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Z’facce351ble at falrly low energies,,and as‘such there is %rstrong e

"to emerge £from this theory is that of virtual particles the exchange CUL s

' whlle photon-photon scattering proceeds via an exchange of a v1rtual

f'was not renormalizable. divergences that ocCur in higher order diagrams

41magnetism,_weak interactions be mediated by'fxchange of a new type Qf

./a massive particle, and ic gﬁrned out to be necessary for it to have

_p051tron scattering is accomplished by exchange of a. virtual photon, P

'longer to,develop; An early attempt by Fermi involved leptons and

) S E NP, Y * e
e L . X .,; E T T ' - N i ’
s oy *cmmk { A 5 S
: T . e . - ‘ s - : s
- . S LER e R sy T ‘
B R . . V - o . :‘ N - S C PRt - .\y' P
.INTRODUCTION : S A X .
- B ) -af ar gl i -.n-_ s & ;

_, - . e L
:

Of - all applications of quantum field theory, the interaﬁtion

o - A
o

of matter with an electromagnetic field 1s the most tested and most - o [

B STl

ey 7.
l it "'4 O] ) . R £

”.SUccessful; This is partly due to ‘the fact thatrsuch proqesses—are P -

: Sy -r .o : . ~
. - . s , .

P ~
s'»'? *

cla351cal analogue upon which to base the theory, An. 1mportant eencept

“e o ot
- , A

of'whiéh electromagnetic 1nteractions proceedg ,For example- electron— L;;J',rm
! . ik 3 . R

la 2 3

. . : “le
ve s - Ceter T

electron—p051tron pair. R U Co DR S -‘iwf

v - . . e,

'-i On the other hand the understanding of weak 1nteractions took

-

e

'hadrons 1nteracting ‘at-a’ 51ngle space—nlme p01nt. Howevéf the theory

-

ot P

could not be removed with a finiteanumber of counterterms..q§aced with

L

~f,

"this, Gell Mann and Feynman proposed that, 1n analogy with electro—b'

4‘,’,

e

particle., Because weak interactions are short range, this had. to be

Ty

) spin\Qne.. If such a particle were neutral the theory would indeed be

"?unifies electromagnetic andeeak,interactions; it was‘many years before . g

_renormalizable, but unfortunately charged particles were also necessary -

.

to accogpt for certain reactions and these theories were not renormal- B

.

v;'izable;_ 1though the existence of such mediatlng particles 1n a sense.

R 4



T A A SR S AN P ST
.o LT e DN et T e T e
T T A e e R “u/ P
: e 3 o r Lt A
T e - AR Lo &
’ renormalizable theories of - this type were finally produced. ‘
. /‘ S X
: more thorough review of these early attempts at explainin'j :

L . T CoW
L ?interactions, seet [M2] and [Bl] ) ﬂf??fﬂ A U
“An. Improbable beginning to’ the development of{these theories

’

’
i

v

l\ ’ '-which is an abelian gauge theory.’ Consider a: ﬁree”charged scalar field

‘ 'Qéscribedxby,the Lagrange density‘ Q?th ,3f_~ = v ?'u oo
’ - . o - . . sl s . . '/'/ , Lo ' )
' . oo 2 i / ' E S
Z=o oG —afTy L A
n e R T, g ;‘; 5 j’ AL R S ' :

’ Foan e .- - .

[ 4 . AT S . ‘ T
¢ +/'e o o LS e e R (]_-'-2)
if o is a:constant If we demand (l l) be invariant under/the replace‘-"

\‘v\ / ,

- ment (1.2) when 8° is space- time dependent it' is necessary to modifyA
L : A /ﬁ Lo ' vio = '
oo Do .o e L ST
» "4‘ _S ’ [ "/x : ’ | EEEE : N S’

_‘theories [Yl] These again we%e hﬁilt 1in analogy7with electromagnetism,'\;~?

= [Cauv;ieAh>ﬁifI(3u 5iéA“)¢]"‘mz$fé~ D g_~;'~'(i;3) »;e;g

/ L S S

i ’ “

with the four-vector A transforming under fl;Z)_as-;; RN ) .
. ; Ry ’ L . : - Ty ) g

. L A'o ' “ ‘ o : 1 SR . ] ~ Id ) ' F

R A >A w—s&. e . o . Co(Llue) -
. / M it // Mo - - . _ o o R
ﬂAdding.the'inVariant'kinetic'term'fOr,Ap,"‘r" ;-5: o ‘ -

- - : X B

>

NS

D DU M T 2 T U
5 F ) =7 (au% A e “_(.1.5)

it is seen that the resultant'theori descrihes a charged scalﬁr'field R

SE minimally coupled to the eIectromagnetic £ield.. The vector potentiai~

is, in this context, called the gauge field The modificatidns 'if

K
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& I

- . : A

¢
4 .
A )



-,

. h) i ’«" . . .
B S TR 3
& N I
- ‘k : . . v ! . v ‘." ‘ e t )
- required “in order that (1 i) rema}n invariant ‘when the non-abelian ”
. IR { .
uransformation (l Z)y is space—time dépendent were/berformed by Yang
and Mills. ’ T 0 , SR " el
T j ‘A seemingly even more remo;e contribution to this subject was‘
. . ) - », .
- made with the discovery of spontaneously brokem symmetriesr[cé GS N4
L M e
A3] Suppose we have a. theory wh0se Lagfangian is.inveriant under a. *
’ ‘ vooNs - ah
transformation o(x) - ¢'(x) By Noether s theorem, nhere will then
S f L4
. ‘exlst a conserved current J (x).\ Consider now a regidn of spaée-time
“ - \“)., ':‘, : » . . . . ~ ’ : - . ‘ ‘
.. R, The aharge oo N ST T o S :
SRR Q(R} =._fd,x 1,8, () =1 ia R, - X " (1.6)
:‘.:‘genera»t‘es the transformation of thef'j;eldv: *
- .. S - . ~~ ER y

é%g(?),¢(x)e'iQ(R)§;_3 . e R T rm

PO

Ve 4

" This symmetry is said vtho be spontat&eoqus"lymbroken if PR =

."ﬁﬂ,tﬁx)ﬂ)'#;g9,¢'ix)h) e S a0

-

7, where Q is the ground state.» Ingsuch.a;Cesey‘;he~Chargefdoes'not anni-"

e S ' - g
hilate the vacuum.k s R ; :‘?, _
» An example ‘of such a theory is the followihg 3Consider‘two reai¢

L . /

—i;scalar fields with.Lagrange densrty dgq_x‘ f'* A S P -
o ATV C ; T y. - e

N . .. (,i
PN K3

Ty

“p L 170320 1 | rzz" R N
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fe Now, to~lowest order, the stable grOund sthfe of a system is

determined by the minimum of the classical potential the negative sum.

of all non—derivative terms in the Lagrange denéi;;”\kt“this point

" the classical energy’density-is minimized._ EEcEE? model (1 9) with

- u

<0, this minimum occurs at, to 1owes‘ order, f‘ 3 ‘"[ o
,.(“'¢1Q)*’;7 =,<n.¢29) oo TR / ! o (1.11)

'and the theory des ribes two massive interactiég scalar fields.' How:“‘ﬂ

+ . .;, f ',"

‘ Vever,,if a2> o, the stable ground state 'again &o 1owest order, occurs ‘

at . e . ’ ] ‘. - 4 A ‘ . - . ) . e Yo
RN o o R ; R -
R SR S S
R S R i
S _ 2 S \\\ g i v . ’.",*:i
The development of a non—zero vacuum‘§§pectation value of a.field is a

;g~signal for the spontaneous breakdown of symmetry. ,We are free to

: choose, to satisfy (1.l2),

»

B r .

RN
; T

" In order to have a particie interpretation, the fields must have a zero

vacuum expectation‘value. We define such fields as o

,,# %4¢1 --a ', "¢<E‘¢2 ) s L o k 7: o "-(1314)ﬁ

>with‘the‘resultant Lagrange density reading R ’ SN

S1 2L 2
L= > (3 5 (3,97~

while the ) field is massless. The presence of a massless scalar

— :
parEI“Ie is a general result whenever ‘a cOntinuous symmetry is

@0 sa, 0 @em=0 . l,1~,_.¢.p .<1;L3)r

o e o
il?s(wz + 2ay + ¢'2) e (L.15)

. o a\\\\\\\\\\;\jﬁfv : - . o |
The situation nqw is quite diffetent, The wjfield has acquired a~maés;/ﬁf

o




.fspontaneously broken, a reoult proved by what is known‘ao Goldutone »

. theorem (es, E2 K2 S3] N e R f"i‘; fff.

-

Since such theoriee predict masaledb Goldstone particlee, 1t

- R "f"useful in relativistic quantum field theory, since no such Jarticle e7‘ S,
- ,iu'exists in nature - (at least, in that part of natute the theory wishei

\Y‘J“ o 'to deecribe) : This was not to be the case. A curiqus resdlt occurs

o~
ey

\ ~inc1ude an’ abelien gauge field R AT
oL 1021 22 2.2 0
.~ L- 2 (a ¢L aA, ¢2) += (a ¢2+ eA 4’1) _4'.(1-‘“”) - 248(¢1i+'¢2‘_.9')v cN
LS : | ~w,‘ r’jc, . S e 16)

. As before, if az> 0, spontaneous symmetry breaking occurs. We/again ff

choose ¢1 to develop a nonzero vacuum exﬁectation value, and define, to; s

TN o
g *lowest order, the shifted fields o R Ce )

‘P"bl— a -, s~ ¢2 =

"Théﬁ;agrange'deneity Becone31g;"

N

L = %‘- (auw- eé;u'o) +3 (a ¢+ eA w+ eaA ) - —-(F ) ag(w +2aw -Go ) :

(1 18)

aree -

We see that a mass term m =ea for the photon has appeared The plea—‘~"

sant feature of this apparent round—about way of giving a mass tc?the

\

. photon is that the resulting theory, whether for charged or neutral

. gauge fields, is renormalizable [HS Hé, L2 L3 84 .Il BZ], as opposed;v

e

to the theory with an explicit maes\tg:n present. This éo—halled Higg s

/
mechanism [El Hl HZ H3 G7 KA S6],‘togethet with non—abelian

gauge fielés, plays a majq< rnle in ‘the presently accepted model of

1 3
f

% - «1,’ ' - - - / N
| -t . L - ; . . R -
B . . . ‘A ‘ . oL “ : 0‘

nfrwﬂ‘ *“g;when there are gauge fields'present. Let us extend the modei (l 9) to wi

B R
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K

-t ,(}~? T7was doubted the concept of . apontaneously broken symmetriee\eould provo EENRA



'sical degreee of freedom also occurs in electtomagnetiem, described by

;'.deneity (1 5). One such term is - (B A) , resulcing in the field

.‘fequatidne ;[

"~ of this equation will be dealt bith in chapter IV. o ' R

Rt wﬂmﬁw ‘u 7*
';ﬁ~“'f Of course, we sciil have to con:end with the probleq of :he

O ".. -

..Preﬂence of the matsihse Goldetona field ¢., In fect, a, cruciel feeuure ﬂ*}“

'_(-.

rfthe Lagrenge‘density (1 5) The vector potential A pcseeasee four '"51 | "d'f%

K pf R : N
,\degrees of freedom, while it is known that the photon has only two “F¥', -
o e N LR
independent helicity statee.: One method of elimiﬁﬁting t: ;$wo unphy-
isieal degrees of freedom ie choosing the goulomb gauge fBA] ' o
RS T S R ST N Y |
o A°‘=*OE v :§5K =0 . . '1-1;.‘f'i B {_-V.V“-...‘j-(]..'l-,Q)_'.,,S :

JIn this forhalism, A is no longer a 1ocal cevariant four vector, L SN

'alth0u§h of course the undesirable non—local non-covariant terms

}

.cancel in expressions involving,measurable quanticies.- To keep A ‘a ,,5

' blocal covariant object, 8 gauge-fixing re ! is added to the Lagrange

-o.’

:4~

: Z*.'.-»

‘DA'u + (a -1).5;354 =0 =120y

vf:feria‘#d,_ﬁé‘hereiua.A -AO,jsqthee ﬁureatisfies a u‘u‘i‘seieeed:ch‘ile"»~

 equatdon:. - . o a T T '.";'7,\/  . ‘,.;:1'

\QgAﬁ:?'O--.f-f?“ _d_,-'”, ~:» v L -‘f  d:; _‘:'-.‘(1121)..,“

How the two unphysical modee are elimineted from the quantized vereion E I
NG T
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' Since again Da A -0 ‘ﬁe have ¢ as. a massless dipols field"

"The field w, the so-called Higg 8 f;eld is a)genuins physical degree

T'freedom., The reduction of the six dagreea gf £reedom contained in the

\Higg 8 mode; (1. 22) to- four phyaical ones will he the suBJect of ﬂ ‘;‘

N g’ ‘l' .“! ) ; _l“ ) : 1 s
e anao L { , (‘1.23)

o
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chapter III. i 7-‘».‘ o fae s S o I -
Of courae, the elimination of unphysical nodes tn.the:;vnodels
;a has been studied in cne paet.ﬂ One succesaful approach used is the .
.quantization of the fields on Ln indefinite metric apace [Nl, N2] vpagf
‘these spaces, states of zero and negative norm are allowed, 1n eOntraet
e to a Hilbs;t space which contains oni} positive noin states. The ’*fn :

-

't unphysical degrees of freedom are then precisely those of negative and

: S . L P ) Sl Lo Al 'i ;‘5._ .

: '&ro nom. S R _‘ L o *E f'? "j e I "5'-',
.'3 Such a f0rmu1ation of theae theories is completelW consistent

CIS .:‘ - « . ‘ . . 4 N i;_’_‘ ’ - ‘v‘. .

e



\! . . v':"‘t

o Hilbert spaes, infinite dimeneional indefini¥+ metrid spaces are not

.
s Ry )

chouen, apart !rom the‘fsct that they eliminate unphyoical modee, il :

» , . -?'

that hermiticity and unitarrty, conceptl employed*in Rilbert spaces

;‘are replaced by the similan concepts of pseudo-hs_‘iticityisnd pseudo—

'unitarity (hermitieity and upitaxity with respeet to the indefinite

. e

metrio respectivaly) However, since in an indsfinite metric space,r

U N

: 'only the positive noén states csn be physical stetes, it might be won—

dered if it is possible ta. perfo the qqantization on a positive jv

e . -
o . G o

/

S ?"‘-; metric Hilbert space, and “then estsblish some critetion thst selects W e

L)

R out what constitutes a physital space. In other wor&s, can the unphy-

x

R sical degrees of freedom somehow bé eliminated in a positive metric

quantization’ The situation might be compared with, given a Coulomb-

.

- ¥ . uype gauge quantization of Maxwell's equations, asking whether the_;"'

) b X
presenée of s nOn-locsl, on-co#ariant vector potential is essential in

the quantization procedure. The indefinite metric apptoach shows that‘

L K "\~ s

'7}‘ metric to petform a covariant, local quantization, and still be able

A2

qp eliminate in a consistent manner the unbhysical modes.i Thetenswer

to this question constitutes a major part of this work ;

; BN oW
L v L

~some: complications.' what wss pseudoéhetmitean and pseudo-unitaty on an,

;V‘indefinite mettic space will not be hetmitean or unitary on the corres-
”; h ponding Hilhert space.' This immediately é;Ves some restrictions a ’

e LOssible physical space must satisfy.l reatricted to‘it,noperatots 1"'
f . 4" thtespbnding to observables must be hermitean’ the Poincare étoup uust

w.oor 4_,... S : .~- o _._..\\ . - . ¢

P AN v

R C - ‘_ h HIRYS s - ‘: G " = |
‘vand iu an ologpnt nethod of vemoving'unphysizal modgs noq?ver, uﬁliugﬁé

,:. on a firm mathamaticsl bssis. A primary realonithat such spaces are' ‘
|

it is not. Here ve. are. asking if iﬁ is necessary to use\an indefiniteo“'"‘l

u;*__ ‘ uf Of course, choosing the pdsitivé definite metric is not without 1‘"



be a symmetry group (i.e., implemente unitariIY). and the S-operator -

*

must be unitary to conserve probebili ias, Such a space, if it exists,

‘iwould then cuntain any possible phys cal degrees of freedom of the

e ?model By these considerations& we shsll see how the concepts of

pseudo—hermiticity and pseudofunitarity translato from an indefinite
'fmetric.spa into a Hilbert space.‘ : _

B ‘As’ j\%relude £o electromagnetism and the Higg s model, in ‘ N
chapter 1T we study the.free massless dipole field. On an indefinite » »
‘metric space, this field is pseudo—hermitean and Poincaré transforma—

tions are peeudo-unitarily implemented No- physical modes exist if the -
‘fileld is quantized using an indefinite metric. Using a positive defi~

nite metric; we find that the field is neither hermitean nor the Poincare
group implemented unitarily on‘the whole space. _However, a suhspace

does exist where the Poincare group~is implemented unitarily‘ It

is then possible to define an object containing only one of the two

degrees of freedom .that, restricted to this subspace, is a normal can-
.onical scalar field If this extra physical degree of freedom is still
‘,;present in the two models we wish to. study, it would be very paradoxi-
viical, as it does not occur’ in an indefinite metric ‘approach, nor indeed

B Y

. is it observable in’ nature. 3 S a

. o owe

We first -study in chapter III how'this extra physical mode mani-

e

1ffests itself in the quantization of the linesrized Higg s model 'In:.

o %

addition to the Higg 8 particle and the three physical modes of a'
massive vettor field we find that the space where the Poincaré group

' is unitarily implemented contains ‘the extra additional degree of free-'

@

dom of the dipole field .Hogever, the presence of this additional

‘X

mode violates a restricted gauge invariance. Since- at the'freeffield;"



. phatons.

o

level here 1is no cognnt reason to postulate gauge inyariance, we couplo.

*
the fields to external sources.  This leada to a faftorizeable S~

o

operstor' the part corresponding to the physical dipole degree of .

freedom is not unitary. We are thereby forced to adopt the prinoiple

X
of gauge invariance in order that the S-operator remain. unitary and .:ﬂ
e .
probabilities~be conserved. The physical dipole degree of freedom~is Lo
eliminated, leaving in the . physical space four degrees of freedom. ;.: f d'

We next consider the quantization of electromagnetism in chapter '

Iv. Here we find there are actually two-spaces where Poincané=trans-

.«,

,formations are implemented unitarily° one has one physical degree of

freedom. the other two. However, only on the latter space are obser— ' ".
vables invariant‘under a restricted gauge transformation. . As before,

we -touple the field to an external source,:and again find that inforder -

{
i

to have a unitary S-operator, we must choose the physical space ‘to be

P

'T7the gauge invariant one. This Space contains only two transverse L

. e : L i iy oy

In chapter V we explore a different aspect,of the Higg's'model,

'and of spontaneous breakdown of symmetry in general In order°f0r~a*‘

—— ~;

symmetry to be spontaneously broken, at least one field in the theory

must develop a nonzero vacuum expectation value. "This’ value is fairly

[N

P

- easy to calculate to 1oweat order, as it is just the minimum of the '// -

[ ]
classical-potential.' However, how.are. quantum effects toube~included?

'\

A function known asjthe effective potential allows one to calculateL

.'these effects«in a systematic manner. Two methods are generally used

@

to evaluate this function:perturbatively a direct infinite summation

_df graphs and a path-integral approach. In this-chapter we describe_a

third method ‘that- is- comparable in difficulty to the path-integral

,o

v 9



..

approach. In the course of setting up the !orullitl.iu which tho

,eff-ctiva potantinl is defi od. we shall tun lcrOIi . ;unction Z(i)

that is rclated to the wave~ nction ronot-nlization of thc ficldﬂ

This function aluo hac bcnn e u:od by Ilthodl sinilar to thon. uucd '

) \ f

' _for the effective poc-ncinl. W will then duoctibc a third ncthod for

'its evaluation, Finally we show hnt thc mnchodt cuploypd for couput-

: ing the effective poteﬂtinl and Z(Q) lead to a faitly afficient evnlua-

tion of the countefterms of a theory, fron which the coafficien:n of
y

the renormalization group equations qan be‘pptainad.

A summary and conclusions aﬁL" ontained in chapter VI.' As wcll‘
w4 \

(
some{potentially serious problems concarning the use of the effectiva

pocential in physically realistic thaorﬁgs are pointed out.

DR LT

R .
< - 5 ) .
b

.11‘_“'

<

¢‘ 4.



CHAPTER II
o THE DIPOLE PIELD

In thio chapter- ve will. study the free less_dipolo fisld.

L]

This field wss first iutroduced in the hops that_jit could eliminace

‘cho ultrqviolet divgrgsncos in qu‘ntun field theogy [B3, Tzlw Houtver.

*%

Paio and Uhicnbsck pointed out that in thou theories the/ energy is \noc

hounded fron bolow [P1]. This indicsted an indefinits mettic will bo
;encountered upon quantizstion. Mors,recently this fisld has turned up
i’in gauga cheorioo of gravitation [P2], in modols where qusrk confine-'

ment is explicit (B5, KB'KS]. snd _in the Schwingsr model [c21,. f well

.as in’ the Higg B model and electromagnetism.

As opposed to the massive dipolo field {F4, L6 Nl], the Fock

- o
i

A space consttuction of the massless version is not 80 straightforward
. é +

%
Einite metric quantization has ‘een petformed [KS] This latter papet .

is interesting, in that it shows thete ‘are difficulties in.giving a

>y

. physical interpretstion to‘a theory oqe would have thought elementaty.
a'scalar field interscting quarticallyw ‘with a dipole field. This .
-seems to show physically sensible theories containing dipole*fieldsv
'.have to be judged case-by—case. .a‘ - : . 'i‘i | .
We start with the classical dipole field but with an eye touards
'“quantization we decompose the two degrees of freedon in a non—covariant
'Qmanner. We then csnonically quantize the model and define a positive -
definite - scala§ product. The Poincare group is found tq be implementef
: unitarily on only a subspace of the/full Hilbert space.v It is then‘ g
'ipossible, restricted to this subspace, to define a hermitean scalar T

field that contains one’of the two original-degrees of freedom. Although

12 L

The general sorution in cootdinate space is known [Fl], and an inde- ;'Q..e:'



B o L S EN S + p = E y ! e

i : o . AN EL + : w5 NoE .
. ’ 5 by . A * ! : 13‘ [
. 5 o Wt . . s e k4 4 v, e 1 .

this mblpac. does mt carvy a unitlry npuunwuon o! s cdrnu

' rutricud "gmn" :rmotom:ton, the question of. whether or not “one

)

can umuti . phyltésl po:!ich wuh ichin dn;tu of lrnd@ has té bc;

poupand mtu muncttonn htd mttodnc.d. A S .
[ ! BEig '.v,', g ; : - e 'r" ne ,M. - - - N ! " e
'mg Chuical m 52 . ‘ v -

‘_—. In this uctien e i.ncroducc the lbdnl cnd ttudy 1;: min .p%o— .«
. e ~
pcrtiu at t:hc cludul (c-mxcbor) levcl. ‘We b-gin by 8 vins 7hc

gen&ral wave packbt iolu’tion of the’ ficld aqua:'iom. Lo cht v ekminc,

the :tansforﬂacton pi;gpertiu of the Fourier. mlttudn undcr the : ; w
X e

Poincaré group and canput:c the correspondina Noenher éhatgu. ~ Finaliy .

l

we give a physical interpretation to” this model at the -élassi;:a‘i lavel.™

- -~ N
The iundanennl v&tiables we wtll ‘use are —two real scalat fie!dn
- - -
:> and ‘x, whose dynamicn are qucified t.hrough the Lagrange dgnsity v o »>
- X . . Lo~ o °F - > . . -*
”d . . u l"z . u: V-‘ . ».,- .
Lega 0t - g A% - o o @
b . . " R : D) - e, ‘
‘ S A : <.

where 5 is dimenaionleu and real and . x has diulemious of _.mass and is .

- -
.

positive. e T - e \,’ :" ’ R
.. - B ) ‘ < - T . . e = ‘ -
. .~ The cotresponding field equations.read’ ‘ - _"1, | R
) : N\ » . -,‘ SALt g .
- . Dx = 9:' - - . ‘f" ’r T : ‘~. g %
E . - y . -\ T . ‘ < T ‘Q » - hd
- - 2 2] . - . < , ,
LT N0 = A0 =0 . . o _ .2 -
" . ) Lo . N y ‘ B " <. .q. ”, '
I -v,>¢j. N , . i « ) : ; ‘ "
These are independent of £, indicating we ceuld Bet £°ta, zerg in (2.1).
. ’ '-r-' - o % : v ® e
. Howéver, the canonical cqmmutation relations, will com:aix} £,.aml it «
: I s - ; ' ” - = R
~ turns out to be useful to keep it arbitrary. ' s ..
-~ - . . i . . € . N - e . - v,
Equations “(2.2) with initial data'a_(%,-), ¢(co,-), x(cro,-)'. » ]
).((td"~') pvse a Cauchy problem Gljxlich is equivalent to c'hét': 9§ '\g ciipql_g !
- f . : .o . o B LI
. . R - .
. - ". - . - o . 1 > b
- - S S o '
B b S e .

Ry



the field equaticn,(z 3) reads 2

Xy"‘ " ™
field y satiefying - | L N,
, o . o
plveo | e e @y
. o b e - ,;* %
with snuul du. ‘
w"(cé.t-) = (e ,0) L) = ek . y
QUCE o m ASCE0e) D0CEee) = AZKCE ,0) (2.4)
o'’ X o’ A ﬂ" L %\ o’ . Lé.

s e ”

This leads to the global identification ¢(x) =y(x) ehd x(x)--‘—-Dw(x).

In terms of the Fourier transform,

) - J—i—-— T(k) e .t

s :., P (21) ‘ 5“6,

-~ . s &
NI

. o 2 i - % CaT 5 , , o
4 (k.z) Y(k) = 0 . : K : (2.5)*

- 1 ks
re L o i

\.m v

The general soluti.pn of 2. 53) can be composed of foﬂr arbitrary distri— '
ﬁ

.

butions 1n d' (R ), ¢> (+,k) and ¢1(+ k) as follows. u

. kg
- - > ~ > s e :
v(k) = [ao_(+,k)e(_kd;¢ % (-,k)(ia,(?;‘ko)»l.}khfk ) RSN .
. W ' e ~
- w ‘ ~ > e
' 3w R TV > 2.,
- 1A " {».;[fl‘“’k)e(%)f ¢3¢ .,sk)i( ko)llkldfk )}» . - (2.6)
. o . ‘i o 5 '

We' restricu ¢ and ¢1 & lie in L (,R ) so-as P(k) has”a polntwise mean-—
-~
ing almost everywhere. The choice -ai—- G(k ) is arbitrary, what is

*

needed is an unamﬁigous definition -of "s (k ) as an element of 13 (R )

.\,_ <.

