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Abstract

The unprecedented escalation in the data traffic demand due to rapid proliferation
of smart phones and tablets cannot be fulfilled with the advancement in radio link
technologies only as the radio link efficiency is fast approaching its limit. This
problem motivates new paradigms of network deployment and spectrum utiliza-
tion — heterogeneous network (HetNet) and cognitive radio. This thesis addresses
the coexistence and interference management challenges in HetNets and cognitive
radio networks while exploring the capacity and reliability improvement opportu-
nities.

Due to the increasing irregularity in the spatial deployment of the network nodes
in HetNets and cognitive radio networks, the stochastic geometry based modeling
and analysis is adopted. The idea is to abstract the locations of the network nodes
with a suitable point process and then analyze the average behavior of the network
using tools from stochastic geometry. With this approach, the cell range expan-
sion (CRE) method of load balancing supported by interference coordination via re-
source partitioning for the capacity improvement in HetNets is analyzed. In order to
accurately model the network interference, the cell-load is also incorporated in this
analysis. To understand the coexistence between the multi-antenna techniques and
HetNet, and how they complement each other for the network throughput improve-
ment, a tractable framework for modeling and analyzing a multi-antenna HetNet
is developed, along with comprehensive performance evaluation of beamforming,
multi-user spatial multiplexing and interference nulling techniques in the presence
of perfect as well as imperfect channel state information (CSI).

Motivated by the lack of error probability analysis of the cellular networks in

the presence of inter-cell interference, a mathematical framework for computing the
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average error probability of a typical cellular user is introduced. Uniform approx-
imation (UA) method for the average error probability analysis in Poisson field of
interferers is also developed to simplify the analytical complexity of the existing
results. To alleviate the spectrum scarcity problem in future cellular networks, an
underlay method of cognitive secondary access to television (TV) spectrum is ana-
lyzed, and a relay transmission technique to improve the performance of secondary

users is proposed.
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Chapter 1

Introduction

Wireless communication has gone through decades of thriving advances. With rev-
olutionary developments such as multiple input multiple output (MIMO), smart an-
tennas, advanced coding and orthogonal frequency division multiplexing (OFDM),
it has already evolved to a point where the efficiency of a point-to-point radio link
is near optimal, as determined by information theoretic limits.

The ease of connectivity brought about by wireless communication is transform-
ing our society. Over the past few years, the rapid proliferation of smart-phones and
tablets, and the bandwidth-intensive usage trends they encourage such as video and
audio streaming, online gaming, social networking and cloud computing, have led
to an explosion in the demand for data traffic in cellular networks (a.k.a. mobile
networks). In 2015, more than half a billion mobile devices were added to the
market, most of which were smart-phones, and global mobile data traffic grew by
74% [1]. Following this trend, the global mobile data traffic is expected to grow
at a compound annual growth rate (CAGR) of 53% from 2015 to 2020, reaching
30.6 exabytes (EB) per month by 2020 (Figure 1.1), which is nearly an eight-fold
increase over 2015 [1]. Consequently, even with advanced radio link technologies,
the cellular networks are struggling to keep pace with the user demand. Further-
more, the radio spectrum is a scare resource and cannot be increased at the rate of
the escalating data traffic demand. Hence, to meet the evolving needs for higher
data rates, the next generation of technology must revolutionize the way the radio
spectrum is utilized.

The traditional spectrum allocation method which assigns fixed non-overlapping
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Figure 1.1: Global mobile data traffic [1]

blocks to different services from the available spectrum, and the conventional macro-
centric network deployment approach hinder efficient utilization of the resources.
This problem motivates the search for a new paradigm of spectrum utilization that
will maximize the exploitation of the available resources to the fullest. To this end,
(1) heterogeneous network (HetNet) deployments and (ii) cognitive radio techniques
have received significant research interest. Both approaches have tremendous po-
tential to increase the spectral efficiency of wireless access. While HetNet supports
aggressive spatial reuse of the spectrum, cognitive radio allows unlicensed users to
access underutilized portions of the radio spectrum. These technologies are cur-
rently being investigated towards the evolution of the existing 4th-generation (4G)
wireless standards such as 3rd generation partnership project (3GPP) Long Term

Evolution (LTE)-Advanced [4—6] on the road to Sth-generation (5G) wireless.



1.1 Heterogeneous Cellular Networks

Cellular networks are conventionally homogeneous where an identical set of base-
stations (BSs) with similar transmit power levels and similar backhaul links are
laid in a planned layout. These BSs, usually referred to as macro BSs, are typ-
ically big, high-power tower-mounted transceivers and have service areas called
cells of roughly the same size. To meet the increasing data traffic demand, the cel-
lular networks rely on cell splitting by increasing the density of BSs. However,
the additional deployment of BSs in the conventional one-size-fits-all approach is
very difficult and expensive in dense urban areas due to site-acquisition issues.
To resolve this problem, the concept of heterogeneous deployments has recently
emerged [4,7,8]. The main idea behind a HetNet is to improve spectral efficiency
per unit area with the deployment of a diverse set of non-conventional, low-power
nodes such as pico BSs, femto BSs and relays within the areas covered by the exist-

ing macro cellular infrastructure, over the same frequency spectrum.

»  Core Network
‘ ‘

Relay RF Backhaul

&

Femto

5 Mhaul

Pico

Figure 1.2: Heterogeneous Cellular Network

A typical HetNet is depicted in Figure 1.2. Macro BSs, which are typically de-
ployed in a planned layout to provide basic coverage, transmit at high power levels

(bW to 40W). Pico BSs are usually intended for outdoor deployments to alleviate
3



Table 1.1: Types of Nodes in Heterogeneous Cellular Networks

Node | Transmit power | Features
macro OW — 40W operator deployed, open access, dedicated backhaul

pico 250mW — 2W | operator deployed, same access and backhaul features
as macro
femto < 100mW consumer deployed, typically closed access (but can

be open or hybrid), backhaul facilitated by consumer’s
digital subscriber line or cable modem
relay 250mW — 2W | operator deployed, wireless backhaul

“dead-spots” (no-coverage zones) and “hot-spots” (localities of higher traffic de-
mand), and thus follow relatively unplanned placements. Pico BSs usually have the
same access and backhaul features as macro BSs [9], but operate with much lower
transmit power, typically 250mW to 2W. Femto BSs, on the other hand, are typ-
ically consumer-deployed indoor nodes with transmit power of less than 100mW.
Their backhaul connections to the operator’s network are typically facilitated by
the consumer’s digital subscriber line or cable modem. Access to femto BS may be
unrestricted, or restricted to the users within a closed subscriber group, or a combi-
nation of both with priority to users within the closed subscriber group [10]. These
access mechanisms are termed as open, closed and hybrid, respectively. When
wired backhaul is not feasible, relay nodes are deployed. Depending on whether
the backhaul connection is on the same frequency as the access link or on different
frequencies, relays are classified as in-band and out-of-band [11]. A summary of
different types of nodes in HetNets is given in the Table 1.1.

HetNets are thus characterized by unplanned/random locations of the network
nodes with large disparities in transmit power between the nodes, in contrast to
planned layout of the conventional macro-cellular networks with similar transmit
power levels of all the nodes. Such differences impose many challenges and require
several fundamental changes to the traditional approaches to modeling, analyzing

and designing cellular networks. Some of the required changes are discussed below.

1. Spatial Modeling of the BS-locations

A major change in cellular networks is the network topology, which is evolv-
ing towards the irregular spatial deployment of nodes. In a conventional cel-

4



lular network, macro BSs are somewhat evenly spaced as compared to low-
power BSs (pico, femto, relays), which follow mainly ad hoc placements in
a HetNet. Thus, the locations of BSs have been conventionally modeled as
a regular grid, most popularly a hexagonal grid [12, 13]. Their coverage ar-
eas, commonly known as cells, are thus simply the hexagons they belong
to. Clearly, the traditional grid-based model is not suitable for modeling
the spatial distribution of low-power BSs in a HetNet. They are not regu-
larly spaced and their coverage areas are not homogeneous. Even for macro
BSs, the grid-based model is highly idealized, as the real deployment is struc-
turally very different. Meanwhile, due to the analytical intractability of the
grid-based model, parameter tuning and performance evaluation in cellular
networks have relied on simulations. As networks become more complex
with the addition of irregularly deployed low-power nodes, even simulations
become nontrivial. Thus, stochastic geometry characterization of the spatial
distribution of BSs has been adopted [14-22], in which the locations of the
BSs are abstracted by a suitable point process. The details on stochastic ge-

ometry modeling of wireless networks are given in Section 2.2.

. BS-user Association

The traditional approach to BS-user association where a mobile user connects
to the BS with the strongest downlink received signal may not be appropri-
ate in a HetNet. The large disparities in transmit power between macro and
pico/femto BSs imply that the downlink coverage area of a pico/femto BS is
potentially much smaller than that of a macro BS. Thus, the strongest sig-
nal based association would cause most of the users to be attracted towards
macro BSs, with only a few users connected to pico/femto BSs. This situ-
ation might cause a macro BS to be severely congested while the resources
at the nearby pico/femo BS are not even fully utilized. Thus, even if a user
receives the strongest signal from the macro BS, it is desirable to offload the
user connection to the nearby lightly-loaded pico/femto cell, which can serve

the user with higher data rate by allocating a larger fraction of radio resources.



Such offloading also reduces the macro cellular load, thereby allowing the re-
maining macro users to be served with improved rates. The optimal BS-user
association in a HetNet is the one that can maximize the data rate of all users
in the network through balanced distribution of user loads across all tiers of
the BSs. But such optimal association is very complex to compute [23]. A
rather simple, yet very effective method is cell range expansion (CRE) [7, 8],
in which the coverage area of a low-power BS is expanded by virtually in-

creasing its power by an amount known as the association bias.

. Interference Management

Since interference rather than noise is the performance limiting factor in cel-
lular networks, managing interference is a primary concern in any cellular
network. However, the interference scenarios in HetNets are more complex
than those in conventional cellular networks and require advanced manage-
ment techniques. For example, as explained above, the users in HetNets are
proactively offloaded from macro to small cells for load balancing. If the low-
power nodes are deployed in the same frequency band as macro BSs, i.e.,
if co-channel deployment is used, each offloaded user suffers from severe
downlink interference because the macro BS, which should have been the
serving BS based on the strongest downlink received signal, now acts as an
interferer. Thus, the benefits of load balancing cannot be fully realized unless
a suitable interference mitigation technique is employed. Another example
of an interference scenario in co-channel deployment occurs when users in
the coverage area of a femto BS must be served by the nearest macro BS due
to the restricted access to the femto BS. In this case, these users suffer from
severe downlink interference from the femto BS. Meanwhile, the femto users
are also severely interfered by these users in the uplink. Thus, interference

management is critical in HetNet.



1.1.1 Interference Management Techniques in HetNets

An obvious solution to avoid complex interference scenarios between macro and
small cell networks is to deploy pico/femto BSs in a different frequency band than
the one the macro network is deployed on. However, such deployment results in
reduced spectral efficiency, and is not preferred as the whole idea behind HetNets
is to improve spectral efficiency. The following are some of the techniques for

interference management in HetNets.

1. Resource Partitioning

Interference can be controlled through coordination of time/frequency re-
source blocks, where an interfering BS sacrifices some of its resources to
enable communication to vulnerable users in these interference protected
resources. In time-domain resource partitioning, the macro tier is periodi-
cally muted on certain fraction of subframes, known as almost blank sub-
frames (ABSFs) [7, 21, 24] so that the offloaded users can be scheduled on
these macro interference-free subframes. An approach to frequency-domain
resource partitioning is fractional frequency reuse in OFDMA based net-
works. In this method, the cell-center users are assigned subchannels with
universal reuse (i.e., a reuse factor of 1), whereas the subchannels with a
higher reuse factor are allocated to cell-edge users [25]. Subchannels alloca-
tion in this method, however, becomes very complex for multi-tier HetNets

as the number of tiers increases.

2. Carrier Aggregation

Carrier aggregation, a key feature of LTE-Advanced [26], allows multiple
component carriers to be used simultaneously to increase the system band-
width. The component carriers need not be contiguous and not necessarily be
in the same frequency band, thereby allowing fragmented chunks of spectrum
to be aggregated for higher data rates. The carrier aggregation feature can be
exploited for deploying HetNets without creating severe interference scenar-

10s. Consider a macro-pico network in which both tiers use two component
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carriers, f1 and fs. If the macro BS transmits at its regular power level on both
f1 and fy, the coverage area of the pico BS will be limited, and thus, the pico
resources will not be sufficiently utilized. However, if the macro BS reduces
the transmit power on f5, while continuing to provide regular coverage on f7,
the coverage area of the pico cell on f, will be enlarged without incurring
severe macro interference. Since both tiers use two carrier frequencies, car-
rier aggregation capable users can enjoy enhanced data rates. However, this
solution may be highly inefficient for users incapable of aggregating carriers,

unless each component carrier has ample spectrum.

. Coordinated Multipoint Transmission

In coordinated multipoint operation, alternatively known as network MIMO
or multicell processing or BS coordination, multiple BSs mutually cooperate
either to mitigate interference or even to turn interference signals into mean-
ingful signals. Coordinated multipoint transmission is an integral component
of LTE-Advanced [27]. The coordination techniques have been broadly clas-
sified into the following categories [28, 29].

* Joint Transmission: Multiple coordinating BSs simultaneously trans-
mit data to a user, thereby converting interfering signals into desired sig-
nals. The coordinated BSs may jointly or independently encode data to
allow coherent or non-coherent combining of the signals at the receiver.
With coherent transmission, the available spatial degrees of freedom can

be efficiently exploited for diversity/multiplexing gain.

* Transmission Point Selection: User data is available at multiple coor-
dinating BSs, but is transmitted from a single BS, for example, the BS
with the highest received signal-to-interference-and-noise ratio (SINR).
The selected BS utilizes channel state information (CSI) of the user for
transmission in order to improve the received SINR. The remaining BSs
in the coordinating set may remain silent to further improve the SINR.

The dynamic selection of BS can be changed subframe-to-subframe.



* Coordinated Scheduling/Beamforming: User data is always transmit-
ted from the serving BS only, unlike the above two techniques. How-
ever, scheduling decisions and beamforming vectors are coordinated
among multiple BSs so that the scheduled users within the coordinating
cells either do not create mutual interference at all or receive minimum
interference. Such coordination requires information such as the CSI of
the users and the offered cell-load to be shared among the coordinated

BS.

By exploiting the additional spatial degrees of freedom, joint transmission
and transmission point selection can provide substantial performance gain.
However, they require user data sharing between the coordinating BSs, and
such sharing is practically very challenging due to backhaul overhead. For
coherent joint transmission based on CSI feedback, the CSI of each user is
required at all the coordinating BSs, and such demanding requirement makes
CSI estimation and feedback very challenging. Furthermore, precise synchro-
nization between the BSs is needed to fully realize the benefits of coherent
joint transmission. Coordinated scheduling/beamforming, on the other hand,
has lower complexity and overhead since no user data exchange between the
BSs is required, and is thus more appealing in terms of implementation. Inter-
ference nulling is an example of coordinated beamforming, which has been
demonstrated to provide considerable gain at the cost of CSI feedback to the

serving and a few neighboring BSs [30,31].

1.1.2 Multi-antenna Transmissions in HetNets

Multi-antenna transmission has been an integral part of cellular standards such as
LTE (3GPP Release 8) [32] and LTE-Advanced (3GPP Release 10) [33]. The addi-
tional degrees of freedom in the spatial dimension introduced by multiple antennas
on top of the time and frequency dimensions can be used for improving link relia-
bility (e.g., transmit diversity through space-time block coding (STBC) [34, 35]),

boosting the spectral efficiency of a radio link (single-user spatial multiplexing



[36]), and spatially separating users (user multiplexing known as space division
multiple access (SDMA) or multi-user MIMO [37]). MIMO techniques, particu-
larly multi-user MIMO , which serves multiple users on the same time-frequency
resource, can significantly improve the spectral efficiency of cellular networks.
Multi-antenna techniques will thus complement HetNets to meet the escalating data

traffic demand, and therefore their coexistence in future networks is unavoidable.

1.2 Cognitive Radio

Since 1930s, the radio spectrum is allocated for services via licensing. The reg-
ulatory bodies assign licenses for spectral frequency blocks to specific groups or
companies. For example, the licensed frequency band for digital television (TV)
broadcasting channels 14 — 51 in the United States is 470 — 698 MHz. Such a
static allocation approach has resulted in almost all frequency bands being already
assigned, leaving no room for new wireless services. Out of this spectrum shortage
has emerged the idea of cognitive radio, [38—40] which allows the unlicensed (sec-
ondary) users to access the licensed (primary) users spectrum with minimal or no
impact on the primary system communications.

A cognitive radio network is an intelligent communication system which utilizes
the available side information of the primary network to enable primary-secondary
spectrum sharing in three different ways: (i) underlay, (ii) overlay, and (iii) inter-
weave. While the interweave method allows secondary users to opportunistically
communicate over spectrum holes in time, frequency and/or geographic locations
that remain temporarily unused by primary users, the other two modes support
primary-secondary concurrent transmissions. In overlay systems, the secondary
users must mitigate the interference imposed on the primary receivers by apply-
ing sophisticated signal processing [40]. The underlay method, on the other hand,
constrains the transmit powers of secondary users to ensure that the resultant in-
terference on each primary user is below a predefined threshold [40]. Unlike the
overlay system, where the secondary users require knowledge of the primary users’

codebooks and their messages as well, the underlay system only require knowl-
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edge of the interference channel gains to primary users. Thus, underlay systems
are preferred over overlay systems for implementation simplicity. However, under-
lay system must operate under stringent interference constraints, which limit the

coverage range as well as the data rates of secondary users.

1.2.1 Cognitive Cellular Networks

As data traffic volume continues to grow, cellular networks require more spectrum
to serve the users. The spectrum scarcity has made researchers explore millimeter
wave frequencies (30 GHz—300 GHz) for possible deployment in future networks.
The radio propagation characteristics of millimeter waves are, however, very dif-
ferent and challenging compared to the currently deployed frequencies [41]. For
example, millimeter waves are more susceptible to blockage effects, and the chan-
nel gains fluctuate very rapidly, in the order of hundreds of microseconds. While
millimeter wave communication might be potentially deployed in future networks,
the very sparse utilization of some portions of the currently deployed radio spec-
trum [42] indicates that it can still accommodate more demand if utilized efficiently.
Cognitive radio exploits the underutilized spectrum to make room for new demand.

The TV band, which occupies a large amount of spectrum in the order of 300 —
400 MHz, is an example of an inefficiently utilized spectrum. This spectrum band
is particularly appealing for cellular broadband services due to its favorable prop-
agation characteristic (lower propagation loss) and the simplicity of the TV broad-
casting system (static network design, open standards and the public availability of
information associated with TV transmitters) [43]. A cognitive radio network in the
TV spectrum is illustrated in Figure 1.3.

For cellular and TV broadcasting networks to coexist, cellular communication
must not harmfully interfere with TV receivers and should require no modifica-
tion to their design. Also, primary communication should be the first priority at all
times. Due to such stringent requirements, standalone broadband service over the
TV spectrum with secondary usage may be questionable, considering the quality-
of-service requirements of cellular standards such as LTE-Advanced. However,

when deployed together with the regular licensed cellular spectrum, the spectral re-
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Figure 1.3: Cognitive Radio Network in the TV spectrum

sources of TV networks can be utilized to increase the cellular capacity. With carrier
aggregation technology, a cellular network can aggregate the regular licensed and
the TV spectrum. By simultaneously transmitting/receiving over carriers in both
spectra (of course TV band accessed through cognitive radio), the system capacity
can be significantly improved. A similar concept, in which a licensed cellular band
and an unlicensed Wireless Fidelity (WiFi) band are aggregated to allow the LTE
terminals to opportunistically operate in the WiFi band by using listen-before-talk
method, is currently being investigated. This technology is named LTE in unli-

censed spectrum [44], or license-assisted access [45].

1.3 Motivation and Objectives

HetNet is a promising concept to meet the traffic demand and performance expec-
tations of future cellular networks. However, with the addition of a wide variety
of low-power nodes, each with its own operating characteristics and irregularly
deployed in the existing macro-cellular infrastructure, modeling, analyzing and
designing HetNets become very challenging. Some of the main challenges were

briefly discussed in Section 1.1. To this end, stochastic geometry characterization
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of spatial distribution of BSs, the analysis of various BS-user association schemes
and interference coordination techniques have been studied [15-18,21]. However,
given that the concept of HetNets has only recently attracted the interest of the re-
search community, the existing studies have many limitations and research gaps
regarding analytical modeling, performance metrics, and many other issues. This
thesis identifies such limitations and gaps and develops a comprehensive framework
for modeling and analyzing HetNets. Despite the potential advantages of HetNet
deployments, the growing data traffic volume will create demand for more spectrum
in future cellular networks. As a potential solution to this spectrum scarcity prob-
lem, cognitive radio communication in the TV spectrum is studied in this thesis.

The main objectives of this research are listed as follows.

1. To develop a refined analytical model of the cellular network that comprehen-
sively captures the network heterogeneity in terms of the spatial distribution
of different nodes, their transmit powers (and thus, coverage areas), and traf-

fic load.

2. To explore load balancing and interference coordination techniques in HetNets
and to devise a framework to evaluate the data rate improvement from such

techniques.

3. To investigate multi-antenna transmission techniques in HetNets and offer
suggestions for the most suitable technique for optimal performance depend-

ing upon the network deployment and user load.

4. To develop a comprehensive mathematical framework for the average error

probability analysis in cellular networks.

5. To explore the cognitive radio approach to spectrum sharing between primary
TV broadcasting and secondary cellular networks and to develop transmis-

sion techniques for the cellular network under such sharing.
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1.4 Significance of the Thesis

The deployment of HetNets appears the most pragmatic, scalable and cost-effective
approach to meet the ambitious data rate and ubiquitous coverage requirements
of next-generation cellular networks and has recently gained much momentum in
the industry and research community. The standardization activities for HetNet
deployment have already started since 3GPP Release 10 of LTE (known as LTE-
Advanced [33]) and is rigorously being investigated [4, 5, 46]. The research out-
comes will thus facilitate the standardization of the deployment of HetNets to such
wireless standards. The load balancing and interference coordination strategies de-
veloped in this research are anticipated to significantly increase the network data
rate. With the growing interest in higher frequency bands such as the millime-
ter wave band, which requires denser deployment of various small cells due to
its inherent high signal attenuation, and encourages multiple antenna deployments
due to the less stringent antenna spacing constraint, the coexistence of MIMO and
HetNets seems almost unavoidable in emerging wireless networks. The thesis re-
sults for multi-antenna HetNets confirm the interference mitigation potential of
multi-antenna transmission in HetNet deployments and also provide some useful
guidelines for selecting the best multi-antenna technique for cellular capacity im-
provement. The proposed transmission and relay selection scheme for cognitive
secondary usage of a TV broadcasting network spectrum will contribute to the de-
velopment of feasible systems that can leverage the TV spectrum effectively to

address the increasing spectrum demand in future cellular networks.

1.5 Thesis Outline and Contributions

This thesis focuses on modeling and analyzing heterogeneous and cognitive cellular
networks for spectral efficiency enhancements. The thesis outline is as follows.
The theoretical background on wireless channels, stochastic geometry modeling
of wireless networks, and other related topics is covered in Chapter 2. The main
contributions of this research are presented in Chapter 3 to Chapter 6. Chapter 7
presents the concluding remarks and future research directions.
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1.5.1 Novel Contributions of the Thesis

The major contributions of this thesis are summarized as follows.

* Chapter 3 develops an analytical framework for average rate evaluation of the
CRE load-balancing technique supported by resource partitioning method of
interference coordination in a two-tier (macro-pico) downlink HetNet. The
downlink analysis of HetNets usually assumes a time-shared single channel
per cell [16,17,19,21,47]. Thus, only the time-domain method of resource
partitioning such as ABSF has been significantly analyzed [21, 24, 47, 48].
In contrast, a multi-channel downlink, for example an orthogonal frequency
division multiple access (OFDMA) based LTE downlink, is considered in
Chapter 3. Due to the flexibility in subchannel allocation offered by OFDMA,
we propose frequency-domain resource partitioning, where the macro tier is
restricted from using a fraction of the total subchannels so that they are al-
located exclusively to offloaded users. Although the load perceived by a BS
is a key factor in determining its interference contribution over the network,
most of the analysis in the literature ignores the cell load by considering a
fully-loaded network [16,19,21,47]. In Chapter 3, the cell load is properly
characterized as a function of user density, association bias and resource par-
titioning fraction. The results demonstrate that if the bias value and resource
partitioning fraction are carefully selected, the rate performance can be highly
improved in comparison to the CRE only system (i.e., a system with no re-
source partitioning), and their jointly tuned optimal combination is strongly

dependent on the network load.

* A downlink multi-antenna HetNet with zero-forcing (ZF) precoding based
SDMA is modeled and analyzed in Chapter 4. In cellular networks, user dis-
tribution determines the number of users in a cell and usually differs from one
cell to another. However, the previous analyses of SDMA in multi-antenna
HetNet are based on the limiting assumption that the same number of users
are simultaneously served on a resource block by every BS of a tier, and

the number is chosen arbitrarily. In Chapter 4, the number of simultane-
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ously served users in a cell is a function of the total number of users in that
cell, with the maximum number of served users limited to L. Thus, if
the number of users in a cell is below the limit, all the users in the cell are
simultaneously served; otherwise, only L.« users chosen randomly are si-
multaneously served. A biased-nearest-distance based BS-user association
scheme suitable for a multi-antenna HetNet is proposed, where the bias value
can be controlled for load balancing. By exploiting the feasibility of deploy-
ing a large number of antennas at a macro BS due to its physical size, an
antenna precoding based interference nulling scheme is proposed for inter-
ference suppression from the dominating macro BS to the small cell users.
The proposed interference nulling scheme is demonstrated to have strong po-
tential for performance improvement, subject to fine tunning of the system
parameters. The optimal value of L, that maximizes the average data rate
is numerically evaluated and is shown to have a better performance than sin-
gle user-beamforming (SU-BF) (Ly.x = 1) and full-SDMA (L = K),
where K is the number of transmit antennas. Antenna precoding requires
CSI feedback from the users. The impact of limited feedback, which leads to

imperfect CSI, is also analyzed.

Apart from capacity/throughput and coverage, the effectiveness of a wireless
network is also characterized by its reliability, measured by metrics such as
error probability, which has been barely analyzed for HetNets. There are only
a few studies on error probability analysis of a fixed source-destination link in
a Poisson field of interferers [49-51]. However, they are not directly applica-
ble to cellular networks because these studies do not consider BS-user associ-
ation. Motivated by the lack of error probability analysis of cellular networks
in the presence of inter-cell interference, Chapter 5 develops a stochastic ge-
ometry based mathematical framework for computing the average error prob-
ability of a typical user in a cellular network with maximum received power
based BS-user association. As an alternative to the semi-analytical solution
in [49] and the complex integral expressions in [50, 51], a highly accurate

uniform approximation (UA) method for analyzing average error probability
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of an intended communication link with a given transmitter-receiver separa-
tion, which is subject to interference from Poisson distributed nodes, is also
developed. The error probability UAs for both single-antenna and maximal

ratio combining (MRC) receivers are derived.

Exploitation of the existing TV spectrum for cellular network through cog-
nitive radio techniques is desirable to alleviate the spectrum scarcity prob-
lem in cellular networks. For such coexistence to be feasible, the cellular
communication must not interfere with the TV receivers and should not re-
quire any modification to their design. Thus, the interference generated by
a cellular network on TV receivers must be accurately modeled to develop
transmission schemes for the cellular network to operate under such inter-
ference constraint. In Chapter 6, an underlay approach to such coexistence
is analyzed in which the transmit power of a secondary node is controlled
to satisfy the interference constraint on the TV receiver to which it gener-
ates the maximum interference. This approach ensures that the interference
imposed on all the TV receivers is below their tolerable thresholds. How-
ever, since this requirement may result in very limited power, and thus, lim-
ited coverage of the secondary nodes, cooperative relaying is proposed to
achieve adequate radio reception quality at the distant users. A novel relay-
selection scheme is developed, which considers not just the source-relay and
relay-destination links, but also the stringent interference constraints on all
the primary receivers. Closed-form expressions are derived for the outage
probabilities of both the relay and direct links, along with their high signal-
to-noise ratio (SNR) asymptotics. The random spatial distributions of the TV
receivers and secondary relay nodes are taken into consideration for deriving

the outage probabilities.
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Chapter 2

Background

This chapter reviews the key concepts employed in this thesis. The analysis of
any wireless communication system requires proper modeling of the wireless chan-
nel. Various channel impairments and their modeling are discussed in Section 2.1.
Section 2.2 illustrates the concept of stochastic geometry modeling of wireless
networks and introduces popular point processes used to model the wireless net-
works. Poisson point process (PPP) is used in this thesis for modeling and analyz-
ing HetNets and cognitive radio networks. The special properties of PPP applied in
this thesis are thus reviewed in Section 2.3. The accurate characterization of the in-
terference power plays vital role in the analysis and design of interference-limited
cellular networks. The probability distribution of total interference in a network
with interfering nodes distributed according to a PPP is introduced in Section 2.4.
The chapter concludes with a brief overview of multi-antenna and relay communi-

cation in Section 2.5 and Section 2.6, respectively.

