
frame C¥ = {c{, ¢y, ¢4}, whose origin is located at the origin of the camera frame C,
as shown in Figure 2.6. Its ¢} axis is aligned with n3 of A" and the direction of ¢
with respect to n; is defined by the yaw angle. The orientation of C¥ can also be
obtained from C by rotating around ¢; and c2 by ¢ and . We define a virtual image
plane with the same focal length f. Then, the coordinates of the object pJ in C is
Py = Rg(pg —p"). Its dynamics will be

Py = —sk(¢bz)ph — v" (2.12)

where vV is the UAV’s velocity vector in the virtual camera frame.

Its projection on the virtual image plane [y¥,y3]” can be obtained by
Po1
w=r—
Po3
Po2
Yy = f=°
Po3

therefore, we can calculate the derivatives based on (2.12)

. f Y
71 I I
co| 0 f Y2

Y2 Py Pos

vy +

v ] b (2.13)
—Y1
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Figure 2.6: Camera frame C (green) and virtual camera frame C¥ (blue).

The virtual camera coordinates can be obtained from actual image coordinates

[y17y2]T7 i'e'v
| _
.| =BReRg (2.14)
Ya Y2
where
U1
B=1/]0 0 1] R |ue
f

(2.14) can be seen as the reprojection of image points from C to C”.
We assume the target to be planar. Then, the image moments m;; of the object
with IV, image points are defined as
NP
mig = > (Y — uby) (U3 — yb,)’

k=1

where [y?,,y3,]7 is virtual camera coordinates of the kth visible feature point, k =
., N, and

Yy = Z Y U5, = Z Y5k

Ny k=1 Np k=1
We know that
v I Yig v .
[y}]g] _ [ - ygg] V! + [ng ] W (2.15)
Y2g 0 -2 = “Yig
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We assumed the target is planar, hence for all points py; are the same, we use z

instead for simplicity. Then, we have

. . yU 7yU
Uie Ul | _ |00 TR b (B
Yoy, — ?Jé’g 0 0 % yfg — Yl
Therefore,
Np
g =Y iyt — uhy) " (U8 — Y8 (U1 — 97y)
k=1
NP
+ )t — uhy) (Whk — yby) T (UK — 05,)
k=1
= [O 0 Z%m”} v+ (imi—1j41 — jmi+1,j—1)¢ (2.16)
We define the image moments feature ¢ = [q1, 2, g3]” as
yU
g =gt (2.17a)
/
Ys
@ = q37g (2.17b)

Mo + Mgy
g3 = /20702 2.17c
’ ma20 + Mo2 ( )
where m;; is the desired value of m;;. Then, from (2.17c) and (2.16), we have

. 1 1y .
43 = —56]3(7”20 + M)~ (rhgo + 1hoz) = [0 0 —%3} v*

knowing that

*
2yv/Mmao + Moz = 27/ M3y + mgy

where z* is the desired value of z, i.e., the desired normal distance between the

camera and the object, we can obtain the dynamics of ¢3 as

q'sz[o 0 —i} v’ (2.18)

2%

Furthermore, we have

. Yig .
Q1 =9q3— + a3
f
_ [_7 0

v yU . v
g {—%3 0 qz}g}v”—k%%gﬂ)%—[O 0 —i’iﬂv“
1

Yig _
f
0] v +qz¢
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Similarly, we can derive the dynamics of g9, i.e.,
do = [0 -+ 0} " — i1
Hence, image feature dynamics can be expressed as

§ = — sk (thbg)g — Z—l*v” (2.19)

The yaw of the UAV can also be controlled by image features. We define the

object orientation « as

1 2m11
o = —arctan ———
2 Moy — M2

Then the dynamics of o will be
&= —1

which can be controlled in the inner loop.

2.2 Indoor quadrotor platform

Experimental validation of proposed control laws is essential for demonstrating their
practical use. Experiments verify the robustness of performance to various assump-
tions made at the design stage. For example, experiments can investigate the effect
of unavoidable error in state measurements from a motion capture system or on-
board navigation system. In this section we introduce the ANCL indoor quadrotor

platform which includes a hardware and software component.

2.2.1 Hardware

The ANCL quadrotor platform consists of

e The quadrotor frame (as shown in Figure 2.7). The main hardware compo-

nents are

— PX4FMU (Pixhawk autopilot Flight Management Unit) and PX4I0 (Pix-
hawk Input/Output Module). PX4FMU is the main autopilot system and
uses an ARM-based 168 MHz microcontroller unit (MCU) with 192KB
static RAM MCU with a hardware floating point unit. It also has a 3D
accelerometer, a 3D gyroscope, a 3D magnometer, and a pressure sensor.
PX4I0 provides hardware interfaces, for example UART, and a stable
5V power supply for PX4FMU. Later on, they are repacked into a single
board called Pixhawk 1.
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Figure 2.7: ANCL quadrotor version 1 (ANCLQ 1.0).

— Radios. The quadrotors have 3DRobotics 915 MHz radio and a LairdTech
2.4 GHz radio to communicate with QGroundControl ground station and

Vicon motion capture system, respectively.

— Electronic Speed Controllers (ESCs), motors and propellers. The quadro-
tors are equipped with 4 Afro 30 A ESCs, 4 Turnigy 1100 KV Brushless
Outrunner Motors and 4 APC 12” multi-rotor propellers.

— Battery. Power is supplied by two 3 cell 2600 mAh Lipo batteries.
— Computer vision system.

« Raspberry Pi (RPi). Thisis a 7T00MHz ARM-processor with a camera
module with a 5M Pixel sensor. The RPi provides a computer vision
system which tracks features and sends image feature coordinates to
the PX4FMU via a UART port. Due to its poor performance of
image processing, RPi is replaced by Pixy for better performance.

x Pixy. It can detects hundreds of point objects or blobs in each frame
at up to 50 frames per seconds with a resolution of 640 x 480 pixels.
However, Pixy can only detect salient feature points due to its limited

computation power. Its application can be found in [86].

In the past several years, two more quadrotors have been built at ANCL
as shown in Figure 2.8 and 2.9. The hardware differences between three
quadrotors are listed in Table 2.1. Note that ANCLQ 1.0 is used for
experiments in Chapter 3 and ANCLQ 2.0 is used for experiments in
Chapter 4 and 5.

e Vicon system. Vicon system includes eight Bonita motion capture cameras, as
shown in Figure 2.10. The configuration can be done using the Vicon Tracker
software. Vicon can accurately estimate the pose of the quadrotor by detecting

the position of a number of passive markers mounted on the UAV. This data
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Figure 2.8: ANCL quadrotor version 2 (ANCLQ 2.0).

Figure 2.9: ANCL quadrotor version 3 (ANCLQ 3.0).

Table 2.1: Hardware differences between three quadrotors.

| Components| ANCLQ 1.0 | ANCLQ 2.0 [ ANCLQ 3.0 |
. PX4FMU . .
Autopilot PXIO Pixhawk 1 Pixhawk 1
. 3DRobotics | Wifly Wifly
Radios LairdTech LairdTech LairdTech
Propellers 127 117 117
b s ACEH E.GP?O 2 cell 5000 | 2 cell 5000
ower 1;1:2 Ol A LiPo mAh LiPo
Vision Rpi / Pixy | Jetson TX1 | NA*

* The computer vision module on ANCLQ 3.0 is still under
development. Jetson TX2 will be considered.

can be sent to the UAV via the LairdTech radio using a custom Micro Air
Vehicle Link (MAVLink) packet. The pose estimates can be generated at a
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Figure 2.10: Vicon sytem (view from Vicon Tracker).

Kill switch Main mode Secondary
\ mode switch

switch

Figure 2.11: The spektrum DXS8 radio transmitter.

frequency of up to 200H z.

e QGroundControl ground station. The PX4FMU communicates to the ground
control station using the MAVLink protocol. QGroundControl is used as
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Table 2.2: Control modes description.

Main mode \ Secondary mode \

Description

1 1 Manual control: the quadrotor is controller by
DXS8. It is open loop in this mode.

3 1 ANCL Manual control: User control

3 2 ANCL Vicon position control: the quadrotor
will hover at [0,0, —1] m with a PID controller

3 3 ANCL user-defined control: User can design
new controllers and test in this mode

Computer

Vision
N N
3DR | »| 3DR USB ele
Radio Radio -
— ——
N N
Laird | o Lard [ YUSB[ L.
Radio Radio
— ——
N N
Receiver <j L DX8
— ——

Y

@(—) Motors

~ @@/

Figure 2.12: Block diagram of the ANCLQ 1.0 quadrotor platform.

ground control software. The ground station can be used for flashing the
PX4, calibration of the PX4 navigation system, controller tuning, status mon-

itoring, setting vehicle parameters, and waypoints.

e DXS8. The quadrotors are equipped with 8 channel Spektrum satellite receiver
paired with a Spektrum DXS8 radio transmitter, as shown in Figure 2.11. DX8
will be used for manual control and switching between different control modes.

Details are shown in Table 2.2.

The block diagram of the ANCLQ 1.0 autopilot system is shown in Figure 2.12.
A typical flight includes the following procedures.

1) Power on the PX4. The system starts all of its sensor’s and does a pre ight

check.
Turn the safety off and engage the motors using DX8.

Switch into ANCL manual mode and control the quadrotor to hover in the air
using the left stick of DXS.

27



4) Switch into ANCL position control mode. The quadrotor should hover at
[0,0, —1] m.

5) Switch into ANCL user-defined control mode for further test of new controllers.
6) Switch into ANCL manual mode and control the quadrotor to land.

7) Power off the PX4.

2.2.2 Software

The software for the PX4 autopilot modules runs on top of the very efficient small
real-time operating system NuttX, which provides implementations of most stan-
dard POSIX OS interfaces to support a rich, multi-threaded development environ-
ment for embedded processors. Compared to the original open source PX4 au-
topilot!, we add or modify several modules, including Vicon, computer vision and
controllers modules. The data flow of the ANCL quadrotor platform is shown in
Figure 2.13. Data obtained from internal (e.g. gyroscope and accelerometer) and
external (e.g. Vicon) sensors will be transmitted to PX4. After the PX4 has received
all of the sensor data, the estimator modules will estimate the vehicle’s states. The
attitude estimator module (src/modules/attitude_estimator_q) mixes roll, pitch
and heading estimates from accelerometer and Vicon, and gyroscope measurements.
The local position estimator module (src/modules/local position estimator)
uses position and velocity estimates from Vicon as well as the accelerometer data.
The inter-process communication is managed by the micro-object request broker
(uORB, src/modules/uORB). Communication between applications (e.g. read the
Vicon data) is implemented based on the publish/subscribe mechanism. The pub-
lishers don’t send the messages directly to specific subscribers, instead they send
messages on a bus and the subscribers receive messages whenever there are up-
dates. This design pattern prevents locking issues and is very common in robotics.
The state machine will be maintained by the commander module (src/modules/
commander), which can control different modes presented in Table 2.2.

The most important group of modules are the controllers. The PX4 autopilot is

based on the inner-outer-loop control structure.

e Attitude controller (src/modules/mc_att_control)

The module subscribes the setpoints topic vehicle_attitude_setpoint which
is calculated and published in mc_pos_control, and the actual attitude of the

vehicle.

e Position controller (src/modules/mc_pos_control)

"https://github.com/PX4/Firmware.git
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Figure 2.13: PX4 data flow diagram.

This module needs the Vicon system to provide the vehicle’s position and
velocity. Reference attitude for the inner loop will be calculated. With this
controller, the vehicle will be hovering at [0,0, —1]7 m. This module is corre-
sponding to the ANCL Vicon control mode described in Table 2.2.

e Position nested saturation controller (src/modules/mc_nsat)

This module is corresponding to the controller designed in Chapter 3 and 5. It
implements both hovering and line-segment tracking applications and allows
for tracking of user-defined trajectory. This controller is set to be triggered
when the mode is switched to secondary mode 3 (defined in Table 2.2) and
when the parameter NSAT_ON is 1. Results with this controller will be shown

later.

e Position predictor-based controller (src/modules/mc_delay)

This module implemented the predictor-based controller when time delay ap-
pear in the Vicon measurement channel. It is corresponding to the controller
designed in Chapter 4. The parameter DLY_PRED_ON makes the comparison
between the performance with and without the predictor very convenient.
When DLY_PRED 0N is 1, the vehicle will be controlled by the predictor-based
controller. This module is set to be triggered when the mode is switched to
secondary mode 3 and when the parameter NSAT ON is 0. Results with this

controller will be shown in Chapter 4.

The ESCs will be controlled via Pulse Width Modulation (PWM) signals (src/d-
rives/px4io). The logger module (src/modules/commander) will record flight data

for monitoring and debugging.
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Chapter 3

Nonlinear Control with Input

Saturation

3.1 Introduction

In this chapter we consider the constrained control of UAVs. The control is inner-
outer loop based. We design an inner loop using a conventional PID controller based
on a rotational model involving Euler angles. This control tracks reference roll and
pitch calculated in the outer loop and a given yaw trajectory. A commonly-used
PID structure based on Euler angles is relatively easy to implement and tune on-
board, and robust to disturbances. Other parameterizations of the rotation matrix
have been used to design the inner loop. For example, rotation matrices [87] or
quaternions [88] avoid Euler angle singularities and provide almost global stabiliza-
tion results. However, we use Euler angles in this section given their improved track
record for performance and ease of use. The proposed outer loop generates a satu-
rated thrust and bounded reference for roll and pitch which globally asymptotically
stabilize the translational dynamics. We also analyze the performance of the entire
inner outer closed-loop and conclude asymptotic stability. The performance of the
proposed method is validated experimentally on the ANCL quadrotor test stand.
Unlike many existing approaches, we use the body frame representation of the
translational dynamics. This provides two advantages. First, it allows for inde-
pendent bounds for roll and pitch. In the navigation frame the velocity dynamics
leads to roll and pitch references which depend on yaw explicitly. This makes it
impossible to individually bound roll and pitch. Secondly, an advantage of using
the body frame is that it is similar to the camera frame used in IBVS [31]. Since
both frames are rigidly attached to the UAV, the resulting dynamics have similar
structure and the proposed method could be applied to this application. In a visual

servoing application it is important to individually control roll and pitch since the
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image plane is not square.

This chapter is organized as follows. Before starting the controller design, we
describe the famous nested saturation method for a chain of integrators in Section
3.2, based on the work in [33]. In Section 3.3, the inner- and outer-loop controllers
are proposed and the global asymptotic stability of the outer loop is proven with
perfect inner-loop tracking. Then analysis of non-ideal inner loop performance on
closed-loop stability is provided. Simulation and experimental results are given in
Section 3.4 and 3.5.

3.2 Teel’s nested saturation method revisit

In [33], a nested saturation controller for the linear system consisting of multiple
integrators was proposed. Here, we summarize the method by taking a second-order

linear system for example, i.e.,

T1 = T9

To =1
where x1,xs,u € R. Applying the linear coordinate transformation

Y1 =1 + T2

Y2 = X2

we get
n=y2+u (3.1a)
Y2 =1u (3.1b)

Then, a nested saturation controller was designed, i.e.,

u = —aa(y2 + o1(y1)) (3.2)

where o, i = 1,2 are linear saturations, i.e., for o; : R — R, there exist two positive
constants L;, M; with L; < M; such that

1). soi(s) > 0 for all s # 0;

2). 0;(s) = s when |s| < L;;

3). |oi(s)| < M; for all s € R.

It was shown in [33] that if
M < =Lo
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the saturated controller (3.2) will globally stabilize (3.1). The sketched proof is
given below.

Consider the Lyapunov function Vo = %yg The derivative of V5 is given by

Vo = —y202(y2 + 01(31))

Based on property 1) and 3) of o2 and the fact that M; < %Lg, we see that Va < 0
for all yo & Q2 = {y2||y2| < %Lg}. Therefore, yo will enter the set () in finite time
and remains in ()9 thereafter. Meanwhile, y; will remain bounded for any finite
time because the right-hand side of (3.1) is globally Lipschitz.

After yo enters (Q2, the argument of o9 is bounded as
1
lya + o1(y1)| < §L2 + My < Lo
i.e., o operates in its linear region from its property 2). Therefore, (3.1a) becomes
g1 = —o1(y1)
Similarly, for Lyapunov function Vi = %y%, we can calculate its derivative as
Vi = —yio1(y1)

which is always negative based on the property 1) of o1. Hence, in finite time y;
will enter a set @1 = {y1||y1] < L1} and stay within. Inside @1, o1 will operates in

linear region. After this finite time, the closed loop dynamics will be

U1 = —y1
Y2 = —Yy1 — Y2

which is exponentially stable.

3.3 Controller design

In this section, we will extend the nested saturation method to UAVs. We consider

UAVs’ dynamics in the body frame as introduced in Section 2.1

PP = —sk(wW®)p® + o° (3.3a)
0° = —sk(wb)0® + gRTng — %bg (3.3b)
i =Ww’ (3.3¢)
Jo? = —wb x Ju® + 7P (3.3d)
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which is the same as (2.5), (2.8), (2.6). The reason for expressing the translational
dynamics in B is that it prevents v from explicitly appearing in (3.3), and this allows
us to bound ¢ and 6 independently. Specifically, we consider the velocity dynamics
in N with

ﬁn<__un
where

S¢Sy + CpSeCy T

u" = gng — | —SpCy + CSpSy o

CoCy

Solving this equation for T, ¢, 6 gives

T =mlu" — gns

n n

= arcsin
¢ T/m
CpUY + Syul
f = arctan w
uf — g

However, we cannot set individual bound for T, ¢ and ¢ for any bounds on uj,
7 =1,2,3. This is due to the dependence on .