We could equally1 as Well use nu -5;— é(k ), wfth n ,Qimelike, but nu =

‘ Gou turns out to be paz;,ticubarly useful for ca‘nonfcal quanﬁization.

- . ’

T s The question now arises’ given a parr-icﬁlar w(k), are the ¢i

- S

) uniquely detérmined? As’ wel]. do the class of so?utions specified by

5% .

.
we

w5
i)

4

.
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(2 6) contain all the solutions of 2 5 7 To.énswen,this we .firsg .
g2 b ‘
A " Coes T { PR SR
perform the 1nverse Fourler transform of (2:6) S e R e
. ",, . . B w0 A-\. - . . | - .:.,-

' '.’ o 3 T o :
l ; d X ! k C§ 4o ~
- - j k {ai(k)e 1 x (k) elk x} S (2.:7) [ )
2|kl R f . o "' R

. wm B . .
f . - T i
. f
- o 4 : : B
- N i T T
-~ o 3 " R
T e Ca - Ry
- PGS 'y
- -~ * 2 * . P
. p - B Cas,
< s ‘
- a L
- o e -- A ) ‘
- et X5 o L4 -
. “n

~ : " __>, \a . /‘ . . E L \( " »““-;‘v '
D) L e s

@ v
' = : . : %
. Ao .
P 3 (+,K) A el
1 4 . o~ e T R PN
. , - . . o 3
hi . 7 .
> - . - 7 3 e em -

.’ o ; | ‘ v _}.ELL T N . N - s 7 L
. A(k) (a (k) ’ ,a (k)) w= /—25»: (¢O‘(_’—k) ’ ¢l(_::"'k)) . . v e 't - 'n;'“

- : SR b . ¢ M
: - ? . o PR . - : o ) f‘r'.,“ ',; . B "
In coordimate space, the solution (2.6) becomes - 1?*‘ W
™ ’ . . st R ~ [ : %
u(x) ¢ (x) + Ax ¢l(k) , W e (2:8) .
L3 . B - . e E
: o N _'~ = R
Aﬂwhere ¢ and ¢l both sat;sfy the<massless wave equatlon and bel@ﬁg ta :
- /2 . " . : . o ~ . t S L Cma : ~_;‘ - ‘ »« .
".L (RB) o .1"€ - ’ - ', o O A
) . . K .' . . ) y . e v N s . 4 P
- ’,“, We can now’ express the Cauchy data for w in tefms of tha; for oo
r R . e : ol REEEI ‘
oy gs_follows:,'.”' o ‘ S T *'STQ. T ‘
> >, ...® o a T * . L
VUJ('»C,X) = »¢?0(t9x:) +)\t¢l(t,x) o o S L RS 3
. I R > . >0 - e . ; E
P (t,x). = ¢o(t’x)i+x¢l(;’¥?~+ xt¢1(t,x) o _ T S
S : . . _«u - . T ‘. B .ok = < TS
! > . . -+ 1 ) . * : i X R L - e
Ou(e, %) = 2, (6,% €L, |
1 . : ot . : -3 ,
S S A ST S A
Ov(e,x) = ZAV,¢l(t,x) c e : o SRR (2.9)v
. o Lo A o S . . ‘ I e
’ ,: - ‘ v T . L o .. - _J ‘? . . . W V ' )
A If’y(t,x) is an element of.,J(R§) for fixed t; equations (2.9) can be
s : ’ ’ . . : Y : y
'inverted,,“Thg'inVersion reads : SR R » o



solution (2 8? Also notlce that because w 1S a local scalar’ fleld

-~

s both ¢ ‘and: are non—local and are .not_ scalar flelds.f They do pro—
*1

vide, however, a useful separation of the two degrees of freedom of ¢

v

1n any glven set of MlnkOWSkl coordlnates.’ ' d . ;

’

:f., Next we examlne the transformation propertles of the ob3ects~¢o

o ¢ .
Mg e

Y

o ¢ ~ . . t.

‘ ,expreSS these properties in terms of the Fourler amplltudes, and w1th
<

.- “

Ca, view to the quantlzed Version, we do not use the "reallty condltlon

. " s R . - . .. ! S C
Lz %t - o s - . - PRI e . .
:a = a : % r 3 ” B . K . K ..
* Y -. L B . P . . .
. . _The Fourier amplitudes can be expressed in terms of the Cauchy
s B I o - ; . 4 \‘_} RSN . . ) b
data ‘as follows: S - R _ - -
EY) N : . | e v
I v L. . . .
-‘ ¢

,_)‘ Cikex . S
2, (B) = (&7 T, p0) o zli (3, () + 3, -}
5 | AT

k| . .
C e = —i— @ Ove) S -
4 » ' . L lek‘ : . O
U Y T U A P
ARG e, L b sRE
- SR o Z}kl , ’ ‘ :
" . W/k./f "
M ) T

- \ . ?
P ¢l(t,X) = Zk : D‘P(t,}’)
R " 4le-YI ”
w .; ) . -_ N l _)l ‘;.v‘;‘ ’ ' ] . . o : )
Tohtex) =5y Dw(t’X) | L N
i ‘. 'I . . o - - ‘ l ’ ' -
o (6,0 = p(E,E - atg (6E)
,h _ Y (P - ‘ T .
L ED) = () = A (6,%) - xg¢l§§(§1;,.’ . (210
Thls shows that ¢ and ¢ are globally and unlquely determined by the
Cauchy data for w,_demonstrating the suff1c1ent generality of the

il »

BN
and. ¢1 under Poincaxé transformatlons of the scalar fleld w " We will -

”

16
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| LN gy, v (2.11)
A .xz)‘lkl o . 0

fad
”~~
¥
-
ir

where = - R : -

3

ool R '“’3A_ X Ty ¥ +:- oy k ‘ .; '
(£,8) -.-r——T/—Z J‘d’x 3 (xo’x)_(a‘o-ao)'g(xo”)ﬁ()‘ TR B

Jo (2)

“is the usual Klein—Gordon scalar product. S ’ L .

The P01ncaré group forms an lnvarlance group on ‘the set of. solu—

«

tlons of (2 3) Under the actlon of space~t1me transactlons,

TR T |

1 : l:

. Y. - Tl o : ‘ ' . !
the Fourier amplitudes transformtas_ . = : oo S %

T
E .

e N " ) 1 a -)a \“”‘ I .
v o ) o ) . ©

Al - :

]
(0]

—ik-a -<
e s

N
CE I R -\a 1 R SR S
. Under acfion of Lorentz transformations, we find -

) 2 () =ty lax)

i

et
'

A(k) '5(A,.;k‘),1§(ﬁk50 Ce B

A = A(nk) o o R S @
- ) o i A 1 : . . T
- T L [ Mew - O I

g

“Feo | . (2.12)



cn

'the symmetric, conserved canonical tensor KUV° L e e

‘positive definitg, oniy va'can be considered}ee'a<viable candida;e'for

PR

| . . 18
We see thatAonLy‘under pure Spaee :otations and translationsﬁgo‘
¢ and ¢l transform as scalar fields. B ‘_‘ :." o

‘Q Because of the invariance of the ;heory under the Poincare group,

¥
N

conservatlon laws arise. Space-time translational inVariance yields

<

Aa,c ‘“aftva g, L - £u, LAV AR . (2.14) il
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Tuv, = X3 X 2 B x e = R, .

A . a1 2 2: U *»'» - o
— Vo= aux 2,0, 3 X9 ¢ +',‘}gw{2 27X + 303(3,¢} e .
Both Uu; and vaVare symnetficdandfconServed,‘bn;'sineegonly\Uéoeis 

‘an energy—momentum tensor (at thlS claséical 1evel). In termseof the

. .
~ -~ ’

Foufier amplltudes, the Hamlltonlan and 3—momentum read Lo Sl

S T (1 NFARNEEEERNE § SRR I i
SR O ST B [ e ‘ S T
H *7jé,x Kooj)\z j?.k‘klA(k? Cn gy Al 4(2-15).‘ :

Jd x K - xl;-.jék A A . (2.16)

The»invariance bf the model under Lorentz transﬁormations lead3qw 

S ‘r

- to the conserved denaity ﬁ&dx - K xv, from which follows the Noethen
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In terms*of thé”Fou:ier;emplitddes,‘ﬁhe boosts read
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- where -
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In addition to these invefiancee;;the model Lé?also-invarient;nndér'the'

fqliowingwloca1hgengé traneformeqibn;“_ R L
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. real valued gaug nvariant functionals of the fields, we can arrive
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at a physical interpretation of the mpdel at he classical level. To i}

“o &

o -any given solution (X ,¢ ) we’associate the auge equivalence class

e

quantiZed versiOn.’
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TheseOclasses represent the phy51cal states of the model, eleménts,

) within each claSs differing only by their nonobservable ¢‘degree of

X’ would then be gauge invariant‘ The energy momentum tensor would

el r ‘--

ehen be the gauge invariant U : it is symmetric, conserved and u

SN

*

positive definlte.' Ai ;,~ ’ 'ﬁb",' 4y3'-.‘ ‘;»jﬂ-

RS s . oa". -

'However, as we'shall see in th%‘next section, this particular‘

interpretation of the classical modeﬂ cannot be carried over to the

o«

>

By insistingqthat the‘field X is“real and. that observables be e

'1éa‘y’



v ;‘ In this section we develop an explicit Fock construction df the
R . |
tributions obeying the field equations‘(Z 2) and canonical equal time

e

commutation relatiois (CETCRa) as initial conditions. The constfucﬁion,u"’

\ ST By The Quantized Vereion e TR

‘Hilbe:t space J+ carrying the free fiqlds (¢,x) as operator valued dis-j"

i

'iu'“k‘ 1& catried out in 'hree eteps.' First e derive some generai propertielﬁj

of the fields based eolely on their equations of motion and the CETCRs.C:,‘b

N3 | . .

We next construct a lfnear space L carrying a representation of these '

sa o

fields and investigate the spectrum of the generators of. space-time
translations on this space. Finally we' define a class of positive
V

definite nondegenerate scalar products ( , )f on L. The vectora in L

' 'which have finite f-norm |l¢|[2=—(¢ ¢)f < o form the Hilbert space

'prc L._ We then investigate the unitarity of the operator representa-

tion of the Poincaré group/on the spaces iL Although time tranlsa— o

:,' tions and boosts are nonunitary on. all of the spaces J+ 5, we find therepp

does exist exactly one. space Al in the family LH } which contains a i

nontrivxal subspace upon which the whole Poincaré group acts unitarily.k;.v

This distinguished subspace would then be a. cendidate for a reasonable

physical subspace. We then investigate the possible physical interpre-l';f

e e -
.'_“ Ct

o tations for this quantized model

We begin our program by imposing canonical eQual time commutation

relations ‘among the fields ¢ and - x.

[ﬂ (t X),x(t’y/)] ’-iS(x-y) e T S J//'.
A, (¢, x),¢(t ?)] - -ié(x—y) e @) .

B where “?;: co B : :
x=£x -¢ ’ i} \1‘\’¢.=—xy\ . -~ N . N
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'_ All o\vhers are eesumed t,o venieh.;_. In terma of :he}dipole field w t:he

“or, in ;ermeiof}rheyﬁueﬁrlties,@dgen65¢

“’fThis reveals the’ nonlocal nature of ¢ and ¢1
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w (t x)wl(t,y‘)] =,—-“<s<x-y> )
. 0y

2z

[¢ (t.x),¢ (c,yn - ieé(x-'y) ‘ _2.____,__ S

Ly

Let us pause here for a moment. ‘One might wonder whether or not

‘5one could use the'"standard" Cauchy initial data ¢, w, w, y in 1mposing

Iy

:)CETCRB for just the pure dipole field w, without introducing the pair

. #ty(¢,x) Such ‘a’ procedure is possible (see [KS]), but requires an exten— o

i

'5":‘eion of the usual cenonical quantization rules to include Lagrange den-

: sicles'with higher.order derivaciveeﬁof the form;~J’

R S

L= e@veEy Lo e (2.28)

‘Sueh”uodlfleapionévere,pqssih ; ¥ dlead touthe\samefphysical_results
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The result is
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[B(0),B(0)] =-2fK|n6 (k-3

where .

SO The comﬁutatdxéﬂfor arbitrary times are, for the nonlecal objects

;
LR

.¢° and ¢i:

- AGLR@] = (4, 00.K (@] F G 00sEE)

N

U (2i39)
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’ Thélfdllowing Cmeinétion"ofﬂEoutier‘émplitﬁdésfleadsggo_h’diagoqal

L .30)

(2.31)
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. thice thaq{the'nonloéél, ﬂonébyariant,terﬁg,present in (2.32) have

4disappeared_{n_§hehegpfgsqions (2,33);ﬂ‘fhe cdmmutaﬁoxs”(2.33).coin¢ide

‘with those quotédvby Ferar;i;[Fl],-obtéined using Qoincaré inyarianée

arguments. P

In terms of . the Fourier amplitudes B(k), the Hamlltonlan and - 3~

momentum (2 16) become - )
* | - ’ . - -
A A ’ e
‘ L H = [——- B(k) h' B(k)‘ o . ' T {2.36)
' 2|k| .
Qheié .
| NPT 22
B! = —2
. >
B L R T * )
- Ikl . ‘ « - o L
- . . A R S ‘
and S , , : ‘
) T i -
P = f 4k Bon B(k) . o . (2.35)
mood 2]k , . SRR v

»'; N 2 ' . ;'
I¢6(3+7)§¢0(Y)] - «5 e(x )G(x ) + == {e(x )e(x )+-E§T 9( ~x )}
o, b0, o1 = B 8 ¥
¢° y ’¢1 yl . 8TI" nl;l s
[¢i(x+y).¢1(y)] =0, ' { o o - (2.32)
.Jilﬁhile for the fields ¢.énd i: Ce T ¥
Lo 1 2”“ 0n? 2,
Loxsy) 0] = 3 (x)80) + G x o)
L)X = 3 e sad)
[x Gx4y) 5 x(3)1 - 0 o i'v" f "‘ i (27332;
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We‘now def:l.ne a linear space L”andn an operato‘r representation of 5
‘the fields by the following poatula.te of cyclicity. |
L contalne exactby one element [ (the vacuum) which is Poincaté

.,invariant and‘obeyS‘B(k)Q =0v |k|. The linearity lndependent

vectors Bi (k )...Bi (‘k )Q. ‘with n-o l, .,= form a basis of L /&//

(of c0urse, this assumes a meaning only after a scalar product on

| L is defined). . T

r The aeaumption of a cyclic‘vacnnn‘nakes B a creatlon and B a‘déatruction .
operator. oo a - ' " " 7 'i"&

. "{;_ _ Having done this, we are now in -a position to calculat; the“i.

;various two—point functions of the theory> As might be expec;;d hbw-

®
\

T ever, we' will encounter sope infrared difficulties Consideﬂ, for '

examplé, the following expression: ‘} '
: P ’ | ' ' ~ : : . / :
- ' I = (Q, Jd x ¢°(X+y)h(x)¢\(y)9) Cil e (2-:3%)

. where h(x) is a real valued test function from a ‘subset of d (R ) to be

spec1£1ed lhtroducxng the.Fourier*transform,m7‘

1 ~*

. ‘ . -", 4 o s
B J 4K fay et 0 T e
- é - we arrfve.at - K L B
~ . q 4 3k o | ‘ . o | i
I'—‘—J'—- B (k) —5= . . B '~("2.37) o
Nt ) ' . _ .
This integral exists only if h(k)/lkl is finite at |k| . For éﬁ‘

arbitrary h(x) in zf(R ), a regularization of (2. 37) must be performed v

14

(seel[GB]) : We choose the following scheme: [ .

p -k I3 —L}Z {h(k) h(l))}-h Id3k_——~'?é“;"-ﬁ‘<ko LotE
e B T B ’

-

(2.38)



—

;

B fgnctions are,'again negiecting.constants,

. i
F ]
With ‘such a regularization scheme, we obtain the following results:
0 (xe+)0 )= o {2yt tretx oo b 22 Lo yoeed
"o oV reg ’aéZ ] o’ . 1672 "o’ .
X, ‘ Xq 1x - 1%1] : \
+ T;T 6(-x )+ 2ni(1 c~2n11)+ H {x +|;1| 2Qn|x | }
‘ v <‘ ) o A k { |x6+l§|| g
Q, — L + ime(-
(2,8 x+7)§l(y) ) P | Teo-TRT] 8 (~x") }
(2,0, (x+y)o, ()R) = 0 [ | | - (2.39)
where c is Euler's constant. '
T  Notice that, as well as being qoncovarianc; these objects also .
' display ndnlocélity;' Howéier,'these\ﬁndesirable.termg-droégbut in ihe
' expréQ;ioﬁs.for the fields ¢ anﬂ X ¥
R R TLE ST TN
Q, ¢ (x+ = (P ()i + AT ‘
(Q,0(x y)¢(y)?)teg 4n2 {@(xz) ire(xp)d(x ?} ileﬁzf{inlf ]f@ﬂe(xo)efx )}
- S . . . \ ' : .
' e 2
S (- (X+y)x(y)9)reg ”4 2 f(x,' Ame(x )3 (x )}}
T@xEX(D =0 . o | - (240)

We héve droppéd the constant terms. The Corresponding time ordered

¥

o & [o L 2.) . A 2, 2.
'(S},‘:I.'{cb(x+y')‘¢(y)}9)reg 2 {@(x2)+ ins (x )I+———16“_‘2 {inx | + 1Tre(x_)},
@ eexmnin, - =5 P imS(xz)}
\ ’ reg 4“,2 x2 . : |
@, T X (NI = 0 o (2.4 -

04 N
-» N
S

These results ((2.40) and (2.41)) are again the same as those found in

[F1].
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We now turn our attention to :hc apnc:rum ot the space~-time d'*

trnﬁllition gnﬁ,rucorl. From (2. 35). it is seen that B (B)ufunetionﬁ

-

as a lowering: (raising) operatcr wich re;pect to P

. 4 ) ,_.' . ., -‘ .'b- \,.
- [Pm’B(k)] - -km B(k) | . 'ﬁv ‘ - ;E - A
. B ‘-— . \ - - ! " .- “.‘ -\ ‘ . -
R - t . . A . »
: B L R O B
- . v ".\‘ ‘' ” . ’\' “
) Howgﬁgr,‘they dd,not‘do so far the Hamiltonian (2.34): T
) T o ; ' w . -~
. - 7 = Ve~ . ’ .- .
* [1,B(K)] =-nh'B(k) ) Y . =
. - _. . N . » v ' ) ,
[H,B(k)] = B(k) h'n .ot IR £2.43)

»

To find the’lihegthogbiﬁagions that do function as lowering and rais-

ing operators for H, we must ‘solve the equation . vty
. ~ n. /4: e . . N
¥ ~ o ’ . > ‘
: + t ' e ot : .o :
: {H,u B(k)] =-u'nh'"B(k) =-uu B(k) .
B Ul =BG ay = BV T - (2 44y
The salution“is’givég by o . ;f v +
L --’ . ~ ’\vn A l‘:l l ' ] ‘
o=tk : = = { ] , ‘ T f2.45)
IL,". 4 /2 1 ’ o ‘ °y .
L. .

| .
there being only one such combination stemming from the fact tﬁat the -

v -

il . .v

matrices nh' and h'n do noﬁ'have a compLete syz'of eigenvectors and are

1 “- o wm =
£ - s 2

not diagonizable by a similarity transformationu L .
/ v » -
Contrary to what one might expect, the operators u B do not act
TR o

as annlhilatlon operators for the quanra created by Bu, as they;com- fQ

A

a

- } . . . . .:f
- . mute: : _ - - . o N :
R . . . oLt :

[0 B, B(q)u] =0 . - LR TS (2.46).

Instead, the ufB(k) act as annihilatipn operators for the quanta . . o,

"\. . . . . - . ) 2 3 v B3

.. Rad e

«

=
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, 5 | '
v - . v"n‘- L)
created by B(k)V (yhere v =.— (41)) sigce
4‘ : ¢ .;“Aw _1 ] Py
. B, B g 2| R[S @Dy . . . 2.4
S an‘ te -

Thus, the only eigenstetel %f the gour~momentum P, ‘are.those states

O

created by B(k)u, an&-satisf A v .
'.‘-‘ » N o . R 4 .
By (k)ulo 1B (k22 = (T Ky )IB, Ck,jul. 0B, (k)ulf. (2.48)
Pu[Bil(l UJeoo ir; ” UJ 1-1 ui 11 lju e i’n n L{ . .

'Y

‘We shall call the subspacer cédmstructed by‘spplicdtion of the operator

- » - - g " A
B(k)‘ U ;ﬂl . ] * N o

Before doing on to define a ﬁcalar product, let ‘us see how such .

. f

a theory would bae handled &sing an indefinite metric. On would first

-

define an indefinite sesquilinesr form <., ; through B(k) =B+(k) and

-

/
<Q,0> = 1. As mentione¢vin the Introduction, the attractive feature of

o

this form is that the Poincare group- turns out to be vunitary relative
®

to. it (actually.pseudo—unitary since the form is indefinite). Only the

B(k)u = (k)u quanta would then be candidates for physical particles,

?

as they crEate the only eigenstates of P . However, since these states .

'!
have zero norm (see (2.46)), this leads "to the conclusion that thes

theory lacks a Poincare invariant probability interpretation. TRe °
- ,

philosophy we adopt he}e is tha;; having noticed/only a part of the
'whole space has a chance.of being physical, why cannot one adopt any

* - = » . ) ’ ;
form Poincare invarian® ‘on a subspace of the whole space? In particular,

]
&

+ we wish to explore the consequences of choosing’the oositive definite
bl o : s I
scalar proﬁﬁct.

- To proceed, we 'now introduce a family of positive definite -

scalar products ( , ). on L leading to a‘famii}iof Hilbert spaces

{ ﬁ#f }<L of finite normestates.y~To do so we make the following



5 7 o he -~ ]
¥ [ . wo
Postulates L R A T o o
- RS . SR s O 2 . ~-_,
(Q Q) - l {__ ' K ',,.~,}.‘_ v/v, . ' 'f.‘ S
B =‘f(k,)B“(k)-m ¥ e (2.89)
; Leoed R R S : :
/. :‘ S . . v (I e .~
where f(k) is’ some p051t1ve real|valued funcclon. Here, ’BT means;;he :
hqrmltean ad301nt of B,w1th respect to ( ;hsf, and deflnes thlS scalar
‘gproduct implicitlyf The’commu;atqr betwgen B'and Bj_uow reads
o " ’ o ] Lo - ‘ . . . . Q ]
| 22 i N s 5
¢ k N : _' . ) _ .
' [B(k) B! (q)] = (— §(k-q) " . R A = (2.50)
e ) : ST , S
The p051t1ve deflnlteness ‘of the. scalar product follows from the p051—
v &_,‘a : : - -t . S <
t1v1ty of thls commutator matrlx R : R N .
Bearlng ln‘mind that the~linear ccmbination‘ﬁ(k) U servés as the
only raising opefatqr'fof’the Hamilfoczan,'wevnow»form the followiﬁg
objects? a ' L ' o
(k) S S
A - S R f | ‘
k) + | SRR
B o (k) —(g k), g*(k)) ~(—~) B (k) S o : . (2.51)
where . - y
1l -1
=L [ ]
/2 L1 oo )
The commutator matrix inwtgpmSzoﬁfC;is giVén’by ) . ,
S T N £(k N ' : -
[ (k)6 (@)1 = 2[k[sk-g) 2L

T g .' ‘{2.52)‘

We now investigate . .the action of the Poincaré group on. this
space to see if a Sub%?ace exists where it acts unitarily. - We begin

N

S



';Qith spacé4time‘translapions W(xji4 @(x) = Y(x-a):
. ¢ 21722
S : 1 —=°
A o ik.3 | . e ) f
O lkly G(k)
’ 0 1
. -Zilza ’ T
~F ~ik.a + R ".[k|y‘= : S .
Gy = e G (k) B e A (2.53)
. ,-0‘ "O 1 — i
The genéfators‘vof spacé%';imﬂanéiations, (2.34) and 1(‘2.35), now
becomé - " o B ' R
S 1 ﬁ_z_ :
S Xy | oo e Co
- |45 T 1 ek) o (2.54)
i o S
: . 0 | k. :
- f Xk G (k)G(k) sl e o (2.59)

B

For‘hpmogenébus~Lbrentz:transformatiohs,;we‘find for YP(x) > W(x)'=W(Ax),

© o = £00 _%71» mk)+_ﬂk) 1 {eum)_ZA,HAz 3 1

ECK) ¥ £(Ak) Y(k) (Ak) o skt |k|(Ak)
}El_ '/?ZKEY_' . ’, : ' . "‘.
: SO | RO n
N | L - ,
%o(k)" = 8, (Ak_)., g R | : __ y
atao - Rt 'k{ﬁgAk),; 3 S S
28100 =gy B+ o, 24 IklA.. lkl(Ak) SR
0 B0 } 5y 0). '~(é.56)
\ 1€ I A , o
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. Nowy from (2553),~itlfbllpw5'the§\space;tiﬁe,translétiohs are

V»fmpleﬂepted;unitarilyvonIy.dp afsubepace_Jitqdefined by P

L e : - .
: “

,gi"j;" =0 s P T ~(2‘.‘5.7)

B

’tlve definite | By (2 53) and (2 36), the condltlon (2 57) is Lorentz

1nvar1ant. Furthermore, if we’ choose f(k) —Y(k), we find that the

’Restrlcted to thls space, the Hamiltonlan (2 54) is hermltean and posi— ’

homogeneOus Lorentz transfbrmatlons glven in (2 56) w1ll also be 1mple—f”r

:mented unltarlly on the same space ~Thus,,for thls choice of f(k),.

-whole P01ncare group is 1mp1emented unltarlly on: the subspace 'ﬂ:‘,';"

>

deflned in (2 57) Indeed’ this‘subspace is the same as constructedl\

-

‘u51ng the only ralslng operator of the Hamlltonlan (2 34), B(k)u (see -

2.48)y. - |
o c . .
In fact, thls distlnct subspace.ﬂ. fulfills all the crlterla for

-

' a’sepqu_phy51cally reallzable e;ates, a physlcel subspace:~ L ' _’_

- ..