2.1 Wireless Channel

A radio link between a transmitter and a receiver is referred to as a wireless channel.
Radio waves propagate on a wireless channel through diverse mechanisms includ-
ing reflection, diffraction and scattering. These complex phenomena lead to various
impairments in the transmitted radio signal, which can be categorized as path loss,

shadowing, and multipath fading [2,12,13] (Figure 2.1).
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Path Loss

Path loss is signal power attenuation as a function of the distance propagated by the
signal. It also depends on the frequency of the transmitted signal, antenna heights
and topography. Exact theoretical prediction of the path loss is difficult due to
its site-specific behavior. In this thesis, a power-law path loss model is used, in
which the signal power attenuates at the rate of »~“, where r is the distance from
the transmitter. The parameter « is called power loss exponent, which effectively
captures the dependence of the path loss on the frequency and topography. The
value of the exponent is empirically calculated. It is typically in the range of 1.6 to

6 [12], with o = 2 for free space propagation.

Shadowing

Shadowing, also known as large-scale fading, on the other hand, is radio impairment
due to large objects such as buildings and hills. Shadowing causes deviation in the
average channel power gain anticipated from the path loss. The statistical variation
in the channel power gain due to shadowing is most commonly modeled by log-

normal distribution [13].

Multipath Fading

In urban cellular communication, a direct line-of-sight between a transmitter and
a receiver is rare. Thus, the transmit signal propagates through multiple paths cre-
ated by reflection, diffraction and scattering. The received multipath signals have
different amplitudes and phases, and thus, may combine either constructively or
destructively, causing rapid fluctuations in the amplitude as well as the phase of
the resultant signal. This phenomenon is known as multipath fading. If all the
spectral components of the transmit signal encounter the same amplitude gain and
linear phase, the fading is known as frequency flat; otherwise the fading is called
frequency selective [13, 52]. While narrowband communications are frequency
flat, wideband communications are frequency selective. Although LTE systems

are wideband, with OFDM technique, each subchannel communication effectively
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becomes narrowband, and thus undergoes flat fading. Flat fading channels are con-
sidered in this thesis.

As flat fading has identical effects on each frequency component, this fading can
effectively be represented by a single complex channel coefficient h = |h|exp(jv)),
where |h| is the amplitude gain, and 1) is the phase shift. Ideal coherent modulation
assumes phase shifts caused by multipath fading to be perfectly corrected at the
receiver. For non-coherent modulation, phase information is not required. Thus,
performance analyses usually require knowledge of the fading amplitude statistics
only. For communication in a rich scattering environment without a dominant line-

of-sight, the fading amplitude is typically modeled by Rayleigh distribution:

2 2
fin(z) = fexp(—%% x>0, 2.1)

where E[|h|?] = w. The power gain |h|? is thus exponentially distributed with mean
w (i.e., |h|* ~ Exp|w]). The Rayleigh fading model is particularly popular due to
its simplicity as it leads to closed-form solutions, thus providing insights into the
system performance. A more generalized model is Nakagami-m fading, in which

the fading amplitude is distributed as

2mmx2m—1 2

fin(z) = Tim)wm eXP(—T)a x>0, (2.2)

where m determines the severity of fading. The power gain |h|? is thus Gamma
distributed (i.e., |h|? ~ Gamma(m,w)). Note that the Nakagami-m fading reduces
to Rayleigh fading for m = 1. When m — oo, it reduces to the impulse function,
which indicates a non-fading, static channel.

With flat multipath fading superimposed on power-law path loss and log-normal
shadowing, the channel power gain (2,, between a pair of nodes at  and y, where
x,y € R? are the locations of the transmitter and the receiver respectively, can be
modeled as

Quy = €7 |hay[*[|2 — g™, (2.3)

where e?9+v represents the variation in the channel power gain due to log-normal
shadowing with g, ~ N(0,1), and h,,, = |hyy| exp(jt)sy,) is the complex multi-
path fading coefficient with E[|h,,|*] = 1. o is the shadowing standard deviation.

Jzy and h, are independent random variables (RVs) in (2.3).
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Figure 2.1: Path loss, shadowing and multipath fading effects [2]

2.2 Stochastic Geometry Modeling of Wireless Net-
works

It is readily evident from (2.3) that the SNR of a receiver, which determines its per-
formance, implicitly depends on the location of the transmitter with respect to the
receiver. If other nodes in the network are also transmitting in the same channel,
in addition to the desired signal, the test receiver also receives interference signals
which depend on the locations of the interfering nodes with respect to the receiver.
Therefore, the SINR experienced by a receiver is strongly affected by the network
geometry and significantly varies from one receiver to another. Unlike traditional
wireless networks, where the nodes are deployed in a planned layout, the emerging
wireless systems such as HetNets and cognitive radio networks are characterized
by unplanned/irregular locations of the nodes. For modeling and analysis of such
networks with random topologies, stochastic geometry is a very powerful mathe-
matical tool [53-56]. It allows us to evaluate the average behavior of a network for
metrics of interest such as the SINR, outage probability and achievable data rate by
averaging over many spatial realizations of the network.

Under stochastic geometry modeling, the spatial distribution of the network
nodes is modeled by a suitable point process. A point process is a random se-

quence of points in the space R%. Any realization of a point process is a locally
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finite subset ¢ = {x1, 29, 73,...} C R% where z; # z;,Vi # j [57]. Some of
the popular point processes used to model wireless networks are briefly discussed
below. A comprehensive survey on stochastic geometry modeling of cellular and

cognitive networks can be found in [58].

1. PPP [57,59]: A point process ® = {z}, x5, 73, ...} C R%is a PPP of intensity

measure A if and only if

(a) the number of points of ® in a compact set B C R¢, denoted by ®(B),
is a Poisson RV with mean A(B) = [, \(z) du, i.e.,

A(B)*

o e MB) E=0,1,2,...,

(b) the numbers of points in disjoint sets are independent. This property is

known as independent scattering.

If A(z) = A, known as intensity or density, is a constant, then ¢ is called

homogeneous PPP.

The PPP, suitable for modeling networks with a possibly infinite number of
nodes randomly and independently distributed in a finite or infinite area, is
the most popular model due to its analytical tractability, and is widely used in
modeling and analysis of HetNets and cognitive radio networks. In a multi-
tier HetNet, the spatial distribution of the BSs of each tier (macro, pico, and/or
femto tiers) are modeled as independent PPPs in [16-21]. It is shown in [15]
that for the macro tier, the PPP model provides tight lower bounds for per-
formance measures, as tight as the upper bound results provided by the pop-
ular grid model, when compared to the actual 4G network. The PPP based
modeling of the locations of primary and secondary users in cognitive radio
networks is adopted in [60] to analyze the performance of various medium ac-
cess control (MAC) protocols and in [61] for aggregate interference analysis

of underlay method of spectrum sharing.

2. Binomial point process (BPP) [57]: A point process @}, = {x1, x2, T3, ... Ty}

in a compact set W C R¢ is a BPP if the number of points in any set B C W
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is a binomial RV with parameters n and p = v4(B) /vy(W), i.e.,

(e (5) =) = () ) -p k=012
where v,4(.) is a volume measure (e.g., length for d = 1, area for d = 2). Note
that a homogeneous PPP ® constrained to a compact set 11" under the condi-
tion that (W) = n yields a BPP. In a wireless network, if the total number
of nodes is known and they are independently and uniformly distributed in a

finite service area, then BPP is used to model the network [62].

. Hard core point process (HCPP) [63]: An HCPP is a repulsive point process
in which the distance between any two points is at least a predefined hard core
parameter A > 0. It is formed by a dependent thinning operation applied to a
homogeneous parent PPP @, of intensity A,. The thinning operation retains
a point = of @, if a sphere b(x, h) of radius h and centered at = contains
no point of ®,; otherwise the point = is deleted. This operation is called
dependent thinning because the deletion of any point in ®, depends on the
locations and possible deletions of other points in the process. The resultant
HCPP @), is thus given by ¢, = {z € ®,; ||z —y|| > h,Vy € ®,}, and its
intensity is A\, = A, exp(—A,v4(b)), where v4(b) is the volume of b(z, h). The
carrier sense multiple access (CSMA) MAC protocol in wireless networks is

modeled by HCPP in [64, 65].

. Poisson cluster process (PCP) [57]: A PCP is constructed from a parent PPP
® by replacing each point of ® with a cluster of points.The clusters are of
the form M,, = M, + x; for each z; € ®, where ), is a family of identical,
independently distributed point sets, also independent of the parent process.
As network operators may deploy more BSs in the areas of higher traffic
demand, PCP can be used to abstract such behavior [66]. A special case of
PCP is the Neyman-Scott process in which the cluster associated with each
x; 1s a PPP centered at z;, and these processes are independent of one another

and, of course, independent of the parent process as well.
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2.3 Special Properties of the Poisson Point Process

The special properties of and important theorems on PPP used in this thesis are
introduced in this section. Further details on these and other properties of PPP can

be found in [54,56,57,59].
Superposition

If ®,, @, ..., &, are independent PPPs on R? with intensity measures A, Ay, ... Ay,
respectively, then their superposition @ = UF_ ®,, is a PPP with intensity measure
A= ZZ:1 A,,. This result follows from the disjointness lemma [59, p. 14], which
states that independent PPPs are disjoint with probability 1 in any measurable set.
Thus, the number of points of the union set ® = U*_,®,, in a compact set B is
given by (B) = Zﬁzl ®,,(B). It can then be easily verified that ¢ is a PPP with

intensity measure A.

Independent Thinning

Thinning is an operation that deletes points from a point process to generate a
thinned version of the process. Let ® be a PPP on R? with intensity A\(z). If a
point z € ® is deleted with probability 1 — p(z), where 0 < p(z) < 1, independent
of the location of any other point in the process as well as its possible deletion,
the resulting p(z)-thinned process @y, is a PPP with intensity Ay, () = p(z)A(x),
where p(z) is the retention probability. Note that the set of deleted or culled points
is also a PPP @, with intensity A.,(z) = (1—p(x))A(z), and is independent of ®y,.
If ¢ is a homogeneous PPP, the p-thinned process @, and the corresponding culled
process ®,, are independent PPPs with intensity pA and (1 — p) A, respectively. The
superposition of thinned and culled process recovers the original PPP.

A more generalized form of the property is called the coloring theorem. Let
each point of ® belong to exactly one of the £ classes, which are referred to as
colors. Let the probability of a point x € ® receiving the ith color be p;(x), in-
dependent of the location of any other point and its color. Let ®; denote the set
of points with ¢th color. The coloring theorem states that &, ®,, ..., O, are inde-

pendent PPPs with densities p;(x)A(z), pa(z)\(x), ..., pr(x)A(x), respectively.
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The superposition of these independent PPPs is the original PPP with intensity

>t pil@)A (@) = A(x).
Mapping Theorem

According to the mapping theorem, under certain conditions, if the state space R?
is mapped into another space R*, a PPP is transformed into another point process,
which is again PPP with a different intensity measure. The theorem can be formally
stated as follows.

Mapping theorem: Let ® be a PPP on R? with intensity measure A, and let
f : R? — RR* be a state space transformation function such that A(f~1(z)) = 0,
Vo € RS If u(B) = A(f~!(B)) for every B C R?, then f(®) is a PPP on R® with

intensity measure .

Slivnyak’s Theorem

Before presenting Slivnyak’s theorem, we will first introduce the Palm distribu-
tion and reduced Palm distribution. Let the distribution P of a point process ¢ be
determined by the probability P(Y') = P(® has propertyY’). For example, the dis-
tribution P of a homogeneous PPP ® with density \ is determined by the system of

void probabilities
P({¢ € N: ¢(B) = 0}) = P(®(B) = 0) = e P

for compact sets B C RY, where N is the family of all possible realizations ¢
of the PPP ®. The conditional distribution of ® given that a point at = belongs
to ® is known as the Palm distribution of P at z, denoted by P?, i.e., P*(Y) =
P(® has propertyY |z € ®). However, if the conditional distribution is defined by
excluding z, it is known as the reduced Palm distribution at =, denoted by P*, i.e.,
P (Y) = P(®\{z} has propertyY |z € ®).

To illustrate the Palm and reduced Palm distributions, let us consider the nearest
neighbor distance distribution. The complementary cumulative distribution func-

tion (CCDF) D(r) of the distance [ to the nearest neighbor from a typical point
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z € ®,1ie., P(I > r) can be expressed in terms of P* and P*' as

D(r) = B(@ (b(z,r)) = 1] € @) = P*({$ € N : ¢(b(x, 7)) = 1}),
— P(® (b, 1)\ {x}) = Oz € @) = P"({¢ € N: ¢ (b, 1)) = 0}). (24)

After introducing the Palm and reduced Palm distributions, the Slivnyak’s theorem
is stated as follows.

Slivnyak’s theorem: For a PPP,
P" =P, (2.5)

i.e., the reduced Palm distribution equals the distribution of the PPP itself. This
implies that the properties observed at a point  do not depend on whether x belongs
to ® or not, as long as the point x is not considered if ® is conditioned to have a point
at x. By applying Slivnyak’s theorem, the nearest neighbor distance distribution

(2.4) for a homogeneous PPP ¢ with density A can be computed as
D(r) = P(® (b(x, ) = 0) = exp(=Ava(b)).

For homogeneous PPP, due to the stationary property & = {x,} has the same
distribution as ®, = {x,, + x}. Thus, P° = P*, and similarly, P® = P*'. Hence, the
conditional distribution of a homogeneous PPP ® with respect to any typical point
of ® can be simply defined by the Palm distribution with the respect to the origin

without loss of generality.

Probability Generating Functional

The probability generating functional (PGFL) of a point process ® on R¢ is defined

as

Gyl =E

H V(l‘)] (2.6)

zed
for all non-negative functions v(z) : RY — [0,1] with {z € R? : v(z) < 1}

bounded. The PGFL of a PPP with intensity function A(z) is given by

Glv] = exp (— /R (1= v(@)A@) dx) . 2.7)
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A PGFL is very useful in evaluating the Laplace transform (LT) of the sum ) o, f(7)

as follows and is often used in this thesis.

oo (3500

zed

E =E | [] exp(~s/(2))

zed

= Glexp(=sf(-)]. (28

2.4 Interference Distribution in Poisson Wireless Net-
works

Let us consider a network where the nodes are distributed on R? as a homogeneous
PPP ® with density A\ and each node transmits with power P. Due to Slivnyak’s
theorem and stationarity of ®, the aggregate interference power received at a test
receiver does not depend on where the receiver is located and whether the receiver
location belongs to the process ®. The test receiver is thus assumed to be located at

the origin without loss of generality. The aggregate interference is then given by

]:PZQIHI’H_Q, (2.9)

zed
where Q, = exp(0g,)|h.|* are independent and identically distributed (i.i.d.) RVs.
By using tools from stochastic geometry, the interference I can be characterized by
its probability distribution function in the form of its LT or equivalently its charac-
teristic function. The LT £;(s) = E[exp(—sI)] can be computed by applying the
PGFL of PPP as in (2.8), and is thus given by [56]

L;(s) = exp(—mAPY°E[ Q¥ (1 — 2/a)s¥*]). (2.10)

Its equivalent characteristic function V;(w) = Elexp(jwl)] for « > 2 is given
by [67]

U (w) = exp (—y|w|* [1 — jBsign(w) tan(mpu/2)]), (2.11)
where p =2/a, f=1,v = WACz_/zPWO‘E[Qi/a] and

1—2
c. — {m vl (2.12)

= r = 1.

)
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According to the characteristic function given by (2.11), I is a stable RV! with

characteristic exponent j, skew parameter [ and dispersion 7. Thus,

[~S (u —2/a,f=1,y= MCZ,—/;PZ/QE[Q:%/&]) . 2.13)

2.5 Multi-antenna Communication

The use of multiple antennas at the transmitter and/or receiver enables the spatial
dimension to be exploited for diversity gain, array gain, spatial multiplexing gain,

and interference mitigation [68, 69].
Diversity Gain

Multiple antennas at the transmitter and/or receiver can be used to achieve diversity
against fading by providing multiple independently faded replicas of the transmitted
signal to the receiver. The key idea is that if at least one of the copies is not severely
faded, the probability of successful reception is high. Well-known multi-antenna
transmission technique for diversity gain is STBC [34,35]. A simple way to achieve
diversity gain by using multiple receive antennas is selection combining [70], in
which the receive antenna branch with the highest SNR is selected.

Technically, diversity gain also known as diversity order is given by the nega-
tive of the slope of the average-error-probability/outage-probability versus average-

SNR curve on a log-log scale as the average SNR p — oo [71].

Array Gain

The SNR at the receiver can be improved through coherent combining enabled by
either processing at the receive antenna array or precoding at the transmit antenna
array or a combination of both. Such spatial filtering techniques are known as

beamforming and the resulting gain in SNR is called array gain. Receive-antenna

'A real stable RV with characteristic exponent u € (0, 2], skew parameter 3 € [—1, 1] and dispersion
~ € [0, 00) is denoted by S(u, 5, ), whose characteristic function is given by

T(w) — {exp (—y|w|* [1 — jBsign(w) tan(mp/2)]), w#1
exp (=l [1 + j26/msign(@) n(wl)]) , g =1.
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processing, which maximizes the receive SNR is MRC, in which the received signal
on each antenna element is weighted by its corresponding complex fading coeffi-
cient and then combined [70]. MRC is thus an optimal diversity combining method
in the absence of interference. Similarly, on the transmit side, the precoding vector
maximizing the receive SNR is eigen beamforming, also known as maximal ratio
transmission (MRT) [72].

The average error probability of wireless transmissions over flat fading channels
impaired by additive white Gaussian noise (AWGN) at high SNR can be quantified

in terms of the diversity gain (diversity order) GG; and array gain G. as [3,71]
Pop) = (Gep)™©4, as p— oo. (2.14)

Spatial Multiplexing Gain

For MIMO systems in a rich scattering environment such that the fading coefficients
of the channels between each transmit-receive antenna pair are independent, multi-
ple independent data streams can be simultaneously transmitted over the MIMO
channel in the same bandwidth. This technique is known as spatial multiplex-
ing. A MIMO system with N, transmit and /N, receive antennas can support up to
min(Ny, N,) data streams [36,73]. Thus, system capacity can be increased linearly
with the number of antennas. Precoding and/or receive-antenna processing tech-
niques, for example those based on ZF and minimum mean square error (MMSE)
criteria, are employed to help the receiver decode spatially multiplexed signals [71].
While spatial multiplexing in general implies transmitting multiple data streams to
a single user, it can be extended to the case where data streams are intended for

different users. This technique is known as SDMA, or multi-user MIMO [37].

Interference Mitigation

The spatial dimension can also be exploited to cancel/suppress interference. In
cellular networks, if a BS has /V; transmit antennas, the precoding vector can be
designed to create a transmit beam with high attenuation in the directions of M
other-cell users, while utilizing the remaining degrees of freedom N; — M to focus

the signal energy towards its served user. The ZF criterion is used to design such
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precoder in [30,31]. Similarly, receive antenna weights can be designed to suppress
the dominant interfering BSs. A ZF receiver with [V, antennas can suppress up to

N, — 1 interferers [74].

2.6 Relay Communication

Although multi-antenna techniques improve per link throughput, they cannot solve
the problem of limited coverage due to transmit power constraint. An effective
solution to the limited-coverage problem is to use an intermediate node known as
relay to assist the communication between a source and a destination by forwarding
the information received from the source node towards its destination [75]. In addi-
tion to the advantage of coverage extension without increasing the transmit power,
another advantage of relay transmission is cooperative diversity [76,77]. Cooper-
ative relay networks, in which the source and the cooperating relay/relays create
distributed antenna array by utilizing the broadcast nature of the wireless commu-
nication, have been widely investigated in the literature [78—80].

Among the various relaying protocols studied in the literature, amplify-and-
forward (AF) and decode-and-forward (DF) are the two most popular protocols. In
AF relaying, the relay node simply scales (amplifies) the signal received from the
source node and forwards it to the destination. Whereas, in DF protocol, the relay
node first decodes the received signal and retransmits the re-encoded signal to the
destination. While amplification of the noise and interference is a major drawback
of AF relays, DF relays suffer from error propagation. To mitigate error propagation
in DF relaying, the relay nodes may be allowed to retransmit only if their received
SNRs are above the required thresholds for error-free decoding [81].

When multiple relay nodes are available, they can efficiently utilize the spatial
degrees of freedom by jointly transmitting to the destination for higher data rates.
However, the limited resources and the minimum cost implementation requirement
make the best relay selection scheme (also known as opportunistic relaying) based
on the CSI more desirable over multi-relay scheme. Thus, the opportunistic relaying

has been significantly investigated in the literature [82—84].
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Chapter 3

Multi-Channel Analysis of Cell
Range Expansion and Resource
Partitioning in Two-Tier HetNets

The capacity of cellular HetNets can be improved by offloading users from con-
gested macro cells to lightly-loaded small cells through biased association known
as CRE. However, the offloaded (range-expanded) users must be protected from
macro interference. This chapter! develops an analytical framework to evaluate
the performance gain due to CRE further supported by resource partitioning in
two-tier (macro-pico) networks with multi-channel downlinks, for example, those
based on OFDMA. By exploiting the flexibility in subchannel allocation offered by
OFDMA, frequency-domain resource partitioning is proposed in which the macro
tier is muted on a fraction of the total subchannels, which are allocated exclusively
to range-expanded pico users to protect them from macro interference. The load
perceived by a BS is a key factor in determining its interference contribution over
the network and is directly affected by user offloading and resource allocation.
Thus, the analysis of CRE and resource partitioning must incorporate the cell load.
In this chapter, the cell load is properly characterized as a function of the user den-
sity, association bias and resource partitioning fraction. The performance is then
evaluated in terms of the average user data rate over the entire network, and the op-
timal choice of association bias and resource partitioning fraction for maximizing

the average data rate is also investigated.

I'This chapter has been published in the IEEE Transactions on Wireless Communications [85].
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3.1 Introduction

With co-channel deployment of low-power BSs such as picos and femtos within
the areas covered by the existing macro cellular infrastructure, the system capacity
improves as users get offloaded from the congested macro tier to pico/femto tier.
The benefits of user offloading are two-fold. First, the offloaded users get access
to a larger fraction of radio resources. Second, the macro cellular load is reduced,
which allows the remaining macro users to be served with improved rates. The user
offloading, however, may be limited due to transmit power disparities between the
macro and pico/femto BSs, thereby limiting the capacity gain.

The macro offloading can be increased by biased association known as CRE
[7, 8], in which a user is offloaded to a small cell if the received power from it is
less than that from a macro cell by at most some amount known as association bias.
Such offloaded users are referred to as range-expanded users. With this technique,
the number of offloaded users can be controlled with the bias value to obtain a
balanced distribution of user loads across the tiers. However, the load balancing
offered by CRE comes at the cost of severe downlink co-channel interference to the
range-expanded users from the macro tier and such interference must be mitigated
by using interference coordination techniques. The interference coordination can be
implemented by resource partitioning [7, 8, 86], in which a certain fraction of time
or frequency resources is provided exclusively to small cells by muting the macro-
tier transmissions in these resources. The range-expanded users are then served by
the small cells in these resources, thereby isolating these users from the macro tier

interference.

3.1.1 Motivation and Contributions

Simulation results [87-90] demonstrate that CRE with resource partitioning highly
enhances the otherwise limited performance gains from the deployment of small
cells. These interdependent techniques, however, must be jointly tuned for optimal
system performance. The optimal association bias at the given resource partition-

ing fraction is investigated for sum capacity and related performance metrics in [91]
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through a semi-analytical approach. Analytical approaches to determine the opti-
mal combination of the bias value and resource partitioning fraction are presented
in [47] and [21] based on the per user spectral efficiency and downlink rate distri-
bution, respectively. However, both assumed a fully loaded network, i.e., a network
with all the BSs simultaneously active all the time.

The full-load assumption is not applicable for small cells unless they are de-
ployed in hot-spots and large biasing towards them is introduced. On the other
hand, with very large biasing, macro cells may no longer be fully loaded. Thus, the
full-load assumption is not reasonable for studying biasing. The analytical results
in [19] show that biasing has a detrimental impact on the average rate of the overall
network in the fully loaded condition. The motivation behind biasing is to improve
the network rate through load balancing, i.e., relieving the heavily loaded macro
cells and better utilizing the resources of the lightly loaded small cells. However,
if the macro and small cells are assumed to be always fully loaded, then biasing
makes no sense. Thus, the full-load assumption cannot reflect the benefits of bi-
asing. Moreover, the interference from a BS is a direct function of its load. For
example, the BSs that receive more load have a higher probability of being active
at a given time instant and thus contribute more interference to the network. As the
load perceived by a BS is significantly affected by the number of users offloaded
to/from and the fraction of resources allocated, the interference to a given user
strongly depends on the association bias and resource partitioning fraction. Such
effects cannot be captured if the full-load assumption is used. Thus, an analytical
framework for the performance evaluation of cellular HetNets with biased associa-
tion and resource partitioning, while appropriately modeling the cell load, becomes
essential, and this chapter aims to fulfill this need.

We focus on the downlink performance analysis of two-tier (macro and pico)
HetNets, which can be extended to multi-tier networks. The locations of macro
and pico BSs are modeled as independent PPPs, which have recently been popular
for modeling cellular HetNets [14, 16, 17, 58]. The downlink analysis of cellular
HetNets usually assumes a time-shared single channel per cell [16,17,19,21,47].

Thus, only the time-domain method of resource partitioning has been significantly
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analyzed [21,24,47,48]. In this method, the macro tier is periodically muted on
certain fraction of the subframes, known as ABSFs. In contrast, we consider a
multi-channel downlink, for example, the one based on OFDMA, in which multi-
ple users are simultaneously served in orthogonal subchannels. In LTE networks,
multiple access in the downlink is established by OFDMA. Due to the flexibility in
subchannel allocation offered by OFDMA, we propose frequency-domain resource
partitioning in which the macro tier is restricted from using a fraction of the total
subchannels so that they are allocated exclusively to the range-expanded pico users.

The main contributions of this chapter are summarized as follows:

1. Based on the proposed multi-channel model, we first define the load per-
ceived by a BS as a direct function of the number of associated users and
the number of available subchannels. Such characterization effectively cap-
tures the effect of the user density, association bias and resource partitioning

fraction on the cell load.

2. Next, we evaluate the performance of the proposed system in terms of the
average user data rate that can be attained over the entire network, while

incorporating the cell load into the analysis.

3. We comprehensively analyze the average rate performance under different
bias values and resource partitioning fractions and investigate their optimal

combination.

4. We numerically demonstrate that if the bias value and resource partitioning
fraction are carefully selected, the rate performance can be highly improved
in comparison to the CRE-only system (i.e., a system with no resource parti-

tioning).

5. We show that the optimal combination of the association bias and resource

partitioning fraction is strongly dependent on the network load.

We hasten to add that although the stochastic geometry method for multi-channel

downlink analysis of cellular HetNets has been considered before, for example
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Table 3.1: System Parameters for CRE with resource partitioning

Symbol Description
®,,; P,; P, | PPP of macro BSs; PPP of pico BSs; PPP of users
Am; Ap; Au | Density of macro BSs; density of pico BSs; density of users
P PP« Maximum allowable transmit power of macro BS; Maximum allowable transmit
power of pico BS
P P, Transmit power per subchannel of macro BS; Transmit power per subchannel of
pico BS
B Association bias for pico CRE
Qs QU Path-loss exponent of macro tier; path-loss exponent of pico tier
e P70 7 | Set of macro users; set of unbiased pico users; set of range-expanded pico users
Unm;Us; Uy, | Association probability of a typical user to ®7'; association probability of a typ-
ical user to ¢ ; association probability of a typical user to @,
Nps No; No | Number of users in a typical macro cell; number of unbiased users in a typical
pico cell; number of range expanded users in a typical pico cell
L;L,; L. Total number of subchannels; number of subchannels reserved for range-
expanded pico users; number of common subchannels shared by macro and pico
tier
S S Set of subchannels reserved for range-expanded pico users; set of common sub-
channels shared by maro and pico users
DPm; Do Pe Probability that a typical macro BS is active on a given subchannel from the set
S.; probability that a typical pico BS is active on a given subchannel from the
set S. and S, respectively
o? Noise variance
T To;Te | Average share of resources of a typical macro user; average share of resources
of a typical unbiased pico user; average share of resources of a typical range-
expanded pico user
R..; Ro; R Average rate of a typical macro user; average rate of a typical unbiased pico user;
average rate of a typical range-expanded pico user

in [18,25], the problem of CRE with resource partitioning in a multi-channel en-

vironment, while successfully capturing their impact on cell load is addressed here

for the first time.

The chapter is organized as follows. The network model, user association policy

and resource partitioning scheme are described in Section 3.2. Section 3.3 utilizes

the user association probability and cell load derived in Section 3.2 to derive the

average user data rate over the entire network. The special case of no resource

partitioning is also analyzed in Section 3.3.1. The analytical results are validated

through Monte-Carlo simulation in Section 3.4, along with extensive numerical

analysis to assess the impact of biasing and resource partitioning on the user data

rate. Section 3.5 finally concludes the chapter.
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3.2 System Model
3.2.1 Network and Channel Model

We consider an OFDMA based two-tier downlink cellular HetNet consisting of
macro and pico BSs, which are assumed to be spatially distributed on R? plane as
independent homogeneous PPPs ®,, of density \,, and ®, of density \,, respec-
tively. For the macro tier, the PPP model provides tight lower bounds for perfor-
mance measures, as tight as the upper bound results provided by the popular grid
model, when compared to the actual 4G network [15]. However, the analytical
tractability of the PPP model is a key benefit over the grid model. The adoption
of PPP model for the pico tier is justified because randomness is expected in the
pico BS locations. Similarly, user locations are modeled as an independent PPP &,
with density )\,. The two network tiers share the same spectrum, which is evenly
divided into L > 1 subchannels®>. We consider flat transmit power spectrum on the
downlink® and thus, the power per subchannel is kept constant at P, and P, for
the macro and pico tiers, respectively. If P and PP are the maximum allowable
transmit powers of the macro and pico BSs, respectively, then P,, = P /L and
Py = P/ L.