" . on u”?, the bound on T can be calculated as

For the given bounds uy, ; ]

T = ()7 + () + (5 + 9)2

then, we have

\/(uzl,l)Q + (Unm,2)2
VW )2 ()2 4 (5 — 9)°

\/(U%J)Q + (up,2)?

\U&,g -9l

¢ = arcsin

1y, = arctan

The bounds T}, ¢m,, ¥y, are coupled, so they cannot be set arbitrarily.

If we work in B, the velocity dynamics do not have explicitly ¢ dependence

ub

§ = — arcsin —-
. uh
¢ = arcsin —
gcp
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where u® = gRTnz — %bg. This allows us to bound T, ¢ and 6 separately, i.e.,

b

m,1

¢m = arcsin

b

. um,?

Y, = arcsin —=
g

Tm =mg+ U?n,:&

In addition, the work in this section can be used to solve image-based visual
servoing problems when a camera is fixed to the UAV [81]. In this case the image
kinematics involve both translational and rotational variables which makes stabiliza-
tion of the nonlinear dynamics a challenge. However, existing nonlinear approaches
use state transformations such as spherical coordinates [31, 81] or a virtual camera
[89] to put the system into the same form as considered in this chapter.

Initially the control objective is to asymptotically regulate a desired constant
position p} in A for any initial position state. The stabilization is performed ac-

counting for bounds on thrust, roll, and pitch. The desired position in B is
py = RTpj

and it evolves according to
b by, b
pg = —sk(w’)pg

Defining 6; = p? — pg we obtain
o = —sk(w?)d; + 0° (3.4)

To achieve our control objective we consider the inner-outer loop control struc-
ture shown in Fig. 3.1 to stabilize the dynamics (3.4), (3.3b), (3.3¢c), (3.3d). This
structure is chosen since the rotational dynamics (3.3c) and (3.3d) are independent
of translational variables. The inner loop tracks a reference roll ¢4 and pitch 6,
which are calculated by the outer loop. A reference yaw 1, is provided to the inner
loop. The outer loop generates a saturated thrust and bounded references ¢4 and

64 which globally stabilize the translational dynamics.

3.3.1 Outer-loop control

One of the advantages of using translational dynamics in B is that ¢ does not appear
explicitly. On the other hand, as shown in (3.4) and (3.3b), the inner loop variable
w® appears. Thus, many saturation methods developed, e.g. [90] and [91], cannot

be applied directly. Fortunately the term involving w® depends on sk(w®) which is
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Figure 3.1: Inner-outer loop controller structure.

skew-symmetric, i.e.,
tTsk(wb)r =0, VoeR3

Therefore, it is possible to eliminate w” dependence in the derivative of a quadratic
Lyapunov-function used for stability analysis. We extend the nested saturation
approach for the chain of integrators developed in [33] to our case. The approach
can be seen as a vector form of the nested saturation method because all variables
are 3-dimensional vectors. In [76] and [92] the nested saturation method has been
used for vector variables. The situation is different here because from (3.4) or (3.3b)

b are coupled due to the term involving

the three components of the vector §; or v
sk(w®). Thus they cannot be treated separately as three decoupled second order
systems as in [76]. Work in [92] considers a fully actuated airship UAV which uses
a norm to transform the state vector into a scalar. However, the method leads to a
non-smooth input which complicates tracking in the inner-loop if derivatives of the
reference angle are required.

We start with the state and input transformations

y1 = kaby +0°
Y2 = o?
T
u=gRTng — —b3
m

where k3 > 0 is a control gain. In the following, ¥; ; is denoted as the j-th compo-
nents of y;, where i = 1,2 and j = 1,2,3. Hence, (3.4) and (3.3b) become

i1 = —sk(w’)y1 + kays +u (3.5a)
Yo = —sk(wb)yg +u (3.5b)

Based on the nested saturation method [33] we choose the outer-loop control

u = [ug, ug, uz)” = —Yo(kayo + L1 (k1y1)) (3.6)
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where k1 > 0 is a control gain, Ei([31,52,53]T) = [Ui,l(sl),ai72(52),ai73(53)]T, and

0;j is a saturation function with the following properties:
1) o;; is continuous and nondecreasing;
2) s;jo;4(s;5) > 0 for all s; # 0;
3) 0i;(sj) =s; forall [s;| < L j;
4) o (sj)| < M;; for all s; € R;
5) M j =0bLy;, where 0 < b < 1.
The following theorem states the stability result for the outer loop.

Theorem 3.1. There exist b, ki, ko, Lo j,1 < j < 3 such that outer loop (3.5), (3.6)
1s globally asymptotically stable with bounded control.

Proof. First, consider the Lyapunov function

1
Vo= §y2T?/2

and its derivative will be

3
Vo = —y3 Sa(kaya + S1(kay1)) = = D w209,5(kaya + o1k ;)
=1

Define a set
Q:={peR’>: kalya ;| < My j+aLlsj,j=1,2,3}

where a > 0 is to be determined. Now we prove that V5 < 0 for all y3 & Q. Since
koys has three components we break the proof into three cases.

Case 1: the magnitudes of all three elements of kayo are larger than M j+aLs j,
ie.,

k2ya j| > M j + als

where j = 1,2,3. Then,

|kaya,; + 015 (k1y15)| > |kayz,j| — o1, (k1y1 ;)|
> M j+alyj— M ;=aly;

and the sign of kaya j + 01,j(k1y1,;) is always determined by yo j, thus

—y2,j02,i(k2y2,j + 01,5 (k1y1,;)) <0
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Therefore,

Vo < —aLaalyz,1| — aLaolyz| — aLaslyzs| < 0

Case 2: the magnitude of one element of kays is less than or equal to M j+alLs ;.

Here, the element koys 1 is considered, i.e.,

\kayo,1| < Mi1+ala;
\kay2,j| > M ; + als;

for 7 = 2,3. Then,

|kay2.1 + o1 (kiyin)| < lkay2a| + o1 (kiyia)]
=2M1+aLla; = (2b+a)Lla;
< L1

if
2b+a<1 (3.7)

then oo 1 is evaluated in its linear region, thus

3

Vo = —ypa(kayan + o1 (k1)) — > vojoai(kaya + o1 (k1y5))
=2

< —k2y%71 + My 1|y2,1| — aLogl|ya2| — aLa3|y2,3|

1 1

< —kays, + EMl’l(Ml’l +alyq) — k;aLQQ(Ml,Q +alz2) — alas|yas
1 a

= ko - [ M ala+5)L3,| —aLaslysyl

<0

if (14 ¢)M7, —ala+b)L3, <0, ie.,
My < VabLay
Since y2,1 was chosen arbitrarily above, the general condition is
mjax M, ; < abmjin Ly ;

Case 3: the magnitudes of two elements of kays are no greater than M j+aLs ;.

Suppose they are the first two elements, i.e.,

[k2ya j| < M j+ ala
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Figure 3.2: Relation between Q2 and Q.

for j =1,2 and |koy2 3| > Mi 3+ als 3. Similarly,

2
Vo= = yoj(kayz + o1 (kiy1j)) — y2.3023(kayz3 + 01,3(k1yn 3)
j=1
< —kays 1 + Mualyza| — kaws o + Mialyz| — aLs 3|y 3|
1
< —kgy;l + EMl,l(MLl + aL271) — kgygg
1 1
+ gM1,2(M1,2 +alag) — EQL2,3(M1,3 +ala3)
1 a
= ko — k[ O+ MEy) —ala+ D)L,
<0
if
ab .
max M ; < 4/ 5 nin Ly ; (3.8)
J J

However, Q- itself is not an invariant set. As shown in Fig 3.2, where for simplifica-
tion only the y2 1 and y2 2-components are shown, the trajectory of y» may go from
point A to B because Vo(A) > Va(B). Evidently, B ¢ (2. The smallest invariant

set that contains Q)2 is defined as

Q5 = {vh : Va(yh) < ¢,c = max Va(y2)}
Y2€Q2

Therefore, based on the analysis above, we conclude that y, will enter @) in finite
time and remains there. Now we need to ensure @), is enclosed in the region where

09,5 is linear.
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Within @ the maximum norm of ys is

My;+aLly;\* a+b
3 5] 5] _ 3 2
\/ Yi—1 < " ) = 5 V=il

(a+b), /Z;’:ngj < min Ly j — bmax Lo ; (3.9)
’ J J

If

then

|kaya,j + o1,(k1y1j)| < (a+0)y/E3_ L3 + My

< min Ly ; — bmax Lo ; + max M ;
J J J
< L
Therefore, o2 ;(-) = kaya; + 01,j(k1y1,5),7 = 1,2, 3 within Q.
For (3.5a) we consider the Lyapunov function

1
1= §y1Tyl

then
Vi =y (kayo + Sa(koys + E1(k1yr)))

From the discussion above, we know yo will eventually converge to the invariant
set @5 and the trajectory of y2 is bounded. Thus, in the region where ||y;] >
|k2y2 + X2 (kay2 + X1(k1y1))||, we have

Vi <l llllk2ye + Ea(kaye + S1(k1yn))||
< lnll® =2

From Gronwall-Bellman inequality,
Vi(t) < Vi(to)e*t—10)

where ¢ is the time when ||y1]| > [|y2 + X2 (kay2 + X1(k1y1))|| for t > tg. Therefore,
in finite time V; is bounded which implies the boundedness of ;.
After yo enters @5, (3.6) becomes

u = —kaoys — X1 (k1y1)

thus the dynamics of y; becomes
i1 = —sk(wW)y1 = Si(kyr)
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The derivative of Lyapunov function V7 along the trajectory of y; is always negative

because

Vi = —yi1011(kiyi1) — y12012(kiyi2) — y1.3013(kiy13) <0

and Vl <0, for all y; # 0. Thus, y;; will enter the linear region of oy ;.

When o1 ; and o3 ; are linear, then (3.5) becomes

i1 = —sk(w)y — ki
o = —sk(W”)y2 — k1yr — kayo

For the Lyapunov function V3 = Vi 4 V5, we have

Vs = —k1yi 1 — b1yt yo — kayd vo

1

1 1
= —k1(y1 + §y2)T(y1 + §y2) — (k2 — Zkl)szyz

V3 < 0 if the gains satisfy
1
k‘Q > Zkl

then the equilibrium point of (3.5), (3.6) is globally asymptotically stable.
If Loy = Lo = Lo, the values of a and b can be given explicitly. Conditions
(3.7), (3.8), (3.9) can be simplified to

2b+a <1
2b < a

(V3+1)b++v3a<1

This yields

b< L
1+3V3
1
2b<a<——(1+

V3

We can guarantee the existence of M; ;, L; ; since for all Ms ; we can always choose

)b

L2,1 = L2’2 = L273 = mjn Mg’j — &
J

where ¢ is taken sufficiently small. O

Based on the outer-loop controller, the reference angles to the inner loop and
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thrust 7" can be calculated as

04 = — arcsin “ (3.10a)
g

¢q = arcsin “ (3.10b)
9Coq

T =m (gco,cp, — u3) (3.10c¢)

Remark 3.2. In the design process we typically begin with bounds on roll ¢,,, pitch
0., and thrust T;,. Next, we calculate the bound u,, = [um,l,umyg,umg]T of u

according to

Um,1 = 956,,

Um,2 = 9Ch,,Spm

T
Um, 3 = m )

then we choose Lg j, Mo ; satisfying Lo ; < M3 ; < ., ; and b based on conditions
(3.7), (3.8), and (3.9).

Remark 3.3. To remove steady error which arises in practice (e.g. due to attitude
estimate error) the control can be augmented with an integrator state £ satisfying
€ = —sk(w?)€ + 01. By redefining

y1 = koksé + (ko + k3)d1 +0°

Yo = k3dy + o°

yszvb

we obtain the augmented error system

g1 = — sk(w)y1 + kaya + k3ys + u
o = —sk(w®)ys + k3ys + u
g3 = —sk(w)ys +u

Then the controller
u = —Y3(k3ys + Xa2(kaye + X1(k1y1))) (3.11)

will globally asymptotically stabilize the outer loop provided

Mok 2 1>0 (3.12)
k k
7 7 ks
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This condition is satisfied with

ki1 >0
1
k2>1k‘1

k3

k 4
T

Remark 3.4. For simplicity, we use scalar gains k; in (3.11). However, it is possible
to generalize to matrix gains K; = diag(k; 1, ki 2, ki3),7 = 1,2, 3. In this case we have
three conditions on the gain matrices which are similar to (3.12) with k; replaced
by kij,j=1,2,3.

The proposed control can be extended to constrained output tracking problems

where p]} is a time-varying function in N.

Corollary 3.5. Suppose the desired position plj(t) = [pzl"l(t),pg’z(t),pgﬁ(t)]T is such
that py | = Py, = 0 and \p33] < € < g. Then there exists a bounded control which
asymptotically tracks plj and satisfies constraints |pa| < ¢m, [0a| < O and |T| < Ty,
where Gy, O < 90°, Ty > m(g + €).

Proof. The trajectory of pj; in B is pg = RTpg and

P = RTpy + RTpl = —sk(w’)p + RTpy

By defining
51 = pb - PZ
SQ = ’Ub - RTpg
we obtain
51 = —sk(wb)gl + 82 (3.13&)
by = —sk(wh)dy + @ (3.13b)
where
T

~ ) RT _ 1y
u=(g Pd,a) ns 08
From Theorem 3.1 there exists a bounded controller

i = —Yo(kody + X1 (k1k261 + k102))
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stabilizing dynamics (3.13). The parameters ]\Zfzd of 35 can be chosen as

My < (g — €)sg,,
MQ,Q < (g9 —€)co,,S6m

~

Mys < =" —(g+e)
m

The remaining parameters in 31, 35 can be determined following the same procedure

in Remark 3.2. Next, the thrust and reference roll, pitch are

0y = — arcsin U1n (3.14a)
9—Dg3
¢ i 2 (3.14b)
g = arcsin —————— ‘
(9 — P 3)co,
T =m ((9 — 53)c0,C6, — Us) (3.14c)
The proof of boundedness is straightforward, e.g.
M. _
04 < |arcsin #| < |arcsin %| < |arcsin 59m| =0,
~Fd3 ~DPy3
O

Remark 3.6. When py 1, i o 7 0 and are bounded, @ becomes @ = R (gn3 — ) —
%bg, therefore, the reference angles 6; and ¢4 cannot be solved using (3.14a) and

(3.14b). However, we can treat the term RT[pZJ,p'g’Q, 0]” as a disturbance whose

bound is determined by 77, and p7j,. As long as
max{[fg ], [Py 2|} < min{Ms1, Ma o}

a bounded tracking result can be guaranteed and the tracking performance is deter-

mined by the bounds of §j}; and p7,.

3.3.2 Inner-loop controller

The control design of the rotational dynamics subsystem is well-studied, e.g. [87, 88].
Our approach uses a simple PID controller to track given angles ¢4, 04, and vq.
The roll and pitch setpoints are from (3.10b), (3.10a) or (3.14a), (3.14b). The yaw
reference is provided externally. We assume 1/}d,1,2}d are bounded and known. By

defining e, = 1 — 14, where ng = [¢q, 04, wd]T, the inner loop can be written as

én:€w+d1

bo =70 +do
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where

e, = Wwb — E3ng
di = —FE1214
P =Ww+W(=J 'wb x Ju’ + T 17°) — Esilg
dy = —E12ijq
E1o = diag([1,1,0])
E3 = diag([0,0,1])

We treat dy and ds as disturbances. One reason for introducing di, ds as disturbances
is to avoid the control having dependence on the first and second derivatives of 6,
and ¢4. Computing these derivatives would introduce noise to the closed-loop which
decreases its performance. The computation of q'ﬁd, éd, éd, 0, is commonly avoided
in practice for that reason [4, 25].

The inner-loop PID controller is given by
¢
= —kyen — k:f“/o en(T)dT — ke, (3.15)

Then, we can calculate the actual control torque 7° using (3.15).
With the Lyapunov

Vi = a/ot eg(T)dif /Ot en(T)dr + 265]{? /Ot en(T)dr
+ eg(k; + aky)e, + ozegew +ele,
we have
Vi = el (akt — K)ey — X (kG — aE)e,

where E is an identity matrix of order 3, the inner loop with d; = dy = 0 can be
exponentially stabilized with (3.15) if

aky > ki

k§ > aF

Other parameterizations of the rotation matrix R have been used to design the
inner loop. For example, rotation matrices [87] or quaternions [88] avoid Euler angle
singularities and provide almost global stabilization results. We choose Euler angles
since they lead to a simple PID control structure for the inner loop. This simplicity

provides practical benefits such as ease of tuning, reduced computational complexity
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for on-board implementation, and robustness to disturbances [69]. Euler angles have
been widely used in the recent literature, e.g. [6, 8, 75, 93] and are standard on most
field tested autopilots, e.g. [2, 19]. As mentioned in Section 2.1.2, the “ZYX” Euler
angles have singularities at § = (2k +1)7, k € Z, but they can be avoided using the

saturated control proposed in this chapter.