; {“\ﬁl isue Hilbertlepeee.
- The Poincare ngUp ie implemeﬁﬁed pnitafily'eﬁ;iﬁi
. S - SR . s " :
“p°:— The specprum of ihe‘space;time'trénelation'genefators is-
given by:tﬁe fdrward ligh;'eone and thelf‘eiéeﬁetates.forﬁA'
it an lmproper basis of lt |

»Before ﬂeciding if Jx us a reasonable‘physlcal Subspaee.ei not, we. .

have to consider whEther the states in ' can be identified by perform-

ingvlocel measurements. To this end we now eXamine,the.following local

-

Ty,

selfadjoint“qpantity‘p

T(x) = 13/24J d ke {gotk)~e }k x'f g+ eék‘x };. ' (2.58)

(2m)

) "

.2|k|
P(x) leaves %' ipvaflant and, from ;hé‘cdmmutatiqn relations (2.52f

‘>‘ N



BN

R
tors from H are c—number scalar faelds and satisfy (for W and P fnu,
S PN v . ’ ; . (SR
" ‘<vja§A)§’f(X)U(é,A3§5'%'(?»f(Afle359).?"’\ T D
\ RO ‘. . _i S e R
Thus,.x(x)' is-a selfadjornt eanonical>soalar7f£eld o ;'. ﬁg';f

AlthOugh Y(x) is not ‘a scalar field, 1ts matrlx elements between vecay

Ke” v

-lls selfadjolnt on ,‘ (i e. 8 m =9 );i The states in /' can then
4 B u!. .

v-be 1dent1fied by performlng local, covarlant measurements of the obser—

N

-'vawles represented by the selfadjglnt elements ofAthe polynomlal algebra

] form'"u

TRl < 1] bl

-

~ of I‘(!.; All of these cons:.derations suggest that, U,' does indeed “‘ X
. . ,

sonablé physical subSpace o R :
i : e S o

' So far in. thlS section ‘we have 1gnored the role of’lotal-gauge

N - . . . e S

‘transformatipns (2.20): S : S , o LA o
X TX ‘ _ R . -
b r o+ A h N . . B - - (2-62)

with ga 50; We will’now considerbthen.‘ The Operatot implementlng these

’transformat1ons 1s generated (up to a c-number) by:. the QA of (2 23)

Q, =<%'{d k.{E(k)al(&)'+ ;l(k)c(k)} )
=24 f'j*ﬁ ey g 00 - gltoctor. Lt 2.6

Now suppose we have an observeable 6 whose restrlctlon to ;&L '

. 6 - | . o
;w;;n :heséecfal cholte f(k);~y(g;,‘ .v;f }'55~;;ﬂi‘;‘_’ﬂ' .
& [G(k) ¢! (q)] = Zlklégk—q> '?~ft;fi:' o ;A" : »“"(2;59;‘
w111 satisfy ‘;zvl'r'{hl S <. ,: - ;J-:.,, . A.l
'jrf<&+y);r<y>jffif'gﬁ;e<§°§§k§?)°.4“ E jﬁ ;%.;,ff:;', _(gu%o>'l

.‘-

. p ‘ oy _ . : -
e . . N R . ’ »
3



. " -~ . . : 3
[l - : A ’ ) . L . , . - ; . ;' . L 3
s . : : I . ! N ’ P ; g v,
. - PR - o ) . . ' } ) R : PR N - J
One can ‘then derive .. . " =, - . T X
L . [ N . ' . '-‘u- ’ - Lo P g ‘. R . -'k" . ‘v : N .
oLl e R e I~ . B c g R
o QT s Ay T e T
! ~.evs G(k) e = G(k) + 2 (k) ‘ S
N . C A 1 R R )
R e c‘”(k_) e = 26Tk H 20, 1) T wl I e AW
Although these transformatlona l ave 54' invar1ant they'downothleave ’
@ o w . ; ./{—
o 1nvar1ant the 1mproper basis of H', namely the vectors g (kl)....

-,

ng‘ N A ey i':; Sy i . S
e Q-;’"_expf{f-zf df,_gz(k)“ci(k)}-n e (2eesy
L . e KPR SO e e T T e

'Furthermore;'these transformatiOns ére not implemented'unitarilyvonfﬁ'\

since Q« is nut selfad301nt there.‘ Ihis fact has 1mportant 1mplica-
. Py 1

v

-
v ¢ 'a.z ., »

[;h . tdoﬁnot constxtute'a-symmetry on 1t. If one adopts the principle that
; ) ' observables must be gauge invarlant as well ,as belng selfadjoint then

r >

this model is 1éft without any nontr1v1a1 observables, the reason belng

B .
. 4

- that observables would then have to commute w1th Q\, and thlS excludes
L. . . \_ - B B

‘{'z the polynomial algebra of T(x) from the set of observables.vg

¢ vf R The consideratlons Undertaken so far.do not‘prov1de ue”vith a

cogent reason fbp postulating or not postulating gauge 1nvatiance of

R obserVables.n At the free field level ‘we thus cannot exclude the g

i ) . o ~~_§,n 2 i :
quanta from being a potential observable degree of freedom.' The deci—‘
‘sion on thls point has to come from an analysis of actual measurement‘

o

A‘processes performed on the g quanta, which would involve 1nteraction

T with'some'other’measufable degree;ofﬁfreedom, We;thetefore-have‘to'
L 4 ..extend the present free dipole mode} to an,intetacting fiélq»theory;
- ) Ly - ; - "
» . 3 N e

g (k )Q, since the vacuum is mapped onto a- coherentxstate of g quanta‘if

tlons for the maximal physical lnterpretatlon of the model since 1f~hf”

is to be the space of phy31cal states, then local gauge transformatlonsl

xd
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‘tr
S

v%v‘ThefcrucialiquestiOn then is whether the interacting theory too

possesses a positive norm subspace with a unitary implementation of the.j(

Poincare group and a unitary s operator. In the next two chapters we T

E w1ll examine two simple (but solvable) examples of an interacting dipole

field the linearized Higg s model and the Maxwell field both with

R

l'«external c-number sources.. We find that a physical interpretation for .

n i
- . .\-\

‘ the g quanta is not allowed, primarily due to the requirement that the'fr

. f S operator be un&tary and to the related question of gauge invariance of ‘

- o~ ~‘

o
o <

dipole model and that these quanta are unobservable in principle.‘”

. - w n

"f’STv One final comment is in order conce;ninﬁfglobal gauge transfor-

o < . ". -

mations (2 62) with A a. cd?stant.. The corresponding Noether current9

"j@h= —3 X does not lead ‘to:an 1mplementable symmetry since L J: f;"

L TR 7::-. T P »,,‘ Leigr o S o
F .-.gqc(,cv,;”),cp(c.,-;s,?)1 = )rn.qb(c;,sc') ;‘cp-(c:,?)] FolsG-Y) L (2.66)
;ihdicatés,theWSynmétri is spontaneously broken.i Both the g and gl

RO

:
ot

degrees Qf freedom contribute to this commutator and hence néither alone

+

B N

' plays the role of a- "Goldstone mode ..'fﬁn. : : g SNy
- . e I ’ CE ) : AN

. . o el
‘v - .'. T . B

‘

observables. We suspect that this result is typical for any interacting
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.,freedﬁm is not unitaﬁy In erder to conserve probabilitias, we mustt o

‘.. " . : »"‘ " . L e : (,' s
Y N 2 5
~L 0 . * N ) * '
‘ B AT ‘ ' ‘
om0 e T
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THE LINEARIZLD ABELIAN HIGG s MODEL *’ ' 1 o

. . T . T o s
,a : 3 ' d
PO

In this’chapter we will study the linearized Abelian Higg z

.

“model doupled to exterhal c-number sources.» This will provide us with

. [ K £
B § ‘/ =4 "- . B

» 'eur first example of an interacbing dipole field theory Beginning

'f theories physically sehsible.»

with the model as outilned in the'Introduction, we define a mapping

that allows us to carry over thenresults of the prev1ous chapter with |

5
: 3 R o

_essentially no modifications.» We find that the subspace of the whole
RS B s : S

'Hilbert space upon which the Poincare group acts unitarily factorizes'ﬁ‘

! »
)nv N B

‘into three spaces. one corresponding to the massive scalar Higg - par—'t

'-‘ r o SN \

- v . ~ N

ticle bne to ‘the; massive veetér‘boson,particle, and the final one to

PRI - ‘u. - O

.\;he one of thevtwo dipole degrees of freedom/that was potentially phy—

> . ', _».

L

.sical fdund 1n4¢he lbst chapter. \The S operator 1s~founﬁ to factorlze' -

1; P - . ‘v

similarly,(however, that part corresponding to the one dipole degree of

‘e .

- g . E I S
< i‘ ‘,_ A 4,:‘: ‘.g P : .

-«

H’it therefore mask thé appearance of the dipole mode as’a physical 6ne. | s

- ‘. > “2 oy ’

This 1s done by postulating a restricted gauge ihvariance of observa—'

AR . ~r’~.,
- N2 T
-

bles, the resulting physical subspace then contains Only the-massive

" :

.“,

scalar Higg s particle and the masszve vector boson.b This shows the

kY ("r 4

L
)

’ 1mportant role gauge invariance plays in making such interacting dipolef

v
2
“~

{ o We hegin our: sfudy by outlining briefly the model As mentionedﬂ'

» "

~in the Introduction, it is an extension of a model of twg interacting

S\ . ¥ v
; S D I R R
scalar fields: e 3 LT y f[f_ i
. : . _]:—' 2 ‘ 2% 2 - = T
oC (a ¢1) +3 2 (a ¢2) g B * 95 - a)" L (3.1

5 . Dot | = N .
: ; . . —“35 L4 ’
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This is invariant under the ‘global gauge transformations - i

Vi

oo rdgestt,sing e L

‘ -\‘fg LT gfﬁjﬁurﬂ" . el yﬁ.*‘ '”J’;ff”f A
T ,\¢237"¢1.Sin6+né§ cosf ‘ SRR - '(3'2N"
e .‘\.‘. : 6] v,’ \‘_ ; S . ) j ‘ . .

- e v

with 5 a cpnstant. If one wishes to extend the transformations (3 2)

to lotal space-time dependent ones, one ‘must add a’ gauge fieia A and -
o modlfy the Lagrange density (3 1) to " e T'f.~t L ' ST

| °C,‘ 2‘_.Sau¢‘l eAu?Z)“ +;2 (au¢2+eAu(?1) S D

"3 Fy)

‘ v

Yo

‘.wnete ?;9 - QJAQ = aQAn;? ‘Tbis,io tnen‘inv;;iéﬁt'ondet.tneklooel éaugelﬂ ‘
‘traqsforn;t}onsfbt. | .
';‘;;g‘l,»""ﬁy‘i_ cos 6 +'¢‘;2 sin & - = : * o ‘ 1

T 9y > ~¢ysin@+ ¢, cos86 .0 L

B S S i AN . . WS

h L 0 . R TR R B o : B *

‘. oo . . o R o ' o -:v‘, 7 R E """ . t’;,,: < ST | o “
A T @ik e
< u 'R v\e u i S : . .. . 4‘.‘-. . . ’ . Ve 3 o - - .

{”"where e is now space—time dependent.
B For a2> 0, spontaneous symmetry breakdown occurs. Ch0031ng ol

J

to develop a nonzero vacuum expectation value"we define, to lowest -

ordery the -shifted fields_' T P R R

u‘b = ¢1 . . ’ N ¢4= ¢2' T.. ’.v B - ’(3 S) >
The Lagrange density becomes. N - 5 R i

;'%',(w‘)z- 1uw +3.0 ¢+mA)'——<F’) -SA+‘1“3 54"““”
B e *'~"f ‘-_;- SR _ . t (3’6) L
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where
. ‘ .
m ='ea ' " ‘
, 2.1 2 S .
Womgatg T e .

S L2 2 12, 2
S :e¢3uw e—wau‘i’ - mEAu\P 2 e Aucb"‘.~ ) e Auw

ey w1l 2w 1201 2 12 1 3"
o= ed oA 4med A7 +5 %A MY g agy” -7 age” - Ty 8997~ peY

N
- | . .
Let Qanoﬁ.ﬁimic the effect of the interaction. terms by replac-

f.,iﬁglﬁhem5wi£hvc—number external sources. The field edua:ions resulting
. from (3.6) read ,

',’.

Oa /3 3-A + m?A + md <0
Tw e T T e we

[
W

B
Lt

.g;,,uAgb +.&3fé

]
g8
QL
w

L]
—

D+ e LBy

' .
- an < .
P . . . . . g P

N . v I
L3

‘whé;e;ité;s ﬁnderstood.fhét now Su énd'r are merely extérnélkt%humSég
A?%sourceg, ﬂo@;ébn;aiﬂing]nonlfheaf térms ip}thg fieldé.; Wg¥sé; that tﬁé
o . o ' a o K
ﬁigg}s fléld,@;decouples, b@gzﬁhe fields Au and ¢vdo note- Héwever,‘ifi-'
N . B . . P ~ - T - ' - N ’
B Qa.ﬁdsm'fhgiéqmbiﬁétiqn“__ﬂ ) | ;/ . .

5 R . ._" ) ) ) K /

1. o
. B = + =3 3. B
' _‘.‘:_Ll A m u? > ( 8) ’
i : . ‘
we find. that ¢ does in-fact decouple: '
'+ . 0B - 39-B+m’B =8 B
‘ o M i B H . ) i’
e R T : "o SRR C LD
Ay : - ) ;
1 . ~,:l . . 4
s . * ) ,
5 K - . ¢ '
t o
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f<fﬁ{he‘field}equations‘are‘then modified to

R ’

Ihe"transformation" (3:8) looks like a gauge transformation, and makes

. us suspic10us that -the degree of freedom associated with ¢ is somehow

’
P 4- -

a gauge degree of freedom and will not appear as a physical one. It

+

appears from quations (3 9) that the onily physical degrees of freedom

r

are those associated with a massive3vector field B uand ‘a massive scalar

v .' These conclusions, whilé correct must neveftheless .be verified in

Lx

the full quantum version. N ! X s
In fact, there does exist a ch01ce of gauge, the unitarity i

gauge, where Only physical fields appear and the system is indeed ~des—

cribed by (3 9) The Higg s model in thlS gauge has one main advahtage

I v

and one’ maJor drawback. Since only physical degrees of freedom appear@

387+

R

the S matrix is manifestly unitary. However, it is notiimmediately// »-

apparent that.the theory is renormalizable; indeed, it has been called

quasi-renormalizable in this gauge because of some "miraculous” can- <.

’

- @ - ' o . T : : .
Cellation of divergences that w0uld.have destroyed.renormaliZability

(seg [wz F5] for a more complete discu551on of the unitarity gauge)

Because of the lack of a proof of renormalizability in the unitarity'

! - i

gauge people were led to search for another chOice of gauge. where such

v . . . . -

a proof could be made. From experience with electrodynamics, it seemed

natural to. try adding to the Lagrange density a gauge fixing term

Sl 2l 22,1 2_Lip 32 e 2
at T O g MV G ma) - G T - 5 (ew)
'u'.._l’ ‘ VA n E . ‘ ‘A
- Sué + o 3+S¢ +¥zw R e » - -(3.{9)

..
“ . . . -

. ‘ o -, . L N . ) -
A + (a-1)3 3‘A +m A + md = S s ¢
‘Du -( )u_, T u u¢' M R o

¢
P
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Do emiketas L
.m h . ) .

T o T - T 3D
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These are.éi?ll invariant under .the following :raggfotmations: ~

v L S (3.12)

Vwith“DA 50.' Ho@evef, beceuse in the absence of sourceq”Do # 0, the

,
. . . Ld : . PN

nAtarxty gauge with thxs partlcular gauge fixing term cannot be chosen

. S = ( tv ”

Tofsee*pow ‘the degrees of freedom associated with ¢ and one of those
va ¥ - B t N . B - . . .
of éu do in ‘fact decouole from’the physical sector will'occupyfthe

_ . . - w

- remaindér of this-chapter. - = 2= - IR - s

(As éh aside, léf'us note that the gauge fixing term"—ﬁf(a'Ay

is still not che most conveﬁlent ch01ce for a dlscu531on of renormall— )

- -

zablllty, the first successful proof of renormallzabillty was done usxng"

a sllghtly different such term (see [H6, FS]). However, the»dlscusslon -

of what constitutes a physical subspace will be 51m11ar for thls modl—'
fied choice, so we will contlnue ‘to use ——-(a A) since this is what
concerns us at present). ' : _ ) Co .

To begin our discussion we define a magping from the set ,of $olu-

tions {Ap,o,w}‘of (3.ll)Aonto'a Secé{Cu,¢,x,g} by the following:

A =C -— -na:
v m (3u¢ n ,ux).

v = w f“' | P E " - (3.13)
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where n ie a real dimensionless parameter. The set {Cﬁ,$,x}w3 satiefy
_' ‘.‘ . . . 2‘ . . B >. . ;; - . ]
. .0C -3 3.C4mC =S S .
R VI TR TS . i '
v ) - R ‘ !
: - m'z e 1 ! S . e )
D¢ - '—-—n X = = 3'3 T . ' ’ . ] LI v
a: .m- ) ' . .l [ . '- N r .
. o . _ "N
Cx =0 L ;n o \
L . . .
. 2 R . v B v
w +uy =7 . . . . e (3.14)
« o = ' o N T, < Ty .
. b . - el ‘ » ! - *
By .using B - . o v i
4 addA = -moy e T T T (3.1
S A . s ‘ A‘_- e ‘ e -
ome T n‘show that ﬁhe'mapping (3 l3)'is ;nVertiblev ~With fhi§~mappin§

we have decoupled the massiye spln-one field C from the fields P and X

‘note that mza C = a S, so, say, Co is not 'an independent degree of U

N R ‘ - ~ < . 5 v .
freedom). . - . .. SN . : o
- N . . R ’ > < L R . . .
2] - - :

o The gauge tfédsfofmapidns'(jelZ) in termq.of'cu;¢,xiend ¢ now

” . - ‘
~ . . h L
read *° RN - L0 e .
"»‘_\ < b .
"y . -
. FC _)’C- . _ _ - .
u M N
o > 9+ A - . ) F,
.. - . \’ - . . ) - = RETN o~ S - K
oL X 7 X ' ‘ ) oo ) 8 )
Yo e . A Co o (3.16)

These are exactly the type of transformatlons con31dered in the previous
chapter (see (2 62)) The operator that implements these transforma-

,’tlons‘ie thus_generated by<;

o QA=-2.if Sk {C(k)Y gl(k)-g (k)c(k)} . ’ ' (3.17)
e e Zlkl 4 - , C e .
» where " , T i ) . X
_ ST ‘ .
1 - ik-x, ° i
o (27)3/2J 2]k I{C(k) SRSl R IS
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t.’ ~
3 i - .
» " . \ i
! ’ >
o : ¥ - . ‘. i
" and satisfies v - \ ' .
1Q1\ - "iQA B .
e Cp e - Cu' . , ~ * )
1Q "iQ e, » o L :’_ .
e A b e A w d+A . - A N
‘ iQA .e_iQA " ~: .. ) . ) ) : )
e x 8. 1 m.x - L
19, © -iq - . . o
e 1 b e A Y o - L T (3.18)
“ . ~ . “ N , X .

-These trénsformations will piay an ihbortﬁnt rolé/in deciding on the

\- . g "

physical interpretation of %he“model. T
/ * . ..
We now turn our attencion tp the quantlzed version. From the .
Lagrange den51ty (3 10), we find the«canonical vartables to be
... A 3w =‘F;1_- g A .
Yo u U uo u
- ¢’\ ; T = Mo + ¢ . o -
Vi om = LN (3.19)
. ‘P.-\ ot - - v
- : L SR B L *"‘
We then 1mpose CETCRS among thgse.‘ L B
, \* AN S - -
— ffr“(t,'X),Av(t.?)] = ,i.;gwd(x-y) L . -
L4 . - N e ; -\’ N ,.;‘J
[7(t,%), $(6,3)] == 15&=y)
- o > o ' - ¢ -
[r (e, ) (6, 7)) -2 = d6Gx=y) |, , . ©(3.20) -

- with all others vanishiﬁg These in turn. induge the following ETCRs .

“l

for.the new variables {C ,¢,x,w}

[n(:\’(t)x)"ﬁ(t,)’)] '= ;{ 5(X'Y)

[r (£330 ,8(e,9)] = 1L = D8G5)

~

41
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[nlé(,t,;),cz(t,?)] - - 15%;5(%".'5,’)
(n, (80,4 (6] = - 16 GF) . RNER2Y

where the conjugate momenta used correspond to the canonical variables

of chaptér II (see (2.25)): - .

P e ? .
Ck ;T 2.=;SQC¢;Q ég', : | ‘
W
Tt er T ’
X 5T 2Ty - | , ’
Vo, T b | w"‘ & (3-2UZ)} .
The: remalnln; ETCRs vanish. S'ince the fields are co'upl‘ec"l to c-number o
‘external sources, these relations hoid unchapged for the asympf.,o-tic ‘ C
fi‘elds;.‘ In particular, the CETCRs for th/pure dlpé field (see (2% A,‘ : i . fij
_are fecovered for x and ¢ with thé gﬂoiée n=-1= £. The value of Az \7> - 2 "
intn;duceci in chapt‘erg‘II’(see (2'.2))\ can then be read off.from _'the
‘ asﬁpto'éic form of équétions (3.14): ' ) ‘
| ):2 = - mz/u . ; s | L , F (3."23‘)
We can thus take over bodily the results o’f:'chapter II in the case a< 0,
ksi)pce. then ,>‘2 >0 (this will.bé vs:pposed in the followit}g).
It is. now fairly stra,igt;tffnrward .to calculate the various commu-
tators and t:ro—point functioas for th'é:f: theory. The massi‘ve vector field
Cu satisfies (see, for example, [;B]r) ’
' dk 1k-x = ] 2.2 kukv 9
[Cu(x+y),Cv(y)]= J(Z )3 ek )8 (k-m") {gw— ) } (3.24) _N

/
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With this and the results of the previous chapter (see (2.33)), we then .

. find - ce S s e ¢
' L. : v . e . e i, e ¢
. , ) : L4 v 4 s ‘ ‘ e ‘z'w\‘ k,,; . -
_ P ) . Tk ko H < T
- ey d'k -ik- 2. 2, , i L
O gla(ey)TA (v)] = - J“‘—*g e ¥ {&:(ko)é(k m)[g - ‘—5;2-2] ®
S B - dan? ST sy

o 2‘ ' 3 £y ® .
—‘E—-Ta(k )6(k)+-—e(k)6 (k)]} 0T .

. ‘ ' e 4 ' - ;h;;;;}r n . 2 . . ) v: ] )
- -ij—i—‘im eTHX {é(k%ﬂs(kz) Pk )-5’(13)} .
m 3 SR SR e R o 0 = - : :
o (27) AN . A B .
l o T ,,—M
4 St ' L2 = T . . :
d ik-x [. 2 2 : S
. [6(x+y),0(y)] = B k e {a<k )8k HFI= e(k)S (k y} .
: BERIRRES J (2TT) 0 Loa £ 9
ey o [ de rex ] R P
.. [u(x+y),v(y)] = . T 3¢ (k )5(k - u ) R (3.25)
, : oo’ . e ‘ . "
'with'éll other commutators- vanishing. 7 S - ’ . )
B . , v N . “ . ) . 5
.‘For_ .the propagators,‘using ': - ' =
R _ S N : < . 2: B . a
o . i . r d4 C_ik- Clrg “k k‘/m ” i e .
(o,T{C (x+y):c‘\,)(y)}@) ="~i J_‘fk‘?f"e " x{ uvz yzv : }’ - (3.28) .
A ' o RN (27') ¢ < Vi kU-muatie ; :
one the‘n caiculétes ‘v}ith the help of 224_41}
T <
(@, {:Au(fo)Av(”)}@),reg
L Rk, e
. {(gh\) "2‘.» ) 2
. <: © ki+ie K-m+ie .
- o v\ [ d‘»‘k'"
S (@, T{A (x+y)¢(y)}52) T, @
: N reg” (2m)
B L

| i '
@, T1¢<x+y>¢(y>}n> -I d k‘ e

(@, T{w(x+y)w(y)m)— iJ d ko giex, —Q—-%——*— c (3.27) -
i - (277) CokTeptHie R - .
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.with all othe:s vanishing. The bad high—momentum behaviour of the

!
.

‘massive vector field C ie evident in the term k k /m ‘of the propaga-“

Ttor (3 26), it is this-term yhich spoils the, renormalizability of a ‘-
’:;theory of weak interactions containing such a field However, this )

. . -5

term does not appear in the propagator (3 27) for. A ,-and "indeed a

‘itheory giving a mass’ to the photon in this manner is renorﬁalizable.

.We can also see now how Goldstone & theoz «iS'VErified; Recall;

AN

the, asymptoti. _fon of motion (3.11) for Ag! - ‘ \

. + (a-1)3 3-A =K : ) | o .
,Dnu, -(a 1)au ‘A K, RS o _ | (3‘28?
* where : - '
- 2, 1. 2 1 S
»r = - + = 3 = - - =3 . . " e
R m.(Au = u¢) o fcu. o guxl , L
The current KU generates global gauge transformations (3 16) Now’
form the quantlty ,
. 3 L - T . _ S
(o, Jd x[Ks(x+y)gc(y)]ﬂ) =im ., L - (3.29)
N blad - ., RO . 3 E

-IheffaCt_that this quantity does not vanish is a signal that these

transformations’ are spontaneously broken. According to Goldstone's' -

. oo »_/ ‘ e ] ’ . L ‘o
" theorem] then, the Fourier transform of

~ qoy =dm o o Lo 3
nf[§u(x+y),¢(y)19? ,vzn,?uE(xo)OKx ) , o (3.30)
should centain e’&(pz) singuid:ity; as\inéeed it ddes."SimiIar results

.

are ebteinedfif one.repleces ¢'in (3.29) By‘any'product_of‘fields-Ab"

. oand ¢. : ﬁ
‘ " ’ ) L P e o . . m_':ﬁ:
We:now concentrate-on coﬁstructing the Hilbert space of the, &

< N Q PR }(

'model In order to do this, we’ must con51der the asymptotic flelds.