Independent Rayleigh multipath fading with power-law path loss is assumed
between any BS-user pair. The channel power gains from the macro BS located at
Ty, € P, and the pico BS located at z, € P, to a typical user located, without

loss of generality, at the origin, are thus given by h

e ||T || 74 and Ry, ||z, |7,
respectively, where h,,, ~ Exp[1] and h,, ~ Exp[1] are the corresponding fading
powers, and «,, and «, are the path-loss exponents of the macro and pico tier,

respectively.

3.2.2 User Association

The user association scheme is based on biased received power. Thus, each user is

associated with the BS offering the maximum biased received power [19,21]. The

%A subchannel may refer to one or multiple resource blocks (RBs) in LTE systems.
3This assumption is consistent with LTE downlink power allocation [92].
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fading effect is ignored in the association metric to avoid the ping-pong handover
effect [93]. If B is the association bias introduced for the pico CRE, a typical user
at the origin is associated with the nearest macro BS only if P, R,*" > P,BR,""
where R, = gélnm |z || and R, gleigp ||z,|| are the distances from the origin
to the nearest macro and pico BSs, respectively. The user is otherwise associated
with the nearest pico BS. When associated with the nearest pico BS, the user is
registered in its user list as an unbiased user if P,R, " > P,, R, and as a range-
expanded user if P,R,"" < P,,R,*m < P,BR,“". The nomenclatures for pico
users (unbiased and range-expanded) have been adopted from [21].

For the given user association scheme, if we randomly pick a user, it may turn

out to be a macro user, an unbiased pico user, or a range-expanded pico user with

certain probabilities. The following lemma expresses these probabilities.

Lemma 1. Let U,,, U,, and U, denote the probabilities that a randomly chosen
user is a macro user, unbiased pico user, or range-expanded pico user, respectively,

which are given by,

oo BP al aXm
U, = 27\, / re ™ oxp ( Y ( ”) vy e )dr 3.1)
0

P

U, =27\, /OO re”™wr? exp ( — TAm ( P, ) 7’am> (3.2)
0
Ue =21, /OO re_”)"”z{ exp ( — TAm )mr%)
0
—exp (= (B ) 63)

p
Proof. Since the analysis conducted on a typical user located at the origin is valid
for any randomly chosen user according to Slivnyak’s theorem (Section 2.3), U,,

can be derived as
Upn =P(PyR,"™ > P,BR,*) =Ep, [P(R, > (P,/PnB)"/*Re/*»)]

which can be solved by using the probability distributions of [7,,, and R,,. We know
that P(R, > r), | € {m,p}, is the probability that no points of ®; lie within a
circle of radius r, centered at the origin. Since ®; is a PPP with density \;, we have

Fr,(r) =P(R; > r) = exp(—m\r?). The probability density function (PDF) of R
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can then be obtained as fg,(r) = —dFg,(r)/dr = 2\ exp(—mAr?). Similarly,
by using these distributions, U, and U, can be obtained as U, = P(P,R,"" >
PnR, ) and U, = P(P,R,"” < P,R,*™ < P,BR,“"). O

For the special case of equal path-loss exponents, i.e., a,,, = o, = «, the inte-

grals in (3.1)-(3.3) can be reduced to the following simple closed-form expressions

by using [ rexp(—pr?)dr = 1/(25):

B An P _ AP
m o 2/a 2/a’ o 2/ 2/a’
AmPil® + Ap(BP,) APl + NP5
M (BB, i

(3.4)

e

T OAWPYY EA(BP)Ye AnPY 4 A ()2
The probabilities (3.1)-(3.4) are also derived in [21] and are given here for the sake
of completeness.

As per the given user association scheme, the set of total users in the network

&, can be divided into three subsets:
1. @7, the set of macro users,
2. ®?, the set of unbiased pico users, and
3. ®¢, the set of range-expanded pico users,

such that ®, = ®' U &9 U ®¢. Since each user in ®, can belong to exactly
one of these three sets, they are disjoint. The probabilities U,,, U,, and U, can
also be interpreted as the average fraction of users belonging to the sets @, P
and ®¢, respectively. For each user-set, we are interested in the number of users
associated with a typical BS to characterize the typical cell load of each tier and
the average share of radio resources received by a typical user. The actual locations
of users with respect to each other in each ®, [ € {m, o, e} are less important to
us. Thus, @, ®¢ and P, can be equivalently modeled as independent PPPs with
densities U,, \,, U, A\, and U\, respectively. In other words, they can be modeled
as thinned versions of the original process ®, with retention probabilities U,,, U,

and U,, respectively, independent of the locations of the users.
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Each user in @] is always associated with the nearest macro BS, and each
user in @9 U ®¢ is always associated with the nearest pico BS. The network can
thus be viewed as a superposition of two independent Voronoi tessellations of the
macro and pico tier, respectively. The Voronoi cells of each tessellation are disjoint,
and their sizes are i.i.d. RVs [94]. Hence, together with the independent scattering
property of the PPP, which states that the number of points of a PPP in disjoint
sets are independent RVs [57, 59], the number of macro users in different macro
Voronoi cells are i.i.d RVs, and so are the number of unbiased pico users and the
number of range-expanded pico users in different pico Voronoi cells. The following
lemma gives their probability mass functions (PMFs), which will be used later in
this chapter for calculating the typical cell load of each tier and the average share

of radio resources received by a typical user.

Lemma 2. Let N, be the number of users associated with a randomly chosen
macro BS and N, and N, be the number of unbiased and range-expanded users of
a randomly chosen pico BS. Their PMF's are given by

F(3~5)n!(Ul)\u/)\((l) + 3.5)"+3'57

P(N, =n) = n >0,V € {m,o,e}, (3.5

where )‘C(m) = )\m and )‘C(O) = )‘C(e) = )\p.

Proof. Since @] is a PPP of density U,,\,, the number of macro users in a typi-
cal macro Voronoi cell of given area A is Poisson distributed with mean U,, A\, A.
The unconditional PMF of N,, in (3.5) is then obtained by averaging over the
distribution of the Voronoi cell area A approximated by the Gamma distribution,
fala) = (3.5M,)%5%a*® exp(—3.5\,,a) /T'(3.5) [94]. The PMFs of N, and N, can

be similarly obtained. O

3.2.3 Resource Allocation and Partitioning

For any range-expanded pico user in ®¢, the average received power from its near-
est macro BS is greater than that from the serving pico BS. The range-expanded
users thus need to be protected from high-power macro interference. If each macro
BS leaves a set of L, subchannels unutilized out of the total L subchannels, each
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pico BS can serve its range-expanded users in these macro-interference free sub-
channels. Each macro BS thus allocates L — L, = L. number of subchannels to
serve its users. The unbiased users in each pico cell are also served in the same
set of L. subchannels since L, macro-interference free subchannels are reserved
exclusively for its range-expanded users.

Let the set of L, macro-interference free subchannels reserved exclusively for
range-expanded users be denoted by S, and the set of L. common subchannels
shared by the macro and pico tiers be denoted by S.. The subchannels in each
BS are allocated to individual users according to one subchannel per user and they
are uniformly and independently selected from the available set. However, if the
number of users associated with a BS is greater than the number of subchannels
available, the resources are time-shared equally among the users. This scheduling
method is basically frequency- and time-domain round-robin scheduling, which
gives an equal share of the resources to all the users. This simple scheduling al-
gorithm leads to analytical tractability and provides important insights into system
parameters. Sophisticated scheduling algorithms like max-rate and proportional fair
schedulers, which add significant complexities to the analysis, can be considered in
future work. The current analysis serves as a lower bound on the performance of
these sophisticated algorithms.

We assume that each BS has a saturated downlink transmission queue for each
associated user, and thus, each user always has data to receive from its serving BS.
While some BSs may have more users than the available subchannels, some may
have less. Thus, depending upon the number of users associated with it, a BS, may
or may not be active on all of its available subchannels. In the following lemma, we

derive the probability that a typical BS of each tier is active on a given subchannel.

Lemma 3. Let p,, be the probability that a randomly chosen macro BS is active on
a given subchannel from the set S... Similarly, let p, and p. be the probabilities that

a randomly chosen pico BS is active on a given subchannel from the set S. and S,,
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respectively. Then,

, Vi e {m,o,e}

Lop—1 )
p=1- 3535 1 i [(Lﬁ(z) —n)I'(3.5 +n)(UiAu/Acwy)

n!(Ul)\u/)\g(l) + 3.5)3:54n
(3.6)

where )‘C(m) = )\m, )‘C(O) = )‘C(e) = )\p, Lﬁ(m) = LH(O) = Lc and L,,v(e) = Lr.

Proof. 1f the number of users associated with a typical macro cell is less than L.
(i.e. N,, < L,), the probability that a subchannel of S, is used in the cell is N,/ L..
However, if N,,, > L., all the subchannels of S, are used in the cell with probability

1. Thus, p,, can be expressed as

P = ZO LEIP(Nm =n)+ Y P(N, =n)
n= n=L¢
L.—1 n
=1-> (1 — L—) P(N,, = n). (3.7)
n=0 ¢

The final expression for p,, is then obtained by substituting the PMF of V,,, in the

above equation. The probabilities p, and p. can be similarly obtained. U

Remark. As we explained earlier, the number of users associated with different
macro cells are independent. Thus, the probability that any randomly chosen macro
BS is active on a given subchannel from the set S., which is p,,, is independent of
any other macro BS. Similarly, the probabilities p, and p. of any arbitrary pico BS
are independent of any other pico BS.

We refer to p,, as the load of a typical macro cell. It can also be interpreted
as the probability that a typical macro BS is contributing to network interference
because a typical user being served on a subchannel receives interference from only
those BSs which are active on that particular subchannel. While the authors in

[20] used the mean statistic of the number of users associated with a typical BS

Average number of users
Total number of frequency RBs available ’

to approximate this probability by min < 1) , we derive
the exact probability in this paper. Similarly, p, and p. are referred to as the loads
of a typical pico cell in two different groups of frequency resources S. and .S,,
respectively. We can observe that user density, association bias and the degree of

resource partitioning directly affect the cell load.
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Having derived the cell loads, we can compute the SINR of a typical user u lo-

cated at the origin when it belongs to ®', denoted by SINR;, for each [ € {m, 0, e}

as
th D_Oé'm
SINR,, = bm . (3.8)
Po Y halleal T+ By D hay || + 0
T €W \bm z,€W,
P,hy, Dy "
SINR, = b - -, (39
P > halloml 7 4 By > bl 0
TmEWm o€Wo\bo
P,hy. Do
SINR, = pbe , (3.10)
By S gl + 02

er‘I’e\be

where b; is the serving BS at a distance D; from the user v when it belongs to
®! and 0% is AWGN power. If the user u is being served on a subchannel from
the set S, (i.e., when the user is either a macro user or an unbiased-pico user),
W, and ¥, are the sets of the macro and pico BSs, respectively, that are active
on that particular subchannel. The sets ¥,, and ¥, are independent thinning of
the the original PPPs ®,, and ®,, respectively, with retention probabilities p,, and
Do, respectively. Hence, they are independent PPPs with densities p,,, A,,, and p, A\,
respectively. Similarly, W, is the set of active pico BSs on the subchannel the user
u being served from the set S, (i.e., when u is a range-expanded pico user) and is

also a PPP with density p.\,,.

3.3 Average User Data Rate

The motivation behind CRE supported by resource partitioning in cellular HetNets
is to provide a high data rate to users through load balancing. Thus, the perfor-
mance metric chosen is the average user data rate that can be attained over the

entire network.

Theorem 1. The average data rate per unit bandwidth of a typical user u is given
by
R= Y UTE[ogy(l+SINR)], (3.11)

le{m,o,e}
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where U; = P(u € ®.), which is given by Lemma 1, and T} is the average time

. . l
share of frequency resources received by the user u when it belongs to ®,,.

Proof. With an adaptive transmission scheme so that the Shannon bound can be
achieved and treating interference as noise [15], the data rate per unit bandwidth of

a typical user u, conditioned on u belonging to @', is given by
R; = t;log,(1 4 SINR;), Vi € {m, 0, e}, (3.12)

where ¢, is the fraction of time the user u is served on a subchannel. Let V] be the
number of other users in the cell to which the user u belongs. If the total number of
users is no greater than L) (i.e., N] + 1 < L)), where Ly () = L) = L. and
Ly = L, the user u can exclusively occupy a subchannel without time sharing,
and thus, t; = 1. Otherwise, the subchannels are time-shared equally among the
total users, and thus, ¢, = L)/ (N/ + 1).

The average data rate per unit bandwidth of the user u € ®! is R, = E[R)] =
E[t;log,(14-SINR,)]. Since the number of users associated with a BS determines its
probability of being active on a certain subchannel (Lemma 3), the total interference
received by the user u, and thus, its SINR depend on the number of users associated
with the cells other than the serving cell in the network. ¢;, however, is the function
of the number of users in the serving cell. As we discussed in Section 3.2.2, the
number of users in different cells are independent, which implies that ¢; and SINR;
are independent. Thus, E[t;log,(1 + SINR,)] = T;E[log,(1 + SINR;)|, where
T, = E[t;]. According to the law of total expectation, the overall data rate of a
typical user u is then given by R = Y ie (.o} U, R;. By using Lemma 4 and 5,
which derive 7; = E[t;] and the average spectral efficiency E [log,(1 + SINR;)],

respectively, the final expression for the average user data rate is obtained. U

In the following Lemma, we derive 7;, which is required to compute the average

user data rate in (3.11).

Lemma 4. The average time-share of the frequency resources I} received by a
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typical user u when u € ®! is given by

LumAc) e
T =——2(1—-(1+ 3.5_1Uz>\u/>\c(z)
U\,

L, n-
355 UIB5+n) (Uh/Aea)" (Leg) — 1)
I(3.5) nH(Uidu/Acqy + 3.5)%%40

Vi e {m,o,e}, (3.13)

n=1

where )‘C(m) = )\m, )‘C(O) = )‘C(e) = )\p, Lﬁ(m) = LH(O) = Lc and Ln(e) = Lr.
Proof. The proof is given in Appendix A.1. U

To finally compute the average user data rate in (3.11), we now derive the aver-

age link spectral efficiency E [log,(1 4+ SINR,)].

Lemma 5. The average link spectral efficiency E [log,(1 + SINR))| of the user u
when it belongs to ®', denoted by C) is given by

1 [ R(@)
C, = 3 /0 1—|—tdt’ Vi e {m,o,e}, (3.14)

where Fi(t) = P(SINR, > t) is the conditional CCDF of the SINR of the user u
when it belongs to ®',. F(t) for eachl € {m,o,e} is given by

2
— 2 )\m o t P @ am
FE.(t) = 7(; / r exp {_P orem —m\, <Pp) 2 e
m 0 m m

2
2 2D, Ber [ 2 1 } )
X | Ber + Fi)1,1,2 — —, ——— — AT
< (a—2) (14 2) " ' (1+2)

t

2Pm 1 2 1

2
— 2T *° t P, am “p
F,(t) = 4 / rexp{ —— 0 — T, <—m) 2
Us Jo P, P,

><<1+ 2Dm L Fl112 2 1 D
2471 s Ly & T Ty T T 1N
(am —2) (14 1) (14 4)

2p 1 2 1
—aAr 1+ 2 F[1,1,2——,7D}d, 3.16
”"( -2+ o @) ) g GO
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2

Pm am 2 ap
r-am

2\, [ t
t) = p/ r exp —azro‘p—w)\m<
0 { B, by
Sesl))

2p 1
W <1+ c o F) l1,1,2—,
g (ap—2)(1+1) ap’ (1+1)

x {eXp (—mm (i;“) 2 (B e — 1)) - 1} dr.  (3.17)
p

If the noise is ignored (i.e., if the network is interference-limited) and the path-

loss exponents are assumed equal (v, = o, = ), then F,,(t), F,,(t) and F,(t) can

be simplified as follows:
n 2pm 2 1 )\ P @
Fm(t) :Uél{l_l_ 2F1 [17172_7 :| ‘l’ip (pB)
(@ =2)(1+3) @ (T+ )] " Ao \ P
-1
2D, 1 2 1
11,2 ——, , 3.18

X(“Xa—mu+?)

_ A [P @ p 1
F,(t)=U;" 1+m<m) +
() { )‘p P, (a—2)(1+%)
-1
2 1 AmDPm [ P\ @
X o |1,1,2— =, 0 —m . (319
. o (1“'1)}( Ap (Pp) >} ( )
_ _ 2 2 1
Fet—UelHH— ‘ F{1,1,2 =, ]
©) -2+ a 1+ 1)
o (B} L L A (P
A \ P, A\ \P,B
2De 1 2 1 -1
Fl1,1,2— =, 3.20
(@=2)(1+D)"" o <1+1>]} ] 320
O

Proof. The proof is given in Appendix A.2.
These conditional SINR distributions can also be interpreted as the conditional
coverage probability because P(SINR; > 7) is the probability that a randomly cho-
sen user can achieve the target SINR 7 under the condition that the user belongs to

®! .
Unlike the SINR distribution in [21], in this chapter, the distribution is also

dependent on the user density and the degree of resource partitioning, apart from
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association bias. In the full-load model, the impact of biasing on SINR distribution
is only due to the associated users’ geometry (i.e., with biased association, only the
very good geometry users are served by macro cells while the pico users now also
include worse geometry users). In this work, biasing also affects the interference
power through the cell load. Thus, the impact of biasing on SINR distribution is
better captured than in [21]. The SINR distribution of the unbiased pico users is
also dependent on the association bias unlike that in [21] as the interference from
the macro tier to the unbiased pico users depends on biasing. These claims will be
verified through the numerical results in Figure 3.2.

The special case of no resource partitioning will be addressed next so that the
average data rate with resource partitioning can be compared against the no resource

partitioning case, subsequently quantifying the gain.

3.3.1 Special Case: CRE without Resource Partitioning

If no resource partitioning is applied, the pico users need not be categorized as
unbiased and range-expanded users because they are served from the same pool of
total L subchannels in each pico cell. Let U, denotes the probability that a randomly

chosen user is a pico user. Then,
Uy=1—-Up,

where U, is the probability that a randomly chosen user is a macro user, and is
derived in Lemma 1. The total users in the network can thus be divided into two
sets: ®I", the set of macro users, and ®?, the set of pico users. ®!" and ®? are
independent PPPs of densities U,, \,, and U, \,,, respectively.

With no resource partitioning, each macro BS can access all the available sub-
channels in the system to serve its users (i.e., a total of L subchannels). Meanwhile,
in each pico cell, as explained earlier, the users (either the unbiased or the range-
expanded users) are served from the same pool of L subchannels. The cell loads of
a typical macro BS and a typical pico BS, denoted by p,, and p,, respectively, are
thus given by

353 1“[ (3.5 + 1) (U;Au/X)"

l( U Ao/ N, + 3.5)35+n
46

p; = Vi€ {m,p}. (321)

n=0



In any macro or pico cell, if the total associated users are less than L, all the users
can exclusively occupy a subchannel; otherwise, the subchannels have to be time-
shared among the users. The average time shares received by a typical macro user

and a typical pico user, denoted by 7}, and 7}, respectively, are given by

L), ) 39

3.555 N T(3.5 +n) (Uida/N)" " (L=n) .
TTBR T W, s ag o € dmpk (2

n=1
The average user data rate per unit bandwidth for the case with no resource

partitioning can finally be expressed as
R =U,,T,,Cn, + U, T,C,, (3.23)

where C; = E[log,(1 4+ SINR,,), and C,, = E[log,(1 + SINR,) are the spectral
efficiencies of a typical user u located at the origin when it belongs to ®;" and ®?,

respectively. The corresponding SINRs are given by

Pyhy, D, o™

SINR,,, = , (3.24)
P> B [l [ 4 Py > b [ [ + 02
TmEWm\bm zpEW,
P,hy, D,
SINR, = P : (3.25)
P 37 e lloml [0 4 By Y[ + 07
TmE€¥m ZBpG‘I’p\bp

where b; is the serving BS at a distance D; from u when u € ®J, j € {m,p}.
W, and W, are the sets of macro and pico BSs respectively, that are active on the
subchannel the user u is being served on, and they are PPPs with densities p,, A,
and p,\,, respectively. As in Lemma 5, the spectral efficiencies can be derived as
1 [ E®)
7 In2 ), 1+t

dt, ¥j € {m,p}, (3.26)
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where, I, (t) and F,(t) are given by

2
F(t) = 7{} /0 r exp {_—P o*rom — 1, (—Pp) ren

2
2 2p Ber 2 1
x| Bow + F{1,1,2—,}
< (ap—2) (14 2) o’ (1+5)

%, B am 2 1
¥ | B=m 4+ 2L ’ 2F1[1,1,2——,71}
(m —2) (14 5) 14 5

2p 1 2 1
—mAr? [ 1+ P F[1,1,2——,7D}d. 3.28
i ( @-20+0° o T 0)) g O

If the network is interference limited (i.e., if the noise can be ignored) and «v,,, =

a, = a, simplified expressions for F,,(t) and F},(t) can be obtained as follows.
Faty—u-td1y e L pligao 2] M (B g\
m — Ym (a_2)(1+%)21 D) avl_i_% )\m Pm
2 1
X (1 + ( Pr oI

a—2)(1+5) )} ’ (5-29)

t

1’1’2_2’L
o 1+%

_ 2p 1 2 1 A [ P \ 7
Ft)=U"1<¢1 P Fl11,2-= — |+ 2 (=2
) p{*m—zmwb“[” e R )
2 1 2 1 !
x [ 1+ o F [1,1,2—,})} : (3.30)
< (@a—=2)(1+ ) o’ 1+ 5

Remark: The results for the case of neither biasing nor resource partitioning can

be found by substituting B = 1 in the above results.

3.4 Simulation and Numerical Results

In this section, we present numerical analysis and validation of our analytical re-

sults. Unless otherwise stated, we choose L = 20, A\,, = 1BS/ km?, pPr. = 46
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Figure 3.1: Validation of the analytical result for average user data rate (3.11) via
Monte Carlo simulations for different values of user density \,, pico cell density
Ap, and association bias and resource partitioning fraction (B, ).

dBm, P2, = 30 dBm, 0 = —109 dBm, «,, = 3.5 and o, = 4. The degree of
resource partitioning is expressed by the fraction y = L,/ L.

The average user data rate (3.11) is validated in Figure 3.1 via Monte Carlo sim-
ulations on a square window of 20 x 20 km?. This figure reveals that the analytical
results match the simulation results quite well. The small gaps are mainly due to
the approximation for the cell area distribution.

Before numerically analyzing the average user data rate, we first analyze the
conditional coverage probabilities (3.15)-(3.17) so that the data rate trends can be
better understood. Figure 3.2 shows that the coverage probability of unbiased pico
users increases with the increase in bias because when more macro users are of-
floaded to the pico tier, the cell load p,, of the macro tier decreases and so does the
interference from the macro tier. Similarly, for macro users and range-expanded
pico users, apart from the users’ geometry, the variation in the coverage probability
with bias is mainly due to the change in p,, and p.. The coverage probability of each
user type decreases as the user density increases because more BSs become active
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Figure 3.2: Impact of association bias B, user density )\, and resource partitioning
fraction ;2 on conditional coverage probabilities of macro user and both types of
pico user (unbiased and range-expanded): A\, = 4\,,, 7 = 0.5.

to serve the increased number of users, and the increase in BS activity increases
the network interference. We can observe that the resource partitioning fraction
directly impacts the coverage probability. As ju decreases, more subchannels be-
come available for the macro users and unbiased pico users. As a result, p,, and
Do decreases, consequently increasing the coverage probabilities of macro and un-
biased pico users due to the decrease in interference. The coverage probability of
range-expanded users, on the other hand, decreases due to the increase in p..

In Figure 3.3, the average user data rate of biased association with and without
resource partitioning is compared against that of unbiased association with differ-
ent load conditions. In our model, the network load is directly proportional to the
user density. The user data rate decreases with an increasing load due to the in-
crease in interference and the decrease in the users’ share of resources. In biased

association without resource partitioning, the SINR of the offloaded users degrades.
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Figure 3.3: Effect of CRE with and without resource partitioning on user data rate,
as user density is varied: A\, = 4\,

However, in a lightly loaded network, they are offloaded to BSs offering the higher
share of resources, and thus, the user data rate improves compared to that with un-
biased association. However, when the network is heavily loaded, the decrease in
SINR dominates, and the unbiased association outperforms the biasing. The SINR
degradation of the offloaded users can be compensated by resources partitioning.
The resource partitioning fraction of 0.2, for example, is shown to outperform no-
resource-partitioning scenario in terms of average user data rate in Figure 3.3 in any
load condition.

Since resource partitioning costs the macro tier its available resources, the re-
source partitioning fraction x must be coordinated within the network for the op-
timal user data rate. The optimal pair (B, i) for the given network parameters is
investigated in Figure 3.4. The pair is found to be strongly dependent on the user
density (i.e., the network load). For A\, = 30\,,, the optimal pair is (29dB, 0.45),
while for A\, = 100),,, the optimal pair is (30dB, 0.1).

With resource partitioning, for the given value of 1, the average link spectral

efficiency C,,, of a typical macro user increases with the increase in bias because
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Figure 3.4: Average user data rate vs. association bias B for different values of
resource partitioning fraction p in lightly loaded (left) and heavily loaded (right)
network conditions: \, = 4\, a,, = a,, = 4, 02 = 0.

more macro users with low SINR (the users far from the serving macro BS) are of-
floaded to pico cells, and the interference from other macro cells also decreases due
to the decrease in the macro cell load. Note that the interference from the pico tier
is invariant to biasing because the pico cell load in the resource group S. is inde-
pendent of bias. Meanwhile, the share of the radio resources received by the macro
users also increases. Thus, the contribution of the macro users towards the average
data rate increases with the increase in bias. However, after a certain association
bias, this contribution eventually decreases due to the decreasing fraction of macro
users. Similarly, the contribution from the range-expanded pico users initially in-
creases with an increase in bias due to the increasing fraction of range-expanded
users, but eventually decreases after a certain bias due to the decrease in the av-
erage link spectral efficiency C. and the increase in the number of users sharing
the resources. The decrease in C, occurs because more users with low SINR (the
users far from the prospective pico BS) are associated with the pico cell, and in the
meantime, the interference from other pico cells increases due to the increase in the

pico cell load in the resource group S,.. On the other hand, the fraction of unbi-
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ased pico users is invariant to biasing and hence, so is the share of radio resources
received by the unbiased users. However, with increasing bias, the contribution to
the average data rate from these unbiased users significantly increases because of
the decreasing macro-tier interference as a result of the decrease in the macro cell
load. Overall, the average data rate initially increases with the increase in bias, but
decreases beyond a certain association bias, and hence, the optimal bias exists.

Figure 3.5 reveals that for the case with resource partitioning, the optimal bias
increases with increasing ;o because more resources are reserved for the offloaded
users. For \, = 30\, (a lightly loaded network), the optimal bias lies in the range
of 19 dB and above as u increases from 0.1, whereas it lies in the range of 30 dB
and above for A\, = 100, (a heavily loaded network).

With no resource partitioning (i.e., 4 = 0), the contribution from the macro
users to the average user data rate varies with bias in the same way as in the case of
resource partitioning. The contribution from the pico users, however, has a different
variation as both the unbiased and range-expanded users are now served from the
same pool of L subchannels. The average link spectral efficiency C), of a randomly
selected pico user (either unbiased or range-expanded) initially drops as more users
with poor SINR (users with higher average received power from the nearest macro
BS as compared to the nearest pico BS) are associated with the pico cell. However,
beyond a certain bias, the decreasing macro-tier interference causes C), to improve.
If the increasing fraction of pico users dominates the initial drop in C), and the
decreasing share of radio resources, the contribution from the pico users to the
average data rate increases with increasing bias. Otherwise, the contribution may
drop initially, but eventually increases as C,, improves. When the number of pico
users sharing the resources become large, the contribution towards the average user
rate subsequently decreases. The initial drop in the contribution from the pico users
towards average user data rate is the reason for the initially low rate of increase in
the average user data rate for A\, = 100, in Figure 3.5.

The optimal bias values for A\, = 30\, and A\, = 100}, are found to be 39
dB and 29 dB, respectively, with 4 = 0 in Figure 3.4. Thus, with no resource

partitioning, the optimal bias decreases with increasing user density, as large bias
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Figure 3.5: Average user data rate vs. resource partitioning fraction u for differ-
ent values of association bias B in lightly loaded (left) and heavily loaded (right)
network conditions: \, = 4\, a,, = a,, = 4, 02 = 0.

values will make the pico cells overly congested with poor SINR users in a heavily
loaded network.