3.3.3 Closed-loop stability analysis

In this subsection we analyze the effect of the inner loop tracking error on closed-loop

stability. The closed-loop system is given by

g1 = —sk(W”)y1 + kayz +u + 6y, (3.16a)
o = —sk(w”)ya +u+ 6, (3.16b)
ey = €y, + dy (3.16¢)
b =70+ dy (3.16d)

where u and 7° are given in (3.6) and (3.15), and

T
Oy = g[S04 — 80, Co8¢ — Co45p4> COCH — C0,Co,]

Hence, |6, < c1]|E12€,]|. We consider a region where ||e,|| < (. |lew]| < (. and use

the linear approximation of dy, ds, i.e.,
1 _
d1 ~ *’l:l,EQl
1 _
dg ~ 7’LlE21
g

where

E21 =

o = O
o O =
o o O

Moreover, we assume &; j(x),; ;(x) = 0, for |z| > (; ; + L; ;.

First, we consider the case when the control is saturated with 22, 5 =0, ie.,
y2,4] > C2j + Laj + M

Hence, dy,ds = 0. From Section 3.3.2, we know that the inner loop is exponentially

stable, thus there exists a time 7™ such that

165 (®)] < c1l| Eraen(t)]| < min (s
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for all ¢ > T*. With Lyapunov function V5, we have

3
_Z Y2,

J=1

(Coj + Laj —[|0,]]) <O

Next, we consider the case when some components of Yo become linear, for example

021,022- Then,

1 _
dy = ;(k%yz + fi(ew)y2) B2

1 _
dy = 5(—k§’y2 + falen, ew)y2) Ean

Since |le, | < ¢y, llewll < Co, we have || f1]| < fi and || f2]| < f2. Thus, based on the

Lyapunov function Vs = Vo + Vj, we have

2
Vs < — koys 1 — kayso + >yl (M + [16,])
j=1

— y23|(Las + Gas — 16,]1) — e (ks — kf)ey

2
_ 1 _
— el (k§ — aB)e, + 52(’% + f1)lyajllleql
7=1

2

1

+ =Y (k3 + fa)lye,
7=1

lewll

NS

If 2(max; My j+c1(,) < ming Lo j and min (o ; > €1y, we can find o, kp, k¢, k3, G, G
such that V5 < 0. Similarly, we can use the same method of proof for the other cases.
Then, we can conclude that the saturation function Yo will become linear. The same
procedure can be used to prove that ;i will become linear eventually.

After X1, Y9 become linear, (3.16a), (3.16b) become

g1 = —sk(wW)yr — kayr + 6y
o = —sk(W”)ya — k1y1 — kaya + 6y,

In this case, dq, ds can be written as

dy = ~(k3ya + (k1ka + kT)y1 + g1(ew)yr + 92(ew)y2)) Ex

S8
¥
|

(—k3ya — (kik3 + kika + ED)y1 + halen, ew)yr + halen, ew)y2)) B

QI R,Q |-

where g1, g2, h1, ho are bounded. The asymptotic stability can be proven using the
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Table 3.1: Nominal quadrotor model parameters

m | 1.6 kg

J | diag(0.03,0.03,0.05) kg - m?
J. | 0.0002 kg - m?

I [025m

Lyapunov function Vg = V3 + V4, since

Vo < — kiyi y1 — kayl y2 — kayz yo + callenlllya ]l + exllen | [1yz]

- eg(akg — k9e, — el (k% — aF)e, + egdl + eldy

The last two terms are dot products of y1,y2 and e;,e,. Therefore, there always
exists a, kyy, ki, kg, Cy, G such that Vs < 0. We can conclude that the closed-loop sys-
tem is locally asymptotic stable, i.e., for any yi,y2 € R and en(0), e, (0) sufficiently

close to 0, the state of the closed-loop (3.16) converges to 0.

3.4 Simulation

In this section the proposed control is simulated. The simulation is intended to
model the indoor ANCL quadrotor platform. The nominal model parameters of
quadrotor are in Table 3.1. In order to test the robustness of the controller a
number of unmodelled effects are introduced: gyroscopic torque due to rotor inertia,

measurement noise, measurement delay, and wind gust disturbances.

Unmodelled dynamics In (2.7), the external torque does not include terms due
to nonzero rotor inertia .J.. This model error is included in the simulation by

including Té’ and 7° as introduced in Section 2.1.2.

Measurements error The translational components of the system state are ob-
tained from the position estimate provided by the Vicon system. Linear velocity is
obtained by low-pass numerical differentiation of these position estimates. The rota-
tional components of the system states come from an on-board Attitude and Heading
Reference System (AHRS). This system consists of an Inertial Measurement Unit
(IMU) and magnetometer feeding a Kalman filter. Both the Vicon system and
AHRS introduce measurement noise to the state estimate which is modeled in the

simulation.

Time delay Non-negligible delays are introduced by wireless modem latency, on-

board processing delay, or ground station filtering for the velocity. In our simulation,
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we model this delay by adding one sample time delay to the position and angular

velocity loops, and two samples time delay to the linear velocity.

Wind gust disturbance Atmospheric turbulence is significant, especially for
outdoor missions. To simulate these effects we use the von Karman model whose

spectra for longitudinal, lateral and vertical velocity are represented as [94]

ouy/ ZxE +0.25%s

=1y 1.357% 5 4 0.1987 L4 52
ooy L +2.7478%2 5 +0.3398 L4 2
=g +2.9958%2 s + 1.9754 55 52 1 0.1539 L3 53
owy L +2.747858 5 1 0.3308 L 2
H, =

1+29958st+19754 w32+0 1539 ws3

where L, L, and L,, are the scales of turbulence which depend on the UAV’s height

for lower altitudes, i.e.,

Lw = pg
2

L. =1L, =
YT (0,177 + 0.000823p8 ) L2

Here we use the desired height for p%.

The turbulence intensities o, 0, and o, can be calculated as

0w = 0.1Wog
Ow

(0.177 + 0.000823p )04

Oy = 0Oy =

where Woq is the given wind speed in knots at 20 ft altitude. V is the relative speed
of the UAV to the air stream. For simplicity we set V' to a constant. The parameters
of the wind turbulence model used in the simulation are in Table 3.2. The wind
gust is generated by filtering white noise with the above filters. We add the wind

turbulence as a disturbance to the rotational rates in the simulation [94].

Table 3.2: Wind turbulence parameters

Wy | 3 m/s
L, 1.2 m
V| 0.05 m/s
We assume the UAV is initially hovering at p"(0) = [~1, 1, —0.8]7 m and the

2]7 m. All the other initial states are set to zero.

desired position is p}; = [0,0, —1.2
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The desired yaw is 17°. The bound for pitch 0,4, = 22.9°. We take Ma1 = gs¢,,,. ~
3.8163 and for simplicity take My = Ma9 = Ms 3 which means the bound of roll
and thrust are ¢p,q, = arcsin(ty,,,,) ~ 25.0° and T = m(g + Ma 1) ~ 21.7861 N.
We use a PD controller in the inner loop, i.e., 7° = —ky(n — 1) — kuw(1) — 1) + fia-

Parameters for the controller are listed in Table 3.3.

Table 3.3: Simulation control parameters

k1] 0.9

ks | 0.8

M, | 3.8163

b 0.1614
Ly, | 0.99My
Li,; | 0.99M
ky, | 4

ko | 1.2

A smooth nondecreasing saturation function o; ; is chosen as

Z, if |ZE| S LiJ
UZ'J'(ZL') =

Bij—Bi.ge 201~ Lij) (3.18)
(28,1 2T ) 2OV

sign(x) (Lm- +

where 3; j = M; ; — L; ;.

The 3D trajectory shown in Figure 3.3 demonstrates the UAV reaches a small
region about the desired position after about 7 seconds and stays in that region
for t > 7 s. The boundedness of the trajectory, instead of asymptotic convergence,
is due to the disturbances introduced. From Figure 3.4 we can see the radius of
the region is about 20 cm. The trajectories of the Euler angles given in Figure 3.5
shows that roll and pitch are always within their prescribed bounds. Indeed, the
angles are always smaller than 5°, which is significantly smaller than the prescribed
bounds. The reason for this is that for the initial condition considered states mostly
stay within the linear region of saturation functions. Figure 3.6 shows an example
simulation of the case where angles reach their limits. We can conclude from the
above simulation that the proposed controller provides satisfactory performance in

face of unmodelled disturbances.

3.5 Experiments

In this section the proposed controller is tested on the indoor ANCL quadrotor
platform. The experiments are implemented on ANCLQ 1.0.
We consider two different cases: hovering and tracking linear reference outputs.

For both cases, we use the same inner loop parameters, i.e., l;:g = diag (0.333,0.345,0.3),
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Figure 3.3: Simulation: 3D trajectory of the quadrotor.
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Figure 3.4: Simulation: Tracking error p™ — pj.

k¢ = diag (0.03,0.03,0.05), and k% = diag (0.089,0.095,0.1), Note that the gains are
different from the ones in (3.15), since in our platform we use the normalized control
signal [95]. We remark that, in our experiment we neglect the nonlinear terms in
7b ie., we use 7° ~ J7. The saturation function 0;,; in the outer loop is chosen as
(3.18).

3.5.1 Case 1: Hovering

The desired position is set to p? = [0,0,—1.2]7 m. The desired yaw is 1g = 0°.
Initially the quadrotor is manually controlled to fly near the origin of N'. The nested
saturation controller is switched on at around ¢ = 31 s and switched off around
t = 59 s. To remove steady error the augmented controller with integral term (3.11)
is used. We set the bound for pitch 6, = 27.3°. This leads to M3 = gsg,, ~ 4.5.
For simplicity we choose M31 = M3 = Msz3, which means we obtain bounds
¢m = arcsin(ty,,) ~ 31.1° and T;,, = m(g + M3 1) ~ 22.9 N. Parameters for the

controller are listed in Table 3.4. Figure 3.7 gives the position trajectories of the
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Figure 3.5: Simulation: Trajectories of Euler angles.
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Figure 3.6: Simulation: Trajectories of Euler angles with initial velocity
[—9,9,0] m/s.

Table 3.4: Experimental control parameters

ki | 1.0
ks | 0.8

ks | 3.6

Ms, | 4.5

b 0.1614
Li; | 0.95M,

quadrotor and thrust input. The average magnitudes of the error in steady state in
the pT" and p§ direction are 1.5 cm and 3.5 cm, respectively. The curves of ¢, 6, and
1 are shown in Figure 3.8. In the figures we use dash-dot blue lines to denote the

desired value and solid red line for the actual value.
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Figure 3.7: Experiments: Trajectories of position p” and thrust T for hovering.
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Figure 3.8: Experiment: Trajectories of ¢, 6, and ¢ for hovering.

3.5.2 Case 2: Tracking linear trajectories

The reference trajectory is chosen as a triangle which satisfies the conditions in
Corollary 3.5 on each edge. The vertices of the triangle are set to [0.5,0.5, —1.2]7 m,
[-0.5,0.5,—1.2]7 m and [-0.5,—0.5,—1.2]7 m. The desired velocity is 0.08 m/s.
The quadrotor is manually controlled to hover around [0,0, —1.2]7 m and switched
to the proposed tracking controller at ¢ = 19 s. After the travelling the triangular
path twice, the controller is switched off at ¢ = 104 seconds. We use the same
controller parameters as in Case 1. The position trajectory of the vehicle in a
horizontal plane is given in Figure 3.9. To show the tracking performance more
precisely the trajectories of p} and p§ versus time are given in Figure 3.10. The
trajectory of py is shown in Figure 3.11, and Figure 3.12 gives the Euler angles and

the inner-loop references.
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Figure 3.9: Experiment: Position trajectory in the p} — p5 plane for tracking.
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Figure 3.10: Experiment: Position trajectories p7, py for tracking.
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Figure 3.11: Experiment: Trajectories of the height p§ and thrust 7' for tracking.
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Figure 3.12: Experiment: Trajectories of ¢, 8, and 1.

3.6 Conclusion

This chapter develops a novel inner-outer-loop controller with saturated thrust input
and bounded roll and pitch. The outer loop consists of a nested saturation controller
which is proven to be globally asymptotically stable assuming no inner-loop tracking
error. The inner loop is based on a commonly-used PID control. An analysis of
the closed-loop stability accounting for inner loop tracking error is provided. The
proposed inner-outer loop controller is simulated and implemented on the indoor
ANCL quadrotor platform. The robustness of the proposed method is validated for

hovering and tracking control objectives.
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Chapter 4

Predictor-Based Controller for
UAVs with Time Delay

4.1 Introduction

As mentioned in Chapter 2, the ANCL UAV platform consists of a Vicon motion
capture systems, which will provide the vehicle’s position and velocity information
via radio communication. Unavoidable time delay will be introduced in the wireless
transmission process. Therefore, it is necessary to consider the effect of time delays
while designing a controller. Due to its robustness and ease of tuning, the ANCL
UAYV platform uses an inner-outer loop control structure with inner loop stabilizing
the rotational dynamics and outer loop controlling the translational subsystem. It is
straightforward to notice that the time delay from Vicon system only influences the
outer loop. Therefore, we categorize this time delay problem as the control problem
with input or measurement delay.

There are two main stream for the control of systems with input delays. The
first one is called model reduction or prediction and the second is called emulation
approach. In this chapter, we will apply the model reduction method by designing a
prediction-based controller. This approach uses a dynamic system which estimates
the value of the state at a future time. This predicted value can then be used in the
control law, effectively compensating the input delay. Examples of this approach
are the well-known Smith Predictor, Finite Spectrum Assignment, and the reduction
approach [51].

Recently, input-delay control for UAVs have been studied. Work in [96] devel-
oped a delayed attitude and height controller using prediction for simplified UAV
dynamics. However, the position of the vehicle is not controlled, and the result is
local because the nonlinear terms are assumed to be bounded. Work in [97] consid-

ered a delayed force input to the outer-loop for a UAV visual servoing problem. The

95



yaw angle is necessarily to be known for image coordinates reprojection. However,
in practice, yaw is not always available. Work in [98] considered time delay terms
as disturbances and designed compensating inputs for disturbances.

In this chapter, we propose synchronization-based predictors for a class of sys-
tems based on the work in [58, 59]. We also consider inaccurate model parameter
and unknown delay measurement, respectively. To improve the robustness of con-
trollers to uncertainties, we modify the predictor proposed in [58, 59] by adding
an extra term in the predictor dynamics. We assume the unknown parameter and
time delay are both bounded with known bounds. Global asymptotic stability is
achieved with the presence of uncertainties. The proposed controllers are applied to
translational control of UAVs.

The structure of this chapter is as follows. Section 4.2 gives the review of time
delay systems with input delay, including the general representation, three methods
of stability analysis and the summary of existing control methods for this problem.
In Section 4.3, we derive sufficient conditions for stability for a system in a general
form, which includes two different cases by considering known and unknown param-
eters. In Section 4.4, we consider two input delayed control problems for UAVs, i.e.,
motion control and visual servoing. These problems can be written in the general-
ized form considered in Section 4.3. Section 4.5 and 4.6 provide the simulation and

experimental results to show the effectiveness of the proposed controller.

4.2 Preliminaries

4.2.1 Introduction to time delay systems

Time delay systems can be described using functional differential equations (FDE)

as

&= f(t,x¢) (4.1)

where z(t) € R™ and z4(p) = z(t + p), —D < p < 0. D is the maximum time delay.
f:RxC — R", where C = C([—D,0],R™) is the set of continuous functions mapping
the interval [—D, 0] to R™. Without loss of generality, we assume f(¢,0) = 0, which
guarantees that x = 0 is the solution of (4.1). The norm on ¢ € C([a,b],R") is
defined as

lelle = afgggb!\w(p)ll

Here, the vector norm || - || represents the 2-norm. From (4.1), we know that the

derivative of the state variable = at time ¢ depends on its past z(p),p € [t — D, t].
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Thus, to determine the future state, we need the initial state to be a function on the
time interval [—D, 0], i.e., x¢, = , ¢ € C or z(to + p) = ¢(p), where —D < p < 0.
We will use z(t, p) to represent the solution of (4.1) with initial state ¢. Equation
(4.1) is called retarded functional differential equations (RFDE). Note that a more
general form of time delay systems is of neutral type (NFDE), which is out of scope
of interests of this thesis.

First, we define the stability of time delay systems [45, 47, 48|.

Definition 4.1 (Stability). For REDE (4.1), z(t) = 0 is said to be stable if for any
to € R and € > 0, there is a § = 0(to,€) > 0 such that ||x¢,|. < 0 implies ||z(t)]| < e
for t > tg. It is uniformly stable if 6 can be chosen independently on tg.

Definition 4.2 (Asymptotic Stability). For RFDE (4.1), z(t) = 0 is said to be
asymptotically stable (AS) if it is stable and for any ¢y € R and € > 0, there exists
a dq = 04(to,€) > 0 such that ||z || < d, implies lim;_,oo () = 0 and ||z(t)]] < €
for t > to. It is uniformly asymptotically stable (UAS) if it is uniformly stable and
there exists a d, > 0 such that for any n > 0, there exists a T" = T'(d4,7), then
lz(t)|| < n for ||zglle < da, t > to+ T. It is globally (uniformly) asymptotically
stable (GAS or GUAS) if it is (uniformly) asymptotically stable and d, can be an

arbitrarily large, finite number.

Note that, the stability notations are same as systems without delays. For the
time-invariant systems & = f(z;), AS is equivalent to UAS.

We also give the definition of exponential stability of time delay systems [47, 99].

Definition 4.3 (Exponential Stability). For REFDE (4.1), z(t) = 0 is said to be
exponentially stable (ES) if there exists positive real numbers a, b, ¢ such that for

any ¢ € C and ||¢l|c < ¢, the solution z(t, p) with x;, = ¢ satisfies

[t p) || < aexp(=b(t —to))[l#lle

x(t) = 0 is said to be globally exponentially stable (GES) if it is exponentially stable

and c can be arbitrarily large.