R . . B . v,‘ . -~

o

v

) These are the solugl ns to the honegeneous ver51 'qfsequation (3.14):
o i R , 5




B

Lo : R
2eF¥ T 5 5™ e 520 - g
M W,
‘ 2. . .
i ::ex _ m;n Kex <=0 ; N
7 ) ° .
: ex = O . “"‘ - \"
. o - 5 '4‘ . ‘ . 5 : . ' . . _’ s,
. . :‘VEX + LA.._“ex. = 0 v . . ,,'/’ . L (3.31) LN
E_cwhere the superscript fex” 1nd1cates e1ther in ct out fields. Theb‘
Hllbert space of. ‘the full model 1s then obtalned bv performlng the = -
o Fock construction for "the f1elds o -’:ex’,xex = and‘u-x: Since T
o . AR ' 0 N i -
} ‘ex7" . ex ex
C. -and ¥y decouple from 3 and \, the complete Hllbert space,# is .
the symmetrlc tensor product of the space v carrylng C ,,the space H
carrylng yex’ and the space D (cbntalnlng both 8, hand gl quanta) cons—
tructed in chapter II for the fxelds 2% and x:v;
. N =VeH®D . ' |
' The lnterpolatlng flelds c ,,,‘1 and are?
tors on 1i whlch satlsfy (3 145 The eolutien to
glven by % - ‘\ . .
N | ex 4 R IR T
Cu(x) = C“r(x)l+v d'y D (x-y,m )S” (v) o B Co
I 1 f 4. ' T 0
e(x) = x) + o j (x—y,O)o S(y) C L
' ' o ex R .- et . ~ | o _- .
' o) o= o ) : : N AR
. ex,, b ex, 2 e e
Hx) s () 4y ey, Ty - . (3.33)
‘where ' . o o
' "dak : ei}k'x . S * IR RCR
.4- (X m ) - . - . . . )

R 2.2 C
T R (21) k), - )

. . . - - - . ' Y . 4
¢ . 3 . . N - . *
X . RN _ . . . -~
. il
. . - > o M g
5

.
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. o . . _m,‘i~ . . .
. - {; y PR M ' , N ) AT r‘—. v
- L e - D S,
G , 5 S, ;
. | L | o g T
ex. . ey 2 "1 - ex ‘2| ' L . ) . . o
D (x,m”) = (g + —5 8.3 YA (x,m) ' LU
v UY o me MV S W
> ‘ " S ,.>' e . LN

Aand as before, the subscrigt "ex” 1nd1cates the rs-prescriptlon corres—,

&
-,

ponding to the boundary_condi;ione yieldzng advanced'orvretarded propa-

- T gétors. P fgx,‘ , ‘_ ,.v Y. fr.i_‘f ‘v-;r. _—
/ ."l B _ ‘/' : P ‘ v ' : ) L. T e ) ‘. = ke /-"_?... ‘;' o o “

‘ R Now, rECalling the results of the previeus chapter, iv is e

, . 2
e . e ™

épparent that the Pofncare grOup 1s not 1mp1emented unitarlly on the

-, T “ . hd * _|rv. ."

. -

o entlré Hilbert space. ». rHowever, on~a subséece k$ defined by* (see
B . ~ . . A : "y . -“ ~ o d\\_ .
. (2. 57)) 3?5. A . " ST PR TR

_o=0, . R R ST ] : (3 34)

.y i
! ~ &

T . T e T —“ - . .' e L . LA, S
R the condition (j.ﬁﬁ)-is-identical with .the weak Lorentz condition

Ry C ‘. Lo LN , - -~

TS N R o336
o | |': ' . ) ~ - .

) K e

>~ ',“v wherg 3 A( . denotes the p051t1ve freq ency part of 3A. Note that,

‘ g ¢

.“because qx =6 —'Q A even when sources are: present thé conditlon (3 36)

~ -
- 7

r : .
retalns its meanlng 1n the presence of 1nteract1ons.

fon . . o b
‘ . . " . A A , :

_ - R - : hav1ng found .the’ subspace where ‘the Poincaré- group acts un1tar1—
. -
. N N 3, r X & - -
ly, we now address ‘the crucial quescign‘pf~whether or not the S opera-

o Vo

tor too is uninary on_it. .The § operqtor is deflned as ther;operarpr
- which connects-in-fiélds to out-fields: . . e

s L L e ean

. N . - . [N

.
B
<



s A T L - ’f'
on ;he massive veCtor boson space v, one ontq the—Higg 8 space H, and
"-the anal one onto the dipole space i’ ‘_*ﬂ’lt = Mo *
- - v‘. = - ! ‘..‘, - . - - 8

B e : (2:39)
.with ) v i " CoL .
‘ -1 jout - *
C o -
. §V1u SV C,u o . .
. ¥ ' ‘ &
B in,-1 -  out S o L o o
. —l ) . S R
‘ S ¢ n = ¢°%t \ v '
.'-’ b _l W
SD X SQ = X - . ‘ L N
' -4 .The ?peratorssV and SH are unitary on the’Hilhert.space X,
A s R ' C : . ‘;'," . T 7
~ and present no’broblems._tThe same cannot be said for Sb., Upfto an
arbitrary c-numberfphaseAfactor,'it‘is,given by’ T

. JRR B . ot - b ‘ /‘ N *
B oo . 2 ‘ :‘v s R r i L /“: . V \. 'r."
.; w17 ‘4' s o T B Lo
where z stands for any of the figlds c f‘¢,{x or w. ‘Aé did the
// VR Y

O a ma 1 m S Sou o
N $p =exp {——m /2r J [lk“s (), <k)— iK"§ (k)g (,kH} » o (3539

2|kl_a_ o K .

,s

_w@é&e S (k) is the Fourler transform of the current S (x) Recalllng

,':the e#fect of the loc§1 gauge transformations (3 18), it is Seen that
‘;‘SD actually lmplements these transformations, as (¢ x) and (¢ )

-

are connected by a gauge transformatlon.

o
»

degrees of freedom takee place, as one expects from the fact that ¢ is
. : - R E .
not a free field. ' This is a rather simple interaction because, even ~

+in fout S ’ut in

.. though 8, ;go ,~ the out vacuum a° =.5.Q is a coherent_State;

D. DD

relative to the-? basis. B

It is also now apparent that’ D‘is neither unftary on ﬁL‘nor'on
. x 1

'Q_. If state§ ovaD were to be observable, then the fact’ that SD is?

\ -
- i s * .
e

» “ v

QJ'

. Hllbert space CP the full S operator factorizes into a part acting ‘

_ This shows that scattering and creation of the scalar Goldstone 




ai
Ea
>

‘ A

‘not unita'r‘y on;y, would violatef principle of probabili'ty conser—._
. . . 1

.

vation. - In® order to have a physi lly sensible theory, we must

therefore make the g, quanta unobservable. Now, a 1ook at (3 17) f .

-

1ndicates that restricted gauge transformations neither will be imple—‘
‘mented unitarily on jl and‘therefore will not constitute a symmetry
~there. Observability of" the g, quanta can thus be prevented by. adopt-:
ing the postulate that observables must be gauge 1nvariant (1 e.;
invariant under (3 16)) | The subspace of physiqal states #P would
then have to be chosen as that gauge invariant ene containlng only the>

A8 [N " [

. Higg s scalar and the ma891ve spin-one degrees’ of freedom. .

, T~ . . ) : o N
Observables would be described by operators of theé type > :
7“; z 4. @3 -
lw, . HO W A ‘

-with 3y, and 56 each belng selfadjbint. Thus, thé“only‘obseEVéblefi_;r

degrees of freedom ‘are those assoc1ated with the Higg 'S and w1th the

massive vector bosonvquanta. The resulting physical subspace $¢
catries a unitary fepreséntation ofithe_Poincaré group.anﬁ'is the

'maximal one.where the S.operator is‘unitary,uguaranteedhby the postu= ;

late that. observables must be gauge invariant on this space’.

Ky

This, of course, 43 .the same 1nterpretation as that obtained .

'MSing thé indefinite méﬁric approach. As seen in'chapter II theére
- > - o~ s ?
. are no physical observables associated with the two dipole degrees of

freedom when ghe indefinite form is used, and this immediately reduces

- the original six degreee of freedom of the Higg s model o four physi—

o . »

cal ones.' However, as we have seen in the 11nearized Higg 8 model with

1 N ) .
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!

.Y v

vanishing sources, no’ reason that this forﬁ must ‘be’ used can he found

» .
X . " R

in the interaction free cas‘ " Using the pesitive definite 'scalar, pro—' -

~ [ B N

i
ble theory, the S operacor must be: unitary that.leave&'the model,wi&h

L A

only four thsical degrees pf ﬁreedom.“In the next chapter we will

. v

duct, it ia only the demand thac, *n order tp have a~ physically sensi- T

t

fstudy‘ahocher model cbntaining_a-dipole field = the MAxwell field in.a

hon—Feynman type gauge.' Again we shall find that differences in physi-'

*

'Eal 1nterpretation arise (1n the absence of lntetacciOn) ﬁhen the

-
N .
Cy v . -

- p081t1ve definlte scalar product is’used ‘as epposeﬁ to- the indefiqite

d - bt} -

-{

seSquLlinear form. As well we shall also agaln see the imporﬁant role

Ak T .
’? r-

gauge 1nvar1&nce plays in maklng Ehe theory physically sensiblé.~‘
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- THE MAXWELL_FIELDJ‘ R e e T Yy

.o
.

CHAPTER, IV/ e

PR Uy . v
-d A . o . N
.- 4y L

[
By -

R B . ; ny \
Vo * . [ _ . . . P

> ;’W In this chapter we vill sbudy Lhe quantization af the eleccro- . o

o+
- - l,' ; .‘\_x . I 5

magnetic fleld in a' non Feynman gauge. ’When coupled'to an external o

gource 1t~will prov1de us with another example of anm intetacting dipole

x » D
. s

field‘ Again we @hall “see thab quantizationnonWQ positive metric - leads

S

. to a different physical 1nterpretatlon at the free field level than

.v&’
AR 13

that found using an indeflnite metrlc, and that unitarity of the §

o

.

,_operator and the related question of gauge lnvariance Ain the lnteract— oA
oy ‘

1 T - .
. -~ M I

ing. theory reconciles these differences. o . Tt “
. . : . s

°0uantizxng Maxwell s equation has proven te be one.of the most

.
d [N K3

d1ff1cult problems in the histovy of Quantizarion.

—y

Work by Strocchl ST
has shown JUSt how deep the problems assocxated with quant321ng elec—
58], and also [WS,‘M31).

tronagnetism'lie (see.[S7; Assuming ‘enly :haE -

;
o . : ) . 7 B . ) ) : ; .
"a Poincaré invariant vacuum éxists, the field stfengch-Fu¢ is covariant,” b3
W ., . - . w o ] et S ;
A ! U ! ! ! PR B . ~ . R - .
"and the two-point function_in the forward }ight cone ig analytic, he - * 5
'has shown that Maxwell's eguations B IR ' i
. ‘ ) S ‘ . : ' “ - Lo
. a”p = (0 = g“vcéa_p - (4.1)
i uv ; v os . .
. 1 . ) . ’ Y \
.do ot admit a riontrivial solution of the, form ) ‘
! - ' 4 ’ b ‘ . ' ) ‘
S F =3A‘-23A’ S 4.2) -
. N . u\) “ Vv <ﬁ'. v u . . . . . . ' . . . -
" . . . - . EE ' .ot . L
: o N Lo
- o g b4 S
.if either -the vector potential Au is covariant or is local. °No, assump-
- tions on the positivity of the metric are necessary in this proof. - - ~
nghe evidently has two options available in_aQoiding chese con-- '
" clusions. The first one, and rhe one cakén historically, is to give
. . : i L i %

50 R
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up the covariance and locality of the_vectof;potential; This essen-

tially leads to a Coulomb- like gauge formalism (see [B4], as well as’

i

[Gl, - MA MS] for alternate formulations) ~In such theories only the

two transverse degrees of freedom are quantized, the other-two remain-

ing.unphysical ones being.elimineted in some suitable manner. It is

.

this splitting that renders the vector potential nonlocal and non-

covariant, although of course ‘the field strength is still local and

- ‘

~,.. eovariant. .‘.

W -
(Y

]

-’

v ;

e

¥

Since only the componénts of the field strength‘are obeervable,

'

enq”not the potential itself, there appears no problem with this

"approach. - Nonlocal ‘and honcovariant terms present in intermediate

T
>

steps drop but .in expre551ons fo* observables. However, the concept

- y LB

of the vector potentlal seems unavoxdable in formulatlng ‘electromagne-

S

H

tic interactionsy

as ‘such interactions cannot be written down in a

local'manner'using just the field’strenéthé. This obser&etion,along,

. -

“with the advent of -axiomatic field theory (W5, SS] and the powerful

/
P

results that fol;ow from, among others,.;he assumptions of locality

o7

.. L I ,/ 3 ) 3 " r3 5 .
) and covariance, led some to wonder if a local covariant formulation of
r ’ .

.2 the Maxwell field was poss}ble. It must be emphasized that”there'is

nothing wrong with a Coulomb gauge quantlzatlon' the questlon asked:

i

1

_here is a -more theoretical one; is there something intrinsic in_the

‘ L 3 ©o .
quantization of Maxwell's equations.that makes the use of a noncovariant,

.

G s o ' L
nonlocal vector potential necessary?

¥

wl

‘The “aniswer to this queafion is that. it is not necessary. A

second way"out of Strocchi's conclusions is to modify Maxwell's equa-

«tions themselves, but then recover them in a weak form on certain

.

;physical states.

This results in the well-known Gupta [G6] -Bleuler [B6]

51
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formalism, where the vector potentiai satisfies the massless Klein-

Gordon equation (whidh is the FeYnman gauge) This was later extended
toan arbitrary gauge by Lautrup [Ll] and Nakanishi [N2]. .(Inciden-
tally, the original ‘'seemingly theoretical motives were not without
oraetical henefits; many calculations are actually more easily pegf
formed usiné this type of“quantizationl.

A'featd;e of these theories is that an indefinite metric is used,

.

- and a way of dlsallowing states of zero and negative norm from &he phy-
sical sector mnst be found " In the Gupta-Bleuler method the following
is ueed. Physical states ¥y are said to satisfy a weak Lorentz condi—
‘tion |

a0 . - ] )

Norms o# such states are positive semi-definite. These 'states are
then grouped into equivalence classes: two states are said to be equi-
- valent if they differ dnly by a state of zero norm. . The physical space
is then defined to be the quotient space
‘_ '{ _" » . . -
Bp =& | I O

where ¥ ¢ '4' and &'" is the space of zero norm vectors. By means of
(4.3), Maxwell's equations supplemented by the Lorentz'condition are
recovered in a weak form on‘kL’L In this way® the two unphysical

)

degrees of freedom are eliminated leaving 1nVQ— two physical trans-—
verse photons. (For a more detailed discu351on of these and other
types of gauges, see [S9].)

0Of course, using either a Coulomb gauge formalism or an inde-

finite metric formulation leads to the same physical results. It is

largely a matter of taste which method to employ. The Qupta—Bleuler

<



formalism {s a completely cansistent and elegant approach to electro-

.

‘magnetism, However? we now ask the same question as we did foxr the
Higg's model: is it pagsiﬁle to qugntize'the electromagnetic field in
a covariant loca; mannef on a'positive metric Hilbert”shaée and still
eliminate tﬁé two unphysical deéfgés of freedom? ‘As before, using‘%yé
positive defihite scalar pr§ducg,‘w¢_will‘have to contend with the .fact
that Au islnot hérmitegn nor is the Poincaré group implemente& unitarily
on the whole space. We will find: ’
(1) The repfesentation of the Poincaré group.;aréigé’by Au'is‘
‘irreducible but not indécomﬁosable; Deﬁanding space-time
translations be implemented unitarily ‘then reproduées an
. ] equétion like (4.3) and removes one degree of freedom.
(2) If one then imposes a restricted gauge inﬁg}iance; then the

only space where the whole Poincaré group acts uﬁitarily is
a quotient space similar Ep that‘in‘(z.é). Thetremainiﬁg
unphysical degree of freedqm is eliminated, and we afe left
ﬁ} with two‘physical transyérse photons.

‘This_ig not the whole story,’théugh. If one does not postulate
gauge invariance, one flnds a second space, contalnlng only one physxcal
degree of freedom, where Poincaré transformatlons are 1mp1emented un;—
tarily. This interpretation, as oppqsed~tp the other, however, ‘leads
to a nonunitary-sloperator fof'a coupling to a consgrved exfernal cur-
rent. In order to conserve prdbabilities, oné is forced to Epoose the
physical space tg bé the gauge invariant one containingﬂgge two trans-—

verse photons. In a sense one derives gauge invariance of observables

in this framework; one does not have to postulate it.
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A. Quantizing the Electromaggg;ic4iield

We begin~o?r écudy by finding a suitable decomposition:-of the '’
. . ] i 'X o . . :’ - ‘3
four degrees of Qreedom of the Maxwell field. As mentibned earlier,

the usual procedqte usgg in a covg'gant quantization is to modify

Mawwell's ‘equations. Ome such modification is the addition of a
’ 7

gauge fixing term- -%ﬂﬁé}A)zktg,tbe Lagrange density:

'
‘J'.‘J!

=3 A - 3vAu and 1 # 0. The restricted gauge invariance

where F_
)

v

alluded to previousl& is that of the following: a

A A+ L - v — ' (4.6)

with 7' 7.

The field equations resulting from (4.5) read

C (L T)

»

The choice ¥ =1 is the Feynman gauge, used by Gupta and Bleuler. 'In

Fourier space, these equations become

Wy Dk A =0 o (4.8

where Au(k) is the Fouriér transform of Au(x):: For a nontriwlal solu-

- ' 2 : . ;
tion, Au(k) must have support on the cone k =0. - However, in order to

solve (4.8) for a # 1, Au(k) must involve a 5‘(k2) as.well aé a'S(kz).,

singularity since A (x) in general satisfies a dipole equation:
. |9

:zAu(x) =0 . . (4{5)

v

Guided by tggigesdlts of chapter 1I, we write the solution to (4.7) as

L2 a2 ' | |
.= —Z (F ) - 5 (S-A) ' ‘ . ] . X (4-5) :

t

54
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follows;" ' o .
iy m AS (x4 e " '
Au(x) Au(x)+ ,ou®3(x)+ (1 “)Jp[xoba‘(’ﬂ)]*' _Zagm‘.b‘.()t) | (4.10)
where W o
| At<£>=}£ S d3kv{ie‘<kia (0 + ¥ (ke (e~ ke
VT a2 Wl

LR R0a, 0+ e (0F_( 1™ }
H TR

3 .
1 d k ikx x
s, (%) = { J {a (k) + a.(k)e }
3 2n 377 1 B N
3 ¢ ' '
. _ 1 [d7k -ikux ik-x
b (%) = (29372 |2 {aa(k)e a,(k)e }
O ) -
K- =0 ; k =+ K| .

The objects au(k) describe states of circular polarization, and satisfy

. - C e = -4 = ) -l.
£ *¢€ 1 - xf €ec 0 . ek =0 . | (A‘JJ

of he dEgre
4 * b3 R %M#‘;:;

tion as in & he free dipole fLelﬂ“QSﬁe 1_¥e'w:wa§{;:pﬁoper

{e - B
scalar flefa ggt the obgeﬁis ofkghe decomp081tlon ¢o¢and~¢i were not.
Klein-Gordou product L -
‘ ; ‘nd ’ » o N '
Jdax f (x ,x)[a —3 ]g(x ,x) 5 (4.13)

] >



a k) == (7 HE, g

[§)
a_(k) - - (o7t e A(xd)
. o]
‘ i, 4 - 1 -ikex
ay(k) =-3 (+da,(k)- 3 (a l)aa(k9+-|ﬁl;(e .Ao(x))xo,O
a, () = —— (7% aac) . ! (4.14)
2|k|° : o

The cérresponding expressions for the barred objects are

>

- _ ik.x .
a+(k). = (e y " A(x))x
o
- ik
LA = (e e*-A(x))
: o
a (k) = 3 ()i, () +F (a=Da, () +—— %, a ()
) , 477 Iki o x°=0
.54(k) = i 5 (elk’x, 3-A(x))x . gw%*%> ' (4.15)
21k sl d .-
B o wd
By ;,itﬁposing» canonical equal-ti: commut&rellations,
J “ S - . = -> ‘ -
[Au(t,x),AV(t,y)] 70 [Wu(t,X),wv(t,y)]
- ) > > > .
[Au(t’x).)"v(th)’)] = igu\)d(fo) * o . (4‘16)
where »
T =TF - ag 9J-A |,
u Ho ou

4

we can find the commutation relations among the Fourier amplitudes
using (4.14) and (4.15). Defining A(k) by

( a (k)
a_(k) 8§

k) = -,
a3(k) :

L a4(k)



these relations turn out to be‘{ /
(4,00, (9] = == ¢ 8- S 1D
A alk] M - v ‘
where _ | V
; (2K 0 0 o)
o 2u¥|2 - o 0 .
C =0 < . .
| 0 Lo +1 Co=i
L 0 0. i 0
If we now pe;form the transformation
B = p(YMAGKD) ,  B(K) = o(R)VAGOM , i (4.18)
:whepe | ‘
4ga+(k)p ‘
, , a_(k) ‘ : K
* B(k) = o ’ f .
/A ’ : b, (k) '; °
N R 3 . ) ) ) // ’
» . ba(k) C - ' //
o(k) = V2o |Kk] | a0
= i/20a] k| - Ca <o :
N -0
v o= Len? ey
et o 0 o ) ;
A 0 ™t 0 o
M = ' .
0 0 _ 1 Pie_
. 0 0 -1 -ie, '
’ e, = E{aj—li.(a-kl) +4} . | Lo
v ) ‘
, o _—

«



. the commutation relations become diagonal:

\.
“

o 0. o -1 . o

At thls point we pause and calculate the commutatlon relatlons

" for arbitrary spaceLtlme separatlons. One flnds, for the objects of

the decomposition of A ‘ /

/

/

(AL Geay) AL (0 T=5 g,ﬁ;\‘)a(x())l;/:(xZ) —A—i.ausvta(xoﬁ(xz)]
. / o : ¢
D . —7}: *oau}#[&.(]_;i'z I ;
; f33(X+Y),$3(Y)]5/:‘§# lii.e(xo)é(x?)+-fgi a(—xéﬁ} A-fa .
To,0ehy) 0, (017 - 5= & —$—’i o
| e
[¢4v4(x+y),¢4(y).]’=‘(v)4 | / o | M (4.20)

/ \ .

. ‘ { - h
with .all others vanishing. No?ide that, as well as being noncova;iapt,

: y | . K
these expressions also display nonlocality. However, the commutator

forjAu itself is local and caﬁfriant:

[Au(x+y)',A‘v(y)]= Loy elx, )6 (x )+iw l-a o 3, Le(x, )8(x )]
L = J e‘ik'x{gwg(ko)a(kz)}-l%kukve(ko)a'(-k'z)} .

, (2n) : S v -

i R ‘ ' 4.21)

¢ The fact that’ the noncovariant and nonlocal terms in (4.20) have

s

Q K A : . »

L (B00 B@] = 2[flnsgd s ey
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cancelled in this -last expression just reflects the nqncovériant and

.

‘ponlocal decomp051tion of the local covarlant field A .
o

“‘ﬁ We now direct our attention to the behavxeur of¢the rOurler

amplitudes Under Poincaré transfbrmations. For Space—time transla-

tions,
Ah(xj - A~(x) = A (x-a) , .
.we‘ob;ain
a (k) = e "8 a, (k) o
a () =e™?a (0 :
ey ' g . ! \ ’[@’:
o - ik.a . : N \
A = ‘ “+ - .
a3'(k) e A‘a3(k) | 30(4 l)al‘(k)y, ’
o .k'b - NN Lo
3, (k) = ™% g (k)i (4.22)
& 40
For Lorentz transformations, SR \ 8
‘ | | P 0
< . |
A(x) A (x)o= 5 CA (L Tx)

we have

§+(g)= a:(ﬂ-

1 oy Tl L .20 1
'F)"(*+l)§” k)ocu(kgp ?4(“‘ k)
N ",{a (k)— a < k)— (1) (- k)oé:(k)ﬁuoéh(n-lk)'
- i r"lll 1 =1 -1 :1
(k) a, ( k)+ 1kl~d°‘{‘v(i, k)a4(“ k)*igv(“ ‘k)a_gu k) :
sl ah —3-?(-%1)<~‘l) : kzi[C?‘Lk;;a k~‘lk;]
1 i o akl Q Av- o ;i%z, H. ° 4 M
( ]Z )0\2 . ‘ o
a, (k)= ( J ( ce (4.23)

. The correspondlng xpre351ons for the transformed barred objects -are

o

‘obtalned by compl X conJugating the ¢~ numbers and barrlng the q numbers‘

'
=

1n (4. 22) and (4. 3) " We note that the noncovarlance of these ampl1—

\\

b

J ,
o :
: | L
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tudes is reflected in time-translations and in boosts.

For the generators of space-time transla;idns;_one obtains for the

the Hamiltonian i

I 5.
) Y
. s d3k C " ‘ ‘ ‘|. 5
H= —— k B(k)h B(k) , o : 4 . 24)
: Ja2lk! ; : S : T
T \ S
where . ‘i;;'
f1 0 0 o ) N
; #
-~ e \ O l O O ! ‘
h = i ‘ . t .
: 0 0 c+1 I
e 0 ERNES ) \
- - » --' . . i . ‘ . . o
= ” , s - ) : ~ ” ) n,(::‘yj,’
7 2 B 3 ’ . o . [ o
v (2+1)7 + 4 ¢ ‘ “*' .
and-for the 3-momentum, ‘ : : : : B
"c 3 - A ‘ i
p = LK Bu)-Bk) (4.25) . 9
m m ‘ s . ,
k ‘ . o
where is\given in (4.19). Notice that, except for a‘=l, the Hamil- - ?t,
tonian (agza)‘is not diagonalizable by a tranéformatibn that leaves the
dlagonal form ¢f the commutatlon relatlons (4. 19) 1ntact.
\{ . .
, . 1 IR o
B. vConstructing,theQHilberthSpace , L : _ i
As a flrst step in constructlng the Hllbertxspace, we postulate
.the exlstence of a P01ncare lnvazlant vacuum with the following proper- o
ties *
B(k)2 =0 v K| .
W(a, 0 = 2. o F I S (6.26)

rs

Jhe existence of .such a vacuum allows us to calgulate the various two-
SN : i S ; » ‘

i - . .., B - ,,

»



e

point functions #f the theory. As in the free dipole .case, however, .
. / \ v

ﬁairly delicate. Consider, for example; the’following

matters become
o

expression: /[ ‘

V /' _.]' ‘ .
i 4 ;
L =(%, Jd x 4 (xty) h(x) 0, (¥)Q) - (4.27)
where h(x) 'is agai#n a real-valued test fundtion fréﬁ a subset of'J(R4).
Introduciné the Fourier transform,

~

g

. h(x) = {**k—g e Ry |
-2 (2m) : '
. . ‘ - \\ /
one arrives at ' '
3 o ,
4 a+ N _ ‘
L e )-f fll;kB BCk) . ‘ O (4.28)
41k | - |

-

This-intégral exists onlyvif‘ﬁ(k)/fz!'is_finica at ‘EE = 0, '1f one

allows any h(x) belonging to A(Re), a regularization of (%.27) must

be made (see [G3]). We choose -he following scheme;

A 3.
| B

[ 3
(4.29)

J . d7k E(k)}
- |K] .