The variation of the average user data rate with the resource partitioning fraction
1 for the given bias value is plotted in Figure 3.5. As previously explained while
analyzing the conditional coverage probabilities in Figure 3.2, the cell loads p,,, and
P, increase with increasing p. The average spectral efficiency of a typical macro
user thus decreases with increasing 4 due to the increasing interference from the
macro and pico tiers as a result of the increasing cell load, and so does the average
spectral efficiency of a typical unbiased pico user. This effect, together with the
decrease in the average share of the radio resources received by the users, causes
the average data rate of both the macro and unbiased pico users to decrease with
the increasing p. On the other hand, as more subchannels are available for the
range-expanded pico users with increasing p, their average data rate increases. The
net result is the initial increase in the average data rate with increasing ;. and the
subsequent decrease beyond a certain value of p. With the full-load assumption,

the spectral efficiency would be independent of 1, and the data rate would vary due
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Figure 3.6: Effect of pico cell density A, on the optimal choices of association bias
B and resource partitioning fraction p in lightly loaded (left) and heavily loaded
(right) network conditions: o, = v, = 4, 0% = 0.

to only the change in the users’ share of the radio resources.

Figure 3.5 shows that in a lightly loaded network (A, = 30),,), the optimal
resource partitioning fraction shifts towards higher values as association bias in-
creases, whereas in a heavily loaded network (A, = 100),,), it shifts towards lower
values. Thus, in a heavily loaded network, when a large number of macro users
are offloaded to pico cells, allocating more resources to serve these offloaded users
highly degrades the rate of the remaining macro users and unbiased pico users in-
stead of improving the average data rate. Hence, a lower resource partitioning frac-
tion is desirable.

In Figure 3.6, we analyze how small cell density affects the optimal choices of
the association bias and resource partitioning fraction. It is clearly visible from the
figure that, irrespective of the user density and association bias, the average user
data rate always increases with an increase in pico cell density as the number of
users served by each BS decreases, and thus, users get access to a larger fraction of

resources. With no resource partitioning, whether the network is lightly or heavily

55



loaded, the optimal bias is found to increase as the pico cell density increases. The
optimal bias increased from 39 dB to 42 dB for A, = 30\,,, and 29 dB to 36 dB for
A = 100\, when A, changed from 4, to 6,,. With resource partitioning, the
optimal pair (B, 1) changed from (29dB, 0.45) to (36dB, 0.4) for A, = 30\, and
(30dB, 0.1) to (33dB, 0.2) for \,, = 100\, as )\, increased from 4\,,, to 6,,,. When
A, further increased to 8),,, the optimal pairs for A, = 30\, and A\, = 100\,
were found to be (38dB,0.3) and (34dB,0.25) , respectively (not shown in the
figure). Thus, as in the case with no resource partitioning, the optimal bias increases
with increasing pico cell density in both the lightly and heavily loaded network
conditions. The optimal y, however, decreases with increasing pico cell density in

a lightly loaded network.

3.5 Conclusion

We developed an analytical framework to evaluate the downlink performance of cel-
lular HetNets with CRE and resource partitioning in a multi-channel environment,
while taking the cell load into account. The incorporated cell load model effectively
captured the impact of user offloading and resource partitioning on network inter-
ference. The performance was evaluated in terms of the average user data rate that
could be achieved over the entire network. We observed that if CRE is supported by
resource partitioning, the average user data rate can be highly increased. However,
the bias value B and resource partitioning fraction p must be carefully tuned. With
the optimal pair (B, p), the gain can be as high as 115%. Our analysis showed that

the optimal pair must be updated in accordance with the changing network load.
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Chapter 4

Performance Analysis of SDMA with
Inter-tier Interference Nulling in
HetNets

The downlink performance of two-tier (macro/pico) multi-antenna HetNets em-
ploying SDMA technique is analyzed in this chapter'. The number of users simul-
taneously served with SDMA by a BS in a resource block depends on the number
of active users in its cell, with the maximum served users limited to L,,,x. Due to
the feasibility of deploying a large number of antennas at the macro BS because of
its physical size, we propose to utilize the excess spatial degrees of freedom for in-
terference nulling to pico users from their corresponding nearest (dominant) macro
BSs. The precoding matrix at the macro BS thus, not only considers user multiplex-
ing in its own cell, but also interference nulling to selected pico users. The SINR
coverage probability, rate distribution and average data rate of a typical user are then
derived. Our results demonstrate that the proposed interference-nulling scheme has
strong potential for improving performance. However, the critical system param-
eters such as the association bias and number of dedicated antennas at the macro
BS for serving its own users must be carefully tuned. The optimal L;, . for both
the macro and pico tier which maximize the average data rate is also investigated

and is found to outperform both SU-BF and full-SDMA. Finally, the impact of CSI

quantization error due to limited feedback is analyzed.

' A part of this chapter has been accepted for publication in the proceedings of the IEEE International
Conference on Communications (ICC) 2016, Kuala Lampur, Malaysia [95]. A journal version has
been submitted to the IEEE Transactions on Wireless Communications [96].

57



4.1 Introduction and Motivation

In Chapter 3, we analyzed the gain in the average data rate due to the load balancing
realized by CRE, together with resource partitioning method of interference coordi-
nation in single-antenna HetNets. As multi-antenna techniques are well-known to
improve the spectral efficiency of wireless systems, the data rates can be further im-
proved by deploying multiple antennas in HetNets. Multi-antenna communication
has been an integral feature of cellular standards LTE (3GPP Release 8) [32] and
LTE-Advanced (3GPP Release 10) [33]. BSs equipped with multiple antennas can
utilize the additional spatial degrees of freedom for diversity, signal power boosting
through beamforming, multiplexing (single-user or multi-user), interference sup-
pression/mitigation or a combination of these.

Multi-antenna techniques in general for isolated links without any interfering
source have been extensively studied. Some examples of diversity- and array-
gain oriented techniques are space-time coding [34, 35], and SNR maximization
through coherent processing at the multi-antenna transmitter/receiver, known as
beamforming [97]. The potential of multi-antenna systems to transmit indepen-
dent data streams simultaneously over spatial sub-channels, a technique known as
spatial multiplexing is explored in [36], and the trade-off between the diversity
and multiplexing gain is analyzed in [98]. Multi-user spatial multiplexing, also
known as SDMA which allows multiple users to be served simultaneously on the
same time/frequency resource has also been analyzed [37,99]. Cellular systems,
however, are interference limited. Moreover, the interference scenarios in HetNets
are rather complex compared to those in conventional networks. The effectiveness
of spatial multiplexing is demonstrated to diminish in the presence of interference
in [100]. However, if the available spatial degrees of freedom due to multiple anten-
nas are intelligently utilized to suppress/mitigate interference along with diversity
and multiplexing, the performance of HetNets can be improved. The interactions
between multi-antennas techniques and HetNets for enhanced data rate have not
been sufficiently explored yet, as very few attempts have been made to study their

coexistence. In this chapter, we develop a tractable framework for analyzing down-
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link multi-antenna HetNets employing ZF precoding for SDMA along with an in-
terference nulling scheme for inter-tier interference coordination. The developed

framework considers generic SDMA and thus, allows SU-BF and full-SDMA to be

analyzed as special cases.

4.1.1 Previous Related Work and Contributions of the Chapter

The SINR coverage of SU-BF is compared with ZF precoding based closed-loop
SDMA under the perfect CSI assumption for a two-tier multi-antenna HetNet in
[101] by considering a single fixed-radius circular macro cell with multiple femto
cells of fixed radii, distributed according to PPP within the macro cell. However,
since BS-user association is not considered and macro-tier interference is ignored,
the insights in [101] may not be accurate for practical HetNets. The coverage prob-
ability and average link spectral efficiency, spatially averaged over a given cell of
known radius and guard region are derived for ZF precoding in multi-antenna Het-
Net in [102]. Unlike the spatial averaging over a given cell in [102], system-wide
spatial averaging is considered in [103] and the upper bounds on coverage proba-
bility of ZF SDMA and SU-BF in a multi-tier HetNet are derived. The research
in [103] is further extended in [104] to derive the ordering results for the coverage
probability and rate per user performance of SDMA, SU-BF and single-antenna
transmission by using tools from stochastic orders. While the analyses in [103,104]
are based on maximum instantaneous SINR based BS-user association, which may
lead to unnecessary handovers, known as the ping-pong effect, BS-user association
rules that are intended to maximize the average receive SINR (and thus, the SINR
coverage), and biased association for optimal rate coverage are proposed in [105].
The performance of SDMA, SU-BF and single-antenna transmission are then com-
pared. In all of these works [101-105], each cell of a tier is assumed to be serving
the same number of users with SDMA, say L, and it can be any arbitrary integer in
the interval [1, K], where K is the number of antennas at a BS of the ith tier. This
assumption is not suitable for cellular networks since the number of users in a cell,
which depends on user distribution, is generally different from that in another cell.

An open-loop SDMA with each antenna serving an independent data stream to its
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user with the limiting requirement that the number of users in each cell must be at
least equal to the number of transmit antennas is analyzed in [106] for two-tier cel-
lular HetNets with MMSE receivers.The performance of an open-loop SDMA with
ZF and MMSE receivers in single-tier cellular networks with a similar limitation
is analyzed in [107]. In this chapter, rather than fixing the number of users served
with SDMA to an arbitrary value, we set the limit only on the maximum number of
users served, say Lpy,.. If the number of users is below the limit, all the users are
served; otherwise only L, users chosen randomly are served.

One of the key challenges in cellular HetNets is inter-cell interference manage-
ment. Due to the huge disparities in transmit power between macro and small-
cell nodes such as picos and femtos, and proactive user offloading from macro to
small cells, interference management between the macro and pico/femto tiers is
very important because the performance of the small-cell users on the cell edge
could be severely degraded. While interference management techniques such as
ABSF [21,24,47,48] and frequency-domain resource partitioning [25, 85] can be
used, interference can be more efficiently managed without compromising time-
frequency resources by using multiple antennas. In this chapter, we analyze a
ZF-precoding based interference-nulling method for inter-tier interference manage-
ment. Due to the physical size of macro BSs, it is more feasible to have a larger
number of antennas at the macro BS than at the low-power BSs. Thus, the idea is
to utilize the extra degrees of freedom at the macro BSs to suppress the interference
from the macro tier to small-cell users through nulling. Compared to other multicell
processing techniques for interference mitigation such as joint transmission [108]
and transmission point selection [109], which require both user data and CSI to be
shared between the coordinated BSs, interference nulling requires only CSI to be
shared. In [110] interference nulling to U offloaded pico users by each macro BS
is analyzed, where the optimal U for maximum rate coverage is also investigated.
However, unlike [110] which considers a single served user per resource block in
each cell of both the macro and pico tiers, we consider a user-distribution dependent
SDMA scheme. SU-BF with interference nulling to a fixed number of neighboring-

cells users at each BS of any tier for general multi-tier HetNets is analyzed in [111],
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without specifying how these users are selected. SU-BF with interference nulling
in single-tier cellular networks is studied in [30,31]. Although SU-BF with inter-
ference nulling has been relatively well analyzed, to the best of our knowledge, this
thesis is the first work to analyze a user-distribution dependent SDMA scheme with
interference nulling in cellular HetNets. The main contributions of this chapter are

summarized as follows.

1. We develop a tractable framework to analyze a user-distribution dependent
SDMA scheme in a two-tier (macro/pico) multi-antenna HetNet with a ZF
precoding transmission, in which the number of users simultaneously served
by a BS in a resource block depends on the number of active users in its
cell, with the maximum number of served users limited to L for the macro

max

tier and LP  for the pico tier. The performance of SU-BF and full-SDMA

max

can be analyzed by taking Ll = 1 and L

ax max = I, respectively, for each

[ € {m,p}, where K, and K, are the number of antennas at the macro and

pico BS, respectively.

2. An interference-nulling scheme for suppressing macro-to-pico interference
is investigated, in which a ZF precoder at each active macro BS nulls the
interference to at most /,,, — T1,;, active pico users while serving its at most
Ly scheduled users, where T, is the number of dedicated antennas at each
macro BS for serving its own users. An active macro BS b receives requests

for interference nulling from those active pico users, each of which has b as

its nearest interfering macro BS.

3. Unlike most of the previous work, we do not assume all the BSs of each tier
to be simultaneously active all the time. In this work, BS activity depends on

user distribution.

4. In multi-antenna HetNets, since different BSs employ different precoders,
the BS-user association is not as simple as in single-antenna networks. In
[110,111], antenna precoding is ignored in BS-user association by assuming

that the reference signal used for association is transmitted from single an-
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tenna with full transmit power. Various association rules for coverage proba-
bility maximization and load balancing are proposed in [105]. However, they
are based on the assumption that a deterministic fixed number of users are
served with SDMA in each cell. Hence, these association rules do not ap-
ply to our proposed SDMA scheme, and a different biased-nearest-distance
based association rule is introduced in this chapter, where the bias value ac-
counts for antenna precoding and transmit power disparities, as well as load

balancing.

5. We derive the SINR and rate distributions, as well as the average data rate
of a typical user. T, is an important design parameter because it deter-
mines the spatial degrees of freedom available for the macro users, and also
the probability that the macro interference to a typical pico user is nulled.
The optimal value of T,,;, for a given performance metric is thus numeri-
cally investigated in this chapter. The numerical results demonstrate that the
proposed interference-nulling scheme has strong potential for performance
improvement if 7}, is carefully tuned. The optimal values of L] and L? .

which maximize the average data rate are also investigated and are found to

outperform both SU-BF and full-SDMA.

6. Finally, the impact of the CSI quantization error due to limited feedback for

m

the special case of L]

= LP .. = 1lis also investigated.

The chapter is organized as follows. Section 4.2 presents the network model, user
association policy, proposed interference-nulling scheme and precoding matrices.
Section 4.3 derives the SINR coverage probability. The rate distribution and average
user data rate are derived in Section 4.4. In Section 4.5, the impact of limited
feedback is investigated. The analytical results are validated through Monte-Carlo
simulations in Section 4.6, along with extensive numerical analysis for assessing
the impact of various parameters on network performance. Finally, Section 4.7

concludes the chapter.
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4.2 System Model

We consider the downlink of a two-tier multi-antenna HetNet comprising macro and
pico BSs spatially distributed on R? plane as independent homogeneous PPPs ®,,
with density A, and ®, with density ), respectively. The macro BSs are equipped
with [, transmit antennas, and the pico BSs with K, antennas. Similarly, users are
assumed to be distributed according to an independent PPP &, with density \,, and
each has a single receive antenna. The two network tiers share the same spectrum
with the universal frequency reuse.

The transmission scheme is SDMA with ZF precoding applied at each BS to
serve multiple users simultaneously in each RB. We assume only one RB per time
slot. As the BSs and users are independently distributed on the R? plane, the number

of users in different cells is different. Thus, in our proposed SDMA scheme, a

M

) users

typical active macro cell with N,,, > 1 users serves M,, = min(V,,, L

simultaneously in a given time slot, where L. is the maximum number of users

it can serve. If N,, > LM | the BS choses L} users for service randomly, else,

max? ax

P

max) Users are simultaneously

all N,,, users are served. Similarly, M, = min(N,, L
served by a typical active pico cell in a given time slot, which has N, > 1 users,

and LP

max 18 the maximum number the pico cell can serve. The macro and pico BSs

transmit to each of their users with power P, and P,, respectively.

4.2.1 User Association

According to the user association rule introduced in [105], a typical user at the ori-

gin is associated with the nearest pico BS if /A, 7, X > Py /A7, X%, and

otherwise, is associated with the nearest macro BS, where X,, = min ||z,,|| and
TmE€Pm
X, = min ||x,| are the distances from the origin to the nearest macro and pico
Tm )

BSs, respectively. If associated with the macro tier, A,, is the average desired chan-
nel gain from the nearest macro BS, and 7, is the average interference channel gain
from the nearest pico BS. Similarly, A, and 7,,, are the corresponding parameters,
if associated with the pico tier. The average gains of the desired and interference

channels depend on the number of users served with SDMA. This association rule
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is thus not suitable for our proposed SDMA scheme, where the number of users
served with SDMA in each cell is a function of the number of users in that cell.
The number of users, on the other hand, is determined by the association rule. The
above rule however can be equivalently expressed as follows: a user is associated

with the pico tier only if

1
P\ (1)
( By ) (77) ’ ’
where p = (};—:%)i, = ﬁz:; . This rule can be perceived as biased nearest

distance association, where the biasing is due to the transmit power disparity be-
tween the macro and pico tiers, the difference in average channel gains to a typical
user from the nearest macro and pico BSs, and for load balancing as well. We will
investigate the optimal value of 7 for the average data rate in Section Section 4.6.
This value, in turn, determines the optimal p.

Given that X, and X, are Rayleigh RVs with mean 1/(2v/},;,) and 1/(2/),),
respectively [57], the probability that a typical user at the origin is associated with
the pico tier is \

/4
A, =P(X,, > pX,) = A4 A (4.2)
and the probability that this user is associated with the macro tier is A4, =1 — A,

These tier association probabilities are also valid for any randomly selected user.
As per the given association scheme, the total set of users in the network, ®,, can be
divided into two disjoint subsets: @ and ®?, the set of macro and pico users, re-
spectively. A,, and A, can be interpreted as the average number of users belonging
to @;" and P, respectively. As we are interested in the number of users in a typical
cell, rather than the actual locations of users, @' and ®* can be equivalently mod-
eled as independent PPPs with density A,,\,,, and A,\, respectively. Since each
macro user is always associated with the nearest macro BS and each pico-user with
the nearest pico BS, the network can be viewed as a superposition of two indepen-

dent Voronoi tessellations of macro and pico tiers. The distribution of the number

of users associated with a typical macro and pico BS is derived next.

Lemma 6. Let the number of users in a randomly chosen macro and pico cell be
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denoted by U,,, and U, respectively. Their PMF’s are given by

3.53'5F(3.5 + n) (Al)\u/)\l)n
pr— p— > .
PU=") = s a5y 1 sy 2 0 Ve dmph (43)

Proof. Given that the area of a typical macro/pico Voronoi cell is Y, U; is Poisson
distributed with mean A;\,Y. The PMF of U; in (4.3) is obtained by integrating
the conditional distribution of U; over the probability density function (PDF) of YV
approximated as Gamma(3.5, (3.5\;) ") [94]. 0

A BS without any user associated does not transmit at all and is inactive. The
following corollary gives the PMFs of the number of users in a typical cell of macro

and pico tiers, under the condition that it is active.

Corollary 1. The PMFs of the number of users in a randomly chosen active cell of

the macro and pico tiers are given by

BN, = n) = LU= 21 21 e fm,p}, (4.4)

where p,, and p, are the probabilities that a typical BS of the macro and pico tiers,

respectively, is active, and are given by

A -3.5
m=1-PU =0)=1- <1 + 3.5_1;j\u> , VI € {m,p}. 4.5)

Let the sets of active macro and active pico BSs be denoted by ¥,, and ¥,
respectively. W,, and ¥, are thinned versions of the original PPPs ®,, and ®,,
respectively, and hence are independent PPPs with densities p,,, A, and p,\,, re-
spectively.

By using corollary 1, the PMFs of the number of users simultaneously served
by a typical active macro BS and a typical active pico BS in a given time slot

Ml = min(Nl, Ll ) for Ll

max max > 1 can be obtained as

P(N, = n), 1<n<lL!

max

L Vie {m,p}, (4.6)

P(M, = n) = L 1
1- Y PN, =k), n=L
k=1

max?’

For the special case of L. = 1,P(M; = 1) = 1,VI € {m, p}.
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4.2.2 Interference Nulling

We assume that K, is typically much larger than K. By using the interference
nulling strategy, the additional spatial degrees of freedom of macro BSs can be uti-
lized to suppress the strong macro interference to pico users. Thus, we propose that
each served pico user requests its nearest active macro BS to perform interference
nulling. As interference nulling costs macro BSs their available degrees of freedom
for their own users, we assume that each macro BS can handle at most KX,,, — Trin
requests only, in order to ensure that a macro BS has at least 7}, > Lr]:l/[ax antennas
dedicated for serving its own users. Hence, if (),,, requests are received by a typical
active macro BS, it will perform interference nulling to O = min(Q,,, K, — Thin)
pico users. For Q,, > (K, — Tin), the BS will randomly choose K, — Ty, pico
users. Hence, not all interference-nulling requests are satisfied.

The number of interference-nulling requests (), received by a typical active
macro BS is equal to the number of served pico users within a typical Voronoi cell
T of the tessellation formed by W,,,. Although the number of pico users served by a
typical active pico BS cannot exceed L? ., (), is unbounded because the number of
active pico BSs within Y is Poisson distributed with mean p,\,/(p;, Ay, ). In order

to derive the PMF of ),,,, we first derive E[M,| = A,9,\./(ppAp), Where

LhaxPo 3.5%% e [F(3-5 + 1) (ApAa/ )" (Lo — k) 4.7)

Y —
P Ap)\u F(35) n! (Ap)\u/)\p + 3_5)n+3.5

k=1
Next, we approximate the set of pico users requesting interference coordination W?
as a PPP with density A,J,\, so that E[Q,,] = A,9,\./(pmAmn). Note that for
Lr.. =119, = Z’;—’j\i. By using this approximation, the PMF of (),, is derived
below as the number of points of the PPP W? within a typical Voronoi cell T with

an average area (P Am) L.

Lemma 7. The PMF of the number of interference nulling requests received by a

typical active macro BS is given by

353qx35—kn)<éﬁdﬁ)n

PmAm

P(Qm =n) = n > 0. (4.8)

PmAm
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As explained earlier, not all interference nulling requests received by an active
macro BS get satisfied because K,, — T, is the upper limit on the number of
requests the BS can handle. Let x denotes the set of pico users whose interference
nulling requests to their corresponding nearest active macro BSs are satisfied. In
the following lemma, we derive the probability that a randomly chosen pico user in

service belongs to .

Lemma 8. The probability ¢ that the interference-nulling request made by a ran-

domly chosen pico user to its nearest active macro BS is fulfilled is given by

—-3.5
0= (Km - Tmzn)pm)\m (1 _ (1 13571 Apﬁp)\u) )

Apﬁp)\u pm)\m

n—1
3535 Km_crmin F(35 + n) (%) (Km - Tmin - n)

_ 3 4.9)
n+3.5
L@35) o n (—f‘;m + 3.5)

Proof. Let (O, denotes the number of other requests received by the macro BS,

which received nulling request from a randomly chosen pico user. Then, condi-
tionedon @), o = 1if Q),+1 < K,,—Tin; otherwise, ¢ = (K, —Tiin)/ (@), +1).

Thus, ¢ can be expressed as
Km—Tmin—1 oo

K, — T
o j: r z: m min o
n=0 n=Kpm—Thin
00 K —Thi
K _T' m min K _T.
_ N Bm T dmin oy gy Bm T dmin ) pror — 1)
e S L

(4.10)
By using the fact that the conditional PDF fy.(y) of the area of a Voronoi cell given
that a randomly chosen user belongs to it is equal to cy fy (y), where fy (y) is the
unconditional PDF and ¢ is a constant such that [ fy(y)dy = 1 [21], the PMF of
Q). can be derived as P(Q!, = n) = (n + 1)P(Q,, = n+ 1)/E[Q,,], n > 0. Eqn.
(4.9) then follows by substituting the PMF of @)/ in (4.10), where the first term is
further simplified by using > ">~ | P(Q,, =n) =1 —P(Q,, = 0). O

4.2.3 Channel Model and Precoding Matrices

For independent unit-mean Rayleigh multipath fading between any transmit-receive

antenna pair and standard power law path-loss with exponent «, the received signal
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Zm at a typical user u located at the origin if u € ®]" is given by

Zm = \% PmD%%th,lwbmsbm _I_ Z \/Fq Z ||xq||_%g;q,lwxqsxq + nm?

qe€{m,p} g€ Wq\bm

4.11)
where b, is the serving macro BS at a distance D,,,, which is serving M/ other users

simultaneously, hy,,1 ~ CN(0k,,x1,1x,,) and g, | ~ CN(0k,x1,Ix,) are the

1
desired and interference channel vectors from the tagged BS b,,, and the interfering
BS at z,, respectively, n,, ~ CN(0,0?) is the AWGN, s, = [sp,,.il1<i<m; +1 €
CMn+1Dx1 is the signal vector transmitted from b,,, to its M’ -+ 1 served users with
the symbol s;,, 1 intended for u, and Wy, = [Wy,, ;Ji<ic(arr 1) € CEm>*Mmt1) jg
the corresponding precoding matrix.

Let the channel vectors from the tagged BS b, to its M/ users other than
u be represented by [hy, ;]|o<i< m:, +1, and the interference channel vector from
the tagged BS to O = min(Q,,, K, — Tin) pico users chosen for interference
nulling by F = [f;]i1<i<0 € CEm*©. Under the perfect CSI assumption, ZF
precoding vectors Wy, = [Ws,, iJ1<i<(ny,+1) are designed such that [hy wy,, ;|°
is maximized for each j = 1,2,..., M/ + 1, while satisfying the orthogonality
conditions hy w;, ; = 0 for Vi # j and fiwy,, ; = 0,Vi = 1,2,...,0,Vj) =
1,2,..., M), + 1. It can be achieved by choosing w;, ; in the direction of the
projection of h,,, ; on Null([hbm,j]lng(M;n+1),j;£i7 [fi]lgig(/)). The nullspace is
K,, — M/ — O dimensional. Under Rayleigh fading, the desired channel power
By, = |hy W, 1|* ~ Gamma(A,,, 1), where A, = K,, — M, — O [112].
Given that an interfering macro BS at z,, is serving M, users simultaneously,

W

Tm

= [Wo,ili<icm, € CF*Mm and it is calculated independent of g, .
Thus, g, 1Wa,, 1,85, 1Wem 2, - - 8p, 1 Wa,, M, are 1.1.d. complex Gaussian RVs,
and their squared norms are i.i.d. exponential RVs. The interference channel power
Cow = 185, 1 Wa, ||* ~ Gamma(M,,, 1), as it is a sum of M, i.i.d. exponential
RVs [104].

A possible choice of Wy, = [Ws,, ;J1<i<(m,+1) is the normalized columns of
I:Ibm (I:IZmI:Ibm)‘l, which is a pseudo inverse of I:IZm, where I:Ibm = [flbm,i]lgig( ML, +1)
CHmxMut1) |y o = (I, — F(F*F)~'F*)h,

being the projection of h;,, ; on

m T
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the nullspace of F = [f; |1<;<0.

Similarly, the received signal z, at w when u € P is

Zp =/ PlejihZI”lepsbp + Z V Pq Z ||xq||_%g;q,1wxqsxq + 5 + Np,
qge{m,p} €W g \{vm,bp}

(4.12)

where

0, ifu €y
£=19 /5,2 , (4.13)
Pme 2 gz7,L71WU7rLSU7rL7 lfu ¢ X?

by is the serving pico BS at a distance D,, which is serving M), other users simul-
taneously; n, ~ CN(0,0?) is AWGN, v,, is the nearest active macro BS to u at
a distance V,,,, which receives an interference-nulling request from . The ZF pre-
coding vectors W, = [Wbp7z']1§i§(]\/[zf)+1) are given by the normalized columns of
pr(HZprp)_l, where Hy, = [hy, i|1<i<(ay11) € CEr»x(My+1) ig the channel matrix
from the tagged BS b, to its M, + 1 served pico users. The desired channel power
By, = IIhy, W, |> = [hj ws, 1| ~ Gamma(A,, 1), where A, = K,, — M), and
12

the interference channel power (;, = |[|g; Wy, [|* ~ Gamma(M,, 1) given that

the interfering pico BS at x), is serving M, users simultaneously.

4.2.4 Distance to the Serving BS and the BS Receiving Interfer-
ence Nulling Request

The distance D; to the serving BS from a typical user u € ®! is a RV, and the

corresponding PDF:s for each [ € {m, p} are derived in the following lemma.

Lemma 9. The PDF fp, (r) of the distance D,, between the serving macro BS and

a typical user u when u € ®7' is given by

2T

fo(r) = === r exp(=m(Am + Ap/ %)), (4.14)

and the PDF fp (r) of the distance D, between the serving pico BS and a typical

user u when u € ®P is given by

2w,
Ay

fp,(r) = rexp(—m(Amp® + Ap)r?). (4.15)
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Proof. Giventhatu € @, D,, is the distance to the nearest macro BS from u. The

cumulative distribution function (CDF) Fpp,_(r) = P(D,,, < r) is thus given by

P(X,, < ru€ ®m
P(u € @7)

_ y
= /0 IP(X,, > p) Fxo (y)dy. (4.16)

By differentiating (4.16) with respect to r, we obtain

. dFDm(T) 1

_ 7P<Xp > ;) Fx, (7). (4.17)

I, (7) ar i

The final expression of fp _(7) in (4.14) is obtained by using the probability distri-
butions of X, and X, which are Rayleigh RVs with mean 1/(2/A,,) and 1/(2,/X,),
respectively. The PDF fp (r) in (4.15) is similarly derived. ]

Another quantity of interest is the distance V,,, between a typical pico user in

service and its nearest active macro BS to which it requests interference nulling.