Note that for LTI systems without delays, asymptotic stability also implies ex-
ponential stability. However, for LTI systems with delays, it is not always true
[47].

4.2.2 Stability analysis methods

There are three categories of stability criteria studied in literature [45-48, 100].
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Frequency domain methods

For a LTI time delay system, it is often convenient to use frequency domain methods
[45]. These methods will give the sufficient and necessary result. For a RFDE, there
are infinite number of roots of its characteristic equation, however, there is a finite
number of roots to the right of any vertical line [47]. We have the following theorem

to get the sufficient and necessary condition for stability.

Theorem 4.4. A RFDE is asymptotically stable if and only if all the roots of its

characteristic equation have negative real parts.

We take a RFDE with a single delay as an example. Suppose the characteristic

equation has the following form
p(s) = P(s) + Q(s)e™ "

where P(s) = Y1 pis’, Q(s) = Yot qis’, n > m and P(jw) # 0. We can locate
the roots of P(s) + Q(s) first, and increase the value of D and check if there are

roots crossing the imaginary axis using both magnitude and phase equations

|P(jw)? = 1Q(jw)> =0

wD = arg (— ggzg)

— We, D¢

o If w, exists and if % (|P(jw)* = 1Q(jw)|?)
the imaginary axis form left to right, thus, in order to guarantee the stability,
we need D < D., otherwise D > D..

wew. > 0, it means a root crosses
—Wc

o If w. does not exist and P(s) + Q(s) is stable, we can conclude that no root
will cross the imaginary axis with the increase of r, thus the system is stable
vD.

We take the following system as one example
&= —z(t) + bx(t — D) (4.2)

to find the condition on b such that (4.2) is stable for any D.

The characteristic equation of (4.2) is
p(s) =s+1—be P*

Firstly, we need (4.2) is stable when D = 0, i.e., b — 1 < 0. Secondly, we need to
make sure there is no solution for the magnitude equation, i.e., b*> = 1 4 w?, Vw,
which yields [b] < 1.
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We now consider a special case of (4.2) when b= -2, i.e.,
z(t) = —x(t) — 2z(t — D) (4.3)
we have the characteristic equation as p(s) = s+ 1+ 2¢~ D5 then

jw+1> =4 =0 w=13
2 — 21
wD = arg (—m) D= NG

Since -L (|P(jw)[? — ]Q(jw)]z)w:\/g = 2v/3 > 0, thus system (4.3) is stable if

2T~
D < 33 1.2092.

Lyapunov-Krasovskii functional-based methods

For systems without delays, we can apply the Lyapunov stability theory by con-
structing a Lyapunov function V (¢, z(t)) to determine the stability. As explained
in Section 4.2.1, time delay systems do not only depend on the current state x(t),
but also the passed state z(p),p € [t — D,t]. Hence, it is natural to expect the
corresponding Lyapunov function be a functional V (¢, x;) for time delay systems.

Therefore, We have the following theorem.

Theorem 4.5 (Lyapunov-Krasovskii Theorem). Suppose f : R x C — R"™ maps
R x (bounded sets in C) into bounded sets of R™ and that o, 3,7 : Rt — RT are
continuous nondecreasing functions, «(0) = 5(0) =0 and «a(s), B(s) for s > 0. The

solution of RFDE (4.1) is uniformly stable if there exists a continuous functional
V:R xC— R such that

1) a(leO)]) <Vt @) < B(lelle);

2) V(t,0) < —1(llp(0));

If v(s) > 0 for s > 0, then the solution is uniformly asymptotically stable. If
additionally

3) limg_00 (s) = 00;
then it is globally uniformly asymptotically stable.

Similarly, we can obtain the following theorem to show exponential stability.
Theorem 4.6. If there exists a continuous functional V : R x C — Rt such that
conditions 1) and 3) in Theorem 4.5 are satisfied, and

V+20V <0

then the solution of RFDE (4.1) is globally exponentially stable with a decay rate o.
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Razumikhin theorem-based methods

Instead of functionals, Razumikhin proposed to use only functions for stability anal-
ysis. The derivative of the function V (¢, z(t)) is not required to be negative all the

time, because when

V(ta(t) < max (t+p,a(t+p))
pE[—D,0]

V(t,z(t)) is not increasing.

Theorem 4.7 (Razumikhin Theorem). Suppose f : RxC — R™ maps Rx (bounded
sets of C) into a bounded set of R™, and o, 3,7 : RT — RT are continuous non-
decreasing functions. «(s),B(s) > 0,Vs > 0 and a(0) = B(0) and B(s) is strictly

increasing. If there exists a continuous function V : R x R™ — R such that
1) a(llz]l) < V(¢ x) < B(l|lz]), vt € R,z € R";
2) V(t,x(t)) < —y(|z(t)]]), whenever V (t+p, x(t+p)) < V(1 2(t)), Vp € [-D,0];

then, the solution x = 0 of RFDE (4.1) is uniformly stable. If v(s) > 0,Vs > 0, and

there is a continuous nondecreasing function p(s) > s,V¥s > 0, such that

3) Vit z(t) < —y(lz@)|), whenever V(t + p,z(t + p)) < p(V(t,z(t))), Vp €
[*D’O];

then it is uniformly asymptotically stable. If
4) limg_,o0 a(s) = 00;

it is globally uniformly asymptotically stable.

Examples

For a LTT system with a constant time delay D
#(t) = Az(t) + Bx(t — D) (4.4)
We consider a Lyapunov-Krasovskii functional (LKF)
t
V() =T (OPa(t) + [ aT(©)Ss(€)de
t—D
where P, S € R™ are positive definite. Apparently,

Amin(P|()[1* < V(2¢) < Amaz(P + DS) |22
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then

= 227 (t)P(Ax(t) + Ba(t — D)) + 2 (t)Sx(t) — 27 (t — D)Sx(t — D)

PA+ATP+S PB z(t)
z(t — D)

= |#7(t) «"(t - D) il i

Thus, based on Theorem 4.5 if

PA+ATP+S PB
BTP -9

system (4.4) is stable VD € R*.
We now use Razumikhin theorem to solve the same problem. Consider a Lya-

punov function V(r) = 27 Pz, where P > 0, then we have
V =227 (t)P[Ax(t) + Bx(t — D))
For any p > 1 and V(z(t + p)) < pV(x(t)),V — D < p <0, we have

V < 22T(t)P[Ax(t) + Bx(t — D)] + a[pz? (t)Pz(t) — 27 (t — D)Px(t — D)]

PA+ ATP +apP PB x(t)

- [J:T(t) xT(t—D)} BT P —aP| |z(t - D)

Based on Theorem 4.7, we know if

PA+ ATP+aP PB
BTp —aP

the system is stable.

4.2.3 Control of time delay systems

This subsection discusses the control problems of systems with input delays [49, 50].
There are two main categories. The first one is called emulation approach, which
designs a stabilizing controller without delays, and analyze the effect of delays on
the closed-loop stability. The second one is called model reduction or prediction,

which compensates delays by augmenting the system with a new state.

Emulation approach

This method deals with the stabilization first by assuming the delay to be 0, and
then study the effects of time delay on the closed-loop stability. Constraints on the
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size of the delay will be imposed to guarantee the stability. Generally, we will find
an upper bound of the delay D such that for all D < D, the time delay system is
still stable.

The work in [60] studied the saturated control with time delay for a chain of

integrators

.i?i(t):.%'i+1(t), i:l,--- ,n—l
In(t) = u(t — D)

Teel’s nested saturation controller [33] will globally stabilize the system if

_ M 1
D < D =min — M_,}
8(nMy+ 35 5 9

where M; is the upper bound of the ith saturation function oy, i.e., 0;(s) = s when
|s| < M;, and 0;(s) = M; when s > M;, o(s) = —M; when s < —M,.

Predictor based control

Control of delayed systems based on predictor is popular due to its application to

large delays. For a LTI system with a single constant time delay
#(t) = Az(t) + Bu(t — D) (4.5)

Assume there is a stabilizing gain vector for the system (4.5) without delay, i.e.,
A + BK is Hurwitz. If we choose the control as

u(t — D) = Kxz(t) (4.6)
then, the closed-loop will be stable. The control can be rewritten as
u(t) = Kz(t + D)

On the other hand, we have

t
z(t + D) = ePx(t) +/ AP Bu(p)dp, Vt>0
t—D

Thus, we have the following feedback controller
t
u(t) = K [eAD:c(t) +/ AP Bu(p)dp|, VE>0 (4.7)
t—D
Alternatively, we can introduce the predictor state z as z(t) = z(t + D), then
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we have 2(t) = Az(t) + Bu(t). Therefore, (4.7) can be simply written as
u(t) = Kz(t)

Alternatively, (4.5) can be written using a first-order hyperbolic PDE or “transport
PDE”

i(t) = Az(t) + BU(0,t)
U(x, t) = Ux(x, t)
U(D,t) = u(t)

The stability can be proven based on the PDE model [49].
The work in [58, 101] proposed a method of prediction based on synchronization.

We consider the same LTI time delay system as in (4.5)
&(t) = Az(t) + Bu(t — D) (4.8)
and design the predictor system as
2(t) = Az(t) + Bu(t) + Kc(2(t — D) — z(t)) (4.9)

where K, will be determined. The controller is chosen as u(t) = Kz(t) where K is

a stabilizing control gain as in (4.6). By defining e(t) = z(t — D) — x(t), we have
é(t) = Ae(t) + Kee(t — D) (4.10)

Based on the Lyapunov-Krasovskii theorem (Theorem 4.5), we can obtain a sufficient
condition of stability for the error dynamics (4.10) on K. and D in terms of a LMI.

We consider the following Lyapunov functional

0 t —-D rt
V=cle+ / / el (8)e(0)dodp + / / el () KT Kee(6)dddp
~DJtip —2D Jt+p

then, V < 0 if
[(A+K)T+(A+K.) KA K, I KT
DI 0 0 0
-D7'1 0 0 <0
DI 0
i —-D7I
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We rewrite (4.8) as
#(t) = (A+ BK)x(t) + BKe(t)

Apparently, z-subsystem can be seen as a stable LTI system disturbed by a stabiliz-
ing state e. The stability of x can be obtained based on the cascade theory (Theorem
4.7 in [102]) since the interconnection term satisfies the linear growth condition.
The synchronization-based predictor encourages the convergence of the delayed
state of the system and the delayed predicted state by a correction term. This
enables the predictor-controller combination to exhibit certain robustness [59]. For
this reason, we will extend this synchronization-based predictor to a class of time
delay systems and apply these predictors to UAV dynamics for both motion control

and visual servoing problems.

4.3 Prediction-based controller design

Consider a class of systems of the following form
& = x(t)Aox + AA1x + Bu (4.11)

where z € R" is the state, u € R™ is the control input, Ag, 47 € R"*" B € R™*™
and Ag = —Ap. x(t) is a bounded time-varying parameter, A is a known positive

constant. We also assume a stabilizing controller for (4.11) exists.

Assumption 4.8. Suppose there exists a state feedback controller u = u(x) such that
the closed loop of for (4.11) is GAS.

For example, we can find a linear controller, i.e.,
u(x) = Kz (4.12)

where K € R™*", if there exists a positive definite matrix Q € R™*™ such that
(A1 + BK)T + (M1 + BK) = —Q.
Now, we consider a constant delay in the input channel and assume the delay is

caused by measurement, then the closed-loop of (4.11) becomes
& = x(t)Aox + Nz + Bu(z(t — D)) (4.13)

where D is the constant known delay. Because of the presence of the delay, the
stability of (4.13) is not guaranteed. Based on the work in [58], we propose a

synchronization-based predictor as described in Section 4.2.3

2 =x(t)Aoz + M1z + Bu(z) + Kc.(2p — xp) (4.14a)
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where z € R" is the prediction state, zp = z(t—D), zp = z(t—D) and K, € R"*" is
to be determined. Note that even though the subscripts of states are often labelled
as t for the delayed states as in Section 4.2.1, here we use D instead to explicitly
show the value of time delay without causing any confusion.

Instead of the delayed measurement x(¢ — D), the prediction state z will be used
in the controller. Then, (4.13) becomes

& = x(t)Aoxr + M1z + Bu(z) (4.14b)

We will design a K., such that (4.14a) and (4.14b) are stable for a range of D.
Sufficient conditions on K. and D will be derived. First, we define e = z — x and

then we have
e = X(t)A()C + Aie + Keep (4.15)

where ep = e(t — D). Then, we obtain

t-D)=ct)- [ o)y
—et)= [ WAwelp) + Mielp) + Keelp—Dldp (410
Substituting (4.16) into (4.15) yields
é=E, (4.17)
where
=, = () Ave + (MA; + K.)e — K, / ) Avelp) + Mre(p) + Koe(p — D)) dp

Consider a Lyapunov-Krasovskii functional

L =€ e—i—/ / 9)S1e(d d5dp+/ / 9)Sae(d)dddp (4.18)
t+p 2D Jt+p

where 0 < S, 52 € R™ are to be determined. Then the derivative of V. along (4.17)
is
0

Ve=ele+eéle+ / [eT(t)Sle(t) — el (t+ p)Sye(t + p)| dp
-D

-D . ,
+/ [e” (t)Sae(t) — €' (t + p)Sae(t + p)] dp
—2D
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e" [(M1+ Ko)' + (M1 + Ko)] e
—2¢TK, / p)Aoe(p) + NAze(p) + Kee(p — D)] dp

+/ [T (t)S1e(t) — e (t+ p)Sie(t + p)] dp
-D

-D . .
+ / [e' (t)S2e(t) — e (t+ p)Sae(t + p)] dp
—2D

Note that eTx(t)Age = 0 because AL = —Ap. Since

t
—2¢TK, / p)Aoe(p)dp </ Ix(p)| [e" K AT AT KX e + " (p)T1e(p)] dp
t—D

t
<D K AT AFKT e+ [ o)l (I re(p)dp
t—D
t t
—2¢TK, / Aie(p)dp <A\De’ K AT AT K e + / el (p)Tae(p)dp
t—D

t
—2¢TK, / Kee(p— D)dp <De' K. T3 'K.Te
t—D

t
+ / e’ (p— D)K!T3K.e(p— D)dp
t—D

where € = sup, |x(t)| and 0 < I'1,I'9,I's € R, if we choose S1, 52 as

S| =€el'1 + Ay
Sy = KIT3K,

then we obtain V, < Zy,, where
Ey, =e’ [(M1 + Ko)T + (M1 + K.)] e + eDe” K AT AT K e
+ AD" K AT AT K e + De" K T3 K. Te + Del (Sy + Sa)e

We choose I'; = I,,i = 1,2, 3, where I, is the identity matrix with rank n, then
the sufficient condition for V, < 0 can be expressed using the following LMI

[P, K. Ay K.A K. I, KT

~-D'I, 0 0 0 0
D/
21,0 0 0
AT <0 (4.19)
~D'I, 0 0
Dl
"m0
I ~D'I,|

where Fi1 = (AA; + K.)T 4+ (M1 + K.) and D' = D~'. We can find the minimum
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of D', i.e., the maximum tolerable delay D,,q, such that LMI (4.19) holds using
Matlab LMI functions for given parameters. The resulting K, is used in the predictor
dynamics (4.14a).

Based on the above analysis, we can conclude the following theorem.

Theorem 4.9. The error dynamics (4.15) is GAS and GES if LMI (4.19) is sat-
isfied.

Proof. From (4.18), we know that

D2 3D?2
lell® < Ve < (14 =151l + =5~

152 llet 12
and if LMI (4.19) is satisfied, V. < 0. According to Theorem 4.5, we know the error
dynamics (4.15) is GAS.

Now, we start to prove GES by choosing a slightly different LKF compared to
(4.18)

0t
Vo=-¢ele+ / / exp(—20(t — 6))el (6)S1e(8)dddp
—D Jt+p
-D ft -
+ / / exp(—20(t — 6))el (6)Sqae(8)dddp
—2D Ji+p
where o > 0 and S7 = Sy exp (20D), So = Sy exp (4o D). We have

V. + 20V,
0

0 -
=2¢eT¢ + / el (t)Sie(t)dp — / exp (20(D + p))el (t + p)Sie(t + p)dp
-D -D

-D B —-D
+ / el (t)Sae(t)dp — / exp (20(2D + p))el (t + p)Sae(t + p)dp
—92 —2D

D
0 t
— 20 ex — 20 — eT S e
2 / ) /HP p(~20(t — 8))e” (85)51e(8)dddp
—D t
— 20 ex — 20 — €T S €
2 /_ N /Hp p(~20(t — 6))eT(8)Sae(8)dbdp
0 t
T —20(t — 8))eT (5)S1e
+ 20e e+20/D /t+pexp( 20(t — 9))e’ (6)S1e(d)dddp

—-D t
o
2 /_ N /t+pexp(—2a(t—5))e (6)Sae(8)dsdp

0
<2eTé¢ +20eTe + Del'Spe — / el (t 4 p)Sie(t + p)dp
-D
~ -D
+ Del' Sye — / el (t + p)Sae(t + p)dp
—2D

<Ey,(e,K.) + 20€Te + D(exp (20D) — 1)el Sie + D(exp (40D) — 1)el Sqe
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if (4.19) is satisfied, we know that Zy, (e, K.) < 0. Therefore, there exists a o > 0
such that V, 4+ 20V, < 0. Therefore, based on Theorem 4.6 we can conclude that
(4.15) is GES. O

The following theorem [103] will be used for the stability analysis of delayed

cascade system.