>u

“

4|I€[.3‘

o

e

With such a'regularization,lone again finds all noncovariant terms

S

that appear in intermediate calculations ‘cgncel, leaving us with the

following covariant expressions: -

o 1 o1 , 2
(ac,Au(>§+y)A‘J(y)ﬂ)reg.——;§ 8 vt-f’(;-z-) +.ire(x )5 (x7))

4 b
' #2122 5 a4 ame(x )0} (4.30)
a oV o .
16n _ .
(2, T{A (x+y)t‘; M) == g (P +insx®)) +- '
’ u v reg , 2 Zuv %2
1 1l-a 2y, . 2
| + Ig;7 = Buav{2n|x | +ing(xt)} )
4 : k k
d'k  -ikex [ 8yy , 1l-a IR } : o
= -1 e + ‘ . (4.31)
J(Zn)A {k2+1€ o (k2+i€)2 ]
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\
We now. return to the problem of the construction of the ’
‘v .
Hilbérc space. To this end, we first construct a linear space that
is spanned by the vectors .
. P . .
: - ‘- ' AR ' ' : igﬁ;
N 3 . Fh a4
. . - - < ¢ . .
MG k=B, k)...B, k) %N (4.32) . L
: P L n i1 i tn” ‘gﬂ et .
. 1 . n . K -‘*‘L,; . ) v

: 01 , Y I
with n=0,1,...=. The 'vacuum is the unique veéttdr in thissSpace satis-
w 2l ‘

fying (4.26). Now, recall that for the pure dipo‘; field the scalar
product was 1mp11c1tly defined by B(k) —f(k)B (k)n (see (2. &9)), where

f(k) was a scalar factor later adjusted so that the Poincaré group

-

acted unitarily ofi-a subspace of the whole space. We can, in fact,

< . .
L .

follow a different but equivalent path. A scalar product ( , ) is

introduced on the linear space by the following:

p ' (2,2)

=1
i B =B ()n . (4.33)

Here, B*(k) is the hermitean adjoint of B(k) with respect to (-, ),

%

which defines this scalar product implicitly, so thgt

(@) .(n)

(n) gy Lty : , (4.34)

(¢777, B¥ ) .= (B %

With this identification, the positivity of the commutation relations.
N : . o
: + . - : : : : ,
[B(k),B (q)] = 2|k|&(k=-q) 1 . (4.35)

/ . . . N . . .:AA.
ensures that the norm of a state é(n), . o -, B .
IEXdEE -<v§;; 5 S (4.36) o

is positive definite. Those states with finite no:m‘then form the

. Hilbert space of the model.
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‘4
' L t ‘ o .
The generators of space-time translations, (4.24) gnd (9.25),
now become oo
| d3k » 1 ' , ' o ) . oo
= | == |k|B (K)h'B(K) , T (4.37)
2|k| -
where - _ /
(1 0 0. 0 W —
:
L " 0 l O 0 ! ' i " n
h = nh = , N RPAR
0 0 8+l 8 ‘ .
Lo 0 - -8 -B+l |
and ’ °
=‘L — Hn B (k)B(k) . _ o (4.38)
220k . :

For o #1, the matrix h' possesses an incomplete set of eigen-

: oottt
i { : - ‘ -
vectors'ané, }n—féct, oplyv\a+, a_; b3 ba} and {a+, a_, bj+b4} func
tion as raising and lowering operators, respectively, for H (i.e., _f//////
the two . sets satisfy . ,f{
mateo] = +l2lal . m ) Ik 4.39)
[H,aR(k)] = + k‘aR , [H,aLFk){ = —Ak aL. : { .39)
respectively). With this in mind, we define N
_ : : : /
o o ( a+(k) ) . . . . ’ ' o
- 1oa_(k) -
G(k) = : ‘
g4 (k)
T ‘ . ' . L gz‘(k) / . ) . 0 ' ',
‘ (2 0 0 0
% = — : , o .
" 2
o ;sﬁr A . ':
o .



+ I S o
T = (af o, alw, gl & ()
. + - 3 4
%3 o o o)
P 0 /2 0 0
=B (k) —= (4.40)
2] o0 0 - 1 1
0 , 0 -1 1
We then have in terms of G(k): =~
[6(k),6 ()] = 2[K[s(®-D 1 | 4.41)
d3k - . - ‘ » |
H = J—*:-'[klc‘(k)hc(k) S . (4.42)
2]k ‘ ,
where
[ 1 0 o 0 )
0 1 0 0 |
h = . ,
0 0 1 23
0 0 0 1
and
, 2 , o
P = {—4{i kG )Gk . (4.43)
ook ™ '

‘Now, notice in the exéressions (4;41) to (4.43) weﬁcogld re-
place G(k) by £(K)G(K) and G (k) by £ "(k)G(k), where £(k) is some
real'écalar\multiple of the unit matrix, without altering the form or
physi;al.content of these expressiéns. Tﬁe‘onit'effect this replace-
ment would have Qould be.to change the transformation properties of
b(k) and G+(k) Qnder Poincaré-transformations. We can néw use this
freedom to allow for the existence of a part of the whole space wbefé
the Poincaré group is implemented unitarily. It turns out that.the
l—l

necessaty‘choice is f(k) = {K . With this choice we obtain, for
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space-time translations
A (x) » A (x) = A (x-a) ,
BTy Ty

the foilowing:

- _ ik.a
a+(k) = @ a+(k)
A () = e ?%a | . ‘ ‘
~ _ ik-a < ;_ .
g3(k) = & {g3(k) 2183084(k)}
St - —ik.a _*
§+(k) = e a+(k)
. .
3T = e 5T
s Cik.a 4,
g,(k) = e " g (k)
b _ _ik.‘a . kS . i . .
gz‘(k) = e { ‘gﬁ(k) + 21;é0g3(k)4 , R (4.45)
')‘ where 3 is given in (4.42). Under the action‘6T_Lorentz’traﬁsforma—
tions, _ '
A »a@ =220t ,
H L 9 )
we have
L _ a Py _Y_ -1 * ‘.uo' -1
a (k)= a, (1K) 1(@&@90¢; (A g)ogu(k)A EACS
. -1 ., ooy -l -1,
3 (=a () -1t £ (7o *aont%, 0o
- - - Vo o 0 u =4
é3(k)= g3(/\-.lk)+ 21/a -1V (7 roa, (e + e tva Tl
.% Ikl o v + v -
@\'@i’j, . . -1 2
W3R b +1 (A~ k) -1 2 .
By {-%T"- (1 -(——k——o-) I= 2(a-1) (A ) \il
gy Y (A k)o o e o
- . C, :
@ d - 2y (A h : —kil-— (M) g, (7 ho
: o KIZ * o4 .
‘lv !).v -9,
£



(k) 2 _ :
[___E__sq g, (N0 . (4.46)
o : 7 .

[+.2]
o~
~
=
R
]

'

A too=1 . 1 i(a+l) po *, -1
ca (k) = a, (A "k) + —~ e (K)A " g (A “k)
+ + o (A lk)o_ H 3
alo = al (Tl + Mt e *(1014% (1" h)
- Ya o (A k), "
é;(k) = g;(A'lk)
o+ " kO .2 + A-l /_ [T,V * ,\—l 1
gh(k) = 27:1;;- ga(“ k) -2iva y,klub {Ev(n k)a+(A k)
- o .
' -1 ..2
_ " - _ _(».H\ k))
+e (A lk)a”(k,lk)} +y (1) (8 lk) {C““‘“*E) - l]
" _ : o k
¥ o} ,
. 21 (\7hoy
. - -1 £ 3 ) - - .
20D R 20T —354-2(a+1)(A Ly }{—1——————
v ok o 2 1
. (\ k)
o
v
v o — (4.47)

whefe v is given in (4.18).

We are néw in a position to discués possible‘physical interpre-

] l ; - . ,

tations of the model. Since the Ppincaré group does not act uhitarily
on the whole Hilbert space o, we first search\fdr a spaée where it
does. )

A look at the Hamiltonian (4;42) r;veais that, except for a-=1,
time tfanslations are not implemented unitarily on ﬁé: However, on a

subspace &' defined by
g,0., =0, | o (4.48)
- the Hamiltonian is hermiteén, as well as being positive definite and

independent of a. By (4.44) and (4.46), this condition is Lorentz

. ]
invariant. Since we have *
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L 2 -ik. . i
kg, (ke Hexy gl e™ %) (4.49)

v ' 3
(2-) ok

=

condition (4.48) is equivalent to the weak Lorentz condition
YA ‘ =0 . . (4.50)

The elimination of thgwgs(k) quanta theﬁ allows two possible interpre-

'Y

‘tations of the model to be made.

(1) We could define a physical subspace };P by - P

/

a (' =0 . L (4.51)
- T p . .

In this space, which contains only the_gB(k) quanta, the Pogincaré group

is implemented'uni;afily. The vector potential in this scheme des-

.
-

cribes one phfsical‘degrge of freeddm.

(2) Aiternat;vely, we could group states created by gi(k) andw
a:(k) into equivsleﬁ&e classes: two ségtes in 1! are said tojﬁelong to
the same eguivdlénce class if they'differ oniy éy the number éf g3(k)
quanta they contéin. The physical space would_then be taken as the
quotien;xspace

13

where ¢,'"' is the Poincaré invariant subspace of g3(k) quanta. . Again

on > the Poincaré group is uditarily implemented. In this inter-

P b4

pretation, the vector potential describes the usual two transverse
S s ’ .
L
degrees of freedom.
0f course, in-.the latter case one can also construct a physical
b

"space describing only one of the two transverse photons. However, in

theories involving some unphysical degrees of freedom, one expects

that the maximal possible physical jnterpretation should be given.



[}
For this reason we would strongly favour the second of the two inter-
pretations. From a pragmatXc point of view;‘however, eicher of the

two is viable at this time. R
‘ L ! ! ’ ) ‘

C. A Phvsical Interpretation

i

Up t@ now, we have ignored the existence of the .invariance of

the theory under the restricted gauge transformation (4.6), -

7
‘\, - A+ . . . . - (4-53)
with .. =0. We now consider it. Under 3uch a transformation, the
objects of the decomposition change as follows:
. C . t - - - i - - ’ =/,
A; -\M y -3 ,3!’ N 4 -,4 (4 )4)
If we define
’ R —ik- - ikex
(x) = 75 = o(k)e 4 c(kye % (4.53)
(2-)77 7 -2 k
the Fourier amplitudes transform as
a+(k) - a¥(k{» : a+(k) ? é+(k)
a_(k) ~a (k) a_(k) - a_(k) '
. L ) ) ‘ | o
a3ka) ~ a3(k%+ c(k) a3(k? - a3(k)+-c(k? s ..
a, (k) ~ a, (k) a, (k) »a,(x) . (4.56)
A 4 4 4 . . '
The generator Q. of this transformation, which satisfies
[Q,,4 ()] =-15 "(x) , , C(4esT)

is given by

i
T . :



hide BP0 wv;ﬂwwvv- ﬂ'l“

v

pretation. The question now is whether or not each intexpretat%pnff. A
B - : ¢ '

‘Wé_chus see éhat if w;“%ake‘tﬁé‘fifst of the two interpretations‘
of thelmodel to be the physical.one, restricted gauge transforﬁafio;s
would not constitute a symmetry because QA is not selfadjoint on the
physical subspace. Only the second interpretation allows such trans- %
formations to be a symmetry 6f the tngory.

It ;s‘gempting to exclude Fhé existence of the g3(k) quanta b;
pQSCulating gauge invariance of observables, as then the theory would
be given the maximal pﬁysicai interpregaﬁion. As with the Higg's model,
however, chéré is no cogent reason at the free field level to.make such”

ﬂv
a postulate, and thus at this tlme we cannot rule out the flrst inter-

W t

"allows for a physically sensible set of observables, and how: these obser-

the Higg's model, consider an interacting theory. L r””"

, o ; S %
vables are to be measured. We must, therefore, as we had to dO‘w1th PR

Of course, the simplest nontrivial interaction we can consider

4 B
is coupling the vector field to a conserved c-number current J (x)y and-
¢ IR SR

W
this is the one we study. The field equations now read - co B

~A + (a- l)J 3 A=J . - T (459) L

13 . . i

The solution is given by

o 4
A0 = Al + d y.6o (k)37 ()

t(x) + Jd y Giv (x-y) 3" (y) L (4.60)

where

&



Gy (x) = iﬁ(xo)D“v(x) ;
AV i) = - 10(=x )S (%)
WV MR VAV!
! ¥
DUV(X) = [Au(x+y{fAv(Y)] r
é E%;SHVF(X;EQ(XZ)+.§; lig augs[c(xo)é(XZ)]

\, o S
and A;n(x) or ASUt(xizsatisfy the asymptotic form of equations (4.59)

with appropriate boundary conditions,
‘Vfom the golutions (4.60) we can find the S operator, up to an

arbitrary c-number phase factor.- We have

i

Azuc(x) = S—lAin(x).s | |
- a0 1 [dy @Al w1t )  (4.6D)
wﬁich gives _ . ‘:1ﬁl.
S = exp{ -ijdéy A}n(y)?J(y)} . , ‘ (4.62)

This furthermore factorizes:

s=s5 ®S ., . o ‘ (4.63)

-, where : s

4

N | St = exp {~-1 [q

y AL ()3} ' 5\\\ ; .(4.64)"
carries the two transyersé‘degrees of'freédom, and

s, - exp {-2iajd4y oI WY | - .’ | (4.65).
carries.fpe‘g3(k)‘§égree of freedéﬁ»

. .. Lt . .
Now, since‘AL1 i 1S hermitean but@

’

»

.in ’ . 1 - [ a3 -ik'x | - ikex,
*4'(}() = (2“)3/2 J 2 "{a[‘(k)e . + aa(k)e }
'3 . . ‘_ ) ‘
1 iy d’k >y -ik.x ‘1 + ik-x c
a7 f 2 [E] SEEACL N gy(lde™ 7}, (4.66)



s

we’sée that only,on»the physical space defined in the s iof the

two 1nterpretat10ns is the S operator unltary Ln order to conserve

probablllties, and therefore have a phy51cally sen51ble 1nteract1ng

theory, we are forced to choose the s%cond of the -two interpretations.

>

. As we have seen, this maxgbe enacted by postulating'that observables

must be invariant under-reStricte gauge transformatlons.' The physicala\

space .5, is then the: quotient space ‘i / 4— , where we recall g4 =0

]

&pP, P01ncare transformatlons are unltarlly implemented restricted

gauge transformations are a symmetry, and the.S operator for‘a'c0upling
to a conserved external current is unltary, as; well as 1ndependeniéof

e Q. The only- phvs1cal degrees of freedom are, then &he two tnansverse
5 : ; ‘ | 3 N
bhotons. - ’ o . ' - V

ST : o

Finally,glet us consider.how‘pbservables are déscribed in thisfi‘

[N

’theory. A potential observable is- constructed using an operator g

- : [

that, on &' , factorlzes 1nto a phy51cal (transverse) part and a pargﬂ

-correspondlng to the g3 quantas

ol <=9 o \a\‘f R EARE | L (4.67)
at t g . . ' —\ : A
Restricted to the physical space\yPJ 8 must'assuﬁe,the form ’

o N . . B T

® A, . . . oy

, o T SN
=8 el . : L - o (4.68)
_HP . . D N - . ’ :
’ ,

w1th 8 belng selfadjoint. Slnce the generator QA of restrlcted gauge

'ptransformatlons ig the unit operetor on ¢4 (eee (4f58>)’ any 6 of the

- form (4 68) w1ll commute w1th it, verlfylng that these transformations‘\

- R

eare indeed a symmetry of the theory As a‘last point, we’can;check

that for vectors W $ €. h o AR },.‘-e

¢

%
>

71

T

. -.and La" is tHe P01ncare 1nvar1ant space carrylng the g3 quanta - On

@



(\F,GAQ+(G-1)BU'-8-A¢1) = (\v;mﬁe) =0 . S (4.69)

:Thus, we have recovered Maxwell's equationss; supplemented by the Lorentz

. condition in a weak form'on.J%P

. We hdve thus seen that it is possible to quanty?e the elyfjtro-
, _ o $ e o
magnetic field in a covariant manner on a positive metric Hilbert space.
. . 3 ‘ S i. -
What is unusual in this treatment is thefexistence of two different .

- physical spaces where the P01ncare group acts upltarily, and the cor-.

respbndlng two dlf&breﬂt phy51cal 1nterprecations at the free fleld

- .

a0 & "‘_“- ‘
’level Only when, QF 1ntera%tlon is, pfesent is it p0351ble to give a-

o
4

physical'argument'favouringxone'of the‘two. Fox probability cggserya— .

tlon, the S operator must be: unltary. On only one of the two physiCal

. 8paces does this’ happen, and this is the only one also where a restrlc—

ted.gauge invariancenholds. As with the Higg’s hodel, then, postulat-
ing gauge'invariance of observables guarantees that the resolting
‘ ; ~ ‘
subspaCe descr;bes a physicaliy sensible interacting theory.
g;,:' AlchougSVCerqiinly &ore;involved_than an indefihite‘metric

. o ' i N
-~ quantization, and therefore not so amiable to practical.calcula@ag&s,

it is satisfying to see that the positive metric quantization leads to

‘the maximal phy51cal interpretatlon of these ‘theories. JuSt as using

.-an 1ndef1n1te metrlc showed that a covarlantrlocal formulatlon of

these.theories was possible (aS~oppoéed to a Coulomb-type gauge for—

.‘ rd

malism), the use of the p051t1ve deflnlte scalar product has shown how

the concepts of negatlve and zero norm states, pseﬁdo—unltarlty and

c

ipSeudo—hermiticity translate from an 1ﬁ%ef1n1te metric space,lnto»a

- _ L RN !
Hilbert space.v Itglsgan 1ndicatlon of the power of these theories
oA » .K{ P . ) .
"‘ - y’ N . -
that th81r phyé&ca1<§pntent ls the same no matter which formallsm 1s
Oy g, h - & , . : : . Y :
g chosen.z‘ » ?ﬁ?w ‘h@a ' T R :
‘ o . - ‘ » ’ ‘ ) .
< T ‘
3 . \
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'method is illustrated both&for a ioop expansion of the potential‘and in

»A.’General Formalism o _“ v - ‘ .

‘venient to use in theories with>spontaneQuSﬁ

4
" ) %
At this point the classical potential (the negative sum of all nénj 

[t

deriﬁétiﬁe‘terms in the Lagrange density (5.4)) is minimized (b2 =0 is

a maxdmgm). Howevef, quantum effects would be ex?ééted to alter this
relation.: How are they_fo be taken into acééunt? A_funption kpqwn as
‘the effective péténtial;allows jgst such an investigation to be under—__hz9
t;ken systematically, and we do éeé perturbatively how the }eiétion
(5.5) is modiéied.

We'begin by .setting up the gerneral formalism through Qﬁich ﬁhe

effective potential is defined. Two methgds that are generally used to

calculate it perturbatively are then outlined: va direct infinite summa-

tion of graphs and a path integral approach. We describe a third mef

- ot . B

that, although recognized before but ‘not widely used,. actually invof s
. = - R | o .
about the same amount of labour a "~ he.path-integral approach. The™

=

“'the l/N‘approximatioﬁ. In the course of defining the effective poten-

tial in this formalism, we shall encounter a function Z (%) that'is
related to the Wadﬁgfunction renormalization of.the field. This func-

b

tion also has been eValuated by two methods similar to those uséd to

find the effective potential. We next describe a third method that can

be used td find this function. Finélly we point out that the methods
used here, independent of contact with the effective potential and z(¢),

lead to a relatively,efficien& evaluation of the counterterms of a

5

theory, and hence to a determ}nation'of the renormalization group equa—f

“tion coefficients.

' 'We start with an introduction of a formalism that is found con- N




c3, C4, I2]. A major problem in fieId theory is to calculate the Green
functlons, and- for this the concept of generatlng functionals is useful

For notational simplicity, we work with a single real scalar field

withLagrarge density £ (¢). We now consider the effect of adding to

this Lagrange density an external c-number source J(x) in the follow1ng

manner:

L(8) » Z(8) + J(x)o(x) (5.6)
The complece'generatingwfunctionéI H(J) is defined as, -
H(J) = <0"]07> ‘ o
J .
: . » . o o
= <0|T{exp i{dﬁxpe(g)J(x)}|O> . ‘ . (SCW)

¥

By expandlng the exgghentlal in (5. 7), it is seen that H(J) generates

’ [ ‘ !
. the n-point Green functions, C( )(x n) = <O]T_:(x1)...e(xn)}20>;
. ‘\:; ’ - . . . ” : R " N
£ and hence can be written as (N * 5 o *
', : PR .o ¢ % ' - ¢
. ..,; ) 3“ : : - 0= ; o .

HU) SR 3[R NS FERVNHCO) ) . (5.8)
PO Xp e L. xl',;fg-;n, , lef'fxn . .

®

Differenﬁi&tidﬁ H(J) n times w1thd§espect to J(x ), .,J(xn), and then .

setting J= 0, yields %( )( X X B3 These Grean functioﬁs contain both

connected and disconnected parts"(ée Fig..l(a)). It would be conven-

. . ) ‘Q\&\‘ ', "“ .

© ient .to be able to work with only the connected graphs, howeverd as the
e - ' $ 3

disconnected[graphs can easily be reconstructed from them. The -conned-

7

ted generating functional W(J) =-i 2n H(J) can in fact be showﬂléd

o

generate only connected graphs

WD) sfimau) e .

-] & Jdékﬂl. e TG 306 g x ) L (5.9)
=l s Loy L m“. S e S ] M

P Ty
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Fig.l (a) Example of a disconnected four-point function in a’¢4 theory. -
(b) Example of a connected, but not 1PI, two-point function.in a
¢4 theory. . ) ” o -

(c) Example of a 1PI two-point function® in a ¢ theory.
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...xn) is the n-point Green function composed only of

connected graphs. There is a ££nther simplification possible, however.
,".@_,

Suppose we ‘have a graph that can be’ made disconnected by cutting a:
single internal liné (see Fig. l(b)) ‘The complete graph would then

factorize into a product of oneéparticle—irreducible (1PI) graphs
s e n ’ L
(those that can't be\madebdﬁsconnected by cutting a.single internal

3

line - see Fig 1(c)). For this reason~we would like a generatlng

N

funct10nal that generates’ only '1PI ég&pﬁ%, 51nce &cqmg;ete Green. :3?

SN

,f functions . of the theory can be reconstructed by khowledge of them.

o €

Do g T

e 3 o“ﬁ&’ﬁ»”,.:

o B UEY S
PO e

Such a’ functlonal can indeed be found. We flrst deflgekﬁhe cla1s:'-z:Lc"’»’T
’;ﬁ?ﬁ&d d(x):

f C N P‘l N . + } - : v . ! . .
g“ 3 _ W) _ <0 o) [0 > » A | , .‘
. o(x) = = R . " (5.10)
e N(’f) ‘ _<0.+[o"> e ' x

-

The effective action I'(¢) i%athen defined by a functional Legendre

A+

transformatior@
: 4

(e =W - fa x IR . | p ' (5.11)

A functional Taylor expansion of F(&)vleads‘to

r(é) = } g Jdl’x .. dx ¢>(x .. ¢(x “‘m (5. 129
- n=0 » .

[~
wherelthe coefficients I‘"’(n)(xl x ) are in fact the lﬁi n~p01nt Green &
functions. - ’ S v no iﬁﬁi

dy .

o

We can also expand I'($) in an alternate"in's:tead of an ex-

. S B . . . N R ' -
pansion in powers “6f ¢(x), we can expand in powers of momentum, about
the.point’where all external'moméntd vanish. Such an expansion starts
. like , v Lo . R . }
F(¢) 5 Jd x[¢(x)] .<n)(0)+ momen tum dependent terms, . "(5.13)



“

(n )(p ) is the Fourier transform of F( )(xi). In position

7space, the expansion looks like

wherea f‘

r(§) = [déx.f-v($) ¥ % Z(&)(aué)z + higher order detivatives of ¢(x)]

N

P

(5.14)
where V(&) is called the effective potential. Comparing (5.13)$and

(5.14), we see that

a

V(@) =- Z [qb]"r(“)(). o o Gas

R L N , :
Taylor expanding V about ¢ =0, we see that the nth derlvatlve of V with . J%
reSpeet to ¢, evaluated at ¢ =0, is the sum of. all 1PI graphs&WItg n . i
W,
L # 3%'?
vanlshing exte;nal .momenta. In the tree approx1mathmp (1 e neglect~-
ay At

e‘iq ™ e ‘ LS
T a0

s
1ng ‘all closed- lOOp graphs), V is usn the classical potential, the =
& R ’ '

negative sum of all nonderivatlve terms'in the Lagrange density. ' e

. Y ) : .
We now.inquire as to how spontaneous symmetrp breaking cam be

v i . - 5

recognized in this formalism. It is in fact the ease with which ‘this

can be done that makes the formalism so useful. From-(5,11), we see

that R o o S
8T(9)
5 (x):

N L . . .

When the source‘J(x) vanishes, 'the classical field will no longer;be .