Lemma 10. The conditional PDF of the distance V,,, between a typical user u € ®?
and the macro BS to which it request interference nulling, given that its distance to

the serving pico BS is D, = r, is given by

Jvi 1D, (11|7) = 2TPm A1 €Xp (—me)\m(r% — p27’2)) , Ty > pr. (4.18)

Proof. Given that v € ®?, V,,, is the distance to the nearest active macro BS. The

conditional CCDF of V,, is thus given by
Fy,.p,(rilr) = P(X,, > ri|lu € ®, D, =r) = P(X,, > ri|X,, > pr), (4.19)

where X| = i Séi‘gm |zm|| is the distance from the origin to the nearest active
macro BS. The condition X,,, > pr implies that no points of ®,,, are within a circle
of radius pr. Thus, no points of ¥,, as well are within pr because W¥,, is the
thinned version of ®,,. Since X/, is the distance to the nearest active macro BS,
P(X/, > r;) = P(No active macro BS is closer than 7). Thus, given that no active
macro BS is closer than pr, the probability of no active macro BS closer than 7 is

equal to the probability that no points of W,,, are within an annulus centered at the
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origin with inner radius pr and outer radius 1. The conditional CCDF Fy,,|p,(r1|r)

thus can be expressed as
v, ip, (r1]r) = exp (—=mpmAn(r; — p*r?)) . (4.20)

The conditional PDF of V,,, in (4.18) is obtained by differentiating (4.20) with re-

spect to 7. 0]

4.3 SINR Coverage Analysis

The SINR coverage probability is defined as the probability that the SINR of a
typical user is greater than a threshold «, which is a minimum SINR level re-
quired to establish the connection. Mathematically, the SINR coverage is defined
as P(y) = P(SINR > +), where the SINR of a typical user is given by SINR =
D teimpy Hu € ®! ) SINR;. From (4.11) and (4.12) and the discussion that follows,
the SINR of a typical user u at the origin when it belongs to ®!, can be expressed as

Pgy, D"

SINR, =
" Dy + Ly + 02

. VIE {m,p}, (4.21)

where [, ,, and I, , are the interference powers from the macro and pico tiers,

respectively when u € ®!, [ € {m, p}, and are given by

Ibm,m = Pm Z memeH—a’

"Eme‘I’m\bm

Ibm,p = Pp Z Cxp”po_a?

zpeW,

Po > Gopllzall™ ifuex

TmE¥im \Um

[bmm = Pm Z me

TmE¥m

Lypy=D > Gollzl™ (4.22)

zpEW,\bp

Tl ifu ¢y,

By using the law of total probability, the SINR coverage probability of a typical
user u is
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where A; = P(u € ®.), 1 € {m,p} is the tier association probability derived in
Section 4.2.1, and P,,(y) = P(SINR,, > v|u € ®7"), and P,(y) = P(SINR,, >
v|u € ®P) are the conditional coverage probabilities of the user u when associ-
ated with the macro and pico tiers, respectively. In order to evaluate the coverage

probability, we first derive the LT of the total interference power received by w.

Lemma 11. The LT Elbp (s) of the total interference power I, = Iy, + Iy, p

received by u when uw € ® conditional on D,, = r and V,,, = r, is given by

Li, ()= (wLh, () + (= Q)L (9) La, (), @424)

where E}bpym(s) =Ly, ,.(s|lu € x), and E%,p,m(s) = Ly, ,.(slu ¢ x) are the LTs
of Iy, m conditional on u € x and u ¢ X, respectively, and Ly, (s) is the LT of
Iy, - The LTs are given by

Lm

E}bp,m(s) = eXp { - ﬂ-pm)\mrf ( Z P(Mm = ’l)
i=1
2 -2 P
x oF[i, ==, 25 2] 1)} (4.25)
« « (4]
L
ﬁi,p’m(S) = exp { — TPmAmP 1> ( Z P(M,, = i)
i=1
X 2F1|:7/ _E’Q_Q’_PmS}_l)}’ (4'26)
o a poTre

LE,
Elbpyp(s) :exp{ — TP AT Z
2

x oF) [z —2, “- —PS} _ 1)} 4.27)

where 5 F'y (a, b, ¢, z) is the Gauss Hypergeometric function [113].

Proof. The proof is given in Appendix B.1. U

Similarly, the LT of I, = I, m + I,, , conditional on D,,, = r can be derived

as Ly, (s) = Elbwn(s)ﬁfbmyp(s), where

LT({'IHX
Ly, ,(s)=-exp { — ﬁpq)\qw,zn’q ( ZIP’(Mq = 1)
i=1
2 a—2 P,
X o [Z -, @ J—— s} — 1) },Vq € {m,p}, (4.28)
a o« Wiq
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with @, ., = 7 and w,,, = r/p.
Having derived the LTs, we now evaluate the conditional coverage probability

PBy, D
when u € ‘I)ip Pl(’y) - P( lIbfl-i-JZQ

> ylu € <I>L), VI € {m,p}. Conditioned on

D; =r,V,, =r; and A; = n, we have

n—1

’I"a P ro
Pl(f}/‘n (s Al - n Z 7 / l Elbz [<Ibl + 02)leXp <_7?I<Ibl + 02))}
=0
(4.29)
n— 1
_80'2
! @ (e Ezbl(s)) ‘:Pl : (4.30)

1=0
where the first equality follows from the distribution Gamma(n, 1) of 3, for a given
A; = n, and the second is obtained by applying the differentiation property of LT.
The LTs in (4.25)-(4.28) are composite functions. Thus, (4.30) requires evaluating
[th derivatives of composite functions. These derivatives can be computed by us-
ing Faa di Bruno’s formula. In this paper, Faa di Bruno’s formula is expressed in
terms of integer partition. Please note that in contrast to set partition version used
in [107], the integer partition version greatly reduces the number of summations,
thereby reducing the complexity of the numerical computation. Before introducing

the formula, we first introduce the required integer partition notations.

4.3.1 Integer Partition and Faa di Bruno’s Formula

Integer partition is a partition of a positive integer n as a sum of positive integers.
The set of all possible partitions of n is represented by €2,, and the number of
partitions is denoted by P(n). For example, the integer 4 can be partitioned in 5

distinct ways,

Q4 ={{4},{3,1},{2,2}, {2, 1,1}, {1,1,1}}.

Thus, P(4) = 5. Let w! denotes the number of elements in the ith partition p[* of
n. Also, let uj; denotes the number of positive integer j € {1,2,...,n} in that
partition, and af;, denotes the kth element (k € {1,2,...,w}).

Example: For the second partition of integer 4 in €y, i.e., pé‘ = {3,1}, we have
wy =2, 3, = 1, sy = 0, g3 = 1, u3, = 0, a3, = 3, a3, = 1. For any partition

p}, we have the properties > 7, jujy = nand Y7, puf = wi.
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Faa di Bruno’s formula for the [th derivative of the composite function y(%(s))

in terms of integer partition can be expressed as

l
yO(t(s) = 3 b yDe(s) [T (£9(5))™" (4.31)

o=1 q=1

where
! [!
o wl

k=1 ok‘ H =1 lu’oq
and ylfé?) (t(s)) is the kth derivative of the function y(¢(s)) with respect to ¢(s).

Theorem 2. The coverage probability of a typical pico user u in the interference-

limited scenario, i.e., 0® = 0, is given by

P,(7) = ¢Ti(7) + (1 — ¢)Ta(v), (4.32)

where T () = P(SINR, > v|u € ®2, u € x) is the conditional coverage proba-

bility of a typical pico user u when u € x, which can be computed as

)\ 1 Lremx_l Kp_k 1 P(l
P /
Ti(y) = 2pm)\mAp/9 E P(M, = k) 9“”1 E ¢
P J9=0 | r—o 1=0

—m Doy — Hoq
(PoAnd? = 6.0,7) + 222 28 (1,1,) )

EN

1

P(wh +2) (P 25 (8,6,7) + 07 26 (1,1,7)

Q
Il

_(wo—"_
+(1 = pm) Amp*0? + (1 — pp))\p92> ] dé, (4.33)

and Ty(y) = P(SINR, > v|u € ®P u ¢ x), the conditional coverage probability
of a typical pico user w when u & x, can be computed as

max Kp_k_l l P(l)

_ g !
L SR T2l
Ap k=0 =0 o=1
1 —p /J'éq
*—‘q 57577 +pp)\p‘:‘q (1a17’y)

mAm0? _
U(pw

1
F(w(lj + 1) < m)\mp2 56n <57 p,’}/) +pp)\p Eg (1, 1,’}/)

(1= p)Amp® + (1= pp)A,) @Y
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The function Efl(g, K, €) in the above equations is defined as

1
L ‘max

D)g(—2 , 2 a—2 .
Eé(ga K, 5) = Z <(zi;a>q 2F1 v+ q, _a +q, T +4q, _g'%a‘c:] IED(]\4l = Z)) )
i=1 a /4
(4.35)
(a), is a Pochhammer symbol, and § = P,/ P,.
Proof. The proof is given in the Appendix B.2. ]

Remark 1. The number of other users served by the BS which is serving the typical
user u € ® is given by M] = min(U], L, — 1), where U] is the number of
other users in the Voronoi cell to which the user u belongs. The PMF of U] can be
derived in the same way as (), in the proof of Lemma 3, and is given by P(U, l’ =

n) = (n+ 1)P(U, = n+ 1)/E[U,]. The PMF of M| is thus different from (4.6) and

is given by
P(U! = n), 0<n<Il —1
P(M! = n) = Linar 2 Vi € {m,p}.
Mi=m=q,_ STPU =k), n=Lh, -1, tm.p}
k=1

(4.36)
For the special case of L, ,. = 1, P(M] = 0) = 1,Vl € {m, p}.

Theorem 3. The coverage probability of a typical macro user P,,(7y) in the interference-

limited scenario is given by

)\ L:Zu'_l Km_k? n—1 ’}/l
Pu(y) =30 Y PM, =k) Y P(An=nlM,=k)) -
M k=0 n=Tpin—k =0
PO agqg—2 l
Wt —-m P 1 —_ 1 Hoq
pACIR | | (pmAm:q (1,1,7)+ppkp7:§<g,p,v)>
o=1 q=1

—m PoAp—p [ 1
et 1) (=5 (1,19) + 225228 (500

A —(wl+1)
+(1 = po) A + (1 — p,,)p;’) , (4.37)

where the conditional PMF of A, conditioned on M), = k for T,.;, < K,, is given
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by

[{m_Tmin_1
1—- P m — 5 = Tmin —k
P(A,, = n|M, = k) = ; (@ =), m
P(Qu = K —k—1), Tom—k+1<n< Ky —k

(4.38)
For the special case of T,,;, = K,, which implies no interference nulling, A, =

Ky — M, thus P(Ay = Ky — k|M! = k) = 1.

Proof. P,,(v) is derived in the same way as Ty(y). However, since A, = K, —
M —min(Q,,, K., — Thin) is a function of the two RVs M) and @Q,,,, decondition-
ing with respect to A, is achieved in two steps, first averaging over the conditional
PMF of A,, for the given M/ , and then averaging over the PMF of M/ . The
conditional PMF of A,, is derived as follows:

For Tiin < Ky,

Am - Km - Myln - ITliIl(Qm, Km - Tmin)
=max(K,, — M, — Qu, Tin — M],)

Tmin - My/n if Qm Z Km - Tmin
K, — M —@Q, otherwise.

(4.39)

Thus,

P(A |M/ k‘) ]P)(Qm > K, — Tmin)v n="Th,—k
m — n m = =
(4.40)

Further simplification results in (4.38). [

Remark 2. For the special case of L)), . = LP =1,

Pp(7) = Pp(7|M,, = 0) = ¢T1 (7| M, = 0) + (1 — @) To(y| M, = 0),  (4.41)

P (y) = Pr(y|M;, = 0), (4.42)
where for each | € {m, p},
- - (1) —%) 2 oa—2 o
:é(g,/{,g) ::q(ga"{vg) = (:i%)qq2F1 1+q,—a+q,7+q,—m gl.
(4.43)



4.4 Rate Analysis

In this section, we analyze the achievable downlink rate of a typical user. We derive
the CCDF of downlink rate, also defined as the rate coverage, and the average rate
of a typical user.

With adaptive modulation so that the Shannon limit can be achieved and inter-

ference treated as noise, the data rate of a typical user u is given by

R= Y SWlog,(1+SINR)L(u € ), (4.44)

le{m,p}
where S; is the fraction of resources received by u when u € ®!. For each | €
{m,p}, given that U] is the number of other users in the cell to which the user
u belongs, the total users in the tagged cell are U] + 1. We assume one RB per
time slot with total bandwidth W, and at most L' users served simultaneously
in each RB through spatial multiplexing. Thus, if the total number of users in the

(e, U/ +1 < L

max

tagged cell is less than L

max

bandwidth W without sharing; thus, S; = 1. However, if U + 1 is no less than

), each user can utilize the entire

Lt Ge,U +1> L. ), we assume that the time-frequency resources are shared
equally among the total users; thus, S; = L' /(U + 1). Hence, the fraction of

resources received by u € ®!, hence can be expressed as

S; = min (U?ﬁxl’ 1) )
Theorem 4. The CCDF of the downlink rate of a typical user u, R(v) = P(R > v)
can be expressed as R(v) = ARy (v) + AR, where R;(v) = P(S;V log, (1 +
SINR)) > v) is the rate distribution of u € ®', and is given by

Lﬁnax_2
Ri(w)= > P (2" —1|M =k)P(U] = k)
k=0
L(k+1)
+ Y P (2W Vhee —1|M] = Ll — 1) P(U =k)  (445)
k>LL, —1

Proof. By using (4.44), we have

P(R>v)= Y  P(uec ®)P(SWlog,y(1+SINR)) > v) = A, R, (v)+A4,R,,

le{m,p}
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where 4; = P(u € ®,) and

Ri(v) = P(Wlogy(1 + SINR)) > v, U/ < L. —2)

Lfnax
+P <U{ "W logy(1+ SINR) > v, U] > L — 1)
Ll

max_2

= Y P(SINR, > 2"V — 1|} = k)P(U] = k)

k=0
w (k+1)
+ > P(SINR; > 2" tha — 1|U] = k)P(U] = k). (4.46)
kZLinax_l
Since M| = min(U}, L, . — 1),
P(SINR; > 7| M] = k), 0<k<L,—2

P(SINR, > ~|U] = k) = { ;

P(SINR; > v|M! = L. —1), k> L

max max

Equation (4.45) then follows immediately where P;(y|M, = k) = P(SINR;, >
ylu € ® M| = k) is the conditional SINR coverage probability of u € ®!, for
given M| = k. O

For the special case of LL = 1, the rate distribution of u € ®! further simpli-
fies to

Ri(v) = P (2w ®D) — 1) P(U] = k). (4.47)

k>0
After deriving the rate distribution, which gives us an idea of the average fraction

of users in the network with a rate greater than a given threshold at any time, next

we derive the average rate that can be achieved by any randomly chosen user.

Theorem 5. The average data rate R = E[R)] of a typical user u is given by R =
AR, + AR, where R; = E[S;W log, (1 + SINR,)] is the average data rate of u

when it belongs to ®', and is given by

W [o'e) 1 Lrlnax_z
R —_— e — /: /:
Ry [T > Fuly |t = )P =)
+ 0O, P, (y}Ml' =r - 1)]dy, Vi € {m,p}, (4.48)
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where

Lllnax)\l -1 0
O, = AN, (1 — (1 + 3.5 Al)\u/)\l) )

k—1
3570 e TS 4 8) (42) L
- > . Ve {m,p}. (449

[(3.5) & R 4 3.5)35+k
Proof. From (4.44),E[R] = ) P(u € ®!)E[S,WV log,(1+SINR))] = A, R, +
B le{m,p}
A,R,, where
L%nax 2
Ri=W Y El[log,(1+SINR)|U; = k| P(U; = k)
k=0
Ll
mx G Mlog, (1 4 SINR)|U! = k] P(U} = 4,
+W;Z s [log,(1 + SINR))|U} = K| P(U] = k) (4.50)

E[log,(1 + SINR;)] can be computed as 1/(In2) [ P(SINR; > y)(1 + y) " dy.
Also, we have M/ = min(U/, L}, — 1). Thus,

W oo 1 L&nax_2
Ri=—v [ —— P(SINR M = kPU =
Rimpyy || rry| 2 PSR > 0t = =
Ll
— P P(SINR M = -1 4.51
+< > R = k>) (SINR; > y[M[ = L, —1)|,  @.51)
k>L£nax1
O

where O; can be further simplified as

Liﬂdx 1 l

L L )
O, = Z PEP(U] =k —1) - PEP(U] =k — 1), (4.52)

k=1 k=1

Equation (4.49) is obtained by substituting P(U, = k) = (k + D)P(U; = k +
1)/E[U)], k > 0, where the first summation is simplified by using >, P(U; =
k)=1-PU, =0). O

For the special case of L\, = 1, the average data rate of u € ®! further

simplifies to
W [*P(y)

In 2 1+y

R = O— dy. (4.53)
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4.5 Impact of Limited Feedback on the Performance
of Interference Nulling

The results so far have been derived based on the perfect CSI assumption. However,
in practical systems, the CSI is never perfectly accurate. In frequency division
duplex systems, the downlink CSI is fed back by the users to serving BSs. Due
to the limited feedback, the BSs receive quantized CSI. In this section, we analyze
the impact of the quantization error due to limited feedback on the performance
of interference nulling. As the focus is on interference-nulling performance, we

consider L = LP = 1.

max

4.5.1 Limited Feedback Model for L

max Lﬁlax =1

The feedback model is similar to the one used in [30, 31], where the quantized
channel direction information (CDI) is fed back by using a quantization codebook
of 28 unit norm vectors, where B is the number of feedback bits. The codebook
is known at both the transmitter and the receiver. Each user feeds back the index

of the codeword closest to its channel direction, measured by the inner product.

For example, a typical user, when it belongs to the macro tier, uses the codebook

Con = {Cm; 1 J = 1,2,...,257} of size 2P to quantize the channel direction
ﬁbm,l = IIEZ"fH from its serving maco BS b,,. The quantized channel direction is

~ ~ %
h, ;= arg max hbm,lch

Cm,j €Cm

Similarly, the typical user, when it belongs to the pico tier, uses the codebook C,, =
{e,; : j = 1,2,...,28} of size 2P» to quantize the channel direction from its
serving pico BS b, and the codebook C,, = {¢,,; : j = 1,2,...,2Pm} to quantize
the channel direction from its nearest active macro BS v,,. Other pico users which
request v, for interference nulling, as well as the user served by v,,, also employ
codebooks of size 25, but the codebooks differ from user to user to avoid the
possibility of receiving the same quantization vector index from different users.
The codebooks are generated by using random vector quantization [114], where

each vector ¢,, ; is independently chosen from the isotropic distribution on the K, —
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dimensional unit sphere, and each vector ¢, ; from the isotropic distribution on the
K,— dimensional unit sphere.

Since the precoding vectors are now based on quantized CDIs, for the typi-
cal user v € ®]' served by the macro BS b,,, the desired channel power gain
Bbm ~ Gamma(A,,, £, ), where A, = K, — min(Q.,, Ky — Thin)s Km = 1 —
2BmBeta(28m %) [30]. However, as the precoding vector of the interfering BS
at z, € W, \b,,,q € {m,p} is independent of the channel to the typical user u, the
interference channel power gain fxq is still distributed as Gamma(1, 1), i.e., Exp[1].
Similarly, for the typical user u € ®? served by the pico BS b, the desired channel
power gain (3, ~ Gamma(A,, k), where A, = K, r, = 1 —2PBeta(2"», %)
The interference channel power gain from each interfering BS other than v,, is dis-
tributed as Exp[1]. If v, does not apply interference nulling, the interference chan-
nel power gain from v,,, (,,, is also distributed as Exp[1]. However, if v,, applies
nulling, unlike the perfect CDI case, where the interference from v,, is completely
nulled, there will be residual interference due to the quantization error. The inter-
ference channel power gain in this case is approximated as an exponential RV with

mean x; = 2~ %n1 [30]. Thus,

¢ Exp[l/k;], ifu € x
o Exp[1], ifudy.
The SINR of the typical user v can be expressed as

Py, Dy
SINR, = . 150, D, .
Ibl,m+Ibl,p+U

, Yl e{m,p}, (4.54)
where

sz,m:Pm Z CA:vame_aa sz,p:Pp Z CArpprH_a- (4.55)

ZBmE‘I’m\bl ZBpE‘I’p\bl

Theorem 6. With limited feedback, the coverage probability of a typical pico user

w in the interference-limited scenario, i.e., 0® = 0 is given by

Porr(y) = Tior(y)e + Torr(v)(1 — @), (4.56)

where Ty pr(7y) is the coverage probability of a typical pico user u with limited
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feedback when u € Y, given by

1 Kp-1 !

T11r () =2pmA Ao [ Z N l9a1+1z (0kr)""
1,LF m/\m ’U'(

Ap Jo=o =2 \Fp = ol(1 4 0kpy/Rpf*) 1ot

Pw)
v wy = v p A —_ g Hoq
>V I (=, (50,7 )+ 22z, (10.7))

o=1 q:l P P

[(w? +2) (pm)\mEo (5, 0, l) + P07 Z0 (1, 1, l)
K

p Kp

(1= P A0 + (1= p)A,0%) " ag, 4.57)

and T pr(y) = T (v/k,) is the coverage probability of a typical pico user u with
limited feedback when u ¢ x, expressed in terms of the corresponding probability
for perfect CSI, To(-). Similarly, with limited feedback, the coverage probability
of a typical macro user u in the interference-limited scenario is given P, r(y) =

P.. (v/Km) where P, (+) is the corresponding probability for perfect CSI.
Proof. The proof is given in Appendix B.3. ]

Note that Ty () and P,,, 1. (7) reduce to Ty(y) and P,, (), respectively, i.e.,
the perfect CSI case if k,,, = x, = 1. Similarly, if x, = 1 and x; = 0, by using
0° =1, Ty () also reduces to Ty (7).

After deriving the coverage probabilities for limited feedback, the rate coverage
and average rate can be obtained by using Theorem 3 and 4, respectively, with P(-)

replaced by P, 15 (+).

4.6 Simulation and Numerical Results

In this section, we first validate our analytical results via Monte Carlo simulations
on a square window of 20 x 20 Km?. After validation, we present some numerical
analysis to provide insights on the optimal performance. Unless otherwise stated,
we set § = P,,/P, = 100, \,, = 1BS/Km* and W = 1 MHz. We focus on the
interference-limited scenario, and hence ignore noise (i.e., 02 = 0).

In Figure 4.1, the average data rate from Theorem 5 is validated for different

system configurations. We assumed perfect CSI in this case. The analytical and

82



T T T T T T T T

—-%-— Simulation

—&— Analytical (A, =4A, n=10dB)

—6— Analytical (A, =3A, 1 =8 dB)
P

1

3.5
—HB— Analytical (A = 2A,,n=3 dB)

25F

Average Rate (bits/sec)
nN

—_
[&)]

Figure 4.1: Validation of the average user data rate (Theorem 5) for per-
fect CSI via Monte Carlo simulations for different values of A,, 1 and
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max?

simulation results match with each other quite well in the figure. Note that the
validation of Theorem 4 for perfect CSI naturally validates the conditional SINR
distributions derived in Theorem 2 and 3. In Figure 4.1, the average data rate de-
creases with an increase in user density A\, because of the increase in interference
and the decrease in users’ share of resources. The interference power increases with
an increase in user density because more BSs become active, and the average chan-
nel power gain from an interfering BS, which is a function of the number of users
simultaneously served in a given time slot, also increases as this BS has to serve
more users, until the number of users exceeds L. .

We next validate the data rate distribution from Theorem 4 in Figure 4.2 for both
the perfect CSI and limited feedback scenarios, thereby validating the SINR distri-
bution for limited feedback in Theorem 6 as well. The impact of limited feedback
on the performance will be discussed later.

In Figure 4.3, we analyze the impact of interference nulling on the SINR cover-
age probability of a typical user, where T}, = K, implies no interference nulling
employed. The figure reveals that with properly chosen 7.,;,, the SINR coverage
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can be improved with interference nulling. For example, if the required SINR level
for a typical user to be under coverage is 0 dB, the average fraction of users under
coverage improves from 61% to 70% with interference nulling for the A\, = 6\,
n = 15 dB case in Figure 4.3. The performance gain, however, decreases with
an increasing threshold. At smaller values of thresholds, as interference nulling
improves the SINRs of poor cell-edge pico users lacking coverage due to strong
interference from their corresponding nearest active macro BSs, the coverage prob-
ability of the pico users significantly improves. On the other hand, we know that the
SINR of a typical macro user degrades due to interference nulling as it costs the user
its available degree of freedom. At lower values of SINR thresholds, the degrada-
tion in SINR is, however, not significant enough to impact its coverage probability.
Thus, the overall gain in coverage probability is high at smaller threshold levels.
However, at larger threshold values, the users under coverage are basically those in

the cell interior. Thus, interference nulling may not significantly improve the al-
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max

ready high SINR of cell-interior pico users, resulting in very minimal improvement
in pico coverage probability. The SINR degradation of macro users due to interfer-
ence nulling, which do not have any significance on macro coverage probability at
lower thresholds eventually causes the coverage probability to degrade after certain
level. This degradation further reduces the overall gain in coverage probability due
to interference nulling.

To further clarify the above discussion, the coverage probability of a typical pico
user, which always has the interference from its nearest active macro BS nulled,
Ty (7y) is compared against that of a pico user without any nulling at all, Ty(7) in
Figure 4.4. It is clearly visible that the gain in pico coverage probability due to
interference nulling decreases with an increasing threshold value. In Figure 4.3,
as compared to the case with A\, = 6)\,,, n = 15 dB, the performance gain in the
overall coverage probability for A\, = 10),,, n = 25 dB is relatively low. However,
in Figure 4.4, both cases have similar gains in pico coverage probability due to
interference nulling given that the nulling is performed for each pico user. Thus,

the reason for the lower performance gain for higher user density A\, and higher 7 is
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the lack of sufficient resources for interference nulling. For A\, = 6\, and n = 15
dB, with Ty, = 6, 83% of the pico users have interference from their corresponding
nearest active macro BSs nulled. In contrast, for higher user density of A\, = 10\,
and higher 7 of 20 dB, with T,,;, = 7, the fraction of interference nulled pico users
reduces to 53%.

Next, we investigate the optimal value of 7 to maximize the average user data
rate. 7 controls the number of users offloaded from the macro to the pico tier to
obtain a balanced distribution of the user load across tiers for the optimal user data
rate by better utilizing the radio resources in each tier. Meanwhile, since 7p,;, de-
termines the spatial degrees of freedom available for serving the macro users, as
well as the number of interference-nulled pico users, 7},;, must be tuned according
to user offloading. Thus, n and T,;, must be jointly tuned to maximize the average
user data rate. The optimal pair (7), T}, ) for the given network configuration is in-
vestigated in Figure 4.5. The optimal pair is found to be (10dB, 8) and (11 dB, 6)
for pico density A\, = 4\, and )\, = 6,,, respectively.

Figure 4.5 shows that the optimal 7},;, decreases with the increase in pico den-
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max

sity for the given user density. Since the number of interference-nulling requests
received by a typical active macro BS is equal to the number of served pico users
within a typical Voronoi cell of active macro BSs, for the given user density the
number increases with the increase in the pico cell density. To ensure the resources
K, — T are sufficient for increased requests without degrading the average user
rate, T, is reduced by the required amount.

The variation in the average rate with 7}, for the given value of 7 is plotted
in Figure 4.6. The average rate of the macro users increases with an increasing
Timin because the spatial degrees of freedom available at each macro BS for serving
its own users increase with an increasing 7,,;,. In contrast, the average pico rate
decreases with an increasing 7,,;, because the number of pico users which get the
interference from their corresponding nearest active macro BSs nulled decreases
with an increasing 7Tp,;,. The net result is the initial increase in the average rate
with an increasing 7},;, and the subsequent decrease beyond a certain value of 7},.
As we can observe, the optimum 7,;, shifts towards lower values as the value of

7 increases. For example, for n = 3 dB, the optimum 7,,;, is 7, which decreases
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max

to 6 for » = 11 dB and to 5 for n = 16 dB. With an increasing 7, more users are
offloaded to the pico tier. Thus, allocating more antenna resources for interference
nulling is desirable.

In Figure 4.7, the CCDF of the data rate of a typical user corresponding to the
optimal pair (7, Tiyn) Which maximized the average data rate in Figure 4.5 for \, =
4\, and A\, = 6, is plotted. Let the 5th percentile rate Rgys, which corresponds
to the 5th percentile of the users with rate less than Rgs (i.e., R(Rg5) = 0.95), be
considered as the cell edge datarate. For A\, = 4),,, and n = 10 dB, T},,j, = 8, which
maximized the average data rate is found to improve the cell edge data rate from
7.2 x 10* bits/sec to 1.12 x 10° bits/sec as compared to that without interference
nulling. Similarly, for A\, = 6),,, the cell edge data rate improves from 9.6 x 10*
bits/sec to 1.68 x 10° bits/sec if interference nulling with Tj,;, = 6 is employed
corresponding to n = 11 dB.

In Figure 4.8, the average data rate is assessed for different values of L] and

Lr . with and without interference nulling employed. The curve corresponding

max

88



0.95

Rate Coverage R(v)
o
&8

0.91

0.89

0.87
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

(ki %x10°
Rate threshold v (bits/sec)

Figure 4.7: Effect of interference nulling on cell edge data rate: A\, = 6,,, K,,, =
12,00 =4, K,=4,[8, =4, a=4.

max max

to the interference nulling employed is plotted by computing the average rate with

optimum 7, for each corresponding value of L™ and L?_ . Note thatif Ll =1,

each active BS in the tier [ € {m, p} serves a single user chosen randomly in each
time-slot, and this multi-antenna technique is known as SU-BF. On the other end, if
L!.. = K, each active BS serves a maximum of K users using K; antennas, which
can be referred to as full-SDMA. Although full-SDMA in general means serving
K users with K antennas, in our case, the number of served users min(N;, K;) can
be less than K.