Theorem 4.10. Consider the mappings f1, fo : RxC — R", g : RxCxC — R" and
fi1(t,0) = f2(t,0) = g(t,,0) = 0,Vo € C. The solution (xz,y) = 0 of the cascade

system with time delay

T = fl(t?xt) +g(t,$t,yt) (420&)
¥ = fa(t,ye) (4.20b)

is GAS if
1) systems (4.20b) and & = fi(t,z¢) are GAS;
2) solutions of system (4.20a) are bounded.

Theorem 4.11. System (4.11) with predictor (4.14a) is GAS if LMI (4.19) is
satisfied.

Proof. Since the error dynamics (4.15) is GES from Theorem 4.9, we have
llep|| < aexp(=bt)|¢lle, a,b>0,p€C
For a Lyapunov function V, = 27z, we have
V.=—-2TQz+2:"K.ep

For any |z| > 2aexp(dbD)|Ke|||¢lle/Amin(Q), Vo < 0. Therefore, z is bounded
and we can conclude that the predictor (4.14a) is GAS from Theorem 4.10. Since
e=z—uz, v of (4.11) is also GAS. O

Remark 4.12. Comparing the predictor dynamics in [58] and (4.14a), we notice the
correction terms are different. This is because work in [58] considered input delay,
while we consider measurement delay. Figure 4.1 illustrates the difference between
the two types of delay. For input delay the current state z(t) is available and fed
back to the controller. The prediction state zp is designed to estimate the state x(t),
thus the correction term in the predictor dynamics is taken as zp — z(t). However,
in (4.14a), since the delay appears in the measurement, only the delayed state zp
is available at time t. Therefore, we use zp to estimate xp. Hence, the correction

term in the proposed predictor is therefore zp — zp.

68



z(t — D)
x(t) Control u(z(t — D))

Figure 4.1: Difference between input delay and measurement delay.

Remark 4.13. The bound ¢ is not necessarily to be small. From Assumption 4.8, we
know that 3K, such that Fj; < —el. Thus, there exists a D such that eDKeAOFflA(:)FK;f—I—
DNK AT ATKT + DK T3 KT + D(el + M+ K!'K.) < el. A large e will result

in a small D.

Alternatively, we can modify the controller u in (4.14a) and (4.14b) as

where K, € R™*", then we design the predictor as
2= x(t)Aoz + M1z + Biu(z) + Ke(2p — =p)
which is equivalent to
Z2=x(t)Aoz + ANA1z + Bu(z) (4.21)

where K. = BK,. From Assumption 4.8, we know that the predictor dynamics
(4.21) is GAS. Then, the error dynamics will be

é = x(t)Age + MAje + Keep (4.22)

Therefore, the error dynamics (4.22) has the same form as (4.15) and the conditions
for GAS are given in Theorem 4.9. Hence, the proof of closed-loop stability with the
predictor (4.21) can be simplified, because Theorem 4.9 and 4.10 are not required.
Moreover, the stability of the predictor dynamics can be used to improve the ro-
bustness with respect to uncertainties, which will be shown in Subsection 4.3.1 and
4.3.2.

4.3.1 When )\ is unknown

In this subsection, we consider the case when the model parameter A in (4.11) is

unknown. We assume the upper and lower bound of A are given.
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Assumption 4.14. Assume the bounds on A are known, i.e.,
A<A<A

where \, A > 0.
Since A is unknown, we need to make a small change to Assumption 4.8.

Assumption 4.15. Suppose there exists a stabilizing controller of (4.11) u = uy(z)

such that for Lyapunov function V,(z) = 27z,

Va(z) < —2TQiz, VYA€ [\

where Q1 > 0.

In this case, we can choose uj(z) = Kjx such that

(VA + K+ (VA + KT = -0t
QF —AXNA + AT >0

and choose Q1 = Qf — AXN(A; + AT), where A* = (A +X), AX =X — A",

We design a predictor as
z1 = X(t)Aozl + 5\A1z1 + B’ELl(Zl) + Bke(le — JJ‘D) (4.23)

where z1p = 21(t — D), \ is a constant estimate of A and K, € R™*" is to be

determined. Hence, (4.11) becomes
& = x(t)Aox + NA1x + By (z1) (4.24)
where
i1 (z1) = u1(z1) — Ke(z1p — 2p) (4.25)
By defining e; = 21 — x, we have
é1 = x(t)Aper + Mje; + BKee1p + A1z (4.26)

where e;p = e1(t — D), A= )—\<2A\. If we choose \ = A*, we can guarantee
|A| < AX. Furthermore, we obtain

elf(t —D) =e1 — /t_D é1(p)dp
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t ~
=e1(t) — / [X(P)Aoel(P) + Aiei(p) + BKeeip(p) + AMizi(p) | dp - (4.27)
t—D
Substituting (4.27) into (4.26), we have

€1 :X(t)AOel + (/\Al + Bf(e)el + S\Alzl

_B&LZJMMMM+MMMQ@+BK@MM+XMMMPp

~ ~ t ~
:Ee1 + ANA1z1 — BKe/ )\Alzl(p)dp (428)
t—D

where =, is obtained by replacing e and K. in =, by e; and Bf(e. We define a
LKF V., by replacing e and Kg in V, (4.18) by e; and BK,, and then we have

t
Vel <=y, + 2)\61TA121 — 26{3[{6/ AAiz1(p)dp
t—D
Since
~ t ~ ~ ~ T
—2¢T'BK, / Az (p)dp < ANDel BK.AT'K, BTe;
t—D
t
+8x [T AT A )y
t—D
we can derive that

Vi, < Sv,, + 20T A1z1 + AADT B AT, BT ey

t
AN / T (0) AT Ay Ay 21 (p)dp
t—D

where EVel is is obtained by replacing e and K, in Zy;, by e; and Bf(e. ‘We consider

the following Lyapunov-Krasovskii functional

0 t
Vi=V., + / AN (0)AT AL A 21 (6)dddp + V(1)
—D Jt+p

then its derivative becomes
Vi < Zv, + 27T A1z + AADel BR AT, B e,

t 0
AN / T (0) AT AL Ar 2 (p)dp + / AT (AT Ay Ay 24 (1)dp
t—D —D

0
_/ ANT (t+ p) AT Ay Avz1 (¢ + p)dp — 27 Quza
-D
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<el' |(A\A; + BK.)T + (M, 4+ BK,)| e1 + eDel BK AT AT KT BT ¢,
+ ADTBR AT ATKT BT e + Del BK,I5 'K, B e,
+ DeT(eTy + ATy + KTBTT3BK,)e; + ANDeT BR AT K, B ey + AxeTes
+ AXN2T AT A2y + AND2T AT A A2 — 2T Qi
<el |(M1 + BK.)T + (M + BK.)| e + eDel BK AT P AV KT B e
+ ADTBR AT ATRT B ey + DT BRI 'K, B e
+ Dl (eT'y + ATy + KT BIT3BK)ey + ANDeL BE AT K, B ey + Areles
+ AN AT Az + ANDZF AT A A2y — 2T Q12
+ 4 max{A\max(41), O}A)\e{el

where Apax (A1) is the maximum eigenvalue of A;.
We choose A; and I'; as the identity matrix, then the sufficient condition for

Vi < 0 can be expressed using the following LMIs

G <0 (4.29)
H<0 (4.29b)
where
(G11 e2BK.A BEK, KTBT BK.A, I, ]
—-D'I, 0 0 0 0
. ~D'/1+ANI, 0 0 0
B -D'I, 0 0
—D'/X, 0
I —D' /(e + M|
[~ A A7
H= —1/AM, 0
I —D'/AMI,

and G1; = (M + BK,)T + (M + BK,) + 4max{Amax(A41), 0} AN, + ANI,,.
The stability analysis of system (4.11) with predictor (4.23) and controller (4.25)

is more straightforward, since (4.23) with controller 4; becomes
Z1 = X(t)AOZI + S\Alzl + Buy (Zl)

which is already GAS. Thus, we have the following theorem.

Theorem 4.16. System (4.11) with predictor (4.23) and controller (4.25) is GAS
if LMIs (4.29) are satisfied.
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4.3.2 Input delay is unknown

In this subsection, we consider the case when there is uncertainty in the delay. We
assume the delay is an unknown constant such that D € [D, D], where D, D are
both known and define Dy = (D + D) and AD = 3(D — D).

Since D is unknown, we cannot get the access to the prediction state at the time
t =D in (4.14a). We use Dy as an estimate of D, thus, we rewrite (4.14a) as

Zo = x(t)Apz2 + NA122 + Bug(z2) + Bf(e(ngO —xp) (4.30)
We consider a linear control, i.e.,
Ug(z) = Kzo — [N(e(ZQDO —xp) (4.31)
where K is chosen from (4.12). Then, (4.30) becomes
Zo = x(t)Apz2 + AA129 + BK 29 (4.32)
According to Assumption 4.8, for the Lyapunov function V,(z), we have Vi (z) =

—27Qx.

By defining es = 25 — x, we have the error dynamics as
€9 = X(t)Aoez + AAies + BKEGQD + BRG(ZQDU — 22p) (4.33)

Because

t ~
can =eat) = [ [x(p)Avealp) + Micalp) + BReealp ~ D)) dp
t—D
¢
- / {BKe(ZQ(P — Do) — 22(p — Do))} dp
t—D
and

t—Dgo
22Dy — #2D 2/ Z2(p)dp
t—D

then (4.33) can be written as

t— DO p—Do
ég = Z., + BE, / (p)dp — BK, / BK, / 29(0)dddp
p—D

t— DO
=, +BK/ X(0)Aoza(p) + Mi22(p) + BK z(p))dp

— BK / BK /p . AOZQ((S) + )\Alzz(é) + BKZQ(&)]d&dp (4.34)
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where =, is obtained by replacing e and K. in Z. by ey and BK.. We will analyze
the stability in the following two cases.

Case 1: D > Dy

For the Lyapunov-Krasovskii functional V., obtained by substituting e and K,
in V, (4.18) by ey and BK,, we have

' t— DO
Ve, <Ey,, + 2¢! BK, / p)Aoz2(p) + AA122(p) + BKz2(p)]dp (4.35)

p— Do
— 262 BK / BK / A022(5) + )\A122(5) + BKZQ((s)]d(Sdp

where Zy,, is obtained by replacing e by ez, K. by BK, and D by D in Hy,. We
know that

- p—Do
_ 2 BR, / BR, / (8) Aoz (6)dodp
_ o—D

p— Do 5 5
/ / ed BK YT (BK,)  eadddp
p— Do 5 5
/ / )2 (9)(BR. Ao) ™Y1 B, Az (8)dsdp
_ . . ¢ p=Do . .
<eDADel BK.YT'KIB ey + € / / 23 (8)(BK Ag)T Y1 BK,Agza(8)dddp
p—Do
—2¢I'BK, / BK, / AA129(0)dddp
_ . . p—Do . .
<ADADel BK Y;'KI'B ey + A / / 23 (8)(BK A1) T T2BK A, 25(8)dddp

p—Do
—2¢!'BK, / BK, / BK zy(8)dddp

p—Do - .
<DADelBK Y3 KB ey + / / 23 (0)(BK.BK)TY3BK.BK 2(8)dddp

and

t—Dg
QGQBK/ x(p)Aoz2(p)dp
t—Dg

SeADengleg + e/ 22(/))(BI%GAO)TT4BI~(6A022(p)dp
t—D

_ t—Dg
egBKe/ AA1z2(p)dp
t—D
t—Do

S)\ADengleg + )\/ 22(,0)(Bf(eAl)TTg)Bf(eAlzg(p)dp
t—D
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t—Do
2¢! BK, / BEK z(p)dp
t—Do B N
<ADelTgtes + / 25(p)(BK.BK) ' Y¢BK.BK z(p)dp
t—D

where T; > 0,47 =1,...,6. Then, we obtain

p— D() t*DO
Ve, < Ev,, + €3 Szep +/ / 3 (6)S422(8)dddp +/ 23 (p)S522(p)dp
t—D
(4.36)

where

Sy = DADBEK,(eX7T! + AT + T3HKI BT + AD(ex P + 275 + 151
Sy = e(BK.Ao)'Y\BK. Ay + N(BK. A1) YsBK A, + (BK.BK)'Y3BK.BK
S5 = e(BK.Ao)'Y4BK Ay + N\(BK.A1)'YsBK A, + (BK.BK)'Y¢BK.BK

We consider the following LFK

t t 6—Dg
Vo= Vi 4+ Valza) + / / /5 T (C)Saz(C)dCdddp
P

D
t—Dg t—Dg
+D/ / 5422(5)d5dp+AD/ )S5Z2( )dp
t—Dg t— Do
+DAD/ 3422 dp—l—/ / S5Z((5)d(5d,0

Thus, we have
VQ »_4Ve + €5 5362 — 25 QZQ + 25 (DADS4 + DoADSg)) (4.37)
Therefore, we know Vo < 0 as long as LMIs (4.38) are true. In (4.38), L;; =

(M; + BK.)T + \A; + BK,, D' = D', AD’ = AD~" and D}, = Dy *.
Based on the known D and D, we can find a feasible K, satisfying LMIs (4.38).

(L1 e¢2BK,Ay, BK.A I, KTBT BEK, I,
~D'I, 0 0 0 0 0
-2y, 0 0 0 0

D/
GV 0 0 <0
-D'I, 0 0
D'AD’
_(e—i-k—i-l)]” 0
__AD' g
L (e+A+1) 7" |
(4.38a)
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-Q ¢*BK.A, €¢:BK.A, BK.A; BK,A; BK.BK BK.BK]
AD'D'IL, 0 0 0 0 0
AD'D)I, 0 0 0 0
AD'D'IL, 0 0 0 <0
AD'D)I, 0 0
AD'D'I, 0
I AD'D)I,
(4.38b)
Case 2: D < Dy
For the same LKF V,,, we have
. t p—D t—D
Vo <Bu, +FSieat [ [ A@Sm@de+ [ (0S5l
t—Dog
(4.39)
We consider the following LKF
Vi = Ve, + Viu(22) / / / €)S4z2(C)d¢dddp
1
t—D
+ D/ / S4Z2((5>d5dp+ DAD/ 542’2( )dp

+ / N /p 27(8)S52(8)dddp + AD / p)Ss2z2(p)dp

and we can obtain the same result as in (4.38).

Based the above analysis, we can conclude the following theorem.

Theorem 4.17. System (4.11) with predictor (4.30) and controller (4.31) is GAS
if LMIs (4.38) are satisfied.

4.4 Applications to UAVs

In this section, we apply the above controllers to UAV applications. First, we rewrite
the dynamics of a UAV here

=" (4.40a)
mo"™ = mgns — T Rbs (4.40b)
7= Wuwb (4.40c)
Job = b x Jub + 10 (4.40d)

with the same notations as in Chapter 2.
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Figure 4.2: Comparison between N and N'Y.

As in Chapter 3, we apply the cascade control structure with the outer loop
stabilizes translational variables and generates a reference signal fed to the inner

loop. For the inner loop, we rewrite (4.40c) - (4.40d) as

ij =7
where 70 = [%(g, 75, %i]T = Wuwb — WJtwb x Juw® + 7°. Measurements of rotational
variables are available onboard, thus there values are un-delayed in the inner loop.

Hence, we can design a PID controller for the yaw channel as
. t .
7 = —kley — ki / epdt — kiéy + 1 (4.41a)
0

where ey, = 1) — 104, 14 is the reference yaw and k7, kfﬁ, kfﬁ € R are the control gains.
The yaw will be stabilized if aki > K, k:ff) > a, Ya > 0. Thus, sup, [¢)(t)| will be
bounded given that g, ¢d, &d are bounded.

Similarly, we design

t .
7~'¢ = —kg% — k‘é)/o e¢dt — k‘gé¢ + ¢d (4.41b)
t ..
Tp = —kgeg — ké/ egdt — kgég + 04 (4.41c)
0

where ¢4, 04 are the reference roll and pitch, which will be determined in the outer

loop.

4.4.1 Outer loop: Motion control

We introduce a new frame N¥ = {an, n;b, n}f}, whose origin is located at the center

of the UAV. As shown in Figure 4.2, N'¥ can be obtained by translating from A by

p™ and rotating around n3 by angle ¥. Then, the outer-loop dynamics expressed in

NV is
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p¥ = —pAgp? + v¥ (4.42a)
Y = —pAgr? +u¥ (4.42b)

where p¥ = Rip”, v = Riv”, and

0 -1 0 cos(vp) —sin(y) 0
Ap= |1 0 O0f|,Ry= |sin(¥) cos(yy) 0
0 0 O 0 0 1
cos(¢) sin(0)
u¥ = gRing - - sin(¢)
cos(¢) cos(#)
Define
Y s |4 0 B |0 T 10 o
q:—[vw],x(t)—w(t),flg—— 0 A A=1,4, = 0 0], —[I],u—u

(4.43)

Then, (4.42) can be rewritten in the form of (4.11). We can design the undelayed
controller as u(x) = Kx, where K € R3*3 are proper control gains. When the delay
D is known, it is straightforward to solve LMI (4.19) to find a K. € R%*6 such that
the value of D is maximized.