]

=L . o - w5.16)

St

space-time dependent (if we -assume the vacuum to be Poincaré invariant ;

see (5.10)). Therefore, for-vénishing source (5.16) simplifies to

. h
C4ACOR | B | (5.17)
do ' ' S i
The presence of a solution ¢ #0 to this eduation indicates“that the v

fleld has developed a nonzero vacuum expectation value, and hence spon—

i taneous symmetry breakdown has occurred. To be stable'agalnst small

R
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e

perturbations, this solution must be a minimum of V. Thus, if we can
-succeed in evaluating the effective potential, we have a’ way of explor-
ing the effects of quantum fluctuations on the classicar potential

of course, in most realistic theories the exact effective poten-
tiai cannot be found, and so it is importa '“o have some suitable
approximation seheme for it. Before dealing with this, though, let us 1‘%
- anticipate a little and question how we are to remove the infinitles
that wlll inevitably occur in the calculatlons._ We consider fom defin-
iteness a‘n;assive~¢4 theogsﬁ Qg

.%-m2¢2 —-J% g¢4 + countertef%gf . (5.18)

L1 2
= (8u¢) Y prm

. e @w
The usual renormalization condltlons for this theory are that the pro-

pagator has a pole of unit residue:at p29=m2,’the physical mass:

T(z)(p2=m2) -0

ar(z)

'—"—2-— = -1 . (5.19)
p 2 9 '

p =m ’ i

and 'that the fouffpoint.function be‘equal to the negative physical

. . . ’
coupling constant at the symmetric point S(m):

r® ) - -ig o o (5.20)

S (m).
.where S(m) is defined by

pf - n? '{ =1,2,3,4
2 4 2 . .
(pifpj) =3m i#]

. ) - A
Once these conditions are met by adjustment of the counterterms, all

further Green functions will be finite. Here we have renormalized using -
_ the physical mass and physieal.coupling constant, and the "physical"

o

-



-

Green functions so calculated will be Q}fectly related to'thefS

matrix.

H0wever; sometimes it is not so convenient to choose the physi-

cal mass m as the renormalization point.

arbitrary point M:
2 2 2

) p%au?) = 0
j .

s%(z)

(4)
r 7 (p.) o=-ig
i s(M) M

T
»

We. could, in fact, choose an

(5.21)

-

The renormallzablllty of the theory then 1mp11es that a change in the

- 3ubtract10n p01nt M can be compensited by a change in the valne of the

Len

coupllng constant and ‘a rescallng ut the fields:

p(n)

Yay

This.is a finite redormalizatioh now &

o
convenient ch01ce of M, recover the phy31cal ‘Green functions.

t

2
(p,:M],8y ) = n/2(M2 Mle,
1

Mo e ) Lt o

-

(P s ’g
b "2 ",
KN o ¢ t

In tth way we can, from any

~happens that the choice M =0 is partlcularly convenient:

F(z)(p2=05'= im“’
L) L
2| .
® 2.9
) (p,=0) = -1g

A

s

It often »

o ©(5.23)

The quantities m2 and"g2 are no longer necessarily the physical ones,

but are related to them by a finite renormalization.

»

(8ince we shall

not be concerned with this finite renormalization, we shall not dis-

tinguish the physical parameters -from m2

keep that in mind.)
4 .

and g, but one should always



, renormalization countertery, is givefi-by
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The reason the choice M =0 is so convenient here is that the

f2rst and third cohditidns 1n’(5.23i can be readily ﬁransferred into

' Q ' -

conditions on the effective potential. Since the nth derivative o¥ V

with respect to %, evaluated at.i =0, {'s the sum of all 1PI graphs with
n vanishing external momenta, the two conditjons become ‘

< v T

2

o,
<
[}

|

=9
R
N

4=0

o,
o~
<
It
Q
8

(5.54)

e~

o
€31

o
‘. . o
The second condition in (5.23), which determines .the wave-function

’

2(0) = 1 | | (5.25)

‘where, defined in (5.14). . L .

e o @

L4 Vo
. @ .
B. Evaluating the Effective Potential

. 5 . .
= Qi P dagy e :

'_Iﬁ this sectign}aé’will outline briefly’ two common methods of
obtaining a perturbative approximatién to thé effective ﬁbteﬁti;l, ?nd
then give a more detailed account of a third method. This latter metﬁod,
while known for some time, does not seem to have been fully exploiteq.r
When used in copjunction with dimensional'regularizatibn, it is a
fairly effiéiént ﬁfo;edure for doing,éuch calculations. We illustrate

the method’both in the loop expansion and in the 1/N approximation.

1. The Loop Expansion
The’ first perturbative approximation beyond the tree level of

the effective potential was done by S. Coleman and E. WeinBerg [C3].



. . o
They directly applied the definition (5.15):

»

i r~18

v($) = -

n

~n=(n ‘ ' T .
(3175 0y v (5.26)
0 » , :
where f(n)(O) is, the n-point IPI Green function in momentum space with

zero externéllmomenta. 0f course, the best we can hope for'is some
. . . (s
spyitable approximation scheme.for these.functions. One particularly

o

useful scheme in this context is the loop expansion - a’fuﬁqtion is

expanded according.to the number of”closéd loops in a graph. The rea-
son this is useful is the following.  Suppose we introduce into the /

Lagrange density an qverall multiplicative factor a:

Sa) = at 2o (5.27)

. d .
The ‘-power of a associated with a “aph ¢ ,‘ be showd to be L-1,

®

where L is the number of loops.in the g;aph (see [C3]). .Th$ loop ex-

pansion is thus equivalent to a power series expansion in a. Such an

expansion is not good for the reason that a is small; indeed, a is oo

-

. eQual-ﬁo one. (However, since the set of graphs with up to n loops
y L ‘ .
¢ 7 ) .

contains the set of all.graphs of pth order or lessviﬁ Ehe'coupling
c}héta;ﬂ@; the-expahsion is at‘lqést as reliable'as_o@g‘in the.coup?ing
bonstangs.); &he reason it is uséfpl hefe is that tﬂeifaétbr a mulgi-
plies the @hole Lagr;nge density, and asksuCh the expansion is

qnaffected\by any shift of a field. Thus, thehekpansion preserves

an important feature of the effective $otential: it allowénus-to survey

i ) .A | iy :

all possible vacuum states at ‘once, beﬁore the theory dec1&e§~wh1ch one
. . N \ . . P » o 9 R . . " .1"'

' A

3

to pick. , i

' . %‘o,;.",ﬁ Lt <

Without going into.- §i
. DA S

‘let us see how this expansion is applied’to a'

4



Cigp 2 o) L I . ‘
=3G9’ -3n 242, ET A TS (5.28)

f
»

P

'vanishing‘e;tefnal momenta accg to. the number of loops (see Fig.

a

2(a)). According to (5.26),. ,;Bénnkhé sum\of,al%éSwghﬁa—point

functions, the sum again ¢ b according towthe number ‘of loops, with

-an appropriate factor of & _riaFig. 2(b)){ Each order of the loop

rexpansion thus contalns g’k]mfinlte summation of graphs, although at

*xy

Y

the one- 1oop level this 1s a falrly manageable sum, quever,/gggg;naA//J
torial factors qu1cklyumake going beyond the one-loop levél a formidable

task. For this reascn ‘a more efficient evaluation of the effective

.

. potential was sought. ' ‘ C . ,

5%

" Let us again consider the ¢4 treofy in (5.28). A standard method of

The path-integral approach proved to be just suéﬁ an'evaluation.

Again without going into détéils, let us sketch how the effective potenﬂ.

1

tial may be evaluated in this framework‘(see [Jj1, 12]) One stfrts

B

with the path integral éxpression for thé,genefating functional H(J),

equation (5.7), - | ( ' . . ‘ jl'
H(J) = W) = <0|T{exp ifqax J(x)¢(x)}|0> , j : ' b
b = H—l(O)JA9¢ expii Jd X[¥(¢) + J(X)¢(X)] . (5.29)

\

handling‘exprQSSidns like that in (5.29) is the method of sfeepest
descent.’ One expands the exponent in the numerator of the right-hand-

side in the second equatlon of (5. 29) about the p01nt ¢ (J) at which it

\ \\. t
: 15jstat;onary._\Thls stationary point is the solution” of the clas51cal,‘:

equatlon - \
y\ k] - i :’{" -~

(D+m)¢ IO

ok,

'.’(5-.30)

R,
LR
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Fig. 2 (a) Loop expansion of 1PI functions with zefo externdl momenta in a ¢
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If we demand J(x7 vanish at inffhity, then the solution e£ (5 30) is

Junique if it is also required to vanish at infinity.. The expansion

y

o .about«this'poinz can be shovn to be equivalent to the lgop expansion"

just‘diScussed'* Performing the Legendne transformation (. ll), one

-

"obtains the corresponding expansion for F(¢), and from this the loop
expansion of V(¢) is found This approach:turns out to~be-very econo—
mical at each stage of the loop exqansion, only a flnite number of

”graphs must be evaluated For the ¢ theory, at the one-loop level
i B <
: ;only one graph has ‘to be’ calculated (see Flg. 3(a)), at the two 100p - “\

level, only two graphs (see Flg 3¢ b)) As opposed&to an.infinite
/

summation of graphs at each level there is a substantlal reduction of '
o :

_.;labour involggd in this approach. ' (Note the similarities,in the_graphs

‘jof Flgs (2) and (3))‘

-

We 1ntend now . to descrlbe a thlrd method of evaluating the’
”effective potentlal.‘ Like the functlonal approach, at each'level of

the loop expan51on only a f1n1te number of . graphs must be calculated

it

: (although this number;, is more than 1n the path—lntegral method) " The*
method was first"found by;Welnberg ([WSJJ see alSO»[Lé]); however,uwith

'the advent of dimenSional'regularization i S’efficienty in evaluating

' the effectlve potential doesn't seem t ‘have beenlfylly recognized.»

Although it 1nvolves more algeb@e than the path 1ntegral apprqﬁch

. ' : T
essentially no new 1ntegrals emerge, and qne deals directly with the

f(Lagrange dens1ty (In effect, the graphs involved: are obtained by

‘attachlng a 51ngle external zero momentum . leg tq the graphs in the

¥ ¥

path- integral approach Fig. 3. )

N

Recall the deflnition of the effectlve potentlal (5 26) given a

Lagrange denslty.i(c), V(¢) is defined by
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Fig 3 (a) The graph involved at the one—loop level for V($) in the path—
~integral approach. ~

(b) The graphs involved at. the two—loop level for V(¢) in the path—
integral approach. -
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(n) : ' .
RorEs) m“r (0) ) | N ¢ (5.31) _
: n-O\hu o ' : B * h \"d~ ‘ o 'I“”.v\"

: where T(n)(O) is the n-point lPI Green function with zero external momen-

‘ ‘tum in momentum space, eorretponding to dﬁ(o) Suppose insteadewe had
' 13
used a Lagrange density Jﬁ(o-a), where a is some conntant.- There would

w

;'.' then be different nrpoint 1PI. Green functions F( n)'’ (O) and thfs would

‘lead to the expansion k R f‘ R »f”// » '.tw ' .

V@ =2 ) a0 . T sy
ng [0 e e . B
= S . A

. Differentiating this/réiation once with respect to ¢ and evaluating at

} = agives . S o /
R 10 N L ¢ L T - e /
S it L A N T = R
) ‘:' - v .o . . ke . . ‘
Here,»r(l) (Q) is'the one-~point 1PI Green function,'calculated using .

((¢-a), and represemts a partlcle decayxng 1nto the vacuum. Thus? if'
~'~ \ .
\ .
we make a loop expansion of the one\bo1nt function ih the theory des-

L
v

‘cribed by (¢-a),/we have in effect a loop expansion of the first
i . / }
: derivat1Ve of the effective potentlal. “An integration then yields the -

] ‘ .
: effectivelpotential itself We thus have a picture of what setting the. .- - |
flrst derivative of the effective potentlal to zéro méans: in the theory“

'with Lagrange density ,t(o—a), all particle to-vacuum transitions must

<

ish, this allowing a partic e interpretation of the theory. :

As\an example of a. ¢

.

cula ion using this method,owe will eval-

uate the’effective potential to. two oops of an n-component massless ¢

\\\
theory.. Th1s result has\alrkady been obtained by Jackiw using a path—

integral approach [J;] The Lagrange density,clncluding the relevant

counterterm, is given by

A



- 5 80" 5’ 2,. c(¢ o T i (5.34)

whete a -1\2,...n.‘ To" t/he level ve will be working. the wave*iunction
‘ renormalization doea not -enter., He now perform qhe nhift ¢1->¢14-a, B

and obtein S c J: R B él‘i ‘ti}‘k C s

EHV‘ ‘.J fﬁ"ﬁi:7
L= 2ca¢> (aM-;%,ga
1 71 a2 '\»; 4 SRR

T m (¢1+¢1) 24 3“’1”’1)"‘ T

1.3 1.2 1 \ |
'E‘C“:- ®y - a“wl 12’ C“‘i R
R ac¢l(¢1 +- ¢12 c(¢1 + o) ) ‘,/. | ;,“"ff\\ (5.35) .

: %here S o e , . ‘j ' hJ..

A o 1 2 1 S
i=2,3...n . Wo=Sag » . m o =oag ..

We now proceed to evaluate the IPI one—point function Let T

X denote the complete function, and let us expand it as :

‘\\
1 the one loop term,1-

';etc.: A similar expansion is made for the countQFterm C, except that for\f\\‘~///i

fwhere T denote7 the no—loop (tree) contribution, T

f.fthe renormalization-conditions we will uoe, c. =0. "'- A. i : o B ,:;f“d

| The‘treeuappfokination to T is pictured in fig.ia(a), and is ;/ . | /;

agiven.b§’fi | o N .'t ff‘ ‘ l» o ‘;i x "" f”,vj . /'fobt L
: ] “—'833 o = - - | .,fi\ ’___j - 1(5,37)

At'the.one-loop lenel ve will‘encounter‘ultfaviolet'divergences,iand v
thus a regularization scheme is required.» 0ne~particnlarly usefnl s
,scheme is dimensional regularization [H7,,H8 B7 Ah] 'an integral in

(\‘ L4

‘four dimensione is analytically continued to d- dimensions, and the o

. ‘/ g ‘ “ - g cle T - S



_Fig. 4 (a) The zero-loop approximation to T.
" (b)  The one—loop contribution to T

.8 dashed line ¢1 D

Y [
v
’
» V '
- [
ke
- 1 :
‘ l
P

- ) [
. ,‘ - sy R

A solid line de notes

C




for the cme on the 1.1‘:, nnd

S ;i_g n—l ddk
L ' “,_;‘ 3 (21r)4

- for the one on the right x}ﬂero ve. hevo uoed the fornulao [B ]H

/
| - T T( ,:2),0' e MY -140(c) 3 e /4,-d : o Dl

B O TR AR T
o -:i v B - ) . :';‘_ ~‘ v‘g." N 3 ..’v" » . b o . v - ,A“,.
R O EE S . L S / R ¢ £71)) B
where R is Euler s‘bonstant. f;"“e»ﬂd;'v,' Ji.y\hvpliAC -.v‘gl“.'5~ B

P

»

,i': ;d Wb now need a renotmalization scheme.i Obse;yari%rst that diffe~f“

tentiating the one-point function, found to sume ordet, m times with
&

respect to a: is equivalent to. finding the ¢lﬁn+1)-point'function in
_ﬁthe shifted theory (5 35) withwzero external momejta, to the same order..'“

If we then set a to zero, this ie equivalent to finding the (m+l)-point';

‘\\f function with zero external mbmenta in,the original, unshifted theory

3“;17 (5 34) Now, recall the renormalizatioa conditions (5. 24) derived on .

,the effective potential for the massiye scalar ¢ theory; *Ti

[N . . . 2 . ‘ L : . . . - , ‘ 4 ‘ i‘ .. L | B 3 ‘f. .A .
o ' N SR B | .o ' o X
Y T L LoTE e sy

aflgo L el 0 T



“t Imuon vu:h_ nto o;ﬁmt mntu- u‘thc coupung cons- ‘

1

‘:'g. '.*rh-u tw? tmcnono. howtvcr, au oam:tly chou fo\md by
th ’thc onc-ppinc functiou (in tho -hi‘tod thoory) wtth

zero (thtroby :ocovv thou 1:1 t‘he nntﬁiftcd cheory). stnce we aro

:hero vorking w:lth e nuilj- thoory, we hdopt as one of tl'ko renomli-‘

ution cond:l:iona S ; R S T
dzv § o \‘: - ,» .4 -T.‘m‘ » : ‘i I | . . - .k v . ‘ | { 8 ‘ ‘.
Vo -.-_i o ﬁ L - 0 . . (5-42) .
i Y S0 . dﬂ . = . P :
9 S : a=0 T o

. . : o S . oo *

However, B cause of’?hs\ablence of a mass, we canno: adopt the oth'r

'condition on V in (5 41) without modificetion, because $=0 is & ingu-
lar E;lnt for this function. - We can, however, modify it by cho ing to

; renormalize at some nonsingular point ¢ -M: -

»~

ST = VJ e = E—%— o=l (5.43)
SR a3 o e e

Vi ® : \

The point M ia completely arbitrary, a change in M can be': compensated .-

by a. change in g and & rescaling of the fields, and will not affect the

func:ional forms of V or T. This freedom is in fact the basis of a set

e

of renormalization group equations for this theory (see [C3]). The
' conditions (5 42) and (5 43) will now serve as osg renormalization'

preacription

To the one loop level we have, from (5 37), (5 38) and (5 39)

! . : {
and including the counterterm C " h o
Y 3

a\32-~" L 32 g B A
T '1‘+'r1 +262 (1+ )( +y 1)+ 6 2(2nu+ 9 en'm ) + 3 .

. L | T T (5.48)
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+, .
1 - .o
N ¢ : ' [ j

Inpouin; the tmmuutim cmutonl (.'o 42) nnd (5 43) leads to

BENY

re __;,,Llf a +...i)u,,< ’) . .L] R L)

@ [}

C w:u;h thc onc-loop coung;trtoru °1 g{ven by

o

"“5‘-(l*ﬁ)(--ﬂ«;)--il-,-[m(";-)-o--‘l:‘-l-m(ﬁ-n

,_.1.1.L(1+ﬂ'1 e ,.”_'-r__(s.aa)

‘ N
that 1f we had used a different set of rcnorullization cons

-

had rcgula grals by 1ntroduc1ng & cut-off, say,
. thcn a i::s counterterm would alno have been required [c3 J\T\

i

Suppoae ve decide to choose a different renormalization point M. We

2

can then define a new coupling constant g:
. !

3.2

' We can check that the result is .45) 18 indeed 1ndependent of M. o

"92

'g-g+—-58—2;(1+ )ln(z) . o (5.47)

. 2
The éxorédsion for_T becomes
- LA 2 1 SURRERCR
Ty Te A +—-5-(1 +—-—)(2 --151)+0(§3)‘_ o (5.48)

vhich is the same functional form‘as in (5;65),‘and-thusegoﬁtains the -
same physical information to the-order we are working.
We now come to the two'ioop terms, pictured in Fig. 5. For these

it is found convenient to define the following integrals:

b

o o add , A
. I(x,y) := _ﬁggzgg j' zod.; d g‘., : (5.49)
o '._..4(21r)- (k 7x) (" -y) - :
R Iy e @ﬂz_[ ad k ap i (5.50)
. » B 1¢25) ( -x) (k -x)[(p+k) -y] '






x(z y X) - '-“‘L; I —-5-—-1-4-‘-}-91‘———7— K {5.51)
IR L sent 6lo hpir-an S
The :w-l.oop :bm tm become the l’oll.owin;. !1.;. 5(a) gives, from -
left to ruht. | - o - -

(22)+~——I(v.n)d-u1(.,u)+“1(1+ )I(ﬂ,.) - ji’»

23 -c/2 ., =c/2 o
- —‘z-lh DI “nied +—$-—l(u) (ad) L

-€ ' o
+-‘3§71-'l2+(n-1)l<m') Fo. (5.52)

Fig' 5(b) ylelds, ' ~ '

SR \\ / N

.{

163uh + a +1+ 1) Eg—l- J

3 3 -€ ~-c
——1—0&5 (- -DE l){(v ) \+ l%(m ) o+ G& ) (5.53) \
+ 2 ' \\

Fig. 5(c) gives the contribut(\"/
k(2 u2.u )+ a+1) 2 u K(u o ,m %)

33 -€ -€

‘ “fi‘og'zi("*”('*'l){(”) +—§—-[3(m) F0H 1. (5258

rd
For the calculation of the la&ter nontrivial integrals, see the
Appendix In addition to these terms, we have the contribution from the

*

one-loop counterterm, ‘shown in Fig. 6. Fig. 6(a) gives rise to.

iaC d a"gC.: L -e/2 g h
21 J ol '21 2" 6 21 (’£+Y—l)(u2) (5.35)
| @2r) K-p 2" o o :
and \ ‘
. 3
iaC _ d a gc -1 "5/2 L :
. 1nd [ d% 1 __ in (__H_ 1) (@) . (5.56) _.
i A2 2 6.2 9 .
_ | 27" K-m 2°n \ . ~w /

| Fig. 6(b) contributes

a
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T
a’C -c/ﬁ
. e "“'t —'rr -T'? "3**”" R
and : |
2
s°C ;c c/Z
%‘ (--;“) _l'TLT!' —;—%9—1(-3-& v) (n? . (5.58)
' ! an® af-nd) ,
~ where C, 1o ;tvnn tn 4. f

-

In some of zhc terns (5. 52) so (5. 58), there occur cxpuntonn
1ike (1/¢) tn .2 and (1/¢) !.nuz, vhich, were they to survive, could not

be eliminated by s local counterters. Fortunately, vhen the sum of
. . . : B | .
(5.52) to (5.58) 1is evaluated, -ucl‘: expressions cancsl, leaving us with

j

the two-loop-plus-counterterm contribution
g3 [ o 2-1), . 2 2 lzsgh-lzt M
T2 - -—1_13-/: {[3+ 5 ] en " -[23 4+ 9 + 6 Rn(L-)
2°7n ‘ .

2 ' ' ~ |
+ 6(n-1) ;—l En(ﬁ—)] in u2+ —L——” n-1 tn u2 it m +[2(n 1) (“2%) ] ¢n m?'

I 3
ac
_[65(;;1) A9g;:1) éjn D o (g )Iagn 12 132 )lmmz}+ 62

6. 55"

plus terms that will be absorbed in the counterterm C2. ‘The counter-

'tg'ru is then det&mined by the renormalization conditiims (5.42) and

.

(5.43): -

* dT a3
Sl . oo 2
da =0 - 3
.no da

(5.60) -

a=M

Adding the zero- and one-loop contributions from (SV.AS), we find

for the renormalized one-—poiﬁt function to two 1oops' the expression-

T=2E 4 2Tr(1+——)(sz<2)-——] 1“{3<1+ )[zn<)8]

1.2 a2 : -
- 19(1+ Eal) [zncii)-~%§]-_4(1-+§$g7ll)(zn<§5) - 7;4}\. L (5.61)



‘ L TR o ,
This agrees with the result for the firvst derivetive of the effective

potential as obtained by Jackiw [J1].

2. The 1/N Expansjon

The 1/N c:plaoion is an oxpanoion';( the various qunntt:i;s of
ﬂDHVliﬁﬁl intersat in-a theory 'in cerms of the nuuﬁgz of fields, N,
present. Sometimes a cdupling conntanc or loop expansion may be decep~
tive: by 1nc1uding only a finite nunbcr of terms to any’ |1v:n order,
some of the nonlinear ltructora of the couplete theory ioylolt. The i

1/N expansion, although still perturbative, is an attempt to retain

more terms of the series at each level and thereby to incorporate more
] ‘ )

of the nonlinear structure [C5, 82, R1, K6, -Al, C6]).

ﬁe again consider a theory of N real scalar fields @','a-l,Z,..N,

with an.O(N)-ayunettic dunr:ic coupling but with a mass term allowed:

2 Aoaw
1 2
L= -%— (auo') -3 m2eed - g(@‘cz‘) (5.62)

. . . g
We wish to find for this theory, if possible, an expansion that is in

powers of 1/N. We expect that the approximation will become better
as N‘g:ow; larger.

However, f;om the Lagrange dehsity (5.623, it i fairly diffd-
cult to &edugp which diagrams are important in the large-N limit.
Consider: for example, scattering of'an a-type meson from ohe of typé
b (sée Fig. 7). An explicif factor of 1/N comes at each vertex, wh{le
é factbr of N comes from an internal summation. Therefore, Figs. 7(a),

7(b) and 7(c) are all proportional to 1/N, while Fig. 7(d) is propor-

tional to l/Nzw This indicates how complicated our task is going to be:
»

Figs. 7(b) and 7(d) haye the same topological structure, but enter at a

diffetéﬁt,order in 1/N. On the other hand, Figs. 7(a), 7(b) and 7(c)

o~

"
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enter at the same order in 1/N, but their topological structures are"
. r : . 4 : S
, /

quite different.

.-Matters simplify considerably by employing the following trlck

'[CS]. Add to the Lagrange density (5. 66) thixterm n'
/
, . y I

s
4

-

99

N, g aa, 2% S e

This term has no effect on thé.ﬁynamics’of the system,las'the,Euler;‘
. . / B
Lagrange equatlon for x involves no t1me derlvatives, and hence is an
7/ .

equatlon of constralnt However, thé Feynman rules for this theory are’

qulte different. For the new Lagrange density, ope flnds

L1 a2 3N 27 1 ‘aa 3N 2.
2

(00" + W20 Sxe®e® - By, 566
R SO N R

)

As w111 be seen, findi ng the gra" that are 1mportant ‘in the large ~N

11m1t is dec1ded1y e sler w1th the theory in thlS form

; »As an example, we w1ll calculate the first two terms in. the 1/N

qxpané&on of the effective potentlal ThlS result has been obtained by
Root us1ng a path—lntegral.f’rmallsm [Rl] As‘before,;we begln‘by“per—

'formlng the shlfts

1/

Ao+ /Na . nf B L ’ : - R
// © ' . ‘ . . X

/
/

X > x+b

To. v, 3 i=2,..N. e

i i
The Lagrange density becomes.

2, 3N 2

Pl o2 Ly ads oy Ly 2,38 2 1 2
L= 7 @uot-gpe0; 47 (o= 3000 g g xRy
- ,N acy - vNabo +5%§ O)fmz—ﬁélazg)x s ‘ : s ‘_ (5.66)

plusfcounterterms. Because the: quadratic terms are not diagonal in the

e ¢

| '
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fields, we list the propagatefs:?