As Figure 4.9 reveals, the average data rate in the network can be significantly
improved by selecting a proper value of L, compared to either SU-BF or full-

SDMA, and similarly a proper value of L? . For the case with no interference

nulling employed, in which all the antennas at each macro BS are used for serving

its own users, the variation of L has little or no impact on the average rate from
Ly, = 7to L = 12. This result can be observed for each given value of

L? .. because beyond L] = 7, the number of macro users simultaneously served
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o = 4.

by a macro BS in each time-slot is limited by the number of users in that cell,
rather than L] . This explanation is further corroborated by the fact that with

interference nulling employed, the optimum 7}, beyond L]" = 7 is found to be

m

the corresponding L;”

itself, which is the minimum possible value of 7},;,. Since

beyond L = 7, the number of macro users in a cell is typically less than L],

allocating antenna resources more than L]

for macro users would waste resources
as the performance can be improved through interference nulling by utilizing those
surplus resources.

For each possible value of L? ., the optimal pair (L, Tinin) Which maximizes
the average data rate is found to be (6, 7). Since the average rate slightly degrades
for LP = 4 as compared to LP = 3 (not shown in the figure), overall the optimal

max max

values of L] Ti.in, and LE_ are 6, 7, and 3, respectively.
After numerically analyzing the proposed SDMA scheme with interference nulling
for the perfect CSI, we now investigate the impact of limited feedback on the per-

formance. As explained in Section 4.5, each macro user feeds back B,,, CSI bits
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max max

to its home BS. In contrast, each pico user feeds back B, CSI bits to its home BS
and B,, CSI bits to its nearest active macro BS if the BS is performing interference
nulling to the user. In Figure 4.9, the rate coverage performance for SU-BF with
interference nulling is plotted against 7},,;, for perfect CSI and limited feedback. Ir-
respective of the value of B,, the performance loss due to limited feedback bits B,,
decreases with an increasing 7,,;, because the number of interference nulled pico
users decreases with increasing 7},;,, where T,;, = K, implies zero interference
nulled users. Thus, the performance loss due to the residual interference resulting
from CSI imperfection also decreases. The consistent gap between the performance
curves for B, = 20 and B,, = 10 with B,,, kept constant at 30 throughout the T,
axis in Figure 4.9 indicates that the performance loss due to the limited number of
B, does not depend on 7},;,. This result makes sense as B, is the number of bits fed
back by a pico user to its serving pico BS, and thus, has nothing to do with T},.

In Figure 4.10, the impact of the number of feedback bits ,,, and 5, on the rate

coverage performance with and without interference nulling is investigated. As the
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max

number of feedback bits increases, the performance approaches the one with the
perfect CSI. Clearly, the impact of limited feedback bits 5,, on the performance
is very high for the interference-nulling scenario as compared to the one without
nulling. B,, > 16, which is more than sufficient for the non-coordination case,
appears to be insufficient for interference nulling case to reap the full benefits of
nulling. Nevertheless, nulling does improve even with limited feedback as com-
pared to the non-coordination case. With no interference nulling employed, the
feedback bits B,,, are only required for signal power boosting to the single user
being served in the cell and such processing is found to be less sensitive to CSI
errors as compared to interference nulling. If we observe the rate coverage curve
against B, for the non-coordination case, B, > 20 is near perfect. However, we
can observe a performance gap for interference nulling case even beyond B, = 20

because of the limitation in B,,,, which is considered to be 40 in this case.
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4.7 Conclusion

The downlink performance of multi-antenna HetNets with SDMA was analyzed, in
which the ZF precoding matrix at macro BS also considered interference nulling
to certain pico users. Further, the number of users served with SDMA in each cell
was a function of user distribution. Our results showed that the SINR and rate cov-
erage of victim pico users (those suffering strong interference from macro BS) can
be significantly improved with the proposed interference nulling scheme if 7}, is
carefully chosen. The optimal choice of T},;, was found to be coupled with asso-
ciation bias as Tp,;, determines the antenna resources available for serving macro
and interference nulling to pico users. The optimal (7}, 7, ) for the average data
rate performance metric was thus investigated. The optimal values of L, and L%
which maximize the average data rate was also investigated and were found to out-
perform both SU-BF and full-SDMA. The impact of CSI quantization error on the
performance of interference nulling due to limited feedback was also analyzed. It
was observed that interference nulling is highly sensitive to CSI errors as the resid-
ual interference due to CSI imperfection significantly degrades the performance.
However, depending on the degree of CSI imperfection, the performance may still

be better than that without interference nulling.
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Chapter 5

Analysis of Error Probability in
Interference Limited Wireless
Networks

In this chapter!, we present mathematical frameworks for error performance analy-
sis in interference-limited networks such as cellular networks. Due to the increas-
ing irregularity in the spatial deployment of nodes in the emerging HetNets, we
employ the stochastic geometry approach by abstracting the node locations as a
homogeneous PPP. First, we characterize the average error probability of an in-
tended communication link with a given transmitter-receiver separation, which is
subject to interference from these Poisson distributed nodes. More specifically, we
develop uniform approximation (UA) for average error probability analysis, which
is highly accurate over the whole range of the signal-to-interference ratio (SIR). Er-
ror probability UAs for both single-antenna and MRC receivers are derived in this
chapter. Next, we evaluate the average error probability of any typical user in the
network, which is served by the node providing the maximum received power. The
Mellin transform (MT) based method is proposed in this case, which often yields a
closed-form solution. An example of binary phase shift keying (BPSK) modulation

is shown.

I'This chapter has been published in the proceedings of the IEEE International Conference on Com-
munications (ICC) 2015 [115].
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5.1 Introduction

In large wireless networks with numerous nodes spatially distributed over very large
areas, such as cellular networks, the performance limiting factor is interference
rather than noise. The interference is a direct function of the spatial configuration
of the network on which the wireless propagation characteristics such as path loss,
shadowing and multipath fading are dependent upon. As cellular networks emerge
towards heterogeneous deployments, which are characterized by unplanned/random
locations of the nodes, the interference scenario becomes more complex, and com-
putation of the spatially averaged performance metrics becomes critical to derive
useful design insights. In Chapter 3 and Chapter 4, we analyzed the coverage and
achievable data rate of single- and multi-antenna HetNets for different BS-user as-
sociation and interference coordination schemes by using tools from stochastic ge-
ometry and point process theory. Apart from the coverage and rate, the effectiveness
of a wireless network is also characterized by its reliability, measured with metrics
such as error probability.

While coverage and rate performance of HetNets have been extensively ana-
lyzed [16-19, 48], the average error performance of such networks in the pres-
ence of co-tier and cross-tier interference is barely analyzed. There are only few
important work towards error probability analysis in the presence of interference
from randomly located network nodes [49-51, 67]. The authors in [49, 67] devel-
oped a comprehensive framework to characterize the error performance of a given
transmitter-receiver link subject to interference from network nodes distributed ac-
cording to a homogeneous PPP. However, the computation requires Monte-Carlo
simulations to average over the network interference which is shown to be a stable
RV. This requirement is eliminated in [50] where the authors derived a single-
integral expression for the average error probability. Since no closed-form solution
is available for the integral, it has to be evaluated numerically. It was further ex-
tended to multi-antenna receivers in [51], where the results were obtained in the
form of two-fold integral that reduces to a single integral only under special cases.

As an alternative to these semi-analytical solution and complex integral expres-
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sions, in this chapter, we develop a UA approach to average error probability anal-
ysis of the desired link in the Poisson field of interferers. In cellular networks
with frequency reuse 1, which is the main characteristic of next-generation wireless
standards such as LTE-Advanced for higher spectral efficiency, the performance is
limited by interference, rather than noise. We thus focus on interference-limited
scenarios and derive error probability UAs for both single-antenna and MRC re-
ceivers. The approximation is named “uniform” to reflect its excellent accuracy
over the whole range of SIR. We originally proposed the concept of UA for wire-
less performance analysis in [116, 117].

After deriving UA for the average error probability of a given link with a deter-
ministic transmitter-receiver distance ry in Section 5.2, we next evaluate the aver-
age error probability of any typical user in a downlink cellular network with max-
imum received power based BS-user association in Section 5.3. In this case, the
transmitter-receiver distance is no longer deterministic. The error performance of
downlink cellular networks for the shortest-distance based BS-user association is
analyzed in [118]. The mathematical framework we develop in this chapter for
interference-limited scenario is, however, more simple and easily provides insights

on important system parameters.

5.2 Uniform Approximation for Average Error Prob-
ability in Poisson Field of Interferers

5.2.1 System and Channel Model

We consider a 2-dimensional network in which a transmitter S (located at z, € R?)
intends to communicate with a receiver D (located at the origin o without loss of
generality). The distance between S and D is fixed at ||z; — o|| = 7. Other nodes
in the network which are transmitting in the same channel as S and thus, interfering
with S — D communication, are spatially distributed according to a homogeneous
PPP & = {x,, x5, z3,...} with density \, where x; € R? is the location of the ith
interferer. For simplicity of analytical expressions, we assume that the transmis-

sions from the interfering nodes are synchronized. The results for asynchronous
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case can be easily derived and will be briefly discussed.

We first consider the case where each node in the network including S and D
has a single antenna. With multipath fading superimposed on power-law path loss
and shadowing, the channel power gain between a transmitter at z € R? and the

receiver D at the origin can be modeled as
Q. = €79 |h,)?*||lz — o] |72, (5.1)

where e?9* captures the shadowing effect modeled by log-normal distribution with
gz ~ N(0,1), o is the shadowing standard deviation, h, = |h,|exp(ji.) is the
complex multipath fading coefficient with E[|h,|*] = 1, and « is the power loss
exponent. In (5.1), g, and h, are independent RVs.

If the source S transmits with power P, and each interfering node with power

Py, then according to the channel model (5.1), the complex received signal at D is

given by
gaué
Y =Bt v 2w, (5.2)
where
e29sih,
=VPY s (5.3)
z;€d T
is the aggregate interference signal, r; = ||z; — ol| is the distance between the ith

interferer at x; and the receiver D, W ~ CN (0, Ny) is complex AWGN noise, and
so = agexp(jbo), s; = a; exp(j0;) are the complex modulated symbols transmitted
from S and the ith interferer, respectively with E[|s|?] = E[|s;|?] = 1. While all
the interfering nodes are assumed to be using the same linear modulation scheme,
the transmitter S employs an arbitrary linear modulation. We assume the sequences
{9z, },{hs, } and {s;} are i.i.d.. If the phase 1),,, of multipath fading coefficient h,,
is uniformly distributed in (0, 27), then, as shown in [49], Z is a CS complex stable

RV whose distribution is given by

Z ~ Sc (;uz = guﬁz = 07772) 2 (54)

>The real and imaginary components of a CS complex stable RV S.(u, 3 = 0,7n) are both
S (1, 8=0,n).
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_ o2 /a2 p2/a «
for a > 2, where n, = 7T)\C4/L€2 / PI/ E U &l }’
11—z
. — Ty T
=1

and §; = |hy,
with an independent random delay ¢; ~ U(0,T") relative to .S, then ¢; is given by
& = |ha,| (@il cos(6; + s,) + aj(1 — &) cos(0; + 1s,)] [49], where a; exp(j6;)
and a} exp(j0;) are the successive symbols transmitted from the ith interferer during
0, 7.

The CS complex stable RV 7 in (5.4) can be decomposed as [49]

a; cos(0;+1,,). If the interfering nodes transmit asynchronously, each

7 = VBG, (5.5)
where
2
BNS(MB:—aﬁleﬂlB:COS(i)), (5.6)
(6% Q
2 a/2
G~ CN(0, Prv), v = 4¢7 /e (chj/;E [ g,-|4/a}) . (5.7)

Thus, conditioned on B, Z + W ~ CN (0, PivB + Ny). For the particular case of

he, ~ CN(0,1), i.e., Rayleigh fading, E [| &|*/*] can be easily computed. Since

a; cos(b; + ;)] ~ N(0,a?/2), we have,

I(1/2+2/a)
VT

In the presence of the CSI of the S — D link only, the receiver employs simple

conditioned on s;, & = [|hy,

Ela.’*]. (5.8)

2

E[l&l'] =

coherent demodulation. The conditional error probability is thus given by the error
expression for coherent detection in AWGN noise, denoted by h () (for example,
h(v) = Q(y/27) for BPSK modulation) with

. Poeggl‘s hxs|2’l"0_a
- p]l/B —|— 1 ’

(5.9)

where Py = Py/N, and P; = P;/N, are the noise normalized transmit powers
of the node S and the interfering nodes, respectively. P, and P; are referred to as
the SNR and interference-to-noise ratio (INR), respectively. In interference-limited
scenario, v can be expressed as v = pX, where p = Pye?9=sr;*/(Pv) is a non-
random quantity, referred to as SIR, and X = |h,,|?/B is a RV. Note that for the

fixed S — D link, the shadowing coefficient g, is assumed to remain constant.
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5.2.2 Average Error Probability

The average probability of error can be expressed as (C.2). Since the unavailability
of the PDF fx(x) in closed form is the main obstacle in deriving the closed-form
expression for (C.2), we exploit the MT information of h(v) and fx(z) to derive
UA for (C.2). UA is a rational function that matches the asymptotics of P.(p) as
p — 0 and p — oo, simultaneously (see Appendix C.3).

The MT of fx(z) is given by

Fx(s) = Fpn,, 12(s)Fp(2 = s), (5.10)

where Fj,, 2(s) and Fp(s) are the MTs of the PDFs of |h,,|? and B, respectively.
The MT of the stable RV B with parameters given in (5.6) is given by [119]

[(1+5—5s)
['(2—s)

If the MTs Fj,,2(s) and H(s) are known and have only first-order poles, the UA

Fo(s) = (5.11)

can be easily derived by using (C.10) for any linear modulation and any fading
model with the required coefficients computed according to Proposition 1 in Ap-

pendix C.2.

Performance with BPSK Modulation in Rayleigh Fading

In the following example, we consider the case where the transmitter S employs
BPSK modulation, and the S — D link is Rayleigh faded. In this case, Fx (1 —s) =
['(1-5s)and H(s) = r(;:%z)' Thus, Fx(1—s) haspolesat s = 2/«, 4/, 6/, . . .,
while H(s) has poles at s = 0, —1/2, —3/2, .. .. The first positive pole at s = 2/«

indicates that the diversity order is 2/«. The diversity order, thus, depends on the
power loss exponent «. The coefficients b(0) and ¢(/) required to compute the UA
can be obtained by using Proposition 1 in Appendix C.2.
Example: For « = 4, we have 7 = 1/2, § = 1, and the required coefficients
b(0) and ¢(l) are given by
; 1=0
1 (—1)+D20 ]

b(0) = —=, c(l) = NCAESE 1=1,3,... (5.12)
0
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Figure 5.1: Average BER of S — D link with BPSK modulation for different den-
sities of interfering nodes (o = 4, rp = 1 Km, g,, = 0 INR = 20 dB, o4g = 10)

The UA can be readily computed by using (C.10).

The average bit error rate (BER) of the S — D link when S as well as all the
interfering nodes employ BPSK modulation, and all the links (desired and interfer-
ing) undergo independent Rayleigh fading, is depicted in Figure 5.1 for different
densities of interfering nodes, 0.1Km~2, 0.4Km™2 and 1IKm~2. Both the UA and
Monte Carlo simulation results are plotted against the SNR. The parameters used
are « = 4, 7p = 1 Km, g,. = 0 (no shadowing on the desired link), INR = 20 dB,
ogs = 10, i.e.,, 0 = In 10. Note that noise is not ignored in the simulation results.
The excellent match between the UAs and the simulated results shows thats the
error performance can be accurately evaluated with the UA method in interference-
limited scenario. The Figure 5.1 shows that the error performance improves with

the decrease in node density due to the decrease in total interference power.
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Performance with /V,.-branch MRC Receiver in all Rayleigh Fading

Let the receiver D be equipped with N, antennas and employ MRC. If {h,,, =
|hx5,l

receive antenna of D, and similarly, {h,,; = |hs,

(J¥2.0),l = 1,2,...,N,} are i.i.d. fading coefficients from S to each
(j¢xi,l)7l = 17 27 ey Nr}

are 1.1.d. fading coefficients from <th interferer, the resultant signal after combining

the received signals at each antenna can be expressed as

gg&vs Nr h 2
Y = \/P062 Z;7§| ol o+ Z + W, (5.13)
To

where

€395 Y1 hE hay
=Py ;ajz L (5.14)

T €D i
is the resultant interference, and W = ZlNzrl hy. o is the resultant noise. Since
{n; ~CN(0,Ng),l =1,2,..., N,} are i.i.d. complex Gaussian noise, conditioned
on {hy 1}, W ~ CN (0, Ng S, |haya|?) - Z can again be shown to be a circularly
symmetric (CS) complex stable RV, which can be decomposed according to (5.5)
with B and G given by (5.6) and (5.7), respectively. However, &; in this case is
given by
Nr
=D e
=1

Thus, conditioned on B and {h,,;}, Z + W ~ CN (0, PrvB + Ny 317, [P

|hmi7l

a; cos(b; + Yy, 0 — Vuyi)- (5.15)

2).

If the interference links are Rayleigh faded, then conditioned on {h., ;},

E &[] = L0/2 4 2/0) gy are Zlhxé (5.16)

NG

In the interference-limited scenario, v can again be expressed as v = pX, where

P efYns .
06 _ TO , X E ‘h S ,
P[Ii B

p:

1

/2
k= e’/ (ﬁ)\(];/zf ;+3)E [a4/a]) . The error probability UA can be
similarly obtained as in the single-antenna receiver case with the help of the MT

information of h(+) and fx(z).
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If {hy,;,l =1,2,..., N,} undergo i.i.d. Rayleigh fading, then
L(N, —s)I'(1 — $s)
(N, —DIT'(1—s) ’
which have poles at s = 2/«a,4/a,6/c,...,and at s = N, N, + 1, N, +2,...,

fx(l—S):

along with zeros at s = 1,2,3,.... For exponentially decaying h(v) as v — oo,
H(s) has only negative poles. The first positive pole at s = 2/« thus indicates that
the diversity order is given by 2/« irrespective of the number of antennas at the
receiver D.

The required parameters to compute UA for the average error probability of

BPSK modulation for « = 4 are 7 = 1/2,0 = 1 and

CT(N,—1/2)
b(0) = 2r(N,) '
; [=0

(=1)UDRD(N, +1/2)T(1)
VAL ((L+1)/2)D(N,)T(1/2 + 1)

0 otherwise.

e(l) = =1,3,... (5.17)

Note that when o = 4, the poles at s = 1, 2, 3, . .. are canceled by the zeros and the
effective poles of Fy(1 —s)are s =1/2,3/2,...ands = N, N, + 1, N, +2,. ...
The UA and simulation results for the average BER in all-Rayleigh-fading sce-
nario with BPSK modulation at each node are plotted against SNR in Figure 5.2
for different values of /V,.. Figure 5.2 clearly reveals that the diversity order of the
system is the same for each value of V,. However, the error performance improves

by having more receive antennas.

5.3 Average Error Probability of Downlink Cellular
Networks

While the above analysis is suitable for evaluating the average error probability of
a particular user whose distance from the serving node is known, in this section, we
are interested in evaluating the average error probability of any randomly selected
user in a cellular network. We consider a single-tier downlink cellular network with

frequency reuse 1.
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Figure 5.2: Average BER of BPSK modulation with N,.-branch MRC receiver in
Rayleigh fading (o = 4,190 = 1 Km, g,, = 0, A = 0.4Km™2, INR = 10 dB,
ogg = 10)

5.3.1 System Model and Error Probability Analysis

The BSs are spatially distributed according to a homogeneous PPP ® = {x;, 25, z3, . ..
on R? of intensity ), each employing the same modulation scheme and transmit-
ting with the same power P. Rayleigh fading with power law path loss is assumed
between any transmitter-receiver pair. Each user in the network is associated with
the BS offering the maximum received power. A typical user o at the origin is thus

—x

associated with a BS located at =, = arg max \he,|*r;®, where r; = ||x; — ol| is the
x; €

distance from o to ith BS and £, is the fading coefficient of the channel between o
and the ¢th BS. The BSs other than x;, is the set of interfering nodes for the user o,
and is still a homogeneous PPP of intensity A\ because for a homogeneous PPP, the
reduced Palm distribution is equal to the distribution of PPP itself [57].

We consider the interference-limited scenario and analyze the error probability
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at the user o. The error probability is valid for any randomly chosen user according
to Slivnyak’s theorem (Section 2.3). By using the mathematical framework outlined
in Section 5.2.1, the conditional error probability is given by h(~y) with

 maxc By ry

. 1
R (5.18)

/2
where v = 4 (\/%ACZ/LF (% + %) E [a?/aD , and the RV B is given by (5.6).

LetV = max |hs,|?r;7®. The cumulative distribution function (CDF) of V' can be
T, €

derived as
Fy(v)=P <mg§ By, < v)
:Eq>|: H (1 —exp(—vrf‘))} (5.19)
z,€P

By using the PGFL of PPP given by (2.7), we have

Fy(v) = exp (- 27 /0 N exp(—vro‘)rdr)

— exp (—5221“(2 + 1)) . (5.20)

The corresponding PDF of V' can thus be obtained as

o) = 22p (3 + 1) p2emlemmAL(Z41)v/e (5.21)
(6%

«

The RV V can be expressed as V' = (7AI'(2/a + 1))*/2U, where the PDF of U is
given by fy(u) = 2u=?*"lexp(—u~%/). ~ can finally be expressed as v = pX,

a/2
_ 1 Var(2+1) _Uu
where p = C4/11‘(5+2)]E[a4/a]] and X = 3.

The average error probability is then given by (C.2). If we closely observe p
and X, we can see that in interference-limited cellular networks, the average error
probability is independent of the BS density A and the SNR P = P/N;. Thus, the
error probability cannot be improved by increasing SNR because doing so would
increase the interference power as well. On the other hand, if we increase \, the gain
in the desired received signal power due to closer distance between the user and the
serving BS is counter-balanced by the increase in interference power. However, by
increasing A\, more users can be simultaneously served, and the network capacity

naturally improves without affecting the error performance of the network.
104



Unlike in Section 5.2, p is now the function of « and a; only. For the typical val-
ues of v in the range 2 < o < 6 and E[a?] = 1, the range of p is much more limited
than the range 0 < p < oo in Section 5.2. Thus, the use of the UA approach, which
basically matches the high-SIR (p — o0) and low-SIR (p — 0) asymptotics, may
not make much sense in this case. However, one can still use the MT information
of fx(x) and h(7) to evaluate (C.2).

Equation (C.2) can be transformed via the Parseval formula (C.6), where c lies
in the fundamental strip of both #(s) and Fx (1 — s). The MT Fx(s) is given by
Fx(s) = Fu(s)Fp(2 — s), where Fy(s) can be derived as

Fuls) = /OO vy (u)du = T <—%s + % + 1) , (5.22)
0

and Fp(s) is given by (5.11). We can apply the residue theorem to obtain a series
representation of (C.6), which can often be expressed in terms of the generalized
Hypergeometric function , Fy[ay, . .., a,; by, . .., by; 2] [113], thus yielding a closed-

form expression.

5.3.2 Average Error Probability in BPSK Modulation

For BPSK modulation, (C.6) can be expressed as

1 /Cﬂ'oo T(s+1/2)T ($s4+1)0(1—%s)
215 Sy 28T [(1-s)
The poles to the left of the contour R(s) = care s =0, —(k+ 1/2), —2(k + 1)/«

P

pods. (5.23)

where £ = 0,1,2,.... For a # 4 in the range 2 < a < 6, the poles are simple.
Thus, by closing the contour to the left, and then applying the residue theorem, we

have

8

(—1)FHT(=%k — 2+ DI(1 + Sk + 2) pl
NG KI(k + )T (k + 3)
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for & # 4. Both the infinite series in (5.24) can be expressed as a finite sum of
generalized Hypergeometric functions. Let the first infinite series in (5.24) be de-
noted by 73. Let /2 = ¢/d, where ¢ and d are integers. For example, ¢ = 7 and
d = 5 for a = 2.8. The positive integer £ is then partitioned as k£ = dp — ¢, where

q=0,1,...,d—1and p=1,2,.... T then can be expressed as

d—1 oo _ c c c c
. Zi Z (—1)dr qEI’(—cp +9q+ 55+ D)I(ep — 5q — ﬁ)pdp—q—%
e /T d L(dp — q)l'(dp — g + 3)
d—1 oo —q)—
B3y AU SENTEE S
=0 p=0 Ild(p+ —)]F[d(l?+ a2

1)+ ¢ D[~ = e + 257 gyt

_ZZ 2vr d F[d(p+§)]1“[d(p+’"“/2)] ’

r=1 p=0

(5.25)

where the last equality is obtained by setting d — g = r, and then reversing the order

of summation. Applying eqn. (2.3) and eqn. (2.5) of [120], and further simplifying,

we obtain
d r c27" 1 c27" 1)7 oo c
7oy e o T + I Z ()
— 2\/m d F( )F(r+ - d2d pp'
1
(1)y . (5.26)

X
r T r — r4+1/2 r4+1/2 r4+1/2 —

(Do Do G+ S (W2 4 Dy (2 45,
According to the definition of generalized Hypergeometric function [113, 9.141],
the infinite series in p can be expressed as the Hypergeometric function 1 Fou(+; - ).
The second infinite series in (5.24) can be similarly reduced to a finite sum of gen-

eralized Hypergeometric functions. The average error rate of BPSK modulation for

a # 4 can finally be expressed as

holiy SO D(=g(r ;(g;(:ff@r 1)
r=1 2
XlFZd[l;r+d1/2’r+d1/2 +;"”’T+d1/2+d;1’
_ _1\(c+d) d
A A

(5.27)



For a = 4, (5.23) has double poles at s = —1/2, —3/2, —5/2, ... to the left of
the contour R(s) = c. In order to avoid residue computation with double poles,
(5.23) is expressed as follows for & = 4 by substituting s = —s and utilizing the
properties of the Gamma function [113]:

| [oetioT (—s + %) I'(=2s+1)r (8 + %)

275 ) e joo 21-2s7rg

P, = pids, (5.28)

which then has simple poles at s = —1/2, —3/2, —5/2, ... to the left of the contour
R(s) = —c. Again by applying the residue theorem, followed by reducing the
infinite series to a single generalized Hypergeometric function, the average error

rate for o = 4 can finally be expressed as

1 11
P, = 1,1, —=. 52
5 0[ 5 p} (5.29)
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Figure 5.3: Average BER of a typical user in a downlink cellular network with
BPSK modulation (o = 3).
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In Figure 5.3, the simulated BER of a typical user is plotted against SNR with-
out ignoring the impact of noise for three different BS densities 0.01 BS/Km?,
0.1 BS/Km? and 0.4 BS/Km?. Our analytical result based on the interference-limited
assumption is also plotted in the figure, where the result is independent of both A
and SNR. The figure reveals that the simulation and analytical results converge once
the network becomes interference limited. If the value of )\ is large, as is expected
in future networks for higher capacity, the network becomes interference limited

even at smaller values of SNR.

Average BER

10%71

2 25 3 3.5 4 4.5 5 5.5 6
power loss exponent (o)

Figure 5.4: Average BER versus power loss exponent («) in downlink cellular net-
work.

The impact of the power loss exponent, « in the average BER of a downlink
cellular network is assessed in Figure 5.4. The error rate initially drops with the
increase in « due to the decrease in the aggregate interference power received at

a typical user. However, the received power from the serving BS also decreases
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at the same time. Eventually, when the decrease in the desired signal power due
to the increase in o becomes more significant than the decrease in the aggregate

interference power, the error rate starts increasing.

5.4 Conclusion

The contributions of the chapter are two-fold:

1. We developed UA for the error probability of an intended link subject to
interference from the surrounding nodes distributed according to a PPP. Both
single-antenna and MRC receivers were analyzed. The diversity order of the

system is found to be 2/a, independent of the number of receive antennas.

2. We introduced the MT based approach to error probability analysis of a typi-
cal user served by the BS providing the maximum received power in a cellular
network. The BS locations were modeled as a PPP. A closed-form expression
for the average BER of BPSK modulation in Rayleigh fading was derived.
The average error probability is found to be independent of SNR and BS

density.
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Chapter 6

Outage Probability of Underlay
Cognitive Relay Networks with
Spatially Random Nodes

This chapter! considers an underlay cognitive relay network coexisting with a pri-
mary digital TV broadcasting network, in which the secondary user transmissions
are power constrained to limit the interference on any primary receiver in the net-
work. The primary receivers and secondary relays are randomly located due to
irregular deployments and/or mobility and thus, their spatial distributions are mod-
eled by two independent PPPs. We analyze an opportunistic relaying scenario and
develop a relay-selection scheme by considering the interference constraints on all
the primary receivers in the network. We then analytically evaluate the relaying per-
formance in terms of the outage probability by using tools from stochastic geometry
and point process theory, and finally compare the performance against that of direct
communication. Closed-form expressions are derived for the outage probabilities

of both the relay and direct links, along with their high SNR asymptotics.

6.1 Introduction

Deployment of HetNets has emerged as the most cost-effective approach to cope
with the exponential growth in cellular data traffic. However, despite the tremen-

dous improvement in the spectral efficiency offered by HetNets, more radio spec-

IThis chapter has been published in the proceedings of the IEEE Global Communications Confer-
ence (GLOBECOM) 2014, Austin, Texas [121].
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trum than currently available will be needed to accommodate the unrelenting de-
mand for mobile data in future cellular networks. It has been shown in [42] that
a large portion of the currently deployed spectrum is sparsely utilized. Cognitive
radio is an emerging technique that can potentially alleviate the spectrum-scarcity
problem by exploiting the underutilized portions of the radio spectrum. Cogni-
tive radio allows the unlicensed (secondary) users to access the licensed (primary)
users spectrum with minimal or no impact on primary user communications. The
VHF/UHF TV spectrum is the most promising candidate for cognitive access due
to its lower propagation loss and the availability of large amount of underutilized
spectrum [122]. A cellular network operating in its regular licensed spectrum can
utilize the TV spectrum for additional capacity through cognitive secondary usage.