When D is unknown, we will design the predictor as (4.23). Therefore, we

redefine
] v A
p¥ + v - Ag 0
= X(t) = d(t), Ag = — ,
= a= -
0 I I
A=14, = ,B = Ju=u¥ (4.44)
0 0 I

and apply the result in Section 4.3.2.
Based on the outer loop controller v = [u1,uz,u3]”, we can obtain the thrust

input and roll, pitch references for the inner loop

T =mlu— gn}fH (4.45a)
¢q = arcsin (%W) (4.45b)
04 = arcsin (%ul cos(gi)d)) (4.45¢)

The closed-loop diagram of tracking problems is shown in Figure 4.3.
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b [ Yaw |7

subsystem

Figure 4.3: Closed-loop structure for UAV tracking problem with predictor.

4.4.2 Outer loop: Visual servoing

In this section, we consider an image-based visual servoing problem with input
delay. We will consider the image moments feature using the virtual camera model,
as described in Section 2.1.3. We rewrite the image kinematics (2.19) and UAV

dynamics here

) - 1,
¢=—yAog — v (4.46)
¥ = —hAgu? + u (4.47)
where u? = u¥ and redefine
Ay 0

!qvv
€r =
,UU

I —1I
7)‘:i)A1:_ X )B:
z* 00 I

and u = u”. Then, (4.46) can be written in the form of (4.11). Because A is unknown
in this case, we need to find a K, such that LMIs (4.29) are satisfied.

0 A4

4.5 Simulation

To verify the results, we simulated the proposed predictor-based controller. The
quadrotor is controlled by an inner-outer loop structure as shown in Figure 4.3.
The inner loop follows the reference angles calculated from the outer loop. We

consider both motion control and visual servoing problems.
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4.5.1 Motion control

For the motion control problem (4.11), from Section 4.3, we know that the outer
loop is stable for any K. and D satisfying the LMI (4.19). We solve the following

optimization problem to find K. such that D is maximized:

min D" s.t LMI (4.19)

e

By choosing ¢; = 0.1, we get a maximum tolerable delay
Dz = 0.3 s

and corresponding gain

[—111 0 0 -025 0 0
0 —111 0 0 -025 0
0 0 —113 0 0  —0.26
K, =
0.18 0 0 —153 0 0
0 0.18 0 0 —153 0
0 0 0.18 0 0 -1.62]

With K., we construct a predictor according to (4.14a). The quadrotor is con-
trolled by an inner-outer loop structure as shown in Figure 4.3. We assume the state

measurement delay D = 0.2 s. For the outer loop, for a given the controller
u(xz) = Kx

will stabilize the non-delayed outer-loop dynamics, where K = —[2[3,313]. The
desired height is set to 1 m.

The trajectories of p" with the proposed predictor-based controller are shown in
Figure 4.4 in red. The trajectories p™ using controller u(z) when no delay is present
are shown with black dots. This controller is not able to stabilize the system in the
presence of delay. The unstable trajectories are shown in dashed blue.

We assume the delay is not accurately known. The actual delay in the outer
loop is set to be D = 0.2 s, while the estimate Dg is set as 0.18 s. We choose
AD = 0.02 s. The UAV initially locates at [0,0,—0.8] m. We set the reference
trajectory of pi,, ph,; as a unit circle centred at the origin. The reference velocity is

0.2828 m/s. The reference of height and yaw are chosen as

P4y = —1.2 + 0.25in(0.4¢)
g = 0.2 + 0.25sin(0.3t)
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Figure 4.4: Simulation: trajectories of p” when the delay is known.
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Figure 4.5: Simulation: trajectories of p; and 1) when the delay is unknown.

We solve the LMIs (4.38) and obtain

—0.6275 0 0 —0.7797 0 0
K. = 0 —0.6275 0 0 —0.7797 0
0 0 —0.6416 0 0 —0.8009

The position and yaw trajectories are shown in Figure 4.5 and 4.6. We can see
p" follows the desired trajectory with the proposed controller (4.31), as shown in

red solid line.
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Figure 4.6: Simulation: UAV’s trajectory on the p' — p5 plane when the delay is
unknown.

4.5.2 Visual servoing

We assume four objects are located at [0.1,—0.1,0]”, [0.2,0.2,0]”, [-0.3,0.3,0]7,
[~0.4,—-0.4,0]" m. The desired locations of objects in the image plane is set as
[0.1,—0.1]7, [0.2,0.2]%, [~0.3,0.3]T, [~0.4,—0.4]T. Therefore, for visual servoing
problem (4.46), we have A* = 1, which is assumed to be unknown. We set the

bounds of A as A € [0.95,1.05] and then AX = 0.05. The controller is chosen as

u(zl) = Kzl — Ke(»le — -TD)

where K = [2I3, —I3], K, is obtained by solving the LMIs (4.29) as

0.5876 0 0 —0.8201 0 0
K, = 0 0.5876 0 0 —0.8201 0
0 0  0.6026 0 0 —0.8468

and the maximum tolerable delay is
Doz = 0.204 s

We use the upper bound of A as the estimate, i.e., A=\ =1.05. The trajectories
of UAV’s position in N p™ are given in Figure 4.7. Figure 4.8 gives the projected
trajectories of objects on the image plane, where the circle marker shows the starting

position and the square one is the desired position.
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Figure 4.7: Simulation: UAV’s trajectory of visual servoing problem.
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Figure 4.8: Simulation: trajectories of objects on the image plane.

4.6 Experiments

In this section, we will experimentally validate the proposed nested saturation con-
troller on our UAV platform. The experiments are implemented on ANCLQ 2.0.
As shown in [104], the transmission delay from Vicon to PX4 is 0.025 s. To show
the controller’s robustness to delay, we add more delay on purpose. We will only
consider motion control problem in experiments.

The controller used when delay is not added is
u= —4v¥ — 2p¥ (4.48)

First, we consider the hovering problem, where the desired position as [0, 0, —1] m.

83



actual
— — desired||

Pl (m)

72 73 74 75 76 7 78 79 80

3 (m)

72 73 74 75 76 77 78 79 80
Time (s)

Figure 4.9: Experiment: UAV’s trajectories of hovering.
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Figure 4.10: Experiment: UAV’s trajectories of hovering with proposed controller.

We add 0.1 s delay while the Mavlink package is sent from Vicon system, which
means the total delay is D = 0.125 s. The trajectory of the UAV with controller
(4.48) is shown in Figure 4.9. Then, we follow Section 4.3.2 to design the predictor.
We set D = 0.12 and AD = 0.05, by solving (4.38), we get

—0.9996 0 0 —1.2529 0 0
K, = 0 —0.9996 0 0 —1.2529 0
0 0 —1.0225 0 0 —1.2883

The UAV’s trajectory is shown in Figure 4.10. It is noticeable that the performance
is improved significantly with the predictor-based controller.

We also consider a tracking problem, where the desired trajectory is set as a
circle with the centre located at [0,0] m and the radius as 0.3 m. The desired speed
is 0.047 m/s and the desired height is —1 m. The K, is the same as above. The
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Figure 4.12: Experiment: UAV’s trajectories of tracking with proposed controller.
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Figure 4.13: Experiment: 3D trajectories comparison.
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results without and with the predictor is shown in Figure 4.11 and 4.12. For better
comparison, we also plot the 3D trajectories together, as shown in Figure 4.13, where

the red solid line is the trajectory with predictor.

4.7 Conclusion

In this chapter predictor-based controllers for a class of systems with input delay are
proposed. These control problems relate to UAV motion control and visual servoing
problems. A rigorous stability proof using LKF's is provided to obtain sufficient
conditions for global asymptotic stability of the outer loop. We also validate the

proposed controllers experimentally.
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Chapter 5

Robustness Analysis of a
Saturated Controller to Time

Delay

5.1 Introduction

In Chapter 3, we proposed a nested saturation controller based on the inner-outer-
loop structure for UAVs. The cascade structure allowed us to put constraints on
thrust, roll and pitch at the same time. However, the time delay in the measurement
was not considered. The experimental indoor UAV platform developed at ANCL
includes a Vicon motion capture system, which estimates vehicle’s position and
velocity and sends these values to the quadrotor via radio communication. The
delay will be introduced in the wireless transmission. Therefore, it is necessary to
analyze the impact of time delay on the system stability.

In Chapter 4, we proposed a predictor-based framework for UAV control with
delay. Unfortunately, this approach cannot be applied to UAVs with saturated con-
troller, because the stability analysis of nested saturation controllers was based on
induction. Different Lyapunov function was designed for each step to guarantee
its convergence to an invariant set, thus there was no unified Lyapunov function.
Therefore, in this chapter we apply the emulation approach, as described in Section
4.2.3, to analyze the robustness of the nested saturated controller for UAVs intro-
duced in Chapter 3 with respect to time delay. This work is inspired by [60], which
analyzed the robustness of the nested saturation controller for chains of integrators.

This method is suitable for small delay cases and is easy to implement because
no extra design is needed. Compared to the nested saturation controller designed
in Chapter 3, we make a slight change to simplify the analysis. In Chapter 3, the

saturated controller is design based on the UAV translational dynamics in the body
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Figure 5.1: The closed-loop structure diagram.

frame. In this chapter, we propose a new frame. The coupling term of dynamics
in this frame is still skew symmetric, but only the yaw rate from the inner loop is
involved. In Chapter 3, we treat each component of a vector separately. However,
in this chapter we analyze the stability based on its norm. This will simplify the
proof as will be shown in the following analysis.

The structure of this chapter is as follows. In Section 5.2, we describe the
dynamics considered in this chapter and the nested saturation controller. In Section
5.3, we analyze the robustness of the saturated controller with respect to time delay.
An upper bound on time delay is derived as a sufficient condition for stability.

Experimental results in Section 5.4 validates the analysis.

5.2 Controller design

As before, we apply the inner-outer loop control structure. The inner loop tracks
the reference roll and pitch calculated from the outer loop based on a PID controller.
On our experimental platform, the Vicon system provides the vehicle’s position and
translational velocity, hence, the transmission delay during this process only affect
the outer loop. Therefore, we only consider the outer loop with time delay. The
structure diagram of the closed-loop system is shown in Figure 5.1.

Instead of working in the body frame as in Chapter 3, we will work on the new
frame N¥ as introduced in Section 4.4.1. We rewrite the outer-loop dynamics of
UAVs in NV as

p¥ = —pAgp? + ¥ (5.1a)
o = —pAgr? +u? (5.1b)

where p¥,v? are the position and velocity vector expressed in N, and p¥ = Rgp”,
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v = Riv”,

cos(yp) —sin(y) 0 T cos(¢) sin(#)
Ry = |sin(y) cos(y) 0|, ,u’ =gRInY - — | —sin(¢)
0 0 1 cos(¢) cos ()

and Ag = sk(ng’).

We define
y1=p¥ +o¥
Yo = v?
u=u?

and then (5.1) can be rewritten as

i =~y Ay +y2+u (5.2a)
g2 = —Agyz + u (5.2b)

based on the work in Chapter 3, we know the following nested saturation controller

u =~ (y2 +X1(y1)) (5.3)

will guarantee the stability of the outer loop (5.2), where ¥; : R® — R3, i = 1,2, are
defined as ¥;(s) = [04(s1),0i(s2),04(s3)]T and s = [s1,82,53]7,s; € R,j = 1,2,3.

The saturation function o; : R — R satisfies
1) o;(r) is continuous and nondecreasing;
2) roi(r) > 0 for all r # 0;
3) oi(r) =r for all |r| < Ly;
4) oi(r)| < M.

Remark 5.1. Dynamics (5.2) is different from the dynamics considered in Chapter 3.
However, the different terms are both skew-symmetric. This will make no difference
for the stability analysis. Moreover, we assume each component of ¥; is the same
saturation function for simplicity, which implies we cannot set separate bounds for

thrust, roll and pitch as stated in Chapter 3.

With the presence of a constant time delay in the measurement, the controller
(5.3) will become

u= = (y2(t = D) + E1(11(t = D))) (5.4)
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where D > 0 is known. In this chapter, we will analyze the impact of measurement
delay D in the controller (5.4) on the stability of (5.2).

5.3 Robust analysis with respect to time delay

We will start the analysis with a lemma.

Lemma 5.2. Foray,as € R3, if |a1|| > ||jaz| and ||az| < Li/2, then a1%i(a;+az) >
0.

Proof. We use the spherical coordinates to express a;, j = 1,2, i.e.,

sin(ay) cos(f;)
aj = r; |sin(a;)sin(8;)

cos(ay)

where 7; = [|a;||, 0 < a; <7 and 0 < g; < 27.

When 0 < 1,61 < 7,

since ||a1]| > |laz|| we have
- 4T - -
Sa1CBy T1Sa;CB T T25a5CB,

T
ay Xi(ar +a2) =r1 | sa, 8, | Zi | | 1180198, + 250058,

L Cai | T1Caq + T2Cay

4T

Sa1CB; T280;C8; T T25a,CB,

>T1 | Sar 58 i T25a188; T 72505583,

Cay T2Ca, + 7 Cay

Because

’T2Sa1051 + T28a2052’ <2re < L
7250188, + T25as58,| < 212 < L;

|T2Cay + T2Cay| < 21y < L;

saturation functions o; will become linear, thus

T
Sa1Cpy 28 Cpy + 72805,
T
ay Xi(ar + az) >r1 | sq, 8, 7250158, + 7250258,
Caq T9Cq; + T2Cay
:7“17“2(1 =+ F)
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where I' = 54,€8,50,C8, + Sa158,5a258, + CaiCas-

‘F‘ = ’50613042 [051652 + 8p 852] + COélcOé2|
= ’306130&2651*52 + COqCOQ‘
< maX(|Sa1 Sag + chCOQ‘? | — SaiSas + COZICOQD

- ma’X(’Cal_C’Q’? ’Coz1+a2‘) <1

Therefore, al ¥;(a; + az) > 0.
Similarly, we can prove a ¥;(a; + az) > 0 when 5 < aig,p <27 O

With this lemma, we can prove the stability of system (5.2) with the delayed
controller (5.4). Since the yaw angle 1) is controlled by the inner loop, we can make

the following assumption.

Assumption 5.3. The rate of yaw angle 1 is bounded.

First, we consider a Lyapunov function V5 = %yg 12, then we have

Vo ==y ()2 (ya(t — D) + 1 (y1(t — D)))
= — 42 ()52 (42(t) + y2(t — D) — y2(t) + E1(y1(t — D)))

Since
t
wt=D) =)=~ [ (o
t—D
based on mean value theorem, there exists a ¢ € [t — D, t] such that

J2(t — D) — ()]
t

= [ [0 Aunle)  E2 o~ D) + Srlaa(o ~ D)) dol
t—D

<eD||y2(0)[| + V3D M

where € = sup; [¢)(t)|. Therefore,

ly2(t) + y2(t — D) = ya(t) + Z1(y1(t — D))
2[ly2(®) = lly2(t = D) = g2 ()| = [[E1 (31 (¢ = D))
>[ly2(t)]| — eDlly2(0)ll = V3D Mz — v3M;
=(1 — eD)lly2(t)]| + eD(ly2(t)]| — lly2()ll) — V3DMo — V3M;

Because

ls ()]l = lwa ()| =V3Vi2 (1) — VaVi (o)
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t 1 . t T
=va [ v et = - [ PO

and g € [t — D, t], we have ||y2(t)|| — |ly2(0)||| < DM,. Hence,

ly2(t) +y2(t — D) — yo(t) + L1 (y1(t — D))||
>(1 - eD)|lya(t)|| — €D’ My — V3D My — vV/3M,

If

eD <1 (5.5)
1—€D

eD*My + V/3DMs +V3M, < Lo (5.6)

then based on Lemma 5.2, when (1 — eD)l|y2(t)] > 1*2€DL2, ie., |y2(t)] > %

Vo =—y3 ()2 (y2(t) + y2(t — D) — y2(t) + S1(y1(t — D))) < 0

i.e., yo will converge to the set Q2 = {y2]|[y2|| < 2} and stay within. If we choose

L
V3M, < 72 (5.7)

then, because ||y2|| + ||21(+)|| < Lo, all three components of 3o will become linear.