16 2 .
D..b%l R "Dv'i&wz k.1b 2 :
3l X N TE b 2a |
D e — 1 - Ltag _ 1 L (5;67)

: D .
- Too 2 -1 .2 X0 ajm W2 1 2.
K-b-3ag __3/N k:'-‘bl-3 4,8

’ We now calculate the one-point function for x, again denoted by-

T, and demand that it vanish (this is equivalent to settlng the fLrst

o

derivative ‘of the effective potential with respect to X to zero) $O

order N, we have the two gtaphs in Flg 8 contrlbuﬁy F:Lg 8(a) con-

i T o o )
" tributes - Co - T e _
: T el ' : T
3N L s m oy, S T (5.68)
g 6 A L A .
| whilgé Fig. 8(b) gives ‘
N-1-[ 4% i - B (5.69)

T ) ot o

3

‘Settingithe-sﬁm of (5.68) and (5369) to zero results in the "gep"

© equation: R | -
b'=’6—a8+m“+_6_g'{r 4 -——2-—-— . ’ . . (5.70)
_ R (2r) K -b. BRI , ' '

As Coleman Jacklw and Polltzer show [CS], ‘this: equatlon may be renor—'

dt malized by 1ntroduc1ng the renormallzed quantltles g and mi_by

22 1 J e
”‘R 68 ) amt W-wt .
o - :»»- ‘ -"'v d . ' ' . . ‘ ‘
hhere'M,is,arbitra:y. The gap equatlon (5 70) then becomes
( 2.2 pieted | .
b = ml+ £ aa’ + R b tn(Z) | (5.72)
TRT6 R 2 M2 o o

96
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Fig. 8. The- order-N contribution to T. .A.solid line denotes X,
" ..a dashed one ¢i. ' . : , R

v
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[ -_ . K
hhere ap f /(L + gR/96w . . o _ S
“The order-one contribution to*T is now calculated. To begid' .
with, we have a contribution ftom equation (5. 69) that lf of order one‘ _
) N S . R , o, . H "f R e
'EJ — - .79
(21:) b . S P
we also have a term pictured in Fig 9(a) where the o} propagator runn—
ing around the c105ed loop must be modified to take into account the'“
' relevant faCtors.of N. These modifications are calculated in two eteps.
' . ° ) v .o
" The cortection to the x propagator, ‘shown in Fig; 9(c), \
By E g ) ‘7. , ,‘ . . ' 5
S : Ay ' g )1
3N 3 [ B(k b)]( 35 {1 lg,;B,-_(k"b,)_»(3N).‘ e
’ ' gl 1 T o
“=ﬁi£\\————7f‘—-*- . - (5.74)
BRI S YOS L -
where we have:défined A \;ig
s - \\

J‘ ddP 1>;f ' i

: o2
By = £ | L L
: -—.(Zn)“_ [(p+k>2'-‘b1<p?-b>

o g

I

';LWe can now calculate the modified o propagator, shown in Flg

. ) ‘ ) 2 ' - A;‘“{.“ ‘A . N ' '
21 4 —— [(-1/Na) 5{-3) 7 B]—z—ife,+
kK-b kb K°-b
- {1 (-iVFa) (1&> et } '
b ; W 182, B
-1 .
_ 2 1.2 1 o
- i{k -b-zag 1--3} (5.76)

Thus,.Fig. 9(a) contributeé

_1_J 'ddlé"" o 1
2 (21r) K2 -'b- %— azg{l-n]'l

Adding (5.73) and (5’77) results in.
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o ‘ ik R R
ot 5 ¥ . . - N “ ) 13
X ot ; . i
P s
Fo

"’r-””.(z‘n) ? -b)((k .s)u,m as} |

‘ We nbw come to the final grdy_,fFig. 10(&) In this'graph the X propa*

'; fff.gator muot 1nclpde the cortection- lhown 1n Fig. 10(b . Thase correc-

"‘.tionq mndify &he x ptopaggtot to o iy
”}h'ff'°ﬁ” T o <l “',fiﬁgi,’gf~‘”5g1‘~~f{f~gf'; L
gty 33 e 2 o dg

Nz 7 +3N ¥ i [ B“‘_"f“’,_),]--‘sn,- 7

-1
-b- 3,‘.8 b 3 a g

ERR U S k—b‘ {1 pysad .b)}
BRSNS e 2*‘-_;_2

g = %ﬂ. k b : 2. . B , E R 4(‘5.:29) .
KR (k -b)(l—B)——ag . S

"‘;.;"With thesef
iy J a% J’ddp" | i(kz—_—b) A oy
Y " 4 - : . A T 2 . : ' .

@ ] en® 0l a-8) -1 % ((pr0l-b1 % (b) , ,

j

Jifa%  sedewy ool '<‘vsr~eo>'
2 b2 0 o 1 200w Lt T
COMIC -=b)_(ljB)f§»a g v T e T
S e g ' : E o rg
Adding the two contributions (5 78) and (5. 80) includlng the

~

.order-N terms (5) 8) and (5 “.

,A B 8

and then settin the‘result tq‘zero

results iq th gap,equation

o 2 : 2 1 ddk i 8’ ddk v-;L‘ 1 5\;‘;_; o -

Bt g+6g ___+_3£%§J 7 2 1.
| / . (2m* an® a-bied-p a-p-Tag

/-/ * NJ 5 i:(kr.-b)l 2 '_BB(lgb,b), ' R )
25 (21r) '(k -b)(l—B) -3a8 - : R :
o where B -B(k b) is given in (5 75) This équatiqn can ‘be thought of
" %ag one which eliminates b in terms of a. iﬁserting.the valﬁe*of'b'fhﬁs

. found'in”the;expresgion for the one—point'fﬁnctionlT_and~iﬁtegfat1ng
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with respec:itobairould_then give the effectlve potential?as a func-'.
tion of a alone. The ground state would correspond to:that value of a
‘which minimizeo the effective potentiel | |

The equation (5.79) agrees'with that found by Root : [Rl]\
jcburee. renormalization is.required. This is a feirly involved task
Hand will not be done here (see [Rl]) The main'point we‘wish'to bring
bfout is that. because an infinite subaet of graphs are 1ncluded more of

2.

the nonlinear structure of the theory is expected to survive in each
[order of this perturbation ‘scheme. lndeed for this‘model the 1/N
'expansion gives a substantially different physical interpretation than
a coupling constant or’ loop expansion does.. There, ' for a range ofi.r';fiﬁ
parameters (m <0, g >0), spontaneous breakdown of the symmetry ocours. o
;'Using the 1/N approximation,vit - found [A1]: | .
(1) for a certain range of parameters, "the eftectlve potential

~is everywhere complex, and no consistent theory is possible,
. (2) for the remaining choice of parameters, the ground state

occurs in the_symmetric statev¢
- of course,.the.question‘oficonvergence ot‘either sefies’is\still.open:
isvthe 1/N expansion w..r'ivrt:‘h,l‘lil= 5"5 hetter‘approximation~than a-conpllng
constant expanslon with g QO 2?' For small N we expect the -1/N approx1—
mation, to fail, and the symmetry will be spontaneously broken Eor
large N however, where the approximation should be good, the. symmetry
will be restored. It remsins to be seen how the critlcal value of N,

where the transition between the two ‘phases occurs, can be caleulated.
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C. The z(§) Function ' - -
In thi- section we'will be interested in ﬁinding an approximation
for the function Z(¢) found in the expansion (5 14) of the effective

action T(3):

(5. 82)

B )
[ K

@) - Jd"x[~v<5) F3z®E D+
i | ‘“m : S
Two methods again have generally been used for finding Z(¢) perturba-
: ‘ ’ . h )
tively. One involves'an infinite‘summation of graphs at each order of
the loop expansion'like that for the effective potential, encept the
external momenta are now. nonzero (see [63]). »rpe other method relies
‘,0“ the/Steepest:descent'aeroximation_tq the generatingtfunctipnal ‘‘‘‘‘‘‘‘‘‘
'similar to,that usedfto find the effective potential};hovever! this
, time the expansion is not about:a . onstant Q(x) butprather somé’i—hﬁ
dependent one (see [I2]). Like for the effectivevpotential calculations,
this latter method avoids an- infinite SUmmation of diagrams at each
order'of the loop expansion, simplifying the combinatorial factors con- -
Y siderably, but some care must be taken in choosing the correct space-
time dependence of ¢(x) We will now describe a' method that, although :
involves more graphs ‘at each 1eve1 of the- loop expansion ‘than in the/-
: path—integral approach (but still a finite number), has the property
that only a constant ¢(x) need be considered.
| Suppose we haue,a real scalar field ¢ (x) with Lagrange density

;f(o).viThe effective action T($) for this theory can be'expanded,as )

, follows (see (5.12) andp(S,lA)):

(n)

nl 1’

r = 3. L Jd4x .a% x ¢(x ). d(x )T
' .n=0 ' - R

(x

Jd.“x[—vga) +2 z(&)'('a»ua)z T DN X £
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A 1Y |
vhere r‘P)‘ii,..xn) is the n-ﬁoint IPI fpncgion.‘ Rather than expanding

H
T

about $-0, let us see \the effect of expanding I'(4) about some constant

<

$=a. In mcntijn 'npace\ such an expansion has the form

4 4
j . ® 1 d pl...dp (n) .
r(§) = “‘J‘—'—"‘——'( )G(P e A (py) - ]--- ( )-lll' (Pye++P)
f’ nzo n! J. (2ﬂ) 1 n) pl ‘ [¢ P ] 1 n

Jd xV(¢)-—'Z(¢)Jd p\d P, 6(pl+P2)P1'P2[¢(P1) -y{mz -al + ..

Id xV(¢)+-— Z(¢)Jd4pld p2 6(p1+p2)p1[¢(p1) a][¢(p2) -a] + ...

(5 .84)

- (n)

where ¢(k) is the Foutier tranef&rm of $(x) and I -+ Py ) is the

(p 1
n-point IPI function in momentum space associated wit:h the Lagrange den-

» sity J (¢-a): Comparing therfirst and last equations.in (5.84), we see

et
A

th‘at‘ ‘
N N F"(Z)(p)

2p2

P2=0 '\ !

"(5.85‘)\
Thus, to obtain Z(d)) we first’ ompute. the two-point function in the
theory described by ,‘,(q>-a), then differentiate it with respect to pz,

and »finally .hset‘p >-=O.

i - As an example of this procédqre, let us”evélpat-:e ;f&) to two

b

loops for a ‘single’compofxent massive ¢>4_ theer-.y:

1,02 012 , 1.2 4
L=t al-2tl et ool el et s 5u80)

Replaciﬂg ¢ by ¢+a leads to

. 1 2 2.1 2 1 22 1 1 4 A 2
ot 2(3u¢)f(u+6ag)a§>v—2m¢—6ga¢ agqn +2(au¢).

!

-(B+%,a Cla¢ -3 (B+%a2c>¢ -% aCe”™ 24 \C¢ S - (.87 ¢

where: m2_= u2+-% agg. Expanding Z($) according t?_ﬁhe number of lodps, we
_ \ . '

A
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now proceed to calculate the two-point function relevant to each orcbf

‘of‘thg loop expansion. The :iecelcvol contribution is shown in Fig.

ll(c), and gives

?o - ;,.‘ ’ E o ‘ (5.88)

The anldloopvtorl is pictured in Pig.all(b), and contributes

2 {_ 1% 1 f ddk } _ah (k) |
Ip .2 (Zn)a [(p+k) -m ](k -m ) -0 12m2 161r2
o (5.89)
Thus, to one loop, we find | ’
3 _._L__ S y
Z(x) =1+ ( 6n2) Ttx | R | _ r’_:’;:A‘_(S.S?O)‘.

where x -a«g/2u2.v Although the, renormalization condition Z(O) -l is

automatically aatisfied herc, ind ‘3ting the wave-function counterterm
vanishes to»this<o:der, the one—loop contribution to Z.1s nontrivial.
The two-lobp terms are pictured in Fig 12. Leaving the detalls

30f the calculations to the Appendix, we find from left to rlght, top to

“.bottonf the two-loop contribution to Z(¢) to - consist of the following
) . J o

terms:
>-32{g£ - j l 'dd}——idz ‘ - v } u-l- (i_)Zél;;{_lan)'
° L& 2m® ) 12n?) (n y[(p+k+z) -n’) o Paen? e
. (5.91)
| 23 S 4.4 A':s oy 22 T
.iL.{é_z_ 1 J d%% a% } )(_ 2
- —y+12nm)
° L7 am8) ety (Pea? )[pw) =21 55 g € ,, |
| o . (5.92)
_3_.{2353 1 f R ‘ddk ddz‘ }
PUA an® ) adead) (pmon 2 0P-a%) L) a1 22 |
22 6—5—5) (- 24 v +in mz)' - T / (5.93)
6m< 16+ & ,
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(a) | |
Fig. 11 (a) The zero-loop contribution to ACI T
_ (b) The ene-loop contribution to 2(3).
. ‘ . . ' ’ . *

-
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Fig. 12. The two-loop contribution to 2(%). / e
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Ay . - T~ ’ ..“ o . ; . h " -
_g__{ 23 1 J T -},
o2 8| 27 2 .2 2 2., 2 % |
op” U et ) (1) [ e L) mt ) 2 g
o ‘ 2 . .“ | g ‘v - N ‘( )
2B By liyii4gan’s o)) ‘ (5.94)
3m° 161‘[ .o B o ] . ‘ L
o fat%t 1 o a%ah | ‘C)_"
2\ 2 .8 .2 22 2 2
w2 U 2 n® ) ald (¢ >[<k+sz> -’ Gep)’-n) 2,
= %2( E5) G-y+1l-anm -8) . S (5.95) .
. 12 (m ) 16m° : o
3 {aﬁ;',l [ | Ca%e a9 LT }
212 .8 , 2 s v
' L2 en® ) (Paad) a0t L) o Loy P2 2
l 34g ‘g 2 ‘ o ST ' ‘.
S de. By sy (5.96)
12@h? 1t 3 . B .
' where - S “ ) DR
R R BRI R T T T
5 :

" and J is the'number.given by the transcendental integral

1 : }m _ -
e -J du gt a3 [ g s
’ 0 u-u+l n=0 . (1+43n) (2+3n)

1.1719536...

Thé 1ast ﬁwo diagrams ofiFng_IZ do not_c;ntribute to Z(@).

o In addition‘to these terms, thére wili be a conﬁributipnffréﬁ

the oné—looﬁ mass and coupling constant'COunterterms,’shod%‘in'Fig.l3(a).
The Qalgehof these two counterter@s can be‘qalculated from ﬁhe oneepbint
fuﬁction at the Qnefloop 1evel,‘pictured;in Fig. 13(55. At this level,

I3

the one-point function is, ‘including the counterterm, . ‘ o
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(a)

T

Fig. 13 (a) The two-loop contrlbutlon to Z(¢) from the one- loop
counterterms,
(b) The one-point functlon to the one-~ loop 1evel~'
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B 2 l, - " d '.‘. 1 1
T=.(u +:‘6‘azg)a\+l%&I d k -‘—2-"'—2‘+(B + E 2C )a,
(2m)

ki

[

f'(‘uz-ii- %azg)a+f-§-8- (- "‘+Y —1+ Q.n m )+ (B +-é-a c )a (5.97)
X 327 . . . ‘

o If we impose the renormalization conditiahs (see'(S.bh))

_ _é__ - ‘pz ﬂ N 2
il da| "
7 =0 - la=0 ‘
4 ) 3. , : o
av v R L ;
d¢ $=0 . dat) o Be
then we find
| By = - —“—&(— +y l+lnu) o e
Tl "'.32"ﬁ O
TR N SRR CA
ey oy S

32“ »,? ’ h ) ’ R ¢ .

The: coﬁtributidn due ‘to these countertermss from left to right"
< : . d . o e 7, .

o ir’i Fig. 13(a5.‘3~ is then,

B R ) J, d ‘ - N \‘4‘.
2{—758""—27(31’“%8‘3)J' f dk' }
apt (2 ) . [(p*k) - 21 -m 2? -0
2 20 5, 9. B
‘= ——i"z 2 (fgii)'{m (- =+ 2y =2+ 4nm" + 2 W)
24(m”) 16 B o ~ :
. a,2,15 4 ’ . X ow 2 o 2_{ . : B . :
+ ——2—3 (== by =1+ 2 gnm’ + 2 &0 W )} L (5.100) ..~
and | ~ -
s [1a%g 2 o ‘ddk E 2.
“‘E{”‘z‘g 401J } —‘g(—L)(—-Zw—anm—,~nu)
- 3P : (Zﬂ) [(p+)*=m ](k -m’, ) 2.0° m? 16v?
| B CR
. , o

Adding the contrlbutlons (5 91) to (5. 96), (5.100) and (5.101),

we find that the poles W1th c0eff1c1ents l/m and l/(m ) canc,e'l,fal



2,(x) = (—3—) {—-y 0 m2+—— [5 2n(1+x5+ o ]

eﬁsufing the counterterms remain ioéal;vleaving us with the two-loop

contribution;to Z($) of

o
-

1672 1+x

»

) N 2 ' : ' B .
+————2- [<2 tn (14x) % o ]} L (5.102)

where Sy ' Co S "

Q
L}
!
o]
[
2]
‘O
(]
—
!

Q
i
[#%]
|
£~
o
+

e~
O
]
|
wloo
(&

if we now impbse the renormalization condition Z(O):=l, we find the -

 wave function'cougtetterm tp‘be'

" The functiqh Z(%)jtq'tWO‘ipbpsTis then

A= 2, -1 == (——&—) (—-Y—Qnu) IR (5.103).

x‘ ‘ ) 16r

- e
<

Z(.x)V4=.1/,+%- 25 & +%(~8—2 {-2n(1+x)+-——— [5 Qn(1+x)+o 1

vlf)TT S ) 167" ‘
+—l‘———2— (- 2 i?.n(l+x) + ¢ ]} SO o (5:108)

Illopoulos, Itzykson and Martin have also calculated thlS functlon to

"gthe two—loop level for a ¢ theory u51ng a path ~integral approach [IZ]

\“ o

Thelr result dlffers from the one here in that they f1nd

o lﬁ . S v: o o o . V
GZH*‘ 3 ~3>J'. : R S v . o .(5.105)
: ’
It.is ‘unknown 4t ‘this time where the source .of thls ﬁlscrgpency lies.
1

. o i
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D. The Renormalization Group B

We now turn to a. topic that, while not directly connected to the

RIS

. effective potential nevertheless is one where utilizing“the one-point & '

P N :
function in finding the counterterms of a theory proves useful . This is

'i in connection with calculating ‘the coefficients of the renormalization b

"group equations [SlO GZ] These equations are a reflection qf an- ob-
servation made when we were studying the massless ¢ theory as far as

[N

;fphysical quantities are concerned the choice of which point we renor=
. malize at is arbitrary This can be phrased mathematically ipaa numbei
'of ways [IZ], among the most useful beiry the Callan Syman21k equations

.k[Cl 512]; For theories with 5 mass present,vhowever, the Callan—fT

i 4

'_Syman21k equations are inhomogeneous In many cases, though, one is

interested in the high momentum behav1our of Green functions, whereby

~ \

the mass term can be dropped The resulting equations are then homo—
'geneous.and can be. more readily solved- There does exist a set of '? : :j i
equations, however devcloped by 't Hooft[H9] and Weinberg [WA] (see'
'also [C7 c8, LS]),‘that are homogeneous even with a mass ‘term present

1f the counterterms are mass 1ndependent It is’ these particular equa—

. e '

tanS that we will be concerned w1th T C
R >

The system we shall study 15 the familiar ¢4 theory.. In»terms

.
C e o .

: of the bare quantities, the Lagrange den51ty is

2»2:' i\ G L L e
oo T AT g¢¢0 TR (5.106) |

,.oﬁ——(w) %m

Let us rewrite this in terms of the renormallzed quantitles

0

_ g .
¢’0 . ZS¢ ‘
2 =12 :
B 7 ?223 oy .
g = Z‘Z;Zg c (5.107).
(o] : 1 3 * N



l ) v SN
\\
" 'The Lagrange density now reads |
Ty 2 1 LI S C e tom
Jf 3 (3 97°- 3 n’e’- fL-g¢ +3 A(a 5’ —ar et b (5.108)
f’where:we have defined the‘counterterms to ‘be
R 2. o C ;o
{ B:= (Z,-1)m - . s
e 2" S SRIETI | .
c o= @Dy o .. (54109)
. ‘ B T - ’Z‘JI, . .
'and we assume Zl’ Zi and’ Z3 do not: depend on mZJ“ :
The renormalization prescription adjusts the counterterms in an-
\:'unambiguous way 8o as the uitraviolet divergences are eliminated These
; i
,divergences will be poles at d 4 when dimensional regularizatlon is

r;,what'follows, we will_assume the coefficients ajk"bjk"v

S, ' RN o S '
Thus, for all d, g is dimensionless and m has mass dimensfon on§

‘depend on the mass m2.

b

fused. In this scheme it is convenient to introduce a unit of mass, u, A

x

into the definition of 1 the coupling constant g so as g remains dimen— _

a

folldwing mamner: = FY:"* RIS U S
. b j_k (a d)J L
o j k. (A—d) SR —~
- o gk DA o o e

: (4-d)3

Let us now consider the renormalized effectlve action P( ST g;u)

'-This w1ll be related to the unrenormalized one F (¢ ST (d),g (d) d) by -

sionless in arbitrary dimen51ons.. We then expand 23, mz and g in the='

-

© e



';éh§3£oliowing:‘ o o

3 thing else fixed, gives ;

“We can express this in terms.of the dimensionless quantity’ |

e L R s

§

v «r~<-$.m.s.u> . jlﬁ" ru(z’;&,mo(d)‘,ac;(d).d) P (s-111)

. T - e .
L ' *

3 Now, differentiating this eQuation wﬂth respéct to Hs keepin% every-'

-

e 3(z38): & ;
vl a LB 2 3., Am b S M) - (5.112).
: . ” “.:?.s . K

] b ote N

; Tpis then ‘leads' to the eQuatioﬁ  }1§\ K

BY a\ . ‘V-' a ) P ) o o .
(5 %, 8"‘ ~v, m'&;-f- Y, ¢ —E?F(¢ »M; g.u) = 0 : -~ (5.113) -

where Ehéfrenofmalizatioh“grth eQuatidﬁ coefficignts are defiﬁed byf'ﬁ

Geuds -
.B PBU' e

Ymﬂ a au En( m)\ » P

R ui’?n‘z" AR [T (5018
) T : o T b o

-whére it is Lndefstood that thé limit 4ds d‘tends to 4 is to be‘taken.

13

We wish to apply equation (5 113) to the effectlve potentlal V(¢) now.

By dimen51onal analysis we have Lo S ,"p';a

'T(u ——‘+.mi+$'?—~)v =4y . O (5.115)

" Thus, equation (5.113).5eébmes

NURS Ry 2’(%me)“‘ e R AL a@]vw’?’g)'—,of (5116)

—

WM

c--L, &% - L .- cun
9P : o : . : SRR

>';l whereby equatioh (5.116)1be¢omég_}‘

|
3

[
.



: loop expansion (see [WA

23 3

\\; \-».[m-paz —.—:—lze'fgzﬁa)g ?.7 -‘aj-ag+3;Y,,,+YJG(82:‘-'m'2,89¥ 0. "(5.;113);

This equation is typical of a renormalization group equation for. _
e L U

the one~point function for all renormalizable scalar theories. There

‘ o
+

' will be one B function for each coupling constant, one Yo function for

.

N each maae, and one Y function for each field. - In general then, there

- R

hill be a system of coupled diffetential equations.

[

The degree of usefulness of qasgrenormalization group equations»

v varies from model to model.’ Having found B v and Y, in some suitable

§

approximation scheme, one may then solve the homogeneous equatlon (5 118)

.to find G(av,m ,g) Typically, G found by a 1oop expan51on contains

logarithms Gf 32, and the expansion is reliable only so long. as,these

logarithms are small. It is this restrlctlon thaf thev"improved" G

¥ found by solving the renormalizatlon group equation may 1ot be subJect

.to. this G may be valid qver a larger range of az than that found in a-

loop expansion.‘ Note that these equatlons .do not allow us to escape>the
restriction that the c0up11ng constant be’ small

A 51milar derlvatlon carTied out on; the Green functions of the

CL heory leads to renormalization group equatlons for these functions

These equations contain the same £,: Y and y functlons that appear in

(5.118). The equations govern how the Green functlons behave as the

" mémentum is varled, and the "im roved"'Green’functions in this case ‘may -
A pr )

be more reliable over a larger range of momentum'than those found in a

\

N

To solve thes

PN

tion,for"the'functio

must then find a Suitable’approxima—

. A typical approximation is the

loop expansion. Findi - ,nehpoint function in the theory where the

.

.



120

e
~

F

-

fairly efficient determination of mass and coupling constant counte;—
“’w : Y

Tterms (as the one-point function necessarily has zero external momentumh
the wave-functioa renormalization counterterm must be determined inde- ;
pendently) Having found these counterterms, the-reﬁormalizatlon group',"
_ _coefficientb are then readily calculated As an illustration of the

) method, we will calculfte these coefficients for an- O(n)-symmetric ¢

L'theory o _ N o .

. . 2 | B “ | | .
:_,C_-%'(auda") -1 it )- , g<¢a¢a) +§ (2 4 ) -—BM ¢ )—,,.C<¢ ‘?)2
. 1 | “ (5.119)

. . - 3 . . . ¥ “r‘ 3 ] ) - “ .
~with-a=1,...n. We now perform the’shiftkdl“*¢l+(a,.resulting~in

Jé=—-(a¢)+\ (a¢) 2,2 0 2.1 2

1,22 1 Do 2
ZRep T T rga el
- % az¢1(¢1+¢ D" g(¢1+ ¢i - (B ,+%els2c)a¢,l-% B+ 3 a%0re;
. . . ) M 2 . .
—*(B+ c)q)i —6- ac¢ (¢ +¢ ) C(¢ +¢ ) +——(a ¢> y . (5.120) .