Among the various approaches to primary-secondary spectrum sharing— infer-
weave, overlay and underlay [40], underlay method is appealing for its low im-
plementation complexity. It supports primary-secondary concurrent transmissions
only at the cost of the knowledge of the interference channel gains to primary users,
unlike the overlay system, which requires knowledge of primary users’ codebooks
and their messages as well [40]. In this chapter, we analyze the underlay approach
to secondary usage of underutilized TV spectrum. Since the underlay system must
operate under strict transmit power constraints to ensure that the resultant interfer-
ence on each primary receiver is below a predefined threshold, the coverage range
is limited. Cooperative relaying, in this case, is a natural choice to achieve the
adequate radio-reception quality at distant users. We propose a novel cooperative
relay transmission scheme with interference constraints and then evaluate the gain
in outage probability (the commonly used measure for quality of reception in wire-
less communications).

In particular, we consider opportunistic relaying by idle users in underlay cog-
nitive radio networks. Generally, in practical networks, the users are expected to be
highly mobile and their locations vary with time. The secondary relays are thus as-
sumed to be randomly and independently located in the network area, and are thus
spatially modeled by a PPP. The PPP is a widely used spatial model for networks

with a possibly infinite number of nodes randomly and independently distributed in
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a finite or infinite area [58]. The PPP-based modeling of the locations of primary
and secondary users is adopted in [61] to evaluate the aggregate interference caused
by the secondary users on the primary system in underlay cognitive radio networks,
and in [60] to analyze the performance of different cognitive radio MAC protocols.

The coexisting primary system is a digital TV broadcasting network. Differ-
ent standards have been developed for digital TV broadcasting such as European
Digital Video Broadcasting (DVB-T for terrestrial and DVB-H for handhelds), the
North American Advanced Television Systems Committee (ATSC) and Integrated
Services Digital Broadcasting-Terrestrial (ISDB-T), most of which are based on
OFDM for robustness against multipath distortion [123]. Due to the broadcast na-
ture, any underlay secondary transmission must satisfy the interference constraints
on all the TV receivers in the network. We assume that the TV receivers, either
fixed or mobil,e take unplanned/unknown positions, and their spatial distribution is

modeled by a PPP.

6.1.1 Previous Work and Contributions of the Chapter

Substantial research work on underlay cognitive relay networks has been reported in
the literature [ 124—127]. The outage probability of a cognitive single-relay network,
in which the transmit power is constrained according to the interference threshold
at the primary receiver, is analyzed in [124] under Nakagami-m fading. Optimal
power allocation schemes, which maximize the overall rate of a cognitive single-
relay network are investigated in [125], while adhering to the interference power
constraint on the primary receiver. The conventional relay selection schemes are
redefined in [126] and [127] for a cognitive multiple-relay network to incorporate
the interference constraint in terms of the required outage probability of the pri-
mary transmission and the maximum tolerable interference power at the primary
receiver, respectively. Joint relay selection and power allocation to maximize the
system throughput under interference constraint is investigated in [128]. However,
these studies consider a fixed number of relay nodes and either ignore the effect of
path loss and thus the spatial configuration of the relays or assume the relay loca-

tions to be deterministic (known a priori). These assumptions are not suitable for
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analyzing cognitive radio networks with inherent mobility of the secondary users.
Further, in these work, no two primary receivers have the same transmitter and thus,
any secondary transmission needs to satisfy the interference constraint at only one
primary receiver. In contrast to these work, we focus on the following aspects in

this chapter.

1. Considering the multicasting primary network, we take into account the spa-
tial distribution of primary receivers and derive the outage probability of the
direct link between an underlay secondary source node and its destination,

while satisfying the interference constraints on all the primary receivers.

2. We next consider the opportunistic relaying between the source-destination
pair and derive the outage probability of the relay link, while taking into

account the spatial distribution of the relays.

3. The relay-selection scheme is designed by considering not only the source-
relay and relay-destination links, but also the stringent interference constraints

on all the primary receivers.

4. We finally compare the outage probability of the relay link with that of the

direct link.

The rest of the chapter is organized as follows. The system model and the relay-
ing scheme are presented in Section 6.2. In Section 6.4, the outage probabilities of
the direct link and the relay link are derived in closed forms along with their high
SNR asymptotics. The analytical results are verified through Monte Carlo simula-

tions in Section 6.5. Finally, some concluding remarks are presented in Section 6.6

6.2 System Model

We consider a cognitive radio system consisting of primary and secondary net-
works. The multicasting primary network consists of a primary transmitter and a
number of primary receivers, which are spatially distributed according to a homo-

geneous PPP @, = {41, y2,¥s ...} on R? with density \,, where y; is the location
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of the ith receiver. The wireless communication between a secondary source node
S (located at the origin o without loss of generality) and a secondary destination
node D (located at [; € R?) is considered, where the distance between S and D,
|lo — 14]| is fixed at L. The S — D communication occurs either directly or through
opportunistic relaying by a set of idle users in the secondary network. The spatial
distribution of the idle users on R? is denoted by ®, = {x1, x5, z3, ...}, where z;
is the location of the ith user. @, is assumed to be a homogeneous PPP with den-
sity \s. A realization of the primary receivers and secondary relays spatially dis-
tributed according to independent PPPs is shown in Figure 6.1. From the definition
of PPP [57,59], the number of primary receivers N, and the number of secondary
relays N, in a given area A are independent Poisson random variables (RVs) with
mean A\, and A\, respectively. Also, the numbers of primary receivers in disjoint
areas are independent, and so are the numbers of secondary relays.

The primary multicast network is assumed to be based on OFDM, and thus,
each primary receiver occupies a number of frequency channels called subcarriers.
A secondary transmission uses a frequency channel from the primary spectra. Each
frequency channel undergoes independent flat fading. We assume that all the pri-
mary and secondary nodes have a single antenna for transmission and reception.
The single antenna model leads to simple analytical results with insights into im-
portant system parameters. The extension to various multiple antenna techniques to
analyze their impact on the performance could be an important direction for future

research.

6.3 Channel Model and Transmission Schemes

Independent Rayleigh multipath fading is assumed between any pair of nodes and
across frequency channels. A general power-law path loss model with loss expo-
nent « is also considered in which the signal power decays at the rate of r—* with
distance r from the transmitter. Consequently, the channel power gain of the jth
frequency channel between a pair of nodes at = and y is given by 17, ||z — y[|~°,

where h;y is the fading power gain, which is exponentially distributed with unit
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mean. The value of « is typically in the range of 1.6 to 6 [12], where o = 2 is for

free space propagation.

6.3.1 Direct Mode

Let the direct S — D communication occur over frequency channel n. The source S,
while transmitting, must ensure that the interference imposed on each primary re-
ceiver is below a predefined threshold /. If this constraint is satisfied for the primary
receiver to which it generates the largest interference power, then the constraint is

n

satisfied for all other receivers. Let Hg, = gé%)p( hy, [lo — y||~* be the largest in-
terference channel gain associated with .S on the nth frequency channel. Then, the
transmit power of S on this frequency channel is constrained as Ps, < I/Hg,. The
information about the largest interference channel can be acquired through primary
receiver detection algorithms [129] or through beacons [130]. If S transmits with
the maximum allowable power, the received SNR at the destination D is
SNRsp(0,14) = L o LT (6.1)
NoHg, ¢

where N is the noise variance. The interference signal from the primary transmitter

is treated as Gaussian noise [40].

6.3.2 Relaying Mode

In the relaying mode, the S — D pair communicate through an intermediate node
selected from the set of available idle secondary users. The relaying protocol used
is decode-and-forward (DF), with the assumption that there is no decoding error
if the received SNR is greater than the threshold ~;,. Although all the idle users
distributed over R? are considered as the candidate relays for the selection of the
best relay in our analysis, this method is equivalent to considering only the idle
nodes within a circle of radius R >> L as the candidate relays. As the path loss
becomes more pronounced than fading when the relays move away from the S — D
link, the nodes beyond R are less likely to be chosen. The relays operate in the half-
duplex mode, and hence, the information transmission from S to D requires two

time-slots. We assume that each candidate relay uses a different frequency channel
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among the primary spectra [127]. Relay selection, thus, involves the selection of the
primary spectrum as well, and the system also gains from multispectrum diversity
[131]. If the source S transmits with the maximum allowable power Ps; max =
I/H s; on the jth frequency channel used by the candidate relay R; at v € @, the

received SNR at 1?; in the first time-slot is given by

I .
SNRsr; (0, 7) = mhﬁm lJo — ||~ (6.2)
04555

The source S can successfully transmit information to any candidate relay at which
the received SNR is greater than the threshold 7,,. These nodes are the potential
relays (represented by the triangles in Figure 6.1) to retransmit the successfully
decoded message to the destination D in the second time-slot. Let &, denote the

set of potential relays, i.e.,
(ADS = {x € (DS7 SNRSRJ (07 .’,U) 2 ’Yth}- (63)

The transmit power of a potential relay R; at x € ®, is constrained as Pg, <
I/Hpg,, where Hp, = max hl, ||z — y||~ is the largest interference channel gain
associated with ;. Under the proposed relaying scheme, the best node from the
set <i>s is selected. While in a conventional relay network, the relay that has the best
channel to the destination would be selected, our selection criterion considers the
interference constraint as well. We denote the location of the selected relay by (,

i.e.,

( = argmax h:]”lde — Ll

rzedg HR]‘

(6.4)

The corresponding received SNR at the destination D from the relay link when the

selected relay transmitted with the maximum allowable power is

I —
SNR (G ) = g7 1€ = 1™ 65)
J

where J is the index of the selected relay.

6.4 Performance Analysis

The outage probability is chosen as the performance metric for the given system.

To derive the outage probabilities of both the relay and the direct links, we first
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Figure 6.1: Spatial distribution of the primary receivers and the secondary re-
lays according to independent PPPs. The asterisks are the primary receivers
(A, = 0.15/m); the dots are the idle secondary users which serve as candidate
relays (\; = 0.5/m); the triangles are the potential relays, i.e., the relays at which
the received SNRs are greater than ~;, = 5 dB; and the square is the selected relay
as per the proposed scheme. The S — D distance L. = 4, the path-loss exponent
o = 4 and the noise normalized interference threshold I = 10 dB.

derive the distribution of Z = max hey |lc — y||~* where ¢ € R?, {y € ®} are
the points of a homogeneous PPP ® on R? with density A, and {h.,;y € P} are
independent exponentially distributed RVs with unit mean. We can observe that
Z does not depend on the exact coordinates of the points y € &, but rather on
their distances from c. Let us define ®; £ {l = ||c — y||; y € ®} as the transformed
points of ® by mapping the 2-D space into a positive real line with a function f such
that f(b(c,1)) = [0,1] (i.e., each point of a closed disc b(c, [) on R? of radius [ and
center c¢ is mapped into the closed interval [0, /] on RT). From the mapping theorem
(Section 2.3), ®; is also a PPP of density A(l) given by [, A()dl = [, Adz.
Thus, A(l) = 2w AL
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Probability Distribution of Z

The probability distribution of Z = max hey ||c — y||~ can be derived as follows:
ye

Fz(2) =P (I;leaqz(hcy lle—y||7* < z)

:EélHP(hcyHC_yH_a < Z\y)}

yed

= Eg, { [T (@ = exp(—21)) |, (6.6)

led;

where the second equality follows from the independence of RVs {%.,;y € ®} and
(6.6) from the fact that h., ~ Exp[1] and the transformation of ® to ®;. Now, by
using the PGFL of PPP given by (2.7), we have

Fy(2) = exp ( — 27\ /Ooo eXp(—zlo‘)ldl)

— oxp (-Zz/tr(i + 1)) , (6.7)

where (6.7) results from the definition of the Gamma function [113, 8.310]. Equa-
tion (6.7) reveals that the distribution of Z is independent of c. In the following sec-
tion, we use the notation Z(\, «) to denote the distribution of max hey ||l — yl| 72,
c € R
The transmit power of any secondary node k given by P, = I/H,,, where Hj, ~
Z(Ap, a) is, thus, independent of the location of the node. The average transmit
power of a secondary node can be obtained as
P:/wdeHk(z) _y D2+l
0 2 (T (2/a + 1))

(6.8)

6.4.1 Outage Probability of the Direct Mode

The outage probability of the direct S — D link, P; = P(SNRgp(0,1;) < ) can
be obtained by using the SNR expression (6.1) as follows:

Ihn L=
Pi=P|—— <
hj;ld)] , (6.9)

NoHsg,

—E.n _ola
o NovnL®

IhY,
P Hsn > d
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where Hs, = max ho, llo = yl|=* ~ Z(Ap, ). By applying the CDF derived in
yeLp
(6.7), followed by the expectation over 7 ~ Expl[1], P; can be simplified as

P=1- / exp (—5 Lzu_2/°‘) e “du
0

2
:1—F<1,O,BL2,—), (6.10)

@
where I'(, -, -, ) is the extended incomplete Gamma function [132, Eq. 6.2], 5 =
(T(e/2 4+ Dy /p)?*, and p = P/Nj is the average transmit SNR. The asymptotic
performance as SNR — oo, thus, can be analyzed with the asymptotic 5 — 0. By
using exp(—z) = 1 — z as x — 0, the asymptotic outage probability of the direct

link is given by
Py~ b L2 (3 /)" + O(p~4) as p— oo, (6.11)

where b = I' (=2/a + 1) (I’ (a/2 + 1))/,

6.4.2 Outage Probability of the Relaying Mode

The analysis of the outage probability of the relay link given by P, = P(SNRg,p <
~) involves Euclidean distances from the randomly located relays to the source
and the destination. Therefore, it is mathematically convenient to use a polar coordi-
nate system, where 2 € R? is represented as z = (r, #). We take the coordinate axes
to be oriented such that [; = (L,0). The corresponding distances from the relay

located at z to the source and the destination are then given by dg(z) = ||o—z|| = r

and dp(z) = ||z — lg|| = V/r2 + L2 — 2rL cos 0, respectively. According to (6.4)

and (6.5), the relay link outage probability can be expressed as

.
P.=P(———n) ||C—=1]7 <
(st e = 7 < )
b d=%(x N,
P, =P | max 22 (@) < Jinto ) (6.12)
xE‘ii)S HRj I

By utilizing the independence of RVs {Hp ;x € d,}, we have

P.=E; E, (P(Hp >-— % _|pJ
o T o, (P(10 > iy o))

xeés

:E@S{ 1T (1— /0 h exp (—Bd%(x)v™4*) e dv)}, (6.13)

(Ee‘i)s
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where (6.13) follows from the fact that Hp, ~ Z(\,,a) and hild ~ Exp[1]. In
order to compute F,, we need to first identify the properties of the set of potential
relays d,. Since the SNRs at the candidate relays (6.2) are independent, the set
®, in (6.3) is formed by independent thinning of the original process P, i.e., by
selecting a point - of the process ®, with probability p = P(SNRgr, (0, ) > Vi)
independently of the other points in the process. Since ®, is a PPP, the thinned

process ®, is also a PPP [57] with density \,(z) given by
As(z) = \P(SNRgp, (0, ) > v)
= )\S/ exp (—B r2u_2/°‘) e “du
0
5 2
=\I(1,0,8r% 2], (6.14)
«

where (6.14) is derived by using the fact that P(SNRgg, (0,7) > vi) = 1 — P4

with the receiver location [; = x. The average number of potential relays can be

2m 00
Afi/ / As rdr d6
o Jo
00 2 e’}
= )\s/ e‘”/ / exp (—57’2u_2/°‘) rdr df du
0 o Jo
:”&r(3+1), (6.15)
I} Q

where the second equality is obtained by substituting the integral expression for

obtained as

Xs(x), followed by the change in the order of integration. Since ®, is a PPP of
intensity A¢(z), by using the PGFL of a PPP, the P, in (6.13) can be simplified as

P, =exp (— /11@2 As() /000 exp (—Bd%(:c)v_g) e dv dx)

= exp (_)\sr(ﬂ))a (616)

where

u=0 =0

X T exp (—ﬁ(v o+ %)r2>
r=0

X / exp (2 153 Lv~arcos 9) df dr dv du (6.17)
6=0
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Equation (6.16) is obtained by substituting the integral expression for A\ (x), fol-
lowed by the conversion of Cartesian to polar coordinates and the change in the
order of integration. The integral with respect to  in (6.17) can be solved by us-

ing [113, Eq. 8.431.3] as follows:

Y@= [ e [ e (cornt)
u=0 —o
X /7::)27“ exp (‘ﬁ(v_% + u—g)rg)
X Io <2ﬁLv_%r) dr dv du, (6.18)

where Iy(-) is the zeroth order modified Bessel function of the first kind. The inte-

gral with respect to r can be reduced to the form Z = [ 2 exp ( s ) Io (5r) dr
by substituting 28Lv=%* = s/0? and B(v=2/* + u=*) = 1/(20?) so that Z inte-
grates to unity. Y (/) can then be simplfied as

e L
= — e
5 u=0 v=0 (,U—2/a + u—2/a>

pL
X exp <—W dv du, (619)

which can be accurately approximated by using the Gauss-Laguerre quadrature rule

[133, Eq. 25.4.45]. The outage probability of the relay link can finally be expressed

as
(o)
P, ~ exp 2:: 2:: =l R (6.20)
where ¥;(i = 1,2,...,n) are the nodes of Gauss-Laguerre quadrature and w;(7 =
1,2,...,n) are the corresponding weights. The exponential decrease in the outage

probability of the relay link with the increasing density A\ of the relay nodes can
be observed. The asymptotic outage probability of the relay link can be obtained as

follows by using exp(—x) = 1 — x as z — 0 for the last exponential in (6.19):

P, A esp (=\as (Dle/2+ 1) (p/3)7)
x (1+0(p7%%) as p— oo, (6.21)
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Figure 6.2: The outage probability versus threshold -y, for different levels of inter-
ference threshold / when A, = 0.5 and L = 2.

where A = exp (\,;7L*Z;) and Z,, T, are given by

7 dv d 6.22
1= /uO AOU2/Q+U2/aUU ( )

IQ / / —2/04 + u—2/a>(,u2/a + U,2/a) dU du (623)

which can be readily computed for the given value of a.

6.5 Numerical and Simulation Results

In this section, we validate our analytical results through Monte Carlo simulations
and assess the impact of various parameters on the performance of the proposed
system. The path loss exponent « is assumed to be 4. The interference threshold I
is normalized by the noise power N,. We define A, and A, as the average number of
primary receivers and candidate relays, respectively, within a circle of unit radius,
ie, A, =7\, Ay = m\,. Unless stated otherwise, A,, is set to 0.15. To compute the

analytical outage probability of the relay link by using (6.20), we choose n = 30.

122



-|-|-|-|-._,_
el R L o T T R -

Outage Probability

10°F | — — — Analytical: Direct | ::
: Analytical: Relaying | ::::
*  Simulation
107*} .| == Asymptote
0 5 10 15 20 25 30 35 40 45 50

Figure 6.3: The outage probability versus average transmit SNR p when v, = 10
dBand L = 2.

The outage probability versus the threshold ,, is plotted in Figure 6.2 for both
the direct and relaying modes. The figure shows an excellent match between the
analytical and simulation results. Significant improvement in the outage perfor-
mance by using the relaying mode over direct transmission is clearly visible. If the
primary receivers can tolerate more interference, the secondary nodes can transmit
with higher power, and the outage performance naturally improves. Thus, the out-
age probability at a given value of 7, is lower for I = 20 dB than that for I = 10
dB.

The outage probability as a function of the average transmit SNR p is presented
in Figure 6.3. The high-SNR asymptotes derived in (6.11) and (6.21) for the direct
link and the relay link, respectively, are plotted in the figure along with the analyti-
cal and simulation curves. At p = 40dB, the gain in using the relaying mode over
the direct mode, G = P;/P,, is about 10.6 dB for A; = 0.5 and 14 dB for A, = 0.6.

Figure 6.4 assesses the impact of the S — D distance L on the outage perfor-
mance. As expected, the outage performance of both the direct and relaying modes

improves when the S — D distance shrinks. When the density of relays is small
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and the average transmit SNR is low as well, the source may not have any potential
relay node available for retransmission. In this case, the outage performance of the
direct mode is better than that of the relaying mode. However, if the density of the
relays is sufficient, the relaying mode outperforms the direct transmission.

Figure 6.5 shows the required average density of the relay nodes A as the func-
tion of the average density of the primary receivers A, to maintain a given outage
probability of the relaying mode. Equation (6.8) shows that the average transmit
power of the secondary node is inversely proportional to A,. As the transmit power
of the secondary node decreases with the increasing A, the outage probability tends

to increase. However, one can maintain the desired outage probability by increasing

As.

6.6 Conclusion

In this chapter, we analyzed the outage in a dual-hop underlay secondary network

coexisting with the primary TV broadcasting network. The spatial distributions
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Figure 6.5: The required average density of relay nodes A, as a function of average
density of primary receivers A, for different levels of outage probability when 7, =
10dB and L = 1.

of the secondary relays and primary receivers were modeled as independent PPPs.
An opportunistic relaying scenario with a relay selection scheme that satisfies the
interference constraint on any primary receiver was investigated. The impact of
various parameters on the outage performance was analyzed. We found that the
gain in using the relay transmission over the direct mode increases with the density
of the relay nodes. The required density of the relay nodes for the desired outage
probability increases with the density of the primary receivers. The required density
of the relay nodes however, decreases if the primary receivers can tolerate more

interference.
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Chapter 7

Conclusion and Future Work

7.1 Summary of Contributions and Concluding Re-
marks

* Chapter 3 presented a refined analytical modeling of HetNets by incorporat-
ing a proper notion of the cell load, which effectively captured the impact of
the user density and available resources on network interference. The biased-
received-power based BS-user association scheme (popularly known as CRE)
for load balancing complemented by the resource partitioning method of in-
terference coordination was analyzed for multi-channel downlink. The per-
formance gain due to the load balancing and interference coordination was
evaluated in terms of the average user data rate. It was observed that if the
bias value and resource partitioning fraction are carefully tuned, the gain can
be as high as 115%. However, the parameter tuning must be updated in ac-

cordance with the changing network load.

* Chapter 4 analyzed the downlink performance of multi-antenna HetNets with
SDMA, in which the number of users simultaneously served with SDMA in
each cell is a function of the user distribution. The ZF precoding matrix at
each macro BS was designed such that while enabling user multiplexing in its
own cell, the interference nulling to certain pico users was also considered.
The results indicated that the SINR as well as the rate coverage of the victim
pico users (those suffering strong interference from macro BS) can be signif-

icantly improved with the proposed interference nulling scheme. However,
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since interference nulling costs the macro BS its available degrees of free-
dom for serving its own users, the number of antennas dedicated for serving
its own users, 1, must be carefully chosen. The optimal choice of T}, was
found to be coupled with the association bias. The optimal combination of
Thin and association bias for average data rate performance metric was thus
numerically investigated in this chapter. The optimal L} . for both macro
and pico tier which maximize the average data rate were also investigated.
L .. was found to outperform both the SU-BF (Ly.« = 1) and full-SDMA
(Lmax = K) techniques in terms of the average data rate. The impact of im-
perfect CSI on the performance was also analyzed. It was observed that the

detrimental impact due to CSI imperfection is stronger for the interference

nulling scheme as compared to the SNR maximization beamforming scheme.

Chapter 5 introduced the UA approach to error probability analysis of an in-
tended radio link subjected to interference from surrounding nodes which are
distributed according to a PPP. UAs for both single-antenna and MRC re-
ceivers were developed. For MRC receivers, the diversity order of the system
was found to be 2/«, independent of the number of receive antennas, where
« is the path-loss exponent. An MT based approach for error probability
analysis of a typical user served by the BS providing the maximum received
power in cellular network was also presented in this chapter. The closed-form
expression for the average BER of BPSK modulation in Rayleigh fading was
derived. The average error probability was found to be independent of the

SNR and BS density.

Chapter 6 analyzed an underlay cognitive relay network coexisting with TV
broadcasting network. An opportunistic relaying scheme in which the se-
lected relay satisfies the interference constraint on any TV receiver was in-
vestigated and the impact of various parameters on the outage performance
was analyzed. It was concluded from the analysis that the gain in using the
relay transmission over the direct mode increases with the density of the re-

lay nodes. Their required density for the desired outage probability increases
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7.2

with the density of the primary receivers. The required density, however,

decreases if the primary receivers can tolerate more interference.

Future Research Directions

Due to the inherent irregularity in the spatial distribution of BSs in HetNets,
the BS locations can be modeled as spatial point process. The most popular
model for this purpose has been the homogeneous PPP, as it provides useful
insights due to its analytical tractability. However, this model may not accu-
rately characterize different deployment scenarios. For example, the opera-
tors may deploy more BSs in the areas of higher traffic-demand/population-
density. Also, although the BSs may be randomly deployed, two BSs may
not be arbitrarily close to each other. Thus, the spatial modeling of BSs needs
to be refined. While repulsive point processes are suitable for the second
scenario mentioned above [134, 135], the first deployment scenario can be

modeled as a clustered process [136].

Along with the refinement in spatial modeling of BSs, the analytical model
must accurately capture other important network characteristics such as cell
load. Most of the analysis in the literature ignores cell load by considering a
fully-loaded network (e.g. [16,19,21,47]). We got rid of fully loaded assump-
tion and characterized cell load as the function of user density and available
resources. We modeled user distribution as a homogeneous PPP, which may
not accurately captures network performance for scenarios where users could
be concentrated at areas of social attractions such as shopping malls. To ac-
commodate such scenarios, spatial user distribution modeling with adjustable
statistical properties has been recently investigated in [137]. While refining
the spatial modeling of BSs as well as the user distribution, the researchers

must be careful not to completely lose the analytical tractability.

In Chapter 4, we considered multi-antenna BSs with single-antenna receivers.
Future work could consider multi-antenna receivers performing receive com-

bining and/or interference cancellation. The impact of imperfect CSI for the
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special case of L = LP = 1 could be extended to general L' and L ..

The analytical framework presented in Chapter 5 for the average error prob-
ability analysis of the downlink communication of a typical user considered
a single-tier cellular network with maximum-received-power based BS-user
association. An important extension of this work would be to consider multi-
tier HetNets with various BS-user association and interference coordination
schemes. Even the error probability analysis requires the proper characteri-
zation of the cell load because the interference from a BS is a direct function

of its load.
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Appendix A

Proofs for Chapter 3

A.1 Proof of Lemma 4

We have
1 if Nl/ +1< L,{(l)
=19 L herwi (A.1)
vi4n  Otherwise.
Thus, 7; = E [t;] can be derived as
Liy@y—1 © b l
Ti= ) P(Nj=n)+ Yy UPN=mn)
n=0 n=L,
> L. L L
=y :L()IP(N{ =n-1)-Y (% - 1)P(N; =n—1). (A2)
n=1 n=1

We know, the probability that a typical user belongs to a given cell is directly pro-
portional to the area of the cell. Thus, the conditional PDF of the area of a Voronoi
cell given that a typical user belongs to it is given by fa(a) = cafa(a), where
fa(a) is the unconditional PDF, and c is a constant such that [ f4(a)da = 1. The
PMF of N/ can then be similarly derived as in Lemma 2 as

3.5%5T(4.5 + n) (Ui /Acwy)"

P(N/ =n) =
(Ni =n) F(3.5)n!(Ul)\u/>\g(1) + 3.5)n 45’

n>0,VlI€{m,o,e}, (A3)

where A¢(n) = Ay and A¢o) = A¢e) = Ap. The final expression for ¢; in (3.13)
is obtained by substituting the PMF of V] in (A.2), where the first term is further
simplified by using P(N] = n — 1)/n = A¢qy)/(UA)P(N; = n), followed by
> oo P(N=n) = 1.

147



A.2 Proof of Lemma 5

The average link spectral efficiency C; of the user u when u € ®! can be expressed

as
- [ mq
Ci= g [ MO+ DR
1 o _

where f;(t) is the conditional PDF of the SINR of the user u, given that u € ®!,.
The second equality is obtained by expressing f;(¢) in terms of CCDF Fj(t) =
P(SINR; > t) as fi(t) = —%. Equation (3.14) is then obtained by using inte-
gration by parts.