Therefore, the dynamics of y; becomes
91(t) = — Aoy (t) + y2(t) — ya(t — D) — Zi(y1(t — D))
Considering the Lyapunov function V; = %leyl, we have

Vi =y{ ()(y2(t) = y2(t = D)) —y{ (NT1(y1(8) + pa(t — D) =1 (1))

because y9 already entered the set Q2, we have ||y2(t) —y2(t—D)|| < GD%+\/§DM2.
Thus,

t

la(t - D) — s (0)]] = | - / in (p)dpl

t—D

“l= [ [0 Ao p) + 12(p) = slp = D) = Ea(unlp = D)) dl

t
<eDllyi(o)] + / luep) = o~ D)dp + V3D,
t_

Lo

5 T V3D?M; +V/3DM,;

=eD|ly1(0)|| + eD?
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where g € [t — D, t]. Then,
ly1(t) + y1(t = D) —n ()] = [y (@] = 1 (t = D) — 1 (D)
>(1— D)l (0] + Dl ()]~ (@)]) — (€D*22 + VBD?Ms + VD)

On the other hand,

1 1 t _1 .
I @)1~ (@)l =V2ViH(0) ~ VEVE () = V2 [ 5V (0)Valp)dp

_ "yl
o (o)l

t
S/ . 1y2(p) — y2(p — D)||dp + DM
tf

(v2(p) = ya(p — D) = X1 (:))dp

L
§6D272 +V3D%*M, + DM,
Thus,

[91(8) +91(t = D) —sn (D) =(1 = De)|lyn ()| — GD(GDQ% +V3D?M; + DM)

L
- (eD272 +V3D? M, + V3D M;)

similarly, if

L L L
eD(eD272 +V3D?Ms, + DM;) + (61)272 +V3D*My +V3DM;) < (1 — De)?1

(5.8)

then y; will eventually enter the set Q1 = {y1|||y1]| < %} Therefore, 3o, X1 will

both be in their linear regions. Then, (5.2) becomes

91 = — Aoy +y2 — y2(t — D) — y1(t — D)
o = = Agya — y2(t — D) — y1(t — D)

Define y = [y1,92]”, then we can rewrite the system (5.2) as

y(t) = ¥(t) Aoy(t) + Ary(t) + Asy(t — D)
where

Ay 0

Ag = — e
0 0 A

0 I
7A1: ’
0 0

and I3 is the 3 x 3 identity matrix.
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‘We know that

then

§(t) = (t) Agy(t) + (A1 + Aa)y(t)

"y /  [B00A0(0) + A0(0) + Aalp — D) dp

Consider a Lyapunov-Krasovskii functional

o=y y+/ / 5)S1y(o d(5dp+/ / 9)Sa2y(6)dddp
+p 2D +p

where S1, S > 0 are to be determined. Then its derivative is
. T T O T
o=yt iTu+ [ [0S o+ pSiute+ )] do

-D
+ / I ©S:(0) =" (¢ + p)Sau(t+ o)) dp
=y (AT + AT + A1 + Ay)y

2 (042 [ [60)A0y(p) + Ar(p) + Azy(p — D) dp
t—D
0
[ W@~ ¢+ S+ )] o

-D

-D
+ / [y" ()S2y(t) =y (¢t + p)Say(t + p)] dp
—2D

Since
T ! N
2Ty [ D) Aw(p)dp
t—D
t
S/ D\w(p)l [y A AT AT ATy + " (p)Tay(p)] dp
t_
t
<eDyT Ay AgT AT ATy + / I )Ty
tf
and

t t
—2yT Ay / . Ary(p)dp < Dy" Ay 41T AT ATy + / . y" (p)T2y(p)dp
t— t—
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and
t
—2y" Ay / Asy(p — D)dp
t—D
t
<Dy" Aol Ay y + / y" (p— D)K. T3A3y(p — D)dp
t—D

where I'1, '3, I's > 0, if we choose S, .55 as

Si=€el'1 +1
Sy = ATT3A,

then we obtain

Vo <yT (AT + AT 4+ Ay + Ag)y + eDyT Ay AT AT ATy
+ DyTAgAll“;lA{Agy + DyTA2F§1A2Ty + DeT(51 + 52)6

We choose T; = I,i = 1,2,3, then the sufficient condition for ¥y < 0 can be
expressed using the following LMI

G<0 (5.9)
where
(G e245A0 AsAy Ay T AT
—D'Iy 0 0 0 0
~D'IL
oo 6 0 0 0
—D'Iy 0 0
G55 0
I ~D'Is|

where D' = D_l, Gi1 = A{ + Ag + A1 + Ay and G55 = —(6%,1)[6.

Based on the above analysis, we conclude the following theorem.

Theorem 5.4. For the controller (5.4) with My, Ly satisfying (5.7), if there exists a
constant D such that (5.5),(5.6),(5.8),(5.9) are satisfied, then system (5.1) is globally
asymptotically stable.

Remark 5.5. In [15, 61], we extend the Teel’s nested saturation method [33] to the
vector form based on UAV’s dynamics in body frame. This work can be seen as
an extension of [15, 61] to the case with input delay. However, in this chapter we
work in N'¥. The difference between the two dynamics is the coupling terms, which

involve sk(w”) and sk(zbbg), respectively. However, there is an important property
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Table 5.1: Experimental control parameters.

My | 5.0
My | 0.72

in common, ie., 27 sk(w?)z = T sk(¢bs)z = 0,¥z € R3. In [15, 61], we treated
each components of a vector separately when applying Teel’s method, while in this

chapter, we treated it as a vector instead, which makes the proof less complicated.

Remark 5.6. To obtain the upper bound on the time delay D under the above
conditions (5.5), (5.6), (5.8), (5.9), we can solve the LMI (5.9) for a given e using
Matlab LMI toolbox. For example, when € = 0.1, we get Dyax = 0.2608 s; when
€ = 0, we can get Dy = 0.2725 s. For simplicity, we can assume M = Ly and
M = Ly. Then, (5.6) and (5.8) become

1—€D
6M2

2
M. M M
617(61)272 +V3D2M, + DMy) + (61)272 +V3D2My +V3DM;) < (1 — DE)T1

eD?My +V3DM, + V3M; <

For the given €, Ms, we could apply binary search algorithm in the range [0, Dpax].

The termination condition is the existence of M; > 0.

5.4 Experiments

In this section, we validate the proposed nested saturation controller on our UAV
platform. The experiments are implemented on ANCLQ 2.0.

As shown in [104], the transmission delay from Vicon to PX4 is 0.025 s. To
show the controller’s robustness to time delay, we add more delay on purpose. The
parameters chosen are listed in Table 5.1. With these parameters, we can calculate
the most tolerant delay is 0.14 s. We also add an integral term to remove the steady
error.

We first consider the hovering problem. The desired location of the UAV is set
at [0,0, —1]7 m. The position and angle trajectories without extra delay are shown
in Figure 5.2 and 5.3, where the solid red lines represent the actual trajectories,
and the blue dash dot lines are the desired trajectories. Then, we set the delay to
be 0.125 and 0.225 s in the Vicon system, respectively. The position trajectories
are shown in 5.4 and 5.5. To make the comparison clearer, we also plot the UAV’s
trajectories in p} — p5 plane. In Figure 5.6, we draw a circle for each case using the
maximum magnitude of the trajectory as the radius the trajectories. Trajectories
when D = 0.025, 0.125 and 0.225 s are shown using the red solid, black dash and

blue dash dot lines, respectively. The circle and triangle markers are the starting

96



actual
— — desired||

I S —
"
-0.5 | \ | | | | |
100 102 104 106 108 110
0.5r b
Y D R
'
-0.5 1 1 1 1 1 1 |
100 102 104 106 108 110

P4 (m)

| | | | | |
100 102 104 106 108 110

Figure 5.2: UAV position trajectories of hovering with D = 0.025 s.

and ending points. We can observe that as the delay goes larger, the circle goes
bigger too.

We also consider the tracking problem. The reference trajectory is chosen as a
line between [0.5,0.5, —1]7 and [~0.5, —0.5, —1]7. The desired velocity is 0.1 m/s.
Position and angle trajectories when the delay is 0.025 s are shown in Figure 5.7
and 5.8. Figure 5.9 and 5.10 show the results when the delay is 0.125 s and 0.225 s,
respectively.

The quadrotor is manually control to take off and to hover at [0,0, —1] m using
the ANCL Vicon position control. However, the quadrotor with this control started
to oscillate when D = 0.1 s, as shown in Figure 5.11. The ANCL Vicon position
control is switched on at ¢ = 72.4 s. This means the initial state is not predictable
when the delay is large. For the safety reason, we decided not to increase the value

of delay in experiments.

5.5 Conclusion

This chapter investigates the robustness of the nested saturation controller of UAVs
to time delay. An upper bound on time delay is obtained to guarantee the system’s
stability. For small delay cases, the nested saturation controller can still be applied
saving the extra steps of compensating time delay. Experiments on ANCL quadrotor

platform validate our theoretical results.
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Figure 5.5: UAV position trajectories of hovering with D = 0.225 s.
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Figure 5.8: UAV Euler angle trajectories of tracking with D = 0.025 s.
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Chapter 6

Conclusions and Future Work

This thesis considered the nonlinear control of quadrotor unmanned aerial vehicles
(UAVs) with constraints and time delay. Chapter 2 presented the UAV dynamics
and image kinematics for image-based visual servoing (IBVS). Experimental indoor
quadrotor platform was also described. The onboard software is open-source, which
allows for customized configuration. The platform has proven itself to be a reliable
testbed for nonlinear control as it has been used in many publications.

In Chapter 3, we designed an inner-outer loop controller with state and input
constraints for the motion control problem. We proposed a nested saturation control
for the translational dynamics in body frame. Based on this controller, the outer
loop generated a saturated thrust, and the reference roll and pitch angles, while
the inner loop was designed to follow these reference angles using a traditional PID
controller. We proved the global asymptotic stability of the outer loop by assuming
perfect inner loop tracking, and then analyzed the effect of nonideal inner loop
tracking on the closed-loop stability.

We also considered control problems with time delay, which was caused by com-
munication latency. In Chapter 4 we proposed synchronization-based predictors
for a class of systems with inaccurate model parameter and unknown delay. We
modified the predictor dynamics in [58] to improve the robustness of controllers to
uncertainties. A rigorous stability proof using LKFs was provided to obtain suffi-
cient conditions for global asymptotic stability. These controllers were applied to
two UAV control problems, i.e., motion control and visual servoing problems.

In Chapter 5, we analyzed the robustness of the nested saturation controller of
UAVs to time delay. Based on the analysis, sufficient conditions for stability on
time delay and control parameters were given. For small delay cases, the nested
saturation controller can still be applied with the advantage of saving extra steps of
compensating time delay.

Future work includes:
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e Saturation control of visual servoing problems. In Chapter 3, we proposed a
nested saturation controller for UAV motion control problem. It was stated
that the controller can be extended to visual servoing problem, since their
dynamics have the same structure, but the extension still needs to be investi-
gated. Work in [105] proposes nested saturation controllers for lateral, height
and yaw motion separately for UAV IBVS using a virtual camera. However,
the separation is based on an approximate model. Even though uncertainties,
e.g. the unknown thrust constant, are considered, there is space for perfor-
mance improvements for virtual camera based IBVS. On the other hand, con-
strained control for visual servoing with spherical projection [31, 81] will also
be considered. This can be seen as an extension of the work in Chapter 3 to

the case with unknown parameters.

e State constraints. In Chapter 3, we proposed a nested saturation controller for
the outer loop to generate bounded roll and pitch references. We concluded
that the actual roll and pitch will stay within the given bounds by assuming the
inner loop can track the reference angles perfectly. However, in practice, the
inner-loop tracking error is unavoidable and might cause the actual angles to
go beyond the bounds. To solve the problem, we need to design an inner-loop
controller with state constraints. One example of control with state constraints
can be found in [106].

e Unmodelled dynamics. Throughout this thesis, while designing controllers, we
considered the simplified model for external force and torque. Blade flapping,
drag force, gyroscopic and reaction torque, as described in Section 2.1, were
neglected. Therefore, the robust analysis of the proposed nested saturation
controller and predictor based controller with respect to the modelling uncer-
tainties will be considered as future work. We will also take into account of

these terms in the controller design process for better performance.

e Time-varying delay. In Chapter 4 and 5, we assumed the time delay was
a constant. We will remove the assumption by modelling the delay as a
bounded continuous time-varying function, which is more realistic and chal-
lenging. Work in [47] solves linear systems with time-varying delay using LMI
method. This is categorized as emulation approach. Predictor-based con-
trol for time-varying delay is considered in [49]. Work in [107] extended the
synchronization-based prediction to time-varying delay case. Based on these
reference, we will develop prediction-based controller with time-varying delay

for UAV control problems.

e Experimental validation. Experiments of visual servoing problems with the
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predictor-based controller will be tested in the future. Moreover, the work

proposed above will also be implemented.

103



Bibliography

1]

2]

[3]

J. Borenstein, “The HoverBot: An electrically powered flying robot,” Unpub-
lished White Paper, 1992.

H. Lim, J. Park, D. Lee, and H. Kim, “Build your own quadrotor: Open-source
projects on unmanned aerial vehicles,” Robotics Automation Magazine, IERE,
vol. 19, no. 3, pp. 33-45, September 2012.

N. Guenard, T. Hamel, and V. Moreau, “Dynamic modeling and intuitive
control strategy for an “X4-flyer”,” in proceedings of 2005 International Con-
ference on Control and Automation, vol. 1, Budapest, Hungary, June 2005,
pp. 141-146.

S. Bouabdallah, P. Murrieri, and R. Siegwart, “Design and control of an in-
door micro quadrotor,” in Proceedings of IEEE International Conference on
Robotics and Automation, vol. 5, New Orleans, USA, April 2004, pp. 4393~
4398.

G. Hoffmann, D. Rajnarayan, S. Waslander, D. Dostal, J. Jang, and C. Tom-
lin, “The Stanford testbed of autonomous rotorcraft for multi agent control
(STARMAC),” in The 23rd Digital Avionics Systems Conference, vol. 2. Salt
Lake City, USA: IEEE, October 2004, pp. 12.E.4-1-10.

L. Meier, P. Tanskanen, L. Heng, G. Lee, F. Fraundorfer, and M. Pollefeys,
“Pixhawk: A micro aerial vehicle design for autonomous flight using onboard
computer vision,” Autonomous Robots, vol. 33, no. 1-2, pp. 21-39, 2012.

J. How, B. Bethihke, A. Frank, D. Dale, and J. Vian, “Real-time indoor au-
tonomous vehicle test environment,” IEEE Control Systems Magazine, vol. 28,
no. 2, pp. 51-64, April 2008.

N. Michael, D. Mellinger, Q. Lindsey, and V. Kumar, “The GRASP multiple
micro-UAV testbed,” IEEE Robotics and Automation Magazine, vol. 17, no. 3,
pp. 56-65, September 2010.

S. Lupashin, M. Hehn, M. W. Mueller, A. P. Schoellig, M. Sherback, and
R. D’Andrea, “A platform for aerial robotics research and demonstration:
The flying machine arena,” Mechatronics, vol. 24, no. 1, pp. 41-54, 2014.

B. Godbolt, “Experimental nonlinear control of a helicopter unmanned aerial
vehicle (UAV),” Ph.D. dissertation, University of Alberta, Edmonton, AB,
2013.

104



[11]

[12]

[13]

[14]

[15]

M. Barczyk, “Nonlinear state estimation and modeling of a helicopter UAV,”
Ph.D. dissertation, University of Alberta, Edmonton, AB, 2012.

D. R. Kastelan, “Design and implementation of a GPS-aided inertial navi-
gation system for a helicopter UAV,” Master’s thesis, University of Alberta,
Edmonton, AB, 2009.

H. Xie and A. F. Lynch, “State transformation-based dynamic visual servoing
for an unmanned aerial vehicle,” International Journal of Control, vol. 89,
no. 5, pp. 892-908, October 2016.

G. Fink, H. Xie, A. F. Lynch, and M. Jagersand, “Dynamic visual servoing
for a quadrotor using a virtual camera,” Unmanned Systems, vol. 5, no. 1, pp.
1-17, 2017.

N. Cao and A. F. Lynch, “Inner-Outer loop control for quadrotor UAVs with
input and state constraints,” IEFE Transactions on Control System Technol-
ogy, vol. 24, no. 5, pp. 1797-1804, September 2016.

T. J. Koo and S. Sastry, “Output tracking control design of a helicopter model
based on approximate linearization,” Tampa, FL, December 1998, pp. 3635—
3640.

P. Castillo, A. Dzul, and R. Lozano, “Real-time stabilization and tracking of a
four-rotor mini rotorcraft,” IEEE Transactions on Control System Technology,
vol. 12, no. 4, pp. 510-516, July 2004.

R. Mahony and T. Hamel, “Robust trajectory tracking for a scale model au-
tonomous helicopter,” International Journal of Robust and Nonlinear Control,
vol. 14, no. 12, pp. 10351059, 2004.

L. Meier, “PX4 autopilot,” http://pixhawk.org/ [accessed 01 Jan 2018],
Institute for Visual Computing, Swiss Federal Institute of Technology Zurich,
2018. [Online]. Available: http://pixhawk.org/

N. Mohan, T. M. Undeland, and W. Robbins, Power Electronics Converters,
Applications and Design, 3rd ed. Hoboken, New Jersey, USA: John Wiley
and Sons, 2003.

F. Kendoul, I. Fantoni, and R. Lozano, “Asymptotic stability of hierarchi-
cal inner-outer loop-based flight controllers,” in Procedings of the 17th IFAC
World Congress, Seoul, Korea, July 2008, pp. 1741-1746.

A. Roberts and A. Tayebi, “Adaptive position tracking of VITOL UAVs,” IEEE
Transactions on Robotics, vol. 27, no. 1, pp. 129-142, February 2011.

L. Wang and H. Jia, “The trajectory tracking problem of quadrotor UAV:
Global stability analysis and control design based on the cascade theory,”
Asian Journal Control, vol. 16, no. 2, pp. 574-588, March 2014.

A. Roza and M. Maggiore, “A class of position controllers for underactuated
VTOL vehicles,” IEEE Transactions on Automatic Control, vol. 59, no. 9, pp.
25802585, September 2014.

105



[25]

[30]

[34]

[35]

B. Godbolt, N. I. Vitzilaios, and A. F. Lynch, “Experimental validation of a
helicopter autopilot design using model-based PID control,” Journal of Intel-
ligent Robotic Systems, vol. 70, no. 1, pp. 385-399, April 2013.

B. Godbolt and A. F. Lynch, “Model-based helicopter UAV control: Exper-
imental results,” Journal of Intelligent Robotic Systems, vol. 73, no. 1-4, pp.
19-31, January 2014.