‘where

2.2 .1 2

'S =m +5ag
2 2 1. 2

T =m f-g a g

We will now calculate ‘the one;p01nt functlon for ¢ but

keeping with the requltement that Zl’ 22 and Z3 in the expanalon (5 107)
_ere mass-independent;‘we have to use a different renormallzatlon scheme
than that employed previously in Sectlon B : The tree level contrlhuthn,h :

‘o

shown.in Fig. l4(a),kg1ves ~

2 1.2 - - C . - o ’ oy
T°=>(m..+-gag)a S . ’ (. (5.l21)
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The - one—loop terms are seen in Fig. 14(b), and contribute

; o 2 ‘ 2 ;.
iagu I ddk 1 __3_2_(m2+__g.)[__+y-1+gn( )] (5.122)

2 (21r) R (T R T
g o1 dd . 1 2 2 | 2 I
"_gg"’nslj 3 212'-_2359:5_-( "'g)['_”'““‘( Pl
‘ ’ (217) .3277 41ru T
« ' : S ; o o ~(5: 123)
To the one—leop 1eve1,5tﬁen, we have, including»the:epunterterms, ‘
| g 12 ag 2 2 R I
=T +,T. = (m+a g)a + dm [~=+y-1+ 2n¢ )]
R - RS 6 2. . € 2
2 mil 2, . o g 2.l «
+o () [-S+y-1+in(—)] + [-=+ vy=1+ 4n( )]
3 € T 2 : 02 € A 2
< 4y : RN L P
;az : n-1, 2 L e ”2 >1> 2. ’ .
I e R A R e P RO (B sgafepa . (520)
2 -3 € : 4 6 . :
Now, in order to make ii 22 and Z3 in (5‘107)'iﬁdeﬁendent’of mz,‘we
‘may choose our renormalization program to be the m1n1ma1 subtraction:
" scheme [HS]: the counterterms are adJusted so as to cancel the poles
! ‘ : SN A~ o
ated,=45only;‘ Uslng thls scheme, we obtaln .
U S : \ '
B - (—Epa+ EHiaL R CRtD)
1 2 3 7e S . - .
167 . e
e B opsl, 1 i . L 3 ,.
=3(— Q0+ ) Te - : : (5.126)
" 16m 9 [ ; , S

N,AlthUgh the'miﬁiﬁei subtractieancheme'aeeS'nog.eofreépond.te renormé}-
izing at one partlculaf p01nt,'i@ is a consistent renormalizegioﬁ:sehemei'
" and is found to be convenlent in these.types of calculatlons |

" We now come to the two-loop terms. 'We’begin by def}ning the
Vﬁoilowipg integfele: |

)
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L "
(a) :
/ ~
- N\
\ )
N~ -
| ()
! - L "

Fig. 14 (a) The tree—level approximation to T. S ;
(b) The one-loop contributions to T. A solid line denotes¢¢i,.
a dashed one ¢i : -

i
i
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\

“ 28 '] d d ' : ‘ ' . ,
I(x,y) =~ m&_j—;— g k g B | (5.127)
2 4(2m) J(k-x)T(p ~y)
’ 2¢ ¢ d d | -‘ .

J(x,y) == L‘%ﬁ)-%d' 5 d1kcep 5 (5.128)

o 6(2m) I (p“=x) (k"=x) [ (p+k) "-y]
33 2¢ od d ‘ ‘ ‘ |
4(2m) (p"-x)" (k-y) [(p+k) -z] |

* The two-loop-terms then becbme the following. Fig. 15(a) gives, from

left to right,

‘I(KZ,KZ) +B:l I(Kz,fz) + n-1 I(TZ,KZ) + n-l (1 +”n—2)1(12,12)
: 3 9 - 3 3
ag’ |, 2 2 20 2 T, 2 —e/2 2 -el2
=- =357 Ce oD c-v {K 3 T (—"—27) o)
27 , bru Anu 4y
G 2, K2 el2 2 ez , 2 E .
Rl ( '2) — . +———-(2+n 1N - ) } . (5.130)
. by 2 ST ) \Anu o
: . * ~
Fig. 15(b) leads to - .
T * /
J(Kz,gz’) + (1+141) 3‘6'1 1(:%, %) .
- 2 E P R
" =-—-L<-—+v—1)(—+1> =)+ B (200
9 b 2 9.
. » 4my , 4y ‘
{ | 2 K2 - \ : i : L '  o
eﬁ + < (=) ]} e . 7 (5.13D)
. ' ' ZO‘TTU : . B
-fFig. lS(c) contributes '
NG + (1+1) ST Gy
- ﬁ 33 e 2 ¢ 2 - '
, 0.7 ¢ L) E +1>{< D g ()
v ) b4y - by
. 1 2 - - ' . . .
Canzlo ety } - o (5.132)
9 °, 2 ‘ |
. TU. ~ .

i " ’ . .

_ . - .

- . /
< Vo N
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.
Thesge intagrala are of the same form as those ungountured in the mass-~
1688 ¢4 thgury of Section B, the nonLrivial onea agaln being found in
the Appendix.

vIn addition to these terms, we have the éontfibutions coming

from the one-1loop cbunterterms, pictured in Fig. 16. Fig. l6(a) gives

C . ' -
iaC_ 3, - ac 2 -¢/2
1 J d kd 21‘2 S (_,§+Y B} 1)K2(“£~5) | (5.133)
(2n) k 270 . 41
and
€ .
iaC. p d aC -2 -e/2
1" -1 [ ¢% Lo 7L 2, jynd 2y L (5.134)
2 3 d 2 27 520y 3 2
(2n) kK =1 27", ‘ bay”
Fig. 16(b) contributes .

R 2 S : ‘ 2 2 /2
tagu® . 20 44 1 a’Cy; e/
_gr_ (Bl+ ) i 7 13 55 (Bl+ 2 )( —Y)( )4,

' (2n)  T(k"-x") 27 : 4““- ,
) (5.135)
and ) |
: ¢ a2C » “d
iagy - (B. + l) n-1/ d'k 1
2 1 6 3 d 2 2.2
(2m) (k=17)
: 2 ' 2 -e/2
a“C -
27 1 6 € bn
. u

with B, and cl found, in (5.125) and (5.126).

’

The entlre two-loop mcmtrlbutlon, the sum of (5.130)-(5.136),

then becomes, including the counterterm,

2 ¥ : 2 ' .
=— 28 [/ 2 5 =17 2 1 n=l, 2
T2 94{V2[2+n 1+_9 ]m E[l+3]m
- 275 £
- 2 2 2
6 n~-1 ag 2 5(n-1), a’g
+ = [1+ 9:] 5 [1+ —~§7ff] >

’ + finite terms + (B2 +‘% aZCZ)a“"; l - (5.137).
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Again .we see’ that the (1/r)Qn(k /AHU ) + (l/ )\n(v /4nu ) terms present

in each of (S 104) (54110) have canCelled in the sum, ensurlng that the‘

counterterms remain local. Mlnlmal subtraction then yields

==
\ '-:-’.

-

- (%5 {—— [2+n 1+ L (-1 by o [1+-“—'i]}m2 (5.138)
3 T
l6n € N ‘ ‘ :
and : f: R . Lo -
g (3 n-1,% 1 - 5(n-1),) .

I‘r}clu_ding the o‘aloop'-counterterms, (5.125) and' (5.126), we have

then to two loops,

. 2. 2 .
Before we can express m_in terms of m” and g, in terms of g,

however, we must find the wave-functiOn renormalization counterterm

Z. (see (5.1075). Thls w1ll be done by demandlng that the follow1ng

3

be finite (see (5. 23))

2y, 2 : A . :

e - S IR (5.142)
apl 2y . ; e

ol

apt=
- (2)

where T
?. . - N . . ' N o

127

2 o |

{(—5—><1+“l>—+<g ) [<2+n—1+————(“9” ) 4

167 1611 . .
SfoasmbhLi2 o 0 G

2

{ 3R v B L +3<—g—) Ba 2L L
1 602 ,l6n el
- (1 é%i)—) ]} T (5.141)

(pz)vis=thé two—point\fnnction:in the unshifted theory (5.108).

TOvthe'two—looo_level, the only graphs we need consider are those shown- '

. in Fig. 17. 'Thus, we ‘have to make finﬁte:the following:

v o - . . v . P . j

>
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v

Fig. ]1'!7' Grap’hs*neededito dete‘rmine"”_z3 up to ‘the two-loop level.
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§ ‘G‘b - "‘Q.‘
: s " . o : ’Qf IR 129
) 9 . {.+ j HZF j : ) ddk' ddQ ) : - v"”.' "v . :-v‘ V .,(" o
il 24 : . : :
WP 6(2W)2d (k *Vz)(Q?—Kz)[(pfk+ﬁ)2—K2]g s
X o 2 2¢ . R T N
U+ (4l B n;l J S dzk d & . : }
‘ : 6(2n) (k - )(R»—T )[(p+k+2) ~K ] o 2.9 -
_'l" 8 N ' n—l'l~ R ' ‘.. . \ e y :
= TE ( 2)'(1 +'*§~)‘T + flnlte terms . , . . - {(5.143) .-
A ‘ l@‘n . . - € : E . . T ) ’ r .

v Hx‘detalls of thls last calculatlan, see the Appendlx In tHﬁ mlnlmal

subtractlon scheme, then, the wave functlon renormallzatlon counterterm'

|

is determlned to be ' o S
T g e T e
= a—— =._—— S . ] 2 \. . -‘.
A=z, :{} ( 2 7) (1 + —3—0 e N (5 144},

R ;\

‘ Therefore, u51ng (5 107) and (5 109) the expan51ons of the bare in terms

of renormallzed quantltles, equatlons (S 110), read to two 1oops,

-1-L &8y o1yl
3= 1-1; (lénz) 1+ 3_)A€

; L2 212 SRR St
o - | g N e 2 ?(n—l)z 1
{14—( )(1+n ) r-+ (—E- ) [(2+.n 1480zl 1
9 7.2
16” . l6n‘ e

N
I

]

= {1 + 3(——35)(1 +-9§~)-;+:c—ii§).[9(1 + 22y T
. ‘ € Y , 9T et
16n S 6“1 B : -

g les 1} . : o o (5.145)

/ 2
Using the deflnltions (5 114), we then flnd the renormallzatlon group

coefflclents to be . IR - R



SR | ;f. : B ' i~.11f513g L

S G =k =—(-l—g5‘g).?‘1

a

o ey L7, 30 “)( 52) P

‘ 167w i e @
St ol dh
VoS M o ,ln(m‘)—k?g Y o e e
o : o 3Cs : ) : ’ o N
DR v R R
L Tt E 3g
S X - * ~.
o 1 (1 + 2= l)(—5—_. =) , ' : (5.146)
6 . 3 2 o PR ,
AT .167 _ - s C
where al; bi and Cl eenote respec 1vely alk’ blk and TR summed-dver'

'vk,-ih the‘expansions'(s.llO).a Note that factors llke ¥ ‘and %n 4w, pre—‘

g sent tn the 1ntermed1ate steps due to our.partlcular ch01ce of dlmen— '
~s1onal regularlzatlen,ﬂhave dlsappeared in the flnal expreSSLOns (5 144)
 These results agree w1th the’ n='l case found.ln [12] and - [C7],»where the ;
“two- andifoar p01nt functlons are evaluated expilc1tly to flnd the
:copaterterma (they may»alaolbe obta1ned uslqg what 1s‘called.the baekjv
greua& field aethod, which.is a’powetfui_techntque in obtaiﬁiag"the
'counterterﬁsifer a thedry;‘see [Di,"ﬁé; HlO,;AZ,‘il}).

We_have aeea,iq tﬁis.chapter‘that muchviﬁferﬁatioq abput a éheory‘
fcaﬁ be“obtained bQ'studyiag the theory wherevthe fieids“areishifted by.‘
a constant. The, effectlve potentlal cam be calculated falrly eff1c1ently,
‘asrcan tﬁe functlpn Z(¢), As well the couate:terﬁa and hence'the co—i
efficienta of the renormallzatlon graup eqeationa<caa alée?be%obtaiaede
in a relatively efficient manner. }Thé'ﬁsé of the éhifted theoty‘simpliea
‘ RN _ o - _ S . ‘ i
'fiea cOhsiderably the.caléulations aene hete as oppoaedlto more ditect

methods - like, fo:'instaace; ealculating the effective potential or Z(¢)



-

" f.' ' H\ » \(\j N . '.A . ‘ - 1‘:_ " - h s f., .
- by an infinite.summation:of graphs or obtaining counterterms by a

.. direct evaluation of the releﬁant n-point functions. This is especially .

true if‘there are more than one field, mass -and COﬁpling-cbnstanplpre— :
- . . X . ) ’ . s . e .
éent,iwhere:jusﬁ thé'combinatoriCs=involved,ih the calculations.can’

t
4 t

‘become quite difficult uSiﬁgﬁthé-more direct methods. The methods used " °
. in the calculations done here involve essentially the same amount of

labour as that found in the path-integral approach, at times with some
S Lo i . S : 4 :

?hore'élgébfé,fbdt are done by dealing directly with the Lagrange'density.'



‘h:unphy51cal degrees of freedom this belng related to the occurrenqgﬂof

© .+ 'CHAPTER VI -

“

SUMMARY ANDUCONCLUSIONSW

"':;r Let us just give a brief summary of the majorvp'lnts<of thetpre—

-

,cedlng chapters.l ‘u. . " o L ‘ g . ’,f '}‘ - 'ljl», T

B )

We started by considering two models that are quite 1mportant in
‘,present-day particle phy51cs. the Maxwell fleld and the abellan ngg\s\

“fquel. A covariant quantlzatlon of elther one leads to the presence of

=,

a d1pole fleld in. both wlth a su1table gauge-f1x1ng term " An indefinite.
. metrlc-quantlzatlon'removes these unphy31cal‘modes from,the physical

space by g1v1ng them e1ther negatlve or zero norm, the phy81cal space

e S ~

,necessarlly contalnlng only p051t1ve norm states However, after.notlcf,

llng only part of the whole space could be phy51cal we 1nqu1red 1nto
whether or not it -was, possible to- elimlnate the unphy51cal modes 1n a .

vp051t1ve deflnlte metrlc Hllbert space by some sultable cr1ter10n. Just
asvan 1ndef1n1te metric quantization showed thatbit was possible't0~

quantlze these models w1thout the 1ntroduct10n of nonlocal nOncovariant

B . I

: flelds, as 1n a Coulomb -type gauge formallsm, we. wondered 1f the 1ntro— 3
: . ; . . A
ductLon of negative and zero norm states was necessarygin a"local cd&

.-

)

variant formulation. L f

We found that a p031t1ve metrlc quantlzatlon WaS'pOSSIble, and
Nfled to the’ correct number of phys1cal degrees of freedom but care must
be taken,k At the free—field,level, the criterion uSedZto select out‘a
:phvsicalVspaee.was.that“ on‘this space, Poincaré.transtormat;ons must 5
be 1mplemented unltarlly so as‘to form a symmetry group Vifléhe then

3

fflmposed the requ1rement that observables be gauge 1nvar1ant one is -
then led to»the usual interpretationsgof these models. However; since

I
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h.at the free field level there is no compelling reason to make such a
.postulate, we - next studled the ‘two models coupled to external c—number

'sources. We then found that if- one d1d not !hpose gaugeeinvariance,

“the S operator would not be’ unitqry on the physical space. In order.
to conserve probab1lit1es,‘then one must postulate gauge invar1ance,

hland the - resultlng models contaln the expected number of phy31cal degrees

; & « . s

of freedom.f We thus see the important role gauge 1nvar1ance plays in

maklngbtheie models phy31ca11y sen31b1e when.the p031t1ve metric 1s
.used and how the concepts of pseudounltarlty and pseudoherm1t1c1ty
'translate from an 1ndef1n1te metrlc space into a Hilbert space.

. — .

We next went beybnd the tree level and:considered quantUmvcorrec—_'

;tlons to the errect1ve actlon, the- generator of one- partlcle 1rreduc1b1e
funct1on51n fleld theory This' functlonal is useful in stud1es of-spon—
taneous breakdown of symmetry, which occurs 1n the Higg s model. We
-were concerned malnly w1th the first two terms of the expan51on ‘of the
effectlve actlon 1n_coord1nate space: the effectlve potentlal V(o) and
the function Z($). We'shoued that‘these two functions can be evaluated

5

perturbatlvely falrly efflciently by con51der1ng the theory where the

a

f1elds_are~sh1fted;by a constant amount. The same shlftlng also leads

to a relatlvely‘eff1c1ent evaluatlon of the,counterterms of a theory, ‘and
hence to the renormalization gr0up equation coefficients, The methods
gused srmpllfy these calculatlons cons1derably, espec1ally where more
than‘one field, mass and coupling conétant is present,.where just the‘
comblnatorlcs 1nvolved in more direct methods ~are falrly formidable.
Although these calculat1ons ‘can also be performed us1ng the path-= 1ntegral
.iformallsm, at times w1th less algebra, one deals here d1rectly w1th the
Lagrange den51ty;

|
-
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As. a final npote, we; would like to point out somevproblems with
the effective potential. As Jackdiw showed iJl' D2], the effectivev
'potentlal in the preienceeof gauge fields is gauge dependent (see also ’

*!.
[F2, F3]). ThlS would ‘seem: to cast doubt on any phy31cal prediction - - . *
made using the effective potential. For example, Coleman and Welnberg

v
-+

‘[C3] showed that a symmetry, present at the tree level, could be broken
'by radlatlve correctlohs.“’If this mechanlsm were to work. in the' .

" Weinberg-Salam model,'say, then-it would'lead to an elimination of one
free parameter in that'modelfand;then to a definite prediction of the'maés
. ratio of the Higg's particle'to another particle [C3, M1]. ‘Howeyer,Zif‘
e SERASY £ W o ST U
--this mass ratio” were to be gauge>dependent, such a prediction would be

/

meaningiess. Fortunately, it turns out that, for a simplified mode1~of

‘A.
A,

"‘-thls mechanlsm, the gauge dependence cancels out fpr the predlcted phy—

‘ 51cal mass ratlo up to the .two- 1oop level x1]. Is this a general

result? Another, curious Fesult 1n the presence of gauge flelds is that

% : e
.

,differentiating‘the.one—point“function.inithe shifted'theory m times is'\

" not equlvalent to addlng m zero mome%tum external legs, except in the
v B , ,
rLandau gauge [w3] Thus, the effecttve potentlal is not’ sxmply related

to the one- p01nt functlon by .a 51ngle dlfferentlatlon of the potentlal
: H0wever, Weinberg showed" that using only the one-p01nt functlon and

self-energy 1nsert10ns, mass correctlons are 1ndeed gauge invariant [W3]

\

There appears to be somethlng in the formallsm that guarantees phy51cal
'results to be gauge 1nvar1ant even though in 1ntermedlate steps using

either the one—point function or the effective potential explicit gauge

dependencedappears. Whether or not this occurs to all orders is not

1

known. Finally, we end with a note of caution. It can be proved on

general grounds that the effective potential must be convex everywhere

»
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[Sl, 12, Fé6}.. Slnce the first few terms of the loop expansion of the

-

Higg's potentlal v1olates this propertyu and indeed becomes complex in

some regions, there appears some doubt as to the cons1stenqy of a. per-
turbatlve approxlmatlon to ‘this model It remains to be seen whecher

or not thlS problem affects sxgnlflcantly the phenomepological aspect

of mcdels using the ngg s, potential.

v

-



// | APEENQIX

In this Appendlx we w1ll present some of the detalls of the
calculation of the nontr1v1al 1ntegrals encountered 1n chapter V.. We

. will need the follow1ng formulas [H7]=

a% L d/2 m.'r(““i)- 7 m SR
PR S e v ey | o
r(1 - %) = - —f— +y-1+ 0(e) S e = b4ed
xT(x) .= F(1+4x) : | A .
1 Flaph.+a ) 3 X Xp 2
: = 0 (dx dx. ... dx .
a; a, . -a F(a ) (a )] 1 2 m-1
a'l 2, m Smy 0o 0
1 7a2 v..am o . ‘
) . ’
: a.-1 S aa-1 a -1
1 ) 4 , ,
' xm—l (xm—Z-xﬁ—l) ca (1—x1) o
X , - - : . (Al)
‘ - o ) ozl+.'.-+0tm . .
[alxm_l+e2(xm_2fxm_l)‘+,... +,am(17¥1)] :

In the following Qe freely’drop polynomials that can. be.absorbed in the

" two-loop counterterms.

B d ”:d ‘ 1 X
: o - . d-
(a) Il=f z\dz.kgl > 2'=2fdkddQdej%(A2)
(K"=uD) (A =) [ (k+0) -u] 0 0 D~
where
: k(1-x) X3 Xy~ xz—y‘ 2 .
D=[0 + - x+y ] (- X+Y) + k € T-xty ) - u

Carrying out the momentum integrations, we arrive at



[ (xy+yz+zx)

1 X . o
\ B d-3
I, = ﬂd(-%;+v— 1) dx - dy (UZ)
1 0 2 d/2
(x+xy X =y )
0
1 ‘ d-3
= nd(-'% +v - 1) dx dy dz 6(x+y+z l) - .(uz)
: € d/?2 -
. 0 .

- This ;emainingkntegral diverges qt X=-y, y=-2, and z=-x for d=4.  To

.-isolate ’t»he pole, let

X = BQ o y.= B(l"p) > =l_6 '“'
The.pole at x=-y is then at 83=0. For small B; we have

v

1 1 :
dx dy dz -xEyrzal) b oage [y, gy 972 4 2
I d/2 . €
(xy+yz+zx) 0 - b

Y
O =

.

. . -
Since the integral is symmetric, the total singularity is 6/¢.

" evaluate the finite part, it is necessaty to subtract
1 L
+ — +
- d/2 d/2
i e

T S T

from the integrand in (AS5). We then have

1 .
Il' = rd(4 -i—+y -1) {-g—+ {JJ le dy dz -8 (x+y+z-1) -
.1 1 1 10, 2.4-3
* 2 T 2 ° 2~ 2 }(“v)
(xy+yz+zx) (x+y) (y+z) . (z+x) -
. 1 .1 C .
= 7 (~‘l—+Y—l){F§+J‘dQ J'Bde [2 - 1 2—‘1*2‘
_ o 0 87 {1+ glo(1-0) - 111" B
2 d;‘3
(1-8p) [1-3(1-p)17/ ) S

d-
ey -G e pahy

(A3)

(A4)
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(46)

e



®)

(c)

(d) -

(e)

x

Ul

'"f a% ade

w-ndyetndy (an’n®y L

d . '
5 ty-l)j{[4Xdydz §(x+y+2'%/2
‘ 0’ (xy+ yz+2x)

o =

{2 d=3 0 )
{{u2x+m2(l—x)] 41{u2y+1n2(1-y)]

: d-3 . d-3 -
yﬁ[-%+y~;x§+ld[2@3)-"+(uz).]

J ot g
aeu®y 2 (2 %-u?) L) P-u?)

1 3 s '
3 > 1 o . ‘
3 8u2 71 S Ce L n

. L ah
i Ernad
. 'E‘ ‘Y

-

J a9 oo °

I @daad @Peady Lt ®on?)

M|P .
Q

. L | d-4
.d, 1 2. 2
n (-'gd-Y)(Z'+ 1)(m )

J ) }v;ddk 'ddg'
-y 2 (22em?y [(kt2) 2om?]

3
1
Wl 2

. -, d-b
ﬂd("§4'Y)(§'T l)(uz)

o d-3)-
' +[uzz+m2(l-z)] }_

_ '(A8)"

(A9)

(A10)

'(A11) 
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(f) .
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. T f d% a%e
Ol em?) (Peny [ (prer )2 om) |
4,1 N s(xty+z=1) | 2 p -3 T
=1 (- =4y -1) | dx dydz — b [m - P xyz ]
£ (xy+ z+zx)d/2 - Xytyztzx R,
)T, . v
—5 = —q (——-+y 1) (1- e)(m ) J dxdydz S (x+y+z-1) ’—L——-—
op (xy+ z+zx)
2. 0 y+y
d :
LAY S 2 4 : _ ‘
" C-y-tn m) : - (a13)
. ;‘J ; d% a9
7 2 2.2 2 2 2
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1 o /"d 3
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| p xzz =3 5 szzz Rt I P
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31 d *
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€
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oIy d .7 2'—el '
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3p 2 m 0 '
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The remaining integral diverges for d =4; we set

x = Bu z.= (1-p)v A
Yy EB(ew) o w o= (l-e) (V) L, (A19)

-isolate the singularity, and then subtract the ° approprlate term to flnd

’ the fiﬁite:part._ We flnd, settlng aQrUZ-U'+l

e S
; ! 1-a l-a A
02-0 | 0 ( B) ( P) |
; v(l;v)}
e
=L 5 (-%-+'y -1+ inﬁz-éi)' . o - (A20)
3m ) s
where
f 3!12-3(1-%-1 ‘u(l u) 1 l‘ 2.
61 = du 4 (7 -~——=) 4n u - f —§*~ §-J 4
o L atery L e D)
Héré, J .is the number given by the transcendenpai»integral o .
'J=_ﬁ du".zln*u—=*23‘ N 1‘2'_ 1 2)
| b uTmu+l n=0 \(1+3p)°  (243n)7)
~ — 2 . ‘ w » ._ , B N
@ I.9= §
) ) @
- , I x ¥ 22,:* ' d-5 4
- s 322
=nd(l+-ejty) {dx [dy [ dz(Y"z)d/z { 2.p 2[X+Xy §2y 22+°]]}
' 6 0 & Kx+xy X <y ) i x+xy X =y
. : ﬂ}’ e .
’ | | | j«?‘" o - (a22)
. ‘@%&f S
ﬁ@ % H
PR ¢

m

4318 : d - 5 =6 li’{;ﬁl“ o 1
7 = "‘”‘2‘ (=14 +v)(m") {~ J du dv dg {(l [’) ( Y - v ( B))
3P : € 4
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s ? = (1+ - o) (m7) J dz dy dz dw § (x+y+z+w-1)
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p2=0 (m - .0
e x T / ';
y wz[(x-};y)w +xy]
1+4/2.
[(x+y)(W+2)4-xy]
d : ) - 3 ' o e K
="‘n__2(l—Y+ 1- 2n- m2_ &;2) “ S " (AZB)
; 6(m ) ' AN o ’ )
~where ‘ ‘\K'\\‘
. 1 : : - s
a . 6.5 _3 2 1
5, = ( du { ("1 (u—l% (U —\Z+4)) in u o+ Y -3u i2-5u +u } : L
) b (u —u-:{»-r) 4(u —U+l) . 3.
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= J 36 3 3
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o 2 02,2 2., 2 2 2 2. 2. 2.
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4 S R o1
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B T A
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I (124)
2| = 2 2 (1+43_r7)(m ) J dxdy dzdwdv 3 (x+y+z+wtv-1)
L aaei) ket ¢ w(ety) () )

To ‘evaluate the 'remai_ning integral (which- is ‘fihit‘e for d=4) ,. Tet

[ (x+y+z) (w+v) + z(x+y) ] 1+ d/2

x = (1-g)v. . we=gl-wa e
. 5 . v o R ) ‘ ) . - » . &

: : S o« L ' -7

y = (1-8) (1-v) = s(1- u)(lda) j e
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We then obtain

ol :
L: .
100 " g dudv do A (1 L)(l u)
2 ' 2,2 :
JP 2 (zm) Oa : ) . . ' i
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= S A.
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