By using the SINR expression (3.8), the SINR distribution of the typical user «

conditioned on u € P can be derived as follows:

_ Pohy, D—om
F(t) =P m t),
( ) (Ibmym + Ibn’uo + 0-2 )

(A.4)

where Iy, = Py Y ha,||2]| " and I, o = P, Y _ hy||70|| 7. By utilizing
me‘I’m\bm €W, _
the fact that h;, ~ Exp(1) and the independence between [y, ,, and Iy, ,, [, (1)

can be further expressed as

n = t0'2 am t QOm t Qam
Fm(t) = 0 eXp - Pim/r ﬁjbm,m PimT‘ Elbm,o Fmr fDm (r)dr7

(A.5)
where £;, () and £;, () are the Laplace transforms of I, ,, and I, ,, respec-
tively, and fp, () is the PDF of the distance D,, between the user u and the serving
BS b,,. The cumulative distribution function (CDF) of D,,,, Fip, (r) = P(D,, <)
can be expressed as

P(R, <r,u€ ®)
P(u € ®m)

1 T
i /P(sz(BPp/Pmﬂ/%R?nm/aﬂRm:y) fr(W)dy.  (A6)
m JO

Fp, (r) =P(R,, <rlu € ®) =

After using the distributions of 17, and R,,, which are derived in the proof of Lemma

1, the required PDF [, (r) can be obtained as

. dFDm(T) o 27T)\m — A2 BPp % 2;17771
fou(r)=—1——= o exp(—mp(P—m) r ) (A7)
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The Laplace transform £;, (s) = E [exp(—s1y,, 1), VI € {m, 0} at s = t/P,r*"

can be derived as

t
’CIbm,l (P_Tam) =Eyg,

P
[T o (20t 0 )

wle‘l’l\bm

Vi e {m,o}, (A.8)

where Py = Py Peo) = Pps Q¢(m) = Qm, and a¢,) = ;. By using the PGFL of
PPP W, with density p;\¢(;), followed by the expectation with respect to exponential
RV h,,, we have

t o 1
L — 7o) =ex —/ (1 — )27r A dy |,
o (Pm ) g < m 1+t pamy=acw prws

Vi e {m,o}, (A.9)

where A¢(m) = Ay and A¢o) = Ap; 1 and 7, are the distances from the user u to
the closest interferer in the macro and pico tiers, respectively, given that the user
u is served by the macro BS b,, at a distance D,, = r. Thus, n,, = r and n, =
(BP,/P,,)"/2»rem/» Now, with the change in variables (t P, 1 P gyrom) ~2/*cw y? =

u and further simplification, we get
L iro‘"‘ =exp | —mpiAey(tP P, 7“0‘7”)2/O‘<“> h b du
fmt \ P, LAY n 14y’ ’
Vi € {m,o0}, (A.10)

where v, = t=2/% and v, = (t/B)~?/%. The integral in the above equation can

be solved in terms of the Gauss Hypergeometric function as [17, eqn. (24)]

2 1
1,1,2 — ]

ac)’ 14 0"
(A1)

The final expression for F},(t) in (3.15) is obtained by substituting (A.7) and (A.10)

/OO 1 . 2 1% F
v Lo (age —2) (1 4 00 "

into (A.5). The conditional SINR distribution for a typical unbiased and range-
expanded pico user, (3.16)-(3.17), can be similarly derived.

The simplified expressions for F},,(t), F,(t) and F,(t) in (3.18)-(3.20) can be
obtained by substituting 02 = 0, a,,, = o, = « in (3.15)-(3.17), and then solving
the integrals as [~ r exp(—£r?)dr = 1/(203).
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Appendix B

Proofs for Chapter 4

B.1 Proof of Lemma 6

The LT of I, = Iy, ;n + I, is given by Elbp (5) = E[e™*%] = lep’m (S)LIbp’p (),
where the LT £, (s) = E[e~*1), Vg € {m, p} can be derived as

Li,,(5) = Eq, T Ec, [exp(=sPi Il ™)]. (B.1)
zed,
where \ilp = W,\b,, U, = W, \v, ifu € y, else W, = W, . Given Mg, Coy ~
Gamma(M,, 1). By performing the expectation over this conditional distribution,
followed by the PGFL of PPP with density p,\,, and finally the expectation over
the PMF of M,, we have

& 2 a-2 P
Elbp,q(s> = exXp {_ﬂ'pq)‘qw;q(z o F1 |:i, —a, , — 4 8] P(Mq = Z)—l) }7

i1 a D
(B.2)

where w, , is the lower bound on the distance to the closest interferer from u in
the tier ¢ € {m, p}. Thus, w,, = r, and w,,,, = 1 if u € x; otherwise, w,, , =
pr. By using the law of total expectation, Ly, . (s) = ¢Ly, . (slu € x) + (1 —
$)L,, . (slu & X)-

B.2 Proof of Theorem 2

By substituting (4.24) into (4.30), followed by A, = K, — M, and then averaging

over the joint PDF fp v, (r,71) of D, and V,,, expressed as fv,,p,(r1)fp,(r), we
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get

P,(yIM, = k) = oT1(v|M, = k) + (1 — p)T2(v| M, = k), (B.3)
where
Kp—k—-1 l
R (=s) d' /.
TWM/:l{::/ / — (L s)Lr, (8)) |,
1( ‘ b ) r=0 Jri=pr lz:; l! dSl ( Ibp’m( ) Ip’p( >> T Py
X fviip, (11|7) fp, (1) dry dr, (B.4)

and Ty(y[M, = k) is given by a similar expression with E}bpym(s) replaced by
Eip,m (s). However, since the LT in Ty (| M}, = k) is not a function of 7, averaging
over the PDF of D, only is required. We thus derive T () first, as Ty () then
follows immediately. Let y(s) = e ™, and t(s) = ppAnri =2 <1, 1, I:—?S) +
PpAr2 ED (1, 1, %s). The LT in (B.4) can be expressed as E}bp,m(s)ﬁjbp,p(s) =
e”(pmA"”"%erP’\”’"Q)y(t(s)), the [th derivative of which can be evaluated by applying

Faa di Bruno’s formula (4.31). By using yt(é%) (t(s)) = (—m)“ exp(—mt(s));

4 P p\* P,
— = (1,1, s ) = (=L ) = (1,1,-Ls), (B.5)
dsa™° w w 1 w

which follows from the property of the Gauss Hypergeometric function; and the

properties of integer partition 2221 quh, = I and 2221 pth, = wh, we have

dl
— (£, (9Ln,,))
P

1 l 1 2wl —al 2 7\ 2
- Z Co(—=m) e (=Fp) 'y exp {7”"1 (pm)\m +pp)‘p<7,_) ) }
o=1 1

2
x exp {—wr% ( w20 (5, 27) +ph(2) Zh (1, m)) }
1 T1

l

—m r r —aq+2 _ Méq
X H <pm)\m5q:q (57 7"_17 7) + pp)\p(a) ‘:Z (17 17 7)) . (B6)

q=1

yre

S= Pp

The final expression for T4 () in (4.33) is obtained by changing the order of inte-
gration, followed by substituting ;- — 0, ri — ry, then integrating with respect to
71, and finally averaging over the PMF of M.

For T5(7y), the [th derivative is the same as (B.6) with r; replaced by pr. Af-
ter evaluating the derivative, we simply integrate with respect to r, followed by

averaging over the PMF of M) to obtain the final expression for Ty(7) in (4.34).
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B.3 Proof of Theorem 6

Due to limited feedback, even when a typical pico user u belongs to Y, it receives
residual interference Y = PmCm —@ from its nearest active macro BS, where Cm

Exp|1/k;]. Thus, the LT of total macro tier interference when u € y is given by

Ly, (sluex) =Ly (B[] =Ly (s)(1+sPurri®) ™ (B.T)

Ibp m

where E}b _(s) is the LT of total macro tier interference with perfect CSI, given by
(4.25). The LT of total pico tier interference L p(s) is equal to £y,  in (4.27).
Since (3, ~ Gamma(K,, ),

Kp—1 (_8)1 dl
Tior(y|r,r) = Z T <£}b 8L, (s)(1 +3Pm,{1r1—a)—1) oo a8
1=0 ) pFp
Kp—l l l dv
1
= S () 8 (e 00, )
=0 v=0 ( )dS ’
dl—v
X dsl_v (]. + SPm/fI’rl_a)_l ‘szlgrg 5 (BS)

where the second equality follows from Leibnitz’s theorem for differentiation of

product [133, p. 12]. The vth derivative of £j, ()L, (s)ats = — - s given

by (B.6) with [ replaced by v and ~ replaced by 7/x,. The (I — v)th derlvatlve of

(1 + sPyrrry®)~" can be obtained as

di-v (= Pkry )l —v)!
— (L4 $Porpry®) 7 e = . . (B.9)
dst Py (1+ vlin;pf (m) JivtL

After substituting the derivatives, the final expression of T 1 r(7) in (4.57) is ob-
tained in the same way as T;(+) in Theorem 2 by averaging over the joint PDF of
Sy Vi (15 71).

Ty rr(7y) and P, 1 r() can be derived in the same was as Ty(y) and P,,(7)
for perfect CSI in Theorem 2 and 3, respectively, because the LTs of interference
powers are the same as those of perfect CSI case. The only differences that should
be taken care of are the probability distributions of Bbp and Bbm- With limited feed-
back, Bb,, ~ Gamma(A,, x,) and By~ Gamma(A,,, £,,). Since Bbp and 3,

m m

can be expressed as Bb,, = kp/%, and Bbm = Km/b,,,» where 3, ~ Gamma(A,, 1)
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and (3, ~ Gamma(A,,, 1) are the corresponding channel power gains with perfect
CSIL, Ty 1r(7) is given by (4.34) with 7 replaced by v/, and similarly P,, .z (7)
by (4.37), with y replaced by v/ k.
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Appendix C

Uniform Approximations for Error
Probability Performance in fading,
noise and interference

In this appendix', the concept of uniform approximation (UA) for average error
performance analysis of wireless communications is introduced. The average per-
formance analysis of wireless communications impaired by fading, noise and inter-
ference typically requires averaging the performance metric h(~y) over the statisti-
cal distribution of the instantaneous SNR/SINR ~. However, the exact closed-form
solution may not always be possible due to analytical intractability. Sometimes, al-
though analytically tractable, the solution may be very complex to provide any use-
ful insight into system performance. Thus, simple approximation which serves as
an alternative to exact solution and provides important insights into critical system
parameters is highly desirable. Various approximations have thus been developed
in the literature [3, 138—141]. In contrast to these approximations, the beauty of the
UA is its excellent accuracy over the whole range of SNR/SIR.

A very generalized result for the error probability UA of wireless transmissions
over flat fading channels is developed in this appendix, which can be applied for the

following typical scenarios in wireless communications.

* The additive impairment is AWGN.

!Contents of this appendix have been published in the IEEE Transactions on Communications [117]
and also in the proceedings of the IEEE International Conference on Communications (ICC) 2012
[116].
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The additive impairment is dominated by interference.

Theoretically, the UA is valid for any transmission scheme, any modulation, and

any fading channel as long as the following assumptions are valid.

AS1)

AS2)

AS3)

The instantaneous SNR/SIR at the receiver can be expressed as v = pX,
where p is a deterministic quantity, and X is a nonnegative RV which depends
on the desired and interference channel gains, and the transmission/reception

techniques.

The PDF fx () accepts a polynomial expansion® fx () = S 0" a(k)z*++
O (p5+*1) as z — 0%, where a(0) > 0, and ¢ is the polynomial growth rate
of fx(z) at 0. In [3], the authors approximated the PDF with a monomial term
Ix(z) = a(0)z" + O(z™™) as  — 0T to quantify the high-SNR (p — o0)
average error probability of wireless transmissions impaired by fading and

AWGN in terms of the array gain and diversity gain as (2.14).

The conditional error probability function denoted by h(v) decays exponen-
tially as v — oo and admits a polynomial expansion as v — 07. From
(C.1), such decay implies that the MT #(s) has poles in the left half-plane
only. This phenomenon shows up in common A(7) including Q(\/k7) =
f;% - e~%/2du, which represents the error probability of various coherent
digital modulation and demodulation schemes. Similarly, h(y) = pe~? or

exponential sums/integrals represent the error probability of non-coherent de-

modulation schemes [70, 71].

Before deriving the error probability UA, we first need to lay the necessary

groundwork, which includes mainly the asymptotics of error probability as p — 07

and p — oo. The asymptotics are derived in Proposition 1 by using the MT-based

method. The basics of MT are thus introduced first in Appendix C.1, followed by

Proposition 1 in Appendix C.2 and finally, our main result for error probability UA

in Appendix C.3.

2f g(x

) = Yo panz™ as x — 01, we write g(z) = Sn(z) + O(@V 1) as @ — 0T, where

Sn(z) = SN ana™, to express that the difference |g(z) — Sy ()| is smaller than C|zN+1| for
some constant C' as z — 0T. Thus, the partial sum Sy () is an asymptotic of f(x) with an error
term O(zV+1) as x — 0%. Similar series of =" forms an asymptotic expansion as x — oo.
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C.1 Basics of Mellin Transform

Let g(y) be a function defined on the positive real axis 0 < y < oo. The MT of

g(y) on the complex plane is

Mlg(y);s] = G(s) = /OOO v lg(y) dy, (C.1)

for some complex s [142]. G(s) is holomorphic (a function that is complex differ-
entiable in a neighborhood of every point in its domain) in a vertical strip called the
fundamental strip. For example, for Mexp(—y); s| = I'(s), the fundamental strip
is 0 < R(s) < oo. More generally, if g(y) = O(y™) asy — 07 and O(y~") as
y — oo with u < v, the fundamental strip is u < R(s) < v.

Crucially, the MT maps the asymptotic expansions of g(y) at y = 0 and oo to
the poles of G(s). In order to understand this result, suppose g(y) decays rapidly as
y — o0, and g(y) = Zg:_ol d.y™ + O(yY) as y — 0. The MT is then given by

N-1 —1 o
1

G(s) = /01 Yyt (g(y) -~ Z:: any") dy + /01 ! 2:: dny" dy + / y*g(y) dy
= /01 y* ! (g(y) -

N-1 N1 o
dy™ )d n 1oy dy.
y)y+nzzos+n+/l ¥ g(y) dy

The first integral converges in the larger half-plane R(s) > —N and the second

n=0

for all complex s. Thus, we see that G(s) is singularity-free for all R(s) > 0 with

simple poles of residue d,, at s = —n (n = 0, ..., N — 1) and no other singularities.

C.2 Error Probability Asymptotics from Mellin Trans-
forms

The average probability of error can be expressed as

Pp) = [ (o) fla) do €2)

where fx(x) is the PDF of X, and h(x) is a conditional error expression that re-
quires averaging over noise, fading and other effects. Generically, the asymptotic
of P.(p) as p — oo is given by P.(p) = >, -,d.p™"" where d,, and v, are

real number sequences, with v,, positive and increasing. Similarly, as p — 07,
156



P.(p) = > >0 dy,p"" where d;, and u,, are real number sequences, with u,, positive
and increasing. For coherent modulations, w,, is not an integer sequence because the
conditional error is a function of ,/p. In contrast, for non-coherent and differential
modulations, u,, is an integer sequence. To treat all such cases in a unified way, we

use the following definition.

Definition 1. The asymptotics of P.(p) (C.2) as p — 0" and p — oo can be

expressed as

c(Dy' + O(y* 1) as y—0F
Pe(p) = (C3)
=L L O(y MDY Ay y 00

where y = p” for a positive real number 7 such that both expansions have integer
powers of y, whereas the series in terms of p may not necessarily have integer

powers.

MT is a natural tool for the study of asymptotics. We consider the MT of a
general h(~) expressed as a sum of either a finite or an infinite number of terms
derived from a common base function. For example, with base function Q(,/7),
we consider i () = >_, -, UnQ(\/ky7), which is powerful enough to cover all co-
herent linear modulations, union bound on block and convolutional coded systems
and others. With suitable base functions, differential and non-coherent modulation
can also be treated. With this generalized h (), we next show how the asymptotics
of P.(p) as p — 0" and p — oo can be obtained from the left- and right-sided poles

of the MT product H(s)Fx (1 — s) with respect to its fundamental strip.

Proposition 1. Consider a generalized conditional error probability given by the

sum

h(y) = Ong(Eay), (C4)

where g(7y) is a general base function. If G(s) and Fx(s) are the MTs of g(7)
and the PDF fx(x), respectively, let I1(s) = G(s)Fx(1 —s)>_, Unk,° has an
increasing sequence of right-sided poles py, p1, ... and a decreasing sequence of
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left-sided poles qo, q1, . . . with respect to the fundamental strip. All the poles are
assumed to be first-order ones. Then, the asymptotics of P.(p) can be expressed as

(C.3), where § = po/T and the non-zero coefficients are given by

lim
f a3
Be=m/n) )y, (5t — $)G(5) Fx(1 = 5) 3 iy

S—py

(s—@)G(s)Fx(1—s) Y Unk,*
n (C.5)

Otherwise, the coefficients are zero.

Proof. The error probability (C.2) is a type of convolution and thus can be trans-

formed via the Parseval formula [142] as
1 c+100 1

P =g [ SHOF(= ) ds )
where the parameter c is chosen to be in the fundamental strip (u,v) where both
H(s) and F(1 — s) are holomorphic. For h(v) given in (C.4), the MT H(s) =
G(s) > Unk,®.

To find the asymptotic of (C.6) as p — 01, we may consider a large rectangular
contour to the left of the fundamental strip with sides (s) = c and R(s) = —M
for —M < u. Given that the functions G(s) and Fx (1 — s) decrease faster than any
negative power of |s|, and that the series ) | a, v, ® is of, at most, polynomial growth
in the extended strip (—M, u) as |s| — oo, the integrand in (C.6) when evaluated
along the top and bottom lines of the rectangle has a negligible contribution. In
contrast, the integral along the vertical line R(s) = —M is bounded by O(p)
[142]. By applying the residue theorem,

Pip) = 3 Res{ L0171 =) T v b+ 0(6)

seHns

where H), is the set of poles enclosed by the rectangular contour, and M is as large
as we want it to be.

One can similarly consider a large rectangular contour to the right of the funda-
mental strip with sides R(s) = c and R(s) = M for M > v to get the asymptotic
expansion as p — oo. However, there is an additional negative sign due to the
contour being clockwise. By assuming first-order poles, we get the (C.5) and this

completes the proof. U
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Remarks:

1. Since H(s) = G(s) > VU,k,°, and the term > 9,k,° does not have any
poles, the poles of #(s) are simply those of the base function. For ex-
ample, consider an error bound for a digital modulation given by h(vy) =
> UnQ(\/En7Y), where ¥, and k,, represent the number of the nearest neigh-
bors and their distances. The poles of #(s) are then from the MT of Q(+/)
and are not dependent on the ¥,, and ,, values. The poles are thus contributed
by G(s) and Fx(1—s). These in general yield left-sided and right-sided poles,

respectively, which in turn determine the asymptotics.

2. The first right-sided pole p, makes the dominant contribution to error proba-
bility performance as p — oco. The high-SNR average error probability (2.14)
analyzed in [3] for fading channels further impaired by AWGN can thus be
expressed in terms of MT as

Ga = po,
—1/po

G. = lim |(fo — $)G(s)F(1 =) Y Uk,

S—Po

(C.7)

G, and G are the array gain and diversity gain, respectively. As per AS3,
H(s) contributes left-sided poles only. The diversity order is thus given by the
first right-sided pole of Fx (1 — s). Note that the monomial fx (z) =~ a(0)z!
corresponds to Fx (1 — s) having a pole at s = 1 + ¢. Thus, while [3] is

derived from fx (), our result is based on Fx(s).

To sum up, Proposition 2 states that the positive poles of Fx (1 — s) describe
the asymptotic of P.(p) as p — oo whereas the negative poles of Fx (1 — s) and
H(s) together describe the asympotic p — 07. The first positive pole of Fx (1 — s)
gives the diversity order. These asymptotics form the basis for the error probability
UA, which will be developed subsequently. Specifically, only (0) and ¢ from the
series corresponding to p — oo and ¢(l), ] = 0,1,2,..., M; from p — 07 series

are needed. Since b(0) corresponds to the first right-sided pole pg, we have

b(0) = a(0) H (po), (C.8)



where a(0) = lim,_5, [(Po — s)F (1 — s)] is the residue of Fx (1 — s) at s = Py,
which is also the coefficient of the monomial approximation to fx(z) = a(0)z’
considered in [3]. As per this monomial, py = ¢ + 1. As b(0) and 0 are closely
related to a(0) and ¢, either set of parameters may be used to develop the error
probability UA.

If Fx(1 — s) has positive poles only (this condition is satisfied for most of the
popular fading models and diversity-combining systems in the absence of interfer-
ence), it can be shown that the coefficients ¢(l),l = 0,1,2,... given by the first
equality in (C.5) depend directly on the moments of X. This point will be verified
by an example in the following section.

Although we focus on the use of MT to obtain these coefficients, they can also
developed via the PDF or the moment generating function (MGF) of X. We briefly

comment on these alternative approaches below.

1. PDF: a(0) and ¢ are given by the monomial expansion of fx (x) near 0. Simi-
larly, by using the PDF f(), the moments 11, = [~ 8" f(/3)df3 can be easily

obtained.

2. MGF: If MGEF is readily available, it is fairly simple to extract a(0) and
t by the monomial expansion of My (s) near s = oo [3]. Fortunately, the
fractional moments are also simple to compute from the MGF [143]. Con-
sider an N,.-branch MRC system in i.i.d. Rayleigh fading as an example. The
MGF of X is Mx(s) = (1 + s)~", which can be expanded for s — oo
as Mx(s) = s~V + O(s~™*1), and hence, a(0) and ¢ are obtained to be
1/T'(N,) and N, — 1, respectively [3].

The fractional moments of X, 12, 1 = 1,3,5, ... can be computed by using

[143] as

oo

e =B =10 [P

where \ is chosen to be 1/2 such that n = [/2 + X is a positive integer while

satisfying 0 < A\ < 1; ((s) = dngﬁ(s)
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By using the above equation, j1;/; can be obtained as

(N, +n) i —(Npamy g, LNy +1/2)
= p ey J, vy = S

where the last equality is obtained by using [144, eq. (3.191.3)].

C.3 Uniform Approximation

An error probability UA is a rational function that matches the asymptotics of P.(p)
as p — 07 and p — oo, simultaneously [145]. That is, if the UA is expanded into
two series of p~" and p*, then those expansions will match the appropriate terms of

(C.3).

Definition 2. A rational function r(y) is given by

_ po+ iy +pey? + ... +pry”
Q0+ @y + @y + ..+ qry®

(C.9)

where L and K are are the degrees of the numerator and the denominator, respec-
tively. To fit this rational function into P,(p) (C.2), the coefficients pg, p1, . . . p;, and
41,42, - - - , Qi are determined from the asymptotics in (C.3). The values of L and K
depend on the number of the low- and high-SNR terms used to construct r(z). If

L < K, the rational function is called proper, which is the case in our applications.

Proposition 2. The UA for the error probability P.(p) (C.2) is given by

Po(p) = r(y) + €(y), (C.10)

where 1(y) is a rational function defined in (C.9), y = p", K = L+ 0, L > 2
is an integer, po = 1 and qo = 1/¢(0). The denominator coefficient vector =

(a1, 92, -, qK)T is given by

a=—1/c(OW(&1) &2) ... &K -1) &K))", (C.11)

where ¢(I) = c(l+ L —2)and W = {w;;},i=1,...,K,j=1,..., K with

(C.12)

e b)) i=1 2 =it K -2
N é(i—j) otherwise.
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The numerator coefficient vector p = (p1, pa, . ..,pr)" is given by

c(i)/c(0) +> qre(i—k) i=1,...L—2

b(0) gk - j=0,Li=1L—j.

Di = (C.13)

The error term €(y) of (C.10) is O (y*™7Y) asy — 07 and O (z=C*V) as

X — OQ.

Proof. To construct UA, we require the rational function r(y) in (C.9) to satisfy
both the asymptotics in (C.3) simultaneously. Let us use only the first term of the

asymptotic corresponding to y — co. As y — oo, we find that

proy " +pry® b(0)

qr—1yEt + gyt YKL

if pp_1 = b(0) g1 and p;, = b(0) gk, where K — L = 0. These conditions thus
determine the values of p; for v = L — 1, L as expressed in (C.13). To satisfy the

asymptotic corresponding to y — 0™, we must have

0o K L
<Z C(l)yl> (% +y qw'“) =po+ > ny. (C.14)
k=1 =1

1=0
By comparing the coefficients of y' on both sides of (C.14) forl = L—1,L, ..., K+
L — 2, we get

K .
. o Pr—2+i t¢=1,2
L—2-+ + L—-2417— ;= C.15
S O e A

j=1
It follows from (C.14) that ¢(0)gy = po. Thus, if we set py = 1, we get go = 1/¢(0).
After substituting for ¢y, pr,_1 and pz, (C.15) can be given in matrix form (C.11).
The solution of (C.11) completely determines the denominator of r(y). Again, by
the comparing the coefficients of 4* on both sides of (C.14) fori = 1,2, ..., L — 2,
we get the values of p; for: = 1,2,... L — 2 as expressed in (C.13). 0]

Proposition 2 is a general result for average error probability, applicable to a
variety of modulation schemes, fading channels and interference scenarios. The
basic inputs required are 7, several coefficients (¢(l), [ = 0,1,2,...) of the p — 0

series and the first coefficient b(0) and § of the p — oo series.
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We next demonstrate the UA approach to average error probability analysis of
an N, branch MRC diversity system in i.i.d. Rayleigh fading. We consider the
scenario where the received signal is impaired mainly by AWGN, as well as the

scenario with interference dominating the impairment, rather than noise.

C.3.1 Error Performance of N, branch MRC in i.i.d. Rayleigh
fading

Case 1: Received signal impaired by noise

For N, branch MRC system, when no interference is present, and the perfor-
mance is impaired mainly by AWGN, the receive SNR can be expressed as v = p.X,
where p is the average receive SNR and X is a channel dependent RV, whose PDF

is

e =1p-X
fx(z) = (AR (C.16)
Its MT is Fx(s) = %.Thus, Fx (1 — s) has simple right-sided poles at

s = N,, N,+1,.... As per Proposition 1, these poles describe the high-SNR P.(p).
Since the first pole is at s = N,., the diversity order is /V,.. For coherent modulations
with generic h(z) = Q (v/kx), H(s) has simple poles at s = 0,—1/2,-3/2,. ...
These poles describe the low-SNR expansion of P.(p). The non-integer poles of
H () indicate that the low-SNR expansion involves ,/p. We thus substitute y = /p
with 7 = 1/2. Then, 6 = 2p, and the necessary coefficients computed according

to proposition 1 are as follows:

20010 (g + 1/2)
a

o) = Po/mHPo
5 1=0
(=D)UDR(/)2F(A)2+1)

c(l) = NEDID [=1,3,... (C.17)
0 otherwise.

where py = N,, a = 1/T'(N,), and the moments x,, = F(n + 1) = I'(N, +
n)/I'(N,). For single branch (N, = 1) case, the following simple UA can be
obtained for coherent BPSK:

1+y+ 0.5y

- 244y+5y?+4y3+ 294
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+€(y), (C.18)



where y = ,/p. Note that the UA (C.18) matches the first three low-SNR terms and
the first high-SNR term. Similar UAs for any other NV, can be readily derived. To
test their accuracy, the UAs for the BER of BPSK modulation when NV, = 1,2, 4 are
plotted along with the exact result [71, Sec. 14.4], and the conventional high-SNR
result [3] in Figure C.1. Notice that the UA coincides with the exact BER for the
entire range —10 < p < 30 dB, while the high-SNR result diverges from the exact
as the SNR decreases. Clearly, the UA provides an excellent approximation over

the whole range of the SNR.

10 ::I:::::::::I::::::::g
RS Exact 3

107! ———HighSNR_'

0 f *  Uniform |3

107}

10°

Average BER
S

Figure C.1: The exact BER of MRC system, the high-SNR approximation [3] and
the UA (C.10). In the UA, L = 2.

Case 2: Received signal impaired by interference
Let us consider an NV, branch MRC system in the presence of /N; co-channel

interferers, with interference dominating the noise. The SIR in this case is given by

Q(]XO
V= (C.19)
o X,
where X, and X;,l = 1,2,..., Ny are the channel gains of the desired and N;
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interference links, respectively, with the corresponding average received powers {2
and €2, 0 = 1,2, ..., N;. For the sake of demonstration purpose, we assume that all
interferers have identical powers i.e. {; = Q;, (I = 1,2,..., N;). Then, y can then
be expressed as v = pX, where p = Qy/Q; and 5 = Xo/Z, Z = Zf\ifl X;. The
MT of fx(x) is then given by

Fx(s) = FXO(S)Fz(Q — S).

In Rayleigh fading, X and Z are central chi square RVs with 2V, and 2N degrees
of freedom, respectively [146], and their MTs are Fx,(s) = I'(s + N, — 1)/T'(N,.)
and Fz(s) =T'(s+ N;y — 1)/T'(N;). Thus, we have

L(s+ N, — DI'(14+ N;—s)

Fxls) = F(N T (V)

Fx(1 — s) has positive poles at s = N,, N, + 1,... and negative poles at s =
—N;, —(N;+1),.... Note that Fx (1 —s) in this case has both positive and negative
poles, whereas in the former cases, Fx(1 — s) has only positive poles. As the
first positive pole is at s = N,., the diversity order is /NV,. The negative poles of
Fx(1 — s) together with those of H(s) thus describe the asymptotic of P.(p) as
p — oo. The asymptotic p — 07 includes powers of ,/p and thus requires that

7 = 1/2. Accordingly, from (C.5), we obtain the following coefficients:

oy _2Y TN+ NOT(N, +1/2)
O =—Zr v

p

3 [=0
(—1)®D/2(5/2)1/2T(1/2 + N,)T(N; — 1/2)
c(l) = \/7?”1;(5 +1)/2] T'(N,)I'(Ng)
(—1)UH2=2ND/2 (1 /2)2D(1/2 + N)T((1 —1)/2)
VTl [(L+ 2 —2N;)/2]T(N,)['(Ny)
0 otherwise.

1=1,3,...

1 =2N;, 2(N; + 1), ...

\

(C.20)

The UA for the average error rate P.(p) can now be readily computed by using
Proposition 2. Note that the spatial distribution of the interfering nodes are not
considered in this example. In Chapter 5, we derived error probability UA in the
presence of interference, where the interfering nodes are spatially distributed ac-

cording to a PPP.
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