F. Chaumette and S. Hutchinson, “Visual servo control Part I: Basic ap-
proaches,” IEEE Robotics and Automation Magazine, vol. 13, no. 4, pp. 82-90,
December 2006.

O. Shakernia, Y. Ma, T. J. Koo, and S. Sastry, “Landing an unmanned air
vehicle: Vision based motion estimation and nonlinear control,” Asian Journal
Control, vol. 1, no. 3, pp. 128-145, September 1999.

F. Mazenc, R. Mahony, and R. Lozano, “Forwarding control of scale model
autonomous helicopter: a Lyapunov control design,” in Proceedings of the
42nd IEEE Conference on Decision and Control, Maui, HI, December 2003,
pp- 3960-3965.

M. Burger and M. Guay, “A backstepping approach to multivariable robust
constraint satisfaction with application to a VT'OL helicopter,” in Proceedings
of the 48h IEEE Conference on Decision and Control held jointly with 28th
Chinese Control Conference, Shanghai, China, December 2009, pp. 5239-5244.

T. Hamel and R. Mahony, “Visual servoing of an under-actuated dynamic
rigid-body system: an image-based approach,” IEEE Transactions on Robotics
and Automation, vol. 18, no. 2, pp. 187198, August 2002.

G. Fink, H. Xie, A. F. Lynch, and M. Jagersand, “Nonlinear dynamic visual
servoing of a quadrotor,” Journal of Unmanned Vehicle Systems, vol. 3, no. 1,
pp- 1-21, 2015.

A. R. Teel, “Global stabilization and restricted tracking for multiple integra-
tors with bounded controls,” Systems and Control Letters, vol. 18, no. 3, pp.
165-171, March 1992.

N. Marchand, “Further results on global stabilization for multiple integrators
with bounded controls,” in /2nd IEEE International Conference on Decision
and Control, Maui, USA, December 2003, pp. 4440-4444.

B. Zhou, G.-R. Duan, and Z.-Y. Li, “On improving transient performance in
global control of multiple integrators system by bounded feedback,” Systems
and Control Letters, vol. 57, no. 10, pp. 867-875, October 2008.

B. Zhou and G.-R. Duan, “Global stabilisation of multiple integrators via
saturated controls,” IET Control Theory and Applications, vol. 1, no. 6, pp.
1586-1593, November 2007.

S. Gayaka, L. Lu, and B. Yao, “Global stabilization of a chain of integra-
tors with input saturation and disturbances: A new approach,” Automatica,
vol. 48, no. 7, pp. 1389-1396, July 2012.

106



[38]

[39]

[40]

[43]

[44]

H. J. Sussman, E. D. Sontag, and Y. Yang, “A general result on the sta-
bilization of linear systems using bounded controls,” IEEFE Transactions on
Automatic Control, vol. 39, pp. 2411-2425, December 1994.

N. Marchand and A. Hably, “Global stabilization of multiple integrators with
bounded controls,” Automatica, vol. 41, no. 12, pp. 2147-2152, December
2005.

L. Marconi and R. Naldi, “Robust nonlinear control of a miniature helicopter
for aerobatic maneuvers,” in Proceedings of the 32th European Rotorcraft Fo-
rum, Maasctricht, Netherlands, September 2006, pp. 1005-1020.

J. Hu and H. Zhang, “Immersion and invariance based command-filtered adap-
tive backstepping control of VTOL vehicles,” Automatica, vol. 49, no. 7, pp.
2160-2167, April 2013.

N. Metni and T. Hamel, “A UAV for bridge inspection: Visual servoing control
law with orientation limits,” Automation in Construction, vol. 17, no. 1, pp.
3-10, November 2007.

D. Q. Mayne, J. B. Rawlings, C. V. Rao, and P. O. M. Scokaert, “Constrained
model predictive control: Stability and optimality,” Automatica, vol. 36, no. 6,
pp. 789-814, June 2000.

H. Kim and D. H. Shim, “A flight control system for aerial robots: algorithms
and experiments,” Control Engineering Practice, vol. 11, no. 12, pp. 1389—
1400, December 2003.

K. Gu and S.-I. Niculescu, “Survey on Recent Results in the Stability and
Control of Time-Delay Systems,” Journal of Dynamic Systems, Measurement,
and Control, vol. 125, no. 2, p. 158, June 2003.

J.-P. Richard, “Time-delay systems: an overview of some recent advances and
open problems,” Automatica, vol. 39, no. 10, pp. 1667-1694, October 2003.

E. Fridman, Introduction to Time-Delay Systems. Basel: Springer, 2014.

K. Gu, J. Chen, and V. L. Kharitonov, Stability of Time-Delay Systems.
Springer Science & Business Media, 2003.

M. Krstic, Delay Compensation for Nonlinear, Adaptive, and PDE Systems.
Boston: Birkhauser, 2009.

L. Karafyllis, M. Malisoff, F. Mazenc, and P. Pepe, Recent Results on Nonlin-
ear Delay Control Systems. Springer, 2016.

Z. Artstein, “Linear systems with delayed controls: A reduction,” IEEE Trans-
actions on Automatic Control, vol. 27, no. 4, pp. 869-879, August 1982.

Q.-C. Zhong, Robust Control of Time-delay Systems. London: Springer-
Verlag, 2006.

107



[53]

[54]

[60]

[61]

[62]

[63]

[64]

D. Bresch-Pietri and M. Krstic, “Adaptive trajectory tracking despite un-
known input delay and plant parameters,” Automatica, vol. 45, no. 9, pp.
20742081, September 2009.

D. Bresch-Pietri, J. Chauvin, and N. Petit, “Adaptive control scheme for
uncertain time-delay systems,” Automatica, vol. 48, no. 8, pp. 1536-1552,
August 2012.

V. Léchappé, E. Moulay, F. Plestan, A. Glumineau, and A. Chriette, “New
predictive scheme for the control of LTI systems with input delay and unknown
disturbances,” Automatica, vol. 52, pp. 179184, February 2015.

N. Bekiaris-Liberis and M. Krstic, “Predictor-Feedback stabilization of multi-
input nonlinear systems,” IEEE Transactions on Automatic Control, vol. 62,
no. 2, pp. 516-531, February 2017.

F. Mazenc, S.-1. Niculescu, and M. Krstic, “Lyapunov-Krasovskii functionals
and application to input delay compensation for linear time-invariant sys-
tems,” Automatica, vol. 48, no. 7, pp. 1317-1323, July 2012.

T. Oguchi and H. Nijmeijer, “Control of nonlinear systems with time-delay us-
ing state predictor based on synchronization,” in Proceedings of the Euromech
Nonlinear Dynamics Conference (ENOC), Eindhoven, Netherlands, August
2005, pp. 1150-1156.

A. Alvarez-aguirre, N. V. D. Wouw, T. Oguchi, and H. Nijmeijer, “Predictor-
Based remote tracking control of a mobile robot,” IEEE Transactions on Con-
trol System Technology, vol. 22, no. 6, pp. 2087-2102, April 2014.

F. Mazenc, S. Mondie, and S.-I. Niculescu, “Global asymptotic stabilization
for chains of integrators with a delay in the input,” IEEFE Transactions on
Automatic Control, vol. 48, no. 1, pp. 57-63, January 2003.

N. Cao and A. F. Lynch, “Inner-outer loop control with constraints for rotary-
wing UAVs,” in Proceedings of the 2015 International Conference on Un-
manned Aircraft Systems, Denver, CO, June 2015, pp. 294-302.

——, “Predictor-based controllers for UAVs with input delay,” in 2017 IEEFE
International Conference on Advanced Intelligent Mechatronics (AIM), Mu-
nich, Germany, July 2017, pp. 803-808.

——, “Predictor-based control design for UAVs: robust stability analysis and
experiments,” submitted to International Journal of Control, pp. 1-28, July
2018.

——, “Time-delay robustness analysis of a nested saturation control for
UAVs,” submitted to IEEE Transactions on Aerospace and Electronic Sys-
tems, July 2018.

C. Powers, D. Mellinger, and V. Kumar, Quadrotor Kinematics and Dynamics.
Dordrecht: Springer Netherlands, 2015, pp. 307-328.

108



[66]

[67]

[68]

[69]

[72]

73]

[74]

(78]

P. Castillo, R. Lozano, and A. Dzul, Modelling and control of mini flying
machines. New York City, USA: Springer-Verlag, 2005.

M. Bangura, “Aerodynamics and control of quadrotors,” Ph.D. dissertation,
Australian National University, Canberra, Australia, 2017.

P. E. I. Pounds, “Design, construction and control of a large quadrotor micro
air vehicle,” Ph.D. dissertation, Australian National University, Canberra,
Australia, 2007.

P. Pounds, R. Mahony, and P. Corke, “Modelling and control of a large quadro-
tor robot,” Control Engineering Practice, vol. 18, no. 7, pp. 691-699, July
2010.

J. G. Leishman, Principles of Helicopter Aerodynamics, 2nd ed. Cambridge,
UK: Cambridge University Press, 2016.

R. Leishman, J. Macdonald, R. Beard, and T. McLain, “Quadrotors and ac-
celerometers: State estimation with an improved dynamic model,” IEEE Con-
trol Systems Magazine, vol. 34, no. 1, pp. 28-41, February 2014.

R. M. Murray, Z. Li, and S. S. Sastry, A Mathematical Introduction to Robotic
Manipulation. Boca Raton, FL: CRC Press, 1994.

F. Kendoul, “Survey of advances in guidance, navigation, and control of un-
manned rotorcraft systems,” Journal of Field Robotics, vol. 29, no. 2, pp.
315-378, March 2012.

G. Antonelli, E. Cataldi, F. Arrichiello, P. R. Giordano, S. Chiaverini, and
A. Franchi, “Adaptive trajectory tracking for quadrotor MAVs in presence
of parameter uncertainties and external disturbances,” IEEE Transactions on
Control System Technology, vol. 26, no. 1, pp. 248-254, January 2018.

C. Nicol, C. Macnab, and A. Ramirez-Serrano, “Robust adaptive control of a
quadrotor helicopter,” Mechatronics, vol. 21, no. 6, pp. 927-938, September
2011.

I. A. Raptis, K. P. Valavanis, and W. A. Moreno, “A novel nonlinear back-
stepping controller design for helicopters using the rotation matrix,” IFEE
Transactions on Control System Technology, vol. 19, no. 2, pp. 465-473, March
2011.

J. H. Gillula, H. Huang, M. P. Vitus, and C. J. Tomlin, “Design and analysis
of hybrid systems, with applications to robotic aerial vehicles,” in Robotics
Research, ser. Springer Tracts in Advanced Robotics, C. Pradalier, R. Sieg-
wart, and G. Hirzinger, Eds. Berlin, Heidelberg: Springer Berlin Heidelberg,
2011, vol. 70, pp. 139-149.

M. Ang and V. Tourassis, “Singularities of Euler and roll-pitch-yaw repre-
sentations,” IEEE Transactions on Aerospace and Electronic Systems, vol.
AES-23, no. 3, pp. 317-324, May 1987.

109



[79]

[80]

[81]

[82]

[89]

[90]

[91]

A. D. Roberts, “Attitude estimation and control of VIOL UAVs,” Ph.D.
dissertation, University of Western Ontario, London, ON, 2011.

A. Isidori, L. Marconi, and A. Serrani, “Robust nonlinear motion control of
a helicopter,” IEEE Transactions on Automatic Control, vol. 48, no. 3, pp.
413-426, March 2003.

T. Hamel and R. Mahony, “Image based visual servo control for a class of
aerial robotic systems,” Automatica, vol. 43, no. 11, pp. 1975-1983, November
2007.

R. Ozawa and F. Chaumette, “Dynamic visual servoing with image moments
for an unmanned aerial vehicle using a virtual spring approach,” Advanced
Robotics, vol. 27, no. 9, pp. 683-696, 2013.

D. Lee, T. Ryan, and H. Kim, “Autonomous landing of a VIOL UAV on
a moving platform using image-based visual servoing,” in Proceedings of the
2012 IEEFE International Conference on Robotics and Automation, Saint Paul,
MN, 2012, pp. 971-976.

D. Lee, H. Lim, H. Kim, Y. Kim, and K. Seong, “Adaptive image-based
visual servoing for an underactuated quadrotor system,” Journal of Guidance,
Control, and Dynamics, vol. 35, no. 4, pp. 1335-1353, July 2012.

H. Jabbari Asl and J. Yoon, “Robust image-based control of the quadrotor
unmanned aerial vehicle,” Nonlinear Dynamics, vol. 85, no. 3, pp. 2035-2048,
August 2016.

H. Xie, G. Fink, A. F. Lynch, and M. Jagersand, “Adaptive dynamic visual
servoing of a UAV,” IEEE Transactions on Aerospace and Electronic Systems,
vol. 52, no. 5, pp. 2529-2538, October 2016.

F. Bullo and R. M. Murray, “Tracking for fully actuated mechanical systems:
a geometric framework,” Automatica, vol. 35, pp. 17-34, 1999.

A. Tayebi and S. McGilvray, “Attitude stabilization of a VTOL quadrotor
aircraft,” IEEE Transactions on Control System Technology, vol. 14, no. 3,
pp. 562-571, May 2006.

H. Jabbari Asl, G. Oriolo, and H. Bolandi, “An adaptive scheme for image-
based visual servoing of an underactuated UAV,” International Journal of
Robotics and Automation, vol. 29, no. 1, pp. 92-104, 2014.

H. J. Sussmann and Y. Yang, “On the stabilizability of multiple integrators
by means of bounded feedback controls,” in Proceedings of the 30th IEEFE
Conference on Decision and Control, vol. 1, Brighton, UK, December 1991,
pp. 70-72.

F. Mazenc, S. Mondie, and R. Francisco, “Global asymptotic stabilization of
feedforward systems with delay in the input,” IEEE Transactions on Auto-
matic Control, vol. 49, no. 5, pp. 844-850, May 2004.

110



[92]

[100]

[101]

[102]

[103]

[104]

J. Azinheira and A. Moutinho, “Hover control of an UAV with backstepping
design including input saturations,” IFEE Transactions on Control System
Technology, vol. 16, no. 3, pp. 517-526, May 2008.

D. Mellinger, N. Michael, and V. Kumar, “Trajectory generation and control
for precise aggressive maneuvers with quadrotors,” in Fzperimental Robotics,
ser. Springer Tracts in Advanced Robotics, O. Khatib, V. Kumar, and
G. Sukhatme, Eds. Berlin, Heidelberg: Springer Berlin Heidelberg, 2014,
vol. 79, pp. 361-373.

K. Alexis, G. Nikolakopoulos, and A. Tzes, “Constrained-control of a quadro-
tor helicopter for trajectory tracking under wind-gust disturbances,” in 15th
IEREE Mediterranean FElectrotechnical Conference, Valletta, Malta, April 2010,
pp. 1411-1416.

G. Fink, “Computer Vision-Based Motion Control and State Estimation for
Unmanned Aerial Vehicles (UAVs),” Ph.D. dissertation, University of Alberta,
Edmonton, AB, 2018.

R. Sanz, P. Garcia, Q.-C. Zhong, and P. Albertos, “Predictor-based control
of a class of time-delay systems and its application to quadrotors,” IFEE
Transactions on Industrial Electronics, vol. 64, no. 1, pp. 459469, January
2017.

H. Jabbari Asl, S. H. Mahdioun, and J. Yoon, “Vision-based control of an
underactuated flying robot with input delay,” Transactions of the Institute of
Measurement and Control, vol. 1, pp. 1-10, October 2016.

H. Liu, W. Zhao, Z. Zuo, and Y. Zhong, “Robust control for quadrotors with
multiple time-varying uncertainties and delays,” IEEE Transactions on In-
dustrial Electronics, vol. 64, no. 2, pp. 1303-1312, February 2017.

N. Yeganefar, P. Pepe, and M. Dambrine, “Input-to-State Stability and expo-
nential stability for time-delay systems: further results,” in 2007 46th IEEE
Conference on Decision and Control, New Orleans, USA, December 2007, pp.
2059-2064.

J. K. Hale and S. Verduyn Lunel, Introduction to Functional Differential Equa-
tions. New York: Springer-Verlag, 1993.

T. Oguchi and H. Nijmeijer, “Prediction of chaotic behavior,” IEEFE Transac-
tions on Circuits and Systems I: Regular Papers, vol. 52, no. 11, pp. 24642472,
November 2005.

R. Sepulchre, M. Jankovi¢, and P. V. Kokotovi¢, Constructive Nonlinear Con-
trol. London; New York: Springer, 1997.

N. O. Sedova, “The global asymptotic stability and stabilization in nonlinear
cascade systems with delay,” Russian Mathematics, vol. 52, no. 11, pp. 60—-69,
2008.

A. Othmane, “Online compensation of time delayed measurements in mobile
robotics,” B.Sc. thesis, Saarland University, Sarbruecken, 2015.

111



[105]

[106]

[107]

H. Xie and A. F. Lynch, “Input saturated visual servoing for unmanned aerial
vehicles,” IEEE/ASME Transactions on Mechatronics, vol. 22, no. 2, pp. 952—
960, April 2017.

K. P. Tee, S. S. Ge, and E. H. Tay, “Barrier Lyapunov functions for the control
of output-constrained nonlinear systems,” Automatica, vol. 45, pp. 918-927,
April 2009.

T. Oguchi, T. Yamamoto, and H. Nijmeijer, Synchronization of bidirection-
ally coupled nonlinear systems with time-varying delay. Berlin, Heidelberg:
Springer Berlin Heidelberg, 2009, pp. 391-401.

112



